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Abstract This chapter presents a preliminary analysis of fault tolerance, avail-
ability and performance assessment of the two promising options of the
hybrid-electric traction drive version for the helicopter, which can be treated as
multi-state system, where components and entire system in general case have an
arbitrary finite number of states corresponding to the different performance rates.
The performance rate (output nominal power) of the system at any time instant is
interpreted as a discrete-state continuous-time stochastic process. In the present
chapter, the Lz-transform is applied to a real multi-state hybrid-electric traction
drive version for the helicopter system that is functioning under various stochastic
demands and its availability and performance is analyzed. It is shown that
Lz-transform application drastically simplifies the availability computation for such
a system compared with the straightforward Markov method.
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1 Introduction

Nowadays, the electrification of aircraft of different types and purposes is one of the
most promising directions in the development of aviation technology. According to
program MEA (More Electric Aircraft) [7] developers of various specialized
companies are planning the creation of electric airplanes (liner, regional, special
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purpose, manned and unmanned) as well as the helicopters (from heavy to
small-size, manned and unmanned), which have a number of benefits associated
with the improvement of the technical performance of the aircraft, increase their
environmental performance and reducing operating costs.

The construction of electric aircraft requires a comprehensive revision of the
principles of construction of a variety of devices and systems of the aircraft, which
is associated with the creation of the new, having a low specific weight controlled
electric drive, electric power generators, electrical energy storage (batteries, fuel
cells, ultra-capacitors etc.), and electric power converters. The most important place
in the solving the problem of the creation of electric aircrafts takes traction electric
drive. The use of electrical technologies could lead in the near future to the
changing the principles of its construction and propulsion.

The first step in the aircraft electrification is the development and implementa-
tion of hybrid-electric aircraft. This is due to the fact that today there are no
electrical energy storages with high energy density and low weight and dimensions.
Electric aircraft version can be implemented only with creation of new energy
storage devices with the appropriate characteristics of the energy density, weight
and dimensions.

This chapter presents a preliminary analysis of fault tolerance, availability and
performance assessment of the two promising options of the hybrid-electric traction
drive version for the conventional Airbus helicopter EC135/H135 with gas turbine
engine and speed reducer [14].

Due to the system’s nature, a fault in a single unit has only partial effect on the
entire performance: it only reduces the system’s performance. One partial failure of
the traction multiphase permanent magnets synchronous motor leads to partial
system failure (reduction of output nominal power), as well as the multiple con-
secutive multiphase motor’s failures, to complete system failures. So, the
hybrid-electric traction drive system can be treated as multi-state system (MSS),
where components and entire system in the general case have an arbitrary finite
number of states corresponding to different performance rates [1, 12, 13]. The
performance rate (output nominal power) of the system at any time instant is
interpreted as a discrete-state continuous-time stochastic process. Such a model is
complex enough—even in relatively simple cases it has hundreds states. So, it is
rather difficult to build the model and to solve the corresponding system of dif-
ferential equations by using straightforward Markov method.

In recent years a specific approach called Lz-transform, was introduced [10] for
discrete-state continuous-time Markov processes. This approach is an extension of
the universal generating function (UGF) technique that was introduced by Ushakov
[18] and has been widely applied to MSS reliability analysis [12]. Lz-transform was
successfully applied to availability analysis of real-world multi-state systems under
constant and variable demand [5, 6, 8, 11, 16] and its efficiency was demonstrated.
In practice there are aging multi-state systems that are functioning under variable
stochastic demand. In the present chapter, the Lz-transform is applied to a real MSS
hybrid-electric traction drive version for the conventional helicopter system that is
functioning under variable stochastic demand and its availability and performance
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is analyzed. It is shown that Lz-transform application drastically simplifies the
availability computation for such a system compared with the straightforward
Markov method.

2 Comparative Analysis of Two Traction Drive
Topologies of Hybrid-Electric Helicopter

2.1 Common Description

In this chapter for the comparative analysis were selected two traction drive
topologies of hybrid-electric helicopter: a serial electric-hybrid propulsion system
with a gas turbine and electrical generator (Fig. 1a) and a combined electric-hybrid
propulsion system with a gas turbine, generator and the speed reducer (Fig. 1b).

Fig. 1 Propulsion system topologies of the hybrid-electric helicopter, serial (a) and combined (b)
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In these schemes the following equipment is used as follows:

• the GTE Pratt & Whitney of type PW206B2 [15] is used as the gas turbine
engine,

• synchronous generator with permanent magnets [9] is used as an electric
generator,

• the multiphase permanent magnets synchronous motor [4]—as the traction
motor,

• multilevel cascaded H-bridge (CHB) inverter [3] is used as a converter and
• battery electric energy storage (BEES), based on the lithium-ion battery cells [2]

—as energy storage.

As shown in [4], the optimal traction electric motor from the point of view of the
helicopter’s fault tolerance requirements is a 9-phase synchronous motor with
permanent magnets and galvanically isolated phases. The states of degradation and
the corresponding performance of the multiphase electric motors with the nominal
power of 540 kW, which occur during the consecutive critical phase failures, is as
follows: one phase failure reduces power to 480 kW, failure of two phases—to
420 kW, three phases’ failure—to 360 kW. In this work, the power reduction less
than 420 kW means full failure of the traction motor.

As shown in [3], the 17-level cascaded H-bridge inverter is the optimal type of
electric converter in terms of helicopter’s fault tolerance requirements.

The required power (demand) that must be implemented by the traction drive
system of hybrid-electric helicopter for a one helicopter’s flight is as follows: 540,
460 and 360 kW.

2.2 Operational Scenarios for Various Traction Drive
Topologies

2.2.1 Serial Topology

In case of the serial topology (Fig. 1a) in normal failure-free operation, the gas
turbine electric generator feeds the traction multiphase electric motor through the
multilevel converter. The control unit controls the entire traction drive. The state of
charge of battery cells is continually monitored, recharged from the electric gener-
ator and maintained at optimal maximum level. It is possible to install an additional
amount of electric battery cells, which increase the fault tolerance indices of the
battery electric energy storage of serial connection topology of traction drive units.

In failure case of the gas turbine engine or/and electric generator, depending on
the value of electric energy storage capacity, it is possible, either the continuation of
the flight to complete task performance, or a flight to a safe landing place. After
landing the running repairs or complete replacement of the failed units are
implemented.
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2.2.2 Combined Topology

In case of the combined topology (Fig. 1b) in the normal failure-free operation
there are two possible embodiment of the flight. In the first “electric” version of
flight, the gas turbine electric generator feeds the multi-phase electric traction motor
through multilevel inverter. In the second, the “mechanical” version of flight, the
gas turbine engine directly rotates the propeller of the helicopter through a
mechanical transmission and speed reducer. Control the components of the traction
drive is carried out by the control unit. Electric battery storage is charged by the
electrical generator only in the “electric” flight mode of helicopter.

In the failure case of electric generator, or/and an electric inverter, or/and the
traction electric motor, the further flight is provided by “mechanical” embodiment
of the traction drive scheme realization.

In the failure case of the speed reducer, the further flight is provided by “elec-
trical” embodiment of the traction drive scheme realization.

In failure case of the gas turbine engine, a further short time flight to the safe
landing of helicopter is carried out by electric energy of battery storage. After
landing the running repairs or complete replacement of the failed units are
implemented.

3 Brief Description of the Lz-Transform Method

We consider a multi-state system consisting of n multi-state components. Any j-
component can have kj different states, corresponding to different performances gji,
represented by the set gj = gj1, . . . , gjkj

� �
, j= 1, . . . , nf g; i= 1, 2, . . . , kj

� �
. The

performance stochastic processes Gj tð Þ ∈ gj and the system structure function
G tð Þ= f G1ðtÞ, . . . ,GnðtÞð Þ that produces the stochastic process corresponding to
the output performance of the entire MSS, fully define the MSS model.

The MSS model definitions can be divided into the following steps. For each
multi-state component we will build a model of stochastic process. Markov per-
formance stochastic process for each component j can be represented by the
expression Gj tð Þ = gj,Aj,pj0

� �
, where gj is the set of possible component’s states,

defined above, Aj = a jð Þ
lm tð Þ

� �
, l,m=1, . . . , k; j=1, . . . n is the transition intensities

matrix and pj0 = p jð Þ
10 = Pr Gj 0ð Þ= g10

� �
, . . . , p jð Þ

kj0 = Pr Gj 0ð Þ= gkj0
� �h i

is the initial

states probability distribution.
For each component j the system of Kolmogorov forward differential equations

[17] can be written for determination of the state probabilities
pji tð Þ= Pr Gj tð Þ= gji

� �
, i=1, . . . kj, j=1, . . . , n under initial conditions pj0. Now

Lz-transform of a discrete-state continuous-time (DSCT) Markov process Gj tð Þ for
each component j can be written as follows:
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LZ Gj tð Þ
� �

= ∑
kj

i=1
pjiðtÞzgji ð1Þ

The next step, in order to find the Lz-transform of the entire MSS’s output
performance Markov process G tð Þ, the Ushakov’s Universal Generating Operator
[18] can be applied to all individual Lz-transforms LZ Gj tð Þ

� �
over all time points

t≥ 0.

LZ G tð Þf g=Ωf LZ G1 tð Þ½ �, . . . ,LZ Gn tð Þ½ �f g= ∑
K

i=1
piðtÞzgi ð2Þ

In this expression K is the number of states in the entire MSS, pi and gi are
probabilities and performances of the entire MSS.

The technique of Ushakov’s operator application is well established for many
different structure functions [12].

Using the resulting Lz-transform MSS mean instantaneous availability for
constant demand level w can be derived as sum all probabilities in Lz-transform
from terms where powers of z are not negative:

AðtÞ = ∑
gi ≥w

piðtÞ ð3Þ

MSS’s mean instantaneous performance may be calculated as sum all proba-
bilities multiplied to performance in Lz-transform from terms where powers of z are
positive:

EðtÞ= ∑
gi >0

piðtÞgi ð4Þ

4 Multi-state Modeling of the Multi Power Source
Traction Drive

4.1 Systems’ Description

According to Lz-transform method, we build the Reliability Bloc Diagrams for
presented on the Fig. 1 propulsion system topologies of the hybrid-electric heli-
copter. On Fig. 2 one can find the Reliability Block Diagram of the Serial Topology
System and on Fig. 3—Reliability Block Diagram for Combined Topology System.

The main part of the Serial Topology System (STS) (Fig. 2) consists of two
subsystems SS1s and SS2s connected in series. Subsystem SS1s consists of 3 ele-
ments, Fuel Tank, Gas Turbine and Generator, connected in series. Subsystem SS2s
consists of 3 elements, Converter, Motor and Control Unit, connected in series. In

326 I. Frenkel et al.



case of emergency, instead main STS activates reserved system STS-ESs, where
failed subsystem SS1s replaced by multi-state Energy storage.

The main part of the Combined Topology System (CTS) (Fig. 3) consists of two
subsystems SS1c and SS3c and Control Unit, connected in series. Subsystem SS1c
consists of 2 elements, Fuel Tank and Gas Turbine, connected in series. Subsystem
SS3c consists of Subsystem SS2c and Speed Reducer, connected in parallel. Sub-
system SS2c consists of 3 elements, Generator, Converter and Motor, connected in

Fuel Tank Gas Turbine

FT GT
Generator

G

Energy Storage

ESs

SS1s
SS2s

Converter Motor

C M
Control Unit

CU

STS

Fig. 2 Reliability Block Diagram of the Serial Topology System

Fuel Tank Gas Turbine

FT GT Generator

G
Converter Motor

C M

Control Unit

CU

SS1c
SS2c

SS3c

Energy Storage

ESc

СTS

Speed 
Reducer

SR

Fig. 3 Reliability Block Diagram of the Combined Topology System
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series. In case of emergency, instead main CTS activates reserved system CTS-ESs,
consists of connected in series Energy storage, Converter, Motor and Control Unit.

Elements’ descriptions are presented in the next section.

4.2 Elements’ Description

4.2.1 Elements with 2 States

For system’s elements, which have 2 states (fully working and fully failed) in order
to calculate probabilities of each state we build the state space diagram (Fig. 4) and
the following system of differential equations:

dpi1ðtÞ
dt = − λipi1ðtÞ+ μipi2ðtÞ,
dpi2ðtÞ
dt = λipi1ðtÞ− μipi2ðtÞ.

, i=FT,GT,G, ESc, C, SR, CU

(

Initial conditions are: pi1ð0Þ; pi2ð0Þ=0.

We used MATLAB
®

for numerical solution of these systems of DE to obtain
probabilities pi1 tð Þ, pi2 tð Þ (i = FT, GT, G, ESc, C, SR, CU). Therefore, for such
system’s element the output performance stochastic processes can be obtained as
follows:

gi = fgi1, gi1g = f540, 0g,
pi tð Þ = fpi1ðtÞ, pi1ðtÞg

�
.

Sets gi,piðtÞ i = FT, GT, G, ESC, C, SR, CU define Lz-transforms for each
element as follows:

Fuel Tank: Lz gFT tð Þf g= pFT1 tð ÞzgFT1 + pFT2 tð ÞzgFT2 = pFT1 tð Þz540 + pFT2 tð Þz0.
Gas Turbine: Lz gGT tð Þf g= pGT1 tð ÞzgGT1 + pGT2 tð ÞzgGT2 = pGT1 tð Þz540 + pGT2 tð Þz0.
Generator: Lz gG tð Þf g= pG1 tð ÞzgG1 + pG2 tð ÞzgG2 = pG1 tð Þz540 + pG2 tð Þz0.

1

2

iλ iμ

Fig. 4 State space diagram
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Energy Storage

Combine: Lz gESc tð Þ� �
= pESc1 tð ÞzgESci1 + pESc2 tð ÞzgESci2 = pESc1 tð Þz540 + pESc2 tð Þz0.

Converter: Lz gC tð Þf g= pC1 tð ÞzgC1 + pC2 tð ÞzgC2 = pC1 tð Þz540 + pC2 tð Þz0.
Speed Reducer: Lz gSR tð Þ� �

= pSR1 tð ÞzgSR1 + pSR2 tð ÞzgSR2 = pSR1 tð Þz540 + pSR2 tð Þz0.
Control Unit: Lz gCU tð Þf g= pCU1 tð ÞzgCU1 + pCU2 tð ÞzgCU2 = pCU1 tð Þz540 + pCU2 tð Þz0.

4.2.2 Element with 3 States

The system’s element, Energy Storage Serial (ESs), has 3 states: fully working state
with performance 540 KW, partial failure state with performances 440 and fully
failure. The state-space diagram is presented on Fig. 5. To calculate probabilities of
each state we build the following system of differential equations:

dpESs1 ðtÞ
dt = − λESs12 pESs1 ðtÞ+ μESs21 pESs2 ðtÞ+ μESs31 pESs3 ðtÞ,

dpESs2 ðtÞ
dt = λESs12 pESs1 ðtÞ− ðλESs23 + μESs21 ÞpESs2 ðtÞ

dpESs3 ðtÞ
dt = λESs23 pESs2 ðtÞ− μESs31 pESs3 ðtÞ

8>><
>>:

Initial conditions are

pESs1 ð0Þ=1; pESs2 ð0Þ=0; pESs3 ð0Þ=0.

We used MATLAB
®

for numerical solution of this system of DE to obtain
probabilities pESs1 ðtÞ, pESs2 ðtÞ, pESs3 ðtÞ. Therefore, for such system’s element the
output performance stochastic processes can be obtained as follows:

gESs = gESs1 , gESs2 , gESs3

� �
= 540, 440, 0f g,

pESs tð Þ= pESs1 ðtÞ, pESs2 ðtÞ, pESs3 ðtÞ� �
.

�

Sets gESs,pESsðtÞ define Lz-transforms for Energy Storage Serial as follows:

Lz gESs tð Þ� �
= pESs1 tð ÞzgESs1 + pESs2 tð ÞzgESs2 + pESs32 tð ÞzgESs3

= pESs1 tð Þz540 + pESs2 tð Þz440 + pESs3 tð Þz0.

1

2

3

12

ESs
λ

23

ESsλ 31

ESs
μ

21
ESsμ

Fig. 5 Energy Storage Serial
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4.2.3 Element with 4 States

The system’s element, Motor (M), has 4 states: fully working state with perfor-
mance 540 KW, two partial failure states with performances 480 and 420 KW and
fully failure state. The state-space diagram is presented on Fig. 6. To calculate
probabilities of each state we build the following system of differential equations:

dpM1 ðtÞ
dt = − λM12p

M
1 ðtÞ+ μM21p

M
2 ðtÞ+ μM31p

M
3 ðtÞ+ μM41p

M
4 ðtÞ,

dpM2 ðtÞ
dt = λM12p

M
1 ðtÞ− ðλM23 + μM21ÞpM2 ðtÞ

dpM3 ðtÞ
dt = λM23p

M
2 ðtÞ− ðλM34 + μM31ÞpM3 ðtÞ

dpM4 ðtÞ
dt = λM34p

M
3 ðtÞ− μM41p

M
4 ðtÞ

8>>>><
>>>>:

Initial conditions are

pM1 ð0Þ=1; pM2 ð0Þ=0; pM3 ð0Þ=0; pM4 ð0Þ=0.

We used MATLAB
®

for numerical solution of this system of DE to obtain
probabilities pM1 ðtÞ, pM2 ðtÞ, pM3 ðtÞ, pM4 ðtÞ. Therefore, for such system’s element the
output performance stochastic processes can be obtained as follows:

gM = fgM1 , gM2 , gM3 , gM4 g= f540, 480, 420, 0g,
pM tð Þ= fpM1 ðtÞ, pM2 ðtÞ, pM3 ðtÞ, pM4 ðtÞg.

�

Sets gM ,pMðtÞ define Lz-transforms for each element as follows:

Lz gM tð Þ� �
= pM1 tð ÞzgM1 + pM2 tð ÞzgM2 + pM3 tð ÞzgM3 + pM4 tð ÞzgM4
= pM1 tð Þz540 + pM2 tð Þz480 + pM3 tð Þz420 + pM4 tð Þz0.

1

2

3

4

34
Mλ

12
Mλ

23
Mλ

41
Mμ

31
Mμ

21
Mμ

Fig. 6 State space diagram
for Motor
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4.3 Lz-Transform for Serial Topology System

4.3.1 Sub-System 1 (SS1s)

According to Fig. 2, Sub-system 1 consists of Fuel Tank, Gas Turbine and Gen-
erator, connected in series. Using the composition operator Ωfser, we obtain the
Lz-transform Lz GSS1s tð Þ� �

for the Sub-system 1, where the powers of z are found as
minimum of powers of corresponding terms:

Lz GSS1s tð Þ� �
=Ωfser Lz gFT tð Þ� �

,Lz gGT tð Þ� �
,Lz gG tð Þ� �� �

=Ωfser pFT1 tð Þz540 + pFT2 tð Þz0, pGT1 tð Þz540 + pGT2 tð Þz0, pG1 tð Þz540 + pG2 tð Þz0� �
= pFT1 tð ÞpGT1 tð ÞpG1 tð Þz540 + 1− pFT1 tð ÞpGT1 tð ÞpG1 tð Þ� �

z0.

Using the following notations

PSS1s
1 tð Þ= pFT1 tð ÞpGT1 tð ÞpG1 tð Þ;

PSS1s
2 tð Þ= 1− pFT1 tð ÞpGT1 tð ÞpG1 tð Þ;

we obtain the resulting Lz-transform for the Sub-system 1 in the following form

Lz GSS1s tð Þ� �
=PSS1s

1 tð Þz540 +PSS1s
2 tð Þz0. ð5Þ

4.3.2 Sub-System 2 (SS2s)

Sub-system 2 consists of Converter, Motor and Control Unit, connected in series.
Using the composition operator Ωfser, where powers of z are calculated as minimum
values of powers of corresponding terms, as before we obtain the Lz-transform
Lz GSS2s tð Þ� �

for Sub-system 2 as follows:

Lz GSS2s tð Þ� �
= Ωfser Lz gC tð Þ� �

,Lz gM tð Þ� �
,Lz gCU tð Þ� �� �

= Ωfpar pC1 tð Þz540 + pC2 tð Þz0,�
pM1 tð Þz540 + pM2 tð Þz480 + pM3 tð Þz420 + pM4 tð Þz0,

pCU1 tð Þz540 + pCU2 tð Þz0�.
Using notations

PSS2s
1 tð Þ = pC1 tð ÞpM1 tð ÞpCU1 tð Þ;

PSS2s
2 tð Þ= pC1 tð ÞpM2 tð ÞpCU1 tð Þ;

PSS2s
3 tð Þ = pC1 tð ÞpM3 tð ÞpCU1 tð Þ;

PSS2s
4 tð Þ = pC1 tð ÞpM4 tð ÞpCU1 tð Þ+ pC1 tð ÞpCU2 tð Þ+ pC2 tð Þ;
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we obtain the resulting Lz-transform for the Sub-system 2 in the following form

Lz GSS2s tð Þ� �
=PSS2s

1 tð Þz540 +PSS2s
2 tð Þz480 +PSS2s

3 tð Þz420 +PSS2s
4 tð Þz0.

4.3.3 Serial Topology System (STS)

Serial Topology System consists of Sub-system 1 and Sub-system 2, connected in
series. Using the composition operator Ωfser , where powers of z are calculated as
minimum values of powers of corresponding terms, in the same way as before we
obtain the Lz-transform Lz GSTS tð Þ� �

for Serial Topology System as follows:

Lz GSTS tð Þ� �
=Ωfser Lz GSS1s tð Þ� �

,Lz GSS2s tð Þ� �� �
= Ωfser PSS1s

1 tð Þz540 +PSS1s
2 tð Þz0,�

PSS2s
1 tð Þz540 +PSS2s

2 tð Þz480 +PSS2s
3 tð Þz420 +PSS2s

4 tð Þz0�
Using notations

PSTS
1 tð Þ=PSS1s

1 tð ÞPSS2s
1 tð Þ;

PSTS
2 tð Þ=PSS1s

1 tð ÞPSS2s
2 tð Þ;

PSTS
3 tð Þ=PSS1s

1 tð ÞPSS2s
3 tð Þ;

PSTS
4 tð Þ=PSS1s

1 tð ÞPSS2s
4 tð Þ+PSS1s

2 tð Þ;

we obtain the resulting Lz-transform for the Serial Topology System in the fol-
lowing form

Lz GSTS tð Þ� �
=PSTS

1 tð Þz540 +PSTS
2 tð Þz480 +PSTS

3 tð Þz420 +PSTS
4 tð Þz0. ð6Þ

4.3.4 Serial Topology System with Energy Storage (STS-ESs)

Serial Topology System with Energy Storage consists of Energy Storage and
Sub-system 2, connected in series. Using the composition operator Ωfser , where
powers of z are calculated as minimum values of powers of corresponding terms, as
in previous instances we obtain the Lz-transform Lz GSTS−ESs tð Þ� �

for Serial
Topology System with Energy Storage as follows:
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Lz GSTS−ESs tð Þ� �
=Ωfser Lz gESs tð Þ� �

,Lz GSS1s tð Þ� �� �
=Ωfpar pESs1 tð Þz540 + pESs2 tð Þz440 + pESs3 tð Þz0,�
PSS1s
1 tð Þz540 +PSS1s

2 tð Þz480 +PSS1s
3 tð Þz420 +PSS1s

4 tð Þz0�.
Using notations

PSTS−ESs
1 tð Þ= pESs1 tð ÞPSS1s

1 tð Þ;
PSTS−ESs
2 tð Þ= pESs1 tð ÞPSS1s

2 tð Þ;
PSTS−ESs
3 tð Þ= pESs2 tð Þ PSS1s

1 tð Þ+PSS1s
2 tð Þ� �

;

PSTS−ESs
4 tð Þ= pESs1 tð Þ+ pESs2 tð Þ� �

PSS1s
3 tð Þ;

PSTS−ESs
5 tð Þ= pESs1 tð Þ+ pESs2 tð Þ� �

PSS1s
4 tð Þ+PSS1s

3 tð Þ;

we obtain the resulting Lz-transform for the Serial Topology System with Energy
Storage in the following form

Lz GSTS−ESs tð Þ� �
=PSTS−ESs

1 tð Þz540 +PSTS−ESs
2 tð Þz480

+PSTS−ESs
3 tð Þz440 +PSTS−ESs

4 tð Þz420 +PSTS−ESs
5 tð Þz0. ð7Þ

4.4 Lz-Transform for Combined Topology System

4.4.1 Sub-System 1 (SS1c)

Following Fig. 3. Sub-system 1 consists of Fuel Tank and Gas Turbine, connected
in series. Using the composition operator Ωfser , we obtain the Lz-transform
Lz GSS1c tð Þ� �

for the Sub-system 1, where the powers of z are found as minimum of
powers of corresponding terms:

Lz GSS1c tð Þ� �
=Ωfser Lz gFT tð Þ� �

,Lz gGT tð Þ� �� �
=Ωfser pFT1 tð Þz540 + pFT2 tð Þz0, pGT1 tð Þz540 + pGT2 tð Þz0� �
= pFT1 tð ÞpGT1 tð Þz540 + pFT2 tð ÞpGT1 tð Þ+ pGT2 tð Þ� �

z0.

Using the following notations

PSS1c
1 tð Þ= pFT1 tð ÞpGT1 tð Þ;

PSS1c
2 tð Þ= pFT2 tð ÞpGT1 tð Þ+ pGT2 tð Þ;
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we obtain the resulting Lz-transform for the Sub-system 1 in the following form

Lz GSS1c tð Þ� �
=PSS1c

1 tð Þz540 +PSS1c
2 tð Þz0.

4.4.2 Sub-System 2 (SS2)

Sub-system 2 consists of Generator, Converter and Motor, connected in series.
Using the composition operator Ωfser , where powers of z are calculated as minimum
values of powers of corresponding terms, as before we obtain the Lz-transform
Lz GSS2c tð Þ� �

for Sub-system 2 as follows:

Lz GSS2c tð Þ� �
=Ωfser Lz GG tð Þ� �

,Lz gC tð Þ� �
,Lz gM tð Þ� �� �

=Ωfser pG1 tð Þz540 + pG2 tð Þz0,�
pC1 tð Þz540 + pC2 tð Þz0,

pM1 tð Þz540 + pM2 tð Þz480 + pM3 tð Þz420 + pM4 tð Þz0�
Using notations

PSS2c
1 tð Þ= pG1 tð ÞpC1 tð ÞpM1 tð Þ;

PSS2c
2 tð Þ= pG1 tð ÞpC1 tð ÞpM2 tð Þ;

PSS2c
3 tð Þ= pG1 tð ÞpC1 tð ÞpM3 tð Þ;

PSS2c
4 tð Þ= pG1 tð ÞpC1 tð ÞpM4 tð Þ+ pG1 tð ÞpC2 tð Þ+ pG2 tð Þ;

we obtain the resulting Lz-transform for the Sub-system 2 in the following form

Lz GSS2c tð Þ� �
=PSS2c

1 tð Þz540 +PSS2c
2 tð Þz480 +PSS2c

3 tð Þz420 +PSS2c
4 tð Þz0.

4.4.3 Sub-System 3 (SS3)

Sub-system 3 consists of Sub-system 2 and Speed Reducer, connected in parallel,
where Speed Reducer is used as backup element. Using the composition operator
Ωfpar , where powers of z are calculated as maximum values of powers of corre-
sponding terms, in the same way as before we obtain the Lz-transform Lz GSS3c tð Þ� �
for Sub-system 3 as follows:

Lz GSS3c tð Þ� �
=Ωfser Lz GSS2c tð Þ� �

,Lz gSR tð Þ� �� �
=Ωfpar PSS2c

1 tð Þz540 +PSS2c
2 tð Þz480 +PSS2c

3 tð Þz420 +PSS2c
4 tð Þz0�

,

pSR1 tð Þz540 + pSR2 tð Þz0�.
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Using notations

PSS3c
1 tð Þ= pSR1 tð Þ+PSS2c

1 tð ÞpSR2 tð Þ;
PSS3c
2 tð Þ=PSS2c

2 tð ÞpSR2 tð Þ;
PSS3c
3 tð Þ=PSS2c

3 tð ÞpSR2 tð Þ;
PSS3c
4 tð Þ=PSS2c

4 tð ÞpSR2 tð Þ;

we obtain the resulting Lz-transform for the Sub-system 3 in the following form

Lz GSS3c tð Þ� �
=PSS3c

1 tð Þz540 +PSS3c
2 tð Þz480 +PSS3c

3 tð Þz420 +PSS3c
4 tð Þz0.

4.4.4 Combined Topology System (CTS)

Combined Topology System consists of Sub-System 1, Subsystem 3 and Control
Unit, connected in series. Using the composition operator Ωfser, where powers of
z are calculated as minimum values of powers of corresponding terms, as in pre-
vious instances we obtain the Lz-transform Lz GCTS tð Þ� �

for Combined Topology
System as follows:

Lz GCTS tð Þ� �
= Ωfser Lz GSS1 tð Þ� �

,Lz GSS3c tð Þ� �
, Lz gCU tð Þ� �� �

= Ωfser PSS1c
1 tð Þz540 +PSS1c

2 tð Þz0�
,

PSS3c
1 tð Þz540 +PSS3c

2 tð Þz480 +PSS3c
3 tð Þz420 +PSS3c

4 tð Þz0, pCU1 tð Þz540 + pCU2 tð Þz0�.
Using notations

PCTS
1 tð Þ=PSS1c

1 tð ÞPSS3c
1 tð ÞpCU1 tð Þ;

PCTS
2 tð Þ=PSS1c

1 tð ÞPSS3c
2 tð ÞpCU1 tð Þ;

PCTS
3 tð Þ=PSS1c

1 tð ÞPSS3c
3 tð ÞpCU1 tð Þ;

PCTS
4 tð Þ=PSS1c

1 tð Þ 1−PSS3c
4 tð Þ� �

pCU2 tð Þ+PSS1c
1 tð ÞPSS3c

4 tð Þ+PSS1c
2 tð Þ;

we obtain the resulting Lz-transform for the Combined Topology System in the
following form

Lz GCTS tð Þ� �
=PCTS

1 tð Þz540 +PCTS
2 tð Þz480 +PCTS

3 tð Þz420 +PCTS
4 tð Þz0. ð8Þ

4.4.5 Combined Topology System with Energy Storage (CTS-ESc)

Combined Topology System with Energy Storage consists of Combined Energy
Storage, Converter, Motor and Control Unit, connected in series. Using the com-
position operator Ωfser , where powers of z are calculated as minimum values of
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powers of corresponding terms, in the same way as before, we obtain the
Lz-transform Lz GCTS−ESc tð Þ� �

for Combined Topology System with Energy
Storage as follows:

Lz GCTS−ESc tð Þ� �
=Ωfser Lz gESc tð Þ� �

, Lz gC tð Þ� �
, Lz gM tð Þ� �

,Lz gCU tð Þ� �� �
=Ωfpar pESc1 tð Þz540 + pESc2 tð Þz0, pC1 tð Þz540 + pC2 tð Þz0,�
pM1 tð Þz540 + pM2 tð Þz480 + pM3 tð Þz420 + pM4 tð Þz0, pCU1 tð Þz540 + pCU2 tð Þz0�

Using simple algebra calculations of the powers of z as minimum values of
powers of corresponding terms and the following notations

PCTS−ESc
1 tð Þ= pESc1 tð ÞpC1 tð ÞpM1 tð ÞpCU1 tð Þ;

PCTS−ESc
2 tð Þ= pESc1 tð ÞpC1 tð ÞpM2 tð ÞpCU1 tð Þ;

PCTS−ESc
3 tð Þ= pESc1 tð ÞpC1 tð ÞpM3 tð ÞpCU1 tð Þ;

PCTS−ESc
4 tð Þ= pESc1 tð ÞpC1 tð Þ pCU2 tð Þ+ pM4 tð ÞpCU1 tð Þ� �

+ pESc1 tð ÞpC2 tð Þ+ pESc2 tð Þ;

the whole system’s Lz-transform expression is as follows:

Lz GCTS−ESc tð Þ� �
=PCTS−ESc

1 tð Þz540 +PCTS−ESc
2 tð Þz480

+PCTS−ESc
3 tð Þz420 +PCTS−ESc

4 tð Þz0. ð9Þ

5 Availability and Mean Power Performance Calculation

Using expression (3), the MSS mean instantaneous availability for constant demand
level w may be presented as follows:

• For w = 540 KW demand level

ASTS
w=540KWðtÞ= ∑

gk ≥ 540
P

STS

k tð Þ=P
STS

1 tð Þ

ACTS
w=540KWðtÞ= ∑

gk ≥ 540
P

CTS

k tð Þ=P
CTS

1 tð Þ
ð10Þ

• For w = 460 KW demand level

ASTS
w=460KWðtÞ= ∑

gk ≥ 460
P

STS

k tð Þ=P
STS

1 tð Þ+P
STS

2 tð Þ

ACTS
w=460KWðtÞ= ∑

gk ≥ 460
P

CTS

k tð Þ=P
CTS

1 tð Þ+P
CTS

2 tð Þ
ð11Þ
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• For w = 360 KW demand level

ASTS
w=360KWðtÞ= ∑

gk ≥ 360
P

STS

k tð Þ= ∑
4

i=1
P

STS

i tð Þ

ACTS
w=360KWðtÞ= ∑

gk ≥ 360
P

CTS

k tð Þ= ∑
3

i=1
P

CTS

i tð Þ
ð12Þ

Using expression (4), the MSS instantaneous mean power performance for the
Serial and Combined Topology Systems can be obtained as follows:

ESTSðtÞ= ∑
gs >0

gSTSi PSTS
i ðtÞ= ∑

4

i=1
gSTSi P

STS

i ðtÞ

=540PSTS
1 ðtÞ+480PSTS

2 ðtÞ+440PSTS
3 ðtÞ+420PSTS

4 ðtÞ

ECTSðtÞ= ∑
gs >0

gCTSi PCTS
i ðtÞ= ∑

3

i=1
gCTSi PCTS

i ðtÞ

=540PCTS
1 ðtÞ+480PCTS

2 ðtÞ+420PCTS
3 ðtÞ

ð13Þ

The failure and repair rates (in year−1) of each system’s elements are presented
in the Table 1.

MSS mean instantaneous availability for different constant demand levels is
presented in Figs. 7 and 8. The obtained results shows that difference in instanta-
neous availability for Serial Topology System for different demand levels is small
enough (Fig. 7), for Combined Topology System there is no distinction for different
demand levels (Fig. 8).

Comparison MSS mean instantaneous availability levels for different topology
shows that Combined Topology is better than Serial Topology (Figs. 9 and 10). In
case of emergency and usage of Energy Storage the instantaneous availability of
Serial system is greater than Combined Topology System (Fig. 11).

Table 1 Failure and repair rates of each system’s elements

Failure rates (year−1) Repair rates (year−1)

Fuel tank (FT) 0.0584 219
Gas turbine (GT) 0.876 159
Generator (G) 0.0145 175.2
Energy Storage Series (ESs) 0.438 438
Energy Storage Combined (ESc) 0.438 250
Electric inverter (C) 0.0584 584
Motor (M) 0.0145 87.6
Speed reducer (SR) 0.0876 116.8

Control unit (CU) 0.01752 730
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Calculated MSS instantaneous mean power performance of the Serial and
Combined Topology System is presented in Fig. 12.

6 Conclusion

In this chapter, the Lz-transform method was used for evaluation of two important
parameters—availability and performance of various topologies traction drives of
hybrid-electric helicopter.
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Lz-transform approach extremely simplifies the solution, which in comparison
with straightforward Markov method would have required building and solving the
model with 128 states for Serial and 512 states for Combined Topology Systems.

The obtained results have showed that in terms of reliability the compared
variants of traction drive topologies of hybrid-electric helicopter are close enough
and meet the requirements of the project. Considering this, to select the optimal
variant, it is necessary to carry out a comparative analysis of their weight and size
characteristics.

Nine-phase design of the traction permanent magnets synchronous motor is the
best compromise solution between the required level of its fault tolerance and the
complexity of manufacturing.
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