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Preface

This is the second volume of the CEMPI subseries, common to Lecture Notes in
Mathematics and Lecture Notes in Physics. CEMPI, acronym for “Centre Européen
pour les Mathématiques, la Physique et leurs Interactions,” is a “Laboratoire
d’Excellence” based on the campus of the Université Lille 1. The material in this
volume is based on lectures given in Lille during the CNRS’s Thematic School
“Metrical and dynamical aspects in complex analysis,” as part of the 2015 Painlevé-
CEMPI Thematic Semester of Analysis.

Complex analysis is by nature at the meeting point of analysis, geometry, and
dynamics. The aim of this volume is to reveal the still underexploited connections
between complex analysis and metric geometry. Metric geometry provides very
powerful tools: some of them have been proving for long their potential in
complex analysis, as the Kobayashi metric, with related questions about Kobayashi
hyperbolicity, or problems in holomorphic dynamics. Others, as the notion of
hyperbolicity in the sense of Gromov, appeared more recently in the understanding
of geometrical or dynamical phenomena. In this context, the reader will explore
how metrical and dynamical aspects interact in complex geometry and holomorphic
dynamics.

The first chapter presents the Kobayashi distance, which will play the leading
role in this volume. This distance, introduced by Kobayashi in 1967 for complex
manifolds, is one of the most useful (biholomorphically) invariant distances. Written
by Marco Abate, professor at the Universita di Pisa (Italy), this introductory text
also describes several properties and estimates depending on the geometry of the
domain.

The second chapter, still written by Marco Abate, deals with the dynamics of
holomorphic self-maps of taut manifolds. The proofs rely deeply on the Kobayashi
distance to get information about the boundary behavior, in order to obtain a several
variables version of the Wolff-Denjoy theorem. This subject has attracted much
attention, and the author describes some of his many contributions to the field.

The objective of the third chapter is to introduce the notion of Gromov hyperbol-
icity and to develop some situations in analysis where this notion is of great help
to understand their geometric meaning. Written by Hervé Pajot, professor at the

v



vi Preface

Institut Fourier, Université de Grenoble (France), it bridges some classical results in
complex analysis with a metric phenomenon coming from geometric group theory.

The fourth chapter, entitled “Gromov hyperbolicity of bounded convex
domains”, is written by Andrew Zimmer, a post-doctoral researcher at the University
of Chicago (USA). Very recent results of the author, concerning the Gromov
hyperbolicity of the Kobayashi metric, are described carefully. This chapter is in
continuity with the previous chapters, since the approach mixes a precise local study
of the Kobayashi metric near the boundary with a “large-scale” metric viewpoint. It
also draws a parallel with Hilbert geometry and ends with some open questions in
the field.

The last two chapters present further applications of the fruitful interplay between
analysis and metric geometry. The fifth chapter is an introduction to quasi-conformal
geometry, written by Hervé Pajot. It begins with quasi-conformal mappings on
the complex plane, which will constitute a very useful introduction for young
researchers interested in this area. The second part deals with metric spaces with
controlled geometry.

The sixth and last chapter is written by Marco Abate. It gives a (recent) appli-
cation of the Kobayashi distance to complex functional analysis, more precisely
concerning Carleson measures and Toeplitz operators.

The reader, analyst or geometer, shall thus find here a range of metrical tools
for complex analysis. The volume offers a unique and accessible overview of the
interactions between complex analysis and metric geometry up to the frontiers of
recent research.

Villeneuve d’ Ascq, France Léa Blanc-Centi
July 2016
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Chapter 1
Invariant Distances

Marco Abate

In this chapter we shall define the (invariant) distance we are going to use, and
collect some of its main properties we shall need later on. It will not be a
comprehensive treatise on the subject; much more informations can be found in,
e.g., [2, 17,24].

Before beginning, let us introduce a couple of notations we shall consistently use.

Definition 1.0.1 Let X and Y be two (finite dimensional) complex manifolds. We
shall denote by Hol(X, Y) the set of all holomorphic maps from X to Y, endowed
with the compact-open topology (which coincides with the topology of uniform
convergence on compact subsets), so that it becomes a metrizable topological space.
Furthermore, we shall denote by Aut(X) C Hol(X, X) the set of automorphisms, that
is invertible holomorphic self-maps, of X. More generally, if X and Y are topological
spaces we shall denote by C°(X, Y) the space of continuous maps from X to ¥, again
endowed with the compact-open topology.

Definition 1.0.2 We shall denote by A = {¢ € C | || < 1} the unit disc in the
complex plane C, by B" = {z € C" | ||z|]| < 1} (where || - | is the Euclidean norm)
the unit ball in the n-dimensional space C”, and by A" C C” the unit polydisc in C".
Furthermore, (-, -) will denote the canonical Hermitian product on C”.

M. Abate (IX)
Dipartimento di Matematica, Universita di Pisa, Largo Bruno Pontecorvo 5, 56127 Pisa, Italy
e-mail: marco.abate @unipi.it
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2 M. Abate
1.1 The Poincaré Distance

The model for all invariant distances in complex analysis is the Poincaré distance
on the unit disc of the complex plane; we shall then start recalling its definitions and
main properties (see also Appendix 1).

Definition 1.1.1 The Poincaré (or hyperbolic) metric on A is the Hermitian metric
whose associated norm is given by

ka(g;v) =

v
1 |§|2

forall { € Aandv € C =~ T;A. It is a complete Hermitian metric with constant
Gaussian curvature —4.

Definition 1.1.2 The Poincaré (or hyperbolic) distance ka on A is the integrated
form of the Poincaré metric. It is a complete distance, whose expression is

SEale)
1—
ka2 =Ylog 07
1— t1—8
=016
In particular,
1+ [¢]
k4(0,¢) = ! log )
2Ty
Remark 1.1.3 1Ttis useful to keep in mind that the function
141¢
1
t— ,lo
208y

is the inverse of the hyperbolic tangent tanh ¢ = (e’ —e™")/(e’ + 7).

Besides being a metric with constant negative Gaussian curvature, the Poincaré
metric strongly reflects the properties of the holomorphic self-maps of the unit disc.
For instance, the isometries of the Poincaré metric coincide with the holomorphic
or anti-holomorphic automorphisms of A (see, e.g., [2, Proposition 1.1.8]):

Proposition 1.1.4 The group of smooth isometries of the Poincaré metric consists
of all holomorphic and anti-holomorphic automorphisms of A.

More importantly, the famous Schwarz-Pick lemma says that any holomorphic
self-map of A is nonexpansive for the Poincaré metric and distance (see, e.g., [2,
Theorem 1.1.6]):



1 Invariant Distances 3

Theorem 1.1.5 (Schwarz-Pick lemma) Letf € Hol(A, A) be a holomorphic self-
map of A. Then:

(i) we have

ka(F(O):f Q)v) < kaCiv) (1.1)

forall ¢ € A and v € C. Furthermore, equality holds for some { € A and
v € C* if and only if equality holds for all ¢ € A and all v € C if and only if
f € Aut(4),

(ii) we have

ka(f(€1).f(82)) < ka(S1.82) (1.2)

for all £, & € A. Furthermore, equality holds for some ¢ # &, if and only if
equality holds for all ¢y, £, € A if and only if f € Aut(A).

In other words, holomorphic self-maps of the unit disc are automatically I-
Lipschitz, and hence equicontinuous, with respect to the Poincaré distance.

As an immediate corollary, we can compute the group of automorphisms of A,
and thus, by Proposition 1.1.4, the group of isometries of the Poincaré metric (see,
e.g., [2, Proposition 1.1.2]):

Corollary 1.1.6 The group Aut(A) of holomorphic automorphisms of A consists
in all the functions y: A — A of the form

i0 f—fo

y(@) =e L — ot

(1.3)

with 0 € R and {y € A. In particular, for every pair {1, {, € A there exists
y € Aut(A) such that y(¢y) = 0 and y(§,) € [0, 1).

Remark 1.1.7 More generally, given {1, { € A and n € [0, 1), it is not difficult to
see that there is y € Aut(A) such that y(¢,) = nand y({2) € [0, 1) with y($2) > 7.

A consequence of (1.3) is that all automorphisms of A extends continuously to
the boundary. It is customary to classify the elements of Aut(A) according to the
number of fixed points in A:

Definition 1.1.8 An automorphism y € Aut(A) \ {ida} is called elliptic if it has a
unique fixed point in A, parabolic if it has a unique fixed point in A, hyperbolic if
it has exactly two fixed points in dA. It is easy to check that these cases are mutually
exclusive and exhaustive.

We end this brief introduction to the Poincaré distance by recalling two facts
relating its geometry to the Euclidean geometry of the plane (see, e.g., [2,
Lemma 1.1.5 and (1.1.11)]):
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Proposition 1.1.9 Let {y € A and r > 0. Then the ball BA({o,r) C A for the
Poincaré distance of center {y and radius r is the Euclidean ball with center

1 — (tanh7)?

1— (tanhr)2|§‘0|2§0

and radius

(1 —|&o|*) tanh r
1 — (tanh r)2|o|?

Proposition 1.1.10 Let &y = rel’ € A. Then the geodesic for the Poincaré metric
connecting 0 to (g is the Euclidean radius 0 [0, k4(0, £o)] — A given by

o(f) = (tanhr)el? .

In particular, kx (O, (tanh t)eio) = |t| forallt e Rand 0 € R.

1.2 The Kobayashi Distance in Complex Manifolds

Our next aim is to build on any complex manifold a (pseudo)distance enjoying the
main properties of the Poincaré distance; in particular, we would like to preserve the
1-Lipschitz property of holomorphic maps, that is to generalize to several variables
Schwarz-Pick lemma. There are several ways for doing this; historically, the first
such generalization has been introduced by Carathéodory [11] in 1926, but the most
well-known and most useful has been proposed in 1967 by Kobayashi [22, 23]. Here
we shall concentrate on the Kobayashi (pseudo)distance; but several other similar
metrics and distances have been introduced (see, e.g., [7, 10, 12, 15, 21, 30, 31, 34];
see also [16] for a general context explaining why in a very precise sense the
Carathéodory distance is the smallest and the Kobayashi distance is the largest
possible invariant distance, and [6] for a different differential geometric approach).
Furthermore, we shall discuss only the Kobayashi distance; it is possible to define
a Kobayashi metric, which is a complex Finsler metric whose integrated form is
exactly the Kobayashi distance, see Sect.4.1. It is also possible to introduce a
Kobayashi pseudodistance in complex analytic spaces; again, see [2, 17] and [24]
for details and much more.

To define the Kobayashi pseudodistance we first introduce an auxiliary function.

Definition 1.2.1 Let X be a connected complex manifold. The Lempert function
8x:X x X — R* U {400} is defined by

8x(z,w) = inf{ka (%o, ¢1) | 3¢ € Hol(A,X) : (&) = z,¢(¢1) = w}

forevery z, w € X.
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Remark 1.2.2 Corollary 1.1.6 yields the following equivalent definition of the
Lempert function:

8x(z.w) = inf{k(0,2) | Jp € Hol(A.X) : 9(0) = z,¢({) = w} .

The Lempert function in general (but there are exceptions; see Proposition 1.4.7)
does not satisfy the triangular inequality (see, e.g., [28] for an example), and so it is
not a distance. But this is a problem easily solved:

Definition 1.2.3 Let X be a connected complex manifold. The Kobayashi (pseudo)
distance ky: X x X — R™ is the largest (pseudo)distance bounded above by the
Lempert function, that is

k
kx(z,w) = inf%Z(SX(Zj—th) ‘ keNz=zz=wz,....z-1€X
j=1

forall z, w € X.

A few remarks are in order. First of all, it is easy to check that since X is
connected then ky is always finite. Furthermore, it is clearly symmetric, it satisfies
the triangle inequality by definition, and kx(z,z) = O for all z € X. On the other
hand, it might well happen that kx(zo,z;) = 0 for two distinct points zyo # z; of X
(it might even happen that kx = 0; see Proposition 1.2.5); so kx in general is only a
pseudodistance. Anyway, the definition clearly implies the following generalization
of the Schwarz-Pick lemma:

Theorem 1.2.4 Let X, Y be two complex manifolds, and f € Hol(X,Y). Then

ky (f(2).f (W) < kx(z,w)

forall z, w € X. In particular:

(1) if X is a submanifold of Y then ky|xxx < kx;
(ii) biholomorphisms are isometries with respect to the Kobayashi pseudodistances.

A statement like this is the reason why the Kobayashi (pseudo)distance is said to
be an invariant distance: it is invariant under biholomorphisms.

Using the definition, it is easy to compute the Kobayashi pseudodistance of a few
of interesting manifolds (see, e.g., [2, Proposition 2.3.4, Corollaries 2.3.6, 2.3.7]):

Proposition 1.2.5

(i) The Poincaré distance is the Kobayashi distance of the unit disc A.
(ii) The Kobayashi distances of C" and of the complex projective space P"(C)
vanish identically.
(iii) Foreveryz = (z1,...,20), W = (W1, ..., w,) € A" we have
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(iv) The Kobayashi distance of the unit ball B" C C" coincides with the classical
Bergman distance; in particular, if O € C" is the origin and z € B" then

1+ |zl

kgn(0,z) = ) log e

Remark 1.2.6 As often happens with objects introduced via a general definition,
the Kobayashi pseudodistance can seldom be explicitly computed. Besides the
cases listed in Proposition 1.2.5, as far as we know there are formulas only for
some complex ellipsoids [18], bounded symmetric domains [17], the symmetrized
bidisc [5] and a few other scattered examples. On the other hand, it is possible and
important to estimate the Kobayashi distance; see Sect. 1.5.

We shall be interested in manifolds where the Kobayashi pseudodistance is a true
distance, that is in complex manifolds X such that kx(z, w) > 0 as soon as z # w.

Definition 1.2.7 A connected complex manifold X is (Kobayashi) hyperbolic if kx
is a true distance. In this case, if zo € X and r > 0 we shall denote by Bx(zo, r) the
ball for kx of center zy and radius r; we shall call Bx(zg, r) a Kobayashi ball. More
generally, if A C X and r > 0 we shall put Bx(A, r) = ¢, Bx(z. 7).

In hyperbolic manifolds the Kobayashi distance induces the topology of the
manifold. More precisely (see, e.g., [2, Proposition 2.3.10]):

Proposition 1.2.8 (Barth, [8]) A connected complex manifold X is hyperbolic if
and only if kx induces the manifold topology on X.

To give a first idea of how one can work with the Kobayashi distance, we describe
two large classes of examples of hyperbolic manifolds:

Proposition 1.2.9 (Kobayashi, [22, 23])

(1) A submanifold of a hyperbolic manifold is hyperbolic. In particular, bounded
domains in C" are hyperbolic.

(ii) Let m:X — X be a holomorphic covering map. Then X is hyperbolic if and
only if X is. In particular, a Riemann surface is hyperbolic if and only if it is
Kobayashi hyperbolic.

Proof (i) The first assertion follows immediately from Theorem 1.2.4.(i). For the
second one, we remark that the unit ball B” is hyperbolic by Proposition 1.2.5.(iv).
Then Theorem 1.2.4.(ii) implies that all balls are hyperbolic; since a bounded
domain is contained in a ball, the assertion follows.

(i1) First of all we claim that

kx (zo. wo) = inf{ks(Zo, W) | W € 7" (wo)} . (1.4)

for any zp, wo € X, where Z is any element of Jr_l(z()). Indeed, first of all
Theorem 1.2.4 immediately implies that

kx (20, wo) < infl{kg(Zo, W) | w € 77" (wo)} .
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Assume now, by contradiction, that there is £ > 0 such that
kx(z0.wo) + & < kx(Z0. W)

for allw € m~! (wg). Choose z1, . ..,z € X with z; = wy such that

k
ZSX(Zj—l,Zj) < kx(z0.wo) +¢/2.

J=1

By Remark 1.2.2, we can find ¢, ..., ¢ € Hol(A,X) and £y, ..., {; € A such that
¢j(0) = z—1, ¢;(§)) = zjforallj=1,...,kand

k
ZkA(O, é'j) < kx(Zo,Wo) + €.

Jj=1

Let ¢y, ..., ¢ € Hol(A,X) be the liftings of ¢y, ..., ¢ chosen so that ¢;(0) = Z,
and @;11(0) = ¢;(§) forj =1,...,k— 1, and set wo = @ (k) € 7" (wo). Then

k k
kgGo. o) <Y 85(31(0). 31(8)) =D ka(0.8) < kx(z0.wo) + & < kg(Zo. o) .

j=1 j=1

contradiction.

Having proved (1.4), let us assume that X is hyperbolic. If there are zo, wy € X
such that kx(zo, wo) = 0, then for any Zy € 7~ !(z9) there is a sequence {W,} C
77 (wp) such that kg (zo, wy) — 0 as v — 4o00. Then w, — Zo (Proposition 1.2.8)
and so Zp € w1~ (wyp), that is zo = wy.

Conversely, assume X hyperbolic. Suppose Zo, Wy € X are so that kg (2o, Wo) =
0; then kx(m(Z0).m(Wo)) = 0 and so m(Z) = m(Ww)) = z. Let U be a
connected neighborhood of Zy such that rr|3 is a biholomorphism between U and
the (connected component containing z¢ of the) Kobayashi ball Bx(zo, €) of center zo
and radius ¢ > 0 small enough; this can be done because of Proposition 1.2.8. Since
k%(Zo,wo) = 0, we can find ¢1,...,¢ € Hol(A, X) and l1,..., 8 € A with
©1(0) = 20, (&) = ¢j+1(0) forj = 1,...,k — 1 and @x(x) = W such that

k
> ka(0.5) <&

j=1

Let o; be the radial segment in A joining 0 to {;; by Proposition 1.1.10 the o; are
geodesics for the Poincaré metric. The arcs ¢; o0 in X connect to form a continuous
curve o from Zp to wo. Now the maps m o ¢; € Hol(A,X) are non-expanding;
therefore every point of the curve 7 o ¢ should belong to Bx(zo, €). But then o is
contained in U, and this implies zo = Wy.
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The final assertion on Riemann surfaces follows immediately because hyperbolic
Riemann surfaces can be characterized as the only Riemann surfaces whose
universal covering is the unit disc. O

It is also possible to prove the following (see, e.g., [2, Proposition 2.3.13]):

Proposition 1.2.10 Let X; and X, be connected complex manifolds. Then X| X X,
is hyperbolic if and only if both X| and X, are hyperbolic.

Remark 1.2.11 The Kobayashi pseudodistance can be useful even when it is
degenerate. For instance, the classical Liouville theorem (a bounded entire function
is constant) is an immediate consequence, thanks to Theorem 1.2.4, of the vanishing
of the Kobayashi pseudodistance of C" and the fact that bounded domains are
hyperbolic.

A technical fact we shall need later on is the following:

Lemma 1.2.12 Let X be a hyperbolic manifold, and choose 7o € X and ry, r, > 0.
Then

Bx(Bx(z0.71).12) = Bx(20, 71 + 12) .

Proof The inclusion Bp (BD (zo, 1), r2) C Bp(zo, r1 + ) follows immediately from
the triangular inequality. For the converse, let z € Bp(zo, 71 + 12), and set 3¢ =
r1 + r» — kx(z0,z). Then there are ¢y, ..., ¢, € Hol(A,X) and ¢y,...,{, € A so
that ¢1(0) = z0, 9j(§j) = ¢j+1(0) forj =1,....m—1, () = zand

ZkA(O, é']) <r+mrn-—2¢.
Jj=1
Let i < m be the largest integer such that
n—1
ZkA(O,é'j) <rn-—e&.

Jj=1

Let 7, be the point on the Euclidean radius in A passing through ¢, (which is a
geodesic for the Poincaré distance) such that

n—1
ZkA(O,é'j) +ka(0,n,) =1 —¢.
Jj=1
If we set w = @, (1), then kx(z0, w) < r1 and kx(w, ) < r2, so that

z € Bp(w.r2) € Bp(Bp(20.71).72) .

and we are done. ]
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A condition slightly stronger than hyperbolicity is the following:

Definition 1.2.13 A hyperbolic complex manifold X is complete hyperbolic if the
Kobayashi distance ky is complete.

Complete hyperbolic manifolds have a topological characterization (see, e.g., [2,
Proposition 2.3.17]):

Proposition 1.2.14 Let X be a hyperbolic manifold. Then X is complete hyperbolic
if and only if every closed Kobayashi ball is compact. In particular, compact
hyperbolic manifolds are automatically complete hyperbolic.

Examples of complete hyperbolic manifolds are contained in the following (see,
e.g., [2, Propositions 2.3.19 and 2.3.20]):

Proposition 1.2.15

(i) A homogeneous hyperbolic manifold is complete hyperbolic. In particular,

both B" and A" are complete hyperbolic.

(ii) A closed submanifold of a complete hyperbolic manifold is complete hyper-
bolic.

(iii) The product of two hyperbolic manifolds is complete hyperbolic if and only if
both factors are complete hyperbolic.

@av) If m: X > Xisa holomorphic covering map, then X is complete hyperbolic if
and only if X is complete hyperbolic.

We shall see more examples of complete hyperbolic manifolds later on (Propo-
sition 1.4.8 and Corollary 1.5.20). We end this subsection recalling the following
important fact (see, e.g., [24, Theorem 5.4.2]):

Theorem 1.2.16 The automorphism group Aut(X) of a hyperbolic manifold X has
a natural structure of real Lie group.

1.3 Taut Manifolds

For our dynamical applications we shall need a class of manifolds which is
intermediate between complete hyperbolic and hyperbolic manifolds. To introduce
it, we first show that hyperbolicity can be characterized as a precompactness
assumption on the space Hol(A, X).

If X is a topological space, we shall denote by X* = X U {oo} its one-point (or
Alexandroff) compactification; see, e.g., [20, p. 150] for details.

Theorem 1.3.1 ([3]) Let X be a connected complex manifold. Then X is hyperbolic
if and only if Hol(A, X) is relatively compact in the space C°(A, X*) of continuous
functions from A into the one-point compactification of X. In particular, if X is
compact then it is hyperbolic if and only if Hol(A,X) is compact. Finally, if X
is hyperbolic then Hol(Y,X) is relatively compact in C°(Y,X*) for any complex
manifold Y.
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If X is hyperbolic and not compact, the closure of Hol(A,X) in C°(A,X*)
might contain continuous maps whose image might both contain oo and intersect X,
exiting thus from the realm of holomorphic maps. Taut manifolds, introduced by
Wu [33], are a class of (not necessarily compact) hyperbolic manifolds where this
problem does not appear, and (as we shall see) this will be very useful when studying
the dynamics of holomorphic self-maps.

Definition 1.3.2 A complex manifold X is zaut if it is hyperbolic and every map
in the closure of Hol(A, X) in C°(A, X*) either is in Hol(A, X) or is the constant
map oo.

This definition can be rephrased in another way not requiring the one-point
compactification.

Definition 1.3.3 Let X and Y be topological spaces. A sequence {f,} C C°(Y,X) is
compactly divergent if for every pair of compacts H C Y and K C X there exists
vo € Nsuch thatf,(H)NK = @ forevery v > vy. A family . C C(Y, X) is normal
if every sequence in .% admits a subsequence which is either uniformly converging
on compact subsets or compactly divergent.

By the definition of one-point compactification, a sequence in C°(Y,X) con-
verges in C°(Y, X*) to the constant map oo if and only if it is compactly divergent.
When X and Y are manifolds (more precisely, when they are Hausdorff, locally
compact, connected and second countable topological spaces), a subset in C°(Y, X*)
is compact if and only if it is sequentially compact; therefore we have obtained the
following alternative characterization of taut manifolds:

Corollary 1.3.4 A connected complex manifold X is taut if and only if the family
Hol(A, X) is normal.

Actually, it is not difficult to prove (see, e.g., [2, Theorem 2.1.2]) that the role of
A in the definition of taut manifolds is not essential:

Proposition 1.3.5 Let X be a taut manifold. Then Hol(Y, X) is a normal family for
every complex manifold Y.
It is easy to find examples of hyperbolic manifolds which are not taut:

Example 1.3.6 Let D = A%\ {(0,0)}. Since D is a bounded domain in C2, it is
hyperbolic. For v > 1 let ¢, € Hol(A, D) given by ¢, (¢) = (¢, 1/v). Clearly {¢,}
converges as v — +00 to the map ¢({) = (¢, 0), whose image is not contained
either in D or in dD. In particular, the sequence {¢, } does not admit a subsequence
which is compactly divergent or converging to a map with image in D—and thus D
is not taut.

On the other hand, complete hyperbolic manifolds are taut. This is a consequence
of the famous Ascoli-Arzela theorem (see, e.g., [20, p. 233]):

Theorem 1.3.7 (Ascoli-Arzela theorem) Let X be a metric space, and Y a locally
compact metric space. Then a family F < C°%Y,X) is relatively compact in
CO(Y, X) if and only if the following two conditions are satisfied:

(1) Z is equicontinuous;
(ii) the set F(y) = {f(y) | f € F} is relatively compact in X for everyy € Y.
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Then:
Proposition 1.3.8 Every complete hyperbolic manifold is taut.

Proof Let X be a complete hyperbolic manifold, and {¢,} C Hol(A, X) a sequence
which is not compactly divergent; we must prove that it admits a subsequence
converging in Hol(A, X).

Up to passing to a subsequence, we can find a pair of compacts H C A and
K C X such that 9,(H) N K # @ forall v € N. Fix {, € H and zp € K, and set
r = max{kx(z,z0) | z € K}. Then for every { € A and v € N we have

kx (¢0(2).20) < kx(00(2), 9u(80)) + kx (v (o). 20) < ka(Z.%0) + 1.

So {¢,(¢)} is contained in the closed Kobayashi ball of center zy and radius
ka(¢, &o) + r, which is compact since X is complete hyperbolic (Proposition 1.2.14);
as a consequence, {¢,({)} is relatively compact in X. Furthermore, since X is
hyperbolic, the whole family Hol(A, X) is equicontinuous (it is 1-Lipschitz with
respect to the Kobayashi distances); therefore, by the Ascoli-Arzela theorem,
the sequence {¢,} is relatively compact in C°(A,X). In particular, it admits a
subsequence converging in C°(A, X); but since, by Weierstrass theorem, Hol(A, X)
is closed in C°(A, X), the limit belongs to Hol(A, X), and we are done. O

Thus complete hyperbolic manifolds provide examples of taut manifolds. How-
ever, there are taut manifolds which are not complete hyperbolic; an example
has been given by Rosay (see [29]). Finally, we have the following equivalent of
Proposition 1.2.15 (see, e.g., [2, Lemma 2.1.15]):

Proposition 1.3.9

(i) A closed submanifold of a taut manifold is taut.
(ii) The product of two complex manifolds is taut if and only if both factors are taut.

Just to give an idea of the usefulness of the taut condition in studying holo-
morphic self-maps we end this subsection by quoting Wu’s generalization of
the classical Cartan-Carathéodory and Cartan uniqueness theorems (see, e.g., [2,
Theorem 2.1.21 and Corollary 2.1.22]):

Theorem 1.3.10 (Wu, [33]) Let X be a taut manifold, and let f € Hol(X, X) be
with a fixed point zo € X. Then:

(1) the spectrum of df,, is contained in A;
(ii) [detdf;,| = 1;
(iii) |detdf.,| = 1 if and only if f € Aut(X);
(iv) dfy, = id if and only if f is the identity map;
(v) T, X admits a df;,-invariant splitting T,,X = Ly ® Ly such that the spectrum
of df;, |1y is contained in A, the spectrum of df,,|r, is contained in 0A, and
dfs L, is diagonalizable.

Corollary 1.3.11 (Wu, [33]) Let X be a taut manifold, and zo € X. Then if f, g €
Aut(X) are such that f(z0) = g(z0) and df;, = dg,, thenf = g.

Proof Apply Theorem 1.3.10.(iv)to g~! o f. ]
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1.4 Convex Domains

In the following we shall be particularly interested in two classes of bounded

domains in C": convex domains and strongly pseudoconvex domains. Consequently,

in this and the next section we shall collect some of the main properties of the

Kobayashi distance respectively in convex and strongly pseudoconvex domains.
We start with convex domains recalling a few definitions.

Definition 1.4.1 Givenx,y € C" let
[x,y] = {sx+(1—s)y e C" | s € [0, 1]} and (x,y) = {sx+(1—s5)y € C" | s € (0, 1)}

denote the closed, respectively open, segment connecting x and y. A set D C C" is
convex if [x,y] € D forall x, y € D; and strictly convex if (x,y) € Dforallx,y € D.
A convex domain not strictly convex will sometimes be called weakly convex.

An easy but useful observation (whose proof is left to the reader) is:

Lemma 1.4.2 Let D C C" be a convex domain. Then:

i) (z,w) CDforallz € Dandw € dD;
(1) ifx, y € 0D then either (x,y) C dD or (x,y) C D.

This suggests the following

Definition 1.4.3 Let D C C” be a convex domain. Given x € dD, we put
ch(x) ={y €dD | [x,y] CdD};

we shall say that x is a strictly convex point if ch(x) = {x}. More generally, given
F C 9D we put

ch(F) = _Jch(x) .

X€F

A similar construction having a more holomorphic character is the following:

Definition 1.4.4 Let D C C" be a convex domain. A complex supporting functional
atx € dD is a C-linear map L: C" — C such that Re L(z) < Re L(x) forallz € D. A
complex supporting hyperplane at x € 0D is an affine complex hyperplane H C C"
of the form H = x + ker L, where L is a complex supporting functional at x (the
existence of complex supporting functionals and hyperplanes is guaranteed by the
Hahn-Banach theorem). Given x € dD, we shall denote by Ch(x) the intersection
of D with of all complex supporting hyperplanes at x. Clearly, Ch(x) is a closed
convex set containing x; in particular, Ch(x) € ch(x). If Ch(x) = {x} we say that x



1 Invariant Distances 13

is a strictly C-linearly convex point; and we say that D is strictly C-linearly convex
if all points of dD are strictly C-linearly convex. Finally, if F C dD we set

Ch(F) = |_JCh(x) :

x€F

clearly, Ch(F) C ch(F).

Definition 1.4.5 Let D C C" be a convex domain, x € dD and L:C" — C a
complex supporting functional at x. The weak peak function associated to L is the
function ¥ € Hol(D, A) given by

1

V(@) = :
1 — (L(z) — L(x))

Then ¢ extends continuously to D with (D) C A, ¥(x) = 1, and |y (z)| < 1 for
all z € D; moreovery € dD is such that |/ (y)| = lifand only if ¥ (y) = ¥ (x) = 1,
and hence if and only if L(y) = L(x).

Remark 1.4.6 1f x € dD is a strictly convex point of a convex domain D C C” then
it is possible to find a complex supporting functional L at x so that Re L(z) < Re L(x)
for all z € D\ {x}. In particular, the associated weak peak function y: C* — C is
a true peak function (see Definition 1.5.17) in the sense that |y (z)| < 1 for all
ze D\ {x}.

We shall now present three propositions showing how the Kobayashi distance is
particularly well-behaved in convex domains. The first result, due to Lempert, shows
that in convex domains the definition of Kobayashi distance can be simplified:

Proposition 1.4.7 (Lempert, [28]) Let D C C" be a convex domain. Then §p =
kp.

Proof First of all, note that §p(z, w) < +o0 for all z, w € D. Indeed, let

2={AeC|(1—-A)z+AweD}.

Since D is convex, §2 is a convex domain in C containing 0 and 1. Let p: A — £2
be a biholomorphism such that ¢ (0) = 0; then the map ¢: A — D given by

@) = (1-¢©)z+¢)w

is such that z, w € @(A).
Now, by definition we have §p(z, w) > kp(z, w); to get the reverse inequality it
suffices to show that §p satisfies the triangular inequality. Take z1, 72, z3 € D and
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fix & > 0. Then there are ¢, ¢, € Hol(A, D) and {;, {» € A such that ¢;(0) = zj,
@1(81) = 2(81) = 22, 92(82) = z3 and

ka(0,81) < dp(z1.22) + €,
ka(81,8) < 0p(z2.23) + €.

Moreover, by Remark 1.1.7 we can assume that {; and ¢, are real, and that {, >
¢y > 0. Furthermore, up to replacing ¢; by a map ¢/ defined by ¢;({) = ¢;(r{) for

r close enough to 1, we can also assume that ¢; is defined and continuous on A (and
this forj = 1, 2).
Let 1:C\ {¢1, '} — C be given by

=) -5
AQ) = 2
C=€=¢)

Then A is meromorphic in C, and in a neighborhood of A the only pole is the
simple pole at {;. Moreover, A(0) = 1, A({,) = 0 and A(0A) C [0, 1]. Then define
¢: A — C" by

$(0) = 2()e1() + (1 = A(D)p2(8) -

Since ¢1(£1) = ¢2(&y), it turns out that ¢ is holomorphic on A; moreover, ¢(0) =
21, $(&2) = z3 and ¢(dA) C D. We claim that this implies that ¢ (A) C D. Indeed,
otherwise there would be {y € A such that ¢({y) = xo € dD. Let L be a complex
supporting functional at xy, and ¥ the associated weak peak function. Then we
would have |y o¢| < 1 0ondA and | o¢($o)| = 1; thus, by the maximum principle,
[y ogp| =1,1e., ¢(A) C dD, whereas ¢ (0) € D, contradiction.

So ¢ € Hol(A, D). In particular, then,

8p(z1,23) < ka(0,8) = ka(0,81) + ka(81,8) < 0p(21,22) + Op(z2,23) + 2¢ ,

and the assertion follows, since ¢ is arbitrary. O
Bounded convex domains, being bounded, are hyperbolic. But actually more is
true:

Proposition 1.4.8 (Harris, [16]) Let D CC C" be a bounded convex domain. Then
D is complete hyperbolic.

Proof We can assume O € D. By Proposition 1.2.14, it suffices to show that all the
closed Kobayashi balls Bp (O, r) of center O are compact. Let {z,} C Bp(O, r); we
must find a subsequence converging to a point of D. Clearly, we may suppose that
Zy = wo € D as v — 400, for D is bounded.

Assume, by contradiction, that wy € 9D, and let L: C"* — C be a complex
supporting functional at wy; in particular, L(wg) # 0 (because O € D). Set
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H = {¢ € C | ReL({wy) < ReL(wy)}; clearly H is a half-plane of C, and the
linear map 7r: C" — C given by 7(z) = L(z)/L(wy) sends D into H. In particular

r>kp(0,2,) > ku (0, 7(z)) -

Since H is complete hyperbolic, by Proposition 1.2.14 the closed Kobayashi balls
in H are compact; therefore, up to a subsequence {7 (z,)} tends to a point of H. On
the other hand, 7(z,) — mw(wy) = 1 € dH, and this is a contradiction. O

Remark 1.4.9 There are unbounded convex domains which are not hyperbolic; for
instance, C" itself. However, unbounded hyperbolic convex domains are automati-
cally complete hyperbolic, because Harris (see [16]) proved that a convex domain
is hyperbolic if and only if it is biholomorphic to a bounded convex domain.
Furthermore, Barth (see [9]) has shown that an unbounded convex domain is
hyperbolic if and only if it does not contain any complex line.

Finally, the convexity is reflected by the shape of Kobayashi balls. To prove this
(and also because they will be useful later) we shall need a couple of estimates:

Proposition 1.4.10 ([19, 26, 28]) Let D C C" be a convex domain. Then:
() ifz1, z2, w1, wp € Dand s € [0, 1] then
kp(sz1 + (1 —$)z2.sw1 + (1 — 5)wy) < max{kp(z1, w1), kp(z2. w2)}
(ii) ifz we Dands, t €0, 1] then
kp(sz+ (1 —s)w, 1z + (1 — Ow) < kp(z, w) .
Proof Let us start by proving (i). Without loss of generality we can assume that
kp(z2,w2) < kp(zi,w;). Fix & > 0; by Proposition 1.4.7, there are ¢, ¢, €

Hol(A,D) and {1, {» € A such that ¢;(0) = z;, ¢;({}) = w; and k4(0,¢;) <
kp(zj,w;) + e, for j = 1, 2; moreover, we may assume 0 < {, < {; < 1 and

£y > 0. Define ¥: A — D by
o =u(3e).
&

so that ¥ (0) = z; and ¥ ({;) = w», and ¢;: A — C" by

$s(8) = 5¢1(5) + (1 = )Y (0) .

Since D is convex, ¢, maps A into D; furthermore, ¢,(0) = sz; + (1 — 5)z2 and
¢s(&1) = swy + (1 — s)w,. Hence

kp(sz1 4+ (1 =)z, w1 + (1 = 5)wa) = kp(¢5(0), $(81))
< ka(0,81) < kp(z1,w1) + ¢,

and (i) follows because ¢ is arbitrary.
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Given zg € D, we obtain a particular case of (i) by setting z; = 2o = zo:
kp(z0, swi 4 (1 — $)wa) < max{kp(zo0. w1). kp(z0. w2)} (1.5)

for all zo, wi, wo, € D and s € [0, 1].
To prove (ii), put zo = sz + (1 — s)w; then two applications of (1.5) yield

kD(sz + (1 =s)w,tz4+ (1 — t)w) < maX{kD(sz + (1 —s)w, z),kD(sz + (1 —s)w, w)}

< kD(Z, W) s

and we are done. ]

Corollary 1.4.11 Closed Kobayashi balls in a hyperbolic convex domain are
compact and convex.

Proof The compactness follows from Propositions 1.2.14 and 1.4.8 (and
Remark 1.4.9 for unbounded hyperbolic convex domains); the convexity follows
from (1.5). ]

1.5 Strongly Pseudoconvex Domains

Another important class of domains where the Kobayashi distance has been studied
in detail is given by strongly pseudoconvex domains. In particular, in strongly
pseudoconvex domains it is possible to estimate the Kobayashi distance by means
of the Euclidean distance from the boundary.

To recall the definition of strongly pseudoconvex domains, and to fix notations
useful later, let us first introduce smoothly bounded domains. For simplicity we shall
state the following definitions in RY, but they can be easily adapted to C" by using
the standard identification C" ~ R?".

Definition 1.5.1 A domain D C RN has C" boundary (or is a C" domain), where
r € NU {oo, w} (and C® means real analytic), if there is a C" function p: RY — R
such that:

(@ D={xeR"|p(x) <0}
(b) D = {x e R | p(x) = 0}; and
(c) grad p is never vanishing on dD.

The function p is a defining function for D. The outer unit normal vector n, at x is
the unit vector parallel to —grad p(x).

Remark 1.5.2 1t is not difficult to check that if p; is another defining function for a
domain D then there is a never vanishing C” function ¥: RV — R™ such that

p1=yYp. (1.6)
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If D C RY is a C" domain with defining function p, then dD is a C" manifold
embedded in R". In particular, for every x € 3D the tangent space of D at x can
be identified with the kernel of dp, (which by (1.6) is independent of the chosen
defining function). In particular, 7,(3dD) is just the hyperplane orthogonal to n,.

Using a defining function it is possible to check when a C2-domain is convex.

Definition 1.5.3 If p: RV — R is a C? function, the Hessian H,  of p at x € R is
the symmetric bilinear form given by

N 3210
H, . (v,w) = X) vpw
px(v,W) hélaxhaxk() i

for every v, w € RV,
The following result is well-known (see, e.g, [25, p. 102]):

Proposition 1.5.4 A C?> domain D C RY is convex if and only if for every x € dD
the Hessian H, . is positive semidefinite on T,(0D), where p is any defining function
for D.

This suggests the following.

Definition 1.5.5 A C? domain D C R is strongly convex at x € 3D if for some
(and hence any) C? defining function p for D the Hessian H x 18 positive definite
on T,(0D). We say that D is strongly convex if it is so at each point of dD.

Remark 1.5.6 Tt is easy to check that strongly convex C> domains are strictly
convex. Furthermore, it is also possible to prove that every strongly convex
domain D has a C? defining function p such that H,, is positive definite on the
whole of RY for every x € dD (see, e.g., [25, p. 101]).

Remark 1.5.7 1If D C C" is a convex C! domain and x € 9D then the unique
(up to a positive multiple) complex supporting functional at x is given by L(z) =
(z, n,). In particular, Ch(x) coincides with the intersection of the associated complex
supporting hyperplane with dD. But non-smooth points can have more than one
complex supporting hyperplanes; this happens for instance in the polydisc.

Let us now move to a more complex setting.

Definition 1.5.8 Let D C C" be a domain with C?> boundary and defining
function p: C" — R. The complex tangent space T*(dD) of 3D at x € 9D is the
kernel of dp,, that is

TS(dD) = %v eC"

Zg"_(x)v,:o} .
j=1 %
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As usual, T€(dD) does not depend on the particular defining function. The Levi
form L, . of p at x € C" is the Hermitian form given by

L,x(v,w) Zn: P (x) vpw
X k) - - hWk
Py 02,0Zx

for every v, w € C".

Definition 1.5.9 A C? domain D C C" is called strongly pseudoconvex (respec-
tively, weakly pseudoconvex) at a point x € 9D if for some (and hence all)
C? defining function p for D the Levi form L, is positive definite (respectively,
weakly positive definite) on 7C(dD). The domain D is strongly pseudoconvex
(respectively, weakly pseudoconvex) if it is so at each point of dD.

Remark 1.5.10 If D is strongly pseudoconvex then there is a defining function p
for D such that the Levi form L, is positive definite on C" for every x € 9D (see,
e.g., [25, p. 109]).

Roughly speaking, strongly pseudoconvex domains are locally strongly convex.
More precisely, one can prove (see, e.g., [2, Proposition 2.1.13]) the following:

Proposition 1.5.11 A bounded C*> domain D CC C" is strongly pseudoconvex
if and only if for every x € 0D there is a neighborhood U, C C" and a
biholomorphism @,: U, — ®.(U,) such that (U, N D) is strongly convex.

From this one can prove that strongly pseudoconvex domains are taut; but we
shall directly prove that they are complete hyperbolic, as a consequence of the
boundary estimates we are now going to state.

Definition 1.5.12 If M C C" is any subset of C", we shall denote by d(-, M): C" —
R* the Euclidean distance from M, defined by
d(z,M) = inf{||z—x| | x € M} .
To give an idea of the kind of estimates we are looking for, we shall prove an
easy lemma:
Lemma 1.5.13 Let B, C C" be the Euclidean ball of radius r > 0 in C" centered
at the origin. Then

Vlogr— ) logd(z, 0B,) < kg, (0.2) < }log(2r) — } logd(z, 0B,)

forevery z € B,.
Proof We have

L+ lzll/r

,(0:2) = 2log y



1 Invariant Distances 19

and d(z, 0B,) = r — ||z||. Then, setting t = ||z||/r, we get

1+

< Mo
=< gl—

t
Vlogr— )logd(z,0B,) = ) log = kg, (0, 7)

I —1t

2
< ) log .= 1log(2r) — ) logd(z, dB,) ,

as claimed. O

Thus in the ball the Kobayashi distance from a reference point is comparable with
one-half of the logarithm of the Euclidean distance from the boundary. We would
like to prove similar estimates in strongly pseudoconvex domains. To do so we need
one more definition.

Definition 1.5.14 Let M be a compact C>-hypersurface of RY, and fix an unit
normal vector field n on M. We shall say that M has a tubular neighborhood of
radius ¢ > 0 if the segments {x + m, | t € (—¢, &)} are pairwise disjoint, and we set

Ue=Jx+m|te(—e.0)}.

xXEM

Note that if M has a tubular neighborhood of radius ¢, then d(x + m,, M) = |¢| for
every t € (—¢&,¢) and x € M; in particular, U, is the union of the Euclidean balls
B(x, &) of center x € M and radius &.

Remark 1.5.15 A proof of the existence of a tubular neighborhood of radius
sufficiently small for any compact C2-hypersurface of RV can be found, e.g., in
[27, Theorem 10.19].

And now, we begin proving the estimates. The upper estimate does not even
depend on the strong pseudoconvexity:

Theorem 1.5.16 ([1, 32]) Let D CC C" be a bounded C* domain, and zy € D.
Then there is a constant ¢; € R depending only on D and zy such that

kp(z0,2) < c1 — ) logd(z, dD) (1.7

forall z € D.

Proof Since D is a bounded C*> domain, dD admits tubular neighborhoods U, of
radius ¢ < 1 small enough. Put

1 = sup{kp(zo.w) | w € D\ Uy/s} + max{0, } logdiam(D)} ,

where diam(D) is the Euclidean diameter of D.
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There are two cases:

(i) z € UgaND.Letx € 9D be such that |[x—z|| = d(z, 9D). Since U/, is a tubular
neighborhood of dD, there exists A € R such thatw = A(x —z) € dU,» N D
and the Euclidean ball B of center w and radius &/2 is contained in U, N D and
tangent to dD in x. Therefore Lemma 1.5.13 yields

kp(zo,2) < kp(zo, w) + kp(W, 2) < kp(20, W) + kg(w, 2)
< kp(z0.w) + } loge — ) logd(z, dB)
<c|— élog d(z,dD) ,

because w ¢ U,/4 (and € < 1).
(ii) z € D\ Ug/s. Then

kp(z0,2) < c1 — élog diam(D) < ¢ — ;logd(z, aD) ,

because d(z, 0D) < diam(D), and we are done. O

To prove the more interesting lower estimate, we need to introduce the last
definition of this subsection.

Definition 1.5.17 Let D C C" be a domain in C", and x € dD. A peak function
for D at x is a holomorphic function ¥ € Hol(D, A) continuous up to the boundary
of D such that ¥ (x) = 1 and |y (z)| < 1 forall z € D \ {x}.

If D C C" is strongly convex and x € dD then by Remark 1.4.6 there exists a
peak function for D at x. Since a strongly pseudoconvex domain D is locally strongly
convex, using Proposition 1.5.11 one can easily build peak functions defined in
a neighborhood of a point of the boundary of D. To prove the more interesting
lower estimate on the Kobayashi distance we shall need the non-trivial fact that
in a strongly pseudoconvex domain it is possible to build a family of global peak
functions continuously dependent on the point in the boundary:

Theorem 1.5.18 (Graham, [14]) Let D CC C" be a strongly pseudoconvex C?
domain. Then there exist a neighborhood D' of D and a continuous function W: 0D x
D' — C such that ¥, = W¥(xy, ) is holomorphic in D' and a peak function for D at
Xo for each xy € 0D.

With this result we can prove

Theorem 1.5.19 ([1, 32]) Let D CC C" be a bounded strongly pseudoconvex C?
domain, and zy € D. Then there is a constant ¢, € R depending only on D and z
such that

2 — ) logd(z, 0D) < kp(z0.2) (1.8)

forall z € D.
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Proof Let D’ DD D and ¥: 3D x D' — C be given by Theorem 1.5.18, and define
¢:0D x A — C by

1—¥(xz0) &—W(x.20)

p(x.0) = 1—W(x,20) 1—W(xz)

(1.9

Then the map @(x,z) = Px(z) = ¢(x, ¥(x.2)) is defined on a neighborhood 3D x
Dy of D x D (with Dy CC D’) and satisfies

(a) @ is continuous, and @, is a holomorphic peak function for D at x for any x €
oD;
(b) forevery x € dD we have @,(z9) = 0.

Now set U, = |J,eyp P(x,€), wWhere P(x,e) is the polydisc of center x and
polyradius (e, ...,¢). The family {U.} is a basis for the neighborhoods of dD;
hence there exists € > 0 such that U, CC Dy and U, is contained in a tubular
neighborhood of dD. Then for any x € dD and z € P(x, ¢/2) the Cauchy estimates
yield

11— &:(2)| = |P:(x) — Dx(2)]

IA

llz — x|

0z P(x.e/2)

2./n
€

H 0D,

|@llopxu. Iz — x|l = M|z —x|| ,

where M is independent of z and x; in these formulas ||F||s denotes the supremum
of the Euclidean norm of the map F on the set S.

Putc, = —é log M; note that ¢c; < é log(e/2), for ||@|lapxy, = 1. Then we again
have two cases:

(i) z € DN U,y Choose x € dD so that d(z, dD) = |z — x||. Since @(D) C A
and @,(z9) = 0, we have

1 1
kp(z0.2) = ka(Px(z0), Px(z)) = 3 log P
Now,
1 —]2:(2)| = [1 = Px(2)| = Mllz — x| = Md(z,9D) ;
therefore

kp(20.2) = —} logM — }logd(z.3D) = ¢, — | logd(z. 8D)

as desired.
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(ii) z € D\ Ug». Thend(z, dD) > &/2; hence
kp(z0.2) = 0> ) log(e/2) — ) logd(z, dD) > c; — ) logd(z, dD) ,

and we are done. O
A first consequence is the promised:

Corollary 1.5.20 (Graham, [14]) Every bounded strongly pseudoconvex C?
domain D is complete hyperbolic.

Proof Take zp € D, r > 0 and let z € Bp(2, r). Then (1.8) yields
d(z,0D) > exp(Z(cz — r)) ,

where ¢, depends only on zy. Then Bp(zo, r) is relatively compact in D, and the
assertion follows from Proposition 1.2.14. O

For dynamical applications we shall also need estimates on the Kobayashi
distance kp(z;,z2) when both z; and z, are close to the boundary. The needed
estimates were proved by Forstneri¢ and Rosay (see [13], and [2, Corollary 2.3.55,
Theorem 2.3.56]):

Theorem 1.5.21 ([13]) Let D CC C" be a bounded strongly pseudoconvex C*
domain, and choose two points x1, x, € 0D with x; # x,. Then there exist gy > 0
and K € R such that for any z1, 2o € D with ||z; — xj|| < g0 forj =1, 2 we have

kp(z1.22) = — ) logd(z1, D) — ) logd(z2,0D) + K . (1.10)

Theorem 1.5.22 ([13]) Let D CC C" be a bounded C* domain and xo € dD. Then
there exist ¢ > 0 and C € R such that for all zi, 2o € D with ||zj — xo|| < ¢ for
j=1,2we have

lzi — 22| llzi — z2|
kp(z1.20) < Mlog| 1 Mog [ 1 C. 1.11
p(z1,22) <, og( + d(z1.0D) + ,log| 1+ d(z.0D) + (1.11)

We end this section by quoting a theorem, that we shall need in Chap. 6, giving
a different way of comparing the Kobayashi geometry and the Euclidean geometry
of strongly pseudoconvex domains:

Theorem 1.5.23 ([4]) Let D CC C" be a strongly pseudoconvex C*° domain, and
R > 0. Then there exist Cg > 0 depending only on R and D such that

1
¢, 420, D)™ < v(Bp(z0, R)) < Cre(zo, 0D)"""!
R

for all zy € D, where v (BD(ZO, R)) denotes the Lebesgue volume of the Kobayashi
ball Bp(zo, R).
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Chapter 2
Dynamics in Several Complex Variables

Marco Abate

In this chapter we shall describe the dynamics of holomorphic self-maps of taut
manifolds, and in particular the dynamics of holomorphic self-maps of convex and
strongly pseudoconvex domains. A main tool in this exploration will be provided by
the Kobayashi distance.

Definition 2.0.1 Letf: X — X be a self-map of a set X. Given k € N, we define the
k-th iterate f* of f setting by induction f = idy, f' = f and f* = f o f*~!. Given
x € X, the orbit of x is the set { f*(x) | k € N}.

Studying the dynamics of a self-map f means studying the asymptotic behavior
of the sequence {f*} of iterates of f; in particular, in principle one would like to
know the behavior of all orbits. In general this is too an ambitious task; but as we
shall see it can be achieved for holomorphic self-maps of taut manifolds, because
the normality condition prevents the occurrence of chaotic behavior.

The model theorem for this theory is the famous Wolff-Denjoy theorem (for a
proof see, e.g., [2, Theorem 1.3.9]):

Theorem 2.0.2 (Wolff-Denjoy, [12, 23]) Ler f € Hol(A, A) \ {ida} be a holo-
morphic self-map of A different from the identity. Assume that f is not an elliptic
automorphism. Then the sequence of iterates of f converges, uniformly on compact
subsets, to a constant map T € A.

Definition 2.0.3 Let f € Hol(A, A) \ {ida} be a holomorphic self-map of A
different from the identity and not an elliptic automorphism. Then the point 7 € A
whose existence is asserted by Theorem 2.0.2 is the Wolff point of f.

Actually, we can even be slightly more precise, introducing a bit of terminology.
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Definition 2.0.4 Let f:X — X be a self-map of a set X. A fixed point of f is a
point xo € X such that f(xg) = xo. We shall denote by Fix(f) the set of fixed
points of f. More generally, we shall say that xo € X is periodic of period p > 1 if
fP(x0) = xo and f/(xo) # xo forallj = 1,...,p — 1. We shall say that f is periodic
of period p > 1 if fP = idy, that is if all points are periodic of period (at most) p.

Definition 2.0.5 Letf: X — X be a continuous self-map of a topological space X.
We shall say that a continuous map g:X — X is a limit map of f if there is a
subsequence of iterates of f converging to g (uniformly on compact subsets). We
shall denote by I'(f) C C°(X, X) the set of limit maps of f. If idy € I'(f) we shall
say that f is pseudoperiodic.

Example 2.0.6 Let yy € Aut(A) be given by ys(¢) = e*™9¢. It is easy to check
that yy is periodic if 6 € Q, and it is pseudoperiodic (but not periodic) if 6 € R\ Q.

Definition 2.0.7 Let X and Y be two sets (topological spaces, complex manifolds,
etc.). Two self-maps f: X — X and g: Y — Y are conjugate if there exists a bijection
(homeomorphism, biholomorphism, etc.) ¥: X — Y such thatf = ¥~ o go .

If f and g are conjugate via ¥, we clearly have f* = ¥ ~! o gk oy forall k € N;
therefore f and g share the same dynamical properties.

Example 2.0.8 1t is easy to check that any elliptic automorphism of A is (biholo-
morphically) conjugated to one of the automorphisms Yy introduced in Exam-
ple 2.0.6. Therefore an elliptic automorphism of A is necessarily periodic or
pseudoperiodic.

We can now better specify the content of Theorem 2.0.2 as follows. Take f €
Hol(A, A) different from the identity. We have two cases: either f has a fixed point
v € A or Fix(f) = @ (notice that, by the Schwarz-Pick lemma and the structure
of the automorphisms of A, the only holomorphic self-map of A with at least two
distinct fixed points is the identity). Then:

(a) If Fix(f) = {t}, then either f is an elliptic automorphism—and hence it is
periodic or pseudoperiodic—or the whole sequence of iterates converges to the
constant function t;

(b) if Fix(f) = 0 then there exists a unique point t € JdA such that the whole
sequence of iterates converges to the constant function 7.

So there is a natural dichotomy between self-maps with fixed points and self-
maps without fixed points. Our aim is to present a (suitable) generalization of the
Wolff-Denjoy theorem to taut manifolds in any (finite) dimension. Even in several
variables a natural dichotomy will appear; but it will be slightly different.
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2.1 Dynamics in Taut Manifolds

Let X be a taut manifold. Then the whole family Hol(X, X) is normal; in particular,
if f € Hol(X, X) the sequence of iterates { f} is normal. This suggests to subdivide
the study of the dynamics of self-maps of X in three tasks:

(a) to study the dynamics of f when the sequence { f*} is not compactly divergent;

(b) to find conditions on f ensuring that the sequence {f*} is not compactly
divergent;

(c) to study the dynamics of f when the sequence { f*} is compactly divergent.

So in several variables the natural dichotomy to consider is between maps having
a compactly divergent sequence of iterates and maps whose sequence of iterates is
not compactly divergent. If f has a fixed point its sequence of iterates cannot be
compactly divergent; so this dichotomy has something to do with the dichotomy
discussed in the introduction to this section but, as we shall see, in general they are
not the same.

In this subsection we shall discuss tasks (a) and (b). To discuss task (c) we shall
need a boundary; we shall limit ourselves to discuss (in the next three subsections)
the case of bounded (convex or strongly pseudoconvex) domains in C".

An useful notion for our discussion is the following

Definition 2.1.1 A holomorphic retraction of a complex manifold X is a holomor-
phic self-map p € Hol(X, X) such that p> = p. In particular, p(X) = Fix(p). The
image of a holomorphic retraction is a holomorphic retract.

The dynamics of holomorphic retraction is trivial: the iteration stops at the second
step. On the other hand, it is easy to understand why holomorphic retractions might
be important in holomorphic dynamics. Indeed, assume that the sequence of iterates
{f*} converges to a map p. Then the subsequence { £} should converge to the same
map; but f2* = f* o f*, and thus {f?*} converges to p o p too—and hence p> = p,
that is p is a holomorphic retraction.

In dimension one, a holomorphic retraction must be either the identity or a
constant map, because of the open mapping theorem and the identity principle. In
several variables there is instead plenty of non-trivial holomorphic retractions.

Example 2.1.2 Let B? be the unit Euclidean ball in C2. The power series
o0
1-V1—t= chtk
k=1

is converging for || < 1 and has ¢, > 0 for all k > 1. Take g; € Hol(B?, C) such
that |gx(z, w)| < ¢ for all (z,w) € B?, and define ¢ € Hol(B?, A) by

d(z,w) =z+ ng(z, w) w.

k=1
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Then p(z, w) = (¢ (z.w), 0) always satisfies p> = p, and it is neither constant nor
the identity.

On the other hand, holomorphic retracts cannot be wild. This has been proven
for the first time by Rossi [22]; here we report a clever proof due to H. Cartan [11]:

Lemma 2.1.3 Let X be a complex manifold, and p:X — X a holomorphic
retraction of X. Then the image of p is a closed submanifold of X.

Proof Let M = p(X) be the image of p, and take zp € M. Choose an open
neighborhood U of zp in X contained in a local chart for X at zo. Then V =
p~'(U) N U is an open neighborhood of z; contained in a local chart such that
p(V) € V. Therefore without loss of generality we can assume that X is a bounded
domain D in C".

Set P = dp,,: C" — C", and define ¢: D — C" by

¢ =idp + (2P —idp)o (p—P).

Since d¢,, = id, the map ¢ defines a local chart in a neighborhood of zy. Now
P? = P and p? = p; hence

pop=p+ (2P —idp)op>— (2P —idp)oPop
=Pop=P+Po(2P—idp)o(p—P)=Poyp.

Therefore in this local chart p becomes linear, and M is a submanifold near zy. By
the arbitrariness of z;, the assertion follows. O

Having the notion of holomorphic retraction, we can immediately explain why
holomorphic dynamics is trivial in compact hyperbolic manifolds (for a proof see,
e.g., [2, Theorem 2.4.9]):

Theorem 2.1.4 (Kaup, [17]) Let X be a compact hyperbolic manifold, and f <
Hol(X, X). Then there is m € N such that f™ is a holomorphic retraction.

So from now on we shall concentrate on non-compact taut manifolds. The
basic result describing the dynamics of self-maps whose sequence of iterates is not
compactly divergent is the following:

Theorem 2.1.5 (Bedford, [7]; Abate, [1]) Let X be a taut manifold, and f <
Hol(X, X). Assume that the sequence { f*} of iterates of f is not compactly divergent.
Then there exists a unique holomorphic retraction p € I'(f) onto a submanifold M
of X such that every limit map h € I'(f) is of the form

h=yop, (2.1)

where y is an automorphism of M. Furthermore, ¢ = f|y € Aut(M) and I'(f) is
isomorphic to a subgroup of Aut(M), the closure of {¢*} in Aut(M).
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Proof Since the sequence { f*} of iterates is not compactly divergent, it must contain
a subsequence { f*} converging to 4 € Hol(X,X). We can also assume that p, =
ky+1 —k, and g, = p, —k, = k,4+1 — 2k, tend to +00 as v — +00, and that {fPv}
and { f9} are either converging or compactly divergent. Now we have

Jim 7 (" 2)) = lim f+1(2) = h(z)

for all z € X; therefore { f*} cannot be compactly divergent, and thus converges to
amap p € Hol(X, X) such that

hop=poh=h. 2.2)
Next, for all z € X we have
lim (% (f*(z)) = lim f7(z) = p(z) .
V—>00 V—>00

Hence neither { f9°} can be compactly divergent, and thus converges to a map g €
Hol(X, X) such that

goh=hog=p. 2.3)
In particular
p*=pop=gohop=goh=p,

and p is a holomorphic retraction of X onto a submanifold M. Now (2.2) implies
h(X) € M. Since go p = p o g, we have g(M) C M and (2.3) yields

gohly =hogly =1idy ;

hence y = h|y € Aut(M) and (2.2) becomes (2.1).

Now, let {f*} be another subsequence of {f*} converging to a map h' €
Hol(X, X). Arguing as before, we can assume s, = k/, — k, and t, = k,4 — k|, are
converging to +00 as v — +00, and that {f**} and {f™} converge to holomorphic
maps « € Hol(X, X), respectively 8 € Hol(X, X) such that

aoh=hoa="H and Boh=HWoB=h. (2.4)

Then h(X) = K (X), and so M does not depend on the particular converging
subsequence.

We now show that p itself does not depend on the chosen subsequence. Write
h=vyiop,h =yr0p,a=y;0psand B = y, 0 py, where p1, p2, p3 and p4
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are holomorphic retractions of X onto M, and y;, y», y3 and y4 are automorphisms
of M. Thenhoh' = W' ohand o o 8 = B o & together with (2.4) become

Yioy20p2=Y20%Y10p01,

Y30Y10p1 =Y10Y3003 =)2002, (2.5)
Y40 VY2002 =)Y20)4004=Y)Y1°p01,
Y30Y40 P4 =Y40)Y30p03.

Writing p, in function of p; using the first and the second equation in (2.5) we find
y3s = y; ' o y2. Writing p; in function of p, using the first and the third equation,
we get y4 = y; | o y1. Hence y3 = )/4_1 and the fourth equation yields p3 = p4. But
then, using the second and third equation we obtain

pr=ys' oyl oy2op=py=pi=y; 0y Oyiop =pi,

as claimed.

Next, from f o p = p o f it follows immediately that f(M) C M. Put ¢ = f|y; if
P — pthenf”*! — ¢ o p, and thus ¢ € Aut(M).

Finally, for each limit point 7 = y o p € I'(f) we have y~! o p € I'(f).
Indeed fix a subsequence { f*} converging to p, and a subsequence { f*’} converging
to h. As usual, we can assume that p, — k, — +ooand f»™% — h; = y,0p
as v — +oo. Thenhoh, = p = hy oh, thatis y; = y~!. Hence the association
h = y o p > y yields an isomorphism between I"(f) and the subgroup of Aut(M)
obtained as closure of {¢}. O

Definition 2.1.6 Let X be a taut manifold and f € Hol(X, X) such that the sequence
{f*} is not compactly divergent. The manifold M whose existence is asserted in the
previous theorem is the limit manifold of the map f, and its dimension is the limit
multiplicity mys of f; finally, the holomorphic retraction is the limit retraction of f.

It is also possible to describe precisely the algebraic structure of the group I"(f),
because it is compact. This is a consequence of the following theorem (whose proof
generalizes an argument due to Calka [10]), that, among other things, says that
if a sequence of iterates is not compactly divergent then it does not contain any
compactly divergent subsequence, and thus it is relatively compact in Hol(X, X):

Theorem 2.1.7 (Abate, [3]) Let X be a taut manifold, and f € Hol(X, X). Then the
following assertions are equivalent:

(i) the sequence of iterates { f*} is not compactly divergent;
(ii) the sequence of iterates {f*} does not contain any compactly divergent
subsequence;
(iii) {f*} is relatively compact in Hol(X, X);
(iv) the orbit of z € X is relatively compact in X for all 7 € X;
(V) there exists zo € X whose orbit is relatively compact in X.
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Proof (v)==(ii). Take H = {z0} and K = {f*(z9)}. Then H and K are compact
and f*(H) N K # @ for all k € N, and so no subsequence of { f*} can be compactly
divergent.

(ii))==(iii). Since Hol(X, X) is a metrizable topological space, if { f*} is not rela-
tively compact then it admits a subsequence { f*} with no converging subsequences.
But then, being X taut, {f*} must contain a compactly divergent subsequence,
against (ii).

(iii)==(iv). The evaluation map Hol(X, X) x X — X is continuous.

(iv)==(i). Obvious.

(i)=(v). Let M be the limit manifold of f, and let ¢ = f|);. By Theorem 2.1.5
we know that ¢ € Aut(M) and that idy, € I'(p).

Take zo € M; we would like to prove that C = {¢¥(z0)} is relatively compact
in M (and hence in X). Choose &y > 0 so that By (zo, &) is relatively compact in M;
notice that ¢ € Aut(M) implies that By (¢*(20). £0) = ¢*(Bu(zo. 0)) is relatively
compact in M for all k € N. By Lemma 1.2.12 we have

Bu(20.€0) € Bu(Bu (20, 7€0/8). €0/4)

hence there are wy, ..., w, € By (20, 780/8) such that

Bu(zo,80) NC C UBM(Wi780/4) nc,
Jj=1

and we can assume that By (wj, g0/4) NC # @ forj=1,...,r.
Foreachj = 1,...,r choose k; € N so that ¢*(z9) € By(wj, £0/4); then
By(z0.£0) N C C | [Bu (" (z0). £0/2) N C] (2.6)
j=1

Since idy € I'(p), the set I = {k € N | ky(¢*(z0).20) < £0/2)} is infinite;
therefore we can find ky € N such that

ko > max{l, ki,..., kr} and kM((pko(Zo),Zo) < 80/2 . 2.7

Put

ko

K = UBM(GDk(Zo)sEO) ;

k=1

since, by construction, K is compact, to end the proof it suffices to show that C C K.
Take hy € I; since the set [ is infinite, it suffices to show that (pk(z()) € K for all
0 <k <hy.
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Assume, by contradiction, that A is the least element of 7 such that {¢¥(z9) | 0 <
k < ho} is not contained in K. Clearly, hy > ko. Moreover, ky; ((ph" (z0), @~ (ZO)) < &
by (2.7); thus

k(€77 (20), 07 (20)) = k(9™ (20). 9" (20)) < &0
for every 0 <j < k¢. In particular,
¢'(20) €K 2.8)

for every j = hg — ko, . . . , ho, and "0 (z9) € Bp(z0, £9) N C. By (2.6) we can find
1 <1 < rsuch that ky (¢*(z0), "% (z)) < €0/2, and so

ke ("7 (29), 94177 (20)) < £0/2 (2.9)

for all 0 < j < min{k;, ho — ko}. In particular, if k; > hy — ko then, by (2.6), (2.8)
and (2.9) we have ¢/(z9) € K for all 0 < j < hy, against the choice of hy. So we
must have k; < hy — ko; set hy = ho — ko — k;. By (2.9) we have h; € I; therefore,
being h; < hg, we have ¢/(z0) € K forall 0 < j < h;. But (2.8) and (2.9) imply that
@/ (z0) € K for h; < j < hy, and thus we again have a contradiction. O

Corollary 2.1.8 (Abate, [3]) Let X be a taut manifold, and f € Hol(X, X) such that
the sequence of iterates is not compactly divergent. Then I'(f) is isomorphic to a
compact abelian group Z, x T, where Z, is the cyclic group of order q and T" is
the real torus of dimension r.

Proof Let M be the limit manifold of f, and put ¢ = f|y. By Theorem 2.1.5,
I'(f) is isomorphic to the closed subgroup I of Aut(M) generated by ¢. We
known that Aut(M) is a Lie group, by Theorem 1.2.16, and that I" is compact,
by Theorem 2.1.7. Moreover it is abelian, being generated by a single element. It is
well known that the compact abelian Lie groups are all of the form A x T", where A
is a finite abelian group; to conclude it suffices to notice that A must be cyclic, again
because I is generated by a single element. O

Definition 2.1.9 Let X be a taut manifold, and f € Hol(X, X) such that the sequence
of iterates is not compactly divergent. Then the numbers ¢ and r introduced in the
last corollary are respectively the limit period g and the limit rank r; of f.

When f has a periodic point zp € X of period p > 1, it is possible to explicitly
compute the limit dimension, the limit period and the limit rank of f using the
eigenvalues of df?. To do so we need to introduce two notions.

Letm € Nand ® = (64,...,6,) € [0,1)". Up to a permutation, we can assume
that 0y,...,0,, € Qand 6,,+1,...,0, ¢ Q for some 0 < vy < m (where vp = 0
means ® € (R \ Q)" and vy = m means ® € Q™).

Let g1 € N* be the least positive integer such that ¢, 61, ...,¢16,, € N;if vy =0
we put g = 1. Fori,j € {vo + 1,...,m} we shall write i ~ j if and only if
0; — 6; € Q. Clearly, ~ is an equivalence relation; furthermore if i ~ j then there
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is a smallest g;; € N* such that ¢;;(6; — 0;) € Z. Let g» € N* be the least common
multiple of {g;; | i ~ j}; we putg» = 1if vo = m or i - j for all pairs (i, ).

Definition 2.1.10 Let ® = (0y,...,6,) € [0,1)". Then the period q(®) € N*
of O is the least common multiple of the numbers g; and g, introduced above.

Next, forj = vo + 1,...,m write 8/ = g(©)0; — |q(©)0;], where |s] is the
integer part of s € R. Since

0/ =0 <= qO)0i—0) €l <= i~],

the set ©® = {6 ,,,...,0,} contains as many elements as the number of ~-
equivalence classes. If this number is s, put ® = {0/,...,0/}. Write i ~ j if
and only if 6/ /6" € Q (notice that 0 ¢ ©’); clearly ~ is an equivalence relation.

Definition 2.1.11 Let ® = (0y,...,0,) € [0, 1)". Then the rank r(®) € N is the
number of ~s-equivalence classes. If vy = m then r(®) = 0.

If X is a taut manifold and f € Hol(X, X) has a fixed point zp € X, Theorem 1.3.10
says that all the eigenvalues of df;, belongs to A. Then we can prove the following:

Theorem 2.1.12 (Abate, [3]) Let X be a taut manifold of dimension n, and f €
Hol(X, X) with a periodic point zo € X of periodp > 1. Let Ay, ..., A, € A be the
eigenvalues of d(f?),,, listed accordingly to their multiplicity and so that

Ml == [Anl =1> [Appi] Z - = [A4]

for a suitable 0 < m < n. Forj = 1,...,mwrite \; = e2m% \ith 6; € [0,1), and
set @ = (61,...,0,). Then

mp=m, g =p-q(0) and rp=r(O).

Proof Let us first assume that zp is a fixed point, that is p = 1. Let M be the
limit manifold of f, and p € Hol(X, M) its limit retraction. As already remarked,
by Theorem 1.3.10 the set sp(df;,) of eigenvalues of df;, is contained in A;
furthermore there is a df -invariant splitting 7,) X = Ly @ Ly satisfying the
following properties:

(@) sp(dfylLy) = sp(dfz,) N A and sp(dfy,|L,) = sp(dfy,) N 0A;
(b)) (dfyly)* — O ask — +oo;
(c) dfy,|r, is diagonalizable.

Fix a subsequence { f*} converging to p; in particular, (df,,)* — dp, as v — +o0.
Since the only possible eigenvalues of dp,, are 0 and 1, properties (b) and (c) imply
that dp,|;, = O and dp, |, = id. In particular, it follows that Ly = T,,M and
my = dim T,yM = dim Ly = m, as claimed.

Set ¢ = flu € Aut(M). By Corollary 1.3.11, the map y +— dy, is an
isomorphism between the group of automorphisms of M fixing zo and a subgroup
of linear transformations of 7, M. Therefore, since d¢,, is diagonalizable by (c),
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I'(¢), and hence I'(f), is isomorphic to the closed subgroup of T" generated by
A = (A1,...,An). So we have to prove that this latter subgroup is isomorphic to
Zg©) % T"(®). Since we know beforehand the algebraic structure of this group (it
is the product of a cyclic group with a torus), it will suffice to write it as a disjoint
union of isomorphic tori; the number of tori will be the limit period of f, and the
rank of the tori will be the limit rank of f.

Up to a permutation, we can find integers 0 < vy < v; < --- < vy = m such that
01,...,6,, € Q, and the ~-equivalence classes are

{Ovpt1se s Oty AO0 110, O}
Then, using the notations introduced for defining ¢(®) and r(®), we have

) nl’ n’’ 0!’ !’ 0’ a4
Aq(O) — (1’ L 1’ eZmGI e eZmGI , eZﬂ192 e eZﬂ192 o eZmOX .. eZmOX ) )

cey

This implies that it suffices to show that the subgroup generated by
A = (3271191”’ L eZJTiOX”)

in T* is isomorphic to T"(@).
Up to a permutation, we can assume that the ~-equivalence classes are

07,003, ... A0, 1,00},

for suitable 1 < u; < --- < u, = s, where r = r(®). Now, by definition of ~ we
can find natural numbers p; € N* for 1 <j < s such that

. . 7
eZmplﬁl” = e2mp,410lll ,
. 1’ .
2P +10,, 1 — L = @27ips) ,
and no other relations of this kind can be found among 6/, ..., 6, . It follows that

{AX}en is dense in the subgroup of T* defined by the equations

A== Q0 ==
which is isomorphic to T", as claimed.

Now assume that 7o is periodic of period p, and let p; be the limit retraction
of f. Since py is the unique holomorphic retraction in I"(f), and I"(f?) < I'(f),
it follows that oy is the limit retraction of f¥ too. In particular, the limit manifold
of f coincides with the limit manifold of f¥, and hence m; = mp = m. Finally,
I'(f)/T(fP) = Zp, because f/(z9) # zo for 1 < j < p; hence I'(f) and I"(f?) have
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the same connected component at the identity (and hence rr = 1), and gr = pgp
follows by counting the number of connected components in both groups. O

If f € Hol(X, X) has a periodic point then the sequence of iterates is clearly not
compactly divergent. The converse is in general false, as shown by the following
example:

Example 2.1.13 Let D CC C? be given by
D={(zw) eC ||z +wP+w™?<3}.

The domain D is strongly pseudoconvex domain, thus taut, but not simply con-
nected. Given 6 € R and ¢ = %1, define f € Hol(D, D) by

flzw) = (z/2,ewf) .

Then the sequence of iterates of f is never compactly divergent, but f has no periodic
points as soon as 6 ¢ Q. Furthermore, the limit manifold of f is the annulus

M ={(0,w) € C*| [w]* + |w| > < 3},

the limit retraction is p(z, w) = (0, w), and suitably choosing ¢ and 6 we can obtain
as I'(f) any compact abelian subgroup of Aut(M).

It turns out that self-maps without periodic points but whose sequence of iterates
is not compactly divergent can exist only when the topology of the manifold is
complicated enough. Indeed, using deep results on the actions of real tori on
manifolds, it is possible to prove the following

Theorem 2.1.14 (Abate, [3]) Let X be a taut manifold with finite topological type
and such that (X, Q) = (0) for all odd j. Take f € Hol(X, X). Then the sequence
of iterates of f is not compactly divergent if and only if f has a periodic point.

When X = A a consequence of the Wolff-Denjoy theorem is that the sequence of
iterates of a self-map f € Hol(A, A) is not compactly divergent if and only if f has
a fixed point, which is an assumption easier to verify than the existence of periodic
points. It turns out that we can generalize this result to convex domains (see also
[19] for a different proof):

Theorem 2.1.15 (Abate, [1]) Let D CC C" be a bounded convex domain. Take
f € Hol(D, D). Then the sequence of iterates of f is not compactly divergent if and
only if f has a fixed point.

Proof One direction is obvious; conversely, assume that {f*} is not compactly
divergent, and let p: D — M be the limit retraction. First of all, note that k), =
kD|M><M~ In fact

kp(z1,22) < km(z1.22) = km(p(21), p(z2)) < kp(21,22)
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for every zj, zo € M. In particular, a Kobayashi ball in M is nothing but the
intersection of a Kobayashi ball of D with M.

Let ¢ = f|u, and denote by I" the closed subgroup of Aut(M) generated by ¢;
we know, by Corollary 2.1.8, that I" is compact. Take zo € M; then the orbit

(o) ={y@o) |yerl}

is compact and contained in M. Let

€ = {BD(W, r)

weM, r>0andBp(w,r) D F(Zo)} .

Every Bp(w, r) is compact and convex (by Corollary 1.4.11); therefore, C = () % is
a not empty compact convex subset of D. We claim that f(C) C C.

Let z € C; we have to show that f(z) € Bp(w, r) forevery w € M and r > 0 such
that Bp(w, r) D I'(z0). Now, Bp(¢~1(w),r) € €: in fact

Bp(e~'(w), ) "M = ¢~ (Bo(w,r) N\ M) D ¢~ (I'(20)) = I'(0) -

Therefore z € Bp(¢~!(w), r) and
ko (/@) = ko (9™ ).1@)) < koo™ (9).2) < 7.

that is f(z) € Bp(w, r), as we want.
In conclusion, f(C) C C; by Brouwer’s theorem, f must have a fixed point in C.
O
The topology of convex domains is particularly simple: indeed, convex domains
are topologically contractible, that is they have a point as (continuous) retract of
deformation. Using very deep properties of the Kobayashi distance in strongly
pseudoconvex domains, outside of the scope of these notes, Huang has been able
to generalize Theorem 2.1.15 to topologically contractible strongly pseudoconvex
domains:

Theorem 2.1.16 (Huang, [15]) Let D CC C" be a bounded topologically con-
tractible strongly pseudoconvex C* domain. Take f € Hol(D, D). Then the sequence
of iterates of f is not compactly divergent if and only if f has a fixed point.

This might suggest that such a statement might be extended to taut manifolds (or
at least to taut domains) topologically contractible. Surprisingly, this is not true:

Theorem 2.1.17 (Abate-Heinzner, [5]) There exists a bounded domain D CC
C® which is taut, homeomorphic to C? (and hence topologically contractible),
pseudoconvex, and strongly pseudoconvex at all points of dD but one, where a finite
cyclic group acts without fixed points.

This completes the discussion of tasks (a) and (b). In the next two subsections we
shall describe how it is possible to use the Kobayashi distance to deal with task (c).
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2.2 Horospheres and the Wolff-Denjoy Theorem

When f € Hol(A, A) has a fixed point {; € A, the Wolff-Denjoy theorem is an
easy consequence of the Schwarz-Pick lemma. Indeed if f is an automorphism the
statement is clear; if it is not an automorphism, then f is a strict contraction of
any Kobayashi ball centered at ¢y, and thus the orbits must converge to the fixed
point {o. When f has no fixed points, this argument fails because there are no f-
invariant Kobayashi balls. Wolff had the clever idea of replacing Kobayashi balls by
a sort of balls “centered” at points in the boundary, the horocycles, and he was able
to prove the existence of f-invariant horocycles—and thus to complete the proof of
the Wolff-Denjoy theorem.

This is the approach we shall follow to prove a several variable version of the
Wolff-Denjoy theorem in strongly pseudoconvex domains, using the Kobayashi
distance to define a general notion of multidimensional analogue of the horocycles,
the horospheres. This notion, introduced in [1], is behind practically all known
generalizations of the Wolff-Denjoy theorem; and it has found other applications
as well (see, e.g., the survey paper [4] and other chapters in this book).

Definition 2.2.1 Let D CC C” be a bounded domain. Then the small horosphere
of center xy € 0D, radius R > 0 and pole 7o € D is the set

E, (x0,R) = {z eD | lim sup[kp(z, w) — kp(z0, w)] < élogR} ;

wW—>X0
the large horosphere of center xo € 0D, radius R > 0 and pole zy € D is the set

F,,(x0,R) = {z eD | linl)inf[kp(z, w) — kp(z0,w)] < élogR} .
W—>x0

The rationale behind this definition is the following. A Kobayashi ball of center
w € D and radius r is the set of z € D such that kp(z,w) < r. If we let w go
to a point in the boundary kp(z, w) goes to infinity (at least when D is complete
hyperbolic), and so we cannot use it to define subsets of D. We then renormalize
kp(z, w) by subtracting the distance kp(zo, w) from a reference point z5. By the
triangular inequality the difference kp(z, w) — kp(zp, w) is bounded by kp(zo, 2);
thus we can consider the liminf and the limsup as w goes to xy € dD (in general, the
limit does not exist; an exception is given by strongly convex C* domains, see [2,
Corollary 2.6.48]), and the sublevels provide some sort of balls centered at points in
the boundary.

The following lemma contains a few elementary properties of the horospheres,
which are an immediate consequence of the definition (see, e.g., [2, Lemmas 2.4.10
and 2.4.11)):

Lemma 2.2.2 Let D CC C" be a bounded domain of C", and choose zop € D and
x € dD. Then:

(i) for every R > 0 we have E,,(x,R) C F, (x,R);
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(ii) for every 0 < Ry < R, we have E, (x,R|) C E;(x,Ry) and F,(x,R)) C
on (X, RZ);

(iii) for every R > 1 we have Bp(zo, é logR) C E, (x,R);

(iv) for every R < 1 we have F,(x,R) N Bp(zo, —é logR) = 0;

) U E,(x,R) = U F,(x,R) = D and ﬂ E,(x,R) = ﬂ F,(x,R) = 0;
R>0 R>0 R>0 R>0

(vi) if o € Aut(D) N C%(D, D), then for every R > 0

@(E; (x,R)) = Eyz)(p(x).R)  and  ¢(F4(x.R)) = Fyio)(¢(x), R) ;
(vil) ifz1 € D, set

; log L = lim sup [kD(Z1, w) — kp (20, w)] .

w—x

Then for every R > 0 we have E, (x,R) C E,(x,LR) and F; (x,R) <
F,,(x,LR).

It is also easy to check that the horospheres with pole at the origin in B” (and thus
in A) coincide with the classical horospheres:

Lemma 2.2.3 [fx € dB" and R > 0 then

1= (z.x)?

<R
1 —|lz|?

Eo(x,R) = Fo(x,r) = %Z e B"

Proof 1f z € B" \ {0}, let y,: B" — C" be given by

2= P;(w) = (1= [|z]»)"/?(w = P(w))

L~ fo.2) , (2.10)

Yo(w) =

where P,(w) = ((”Z”ZZ; z is the orthogonal projection on Cz; we shall also put yp =

idgn. It is easy to check that y.(z) = O, that y.(B") C B" and that y, o y. = idgs; in
particular, y, € Aut(B"). Furthermore,

(1=l @ = lwli®)

— 2 =
L= [ly.(w)]| 11— (w,2)|?

Therefore for all w € B" we get

ker (2, w) — ken (O, w) = kzn (0. y:(w)) — kg (0. w)

1 (1 +llym 1= |wl )
=, log .
L+wl 1=yl
[1—(w,2)]?
T—iz)>

L+ [ly-m

+ !log
1+ [l 2

Letting w — x we get the assertion, because ||y, (x)|| = 1. O
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Thus in B” small and large horospheres coincide. Furthermore, the horospheres
with pole at the origin are ellipsoids tangent to dB" in x, because an easy
computation yields

Pi(z) — (1 — r)x|? —P.(2)|?
IP@ = (=il = PG@IP _
r2 r

’

Eo(x,R) = {z e B

where r = R/(1 + R). In particular if t € JA we have
Ef(t.R)={teA||i-(1-nt]* <},

and so a horocycle is an Euclidean disk internally tangent to dA in .

Another domain where we can explicitly compute the horospheres is the
polydisc; in this case large and small horospheres are actually different (see, e.g.,
[2, Proposition 2.4.12]):

Proposition 2.2.4 Let x € 0A" and R > 0. Then

n g — 31
Eo(x,R) = yz € A" max ol =1F <Rp;
i 1=z
o (=gl
Fo(x,R) = {z€ A" min , |l =1 <Rg.
P gP |

The key in the proof of the classical Wolff-Denjoy theorem is the

Theorem 2.2.5 (Wolff’s Lemma, [23]) Let f € Hol(A, A) without fixed points.
Then there exists a unique T € A such that

f(Eo(z.R)) € Eo(t.R) @2.11)

forall R > 0.

Proof For the uniqueness, assume that (2.11) holds for two distinct points 7, t; €
dA. Then we can construct two horocycles, one centered at T and the other centered
at 71, tangent to each other at a point of A. By (2.11) this point would be a fixed
point of f, contradiction.

For the existence, pick a sequence {r,} C (0, 1) with r, — 1, and set f, = r,f.
Then f,(A) is relatively compact in A; by Brouwer’s theorem each f, has a fixed
point 1, € A. Up to a subsequence, we can assume 1, — T € A. If t were in A,
we would have

f(@) = lim f,(n,) = lim n, =7,
V—>00 V—>00

which is impossible; therefore € dA.
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Now, by the Schwarz-Pick lemma we have k4 (f\, ), 77\,) < ka(¢,n,) for all
¢ € A; recalling the formula for the Poincaré distance we get

K@) —ny
I —mf(©)

2 2

_ {—m
N 1—n¢

)

or, equivalently,

|1_77\va(§)|2 < |1—'7u§|2
L=[AOF — 1-[5>

Taking the limit as v — oo we get

=P _ |1 -t
L= 1fQP = 1-1gP

and the assertion follows. O

With this result it is easy to conclude the proof of the Wolff-Denjoy theorem.
Indeed, if f € Hol(A, A) has no fixed points we already know that the sequence
of iterates is compactly divergent, which means that the image of any limit &
of a converging subsequence is contained in dA. By the maximum principle, the
map & must be constant; and by Wolff’s lemma this constant must be contained
in Eo(t,R) N dA = {}. So every converging subsequence of {f*} must converge
to the constant t; and this is equivalent to saying that the whole sequence of iterates
converges to the constant map t.

Remark 2.2.6 Let me make more explicit the final argument used here, because
we are going to use it often. Let D CC C” be a bounded domain; in particular,
it is (hyperbolic and) relatively compact inside an Euclidean ball B, which is
complete hyperbolic and hence taut. Take now f € Hol(D, D). Since Hol(D, D) C
Hol(D, B), the sequence of iterates {f*} is normal in Hol(D,B); but since D is
relatively compact in B, it cannot contain subsequences compactly divergent in B.
Therefore { f*} is relatively compactin Hol(D, B); and since the latter is a metrizable
topological space, to prove that { ¥} converges in Hol(D, B) it suffices to prove that
all converging subsequences of {fX} converge to the same limit (whose image will
be contained in D, clearly).

The proof of the Wolff-Denjoy theorem we described is based on two ingredients:
the existence of a f-invariant horocycle, and the fact that a horocycle touches the
boundary in exactly one point. To generalize this argument to several variables we
need an analogous of Theorem 2.2.5 for our multidimensional horospheres, and then
we need to know how the horospheres touch the boundary.

There exist several multidimensional versions of Wolff’s lemma; we shall present
three of them (Theorems 2.2.10, 2.4.2 and 2.4.17). To state the first one we need a
definition.

Definition 2.2.7 Let D C C” be adomain in C". We say that D has simple boundary
if every ¢ € Hol(A, C") such that ¢(A) € D and ¢(A) N dD # @ is constant.
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Remark 2.2.8 1t is easy to prove (see, e.g., [2, Proposition 2.1.4]) that if D has
simple boundary and Y is any complex manifold then every f € Hol(Y,C") such
that f(Y) € D and f(Y) N 0D # @ is constant.

Remark 2.2.9 By the maximum principle, every domain D C C" admitting a peak
function at each point of its boundary is simple. For instance, strongly pseudoconvex
domain (Theorem 1.5.18) and (not necessarily smooth) strictly convex domains
(Remark 1.4.6) have simple boundary.

Then we are able to prove the following

Theorem 2.2.10 (Abate, [3]) Let D CC C" be a complete hyperbolic bounded
domain with simple boundary, and take f € Hol(D, D) with compactly divergent
sequence of iterates. Fix 7o € D. Then there exists xo € 0D such that

fp(Ezo(x&R)) C Fy(x0,R)

forallp €e Nand R > 0.

Proof Since D is complete hyperbolic and {f*} is compactly divergent, we have
kD(z(),fk(zo)) — 400 as k — 4o00. Given v € N, let k, be the largest k such that
kp(z0.f*(z0)) < v.In particular for every p > 0 we have

kp (20, /% (20)) < v < kp (20, /7 (20)) - 2.12)

Since D is bounded, up to a subsequence we can assume that {f*} converges to a
holomorphic # € Hol(D, C"). But { f*} is compactly divergent; therefore 1(D) C dD
and so & = xy € dD, because D has simple boundary (see Remark 2.2.8).

Put w, = f*(z9). We have w, — xo; as a consequence for every p > 0 we have

fr(wy) =15 (fp(zo)) — xp and

lim sup [kp (20, wy) — kp(20./"(w1))] < 0

v—>-+00

by (2.12). Take z € E,,(xo, R); then we have
tim inf [£p (f7(2), w) = kn(zo, w)] < liminf [kp (7 @), /" () = kn(20./” (w)) ]
= liminf [kp(z, w) = ko (20, (1))]

< lim sup [kD(z, wy) — kp(zo, W\))]

v—>—+00

+lim sup [kp (20, wy) — kp(20./" (W) ]

v—>—+00

< limsup [kp(z. wy) — kp(z0. wy)] < ) logR ,
v—>-+00

that is f7(z) € F,,(x0, R), and we are done. O
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The next step consists in determining how the large horospheres touch the
boundary. The main tools here are the boundary estimates seen in Sect. 1.5:

Theorem 2.2.11 (Abate, [1]) Let D CC C" be a bounded strongly pseudoconvex
domain. Then

EZO(X(),R) NaD = FZO()C(),R) NaD = {XO}

forevery zo € D, xo € dD and R > 0.

Proof We begin by proving that xo belongs to the closure of E, (xo, R). Let ¢ > 0 be
given by Theorem 1.5.22; then, recalling Theorem 1.5.19, for every z, w € D with
lz—xoll, [w — x0|l < & we have

llz = wll

_ 1
kp(z,w) —kp(z0.w) <, log(l + d(z, dD)

) + ) log[d(w,0D) + |z—w|] + K .
for a suitable constant K € R depending only on xj and z. In particular, as soon as
|z — x| < & we get

llz = x|

Vog |lz—x||+K . (2.13
oy )oK 23

lim sup[kp (z, w)—kp(z0, w)] < ; log(l +
w—>Xx

So if we take a sequence {z,} C D converging to xo so that {|z, — xo||/d(z,, D)}
is bounded (for instance, a sequence converging non-tangentially to xy), then for
every R > 0 we have z, € E, (xo, R) eventually, and thus xo € E,,(xo, R).

To conclude the proof, we have to show that xy is the only boundary point
belonging to the closure of F,(xo, R). Suppose, by contradiction, that there exists
y € 0D N F(xo, R) with y # xo; then we can find a sequence {z,} C F;,(xo,R)
with z, — y.

Theorem 1.5.21 provides us with ¢ > 0 and K € R associated to the pair (xo, y);
we may assume ||z, — y|| < e forall u € N. Since z,, € F;,(xo, R), we have

lim inf [kp(zu. w) — kp(z0.w)] < ) logR

for every pu € N; therefore for each & € N we can find a sequence {w,,} C D such

that lim w,, = xo and
V—>00

Vli>11010 [kD(Z,“w,w) - kD(z(),w,w)] < élogR .

Moreover, we can assume ||wy, — x|| < & and kp(z,, W) — kp(20, W) < ; logR
forall u, v € N.
By Theorem 1.5.21 for all i, v € N we have

; logR > kD(Z/Ls W;w) — kp(zo, W;w)

> — 1 logd(zy, D) — ) logd(wyy, D) — kp(zo, W) — K .
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On the other hand, Theorem 1.5.16 yields ¢; > 0 (independent of w,, ) such that
kD(ZO, W;w) <c— é IOg d(w;un 8D)

for every u, v € N. Therefore
ylogR > —)logd(z,.9D) — K — ¢

for every u € N, and, letting p go to infinity, we get a contradiction. O
We are then able to prove a Wolff-Denjoy theorem for strongly pseudoconvex
domains:

Theorem 2.2.12 (Abate, [3]) Let D CC C" be a strongly pseudoconvex C?
domain. Take f € Hol(D, D) with compactly divergent sequence of iterates. Then
{f*} converges to a constant map xy € 9D.

Proof Fix zyp € D, and let xo € dD be given by Theorem 2.2.10. Since D is bounded,
it suffices to prove that every subsequence of { f*} converging in Hol(D, C") actually
converges to the constant map xj.

Let h € Hol(D,C") be the limit of a subsequence of iterates. Since {f*} is
compactly divergent, we must have #(D) C dD. Hence Theorem 2.2.10 implies
that

h(E.(x0,R)) € Fo(x0,R) N 3D

for any R > 0; since (Theorem 2.2.11) F (xo, R) N dD = {xo} we get h = x, and
we are done. |

Remark 2.2.13 The proof of Theorem 2.2.12 shows that we can get such a
statement in any complete hyperbolic domain with simple boundary satisfying
Theorem 2.2.11; and the proof of the latter theorem shows that what is actually
needed are suitable estimates on the boundary behavior of the Kobayashi distance.
Using this remark, it is possible to extend Theorem 2.2.12 to some classes of weakly
pseudoconvex domains; see, €.g., Ren-Zhang [21] and Khanh-Thu [18].

2.3 Strictly Convex Domains

The proof of Theorem 2.2.12 described in the previous subsection depends in an
essential way on the fact that the boundary of the domain D is of class at least C.
Recently, Budzynska [8] (see also [9]) found a way to prove Theorem 2.2.12 in
strictly convex domains without any assumption on the smoothness of the boundary;
in this subsection we shall describe a simplified approach due to Abate and Raissy

[6].
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The result which is going to replace Theorem 2.2.11 is the following:

Proposition 2.3.1 Let D C C" be a hyperbolic convex domain, zy € D, R > 0 and
X € 0D. Then we have [x,z] C F,(x,R) for all z € F, (x, R). Furthermore,

x € () Fax.R) S ch(x) . (2.14)
R>0

In particular, if x is a strictly convex point then () Fy(x, R) = {x}.

R>0

Proof Given z € F, (x,R), choose a sequence {w,} C D converging to x and such
that the limit of kp(z, w,) — kp (2o, wy) exists and is less than é logR. Given 0 < s <
1, let A%: D — D be defined by

mw) =sw+ (1 —-s)w,
for every w € Dj; then &, (w,) = w,. In particular,

lim sup [kp (h}(2), wv) — kp(z0, W) ] < ETOO [kp(z, wy) — kp(z0, wy)] < } logR .
v

v—>-+00

Furthermore we have
|kp(sz 4+ (1= s)x,wy) — kp(h(2). wo) | < kp(sz 4+ (1 = s)wy. sz + (1 = s)x) — 0

as v — +00. Therefore
liminf [kp(sz + (1 — s)x, w) — kp(z0. w)]
w—>X

< limsup [kp(sz + (1 — s)x, wy) — kp(z0, W) |

v—>—+00

< limsup [kp (K (z), wy) — kp(z0, wv)]

v—>—+00

+ 13141_100 [kD(sz + (1 —s)x, wu) — kD(hf)(z), w\,)]
< élogR ,

and thus sz + (1 — s)x € F, (x, R). Letting s — 0 we also get x € F,(x, R), and we
have proved the first assertion for z € F, (x, R). If z € 9F,(x, R), it suffices to apply
what we have just proved to a sequence in F., (x, R) approaching z.

In particular we have thus shown that x € (g F(x,R). Moreover this
intersection is contained in D, by Lemma 2.2.2. Take y € (.o Fz, (%, R) different
from x. Then the whole segment [x, y] must be contained in the intersection, and
thus in dD; hence y € ch(x), and we are done. O

We can now prove a Wolff-Denjoy theorem in strictly convex domains without
any assumption on the regularity of the boundary:
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Theorem 2.3.2 (Budzynska, [8]; Abate-Raissy, [6]) Let D CC C" be a bounded
strictly convex domain, and take f € Hol(D, D) without fixed points. Then the
sequence of iterates { f*} converges to a constant map x € dD.

Proof Fix zp € D, and let x € dD be given by Theorem 2.2.10, that can be applied
because strictly convex domains are complete hyperbolic (by Proposition 1.4.8) and
have simple boundary (by Remark 2.2.9). So, since D is bounded, it suffices to prove
that every converging subsequence of { ¥} converges to the constant map x.

Assume that {f*} converges to a holomorphic map & € Hol(D, C"). Clearly,
h(D) C D; since the sequence of iterates is compactly divergent (Theorem 2.1.15),
we have h(D) C dD; since D has simple boundary, it follows that 4 = y € dD. So
we have to prove that y = x.

Take R > 0, and choose z € E,,(x, R). Then Theorem 2.2.10 yields y = h(z) €
F,,(x,R) N dD. Since this holds for all R > 0 we get y € (.o F(x. R), and
Proposition 2.3.1 yields the assertion. O

2.4 Weakly Convex Domains

The approach leading to Theorem 2.3.2 actually yields results for weakly convex
domains too, even though we cannot expect in general the convergence to a constant
map.

Example 2.4.1 Letf € Hol(A?, A?) be given by

z+1/2 )

f(z’w):(1+z/2’w

Then it is easy to check that the sequence of iterates of f converges to the non-
constant map i(z, w) = (1, w).

The first observation is that we have a version of Theorem 2.2.10 valid in all
convex domains, without the requirement of simple boundary:

Theorem 2.4.2 ([1]) Let D CC C" be a bounded convex domain, and take a map
f € Hol(D, D) without fixed points. Then there exists x € dD such that

fk (Ezo (x, R)) C Fp(x, R)

foreveryzo € D,R > 0andk € N.

Proof Without loss of generality we can assume that O € D. Forv > O letf, €
Hol(D, D) be given by

1
fo(@) = (1 - )f(Z) ;
v
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then f, (D) is relatively compact in D and f, — f as v — +o00. By Brouwer’s
theorem, every f, has a fixed point w, € D. Up to a subsequence, we may assume
that {w, } converges to a point x € D. If x € D, then

f(x) = lim f,(w,) = lim w, =x,
V—>00 V—>00

impossible; therefore x € dD.
Now fix z € E, (x, R) and k € N. We have

lkp(fE(2). wo) = kp(f* @) wy)| < kn(fi2).f* () — 0

as v — +o0. Since w, is a fixed point of f* for every k € N, we then get
liminf [kp(f*(z). w) — kp(z0. w)] < liminf [kp(f*(z), wy) — kp(z0, w»)]
w—x v—>+400

< lim sup [kD (ff (2), Wu) — kp(zo, Wv)]

v—>—+00

o) Ao )
< limsup [kp(z. wv) — kp(z0. W) |
v—>-+00
< limsup [kp(z. w) — kp(z0.w)] < } logR ,

w—x

and f*(z) € F,,(x, R). O
When D has C? boundary this is enough to get a sensible Wolff-Denjoy theorem,
because of the following result:

Proposition 2.4.3 ([6]) Let D CC C" be a bounded convex domain with C?
boundary, and x € dD. Then for every zo € D and R > 0 we have

F.,(x,R) N 9D < Ch(x) .

In particular, if x is a strictly C-linearly convex point then F,,(x,R) N 0D = {x}.
To simplify subsequent statements, let us introduce a definition.

Definition 2.4.4 Let D C C” be a hyperbolic convex domain, and f € Hol(D, D)
without fixed points. The farget set of f is defined as

T(f) = Jh(D) c oD,
h

where the union is taken with respect to all the holomorphic maps & € Hol(D, C")
obtained as limit of a subsequence of iterates of f. We have T(f) € dD because the
sequence of iterates { f*} is compactly divergent.
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As a consequence of Proposition 2.4.3 we get:

Corollary 2.4.5 ([6]) Let D CC C" be a C? bounded convex domain, and f €
Hol(D, D) without fixed points. Then there exists xo € 0D such that

T(f) < Ch(xo) .

In particular; if D is strictly C-linearly convex then the sequence of iterates {f*}
converges to the constant map x.

Proof Let xy € 0D be given by Theorem 2.4.2, and fix zy € D. Given z € D, choose
R > O such that z € E; (xo,R). If h € Hol(D, C") is the limit of a subsequence of
iterates then Theorem 2.4.2 and Proposition 2.4.3 yield

h(z) € Fzo(x,R) N 3D C Ch(xo)

and we are done. ]

Remark 2.4.6 Zimmer [24] has proved Corollary 2.4.5 for bounded convex domains
with C'* boundary. We conjecture that it should hold for strictly C-linearly convex
domains without smoothness assumptions on the boundary.

Let us now drop any smoothness or strict convexity condition on the boundary.
In this general context, an useful result is the following:

Lemma 2.4.7 Let D C C" be a convex domain. Then for every connected complex
manifold X and every holomorphic map h: X — C" such that h(X) C D and h(X) N
dD # O we have

h(X) ﬂCh(h(z)) caD.

z€X

Proof Take xo = h(zo) € h(X)NdD, and let ¥ be the weak peak function associated
to a complex supporting functional L at xo. Then ¥ o & is a holomorphic function
with modulus bounded by 1 and such that ¥ o i(z9) = 1; by the maximum principle
we have ¢ o h = 1, and hence L o h = L(xo). In particular, 2(X) C dD.

Since this holds for all complex supporting hyperplanes at xo we have shown that
h(X) C Ch(h(z())); but since we know that 2(X) € dD we can repeat the argument
for any zp € X, and we are done. O

We can then prove a weak Wolff-Denjoy theorem:

Proposition 2.4.8 Let D CC C" be a bounded convex domain, and f € Hol(D, D)
without fixed points. Then there exists x € dD such that for any zy € D we have

T(f) < () Ch(F,(x.R) N dD) . (2.15)

R>0
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Proof Let x € 0D be given by Theorem 2.4.2. Choose zop € D and R > 0, and take
z € E;(x,R). Let h € Hol(D, C") be obtained as limit of a subsequence of iterates
of f. Arguing as usual we know that #(D) € 9D; therefore Theorem 2.4.2 yields
h(z) € Fy(x,R) N 0D. Then Lemma 2.4.7 yields

h(D) € Ch(h(z)) € Ch(F(x,R) N aD) .

Since zp and R are arbitrary, we get the assertion. O

Remark 2.4.9 Using Lemma 2.2.2 it is easy to check that the intersection in (2.15)
is independent of the choice of zg € D.

Unfortunately, large horospheres can be too large. For instance, take (71, 7;) €
dA x JA. Then Proposition 2.2.4 says that the horosphere of center (z1, 72) in the
bidisk are given by

Fo((‘L’l, ‘L’z),R) = E()(‘L’l,R) X AUA X E()(‘L’z,R) s

where Ey(z, R) is the horocycle of center t € JA and radius R > 0 in the unit
disk A, and a not difficult computation shows that

Ch(Fo((t1.12). R) N dA%) = 9A*,

making the statement of Proposition 2.4.8 irrelevant. So to get an effective statement
we need to replace large horospheres with smaller sets.

Small horospheres might be too small; as shown by Frosini [13], there are
holomorphic self-maps of the polydisk with no invariant small horospheres. We thus
need another kind of horospheres, defined by Kapeluszny, Kuczumow and Reich
[16], and studied in detail by Budzynska [8]. To introduce them we begin with a
definition:

Definition 2.4.10 Let D CC C”" be a bounded domain, and zo € D. A sequence
x = {x,} C D converging to x € dD is a horosphere sequence at x if the limit of
kp(z,xy) — kp(z0,xy) as v — 400 exists forall z € D.

Remark 2.4.11 1t is easy to see that the notion of horosphere sequence does not
depend on the point zy.
Horosphere sequences always exist. This follows from a topological lemma:

Lemma 2.4.12 ([20]) Let (X, d) be a separable metric space, and for each v € N
let a,:X — R be a I-Lipschitz map, i.e., |a,(x) —a,(y)| < d(x,y) forallx, y € X.
If for each x € X the sequence {a,(x)} is bounded, then there exists a subsequence
{ay;} of {ay} such that lim;_, a,,(x) exists for each x € X.

Proof Take a countable sequence {xj}jen C X dense in X. Clearly, the sequence
{ay(xp)} C R admits a convergent subsequence {a,o(xp)}. Analogously, the
sequence {a, o(x;)} admits a convergent subsequence {a, ;(x;)}. Proceeding in this
way, we get a countable family of subsequences {a, ;} of the sequence {a,} such
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that for each k € N the limit lim, . a, x(x;) exists for j = 0, ..., k. We claim that
setting a,, = a;; the subsequence {a,} is as desired. Indeed, given x € X and & > 0
we can find x; such that d(x, x;) < /2, and then we have

0 < limsupa,,(x) — liminfa,(x)
j—>00 J—>00

= [ lim sup (ay;(x) — ay;(xp)) + lim a,,(x,)]
Jj—>00 J—>00

~[tim inf (ay,(x) — @y, (v)) + lim a,,(x,)]
<2d(x,x;) <e.

Since ¢ was arbitrary, it follows that the limit lim; ay, (x) exists, as required. O
Then:

Proposition 2.4.13 ([9]) Let D CC C" be a bounded convex domain, and x € dD.
Then every sequence {x,} C D converging to x contains a subsequence which is a
horosphere sequence at x.

Proof Let X = D x D be endowed with the distance

d((z1,w1). (z2.w2)) = kp(z1.22) + kp(wi, w2)

for all z1, zo, w1, wp € D.

Define a,: X — R by setting a,(z,w) = kp(w, x,) — kp(z,x,). The triangular
inequality shows that each a, is 1-Lipschitz, and for each (z, w) € X the sequence
{ay(z,w)} is bounded by kp(z, w). Lemma 2.4.12 then yields a subsequence {x,,}
such that lim;—, o5 a,,(z, w) exists for all z, w € D, and this exactly means that {x,,}
is a horosphere sequence. O

We can now introduce a new kind of horospheres.

Definition 2.4.14 Let D CcC C”" be a bounded convex domain. Given zg € D, let
x = {x,} be a horosphere sequence at x € dD, and take R > 0. Then the sequence
horosphere G, (x, R, x) is defined as

G, (x.R,x) ={z€eD| u—lil}rloo [kp(z.x) — kp(z0.%,)] < ) logR} .

The basic properties of sequence horospheres are contained in the following:

Proposition 2.4.15 ([8, 9, 16]) Let D CC C”" be a bounded convex domain. Fix
20 € D, and let x = {x,} C D be a horosphere sequence at x € dD. Then:

(1) E,(x,R) € Gy(x,R,X) € Fyyy(x, R) for all R > 0;

(i1) Gy (x, R, x) is nonempty and convex for all R > 0;
(iii) Gg(x, R1,X) N D C G (x, Ry, X) forall0 < Ry < Ry;
(iv) Bp(z0. 5 logR) C G,,(x,R.X) forall R > 1;
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(v) Bp(zo,—}10gR) N G, (x,R,X) = @ forall0 <R < 1;

vi) U G,(x,R,x) =Dand () Gy (x,R,x) = 0.
R>0 R>0

Remark 2.4.16 1f x is a horosphere sequence at x € dD then it is not difficult to
check that the family {G;(x, 1,X)}.ep and the family {G,,(x, R, X)}r~0 With z0 € D
given, coincide.

Then we have the following version of Theorem 2.2.5:

Theorem 2.4.17 ([6, 8]) Let D CC C" be a convex domain, and let f € Hol(D, D)
without fixed points. Then there exists x € 0D and a horosphere sequence X at x
such that

f(Gzo(vavX)) C Gy (x, R, x)

for every zo € D and R > 0.

Proof As in the proof of Theorem 2.4.2, for v > O putf, = (1—1/v)f € Hol(D, D);
then f, — f as v — 400, each f, has a fixed point x,, € D, and up to a subsequence
we can assume that x, — x € dD. Furthermore, by Proposition 2.4.13 up to a
subsequence we can also assume that x = {x,,} is a horosphere sequence at x.

Now, for every z € D we have

kp(f(2). %) — ko(fo(@).x0)| < kn(fo(2).f(2)) = O

as v — +o0. Therefore if z € G, (x, R, X) we get
Jim ko (f(2), %) = kp(zo, )]
< Jim [kp(f(2).x0) — kp(20, %) ]

+limsup [kp(f(2). %) — kp(f (2). %) ]

v—>-+00

: 1
< U_lil_;[_loo [kp(z. %)) — kp(z0.x,)] < ; logR

because f, (x,) = x, for all v € N, and we are done. O
Putting everything together we can prove the following Wolff-Denjoy theorem
for (not necessarily strictly or smooth) convex domains:

Theorem 2.4.18 ([6]) Let D CC C" be a bounded convex domain, and f €
Hol(D, D) without fixed points. Then there exist x € dD and a horosphere sequence
X at x such that for any zo € D we have

T(f) < () Ch(G.(x.1,x) N 8D) = () Ch(G, (x.R.x) N D) .

z€D R>0
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Proof The equality of the intersections is a consequence of Remark 2.4.16. Then
the assertion follows from Theorem 2.4.17 and Lemma 2.4.7 as in the proof of
Proposition 2.4.8. O

To show that this statement is actually better than Proposition 2.4.8 let us consider
the case of the polydisc.

Lemma 2.4.19 Let x = {x,} C A" be a horosphere sequence converging to § =
(61,....&) € 0A". Then for every 1 < j < n such that |§;| = 1 the limit

(2.16)

v—=>+400 h

- |(xv)h|2} <1

a;:= lim min% 1= )P

exists, and we have

n

2
Go(£,R.x) = {z e mjax%aj |1§,_ |§||2 & = 1} < R} =[1&
/ =1
where
E,:{A iflgl <1,
! Eo(§.R/)) if 1§ = 1.

Proof Givenz = (z1,...,2,) € A", let y, € Aut(A") be defined by

y:(w) = (

yeeey
l—lel l—Zan

so that y,(z) = O. Then
kan(z, %) — kan(0,x,) = kan (0, 7:(x,)) — kan (O, x,) .
Now, writing ||z|| = max;{|z;|} we have

1
_1pog LI

1+ |zl
k ., 0’ — k O’ . = 1 1 J e )
(0, 72) mjax{ 2(0,z)} m]ax % 2 108 } 2 1 — |zl

1 -z

and hence

L+ Gl o (1= llP
ku , Xy —kno, ) :1 ! 1 .
an (2, %0) = kar (0, 3,) %(1+mw| HER RV
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Since ||y, (&Il = [I€ll = 1, we just have to study the behavior of the second term,
that we know has a limit as v — +oo because x is a horosphere sequence. Now

L= I? = min =10}

— 1712
% 1 IZ]| (1 _ |(xu)]|2)} .

L= fly-()[I> = min

J Il — Zj(xu)j|2
Therefore
L=l 2 :mamm{l—uxv)hv , |1—z,-(xu>j|2}
1 —lyCelI? i LT =) 1=z

Taking the limit as v — +00 we get
L=lli* I1—zg* L= [()al?
, = max , lim min 5 .
v=too I — |y (n)ll i 1=zl vodeo n (1= [(x)]

(2.17)

In particular, we have shown that the limit in (2.16) exists, and it is bounded by 1 (it
suffices to take 4 = j). Furthermore, if |§;| < 1 then a; = 0; so (2.17) becomes

& = 1} ,

and the lemma follows. O
Now, a not too difficult computation shows that

L=l _ . Ol_|1—2/’3j|2
v>too 1 —[lly:(x)[|1? T 1— |z

Ch(§) = () {ne€dA" |n =&}
|&1=1

for all £ € A™. As a consequence,
Ch(Go((.R.x)N3A") = JAx - x Gi(§) x -+ x A,
j=1

where

_ gt =1,
GE) = { 32 if|§j»| <1.

Notice that the right-hand sides do not depend either on R or on the horosphere
sequence X, but only on £.
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So Theorem 2.4.18 in the polydisc assumes the following form:

Corollary 2.4.20 Let f € Hol(A", A") be without fixed points. Then there exists
& € A" such that

T(f) S| JAx - xCE) x-+xA. (2.18)

J=1

Roughly speaking, this is the best one can do, in the sense that while it might
be true (for instance in the bidisk; see Theorem 2.4.21 below) that the image of a
limit point of the sequence of iterates of f is always contained in just one of the sets
appearing in the right-hand side of (2.18), it is impossible to determine a priori in
which one it is contained on the basis of the point & only; it is necessary to know
something more about the map f. Indeed, Hervé has proved the following:

Theorem 2.4.21 (Hervé, [14]) Let F = (f,g): A> — A? be a holomorphic self-
map of the bidisc, and write f,, = f(-,w) and g, = g(z,-). Assume that F has no
fixed points in A%. Then one and only one of the following cases occurs:

(1) if g(z,w) = w (respectively, f(z,w) = z) then the sequence of iterates of F
converges uniformly on compact sets to h(z,w) = (o,w), where o is the
common Wolff point of the f,,’s (respectively, to h(z,w) = (z,t), where T is
the common Wolff point of the g.’s);

(ii) if Fix(fy) = @ for allw € A and Fix(g;) = {y(z)} C A forallz € A
(respectively, if Fix(f,,) = {x(w)} and Fix(g;) = @) then T(f) C {0} x A,
where o € 0A is the common Wolff point of the f,,’s (respectively, T(f) <
A x {t}, where T is the common Wolff point of the g.’s);

(iii) if Fix(fi) = 0 for all w € A and Fix(g,) = @ for all z € A then either
T(f) C{o}x AorT(f) C A x{t}, where 0 € 0A is the common Wolff point
of the f,,’s, and © € A is the common Wolff point of the g,;

(iv) if Fix(fy,) = {x(w)} C A for allw € A and Fix(g;) = {y(z)} C A for all
z € A then there are o, T € 0D such that the sequence of iterates converges to
the constant map (0, T).

All four cases can occur: see [14] for the relevant examples.
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Chapter 3
Gromov Hyperbolic Spaces and Applications
to Complex Analysis

Hervé Pajot

The goal of this chapter is to explain some connections between hyperbolicity in
the sense of Gromov and complex analysis/geometry. For this, we first give a short
presentation of the theory of Gromov hyperbolic spaces and their boundaries. Then,
we will see that the Heisenberg group can be seen as the boundary at infinity of
the complex hyperbolic space. This fact will be used in Chap.5 to give an idea
of the proof of the celebrated Mostow rigidity Theorem in this setting. In the last
section, we will explain why strongly pseudoconvex domains equipped with their
Kobayashi distance are hyperbolic in the sense of Gromov. As an application of the
general theory of Gromov hyperbolic spaces, we get a result about the extension of
biholomorphic maps in this setting. Note that the case of the Gromov hyperbolicity
of more general domains is discussed in Chap. 4.

3.1 Hyperbolicity in the Sense of Gromov

Let (X,d) be a metric space and fix a basepoint w € X. In this case, the triple
(X,d,w) is called a pointed metric space. The Gromov product is defined by

() = (@) + dv.w) — d(x. ).

whenever x, y are in X. By the triangle inequality, 0 < (x|y),, < min (d(x,w),

d(y,w)).
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Definition 3.1.1 Let § > 0. A metric space (X, d) is §-hyperbolic, or §-product-
hyperbolic, if for any x,y,z,w € X,

(xl2)w = min{Cx|y)w. (v[2)w} = 6.

We say that (X, d) is Gromov-hyperbolic if (X, d) is 5-hyperbolic for some § > 0.
Note that all these definitions of hyperbolicity do not depend on the basepoint
weX.

Remark 3.1.2 The Euclidean space R? is not hyperbolic. The case of the Poincaré
disk and of manifolds with negative sectional curvature will be discussed later.

Let (X, d,w) be a pointed hyperbolic metric space and assume it is proper (that
is, closed balls are compact).

Definition 3.1.3 A sequence (x,) in X tends to infinity if lim inf,, ,— 0o (X |Xn)w =
oo. The visual boundary dgX of X is the set of diverging sequences modulo the
equivalence relation (x,) ~ (y,) iff (x,|y.), tends to infinity (or equivalently the
classes of equivalence for this relation).

Note again that the last definition does not depend on the basepoint w € X.

The Gromov product extends to infinity in such a way that the ultrametric
inequality remains true. To see this, set (£]1),, = sup liminf;_, 4 oo (x;|y;),, Whenever
&, n € 96X and where the supremum is taken over all divergent sequences (x;) and
(yi) representing £ and 7 respectively.

Definition 3.1.4 A visual metric (seen from w) of parameter ¢ > 0 is a distance §
on dgX such that there exist a constant C > 0 and a basepoint w € X so that

C e eEmw <8k < Ce¢EImw

whenever £, 1 € dgX.

There always exist visual metrics provided & > 0 is small enough. Note that two
visual metrics are Holder equivalent.

In the Poincaré disc, triangles are thinner than Euclidean triangles (see
Appendix 1). This motivates an alternative definition of hyperbolicity in the case of
geodesic spaces.

Definition 3.1.5 Let (X, d) be a metric space. If x and y are two points in X, a
geodesic segment, denoted by [x, y] (even if such segment is not unique in general),
is a curve given by an isometric map y : [a, b] — X (that is the length of y is equal
to d(x,y)) with y(a) = x and y(b) = y. The metric space (X, d) is a geodesic space
if for any x, any y in X, there exists a geodesic segment from x to y.

A geodesic triangle is just given by [x, y] U [y, z] U [z, x| where x, y and z are in X.
The geodesic space (X, d) is §-hyperbolic iff every geodesic triangle of X is §-thin,
thatis d(w, [y,z]U[z,x]) < § wheneverx,yz € X andw € [x, y]. The boundary dgX
could be defined as the set of equivalence classes of geodesic rays r : [0, 00) — X
with the relation r ~ ¥ if sup{d(r(z), ¥ (¢)),t € [0,00)} < oo. In this setting, the
Gromov product has a nice geometric interpretation. If w € X and &, n € 9dgX,
(&), is comparable to d(w, (€, n)) where (&, n) is a geodesic curve in X joining &
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and 7. Hence, the visual distance §(&, n) is small if the geodesics with endpoints &
and n are closed a long time. Theorem 4.4.10 gives a precise statement regarding the
two definitions of Gromov hyperbolicity, in the general setting and in the geodesic
setting.

Example 3.1.6 The Poincaré disc A is §-hyperbolic with § = é log 3. Its boundary
at infinity could be identified with the unit circle S'. The usual distance on the unit
circle is visual in the previous sense: if z, w € A,

=w

1 + 1—zw
I+ wh(@ +z)’

(zlw)o = —) log |1 —zw]|

and thus |§ —7| = 2¢~€lMo whenever &,n € §' = 95 A. More generally, the standard
unit sphere can be seen as the boundary of the real hyperbolic space (if this one is
defined by using the model of the unit ball of R").

Example 3.1.7 Any (complete) Riemannian manifold M with negative sectional
curvature is Gromov hyperbolic. Hence, the notion of Gromov hyperbolicity is
related to the sectional curvature (and not to the Ricci curvature). The conformal
structure of the boundary at infinity of M is not well understood.

Example 3.1.8 The Heisenberg group is the boundary at infinity of the hyperbolic
complex space (in the model of the unit ball of C"). This point will be discussed in
the next section. This example is interesting since the proof of the hyperbolicity of
strongly pesudoconvex domains (see the last section) starts by equip the boundary of
such domains by its Carnot-Carathéodory distance (as in the case of the Heisenberg

group).

Remark 3.1.9 Let (Z, §) be a complete bounded metric space. Then, Z can be seen

as the boundary at infinity of a hyperbolic metric space X. To see this, set X =
8(x, x h, W

Z x [0,diamZ] and dps((x, h), (X', 1)) = 2log( (6, %) + max( )) whenever

Vhi
x, X € X, h, W € [0,diamX]. Then, (X, dps) is hyperbolic and we can identify

dgX with Z. Moreover, § is a visual distance. The formula given dpgs is inspired by
other definitions of hyperbolic metrics, for instance the Poincaré metric on A. The
proof of the hyperbolicity in the sense of Gromov of strictly pseudoconvex domains
follows from a similar construction (see the last section of this chapter).

The Gromov hyperbolicity is a large scale property of X. To capture this
knowledge, one is led to the notion of quasi-isometry, which was introduced by
G. Margulis.

Definition 3.1.10 Let (X, dx) and (Y, dy) be two metric spaces. Amapf : X — Y
is a (C, D)-quasi-isometric embedding if there exist constants C > 1 and D > 0 so
that

Cldx(x,x') = D < dy(f(x),f(x)) < Cdx(x,x") + D
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whenever x, x' € X. Note that such a map is not necessary continuous.

If in addition, for any y € Y, there exists x € X so that dy(y,f(x)) < C, then
f is called a (C, D)-quasi-isometry and the spaces X and Y are quasi-isometric.
Moreover, we say that f : X — Y is a rough isometry if f is a (1, D)-quasi-isometry
for some D > 0. We will use these notions in Chap. 5.

A quasi-geodesic is the image of an interval under a quasi-isometric embedding.

A very important fact is the quasi-isometric invariance of the Gromov hyperbol-
icity.
Theorem 3.1.11 Let X and Y be two geodesic spaces and let f : X — Y be a
(C, D)-quasi-isometric embedding. If X is §-hyperbolic, then Y is §'-hyperbolic with
8’ depending on §, C and D.

The proof is based on this fundamental property of Gromov hyperbolic spaces.

Theorem 3.1.12 There exists a constant A = A(C, D, §) so that any (C, D)-quasi-
geodesic segment in a §-hyperbolic space X is at Hausdorf{f distance less that A from
any geodesic segment joining its endpoints.
A (C, D)-quasi-geodesic segment in X is the image of a (C, D)-quasi-isometry y :
[a,b] C R — X. Using the previous theorem, we can characterize the Gromov
hyperbolicity by using quasi-geodesics instead of geodesics (that is by replacing
geodesic triangles by quasi-geodesic triangles).

We finish this section by introducing the notion of CAT(—1)-spaces. For this
purpose, we adopt for the Poincaré metric a new convention, by setting

Kka(g;v) =

gL
v
1—[g?
With this convention, the Poincaré disc has curvature —1 (instead of —4 as in
Appendix 1) and is §-hyperbolic with § = log 3.

Let (X, d) be a geodesic (proper) space. Let [x,y] U [y,z] U [z, x] be a geodesic
triangle in X. A triangle comparison in the Poincaré disc A is then given by three
points X',y and 7 € A so thatd(x,y) = ka(x¥',y"), d(y,2) = ka(y/,Z') and d(z,x) =
kA (ZI, x’)

Definition 3.1.13 We say that X is a CAT(—1)-space if d(x, [y, z]) < ka(x', [y, 2])
for any geodesic triangle with vertices x, y and z in X and for any associated
comparison triangle in A with vertices x’, y’ and 7.

It is well known that a CAT(—1)-space is §-hyperbolic with § = log3. The
meaning of this definition is that geodesic triangles in X are thinner than geodesic
triangles in A which is the model space with curvature —1.

We can define the notion of CAT(0)-space by comparing geodesic triangles
in X and triangles in the Euclidean plane (which is the model of space with
zero curvature). More generally, we can define the notion of CAT(K) for some
K by comparing triangles in X with triangles in the model space of (sectional)
curvature K.
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3.2 The Heisenberg Group as Boundary of the Complex
Hyperbolic Space

We first recall the definition of the Heisenberg group. This one appears in several
domains in mathematics : CR geometry, analysis on Lie groups, control theory, sub-
riemannian geometry, complex analysis, ...It can be seen also as a model of the
functional structure of the mammalian visual cortex ! Since these notes correspond
to lectures given during a spring school in complex analysis, we will present the
Heisenberg group from the complex analysis viewpoint.

LetB = {w = (wi,...,wat1) € CF 3" wi|? < 1} in €+ . The starting
point of this section is the study of the group of biholomorphic self-mappings
Aut(B) of B. For our purpose, it is more convenient to consider Aut(#’) where 7
is an “upper half-space”. In the one-dimensional case, the unit disc A is biholomor-
phically equivalent to the upper half-plane {z = x+iy;y > 0}. In higher dimensions,
we will consider the upper half-space /7" = {z € C"*';Im(z,41) > Y1 |3}
which is biholomorphically equivalent to B = {w € C"*!; 27:11 lwi|> < 1} by
considering

i — Znti ZiZk
wopr = . landfork=1,....n,w =
i+ Znt1 L Znt
or equivalently
.1 — Wp+1 Wik
Znt1 =1 nt andfork=1,...,n,zk=
1+ Wyt I+ w1

Note that this equivalence extends also to the boundaries of the domains, that is
A ={z€ C i Im(zup1) = Y- |5* and 9B = {z € C"HL Y0 ) = 1}
(except for the south pole (0,...,0, 1) of 9B which should be seen as the image of
the “point at infinity” of 9 #). If we set 7(z) = Im(z,41) —|Z'|* forz = (7. z441) €
C"!, then s = {z,r(z) > 0} and 8 7 = {r(z) = 0}. So, ris the defining function
of .

There is a natural isomorphism between Aut(B) and Aut(#°) and we will study
the last one. To do this, we recall that Aut(7#) has an Iwasawa decomposition:
Aut(#) = K.A.N where K is a compact subgroup, A an abelian subgroup and N a
nilpotent subgroup of Aut(#). If we use the notation z = (', z,+1) € C**! (where
7 € C" and 7,4, € C), the abelian part of the decomposition is given by the dilation
85(z) = (57, s%2,+1) (the factor 2 in s? is explained by the definition of .7#) and the
compact part is given by rotations u(z) = (u(Z'), z,+1) where u is an unitary linear
transformation of C” (that is given by a matrix whose rows and columns form a
Hermitian orthonormal basis of C" and that has determinant 1). The nilpotent part
is associated to the Heisenberg group:

Definition 3.2.1 The Heisenberg group is asaset C" xR = {[£,1];§ € C",t € R}.
The law is given by [£,7].[n, s] = [ + 1.7 + s + 2Im(£.n)] where £.n = D>\, &
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It is easy to check that C" x R equipped with this law is a nonabelian group whose
identity is [0,0] and where the inverse is given by [£,7]7! = [~£, —1]. We will
denote this group by H". To each [£, f] € H", we associate the (holomorphic) affine
transformation :

it (o znr)) = (@ + E 2ot + 1+ 2026 + ilEP). 3.1)

Since |7 +&|—|z|> = Im(i(.£ +|£|?)), this mapping preserves the defining function
r(z) = Im(z,+1) — |Z'|* and so maps 5% to # and its boundary 8 .7 to itself. In
fact, (3.1) defines an action of H" on 7. Indeed, if we compose the mappings
associated by (3.1) to [&, 7] and [, 5], we get the mapping associated to the element
[£,1].[n, s] of H". Thus, we get a realization of H" as the group of affine holomorphic
bijections of 7. Note also that mappings given by (3.1) have a transitive action on
d S (that is for every two points of d .77, there is exactly one element of H" that
maps the first to the second). In particular, the mapping associated to [, 1] is the
unique mapping that maps (0, 0) to (£, # + i|£|?) and we can identified H" with 9 #
via its action on the origin.

We now describe the structure of the Heisenberg group as a (real) Lie group. Set
forany 1 <j<n

‘L’zj_l(s) = [(O,...,S+i0,...,0),0]

7i(s) =[(0,...,0 +is,...,0),0]

7:2n+l(s) = [Os S].

We now differentiate functions by using these one-group parameters of directions
to get the following vector fields:

a a
Xf(E) = Ao = ()] +27 ) e

0x;

a a
B = o dayolo = () ~ 203 )

T D = 7 Ao Demo = o ED.

It is not difficult to see that all commutators of these vector fields are trivial unless
[X;, Y]] = —4T foranyj = 1,...,n. Recall that [X;, ¥;] = X;Y¥; — ¥;X;. So the Lie
algebra of H" is generated by the Xj, ¥; and their commutators [Xj, ¥;]. This implies
that for any vector fields A, B and C, we get [[A, B], C] = 0. Thus the vector fields
of the Heisenberg group form a nilpotent Lie algebra of step one.

Remark 3.2.2 The previous results show that the Heisenberg group could be also
seen as a CR manifold. We will not discuss this point of view in these notes.
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1
Remark 3.2.3 Consider n = 1 for simplicity. Set X = d,, — szax3, Y =0, +

1
2x1 0y, and T = 0,,. Then, (X,Y,T) is also a basis of the Heisenberg algebra.

Consider w = dx3 — 1/2(x1dxy — xpdx1). Then, w Adw = —dx; Adxy Adxz, SO w is
a contact form. The horizontal distribution is given by the kernel of @ which admits
(X, Y) as a basis.

A natural measure on H" is given by the Lebesgue measure on C" x R. Since the
left translations of H" on itself are affine when considered as mappings of C" x R
and their linear parts have determinant 1, the Lebesgue measure on C" x R is left-
invariant (and for the same reason right-invariant) and so is the Haar measure of the
Lie group H". We will denote by |A| the measure of a subset A in H".

We now construct a distance on H”" called the Carnot-Carathéodory distance.
First, an absolutely continuous curve y : [0,1] — H" is said to be horizontal if
for almost every t € [0, 1], there exist measurable functions a;, b; so that y'(t) =
Z;’Zl (aiX;(y(r))+b;Y;(y(7))). Given two points [£, f] and [n, s] in H", there always
exists an horizontal curve joining them.

Definition 3.2.4 We set

dec([§.1].[n.s]) = il;fl()f)

where the infimum is taken over all horizontal curves between [§, 7] and [, s] and

1/2
n

1
where I(y) = / z:(aj(t)2 + bj(t)z) dr is the length of the curve y. We
o \4
j=1
denote by Bcc([€, 1], r) the (open) ball with center [£, 7] € H and radius r > 0 with
respect to dec.
We have the following properties of d¢c:

— The topology defined by d¢c¢ coincides with the Euclidean topology. Thus, the
topological dimension of (H", dcc¢) is 2n + 1.

— The Carnot-Carathéodory distance is left invariant, that is dec (T [€, 7], T, [, 5]) =
dcc([€,1], [n, s]) where T, is a translation, thatis T,[&,7] = g.[£,7] fora g € H".

— Forany k > 0, dec(8l§. 1], 8k[n. s]) = K" 2dec([§. 1. [n.s]) where §i[£.1] =
[k&, k*#]. The (8;) form the natural group of dilations of the Heisenberg group
H".

It follows that for any [¢,7] € H" and any r > 0, we have
|Bee([€. 11, 7)| = |BecOmn, )| = r"F2|Bec(0pe, 1))

This implies that the measure of a ball of radius r is like 7***2 and that the Hausdorff
dimension of (H", d¢cc) is 2n + 2.

Remark 3.2.5 The sub-Riemannian structure of H" is given by the horizontal
distribution, but it is possible to approximate it by Riemannian structures. For
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simplicity, we consider the case n = 1. Let y : [0,1] — H' be a smooth curve.
Write y'(t) = ai()Xi(y(1) + az(t)Yl()/l(t)) + a3()T(y(1)). For any L > 0,

consider the Riemannian length I (y) = / (a1(t)* + ax(1)* + Las(r)*)"/*dr and the

Riemannian distance associated. When L t%nds to 400, we penalize the T-direction
and we obtain the Carnot-Carathéodory distance which can be well approximated
by Riemannian metrics by this method (in the sense of the Hausdorff-Gromov
distance).

We now explain why the Heisenberg group can be seen as the boundary at infinity
of the hyperbolic complex space. First, note that another interesting distance on the
Heisenberg group is the Cygan-Koranyi distance which is defined as follows.

Definition 3.2.6 Let the Cygan-Koranyi gauge be ||[£,1]||cx = (||€]|*+ |1]*)'/* for
any [§,7] € H". Here, ||£]| is the usual norm in C". Then, set dcx([&,1], [1,s]) =
I, s17" 1, Al ex-

It is an exercise to show that dck is a distance on H”" which is (bilipschitz)
equivalent to dcc. We would like to see the Heisenberg group (with its Cygan-
Koranyi distance) as the boundary at infinity of the complex hyperbolic space.

The first step is to see the complex hyperbolic space HE’:H as a Gromov
hyperbolic space. For simplicity of the presentation and to avoid some technical
computations, we discuss only the case n = 1.

Consider the Bergman space associated to a domain £2 C C:

A%(£2) = {f holomorphic on £2; 12y < o0}

and consider the evaluation operator T, at z € £2, thatis T, : A>(£2) — C given by
T.(f) = f(z). By the maximum principle, for any compact set K C £2, there exists a
constant Cx > 0 so that supy | f| < Ck||fll;2()- Hence, T is bounded and then, by
the Riesz representation theorem, there exists a function K(z, §) (called the Bergman
kernel or reproducing kernel) so that T,(f) = f(z) = |, o K(z,8)f (§)dE for any f €
A?(£2). The Bergman metric is thus the quadratic form whose coefficients are given
by b;(z) = 0,0, 10g(K(z, z)). Then, the Bergman distance is given by dp(z, w) =

inf lg(I") where the infimum is taken over all (smooth) curves y : [0, 1] — £2 with
1/2

1
y(0) = z, y(1) = w and where Ig(y) = /0 ZbiJ(V(S))ViI(s)Vj/(s) ds. As
iof

for the Kobayashi metric, a crucial point is that a biholomorphism f : 2 — £’
between two domains equipped with their Bergman metrics is an isometry. In the
special £2 = B, we can use the symmetries of the unit ball to get

K@z.§) =2/n" (1- <z, >)"°

bij(z) = 3(1 — |21 72((1 — [21%)8; + ziz)
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3
dp(z,w) = v log

(|1— <zw>|+w—zP+]|<zw> |2—|z|2|w|2)
) .

—<zw>|=Viw—zP+ | <zw> 2= [zP|w]

Here < z,w >= zyjw; + 2w, and §; is the Kronecker symbol. The complex
hyperbolic plane is just the unit ball B of C? equipped with the Bergman distance.

Remark 3.2.7 As for the real hyperbolic plane, there are several models for the
hyperbolic complex plane Hé. For instance, we can consider the unil ball B of C?
equipped with the distance function

1-<z,w>
dy(z, = h
1(z,w) = arccos (\/(1 Py |w|2))

and we get a Gromov hyperbolic space. It turns out that the Bergman metric and the
hyperbolic metric dy are comparable. More precisely, for any z, w € B, dy(z, w) =
(1//3)ds(z. w).

We would like to see the Heisenberg group (with its Cygan-Koranyi distance) as
the boundary at infinity of H(ZC. For this, we first estimate the Gromow product for z,
w € B (with basepoint the origin 0):

1/2
1= <zw>[+VlI-<zw> = (1= [zP)(1 = |wP)
exp(—(zlw)o) = .
(14 zDA + [w))
The boundary dgB could be identified with the geometric boundary 0B which could
be identified with H' by using the stereographic projection (see below). Moreover,
for £, n € dgHZ, we get

1— s .
lim exp(—(elw) = J == 2021 e — o = itm(< g0 51

Z

It turns out that using a good model for the hyperbolic complex plane and
invariance of the Gromov product by isometries, we can prove that the Cygan-
Koranyi distance is comparable to exp(—(&|n)o).

Remark 3.2.8 We have seen previously that the unit ball B is conformally equiv-

alent to the upper space > = {(z1.22):Im(z2) — |z1/> > 0} by considering
. 1=

Cz1.2) = ( 17T %) Recall also that H' could be identified with

1+ 1+2

3% 1t is possible to identify explicitly 9B and H' by considering IT o C where

1
(z1,20) = (21, 4Re(12)) for any (z1,22) € . The map IT o C could be seen as

a generalisation of the classical stereographic projection.

As we will see in Chap. 5, the fact that the Heisenberg group is the boundary of
the complex hyperbolic spaces is crucial when you like to prove Mostow Rigidity
Theorem by using the theory of quasiconformal mappings.
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3.3 Gromov Hyperbolicity of Strongly Pseudoconvex
Domains

In this section, we assume that the bounded C?> domain 2 C C" is strongly
pseudoconvex (see definition 1.5.9). We would like to prove that £2 equipped with
its Kobayashi metric is hyperbolic in the sense of Gromov.

Remark 3.3.1 The notion of Gromov hyperbolicity is purely metric and is different
from the notion of hyperbolicity in the sense of Kobayashi (as discussed in the first
chapter). However, there exist some formal relationships between these two notions.
For instance, if X is a complex space and if there exists a length function F with
holomorphic sectional curvature K bounded above by —1 everywhere, then X is
Kobayashi hyperbolic.

We define the Carnot-Carathéodory metric d¢c on 952 as follows (compare with
the construction of the Carnot-Carathéodory distance on the Heisenberg group):
here the horizontal space is the complex tangent subspace, that is H,(3§2) :=
T;C(a[?).

A (piecewise) Cl-curve y : [0,1] — 0$2 is said to be horizontal if y’(f) €
H, 082 (whenever y'(f) exists). The key point is that the strict pseudoconvexity
implies that 02 is connected. Moreover, any pair of points x and y € 352 can be
joined by an horizontal curve. Hence, we can define for x, y € 952

dcc(x,y) = inf p-length(y)

1
where p-length (y) = / Ly v (y'(1))"/?dr and where the infimum is taken over all

0
horizontal curve y : [0, 1] — 052 joining x and y (that is y(0) = x and y(1) = y).

The main point is that in this setting the Kobayashi metric is Gromov hyperbolic.
More precisely, we have the

Theorem 3.3.2 Let 2 € C" (n > 2) be a bounded, strictly pseudoconvex domain
with C* boundary 3052. Then, §2 equipped with the Kobayashi distance kq is
hyperbolic in the sense of Gromov. Moreover, 052 could be identified with 02
and the Carnot-Carathéodory distance dcc is in the conformal gauge of ($2, kg).

Roughly speaking, this means that d¢¢ is quasiconformally equivalent to a visual
metric. Precise definitions are given in Chap. 5. The strategy of proof is quite natural.

Step 1: Equip 02 with the Carnot-Carathéodory distance dcc. By analogy of the
case of the hyperbolic complex space, we can expect that d¢c is a visual metric on
082 ...if we think that £2 with the Kobayashi distance is Gromov hyperbolic. As
we mentioned previously, any (compact) metric space could be seen as boundary at
infinity of a Gromov hyperbolic space. Thus, we consider for x, y € £2,

dec(m(x), 7(y)) + max(h(x), h(y))))

dgs(x,y) = 2log ( Vh(x)R'y)
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where §(x) = d(x, 082), h(x) = §(x)"/? and 7 (x) € 352 satisfies |x — 7 (x)| = §(x).
The distance dpg is just a modification of the previous one. Note that since 952 is
C?, the map x > 7(x) is well defined if x is closed enough from 9£2. The ambiguity
of the definition of 7 is just a technical problem that we forget in the rest of the
discussion.

Step 2. By construction, §2 with the distance dpgs is Gromov-hyperbolic. We can
conclude if we can prove that the metric spaces (§2, k) and (§2, dps) are quasi-
isometric by Theorem 3.1.11.

This proof illustrates the fact that “a Gromov hyperbolic space is determined by
its boundary”. Let p € d£2. We can consider the splitting of the tangent space at
p: C" = H,082 @ N,052 where N,052 is the complex one-dimensional subspace of
C" orthogonal to H,dS2. Thus, any tangent vector Z could be uniquely written as
Z = Zy + Zy where Zy € H,052 and Zy € N,052. The main step of the proof is to
show there exist ¢ > 0, s > 0, C; > 0, C; > 1 so that the infinitesimal Kobayashi
metric k¢, satisfies

2 L e 7 1/2
(1-Ci5'() ( sz”('x) +G! g(;() H))
. s |ZvI? Lprto @) \"*
<kexZ) = (14 Cié'((x) (482(x) +G 5(r) )

whenever x € £2 is in a neighborhood of 052 and Z = Zy + Zy € C" where
the splitting is at p = mw(x). To do this, as in the case of the classical Heisenberg
group, the distance could be approximated by a sequence of Riemannian metrics.
The second step of the proof is to show that for any pseudo distance function F' that
satisfies the previous estimate, there exists D > 0 so that dgs(x,y) —D < dp(x,y) <
dps(x,y)+ D for any x, any y € §2. In particular, in the case of the Kobayashi metric,
this estimates gives a good control of the behaviour of kg, (x, y) for all the possible x
andy € £2.

If 2 C C"is a strictly pseudoconvex domain (with C? boundary) equipped with
its Kobayashi metric, then it is Gromov hyperbolic, and any biholomorphism is an
isometry with respect to the Kobayashi pseudo-distance. We thus get a variant of a
theorem of Fefferman about the extension of biholomorphic maps between smooth
strictly pseudoconvex domains:

Theorem 3.3.3 Let 21, £2, € C" (n > 2) be strictly pseudoconvex domains with
C%-boundary and let f : §2; — $25 be a biholomorphism. Then f has a continuous
extensionf : 2| — $2, and the induced boundarymap f : 382; — 382, is bilipschitz
with respect to the Carnot-Carathéodory distances.

The point is that this extension comes for free by the general theory of Gromov
hyperbolic spaces (See Theorem 5.3.4). However, this does not give the optimal
regularity of the induced map.
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3.4 Notes

A complete introduction to spaces with non-negative curvature is [4], see also [8].
Reference [5] provides a good overview of metric geometry, in particular spaces
with curvature bounded below or above. A very nice introduction to the Heisenberg
group is given in [6] where the reader will find a complete proof that the Heisenberg
group could be seen as the boundary at infinity of the hyperbolic complex space.
References [10] (the last two chapters) and [9] explain the use of the Heisenberg
groups in harmonic analysis and complex analysis. A more exhaustive presentation
of the Sub-Riemannian geometry is in [2] (See also in the same book the paper by
M. Gromov which contains a lot of interesting informations about sub-Riemannian
spaces but is hard to read). Proofs of the Gromov hyperbolicity of the metric dgs and
of the Kobayashi metric on strictly pseudoconvex domains of C” could be found in
the original papers [3] and [1] respectively. The proof of theorem 3.3.3 is given in
[1]. Fefferman’s result is in [7] where the proofis based on the study of geodesics for
the Bergman metric (but not in relation with metric geometry and some curvature
estimates).
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Chapter 4
Gromov Hyperbolicity of Bounded Convex
Domains

Andrew Zimmer

It is well known that the unit ball endowed with the Kobayashi metric is isometric
to complex hyperbolic space and in particular is an example of a negatively curved
Riemannian manifold. One would then suspect that when £2 C C? is a domain close
to the unit ball, then the Kobayashi metric on §2 should be negatively curved (in
some sense). Unfortunately, for general domains the Kobayashi metric is no longer
Riemannian and thus will no longer have curvature in a local sense. Instead one
can ask if the Kobayashi metric satisfies a coarse notion of negative curvature from
geometric group theory called Gromov hyperbolicity.

Gromov hyperbolic metric spaces have been intensively studied and have a
number of remarkable properties. Thus it seems natural to determine the domains
for which the Kobayashi metric is Gromov hyperbolic and then to use the theory of
such metric spaces to prove new results in several complex variables.

The first major result in this direction is Theorem 3.3.2 due to Balogh and
Bonk [3]. This theorem was later extended to strongly pseudoconvex domains in
almost complex manifolds [12, 13, 16]. In these arguments, one establishes Gromov
hyperbolicity by using very precise estimates for the Kobayashi infinestimal metric.
In particular, if 2 € C? is a strongly pseudoconvex domain and x € £2 is close to
the boundary, then there is a unique point & € 952 closest to x. If v(£) is the inward
pointing normal line at £ and TéCB.Q is the complex tangent space of 92 at £ then
we have the following estimates for the Kobayashi metric at x:

ol N (L
50(x) ifv e Cv() and ko(x;v) ~ 50 ()2

Ko (x;v) ~ if v e T 082,
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68 A. Zimmer

Here 8¢, (x) is the distance from x to d£2 (which in this case is ||x — £||). The fact
that the metric behaves identically in every complex tangential direction seems to
be key for these arguments.

Given Theorem 3.3.2 it is natural to ask about the case of general finite type
domains:

Question 4.0.1 ([3, Section 6]) Is the Kobayashi metric Gromov hyperbolic for a
weakly pseudoconvex domain with finite type in the sense of D’ Angelo?

Unfortunately, not much is known about the Kobayashi metric on a general
weakly pseudoconvex domains of finite type so this problem currently seems out
of reach. For instance, it is unknown whether or not the Kobayashi metric is Cauchy
complete for domains of this type. So at this point it seems natural to impose
additional constraints on the domain §2 such as convex, C-convex, h-extendible,
etc.

Amongst the set of convex domains with smooth boundary we recently charac-
terized the domains which are Gromov hyperbolic:

Theorem 4.0.2 ([60]) Suppose 2 C C is a bounded convex domain with C*
boundary. Then (82, kg) is Gromov hyperbolic if and only if 982 has finite type.

For convex domains of finite type there are good estimates for the infinitesimal
Kobayashi metric for points near the boundary [2, Proposition 1.6] but the metric
no longer grows identically in every complex tangential direction which makes
the types of arguments used in the strongly pseudoconvex case very difficult to
implement. Instead the main strategy of the proof of Theorem 4.0.2 is to study the
orbit of convex sets under the group Aff(C¢) of affine automorphisms of C.

In particular, let X, be the set of pairs (£2, x) where £2 C C“ is a convex domain
that does not contain a complex affine line and x € §2. By studying the closure of
AFf(C%)-orbits in Xy it is possible to establish necessary and sufficient conditions
for the Gromov hyperbolicity of the Kobayashi metric. This approach is motivated
by Benoist’s recent work on the Hilbert metric [9]. It is also related to the scaling
methods of Pinchuk [52] and Frankel [24-26] (for an overview see [42]).

The main purpose of this chapter is to sketch the proof of Theorem 4.0.2. In par-
ticular Sects. 4.5 and 4.6 are devoted to the describing the proof of Theorem 4.0.2.
We will also provide:

1. detailed proofs of some well known estimates for the Kobayashi metric and
distance on convex domains (Sect. 4.2),

2. a detailed description of a natural topology on the space of convex domains and

work of Frankel (Sect. 4.3),

. a sketch of an alternative proof of Theorem 3.3.2 (Sect. 4.7),

4. an introduction of the Hilbert metric, its basic properties, its connection to the
Kobayashi metric, and the work of Benoist (Sect. 4.7),

5. some open conjectures and questions (Sect. 4.8).

W
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4.1 Preliminaries

Given a domain £2 C C¢ the (infinitesimal) Kobayashi metric is the pseudo-Finsler
metric

Ko (x;v) = inf{|§] : f € Hol(4, £2), f(0) = x, dfo(§) = v}.

By a result of Royden [54, Proposition 3] the Kobayashi metric is an upper
semicontinuous function on £2 x C%. In particular if o : [a, b] — £2 is an absolutely
continuous curve (as a map [a, b] — C?), then the function

t € [a,b] = ko(a(t); 0’ (1)
is integrable and we can define the length of o to be

b
la(o) = / ko (0(0: o' ().

a

One can then define the Kobayashi pseudo-distance to be

ko(x,y) = inf{lo (o) : 0:[a,b] — £2 is absolutely continuous,

with 0 (a) = x, and o(b) = y}.

This definition is equivalent to the standard Definition 1.2.3 of kg, via analytic
chains, see [56, Theorem 3.1].

Example 4.1.1 As a consequence of the Schwarz lemma, we obtain as in Defini-
tion 1.1.1

|v]

Ka(x;v) =
1—[z?

and hence

ka(z,w) = tanh™ ( 2= wl )

|1 —zw|

Then, if 57 = {z € C : Im(z) > 0} we see that

Cr(zv) = 21|111)1|(z)
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and

1 |z —w|?
k,y(z,w) = _arcosh |1 .
(@ W) 2 ( + 2 Im(z) Im(w)
Given a domain £2 € C? and an interval I C R,acurve o : I — £2 iscalled a
geodesic if

ka(a(s),o () = |r—s

for all #, s € I. For reasonable domains, geodesics have nice properties:

Proposition 4.1.2 Suppose 2 C C? is a domain and (2, kg) is Cauchy complete.
Then for every two points x,y € §2 there exists a geodesic o : [a,b] — §2 so that
o(a) = xand a(b) = y. Moreover, if o : I — §2 is a geodesic, then o is absolutely
continuous (as a map I — C?) and

ke(o():0' (1) =1

for almost every t € I.
A detailed proof of this Proposition can be found in [15, Proposition 4.6].
Given a metric space (X, d), the length of a continuous curve o : [a,b] — X is
defined to be

Ly(o) =sup{ > d(o(ti1).0(t;)) ia=1tg <ty <+~ <t,=b

i=1
Then the induced metric d; on X is defined as in Appendix A.1 to be
di(x,y) = inf{L,(0) : 0 :[a, b] — X is continuous, o (a) = x, and o (b) = y}.

When d; = d, the metric space (X,d) is called a length metric space. When the
Kobayashi pseudo-distance is actually a distance, then the metric space (§2, k) is a
length metric space (by construction). For such metric spaces we have the following
characterization of Cauchy completeness:

Theorem 4.1.3 (Hopf-Rinow) Suppose (X,d) is a length metric space. Then the
following are equivalent:

1. (X, d) is a proper metric space; that is, every bounded set is relatively compact.
2. (X, d) is Cauchy complete and locally compact.

For a proof see, for instance, Proposition 3.7 and Corollary 3.8 in Chapter I
of [18]. When kg, is a distance on £2 C C? the Kobayashi distance generates the
standard topology on £2 and so the metric space (2, k) is locally compact. In
particular we obtain:
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Proposition 4.1.4 Suppose kg is a distance on 2 C C°. Then the following are
equivalent:

1. (82, kg) is a proper metric space; that is, every bounded set is relatively compact.
2. (82,kg) is Cauchy complete.

Given a functionf : C — R with f(0) = 0let v(f) denote the order of vanishing
of f at 0, that is

v(f) = sup yn: lim {2 | f )] = Op .

Definition 4.1.5 Suppose that 2 = {z € C? : r(z) < 0} where r is a C* function
with Vr # 0 near 0§2. We say that a point x € d£2 has finite line type L if

sup{v(ro £)|f : C — C? is a non-trivial affine map and £(0) = x} = L.

Notice that v(r o £) > 2 if and only if £(C) is tangent to 2. McNeal [47] proved
that if £2 is convex then x € 942 has finite line type if and only if it has finite type
in the sense of D’ Angelo (see also [17]). In this paper, we say a convex domain 2
with C* boundary has finite line type L if the line type of all x € 9£2 is at most L
and this bound is realized at some boundary point. Finite line type has the following
geometric consequence:

Proposition 4.1.6 Suppose $2 is a convex domain and 352 is C* and has finite line
type L near some & € 052. Then there exists a neighborhood U of € and a C > 0
such that, for allp € U N 2 and v € C¢ nonzero,

8a(piv) < Céa(p)'/*
where 6o (p) = inf{|lg —p|| : g € 382} and

Se(p;v) =inf{[lg—pl:q€ (p+C-w)NaL}.

4.2 The Kobayashi Metric and Distance on Convex Domains

In this section we discuss some well known estimates for the Kobayashi metric
and distance on convex domains. One of the most important applications of these
estimates is the following theorem of Barth:

Theorem 4.2.1 ([4]) Suppose 2 C C? is a convex domain. Then the following are
equivalent:

1. (£2,kg) is a Cauchy complete metric space,
2. §2 does not contain a complex affine line.



72 A. Zimmer

Motivated by Theorem 4.2.1 we make the following definition:

Definition 4.2.2 A convex domain 2 C C? is called C-proper if £2 does not
contain a complex affine line.

Using these estimates we will also establish a basic connection between the
geometry of the boundary and the behavior of the Kobayashi distance:

Proposition 4.2.3 Suppose 2 C C% is a convex domain. Assume that x,,,y, € £2,
Xy — £ €082, y, = n €482, and

liminf kg (X, yn) < 00.

m,n—00

Then either € = n or there exists a complex line L so that & and n are contained in
the interior of 02 N L in L.

By considering affine maps of the unit disk into a domain §2 one immediately
obtains the following upper bound on the infinitesimal Kobayashi metric:

Lemma 4.2.4 Suppose 2 C C? is a domain. Then

) o]
Ka(nv) = da(x;v)

forany x € 2 and v € C“.
For convex domains we can use supporting real hyperplanes to obtain a lower
bound:

Lemma 4.2.5 Suppose 2 C C¢ is a convex domain. Then

vl )
2o (x:v) = K2V

forany x € 2 and v € C°.
This result is originally due to Graham [33, Theorem 5] but proofs can also be
found in [6, Theorem 4.1] and [26, Theorem 2.2]).

Proof LetL:=x+ Cvand & € L\ £2 N Lsuchthat ||§ — x| = §o(x;v). Let H be
a real hyperplane through & which does not intersect £2. By rotating and translating
we may assume £ = 0, x = (x1,0,...,0), H = {(z1,...,24) € C¢: Im(z) = 03},
and 2 C {(z1,...,24) € c? . Im(z;) > 0}. With this choice of normalization
v = (v1,0,...,0) for some v; € C.

Then if P : C? — C is the projection onto the first component we have

il _ il

ko (x1v) > kp)(x1;v1) = Kk (x3v1) = 2Im(x) = 2|

Since |x;| = || — x|| = 8@ (x;v) and |v;| = ||v| this completes the proof.
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Essentially the same argument provides a lower bound on the Kobayashi
distance:

Lemma 4.2.6 Suppose 2 C C¢ is an open convex set and x,y € 2. If L is the
complex line containing x,y and ¢ € L\ L N §2 then

2
[l = Il

1
arcosh | 1 +
2 ( 2x =&l lly—&ll

) <ko(x,y).

In particular,

I ||x—su))< )
2‘l°g(||y—s|| = ka(®7).

Proof The second assertion follows from the first since

=yl ( (||x—s||—||y—s||)2)
h h
areos (1+2||x—s||||y—su)Zarcos Y gl - g

_ lx = &Il IIy—EII)_' (le—éll)‘
oo (a1 + 2we) = s ()|
To prove the first assertion, notice that since x, y, £ are all co-linear both sides of
the desired inequality are invariant under affine transformations, in particular we can
replace £2 by A2 for some affine map A. Now let H be a real hyperplane through &
which does not intersect §2. Using an affine transformation we may assume & = 0,
x = (x1,0,...,0),y = 1.0,...,0), H = {(z1.....24) € C? : Im(z;) = 0}, and

2 C{(z1,....z4) € C?: Im(z;) > 0}.
Then if P : C? — C is the projection onto the first coordinate, we have

ko(x,y) = kpie)(x1,y1) = ko (x1,y1) = 5 arcosh (1 + =] )

ZIm(xl) Im(yl)
1 _ 2
> _arcosh (1 + (b =l ) .
2 2 [x1] [y1]
Since ||x —y|| = |x1 —y1], |[x —&|| = |x1], and ||y — &|| = |v1| the lemma follows.

For a bounded convex domain, Lemma 4.2.4 can be used to establish the
following upper bound of the Kobayashi distance:

Lemma 4.2.7 If 2 C C% is a bounded convex domain and X0 € 2, then there
exists C,a > 0 so that for all x € §2,

1
kg(xo,x) <C+ O(lOg 59(}6)
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In some of the arguments below it will be helpful to have the following “uniform”
version of the above Observation:

Lemma 4.2.8 Forany R, € > 0 there exists C,a > 0 so that: if 2 C C? is a convex
domain, xo € $2, and 8¢ (xo) € [€, 1/€], then for all x € Bg(xp),

ko(x,x0) < C+ alog (SQl(x))

Proof Fix x € Bg(xo) and define

E=x+ Sa(x) (x—x0) € £2.

[l = xoll

Then consider the curve o (f) = £ + ¢ "(xo — &). Notice that o (*) = x when

" 1
t* =log (||x — xo|| + 8 (x)) + log .
3a(x)
Since 8o (x) < 8p(xo) + R < 1/€ + R we have
" 1
t* <log (2R + 1/¢) + log .
3a(x)

Now, since £2 contains the convex hull of B (x¢) and &, we see that
8a(o(f) > ee.
Moreover,
o' @] =™ llxo =&l < e (o —x[| +82(x) < e 2R+ 1/e).

So
t*

ke (x.x0) < /0 koo (00" (0)dr < / ¢ I =4

* 5
| 500(0) dtf/o (2R/e + 1/€%)dt

= (2R/e + 1/Ht*

< (2R/e +1/€*)log 2R+ 1/€) + (2R/e + 1/€*) log P 1( )
WX

Proof (of Theorem 4.2.1) If §2 contains an entire complex affine line L, then clearly
ko (x,y) = 0 when x,y € L. So we see that (1) implies (2).

Now suppose that £2 does not contain a complex affine line, we claim that
(£2,kg) is a Cauchy complete metric space. Notice that (§2, k) is a metric space
by Lemma 4.2.6. Then by Proposition 4.1.4, it is enough to show that closed metric
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balls are compact. So fix some xp € £ and R > 0, we claim that the closed
Kobayashi ball

Bo(xo,R) = {x € £2 : Ko(x,x0) < R}

is compact. So suppose that x, € B (xo, R). After passing to a subsequence we can
assume that x, converges to & in 2 U {oo}. If £ € 2 then, since the Kobayashi
distance is continuous, £ € B (xg, R).

So suppose that £ € 982 U {oo}. Let L, be the complex line containing x and x,,.
After passing to a subsequence we can assume that the sequence L, converges to a
complex line L (if £ # oo, then passing to a subsequence is unnecessary).

First consider the case when & € 0£2. Then, since £ is contained in a real
supporting hyperplane, we see that there exists §, € 92 N L, so that §, — §&.
But then

. 0 wo—&l
R > limsup kg (x0, x,) > limsup _ log =00
H—>00 n—oo 2 ”xn - & ”

and we have a contradiction.

Next consider the case when & = oco. Then there exists some n € L N 952.
Then, since 7 is contained in a real supporting hyperplane, we see that there exists
N € 082 N L, so that n, — 7. But then

1 W — N
R > lim sup kg (xo, x,) > limsup _ log b = mal =
"o noo 2 [0 =

and we have a contradiction.

Proof (of Proposition 4.2.3) Assume that £ # 7. By passing to subsequences we
may suppose that there exists M < oo such that ko (x,,y,) < M for all n € N. For
each n, let L, be the complex affine line containing x, and y,. Let

€, = min{|[§ —x,| 1 § € L, \ 2 N L,}
and &, € L, \ £2 N L, be a point closest to x,,. Then by Lemma 4.2.6

1 ”yn _%-n“

M > limsup ko (x,,, y,) = limsup  log ” &l
Xn — Sn

n—>o0 n—>oQ 4

1 — x| — €
+ limsup 1o 17—l =€
n—o00 €y

1 - —Cn
> lim sup log”g g 6.

n—>oo en
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Since & # 7 there exists an € > 0 such that B.(x,) N L, C L, N £2 for all n
sufficiently large. Which implies that £ is in the interior of £2 N L in L. The same
argument applies to 7.

4.3 The Space of Convex Domains

Let X, be the set of C-proper convex domains in C¢ and let X0 be the set of pairs
(£2,x0) where 2 C C? is a C-proper convex open set and x € £2.

Givenaset A C CY, let .4/ ((A) denote the e-neighborhood of A with respect to
the Euclidean distance. The Hausdorff distance between two compact sets A, B is
given by

dy(A,B) =inf{e >0:AC AN (B)and BC A (A)}.

Equivalently,

dy(A, B) = max { sup inf ||a — b|| , sup inf ||a — b|| ; .
aeA bEB beB 4€A

The Hausdorff distance is a complete metric on the space of compact sets in C*.

The space of all closed convex sets in C? can be given a topology from the local
Hausdorff semi-norms. For R > 0 and a set A € C? let A® := A N Bg(0). Then
define the local Hausdorff semi-norms by

i (A.B) := dy(A®, B®).

Since an open convex set is completely determined by its closure, we say a sequence
of open convex sets A,, converges in the local Hausdorff topology to an open convex
set A if there exists some Ry > 0 so that

lim d®(A,.A) =0
n—>o00

forall R > Ry.
Finally we introduce a topology on X; and X, using the local Hausdorff
topology:

1. A sequence £2,, converges to 2 in X, if 2, — 2 in the local Hausdorff
topology.

2. A sequence (£2,,x,) converges to (200, X00) in Xy if £2, — 2 in the local
Hausdorff topology and x,, = Xcc.-

Unsurprisingly, the Kobayashi distance is continuous with respect to the local
Hausdorff topology.
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Theorem 4.3.1 Suppose $2,, converges to §2 in X,. Then
ka(x,y) = lim kg, (x,y)
n—>oo

for all x,y € §2 uniformly on compact sets of §2 x 2.

See [60, Theorem 4.1] for a detailed argument.

The group of affine automorphisms Aff(C?) of C¢ acts (in the obvious way) on
X4 and X, 9. Remarkably, this action is co-compact:

Theorem 4.3.2 (Frankel [24]) The group Aff(C%) acts co-compactly on X4, that
is there exists a compact set K C X, so that Aff((Cd) -K = Xy0.

We will sketch the proof of Theorem 4.3.2 below, but we will first describe an
application. As an immediate corollary to Theorem 4.3.2 we have:

Corollary 4.3.3 Suppose f : Xg0 — R. is a function which is continuous in the
topology of X, and affine invariant, that is

JA($2.x) = f(£2.x)
forany A € Aff(C?) and (£2,x) € Xg0. Then there exists cq, Cq > 0 so that

cg =f =Cy.

This corollary says that naturally defined objects on convex sets are naturally
comparable. For instance using language from [46, Section 9.2], we call a continu-
ous map F which associates to each (£2,x) € X;9 a norm Fg(x;-) on 7,82 = C?a
natural affine metric. Given a natural affine metric, we can define the length of an
absolutely continuous curve ¢ : [a, b] — £2 by

b
t5(0) = / Fo(o(0:0'(0)dt

and then a distance by

d5(x,y) = inf {Kg (0) : 0:[a,b] — £2 is absolutely continuous,
with o(a) = x, and (D) = y}.
The Kobayashi metric is an example of a natural affine metric and using Frankel’s
co-compactness theorem we immediately have the following:

Corollary 4.3.4 Suppose F is a natural affine metric. Then there exists Cq > 0 so
that

1
c Fo(x;) <kg(x;) < CaFql(x;-)
d
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for all (82,x) € X40. In particular,

1

¢, da(y) = ka(x.y) < Cadg(x.)

forall 2 € X;and x,y € 2.

See [24] for more results of this nature and [46, Section 9.2] for similar results
in the real projective setting.

We begin the proof of Theorem 4.3.2 with a simple lemma:

Lemma 4.3.5 Let ey, ..., eq be the standard basis of C* and for 1 < i < d define
the complex (d — i — 1)-plane P; by

d—i
P, = ei+ZZjei+j:Zla---aZd—i€(C
Jj=1

Let K C X be the set of pairs (§2,0) where

1. De; C 2 forl <i<d,
2PN =0@forl <i<d.

Then K is compact in X, .

Proof Suppose (£2,,,0) is a subsequence in K. By passing to a subsequence we can
assume that §2,, converges in the local Hausdorff topology to some closed convex
set ¢ C C. ThenDe; C € for1 < i < d and so € has non-empty interior. Let
£2 be the interior of ¥’. We claim that §2 is C-proper and is in K. Assuming, for the
moment, this claim we see that (£2,,,0) converges to (£2,0) in X;. Since (£2,,0)
is an arbitrary subsequence in K we then see that K is compact.

We now prove that §2 is C-proper and is in K. Now foreachnand 1 <i <d
there exists a real hyperplane H; , so that P; C H;, and H;,, N 2, = @. By passing
to a subsequence, we can suppose that H;, converges to some real hyperplane H;.
Now by construction P; C H; and H; N §2 = @. Now for each 1 < i < d there exists
v; = (U“, ey Ui,d) so that

H;={zeC?:Re(v;,z) = 1}.
Since P; C H;, we see that v;; = 0 forj > iand v;; = 1. Thus vy, ..., vg forms a
basis for C7.

Now suppose that L is a complex line, we claim that L is not contained in £2. Fix
a,b € C% so that

L={b+az:zeC}.
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Then, since vy, . . ., vy is a basis of C?, there exists 1 < i < d so that (vi, a) # 0.But
then L N H; # @ and so L is not contained in §2. Since L was an arbitrary complex
line, we see that §2 is C-proper.

Proof (Proof of Theorem 4.3.2) Suppose that (§2,x) € X, and let K be the compact
set defined in Lemma 4.3.5. We will show that there exists A € Aff(C?) so that
A(R2,x) € K. Let T € Aff(CY) be the translation T(z) = z — x. Then T(£2,x) =
(T$2,0).

We next pick points &, ...,&; € 0TS2 as follows: first let & be a point in 9752
closest to 0. Then assuming &1, ..., & have already been selected, let V; be the
maximal complex subspace through 0 orthogonal to the lines {R-& : 1 < i < k}.
Then let &4 be a point in V; N T $2 closest to 0.

Once &1, ..., &; have been selected let 7; = ||&| for I < i < d. Nextlet A €
GL,(C) be the linear map

and let U be the unitary map so that
AUG) = e

Notice thatif 2’ = (AUT)S2,thenDe; C 2’ foralll <i <d.
Now since §; is a point in V; N dT$2 closest point to 0, we see that the complex
plane

d
Pi= e + Z %€ Zif1,...,2 €C
j=it+1

does not intersect £2’. So (AUT)(£2,x) € K.
We end this section with one more application of Frankel’s compactness theorem.

Theorem 4.3.6 ([25, 41]) Suppose 2 C C? is a C-proper convex domain. If there
exists ¢, € Aut(£2), x € 2, and £ € 02 so that ¢,x — £ and 082 is C* at &, then
Aut(£2) contains a one-parameter group.

Here is a sketch of the proof: fix the compact set K C X, from the proof of
Theorem 4.3.2 and consider the pairs (2, ¢,x). Let A, € Aff(C?) be the affine
automorphism constructed in the proof of Theorem 4.3.2 so that A, (£2, ¢,x) € K.
Now since K C X, is compact we can pass to a subsequence so that A, (£2,, ¢,x)
converges to some (£2s0,Xo0) in Xy 0. Since the map A,p, : £2 — A, is an
isometry with respect to the Kobayashi metric, using Theorem 4.3.1 one can show
that A,@, converges locally uniformly to a bi-holomorphic map F : 2 — 2.
Then, using the fact that £ is a 2 point of 052, one can show that 2, contains the
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real line {te; : t € R}. Since 2+ is convex we then see that {z+te; : r € R} C £
if 7 € £20. Hence Aut(£24) contains the one-parameter group {u,},cr given by

u(z) = z + tey.

Since §2 is bi-holomorphic to 2., we see that Aut(§2) contains a one-parameter

group.
Theorem 4.3.6 plays a key role in the proof of the following theorem of Frankel:

Theorem 4.3.7 ([25]) Suppose 2 C C% is a bounded convex domain and there
exists I' < Aut(§2) a discrete group which acts properly, freely, and co-compactly
on $2. Then $2 is a bounded symmetric domain.

The idea is to first use Theorem 4.3.6 to first show that Aut(£2) is non-discrete.
Then Frankel argues that Auty(£2), the connected component of the identity in
Aut(£2), is a semi-simple Lie group which acts transitively on £2. The argument
is the second step was later generalized in [27, 49] and is related to some rigidity
results in the Riemannian setting, see [21, 22, 55].

4.4 Finite Type is Necessary

In this section we sketch the proof of:

Theorem 4.4.1 Suppose 2 C C% is a bounded convex domain with C* boundary.
If (82, kg) is Gromov hyperbolic, then 052 has finite type.
The proof has three main steps:

Step 1 Show that complex affine discs in the boundary are an obstruction to
Gromov hyperbolicity, more precisely: If £2 € C¢ is a C-proper convex domain
and 0£2 contains a non-trivial complex affine disc, then (£2, kg;) is not Gromov
hyperbolic.

Step2  Show that §-hyperbolicity is a closed condition in X;, more precisely: If
£2, converges to §2 in X; and each (£2,, kg, ) is §-hyperbolic, then (2, ko.,)
is Gromov hyperbolic.

Step3  Show that zooming in on a point of infinite type produces an affine disc
in the boundary, more precisely: If 2 € C is a bounded convex domain with
C® boundary and x € 952 has infinite type, then there exists a sequence of affine
maps A, € Aff((Cd) so that A, §2 converges to some §2 in X, and 0§24, contains
a non-trivial complex affine disc.

Combining the three steps proves Theorem 4.4.1. We should emphasize that this
approach avoids the need to establish estimates for the Kobayashi distance near a
point of infinite type.



4

Gromov Hyperbolicity of Bounded Convex Domains 81

We begin with the sketch the proof of:

Proposition 4.4.2 If 2 C C% is a C-proper convex domain and 32 contains a
non-trivial complex affine disc, then (82, kg) is not Gromov hyperbolic.

Remark 4.4.3

1.

2.

Proposition 4.4.2 was proven when 2 is bounded and 952 is C* in [31], when
052 is C"! and d = 2 in [50], and in full generality in [60].

By [28], if £2 is a convex set then 052 contains a non-trivial complex affine disc
if and only if 92 contains a non-trivial holomorphic disc.

The proof of Proposition 4.4.2 is based on three ideas:

. In a Gromov hyperbolic geodesic metric space, quasi-geodesics triangles are

thin.

. When £ C C?is convex, straight lines can be parametrized as quasi-geodesics

in (2, ko).

. If 982 contains a non-trivial complex affine disc, then a quasi-geodesic triangle

consisting of straight lines with one side parallel to this disc is fat.

Here are the details of each step:

Definition 4.4.4

1.

Suppose (X, d) is a metric space, I C R is an interval, A > 1, and B > 0. A map
o : I — X s called a (A, B)-quasi-geodesic if

1
=5l =B =d@().0() <Ali—s| +B

forall s,t € I.

. A (A, B)-quasi-geodesic triangle in a metric space (X, d) is a choice of three

points in X and (A, B)-quasi-geodesic segments connecting these points. A
(A, B)-quasi-geodesic triangle is said to be M-thin if any point on any of the
sides of the triangle is within distance M of the other two sides.

Lemma 4.4.5 ForanyA > 1, B > 0, and § > 0 there exists M > 0 such that: if
(X, d) is 5-hyperbolic, then every (A, B)-quasi-geodesic triangle is M-thin.

Proof This follows from the fact that quasi-geodesics are always shadowed by
actual geodesics, see for instance [19, Theorem 1.3.2].

Lemma 4.4.6 Suppose 2 C C? is a convex domain. Assume x € 2 and &€ € IR
are such that §o (x; € —x) > € and ||x — €| < R for some €,R > 0. If

o) =E+e(x—§)
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then

|t — o] < Ka(o(t1).0(r2)) < (2R/€) |1 — 1o
forallt,,t, = 0. In particular, the line segment [x, &) can be parametrized to be an
(2R /¢, 0)-quasi-geodesic in (£2, k).

Remark 4.4.7 This lemma not only says that every bounded line segment in £2 can
be parametrized to be a (A, B)-quasi-geodesic, but also that the parameters A, B can
be chosen to depend on simple geometric quantities.

Proof First notice that Lemma 4.2.6 immediately implies that
[t — 0] < ka(o(n),0(t2))

forall t{,t, > 0.
Now §2 contains the convex hull of £ and B¢ (x) N L where L is the complex line
containing x and &. This implies that

Sa(a(t);0(t) > ee™™

for all > 0. Then when #, > #; > 0, Lemma 4.2.4 implies that

n

ka(o(n);o'(1)dr < /2 59(|(|7C2;¥)J(,)) )

t22 _
5'/‘ ”xe s < @R 1 — 1.

n

kdd@ﬁmnff

n

With these two lemmas we can sketch the proof of Proposition 4.4.2 (complete
details can be found in [60, Theorem 3.1]):

Proof (Proof of Proposition 4.4.2) Suppose for a contradiction that (§2,kg) is
Gromov hyperbolic.

Fix a point xo € §2 and a complex line L so that L N 92 has non-empty interior
U in L. Fix a point £ € U. Since §2 is C-proper, d U # @. So fix a point n € 9 U.
Next consider the curves oz, 0, : R>o — £2 given by 0:(f) = £ + ¢~ (xo — ) and
oy(t) = n+ e (xo —n). For T > 0 let {7 be the real line

{s0:(T) + (1 —5)0y(T) : s € R},

Since n € dU, for T large there exists some z7 € 052 N {7 so that we have the
ordering 0,(T), oy(T), zr along £7. Notice, that because n € d U, we have

lim zr = 1.
T—o00
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Finally consider the curve yr : R — §2 givenby yr(1) = 0:(T) +e " (zr—0,(T)).
Using Lemma 4.4.6 there exists A > 1 so that the curves oy, 0y, and yr are all
(A, 0)-quasi-geodesics. Then there exists M > 0 so that every (A, 0)-quasi-geodesic
triangle in (£2, kg;) is M-thin.
Now using Proposition 4.2.3 and the fact that n € d U, one can find 7y > 0 so that

M < ko(0:(10). 0y).
Next, using Lemma 4.2.6, we can find Ty > £, so that

M < kg (0:(t0), yr,)-

But then the (A, 0)-quasi-geodesic triangle with vertices xo, 0¢(70), 0,(To) and sides
0¢, 0y, and yg, (restricted to appropriate intervals) is not M-thin. So we have a
contradiction.

We now show that §-hyperbolicity is a closed condition in X,.

Proposition 4.4.8 If 2, converges to some §2o, in X, and each (§2,,kg,) is -
hyperbolic, then ($20, ko) is Gromov hyperbolic.

The proof will use the formulation of Gromov hyperbolicity using the Gromov
product. We recall that, for a metric space (X, d), the Gromov product of three points
0,y,z € X is defined to be:

1
@y =, (d(0.x) +d(0.y) — d(x.y)).

Using the Gromov product it is possible to give the following definition of Gromov
hyperbolicity.

Definition 4.4.9 A metric space (X, d) is called §-product-hyperbolic if

(x[y)o = min{(x|2),, (z]y)o} — &

forall o,x,y,z € X.
This notion of hyperbolicity is essentially equivalent to the definition in terms of
thin triangles, in particular the proof of Proposition III.H.1.22 in [18] implies:

Theorem 4.4.10 There exists ¢y, c, > 1 so that:

1. If (X,d) is a proper geodesic §-hyperbolic metric space then (X,d) is c,6-
product-hyperbolic.

2. If (X,d) is a proper geodesic §-product-hyperbolic metric space then (X, d) is
c26-hyperbolic.

Remark 4.4.11 One advantage of the product definition of hyperbolicity is that the
definition make sense even if the metric space (X, d) is not geodesic.
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Proof (Proof of Proposition 4.4.8) Since each (£2,, kg, ) is ¢18-product-hyperbolic
using Theorem 4.3.1 we see that (2.,ko.) is cid-product-hyperbolic. So
(200, ko.,) is c1c28-hyperbolic and hence Gromov hyperbolic.

The final step in the proof of Theorem 4.4.1 is proving the following:

Proposition 4.4.12 If 2 C C% is a bounded convex domain with C*® boundary and
x € 082 has infinite type, then there exists a sequence of affine maps A, € Aff(C?)
so that A, $2 converges to some 2o in Xy and 082 contains a non-trivial complex
affine disc.

The proof is a fairly straightforward application of Taylor’s theorem applied to a
defining function for 92 near a point of infinite type, see [60, Proposition 6.1] for
details.

Proof (of Theorem 4.4.1) Suppose 2 C C? is a bounded convex domain with C*°
boundary. Assume for a contradiction that (§2, k) is Gromov hyperbolic and 02
contains a point of infinite type. Then by Proposition 4.4.12, there exists a sequence
of affine maps A, € Aff((Cd) so that A,£2 converges to some 2 in X; and 02
contains a non-trivial complex affine disc. Now the map A, induces an isometry
(£2,kg) to (A2, ka,e2). So there exists 6 > 0 so that each (A,£2,ka,) is 8-
hyperbolic. Then Proposition 4.4.8 implies that (2o, kg, ) is Gromov hyperbolic.
But this contradicts Proposition 4.4.2 since 0§24, contains a non-trivial complex
affine disc.

4.5 Finite Type is Sufficient

In this section we sketch the proof of:

Theorem 4.5.1 Suppose 2 C C% is a bounded convex domain with C>® boundary.
If 052 has finite type, then (52, ko) is Gromov hyperbolic.

4.5.1 The Special Case of the Unit Ball

To motivate the proof of Theorem 4.5.4 we begin by proving that the Kobayashi
metric on the unit ball B C C? is Gromov hyperbolic. There are many ways to do
this, but the proof we will present only relies on the following four basic properties
of the metric space (B, kp):

1. (Symmetry) For any x € B there exists ¢ € Aut(B) so that ¢(x) = 0.
2. (Well behaved geodesics) If 0 : R — B is a geodesic, then the limits

lim o(¢f) and lim o(?)
—>00 —>—00

both exist in dB and are distinct.
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3. (Limits of geodesics) Suppose that xo € B and a sequence y, € B converges to a
point £ € dB. If 0, : [0, T,,] — B is a geodesic with 0,,(0) = x¢ and 0,,(T,,) = y»
then o, converges locally uniformly to a geodesic o : [0, 00) — B and

Jim o0 =&

4. (Visibility) Suppose that x,,,y, € B, x, — & € 0B, y, — n € dB, and § # n.
If 0, : [au, by] — B is a geodesic with 0,,(a,) = x, and 0,(b,) = y,, then there
exists T, € [ay, b,] so that g, (- + T,) converges locally uniformly to a geodesic
o:R—B.

Remark 4.5.2 These are not a minimal set of properties. In particular, Property 4
implies Property 3 and also the existence part of Property 2.

Theorem 4.5.3 (B, kg) is Gromov hyperbolic.

Proof Suppose for a contradiction that (B, kg) is not Gromov hyperbolic. Then there
exists points x,, yu, z, € B, geodesic segments o,,y,, 0y,z,, Oz,x, joining them, and a
point u, in the image of oy, such that

k]B(unaGy,,z,, @] GZan) > n.

Using Property 1 of B we can assume that u, = 0.
Next, by passing to a subsequence, we can assume that

-xns Ym ZV[ - xO()?yOOs ZOO S B'

Since kg (U, {Xn, Yn» 2ny) = kg (Utn, 0y,z, U 0z,x,) > 1 we see that Xeo, Yoo, Zoo € B.

We can parametrize each oy, so that oy, (0) = 0. Then using Property 3, the
geodesics oy,y, converge locally uniformly to a geodesic o : R — B with

lim o(f) = X0 and lim 0 (f) = yoo.
—>—00 —>00

By Property 2, we must have xoo # Yoo. Thus, after possibly relabeling, we may

assume that zoo 7 Xoo-

Then using Property 4 we can assume that oy, ;, converges locally uniformly to a
geodesic y : R — B. But then

kg(0,y(0)) = lim kg (0, 0y,,,(0)) > lim kg(0, 0y,;,) = 0O.
n—>00 n—>00

So we have a contradiction and thus (B, kg) must be Gromov hyperbolic.
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4.5.2 The General Case

The fact that Aut(B) acts transitively on B plays a major role in the proof of
Theorem 4.5.3. Unfortunately, for a general convex domain §2 it is suspected that the
group Aut($2) will be quite small (see for instance [35] and the references therein).
However, the proof that (B, kg) is Gromov hyperbolic can be adapted to general
convex domains if we replace the action of Aut(B) on B by the action of Aff(C?)
on Xd’().

Briefly delaying definitions we will establish the following sufficient condition
for the Kobayashi metric to be Gromov hyperbolic:

Theorem 4.5.4 Suppose §2 is a C-proper convex domain. Assume for any sequence
u, € 2 there exists n, — 0o and affine maps Ay € Aff(C?) so that

1. Ax(82, uy, ) converges to some (20, Uoo) in Xy,
2. geodesics in ($200, kg, ) are well behaved,
3. AxS2 is a visibility sequence.

Then (82, kg) is Gromov hyperbolic.
We now define “well behaved geodesics” and “visibility sequence.” Given a
curve o : R — C? define the backward and forward accumulation sets as

0(00) := {z € C?U{oo} : there exists £, — oo with o (t,) — z}
and
o(—00) 1= {z € C?U{oo} : there exists t, — —oo with (1) — z} .

Definition 4.5.5 Suppose £2 C C? is a convex domain. We say geodesics in
(82, kg) are well-behaved if for every geodesic 0 : R — §2 we have

o(o0) No(—o0) = @.

Definition 4.5.6 Suppose £2, converges to 2 in X;. We say £2, is a visibility
sequence if for every sequence o, : [a,,b,] — £2, of geodesics with o,(a,) —
§ € 00200 U {00}, 0,(b,) — n € 08200 U {00}, and § # 7 there exists ny — 00
and Ty € [ay,, by] so that 0, (- + Ti) converges locally uniformly to a geodesic
0:R—> Q.

Remark 4.5.7 Definition 4.5.5 is a weaker version of Property 2 for the unit ball. In
the case of general convex domains, we do not know that that the limit of geodesic
lines exist which leads us to consider the forward and backward accumulation sets.
Also, there exist convex domains where two points are joined by many different
geodesics and hence it is necessary to pass to a subsequence r; in Definition 4.5.6.

Before starting the proof of Theorem 4.5.4 we will show that limits of geodesics
in a visibility sequences satisfy a natural analogue of Property 3 for the unit ball:
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Lemma 4.5.8 Assume that §2,, is a visibility sequence converging to some §2q0 in
Xy. Suppose that xy € $200 and a sequence y, € £2, converges to a point § €
08200 U {o0}. If 0, : [0, T,)] — $2,, is a geodesic with 0,,(0) = x¢ and 0,(T,) = yn
then there exists n — oo so that o, converges locally uniformly to a geodesic
0 :[0,00) > 2o and

Jim ot =&

Proof Using Theorem 4.3.1 we can pass to a subsequence so that o, converges
locally uniformly to a geodesic o : [0, 00) = 2.
Now suppose for a contradiction that

lim o(r) # &

Then there exists s,, — oo so that g (s,,) — nand n # £. Since g, converges locally
uniformly to o we can pick s/, so that 0,(s},) — 7. Since 7 € 9§25 U {00} we see
that s/, — oo.

Now let y, = crn|[S; 1,]- Since §2, is a visibility sequence in X; we can pass to
another subsequence and find S,, € [s],, T,,] so that the geodesics y, (- +S,) converges
locally uniformly to a geodesic y : R — 2. But then

ono ()/(O), U(O)) = nll>nolo an (Vn(Sn)7 On (O)) = nllzgo an (Gn (Sn)v On (0))

= lim S, = oo.
n—>oo

So we have a contradiction.

Proof (of Theorem 4.5.4) Suppose for a contradiction that (£2, kg;) is not Gromov
hyperbolic. Then there exists points x,,y,,z, € §2, geodesic segments O,y,, Oy,z,
02,x, joining them, and a point u, in the image of oy,,, such that

kQ (Mn, O—ynZn U Uanlz) > n.

Now, we can pass to a subsequence and find affine maps A, € Aff(C?) so that

1. A,($2, u,) converges to some (200, Uso) in Xy,
2. geodesics in (200, ko, ) are well behaved,
3. A,£2 is a visibility sequence.

Next, by passing to a subsequence, we can assume that

A, ApYns AnZn = Xoo, Yoo, Zoo € §200 U {00},
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Since

kA-Qn (Aunv {Axm Ayns AZV!}) = kQ,, (I/tn, {-xnv Yu, Zn})

> kQ,, (una Oy,zn u Cyznx,,) >n

we see that Xeo, Yoo, Zoo € 08200 U {00}.

Using Theorem 4.3.1 and passing to a subsequence we can assume that A0y,
converge locally uniformly to a geodesic 0 : R — 2. Then using Lemma 4.5.8
we have that

lim o0(f) = xs and lim 0 (f) = yeo.
t—>—00 1—>00

Since geodesics in (200, ke, ) are well behaved, we must have xoo 7# Yoo. Thus,
after possibly relabeling, we may assume that 7o, 7 Xoo-

Then using the fact that A, £2 is a visibility sequence we can assume that A0,
converges locally uniformly to a geodesic y : R — §24. But then

koo (oo, Y(0)) = lim ka0 (Apttn, AnOy,z,(0)) > lim ko (up, 0y,,,) = 00.
n—>00 n—00

So we have a contradiction and thus (£2, k) must be Gromov hyperbolic.

4.5.3 Rescaling Convex Domains of Finite Type

In the context of studying bounded convex domains of finite type with non-compact
automorphism groups, Bedford and Pinchuk [6] and later Gaussier [29] proved
results about the action of Aff(C?) on convex domains of finite type. Using their
arguments it is possible to establish the following:

Theorem 4.5.9 Suppose 2 C C'*' is a convex domain such that 382 is C* and

has finite line type L near some § € 052. If u, € 2 is a sequence converging to &,
then there exists ny — oo and affine maps Ay € Aff(C?) such that

1. ArS$2 converges in the local Hausdorff topology to a C-proper convex domain
200 Of the form:
o0 = {(z0,21 ..., 24) € C?: Re(z0) > P(z1, 22, . .., 24)}

where P is a non-negative non-degenerate convex polynomial with P(0) = 0,
2. Aklty, —> Uoo € Roo,
3. If x; € 2 and liminfy_, oo ||xx — &|| > O then lim,_, o Axxy = 00, and
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4. for any R > 0 there exists C = C(R) > 0 and N = N(R) > 0 such that
Sne(piv) < Copa(p)*

forallk > N, p € Bg(0) N A2, and v € C non-zero.
For a detailed proof see [60, Theorem 10.1].

4.5.4 Visibility Sequences

In this subsection we describe how the estimate

Sa.2(piv) < Coan(p) /"
in the statement of Theorem 4.5.9 implies that the rescaled domains A2 form a
visibility sequence.

There are a number of visibility type results in the literature for both complex
geodesics and (real) geodesics. Chang, Hu, and Lee proved that complex geodesics
in a bounded strongly convex domain satisfy a visibility condition (see [20,
Section 2]). Shortly after, Mercer [48] extended these results to L-convex domains,
that is convex domains £2 C C“ where there exists C > 0 such that

8a(p;v) < Cso(p)V/E 4.1

for all p € £2 and v € C? non-zero. Every strongly convex set is 2-convex.
Karlsson [38] proved a visibility result for geodesics only assuming 952 had C'*
boundary, the metric space (§2, k) was Cauchy complete, and the Kobayashi metric
obeyed the estimate in (4.1). Recently, visibility results for both real and complex
geodesics have been established for domains which do not satisfy the estimate
in (4.1), see [14, 15, 61].

In [60], we adapted Mercer’s argument to prove a visibility result for sequences
of geodesic lines 0, : R — 2, when £2, is a sequence of convex sets which
converges in X, and satisfies a uniform L-convex property. The proof in [60] was
quite complicated: first a visibility result for complex geodesics was established and
then this was used to establish a visibility result for geodesics. In this subsection we
provide simpler proof of this result using an argument from [15].

Proposition 4.5.10 Suppose §2,, converges to 2 in X,. Assume for any R > 0 there
exists C = C(R) > 0, N = N(R) > 0, and L = L(R) > 0 such that

80,(piv) < C8g,(p)V/*

foralln > N, p € Bg(0) N £2,, and v € C non-zero.
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If o, : [an, by] — $2,, is a sequence of geodesics such that 6, (a,) — & € 08200 U
{00}, 0u(by) — 1 € 08200 U {00}, and & # 1 then exists ny — oo and Ty € [ay,, by ]
so that o, (- + Ty) converges locally uniformly to a geodesic 0 : R — 2.

The following argument is the proof of [15, Theorem 1.4] taken essentially
verbatim.

Proof Since £ # 1 at least one must be finite. So (after possibly relabeling) we can
fix R > 0so that § € 052 NB(0) and there exists b/, € [a,, b,] so that 0,([a,, b]) C
Br(0), 0,(b,) - n' € £2,and £ # n'. Fix C,N, L > 0 so that

80,(p;v) < Cég, (p)/*

foralln > N, p € Bg(0) N £2,,, and v € C? non-zero.
By reparametrizing each o,, we can assume, in addition, thata, < 0 < b; and

82,(0,(0)) = max{8q, (0,(1)) : 1 € [a,, b]}.
Then by passing to a subsequence we can assume a, — a € [—00,0] and b, — b €
[0, o0].

Since £2, is C-proper, (§2, k) is Cauchy complete and so by Proposition 4.1.2
we have:

Kko(04(1); 0,(1)) = 1
for almost every ¢ € [a,, b,]. This implies that

1
ko (Un(t); ||U,§l(t)|| U,/l(l‘))

for almost every ¢ € [a,, b,] andn > N.
Since each £2,, is convex,

low@ | = < 280(0,(1); 1)) < (20)8g, (04(1)V/E

vl )
280 (o) — <O (x5 v)

forall x € £2, and v € C? nonzero. Since §2, — £2 there exists M > 0 so that
8o, (x;v) <M

for all x € Bg(0) N §2, and v € C? non-zero. Then

!ﬁ <ke,(x;v)
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forall x € Bg(0) N £2, and v € C% In particular,

oy = 1 <2m

ko (05 o0

for almost every t € [a,, b,]. So each 0,|,.) is 2M-Lipschitz (with respect to
the Euclidean distance) and by passing to a subsequence we can assume 0,|(q, .2/

converges locally uniformly on (a, b) to a curve o : (a,b) — §2 (we restrict to the
open interval because a could be —oo and b could be 00). Notice that a # b because
each o, is 2M-Lipschitz and so

0 < [§—n'] = lim |ou(an) —0u(®))| <2M |b—al.

Claim 1 o : (a,b) — §2 is a constant map.

Proof By construction

82,(0n(1)) = 80,(0,(0))

forr € [a,, D] and s0 8¢, (0,(f)) — O uniformly. But thenif u < wand u, w € (a, b)
o = o0l = i o @) = 3,00 < timsup [ o)
n—>oo u

< lim sup/ Cég, (0,(£))VFdr = 0.

n—>oo

Thus o is constant. <
We will establish a contradiction by proving the following:

Claim 2 o : (a,b) — §2 is not a constant map.
Proof Fix xyp € §2. Then by Lemma 4.2.8 there exists C, o« > 0 so that

1
kg, (x,x0) < C+ alog 5o ()

for all n sufficiently large and x € Bg(0) N £2,,. Therefore for n sufficiently large and
t € lay, b)) we have

|t| = an (O'n(O), Un(t)) = k.Q,, (Un(o)vXO) + kQ (X(), Un(t))
1

=208 (6,000, (0(0)”
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Thus for n sufficiently large and ¢ € [a,, b],] we have

82,(0u(1) < V/82,(02(0)3g,(04(1) < Ae™

where A = €T/ and B = 1/(2al).
Thus for almost every ¢ € [a,, b,] we have

Har/t(t) H =< C(Sgn(gn([))l/L < Cle_rM

where C; = CA and r = B/L.
Now fix @', b’ € (a, b) so that

’

a b
e:= lim [0, (b)) — 0u(an)| > / CreMdr + / CreMdr
n—>oQ ,

Then

[o@) = o(@)]

a b

= lim_ou) - on@)|
= nl_l)ngo ( Hon(b;) - Un(an)H - ”Un(b;g) —on(b) ” - Han(a/) - Un(“n)H )

/

b
> € —lim sup/ Hor/l(t)H dr — lim sup /‘a Hor/l(t)H dr
n—>o00 Jp/ n—>o0 Ja

b, a
> € — limsup Cle_rlr‘dt—lirnsup Cre"Mdr > 0.
n—>o00 Jp/ n—>00 Ja,

Thus o : (a,b) — £2 is non-constant. <
The above contradicts Claim 1.

4.5.5 Well Behaved Geodesics

Theorem 4.5.11 Suppose 2 C C? is a C-proper convex domain and every point in
082 has finite line type. If 0 : R — §2 is a geodesic, then the limits

lim o(¢) and lim o(?)
—>00 —>—00

both exist in 052 U {oo}. Moreover, if one of the limits is finite, then they are distinct.

Proof By Proposition 4.1.6, for any R > 0 there exists C = C(R) > O and L =
L(R) > 0 such that

Sa(piv) < Céa(p)V/-
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for all p € B(0) N £2 and v € C? non-zero. It then follows from Proposition 4.5.10
that the constant sequence 2, = §2 is a visibility sequence. So by Lemma 4.5.8 the
limits lim,—, o0 0 (¢) and lim,—,_, o (¢) both exist in €2 U {oco}.

Now suppose for a contradiction that lim,— 0(f) = lim;—,_oo 0(f) = £ € 052.
By hypothesis, 052 has finite line type at £&. Now let v(£) be the inward pointing
normal line at £ and fix a sequence #, ™\ 0. Then we can apply Theorem 4.5.9 to
the sequence (£2,& + £,v(§)(§)). After passing to a subsequence, Theorem 4.5.9
implies the existence of affine maps A, so that

1. A,$2 converges to some 2 in Xy,
2. A,S2 is a visibility sequence,
3. A,0(0) — oo.

In addition, since & + #,v(§)(§) converges to & non-tangentially, the proof of
Theorem 4.5.9 implies that we can assume that A, = 0. Now since lim,_, o, () =
lim,—_oo 0 () = £ we can pick b, — oo and a, — —o0 so that

lim A,0(b,) = lim A,0(a,) =0.
n—>oo n—>oo

Next consider the sequence of geodesics y, = A,0|jos,) and 0, = An0(4,.0]
mapping into A, 2. Since A, 2 is a visibility sequence there exists s, € [0, b,] and
t, € [an, 0] so that A,0(s,) — p € 2 and A,,0(t,) — g € 2. Since A,,0(0) —
oo we see that s, — oo and ¢, — —o0. Then

Kowa (p.0) = T ka2 (4,0 (5), 400 (1)) = 1im ke (0(5), (1))

= lim s, — 1, = 0.
n—>oQ
So we have a contradiction.
As an immediate corollary we obtain that geodesics are well behaved on bounded
convex domains with finite type:

Corollary 4.5.12 Suppose 2 C C? is a bounded convex domain with C*
boundary and 052 has finite type. If 0 : R — £2 is a geodesic, then the limits
lim;—s o0 0 () and lim;—_, 0 () both exist in 052 and are distinct.

We can also use Theorem 4.5.11 to prove that geodesics are well behaved on
polynomial domains:

Corollary 4.5.13 Suppose 2 C C¢ is a domain of the form
2 = {(z0,21---,20) € C""' : Re(z0) > P(z1,22, - -, 2a)}

where P : C? — R is a non-negative, non-degenerate, convex polynomial with
P(0) =0.

If o : R — $2 is a geodesic, then lim,_, », 0 (t) and lim,_,_, 0 (t) both exist in
082 U {oo} and are distinct.
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Proof Since every point in 052 has finite line type, Theorem 4.5.11 implies that
lim,—, o, 0 (¢) and lim,_,_o, 0 (f) both exist in d§2 U {oo}. Moreover, if one of the
limits is finite then they are distinct.

So suppose for a contradiction that lim,—, o, 0 (¢) = lim;—_oc 0(¢) = 00.

The idea of the proof'is to use a version of Theorem 4.5.9 for polynomial domains
where the sequence u,, is allowed to be unbounded. The key step is defining a multi-
type at oo for such domains, see [60, Section 12] for details. In particular, by [60,
Proposition 12.1] we can pick a sequence of linear maps A, € GL;4(C) so that

1. A,$2 converges to some 2 in Xy41,
2. A,S2 is a visibility sequence,
3. lim,— ||An]| = O.

Now part (3) implies that A,0(0) — 0. Since lim;—o0 0(f) = limy_o0 0() = 00
we can pick b, — oo and a, — —oo so that

lim A,0(b,) = lim A,0(a,) = oo.
n—>oo n—>0o0

Next consider the sequence of geodesics y, = A,0|j0,5,] and 0, = A,0(4, 0] mapping
into A, §2. Since A, §2 is a visibility sequence there exists s, € [0, b,] and ¢, € [a,, 0]
so that A,0(s,) = p € 2o and A,0(t,) — q € 2. Since A,,0(0) — 0o we see
that s, — oo and t, — —o0. Then

kowa (p.0) = T ka2 (4,0 (5), 400 (1)) = 1im ke (0(5), (1))

= lim s, — t, = o0.
n—oo

So we have a contradiction.

4.5.6 Finite Type Implies Gromov Hyperbolic

Suppose £2 C C?is a bounded convex domain with finite type. To show that (£2, kg)
is Gromov hyperbolic, it is enough to verify the hypothesis of Theorem 4.5.4. So let
u, € £2 be a sequence. By passing to a subsequence we can assume that u, — & €
2.

If £ € 2 then A, = 1d satisfies the conditions in Theorem 4.5.4:

1. Clearly 1d(£2, u,) = (§2, u,) converges to (§2, ) in X,.

2. By Corollary 4.5.12, geodesics in (£2, kg;) are well behaved.

3. By Proposition 4.1.6 and Proposition 4.5.10, the constant sequence 2 is a
visibility sequence.

Next consider the case in which & € 0£2. Using Theorem 4.5.9, Proposi-
tion 4.5.10, and Corollary 4.5.13 we can pass to a subsequence and find A4, €
Aff(C?) so that
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1. A,(82, u,) converges to some (£2o0, Uso) i Xy,
2. geodesics in (200, ko, ) are well behaved,
3. A,£2 is a visibility sequence.

In either case we can find affine maps A, satisfying the hypothesis of Theo-
rem 4.5.4. Hence (£2, kg) is Gromov hyperbolic.

4.6 Strongly Pseudoconvex Domains

In this section we show that the proof of Theorem 4.5.1 can be adapted to prove that
the Kobayashi metric on a strongly pseudoconvex domain is Gromov hyperbolic.

Theorem 4.6.1 Suppose 2 C C is a bounded strongly pseudoconvex domain.
Then (82, kg) is Gromov hyperbolic.

It is unclear if the argument we present is simpler than the original argument of
Balogh and Bonk. However, it does adapt to a wider class of domains. In particular,
the argument in this section can also be used to show:

Theorem 4.6.2 Suppose S2 is locally convexifiable and has finite type in the sense
of D’Angelo. Then (§2, ko) is Gromov hyperbolic.
See [60, Section 14] for details.

4.6.1 Estimates

In this subsection we recall some well-known estimates for the Kobayashi metric
and distance on a strongly pseudoconvex domain.

Theorem 4.6.3 Suppose 2 C C? is a bounded strongly pseudoconvex domain.
1. There exists C > 0 so that

vl :
S(o1/2 =9 (x;v)

forall x € 2 and v € C¢ nonzero.
2. For any xy € 2 there exists C > 0 so that

—C + <ko(x,x) < C+

Lot Lo
(0) (0]
2 %500 = 2 %% 50(x)

forall x € $2.
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3. If &,n € 082 are distinct, then there exists neighborhoods V,U of £&,n and a
constant C > 0 so that

1 1 1 1
ko(x,y) > —C 1 1 .
AN = TCH 8w T2 )

forallxe UN 2 andy € VN $2.
4. If & € 082, then there exists a neighborhood U of & and a constant C > 0 so that

byl 1y b=l

ko(x,y) < C+ log 500) 500)

forallx,y e UN $2.
5. If & € 082 and V, is a neighborhood of &, then there exists a neighborhood
Vi € V, of &€ and a constant ¢ > 0 so that

K (x,0) < Kyne(x;v) < e2Wig(x;v)

forallx € Vi N 2 and v € C%.

All these estimates follow from the results in Section 2 of [23].

4.6.2 Behavior of Geodesics

Proposition 4.6.4 Suppose 2 C C? is a bounded strongly pseudoconvex domain.
Assume that x,,y, € 2, x, > £ € 082, y, —> n € 082, and & # n. If 0, : [an, by] —
£2 is a geodesic with o,(a,) = x,, and 6,(b,) = yn, then there exists T, € [ay, by] so
that 0,,(- + T,) converges locally uniformly to a geodesic o : R — §2.

This follows immediately from [38, Lemma 36]. Alternatively, one can prove
Proposition 4.6.4 by simply repeating the argument in the proof of Proposi-
tion 4.5.10 and using the estimates in Theorem 4.6.3 when necessary.

Arguing as in Lemma 4.5.8, we can use Proposition 4.6.4 to establish:

Corollary 4.6.5 Suppose 2 C C% is a bounded strongly pseudoconvex domain.
Assume that xy € §2 and a sequence y, € §2 converges to a point £ € 0d52. If
o, 1 [0,T,] — 2 is a geodesic with 0, (0) = xo and 6,(T,) = y,, then after passing
to a subsequence o, converges locally uniformly to a geodesic o : [0, 00) — $2 and
lim;— 00 0(1) = §.

Proposition 4.6.6 Suppose 2 C C? is a bounded strongly pseudoconvex domain.
If o : R — £2 is a geodesic, then the limits lim,—, _, 0 (t) and lim,—,, o (f) both
exist in 082 and are distinct.

Proof The proof of Theorem 4.5.11 can be adapted to this situation, but we will
provide another argument using the Gromov product. For three points o, x,y € 2
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the Gromov product (x|y), is

1
(xly)o == 5 (ko (x,0) + ko(0,y) — ka(x,y)) .

Using the estimates in Theorem 4.6.3:

1. If £ € 952 then liminf, , ,¢(x[y), = oo.
2. If§,n € 082 and § # n, then limsup, ¢\, (x[y)o < 00.

Now if 0 : R — £2 is a geodesic then

Jim (o ()]0 (t))o) = o0 and lim __ (@()|o(®)e = 0.

—>0o0

So the lemma follows.

4.6.3 Localization

Theorem 4.6.7 Suppose 2 C C? is a bounded strongly pseudoconvex domain and
& € 052. Then there exist neighborhoods Vi € V, € V3 of &, a holomorphic map
@ : V3 — C and some A > 1 so that:

1. @ is a bi-holomorphism onto its image, € := ® (V3N §2) is convex set, and (&)
is a strongly convex point of €, that is 32 is C* and had finite line type 2 near &.
2. Forallx e V,N 2 and v € C¢

ko(x,v) < konv,(x;v) < Akg(x;v).

3. Forallx,y € V, N 2

ko(x,y) < kysne(x,y) <ko(x,y) + A.

4. Ifx,y e ViN Q2 and o : [a,b] — £2 is a geodesic with o(a) = xand o(b) =y
then o ([a, b]) C V.

Proof (Sketch of proof) Since 2 is strongly pseudoconvex, there exist a neighbor-
hood V3 of & and a holomorphic map @ : V3 — C? which is a bi-holomorphism
onto its image, ¥ := @(V3 N §2) is convex set, and @ (£) is a strongly convex point
of € (see for instance [1, Proposition 2.1.13]).

Now by part (5) of Theorem 4.6.3, there exists ¢ > 0 and a neighborhood U, of
& so that U, € V3 and

8o (x)

ky;ne(x;v) <€ ko (x;v)

forallx € U, N £2.
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We claim that there exists a neighborhood V; of £ so that V, € U, and if x,y €
Vo, N 2 and 0 : [a,b] — £2 is a geodesic with 6(a) = x and o(b) = y then
o([a,b]) C U,. Suppose not, then for any n > 0 there exists x,,y, € Bi/a(£), a
geodesic o : [ay,, b,] — §2 with o (a,) = x, and o(b,) = y,, and some ¢, € [a,, b,]
so that o(t,) € £2 \ U,. Now, by passing to a subsequence we can suppose that
o(ty) > ne 2\ U, Ifn € £2, we obtain a contradiction by considering parts (2)
and (4) in Theorem 4.6.3. And if 7 € 052, we obtain a contradiction by considering
parts (3) and (4) in Theorem 4.6.3. In either case we have a contradiction and hence
there exists a neighborhood V, of & so that V, € U, and if x,y € V, N §2 and
0 :[a,b] — £2 is a geodesic with o (a) = x and o(b) = y then o ([a, b]) C Us,.

Repeating the above argument, we can find a neighborhood V; of £ so that V| €
Vyand if x,y € Vi N 2 and ¢ : [a,b] — £2 is a geodesic with g(a) = x and
o(b) = ythena([a,b]) C Va.

Finally, we sketch the proof of part (3). Suppose that x,y € Vo, N 2. Let o :
[a,b] — £2 be a geodesic with o(a) = x and o(b) = y. Then by our choices,
o([a, b]) C U,. Now by Proposition 4.1.2, we have kg (o (f); 6’ (¢)) = 1 for almost
every t € [a, b]. And so

ky,na(o(); 0’ (1) < eP2@®

for almost every ¢ € [a, b]. Then arguing as in the proof of Proposition 4.5.10 there
exists A, r > 0 (which can be chosen to be independent of x, y) so that

Sa(a(r) < Ae!.

Then

b b b
Ko (x,y) < / Krsne (0 (1); 0’ (0)dr < / e Mar < / L+ cAe™ My

a a

b
=b—a+ / cAe” e gy
a

o
<kgo(x,y) +/ cAe” e dy

—0o0

where we used the fact that ¢* < 1 + efx for x € [0, R]. Thus we can pick A > 1 so
that part (2) and part (3) are satisfied.

4.6.4 Visibility of Almost-Geodesics

Theorem 4.6.7 allows us to reduce to the convex setting, but there is a cost: with the
notation of the theorem, if o : [a, b] — £2 is a geodesic with o (a), o (b) € V| then o
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will not be a geodesic in V3 N £2. This causes us to consider a larger class of almost
length minimizing curves:

Definition 4.6.8 Suppose 2 C C? is a domain, I C R is an interval, and A > 1. A
curve 0 : I — 2 is called an A-almost-geodesic if o is absolutely continuous (as a
map I — C%), ka(0(1);0”(f)) < A for almost every 7 € I, and

lt=s] = A <ka(o(s).0(n) <|t—s|+ A4

forall s,r € 1.
Repeating the proof of Proposition 4.5.10 almost verbatim implies the following
more general result:

Proposition 4.6.9 Suppose §2, converges to §2 in X4. Assume for any R > 0 there
exists C = C(R) > 0, N = N(R) > 0, and L = L(R) > 0 such that

80,(p;v) < Cég, (p)"/*

foralln > N, p € Bg(0) N 82, and v € C? non-zero.

If 0, : [an, by) — $2, is a sequence of A-almost-geodesics such that o,(a,) —
£ € 00200 U {00}, 0,(by) = n € 08200 U {00}, and & # 1 then exists ny — 00
and Ty € [ay,, by,] so that 0, (- + Tx) converges locally uniformly to an A-almost-
geodesic o : R — 2.

Arguing as in Lemma 4.5.8, we can use Proposition 4.6.9 to establish:

Lemma 4.6.10 Suppose 2, converges to §2 in X,. Assume for any R > 0 there
exists C = C(R) > 0, N = N(R) > 0, and L = L(R) > 0 such that
8a,(piv) < Cog,(p)'/*

foralln > N, p € Bg(0) N £2,, and v € C? non-zero.

Suppose that xy € 2 and a sequence y, € §2, converges to a point £ € 0§25 U
{oo}. If 6, 1 [0, T,y] — 82, is an A-almost-geodesic with 0,(0) = xo and 6,(T,) = yau
then there exists n, — 00 so that 6, converges locally uniformly to an A-almost-
geodesic 0 : [0,00) = 200 and

lim o(r) = &.
—>00
Finally arguing as in the proof of Corollary 4.5.13 one can show:
Corollary 4.6.11 Suppose 2 C C% is a domain of the form

2 = {(z0,21---,20) € C"' : Re(z0) > P(z1,22, - -, 2a)}

where P : C? — R is a non-negative, non-degenerate, convex polynomial with

P(0) = 0.
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Ifo : R — $2 is a A-almost-geodesic, then lim,—, o 0 (t) and lim,—,_o o (t) both
exist in 082 U {oo} and are distinct.

4.6.5 Proof of Theorem 4.6.1

Suppose for a contradiction that (§2, k) is not Gromov hyperbolic. Then there
exists points x,, y,, 2, € 2, geodesic segments 0y, y,, 0y, z,, Oz,x, joining them, and a
point u, in the image of oy, such that

an (Mn, O—ynZn U Uanlz) > n.

After passing to a subsequence we can assume that

Uy Xns Yns Tn = Uoo, Xoos Yoo, Zoo € §2.

Case 1 Suppose that u,, € 2. Since

k.Q (I/tn, {-xns Yn» Zn}) > kQ (uns Oy,z, U Uz,,x,,) > n.

we see that Xeo, Yoo, Zoo € 052. Now we can assume that o, (0) = u, and pass to
a subsequence so that oy,,, converges locally uniformly to a geodesic o : R — £2.
By Corollary 4.6.5

lim 0(f) = xo0 and lim 0(f) = yoo.
—>0o0 —>—00

By Proposition 4.6.6, we must have xoc # Yoo. Thus, after possibly relabeling,
we may assume that Zeo 7 Xoo-

Then using Proposition 4.6.4 we can assume that oy,., converges locally uni-
formly to a geodesic y : R — £2. But then

ko (Uoo, ¥(0)) = lim ko (up, 0y,,,(0)) > lim ko (uy, 0y,;,) = 00.
n—>oo n—>oo

So we have a contradiction.

Case 2 Suppose that u, € 3£2. Fix neighborhoods Vi € V, € V; of uy, a
holomorphic map @ : U — C?, and some A > 1 as in Theorem 4.6.7. Let € :=
@ (V5 N £2) and consider the sequence u, = @ (u,).
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Now %, — £ := ®(ux) and 3% is strongly convex at £ (in particular it is C?
has a finite line type 2 at £). Thus by Theorem 4.5.9 after passing to a subsequence
there exists affine maps A, € Aff(C?) so that:

1. A, (€, w,) converges to some (% oo, Uoo) in Xy 0,
2. ¥ is a polynomial domain,
3. for any R > 0 there exists C = C(R) > 0 and N = N(R) > 0 such that

a0 (X:0) < Clape(x)/?

forallk > N,x € Bg(0) N A%, and v € C? non-zero.

Remark 4.6.12 1In this special case above, £ is a strongly convex point and so the
proof of Theorem 4.5.9 is substantially easier. Moreover the limiting domain will
be the hyperboloid model of complex hyperbolic d-space:

d
Hy=13(z,....20) € C! 1 Im(z)) > Z Izil2

i=2

Then standard facts about complex hyperbolic space imply that A-almost-geodesics
are well behaved in (774, K »,). So in the case of strongly pseudoconvex domains,
much of the technicalities can be avoided.

At this point the rest of the proof closely follows the proof of Theorem 4.5.4,
however there is some extra work to do based on the fact that x,,, y,, z, may not be
in V3.

Special Case Assume Xoo = Yoo = Zoo = Uoo-

Proof By passing to a subsequence we may suppose that x,, y,,z, € V| for all n.
Then passing to another subsequence we can suppose that A, Pg (x,) — Xoo € ce,

AP (V) = Foo € C?, and A, D¢ (z,) — Zoo € C.
Since x,, y», 2, € V1 we see that

axn}’n’ o}’nzn’ Gznxn C VZ
hence
8xnyn = ®E (Gxn}'n)’ 8}’,,1,, = ®E (a}'nzn)’ 6ann = ®E (Gznxn)
are all A-almost-geodesics in (%, k¢ ).
Now suppose Gy, : [an. by] — € is parametrized so that 0,,,(0) = u,. Then
we can pass to a subsequence so that A,0y,,, converges locally uniformly to an

A-almost-geodesic 0 : R — %o0. By Lemma 4.6.10

lim o(1) = lim A,®:(x,) = X0
t——00 n—00
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and

lim o(f) = lim A,®:(y,) = Yoo-
n—>o00

t—>-+o00

Since geodesics in € are well behaved, we see that Xoo 7 Yoo. S0 by relabeling
we can suppose that Xoo 7 Zoo. Then, by Proposition 4.6.9, there exists a
parametrization of A,d,, . which converges locally uniformly to an A-almost-
geodesic P : R — % oo. But then

koo (o, Y(0)) = lim ka, % (Anthn, A0z, (0)) = lim K (4, Oz, (0))
n—00 n—oo
= lim kynge(un, 0y,,,(0)) > lim ko (uy, 0y,;,) = 00
n—oo n—>oo
which is a contradiction.
We now prove the general case. Suppose 0y,y, : [a, by] — £2 is parametrized so
that oy, (0) = u,. Let
a), = inf{t € [an, by) : 0y, ([t,0]) C V2}
and
b, = sup{r € [an, by : 0x,y,([0,1]) C V2}.
Since u, — o, by Theorem 4.6.3 we have that a), — —ooc and b, — +o00. Also
Op = (A, 0 qjé o any,,)l[a,’],h,’l]
is an A-almost-geodesic in A, €. Hence we may pass to a subsequence such that &,

converges locally uniformly to A-almost-geodesic & : R — %. By passing to a
subsequence we may assume that lim, 00 0,(a)) = %00 and limu— 00 0, (b)) =

Foo fOr SOME Koo, Yoo € C7.
The points Xs0, Yoo and Xeo, Yoo have the following relationship:

Lemma 4.6.13 [f xo0 7 oo then Xoo = 00. Likewise, if Yoo 7# Uoo then Yoo = 00.
Proof If xo0 # oo then

liminf | oy, (a},) — ua || > 0.

n—>o0
S0 Xoo = limyse0 A,0y,y,(a,) = oo by part (3) of Theorem 4.5.9. The y case is
identical.

Now by Lemma 4.6.10

lim (f) = lim 0,(d,) =X
—>—00 n—>o00
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and
lim 6(7) = lim 6,(b) = Yo-
n—>o00

t——+o00
Hence X 7 Yoo by Corollary 4.6.11. So by relabeling we may assume that X #
oo. This implies, by Lemma 4.6.13, that xoc = £. So by passing to subsequence we
can suppose that x, € V; for all n. Then a, = a,, for all n and
lim A,®(x,) = lim 0,(d),) = Xoo-
n—>o0 n—>oo
Now suppose oy, : [0, T,] — £2 is parametrized so that o,,.,(0) = x,. Let
T, = sup{t € [0,T,] : 0y, ([0,1]) C V2},
then
5/\71 = (An oo O-x,,z,,)|[0,T,/,]
is an A-almost-geodesic in A, €. By passing to a subsequence we may assume that
lim 7,(T) =700
n—o0
for some Zoo € CY.
If Zoo # Xoo then, by Proposition 4.6.9, there exists some «,, € [0, 7] such that
t — Y,(t + @) converges to a A-almost-geodesic J : R — €. But then
kg o (lico, ¥ (0)) = nlggo ka, @ (Anlin, V(0)) = nlggo kv, (un, Oz, ()
> lim kQ(“na Gxnzn) = o0
n—o0
which is a contradiction.

It remains to consider the case where Zoo = Xoo. Then since Zoo # 00 arguing
as in Lemma 4.6.13 shows that zoo = £. So by passing to a subsequence we can
suppose that z, € V; for all n. Then T,’l = T,.So

lim A,®(z,) = lim 7,(T}) = Zoo-
n—>oQo n—>oo
Suppose 0,y, : [0, S,] — £2 is parametrized so that o,,, (0) = z,. Let

S) = sup{s € [0, S,] : 0,,([0,5]) C V>}.
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Then

in = (Ay o @ 0 0y,.)|0.5))

is an A-almost-geodesic in A, €. By passing to a subsequence we may assume that
lim 7,(S)) = Woo € C*
n—>oo

for some Weo € CY.

If Zoo = Woo then Woo # 00 and hence arguing as in Lemma 4.6.13 shows that
Yoo = &. But then we are in the Special Case.

If Zoo 7# Woo then, by Proposition 4.6.9, there exists some 8, € [0, S/] such that
t — M,(t + B,) converges to an A-almost-geodesic 77 : R — % «. But then

kit (oo 70)) = T K, 64,7, 1,(0)) = i ke, (s, 3, (B)

> lim kg (up, 0y,,,) = 00
n—>oo

which is a contradiction.
Thus (§2, k) is Gromov hyperbolic.

4.7 The Hilbert Metric

In this section we describe the Hilbert metric, its connections to the Kobayashi
metric, and some important properties. Connections between the Hilbert and
Kobayashi metric are further discussed in [45] and for a detailed account of recent
developments in the theory of the Hilbert metric we refer the reader to the Handbook
of Hilbert geometry [51].

Definition 4.7.1 An open set € C RY is called properly convex if it is convex (its
intersection with every real line is connected) and does not contain any real affine
lines.

Suppose € is properly convex. Given two points x,y € € let £, be a real line
containing x and y. Then the Hilbert distance between them is defined to be

v —allx—b
eI =108 | afly—b

where {a, b} = 96 N{,, and we have the ordering a, x, y, b along £,,. Remarkably
this formula yields a distance on %
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Theorem 4.7.2 Suppose € is a properly convex domain. Then (6, Hy) is a Cauchy
complete geodesic metric space.
The Hilbert metric has a number of important properties, including:

1. Essentially by definition, straight lines can always be parameterized as geodesics
in (¢, Hy). However, when % is not strictly convex (that is, when d € contains
line segments) there can exist geodesics which are not straight lines.

2. If B ¢ R? is the unit ball, then (B, Hg) is the Klein-Beltrami model of real
hyperbolic d-space.

Now given a properly convex domain € C R¢ define the real projective
automorphism group Autyi(%€) to the group of diffeomorphisms f : € — % such
that

where A is a d-by-d matrix, b € R, and £ : R — R is an affine map. This group
is called the real projective automorphism group for the following reason: if we
identify R? with an affine chart of P(R?*!) then Autyi(€) can be identified with
the group

{9 € PGLy11(R) : ¢(¥) = ¢}

Using the fact that real projective maps send straight lines to straight lines one
can show the following:

Theorem 4.7.3 Suppose € C R? is a properly convex domain. Then Autyi (€)
acts by isometries on (¢, Hy).

Due to the restrictive nature of the maps being considered, one might expect that
the group Auty,;(¢) will be quite small, but in fact there are many examples of
bounded convex domains 4 C R? where € is non-homogeneous but Autyoi (€) is
very large. In particular, one has the following result:

Theorem 4.7.4 For any d > 2 there exists a bounded convex domain € C R?
where 36 is C', Autyoj(€') does not act transitively on €, and there exists a discrete
group I' < Autyi(€) which acts freely, properly, and co-compactly on €.

Here are two sources of examples:

1. Again let B C RY be the unit ball. Johnson-Millson [36] proved that certain
co-compact lattices in I < Aut(B) have non-trivial deformations as subgroups
of PGLy+1(R). A general result of Koszul [44] about geometric structures then
implies that when I"” is a deformation sufficiently close to I" there exists a convex
set & close to the unit ball B where I"” act co-compactly (see [8, Section 1.3] for
d > 2 and [32] ford = 2).

2. For any dimension d > 4, Gromov and Thurston [34] have constructed families
of Riemannian manifolds M,, whose sectional curvature converges to —1 but have
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no Riemannian metric of constant negative curvature. Kapovich [37] has shown
that some of the these infinite families can be realized as quotients I"\ ¥ where
% is a properly convex set and I < Autp,;(§2) is a discrete group which acts
freely, properly, and co-compactly.

These examples lead to the following definition:

Definition 4.7.5 A properly convex domain ¢ C R is called a convex divisible
domain if there exists a discrete group I < Autpj(4) which acts freely, properly,
and co-compactly on €.

For more details about these special type of domains see the survey papers by
Benoist [10] and Quint [53].

The existence of non-homogeneous convex divisible domains in the real projec-
tive setting makes Frankel’s rigidity theorem (see Theorem 4.3.7 above) seem even
more remarkable. But, as the examples above indicate, the rigidity coming from the
fact that complex lines have two real dimensions outweighs the flexibility obtained
by considering maps defined by general power series (instead of a special type of
rational maps as in the real projective case).

For domains ¢ C RY which are not convex, Kobayashi [43] constructed two
metrics using projective maps to and from the unit interval: the Carathéodory and
Kobayashi metric.

For two open sets &) C R and 0, C R? let Proj(0, 0’,) be the space of
mapsf : 01 — O such that

where A is a d»-by-d; matrix, b € Rdz, and £ : RY — R is an affine map.

Remark 4.7.6 If we identify each R% with an affine chart of P(R%*!) then
Proj(0'y, 0,) is exactly the set of maps f : &) — O, so that f = T|z, for some
T € P(Lin(RY ! R H) with ker TN 0 = 0.

Next let I = (—1, 1) be the unit interval in R and let H; be the Hilbert metric on
I. For a domain & C R? define the two quantities:

Cp(x,y) := sup {H;(f(x).f (7)) : f € Proj(2, D)},
and
LE(x,y) := inf {H;(u,w) : f € Proj(l, £2) withf(u) = x and f(w) = y}.

The function CD; always satisfies the triangle inequality, but LD; may not. So we
introduce:

N

Kg(x,y) = inf ZL@’(X,’,X,’.H) N >0,x=Xx0,X1,...,XN+1 =Y € oy .
i=0
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Kobayashi then proved:

Theorem 4.7.7 ([43]) Suppose G C R? is a bounded domain. Then Cg and Kg are
Autyoi (O)-invariant metrics on O. Moreover, if O is convex then Cct = Kg = Hy.
This shows that the Hilbert metric is a real projective analogue of the Kobayashi
metric.
Now we change our perspective slightly and consider domains in real projective
space P(RI*).

Definition 4.7.8 A domain € C P(R?*") is called properly convex if for every
real projective line £ C P(R?*!) the intersection £ N % is connected or empty and
LNE #L.

If ¢  P(R") is properly convex, then it is contained as a bounded set in some
affine chart and it is convex in any affine chart which contains it.

Now let Y, be the set of pairs (£2,x) where 2 C P(R?"!) is properly convex
and x € £2. We can endow Y, with a topology where (£2,,x,) — (£2,x) if
£2, — £2 in the Hausdorff topology (obtained by fixing some Riemannian metric on
IP’(R‘H'I)) and x, — x. Now the group PGL;4;(R) acts on Y, and Benzécri [11]
proved the following compactness theorem:

Theorem 4.7.9 (Benzécri) The group PGL;+1(R) acts co-compactly on Y 4.

A detailed proof and some applications can also be found in [46]. Benzécri’s
Theorem is a real projective analogue of Frankel’s compactness theorem, see The-
orem 4.3.2. Notice that Frankel’s theorem considers the local Hausdorff topology
and the action of the affine group while Benzécri’s theorem consider the Hausdorff
topology and the action of the entire affine group. The cause of this difference is the
fact that complex projective transformations do not preserve convexity and hence in
the complex case one is forced to only consider affine transformations.

Let us discuss some results concerning the Gromov hyperbolicity of the Hilbert
metric. In particular, we will survey some results of Benoist [9] and discuss their
connections to the arguments presented in the previous sections.

Karlsson and Noskov appear to be the first to study the Gromov hyperbolicity
of the Hilbert metric. Among other things, they established some obstructions to
Gromov hyperbolicity:

Theorem 4.7.10 ([39]) If 2 C R? is a bounded convex domain and (2,Hg) is
Gromov hyperbolic, then 352 is a C' hypersurface and $2 is strictly convex (that is
082 does not contain any line segments).

Remark 4.7.11 Notice that 352 being C' is a equivalent to there being a unique
supporting real hyperplane through each boundary point and £2 being strictly convex
is equivalent to each supporting real hyperplane intersecting d§2 at exactly one
point.

Next Benoist presented several necessary and sufficient conditions in terms of
orbit closures in the action of PGL;4;(R) on Y.
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Theorem 4.7.12 ([9, Proposition 1.6]) Suppose € < PRI is a properly
convex domain. Then the following are equivalent:

1. (¢, Hy¢) is Gromov hyperbolic,
2. Every € in PGLy4+1(R) - € N Yy is strictly convex,
3. Every € o in PGLy11(R) - € N Yy has C' boundary.

Benoist’s proof of Theorem 4.7.12 motivates the approach to studying the
Gromov hyperbolicity of the Kobayashi metric taken in [60]. However the geometry
of the Kobayashi metric introduces a number of technicalities not present for the
Hilbert metric. The most fundamental being the behavior of geodesics: for a strictly
convex domain in real projective space every two points are joined by a unique
geodesic and this geodesic is a parameterization of the real projective line joining
them. This fact allows one to easily take limits and understand their behavior. With
the Kobayashi metric geodesics are fairly mysterious and it is rather involved to
establish results like Proposition 4.5.10.

Returning to our discussion of the Hilbert metric, using Theorem 4.7.12 (and
several other results) Benoist completely characterized the convex domains which
have Gromov hyperbolic Hilbert metric in terms of the derivatives of local defining
functions. In particular:

Definition 4.7.13 Suppose U C R” is an opensetand F : U — R is a C' function.
Then for x, x + h € U define

Dy(h) ;= F(x + h) — F(x) — F'(x) - h.
Then F is said to be quasi-symmetric convex if there exists H > 1 so that

whenever x,x + h,x—h € U.

Definition 4.7.14 Suppose ¥ C P(R‘*') is a properly convex domain with C'
boundary. Then % is said to be quasi-symmetric convex if the boundary is locally
the graph of a quasi-symmetric function.

Then:

Theorem 4.7.15 ([9, Theorem 1.4]) Suppose € C P(R**') is a properly convex
domain. Then the following are equivalent:

1. (¢,Hy) is Gromov hyperbolic,
2. € is quasi-symmetric convex.

One might hope that a similar characterization will hold for the Kobayashi
metric, but one would be severely disappointed. In particular, since every bounded
convex domain in C will have Gromov hyperbolic Kobayashi metric (it is bi-
holomorphic to the disc), the boundary of convex domains with Gromov hyperbolic
Kobayashi metric need not be C'.
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4.8 Some Problems

We end this chapter with some open problems and questions.

4.8.1 Obstructions to Gromov Hyperbolicity

A fundamental question is if “flatness” of the boundary forms an obstruction to
Gromov hyperbolicity. In particular:

Question 4.8.1 Suppose that 2 is a bounded weakly pseudoconvex domain with
C* boundary. If (£2,kg) is Gromov hyperbolic, can there exist a non-constant
holomorphic map ¢ : A — 3£2? More generally: if (§2, k) is Gromov hyperbolic,
can d£2 have a boundary point of infinite type?

Remark 4.8.2 Without any regularity assumption, the answer to the first question
is no: There exist bounded domains 2 C C¢ whose Kobayashi metric is Cauchy
complete and Gromov hyperbolic but whose boundary contains a complex affine
ball of dimension d — 1, see [59].

This question seems out of reach, but there are a number of special cases that
could be tractable. For instance, one could consider the class of domains where
each boundary point has some sort of holomorphic support function. Along these
lines, we recently proved the following:

Theorem 4.8.3 ([59]) Suppose 2 C C?4 is a bounded C-convex open set, 052 is a
C! hypersurface, and ($2,kgq) is Gromov hyperbolic. If A C C is the unit disc, then
every holomorphic map ¢ : A — 052 is constant.

4.8.2 Sufficient Conditions for Gromov Hyperbolicity

The most natural question is:

Question 4.8.4 Suppose that §2 is a bounded weakly pseudoconvex domain of finite
type. Is (§2, k) Gromov hyperbolic?

Not much is known about the Kobayashi metric on weakly pseudoconvex
domains of finite type so this problem seems currently out of reach. Moreover, it
seems necessary to prove the following first:

Problem 4.8.5 Suppose that §2 is a bounded weakly pseudoconvex domain of finite
type. Show that (£2, kg;) is a Cauchy complete metric space.
However, there is at least one special case that seem tractable:

Problem 4.8.6 Suppose that 2 C C? is a bounded weakly pseudoconvex domain
of finite type. Show that (£2, k) is Gromov hyperbolic.
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Here it is known that the Kobayashi metric is Cauchy complete (see [58]).
Moreover, there has been success in implementing rescaling arguments for non-
convex domains in (Cz, see [5, 7].

It also seems natural to try and extend Theorem 4.0.2 to a characterization
amongst the set of all convex domains (and not just the ones with C*° boundary):

Problem 4.8.7 Characterize the convex domains £2 C C? where the Kobayashi
metric is Gromov hyperbolic.

This problem also seems out of reach, but a natural fist step would be to try and
reduce to the dimension two case:

Problem 4.8.8 Suppose 2 C C¢ is a convex domain. Then the following are
equivalent:

1. (82, kg) is Gromov hyperbolic,
2. (82 N P, konp) is Gromov hyperbolic for every complex affine 2-plane P.

Another natural subproblem is the following:

Question 4.8.9 1s there a natural complex analogue of Benoist’s definition of quasi-
symmetric convexity so that every bounded “complex quasi-symmetric convex
domain” is Gromov hyperbolic?

4.8.3 Other Notions of Non-positive Curvature

There are several notation of non-positive curvature for metric space, however we
suspect the Kobayhashi metric rarely satisfies these conditions:

Problem 4.8.10 Suppose that 2 C C¢ is a domains where (£2,kg) is Cauchy
complete. If (£2, k) is non-positively curved in the sense of Busemann, then 2
is bi-holomorphic to the unit ball.

This is true for the Hilbert metric [40].

4.8.4 The Automorphism Group of Convex Domains

It is generally believed that the bi-holomorphism group of convex domains is very
small. Probably the most natural generalization of Frankel’s rigidity theorem is the
following:

Question 4.8.11 Suppose 2 C C? is a bounded convex domain and there exists
a discrete group I' < Aut(§2) which acts freely and properly so that the quotient
manifold /"\ £2 has finite volume. Is 2 a bounded symmetric domain?
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Remark 4.8.12 Notice that Corollary 4.3.3 implies that the quotient having finite
volume with respect to one “natural” notion of volume implies it has finite volume
with respect to any “natural” notion of volume.

Another natural question is the following:

Problem 4.8.13 Characterize the bounded convex domains £2 C C? where 952 has
C®° boundary and Aut(2) is non-compact.

There are many partial answers to the problem, see [61] and the references
therein.

It also seems natural to try and understand the relationship between the bi-
holomorphism group and the isometry group:

Question 4.8.14 1If §2 is a bounded convex domain, does Aut(§2) have finite index
in Isom(£2, k), the group of isometries of (£2, kg )?

This is known to be true when £2 is strongly convex and has C* boundary [30]. It
is also known that when ¢ C R? is a properly convex domain, then Autyi (%) has
finite index in Isom(%’, Hy¢ ), see [57].

If X is a proper CAT(0) metric space, then one characterize isometries of X as
being elliptic, parabolic, or hyperbolic based on their dynamics. In seems natural to
ask if one can characterize the elements of Aut(§2) via their action on 2.

Problem 4.8.15 For a bounded convex domain £2 C C¢, define what it means for
an element ¢ € Aut(§2) to be hyperbolic, elliptic, or parabolic via their dynamics
on £2.

This was done when £2 has C'* boundary in [61].
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Chapter 5
Quasi-Conformal Mappings

Hervé Pajot

In this chapter, we first give a brief overview of the classical theory of quasiconfor-
mal mappings in the complex plane and then we explain how to extend it in general
metric spaces (under geometric assumptions). Applications to complex dynamics
and to (complex) hyperbolic geometry are also discussed.

5.1 Introduction to Quasiconformal Geometry
in the Complex Plane

5.1.1 Quasiconformal Mappings

There are different possible definitions of quasiconformality in the complex plane.
The basic idea is that f is quasiconformal if f maps infinitesimal circles to ellipses
whose eccentricity is uniformly bounded (see Appendix A.4). We present here some
of them, starting with the analytic definitions. The reader should have in mind that
we would like to extend all these definitions in abstract spaces (and for some of
them, this is not obvious, see the remarks below).

Let f be an orientation preserving homeomorphism in C.

¢ (A1) f belongs to the Sobolev space Wllo’f (C) and there exists u € L>®°(C) with
[|t]loo < 1 sothat d,f = ud.f in the sense of distributions (that is f satisfies the
Beltrami equation, see the next section for more details about this). Recall that
the space of distributions is the topological dual of C* functions with compact
support and that the derivative of a distribution T in direction 6 is dpT given
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by < 3¢T,¢p >= — < T,dg¢p > whenever ¢ is a C*° function with compact
support. Here, dg¢ is the classical derivative (in the direction 6). The Sobolev
space Wllo’f (©) is the space of locally integrable functions with partial derivatives
inL2 (C).

* (A2)f is ACL (absolutely continuous on lines) and there exists K > 0 so that

max ldf.(§)] < KlJf(2)| (5.1

for almost every z. Here, df; is the differential of f at z € C and Jf(z) is the
determinant of the Jacobian matrix of f at z € C. We recall that f : C — C is
ACL if f is continuous and if for any rectangle [a, b] X [c, d], for almost every
X € [a, b] (respectively almost any y € [c,d]), themap f, : y € [c,d] — f(x + iy)
(respectively f, : x € [a,b] — f(x + iy)) is absolutely continuous in the usual
sense. By a result of Gehring-Lehto, any ACL homeomorphism f : C — C is
almost everywhere differentiable. Hence, the previous estimate (5.1) makes sense
almost everywhere.

Note that the first challenge to extend these definitions in general spaces is to
give the right definitions of Jacobians, derivatives, Sobolev spaces, and so on in
this setting.

¢ (G1) There exists K > 0 so that for any family I" of rectifiable curves in C, we
have

K™'A(I") < A(T) < KA(D).

Here f T is the set of curves {f o y,y € '} and A(I") is the extremal length of
the curve family I which is a conformal invariant. We now give the definition
of the extremal length and for this, we say that a Borel function p : C — R™ is

admissible if A(p) = / / p*dxdy # 0, cc. For such p, the p-length of y € I
RrR2

is Ly,(y) = /,o|dz| if p is measurable along y and L,(y) = +oo otherwise.

¥
Finally, we set L(p) = inf,er Ly(y) and A(I") = sup, L(p)*/A(p) where the
supremum is taken over all admissible functions p.

For instance, if I" is the set of curves joining the circle dA(0, r1) to the circle
0A(0,ry) (where r; < rp), then A(I") = (1/2m)log(r1/r2) is the extremal
length of an annulus r,/r;.

* (G2) There exists K > 0 so that for any family I" of curves in C, we have

K 'mod(I") < mod(fI") < Kmod(I").

We say that a Borel function p : C — RT is admissible for I if for any (locally)

rectifiable curve y € I, / pds > 1. Then, the conformal modulus is given by
y



5 Quasi-Conformal Mappings 117

mod(I") = inf | pds where the infimum is taken over all admissible functions
P

p. The fact that the conformal modulus is a conformal invariant will be proved
later in the Riemannian setting.

If I" is the set of curves joining the circle dA(0, r1) to the circle dA(0, rp)
(where r; < 1), then the conformal modulus of an annulus r,/r| is mod(I") =
27 (log(r/r2))~", thatis mod(I") = A(I")~". This last equality is a general fact,
so (G1) <= (G2). We will discuss more generally the notion of modulus later
in the general setting of metric spaces (whereas the notion of extremal length
does not make sense in metric spaces).

* (QS1) There exists a continuous increasing function 7 : RT — RT so that
n(0) = 0 and if |z — wy| < t|z — wy| for some ¢ > 0 and any z, w, w, in
C, then |f(z) — f(w1)| < n(®)|f(z) —f(w2)|. This condition is equivalent to the
following weaker condition: There exists a constant K > 1 so that | f(z) —f(y)| <
K|f(z) —f(x)| whenever |z —y| < |z —x].

* (QS2) There exists H > 0 so that for any z € C and any r > 0, Ly(x,r) <
Hp(x.r) where Li(z.r) = supllf(2) — fw):le = w| < rl} and [i(x.r) =
inf{|f(w) = f@)|: [z —w| = r}.

* (M1) There exists H > 0 so that for any z € C, limsup,_, L¢(z.7)/ls(z,r) < H.
Such homeomorphisms with this property are usually said to be quasiconformal.

* (M2) There exists H > 0 so that for any z € C, liminf, o Ls(z, r)/ls(z,7) < H.

(A1) and (A2) (respectively (G1) and (G2)) (respectively (QS1) and (QS2))
(respectively (M1) and (M2)) are analytic (respectively geometric) (respectively
quasisymmetric) (respectively metric) definitions of quasiconformality.

Theorem 5.1.1 Let f : C — C be an orientation preserving homeomorphism.
Then, the conditions (Al), (A2), (Gl), (G2), (QS1), (0S2), (MI) and (M2) are
quantitatively equivalent (and in this case, we say that f is quasiconformal).

It is obvious from (G1) or (G2) that f~! is quasiconformal if f is so. The proof of
these equivalences was a long story. The original proofs use classical tools from
real analysis (Lebesgue differentiation theorem, the Hardy-Littlewood maximal
function, ...) but also arguments from complex analysis. A similar statement is also
true in Euclidean spaces in higher dimension but this needs other arguments. A key
point is that the definition of quasiconformality (M1) is local whereas the metric
definition of quasisymmetry (QS2) is global. The implication (QS2) — (M1) is
obvious, but the proof of the converse was one of the major challenge in the theory.
The ubiquity of quasiconformal mappings explains that they are useful in several
areas of mathematics. We will explain in Sect.5.1.3 a very famous application
to complex dynamics. Note that the implication (M2) = (M1) was discovered
by Heinonen and Koskela in their study of quasiconformal mappings ...in the
Heisenberg group. The equivalence of these definitions (except (G1) and (M2)) in
the setting of Carnot groups and in metric spaces with controlled geometry was also
a “tour de force”. We will come later to this point.
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5.1.2 The Beltrami Equation and the Measurable Riemann
Mapping Theorem

Let i be a bounded measurable function on a domain 2 of the complex plane (or
of the Riemann sphere Coo). We assume that ||i4||cc < 1. The Beltrami equation is
the partial differential equation given by

fo = ufk

In the case where u is identically zero, we recover the Cauchy-Riemann equation.
The next result is a generalization of the classical Riemann theorem.

Theorem 5.1.2 For any u € L*°(C) with |||l < 00, there exists a unique
quasiconformal homeomorphism f* that extends to Coo which fixes 0, 1 and oo,
and is solution of the Beltrami equation f, = Lif;.

There are several proofs of this result. For most of them, the first step is to
consider the case where u is smooth with compact support for instance and then
to conclude by approximation argument. The proof by Douady is based on Fourier
analysis in the complex plane. The first proof is due to Morrey, whereas the use
of the Calderon-Zygmund theory of singular integral operators for the Beltrami
equation was initiated by Bojarski. Roughly speaking, singular integral operators
are of the form

Tf(z) = /K(W, 2)f (w)dw

where the kernel K has some controlled singularities on the diagonal z = w.
A typical example is the Hilbert operator H on R which is formally given by

mw = [V

conditions, Cﬂglderf)n and Zygmund proved that if 7' extends as a bounded operator
on I” with I < p < oo, the same is true for any 1 < g < co. The case p = 2 plays
an important role because it could be studied by classical Fourier analysis. The 7'(1)
theorem of David-Journé and the 7'(b)-theorem of David-Journé-Semmes provide
useful criterions of L?>-boundedness. The operator considered by Ahlfors-Bers in

dy which is a convolution-type operator. Under reasonable

their proof is given formally by 7Tf(z) = 1/x / ( fo) , dw. It turns out that in this
clz—w

case the operator can be well defined as a principal value (for smooth function f):
: f(w)
Tf(z) = 1/7 lim ) .
20 J)—w)>e (z—w)?

What happens in the case ||t]|cc = 1 ? A solution of the Beltrami equation is
not quasiconformal, but is BMO-quasiconformal. An interesting point is that the
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solution of the Beltrami equation in this case is not in general in the Sobolev space
W'2. Recall that a function g is in BMO(£2) where £2 is a domain in C (BMO
means Bounded Mean Oscillation) if there exists C > 0 so that for any disc D with

1
D C 2, we have (%) D) / |f —fpldz < C where v(D) is the Lebesgue measure
v D

1
of D and fp is the mean value of f on D: fp = ][ f(@dz = / f(2)dz. The
D v(D) Jp

best constant C so that (x) holds is the BMO norm of f, denoted by || f||smo- The
space BMO is bigger than L* and is in fact the dual of L'. In higher dimensions,
the space BMO(R") can be defined in a similar way and a famous result of C.
Fefferman states that BMO(R") is the dual of the Hardy space H' (R"). We say that
the homeomorphism f is BMO-quasiconformal on §2 if f is ACL on §2 and if there
exists ¢ : £2 — [1, +oo[ in BMO so that Ky = 11 + ||JC||

There is an analog of the measurable Riemann mapping theorem in this setting.
Theorem 5.1.3 Let 2 be a domain in C and let p € L*°(82) with ||it]lecc = 1.
1+ [ul
1—
everywhere in 2. Then, there exists a BMO-quasiconformal homeomorphism f on
§2 so that 3,f = udyf. Moreover, if g is another solution of this generalized Beltrami
equation on £2, f o g~ is holomorphic.

A first version of this result is due to G. David who considered Beltrami
coefficients p which satisfy the so-called logarithmic condition, that is there exist
positive constants C and « such that for ¢ small enough,

< ¢ almost everywhere.

Assume furthermore that there exists ¢ € BMO(£2) so that < ¢ almost

V(@ |u@)| > 1—¢) < Ce ™/

where v is the Lebesgue measure. This condition gives a control of the size of
the bad set, that is the set of z so that |u(z)| is closed to 1. The relationship
between the logarithmic condition and the BMO condition comes from the John-
Niremberg inequality that we recall. If f is a function in BMO(R"), there exists
positive constants Cy, C, so that

A
b({x € Q.|f —fol > A}) < Crexp (—Cz ) v(0).
I fllvo

whenever Q is a cube in R" and fy denotes the mean value of f on Q, that is fp =
1

v(Q)

As we will see in the next subsection, the measurable Riemann mapping
theorems (5.1.2 and 5.1.3) have nice applications in complex dynamics.

/ f(x)dx. In fact, the previous estimate characterizes the space BMO(R").
Q
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5.1.3 An Application to Complex Dynamics: The
Non-Wandering Theorem of Sullivan

Letf : Coo — C be a rational function on the Riemann sphere C,. The orbit of
70 € Cx is the collection of points f"(z9) where foranyn € N, f* = fo...ofn
times (f" is the n-th iteration of f). A classical problem in complex dynamics is to
study the nature of the orbits. The Fatou set of f denoted by .7 is the set of points zg
such that there exists a neighborhood U, of zgp where the sequence (f") is a normal
family (recall that this means that any sequence in (f") has a subsequence which
converges uniformly on compact subsets of U,,). The complement of the Fatou set
is the Julia set #; = Co \ F. The key point is that the orbit of zy in the Fatou set
is stable under perturbations of zo whereas the dynamical behaviour of the orbit of
2o in the Julia set is sensible dependent of the initial data. The Fatou set is an open
totally invariant set, in the sense that f(.%;) = f~1(%;) = %. This implies that the
Julia set is a totally invariant closed set.

Definition 5.1.4 The point z is said to be periodic if there exists p € N* so that
fP(z0) = zo. The set of points {zo, ..., z,} is called a cycle. Here, z; = f/(z9). The
multiplicity A of this cycle is defined by

A= (") (20) = f' () @1) ... f (Zp-1).

When |A| > 1, the cycle is said to be repelling. If |A| < 1, the cycle is said to be
attracting (and super-attracting in the special case A = 0).

All the repelling cycles are contained in the Julia set #;. Attracting cycles
are contained in the Fatou set .%. To each point z; of an attracting cycle, we can
associate its basin of attraction given by A(z;) = {w € Coo; limy— oo [ (W) = zi}
which is contained in the Fatou set. We denote by A*(z;) the connected component
of A(z;) that contains z;. More generally, a Fatou component is a connected
component of the Fatou set. A key point is that the image by f of a Fatou component
£2 is again a Fatou component £2'. Moreover, f : 2 — £’ is proper. This
implies that if £2;, §£2, are two Fatou components of f with f(£2;) N §£2, # @ then
f(§21) = §2,.

Consider now a Fatou component §2 of f and set for any n € N, 2, = f"(£2).
There are two cases.

— £2 is a preperiodic component , that is §£2,,1, = §2,, for some m > 0 and some
p > 1 (the case m = 0 corresponds to the periodic case).
— §2 is a wandering component, that is §2,, # 2, for any m # p.

The classification of preperiodic components is known from the work of Fatou and
Cremer. We can now state the beautiful result of Sullivan which is related to the
existence of wandering components.

Theorem 5.1.5 The Fatou set of a rational function of degree d > 2 does not have
a wandering component.
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We will not give the complete proof of the result which is quite long and
complicated. But we would like to illustrate how quasiconformal mappings are
useful. Let f be rational function on the Riemann sphere Co.

Definition 5.1.6 A quasiconformal deformation of f is a rational function f of the
formf = hof oh! where hisa quasiconformal homeomorphism of Cn.

Assume that £2 is a wandering component of f. To construct quasiconformal
deformations, the idea is to solve the Beltrami equation h, = uh, where u €
L (£2) satisfies ||i4||coc < 1 and should be chosen carefully. It turns out that it is
possible to construct a space of quasiconformal deformations (with degree d) with
arbitrary high dimension. This is impossible since the space of rational functions of
degree d could be identified (locally) to C>¢.

5.2 Quasiconformal Mappings in Metric Spaces

5.2.1 Modulus of a Curve Family

We would like to extend the notion of modulus of a curve family (as considered in
the definition (G2) of quasiconformality in the complex plane) to metric spaces. Let
(X, d) be a metric space. We assume that (X, d) is equipped with an outer measure
. Furthermore, we assume that u is a Borel measure (that is Borel sets are u-
measurable) and that 0 < u(B) < oo for any ball B in X. A curve y in X is given
by a continuous map y : I — X where [ is an interval in R. Most of the time, we
identify the map y with its image y(I). In the case where I = [a, b] is a closed
interval, we define the length /(y) of y by

N—1
I(y) = sup Y _ d(y(t;), y(ti+1))
=0
where the supremum is taken over all subdivisions fp = a < t;.... < ty = b of

[a, b]. If I is unbounded or not closed, we set I(y) = sup [(y|;) where the supremum
is taken over all closed bounded subintervals J of 1. We say that y is a rectifiable
curve if its length is finite. In a similar way, we say that y : I — X is locally
rectifiable if its restriction to any closed subinterval J of [ is rectifiable. If y is a
rectifiable curve in X, we can write (in an unique way) y = y; o s, where s, : [ —
[0,1(y)] is the length function of y and y, : [0,/(y)] — X is a 1-lipschitz function
called the arc length parametrization of y. In this case, if f : X — [0, +0o0] is a
nonnegative Borel function, we set

/y as= [ Y o nin
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If the curve y is only locally rectifiable, we set

/fds = sup/fds
Y vy

where the supremum is taken over all rectifiable subcurves y of y.

We come back to the modulus of curves and we first discuss the Euclidean/
Riemannian case. Let (M, g) be a Riemannian manifold of dimension n (for
instance, M = R" equipped with its Euclidean structure). We denote by vol, its
Riemannian volume (that is the Lebesgue measure in R").

Definition 5.2.1 If I" is a curve family in M, the conformal modulus of I is defined
by
mod(I") = inf/ p"dvol,
M

where the infimum is taken over all Borel functions p : M — [0, +0o¢] such that

/ p(s)ds > 1 for any locally rectifiable curve y € I'". Such a p is called admissible
¥

for the curve family I'.
The key point is that the conformal modulus is conformally invariant.

Theorem 5.2.2 Let M, N be two Riemannian manifolds of dimension n. If f : M —
N is conformal, then mod(fI") = mod(I") for all curve family I" in M, where

fr ={f(y),yerl}.

Proof Let o be an admissible function for fI", and let us set

p=(of)-ldfl.

If y € I' is (locally) rectifiable, it follows from the change of variables provided by
f that

/y pds = /y (@ of) - dflds

= / ods
f()

so that p is admissible as well.



5 Quasi-Conformal Mappings 123

We note that since f is conformal, ||df||" = |Jf| at all points (this can be seen as
the definition of conformality). Therefore,

/p"dvolg :/((f of)*df||"dvol,
M M

= / (o o f)"Jfdvol,
M

= / o"dvol,
N

Hence
mod(I") 5/ p"dvol, :/U”dvolg
M N

so that mod(/") < mod(fI") and the reverse inequality is obtained by symmetry.

Example 5.2.3 We now give a standard computation of modulus in the Euclidean
case for the ring. Let I" be the family of curves in R” joining the two boundary
components of the annular region B(xo, R) \ B(xo, r) = {x;r < |[x—x¢| < R} (where
xo € R", 0 < r < 2R). Then, if we denote by w,—; the area of the unit sphere sl

in R”,
R 1—n
mod(I") = w,—; (log( )) .
r

Proof By conformal invariance of the modulus, we can assume that xo = 0. We
first check that the function defined by p(x) = (log (R/r)) " |x|~" if r < |x| < R
and p(x) = 0 elsewhere is admissible for I". To see this, consider y : [a,b] — X
a rectifiable curve of I" and denote by [y(a), y(b)] the Euclidean (closed) segment
joining y(a) and y (). Since p is radial, we get

/ p(s)ds = / p(s)ds
y [y(a).y(b)]

[ ontrrny ¢

=1.

v
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This implies (by using a change in polar coordinates) that

mod(I") < / p(x)"dx
B(0,R)\B(0,7)

. Rt
= (log(R/r)) dw
sn—1 r t
= w,-1 (log(R/r)'™".
To prove the reverse inequality, consider an admissible function p for I". Without

loss of generality, we can assume that p(x) = 0 if |x| > R or if |x| < r. For any
w e "1 we have

R
1< / p(tw)dt (since p is admissible)

R n—1 1—n
=/ p(tw)t » t » dt

R 1/n R i
< ( / p(tw)"t"_ldt) ( / t_ldt) (by Holder inequality)

1/n

R
< ( / p(rw)"r"—ldr) (log(R/r)™"

Hence,

/R p(w)""~'de > (log(R/r))' ™.

This implies

R
/ pt(x)dx = / (/ p(tw)"t”_ldt) dw
B(0,R)\B(0,r) sn—1 -

> w,—1 (log(R/r)' ™.

So, mod(I") > w,_; (log(R/r))' ™ and the proof is complete.
We now consider the general case.

Definition 5.2.4 Let (X, d, ;) be a metric measure space. Let I" be a curve family
in X and let p > 1. We define the p-modulus of I" by

mod,(I") = inf/ pPdu
X
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where the infimum is taken over all Borel functions p : X — [0, 4+00] such that

/ p(s)ds > 1 for any locally rectifiable curve y € I'. Such a p is called admissible
¥

for the curve family I'.

Remark 5.2.5 The p-modulus of the family I" of all curves that are not locally
rectifiable is zero, since any function p : X — [0, +-o0] is admissible for I".

Remark 5.2.6 1If I' contains a constant curve, then there is no admissible function
for I', and (by convention) mod,(I") = +o0.

Theorem 5.2.7 Let (X, d, |1) be a metric measure space and let p > 1.
(i) mod,(d) = 0.

(i) If I, I, are two curve families in X with I\ C I3, then mod,(I7) <
mod, (12).

(iii) If (I'})ien is a countable collection of curve families in X, then mod,, (U;1;) <
>_;mod,(I7).

(iv) If I', I are two curve families in X such that each curve 'y € I' has a subcurve
y € I', then mod, (I") < mod,(I").

Note that properties (i), (ii) and (iii) imply that the p-modulus is an outer measure
on the set of all curves in X (but in general there is no nontrivial measurable family
of curves !). In the case of a Riemannian manifold of dimension n (for instance in
R"), the conformal modulus corresponds to the case p = n. But, in general metric
spaces, it is more convenient to consider a family of moduli.

Proof The proofs of (i) and (ii) are left to the reader as (easy) exercises. The proof
of (iv) follows from the fact that, if p is admissible for I", then p is admissible for I".
We now prove (iii). Without loss of generality, we can assume that mod, (/7)) < oo
for any i € N (otherwise the conclusion is clear). Fix ¢ > 0. For any i € N,
choose p; an admissible function for I'; so that fx pip dp <mod,(I7) +¢/ 2/, and set

o= (ZieN pip)l/P. Since p > p; for any i € N, p is admissible for U;I7, thus

mOdp (Uzn) = /del/v
X

p
= Zi:/Xpi du
<> mod,(I) +&» _1/2

= Z mod, (I7) + 2.

Since the last inequality is true for any ¢ > 0, we conclude by taking ¢ — 0.
We now investigate the example of the modulus of a ring, in the general case.
Assume that (X,d, i) is a metric measure space such that there exist a constant
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Co > 0 and an exponent Q > 1 with u(B(x,R) < CoR? whenever x € X, R > 0.
In some sense, Q will play the role of the dimension and we will consider the Q-
modulus.

Lemma 5.2.8 Let I" be the family of curves joining B(xo, r) to X \ B(xo/R) (where
xo € X, 0 < r < 2R). Then there exists a constant C > 0 (depending only on Cy and

on Q) so that
R\\'©
mody(I") < C(log(r)) .

In general metric spaces, we can not expect to have a lower bound (as in the
Riemannian case). Spaces for which such a bound exists will be defined later (they
are called Loewner spaces). Note also that this modulus estimate implies that the
Q-modulus of a family of curves passing through a given point is zero.

Proof As previously, set p(x) = (log(R/r))_l d(xo,x)~! for r < d(xo,x) < R and
p(x) = 0 elsewhere. Then, p is admissible for I" and if we denote by N the least
integer such that 2¥*1r > R, we have

d(xo, x)"%du

N
mody(I") < / pPdp < (log(R/r) ™2 ) /
X =0 {Yr<d(xgx)<2t1r}

N
< (log(R/r)) @ Z(zjr)_QM(B(XO, 2+l )
j=0

N
< (log(R/m) ™2 Y (@1 ~2(Co(2*'1)?)
Jj=0
< 29Co(N + 1) (log(R/r))™?
<10-22C, (log(R/r))" 2 (since 2"r < R).

5.2.2 Quasi-Conformal Homeomorphisms

Let (X, dyx, x) and (Y, dy, (ty) be two metric measure spaces and let f : X — Y be
a homeomorphism. For any x € X, any R > 0, set

Ly(x,R) = sup{dy(f(x).f(y)):dx(x.y) < R},
lp(x,R) = inf{dy(f(x).f(y): dx(x.y) = R},

Lf(x, R)

Hy (. R) = bR
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Definition 5.2.9 We say that f is

* quasiconformal (QC) if there exists H > 1 so that lim sup,_,, Hy(x,R) < H for
any x € X;

* weakly quasisymmetric (WQS) if there exists H > 1 so that H;(x,R) < H for
any x € X and any R > 0.

Roughly speaking, QC-homeomorphisms (respectively WQS-homeomorphisms)
distort the shape of infinitesimal balls (respectively every balls) by a uniformly
bounded amount. It is clear that (WQS) = (QC).

Another way to define quasiconformality is to use the “3 points condition” of
Tukia and Viiséld:

Definition 5.2.10 The homeomorphism f is quasisymmetric (QS) if there exists a
homeomorphism 7y = 7 : [0, +00) — [0, +-00) so that

dx(x,a) < tdx(x,b) = dy(f(x).f(a)) = n(O)dy(f(x).f(b))

whenevera, bx € X and r > 0.

Example 5.2.11 Any bilipschitz homeomorphism (with constant L) is QS (and in
this case n(f) = L*1). Recall that f : (X, dx) — (Y, dy) is bilipschitz if there exists
L > 0so that L™'dy(x, x') < dy(f(x).f(x')) < Ldx(x,x') whenever x, X' € X.

Remark 5.2.12 The conditions (QC), (WQS) and (QS) correspond respectively to
the conditions (M1), (QS2) and (QS1) given previously in the complex plane. We
follow here the (almost) usual terminology in the general setting of metric spaces.

It is easy to see that the inverse of a QS-homeomorphism is QS (n,-1(1) =
1/771(r"")) and that the composition of two QS-homeomorphims is QS (770, =
nf © ng). Note that these properties are not obvious for QC-homeomorphisms or
WQS-homeomorphisms. The implication (QS) = (WQS) is always true whereas
the implication (WQS) = (QS) holds if uy and py are doubling. Recall that a
measure [ on a metric space (X, d) is doubling if there exists Cpy > 1 so that
w(B(x,2r)) < Cpyuu(B(x,r)) whenever x € X and R > 0.

5.2.3 Loewner Spaces

We now introduce spaces with controlled geometry, that are spaces for which we
have an upper bound for the modulus of some curve families. Throughout all this
subsection, we assume that for all x, y € X, there exists a rectifiable curve joining
x and y. We start with some notations. Let E and F be two non degenerate continua
in X. Non degenerate means that E and F' contain more than one point and we recall
that a continuum in X is a compact connected subset of X. We denote by I'(E, F)



128 H. Pajot

the family of all curves joining E and F in X. We set mod,,(E, F) = mod,(I"(E, F)).
Finally, we denote by A(E, F) the relative distance between E and F, that is

d(E,F
agpn=_ AED
min(diamkE, diamF)

Definition 5.2.13 Let Q > 1 (this assumption is important since R is not a Loewner
space). We say that X (or (X, d, u)) satisfies the Loewner property of exponent Q if
there exists a function ¢ :]0, +00[—]0, +-00[ so that

mody(E, F) > ¢(A(E. F))

for any disjoint non degenerate continua E and F in X.
Moreover, if p is Q-regular, ¢ could be chosen so that

¢(t) ~log(1/t) whent — 0,
#(t) ~ (logr)'™? when r — +o0.
Recall that a measure p on X is Q-regular if there exists a constant Cag > 0 so that
CarR® < ju(B(x.R)) < CsrR?

whenever x € X, R €]0,diamX]. In particular, an Ahlfors-regular measure
is doubling (this notion is defined in the previous subsection). The Hausdorff
dimension of a metric space (X, d) equipped with a Q-Ahlfors measure is Q. In
these notes, a Q-Loewner space is a metric measure space (X, d, i) so that X satisfies
the Loewner condition of exponent Q and p is Q-regular. This terminology is not
exactly the usual one.

Since Q > 1, mody(E, F) is big if A(E, F) is small, that is if £ and F are closed,
or if E and F have a huge diameter. A typical example of a Loewner space is the
n-Euclidean space (n > 1). Other examples include Heisenberg/Carnot groups,
(noncompact, complete) Riemannian manifolds with nonnegative Ricci curvature
and maximal growth. This means that the Riemannian volume vol, of the manifold
(M, g) of dimension n satisfies for all x € M and R > 0, voly(B(x,R)) > C~'R"
for some positive constant C. Note that by the classical comparison Theorem
of Bishop-Gromov, we have also voly(B(x,R)) < CR" if M has nonnegative
Ricci curvature. Hence, a (noncompact complete) manifold with nonnegative Ricci
curvature is a Loewner space if and only if its Riemannian volume vol, is Ahlfors-
regular. Moreover, for any Q > 1, there exist Loewner spaces with dimension Q
(Laakso spaces, Bourdon-Pajot spaces). The case of the Heisenberg groups and of
Riemannian manifolds will be discussed with more details later.

Loewner spaces have the nice following geometric properties.
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Theorem 5.2.14 Let (X, d, ) be a Q-Loewner space (with Q > 1). Then,

* X is linearly locally connected (LLC). This means that there exists a constant
C > 0 so that for any x € X, any r > 0,

1. Every pair of point in B(x, r) can be joined (by a continuum) in B(x, Cr);
2. Every pair of point in X \ B(x,r) can be joined (by a continuum) in X \
B(x,r/C).

* X isquasiconvex, that is there exists a constant C = 0 such that any pair of points
(x,¥) € X XX can be joined by a curve y in X whose length is less than Cd(x, y).

We now give a characterization of Loewner spaces in terms of Poincaré
inequalities. We need first some definitions.

Definition 5.2.15 Let u : X — R be a continuous function. We say that p : X —
RT is an upper gradient of u if

() — u(y)| < / p(s)ds

Y

for all x, y € X and any rectifiable curve y joining x and y.

Example 5.2.16 1f X is the Euclidean space R" (or a smooth manifold) and if u :
R" — R is smooth, then |Vu| is an upper gradient of u. Moreover, if p is another
upper gradient of u, then |Vu| < p almost everywhere.

Example 5.2.17 Assume that © : X — R is a Lipschitz function (with Lip-
schitz constant L) and that X is rectifiably connected (that is every pair of
points can be joined by a rectifiable curve). Then, p(x) = L and p(x) =

|u(x) — u(y)|

lim inf, 0 SUp g, y)=, . are upper gradients of u.

The first claim is obvious. We now prove the second claim. Recall that we assume
that given x and y in X, there exists a rectifiable curve in X joining these two points.
Let y be a (locally) rectifiable curve in X parameterized (locally) by arclength. Then
the restriction u,, of u to y (that is u o y) is also Lipschitz and so is differentiable
almost everywhere. It follows that if y is a rectifiable curve joining x to y,

) =) < [ i 0las.
¥
Thus, we have to prove that

|u,(s)| < liminf sup jux) = u(y

0 dey)=r r

whenever u;,(s) exists. Fix such a sy and assume that u;(so) # 0 (other-
wise, the previous inequality is obvious). Hence, if s is sufficiently closed to sy,
d(y(s), y(s0)) # 0. Moreover, for all r small enough, there exists a smaller s(r) so
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that d(y(s(r)), y(so)) = r < |s(r) — so|. Note that s(r) — 0 when r — 0. Now we
have

6N =)l _ (@)~ uy o) |

s(r) = so T d@y(so)=r r

Since u, (s0) exists, we get

luy (s(r)) — uy (50)|
s(r) —so
limi lu(z) — uy(so))|
<liminf sup

=0 a@y(so))=r r

, ..
u.,(so)| < liminf
i (50)| < Timi

and the claim is proved. Note that this implies that the other pointwise Lipschitz con-

|u(x) — u(y)| |u(x) — u(y)|

stants p(x) = liminf sup and p(x) = limsup sup
>0 gxy)<r r r—0  d(xy)<r r
are also upper gradients. This illustrates the fact that in general an upper gradient is

not unique.

Remark 5.2.18 By definition, p = 400 is an upper gradient for any continuous
function u : X — R. This implies that an upper gradient always exists.

1
Letp > 1.If B is a ball, we denote by gg = — / gdp = /gd,u the mean
B w(B) Jp

value of a Borel function g : X — R on B. We say that the metric measure space
(X,d, n) supports a weak (1, p)-Poincaré inequality if there exist constant C > 0

and t > 1 so that
1/p
/ |u — ugldu < CdiamB (—/ ppdp,) (5.2)
B B

whenever B is a ball in X, u : X — R is a continuous function and p : X — R7 is
an upper gradient of u in B. Here, tB denotes the ball with the same center as B but
whose radius is t times the radius of B. If (5.2) is satisfied with t = 1, we say that
(X,d, n) supports a (1, p)-Poincaré inequality.

Remark 5.2.19 By Holder inequality, if (X,d,pn) supports a (1,1)-Poincaré
inequality, then (X, d, u) supports a (1, p)-Poincaré inequality for any p > 1.
Thus, the (1, 1)-Poincaré inequality is the strongest one.

Remark 5.2.20 In metric spaces which satisfy a chain condition, the weak-(1, p)-
Poincaré inequality implies the (1, p)-Poincaré inequality (See [6] for the definition
and a proof). For instance, the chain condition is satisfied in geodesic metric spaces.
Thus, most of the time, we will omit the term “weak”.

Remark 5.2.21 If X is a proper and quasiconvex metric space equipped with a
doubling measure, then X admits a Poincaré inequality if and only if X admits
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a Poincaré inequality only for bounded Lipschitz functions (and if and only if X
admits a Poincaré inequality for Borel functions).

The connection between the Loewner estimate and the Poincaré inequality is
given in the next result.

Theorem 5.2.22 Let (X, d, ) be a proper, Q-regular metric measure space. Then,
X is a Q-Loewner space if and only if X supports a (weak) (1, Q)-Poincaré
inequality.

This criterion is very useful to check that a given space is a Loewner space. We
now give two applications.

Theorem 5.2.23 The Heisenberg group equipped with its Carnot-Carathéodory
distance and its left invariant Haar measure is a (2n + 2)-Loewner space.

Proof First, we already mentioned (see chap. 3) that the Haar measure is 2n 4 2-
regular. So to conclude, we have to prove the Poincaré inequality. Let u be a smooth
function on the Heisenberg group and let p be a weak gradient of u. For any z € H",
set |z| = dcc(0, z) and choose a geodesic path y, : [0, |z|]] — H” from 0 to z. Note
that s — x.y,(s) is a shortest path that joins x to x.z (if x # 0). Hence, by the
definition of the upper gradient, we have

|z
u(x) — u(x2)| < /0 p(x.y:(s))ds.

To simplify the notation, we denote by dx the integration with respect to the Haar
measure and by |A| the Haar measure of A C H". Now, we use the left invariance of
the measure to get (with y = x.7)

[ )~ usfa < |;| [ [ = sy

N |113| /]HI" /]H]n x8(0) x5 (x.2)[ux) — u(x.z)|dxdz

4]
< “13' / n / n /0 2800 15(x.2)p(x.y:(s))dsdxdz.

Here, y4 denotes the characteristic function of A. By using the right invariance of
the Haar measure, we get (with & = x.y.(s))

/ x8(0) xB(x.2)p(x.y:(s))dx = / XB.y()E) Xp.~1.y. (5 (§) p(§)dE.
Hr Hr

Assume that xg.,.5)(§) Xp.~1.,.(5(§) # 0. Then, there exist x and y in B so that
£ = x.y.(5) = y.z '.y.(s). Note that z = x~l.y is in 2B since dcc(0,7) =
dcc(0,x71.y) = dcc(x,y) < 2r where r is the radius of B. Moreover, £ = XYy—14(5)
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is on a geodesic path from x to y and so dcc(x, &) + dec (v, §) = dec(x,y) < 2r.
This implies that dcc(x, §) < r or dec(y, £) < r. Hence, by the triangle inequality,
& € 2B. It follows that

/ K57 EV L1y EVDEVE < 725(2) / p(E)E.
Hn 2B

and then

/Blu(x) — upldx < |119| /n /OZ x28(2) /23 p(£)dédsdz

1
5 [2 ) [2 llp(edsa:

Cdiam(B) / p(z)dz.
2B

IA

Another application is

Theorem 5.2.24 Let (M, g) be a noncompact, complete Riemannian manifold of
dimension n. We assume that M has nonnegative Ricci curvature. Then, M is a
Loewner space if and only if the Riemannian volume vol, of M is n-Ahlfors regular.

Proof We have just to prove that a manifold with nonnegative curvature supports a
Poincaré inequality. For simplicity, we denote by u the Riemannian measure on M.
For any pair of points x and y in X, we choose one minimizing geodesic y,,, joining
x to y. We assume that y,, : [0,d(x,y)] — M is the arc length parametrization of
this geodesic. The geodesic joining y to x is then given by y, «(f) = vy, (t — d(x,y))
for any ¢ € [0, d(x, y)]. This means that the choice of the geodesic yy, implies the
choice of the geodesic y, ;.

Now, we fix a ball B in X of radius r. Consider u« and p as in the definition of the
Poincaré inequality. If x and y are in B, then by definition of the upper gradient,

d(x.y)
() — u(y)| < / p(s)ds = /0 ey (D))t

Vxy

Thus,
1
[u=wlan = o | [ 100 - utldncodne

d(x.y)
- u(lm /B/I; (/o y ”(Vx-y(f))df) dp@)dp ).
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Write now by using the definitions of y, and y, .

d(x.y) d(x,y)/2 d(x,y)
/ ;wmmm=/ mmmm+/ p(ay (0)di
0 0

d(x,y)/2

d(x.y) d(x.y)
=/ mwmm+/ P (e ().
d

(xy)/2 d(x.y)/2

Hence, by symmetry in x and y, we get

2 d(x.y)
Lw-mm_“®44<awfmmw§mmmw.

Denote now by ¢,(y) = yx,(#). Let J,,(y) the volume derivative of ¢, ,(y), that
is
X B ’
1) — tim PO (B0
=0 ju(B(y. 1))

From the proof of the Bishop-Gromov comparison Theorem, we get that there
exists an absolute constant C > 0 such that J,,(y) > C forany x € B,any y € B,
any t € [d(x,y)/2.d(x,y)]. In fact, C = 27"*! where n is the dimension of the
manifold. Hence, we have

d(x.y) d(x.y)
[ ( [ p(yx.y(t))dz) ) = [ [ [ poaonauine

d(x.y)
- X, i (y)dtd d
‘ /B /B L(x,y)/Z PP O xs (Wdtdp(x)dpu(y)

IA

IA

diams
—1
c /B /B /0 P rs 0N s )i ()1 ()

diams
—1
c /0 /B ( /B P(brs s )i () d ()

diams
—1
c /0 /B ( /¢ | PO

diams
—1
c /0 /B ( /2 PO

' diam(B)(B) /2 PR

IA

IA

IA

IA
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From this, we can easily conclude that

/ = ugldp < 20'r / P(du(2).
B 2B

Since p is doubling by the Bishop-Gromov comparison Theorem, we can
conclude and get the Poincaré inequality (with the mean values).
In Loewner spaces, the previous definitions of quasiconformality are equivalent.

Theorem 5.2.25 Let (X,dx, ux) and (Y,dy, iuy) be two (bounded) Q-Loewner
spaces (Q > 1) and let f : X — Y be a homeomorphism. The following assertions
are equivalent:

(i) fis OC
(i) f is WOS;
(iii) f is OS;

(iv) There exists a constant C > 0 so that
C 'mody(I") < mody(fI") < Cmody(I")

for all curve family I" in X.

Moreover, if these conditions hold, [ is absolutely continuous in measure and is
absolutely continuous on Q-almost every curve in X (that is, the Q-modulus of the
family of curves on which f is not absolutely continuous is zero).

The last condition could be seen as a metric analog of the property ACL. The
conditions (i), (ii) and (iii) are metric/quasisymmetric definitions of quasiconfor-
mality in metric spaces whereas (iv) is a geometric one (and corresponds to (G2) in
the complex plane). There is also an analytic definition (which is equivalent to (i),
(i1) (iii) and (iv) in Loewner spaces) in terms of Sobolev spaces between metric
measure spaces. This last definition is not discussed in these notes. Hence, the
previous theorem gives an analog of Theorem 5.1.1 in metric spaces with controlled
geometry. Recall that the complex plane is a Loewner space.

5.2.4 Quasi-Mobius Maps

We now give another definition of quasiconformality which is very useful in
geometric group theory and in hyperbolic geometry. We say that a homeomorphism
f 1 X — Y is quasi-Mobius (QM) if there exists a homeomorphism n; = 7 :
[0, +00) — [0, 00) such that, for any distinct points x1, x,, x3 and x4 in X,

[fGer), f(x2), f(x3), f (xa)] < n([x1, %2, X3, X4])
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holds, here [x1, x2, x3, x4] denotes the metric crossratio defined by

d(x1, x3)d(x2, x4)
d(x1, x4)d(x2, x3) '

[x1, X2, x3,x4] =

Theorem 5.2.26 Let X, Y be two metric spaces and f : X — Y be a homeomor-
phism.

(i) A quasi-Mobius map is uniformly locally quasisymmetric.

(i1) A quasisymmetric map is quasi-Mobius.

(iii) Letf : X — Y be a quasi-Mobius map. If X and Y are unbounded, then f is
quasisymmetric if and only if f(x) tends to infinity when x tends to infinity.
If X and Y are bounded, and if for three points z1,22,23 € X, we have
d(z;, zj) > diam X/A and | f(z;) —f(zj)| > diam Y/A for some A > O, then f is

n-quasisymmetric, where 1 only depends A and on the distortion of crossratios.

Before proving this result, we give a geometric interpretation of the crossratio
following Bonk and Kleiner:

Lemma 5.2.27 Let X be a metric space. If x1,x2, X3, X4 are four distinct points in
X, we define

min{d(x,x3),d(x2,x4)}

('xls-x27-x3s-x4> = mln{d(xl,X4),d(x2,X3)} *

Then
(x1,x2,x3, x4) < no([x1.x2,x3,%4]) and  [x1,x2,x3,x4] < M1 ({x1, X2, %3, x4))
where
no() =t+ V2 +t and ni(t) =12 +1).

Proof To simplify the notation, we will set |[x — y| = d(x,y) for x, y € X. Let us
assume that [x; — x| < |x3 — x4]; then

lxr —x3] < fxr — x| 4 v — x| 4 s — 3] < 20 — x| + v — s

|22 — x4] < |x2 — x| + |21 — x3] + |x3 — x4] < 2|4 — x3| + |x1 — x3] .
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Hence

max{|x; — x|, |x2 — x4|} < 2|xg — x3| + min{|x; — x3|, |x2 — x4}

min —x3l, —
- (2+ {1 — xsl, [x2 x4|}) s — x|

- |3 — x4

1
§(2+ )|X3—x4|-
(X1, X2, x3,x4)

Therefore,

1 - -
[x1,x2,x3,x4] > (2+ ( >) b = x|

X1,X2,X3, X4 min{|x; —x3], [x2 — x4}

-
> (X1, X2, X3, X4) (2 + ) )
(x1, X2, %3, x4)

By inverting the function of (x;, x5, x3, x4), we obtain

(1,22, x3,x4) < no([x1,x2,x3,x4]) .

Observe that
no(t) < 3max{t, /t}.

By permuting points, we have

1 —1
[x1,x3, X2, x4] > (X1, X3, X2, x4) (2 + )
(%1, X3, %2, X4)

and taking the inverse, it follows that
[x1, 2, x3, %] < mi((x1,x2, X3, x4)) -

Proof (Theorem 5.2.26)

(1) Let x € X and pick X' # x. By continuity of f, we may find r > 0 such that
r < |x —x'|/4 and diamf(B(x,r)) < |f(x) —f(x))|/4. Using (-) for points
(x1, x2, x3,x") with Xj € B(x,r),j = 1,2, 3, we see at once that a quasi-Mobius
map is uniformly quasisymmetric on B(x, r).

(i) Let us prove that if f is n-quasisymmetric, then

(f(x1),f(x2),f(x3), f(x4)) < n({x1,X2,X3,X4)) .
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Let us assume that |x; — x2| < |x3 — x4|. We have

min{] f(x1) —f (). [f(x3) =f ()} < [fCer) —f ()]

On the other hand, observe that

min{| f(x1) = f ()], [f () =f )|} = [£ ) —f ()]

where we can choose i € {1, 2}.
Thus,

[f£Ce1) —f(x2)] < (lxl —x2|)
|fO) —fC)l — 7\ xi —xj

< 77( . X1 — x| )
m1n{|x1 —X3||x2—x4|}

< n({x1,x2,x3,x4)) .

Lemma 5.2.27 enables us to conclude.
(iii) If X and Y are unbounded, then f can be quasisymmetric only if f(x) tends to
infinity with x: if x; and x, are fixed an n-quasisymmetric map satisfies

|x — x1]

£ — £ < 1 ( ) FGe2) — )|

|2 — x1]

which implies that f(x) remains bounded if x is; and similarly, f(x) has to go
infinity when x does since

|x2 — x1]

FGe2) —FG)] < ( ) ) —f)].

|x — x1]

In this case, we let x4 go infinity and we obtain that f is n-quasisymmetric.

Otherwise, for any x € X, there are z;, z; such that |z; — x| > diamX/2A
and |z — x| > diam X/2A. Similarly, there are z, z,, such that | f(z) — f(x)| >
diam Y/2X and | f(z,,) — f(x)| > diam Y/2A.

Let x1, x2, x3. Choose z; so that |z; — xp| > diam X /21 and | f(z;) —f(x3)| >
diam Y/2A.

Hence,

[fCe) =fO)] _ [ f ) = f(z)]
LFOe) =fOa)] — 1f () = f ()

<2ip (2/\ b _x2|) .

|x1 — x3]

n(fx1, x2, x3, i)
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Remark 5.2.28 1If xi, xp, x3 and x4 are four distinct points in X, J. Ferrand’s
crossratio is defined by

[x1, %2, X3, x4] = }En;mon(E, F)

where the infimum is taken over all the (non degenerate disjoint) continua E and
F so that x;, x, € E and x3, x4 € F. Then, any quasiconformal homeomorphism
quasi-preserves J. Ferrand’s crossratio in Q-Loewner spaces.

5.3 Back to Hyperbolic Geometry

Gromov spaces and other related notions are defined in Sect. 3.1.

Definition 5.3.1 Let (X, d) be a metric space. The conformal gauge € (X, d) of
(X, d) is the set of distances 6 on X such that the identity map Id : (X,d) — (X, ) is
QS. The conformal dimension of (X, d) is then Cdim(X, d) = inf Hdim(X, §) where
the infimum is taken over all distances ¢ in the conformal gauge of (X, d) and Hdim
denotes the Hausdorff dimension.

If § € €(x,d) is so that (X, §) equipped with its Hausdorff measure is a Q-
Loewner space, then Cdim(X,d) = Q.

Example 5.3.2 The conformal dimension of the Euclidean R” is n and is attained
by the Euclidean metric whereas the conformal dimension of the Heisenberg group
H" is 2n + 2 and is attained by the Carnot-Carathéodory distance.

Remark 5.3.3 There are examples of metric spaces for which the conformal
dimension is not attained.

In the particular case where X = 0gZ with Z a Gromov hyperbolic space,
the conformal gauge of X (or of Z) is the conformal gauge associated to a visual
metric. This definition does not depend on the choice of this visual metric: indeed,
if d; and d, are visual distances based at w; and w, and of parameter ¢; and &>,
then Id : (0Z,d;) — (0Z,d,) is quasisymmetric. The following result relates the
quasiconformal geometry with the Gromov hyperbolicity:

Theorem 5.3.4 Let Z,, Z, be Gromov hyperbolic spaces and let F : Z, — Z, be
a (C, D)-quasi-isometry. Then, F extends continuously as a homeomorphism f :
06Z1 — 067, (equipped with some visual metrics).

Moreover, if di and d, are visual metrics of parameter €x, €y, then there exists
a =a(C,D,ex/ey) > 0and B = B(C,D, ex/ey) = 1 suchthatf is n-quasimiobius,
with n(t) = a - max{t? , 1'/P\. If ex = ey, and F is a rough isometry, then the map f
is bilipschitz (and if F is an isometry, then one may choose f = 1).

Hence, the conformal dimension is a quasi-isometric invariant of Gromov
hyperbolic spaces.
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Remark 5.3.5 If the Gromov hyperbolic spaces Z; and Z, admit a cocompact group
of isometries, any QS-homeomorphism f : dgZ; — dsZ, is induced by a quasi-
isometry F : Z; — Z,.

To study the rigidity of a Gromov hyperbolic space Z, it could be useful to find
a distance § on dZ so that the conformal dimension of Z is attained for é. Indeed,
this distance will give a good conformal structure on dZ (for instance, a structure of
Loewner space). As an example, we conclude this chapter with the famous rigidity
theorem of Mostow for the complex hyperbolic space.

Theorem 5.3.6 Let I, I; be two lattices in the complex hyperbolic space H. If
It and Iy are isomorphic, then Mr, = H /It and M, = H./ Iy are isometric, in
particular are conformally equivalent.

Recall that a lattice I" in H{, is a discrete subgroup of the group of isometries of
HE so that M = H{./I" is compact.

We now describe the main ideas of the proof. Consider an isomorphism ¢ : I'} —
I,. Then, ¢ induces a quasi-isometry F : Hg — Hg which is equivariant. Recall
that the boundary dgH{. could be identified with the Heisenberg group H" equipped
with the Carnot-Carathéodory distance (for which the conformal dimension is
attained), see Sect.3.2. Then, F has a quasiconformal extension on the boundary
f :H" — H". Since H" is a Loewner space, f is absolutely continuous along almost
every rectifiable curves y (and hence is differential along almost every curve y).
By Pansu’s version of the Rademacher theorem, it turns out that f is differentiable
almost everywhere. Moreover, it can be shown by an ergodic argument that f is 1-
quasiconformal. By an analog of the classical Liouville theorem, f is the boundary
value of an isometry of H{ which is equivariant and therefore descends to an
isomety between M, and Mp,. To avoid confusion, we recall that the Liouville
theorem we mention states that any conformal map on the Euclidean n-sphere is the
boundary value of an isometry of the real hyperbolic n 4 1-space.

5.4 Notes

Classical references on quasiconformal mappings in the complex plane include [1]
or [10], and in higher dimension [14] or [17]. For a discussion of the Beltrami
equation, see [12] or [8]. The presentation we follow is due to P. Haissinsky
(unpublished). A complete proof of the wandering theorem could be found in [2].
The best introduction to analysis in metric spaces (and in particular quasiconformal
mappings) is [6]. The theory of quasiconformal mappings in spaces with controlled
geometry was first developed in [7]. Poincaré inequalities (with examples and
applications) are discussed in [5] and in [15]. In particular, proofs of the Poincaré
inequalities in the Heisenberg group and in manifolds with nonnegative curvature
are taken from this book. More general versions of theorem 5.3.6 are in [11] and in
[13]. A general discussion of rigidity theorems in connection with quasiconformal
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geometry and analysis in metric spaces can be found in [3, 4] and [9]. For more
informations about BMO spaces and singular integral operators, see [16].
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Chapter 6
Carleson Measures and Toeplitz Operators

Marco Abate

In this last chapter we shall describe a completely different application of the
Kobayashi distance to complex analysis. To describe the problem we need a few
definitions.

Definition 6.0.1 We shall denote by v the Lebesgue measure in C". If D CC C”" is
a bounded domain and 1 < p < oo, we shall denote by L’ (D) the usual space of
measurable p-integrable complex-valued functions on D, with the norm

1/p
1Al = [ /D QP dv(z)]

if 1 < p < oo, while | f|lco Will be the essential supremum of |f| in D. Given
B € R, we shall also consider the weighted L?-spaces L’ (D, ), which are the L”
spaces with respect to the measure §#v, where §: D — R is the Euclidean distance
from the boundary: §(z) = d(z, dD). The norm in LP(D, B) is given by

1/p
1l = [ [ rarser du(z)}

for 1 <p < oo, and by || fllep = [|f8# |l for p = oo.

Definition 6.0.2 Let D CC C" be a bounded domain in C", and 1 < p < oo. The
Bergman space AP (D) is the Banach space A?(D) = L”(D) N Hol(D, C) endowed
with the norm || - ||,. More generally, given B € R the weighted Bergman space
AP (D, B) is the Banach space A?(D, B) = L(D, ) N Hol(D, C) endowed with the
norm | - [|,.8.
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The Bergman space A%(D) is a Hilbert space; this allows us to introduce one of
the most studied objects in complex analysis.

Definition 6.0.3 Let D CC C" be a bounded domain in C". The Bergman
projection is the orthogonal projection P: L?(D) — A%(D).

It is a classical fact (see, e.g., [11, Sect.1.4] for proofs) that the Bergman
projection is an integral operator: it exists a function K: D x D — C such that

Pf(z) Z/DK(Z,w)f(w)dv(w) 6.1)

for all f € L*(D). It turns out that K is holomorphic in the first argument, K (w,z) =
K(z,w) for all z, w € D, and it is a reproducing kernel for A*(D) in the sense that

f@) = /D Kz w)f (w) dv ()

for all f € A%(D).

Definition 6.0.4 Let D CC C" be a bounded domain in C". The function K: D x
D — C satisfying (6.1) is the Bergman kernel of D.

Remark 6.0.5 1t is not difficult to show (see again, e.g., [11, Sect.1.4]) that
K(-,w) € A%2(D) for all w € D, and that

IKCw)3 = K(w.w) > 0.

In case D = B the unit ball, the explicit formula is given in Sect. 3.2.
A classical result in complex analysis says that in strongly pseudoconvex
domains the Bergman projection can be extended to all L” spaces:

Theorem 6.0.6 (Phong and Stein [16]) Let D CC C" be a strongly pseudoconvex
domain with C*° boundary, and 1 < p < oo. Then the formula (6.1) defines a
continuous operator P from L (D) to AP (D). Furthermore, for any r > p there is
f € LP(D) such that Pf ¢ A"(D).

Recently, Cuckovié and McNeal posed the following question: does there exist
a natural operator, somewhat akin to the Bergman projection, mapping L (D) into
A’ (D) for some r > p? To answer this question, they considered Toeplitz operators.

Definition 6.0.7 Let D CC C" be a strongly pseudoconvex domain with C*°
boundary. Given a measurable function y:D — C, the multiplication operator
of symbol  is simply defined by My (f) = y¥f. Given 1 < p < o0, a symbol
Y is p-admissible if My sends L”(D) into itself; for instance, a v € L*°(D) is p-
admissible for all p. If v is p-admissible, the Toeplitz operator Ty : L7 (D) — AP (D)
of symbol V is defined by Ty, = P o My, that is

Ty (N(2) = P(Yf)(2) = /DK(Z’ w)f W)y (w) dv(w) .
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Remark 6.0.8 More generally, if A is a Banach algebra, B C A is a Banach
subspace, P:A — B is a projection and ¥ € A, the Toeplitz operator Ty of
symbol  is defined by Ty (f) = P(y¥f). Toeplitz operators are a much studied
topic in functional analysis; see, e.g., [18].

Then Cuckovié and McNeal were able to prove the following result:

Theorem 6.0.9 (Cuckovi¢ and McNeal [5]) Let D CC C" be a strongly pseudo-
convex domain with C*° boundary. If 1 < p < coand 0 < B < n + 1 are such
that

n—+1 P

n+1—,3<p—1 ©.2)

then the Toeplitz operator Tgs maps continuously L7 (D) in APT6(D), where

Culkovi¢ and McNeal also asked whether the gain G in integrability is optimal;
they were able to positively answer to this question only for n» = 1. The positive
answer in higher dimension has been given by Abate et al. [2], as a corollary of their
study of a larger class of Toeplitz operators on strongly pseudoconvex domains. This
study, putting into play another important notion in complex analysis, the one of
Carleson measure, used as essential tool the Kobayashi distance; in the next couple
of sections we shall describe the gist of their results.

6.1 Definitions and Results

In this subsection and the next D will always be a bounded strongly pseudoconvex
domain with C* boundary. We believe that the results might be generalized to other
classes of domains with C* boundary (e.g., finite type domains), and possibly to
domains with less smooth boundary, but we will not pursue this subject here.

Let us introduce the main player in this area.

Definition 6.1.1 Let D CC C” be a strongly pseudoconvex domain with C*
boundary, and u a finite positive Borel measure on D. Then the Toeplitz operator T,
of symbol p is defined by

T,(f)() = /D K(eow)f w) daw) .

where K is the Bergman kernel of D.
For instance, if ¥ is an admissible symbol then the Toeplitz operator T, intro-
duced in Definition 6.0.7 is the Toeplitz operator Ty, according to Definition 6.1.1.
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In Definition 6.1.1 we did not specify domain and/or range of the Toeplitz
operator T}, because the main point of the theory we are going to discuss is exactly
to link properties of the measure p with domain and range of 7).

Toeplitz operators associated to measures have been extensively studied on the
unit disc A and on the unit ball B” (see, e.g., [10, 12, 13, 19] and references therein);
but [2] has been one of the first papers studying them in strongly pseudoconvex
domains.

The kind of measure we shall be interested in is described in the following

Definition 6.1.2 Let D CC C" be a strongly pseudoconvex domain with C*°
boundary, A a Banach space of complex-valued functions on D, and 1 < p < oo.
We shall say that a finite positive Borel measure p on D is a p-Carleson measure
for A if A embeds continuously into L” (), that is if there exists C > 0 such that

/D 7A@ < I

for all f € A, where || - |4 is the norm in A.

Remark 6.1.3 When the inclusion A < [P(u) is compact, u is called vanishing
Carleson measure. Here we shall discuss vanishing Carleson measures only in the
remarks.

Carleson measures for the Hardy spaces H”(A) were introduced by Carleson [3]
to solve the famous corona problem. We shall be interested in Carleson measures
for the weighted Bergman spaces AP (D, f8); they have been studied by many authors
when D = A or D = B" (see, e.g., [6, 14, 19] and references therein), but more
rarely when D is a strongly pseudoconvex domain (see, e.g., [4, 8] and [1]).

The main point here is to give a geometric characterization of which measures
are Carleson. To this aim we introduce the following definition, bringing into play
the Kobayashi distance.

Definition 6.1.4 Let D CC C" be a strongly pseudoconvex domain with C*
boundary, and 6 > 0. We shall say that a finite positive Borel measure p on D
is 8-Carleson if there exists r > 0 and C, > 0 such that

0
1(Bp(z0. 7)) < Crv(Bp(z0.7)) (6.3)
for all zo € D. We shall see that if (6.3) holds for some » > 0 then it holds for all
r> 0.

Remark 6.1.5 There is a parallel vanishing notion: we say that u is vanishing 0-
Carleson if there exists r > 0 such that

11(Bp(z0. 7))

z0—>0D U(BD(ZO, }’))9 -

For later use, we recall two more definitions.
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Definition 6.1.6 Let D CC C" be a strongly pseudoconvex domain with C*°
boundary. Given w € D, the normalized Bergman kernel in w is given by

Remark 6.0.5 shows that k,, € A%(D) and ||k,,|| = 1 forall w € D.

Definition 6.1.7 Let D CC C" be a strongly pseudoconvex domain with C*°
boundary, and p a finite positive Borel measure on D. The Berezin transform of u
is the function Bu: D — R™T defined by

Bu() = /D k(0 dia )

Again, part of the theory will describe when the Berezin transform of a measure
is actually defined.
‘We can now state the main results obtained in [2]:

Theorem 6.1.8 (Abate et al. [2]) Let D CC C" be a strongly pseudoconvex
domain with C* boundary, 1 < p < r < 0o and [ a finite positive Borel measure
on D. Then T,, maps AP (D) into A"(D) if and only if | is a p-Carleson measure for
AP(D, (n+1)(, = ).

Theorem 6.1.9 (Abate et al. [2]) Let D CC C”" be a strongly pseudoconvex
domain with C*° boundary, 1 < p < oo and 6 € (1 - n41—1’2)' Then a finite
positive Borel measure | on D is a p-Carleson measure for AP (D, n+ 16 — 1))

if and only if | is a 6-Carleson measure.

Theorem 6.1.10 (Abate et al. [2]) Let D CC C" be a strongly pseudoconvex
domain with C* boundary, and 0 > 0. Then a finite positive Borel measure i
on D is O-Carleson if and only the Berezin transform By exists and §"tV1=9By e
L*® (D).

Remark 6.1.11 This is just a small selection of the results contained in [2]. There
one can find statements also for p = 1 or p = oo, for other values of 8, and
on the mapping properties of Toeplitz operators on weighted Bergman spaces.
Furthermore, there it is also shown that 7, is a compact operator from A?(D) into
A’(D) if and only if u is a vanishing p-Carleson measure for A? (D, (n+ 1)(11) — 1));
that y is a vanishing p-Carleson measure for A? (D, (n+1)(6— 1)) if and only if u
is a vanishing f-Carleson measure; and that y is a vanishing 6-Carleson measure if
and only if "+ DU0=9(2)Bu(z) — 0 as z — aD.

Remark 6.1.12 The condition “p-Carleson” is independent of any radius » > 0,
while the condition “f-Carleson” does not depend on p. Theorem 6.1.9 thus implies
that if u satisfies (6.3) for some r > 0 then it satisfies the same condition (with pos-
sibly different constants) for all » > 0; and that if u is p-Carleson for A? (D, n+1)



146 M. Abate

(6 — 1)) for some 1 < p < oo then it is p-Carleson for A? (D, n+1)(0— 1)) for all
1 <p<oo.

In the next subsection we shall describe the proofs; we end this subsection
showing why these results give a positive answer to the question raised by Culkovié
and McNeal.

Assume that T maps L7 (D) (and hence A”(D)) into AP*6(D). By Theorem 6.1.8
8P must be a p-Carleson measure for A (D, (n+ 1)(11) - p_iG)). By Theorem 6.1.9

this can happen if and only if §#v is a #-Carleson measure, where

1 1

=1+ - ;
p p+G

(6.4)

notice that 1 < 6 < 2 because p > 1 and G > 0. So we need to understand when
8Pv is O-Carleson. For this we need the following

Lemma 6.1.13 Let D CC C" be a strongly pseudoconvex domain with C?
boundary, Then there exists C > 0 such that for every zo € D and r > 0 one
has

—2r
Vz e Bp(zo.r) Ce¥8(z0) > 8(2) > eC 5(20) -

Proof Let us fix wy € D. Then Theorems 1.5.16 and 1.5.19 yield ¢y, Cp > 0 such
that

co— 5 10g8(z) < kp(wo.2) < kp(z0.2) + kp(z0. wo)
<r+ Co— }logé(zo) .
for all z € Bp(zo, r), and hence
eH0mC0§(z0) < e¥8(2) .
The left-hand inequality is obtained in the same way reversing the roles of zy and z.

|

Corollary 6.1.14 Let D CC C" be a strongly pseudoconvex domain with C?
boundary, Given B > 0, put vg = 8Pv. Then vg is 0-Carleson if and only if
B=(n+1)(O—1).

Proof Using Lemma 6.1.13 we find that

e—2

C

A

rS(Zo)ﬂv(BD(zo, r) < vg(Bp(zo, 7)) = / 8(2)P dv(z)

Bp(z0.7)

IA

Ce?8(z0)Pv (BD (2o, ”))
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for all zo € D. Therefore vg is §-Carleson if and only if

8(z0)P < C1v(Bp (20, V))9_1

for some C; > 0. Recalling Theorem 1.5.23 we see that this is equivalent to
requiring 8 > (n + 1)(6 — 1), and we are done. O
In our case, 6 is given by (6.4); therefore 8 > (n 4+ 1)(6 — 1) if and only if

1 1
ﬁz(n+1)(p—p+G)-

Rewriting this in term of G we get

proving that the exponent in Theorem 6.0.9 is the best possible, as claimed.
Furthermore, G > 0 if and only if

1 1 1
p < & 1- p >1—- <& n < p ,
n+1 p n+1 p n+1-8 p-1

and we have also recovered condition (6.2) of Theorem 6.0.9.

Corollary 6.1.14 provides examples of 6-Carleson measures. A completely
different class of examples is provided by Dirac masses distributed along uniformly
discrete sequences.

Definition 6.1.15 Let (X,d) be a metric space. A sequence I' = {x;} C X is
uniformly discrete if there exists € > 0 such that d(x;, x;) > ¢ for all j # k.
Then it is possible to prove the following result:

Theorem 6.1.16 ([2]) Let D CC C" be a bounded strongly pseudoconvex domain
with C* boundary, considered as a metric space with the Kobayashi distance, and
choose 1 — n_lH < 0 <2 Let I' = {zj}jen be a sequence in D. Then I' is a finite
union of uniformly discrete sequences if and only ifzj S(Zj)("+l)98zj is a 6-Carleson

measure, where SZJ. is the Dirac measure in z;.

6.2 Proofs

In this section we shall prove Theorems 6.1.8, 6.1.9 and 6.1.10. To do so we shall
need a few technical facts on the Bergman kernel and on the Kobayashi distance. To
simplify statements and proofs, let us introduce the following notation.



148 M. Abate

Definition 6.2.1 Let D C C" be a domain. Given two non-negative functions
f. gD — RT we shall write f < g or g > f to say that there is C > 0 such
that f(z) < Cg(z) for all z € D. The constant C is independent of z € D, but it might
depend on other parameters (r, 6, etc.).

The first technical fact we shall need is an integral estimate on the Bergman
kernel:

Theorem 6.2.2 ([2,12,15]) Let D CC C" be a strongly pseudoconvex domain with
C* boundary. Take p > 0 and § > —1. Then

820D i 1 < B < (n+ D(p— 1),
/D K (v 20)lP8(0) dv(w) < 1 | Tog8(z0)| iB = (1 + D)(p—1),
! i > (n+ D(p—1).

forall zyp € D.
In particular, we have the following estimates on the weighted norms of the
Bergman kernel and of the normalized Bergman kernel (see, e.g., [2]):

Corollary 6.2.3 Let D CC C" be a strongly pseudoconvex domain with C*
boundary. Take p > 1 and —1 < B < (n+ 1)(p — 1). Then

ﬁ_n-‘,;l n+l+ﬁ_n-ﬁ;l
IKC.z0)llpp = 8(z0)7 »  and kg llpp = 8(z0) > "7 7

forall zy € D, where p’ > 1 is the conjugate exponent of p.
We shall also need a statement relating the Bergman kernel with Kobayashi balls.

Lemma 6.2.4 ([1,12]) Let D CC C" be a strongly pseudoconvex domain with C*°
boundary. Given r > 0 there is §, > 0 such that if §(zo) < 6, then

Vz€Bp(z,r)  min{|K(z 20)], ks ()7} = 8(z0)" "
Remark 6.2.5 Notice that Lemma 6.2.4 implies the well-known estimate
K(20.20) = 8(z0)~"+Y
which is valid for all zy € D.

The next three lemmas involve instead the Kobayashi distance only.

Lemma 6.2.6 ([1]) Let D CC C" be a strongly pseudoconvex bounded domain
with C? boundary. Then for every 0 < r < R there exist m € N and a sequence
{zx} C D of points such that D = \ J;=, Bp(zx, r) and no point of D belongs to more
than m of the balls Bp(zx, R).

Proof Let {B;}jen be a sequence of Kobayashi balls of radius /3 covering D. We
can extract a subsequence {A; = Bp(zx, r/3) }ren of disjoint balls in the following
way: set A} = Bj. Suppose we have already chosen Ay, ..., A;. We define A4 as
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the first ball in the sequence {B;} which is disjoint from A; U---U A;. In particular,
by construction every B; must intersect at least one Ay.

We now claim that {Bp(z, ) }ren is a covering of D. Indeed, let z € D. Since
{Bj}jen is a covering of D, there is jo € N so that z € Bj,. As remarked above, we
get ko € N so that B, N Ay, # 0. Take w € Bj, N Ay,. Then

kp(z,zk,) < kp(z.w) +kp(w, z) <7,

and z € Bp(zi,, 7).

To conclude the proof we have to show that there is m = m, € N so that each
point z € D belongs to at most m of the balls Bp(zx, R). Put Ry = R + r/3. Since
z € Bp(z, R) is equivalent to z;z € Bp(z, R), we have that 7z € Bp(z, R) implies
Bp(zx,r/3) € Bp(z, Ry). Furthermore, Theorem 1.5.23 and Lemma 6.1.13 yield

v(Bp(zk. r/3)) = 8(z)"" = 8(2)"!

when z; € Bp(z, R). Therefore, since the balls Bp(z, r/3) are pairwise disjoint,
using again Theorem 1.5.23 we get

v(Bp(z. R1)) <1

crd ke Nz eBo Ry = g r/3))

and we are done. O

Lemma 6.2.7 ([1]) Let D CC C" be a strongly pseudoconvex bounded domain
with C* boundary, and r > 0. Then

1(z0) =2 xdv

ey
U(BD(ZO, r)) Bp(z0.r)

for all zo € D and all non-negative plurisubharmonic functions y: D — R™.

Proof Let us first prove the statement when D is an Euclidean ball B of radius
R > 0. Without loss of generality we can assume that B is centered at the origin.
Fix zo € B, let y,,/r € Aut(B") be given by (2.10), and let @,,: B" — B be defined
by @,, = Ry, &; in particular, @, is a biholomorphism with @, (O) = z¢, and thus
@, (B]Bn (0, ?)) = Bg(zo, 7). Furthermore (see [17, Theorem 2.2.6])

+1 _
R — ||z )n R

> d , OB n+1 ,
IR — (z,20)|? (20, O)

acs, @) = & ( 2 g
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where Jacr @,, denotes the (real) Jacobian determinant of @, . It follows that

/ xdv = / (1 0 Bop)Jack @y | dv
Bg(z0.1) Bpn (0.r)

n—1

d(z0, OB)"™! / (20 ) dv.

= 1
4t Byn (0.r)

Using [17, 1.4.3 and 1.4.7.(1)] we obtain

1 tanhr p2m )
/ (yo@y)dv = Zn/a do (x) 9ot / / xo P, (e’ %) 1drd6 |
Byn (0,r) B 0 0

where ¢ is the area measure on 0B" normalized so that 6(dB") = 1. Now, { —
X © @, (¢x) is subharmonic on (tanhr)A = {|{| < tanhr} C C for any x € dB",
since @, is holomorphic and y is plurisubharmonic. Therefore [9, Theorem 1.6.3]
yields

1 tanhr p2m . tanh r 1
5 / f X 0 Py (102 drd6 > y(z0) / 2"V dr = (tanhr)* x(z0) .
T Jo 0 0 2n

So

/ (x o @,)dv > (tanhr 2")((10) ,
Bpn (0,r)

and the assertion follows from Theorem 1.5.23.

Now let D be a generic strongly pseudoconvex domain. Since D has C? boundary,
there exists a radius ¢ > 0 such that for every x € dD the euclidean ball B, (¢) of
radius ¢ internally tangent to dD at x is contained in D.

Let zo € D. If §(z9) < &, let x € D be such that §(z0) = ||zo — x||; in particular,
7o belongs to the ball B,(¢) C D. If §(z9) > ¢, let B C D be the Euclidean ball of
center zo and radius §(zp). In both cases we have §(z9) = d(zo, 0B); moreover, the
decreasing property of the Kobayashi distance yields Bp(zo, ) 2 Bg(zo, r) for all
r>0.

Let y be a non-negative plurisubharmonic function. Then Theorem 1.5.23 and
the assertion for a ball imply

/ xdv > / xdv > v(Bg(z0, 7)) x(z0)
Bp(z0.r) Bp(z0,r)

= d(z0, 0B)" ! x(20) = 8(20)" " x(20)
> v(Bp(z0. 1)) x(z0)

and we are done. ]
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Lemma 6.2.8 ([1]) Let D CC C" be a strongly pseudoconvex bounded domain
with C? boundary. Given 0 < r < R we have

Vzo € D Vz e Bp(z,r) x(@) = xdv

1
v (BD(Zos ")) /Bp(zosR)

for every nonnegative plurisubharmonic function y:D — R7.

Proof Let r; = R — r; by the triangle inequality, z € Bp(z¢, r) yields Bp(z,r1) €
Bp(zo, R). Lemma 6.2.7 then implies

1
x(@) = xdv
v(Bp(z, 1)) JBpr)
1 v(Bp(z0, 1)) 1
= = . xdv
v(Bp(z,71)) JBp(0.R) v(Bp(z, 1)) v(Bp(20.7)) JBpzR)
for all z € Bp(zo, r). Now Theorem 1.5.23 and Lemma 6.1.13 yield
v(Bp(z0.7))
v(Bp(z,r1)) ~
for all z € Bp(zo, r), and so
CESN
xz) = xav
v(Bp(z0. V)) Bp(z0.R)
as claimed. O

Finally, the linking between the Berezin transform and Toeplitz operators is given
by the following

Lemma 6.2.9 Let i be a finite positive Borel measure on a bounded domain D CC
C". Then

Bu() = /D (T,uk2) (). () dv () 6.5)

forall z € D.

Proof Indeed using Fubini’s theorem and the reproducing property of the Bergman
kernel we have

[ K@P
Bu() = /D ) dno

[ K(x,2)
- /D K0 du(
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[ K(x,2)
- JoK(z.2)

- / ( K(x.2) K(w,x) d,u(x)) K(w.2) dv(w)
D

(/ K(w,x)K(z,w) dv(w)) du(x)
D

p VK(z.2) VK(z.2)
- / ( / K(w)kz(x)du(x)) ke(w) dv ()
D D

= [ @k avem.

as claimed. ]
We can now prove Theorems 6.1.8, 6.1.9 and 6.1.10.

Proof (of Theorem 6.1.9) Assume that p is a p-Carleson measure for A? (D, (n +

1)(6 — 1)), and fix r > 0; we need to prove that j1(Bp(z0.7)) < v(Bp(zo, r))e for
all zp € D.

First of all, it suffices to prove the assertion for zj close to the boundary, because
both @ and v are finite measures. So we can assume §(z9) < &,, where §, is given
by Lemma 6.2.4. Since, by Corollary 6.2.3, k2 € AP (D, n+ 1D — 1)), we have

> 720

1
sty B0Go) = [ e = [l 00Pr duon

Bp(z0.r)

= / e () P28 )+ DO dy (o)
D

< §(z) " / K (v, 20) P28 ) DO dy (o)
D
< 5(Z0)(n+l)(9—p)

1

by Theorem 6.2.2, that we can apply because 1 —

Theorem 1.5.23 we see that u is 8-Carleson.
Conversely, assume that p is 8-Carleson for some r > 0, and let {z;} be the
sequence given by Lemma 6.2.6. Take f € A? (D, (n+1)(6 — 1)). First of all

< 6 < 2. Recalling

P < P
/D ICRTCEDS /B FQP dut) .

keN D (2k,7)
Choose R > r. Since | f|? is plurisubharmonic, by Lemma 6.2.8 we get

1
’d d
v(Bp (2. 1)) /Bn(zk,r) I:/Bp(zk,R) Fonl U(W)} #a)

U(BD(Zk,r))G_I/ [fw)|P dv(w)

Bp(zk.R)

A

/ PP du)
Bp(zk.r)

IA
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because u is §-Carleson. Recalling Theorem 1.5.23 and Lemma 6.1.13 we get

/ PP du() = 8(z)+DED / oD dv ()
Bp(zk.r)

Bp(zk.R)

< / O P8I dy )
Bp(zk.R)

Since, by Lemma 6.2.6, there is m € N such that at most m of the balls Bp(zx, R)
intersect, we get

/ FOP du) < / FODPSO) DO dy )
D D

and so we have proved that p is p-Carleson for A? (D, n+1)0 — 1)). O

We explicitly remark that the proof of the implication “f-Carleson implies p-
Carleson for A?(D, (n + 1)(6 — 1))” works for all # > 0, and actually gives the
following

Corollary 6.2.10 Let D CC C" be a bounded strongly pseudoconvex domain with
C? boundary, 6 > 0, and u a 0-Carleson measure on D. Then

/ 1@ dp() < / 980 IED d )
D D

for all nonnegative plurisubharmonic functions y:D — R7T such that y €
LP(D, n+ 10— 1)).

Now we prove the equivalence between 6-Carleson and the condition on the
Berezin transform.

Proof (of Theorem 6.1.10) Let us first assume that u is 6-Carleson. By Theo-
rem 6.1.9 we know that p is 2-Carleson for A%(D, (n + 1)(6 — 1)). Fix zo € D.
Then Corollary 6.2.3 yields

Bu(zo) = / Ikzo(w)|2 dp(w) = ||kzo||%,(n+l)(9—l) = 8(20)(n+1)(9_1) )
D

as required.
Conversely, assume that §®"+V0=9B; ¢ L[*°(D), and fix r > 0. Then
Lemma 6.2.4 yields

5(z0) ™0 = Byu(zg) = /D ey ) dpt(w) = / ey ) die ()

Bp(z0.r)

1
= §(z0) ! 1(Bp(z0, 7))
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as soon as &(z0) < &, where §, > 0 is given by Lemma 6.2.4. Recalling
Theorem 1.5.23 we get

16(Bp(z0. 1) = 8(z0) ™V < v(Bp(z0. 7))’ .

and the assertion follows when §(z9) < §,. When §(z9) > §, we have

1£(Bp(z0, 7)) < (D) < 8"V < 8(20) "D < v(Bp (20, 1))’

because u is a finite measure, and we are done. O
For the last proof we need a final

Lemma 6.2.11 Let D CC C" be a bounded strongly pseudoconvex domain with
C? boundary, and 0, n € R. Then a finite positive Borel measure i is §-Carleson if
and only if " is (6 + 1 |)-Carleson.

Proof Assume p is @-Carleson, set @, = &7u, and choose r > 0. Then
Theorem 1.5.23 and Lemma 6.1.13 yield

1y (Bozo. ) = / 50" du(w) < 8(0) 1t (Bo(zo. )

Bp(z0.r)

= S(ZO)HU(BD(ZOJ))G = V(BD(ZOJ’))(H—"JUrl .

and so [, is (9 + nj_l )-Carleson. Since = (i4,)—y, the converse follows too. O
And at last we have reached the

Proof (of Theorem 6.1.8) Let us assume that T, maps A”(D) continuously into
A"(D), and let ¥ be the conjugate exponent of r. Since, by Corollary 6.2.3,
k,, € AY(D) for all ¢ > 1, applying Holder estimate to (6.5) and using twice
Corollary 6.2.3 we get

Biu(z0) = 1Tk llrlike I = lkeq llp l1kzq Il

_1_1 1_1
< 8(20)" T T = 8"V

where p’ is the conjugate exponent of p. By Theorem 6.1.10 it follows that
U is (1 + 11) — i)-Carleson, and Theorem 6.1.9 yields that u is p-Carleson for
A”(D, (n+ 1)(; — lr)) as claimed.

Conversely, assume that p is p-Carleson for A? (D, (n + 1)(11J — i )); we must

prove that T, maps continuously A”(D) into A"(D). Put 6 = 1 + 11) — i Choose
s € (p, r) such that

(6.6)
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where s” be its conjugate exponent of s; this can be done because p’ > s’ > 1/ and

Take f € AP(D); since |K(z,-)[?"/* is plurisubharmonic and belongs to L? (D, (n+
1)(6 — 1)) applying the Holder inequality, Corollary 6.2.10 and Theorem 6.2.2
(recalling that 6 < p’/s") we get

T, /)] < /D K Gow)|LF00)] dpeow)
1/p L 1/p
< [ / IK(Z,W)I”/SIf(W)I"du(W)} [ / Kz du(w)}
D D
1/p
< [ [ ikemprisor du(w)}
D
1/p
X |:/ K (z, w) [P’/ §(w) @+ DE=D dv(w):|
D

1/p L
< |:/ |K(z, W)|P/S|f(W)IP du(w):| S(Z)(n+l)"/(9_3/) '
D

Applying the classical Minkowski integral inequality (see, e.g., [7, 6.19] for a proof)

r/p 1/r plr
[ [ [ / |F<z,w)|f’du(w)} dv(z>} < [ | [ [ |F<z,w)|fdv(z>} du(W)}
D D D D

we get

1/p

p 4 r/p pir
T fl7 < U) [ /D Kz Wy fFw)[P8() "0 ) du(wﬂ dv(ﬁ}

r g iz
< /D )P [ /D |K<z,w)l’/%(z)("*”ﬂ'”‘s”dv(z)} du(w) .

To estimate the integral between square brackets we need to know that

/

—1<(n+1)p’, (9—1;/)<(n+1)(£—1) .
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The left-hand inequality is equivalent to the right-hand inequality in (6.6), and thus
it is satisfied by assumption. The right-hand inequality is equivalent to

6 1 1 1 6 1
- < - &= <l1-

s r )24 r

Recalling the definition of 6 we see that this is equivalent to

1 1 1 1 1 1
1+ - <l- <1l- ,
)24 p r r )24 r

which is true because p < r. So we can apply Theorem 6.2.2 and we get
p n+Dp| L @-1D+!-!
I = [ Lrpson ™t O
D

- / FODPSoR) DO 4 )
D
< 1A

where in the last step we applied Theorem 6.1.9 to §~¢+DE=D which is 1-
Carleson (Lemma 6.2.11) and hence p-Carleson for A”(D), and we are done. O
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Appendix A
Geometric Analysis in One Complex Variable

Hervé Pajot

A.1 Metrics and Curvature

In this section, we recall basic notions of differential geometry in the particular case
of the complex plane. We first recall that if y : [a,b] — C is a smooth curve (for

b
instance, C! or Lipschitz), its Euclidean length is given by l,,(y) = / [ly'(2)||dt

where ||y’(7)]] is the Euclidean norm of the tangent vector y’(¢).

Let £2 be a domain in the complex plane C. A metric p on £2 is a continuous
function so that p(z) > 0 for any z € §2 and p is twice continuously differentiable
on {z € £2; p(z) > 0}. Most of the time, we will assume that p(z) > 0 everywhere.
If z € 2 and § € C (£ should be seen as a vector, for instance in the tangent space
of z), we set ||£]|., = p(z).||§]| where ||§|| denotes the Euclidean length of §.

If y : [a,b] — £2 is a continuously differentiable path, then the length of y with
respect to the metric p is defined by

b
L) = [ 1Ol
The associated distance between z, 7 € £2 is given by

dp(Zs Z/) = inflp()’)

where the infimum is taken over all the continuously differentiable paths y
[a,b] — £2 so that y(a) = zand y(b) = z.
We now go to the notion of isometry in the sense of differential geometry.
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Definition A.1.1 Let £2, and §2, be two domains in the complex plane C equipped
with metrics p; and p; respectively. Then, a one-to-one continuously differentiable
map f : £21 — £2; is an isometry from (§21, p;) to (£22, p2) if f*p2(z) = p1(z) for
any z € £21. Here, f* p>(2) is the pull-back of the metric p, under f and is defined by

0
70 = (@) |

We leave to the reader to check that f*p,(z) is a metric on §2,. The connection
with the classical notion of isometry is given by the next result.

Proposition A.1.2 Let 2| and §2, be two domains in the complex plane C equipped
with metrics p1 and py respectively. If f : §21 — $2, is holomorphic and is an
isometry in the previous sense, then d,, (z,7') = d,,(f(2).f(Z')) wheneverz, 7' € £2,.

Proof We have to prove that if y : [a,b] — £2; is a C'-curve sois fxyy = f o y and
Iy, (y) = l,,(f*y). Note that by definition and by the usual chain rule, we have

b
L (fuy) = / ) Ol gy
b5
= [ 15 O Ol
b

3}
Z GOV Ol (& )
b
- [ 1Y/ Ol oy

b
= / 17" (O1lpy.ydt(since f is an isometry)
= lpl »)-

The last notion we need is the curvature of a metric.

Definition A.1.3 If p is a metric on the domain §£2 C C then its curvature at z € §2
is defined by

Alog p(z)
Ko ,p(2) = —
' p(2)?
Note that the curvature has singularities where p(z) = 0. The curvature is

conformally invariant in the following sense.

Proposition A.1.4 Let 21 and §2, be two domains in the complex plane and let
[ 1821 — $25 be a conformal map. If p is a metric on $§2,, then for any z € $2y,

K.Ql‘f*pz (Z) = K.Qz,pz (Z)
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Proof Direct computations give

Koo = ~A12RU)GD
v (02(F(2).(F ()

_ —Alog(pa(f(2) — Alog(W (2)])
(02(f(2)-(f"(2)))?

_ A log(pa2|(f () (2)I?
(02(f(2)-(f"(2)))?

_ —Alog,(f(2)
p2(f(2))?

= Ko, p, (f(2)).

Example A.1.5 The more basic example is the case of the Euclidean metric:
Peuci(z) = 1, so the curvature of this metric is zero everywhere. Thus, the Euclidean
metric is a flat metric (which is what we can expect !).

A.2 The Schwarz-Pick Lemma and the Poincaré Metric

The main goal of this section is to define the Poincaré metric on the unit disc A =
{z € C;|z|] < 1} of C and to show a conformally invariant version of the Schwarz
lemma which is useful to study isometries and geodesics for this metric.

We first recall the classical version of Schwarz lemma.

Theorem A.2.1 (Schwarz) Let f be an analytic function in A. Assume that
|f@)| < 1 for any z € A and that f(0) = 0. Then |f(z)| < |z| for any z € A.
Furthermore, if equality holds at some zo € A, then there exists A € C with |A| = 1
so that f(z) = Az for any z € A.

The proof which is based on the maximum principle could be found in any
textbook in complex analysis. If we take z — 0, we get the

Corollary A.2.2 Let f be an analytic function in A. Assume that | f(z)| < 1 for any
7 € A and that f(0) = 0. Then, |f(0)| < 1, with equality if and only if f(z) = Az
with |A] = 1.

A classical application of the Schwarz lemma is the characterization of conformal
self-maps of the unit disc.

Theorem A.2.3 The conformal self-maps of the unit disc A are precisely the
fractional linear transformation of the form (for any z € A)

Ya,6 (Z) = elo
1 —az

where a is a complex number with |a| = 1 and 0 < 0 < 2.
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For the convenience of the reader, we give a proof even if the material is quite
standard.

Proof

1) First, note that y, ¢ is a conformal self-map of A. So we have to prove that all
conformal self-maps of A have this form.

2) Assume that g : A — A is conformal with g(0) = 0. We can apply the Schwarz
lemma to g to get |g(z)| < |z| forany z € A and to g~ to get |z| < |g(z)| for
any z € A. Hence, g(z)/z has constant modulus (equal to 1). This implies that
g(z)/zis constant and g is a rotation (that is g is of the form g(z) = €'z for some
0=<¢ =2m).

3) Letg : A — R is a conformal map. Set a = g~'(0) and h(z) = o

1—
g o h™! is conformal and (g o h~')(0) = g(a) = 0. By point 2, this implies that
there exists 0 < ¢ < 27 so that (goh~")(w) = ¢w forany w € A. By applying
the previous equality to w = h(z) for any z € A, we get g(z) = ¢ h(z) and the
proof is complete.

a . Then
az

We now give a version of Schwarz lemma which is invariant under conformal
self-maps of A.

Theorem A.2.4 (Schwarz-Pick) Iff : A — A is analytic, then for any z € A,

1= 1fQP

1— [z

|f ()] < (A1)

If f is conformal then equality in (A.1) holds everywhere in A. Otherwise, the
inequality is strict for any z € A.

Proof Fix zp € A and set wy = f(z9). We now consider the conformal self-maps g
and & mapping O to zo and wy to O respectively, that is

+ 20 w— Wy

7) = and g(w) =
8(2) I+ 202 gw)

1 —wow’

Then, 4 o f o g(0) = 0 and we can apply the previous corollary to get

[(hof 08)'(0)] = |h'(wo)f'(20)8"(0)] < 1. (A2)

Since g'(0) = 1 — |zo|? and &/ (wo) = 1/(1 — |w|?), we get (A.1).

Iff: A — Ais conformal, then / o f o g is also conformal and we get equality
in (A.2) and hence in (A.1). Conversely, assume that f : A — A is an analytic
function such that equality (A.1) holds at some point zy. The previous computations
show that we have also equality in (A.2) and we can easily conclude by using the
corollary above.

We now give a geometric interpretation of the Schwarz-Pick lemma that leads to
the definition of the Poincaré metric. Let w = f(z) be a conformal self-map of the
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1= 2
unit disc A. Then, by the Schwarz-Pick lemma, we get W‘ = Iwl , that is in
dz 1 —|z)?
: . [dw| |dz] :
differential form = This means that for any smooth curve y, we

T—w2 1=z
have

/ |dw]| _/ |dz]
foy 1- |W|2 y 1— |Z|2.

Thus, if we set pp(z) = we get a metric which is invariant under conformal

1—[z]*’
self-maps of the unit disc A.| "}his metric is usually called the Poincaré metric, and
we denote by k, the associated distance. The Poincaré metric has curvature —4.
Indeed, —A log pp(z) = Alog(1 — |z|?) = 4(3/0z)(3/dz) log(1 — |z|?). By writing
lz]> = z.z, we easily get —Alog pp(z) = —4/(1 — |z|>)> = —4(pp(z))? and thus
K, (z) = —4forany z € A.

Let y be the path defined by y(r) = t for 0 <t < 1 — ¢. Then,

1—¢ / 1—¢
|y (0] / 1 1 (2—5)
/ = dr = dt= _In .
) A L+yoPr™ ~Jy 1-27 27\

In particular, note that lim; ¢ [,,(y) = +00. Let a be another curve joining 0 and
l—ca@) =t+iw()for0 <t <1l-—¢esothata(0) =0anda(l —¢g) =1—c¢.
Then,

1—¢
Loy (@) = a+wm%mmz/ b a
0

1—e¢ 1
/0 1 =22 — (w(r))? 11—
This suggest that straightlines should be geodesics for the Poincaré metric. We now
give a precise statement.

Proposition A.2.5 For any distinct points zo, z1 in the unit disc A, there is a unique
shortest path in A from zq to z; in the hyperbolic metric, that is the arc of circle
passing through zo and z; that is orthogonal to the unit circle. In particular, if 7o =
0, the shortest path is just the segment [0, ).

In particular, the last statement implies by basic computations that k4 (0,z) =
; log (1 i_ ||§|| ) Thus, if |z| — 1, then k4 (0, z) tends to infinity.
Proof Let f be a conformal self-map of A so that f(zo) = 0. By multiplying by
a constant with modulus 1, we can also assume that f(z;) = r > 0. Recall that
conformal mappings preserve the crossratio. Hence, f maps circles orthogonal to
the unit circle onto circles orthogonal to the unit circle. Moreover f preserves the
hyperbolic length as we have seen previously. So it is enough to prove that the
segment [0, r] is the unique geodesic for the Poincaré metric from O to r. To see this,
consider a C' path « : [0, 1] — A joining 0 and r. Then, y(f) = Re(a(?)) = x(¢) (if
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we set a(f) = x(t) + iy(¢)) defines a path in A from O to r contained in the real axis
and we have

el _ ool _ U ol [l
/y1—|2|2_/0 1—|x(r)|2—/o 1—|a(r)|2—/a1—|z|2'

If y(f) # 0 for some ¢, the previous inequality is strict and the path y is strictly
shorter (with respect to the Poincaré metric) than the path «. To get a geodesic, we
have to assume that y is nondecreasing and the proof is complete.

We can now give a geometric interpretation of the fact that the curvature of
the Poincaré metric is negative. A geodesic triangle in A is an area bounded by
three hyperbolic geodesics (arcs of circle that are orthogonal to the unit circle).
It is not difficult to see that the sum of the angles in a geodesic triangle of A is
less that & which is exactly the sum of angles in an Euclidean triangle. Hence,
geodesic triangles in A are thinner that Euclidean triangles. The notion of Gromov
hyperbolicity is based on this observation.

Theorem A.2.6 Every analytic function f : A — A is a contraction for the
Poincaré distance:

ka(f(z0).f(z1)) < ka(z0,21) for any zo, 21 € A.

Furthermore, the inequality is strict if 7o # z1, unless f is a conformal self-map of
the unit disc A. In this case, f is an isometry for the Poincaré distance, in the sense
that it preserves the Poincaré distance:

ka(f(20),f(z1)) = ka(zo,21) for any 20,21 € A.

Proof Take a geodesic curve in A joining zo and z; (as given by the previous
proposition). Then fo« is a curve (in general not a geodesic !) from f(z9) to f(z1). By
the definition of the Poincaré distance and by the Schwarz-Pick lemma, we easily
get

- ldwl [ 1f@)lldz] _ |dz|
kA(f(ZO)vf(Zl)) = /f;y 1— |W|2 - /y 1— If(z)|2 - /}: 1— IZIQ - kA(ZO,Zl)-

The case of equality is the same as in the Schwarz-Pick lemma.
As an application of the previous theorem, we have the following description of
the Poincaré distance.

Proposition A.2.7 If zo and z; are in the unit disc A, then the Poincaré distance
between these points is given by

20—21
1 1 + 1—2z021
ka(z0,21) = , log o
_ | 20—
1 1—z021
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1
In particular, kA (0,7) = é log ( ) + ||Z||) .
-z

Proof We have already see how to compute k4 (0, z). In the general case, we use

LT . Then, by
202

this formula and we consider the Mobius transformation ¢ (z) = )

the previous theorem, we get

ka(zo.21) = ka(9(20). ¢(21)) = ka(0, $(z1)).

By using the invariance of dp under rotations, we get ka(zo, z1) = ka (0, |¢(z1]) and
we can easily conclude.

We already mentioned that the limit of k4 (0, z) is infinite when |z| — 1. Thus,
the distance between the origin O of the unit disc A and the unit circle is infinite!
This motivates the notion of boundary at infinity (see Sect. 3.1 for a more precise
definition in the general setting). The boundary at infinity .0 A is the set of geodesic
rays starting from the origin 0, that is by the previous proposition, dc A is the set
of “lines” of the form Ly = {re“’; 0 < r < 1}. Of course, this boundary could be
identified with the unit disc {z € C; |z| = 1}.

Remark A.2.8 Tt is not so difficult to check that the topology induced by the
Poincaré distance is the Euclidean topology and that the unit disc equipped with
the Poincaré distance is a complete metric space.

There are other interesting invariant metrics in the complex plane.

e The Carathéodory metric is given at a point z in a domain §2 by

p£(2) = sup | f'(2)|

where the supremum is taken over all holomorphic functions f : £2 — A with
f(z) = 0. Note that this definition is related to the optimisation problem in the
classical proof of the Riemann mapping theorem.

* The Kobayashi metric is given at a point z in a domain £2 by

pg (2) = inf|1/f'(2)]

where the infimum is taken over all holomorphic functions f : 2 — A with
f0) =z

In some sense, the Kobayashi metric is obtained from the Carathéodory metric by
duality.

Theorem A.2.9 In the case of the unit disc (that is §2 = A), the Carathéordory
metric and the Kobayashi metric coincide with the Poincaré metric.

In particular, this implies that the Kobayashi metric has curvature —4. We
conclude this section with a version of Schwarz-Pick lemma in higher dimensions.
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Theorem A.2.10 Let X and Y be two Kdhler manifolds with the same dimension.
Denote by gy and gx their Riemannian metrics. Assume furthermore that Y is
compact and that Riccg, > —gy and Riccg, < —gx everywhere on Y and on X.
Then any holomorphic map f : Y — X satisfies |Jacf(y)| < 1 foranyy € Y (where
Jacf (y) denotes the Jacobian of f at y). Moreover, if we have equality at some y € Y,
then the tangent map d,f is an isometry (that is preserves the metrics).

A.3 Curvature and Complex Analysis in the Complex Plane

We start with Ahlfors’s version of the Schwarz lemma. First, we need a notation.
Let A(0,r) be the open disc with center O and radius 0 < r < 1. For A > 0, we
define the metric p? by

2r

A _
P, (2) = JAG Py

It is not difficult to check that the curvature of this metric is —A.

Theorem A.3.1 Let §2 a domain in the complex plane. We assume that this domain
is equipped with a metric p whose curvature is bounded above by a negative
constant —B. Then, every holomorphic function f : A(0,r) — $2 satisfies for any
z€ A0,r)

VA
* A

7) = - (2).
I p() 8" (2)
In particular, if we consider the case r = 1 and we assume that the unit disc is
equipped with the Poincaré metric pp, we have f*p < pp(z) for any z € A whenever
f: A — £2 is holomorphic and curvature of the metric p on §2 does not exceed —1.
This property is sometimes called the distance decreasing property of the Poincaré
metric.
VBf*p
VAp
M, which is attained at some point z; € A(0,s). This follows from the fact that
v, is continuous, nonnegative on A(0, s) and that lim|;—.; v, = 0. If we prove that
M, < 1, we can easily conclude by taking s — r. We can assume that f*p(z;) > 0
(otherwise v, = 0 on D(0, s)) and hence Ky, is defined at z,. Since log v, has a
maximum at z;, we have by using the bounds on the curvatures,

Proof Forany 0 < s < r, we set vy = . Note first that vy has a maximum

0 > Alogus(zs) = Alogf™*p(zs) — Alog pf(zx)
= _Kf*p(ZS)(f*p(Zx))z + Kp‘;‘ (IOS(ZS))2
Bf*p(z5)* — A(p} (z5))°

v
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A
This gives 0 > B (f’",o(zs)2 - Bpj‘(zs)z). Hence M; < 1 for any 0 < s < r and the

proof is complete.
Let £2 be a domain in the complex plane C.

Definition A.3.2 We say that §2 is hyperbolic in the sense of Brody if any entire
function f : C — £2 is constant.

This notion is related to the more classical of hyperbolicity in the sense of
Kobayashi. The next result states that domains that can be equipped with a metric
whose curvature is negative are hyperbolic in the sense of Brody.

Theorem A.3.3 Let §2 be an open set equipped with a metric p. We assume that
there exists a positive constant B such that its curvature K,(z) < —B < 0 for all
z € 82. Then, any entire function f : C — $2 must be constant.

Proof For r > 0, we consider the Euclidean disc A(0, r) equipped with the metric
o for some fixed A and the restriction f; of f to this disc A(0, ). For any fixed z

A
and any r > |z|, we have by the previous theorem f*p(z) < \/B pf (z). If we take

r — 0, we get f*p < 0 and hence f*p = 0. This is possible only if f'(z) = 0. Thus,
f is constant (since z is arbitrary).

As an application using the Poincaré metric, we get the classical Liouville
Theorem: if f is a bounded entire function, we can assume that the range of f is
inside the unit disc A which is equipped with the Poincaré metric. The curvature of
this metric is —1, so we conclude by using the previous theorem that f is constant.
Another easy application is Picard’s little theorem:

Theorem A.3.4 (Picard) Let f : C — 2 be an entire function taking its values in
a open set 2. If C\ §2 contains at least two points, then f must be constant.

Proof We have to prove that £2 could be equipped with a metric p whose curvature
K, satisfies K,(z) < —B < 0 for some positive constant B and for all z € §2. Without
loss of generality, we can assume that the omitted points are 0 and 1. Set

(Z) _ (1 + |Z|1/3)1/2 (1 4 |Z— 1|1/3)1/2
p2) = |Z|5/6 |z — 1|5/6 :

Straightforward computations give
| 7 — 1|5/3

e} )
K =-1/18 +
=118 (om0 + G+l 1
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Note now that

(i) K,(z) <Oforallz#0,1;
(ii) lim, 0 K,(z) = —1/36;
(iii) lim,; K,(z) = —1/36;
(iv) lim;— 00 Kp(2) = —00;

These conditions imply easily that K, is bounded above by a negative constant.

A.4 A First Approach of Quasiconformal Mappings

The starting point of the theory of quasiconformal mappings is supposed to be the
problem of Grétzsch which can be formulated as follows. Take a square Q and
a rectangle (not a square) R. There is no conformal mapping from Q to R which
maps vertices on vertices. The question of Grotzsch was to ask for the most nearly
conformal mapping of this kind. For this, we have to define the dilation of a map.

Let £21, £2, be open sets in C, and f : £2; — £, be a C' mapping. As usual, we
use the following notation:

_ (o o Lo of
fZ_Z(Bx lBy)’fZ_Z(ax—i_lBy)

The differential of f is an affine transformation that maps circles about the origin
into similar ellipses.

Definition A.4.1 The ratio of the major to the minor axis is given by the dilation of

fatz:
p, = EIHIE
A=A
L _
and the complex dilation is given by s = s
Z
o o R 7 R _
The connection with the dilation is given by Dy = 1= 1] or similarly |us| =
. — .
Dy —1
Df e Note that us < 1, and that if 1y = O then f satisfies the Cauchy-Riemann
t

equation f; = 0. The complex dilation is related to the Beltrami equation. Following
Grotzsch, we say that:

Definition A.4.2 f is K-quasiconformal for some K > 1 iff Dy < K everywhere.
We now give the solution of the problem of Grotzsch. Assume that R (respec-

tively R') is a rectangle with sidelength a and b (respectively a’ and b"). We suppose

for instance that (a/b) < (a'/D’). Then, the quasiconformal mapping f with the
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least dilatation (which maps a-sides to a’-sides and b-sides to b’-sides) is the affine

transformation:
a/ b/ al b/
f(z) =1/2 + z+1/2 - Z
a b a b

Setm = a/b and m' = a'/b’. Then, there exists a K-quasiconformal mapping f of
Ron R’ sothat 1/K <m/m’' <K.

Definition A.4.3 The modulus of the rectangle R with sidelength a and b is the
quotient a/b. A quadrilateral Q is a closed Jordan curve with two disjoint closed
arcs (that are called the b-sides). Its modulus a/b is given by a conformal mappings
on a rectangle of sidelength a/b that preserves the b-sides.

This suggests the following definition, generalizing Definition A.4.2 with no
regularity properties assumptions on f:

Definition A.4.4 A sense-preserving homeomorphism f : £2; — £2, is said K-

1
quasiconformal if for all quadrilaterals Q so that Q C £2y, Km(Q) < m(f(Q)) <
Km(Q).

Note that if f is a 1-quasiconformal mapping, then f is a conformal mapping.
It is not difficult to see that this definition coincides with the previous one in
the special case f € C!'. Note also that the composite of two quasiconformal
mappings is quasiconformal and the inverse f~! of a quasiconformal mapping is
also quasiconformal.

We consider now the case §2; = §2, = H where H is the upper half-plane of
C, that is H = {x + iy;y > 0}. It is well known that H and A are conformally
b=z forze Aor¢(§) = g_l, for any £ € H). We

+z +1

1 §
equip H with the hyperbolic metric py(z) = 1/y where z = x + iy. We will denote

by dp the associated distance. The boundary at infinity of H could be identified

with R. Note also that R acts simply transitively as the group of translations on the

boundary of H. We say that a homeomorphism / : R — R satisfies a M-condition

. h(x + 1) — h(x) .

if 1/M < < M for any x, y t € R (such a map will also be called
h(x) —h(x—1)

quasisymmetric).

Theorem A.4.5

equivalent (consider ¥ (z) = i

1) The boundary values of a K-quasiconformal mapping f : H — H satisfy a
M-condition with M = M(K).

2) Conversely, every homeomorphism h : R — R which satisfies a M-condition
could be extended as a K-quasiconformal mapping ¢ : H — H with K = K(M).

The construction of the extension ¢ is explicit. It turns out that ¢ is a quasi-
isometry for the hyperbolic metric on H, that is there exist constants C, D > 0 so
that

C'du(x,y) — D < du($(x), $(y)) < Cdy(x,y) + D
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whenever x, y € H (In fact, in our case, D = 0). Other versions of these results in
general hyperbolic spaces are very useful to prove rigidity theorems (for instance
Mostow rigidity type theorems).

A.5 Notes

A good introduction to the Schwarz lemma and its connection with hyperbolic
geometry is [2] (Chap. IX). The use of the curvature of metrics in complex analysis
is inspired by [3] where the reader will also find geometric proofs of the Montel
theorem for normal families and the big Picard theorem. The book of Ahlfors [1]
gives the basis of the theory of quasiconformal mappings (in particular, the Grotzsch
problem). A proof of Theorem A.2.10 is provided in [4] where this result is used to
get rigidity results.
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