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Abstract. A (1,2)-dominating set in a graph G = (V, E) is a set having
the property that for every vertex v € V — S, there is at least one vertex
in S at a distance 1 from v and a second vertex in S at a distance at most
2 from v. The (1,2)—domination number of G, denoted by 71,2(G), is
the minimum cardinality of a (1,2)—dominating set of G. In this paper,
we have derived bounds of 71,2 in terms of the order and the maximum
degree. For trees, we get the bounds in terms of the number of pendant
vertices. We have also characterized the graphs G of order n, for which
7,2(G) =n,n—1,n—2.
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1 Introduction

Hedetniemi et al. [3] introduced the concept of (1, k)-domination in graphs. Let
k be a positive integer. A subset S of vertices is called a (1, k)-dominating set in
G if for every vertex v € V — .5, there are two distinct vertices u, w € S such that
u is adjacent to v, and w is within distance k of v (i.e. dg (v, w) < k). Hedetniemi
et al. [4,5] examined (1, k)-domination along with the internal distances in (1, k)-
dominating sets. Factor and Langley [1,2] studied (1, 2)-domination of digraphs.

In this paper, we study (1, 2)-domination in graphs. All our graphs are finite
and simple.

2 Bounds of v; 2 in terms of A

We start with the following observations.

Observation 1. For any two graphs G and H, y1 2(GUH) = 71 2(G)+71.2(H).
Observation 2. If H is a spanning supergraph of G, then v1,2(H) < v1,2(G).
Theorem 1. If G is a graph of order n > 4 with A(G) > n — 2, then

(@) = 2 if G is connected
M2 13 if G is disconnected.
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Proof. When A(G) = n — 1, let u be a full-degree vertex; and v be any other
vertex in G. Then {u,v} is a (1, 2)-dominating set and so 71 2(G) =2.

When A(G) =n — 2, let u be a vertex of degree n — 2; and v be the vertex
which is not adjacent to wu.

Case 1. G is connected.
Let w be a neighbour of v. Then {u,w} is a (1,2)-dominating set and so

71,2(G) = 2.

Case 2. (G is disconnected.

Then v is an isolated vertex. Let S be any (1, 2)-dominating set of G. Since every
isolated vertex must lie in S, 11 2(G) > 3. Clearly {u,v,z} is a (1, 2)-dominating
set for every x € N(u) and v 2(G) = 3.

Corollary 1. v, 2(G) = 2 for the graphs G = K,,, K1 ,,, Wy, F,, and H + K,
where H is any graph.

Theorem 2. Let G be a connected graph of order n > 5 with 2 < A(G) < n—3.
Then 11 2(G) < n— A(G).

Proof. Let G be a connected graph with the given hypothesis. Let A(G) = n—1—
k. Then 2 <k<n—-3and n—A(G) =k+1. Let V(G) = {u,v;]1 <i <n-—1},
where u is a vertex of degree A(G), and N(u) = {Uk4+1,Vk+2,--s Un—1}. Then
V(G) = N[u]UVy, where Vi = {vy,va, ..., v }. Since G is connected, at least one
vertex in V5 has a neighbour in N (u).

Case 1. Every vertex in V; has some neighbour in N (u).
Without loss of generality, assume that v; is adjacent to vj, in N(u), for 1 <4 <
k. The vertices vj,, vj,, ..., vj, need not be distinct. Let Vo = {v;,|1 <@ <k} C
N(u). Let S = {u,vj,,v),, ..., vj, }(= Va U {u}).

Every vertex v; € N(u)— S is adjacent to u and at a distance at most 2 from
v;, . Every v; € Vi is adjacent to v;, and at a distance 2 from u. Hence S is a
(1,2)-dominating set and so v1 2(G) < k + 1.

Case 2. Some vertex in V] has no neighbour in N (u).

Without loss of generality, let Vll = {v1,v2,...,0.} C V} be the set of vertices
that have no neighbours in N(u). Let V," = Vi =V, = {vy41,Vr42, ..., v }. Then
V(G) = Nu] UV, UV, . Since @ is connected, at least one vertex in V; is
adjacent to some vertex in Vlu. Without loss of generality, let v; be adjacent
to vy41. Without loss of generality, assume that v; is adjacent to v;, in N(u),
for r +1 < i < k. The vertices vj,,,,vj,,,,...,j, heed not be distinct. Let
Vo ={vj,|r+1<i<k} C N(u).

Let S = {u,0j,,,,Vj, 0 Vjs V1,02, .., Up } (= Vo U Vi U{u}). Every v; €
N(u)— V3 is adjacent to v and at a distance at most 2 from vj, . ,. Every v; € Vlﬁ
is adjacent to v;, and at a distance 2 from u. Hence S is a (1, 2)-dominating set
and so 1 2(G) < k+ 1.

A wounded spider is the graph formed by subdividing at most n — 1 of the
edges of a star K ,, for n > 2. Let W.S,, ; denote the wounded spider formed by
subdividing ¢ edges of K1 ,, 1 <t <n—1.
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Corollary 2. 71 2(WS,, ) =t +1.

Proof. Let V[WS,.¢] = {t,v1,02, ..., Un, V], Vg, ..., v, } and E[W S, ;] = {uv;, v;vy)|
1<j<mn,1<i<t}. LetS beany (1,2)-dominating set of WS, ;. For 1 <4 <t,
to dominate v;, either v; € S or U; € S. Moreover, for t+1 < j < n, to dominate
vj, either u € S or v; € S. Therefore, |S| >t + 1.

Note that ¢ = n — A — 1. When ¢ > 2, then A(WS,,;) < n — 3; and by
Theorem 7, v, 2(W Sy +) <t + 1. Hence 1 2(WS,, ) =t + 1.

When ¢ =1, then A(WS,, ;) > n — 2; and by Theorem 1, 1 o(W S, +) = 2.

3 Composition of Two Graphs

Theorem 3. Let G be a non-trivial connected graph. Then for any graph H,
T.2(GoH) = [V(G)].

Proof. Let V(G) = A{v1,va,...,0,} and V(H) = {u,ua,...,us}. Let
Hy, Ho, ..., H, denote the copies of H, where every vertex of H; is adjacent
tov;, 1 < i < n. Let V(H;) = {ul,ub,...,u’}. Let S be any (1,2)-dominating
set of GoH. Since there is no adjacency between the vertices in H; and H; for
i # j, every ul in H; is adjacent to either v; or ufw where uz € NJ[u']. Hence
for each i, 1 < i < n, to dominate V(H;), we need at least one vertex in S.
Hence 1 2(GoH) > n. Let S1 = {v1,v2, ..., v, }. For every ul,1 <i<n,1<r<
s, dgom (ul,v;) = 1 and dgom(ul,vj) = 2 for every v; € Ng(v;). Hence S is a
(1,2)-dominating set and so v1 2(GoH) = n.

Corollary 3. Let G be any graph having t isolates. Then for any graph H,
m,2(GoH) = |V(G)| +t, where t > 0.

Proof. Let G1,Ga, ..., Gi, be the components of G.

Then v, 2(GoH) = Zle Y1,2(Gi0oH).
Case 1.t =0.
Since each G; is connected, by Theorem3, v12(G;0H) = |V(G;)|. Hence
71,2(GoH) = [V(G)|.
Case 2: t # 0.
Without loss of generality, let Gy, Ga, ..., Gy denote the components of order 1.
Then G;0H has a full - degree vertex; and so by Theorem 1, 71 2(G;0H) = 2, for
1 <i <t By Theorem 3, 1 2(GioH) = |V(G;)|, for t + 1 < i < k. Thus, we get
the result.

4 Some Characterizations

Theorem 4. Let G be a connected graph of order n > 2. Then v1 2(G) = n if
and only if n = 2.
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Proof. When G = K>, the result is obvious. Conversely, suppose that n # 2.

Claim. v1,2(G) < n.

We prove this result by induction on n.

When n = 3, a set of any two vertices of G is a (1,2)-dominating set of G
and so 11 2(G) =2 < n.

Assume the result for n = k with & > 3.

Next, let G be a connected graph of order n = k 4 1. Let v be a vertex that
is not a cut vertex in G. Then G — v is connected, and of order n — 1 = k. By
the induction hypothesis, G — v has a (1, 2)-dominating set S with |S| < k. (i.e.)
S| <k —1.

Let u be a neighbour of v.

Case 1. u € S.

Since G is connected, n > 3 and v is not a cut-vertex in G, u has another
neighbour (say) w. Then SU{w} is a (1,2)-dominating set in G and so 71 2(G) <
k <n.

Case 2. u ¢ S.

Since S is a (1,2)-dominating set in G — v, there exists a vertex w € S that is

adjacent to u. Then SU{u} is a (1, 2)-dominating set in G and so 1 2(G) < k < n.
Thus, by induction, the result follows.

Theorem 5. Let G be a connected graph of order n > 3. Then v12(G) =n—1
iff n=3.14.e m2G) =n—-14f G=P; or Ks.

Proof. When n = 3, a set of any two vertices of G is a (1,2)-dominating set of
G and so 71 2(G) = 2 = n — 1. Conversely, suppose that n # 3.

Claim. 7172(G) <n-—1.

We shall prove this result by induction on n.

When n = 4, since G is connected, A(G) > 2. Now, any two adjacent vertices
form a (1, 2)-dominating set and so 71 2(G) =2 <n — 1.

Assume the result for n = k with k£ > 4.

Next, let G be a connected graph of order n = k 4+ 1. The rest of the proof
is similar to the proof of Theorem 4.

Corollary 4. Let G be any graph of order n. Then

(i) 11,2(G) =n iff G = sK1 U 52Ky, with 0 < s <n.
(ii) 12(G) =n—1iff G =sK; U25=3K, U H, where H = P; or K3, with
0<s<n-—3.

Theorem 6. Let G be a connected graph of order n > 4. Then v12(G) =n —2
iff G = Ps or G is of order 4.



132 K. Kayathri and S. Vallirani

Proof. If G = Ps or G is of order 4, it is easy to verify that 1 2(G) = n — 2.
Conversely, suppose that
12(G) = n 2. 1)

Let n = 5. If A(G) > 3(= n—2), then 1 2(G) = 2 (by Theorem 1), contradicting
(1). If A(G) = 2, then G is either Ps or C5; but 71.2(C5) = 2, and so G = Ps.
Now, let n > 6.

Claim. v1,2(G) <n — 2.

We shall prove this result by induction on n.

When n = 6, if A(G) > n — 2, then 71 2(G) = 2 (by Theorem1); if 3 <
A(G) < n —3, then 71 2(G) < n — 3 (by Theorem7); if A(G) = 2, then G is
either Ps or Cs and 71 2(G) < 3; and in all these cases, we get a contradiction
to (1).

Assume the result for n = k with k£ > 6. Next, let G be a connected graph
of order n = k + 1. The rest of the proof is similar to the proof of Theorem 4.

Corollary 5. For any graph G of order n, 712(G) = n — 2 iff G is one of the

following graphs:

(i) G = SK]_Un_g_SKQUH, where H = 2P3,2K5 or P3UK3, with0 < s < n—6.

(ii) G = sK; UP5U”_T5_SK2, with 0 < s <n—5.

(i) G = sK, U %HKQ U H where H is a connected graph of order 4, with
0<s<n—4.

5 Trees

Theorem 7. Let T be a tree of order n > 2. Then v1,2(T) = 2 if and only if T
is a Star or Double Star.

Proof. Suppose that v1 2(T) = 2. Let S = {u, v} be a (1, 2)-dominating set of T'.
Then every vertex in T is adjacent with either v or v. Hence V(T') = N[u]UNv].
Then for every x € N(u) and y € V(T), d(x,y) < d(z,u)+d(u,y) < 3; similarly,
for every x € N(v) and y € V(T), d(z,y) < 3; for every z € V — {u,v},
d(u,x) +d(z,v) < 3; and so d(u,v) < 3. Hence diam(T') < 3; and so T is a Star
or a Double Star D,. ; (where r + s = n — 2). Converse is obvious.

Theorem 7 deals with the trees of diameter 2 and 3. The next result deals
with trees of diameter > 4.

Theorem 8. Let T be a tree of order n with r pendant vertices. Then

(i) 3<y2T)<n—r,ifdiam(T) >5
(”) 71,2(T) =n-—r, Zf diam(T) =3 or 4.

Proof. Let diam(T') > 3. Let V4 denote the set of all pendant vertices in T. Then
[V —Vi| >2and V —V; is a (1, 2)-dominating set; and so

Y12(T) <n—r. (2)
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Using Theorem 7, 1 2(T") > 3; and so () follows.

When diam(T') = 3, T is a double star; and by Theorem7, v, 2(T) = 2 =
n—r. When diam(T') = 4, diam(T'— V1) = 2; and so T — V7 is K1 p—r—1, where
n—r—1>2 Let V(K1 p—r_1) = {u,u1,ug, ..., tin_p_1}. For 1 < j <dp(u;)—1,
let v;; denote a pendant vertex adjacent to u;. For 1 < ¢ < dr(u) —n—r—1,
let w; denote a pendant vertex adjacent to u. (If dp(u) = n —r — 1, then there
is no wy’s).

By (2), m1,2(T) < n —r. Assume the contrary that v1 2(T") # n — r. Then
there is a (1, 2)-dominating set S; of cardinality n —r — 1.

If S1 = {u1,u2,..., un_r_1}, then there is no vertex at a distance 2 from v,
for1<i<n-—r—1and1<j<dr(u;) — 1, which is a contradiction.

Then u; ¢ Sy, for some i, 1 < ¢ < n —r — 1. Without loss of general-
ity, let uy,ug,...,ux ¢ S1 and ugs1, Uks2, .oy Un—pr—1 € S1, where 1 < k <
n—r—1For 1< i<k u ¢ S1; and so all v;,’s must lie in S;. But
|S1] = n — r — 1. Hence it follows that, d(u;) = 2 for i = 1,2,3,...,k, and
Sl = {U117’021, vy Uy s U1, URe+2, ...,unfrfl}.

Case 1. k=n—r—1.
Now S1 = {v1,,v2,, -, V(n—r—1), }; and so u is not (1,2)-dominated by Si, a
contradiction.

Case 2. k<n—r—1.

Now there is no vertex in S at a distance at most 2 from v, k+1 < s <n—r—1,
a contradiction.

Hence v12(T) =n —7.
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