Chapter 2
Dynamics in Several Complex Variables

Marco Abate

In this chapter we shall describe the dynamics of holomorphic self-maps of taut
manifolds, and in particular the dynamics of holomorphic self-maps of convex and
strongly pseudoconvex domains. A main tool in this exploration will be provided by
the Kobayashi distance.

Definition 2.0.1 Letf: X — X be a self-map of a set X. Given k € N, we define the
k-th iterate f* of f setting by induction f = idy, f' = f and f* = f o f*~!. Given
x € X, the orbit of x is the set { f*(x) | k € N}.

Studying the dynamics of a self-map f means studying the asymptotic behavior
of the sequence {f*} of iterates of f; in particular, in principle one would like to
know the behavior of all orbits. In general this is too an ambitious task; but as we
shall see it can be achieved for holomorphic self-maps of taut manifolds, because
the normality condition prevents the occurrence of chaotic behavior.

The model theorem for this theory is the famous Wolff-Denjoy theorem (for a
proof see, e.g., [2, Theorem 1.3.9]):

Theorem 2.0.2 (Wolff-Denjoy, [12, 23]) Ler f € Hol(A, A) \ {ida} be a holo-
morphic self-map of A different from the identity. Assume that f is not an elliptic
automorphism. Then the sequence of iterates of f converges, uniformly on compact
subsets, to a constant map T € A.

Definition 2.0.3 Let f € Hol(A, A) \ {ida} be a holomorphic self-map of A
different from the identity and not an elliptic automorphism. Then the point 7 € A
whose existence is asserted by Theorem 2.0.2 is the Wolff point of f.

Actually, we can even be slightly more precise, introducing a bit of terminology.
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Definition 2.0.4 Let f:X — X be a self-map of a set X. A fixed point of f is a
point xo € X such that f(xg) = xo. We shall denote by Fix(f) the set of fixed
points of f. More generally, we shall say that xo € X is periodic of period p > 1 if
fP(x0) = xo and f/(xo) # xo forallj = 1,...,p — 1. We shall say that f is periodic
of period p > 1 if fP = idy, that is if all points are periodic of period (at most) p.

Definition 2.0.5 Letf: X — X be a continuous self-map of a topological space X.
We shall say that a continuous map g:X — X is a limit map of f if there is a
subsequence of iterates of f converging to g (uniformly on compact subsets). We
shall denote by I'(f) C C°(X, X) the set of limit maps of f. If idy € I'(f) we shall
say that f is pseudoperiodic.

Example 2.0.6 Let yy € Aut(A) be given by ys(¢) = e*™9¢. It is easy to check
that yy is periodic if 6 € Q, and it is pseudoperiodic (but not periodic) if 6 € R\ Q.

Definition 2.0.7 Let X and Y be two sets (topological spaces, complex manifolds,
etc.). Two self-maps f: X — X and g: Y — Y are conjugate if there exists a bijection
(homeomorphism, biholomorphism, etc.) ¥: X — Y such thatf = ¥~ o go .

If f and g are conjugate via ¥, we clearly have f* = ¥ ~! o gk oy forall k € N;
therefore f and g share the same dynamical properties.

Example 2.0.8 1t is easy to check that any elliptic automorphism of A is (biholo-
morphically) conjugated to one of the automorphisms Yy introduced in Exam-
ple 2.0.6. Therefore an elliptic automorphism of A is necessarily periodic or
pseudoperiodic.

We can now better specify the content of Theorem 2.0.2 as follows. Take f €
Hol(A, A) different from the identity. We have two cases: either f has a fixed point
v € A or Fix(f) = @ (notice that, by the Schwarz-Pick lemma and the structure
of the automorphisms of A, the only holomorphic self-map of A with at least two
distinct fixed points is the identity). Then:

(a) If Fix(f) = {t}, then either f is an elliptic automorphism—and hence it is
periodic or pseudoperiodic—or the whole sequence of iterates converges to the
constant function t;

(b) if Fix(f) = 0 then there exists a unique point t € JdA such that the whole
sequence of iterates converges to the constant function 7.

So there is a natural dichotomy between self-maps with fixed points and self-
maps without fixed points. Our aim is to present a (suitable) generalization of the
Wolff-Denjoy theorem to taut manifolds in any (finite) dimension. Even in several
variables a natural dichotomy will appear; but it will be slightly different.
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2.1 Dynamics in Taut Manifolds

Let X be a taut manifold. Then the whole family Hol(X, X) is normal; in particular,
if f € Hol(X, X) the sequence of iterates { f} is normal. This suggests to subdivide
the study of the dynamics of self-maps of X in three tasks:

(a) to study the dynamics of f when the sequence { f*} is not compactly divergent;

(b) to find conditions on f ensuring that the sequence {f*} is not compactly
divergent;

(c) to study the dynamics of f when the sequence { f*} is compactly divergent.

So in several variables the natural dichotomy to consider is between maps having
a compactly divergent sequence of iterates and maps whose sequence of iterates is
not compactly divergent. If f has a fixed point its sequence of iterates cannot be
compactly divergent; so this dichotomy has something to do with the dichotomy
discussed in the introduction to this section but, as we shall see, in general they are
not the same.

In this subsection we shall discuss tasks (a) and (b). To discuss task (c) we shall
need a boundary; we shall limit ourselves to discuss (in the next three subsections)
the case of bounded (convex or strongly pseudoconvex) domains in C".

An useful notion for our discussion is the following

Definition 2.1.1 A holomorphic retraction of a complex manifold X is a holomor-
phic self-map p € Hol(X, X) such that p> = p. In particular, p(X) = Fix(p). The
image of a holomorphic retraction is a holomorphic retract.

The dynamics of holomorphic retraction is trivial: the iteration stops at the second
step. On the other hand, it is easy to understand why holomorphic retractions might
be important in holomorphic dynamics. Indeed, assume that the sequence of iterates
{f*} converges to a map p. Then the subsequence { £} should converge to the same
map; but f2* = f* o f*, and thus {f?*} converges to p o p too—and hence p> = p,
that is p is a holomorphic retraction.

In dimension one, a holomorphic retraction must be either the identity or a
constant map, because of the open mapping theorem and the identity principle. In
several variables there is instead plenty of non-trivial holomorphic retractions.

Example 2.1.2 Let B? be the unit Euclidean ball in C2. The power series
o0
1-V1—t= chtk
k=1

is converging for || < 1 and has ¢, > 0 for all k > 1. Take g; € Hol(B?, C) such
that |gx(z, w)| < ¢ for all (z,w) € B?, and define ¢ € Hol(B?, A) by

d(z,w) =z+ ng(z, w) w.

k=1
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Then p(z, w) = (¢ (z.w), 0) always satisfies p> = p, and it is neither constant nor
the identity.

On the other hand, holomorphic retracts cannot be wild. This has been proven
for the first time by Rossi [22]; here we report a clever proof due to H. Cartan [11]:

Lemma 2.1.3 Let X be a complex manifold, and p:X — X a holomorphic
retraction of X. Then the image of p is a closed submanifold of X.

Proof Let M = p(X) be the image of p, and take zp € M. Choose an open
neighborhood U of zp in X contained in a local chart for X at zo. Then V =
p~'(U) N U is an open neighborhood of z; contained in a local chart such that
p(V) € V. Therefore without loss of generality we can assume that X is a bounded
domain D in C".

Set P = dp,,: C" — C", and define ¢: D — C" by

¢ =idp + (2P —idp)o (p—P).

Since d¢,, = id, the map ¢ defines a local chart in a neighborhood of zy. Now
P? = P and p? = p; hence

pop=p+ (2P —idp)op>— (2P —idp)oPop
=Pop=P+Po(2P—idp)o(p—P)=Poyp.

Therefore in this local chart p becomes linear, and M is a submanifold near zy. By
the arbitrariness of z;, the assertion follows. O

Having the notion of holomorphic retraction, we can immediately explain why
holomorphic dynamics is trivial in compact hyperbolic manifolds (for a proof see,
e.g., [2, Theorem 2.4.9]):

Theorem 2.1.4 (Kaup, [17]) Let X be a compact hyperbolic manifold, and f <
Hol(X, X). Then there is m € N such that f™ is a holomorphic retraction.

So from now on we shall concentrate on non-compact taut manifolds. The
basic result describing the dynamics of self-maps whose sequence of iterates is not
compactly divergent is the following:

Theorem 2.1.5 (Bedford, [7]; Abate, [1]) Let X be a taut manifold, and f <
Hol(X, X). Assume that the sequence { f*} of iterates of f is not compactly divergent.
Then there exists a unique holomorphic retraction p € I'(f) onto a submanifold M
of X such that every limit map h € I'(f) is of the form

h=yop, (2.1)

where y is an automorphism of M. Furthermore, ¢ = f|y € Aut(M) and I'(f) is
isomorphic to a subgroup of Aut(M), the closure of {¢*} in Aut(M).
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Proof Since the sequence { f*} of iterates is not compactly divergent, it must contain
a subsequence { f*} converging to 4 € Hol(X,X). We can also assume that p, =
ky+1 —k, and g, = p, —k, = k,4+1 — 2k, tend to +00 as v — +00, and that {fPv}
and { f9} are either converging or compactly divergent. Now we have

Jim 7 (" 2)) = lim f+1(2) = h(z)

for all z € X; therefore { f*} cannot be compactly divergent, and thus converges to
amap p € Hol(X, X) such that

hop=poh=h. 2.2)
Next, for all z € X we have
lim (% (f*(z)) = lim f7(z) = p(z) .
V—>00 V—>00

Hence neither { f9°} can be compactly divergent, and thus converges to a map g €
Hol(X, X) such that

goh=hog=p. 2.3)
In particular
p*=pop=gohop=goh=p,

and p is a holomorphic retraction of X onto a submanifold M. Now (2.2) implies
h(X) € M. Since go p = p o g, we have g(M) C M and (2.3) yields

gohly =hogly =1idy ;

hence y = h|y € Aut(M) and (2.2) becomes (2.1).

Now, let {f*} be another subsequence of {f*} converging to a map h' €
Hol(X, X). Arguing as before, we can assume s, = k/, — k, and t, = k,4 — k|, are
converging to +00 as v — +00, and that {f**} and {f™} converge to holomorphic
maps « € Hol(X, X), respectively 8 € Hol(X, X) such that

aoh=hoa="H and Boh=HWoB=h. (2.4)

Then h(X) = K (X), and so M does not depend on the particular converging
subsequence.

We now show that p itself does not depend on the chosen subsequence. Write
h=vyiop,h =yr0p,a=y;0psand B = y, 0 py, where p1, p2, p3 and p4
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are holomorphic retractions of X onto M, and y;, y», y3 and y4 are automorphisms
of M. Thenhoh' = W' ohand o o 8 = B o & together with (2.4) become

Yioy20p2=Y20%Y10p01,

Y30Y10p1 =Y10Y3003 =)2002, (2.5)
Y40 VY2002 =)Y20)4004=Y)Y1°p01,
Y30Y40 P4 =Y40)Y30p03.

Writing p, in function of p; using the first and the second equation in (2.5) we find
y3s = y; ' o y2. Writing p; in function of p, using the first and the third equation,
we get y4 = y; | o y1. Hence y3 = )/4_1 and the fourth equation yields p3 = p4. But
then, using the second and third equation we obtain

pr=ys' oyl oy2op=py=pi=y; 0y Oyiop =pi,

as claimed.

Next, from f o p = p o f it follows immediately that f(M) C M. Put ¢ = f|y; if
P — pthenf”*! — ¢ o p, and thus ¢ € Aut(M).

Finally, for each limit point 7 = y o p € I'(f) we have y~! o p € I'(f).
Indeed fix a subsequence { f*} converging to p, and a subsequence { f*’} converging
to h. As usual, we can assume that p, — k, — +ooand f»™% — h; = y,0p
as v — +oo. Thenhoh, = p = hy oh, thatis y; = y~!. Hence the association
h = y o p > y yields an isomorphism between I"(f) and the subgroup of Aut(M)
obtained as closure of {¢}. O

Definition 2.1.6 Let X be a taut manifold and f € Hol(X, X) such that the sequence
{f*} is not compactly divergent. The manifold M whose existence is asserted in the
previous theorem is the limit manifold of the map f, and its dimension is the limit
multiplicity mys of f; finally, the holomorphic retraction is the limit retraction of f.

It is also possible to describe precisely the algebraic structure of the group I"(f),
because it is compact. This is a consequence of the following theorem (whose proof
generalizes an argument due to Calka [10]), that, among other things, says that
if a sequence of iterates is not compactly divergent then it does not contain any
compactly divergent subsequence, and thus it is relatively compact in Hol(X, X):

Theorem 2.1.7 (Abate, [3]) Let X be a taut manifold, and f € Hol(X, X). Then the
following assertions are equivalent:

(i) the sequence of iterates { f*} is not compactly divergent;
(ii) the sequence of iterates {f*} does not contain any compactly divergent
subsequence;
(iii) {f*} is relatively compact in Hol(X, X);
(iv) the orbit of z € X is relatively compact in X for all 7 € X;
(V) there exists zo € X whose orbit is relatively compact in X.
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Proof (v)==(ii). Take H = {z0} and K = {f*(z9)}. Then H and K are compact
and f*(H) N K # @ for all k € N, and so no subsequence of { f*} can be compactly
divergent.

(ii))==(iii). Since Hol(X, X) is a metrizable topological space, if { f*} is not rela-
tively compact then it admits a subsequence { f*} with no converging subsequences.
But then, being X taut, {f*} must contain a compactly divergent subsequence,
against (ii).

(iii)==(iv). The evaluation map Hol(X, X) x X — X is continuous.

(iv)==(i). Obvious.

(i)=(v). Let M be the limit manifold of f, and let ¢ = f|);. By Theorem 2.1.5
we know that ¢ € Aut(M) and that idy, € I'(p).

Take zo € M; we would like to prove that C = {¢¥(z0)} is relatively compact
in M (and hence in X). Choose &y > 0 so that By (zo, &) is relatively compact in M;
notice that ¢ € Aut(M) implies that By (¢*(20). £0) = ¢*(Bu(zo. 0)) is relatively
compact in M for all k € N. By Lemma 1.2.12 we have

Bu(20.€0) € Bu(Bu (20, 7€0/8). €0/4)

hence there are wy, ..., w, € By (20, 780/8) such that

Bu(zo,80) NC C UBM(Wi780/4) nc,
Jj=1

and we can assume that By (wj, g0/4) NC # @ forj=1,...,r.
Foreachj = 1,...,r choose k; € N so that ¢*(z9) € By(wj, £0/4); then
By(z0.£0) N C C | [Bu (" (z0). £0/2) N C] (2.6)
j=1

Since idy € I'(p), the set I = {k € N | ky(¢*(z0).20) < £0/2)} is infinite;
therefore we can find ky € N such that

ko > max{l, ki,..., kr} and kM((pko(Zo),Zo) < 80/2 . 2.7

Put

ko

K = UBM(GDk(Zo)sEO) ;

k=1

since, by construction, K is compact, to end the proof it suffices to show that C C K.
Take hy € I; since the set [ is infinite, it suffices to show that (pk(z()) € K for all
0 <k <hy.
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Assume, by contradiction, that A is the least element of 7 such that {¢¥(z9) | 0 <
k < ho} is not contained in K. Clearly, hy > ko. Moreover, ky; ((ph" (z0), @~ (ZO)) < &
by (2.7); thus

k(€77 (20), 07 (20)) = k(9™ (20). 9" (20)) < &0
for every 0 <j < k¢. In particular,
¢'(20) €K 2.8)

for every j = hg — ko, . . . , ho, and "0 (z9) € Bp(z0, £9) N C. By (2.6) we can find
1 <1 < rsuch that ky (¢*(z0), "% (z)) < €0/2, and so

ke ("7 (29), 94177 (20)) < £0/2 (2.9)

for all 0 < j < min{k;, ho — ko}. In particular, if k; > hy — ko then, by (2.6), (2.8)
and (2.9) we have ¢/(z9) € K for all 0 < j < hy, against the choice of hy. So we
must have k; < hy — ko; set hy = ho — ko — k;. By (2.9) we have h; € I; therefore,
being h; < hg, we have ¢/(z0) € K forall 0 < j < h;. But (2.8) and (2.9) imply that
@/ (z0) € K for h; < j < hy, and thus we again have a contradiction. O

Corollary 2.1.8 (Abate, [3]) Let X be a taut manifold, and f € Hol(X, X) such that
the sequence of iterates is not compactly divergent. Then I'(f) is isomorphic to a
compact abelian group Z, x T, where Z, is the cyclic group of order q and T" is
the real torus of dimension r.

Proof Let M be the limit manifold of f, and put ¢ = f|y. By Theorem 2.1.5,
I'(f) is isomorphic to the closed subgroup I of Aut(M) generated by ¢. We
known that Aut(M) is a Lie group, by Theorem 1.2.16, and that I" is compact,
by Theorem 2.1.7. Moreover it is abelian, being generated by a single element. It is
well known that the compact abelian Lie groups are all of the form A x T", where A
is a finite abelian group; to conclude it suffices to notice that A must be cyclic, again
because I is generated by a single element. O

Definition 2.1.9 Let X be a taut manifold, and f € Hol(X, X) such that the sequence
of iterates is not compactly divergent. Then the numbers ¢ and r introduced in the
last corollary are respectively the limit period g and the limit rank r; of f.

When f has a periodic point zp € X of period p > 1, it is possible to explicitly
compute the limit dimension, the limit period and the limit rank of f using the
eigenvalues of df?. To do so we need to introduce two notions.

Letm € Nand ® = (64,...,6,) € [0,1)". Up to a permutation, we can assume
that 0y,...,0,, € Qand 6,,+1,...,0, ¢ Q for some 0 < vy < m (where vp = 0
means ® € (R \ Q)" and vy = m means ® € Q™).

Let g1 € N* be the least positive integer such that ¢, 61, ...,¢16,, € N;if vy =0
we put g = 1. Fori,j € {vo + 1,...,m} we shall write i ~ j if and only if
0; — 6; € Q. Clearly, ~ is an equivalence relation; furthermore if i ~ j then there
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is a smallest g;; € N* such that ¢;;(6; — 0;) € Z. Let g» € N* be the least common
multiple of {g;; | i ~ j}; we putg» = 1if vo = m or i - j for all pairs (i, ).

Definition 2.1.10 Let ® = (0y,...,6,) € [0,1)". Then the period q(®) € N*
of O is the least common multiple of the numbers g; and g, introduced above.

Next, forj = vo + 1,...,m write 8/ = g(©)0; — |q(©)0;], where |s] is the
integer part of s € R. Since

0/ =0 <= qO)0i—0) €l <= i~],

the set ©® = {6 ,,,...,0,} contains as many elements as the number of ~-
equivalence classes. If this number is s, put ® = {0/,...,0/}. Write i ~ j if
and only if 6/ /6" € Q (notice that 0 ¢ ©’); clearly ~ is an equivalence relation.

Definition 2.1.11 Let ® = (0y,...,0,) € [0, 1)". Then the rank r(®) € N is the
number of ~s-equivalence classes. If vy = m then r(®) = 0.

If X is a taut manifold and f € Hol(X, X) has a fixed point zp € X, Theorem 1.3.10
says that all the eigenvalues of df;, belongs to A. Then we can prove the following:

Theorem 2.1.12 (Abate, [3]) Let X be a taut manifold of dimension n, and f €
Hol(X, X) with a periodic point zo € X of periodp > 1. Let Ay, ..., A, € A be the
eigenvalues of d(f?),,, listed accordingly to their multiplicity and so that

Ml == [Anl =1> [Appi] Z - = [A4]

for a suitable 0 < m < n. Forj = 1,...,mwrite \; = e2m% \ith 6; € [0,1), and
set @ = (61,...,0,). Then

mp=m, g =p-q(0) and rp=r(O).

Proof Let us first assume that zp is a fixed point, that is p = 1. Let M be the
limit manifold of f, and p € Hol(X, M) its limit retraction. As already remarked,
by Theorem 1.3.10 the set sp(df;,) of eigenvalues of df;, is contained in A;
furthermore there is a df -invariant splitting 7,) X = Ly @ Ly satisfying the
following properties:

(@) sp(dfylLy) = sp(dfz,) N A and sp(dfy,|L,) = sp(dfy,) N 0A;
(b)) (dfyly)* — O ask — +oo;
(c) dfy,|r, is diagonalizable.

Fix a subsequence { f*} converging to p; in particular, (df,,)* — dp, as v — +o0.
Since the only possible eigenvalues of dp,, are 0 and 1, properties (b) and (c) imply
that dp,|;, = O and dp, |, = id. In particular, it follows that Ly = T,,M and
my = dim T,yM = dim Ly = m, as claimed.

Set ¢ = flu € Aut(M). By Corollary 1.3.11, the map y +— dy, is an
isomorphism between the group of automorphisms of M fixing zo and a subgroup
of linear transformations of 7, M. Therefore, since d¢,, is diagonalizable by (c),
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I'(¢), and hence I'(f), is isomorphic to the closed subgroup of T" generated by
A = (A1,...,An). So we have to prove that this latter subgroup is isomorphic to
Zg©) % T"(®). Since we know beforehand the algebraic structure of this group (it
is the product of a cyclic group with a torus), it will suffice to write it as a disjoint
union of isomorphic tori; the number of tori will be the limit period of f, and the
rank of the tori will be the limit rank of f.

Up to a permutation, we can find integers 0 < vy < v; < --- < vy = m such that
01,...,6,, € Q, and the ~-equivalence classes are

{Ovpt1se s Oty AO0 110, O}
Then, using the notations introduced for defining ¢(®) and r(®), we have

) nl’ n’’ 0!’ !’ 0’ a4
Aq(O) — (1’ L 1’ eZmGI e eZmGI , eZﬂ192 e eZﬂ192 o eZmOX .. eZmOX ) )

cey

This implies that it suffices to show that the subgroup generated by
A = (3271191”’ L eZJTiOX”)

in T* is isomorphic to T"(@).
Up to a permutation, we can assume that the ~-equivalence classes are

07,003, ... A0, 1,00},

for suitable 1 < u; < --- < u, = s, where r = r(®). Now, by definition of ~ we
can find natural numbers p; € N* for 1 <j < s such that

. . 7
eZmplﬁl” = e2mp,410lll ,
. 1’ .
2P +10,, 1 — L = @27ips) ,
and no other relations of this kind can be found among 6/, ..., 6, . It follows that

{AX}en is dense in the subgroup of T* defined by the equations

A== Q0 ==
which is isomorphic to T", as claimed.

Now assume that 7o is periodic of period p, and let p; be the limit retraction
of f. Since py is the unique holomorphic retraction in I"(f), and I"(f?) < I'(f),
it follows that oy is the limit retraction of f¥ too. In particular, the limit manifold
of f coincides with the limit manifold of f¥, and hence m; = mp = m. Finally,
I'(f)/T(fP) = Zp, because f/(z9) # zo for 1 < j < p; hence I'(f) and I"(f?) have
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the same connected component at the identity (and hence rr = 1), and gr = pgp
follows by counting the number of connected components in both groups. O

If f € Hol(X, X) has a periodic point then the sequence of iterates is clearly not
compactly divergent. The converse is in general false, as shown by the following
example:

Example 2.1.13 Let D CC C? be given by
D={(zw) eC ||z +wP+w™?<3}.

The domain D is strongly pseudoconvex domain, thus taut, but not simply con-
nected. Given 6 € R and ¢ = %1, define f € Hol(D, D) by

flzw) = (z/2,ewf) .

Then the sequence of iterates of f is never compactly divergent, but f has no periodic
points as soon as 6 ¢ Q. Furthermore, the limit manifold of f is the annulus

M ={(0,w) € C*| [w]* + |w| > < 3},

the limit retraction is p(z, w) = (0, w), and suitably choosing ¢ and 6 we can obtain
as I'(f) any compact abelian subgroup of Aut(M).

It turns out that self-maps without periodic points but whose sequence of iterates
is not compactly divergent can exist only when the topology of the manifold is
complicated enough. Indeed, using deep results on the actions of real tori on
manifolds, it is possible to prove the following

Theorem 2.1.14 (Abate, [3]) Let X be a taut manifold with finite topological type
and such that (X, Q) = (0) for all odd j. Take f € Hol(X, X). Then the sequence
of iterates of f is not compactly divergent if and only if f has a periodic point.

When X = A a consequence of the Wolff-Denjoy theorem is that the sequence of
iterates of a self-map f € Hol(A, A) is not compactly divergent if and only if f has
a fixed point, which is an assumption easier to verify than the existence of periodic
points. It turns out that we can generalize this result to convex domains (see also
[19] for a different proof):

Theorem 2.1.15 (Abate, [1]) Let D CC C" be a bounded convex domain. Take
f € Hol(D, D). Then the sequence of iterates of f is not compactly divergent if and
only if f has a fixed point.

Proof One direction is obvious; conversely, assume that {f*} is not compactly
divergent, and let p: D — M be the limit retraction. First of all, note that k), =
kD|M><M~ In fact

kp(z1,22) < km(z1.22) = km(p(21), p(z2)) < kp(21,22)
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for every zj, zo € M. In particular, a Kobayashi ball in M is nothing but the
intersection of a Kobayashi ball of D with M.

Let ¢ = f|u, and denote by I" the closed subgroup of Aut(M) generated by ¢;
we know, by Corollary 2.1.8, that I" is compact. Take zo € M; then the orbit

(o) ={y@o) |yerl}

is compact and contained in M. Let

€ = {BD(W, r)

weM, r>0andBp(w,r) D F(Zo)} .

Every Bp(w, r) is compact and convex (by Corollary 1.4.11); therefore, C = (| % is
a not empty compact convex subset of D. We claim that f(C) C C.

Let z € C; we have to show that f(z) € Bp(w, r) forevery w € M and r > 0 such
that Bp(w, r) D I'(z0). Now, Bp(¢~1(w),r) € €: in fact

Bp(e~'(w), ) "M = ¢~ (Bo(w,r) N\ M) D ¢~ (I'(20)) = I'(0) -

Therefore z € Bp(¢~!(w), r) and
ko (/@) = ko (9™ ).1@)) < koo™ (9).2) < 7.

that is f(z) € Bp(w, r), as we want.
In conclusion, f(C) C C; by Brouwer’s theorem, f must have a fixed point in C.
O
The topology of convex domains is particularly simple: indeed, convex domains
are topologically contractible, that is they have a point as (continuous) retract of
deformation. Using very deep properties of the Kobayashi distance in strongly
pseudoconvex domains, outside of the scope of these notes, Huang has been able
to generalize Theorem 2.1.15 to topologically contractible strongly pseudoconvex
domains:

Theorem 2.1.16 (Huang, [15]) Let D CC C" be a bounded topologically con-
tractible strongly pseudoconvex C* domain. Take f € Hol(D, D). Then the sequence
of iterates of f is not compactly divergent if and only if f has a fixed point.

This might suggest that such a statement might be extended to taut manifolds (or
at least to taut domains) topologically contractible. Surprisingly, this is not true:

Theorem 2.1.17 (Abate-Heinzner, [5]) There exists a bounded domain D CC
C® which is taut, homeomorphic to C? (and hence topologically contractible),
pseudoconvex, and strongly pseudoconvex at all points of dD but one, where a finite
cyclic group acts without fixed points.

This completes the discussion of tasks (a) and (b). In the next two subsections we
shall describe how it is possible to use the Kobayashi distance to deal with task (c).
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2.2 Horospheres and the Wolff-Denjoy Theorem

When f € Hol(A, A) has a fixed point {; € A, the Wolff-Denjoy theorem is an
easy consequence of the Schwarz-Pick lemma. Indeed if f is an automorphism the
statement is clear; if it is not an automorphism, then f is a strict contraction of
any Kobayashi ball centered at ¢y, and thus the orbits must converge to the fixed
point {o. When f has no fixed points, this argument fails because there are no f-
invariant Kobayashi balls. Wolff had the clever idea of replacing Kobayashi balls by
a sort of balls “centered” at points in the boundary, the horocycles, and he was able
to prove the existence of f-invariant horocycles—and thus to complete the proof of
the Wolff-Denjoy theorem.

This is the approach we shall follow to prove a several variable version of the
Wolff-Denjoy theorem in strongly pseudoconvex domains, using the Kobayashi
distance to define a general notion of multidimensional analogue of the horocycles,
the horospheres. This notion, introduced in [1], is behind practically all known
generalizations of the Wolff-Denjoy theorem; and it has found other applications
as well (see, e.g., the survey paper [4] and other chapters in this book).

Definition 2.2.1 Let D CC C” be a bounded domain. Then the small horosphere
of center xy € 0D, radius R > 0 and pole 7o € D is the set

E, (x0,R) = {z eD | lim sup[kp(z, w) — kp(z0, w)] < élogR} ;

wW—>X0
the large horosphere of center xo € 0D, radius R > 0 and pole zy € D is the set

F,,(x0,R) = {z eD | linl)inf[kp(z, w) — kp(z0,w)] < élogR} .
W—>x0

The rationale behind this definition is the following. A Kobayashi ball of center
w € D and radius r is the set of z € D such that kp(z,w) < r. If we let w go
to a point in the boundary kp(z, w) goes to infinity (at least when D is complete
hyperbolic), and so we cannot use it to define subsets of D. We then renormalize
kp(z, w) by subtracting the distance kp(zo, w) from a reference point z5. By the
triangular inequality the difference kp(z, w) — kp(zp, w) is bounded by kp(zo, 2);
thus we can consider the liminf and the limsup as w goes to xy € dD (in general, the
limit does not exist; an exception is given by strongly convex C* domains, see [2,
Corollary 2.6.48]), and the sublevels provide some sort of balls centered at points in
the boundary.

The following lemma contains a few elementary properties of the horospheres,
which are an immediate consequence of the definition (see, e.g., [2, Lemmas 2.4.10
and 2.4.11)):

Lemma 2.2.2 Let D CC C" be a bounded domain of C", and choose zop € D and
x € dD. Then:

(i) for every R > 0 we have E,,(x,R) C F, (x,R);
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(ii) for every 0 < Ry < R, we have E, (x,R|) C E;(x,Ry) and F,(x,R)) C
on (X, RZ);

(iii) for every R > 1 we have Bp(zo, é logR) C E, (x,R);

(iv) for every R < 1 we have F,(x,R) N Bp(zo, —é logR) = 0;

) U E,(x,R) = U F,(x,R) = D and ﬂ E,(x,R) = ﬂ F,(x,R) = 0;
R>0 R>0 R>0 R>0

(vi) if o € Aut(D) N C%(D, D), then for every R > 0

@(E; (x,R)) = Eyz)(p(x).R)  and  ¢(F4(x.R)) = Fyio)(¢(x), R) ;
(vil) ifz1 € D, set

; log L = lim sup [kD(Z1, w) — kp (20, w)] .

w—x

Then for every R > 0 we have E, (x,R) C E,(x,LR) and F; (x,R) <
F,,(x,LR).

It is also easy to check that the horospheres with pole at the origin in B” (and thus
in A) coincide with the classical horospheres:

Lemma 2.2.3 [fx € dB" and R > 0 then

1= (z.x)?

<R
1 —|lz|?

Eo(x,R) = Fo(x,r) = %Z e B"

Proof 1f z € B" \ {0}, let y,: B" — C" be given by

2= P;(w) = (1= [|z]»)"/?(w = P(w))

L~ fo.2) , (2.10)

Yo(w) =

where P,(w) = ((”Z”ZZ; z is the orthogonal projection on Cz; we shall also put yp =

idgn. It is easy to check that y.(z) = O, that y.(B") C B" and that y, o y. = idgs; in
particular, y, € Aut(B"). Furthermore,

(1=l @ = lwli®)

— 2 =
L= [ly.(w)]| 11— (w,2)|?

Therefore for all w € B" we get

ker (2, w) — ken (O, w) = kzn (0. y:(w)) — kg (0. w)

1 (1 +llym 1= |wl )
=, log .
L+wl 1=yl
[1—(w,2)]?
T—iz)>

L+ [ly-m

+ !log
1+ [l 2

Letting w — x we get the assertion, because ||y, (x)|| = 1. O
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Thus in B” small and large horospheres coincide. Furthermore, the horospheres
with pole at the origin are ellipsoids tangent to dB" in x, because an easy
computation yields

Pi(z) — (1 — r)x|? —P.(2)|?
IP@ = (=il = PG@IP _
r2 r

’

Eo(x,R) = {z e B

where r = R/(1 + R). In particular if t € JA we have
Ef(t.R)={teA||i-(1-nt]* <},

and so a horocycle is an Euclidean disk internally tangent to dA in .

Another domain where we can explicitly compute the horospheres is the
polydisc; in this case large and small horospheres are actually different (see, e.g.,
[2, Proposition 2.4.12]):

Proposition 2.2.4 Let x € 0A" and R > 0. Then

n g — 31
Eo(x,R) = yz € A" max ol =1F <Rp;
i 1=z
o (=gl
Fo(x,R) = {z€ A" min , |l =1 <Rg.
P gP |

The key in the proof of the classical Wolff-Denjoy theorem is the

Theorem 2.2.5 (Wolff’s Lemma, [23]) Let f € Hol(A, A) without fixed points.
Then there exists a unique T € A such that

f(Eo(z.R)) € Eo(t.R) @2.11)

forall R > 0.

Proof For the uniqueness, assume that (2.11) holds for two distinct points 7, t; €
dA. Then we can construct two horocycles, one centered at T and the other centered
at 71, tangent to each other at a point of A. By (2.11) this point would be a fixed
point of f, contradiction.

For the existence, pick a sequence {r,} C (0, 1) with r, — 1, and set f, = r,f.
Then f,(A) is relatively compact in A; by Brouwer’s theorem each f, has a fixed
point 1, € A. Up to a subsequence, we can assume 1, — T € A. If t were in A,
we would have

f(@) = lim f,(n,) = lim n, =7,
V—>00 V—>00

which is impossible; therefore € dA.
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Now, by the Schwarz-Pick lemma we have k4 (f\, ), 77\,) < ka(¢,n,) for all
¢ € A; recalling the formula for the Poincaré distance we get

K@) —ny
I —mf(©)

2 2

_ {—m
N 1—n¢

)

or, equivalently,

|1_77\va(§)|2 < |1—'7u§|2
L=[AOF — 1-[5>

Taking the limit as v — oo we get

=P _ |1 -t
L= 1fQP = 1-1gP

and the assertion follows. O

With this result it is easy to conclude the proof of the Wolff-Denjoy theorem.
Indeed, if f € Hol(A, A) has no fixed points we already know that the sequence
of iterates is compactly divergent, which means that the image of any limit &
of a converging subsequence is contained in dA. By the maximum principle, the
map & must be constant; and by Wolff’s lemma this constant must be contained
in Eo(t,R) N dA = {}. So every converging subsequence of {f*} must converge
to the constant t; and this is equivalent to saying that the whole sequence of iterates
converges to the constant map t.

Remark 2.2.6 Let me make more explicit the final argument used here, because
we are going to use it often. Let D CC C” be a bounded domain; in particular,
it is (hyperbolic and) relatively compact inside an Euclidean ball B, which is
complete hyperbolic and hence taut. Take now f € Hol(D, D). Since Hol(D, D) C
Hol(D, B), the sequence of iterates {f*} is normal in Hol(D,B); but since D is
relatively compact in B, it cannot contain subsequences compactly divergent in B.
Therefore { f*} is relatively compactin Hol(D, B); and since the latter is a metrizable
topological space, to prove that { ¥} converges in Hol(D, B) it suffices to prove that
all converging subsequences of {fX} converge to the same limit (whose image will
be contained in D, clearly).

The proof of the Wolff-Denjoy theorem we described is based on two ingredients:
the existence of a f-invariant horocycle, and the fact that a horocycle touches the
boundary in exactly one point. To generalize this argument to several variables we
need an analogous of Theorem 2.2.5 for our multidimensional horospheres, and then
we need to know how the horospheres touch the boundary.

There exist several multidimensional versions of Wolff’s lemma; we shall present
three of them (Theorems 2.2.10, 2.4.2 and 2.4.17). To state the first one we need a
definition.

Definition 2.2.7 Let D C C” be adomain in C". We say that D has simple boundary
if every ¢ € Hol(A, C") such that ¢(A) € D and ¢(A) N dD # @ is constant.
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Remark 2.2.8 1t is easy to prove (see, e.g., [2, Proposition 2.1.4]) that if D has
simple boundary and Y is any complex manifold then every f € Hol(Y,C") such
that f(Y) € D and f(Y) N 0D # @ is constant.

Remark 2.2.9 By the maximum principle, every domain D C C" admitting a peak
function at each point of its boundary is simple. For instance, strongly pseudoconvex
domain (Theorem 1.5.18) and (not necessarily smooth) strictly convex domains
(Remark 1.4.6) have simple boundary.

Then we are able to prove the following

Theorem 2.2.10 (Abate, [3]) Let D CC C" be a complete hyperbolic bounded
domain with simple boundary, and take f € Hol(D, D) with compactly divergent
sequence of iterates. Fix 7o € D. Then there exists xo € 0D such that

fp(Ezo(x&R)) C Fy(x0,R)

forallp €e Nand R > 0.

Proof Since D is complete hyperbolic and {f*} is compactly divergent, we have
kD(z(),fk(zo)) — 400 as k — 4o00. Given v € N, let k, be the largest k such that
kp(z0.f*(z0)) < v.In particular for every p > 0 we have

kp (20, /% (20)) < v < kp (20, /7 (20)) - 2.12)

Since D is bounded, up to a subsequence we can assume that {f*} converges to a
holomorphic # € Hol(D, C"). But { f*} is compactly divergent; therefore 1(D) C dD
and so & = xy € dD, because D has simple boundary (see Remark 2.2.8).

Put w, = f*(z9). We have w, — xo; as a consequence for every p > 0 we have

fr(wy) =15 (fp(zo)) — xp and

lim sup [kp (20, wy) — kp(20./"(w1))] < 0

v—>-+00

by (2.12). Take z € E,,(xo, R); then we have
tim inf [£p (f7(2), w) = kn(zo, w)] < liminf [kp (7 @), /" () = kn(20./” (w)) ]
= liminf [kp(z, w) = ko (20, (1))]

< lim sup [kD(z, wy) — kp(zo, W\))]

v—>—+00

+lim sup [kp (20, wy) — kp(20./" (W) ]

v—>—+00

< limsup [kp(z. wy) — kp(z0. wy)] < ) logR ,
v—>-+00

that is f7(z) € F,,(x0, R), and we are done. O
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The next step consists in determining how the large horospheres touch the
boundary. The main tools here are the boundary estimates seen in Sect. 1.5:

Theorem 2.2.11 (Abate, [1]) Let D CC C" be a bounded strongly pseudoconvex
domain. Then

EZO(X(),R) NaD = FZO(XO,R) NaD = {XO}

forevery zo € D, xo € dD and R > 0.

Proof We begin by proving that xo belongs to the closure of E, (xo, R). Let ¢ > 0 be
given by Theorem 1.5.22; then, recalling Theorem 1.5.19, for every z, w € D with
lz—xoll, [w — x0|l < & we have

llz = wll

_ 1
kp(z,w) —kp(z0.w) <, log(l + d(z, dD)

) + ) log[d(w,0D) + |z—w|] + K .
for a suitable constant K € R depending only on xj and z. In particular, as soon as
|z — x| < & we get

llz = x|

lim sup[kp (z, w)—kp(z0, w)] < é log(l + d(z,0D)

w—>Xx

)+ Vogllz—x[+K . (2.13)

So if we take a sequence {z,} C D converging to xo so that {|z, — xo||/d(z,, D)}
is bounded (for instance, a sequence converging non-tangentially to xy), then for
every R > 0 we have z, € E, (xo, R) eventually, and thus xo € E,,(xo, R).

To conclude the proof, we have to show that xy is the only boundary point
belonging to the closure of F,(xo, R). Suppose, by contradiction, that there exists
y € 0D N F(xo, R) with y # xo; then we can find a sequence {z,} C F;,(xo,R)
with z, — y.

Theorem 1.5.21 provides us with ¢ > 0 and K € R associated to the pair (xo, y);
we may assume ||z, — y|| < e forall u € N. Since z,, € F;,(xo, R), we have

lim inf [kp(zu. w) — kp(z0.w)] < ) logR

for every pu € N; therefore for each & € N we can find a sequence {w,,} C D such

that lim w,, = xo and
V—>00

ull>nolo [kD(Z,“w,w) - kD(z(),w,w)] < élogR .

Moreover, we can assume ||wy, — x|| < & and kp(z,, W) — kp(20, W) < ; logR
forall u, v € N.
By Theorem 1.5.21 for all i, v € N we have
; logR > kD(Z/u W;w) — kp(zo, W;w)

> — 1 logd(zy, D) — ) logd(wyy, D) — kp(zo, W) — K .
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On the other hand, Theorem 1.5.16 yields ¢; > 0 (independent of w,, ) such that
kD(ZO, W;w) <c— é IOg d(w;un 8D)

for every u, v € N. Therefore
ylogR > —)logd(z,.9D) — K — ¢

for every u € N, and, letting p go to infinity, we get a contradiction. O
We are then able to prove a Wolff-Denjoy theorem for strongly pseudoconvex
domains:

Theorem 2.2.12 (Abate, [3]) Let D CC C" be a strongly pseudoconvex C?
domain. Take f € Hol(D, D) with compactly divergent sequence of iterates. Then
{f*} converges to a constant map xy € 9D.

Proof Fix zyp € D, and let xo € dD be given by Theorem 2.2.10. Since D is bounded,
it suffices to prove that every subsequence of { f*} converging in Hol(D, C") actually
converges to the constant map xj.

Let h € Hol(D,C") be the limit of a subsequence of iterates. Since {f*} is
compactly divergent, we must have #(D) C dD. Hence Theorem 2.2.10 implies
that

h(E.(x0,R)) € Fo(x0,R) N 3D

for any R > 0; since (Theorem 2.2.11) F (xo, R) N dD = {xo} we get h = x, and
we are done. |

Remark 2.2.13 The proof of Theorem 2.2.12 shows that we can get such a
statement in any complete hyperbolic domain with simple boundary satisfying
Theorem 2.2.11; and the proof of the latter theorem shows that what is actually
needed are suitable estimates on the boundary behavior of the Kobayashi distance.
Using this remark, it is possible to extend Theorem 2.2.12 to some classes of weakly
pseudoconvex domains; see, €.g., Ren-Zhang [21] and Khanh-Thu [18].

2.3 Strictly Convex Domains

The proof of Theorem 2.2.12 described in the previous subsection depends in an
essential way on the fact that the boundary of the domain D is of class at least C.
Recently, Budzynska [8] (see also [9]) found a way to prove Theorem 2.2.12 in
strictly convex domains without any assumption on the smoothness of the boundary;
in this subsection we shall describe a simplified approach due to Abate and Raissy

[6].
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The result which is going to replace Theorem 2.2.11 is the following:

Proposition 2.3.1 Let D C C" be a hyperbolic convex domain, zy € D, R > 0 and
X € 0D. Then we have [x,z] C F,(x,R) for all z € F, (x, R). Furthermore,

x € () Fax.R) S ch(x) . (2.14)
R>0

In particular, if x is a strictly convex point then () Fy(x, R) = {x}.

R>0

Proof Given z € F, (x,R), choose a sequence {w,} C D converging to x and such
that the limit of kp(z, w,) — kp (2o, wy) exists and is less than é logR. Given 0 < s <
1, let A%: D — D be defined by

mw) =sw+ (1 —-s)w,
for every w € Dj; then &, (w,) = w,. In particular,

lim sup [kp (h}(2), wv) — kp(z0, W) ] < ETOO [kp(z, wy) — kp(z0, wy)] < } logR .
v

v—>-+00

Furthermore we have
|kp(sz 4+ (1= s)x,wy) — kp(h(2). wo) | < kp(sz 4+ (1 = s)wy. sz + (1 = s)x) — 0

as v — +00. Therefore
liminf [kp(sz + (1 — s)x, w) — kp(z0. w)]
w—>X

< limsup [kp(sz + (1 — s)x, wy) — kp(z0, W) |

v—>—+00

< limsup [kp (K (z), wy) — kp(z0, wv)]

v—>—+00

+ 13141_100 [kD(sz + (1 —s)x, wu) — kD(hf)(z), w\,)]
< élogR ,

and thus sz + (1 — s)x € F, (x, R). Letting s — 0 we also get x € F,(x, R), and we
have proved the first assertion for z € F, (x, R). If z € 9F,(x, R), it suffices to apply
what we have just proved to a sequence in F., (x, R) approaching z.

In particular we have thus shown that x € (g F(x,R). Moreover this
intersection is contained in D, by Lemma 2.2.2. Take y € (.o Fz, (%, R) different
from x. Then the whole segment [x, y] must be contained in the intersection, and
thus in dD; hence y € ch(x), and we are done. O

We can now prove a Wolff-Denjoy theorem in strictly convex domains without
any assumption on the regularity of the boundary:
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Theorem 2.3.2 (Budzynska, [8]; Abate-Raissy, [6]) Let D CC C" be a bounded
strictly convex domain, and take f € Hol(D, D) without fixed points. Then the
sequence of iterates { f*} converges to a constant map x € dD.

Proof Fix zp € D, and let x € dD be given by Theorem 2.2.10, that can be applied
because strictly convex domains are complete hyperbolic (by Proposition 1.4.8) and
have simple boundary (by Remark 2.2.9). So, since D is bounded, it suffices to prove
that every converging subsequence of { ¥} converges to the constant map x.

Assume that {f*} converges to a holomorphic map & € Hol(D, C"). Clearly,
h(D) C D; since the sequence of iterates is compactly divergent (Theorem 2.1.15),
we have h(D) C dD; since D has simple boundary, it follows that 4 = y € dD. So
we have to prove that y = x.

Take R > 0, and choose z € E,,(x, R). Then Theorem 2.2.10 yields y = h(z) €
F,,(x,R) N dD. Since this holds for all R > 0 we get y € (.o F(x. R), and
Proposition 2.3.1 yields the assertion. O

2.4 Weakly Convex Domains

The approach leading to Theorem 2.3.2 actually yields results for weakly convex
domains too, even though we cannot expect in general the convergence to a constant
map.

Example 2.4.1 Letf € Hol(A?, A?) be given by

z+1/2 )

f(z’w):(1+z/2’w

Then it is easy to check that the sequence of iterates of f converges to the non-
constant map i(z, w) = (1, w).

The first observation is that we have a version of Theorem 2.2.10 valid in all
convex domains, without the requirement of simple boundary:

Theorem 2.4.2 ([1]) Let D CC C" be a bounded convex domain, and take a map
f € Hol(D, D) without fixed points. Then there exists x € dD such that

fk (Ezo (x, R)) C Fp(x, R)

foreveryzo € D,R > 0andk € N.

Proof Without loss of generality we can assume that O € D. Forv > O letf, €
Hol(D, D) be given by

1
fo(@) = (1 - )f(Z) ;
v
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then f, (D) is relatively compact in D and f, — f as v — +o00. By Brouwer’s
theorem, every f, has a fixed point w, € D. Up to a subsequence, we may assume
that {w, } converges to a point x € D. If x € D, then

f(x) = lim f,(w,) = lim w, =x,
V—>00 V—>00

impossible; therefore x € dD.
Now fix z € E, (x, R) and k € N. We have

lkp(fE(2). wo) = kp(f* @) wy)| < kn(fi2).f* () — 0

as v — +o0. Since w, is a fixed point of f* for every k € N, we then get
liminf [kp(f*(z). w) — kp(z0. w)] < liminf [kp(f*(z), wy) — kp(z0, w»)]
w—x v—>+400

< lim sup [kD (ff (2), Wu) — kp(zo, Wv)]

v—>—+00

o) Ao )
< limsup [kp(z. wv) — kp(z0. W) |
v—>-+00
< limsup [kp(z. w) — kp(z0.w)] < } logR ,

w—x

and f*(z) € F,,(x, R). O
When D has C? boundary this is enough to get a sensible Wolff-Denjoy theorem,
because of the following result:

Proposition 2.4.3 ([6]) Let D CC C" be a bounded convex domain with C?
boundary, and x € dD. Then for every zo € D and R > 0 we have

F.,(x,R) N 9D < Ch(x) .

In particular, if x is a strictly C-linearly convex point then F,,(x,R) N 0D = {x}.
To simplify subsequent statements, let us introduce a definition.

Definition 2.4.4 Let D C C” be a hyperbolic convex domain, and f € Hol(D, D)
without fixed points. The farget set of f is defined as

T(f) = Jh(D) c oD,
h

where the union is taken with respect to all the holomorphic maps & € Hol(D, C")
obtained as limit of a subsequence of iterates of f. We have T(f) € dD because the
sequence of iterates { f*} is compactly divergent.
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As a consequence of Proposition 2.4.3 we get:

Corollary 2.4.5 ([6]) Let D CC C" be a C? bounded convex domain, and f €
Hol(D, D) without fixed points. Then there exists xo € 0D such that

T(f) < Ch(xo) .

In particular; if D is strictly C-linearly convex then the sequence of iterates {f*}
converges to the constant map x.

Proof Let xy € 0D be given by Theorem 2.4.2, and fix zy € D. Given z € D, choose
R > O such that z € E; (xo,R). If h € Hol(D, C") is the limit of a subsequence of
iterates then Theorem 2.4.2 and Proposition 2.4.3 yield

h(z) € Fzo(x,R) N 3D C Ch(xo)

and we are done. ]

Remark 2.4.6 Zimmer [24] has proved Corollary 2.4.5 for bounded convex domains
with C'* boundary. We conjecture that it should hold for strictly C-linearly convex
domains without smoothness assumptions on the boundary.

Let us now drop any smoothness or strict convexity condition on the boundary.
In this general context, an useful result is the following:

Lemma 2.4.7 Let D C C" be a convex domain. Then for every connected complex
manifold X and every holomorphic map h: X — C" such that h(X) C D and h(X) N
dD # O we have

h(X) ﬂCh(h(z)) caD.

z€X

Proof Take xo = h(zo) € h(X)NdD, and let ¥ be the weak peak function associated
to a complex supporting functional L at xo. Then ¥ o & is a holomorphic function
with modulus bounded by 1 and such that ¥ o i(z9) = 1; by the maximum principle
we have ¢ o h = 1, and hence L o h = L(xo). In particular, 2(X) C dD.

Since this holds for all complex supporting hyperplanes at xo we have shown that
h(X) C Ch(h(z())); but since we know that 2(X) € dD we can repeat the argument
for any zp € X, and we are done. O

We can then prove a weak Wolff-Denjoy theorem:

Proposition 2.4.8 Let D CC C" be a bounded convex domain, and f € Hol(D, D)
without fixed points. Then there exists x € dD such that for any zy € D we have

T(f) < () Ch(F,(x.R) N dD) . (2.15)

R>0
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Proof Let x € 0D be given by Theorem 2.4.2. Choose zop € D and R > 0, and take
z € E;(x,R). Let h € Hol(D, C") be obtained as limit of a subsequence of iterates
of f. Arguing as usual we know that #(D) € 9D; therefore Theorem 2.4.2 yields
h(z) € Fy(x,R) N 0D. Then Lemma 2.4.7 yields

h(D) € Ch(h(z)) € Ch(F(x,R) N aD) .

Since zp and R are arbitrary, we get the assertion. O

Remark 2.4.9 Using Lemma 2.2.2 it is easy to check that the intersection in (2.15)
is independent of the choice of zg € D.

Unfortunately, large horospheres can be too large. For instance, take (71, 7;) €
dA x JA. Then Proposition 2.2.4 says that the horosphere of center (z1, 72) in the
bidisk are given by

Fo((‘L’l, ‘L’z),R) = E()(‘L’l,R) X AUA X E()(‘L’z,R) s

where Ey(z, R) is the horocycle of center t € JA and radius R > 0 in the unit
disk A, and a not difficult computation shows that

Ch(Fo((t1.12). R) N dA%) = 9A*,

making the statement of Proposition 2.4.8 irrelevant. So to get an effective statement
we need to replace large horospheres with smaller sets.

Small horospheres might be too small; as shown by Frosini [13], there are
holomorphic self-maps of the polydisk with no invariant small horospheres. We thus
need another kind of horospheres, defined by Kapeluszny, Kuczumow and Reich
[16], and studied in detail by Budzynska [8]. To introduce them we begin with a
definition:

Definition 2.4.10 Let D CC C”" be a bounded domain, and zo € D. A sequence
x = {x,} C D converging to x € dD is a horosphere sequence at x if the limit of
kp(z,xy) — kp(z0,xy) as v — 400 exists forall z € D.

Remark 2.4.11 1t is easy to see that the notion of horosphere sequence does not
depend on the point zy.
Horosphere sequences always exist. This follows from a topological lemma:

Lemma 2.4.12 ([20]) Let (X, d) be a separable metric space, and for each v € N
let a,:X — R be a I-Lipschitz map, i.e., |a,(x) —a,(y)| < d(x,y) forallx, y € X.
If for each x € X the sequence {a,(x)} is bounded, then there exists a subsequence
{ay;} of {ay} such that lim;_, a,,(x) exists for each x € X.

Proof Take a countable sequence {xj}jen C X dense in X. Clearly, the sequence
{ay(xp)} C R admits a convergent subsequence {a,o(xp)}. Analogously, the
sequence {a, o(x;)} admits a convergent subsequence {a, ;(x;)}. Proceeding in this
way, we get a countable family of subsequences {a, ;} of the sequence {a,} such
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that for each k € N the limit lim, . a, x(x;) exists for j = 0, ..., k. We claim that
setting a,, = a;; the subsequence {a,} is as desired. Indeed, given x € X and & > 0
we can find x; such that d(x, x;) < /2, and then we have

0 < limsupa,,(x) — liminfa,(x)
j—>00 J—>00

= [ lim sup (ay;(x) — ay;(xp)) + lim a,,(x,)]
Jj—>00 J—>00

~[tim inf (ay,(x) — @y, (v)) + lim a,,(x,)]
<2d(x,x;) <e.

Since ¢ was arbitrary, it follows that the limit lim; ay, (x) exists, as required. O
Then:

Proposition 2.4.13 ([9]) Let D CC C" be a bounded convex domain, and x € dD.
Then every sequence {x,} C D converging to x contains a subsequence which is a
horosphere sequence at x.

Proof Let X = D x D be endowed with the distance

d((z1,w1). (z2.w2)) = kp(z1.22) + kp(wi, w2)

for all z1, zo, w1, wp € D.

Define a,: X — R by setting a,(z,w) = kp(w, x,) — kp(z,x,). The triangular
inequality shows that each a, is 1-Lipschitz, and for each (z, w) € X the sequence
{ay(z,w)} is bounded by kp(z, w). Lemma 2.4.12 then yields a subsequence {x,,}
such that lim;—, o5 a,,(z, w) exists for all z, w € D, and this exactly means that {x,,}
is a horosphere sequence. O

We can now introduce a new kind of horospheres.

Definition 2.4.14 Let D CcC C”" be a bounded convex domain. Given zg € D, let
x = {x,} be a horosphere sequence at x € dD, and take R > 0. Then the sequence
horosphere G, (x, R, x) is defined as

G, (x.R,x) ={z€eD| u—lil}rloo [kp(z.x) — kp(z0.%,)] < ) logR} .

The basic properties of sequence horospheres are contained in the following:

Proposition 2.4.15 ([8, 9, 16]) Let D CC C”" be a bounded convex domain. Fix
20 € D, and let x = {x,} C D be a horosphere sequence at x € dD. Then:

(1) E,(x,R) € Gy(x,R,X) € Fyyy(x, R) for all R > 0;

(i1) Gy (x, R, x) is nonempty and convex for all R > 0;
(iii) Gg(x, R1,X) N D C G (x, Ry, X) forall0 < Ry < Ry;
(iv) Bp(z0. 5 logR) C G,,(x,R.X) forall R > 1;
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(v) Bp(zo,—}10gR) N G, (x,R,X) = @ forall0 <R < 1;

vi) U G,(x,R,x) =Dand () Gy (x,R,x) = 0.
R>0 R>0

Remark 2.4.16 1f x is a horosphere sequence at x € dD then it is not difficult to
check that the family {G;(x, 1,X)}.ep and the family {G,,(x, R, X)}r~0 With z0 € D
given, coincide.

Then we have the following version of Theorem 2.2.5:

Theorem 2.4.17 ([6, 8]) Let D CC C" be a convex domain, and let f € Hol(D, D)
without fixed points. Then there exists x € 0D and a horosphere sequence X at x
such that

f(Gzo(vavX)) C Gy (x, R, x)

for every zo € D and R > 0.

Proof As in the proof of Theorem 2.4.2, for v > O putf, = (1—1/v)f € Hol(D, D);
then f, — f as v — 400, each f, has a fixed point x,, € D, and up to a subsequence
we can assume that x, — x € dD. Furthermore, by Proposition 2.4.13 up to a
subsequence we can also assume that x = {x,,} is a horosphere sequence at x.

Now, for every z € D we have

kp(f(2). %) — ko(fo(@).x0)| < kn(fo(2).f(2)) = O

as v — +o0. Therefore if z € G, (x, R, X) we get
Jim ko (f(2), %) = kp(zo, )]
< Jim [kp(f(2).x0) — kp(20, %) ]

+limsup [kp(f(2). %) — kp(f (2). %) ]

v—>-+00

: 1
< U_lil_;[_loo [kp(z. %)) — kp(z0.x,)] < ; logR

because f, (x,) = x, for all v € N, and we are done. O
Putting everything together we can prove the following Wolff-Denjoy theorem
for (not necessarily strictly or smooth) convex domains:

Theorem 2.4.18 ([6]) Let D CC C" be a bounded convex domain, and f €
Hol(D, D) without fixed points. Then there exist x € dD and a horosphere sequence
X at x such that for any zo € D we have

T(f) < () Ch(G.(x.1,x) N 8D) = () Ch(G, (x.R.x) N D) .

z€D R>0
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Proof The equality of the intersections is a consequence of Remark 2.4.16. Then
the assertion follows from Theorem 2.4.17 and Lemma 2.4.7 as in the proof of
Proposition 2.4.8. O

To show that this statement is actually better than Proposition 2.4.8 let us consider
the case of the polydisc.

Lemma 2.4.19 Let x = {x,} C A" be a horosphere sequence converging to § =
(61,....&) € 0A". Then for every 1 < j < n such that |§;| = 1 the limit

(2.16)

v—=>+400 h

- |(xv)h|2} <1

a;:= lim min% 1= )P

exists, and we have

n

2
Go(£,R.x) = {z e mjax%aj |1§,_ |§||2 & = 1} < R} =[1&
/ =1
where
E,:{A iflgl <1,
! Eo(§.R/)) if 1§ = 1.

Proof Givenz = (z1,...,2,) € A", let y, € Aut(A") be defined by

y:(w) = (

yeeey
l—lel l—Zan

so that y,(z) = O. Then
kan(z, %) — kan(0,x,) = kan (0, 7:(x,)) — kan (O, x,) .
Now, writing ||z|| = max;{|z;|} we have

1
_1pog LI

1+ |zl
k ., 0’ — k O’ . = 1 1 J e )
(0, 72) mjax{ 2(0,z)} m]ax % 2 108 } 2 1 — |zl

1 -z

and hence

L+ Gl o (1= llP
ku , Xy —kno, ) :1 ! 1 .
an (2, %0) = kar (0, 3,) %(1+mw| HER RV
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Since ||y, (&Il = [I€ll = 1, we just have to study the behavior of the second term,
that we know has a limit as v — +oo because x is a horosphere sequence. Now

L= I? = min =10}

— 1712
% 1 IZ]| (1 _ |(xu)]|2)} .

L= fly-()[I> = min

J Il — Zj(xu)j|2
Therefore
L=l 2 :mamm{l—uxv)hv , |1—z,-(xu>j|2}
1 —lyCelI? i LT =) 1=z

Taking the limit as v — +00 we get
L=lli* I1—zg* L= [()al?
, = max , lim min 5 .
v=too I — |y (n)ll i 1=zl vodeo n (1= [(x)]

(2.17)

In particular, we have shown that the limit in (2.16) exists, and it is bounded by 1 (it
suffices to take 4 = j). Furthermore, if |§;| < 1 then a; = 0; so (2.17) becomes

& = 1} ,

and the lemma follows. O
Now, a not too difficult computation shows that

L=l _ . Ol_|1—2/’3j|2
v>too 1 —[lly:(x)[|1? T 1— |z

Ch(§) = () {ne€dA" |n =&}
|&1=1

for all £ € A™. As a consequence,
Ch(Go((.R.x)N3A") = JAx - x Gi(§) x -+ x A,
j=1

where

_ gt =1,
GE) = { 32 if|§j»| <1.

Notice that the right-hand sides do not depend either on R or on the horosphere
sequence X, but only on £.
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So Theorem 2.4.18 in the polydisc assumes the following form:

Corollary 2.4.20 Let f € Hol(A", A") be without fixed points. Then there exists
& € A" such that

T(f) S| JAx - xCE) x-+xA. (2.18)

J=1

Roughly speaking, this is the best one can do, in the sense that while it might
be true (for instance in the bidisk; see Theorem 2.4.21 below) that the image of a
limit point of the sequence of iterates of f is always contained in just one of the sets
appearing in the right-hand side of (2.18), it is impossible to determine a priori in
which one it is contained on the basis of the point & only; it is necessary to know
something more about the map f. Indeed, Hervé has proved the following:

Theorem 2.4.21 (Hervé, [14]) Let F = (f,g): A> — A? be a holomorphic self-
map of the bidisc, and write f,, = f(-,w) and g, = g(z,-). Assume that F has no
fixed points in A%. Then one and only one of the following cases occurs:

(1) if g(z,w) = w (respectively, f(z,w) = z) then the sequence of iterates of F
converges uniformly on compact sets to h(z,w) = (o,w), where o is the
common Wolff point of the f,,’s (respectively, to h(z,w) = (z,t), where T is
the common Wolff point of the g.’s);

(ii) if Fix(fy) = @ for allw € A and Fix(g;) = {y(z)} C A forallz € A
(respectively, if Fix(f,,) = {x(w)} and Fix(g;) = @) then T(f) C {0} x A,
where o € 0A is the common Wolff point of the f,,’s (respectively, T(f) <
A x {t}, where T is the common Wolff point of the g.’s);

(iii) if Fix(fi) = 0 for all w € A and Fix(g,) = @ for all z € A then either
T(f) C{o}x AorT(f) C A x{t}, where 0 € 0A is the common Wolff point
of the f,,’s, and © € A is the common Wolff point of the g,;

(iv) if Fix(fy,) = {x(w)} C A for allw € A and Fix(g;) = {y(z)} C A for all
z € A then there are o, T € 0D such that the sequence of iterates converges to
the constant map (0, T).

All four cases can occur: see [14] for the relevant examples.
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