
Chapter 9
Vanishing Dissipation Limits

The behavior of fluids in the vanishing dissipation regime, meaning when both the
Reynolds number and the Péclet number are large, plays an important role in the
study of turbulence. In this chapter, we examine the situation when

Sr D 1; Ma D "; and Re D 1

�
; Pe D 1

d
; with suitably chosen "; �; d > 0:

Such a choice of scaling parameters gives rise to qualitatively new difficulties in the
study of the singular limit as we lose compactness in the space variable of both
velocity and temperature. As a result, the singular limit is no longer a problem
of convergence of solutions of the primitive system to those of the target system
but rather a problem of stability of the target solution with respect to singular
perturbations. Accordingly, we have to assume that the target system admits a
regular solution at least on a certain maximal time interval .0;T/. Thus the existence
of solutions to the target problem is no longer a byproduct of the singular limit
analysis but a necessary hypothesis for the singular limit process to converge.

Stability of the target solution will be evaluated in the “norm” induced by a
new quantity called relative energy, the analogue of which—the so-called relative
entropy—has been introduced in the context of hyperbolic systems of conservation
laws by Dafermos [67]. Formally, the relative energy reads
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where Œ%; #;u� is a weak solution of the (unscaled) Navier-Stokes-Fourier system,
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370 9 Vanishing Dissipation Limits

is the Helmholtz function introduced in Sect. 2.2.3, and Œr; T ;V� a trio of admissible
smooth “test” functions. Formally, the relative energy is reminiscent of the quantity
appearing in the total dissipation balance (2.52), where the arguments r, � , and
V are now functions of the independent variables .t; x/. The relative energy

E
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%; #;u
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�
can be seen as a kind of distance between the quantities Œ%; #;u�

and Œr; T ;V�. Indeed the hypothesis of thermodynamics stability (1.44) implies that
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if r > 0; then
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D 0 only if Œ%; #;u� D Œr; T ;V�:
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Remark Note however that E is not a metric, in particular it is not symmetric with
respect to Œ%; #;u� and Œr; T ;V�.

The strength of the existence theory of weak solutions based on the entropy
balance developed in Chap. 3 will be demonstrated by the fact that the time evolution
of E can be controlled by means of the weak formulation introduced in Chap. 2,
Sect. 2.1.

9.1 Problem Formulation

To simplify the presentation, we consider the primitive NAVIER-STOKES-FOURIER

SYSTEM in the absence of external driving forces:

� PRIMITIVE SYSTEM:

@t%C divx.%u/ D 0; (9.2)

@t.%u/C divx.%u ˝ u/C 1

"2
rxp.%; #/ D �divxS; (9.3)

@t.%s.%; #//C divx

�
%s.%; #/u

�
C ddivx

� q
#

�
D �"; (9.4)
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�
dx D 0: (9.5)
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In accordance with the general framework of fluid motions considered in this book,
the viscous stress tensor is determined by Newton’s law

S D S.#;rxu/ D �.#/
�
rxu C rx

Tu � 2

3
divxuI

�
C �.#/divxuI; (9.6)

the heat flux by Fourier’s law

q D q.#;rx#/ D �	.#/rx#; (9.7)

and the entropy production rate is a non-negative measure �" satisfying

�" � 1

#

�
"2� S W rxu � d

q � rx#

#

�
: (9.8)

9.1.1 Physical Space and Boundary Conditions

Similarly to Chap. 8, we consider an expanding family of spatial domains f�RgR>0,
specifically

• �R � R
3 are simply connected, bounded, C2C� domains, uniformly for R ! 1;

•
n
x 2 R

3
ˇ̌
ˇ jxj < R

o
� �R: (9.9)

• there exists D > 0 such that

@�R �
n
x 2 R

3
ˇ̌
ˇ R < jxj < R C D

o
(9.10)

Remark A typical example of such domains is, of course, a family of balls of
radius R,

�R D
n
x 2 R

3
ˇ̌
ˇ jxj < R C ı

o
; ı > 0:

We impose the no-slip boundary conditions for the velocity field

uj@�R D 0; (9.11)

together with the no-flux conditions

q � nj@�R D 0: (9.12)
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9.1.2 Initial Data

Similarly to the low Mach number limit problems considered in this book, we
suppose that the initial data can be written in the form

%.0; �/ � %0 D %C "%
.1/
0 ; #.0; �/ � #0 D # C "#

.1/
0 ; u.0; �/ D u0; (9.13)

where %, # are positive constants,

8<
:

0 < D�1 < %; # < D;

k%.1/0 k.L2\L1/.R3/ C k#.1/0 k.L2\L1/.R3/ C ku0k.L2\L1/.R3/ < D:

9=
; (9.14)

Remark The parameter D > 0 measures the size of the data and may be chosen
large enough to comply also with (9.10). Of course, the initial data perturbations
%
.1/
0 , #.1/0 , u0 as well as the corresponding weak solutions to the Navier-Stokes-

Fourier system may depend on the scaling parameters "; �; d and also on the total
mass

M D
Z

�R

%0dx:

9.1.3 Target Problem

As the family of expanding domains will eventually fill up the whole space R
3, it

makes sense to consider the limit problem with this geometry, supplemented with
the far field boundary condition for the limit velocity

U ! 0 as jxj ! 1:

Given our previous experience with the low Mach number limit and since we
intend to let the diffusion coefficients � and ! vanish, we may anticipate the
following form of the target problem.
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� INCOMPRESSIBLE EULER SYSTEM WITH TEMPERATURE TRANSPORT:

divxU D 0 in .0;T/ � R
3; (9.15)

@tU C divx.U ˝ U/C rx… D 0 in .0;T/ � R
3; (9.16)

@t‚C U � rx‚ D 0 in .0;T/ � R
3: (9.17)

Here, as observed many times in the previous chapters, the transported quantity
‚ is related to the temperature deviation

‚ � # � #

"
:

System (9.15), (9.16)—called (incompressible) Euler system—decouples
from (9.17) and may be solved independently. A nowadays classical result of
Tosio Kato [164, 165, 167] asserts the existence of a unique classical solution U of
the initial-value problem associated to (9.15), (9.16) in the class

U 2 C.Œ0;Tmax/I Wk;2.R3IR3/; @tU 2 C.Œ0;Tmax/I Wk�1;2.R3IR3/; (9.18)

defined on a maximal time interval Œ0;Tmax/, Tmax > 0 for any initial data

U.0; �/ D U0 2 Wk;2.R3IR3/ as soon as k � 3: (9.19)

To avoid technicalities, we have taken k to be an integer. More general results
can be shown, see e.g. Constantin et al. [64], Chemin [55], Danchin [73]. Note
that regularity of the pressure… can be deduced from (9.16), (9.18).

Any field U belonging to the regularity class (9.18) possesses a continuous
gradient rxU, in particular, the transport equation (9.17) can be uniquely solved
for any initial data

‚.0; �/ D ‚0 (9.20)

by the method of characteristics. Specifically, the system of ordinary differential
equations

d

dt
X.t/ D U.t;X/; X.0/ D X0; (9.21)
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admits a unique solution X D X.t;X0/ for any X0 in R
3 and we set

‚.t;X.t;X0// D ‚0.X0/; t 2 Œ0;Tmax/:

9.1.4 Strategy of the Proof of Stability of Smooth Solutions
to the Target Problem

Our goal in this chapter is to show that solutions of the primitive Navier-Stokes-
Fourier system remain close to a smooth solution of the target problem provided

"; �; d ! 0; R ! 1

and the initial data of the two systems are close. As we shall see, the result will be
path dependent, meaning the rates of convergence of the singular parameters to their
limit values must be interrelated in a certain specific fashion. Here, the “distance”
between the data will be measured in terms of the relative energy E .

Our strategy leans on the following steps.

• Derive a relation between the values of the relative energy E at the times t D 0; 
 .
• Take the strong solution of the target system as a test function in the relative

entropy.
• Use a Gronwall lemma type argument to evaluate the distance between the two

solutions by means of E .

9.2 Relative Energy Inequality

The relative energy inequality may be seen as a refined version of the total
dissipation balance (2.52), where the constants %, # are replaced by functions r, T ,
and the velocity u D u � 0 by u � V. It is of independent interest so we formulate
it for the unscaled version of the Navier-Stokes-Fourier system where we set, for a
moment,

" D � D d D R D 1; � � �1:

We consider a weak solution Œ%; #;u� of problem (9.2)–(9.8), (9.11), (9.12) in
the sense specified in Chap. 2, Sect. 2.1. The crucial observation is that the relative
energy can be decomposed as the sum

E
�
%; #;u

ˇ̌
ˇr; T ;V

�
D

6X
jD1

Ej;
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where

E1 D
Z

�

�
1

2
%juj2 C %e.%; #/

�
dx;

E2 D �
Z

�

%u � V dx;

E3 D
Z

�

1

2
%jVj2 dx;

E4 D �
Z

�

%s.%; #/T dx;

E5 D �
Z

�

%
@HT .r; T /

@%
dx;

E6 D
Z

�

�
r
@HT .r; T /

@%
� HT .r; T /

�
dx;

where each integral can be evaluated by means of the weak formulation as long as
the functions r, T , and V are smooth enough, r > 0, T > 0, and V satisfies the
relevant boundary conditions, here

Vj@� D 0:

Our goal is to compute

h
E
�
%; #;u

ˇ̌
ˇr; T ;V

�itD

tD0 � E

�
%; #;u

ˇ̌
ˇr; T ;V

�
.
/ � E

�
%; #;u

ˇ̌
ˇr; T ;V

�
.0/

using only the weak formulation of the Navier-Stokes-Fourier system

Step 1 The total energy balance (2.22) yields

�Z

�

�
1

2
%juj2 C %e.%; #/

�
dx

�tD


tD0
(9.22)
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�

�
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2
%juj2 C %e.%; #/

�
.
; �/ dx �

Z

�

�
1

2
%0ju0j2 C %0e.%0; #0/

�
dx D 0

for a.a. 
 2 Œ0;T�.
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Step 2 Taking V as a test function in the weak formulation of the momentum
balance (2.9) gives rise to

�Z

�

%u � V dx

�tD


tD0
(9.23)

D
Z 


0

Z

�

h
%u � @tV C %Œu ˝ u� W rxV C p.%; #/divxV � S W rxV

i
dx dt

for any 
 2 Œ0;T�.
Step 3 Taking jVj2 as a test function in the equation of continuity (2.2) we get

�Z

�

1

2
%jVj2 dx

�tD


tD0
D
Z 


0

Z

�

h
%V � @tV C %u � V � rxV

i
dx dt (9.24)

for any 
 2 Œ0;T�.
Step 4 Taking T as a test function in the entropy balance (2.27) yields

�
�Z

�

%s.%; #/T dx

�tD


tD0
C
Z 


0

Z

�

T
#

�
S W rxu � q � rx#

#

�
dx dt (9.25)

	 �
Z 


0

Z

�

h
%s.%; #/@tT C %s.%; #/u � rxT C q

#
� rxT

i
dx dt

for a.a. 
 2 Œ0;T�.
Step 5 Taking @%HT .r; T / as a test function in the equation of continuity (2.2) we
obtain

�Z

�

%
@HT .r; T /

@%
dx

�tD


tD0
(9.26)

D
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0

Z

�

�
%@t

�
@HT .r; T /

@%

�
C %u � rx

�
@HT .r; T /

@%

��
dx dx dt

for any 
 2 Œ0;T�.
Step 6 Summing up the previous identities we obtain

h
E
�
%; #;u

ˇ̌
ˇr; T ;V

�itD

tD0 C
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0

Z

�

T
#

�
S W rxu � q � rx#

#

�
dx dt (9.27)
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0

Z

�

h
% .@tV C u � rxV/ � .V � u/ � p.%; #/divxV C S W rxV

i
dx dt
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for a.a. 
 2 Œ0;T�.
Conclusion Finally, making of use of Gibbs’ equation (1.2), we compute

@t

�
@HT .r;T /

@%

�
D �s.r;T /@tT � r

@s.r;T /
@%

@tT C @2HT .r;T /
@%2

@tr C @2HT .r;T /
@%@#

@tT ;

rx

�
@HT .r;T /

@%

�
D �s.r;T /rxT �r

@s.r;T /
@%

rxT C@2HT .r;T /
@%2

rxrC@2HT .r;T /
@%@#

rxT ;

together with the relations

@2HT .r; T /
@%2

D 1

r

@p.r; T /
@%

; r
@s.r; T /
@%

D �1
r

@p.r; T /
@#

@2HT .r; T /
@%@#

D @

@%

�
%.# � T / @s

@#

�
.r; T / D

�
.# � T / @

@%

�
%
@s

@#

��
.r; T / D 0;

and
�

r
@HT .r; T /

@%
� HT .r; T /

�
D p.r; T /:

Thus inequality (9.27) can be written in a more concise form as

� RELATIVE ENERGY INEQUALITY:

h
E
�
%; #;u

ˇ̌
ˇr; T ;V

�itD

tD0 C
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0

Z

�

T
#

�
S.#;rxu/ W rxu � q.%;rx#/ � rx#

#

�
dx dt

(9.28)

	
Z 


0

Z

�

%.u � V/ � rxV � .V � u/ dx dt

C
Z 


0

Z

�

% .s.%; #/ � s.r; T // .V � u/ � rxT dx dt
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C
Z 


0

Z

�

h
% .@tV C V � rxV/ � .V � u/� p.%; #/divxV C S.#;rxu/ W rxV

i
dx dt

�
Z 


0

Z

�

h
% .s.%; #/ � s.r; T // @tT C % .s.%; #/ � s.r; T //V � rxT

Cq.#;rx#/

#
� rxT

i
dx dt

C
Z 


0

Z

�

h�
1 � %

r

�
@tp.r; T / � %

r
u � rxp.r; T /

i
dx dt

for a.a. 
 2 Œ0;T� and any trio of continuously differentiable test functions Œr; T ;V�
satisfying

r > 0; T > 0; Vj@� D 0: (9.29)

Remark Note that the requirement on smoothness of the test functions may be
relaxed by a density argument if the weak solution enjoys certain regularity. Similar
inequality may be derived also for the slip boundary conditions (1.19), (1.27), for
which V must satisfy V � nj@� D 0.

9.3 Uniform Estimates

To derive suitable uniform bounds on the family of solutions to the scaled Navie-
Stokes-Fourier system, certain restrictions must be imposed on the constitutive
relations. These are basically the same as in Chap. 5 and we list them here for
convenience:

p.%; #/ D pM.%; #/C pR.#/; pM D #
5
2 P
� %
#

3
2

�
; pR D a

3
#4; a > 0I (9.30)

e.%; #/ D eM.%; #/C eR.%; #/; eM D 3

2

#
5
2

%
P
� %
#

3
2

�
; eR D a

#4

%
; (9.31)

and

s.%; #/ D sM.%; #/C sR.%; #/; sM.%; #/ D S
� %
#

3
2

�
; sR D 4

3
a
#3

%
; (9.32)
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where

S0.Z/ D �3
2

5
3
P.Z/� ZP0.Z/

Z2
for all Z > 0; and lim

Z!1 S.Z/ D 0: (9.33)

Remark The last stipulation in (9.33) reflects the Third law of thermodynamics
discussed in Chap. 1, Sect. 1.4.2. It implies, in particular, that

0 	 S.Z/ 	 S.1/ for Z � 1; 0 	 S.Z/ 	 S.1/� c log.Z/; c > 0; for Z < 1I

whence

%s.%; #/ 	 c
�
1C % log.%/C %Œlog.#/�C C #3

	
for all %; # � 0: (9.34)

This condition plays a technical role in our analysis and may be probably omitted.

Furthermore, the hypothesis of thermodynamic stability (1.44) requires P 2
C1Œ0;1/ \ C2.0;1/,

P.0/ D 0; P0.Z/ > 0 for all Z � 0; (9.35)

0 <

5
3
P.Z/ � ZP0.Z/

Z
	 sup

z>0

5
3
P.z/ � zP0.z/

z
< 1; (9.36)

and, in addition,

lim
Z!1

P.Z/

Z
5
3

D p1 > 0: (9.37)

The viscosity coefficients � D �.#/, � D �.#/ are (globally) Lipschitz
continuous in Œ0;1/, and

0 < �.1C #/ 	 �.#/ 	 �.1C #/;

0 	 �.#/ 	 �.1C #/

9
=
; for all # � 0; (9.38)

where �, �, � are positive constants. Similarly, 	 D 	.#/ is a continuously
differentiable function satisfying

0 < 	.1C #3/ 	 	.#/ 	 	.1C #3/ for all # � 0; (9.39)

with positive constants 	, 	.



380 9 Vanishing Dissipation Limits

The basic uniform estimates will be derived by means of the rescaled version of
the relative energy inequality associated to system (9.2)–(9.5). For

E";R
�
%; #;u

ˇ̌
ˇr; T ;V

�

D
Z

�R

�
1

2
%ju � Vj2 C 1

"2

�
HT .%; #/ � .% � r/

@HT .r; T /
@%

� HT .r; T /
��

dx;

we have

h
E";R

�
%; #;u

ˇ̌
ˇr; T ;V

�itD

tD0 (9.40)

C
Z 


0

Z

�R

T
#

�
�S.#;rxu/ W rxu � d

"2
q.%;rx#/ � rx#

#

�
dx dt

	
Z 


0

Z

�R

%.u � V/ � rxV � .V � u/ dx dt

C 1

"2

Z 


0

Z

�R

% .s.%; #/ � s.r; T // .V � u/ � rxT dx dt

C
Z 


0

Z

�R

h
% .@tV C V � rxV/�.V�u/� 1

"2
p.%; #/divxVC�S.#;rxu/ W rxV

i
dx dt

� 1

"2

Z 


0

Z

�R

h
% .s.%; #/ � s.r; T // @tT C % .s.%; #/ � s.r; T //V � rxT

Cd
q.#;rx#/

#
� rxT

i
dx dt

C 1

"2

Z 


0

Z

�R

h�
1 � %

r

�
@tp.r; T /� %

r
u � rxp.r; T /

i
dx dt

The necessary uniform bounds can be derived in exactly the same way as in
Chap. 8, Sect. 8.3. Introducing Œh�ess, Œh�res as in (4.39)–(4.45), we take

r D %; T D #; V D 0

in the relative energy inequality (9.40) to deduce the estimates:

ess sup
t2.0;T/

kp
%ukL2.�RIR3/ 	 c.D/; (9.41)

ess sup
t2.0;T/





h% � %

"

i
ess





L2.�R/

	 c.D/; (9.42)
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ess sup
t2.0;T/





h# � #

"

i
ess





L2.�R/

	 c.D/; (9.43)

ess sup
t2.0;T/

k Œ%e.%; #/�reskL1.�R/ 	 "2c.D/; (9.44)

and

ess sup
t2.0;T/

k Œ%s.%; #/�reskL1.�R/ 	 "2c.D/; (9.45)

along with the estimate on the measure of the residual set (cf. (4.43) and (8.37))

ess sup
t2.0;T/

jMresŒt�j 	 "2c.D/; (9.46)

where the bounds depend solely on the norm of the initial data through (9.14).
Finally, exactly as in (8.50)–(8.55), Chap. 8, we conclude

ess sup
t2.0;T/

Z

�R

Œ%�5=3res dx 	 "2c.D/; (9.47)

ess sup
t2.0;T/

Z

�R

Œ#�4res dx 	 "2c.D/; (9.48)

and

Z T

0

� kuk2W1;2.�RIR3/ dt 	 c.D/; (9.49)

d
Z T

0

k#�#k2W1;2.�R/
dt Cd

Z T

0

k log.#/� log.#/k2W1;2.�R/
dt 	 "2c.D/: (9.50)

Remark We tacitly anticipate d and � to be small, in particular, the above estimates
hold (independently of �, d) on condition that d < 1, � < 1.

9.4 Well-Prepared Initial Data

To illuminate the method based on the relative entropy inequality, we first consider
the well-prepared initial data. Accordingly, we consider

r D %; T D #; V D U
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in (9.40), where U is a solution of the Euler system (9.15), (9.16). Unfortunately, the
function U does not vanish on @�R and therefore cannot be used as a test function
in (9.40). Instead we take a suitable cut-off of the Euler solution.

First, we fix

v0 2 Cm
c .R

3/ and write v0 D HŒv0�C rx‰0; (9.51)

suppŒv0� � B.0;D/; kv0kCm.R3/ 	 D; m > 4; (9.52)

where H denotes the Helmholtz projection defined on the whole space R
3, and

consider U—the solution of the Euler system (9.15), (9.16) defined on a time
interval .0;Tmax/—satisfying

U.0; �/ D w0 � HŒv0�: (9.53)

Remark Similarly to (9.10), (9.14), the quantity D measures the size of the initial
data. Obviously, D may be chosen large enough so that both (9.10), (9.14) and (9.52)
hold.

The solenoidal function U can be expressed by means of the Biot–Savart law

U D �curlx��1
x curlxŒU�;

where

��1
x Œh�.x/ D

Z

R3

h. y/

jx � yj dy:

Consequently, as

curlxŒw0� D curlxŒv0� 2 Cm�1
c .R3/;

and the Euler system (9.15), (9.16) propagates curlxU with a finite speed (see
Sect. 11.20 in Appendix), we infer that

8
<
:
U D curlxŒh�;

where�h D 0 .h is a harmonic function) outside a bounded ball in R
3:

By the same token,�‰0 is compactly supported and we conclude that

jrx‰0.x/j C jU.t; x/j 	 c.D/

jxj2 	 c.D/

R2
whenever x 2 @�R: (9.54)
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We introduce a cut-off function �R D �R.x/,

�R.x/ D �.jxj � R/; � 2 C1
c .R/; 0 	 � 	 1; �.z/ D 1 for z 2 Œ0;D�:

It follows from (9.54) and hypothesis (9.10) that

8̂
<̂
ˆ̂:

k@t.�RU/.t; �/kLp.R3IR3/ C k.�RU/.t; �/kW2;p.R3IR3/ 	 c.D/R2
�
1
p �1

�

k�Rrx‰0kW2;p.R3IR3/ 	 c.D/R2
�
1
p �1

�
for any 1 	 p 	 1; t 2 Œ0;Tmax/:

9>>=
>>;
(9.55)

The function V D .1 � �R/U vanishes on @�R, therefore can be taken, together
with r D %, T D # as a test function in the relative energy inequality (9.40) to
obtain

h
E";R

�
%; #;u

ˇ̌
ˇ%; #; .1 � �R/U

�itD

tD0 (9.56)

C
Z 


0

Z

�R

#

#

�
�S.#;rxu/ W rxu � d

"2
q.%;rx#/ � rx#

#

�
dx dt

	
Z 


0

Z

�R

%.u � V/ � rxV � .V � u/ dx dt

C
Z 


0

Z

�R

h
% .@tV C V � rxV/�.V�u/� 1

"2
p.%; #/divxVC�S.#;rxu/ W rxV

i
dx dt;

where, in view of (9.55),

ˇ̌
ˇ̌
Z

�R

%.u � V/ � rxV � .V � u/ dx

ˇ̌
ˇ̌ 	

Z

�R

%ju � .1 � �R/Uj2jrxVj dx (9.57)

	 c.D/
Z

�R

%ju � .1� �R/Uj2 dx 	 c.D/E";R
�
%; #;u

ˇ̌
ˇ%; #; .1 � �R/U

�
:

Next, we compute

ˇ̌
ˇ̌
Z

�R

�S.#;rxu/ W rxV dx

ˇ̌
ˇ̌ 	

ˇ̌
ˇ̌
Z

�

��.#/

�
rxu C rx

tu � 2

3
divxuI

�
W rxV dx

ˇ̌
ˇ̌

(9.58)

C
ˇ̌
ˇ̌
Z

�R

��.#/divxudivxV dx

ˇ̌
ˇ̌

	 ı

Z

�R

�

#
S.#;rxu/ W rxu dx C c.ı/�

Z

�R

#.�.#/C �.#//jrxVj2 dx
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for any ı > 0, where the former integral on the right-hand side my be absorbed
by the left-hand side of (9.56) for ı D ı.#/ > 0, while in accordance with
hypothesis (9.38) and the bounds established in (9.48), (9.55),

Z

�R

#.�.#/C �.#//jrxVj2 dx (9.59)

D
Z

�R

Œ#.�.#/C �.#//�essjrxVj2 dx C
Z

�R

Œ#.�.#/C �.#//�resjrxVj2 dx

	 c.#/kUk2W1;2.R3IR3/ C ckŒ#�2reskL2.�R/kUk2W1;4.R3IR3/ 	 c.D/:

In view of (9.57), (9.58), inequality (9.56) reduces to

h
E";R

�
%; #;u

ˇ̌
ˇ%; #; .1 � �R/U

�itD

tD0 (9.60)

	 c.D/
Z 


0

h
� C E";R

�
%; #;u

ˇ̌
ˇ%; #; .1 � �R/U

�i
dt

C
Z 


0

Z

�R

h
% .@tV C V � rxV/ � .V � u/ � 1

"2
p.%; #/divxV

i
dx dt:

Next, we write

Z

�R

1

"2
p.%; #/divxV dx D

Z

�R

1

"2

�
p.%; #/� p.%; #/

�
divxV dx

D
Z

�R

1

"2

h
p.%; #/ � p.%; #/

i
ess

divxV dxC
Z

�R

1

"2

h
p.%; #/ � p.%; #/

i
res

divxV dx;

where, by virtue of hypotheses (9.30) and the coercivity properties of HT estab-
lished in Chap. 5, Lemma 5.1,

ˇ̌
ˇ̌
Z

�R

1

"2

h
p.%; #/� p.%; #/

i
res

divxV dx

ˇ̌
ˇ̌ 	 c.D/E";R

�
%; #;u

ˇ̌
ˇ%; #; .1 � �R/U

�
:

(9.61)
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Moreover,

Z

�R

1

"2

h
p.%; #/� p.%; #/

i
ess

divxV dx

D
Z

�R

1

"2

"
p.%; #/� @p.%; #/

@%
.% � %/� @p.%; #/

@#
.# � #/� p.%; #/

#

ess

divxV dx

�
Z

�R

"
@p.%; #/

@%

%� %

"
C @p.%; #/

@#

# � #

"

#

ess

U � rx�R

"
dx;

where, similarly to (9.61),

ˇ̌
ˇ̌
ˇ
Z

�R

1

"2

"
p.%; #/ � @p.%; #/

@%
.% � %/ � @p.%; #/

@#
.# � #/� p.%; #/

#

ess

divxV dx

ˇ̌
ˇ̌
ˇ

(9.62)

	 c.D/E";R
�
%; #;u

ˇ̌
ˇ%; #; .1 � �R/U

�
:

Finally, in accordance with (9.55),

ˇ̌
ˇ̌
ˇ
Z

�R

"
@p.%; #/

@%

% � %

"
C @p.%; #/

@#

# � #

"

#

ess

U � rx�R

"
dx

ˇ̌
ˇ̌
ˇ (9.63)

	 c.D/E";R
�
%; #;u

ˇ̌
ˇ%; #; .1 � �R/U

�
C 1

2

Z

R3

jU � rx�Rj2
"2

dx

	 c.D/

�
E";R

�
%; #;u

ˇ̌
ˇ%; #; .1 � �R/U

�
C 1

"2R2

�
:

Thus (9.60) gives rise to

h
E";R

�
%; #;u

ˇ̌
ˇ%; #; .1 � �R/U

�itD

tD0 (9.64)

	 c.D/
Z 


0

�
� C 1

"2R2
C E";R

�
%; #;u

ˇ̌
ˇ%; #; .1 � �R/U

��
dt

C
Z 


0

Z

�R

% .@tV C V � rxV/ � .V � u/ dx dt:
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The final step is to handle the integral

Z 


0

Z

�R

% .@tV C V � rxV/ � .V � u/ dx dt D
5X

jD1

Z 


0

Ijdt;

where

I1 D
Z

�R

%
�
V � u

�
� .�RU/ � rxU dx;

I2 D
Z

�R

%
�
V � u

�
� U � rx .�RU/ dx;

I3 D
Z

�R

%
�
u � V

�
� .�RU/ � rx .�RU/ dx;

I4 D
Z

�R

%
�
V � u

�
� @t .�RU/ dx;

I5 D
Z

�R

%
�
V � u

�
�
�
@tU C U � rxU

�
dx dt D

Z

�R

%
�
u � V

�
� rx… dx:

First, writing

%.u � V/ D Œ%�ess.u � V/C Œ%�res.u � V//;

we observe that, by virtue of (9.41),

ess sup
t2.0;
/

kŒ%�ess.u � V/.t; �/kL2.�RIR3/ 	 c.D/: (9.65)

Similarly, by virtue of (9.41), (9.47),

ess sup
t2.0;
/

kŒ%�res.u � V/.t; �/kL5=4.�RIR3/ 	 c.D/: (9.66)

As a consequence of (9.55) we may infer that

ˇ̌
ˇ̌
ˇ̌
4X

jD1
Ij

ˇ̌
ˇ̌
ˇ̌ 	 c.D/

�
R�1 C R�8=5	 	 c.D/R�1 provided R � 1: (9.67)
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To conclude, we have

Z 


0

I5dt D
Z 


0

Z

�R

%
�
u � V

�
� rx… dx D

Z

�R

%u � rx… dx �
Z

�R

%V � rx… dx dt;

where, in accordance with the weak formulation of the equation of continuity (2.2),

Z 


0

Z

�R

%u � rx… dx dt D �"
Z 


0

Z

�R

% � %
"

@t… dx dt C "

�Z

�R

%� %

"
… dx

�tD


tD0
;

(9.68)

and, by virtue of the estimates (9.42), (9.47),

ˇ̌
ˇ̌
Z

�R

% � %
"

@t… dx

ˇ̌
ˇ̌ 	 c1.D/

�k@t…kL2.R3/ C k@t…kL1.R3/

	 	 c2.D/; (9.69)

and, by the same token,

ˇ̌
ˇ̌
Z

�R

% � %

"
… dx

ˇ̌
ˇ̌ 	 c1.D/

�k…kL2.R3/ C k…kL1.R3/

	 	 c2.D/: (9.70)

Remark Note that the pressure in the Euler system can be “computed”, namely

… D ���1
x divxdivx.U � U/;

in particular,

sup
t2Œ0;
 �

k….t; �/kLp.R3/ 	 c. p; 
;D/ for any 1 < p < 1; 
 < Tmax;

see Sect. 11.20 in Appendix.

Finally, the last integral to handle reads

Z

�R

%V � rx… dx D "

Z

�R

% � %

"
V � rx… dx C %

Z

�R

V � rx… dx (9.71)

D "

Z

�R

% � %
"

V � rx… dx � %
Z

�R

rx�R � U… dx;
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where the first integral can be estimates exactly as in (9.69), (9.70), while, by virtue
of (9.55),

ˇ̌
ˇ̌
Z

�R

rx�R � U… dx

ˇ̌
ˇ̌ 	 c1.D/R

�1k…kL2.R3/ 	 c2R
�1:

Summing up the previous estimates and going back to (9.64) we may infer that

h
E";R

�
%; #;u

ˇ̌
ˇ%; #; .1 � �R/U

�itD

tD0 (9.72)

	 c.D/
Z 


0

�
"C � C 1

R
C 1

"2R2
C E";R

�
%; #;u

ˇ̌
ˇ%; #; .1 � �R/U

��
dt

whenever 
 < Tmax, where Tmax is the life-span for the Euler system. Consequently,
a straightforward application of Gronwall’s lemma yields the following result.

� VANISHING DIFFUSION LIMIT—WELL PREPARED INITIAL DATA:

Theorem 9.1 Let f�RgR�1 be a family of uniformly C2;� simply connected bounded
domains in R

3 satisfying (9.9), (9.10). Let the constitutive hypotheses (9.30)–(9.39)
be satisfied.

Let Œ%; #;u� be a weak solution of the Navier-Stokes-Fourier system (9.2)–
(9.8), (9.11), (9.12) in .0;T/ ��R starting from the initial data

%.0; �/ � %0 D %C "%
.1/
0 ; #.0; �/ � #0 D # C "#

.1/
0 ; u.0; �/ D u0;

where

8
<
:

0 < D�1 < %; # < D;

k%.1/0 k.L2\L1/.R3/ C k#.1/0 k.L2\L1/.R3/ C ku0k.L2\L1/.R3/ < D:

9
=
;

Let U be a (strong) solution to the Euler system (9.15), (9.16) in R
3 � .0;Tmax/

starting from the initial data

U.0; �/ D w0 D HŒv0�;

where

v0 2 Cm
c .R

3/; suppŒv0� � B.0;D/; kv0kCm.R3/ 	 D; m > 4:



9.5 Ill-Prepared Initial Data 389

Then for any compact K � R
3 and any T 2 .0;Tmax/, there are c1 D c.T;D/,

c2.D/ such that

Z

K

"
1

2
%ju � Uj2 C 1

"2

 
H#.%; #/ � .% � %/

@H#.%; #/

@%
� H#.%; #/

!#
.
; �/ dx

(9.73)

	 c1.T;D/

�
"C � C 1

R
C 1

"2R2

�

Cc2.D/

0
@





%0 � %
"






2

L2.�R/

C






#0 � #
"







2

L2.�R/

C ku0 � w0k2L2.�RIR3/

1
A

for a.a. 
 2 Œ0;T/ provided R D R.K/ is large enough.

Remark Theorem 9.1 yields uniform in time convergence of u towards the solutions
of the Euler system and asymptotic spatial homogeneity in % and # provided the
right-hand side of (9.73) tends to zero, in particular, %.1/0 , #.1/0 must be small and the
initial velocity close to a solenoidal (divergenceless) function v0. Such a situation
corresponds to the so-called well-prepared initial data.

9.5 Ill-Prepared Initial Data

The stability result established in Theorem 9.1 is quite restrictive with respect to the
initial data that must be close to the expected limit solution. This can be improved by
choosing a more refined ansatz of the test functions Œr; T ;V� in the relative energy
inequality. The basic idea used several times in this book, is to augment the basic
state Œ%; #;U� by the oscillatory component produced by acoustic waves.

9.5.1 Acoustic Equation

The equation governing the propagation of acoustic waves is represented by the
homogeneous part of acoustic system (8.141), (8.142), specifically we get

� ACOUSTIC WAVE EQUATION:

"@tZ C�‰ D 0; "@trx‰ C !rxZ D 0 in .0;T/ � R
3; (9.74)
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with the wave speed
p
!=",

! D p%.%; #/C jp#.%; #/j2
%2s#.%; #/

> 0;

and the initial data

Z.0; �/ D Z0; rx‰.0; �/ D rx‰0: (9.75)

The potential‰0 was introduced in (9.51) as the gradient component of a compactly
supported vector field v0. As showed in (8.125), solutions of (9.74) admit the finite
speed of propagation

p
!=". In particular, for the initial data

Z0; rx‰0 D H?Œv0�; suppŒv0�; suppŒZ0� � B.0;D/; (9.76)

the solution of (9.74), (9.75) satisfies

rx‰.t; x/ D rx‰0.x/; �‰.t; x/ D Z.t; x/ D 0 whenever t � 0; jxj > D C t

p
!

"
:

(9.77)

To facilitate future considerations, it is convenient that the acoustic waves may
not reach the boundary @�R of the physical space within the time lap .0;T/.
Accordingly, we suppose that

R > D C T

p
!

"
: (9.78)

It is easy to see that solutions of acoustic system (9.74), (9.75) with spatially
concentrated initial data conserve the total energy,

Z

R3

�
!jZj2 C jrx‰j2� .
; �/ dx D

Z

R3

�
!jZ0j2 C jrx‰0j2

�
.
; �/ dx for any 
 � 0:

Moreover, differentiating (9.74) with respect to the x-variable, we deduce higher
order energy balance

!kZ.
; �/k2Wk;2.R3/
C krx‰.
; �/k2Wk;2.R3;R3�3/

D¤ (9.79)

!kZ0k2Wk;2.R3/
C krx‰0k2Wk;2.R3;R3�3/

; k D 0; 1; 2; : : : ; 
 � 0:
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Similarly to their counterpart investigated in Chap. 8, solutions of the acoustic
equation considered on the unbounded physical space R

3 enjoy certain dispersive
decay properties that are crucial for future analysis. Here, we report the celebrated
Strichartz estimates

kZ.
; �/kLq.R3/ C krx‰.
; �/kLq.R3IR3/ (9.80)

	 c. p; q/
�
1C 


"

� 1
q � 1

p �kZ0kW4;p.R3/ C krx‰0kW3;p.R3IR3/
�

for

1

p
C 1

q
D 1; 1 < p 	 2;

see Theorem 11.13 in Appendix Similarly to (9.80) we may differentiate the
equations to obtain higher order version of (9.80), namely

kZ.
; �/kWk;q.R3/ C krx‰.
; �/kWk;q.R3IR3/ (9.81)

	 c. p; q/
�
1C 


"

� 1
q � 1

p �kZ0kW4Ck;p.R3/ C krx‰0kW3Ck;p.R3/

�
; k D 0; 1; : : :

for

1

p
C 1

q
D 1; 1 < p 	 2:

Note that, in accordance with hypothesis (9.52), the right-hand side of (9.81)
remains bounded by a constant c D c.D/ at least for k D 0; 1.

9.5.2 Transport Equation

For a given solution U of the Euler system (9.15), (9.16), we consider the transport
equation

@tP C U � rxP D 0; ‚.0; �/ D P0 in .0;Tmax/ � R
3: (9.82)

As U is regular, problem (9.82) admits a unique solution for any given initial
datum P0 that may be computed by the method of characteristics, see Sect. 11.20
in Appendix. More precisely, solutions of (9.82) enjoy the same regularity as those
of the Euler system,

kP.
; �/kWk;2.R3/ C k@tP.
; �/kWk�1;2.R3/ 	 c.
;D/ (9.83)
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as soon as

kP0kWk;2.R3/ 	 c.D/; k � 3:

Moreover, the solution P remains compactly supported for any positive time as long
as P0 has compact support.

9.5.3 Stability via the Relative Energy Inequality

We consider a trio of test functions

V D .1 � �R/ .U C rx‰/ ; r D %C "ƒ; T D # C "‚;

where U is the solution of the Euler system (9.15), (9.16) in .0;Tmax/ � R
3,

U.0; �/ D HŒv0�;

andƒ and ‚ are uniquely determined as the unique solution of the system

1

%!

@p.%; #/

@%
ƒC 1

%!

@p.%; #/

@#
‚ D Z; (9.84)

%
@s.%; #/

@%
ƒC %

@s.%; #/

@#
‚ D P; (9.85)

where ŒZ;rx‰� is the solution of the acoustic system (9.74), with the initial data

Z0 D 1

%!

@p.%; #/

@%
ƒ0 C 1

%!

@p.%; #/

@#
‚0; rx‰0 D H?Œv0�; (9.86)

and P solves the transport equation (9.82), with the initial data

P0 D %
@s.%; #/

@%
ƒ0 C %

@s.%; #/

@#
‚0 D P0: (9.87)

Similarly to v0, the functionsƒ0, ‚0 belong to the class

ƒ0; ‚0 2 Cm
c .R

3/; kƒ0kCm.R3/Ck‚0kCm.R3/ 	 D; suppŒƒ0�; suppŒ‚0� � B.0;D/:
(9.88)
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With this ansatz, the relative energy inequality (9.40) reads
h
E";R

�
%; #;u

ˇ̌
ˇ%C "ƒ; # C "‚; .1� �R/.U C rx‰/

�itD

tD0 (9.89)

C
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�R

# C "‚

#

�
�S.#;rxu/ W rxu � d

"2
q.%;rx#/ � rx#

#

�
dx dt
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0

Z

�R

%.u � V/ � rxV � .V � u/ dx dt

C1

"
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0

Z

�R

% .s.%; #/ � s.r; T // .V � u/ � rx‚ dx dt

C
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0

Z

�R

h
% .@tV C V � rxV/�.V�u/� 1

"2
p.%; #/divxVC�S.#;rxu/ W rxV

i
dx dt

�1
"

Z 


0

Z

�R

h
% .s.%; #/ � s.r; T // @t‚C % .s.%; #/ � s.r; T //V � rx‚

Cd
q.#;rx#/

#
� rx‚

i
dx dt

C 1

"2

Z 


0

Z

�R

h�
1 � %

r

�
@tp.r; T /� %

r
u � rxp.r; T /

i
dx dt

Similarly to the preceding part, our goal is to “absorb” all terms on the right-hand
side by means of a Gronwall type argument.

Step 1 To begin, we observe that the integrals
Z 


0

Z

�R

%.u � V/ � rxV � .V � u/ dx dt

and
Z 


0

Z

�R

�S.#;rxu/ W rxV dx dt

can be handled exactly as in (9.57), (9.58).
Moreover,

d

"

ˇ̌
ˇ̌
Z

�R

q.#;rx#/

#
� rx‚ dx

ˇ̌
ˇ̌ D d

"

ˇ̌
ˇ̌
Z
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	.#/

#
rx# � rx‚ dx

ˇ̌
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	 ı
d
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Z
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#2
jrx#j2 dx C c.ı/d

Z

�R

	.#/jrx‚j2 dx
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for any ı > 0; whence the first integral can be absorbed by the left-hand side
of (9.89).

Finally, we have

Z

�R

	.#/jrx‚j2 dx D
Z

�R

Œ	.#/�essjrx‚j2 dx C
Z

�R

Œ	.#/�resjrx‚j2 dx

	 c1.D/
h
krx‚k2L2.R3IR3/ C krx‚k2L1.R3IR3/

i
	 c2.D/:

Indeed the function ‚ is a linear combination of P and Z; where P is compactly
supported and Z admits the energy bound (9.79).

Thus (9.89) reduces to

h
E";R

�
%; #;u

ˇ̌
ˇ%C "ƒ; # C "‚; .1� �R/.U C rx‰/

�itD

tD0 (9.90)
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"2
p.%; #/divxV

i
dx dt

�1
"

Z 


0

Z

�R

h
% .s.%; #/ � s.r; T // @t‚C % .s.%; #/ � s.r; T //V � rx‚

i
dx dt

C 1

"2

Z 


0

Z

�R

h�
1 � %

r

�
@tp.r; T /� %

r
u � rxp.r; T /

i
dx dt

Step 2 The next observation is that the integral

Z 


0

Z

�R

h
% .@tV C V � rxV/ � .V � u/

can be handled in a similar way as its counterpart in the preceding section. Indeed
we have

Z 


0

Z

�R

% .@tV C V � rxV/ � .V � u/ dx dt D
9X

jD1

Z 


0

Ijdt;
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where

I1 D
Z

�R

%
�
V � u

�
� .�R.U C rx // � rxU dx;

I2 D
Z

�R

%
�
V � u

�
� U � rx .�R.U C rx‰// dx;

I3 D
Z

�R

%
�
u � V

�
� .�RU/ � rx .�R.U C rx‰// dx;

I4 D
Z

�R

%
�
V � u

�
� @t .�R.U C rx‰// dx;

I5 D
Z

�R

%
�
V � u

�
�
�
@tU C U � rxU

�
dx dt D

Z

�R

%
�
u � V

�
� rx… dx;

I6 D 1

2

Z

�R

%
�
V � u

�
� rxjrx‰j2 dx;

I7 D
Z

�R

%
�
V � u

�
� rxU � rx‰ dx;

I8 D
Z

�R

%
�
V � u

�
� U � rx

2‰ dx;

and

I9 D
Z

�R

%
�
V � u

�
� @trx‰ dx

Now, as a consequence (9.78), the function ‰ coincides with ‰0 on the support
of �R, in particular, we may apply the bounds (9.55) in the same way as when
deriving (9.67) to obtain

ˇ̌
ˇ̌
ˇ̌
4X

jD1
Ij

ˇ̌
ˇ̌
ˇ̌ 	 c.D/R�1: (9.91)

Moreover, I5 is exactly the same as in the preceding section, therefore esti-
mates (9.69)–(9.71) remain valid yielding

ˇ̌
ˇ̌
Z 


0

I5 dt

ˇ̌
ˇ̌ 	 c.D/

�
"C 1

R

�
: (9.92)
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As for I6 it can be treated in a similar way. First, we write
Z 


0

I6 dt D 1

2

Z

�R

%u � rxjrx‰j2 dx dt � 1

2

Z

�R

%V � rxjrx‰j2 dx dt;

where the first integral on the right-hand side can be bounded exactly as
in (9.69), (9.70) as, in view of the energy estimates (9.79), jrx‰j2 enjoys the
same integrability properties as ….

The second integral reads
Z

�R

%V � rxjrx‰j2 dx D "

Z

�R

% � %
"

V � rxjrx‰j2 dx C %

Z

�R

V � rxjrx‰j2;

where the first term is controlled exactly as in (9.71), while
Z

�R

V � rxjrx‰j2 dx D
Z

�R

divx.�R.U C rx‰//jrx‰j2 dx �
Z

�R

�‰jrx‰j2 dx;

where again the first term is handled as in (9.71). Now, we use the energy and decay
estimates for the acoustic potential (9.79), (9.81) to conclude that

Z

�R

�‰jrx‰j2 dx

	 c.q/k�‰kLq.�/krx‰kLp.�/krx‰kL2.�/; 	 c.q;D/
�
1C 


"

�� 2
q �1

�

where

1

q
C 1

p
C 1

2
D 1:

Thus taking q close to 1, p > 2 close to 2, we may infer that
ˇ̌
ˇ̌
Z

�R

�‰jrx‰j2 dx

ˇ̌
ˇ̌ 	 c.˛;D;T/"˛ for any 0 	 ˛ < 1:

In view of (9.65), (9.66), the integrals I7, I8 can be estimated in a similar fashion
using again the decay estimates (9.81).

Finally, we use (9.77), (9.78) to rewrite

I9 D
Z

�R

%
�
V � u

�
� @trx‰ dx D

Z

�R

%
�
U C rx‰ � u

�
� @trx‰ dx

D %

Z

R3

rx‰ � @trx‰ dx C
Z

�R

.% � %/rx‰ � @trx‰ dx

C
Z

�R

.% � %/U � @trx‰ dx �
Z

�R

%u � @trx‰ dx;
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where, furthermore,

ˇ̌
ˇ̌
Z

�R

.%� %/rx‰ � @trx‰ dx

ˇ̌
ˇ̌C

ˇ̌
ˇ̌
Z

�R

.% � %/U � @trx‰ dx

ˇ̌
ˇ̌

	 c.D/

ˇ̌
ˇ̌
Z

�R

% � %

"
rx‰ � rxZ dx

ˇ̌
ˇ̌C c.D/

ˇ̌
ˇ̌
Z

�R

% � %
"

U � rxZ dx

ˇ̌
ˇ̌ 	 c.˛;D/"˛; 0 	 ˛ < 1;

where we have used the dispersive estimates (9.81).
Summing up the previous observations we can rewrite (9.90) as

h
E";R

�
%; #;u

ˇ̌
ˇ%C "ƒ; # C "‚; .1� �R/.U C rx‰/

�itD

tD0�

�
%

2

Z

R3

jrx‰j2 dx

�tD


tD0
(9.93)

	 c.D/
Z 


0

�
� C d C "C c.˛/"˛ C 1

R
C E";R

�
%; #;u

ˇ̌
ˇ r; T ;V

��
dt

C1

"

Z 


0

Z

�R

% .s.%; #/ � s.r; T // .V � u/ � rx‚ dx dt

� 1

"2

Z 


0

Z

�R

p.%; #/divxV dx dt �
Z 


0

Z

�R

%u � @trx‰ dx dt

�1
"

Z 


0

Z

�R

h
% .s.%; #/ � s.r; T // @t‚C % .s.%; #/ � s.r; T //V � rx‚

i
dx dt

C 1

"2

Z 


0

Z

�R

h�
1 � %

r

�
@tp.r; T /� %

r
u � rxp.r; T /

i
dx dt; 0 	 ˛ < 1:

Step 3 We write

1

"

Z

�R

% .s.%; #/ � s.r; T // .V � u/ � rx‚ dx

D 1

"

Z

�R

% Œs.%; #/ � s.r; T /�ess .V � u/ � rx‚ dx

C1

"

Z

�R

% Œs.%; #/ � s.r; T /�res .V � u/ � rx‚ dx;
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where
ˇ̌
ˇ̌1
"

Z

�R

% Œs.%; #/ � s.r; T /�ess .V � u/ � rx‚ dx

ˇ̌
ˇ̌

	 c1.D/krx‚kL1.R3IR3/
Z

�R

�
%jV � uj2 C 1

"2

�
jŒ%� r�essj2 C jŒ# � T �essj2

��
dx

	 c2.D/E";R
�
%; #;u

ˇ̌
ˇr; T ;V

�
:

Next,

1

"

Z

�R

% Œs.%; #/ � s.r; T /�res .V � u/ � rx‚ dx;

D 1

"

Z

�R

% Œs.%; #/ � s.r;T /�res V � rx‚ dx C 1

"

Z

�R

% Œs.r;T /� s.%; #/�res u � rx‚ dx;

where, by virtue of (9.45), (9.47),

ˇ̌
ˇ̌1
"

Z

�R

% Œs.%; #/ � s.r; T /�res V � rx‚ dx

ˇ̌
ˇ̌ 	 "c.D/:

Now, using hypothesis (9.33), or, specifically (9.34), we get

% jŒs.%; #/ � s.r; T /�resj 	 c
h
%C %j log.%/j C %Œlog #�C C #3

i
res

	 cŒ%C%1CıC#3�res

where ı > 0 can be taken arbitrarily small.

Remark This is the only point when we effectively use hypothesis (9.33) (the Third
law of thermodynamics).

Consequently, by virtue of the uniform bounds (9.47)–(9.49),

ˇ̌
ˇ̌1
"

Z

�R

% Œs.r; T /� s.%; #/�res u � rx‚ dx

ˇ̌
ˇ̌

	 c1.D/

"�1=2
krx‚kL1.�R/k�1=2ukL6.�RIR3/



Œ%C %1Cı C #3�res




L6=5.�R/

Cc1.D/

"�1=2
"5=3k�1=2ukW1;2.�RIR3/:
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Thus we conclude that

ˇ̌
ˇ̌1
"

Z

�R

% Œs.r; T /� s.%; #/�res u � rx‚ dx

ˇ̌
ˇ̌ 	 c.D/

"2=3

�1=2
: (9.94)

After this step, the inequality (9.93) gives rise to

h
E";R

�
%; #;u

ˇ̌
ˇ%C "ƒ; # C "‚; .1� �R/.U C rx‰/

�itD

tD0�

�
%

2

Z

R3

jrx‰j2 dx

�tD


tD0
(9.95)

	 c.D/
Z 


0

�
� C d C "C c.˛/"˛ C 1

R
C "2=3

�1=2
C E";R

�
%; #;u

ˇ̌
ˇ r; T ;V

��
dt

� 1

"2

Z 


0

Z

�R

p.%; #/divxV dx dt �
Z 


0

Z

�R

%u � @trx‰ dx dt

�1
"

Z 


0

Z

�R

h
% .s.%; #/ � s.r; T // @t‚C % .s.%; #/ � s.r; T //V � rx‚

i
dx dt

C 1

"2

Z 


0

Z

�R

h�
1 � %

r

�
@tp.r; T /� %

r
u � rxp.r; T /

i
dx dt; 0 	 ˛ < 1:

Step 4 The next step is to observe that we can replace V in the remaining three
integrals on the right-hand side of (9.95) by U C rx‰ committing an error of order
1
"R . Indeed we have

1

"2

Z

�R

p.%; #/divx.�R.UCrx‰// dx D 1

"2

Z

�R

�
p.%; #/ � p.%; #/

�
divx.�R.UCrx‰// dx

D 1

"

Z

�R

h
p.%; #/� p.%; #/

i
ess

"
divx.�R.U C rx‰// dx

C
Z

�R

h
p.%; #/� p.%; #/

i
res

"2
divx.�R.U C rx‰// dx;

where, by virtue of (9.42), (9.43), combined with (9.55),

ˇ̌
ˇ̌
ˇ̌
ˇ
1

"

Z

�R

h
p.%; #/ � p.%; #/

i
ess

"
divx.�R.U C rx‰// dx

ˇ̌
ˇ̌
ˇ̌
ˇ

	 c.D/
1

"R
;
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and, using (9.46)–(9.48), and again (9.55),

ˇ̌
ˇ̌
ˇ̌
ˇ

Z

�R

h
p.%; #/� p.%; #/

i
res

"2
divx.�R.U C rx‰// dx

ˇ̌
ˇ̌
ˇ̌
ˇ

	 c.D/

R2
:

As the integral

1

"

Z 


0

Z

�R

% .s.%; #/ � s.r; T //V � rx‚
i

dx dt

can be handled in a similar fashion, we are allowed to rewrite (9.95) in the form

h
E";R

�
%; #;u

ˇ̌
ˇ%C "ƒ; # C "‚; .1� �R/.U C rx‰/

�itD

tD0�

�
%

2

Z

R3

jrx‰j2 dx

�tD


tD0
(9.96)

	 c.D/
Z 


0

�
� C d C "C c.˛/"˛ C 1

"R
C "2=3

�1=2
C E";R

�
%; #;u

ˇ̌
ˇ r; T ;V

��
dt

C 1

"2

Z 


0

Z

�R

�
p.%; #/� p.%; #/

�
�‰ dx dt �

Z 


0

Z

�R

%u � @trx‰ dx dt

�1
"

Z 


0

Z

�R

h
% .s.%; #/ � s.r; T // @t‚C % .s.%; #/ � s.r; T // .U C rx‰/ � rx‚

i
dx dt

C 1

"2

Z 


0

Z

�R

h�
1 � %

r

�
@tp.r; T /� %

r
u � rxp.r; T /

i
dx dt; 0 	 ˛ < 1:

Step 5 We rewrite the integrals containing the pressure as

1

"2

Z

�R

h�
1 � %

r

�
@tp.r; T / � %

r
u � rxp.r; T /

i
dx (9.97)

D
Z

�R

r � %

"

�
1

r

@p.r; T /
@%

@tƒC 1

r

@p.r; T /
@#

@t‚

�
dx

�1
"

Z

�R

%u �
�
1

r

@p.r; T /
@%

rxƒC 1

r

@p.r; T /
@#

rx‚

�
dx

Assume, for a moment, that we can replace in the above expression

1

r

@p.r; T /
@%

by
1

%

@p.%; #/

@%
; and

1

r

@p.r; T /
@#

by
1

%

@p.%; #/

@#
:
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Consequently, in accordance with (9.84),

Z

�R

r � %

"

�
1

r

@p.r; T /
@%

@tƒC 1

r

@p.r; T /
@#

@t‚

�
dx (9.98)

�1
"

Z

�R

%u �
�
1

r

@p.r; T /
@%

rxƒC 1

r

@p.r; T /
@#

rx‚

�
dx

�
Z

�R

r � %

"

 
1

%

@p.%; #/

@%
@tƒC 1

%

@p.%; #/

@#
@t‚

!
dx

�1
"

Z

�R

%u �
 
1

%

@p.%; #/

@%
rxƒC 1

%

@p.%; #/

@#
rx‚

!
dx

D !

Z

�R

r � %
"

@tZ dx � !

"

Z

�R

%u � rxZ dx

D !

Z

�R

r � %

"
@tZ dx C

Z

�R

%u � @trx‰ dx;

where the last term will cancel with his counterpart in (9.96).
Finally, we check the error committed by the approximation in (9.98) in two

steps. First,

ˇ̌
ˇ̌
ˇ
Z

�R

r � %
"

" 
1

r

@p.r; T /
@%

� 1

%

@p.%; #/

@%

!
@tƒC

 
1

r

@p.r; T /
@#

� 1

%

@p.%; #/

@#

!
@t‚

#
dx

ˇ̌
ˇ̌
ˇ

	 c.D/
Z

�R

ˇ̌
ˇ r � %
"

ˇ̌
ˇ " .j@tƒj C j@t‚j/ dx 	 c.D; "/."C "˛/; 0 	 ˛ < 1;

where we have used Eqs. (9.74), (9.82) to express @tƒ, @t‚, together with the
bounds (9.81), (9.83).

The second step is to approximate

1

r

@p.r; T /
@%

� 1

%

@p.%; #/

@%

D "

�
@

@%

�
1

%

@p

@%

�
.%; #/ƒC 1

%

@2p

@%@#
.%; #/‚

�
C "2r1; kr1kL1.R3/ 	 c.D/;
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and

1

r

@p.r; T /
@#

� 1

%

@p.%; #/

@#

D "

�
1

%

@2p

@%@#
.%; #/ƒC 1

%

@2p

@#2
.%; #/‚

�
C "2r2; kr2kL1.R3/ 	 c.D/:

Thus we have
ˇ̌
ˇ̌
ˇ
1

"

Z

�R

%u �
" 

1

r

@p.r; T /
@%

� 1

%

@p.%; #/

@%

!
rxƒ

ˇ̌
ˇ̌
ˇ

C
 
1

r

@p.r; T /
@#

� 1

%

@p.%; #/

@#

!
rx‚

#
dx

ˇ̌
ˇ̌
ˇ

	 "c.D/C
ˇ̌
ˇ̌ @
@%

�
1

%

@p

@%

�
.%; #/

Z

�R

%u � rxƒ
2 dx

ˇ̌
ˇ̌C
ˇ̌
ˇ̌ 1
%

@2p

@%@#
.%; #/

Z

�R

%u � rx.ƒ‚/ dx

ˇ̌
ˇ̌

ˇ̌
ˇ̌ 1
2%

@2p

@#2
.%; #/

Z

�R

%u � rx‚
2 dx

ˇ̌
ˇ̌ ;

where the gradient dependent terms are of order ", which can be shown in the same
way as in (9.68)–(9.70).

Thus we may rewrite (9.96) as

h
E";R

�
%; #;u

ˇ̌
ˇ%C "ƒ; # C "‚; .1� �R/.U C rx‰/

�itD

tD0�

�
%

2

Z

R3

jrx‰j2 dx

�tD


tD0
(9.99)

	 c.D/
Z 


0

�
� C d C "C c.˛/"˛ C 1

"R
C "2=3

�1=2
C E";R

�
%; #;u

ˇ̌
ˇ r; T ;V

��
dt

C 1

"2

Z 


0

Z

�R

�
p.%; #/ � p.%; #/

�
�‰ dx dt C !

Z 


0

Z

�R

r � %

"
@tZ dx dt

�1
"

Z 


0

Z

�R

h
% .s.%; #/ � s.r; T // @t‚C % .s.%; #/ � s.r; T // .U C rx‰/ � rx‚

i
dx dt

for 0 	 ˛ < 1.
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Step 6 Repeating the arguments of the previous step, we may replace

1

"2

Z 


0

Z

�R

�
p.%; #/ � p.%; #/

�
�‰ dx dt

� 1

"

Z 


0

Z

�R

 
@p.%; #/

@%

% � %

"
C @p.%; #/

@#

# � #

"

!
�‰ dx dt;

committing an error of order "˛, 0 	 ˛ < 1, and

�1
"

Z 


0

Z

�R

h
% .s.%; #/ � s.r; T // @t‚C % .s.%; #/ � s.r; T //U � rx‚

i
dx dt

�
Z 


0

Z

�R

h 
%
@s.%; #/

@%

r � %
"

C %
@s.%; #/

@#
dx

T � #

"

!
@t‚ dx dt

Z 


0

Z

�R

h 
%
@s.%; #/

@%

r � %

"
C %

@s.%; #/

@#

T � #
"

!
U � rx‚ dx dt

with an error of order ".
Summing up the previous estimates and using the first equation in (9.74), we get

1

"2

Z 


0

Z

�R

�
p.%; #/� p.%; #/

�
�‰ dx dt C !

Z 


0

Z

�R

r � %

"
@tZ dx dt

�1
"

Z 


0

Z

�R

h
% .s.%; #/ � s.r; T // @t‚C % .s.%; #/ � s.r; T //U � rx‚

i
dx dt

� �
Z 


0

Z

�R

 
@p.%; #/

@%

% � %
"

C @p.%; #/

@#

# � #
"

!
@tZ dx dt

C!
Z 


0

Z

�R

%� %

"
@tZ dx dt

C
Z 


0

Z

�R

h 
%
@s.%; #/

@%

%� %

"
C %

@s.%; #/

@#

# � #
"

!
@t‚ dx dt

C
Z 


0

Z

�R

h 
%
@s.%; #/

@%

%� %

"
C %

@s.%; #/

@#

# � #
"

!
U � rx‚ dx dt
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C!
Z 


0

Z

�R

ƒ@tZ dx dt C
Z 


0

Z

�R

h 
%
@s.%; #/

@%
ƒC %

@s.%; #/

@#
‚

!
@t‚ dx dt

C
Z 


0

Z

�R

h 
%
@s.%; #/

@%
ƒC %

@s.%; #/

@#
‚

!
U � rx‚ dx dt:

Introducing the notation

a D 1

%

@p.%; #/

@%
; b D 1

%

@p.%; #/

@#
; d D %

@s.%; #/

@#
; ! D %

�
a C b2

d

�
;

we may write the above expression in a concise form

1

"2

Z 


0

Z

�R

�
p.%; #/� p.%; #/

�
�‰ dx dt C !

Z 


0

Z

�R

r � %

"
@tZ dx dt

�1
"

Z 


0

Z

�R

h
% .s.%; #/ � s.r; T // @t‚C % .s.%; #/ � s.r; T //U � rx‚

i
dx dt

�
Z 


0

Z

�R

 
b2

b2 C ad

% � %
"

� bd

b2 C ad

# � #

"

!
@t.aƒC b‚/ dx dt

C
Z 
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d
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�R
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d
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� b
% � %
"

!
U � rx‚ dx dt

C
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0

Z

�R

ƒ@t.aƒC b‚/ dx dt C
Z 


0

Z

�R

.d‚ � bƒ/@t‚ dx dt

C
Z 


0

Z

�R

.d‚ � bƒ/U � rx‚ dx dt:

Now, the rest is just a bit of simple algebra. First we write
Z

�R

ƒ@t.aƒC b‚/C .d‚ � bƒ/@t‚ dx

D 1

2

Z

�R

�
d

b2 C ad
@t.aƒC bT/2 C a

b2 C ad
@t.dT � bƒ/2

�
dx

D 1

2
%!

�Z

R3

Z2 dx

�tD


tD0
C 1

2

a

b2 C ad

�Z

R3

P2 dx

�tD


tD0
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In view of the acoustic energy balance (9.79), the former integral cancels with

�
�
%

2

Z

R3

jrx‰j2 dx

�tD


tD0

appearing on the left-hand side of (9.99), while

1

2

a

b2 C ad

�Z

R3

P2 dx

�tD


tD0
D 0

as P satisfies the transport equation (9.82) with divxU D 0.
Similarly,
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0

Z

�R

 
d
# � #
"

� b
% � %
"

!
@t‚ dx dt (9.100)
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b2 C ad
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b2 C ad
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@t.aƒC b‚/ dx dt
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b2 C ad
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Z
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d
# � #

"
� b

%� %

"

!
@tP dx dt;

while
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0

Z

�R

h 
d
# � #
"

� b
% � %
"

!
U � rx‚ dx dt (9.101)
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.d‚ � bƒ/U � rx‚ dx dt
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� b
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"

!
U � rx.aƒC b‚/ dx dt

C a

b2 C ad
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"
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"

!
U � rx.d‚ � bƒ/ dx dt
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b2 C ad
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�R

.d‚ � bƒ/U � rx.aƒC b‚/ dx dt
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b2 C ad
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0

Z

�R
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D b!

b2 C ad
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0

Z

�R

 
d
# � #

"
� b

%� %

"

!
U � rxZ dx dt

C a

b2 C ad
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0

Z

�R

 
d
# � #
"

� b
%� %

"

!
U � rxP dx dt

C b!

b2 C ad

Z 


0

Z

�R

.d‚ � bƒ/U � rxZ dx dt:

Thus, putting together (9.100), (9.101), we observe that the P-dependent terms
cancel out as P satisfies the transport equation (9.82) whereas the integrals
containing rxZ are of order c.˛;D/"˛, 0 	 ˛ < 1 as a consequence of the dispersive
estimate (9.80).

Step 7 Finally, we observe that the integral

1

"

Z 


0

Z

�R

% .s.%; #/ � s.r; T //rx‰ � rx‚ dx dt

is small of order c.D; ˛/"˛ , 0 	 ˛ < 1 due to the dispersive estimates (9.80).
Thus the relative energy inequality finally gives rise to

h
E";R

�
%; #;u

ˇ̌
ˇ%C "ƒ; # C "‚; .1� �R/.U C rx‰/

�itD

tD0 (9.102)

	 c.D/
Z 


0

�
� C d C "C c.˛/"˛ C 1

"R
C "2=3

�1=2
C E";R

�
%; #;u

ˇ̌
ˇ r; T ;V

��
dt

for 0 	 ˛ < 1.

9.5.4 Conclusion

Applying Gronwall’s lemma to (9.102) we obtain the following conclusion.

� VANISHING DIFFUSION LIMIT—ILL PREPARED INITIAL DATA:

Theorem 9.2 Let f�RgR�1 be a family of uniformly C2;� simply connected bounded
domains in R

3 satisfying (9.9), (9.10). Let the constitutive hypotheses (9.30)–(9.39)
be satisfied.

Let Œ%; #;u� be a weak solution of the Navier-Stokes-Fourier system (9.2)–
(9.8), (9.11), (9.12) in .0;T/ ��R starting from the initial data

%.0; �/ � %0 D %C "%
.1/
0 ; #.0; �/ � #0 D # C "#

.1/
0 ; u.0; �/ D u0;
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where

8
<
:

0 < D�1 < %; # < D;

k%.1/0 k.L2\L1/.R3/ C k#.1/0 k.L2\L1/.R3/ C ku0k.L2\L1/.R3/ < D;

9
=
;

In addition, let

R > D C T

p
!

"
; where ! D p%.%; #/C jp#.%; #/j2

%2s#.%; #/
:

Let U be a (strong) solution to the Euler system (9.15), (9.16) in R
3 � .0;Tmax/

starting from the initial data

U.0; �/ D HŒv0�;

where

v0 2 Cm
c .R

3/; suppŒv0� � B.0;D/; kv0kCm.R3/ 	 D; m > 4:

Let ŒZ; ‰� be the solution of the acoustic system (9.74), (9.75), with the initial
data

Z0 D 1

%!

@p.%; #/

@%
ƒ0 C 1

%!

@p.%; #/

@#
‚0; rx‰0 D H?Œv0�

where

ƒ0; ‚0 2 Cm
c .R

3/; kƒ0kCm.R3/Ck‚0kCm.R3/ 	 D; suppŒƒ0�; suppŒ‚0� � B.0;D/:

Let P solve the transport equation (9.82) in .0;Tmax/ � R
3, with the initial data

P0 D %
@s.%; #/

@%
ƒ0 C %

@s.%; #/

@#
‚0:

Finally, let ƒ and‚ be determined as

1

%!

@p.%; #/

@%
ƒC 1

%!

@p.%; #/

@#
‚ D Z;

%
@s.%; #/

@%
ƒC %

@s.%; #/

@#
‚ D P:
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Then for any compact K � R
3 and any T 2 .0;Tmax/, there are c1 D c.T;D/,

c2.D/ such that
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K

1

2
%ju � U � rx‰j2.
; �/ dx

C





�
%.
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"
�ƒ.
; �/

�

ess






2

L2.K/
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"
#.
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"
�‚.
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#

ess







2

L2.K/

C 1

"2

Z

K

�
1C jŒ%�res.
; �/j5=3 C jŒ#�res.
; �/j4

�
dx

	 c1.˛;T;D/

�
� C d C "C c.˛/"˛ C 1

"R
C "2=3

�1=2

�

Cc2.D/

�


%.1/0 �ƒ0





2

L2.�R/
C



#.1/0 �‚0





2

L2.�R/
C ku0 � v0k2L2.�RIR3/

�

for any 0 	 ˛ < 1 and for a.a. 
 2 Œ0;T/.
Remark Theorem 9.2 gives an explicit rate of convergence in terms of the scaling
parameters. In particular, we need the quantity

�
� C d C "C c.˛/"˛ C 1

"R
C "2=3

�1=2

�

to be small. Such a process is termed path dependent.
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