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This book is dedicated to the memory of
Prof. Rudolf Wille who was the inventor of
Formal Concept Analysis (FCA) and the
leader of this community. He was known to
be an outstanding person and scientific
researcher who influenced the work of
many scientists. He passed away on
January 22, 2017. We will miss him in our
community centered around FCA and its
applications.



Foreword

Formal concept analysis emerged around 1980 as a mathematical theory of concepts
and concept hierarchies. It was discovered by Rudolf Wille (1937–2017) and his
group that a simple and natural mathematical definition leads to abstract objects that
are very similar to an old philosophical understanding of “concepts,” as expressed
in the Logique de Port-Royal (l’art de penser, 1662), and that this offered a broad
range of new interpretations for modern mathematics. The key ingredient of the
Port-Royal logic is that concepts are understood as having two parts, an extension
and an intension. The extension of a concept consists of all things that fall under the
concept. The intension is the collection of all properties under which the respective
concepts fall.

Formal concept analysis should not be misunderstood as a mathematical model
of human thought. It is conceivable that formal concept analysis is used as a tool
for building such psychological theories, but that would just be another one among
many applications. Formal concept analysis does not address a specific problem
or aim at a particular application. Its strength is that it offers intuitive access to
a mathematical universe and that it is comprehensible because of its similarity to
human conceptual thinking. Formal concept analysis was discovered when a group
of mathematicians reconsidered their own mathematical research with respect to
motivation and meaning, and it caused excitement because it indeed offers new ties
between common thought and mathematics.

The distinction between “human” and “formal” concepts is of crucial importance.
What is a formal concept, and how it is different from a concept of everyday
thinking? A main difference is that formal concepts always are constructed with
reference to a concrete, well-restrained set of data. In formal concept analysis one
speaks of “objects” and “attributes,” but these are always chosen from a well-
defined supply. Mathematically speaking, we start each investigation by fixing sets
G and M of objects and of attributes and also define which of these objects has
which attributes.1 So what are “objects” and “attributes”? This is arbitrary; it is

1A more careful presentation would even speak of formal objects and formal attributes.
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viii Foreword

not assumed that they are of any specific nature or that they satisfy any particular
conditions. All that is required is that objects and attributes are given as “sets” in
the mathematical sense and that there is a relation between these sets expressing the
object-attribute relationship. No other restrictions are made. It is, for example, not
assumed that objects and attributes are different. Nor need they be “atomic” in any
sense: often objects and attributes have a complex structure; they may be molecules,
languages, algorithms, and so on. When formal concept analysis is used for data
analysis, then the data provides the formal context. Sometimes it is necessary to
translate given data to this form, and there is a standardized method for doing so,
called conceptual scaling.

So what is a formal concept? As said before, formal concepts are always
understood with reference to three sets .G; M; I/, where the elements of G are called
objects, those of M are the attributes, and I � G�M is a relation in the mathematical
sense, i.e., a set of pairs. A pair .g; m/ belongs to the relation I if and only if the
object g has the attribute m. The three sets together constitute a formal context
.G; M; I/. A formal concept of such a formal context .G; M; I/ consists of two sets,
called the extent and the intent of the concept. A formal concept of .G; M; I/ is a
pair .A; B/ such that:

• A is a set of objects, expressed as A � G.
• B is a set of attributes, so B � M.
• B consists of precisely those attributes in M that all objects in A share (formally

A0 D B).
• A consists of exactly those objects in G which have all the attributes in B

(formally A D B0).

There is a natural way of ordering the formal concepts of any given formal
context: the subconcept-superconcept relation. One formal concept .A1; B2/ is a
subconcept of another one .A2; B2/, if (and only if) its extent is contained in that
of the second, i.e., iff A1 � A2. It can easily be argued that this implies that its
intent contains the intent of the second, i.e., that B2 � B1. This is the mathematical
analogue of the philosophical law of reciprocity that more general concepts have
larger extensions and smaller intensions. But in the mathematical setting, this has
a surprising consequence. It can be shown that the ordered set of formal concepts
in any case carries an algebraic structure, called a complete lattice. This is why the
ordered set of all formal concepts is called the concept lattice of the underlying
formal context .G; M; I/.

There is an extensive mathematical theory of complete lattices, and it can be
transferred to concept lattices. We obtain, essentially for free, powerful mathemati-
cal methods for the treatment of formal concepts. Having such a solid mathematical
basis is one of the strengths of formal concept analysis. Moreover, there is a well-
tried visualization method for complete lattices, which provides us with expressive
and reliable concept lattice diagrams, another advantage of the approach. Formal
concept analysis also offers powerful algorithms for data analysis. Many variations
of the theory have been worked on, allowing, e.g., for the conceptual analysis of
relational, fuzzy, or dynamic data. For a mathematical theory, the field is still very
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young, and certainly only a small anabranch of the great science river. But the
number of publications has long exceeded the number of 10,000. So a remarkable
supply of results is available. But there are too few systematic presentations focused
on specific application domains. This volume on formal concept analysis and social
network analysis therefore is very welcome.

As said above, the original motivation for inventing formal concept analysis
was not to use it for a particular application but came from the expectation that
it could provide meaningful mathematics for a variety of applications. Another
important aspect was that it offers a structural and less numeric approach to data.
Many of today’s data analysis methods rely on numerical values, often expressing
some kind of “similarity” by real numbers. But not all types of data are suitable
for a numerical description; some require alternative methods. Wille’s intention
even was that formal concept analysis could contribute to a more human-centered
knowledge processing, which still has the virtue of being mathematically rigorous.
Numerical methods often result in an “outcome” which compresses the result of
an investigation in a few parameters, numbers, or curves. Structural methods, as
provided by formal concept analysis, are different. They often unfold the data,
making it better accessible to the analyst’s judgments and decisions. But these
approaches are not exclusive, and formal concept analysis can include numerical
considerations whenever appropriate, typically when the amount of data is too large
to be unfolded in detail.

This has been the case in the early applications of formal concept analysis to
the analysis of networks by Freeman and White for community detection in the
1990s. Later on, Gerd Stumme and his coauthors applied formal concept analysis
for detecting trends or shared conceptualizations in so-called folksonomies. They
used methods which had been developed for data mining purposes and which would
not generate all formal concepts of given data but focus on the frequent ones.
These methods were modified so that they can handle triadic formal concepts,
which consist of three sets, extent, intent, and modus. They showed that such an
approach can indeed reveal characteristic information about social networks. Other
authors have contributed their own ideas, and it became necessary to compile the
recent trends into this volume. I hope that it will inspire future investigations and
applications of formal concept analysis.

Technische Universität Dresden, Germany Bernhard Ganter



Preface

Introduction

With the wide spread of social networks, the advent of big data, and the increasing
number of studies toward the integration of data analysis and social network
techniques, it becomes important to get a better insight into existing work, trends,
and challenges in pattern discovery from complex social networks in order to
efficiently explore and analyze real-life applications.

The book intends to study existing and potential connections between two
research areas, social network analysis (SNA) and formal concept analysis (FCA).
The papers included in this book show how standard SNA techniques, usually based
on graph theory, can be supplemented by FCA methods, which rely on lattice theory.

To the best of our knowledge, there is no book that covers the contents of this
volume. However, the two workshops SNAFCA (2007 and 2015) organized by one
or all of the coeditors had the same goal. Also, a special issue of the Social Networks
journal on Social Network and Discrete Structure Analysis published in 1996
covered the use of lattices for the analysis of social data. Linton C. Freeman and
Douglas R. White are among the first researchers who investigated the application
of FCA for SNA.

This volume is meant to cover the state of the art of the research on the
intersection of FCA and SNA in a more systematic and detailed manner than it
was done in the workshop proceedings mentioned above. It contains seven chapters
written by SNA and FCA researchers. Three chapters are extended versions of
selected papers presented at the Social Network Analysis using Formal Concept
Analysis Workshop (SNAFCA 2015), which took place in Nerja in August 2015
jointly with the ICFCA 2015 conference. All chapters have been evaluated by two
to three reviewers.

As part of the Springer book series Lecture Notes in Social Networks, this edited
volume, Formal Concept Analysis of Social Networks, presents contributions to
the following areas: acquisition of terminological knowledge from social networks,
knowledge communities, individuality computation, other types of FCA-based anal-

xi



xii Preface

ysis of bipartite graphs (two-mode networks), community detection and description
in one-mode and multimode networks, multimodal clustering, adaptation of the
dual-projection approach to weighted bipartite graphs, and attributed graph analysis.

The goal of the chapter “Knowledge Communities and Socio-Cognitive Tax-
onomies” by Camille Roth is to show how approaches such as FCA allow the
assessment and analysis of actors and their attributes on an equal basis. In the special
case of knowledge communities in which the attributes of actors express cognitive
properties, one is in presence of joint social and cognitive taxonomies. The chapter
also shows that FCA can help solve key typical challenges of community detection
in SNA such as group hierarchy and overlapping, temporal evolution and stability
of networks.

The chapter “Individuality in Social Networks” by Daniel Borchmann and Tom
Hanika defines individuality and introduces a new measure in two-mode (affiliation)
networks using FCA by evaluating how many unique groups of users of size k can be
uniquely defined by a combination of attributes. The experimental study illustrates
the importance of the individuality notion and the additional insights it brings to
SNA.

In the chapter “Descriptive Community Detection,” Martin Atzmueller presents
an overview of recent research about descriptive community and subgroup detection
in social networks. Approaches toward the identification of descriptive patterns
related to static as well as dynamic relations are described with a focus on attributed
graphs. The author also briefly presents his approach to descriptive community
detection, which combines subgroup discovery with community detection.

The goal of the chapter “Multimodal Clustering for Community Detection”
by Dmitry I. Ignatov, Alexander Semenov, Daria Komissarova, and Dmitry V.
Gnatyshak is to present recent progress in object-attribute (OA) biclustering and
its extensions to mining multimode communities in social network analysis. Links
between clustering coefficients commonly used in SNA community for one-mode
and two-mode networks and the OA-bicluster density are also established. Empirical
studies with two-, three-, and four-mode large real-life networks show that OA-
biclusters are suitable for community detection in multimode cases.

Francesco Kriegel describes a technique for the acquisition of terminological
knowledge from social networks in the chapter “Acquisition of Terminological
Knowledge from Social Networks.” In particular, he provides an extension of
the results of Baader and Distel for the deduction of knowledge bases from
interpretations in the description logic MH w.r.t. descriptive semantics and role-
depth bounds.

The chapter “Formal Concept Analysis of Attributed Networks” by Henry
Soldano, Guillaume Santini, and Dominique Bouthinon studies social and other
complex networks as attributed graphs and addresses attribute pattern mining in
such graphs through recent developments in FCA. The main idea is to restrict
the space of possible pattern extensions in the node set to node subsets satisfying
some topological property. To that end, two levels are considered: the abstract
and the local levels. At the first level, the extension of each pattern is reduced so
that the corresponding abstract extension induces a subgraph whose nodes satisfy



Preface xiii

some connectivity property. At the second level, a pattern has various extensions,
each one associated with a connected component of the abstract subgraph attached
to the pattern. This leads to abstract closed patterns and local closed patterns
as well as abstract and local implications. Interestingness measures for patterns
and implications are proposed. Finally, local concepts are linked to network
communities, and the illustration of the proposed work is done through the detection
and ordering of k-communities in the subgraphs of an attributed network.

In the chapter “A Formal Concept Analysis Look at the Analysis of Affiliation
Networks,” Francisco J. Valverde-Albacete and Carmen Peléz-Moreno adapt the
dual-projection approach of Everett and Borgatti to weighted two-mode networks
using an extension of FCA for incidences with values in a special case of semiring.
In the case of networks with non-Boolean weights, the dual-projection method
is linked to both the singular value decomposition and the eigenvalue problem
of matrices with values in such algebras, as in Kleinberg’s HITS algorithm. The
chapter also introduces extensions of the HITS algorithm to calculate the influence
of nodes in a network whose adjacency matrix takes values over dioids, zerosumfree
semirings with a natural order. This work shows that the original HITS algorithm
is a particular instance of the generic construction and highlights the advantages of
working in idempotent semifields, instances of dioids.

The production of this volume would not have been possible without the
valuable involvement and efforts of the above contributing authors and the fol-
lowing reviewers: Martin Atzmueller, Jaume Baixeries, Karell Bertet, Mohamed
Bouguessa, Dmitry Ignatov, Mehdi Kaytoue, Francesco Kriegel, Léonard Kwuida,
Jurgen Lerner, Amedeo Napoli, Henry Soldano, and Francisco J. Valverde-Albacete.
We highly appreciate the efforts and commitment of all the authors and reviewers.
We would also like to express our gratitude to Christopher T. Coughlin and his team
members from Springer USA for their help in the preparation of this volume.

Gatineau, QC, Canada Rokia Missaoui
Moscow, Russia Sergei O. Kuznetsov
Moscow, Russia Sergei Obiedkov
March 2017
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Knowledge Communities and Socio-Cognitive
Taxonomies

Camille Roth

1 Introduction

A significant portion of the state of the art in social network analysis (SNA) has
been typically devoted to the characterization of groups of similar actors [68]—
oftentimes denoted as communities. While similarities and communities can be
defined in very diverse ways [6, 23], the literature can roughly be divided into
two main classes of approaches, depending on whether groups stem from cohesive
interactions or from cohesive affiliations. This dichotomy in turn refers to two
distinct types of graphs and relations. On one hand, a large number of methods
rely on interaction networks, which are purely social networks insofar as nodes are
strictly actors and links indicate actor–actor relationships: actors know each other,
they work with each other, they talk to each other, etc. Formally, this corresponds
to monopartite graphs or the so-called one-mode networks. On the other hand, SNA
scholars have made use of affiliation networks [68, Chap. 8] where nodes may be
of two types: either actors or social attributes of some sort—be it an event, an
organization, a team, an issue, an opinion, an interest, etc. Here, relationships denote
the affiliation, in the broad sense, of an actor to an attribute; formalisms are based
on bipartite graphs, or two-mode networks.

Approaches based on interaction networks traditionally seem to constitute the
bulk of the literature on social group characterization from relational data in SNA
[28, 68]. They focus on the shape and structure of relationships between actors
and appear to pay little attention to the cognitive and property-based aspects

C. Roth (�)
Sciences Po, Médialab, 84 rue de Grenelle, 75007 Paris, France

Centre Marc Bloch Berlin e.V., Friedrichstrasse 191, 10117 Berlin, Germany
e-mail: camille.roth@sciencespo.fr

© Springer International Publishing AG 2017
R. Missaoui et al. (eds.), Formal Concept Analysis of Social Networks,
Lecture Notes in Social Networks, DOI 10.1007/978-3-319-64167-6_1
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2 C. Roth

of communities as such (even though they may indirectly uncover affiliation
communities, i.e., social groups defined by similar attributes, for instance, as a
result of homophily, or the fact that similar people interact more with one another
[48]). Furthermore, many approaches based on affiliation networks nonetheless fall
back on an interaction network by transforming two-mode into one-mode data, i.e.,
by building an actor network whose links denote shared affiliations among actors.
Typical cases include co-appearance in a same movie, co-authorship of a same
scientific article, or co-membership in a same team. Some further approaches aim
at truly uncovering groups in the two-mode network [31], yet in general an actor-
centric view eventually appears to prevail. In other words, the composition of the
detected communities and, subsequently, the validity of the results are principally
discussed in terms of actors, whereas attributes essentially remain in the background
as an instrumental helper: somehow, semantic similarity is used as an indirect tool
to uncover implicit interactional patterns.

This is where, we contend, lies one of the most crucial assets of dual approaches
such as formal concept analysis (FCA [33]) with respect to SNA: the possibility of
describing hybrid communities of actors and attributes in a simultaneous manner,
without giving priority on one mode over the other, while tackling several of the key
challenges raised by community detection in traditional SNA.

By focusing on knowledge communities and, more precisely, by emphasizing the
possibility of formalizing the notion of epistemic community (EC), at the interface
between SNA and FCA, this chapter aims at showing how FCA may particularly
contribute to SNA in uncovering and describing social groups based on cognitive
affiliation patterns. To this end, we first recall how structural approaches have
formalized the notion of interactional community, discussing in particular the main
quantitative issues and qualitative connections with sociological analysis. We then
explain how FCA enables, by contrast, the description of social groups which are
characterized by attribute similarity and for which it is more straightforward to use
affiliation networks. We show how FCA still captures many important community
features of interest to SNA. We illustrate this stance with a series of empirical
examples.

2 Communities in Interaction Networks

2.1 Explicit vs. Procedural Methods

Algebraic Definitions of Social Groups Formal apprehension of the sociological
notion of “community” principally stems from SNA [22], all the more as social
interactions have progressively occurred in an increasingly networked fashion
[69]. Historically, the introduction of graph theory in sociometry [27] paved the
way to the first mathematical analyses of communities: the so-called sociogram
of a given group of actors, which describes relationships such as acquaintances,
friendships, collaborations, or exchanges, could be represented as a graph. Then, the
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Fig. 1 Explicit, algebraic definitions of groups. Left: fA; B; C; D; Eg and fA; E; Fg are cliques,
fB; C; G; Hg is a 2-clique. Middle, Cartwright and Harary’s decomposition [13] (positive or
negative links are, respectively, represented by single or double lines). Right: structural equivalence
classes of this network include fA; Bg, fCg, and fD; E; Fg

abstract study of its algebraic and topological structure could reveal the existence
of “real” communities, by matching a given qualitative community definition with
quantitative graphic properties.

The notion of clique [47] has played a foundational and prototypical role in this
endeavor. Cliques shall sound familiar to FCA scholars, whose formal concepts are
maximal bicliques of a bipartite graph isomorphic to the object-attribute matrix.
Interactional cliques are even simpler patterns: they configure subsets of individuals
who are all connected with one another, i.e., complete subgraphs of the interaction
network (see an illustration in Fig. 1). Cliques can thus be seen as the most basic and
strongest cohesive community unit. In practice, however, cliques larger than a dozen
of actors are relatively rare. Furthermore, as may be the case with formal concepts,
their computation, representation, and even interpretation often prove difficult. SNA
thus quickly introduced less rigid notions of communities, starting with n-cliques
[46] which allow for a looser connectivity among individuals belonging to the same
group (they have to be at most at distance n from each other).

Methods which are more global and holistic were also proposed very early to
partition a given network into various sub-communities, rather than just exhibiting
local patterns such as cliques. Building upon the so-called balance theory introduced
in psychology [37] and which allows for either positive or negative relationships
between actors (friends/foes, i.e., valued links), Cartwright and Harary [13] were
among the first ones to formalize communities at the network-level with their
structure theorem. In a nutshell, when some composition laws on relationships hold
(namely, foes of friends are foes), they showed that it is possible to split nodes into
two groups such that intra-group (resp. inter-group) connections are positively (resp.
negatively) valued. Here, communities follow from antagonistic rather than similar
interactional configurations. Multiple refinements of this approach have later been
introduced [17, 18, 20, 21], focusing, for instance, on the role of triads—again a
very local pattern.

Beyond these foundational milestones, SNA has developed over the previous
decades a very rich and diverse set of definitions of social groups, where patterns
directly match explicit mathematical expressions. Many contributions within this
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research program are variously evoked in [29, pp. 152–153], [68, Chaps. 7, 9,
and 10], [30, pp. 743–744], or [22, pp. 206–207]. Let us mention, for instance,
the notion of “equivalence class” of individuals, which describes groups of actors
connected to other actors in an equivalent manner. This notably includes structural
equivalence [45] where actors of the same class share exactly the same neighbors,
regular equivalence [71] where actors of the same class are linked in a similar way
to actors of another class, or automorphic equivalence [25], where actors of the
same class occupy positions which are exactly interchangeable in the network (their
labels may be exchanged without changing the relational structure). In a different
direction, the structural cohesiveness of a set of actors [70] is defined as the number
of individuals which have to be removed in order to get disconnected components,
i.e., such that there exists at least one pair of individuals who are not indirectly
connected through a chain of links. A group with a structural cohesiveness of k is
called a k-component: here, communities are groups such that links between actors
exhibit some redundancy.

Procedural Methods and Approximate Patterns Formalization does not neces-
sarily imply quantification. In this respect, most of these algebraic approaches were
fueled by mathematical sociologists who initially worked on case studies based on
small datasets stemming from ethnographic observation, thereby featuring a limited
number of actors. As a result, they are essentially adapted to small-sized networks
and structures [50] since the number of patterns can grow quickly. How to deal, for
instance, with the thousands of cliques which a small network of a hundred of nodes
may contain; and what to deduce from their observation?

A more recent stream of research focused in all generality on the quantitative and
large-scale study of the topology of social (and non-social) networks. This stance
gained momentum during the 2000s, thanks to the joint availability of powerful
computational resources and large relational datasets (even if this phenomenon
could already be partly perceived as early as the 1970s [2, p. 116]). Under the
term “community detection,” this literature addresses the issue of the discovery of
cohesive structures in large graphs by applying data mining techniques developed
to a large extent by computer scientists and statistical physicists [28]. Within this
stream, groups or communities are consensually seen as aggregates of actors in the
network: “groups of vertices within which connections are dense, but between which
connections are sparser” [51]. This is aligned with a classical SNA definition: “its
members should have many relations with each other and few with non-members”
[2, p. 121]. Concretely, these approaches are based upon procedural methods and
thus tend to blur the distinction between the formal definition of what these “dense”
groups are and the algorithm which enables their detection. In contrast with explicit
and closed mathematical definitions where “a group/community is a set of actors
such that Œ� � � �,” dense group patterns are almost entirely defined by the procedure—
all the more when algorithms are stochastic and results vary from an execution to
the other. This allows for scalability and, often, compactness of the partitions, to the
expense of interpretability.

These algorithms may diversely feature the iterative construction of a series of
embedded graph partitions, either by gathering structurally close individuals into
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Fig. 2 Partition creation algorithm. From left to right: toy network; similarity matrix based on the
number of node-independent paths between actors (i.e., paths involving strictly distinct node sets,
except for the extremities); iterative construction of the dendrogram based on these similarities
(progressively gathering nodes with highest similarities, randomly choosing in case of equality);
groups of the partition found at the cut-off stage of the dendrogram, marked by a dashed line

increasingly larger groups [14, 72] or by dividing the whole graph into increas-
ingly smaller groups [34]. This procedure is traditionally denoted as hierarchical
clustering [68], it may be represented as a dendrogram; various criteria such as
modularity [52] are then available to decide which partition to choose and where to
cut the dendrogram (see Fig. 2 for a toy example). Other procedures can be based
on network exploration [7], possibly inspired by percolation processes in order to
find community boundaries [54], or holistic methods such as spectral decomposition
based on some global properties of the graph adjacency matrix [12, 56].

2.2 Structural Properties of Groups

Structural methods may go beyond the mere partitioning of nodes: they may further
be used to describe group structure in itself, i.e., the relationships between groups.
Blockmodeling methods, for one, generalize partitioning by reducing the social
graph into a meta-graph of groups called blockmodel, where nodes represent groups
and links describe their relationships.

At the group level, more broadly, we may identify three classical qualitative phe-
nomena which are an important and current research issue in SNA: (1) hierarchies
between groups, (2) multiple membership of actors in groups, and (3) temporal
dynamics of groups.

Group Hierarchies SNA makes it generally easy to describe social group orders
and hierarchies, first and foremost by relying on set inclusion. A group can be
“below” or “more specific than” another one if the former is included in the latter: a
partial order may be defined where, say, fA; Bg and fB; Cg are included in fA; B; Cg
while fA; Bg and fB; Cg cannot be compared with one another. Some methods
naturally and implicitly define such an order: dendrograms configure increasingly
finer partitions, while k-components are included in k0-components when k0 < k.
Traditionally, the resulting hierarchical structure is a tree comparable to Aristotelian
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taxonomies (as in the traditional classification of scientific disciplines: e.g., “sci-
entists” > “biologists” > “molecular biologists” > : : :). Hierarchies may also
be defined among items of a partition, especially when interactions are directed
or valued: [18] uses link asymmetry to define levels between groups, such that
“admiration flows up levels” as a consequence of differences in the underlying actor
prestige or centrality [68, Chap. 5].

Group Overlap Beyond partitions where individuals are meant to belong to a
single group (as is the case with equivalence classes), a somewhat small part of
the literature has addressed the question of multiple membership [3, 9, 26, 32, 54,
for instance]. Here, actors may belong to one or more groups which can in
turn partially overlap. While the relevance of taking into account such overlap is
sometimes debated (e.g., [29, p. 153]), the relative weakness of scholarly interest
in this issue may also be explained by concrete hurdles, such as how to properly
justify thresholds triggering multiple membership, or how to deal with the potential
combinatorial complexity.

Group Dynamics By definition, interactional analysis of social groups steers
clear of intensional properties: in a dynamic perspective, this means that the old
sociological question of the perpetuation of social groups1 is appraised through the
stability of interactional structures across time rather than the persistence of their
attributes. Typically, inter-temporal correspondence may be assessed longitudinally
(groups at t are associated with groups with similar members at t0 [19, for instance])
or dynamically (the stability of relationships between t and t0 defines the group, as
in [49, 53], thereby assuming that social entities only exist by way of their temporal
stability [1]). We shall show below how FCA brings a particular added value for this
and the above issues, especially in the context of knowledge communities.

3 Reuniting Structure and Content

3.1 Affiliation Networks, Social Circles, and FCA

As mentioned in the introduction, interactional network analysis provides a robust
set of methods to define social groups, yet by overlooking a priori their non-
structural properties. In this way, since interactional SNA does not rely on inten-
sional properties, it may fail to render the most semantic and cognitive aspects
of communities—unless one assumes a strong redundancy between structural and

1“The most general case in which the persistence of the group presents itself as a problem occurs in
the fact that, in spite of the departure and the change of members, the group remains identical. We
say that it is the same state, the same association, the same army, which now exists that existed so
and so many decades or centuries ago. This, although no single member of the original organization
remains.” [64, p. 667]
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Fig. 3 Bipartite graphs and lattices. Left: toy bipartite graph: actors a1; a2; a3; : : : and cognitive
properties c1; c2; : : :. Middle: formal concepts corresponding to the black portion of the previous
graph. Right: lattice-based hierarchical representation

non-structural properties. As such, a social group featuring semantic or cognitive
affinity may only be found indirectly if the similarity is manifest in the interactional
structure, for example, because of homophily: for instance, scientific collaboration
networks exhibit some disciplinary cohesiveness [34, 57]. Semantic labels for
Interactional groups are usually labelled a posteriori, if at all, and often by hand.
Moreover, larger groups such as schools of thoughts, epistemic communities,
interest circles and, more broadly, socio-cognitive groups may not correspond
univocally to a single, well-defined interactional community.

The branch of SNA based on affiliation networks appears here as a robust rela-
tional framework able to combine structure and semantics. Technically, affiliation
networks are bipartite graphs, where actors on one side are distinguished from
affiliations on the other side (Fig. 3, left panel). A link may only connect an actor
and an affiliation. This formalism is additionally dual, as are social circles [10], in
the sense that affiliations are linked to actors just as actors are linked to affiliations.

Social circles are thus explicitly codified in the data: a single affiliation already
constitutes an intensional group which denotes the shared participation in an event,
membership in an organization, interest for a topic, adhesion to a belief. In this
respect, looking for groups in affiliation networks may also be understood as the
task of uncovering new (implicit) actor groups from the multiple intersections of
social circles, which are thus seen as (explicit) intensional groups [5, 8, 32, 44].
From the viewpoint of SNA, this stance enables both a structural and a cognitive
description of communities, which is the cornerstone of describing socio-cognitive
taxonomies, i.e., joint taxonomies of actors and taxonomies of cognitive attributes—
be it in the context of scientists working on research topics, bloggers posting about
some issues, activists discussing political matters. Bipartite graphs are isomorphic to
binary relations and to labeled hypergraphs (indeed, actor nodes affiliated with the
same attribute in a bipartite graph univocally correspond to a labeled hyperedge)—
the closeness with FCA is straightforward when considering actors as objects and
affiliations as attributes.
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While several studies aim specifically at detecting group patterns in bipartite
graphs [43], they often tend to consider affiliations as an instrumental rather than
fundamental feature. More precisely, many seem to discard the inherent duality
either ex ante, by focusing on an actor–actor network derived from the original
bipartite graph (through a projection of the two-mode network onto one of the
modes), or ex post, by computing groups of actors with similar properties then
discussing the validity of the detected groups principally in terms of actors.

Typically, FCA appears to be one of only a few current methods which aim at
maintaining the duality of actors and affiliations along the whole process, from
pattern detection to taxonomy interpretation. With respect to the above-mentioned
SNA techniques (Sect. 2.1), it also relies on an explicit definition of what a group
is, rather than relying on a procedural definition. We will discuss below how FCA
also addresses the above-mentioned classical SNA challenges—dealing with group
hierarchy, overlap, and dynamics. The resulting computational complexity is also an
issue, which has been partly addressed by introducing the first practical application
of stability [41] in the very case of socio-cognitive taxonomies and knowledge
communities [42, 61].

3.2 Formal Concepts as Epistemic Communities

Before that, we first explain the plain application of FCA on affiliation networks.
Formally, we consider the affiliation network as a pair of sets of actors A and cog-
nitive properties C (described by, e.g, n-grams, lexical tags, topics, representations,
etc.), i.e., agents and notions (or “concepts” in the generic sense of the word), and
a binary relationship between them, R � A � C . The intent A0 of a set of actors
A � A is the intersection of all sets of cognitive properties associated with actors
of A, i.e., A0 D fc 2 C j8a 2 A; aRcg; dually, the extent C0 of a set of cognitive
properties C is the intersection of all actor sets associated with properties of C,
i.e., C0 D fa 2 A j8c 2 C; aRcg. Applying successively “ 0 ” yields a closure
operator. For all subsets A � A and C � C , .A00; A0/ and .C0; C00/ are called
formal concepts and, equivalently, are maximal bicliques in the bipartite graph of
the affiliation network.

In the context of knowledge communities, an efficient qualitative interpretation
of formal concepts/biclique patterns consists in considering these socio-semantic
groups as epistemic communities (EC). Introduced in [63] and later refined by
[36] and used by many social scientists afterwards [15, 16], this notion essentially
corresponds to actor groups who (1) share some interest for a certain set of topics
or beliefs and (2) have a common goal of knowledge creation while obeying to
some set of given rules agreed upon in the underlying community. In the very
minimal sense, an EC may be formalized as a pair of agents and topics such that
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all agents share all topics; that is, a biclique in the bipartite affiliation network
.A ;C ;R � A � C /. Each EC thus algebraically defined corresponds to a socio-
cognitive group which is the closure of a set of actors or equivalently of cognitive
properties—a socio-semantic pattern. See illustration in Fig. 3—middle.

Lattices and Socio-Cognitive Taxonomies This formalism addresses several of
the issues exposed in Sect. 2.2 regarding interactional groups. In particular, it
enables a hierarchical representation of groups through the natural inclusion-
based partial order on formal concepts. Conceptually, this hierarchy induces a
generalization/specialization relationship: it may be represented as a lattice [5].
The most general ECs (largest actor sets/extents, smallest attribute sets/intents)
are found towards the top, while the most specific ECs are at the bottom (most
specific extents, largest intents). See illustration in Fig. 3—right. This configures
a socio-cognitive taxonomy relevant to social epistemology—for one, it is useful
to represent distributed cognition activities [38] in a given knowledge production
system, in particular the distribution of topics over actors.

Moreover, lattices configure non-Aristotelian taxonomies: ECs partially overlap.
Of course, individuals may belong to more than one EC but, more importantly,
ECs may also have more than one parent. Arguably, this property makes lattice-
based taxonomies closer to cognitive categories, where ECs may simultaneously be
subsets of several more general ECs.

Finally, it is possible to track the dynamics of these taxonomies by following
the evolution of actor sets associated with a given attribute set, thus echoing the
ambition of Simmel regarding the persistence of social groups (footnote 1). Note
that this approach also inherits a drawback typical of community detection methods
based on explicit definitions, especially in the case of cliques: computational
complexity. Even for a small number of actors and properties, the number of ECs
and the lattice size can be dramatically large [33], easily running in the thousands.
This problem is typically critical for SNA scholars, who rarely use cliques, if any.
In the next section, we discuss concrete strategies to tackle these issues efficiently.

4 Applications

From the viewpoint of FCA, knowledge communities typically feature either a
significant number of actors, or of notions, or both: it is thus key to explain and
emphasize how FCA can be of practical use despite combinatorial complexity, espe-
cially to compete or keep up with some of the above-mentioned SNA approaches,
most notably those based on procedural methods. Data reduction is here a crucial
issue, both in terms of input or output, i.e., at the level of the primary data or the
computed results.
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4.1 Datasets

We present three earlier empirical applications: two are related to scientific commu-
nities, one features political activists and motions. These case studies were diversely
introduced in [42, 60, 62]: more specific details on each of them may be found in
the respective references. In the meantime, FCA has been increasingly applied to
groups of actors sharing some properties (e.g., [4, 55]).

In all cases, the empirical material consists of text documents describing, to
some extent, who writes about or is interested in what. Actors of the corresponding
affiliation networks are identified as document authors, while cognitive attributes
are terms extracted from the plain text. A link between actor a and term c
occurs whenever a authored a document mentioning c. In this respect, epistemic
communities/formal concepts observed in these empirical case studies are strictly
speaking socio-lexical patterns.

As the number of individual terms in the original data is always very large,
especially with regard to FCA, we systematically apply some filtering relying
on simple natural language processing (NLP) techniques. We lemmatize words,
exclude stop-words, and eventually focus on the most frequent terms, additionally
selecting the most meaningful ones with the help of a domain expert. The number
of actors appears to be generally more tractable, yet when it is too large (as in the
zebrafish case), we show how simple sampling strategies can be used. See Table 1
for basic statistics regarding the datasets.

The zebrafish community case study gathers embryologists who worked on an
animal model called “zebrafish” over the years 1990–2003. This period corresponds
to the early development of the field, whose population grew approximately
tenfold [60]. Data was gathered from the publicly available bibliographical database
MEDLINE by querying papers whose abstract includes “zebrafish”—assuming that
in most cases authors who work on this animal would necessarily evoke the term in
their abstract. The ECCS dataset focuses on scholars working on complex systems,
focusing on the two first editions of the European Conference on Complex Systems,
in 2005 and 2006. The conference organizers kindly provided us with submitted
abstracts to both conferences, which we all used in the original study [42]. Finally,
the political motions example is based on the six roadmaps submitted by six groups
of members of the French socialist party towards the internal elections at their
Congress in 2008 [62]. In these texts, signatories defend their vision of where

Table 1 Basic figures
describing the size of the
respective empirical datasets
in terms of original
documents, unique actors,
and NLP-extracted terms

Dataset Documents Actors Terms

ECCS 2005 194 413 92

2006 187 401 109

Political motions 6 6 85

Zebrafish 1990–1995 533 1094 66

1998–2003 4080 9689 67
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the party should go in the coming years. We consider motions as actors of the
corresponding affiliation network, i.e., six nodes; we also keep 85 pre-processed
words appearing at least 32 times in the whole corpus.

4.2 Socio-Cognitive Taxonomies

Hierarchy and Overlap We first use the zebrafish case study to illustrate the
hierarchy and overlap between groups which is made possible by FCA-based socio-
cognitive taxonomies. The period 1990–1995 already features a thousand of actors
and 66 attributes—something which yields about eight million ECs and, admittedly,
can get neither drawn nor interpreted. A first reduction strategy may consist in
operating at the level of the input data by sampling the actor set, assuming that
a random portion of the population would still render a faithful taxonomy of the
whole community (if needed, removed actors may later be assigned to the computed
taxonomy). We use an affiliation subnetwork including a random share of 20% of
the population and use it to compute a formal concept lattice made of about 200k
ECs. This still represents a sizeable number of ECs, and further reduction may
be needed. A second strategy may consist in filtering the output, for instance, by
conserving formal concepts according to some relevance criterion. The so-called
iceberg lattices [67] have been classically used, whereby a certain portion of the
top of the lattice is conserved, assuming that this portion corresponds plausibly to
the most interesting or the most meaningful part of the taxonomy. Extent size, i.e.,
population size of ECs, is a popular criterion; distance to the top may also be used.
In Fig. 4, we show such a truncated lattice for the period 1990–1995, together with
the last period 1998–2003, to exhibit the temporal evolution.

Let us first focus on the general structure for a given period, say 1998–2003, after
the zebrafish community reached some maturity. This picture describes succinctly
its main research axes, their representativity, overlaps, and hierarchical relation-
ships. To put it shortly, we see three pillars: (1) comparative studies occupy an
important position (human/mouse/homologous genes), (2) the study of the nervous
system, around the dorsal and ventral plates, also gathers a certain proportion of
scholars, and (3) systemic studies linked to signaling during embryonic development
are well-represented (signal/pathway/growth/receptor).

Temporality Additionally, we may compare lattices for different periods within
the same knowledge community. By focusing on identical attribute groups (intents)
across time, FCA makes it possible to render the temporal evolution and relative
stability of, at the macro-level, socio-cognitive taxonomies and, at the meso-level,
social groups—a key issue in SNA as well. Here, however, the inter-temporal
correspondance of groups will be based on attributes rather than interactions.

In practice, we represent evolution by coloring ECs corresponding to a given
intent according to the growth of their population share (extent representativity).
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Fig. 4 Truncated lattice of the zebrafish community [59, 60]. Lines represent direct hierarchical
(inclusion) relationships. Each EC is described by a word list (the intent of the formal concept) and
its actor size as a percentage of the underlying population (extent of the formal concept) in bold
for 1998–2003 and in parentheses for 1990–1995. White disks indicate growth from the first to the
last period, solid black disks indicate decline, and dashed disks correspond to relative stagnation
(arbitrarily defined as variation smaller than ˙15%). Percentage sums go over 100% as a result of
multiple membership. By definition the bottom node gathers all attributes (not listed here)

We see in Fig. 4 that comparative studies have expanded within the zebrafish
community, together with the analysis of systemic signals, which echoes a general
trend in molecular biology at that time, whereas studies centered around the
embryonic nervous system are progressively fading (also a general trend in the
surrounding fields). While showing the diversity of the distribution of cognitive
tasks within the community, this comparison also demonstrates that it enjoys a
remarkable stability, given that the underlying population grew tenfold between the
two periods.

Approximation We now turn to the political motion dataset to illustrate reduction
strategies further. We use stability [41], a criterion which removes redundancy
across the whole lattice and has been widely used in the FCA community since its
inception [11, 61]. It indeed constitutes a robust approach to deal with potentially
large lattices such as those emerging from empirical social data, while still paying
attention to smaller yet plausibly meaningful and representative patterns which
would be filtered out by top-down approaches based on, e.g., iceberg-like criteria.

In a nutshell, the (extensional) stability of a given formal concept .A00; A0/ is
formally defined as �.A00; A0/ D jfB � A00jB0 D A0gj=2jA00j, i.e., the proportion of
subsets B of the actor set A00 of a given formal concept whose intent B0 is identical
to A0. Put differently, this criterion measures how much the existence of a given EC
depends on its actors. The higher the � , the more stable the EC, and the more likely
it will be presented in the final results.
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Fig. 5 Stabilized concepts for the political motion dataset (after [62]). Letters A–F refer to the
six motions. Here, for the sake of readability, cognitive attributes of nodes are labeled in a
parsimonious way: we only indicate terms which are added to formal concept intents from top
to bottom; for instance, the node “(france, CDF)” corresponds to an EC gathering motions CDF
and terms “france,” “GMO,” and “prices” (terms are thus inherited from bottom to top)

Figure 5 presents a reduced taxonomy based on stability. It remains readable
while featuring specialized groupings quite deep down from the top. At the most
general level, the structure exhibits the omnipresence of issues related to purchase
power—all motions talk about “prices”—or GMOs, used by all but motion A. Yet,
we also see progressively smaller groupings: for instance, school-related issues
(used by motions B, D, E, and F), and then, even lower, joint use of “sustainable
development” by D and E, or “salary” by B and F. Dually, we see that motion D is
present in almost all ECs by addressing issues present in all other motions.

Combining Both We finally use the ECCS case to illustrate the application of
both principles: temporality and approximation (see [42] for more details). Figure 6
shows the 15 most stable concepts for lattices computed over all authors in each
year.

On the whole, the main pillars of this scientific field revolve around “networks,”
“models,” and their “dynamics,” as well as, to a weaker extent, “structure” and
“distribution” (which, in this context, most often refer to scale-free distributions).
At the global level, structures for both time periods are relatively comparable.
A finer examination reveals some differences: several specific ECs (subconcepts)
disappeared in 2006 ({network, dynamics}, {dynamics, model, process}, {dynam-
ics, process}, and {information}) while others appeared ({interaction}, {network,
social}, {model, agent}, and {simulation, model}). Focusing on specific intents also
provides extra information on the epistemological evolution in 2006: for instance,
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Fig. 6 Stabilized concepts for ECCS-2005 and ECCS-2006 (after [42]). Figures are absolute size
of ECs

the EC on {network, dynamics} does not exist anymore on its own, while {network,
dynamics, model} still does, suggesting that network dynamics is entirely subsumed
by dynamic network models.

5 Concluding Remarks

Beyond the diversity of the SNA literature on the detection of groups, we could draw
a fundamental dichotomy between interaction-based and affiliation-based group
definitions. In the very case of scientific communities, social scientists argue for
a similar dichotomy [40] between “taxonomic collectives,” which are relevant at
a high level of observation, and interaction groups, in which actors are embedded
and which are also relevant at the local level to understand actor behavior. The case
studies presented here show how the notion of EC and, behind this, FCA applied
to affiliation networks provide a description of the configuration of actor groups in
knowledge communities in a manner at least similar to what is possible through
classical interactional SNA, while taking actor attributes into account.

With these dichotomies in mind, we can sketch some of the issues where FCA
could create a most relevant bridge over SNA for the study of knowledge networks.
This includes, first and foremost, the study of the correlation between affiliation and
interaction communities. In other words, describe to what extent socio-cognitive
communities are also strongly cohesive in interactional terms, how taxonomic
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collectives may be interaction groups and whether epistemic communities do cover
various interaction communities. More generally, do one-mode communities cor-
respond to two-mode communities or formal concepts [58]? Here, some empirical
answers have been recently proposed in this direction [65] relying on the so-called
alpha concept lattices [66].

Second, on a more practical and theoretical level, the development of approx-
imation strategies is key to guarantee the acceptance of FCA by SNA scholars.
This is all the more true in socio-cognitive contexts where result interpretability,
both in terms of social groups and in terms of cognitive taxonomies, needs to be
manually tractable and therefore involve a sensibly limited number of categories.
Stability-based pruning is an option among many, especially in the case of noisy
data stemming from social behavior [39]. The design of scalable selection criteria
[35] adapted to a socio-cognitive context could be another promising direction of
research.

Third, much remains to be done with respect to the dynamics, for instance, by
digging further the intensional stability of communities across time. As could be
seen here, socio-cognitive taxonomies plausibly evolve slowly, even in the case of
a high turnover of actors from a period to the other. On the FCA side, this touches
the issue of inter-lattice comparisons [73] and their temporal analysis [24, 74], even
though this area remains relatively nascent in FCA. On the side of SNA, group
evolution is mainly assessed through a single-network lens. Most likely, appraising
simultaneously the joint evolution of social and cognitive patterns, possibly to
the point where social groups are even defined by the dynamic stability of socio-
cognitive patterns, would constitute a fruitful contribution to social analysis.

Acknowledgements The present contribution partially relies on ideas introduced in a book
chapter originally published in French and entitled “Communautés, analyse structurale et réseaux
socio-sémantiques” [59].
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Individuality in Social Networks

Daniel Borchmann and Tom Hanika

1 Introduction

Social networks form an integral part of human societies, and their study has been
at the core of social science for a long time. It is only recently that mathematical
methods have entered the stage, mainly because social networks are now made more
explicit than ever due to the availability of social media. This has allowed classical
mathematical instruments from graph theory and elsewhere to be applied to social
networks—with astonishing results.

One of the first breakthroughs in understanding social networks by means of
properties of their graph representations is due to the seminal work by Watts and
Strogatz [26]. Here the authors introduce the notion of small world networks,
encompassing the two simple graph properties of average shortest path length and
average local clustering coefficient. Based on these properties, a graph is said to be
a small world network if the average shortest path length is small and if the average
local clustering coefficient is large. The second seminal result in that direction is the
work by Barabási and Albert [3], where social networks are characterized as graphs
whose degree distribution follows a low-degree power-law distribution. It turns out
that, surprisingly, both small world networks and power-law distributions describe
social networks to a large degree.
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In the wake of the results around small world networks, a plenitude of graph-
related properties have been reinterpreted as properties of social networks, a popular
example being the interpretation of cliques in social networks as social groups.
However, despite a comparably vast body of research, characterizing all relevant
aspects of social networks in terms of mathematical properties of their graph
representation has not been achieved to a satisfactory degree. In particular, graphs
exist on which existing measures cannot differentiate further, but which intuitively
represent qualitatively different social networks.

In this work we want to consider another facet of bipartite social networks,
which, as far as we can see, has not been investigated in the literature. This facet
is individuality in social networks, and by this we intuitively mean the number
of unique groups of users a social network has. Note that despite the fact that
individuality is concerned with individual users of a network, the measure of
individuality we want to investigate in this work is a property of the whole network.
It should thus not be confused with notions such as centrality or betweeness, which
apply only to individual vertices instead.

To define the uniqueness of a group of users, we consider the uniqueness of its
milieu in the given bipartite social network. This intuition of individuality strongly
depends on the actual definition of “milieu,” a notion that has been discussed in
the social sciences before. However, we shall define and employ in this work an
interpretation of this word that is different from the one usually used [24].

In a classical representation of social networks as graphs, two users are linked
by an edge if and only if they “know” each other in this network. Then the notion
of a milieu of a particular user could just be represented as the neighborhood of
this user in this graph. In this work, however, we want to take up a different stand
by representing bipartite social networks as formal contexts. These are structures
originating from the theory of formal concept analysis [9, 27] that allow general
investigations of data sets comprising of objects with certain attributes. Using formal
contexts, we shall represent a social network as a collection of users with certain
properties, where the actual choice of the properties is a matter of modeling. In this
way, we can represent various aspects of a social network in a uniform manner.

The main goal of this work is to illustrate that our new notions of individuality
are both natural and meaningful. To this end, we shall examine these measures on
various real-world data sets, providing evidence that our definitions are reasonable.
Even more, we shall show that networks that are similar in terms of their small world
character can vary widely when it comes to individuality, suggesting that our new
notion expresses properties of social networks that are not covered by the standard
notions.

The paper is structured as follows. After revisiting some existing research on
mathematical investigations of social networks in Sect. 2, we shall have a closer
look on how to represent social networks as formal contexts in Sect. 3. Thereafter,
we shall present our notion of individuality in Sect. 4, together with the two auxiliary
measures of individuality distribution and average milieu size. An experimental
investigation of these new notions follows in Sect. 5. We close with Outlook in
Sect. 6.
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2 Related Work

Formal concept analysis originated as a subfield of mathematical order theory,
more precisely of lattice theory [4]. Lattice theory itself has already been applied
to social network analysis, in particular to understanding the clique distribution
(among others) in social networks, for example, in [7]. In this work concept lattices
were used to analyze the relations between cliques.

Cliques indeed will play a major role in our considerations, and, as already
mentioned, cliques have been investigated in the realm of social network analysis
before. For example, the clique distribution of social networks was investigated
in [28], where the focus was on empirically studying the connection between the
power-law distribution of network nodes and the density of cliques. The authors
showed to what extent the clique size distribution can be used to estimate the clique
density in a social network. In [10] the authors proposed a method to efficiently
estimate the distribution of clique sizes from a probability sample of network nodes.
However, both works considered uni-modal social networks only. Previous work
that also considered clique distributions in bi-modal networks is [22], where it is
shown that medium sized cliques are more common in real-world networks than
triangles. However, here only cliques in the projected graph were considered, and
not in the original bipartite graph.

To the best of our knowledge, individuality in social networks as we consider
it in this article has not been studied before as a property of social networks. The
only relevant prior work is from the second author [2], on which this article greatly
expands.

3 Social Networks as Formal Contexts

Formal concept analysis deals at its core with the representation of complete lattices
through formal contexts. These are structures K D .G; M; I/ where G and M are sets
and I � G �M is a binary relation. The standard interpretation of formal contexts
is that the set G is a set of objects, the set M is a set of attributes, and .g; m/ 2 I
signifies that g has the attribute m.

Indeed, modeling bipartite social networks as formal contexts is straightforward:
consider a social network and identify within this network two sets U and A. We
think of the set U as the set of (interesting) users of the network and of the set
A as the set of (relevant) attributes of the users in U. Note, however, that this
interpretation of U as a set of users and A as a set of attributes is only one among
many possible ones, and there is no restriction on the type of elements contained in
these sets.

After having identified the sets U and A, a formal context representing a social
network is of the form .U; A; I/ where .u; a/ 2 I for u 2 U, a 2 A only if user u
has attribute a. This representation is also closely linked to considering bi-modal
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userA userB userC userD

cabaret ballet opera

Fig. 1 Small motivational example, called the music interest social network (misn)

social networks, i.e., social networks that give rise to a bipartite graph. The benefit
of choosing formal contexts over bipartite graphs is that in the former case we can
apply methods from formal concept analysis to obtain further insights.

The particular choices of the user set U and the attribute set A are modeling
decisions, and finding these sets may not at all be straightforward. For the set U
one usually collects all real users of the framework, but other choices—depending
on the particular application in mind—are possible. The set A of attributes can
contain usual features such as likes, posts, and gender, but can also contain rather
“unnatural” features such as other users. In this case, one could define, say, that
some user u “has” some other user v as a feature if and only if they are linked in the
original social network.

A small example of a social network is given by the bipartite graph in Fig. 1. A
formal context representing this network is

Kmisn cabaret ballet opera

userA � �
userB � �
userC � �
userD �

In formal contexts we can define two natural derivation operators as follows. Let
A � G be a set of objects. Then the set A0 of common attributes of A is defined as

A0 :D fm 2 M j 8g 2 AW .g; m/ 2 Ig:

Dually, for a set B � M of attributes, we define the set B0 of satisfying objects of B
as

B0 :D fg 2 G j 8m 2 MW .g; m/ 2 Ig:

Note that although both operators are denoted by �0, there is usually no danger of
confusion, as it is clear from the context whether we are dealing with a set of objects
or a set of attributes.
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A pair .A; B/ is called a formal concept of K if and only if A0 D B and B0 D A.
The set A is then called the extent and B is called the intent of the formal concept
.A; B/, respectively. Indeed, for each set A � G, the set A is an extent of K if and
only if A00 D A. The set of all formal concepts of K is denoted by B.K/.

Let us point out the connection of formal concepts to cliques in bipartite graphs:
for any formal context K emerging from a bipartite graph, every formal concept of
K corresponds to a maximal bi-clique in the graph and vice versa.

On the set of all formal concepts B.K/ we can define a natural order as follows.
Let .A1; B1/; .A2; B2/ 2 B.K/. Then we say that .A2; B2/ is more general than
.A1; B1/, in symbols .A1; B1/ � .A2; B2/, if and only if A1 � A2. While this
definition looks rather asymmetric at first, it turns out that .A1; B1/ � .A2; B2/ if and
only if B2 � B1. Moreover, the relation � is an order relation, and B.K/ together
with� forms a complete lattice, the concept lattice of K. Conversely, one of the first
results of formal concept analysis states that every complete lattice is isomorphic to
the concept lattice of some formal context. In this way, formal concept analysis acts
as a representation theory of complete lattices. Formal concept analysis also allows
to link lattice theory to relational data sets, as the latter can naturally be represented
as formal contexts. In this way, formal concept analysis makes accessible methods
from lattice theory for the study of relational data tables.

4 Individuality of Social Networks

We have motivated our notion of individuality by the uniqueness of user milieus.
Clearly, this motivation strongly depends on the particular interpretation of the word
“milieu”, and it is the purpose of this section to provide a formal definition for
it. Indeed, modeling a social network by a formal context suggests an immediate
definition that is both simple and, as we find, convincing.

Let K D .U; A; I/ be a formal context representing a social network. Then for
each user u 2 U we define the milieu of u simply as the set fug0 of attributes common
to u. Moreover, if V � U is a set of users, then the milieu of V is the set of attributes
common to all users in V , i.e., V 0. Using this definition of user milieus, we want
to measure the individuality of a social network K by the amount of milieus that
occur in K. Indeed, we shall be a bit more careful here, and propose a notion of
k-group individuality as a measure to quantify the number of milieus that occur
in K as the milieu of groups of size k, in the sense of how many of the milieus
occurring in our social network K define groups of size exactly k, compared to
the number of all groups of size k. Then, the more individuality a social network
contains, the more individual groups of a certain size can be defined through their
milieu. Conversely, if a social network is quite homogeneous, then defining certain
subgroups of individuals by their milieu is improbable.

This approach can naturally be rephrased in terms of formal concept analysis:
measuring individuality in K for user groups of size k is the question of how many
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subsets V � U with jVj D k can be expressed in terms of V D B0 for some B � A.
In other words, we ask for the number of extents of size k in K and use this number
to measure the k-group individuality in K. The following definition captures this
idea.

Definition 1 Let K D .U; A; I/ be a formal context. Define the set Extk.K/ as the
set of extents of K of size k, i.e.,

Extk.K/ :D fV � U j V D V 00; jVj D kg:

Then the k-group individuality gik.K/ of K is

gik.K/ :D jExtk.K/j
minf�jUj

k

�
; 2jAjg : (1)

Note that we also normalize by the factor minf�jUj
k

�
; 2jAjg, because this is the max-

imal number of k-groups definable by their milieu, and thus allows comparability
between individuality of different networks. The used normalization is not optimal,
as for k larger than 1 the value of gik.K/ rapidly decreases. However, so far the
authors are not aware of other normalization approaches.

On a side note, one may also consider the dual measure taking the intents of size
k, which would help to measure and describe the individuality of a social network
from the attribute point of view.

In terms of measuring the individuality in a social network, the value gi1.K/ is
of particular interest, as this is the percentage of users in this network uniquely
determinable by their milieu. In this case, we shall also talk about the user
individuality ui.K/ D gi1.K/ of a social network K.

Using our example from Fig. 1, we first compute the extent sets. As we see in
Fig. 2, the concept lattice consists of four elements (apart from the top and bottom
ones), and consequently there are four different extents. Indeed we obtain

Fig. 2 Formal concept lattice
for Kmisn

userC, userAopera userB

cabaret userDballet
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Ext1 D ffuserBgg;
Ext2 D ffuserB; userDg; fuserA; userCgg;
Ext3 D ffuserA; userB; userCgg:

Therefore, gi1.Kmisn/ D 1
4
, since only one user has a unique interest that is not

covered by another user. We also obtain gi2.Kmisn/ D 1
3
, demonstrating that in this

network the individuality of “pairs” of users is higher than for individual users.
Finally, gi3.Kmisn/ D 1

4
, showing that there is only one group of size three.

The network would be changed considerably if userC would have liked ballet
instead of cabaret. In this context, which we want to call misn’, there would be
three extents of size one and therefore gi1.Kmisn’/ D 3

4
. Additionally, the number

of extents of size two would be four, resulting in gi2.Kmisn’/ D 2
3
. In short, by not

being a copy of the interest of userA, userC can shift the individuality of the network
massively by one interest change.

A remark on computing k-group individuality is in order. From the very definition
of gik.K/, it seems as if computing this value requires to iterate through all subsets
of G of size k and check whether they are closed under �00. However, using methods
from formal concept analysis, the overall effort can be reduced to compute only
extents of size at most k. More precisely, the algorithm of Next-Closure [9] is able to
enumerate closed sets of arbitrary closure operators in a particular order. Exploiting
the fact that �00 is a closure operator allows us to compute all extents of K with
only polynomial overhead. Furthermore, Next-Closure can be extended to compute
only extents of size at most k, further reducing the overall computation costs. A
drawback is that Next-Closure cannot be extended to only compute extents of size
k, a disadvantage that is not of profound severity, since k-group individuality is
usually computed for values k D 1; 2; : : : ; ` up to some limit ` 2 N.

Note that group individuality also allows detecting the presence of large homo-
geneous groups, i.e., groups of users with the same milieu. Clearly, such a group of
size k exists if and only if gik.K/ > 0. In other words, the set

gid.K/ :D fk 2 N j gik.K/ > 0g

can be seen as a quantity for the individuality distribution in the social network
represented by K.

Finally, another aspect of group individuality that we want to consider in this
work is the question of how much information is necessary to define the milieu of
a group of size k. In terms of our modeling of social networks as formal contexts,
we reformulate the question to ask how many attributes are necessary on average to
define a unique group of size k that is itself identifiable through its unique milieu.
This gives rise to the following definition.
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Definition 2 Let K be a formal context and let k 2 gid.K/. Define the k-group
average milieu size amsk.K/ of K as

amsk.K/ :D 1

jExtk.K/j �
X

V2Extk.K/

jV 0j

For k 62 gid.K/ the value of amsk.K/ is not defined. It may be set to 0 in those
cases if this permits further calculations.

Average milieu size can be naturally linked to robustness of group individuality:
to deprive a group of k users of being definable in terms of their milieu, on average
amsk.K/ attributes have to be removed from the social network. Consequently,
if there are more than amsk.K/ attributes removed from the network, substantial
changes in the k-group individuality should be expected. Verifying this intuition is
not within the scope of this work, and is left for future work.

5 Experimental Results

To illustrate our definitions of measuring individuality in social networks, we shall
investigate seven different real-world social networks, introduced in Sect. 5.1. We
shall see in Sect. 5.2 that all these social networks are indeed small world networks.
In Sects. 5.3, 5.4, and 5.5, we examine group individuality, group individuality
distribution, and average milieu size of these networks. Finally, we discuss our
findings in Sect. 5.6.

5.1 Data and Modeling

In the following we provide short descriptions of the used data sets. The graph
properties of all mentioned graphs are summarized in Table 1.

Table 1 Investigated (bi-)partite graphs and their properties

Graph Vertices in U Vertices in V Edges Edge-density

GCM 40 25 95 0.095

GFB 899 522 7089 0.015

GALNM 111 134 480 0.032

GPLNM 607 209 5361 0.042

GAPLNM 79 188 903 0.061

GNB 1495 367 1746 0.003

GSW 18 14 89 0.35



Individuality in Social Networks 27

5.1.1 Club Membership Network (CM) [14]

This data set consists of a bipartite graph describing the affiliations of a set of
corporate executive officers to a set of social organizations. This graph consists
of 65 vertices representing 40 persons (UCM) and 25 organizations (VCM), as well
as 95 edges connecting them. In the following we shall denote this graph by
GCM D .UCM [ VCM; ECM/.

5.1.2 Facebook-Like Forum Network (FB) [17]

This data set was created by using data from an online community of students from
the University of California, Irvine. By using a forum and posting messages to
various topics, the students and the topics constitute a bipartite social network. This
network consists of a set of 899 users (UFB) and a set of 522 topics (VFB) as well
as 7089 edges relating a topic to a user. We shall refer to the resulting graph as
GFB D .UFB [ VFB; EFB/.

5.1.3 Lange Nacht der Musik (LNM) [20]

This data set stems from an annual cultural event organized in the city of Munich
in 2013, the so-called Lange Nacht der Musik (Long Night of Music). The
corresponding network consists of two bipartite graphs and their intersection. All
three of them make use of the same set of vertices, consisting of 1159 users (ULNM)
and 212 distinct performances (VLNM).

The first graph records for some users their attendance to performances. We refer
to this attendance graph by GALNM D .VALNM [ UALNM; EALNM/, where VALNM �
VLNM and VALNM � VLNM.

The second graph represents the preferences of some users for where to go during
the event. We call this graph the preference graph and refer to it in the following as
GPLNM D .VPLNM [ UPLNM; EPLNM/, where VPLNM � VLNM, and VPLNM � VLNM.

Finally, by intersecting the vertex sets of GALNM and GPLNM and restricting
EALNM accordingly, we obtain a new graph GAPLNM that is the graph of performance
attendances where the preferences of the users were known beforehand.

5.1.4 Norwegian Board Members (NB) [21]

This data set was compiled to investigate interlocking directorates among 384 public
limited companies in Norway. This network consists of 367 companies (VNB), the
set of their 1495 directors (UNB), 1746 edges connecting them (ENB). We shall refer
to this bipartite graph by GNB D .UNB [ VNB; ENB/.
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5.1.5 Southern Women (SW) [24]

A systematic collection observing the social activities of 18 individual women
(USW) over a 9-month period. In this time they attended 14 events (VSW). We shall
refer to this graph data set by GSW D .USW; VSW; ESW/.

5.2 Small World Network Properties

Graphs arising from social networks empirically satisfy the small world network
property (SWP), i.e., they expose specific characteristics in terms of local clustering
and global separation [5, 25, 26]. With exception of the LNM and NB networks,
it is well known that all the networks mentioned in the previous section satisfy
SWP to a certain extent. It is the purpose of this section to remind the reader of
what those specific characteristics are and what particular values they exhibit on the
corresponding networks.

In dealing with networks based on bipartite graphs, so-called bi-modal networks,
it is common to employ projections to obtain the so-called uni-model social
networks that allow arbitrary links between vertices. While this approach may result
in unforeseeable difficulties [29, 30], we shall nevertheless employ it in our work.
The main reason for this is comparability: the methods from [26] only apply to
uni-modal networks, and projections were used to turn bi-modal networks into uni-
modal ones.

Given a bipartite network G D .U [ V; E/, we obtain the projection GU D
.U; EU/ of G by the following rule: whenever two users u1; u2 2 U share a common
neighbor in G, i.e., fu1; vg; fu2; vg 2 E for some v 2 V , then an edge in the projected
network GU will connect them, i.e., fu1; u2g 2 E. Then GU is an undirected graph
that corresponds to a uni-modal social network.

Since many observations of network properties are inherited from the network’s
degree distribution [13], it is common to validate the SWP of given networks
against a so-called null model: to confidently claim that a graph indeed represents
a small world social network, the values for local clustering and social separation
in the null model should not be larger than in the original network. Here a null
model for a uni-modal projection of the bipartite social network is represented
by a graph that possesses an identical vertex degree distribution but otherwise
consists of random connections between the vertices only. To obtain such a null
model, we employ the algorithm from [11], which shuffles the edges of the original
projection of the bipartite social network while preserving the degree of every
vertex. In order to obtain a valid null model, i.e., independent from the edges of
the input graph, we shuffle for at least 100 times the number of edges in the input
graph [15].

In the following we shall explain in detail how global separation and local
clustering are measured by means of average shortest path length and average local
clustering coefficients.
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5.2.1 Average Shortest Path

A path from u to w in a graph is a sequence of n 2 N vertices successively connected
by edges. The length of such a path is n. A shortest path between nodes u and v is a
path of minimal length that starts at u and ends at v.

A social network possessing the small world property must exhibit an average
shortest path length (ASP) that is low compared to the size of the network. For
example, the follower graph of twitter has an average path length of about 4:17 [16],
the internet router network has a value of 9:51 [23], and the southern women data
set has a value of 1:09 [8].

The results we obtained in our experiment are listed in Table 2. All mentioned
bipartite networks exhibit a low average shortest path length in their projected
graphs. The numbers vary from 2.01 for the attendance network of LNM to 1.09
in the Southern Women data set. Moreover, in almost all cases the corresponding
null model features about the same average shortest path length, as expected
for small world social networks, with the only exception being the Norwegian
Board Membership graph. For this network the value increases by about 15%. The
exceptionality of NB among all data sets will prevail in the later measures.

5.2.2 Average Local Clustering Coefficient

Intuitively, a social network possesses a high local clustering, i.e., users that are
connected to a particular user are also likely to be connected themselves. Local
clustering in networks is measured by introducing a particular quantity called the
average local clustering coefficient (ALCC) [26], and every social network must
have a comparably high value for this parameter.

The average local clustering coefficient for a graph G can be calculated using the
local clustering coefficients Ci for every vi by alcc.G/ D 1

n �
Pn

iD1 Ci, where

Ci D 2 � jffvj; vkg 2 E j vj; vk 2 Nigj
jNij � .jNij � 1/

and Ni :D fv 2 V j fvi; vg 2 Eg is the neighborhood of vi in G.

Table 2 Average shortest path lengths (ASP) and average local clustering coefficients (ALCC),
alongside the values in a corresponding null model (NM)

Graph # Edges Density ASP ASP:NM ALCC ALCC:NM

GCM 259 0.86 1.14 1.14 0.93 0.92

GFB 123,231 0.30 1.70 1.70 0.69 0.62

GALNM 1145 0.19 2.01 1.93 0.52 0.31

GPLNM 78,415 0.42 1.63 1.63 0.74 0.70

GAPLNM 586 0.20 1.58 1.58 0.71 0.64

GNB 421 0.01 1.34 1.55 0.20 0.01

GSW 138 0.90 1.09 1.09 0.94 0.93
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To get a feeling of what certain values of ALCC actually mean for social
networks, let us look at some examples: the aforementioned internet router network
has an ALCC of 0.03, see [26]. Hence, it would not be considered as a small
world social network. In comparison, the twitter followers network has an ALCC of
0.3 [16], which is bigger, but yet not high. Thus, twitter is a social network in which
the small world property is not pronounced that much. A good example for a social
network with a strong small world property is the one formed by actors using their
common movies, which has an ALCC of 0.79, see [26].

Table 2 shows the values of ALCC of the projections of our data sets and of a
corresponding null model. Here we observe values between 0.20 for NB and 0.94
for SW, and the values in the null model are lower than in the original networks.

5.2.3 Summary

The investigated data sets clearly exhibit small world network character, with excep-
tion of the Norwegian Board Member network, because of its low average local
clustering coefficient. Nonetheless, this is a social network, since it is derived from
real social data, showing that the heuristic of small world networks has its limits
when it comes to identifying social networks. Because of this, it will be even more
interesting to see the results for our new individuality measures on this network.

A drawback of our approach to identify small world networks is the usage
of projections to obtain uni-modal networks from bi-modal ones. Indeed, in the
literature bi-modal social networks are rarely analyzed without transforming them
into uni-modal networks, since there are only few methods that can be directly
applied to the former. With our new individuality measures we therefore hope to
provide a reliable new measure that can be directly applied to bi-modal networks.

5.3 Group Individuality

We present in Table 3 and Figs. 3 and 4 the values of k-group individuality for our
data sets for k D 1; 2; 3; 4. The largest value of 1-group individuality can be found
for the NB data set with 0.96. This was not expected due to the very low value of

Table 3 Experimental
results for gik for
k D 1; 2; 3; 4

Graph gi1 gi2 gi3 gi4
GCM 0.64 0.04 0.01 0.00

GFB 0.70 0.02 0.00 0.00

GALNM 0.91 0.02 0.00 0.00

GPLNM 0.69 0.02 0.00 0.00

GAPLNM 0.81 0.10 0.00 0.00

GNB 0.96 0.00 0.00 0.00

GSW 0.39 0.08 0.02 0.00
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ASP, which would imply many common neighbors and therefore high probability
for similar neighborhoods. A first guess could account the very low value of ALCC
for this, which is untypical for small world networks. Yet, if we consider ALNM
(ALCC of 0.52) and APLNM (ALCC of 0.71), we also observe very high values
for 1-group individuality. Hence, in our experiments ALCC does not seem to be
associated with 1-group individuality. This observation also carries over to 2-group
individuality.

In general, no correlation of 1-group individuality with ALCC, ASP, or the size
of the social network can be found in our results. This is particularly clear for
the networks FB and CM, whose k-group individuality is similar, but which are
very different in size. For 2-group individuality, the APLNM network shows the
highest value with 0.10, followed by SW with 0.08. Indeed, these two data sets
illustrate that there seems to be no connection between ALCC, ASP, or network
size with the k-group individuality, and there is also no indication that k-group
individuality depends in any way on the edge density of the network. Moreover, the
amount of deviation of the null model to a data set cannot be connected to k-group
individuality: the data sets of NB and APLNM are counterexamples to this, as both
are similar in their k-group individuality, but differ significantly in their deviation to
their null models. To sum up, all this substantiates our original intuition that group
individuality is a completely new and independent measure for social networks.

As can be seen from the values of group individuality, this measure allows us
to differentiate between the various networks by exhibiting qualitatively different
values. Moreover, we can see that in all cases increasing the value of k results in k-
group individuality to decrease significantly. This is indeed expected behavior from
the definition of group individuality, since the denominator in gik is growing rapidly
with k. However, from the perspective of understanding social networks, the low
values of gik for k � 1 might itself be seen as a necessary property for a small world
network: the formation of large groups definable by their milieu is something that
can hardly be expected. Indeed, large values of k-group individuality for values k >

1 are usually a sign for artificiality: it is easy to generate a formal context, and hence
a bi-modal network, with k-group individuality of 1 for k > 1, examples being fixed
row density contexts [6]. Those formal contexts, however, possess a lot of symmetry
and are thus highly artificial. On the other hand, in most of the investigated data
sets we can still observe some non-zero values for k D 2; 3, and those values could
represent intrinsic properties of the underlying network. Thus the presence of larger
groups definable by their milieu could also be associated as a necessary property of
social networks.

5.4 Individuality Distribution

In contrast to group individuality, group individuality distribution cannot be visual-
ized in the usual manner, since the latter is a set instead of a simple number. Instead,
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for every network represented by a formal context K, we computed gik.K/ for every
k from 1 up to the number of users G in the data set. We then identify the value
kmax < jGj such that kmax 2 gid.K/, i.e.,

kmax D max.gid.K/ n fjGjg/:

To visualize gid.K/, we then plot its indicator function 1fi2Nji<kmaxg.gid.K//. The
results are shown in Fig. 5.

The first thing we can read off from the diagrams is of course the corresponding
values of kmax, the size of the biggest individual group. Furthermore, the density of
lines in the plot signifies the existence of groups of various sizes in the network: the
more lines are present, the more groups of different sizes exist that are definable
through their milieu. From this perspective of its individuality distribution, we
perceive PLNM as special, compared to the other networks, because its individuality
distribution appears to be very dense. This is also the case for the SW network,
because with fourteen users the value for kmax of twelve is also very large. Moreover,
comparing PLNM with a data set of comparable size like FB, the structural
difference between these networks can be spotted easily: for PLNM the parameter
kmax is double as large as for FB. Therefore, even though both networks have
similar values for ASP, ALCC, and even for user individuality, the PLNM network
seems more interesting than the FB network with respect to their individuality
distributions. Indeed, we consider networks with a large value of kmax to be more
interesting from this point of view.

A more thorough examination reveals that none of the networks exhibits large
gaps in their individuality distribution. This is a bit surprising, because one may
have expected the existence of very large individual groups and also big gaps in the
individuality distribution to the smaller groups, but this is not the case. In general,
except for SW, no network exhibits big individual groups definable through their
milieu compared to the number of its users.

Finally let us point out that although APLNM is a sub-network of ALNM, their
individuality distributions are very similar, although their sizes differ significantly.
Based on this observation, one could conjecture that a large part of the individuality
of ALNM is already contained in APLNM, or put differently, that most of the
individuality of ALNM comes from the APLNM sub-network. However, this
conjecture requires further study that is not within the scope of this work.

5.5 Average Millieu Size

The results for our experiments on average milieu size are presented in Table 4
and Figs. 6 and 7. For every data set we computed amsk for k D 1; : : : ; 7. Indeed,
for comparing these results with the ones in Sect. 5.3, a maximal value of k D 4

would have been sufficient. Yet we observed an interesting peak for the CM data
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Table 4 Values of amsk for
k D 1; : : : ; 7

Graph ams1 ams2 ams3 ams4 ams5 ams6 ams7

GCM 4.25 3.50 2.50 1.75 1.00 3.00 2.00

GFB 9.80 3.33 2.55 2.18 1.98 1.69 1.59

GALNM 4.58 2.17 1.45 1.47 1.25 1.33 1.14

GPLNM 11.5 5.82 4.69 4.07 3.62 3.33 3.13

GAPLNM 13.7 5.04 3.39 2.65 2.21 1.91 1.69

GNB 4.97 1.31 1.12 1.00 1.00 1.00 1.0

GSW 7.14 5.23 3.85 2.70 2.43 2.00 2.0
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Fig. 6 Average milieu size (amsk) for CM, FB, NB, and SW data sets (from top left to right
bottom)

set, so we decided to show the result as seen. Additionally, we bounded for all plots
the maximal value of their y-axis to fourteen to make comparison between the data
sets easier.

Comparing the properties of the previous sections, as shown in Tables 1 and 2, to
the values of average milieu size in our data sets, again no immediate correlation is
visible, suggesting the independence of the introduced measure. In particular, a high
value of group individuality does not imply anything on the average milieu size and
vice versa. Moreover, the plot for the CM network reveals that, surprisingly, average
milieu size does not necessarily need to be monotone in k, as suggested by the other
plots.
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Fig. 7 Average milieu size (amsk) for ALNM, PLNM, and APLNM data sets (from top left to
right bottom)

Among the plots, the one for the NB network stands out for its low average
milieu size for groups of size k > 1: on average all k-groups have about one
attribute in common. Therefore, groups of two or more users rarely have an attribute
in common. It is important to point out that in particular the average clustering
coefficient is not able to represent this fact: compared to the NB network, the ALNM
network has similar average milieu sizes, but a significantly larger value for ALCC.

An interesting observation in the plots is the difference between average milieu
size for groups of size 1 compared to larger groups: there is usually a steep decline
from the value of ams1 to the one of ams2, say. One may consider a ratio between
these values as a measure of how different the milieus of users are compared to
those of larger groups of users.

Finally, as explained in Sect. 4, average milieu size can be perceived as a measure
for the robustness of the number of k-groups. For this we observe that the APLNM
data set reached a value of 14 for ams1, and hence the milieus of milieu-definable
users consist on average of 14 attributes. We consequently conjecture the robustness
of the user individuality in the APLNM network to be very high, but leave an
experimental validation of this hypothesis for future work.
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5.6 Discussion and Interpretation

The measures introduced in this work clearly represent facets of individuality in
social networks, and it was the purpose of this Sect. 5 to demonstrate the usability
and benefit of these quantities. To this end, we discussed various cases where the
classical notion of small world networks suggests that two social networks were very
similar, but where group individuality and its distribution revealed great structural
differences.

The authors can only conjecture the reasons that lead to the observed results. For
example, the very high user individuality in the NB network may be explained by
strict rules for appointing board members. Especially the very low average milieu
sizes for k > 1 lead to the impression that there are certain policies in place
preventing “clubs” across boards.

The LNM data sets are somewhat special, since they are all intertwined. For
example, each of them shows a high user individuality. Using k-group individuality,
one may deduce that single users that were tracked during the event were in general
more individual in their actions than the ones planning their evening. For the
APLNM network, where both attendance and preferences were known, we observe
values of user individuality between the ones of ALNM and PLNM. Yet, 2-group
individuality is significantly larger in APLNM than in ALNM and PLNM. An
interpretation could be that people who planned the evening beforehand are more
likely to spend the evening in pairs of two.

To summarize, we claim that the benefit from having an instrument like group
individuality is apparent. Furthermore, we assert that there is no method, known to
the authors, to get comparable information from a social network.

We want to close this section with a note on the practicability of our approach. We
refrained from giving concrete running times for our experiments, mostly because
our implementations of the proposed algorithms are preliminary. Showing these
values may nevertheless be worthwhile, in particular for arguing that our approach
can be applied in practice. Because of this, we show the running times of all our
experiments in Table 5. As can be seen from these numbers, the computation
times for our data sets never posed a serious problem for the feasibility of our

Table 5 Running times of
individual experiments, all
times in seconds

gi gid ams

GCM 10.06 9.94 9.84

GFB 170.67 212.94 210.18

GALNM 13.21 14.04 13.00

GPLNM 1330.58 2302.80 2327.90

GAPLNM 13.64 16.00 15.70

GNM 138.56 134.51 140.36

GSW 10.10 10.69 10.44
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approach. Moreover, all these running times can be greatly improved by using
optimized implementations specifically designed for the fast computation of all
formal concepts [1, 18].

6 Conclusions and Outlook

It was the purpose of this work to introduce a new measure on social networks
that incorporates the notion of individuality in social networks, an approach that
has not been examined before. For this we made use of ideas from formal concept
analysis to provide a notion of milieu definability. Based on this, we developed
in a natural way the notions of group individuality, individuality distribution, and
average milieu size. Conducting experiments on real-world data sets, we were
able to show that these new measures were both independent of previously known
metrics like ASP and ALCC and allowed differentiating further otherwise similar
networks. To sum up, we claim to have shown that the measures of individuality
introduced in this work are both natural and meaningful.

This work has only started the study of our individuality measures, and it has
not reached its end. For example, so far we have investigated individuality only on
real-world networks, where this notion has a natural interpretation. However, we
have not even started to look at individuality in networks that do not stem from real-
world networks, and we do not know what values of individuality to expect there. In
a similar vein, one could ask in how far group individuality is suitable to distinguish
real-world networks from artificial ones.

Another aspect that requires further research is the scaling factor for k-group
individuality. To improve comparability, we divide the number of extents of size k
by
�jGj

k

�
, the theoretical maximal number of such extents. Due to this scaling, k-group

individuality is always between zero and one. However, this maximum is never
achieved in practice and results in almost-zero values of k-group individuality for
larger values of k, making those values virtually useless. Finding a better approach
to scale k-group individuality is subject to further investigations.

In our experiments, the running times of our algorithms never posed a problem.
However, for larger networks, measuring group individuality can represent a
serious challenge: our methods require in the worst case the computation of the
whole concept lattice of the representing formal context, and this lattice can be
exponentially large. This somehow limits the usefulness of our approach, and
further investigations are necessary to explore the possibilities of measuring group
individuality of real-world networks.

The networks we have considered in this paper were bi-modal networks from
the start, and the actual modeling of finding a suitable attribute set was not an
issue. However, for uni-modal networks, finding a suitable set of attributes for a
contextual representation may be difficult. To what extent group individuality can
be adapted to this kind of networks remains an open problem and is subject to future
research.
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To establish the small world character of our used data sets, we employ
the approach of using null models—something we have not yet done for our
individuality measures. One of the main reasons for this is that generating null
models for bi-modal networks has received attention from the research community
only recently [19], and a proper evaluation is still missing.

A particular kind of social network that is not covered with our contextual
representation are the so-called tripartite networks, sometimes also called folk-
sonomies [12]. The corresponding structure in formal concept analysis is the one
of a triadic formal context, and generalizing group individuality to those structures
is also a promising line for future research.
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Descriptive Community Detection

Martin Atzmueller

1 Introduction

Subgroup discovery [6, 35, 67] aims at identifying interesting descriptive subgroups
contained in a dataset—from a compositional network analysis view, aiming at a
description given, e.g., by a set of attribute values. The subgroups are identified
in such a way that they are interesting with respect to a certain target property.
In the context of ubiquitous data and social media, interesting target concepts are
given, e.g., by binary variables for obtaining characteristic descriptions of certain
phenomena, densely connected graph structures (communities), or exceptional
spatio-semantic distributions [4, 8]. This directly bridges the gap to community
detection methods [26, 53, 69] that focus on structural aspects of a network/graph,
for finding densely connected subgroups of nodes.

This paper, an extended and significantly revised version of [5] presents an
organized picture of recent research in subgroup discovery and community detection
specifically focusing on attributed graphs. We start with the introduction of neces-
sary background concepts in Sect. 2. After that, we provide a compact overview
on prominent methods for community detection, and discuss the exceptional model
mining approach. Next, Sect. 3 describes recent work on mining attributed graphs
for description-oriented approaches. Then, Sect. 4 summarizes the COMODO
algorithm combining both community detection and subgroup discovery in a
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description-oriented approach [12, 21], for which we also describe an extension
for sequential pattern mining. Finally, we conclude with a summary and point out
interesting future directions in Sect. 5.

2 Subgroup Discovery

In general, subgroup discovery can be applied for any standard dataset in tabular
form in a straight-forward manner using available efficient algorithms, e.g., [6], as
implemented in the VIKAMINE [10, 13] platform. Also, for compositional analysis
of social networks, i.e., where nodes have attached attribute information, we can
directly apply subgroup discovery for identifying interesting subgroups of nodes
according to a given quality measure. The description space is then given by all
the compositional variables and their respective value domains. As we will see
below, it is also possible to combine a structural with a compositional analysis of
a network, resulting in description-oriented community detection using subgroup
discovery.

2.1 Patterns and Subgroups

Basic concepts used in subgroup discovery [6, 35, 67] are patterns and subgroups.
Intuitively, a pattern describes a subgroup, i.e., the subgroup consists of instances
that are covered by the respective pattern. It is easy to see that a pattern describes a
fixed set of instances (subgroup), while a subgroup can also be described by different
patterns, covering the subgroup’ instances. Below, we define these concepts more
formally.

A database D D .I; A/ is given by a set of individuals I and a set of attributes
A. A selector or basic pattern selaiDvj is a Boolean function I ! f0; 1g that is
true if the value of attribute ai 2 A is equal to vj for the respective individual.
For a numeric attribute anum whose range is divided into intervals ej D Œminj; maxj�

selectors selanum2ŒminjImaxj� can be defined for each interval ŒminjImaxj� in the domain
of anum. The Boolean function is then set to true if the value of attribute anum is
within the respective interval. The set of all basic patterns is denoted by S.

Definition 1 A subgroup description or (complex) pattern sd is given by a set
of basic patterns sd D fsel1; : : : ; sellg ; where seli 2 S, which is interpreted as a
conjunction, i.e., sd.I/ D sel1 ^ : : : ^ sell, with length.sd/ D l.

Without loss of generality, we focus on a conjunctive pattern language using
nominal attribute-value pairs as defined above in this paper; internal disjunctions
can also be generated by appropriate attribute-value construction methods, if
necessary [14]. We call a pattern p a superpattern (or refinement) of a subpattern ps,
iff ps � p.
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Definition 2 A subgroup (extension)

sgsd WD ext.sd/ WD fi 2 Ijsd.i/ D trueg

is the set of all individuals which are covered by the pattern sd.
As search space for subgroup discovery the set of all possible patterns 2S is

used, that is, all combinations of the basic patterns contained in S. Then, appropriate
efficient algorithms, e.g., [6] can be applied.

2.2 Interestingness of a Pattern

A large number of quality functions have been proposed in the literature, see [29]
for a comprehensive list, in order to estimate the interestingness of a pattern selected
according to the analysis task.

Definition 3 A quality function qW 2S ! R maps every pattern in the search space
to a real number that reflects the interestingness of a pattern (or the extension of the
pattern, respectively).

Many quality functions for a single target concept (e.g., binary [6, 35] or
numerical [6, 43]) trade off the size n D jext.sd/j of a subgroup for the deviation
tsd � t0, where tsd is the average value of a given target concept in the subgroup
identified by the pattern sd and t0 the average value of the target concept in the
general population. In the binary case, the averages relate to the share of the target
concept. Thus, typical quality functions are of the form

qa.sd/ D na � .tsd � t0/; a 2 Œ0I 1� : (1)

For binary target concepts, this includes, for example, the weighted relative
accuracy for the size parameter a D 1 or a simplified binomial function, for a D 0:5.
Multi-target concepts, e.g., [6, 20, 36, 37] that define a target concept captured by a
set of variables can be defined similarly, e.g., by extending a univariate statistical test
to the multivariate case, e.g., [20]: Then, the multivariate distributions of a subgroup
and the general population are compared in order to identify interesting patterns.

While a quality function provides a ranking of the discovered subgroup patterns,
often also a statistical assessment of the patterns is useful in data exploration. Qual-
ity functions that directly apply a statistical test, for example, the Chi-square quality
function, e.g., [6] provide a p-value for simple interpretation. However, the Chi-
square quality function estimates deviations in two directions. An alternative, which
can also be directly mapped to a p-value is given by the adjusted residual quality
function qr, since the values of qr follow a large standard normal distribution [3]:

qr D n.tsd � t0/ � 1
p

nt0.1 � t0/.1 � n
N /

(2)
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The result of top-k subgroup discovery is the set of the k patterns sd1; : : : ; sdk ;

where sdi 2 2S, with the highest interestingness according to the applied quality
function. A subgroup discovery task can now be specified by the five-tuple:
.D; c; S; q; k/ ; where c indicates the target concept; the search space 2S is defined
by the set of basic patterns S.

For several quality functions optimistic estimates [6, 31] can be applied for
determining upper quality bounds: Consider the search for the k best subgroups: If
it can be proven that no subset of the currently investigated hypothesis is interesting
enough to be included in the result set of k subgroups, then we can skip the
evaluation of any subsets of this hypothesis, but can still guarantee the optimality of
the result. More formally, an optimistic estimate oe.q/ of a quality function q is a
function such that p � p0 ! .oe.q//.p/ � q.p0/, i.e., such that no refinement p0 of
the pattern p can exceed the quality obtained by .oe.q//.p/.

2.3 Community Detection

Communities and cohesive subgroups have been extensively studied in social
sciences, e.g., using social network analysis methods [66]. Community detection
methods can be classified according to several dimensions, e.g., disjoint vs.
overlapping communities. Here, actors in a network can only belong to exactly
one community, or to multiple communities at the same time. Furthermore, we
distinguish between methods that work on extended (attributed) graphs, i.e., includ-
ing descriptive information about the nodes. Below, we provide an overview on
representative methods, including several basic methods working on simple graphs.
After that, we elaborate on methods for detecting overlapping communities, before
we focus on descriptive methods.

2.3.1 Basics of Community Detection

Wasserman and Faust [66] discuss social network analysis in depth and pro-
vide an overview on the analysis of subgroups/communities in graphs, including
clique-based, degree-based, and matrix-perturbation-based methods. Furthermore,
several algorithms for community detection have been proposed, formalizing the
notions of interesting community structures, and introducing the modularity quality
measure [51–53]. Fortunato [26] presents a thorough survey on the state-of-
the-art community detection algorithms in graphs, focusing on detecting disjoint
communities.

For assessing the quality of a community, usually not only the density of the com-
munity is assessed but also the connection density of the community is compared to
the density of the rest of the network [53]. For the modularity measure the number
of connections within the community is compared to the statistically “expected”
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number based on all available connections in the network. Besides modularity,
prominent examples of community quality measures include, for example, the
segregation index [27] and the inverted average out-degree fraction [70].

2.3.2 Detecting Overlapping Communities

Overlapping communities allow an extended modeling of actor–actor relations in
social networks: Nodes of a corresponding graph can then participate in multiple
communities. This is also typically observed in real-world networks regarding
different complementary facets of social interactions [55]. A general overview on
algorithms for overlapping community detection is provided by Xie et al. [69].
For example, clique percolation methods proposed in [55, 56] detect k-cliques and
then merge them into overlapping communities. Xie and Szymanski [68] present
methods that extend the idea of label propagation [58]. Lancichinetti et al. [40]
describe an approach for overlapping and hierarchical community structure using
a local community metric. The presented metric itself is computed locally but still
assesses a global clustering. Further statistical and local optimization algorithms
include the COPRA [30] algorithm by Gregory using label propagation of neighbor-
ing nodes until a consensus is reached, and the MOSES [46] algorithm by McDaid
and Hurley using statistical model-based techniques. Concerning quality measures,
extensions of the modularity metric for handling overlapping communities are
described in [45, 50, 54].

2.4 Exceptional Model Mining

A general framework for multi-target quality functions in subgroup discovery is
given by exceptional model mining [6, 41]: It tries to identify interesting patterns
with respect to a local model derived from a set of attributes. The interestingness
can be defined, e.g., by a significant deviation from a model that is derived from the
total population or the respective complement set of instances within the population.

In general, a model consists of a specific model class and model parameters
which depend on the values of the model attributes in the instances of the respective
pattern cover. The quality measure q then determines the interestingness of a
pattern according to its model parameters. Following [42], we outline some simple
examples below, focusing on relations between pairs (correlation) and sets of
variables (logistic regression):

• A relatively simple example for an exceptionality measure considers the task of
identifying subgroups in which the correlation between two numeric attributes
is especially strong, e.g., as measured by the Pearson correlation coefficient.
This correlation model class has exactly one parameter, i.e., the correlation
coefficient.
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• Furthermore, using a simple linear regression model, we can compare the slopes
of the regression lines of the subgroup to the general population or the subgroups’
complement. This simple linear regression model shows the dependency between
two numeric variables x and y: It is built by fitting a straight line in the two
dimensional space by minimizing the squared residuals ej of the model:

yi D aC b � xi C ej

The slope

b D cov.x; y/

var.x/

computed given the covariance cov.x; y/ of x and y, and the variance var.x/ of x
can then be used for identifying interesting patterns [41].

• The logistic regression model is used for the classification of a binary target
attribute y 2 T from a set of independent binary attributes xj 2 T n y; j D
1; : : : ; jTj � 1. The model is given by:

y D 1

1C e�z
; z D b0 C

X

j

bjxj :

Interesting patterns are then those, for example, for which the model parameters
bj differ significantly from those derived from the total population.

Considering network structures, we can also adapt exceptional model mining to
that setting. Essentially, it can be regarded as a description-oriented approach for
assessing network structures, if the patterns are used to induce graphs or subgraphs.
As we will discuss below, we can then also apply exceptional model mining for
descriptive community detection, in essence combining subgroup discovery and
community detection into a unified approach.

Below, we first outline a quality function for comparing graph structures that
correspond to individual patterns (QAP). After that, we discuss quality functions
used in community detection in order to assess subgraphs that are induced by some
criterion, e.g., by a descriptive pattern.

For some notation, we follow the notions presented in [21]: As outlined above,
the concept of a community intuitively describes a group C of individuals out of
a population such that members of C are strongly “related” among each other but
weakly “related” to individuals outside of C. By intuition, this relates, for example,
to strongly connected groups of actors in social networks. This idea translates to
communities as vertex sets C � V of a graph G D .V; E/. To determine the amount
of relatedness (or connectedness, and thus, the community quality of such a subset)
several measures have been proposed.
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For further concepts regarding our terminology and also the standard community
quality functions outlined below, we follow the notation introduced in [21]: For
a given undirected graph G D .V; E/ and a community C � V: n WD jVj, let
m WD jEj, nC WD jCj, mC WD jffu; vg 2 E W u; v 2 Cgj—the number of intra-edges
of C, and NmC WD jffu; vg 2 E W jfu; vg \ Cj D 1gj—the number of inter-edges of
C. Here, it is also convenient to introduce an inter-degree for a node u 2 C (that
depends on the choice of C) by NdC.u/ WD jffu; vg 2 E W v … Cgj, counting the
number of edges between u and nodes outside of C, and d.u/ DWD jffu; vg 2 Egj is
the degree of node u.

There is a wide range of different community evaluation functions 2V ! R

for estimating the community quality. In the context of this paper, we focus on
maximizing local quality functions for single communities (which are induced by
specific patterns). Therefore, we consider the inverse of a quality measure in those
cases, where the measure itself indicates higher quality by lower values.

• Concerning network structures, we can compare adjacency matrices induced
by a specific pattern, see [7]. For the assessment we can apply, for example,
the quadratic assignment procedure [39] (QAP): it is a standard approach for
comparing network structures, e.g., using a graph correlation measure: For
comparing two graphs G1 and G2, it estimates the correlation of the respective
adjacency matrices M1 and M2 and tests that graph level statistic against a QAP
null hypothesis [39].

QAP compares the observed graph correlation of (G1; G2) to the distribution
of the respective resulting correlation scores obtained on repeated random row
and column permutations of the adjacency matrix of G2. As a result, we obtain
a correlation and a statistical significance level according to the randomized
distribution scores.

For deriving a quality measure based on QAP and graph correlation, we
compare the reference matrix MN and the matrix MP for pattern P:

qQ.P/ D QAP.MN ; MP/ D cov.MN ; MP/
p

var.MN/ � var.MP/
;

where MN is the transition matrix induced by some reference model (see [7, 24]),
and MP is the transition matrix induced by pattern P, cov indicates the covariance
of the matrices, and var.M/ D cov.M; M/ the variance.

For an in-depth description of QAP, we refer to [39]. Furthermore, for the
transition matrix, we refer to [23, 24] for more details on the matrix construction
step.

• Regarding the quality of a subgraph induced by a pattern, we can adapt the
well-known modularity measure to the idea of assessing the induced subgraph
captured by a local pattern, i.e., a community pattern (with an associated
subgroup description).
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In general, the modularity MOD [51–53] of a graph clustering with k com-
munities C1; : : : ; Ck � V focuses on the number of edges within a community
and compares that with the expected such number given a null-model (i.e., a
corresponding random graph where the node degrees of G are preserved). It is
given by

MOD D 1

2m

X

u;v2V

�
Au;v � d.u/ d.v/

2m

�
ı.C.u/; C.v// ; (3)

where C.i/ denotes for i 2 V the community to which node i belongs.
ı.C.u/; C.v// is the Kronecker delta symbol that equals 1 if C.u/ D C.v/, and
0 otherwise. So, the modularity assesses the community quality of a graph par-
titioning, but can also be adapted to overlapping communities, e.g., [45, 50, 54]
for considering the complete graph structure.

For exceptional model mining, however, we need to consider individual
patterns. In order to focus on a subgraph induced by a pattern, the modularity
contribution of a single community C in a local context (subgraph induced by
the nodes contained in the community C) can then be computed [52, 54] as:

MODL.C/ D 1

2m

X

u;v2C

�
Au;v � d.u/ d.v/

2m

�
;

yielding

MODL.C/ D 2mC

2m
�
X

u;v2C

d.u/ d.v/

4m2
D mC

m
�
X

u;v2C

d.u/ d.v/

4m2
:

• The segregation index SIDX [27] is another prominent measure from community
detection. It focuses on the local contribution of the pattern, and compares
the number of expected inter-edges to the number of observed inter-edges,
normalized by the expectation:

SIDX.C/ D E. NmC/ � NmC

E. NmC/
D 1 � NmCn.n � 1/

2mnC.n � nC/
(4)

• Finally, the Inverse Average-ODF (out-degree fraction) IAODF [70] captures the
basic intuition of a community regarding the contained vs. the outgoing edges
discussed above. As another local measure, IAODF compares the number of
inter-edges to the number of all edges of a community C, and averages this for
the whole community by considering the fraction for each individual node:

IAODF.C/ WD 1 � 1

nC

X

u2C

NdC.u/

d.u/
(5)
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3 Community Detection and Description

While the community detection methods described above only focus on the graph
structure, richer graph representations, i.e., attributed graphs, enable approaches
that specifically exploit the descriptive information of the labels assigned to nodes
and/or edges of the graph. Nodes of a network representing users, for example, can
be labeled with tags that the respective users utilized in social bookmarking systems,
or nodes (denoting actors) can be labeled with properties of the latter. Then, explicit
descriptions for the characterization of a community can be provided.

Concerning methods that focus on such descriptions in general, an approach
for community detection using features identified by frequent pattern mining is
presented in [1]; closed frequent patterns are derived and are then used for creating a
social network model based on an entropy analysis. However, the network structure
itself is not exploited. Similarly, [63] extracts subgraphs with common itemsets.
Given a labeled graph, itemset-sharing subgraphs can then be enumerated. However,
this approach also does not consider the density of graphs, nor any community
measures.

Focusing on methods for generating explicit descriptions connected with the
graph structure, we distinguish between two types of approaches: first, methods
that mainly work on the graph structure but apply descriptive information for
restricting the possible sets of communities; second, methods that mine descriptive
patterns for obtaining community candidates evaluated using the graph structure.
As a representative of the first type, the concepts of dense subgraphs and subspace
clusters for mining cohesive patterns are combined in [49].

Starting with quasi-cliques, these are expanded until constraints regarding the
description or the graph structure are violated. Similarly, [32] combines subspace
clustering and dense subgraph mining, also interleaving quasi-clique and subspace
construction. As an example for the second type outlined above, [28] proposes
an approach for the problem of finding overlapping communities in graphs and
social networks that aims at detecting the top-k communities such that the total
edge density over all k communities is maximized. The three algorithmic variants
proposed in [28] apply a greedy strategy for detecting dense subgroups, and restrict
the result set of communities, such that each edge can belong to at most one
community. This partitioning involves a global approach on the community quality.
Furthermore, [64] study the correlation between attribute sets and the occurrence of
dense subgraphs in large attributed graphs. The proposed method considers frequent
attribute sets using an adapted frequent item mining technique, and identifies
the top-k dense subgraphs induced by a particular attribute set, called structural
correlation patterns. The DCM method presented in [57] includes a two-step process
of community detection and community description. A heuristic approach is applied
for discovering the top-k communities. Pool et al. utilize a special interestingness
function which is based on counting outgoing edges of a community similar to the
IAODF measure; for that, they also demonstrate the trend of a correlation with the
modularity function.
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Furthermore, the COMODO algorithm [21] that we summarize in the next
section combines community detection and subgroup discovery resulting in a
description-oriented approach. By specifying a standard quality function the quality
of the communities to discover can be estimated. Then, this quality function can be
specifically selected according to the analysis task.

4 Community Detection Using Exceptional Model Mining

For providing both structurally valid and interpretable communities we utilize the
graph structure as well as additional descriptive features of the nodes. Hence, we
identify communities as sets of nodes together with a description composed of the
nodes’ features. Such a community pattern then provides an intuitive description of
the community, e.g., by an easily interpretable conjunction of attribute-value pairs.
Basically, we aim at identifying communities according to standard community
quality measures. Below, we first provide an algorithmic overview on the approach
and summarize exemplary evaluation results. After that, we sketch the application
of the algorithm for community detection on dynamic networks, i.e., for identifying
exceptional sequential patterns.

4.1 COMODO: Description-Oriented Community Detection

Below, we summarize the COMODO algorithm presented in [21]: It focuses on
description-oriented community detection using subgroup discovery, and aims at
discovering the top-k communities (described by community patterns). The method
is based on an adapted subgroup discovery approach [12, 42], and also tackles
typical problems that are not addressed by standard approaches for community
detection such as pathological cases like small community sizes. COMODO utilizes
optimistic estimates [31, 67], which are efficient to compute, in order to prune the
search space significantly. For that, a number of standard community evaluation
functions have been applied using optimistic estimates for an efficient approach.

4.1.1 Algorithmic Overview

COMODO utilizes both the graph structure and descriptive information of the
attributed graph. This information is contained in two data structures: The graph
structure is encoded in graph G while the attribute information is contained in
database D describing the respective attribute values of each node. In a preprocess-
ing step, we merge these data sources. Since the communities considered in our
approach do not contain isolated nodes, we can describe them as sets of edges. We
transform the data (of the given graph G and the database D containing the nodes’
descriptive information) into a new dataset focusing on the edges of the graph G:
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Each data record in the new dataset represents an edge between two nodes. The
attribute values of each such data record are the common attributes of the edge’s
two nodes. For a more detailed description, we refer to [21].

COMODO utilizes an extended FP-tree (frequent pattern tree) structure inspired
by the FP-growth algorithm, which compiles the data in a convenient prefix pattern
tree structure for mining frequent itemsets, see [2] for a detailed description. Our
adapted tree structure is called the community pattern tree (CP-tree) that allows to
efficiently traverse the solution space. The tree is built in two scans of the graph
dataset and is then mined in a recursive divide-and-conquer manner, see [9, 42] for
more details. In the main algorithmic procedure of COMODO, patterns containing
only one basic pattern are mined first. Then, patterns conditioned on the occurrence
of a (prefixed) complex pattern (as a set of basic patterns, chosen in the previous
recursion step) are considered recursively. For more algorithmic details, we refer
to [21]. As described there, we can apply standard quality functions efficiently using
optimistic estimates, e.g., for the modularity or the segregation index, see [21] for
more details.

4.1.2 Illustrative Evaluation Results

Below, we present illustrative evaluation results [21] considering the efficiency
of the applied optimistic estimates, and the validity of the obtained patterns. For
that, we compared the total number of search steps, that is community allocations
that are considered by the COMODO algorithm, with no optimistic estimate
pruning to optimistic estimate pruning using different community quality measures.
Additionally, we measured the impact of using different minimal community size
thresholds. Some results are shown in Fig. 1 for the BibSonomy click graph for
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Fig. 1 Runtime performance of COMODO on the BibSonomy click graph, see [21] for more
details: search steps with no optimistic estimate pruning (NOP) vs. community quality functions
with optimistic estimate pruning: MODL (Local modularity), SIDX (Segregation Index), and
IAODF (Inverse Average-ODF), for minimal size thresholds �n D 10; 20
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k D 10; 20; 50 and minimal size thresholds �n D 10; 20. We consider a number
of standard community quality functions, that is, the segregation index, the Inverse
Average-ODF, and the modularity.

The large, exponential search space can be exemplified, e.g., for the click graph
with a total of about 2 � 1010 search steps for a minimal community size threshold
�n D 10. The results demonstrate the effectiveness of the proposed descriptive
mining approach applying the presented optimistic estimates. The implemented
pruning scheme makes the approach scalable for larger datasets, especially when
the local modularity quality function is chosen to assess the communities’ quality.
Concerning the validity of the patterns, we focused on structural properties of
the patterns and the subgraphs induced by the respective community patterns. We
applied the significance test described in [38] for testing the statistical significance
of the density of a discovered subgraph. Furthermore, we compared COMODO
to three baseline community detection algorithms [30, 46, 57], where COMODO
consistently shows a significantly better performance concerning validity and
description length; for more details, we refer to [21].

4.2 Sequential Pattern Analysis: Detecting Exceptional
Link Trails

In addition to static community detection, we can also consider temporal aspects,
i.e., focusing on sequences of states or events which can be applied for a variety
of analysis ranging from the analysis of human behavior [23] to industrial appli-
cations [24]. In an extended modeling approach, we can map transitions between
states to a weighted network, according to a first-order Markov chain model. Below,
we outline an approach for detecting exceptional sequential link trails captured by
community patterns, see [7] for a detailed description.

As before, our subject of analysis is given by an attributed graph that models the
link trails in the following way: Nodes of the graph denote actors of a social network,
e.g., users of a social system or locations in a location-based social network. The
edges of the graph model the links between the nodes (as transitions). As a simple
example, we can consider a set of users and a set of locations. Each user visits a
sequence of locations—in a location-based social network. Then, we are interested
in modeling these sequences (of locations), and in detecting exceptional groups of
transitions (between locations) w.r.t. users and their properties, respectively.

At a music event festival, for example, possible characterizing factors describing
certain users groups could be specific music genres. Here, exceptional patterns could
include, for example, users being interested in rock music and dance visiting only a
very specific selection of performances in characteristic sequences, compared to the
behavior of all users and their sequential link trails. Essentially, we apply descriptive
community detection (e.g., using COMODO) on the attributed graph, where the
edges indicate transitions between states according to a first-order Markov chain
modeling approach [44, 65].
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4.2.1 Modeling

For our attributed graph model, we label the links according to the descriptive
information of the sequential trail. Then, we identify exceptional community
patterns based on the labels and structure of the contained links using exceptional
model mining. In particular, we assess a pattern capturing a set of nodes that model
the state space of the respective transitions.

For constructing a reference model, we construct transition matrices corre-
sponding to the observed data. For those observed sequences we can simply
construct transition matrices counting the transitions between the individual states.
We construct an according matrix MN with mN

ij D jsuc.i; j/j ; where suc.i; j/ denotes
the successive sequences from state i to state j contained in the sequence.

A community pattern P induces a subgraph (community) CP given a set of
labels P, selecting all links that are covered, i.e., that share a label contained in
P. Then, all transitions in the matrix MN are selected (corresponding to a set of
links of the network) that are covered by the pattern P. Using that, we construct
an according transition pattern matrix MP based on the respective counts of the
covered transitions. Intuitively, the matrix MP can then be regarded as some kind
of “projection” of matrix MN given the pattern P using our modeling approach. In
the simplest case, we can just transfer the weighted links of the subgraph CP. For
identifying exceptional models (MP induced by P) we can then apply, e.g., the QAP
quality function qQ.P/ D QAP.MN ; MP/ introduced above.

4.2.2 Results

For some illustrative results (see [7] for more details), we utilized data from the
EveryAware1 project, e.g., [19]. Specifically, we focused on collectively orga-
nized noise measurements collected using the WideNoise Plus application between
December 14, 2011 and June 6, 2014, see [20] for more details. WideNoise Plus
allows the collection of noise measurements using smartphones. It includes sensor
data from the microphone given as noise level in dB(A), the location from the GPS-,
GSM-, and WLAN-sensor represented as latitude and longitude coordinate, as well
as a timestamp. In addition, tags can be assigned to the recording. We collected data
from all around the world using iOS and Android devices.

In total, the applied dataset contains 6069 data records, i.e., noise measurements
of 635 users (i.e., 635 trails, with an average trail length of about 10) and 2009
distinct tags. Table 1 shows exemplary exceptional conforming and deviating
patterns using qQ as quality measure. In addition, it shows the sizes of the covered
subsets. From a qualitative point of view, the patterns shown in the table are intuitive

1http://www.everyaware.eu.

http://www.everyaware.eu
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Table 1 Illustrative
exceptional
conforming/deviating
community patterns for
WideNoise Plus

# qQ Size Description

1 0.94 5078 Traffic

2 0.89 3990 Car

3 0.76 3326 Noise

4 0.43 707 Bird ^ courtyard

5 0.24 600 Background ^ quiet

Patterns #1–#3 tend rather to conform to
the reference model (especially #1 and
#2), while patterns #4–#5 (increasingly)
show a deviating behavior

to interpret and also tend to conform to our expectations concerning the reference
behavior of the dataset, where we can clearly identify deviations concerning noisy
and relatively quiet environments.

5 Conclusions

In this paper, we have presented an organized view on descriptive community
detection. Specifically, we described subgroup discovery for compositional network
analysis concerning properties of the actors, with extensions to the analysis of
complex target concepts like correlations between a set of variables, or dense
subgraphs—captured by exceptional model mining approaches. Then, this directly
extends to community detection on attributed graphs. In particular, we summarized
the COMODO algorithm that combines community detection and exceptional
model mining, resulting in a description-oriented approach for community analytics.
We furthermore sketched an extension to dynamic data, considering sequential pat-
terns capturing exceptional sequential link trails. This adds one further dimension to
the descriptive approaches, by considering by static as well as dynamic phenomena,
and enables the modeling and investigation of complex analysis tasks.

For future work, we aim to extend the analysis towards further time-oriented
representations, e.g., considering sequences of graphs, and the evolution of commu-
nities, e.g., [33, 34]. Also, we aim to integrate and exploit methods for generating
descriptions and the respective relations in link analytics, e.g., in link predic-
tion [60–62] on multiplex networks. Then, besides the detection of communities,
also their analysis and assessment in the form of descriptive patterns is highly
relevant, e.g., [11, 15, 17, 18] also concerning their semantic grounding [47, 48], and
integration into explanation-aware approaches [16, 25, 59]. Furthermore, developing
scalable methods for enabling such approaches for large and complex datasets,
e.g., [22, 42] is another interesting direction for future work.
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Multimodal Clustering for Community
Detection

Dmitry I. Ignatov, Alexander Semenov, Daria Komissarova,
and Dmitry V. Gnatyshak

1 Introduction

Online social networking services generate massive amounts of data, which can
become a valuable source for guiding Internet advertisement efforts or provide
sociological insights. Each registered user has a network of friends as well as
specific profile features. These profile features describe the user’s tastes, prefer-
ences, the groups he or she belongs to, etc. Social Network Analysis (SNA) is
a popular research field in which methods are developed for analysing one-mode
networks, like friend-to-friend,1 two-mode or affiliation networks [57, 60, 69], three-
mode [10, 20, 38, 46, 66], and even multi-mode dynamic networks [75, 76, 81, 89].
By multi-mode networks we mean namely such networks where actors can be
related with other types of entities by edges like those between users and their
interests in two-mode case or by hyperedges like those relating users, tags, and
resources in three-mode case; sometimes such networks are called heterogeneous
since different types of nodes are involved [48]. We focus on the subfield of
bicommunity identification and its higher order extensions. Thus, in particular, we
present tri- and tetracommunities examples extracted from real data. For one-mode
case a reader may refer to an extensive survey on community detection [21].

1www.https://en.wikipedia.org/wiki/Friend-to-friend.
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The notion of community in SNA and Complex Networks is closely related to the
notion of cluster in Data Analysis [3, 21]. There is the main issue in both disciplines:
what is a common definition of community and what is a common definition of
cluster? On the one hand, it is clear that actors from the same community should be
similar as well as objects in one cluster; on the other hand, these actors (or objects)
should be less similar to actors (or objects) from another community (or cluster).
This general idea allows a variety of definitions suitable for concrete purposes in
both domains [3, 21, 63].

There is a large amount of network data that can be represented as bipartite
or tripartite graphs. Standard techniques for community detection in two-mode
networks like “maximal bicliques search” return a huge number of patterns (in the
worst case exponential w.r.t. the input size) [56, 77]. Moreover, not all members
of such bicommunities should be related to the same items, for example, exactly
the same vocabulary used by each member in case of epistemic communities.
Therefore we need some relaxation of the biclique notion as well as appropriate
interestingness measures and constraints for mining and filtering such “relaxed”
biclique communities.

Applied lattice theory provides us with the definition of formal concept [27],
which is closely related to maximal biclique in a bipartite graph; formal concepts
and concept lattices (or Galois lattices) are widely known in the social network
analysis community (see, e.g., [19, 23, 24, 65, 77, 86]). However, these methods
are overly rigid for analysing large amounts of data resulting in a huge number of
concepts even if their computation is feasible.

A concept-based bicluster (or object-attribute bicluster) [37] is a scalable approx-
imation of a formal concept (maximal biclique in a bipartite graph). The advantages
of concept-based biclustering are

1. Less number of patterns to analyse (no more than the number of edges in the
original network);

2. Less computational time (polynomial vs exponential);
3. Tolerance to missing (object, attribute) pairs;
4. Filtering of biclusters (communities) by density threshold.

In general, the method of biclustering dates back to the seminal work of Hartigan
on the so-called direct clustering [31], where clusters of objects may appear sharing
only a subset of attributes. The term biclustering was introduced later in the book of
Mirkin [63]:

The term biclustering refers to simultaneous clustering of both row and column sets in a
data matrix. Biclustering addresses the problems of aggregate representation of the basic
features of interrelation between rows and columns as expressed in the data.

Following this terminology, formal concepts can be considered as maximal
inclusion biclusters of constant values in binary data [49], whereas their relaxations
tolerant to missing object-attribute pairs can be called object-attribute biclusters
[37, 39].

There are several successful attempts to mine two-mode [51, 78], three-mode
[46], and even four-mode communities [47] by means of Formal Concept Analysis.
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For analysing three-mode network data like folksonomies [83] we have also
proposed a scalable triclustering technique [40, 45].

These studies for higher-mode cases were enabled by the previous introduction of
the so-called triconcepts by Lehman and Wille [58, 87]; a formal triconcept consists
of three components: extent (objects), intent (attributes), and modus (conditions
under which an object has an attribute). It is a matter of curiosity, but such
triconcepts had been used for analysing triadic data in social cognition studies [52]
before their formal introduction. Later, a polyadic (or multimodal) extension of FCA
was introduced in [85].

Previously, we have introduced a pseudo-triclustering technique for tagging
groups of users by their common interests [28]. This approach differs from
traditional triclustering methods because it relies on the extraction of biclusters from
two separate object-attribute tables and rather belongs to methods for analysing
multi-relational networks. Here we investigate applicability of biclustering and
triclustering (as well as n-clustering, its higher-mode extension) to community
detection in two-, three-, and higher-mode networks directly.

The remainder of the paper is organised as follows. In Sect. 2, we introduce
basic notions of Formal Concept Analysis. Section 3 describes object-attribute
biclustering and its direct generalisations to higher dimensions. Section 4 briefly
discusses a variety of quality measures used in clustering, FCA, and SNA domains
and their interrelation with multimodal clustering. In Sect. 5, we describe datasets
which we have chosen to illustrate the performance of the approach. We present
the results obtained during experiments on these datasets in Sect. 6. Related work
is discussed in Sect. 7, while Sect. 8 concludes our paper and describes some
interesting directions for future research.

2 Basic Definitions

2.1 Formal Concept Analysis

A formal context in FCA [27] is a triple K D .G; M; I/, where G is a set of objects,
M is a set of attributes, and the relation I � G � M shows which object possesses
which attribute. For any A � G and B � M one can define Galois operators:

A0 D fm 2 M j gIm for all g 2 Ag;
B0 D fg 2 G j gIm for all m 2 Bg: (1)

The operator 00 (applying the operator 0 twice) is a closure operator: it is
idempotent (A0000 D A00), monotone (A � B implies A00 � B00), and extensive
(A � A00). The set of objects A � G such that A00 D A is called closed. Similar
properties are valid for closed attribute sets, subsets of a set M. A pair .A; B/ such
that A � G, B � M, A0 D B, and B0 D A, is called a formal concept of a context
K. The sets A and B are closed and called extent and intent of a formal concept



62 D.I. Ignatov et al.

.A; B/, respectively. For the set of objects A the set of their common attributes A0
describes the similarity of objects of the set A, and the closed set A00 is a cluster of
similar objects (with the set of common attributes A0). The relation “to be a more
general concept” is defined as follows: .A; B/ � .C; D/ iff A 	 C. The concepts of a
formal context K D .G; M; I/ ordered by extensions inclusion form a lattice, which
is called concept lattice. For its visualisation line diagrams (Hasse diagrams) can
be used, i.e. the cover graph of the relation “to be a more general concept”. In the
worst case (Boolean lattice) the number of concepts is equal to 2fmin jGj;jMjg, thus,
for large contexts, to make application of FCA machinery tractable the data should
be sparse. Moreover, one can use different ways of filtering formal concepts (for
example, choosing concepts by their stability index or extent size).

Let us consider a formal context K that consists of four objects, persons (Alex,
Mike, Kate, David), four attributes, books (Romeo and Juliet by William
Shakespeare, The Puppet Masters by Robert A. Heinlein, Ubik by Philip K.
Dick, and Ivanhoe by Walter Scott), and incidence relation showing which
person which book read or liked.
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There are nine concepts there. For example,
C1 D .fKate; Mikeg; fRomeo and Julietg/
C2 D .fAlex; Davidg; fThe Puppet Masters; Ubikg/
C3 D .fKate; Davidg; fIvanhoeg/.
Note that the pair of sets .A; B/ D .fAlex; Davidg; fUbikg/ does not

form a formal concept since we can enlarge its extent by one more object
Mike to fulfill .A [ fMikeg/0 D B and B0 D A [ fMikeg. So, C4 D
.fMIke; Alex; Davidg; fUbikg/ is a formal concept. The corresponding bipar-
tite graph is shown in Fig. 1 along with the biclique formed by elements of
concept C2.
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Fig. 1 Two-mode network of
readers and its community of
Sci-Fi readers (shaded)

From SNA viewpoint, if we assume that an OA-bicluster .event0; actor0/ is a
found community, we are looking for a pair .actor; event/ in an input network,
where this actor participated in all of the events typical for the community, while
the chosen event is typical for all the members of that community.

3 Higher-Order Extensions of FCA and Multimodal
Clustering

3.1 Triadic and Polyadic FCA

For convenience, a triadic context is denoted by .X1; X2; X3; Y/. A triadic context
K D .X1; X2; X3; Y/ gives rise to the following dyadic contexts:

K
.1/ D .X1; X2�X3; Y.1//; K

.2/ D .X2; X1�X3; Y.2//; K
.3/ D .X3; X1�X2; Y.3//;

where gY.1/.m; b/ W, mY.2/.g; b/ W, bY.3/.g; m/ W, .g; m; b/ 2 Y . The
derivation operators (primes or concept-forming operators) induced by K

.i/ are
denoted by .:/.i/. For each induced dyadic context we have two kinds of such
derivation operators. That is, for fi; j; kg D f1; 2; 3g with j < k and for Z � Xi

and W � Xj � Xk, the .i/-derivation operators are defined by:

Z 7! Z.i/ D f.xj; xk/ 2 Xj � Xkjxi; xj; xk are related by Y for all xi 2 Zg;
W 7! W.i/ D fxi 2 Xijxi; xj; xk are related by Y for all .xj; xk/ 2 Wg:
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Formally, a triadic concept of a triadic context K D .X1; X2; X3; Y/ is a triple
.A1; A2; A3/ of A1 � X1; A2 � X2; A3 � X3, such that for every fi; j; kg D f1; 2; 3g
with j < k we have .Aj � Ak/

.i/ D Ai. For a certain triadic concept .A1; A2; A3/,
the components A1, A2, and A3 are called the extent, the intent, and the modus of
.A1; A2; A3/. Since a tricontext K D .X1; X2; X3; Y/ can be interpreted as a three-
dimensional cross table, according to our definition, under suitable permutations
of rows, columns, and layers of this cross table, the triadic concept .A1; A2; A3/ is
interpreted as a maximal cuboid full of crosses. The set of all triadic concepts of
K D .X1; X2; X3; Y/ is denoted by T.X1; X2; X3; Y/.

To avoid additional technical description of n-ary concept-forming operators, we
introduce n-adic formal concepts without their usage. The n-adic concepts of an n-
adic context .X1; : : : ; Xn; Y/ are exactly the maximal n-tuples .A1; : : : ; An/ in 2X1 �
� � � � 2Xn with A1 � � � � � An � Y with respect to component-wise set inclusion
[85]. The notion of n-adic concept lattice can be introduced in the similar way to
the triadic case [85]. For mining n-adic formal concepts one can use DATA-PEELER

algorithm described in [12].

3.2 Biclustering

An alternative approach to define patterns in formal contexts can be realised via a
relaxation of the definition of formal concept as a maximal rectangle full of crosses
w.r.t. the input incidence relation. One of such relaxations is the notion of an object-
attribute bicluster [37]. If .g; m/ 2 I, then .m0; g0/ is called an object-attribute
bicluster2 (OA-bicluster or simply bicluster if there is no collision) with the density
�.m0; g0/ D jI \ .m0 � g0/j=.jm0j � jg0j/.

The main features of OA-biclusters are listed below:

1. For any bicluster .m0; g0/ � 2G � 2M it follows that jm0jCjg0j�1

jg0jjm0j � �.A; B/ � 1.
2. OA-bicluster .m0; g0/ is a formal concept iff � D 1.
3. If .m0; g0/ is a bicluster, then .g00; g0/ � .m0; m00/.

Let .A; B/ � 2G � 2M be a bicluster and �min be a non-negative real number such
that 0 � �min � 1, then .A; B/ is called dense, if it fits the constraint �.A; B/ �
�min. The above-mentioned properties show that OA-biclusters differ from formal
concepts by the fact that they do not necessarily have unit density. Graphically it
means that not all the cells of a bicluster must be filled by crosses (see Fig. 2). The
rectangle in Fig. 2 depicts a bicluster extracted from an object-attribute table. The
horizontal grey line corresponds to object g and contains only non-empty cells. The
vertical grey line corresponds to attribute m and also contains only non-empty cells.
By applying the Galois operator, as explained in Sect. 2.1, one time to g we obtain
all its attributes g0. By applying Galois operator 0 twice to g we obtain all objects that

2We omit curly brackets here it what follows implying that fgg0 D g0 and fmg0 D m0.
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Fig. 2 OA-bicluster

g

m

g''

m''

g'

m'

Algorithm 1: Add procedure for the online algorithm for OA-biclustering
Input: I is an input set of object-attribute pairs;

B D fB D .�X; �Y/g is a current set of OA-biclusters;
PrimesOA, PrimesAO;

Output: B D fT D .�X; �Y/g;
PrimesOA, PrimesAO;

1: for all .g; m/ 2 I do
2: PrimesOAŒg� WD PrimesOAŒg� [ m
3: PrimesAOŒm� WD PrimesAOŒm� [ g
4: B WD B [ .&PrimesAOŒm�; &PrimesOAŒg�/

5: end for

have the same attributes as g. This is depicted in Fig. 2 as g00. By applying Galois
operator 0 twice to m we obtain all attributes that belong to the same objects as m.
This is depicted in Fig. 2 as m00. The white spaces indicate empty cells. The filled
black boxes indicate non-empty cells. Whereas a traditional formal concept would
cover only the green and grey area, the bicluster also covers the white and black
cells. This gives to OA-biclusters fault-tolerance properties (see Proposition 1).

To generate biclusters fulfilling a minimal density requirement we can perform
computations in two phases. The online phase, Add procedure (see Algorithm 1),
allows to process pairs from incidence relation I and generate biclusters in one pass
by means of pointer and reference variables for access to primes of objects and
attributes even without knowing the number of objects and attributes in advance;
see the version of this online algorithm for triadic case in [29]. Thus, the generation
of all biclusters is realised within O.jIj/. Note that the algorithm can start with a
non-empty collection of biclusters obtained previously. Then all biclusters can be
enumerated in a sequential manner and only those fulfilling the minimal density
constraint are retained.
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For the context shown in Fig. 1 one can find two concepts,
C2 D .fAlex; Davidg; fThe Puppet Masters; Ubikg/ and
C4 D .fAlex; Mike; Davidg; fUbikg/; and one bicluster,
B1 D .Ubik0; David0/ D .fAlex; Mike; Davidg; fThe Puppet Masters; Ubikg/,

with density � D 5=6 
 0:83.
These two concepts can be interpreted as Sci-Fi readers and cyber punk

readers (or P.K. Dick’s readers at least), respectively. However, bicluster B1

by allowing one missing pair .Mike; The Puppet Masters/ can be considered
as a community of Sci-Fi readers as well, which is larger than C2.

3.3 OAC-Triclustering and Prime-Based n-Clustering

Guided by the idea of finding scalable and noise-tolerant alternatives to triconcepts,
we have had a look at triclustering paradigm in general for a triadic binary data, i.e.
for tricontexts as input datasets.

Definition 1 Suppose K D .G; M; B; I/ is a triadic context and Z � G, Y � M, Z �
B. A triple T D .X; Y; Z/ is called an OAC-tricluster. Traditionally, its components
are called extent, intent, and modus, respectively.

The density of a tricluster T D .X; Y; Z/ is defined as the fraction of all triples of
I in X � Y � Z:

�.T/ D jI \ .X � Y � Z/j
jXjjYjjZj (2)

Definition 2 A tricluster T is called dense iff its density is not less than some
predefined threshold, i.e. �.T/ � �min.

The collection of all triclusters for a given tricontext K is denoted by T .
Since we deal with all possible cuboids in Cartesian product G � M � B, it

is evident that the number of all OAC-triclusters, jT j, is equal to 2jGjCjMjCjBj.
However, not all of them are supposed to be dense, especially for real data which
are frequently quite sparse. Below we discuss one of the possible OAC-tricluster
definitions, which gives us an efficient way to find, within polynomial time, a
number of (dense) triclusters not greater than the number of triples in the initial
data, jIj.

Here, let us define the prime operators and describe prime OAC-triclustering,
which extends the biclustering method from [39] to the triadic case.
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Derivation (prime) operators for elements of a triple .eg;em;eb/ 2 I from a triadic
context K can be defined as follows:

eg 0 WD f .m; b/ j .eg; m; b/ 2 Ig (3)

em0 WD f .g; b/ j .g;em; b/ 2 Ig (4)

eb0 WD f .g; m/ j .g; m;eb/ 2 Ig (5)

.eg;em/0, .eg;eb/0, .em;eb/0 prime operators can be defined in the same way.

.eg;em/0 WD f b j .eg;em; b/ 2 Ig (6)

.eg;eb/0 WD fm j .eg; m;eb/ 2 Ig (7)

.em;eb/0 WD f g j .g;em;eb/ 2 Ig (8)

The following definition uses only prime operators [Eqs. (6)–(8)] to generate
triclusters, however, other variants are possible. Thus, in [45], OAC-triclusters based
on box operator have been studied; this type of tricluster relies on Eqs. (3)–(5).

Definition 3 Suppose K D .G; M; B; I/ is a triadic context. For a triple .g; m; b/ 2 I
a triple T D ..m; b/0; .g; b/0; .g; m/0/ is called a prime operator based OAC-
tricluster. Its components are called extent, intent, and modus, respectively.

Prime-based OAC-triclusters are more dense than the ones based on box operator.
Their structure is illustrated in Fig. 3: every element corresponding to the “grey”
cell is an element of I. Thus, prime operator based OAC-triclusters in a three-
dimensional matrix (tensor) form contain an absolutely dense cross-like structure
of crosses (or ones).

The proposed OAC-tricluster definition has a fruitful property (see Proposi-
tion 1): for every triconcept in a given tricontext there exists a tricluster of the same

b|Z |

m|Y |

b1

m1

b~

m~

g~
~∀g,g  ≠  g

… … b|Z |b1 b~… …

…

…

m|Y |

m1

m~

…

…

Fig. 3 Prime operator based tricluster structure
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tricontext in which the triconcept is contained w.r.t. component-wise inclusion. It
means that there is no information loss, we keep all the triconcepts in the resulting
tricluster collection.

Proposition 1 Let K D .G; M; B; I/ be a triadic context and �min D 0. For every
Tc D .Xc; Yc; Zc/ 2 T.G; M; B; I/ with non-empty Xc, Yc, and Zc there exists a prime
OAC-tricluster T D .X; Y; Z/ 2 T 0.G; M; B; Y/ such that Xc � X; Yc � Y; Zc � Z.
Here, T 0.G; M; B; I/ denotes the set of all OAC-prime triclusters fulfilling the
chosen value of �min.

Proof Let .g; m; b/ 2 Xc � Yc � Zc. By the definition of prime operators .m; b/0 WD
feg j .eg; m; b/ 2 Ig. Since m 2 Yc and b 2 Zc then by the definition of formal
triconcept .m; b/ is related by Y to every eg 2 Xc, therefore .m; b/0 \ Xc D Xc.
Consequently for all gi 2 Xc we have gi 2 .m; b/0. For .g; b/0 and .g; m/0 tricluster
components the proof is similar. Finally, we have Xc � X D .m; b/0; Yc � Y D
.g; b/0; and Zc � Z D .g; m/0.

Prime-based n-clustering can be introduced similarly. Let K D .X1; X2;: : : ; Xn; Y/

be an n-adic context and Y is binary relation between X1 : : : Xn.
Then for a tuple .x1; x2; : : : ; xn/ 2 Y we define n prime operators for each tuple

.x1; : : : ; xi�1; xiC1; : : : ; xn/ as follows:

.fx1g; : : : ; fxi�1g; xiC1; : : : ; fxng/0 D fzi j .x1; : : : ; xi�1; zi; xiC1; : : : ; xn/ 2 Yg:

For a given tuple .x1; x2; : : : ; xn/ 2 Y , a prime operator based n-cluster is defined
as follows:

P D ..fx2g; : : : ; fxng/0; : : : ; .fx1g; : : : ; fxi�1g; fxiC1g; : : : ; fxngg/0; : : : ;

.fx1g; : : : ; fxn�1g/0/:

The density of n-cluster P D .Z1; Z2; : : : ; Zn/ is �.P/ D jY\Z1�Z2�:::�Znj
jZ1�Z2�:::�Znj . To keep

analogy of � with physical density we refer to its numerator as the mass of P, i.e.
mass.P/, while its denominator plays a role of the volume of P, i.e. vol.P/.

The description of a one-pass algorithm for OAC-prime tricluster generation can
be found in [29]. A Map-Reduce based prototype of OAC-prime triclustering and
possible implementation variants are presented in [94].

4 Quality Measures for Multimodal Clustering

4.1 Connection Between � and Local Clustering Coefficient

Since we use density as a local measure of n-cluster quality, it is useful to find its
connection to local clustering coefficients (we use cc�.�/ notation from [57]). For
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.V; E � V � V/, the local clustering coefficient is cc�.v/ D jN.v/�N.v/\Ej
N.v/.N.v/�1/=2

, here
N.v/ is the degree of v 2 V .

If one considers a one-mode network .V; E � V � V/ as a formal context K D
.G; G; I � G � G/, where V D G, and for g; m 2 V gEm ” gIm, then for
bicluster .g0; g0/ it follows that3

�.g0; g0/ D jg
0 � g0 \ Ij
jg0jjg0j D jN.g/ � N.g/ \ Ij

jN2.g/j D jN.g/ � N.g/ \ Ij
.jN.g/j�1/jN.g/j

2

1 � 1=jN.g/j
2

D cc�.g/
1 � 1

jN.g/j
2

:

Note that N.g/ D deg.g/ D fujgEug D g0.
Moreover, for large neighbourhoods �.g0; g0/ 
 cc�.g/

2
.

4.2 Connection Between � and Modularity

Since we do not optimise any modularity-like criterion in our study, multimodal
clusters are supposed to be overlapping in general, and, moreover, to the best of
our knowledge there is no widely accepted modularity criterion even for bipartite
overlapping communities; the introduction and study of such criteria could be a
subject of a separate research. However, we show the interconnection between
average of values in the input modularity matrix for a particular bicluster and its
density.

Let Agm be the adjacency matrix of an input context K D .G; M; I � G � M/,
i.e. Agm D ŒgIm�4 for .g; m/ 2 G � M. For bipartite graphs an entry of modularity
matrix is defined as follows:

Bgm D Agm � deg.g/deg.m/

jIj D ŒgIm� � jg
0jjm0j
jIj :

For non-overlapping communities modularity in two-mode networks is defined
as follows [4]:

Mod D 1

jIj
X

.g;m/2G�M

�
ŒgIm� � jg

0jjm0j
jIj

�
Œ.g; m/ 2 C�; where

3Note that technically .g0; g0/ is not an OA-bicluster since .g; g/ 62 I.

4Here Œ�� means Iverson bracket defined as ŒP� D
(

1 if P is true;

0 otherwise,
.
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C � G � M is a module (or community) from a set of non-overlapping
communities C of the original network. Non-overlapping here is formally defined
as follows: 8C; D 2 C C \ D D ;.

Let .m0; g0/ be a bicluster of K, then the sum over all entries .eg;em/ 2 m0 � g0 in
B gives

jm0 � g0 \ Ij �

P

.eg;em/2m0�g0

jeg0jjem0j

jIj :

Instead of normalising that sum by jIj as in modularity definition, we can try to
calculate (local) bicluster modularity, Modl.m0; g0/, by normalising the sum by the
bicluster volume Vol.m0; g0/ D jg0jjm0j:

Modl.m
0; g0/D jm

0 � g0 \ Ij
jg0jjm0j �

P

eg2m0

jeg0j P
em2g0

jem0j

jg0jjm0jjIj D �.m0; g0/�deg.eg/deg.em/

jIj ; where

deg.eg/ D
P
eg2m0

jg0j is the average degree ofeg in the input bicluster and deg.em/ is the
average degree of em and defined similarly.

It is clear that to maximise Modl criterion one needs to find a bicluster with high
density and low average degrees of its elements.

However, the original modularity criterion for bipartite non-overlapping net-
works has intrinsic drawbacks. The first problem, low resolution, consists in the
dependence between the size of detected communities and the size of an input graph
[21]. Another one can be demonstrated by a model example.

Let K D .G; M; I/ be a formal context, where for a certain pair .g; m/ 2 I we
have g0 D M; m0 D G, and I D m0 �m[ g� g0. Without loss of generality let
jGj D jMj D n. Then

Bgm D ŒgIm� � jg
0jjm0j
jIj D 1 � n2

2n � 1
:

For large n, Bgm 
 1 � n=2 and this value tends to �1 by implying
n ! 1. To keep the second term of an entry of the modularity matrix no
greater than 1 (the maximal probability of incidence of g and m), one needs
to require jg0j; jm0j � pjIj (which is in fact should be normally fulfilled for
large and sparse (real) networks).
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4.3 Least Square Optimal n-Clusters

One of the important statistics in clustering is the data scatter of an input matrix, i.e.
the sum of squares of all its entries [63]. In [64], least squares based maximisation
criterion to generate n-cluster was proposed:

g.P/ D �2.P/ � Vol.P/ D �.P/ �mass.P/; where

P is an n-cluster of a certain n-adic context. On the one hand, its direct
interpretation implies that we care about dense n-clusters of large size instead
of only dense (that may be small) or only large (that may be sparse); in other
words such n-clusters tend to be massive (with low number of missing tuples in
the input binary relation) and dense. On the other hand, this criterion measures the
contribution of P to the data scatter of the input n-adic context.

In [45], one can find a theorem saying that by maximisation of g.P/ we require
higher density within n cluster P than in the corresponding outside regions along its
dimensions.

4.4 Weak Bicluster Communities and Graph Cuts

In network analysis, a community is called weak if its average internal degree is
greater than its average out degree [3].

In two-mode case, for an input context K D .G; M; I/ and its bicluster .m0; g0/,
we have

X

eg2m0

j.fegg [ fgg/0j C
X

em2g0

j.femg [ fmg/0j �
X

eg2m0

jeg0 \M n g0j C
X

em2g0

jem0 \ G n m0j:

The left-hand side of the inequality is the doubled sum of the number of object-
attribute pairs from .m0; g0/. The right-hand side shows how many pairs the objects
from bicluster extent and the attributes from bicluster intent form with the remaining
attributes and objects of the context, respectively. In network analysis this measure
is known as cut [21], i.e. the number of edges one should delete to make the
community disconnected from the remaining vertices in the input graph. Thus, the
inequality can be rewritten as follows:

�.m0; g0/ � cut.m0; g0/
2jg0jjm0j :

This criterion can be used for selection of biclusters during their generation
instead of fixed �min.
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4.5 Stability of OA-Biclusters

Stability of formal concepts [53, 54] has been used as a means of concepts’ filtering
in studies on epistemic communities [56, 77, 78] and communities of website
visitors [55].

Let K D .G; M; I/ be a formal context and .A; B/ be a formal concept of K. The
(intensional) stability index, � , of .A; B/ is defined as follows:

�.A; B/ D jfC � A j C0 D Bgj
2jAj

As we know, not all of the OA-biclusters of a given formal context are formal
concepts.

Only those OA-biclusters that fulfill condition .m0; g0/ D .g00; m00/ are formal
concepts. However, stability index can be technically computed for any OA-
bicluster as follows:

�.m0; g0/ D jfA � m0 j A0 D g0gj
2jm0j

Set 2m0

can be decomposed into three parts: 2g00 [ 2m0ng00 [�. The numerator is
equal to jfA 2 2g00 j A0 D g0gjCjfA 2 2m0ng00 j A0 D g0gn;jCjfA 2 � j A0 D g0gn;j.
Since every set of objects from m0ng00 does not have all attributes from g0, the second
summand is 0, and the same applies to the third one due to each set from � contains
at least one objecteg from m0 n g00 such that Qg0 6D g0. Hence,

�.m0; g0/ D jfA 2 2g00 j A0 D g0gj
2jm0j :

Since the number of all A that contain g is j2g00ngj, the tight lower bound of OA-
bicluster’s stability is 2jg00ngj�jm0j.

The stability index of a concept indicates how much the concept intent depends
on particular objects of the extent.

4.6 Coverage and Diversity

Diversity is an important measure in Information Retrieval for diversified search
results and in Machine Learning for ensemble construction [82].

To define diversity for multimodal clusters we use a binary function that equals
to 1 if the intersection of triclusters Ti and Tj is not empty, and 0 otherwise.

intersect.Ti; Tj/ D
�
GTi \ GTj 6D ; ^MTi \MTj 6D ; ^ BTi \ BTj 6D ;

�
(9)
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It is also possible to define intersect for the sets of objects, attributes, and
conditions. For instance, intersectG.Ti; Tj/ is equal to 1 if triclusters Ti and Tj have
non-empty intersection of their extents, and 0 otherwise.

Now we can define diversity of the tricluster set T :

diversity.T / D 1 �
P

j

P
i<j intersect.Ti; Tj/

jT j.jT j�1/

2

(10)

The diversity for the sets of objects (attributes or conditions) is similarly defined:

diversityG.T/ D 1 �
P

j

P
i<j intersectG.Ti; Tj/

jT j.jT j�1/

2

(11)

Coverage is defined as a fraction of the triples of the context (alternatively, objects,
attributes, or conditions) included in at least one of the triclusters of the resulting
set.

More formally, let K D .G; M; B; I/ be a tricontext and T be the associated
triclustering set obtained by some triclustering method, then coverage of T :

coverage.T / D
X

.g;m;b/2I

2

4.g; m; b/ 2
[

.X;Y;Z/2T
X � Y � Z

3

5 =jIj: (12)

The coverage of the object set G by the tricluster collection T is defined as
follows:

coverageG.T / D
X

g2G

2

4g 2
[

.X;Y;Z/2T
X

3

5 =jGj: (13)

Coverage of attribute or condition sets can be defined analogously. These
measures may have sense when one would like to know how many actors or items
in the network do not belong to any found community.

We also use the coverage of formal concepts by biclusters, i.e. we count the
number of concepts covered by at least one bicluster in the corresponding bicluster
collection B. We say that bicluster B D .X; Y/ covers concept C D .Z; W/ w.r.t.
component-wise inclusion of their extents and intents, namely C v B W” Z �
X and W � Y .

coverageB.B.G; M; I// D fC 2 B.G; M; I/ j 9B 2 B W C v Bg
jB.G; M; I/j : (14)
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5 Data

For our experiments we collected datasets from one-mode to four-mode networks.
In particular, we have analysed the following classic one-mode datasets:

• Karate club, 34�34, 78 edges;
• Florentine family 1, 16�16, 40 edges;
• Florentine family 2, 16�16, 30 edges;
• Hi-tech, 36�36, 147 edges;
• Mexican people, 35�35, 117 edges.

For two-mode datasets we have used Southern women of size 18�14 with 93
edges and four datasets studied in [57]:

• co-authoring, 19,885�16,400, and 45,904 edges;
• co-occurrence, 13,587�9,263, and 1,833,63 edges;
• actor, 127,823�383,640, and 1,470,418 edges;
• p2p, 1,986,588 peers�5,380,546 data, and 55,829,392 links (edges).

As for three-mode network, we have analysed Bibsonomy dataset5 with jUj D
2467 users, jTj D 69,904 tags, jRj D 268,692 resources that related by jYj D
816,197 triples.

Finally, MovieLens data6 with 100,000 ratings (integers from 1 to 5) and 1300
tag applications applied to 9000 movies by 700 users is considered as a four-mode
dataset. We have used only user, movie, rating, and time modes.

6 Experiments

We have tested our implementations for one- and two-mode networks in Python 2.7
and for higher modes in C# with our tool, Multimodal Clustering Toolbox, on a Mac
Pro computer with 3.7 GHz and 16 GB RAM.

6.1 Two-Mode Networks

For each two-mode dataset we report the number of unique biclusters and the
number of all generated biclusters; note that when all objects (and attributes) are
pairwise different there are no duplicates by definition.

5http://www.kde.cs.uni-kassel.de/bibsonomy/dumps/.
6http://grouplens.org/datasets/movielens/.

http://www.kde.cs.uni-kassel.de/bibsonomy/dumps/
http://grouplens.org/datasets/movielens/
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Table 1 Southern women:
18�14, 93 edges

Concept Unique Fraction of
� coverage biclusters Biclusters covered concepts

0 65 83 93 1.00

0.05 65 83 93 1.00

0.1 65 83 93 1.00

0.15 65 83 93 1.00

0.2 65 83 93 1.00

0.25 65 83 93 1.00

0.3 65 83 93 1.00

0.35 65 82 92 1.00

0.4 65 81 91 1.00

0.45 65 77 87 1.00

0.5 65 71 81 1.00

0.55 65 63 73 1.00

0.6 65 60 7 1.00

0.65 64 51 59 0.98

0.7 63 40 47 0.97

0.75 57 33 4 0.88

0.8 51 22 28 0.78

0.85 35 13 19 0.54

0.9 20 7 9 0.31

0.95 0 0 0 0.00

1 0 0 0 0.00

For small and medium size classic two-mode and one-mode datasets we have
reported the number of formal concepts covered by the generation bicluster
collection for a specific �min as well as their fraction, i.e. coverageB.B.G; M; I//.

In 1930s, a group of ethnographers collected data on the social activities of 18
women over a nine-month period [17]. Different subgroups of these women had
met in 14 informal social events; the incidence of a woman to a particular event was
established using “interviews, the records of participant observers, guest lists, and
the newspapers” [17, p. 149]. Later on, this Southern Women dataset has become
a benchmark for comparing communities detection methods in two-mode social
network analysis, in particular, including concept lattices as a community detection
approach [22, 23].7

The results of our experiments with Southern Women dataset are summarised in
Table 1.

7There is a small inconsistency in the profiles of women w14 (Helen) and w15 (Dorothy), namely
between their description in [22] and the downloaded dataset provided at https://networkdata.ics.
uci.edu/netdata/html/davis.html, thus according to the latter e12; e13 2 w0

14 and e11; e9 2 w0

15.

https://networkdata.ics.uci.edu/netdata/html/davis.html
https://networkdata.ics.uci.edu/netdata/html/davis.html
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There are 66 formal concepts for the Southern woman network. Since OA-
biclusters are tolerant to missing values, let us illustrate how rather dense
biclusters include the largest concepts with non-empty extent and intent.

For example, with �min D 0:8 we show five bicluster-concept pairs Bi D
.e0; w0/, Ci D .W; E/ related by component-wise inclusion of their extents
and intents, respectively, namely Ci v Bi W” W � e0 and E � w0 :

1. C1 D .fw0; w1; w2; w3; w5; w6; w7g; fe5; e7g/ v B1 D .fw0; w1; w2; w3; w5;

w6; w7; w8g; fe2; e4; e5; e7g/ with �.B1/ D 0:84;
2. C2 D .fw0; w2; w3g; fe2; e3; e4; e5; e7g/ v B2 D .fw0; w2; w3; w4g; fe0; e2;

e3; e4; e5; e6; e7g/ with �.B2/ D 0:82;
3. C3 D .fw9; w10; w11; w12; w13; w14; w15g; fe11g/ v B3 D .fw9; w10; w11;

w12; w13; w14; w15g; fe6; e7; e8; e11g/ with �.B3/ D 0:82;
4. C4 D .fw10; w11; w12; w15g; fe7; e8; e9; e11g/ v B4 D .fw10; w11; w12; w13;

w14; w15g; fe7; e8; e9; e11g/ with �.B4/ D 0:92;
5. C5 D .fw16; w17; w13g; fe1; e8g/ v B5 D .fw16; w17; w13; w14g; fe1; e8g/

with �.B5/ D 0:88.

The corresponding bipartite graph is shown in Fig. 4 along with the
biclique formed by elements of concept C1 and bicluster B1, and concept
C3 and bicluster B3. According to [18, 22] there is the “true structure”
of the Southern women network: namely, there are two groups of women
fw0; : : : ; w8g and fw1; : : : ; w17g. The first group of women participated in
events e0 through e4, while the second group was not. The second group
participated in events e3 through e13, while the first group was not. Both
groups participated e6, e7, and e8.

Since the Southern women network is a well-studied case in SNA community
and one of the first SNA datasets analysed by sociologists using concept lattices, an
interested reader may refer to [22, 23] to find professional interpretation of several
important communities of women found by means of formal concepts.

Even though that such networks as co-authoring, co-occurrence, actor, and p2p
are two-mode and known to SNA community about a decade, even the number
of concepts (maximal bicliques) for these datasets is not reported in the literature
(Tables 2 and 3).

An interesting issue has appeared: At which �min the generated biclusters do
not cover all formal concepts with non-empty extent and intent? According to our
experiments for two-mode (see also Appendix) and one-mode networks, it usually
happens around �min D 0:5 or higher (containing intervals marked by two horizontal
lines in the tables), so, we may hypothesise that one can normally set minimal
density value equal to 0.5.
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Fig. 4 The two-mode network for the Southern women dataset, bicluster B1 and concept C1, and
bicluster B3 and concept C3

6.2 Folksonomies as Three-Mode Networks

Folksonomy is a typical example of a three-mode network, where a hyperedge
connects a user, a tag, and an attribute. Thus each hyperedge is a set of size
three with three vertices of different types; it is convenient to represent edges as
tuples .user; tag; resource/. Since we experiment with Bibsonomy, a Folksonomy-
based resource sharing system for scientific bibliography, our users are scientists,
resources are papers that they bookmarked or even authored; a tag is assigned by a
scientist to a particular paper while bookmarking.
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Table 2 The numbers of unique and all OA-biclusters for the four large two-mode networks

Datasets

Co-authoring Co-occurrence Actor p2p

Unique Unique Unique Unique
� biclusters Biclusters biclusters Biclusters biclusters Biclusters biclusters Biclusters

0 43,253 45,904 161,386 183,363 1,278,989 1,470,418 54,789,256 55,829,169

0.05 43,253 45,904 161,386 183,363 1,226,429 1,417,827 41,937,580 42,973,016

0.1 43,253 45,904 160,200 181,630 962,389 1,153,704 27,178,639 28,196,480

0.15 43,253 45,904 124,383 137,367 700,207 891,401 18,320,253 19,321,315

0.2 43,251 45,902 69,283 75,761 523,446 714,509 13,179,196 14,165,402

0.25 43,184 45,835 39,081 43,252 410,118 601,065 9,789,039 10,759,880

0.3 42,748 41,774 24,484 27,672 318,245 509,068 7,019,097 7,969,965

0.35 41,774 44,423 17,011 19,718 269,642 460,361 5,088,606 6,017,582

0.4 39,366 42,008 12,796 15,100 214,979 405,543 3,950,659 4,856,567

0.45 36,194 38,809 10,111 12,251 190,704 381,106 3,369,522 4,261,678

0.5 34,141 36,737 8539 10,515 182,906 373,191 3,056,597 3,938,536

0.55 29,404 31,960 6926 8699 110,464 299,895 1,156,887 1,918,111

0.6 23,150 25,615 5395 7036 84,459 272,894 764,584 1,483,586

0.65 20,604 23,007 4572 6127 77,904 265,699 614,743 1,308,939

0.7 16,391 18,707 3929 5386 72,651 259,877 50,981 1,182,631

0.75 15,951 18,234 3726 5129 71,663 258,550 472,869 1,126,702

0.8 12,989 15,137 3490 4846 69,449 255,904 419,533 1,046,786

0.85 11,533 13,530 3313 4568 68,555 254,703 39,189 986,811

0.9 11,053 12,976 3214 4437 68,186 254,138 377,377 949,637

0.95 10,875 12,756 3105 4290 67,871 253,623 369,401 929,765

1 10,874 12,756 3079 4250 67,798 253,390 367,946 926,380

Table 3 Elapsed time for online OA-biclustering

Dataset jIj Gj jMj Time, s

Co-authoring 45,904 19,885 16,400 0.13

Co-occurrence 183,363 13,587 9264 0.25

Actor 1,470,418 127,823 383,640 3.55

p2p 55,829,392 19,86,588 5,380,546 260.13

Let us consider a toy imaginary example of Bibsonomy data; the input context
is shown by three layers in Table 4. There are four users (u1 D Fortunato,
u2 D Freeman, u3 D Newman, and u4 D Roth) and three tags (t1 D
Galois Lattices, t2 D SNA, and t3 D Statistical Physics). Three papers p1,
p2, and p3 are marked according to the research interests of those users. Thus
Freeman and Roth marked paper 1 by tags “Galois Lattices” and “SNA”,

(continued)
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while Fortunato and Newnam tagged paper 3 by tags ‘SNA” and “Statistical
Physics”. All the users assigned tag “SNA” to paper 2. Three corresponding
communities can be easily captured by formal triconcepts:

C1 D .fu2; u4g; ft1; t2g; fp1g/
C2 D .fu1; u3g; ft2; t3g; fp3g/
C3 D .fu1; u2; u3; u4g; ft2g; fp2g/:

Concept C3 is more general than C1 and C2 w.r.t. extent inclusion, and
corresponds to SNA-interested users, while C1 corresponds to those who are
interested in concept lattices for SNA domain, and C2 unites users interested
in SNA by means of methods similar to their prototypes in Statistical Physics.
The corresponding hypergraph with these triconcepts is shown in Fig. 5.

Table 4 A toy example with Bibsonomy data

t1 t2 t3
u1

u2 � �
u3

u4 � �
p1

t1 t2 t3
u1 �
u2 �
u3 �
u4 �

p2

t1 t2 t3
u1 � �
u2

u3 � �
u4

p3

Fig. 5 Three triconcepts C1, C2, C3 for the Bibsonomy three-mode network
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Table 5 Experimental results for k first triples of Bibsonomy dataset with �min D 0

k, number of OAC-Prime,s

first triples jUj jTj jRj jTj jTOAC0 j TRIAS, s Full time Online phase

100 1 47 52 57 77 0.2 0.02 0.003

1000 1 248 482 368 656 1 0.043 0.001

10,000 1 444 5193 733 1461 2 273 0.031

100,000 59 5823 28,920 22,804 33,172 3386 24,185 0.542

200,000 340 14,982 61,568 – 105,571 > 24 h 25,446 1.268

500,000 1191 45,232 148,695 – 316,139 > 24 h 29,035 3.529

816,197 2467 69,904 268,692 – 484,349 > 24 h 241,341 5.186

Table 6 Density distribution of OAC-prime triclusters for 816,197 triples of Bibsonomy dataset
with �min D 0

Lower bound of � Upper bound of � Number of triclusters

0 0.05 172

0.05 0.1 3070

0.1 0.2 36,878

0.2 0.3 77,170

0.3 0,4 90,005

0.4 0.5 67,659

0.5 0.6 66,711

0.6 0.7 41,507

0.7 0.8 22,225

0.8 0.9 11,662

0.9 1 67,290

To build all triconcepts of a certain context we have used a Java implementation
of the TRIAS algorithm by R. Jäschke [46]. The last two columns in Table 5 mean
time of execution of TRIAS and OAC-prime algorithms.

Note that here we have reported both the full execution time of OAC-prime
algorithm, i.e. tricluster generation with density calculation, and the time of online
phase for tricluster generation only. One may note a dramatical drop-off in time
efficiency between the last and penultimate lines in Table 5 for the full execution
time, while online phase took only about half a second more. The devil is in the
hashing data structures used for duplicate elimination and we believe the timing can
be improved, for example, by a specially designed Bloom filter. Note that a more
general and efficient algorithm Data-Peeler [13] could be used suitable for mining
n-concepts.

Distribution of density of triclusters for all the triples of Bibsonomy dataset is
given in Table 6.
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6.3 MovieLens Data as Four-Mode Network

We summarise the results of prime-based tetraclustering execution on Movielens
data below:

Time: 13; 252 ms

Number of n-clusters: 89,931

Average volume, Vol: 455.4

Average density, �: 0.35

Average coverage: 0.1%

Average mass, mass: 103.7

Average � � mass: 28.1

In addition to average density we report average volume, average coverage (the
number of covered original tuples by each tetracluster on average), average mass
(the number of tuples inside each tetraclusters on average), and quite an interesting
statistic, average � � mass. If we maximise the latter criterion, then we require for
our tetraclusters to be dense and large at the same time while criterion � � Vol could
result in sparse patterns.

To provide concrete examples of tetraclusters, we have selected rather small-
sized dense communities in Table 7.

Table 7 Tetraclusters for Movielens data

No. Generating tuple Volume � Coverage mass � � mass

1 (483, Star Trek IV, 5, 1997/11) 27 0.93 0.03 % 25 23.1

2 (384, Evita, 5, 1998/03) 15 0.87 0.01 % 13 11.3

3 (872, Scream 2, 5, 1998/02) 15 0.87 0.01 % 13 11.3

4 (102, Face/Off, 3, 1997/10) 12 0.92 0.01 % 11 10.1

5 (750, Gang Related, 1, 1997/11) 9 1.00 0.01 % 9 9.0

No. Users Movies Rating Time

1 {109,307,374,483, {Star Trek: The Wrath of Khan (82), Star Trek IV: {5} {97/11}

87,545,815,882,927} The Voyage Home (86), Star Wars (77) }

2 {378,384,392} {Good Will Hunting (97), Evita (96), Titanic (97), {5} {98/03}

L.A. Confidential (97), As Good As It Gets (97)}

3 {206,332,872} {Time to Kill, A (96), Scream (96), Scream 2 (97), {5} {98/02}

Air Force One (97), Titanic (97)}

4 {102,116,268,430} {Grosse Pointe Blank (1997), Face/Off (1997) } {3} {97/10}

Air Force One (1997)}

5 {181,451,750} {Gang Related (1997), Rocket Man (1997) {1} {97/11}

Leave It to Beaver (1997)}



82 D.I. Ignatov et al.

For example, one can easily identify the community of modern space opera
lovers in 4-cluster no. 1. Note that their third and fourth components are always
sets containing a single element due to the chosen mode nature: the same people
cannot rate the same movies by different marks simultaneously or within a different
month.

6.4 One-Mode Networks as Two-Mode Ones

There are different techniques called projections to transform two-mode graphs to
their one-mode versions [57, 67]. Sometimes, researchers even do transformations
in backward direction to consider interactions between different subgroups of actors
as they were from different modes of the corresponding two-mode network [18, 91].

An undirected one-mode network in the form � D .G; E � G � G/ can be
considered as the two-mode network by composing a context K D .G; G; I/ where
gEh ” gIh for any g; h 2 G, with two options for I being a symmetric relation:
a) reflexive and b) irreflexive.

In reflexive case, each concept .A; B/ of such context K that fulfills A D B
corresponds to the maximal clique A in the original one-mode network.

We provide the reader with the results of OA-biclustering for one-mode networks
in Tables 8, 9, 10, 11, and 12.

In addition to the fraction of covered concepts by component-wise set inclusion
we have reported intervals Œ�˛; �ˇ�, where the fraction of covered concepts decreases
below 1 first time for each dataset (see two vertical lines in the tables).

In addition to the reported statistics, let us demonstrate found biclusters and
concepts for Zachary’s karate club dataset. Originally, the author of [90], an
anthropologist, described social relationships between members of a karate club in
the period of 1970–72; the network contains 34 active members of the karate club
who interacted outside the club, including 78 pairwise links between them. The club
was split into two parts after a conflict between its instructor and president. This
dataset is usually used as a benchmark for demonstration and testing of community
detection algorithms [3].

In Fig. 6, one can see three biclusters (B1, B2, and B3) with density less than 1
but greater 0.8 each. Thus none of them is a concept; moreover, union of their
intent and extent does not form a clique of the input one-mode network.

B1 D .290; 290/ D .f32; 33; 26; 29; 23g; f32; 33; 26; 29; 23g/ with � D 0:84

B2 D .30; 120/ D .f0; 1; 2; 3; 7; 12; 13g; f0; 3; 12g/ with � D 0:81

B3 D .50; 40/ D .f0; 10; 4; 6g; f0; 10; 4; 5g/ with � D 0:88

(continued)
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Among all generated concepts, each concept .X; Y/ with X D Y results in
clique X.

Thus concept .f0; 1; 2; 3; 7g; f0; 1; 2; 3; 7g/ forms clique Q1 D
f0; 1; 2; 3; 7g, while concepts .f0; 1; 2; 3; 13g; f0; 1; 2; 3; 13g/ and
.f32; 33; 29; 23g; f32; 33; 29; 23g/ result in Q2 D f0; 1; 2; 3; 13g and
Q3 D f32; 33; 29; 23g, respectively. Those are cliques of maximal size 5
and 4 from two parts of the karate club after its fission. It is evident that for
each of those cliques its set of vertices can be found in some OA-bicluster.
One can check that the set of vertices of B1 contains those of Q3, and
vertices of B2 include those of Q1 and Q2. So, it is possible to conclude that
even though the density of a bicluster may be less than 1, they can contain
more vertices resulting in larger communities than cliques. Note that the
club instructor, 0, belongs to extents of B2 and B3 being a “missing link”
between two corresponding subcommunities, which lack in active interaction
otherwise.

Table 8 Karate club: 34�34,
190 edges

Covered Unique Biclusters Fraction of
� concepts biclusters covered concepts

0 134 190 190 1.00

0.05 134 190 190 1.00

0.1 134 190 190 1.00

0.15 134 190 190 1.00

0.2 134 190 190 1.00

0.25 134 190 190 1.00

0.3 134 184 184 1.00

0.35 134 178 178 1.00

0.4 134 163 163 1.00

0.45 134 142 142 1.00

0.5 132 128 128 0.99

0.55 126 108 108 0.94

0.6 115 91 91 0.86

0.65 97 71 71 0.72

0.7 90 67 67 0.67

0.75 68 47 47 0.51

0.8 31 25 25 0.23

0.85 27 20 20 0.20

0.9 12 12 12 0.09

0.95 12 12 12 0.09

1 12 12 12 0.09
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Fig. 6 Three dense biclusters B1, B2, B2 found in Karate club network with �min D 0:8

In Fig. 7, one can see three found communities that are composed of vertices
corresponding to three concepts C1, C2, and C3.

C1 D .f32; 33g; f32; 33; 8; 14; 15; 18; 20; 22; 23; 29; 30; 31g/

C2 D .f0; 1g; f0; 1; 2; 3; 7; 13; 17; 19; 21g/

C3 D .f0; 10; 6g; f0; 4; 5g/

In this concrete example, the usage of formal concepts for representing
communities seems to be even more beneficial than that of dense OA-
biclusters since we have been able to cover almost both parts of the separated
karate club by three concepts without sharing members between the coun-
terparts; concepts C1 and C2 contain more vertices than biclusters B1 and B2

shown in Fig 6. Note that the semantic of C1 lies in the interpretation of its
intent as common contacts of 32 and 33, an active club member who is loyal
to the club’s president and the president, respectively. Intent of C2 contains
members mutually connected with the club instructor, 0, and member 1.
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Fig. 7 Three formal concepts C1, C2, C2 found in Karate club network

7 Related Work

There is a so-called subspace clustering [1] closely related to biclustering, where
objects are considered as points in high dimensional space and clustered within
multidimensional grid of a certain granularity. However, these methods cannot be
directly applied to multidimensional relational data, i.e. multi-mode networks, since
entities from different modes are often numbered arbitrarily and do not follow a pre-
specified order like values along numerical axes. However, biclustering of numerical
data, which may describe two-mode weighted networks, can be realised with Triadic
Concept Analysis in case we consider attribute values as a mode of conditions
under which an object has an attribute [50]. These results are also applicable to
n-dimensional numerical datasets. Two other ways to deal with numeric data are
to apply the so-called scaling, e.g., using a binary threshold, or Pattern Structures
defined on vectors of numeric intervals [16, 25, 49]. Pattern Structures were also
used to rethink collaborative filtering and find relevant taste communities for a
particular user in terms of vectors of desirable rating intervals for good movies [34].

As for OA-biclustering, it has been used in several applications; for example,
OA-biclustering has been applied for finding market segments in two-mode data
on Internet advertising to recommend advertising terms to companies playing on
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these segments [35, 39]. In crowdsourcing platforms, OA-biclustering helps to find
similar ideas (proposals) to discuss potential collaborators [43, 44] as well as answer
questions [14]; in case we consider opinions of users over a set of different ideas
(proposals), it is possible to find antagonists, which may be prospective opponents
in crowdsourcing teams [41].

In fact, biclustering is a well-established tool in Bioinformatics, especially for
Gene Expression Analysis in genes-samples networks [49, 70]. A non-exhaustive
concept lattice based taxonomy of biclustering techniques can be found in [36].
Methods for three-mode networks are applicable in this domain when in addition to
genes and samples time mode comes [92].

Going back to networks, several researchers define other kinds of networks where
the role of dimensions is played by different types of labels of multi-edges between
actors [8, 9]; they call such networks multidimensional while others use the term
multi-relational networks [88].

One more variation of networks is realised by n-partite networks where connec-
tion are edges between vertices of allowed types [80]. It is possible to mine maximal
closed and connected subgraphs in them and interpret them as communities [59];
these patterns coincide with bicliques and formal concepts in two-mode case.
However, for higher dimensions such n-partite graphs are not equivalent to n-adic
contexts and may result in information loss or phantom hyperedges if we reduce the
latter to the former or vice versa [33]. In [28], for analysing such tripartite network
composed by two two-mode networks with one shared part, biclusters from these
two networks have been used. Namely, those biclusters that are similar with respect
to their extents are merged by taking the intersection of their extents. The intent
of the first bicluster and the intent of the second bicluster become the intent and
modus, respectively, of the resulting tricluster. In FCA domain, analysis of n-partite
and multi-relational networks can be unified within Relational Concept Analysis
where objects can be involved in different types of relations with attributes and each
other [30].

Another related subject is tensor factorisation, which is of high importance in
Data Mining [71] and Machine Learning [15] due to its ability to reduce data
dimensionality, find the so-called hidden factors, and even perform information
fusion. The closest approaches to ones in the presented study can be found in works
on Boolean matrix [6, 7] and tensor factorisation [5, 62]. Thus in [7] it was shown
that formal concepts may result in optimal factors in Boolean matrix decompo-
sition; in [2, 42] these decompositions showed their competitive applicability to
collaborative filtering by finding communities of similar tastes. Tensor clustering
is another way to find dense patterns; this approach is very similar to multimodal
clustering in n-ary relations, especially in case of Boolean tensors, which normally
represent n-ary relations between entities [38, 61, 64, 79]. An interesting issue here,
whether it is possible to obtain improvements in classification accuracy for tensors
with labeled objects from one of their dimensions over conventional object-attribute
representations [93].
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Since the proposed multimodal clustering is an approach to find approximate
patterns, not absolutely dense as closed n-sets or n-adic concepts, various similar
ideas can be proposed. Thus, in [13] another type of fault-tolerant patterns was
proposed, which is guided by the number of allowed non-missing tuples inside an
n-cluster rather than by maximising their relative number. It seems that techniques
searching for relaxed n-cliques maximal according a density-like criteria can be
proposed for multi-mode networks as well [84]. The classic definition of biplex can
be compared with the one of the OA-biclusters as many more similar relaxations for
cliques and their possible n-adic generalisations [11].

Comparison of several existing triclustering techniques based on spectral cluster-
ing (SPECTRIC), least squares approximation (TRIBOX), OAC-prime and OAC-box
operators, and formal triconcepts (TRIAS) can be found in [40, 45]. In [45], the
complexity of the problem of optimal triclustering cover with respect to several
quality criteria is discussed; it is shown that the problem belongs to NP-complete
complexity class whereas the problem of the number of such covers belongs
to #P.

Formal concepts and their lattices have been used in criminal studies to find
communities of criminals operating together [72]. Many more successful applica-
tions based on FCA are known as well as related models and techniques [73, 74].
A comprehensive introduction to FCA can be found in the recent book [26] and
application-oriented tutorial [32].

8 Conclusions

We have proposed a scalable technique for community detection in n-mode
networks (where nodes are normally connected by hyperedges in case of n > 2).
The approach welcomes improvements and may benefit from fine tuning and
efficient filtering criteria in order to increase the scalability at the stage of density
calculation and guarantee high-quality of the found communities. We consider
several directions for such improvements: efficient hashing for elimination of
duplicate patterns, strategies for approximate density calculation and selection of
meaningful n-clusters as well as theoretical justification of choosing good thresholds
for minimal density of n-clusters.

The proposed technique can also be compared with other existing approaches
like fault-tolerant n-concepts [13] and with possible multimodal extensions of
the existing ones like different techniques for relaxed cliques [84], variations of
bicliques [68], or higher-order extensions of modularity-based criteria [66].

Since we have only showcased several relevant examples to community detection
in multi-mode networks, validation of the method for analysing similar cases
requires domain expert feedback, for example, by a sociologist practitioner.
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Appendix: Experiments with One-Mode Networks

Table 9 Florentine family 1:
16�16, 58 edges

Covered Unique Fraction of
� concepts biclusters Biclusters covered concepts

0 43 58 58 1.00

0.05 43 58 58 1.00

0.1 43 58 58 1.00

0.15 43 58 58 1.00

0.2 43 58 58 1.00

0.25 43 58 58 1.00

0.3 43 58 58 1.00

0.35 43 58 58 1.00

0.4 43 57 57 1.00

0.45 43 53 53 1.00

0.5 43 47 47 1.00

0.55 43 40 40 1.00

0.6 37 31 31 0.86

0.65 33 28 28 0.77

0.7 29 19 19 0.67

0.75 29 19 19 0.67

0.8 11 8 8 0.26

0.85 9 6 6 0.21

0.9 5 5 5 0.12

0.95 5 5 5 0.12

1 5 5 5 0.12
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Table 10 Florentine family
2: 16�16, 46 edges

Covered Unique Fraction of
� concepts biclusters Biclusters covered concepts

0 27 46 46 1.00

0.05 27 46 46 1.00

0.1 27 46 46 1.00

0.15 27 46 46 1.00

0.2 27 46 46 1.00

0.25 27 46 46 1.00

0.3 27 46 46 1.00

0.35 27 46 46 1.00

0.4 27 46 46 1.00

0.45 27 46 46 1.00

0.5 27 44 44 1.00

0.55 27 43 43 1.00

0.6 27 41 41 1.00

0.65 27 41 41 1.00

0.7 25 26 26 0.93

0.75 23 22 22 0.85

0.8 23 19 19 0.85

0.85 17 14 14 0.63

0.9 12 12 12 0.44

0.95 10 10 10 0.37

1 10 10 10 0.37

Table 11 Hi-tech: 36�36,
218 edges

Covered Unique Fraction of
� concepts biclusters Biclusters covered concepts

0 191 218 218 1.00

0.05 191 218 218 1.00

0.1 191 218 218 1.00

0.15 191 218 218 1.00

0.2 191 218 218 1.00

0.25 191 218 218 1.00

0.3 191 218 218 1.00

0.35 191 213 213 1.00

0.4 191 198 198 1.00

0.45 191 174 174 1.00

0.5 189 134 134 0.99

0.55 163 99 99 0.85

0.6 126 78 78 0.66

(continued)
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Table 11 (continued) Covered Unique Fraction of
� concepts biclusters Biclusters covered concepts

0.65 86 49 49 0.45

0.7 65 31 31 0.34

0.75 47 22 22 0.25

0.8 28 16 16 0.15

0.85 16 13 13 0.08

0.9 16 13 13 0.08

0.95 12 12 12 0.06

1 12 12 12 0.06

Table 12 Mexican people:
35�35, 268 edges

Covered Unique Fraction of
� concepts biclusters Biclusters covered concepts

0 373 268 268 1.00

0.05 373 268 268 1.00

0.1 373 268 268 1.00

0.15 373 268 268 1.00

0.2 373 268 268 1.00

0.25 373 266 266 1.00

0.3 373 260 260 1.00

0.35 373 247 247 1.00

0.4 373 225 225 1.00

0.45 371 189 189 0.99

0.5 360 151 151 0.97

0.55 348 119 119 0.93

0.6 298 69 69 0.80

0.65 211 45 45 0.57

0.7 141 24 24 0.38

0.75 86 15 15 0.23

0.8 17 5 5 0.05

0.85 13 4 4 0.03

0.9 1 1 1 0.00

0.95 1 1 1 0.00

1 1 1 1 0.00
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Acquisition of Terminological Knowledge from
Social Networks in Description Logic

Francesco Kriegel

1 Introduction and Problem Description

In the last years, a rapidly increasing amount of data was collected and recorded
in so-called triple stores. Basically, those triple stores are databases of a special
kind, allowing for storing data in the form of triples .s; p; o/ which express that
the subject s is related to the object o via the (binary) predicate p. For example,
it is possible to say that an individual x is a human by means of the triple
.x;rdf:type;some-namespace:human/. As another example, with the triple
.x;foaf:hasFriend; y/ we can denote that individual x is a friend of the
individual y. The vocabulary used in the triples can be freely chosen such that it
best fits the application’s needs. Please note that there are plenty of vocabularies
available, which could be used without requiring to invent one’s own vocabulary
from scratch. The most famous examples are, of course, the vocabularies from
RDF/RDFS and OWL which allow for the expression of very basic and logical facts.
Further vocabularies specifically tailored to certain use cases are, e.g., Friend-of-
a-Friend (FOAF) and others. It is easy to see that those triple datasets can also
be represented as labeled directed graphs, the vertices of which are the elements
occurring as subjects or objects, and each triple .s; p; o/ induces an edge from s to o
with label p. Labels of vertices are induced by triples of the form .s;rdf:type; c/,
and in particular for each such triple, the vertex s is labeled with c.

The Web Ontology Language (OWL) was founded in 2004 as an improvement of
the Resource Description Framework (RDF) and the corresponding RDF Schema
(RDFS). OWL and its successor OWL2 have various dialects providing different
expressibility and complexity such that always one can be chosen that best fits the
user’s purpose. Most of the dialects, and in particular the dialects OWL DL, OWL2
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DL, and OWL2 EL, have a strong logical underpinning by means of Description
Logics (DLs). DLs are a family of logical languages for knowledge representation
and reasoning, for which the decidability and complexity of common reasoning
problems are widely explored. Those reasoning tasks allow for the deduction of
implicit knowledge from explicitly given facts and axioms, and a vast amount
of algorithms for solving those reasoning problems were developed, optimized,
and implemented—the most popular ones are the tableaux algorithms and the
completion algorithms.

An interesting problem in the field of Description Logics is the problem of
learning, a specific instance of which is the acquisition of terminological knowledge
from a given set of assertional facts. So far there are several techniques for achieving
this, and some of them utilize the algorithmic solutions of the problem of computing
implication bases in the field of Formal Concept Analysis, or utilize the Attribute
Exploration algorithm that is capable of handling incomplete data by incorporating
an expert in the domain of interest which is able to answer questions correctly
and thus enables the algorithm to process axioms the validity of which is either
not answerable within the input dataset, or is not refuted due to the non-existence
of a counterexample. A famous work in this direction was published by Baader
and Distel [2, 3, 16] who generalized the computation, or exploration, respectively,
of implication bases for formal contexts to the computation, or exploration,
respectively, of bases of concept inclusions (CIs) valid in a given interpretation and
expressible in the description logic EL?. Furthermore, Borchmann [10, 11] defined
the notion of confidence of a CI within an interpretation, a measure indicating
which fraction of the individuals in the interpretation fulfill a certain CI. He then
developed a technique for the construction of a base of CIs the confidence of which
exceeds a pre-defined threshold in Œ0; 1�. His work is particularly useful for datasets
occuring in practical use cases where it cannot be ruled out that there is some noise,
i.e., errors, in the dataset to be analyzed. Borchmann then also investigated and
constituted an explorative method for the axiomatization of confident CIs, which
also needs an interpretation as input, and furthermore an expert that is capable of
correctly answering questions in the domain of interest.

We consider social networks that are encoded as description graphs, i.e., as
directed graphs the vertices and edges of which are labeled. The aim is to extract
terminological axioms, so-called concept inclusions, from the graph in order to
describe the logical structure of the social network. Furthermore, we assume that
the underlying graph to be analyzed is complete and error-free, i.e., fully describes
all persons and entities in the social network as well as their connections. It is
straightforward that description graphs and interpretations are isomorphic—we will
later elaborate on this fact. In particular, we consider a social network that is given in
form of an interpretation I , which we indeed may assume for the aforementioned
reason. Our aim now is to formulate terminological axioms that are valid in I , i.e.,
we are searching for CIs C v D that are valid in I . Furthermore, we shall do this in
a complete manner. However, it is easy to see that the number of concept inclusions
that are expressible over a given signature is infinite; and in case of a restricted role
depth and a finite signature there are only finitely many concept inclusions. By some
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simple observations, one can verify that the number of concept descriptions with a
role depth of ı C 1 is exponential in the number of concept descriptions with a role
depth of ı. Consequently, it would certainly not be a good idea to enumerate all
valid concept inclusions of I . We should rather try to find a base for the valid CIs
of I , as it has been first investigated by Baader and Distel in [2, 16] with respect
to greatest fixpoint semantics, and later by Borchmann, Distel, and Kriegel, in [12]
with respect to descriptive semantics (the default semantics). A base of CIs for I is
a TBox B such that for each concept inclusion C v D, I ˆ C v D if, and only if,
B ˆ C v D. A slight generalization of the notion of a base for an interpretation has
been introduced in [29], which allows for the incorporation of existing knowledge.

In this chapter we in particular provide a generalization of the aforementioned
means for constructing bases of CIs in the more expressive description logic MH ,
and also demonstrate how the technique can be applied to social graphs. This
chapter is structured as follows. In Sect. 2 the notion of a social graph is defined,
and it is shown that the data model of Facebook induces a social graph. Section 3
gives a short introduction to the Web Ontology Language (OWL), and the following
Sect. 4 presents the description logic MH which is a monotonous fragment of
the DL SROIQ underlying the second version of OWL. Then in Sect. 5 we
investigate the lattice induced by the M -concept descriptions. Section 6 gives a brief
introduction to Formal Concept Analysis. In Sect. 7 we show that each interpretation
in the description logic MH induces a Galois connection between the set of
MH -concept descriptions and the powerset of the interpretation’s domain; in
particular Sect. 8 justifies the existence of the aforementioned Galois connection
by providing a construction for so-called role-depth-bounded model-based most
specific concept descriptions in the DL M . Section 9 generalizes the notion of a
concept lattice from formal contexts to MH -interpretations. Furthermore, Sect. 10
presents an important connection between Formal Concept Analysis and MH -
interpretations, which is then utilized in Sect. 11 to develop a construction method
for knowledge bases of MH -interpretations. Eventually, Sect. 12 gives a short
overview on description logics the expressivity of which is below MH and that
may also be used as a language for axiomatizing terminological knowledge. The
chapter closes with Sect. 13.

2 Social Networks and Social Graphs

A social graph is a directed graph the vertices and edges of which are labeled.
The vertices represent the entities, e.g., persons, events, messages, etc., and the
edges represent relationships between the entities, e.g., friendship between persons,
attendance of a person to an event, a person liking a message, etc. Formally, we
describe social networks as follows. First, fix a set NV of vertex labels as well as a set
NE of edge labels. Then, a social graph over .NV ; NE/ is a tuple G :D .V; E; LV ; LE/

where
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Fig. 1 An exemplary social
graph

AlicePerson Bob Person

Post1Post Post2 Post
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1. V is a set of vertices,
2. E � V � V is a set of directed edges,
3. LV WV ! }.NV/ is a vertex labeling function, and
4. LEWE! }.NE/ is an edge labeling function.

A toy example of a social graph is shown in Fig. 1. It contains two persons, Alice
and Bob, which are friends. Furthermore, Alice attends a concert and publishes a
message which Bob likes. Bob publishes a message, too.

As an exemplary social network we consider Facebook [19], which is the most
popular social network as of 2017. It has been founded by Mark Zuckerberg, and
its website was launched in 2004. In the beginning it was limited to students from
Harvard, but was later opened stepwise to a broader audience. In 2006 everybody
with an age of at least 13 was allowed to create an account on Facebook. Since
its beginning it has successfully evolved to a networking platform, which allows
its users to publish messages, share photos, etc., and interact with each other, e.g.,
by liking other’s activities, communicating with private messages, connecting by
(digital) friendship, etc. Facebook’s data is available via the Facebook Graph API,
cf. [20]. Its data model fits well for our use case—it is accessible as a directed graph
with labeled vertices and edges. In general the Facebook graph consists of nodes,
edges, and fields. The nodes represent entities, like persons, photos, comments,
events, etc.; the edges represent connections between the entities, e.g., an edge could
link a photo to a person, or express that two persons are virtual friends; the fields
represent information about the entities, e.g., a person’s name, a person’s birthday,
the publish date of a comment, etc. In terms of description logics, those field values
can be expressed by appropriate values in concrete domains. We will not go into
detail here, and rather refer the interested reader to [20].
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3 The Web Ontology Language (OWL)

The Web Ontology Language (OWL) was introduced in its first version in 2004 as an
extension of the Resource Description Framework (RDF) and RDF Schema (RDFS)
in order to provide a well-founded semantics and to increase the expressibility of the
language. There were some language constructs expressible in RDF/RDFS leading
to inconsistencies or undecidability that are not expressible in OWL anymore, i.e.,
OWL resolved this issue. Later in 2009, a more expressive second version OWL2
was founded.

However, RDF was not fully replaced, but remained a storage format for OWL,
besides other formats, e.g., XML, Manchester Syntax, etc. A new vocabulary was
defined, which allowed for the expression of the language constructs of OWL, e.g.,
the predicate owl:isA for assigning types to individuals (similar to rdf:type),
the predicate owl:subClassOf for expressing subclass relationships, etc. For
a full reference, the reader is referred to [46]—in the sequel of this chapter we
only consider some of the provided language constructs. In particular, we will
leave out concrete domains, disjunctions and negations, and others. Additionally,
plenty of information including interesting examples and use cases can be found
in the book [26] of Hitzler, Krötzsch, and Rudolph. OWL and its dialects are
used for the Semantic Web and for Linked Data, e.g., in the medical domain
(SNOMED ontology), and in DBpedia as well as Wikidata (structured machine-
readable derivations of Wikipedia).

The logical underpinning of OWL and some of its dialects is provided by
Description Logics (DLs), which are a family of conceptual languages suitable
for knowledge representation and reasoning that have a strong logical foundation
for which the decidability and complexity of common reasoning problems is
widely explored. In particular, the reasoning tasks allow for deduction of implicit
knowledge from explicitly stated facts and axioms, and plenty of appropriate algo-
rithms were developed and implemented, e.g., tableaux algorithms and completion
algorithms. In particular, the full first version of the Web Ontology Language
corresponds to the description logic SH OIN , and the full second version
of the Web Ontology Language is covered by the description logic SROIQ.
In the next Sect. 4, we shall focus on (a fragment of) the description logic
SROIQ, which is suitable for terminological learning, i.e., which allows for
a certain degree of abstraction and not only rewrites given assertional data into
terminological axioms. In particular, this implies that we shall not make use of
neither negation, nor disjunction, nor nominals, nor other constructors that can
emulate the aforementioned.

4 The Description Logic MH

This section presents the description logic ALQ�N �.Self/, which is a fragment
of SROIQ, and allows for conjunctions, primitive negations, value restrictions,
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qualified at-least restrictions, unqualified at-most restrictions, and existential self
restrictions. Furthermore, we will not focus on the implementation details of OWL,
and do not present any of the different syntaxes of OWL, but rather use the
theoretical notations that are used in the field of description logics. The considered
description logic ALQ�N �.Self/ is abbreviated as M , which encodes the
monotonicity of all allowed constructors.

Consider a finite signature ˙ :D .NC; NR/, that is, NC is a finite set of concept
names, and NR is a finite set of role names. Then an M -concept description over ˙

can be constructed according to the following inductive rule where A 2 NC, r 2 NR,
and n 2 N.

C ::D ? j > j A j :A j C u C j A

r: C j E� n: r: C j E� n: r j E

r: Self

The semantics are model-theoretic, that is, they are defined by means of so-
called interpretations. An interpretation I over ˙ D .NC; NR/ is a pair .�I ; �I /

consisting of a non-empty set �I which is called domain, and an extension function
�I WNC [ NR ! }.�I / [ }.�I � �I / that maps concept names A 2 NC to
subsets AI � �I , and role names r 2 NR to binary relations rI � �I � �I .
The extension function is then canonically extended to all M -concept descriptions
according to the following recursive definitions.

?I :D ;
>I :D �I

.:A/I :D �I n AI

.C u D/I :D CI \ DI

.

A

r: C/I :D f d 2 �I j A

e 2 �I W .d; e/ 2 rI implies e 2 CI g
.

E� n: r: C/I :D f d 2 �I j jf e 2 �I j .d; e/ 2 rI and e 2 CI gj � n g
.

E� n: r /I :D f d 2 �I j jf e 2 �I j .d; e/ 2 rI gj � n g
.

E

r: Self/I :D f d 2 �I j .d; d/ 2 rI g

Of course, we may emulate existential restrictions, the expressibility of which
is symbolized by the letter E within the description logic’s name, by using the
abbreviation

E

r: C :D E� 1: r: C, i.e., both M and ME :D ALEQ�N �.Self/
denote essentially the same logic. It is readily verified that the following equation
for the extension of existential restrictions is satisfied.

.

E

r: C/I D f d 2 �I j E

e 2 �I W .d; e/ 2 rI and e 2 CI g

Informally, the role depth of a concept description is defined as the maximal
number of nestings of role quantifiers. More specifically, we define the role depth
rd.C/ of an M -concept description C recursively as follows.
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rd.?/ :D 0

rd.>/ :D 0

rd.A/ :D 0 for each concept name A 2 NC

rd.:A/ :D 0 for each concept name A 2 NC

rd.C u D/ :D max.rd.C/; rd.D//

rd.

A

r: C/ :D 1C rd.C/

rd.

E� n: r: C/ :D 1C rd.C/

rd.

E� n: r / :D 1

rd.

E

r: Self/ :D 1

The set of all M -concept descriptions over a signature ˙ is symbolized as M .˙/,
and for a role-depth bound ı 2 N, we denote by M .˙/�ı the set of all M -concept
descriptions over ˙ with a role depth not exceeding ı.

A concept inclusion (abbr. CI) is an expression C v D where both C and D are
concept descriptions. A terminological box (abbr. TBox) is a finite set of concept
inclusions. A CI C v D is valid in I if CI � DI . We then also refer to I as a
model of C v D, and denote this by I ˆ C v D. Furthermore, I is a model of
a TBox T , symbolized as I ˆ T , if each CI in T is valid in I . The entailment
relation is lifted to TBoxes as follows: A CI C v D is entailed by a TBox T ,
denoted as T ˆ C v D, if each model of T is a model of C v D, too. We then
also say that C is subsumed by D with respect to T . A TBox T entails a TBox U ,
symbolized as T ˆ U , if T entails each CI in U , or equivalently if each model of
T is also a model of U . Two M -concept descriptions C and D are equivalent with
respect to T , and we shall write T ˆ C � D, if T ˆ fC v D; D v Cg. In case
T D ; we may omit the prefix “; ˆ”. However, then we have to carefully interpret
an expression C v D—it either just denotes a concept inclusion, i.e., an axiom,
without stating where it is valid; or it expresses that C is subsumed by D (w.r.t.;),
i.e., CI � DI is satisfied in all interpretations I . An analogous hint applies to
concept equivalences C � D.

To justify the choice of the abbreviation M for ALQ�N �.Self/, we remark
that each of the constructors is monotonous, i.e., it holds true that for all M -concept
descriptions C; D; E, all role names r 2 NR, and all natural numbers n 2 N,

fC v Dg ˆ fC u E v D u E;

A

r: C v A

r: D;

E� n: r: C v E� n: r: Dg:

A role inclusion (abbr. RI) is an expression r v s where r; s 2 NR are role names.
A relational box (abbr. RBox) is a finite set of role inclusions. For an interpretation
I , we say that r v s is valid in I , denoted as I ˆ r v s, if rI � sI .
Furthermore, an RBox R is valid in I , symbolized as I ˆ R, if each role
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inclusion in R is valid in I . In case a description logic allows for the usage of
these role inclusions, then its name contains the letter H . In what follows we are
going to merely consider the description logic MH .

In order to decide entailment, the well-known tableaux algorithm [5, Sect. 3.4]
can be utilized. It takes as input a knowledge base .T ;A / consisting of a TBox and
an ABox, and tries to construct a model of the knowledge base. It was shown that
the tableaux algorithm is sound (i.e., the output is indeed a model), complete (i.e.,
if a model exists, then a model is constructed and returned), and terminates (i.e.,
for finite input yields a result after a finite amount of time). These are the following
common reasoning problems, cf. [5, Sect. 3.2.2].

1. Knowledge Base Consistency: Given a knowledge base K , is there a model of
K ?

2. Concept Satisfiability: Given a concept description C, and a knowledge base K ,
is there a model of K in which C has a non-empty extension?

3. Concept Subsumption: Given two concept descriptions C and D, and a knowl-
edge base K , does I ˆ C v D hold true for all models I of K ?

4. Concept Equivalence: Given two concept descriptions C and D, and a knowledge
base K , does I ˆ C � D hold true for all models I of K ?

5. Instance Checking: Given an individual a, a concept description C, and a
knowledge base K , does K entail a @� C?

6. Role Instance Checking: Given two individuals a and b, a role name r, and a
knowledge base K , does K entail .a; b/ @� r?

There is a strong correspondence between interpretations and directed labeled
graphs, and in particular it is easy to translate between both formalisms. We start
with defining a description graph, which is very similar to a social graph as
introduced in Sect. 2. A description graph over a signature .NC; NR/ is a tuple
G :D .V; E; LV ; LE/ that satisfies the following conditions.

1. .V; E/ is a directed graph, i.e., V is a set of vertices, and E � V � V is a set of
directed edges,

2. LV WV ! }.NC/ is a vertex labelling, and
3. LEWE! }.NR/ is an edge labelling.

Please note that in some works description graphs are defined to have a distinguished
root vertex—however, this is not necessary for our purposes.

Each interpretation induces a directed labeled graph as follows: let I :D
.�I ; �I / be an interpretation over the signature .NC; NR/. Then, define the descrip-
tion graph G .I / :D .V; E; LV ; LE/ over .NC; NR/ that consists of the directed graph
.V; E/ with the components

V :D �I ;

and E :D
[
f rI j r 2 NR g;
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and the corresponding labeling functions

LV W V ! }.NC/

x 7! fA 2 NC j x 2 AI g;
and LEW E! }.NR/

.x; y/ 7! f r 2 NR j .x; y/ 2 rI g:

Note that G .I / just formalizes the natural graphical representation of interpreta-
tions as they are usually drawn in toy examples.

Vice versa, if G :D .V; E; LV ; LE/ is a description graph over .NC; NR/, then its
induced interpretation is I .G / :D .�I .G /; �I .G // the components of which are
defined in the following way.

�I .G / :D V;

and �I .G /W
(

A 7! f x 2 V j A 2 LV.x/ g
r 7! f .x; y/ 2 E j r 2 LE.x; y/ g:

It is readily verified that the two transformations are mutually inverse, and this
justifies that we do not have to distinguish between interpretations and description
graphs (or social graphs) in the sequel of this document.

5 The Lattice of M -Concept Descriptions

It is readily verified that the subsumption v with respect to the empty TBox ;
constitutes a quasi-order on the set M .˙/ of all M -concept descriptions over the
signature ˙ D .NC; NR/, i.e., the following conditions are satisfied.

1. v w.r.t.; is reflexive, i.e., for all M -concept descriptions C, ; ˆ C v C, and
2. v w.r.t.; is transitive, i.e., for all M -concept descriptions C; D; E, it holds true

that ; ˆ C v D and ; ˆ D v E implies ; ˆ C v E.

Of course, then the equivalence � with respect to ; is an equivalence relation, i.e.,
the following statements hold true.

1. � w.r.t.; is reflexive, i.e., for all M -concept descriptions C, ; ˆ C � C,
2. � w.r.t.; is transitive, i.e., for all M -concept descriptions C; D; E, we have that
; ˆ C � D and ; ˆ D � E implies ; ˆ C � E, and

3. � w.r.t.; is symmetric, i.e., for all M -concept descriptions C; D, it holds true
that ; ˆ C � D implies ; ˆ D � C.

By definition it follows that it is the induced equivalence relation of v, i.e., ; ˆ
C � D if, and only if, ; ˆ C v D as well as ; ˆ D v C. Hence, the quotient of
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.M .˙/;v/ with respect to the induced equivalence� w.r.t.; is a partially ordered
set (a poset). It consists of all equivalence classes ŒC�	 for M -concept descriptions
C, which are defined by

ŒC�	 :D fD j ; ˆ C � D g:

Furthermore, for an equivalence class ŒC�	, we say that C is a representative of
it. We can then define a partial order on the classes which is induced by the
subsumption between their representatives, i.e., for all M -concept descriptions
C; D,

; ˆ ŒC�	 v ŒD�	 if, and only if, ; ˆ C v D:

This partial order enjoys all properties of a quasi-order as stated above, and
furthermore is anti-symmetric, i.e., for all M -concept descriptions C; D,

; ˆ ŒC�	 v ŒD�	 and ; ˆ ŒD�	 v ŒC�	 implies ŒC�	 D ŒD�	 :

For the sake of simplicity, we will not distinguish between the equivalence classes
and their representatives in the sequel of this chapter. The poset .M .˙/;v/=	 is even a
bounded lattice. Of course,? is the smallest element, and> is the greatest element.
It is easy to see that the (finitary) conjunction

�
corresponds to the finitary infimum

operation, since for all finite sets C of M -concept descriptions over ˙ , it holds that
the conjunction

�
C is the greatest lower bound (w.r.t.v) of all concept descriptions

in C , i.e., ; ˆ �
C v C for all C 2 C , and for all M -concept descriptions D with

; ˆ D v C for all C 2 C , it holds true that ; ˆ D v �
C . However, what

is missing is a supremum operation. Of course, in description logics allowing for
disjunction, we can easily prove that the disjunction is the supremum operation. For
the general case, the notion of a smallest upper bound is rather called least common
subsumer in the field of description logics, and is defined as follows.

Definition 5.1 Let C; D be M -concept descriptions over the signature ˙ . Then a
concept description E 2 M .˙/ is called a least common subsumer (abbr. LCS) of
C and D if the following conditions are fulfilled.

1. E subsumes both C and D, i.e., ; ˆ C v E and ; ˆ D v E.
2. Whenever F is a common subsumer of C and D, then F subsumes E, i.e., for all

concept descriptions F 2M .˙/, ; ˆ fC v F; D v Fg implies ; ˆ E v F.

It follows that least common subsumers are always unique up to equivalence.
Hence, we can speak of the LCS of two concept descriptions, and furthermore we
denote it by C _ D. The definition can be canonically extended to an arbitrary
number of concept descriptions, and we then write

W
C for the least common

subsumer of a set C of M -concept descriptions over ˙ . It is readily verified that
the conjunction is a categorical product, cf. Fig. 2, and dually the least common
subsumer is a categorical coproduct, cf. Fig. 3.
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Fig. 2 The conjunction is a
product in the category the
objects of which are concept
descriptions and the
morphisms of which are
subsumptions, cf. [38, p. 69]

Fig. 3 The least common
subsumer is a coproduct in
the category the objects of
which are concept
descriptions and the
morphisms of which are
subsumptions, cf. [38, p. 63]

It was shown that least common subsumers always exist in several description
logics, e.g., in EL , FLE , and ALE , as shown in [4] by Baader, Küsters, and
Molitor; in ALQ and ALEN R as shown in [40, 41] by Mantay; in ALEN
as shown in [33] by Küsters and Molitor; in ALEH IN RC as shown in [18]
by Donini, Colucci, Di Noia, and Di Sciascio; in EL gfp, i.e., EL interpreted with
greatest fixpoint semantics, as shown in [1] by Baader; in FLE gfp as shown in [14]
by Distel; and in EL?

gfp as shown by Distel in [16].
As a practical means for ensuring the existence of least common subsumers,

we could also apply a bound on the role depth of the concept descriptions under
consideration. For the case of EL? this has been done in [12] by Borchmann,
Distel, and Kriegel. However, this result also applies to all other description logics
equipped with a bound on the role depths—in particular, we know that then for all
concept descriptions C and D, there are only finitely many concept descriptions that
satisfy the role depth bound, use only concept names and role names occuring in C
or D, and that only include numbers in at-least or at-most restrictions not exceeding
those occuring in C or D. Denote the conjunction of these three properties by �.
Then, we can infer that

; ˆ C _ D �
�
fE j E satisfies � and ; ˆ fC v E; D v Eg g;

holds true and is a well-defined formula as the set fE j E satisfies � and ; ˆ fC v
E; D v Eg g must be finite, and thus its conjunction indeed exists. Note that this is
a rather theoretical argument showing the existence, but not allowing for a practical
computation of least common subsumers.

It is easy to see that the equivalence � is compatible with both u and _. In the
sequel of this chapter, we shall denote this bounded lattice by M .˙/ :D .M .˙/;v/=	,
and accordingly M .˙/�ı :D .M .˙/�ı ;v/=	 symbolizes the bounded lattice of
(equivalence classes of) M -concept descriptions the role depth of which is bounded
by ı. Note that M .˙/�ı is indeed complete if the underlying signature ˙ is finite,
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since then there are only finitely many M -concept descriptions over ˙ with a role
depth of at most ı. Eventually, the dual .M .˙//@ of the lattice M .˙/ is obtained
by simply reversing the order relation, and an analogous notion applies to the lattice
M .˙/�ı .

6 Formal Concept Analysis

This section briefly introduces the standard notions of Formal Concept Analysis
(abbr. FCA) [24]. A formal context K :D .G; M; I/ consists of a set G of objects
(Gegenstände in German), a set M of attributes (Merkmale in German), and an
incidence relation I � G � M. For a pair .g; m/ 2 I, we say that g has m. The
derivation operators of K are the mappings �I W}.G/ ! }.M/ and �I W}.M/ !
}.G/ such that for each object set A � G, the set AI contains all attributes that
are shared by all objects in A, and dually for each attribute set B � M, the set BI

contains all those objects that have all attributes from B. Formally, we define the
derivation operators as follows.

AI :D fm 2 M j A

g 2 AW .g; m/ 2 I g for object sets A � G;

and BI :D f g 2 G j A

m 2 BW .g; m/ 2 I g for attribute sets B � M:

For singleton sets, we may also use the abbreviations gI :D fggI for all objects
g 2 G, as well as mI :D fmgI for all attributes m 2 M.

It is well-known [24] that both derivation operators constitute a so-called Galois
connection between the powersets }.G/ and }.M/, i.e., the following statements
hold true for all subsets A; A1; A2 � G and B; B1; B2 � M.

1. A � BI if, and only if, B � AI if, and only if, A � B � I
2. A � AII

3. AI D AIII

4. A1 � A2 implies AI
2 � AI

1

5. B � BII

6. BI D BIII

7. B1 � B2 implies BI
2 � BI

1

For obvious reasons, formal contexts can be represented as binary tables the rows
of which are labeled with the objects, the columns of which are labeled with the
attributes, and the occurrence of a cross� in the cell at row g and column m indicates
that the object g has the attribute m.

An intent of K is an attribute set B � M with B D BII . The set of all intents
of K is denoted by Int.K/. An implication over M is an expression X ! Y where
X; Y � M. It is valid in K, denoted as K ˆ X ! Y , if XI � YI , i.e., if each object
of K that possesses all attributes in X also has all attributes in Y . An implication
set L is valid in K, denoted as K ˆ L , if all implications in L are valid in K.
Furthermore, the relation ˆ is lifted to implication sets as follows: an implication
set L entails an implication X ! Y , symbolized as L ˆ X ! Y , if X ! Y is
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valid in all formal contexts in which L is valid. More specifically, ˆ is called the
semantic entailment relation.

A model of X ! Y is an attribute set Z � M such that X � Z implies Y � Z,
and we shall then write Z ˆ X ! Y . Of course, then an implication X ! Y is
valid in K if, and only if, for each object g 2 G, the object intent gI is a model of
X ! Y . It is furthermore straightforward to verify that the following statements are
equivalent.

1. X ! Y is valid in K.
2. Each object intent of K is a model of X ! Y .
3. Each intent of K is a model of X ! Y .
4. Y � XII .

The equivalence between the first and the last statement indicates that XII is the
largest consequence of X in K, i.e., X ! XII is valid in K, and for each strict
superset Z © XII , the implication X ! Z is not valid in K.

Consider an implication set L [ fX ! Yg � Imp.M/. A model of L is an
attribute set which is a simultaneous model of each implication in L . In particular,
each model Z of L satisfies the following: for each implication X ! Y 2 L ,
X � Z implies Y � Z, i.e., Z is a fixed point of the operator

Z 7! ZL .1/ :D Z [
[
fY j E

XWX ! Y 2 L and X � Z g:

The smallest model ZL of L that contains Z is obtained by successive exhaustive
application of the operator �L .1/, i.e., ZL D Sf ZL .n/ j n � 1 g where ZL .nC1/ :D
.ZL .1//L .n/ for all n � 1. Additionally, the following statements are equivalent.

1. L entails X ! Y .
2. Each model of L is a model of X ! Y .
3. X ! Y is valid in all those formal contexts with attribute set M in which L is

valid.
4. Y � XL .

We then infer that XL is the largest consequence of X with respect to the implication
set L , i.e., L entails X ! XL , and for all supersets Y © XL , the implication
X ! Y does not follow from L .

It was shown that entailment can also be decided syntactically by applying
deduction rules to the implication set L without the requirement to consider all
formal contexts in which L is valid, or all models of L , respectively. Recall that
an implication X ! Y is syntactically entailed by an implication set L , denoted by
L j� X ! Y , if X ! Y can be constructed from L by the application of inference
axioms, cf. [39, p. 47], which are described as follows.
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(F1) Reflexivity: ; j� X ! X
(F2) Augmentation: fX ! Yg j� X [ Z ! Y
(F3) Additivity: fX ! Y; X ! Zg j� X ! Y [ Z
(F4) Projectivity: fX ! Y [ Zg j� X ! Y
(F5) Transitivity: fX ! Y; Y ! Zg j� X ! Z
(F6) Pseudotransitivity: fX ! Y; Y [ Z ! Wg j� X [ Z ! W

In the inference axioms above the symbols X, Y , Z, and W denote arbitrary subsets
of the considered set M of attributes. Formally, we define L j� X ! Y if there is
a finite sequence of implications X0 ! Y0; : : : ; Xn ! Yn such that the following
conditions hold.

1. For each i 2 f0; : : : ; ng, there is a subset Li � L [fX0 ! Y0; : : : ; Xi�1 ! Yi�1g
such that Li j� Xi ! Yi matches one of the Axioms F1–F6.

2. Xn ! Yn D X ! Y .

Often, the Axioms F1, F2, and F6 are referred to as Armstrong’s axioms. These
three axioms constitute a complete and independent set of inference axioms for
entailment, i.e., from it the other Axioms F3–F5 can be derived, and none of them
is derivable from the others.

The semantic entailment and the syntactic entailment coincide, i.e., an impli-
cation X ! Y is semantically entailed by an implication set L if, and only if,
L syntactically entails X ! Y , cf. [39, Theorem 4.1 on Page 50] as well as [24,
Proposition 21 on Page 81]. Consequently, we do not have to distinguish between
both entailment relations ˆ and j� when it is up to decide whether an implication
follows from a set of implications.

The data encoded in a formal context can be visualized as a line diagram of the
corresponding concept lattice, which we shall shortly describe. A formal concept
of a formal context K :D .G; M; I/ is a pair .A; B/ consisting of a set A � G of
objects as well as a set B � M of attributes such that AI D B and BI D A. We then
also refer to A as the extent, and to B as the intent, respectively, of .A; B/. Another
characterization of a formal concept is as follows: .A; B/ is a formal concept of K
if, and only if, A � G, B � M, and both A and B are maximal with respect to the
property A� B � I, i.e., for each strict superset C © A, C � B 6� I, and accordingly
for each strict superset D © B, A � D 6� I. In the denotation of K as a cross table,
those formal concepts are the maximal rectangles full of crosses (modulo reordering
of rows and columns). Then, the set of all extents of K is symbolized as Ext.K/, and
the set of all formal concepts of K is denoted as B.K/, which is ordered by defining
.A; B/ � .C; D/ if, and only if, A � C. It was shown that this order always induces
a complete lattice B.K/ :D .B.K/;�;^;_;>;?/, called the concept lattice of K,
cf. [24, 48], in which the infimum and the supremum operation satisfy the equations

^
f .At; Bt/ j t 2 T g D .

\
fAt j t 2 T g; .

[
fBt j t 2 T g/II/;

and
_
f .At; Bt/ j t 2 T g D ..

[
fAt j t 2 T g/II ;

\
fBt j t 2 T g/;
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and where > D .;I ;;II/ is the greatest element, and where ? D .;II ;;I/ is the
smallest element, respectively. The number of formal concepts can be exponential
in the size of the formal context. Kuznetsov shows that determining this number is a
#P-complete problem, cf. [34]. Furthermore, the problems of existence of a formal
concept with restrictions on the size of the extent, intent, or both, respectively, are
investigated in [34]—Kuznetsov demonstrates that the existence of a formal concept
.A; B/ such that jAj D k, jBj D k, or jAj C jBj D k, respectively, are NP-complete
problems; the similar problems with � are all in P; and the problems with � are
also in P, except the problem where jAj C jBj � k is NP-complete.

Furthermore, the concept lattice of K can be nicely represented as a line diagram
as follows: each formal concept is depicted as a vertex. Furthermore, there is an
upward directed edge from each formal concept to its upper neighbors, i.e., to all
those formal concepts which are greater with respect to �, but for which there is
no other formal concept in between. The nodes are labeled as follows: an attribute
m 2 M is an upper label of the attribute concept .mI ; mII/, and an object g 2 G is
a lower label of the object concept .gII ; gI/. Then, the extent of the formal concept
represented by a vertex consists of all objects which label vertices reachable by a
downward directed path, and dually the intent is obtained by gathering all attribute
labels of vertices reachable by an upward directed path.

Let K ˆ L . A pseudo-intent of a formal context K relative to an implication
set L is an attribute set P � M which is no intent of K, but is a model of L , and
satisfies QII � P for all pseudo-intents Q ¨ P. The set of all those pseudo-intents is
symbolized by PsInt.K;L /. Then the implication set

Can.K;L / :D fP! PII j P 2 PsInt.K;L / g

constitutes an implication base of K relative to L , i.e., for each implication X ! Y
over M, the following equivalence is satisfied.

K ˆ X ! Y if, and only if, Can.K;L / [L ˆ X ! Y

Can.K;L / is called the canonical base of K relative to L . It can be shown that
it is a minimal implication base of K relative to L , i.e., there is no implication
base of K relative to L with smaller cardinality. Further information is given in
[21, 23, 25, 45]. The most prominent algorithm for computing the canonical base is
certainly NextClosure developed by Ganter [21, 23]. Bazhanov and Obiedkov pro-
pose an optimized version of NextClosure in [8] which speeds up the computation of
the lectically next closure, and furthermore they then perform some benchmarks to
compare both versions. Additionally, they also utilize three different algorithms for
computing closures with respect to implication sets, i.e., firstly the already presented
and straightforward algorithm which computes the (least) fixed point of the operator
X 7! XL .1/, see also [39], secondly the LinClosure algorithm [9], which computes
XL in linear time, and thirdly Wild’s Closure algorithm [47], which is essentially
an improved version of LinClosure. Please note that LinClosure is not always
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faster than computing the least fixed point of X 7! XL .1/, due to its initialization
overhead. Furthermore, Obiedkov and Duquenne constitute an attribute-incremental
algorithm for constructing the canonical base, cf. [42]. A parallel algorithm called
NextClosures is also available [28, 32], and an implementation is provided in
Concept Explorer FX [27]; its advantage is that its processing time scales almost
inverse linear with respect to the number of available CPU cores.

There are some important complexity problems related to the pseudo-intents and
canonical bases. Kuznetsov, and later together with Obiedkov, has proven in [35–37]
that the number of pseudo-intents can be exponential in jMj as well as in jGj � jMj
or in jIj, and determining this number is #P-hard, furthermore that recognizing a
pseudo-intent is in coNP, and that determining the number of non-pseudo-intents is
#P-complete. Sertkaya and Distel demonstrated in [15, 17, 43, 44] that the number
of intents can be exponential in the number of pseudo-intents, i.e., the set of
pseudo-intents cannot be enumerated in output-polynomial time by utilizing one
of the existing algorithms, which all enumerate the closure system of both intents
and pseudo-intents, and that the lectically first pseudo-intent can be computed
in polynomial time, but recognizing the first n pseudo-intents is coNP-complete.
Consequently, the pseudo-intents of a given formal context cannot be enumerated
in the lectic order with polynomial delay, unless P D NP. Enumeration of pseudo-
intents (in an arbitrary order) was also investigated, but concrete complexity results
are outstanding. Babin and Kuznetsov showed in [6, 7] that recognizing a pseudo-
intent is coNP-complete, and furthermore that recognizing the lectically largest
pseudo-intent is coNP-hard. Hence, computing pseudo-intents in the dual lectic
order is also intractable, i.e., not possible with polynomial delay, unless P D NP. As
a corollary Babin and Kuznetsov conclude that the maximal pseudo-intents cannot
be enumerated with polynomial delay, unless P D NP. Further consequences which
they found are, for example, that premises of minimal implication bases cannot be
tractably recognized, since this problem is coNP-complete, and that there cannot
be an algorithm that outputs a random pseudo-intent in polynomial time, unless
NP D coNP.

Eventually, in case a given formal context is not complete in the sense that it
does not contain enough objects to refute invalid implications, i.e., only contains
some observed objects in the domain of interest, but one aims at exploring all valid
implications over the given attribute set, a technique called Attribute Exploration
can be utilized, which guides the user through the process of axiomatizing an
implication base for the underlying domain in a way the number of questions posed
to the user is minimal. For a sophisticated introduction as well as for theoretical and
technical details, the interested reader is rather referred to [21–23, 31, 45]. A parallel
variant of the Attribute Exploration also exists, cf. [28, 31], which is implemented
in Concept Explorer FX [27].

For transferring and extending the results on canonical bases from Formal
Concept Analysis to Description Logics, there are two key observations, namely
that in the simple description logic L0, which only allows for > and u, there is
a one-to-one correspondence between interpretations over the signature .M;;/ and
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formal contexts with attribute set M, and furthermore that implications over M can
be represented as concept inclusions over .M;;/, and vice versa. In particular, an
attribute subset X � M then corresponds to the conjunction

�
X, and accordingly

an implication X ! Y corresponds to the CI
�

X v �
Y . These observations were

successfully used in [2, 12, 16], among others. All of the aforementioned papers
have in common that they provide a certain extension of the method for axiomatizing
bases of implications from formal contexts. In particular, each of the methods makes
heavy use of the canonical base. We will later elaborate on that, and provide results
specifically tailored to our considered description logic MH .

7 The Galois Connection of an Interpretation

In Sect. 6 we have seen that in Formal Concept Analysis the pair of the derivation
operators �I W}.G/ ! }.M/ and �I W}.M/ ! }.G/ of a formal context K :D
.G; M; I/ constitutes a Galois connection. In Description Logics however, for an
interpretation I :D .�I ; �I / we only have an extension mapping �I WM .˙/ !
}.�I /, which is defined recursively on the structure of concept descriptions,
cf. Sect. 4. As a short repetition on Galois connections between posets, the interested
reader is referred to [13, Definition 7.23] and [13, Lemma 7.26]. However, we will
later formulate corresponding notions specifically tailored to our use case.

By definition the extension mapping �I WM .˙/ ! }.�I / preserves finitary
joins, i.e., we have that .

�fCt j t 2 T g/I DTfCI
t j t 2 T g for all finite families

f Ct j t 2 T g of M -concept descriptions over ˙ . When imposing a role-depth
bound ı on the concept descriptions, then we know that there are only finitely many
concept descriptions in case of a finite signature, and thus the extension mapping
�I WM .˙/�ı ! }.�I / preserves arbitrary joins—then [13, 7.34] yields that there
is another mapping }.�I / ! M .˙/�ı , which together with �I constitutes a
Galois connection, and in terms of lattice theory this mapping is called the upper
adjoint of the extension mapping �I . In [2, 12, 16] this upper adjoint is rather
called model-based most specific concept description mapping, and in each of the
references it was shown that the pair of this mapping together with the extension
mapping forms a Galois connection. Furthermore, [13, 7.33] then states that this
other mapping can be found as X 7! Minf C 2 M .˙/�ı j X � CI g,1 i.e., the
mapping which assigns to each subset X � �I its role-depth-bounded model-based
most specific concept description (or, to be formally correct, its equivalence class)
which is characterized by the following definition.

1For a subset X 
 P of a quasi-ordered set .P; �/, we use the expression Min.X/ to denote the set
of all those elements in X which are minimal with respect to �, i.e., x 2 Min.X/ if, and only if,
x 2 X and there is no other element y 2 X such that y � x and y 6	 x.
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Definition 7.1 Let I be an interpretation over the signature ˙ D .NC; NR/, and
let ı 2 N be a role-depth bound. Then, for a subset X � �I , a concept description
C 2 M .˙/�ı is called role-depth-bounded model-based most specific concept
description (abbr. RMMSC) of X in I with respect to ı if it satisfies the following
conditions.

1. rd.C/ � ı,
2. X � CI , and
3. for all M -concept descriptions D over ˙ with a role depth not exceeding ı, it

holds true that ; ˆ C v D if X � DI .

We shall denote the set of all RMMSCs in I w.r.t. ı by Mmsc.I ; ı/.
Firstly, all role-depth-bounded model-based most specific concept descriptions

of X in I with respect to ı are equivalent, and a representative of the equivalence
class is hence denoted as XI .ı/. Secondly, we can easily convince us that XI .ı/

always exists—provided that the underlying signature is finite. This is due to the
fact that for a finite signature, only finitely many concept descriptions with a role
depth of at most ı exist. Consequently, in order to construct XI .ı/ we may just
build the (finite) conjunction of all those concept descriptions the role depth of
which does not exceed ı and the extension of which contains X as a subset. Of
course, this does not yield a practical means for the construction of role-depth-
bounded model-based most specific concept descriptions, but we will investigate
an appropriate computation method later in Sect. 8.

Lemma 7.2 Let I be an interpretation over the signature ˙ D .NC; NR/, fXt j t 2
T g be a family of subsets Xt � �I , and f Cs j s 2 S g a family of concept
descriptions Cs 2M .˙/. Then, the following statements hold.

1. ; ˆ .
SfXt j t 2 T g/I .ı/ �WfXI .ı/

t j t 2 T g
2. .

�fCs j s 2 S g/I DTfCI
s j s 2 S g

Proof

1. Let f Xt j t 2 T g be a family of subsets Xt � �I . Then we can show thatWf XI .ı/
t j t 2 T g is indeed a role-depth-bounded model-based most specific

concept description of
SfXt j t 2 T g. (It would also be possible to dually prove

that .
SfXt j t 2 T g/I .ı/ is a least common subsumer of the concept descriptions

XI .ı/
t for t 2 T .)

First, we prove that
SfXt j t 2 T g is a subset of the extension .

WfXI .ı/
t j t 2

T g/I . By definition, it holds that Xt � XI .ı/I
t for all t 2 T . Furthermore, every

RMMSC XI .ı/
t is subsumed by the LCS

WfXI .ı/
t j t 2 T g. It then immediately

follows that each Xt must be a subset of the extension .
WfXI .ı/

t j t 2 T g/I .
Second, we have to show that whenever C is a concept description the

extension of which contains
SfXt j t 2 T g, then C subsumes

WfXI .ı/
t j t 2 T g

with respect to the empty TBox ;. By definition of RMMSCs then we infer that
each XI .ı/

t is subsumed by C, and hence by definition of LCS,
WfXI .ı/

t j t 2 T g
must be subsumed by C, too.

2. holds true by definition of the semantics of conjunctions. ut
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Lemma 7.3 Let I be an interpretation over the signature ˙ D .NC; NR/, and
ı 2 N be a role-depth bound. Then, the extension mapping �I and the MMSC-
mapping �I .ı/ constitute a Galois connection between the powerset lattice of the
domain �I and the dual of the concept description lattice M .˙/�ı .

In particular, the following statements hold true for all subsets X; Y � �I , and
for all M -concept descriptions C; D over ˙ with a role-depth not exceeding ı.

1. X � CI if, and only if, ; ˆ XI .ı/ v C
2. X � XI .ı/I

3. ; ˆ XI .ı/ � XI .ı/II .ı/

4. X � Y implies ; ˆ XI .ı/ v YI .ı/

5. ; ˆ C w CII .ı/

6. CI D CII .ı/I

7. ; ˆ C v D implies CI � DI

Proof It suffices to prove the first statement, since the others are then obtained as
consequences, cf. [13, Definition 7.23 and Lemma 7.26]. Hence, assume that X �
CI . Then by Statement 3 of Definition 7.1 we conclude that ; ˆ XI .ı/ v C. Vice
versa, if XI .ı/ is subsumed by C with respect to the empty TBox ;, then in particular
it follows that XI .ı/I � CI . An application of Statement 2 of Definition 7.1 then
yields X � XI .ı/I � CI . ut

From the preceding lemma we conclude that the composition of the extension
mapping and the MMSC mapping yields a closure operator in the dual of M�ı ,
and it furthermore holds true that the implications which are valid in �II .ı/ are
exactly those concept inclusions which are valid in I and the subsumee and the
subsumer of which have a role depth not exceeding ı. Furthermore, we infer that
each implication base, of �II .ı/ is a base of CIs for I and ı. Further information
on implications that are valid in closure operators can be found in [30, Sect. 3].

8 Computation of Role-Depth-Bounded Model-Based Most
Specific Concept Descriptions

In this section we are going to develop a method for the computation of RMMSCs
in M . By definition of the M -concept descriptions in Sect. 4, it follows that
each such M -concept description is essentially a conjunction of other M -concept
descriptions, i.e., for each C 2 M .˙/, there is a finite set Conj.C/ � M .˙/

such that C D �
Conj.C/2 is satisfied and Conj.C/ does not contain any elements

of the form D u E. We call the elements in Conj.C/ the top-level conjuncts of
C. Furthermore, we can distinguish between the different possible types of these
top-level conjuncts, i.e., if X � M .˙/, then Conj.C;X / :D Conj.C/ \X . If
A � NC, R � NR, N � N, and C �M .˙/, then define the following sets.

2Please note that
� ; D >.
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:A :D f:A j A 2 A g

A

R: C :D f A

r: C j r 2 R; C 2 C g

E� N: R: C :D f E� n: r: C j n 2 N; r 2 R; C 2 C g

E� N: R :D f E� n: r j n 2 N; r 2 R g

E

R: Self :D f E

r: Self j r 2 R g

It is readily verified that then for every M -concept description C,

Conj.C/ D Conj.C; f?;>g/
[ Conj.C; NC/

[ Conj.C;:NC/

[ Conj.C;

A

NR:M .˙//

[ Conj.C;

E� N: NR:M .˙//

[ Conj.C;

E� N: NR /

[ Conj.C;

E

NR: Self/;

i.e., C must be of the following form.

C D
�

Conj.C; f?;>g/

u
�

Conj.C; NC/

u
�

Conj.C;:NC/

u
�

Conj.C;

A

NR:M .˙//

u
�

Conj.C;

E� N: NR:M .˙//

u
�

Conj.C;

E� N: NR /

u
�

Conj.C;

E

NR: Self/

We conclude that for the construction of an RMMSC we have to investigate
which conjuncts of the different types must occur in the RMMSC. In particular,
we investigate a technique for the construction of an RMMSC XI .ı/ of a subset
X � �I within a given interpretation I and with respect to a pre-defined bound
ı 2 N on the role depths. We start by considering the smallest bound ı D 0. It is
then readily verified that the RMMSC must have the form
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XI .0/ D
�

Conj.XI .0/; f?;>g/

u
�

Conj.XI .0/; NC/

u
�

Conj.XI .0/;:NC/;

where

Conj.XI .0/; f?;>g/ D f>g [ f? j X D ;g;
Conj.XI .0/; NC/ D fA j A 2 NC and X � AI g;

and Conj.XI .0/;:NC/ D f:A j A 2 NC and X \ AI D ;g:

Now assume that ı > 0. We have already argued that for a finite signature ˙ ,
which we can always assume for practical cases, the RMMSC XI .ı/ must exist, and
furthermore must then be of the following form.

XI .ı/ D
�

Conj.XI .ı/; f?;>g/

u
�

Conj.XI .ı/; NC/

u
�

Conj.XI .ı/;:NC/

u
�

Conj.XI .ı/;

A

NR:M .˙/�ı�1/

u
�

Conj.XI .ı/;

E� N: NR:M .˙/�ı�1/

u
�

Conj.XI .ı/;

E� N: NR /

u
�

Conj.XI .ı/;

E

NR: Self/

For the first three parts, we can, of course, utilize the results from the case ı D 0.
Furthermore, we can immediately see that

Conj.XI .ı/;

E

NR: Self/ D f E

r: Self j r 2 NR and

A

x 2 XW .x; x/ 2 rI g:

For analyzing the remaining parts, we repeat the definitions of extensions of some
of the corresponding M -concept descriptions as follows.

.

A

r: C/I D f d 2 �I j A

e 2 �I W .d; e/ 2 rI implies e 2 CI g
D f d 2 �I j f e 2 �I j .d; e/ 2 rI g � CI g
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.

E� n: r: C/I D f d 2 �I j jf e 2 �I j .d; e/ 2 rI and e 2 CI gj � n g
D f d 2 �I j jf e 2 �I j .d; e/ 2 rI g \ CI j � n g

.

E� n: r /I D f d 2 �I j jf e 2 �I j .d; e/ 2 rI gj � n g

If we denote the set of all r-successors of an element d 2 �I by sucI .d; r/,
i.e., if we set sucI .d; r/ :D f e 2 �I j .d; e/ 2 rI g, then we can rewrite the
equations given above as follows.

.

A

r: C/I D f d 2 �I j sucI .d; r/ � CI g
.

E� n: r: C/I D f d 2 �I j jsucI .d; r/ \ CI j � n g
.

E� n: r /I D f d 2 �I j jsucI .d; r/j � n g

Consequently, when lifting the equations from a characterization of elements of
the extensions to subsets of the extensions, we get the following equivalences.

X � .

A

r: C/I if, and only if,

A

x 2 XW x 2 .

A

r: C/I

if, and only if,

A

x 2 XW sucI .x; r/ � CI

X � .

E� n: r: C/I if, and only if,

A

x 2 XW x 2 .

E� n: r: C/I

if, and only if,
A

x 2 XW jsucI .x; r/ \ CI j � n

X � .

E� n: r /I if, and only if,

A

x 2 XW x 2 .

E� n: r /I

if, and only if,

A

x 2 XW jsucI .x; r/j � n

Further define

CSuc.X;

A

r/ :D fC 2M .˙/ j A

x 2 XW sucI .x; r/ � CI g;
CSuc.X;

E� n: r / :D fC 2M .˙/ j A

x 2 XW jsucI .x; r/ \ CI j � n g;
and n.X; r/ :D maxf jsucI .x; r/j j x 2 X g;

i.e., n.x; r/ denotes the number of r-successors of x in I , and n.X; r/ is the smallest
n such that X � .

E� n: r /I . Then, of course it holds true that

X � .

A

r: C/I if, and only if, C 2 CSuc.X;

A

r/;

X � .

E� n: r: C/I if, and only if, C 2 CSuc.X;

E� n: r /;

and X � .

E� n: r /I if, and only if, n � n.X; r/:



Acquisition of Terminological Knowledge from Social Networks in Description Logic 119

We can then collect all subsets of the interpretation’s domain the extension of
which serves as a filler for the appropriate constructors, and in particular we set

SucI .X;

A

r/ :D fY � �I j A

x 2 XW sucI .x; r/ � Y g;
and SucI .X;

E� n: r / :D fY � �I j A

x 2 XW jsucI .x; r/ \ Yj � n g:

Obviously, then

X � .

A

r: YI .ı�1//I for all Y 2 SucI .X;

A

r/;

and X � .

E� n: r: YI .ı�1//I for all Y 2 SucI .X;

E� n: r /;

and applying Statement 1 of Lemma 7.3 yields that

; ˆ XI .ı/ v A

r: YI .ı�1/ for all Y 2 SucI .X;

A

r/;

; ˆ XI .ı/ v E� n: r: YI .ı�1/ for all Y 2 SucI .X;

E� n: r /;

and ; ˆ XI .ı/ v E� n: r for all n � n.X; r/:

The connection between the sets CSuc.: : :/ and Suc.: : :/ is as follows.

1. For all C 2 CSuc.X;

Q

r/ it holds true that CI 2 Suc.X;

Q

r/.
2. For all Y 2 Suc.X;

Q
r/ it holds true that YI .ı�1/ 2 CSuc.X;

Q
r/.

Continuing the way towards a construction of the RMMSC of a subset X � �I ,
we can see that it must satisfy the following subsumption.

; ˆ XI .ı/ v
�
fA j A 2 NC and X � AI g

u
�
f:A j A 2 NC and X � .:A/I g

u
�
f A

r: C j r 2 NR; C 2M .˙/�ı�1; and X � .

A

r: C/I g

u
�
(

E� n: r: C

ˇ̌
ˇ̌
ˇ

n 2 N; r 2 NR; C 2M .˙/�ı�1;

and X � .

E� n: r: C/I

)

u
�
f E� n: r j n 2 N; r 2 NR; and X � .

E� n: r /I g

u
�
f E

r: Self j r 2 NR; and X � .

E

r: Self/I g

�
�
fA j A 2 NC and X � AI g

u
�
f:A j A 2 NC and X \ AI D ;g

u
�
f A

r: C j r 2 NR; and C 2 CSuc.X;

A

r/ \M .˙/�ı�1 g
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u
�
(

E� n: r: C

ˇ̌
ˇ̌
ˇ

n 2 N; r 2 NR;

and C 2 CSuc.X;

E� n: r / \M .˙/�ı�1

)

u
�
f E� n: r j n 2 N; r 2 NR; and n � n.X; r/ g

u
�
f E

r: Self j r 2 NR; and X � .

E

r: Self/I g

It is easy to see that for the construction of the RMMSC it suffices to consider
the minimal successors, and hence we explicitly define them as follows.

sucI .X; r/ :D
[
f sucI .x; r/ j x 2 X g

D f y 2 �I j E

x 2 XW .x; y/ 2 rI g
MinSucI .X;

A

r/ :D Min.SucI .X;

A

r//

D fsucI .X; r/g
MinSucI .X;

E� n: r / :D Min.SucI .X;

E� n: r //

D MinfY � sucI .X; r/ j A

x 2 XW jsucI .x; r/ \ Yj � n g

Definition 8.1 Let I be a finite interpretation over a finite signature ˙ :D
.NC; NR/, X � �I with X ¤ ; be a subset of the domain, and ı 2 N be a
role-depth bound. Then, the syntactic RMMSC of X in I with respect to ı is the
concept description mmsc.X;I ; ı/ which is defined by induction on the role depth
as follows.

mmsc.X;I ; 0/ :D
�
fA j A 2 NC and X � AI g

u
�
f:A j A 2 NC and X \ AI D ; g

mmsc.X;I ; ı/ :D mmsc.X;I ; 0/

u
�
(

A

r: mmsc.Y;I ; ı � 1/

ˇˇ̌
ˇˇ

r 2 NR

and Y 2 MinSucI .X;

A

r/

)

u
�
(

E� n: r: mmsc.Y;I ; ı � 1/

ˇ̌
ˇˇˇ

n 2 NC; r 2 NR; and

Y 2 MinSucI .X;

E� n: r /

)

u
�
f E� n.X; r/: r j r 2 NR g

u
�
f E

r: Self j r 2 NR and f .x; x/ j x 2 X g � rI g

Furthermore, we define mmsc.;;I ; ı/ :D ? for all ı 2 N.
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Lemma 8.2 Let C1; : : : ; Cm and D1; : : : ; Dn be M -concept descriptions over the
signature ˙ :D .NC; NR/. Then ; ˆ �f Ci j i 2 f1; : : : ; mg g v �f Dj j j 2
f1; : : : ; ng g if for each j 2 f1; : : : ; ng, there is an i 2 f1; : : : ; mg such that ; ˆ Ci v
Dj.

Proof Obviously, it holds true that ; ˆ �f Ci j i 2 f1; : : : ; mg g v Ci for all
indices i 2 f1; : : : ; mg. We conclude that for each j 2 f1; : : : ; ng, the subsumption
; ˆ �f Ci j i 2 f1; : : : ; mg g v Dj is satisfied, and thus ; ˆ �f Ci j i 2
f1; : : : ; mg g v �fDj j j 2 f1; : : : ; ng g. ut
Theorem 8.3 Let I be a finite interpretation over a finite signature ˙ :D
.NC; NR/, X � �I a subset of the domain, and ı 2 N a role-depth bound. Then,
the concept description mmsc.X;I ; ı/ is the role-depth-bounded model-based
most-specific concept description of X in I with respect to ı, i.e., ; ˆ XI .ı/ �
mmsc.X;I ; ı/.

Proof The case X D ; is obvious. Hence, consider a non-empty subset X �
�I . It is easy to see that for a finite interpretation I , it always holds true that
MinSucI .X;

E� n: r / D ; for all numbers n > j�I j and all role names r 2 NR.
Consequently mmsc.X;I ; ı/ consists of finitely many conjunctions, and thus is
indeed a well-defined M -concept description.

We now show the three properties of Definition 7.1 by simultaneous induction
on the role-depth bound ı.

.ı D 0/ 1. Since concept names and their negations possess a role depth of 0,
it obviously follows that mmsc.X;I ; 0/ must have a role-depth of 0, too.

2. Since for each concept name A 2 NC occurring in mmsc.X;I ; 0/, it is true
that X � AI , and furthermore for each primitive negation :A for an A 2 NC

which is a top-level conjunct in mmsc.X;I ; 0/, we have that X � �I nAI ,
we can easily conclude that X � mmsc.X;I ; 0/I .

3. Assume that D is an M -concept description over ˙ with a role depth of 0, i.e.,
D consists only of a conjunction of concept names and primitive negations,
and let X � DI . Then, for concept name A 2 NC occurring in D, it certainly
holds that X � AI , and hence A is a top-level conjunct in mmsc.X;I ; 0/,
too. Analogously, for a primitive negation :A in D, we know that X � .:A/I

must be satisfied, and so also :A is contained in the top-level conjunction
of mmsc.X;I ; 0/. We just showed that each conjunct in D also occurs in
mmsc.X;I ; 0/, and hence ; ˆ mmsc.X;I ; 0/ v D.

.ı > 0/ 1. Note that rd.mmsc.X;I ; ı// D 1Cmax frd.mmsc.Y;I ; ı � 1//

jY 2 MinSuc.X;

Q

r/;

Q2 f Ag [ f � n: j n 2 NC gg for ı > 0. By induc-
tion hypothesis, rd.mmsc.Y;I ; ı � 1// � ı � 1, and hence it follows that
rd.mmsc.X;I ; ı// � ı.

2. Let ı > 0, and consider a top-level conjunct

Q

r: mmsc.Y;I ; ı � 1/

occurring in mmsc.X;I ; ı/, i.e., Y 2 MinSucI .X;

Q

r/. By induction
hypothesis, Y is a subset of mmsc.Y;I ; ı � 1/I . We continue with a case
distinction on the quantifier

Q

.
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.

QD � n/ By definition of the successor sets, it holds true that all elements
in Y are r-successors of some element in X, since Y � sucI .X; r/.
Furthermore, Y satisfies the condition that for each element x 2 X, the
cardinality of the intersection sucI .x; r/ \ Y is at least n, i.e., each
element x 2 X has n or more r-successors in Y . Consequently, X �
.

E� n: r: mmsc.Y;I ; ı � 1//I .
.

QD A

/ In this case, we have that Y D sucI .X; r/. Consider an arbitrary
x 2 X. If y 2 �I and .x; y/ 2 rI , then y 2 Y , and so x 2
.

A

r: mmsc.Y;I ; ı � 1//I .
3. Consider ı > 0, and let E be a conjunct on the top-level of D. Of course,

it then holds true that X � EI . We proceed with a case distinction on E,
and prove that there is always a top-level conjunct in mmsc.X;I ; ı/ which
is subsumed by E with respect to the empty TBox ;. As a consequence then
Lemma 8.2 yields that ; ˆ mmsc.X;I ; ı/ v D.
(E D A

r: F) Since X � .

A

r: F/I , we infer that each r-successor of each
element in X is in the extension FI , i.e.,

A

x 2 X

A

y 2 �I W .x; y/ 2 rI implies y 2 FI :

As the set sucI .X; r/ contains all r-successors of any element in X and
no additional elements, we conclude that sucI .X; r/ � FI . Applying
Statement 1 of Lemma 7.3 yields ; ˆ .sucI .X; r//I .ı�1/ v F. An appli-
cation of the induction hypothesis implies that ; ˆ .sucI .X; r//I .ı�1/ �
mmsc.sucI .X; r/;I ; ı � 1/. Eventually, it follows that

; ˆ A

r: mmsc.sucI .X; r/;I ; ı � 1/ v A

r: F:

(E D E� n: r: F) By assumption, we have that X � .

E� n: r: F/I , i.e.,
every element x 2 X has n or more r-successors which are in the extension
of F. Thus, jsucI .x; r/ \ FI j � n for all x 2 X, and consequently there
is a set Y 2 MinSucI .X;

E� n: r / such that Y � FI . By applying
Statement 1 of Lemma 7.3 we conclude that ; ˆ YI .ı�1/ v F, and since
the induction hypothesis yields that ; ˆ YI .ı�1/ � mmsc.Y;I ; ı � 1/,
it eventually follows that ; ˆ E� n: r: mmsc.Y;I ; ı � 1/ v E� n: r: F
where the subsumee is a top-level conjunct in mmsc.X;I ; ı/.

(E D E� n: r ) The set inclusion X � .

E� n: r /I yields that for every
element x 2 X, the number of r-successors of x does not exceed n. It is
readily verified that then n.X; r/ � n, and thus ; ˆ E� n.X; r/: r vE� n: r . Of course,

E� n.X; r/: r is contained as a top-level conjunct in
mmsc.X;I ; ı/.

(E D E

r: Self) From X � .

E

r: Self/I it follows that each element x 2 X
is an r-successor of itself, i.e., f .x; x/ j x 2 X g � rI . By definition,
mmsc.X;I ; ı/ then also contains

E

r: Self as a top-level conjunct. ut
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9 Concept Lattices of Interpretations

Let I be an interpretation over ˙ :D .NC; NR/, and assume that ı 2 N is a role
depth bound. A formal concept of I with respect to the role depth bound ı is a pair
.X; ŒC�	/ such that its extent X is a subset of �I , its intent ŒC�	 is an equivalence
class of M -concept descriptions over ˙ , and XI .ı/ D ŒC�	 as well as CI D X
are satisfied. For the sake of simplicity, we denote the formal concept .X; ŒC�	/

simply as .X; C/. Then we may furthermore define an ordering of formal concepts
by .X; C/ � .Y; D/ if X � Y . In case .X; C/ � .Y; D/ we say that .X; C/ is a
subconcept of .Y; D/, and vice versa that .Y; D/ is a superconcept of .X; C/. Using
the Galois properties from Lemma 7.3, it is easy to prove that .X; C/ � .Y; D/ if,
and only if, ; ˆ C v D. The set of all formal concepts of I w.r.t. ı is denoted by
B.I ; ı/, and the set of all extents is symbolized as Ext.I ; ı/.

Lemma 9.1 Let I be a finite interpretation over the signature ˙ , and ı 2 N a
role-depth bound.

1. For all formal concepts .X; C/ and .Y; D/ of I w.r.t. ı, it is true that

.X; C/ � .Y; D/ if, and only if, X � Y if, and only if, ; ˆ C v D:

2. The relation � is an order on B.I ; ı/.

Proof

1. The first equivalence holds by definition. Assume that X is a subset of Y , then
from Statement 4 of Lemma 7.3 it follows that ; ˆ XI .ı/ v YI .ı/. Finally,
since .X; C/ and .Y; D/ are description concepts we conclude ; ˆ C � XI .ı/ v
YI .ı/ � D. The other direction can be shown analogously, as also the extension
mapping is monotonous, cf. Statement 7 of Lemma 7.3.

2. It is well-known that the subset inclusion is an order relation, hence also � must
be reflexive and transitive. ut
Furthermore, B.I ; ı/ is in fact a lattice, in which the infimum and the supremum

of a finite family f .Xt; Ct/ j t 2 T g of formal concepts satisfy the following
equations.

^
f .Xt; Ct/ j t 2 T g D .

\
fXt j t 2 T g; .

�
fCt j t 2 T g/II .ı//

_
f .Xt; Ct/ j t 2 T g D ..

[
fXt j t 2 T g/I .ı/I ;

_
fCt j t 2 T g/

The lattice is bounded by the smallest formal concept .;;?/, and by the greatest
formal concept .�I ; .�I /I /. We denote this lattice by B.I ; ı/ :D .B.I ; ı/;�/.
Note that in case of finiteness of the interpretation I , the concept lattice is complete.



124 F. Kriegel

10 Induced Formal Contexts

In this section we are going to consider the notion of induced formal contexts,
which has first been defined and utilized by Baader and Distel [2, 16], and later also
by Borchmann [11], for the description logic EL?

gfp. Similar results were found

by Borchmann, Distel, and Kriegel, cf. [12], for the description logic EL? where
the role depth of the considered concept descriptions is restricted. In the sequel of
this section, we extend the previous definitions and results to the more expressive
description logic M .

Consider a set C of M -concept descriptions over the signature ˙ :D .NC; NR/.
Then, we define a projection �C with respect to C as follows.

�C WM .˙/! }.C /

C 7! fD 2 C j ; ˆ C v D g

Furthermore, we say that an M -concept description C over ˙ is expressible in terms
of C if there is a subset X � C such that ; ˆ C � �

X . It turns out that the
projection �C is a counterpart for the conjunction

�
such that their pair constitutes

a Galois connection between the lattice M .˙/ and the powerset }.C /, i.e., the
statements in the following lemma hold true.

Lemma 10.1 Let C be a set of M -concept descriptions over ˙ . Then for all
subsets X ;Y � C and all concept descriptions C; D 2 M .˙/, the following
statements are valid.

1. X � �C .C/ if, and only if, ; ˆ �
X w C

2. X � Y implies ; ˆ �
X w �

Y
3. X � �C .

�
X /

4. ; ˆ �
X � �

�C .
�
X /

5. ; ˆ C v D only if �C .C/ 	 �C .D/

6. ; ˆ C v �
�C .C/

7. �C .C/ D �C .
�

�C .C//

Proof It suffices to show Statement 1. Then the other statements are obtained as a
consequence. We can easily see that the following equivalences hold.

X � �C .C/ if, and only if,

A

D 2X W ; ˆ C v D

if, and only if, ; ˆ C v
�

X : ut

In the case of EL?
gfp, Baader and Distel showed that each (unbounded) MMSC

of an interpretation I can be expressed in terms of f?g [ NC [ f E

r: XI j r 2
NR and ; ¤ X � �I g. Similarly, for the role-depth-bounded case, Borchmann,
Distel, and Kriegel showed that each RMMSC of I w.r.t. ı is expressible in terms
of f?g [ NC [ f E

r: XI .ı�1/ j r 2 NR and ; ¤ X � �I g. As a straightforward
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extension to M , we can infer from Theorem 8.3 that each RMMSC is expressible
in terms of

C .I ; ı/ :D f?g [ fA;:A j A 2 NC g [

8
ˆ̂̂
ˆ̂̂
<

ˆ̂̂
ˆ̂̂
:

A

r: XI .ı�1/;

E� m: r: XI .ı�1/;

E� n: r ;

E

r: Self

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌

r 2 NR;

0 < m � j�I j;
0 � n � j�I j;
; ¤ X � �I

9
>>>>>>=

>>>>>>;

D f?g [ NC [ :NC

[ A

NR: .Mmsc.I ; ı � 1/ n f?g/
[ E� f1; : : : ; j�I jg: NR: .Mmsc.I ; ı � 1/ n f?g/
[ E� f0; : : : ; j�I jg: NR

[ E

NR: Self;

i.e., the set C .I ; ı/ is
�

-dense in the set Mmsc.I ; ı/ of all RMMSCs of I with
respect to ı.

Definition 10.2 Let I be an interpretation, and let C be a set of M -concept
descriptions, both over the same signature ˙ . Then, the induced formal context of
I and C is defined as K.I ;C / :D .�I ;C ; I/ the incidence of which is defined by
.d; C/ 2 I if, and only if, d 2 CI . Furthermore, the induced formal context K.I ; ı/

of I and a role-depth bound ı 2 N is defined as the induced formal context of I
and C .I ; ı/. The projection �C .I ;ı/ with respect to C .I ; ı/ is simply denoted as
�I ;ı .

Lemma 10.3 Let K.I ;C / be an induced formal context such that C �M .˙/�ı

for a role depth bound ı 2 N. Then, for all subsets X � �I , all subsets X � C ,
and all M -concept descriptions C 2M .˙/, the following statements hold true.

1. �C .XI .ı// D XI

2. .
�
X /I DX I

3. CI � �C .C/I

4. �C ..
�
X /II .ı// DX II

Furthermore, if C is expressible in terms of C , then also the following statements
are satisfied.

5. ; ˆ C � �
�C .C/

6. CI D .�C .C//I

Eventually, if X is an intent of K.I ;C /, then the following equality is valid, too.

7. X D �C .
�
X /
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Proof

1. Let X � �I . Then we have

�C .XI .ı// D fD 2 C j ; ˆ XI .ı/ v D g
.�/D fD 2 C j X � DI g
D fD 2 C j A

x 2 XW .x; D/ 2 I g
D XI ;

where the equality .�/ follows from Statement 1 of Lemma 7.3.
2. Let X � C . Then it holds that

.
�

X /I D
\
fDI j D 2X g D

\
f fDgI j D 2X g DX I :

3. Let C 2M .˙/ be a concept description. Then we have

CI �
\
fDI j D 2 C and ; ˆ C v D g

D
\
fDI j D 2 C and ; ˆ C v D g

D fD j D 2 C and ; ˆ C v D gI

D �C .C/I :

4. Let X � C be a set of concept descriptions from C . Then it holds that

�C ..
�

X /II .ı// D fD 2 C j ; ˆ .
�

X /II .ı/ v D g

D fD 2 C j ; ˆ .
�

X /I � DI g
D fD 2 C jX I � fDgI g
D fD 2 C j D 2X II g
DX II :

Now let furthermore C be a concept description that is expressible in terms of C .
Then we know that there is a subset X � C such that ; ˆ C � �

X .

5. By an application of Statement 4 of Lemma 10.1 we immediately conclude that

; ˆ C �
�

X �
�

�C .
�

X / �
�

�C .C/:
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6. The equality follows from the former Statements 2 and 5—in particular, from
; ˆ C � �

�C .C/ we deduce that CI D .
�

�C .C//
I D �C .C/I .

Finally consider an intent X of K.I ;C /.

7. We have the following equations which follow from Statement 4 and Statement 7
of Lemma 10.1:

�C .
�

X / D �C .
�

X II/ D �C .
�

�C ..
�

X /II .ı///

D �C ..
�

X /II .ı// DX II DX : ut

Lemma 10.4 Let K.I ;C / be an induced formal context. Then for all subsets
X ;Y � C , the concept inclusion

�
X v �

Y is valid in I if, and only if,
the implication X ! Y is valid in K.I ;C /.

Proof It is readily verified that the following equivalences hold true.

I ˆ
�

X v
�

Y if, and only if, .
�

X /I � .
�

Y /I

if, and only if, X I � Y I

if, and only if, K.I ;C / ˆX ! Y ut

Definition 10.5 Let I be an interpretation over the signature ˙ , let ı 2 N be a
role depth bound, and assume that C is an M -concept description over ˙ . Then
the lower approximation of C with respect to I and ı is defined as the concept
description

bCcI ;ı :D
�

Conj.C; f?;>g/

u
�

Conj.C; NC/

u
�

Conj.C;:NC/

u
�
f A

r: DII .ı�1/ j A

r: D 2 Conj.C;

A

NR:M .˙// g

u
�
f E� n: r: DII .ı�1/ j E� n: r: D 2 Conj.C;

E� N: NR:M .˙// g

u
�

Conj.C;

E� N: NR /

u
�

Conj.C;

E

NR: Self/:
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Lemma 10.6 Let I be an interpretation over the signature ˙ , and assume that
ı 2 N is a role depth bound. Then, for all concept descriptions C; D 2M .˙/, all
role names r 2 NR, and all natural numbers n 2 N, the following statements hold
true.

1. .C u D/I D .CII .ı/ u D/I

2. .

A

r: C/I D .

A

r: CII .ı//I

3. .

E� n: r: C/I D .

E� n: r: CII .ı//I

Proof Beforehand observe that according to Statement 6 of Lemma 7.3, for all M -
concept descriptions C over ˙ , it holds true that ; ˆ CI � CII .ı/I .

1. It holds true that .CuD/I D CI \DI D CII .ı/I \DI D .CII .ı/ uD/I .
2. It holds true that

.

A

r: C/I D f d 2 �I j A

e 2 �I W .d; e/ 2 rI implies e 2 CI g
D f d 2 �I j A

e 2 �I W .d; e/ 2 rI implies e 2 CII .ı/I g
D .

A

r: CII .ı//I :

3. It holds true that

.

E� n: r: C/I D f d 2 �I j E

E 2 ��I

n

� A

e 2 EW .d; e/ 2 rI and e 2 CI g
D f d 2 �I j E

E 2 ��I

n

� A
e 2 EW .d; e/ 2 rI and e 2 CII .ı/I g

D .

E� n: r: CII .ı//I : ut

Lemma 10.7 Let I be an interpretation over ˙ . Then for every M -concept
description C over ˙ the role depth of which does not exceed ı, it holds true that

; ˆ fCII .ı/ v bCcI ;ı; bCcI ;ı v Cg:

Proof We know that ; ˆ DII .ı�1/ v D for all concept descriptions D over
˙ with rd.D/ � ı � 1, and since value restrictions as well as qualified greater-
than restrictions are monotonous in its concept argument, we have that ; ˆA

r: DII .ı�1/ v A

r: D and ; ˆ E� n: r: DII .ı�1/ v E� n: r: D is satisfied
for all role names r 2 NR and all natural numbers n 2 N. Hence, we conclude that
the lower approximation bCcI ;ı is subsumed by C with respect to the empty TBox
;.

Furthermore, we infer the following equivalences, in particular the equality .�/
follows by applying Lemma 10.6.

.bCcI ;ı/
I

D
��

Conj.C; f?;>g [ NC [ :NC [ E� N: NR [ E

NR: Self/
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u
�
f A

r: DII .ı�1/ j A

r: D 2 Conj.C;

A

NR:M .˙// g

u
�
f E� n: r: DII .ı�1/ j E� n: r: D 2 Conj.C;

E� N: NR:M .˙// g
	I

D
��

Conj.C; f?;>g [ NC [ :NC [ E� N: NR [ E

NR: Self/
	I

\
\
f . A

r: DII .ı�1//I j A

r: D 2 Conj.C;

A

NR:M .˙// g

\
\
f . E� n: r: DII .ı�1//I j E� n: r: D 2 Conj.C;

E� N: NR:M .˙// g
.�/D
��

Conj.C; f?;>g [ NC [ :NC [ E� N: NR [ E

NR: Self/
	I

\
\
f . A

r: D/I j A

r: D 2 Conj.C;

A

NR:M .˙// g

\
\
f . E� n: r: D/I j E� n: r: D 2 Conj.C;

E� N: NR:M .˙// g
D CI

Eventually, it follows that CI � .bCcI ;ı/
I and using Statement 1 of Lemma 7.3

we infer that ; ˆ CII .ı/ v bCcI ;ı . ut
Lemma 10.8 Let I be an interpretation and ı 2 N be a role depth bound. Then
every model-based most specific concept description of I with role depth bound ı

is expressible in terms of C .I ; ı/.

Proof Let C be a model-based most specific concept description in I with respect
to the role depth ı. Then Statement 3 of Lemma 7.3 yields that ; ˆ C � CII .ı/.
Using the previous Lemma 10.7, we then know that C is equivalent to its lower
approximation w.r.t.I . Obviously, C is then expressible in terms of C .I ; ı/. ut
Lemma 10.9 Let K.I ; ı/ be an induced formal context. Then, for all subsets
X � C .I ; ı/ and all M -concept descriptions C over ˙ , the following statements
hold true.

1. ; ˆ .
�
X /II .ı/ � �

X II

2. If X is an intent of K.I ; ı/, then
�
X is a model-based most specific concept

description of I with role-depth bound ı.
3. If C is a model-based most specific concept description of I with role-depth

bound ı, then �I ;ı.C/ is an intent of K.I ; ı/.

Proof

1. We already know that X II D �I ;ı..
�
X /II .ı// holds, cf. Statement 4 of

Theorem 10.3, and thus also ; ˆ �
�I ;ı..

�
X /II .ı// � �

X II . Further-
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Fig. 4 Overview on the isomorphisms between the extent lattice, intent lattice, and RMMSC
lattice of K.I ; ı/ and I ; ı, respectively. Note that Ext.K.I ; ı// D Ext.I ; ı/ holds

more, from Lemma 10.8 it follows that .
�
X /II .ı/ is expressible in terms of

C .I ; ı/, i.e., Statement 5 of Lemma 10.3 implies ; ˆ �
�I ;ı..

�
X /II .ı// �

.
�
X /II .ı/.

2. Let X D X II be an intent. Then it follows that ; ˆ �
X � �

X II , and
Lemma 10.3 yields ; ˆ �

X � .
�
X /II .ı/, i.e.,

�
X is a RMMSC.

3. Conversely, let C be an RMMSC, i.e., ; ˆ C � CII .ı/. Then Statement 5
of Lemma 10.3 implies ; ˆ C � �

�I ;ı.C/. Furthermore, it follows that
; ˆ �

�I ;ı.C/ � .
�

�I ;ı.C//
II .ı/ � �

�I ;ı.C/II . In particular then
; ˆ C v �

�I ;ı.C/II holds, and according to Lemma 10.1 this is equivalent
to �I ;ı.C/II � �I ;ı.C/. Of course, the inverse set inclusion also holds, i.e.,
eventually �I ;ı.C/ is an intent. ut

Corollary 10.10 The concept lattice of K.I ; ı/ is isomorphic to the concept
lattice of I and ı. A complete overview on the corresponding isomorphisms is
shown in Fig. 4.

11 Knowledge Bases of Interpretations

In Sect. 4 we introduced the notion of a concept inclusion. In particular, a CI C v D
is valid in an interpretation I if CI � DI is satisfied. We denote the set of all valid
CIs of I by T .I /. In contrast to formal contexts, where there are only finitely
many valid implications in case of a finite attribute set, the set T .I / is infinite,
even for finite interpretations over finite signatures. As an example, consider the
CI > v >, which is valid in all interpretations. Furthermore, if a CI C v D is
valid in I , then so is

E

r: C v E

r: D. We conclude that T .I / always contains at
least countably infinitely many CIs, provided that there is at least one role name. An
important question now is, whether there is a finite base of CIs for I , i.e., a (finite)
TBox B.I / such that B.I / ˆ T .I / as well as T .I / ˆ B.I /. Baader and
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Distel found an affirmative answer in [2, 16] for the case of finite interpretations
over finite signatures in the description logic EL?, where they take an elegant
detour over EL?

gfp, i.e., EL? interpreted with greatest fixpoint semantics, and
later Borchmann, Distel, and Kriegel found a positive answer in [12] for finite
interpretations over finite signatures in the description logic EL? restricted by a
role depth bound, which is easier to apply and implement, since the descriptive
semantics are utilized for which plenty of reasoners already exist. Furthermore, it
was investigated how the technique of construction of a base of CIs can be iterated
for taking into account input interpretations which can be observed on a daily basis,
and similarly taking into account existing knowledge in form of a TBox, cf. [29].

Definition 11.1 Let I be an interpretation over a signature ˙ , and assume that ı 2
N is a role depth bound. Then, a knowledge base for I and ı is a pair K :D .T ;R/

consisting of a TBox T and an RBox R such that for all concept inclusions ˛ the
role depth of the subsumee of which, and of the subsumer of which, respectively,
does not exceed ı, and also for all role inclusions ˛, it holds true that

I ˆ ˛ if, and only if, K ˆ ˛:

A knowledge base K is non-redundant if none of the axioms is entailed by the
others, i.e., if for each ˛ 2 T [ R, it holds true that .T n f˛g;R n f˛g/ 6ˆ ˛.
Furthermore, a knowledge base for I and ı is minimal if there is no knowledge
base for I and ı of a smaller cardinality.

By means of the results of the previous sections we are now ready to formulate a
knowledge base for an interpretation I , or for a description graph G , respectively.
Beforehand, we inspect the interplay of role and concept inclusions, and we list
some trivial concept inclusions that are valid in all interpretations.

Lemma 11.2 Let m; n 2 NC be non-negative integers with n < m, r 2 NR be a role
name, and C; D be M -concept descriptions. Then, the following concept inclusions
hold in every interpretation I .

A u :A v ?

E

r: Self u A

r: C v C

E

r: Self u C v E

r: C

E

r: Self u C u E� 1: r v A

r: C

E� n: r: C u A

r: D v E� n: r: .C u D/

E� n: r v E� m: r

E� m: r: C v E� n: r: C

E� j�I j: r: C v C u A

r: C u E

r: Self

> v E� j�I j: r
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Proof Most of the concept inclusions are obviously valid. We are only going to
explain the validity of the penultimate concept inclusion. If a domain element
has at least j�I j r-successors in C, then especially it must be an r-successor of
itself, hence be in C and in

E

r: Self. Furthermore, there cannot be any further r-
successors, and so all r-successors must be in C. ut

Please note that there are no direct subsumptions between existential restrictionsE

r: C and value restrictions

A

r: C, i.e., both

E

r: C v A

r: C and

A

r: C v E

r: C
do not hold. There is also a crossover between both which is denoted by

AE

, and
has the semantics .

AE

r: C/I :D .

E

r: C/I \ .

A

r: C/I , i.e., a domain element is
in the extension of

AE

r: C if, and only if, there is an r-successor in C, and all r-
successors are in C. Furthermore, there is also a reversed value restriction

A

C: r
with the semantics .

A

C: r/I :D f d 2 �I j A

e 2 �I W e 2 CI implies .d; e/ 2
rI g. However, we do not use either of them for our mining technique.

The next two lemmas show us which concept inclusions can be inferred from
known role inclusions.

Lemma 11.3 Let I be a model of the role inclusion r v s, as well as of the concept
inclusion C v D, and furthermore let m � n be natural numbers. Then I is also a
model of the following concept inclusions.

E� n: r: C v E� m: s: D

E

r: Self v E

s: Self
A

s: C v A
r: D

E� m: s v E� n: r

Proof Assume that m � n, and let I be an interpretation such that rI � sI and
CI � DI .

.�/ Then we have that

.

E� n: r: C/I D f d 2 �I j E

E 2 ��I

n

�W fdg � E � rI and E � CI g
� f d 2 �I j E

E 2 ��I

m

�W fdg � E � sI and E � DI g
D .

E� m: s: D/I :

.

E

/ For the existential self restrictions we can infer the following.

.

E

r: Self/I D f d 2 �I j .d; d/ 2 rI g
� f d 2 �I j .d; d/ 2 sI g
D .

E

s: Self/I
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.

A

/ Furthermore, consider a concept inclusion

A

s: C v A

r: C. We can infer the
following.

.

A

s: C/I D f d 2 �I j A

e 2 �I W .d; e/ 2 sI implies e 2 CI g
� f d 2 �I j A

e 2 �I W .d; e/ 2 rI implies e 2 DI g
D .

A

r: C/I

.�/ Finally, it holds true that

.

E� m: s /I D f d 2 �I j A

E 2 ��I

mC1

�W fdg � E 6� sI g
� f d 2 �I j A

E 2 ��I

nC1

�W fdg � E 6� rI g
D .

E� n: r /I : ut

First, we want to extract a minimal RBox R.I / from the interpretation that
entails all role inclusions valid in I . We therefore define an equivalence relation
�I on the role names as follows: r �I s if, and only if, rI D sI . Then let NI

R
be a set of representatives of this equivalence relation, i.e., jNI

R \ Œr�	I
j D 1 for

all role names r 2 NR. If Œr�	I
D fr1; : : : ; r`g is an enumeration of the equivalence

class of r, then add the following role equivalence axioms to R.I /.

R.I ; r/ :D fr1 v r2; r2 v r3; : : : ; r`�1 v r`; r` v r1g

Furthermore, define an order relation vI on the representatives NI
R by r vI s if,

and only if, rI � sI . Let I be the neighborhood relation of vI , then add the
role inclusion axioms r v s for each pair r I s to the RBox R.I /. Obviously,
the constructed RBox is minimal w.r.t. the property to entail all valid role inclusion
axioms holding in the interpretation I . Eventually, the RBox is defined as follows.

R.I / :D f r v s j r; s 2 NI
R and r I s g [

[
fR.I ; r/ j r 2 NI

R g

Proposition 11.4 Let I be an interpretation. Then the RBox R.I / as defined
above is a base for the role inclusions which are valid in I , i.e., for each role
inclusion r v s, the following equivalence holds true.

I ˆ r v s if, and only if, R.I / ˆ r v s

In particular, R.I / is non-redundant, i.e., for every role inclusion r v s 2 R.I /,
it holds true that R.I / n fr v sg 6ˆ r v s.
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Proof The statements are immediate consequences of the construction of R.I /

preceding the proposition. ut
Lemma 11.5 Let I be an interpretation over a signature ˙ , let C and D be M -
concept descriptions over ˙ , and further assume that ı 2 N is a role depth bound.
If the CI C v D is valid in I , and both C and D have a role depth not exceeding
ı, then the CI C v CII .ı/ is valid in I too, and furthermore, C v D follows from
C v CII .ı/.

Proof For the concept description C it follows by an application of Statement 6 of
Lemma 7.3 that CI D CII .ı/I , i.e., the CI C v CII .ı/ is always valid in I .

Now consider a model J of the CI C v CII .ı/. Since I ˆ C v D, it follows
that CI � DI , and by Statement 1 of Lemma 7.3 we conclude that ; ˆ CII .ı/ v
D. In particular, then the last CI is also valid in J , and hence J ˆ C v D. Since
J was an arbitrary model, we conclude that fC v CII .ı/g ˆ C v D. ut
Proposition 11.6 Let I be a finite interpretation, and let ı 2 N be a role depth
bound. Then, the following TBox is sound and complete for the CIs which satisfy the
role depth bound ı and are valid in I .

f
�

X v
�

X IIjX � C .I ; ı/ g
[ fE� .j�I j C 1/: r:> v ?; > v E� j�I j: r j r 2 NR g

Proof For the sake of improving the readability, denote the above given TBox as
T . Since for all X � C .I ; ı/, the implication X ! X II trivially holds in
the induced formal context K.I ; ı/, it immediately follows by an application of
Lemma 10.4 that the CI

�
X v �

X II is valid in I . Consequently, we have just
proven the soundness of T .

Consider a CI C v D which is valid in I , and where both C and D possess a role
depth of at most ı. Then Lemma 11.5 yields that the CI C v CII .ı/ is also valid
in I , and furthermore the entailment fC v CII .ı/g ˆ C v D holds true. Hence,
it suffices to show that our TBox T entails all CIs of the form C v CII .ı/. For
this purpose, consider an arbitrary model J of T as well as an arbitrary concept
description C 2M .˙/�ı—we are now going to prove that the CI C v CII .ı/ is
valid in J , too. Beforehand, note that for the right-hand sides of the CIs it holds
true that ; ˆ �

X II � .
�
X /II .ı/, cf. Statement 1 of Lemma 10.9. Furthermore,

we also know that each CI C v CII .ı/ where C is expressible in terms of C .I ; ı/

is valid in J . We prove this as follows: if C is expressible in terms of C .I ; ı/, then
there is a subset X � C .I ; ı/ such that ; ˆ C � �

X . Since J ˆ �
X v

.
�
X /II .ı/, we can immediately conclude that J ˆ C v CII .ı/.
We proceed with a proof by induction on the structure of C.
Let C D ?. Since ? 2 C .I ; ı/, we may immediately conclude that J ˆ ? v

?II .ı/.
Assume that C D >. From > D �; it follows that J ˆ > v >II .ı/.
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For a concept name C D A 2 NC, we have that A 2 C .I ; ı/, and hence J ˆ
A v AII .ı/.

For a primitive negation C D :A, it follows that :A 2 C .I ; ı/, and so we
conclude that J ˆ :A v .:A/II .ı/.

Consider a conjunction C D D u E. By induction hypothesis it holds true that
J ˆ D v DII .ı/ as well as J ˆ E v EII .ı/. Consequently,

J ˆ D u E v DII .ı/ u EII .ı/

v .DII .ı/ u EII .ı//II .ı/

v .D u E/II .ı/:

The second subsumption follows from the fact that the concept description DII .ı/u
EII .ı/ is expressible in terms of C .I ; ı/, and the last subsumption is a conse-
quence of Statement 5 of Lemma 7.3.

Assume that C D A

r: D is a value restriction. Then the following subsumptions
hold true in J .

J ˆ A

r: D v A

r: DII .ı/

v A

r: DII .ı�1/

v .

A
r: DII .ı�1//II .ı/

v .

A

r: D/II .ı/

The first subsumption is a consequence of the induction hypothesis and the fact
that value restrictions are monotonous. For the second subsumption, observe that
DII .ı�1/ certainly satisfies that rd.DII .ı�1// � ı as well as DI � DII .ı�1/I ,
and so an application of Statement 3 of Definition 7.1 yields that ; ˆ DII .ı/ v
DII .ı�1/. Since

A

r: DII .ı�1/ is contained in C .I ; ı/, it must in particular
be expressible in terms of C .I ; ı/, and this justifies the validity of the third
subsumption. Again, the last subsumption follows from Statement 5 of Lemma 7.3.

Now let C D E� n: r: D be a qualified greater-than restriction, and first assume
that n � j�I j. Then, we may argue similarly as for the value restrictions that the
following subsumptions hold true in J .

J ˆ E� n: r: D v E� n: r: DII .ı/

v E� n: r: DII .ı�1/

v .

E� n: r: DII .ı�1//II .ı/

v .

E� n: r: D/II .ı/
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For the remaining case where n > j�I j, we argue as follows:

J ˆ E� n: r: D v E� n: r:>
v E� j�I j C 1: r:>
v ?;

and hence the concept descriptions ? and

E� n: r: D are equivalent in J . Since
we have already proven above that ? v ?II .ı/ is valid in J , also the CIE� n: r: D v .

E� n: r: D/II .ı/ is valid in J .
Assume that C D E� n: r is an unqualified less-than restriction, and let n �

j�I j. Of course, then J ˆ E� n: r v .

E� n: r /II .ı/ certainly holds true,
since

E� n: r 2 C .I ; ı/. In case n > j�I j, then

E� n: r and > are equivalent
in J , and the validity of J ˆ E� n: r v .

E� n: r /II .ı/ follows from J ˆ
> v >II .ı/, which we have shown above.

Eventually, consider an existential self restriction

E

r: Self. Obviously,

E

r: Self
is contained in C .I ; ı/, and so the CI

E

r: Self v .

E

r: Self/II .ı/ is valid in J .
ut

As final step we use the trivial concept inclusions and concept inclusions that
are entailed by valid role inclusions to define some background knowledge for the
computation of the canonical implication base of the induced concept context which
is trivial in terms of Description Logics, but not for Formal Concept Analysis, due
to their different semantics.

Theorem 11.7 Let I be an interpretation over the signature ˙ , and ı 2 N a role-
depth bound. Furthermore, assume that L is an implication base of the induced
formal context K.I ; ı/ with respect to the background knowledge

S .I ; ı/ :D
(

fC1; : : : ; C`g ! fDg
ˇ
ˇ̌
ˇ̌

C1; : : : ; C`; D 2 C .I ; ı/

and R.I / ˆ C1 u : : : u C` v D

)

:

Then ..
�
L / [N .I /;R.I // where

N .I / :D f E� .j�I j C 1/: r:> v ?; > v E� j�I j: r j r 2 NR g

is a knowledge base for I and ı. In particular, the canonical knowledge base for
I and ı is defined as

K .I ; ı/ :D .T .I ; ı/ [N .I /;R.I //

where T .I ; ı/ :D f
�

P v
�

P IIjP 2 PsInt.K.I ; ı/;S .I ; ı// g:

Proof It is obvious that

K .I ; ı/ D ..
�

Can.K.I ; ı/;S .I ; ı/// [N .I /;R.I //;
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and hence it suffices to prove that for each implication base L of K.I ; ı/

with respect to the background knowledge S .I ; ı/, the pair K :D ..
�
L / [

N .I /;R.I // is a knowledge base for I .
It is obvious that I ˆ K , i.e., K is sound. We proceed with proving complete-

ness. Completeness for role inclusions follows immediately from Proposition 11.4.
In Proposition 11.6 we have proven that the TBox

f
�

X v
�

X IIjX � C .I ; ı/g [N .I /

is complete for the concept inclusions which are valid in I and satisfy the role
depth bound ı, and thus it suffices to show that for each subset X � C .I ; ı/,

K ˆ
�

X v
�

X II :

Consider a model J of K . We divide the remaining part of this proof in three
steps:

1. First, we show that all implications in L are also valid in the induced formal
context K.J ;C .I ; ı// the incidence relation of which we denote as J.

2. Then, we prove that the background knowledge S .I ; ı/ is valid in the induced
formal context K.J ;C .I ; ı//, too.

3. Finally, we show that J is a model of the CI
�
X v �

X II .

From the last step, we then immediately conclude that J is also a model of the
TBox from Proposition 11.6. Since J was chosen arbitrarily, then K must be
complete.

W.l.o.g. we may assume that L only contains implications of the form X !
X II . Hence, let X !X II 2 L , then it follows that

X J D .
�

X /J � .
�

X II/J DX IIJ;

i.e., the implication X !X II is valid in K.J ;C .I ; ı//.
Now consider an implication fC1; : : : ; C`g ! fDg in S .I ; ı/, i.e., it holds

true that C1; : : : ; C`; D 2 C .I ; ı/ and R.I / ˆ C1 u : : : u C` v D. Since
J is a model of R.I /, the aforementioned CI is valid in J . Lemma 10.4 then
justifies that the considered implication must be valid in the induced formal context
K.J ;C .I ; ı//.

As the last step, we consider an arbitrary CI
�
X v �

X II where X �
C .I ; ı/, and prove that it is valid in J . Since the implication set L [S .I ; ı/

is sound and complete for K.I ; ı/, and X ! X II is trivially valid in K.I ; ı/,
it holds true that X ! X II is entailed by L [ S .I ; ı/. Consequently, since
K.J ;C .I ; ı// is a model of both L and S .I ; ı/, it follows that X ! X II

is valid in K.J ;C .I ; ı//, too. By Lemma 10.4 we conclude that the CI
�
X v�

X II is valid in J . ut
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Fig. 5 Overview on various Description Logics below MH

12 Other Description Logics

If only a lower expressivity of the underlying description logic is necessary, then
one could also use EL , FL 0, FLE , ALE , or extensions thereof with role
hierarchies H . All of the previous results are then still valid, if the expressivity
is not higher than that of MH . Figure 5 gives an overview on description logics
that have a lower expressivity than MH , and can thus also be used for knowledge
acquisition.

As a future step, it would be interesting to investigate methods that also take
into account complex role inclusions, e.g., consider the description logic MR. A
complex role inclusion is an expression r1 ı : : : ı rn v s where r1; : : : ; rn; s 2 NR are
role names. Its semantics is defined by

I ˆ r1 ı : : : ı rn v s if, and only if, rI1 ı : : : ı rIn � sI ;

where ı denotes composition of binary relations, i.e.,

rI1 ı : : : ı rIn D
(

.d0; dn/ 2 �I ��I

ˇ̌
ˇ
ˇ̌

E

d1; : : : ; dn�1 2 �I W
.d0; d1/ 2 rI1 ; : : : ; .dn�1; dn/ 2 rIn

)

:

13 Conclusion

We have provided an extension of the results of Baader and Distel [2, 3, 16]
for the deduction of knowledge bases from interpretations in the more expressive
description logic MH w.r.t. descriptive semantics and role-depth bounds, and
furthermore explained how this technique can be applied to social graphs. Since
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role-depth-bounded model-based most specific concept descriptions always exist,
this technique can always be applied. Furthermore, the construction of knowledge
bases has been reduced to the computation of implication bases of formal contexts,
which is a well-understood problem that has several available algorithms—for
example the standard NextClosure algorithm by Ganter [21, 23], or the parallel
algorithm NextClosures that was introduced in [28, 30–32] and implemented in
[27]. The presented methods in this document are also prototypically implemented
in Concept Explorer FX [27].
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Formal Concept Analysis of Attributed
Networks

Henry Soldano, Guillaume Santini, and Dominique Bouthinon

1 Introduction

Our purpose is to investigate and analyze attributed graphs. In this article we discuss
how recent extensions of Formal Concept Analysis apply to this problem. We
consider undirected graphs G.O; E/ where E is the edge set, and O the vertex set.
The vertices are labeled by a description in an attribute pattern language L with a
lattice structure, typically L D 2I where I is a set of binary attributes. Note that we
may consider such an attributed graph both as a graph whose vertices are labeled
with subsets of I and as set of objects each described by such a subset of I and that
may be related together by edges.

The former view leads to consider the methodology used to investigate graphs,
in particular social and complex networks. Most of the work in this area consider
unlabeled networks and is concerned by what may be said about the topological
structure of the network. A large set of measures have been proposed to analyze
these networks, and two main ways have been proposed to extract interesting
subgraphs. The first way consider the network as made of a core, i.e., a dense
subgraph whose vertices are highly connected, together with its periphery, made
of vertices highly connected to the core, but poorly connected between them [6].
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The second way considers the network as made of a number of dense subnetworks,
called communities whose vertices are highly connected within the community and
poorly connected to vertices of other communities [8]. Finally, the two views may
be combined, for instance, by considering the network as made of communities each
having some core/periphery structure [16].

Regarding the notion of core, there have been various ways to define it, starting
from the k-core of a network which is the greatest subnetwork whose vertices all
have degree at least k in the subnetwork [17]. By changing the topological property,
but keeping this idea of a greatest subnetwork whose vertices share the property
within the network, we obtain various core definitions [3]. A core may also be
defined as the greatest subnetwork made of a subset of a family of small, connected
subnetworks. The simplest example is the k-clique core that is only made of k-
cliques. When k D 3, the core is made of triangles which are known to be an
important substructure in social networks analysis [29].

Concerning the idea of communities, it has been extensively investigated mostly
as an optimization problem: how to optimally partition the network in subnetworks
maximizing some measure. A second view of communities derives from some
strong structural property that has to be satisfied within a community. We will
further call them structural communities, or simply communities, as we only
consider these kind of communities in the remaining part of this article. The main
example is the k-community approach that divides a k-clique core (as defined above)
in connected subnetworks each satisfying a stronger property (see below) [13] .

From the first point of view, adding attributes to the vertices means that each
attribute pattern induces a subgraph whose vertices satisfy the pattern. Each such
subgraph could then be investigated, extracting its core and communities. The
question is then how to summarize and select relevant information from such a set
of results.

The second view considers the attributed graph first as a table representing a set
of objects described by attributes, and then considers that edges may relate objects.
This leads to the use of standard methodology of data analysis by adapting it to
dealing with topological information. The whole purpose of this article is to discuss
how Formal Concept Analysis, which was originally concerned with data tables,
may be extended in order to take into account the topological information. The
main idea we propose here is to consider as parameters the notion of cores and
structural communities relevant to the data to analyze and adapt accordingly the
FCA methodology.

Regarding the reduction of a graph to its core, this may be obtained by defining
an interior operator p on the vertex powerset 2O. This approach, based on a previous
work on abstraction in Formal Concept Analysis [24], produces abstract closed
patterns structured in an abstract concept lattice together with a basis of abstract
implications written �q! �w. All concept extents are then images of the interior
operator. When considering attributed networks, and given some core definition,
such an interior operator reduces a vertex subset e to the vertices forming the core of
the subgraph G.e/ induced by e [23]. It is then called a graph abstraction operator.
Fig. 1 represents an attributed graph G, the subgraph induced by pattern a (in plain
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Fig. 1 The pattern a
subgraph is displayed with
plain lines, the corresponding
3-clique abstract subgraph is
displayed in blue lines. The
associated abstract closed
pattern is ab

1
ab

2
ab

3
ab

4
ac

5
ac

6
bc

7
abc

8
bc

Fig. 2 The DMKD,IDArev
pattern subgraph in the DBLP
co-authoring experiment. The
red vertices and edges
represent the subgraph
induced by the degree � 4

abstract extension

lines), and the 3-clique core of this subgraph, i.e., its abstract subgraph (in blue
lines). Note that all vertices of the core share attribute b. This means that ab is an
abstract closed pattern and that the abstract implication �a! �ab holds, i.e., any
triangle in G whose vertices share a also share b.

Recent works in attributed graph mining are interested in searching for local
patterns made of a constraint on a subset of attributes together with a density
constraint on a vertex subset, and this using various notions of maximality [11, 18].
In a companion article [21], we have defined local closed patterns corresponding
to maximal attribute patterns each associated with one dense subgraph, allowing to
extract local implications, particular to specific dense groups of objects. For that
purpose Formal Concept Analysis (FCA) had to be extended in order to take into
account this notion of locality.

The simplest example is obtained by considering a subgraph made of various
connected components, and associating to each connected component a local closed
pattern, i.e., the most specific pattern shared by the vertices of this connected com-
ponent. More generally, local closed patterns may be associated with the connected
components of abstract subgraphs. The family of such connected components forms
a partial order called a cc-confluence while the corresponding local concepts have
a weaker structure called a pre-confluence. As an example, in Fig. 2 we display a
pattern subgraph extracted from a DBLP co-authoring network labeled by journal
and conference names, together with its abstract subgraph (in bold and red vertices
and lines) when considering a 4-core abstraction. The abstract subgraph has two
connected components, i.e., two structural communities of scientists. Again we
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Fig. 3 The original
Friendship network of a
group of West Scotland
pupils. The pupils and edges
forming 3-communities of
size at least 4 are displayed in
various colors

may associate to this structure a set of implications, called local implications. In
the previous example we found a local implication �iq ! �iw stating that in the
connected component containing vertex i of the degree � 4 abstract subgraph of
pattern q, all vertices also share pattern w.

Connected components of abstract subgraphs as represented in cc-confluences
do not always completely capture the idea of communities as considered in social
network analysis. As discussed in [21], we may, however, enlarge the local closed
patterns approach by deriving a new graph GT from G whose vertex set T is a set
of vertex subsets of G. Figure 3 displays a graph whose vertices represent pupils of
a school in the West of Scotland, whose edges represent friendship relations, and
whose vertex attributes concern substance use and sporting activity.1 As a running
example we consider the subgraph induced by the empty pattern, i.e., the whole
graph. By applying a 3-clique graph abstraction restricted to connected components
containing at least 4 vertices,2 we obtain a subgraph made of the bold and colored
edges and vertices. This abstract subgraph is made of two connected components,
therefore leading to two local concepts. However, the largest connected component
is clearly made of distinct dense parts, i.e., communities, we would like to consider
when defining local closed patterns. Fortunately, when considering k-communities
[13] we can solve this problem by applying the cc-confluence approach to a new
graph derived from the original graph. More precisely, a k-community is a vertex
subset in a graph G that corresponds to a connected component in a derived graph
GT . The vertices of GT are k-cliques in G and an edge relates two vertices whenever
the corresponding k-cliques share k � 1 vertices in G. Each colored subgraph in
Fig. 3 defines such a 3-community.

The last task is to define interestingness measures to rank abstract or local
patterns and implications. Regarding patterns, we will search for patterns whose
abstract (resp. local) subgraph is a large part of the whole pattern subgraph, i.e.,
which preserves the core (resp. communities) definitions. The corresponding mea-
sure is called specificity. Regarding the abstract and local implications, we search for

1http://www.stats.ox.ac.uk/~snijders/siena/s50_data.htm.
2We further call the 3-clique and cc-�4 abstraction.

http://www.stats.ox.ac.uk/~snijders/siena/s50_data.htm
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implications which are informative, i.e., which did not hold as standard implications
and therefore bring some new information about our data. The corresponding
measure is called Informativity. A preliminary discussion of both measures was
presented in [25]. We propose here definitions of specificity and informativity both
at the abstract and local level and experiment them on two real attributed networks.

Section 2 describes the attributed graphs used in our experiments. Section 3
presents abstract concept lattices, abstract implications, and graph abstractions
together with associated interestingness measures. Section 4 defines local concept
pre-confluences, related local implications, cc-confluences, and interestingness
measures. In Sect. 5 we show how we extract the set of 3-communities associated
with pattern subgraphs by using derived cc-confluences, and we display the local
concept ordering of the attributed network of teenage friendship displayed in Fig. 3.
In Sect. 6 we briefly discuss the implementation used in our experiments.

2 Datasets

In this section we will consider experiments with two datasets. In both cases the data
are described as a graph G D .O; E/. Vertices of this graph are have labels from 2I ,
where I is a set of items, i.e., binary attributes. Since objects are not always described
by binary attributes, the binarization preprocessing is described when necessary.

2.1 Teenage Friends and Lifestyle Study

The dataset is denoted by s50-1 and is a standard attributed graph dataset.3 It
represents 148 friendship relations between 50 pupils of a school in the West of
Scotland, and labels concern the substances used (tobacco, cannabis, and alcohol)
and sporting activity. The values of the corresponding variables are ordered. The
binarization process consists in defining variables representing the value intervals.
T stands for Tobacco consumption and has values 1 (no smoking), 2 (occasional),
and 3 (regular). C stands for cannabis consumption and has values 1 (never tries)
to 4, D stands for alcohol consumption and has values 1 (does not drink) to 5, and
S stands for sporting activity and has two values 1 (occasional) and (2) regular.
Binary attributes represent intervals, for instance, C234 means that the value of C is
at least 2 and therefore represents the interval Œ2; 4�. In Table 1 we present the binary
attributes we have defined. Attribute subsets represent intersection of intervals. For
example pattern {D123, D2345} requires that the value of D lies within the interval
Œ1; 3�\ Œ2; 5� D Œ2; 3�. Note that, for the sake of simplicity we do not distinguish the
two highest values of attributes T, C, and D.

3http://www.stats.ox.ac.uk/~snijders/siena/s50_data.htm.

http://www.stats.ox.ac.uk/~snijders/siena/s50_data.htm
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Table 1 The binary attributes used to label the vertices in the Teenage Friendship network

Tobacco Cannabis Alcohol Sport

T1, T23 C1, C12, C234, C34 D1, D12, D123, D2345, D345, D45 S1, S2

2.2 A DBLP Dataset

This is the DBLP dataset as described in [4]. There are 45,131 vertices, 228,188
edges, and 555 connected components. Vertices are authors that have published
at least one paper in one among 29 journals or conferences of the Database and
Datamining communities4 during the 1/1990–2/2011 period. An edge links two
authors whenever they are coauthors of at least one article. The conferences are
clustered in three clusters: DB (databases), DM (data mining), and AI (artificial
intelligence) according to a conference ranking site categorization.5 The binary
attributes are the journal and conference names together with the three clusters.
An attribute has value 1 if the author has published in the corresponding journal or
conference or cluster.

3 Abstract Closed Patterns in Attributed Networks

3.1 Closed Patterns

In this section we introduce the necessary definitions and terminology we use in
the article. Note that the terminology is somewhat non-standard in FCA. Indeed, as
we need to interleave interior operators with extensional and intensional operators,
the standard X00 notation to represent closed elements is not so convenient, so we
rather denote, respectively, by ext and int the extensional and intensional operators.
Furthermore, in this introductory paragraph we relate FCA to closed pattern mining.

A standard pattern mining procedure consists in considering the set of occur-
rences of patterns, belonging to some pattern language L with a lattice structure,6

within an object set O (see, for instance, [5]). This language is partially ordered
following a general-to-specific ordering, and each object o is described as a

4Conferences: KDD, ICDM, ECML/PKDD, PAKDD, SIAM DM, AAAI, ICML, IJCAI, IDA,
DASFAA, VLDB, CIKM, SIGMOD, PODS, ICDE, EDBT, ICDT, SAC ; Journals: IEEE TKDE,
DAMI, IEEE Int. Sys., SIGKDD Exp., Comm. ACM, IDA J., KAIS, SADM, PVLDB, VLDB J.,
ACM TKDD.
5http://webdocs.cs.ualberta.ca/~zaiane/htmldocs/ConfRanking.html.. DB = {VLDB, SIGMOD,
PODS, ICDE, ICDT, EDBT, DASFAA, CIKM}; DM= {SIGKDD Explorations, ICDM, PAKDD,
ECML/PKDD, SDM}; AI= {IJCAI, AAAI, ICML, ECML/PKDD}.
6We recall that in a lattice any pair of elements .x; y/ has a greatest lower bound x ^ y (or meet)
and a least upper bound (or join) x _ y.

http://webdocs.cs.ualberta.ca/~zaiane/htmldocs/ConfRanking.html.
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particular pattern d.o/. A pattern q occurs in object o whenever d.o/ is more specific
(i.e., larger) than q. The set of occurrences ext.q/ of a pattern q is called its extension.
An intension function int.e/ returns the most specific pattern associated with the
extension e. This means that we relate a pattern q to the most specific pattern with
same extension by applying the closure operator int ı ext to q. int ı ext.q/ is then
called a closed pattern. The pattern language L typically is 2I where I is a set of
binary attributes (aka items). With no loss of generality we will further use the
powerset 2I as a pattern language while what follows also applies to wider languages
as pattern structures[10]. When L D 2I the closure operator on patterns then simply
intersects the object descriptions of the extension of the entry pattern. This means
that when considering patterns with same extension as equivalent, closed patterns
are the representatives of the equivalences classes. Such a class has therefore a
maximum but also minimal elements, called minimal generators. When the patterns
belong to 2I , the min–max basis of implications[14] is defined as follows:

m D fg! fng j f is a closed pattern; g is a generator, f 6D g; ext.g/ D ext.f /g
This basis represents all the implications t ! t0 that hold on O, i.e., such that

ext.t/ � ext.t0/. This precisely means that all these implications may be derived
from the min–max basis. Obviously all non-trivial implications, i.e., implications
such that t0 6� t, may be inferred from an implication l ! r of m where l � t and
r [ l 	 t0.

Finally, note that the enumeration of closed patterns is in general restricted to
frequent patterns, i.e., patterns whose extension is larger than some threshold. In
FCA, such a constraint leads to iceberg lattices [27].

3.2 Abstract Closed Patterns

We summarize here how abstraction is applied in FCA by constraining the
extensional space. We first recall the definitions of closure operators and interior
operators, the latter being further used to restrict the pattern extensions to be
abstract extensions. In what follows all ordered sets are finite, and in particular
any topped meet-semilattice (resp. pointed join-semilattice) is a lattice.

Definition 1 Let U be an ordered set and f W U ! U a self map such that for
any x; y 2 U, f is monotone, i.e., x � y implies f .x/ � f .y/ and idempotent, i.e.,
f .f .x// D f .x/, then:

– If f is extensive, i.e., f .x/ � x, f is called a closure operator
– If f is intensive, i.e., f .x/ � x, f is called a dual closure operator, an interior

operator, or also a projection.

In the first case, an element such that x D f .x/ is called a closed element.
Ranges of interior operators on lattices are called abstractions and are character-

ized by the following Proposition:
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Proposition 1 (see [24]) A subset A of X D 2O is the range pŒX� of some interior
operator p on X, if and only if for any elements x; y in A, their join x[y also belongs
to A and A contains the empty set. The interior operator is related to its range as
follows:

p.x/ D supfa2Aja
xga.

Let then p be the interior operator associated with some abstraction A, p.x/ be the
greatest element of A contained in x. Closed pattern analysis has been recently
extended to abstract closed pattern analysis by noticing that applying an interior
operator on the extensional space 2O we obtain again a closure operator on the
pattern language 2I [15, 24]:

Proposition 2 Let X D 2O and L D 2I , p be an interior operator on 2O, and
A D pŒX� be the associated abstraction, we have that .int; p ı ext/ is a Galois
connection on .A; L/, i.e.,:

f D int ı p ı ext is a closure operator on L,
The abstract extension of pattern q is defined as p ı ext.q/. A new equivalence

relation is then defined such that q �A w whenever p ı ext.q/ D p ı ext.w/, each
equivalence class of which corresponds to some abstract extension in A. There is
then a unique abstract support closed pattern, i.e., a most specific pattern among all
patterns sharing the same abstract extension, which is obtained as f .q/ D int ı p ı
ext.q/. f .q/ is then called an abstract closed pattern. This leads to the definition of
abstract concepts organized in a concept lattice:

Corollary 1 ([24]) The set of (abstract extension, abstract closed pattern) pairs
.e D ext.c/; c D int.e//, ordered following A, is a lattice called an abstract concept
lattice.

Note that, as p is monotone, whenever ext.q/ � ext.w/, i.e., q! w is valid, we
also have extA.p/ D p ı ext.q/ � extA.w/ D p ı ext.w/. The latter inclusion states
the validity of an abstract implication we will rewrite as �Aq! �Aw.

This way we obtain abstract min–max basis with the same definition as earlier
in this section except that extA replaces ext and therefore abstract implications
relate minimal elements (i.e., A-generators) to maximal element (the abstract closed
pattern, or A-closed pattern) of the same abstract equivalence class. We have then
the following definition:

Definition 2 The abstract min–max basis mA of valid abstract implications is
defined as

mA D f�Ag ! �Afng j f is an A-closed pattern; g is a A-generator; f 6D g;

extA.g/ D extA.f /g:
In the same way as in the standard min–max basis case, all implications �At !

�At0 that hold on A, i.e., such that extA.t/ � extA.t0/, may be inferred from the
abstract min–max basis.
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3.3 Graph Abstractions

These ideas have been applied to attributed graphs by defining graph abstractions
[23]. The set of objects O is then the set of vertices of a graph G D .O; E/, and each
vertex o is labeled by an attribute pattern d.o/ 2 2I .

A graph abstraction is an abstraction of 2Odefined through a characteristic
property P such that P.x; e/ expresses some minimal connectivity requirement of
the vertex x within the subgraph Ge induced by some vertex subset e.

Proposition 3 Let P be such that

• P.x; e/ implies x 2 e and
• e � e0 and P.x; e/ implies P.x; e0/,

and let q be a mapping defined by q.e/ D fx 2 ejP.x; e/g, then the mapping p
defined by p.e/ D fixedpoint.q; e/ is an interior operator on 2O.

Consider a subgraph Ge, where p.e/ represents the greatest vertex subset of e
inducing a subgraph whose vertices all satisfy the associated characteristic property.
This subgraph Gp.e/ will be further called the abstract subgraph of Ge. We give
hereunder examples of graph abstractions, defined through their characteristic
property and exemplified in Fig. 4.

1. degree � k. The degree � k-abstract subgraph of a graph is its k-core [17].
2. k-club � s: x has to belong to at least one k-club of size at least s in Ge. This

is a relaxation of the notion of clique[1]: a k-club is a subset c of vertices such
that there is a path of length � k between any pair of vertices in Gc. A triangle,
a 3-clique, is a 1-club of size 3 (Fig. 4a). Figure 4b represents a 2-club of size 6
and therefore a 2-club� 6 abstract group.

3. nearStar.k; d/: x has to have degree at least k or there must be a path of length at
most d between x and some y with degree at least k. For instance, the simplest
nearStar.8; 1/ abstract group is a central node connected with eight nodes. Such
an abstraction is useful when we want the abstraction to preserve hubs [2] (i.e.,
high degree vertices) together with their (low degree) neighbors (see Fig. 4c).

4. cc � s: x has to belong to a connected component of size at least s in Ge (see
Fig. 4d).

(a) (b) (c) (d)

Fig. 4 Graph abstractions corresponding to various vertex characteristic properties. In each graph
plain circles and plain lines form the abstract subgraph, crosses and dotted lines represent the
vertices and edges out of the abstract subgraph. (a) x has to belong to a 3-clique, (b) x has to
belong to a 2-club of size at least 6, (c) x has to be connected to a vertex y such that the degree of y
is at least 6, i.e., to a nearstar(6,1), (d) x has to belong to a connected component whose size is at
least 3
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Finally, it is interesting to note that we can combine two (or more) abstractions A1

and A2 in two ways, defining a new composite abstraction either stronger or weaker
than both A1 and A2. For instance, we may want to consider an abstract subgraph
where vertices both have a degree larger than some k and belong to a connected
component exceeding a minimal size s. On the contrary, we may want an abstract
subgraph such that at least one of the two characteristic properties is satisfied by all
the vertices. This would be the case, for instance, if we want to keep both vertices
that have a degree larger than, say 10, and vertices in a star, i.e., connected to a
hub which degree is at least 50. The following proposition states that we can freely
combine abstractions in both directions.

Proposition 4 Let P1 and P2 two characteristic properties of abstractions defined
on the same object set O, and let P1 ^ P2 and P1 _ P2 be defined as follows:

• P1 ^ P2.x; e/ D P1.x; e/ ^ P2.x; e/

• P1 _ P2.x; e/ D P1.x; e/ _ P2.x; e/

Both P1 ^ P2 and P1 _ P2 are characteristic properties of abstractions.

3.4 Interestingness Measures on Abstract Patterns
and Implications

3.4.1 Specificity of Abstract Patterns

We are now interested in measuring knowledge brought by abstract closed patterns
and abstract implications [25]. For that purpose we first generalize hereunder
the structural correlation measure introduced by A. Silva and co-authors [19],
originally introduced to relate a subgraph to its content in terms of quasi-cliques
and rename it as specificity.

Definition 3 Let q be a pattern, A an abstraction of some powerset of objects O, the
specificity of q with respect to A is defined as:

SA.q/ D j extA.q/ j
j ext.q/ j

Consider, for instance, a 3-clique abstraction. Whenever SA.q/ is close to 1, the
pattern q subgraph is mainly made of triangles. To the contrary, whenever SA.q/ is
close to 0, the pattern q subgraph almost displays no triangles, which means quite
isolated vertices. We relate this way a pattern q to the measure of how selecting
vertices satisfying this pattern preserves the topological property associated with
the abstraction.

Example 1 Figure 1 displays a graph each vertex of which is described by an
itemset. We observe then that:
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• ext.a/D e D f1; 2; 3; 4; 5; 7g induces the subgraph G.e/ (blue+black).
• extA.a/D f1; 2; 3g as 4; 5; 7 do not belong to any 3-clique in G.e/.
• int ı extA.a/D ab \ ab \ ab D ab is an abstract closed pattern.
• SA.a/ D 1=2; SA.ab/ D 3=4.

Note that among the patterns of some equivalence class of�A the abstract closed
pattern c has maximal specificity:

For any t, if extA.t/ D extA.c/ then SA.c/ � SA.t/

3.4.2 Informativity of Abstract Implications

Apart from measuring through specificity what is specific to the pattern in its
abstract view, we are also interested when considering abstract implications in how
informative they are. For that purpose we consider abstract implications whose left
and right patterns are equivalent in the abstract space A, i.e., have same abstract
extension, as in the min–max abstract implication basis defined above. Whenever
these patterns are also equivalent in the original space 2O intuitively the implication
is uninformative. Assume, for instance, that a ! abc is valid, then validity of
the abstract implication with same left and right members does not bring any new
information. On the contrary, assume that �Aa ! �Aabc is valid while a ! abc
has only confidence 0:5, i.e., ext.abc/ D 0:5 � ext.a/, then clearly the abstract
implication brings some information.

Definition 4 Let q be a pattern, A an abstraction of 2O, the informativity of the valid
implication r W �Aq! �Aw is defined as:

IA.r/ D 1 � j ext.qw/ j
j ext.q/ j

Informativity has a range between 0 and 1 and estimates the probability of not
having w whenever we have q in graph G. This quantity has value 0 whenever q!
w holds and has limit 1 whenever j ext.qw/ j approaches 0, i.e., restricting the
extension of patterns to elements of A concentrates the extension of q to the very
few sharing also w.

Intuitively, the informativity of an abstract implication measures what we
discovered when we observed that q and qw share the same abstract support.

Example 2 Following Example 1 illustrated in Fig. 1 consider the abstract impli-
cation r W �a ! �ab. This abstract implication has the following semantics:
“a 3-clique of G whose vertices share pattern a also share pattern b,” and its
informativity is therefore IA.r/ D 1 � 1=2 D 0:5:

Note that implications of the abstract min–max basis which relate minimal
elements g of an abstract equivalence class to the corresponding abstract closed
pattern c have maximal informativity:

Let g �A t �A t0 �A c then IA.�Ag! �Ac/ � IA.�At! �At0/.
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Table 2 Top-15 abstract
closed patterns in the Teenage
Friendship network ranked
according to their 3-clique
and cc�4 specificity

Nı �Ac jextA.c/j jext.c/j SA.c/

1 �AD45-C34 5 7 0.714

2 �AC12 27 42 0.643

3 �A; 32 50 0.64

4 �AC12-T1 21 36 0.583

5 �AD45 9 17 0.529

6 �AD345 15 29 0.517

7 �AC1-T1 17 33 0.515

8 �AD123-C12-T1 15 30 0.5

9 �AD345-C12 10 21 0.476

10 �AD2345 21 45 0.467

11 �AC12-S2 15 33 0.455

12 �AD45-C12-S2 4 9 0.444

13 �AD2345-C12 16 37 0.432

14 �AS2 16 37 0.432

15 �AD123-C1-T1 11 27 0.407

3.5 Experiments

Some experiments on the two datasets described in Sect. 2 have been performed and
discussed in [23]. We discuss hereunder new experiments in particular regarding the
interestingness measures.

We firs consider the Teenage Friendship network s50. Among the 50 pupils
38 belong to triangles (i.e., 3-cliques). As there are no isolated triangles, the
abstract subgraph when considering only connected components with size at least
4 is reduced to 32 pupils. The corresponding abstraction is therefore 3-clique and
cc � 4.

Table 2 displays the top 15 patterns according to the corresponding specificity.
We observe that specificity is clearly non-monotonic with respect to abstract
extension size and that among top patterns we find both small (and therefore general)
and large patterns. We further discuss the pattern with highest specificity D45-C34,
which corresponds to pupils with high alcohol and cannabis consumption, in Sect. 5
where we search for communities.

Table 3 displays the top 15 abstract implications according to the 3-clique and
cc � 4 abstract informativity. Again, informativity is clearly nonmonotonic with
respect to extension size. The first and third implications have the same abstract
pattern as their rightmost member: it concerns the same abstract subgraph, whose
pupils have in common the behavior D45-C12-S2, but is obtained either by reducing
the pattern D345-S2 subgraph or the pattern D45-S2 subgraph. Obviously the
former subgraph corresponds to a higher informativity as it includes the latter
subgraph. As a matter of fact, the third implication is redundant with the first one
and could be removed with no information loss. This leads to reduce the abstract
min–max basis by eliminating all such redundant rules. We will apply such an idea
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Table 3 Top-15 abstract implications in the Teenage Friendship network ranked according to their
3-clique and cc�4 informativity

Nı �Ag ! �Ac jext.c/j jext.g/j IA.r/

1 �AD345-S2 ! �AD45-C12-S2 9 22 0.591

2 �AC234 ! �AD45-C34 7 14 0.5

3 �AD45-S2 ! �AD45-C12-S2 9 13 0.308

4 �AT1-D345 ! �AD345-C1-T1 14 18 0.222

5 �AD23 ! �AD23-C1-T1 23 28 0.179

6 �AC1-D345 ! �AD345-C1-T1 14 17 0.176

7 �AC34 ! �AD45-C34 7 8 0.125

8 �AD2345-S2 ! �AD2345-C12-S2 29 33 0.121

9 �AT1-D2345 ! �AD2345-C1-T1 29 33 0.121

10 �AC1-D2345-S2 ! �AD2345-C1-S2-T1 22 25 0.12

11 �AC1-S2- ! �AC1-S2-T1 25 28 0.107

12 �AC12-D45 ! �AD45-C12-S2 9 10 0.1

13 �AD12 ! �AD12-C1-T1 19 21 0.0952

14 �AC1-D2345 ! �AD2345-C1-T1 29 32 0.0938

15 �AD123 ! �AD123-C12-T1 30 33 0.0909

when defining a basis for local implications in Sect. 4.2. The second implication
in this ranking concerns pattern D45-C34, mentioned as the highest specificity
pattern. The implication states that the 3-clique and cc � 4 subgraph of pupils that
have pattern C234, which corresponds to a medium-to-high cannabis consumption
behavior, selects pupils with the D45-C34 pattern, i.e., those who have both high
alcohol and cannabis consumption behavior. When applying no abstraction, the
implication only holds on 7 among the 14 pupils that have pattern C234, which
results in informativity 1 � 7=14 D 0:5.

We discuss now some new details on experiments performed on the DBLP
dataset. The experiment consisted in applying a degree � k abstraction with
increasing k-values and we focused in abstract patterns obtained with k D
16, which corresponds to a very strong abstraction: in an abstract extension
each author is required to have 16 co-authors within the abstract extension. We
obtained few abstract closed patterns and in particular the abstract closed pattern
VLDBJ; ICDE; SIGMOD; VLDB and the related abstract implication � VLDBJ
! � ICDE; SIGMOD; VLDB. Both the abstract closed pattern and its abstract
minimal generator VLDBJ have an abstract extension of 38 among the 1276 VLDBJ
authors in the dataset. The implication states that a dense group of co-authors that
have published in the Very Large Database Journal also have published in several
database conferences. In Fig. 5 we present the corresponding subgraph. Such a very
dense co-authoring subgraph within the VLDBJ subgraph is somewhat unexpected.
Its abstract specificity 38=1276 
 0:085 is low, but still higher than the 0 value
we could expect from such a high abstraction level. The abstract implication has a
high informativity about 
 0:65 coming from the fact that among the 1276 authors
who published in VLDBJ journal only 441 did publish in all the conferences ICDE,
SIGMOD, and VLDB.
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Fig. 5 The subgraph obtained when applying the degree � 16 abstraction to the VLDBJ subgraph
in the DBLP co-authoring experiment

[j56] Serge Abiteboul,  Rakesh Agrawal,  Philip A. Bernstein,  Michael J.
Carey, Stefano Ceri, W. Bruce Cro�, David J. DeWi�, Michael J.
Franklin, Hector Garcia-Molina, Dieter Gawlick, Jim Gray, Laura M.
Haas, Alon Y. Halevy, Joseph M. Hellerstein, Yannis E. Ioannidis,
Mar�n L. Kersten, Michael J. Pazzani, Michael Lesk, David Maier,
Jerey F. Naughton, , Timos K. Sellis, Avi
Silberschatz, Michael Stonebraker, Richard T. Snodgrass, Jeffrey D.
Ullman, Gerhard Weikum, Jennifer Widom, Stanley B. Zdonik:
The Lowell database research self-assessment.Commun. ACM
48(5): 111-118 (2005)

Fig. 6 An example of reference with many authors that leads to a high degree subnetwork

We made then some investigations in the DBLP repository, focussing of the 38
authors of the abstract extension, and found an article whose reference is given in
Fig. 6 and whose abstract begins as follows:

A group of senior database researchers gathers every few years to assess the state of database
research . . .

In some sense the explanation of the pattern we discovered is straightforward.
However, the whole purpose of pattern mining is to find unexpected patterns, hidden
within large datasets, and interpret them in order to acquire some new knowledge.
It is exactly what happens here: we were not aware of these regular meetings of
senior database researchers, and we learned something new, though, of course, this
knowledge is clearly widely known within the database community.

When considering a weaker abstraction, namely here a degree � 4 abstraction,
we obtain more abstract closed patterns sometimes made of several connected
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components. Figure 2 in Sect. 1 represents the DMKD; IDArev pattern subgraph
together with the subgraph induced by the abstract extension of the pattern. This
abstract subgraph is made of two connected components, the one in the right part
of the figure is made of ten vertices and we are then interested in knowing whether
there is some more specific pattern than the abstract closed pattern DMKD; IDArev,
which would be shared by this connected component. Answering such questions
means mining at a local level the attributed graph, and this is the subject of the next
section.

4 Local Closed Patterns in Attributed Networks

Given some attribute pattern, we are now interested in extracting local support
closed patterns, i.e., maximal attribute patterns each associated with one dense
subgraph, so allowing to extract local implications particular to specific dense
groups of objects. Recently FCA has been extended to local closed patterns: they
are obtained by applying a set of local closure operators [22]. In the graph case, this
means that from the extension of some (closed) pattern c, various dense extensions,
called local extensions are extracted each associated with a local closed pattern, i.e.,
the most specific pattern l common to the elements of the local extension. Again we
obtain a set of local implications corresponding to inclusion of local extensions, but
now such an implication is only valid in the vicinity of some dense group of vertices.

In [21] we introduced locality in the closure framework with the main motivation
of investigating local patterns in attributed graphs. For that purpose we have first to
define pre-confluences and confluences which are structures weaker than lattices
that have been investigated in FCA [21, 23]. Confluences, in particular, are close to
but different from confluent families as defined in [5]. We further denote by Ex the
up sets fy 2 Ejy � xg of an ordered set E, by Ex its down sets fy 2 Ejy � xg, and by
min.E/ the set of its minimal elements.

First note that ordered sets we consider are all finite. We define a pre-confluence
as a finite ordered structure that generalizes the (finite) lattice structure:

Definition 5 A finite ordered set F is a pre-confluence if and only if for any m 2
min.F/, Fm D fx 2 F j x � mg is a lattice.

A consequence of this definition is that a (finite) lattice is a pre-confluence with
a minimum. The structure has a partial join operator:

Proposition 5 For any m 2 min.F/ and any x; y 2 Fm their least upper bound is
the least element of Fx \ Fy we further denote by x _F y.

This means that a pre-confluence is a union of lattices in which joins coincide. A
particular case is which of a pre-confluence included in a host lattice and which is
join preserving:

Definition 6 Let T be a lattice and F � T be a pre-confluence with as join _F D
_T , F is called a confluence of T .
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An abstraction of T , as defined above is a confluence of T with?T as minimum. We
have then the following property when considering 2O as the host lattice:

Proposition 6 Let X D 2O be a lattice, F � X is a confluence of X if and only if for
any x; y 2 Fm with m 2 min.F/, we have that x [ y belongs to F.

A confluence is then associated with a set of interior operators:

Proposition 7 Let F be a confluence of a lattice X, and m 2 min.F/,

• pm W Xm ! Xm, such that pm.x/ D _q2Fm\Xx q, is an interior operator and
pmŒXm� D Fm.

We are concerned here with extensional confluences, i.e., confluences of X D
2O [21] that generalize extensional abstractions as graph abstractions. In this case,
let x be an element of X greater than or equal to some minimal element m of F, then
pm.x/ returns the greatest subset of x in F that includes m. We now define graph
confluences, which are the original motivation for defining confluences:

Definition 7 Let G D .O; E/ be a graph, and F be the family of vertex subsets
inducing connected subgraphs of G. F is a confluence of 2O called the graph
confluence of G.

Proof By definition, any singleton fsg induces a connected subgraph of G. Further-
more, the union of two connected vertex subsets that each includes a given vertex
singleton fsg also is a connected vertex subset. Following Proposition 6, F is then a
confluence of 2O.

The elements of F are simply called the connected vertex subsets of O. By abuse
of notation we write ps and Fs rather than pfsg and Ffsg. The interior operator ps

projects then any vertex subset e containing vertex s on the connected component
of the subgraph Ge induced by e that contains s. The up set Fs is then the set of
connected vertex subsets containing s, and the union of all these Fs represents the
whole set of connected subgraphs of G.

Example 3 Let G D .O; E/ be a graph (displayed at the bottom of Fig. 7) whose
vertex set is O D f1; 2; 3; 4g. Let F � 2O be the set of connected vertex subsets of
G. F is a confluence whose set of minimal elements is min.F/ D ff1g; f2g; f3g; f4gg.
The subset F1C3 D F1 [ F3 representing connected vertex subsets containing
vertices 1 or 3 is also a confluence. Figure 7 displays the diagram of F1C3. �

The extension e of a pattern q may then be projected through interior operators
on various smaller local extensions feig corresponding to the connected components
of the pattern subgraph. These interior operators are associated with local closure
operators [21]:

Proposition 8 Let F be a confluence of X D 2O, m a minimal element of F, and
Lint.m/ be the down set of the pattern lattice L whose elements q are such that q �
int.m/, then

fm D int ı pm ı ext is a closure operator on Lint.m/
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Fig. 7 A square graph (in the
bottom of the figure) and the
Hasse diagram of the
confluence F1C3 of
connected vertex subsets that
contain vertices 1 or 3
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In a graph confluence, let e D ext.q/, then ps.e/ is the connected component of
the pattern subgraph Ge to which the vertex s belongs. Obviously, ps.e/ D pv.e/

for any vertex v in the same connected component. Therefore fs.q/ is a local closed
pattern w.r.t. any vertex in this connected component, i.e., the most specific pattern
shared by the vertices in the connected component.

Now a general result is that the set of local extensions is a pre-confluence:

Theorem 1 The mapping h W F! F W h.e/ D pm ı ext ı int.e/ for m � e
is a closure operator on F and E D hŒF� is a pre-confluence.
h.e/ is therefore the local extension of int.e/ that contains m � e and hŒF� is a

pre-confluence isomorphic to the set P of local concept pairs defined as follows:

Definition 8 The set of local concept pairs P D f.e; l/ j e D pm ı ext.l/; l D
int.e/; m � eg is called a local concept pre-confluence.

To summarize we have defined local concepts as (local extension, local closed
patterns) pairs and we have shown that they are organized in a structure with
possibly several minimal elements, therefore generalizing the concept lattice defi-
nition. In the graph confluence exemplified above the local extensions simply are
the connected components of the pattern subgraphs. We will now extend graph
confluences by intersecting graph confluences with abstractions.

4.1 Cc-Confluences

We remark now that we can freely intersect confluences:

Proposition 9 Let F1 and F2 be confluences of X, then F1 \ F2 is a confluence.
Since abstractions of X are confluences of X with the bottom element of X as

their unique minimal element, the above proposition means we can freely intersect
abstractions with confluences to build smaller confluences. Many confluences can
then be derived from a graph confluence by intersecting it with some abstractions.
We call this family of confluences the cc-confluences.
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Definition 9 Let F be the graph confluence of some graph G and A be a graph
abstraction of G, then the confluence F \ A is called the cc-confluence of G
associated with A.

For instance, considering A as the k-clique abstraction, we obtain the cc-
confluence of connected subgraphs of G made of k-cliques. Note that cc-confluences
have an important property: rather than considering the minimal elements m of
F when defining local closure operators we can consider vertices as in the graph
confluence F. This is because, given any abstract subgraph and any m included in
its vertex set, all vertices v of m belong to the same connected component and
therefore to the same local extension. This is computationally important as this
means that when considering local extensions we only need to consider each vertex
in the extension and associate it to the connected component to which it belongs.

4.2 Local Implications

Inclusion of local extensions defines validity of local implications �A
mq ! �A

mw,
where m is a minimal element of FA in the extension of q. Note that, as the
local extension of pattern q is obtained by applying an interior operator, which is
monotone, to the support set of q, we have that, whenever �Aq! �Aw is valid and
m � extA.w/, we also have that �A

mq ! �A
mw is valid, i.e., we may infer the latter

local implication from the former abstract implication.

Example 4 Consider the graph displayed in Fig. 8. The 3-clique cc-confluence has
as minimal elements f123; 567; 678g and rewrites as FA D f123; 567; 678; 5678g.
The extension of pattern b is equal to its abstract extension 123; 678, and the abstract
closed pattern is also b. However, the corresponding abstract subgraph displays two
connected components 123 and 678. The vertices of the latter share bc which is
consequently its local closed pattern. This leads to a local implication:

• �A
678b! �A

678bc

In a cc-confluence the local implication may be indexed with respect to any
vertex of the corresponding connected component: a triangle in the same connected

1
ab

2
ab

3
ab

4
ac

5
ac

6
bc

7
abc

8
bc

Fig. 8 The pattern b 3-clique abstract subgraph displays two connected components. The blue
one, on the left, is also the pattern b abstract subgraph of motif a leading to the local implication
�A

123a ! �A
123ab
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component as 6, when considering the pattern b abstract subgraph, also has c, which
rewrites as �A

6 b ! �A
6 bc. We will simply say that “a triangle containing 6 and

which has b also has c.”
We search now for a basis BFA of valid local implications from which we may

infer any local implications. We will consider a basis Bm for a given minimal element
m of F and obtain the whole basis BFA D [Bm by joining these bases. Consider a
given abstract closed pattern c whose abstract extension has a connected component
that contains m, and let l D fm.c/ be the corresponding local closed pattern, with
respect to the cc-confluence FA. This means that the implication �mc! �ml holds.
We select then a basis Bm of informative (l 6D c) and irredundant (there is no other
implication �mc0 ! �ml with c0 less specific than c in the implication set) ones.
From Bm we may infer all local implications associated with m by applying standard
axioms in the same way as in the case of the min–max basis in the standard closed or
abstract framework. The basis BFA D [Bm represents the local knowledge deriving
from the reduction of the extensional space from abstraction A to cc-confluence FA:

Definition 10 The Local Min–max Basis BFA associated with the cc-confluence FA

is defined as:
BFA D f�A

mc ! �A
ml j where c A-closed ; l locally closed ; c 6D l; extAm.c/ D

extAm.l/;
and for all c0 � c we have extAm.c0/ 6D extAm.c/g

4.3 Interestingness Measures on Local Patterns
and Implications

As in the abstract case, we may measure novelty brought locally [25]. We first
extend the specificity measure to local patterns. If the ratio of a local extension to the
abstract extension is high this means that the corresponding connected component
is the largest part of the abstract subgraph.

Definition 11 Let q be a pattern, F be a cc-confluence and m 2 F be such that
m � extA.q/, the specificity of q near m is defined by

SF.q; m/ D j extAm.q/ j
j extA.q/ j

We then define the informativity of a local implication by observing that in a
valid local implication the left and right parts have same local extensions, while
their abstract extensions are different. Therefore, as in the abstract knowledge case,
we define the local informativity as the probability, at the abstract level, not to have
the right part when the left one is true:
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Definition 12 The local informativity of valid local implication r W �A
mq! �A

mqw
is defined by

IF.r/ D 1 � j extA.qw/ j
j extA.q/ j

When local informativity is close to 1, it means that the probability to observe w
when we have q at the abstract level is low: to be able to deduce w from q is specific
of the graph region where m lies.

Example 5 We carry on Example 4 displayed in Fig. 8. The local specificity near
678 of pattern bc is SF.bc; 678/ D 3 � 3 D 1: it does not appear elsewhere in
the bc abstract subgraph. Informativity of local implication �A

678b ! �A
678bc is

1 � .2 � 6/ D 0; 5: the abstract support of b is 6, but only three vertices share
the local closed pattern bc. Regarding the local closed pattern ab, it also has local
specificity 1 as ab is only found in the connected component 123, and it leads to a
new local implication �A

123b ! �A
123ab whose informativity is 0; 5. What we see

here is that we obtain new knowledge regarding pattern b which depends on the
region of the graph we consider.

Now, when considering the Teenage Friends attributed graph displayed in Fig. 3,
clearly the friendship relations are organized in 3-cliques, therefore any stronger
abstraction will be poorly informative. However, as mentioned in Sect. 1, when
considering the 3-clique abstract graph associated with the empty pattern the unique
connected component could be separated in several (overlapping) communities
(displayed in Fig. 3 in various colors). We discuss and exemplify in the next section
how to apply the local closure strategy to discover such sub-communities in an
attributed graph.

5 Local Concepts from a Derived Graph

In what follows, we will consider a family T � 2O of vertex subsets, and
consider T as the vertex set of a graph GT D .T; ET/ derived from G. The simple
graph confluence F of 2T is then the new extensional space and we will search
for the corresponding local closed patterns. The local extensions are afterwards
transformed into extensions in 2O. Let u W 2T ! 2O be such that u.eT/ D [t2eT t.
u.eT/ is called the flattening of eT . We consider then the two maps extT and intT
defined as follows:

• extT W L! 2T with extT.q/ D ftjt � ext.q/g
• intT W 2T ! L with intT.eT/ D int ı u.eT/

extT.q/ represents the extension of q in T when considering that q occurs in t
whenever q occurs in all elements of t (seen as a subset of O). Conversely intT.eT/

represents the greatest pattern in L whose extension in T includes eT , i.e., whose
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extension in O contains, as subsets, the elements of eT . Now, consider as T the
family of k-cliques of G and that .t1; t2/ 2 ET whenever t1 and t2 share k�1 vertices
in G. A k-community in G [13] is a vertex subset that results from the flattening (in
the sense defined above) of some connected component of GT . The local closed
patterns w.r.t. F are then most specific patterns occurring in k-communities of
pattern subgraphs of G. This way we obtain local concepts and associated local
implications, whose local extensions are these k-communities. Note that, in the
derived case, the local concepts do not form a pre-confluence: technically we obtain
a pre-confluence of 2T , but two different local extensions in 2T may result in the
same flattening, corresponding to one 3-community. As a consequence, the local
concept order is no more a pre-confluence.

5.1 Experiments on a Derived Graph

Coming back to our Teenage Friendship attributed graph, we have applied this
strategy and built the derived graph GT , where T is the set of 3-cliques of the original
attributed graph. In Figs. 9 and 10 we display the ordered set of 3-communities with

Fig. 9 The ordered set of size � 4 3-communities of the Teenage Friendship network (part-I). The
3-communities are displayed in red and bold lines from the larger ones on the top to the smaller
one on the bottom.The abstract subgraphs are displayed in plain lines. On the right at the bottom
we have a 3-community displayed twice as it is built from two different abstract closed patterns
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Fig. 10 The ordered set of size � 4 3-communities of the Teenage Friendship network (part-II)

size at least 4.7 The minimal 3-communities are the lowest ones on both figures.
Each element of the pre-confluence represents a (3-community, local closed pattern)
pair but may be associated with several non-redundant local implications. This
happens for one 3-community displayed on the right at the bottom of Fig. 9 and
associated with two local implications each represented in a square. Each square
displays in red the 3-community, and in red+green+blue the abstract extension of
the abstract closed pattern forming the left part of the implication. In Fig. 10 we have
a unique maximal 3-community on the top, and a hierarchy of sub-communities.

We now investigate interestingness of local patterns and local implications. Note
that the definitions given in Sect. 4.3 have to be adapted since we have to replace
local extensions as defined in Sect. 4 by 3-communities, i.e., flattening of local
extensions in the derived graph GT . Table 4 displays the local closed patterns ranked
according to their specificities. Each local closed pattern is indexed by the first
triangle, in the lexicographic ordering, leading to the corresponding 3-community.
Consider, for instance, the first two local patterns l1 = D45-C12-S2 and l2 = D45-
C34 which have both specificity 1. This means that the set of pupils triangle having

7Formally, this means that we also apply an abstraction to the derived graph to avoid connected
components corresponding to 3-communities smaller than four members.
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Table 4 Top 15 local closed patterns ranked according to their specificity in the Teenage
Friendship network

Nı �A
ml jextA

m.l/j jextA.l/j SF.l; m/

1 �A
25;31;32D2345-C1-S2-T1 5 5 1

2 �A
21;31;32C1-S2-T1 6 6 1

3 �A
17;19;24D23-C1-T1 4 4 1

4 �A
27;29;30D123-C12-S2-T1 4 4 1

5 �A
22;25;31D345-C1-T1 4 4 1

6 �A
10;11;15D45-C12-S2 4 4 1

7 �A
26;44;7D45-C34 5 5 1

9 8�A
40;45;46D12-C1-T1 4 6 0.667

10 �A
17;19;24C1-T1 11 17 0.647

11 �A
22;25;31D2345-C1-T1 6 10 0.6

12 �A
1;11;14D345-C12 6 10 0.6

13 �A
17;18;19D2345-C1-T1 5 10 0.5

14 �A
46;48;49D12-C1-T1 3 6 0.5

15 �A
17;19;24D123-C1-T1 5 11 0.455

D45-C12-S2 (respectively, D45-C34) forms a (unique) 3-community we further
refer to as Community 1 (respectively, Community 2). Communities 1 and 2 have in
common high alcohol consumption behavior (D45), but differ in that the members
of Community 1 do not smoke cannabis (C12) and have a regular sporting activity
(S2), while the members of Community 2 have regular cannabis consumption (C34).

Consider now the implications of the local min–max basis, ranked according to
their informativities, displayed in Table 5. We have here some implications with
high informativity. As an example, the fifth (I5) and ninth (I9) local implications
concern Community 1 while the second (I2) concerns Community 2.

As an illustration we consider Community 1 and its two related local implications
I5 and I9. As associated with the same community their rightmost member is
the same local closed pattern D45-C12-S2. However, as they are extracted from
different abstract subgraphs corresponding, respectively, to abstract closed patterns
S2 and D45, they have different informativities. I5 has informativity 0:75, while I9

has informativity 
 0:56. In Fig. 11 we display Community 1 together with the
necessary information to compute the local informativity of I5.

The high informativity value of I5 means that what the pupils in this community
have in common, i.e., high alcohol consumption, no cannabis consumption and
regular sporting activity (D45-C12-S2) is unfrequent among pupils in triangles with
regular sporting activity outside of the community.
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Table 5 Top 15 local implications of the min–max basis ranked according to their informativity
int the Teenage Friendship network

Nı �A
mc ! �A

ml jextA.l/j jextA.c/j IF.r/

1 �A
27;29;30C12 ! �A

27;29;30D123-C12-S2-T1 4 27 0.852

2 �A
26;44;7; ! �A

26;44;7D45-C34 5 32 0.844

3 �A
46;48;49; ! �A

46;48;49D12-C1-T1 6 32 0.813

4 �A
40;45;46; ! �A

40;45;46D12-C1-T1 6 32 0.813

5 �A
10;11;15S2 ! �A

10;11;15D45-C12-S2 4 16 0.75

6 �A
22;25;31D345 ! �A

22;25;31D345-C1-T1 4 15 0.733

7 �A
1;11;14; ! �A

1;11;14D345-C12 10 32 0.688

8 �A
21;31;32S2 ! �A

21;31;32C1-S2-T1 6 16 0.625

9 �A
10;11;15D45 ! �A

10;11;15D45-C12-S2 4 9 0.556

10 �A
22;25;31D2345 ! �A

22;25;31D2345-C1-T1 10 21 0.524

11 �A
17;18;19D2345 ! �A

17;18;19D2345-C1-T1 10 21 0.524

12 �A
11;19;30; ! �A

11;19;30S2 16 32 0.5

13 �A
17;19;24; ! �A

17;19;24C1-T1 17 32 0.469

14 �A
11;19;30C12 ! �A

11;19;30C12-S2 15 27 0.444

15 �A
25;31;32D2345-C12-S2 ! �A

25;31;32D2345-C1-S2-T1 5 9 0.444

10 11

15
16

Fig. 11 Community 1 (represented as bold dots joined by bold lines) composed of five pupils with
high alcohol consumption, no cannabis consumption C12 and regular sporting activity (D45-C12-
S2). The community has size 4 and is one of the communities of the S2 abstract subgraph which
is represented with gray plain lines joining 16 vertices. The Informativity of the local implication
I5 associated with community 1, which has S2 as its leftmost member and D45-C12-S2 as its
rightmost member, is therefore 1 � 4=16 D 0:75. Note also the three black dots representing
vertices which have the S2 pattern but do not belong to its abstract subgraph
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6 Implementation

In our experiments we first used the CORON software [28] to compute frequent
closed patterns, according to some frequency threshold, then apply a set of
PYTHON functions as a post-processing8 to compute abstract and local patterns
and implications. More recently we have implemented an efficient algorithm using
a divide and conquer strategy similar to that proposed in [5] and implemented
in [12]. This allows in particular to directly apply the frequency constraints at
the abstract and local levels. A first version, named ParaminerLC, is experimented
in [26] and was designed to handle the 3-communities local knowledge extraction
problem. The selection of the implications belonging to the local min–max local
basis is performed as a post-processing. Our current implementation in progress is a
versatile program enumerating abstract and local frequent closed patterns and local
implications with various definition of abstraction and locality.

7 Conclusion

In this article we have addressed problems in which the extensional space, made of
the vertex subsets of an attributed network, is constrained according to connectivity
properties. We have first considered abstract vertex subsets in which a constraint
has to be satisfied by each vertex in the subgraph they induce, as, for instance,
a minimum degree constraint. The extensional space is in this case a particular
lattice called an abstraction. We have then shown, benefiting from previous work
in FCA, how abstract support closed patterns, i.e., maximal patterns among those
sharing the same abstract extension, could be obtained using a closure operator.
This has resulted in defining a wide class of abstract concept lattices, whose
elements are (abstract extension, abstract closed pattern) pairs, each corresponding
to a particular abstraction. This way we obtain a global information on how the
graph topology is related to the pattern extensions. We have then considered a way
to extract local knowledge from an attributed network. For that purpose, using
a recent extension of FCA to local extensional spaces, called confluences, we
have related each pattern to various local extensions, corresponding to connected
components in subgraphs induced by abstract vertex subsets. We obtain this way a
set of local concepts, organized in a generalization of the lattice structure called a
pre-confluence. Furthermore we have defined both abstract implications and local
implications representing knowledge which is valid at the abstract and local levels,
i.e., regarding the latter, in the vicinity of particular vertices. For both abstract and
local patterns and implications we have proposed proper interestingness measures,
namely specificity which measures to what extent the original extensions of patterns

8The corresponding software is to be found in https://lipn.univ-paris13.fr/~santini/data/ProjClos.
tgz.

https://lipn.univ-paris13.fr/~santini/data/ProjClos.tgz
https://lipn.univ-paris13.fr/~santini/data/ProjClos.tgz
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are preserved in abstract and local concepts, and informativity, which measures
novelty brought by abstract and local implications. Finally we have applied these
ideas to enumerate 3-communities in a network. These 3-communities are in fact
sub-communities as each is a 3-community in some subnetwork induced by an
attribute pattern.

Overall, what we propose here is a new way, brought by recent developments
in Formal Concept Analysis, to explore social and complex networks as attributed
graphs. As an application, we are currently involved in the ADALAB project
which aims at helping the robot scientist EVE [30] to design experiments.9 In this
context, we use our methodology to explore a co-regulation network labeled with
information regarding gene expression. Future works concerns, on the extensional
side, applying these ideas to attributed directed graphs or multiplex networks. We
also consider to use abstract and local extensional constraints while extending
the pattern language to a wider class of pattern languages. First, as in [7, 9, 15]
by building a meet-semilattice adapted to the mining problem and using interior
operators to reduce it to a tractable language. This has been in particular successfully
applied to graph mining [10]. Then, as in [5, 20] by considering confluent languages
allowing to treat connectivity within the pattern language.
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A Formal Concept Analysis Look at the Analysis
of Affiliation Networks

Francisco J. Valverde-Albacete and Carmen Peláez-Moreno

1 Motivation and Introduction

Consider a weighted bipartite graph,1 or bipartite network or two-mode network,
.G [ M; R), where R 2 KG�M is a relation with values in an algebra K . This is a
pervasive abstraction in Graph Theory [1] and Social Network Analysis (SNA) [2]
where they are also known as affiliation or membership networks.

The direct or dual-projection approach is one of two competing methodologies
for the analysis of two-mode networks, the other being the conversion approach [2].
In the latter, the data are first projected into a one-mode network and analysed with
the tools of (weighted) graph analysis, that is (standard) network analysis. This
raises evident and justified concerns of information loss [3].

In the dual-conversion approach, however, the analysis problem is transformed
into two one-mode projection networks and analysed separately, with the projections
on the rows PG and the columns PM being the matrices:

PG D R˝ RT PM D RT ˝ R : (1)

The dual-projection approach postulates that we can provide measures of
centrality, core vs. periphery and structural equivalence for each of the projection
networks with limited loss of global information, in terms of the Singular Value
Decomposition (SVD) [4]. This is a set of results about the decomposition of real- or

1We will consider all graphs in this paper as directed graphs unless otherwise stated.
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complex-valued rectangular matrices [5, 6] with applications in data processing,
signal theory, machine learning and computer science at large [7], the most
important of which is the following:

Theorem 1 (The Singular Value Decomposition Theorem) Given a matrix M 2
Mm�n.K / where K is a field, there is a factorization M D U˙V�—where ��
stands for conjugation—given in terms of three matrices

• U 2Mm�m.K / is a unitary matrix of left singular vectors.
• ˙ 2 Mm�n.K / is a diagonal matrix of non-negative real values called the

singular values.
• V 2Mn�n.K / is a unitary matrix of right singular vectors.

Often the singular values of a matrix are listed in descending order—and the left and
right singular vectors are re-ordered accordingly—as a prelude to any of a number of
reconstruction theorems aimed at re-building the original matrix M from the triples
of singular value, left and right vectors .�i; ui; vi/ [see 5, 6, for details]. This is
particularly interesting for model building.

1.1 The Analysis of Bipartite Networks with Formal Concept
Analysis

Formal Concept Analysis (FCA) can be conceived as a data-driven unsupervised
learning technique for Boolean data. Its main results can be summarized as
follows [8].

Theorem 2 (Basic Theorem of FCA, Extended2) Let G be a set of objetcs, M
a set of attributes and .G; M; I/ be a formal context with I � G � M and polar
operators �" W 2G ! 2M and �# W 2M ! 2G .

A" D fm 2 M j 8g 2 A; gImg B# D fg 2 G j 8m 2 B; gImg

and call formal concepts the pairs with A" D B, A D B# ordered as

.A1; B1/ � .A2; B2/, A1 � A2 , B1 	 B2 :

Then:

1. The set of formal concepts B.G; M; I/ with the hierarchical order is a complete
lattice called the concept lattice of .G; M; I/ in which infima and suprema are
given by:

2In [9] this is called “a fundamental pattern for the occurrence of lattices in general”; in [8] it is
the “Basic Theorem of Concept Lattices”, and in Chap. 3 of [10] it is “the fundamental theorem of
concept lattices”.



A Formal Concept Analysis Look at the Analysis of Affiliation Networks 173

^

t2T

.At; Bt/ D
0

@
\

t2T

At;

 
[

t2T

Bt

!"1

A
_

t2T

.At; Bt/ D
0

@
 
[

t2T

At

!#
;
\

t2T

Bt

1

A

(2)

2. Conversely, a complete lattice V D hV;�i is isomorphic to B.G; M; I/ if and
only if there are mappings 	 W G ! V and 
 W M ! V such that 	.G/ is
supremum-dense in V , 
.M/ is infimum-dense in V and gIm is equivalent to
	.g/ � 
.m/ for all g 2 G and all m 2 M. In particular, V Š B.V; V;�/ .

The ability to analyse bipartite digraphs (that is Boolean bipartite networks)
comes from the existence of a “cryptomorphism” [11, pp. 155–156]—which we
take to mean “unexpected isomorphisms”3—with formal contexts, possibly first
identified in [13]. We adhere here to the advantages of using cryptomorphisms for
the description of apparently different objects laid out in [14], namely reaching a
better understanding of the tools being analysed.

The Cryptomorphism of Bipartite Digraphs and Formal Contexts When K is
the Boolean set, consider the two following definitions:

• In Graph Theory, let G and M be two disjoint sets and consider the graph .V; E/

with V D G[M and E 2 2V�V such that for every ordered pair e D .ge; me/ 2 E
its endpoints belong to different subsets of V , ge 2 G and me 2 M . Then .V; E/

is a bipartite graph.
• In FCA, let G be a set of objects and M be a set of attributes, and I 2 2G�M be an

incidence relation between them. Then .G; M; I/ is a formal context.

Clearly, they define cryptomorphic entities whereby I is the restriction of E to G �
M [15, Sect. 3.1].

Hence the capabilities of FCA for representing bipartite digraphs follow from
the universal representation capabilities of concept lattices expressed in the Basic
Theorem. This promises that many fundamental abstractions in each domain will
have an important role in the other. Crucially, formal concepts are cryptomorphic to
bicliques maximal with respect to inclusion [15, Proposition 1]. This was probably
first suggested in [16], clearly stated in [13], an later taken up by a number of
researchers [17, 18]. Note that these techniques and concerns pre-date the apparition
of multi-valued extensions to FCA and therefore concentrate in Boolean data.

Some of the advantages of using FCA for modelling bipartite networks stem
from the hierarchical, non-partitional (overlapping) clustering of both domains G
and M [19]. This approach is contextualized and summarized in the wider context

3Birkhoff actually coined “crypto-isomorphism”, but the term seems to have been forced to
evolve [12]. We point out that the “surprise” must come from finding concepts of different subfields
to be the same. Of course cryptomorphisms boil down to plain isomorphisms as soon as the surprise
fades away, so it is a mathematical concept more of an educational or sociological than a formal
nature.
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of Social Network Visualization in [20], whose most harrying problem is the
visual clutter. For concept lattices this is mostly addressed by means of algebraic
information reduction techniques [21] or heuristic pruning [19].

For our present purposes [22] has already noted that formal concepts define
optimal factors for the reconstruction of Boolean matrices—whether incidences or
adjacencies—and this is a result that strongly hints that FCA is related to the SVD.

SVD Leads to Non-Boolean Contexts The previous argumentation would seem
to imply that the SVD, as a technique to analyse weighted bipartite digraphs, is also
important for the analysis of formal contexts and concept lattices. Alas, although
the SVD is cursorily applied to bipartite digraphs whose entries belong to f0; 1g ,
it is actually a procedure developed for matrices with entries in the complex field
C . To draw a parallel with the nice situation in the previous section would call
for the consideration of an isomorphism between bipartite digraphs whose edge
weights belong to an algebra and multi-valued formal contexts with incidences in
said algebra.

Unfortunately, the theory of concept lattices issuing from such multi-valued
contexts is not as complete as (standard) FCA: for instance, when the context
takes values in a fuzzy-semiring the universal representation capabilities in the
Main Theorem [23, Theorem 5.3] have not been cast in terms of (fuzzy) bipartite
networks, to the best of our knowledge, and the Main Theorem of K -FCA [24,
Theorem 2.14], where K is a complete idempotent semifield (see below) has as
yet unexplored representation capabilities. We note that, despite these limitations,
a number of results on the reconstruction of matrices specifically based on fuzzy-
formal concepts are available [25].

1.2 The Study of Networks Using HITS and the SVD

In this chapter we are interested in laying out the relationship between Formal
Concept Analysis [8] and the dual-projection approach to the analysis of bipartite
networks. At the beginning of this section we have argued that the SVD must figure
prominently in this picture, so we will detour slightly to show yet one more instance
of the pervasiveness of it in the analysis of networks: its relation to one of the first
well-known approaches to link analysis on the Web, the HITS algorithm.

The Hubs and Authorities algorithm or Hyperlink-Induced Topic Search
(HITS) [26, 27] was designed to solve the problem of ranking the nodes of
a dynamic, directed 1-mode network of nodes obtained from a query against
a search engine. It postulates the existence of two qualities in nodes: their
authoritativeness—their quality of being authorities with respect to a pervasive
topic in the nodes—and their hubness—their quality of being good pointers to
authorities. These are now cursorily available in software for analysing network
data, e.g. [28].
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Consider a network, that is, a weighted directed graph, N D .V; E; w/ where
V D fvigniD1 is a set of nodes E � V � V is a set of edges, and w W E ! Œ0; 1� a
weight function on the edges w.vi; vj/ > 0; .vi; vj/ 2 E and w.vi; vj/ D 0 otherwise.
It can alternatively be defined by an adjacency matrix TN with Œ0; 1�-weights for
its edges, .TN/ij D w.vi; vj/ . The notation tries to suggest that TN is a stochastic
transition matrix rather than a generic adjacency.4

HITS is solved in terms of the left and right eigenvectors of this matrix TN , where
the vertices and edges of the digraph model the nodes and links in any (social)
network. HITS finds an authority score a.vi/ and a hub score h.vi/ for each node
aggregated as vectors, based on the following iterative procedure:

• Start with initial vector estimates h<0> and a<0> of the hub and authority scores.
• Upgrade the scores with5:

h Ta a TTh (3)

so that in general, for k � 1:

h<k> D .TTT/kh<0> a<k> D .TTT/ka<0>

h<k> D .TTT/k�1Ta<0> a<k> D .TTT/k�1TTh<0> (4)

• Since matrix T is non-negative, in general the sequences fh<k>gk and fa<k>gk
would diverge, so the next step is to prove that the limits:

lim
k!1

h<k>

ck
D h<�> lim

k!1
a<k>

dk
D a<�> (5)

exist, in which case they are eigenvectors of their respective matrices for
seemingly arbitrary c and d,

.TTT/h<�> D ch<�> .TTT/a<�> D da<�> : (6)

• As long as the initial estimates do not inhabit the null space of these matrices—
making them orthogonal to h<�> and a<�>, respectively—the iterative process
will end up finding the principal eigenvectors. The proof of this fact entails that
the initial estimates h<0> and a<0> should be non-negative.

It is easy to prove the following:

Lemma 1 HITS is a specialized version of the SVD.

4This procedure will be extended in Sect. 2.3.
5To lessen the visual clutter, we drop the graph index from the matrix.
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Proof Since we want to emphasize the mutual dependence of hubness and authori-
tativeness scores, so after [29] we write (3) in matrix form



h
a

�
 

 � T

TT �
�
˝



h
a

�

where we have substituted zero matrices for dots, as customary.
The arrows are used to suggest that we are interested in the fixpoint of the

iterative update of this matrix equation. But we know that a fixpoint of it is the
analytical solution of the following eigenproblem in the variable z D ŒxTyT�T,

A˝ z D z˝ � ,

 � T

TT �
�
˝



x
y

�
D



x
y

�
˝ � (7)

for eigenvalue � D 1 .
To see that the solutions to this problem are of the form w D ŒhTaT�T that is, pairs

of hub and authority vectors, we expand the system (7) into two equations—called
by Lanczos the “shifted eigenvalue problem” [29]—

T ˝ a D h˝ � TT ˝ h D a˝ � (8)

Equation (8) is the proof that HITS is actually trying to solve the singular value-
singular vector problem [5, 29], where h has the role of a left singular vector, a that
of a right singular vector, and � D 1 is the singular value. ut

Note that:

• Under the conditions laid out in the original HITS setting, the singular value is
not important.

• The projectors appear in the solution of (7) by pre-multiplying both sides of the
equation with A and then we would obtain decoupled solutions that can be re-
coupled with (8).

A2 ˝ z D z˝ �2 ,



TTT �
� TTT

�
˝



x
y

�
D



x
y

�
˝ �2 (9)

In light of this, we can see how HITS, which in principle is available for 1-mode
networks, that is, it is a conversion approach procedure is actually using a direct or
dual-projection approach in considering both vector spaces associated with T.

In light of this, we can see how HITS is actually using a direct or dual-projection
approach—in considering both vector spaces associated with T—in spite of being
actually available for 1-mode networks, that is, being a conversion approach.
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1.3 The Problem and Reading Guide

In this paper we develop a similar tool as the SVD for bipartite networks with
non-Boolean edge weights, but we develop it as if it were an instance of the better
understood, HITS problem.

1. First, as suggested by the form of (4), we consider two sets G and M, because
we want to study the quality of being a hub and being an authority separately.
This implies passing from directed bipartite graphs to networks, also known as
weighted (directed) bipartite graphs.

2. Second, the matrix algorithm HITS requires a “positive” algebra with addition,
multiplication and scalar division—in the case of the original HITS, this
semifield is RC, the positive reals. Hence we consider edge weights R 2 KG�M in
a naturally ordered semiring with division or positive semifield K (cfr. Sect. 2.1).
Then K -formal contexts, denoted as .G; M; R/, are a natural encoding for this
type of weighted bipartite digraphs.

Note that the original HITS setting can be recovered by using V WD G D M and
T WD R and working in the semifield of positive reals RC

0 with Rij D 1 if .vi; vj/ 2 E
and Rij D 0 otherwise. Similarly, the original dual-projection approach deals only
with the case where R is actually binary but is considered to be embedded in the
complex numbers.

To develop our program we first introduce in Sect. 2.1 some definitions and
notation about semirings in general, and about positive semifields in particular. In
Sect. 2.2 we introduce the eigenproblem over dioids as a step to solving the singular
value problem in dioids, and in Sects. 2.3 and 2.4 a very general technique to do
so. Section 3 presents the weight of our results, including a short Example and a
Discussion. We finish with a Summary and Conclusions.

2 Theory and Methods

2.1 Semiring and Semimodules over Semirings

A semiring is an algebra S D hS;˚;˝; �; eiwhose additive structure, hS;˚; �i, is a
commutative monoid and whose multiplicative structure, hSnf�g;˝; ei, is a monoid
with multiplication distributing over addition from right and left and an additive
neutral element absorbing for˝, i.e. 8a 2 S; � ˝ a D �. A semiring is:

• Commutative, if its multiplication is commutative.
• Zerosumfree, if it does not have non-null additive factors of zero, a˚ b D � )

a D � and b D � ;8a; b 2 S .
• Entire, if a˝ b D �) a D � or b D � ;8a; b 2 S .
• Idempotent, if its addition is.
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• A selective semiring, if the arguments attaining the value of the additive operation
can be identified.

• Radicable, if the equation ab D c can be solved for a.
• Complete, [30] if for every (possibly infinite) family of elements faigi2I � S we

can define an element
P

i2I ai 2 S such that

1. if I D ¿, then
P

i2I ai D � ,
2. if I D f1 : : : ng, then

P
i2I ai D a1 ˚ : : :˚ an ,

3. if b 2 S, then b˝ �Pi2I ai
� DPi2I b˝ ai and

�P
i2I ai

�˝ b DPi2I ai˝ b ,
and

4. if fIjgj2J is a partition of I, then
P

i2I ai DPj2J

�P
i2Ij

ai

	
.

Entire zerosumfree semirings are called sometimes information algebras and have
abundant applications [31]. Their importance stems from the fact that they model
positive quantities.

Crucially, every commutative semiring accepts a canonical preorder, as a � b if
and only if there exists c 2 S with a˚ c D b which is compatible with addition. A
dioid is a commutative semiring where this relation is actually an order. Dioids are
zerosumfree. A dioid that is also entire—that is, when a˝ b D � then either a D �

or b D � or both—is a positive dioid.
If I is countable in the definitions above, then S is countably complete and

already zerosumfree [32, Proposition 22.28]. The importance for us is that in
complete semirings, the existence of the transitive closures is guaranteed (see
Sect. 2.3). Commutative complete dioids are already complete residuated lattices.

A semiring whose commutative multiplicative structure is a group will be called
a semifield.6 Semifields are all entire, and we will use K to refer to them. Therefore
semifield which is also a dioid is both entire and naturally ordered. These are
sometimes called positive semifields, examples of which are the positive rationals,
the positive reals or the max-plus and min-plus semifields. Semifields are all
incomplete except for the Booleans, but they can be completed as K [24], and
we will not differentiate between complete or completed structures.

A semimodule (over a semiring) is an analogue of a vector space over a
field. Semimodules inherit from their defining semirings the qualities of being
zerosumfree, complete or having a natural order. In fact, semimodules over complete
commutative dioids are also complete lattices. Rectangular matrices over a semiring
form a semimodule Mm�n.S /, and in particular, row- and column-spaces S 1�n and
S n�1. The set of square matrices Mn.S / is also a semiring (but non-commutative
unless n D 1).

6This term is not standard: for instance, [33] prefer to use “semiring with a multiplicative group
structure”, but we prefer semifield to shorten out statements.
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2.2 The Eigenvalue Problem over Dioids

Given (6), understanding the HITS iteration is easier once understood the eigenvalue
problem in a semiring. So let Mn.S / be the semiring of square matrices over
a semiring S with the usual operations. Given A 2 Mn.S / the right (left)
eigenproblem is the task of finding the right eigenvectors v 2 Sn�1 and right
eigenvalues � 2 S (respectively, left eigenvectors u 2 S1�n and left eigenvalues
� 2 S) satisfying:

u˝ A D �˝ u A˝ v D v ˝ � (10)

The left and right eigenspaces and spectra are the sets of these solutions:

.A/ D f� 2 S j U�.A/ ¤ f�ngg P.A/ D f� 2 S j V�.A/ ¤ f�ngg
U�.A/ D fu 2 S1�n j u˝ A D �˝ ug V�.A/ D fv 2 Sn�1 j A˝ v D v ˝ �g
U .A/ D

[

�2.A/

U�.A/ V .A/ D
[

�2P.A/

V�.A/ (11)

Since .A/ D P.AT/ and UA.A/ D V�.AT/ , from now on we will omit references to
left eigenvalues, eigenvectors and spectra, unless we want to emphasize differences.

In order to solve (7) in dioids we have to use the following theorem [33, 34]:

Theorem 3 (Gondran and Minoux [34, Theorem 1]) Let A 2 S n�n. If A� exists,
the following two conditions are equivalent:

1. AC
:i ˝ 
 D A�

:i ˝ 
 for some i 2 f1 : : : ng, and 
 2 S.
2. AC

:i ˝ 
 (and A�
:i ˝ 
) is an eigenvector of A for e , AC

:i ˝ 
 2 Ve.A/ .

where we define the transitive closure AC D P1
kD1 A and the transitive reflexive

closure A� DP1
kD0 A of A (also called Kleene’s plus and star operators).

In [35–37] Gondran and Minoux’ theorem was made more specific in two
directions: on the one hand, by focusing on particular types of completed idempotent
semirings—semirings with a natural order where infinite additions of elements exist,
so transitive closures are guaranteed to exist and sets of generators can be found for
the eigenspaces—and, on the other hand, by considering more easily visualizable
subsemimodules than the whole eigenspace—a better choice for exploratory data
analysis.

2.3 Graphs, Matrices and Closures over Dioids

From Theorem 3 it is clear that we need efficient methods to obtain the closures in
order to solve the eigenvalue-eigenvector problem—and hence HITS and SVD—
in the general setting of semirings. For this purpose, it is interesting to extend
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the cryptomorphism between weighted graphs and square matrices of Sect. 1.2
explicitly:

• For a matrix A 2Mn.S /, the network or weighted digraph induced by A, NA D
.VA; EA; wA/, consists of a set of vertices VA, a set of arcs , EA D f.i; j/ j Aij ¤
�Sg, and a weight wA W VA � VA ! S; .i; j/ 7! wA.i; j/ D aij.

• For a weighted directed graph, N D .V; E; w/ where V D fvigniD1 is a set of
nodes E � V �V is a set of edges, and w W E! S a weight function on the edges
w.vi; vj/ > 0; .vi; vj/ 2 E and w.vi; vj/ D 0 otherwise, the matrix AN 2Mn.S /

is defined as .AN/ij D w.vi; vj/ .

This allows us intuitively to apply all notions from networks to matrices and vice
versa, like the underlying graph GA D .VA; EA/ disregarding the weights, the set of
paths ˘C

A .i; j/ between nodes i and j or the set of cycles CC
A . The following account

is a summary of results in this respect, and we refer the reader to [35, 36] for proofs.

Lemma 2 Let A 2Mn.S/ be a square matrix over a commutative semiring S . A�
exists if and only if AC exists and then:

AC D A˝ A� D A� ˝ A A� D I ˚ AC

But since in incomplete semirings the existence of the closures is not warranted, our
natural environment should be that of complete semirings.

On the other hands, in dioids the following lemma holds:

Lemma 3 Let A 2 Mn.S/ be a square matrix over a dioid S . For partition Nn D
˛ [ ˇ call PER .A/ D Aˇ˛A�̨

˛A˛ˇ ˚ Aˇˇ . Then

�
A˛˛ A˛ˇ

Aˇ˛ Aˇˇ

�C
D
�

AC̨̨ ˚ A�̨
˛A˛ˇPER .A/�Aˇ˛A�̨

˛ A�̨
˛A˛ˇPER .A/�

PER .A/�Aˇ˛A�̨
˛ PER .A/C

�

Proof Adapted from [38, Lemma 4.101] ut
Notice that closures and simultaneous row and column permutations commute:

Lemma 4 Let A; B 2 Mn.S / and let P be a permutation such that B D PTAP.
Then BC D PTACP and B� D PTA�P.

A square matrix is irreducible if it cannot be simultaneously permuted into a
triangular upper (or lower) form. Otherwise we say it is reducible. Irreducibility
expresses itself as a graph property on the induced digraph DA of Sect. 1.2.

Lemma 5 If A 2Mn.S/ is irreducible, then:

• The induced digraph DA has a single strongly connected component.
• All nodes in its induced digraph DA are connected by cycles.
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The irreducible case is used as a basic case in the recursive building of the closure
of any possible matrix next. In it, the condensation digraph is built using the classes
of the reachability relation in DA as the vertices (the strongly connected components
of DA) and their connections as edges:

Lemma 6 (Recursive Upper Frobenius Normal Form, UFNF) Let A 2 Mn.S/

be a matrix over a semiring and GA its condensation digraph. Then,

1. (UFNF3) If A has zero lines it can be transformed by a simultaneous row and
column permutation of VA into the following form:

PT
3 ˝ A˝ P3 D

2

6
6
4

E�� � � �
� E˛˛ A˛ˇ A˛!

� � Aˇˇ Aˇ!

� � � E!!

3

7
7
5 (12)

where either A˛ˇ or A˛! or both are non-zero, and either A˛! or Aˇ! or both
are non-zero. Furthermore, P3 is obtained concatenating permutations for the
indices of simultaneously zero columns and rows V�, the indices of zero columns
but non-zero rows V˛ , the indices of zero rows but non-zero columns V! and the
rest Vˇ as P3 D P.V�/P.V˛/P.Vˇ/P.V!/.

2. (UFNF2) If A has no zero lines it can be transformed by a simultaneous row and
column permutation P2 D P.A1/ : : : P.Ak/ into block diagonal UFNF:

PT
2 ˝ A˝ P2 D

2

666
4

A1 � : : : �
� A2 : : : �
:::

:::
: : :

:::

� � : : : AK

3

777
5

(13)

where fAkgKkD1; K � 1 are the matrices of connected components of GA.
3. (UFNF1) If A is reducible with no zero lines and a single connected component

it can be simultaneously row- and column-permuted by P1 to

PT
1 ˝ A˝ P1 D

2

66
6
4

A11 A12 � � � A1R

� A22 � � � A2R
:::

:::
: : :

:::

� � � � � ARR

3

77
7
5

(14)

where Arr are the matrices associated with each of its R strongly connected
components (sorted in a topological ordering), and P1 D P.A11/ : : : P.ARR/.

Note that irreducible blocks are the base case of UFNF1, so we sometimes refer to
irreducible matrices as being in UFNF0.

Note that as a result of this Section, we know how to calculate algorithmically
the transitive closure for any type of matrix A in any complete semiring.
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2.4 Eigenvalues and Eigenvectors of Matrices
over Complete Dioids

By the reasoning in previous sections and the cryptomorphism above, eigenvectors
of the projection matrices in the dual-projection approach are vectors describing
some qualities of the nodes in the weighted bipartite graph, e.g. authoritativeness or
hubness in HITS. This is the reason why we need to characterize such vectors better.

2.4.1 Orthogonality of Eigenvectors

In spectral decomposition, orthogonality of the eigenvectors plays an important role.
In zerosumfree semimodules orthogonality cannot be as prevalent as in standard
vector spaces. To see this, first call the support of a vector, the set of indices of
non-null coordinates supp.v/ D fi 2 njvi ¤ �g, and consider a simple lemma:

Lemma 7 In semimodules over entire, zerosumfree semirings, only vectors with
empty intersection of supports are orthogonal.

Proof Suppose v?u, then
Pn

iD1 vi ˝ ui D �. If any vi D � or ui D � then their
product is null, so we need only consider a non-empty supp.v/ \ supp.u/ . In this
case, vT ˝ u DPi2supp.v/\supp.u/ vi˝ ui. But if S is zerosumfree, for the sum to be
null every factor has to be null. And for a factor to be null, since S is entire, either
vi is null, or ui is null, and then i would not belong to the common support. ut

2.4.2 The Null Eigenspaces

If any, the eigenvectors of the null eigenvalue are interesting in that they define the
null eigenspace. Also, the particular eigenvalue ? can only appear in UFNF3. The
following proposition describes the null eigenvalue and eigenspace:

Proposition 1 Let S be a semiring and A 2Mn.S /. Then:

1. If the i-th column is zero then the characteristic vector ei is a fundamental
eigenvector of � for A and � 2 PP.A/ .

2. Non-collinear eigenvectors of � are orthogonal, so the order of multiplicity of
? 2 PP.A/ is the number of empty columns of A .

3. If S is entire, then GA has no cycles if and only if PP.A/ D f�g .
4. If S is entire and zerosumfree, the null eigenspace if generated by the funda-

mental eigenvectors of � for A, V�.A/ D hFEV�.�/ Ai .
Proof See [35, 3.6 and 3.7]. Claim 2 is a consequence of claim 1 and Lemma 7. ut
Note that these are important in as much as they generate ? coordinates in the
eigenvectors, that is, in the hubs and authorities vectors.
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2.4.3 Eigenvalues and Eigenvectors of Matrices over Positive Semifields

When S has more structure we can improve on the results in the previous section.
The first proposition advises us to concentrate on the irreducible blocks:

Proposition 2 If K is a positive semifield, A 2 Mn.K / is irreducible, and v 2
V�.A/ then � > � and 8i 2 n ; vi > � .

Proof See [33, Lemma 4.1.2]. ut
Note that these results apply to R

C
0 , but not to RC;�, the reals, or to CC;�, the

complex numbers, since the latter are not dioids.
For a finite � 2 K in a semifield, let .eA�/

C D .��1 ˝ A/
C

be the normalized
transitive closure of A. The lemma below allows us to change the focus from the
transitive closures to the circuit structure of GA and vice versa.

Lemma 8 If K is a semifield and A 2 Mn.K /, then if .��1 ˝ A/
�

exists and
if either

P
c2Ci

w.c/ ˝ .��1/l.c/ ˚ e D P
c2Ci

w.c/ ˝ .��1/l.c/ where Ci denotes

the set of circuits in CC
A containing node vi , or .��1 ˝ A/

�
�i D .��1 ˝ A/

C
�i then

.��1 ˝ A/
�
�i is an eigenvector of A for eigenvalue � .

Proof See [33, Chapter 6, Corollary 2.4]. ut
When K is a radicable semifield, the mean of cycle c is 
˚.c/ D l.c/

p
w.c/, If

the semifield is (additively) idempotent the aggregate cycle mean of A is 
˚.A/ DPf
˚.c/ j c 2 CC
A g. If the semiring is idempotent and selective, the nodes in

the circuits that attain this mean are called the critical nodes of A, Vc
A D fi 2 c j


˚.c/ D 
˚.A/g. Then the critical nodes are Vc
A D fi 2 VA j .eAC/

C
ii D eg .

We define the set of (right) fundamental eigenvectors of A for � as those indexed
by the critical nodes.

FEV�.A/ D f.eA/
C
�i j i 2 Vc

Ag D f.eA/
C
�i j .eA/

C
ii D eg:

The basic building block is the spectrum of irreducible matrices:

Theorem 4 ((Right) Spectral Theory for Irreducible Matrices [35]) Let A 2
Mn.K / be an irreducible matrix over a complete commutative selective radicable
semifield. Then:

1. The right spectrum of the matrix includes the whole semiring but the zero:

P.A/ D K n f?g

2. The right proper spectrum only comprises the aggregate cycle mean:

PP.A/ D f
˚.A/g

3. If an eigenvalue is improper � 2 P.A/ n PP.A/, then its eigenspace (and
eigenlattice) is reduced to the two vectors:
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V�.A/ D f?n;>ng D L�.A/

4. The eigenspace for a finite proper eigenvalue � D 
˚.A/ < > is generated from
its fundamental eigenvectors over the whole semifield, while the eigenlattice is
generated by the semifield � D hf?; e;>g;˚;˝;?; e;>i .

V�.A/ D hFEV�.A/iK � L�.A/ D hFEV�.A/i�
Note how this theorem introduces the notion of eigenlattices to finitely represent

an eigenspace over an idempotent semifield. Refer to [35] for further details.
We will see in our results that the only other UFNF type we need be concerned

about is UFNF2: Let the partition of VA generating the permutation that renders
A in UFNF2, block diagonal form, be VA D fVkgKkD1, and write A D UK

kD1 Ak,
Ak D A.Vk; Vk/.

Lemma 9 Let A D UK
kD1 Ak 2 Mn.S / be a matrix in UFNF2, over a semiring,

and V�.Ak/ (U�.Ak/) a right (left) eigenspace of Ak for � (�). Then,

U�.A/ Š
K�

kD1

U�.Ak/ V�.A/ Š
K�

kD1

V�.Ak/: (15)

Proof See [36] Lemma 3.12. ut
Note that this procedure is constructive and how the combinatorial nature of the

proof in [36] makes the claim hold in any semiring. Clearly, if � 2 PP.Ak/ for any k,
then � 2 PP.A/. Since PP.Ak/ D P.Ak/ for matrices admitting an UFNF2, PP.Ak/ D
P.Ak/ DSK

kD1 PP.Ak/.

Corollary 1 Let A 2 Mn.S / be a matrix in UFNF2 over a semiring. Then the
(left) right eigenspace of A for � 2 P.A/ is the product of the (left) right eigenspaces
for the blocks, U�.A/ D�K

kD1 U�.Ak/ and V�.A/ D�K
kD1 V�.Ak/.

In complete semirings, looking for generators for the eigenspaces with ık.k/ D e
and ık.i/ D ? for k ¤ i, we define the right fundamental eigenvectors as

FEV2
�.A/ D

K[

kD1



K�

iD1

ık.i/
˘̋

FEV1
�.Ai/

�
: (16)

Lemma 9 proves that FEV2
�.A/ � V�.A/, but we also have the following:

Lemma 10 Let A 2 Mn.D/ be a matrix in UFNF2 over a complete idempotent
semiring with � 2 P.A/. Then,

1. If � 2 PP.A/, then FEV2,F
� .A/ DSkj�2PP.Ak/

h�K
iD1 ık.i/

˘̋

FEV1,F
� .Ai/

i
.

2. If � 2 P.A/ n PP.A/ then FEV2
�.A/ D FEV2;>.A/.

3. If � 2 PP.A/ then FEV�.A/ D FEV2,F
� .A/ [ FEV2;>.A/ n >

˘̋

FEV2,F
� .A/.
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4. FEV2;>.A/ D >
˘̋

FEV2
�.A/.

So call FEV2;>.A/ the saturated fundamental eigenvectors of A, and define the
(right) saturated eigenspace as V >.A/ D hFEV2;>.A/iD .

Corollary 2 Let A 2 Mn.S / be a matrix in UFNF2 over a complete selective
radicable idempotent semifield. Then

1. For � 2 PP.A/, V�.A/ 	 V >.A/.
2. For � 2 P.A/ n PP.A/, V�.A/ D V >.A/.

Notice that the very general proposition below is for all complete dioids.

Proposition 3 Let A 2 Mn.D/ be a matrix in UFNF2 over a complete dioid.
Then,

1. For � 2 P.A/ n PP.A/,

U >.A/ D hFEV2;>�AT
�i� V >.A/ D hFEV2;>.A/i� :

2. For � 2 PP.A/, � < >,

U�.A/ D hFEV2
�

�
AT
�iD V�.A/ D hFEV2

�.A/iD :

To better represent eigenspaces, we define the spectral lattices of A,

L�.A/ D hFEV2
�

�
AT
�Ti� L�.A/ D hFEV2

�.A/i�:

involving the product of the component lattices, L�.A/ D�K
kD1 L�.Ak/.

3 Results

3.1 HITS over Idempotent Semifields: iHITS

Let K D hK;˚;˝;?i be a complete dioid, in general, and let .G; M; R/ be a K -
formal context. Then the space of hub scores is X D KG and that of authorities is
Y D KM and they get mutually transformed by the actions of two linear functions:

RT ˝ � W KG ! KM R˝ � W KM ! KG

x 7! RT ˝ x y 7! R˝ y (17)

To relate this problem back to the original one, we rewrite (7) in the new spaces,
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A˝ z D z˝ � ,

 � R

RT �
�
˝



x
y

�
D



x
y

�
˝ � (18)

we premultiply (18) by the new symmetric A to obtain

.R˝ RT/˝ h D h˝ �˝2 .RT ˝ R/˝ a D a˝ �˝2 (19)

expressing the solution in terms of the projectors on both modes of (1). This
proves that in order to solve the HITS problem in a dioid we have to solve the
Singular Value Problem (18) which amounts to solving both decoupled Eigenvalue
Problems (19).

However, these manipulations have overlooked the fact that to obtain the
original HITS an idempotent semifield—not a dioid—was needed. In the interest
of generality, we will develop the calculations below in terms of dioids, but the
reader is warned that after a certain point we must suppose that K is a semifield
to reach a solution, and in particular an idempotent semifield. In this way we obtain
the analog of HITS over idempotent semifields which we call iHITS.

3.2 The Eigenproblem in Symmetric Matrices

Since A is symmetric, we no longer have to worry about the distinction between the
left and right eigenproblem:

Lemma 11 If A is symmetric then P.Ak/ D PP.Ak/ and
�
U�.A/

�T D V�.A/ .
We can also refine the results in Proposition 1:

Proposition 4 Let S be a semiring and a symmetric A 2Mn.S /. Then:

1. The multiplicity of ? 2 PP.A/ is the number of empty rows/columns of A .
2. If S is entire, PP.A/ D f�g if and only if A D En .

Proof First, if A D AT, then the number of empty rows and empty columns is the
same, and Proposition 1.2 provides the result. Second, after Proposition 1.3 PP.A/ D
f�g means GA has no cycles. But if Aij ¤ � then c D i ! j ! i is a cycle with
non-null weight w.c/ D Aij ˝ Aji ¤ �, which is a contradiction. ut
Note that empty rows of R generate left eigenvalues while empty columns generate
right eigenvalues, so the multiplicity of the null singular value may change from left
to right.

To use Lemma 8 and Theorem 4, we need the maximum cycle mean:

Proposition 5 Let K be a complete idempotent semifield and let A 2 Mn.K/ be
symmetric. Then 
˚.c/ D supi;j Aij , where the sup, taken in the natural order of the
semifield is attained.

Proof Since A is symmetric, c D i ! j ! i is a cycle whenever Aij D Aji ¤ ? .
Then 
˚.c/ D Aij . Consider one c0 such that 
˚.c0/ D supi;j Aij D maxi;j Ai;j

in the order of the semiring. This must exist since i; j are finite. If we can extend
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any of these critical cycles with another node k such that c00 D i ! j ! k !
i then w.c00/ D Aij ˝ Ajk ˝ Aki � A3

ij D 
˚.c0/l.c00/, so in the aggregate mean

˚.c0/ ˚ 
˚.c00/ D 
˚.c0/ . So we induce on the length of any cycle that is an
extension of c0 that

P
c2CC

A
D 
˚.c0/ D supi;j Ai;j . ut

To find the cycle means easily, we use the UFNF form.

3.3 UFNF Forms of Symmetric Matrices and Their Closures

For symmetric reducible matrices, the feasible UFNF types are simplified:

Proposition 6 Let S be a dioid, and a symmetric A 2Mn.S /. Then:

• (UFNF3) A admits a proper symmetric UFNF3 form if it has zero lines, and, in
that case, the set of zero lines and zero rows are the same.

PT
3 ˝ A˝ P3 D



Aˇˇ �
� E��

�
(20)

• (UFNF2) If a A has no zero lines it can be transformed by a simultaneous row
and column permutation P2 D P.A1/ : : : P.Ak/ into symmetric block diagonal
UFNF:

PT
2 ˝ A˝ P2 D

2

66
6
4

A1 � : : : �
� A2 : : : �
:::

:::
: : :

:::

� � : : : AK

3

77
7
5
D

K]

kD1

Ak (21)

where fAkgKkD1; K � 1 are the symmetric matrices of connected components of
GA.

• (no UFNF1) A cannot be permuted into a proper UFNF1 form.

Proof A simple matrix conformation procedure on Lemma 6 when the matrix is
symmetric. ut
We will see that this is almost the only structure we need to consider to find the
eigenvectors. Consider R 2MGCM.S/, the bipartite network matrix, for instance, of
the form:

R D



R1 R12

R21 R2

�
(22)

If R12 and R21 are null, then we can find a permutation P so that
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PT ˝ A˝ P D PT ˝

2

6
6
4

� � R1 �
� � � R2

RT
1 � � �
� RT

2 � �

3

7
7
5˝ P D

2

6
6
4

� R1 � �
RT

1 � � �
� � � R2

� � RT
2 �

3

7
7
5 (23)

Now, if R2 D EG2M2 is null, then (23) is in UFNF3 with E�� D E.G2CM2/.G2CM2/ ,
while if R1 and R2 are both full, then (23) is in UFN2 with blocks A1 and A2,
respectively. Note that other blocked forms of R simply generate an irreducible A,
since the UFNF1 form is not possible.

So we can suppose that A can be simultaneously row and column permuted into
a diagonal block form

PT ˝ A˝ P D

2

666
4

A1 � � � � �
:::

: : :
:::

:::

� � � � AK �
� � � � � E��

3

777
5
D
 

K]

kD1

Ak

!

] E�� Ak D

 � Rk

RT
k �

�
(24)

with the empty lines and rows permuted to the beginning E�� and irreducible blocks
Ak. Recall that closures and permutations commute, whence the closures of the
matrices in the forms above are really simple: the closure of (24) is straightforward
in terms of the closures of the blocks:

PT ˝ AC ˝ P D

2

66
6
4

AC
1 � � � � �
:::

: : :
:::

:::

� � � � AC
K �

� � � � � E��

3

77
7
5

(25)

The solution of this base case is highly dependent in the dioid in which the
problem is stated. Since we will be solving the problem in idempotent semifields,
for the irreducible base case we need only be concerned about matrix:

eA
 .̊A/ D
"

� eR
 .̊A/

.eR
 .̊A//
T �

#

D

 � B

BT �
�

(26)

where we are using the shorthand B DeR
 .̊A/ to account for the normalization with
the cycle means that we need to use to find the eigenvectors. To find the closures of
such irreducible matrices apply Lemma 3 to (26):

�
eA
 .̊A/

	C D



.B˝ BT/C B˝ .BT ˝ B/�

BT ˝ .B˝ BT/� .BT ˝ B/C
�

(27)

where we have used that .BT ˝ B/� ˝ BT D BT ˝ .B˝ BT/� .
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3.4 Pairs of Singular Vectors of Symmetric Matrices over
Idempotent Semifields

To extract the eigenvectors corresponding to left singular vectors i 2 G (respectively,
right singular vectors j 2 M) we need to check Theorem 3 against each block in its
diagonal:

i 2 G;
�
eA
 .̊A/

	�
�i D

�
eA
 .̊A/

	C
�i , .B˝ BT/

�
�i D .B˝ BT/

C
�i

j 2 M;
�
eA
 .̊A/

	�
�j D

�
eA
 .̊A/

	C
�j , .BT ˝ B/

�
�j D .BT ˝ B/

C
�j

So the existence of
�eA
 .̊A/

�C
requires the existence of the transitive closures

.BT ˝ B/C and .B˝ BT/C as we could have expected from (19). Note that after
(6), the hub and authority scores are those columns such that:

.B˝ BT/
C
�i D .B˝ BT/

�
�i .BT ˝ B/

C
�j D .BT ˝ B/

�
�j

but, importantly, (27) gives us the form of the authority score related to a particular
hub score and vice versa, which is a kind of formal-concept property:

hi D .B˝ BT/
�
�i , ai D BT ˝ .B˝ BT/

�
�i (28)

aj D .BT ˝ B/
�
�j , hj D B˝ .BT ˝ B/

�
�j

This solves completely the description of the left and right singular vectors. To find
the singular values, we note from (19) that they are the square roots of the cycle
means of the independent blocks or, equally, the proper eigenvalues of A,

˙ D fp� j � D 
˚.Ak/ ; A D ˚kAkg D fp� j � D PP.Ak/g

This would include the bottom if and only if one of the blocks is empty.

3.5 Relationship to FCA

In order to interpret the results above in the light of FCA, we have to use the proper
multi-valued extension of it. For such purpose, K -Formal Concept Analysis is an
extension of FCA for formal contexts with entries in an idempotent semifield [24]
which has been used for the analysis of confusion matrices and other data with the
appropriate characteristics [39–41].
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Regarding the glimpse of a formal concept-like property of (28), a cursory analy-
sis with the techniques in [24] shows that the analogue of the polars in FCA declared
in (17) actually comes from two different generalized Galois connections:

• R˝ � W KM ! KG is the right adjunct of a left (Galois) adjunction, while
• RT ˝ � W KG ! KM is the left adjunct in a right (Galois) adjunction.

It is well known that the iteration of these operators in the Boolean case is
not concept-forming. Nevertheless, they do lead to closures. For instance, in [15]
a discussion of the issue leads to operators achieving transitive closures for
endorelations—that is, binary relations with identical domain and codomain—and
the finding of strongly connected components in the one-mode projection graphs
these endorelations define. This agrees with a technical condition often imposed
on graphs prior to their study through HITS: that their adjacency matrices be irre-
ducible, which translates into a graph with a single strongly connected component.
Note also that the transitive closure of the matrix also figures prominently in this
application.

Yet, in this chapter the isomorphism between the ranges of the operators in (17)
defining the duality between hubs and authorities is clear and attested in a more
generic context than HITS was initially conceived. Specifically, we consider graphs
with any number of strongly connected components, even with none (see Sect. 3.3).

In parallel work, also, we suggest that the “standard” take on what a formal
concept of a K -context is should be enlarged to include not only closures, but also
the interior of (multi-valued) sets of objects and attributes [42]. It may be the case
that the hub and authority score vectors in the idempotent version of HITS belong
to these systems of interiors. In any case, it would seem that there is not a single
SVD for matrices with values in an idempotent semifield, and this issue needs to be
explored further.

3.6 Example

In this section we present a HITS analysis for a weighted two-mode network both
using standard HITS and HITS over the max-min-plus idempotent semifield. The
data being analysed is the example in [43, p. 31], the worries data, which is a
two-mode network of the type of worry declared as most prevalent by 1554 adult
Israeli depending on their living countries—and sometimes those of their parents.
The graph of the network is depicted in Fig. 1a.

To be amenable for max-min-plus processing the original counts in the contin-
gency matrix were transformed into a joint probability function PWP with marginals
PW over worries and PP over procedence. The idempotent SVD was carried out on
the pointwise mutual information matrix

IWP.i; j/ D PWP.i; j/

PW.i/ � PP.j/
:
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Fig. 1 Weighted, directed graph of the worries data [43, p. 31] and its weighted idempotent and
standard “authority” (worry) and “hub” (procedence) scores. There are clear differences in both
approaches. (a) Worries weighted bipartite network. (b) Principal worry scores. (c) Procedence
scores

The “authority” and “hub” scores are differentiated for each of the modes: they
return “type of worry” and “procedence” scores, respectively. We can see that
HITS and iHITS produce somehow different results: the actual meaning of these
differences is data dependent and a matter for future, more specialized analyses. The
idempotent primitives were developed in-house and are available from the authors
upon request.

3.7 Discussion

Extensions to Other Semirings Note that the original HITS problem was set in a
positive semifield that is not idempotent; hence, our method of solution does not
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apply yet to that case, but does apply to the max-min-plus and max-min-times
semifields, examples of which are given in terms of their normalized closures. In
the case of the R

C
0 the Perron-Frobenius theorem is usually invoked to solve HITS

iteratively by means of the power method [44].
A reviewer of this paper requested a consideration of the solution of the HITS

problem for the rest of dioids which are not semifields. The problem with further
generalization of our scheme is the base case for the recursion of Frobenius
normal forms. In the idempotent semifield case, the cycle means of Proposition 5
provide the eigenvalues needed for the normalization of the matrices that allow
the calculation of the closures in the irreducible case. But in the generic positive
semifield case the cycle means and the possibility of choosing the critical circuits to
select the eigenvectors in the closures are not granted. Also, in inclines—and in the
fuzzy semirings included in them—the base, irreducible case is completely different
to that of semifields [33]. But since the generic development on dioids for UFNF1

and UFNF2 is based on combinatorial considerations, we believe that a solution for
the base case for other dioids could be plugged into this UFNF recursion to obtain
analogous results to those presented here. These extensions will be considered in
future work.

On the Orthogonality of Solutions On another note, the SVD in standard algebra
makes a strong case about the orthogonality of the left and right singular vectors
belonging to different singular values in order to guarantee certain properties of
the bases of singular vectors in the reconstruction. But in entire zerosumfree
semirings, and in entire dioids or positive semifields a fortiori, orthogonality is a
rare phenomenon, after Lemma 7.

Indeed, irreducible matrices do not have any orthogonal, but rather collinear left
or right singular vectors. Regarding reducible matrices, note that (24) factors in all
the possible orthogonality between eigenvectors. In fact we have,

Corollary 3 Let .G; M; R/ be an S -formal context over a dioid S , and A 2
Mn.S / as in (27). Then two of the eigenvectors for A or (left, right) singular vectors
for R can only be orthogonal if they arise from different blocks.
and Proposition 3 proves that even in that case they might not be orthogonal.

However, after the work in [22, 25] orthogonality may not be needed in
the case of dioids: the use of join- and meet-irreducible may guarantee perfect
reconstruction.

On the Effectiveness of the Dual-Projection Approach for 2-Mode Network
Analysis Yet another reviewer raised the concern that the work in [3] proves the
dual-projection approach hopeless. This work of Latapy and colleagues propounds
a more “direct” approach to the study of bipartite networks by means of collecting
and creating measures designed specifically for them, as opposed to those adapted
from 1-mode networks. They develop to some extent a criticism of the projection
approach and, indirectly, of the dual-projection approach on Boolean networks.

However, they suggest that theirs and the projection approach are, in general,
complementary. And in particular, that none of the criticism for Boolean projection
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approaches applies to projection approaches on weighted affiliation networks. On
these grounds and the present work, the criticism of [3] notwithstanding, we believe
the dual-projection approach is adequate for the study of 2-mode networks and can
bring many insights about their behaviour.

4 Summary and Conclusions

In this paper, we related the HITS algorithms to the SVD of the adjacency matrix
of a weighted 2-mode network and argued that this supports the dual-projection
approach to SNA.

To make evident the relationship of these techniques to K -Formal Concept
Analysis, we generalized the HITS algorithms for semirings, then instantiated it in
dioids, semifields (including the original semifield where it was defined) and finally
in idempotent semifields, which are the algebras used by K -FCA.

We showed that the projection operators are related to Galois adjunctions, rather
than to the polars in Galois connections, and that this approach to weighted graph
analysis has affinities to finding strongly connected components in Boolean graphs.
What the connected components of weighted graphs might mean is subject for
further work.

We have also provided an example of how to use the new calculations to obtain
idempotent authority and hubness scores for a weighted bipartite graph, although the
interpretation of such scores vis-à-vis the original ones needs further investigation.
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22. Bělohlávek, R., Vychodil, V.: Formal concepts as optimal factors in Boolean factor analysis:

implications and experiments. In: Proceedings of the 5th International Conference on Concept
Lattices and Their Applications, (CLA07), Montpellier, 24–26 October 2007
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