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Abstract. Let G = (V,E) be a graph of order n. Let f : V(G) —
{1,2,...,n} be a bijection. For any vertex v € V, the neighbor sum
> f(u) is called the weight of the vertex v and is denoted by w(v).
ueN (v)
If w(xz) # w(y) for any two distinct vertices x and y, then f is called a
distance antimagic labeling. A graph which admits a distance antimagic
labeling is called a distance antimagic graph. If the weights form an
arithmetic progression with first term a and common difference d, then
the graph is called an (a, d)-distance antimagic graph.
In this paper we prove that the hypercube @, is an (a,d)-distance
antimagic graph. Also, we present several families of disconnected dis-
tance antimagic graphs.
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1 Introduction

By a graph G = (V, E) we mean a finite, undirected graph with neither loops
nor multiple edges. We further assume that G has no isolated vertices. The order
|V| and the size |E| are denoted by n and m respectively. For graph theoretic
terminology we refer to Chartrand and Lesniak [2].

A distance magic labeling of a graph G of order n is a bijection f : V —
{1,2,...,n} with the property that there is a positive integer k such that

> f(y) =k for every x € V. The constant k is called the magic constant of
YyEN(z)
the labeling f.
The sum Y. f(y) is called the weight of the vertex z and is denoted

yEN (z)
by w(x).
Let G be a distance magic graph of order n with labeling f and magic

_ n(n+1)
constant k. Then >  f(u) = =5—= — k — f(v), and hence the set of all
uENge (v)
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vertex weights in G¢ is {w —k—1i:1 <4 < n}, which is an arithmetic

progression with first term a = % — k — n and common difference d = 1.
Motivated by this observation, in [1] we introduced the following concept of

(a, d)-distance antimagic graph.

Definition 1. [1] A graph G is said to be (a, d)-distance antimagic if there exists
a bijection f : V — {1,2,...,n} such that the set of all vertex weights is {a,a +
d,a+2d,....,a+ (n—1)d} and any graph which admits such a labeling is called
an (a,d)-distance antimagic graph.

Thus the complement of every distance magic graph is an (a,1)-distance
antimagic graph.

We observe that if a graph G is (a,d)-distance antimagic with d > 0, then
for any two distinct vertices u and v we have w(u) # w(v). This observation
naturally leads to the concept of distance antimagic labeling.

Definition 2. [3] Let G = (V, E) be a graph of ordern. Let f : V — {1,2,... ,n}
be a bijection. If w(x) # w(y) for any two distinct vertices x and y in V', then
f is called a distance antimagic labeling. Any graph G which admits a distance
antimagic labeling is called o distance antimagic graph.

Definition 3. The Ks-bistar graph Ko(m,n) is the graph obtained by joining
m copies of Ko to a vertex of Ko and n copies of Ko to the other vertex of Ks.

In this paper we prove that the hypercube @, is an (a, d)-distance antimagic
graph. Also, we present several families of disconnected distance antimagic
graphs.

2 Main Results

The following theorem gives an (a, d)-distance antimagic labeling of hypercubes.

Theorem 1. For every n > 3, the hypercube Q, is (a,d)-distance antimagic,
where a = 2"+2 and d = n—2. Moreover there exists an (a, d)-distance antimagic
labeling fr @ V(Qn) — {1,2,...,2"} such that if f,(v) = j, then wy, (v) =
2"+ 14 (n—2)5,1<j5<2m

Proof. We prove this result by induction on n. For @3, the labeling f3 given
in Fig.1 is a (10,1)-distance antimagic labeling satisfying the condition that
we(j) =945 =2"+1+j4,1 <j <8 We now assume that the theorem is
true for @,. Let f, : V(Qn) — {1,2,3,...,2"} be a (2" + 2,n — 2)-distance
antimagic labeling of @,, such that if f,(v) = j, then wy, (v) = 2" + 1+ j for
all 7,1 < j < 2™ Let Qsll) and QSLQ) be two copies of Q,, in @41, with a perfect
matching M consisting of edges joining a vertex of QS) with the corresponding
vertex of Q\2). Now (See Fig. 2) define foi1 : V(Qne1) — {1,2,...,27+1} by

oy = L) if v e V(QY
s falvr) +2"  if vy € V( 512) and vv; € M
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Fig. 1. Qs with (10, 1)-distance antimagic labeling

Qn ® 0o o - ® e
Qn , @ © @ - - @ e {

Fig. 2. Q.41 with (a,d)-distance antimagic labeling

If fus1(v) =3j,1 < j <27 then
W, (v) = g, (0) + 2"+
=2"+14+n—-2)j+2"+
= (2" £ 1) + (n— 1)5.
If fui1(v1) = j, where 2" +1 < j < 27 and vvy € M, then
W1 (Ul) = Wy (U) +n2" +7
=14+2")+(n—-2)j+n2"+j
= (142" 4+ (n—1)(2" +).

Thus, w;nﬂ)(j) =1+2"Y + (n—-1)j,j =1,2,3,...,2"" and by induction
the proof is complete.

Theorem 2. The bistar G = Ky(n,n) is distance antimagic.

Proof. Let V(G) = {uy,ua,...,un}U{v1,ve,..., 0, U{u,v} and E(G) = {uu :
1<i<n}U{vv:1<i<n}U{uw}. Define f: V(G) — {1,2,...,2n+ 2}, by

21 fr=u;,1<i<n
) 2i+1 frx=v,i<i<n
fla) = 1 ifr=wv

n+2 ifz=u
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Then
2i ifo=wu;,i<i<n
w(z) = 2i+1 fvo=wv,i<i<n
)1 ifo==x

2n+2 ifv=y
Hence f is a distance antimagic labeling of G.

Theorem 3. Let G be an r-reqular graph of order n. If G is distance antimagic,
then 2G is also distance antimagic.

Proof. Let f be a distance antimagic labeling of G. Let G; and G2 be the two
copies of G in 2G.
Define g : V(2G) — {1,2,...,2n} by

[ fw) if u e V(Gy)
g(u) = {f(u) +n ifue V(G;)

Let u,v € V(G1 UG2). Then

wy (1) = {wf(u) if u e V(Gy)
g wy(u) +rn  ifue V(Gy)

Hence it follows that wg(u) # wg(v) if u,v € V(G1) or u,v € V(Ga).

Now, let u € V(G1) and v € V(G2). Since wy(u) # wys(v), without loss of
generality we assume that wy(u) < wy(v). Now, wg(u) = wy(u) < wy(v) <
wg(v) +rn = wy(v). Thus g is a distance antimagic labeling of 2G.

Theorem 4. Let H be the graph obtained from the cycle C3 by attaching a
pendent verter at one vertex. Let G be the union of r copies of H. Then G is
distance antimagic.

Proof. Let H; be the i" copy of H in G. Let V(H;) = {1, w2, u;3,u;4} and
E(H;) = {(wi1, wiz), (w1, ui3), (wiz, iz), (Uiz, wis) }-
Define f: V(G) — {1,2,...,4r}, by

4G —-1)41, ifj=1
4i—1)+2, ifj=2
(i—-1)43, ifj=3
(i—1)+4, ifj=4

fuij) =

where 1 < ¢ <.
The vertex weights are given by

8i—3, ifj=1

) 12i—4, ifj=2
w(uij) =\ g; _ 5 if j =3
42, ifj=4

Clearly the vertex weights are distinct.
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Fig. 3. Distance antimagic labeling of union of 3-pan
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Example 1. The distance antimagic labeling of 3 copies of H is given in Fig. 3.

Theorem 5. For n = 2k + 1, let Hy be the graph obtained from the path
(uy,ug,...,usp+1) by adding the edges (u;,u;12) where i is odd. Let G be the

union of v copies of Hy where n > 1. Then G is distance antimagic.

Proof. Let G; be the i*" copy of H3 in G, given in Fig. 4.

Uil Ui6 Ui2 Uis Ui3 Ui7

Fig. 4. The graph Hs

Define f: V(G) — {1,2,...,4r} by

7
fluij) =47
7
7

The vertex weights are given by

w(uij) = 147 — 4

Clearly the vertex weights are distinct.

ifj=1
if j =2
if j =3
if j =4
if j =5
if j =6
ifj=17

ifj=1
if j =2
if j =3
if j =4
ifj =5
if j =6
ifj=17
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3 Conclusion and Scope

We have proved the existence of distance antimagic labeling of some families of
disconnected graphs and the hypercube @Q,,. The existence of distance antimagic
labelings for various graph products and other families of disconnected graphs
are problems for further investigation.

References

1. Arumugam, S., Kamatchi, N.: On (a, d)-distance antimagic graphs. Australas. J.
Combin. 54, 279-287 (2012)

2. Chartrand, G., Lesniak, L.: Graphs & Digraphs. Chapman and Hall, CRC, London
(2005)

3. Kamatchi, N., Arumugam, S.: Distance antimagic graphs. J. Combin. Math. Com-
bin. Comput. 84, 61-67 (2013)



	Distance Antimagic Labelings of Graphs
	1 Introduction
	2 Main Results
	3 Conclusion and Scope
	References


