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Abstract. Recently, the Parallel Manipulators (PMs) attract the atten-
tion of the researchers. This research work is concerned with the Pla-
nar Parallel Manipulators (PPMs). An investigation led to a compar-
ative study between the 2-RRR PPM and 3-RRR PPM. The 2-RRR
non redundant PPM and 3-RRR redundant PPM, with 2-degree-of free-
dom, are considered. These two PPMs are introduced with their mecha-
nism construction. The workspace, different properties and performance
indices are carried out. Investigation of characteristics of these manipu-
lators should go through the complexity of the direct and inverse kine-
matics problems, which are solved using the suggested and proper geo-
metrical equations. The dexterous workspace is geometrically obtained
where the End-Effector (EE) can reach and illustrate some of its prop-
erties. The Jacobian matrix for these manipulators is essential method
to complete this analysis. This work is terminated by two characteristic
maps of these two manipulators, which are dexterity and manipulability
indices that were covering the workspace.

Keywords: Planar Parallel Manipulator (PPM) · End-Effector (EE) ·
Redundant and non-redundant · Direct Geometric Model (DGM) ·
Inverse Geometric Model (IGM) · Degree of Freedom (DOF) ·
Workspace · Jacobians matrix · Dexterity Index (DI) · Manipulability
index (MI)

1 Introduction

Parallel Manipulator (PM) can be defined as a closed loop mechanism composed
of an end-effector (EE) and a fixed base linked together by at least two inde-
pendent kinematic chains. A serial manipulator referred as an open-loop manip-
ulator because its one end connected to ground and other end is free to move in
space. Significance of parallel manipulator over serial manipulator is its higher
payload-to-weight ratio, high accuracy, high structural rigidity and low inertia of
moving parts. Because the external loads can be shared by the actuators, paral-
lel manipulators tend to have a large load-carrying capacity. On the other hand,
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they suffer from relatively small workspaces, complex kinematics and highly sin-
gular workspaces. It is considered that PM have a great importance in many
industrial and medical applications rather than in flight simulations [1]. This
importance came from its design such as the length of the links, types of the
joints, position of the actuators, the workspace, velocity and acceleration of the
end-effector, ... etc. There are a lot of approaches applied to the PM, that lead to
a good performance [2–4]. According to the types of joints, which are Revloute
(R) and Prismatic (P), there are seven different types of configuration for a sin-
gle arm which can be classified as RPP, RRP, RRR, RPR, PRR, PRP and PPR
and they are reported in [5]. These configurations produce a lot of PPM such as
3-RRR. Researchers have focused their works for spatial parallel manipulators
but usage of such planar configurations may not be neglected. The majority of
studies on PM [6,7], unlike serial manipulators, however, the redundancy can be
divided into actuation redundancy and kinematic redundancy. Actuation redun-
dancy can be explained as replacing existing passive joints of a manipulator by
active ones. Consequently, actuation redundancy does not change the mobility
or force workspace of a manipulator but may cause singularity reduction [8].
Kinematic redundancy occurs when extra active joints and links are added to
manipulators. Adding kinematic redundancy in parallel manipulators have many
advantages such as avoiding most kinematic singularities, enlarging workspace,
and also improving dexterity [9]. However, when a manipulator is kinematically
redundant, the complexity of actuation schemes is greater since there is an infi-
nite number of solutions for the inverse displacement problem, and therefore,
an infinite choice of actuation schemes. There are many research that consider
the control of redundant and non-redundant PM [11–16]. To study these types
of manipulators, it is essential to fully investigate and analyze the inverse dis-
placement and the workspace. PMs can give both multiple inverse kinematic
solutions and multiple direct kinematic solutions. Various applications of such
3-RRR planar parallel configurations are pick and place operation over a plane
surface, machining of plane surfaces and mobile base for a spatial manipulator.
The main subject of this work is the comparison of 5-bar mechanism which can
be written as 2-RRR PPM and three arm PPM which can be written as 3-RRR
PPM. Understanding the operation of the PPM needs to have a deep theoreti-
cal background and simulation of the robots as it will be explained as the next
explanation.

2 Parallel Manipulator’s Structure

2.1 Review

Going through the mechanics motion of the closed loop mechanism, it is found
that the 4-bar mechanism with only one actuator produces a definite motion with
a definite trajectory, however, adding another link and another actuator to the
4-bar mechanism, a 2-RRR PPM is produced which generate a definite motion
but with many trajectories. Adding another arm (2-link with one actuator) to
the 2-RRR PPM, a 3-RRR PPM will be produced and the generated workspace
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has been reduced to the half. However this disadvantage of the workspace, inside
the workspace the 3-RRR PPM gives a high performance to do tasks and it will
be shown in this work.

2.2 2-RRR Non-Redundant PPM

In Fig. 1 represents the configuration of 2-RRR PPM which is consisted of the
two arms. Each arm is consisted of one active joint Ai where i = 1, 2 for arms
1, 2 respectively, one passive joint Bi, one active link ri, which connects the
active joint Ai to the passive joint Bi and one passive link li, which connects the
passive joint Bi to the EE.

Fig. 1. The 2-RRR PPM. Fig. 2. The 3-RRR PPM.

2.3 3-RRR Redundant PPM

One can see that from the Fig. 2, the 3-RRR PPM mechanism is consisted of the
3 arms. Each arm is consisted of one active joint Ai where i = 1, 2, 3 for arms
1, 2, 3 respectively. One passive joint Bi, one active link ri - which connects the
active joint Ai to the passive joint Bi. One passive link li - which connects the
passive joint Bi to the EE. The three active joints Ai are located at the apex of
an equilateral triangle, and the end of the three arms are connected together at
point to produce the EE of our mechanism.

3 Kinematic Model

3.1 Forward Kinematic Model (FKM)

3.1.1 2-RRR Non-Redundant PPM

From Fig. 1, the independent equations of this system can be derived to describe
the boundaries of the workspace. The two circular loci of EE are:
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(Cx − b1x)2 + (Cy − b1y)2 = l21 (1)
(Cx − b2x)2 + (Cy − b2y)2 = l22 (2)

[
G1 G2

]
[
Cx

Cy

]
=

[
l22 − l21 − G3

]
(3)

where:-

G1 = 2b1x − 2b2x

G2 = 2b1y − 2b2y

G3 = (b22x + b22y) − (b21x + b21y)

3.1.2 3-RRR Redundant PPM

From Fig. 2, the three independent equations of this system can be derived to
describe the boundaries of the workspace. The three circular loci of EE (point
C) are:

(Cx − b1x)2 + (Cy − b1y)2 = l21 (4)
(Cx − b2x)2 + (Cy − b2y)2 = l22 (5)
(Cx − b3x)2 + (Cy − b3y)2 = l23 (6)

Subtracting Eq. (4) from Eq. (5) and Eq. (4) from Eq. (6), one can obtain that:

G1Cx + G2Cy + G3 = l22 − l21 (7)
G4Cx + G5Cy + G6 = l23 − l21 (8)

Rearranging Eqs. (7) and (8) as a matrix equation form:

[
Cx

Cy

]
=

[
G1 G2

G4 G5

]−1 [
l22 − l21 − G3

l23 − l21 − G6

]
(9)

where:

G1 = 2b1x − 2b2x

G2 = 2b1y − 2b2y

G3 = (b22x + b22y) − (b21x + b21y)

G4 = 2b1x − 2b3x

G5 = 2b1y − 2b3y

G6 = (b23x + b23y) − (b21x + b21y)
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For 3-RRR PPM with actuation on the first joint, the polynomial solution to
the Direct Kinematics problem is obtained by setting

[bixbiy]T = [aix + riCαiaiy + riSαi]T

where:-

Cαi = cos(αi), Sαi = sin(αi)

3.2 Inverse Kinematic Model (IKM)

In triangle A1B1C shown in Fig. 2, a relation between the angle α1 and the point
C can be found, and using the Law of Cosines:

(B1C)2 = (A1B1)2 + (A1C)2 − 2(A1B1)(A1C) cos(α1 − θ1)

the angle α1 can be obtained as follow:

α1 = arccos
(

(A1B1)2 + (A1C)2 − (B1C)2

2(A1B1)(A1C)

)
+ θ1 (10)

and for θ1 we find that

θ1 = arctan
Cy − a1y

Cx − a1x
(11)

Notice that, A1B1 = r1, B1C = l1 and it is easy to determine A1C and it will
be as follow:-

A1C =
√

(Cy − a1y)2 + (Cx − a1x)2 (12)

The similar derivation can also be used for determining α2 and α3.

4 Workspace Analysis

The workspace (WS)for the presented PPM is the area where the EE can move
through. To determine this area, there are two constraints that create the circles
around the active joint ai, the radius of first one is |ri + li| while the other
is |ri − li|. Each circle centered at ai where i = 1, 2, 3 for 3-RRR PPM and
i = 1, 2 for the 2-RRR PPM. The intersection of two circles construct the whole
workspace for the 2-RRR PPM as shown in Fig. 3, however the interested area are
the upper one as in Fig. 4. The intersection of three circles produce the workspace
for the 3-RRR as shown in Fig. 5. For the 2-RRR PPM have a divided WS, upper
and lower. The research in operating the 2RRR PPM shows that the operation
can be done in one part and moving to the other one need a control trick and
a mechanical combination to allow working in both area [10]. When comparing
these figures, note that, Figs. 4 and 5 are double scale of Fig. 3.
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Fig. 3. WS for whole 2-RRR PPM

Fig. 4. WS for 2-RRR PPM Fig. 5. WS for The 3-RRR PPM

5 Jacobian Matrix

Another types of research is the PM performance. An important question that
arises in the process of designing robotic manipulators is the choice of optimiza-
tion and performance criteria. In the context of kinematics, several concepts have
been used as design guidelines. Some authors develop some definitions that help
in optimization and improving the performance of PPM such as manipulability
and dexterity indices within the workspace. Differentiating Eq. (9) with respect
to time to generate a relationship between joint rates and EE velocities and with
some mathematics, one can found:

Jxẋ = Jq q̇ (13)

where Jx = ∂f
∂x and Jq = ∂f

∂q Thus, the Jacobian equation can be written in the
form:

q̇ = Jẋ (14)



Modeling and Performance Analysis of Planar Parallel Manipulators 19

where J = J−1
q Jx, if the manipulator is non-redundant, i.e., number of actuators

is equal to DOF, then: ẋ = J−1q̇. In redundant mechanism, the number of
actuators is greater than the DOF, therefore:ẋ = J+q̇. The vector loop of each
arm can be found as:

Cx = xai + ri cos(αi) + li cos(βi) (15)
Cy = yai + ri sin(αi) + li sin(βi) (16)

The manipulator’s jacobian matrix is presented, so, by differentiating Eqs.(15)
and (16):

Ċx = −ri sin(αi)(α̇i) − li sin(βi)(β̇i) (17)
Ċy = ri cos(αi)(α̇i) + li cos(βi)(β̇i) (18)

Solving Eqs. (17) and (18) which can be done by multiplying Eq. (17) with
cos(αi + βi) and Eq. (18) with sin(αi + βi), this will be as following:

cos(βi)Ċx = −ri sin(αi) cos(βi)(α̇i) − li sin(βi) cos(βi)(β̇i)
sin(βi)Ċy = ri cos(αi) sin(βi)(α̇i) + li sin(βi) cos(βi)(β̇i)

and adding these two previous equations:

cos(βi)Ċx + sin(βi)Ċy = −ri sin(αi) cos(βi)(α̇i) + ri cos(αi) sin(βi)(α̇i) (19)

using the trigonometry equations the final result will be:

cos(βi)Ċx + sin(βi)Ċy = ri sin(βi − αi)α̇i (20)

Then Eq. (20) is as the form of Eq. (13), and by expanding Eq. (20), the result
for 3-RRR PPM is:

Jx =

⎡

⎣
cos(β1) sin(β1)
cos(β2) sin(β2)
cos(β3) sin(β3)

⎤

⎦

Jq =

⎡

⎣
r1 sin(β1 − α1) 0 0

0 r2 sin(β2 − α2) 0
0 0 r2 sin(β3 − α3)

⎤

⎦

and for the 2-RRR PPM is:

Jx =
[
cos(β1) sin(β1)
cos(β2) sin(β2)

]

Jq =
[
r1 sin(β1 − α1) 0

0 r2 sin(β2 − α2)

]
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6 Singularity Analysis

Considering Eq. 13, three types of singularities can be defined for parallel manip-
ulators [17]:

1. Direct kinematic singularities when Jx is singular.
2. Inverse kinematic singularities when Jq is singular.
3. Combined (complex) singularities when Jx and Jq are singular.

Direct singularities (i.e., |Jx| = 0) take place when there are some nonzero
velocities of the end-effector that are possible with zero velocities at the actu-
ators. Also, direct kinematic singularities are referred to as force uncertain-
ties or as force unconstrained poses. On the other hand, inverse singularities
(i.e., when|Jq| = 0) happen when there exist some nonzero actuator velocities
that cause zero velocities for the end-effector.

7 Dexterity Index

Dexterity index (DI) is a measure of a manipulator to achieve different posi-
tions and orientations for each point within the workspace. DI shows the various
properties of a manipulator. It illustrates the singularity points and also gives an
indication for the nearest singular configuration. Therefore, the use of condition
number is an indication of the amplification of the error on the position of EE.
This number is to be kept as small as possible. The condition number can be
found by Singular Value Decomposition SVD of the Jacobian matrix because
our manipulator is redundant:

J = UΣV T (21)

where J = J−1
q Jx. The condition number is defined as the ratio of the largest

singular value, σmax, to the smallest one, σmin and therefore, k = σmax/σmin

which represents the amount of change in the EE for one unit of change of the
actuators. Using the reciprocal of k -helps to be presentable- and called it η
which is the dexterity index and it will change from 0 to 1. Trying to approach a
condition number close to one helps the manipulator to have an accuracy close to
the accuracy of the actuators and to maintain a good stiffness which are desirable
characteristics. η = σmin/σmax Applying these previous equations for each point
in the whole workspace, the DI map for 2-RRR PPM and 3-RRR PPM are shown
in Figs. 6 and 7 respectively. From Fig. 6 for the 2-RRR PPM it is found that the
maximum values of DI located at top left, where these points give a best dexterity
performance for the 2-RRR PPM. The minimum values of DI are distributed
at very large area in the workspace such as at the boundaries of the workspace
and also between the active joints locations, which give a poor performance to
the manipulator. In Fig. 7, it is obvious that the maximum DI values are located
at the center of the workspace where a good performance has been occurred,
however, the minimum values are located around the active joints location of
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3-RRR PPM, which have a poor performance. It is found that from the figures
below, the DI map for 2-RRR PPM is smaller and approach to zero at some
points and others closed to one, but it is not symmetrical, however, for the 3-RRR
PPM it found that the DI map is distributed symmetrically. Consequently, the 3-
RRR PPM have a good characteristics than the 2-RRR PPM. When comparing
this DI values for 2-RRR PPM and 3-RRR PPM respectively, it is found that -
for example - the area surrounding by 0.4 contour is at the upper left side for 2-
RRR PPM and around the center for 3-RRR PPM. Over that, in 3-RRR PPM,
this area is larger than in 2-RRR PPM which it is a very important advantage.

Fig. 6. DI for the 2-RRR PPM. Fig. 7. DI for the 3-RRR PPM.

8 Manipulability Index

Another index that be used to show the performance for the manipulators is
the Manipulability Index (MI). MI is the agility to perform a task in a specific
workspace [18]. In [19], it is measured as the product of ellipsoid’s axes or to be
specific is the product of the singular value of theJacobian Matrix :

μ =
√

det(JJT ) =
√

λ1λ2.....λm = σ1σ2....σm (22)

where λ1, λ2, ....., λm are the eigenvalues of JJT and the σ1, σ2, ...., σm are the
singular values of J . By applying the previous equations for each point in the
whole workspace, the manipulability map for both 2-RRR PPM and 3-RRR
PPM are shown in Figs. 8 and 9 respectively. It is found that for the 2-RRR
that the maximum value of MI is about 0.35 and located at the top left of the
workspace, however, in 3-RRR it is found that the values of MI is up to 0.8 and
it is located at the center of the workspace. The manipulability gives that how
is the closeness of the accuracy in the velocity between the end-effector and the
joints.
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Fig. 8. MI for the 2-RRR PPM. Fig. 9. MI for the 3-RRR PPM.

9 Conclusion

A comparison between 2-RRR PPM and 3-RRR PPM has been done through
this research work. The mechanical structure and motion mechanics was inves-
tigated for these two PPMs. The workspace and its usability are studied. This
is done by passing through the forward and inverse kinematics with the Jaco-
bian matrix. Two performance indices are obtained for this two manipulators;
dexterity and manipulability. The simulation work determines and indicates the
parameters of these two manipulators. It is found that, the 3-RRR PPM has
performance indices better than that of 2-RRR PPM. According to this work,
the best parameters and performance indices can be deduced for target of the
best values that carried out for a PPM uses. For the Future work, the 3-RRR
PPM will be constructed. It is necessary to built this manipulator and apply-
ing a specific control algorithm to see how it works. Also, showing the system
performance according to the previous deduced indices.
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