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Abstract These are lecture notes on the subject defined in the title. As such, they do
not pretend to be really new, perhaps, except for the Sect. 10 about Poisson equations
with potentials; also, the convergence rate shown in (83)—(84) is possibly less known.
Yet, the hope of the author is that these notes may serve as a bridge to the impor-
tant area of Poisson equations ‘in the whole space’ and with a parameter, the latter
theme not being presented here. Why this area is so important was explained in many
papers and books including (Ethier and Kurtz, Markov Processes: Characterization
and Convergence, New Jersey, 2005) [12], (Papanicolaou et al. Statistical Mechan-
ics, Dynamical Systems and the Duke Turbulence Conference, vol. 3. Durham, N.C.,
1977) [34], (Pardoux and Veretennikov, Ann. Prob. 31(3), 11661192, 2003) [35]:
it provides one of the main tools in diffusion approximation in the area stochastic
averaging. Hence, the aim of these lectures is to prepare the reader to ‘real’ Pois-
son equations—i.e. for differential operators instead of difference operators—and,
indeed, to diffusion approximation. Among other presented topics, we mention cou-
pling method and convergence rates in the Ergodic theorem.
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1 Introduction

In these lecture notes we will consider the following issues: Ergodic theorem
(in some textbooks called Convergence theorem, while Ergodic would be reserved
for what we call Law of Large Numbers—see below), Law of Large Numbers (LLN),
Central Limit Theorem (CLT), Large Deviations (LDs) for Markov chains (MC), and
as one of the most important applications, a Poisson equation. LLN, CLT and LDs are
the basis of most of statistical applications. Everything is presented on the simplest
model of a Markov chain with positive transition probabilities on a finite state space,
and in some cases we show a few more general results where it does not require too
much of additional efforts. This simplified version may be regarded as a preparation
to more advanced situations of Markov chains on a more general state space, includ-
ing non-compact ones and including Markov diffusions. A special place in this plan
is occupied by coupling method, a famous idea, which is not necessary for any result
in these lecture notes; yet, it is a rather convenient tool ‘for thinking’, although some-
times not very easy for a rigorous presentation. We show the Ergodic theorem firstly
without and then with coupling method. Poisson equations in this paper are discrete
analogues of ‘real’ Poisson equations for elliptic differential operators of the second
order in mathematical physics. We consider equations without a potential—the most
useful tool in diffusion approximations, cf. [12, 34, 35]—and also with a potential.
The problem of smoothness of solutions with respect to a parameter—which makes
this stuff so important in diffusion approximations and which is one of the main
motivations of the whole theory—is not presented; however, these notes may be
regarded as a bridge to this smoothness issue.

These notes are based on several different courses delivered by the author at
various universities in various years, including Moscow State University, Helsinki
Technical University (now Aalto University), University of Leeds and Magic con-
sortium (http://maths-magic.ac.uk/index.php), and National Research University
Higher School of Economics—Moscow. The author thanks all participants—not
only students—for their interest and patience and for many useful remarks.

The initial plan involved non-compact cases with problems related to stability
or recurrence properties of processes in such spaces. However, this would require
significantly more time and many more pages. Hence, this more ambitious task is
postponed for some future.

Some classical results are given without proofs although they were proved in the
courses delivered. The references on all such ‘missing’ proofs are straightforward.

Finally, let us mention that the following numeration system is accepted here: all
items such as Theorem, Lemma, Remark, Definition and some others are numbered
by a unique sequence of natural numbers. This method was accepted in some well-
known textbooks and the author shares the view about its convenience.

The following notations will be used for a process (X,,, n > 0):

FX=o0Xi: k<n); F =aX).
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The following notations from the theory of Markov processes will be accepted (cf.
[11]): the index x in E, or P, signifies the expectation or the probability measure
related to the non-random initial state of the process Xy. This initial state may be also
random with some distribution y, in which case notations E,, or P, may be used.

If state space S is finite, then | S| denotes the number of its elements. In the sequel
P denotes the transition matrix (p;;) of the process in the cases where state
space of the process is finite.

Since this is a course about ergodic properties, we do not recall the definitions of
what are Markov, strong Markov, homogeneous Markov processes (MP) which are
assumed to be known to the reader: consult any of the textbooks [4, 10-12, 20, 27,
38, 49] if in doubt.

I=<i,j=<|S|

2 Ergodic Theorem -1

In this section, we state and prove a simple ergodic theorem for Markov chains on a
finite state space. However, we start with a more general setting because later in the
end of these lecture notes a more general setting will be addressed. Ergodic Theorem
for Markov chains in a simple situation of finite state spaces is due to Markov,
although sometimes it is attributed to Kolmogorov with a reference to Gnedenko’s
textbook, and sometimes to Doeblin (see [9, 15]). We emphasize that this approach
was introduced by Markov himself (see [30, 38, 39]). Kolmogorov, indeed, has
contributed to this area: see, in particular, [23].

Let us consider a homogeneous Markov chain X = (X,), n =0, 1,2, ... witha
general topological state space (S, S) where S is the family of all Borel sets in S
assuming that S contains all single point subsets. Let P, (A) be the transition kernel,
that is, P,(A) = P(X; € A|Xg = x) =P, (X, € A); recall that for any A € S this
function is assumed Borel measurable in x (see [11]) and a measure in A (of course,
for a finite S this is not a restriction). Denote by P, (n, A) the n-step transition kernel,
ie. Py(n, A) =P, (X, € A); for a finite Markov chain and if A = j, the notation
pi(}’) will be used, too. If initial state is random with distribution u, we will be using a
similar notation P,(n, A) for the probability I, (X, € A). Repeat that P’;,,,(X,, € A)
signifies P, (X, € A) with the (unique) invariant measure y; naturally, this value
does not depend on 7.

Recall the definition of ergodicity for Markov chains (MC).

Definition 1 An MC (X,) is called Markov ergodic iff the sequence of transition
measures (P, (n, -)) has alimitin total variation metric, which is a probability measure
and if, in addition, this limiting measure does not depend on x,

lim Py(n, A) = u(A), VAeS. (1)

Recall that the total variation distance or metric between two probability measures
may be defined as
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Il — vy == 2 sup(u(A) — v(A)).
AeS

Definition 2 An MC (X,,) is called irreducible iff forany x € Sand A € S, A # ¢,
there exists n such that
P.(X, € A) > 0.

An MC (X,) is called v-irreducible for a given measure v on (S, S) iff forany x € S
and A € S, v(A) > 0 there exists n such that

P.(X, € A) > 0.

Of course, weaker or stronger ergodicity properties (definitions) may be stated
with weaker, or, respectively, stronger metrics. Yet, in the finite state space case all
of them are equivalent.

Exercise 3 In the case of a finite state space S with S = 25 (all subsets of S) and
a counting measure v such that v(A) = |A| := the number of elements in A C S,
show that v-irreducibility of a MC is equivalent to the claim that there exists n > (0
such that the n-step transition probability matrix P" is positive, that is, all elements
of it are strictly positive.

The most standard is the notion of v-irreducibility of an MC where v is the unique
invariant measure of the process.

Definition 4 Stationary or invariant probability measure p for a Markov process X
is a measure on S such that for each A € S and any n,

p(A) = 3 px) Pe(n, A).

xes

Lemma 5 A probability measure u is stationary for X iff
WP = p,
where P is the transition probability matrix of X.

Proof is straightforward by induction.

Lemma 6 Forany (homogeneous) Markov chain in a finite state space S there exists
at least one stationary measure.

Proof of the Lemma 6. The method is due to Krylov and Bogoliubov (Kryloff and
Bogoliuboff, [26]). Let us fix some (any) iy € S, and consider Cesaro averages

1 n
z (k) .
- . p[o,ja ISJSNv n217
n—+1 pa
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where N = |S|. Due to the boundedness, this sequence of vectors as n — oo has a
limit over some subsequence, say, n’ — 00,

S

where by the standard convention, p( ) =5, i (Kronecker’s symbol). Since S is finite,
itfollows that (7;, 1 < j < N)is aprobablllty distribution on S. Finally, stationarity
follows from the following calculus based on Chapman—Kolmogorov’s equations,

1 . (k) (k—1) 1 (0)
n/+1kZ:(;pioqj I’l—i—lkz(;ezl:p’()z pe} /+1p107

'—1

N n
-3 ! o0 L o
= n +1 ~ io L8, I n +1 to,J

’

SIS T 1 (-
_ (k) 0) n")
_Zn/+1 P,Ongj+—n/+lpio,j n’—l—lzp’oep‘f'
=1

(=1 k=0
It follows,
1 n' N
. (k)
Hence,

T = E mip,; ~ w=7P.

Hence, the distribution (7;) is stationary due to the Lemma 5. The Lemma 6 is
proved.

Remark 7 Note that for a finite S the statement of the Lemma, actually, may be
proved much faster by applying the Brouwer fixed-point theorem, as it is done, for
example, in [41]. Yet, the method used in the proof seems deeper, and it can be used
in a much more general situation including ‘non-compact’ cases. (However, we are
not saying that the use of Brouwer’s fixed-point theorem is restricted to finite state
spaces.)

From now on, in this and several following sections we consider the case of
a finite state space S; a more general case will be addressed in the last sections.
The next condition suggested by Markov himself plays a very important role in the
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analysis of asymptotic behaviour of a (homogeneous) Markov chain (MC in the
sequel). Let there exist n( such that

fony 2= inf D min(P;(no. j). Pr(no, j) = inf D min(p. pif;) > 0. (2)
J T

By the suggestion of S. Seneta, this coefficient x,, (as well as  in (3) and in (52))
is properly called Markov—Dobrushin’s.

Unlike in the continuous time case, in discrete-time situation there are potential
complications related to possible cycles, that is, to a periodic structure of the process.
A typical example of such a periodic structure is a situation where the state space
is split into two parts, S = S; U S,, which do not intersect, and X,, € S, while
Xon41 € s for each n. Then ergodic properties is reasonable to study separately for
Y, := X, and for Z,, := X5, 4. In other words, this complication due to periodicity
does not introduce any real news, and by this reason there is a tradition to avoid this
situation. Hence, in the sequel we will study our ergodic process under the assumption
no = 1 in the condition (2). Similar results could be obtained under a more general
assumption of aperiodicity.

So, here is the simplified version of (2), which will be accepted in the sequel:

k:=1inf D" min(Pi(1, j), Pr(1, j)) = inf D min(p,;. p) > 0. (3)
i, - i,
J J

Also, to clarify the ideas we will be using in some cases the following stronger
assumption,
ko :=inf p;; > 0. “4)
ij

However, eventually, the assumption (4) will be dropped and only (3) will remain in
use.

Theorem 8 Let the assumption (3) hold true. Then the process (X,) is ergodic, i.e.
there exists a limiting probability measure p such that (1) holds true. Moreover, the
uniform bound is satisfied for every n,

sup sup |Pe(n, A) — p(A)] = (1 — K)", )

and the measure |1 is a unique invariant one.

Proof of Theorem 8§ is classical and may be found in many places, for example, in
[15].

(A) Denote for any A,

m™(A) ;= min P;(n, A), M™(A) := max P;(n, A).
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By Chapman—Kolmogorov’s equation,

mt(A) = min P;(n + 1, A) = minZPiij(n, A)
J
> m,inzi:pij n}l/n Pj(n. A) = m™(4),

which signifies that the sequence m™ (A) does not decrease in n. Similarly, the
sequence M ™ (A) does not increase in n. Hence, it suffices to show that

M™(A) —m™(A) < (1= k)", (6)
(B) Again by Chapman—Kolmogorov’s equation,

M™(A) —m"™(A) = max P;(n, A) — min Py (n, A)
=max > p;jPj(n—1,A) —min > piiP;i(n — 1, A).
j T

Let maximum here be attained at i, while minimum at i_. Then,
M (A) =m™(A) =D pi jPi(n—1,A) = D" pi_jPi(n— 1, A)
j J

J
=D (pi,j = pi)Pi(n— 1, A), (7)
J

(C) Denote by S* the part of the sum in the right hand side of (7) with just (p;, ; —
pi_j) = 0, and by S~ the part of the sum with (p;,; — p;_;) < 0. Using notations
ar =aVv0anda_ =a A0 (wherea Vb = max(a,b) anda A b = min(a, b)), we
estimate,

ST <D iy — pi peM V(A = MUV D (pi s — pi )
J J

and
ST < Z(Puj —pi j)-m" "V (A).
J
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Therefore,

M™(A) —m™(A) =St + 5~

<M DA D (P —pi s +m"VA) D pi— i)
j J

(D) It remains to notice that
Z(Pig —pij)-=-— Z(Pi”‘ — Pi_j)+
J J

and

D i —pip)e < 1—k. ®)

J

The first follows from the normalization condition
ZPM = Zpi-j =1,
J J

while the second from (recall that (@ — b);+ =a —a A b =a — min(a, b) for any
real values a, b)

Z(l’ig —Di )+ = Z(Puj —min(p;_j, pi,;))
J J

=1-> min(pi_j. pi,j) <1—r
J

(see the definition of « in (3)). So, we find that

M™(A) —=m™(A) < (1 — k) (M"D(A) —m" "D (A)).
By induction this implies (6). So, (5) and uniqueness of the limits 7; = lim,_, o pgf)
follow.

(E) The invariance of the measure p and uniqueness of the invariant measure fol-
low, in turn, from (5). Indeed, let us start the process from any invariant distribu-
tion y—which exists due to the Lemma 6—then 1; = P,(X, = j) = >, i pl.(]’.’) —
m;, h — oo. However, the left hand side here does not depend on n. Hence, p1; = ;.
The Theorem 8 is proved.

Recall that the total variation distance or metric between two probability measures
may be defined as
= vliry = 2Zsup(u(A) —v(A)).
A
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Hence, the inequality (5) may be rewritten as

sup [| Pe(n, ) — p() Iy < 2(1 = K)". 9

Corollary 9 Under the assumption of the Theorem 8, for any bounded Borel function
f and forany0 <s < t,

sup |[Ex (f (X)) Xs) — Eipp [ (X)| = sup [Ex (f (Xr) — Ejpy f (X)X < Cp(1 — ®)! 7S,
X X
or, equivalently,

sup [Ex (f (X)IFX) = Einu f (X0 < Cp(1 — w)',

where C = max |fCDI= 1 scs)-

This useful Corollary follows from the Theorem 8.

It is worth noting that in a general case there is a significantly weaker condition
than (2) (or, in the general case weaker than (52)—see below in the Sect. 11), which
also guarantees an exponential convergence rate to a unique invariant measure. We
will show this condition—called Doeblin-Doob’s one—and state the corresponding
famous Doeblin—-Doob’s theorem on convergence, but for the proof we refer the
reader to [10].

Definition 10 (DD-condition) There exist a finite (sigma-additive) measure v > 0
and € > 0, s > 0 such that v(A) < e implies

sup Py (s, A) <1 —e.

Theorem 11 (Doeblin—Doob, without proof) If the DD-condition is satisfied for an
aperiodic MP with a unique class of ergodicity (see [10]) on the state space S, then
there exist C, ¢ > 0 such that

sup sup | Py (n, A) — u(A)| < Cexp(—cn), n>0. (10)
x AeS

It turns out that under the assumption (DD), the constants in the upper bound (10)
cannot be effectively computed, i.e. they may be arbitrary even for the same € and v,
say. This situation dramatically differs from the case of conditions (4) and (3), where
both constants in the upper bound are effectively and explicitly evaluated.

Open Question 12 [t is interesting whether or not there may exist any intermediate
situation with a bound like (10)—in particular, it should be uniform in the initial
state—with computable constants C, ¢ under an assumption lying somewhere in
‘between’ Markov—Dobrushin’s and Doeblin—Doob’s. Apparently, such a condition
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may be artificially constructed from a ‘non-compact’ theory with an exponential
recurrence, but then the bounds would not be uniform in the initial data. In fact,
some relatively simple version of a desired condition will be shown in the end of
this text, see the Theorem 47. However, it does not totally close the problem, e.g. for
non-compact spaces.

3 LLN for Homogeneous MC, Finite S

It may seem as if the Ergodic Theorem with uniform exponential convergence rate
in total variation metric were all we could wish about ergodic features of the process.
Yet, the statement of this theorem itself even does not include the Law of Large
Numbers (LLN), which is not emphasized in most of the textbooks. However, the
situation with LLN (as well as with Central Limit Theorem — CLT) is good enough,
which is demonstrated below. The Theorem 13 under the assumption (4) belongs to
A.A. Markov, see [30, 38].

Theorem 13 (Weak LLN) Under the assumptions of the Theorem 8, for any function
f on a finite state space S,

n—1

1
=D S (X1 5 Eo f (Xo), (11)

k=0

where E;,,, stands for the expectation of f(Xo) with respect to the invariant prob-
ability measure of the process, while P denotes the measure, which corresponds to
the initial value or distribution of X: the latter may be, or may be not stationary.

NB. Note that a simultaneous use of stationary and non-stationary measures is not a
contradiction here. The initial state could be either non-random, or it may have some
distribution. At the same time, the process has a unique invariant measure, and the
writing E;,,, f(Xo) = 0 signifies the mere fact that > f(y)u(y) = 0, but it is in no
=
way in a conflict with a non-stationary initial distri}bution. In the next proof we use
P and, respectively, E without specifying the initial state or distribution. However,
this initial distribution (possibly concentrated at one single state) exists and it is fixed
throughout the proof.

Proof of the Theorem 13. 1. First of all, note that (11) is equivalent to

n—1

1
=D (K1) = Ean f (X)) = 0,
k=0

so, without loss of generality we may and will assume that E;,,, f (Xo) = 0. Now we
estimate with any € > 0 by the Bienaymé—Chebyshev—Markov inequality,
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1 n—1 n—1
n»(lg > Fxol > 6) = 7RI D S (K0P

k=0 k=0
(12)

n—1

= e*zn”Ez FH(Xp) +2¢ 20K z FXO)fX)).
k=0 O<k<j<n-—1
Here the first term, clearly (as f is bounded), satisfies,
n—1
e’znszZfz(Xk) — 0, n— oo.
k=0

Let us transform the second term as follows for k < j:
Ef (X0 f(X;) =Ef(XOE (X;)]X),
and recall that due to the Corollary 9 to the Ergodic theorem,
E(f (X)X = Einu f(XP] < Cr(1 = R)T7H,

where due to our convention E;,, f(X;) = 0. Therefore, we have,

ED " fXOfXNI=ED " FXOES (X)X

k<j k<j

<C; > (-rF<cCn with C=Cpr
k,j:0<k<j<n
Thus, the second term in (12) also goes to zero asn — oco. The Theorem 13 is proved.

Remark 14 Recall that f is bounded and exponential rate of convergence is guar-
anteed by the assumptions. This suffices for a strong LLN via higher moments for
sums. However, it will not be used in the sequel, so we do not show it here.

4 CLT, Finite S

In this section, state space S is also finite. For the function f on §, let

0% 1= Eino(f (X0) = Einy f (X0))* +2 > i (£ (Xo)
k=1

= Einu f (X)) (f (Xi) = Einy f (X)) 13)
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It is known that this definition provides a non-negative value (for completeness, see
the two lemmata below).

Lemma 15 Under our standing assumptions (S is finite and min p;; > 0),
ij

o >0, (14)

and, moreover,

n—1 2
nlEinu(mer) - Einvf(xo») — 0%, n— oo, (15)
r=0

where the latter convergence is irrespectively of whether 0> > 0, or > = 0.

Proof Without loss of generality, we may and will assume now that E;,,, f (Xo) = 0

(otherwise, this mean value can be subtracted from f as in the formula (15)). Note
n—1

also that in this case the variance of the random variable n /2 Z f(X,) computed

r=0
with respect to the invariant measure coincides in this case with its second moment.

Since E;,, f(X;) = 0 for any i, this second moment may be evaluated as follows,

n—1
n B QL F (X)) =B P (X)) +207 > B f(X)F(X)
r=0 O<i<j<n-—1

n—1

= Einu f2(X0) + 207" D (n = r)Einu £ (Xo) £ (X))

r=1

oo
Y B 2 (X0) 42D B f (X0) f(X0) = 0% 1 — oo
r=1
Here the left hand side is non-negative, so o>

proved.

is non-negative, too. The Lemma 15 is

Lemma 16 Under the same assumptions as in the previous Lemma, 0% < 0.

Proof Again, without loss of generality, we may and will assume f =K f(Xo) =
0, and || f|lp < 1. We have, due to the Corollary 9 applied with f =0,

i f (X0) £ (XO)| = [Einy f (X0)Eino (f (Xi)|X0)| < CsEinyl £ (X0)lg",

withsome 0 < ¢ < 1and Cy = || f||p < 1. So, the series in (13) does converge and
the Lemma 16 is proved.
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Theorem 17 Let the assumption (3) hold true. Then for any function f on S,

n—1

1 P
—— X _Einv X - '\’N 0, 2 ) 16
ﬁkzzol(ﬂ 0 f(Xo)) = n~ N, (16)

where = stands for the weak convergence with respect to the original probability
measure (i.e. generally speaking, non-invariant).

Emphasize that we subtract the expectation with respect to the invariant measure,
while weak convergence holds true with respect to the initial measure, which is not
necessarily invariant. (We could have subtracted the actual expectation instead; the
difference would have been negligible due to the Corollary 9.)

Remark 18 About Markov’s method in CLT the reader may consult the textbook

[41]. Various approaches can be found in [1, 2, 10, 23, 31, 32, 38], et al. For a

historical review see [39]. A nontrivial issue of distinguishing the cases o> > 0 and

0% = 0 for stationary Markov chains is under discussion in [3] for finite MC where a

criterion has been established for o = 0; this criterion was extended to more general

cases in [24]. A simple example of irreducible aperiodic MC (with min p;; = 0) and
i

a non-constant function f where o> = 0 can be found in [41, ch. 6]. Nevertheless,
there is a general belief that ‘normally’ in ‘most of cases’ o> > 0. (Recall that zero
(a constant) is regarded as a degenerate Gaussian random variable A/ (0, 0).) On using
weaker norms in CLT for Markov chains see [28].

Proof of the Theorem 17. Without loss of generality, assume that || f||p < 1, and that
Einvf(XO) =0.

L. Firstly, consider the case o> > 0. We want to check the assertion,

E exp (z% Z(‘; f(X,)) — exp(=\202/2), n — .

In the calculus below there will be expectations with respect to the measure [P (denoted
by [E) and some other expectations E;,,,. Note that they are different: the second one
means expectation of a function of a random variable X; computed with respect to
the invariant measure of this process.

We are going to use Bernstein’s method of ‘corridors and windows’ (cf. [1, 2]). Let
us split the interval [0, n] into partitions of two types: larger ones called ‘corridors’
and smaller ones called ‘windows’. Their sizes will increase with n as follows. Let
k:=[n/ [n3/ 4]] be the total number of long corridors of equal length (here [a] is
the integer part of @ € R); this length will be chosen shortly as equivalent to n/4.
The length of each window is w := [n!/3]. Now, the length of each corridor except
the lastoneis ¢ := [n/k] — w = [n/k] — [n'/3]; the last complementary corridor has
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the length ¢; := n — k[n/k]; note that ¢; < [n/k] ~ n®* k ~n'/* (ie. k/n'/* —
1, n — 00), and ¢ ~ n’/4.

The total length of all windows is then equivalent to w X k ~ n
note for the sequel that n°/?° < n!/2. As was mentioned earlier, the length of the last
corridor does not exceed k, and, hence, asymptotically is no more than n'/# (which
is much less than the length of any other corridor).

n

1/S+1/4 — 9/20.

Now, denote all partial sums >_ f(X,) over the first k corridors by n;, 1 < j < k.
r=0
In particular,

c—1 2c+w—1
m=> fX). m= D f(X,). et
r=0 r=c+w

Note that

n k
1 (wk + k) n%/20 4 pl/4
—|§f(Xr)—§77'|SC ~C — 0, n— oo,
Jn = = T T

uniformly in w € 2. Hence, it suffices to show that

1

n

k
> np =1 ~NQ©. .
j=1

S

Note that

_ c
n 1IE,-,,U17% ~ ~02, n— oo,
n

or,
n’3/4IEmv77f — 0% n— 00, (17

and the latter convergence is irrespectively of whether o> > 0, or 0> = 0.
Now, to show the desired weak convergence, let us check the behaviour of the
characteristic functions. Due to the Corollary 9, we estimate for any \ € R,

]/5]

[E(expG AT 1) — Eino exp(idn;)] < C(1 — k)"
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So, by induction,
k+1 k
S A A A
Eexp (l NG j§:1 77j) =Eexp (lﬁ j§:1 Wj) E (exp (l ﬁﬂkﬂ) |‘7:k)fn/kJ)

e (1223, (IE ( (i< )+0((1— >"”5>))—
=Eexp|! - .:lnj inv explﬁ”]kﬂ K =...

J

_E, X + 00 )"”5)) E; 2 0)) 0w — o)
= LBinv (exp(lﬁnk+l - K ) inv (exp(’\/;lnl ) -k .

(18)

Bl

Here O (k(1 — m)”]/j) is, generally speaking, random and it is a function of Xy, /41,
but the modulus of this random variable does not exceed a nonrandom constant
multiplied by k(1 — x)""". We replaced [n'/3] by n'/3, which does not change the
asymptotic (in)equality. Note that

Ok(1 — k)" = 0@ —k)"") = 0, n— oo.

Now the idea is to use Taylor’s expansion

2

A z 3/4 2 2
Einexp|i :1—2—n c“°+ R, =1— o+ R,. (19)
n

ﬁm
Here, to prove the desired statement it suffices to estimate accurately the remainder
term R,, that is, to show that R, = o(n~"*), n — oo.

Since we, actually, transferred the problem to studying an array scheme (as 7;
itself changes with n), we have to inspect carefully this remainder R,. Due to the
Taylor expansion we have,

2nl/4

A M A2 , N 3 s
R v Einv — =1~ _]Einv _Einv 1 A s
° (f) (f) 2 I ST

with some \ between 0 and A, and similarly, with some X between 0 and A,

tmp (21) = Zsin () = - 2B, cos(h
mp ﬁ = [,y sin ﬁ __W inv?1] COS(AM)).

Here in general X and X may differ. However, this is not important in our calculus

because in any case |5\| < |A| and |5\| < |Al. All we need to do now is to justify a
bound
[Einui] < Ke, (20)
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with some non-random constant K. This is a rather standard estimation and we show
the details only for completeness. (See similar in [14, 18, 22], et al.) It suffices to
consider the case Cy < 1, which restriction we assume without loss of generality.

(a) Consider the case E f (X;)>. We have, clearly,

1D Ef(X)’| <c.

k=1

(b) For simplicity, denote f; = f(Xy) and consider the case E f; fi fo, £ > k > j.
‘We have,

c=2 c—1 c c=2 c—1 c
SIEfifife=2. > D EfAESIX)
J=0k=j+1 £=k+1 J=0k=j+1 £=k+1
c—2 c—1 c

=> > Ef fiteq™ (here iy € Fify = o(Xy) and || < 1).

Note that, with a 0 < g < 1, the expression

c—1
Goi= D g™

L=k+1

is a random variable, which modulus is bounded by the absolute constant (1 — ¢)~!
and which is ]-"(),i) -measurable, i.e. it may be represented as some Borel function of
Xr. So, we continue the calculus,

(o8]

c—2 c—1 c—2 c—1 c

Z Z Efjfute :z Z Z Ef; fiC
=0 k=j+1 t=k+1 =0 k=j+1 t=k+1
c—2 — c c—=2 c¢—1
= Z DI EAHEGGIX) =D D EfiELG+ ¢ a5
=0 k=j+1 t=k+1 jf()kfj-&-l
c—2 c—1
= Ef; Z ¢ a* ’—ZEf, Z ¢iq"
Jj=0k=j+1 k=j+1 k=j+1

due to Ef;E fi (& = 0, since E f; = 0. Here Qi,j, in turn, for each k does not exceed

by modulus the value (1 — ¢)~' and is fé)-measurable. Therefore, the inner sum in
the last expression satisfies,
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c—1

c—1 c—1
1D G = DG T == D T -7

k=j+1 k=j+1 k=j+1
Thus,
c—=2 c¢—1 c
|Z > D Efififil <(1—q)‘ZZE|f,| <cl—g)7
=0 k=j+1 £=k+1

as required.
(c) Consider the terms with E f (X, k)zf (X¢), £ > k. We estimate, with some (ran-
dom) ¢ ;| < land0 <gq <1,

c—1

D EfXOE(F X)X =1 D Ef(X0)* ) ,q"" <

k<t k<t<c

c
11—

(d) Consider the case Ef(Xk)zf(X(), { < k. We have similarly, for £ < k,
Eff fe = BAE(ZIX) =EfefF + ¢ q" ), 1exl <1,

with some (random) [¢;,| < 1. So, again,

c
11—

|Z]Efe]E(fk|X£)| =| D> Effdq" " <

<k t<k<c

(e) Finally, collecting all intermediate bounds we obtain the bound (20), as required:
[En’| < Ke.

This implies the estimate for the remainder term R, in (19) of the form

c _ _ _
IRl < =5 ~ 472 =0 = o),

as required. The last detail is to consider the term E;,, exp(z 77k+1) in (18), for

which we have o7, | := En?, | satisfying

Eintiy, = O(m**0?), n— oo. (1)

This term may be tackled similarly to all others, and, in any case, we get the estimate

A
E;,p exp (iﬁnkﬂ) =140(1), n— oo.
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Hence, we eventually get (recall that ¢ ~ n3/4),
P NoZe c "
E | — XH)=11- + O(——=
exp (z NG ; 1 )) ( 5 (n3/2))
1/4

(X (Y oty
=\!'= 277 T9%\ — exp(—A“07/2),

which is the characteristic function for the Gaussian distribution A(0, 02), as
required.

(I) The case o> = 0 is considered absolutely similarly. Namely, with a practically
identical arguments we get, now with o2 =0,

D A2o2c¢ c "
Eexp(lﬁgf(Xr)) - (1 — S0 (W))

| 24

which is the characteristic function for the degenerate Gaussian distribution A/ (0, 0),
as required. Hence, the Theorem 17 is proved.

1/4

5 Coupling Method for Markov Chain: Simple Version

Concerning coupling method, it is difficult to say who exactly invented this method.
The common view—shared by the author of these lecture notes—is that it was intro-
duced by W. Doeblin [9], even though he himself refers to some ideas of Kolmogorov
with relation to the study of ergodic properties of Markov chains. Leaving this subject
to the historians of mathematics, let us just mention that there are quite a few articles
and monographs where this method is presented [16, 29, 33, 40], et al. Also there are
many papers and books where this or close method is used for further investigations
without being explicitly named, see, e.g. [4]. This method itself provides ‘another
way’ to establish geometric convergence in the Ergodic theorem. In the simple form
as in this section, this method has limited applications; however, in a more elaborated
version—see the Sect. 13 below—it is most useful, and applicable to a large variety
of Markov processes including rather general diffusions, providing not necessarily
geometric rates of convergence but also much weaker rates in non-compact spaces.

By simple coupling for two random variables X', X? we understand the situation
where both X!, X? are defined on the same probability space and

PXx' = x?) > 0.
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Consider a Markov chain (X,,, n = 0, 1, ...). In fact, this simple ‘Doeblin’s’ version
of coupling provides bounds of convergence which are far from optimal in most
cases. (By ‘far from optimal’ we understand that the constant under the exponential
is too rough.) Yet, its advantage is its simplicity and, in particular, no change of the
initial probability space. From the beginning we need two ‘independent’ probability
spaces, (', F!, P"), and (2, F2, P?), and the whole construction runs on the direct
product of those two:

(Q,F,P):= Q" FI,P" x (@2, F2, P?).

This space (2, F, P) will remain unchanged in this section. We assume that there
are two Markov processes (X)) on (Q!, F', P!) and (X?2) on (22, F2, P?), corre-
spondingly, with the same transition probability matrix P = (p;;);, jes satisfying the
‘simple ergodic assumption’,

ko :=min p;; > 0. (22)
ij

Naturally, both processes are defined on (€2, F, P) as follows,
X'w) =X ) =X W), & X2(w) = X2, W) = XA (WH).

We will need some (well-known) auxiliary results. Recall that given a filtration (F;,),
stopping time is any random variable 7 < oco a.s. with values in Z . such that for any
neZs,

(w: 7>n)eF,.

In most of textbooks on Markov chains the following Lemma may be found (see,
e.g. [49]).

Lemma 19 Any Markov chain (i.e. a Markov process with discrete time) is strong
Markov.

Consider a new process composed of two, X, := (X ,ll, X 5), evidently, with two inde-
pendent coordinates. Due to this independence, the following Lemma holds true.

Lemma 20 The (vector-valued) process (X,) is a (homogeneous) Markov chain;
hence, this chain is also strong Markov.

In the following main result of this section, p stands for the (unique) stationary
distribution of our Markov chain (X ,i) (as well as of (X ,%)).

Theorem 21 For any initial distribution L,

sup |Pu(n, A) — p(A)| = (1 — Ko)". (23)
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Let us emphasize again that the bound may be not optimal; however, the advantage is
that the construction of coupling here does not require any change of the probability
space.

Proof of Theorem 21. Recall that a new Markov chain X, := (X}, X2) with two
independent coordinates is strong Markov. Let

ri=inf(n > 0: X! = X?).

We have seen that P(7 < 0o) = 1. More than that, from Markov property it follows
for any n by induction (with a random variable called indicator, 1(A)(w) = 1 if
weAand 1(A)(w) =0ifw ¢ A),

P(r > n) = E1(r > n) :]Enl(’r > k)
k=1

n n—1
= E(E(H (1 > k)|]-'n_1)) = IE(H (T > KE((T > n)|.7-',1_1))

k=1 k=1
n—l n—1
<E[J1e> 00 -k =0 —-m)E[]1 >k < (induction) (1 _ ;).
k=1 k=1
24)
Define

X3 = XM <7)+ X2 (n > 7).

Due to the strong Markov property, (X?) is also a Markov chain and it is equivalent
to (X')—that is, they both have the same distribution in the space of trajectories.
This follows from the fact that at 7 which is a stopping time the process follows X3,
so that it uses the same transition probabilities while choosing the next state at 7 4 1
and further.

Now, here is the most standard and most frequent calculus in most of works
on coupling method, or where this method is used (recall that all the processes
X', X2, X3 are defined on the same probability space): for any A € S,
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P(X! e A) —P(X2 € A)| = |P(X] € A) —P(X2 € A)]|
= |E1(X! € A) —EI(X? € A)| = |[E(1(X] € A) — 1(X? € A))|
= [E(I(X} € A) — 1(X2 € A)1(T > n) + E(1(X]) € A) — 1(X2 € A)1(1 < n)|

® E(L(X3 € A) — 1(X2 € A)I(1 > n)| < |[EQ(X] € A) — 1(X2 € A)1(T > n)]|

4)
<ENX2eA) - 1(X2 e AT >n) <EI(T >n)=P(r >n) < (I —kp)".

Note that the final bound is uniform in A. Here the equality (*) is due to the trivial fact
that since n > 7, the values of X> and X? coincide, so either 1(X> € A) = 1(X2 €
A) =0, or I(XS €A = l(Xﬁ € A) = 1 simultaneously on each w, which imme-
diately implies that (l(Xﬁ €A — l(X,% € A))1(r < n) = 0. So, the Theorem 21 is
proved.

6 A Bit of Large Deviations

In this section, assume
]Einvf(XO) =0.

We will be interested in the existence and properties of the limit,

n—1
lim % InE, exp (ﬂ > f(Xk)) =: H(). (25)
k=0

Note that we do not use x in the right hand side because in ‘good cases’—as below—
the limit does not depend on the initial state. Denote

n—1
1
H,(B.x) := ~ InE, exp (ﬁ > f(xk>),
" k=0
and define the operator T = T acting on functions on S as follows,

TPh(x) := exp(Bf (x)E (X)),

for any function / defined on S. Note that
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n—1
E, exp (62 f(xk)) = (T")"h(x),

k=0

with A(x) = 1. Indeed, for n = 1 this coincides with the definition of 7. Further,
for n > 1 due to the Markov property by induction,

n—1 n—1
E, exp (ﬂZf(Xk)) = E,E, (eXP(ﬂZ f(xk>) |X1)

k=0 k=0

n—1
= exp(Bf (0))ELE, (exp (f)’ > f<xk>) |x1)

k=1

= exp(Bf C)DE(T?)"h(x) = T (TP)" " h(x) = (T")"h(x),

as required. So, the function H, can be rewritten as
1 By\n
H,(3,x) = —In(T")"h(x),
n

(h(x) = 1). It is an easy exercise to check that the function H, (3, x) is convex in f3.
Hence, if the limit exists, then the limiting function H is also convex. Now recall the
following classical and basic result about positive matrices.

Theorem 22 (Perron—Frobenius) Any positive quadratic matrix (i.e. with all entries
positive) has a positive eigenvalue r called its spectral radius, which is strictly
greater than the moduli of the rest of the spectrum, this eigenvalue is simple, and its
corresponding eigenfunction (eigenvector) has all positive coordinates.

In fact, this result under the specified conditions is due to Perron, while Frobenius
extended it to non-negative matrices. We do not discuss the details of this difference
and how it can be used. Various presentations may be found, in particular, in [20,
25, 38]. As an easy corollary, the Theorem 22 implies the existence of the limit in
(25)—which, as was promised, does not depend on x—with,

H(f) = Inr(f), (26)

where r(/3) is the spectral radius of the operator T5, see, for example, [14, Theorem
7.4.2]. (Emphasize that in the proof of this theorem it is important that the eigen-
vector corresponding to the spectral radius is strictly positive, i.e. it has all positive
components.) More than that, in our case it follows from the theorem about analytic
properties of simple eigenvalues that () is analytic, see, e.g. [21]. Therefore, H ((3)
is analytic, too. Also, clearly, analytic is H, as a function of the variable 3. Then
it follows from the properties of analytic (or convex) functions that convergence
H, (3, x) = H({) implies that also
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7 !
H,0,x) — H(0), n— oo,

where by H, we understand the derivative with respect to 3. On the other hand, we
have,

9 1 n—1
Hi0.5) = 2 (; InE, exp(3 > f(Xk))) l5=0
k=0

n—1 n—1
E, (z F XD exp(3'S f<xk>>)
1 =0 k=0 1

= - — lp=0 = =E, > f(Xp).
n E, exp(3 2y f(X0) T kZ:(; ‘

So, due to the Law of Large Numbers,
n—1
, 1
H,(0,x) = ~Ey 37 f(Xi) = Ein f (Xo) = 0.
k=0

Hence,
H/(O) = Einvf(X()) =0.

Also, again due to the analyticity,
H)(0,x) - H"(0), n — oc.

On the other hand, due to (17),

n—1 2
1
H/(0) = —E, (Z f(Xk)) — o, n— .
n k=0
Hence,
H"(0) = o°.

This last assertion will not be used in the sequel.

Let us state it all as a lemma.

Lemma 23 There exists a limit H(() in (25). This function H is convex and differ-
entiable, and, in particular,

H'(0) =0, H"(0) ="

Actually, we will not use large deviations (LDs) in these lecture notes, except
for the Lemma 23, which is often regarded as a preliminary auxiliary result in large
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deviation theory. Yet, once the title of the section uses this term, let us state one
simple inequality of LD type. Recall that E;,,, f (X() = 0 in this section.

Proposition 24 Let

L(a) :=sup(af — H(B)), L(a) = lim sup L(a + 9). 27
B

0—0

Then under the assumptions of the Ergodic Theorem 8 for any € > 0,

n—1
lim sup T P, (l > X = e) < —L(e). (28)
n n =0

n—0o0o —

The function L is called Legendre transformation of the function H. It is convex
and lower semicontinuous; see [37] about this and more general transformations (e.g.
where H is convex but not necessarily smooth—in which case L is called Fenchel—
Legendre’s transformation). Notice that ‘usually’ in (28) there is a limit instead of
lim sup, and this limit equals the right hand side, and both I:(e) = L(e) > 0; the latter
is certainly true, at least, for small € > 0 if 0% > 0. However, this simple result does
not pretend to be even an introduction to large deviations, about which theory see
[5, 7, 13, 14, 17, 36, 42], et al. In the next sections the Proposition 24 will not be
used: all we will need is the limit in (25) due to the Lemma 23 and some its properties,
which will be specified.

Proof of Proposition 24. We have forany 0 < § < ¢, by Chebyshev—Markov’s expo-
nential inequality with any A > 0,

n—1 n—1
P, (% Z f(Xp) > e) =P, (exp (/\ Z f(Xk)) > CXP(n)\é))
k=0

k=0

n—1

25
< exp(—nAe)E, exp (A > f(Xk)) < exp(—n(A(e —0) + H(N)),

k=0

if n is large enough. The first and the last terms here with the inequality between
them can be rewritten equivalently as

n—1
1 1
~InP, (— > X0 = e) < —Me—0)+HO),
n n =0
for n large enough. So, we have,

n—1
lim sup 1 InP, (% > Fx = e) < —(\e—08)—HW).
k=0

n—oo N
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Since this is true for any A\ > 0, we also get,

n—1
lim sup % InP, (% > X = e) < - iu[g()\(e —38) —HW),

n—o00 k=0

However, since H(0) = 0 and H'(0) = 0 and due to the convexity of H, the supre-
mum on all A € R here on positive € — J is attained at A > 0, i.e.

sup(A(e — &) — H(X)) = sup(A(e — &) — H(X)) = L(e — 9).
A>0 AeR

Thus, the left hand side in (28) does not exceed the value —limsup L(e — §) <
510

—L(e), as required. The Proposition 24 is proved.

7 Dynkin’s Formulae

Let L be a generator of some Markov chain on a finite state space S, that is, for any
function u on S,
Lu =Eu(X)) —ulx) =Pulx) —ulx). 29)

Recall that here P is the transition probability matrix of the corresponding Markov
chain (X,,), a function u on § is considered as a column-vector, Pu is this matrix
multiplied by this vector, and Pu(x) is the x-component of the resulting vector. Note
that such difference operators are discrete analogues of elliptic differential operators
of the second order studied extensively, in particular, in mathematical physics. What
makes them the analogues is that both are generators of Markov processes, either
in discrete or in continuous time; also, it may be argued about limiting procedures
approximating continuous time processes by discrete ones. Yet, the level of this
comparison here is, of course, intuitive and we will not try to justify in any way, or
to explain it further.

As usual in these lecture notes, we will assume that the corresponding process
(X,) satisfies the Ergodic Theorem 8. The Poisson equation for the operator L from
(29) is as follows:

Lu(x) =—f(x), xeS. (30)

This equation may be studied with or without some boundary and certain boundary
conditions. The goal of this chapter is to present how such equations may be solved
probabilistically. This simple study may be also considered as an introduction to the
Poisson equations for elliptic differential operators. We start with Dynkin’s formula
or Dynkin’s identity.
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Theorem 25 (Dynkin’s formula 1) On the finite state space S, for any function h
andanyn=1,2,..,

n—1
E.h(X,) = h(x) + Z]Eth(Xk), n>0. (31)
k=0

Proof 1. For n = 1 the formula (31) reads,
Ech(X1) = h(x) + Lh(x),

where x is a non-random initial value of the process. Hence, by inspection, the desired
identity for n = 1 is equivalent to the definition of the generator in (29).

2. For the general case n, the desired formula follows by induction. Indeed, assume
that the formula (31) holds true for some n = k and check it forn = k + 1. We have,

Exh(Xn+l) = IE)cl'l(Xn-k—l) - Exh(Xn) + Exh(Xn)
= E.xEx(h(XnJrl) - h(Xn)|Xn) + Exh(Xn)

n—1

= B E (Lh(X)|X,) + h(x) + D B Lh(X,)

k=0
n—1 n
= E,Lh(X,) + h(x) + D E.Lh(X;) = h(x) + D E,Lh(Xy).
k=0 k=0

So, the formula (31) for all values of n follows by induction. The Theorem 25 is
proved.

8 Stopping Times and Martingales: Reminder

Definition 26 Filtration (F,, n =0, 1,...) is a family of increasing sigma-fields
on a probability space (€2, F, P) completed with respect to the measure [P (that is,
each F, contains each subset of all P-zero sets from F). The process (M,,) is called
a martingale with respect to a filtration (F,) iff EM, < oo and E(M,,|F,) = M,

(a.s.).

Definition 27 A random variable 7 < oo a.s. with values in Z, is called a stop-
ping time with respect to a filtration (F,) iff for each n € Z, the event (7 > n) is
measurable with respect to F,,.
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It is recommended to read about simple properties of martingales and stopping times
in one of the textbooks on stochastic processes, e.g. [27]. We will only need the
following classical result about stopped martingales given here without proof.

Theorem 28 (Doob) Let (M) be a martingale and let T be a stopping time with
respect to a filtration (F,). Then (M, := M, 1) is also a martingale.

In terms of martingales, the first Dynkin’s formula may be re-phrased as follows.

Theorem 29 (Dynkin’s formula 2) On the finite state space S, for any function h
andanyn = 1,2, ..., the process

n—1

M, :=h(X,) —h(x) = > Lh(Xy), n=>0, (32)
k=0

is a martingales with respect to the natural filtration FX ‘generated’ by the process
X. Vice versa, if the process M,, from (32) is a martingale then (31) holds true.

Proof The inverse statement is trivial. The main part follows due to the Markov
property,

n—1
E(M,|F,-1) = E(h(X,) X, -1) — h(x) = D Lh(Xy)
k=0
n—2
= Ph(X,-1) — Lh(X, 1) — h(x) = > Lh(X))
k=0
n—2
= h(Xy-) = h(x) = D Lh(X;) = M.
k=0

The Theorem 29 is thus proved.

Lemma 30 (Dynkin’s formula 3) Let 7 be a stopping time with
E, 7 <00, VxeS.

Then for any function h on S,

T—1

E.h(X,) = h(x) + E, Z Lh(Xy).
k=0

Proof Follows straightforward from the Theorem 29.
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9 Poisson Equation Without a Potential

9.1 Introduction

Here we consider the following discrete Poisson equation without a potential,
Lu(x) =Pulx) —ulx) = —f(x). (33)

In the next section a similar discrete equation with a potential ¢ = c(x), x € S, will
be studied,
Lu(x) == exp(—c(x))Pu(x) — u(x) = — f(x), (34)

firstly because it is natural for PDEs—and here we present an easier but similar
discrete-time theory—and secondly with a hope that it may be also useful for some
further extensions, as it already happened with equations without a potential. Let x4
be, as usual, the (unique) invariant probability measure of the process (X, n > 0).

9.2 Poisson Equation (33) with a Boundary

Firstly, we consider Poisson equation with a non-empty boundary,
Lu(x) =—f(x), xe S\TI', ulx)=g9kx), xeTl, 35)

where I' C S, I # . If the right hand side equals zero, this equation is called the
Laplace equation with Dirichlet boundary conditions:

Lu(x) =0, xe S\T', ukx)=gkx), xeTl. (36)

Let
T:=infn >0: X, el),

and denote

T—1
v(x) = E, (Z fX) + g(xf)) : (37)

k=0

Recall that under our assumptions on the process, necessarily E,7 < oo.

For the uniqueness, we would need a maximum principle, which holds true for
the Laplace equation (recall that we always assume min p;; > 0):
ij
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Lemma 31 (Maximum principle) If the function u satisfies the Eq.(36), then the
maximal value (as well as minimal) of this function is necessarily attained at the
boundary T.

Proof Since Lu(x) = 0 for any x ¢ I', we have
u(x) = Pu(x), (38)

for such x. In other words, the value u(x) is equal to the average of the values u(y)
at all other y € § with some positive weights, due to the assumption min p;; > 0.
ij

However, if a maximal value, say, M, is attained by u not at the boundary, say,
u(xo) = M, xo ¢ I', and if at least one value on I" (or, actually, anywhere else) is

strictly less than M, then we get a contradiction, as the equality > py,v(y) = M
yes
with all v(y) < M and with at least one v(y) < M is impossible. Similar arguments

apply to the minimal value of u. This proves the Lemma 31.

Theorem 32 The function v(x) given by the formula (37) is a unique solution of the
Poisson equation (35).

Proof 1. The boundary condition v(x) = g(x) on x € I' is trivial because 7 = 0 in
this case.
2. Letx ¢ I". Then 7 > 1. We have, due to the Markov property,

T—1
v(x) = () + D EJ(X; = y)E, (Z fXo + g(xa)
y

k=0

= fE)+ D pov() = f(x) + E(Xy).
y

From this, it follows clearly the statement about solving the equation,
Lv(x) = Exv(X1) —v(x) = —f(x).

3. Uniqueness follows from the maximum principle. Indeed, let v! and v? be two
solutions. Then
u(x) =v'(x) —v*(x) =0, V xerl.

Also, atany x ¢ T,
Lu(x) = Lv'(x) — va(x) =0.

Hence, by virtue of the Lemma 31, both maximal and minimal values of the function
u are attained at the boundary I'. However, at the boundary both these values are
equal to zero. Therefore,

u(x)=0, vxes,
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that is, v! — v? = 0, as required. This completes the proof of the Theorem 32.

9.3 Poisson Equation (33) without a Boundary

Consider the equation on the whole S,
Lu(x) =—f(x), x€S. 39)

We will need an additional assumption on f called ‘centering’. This condition is a
close analogue of the subtraction in the standardization for a CLT.

Assumption 33 (Centering) It is assumed that the function f satisfies the condition,

Einy f (X0) = D f(x)p(x) =0, (40)

where £ is the (unique) invariant measure of the process X.

Theorem 34 Under the assumption (40), the Eq.(39) has a solution u, which is
unique up to an additive constant. This solution is given by the formula

u(x) = D E f(X,). (41)

k=0

The solution u from (41) itself satisfies the centering condition,

z u(x)pu(x) =0. (42)

Note that the ‘educated guess’ about a solution represented by the formula (41)
may be deduced from the comparison with (37) where, so to say, we want to drop the
terminal summand g as there is no boundary and to replace 7 by infinity; naturally,
expectation and summation should be interchanged. Also, in the present setting
the idea based on considering the series for (I —P)~! on centred functions may
be applied. Yet, we would like to avoid this way because in a more general ‘non-
compact’ situation a polynomial convergence of the series in (41) would also suffice,
and, hence, this approach looks more general.

Proof of Theorem 34. 1. Convergence. Follows straightforward from the Corollary
9. This shows that the function u(x) defined in (41) is everywhere finite.
2. Satisfying the equation. From the Markov property,
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k=0

u(x) = f(x) + > B A(X; = »)E, > f(Xp)
-
= )+ D poyv(y) = fF&x) + Eau(X)).
.

From this, it follows clearly the statement,
Lu(x) = Eu(X1) —u(x) = —f(x).

3. Uniqueness. Let ' and u? be two solutions both satisfying the moderate growth
and centering. Denote v = u' — u?. Then

Lv=0.
By virtue of Dynkin’s formula (31),
Ev(X,) —v(x) =0.
However, due to the Corollary 9,
E,v(X,) = E;,,v(Xy) = 0.

Hence,
v(x) =0,

as required.
4. Centering. We have, due to a good convergence—see the Corollary 9—and
Fubini’s theorem, and since measure 4 is stationary, and finally because f is centered,

D upx) = > px) D B f(X)
X x k=0

=D D HOE S (Xi) = D Eipy f(Xi) = 0.
k=0

k=0 x

The Theorem 34 is proved.

10 Poisson Equation with a Potential

Let us remind the reader that the case | S| < oo is under consideration.
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10.1 Egquation (34)

Recall the Eq. (34),

exp(—c(x))Pu(x) —u(x) = —f(x).

A natural candidate for the solution is the function

00 n—1
u(x) := > E,exp (— >, c(xk>) f(X0), (43)

n=0 k=0

provided that this expression is well-defined. Naturally on our finite state space S
both f and ¢ bounded. Denote

n

=D c(Xp), ¢ =0,

k=0

and
L¢ :=exp(—c(x))P — 1,

that is,
Lu(x) := exp(—c(x))Pu(x) — u(x).

We can tackle several cases, and the most interesting one in our view is where c(x) =
eci(x),e > 0small and ¢, := ch(x)u(x) > 0. Denote also ¢ = >_ c(x)u(x).

X
X

10.2 Further Dynkin’s Formulae

Lemma 35 (Dynkin’s formula 4)

n—1

E, exp(—pu1) h(X,) = h(x) + D Eeexp(—pi DLh(Xp).  (44)
k=0

In other words, the process

n—1

M, = exp(—pu—1) h(X,) = h(x) = D exp(—pi DL h(Xy), n >0, (45)
k=0

is a martingale.
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Proof Let the initial state x be fixed. Let us check the base, n = 0. Note that ¢y =
c(x), o—1 =0, and Lh(x) = exp(—o)Ph(x) — h(x). So, for n = 0 the formula
(44) reads,

~1

@) = h(x) + 3 ELh(Xp),
k=0
—1

which is true due to the standard convention that >_ --- = 0.

k=0
Let us check the first step, n = 1:

0

Ey exp(—c(x)) h(X1) = h(x) + ZEX exp(—p_1) L h(Xy) = h(x)
k=0
+exp(—c(x))Ph(x) — h(x),

or, equivalently,
E, exp(—c(x)) h(X1) = exp(—c(x))Ph(x),
which is also true.

The induction step with a general n > 1 follows similarly, using the Markov property.
Indeed, assume that the formula (44) is true for some n > 0. Then, forn + 1 we have,

E exp(—@n) h(Xp11) — h(x) = D By exp(—pr—1)Lh(X)
k=0

=E, exp(—®,) h(Xns1) — Ex exp(—n—1) h(X,) + E, exp(—pn—1) h(X,)
n—1

—h(x) = > Beexp(—px- 1) LD(Xp) — By exp(—p, 1) LR (X,)
k=0

= Ex exp(_@n) h(Xn+1) - Ex exp(_@n—l) h(Xn) - ]Ex exp(_(pnfl)Lch(Xn)
=E, []Ex (GXP(—SOn) h(Xpt1) — exp(—pn—1) h(X,) — CXP(—<Pn—1)LCh(Xn)|fn)]

= Ex eXP(—QOnfl) [Ex (exp(_c(Xn)) h(Xn+1) - h(Xn) - LLh(Xn)|Xn)] = 01

by definition of L¢. This completes the induction step, so the Lemma 44 is proved.

Lemma 36 (Dynkin’s formula 5) Let T be a stopping time with

E, e <00, Vxes,
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for some o« > 0. Then for any function h on S and if c = ec| and € is small enough,

T—1
E.e " 'h(X,) = h(x) + E, z e P LR (Xy).
k=0

Recall that for an irreducible Markov chain with values in a finite state space
any hitting time has some finite exponential moment. This will be used in the next
subsection.

Proof We conclude from (44), or (45), due to Doob’s theorem about stopped mar-

tingales,
(t—1)An

Eve 0 h(Xon) = h(0) + By > e P LX),
k=0

Now if € is small enough, then we may pass to the limit as n — 0o, due to the
Lebesgue theorem about a limit under the uniform integrability condition. We have,

Eee ¥ h(X ) — Exe ™ h(X),

and
(t—1)An 7—1
h(x) +E, Z e P LOR(Xy) — h(x) + E, Ze—w'LCh(Xk), n— 00,
k=0 k=0

as required. The Lemma 36 is proved.

10.3 Poisson Equation with a Potential with a Boundary

Recall the equation with the boundary:
exp(—c(x)Pu(x) —u(x) = —f(x), x € S\I', ulx)=gx), xel', (46)

with a boundary I" # (. The natural candidate for the solution is the function

T7—1
u(x) := E, (Z exp (—¢n—1) f(Xn) +exp (—¢r—1) g(XT)), (47

n=0

—1
7=inf(n > 0: X, € I').Ifx € [',then 7 = 0, and we agree that the term > equals

k=0
Z€10.



Ergodic Markov Processes and Poisson Equations (Lecture Notes) 491

Theorem 37 If the expectation in (47) is finite then the function u(x) is a unique
solution of the equation (46).

Recall that 7 does have some exponential moment, so if ¢ = €c; as in the statement
of the Lemma 36, and if € is small enough, then the expression in (47), indeed,
converges.

The proof of the Theorem 37 can be established similarly to the proof of the Theorem
32. Firstly, if x € ', then clearly 7 = 0, so that u(x) = g(x). Secondly, if x ¢ I", then
clearly 7 > 1. Then, due to the Markov property and by splitting the sum, i.e. taking

T—1

asum Y and separately considering the term corresponding to n = 0 which is just
k=1

f(x), we have,

7—1 n—1 71
u(x) = f(x) + Ey (Z exp (— > C(Xk)) f(Xg) +exp (‘ - C(Xk)) g(xf))

n=1 k=0 k=0

T—1 n—1 7—1
= f(0) + BBy [Z exp (— >, c(xk>) f(Xg) + exp (— > c(Xk)> g(XT>|X1}

n=1 k=0 k=0

T—1 n—1 71
= f(@) + Ex exp(—c(x)Ex, <Z exp (— > C(Xk)) F(Xp) +exp <— > C(Xk)> g()@))

n=0 k=0 k=0

= f(0) +exp(—c(x)Exu(X1) = f(x) + exp(—c(x))Pu(x),

which shows exactly the Eq. (46), as required. The Theorem 37 is proved.

10.4 Poisson Equation with a Potential Without a Boundary

Recall the Eq. (34):

exp(—c(x)Pu(x) —u(x) = — f(x),

and the natural candidate for the solution ‘in the whole space’ is the function

00 n—1
u(x) = Eexp (— Zc(xw) f(X0, (48)

n=0 k=0

The main question here is the question of convergence. As was mentioned earlier, we
are interested in the following case: ¢(x) = ecy(x), € > 0 small, and D_ ¢; (x) u(x) >
0, where  is the unique invariant measure of the Markov chain X.
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10.5 Convergence

The first goal is to justify that u is well-defined. Recall that we want to show conver-
gence of the series,

00 n—1
u(x) =Y E exp (— > c(Xk)) f X,
n=0

k=0

with ¢(x) = ec1(x), ¢; = D c;(x)p(x) > 0, with e > 0 small. Denote

n—1
Hy (3, x) := n~" InE, exp (ﬁZm(xk)), BeR!,

k=0

or, equivalently,

n—1
E, exp (ﬂ > (Xk>) = E, exp(n H, (B, x).

k=0

(Note that this notation just slightly differs from how the function H,—and in the next
formula also H—was defined in the Sect. 6: now it is constructed via the ‘additive
functional’ related to another function c;. Yet, the meaning is similar, so that there
is no need to change this standard notation.) Let

H(B) = lim Hr (B, x), BeR.

As we have seen in the Sect. 6, this limit does exist for all values of (3. (The fact that
in the Sect. 6 this was shown for another function and under the centering condition
for that function is of no importance because the average may be always subtracted.)

Also, it may be proved—Ieft as an exercise to the reader (here some Lemma from
[25] about estimating the spectral radius may be useful)—that if § > 0 then there
exists n(d) such that uniformly in x

sup |H(B) — H,(B,x)| <46, n=>n()). (49)

|81<B

Unlike in the Sect. 6 where it was assumed that f = 0, here we compute,

n—1

H(0,x) =n""Ee D c1(Xp),
k=0

where, as usual, the notation H, (0, x) stands for OH, (3, x) /0| s=0. Now, due to
the Corollary 9 it follows,
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n—1
lim n™'Ex D e1(X) =& = (1, 4) > 0.
k=0
This means that in our case
H'(0)=c¢ >0,

and that, at least, in some neighbourhood of zero,
H(B) >0, B>0, & HB) <0, pg<O. (50)

Now, convergence of the sum defining u for each x for ¢ > 0 small enough and
uniformly in x—recall that |S| < co—follows from (50). Indeed, choose € > 0
so that H(—e) < 0 and for a fixed § = —H(—¢)/2 also choose ny such that
|H,(—€,x) — H(—¢)| < 6, for all n > ny and any x. We estimate, for ¢ small and
any x (and with e independent of x),

o0 n—1 o0
@I < Ifls DB exp(—ech(xw) =[flls D_ exp(nHy(—¢, x))
k=0

n=0 n=0
< Iflls D_exp(r(H(—€) + ) < [ flls exp(9) D exp(nH(—e)) < oo.

n=0 n=0

10.6 u Solves the Equation

Let us argue why the function u solves the Poisson equation (34). By the Markov
property,

u(x) = () +exp(—c) D E (X = ME, D exp(—pr1) f (Xp)

k=0

= f() +exp(—c(x) D pyv(y) = f(x) + exp(—c())Eu(X)).

From this, it follows clearly that, as required,

Lu(x) = exp(—c(x)E,u(X1) —ulx) = —f(x).
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10.7 Uniqueness of Solution

Uniqueness may be shown in a standard manner. For the difference of two solutions

v =u' — u? we have L°v = 0. Therefore, we get,

v(x) = exp(—c(0)E,v(X)).

After iterating this formula by induction n times, we obtain,

n—1
v(x) = E, exp (— > c(Xk)) v(X,).

k=0

Recall that the function v is necessarily bounded on a finite state space S. Hence, it
follows that v(x) = 0. Indeed, we estimate,

n—1

n—1
v(0)| = [E, exp (— > c(xk)) v(X,)| < CE, exp (— > c(Xk>).
k=0

k=0
Hence, we get, for any n > 0,

n—1

lv(x)] < CE, exp(—ech(Xk)) = Cexp(nH,(—e¢, x)). (28

k=0

Recallthat H, (3, x) — H (), n — oo,andthat H (—e) < Ofore > 0small enough.
So, the right hand side in (51) converges to zero exponentially fast with n — oco.
Since the left hand side does not depend on n, we get |v(x)| = 0, i.e. u' = u? as

required.

11 Ergodic Theorem, General Case

Now let us consider a more general construction on a more general state space. It
is assumed that

P.(1,d
)= inf/ (M A 1) P.(1,dy) > 0. (52)
v ) \Pu(1, dy)
Pu(l,dy) . . .
Note that here m is understood in the sense of the density of the absolute
xL,ay

continuous components. For brevity we will be using a simplified notation P, (dz)
for P, (1, dz). Another slightly less general condition will be accepted in the next
section but it is convenient to introduce it here: suppose that there exists a measure
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A with respect to which each measure P, (1, dz) for any x is absolutely continuous,
P.(1,d7z) < A(dz), Vxes. (53)

Under the assumption (53) we have another representation of the constant s from (52).

Lemma 38 Under the assumption (53), we have the following representation for
the constant from (52),

. Px’(lvdy) Px(lady)
"“_i‘,‘f/( Ady) " TA@y) )A(dy)‘ G4

Proof Firstly, note that clearly the right hand side in (38) does not depend on any
particular measure A, i.e. for any other measure with respect to which both P, (1, dy)
and P, (1, dy) are absolutely continuous the formula (52) gives the same result.
Indeed, it follows straightforward from the fact that if, say, dA < d A and dA =
fd 1~\, then we get,

Po(1,dy) an,dy))
Ald
/( ady Ay )@
_/(Pxf(l,dy)Aan,dy)
fA@y)  fA(dy)
_/(Pxf(l,dePx(l,dy)
A(dy) A(dy)

) FO1(f(y) > 0)A(dy)

) 1(f(y) > 0)A(dy).

However, P, (1,dy) < A(dy) = f(y)]\(dy), so for any measurable A we have
fA P, (1,dy)1(f(y) = 0) = 0 and the same for P, (1, dy), which means that, actu-
ally,

Px’(lady) Px(lady)) Iy
= = 1 0)A(d
/( T TR )1 ) > 0k

P.(1,d P.(1,d ~
:/( ~( y)A ~( y))A(dy).
A(dy) A(dy)
Respectively, if there are two reference measure A and, say, A, then we may take

A = A+ A, and the coefficients computed by using each of the two—A and A'—

will be represented via A in the same way.
P (1,dy)
Secondly, let f,(y) = —————(¥). Then,
! A(dy)
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Kk = inf
x,x"

/(Px(l,dy)

P.(1,dy)

)Px(l,dy)
P (1, dy)

. /( Py (1,dy)
=1nf

“OAd
fx<y)A(dy>)f(” (@)

HMAdy)
) /(Px/(l,dY)
= mf/

A(dy)

as required. The Lemma 38 is proved.

Kk(x, x") ::/(

Clearly, for any x, x" € S,

Denote

P (1,

k(x, x") > K.

Lemma 39 Forany x,x’ € S,

k(x,x) =

PX’(13

P.(1,dy)
A(dy),
A(dy) ) @

Proof Under the more restrictive assumption (54) we have,

Pu(1,dy)
Py (1, dy)

n(x’,x):/(

o=

dy)
) A 1) P.(1,dy)
(55)
r(x', x).
Py (1, dy) PX(I’dy))A(dy)
Ady) A(dy) ’

which expression is, apparently, symmetric with respect to x and x’, as required.
Without assuming (54) we can argue as follows. Denote A, (dz) = P, (1,dz) +
P,/ (1, dz). Note that by definition, A, v = A, .. Then we have,

K(x', x) =/(

/

-/

The latter expression is symmetric with
Lemma 39.

Py (1,dy)
—Px(l, &) A 1) P.(1,dy)
Po(1,dy) N 1) PX(l’dy)Ax,xr(dy)
Px(l’dy) Ax.x/(dy)
Px’(lvdy) Px(lvdy))
A, o (dy). 56
M@y Aty ) M@ 0

respect to x and x’, which proves the

Definition 40 If an MC (X)) satisfies the condition (52)—we call it MD-condition
in the sequel—then we call this process Markov—Dobrushin’s or MD-process.

This condition in an easier situation of finite chains was introduced by Markov
himself [30]; later on, for non-homogeneous Markov processes its analogue was
suggested and used by Dobrushin [8]. So, we call it Markov—Dobrushin’s condition,
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as already suggested earlier by Seneta. Note that in all cases x < 1. The case k = 1
corresponds to the i.i.d. sequence (X,). In the opposite extreme situation where
the transition kernels are singular for different x and x’, we have x = 0. The MD-
condition (52)—as well as (54)—is most useful because it provides an effective
quantitative upper bound for convergence rate of a Markov chain towards its (unique)
invariant measure in total variation metric.

Theorem 41 Let the assumption (52) hold true. Then the process (X,) is ergodic,
i.e. there exists a limiting probability measure i, which is stationary and such that
(1) holds true. Moreover, the uniform bound is satisfied for every n,

sup sup | Py (n, A) — p(A)| < (1 —K)". (57)
x AeS

Recall that the total variation distance or metric between two probability measures
may be defined as

1 = viiry == 2sup(u(A) — v(A)).
A
Hence, the inequality (57) may be rewritten as
sup | Py (n, ) — u()llry <2(1 — K)", (53)

Proof 1. Denote for any measurable A € S,

M™(A) :=sup Py(n, A), m"™(A) :=inf P.(n, A).
Due to the Chapman—Kolmogorov equation we have,

m"V(A) = inf P,(n + 1, A) :inf/PX(dz)Pz(n,A)

> inf / P (dz)m™ (A) = m™ (A).

So, the sequence (m ™ (A)) does not decrease. Similarly, (M ™ (A)) does not increase.
We are going to show the estimate

0 =) MP(A) —m™(A) < (1 - k)" (59)
In particular, it follows that for any x, y € S we have,
|Pi(n, A) — Py(n, A)| < (1 —r)". (60)

More than that, by virtue of (59) and due to the monotonicity (M (A) decreases,
while m™ (A) increases) both sequences M (A) and m™ (A) have limits, which
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limits coincide and are uniform in A:

lim M™(A) = lim m"™(A) =: m(A), (61)
n—o0 n—oo
and
sup |[M™ (A) — m(A)| v sup [m™ (A) —m(A)| < (1 — K)". (62)
A A

2. Let x,x’ € S, and let A, be some reference measure for both P, (1, dz) and
P, (1,dz). Again by virtue of Chapman—Kolmogorov’s equation we have for any
n > 1 (recall that we accept the notations, ay = a V 0 = max(a,0), anda_ =a A
0 = min(a, 0)),

Py(n, A) — Pu(n, A) = /[Px(l,dZ) — Po(1,d2)]P.(n — 1, A)

-/ (Px(l, dz)  Pu(ld)
B Ax,x’(dz) Ay v (dz)

_/(Px(l,dz) _ P.(1,dz)
B Ax,x’(dz) Ax,x/(dz)

P.(1,dz)  Py(1,d2)
+/ (Ax,xr(dz) B Axx(d2) ) Ay v(dz) P,(n — 1, A). (63)

) Axx(d2) P:(n — 1, A)

) Ax,x’(dz) Pz(n - 17 A)
+

Further, we have,

/(Px(l,dz) _ Pe(l.d2)
Arw(dz)  Axw(dz)

B / (Px(l,dz)  Pu(l.dz)
- Ax,x’ (dZ) Ax,x/ (dZ)

) Ao (d2) P:(n — 1, A)
+

) Ay (dz) M7V (A),
+

and similarly,

/(Px(l,dz) _ Pe(l,d2)
Ax,x’(dz) Ax,x’(dz)

</(Px(1,dz) _ P.(1,dz)
- Ax,x’(dz) Ax,x’(dz)

) Ay v(dz) P,(n — 1, A)

) Ay (dz)ym"V(A),

On the other hand,
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Py(l,dz)  Pyu(l,dz) /(Px(l,dz) B Px/(l,dz))
/ (Ax,x/(dz) Ax,x/(dz)) +A” @2+ Ay p(dz) Ay p(d2) _ A d2)

:/(Px(l,dz) Py (1,dz)

- Ay v(dz)=1—1=0.
Ax,x’(dz) Ax,x’(dz)) o

Thus, we get,

M™(A) —m"™ (A) = sup P.(n, A) — inf Py(n, A)

< sup

x,x’

/(Px(l,dz) _ Pu(l.d2)

, (n—1) () )
Axﬁx’(dZ) Ax,x/ (dZ) )Jr Ax,x (dZ) (M (A) m (A))

It remains to notice that (recall that (¢ — b); = a —a A b =a — min(a, b))

/(Px(l,dz) _ Pu(,dz)
Ax,x/(dz) Ax,x’(dz)

_/(an,dz) _Pld) P dD
B Ax,x’(dz) Ax,x/(dz) Ax,x/(dz)

) Ax,x’ (dZ)
+

) Acv(dz) =1 —k(x,x) <1—k.

Now the bound (59) follows by induction.
3. Let us establish the existence of at least one stationary distribution. For any x € S
and any measurable A,

m™(A) < Py(n, A) < M™(A). (64)

Dueto (61)and (62), (P, (n, A)) is a Cauchy sequence which converges exponentially
fast and uniformly with respect to A. Denote

q(A) := lim P,(n, A). (65)
n—o0
Clearly, due to this uniform convergence, g(-) > 0, ¢(S) = 1, and the function ¢ is
additive in A. More than that, by virtue of the same uniform convergence in A in
(65), the function ¢ (-) is also ‘continuous at zero’, i.e. it is, actually, a sigma-additive
measure. More than that, the uniform convergence implies that

[ Pc(n, ) —gOllrv — 0, n— oo. (66)

4. Now, let us show stationarity. We have,

q(A) = lim P, (n,A) = lim [ P (n—1,dz)P,(A)
n— 00 n—oo

= /q(dZ)Pz(A) +n1LIglo/(Pxo(n — 1,dz2) — q(dz)) P-(A).
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Here, in fact, the second term equals zero. Indeed,
I/(PXO(n —1,dz) — q(dz))P.(A)| < / |P,,(n—1,dz) — q(d2)| P,(A)

=< / |P(n—1,dz) —q(dz)| =P, (n —1,-) —q()llrv = 0, n— oo.

Thus, we find that
q(A) Z/q(dz)Pz(A),

which is the definition of stationarity. This completes the proof of the Theorem 41.

Corollary 42 For any bounded Borel function f and any 0 < s < t,

sup |Ex (f (X)|Xs) — Ejpy £ (X)| = sup |Ex (f (X1) — Ejpy f (X Xs)| < Cp(1 — 1) 7,
X X
or, equivalently,

sup B (f (X)IFS) = Eimy f(X)| < Cr(1 = 1),

12 Coupling Method: General Version

This more general version requires a change of probability space so as to construct
coupling. Results themselves in no way pretend to be new: we just suggest a presen-
tation convenient for the author. In particular, all newly arising probability spaces
on each step (i.e. at each time n) are explicitly shown. By ‘general’ we do not mean
that it is the most general possible: this issue is not addressed here. Just it is more
general that in the Sect. 5, and it is more involved because of the more complicated
probability space, and it provides a better constant in the convergence bound. It turns
out that the general version requires a bit of preparation; hence, we start with the
section devoted to a couple of random variables, while the case of Markov chains
will be considered separately in the next section.

The following folklore yet important lemma answers the following question: sup-
pose we have two distributions, which are not singular, and the ‘common area’ equals
some positive constant . Is it possible to realize these two distributions on the same
probability space so that the two corresponding random variables coincide exactly
with probability x? We call one version of this result ‘the lemma about three random
variables’, and another one ‘the lemma about two random variables’.

Lemma 43 (‘Of three random variables’) Let &' and &% be two random variables on
their (without loss of generality different, and they will be made independent after
we take their direct product!) probability spaces (', F', PY and (Q%, F2,P?) and
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with densities p' and p* with respect to some reference measure A, correspondingly.
Then, if Markov—Dobrushin’s condition holds true,

. / (p'() A P(0)) Aldx) > 0, 67)

then there exists one more probability space (2, F,P) and a random variable on it
§3 (and 52 also lives on (2, F, P), clearly, with the same distribution) such that

LE)=LED, & PE =) =r (68)
Here £ denotes the distribution of a random variable under consideration. Note
that in the case = 1 we have p! = p?, so we can just assign &3 := £2, and then
immediately both assertions of (68) hold. Mention that even if x were equal to zero
(excluded by the assumption (67)), i.e. the two distributions were singular, we could

have posed &3 := ¢!, and again both claims in (68) would have been satisfied trivially.
Hence, in the proof below it suffices to assume

0<k<l.
Proof of the Lemma 43. 1: Construction. Let
Ari=fx: p'(0) = PP}, Ari=fx: p'(x) < P20},

We will need two new independent random variables, ( ~ U[O0, 1] (uniformly dis-
tributed random variable on [0, 1]) and n with the density

p' —p' A p? ®) p' —p' A p?
X) =
/ (' = p' A pHOAWEY) / (' = p' A PHO)AWEY)
Ay

pl(x) = (x).

Both ¢ and 7 are assumed to be defined on their own probability spaces. Now let
(on the direct product of all these probability spaces, i.e. of the probability spaces
where the random variables &', €2, ¢, i) are defined)

! 1
p'vp?

&= 1( (&) =0 +nl( € < 0.

p
ptv p?

We shall see that £* admits all the desired properties. Denote

. . p' 2
C.={w: p,vpz(ﬁ)zC}-

Then & may be rewritten as
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& = E1(C) +n1(C). (69)

2: Verification. Below [P is understood as the probability arising on the direct product
of the probability spaces mentioned earlier. Let

=/ (p'(x) = p*(x))Aldx) = N (p*(x) — p' (X)) Adx).
Due to our assumptions we have,
ctr= /Al (p'(x) = P> () A(dx) +/ (p' @) A P*(x)) Adx)
=/Al(p‘(x>—p2(x>)A<dx>+/ (p‘<x>Ap2(x>)A<dx>+/ (p'(¥) A p*(x)) A(dx)

Al Az

=/ p‘(x)A(dx>+/ p‘(x)A(dx)z/ p'(V)Adx) = 1.
A .

As JAIUAy
So,
c=1—-—x€(0,1).
Also,
1 1 2
7] p —D /\p
pl(x) = ———— ().
c
Also notice that
14

1
2y 2
PCIE) = (@),

and recall that on C, 53 = 52, while on its complement C, 53 = 7. Now, for any
bounded Borel measurable function g we have,
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Eg(&®) = Eg(€*)1(C) + Eg(&*)1(C) = Eg(¢*) 1(C) +Eg(m 1(C)

1 1

4 p

=Eg(&) T () +Eg(m(1 — T €)
2 ' 2 ' 2
=Eg( )m(f )+ EgmEQ — iy 2 ()]

1
= / 90— () PP () Adx) + / 9(x)p" () A(dx)
pVvp

AUA; (Ay)

pl 2
X /(1 T M p~(Ady)

p'—p?

(x)A(dx)

=/g(x)p2(x)A(dx)+/A g(x)pl(X)A(dx)+/g(x)

A] Al

X / (P> = pHMA@y)
Ay

= / g(x)p' (x)A(dx) = Eg(&h).
AUA;

Here (A;) in brackets in / g(x)p"(x)A(dx) is used with the following meaning:

A
the integral is originally t(akle):n over the whole domain, but integration outside the set
A, gives zero; hence, only the integral over this domain remains. The established
equality Eg(£%) = Eg(¢') means that £(£%) = £(£"), as required.

Finally, from the definition of &3 it is straightforward that

P& = &) > P(O).

So,

1
(x)p*(x)A(dx)

3_ g2 _ ' 2
P(¢ —’5)ZP(C)—E—plva(f)—/plv,,z

1 1
:/A plipz(x)pz(x)A(dx)Jr/A pllz/pz(x)p2(x)A(dx)

1
= /A pP(X)A(dx) + / P p2<x>p1(x>A(dx>= / (p' A pHA(dx) = k.

A DV
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Let us argue why, actually,
PE =€) =P(C) =k,

i.e. why the inequality P(¢&* = &) > P(C) may not be strict. Indeed, P(¢* = £%) >
P(C) may only occur if P(1(C) = &) > 0 (cf. with (69)), or, equivalently, if

(771( (52) <= 52) > 0. However,

wel={w:

&) < ¢

pv2

implies p' (&) < p(&,), thatis, & € A,.But on this set the density of 1) equals zero.
Hence, P(¢ 3= 52) > P(C) is not possible, which means that, in fact, we have proved
that P(&3 = £€2) = P(C) = &, as required. The Lemma 43 is proved.

Here is another, ‘symmetric’ version of the latter lemma.

Lemma 44 (‘Of two random variables’) Let &' and &2 be two random variables
on their (without loss of generality different, which will be made independent after
we take their direct product!) probability spaces (Q', F', P') and (Q?, F*, P?) and
with densities p' and p? with respect to some reference measure A, correspondingly.
Then, if

K= / (pl(x) A pz(x)) A(dx) > 0, (70)

then there exists one more probability space (2, F,P) and two random variables
onitn', n? such that

Loy =LE), j=12, & P! =n*) = k. (71)

Proof of the Lemma 44. 1: Construction. We will need now four new independent
random variables, Bernoulli random variable v with P(y = 0) = s and ¢®"? with
the densities

11 2

P ) = PP Ap ),
/(p‘ —p' APHAWY)

p6 () = popi A ).
/(p — P A PYOAWY)

P () = Py ).

/ (' A P A(dy)
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We may assume that they are all defined on their own probability spaces and eventu-
ally we consider the direct product of these probability spaces denoted as (2, F, P).
As a result, they are all defined on one unique probability space and they are inde-
pendent there. Now, on the same product of all probability spaces just mentioned,
let

"' =1 =041 #0, & 7:="1=0+Cl(y#0). (72)
We shall see that !> admit all the desired properties claimed in the Lemma.
2: Verification. From (72), clearly,

P(' = n?) = P(y = 0) = k.

Yet, we already saw earlier (in slightly different terms) that this may be only an
equality, that is, P(n! = n?) = P(y = 0) = k.

Next, since 7, (° and ¢! are independent on (2, F, IP), for any bounded measurable
function g we have,

Eg(n") = Egn")1(y = 0) + Eg(n")1(y # 0)
=Eg(¢")1(y =0) +Eg(¢H1(y # 0) = EgHEL(y = 0) + Eg(CHEL(y # 0)

= fi/g(y)pco(y)A(dy) +1- f-c)/g(y)pcl(y)A(dy)

Pl = plAp?

/(p‘ —p' APH(AWY)

(xX)A(dx) + (1 — Ii)/ g(x) (x)A(dx)

B / p' A p?
= K B S ——
/ (p' A pHAyY)

:/p' Apz(x)z\(dx)+/g<x)<p1 —p' A pH()AWx) =/g(y>p1(y)dy =Eg(¢h).
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For n? the arguments are similar, so also Eg(n?) = Eg(¢?). The Lemma 44 is proved.

Remark 45 Note that the extended probability space in the proof of the Lemma 44
has the form,

2
Q. F.B) = (@ FL P x (2, F2 P x (@, F1, ) x [ [(@%, 7%, P%).
k=0

13 General Coupling Method for Markov Chains

Throughout this section the assumption (54) is assumed. In this section, itis explained
how to apply general coupling method as in the Sect. 12 to Markov chains in general
state spaces (S, S). Various presentations of this method may be found in [19, 29,
33, 40, 43], et al. This section follows the lines from [6], which, in turn, is based on
[43]. Note that in [6] the state space was R!; however, in R? all formulae remain the
same. Clearly, this may be further extended to more general state spaces, although,
we will not pursue this goal here.

Let us generalize the Lemma 44 to a sequence of random variables and present our
coupling construction for Markov chains based on [43]. Assume that the process has
a transition density p(x, y) with respect to some reference measure A and consider
two versions (X ,1,), (Xﬁ) of the same Markov process with two initial distributions,
respectively, which also have densities with respect to this A denoted by py; and
px: (of course, this does not exclude the case of non-random initial states). Let

k(u, v) = / pu,t) A p(v,t) A(dt), k= infr(u,v), (73)

and
k)= [ pay(0) A pxg ) A, (74)

It is clear that O < k(u, v) < 1 for all u, v. Note that x(0) is not the same as ~q in
the previous sections. We assume that X and X2 have different distributions, so

k(0) < 1. Otherwise we obviously have X }l <x 3 (equality in distribution) for all n,
and the coupling can be made trivially, for example, by letting X} = X2 := X .
Let us introduce a new, vector-valued Markov process (17,1” m2, &, Cn). Ifkg =0
then we set
Lyl 2. y2 o -
Mo =X > Mo =X ) 60'_05 CO'_ L.

Otherwise, if 0 < x(0) < 1, then we apply the Lemma 44 to the random variables
X! and X2 so as to create the random variables 7}, 73, & and (o (they corre-
spond to n', n?, £, and ¢ in the Lemma). Now, assuming that the random variables
(n}l, 77,21, &, Cn) have been determined for some 7, let us show how to construct them
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for n + 1. For this aim, we define the transition probability density ¢ with respect to
the same measure A for this (vector-valued) process as follows,

P(x,y) 1= @1(x, yDpa(x, y)es(x, y)ealx, ¥, (75)
where x = (x!, x2, x3,x), y = (3", y%, y3, vy, and if 0 < r(x!, x?) < 1, then

_opahw) = pGh ) A pGetu) .
p1(x,u) = I rGl.22) , pax,u)

_ Gt w) = pGw) A p(etiu)
- 1 —k(x!, x2)

pxt u) A p(x2,u)

Rl x2) +1(x4=0)p(x3,u),

e3x,u) =14 =1)

pale,w) = 1 = 1) (51 (1 = £, ¥7) + 0o @r(x', ) +16¢ = 0)dow),  (76)

where 0; (1) is the Kronecker symbol, d; (1) = 1(u = i), or, in other words, the delta

measure concentrated at state i. The case x* = 0 signifies coupling already realized
at the previous step, and u = 0 means successful coupling at the transition. In the
degenerate cases, if x(x!, x?) = 0 (coupling at the transition is impossible), then we
may set, e.g.

o3, u) =1 =D1I0 <u < D+ 1x* =0 p&3, w),
and if x(x', x?) = 1, then we may set
pr1(x,u) = ea(x,u):=10<u < 1).
In fact, in both degenerate cases k(x', x2) =0 or k(x', x?) = 1, the functions
p3(x, wlx*=1) (or, respectively, ¢1(x, u) and ¢,(x, u)) can be defined more

or less arbitrarily, only so as to keep the property of conditional independence of the
four random variables (1), 1. 75,1, at1s Gor1) given (0, 17, &ns Gr)-

Lemma 46 Let the random variables ?}l and i,% for n € Zy be defined by the
following formulae:

Xy =mlG=0+&1G=0), X =l =1)+&1 =0).
Then
X! 4 X! X2 < X2, foralln > 0.

Moreover,

X' = X2, Vn=nw):=inflk>0:¢ =0},
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and

n—1

P(X) # X3) < (1= sO)E[ [ = s}, n)). (77)
i=0

Moreover, ()? i)n>0 and ()?,%)PO are both homogeneous Markov processes, and

()’Z:l)nzo i (Xi!l)nzo ’ & (‘)’Zz)nZO i (Xz)nzo : (78)

Informally, the processes 7! and 72 represent X! and X2, correspondingly, under
condition that the coupling was not successful until time n, while the process &,
represents both X! and Xﬁ if the coupling does occur no later than at time n. The
process (, represents the moment of coupling: the event (,, = 0 is equivalent to the
event that coupling occurs no later than at time n. As it follows from (75) and (76),

P(<n+1 = 0|Cn = 0) =1,

P(Gup1 =01¢ = 1,m, = x' mp = x%) = k(x', x?).

Hence, if two processes were coupled at time 7, then they remain coupled at time
n + 1, and if they were not coupled, then the coupling occurs with the probability
k(n}, m?). At each time the probability of coupling at the next step is as large as
possible, given the current states.

For the proof of Lemma 46 see [6].

From the last lemma a new version of the exponential bound in the Ergodic The-
orem may be derived. In general, it may somehow improve the estimate based on the
constant x from Markov—Dobrushin’s condition (52) or (54). In the remaining para-
graphs we do not pursue the most general situation restricting ourselves again to
a simple setting of | S| < co. Introduce the operator V acting on a (bounded con-
tinuous) function 4 on the space S x S as follows: for x = (x!,x%) € § x S and
X, = (X}, X2,

Vh(x) := (1 — (x", x?)Ey 2h(X)) = exp(@(x)Eq oh(X)), (79)
where in the last expression ¢(x) := In(1 — x(x', x?)). The aim is now to find out
whether the geometric bound (1 — )" in (5) under the assumption (3) is the optimal
one, or it could be further improved, let under some additional assumptions. Let us

rewrite the estimate (77) as follows:

P(X) # X2) < (1 — 5(0)V"1(x). (80)
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Note that by definition (79), for the non-negative matrix V its sup-norm ||V| =
IVIg.g:= sup |Vh|p equals sup V1(x), where |h|p := max |h(x)| and 1 = 1(x)

|hlp=<1 x
is considered as a function on S x S identically equal to one. Note that sup V1(x) =
X

1 — k.
Now the well-known inequality (see, for example, [25, §8]) reads,

r(V) = [Vl =1 = k). 1)

Further, from the Perron—Frobenius Theorem it follows (see, e.g. [14, (7.4.10)]),
o1
Iim— InV"1(x) =Inr(V). (82)
non

The assertions (80) and (82) together lead to the following result.

Theorem 47 Let state space S be finite and let the Markov condition (3) be satisfied.
Then 1
limsup —In || Pc(n, ) — p()llry = Inr(V). (83)

n—oo N

In other words, for any € > 0 and n large enough,

[Pc(n, ) = pOllry = (r(V) + 0", (84)

which is strictly better than (5) if 7(V) < ||[V|| =1 — k and € > 0 is chosen small
enough, i.e. so that (V) 4+ e < 1 — k. It is also likely to be true in more general
cases for compact operators V where r(V) + ¢ < 1 — k. However, the full problem
remains open.
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