Chapter 8
Problems on Large Domains

Many theoretical problems in continuum fluid mechanics are formulated on
unbounded physical domains, most frequently on the whole Euclidean space R>.
Although, arguably, any physical but also numerical space is necessarily bounded,
the concept of unbounded domain offers a useful approximation in the situations
when the influence of the boundary or at least its part on the behavior of the system
can be neglected. The acoustic waves examined in the previous chapters are often
ignored in meteorological models, where the underlying ambient space is large
when compared with the characteristic speed of the fluid as well as the speed of
sound. However, as we have seen in Chap. 5, the way the acoustic waves “disappear”
in the asymptotic limit may include fast oscillations in the time variable caused
by the reflection of acoustic waves by the physical boundary that may produce
undesirable numerical instabilities. In this chapter, we examine the incompressible
limit of the NAVIER-STOKES-FOURIER SYSTEM in the situation when the spatial
domain is large with respect to the characteristic speed of sound in the fluid.
Remarkably, although very large, our physical space is still bounded exactly in the
spirit of the leading idea of this book that the notions of “large” and “small” depend
on the chosen scale.

8.1 Primitive System

Similarly to the previous chapters, our starting point is the full NAVIER-STOKES-
FOURIER SYSTEM, where the Mach number is proportional to a small parameter &,
while the remaining characteristic numbers are kept of order unity.
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B SCALED NAVIER-STOKES-FOURIER SYSTEM:

d:0 + div,(ou) = 0, (8.1)

. 1 . 1
d;(ou) + div,(ou ® u) + o2 Vp = div,S + . V.F, (8.2)
9,(0s) + div,(osu) + divx( q) —o, (8.3)

s
with
1/ q- V0

0'219(8 S:Vu-— N ), (3.4)

where the inequality sign in (8.4) is motivated by the existence theory developed in
Chap. 3. The viscous stress tensor S satisfies the standard Newton’s rheological law

2
S = S8, V,u) = u(z?)(qu 4 Viu— 3divxu11) + n(9)divyul, (8.5)

where the effect of the bulk viscosity may be omitted, while the heat flux q obeys
Fourier’s law

q=q@, V) = —k () V, 0. (8.6)

System (8.1)—(8.3) is considered on a family of spatial domains {€2,}.~¢ “large”
enough in order to eliminate the effect of the boundary on the local behavior of
acoustic waves. Seeing that the speed of sound in (8.1)—(8.3) is proportional to 1/&
we shall assume that the family {2}, has the following property.

B PROPERTY (L):

The boundary 02, consists of two disjoint parts
0Q, =T UT,,
where T is a fixed compact subset of R3 and, for any x € Q.,

edist[x, ;] - oo fore — 0. 8.7)
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In other words, given a fixed bounded cavity B C €2, in the ambient space, the
acoustic waves initiated in B cannot reach the boundary, reflect, and come back
during a finite time interval (0, T). Typically, we may consider 2 C R? an exterior
domain—an unbounded domain with a compact boundary I'—and define

1
Qszﬁﬂ%xeR3‘|x|< },m>1.
8m
Similarly to Chap.5, we suppose that the initial distribution of the density and

the temperature are close to a spatially homogeneous state, specifically,

0(0,)) = 0o = 0 + €0y, (8.8)

9(0,) = B = O + 0", (8.9)
where o, ¥ are positive constants, and
u(0,-) = ug. (8.10)

The analysis in this chapter will heavily lean on the assumption that both the
perturbations Q((fg, 79((),15) and the velocity field ug . are spatially localized, specifically
they satisfy the far field boundary conditions

Qg)i: — 0, ﬁé,lg) — 0, o, — Oas |x| > oo

in some sense, and the solutions we look for are supposed to enjoy a similar property.
Finally, we impose the complete slip boundary conditions and the no flux
condition

u- n|3gs = 0, Sn x n|3gs = 0, q- n|ags =0. (8.11)

Problem Formulation We consider a family {g., u., ¥, }.-¢ of (weak) solutions
to problem (8.1)—(8.6), (8.11) on a compact time interval [0, 7] emanating from
the initial state satisfying (8.8)—(8.10) on a family of spatial domains €2, enjoying
Property (L). Our main goal formulated in Theorem 8.3 below is to show that

u, — Uin L*((0,T) x B;R?) for any compact set B C ., (8.12)

at least for a suitable subsequence ¢ — 0, where the limit velocity field complies
with the standard incompressibility constraint

div,U = 0. (8.13)
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Thus, in contrast with the case of a bounded domain examined in Chap.5, we
recover strong (pointwise) convergence of the velocity field regardless the specific
shape of the “far field” boundary I, and, in fact, the boundary conditions imposed
on ;.

The strong convergence of the velocity is a consequence of the dispersive
properties of the acoustic equation—the energy of acoustic waves decays on
any compact set. Mathematically this can be formulated in terms of Strichartz’s
estimates or their local variant discovered by Smith and Sogge [249]. Here we use
probably the most general result in this direction—the celebrated RAGE theorem.

As already pointed out, these considerations should be independent of the
behavior of {o.,u,, ¥.}e~0 on the far-field boundary Iy, in particular, we may
impose there any boundary conditions, not just (8.11). On the other hand, certain
restrictions have to be made in order to prevent the energy to be “pumped” into the
system at infinity. Specifically, the following hypotheses are required.

(i) The total mass of the fluid contained in €2, is proportional to |€2,|, in particular
the average density is constant.
(i) The system dissipates energy, specifically, the total energy of the fluid con-
tained in €2, is non-increasing in time.
(iii) The system produces entropy, the total entropy is non-decreasing in time.

Typical examples of fluid motion on unbounded (exterior) domains arise in
meteorology or astrophysics, where the complement of the physical space often
plays a role of a rigid core (a star) around which the fluid evolves. Since the effect
of gravitation is essential in these problems, it is natural to ask if the Oberbeck—
Boussinesq approximation introduced in Chap.5 can be adapted to unbounded
domains.

The matter in this chapter is organized as follows. The Oberbeck—Boussinesq
approximation considered on an exterior domain is introduced in Sect. 8.2. Similarly
to the preceding part of this book, our analysis is based on the uniform estimates
of the family {o., u., ¥, }.~0 resulting from the dissipation inequality deduced in
the same way as in Chap.5 (see Sect. 8.3 and the first part of convergence proof
in Sect.8.4 ). The time evolution of the velocity field, specifically its gradient
component, is governed by a wave equation (acoustic equation) introduced in
Sect. 5.4.3 and here revisited in Sect. 8.5. Since the acoustic waves propagate with a
finite speed proportional to 1/, the acoustic equation may be handled as if defined
on an unbounded exterior domain, where efficient tools for estimating the rate
of local decay of acoustic waves as RAGE theorem are available, see Sects. 8.6
and 8.7. In particular, the desired conclusion on strong (pointwise) convergence of
the velocity fields is proved and rigorously formulated in Theorem 8.2. The proof of
convergence towards the limit system is then completed in Sect. 8.8 and formulated
in Theorem 8.3. We finish by discussing possible extensions and refinements of
these techniques in Sects. 8.9 and 8.10.
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8.2 Oberbeck-Boussinesq Approximation in Exterior
Domains

The OBERBECK—-BOUSSINESQ APPROXIMATION has been introduced in Sect. 4.2.
The fluid velocity U and the temperature deviation ® satisfy

B OBERBECK-BOUSSINESQ APPROXIMATION:

div,U = 0, (8.14)
g(a,U +div,U® U) 4 V,IT = u(9)AU + 1V, F, (8.15)
gcp(a,(a + divx(G)U)) — k(9)A® — odadiv,(FU) = 0, (8.16)
r+ 00® =0, (8.17)

where IT is the pressure and the quantities ¢, = ¢,(0, %), @ = a(o, V) are defined
through (4.17), (4.18).

The function F = F(x) represents a given gravitational potential acting on
the fluid. In real world applications, it is customary to take the x3-coordinate to
be vertical parallel to the gravitational force V.F = g[0,0, —1]. This is indeed a
reasonable approximation provided the fluid occupies a bounded domain Q C R?,
where the gravitational field can be taken constant. Thus one may be tempted to
study system (8.14)—(8.17) with V,F = g[0, 0, —1] also un an unbounded physical
space (cf. Brandolese and Schonbek [32], Danchin and Paicu [74-76]). Although
such an “extrapolation” of the model is quite natural from the mathematical
viewpoint, it seems a bit awkward physically. Indeed, if the self-gravitation of the
fluid is neglected, the origin of the gravitational force must be an object placed
outside the fluid domain €2 therefore a more natural setting is

1
F(x) = / | Im(y) dy, withm > 0, supp[m] C R*\ , (8.18)
R XY

where m denotes the mass density of the object acting on the fluid by means of
gravitation. In other words, F'is a harmonic functionin 2, F(x) ~ 1/|x| as |x| — co.

Accordingly, we consider the Oberbeck-Boussinesq system on a domain Q =
R? \ K exterior to a compact set K, K = I', where, in accordance with (8.18), F
satisfies

— AF=minR®, V.F € L>(R*;R?), supp[m] C K. (8.19)
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In particular, introducing a new variable § = ® — Y«aF/c, we can rewrite the
system (8.14)—(8.17) in the more frequently used form

div,U = 0,

Q(E),U +divU® U) 4 V,.P = uAU — 0afV,G,

Qc,,(BtQ + divx(GU)) — kA =0,

where we have set P = IT — F>pa?/2c,,.

8.3 Uniform Estimates

The uniform estimates derived below follow immediately from the general axioms
(i)—(iii) stated in the introductory section, combined with the hypothesis of thermo-
dynamic stability (see (1.44))

Iplo, ) de(e, 9)

%0 > 0, 99 >0, (8.20)
where e = e(p, ¥) is the specific internal energy interrelated to p and s through
Gibbs’ equation (1.2). We recall that the first condition in (8.20) asserts that the
compressibility of the fluid is always positive, while the second one says that the
specific heat at constant volume is positive.

Although the estimates deduced below are formally the same as in Chap.S5,
we have to pay special attention to the fact that the volume of the ambient space
expands for ¢ — 0. In particular, the constants associated to various embedding
relations may depend on . Note that the existence theory developed in Chap.3
relies essentially on boundedness of the underlying physical domain.

8.3.1 Static Solutions

Similarly to Sect. 6.3.1, we introduce the static solutions ¢ = g, satisfying
V.p(8.9) = gV, F. 8.21)

Note that solutions of (8.21) depend on e. More specifically, fixing two positive

constants ¢ > 0, % > 0, we look for a solution to (8.21) in the whole space R?

satisfying the far field condition

o(x) — o as |x| — oo. (8.22)
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Anticipating that g is positive, it is not difficult to integrate (8.21) to obtain
~ 1
P(9) = eF + P(o), where P'(0) = o ler(@ ).

Thus, if p is twice continuously differentiable in a neighborhood of (o, ¥), the
unique solution g, of (8.21), (8.22) satisfies

_ &
"~ Plo)

0s — 0 F + & heF, ||hell o) < c. (8.23)

|V,0:(x)] < ec|V,F(x)| for all x € R?, (8.24)

uniformly for e — 0.

8.3.2 Estimates Based on the Hypothesis of Thermodynamic
Stability

To derive the uniform bounds, it is convenient to introduce the total dissipation
inequality based on the static solutions, similar to (6.56) derived in the context of
stratified fluids.

B TOTAL DISSIPATION INEQUALITY:

1 1
[ [ertut + 5 (Hoen 2 = 00Hy @ )0: = 30 = Hy e ) J ) ds
(8.25)

s
+52 06 [0, 1] x Q]
1 5 1 - - ~
= /Q I:ZQO,S|“0,£| + &2 (H19 (00,6, Vo) — aQng (Ces ¥)(00.e — 0s) — Hy (0, 19))] dx

fora.a.r € [0, 7],

where

Hy(0, %) = ce(o,¥) — Pos(o, V)

is the Helmholtz function introduced in (2.48), and

ofi0.0 2] = [ oster. 990~ coustane. ho | as (8.26)
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is the total entropy production,

qs * Vxﬁs
e

1
o, > (szSg Vo, —

X ). S =S, Va), qc = (¥, V.0o).

(8.27)
Relation (8.25) reflects the general principles (i)—(iii) introduced in Sect. 8.1 and has
bees rigorously verified in the present form in Sect. 6.4.1 as long as €2, is a bounded
domain. We recall that, by virtue of Gibbs’ relation (1.2),

82Hﬁ(g,ﬁ) Lap(e,9) 9Hy(e. D) _
902 o do RIs

(l(} 9 3@(9, 19)’

whence the hypothesis of thermodynamic stability (8.20) implies that
0 — Hy (o, V) is strictly convex on (0, 00),
and
U = Hy (o, ) is decreasing for ¢ < ¢ and increasing for ¢ > @

(see Sect. 2.2.3).

As observed several times in this book, the total dissipation inequality (8.25)
is the only source of uniform bounds available in the limit process. The minimal
assumption in this respect is the expression on the right hand side, controlled
exclusively by the initial data, to be bounded uniformly for ¢ — 0. To this end,
we take

00 = 8s + 88y, Do =0 + 695, (8.28)
where
||é§)2||L2ﬂL°°(QS) <c, ||19(§,lg)”LzﬁL°°(Qs) =<c, (8.29)
/ 5 dx = / 5 dx (830)
and

lwo.ell2nz00 (@.sm3) = ¢, (8.31)

where all constants are independent of . As a matter of fact, boundedness in L*° is
never used and may be relaxed to weaker integrability properties, the bound in L?,
independent of ¢ and the size of €2, is however essential.
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Remark Comparing (8.28) with (8.8) we observe that

M _ 50 O —0
QOS_QOS e ’

where, by virtue of (8.23),
Oe — 0 —
€ P'(0)

As F is the gravitational potential determined by (8.18), the initial distribution of the
density oo, cannot be taken a square integrable perturbation of the constant state o
on R3.

F + eh.F.

As a direct consequence of the structural properties of the Helmholtz function
observed in Lemma 5.1, boundedness of the left-hand side of (8.25) gives rise to a
number of useful uniform estimates. Similarly to Sect. 6.4, we obtain

ess sup [ /oeuellr2(o,r3) < ¢ (8.32)
t€(0.T)
ess sup H [Qa B Qa] <c, (8.33)
1€(0.7) € ess 1 12(Q;)
Ve — 0
€ss sup H[ ] =c, (8.34)
1€(0,T) & ess I1L2(Q2)
ess sup || [o-e(0:, ¥ )]res”Ll(Q ) = &’ c, (8.35)
1€(0,T)
and
ess sup || [0e5(0es De)lres i (@) < g’c, (8.36)
1€(0,T)

where the “essential” and “residual” components have been introduced
through (4.39)—(4.45).

Remark We point out that, by virtue of (8.23),

0c — 0|l oo m3) = eC3

whence the essential and residual sets may be defined using p exactly as in (4.39).
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In addition to the above estimates, we control the measure of the “residual set”,
specifically,

ess sup |ME[f]] < &c, (8.37)
1€(0.T)

where M: [f] C € was introduced in (4.43). Note that estimate (8.37) is
particularly important as it says that the measure of the “residual” set, on which
the density and the temperature are far away from the equilibrium state (g, ¥) (or,
equivalently (o, %)), is small, and, in addition, independent of the measure of the
whole set Q..

Finally, we deduce

loell A+ o.11x00) = e’c, (8.38)
therefore,
T 1
/ / Se 1 Vyu dx dr < c, (8.39)
0 Qe 198
and
T e’ Vxﬁs
/ / =0 G < e (8.40)
0 . D,

8.3.3 Estimates Based on the Specific Form of Constitutive
Relations

The uniform bounds obtained in the previous section may be viewed as a con-
sequence of the general physical principles postulated through axioms (i)—(iii) in
the introductory section combined with the hypothesis of thermodynamic stabil-
ity (8.20). In order to convert them to a more convenient language of the standard
function spaces, structural properties of the thermodynamic functions as well as of
the transport coefficients must be specified.

Motivated by the general hypotheses of the existence theory developed in Sect. 3,
exactly as in Sect. 5, we consider the state equation for the pressure in the form

5 a
P = pu@d) + pe® . pu=0P( %) pe= 9% a0,
SN——— N—— 92 3
molecular pressure  radiation pressure

(8.41)
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while the internal energy reads

393 4
e(0,0) = ey(0,9) + er(0,9), ey = 5 P( Q3 ), eg=a , (8.42)
92
and, in accordance with Gibbs’ relation (1.2),
4 93
50.9) = su(e.9) + se(e.9). sule. ) =5( &) s="a" . (843
B> 3 ¢

where

33P(2)—2ZP'(2)

S'(2Z) =—
2) 5 P

forall Z > 0. (8.44)

The hypothesis of thermodynamic stability (8.20) reformulated in terms of the
structural properties of P requires

P € C'[0,00) N C?(0, 00), P(0) =0, P'(Z) > 0forall Z> 0, (8.45)

2P(Z) - ZP'(2) 3P(z) —z2P'(2)
< <sup - < 00
zZ 7>0 <

0 (8.46)

Furthermore, it follows from (8.46) that P(Z)/Z°/3 is a decreasing function of Z,
and we assume that

im 7@ _ Poo > 0. (8.47)

The transport coefficients i and « will be continuously differentiable functions
of the temperature ¢ satisfying the growth restrictions

0<pu(l+7) < p@) < ud+ 1),
(8.48)
0 <k(l+93) <k <k +03forall ¥ >0,
where [, 4, k, and k are positive constants.
To facilitate future considerations and basically without loss of generality we

focus on the class of domains satisfying a slightly stronger version of Property (L),
namely

Q. =Qn {x € R} ) x| < d(s)} , lim ed(e) = oo, (8.49)

where 2 is an exterior domain with a regular (Lipschitz) boundary.
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Now, observe that (8.48), together with estimate (8.39), and Newton’s rheological
law expressed in terms of (8.5), give rise to

/O ) Vo + Vi, - idivxugﬂ [T (8.50)
with ¢ independent of ¢ — 0.
At this stage, we apply Korn’s inequality in the form stated in Proposition 2.1 to
r = [0¢]ess, V = U, and use the bounds established in (8.33), (8.37), (8.50) in order
to conclude that
! 2
/0 | ue ”W‘»Z(QS;R% dt < c uniformly for & — 0 (8.51)

This can be seen writing

Qszﬂﬂ{xeR3‘|x|<r}U{xeR3

r<al < d(s)}

for a suitable r so large that the ball {|x| < r} contains dS2 in its interior. Now,
writing

{xeR?’

r <l <d@e) = U)o,

i=1

as a union of equi-Lipschitz sets Q; with mutually disjoint interiors, we can apply
Korn’s inequality on

Qﬂ{x€R3‘|x|<r}

and on each Q; separately to obtain the desired conclusion.
In a similar fashion, we can use Fourier’s law (8.6) together with (8.40) to obtain

T ,198
W)\ 9.1 dudr < e2e. (8.52)
0 Jo. 9.2

which, combined with the structural hypotheses (8.48), the uniform bounds estab-
lished in (8.34), (8.37), and the Poincaré inequality stated in Proposition 2.2, yields

T ) T
/ 19 = 912120, dt+/
0 0

Finally, a combination of (8.35), (8.41), and (8.47) yields

| log(9) — log(9)[[312(q,, df < &%c. (8.53)

ess sup / [Qs]fe/s3 dx < &%c. (8.54)
1e(0.7) J Q.

ess sup / [D]%, dx < &%c. (8.55)
1€(0,7) J Q.
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8.4 Convergence, Part I

The uniform bounds established in the previous section allow us to pass to the limit
in the family {0, u,, ¥ }-0. To begin, we deduce from (8.33), (8.54) that

ess sup [[(0e — @)t ) (124153, —> Oase — 0, (8.56)
t€(0,7)

which, together with (8.23), yields

ess sup |[[(0e —o)(t, )l 53) — 0 as e — O for any compact K C Q. (8.57)
1€(0.7)

Thus, at least for a suitable subsequence, o, converges a.a. to the constant

equilibrium state o.
Similarly, relations (8.34), (8.37), and (8.55) imply that

ess sup [[(¥: — ) (. )2, — 0ase — 0. (8.58)
1€(0.7)

Finally, extending suitably 9., u, outside 2, (cf. Theorem 8) we may assume, in
view of (8.51), (8.53) that

- .
0, = — © weakly in L*(0, T; W'3(Q)), (8.59)
&

and
u, — U weakly in L*(0, T; W'*(Q; R?)), div,U =0, (8.60)
passing to subsequences as the case may be.
Our next goal will be to establish pointwise (a.a.) convergence of the sequence
of velocities {u, }.~o. More specifically, we show that
u, — U (strongly) in L*((0, T) x K;R?) for any compact K C Q. (8.61)
Observe that for (8.61) to hold, it is enough to show that

osu, — oUin L2(0, T; W12 (K; RY)). (8.62)

Indeed, for any ¢ € C°(2), we have

T T T
Q/ /fpluslzdxdt=/ /‘P(Q‘Qa)|“a|2d)fdf+/ /‘anua'ustdt,
0 Q 0 Q 0 Q
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where, in accordance with (8.57), (8.60), and the embedding relation W'?(Q) <
L5(Q),

T
/ / 00— 0o)lu. > dx di — 0,
0 Q

while, as a consequence of (8.60), (8.62),

T T
/ / 0o, - U, dx dr — Q/ / §0|U|2 dx dr.
0 Q 0 Q

Remark As the function ¢ is compactly supported in €2, its support is contained in
Q, for all ¢ > 0 small enough and all the above integrals are therefore well defined.

The final observation is that, by virtue of (8.32), (8.33), and (8.54),

ess sup |losug| s
t€(0,7)

e R3) — < ¢(K) for any compact K C 2.

As the embedding L°/4(K) < W~'2(K) is compact, we infer that the desired
relation (8.62) follows as soon as we are able to show that the family of functions

{t — / (0:u:)(t,7) - dx} is precompact in L2(0, T)) (8.63)
Q

for any fixed ¢ € C2°(2). Relation (8.63) will be shown in the following part of
this chapter as a consequence of the local decay of acoustic waves. Note that (8.63)
is very weak with respect to regularity in the space variable. This is because
compactness in space is already guaranteed by the gradient estimate (8.51).

8.5 Acoustic Equation

The acoustic equation, introduced in Chap. 4 and thoroughly investigated in various
parts of this book, governs the time evolution of the acoustic waves and as such
represents a key tool for studying the time oscillations of the velocity field in the
incompressible limits for problems endowed with ill-prepared data. It can be viewed
as a linearization of system (8.1)—(8.3) around the static state {o, 0, J}.

If {0¢, ue, Dc}eso satisfy (8.1)—(8.3) in the weak sense specified in Chap. 1, we
get, exactly as in Sect. 5.4.3,

/ / a,<p + oeu, - quo] dedr =0 (8.64)
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for any test function ¢ € C°((0,T) x £2,);

T —
/ / SQE(S(QSa U:) — s(o, l?))at(p dx dt (8.65)
0 . &

r 579 - Ssﬁé‘
=/ / SQE(S(Q ) —s(o ))ug-Vx<pdxdt
0 . &

T
K (Fe) Vit
+/0 / 9, Vi dx di— < 009 > rtcpo11x0)

for any test function ¢ € C°((0, T) x €2,); and

T —
/ / [e(gsus) 00+ (p O G QF)divxq)] dedt (8.66)
0o Jo, e

T T
:/ / s(Sg—qug®us):VX¢dxdt+/ / (0 — 0e)V,F - @ dx dt
0 JQ, 0 JQ,

for any test function ¢ € C®((0, T) x Q.;R?).
Thus, after a simple manipulation, we obtain

T
/ / [ewrsa,qn + wou, - wp] dx dr (8.67)
0 3

r 579 - Ssﬁé‘
= A/ / sgg(s(g )—sle ))us - Vo dx dt
0 . &

T kV, 0,
1A 0 5 Vipdxdt —A < o9 Z IM;C)([0.T]xRQ)
e &

forall ¢ € C°((0,T) x R;), and

T
/ / [e(ggus) 00 + a)rsdivx(p] dx dr (8.68)
0 Q.

_ /T/ [or. - (p(gs,l‘}s)s—p(@ ﬁ))]divxq)dxdt
0 e

T T
—i—/ / s(Sg—Q£u5®u£) :fopdxdt—}—/ / (06— 0:)ViF - @ dx dt
0 JQ. 0 JQ.
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for any test function ¢ € C®((0,T) x Q.;R?), where we have set

ee—0 AQS(S(QS, ¥e) — s(o, l‘})) e

& w & w

F, (8.69)

re =
with the constants w, A determined through

ds(e.¥) _ dple.?)

_ ds(0.9) _ ap(o. )
ad v '

A
€ do do

, w~+Ap (8.70)

As a direct consequence of Gibbs’ equation (1.2), we have

s 1 dp
do 02’
in particular,
lps (0.9
® =polo.0)+ ")
o~ ss(0, %)

as soon as e, p comply with the hypothesis of thermodynamic stability stated
in (8.20).

Finally, exactly as in Sect.5.4.7, we introduce the “time lifting” X, of the
measure o, as

X, € L0, T; MM (22,)) N Cyear—x ([0, T], MT(R,))

< BV >peconm@o 0@ = < 0 0] >uscionxe.) (8.7

where

I[](t,x) = /0 @(s, x) ds.

Consequently, system (8.67), (8.68) can be written in a concise form as

B ACOUSTIC EQUATION:

T T
/ / [gzga,w V.- quo] dxdr = / / eF! - Vg dx dt (8.72)
0 . 0 &

forall g € C((0,7) x Q.),
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T T
/ / [evs 9,0 + a)stiqu)] ddr = / / (aFﬁ V.o + gngivxq;) dx dr
0 Q. 0 Q.
(8.73)

A . ’ 4
t oy < 2o dVe® >peoo Mm@ omc@ T /0 /Q eFg - @ drds

forall ¢ € C((0,7) x Q¢ R3), ¢ -nyg, =0,

where we have set

z.=%"%+ AQE(S(Q“’S) —S(Q,z‘}))

A 0
+ %, —"F, V.=, (874
& w

Ew

A S(Q, 19) - S(QE’ 198) A Kvxl?s
Fl = & £ ) 7
€ a)Q ( ) )u +w &t (8.75)
F? =S, — o.u, ® u,, (8.76)
3_ (e —¢ $(0e. Ue) — (0. 9)\ _ (p(0e. V) — p(. D)
P = a)( - )+AQS( - ) ( - ) (8.77)
and
F=2"%yr (8.78)
&

Here, similarly to Chap. 5, we have identified the “lifted measure”

/Q Yep dx :=< Xl > 00000 -

8.5.1 Boundedness of the Data

Our next goal is to examine the integrability properties of the quantities appearing
in the weak formulation of the acoustic equation (8.72), (8.73). We start by writing

3

QS—Q:QS—QSJFQS—Q:[QE—QS} +[Qs—ga} L e—e
€ € € € €8s res €

where, in accordance with the uniform bounds (8.33), (8.37), and (8.54),

Qe — 0 Qe — 0
& €ess 8 res

< é&c.

ess sup <
L'(R)

1€(0.T)

<c, ess sup
L2(Qe) t€(0,7)

(8.79)
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Remark 1t is worth noting that the measure of the “residual set” is uniformly small
as stated in (8.37). In particular, unlike on the unbounded domain €2, the 7 norms
on the residual set are comparable.

Next, by virtue of (8.23), (8.24),

0:—0
&

< cforany g > 3, (8.80)

(Lo NLI)(R)
Vx (és - Q)
&

Remark The previous computations reveal one of the main difficulties in obtaining
uniform bounds, namely the terms proportional to the difference (0 —0)/e ~ F that
are not (uniformly) square integrable in €2,.

<ec. (8.81)

12(R3;R?)

Next, we have

0:5(0¢, ¥¢) — 0s(0, V) — 0:5(0e, Ve) — 0e5(0e, V) 4 0:5(0e, ¥) — 05(0, V)
I & I

_ [st(gg, D) = Bes(e ﬂ)} N [Qas@s, B) = Bes(e ﬁ)]

& &

4 0e5(0:. 9) —osle. 1‘})’
€

where, by virtue of (8.33), (8.34), (8.36), (8.37),

3 79 -0 0 ’ 19
ess sup |:Q£S(Q5 a) st(gé‘ ):| <c, (8.82)
1€(0,7) € ess 1 L2(S2,)
o £y l?g - ~£ ~€a l9
s s [Q 506, Be) — 8e5(0 )] e (8.83)
t€(0,7) 2 res Il L1(Q,)
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and, in accordance with (8.23), (8.24),

0:5(Ce. ) — 0s5(0. 1)
)

<cforallg > 3,

(L®NLN)(RY)

<c.
£

v. (@ss(@s, 9) — os(o, ﬁ))

[2(R3;R3)
Finally, as a consequence of (8.38),

Ze(t, )H

ess sup
t€(0,7)

< ec,

MF(Qe)

and we may infer that Z, introduced in (8.74) can be written in the form

Ze(t,) = ZNt, ") + Z2(t,) + 22 (t,) + Z°,

where
ess sup |Z! A+, = €c, ess sup | Z2 It
1€(0,T’ 1€(0.T
ess sup 1220 < . 24 = —°F e D'2(Q),
te(0,T w
with

F € C®(Q), F(x) = 0 for |x| < r, F(x) = F(x) for |x| > ra,

and where 02 C B(0, r1/2).
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(8.84)

(8.85)

(8.86)

(8.87)

(8.88)

(8.89)

Remark Note that F being determined by (8.19) admits a decomposition

F=F+G, GeL*R.

We recall that the space D'2(R2) is defined as the closure of C%°(£2) with respect to

the norm

2 2
e NATE
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Now, similarly,
Ve = [0cUe]ess + [0cUe]res
where, by virtue of (8.32), (8.37), and (8.54),

ess sup ||[qu£]ess||Lz(Qs;R3) < c,ess sup ||[Q£us]res||Ll(Q£;R3 < gc. (8.90)
1€(0,T) 1€(0,T)

The “forcing terms” F!, F2, F3, and F# can be treated in a similar manner. We
focus only on the most complicated term:

. (QE; g) i (gss@g, 9:) — os(o, ﬂ)) ~ (p(gs, %) — plo. ﬁ))

&? &?
Y (gs - éa) i (gas@s, 90 ~Ges(ar ﬁ)) _ (p(gg, 9~ (@ ﬂ))
3 3 3
o (ég - Q) A (@ss(@s, 9~ o ﬁ)) B (p(@g, ? e 19)) '
3 3 &

Seeing that @ and A have been chosen to satisfy
® + Ady(os)(0. ) — dpp(0.9) =0,

the quantity

w (Qs - éa) T A (QSS(QSs V) — 065(0e» 79)) . (p(Qas ¥e) — p(Qe» 19))

g2 g2 g2

contains only quadratic terms proportional to 0. — 0., ¥ — ¥ and as such may be
handled by means of the estimates (8.33)—(8.37), (8.53)—(8.55). Moreover, by the
same token, we may use (8.23), (8.24) to deduce

Hw (Qs - ég) +A (ggs(gg, Pe) — 0es(0e, z‘})) B 8.91)

g2 g2

,0e) — p(0e, O
(p(Qs ¢) ; p(0e )) H < cforallg > 3/2.
& (Lo°NL1)(R3)
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8.5.2 Acoustic Equation Revisited

333

Summing up the previous considerations, we may rewrite the acoustic equa-

tion (8.72), (8.73) in a more concise form.

B ACOUSTIC EQUATION (REVISITED):

T T
8/ < Z(t,"), 0;p > dt—l—/ / V.- V,p dx dr
0 0o Ja,

T
:—e<%w¢&0>+f/‘/(HLW¢+H§Vm)MdL
o Je.
forany ¢ € C1([0,T) x Q.),
T T
e/ / Vs-a,godxdt+a)/ < Zs(t,-),divye > dt
o Ja. 0
— ¢ [ Vo000

+8/ <G(t )dlvxq)>+8/ /G2 Vi@ dx dr dt

-H/I/G3 mdMHw/I/G4¢mm

for any ¢ € C}.([O, T)x Q:;R), - nyo, = 0.

(8.92)

(8.93)

Remark Note that, unlike (8.72), (8.73), the weak formulation (8.92), (8.93) already

incorporates the satisfaction of the initial conditions.

We have
Zs € Cweak—(*)([oa T]a M(Qs))a
and

Z. =27+ 72+ 7+ 7',
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where

1 2
ess sup [ Z; (4, )| pm+(q.) < €c, ess sup [|Z.(t, )|, < ¢

1€(0.7) t€(0.T)
ess sup 2202, < ¢ 27 = = F e D'X(Q),
1€(0,7) ) w
and
Zo. =2y, + 25, + 23, + 2",
where
Z |l <ec, |23, <c. |2l <
1Zo.cl meeny = €65 125 Ml = ¢ 1252, =< c
Furthermore,
V.=V! + V2
ess sup ||V;||L1(QF;R3) < ec, ess sup ||V§||Lz(QF;R3 <c,
t€(0,7) ) t€(0,7) )
Vo.ell zoonizyours) < ¢
and
Va € CWC‘dk([Oa T]aLl (QS))
Finally,

T
12 2112
/0 (||H5||L1(QS;R3) + ”HS”LZ(QS;R3)) dr <ec,

G' € Cyear— ([0 TI: M (2,)), sup. IG' (1. )| gy < €
te(0,

T
2112 3112
| (16201 )+ 16 ) =

4
ess sup (G2, )l w53y ums) = €
1€(0.T)

where all constants are independent of .

(8.94)

(8.95)

(8.96)

(8.97)

(8.98)

(8.99)

(8.100)

(8.101)

(8.102)
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8.6 Regularization and Extension to 2

As already observed and used in several parts of this book, the acoustic equa-
tion (8.92), (8.93) provides a suitable platform for studying the time evolution of
the gradient component of the velocity field, and, in particular, for establishing
the desired property (8.63) that guarantees strong (pointwise) convergence of the
velocity fields.

To facilitate the forthcoming discussion it is more convenient

* to deal with classical (strong) solutions to the acoustic system (8.92), (8.93);
* to consider the problem on the limit domain €2 rather than €2,.

8.6.1 Regularization

A standard regularization of generalized functions is provided by a spatial convolu-
tion with a family of regularizing kernels {s}s~0, namely

' = [ tt=00) dv.

where the kernels (s are specified in Sect. 11.2 in Appendix. Note that this can be
applied to a general distribution v € D'R3, setting

[v] (x) = (v; &5(x —-)) forany x € R,

Regularization of vector valued functions (distributions) is performed component-
wise.

For ¢ > 0, 2, fixed for a moment, we proceed by regularizing the initial data and
the driving forces in (8.92), (8.93).

Regularizing the Initial Data As for Zj ,, we take
Zg,s,zﬁ = [X&Z(%,a]y ’
where xs is a cut-off function

1 forx € Q,, dist[x, 0Q2,] > 1,

xs(x) =
0 otherwise

It is straightforward to see that

1Z5.c. ||LI(Q£) <125l s (8.103)



336 8 Problems on Large Domains

and that §, y(§) can be adjusted in such a way that
23,5 € CP(Q), Z5,5 — Zy, inL'(Q) as 8§ > 0 (8.104)

for any fixed ¢.
Applying the same treatment to ZS,S we obtain ZS iy

1Ze5l 20,y = 12020, (8.105)
23,5 € CP(Q), Z3,5 — Zy, inL* () as 8§ > 0 (8.106)

for any fixed ¢.
The “measure-valued” component Zé,s € MY (Q,) is slightly more delicate.

First, we use the approximation theorem (Theorem 12 in Notation, Definitions, and
Function Spaces, Sect. 7) to construct a sequence Zé . such that

Zy,5 € L"(R0). Z,5 € L'(Q) = 0,

71 1
Zseisll g = 1Z0ell it @u)-

Z},5 — Zy, weakly - (¥) in M(2,).

(cf. The0r~em 12). Next, similarly to the above, we cut-off and regularize the
functions Zoly es 1O obtain Zoly e such that

Zyes € CC (), Zpos € L) 20, | Zo,5] 00, = 1Z0 el ity (8:107)

Zé,£,5 — Z&S weakly - (*) in M(2,) for any fixed ¢ > 0, (8.108)

specifically,
/ Zy 59 dx — (Zéyg;qo)M(Qg)’C(Qg) for any ¢ € C(R2,).

Finally, with (8.98) in mind, we may construct Vo, s,
Vo,s,s € CSO(QE;]R:”), ||V0,a,8||(L°°nL2)(QE;R3) = ||V0,6||(L°°ﬂL2)(QS;R3) (8.109)
Voes — Voo in L2(Q:R*) as§ — 0 (8.110)

for any fixed e.

Regularizing the Forcing Terms The forces Hé, G‘i, j = 1,2, Gg can be
regularized by means of the following procedure.

 Extend a given function H € L*(0,T;X), X = L'(Q), L*(Q), MT(Q) to be
zerofort <0,t>T.
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* Use the regularization in time by means of the convolution

o0
HP @ = [ et a
—0o0
to produce an approximate sequence
H® € C®(R; X), ||H5||L2(R;X) < 1H|l20,7;%)> H® — HinL*(0,T;X)

cf. Sect. 11.2 in Appendix.
 Approximate H® by piece-wise constant functions, specifically by H?,,

N—1
§
HYy =Y xiapwrgeombhy, b € X.

=0

* Similarly to the preceding section, approximate each function #; € X by ilj €
C°(R2,) producing

N—1
- -
Hy = Z XUT)/N.1G+1) /NP
J=0
* Regularize the functions ﬁ;i, performing once more the time convolution

) @ = [

o0

Ls(x — 1) Hy(n)dt.

Going back to the acoustic equation (8.92), (8.93), we may regularize the forcing
terms as follows:

H , € C(0.T] x Qi RY), j= 1,2,
T
/(; (”H;s8|l§1(Qg;R3) + ||H§,8||i2(QE;R3)) dt (8111)

T
= / (”Hgl:'lil(QS;]RS) + ||H§||§2(QS;R3)> dts
0

H{oﬁ — H{E in L2(0, T;/(Qe;R¥)) as § - 0, j=1,2 (8.112)



338 8 Problems on Large Domains

for any fixed ¢ > 0;

Gly € C(0.T] x Qu:R™), j = 2.3,
T
[ (1620 ey + 16l )

< [0 ' (NG guimes) + 1G22 g moes) )
Gl — Glin L*(0,T; L' (Qe: R¥?)) as § — 0,
Gls — Gl in L*(0,T; L*(Q:: R¥™?)) as § — 0,
and

t:[%g] “ Gi& (tv ) ||L5/3(Q;]R3) 5 ess tes[l(')q;] || Gg(t’ ) HL5/3(Q;R3) ’

Gly = Glin (0, T; L R™), 1 <p <ocas§ — 0

for any fixed ¢ > 0.
Finally, we find

Gls € C([0.T] x Q)
such that

sup ”G}:,&”LI(QS) = sup ”G}:”M(Q&.)’
t€[0,7] 1€[0,7]

&

for any fixed ¢ > 0.

8.6.2 Reduction to Smooth Data

(8.113)

(8.114)

(8.115)

(8.116)

(8.117)

(8.118)

/ G;’S(t, Jo dx — (G;(t, -),(p) forany ¢ € C(Q,), t€[0,T]as§ — 0

(8.119)

We recall that our ultimate goal is to show (8.63), or, in terms of the present notation,

%t — / V. -0 dx} is precompact in L2(0, T),
Q

(8.120)
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for any fixed ¢ € C®°(Q2;R?). For the rest of this section we therefore fix ¢ and
suppose its support is contained in a ball B C 2.

As it is definitely more convenient to replace the abstract weak formulation of
the acoustic equation by a classical one, meaning to consider the regularized data
constructed in the previous section, we show that the error in (8.120) resulting from
such a simplification can be made arbitrarily small.

Step 1: Eliminating the Initial Data Z'> We start by the term Z'? appearing
in (8.95). For a given (small) constant { > 0, we find a function Zl’z,

2% € C(Q), V%2 = ViZ" sy < &
In view of (8.49),
Z;Q € C®()
assoon as 0 < & < &9(¢).
We estimate the error resulting from replacing Z'? by Z'? in the acoustic
equation. More specifically, we look for (weak) solutions to the problem
€0;Z + div,V; =0, €0,V + wV.Z; =0in (0,T) x Q,, V¢ -n|se, =0,
with that initial data
Z:(0,) = 27 = 2,2, V¢(0,) = 0,

or, more precisely, in its weak formulation

T T
e/ / Z(t,-) - 0 dxdt+/ / Vi - Ve dx dr (8.121)
0 Q. 0 e

= —/ e (Zl’2 —Z;’Z) ¢(0,-) dx for any ¢ € C!([0,T) x Q).

B

T T
8/ / V-0, dxdr + a)/ / Z¢(t,)divee dxdt = 0 (8.122)
0 . 0 JQ

forany @ € C1([0,T) x Q,:R?), ¢ -n|yg, = 0.

System (8.121), (8.122) can be seen as a weak formulation of the standard
acoustic wave equation with the initial data

Z;(0,-) € WH(,), V(0,) =0
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. . 12 12
belonging to the associated energy space W~ x W -=. Consequently, the problem
admits a unique solution

Z; € C([0,T]; W"(2,)), (8.123)
Ve = V¥ € WH(Q0), / Wy dx =0, VW -mlso, =0,
Q,
satisfying the energy balance

/ o|ViZe(t, ) > + |divy Ve (t,)|* dx = / o|V:Z: (0, ) + ©|div, V¢ (0, )] dx
Q, Q¢

(8.124)
= 0|V.Z,? = ViZ |1 g ps) < 08,

cf. Sect. 11.1 in Appendix.
To proceed, we need to show that solutions of system (8.121), (8.122) admits a

finite speed of propagation proportional to /w/e. This can be seen by “integrat-
ing” (8.121), (8.122) over the space-time cone
C = %(t,x) } t€(0,7), x€e BN, dist[oB] > \/wt}
€

where B = B(r,0) is a ball (centered at zero) containing 9<2 in its interior. As Z,,
V, belong to W!'2(C) (the time derivatives being computed from the equations), the
Gauss-Green theorem can be used to obtain

0= / 0027 + @diviVeZs +0,Ve - Vi + V.2 - Ve | dedr
I &

= / Bar (@lZe]* + IVI?) + c:divx (ngg)} dx dz
c

=t
1
- [/{| g 2 @1z +IVF) dx]
x| <r— ° t

1 2 2 w
+/{te(0,r),x=r—\éwt} [2 (@|Ze|” + [VI?) e + SZ§V§nxi| dS;..

=0

where

1 w 1 \%
) ((1)|Z§|2 + |V|2) n; + €Z§V§nx > 2a) (|Z§|2 + ‘ \/w

2) (”r_ iwlnxl) >0
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yielding the desired conclusion

1 1
| SlzE VR axs [ (@l 4 V) @
{|x\<r— I}OQ {Ixl<r}nQ

(8.125)
forany0 <t <T.

Recalling our goal—proving (8.120)—we realize that what matters is only the
behavior of the solution V; on the fixed compact set containing supp[g]. As the
family €2, enjoys Property (L) specified through (8.49), and i view of the finite
speed of propagation property enjoyed by solutions of (8.121), (8.122), we may
therefore replace V; in by a weak solution V,, = V, ¥, of the same system on the
limit domain €2. Accordingly,

/V@¢m=/0y¢mzfvjym¢m (8.126)
Q Q Q

=/V&pm¢m=—/A%¢m,
Q Q

where H denotes the Helmholtz projection on the limit domain € and Ht[p] =
V,®. Note that, similarly to AW,,

1€(0,T)

by virtue of teh energy bounds stated in (8.124). Finally, as ¢ € C%°(B; R?), we get
® € D'7(Q),

||VX¢||U(Q;R3) < C(p) for all 1 <p <o,

in particular, by virtue of Sobolev inequality, ® € L>(2) (cf. Theorem 7). Thus the
bound (8.124) yields the desired conclusion

[

meaning the error in (8.120) can be made small if we replace Z'? by Z}]*2 in (8.95).

< 1A¥ 2@ 1Pl 2 @) < c@)VE, (8.127)

Step 2: Approximating Data Given by Measure The next step is to estimate the
error in (8.120) if we replace [Z,, V] by the solution of the same system endowed
with the mollified initial data

Zo50.) =205+ 285 + Zo s + 27, Ves(0,2) = Vo,
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and with the driving forces determined through the regularized functions

U j o 3
HS,S’ GS,S’ J= 1.2, G€,8
identified in Sect. 8.6.1. As the deviation between the solution of the homogeneous
acoustic system emanating from the data [Z'2, 0] and [Z}]*Z, 0] has been estimated in

the previous part, our goal reduces to showing

sup <0(¢), o(¢) > 0as ¢ — 0. (8.128)

1€(0.7)

/QVz(tw)«pdx

for a given (small) { > 0, where ¢ is the same as in (8.120), and [Z;, V(] is a (weak)
solution of the acoustic system

T T
e/ < Z(t.). 0 > dt+/ / V- Vg dx dr (8.129)
0 0 &
T
=—& < Zy:9(0,7) > +5/ / H; - V,p dx dt,
0o Ja,
forany ¢ € C'([0,T) x Q.),
T T
e/ / V-0 dxdt+a)/ < Ze(t.). divyp > dt (8.130)
0 Je, 0
— ¢ [ Vag-p0.9 dx
Qe
T T T
+€/ (gg,divx(p) dt—}-s/ / Ge(t,7) : Vip dxdtdt—}-s/ / h; - ¢ dx dt,
0 0o Ja, 0o Je,
forany ¢ € C1([0,T) x Q.;R?), ¢ - n|sq, = 0, with the initial data
3 . .
ZO»E = Z (Z{)g - Z(I)’S’S) ’ VO,E = VO,& - V0,£,57
j=1

and the forces
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To begin, we fix ¢ = &({) is in Step 1 to guarantee (8.127). With ¢ fixed and the
approximation estimates (8.104), (8.106), (8.108), we may take § = §(¢&) so small
that

DM(QE)[ZO,;,O] <, (8.131)

where D denotes the metric in the M weak-(*) topology on bounded sets in M (£2;).
Next, by virtue of (8.110),

||V;“||L2(Q£;R3) <. (8.132)
Similarly, evoking (8.112), (8.114), (8.115) we get

IHe (| 200.7:00 @:r3%3)) < & 1Gell20.7:00 (:m3%3)) < &, (8.133)

and, by virtue of (8.117),

|IhZ|IU(0,T;L5/3(Q;]R3)) < C(p)é‘, 1 < p < o0. (8134)

Finally, in accordance with (8.119),

8¢ € Cweak—(*)([ov T]; M(2,)),

T
/O ‘DM(QS)[gg(t, 3,01 dr < ey, 1< p < oo. (8.135)

Remark Note that, as & > 0 is fixed, the L>-norm dominates the L'-norm in ;.

Roughly speaking, we have to show that solutions of the acoustic sys-
tem (8.129), (8.130) with “small” data are “small”. The main difficulty is that
the data are very irregular (measures) and so are the solutions. Note, however, that
regularity of [Z;, V(] is the same as that of [Z,, V,] as the approximate data are
regular.

Writing

[Ve-oa= [ Vepar= [ V- (gl + Hfp) s

where H is the Helmholtz projection in 2., we immediately see by taking ¥ (r)H[¢],
Y € C°([0, T) as test function in (8.130) that

%t»—>/ V;-H[qo]dx} — 0in C[0,T] as { — O.
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Thus showing (8.128) reduces to

sup
t€(0,7)

/ Ve(t,) - H[p] dx| < 0(2), 0(¢) — 0as { — 0. (8.136)

Our idea, similar to Sect. 5.4.6, is to regularize (8.129), (8.130) by means of the
spectral projections associated to the Neumann Laplacian Ay o,
Apn o, v = Av

defined on

DlAng.] = {v e W(Q,) | Vv - n|y, = 0 (in the sense of traces)} .

It is well-known that if 92, is regular, the operator —A y/ o, generates a self-adjoint
non-negative operator on the space L>(Q,). In particular, as Q, is bounded, the
eigenvalue problem

—Aw, = Ayw, in Qg, Viw, -nfp, =0

admits a countable sequence of eigenvalues Ag = 0 < A} < A,..., where the
eigenspace associated to Ag is spanned by constants, cf. (5.146). In particular, we
may define the functional calculus and the functions of —A o, by means of a
simple formula

G(-Bya)l] = 3 Ghafubun. ale] = [ vw, ds

j=0 @

see Sect. 11.1 in Appendix. We may also define a scale of Hilbert spaces

[e.]

Y AXan(v)? < oo, / vdx=0ifa <0
Jj=0 Q,

D(-An0.%) = v € LX)

Since D(—Axgq,) C W*%(Q.), where W?*%(,) is compactly embedded in
C(R2;), bounded sets in M(S2,) are compact in the dual space D((—Ax.q.)"}).
In particular, the linear form

0 H/Q H(1.) - Vg dr

can be understood as a bounded linear form acting on D((—Ax.0,)*/?). Applying
the Riesz representation theorem we get

[ Bete) Vg ar= [ gle-dxa) e ax. (8.137)
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with
%', Nz, < cllHe (@, )l o.:r3)
Next, we take a test function V,¢, V¢ - n|se, = 0in (8.130) to obtain
T T
8/ / V-0, Vip dx df + a)/ (Zg(t, ), A/\/’QS[(,OD dr
0 Ja. 0

T
- / Vor - Vip(0,) d + & / (0. Axo, [o]) dr
0

Qe
T T
+£/ / G;(t,-):szfpdxdtdt+£/ / h - Vg dx dr.
0o Ja. o Ja,

Here, similarly to (8.137), we have

[ Gy Ve = [ -bya il (8.138)
Qe Qe
with

Il 2% (. Mz, = clGel )@ r3x3),

and, similarly,

/Q he(t,7) - Vi dx = /ﬂ Xt ) (=Ang,) e] dx (8.139)
with
122 (8 ) 2@y < clhe(t, )10 o.m)-

Finally, since the embedding D((—Ax.q,)?) < C(8.) is compact, we have

(c(1.). An, o) = / 2 =By ) lo] dx. (8.140)

&

with
Il (. Nz, = CDM(QS)[gé'(tv ), 0].
Writing

Ve = H[V;] + V¥,
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we may reformulate the acoustic system (8.129), (8.130) as

T T
5/ < Ze(t,). 0,0 > dt—/ / W - Apg,lo] dxdr (8.141)
0 0 Ja.

T
= e < Z0p.g(0.) > +e / / 2 (—Axa) ] duds,
0 Q.
for any ¢ S Cl([os T]s D((_AN,95)3/2))’ @(Tv ) - 0,
T T
—8/ / W - 3;AN,QE[¢)] dx dr + a)/ (Zg(t, 3, AN’QE[('D]) dr
o Ja. 0
T
—e / Wo A, [¢]0.) dx + ¢ [ [ (=B leldt
n 0 Q&

&

T T
te / / (= Anra,lg] dedrdi + / / 2 (—Bara) o) dxdr,
0 Qe 0 Qe

where the latter can be rephrased as

T T
— s/ / W, - 0, dx dt + a)/ (Z:(t,), ) dt (8.142)
0 Ja. 0

T
=é /S;S ‘-I—’(),E(p(o, ) dx + 5/0 /QS X4(_ANQF)[§0]dl

T T
te / / P (—Axa)lg] dvdidr + ¢ [ [ £ (—Ana) ] drdi
0 Q. 0 Qe

for any ¢ € Cl([ov T]’ D((_AN,Qg)3/2))7 ¢(Tv ) =0.

Remark Formally, the system of equations (8.141), (8.142) can be written as
£0,Z; + Ay, Ve = —e(=Ana)*[x'].
60,0 + 0Z; = e(—An o) X' + e(=Ax o) X’] + e(=Dxa) ).

Such a formulation can be rigorously justified at the level of individual projections
onto the eigenfunctions of the operator Ay o, which corresponds to taking the test
functions in (8.141), (8.142) in the form

¢ = G(=Axg)W]. G CF(0,00).
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Note that such a procedure has already been performed in Sect. 5.4.6.

Solutions, or rather their spectral projections, of the linear system (8.141), (8.142)
can be conveniently expressed by means of the variation-of-constants formula,
namely

1

\ij(t’ ) = 2

exp (i’ (—0Ava) ) [Sor +io (CAxva) P 0] (5.143)

1 ! . _
+yexp (—i_(—odna)?) [Yos —io (~Axe) " 2o

1 [ —
b [ren ("] codua) ) [ava)ir

+(—An o)X+ (—Ane) 2] —iw (—Ane,) [x']] ds

4y [ (A" Conna) ) [Cava)l] + ~Axa)le)

2
+(=Ane) P +io (=Axe,) [1']] ds.
where we have set
V.o, = HY[Vo,].

In accordance with (8.132), we have

IVe%oslliz@.m) < & whence W = (—Ane,) [Vl 1Velli2,) < <t

Remark A similar formula holds for Z;, however, we do not need it here.

The identity between W, and the expression on the right-hand side of (8.143) is
to be understood in the sense of the Fourier coefficients

an:/ Wew, dx, n=1,2,...
Qs

w,, being the eigenfunctions of (—A nr g, ). In view of the uniform bounds established
in (8.131)—(8.135), in combination with (8.137)—(8.140), it is easy to deduce from
formula (8.143) that

“I"é'(ts ) = (_A./\/,Qs)_l W{ (ts )]7
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where

sup 1 (. )2, = o). o(§) = Oas & — 0.

Going back to (8.136) we easily observe that
/ Ve(t,) - H [p] dx = —/ Wediv,g dx
Q. Qe
=~ [ D) el v d

==, (—An.2) e (1) (= An) " [diveg] dx;

whence (8.136) follows as ¢ € C2°(£2,).

Step 3: Extension to 2 As shown in the previous two steps, the desired prop-
erty (8.120) can be verified replacing the original problem (with irregular data) by
the problem with regularized and compactly supported data specified in Sect. 8.6.1.
Moreover, extending the data to be zero in Q. \ 2 we may use the finite speed of
propagation property established in (8.124), together with Property (L), to observe
that we may consider the problem defined on the target domain €2. Thus our task
reduces to the following problem

H PrOBLEM (D):

For a given ¢ € C2°(£2) show that
%t — / V.0 dx} is precompact in L>(0,T) as ¢ — 0, (8.144)
Q

where [Z,, V] is a family of (regular) solutions of the acoustic system
£0,Z; + div,V, = ediv,H, (8.145)
€0, Ve + 0V, Z, = ¢ (div,G; + g) (8.146)
with the Neumann boundary conditions
V:-nlje =0, (8.147)
and the far field conditions

V., Z. — 0 as |x| — oo, (8.148)
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and the initial data
Z:(0,+) = Zpe, Veo(0,-) = V. (8.149)
The data enjoy the following regularity properties:

Zys € CX(Q), Vo, € C(2:R?),

(8.150)
1Zoe Nl +124+012) ) = ¢ I Vellznrooyiry) < ¢,
3 ’ 2
H e (011 % R, [ M1y ey 4 = (8.151)
T

G € (0. 1) x BB, [ IHI s s 81 = (8.152)

and
g€ C([0, 7] x Q:R?), sup [Ig(t.)ls5@ms) < ¢ (8.153)

t€l0,7]

where all constants are independent of ¢.

Remark Note that system (8.145), (8.146) is formally the same as (8.92), (8.93).
However, there are two essential features that make the present setting definitely
more convenient for future discussion: system (8.145), (8.146) is defined on the
(¢ independent) target domain €2 and admits unique classical solutions compactly
supported in [0, T] x .

8.7 Dispersive Estimates and Time Decay of Acoustic Waves

Our goal in this section is to give a positive answer to Problem (D) and thus complete
the proof of the strong (a.a. pointwise) convergence of the velocity fields claimed
in (8.61). To this end, we use the dispersive decay estimates for solutions of the
acoustic system (8.145), (8.146) on the unbounded domain 2. The method, formally
similar to that used in the previous section, is based on the spectral properties of the
Neumann Laplacian —A y g,

Ay v =A~AvinQ, Vv -nje =0, ve C(Q)

and its extension to a self-adjoint non-negative operator on that Hilbert space
L*(R), see Sect. 11.3.4 in Appendix. As a consequence of Rellich’s theorem (The-
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orem 11.10 in Appendix), the point spectrum of —A s is empty in sharp contrast
with its bounded domain counterpart —A s o,. Moreover, the spectrum of —A s o
is absolutely continuous and coincides with the half-line [0, co), see Sect. 11.3.4
in Appendix. In particular, we may develop the spectral theory, define functions
G(—Apn ) for G € C(0,00), and the associated Hilbert spaces D((—Anrq)%),
a € R, see Sect. 11.1 in Appendix.

8.7.1 Compactness of the Solenoidal Components

Similarly to the preceding part, we observe that (8.144) holds true for solenoidal
functions, in particular

%t — / V. - Hp] dx} is precompact in L2(0, T) as & — 0.
Q

Writing V. in terms of its Helmholtz decomposition
Vs = H[Vs] + qu"&

we therefore conclude that it is enough to show
{t — / V.U, - @ dx} is precompact in L*(0, T) as ¢ — 0.
Q

Moreover, as the gradient part V, W, is expected to disappear in the asymptotic limit
(cf. (8.60)), we may anticipate a stronger statement

{t — / V.U, - @ dx} — 0 (strongly) in L*(0, T) as ¢ — 0. (8.154)
Q

for any fixed ¢ € C°(Q; R?).

Remark Note that (8.154) cannot hold on any domain, where —Arq admits
positive eigenvalues, in particular if 2 was a bounded domain, as can be observed
from the variation-of-constants formula (8.143). On the other hand, we will see that
the absence of eigenvalues is basically sufficient to produce (8.154).

8.7.2 Analysis of Acoustic Waves

Similarly to the preceding section, system (8.145), (8.146) can be written in the
form of
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B LINEAR WAVE EQUATION:

£0,Z: + A oW, = ediv H,, (8.155)
£0, ¥, + wZ, = e(An o) 'div, (div,G, + g) (8.156)

with the Neumann boundary conditions

VoW, -nfpe =0, (8.157)
the far field conditions
W, Z, — Oas |x| - oo, (8.158)
and the initial data
Z.(0,) = Zo,, Ve0(0,) = Ao~ 'divi V. (8.159)

Our aim is to rewrite the linear operators on the right-hand sides of (8.155),
(8.156) in the form

G(—An.q)[h] where h € L*(0, T; L*(R)),
cf. Step 2 in Sect. 8.6.2.

e As H admits the bound (8.151) and is compactly supported in €2, the linear form

@~ / div, H(t, ) dx = —/ H(t,-) - Vip dx
Q Q

is continuous on the space of functions ¢ having their gradient V¢ bounded in
L? N L™, in particular, it is continuous on the Hilbert space

D((—=An2)'?) N D(=An0)?),
Indeed, by virtue of the standard elliptic regularity estimates (see Theorem 11.12
in Appendix), the gradients of functions in D((—=Ax.0)"/?) N D((—An0)*?)

belong to L*(S2), with their second derivatives bounded in L?*(2); whence
bounded in W?2(2) C (L> N L*®)(K2). Thus we can write

div,.H = ((—AN,Q)3/2 + (—AN,Q)I/Z)[XI], ||)(l ||L2(0,T;L2(Q)) <c (8.160)
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e Similarly,
divig = (“An.2)? + (—An.2) " D)2’]
therefore, by virtue of (8.153),

Axe~'divig = (—An2)"? + (=Ax2) ™D sup 142G ) @) < e

t€l0,7]
(8.161)
¢ The expression div,div,G can be identified with

dividiviG = (=Aw.2)* + (=An.2) "D)X);
whence, by virtue of (8.151),

An o7 div,diviG = (—Ane) + (=Ax2) DL 1 1 20re@) < c

* Finally, in accordance with (8.150), the initial data can be written as (8.162)
Zoe = ((ANn2)* + (=An2)?) [x*].
Voo = (—An2) 2L 1X 2 <c.
Consequently, system (8.155), (8.156) takes the form
£0Z: + AnaVe = e(An2)*? + (An2) D] (8.163)
eV, + wZ = e((—An0) + (—=An.2) A (8.164)
where
I 2oz + 1 2oree < ¢ (8.165)
Zoe = ((mAn2)* + (—Axn2) ) [z0e]. Wor = (=An.2) " [Wo.l
0.6 llz2) + IYo0ell2@) < c. (8.166)
Remark We have used a simple observation that
F(=Axg)lal + G(=Anx0)[b] = (F(-Ax.0) + G(=Ax.0))ld].
F(=Anx.) ] + F(-Anxg) b] € 12(Q)

T (F(-Ang) + G(-Axa) (F(=Anx0) + G(=Ax0))

whenever F,G > 0, a,b € L*(Q).
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At this stage, we evoke the variation-of-constants formula introduced in (8.143)
to compute W, :

W) = e (i (oaxa)?) [(Ava) o] (8.167)

+io (—Ane)? + (~Axn.0) ") [z0.]]
e (i Conna) ) [(-Ava) o]
—io (—An0)? + (—An2) ") [20.]]
+y [ (i cotna)?) [(“axa) + —Axar 1)
Fio(—Ay.a) + Id)[f;]] ds
4y [ew (4" ot ) [(-oxa) + Cava) )
—iw((—An.a) + Id)[f;]] ds.
Now, take G; € C2°(0, 0o) such that
0=<G; =<1, Gi(z) =1forz e[t ;], > 0.

Going back to (8.154), we write

/ V., - dx = —/ W, div,g dx = (8.168)
Q Q

- [ Gieaxa v v+ [ (GH-Axa) ~10) Wldivip dx.
where
/Q (Gg(—A o) — Id) [W,]divig dx = /Q v, (Gg(—A o) — Id) [div.¢] dx.

In accordance with the explicit formula (8.167) and the bounds (8.165), (8.166),
we have

U, = (—An2)? + (mAn2) ") [Vel,
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where

sup [[Ye(t, )l 2y < ¢
t€[0,7]

Consequently, writing
2 —A _ :
| (G -txe) ~10) divg] ax
= /Q (~Axe) + (~Axa)™") W] (GH-Axa) — 14) divg] dx

= [ (G ane) 1) [(CAwa)* + (~Axa) ) divig] dr

we get

‘ / (Gg(—A o) — Id) [W,]divee dx| < 0(¢), 0(f) — 0as & — 0
Q

uniformly in € as soon as we observe that
(Ane)? + (~Ane)™") [divig] € L2(Q).

Indeed

(—Ax0)*[divig] € LX(R)
as ¢ is smooth and compactly supported, while, by the same token,

div,@ € [P(Q2) forany 1 < p < oo,
therefore, by the L”-elliptic estimates (see Theorem 11.12 in Appendix),
(=An ) 'divep] € D'7(Q) forany 1 < p < oo,

and the desired conclusion

(—Ax0)” [divip] € L*(R)
follows from Sobolev inequality.

Consequently, in view of (8.168), verifying validity of (8.154) amounts to
showing

%t — / G%(—AN’Q)[\I]S] -div,p dx{ — 0 (strongly) in L*>(0,T) as ¢ — 0
Q
(8.169)
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for any fixed ¢ € C®(Q2;R?) and any fixed { > 0. As U, is given (8.167), the
problem reduces to suitable time decay properties of

ot
1Ge(—Bxa)exp (i (@Axa)"?) [H]. 7 € C¥(@). (8.170)
with & belonging to a bounded set in L?(2), and
! A= 12 00
1Ge-dxa) [exp (5 wha)?) o ds re @, @1
0

with & belonging to a bounded set in L(0, T; L>(R2)).

8.7.3 Decay Estimates via RAGE Theorem

In order to establish (8.170), (8.171) we use the celebrated RAGE Theorem, see Reed
and Simon [237, Theorem XI.115], Cycon et al. [66]. The reader may consult
Sect. 11.1 in Appendix for the relevant part of the spectral theory for self-adjoint
operators used in the text below.

B RAGE THEOREM

Theorem 8.1 Let H be a Hilbert space, A : D(A) C H — H a self-adjoint
operator, C : H — H a compact operator, and P, the orthogonal projection onto
H., where

H=H.® CIH{span{w € H | w an eigenvector ofA}}.
Then

— 0 for T — 0. (8.172)

1 T
H / exp(—itA)CP. exp(itA) dt
T Jo L(H)

We apply Theorem 8.1 to
H=1Q). A= (-0Ayg0)"? C=G(-Axg). P =1d,
with

XECP(Q), 120, GeCP(0,00),0=G=1.
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Remark The operator C = y>G(—Ar.q) represents a cut-off both in the physical
space R? represented by the compactly supported function y and in the “frequency”
space represented by picking up a compact part of the spectrum of —Ax g
belonging to the support of G. It is easy to see that

G(—Ang) CD((Apnq)¥) forany a € R,
in particular
IVHAG(=An )]z < c®)|v]2 ) forany k > 0

ensuring local compactness in L2.

Taking t = 1/¢ in (8.172) we obtain

’ I Lt
/ <exp (—1 (—Q)AN’Q)I/Z) 1>G(—=Ay.q)exp (1 (—Q)AN’Q)I/Z) X; Y> dr
0 € e 2(Q)
<o) X2@ Y lz@), o(e) > 0ase — 0.
Thus for Y = G(—Axr.o)[X] we deduce that

2

dr (8.173)

/ rocavamen (i coavw?)ix "

< 0(€)||X||i2(9) for any X € L*(R2), o(¢) — O as ¢ — 0,

yielding (8.169) for the component of W, given by (8.170).
Similarly, we have

2

Hx / G Aya)exp (' Codne) ) Y] ds (8.174)
0 £

S

=/ ' / rocanaren (i Conva) ) o)

&

L2((0.T)x)

2
dr
2(Q)

dt ds
Q)

g =
| x6eaxaren (i
0

(—oAxa)"?) [Y(s)] ds

&

2
‘LZ(
2

ds
L2(Q)

=oe) [ ewn (<1f cornar?) o)

T
= 0(5)/0 1Y ()72 ds, o(e) = Oase — 0,
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which implies (8.169) for the component of W, given by (8.171).
Having completed the proof of (8.144) we have shown the strong convergence of
the velocities claimed in (8.61).

B LoCAL DECAY OF ACOUSTIC WAVES:

Theorem 8.2 Let {Q.}.~0 be a family of bounded domains in R3, with C**V
boundaries

02, =TUT,

enjoying PROPERTY (L). Let F be determined through (8.18), where m > 0 is a
bounded measurable function,

supp[m] C R3 \ Q,

Q being the exterior domain, 02 = I'. Assume that the thermodynamic functions p,

e, s as well as the transport coefficients [, k satisfy the structural hypotheses (8.41)—

(8.48). Let {0¢,0;, O }es0 be a weak solution of the NAVIER-STOKES-FOURIER

SYSTEM (8.1)—(8.6)in (0, T) x 2, with the complete slip boundary conditions (8.11)

in the sense specified in Sect. 5.1.2. Finally, let the initial data satisfy (8.28)—(8.31).
Then, at least for a suitable subsequence, we have

u, — Uin L*((0,T) x K;R®) for any compact K C R,
with

U € L0, T; W"(2: R%)), div,U = 0.

Remark Smoothness of the boundaries 0€2, is necessary as we have repeatedly used
the regularity theory for the Neumann Laplacian. Recall that RAGE Theorem is
applicable under the mere assumption of the absence of eigenvalues of A s . On
the other hand, we have no information on the rate of decay. In Sect. 8.9 below, we
shall discuss other possibilities to deduce dispersive estimates with an explicit decay
rate in terms the parameter ¢ > 0.
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8.8 Convergence to the Target System

Since we have shown strong pointwise (a.a.) convergence of the family of the
velocity fields {u.}.~¢o we may let ¢ — 0 in the weak formulation of the NAVIER-
STOKES-FOURIER SYSTEM to deduce as in Sect. 5.3 that

Qe —
&

N r weakly-(*) in L*°(0, T; L3(K)) for any compact K C 2,

U, — 0
€

— O weakly in L*(0, T; W'*(Q)),
cf. (8.59), and
weakly in L2(0, T; W'2(Q: R?))
u —> U

and (strongly) in L?((0, T) x K) for any compact K C €,

cf. (8.60), where [r,®,U] solves the OBERBECK-BOUSSINESQ APPROXIMA-
TION (8.14)—(8.17) in (0, T) x 2. Specifically, we have

div,U =0a.a.on (0,7) x €2,

T
/ / (0(U- 3¢ + (U U) : V,)) dxdr (8.175)
0 Q

T
:—/QUO'qodx—f—/ /S:ngo—rVXFdxdt
Q 0 Ja

for any test function ¢ € C®([0,T) x 2;R%), div,¢ = 0, ¢ - n|yg = 0, where
S = u(®)(V,U + V,'U).
Furthermore,
0c, (e, 19)[8,(9 n divx(®U)] — kAO — oda(o, 9)div,(FU) = 0 a.a. in (0,T) x Q,
Vid - nfye = 0,0(0,-) = O,
and

r+ oa(o,9)® = 0a.a.in (0,7T) x Q.
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Similarly to the primitive system, the limit velocity field U satisfies the complete
slip boundary conditions condition

U-n|yq = 0and [Sn] x n|yg = 0,

where the latter holds implicitly through the choice of test functions in the
momentum equation (8.175).

Exactly as in Sect.5.5.3 the adjustment of the initial temperature distribution
experiences some difficulties related to the initial time boundary layer. While the
initial conditions for the limit velocity are determined through

up, — Uy weakly in L2(Q; R?),

the initial value of the temperature deviation ®, reads

s as(0, ) @y , 9s(0,P) ()
O, = + g , 8.176
0 CP(Q, 19) ( aQ Qo o 0 ( )

where
o5 — 0y, 05 — 95" weakly in L2(R2).
Thus if Qél), z‘}él) satisfy

ap(o, ¥ dp(o, ¥
p(o )Q(()l)+ p(e.9)

9" =0,
9o g O

which is nothing other than linearization of the pressure at the constant state (o, ¥)
applied to the vector [Q(()l), 19(()1) ], relation (8.176) reduces to

9 = oV,

We have shown the following result.

HM Low MACH NUMBER LIMIT: LARGE DOMAINS

Theorem 8.3 Let {Q.}.~0 be a family of bounded domains in R3, with C**V
boundaries

02, =TUT,

enjoying PROPERTY (L). Let F be determined through (8.18), where m > 0 is a
bounded measurable function,

supp[m] C R*\ Q,
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Q being the exterior domain, 02 = I'. Assume that the thermodynamic functions p,
e, s as well as the transport coefficients [, k satisfy the structural hypotheses (8.41)—
(8.48). Let {0¢,0;, O }es0 be a weak solution of the NAVIER-STOKES-FOURIER
SYSTEM (8.1)—(8.6)in (0, T) x 2, with the complete slip boundary conditions (8.11)
in the sense specified in Sect. 5.1.2. Finally, let the initial data satisfy

00 = Be + €052, Do =0 + Dy,

where
||§§)2||L20L°°(QF) =g ||l9(§13||L2r1L°°(Q )=
/ 50 dx = / 5 dx
Q(()lz — Qél) weakly in L*(Q), 198}8) — z‘}él) weakly in L*(Q),
and

lao.e | 2nz00 0,3 < €. o — U weakly in L*(Q; RY).

Then, at least for a suitable subsequence, we have

e:—Q r weakly-(*) in L*(0, T; L*/3(K)) for any compact K C Q,
€
195 -0 . 2 .2
— @ weakly in L*(0, T; W"*(2)),
€
weakly in L>(0, T; W' (Q: R3))
u —> U

and (strongly) in L*((0, T) x K) for any compact K C .,

where [r,®,U] is a weak solution OBERBECK-BOUSSINESQ APPROXIMA-
TION (8.14)—(8.17)in (0, T) x 2, with the initial data

N — N v 9s(0, ) 1y , 9s(e,?) ()
U(0,+) = H[ug], ©(0,-) = (0. 9) ( %0 Qo T A )

Remark We have tacitly assumed that the initial data were suitable extended outside
Q, to the whole space R3.
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8.9 Dispersive Estimates Revisited

The crucial arguments used to derive the dispersion estimates in Sect. 8.7.3 were all
based on the decay rate d = d(e, ¢, G) of the integral
dr < d(e, 9. G) | V|2

T
/
(8.177)

In particular, we have shown, by means of RAGE Theorem, that d(e, ¢, G) — 0 as
e — 0 for any fixed ¢ € C°(R2) and G € C°(0, 00) as long as —A 7 o does not
possesses any proper eigenvalues in its spectrum. In this section, we examine (8.177)
in more detail and show that certain piece of qualitative information concerning
d may be available at least on a special class of domains including the exterior
domains considered sofar in this chapter. To this end, refined tools of the spectral
theory will be used, in particular the properties of the spectral measure associated
to the function ¢. The reader may consult Sect. 11.1 in Appendix for the relevant
results used in the text below.

2

<exp (:bi; (—AN,Q)I/Z) (W], G(—AN,Q)[¢]>

LX(Q)

8.9.1 RAGE Theorem via Spectral Measures

We start by rewriting the integral

(eXP (ii ; (—AN,Q)I/Z) V], G(=Axe) [¢]>LZ(9)

to a more tractable form. Following the language of quantum mechanics, notably
the work by Last [181], we use the spectral measure i, associated to the function
¢. Given [, any function W possesses its representative W, such that
W, € L*([0,00), 1ty), Wy ll20.00000) < I¥ll2()
and
(H(=An2)[¥].¢) 20 = /[ HA)W, () duy,
0,00)

in particular

(exp (i (~An.0)"2) [9] G(—Ax0)lel) (8.178)
£ L2(Q)

.t
= /[0 )exp (:blgkl/z) G(A)Wy(A) dity.
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Accordingly, we write

r

2
dr (8.179)

(exp (1] (Axa)”?) (91, G-Ax0) o))

:/OT

<e [ ” exp(—/T))

L2()

2
dr

f exp (i IAI/Z) GO, () dp,
[0.00) €

2
dr

f[ exp (j:i;)t‘/z) G, () dp,

0,00)

=e [[Om) /M [ [_ Z exp(—(1/T)) exp (ii: (x72 = y'1)) dz] x

XGX)G() Wy ()W () ditg (x) dpty (y)

12 _ . 1/2)2
—erva [ [ e (- ) G600, 09,00 a9 0,0
[0,00) J[0,00)
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Remark We have used the explicit formula

oo _A2
/ exp(—t%) exp(£iAr) = /7 exp( A ) .

—00

Thus, finally, by means of Holder’s inequality,
T
J

< eT\/n/

[0,00)

2
dr (8.180)

(oxp (4] (—Awa)"?) (9. G-Ax0)le])

L2(2)

4¢2

X|GW[Wy (¥)] dpty ()
<eTm sup |G(z)|*x

2€[0,00)

12 _ . 1/212
[/{0 )exp(—Tz'x y |)IG(X)II‘P¢(x)Idu¢(X)}><

1/2

2|xl/2_yl/2|2 )
X / / exp| —T 5 dpg (x)dpy (y) ¥y ||L2[0.oo)
0.00) J[0.00) de '

<eTm sup |G(z)|*x

2€[0,00)

1/2

2 [x/2 =y 2P R
x (/ / exp (—T 12 ) dﬂw(x)dﬂw(y)) 1172 0)-
[0,00) /[0,00) &
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We infer that (8.177) holds with

d(s, 9,G)

x1/2 _yl/22 1/2
—eTyr swp GQP (/{0 I, )exp(_ﬂ' o) aeano)
Neo o ,00

2€[0,00)

where

|x1/2 _y1/2|2 12
(/[ /[ )exp (_T2 42 ) dpy (x)dpty (Y)) — 0fore >0
0,00) J[0,00

as long as the spectral measure /1, does not charge points in [0, 00), meaning as long
as the point spectrum of the operator A is empty (cf. Sect. 11.1 in Appendix).
We have recovered the statement shown in the previous section by means of RAGE
Theorem.

8.9.2 Decay Estimates via Kato’s Theorem

An alternative approach to study the local decay of acoustic waves is based on an
abstract result of Tosio Kato [166] (see also Burq et al. [44], Reed and Simon
[237, Theorem XIII.25 and Corollary]).

B KATO’S THEOREM

Theorem 8.4 Let C be a closed densely defined linear operator and A a self-adjoint
densely defined linear operator in a Hilbert space H. For A ¢ R, let Rs[A] =
(A — AId)™! denote the resolvent of A. Suppose that

I'= sup [C o Ra[A] o C*[]|lm < o0. (8.181)
AER, v€D(CY), |lvlln=1

Then

T o0
sup / ||C exp(—itA) [w]||)2( dr < T2

weX, [wlag=1 00
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Anticipating, for a while, that A = (—Axr.q)'/?, C—the projection onto the 1D-
space spanned by g, satisfy the hypotheses of Kato’s theorem, we get

T
J
T/e
:8/
0

meaning (8.177) holds with an explicit decay of d of order ¢. This is because the
piece of information hidden in hypothesis (8.181) is definitely stronger than the
mere absence of eigenvalues required by RAGE Theorem. In fact, as we shall se
bellow, relation (8.181) is basically equivalent to the so-called limiting absorption
principle for the operator A s q, cf. Vainberg [263]. Our plan for the remaining
part of this section is to use a direct argument, based on the spectral measure
representation introduced above, to show explicit decay rate for d in (8.177), among
which (8.182) as a special case. To this end, we adopt an extra assumptions on the
cut-off function G, namely

(exp (ii(—Am)l/z;) [¥].¢) C (8.182)

L2(Q)

2
(exp (£i(—An2)"?7) [\.IJ],@)LZ(Q)) dr < gr2(¢)||\11||i2(9),

supp[G] C [a,b], 0 <a < b < c0. (8.183)

Exactly as in (8.179), we have
T
/
12 _y1/22

< el f exp (_T2|X o )G(X)G(Y)‘I’w(x)‘*p«)()’) Q1 () dy ()
[0,00) J[0,00) €

2

oxp (£ Axa)?) 91 Gavallel) [dr 184

L2(2)

12 _ 1212
—erva [ [ e (-2 ) 60608, 019,0) de ) ake)
la,b] /[a,b]

4g2

) 5 S x/2 _yl/2p2
S/[a,h]G ()| Wy (x)] (/[a,h] exp (—T 12 A | dig (),

where we have used the Cauchy-Schwartz inequality and Fubini’s theorem in the
following way:

/ / K@ )f(f0) dp@)du(y) = / ( / K(x,y)fo)dum)f(x)du(x)

1/2 1/2
<[ 1f(x)|( / K(x,y)fz(y)du(y)) ( / K(m)du(y)) e

1/2 1/2
( / ( / K(x,y)du(x))fz(y)du(y)) ( / ( / K(x,y>du(y))f2(x)du(x))
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yielding the desired conclusion for the symmetric kernel

12 1722

|x
K(x,y) = -T?
(x.y) = exp ( 42

) = K(y,x).

Now, the kernel in the last integral in (8.184) can be written as

|x1/2 _y1/2|2
exp | -T7 d
/[‘ e ( 462 1o (¥)
00
/2 — yl/22 72
=y / exp (— R 4 ) de®)
=0 en<|y!/2—x1/2|<e(n+1), y€la,b] €

> n’T?
< sup {/ 1[a,b]d,u¢(y)} Zexp (— ) .
n>0 \Jen<|y!/2—x1/2|<e(n+1) —0 4

As only the points x € [a, b] are relevant in evaluating

sup % / apdity (y)}
n=0 Jen<|y!/2—x1/2|<e(n+1)

relation (8.184) gives rise to
T 2
J

(exp (%] (~Ax2)"?) W1, G(-Axa)lel) | a

L2(2)

< e(T) sup |G| [z,

z€|Ja,b]

X sup {/ 1[a,;,](y)dp,¢(y)}.
n>0,x€[a,b] en<|y!/2—x!/2|<e(n+1)

For each fixed \/x, n, the length of the interval of y's satisfying
en <|y?—x"? <em+1),a<y<b

does not exceed ¢ (al/ 24 pY 2) therefore

/ s (0)d1tg (v) < ec(a, b, ¢) (@' + b'/?)
en<|y!/2—x!/2|<e(n+1)

365

(8.185)

(8.186)
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provided p, is absolutely continuous with respect to the Lebesgue measure on [a, b]
and

elll < c(a, b, p)|I| for any closed interval I C [a, b]. (8.187)
Relations (8.186), (8.187) give rise to (8.177) with
d(e,¢,G) = ec(p, G);

it remains to show sufficient conditions for (8.187) to hold. The value of 1,[o, B]
can be evaluated by means of Stone’s formula (formula (11.1) in Appendix)

olar. B] (8.188)

B+6 1 1
= lim lim <( I . )<p,<p> da,
§—0+ n—>0+ a+s —AN’Q —A— 1 —AN’Q —A + 1 12(Q)

consequently, (8.187) holds as soon as the operator —A .o satisfies the so-called
limiting absorption principle (LAP).

B LIMITING ABSORPTION PRINCIPLE:

We say that — A q satisfies limiting absorption principle (LAP) if
Operators
Vo(=Anxg—-Axin) oV L2(Q) = L2(Q), V[v] = (1 + [x])2, s> 1

are bounded uniformly for A € [a, 8], 0 <a < 8, n> 0,

It is known that —A s o satisfies (LAP) if €2 is an exterior domain with a smooth
boundary considered in this chapter, see Theorem 11.11 in Appendix. Accordingly,
we have

r

provided

2
dr < ec(g, a, b)||‘1’||§2(sz)

(8.189)

(exp (£ —Av)"2) W1, G(-Ava)lel)

LX(Q)

G € C°(0,00), supp[G] C [a,b], 0 <G < 1.
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8.10 Conclusion

Apart form the exterior domains considered in this chapter, there is a vast class of
domains on which the operator —A nr.o has empty point spectrum or even satisfies
the limiting absorption principle. Obviously our method can be extended to the
situation when these domains are approximated by a suitable family of bounded
domains. A relevant example is the perturbed half-space studied in [123].

Another possibility how to exploit the stronger decay rate stated in (8.189) is the
situation, where the boundary of €2, varies with ¢, in particular, it may contains one
or several “holes” vanishing in the asymptotic limit ¢ — 0, see [122].

There are intermediate decay rates of d(e, G, ¢) for spectral measures that are
a-Holder continuous with respect to the Lebesgue measure, see Strichartz [252].
Other interesting extensions were obtained by Last [181].
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