
Chapter 7
Comparison Between Theory
and Experiment and Future Perspectives

7.1 Experimental Results Confront Standard Theory

The anomalous magnetic moment of the muon provides one of the most precise
tests of quantum field theory as a basic framework of elementary particle theory
and of QED and the electroweak SM in particular. With what has been reached
by the BNL muon g − 2 experiment (see Table7.1), namely the reduction of the
experimental uncertainty by a factor 14 to ∼63 × 10−11, a new quality in “diving
into the sea of quantum corrections” has been achieved: the four/five loop order
QED [∼381/5 × 10−11] known thanks to the heroic efforts of Aoyama, Hayakawa,
Kinoshita and Nio [3, 4] and Laporta [5], the weak correction up to 2nd order
[∼154×10−11] and the hadronic light–by–light scattering [∼100×10−11] are now in
the focus. The uncertainty of theweak corrections has been substantially reducedwith
the discovery of the Higgs boson, which revealed its mass within a small error band.
The hadronic vacuum polarization effects which played a significant role already for
the last CERN experiment now is a huge effect of more than 11 SD’s. As a non–
perturbative effect it still has to be evaluated largely in terms of experimental data
with unavoidable experimental uncertainties which yield the biggest contribution to
the uncertainty of theoretical predictions. However, due to substantial progress in
the measurement of total hadronic e+e−–annihilation cross sections, the uncertainty
from this source has reduced to a remarkable ∼35 × 10−11 only. This source of
error now is only slightly larger than the uncertainty in the theoretical estimates of
the hadronic light–by–light scattering contribution [∼29× 10−11]. Nevertheless, we
have a solid predictionwith a total uncertainty of∼45×10−11, which is clearly below
the experimental error of the muon g − 2 measurement. A graphical representation
for the sensitivity and the weight of the various contributions is presented in Fig. 3.8
(see also Table7.2 and Fig. 7.3). For another recent summary see [6]. We now have
at the same time, a new very sensitive test of our current theoretical understanding of
the fundamental forces and the particle spectrum, and a stringent bound on physics
beyond the SM entering at scales below about 1 TeV. But, may be more important is
the actual deviation between theory and experiment at the 4 σ level which is a clear
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Table 7.1 Progress from CERN 1979 to BNL 2006 [∗ = CPT assumed]

CERN 1979 [1] BNL 2006 [2]

aμ+ 1165911(11) × 10−9 11659204(7)(5) × 10−10

aμ− 1165937(12) × 10−9 11659214(8)(3) × 10−10

aμ ∗ 1165924(8.5)10−9 11659208(4)(3) × 10−10

(aμ+ − aμ− )/aμ −(2.2±2.8) × 10−5 −(8.6±18.2) × 10−7

dμ (EDM) ∗ (3.7±3.4) × 10−19 e · cm < 2.7 × 10−19 e · cm
atheμ 1165921(8.3)10−9 11659179.3(6.8)10−10

atheμ − aexpμ (−3.0±11.9) × 10−9 (−28.7±9.1) × 10−10

(atheμ − aexpμ )/aexpμ −(2.6±10.2) × 10−6 −(2.5±0.8) × 10−6

Table 7.2 Standard model theory and experiment comparison

Contribution Value ×1010 Error ×1010 Reference

QED incl. 4-loops + 5-loops 11658471.886 0.003 [4, 5]

Hadronic LO vacuum polarization 689.46 3.25 (5.99)

Hadronic light–by–light 10.34 2.88 [9–13]

Hadronic HO vacuum polarization −8.70 0.06 [7, 8]

Weak to 2-loops 15.36 0.11 [14–17]

Theory 11659178.3 3.5 –

Experiment 11659209.1 6.3 [2]

The. - Exp. 4.3 standard deviations −30.6 7.2 –

indication of something missing. We have to remember that such high precision
physics is extremely challenging for both experiment and for theory and it is not
excluded that some small effect has been overlooked or underestimated at some
place. To our present knowledge, it is hard to imagine that a 4 σ shift could be
explained by known physics. Thus New Physics seems a likely interpretation, if it is
not an experimental fluctuation (3 σ : 0.27% chance, 4 σ : 0.0063% chance).

It should be noted that among all the solid precision tests, to my knowledge,
the muon g − 2 shows the largest established deviation between theory and experi-
ment. Actually, the latter has been persisting since the first precise measurement was
released at BNL in February 2001 [18], and a press release announced “We are now
99 percent sure that the present Standard Model calculations cannot describe our
data”. A 2.6 σ deviation was found at that time for a selected choice of the hadronic
vacuum polarization and with the wrong sign hadronic LbL scattering contribu-
tion.1 In the meantime errors went further down experimentally as well as in theory,2

1With the correct sign of the hadronic LbL term the deviation would have been 1.5 σ based on
the smallest available hadronic vacuum polarization. With larger values of the latter the difference
would have been smaller.
2To mention the sign error and the issue of the high energy behavior in the LbL contribution or
errors in the applied radiative corrections of e+e−–data or missing possible real photon radiation
effects by the muons.

http://dx.doi.org/10.1007/978-3-319-63577-4_5


7.1 Experimental Results Confront Standard Theory 611

especially the improvement of the experimental e+e−–data, indispensable as an input
for the “prediction” of the hadronic vacuumpolarization, and the remedyof thewrong
sign of the π0 exchange LbL term has brought us forward a big step. The theoretical
status, the main theme of this book, has been summarized in Sect. 3.2.3 (see Table3.5
and Fig. 3.8) the experimental one in Sect. 6.5 (see Table6.2 and Fig. 6.13). The jump
in the precision is best reminded by a look at Table7.1 which compares the results
from the 1979 CERN final report [1] with the one’s of the 2006 BNL final report [2].

The CPT test has improved by an order of magnitude. Relativistic QFT in any
case guarantees CPT symmetry to hold and we assume CPT throughout in taking
averages or estimating newphysics effects etc. Theworld average experimentalmuon
magnetic anomaly, dominated by the very precise BNL result, now is [2]

aexpμ = 1.16592091(54)(33) × 10−3 , (7.1)

with relative uncertainty 5.4 × 10−7, which confronts the SM prediction

atheμ = 1.16591783(35) × 10−3 , (7.2)

and agrees up to the small but non–negligible deviation

Δaμ = aexpμ − atheμ = 306±72 × 10−11 , (7.3)

which is a 4.3σ effect. Errors have been added in quadrature.Note that the experimen-
tal uncertainty is still statistics dominated.3 Thus just running the BNL experiment
longer could have substantially improved the result. Originally the E821 goal was
δaexpμ ∼ 40 × 10−11. Figure7.1 illustrates the improvement achieved by the BNL
experiment, status by end 2009. The theoretical predictions mainly differ by the L.O.
hadronic effects, which also dominates the theoretical error.

More recent progress in the determination of theHVPhas been achievedmainly by
the ISR hadronic cross section measurements. Some recent evaluations are collected
in Fig. 7.2. The last entry [19] is based on the evaluation of all data and pQCD is
used only where it can be applied safely according to [20, 21] and as discussed
in Sect. 5.1.7. Differences in errors come about mainly by utilizing more “theory–
driven” concepts4: use of selected data sets only, extended use of perturbative QCD
in place of data [assuming local duality], sum rule methods, low energy effective

3The small spread in the central values does not reflect this fact, however.
4The terminology “theory–driven” means that we are not dealing with a solid theory prediction. As
in some regions only old data sets are available, some authors prefer to use pQCD in place of the data
also in regions where pQCD is not supposed to work reliably. The argument is that even under these
circumstances pQCDmay be better than the available data. Thismay be true, but one has to specified
what “better” means. In this approach non–perturbative effects are accounted for by referring to
local quark–hadron duality in relatively narrow energy intervals. What is problematic is a reliable
error estimate. Usually, only the pQCD errors are accounted for, essentially only the uncertainty in
αs is taken into account. It is assumed that no other uncertainties from non–perturbative effects
exist; this is why errors in this approach are systematically lower than in more conservative data

http://dx.doi.org/10.1007/978-3-319-63577-4_3
http://dx.doi.org/10.1007/978-3-319-63577-4_3
http://dx.doi.org/10.1007/978-3-319-63577-4_3
http://dx.doi.org/10.1007/978-3-319-63577-4_6
http://dx.doi.org/10.1007/978-3-319-63577-4_6
http://dx.doi.org/10.1007/978-3-319-63577-4_6
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100 200 300

CERN (79)
TheoryKNO (85)

E821 (00) μ+

E821 (01) μ+

E821 (02) μ+

E821 (04) μ−
Average 209.1 ± 6.3
E989/J-PARC goal

EJ 95 (e+e−) 181.3 ± 16. [1.6 σ]

DEHZ03

⎧⎨
⎩

(e+e−)
(+τ)

180.9 ± 8.0 [2.7 σ]
195.6 ± 6.8 [1.3 σ]

GJ03 (e+e−) 179.4 ± 9.3 [2.5 σ]
SN03 (e+e− TH) 169.2 ± 6.4 [4.3 σ]
HMNT03 (e+e− incl.) 183.5 ± 6.7 [2.7 σ]
DEHZ06 (e+e−) 180.5 ± 5.6 [3.3 σ]
HMNT06 (e+e−) 180.4 ± 5.1 [3.4 σ]
JN09 (e+e−) 179.0 ± 6.5 [3.2 σ]
DHea09 (e+e−) no BaBar 177.7 ± 5.1 [3.6 σ]

DHea09 (+τ) 193.2 ± 5.2 [1.8 σ]
DHea09 (e+e−) incl BaBar 183.4 ± 4.9 [3.1 σ]

aμ×1010-11659000

Fig. 7.1 Comparison between theory and experiment status 2009. Results differ by different L.O.
hadronic vacuumpolarizations andvariants of theHLbLcontribution (seeFig. 5.66). Someestimates
include isospin rotated τ–data (+τ )), which here are missing however γ − ρ mixing corrections,
why I marked them. EJ95 vs. JN09 illustrates the improvement of the e+e−–data between 1995 and
2009 (see also Table5.4 and Fig. 6.13). E989 shows the expectation from the follow–up experiment
of E821

methods [31–33]. The ∗∗ marked results include the most recent data from SND,
CMD-2, KLOE, BaBar and BES-III [34–40].5 In some analyses (as indicated) τ data
from ALEPH, OPAL, CLEO and Belle [44–48] have been combined with the e+e−

(Footnote 4 continued)
oriented approaches. Note that applying pQCD in any case assumes quark–hadron duality to hold in
large enough intervals, ideally from threshold to ∞ (global duality). My “conservative” evaluation
of ahadμ estimates an error of 0.8%, which for the given quality of the data is as progressive as it
can be, according to my standards concerning reliability. In spite of big progress in hadronic cross
section measurements the agreement between different measurements is not as satisfactory as one
would wish. Also more recent measurements often do not agree within the errors quoted by the
experiments. Thus, one may seriously ask the question how such small uncertainties come about.
The main point is that results in different energy ranges, as listed in Table5.2 in Sect. 5.1.7, are
treated as independent and all errors including the systematic ones are added in quadrature. By
choosing a finer subdivision, like in the clustering procedure of [29], for example, one may easily
end up with smaller errors (down to 0.6%). The subdivision I use was chosen originally in [30] and
were more or less naturally associated with the ranges of the different experiments. The problem is
that combining systematic errors is not possible on a commonly accepted basis if one goes beyond
the plausible procedures advocated by the Particle Data Group.
5The analysis [41] does not include exclusive data in a range from 1.43 to 2 GeV; therefore also the
new BaBar data are not included in that range. It also should be noted that CMD-2 and SND are not

http://dx.doi.org/10.1007/978-3-319-63577-4_5
http://dx.doi.org/10.1007/978-3-319-63577-4_5
http://dx.doi.org/10.1007/978-3-319-63577-4_6
http://dx.doi.org/10.1007/978-3-319-63577-4_5
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150 200 250

incl. ISR
DHMZ10 (e+e−)
180.2 ± 4.9

[3.6 σ]

DHMZ10 (e+e−+τ)
189.4 ± 5.4

[2.4 σ]

JS11 (e+e−+τ)
179.7 ± 6.0

[3.4 σ]

HLMNT11 (e+e−)
182.8 ± 4.9

[3.3 σ]

DHMZ10/JS11 (e+e−+τ)
181.1 ± 4.6

[3.6 σ]

BDDJ15# (e+e−+τ)
170.4 ± 5.1

[4.8 σ]

BDDJ15∗ (e+e−+τ)
175.0 ± 5.0

[4.2 σ]

DHMZ16 (e+e−)
181.7 ± 4.2

[3.6 σ]

FJ17 (e+e−+τ+ππ phases)
178.3 ± 3.5

[4.3 σ]

excl. ISR
DHea09 (e+e−)
178.8 ± 5.8

[3.5 σ]

BDDJ12∗ (e+e−+τ)
175.4 ± 5.3

[4.1 σ]

experiment
BNL-E821 (world average)
209.1 ± 6.3

aµ×1010-11659000

∗ HLS global fit

# HLS best fit

Fig. 7.2 Dependence of aμ predictions on recent evaluations of ahad,LOμ . TheHLS best fit BDDJ15#

(NSK + KLOE10 + KLOE12) does not include BaBar ππ data [22], while BDDJ15∗ does.
JS11/FJ16 [7, 8] is updated and include the new BES-III data. Further points are BDDJ12 [23],
DHMZ10 [24], HLMNT11 [25] and DHea09 [26], The DHMZ10 (e+e−+τ ) result is not includ-
ing the ρ − γ mixing correction, i.e. it misses important isospin breaking effects. In contrast,
DHMZ10/JS11 is obtained by including this correction, which brings the point into much better
agreement with standard analyses based on e+e− data alone, as for example the DHMZ10 (e+e−)
result. (see also [27, 28]). FJ17 represents our result (5.100). The narrow vertical band illustrates
the E989 expectation

data. Some points are based on phenomenological low energy effective Lagrangian
(specifically HLS) global fits [22, 23], constrained by data from additional channels,
in particular the τ ones, and rewighting by the global fit qualities, which leads to
somewhat lower central values with smaller errors.

Figure7.3 illustrates howdifferent physics contributions addup to thefinal answer.
We note that the theory error is about 30% smaller now than the experimental one.
It is fully dominated by the hadronic uncertainties of the hadronic low energy cross

(Footnote 5 continued)
fully independent measurements; data are taken at the same machine and with the same radiative
correction program. The radiative corrections play a crucial role at the present level of accuracy,
and common errors have to be added linearly. In [42, 43] pQCD is used in the extended ranges
1.8–3.7 GeV and above 5.0 GeV; furthermore [43] excludes the KLOE data.

http://dx.doi.org/10.1007/978-3-319-63577-4_5
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−400 −200 0 200 400 600
QED - 11659000

QED 8th
EW 1–loop
EW 2–loop
LO had
HO had
LbL

in units 10−10

aµ× 1010-11659000

World Average BNL
Theory (e+e−)
Theory (+τ)
Theory (+ππ phases)
DHMZ16 (e+e−)
DHMZ16 (+τ)

4.2 σ
4.3 σ
4.3 σ
3.6 σ
2.4 σ

Fig. 7.3 All kinds of physics meet. Shown are the various contributions which add up to the theory
prediction relative to the experimental result. The 8th order QED included in the QED part is
shown separately. The 10th order QED is too small to be displayed here. For comparison also the
extra contribution obtained by including the isospin rotated and isospin breaking corrected hadronic
τ–decay data are shown. The “Theory” results are based on e+e− data (5.29), including τ after
γ − ρ mixing correction (5.99) and after including ππ phase shift data improvement [33] (5.100).
The recent results DHMZ16 from [49] are also displayed. The second result DHMZ16 includes
τ data without γ − ρ. The black heads on the bars represent the uncertainties. The black vertical
band represents the future error band. Note that what seems to be a cancellation between “QED-
11659000” and “LO had” is due to the QED off–set chosen. The complete QED and LO had are
both positive and just add up. In any case the uncertainties and the deviation between theory and
experiment look amazingly small in comparison to the various SM effect which are substantial for
a precise prediction

section data on the one hand and not much less by the uncertainty of the hadronic
light–by–light scattering contribution on the other hand. The history of muon g − 2
measurements together with the theory values with which results were compared are
listed once more in Table7.3.

7.2 New Physics in g − 2

The question about which unknown physics hides behind the SMwas and is the main
issue of theoretical particle physics since the emergence of the SM as the theory of
“fundamental” particle interactions which we know today. Besides the SM’s main
shortcoming, which is that it lacks to include gravity, it rises many other questions
about its structure, its many vastly different mass scales, and the answers always are
attempts of embedding the SM into an extended theory. While the SM is very well
established and is able to explain a plenitude of experimental data, and this so well

http://dx.doi.org/10.1007/978-3-319-63577-4_5
http://dx.doi.org/10.1007/978-3-319-63577-4_5
http://dx.doi.org/10.1007/978-3-319-63577-4_5
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Table 7.3 Progress in aμ measurements. Theory values as quoted in References (μSR = Muon
Storage Ring)
Laboratory Year Ref. Result (error)×103 Precision Theory×103

Columbia 1960 [50] 1.22 (8) 1.16

CERN cyclotron 1961 [51] μ+ 1.145 (22) 1.165

CERN cyclotron 1962 [52] μ+ 1.162 (05) 1.165

CERN 1st μSR 1966 [53] μ− 1.165 (03) 1.165

CERN 1st μSR 1968 [54] μ± 1.16616 (31) 1.1656

CERN 2nd μSR 1977 [55] μ± 1.1659240 (85) 7 ppm 1.1659210 (83)

BNL, 1997 data 1999 [56] μ+ 1.165925 (15) 13 ppm 1.1659163(8)

BNL, 1998 data 2000 [57] μ+ 1.1659191 (59) 5 ppm 1.1659163(8)

BNL, 1999 data 2001 [18] μ+ 1.1659202 (15) 1.3 ppm 1.1659160(7)

BNL, 2000 data 2002 [58] μ+ 1.1659204 (9) 0.73 ppm 1.1659177(7)

BNL, 2001 data 2004 [59] μ− 1.1659214 (9) 0.72 ppm 1.1659181(8)

World average 2004 [59] μ± 1.16592080 (63) 0.54 ppm 1.16591793 (68)

that the more andmore elaborate experimental efforts start to be a kind of frustrating,
it is well known and as well established that the SM is not able to explain a number
of facts, like the existence of non–baryonic Cold Dark Matter (CDM) (at most 5%
of our universe’s energy density is normal baryonic matter, about 21% are CDM),
the matter–antimatter asymmetry in the universe, which requires baryon–number B
and lepton–number L violation, the problem of the cosmological constant (see e.g.
[60]) and so on. So, new physics must exist but how is it realized? What can the
muon g − 2 tell us about new physics?6

Newphysics contributions,which, if they exist, are an integral part of themeasured
numbers, typically are expected to be due to states or interactions which have not
been seen by other experiments, either by a lack of sensitivity or, at the high energy
frontier, because experimental facilities like accelerators are below the threshold of
energy needed for producing the new heavy states or because the signal was still
buried in the background. At the high energy frontier LEP, the Tevatron and the LHC
have set limits on many species of possible new particles predicted in a plenitude
of models beyond the SM. A partial list of existing bounds is collected in Table7.4.
The simplest possibility is to add a 4th fermion family called sequential fermions,
where the neutrino has to have a large mass (>45 GeV) as additional light (nearly
massless) neutrinos have been excluded by LEP.

Another possibility for extending the SM is the Higgs sector where one could add
scalar singlets, an additional doublet, a Higgs triplet and so on. Two Higgs doublet
models (THDM or 2HDM) are interesting as they predict 4 additional physical spin
0 bosons one neutral scalar H 0, a neutral pseudoscalar A, as well as the two charged

6The variety of speculations about new physics is mind–blowing and the number of articles on
“physics beyond the SM” (BSM) almost uncountable. This short essay tries to reproduce a few
of the main ideas for illustration, since a shift in one number can have many reasons and only in
conjunction with other experiments it is possible to find out what is the true cause for an observed
deviation from the SM prediction. My citations may be not very concise and I apologize for the
certainly numerous omissions.
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bosons H±. Many new real and virtual processes, like W±H∓γ transitions, are
the consequence. Any SUSY extension of the SM requires two Higgs doublets.
Similarly, there could exist additional gauge bosons, like from an extra U (1)′. This
would imply an additional Z boson, a sequential Z ′ which would mix with the SM
Z and the photon. More attractive are extensions which solve some real or thought
shortcomings of the SM. This includes Grand Unified Theories (GUT) [61] which
attempt to unify the strong, electromagnetic and weak forces, which correspond to
three different factors of the local gauge group of the SM, in one big simple local
gauge group

GGUT ⊃ SU(3)c ⊗ SU(2)L ⊗U (1)Y ≡ GSM ,

which is assumed to be spontaneously broken in at least two steps

GGUT → SU(3)c ⊗ SU(2)L ⊗U (1)Y → SU(3)c ⊗U (1)em.

Coupling unification is governed by the renormalization group evolution of α1(μ),
α2(μ) andα3(μ), corresponding to the SMgroup factorsU (1)Y , SU(2)L and SU(3)c,
with the experimentally given low energy values, typically at the Z mass scale, as
starting values evolved to very high energies, the GUT scale MGUT where cou-
plings should meet. Within the SM the three couplings do not unify, thus unification
requires new physics as predicted by a GUT extension. Also extensions like the left–
right (LR) symmetric model are of interest. The simplest possible unifying group is
SU(5)which, however, is ruled out by the fact that it predicts protons to decay faster
than allowed by observation. GUT models like SO(10) or the exceptional group E6

not only unify the gauge group, thereby predicting many additional gauge bosons,
they also unify quarks and leptons in a GUT matter multiplet. Now quarks and lep-
tons directly interact via the leptoquark gauge bosons X and Y which carry color,
fractional charge (QX = −4/3, QY = −1/3) as well as baryon and lepton number.
Thus GUTs are violating B as well as L , yet with B − L still conserved. The proton
may now decay via p → e+π0 or many other possible channels. The experimental
proton lifetime τproton > 2×1029 years at 90%C.L. requires the extra gauge bosons
to exhibit masses of about MGUT > 1016 and excludes SU(5) as it predicts unifica-
tion at too low scales. MGUT is the GUT scale which is only a factor 1000 below the
Planck scale.7 In general GUTs also have additional normal gauge bosons, extraW ′s
and Z ′s which mix with the SM gauge bosons.

7GUT extensions of the SM are not very attractive for the following reasons: the extra symmetry
breaking requires an additional heavier Higgs sector which makes the models rather clumsy in
general. Also, unlike in the SM, the known matter–fields are not in the fundamental representa-
tions, while an explanation is missing why the existing lower dimensional representations remain
unoccupied. In addition, the three SM couplings (as determined from experiments) allow for
unification only with at least one additional symmetry breaking step GGUT → G ′ → GSM.
In non-SUSY GUTs the only possible groups are GGUT = E6 or SO(10) and G ′ = GLR =
SU(3)c ⊗ SU(2)R ⊗ SU(2)L ⊗ U (1) or GPS = SU(2)R ⊗ SU(2)L ⊗ SU(4) [62]. GLR is the
left–right symmetric extension of the SM andGPS is the Pati–Salammodel, where SU(3)c⊗U (1)Y
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Table 7.4 Present lower bounds on new physics states. Bounds are 95% C.L. limits from LEP
(ALEPH, DELPHI, L3, OPAL), the Tevatron (CDF, D0) and the LHC (ATLAS, CMS)

Object mass bound comment

Heavy neutrino mM
ν′ > 39 GeV Majorana-ν [ν ≡ ν̄]

Heavy neutrino mD
ν′ > 45 GeV Dirac-ν [ν �= ν̄]

Heavy lepton mL > 100 GeV

4th family quark b′ mb′ > 199 GeV p p̄ NC decays

W ′
SM MW ′ > 800 GeV SM couplings

WR MWR > 715 GeV right–handed weak current

Z ′
SM MZ ′ > 81.5 TeV SM couplings

ZLR (gR = gL ) MZLR > 630 GeV of GLR =
SU(2)R ⊗ SU(2)L ⊗U (1)

Zχ (gχ = e/ cosΘW ) MZχ > 595 GeV of SO(10) → SU(5) ⊗U (1)χ
Zψ (gψ = e/ cosΘW ) MZψ > 590 GeV of E6 → SO(10) ⊗U (1)ψ
Zη (gη = e/ cosΘW ) MZη > 620 GeV of E6 → GLR ⊗U (1)η
h0 ≡ H0

1 Higgs mH0
1
> 92.8 GeV SUSY (mH0

1
< mH0

2
)

A0 pseudoscalar Higgs mA > 93.4 GeV THDM, MSSM

H± charged Higgs mH± > 80.0 GeV THDM, MSSM

LHC results pp direct searches

4th family quark b′ mb′ > 755 GeV NC decays

4th family quark t ′ mt ′ > 782 GeV NC decays

W ′
SM MW ′ > 3.71 TeV SM couplings

Z ′
SM MZ ′ > 2.9 TeV SM couplings

ZLR (gR = gL ) MZLR > 1.16 TeV of GLR =
SU(2)R ⊗ SU(2)L ⊗U (1)

Zχ (gχ = e/ cosΘW ) MZχ > 2.62 TeV of SO(10) → SU(5) ⊗U (1)χ
Zψ (gψ = e/ cosΘW ) MZψ > 2.57 TeV of E6 → SO(10) ⊗U (1)ψ
Zη (gη = e/ cosΘW ) MZη > 1.87 TeV of E6 → GLR ⊗U (1)η

In deriving bounds on New Physics it is important to respect constraints not only
from aμ and the direct bounds of Table7.4, but also from other precision observables
which are sensitive to new physics via radiative corrections. Important examples are
the electroweak precision observables [64, 65]:

MW = 80.385(15) GeV , (7.4)

(Footnote 7 continued)
of the SM is contained in the SU(4) factor. Coupling unification requires the extra intermediate
breaking scale to lie very high M ′ ∼ 1010 GeV for GLR and M ′ ∼ 1014 GeV for GPS . These
are the scales of new physics in these extensions, completely beyond of being phenomenologically
accessible. The advantage of SUSY GUTs is that they allow for unification of the couplings with
the new physics scale being as low as MZ to 1 TeV [63], and the supersymmetrized GGUT = SU(5)
extension of the SM escapes to be excluded.
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sin2 Θ�
eff = 0.23152(5) , ρ0 = 1.00037(23) , (7.5)

which are both preciselymeasured and precisely predicted by the SMor in extensions
of it. The SM predictions use the very precisely known independent input parameters
α, Gμ and MZ , but also the less precisely known top quark mass

mt = 173.21±0.87 GeV , (7.6)

and the Higgs boson mass [66]

mH = 125.09(24) GeV , (7.7)

are important.
The parameter ρ0 is the tree level (SM radiative corrections subtracted) ratio of

the low energy effective weak neutral to charged current couplings: ρ = GNC/GCC

where GCC ≡ Gμ. This parameter is rather sensitive to new physics. In the SM at
tree level ρ0 ≡ 1 independent of any free parameter. This is due to the custodial
symmetry of the minimal SM Higgs sector and consequently ρ is a SM prediction
very similar to the anomalous lepton moments. In general, extensions of the SM, like
GUTs or models including Higgs triplets etc., violate the custodial symmetry and if
ρ0 depends on parameters of the extension then ρ becomes a tunable quantity and
one has a fine tuning problem [67]. The fact that ρ0 = 1 in the SM allowed one to
predict the top quark mass from a precision measurement of Δρ (4.40) at LEP prior
to the discovery of the top quark at the Tevatron. The leading top quark mass effect
in Δρ ∝ m2

t is lost if ρ0 �= 1 and such extensions are disfavored (see e.g. [68]).
Equally important are constraints by the B–physics branching fractions [69]

BR(b → sγ ) = (3.43±0.22) × 10−4 ; BR(Bs → μ+μ−) = 2.8+0.7
−0.6 × 10−9. (7.8)

Concerning flavor physics, in particular the B factories Belle at KEK and BaBar
at SLAC have set new milestones in confirming the flavor structure as inferred by
the SM. In the latter Flavor–Changing Neutral Currents (FCNC) are absent at tree
level due to the GIM mechanism and CP-violation and flavor mixing patterns seem
to be realized in nature precisely as implemented by the three fermion–family CKM
mixing scheme. Many new physics models have serious problems to accommodate
this phenomenologically largely confirmed structure in a natural way. Therefore,
the criterion of Minimal Flavor Violation (MFV) [70] has been conjectured as a
framework for constructing low energy effective theories which include the SM
Lagrangian without spoiling its flavor structure. The SM fermions are grouped into
three families with two SU(2)L doublets (QL and LL ) and three SU(2)L singlets
(UR , DR and ER) and the largest group of unitary transformations which commutes

http://dx.doi.org/10.1007/978-3-319-63577-4_4
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with the gauge group isGF = U (3)5 [71]. The lattermay bewrittenmore specifically
as

GF = SU(3)3q ⊗ SU(3)2� ⊗U (1)B ⊗U (1)L ⊗U (1)Y ⊗U (1)PQ ⊗U (1)ER

with SU(3)3q = SU(3)QL ⊗SU(3)UR ⊗SU(3)DR and SU(3)2� = SU(3)LL ⊗SU(3)ER .
The SM Yukawa interactions break the subgroup SU(3)3q ⊗ SU(3)2� ⊗ U (1)PQ ⊗
U (1)ER . However, one may introduce three dimensionless auxiliary fields

YU ∼ (3, 3̄, 1)SU(3)3q , YD ∼ (3, 1, 3̄)SU(3)3q , YE ∼ (3, 3̄)SU(3)2�

which provide a convenient bookkeeping for constructing MFV effective theories.
Formally the auxiliary fields allow towrite downMFVcompatible interactions asGF

invariant effective interactions. The MFV criterion requires that a viable dynamics
of flavor violation is completely determined by the structure of the ordinary SM
Yukawa couplings. Most of the promising and seriously considered new physics
models, which we will consider below, belong to the class of MFV extensions of the
SM. Examples are the R-parity conserving two doublet Higgs models, the R-parity
conserving minimal supersymmetric extension of the SM [72] and the Littlest Higgs
model without T-parity.

Another important object is the electric dipole moment which is a measure of
CP–violation and was briefly discussed at the end of Sect. 3.3. Since extensions
of the SM in general exhibit additional sources of CP violation, EDMs are very
promising probes of new physics. An anomalously large EDM of the muon dμ would
influence on the aμ extraction from the muon precession data as discussed at the end
of Sect. 6.3.1.Wemay askwhether dμ could be responsible for the observed deviation
in aμ. In fact (6.55) tells us that a non–negligible dμ would increase the observed aμ,
and we may estimate

|dμ| = 1

2

e

mμ

√
(aexpμ )2 − (aSMμ )2 = (2.53±0.31) × 10−19 e · cm. (7.9)

This also may be interpreted as an upper limit as given in Table7.1. Recent advances
in experimental techniques will allow to perform much more sensitive experiments
for electrons, neutrons and neutral atoms [73]. For new efforts to determine dμ at
much higher precision see [74, 75]. In the following we will assume that dμ is in fact
negligible, and that the observed deviation has other reasons.

As mentioned many times, the general form of contributions from states of mass
MNP  mμ takes the form

aNPμ = C m2
μ

M2
NP

(7.10)

where naturally C = O(α/π), like for the weak contributions (4.47), but now from
interactions and states not included in the SM. New fermion loops may contribute in
the same way as a τ–lepton

http://dx.doi.org/10.1007/978-3-319-63577-4_3
http://dx.doi.org/10.1007/978-3-319-63577-4_6
http://dx.doi.org/10.1007/978-3-319-63577-4_6
http://dx.doi.org/10.1007/978-3-319-63577-4_4
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Table 7.5 Typical New Physics scales required to satisfy ΔaNPμ = Δaμ (7.3)

C 1 α/π (α/π)2

MNP 2.0+0.4
−0.3 TeV 100+21

−13 GeV 5+1
−1 GeV

a(4)
µ (vap, F ) =

∑
F

Q2
FNcF

[
1
45

(
mµ

mF

)2
+ · · ·

](
α

π

)2
,

γ γ
F

μ

γ

which means C = O((α/π)2). Note that the τ contribution to aμ is 4.2×10−10 only,
while the 3 σ effect we are looking for is 28.7×10−10. As the direct lower limit for a
sequential fermion is about 100 GeV (see Table7.4) such effects cannot account for
the observed deviation. A 100 GeV heavy lepton only yields the tiny contribution8

1.34 × 10−13.
A rough estimate of the scale MNP required to account for the observed deviation

is given in Table7.5. An effective tree level contribution would extend the sensibility
to the very interesting 2 TeV range, however, no compelling scenario I know of exists
for this case (see below).

8It should be noted that heavy sequential fermions are constrained severely by the ρ–parameter
(NC/CC effective coupling ratio), if doublet members are not nearly mass degenerate. A doublet
(νL , L) with mνL = 45 GeV and mL = 100 GeV only contributes Δρ � 0.0008, which however
is violating already the limit from LEP electroweak fits (7.5). Not yet included is a similar type
contribution from the 4th family (t ′, b′) doublet mass–splitting, which also would add a large
positive term

Δρ =
√
2Gμ

16π2 3m2
t ′

(
1 + m2

b′

m2
t ′

ln
m2

b′

m2
t ′

)
+ · · ·

in case of a large mass splitting m2
t ′  m2

b′ , or a small correction Δρ =
√
2Gμ

16π2
2Δ2

�
, which van-

ishes for small mass splitting Δ = |m2
t ′ − m2

b′ | � � = m2
t ′ + m2

b′ . In this context it should be
mentioned that the so called custodial symmetry of the SM which predicts ρ0 = 1 at the tree
level (independent of any parameter of the theory, which implies that it is not subject to sub-
tractions due to parameter renormalization) is one of the severe constraints on extensions of the
SM. Virtual top effect contributing to the radiative corrections of ρ allowed a determination of
the top mass prior to the discovery of the top by direct production at Fermilab in 1995. The LEP

precision determination of Δρ =
√
2Gμ

16π2 3m2
t (up to subleading terms) from precision measure-

ments of Z resonance parameters yields mt = 172.3+10.2
−7.6 GeV in excellent agreement with the

direct determination mt = 171.4(2.1) GeV at the Tevatron and with the recent determinations
mt = 172.84(0.70) GeV [76] from ATLAS and mt = 172.44(0.13)(0.47) GeV [77] from CMS
(for CDF and D0 see [78]). In extensions of the SM in which ρ depends on physical parameters on
the classical level, like in GUTmodels or models with Higgs triplets etc. one largely looses this pre-
diction and thus one has a fine tuning problem [67]. But, also “extensions” which respect custodial
symmetry like simply adding a 4th family of fermions should not give a substantial contribution to
Δρ, otherwise also this would spoil the indirect top mass prediction.
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M M
f f

mµ mµM0[S,P] M0[V,A]

H+H−

X0

X− X+

X0

γ(a) (b) (c) (d)

Fig. 7.4 Possible New Physics contributions. Neutral boson exchange: a scalar or pseudoscalar
and b vector or axialvector, flavor changing or not. New charged bosons: c scalars or pseudoscalars,
d vector or axialvector

7.2.1 Generic Contributions from Physics Beyond the SM

It is important to remember that the fermion anomalous magnetic moments are pre-
dictions only within the framework of a renormalizable theory. Therefore, extensions
based on dimension 5 or higher operators in general loose most of the predictive
power we have in the SM and they will not be considered in the following, except
for a short account on anomalous gauge couplings.

Common to many of the extensions of the SM are predictions of new states:
scalars S, pseudoscalars P, vectors V or axialvectors A, neutral or charged. They
contribute via one–loop lowest order type diagrams shown in Fig. 7.4. Here, we
explicitly assume all fermions to be Dirac fermions. Besides the SM fermions, μ in
particular, new heavy fermions F of mass M may be involved, but fermion number
is assumed to be conserved, like in ΔLS = f ψ̄μψF S + h.c., which will be differ-
ent in supersymmetric (SUSY) extensions discussed below, where fermion number
violating Majorana fermions necessarily must be there.

Note that massive spin 1 boson exchange contributions in general have to be con-
sidered within the context of a gauge theory, in order to control gauge invariance
and unitarity. We will present corresponding contributions in the unitary gauge cal-
culated with dimensional regularization. We first discuss neutral boson exchange
contributions from diagrams (a) and (b). Exotic neutral bosons of mass M0 coupling
to muons with coupling strength f would contribute [79, 80]

ΔaNPμ = f 2

4π2

m2
μ

M2
0

L , L = 1

2

1∫

0

dx
Q(x)

(1 − x) (1 − λ2 x) + (ελ)2 x
, (7.11)

where Q(x) is a polynomial in x which depends on the type of coupling:

Scalar : QS = x2 (1 + ε − x)
Pseudoscalar : QP = x2 (1 − ε − x)
Vector : QV = 2x (1 − x) (x − 2 (1 − ε)) + λ2 (1 − ε)2 QS

Axialvector : QA = 2x (1 − x) (x − 2 (1 + ε)) + λ2 (1 + ε)2 QP
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with ε = M/mμ and λ = mμ/M0. As an illustration we first consider the regime of
a heavy boson of mass M0 and mμ, M � M0 for which one gets

LS = M
mμ

(
ln M0

M − 3
4

)+ 1
6

M=mμ= ln M0
mμ

− 7
12 ,

LP = − M
mμ

(
ln M0

M − 3
4

)+ 1
6

M=mμ= − ln M0
mμ

+ 11
12 ,

LV = M
mμ

− 2
3

M=mμ= 1
3 ,

LA = − M
mμ

− 2
3

M=mμ= − 5
3 .

(7.12)

In accordance with the MFV requirement it is more realistic to assume a flavor con-
serving neutral current M = mμ as given by the second form. Typical contributions
are shown in Fig. 7.5. Taking the coupling small enough such that a perturbative
expansion in f makes sense, we take f/(2π) = 0.1, only the scalar exchange could
account for the observed deviation with a scalar mass 480 GeV < M0 < 690 GeV.
Pseudoscalar and axialvector yield the wrong sign. The vector exchange is too small.
We learn that substantial pseudoscalar, vector or axialvector contribution are strin-
gently limited, in principle, unless enhanced scalar contributions cancel them.

As we will see later, in SUSY and littlest Higgs extensions the leading contri-
butions actually come from the regime mμ � M, M0 with M ∼ M0, which is of
enhanced FCNC type, and thus differs from the case just presented in (7.12). For the
combinations of fixed chirality up to terms of order O(mμ/M) one gets

Fig. 7.5 Single particle one–loop induced NP effects for f 2/(4π2) = 0.01 (Note, a typical EW
SM coupling would be e2/(4π2 cos2 ΘW ) = 0.003). S, P, V, A denote scalar, pseudoscalar, vector
and axialvector exchange. Panel a shows (7.12) for M = m = mμ, panel b the chiral combinations
(7.13) for m = mμ and M = M0, with the large combinations LS − LP and LV − LA rescaled by
the muon Yukawa coupling mμ/v in order to compensate for the huge prefactor M/mμ (see text)
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LS + LP = 1

6 (1 − z)4

[
2 + 3z − 6z2 + z3 + 6z ln z

]
= 1

12
FC
1 (z),

LS − LP = −M

2mμ (1 − z)3

[
3 − 4z + z2 + 2 ln z

]
= M

3mμ
FC
2 (z),

LV + LA = −1

6 (1 − z)4

[
8 − 38z + 39z2 − 14z3 + 5z4 − 18z2 ln z

]
= −13

12
FC
3 (z),

LV − LA = M

2mμ (1 − z)3

[
4 − 3z − z3 + 6z ln z

]
= M

mμ
FC
4 (z), (7.13)

where z = (M/M0)
2 = O(1) and the functions FC

i are normalized to FC
i (1) = 1.

The possible huge enhancement factors M/mμ, in some combination of the ampli-
tudes, typical for flavor changing transitions, may be compensated due to radiative
contributions to the muon mass (as discussed below) or by a corresponding Yukawa
coupling f ∝ yμ = √

2mμ/v, as it happens in SUSY or little Higgs extensions of
the SM.

The second class of possible new physics transitions due to charged S, P, V and A
modes are represented by the diagrams (c) and (d) in Fig. 7.4. It amounts to replace
L in (7.11) according to

ΔaNPμ = f 2

4π2

m2
μ

M2
0

L , L = 1

2

1∫

0

dx
Q(x)

(ελ)2 (1 − x) (1 − ε−2 x) + x
, (7.14)

where again Q(x) is a polynomial in x which depends on the type of coupling:

Scalar : QS = − x (1 − x) (x + ε)

Pseudoscalar : QP = − x (1 − x) (x − ε)

Vector : QV = 2 x2 (1 + x − 2ε) − λ2 (1 − ε)2 QS

Axialvector : QA = 2 x2 (1 + x + 2ε) − λ2 (1 + ε)2 QP

Again, results for V and A are in the unitary gauge calculated with dimensional
regularization. For a heavy boson of mass M0 and mμ, M � M0 one finds

LS = − 1
4

M
mμ

− 1
12

M=mμ= − 1
3 , LP = 1

4
M
mμ

− 1
12

M=mμ= 1
6 ,

LV = − M
mμ

+ 5
6

M=mμ= − 1
6 , LA = M

mμ
+ 5

6

M=mμ= 11
6 .

(7.15)

The second form given is for a flavor conserving charged current transition with
M = mμ.

Also for the charged boson exchanges the regime mμ � M, M0 with M ∼ M0

is of interest in SUSY and littlest Higgs extensions of the SM and we find
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LS + LP = −1

6 (1 − z)4

[
1 − 6z + 3z2 + 2z3 − 6z2 ln z

]
= − 1

12
FN
1 (z),

LS − LP = −M

2mμ (1 − z)3

[
1 − z2 + 2z ln z

]
= − M

6mμ
FN
2 (z),

LV + LA = 1

6 (1 − z)4

[
10 − 43 z + 78 z2 − 49 z3 + 4 z4 + 18 z3 ln z

]
= 5

3
FN
3 (z),

LV − LA = −M

mμ (1 − z)3

[
4 − 15 z + 12 z2 − z3 − 6 z2 ln z

]
= −2M

mμ
FN
4 (z), (7.16)

where z = (M/M0)
2 = O(1) and the functions FN

i are normalized to FN
i (1) = 1.

For a general study of this kind of effects in view if the LHC mass limits see [81].
Another simple illustration of the one–loop sensitivity to new physics are heavier

gauge bosons with SM couplings. From direct searches we know that they must be
at least as heavy as 800 GeV. Contributions then follow from the weak one–loop
contributions by rescaling with (MW/MW ′

SM
)2 ∼ 0.01 and hence 1% of 19.5×10−10

only, an effect much too small to be of relevance.
At O((α/π)2) new physics may enter via vacuum polarization and we may write

corresponding contributions as a dispersion integral (3.150):

ΔaNPμ = α

π

∞∫

0

ds

s

1

π
ImΔΠNP

γ (s) K (s).

Since, we are looking for contributions from heavy yet unknown states of mass
M  mμ, and ImΔΠNP

γ (s) �= 0 for s ≥ 4M2 only, we may safely approximate

K (s) � 1
3
m2

μ

s for s  m2
μ such that, with 1

π
ImΔΠNP

γ (s) = α(s)
π

RNP(s)

ΔaNPμ = 1

3

α

π

(mμ

M

)2
L ,

L

M2
= α

3π

∞∫

0

ds

s2
RNP(s).

An example is a heavy lepton mentioned before. A heavy narrow vector meson reso-
nance of massMV and electronic widthΓ (V → e+e−) (which is O(α2)) contributes
RV (s) = 9π

α2 MV Γ (V → e+e−) δ(s − M2
V ) such that L = 3Γ (V→e+e−)

αMV
and hence

ΔaNPμ = m2
μ Γ (V → e+e−)

πM3
V

= 4α2 γ 2
V m2

μ

3M2
V

. (7.17)

Here we have applied the Van Royen-Weisskopf formula [82], which for a J PC =
1− − vector state predicts

Γ (V → e+e−) = 16πα2Q2
q

|ψV (0)|2
M2

V

= 4

3
πα2γ 2

V MV ,

http://dx.doi.org/10.1007/978-3-319-63577-4_3
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where ψV (0) is the meson wave function at the origin (dim 3) and γV is the dimen-
sionless effective photon vector–meson coupling defined by jμem(x) = γV M2

V V μ(x)
with V μ(x) the interpolating vector–meson field. γV characterizes the strong inter-
action properties of the γ − V coupling and typically has values 0.2 for the ρ to
0.02 for the ϒ . For γV = 0.1 and MV = 200 GeV we get Δaμ ∼ 2 × 10−13. The
hadronic contribution of a 4th family quark doublet assuming mb′ = mt ′ = 200GeV
would yield Δaμ ∼ 5.6 × 10−14 only. Unless there exists a new type of strong
interactions like Technicolor9 [83–85]. New strong interaction resonances are not
expected, because new heavy sequential quarks would be too shortlived to be able to
form resonances. As we know, due to the large mass and the large mass difference
mt  mb, the top quark is the first quark which decays, via t → Wb, as a bare
quark before it has time to form hadronic resonances. This is not so surprising as
the top Yukawa coupling responsible for the weak decay is stronger than the strong
interaction constant.

New physics effects here may be easily buried in the uncertainties of the hadronic
vacuum polarization. In any case, we expect O((α/π)2) terms from heavy states not
yet seen to be too small to play a role here. Possible light dark states are discussed
later in Sect. 7.2.6.

In general the effects related to single diagrams, discussed in this paragraph, are
larger than what one expects in a viable extension of the SM, usually required to
be a renormalizable QFT10 and to exhibit gauge interactions which typically cause
large cancellations between different contributions. But even if one ignores possible
cancellations, all the examples considered so far show how difficult it actually is
to reconcile the observed deviation with NP effects not ruled out already by LEP,
Tevatron and LHC new physics searches. Apparently a more sophisticated extension
of the SM is needed which is able to produce substantial radiative corrections in

9Searches forTechnicolor states like color–octet techni–ρwere negative up to 260–480GeVdepend-
ing on the decay mode.
10Of course, there are more non-renormalizable extensions of the SM than renormalizable ones.
For the construction of the electroweak SM itself renormalizability was the key guiding principle
which required the existence of neutral currents, of the weak gauge bosons, the quark-lepton family
structure and last but not least the existence of the Higgs. However, considered as a low energy
effective theory one expects all kinds of higher dimension transition operators coming into play at
higher energies. Specific scenarios are anomalous gauge couplings, little Higgsmodels, models with
extra space–dimensions à la Kaluza–Klein. In view of the fact that non-renormalizable interactions
primarily change the high energy behavior of the theory, we expect corresponding effects to show
up primarily at the high energy frontier. The example of anomalousW+W−γ couplings, considered
in the following subsection, confirms such an expectation. Also in non-renormalizable scenarios,
effects are of the generic form (7.10) possiblywithMNP replaced by a cut-offΛNP.On a fundamental
level we expect the Planck scale to provide the cut–off, whichwould imply that effective interactions
of non-renormalizable character show up at the 1 ppm level at about 1016 GeV . It is conceivable
that at the Planck scale a sort of cut-off theory which is modeling an “ether” is more fundamental
than its long distance tail showing up as a renormalizable QFT [86]. Physics-wise such an effective
theory, which we usually interpret to tell us the fundamental laws of nature, is different in character
from what we know from QCD where chiral perturbation theory or the resonance Lagrangian type
models are non-renormalizable low energy tails of a known renormalizable theory, as is Fermi’s
non-renormalizable low energy effective current–current type tail within the SM.
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the low energy observable aμ while the new particles have escaped detection at
accelerator facilities so far and only produce small higher order effects in other
electroweak precision observables. In fact supersymmetric extensions of the SM
precisely allow for such a scenario, as we will discuss below.

7.2.2 Flavor Changing Processes

We already have seen that flavor changing processes could give large contributions
to aμ. As pointed out in [87, 88] taking into account just the vertex diagrams could
be very misleading. The argument is that the same interactions and heavy states
which could contribute to aNPμ according to Fig. 7.4 would contribute to the muon
self energy, via the diagrams Fig. 7.6. By imposing chiral symmetry to the SM,
i.e. setting the SM Yukawa couplings to zero, lepton masses could be radiatively
induced by flavor changing f ψ̄μψF S + h.c. and f ψ̄μ i γ5ψF P + h.c. interactions
(F a heavy fermion, S a scalar and P a pseudoscalar) in a hierarchy mμ � MF �
MS, MP . Then with mμ ∝ f 2MF and aμ ∝ f 2mμMF/M2

S,P one obtains aμ =
C m2

μ/M
2
S,P with C = O(1), and the interaction strength f has dropped from the

ratio. The problem is that a convincing approach of generating the lepton/fermion
mass spectrum by radiative effects is not easy to accommodate. Of course it is a
very attractive idea to replace the Yukawa term, put in by hand in the SM, by a
mechanism which allows us to understand or even calculate the known fermion
mass-spectrum, exhibiting a tremendous hierarchy of about 13 orders of magnitude
of vastly different couplings/masses [frommνe tomt ]. The radiatively induced values
must reproduce this pattern and one has to explain why the same effects which make
up the muon mass do not contribute to the electron mass. Again the needed hierarchy
of fermion masses is only obtained by putting it in by hand in some way. In the
scenario of radiatively induced lepton masses one has to require the family hierarchy
like f 2e MFe/ f

2
μMFμ

� me/mμ, fP ≡ fS in order to get a finite cut–off independent

answer, and M0 → MS �= MP , such that mμ = f 2μ MFμ

16π2 ln M2
S

M2
P
which is positive

only provided MS > MP . It looks one tries to replace one puzzle with another.
But of course new fields exhibiting new interactions affect radiative corrections also
through mass effects.

Another aspect of flavor changing transition in the lepton sector is the following:
after neutrino oscillations and herewith right–handed singlet neutrinos and neutrino

Mf f

mµ mµ

M0[S,P] H±M0[V,A]

M X0

X±

X0

Fig. 7.6 Lepton self–energy contributions induced by the new interactions appearing in Fig. 7.4
may generate mμ as a radiative correction effect
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M X0 Mfµ fe

γ

mµ me

M0[S,P] M0[V,A]H± X±

X0

Fig. 7.7 μ → eγ transitions by new interactions (overall flavor changing version of Fig. 7.4)

masses have been established, also lepton flavor violating (LFV) transitions like
μ± → e±γ , see Fig. 7.7, are in the focus of further searches. The corresponding
contributions here read

Lμ
S � 1

6
, Lμ

P � 1

6
, Lμ

V � 2

3
, Lμ

A � −2

3
,

LeS � mμ

me

(
ln

M0

mμ
− 3

4

)
, LeP � −mμ

me

(
ln

M0

mμ
− 3

4

)
, LeV � mμ

me
, LeA � −mμ

me
.

The latter flavor changing transitions are strongly constrained, first by direct rare
decay search experiments which were performed at the Paul Scherrer Institute (PSI)
and second, with the advent of the much more precise measurement of ae. For exam-
ple, for a scalar exchange mediating e → μ → e with f 2/(4π2) � 0.01 and
M0 � 100 GeV we obtain ΔaN P

e � 33 × 10−11 which is ruled out by (3.72)
|aexpe − athee | � 1 × 10−12. Either M0 must be heavier or the coupling smaller:
f 2/(4π2) < 0.0003. The present limit for the branching fraction Br(μ → eγ ) from
the MEG experiment at PSI is 4.2× 10−13 (at 90% C.L.) [89] (see also [90]). Other
LFV processes have been searched for are τ → eγ , τ → μγ , μ → eee, τ → μμμ

and since no signal was observed stringent limits were derived. Note that

Γ (μ → eγ ) = e2 f 2μ f 2e
16π2

m5
μ (|FL

M|2 + |FR
M|2) , (7.18)

where FL ,R
M are the left– and right–handed zero–momentum transfer magnetic μeγ

form factors. In the SM

Br(μ → eγ ) ∝ α3

G2
μ

(Δm2
ν)

2
μe

M8
W

, (7.19)

is extremely tiny. Only new physics can give rates in experimentally interesting
ranges. In the quark sector CKM flavor mixing via the charged current is compa-
rably huge and the b → sγ transitions is an established effect. This process also
acquires enhanced SUSY contributions which makes it an excellent monitor for new
physics [90], as we will see below. For a recent review see [92] and references
therein. The detailed review [93] is focusing on the compatibility of the present and
future constraints from Δaμ and from the bound on μ → eγ flavor violation for a
variety of extensions of the SM as they contribute to the effective Lagrangian of the
magnetic and electric dipole moment form (3.22).

http://dx.doi.org/10.1007/978-3-319-63577-4_3
http://dx.doi.org/10.1007/978-3-319-63577-4_3
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7.2.3 Anomalous Couplings

Besides new states with new interactions also possible anomalous couplings of
SM particles are very interesting. In particular the non–Abelian gauge boson self–
interactions have to be checked for possible deviations. In the SM these couplings
are dictated by the local gauge principle of Yang-Mills, once the interaction between
the gauge bosons and the matter–fields (4.37) is given. For g − 2 in particular the
anomalous W–boson couplings are of interest, which occur in the 1st of the weak
one–loop diagrams in Fig. 4.18. Possible is an anomalous magnetic dipole moment
(see [94] and references therein)

μW = e

2mW
(1 + κ + λ) , (7.20)

and an anomalous electric quadrupole moment

QW = − e

2mW
(κ − λ). (7.21)

In the SM local gauge symmetry, which is mandatory for renormalizability of the
SM, requires κ = 1 and λ = 0. The contribution to aμ due to the deviation from the
SM may be calculated and as a result one finds [95]

aμ(κ, λ) � Gμm2
μ

4
√
2π2

[
(κ − 1) ln

Λ2

m2
W

− 1

3
λ

]
. (7.22)

Actually, themodification spoils renormalizability and one has toworkwith a cut–off
Λ in order to get a finite answer and the result has to be understood as a low energy
effective answer. For Λ � 1 TeV the BNL constraint (7.3) would yield

κ − 1 = 0.24± 0.08 , λ = −3.58± 1.17 (BNL 04) , (7.23)

on the axes of the (Δκ, λ)–plane. Of course from one experimental number one
cannot fix two or more parameters. In fact arbitrary large deviations from the SM
are still possible described by the band Fig. 7.8: λ = 3 ln Λ2

m2
W
Δκ − ãμ with ãμ =

12
√
2π2 δaμ

Gμm2
μ

� 3.58± 1.17, as an interval on the λ–axis and a slope of about 15.

This possibility again is already ruled out by e+e− → W+W− data fromLEP [96,
97] κ−1 = −0.027± 0.045,λ = −0.028± 0.021.Applying theLEPboundswe can
get not more than aμ(κ, 0) � (−3.3± 5.3)×10−10, aμ(1, λ) � (0.2± 1.6)×10−10,
and thus the observed deviation cannot be due to anomalous WWγ couplings. The
constraint on those couplings from g − 2 is at least an order of magnitude weaker
than the one from LEP. Much more promising are the next examples, adding another
Higgs doublet to the SM and the supersymmetrized SM.

http://dx.doi.org/10.1007/978-3-319-63577-4_4
http://dx.doi.org/10.1007/978-3-319-63577-4_4
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Fig. 7.8 Bounds on triple
gauge couplings in WWγ
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7.2.4 Two-Higgs Doublet Models

The minimal SM Higgs structure is very special as it implies automatically a cus-
todial symmetry which predicts ρ0 = FNC/GF = 1 at three level and FCNCs are
automatically highly suppressed. After the discovery of the Higgs particle the search
for additional scalars has moved increasingly into focus of present and future collider
physics. One possibility of extending the SM is to modify the Higgs sector where
one could add scalar singlets, an additional doublet, a Higgs triplet and so on. From
a theoretical point of view the case with two Higgs doublets is very attractive. Gen-
eral Two Higgs Doublet Models (2HDM) are interesting as they predict 4 additional
physical spin 0 bosons. Two Higgs doublets are needed in Minimal Supersymmet-
ric extensions of the SM (MSSM). One reason is supersymmetry itself, the other is
anomaly cancellation of the SUSY partners of the Higgs particles. Our interest here:
models with two Higgs doublets give additional contributions to aμ which could
bridge the discrepancy Δaμ (7.3) [98–102].

While in the SM the complex Higgs doublet field Φb(x) of hypercharge Y = 1
and its hypercharge conjugate field Φt (x) = i τ2 Φ∗

b of hypercharge Y = −1 (τ2 the
second 2×2 Pauli matrix) are build with the same two complex fields ϕ0 and ϕ+, in
2HDMsΦ1(x) andΦ2(x) are chosen to be two independent fields with hypercharges
Y = (−1,+1). A consequence is that 2HDMs exhibit tree level FCNCs, which are in
contradictionwith experimental findings [96]. In fact, the genericYukawaLagrangian
with the SM fermionic content gives rise to FCNCs because the fermionic couplings
of the two scalar doublets cannot be simultaneously diagonalized in flavor space.
Conditions for the absence of FCNCs are well known [103–107] and interestingly
FCNCs can be forbidden by a discrete Z2 symmetry which exchanges the two dou-
blets: Φ1 ↔ Φ2, the so called R–parity. The latter is also added as an additional
selection rule in SUSY extension of the SM. R–parity in SUSY models implies the
existence of a lightest SUSY particle (LSP), which is a dark matter candidate.

Here, one should keep in mind that the electroweak SM turned out to be the
minimal renormalizable extension of “QED+charged weak current Fermi-theory”:
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which required neutral currents, local Yang-Mills symmetry (gauge bosons), chiral
symmetry, lepton-quark family structure, last but not least the existence of the Higgs
boson. Most important in our context, in the SM tree level FCNCs are automati-
cally absent. Not foreseeable was the third fermion family, which however as we
know is required for CP violation the be possible the way it appears to be realized.
Renormalizability is a natural property which is emergent as a low energy effective
phenomenon if the underlying physical system exhibits a physical cut-off, which
likely is to be identified with the Planck cut–off (see e.g. [108]). Symmetries like the
R–parity, which do not affect renormalizability but are not required by minimality, in
such a context are unnatural as they are not emergent as an unavoidable low energy
feature, but introduced ad hoc (added by hand).

The scalar potential must share the symmetry Φ2 → −Φ2. The most general
renormalizable Higgs potential is then given by

V = m2
11(Φ

+
1 Φ1) + m2

22(Φ
+
2 Φ2) − m2

12(Φ
+
1 Φ2 + Φ+

2 Φ1) + λ1

2
(Φ+

1 Φ1)
2 + λ2

2
(Φ+

2 Φ2)
2

+λ3(Φ
+
1 Φ1)(Φ

+
2 Φ2) + λ4(Φ

+
1 Φ2)(Φ

+
2 Φ1) + λ5

2

[
(Φ+

1 Φ2)
2 + (Φ+

2 Φ1)
2
]
. (7.24)

A soft Z2 symmetry breaking term∝ m2
12 has been added. This implies finite Higgs–

mediated FCNCs at one loop and one has a fine tuning problem. Vacuum stability
requires

λ1,2 > 0 , λ3 > −√λ1λ2 , |λ5| < λ3 + λ4 +√
λ1λ2 .

Applicability of perturbation theory requires |λi | < λmax ∼ 4π .
In terms of the components of the two doublet fields

Φi =
(

φ+
i

(vi + ηi + iχi )/
√
2

)
; (i = 1, 2)

of fixed hypercharge Yi = (−1,+1), the new physical scalars are the two scalars h
and H, the pseudoscalar A and the charged Higgs bosons H±. As an extension of
the SM the 2HDM has to be in the broken phase in which both neutral components
of the Φ1 and the Φ2 fields acquire a vacuum expectation value v1 and v2 and the
physical states are the result of a mixing mechanism of the physical components
of the Φi fields which requires diagonalizing the mass matrices. As a consequence
mass squares m2

11 and m2
22 are functions of the λi ’s, the vi ’s and the Z2 symmetry

breaking parameter m2
12 [106]. The condition for the existence of a global minimum

then reads
m2

12

(
m2

11 − m2
22

√
λ2/λ2

) (
tan β − (λ1/λ2)

1/4) > 0 .
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The parameter tan β is determined by

tan β = v2

v1
≡ vtop

vbottom
, 0 ≤ β ≤ π

2
,

where β is the rotation angle which rotates the original doublets into

Φ ′
1 =

(
G+

(v + S1 + iG0)/
√
2

)
;Φ ′

2 =
(

H+

(S2 + i A)/
√
2

)
,

where Φ ′
2 has a vanishing VEV. Φ ′

1 may be identified with the SM Higgs field with
vacuum expectation value v = (v21 + v22)

1/2. The fields G± and G0 can be gauged
away and hence represent the unphysical SM Higgs ghosts, absent in the unitary
gauge.

The physical scalars are the charged Higgses H±, a pseudoscalar A and two
physical scalars H and hwhich are given bymixing of η1 and η2 withmixing angle α:

H± = − sin β φ±
1 + cosβ φ±

2 , H = cosα η1 + sin α η2 ,

A = − sin β χ1 + cosβ χ2 , h = − sin α η1 + cosα η2 .

Accordingly, the neutral fields Si

S1 = cos(α − β) H − sin(α − β) h , H = cos(β − α) S1 − sin(β − α) S2 ,
S2 = sin(α − β) H + cos(α − β) h , h = sin(β − α) S1 + cos(β − α) S2 ,
S3 = A , A = S3

couple to the gauge bosons identical as the Higgs in the SM, and we easily find
the couplings for H and h, which simply pick factors cos(α − β) and ± sin(α − β)

e.g. VV H → VV H cos (α − β) − VVh sin (α − β) (V = W, Z ). The inverse
transformation we write

φi (x) = Ri j S j (x) ; φi (x) = h(x), H(x), A(x). (7.25)

In the CP violating case h and H would also mix with A [109]. Whereas β only
depends on the ratio of the vacuum expectation values, α depends on all the parame-
ters of the Higgs potential, tan 2α = v1v2(λ3+λ4+λ5)

2λ2v22−2λ1v21
(−π

2 ≤ α ≤ 0).
In the phenomenologically interesting region of enhanced tan β together with a

light Higgs for the CP-even part of the Higgs sector we have β − α − π/2 ≡ η

small. Actually, for β − α = π/2 the two scalars h and H are completely separated
in the two doublets Φ ′

i , such that h has identical couplings as the SM Higgs boson
and η = 0 is called the SM limit of a 2HDM. In this case the couplings of the light
CP-even neutral Higgs h with the gauge bosons and fermions have the SM values. In
fact, the measured signal strengths and production cross section of such a particle are
in very good agreement with the corresponding SM predictions [110–122]. While h
corresponds to the SMHiggs boson the second scalar is often denoted by H1 in order
to distinguish it from the SM Higgs boson H . Thus, MH1 > Mh and Mh = mSM

H .
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The 2HDM potential shares eight free parameters λi=1,··· ,5, m2
11, m

2
22 and m2

12,
seven more than the SM Higgs potential, which has two free parameters λ and the
VEV v. The Higgs mass is then given by m2

H = λ v2/3. Now, the mass–coupling
relations include the four scalar masses the two mixing parameters α and β and v

and read [104–106, 123, 124]

λ1 = M2
H c2α + M2

h s
2
α − m2

12 tβ
v2c2β

,

λ2 = M2
H s2α + M2

h c
2
α − m2

12 t
−1
β

v2s2β
,

λ3 = (M2
H − M2

h ) cαsα + 2MH± sβcβ − m2
12

v2sβcβ
,

λ4 = (M2
A − 2M2

H±) sβcβ + m2
12

v2sβcβ
,

λ5 = m2
12 − M2

A sβcβ
v2sβcβ

, (7.26)

where sα = sin α, cα = cosα, sβ = sin β, cβ = cosβ and tβ = tan β. The potential
minimum conditions fix the potential masses to values [106]

m2
11 = m2

12 tβ − 1

2
v2
[
λ1 c

2
β + (λ3 + λ4 + λ5) s

2
β

]
,

m2
22 = m2

12 t
−1
β − 1

2
v2
[
λ2 s

2
β + (λ3 + λ4 + λ5) c

2
β

]
.

The vacuum stability and perturbativity |λi | < λmax conditions put sever constraints
on the admitted mass ranges, in particular the mass difference MH −MH± is severely
constraint as a function of MA (see e.g. Fig. 1 in [125]).

In 2HDMs many new real and virtual processes, likeW±H∓γ transitions, are the
consequence. The non–observation of processes likeϒ → H+γ sets stringent lower
bounds on the scalarmasses. Togetherwith theLEPbounds this prevents large 2HDM
contribution to aμ. Present bounds on scalars are MH± > 80 GeV, MA > 93 GeV
and MH1 > 93 GeV. In general, in type I models, fermions get contributions to
their masses from the VEVs of both Higgs scalars. Phenomenologically preferred
and most interesting are the type II models where a discrete symmetry guarantees
that the upper and the lower entries of the fermion doublets get their masses from
different VEVs (mt ∝ v2, mb ∝ v1) in order to prevent FCNCs [103]. Only the type
II models satisfy the MFV criterion. Such models are also interesting because one
easilymay getmt  mb without having vastly different Yukawa couplings. Anyway,
the possibility of two Higgs doublets is an interesting option and therefore has been
studied extensively [98, 99, 101, 102, 124–128] in the past. We assume couplings
of the 2HDMs to be real (CP conserving case), for a discussion of the complex case
see [129, 130].
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The naming of 2HDMs has been changed recently [125, 131]: as already men-
tioned amajor constraint on 2HDMs is the absence/suppression of FCNCs.Requiring
“Natural Flavor Conservation” (NFC)11 restricts the models to four different classes
(so called aligned models A2HDMs) which differ by the manner in which the Higgs
doublets couple to fermions [106, 129, 132]. They are organized via discrete sym-
metries like Z2 under which different matter sectors, such as right-handed leptons or
left-handed quarks, have different charge assignments.

For flavor conserving A2HDMs, the non-diagonal neutral couplings can be elim-
inated by requiring the alignment in flavor space of the Yukawa matrices [131]:
the two Yukawa matrices which couple to a given type of right-handed fermions
are assumed to be proportional to each other and can, therefore, be diagonalized
simultaneously. The three proportionality parameters ζ f ( f = u, d, l) are arbitrary
complex numbers and introduce new sources of CP violation. We consider the CP
conserving case with real ζ ’s only.

One considers type I, II, X and Y models depending on the possible implemen-
tations of the Yukawa couplings which we denote as yφ

f
m f

v
f̄ f φ for the scalars

φ = h, H and as iyA
f
m f

v
f̄ γ5 f A for the pseudoscalar A. In terms of the fermion

mass-eigenstates fields, the Yukawa interactions of the A2HDM read

LY = √
2 H+ (ū [VCKM yA

d PR + yA
u VCKM PL

]
d + ν̄yA

l PRl
)

−
∑

i=h,H,A, f =u,d,l

φi f̄ y
i
f PR f + h.c. , (7.27)

where PR,L ≡ 1±γ5
2 are the right-handed and left-handed chirality projectors. The

normalized Yukawa couplings are then given by yi
d,l = Ri1 + (Ri2 + i Ri3) ζd,l and

yi
u = Ri1 + (Ri2 − i Ri3) ζ

∗
u and the standard ones by

yif = yi
f m f /v ;

yh
f = sin(β − α) + cos(β − α) ζ f

yH
f = cos(β − α) − sin(β − α) ζ f

yA
d,l = −ζd,l , yA

u = ζu

. (7.28)

The Z2 breaking parameter η affects only the couplings yh
f = 1 + η ζ f and yH

f =
−ζ f + η. The possibilities are listed in Table7.6 For the type II model the relevant
couplings read

H f̄ f, f = b, t − g
2

(
mb
MW

cosα
cosβ ,

mt
MW

sin α
sin β

)

h f̄ f, f = b, t − g
2

(
− mb

MW

sin α
cosβ ,

mt
MW

cosα
sin β

)

A f̄ i γ5 f, f = b, t − g
2

(
mb
MW

tan β, mt
MW

cot β
)

H+ t̄ b g√
2

(
mb
MW

tan β
1+γ5
2 + mt

MW
cot β 1−γ5

2

)
Vtb .

(7.29)

11In my opinion “natural” here is misleading. Imposing ad hoc Z2 selection rules have no natural
explanation.
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Table 7.6 The normalized Yukawa couplings of the neutral bosons to up- and down-type quarks
and charged leptons. The usual Yukawa couplings are yif = yif m f /v

yA
u =

ζu

yA
d =

−ζd

yA
l =

−ζl

yH
u yH

d yH
l yh

u yh
d yh

l

Type I cot β − cot β − cot β sin α
sin β

sin α
sin β

sin α
sin β

cosα
sin β

cosα
sin β

cosα
sin β

Type II cot β tan β tan β sin α
sin β

cosα
cosβ

cosα
cosβ

cosα
sin β

− sin α
cosβ − sin α

cosβ

Type X cot β − cot β tan β sin α
sin β

sin α
sin β

cosα
cosβ

cosα
sin β

cosα
sin β

− sin α
cosβ

Type Y cot β tan β − cot β sin α
sin β

cosα
cosβ

sin α
sin β

cosα
sin β

− sin α
cosβ

cosα
sin β

The masses in units of v: m f /v = g
2

m f

MW
with g the SU(2) SM gauge coupling.

The SM Higgs contribution (4.48) is tiny, due to the fact that the H μ̄μ Yukawa
coupling yμ = √

2mμ/v is very small because the SM Higgs VEV is large: v =
246.221(1) GeV. In 2HDMs of type II and type X the Yukawa couplings may be
enhanced by large factors tan β = v2/v1. This is particularly important for the heavier
fermions. It is evident that if 2HDMs are expected to explainΔaμ, then only models
of type II and X have a chance to do so.

The couplings for the other fermions are given by analogous expressions. For
example, the coupling for the τ maybeobtained by substitutingmt → 0, mb → mτ .

A class of 2HDMs also exists where one of the Higgs doublets does not participate
in the dynamics and remains inert [133, 134]. Finally, in the so-called type III models
(previously type I) both up and down fermions couple to both Higgs doublets. A
detailed analysis of flavor and CP violation in type III models can be found in [135]
and references therein.

The parameter space compatible with collider and flavor physics data has been
updated in [125]: the direct LEP bound is MH± > 80 GeV, however, given (7.8)
the 2HDM calculation of the decay rates of the radiative quark–level transitions
b → sγ b → dγ and their CP-conjugates for type II models yields a tan β–
independent bound of MH± > 580 GeV [136]. Constraints from LHC data on the
alignment parameters ζ f are [121]:

0 < |ζu | < 1.2 , 0 < |ζd | < 50 , 0 < |ζl | < 100 . (7.30)

The complete 1–loop result (see Fig. 7.9a) reads [79, 80, 137]

a(2) 2HDM
μ = Gμ m2

μ

4π2
√
2

∑
j

(
y j

μ

)2
r j
μ f j (r

j
μ), (7.31)

http://dx.doi.org/10.1007/978-3-319-63577-4_4
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Fig. 7.9 Leading 2HDM graphs a and b contributing to aμ. Diagrams c and d, with H → h, H, A,
are examples of subleading bosonic contributions which are modified with respect to the SM weak
bosonic contributions due to the extended Higgs structure. Graphs e–h have been shown to give
substantial contributions as well [109, 124]

where j = {h, H, A, H±}, r j
μ = m2

μ/M
2
j , and

fh,H (r) =
∫ 1

0
dx

x2(2 − x)

1 − x + r x2
= − ln r − 7/6 + O(r),

f A(r) =
∫ 1

0
dx

−x3

1 − x + r x2
= + ln r + 11/6 + O(r),

fH±(r) =
∫ 1

0
dx

−x(1 − x)

1 − (1 − x)r
= −1/6 + O(r).

(7.32)

The normalized Yukawa couplings yh,H,A
μ are listed in Table7.6, and yH

±
μ = yA

μ . In
any case we have r � 1 such that fH±(r) is small relative to fh,H,A(r).

In case α ≈ β the enhanced terms are (see (7.25))

a(2) 2HDM
μ (h) � Gμm2

μ

4π2
√
2
tan2 β

m2
μ

M2
h

(
ln

M2
h

m2
μ

− 7

6

)
> 0 ,

a(2) 2HDM
μ (A) � Gμm2

μ

4π2
√
2
tan2 β

m2
μ

M2
A

(
− ln

M2
A

m2
μ

+ 11

6

)
< 0,

a(2) 2HDM
μ (H±) � Gμm2

μ

4π2
√
2
tan2 β

m2
μ

M2
H±

(
−1

6

)
< 0.

(7.33)

Since we need a positive contribution MA and MH± must be large (above 100 GeV)
in order to make the negative contribution small and the contribution is entirely due
to the light scalar h, the mass of which we identify with the 125 GeV resonance
found at CERN. This then is the SM Higgs contribution (4.48) enhanced by tan2 β.
If this should matchΔaμ it would require the unreasonably large value tan β ≈ 380.

http://dx.doi.org/10.1007/978-3-319-63577-4_4
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When considering the case β − α ≈ π/2, in which h has the same couplings as
the SM Higgs boson, h appears replaced by H relative to the sin(β − α) ≈ 0 case
of (7.33). In the decoupling limit, MH � MA � MH± [the mass differences are of
O(M2

Z/MA)] we then get

a(2) 2HDM � Gμm2
μ

4π2
√
2
tan2 β

m2
μ

M2
A

(
1

2
− 2m2

μ

M2
A

ln
M2

A

m2
μ

)
. (7.34)

The contribution of h is not tan β-enhanced and is thus negligible and part of aEWμ

already. For 100 GeV < MA < 1000 GeV, and 30 < tan β < 100, the 2HDM
contribution to aμ ranges from about 1.3 × 10−11 to 2.1 × 10−14, which in the
best case is two orders of magnitude below what is needed to explain the BNL
measurement of aμ.

At 2–loops the Barr-Zee diagrams Fig. 7.9 can yield an enhanced contribution,
which can exceed the 1–loop result substantially. The enhancement factor m2

b/m
2
μ

actually compensates the suppression by α/π as (α/π) × (m2
b/m

2
μ) ∼ 4 > 1. For

the type II case diagram Fig. 7.9b dominates and yields

a(4) 2HDM−BZ
μ (h, A) = Gμ m2

μ

4π2
√
2

α

π

∑

i=h,H,A; f
Nc f Q

2
f y

i
μy

i
f r

i
f gi (ri f ), (7.35)

with ri f = m2
f /M

2
i (i = h, H, A) and

gh,H (r) =
∫ 1

0
dx

2x (1 − x) − 1

x (1 − x) − r
ln

x (1 − x)

r
= −2 (ln r + 2) + (2r − 1) gA(r),

gA(r) =
∫ 1

0
dx

1

x (1 − x) − r
ln

x (1 − x)

r
= 2

y

{
Li2

(
1 − 1 − y

2r

)
− Li2

(
1 − 1 + y

2r

)}
,

(7.36)

with y = √
1 − 4r .

In [109] the complete set of Barr-Zee type diagrams Fig. 7.9 have been calculated
for the first time. Using the effective vertices from the previous section for calculating
the second loop, ignoring suppressed terms proportional to higher powers ofm2

μ/M
2

(with M a heavy mass) in the numerator and the muon mass in the denominator, we
obtain the various contributions to the anomalous magnetic moment of the muon:

Δa(b)
μ =

∑
i, f

α
√
2Gμ m2

μ

4 π3
N f
c Q2

f y
i
f y

i
l F (1)

(
m2

f

M2
i

)
, (7.37)

Δa(e)
μ =

∑
i

α m2
μ

8 π3 M2
i

yi
l λφi H+H− F (2)

(
M2

H±

M2
i

)
. (7.38)
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g-2

2σ

1σ

Fig. 7.10 Parameter ranges where theA2HDMs of type II or typeX could explainΔaμ. Predictions
including relevant effects from leading Barr-Zee diagrams of Fig. 7.9 for MH = MH± = 500 GeV.
For smallm2

12 the perturbativity constraints λ1, λ2 < 4π can barely be satisfied for largeMH , MH± .
See [125] for details

Δa( f )μ =
∑

i

α
√
2Gμm2

μ

8 π3 yil Ri1 F(3)
(
M2

W

M2
i

)
. (7.39)

Δa(g)
μ = α

√
2Gμ m2

μ Nc |Vtb|2
32 π3 s2W (M2

H± − M2
W )

∫ 1

0
dx
[
Qt x + Qb(1 − x)

]

×
[
ζdζl m

2
bx(1 − x) + ζuζl m

2
t x(1 + x)

][
G
(

m2
t

M2
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,
m2

b

M2
H±

)
− G

(
m2

t

M2
W

,
m2

b

M2
W

)]
,
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Δa(h1)
μ = α

√
2Gμ m2

μ

64 π3 s2W (M2
H± − M2

W )

∑

i

[
ζl Ri1(Ri2 − iRi3)

] ∫ 1

0
dx x2

×
[ (

M2
H± + M2

W − M2
i

)
(1 − x) − 4M2

W

][
G
(

M2
W

M2
H±

,
M2

i

M2
H±

)
− G

(
1,

M2
i

M2
W

)]
,

(7.41)

Δa(h2)
μ = αm2

μ

64π3 s2W (M2
H± − M2

W )

∑

i

[
ζl (Ri2 − iRi3)

]
λφi H+H−

∫ 1

0
dx x2(x − 1)

×
[
G
(
1,

M2
i

M2
H±

)
− G

(
M2

H±

M2
W

,
M2

i

M2
W

)]
. (7.42)
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We denoted s2W = 1 − M2
W/M2

Z . The needed loop functions are given by:

F (1)(r) = r

2

∫ 1

0
dx

2x(1 − x) − 1

x(1 − x) − r
ln(x(1 − x)/r) , (7.43)

F (2)(r) = 1

2

∫ 1

0
dx

x(x − 1)

x(1 − x) − r
ln(x(1 − x)/r) , (7.44)

F (3)(r) = 1

2

∫ 1

0
dx

x [3x(4x − 1) + 10]r − x(1 − x)

x(1 − x) − r
ln(x(1 − x)/r) , (7.45)

and

G(ra, rb) =
ln

(
ra x + rb (1 − x)

x(1 − x)

)

x(1 − x) − ra x − rb (1 − x)
. (7.46)

The triple Higgs couplings λφi H+H− deriving from the Higgs potential is given
by [138]

λhH+H− = −1

v

[(
M2

h − m2
12

sβcβ

)
cβ+α

sβcβ
+ (

2M2
H± − M2

h

)
sβ−α

]
.

The first two contributions are the well known classical results [98–102, 123, 125,
137–141]. The analysis [125] has shown (see Fig. 7.10) that the parameter space of
the A2HDMs allows for substantial contributions to the muon g − 2, when one of
the neutral scalars is essentially degenerate with the charged scalar. The constraints
from collider and flavor physics only admit the type X model to possibly explain
Δaμ.

A first complete 2–loopA2HDMcalculation has been presented recently in [124].
The analysis confirms the results [109, 125] concerning the leading effects, just
discussed. However, the bosonic correction calculated for the first time can contribute
effects of the size of the future experimental accuracy:

aBμ = (2 · · · 4) × 10−10

for η = 0, 0.1 constrained by 2 × 10−10 and η = −0.1 where the larger values are
obtained.

As an illustration we present some values for 1–loop and 2–loop contributions
separately and for the sum for selected parameters withMh = 125GeV and choosing
MH± = MH in units of 10−11:



7.2 New Physics in g − 2 639

(MA, MH , tan β) a(2)
μ (H) a(2)

μ (A) a(4)
μ (H) a(4)

μ (A) sum
(50, 125, 10) 0.32 −1.09 −2.14 7.19 4.26
(50, 250, 10) 0.17 −1.09 −1.29 7.19 4.96
(50, 500, 10) 0.09 −1.09 −0.77 7.19 5.40
(50, 250, 100) 16.84 − 109.20 − 129.40 718.79 496.94
(50, 500, 100) 8.86 −109.20 −77.16 718.79 541.25
(100, 500, 10) 0.09 −0.31 −0.77 2.70 1.69
(100, 125, 40) 5.11 −4.95 −34.23 43.19 9.06
(100, 250, 40) 2.69 −4.95 −20.70 43.19 20.20

Typically, 1–loop and 2–loop terms as well as CP–even and CP–odd ones enter
with alternating signs and there are substantial cancellations. Substantial positive
contributions require not only large tan β but also small MA. The LEP bound is at
90 GeV, and tan β much larger than 40 look not very natural. It is rather unlikely the
2HDMs are the origin of the yet unexplained deviation. IfMA ∼ Mh the contributions
largely cancel. Given Mh , to get a large MA − Mh mass splitting requires a large
MA, which however yields a large contribution of the disfavored negative sign. This
means that the muon g−2 constraint gives a bound on MA which, however, strongly
depends on tan β (see e.g. [101, 102, 128, 138, 142] for a more detailed discussion).
Besides the dominant 2-loop contributions from Fig. 7.9b a 2–loop calculation of
the 2HDM contributions, including diagrams like Figs. 7.9c, d, within the context of
the MSSM has been presented in [15]. The contributions from diagrams Fig. 7.9e–h,
depending on the parameters, can change the leading result by about 10%.

If one identifies Mh with mH of the SM the correction is found to be small:
abos,2Lμ (MSSM − SM) < 3 × 10−11 in the parameter range MA � 50 GeV and
tan β � 50. In fact, in the LL approximation, the 2HDM sector in the MSSM
at 2–loops does not change the SM result. The reason is that at the 1–loop level
the electroweak SM result numerically remains practically unchanged, because the
additional 2HDM diagrams all are suppressed by the small Yukawa coupling of the
μ (like the SM Higgs contribution).

For an effective field theory approach to 2HDMs I refer to [143].
In summary: A2HDMs exhibit a special narrow corner in parameter space which

would allow to explain Δaμ, namely the type X alignment with a light A of mass
about 50 GeV and essentially degenerate MH ∼ MH± of about 200 GeV and a large
tan β � 50. This is a boarder line case and may be excluded by corroborating the
LEP limit MA > 93 GeV.

7.2.5 Supersymmetry

Supersymmetry (SUSY) is a theoretically very attractive idea, however, should it be
realized in nature as a property of the spectrum of elementary particles, the non–
observation of any SUSY partner up the present collider energies, tells us that SUSY
would be highly broken. Searches at the LHC have pushed up possible SUSY partner
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mass limits to the TeV range.While in pre–LHC times SUSY looked to be the perfect
candidate for explaining theΔaμ deviation (7.3), this has changed after the first years
of LHC running. Besides the fact that no new physics has been found, the discovery
of the Higgs particle with mass 125 GeV has a great impact on SUSY extensions
and essentially has excluded the most attractive constrained SUSY scenarios (see
e.g. [144–146] and references therein). This does not exclude SUSY as a possible
solution of the muon g − 2 deviation and we will discuss the possibilities in the
following.

Supersymmetric extensions of the SM, in particular theMinimal Supersymmetric
Standard Model (MSSM), are still a promising possibility for physics beyond the
SM. Supersymmetry implements a symmetry mapping

boson
Q↔ fermion

between bosons and fermions, by changing the spin by±1/2 units [147]. The SUSY
algebra [graded Lie algebra] reads

{
Qα, Qβ

} = −2 (γ μ)αβ Pμ ; Pμ = (H,P) ,

with Pμ the generators of space–time translations, Qα four component Majorana
(neutral) spinors and Qα = (

Q+γ 0
)
α
the Pauli adjoint. It represents the only possi-

ble non–trivial unification of internal and space–time symmetry in a quantum field
theory. The Dirac matrices in the Majorana representation play the role of the struc-
ture constants. The SUSY extension of the SM associates with each SM state X a
supersymmetric “sstate” X̃ where sfermions are bosons and sbosons are fermions as
shown in Table7.7.

SUSY is a global symmetry imposed on the SM particle spectrum, the SM gauge
group remains untouched and there are no new gauge bosons. Also the matter fields
remain the same. SUSY and gauge invariance are compatible only if a second Higgs

Table 7.7 The particle spectrum of a MSSM

SM particles (Rp = +1) SUSY partners (Rp = −1)(
νe

e−

)

L

,

(
νμ

μ−

)

L

,

(
ντ

τ−

)

L

(
ν̃e

ẽ−

)

L

,

(
ν̃μ

μ̃−

)

L

,

(
ν̃τ

τ̃−

)

L

Sneutrinos, sleptons

νeR , e
−
R , νμR , μ−

R , ντR , τ−
R ν̃eR , ẽ

−
R , ν̃μR , μ̃−

R , ν̃τR , τ̃−
R(

u

d

)

L

,

(
c

s

)

L

,

(
t

b

)

L

(
ũ

d̃

)

L

,

(
c̃

s̃

)

L

,

(
t̃

b̃

)

L

Squarks (stop, ...)

uR, dR, cR, sR, tR, bR ũR, d̃R, c̃R, s̃R, t̃R, b̃R
W±, H± W̃±, H̃± → χ̃±

1,2 Charginos

γ, Z , h0, H0, A0 γ̃ , Z̃ , h̃0, H̃0, Ã0 → χ̃0
1,2,3,4 Neutralinos

g, G g̃, G̃ Gluino, gravitino
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doublet field is introduced where H1 induces the masses of all down–type fermions
and H2 the masses of all up–type fermions. A second complex Higgs doublet is also
required for the anomaly cancellation of the fermionic sboson sector. This means 4
additional scalars (H 0, A0, H±) and their SUSY partners. The lighter neutral scalar
denoted by h0 corresponds to the SM Higgs boson H . Both Higgs fields exhibit
a neutral scalar and acquire vacuum expectation values v1 and v2. The parameter
tan β = v2/v1 is one of the very important basic parameters as we will see. As
mt ∝ v2 and mb ∝ v1 in such a scenario the large mass splitting mt/mb ∼ 40
could be “explained” by a large ratio v2/v1, which means a large tan β. So values
tan β ∼ 40 look natural.

Digression on Supergravity and SUSY Breaking

A very interesting question is what happens if one attempts to promote global SUSY
to local SUSY. Since SUSY entangles internal with space–time symmetries of spe-
cial relativity, local SUSY implies supergravity (SUGRA) as one has to go from
global Poincaré transformation to local ones. This means general coordinate invari-
ance which in turn relates to geometry and gravity according to Einstein’s general
relativity. SUGRA must include the spin 2 graviton and its superpartner, the spin
3/2 gravitino. Such a QFT is necessarily non–renormalizable [148]. Nevertheless
it is attractive to consider the MSSM as a low energy effective theory of a non–
renormalizable SUGRA scenario with MPlanck → ∞ [149]. SUSY is spontaneously
broken in the hidden sector by fields with no SU(3)c ⊗ SU(2)L ⊗ U (1)Y quantum
numbers and which couple to the observable sector only gravitationally. Denoting
by MSUSY the SUSY breaking scale, the gravitino acquires a mass

m3/2 ∼ M2
SUSY/MPlanck ,

with MPlanck the inherent scale of gravity.12 SUSY is not realized as a perfect symme-
try in nature. SUSY partners of the known SM particles have not yet been observed
because sparticles in general are heavier than the known particles. Like the SM local
GSM symmetry is broken by the electroweak symmetry breaking (EWSB), SUGRA
is broken at some higher scale MSUSY by a super–Higgs mechanism. The Lagrangian
takes the form

LMSSM = LSUSY
global + LSUSY

breaking

with

LSUSY
global = LSUSY(SU(3)c ⊗ SU(2)L ⊗U (1)Y ;W )

12MPl = (GN /c�)−1/2 � 1.22× 1019 GeV, GN Newton’s gravitational constant, c speed of light,
� Planck constant.
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with W the following gauge invariant and B and L conserving superpotential13

W = WY − μH1H2 ; WY =
∑
F

(hU Q̃LŨ
c
L H2 + hD Q̃L D̃

c
L H1 + hL L̃ Ẽ

c
L H1)

(Y=Yukawa;F= families)where14 Q̃L and L̃ denote theSU(2)L doublets (ŨL , D̃L),
(ÑL , ẼL) and Ũ c

L , D̃
c
L , Ẽ

c
L are the scalar partners of the right–handed quarks and

leptons, written as left–handed fields of the antiparticle (c = charge conjugation).
SU(2)L and SU(3)c indices are summed over. hU , hD and hL are the Yukawa cou-
plings, the complex 3 × 3 matrices in family space of the SM. In the Minimal
Super Gravity (mSUGRA) scheme, also related to the less constrained “Constrained
MSSM” (CMSSM) [150], one assumes universality of all soft parameters.15 The
mSUGRA ansatz exhibits super gravity induced SUSY breaking with m3/2 = m0 at
the bare level. In addition the Kähler flat supergravity relation B0 = A0−m0 implies
that tan β in mSUGRA is not a free parameter. So mSUGRA exhibits only 3 free
parameters m1/2, m0 and A0. The LSP in this scenario barely can accommodate the
observed dark matter relict density (see [150] and references therein). The CMSSM
drops the relation between B0 and A0 and assumes B0 and μ to be quantities related
to the EW symmetry breaking scale. In addition there is no relation between m0 and
the gravitino mass.

In this case the SUSY breaking term has the form

LSUSY
breaking = −m2

∑
i

|ϕi |2 − M
∑
a

λaλa + (Am WY − B m μH1H2 + h.c.) .

13One could add other gauge invariant couplings like

(Ũ c
L D̃

c
L D̃

c
L ) , (Q̃L L̃ D̃

c
L ) , m(L̃ H2) , (L̃ L̃ Ẽc

L )

which violate either B or L , however. In the minimal model they are absent.
14We label U = (u, c, t), D = (d, s, b), N = (νe, νμ, ντ ) and E = (e, μ, τ).
15Even with the constraints mentioned, SUSY extensions of the SM allow for about 100 free
symmetry breaking parameters. Free parameters typically aremasses andmixings of the neutralinos,
the higgsino mass μ (the +μH1H2 term of the 2HDM Higgs potential) and tan β . This changes if
one merges GUT concepts with SUSY, in fact SUSY-GUTs (e.g. as based on SU(5)) are the only
theories which allow for grand unification broken at a low scale (∼1 TeV). This provides strong
constraints on the SUSY breaking mechanism, specifically we distinguish the constrained CMSSM
a SUSY-GUTwith soft breakingmasses universal at the GUT scale. The NUHM is as CMSSMwith
non-universal Higgs masses: • the CMSSM defined to have universal couplings at the GUT scale
has the free parameters:m0,m1/2, A0, tan β and sign(μ). •NUHM1 considers MA as an additional
free parameter at the EW scale. •NUHM2 in addition assumesμ to be independent at the EW scale.
These models assume many degeneracies of masses and couplings in order to restrict the number of
parameters. Typically, SM parameters are supplemented bym1/2 (scalar-matter mass, likemq̃ ,m �̃

),
m0 (the U (1)Y ⊗ SU(2)L gaugino masses, m γ̃ , mZ̃ , mW̃ and gluino mass m g̃), sign(μ), tan β, A
(trilinear soft breaking term), and more for less constrained models.
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The essential new parameters are

• μ the supersymmetric higgsino mass
• m is the universal mass term for all scalars ϕi

• M is the universal mass term to all gauginos λa

• A, B are the breaking terms in the superpotential W .

Thus in addition to the SM parameters we have 5 new parameters

μ,m, M, A and B.

The SUSY breaking lifts the degeneracy between particles and sparticle and essen-
tially makes all sparticles to be heavier than all particles.

This scenario leads to universal masses for all SUSY partners:

• s–matter: mq̃ = m �̃ = mH̃ = m1/2

• gauginos: M3 = M2 = M1 = m0

where M3, M2 and M1 are the mass scales of the spartners of the gauge bosons in
SU(3)c, SU(2)L and U (1)Y , respectively. The non–observation of any sparticles so
far requires a mass bound of about m3/2,m1/2,m0 ∼ 100 ÷ 1000 GeV , which is of
the order of the weak scale 246 GeV or higher.

In general one expects different masses for the different types of gauginos:

• M ′ the U (1)Y gaugino mass
• M the SU(2)L gaugino mass
• m g̃ the SU(3)c gluino mass.

However, the grand unification assumption

M ′ = 5

3
tan2 ΘW M = 5

3

α

cos2 ΘW αs
m g̃ ,

with sin2 ΘW = 1− M2
W/M2

Z , leads back to the CMSSM scenario. A very attractive
feature of this scenario is the fact that the known SMYukawa couplings now may be
understood by evolving couplings from the GUT scale down to low energy by the
corresponding RG equations. One interesting outcome is that the Higgs mechanism
gets triggered naturally as one of the running mass squares, the one of the Higgs
boson, gets negative for appropriate regions in SUSY parameter space (there exist
no–EWSB ranges as well). This also implies the form of the muon Yukawa coupling
yμ ∝ tan β, as



644 7 Comparison Between Theory and Experiment …

yμ = mμ

v1
= mμ g2√

2MW cosβ
(7.47)

where g2 = e/ sinΘW and 1/ cos β ≈ tan β. This enhanced coupling is central for
the discussion of the SUSY contributions to aμ. In spite of the fact that SUSY and
GUT extensions of the SM have completely different motivations and in a way are
complementary, supersymmetrizing a GUT is very popular as it allows coupling con-
stant unification together with a lowGUT breaking scale which promises nearby new
physics. Actually, supersymmetric SU(5) circumvents the problems of the normal
SU(5) GUT and provides a viable phenomenological framework. The extra GUT
symmetry requirement is attractive also because it reduces the number of indepen-
dent parameters. The discovery of the Higgs boson of mass 125 GeV, which requires
large squark masses in a SUSY extension of the SM, and the fact that no non-SM
particle has been found at the LHC, largely rules out scenarios like the CMSSM.Nev-
ertheless, such minimal scenarios may provide a viable starting point for proceeding
with less constrained non-minimal SUSY models.

End of the Digression

While supersymmetrizing the SM fixes all gauge and Yukawa couplings of the spar-
ticles (see Fig. 7.11), there are a lot of free parameters to fix the SUSY breaking and
masses, such that mixings of the sparticles remain quite arbitrary: the mass eigen-
states of the gaugino–Higgsino sector are obtained by unitary transformations which
mix states with the same conserved quantum numbers (in particular the charge)

χ+
i = Vi jψ

+
j , χ−

i = Ui jψ
−
j , χ0

i = Ni jψ
0
j (7.48)

where ψa
j denote the spin 1/2 sparticles of the SM gauge bosons and the two Higgs

doublets. In fact, a SUSY extension of the SM in general exhibits more than 100
parameters, while the SM has 28 including masses and mixings parameters of the
neutrinos. Also, in general SUSY extensions of the SM lead to tree level FCNCs
and unsuppressed non-CKM type CP–violation, which both are absent in the SM,
in agreement with observation. Actually, just a SUSY extension of the SM, while
solving the pretended naturalness problem of the SM Higgs sector [151], creates its
own naturalness problem as it leads to proton decay and the evaporation of baryonic
matter in general. An elegant way to get rid of the latter problem is to impose the so
called R–parity, which assigns Rp = +1 to all normal particles and Rp = −1 to all
sparticles. If R–parity is conserved sparticles can only be produced in pairs and there
must exist a stable Lightest Supersymmetric Particle (LSP), the lightest neutralino.
Thus all sparticles at the end decay into the LSP plus normal matter. The LSP is

Fig. 7.11 Yukawa coupling
= gauge coupling in the
MSSM

g

V f

f g

V f̃

f̃ g

Ṽ f

f̃
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a Cold Dark Matter (CDM) candidate [152] if it is neutral and colorless. From the
precision mapping of the temperature and polarization anisotropies in the Cosmic
Microwave Background (CMB), the Planck Collaboration has determined the relict
density of cold dark matter to [96, 153, 154]

ΩCDM = ρCDM/ρcrit = 0.1186(20)h−2 = 0.258(11). (7.49)

This sets severe constraints on theSUSYparameter space [155–157].Note that SUSY
is providing a new source for CP–violation, which could help in understanding the
matter–antimatter asymmetry nB = (nb − nb̄)/nγ � 6 × 10−10 observed in our
world.

However, what should cause R–parity to be conserved is another question. It just
means that certain couplings one usually would assume to be there naturally are
excluded. If R is not conserved sparticles may be produced singly and the LSP is
not stable and would not provide a possible explanation of CDM. Then also (7.49)
would not provide information on SUSY parameters.

The main theoretical motivation for a supersymmetric extension of the SM is the
hierarchy or naturalness problem16 of the latter: chiral symmetry requires fermions
to be massless, local gauge symmetries require the gauge bosons to be massless, so
the only SM particle which is not required to be massless, before the spontaneous
symmetry breaking by the Higgs mechanism, is the scalar Higgs boson, together
with the mass–degenerate later Higgs–ghosts (all fields in the Higgs doublet). This
argument, however, only is true in the symmetric phase. In the broken phase, triggered
by a negative bare Higgs potential mass square term, all masses including the Higgs
particle itself, exhibit a mass proportional to the Higgs VEV v according to (4.46).
Therefore, the Higgs mass in the broken phase cannot be expected to be much larger
than the heavier of the SM particles, unless the dimensionless Higgs self-coupling
λ for unknown reasons would be much larger than the gauge couplings or the top
quark Yukawa coupling. What is actually tuned when renormalizing the Higgs mass
is λ because v is given as the universal electroweak scale, which is determined
by the Fermi constant, an object independent of any SM interaction parameters at
leading order or to all orders by definition. The Higgs VEV v is to be viewed as
an orderparameter, which breaks the symmetry of the vacuum (by a collective long
range order) and has no direct correlation to the short distance cutoff, which is the
Planck mass if one equips the bare SM with a Planck cutoff (see [108, 151]).

16Stating that a small parameter (like a small mass) is unnatural unless the symmetry is increased by
setting it to zero. The equivalent hierarchy problem addresses the fine–tuning problem encountered
in Higgs mass renormalization: the renormalized (observed) low energy effective mass square

m2
ren = m2

bare − δm2

is O(v2) of the order of the electroweak scale square, while in the bare theory exhibiting the Planck
mass as a UV cutoff, m2

bare and the counterterm δm2 are of order Λ2
Planck. So the observed Higgs

mass appears as a highly fine–tuned difference of two very large numbers. Exact supersymmetry
eliminates the fine–tuning by canceling positive bosonic contributions to δm2 exactly by negative
fermionic ones, such that quadratic UV singularities are absent.

http://dx.doi.org/10.1007/978-3-319-63577-4_4
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Table 7.8 Lower bounds (95% C.L.) on SUSY states. Bounds from LEP (ALEPH, DELPHI, L3,
OPAL), Tevatron (CDF, D0) and LHC (ATLAS,CMS) [158, 159]

Object Mass bound (GeV) Comment

Sleptons mẽ,μ̃,τ̃ > 98, 94, 82 mμ̃τ̃ − mχ̃0
1
> 10, 15 GeV

Sbottom, stop mb̃,t̃ > 600, 730 for mb̃,t̃ − mχ̃0
1

= 8, 10 GeV

Squarks �= t̃, b̃ mq̃ > 1450

chargino mχ̃±
1

> 345 for m ν̃ > 300 GeV

Stable neutralino (LSP) mχ0
1

> 46 all tan β, all Δm, all m0

Unstable neutralino mχ0
1

> 380 χ̃0
1 → ZG̃, GMSBa

Neutralinos χ̃0
2 , χ̃

0
3 , χ̃

0
4 mχ̃0 > 345

Charginos χ̃±
1 , χ̃±

2 mχ̃± > 345

Sneutrino ν̃ m ν̃ > 94

Gluino m g̃ > 1150 any mq̃ [m g̃ = mq̃ ]
aGauge mediated supersymmetry breaking (GMSB) is an elegant mechanism to transmit supersym-
metry breaking from the hidden to the MSSM observable sector, which solves the supersymmetric
flavor problem

In the symmetric phase the Higgs particles have a mass which is a truly free
parameter, independent of it couplings. The only known symmetry which requires
scalar particles to be massless in the symmetry limit is supersymmetry.17 Simply
because a scalar is now always a supersymmetric partner of a fermion which is
required to be massless be chiral symmetry. Thus only in a supersymmetric theory
it is natural to have a “light” Higgs, so the commonly accepted jargon. In any case
in a SUSY extension of the SM the lightest scalar h0, which corresponds to the SM
Higgs, is bounded to have mass mh0 ≤ MZ at tree level.

It is one of the most striking consequences of supersymmetrizing the SM that
the Higgs boson mass is a predicted quantity now, although depending on other
new free parameters showing up in the SUSY extension. The basic reason is that
supersymmetrizing the Higgs self–coupling HHHH ↔ HH H̃ H̃ relates λ to the
gauge and Yukawa couplings:

H

H

H

H

H

H

H̃

H̃

↔ +

H

H

H̃

H̃

17Conformal symmetry would require severe fine tuning of parameters, just what we want to avoid
in this context.
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In the MSSM it implies constraints on the 2HDM potential (7.24):

λ1 = λ2 = −(λ3 + λ4 + λ5) = 1

4

(
g2 + g′2

)
; λ4 = −1

2
g2 ; λ5 = 0 ,

and as a consequence, in theminimal SUSYmodels themasses of the extraHiggses at
tree level are severely constrained by the followingmass- and coupling-relationships:

M2
H± = M2

W + M2
A , M2

H,h = 1

2

(
M2

Z + M2
A±
√
(M2

Z − M2
A)

2 + 4M2
Z M

2
A sin2 2β

)
,

tan(2α) = tan(2β)
M2

A + M2
Z

M2
A − M2

Z

, sin2(α − β) = M2
H

M2
A

M2
Z − M2

H

M2
Z + M2

A − 2M2
H

. (7.50)

Only two independent parameters are left, which we may choose to be tan β and
MA.18 This tree level Higgs mass prediction receives large radiative corrections from
the t/t̃ sector (see Fig. 7.12), which changes the upper bound to [160]

m2
h0 ≤ M2

Z +
√
2Gμ

2π2 sin2 β
3m4

t ln

(
mt̃1 mt̃2

m2
t

)
+ · · · (7.51)

which in any case is well below 200GeV. For improved bounds obtained by including
higher order corrections19 I refer to [161, 162] (see also [163]). In the MSSM one

18In [138] theCPconserving 2HDMcase is consideredwithout imposing theΦ2 → −Φ2 symmetry,
which allows for twomore terms in the potentialV → V+[λ6

(
Φ+

1 Φ1
)+ λ7

(
Φ+

2 Φ2
)] (

Φ+
1 Φ2

)+
h.c.. The CP-even mass matrix is of the form

M2 =
(
λ1v

2 λ6v
2

λ6v
2 M2

A + λ5v
2

)

and one has to distinguish the following special limits:

• Decoupling limit: M2
A  λiv

2 implying M2
h ∼ λ1v

2 and |cβ−α � 1| and the lighter scalar h is
the SM like one.

• Alignment limits: λ6 = 0 with two possibilities:

(1) λ1 < λ5 + M2
A/v

2 and again h is identical with the SM Higgs and cβ−α = 0
(2) λ1 > λ5 + M2

A/v
2 in which case H is identical with SM Higgs and cβ−α = 1. This is an

unexpected possibility, namely the discovered Higgs is to be identified the heavier scalar. The
lighter would have masses in the range 20–90 GeV and would have escaped detection so far,
because of suppressed couplings to SM states.

19Denoting by M2
h the corrected light Higgs on–shell mass, and by m2

h the tree level mass given in
(7.50), then including leading logarithms in αs and yt up to 3 loops on finds

M2
h = m2

h + v̂2 ŷ4t
[
12 L κL − 12 L2 κ2L

(
16 ĝ23 − 3 ŷ2t

)

+4 L3 κ3L

(
736ĝ43 − 240 ĝ23 ŷ

2
t − 99 ŷ4t

)
+ · · ·

]
,
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Fig. 7.12 The MSSM
lightest Higgs mass as a
function of MSUSY for
tan β = 5 and mA = 60 GeV
at 3 loops leading log order.
Note that the MSUSY
independent “offset” LO
value (7.50) depends
substantially on mA and
tan β, and thus also affects
Mh . The stop mixing
parameter Xt is chosen zero
here. Inlaid diagrams:
leading one–loop corrections
to the Higgs pole mass t

t

H H

t̃L, t̃R

+ + · · ·

can reach mH � 135 GeV, in non-minimal SUSY this limit can go up by 5 GeV or
more [164]. In any case one has to relax from too much constraints on the SUSY
parameter space to avoid conflict with phenomenological bounds. In Table7.8 some
important direct search bounds on sparticle masses are listed.

It is worthwhile to mention that in an exactly supersymmetric theory the anom-
alous magnetic moment must vanish, as observed by Ferrara and Remiddi in
1974 [165]:

atotμ = aSMμ + ΔaSUSYμ = 0.

Thus, since aSMμ > 0, in the SUSY limit, in the unbroken theory, we would have

ΔaSUSYμ = −aSMμ < 0.

However, we know that SUSYmust be drastically broken, not a single supersymmet-
ric partner has been observed so far. All super–partners of existing particles seem to
be too heavy to be produced up to now. If SUSY is broken aμ may have either sign.
In fact, the 3–4 standard deviation (gμ − 2)–discrepancy requires ΔaSUSYμ > 0, of
the same sign as the SM contribution and of at least the size of the weak contribution
[∼200 × 10−11] (see Fig. 3.8).

The leading SUSY contributions, like the weak SM contributions, are due to
one–loop diagrams. Most interesting are the ones which get enhanced for large
tan β. Such supersymmetric contributions to aμ stem from sneutrino–chargino and

(Footnote 19 continued)
with L = lnMSUSY/Mt , v̂ = vSM(Mt ), ĝ3 = gSM3 (Mt ), ŷt = ySMt (Mt ) and κL = 1/(16π2). The
3–loop term is scheme dependent and depends on specific approximations made [161].

http://dx.doi.org/10.1007/978-3-319-63577-4_3


7.2 New Physics in g − 2 649

ν̃

χ̃ χ̃

(a)

χ̃0

μ̃ μ̃

(b)

Fig. 7.13 Physics beyond the SM: leading SUSY contributions to g − 2 in a supersymmetric
extension of the SM. Diagrams a and b correspond to diagrams a and b of Fig. 7.4, respectively

smuon–neutralino loops Fig. 7.13 and yield [166–169]:

ΔaSUSY (1)
μ = aχ±

μ + aχ0

μ (7.52)

with

aχ
±

μ = mμ

16π2

∑

k

⎧
⎨
⎩

mμ

12m2
ν̃μ

(|cLk |2 + |cRk |2) FC
1 (xk) +

m
χ±
k

3m2
ν̃μ

Re[cLk cRk ] FC
2 (xk)

⎫
⎬
⎭

aχ
0

μ = mμ

16π2

∑

i,m

⎧
⎨
⎩− mμ

12m2
μ̃m

(|nLim |2 + |nRim |2) FN
1 (xim) +

m
χ0
i

3m2
μ̃m

Re[nLimnRim ] FN
2 (xim)

⎫
⎬
⎭

and k = 1, 3 and i = 1, . . . , 4 denote the chargino and neutralino indices, m = 1, 2
is the smuon index, and the couplings are given by

cLk = −g2 Vk1,

cRk = yμ Uk2,

nL
im = 1√

2
(g1Ni1 + g2Ni2)U

μ̃ ∗
m1 − yμNi3U

μ̃ ∗
m2 ,

nR
im = √

2 g1Ni1U
μ̃
m2 + yμNi3U

μ̃
m1 ,

with mixing matrices Vi j , Ui j and Ni j defined in (7.48). The kinematical variables
are the mass ratios xk = m2

χ±
k
/m2

ν̃μ
, xim = m2

χ0
i
/m2

μ̃m
, and the one–loop vertex

functions read

FC
1 (x) = 2

(1 − x)4
[2 + 3x − 6x2 + x3 + 6x ln x] ,

FC
2 (x) = 3

2 (1 − x)3
[−3 + 4x − x2 − 2 ln x] ,

FN
1 (x) = 2

(1 − x)4
[1 − 6x + 3x2 + 2x3 − 6x2 ln x] ,

FN
2 (x) = 3

(1 − x)3
[1 − x2 + 2x ln x] ,
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and are normalized to F J
i (1) = 1. The functions FC

i (x) are the ones calculated
in (7.13) and FN

i (x) in (7.16), respectively. The couplings gi denote the U (1) and
SU(2) gauge couplings g1 = e/ cosΘW and g2 = e/ sinΘW , respectively, and yμ is
the muon’s Yukawa coupling (7.47). The interesting aspect of the SUSY contribution
to aμ is that they are enhanced for large tan β in contrast to SUSY contributions to
electroweak precision observables, which mainly affect Δρ which determines the
ρ–parameter and contributes to MW . The anomalous magnetic moment thus may be
used to constrain the SUSY parameter space.

Simplifying (7.52) to include themost relevant terms only, we note that the leading
SUSYcontributions [167, 168] to themuon g−2 are given by the chargino–sneutrino
loop

aχ±
μ = αm2

μ M2 μ tan β

4π sin2 θWm2
ν̃μ

(
fχ (M2

2/m
2
ν̃μ
) − fχ (μ2/m ν̃μ )

M2
2 − μ2

)
(7.53)

and the bino–smuon loop

aχ0

μ = αm2
μ M1

(
μ tan β − Aμ

)

4π cos2 θW
(
m2

μ̃R
− m2

μ̃L

)
(

fN (M2
1/m

2
μ̃R

)

m2
μ̃R

− fN (M2
1/m

2
μ̃L

)

m2
μ̃L

)
(7.54)

where mμ̃L and mμ̃L are the smuon masses and

fχ (x) = x2 − 4x + 3 + 2 ln x

(1 − x)3
, fχ (1) = −2/3 ,

fN (x) = x2 − 1 − 2x ln x

(1 − x)3
, fN (1) = −1/3.

Formost of theMSSMparameter spaceΔaSUSYμ is dominated by the chargino–smuon
contribution, which decouples for large m2

ν̃μ
. However, this contribution can still be

of the order of the SMweak contribution aEWμ even when the masses are much larger
than MW because of the tan β enhancement of the muon Yukawa coupling.

An expansion in 1/ tan β and because SUSY partners of SM particles are heavier
than the latter one usually also expands in MW/MSUSY which is leading to the handy
approximations

aχ±
μ = g22

32π2

m2
μ

M2
SUSY

sign(μM2) tan β
[
1 + O(tan β−1, MW/MSUSY)

]
,

aχ0

μ = g21 − g22
192π2

m2
μ

M2
SUSY

sign(μM2) tan β
[
1 + O(tan β−1, MW/MSUSY)

]
,
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where parameters have been taken to be real and M1 and M2 of the same sign.
Provided all SUSY masses are about equal to MSUSY and tan β has moderate values
one then obtains

ΔaSUSYμ � sign(μ)
α(MZ )

8π sin2 ΘW

(5 + tan2 ΘW )

6

m2
μ

m̃2
tan β

(
1 − 4α

π
ln

m̃

mμ

)
(7.55)

m̃ a typical SUSY loop mass and μ is the Higgsino mass. Here we also included
the leading 2–loop QED logarithm as an RG improvement factor [170]. In Fig. 7.14
contributions are shown for various values of tan β. Above tan β ∼ 5 and μ > 0 the
SUSY contributions from the diagrams Fig. 7.13 easily could explain the observed
deviation (7.3) with SUSY states of masses in the interesting range 100 to 500 GeV.
However, after the LHC experiments ATLAS and CMS have pushed up the limits
on possible sparticles masses, we observe a possible conflict and previously favored
SUSY scenarios like CMSSM are ruled out. Therefore one should look at the SUSY
setup more closely. What matters are the sleptons, neutralinos and charginos which
are to be light to explain the muon g−2 discrepancy. In contrast squarks are favored
to be rather heavy in order to explain the Higgs boson mass and to satisfy the LHC
bounds. Indeed a hierarchy

mq̃  m �̃,mχ̃± ,mχ̃0

still is perfectly in accordwith the limits collected in Table7.8. Perspectives for direct
searches of neutralinos and sleptons at the LHC are discussed in [171].

Fig. 7.14 Constraint on large tan β SUSY contributions as a function of MSUSY. The horizontal
band shows ΔaNPμ = Δaμ. The region left of MSUSY ∼ 500 GeV is excluded by LHC searches for
CMSSM scenarios with MSUSY a universal SUSY mass. For mh ∼ 125 GeV actually MSUSY >

800 GeV depending on details of the stop sector ({t̃1, t̃2} mixing and mass splitting) and weakly on
tan β. Orange shaded range tan β = 5 ÷ 50
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More recently, also the tan2 β enhanced contributions havebeen calculated [172].20

They arise from the tan β enhanced shift Δμ ∝ α tan β in the on mass–shell muon
mass renormalization:

mμ → mμ + δmμ = mμ

1 + Δμ

+ non− tan β−enhanced terms. (7.56)

In the case that all SUSY masses are equal and much larger than MW the correction
reads

Δμ � −0.0018 tan β sign(μ). (7.57)

Extracting tan β from aexpμ , the resulting value would be smaller by about 10% when
tan β ∼ 50. Corrections can be even larger in certain regions of SUSY parameter
space. Typically, for large tan β they are larger than other 2–loop contributions.
The contributions of the 2HDM sector of the MSSM have been discussed earlier in
Sect. 7.2.4.

The very large tan β regime (motivated by the possibility that v1 could be vanishing
and the muon mass induced radiatively as advocated e.g. in [87]) has been studied
in [173]. In the simplified case that all SUSY masses are equal to MSUSY and tan β

is moderate the one loop SUSY result takes the form

ΔaSUSY,1L
μ ≈ 13 × 10−10 sign(μ) tan β

(
100 GeV

MSUSY

)2

.

For large tan β higher order terms change the linear behavior in tan β. The higher
order terms can be resummed [172] to

ΔaSUSYμ = ΔaSUSY,1L
μ

1 + Δμ

,

which has finite limit

ΔaSUSYμ lim = lim
tan β→∞

ΔaSUSY,1L
μ

Δμ

≈ −72 × 10−10

(
1 TeV

MSUSY

)2

still assuming degenerate SUSY masses. If we want to make SUSY effects respon-
sible for positive deviation Δaμ the case that all SUSY masses are of similar size is
ruled out. In order to get a positive result one has to assume large mass splittings.
Two possible regimes, which are not in conflict with bounds from other observables,
have been considered in [173]:

• the B̃μ̃L μ̃R contributions dominate for M1,mL ,mR � μ: “large μ–limit”,
• the B̃ H̃ μ̃L contributions dominate for M1, μ,mR � mL : “μ̃R–dominance”.

20The highest power in tan β at a given order L in the loop expansion is αL tanL β. As a correction
only the leading one of order α2 tan2 β is numerically significant.
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We remind that gauginos are denoted by W̃ for the SU(2) and by B̃ for the U (1)Y
gauge groups. In both regimes the result changes to

ΔaSUSYμ lim ≈ 37 × 10−10

(
1 TeV

MSUSY

)2

,

assuming MA = 50 GeV. Typically, of order 1 σ effects are obtained only for
sufficiently small MA and sufficiently large tan β. This behavior is reflecting what
happens in general two Higgs doublet models of type II and X, as discussed before.

A remarkable 2–loop calculation within the MSSM has been performed by
Heinemeyer, Stöckinger andWeiglein [140]. They evaluated the exact 2–loop correc-
tion of the SM 1–loop contributions Figs. 4.1, and 4.18. These are all diagrams where
the μ–lepton number is carried only by μ and/or νμ. In other words, SM diagrams
with an additional insertion of a closed sfermion– or charginos/neutralino–loop. Thus
the full 2–loop result from the class of diagrams with closed sparticle loops is known.
This class of SUSY contributions is interesting because it has a parameter depen-
dence completely different from the one of the leading SUSY contribution and can
be large in regions of parameter space where the 1–loop contribution is small. The
second class of corrections are the 2–loop corrections to the SUSY 1–loop diagrams
Fig. 7.13, where the μ–lepton number is carried also by μ̃ and/or ν̃μ. This class of
corrections is expected to have the same parameter dependence as the leading SUSY
1–loop ones and only the leading 2–loopQEDcorrections are known [170] as already
included in (7.55). More recently, an extended more complete calculation has been
presented in [174].

The prediction of ΔaSUSYμ as a function of the mass of the Lightest Observable
SUSY Particle MLOSP = min(mχ̃±

1
,mχ̃0

2
,m f̃i

), from a MSSM parameter scan with
tan β = 50, including the 2–loop effects is shown inFig. 7.15. Plotted is themaximum
value of aμ obtained by a scan of that part of SUSY parameter space which is allowed
by the other observables like mh , MW and the b–decays. The 2–loop corrections
in general are moderate (few %). However, not so for lighter MLOSP in case of
heavy smuons and sneutrinos when corrections become large (see also [175]). The
remaining uncertainty of the calculation has been estimated to be below 3 × 10−10,
which is satisfactory in the present situation. This may however depend on details
of the SUSY scenario and of the parameter range considered. A comprehensive
review on supersymmetry, the different symmetry breaking scenarios and the muon
magnetic moment has been presented by Stöckinger [169]. Low energy precision
test of supersymmetry and present experimental constraints also are reviewed and
discussed in [176].

The results for the SUSYcontributions toaμ up to two-loopsmay be found in [169,
172, 174], and may be written as

ΔaSUSYμ = ΔaSUSY,1L
μ

(
1 − 4α

π
log

MSUSY

mμ

) (
1

1 + Δμ

)
+ a(χγ H)

μ + a( f̃ γ H)
μ

+ a(χ{W,Z}H)
μ + a( f̃ {W,Z}H)

μ + aSUSY,ferm,2L
μ + aSUSY,bos,2L

μ + . . . . (7.58)

http://dx.doi.org/10.1007/978-3-319-63577-4_4
http://dx.doi.org/10.1007/978-3-319-63577-4_4
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Fig. 7.15 Allowed values of MSSM contributions to aμ as a function of the mass of the Light-
est Observable SUSY Particle MLOSP, from an MSSM parameter scan with tan β = 50. The
1σ region corresponding to the deviation (7.3) is indicated as a horizontal band. The yellow
region corresponds to all input parameter points that satisfy the experimental constraints from
b–decays, mh (here prior to the Higgs discovery) and Δρ. In the red region, smuons and sneu-
trinos are heavier than 1 TeV. The dashed lines correspond to the contours that arise from ignor-
ing the 2–loop corrections from chargino/neutralino– and sfermion–loop diagrams. Courtesy of
D. Stöckinger [169]

The labels (χγ H) etc. identify contributions from Fig. 7.9b type diagrams which
would be labeled by (τhγ ), with possible replacements γ → V = γ, Z ,W±, h →
H = h, H, A, H± and τ∓ → X = χ∓, χ0, f̃ . Contributions (XVV ) correspond
to Fig. 4.19a, d with corresponding substitutions. The remaining terms aSUSY,ferm,2L

μ

and aSUSY,bos,2L
μ denote small terms like the fermionic contribution Fig. 7.9b and the

bosonic contributions Fig. 7.9c, d,which differ from the SM result due to themodified
Higgs structure. The ellipsis denote the known but negligible 2–loop contributions
as well as the missing 2–loop and higher order contributions. As in the 2HDM
case, all leading terms come from Barr-Zee type diagrams. In terms of the functions
Fh,H (z) = z gh,H (z) and FA(z) = z gA(z) with gi (z) given by (7.36), the results
read [98, 99, 139, 141, 175, 177]

a(χγ H)
μ =

√
2Gμm2

μ

8π2
α

π

∑

k=1,2

⎡
⎣Re[λAμλA

χ
+
k

] FA(m2
χ

+
k
/m2

A) +
∑

S=h,H

Re[λSμλS
χ

+
k

] Fh(m2
χ

+
k
/m2

S)

⎤
⎦ ,

a( f̃ γ H)
μ =

√
2Gμm2

μ

8π2
α

π

∑

f̃ =t̃,b̃,τ̃

∑

i=1,2

⎡
⎣ ∑

S=h,H

(NcQ
2) f̃ Re[λSμλS

f̃i
] F f̃ (m

2
f̃i
/m2

S)

⎤
⎦ ,

http://dx.doi.org/10.1007/978-3-319-63577-4_4
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with Ff̃ (z) = z (2 + ln z − FA(z))/2 and couplings (see Eqs. (7.29, 7.48))

λh,H,A
μ = (− sin α/ cosβ, cosα/ cosβ, tan β) ,

λ
h,H,A
χ

+
k

= √
2MW /m

χ
+
k

(Uk1Vk2 (cosα, sin α,− cosβ) +Uk2Vk1(− sin α, cosα,− sin β)) ,

λ
h,H
τ̃i

= 2mτ /(m
2
τ̃i
cosβ) (−μ∗ (cosα, sin α) + Aτ (− sin α, cosα)) (U τ̃i1)∗U τ̃i2 .

The last expression given for the τ̃ applies to the b̃with τ → b everywhere, and for the
t̃ with τ → t together with (μ, cosβ, cosα, sin α) → (−μ, sin β, sin α,− cosα).

For the potentially enhanced Barr-Zee type contributions the following simple
approximations have been given [15, 169]:

a(χV H)
μ ≈ 11 × 10−10

(
tan β

50

)(
100 GeV

MSUSY

)2

sign(μM2),

a(t̃γ H)
μ ≈ −13 × 10−10

(
tan β

50

)(
mt

mt̃

)(
μ

20MH

)
sign(Xt ),

a(b̃γ H)
μ ≈ −3.2 × 10−10

(
tan β

50

)(
mb tan β

mb̃

)(
Ab

20MH

)
sign(μ) .

The parameter Xt is determined by the SUSY breaking parameter A f , μ and tan β

by Xt = At − μ∗ cot β. Like for the leading 1–loop case, the first approximation
applies if all SUSY masses are approximately equal (e.g. μ ∼ M2 ∼ mA) (but the
relevant masses are different in the two cases), and the second and third are valid
if the stop/sbottom mixing is large and the relevant stop/sbottom and Higgs masses
are of similar size. We refer to the review by Stöckinger [169] for a more detailed
presentation of the higher order SUSY effects. The latter have been reconsidered and
updated recently in [174].

Constraints from MW

Here we are looking at SM precision observables likeGF (muon lifetime), Z observ-
ables MZ , ΓZ , gV , gA, sin2 Θeff (LEP1/SLD)W boson and t quark observables MW ,
ΓW , mt and Γt (LEP2/Tevatron/LHC). An important observable is the W mass pre-
dicted to satisfy

M2
W

(
1 − M2

W

M2
Z

)
= πα√

2GF

(1 + Δr) , (7.59)

where Δr = f (α,GF , MZ ,mt , · · · ) represents the radiative correction to the tree
level mass-coupling relation, which depends on the independent parameters of the
theory. They differ from the SM by additional contributions in extensions of the SM
and thus allow to constrain the parameter space of the extendedmodel. In SUSYmod-
els MW is sensitive to the top/stop sector parameters and actually MW is essentially
the only observable which tends to slightly improve the fit when including MSSM
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Fig. 7.16 Prediction for
MW as a function of mt . The
green region shows the
allowed region for the
MSSM MW prediction. It has
been obtained by scanning
over the MSSM parameters
as described in [178]. The
cuts mt̃2/mt̃1 < 2.5 and
mb̃2

/mb̃1
< 2.5 are applied.

The red strip indicates the
overlap region of the SM and
the MSSM, with
MSM

M = 125.6± 0.7 GeV.
The two arrows indicate the
possible size of the slepton
and the chargino (and
neutralino) contributions.
Courtesy of S. Heinemeyer
et al. Reproduced from [178]
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Mh = 125.09 ± 3.1 GeV

MSSM

SM, MSSM
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LEP2/Tevatron/LHC: today

LHC final:  mt = 0.5 GeV,  MW = 10 MeV

ILC:  m t = 0.05 GeV,  MW = 3 MeV

contributions. This is shown in Fig. 7.16. In contrast, the other well controlled pre-
cision observable sin2 Θeff , as defined in terms of the Z boson NC couplings (4.36),

sin2 Θeff = 1

4

(
1 − Re

veff

aeff

)
, (7.60)

remains unaffected when including SUSY effects [181] (see Figs. 14 and 15 of [182]
and Fig. 1 of [183] and Fig. 4 of [181]). The global fit of LEP data [184] does not
improve when going from the SM to the MSSM, i.e. SUSY effects are strongly
constrained here. MSSM results merge into SM results for larger SUSY masses, as
decoupling is at work.

In comparison to (gμ − 2), the SM prediction of MW [185, 186], as well as of
other electroweak observables, as a function of mt for given α, Gμ and MZ , is in
much better agreement with the experimental result (at 1σ ), although the MSSM
prediction for suitably chosen MSSM parameters is slightly favored by the data, as
shown in Fig. 7.16. The very recent MW determination by ATLAS moves results
closer towards the SM prediction as shown in Fig. 7.17. Thus large extra corrections
to the ones of the SM are not tolerated. The radiative shift of MW is represented by
(4.42) and the leading SUSY contributions mainly come in via Δρ. As we know,
Δρ is most sensitive to weak isospin splitting and in the SM is dominated by the
contribution from the (t, b)–doublet. In the SUSY extension of the SM these effects
are enhanced by the contributions from the four SUSY partners t̃L,R, b̃L,R of t, b,
which can be as large as the SM contribution itself for m1/2 � mt [light SUSY],
and tends to zero for m1/2  mt [heavy SUSY]. It is important to note that these
contributions are not enhanced by tan β. Thus, provided tan β enhancement is at

http://dx.doi.org/10.1007/978-3-319-63577-4_4
http://dx.doi.org/10.1007/978-3-319-63577-4_4
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Fig. 7.18 Leading graphs in b → sγ . SM, 2HDM and SUSY specific contributions

work, it is quite natural to get a larger SUSY contribution to (gμ − 2) than to MW ,
otherwise some tension between the two constraints would be there as MW prefers
the heavy SUSY domain.

Constraints from B–physics

Data on the penguin loop induced B → Xsγ transition (see Fig. 7.18) yields another
strong constraint on deviations from the SM [187]. Indeed, the SM prediction [70,
188, 189] BR(b → sγ )NNLL = (3.15 ± 0.23) × 10−4 is consistent within 1.2 σ

with the experimental result [96, 190] BR(b → sγ ) = (3.43 ± 0.22) × 10−4. It
implies that SUSY requires heavier m1/2 and/or m0 in order not to spoil the good
agreement.
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The very rare box loop induced decay Bs → μ+μ− (see Fig. 7.19) is very
interesting because SUSY contributions (box contributions with W ’s replaced by
charged Higgses H±) are able to enhance the SM value BR(B̄s → μ+μ−) =
(3.1 ± 1.4) × 10−9 by two orders of magnitude, especially in scenarios with non-
universal Higgs masses (NUHM). A first measurement recently by LHCb [96, 191]
found BR(Bs → μ+μ−) = 2.8+0.7

−0.6 × 10−9 , in agreement with the SM value. Again
this is limiting significant effects from physics beyond the SM.

Since the SM predictions are in good agreement with the experimental values
(7.8), only small extra radiative corrections are allowed (1.5 σ ). Generally, in SUSY
extensions of the SM [192], this excludes light m1/2 and m0, requiring larger values
depending on tan β. Reference [188] also illustrates the updated b → sγ bounds on
MH+ (>295 GeV for 2 ≤ tan β) in the 2HDM (Type II) [193]. Important constraints
also come from Bu → τν [194].

Constraints from CDM

In R–parity conserving SUSY extensions which provide a dark matter candidate the
CDM constraint (7.49) can have a tough impact on the SUSY scenario, as can be
observed in Fig. 7.20 where the different constraints are combined. The upper panel
illustrates the pre–LHC situation when the Higgs mass has been assumed to lie at
most little above the LEP limit mH � 114 GeV. It was truly remarkable that in spite
of the different highly non–trivial dependencies on theMSSMparameters, with g−2
favoring definitely μ > 0, tan β large and/or light SUSY states, there is a common
allowed range, although a quite narrow one, depending strongly on tan β.

Before the Higgs discovery and LHC mass bounds, assuming the CMSSM sce-
nario, besides the direct limits fromLEP andTevatron, themost important constraints
were coming from (gμ − 2), b → sγ and from the dark matter relic density (cosmo-
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logical bound on CDM) given in (7.49) [155, 156]. Due to the precise value ofΩCDM

the lightest SUSY fermion (sboson) of mass m0 is given as a function of the lightest
SUSY boson (sfermion) with mass m1/2 within a narrow band. This is illustrated in
Fig. 7.20 together with the constraints from (gμ − 2) (7.3) and b → sγ (7.8). Since
mh for given tan β is fixed by m1/2 via (7.51) with min(mt̃i ; i = 1, 2) ∼ m1/2, the
allowed region is to the right of the (almost vertical) line mh = 114 GeV which
is the direct LEP bound. Again there is an interesting tension between the SM like
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lightest SUSYHiggs massmh which in case the Higgs mass goes up from the present
limit to higher values requires heavier sfermion masses and/or lower tan β, while aμ

prefers light sfermions and large tan β. Another lower bound from LEP is the line
characterizing mχ± > 104 GeV. The CDM bound gives a narrow hyperbola like
shaped band. The cosmology bound is harder to see in the tan β = 40 plot, but it
is the strip up the χ − τ̃ degeneracy line, the border of the excluded region (dark)
which would correspond to a charged LSP which is not allowed. The small shaded
region in the upper left is excluded due to no–EWSB there. The latter must be tuned
to reproduce the correct value for MZ . The tan β = 40 case is much more favorable,
since (gμ − 2) selects the part of the (pre–Planck) WMAP strip which has a Higgs
above the LEP bound. Within the CMSSM the discovery of the Higgs and the deter-
mination of its mass essentially is fixing m0 and m1/2. So far the very encouragingly
looking pre–LHC setting.21

However, the Higgs boson discovery by ATLAS and CMS at the LHC revealing
mH � 125 GeV dramatically changed this to situation as illustrated in the bottom
panel of Fig. 7.20 [157]. The change of a single number mH by about 9% was able
to spoil the very attractive CMSSM scenario and the assumption of universal masses
is ruled out as a candidate to accommodate the different phenomenological facts
simultaneously.

As we have seen, the present LHC data have a quite dramatic impact on
SUSY scenarios. The main lesson is that in constrained models like mSUGRA,
CMSSM, NUHM1 or NUHM2 (see e.g. [196]) all allowed parameter points with
mh ∼ 125 GeV are inconsistent with the observed (gμ − 2) [197–199]. However,
unconstrained SUSY extensions of the SM can be tuned to accommodateΔaμ [145].
Only direct searches for sneutrino, chargino, smuon and neutralino states (or corre-
sponding mass bounds) can lead to definite conclusions. The muon g − 2 can also
be reconciled with the Higgs boson mass of 125 GeV by extending the MSSM so
that extra contributions to the Higgs potential appear [200] (see also [201]). Also
GMSB models remain in the game [202]. In SUSY scenarios there are plenty of
possibilities to escape yesterdays constraints. Clearly, if the (gμ − 2) discrepancy is
taken serious, any scenario assuming universal squark–slepton masses is ruled out.
Therefore acceptable global fits are possible only by detaching squarks and gluinos
from the other electroweak superpartners. Such scenarios are the phenomenological
pMSSM’s [203] and a recent analysis adopting an 8 parameter pMSSM8 scenario:
with one 3rd generation squarkmass parametersmq̃3, three sleptonmass parameters
ml̃1,2,3

, a gaugino masses M2, the trilinear coupling At , Higgs sector parameters MA

and tan β and the Higgs mixing parameter μ, allows one to fit reasonably well all
relevant observables [196, 198] (see also [158, 159]).

While the searches for SUSYstates at theLHChaveproducedheavy constraints on
colored superpartners the squarks and gluinos with limits of 1.5 TeV at 95%C.L., for
the muon g−2 a key problem remains. The searches for charginos (χ̃±

1 ), neutralinos
(χ̃0

2 ), and sleptons (l̃L = ẽL , μ̃l ) through direct electroweak production. These chan-
nels face the difficulty that their production cross sections are much lower, resulting

21For scenarios beyond the CMSSM see [169, 195].
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Fig. 7.21 Dark Photon U exchange providing a shift in aμ. The dark photon is mixing with the
photon trough loops of very heavy fermions F charged under both the SM U (1)Y and the dark
U (1)D

in much weaker exclusion bounds. For the interesting mass ranges around the EW
scale, the χ̃± coannihilation (like χτ̃± → τ±γ /Z0 , χ0

1 l̃1 → τ/μγ , χ0χ0 → f f̄
etc.) region exhibits a dense population of states (compressed spectrum) and thus
is hard to be disentangled at the LHC (see e.g. [204, 205] and references therein).
So possibly only a future e+e− collider will be able to resolve such possible opaque
spots.

7.2.6 Dark Photon/Z and Axion Like Particles

Withmass bounds on possible new particles going up, the (gμ−2) deviation becomes
harder to accommodate given the scaling law (7.10), which requires relatively light
new states of the order of the electroweak scale v = 246 GeV. But what about light
hidden states which could have escaped detection? Certainly, such states should be
neutral and couple to SM fermions only by mixing with the photon, similar to the ρ’s
coupling to leptons. If the new state is light, with mass of order mμ say, this “dark
photon” can be veryweakly coupling tomuons and still accommodateΔaμ. The dark
photon orU boson was originally motivated by cosmology [206–208]. It mediates a
force originating from an extraU (1)D local gauge group factor, which thus is neutral
(dark) relative to the SM gauge interactions, but coupes to SM fermions via mixing
mediated by new very heavy charged fermions F (see Fig. 7.21). Such higher-order
γ −U effective interaction is modeled by the effective Lagrangian22

Lmix = −ε Fμν

Y Fμν D , (7.61)

where Fμν

Y is the U (1)Y field strength tensor and Fμν
D is U (1)D counterpart. The

parameter ε represents the mixing strength and is the ratio of the dark and electro-
magnetic coupling constants.U boson searches typically can be studied in processes
like e+e− → Uγ and subsequent decay like U → e+e−. The phenomenology of

22It resembles the VMD type II Lagrangian (5.72), which describes the effective interaction of the
neutral ρ meson with the photon. The role of the quarks is assumed to be played by new charged
very heavy Fermions F .

http://dx.doi.org/10.1007/978-3-319-63577-4_5
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Fig. 7.22 Exclusion limits on the kineticmixing parameter squared, ε2, as a function of theU boson
mass. The red curve labeled KLOE(3) shows the exclusion boundary from [221, 222], while the
curves labeled KLOE(1) and KLOE(2) indicate the previous KLOE results. Also shown are the
exclusion limits provided by E141, E774, Apex, WASA, HADES, A1, BaBar, and NA48/2. The
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muon (g − 2)μ. Courtesy of the KLOE-2 Collaboration. Reprinted from [222], http://dx.doi.org/
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Fig. 7.23 Exclusion plot
from BaBar [218] ε as a
function of the “dark Z
boson” mass mA′ together
with the NA64 [220]
contour. BaBar essentially
rules out dark photons as a
source of the muon g − 2
discrepancy. Courtesy of the
BaBar Collaboration.
Reprinted from [218]
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such “dark Z” models has been analyzed in [209] (and references therein). Present
limit are summarized in Figs. 7.22 and 7.23 along with the indirect limits from the
measurements of (ge − 2) and (gμ − 2) at 5σ , shown with dashed curves. Limits
from direct searches are shown as shaded regions and solid curves: E141 [210],
E774 [210], KLOE(φ → ηU , U → e+e−) [211], Apex [212], WASA [213],
HADES [214], A1 [215], KLOE(e+e− → Uγ , U → μ+μ−) [216], BaBar [217,
218], NA48/2 [219], NA64 [220] and KLOE(e+e− → Uγ , U → e+e−) [221].

http://dx.doi.org/10.1016/j.physletb.2016.04.019
http://dx.doi.org/10.1016/j.physletb.2016.04.019
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The g − 2 contribution is given by

adark photon
μ = α

2π
ε2 F(MU/mμ) (7.62)

where F(x) = ∫ 1
0 2z (1−z)2/[(1−z)2+x2z] dz. For values of ε ∼ 1−2×10−3 and

MU ∼ 10−100MeV, this could explain themuon g−2 discrepancy. Searches for the
dark photon signals are going on. Another scenario is the “dark Higgs” or “axion–
like” one.23 Contributions of axion–like particles to lepton dipole moments have
been discussed in [226]. For a pseudoscalar (a) and scalar (s) axion the interaction
Lagrangian considered reads

L = 1

4
gaγ γ a Fμν F̃μν + gaψaψ̄ i γ5ψ + 1

4
gsγ γ s F

μνFμν + gsψsψ̄ψ. (7.63)

For recent account of the phenomenology see [227–229] and references therein.
Contributions of a spin 0 axion-like particle (ALP) to leptondipolemoments,g−2 and
EDMs, have been examined.Barr-Zee (BZ),24 light-by-light and vacuumpolarization
loop effects yield (see also [126, 230, 231])

aBZ�,a �
( m�

4π2

)
gaγ γ ya� ln

Λ

ma
,

aLbL�,a � 3
α

π

(m�gaγ γ

4π

)2
ln2

Λ

ma
,

aVP�,a � α

π

(m�gaγ γ

12π

)2
ln

Λ

ma
,

from a light pseudoscalar ALP. The BZ and the LbL contributions are found to be
capable of resolving the long-standing muon g − 2 discrepancy at the expense of
relatively largeALP−γ γ couplings. In fact, for a newpseudoscalara the contribution
to aμ requires four parameters gaγ γ , yaμ,ma andΛ to be constrained, including two
new mass scales not correlated to any known physics.

A pseudoscalar ALP would show up in e+e− → γ ∗ → γ a, analogous to π0γ

production, which is characterized by the differential cross section

23One of the biggest unsolved problems of the SM is the non-observation of strong CP viola-
tion which would be provided by a non-vanishing Θ

32π2 Gμν G̃μν term supplementing the QCD

Lagrangian with Gμν the gluon field strength tensor and G̃μν its dual. For non-zero quark masses
this term predicts observable CP violation in strong interactions “the strong CP problem”. A fairly
convincing answer could be provided by the Peccei-Quinn [223–225] extension of the SMby aU (1)
approximate global symmetry, which is spontaneously broken at some low scale fa . The axion a
is the pseudo Nambu-Goldstone boson of this symmetry of mass ma � ΛQCD.
24The Barr-Zee diagram Fig. 7.9b, typically found in 2HDMs, here appears reduced to a one–loop
diagram, where the lepton/quark (τ, b) triangle in the heavy mass limit is shrunk to a point, now
the gaγ γ effective coupling. The h, A muon coupling here is ya�.
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dσ

d cos θ
= α

64
g2aγ γ

(
1 − m2

a

s

)3 (
1 + cos2 θ

)
,

where θ is the angle between the ALP and the beam axis in the center-of-mass. As
one believes to include all states e+e− → anything other than leptons, attributed
to hadrons usually, within uncertainties it would just mean that the error estimates
have been missing a substantial contribution. Bounds on such effects are provided
by e+e− annihilation facilities like LEP, KLOE [222], CMD, SND, BaBar, Belle and
BES. For details I refer to [226]. For a comprehensive review see [232].

These dark hidden states scenarios are particularly interesting because they can
naturally bridge to the dark matter problem, one of the most mysterious missing parts
of present day particle physics. However, some possibilities like the dark Z scenario
are essentially ruled out by data already.

There a numerous other beyond the SM scenarios (see e.g. [233–235]), which
exhibit new particles that could be contributing to the muon g − 2, and where para-
meters are limited by phenomenology. From the examples we have discussed we
leaned that it is by far not simple to obtain a 3 to 4 σ effects in aμ. Most of the mod-
els yield contributions represented by diagrams either of the generic 1–loop type or
by Barr-Zee type 2–loop diagrams only the masses and the couplings are specific as
far as they are known. For little Higgs models the correction to aμ have been com-
puted in Ref. [236] and were found to be negligible aLH

μ ≈ 1×10−10. An interesting
new physics option are extra dimension scenarios, which however yield negative
contributions of order a(2)KK

μ ≈ −1×10−10 from the Kaluza-Klein excitations [237,
238]. Short summaries of these topics and more references may be found in [13].

7.3 Outlook on the Upcoming Experiments

Next generationmuon (g−2) experiments are going to happen soon. The two experi-
ments under constructionE989 at Fermilab [239–242] andE34 at J-PARC [243–245],
both measure the difference between the spin precession and the cyclotron motion
for a muon in a magnetic field. In order to reach a high precision experiments have
to be setup such that the equation of motion

ωa = e

mμc

(
aμB −

[
aμ − 1

γ 2 − 1

]
v × E
c2

)
, (7.64)

takes the form of a linear relation between the Larmor precession frequency and the
homogeneous magnetic field:

ωa = e

mμc
aμB. (7.65)

The main point is to get rid of the effect from the electric field. This requires to work
at magic γ by tuning the beam energy such that aμ −1/(γ 2 −1) = 0 or alternatively
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to avoid any external electric field. The two experiments are complementary since
they are using alternative possibilities. E989 is a traditional “magic γ ” experiment
working with highly relativistic muons of magic energy E ≈ 3.1 GeV.The muon
energy determines the size of the storage ring diameter to about 14m for a field of 1.5
Tesla, which is what can be reached in practice. So the ring of the BNL experiment
can and actually is being used by the Fermilab experiment. The novel E34 experiment
working with slow muons (E ∼ 300 MeV) is a much smaller experiment (diameter
of muon orbit 70 cm) working with a magnetic muon trap, with the main challenge to
rule out any external electric field. Needless to say that the two approaches have very
different systematic uncertainties. The E989 experimentwill reduce the experimental
error by a factor four to

δaμ = 16 × 10−11. (7.66)

The BNL experimental error was statistics dominated, the Fermilab experiment will
provide a factor of 20 more in statistics, more muons at higher injection rate. There
will be much less background from pion decays by having a longer beam line which
also helps improving the polarization. Further improvements concern amore uniform
magnetic field, a more precise magnetic field calibration probe and a better centered
beam using an improved focusing system. In addition, the signal processing will be
improved by segmented detectors, by pileup and muon loss reduction (using better
kickers), and by applying refined methods of analysis.

While the Fermilab experiment uses an approach which has been used and further
developed since the 1970s in the CERN experiment, the J-PARC experiment is a
new “from scratch” design, where the most critical part seems to be the shielding of
electric fields. In contrast to the Fermilab experiment the J-PARC experiment works
without the need of beam focusing. As a big advantage one should note that it is
much easier to provide a homogeneous magnetic field when the fiducial volume is
very much smaller. A shortcoming of an experiment with slow muons is that the
degree polarization appears reduced, which evidently reduces the signal. Still, one
can expect that a precision at the level of the BNL experiment can be reached such
that the E34 experiment can provide a very important cross check of the BNL result.

In any case, the next generation experiments will scrutinize the presently seen
deviation in (gμ − 2). If the deviation is confirmed at least a 5σ significance will be
reached. If the deviation would get reduced one would have one more precision test
of the SM and a severe constraint on possible SM extensions. The E989 experiment is
scheduled to begin data taking in early 2017 and a newmeasurement can be expected
in about one year later.

7.4 Perspectives for the Future

The electron’s spin and magnetic moment were evidenced from the deflection of
atoms in an inhomogeneous magnetic field and the observation of fine structure by
optical spectroscopy [246, 247]. Ever since, magnetic moments and g–values of
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particles in general and the g − 2 experiments with the electron and the muon in
particular, together with high precision atomic spectroscopy, have played a central
role in establishing the modern theoretical framework for particle physics: relativis-
tic quantum field theory in general and quantum electrodynamics in particular, the
prototype theory which developed further into the SM of electromagnetic, weak
and strong interactions based on a local gauge principle and spontaneous symmetry
breaking, with local gauge group SU(3)c ⊗ SU(2)L ⊗U (1)Y spontaneously broken
to SU(3)c ⊗ U (1)em. Not only particle physics, also precision atomic physics and
nuclear theory are based on relativistic QFT methods.25

New milestones have been achieved not too long ago with the BNL muon g − 2
experiment together with the Harvard electron g − 2 experiment. Both experiments
exploited all ingenuity to reach the next level of precision, and together with theory
efforts maybe the next level of understanding of how it works. On the theory side,
what we learned from theBNL experiment andwhatwewill learn from the upcoming
experiments depends a lot on howwell we can corroborate the theoretical prediction.
There is certainly common agreement that the hadronic light–by–light scattering
contribution is the most problematic one, since no theoretically established method
so far allowed us to calculate this contribution in a model independent way and with
a satisfactorily controlled precision.

A very promising novel access of theHLbL is the data–driven dispersive approach
advocated in [248–250]. The detailed theoretical framework has been developed
in [251]. The method could improve the reliability of HLbL estimates dramatically,
provided the data basis can be ameliorated by dedicated experiments of hadron pro-
duction in light-by-light processes. More experimental information is also important
for better modeling by effective theories. A typical example where data is missing is
the π0γ ∗γ ∗ form factor for both photons off–shell or direct light–by–light scattering
in e+e− → e+e−γ ∗γ ∗ → e+e−γ γ or e+e−γ ∗γ with the virtual final state photon
converting to a pair.

Another big hope for the long term future are the non–perturbative calculations of
electromagnetic current correlators by means of lattice QCD [252–255]. This has to
go in steps from two–point amplitudes (vacuum polarization and/or Adler function)
to three–point form factors (non-perturbative effects in VVA correlators) and the
four–point function linked to light–by–light scattering.

The hadronic vacuum polarization in principle may be substantially improved
by continuing e+e− → hadrons cross–section measurements with higher precision.
Substantial differences in the dominating e+e− → ππ channel (at the few % level)
between the KLOE results on the one hand and the BaBar result26 on the other hand

25Not to forget the role of QFT for other systems of infinite (large) numbers of degrees of freedom:
condensed matter physics and critical phenomena in phase transitions (Ken Wilson 1971). The
Higgs mechanism as a variant of the Ginzburg-Landau effective theory of superconductivity (1950)
and the role QFT and the renormalization group play in the theory of phase transitions are good
examples for synergies between elementary particle physics and condensed matter physics.
26The KLOE and BaBar measurements have been obtained via the radiative return method
which is a next to leading order approach. On the theory side one expects that the handling of the
photon radiation requires one order in αmore than the scanmethod for obtaining the same accuracy.
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are persisting. Still, data taken with BaBar and Belle before the facilities were shut
down are being analyzed. Fortunately, ongoing measurements with BES-III [260]
and at the VEPP-2000 [261] facility are improving the data collection, such that
the error of the HVP estimates continues to get smaller. Here, the ab initio lattice
QCD results are getting closer to the data–driven dispersion relations results. Soon
competitive results will be available and provide important cross checks.

Another previously disturbing problem, the deviations at the 10% level between
e+e−–data and the isospin violations corrected hadronic τ–decay spectral functions,
fortunately could be resolved in the meantime [7, 23]. If one corrects τ data for
missing ρ0 −γ mixing, the τ data based results are in good agreement with the e+e−
data based ones.

An interesting possibility in this respect is a novel approach to determine ahadμ via
a direct space-like measurement of α(−Q2) in μe scattering as proposed in [262],
recently (see also [263]). This approach completely avoids a number of problems
one encounters with the standard time-like approach. In the latter case collecting
hadron production data, applying radiative corrections to hadron production, vacuum
polarization subtraction and problems related to thresholds and resonances are rather
challenging. In contrast, a single space-like process likeμe scattering ismuch simpler
and the needed radiative corrections are under much better control of perturbation
theory.

There is no doubt that performing doable improvements on both the theory and
the experimental side allows to substantially sharpen (or diminish) the apparent gap
between theory and experiment. Yet, even the present situation gives ample reason for
speculations. No other experimental result has as many problems to be understood
in terms of SM physics. One point should be noted in this context, however. An
experiment at that level of accuracy, going one order of magnitude beyond any
previous experiment, is a real difficult enterprise and only one such experiment has
been performed so far. There is also a certain possibility to overlook some new
problem which only shows up at higher precision and escaped the list of explicitly
addressed problems by the experiment. It is for instance not 100% clear that what is
measured in the experiment is precisely what theoreticians calculate. For example, it
is believed that, because radiative corrections in g−2 are infrared finite to all orders,
real photon radiation can be completely ignored, in spite of the fact that we know that
due to the electric interaction via charges a naive S–matrix in QED does not exist.
Muons, like any charged particles, produce and absorb continuously photon radiation
and therefore are dressed by a photon cloud which is thought not to affect the g − 2

(Footnote 26 continued)
Presently a possible deficit is on the theory side. What is urgently needed are full O(α2) QED
calculations, for Bhabha luminosity monitoring, μ–pair production as a reference and test process,
and π–pair production in sQED as a first step and direct measurements of the final state radiation
from hadrons. The CMD-3 and SND measurements take data at the same accelerator (same lumi-
nosity/normalization uncertainties) and use identical radiative corrections, such that for that part
they are strongly correlated and this should be taken into account appropriately in combining the
data. The present state-of-the-art event generator is PHOKHARA [256] for radiative return events
and BABAYAGA [257] for the Bhabha channel (see also [258, 259]).
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Fig. 7.24 Does soft real radiation affect the muon g − 2 measurement with highly relativistic
muons? Could real radiation yield IR finite correction to the helicity flip amplitude? To LO (with
one real photon) a helicity flip is not possible (Steinmann 2002)

measurement. The question has been addressed to leading order by Steinmann [264]
(see also [265]). Possible effects at higher orders have not been estimated to my
knowledge. Such possible multiple interactions with the external field usually are
not accounted for, beyond the classical level. One also should keep in mind that
the muon is unstable and the on–shell projection technique (see Sect. 3.5) usually
applied in calculating aμ in principle has its limitation. As Γμ � 3× 10−16 MeV �
mμ � 105.658 MeV, it is unlikely that treating the muon to be stable could cause
any problem. However, note that the Bargmann-Michel-Telegdi (BMT) equation is
obtained by solving the Dirac equation (1st eq. below) as a relativistic one–particle
problem with Aμ(x) ≡ 0 only. What is missing, is a derivation of the BMT equation
by solving the coupled QED field equations

(
i�γ μ∂μ + Q�

e
cγ

μ(Aμ(x) + Aext
μ (x)) − m�c

)
ψ�(x) = 0(

�gμν − (
1 − ξ−1

)
∂μ∂ν

)
Aν(x) = −Q�eψ̄�(x)γ μψ�(x) ,

including the electromagnetic radiation field (see Fig. 7.24). Often it is argued that
in case of the (ge − 2) one has an almost perfect agreement between theory and
experiment, so no substantial effect can be missing. However, the measurement of ae
has been performed in a quantum regime where is is possible to essentially control
single photon transitions. It is then conceivable that there are no problems with
preparing quasi–isolated electron states. In the magic γ type (gμ − 2) experiments
the setup in not comparable at all and real radiation effects could be significant. In
this context the J-PARC experiment [243–245] is a very promising novelty as it will
work with ultra–cold muons instead of ultra–hot ones. So if radiation effects would
play a role effects obviously would be very different.

Another question one may ask is whether the measurement of the magnetic field
strength could not change the magnitude of the field by a tiny but non–negligible
amount.27 On the theory side one should be aware that the important 4–loop contri-
bution has not been crosschecked by a completely independent calculation. Nonethe-
less, according to the best of our knowledge, the present status of both theory and
experiment is as reflected by the systematic errors which have been estimated. There-
foremost probably, the differencemust be considered as a real indication of amissing
piece on the theory side.

27Of course such questions have been carefully investigated, and a sophisticated magnetic probe
system has been developed by the E821 collaboration.

http://dx.doi.org/10.1007/978-3-319-63577-4_3
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The anomalous magnetic moment of the muon is a beautiful example of “the
closer we look the more we see”,28 however, the efforts to dig even deeper into the
structure of matter remains a big adventure also in future.

The g − 2 measurement is like a peek through the keyhole, you see at the same
time an overlay of all things to a certain depth in one projection, but to make sure
that what you see is there, you have to open the door and go to check. This will be a
matter of accelerator physics, and an ILC would be the preferred and ideal facility to
clarify the details. Of course and luckily, the LHC will tell us much sooner the gross
direction new physics will go and is able to reach the physics at much higher scales.
But, it is not the physics at the highest scales you see first in g − 2 as we learned in
this book.

The Muon Storage Ring experiment on (gμ − 2) and similarly the Penning Trap
experiment on (ge−2) are likemicroscopeswhich allow us to look into the subatomic
world and the scales which we have reached with aμ is about 100 GeV, i.e., the scale
of theweak gauge bosonsW and Z which is the LEP energy scale. As aμ is effectively
by a factor (mμ/me)

2 · δaexpe /δaexpμ � 19 more sensitive to new heavy physics the
mass scale which is tested by ae is about 100/

√
19 ∼ 23 GeV only, an energy region

which we think we know very well as it has been explored by other means.We should
keep in mind that the fact that the experiments measuring aμ and ae, respectively,
hardly can be directly compared from the point of view of the experimental setup and
the technical challenges they have to meet. This makes them two rather independent
experimental entities. Therefore, the electron (ge − 2), if not be used to determine
α, is the ideal complementary probe of the SM or its failure.

Remember that at LEP-I by electron–positron annihilation predominantly “heavy
light” particles Z or at LEP-II predominantly W+W−–pairs have been produced,
states which were produced in nature mostly in the very early universe.29 Similarly,
the Tevatron acted as a t t̄ factory and the LHC reached the Higgs production stage
and is hunting for the “new” in the TeV energy range, considerably above the SM
spectrum.

Particle accelerators and storage rings are microscopes which allow us to investi-
gates the nature in the subatomic range at distance < 10−15 m and at the same time

28which is not always true, for example if we read a newspaper or if you read this book.
29An energy or an equivalent mass may always be translated into a temperature by means of the
Boltzmann constant k which relates 1◦K ≡ 8.6× 10−5eV. Thus T = E/k is the temperature of an
event at energy E . As we know the universe expands and thereby cools down, thus looking at higher
temperatures means looking further back in the history of the universe. By solving Friedmann’s
cosmological equations with the appropriate equations of state backwards in time, starting from the
present with a cosmic microwave background radiation temperature of 2.728◦K and assuming the
matter density to be the critical one Ωtot = 1, one may calculate the time at which temperatures
realized at LEP with 100 to 200 GeV of center of mass energy where realized. This time is given
by t = 2.4/

√
N (T ) (1 MeV/kT )2 sec, with N (T ) = ∑

bosons B gB(T ) + 7
8

∑
fermions F gF (T ),

the effective number of degrees of freedom excited at temperature T (see Eq. (19.43) in [266]).
For LEP energies mb � kT � MW the numbers gB/F (T ) counting spin, color and charge of
bosonic/fermionic states in the massless limit include all SM particles except W±, Z , H and t one
obtains N (T ) = 345/4. Thus LEP events happened to take place in nature t ∼ 0.3 × 10−10 sec
after the Big Bang for T ∼ 100 GeV . With the LHC we reach tLHC ∼ 1.66 × 10−15 sec.
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have the aim to directly produce new forms of matter, by pair creation, for example.
The size of such machines is essentially determined by two parameters: the energy
which determines the resolution λ = hc/Ec.m. � 1.2GeV/Ec.m.(GeV) × 10−15 m
and the collision rateΔN/Δt = L × σ � 1032 σ(cm2)/cm2 sec (luminosity L as it
has been reached LEP as an example). Usually projectiles must be stable particles or
antiparticles like electrons, positrons and protons and antiprotons. TheMuon Storage
Ring experiments work with the rather unstable muons which are boosted to highly
relativistic quasi–stable muons well selected in energy and polarization before they
are injected into the storage ring. The ring in this case more acts as a detector rather
than an accelerator as it usually does in the case of typical high energy machines.
This allows to study the motion of the muons at incredible precision with very little
background.

With the advent of the Large Hadron Collider (LHC) many things already have
found a new direction, as we have mentioned several times. Experiments at the
LHC take place under extreme conditions. At the LHC one is producing enormous
amounts of events, billions per second, of which the overwhelming part of events
are too complex to be understood and the interesting “gold platted” events which
will tell us about new physics one has to dig out like “searching for a needle in a
haystack”. Nevertheless, the physics accessible there hopefully will be found, which
could tell us what we see in the (gμ −2) discrepancy. At LEP a big machine was able
to measure about 20 different observables associated with different final states at the
level of 0.1%. The strength of the LHC is that it is able to go far beyond what we have
reached so far in termsof the energy scale.But as important, theLHCalso is capable of
producing milestones in precision physics, like the amazingly precise determination
of the Higgs bosonmass, the study of the Higgs bosons decay pattern or substantially
improving theW and the top quark mass measurements. Other milestones have been
achieved in rare processes, like the first observation of Bs → μ+μ− events by the
LHCbdetector. The exclusion limits formanyhypothetical newparticles alreadyhave
been moving up to much higher energies, such that several new physics scenarios
could be ruled out.

Themost remarkable event at theLHChas been the discovery of theHiggs particle.
More surprising than its existence was the specific value of its mass found. This has
to do with the stability bound of Higgs potential in the SMwhich has been addressed
many times in the past. In 1995 the discovery of the top quark at the Tevatron also
reviled itsmass andHambye andRiesselmann (HR) in 1996 [267] (see also references
therein) analyzed the stability bound as a function of the yet unknown Higgs boson
mass,which is reproduced inFig. 7.25.TheHiggs bosonmass at that timehas been the
only relevant parameter which was not yet known.30 In a first 2-loop analysis, know-
ing mt , HR estimated an upper bound of MH < 180 GeV , below which an extrap-
olation of the SM Higgs system up to the Planck scale MPlanck � 1.22 × 1019 GeV
was possible within a small window. In fact the parameters m2 and λ in the Higgs
potential

30A 95% CL lower bound of 77.5 GeV had been estimated by the LEP Collaborations [268] at that
time.
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LHC

Fig. 7.25 The SM Higgs potential remains perturbative up to the Planck scale Λ = MPlanck ,

provided the Higgs boson is light enough (upper bound = avoiding a Landau pole) and the
Higgs potential remains stable (λ > 0) if the Higgs boson is not too light. Parameters used:
mt = 175[150 − 200] GeV ; αs = 0.118 . The ATLAS and CMS discovery band has been over-
laid. [Reprinted with permission from Ref. [267] http://dx.doi.org/10.1103/PhysRevD.55.7255.
Copyright (1996) by the American Physical Society]

V (H) = m2

2
H 2 + λ

24
H 4 , (7.67)

decide about the stability of the SM, maybe also about the stability of our universe.
The fact that the Higgs mass falls quite precisely into that window is one of the most
intriguing findings of recent particle physics.31

The Higgs mass just fits into the window of SM parameters which allows for
a stable vacuum of the Higgs potential up to the Planck scale. Now all relevant
parameters of the SM are known and we can predict how parameters of the SM
evolve when we solve the RG up the Planck scale. This also applies to the effective
Higgs boson mass, which can be predicted as a function of the renormalization scale
μ:

m2
Higgs,bare(μ) = m2

Higgs,ren + δm2(μ)

δm2(μ) = M2
Planck

(16π2)
C(μ) ; C(μ) =

(
5

2
λ(μ) + 3

2
g′2(μ) + 9

2
g2(μ) − 12 y2t (μ)

)
.

31Some analyses [270–272] claim a failure of vacuum stability i.e. λ(μ) has a zero and gets negative
at about 109 GeV, and find a metastable vacuum instead, just missing stability. This have been
questioned in [273] later. A final answer depend on the precise knowledge of the top Yukawa
coupling and related problems have been analyzed in [274].

http://dx.doi.org/10.1103/PhysRevD.55.7255
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The bare mass here appears as a function of μ as we keep the observed mass as a
boundary condition (bottom up approach).32 Taking into account the running of the
SM parameters, at the Planck scale we obtain

m2
eff ∼ δm2 � M2

Planck

32π2
C(μ = MPlanck) � (0.0295MPlanck)

2 � (
3.6 × 1017 GeV

)2
,

and indeed the effective Higgs potential massm(MPlanck) reaches a huge value which
stays clearly below MPlanck, however. The non-vanishing quartically enhanced vac-
uum energy V (0) = 〈V (H(x))〉 provides a cosmological constant density

ρΛ bare = ρΛ ren + δρ(μ)

δρ(μ) = M4
Planck

(16π2)2
X (μ) ; X (μ) =

(
5 λ + 3 g′2 + 9 g2 − 24 y2t

)
.

With SM running parameters at the Planck scale

ρeff � δρ ∼ (1.28MPlanck)
4 ∼ (

1.57 × 1019 GeV
)4

.

Surprisingly, because the bosonic couplings and the top quark Yukawa have a dif-
ferent energy dependence both counterterms δm2(μ) and δρ(μ) vanish at a scale
μ = μCC, which for the specific parameter set happens at

μCC ≈ 3.1 × 1015 GeV (7.68)

clearly below the Planck scale again. There the effective mass changes sign and
triggers the Higgs mechanism and the Higgs field acquires a non-vanishing VEV
〈H(x)〉 = v(μ), which vanishes identically at higher energies μ > μCC.

Above the Higgs phase transition point μCC we start to see the bare theory i.e. a
SM with its bare short distance effective parameters, so in particular a very heavy
Higgs boson, which can be moving at most very slowly, and thus naturally satisfies
the slow roll condition that the potential energy dominates the kinetic energy 1

2 Ḣ
2.

Note that the Higgs boson contributes to energy momentum tensor in Einstein’s
equations a pressure and energy density (Ḣ the time derivative of H )

p = 1

2
Ḣ 2 − V (H) ; ρ = 1

2
Ḣ 2 + V (H) ,

which then appear inFriedmann’s cosmological solutions.Aswe approach thePlanck
scale (bare theory) the slow–roll condition 1

2 Ḣ 2 � V (H) comes into play as we

32As we have consider the SM to exhibit at cutoff of the size of the Planck mass, we can also
calculate the vacuum energy V (0) ≡ 〈V (H)〉 as a large but finite number. At high energies near
the Planck scale the SM is in the symmetric phase i.e. 〈H〉 = 0, while 〈H2〉 and 〈H4〉 are non-
vanishing. This requires a Wick reordering of the potential [60] which is shifting the effective mass
such that the coefficient proportional to λ changes from 2 to 5/2.
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reach p ≈ −V (H), ρ ≈ +V (H) and hence p = −ρ, which is the equation of
state of DARK ENERGY. The SM Higgs boson in the early universe provides a
huge dark energy, which triggers inflation. That inflation has happened in the early
universe is an established fact. The so called hierarchy problem is not a problem it
is the solution which promotes the Higgs boson to be the natural candidate for the
inflaton. This however only works if no SUSY or GUT is sitting in-between us and
the Planck scale, and provided vacuum stability is holds within the SM.

Inflation tunes the total density to Ωtot = 1 or ρtot = ρcrit = (0.00216 eV)4. The
presently observed dark energy density must be a part of it and actually has the value
ρΛ = (0.002 eV)4 the known 74% of the total.

Still, darkmatter remains amystery although there are a number of candidates like
axions [275], or an extra SU(4) version of QCD forming bound states which could
provide bosonic dark matter [276]. So we hope we may soon add more experimen-
tally established terms to the SM Lagrangian and extent our predictions to include
the yet unknown. That’s how it worked in the past with minimal extensions on theo-
retical grounds. Why this works so successfully nobody really knows. One observes
particles, one associates with them a field, interactions are the simplest non–trivial
products of fields (triple and quartic) at a spacetime point, one specifies the inter-
action strength, puts everything into a renormalizable relativistic QFT and predicts
what should happen and it “really” happened essentially without exception. Maybe
the muon g − 2 is the most prominent exception!

This book tried to shed light on the physics encoded in a single real number. Such a
single number in principle encodes an infinity of information, as each new significant
digit (each improvement should be at least by a factor ten in order to establish the next
significant digit) is a new piece of information. It is interesting to ask, what would
we know if we would know this number to infinite precision. Of course one cannot
encode all we know in that single number. Each observable is a new view to reality
with individual sensitivity to the deep structure of matter. All these observables are
cornerstones of one reality unified self–consistently to our present knowledge by the
knowledge of the Lagrangian of a renormalizable quantum field theory. Theory and
experiments of the anomalous magnetic moment are one impressive example what
it means to understand physics at a fundamental level. The muon g − 2 reveals the
major ingredients of the SM and as we know now maybe even more.

On the theory part the fascinating thing is the technical complexity of higher
order SM (or beyond) calculations of in the meantime thousands of diagrams which
can only be managed by the most powerful computers in analytical as well as in
the numerical part of such calculations. This book only gives little real insight into
the technicalities of such calculation. Performing higher order Feynman diagram
calculation could look like formal nonsense but at the end results in a number which
experimenters indeedmeasure.Much of theoretical physics today takes place beyond
the Galilean rules, namely that sensible predictions must be testable. For anomalous
magnetic moment at least we still follow the successful tradition set up by Galileo
Galilei, we definitely can check it, including all the speculations about it.

A nextmajor step in this field of researchwould be establishing experimentally the
electric dipole moment. This seems to be within reach thanks to a breakthrough in the
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experimental techniques. The electric dipole moments are an extremely fine monitor
for CP violation beyond the SM which could play a key role for understanding the
origin of the baryon matter–antimatter asymmetry in the universe.

And now we are waiting for the new results on the muon g − 2 and for new data
from the LHC to tell us where we go!
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