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Abstract In this chapter, we attempt to develop a stochastic model based on a
modification of a standard energy system. Aiming to achieve a high level of reli-
ability in the system, it is necessary to implement specific modifications that are
necessary to improve the structure of the system, in order to meet the demanded
requirements. This improvement is actually a restructuring of an IEEE 6
BUS RBTS system by using an alternative combination of its generation units that
presents the lowest possible failure rates using the same kind of generators and
maintaining the level of output specifications according to the minimum reliability
requirements. Using Multi-state systems and Semi-Markov modeling, the final
result is a modified system that presents more flexibility and operates in less
uncertainty environment, leading to a better level of reliability.

Keywords Markov chains ⋅ Semi-Markov chains ⋅ Multi-state system ⋅
Power system

1 Introduction

Reliability is a timeless problem closely related with human activity since the 18th
century and has passed through stages of evolution in the course of time [35]. The
systematic study of reliability has taken place at the end of the 20th century due to
dramatic increase of complexity of electric and electronic systems and the cost
reduction of them. In case of power generating systems, the operational parameters
are the frequency of interruptions and the expected time to repair the failure [11].
The reliability as a concept is incident to two states of a system, “operation” and
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“failure”. This approach works for relative simple systems. However, a question
about its effectiveness arises when we need to apply it in more complex systems,
leading to the development of multi state systems analysis in the middle of 1980’s
[22]. This topic is considered one of the most pioneering in the research of relia-
bility theory [18]. Although the basic operational states of a system are two, normal
operation and failure, each state of operation could consist of more than one
“sub-states” (e.g. 80% or 60%, etc.) [35]. According to the literature, the term “multi
state system” refers to a system that can be operating in a finite number of states [7].
Each complex system, consisting of a number of simple “two-state” sub-systems
that have a cumulative effect on its performance can be considered a multi state
system. The final performance of the whole system depends on the availability of
the sub-systems and it is proportional with those that are operating [16].

In this study, we will consider failure of the system the non-acceptable level of
operation due to specific requirements concerning the output level of the system,
whereas some of the generators work normally and others fail. Since the failures are
occurring events, and are related with independent systems (such as generators), we
assume that they follow the Poisson distribution with parameter λ, whereas the time
needed to repair a failed system follows the exponential distribution with a mean
1 ̸μ. Referring to the IEEE 6 BUS RBTS, these parameters are depicted in Table 4.
There is significant number of studies on multi state systems (MSS), because of
their applicability especially in power generating and communication systems is
broad [17]. Multi State Systems provide the advantage of flexibility and their
representation is more accurate compared to the simple two state systems. On the
other hand, their complexity holds the understanding and their performance eval-
uation back [33], e.g. there are systems that have hundreds or thousands of possible
states. The development and the handling of such models results to depletion of the
conventional Markov methods, emphasizing the need to apply innovative methods
such as the EUGF [18]. The systems that are affected by the ageing of the materials
with their maintenance effectiveness within limits confirm the need to combine the
complexity and the flexible analysis capability [16]. Another advantage of
multi-state systems is that they focus to the acceptable or non-acceptable level of
operation on a specific time, instead of the “time to failure” of the simple systems,
contributing to the analysis of applications closer to the real world [19], providing
more accurate assessments [17] and a significant cut of the time required to develop
an acceptable solution [4]. Concerning the power generating systems, all the above
characteristics refer to the level of power available over a minimum acceptable
level, in accordance with the requirements. An additional factor related to the
reliability of power generating systems is the modeling of shocks that affect a
system during its operation, perceiving these shocks in three major categories, such
as the cumulative [10], the extreme [28] and the mixed [20]. All kinds of shocks
mentioned above refer to a complete failure of the system. Actually, they could be
an early variation of multi state systems, where the shock pushes the system from
one critical state to another one, resulting to a partial failure of the system [7]. Due
to their inherent complexity and the probable interaction among the existing
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subsystems, multi state systems present a dynamic behavior, when a sub system
fails; the result on the whole system is much more severe [35]. Depending on the
research requirements, the number of the states can be increase, leading to extreme
complexity. This happens because it is possible to consider them as multi state
systems and breaking them down in subsystems of lower level, making the need for
further research intensified [18]. The mathematical form of a multi state system
depicts the set of the possible states such as:

Gj = gj1, gj2, . . . , gji, . . . , gjk
� � ð1Þ

Where gji is the performance level of the subsystem j and i∈ 1, 2, . . . , kf g is the
set of the possible states of the subsystems. Since we consider time of operation of
the whole system, its state over time is a random variable included in a stochastic
process [16]. Due to the stochastic nature of the states, there is a mean, a variance and
a distribution of them as a random variable and this is precisely the importance to
calculate the limits of operation of the system, in order to achieve a minimum level of
reliability. One step further, the reliability function of a multi state system is:

Rðt,wÞ=P GðtÞ≥wf g ð2Þ

where G(t) is the state of operation, at time t and w is the minimum required level of
operation. The above equation leads to the separation of all states of the system in
two groups. The first one is the set of acceptable states dðwÞ, dðwÞ+1, . . . ,Mf g
and the second one 0, 1, . . . , dðwÞ− 1f g is the set of non acceptable states [29]. The
reliability function concerning the required level of operation describes the sum of
the probabilities of all those acceptable states that are independent and is expressed
by:

Rðt,wÞ=P ΦðtÞ≥ dðwÞf g= ∑
M

j= dðwÞ
pjðtÞ ð3Þ

or with another expression:

RMSSðt,W*Þ=P WðtÞ≥W*� � ð4Þ

[14] where WðtÞ is the level of output of the system at time t and W* is the
minimum required performance. Assuming that the states of non-acceptable oper-
ation level are equivalent to the state of failure of a simple system, the function of
“state of failure” is:

Fðt,wÞ=1−Rðt,wÞ= ∑
dðwÞ− 1

j=1
pjðtÞ ð5Þ
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The Eq. (5) confirms the argument that there are more states of operation except
for the normal operation and the complete failure [33]. Another parameter on the
performance of the multi state systems is also the time the system spends in a state
of operation. Assuming a transition of the system in M + 1 different states, where
M ∈ 1, 2, 3, . . .f g and M ≥ 1. We denote that state 0 corresponds to complete failure
of the system and state M reflects normal operation. Concerning the lifetime of the
system in each state, we can consider the time the system lies in a state j or higher
level of performance (T ≥ j for j, j+1, . . . ,M) [32]. Since RkðtÞ is the reliability
function of the MSS (with discrete states) it is simply the probability of the system
to operate in a state level higher than w at time t, this function is:

RkðtÞ= ∑
M

ϕ= k
P ΦðtÞ=ϕf g, k∈ 1, 2, 3, . . . ,Mf g ð6Þ

with 0≤ k≤M [19]. Depending on the circumstances and because of their dynamic
behavior, they proceed to states of partial operation until the state of total failure.
Especially when the number of states is high, the transition is not always among
consecutive states, but it is possible to omit intermediary states. The evaluation of a
system is based on the assessment of reliability parameters, such as the rate the
system downgrades. This parameter is related with all subsystems of the system and
can be grouped in a matrix form such as

Λ=

λM,M − 1 λM,M − 2 . . . λM, 0

0 λM − 1,M − 2 . . . λM − 1, 0

. . . . . . . . . . . .
0 0 . . . λ0, 0

2
664

3
775 ð7Þ

With the probability the system to operate normally to be

P ΦðtÞ=M½ �= e½− ðλM,M − 1 + λM,M − 2 + ...+ λM, 0Þt� ð8Þ

the matrix of Eq. (7) can facilitate the understanding of the complexity that the
researcher is possible to face, by understanding the system and the evaluation of its
performance [33]. However, this complexity is useful because in many cases the
two state systems often lead to erroneous and disappointing results [4]. One way to
deal with the problem of the complexity is to break down the system in smaller
subsystems and then to analyze them as multi state systems [15]. After all, multi
state systems are a useful tool and a challenge to researchers, in order to solve
different kinds of problems and research questions. It is important to understand that
multi state systems are an approach in the field of probabilities modeling. Of course,
there are other methodologies such as research on the optimal maintenance policy
[1], or the Universal Generation function [14]. Also, Monte Carlo Simulation is a
useful approach for complex systems, especially when restrictions of time exist
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[23], and the recursive method, when the researcher evaluates the reliability of k out
of n multi state systems [34].

Attempting to analyze and deal with the problems of power systems manage-
ment, researchers are necessary to develop quantitative methods as useful tools in
the decision-making. Depending on the specific needs of the problem, the system
we examine, during its operation passes through certain states that could be values
of random variables and the set of those states is called state space [16]. Using the
continuous time methodology, we can study phenomena occurring in any time. The
lack of memory in Markov chains implies a relationship between them and the
exponential distribution which is the only one presenting this property. This
property in Semi Markov models presents certain limitations concerning the time
distribution that should be exponential, in case of continuous time and geometric, in
case of discrete time. Especially in real world applications, these limitations could
lead to erroneous conclusions [2, 13]. This means that if the system remains for
certain time T in a state i, the probability to remain in this state for additional time is
independent of the time T. This property is useful in the case of Semi Markov
processes, where except for transient probabilities we consider the mean sojourn
time for each state. This characteristic provides significant flexibility and the
complexity of the calculations remains at relative low level. Semi Markov models
are a generalized approach of Markov models providing an additional advantage of
flexibility, concerning the distribution of the sojourn time in each state. Another
characteristic of Semi Markov models is that the property of the lack of memory
applies also in past states and the time the system was in those states as well. The
difference comparing Semi Markov with Markov models is that time is a random
variable and presumably the transition concerns only different states, because the
probability remaining at the same state i is zero, since the system remains in this
state for variable time (sojourn time). A general form of a Semi Markov Model can
be represented mathematically as follows [2, 24]:

PðJn+1 = j, Sn+1 − Sn = kjJ0, . . . , Jn; S0, . . . , SnÞ
=PðJn+1 = j, Sn+1 − Sn = kjJnÞ

ð9Þ

where Jn is the system state at the nth jump time and Sn is nth jump time. The
embedded Markov chain associated to the jumps from one state to another of the
previous Semi-Markov model is defined by its transition matrix, i.e. pij = P(Jn+1-
= j | Jn = i).
Let Hi(t) be the sojourn time distribution in state i. If Hi(t) is assumed to have the

exponential distribution for all i, then the previous Semi-Markov Model is simply
an alternate description of a homogeneous CTMC [30].

In order now, to compute the steady state solution of the Semi-Markov Process,
we first need to compute the steady state probability distribution of the previously
defined embedded Markov chain by solving the following equation: v = v P, with
∑ ivi =1, where vi is the steady state probability for state i and P the transition
probability matrix of the embedded Markov chain. Let additionally, define,
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the mean sojourn time in state i by: hi =
R∞
0 ½1−HiðtÞ�dt, then the steady state

probability πi for the semi-Markov Process is given by [6]:

πi =
vihi

∑
j
vjhj

ð10Þ

The above formulation gives us a general framework to model repairs with
different distributions, other than the classical exponential, given that the erroneous
use of those distributions will lead to also erroneous conclusions [5]. Semi Markov
models can also be applied with other distributions such as the uniform distribution
[21], or combination of exponential and uniform [30], where the calculations are
getting more complex, or other more “general” and flexible such as Weibul dis-
tribution [9]. When due to specific reasons of the model there is combination of two
or more distributions, the sojourn time in each state is the minimum value in that
state of all those distributions and/or their combinations. Of course, attempting to
develop a Semi Markov model, one should consider the dramatic increase of the
volume (and the complexity) of the calculations in order to balance the require-
ments and the available computing power. The bottom line is that the Semi Markov
methodology is a useful tool especially in the analysis of multi state systems,
leading to valuable inferences concerning the maintenance policy of complex
systems (Fig. 1).
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Fig. 1 IEEE 6 BUS RBTS
system. Source Setreus [26]
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2 System Analysis—Original System

The IEEE 6BUS RBTS is a power generation and transmission system [3]. The
main characteristics of the system are the small size, facilitating the study and the
solution of different problems. Additionally, its detailed description permits the
examination of new methods concerning their adequacy. The main field of the
system in research is the power transmission systems, although, there are recent
studies [26, 27] where it is used as a basic tool for solving problems and developing
methods, concerning the power generation and power transmission as well.

The development of the IEEE 6 BUS RBTS System aims to the study of reli-
ability, regarding the power generation and transmission; therefore, it could be a
sufficient initial point of a research project. As displayed in Table 1, the capacity of
the system is 240 MW, with a peak load of 185 MW and an AC Nominal voltage
of 230 kV. This output is achieved by using eleven generators in two groups, #1
and #2 which consist of four and seven generators respectively. Their output power
is shown in Table 2. Considering the operational conditions of each one of the
generators, the system could be in different states of power output and depending on
the required level of load, the possible states could be “acceptable” or “not
acceptable”. This fact provides an inherent uncertainty which may not have crucial
extent; however, it might cause undesired consequences.

The reliability of the standard system has been studied [31] using a Markov
Chain model. The interesting findings of this approach imply that the probability of
the system to be in an acceptable state is inversely proportional to time. It is obvious
that the probability of the system to be in a “non-acceptable” state is proportional to
time. Consequently, there are inherent vulnerabilities for which there have been
efforts to overcome [12]. Table 3 contains probabilities of each state.

Table 1 Basic parts of IEEE
6 BUS RBTS

Number of buses 6
Number of generators 11
Number of load points 5
Number of transmission lines 9
Number of generation buses 2
Installed generation (MW) 240
System peak load (MW) 185
AC nominal voltage (kV) 230
[27]

Table 2 Output power of the generators

Generator group Generators—output power

#1 G1-G2 = 40 MW, G3 = 20 MW, G4 = 10 MW
#2 G5 = 40 MW, G6-G7-G8-G9 = 20 MW, G10-G11 = 5 MW
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Considering the reliability requirements of a system, which is able to respond at
all times, the results of the study show that a system modification could cope with
certain restrictions. The main purpose of this study is not to develop a new different
system, but to enhance the existing one. Considering the initial layout, the system
presents a relative high level of reliability. According to the literature [31] the
expected probability of the complete operation of the system, is 0.99989. Table 4
shows the failure (repair) rates, and the mean time to failure (repair).

3 Modified System—Application of the Model

Indeed, the level of operability is high, but some questions arise. Is an enhancement
possible? What is the effect of a change to the synthesis of the power generating
system (IEEE 6 BUS RBTS)? Is an assessment concerning the performance of the
system possible? Could Semi Markov modeling contribute to assess this perfor-
mance? Especially, in case of a large project, where the level of operation is crucial,
any kind of improvement is necessary and always welcome. Actually, there is an
inherent need for further research and improvement of the original system.

Table 3 States and operational probabilities of IEEE 6BUS RBTS

GA GB Output (MW) State Probability

1 1 240 P1 0.999897
1 0 110 P2 9.9851e−5
0 1 130 P3 2.9998e−6
0 0 0 P4 2.9956e−10

Table 4 Rates of failure and repair for IEEE 6 BUS RBTS

Group Generator MTTF (hrs) Failure rate (Annual) MTTR (hrs)

#1 G1 1460 6 45
G2 1460 6 45
G3 2190 4 45
G4 1752 5 45

#2 G5 4380 2 45
G6 4380 2 45
G7 2920 3 60
G8 3650 2.4 55
G9 3650 2.4 55
G10 3650 2.4 55
G11 3650 2.4 55
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More specifically, the observation of the relationship between the probability of
functionality and the time of operation manifests the necessity of a further change
for the better [31].

Attempting to improve the system, the authors suggest the layout of the system
in a minimal way, aiming to minimize the probability of a poor state to the power
transfer. The main idea is to apply a different combination of the power generators
that satisfies the following criteria:

• Lower failure rates
• The same level of power per group of generators.

One of the fundamental assumptions of the authors is that not only both groups,
but all generators operate independently in parallel layout. Considering the modi-
fied system, there are certain advantages by using this layout, such as that there is
independence among the generators. Therefore, since a single generator fails, all the
other generators continue to operate normally, until another failure to another
generator takes place and/or a repair follows the existing failure (Fig. 2).

Aiming to improve the reliability characteristics of the power generation units,
the change of the layout would be a sufficient start for the study. As it is shown in
Fig. 2, there are two groups of generators, but with five generators in group 1 (four
generators before the change) and six generators in group 2 (seven generators
before the change). More analytically, and considering Table 4, the characteristics
of both groups are shown in Table 5. Actually, the main idea for this change is to
replace some of the generators with those that present lower failure rate.

Of course, concerning the performance of the generators, a question about the
time to repair could arise. Concerning the Group #1, the replacement of the G1 and
G2, by the G5 and G6 respectively, improves the performance, since there is a
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Fig. 2 Modified IEEE 6
BUS RBTS suggested by
authors
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lowering of failure rate with the same time to repair. The other major change refers
to the replacement of the G3 and G4 with the G10 and G11 respectively. Table 6
presents briefly the states of the system, where “1” is the normal operation of a
generator and “0” is the status of failure. Concerning the reliability of the modified
system, the states could be from full operative (240 MW—100%) to complete
failure (0 MW—0%).

The probability of the system to be in an intermediate state between normal
operation and complete failure proofs that it is a multi state system. After the
formulation of the modified system, it is necessary to assess the new parameters and
its expected behavior. After the modification, there is a lowering of the failure rate
by a percentage of 40%, with an increase to the time to repair by a percentage of
22.2% (see Table 5). Consequently, this change contributes to an improvement of

Table 5 Change of layout of group #1 and #2

Group of generators #1
Original Modified
Generator Failure

rate
Power
(MW)

QTY Generator Failure
rate

Power
(MW)

QTY

G1 6 40 1 G5 2 40 2
G2 6 40 1 G6 2 20 1
G3 4 20 1 G10 2.4 5 1
G4 5 10 1 G11 2.4 5 1
Group of generators #2
Generator Failure

rate
Power
(MW)

QTY Generator Failure
rate

Power
(MW)

QTY

G5 2 40 1 G3 4 20 1
G6 2 20 1 G5 4 40 2
G7 3 20 1 G6 2 20 1
G8 2.4 20 1 G10 2.4 5 2
G9 2.4 20 1
G10 2.4 5 1
G11 2.4 5 1

Table 6 Brief representation of states

State G1 G2 G3 G4 G5 G6 G7 G8 G9 G10 G11

1 1 1 1 1 1 1 1 1 1 1 1
2 1 1 1 1 1 1 1 1 1 1 0
3 1 1 1 1 1 1 1 1 1 0 1
4 1 1 1 1 1 1 1 1 1 0 0
… … … … … … … … … … … …

2047 0 0 0 0 0 0 0 0 0 0 1
2048 0 0 0 0 0 0 0 0 0 0 0
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the system as well. Considering the Group #2, there is a pure improvement of the
system’s performance, because of the similarity of the generators (see Table 5).

The possible states of the system are described in Table 6. There are five gen-
erators for the Group #1 and six generators for the Group #2, eleven totally. Placing
both groups in parallel layout the number of states increases dramatically.

Thus, the actual number is 25 ⋅ 26 = 211 = 2048. The calculation of all states aims
finally to the estimation of the probability of the transition of the system to each
state. These states are finally 49 unique states from 0 to 240 MW with an incre-
mental step of 5 MW, due to the structure of the system (see Table 7).

Thus, the objective of the lowering of the failure rates is achieved, with only a
partial increase of the time to repair. In the same time, the level of power output
remains the same, achieving the same level of service with a better level of the
output requirements with the original system, avoiding any major changes related
with power transferring etc. Additionally, the independence of the generators
mentioned above provides the flexibility that the minimum load capability is
achieved with more combinations and there are forty nine output levels (as men-
tioned previously) compared with the four of the original system. The increase of
the number of states provides more flexibility to the assessments that are necessary
to manage the system and facilitate the decision-making concerning the parameters
of the system. For representation purposes, due to the large size of the matrices, and
in order to facilitate the understanding of the process, the authors selected to use
three generators of the system in order to present the basic idea about the model.
Therefore, in case of presenting systems of equations, there are eight equations
(presenting a system of eight states instead of 2048). In the case of presenting
matrices, there are abbreviated matrices for 2048 states. There is also another aspect
concerning the issue of the reliability of the modified system. Trying to understand

Table 7 States and power output of the modified system

State
#

Power
output
(MW)

# of
states

State
#

Power
output
(MW)

# of
states

State
#

Power
output
(MW)

# of
states

State
#

Power
output
(MW)

# of
states

1 240 1 14 175 52 26 115 88 38 55 28

2 235 4 15 170 78 27 110 132 39 50 42

3 230 6 16 165 52 28 105 88 40 45 28

4 225 4 17 160 31 29 100 40 41 40 10

5 220 4 18 155 72 30 95 72 42 35 12

6 215 12 19 150 108 31 90 108 43 30 18

7 210 18 20 145 72 32 85 72 44 25 12

8 205 12 21 140 40 33 80 31 45 20 4

9 200 10 22 135 88 34 75 52 46 15 4

10 195 28 23 130 132 35 70 78 47 10 6

11 190 42 24 125 88 36 65 52 48 5 4

12 185 28 25 120 44 37 60 20 49 0 1

13 180 20
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the meaning of reliability, it is necessary to determine the time of operation and the
respective probability of an upcoming failure. First of all, in order to develop the
Semi Markov Model, we should solve the system of equations in steady state
conditions. The main assumption in this case is that the sojourn time in one state is
exponentially distributed. Additionally, this transition is analyzed in two parts. The
first one refers to the time spent in the particular state and the other one refers to the
probability the system to be in another state. The jump of the system from one state
to another is a result of the combination of failures and repairs of different gener-
ators. This occurs because the system consists of eleven generators and a proba-
bility to fail and/or repair one at a time or some of them simultaneously always
exists. This transition will take place when the first combination of failure and/or
repair comes. The transition matrix based on the failure rates and/or repairs will
have the form

P=

p1, 1 p1, 2 . . . p1, 2048
p2, 1 p2, 2 . . . p2, 2048
. . . . . . . . . . . .

p2048, 1 p2048, 2 . . . p2048, 2048

2
664

3
775 ð11Þ

Obviously, the number and the difficulty of the calculations increase dramati-
cally with the increase of generators, confirming the findings of researchers about
the complexity and the difficulty of the models. The failure and repair rates are
expressed in failures and repairs per hour. These numbers are extracted by dividing
the annual failure rates and repairs by 8,760 h per year. According to this analysis,
the failure and repair rates are shown in Table 8. Continuing with the calculation of
the steady state probabilities, we should solve the following matrix equation [30]:

v= vP ð12Þ

Table 8 Failure and repair rates

GEN MTTF
(hrs)

Failure rate (per
year)

MTTR
(hrs)

Failure rate (per
hour)

Repair rate (per
hour)

G1 1460 6 45 0.00000 0.00000
G2 1460 6 45 0.00000 0.00000
G3 2190 4 45 0.00000 0.00000
G4 1752 5 45 0.00000 0.00000
G5 4380 2 45 0.00046 0.01027
G6 4380 2 45 0.00023 0.00514
G7 2920 3 60 0.00000 0.00000
G8 3650 2.4 55 0.00000 0.00000
G9 3650 2.4 55 0.00000 0.00000
G10 3650 2.4 55 0.00027 0.00628
G11 3650 2.4 55 0.00027 0.00628
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Where P is the transition probabilities Matrix and v is the vector of the discrete
time Markov Chain.

v= v1 v2 v3 v4 . . . . . . v2047 v2048½ � ð13Þ

Of course, a unique solution of the Eq. (17) is possible only under the restriction
[32].

∑
2048

i=1
vi =1 ð14Þ

The mean sojourn time for each state is given by the formula [30].

hi =
Z ∞

0
½1−HiðtÞ�dt ð15Þ

Solving the formula above, we find that the mean sojourn time has the form

hi =
1

λi + μi
ð16Þ

Once again, this expression is only indicative for representation reasons only and
it is not applicable for all states.

V ⋅Psemi =U⇔V =U ⋅P− 1
semi ð17Þ

Vector U is

U = 1 0 0 0 . . . . . . 0ð2047Þ 0 ð2048Þ
h i

ð18Þ

and V the matrix that will be combined with the mean sojourn times to calculate the
final steady state probabilities. Solving the matrix Eq. (17), we have the results in
Table 9. At this point, we notice that this table contains probabilities of all states of
the system. Thus, assessing the probability of the failure related to the time of
operation, these reliability parameters are shown in Table 10. An initial interest point
of these results is the probability of the system to provide a level of power output.

So, using the probabilities for each state (Table 9) and adding all probabilities
with the same output, we have the final probabilities based on the level of output
(see Table 10), giving the opportunity to the decision maker to shape the big picture
concerning the expected level of the power output. According to Table 10, the
expected level of power output which is E[X] = 237.267 MW1 and its variance
found to be Var[X] = 81.83 MW2 and finally its standard deviation is at the level

1Calculation of expected value E[X].
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of 9.05 MW.2 These values assure that the system fulfills the criterion of a mini-
mum output or peak load of 185 MW with a probability of an almost total certain
operation. Comparing the final results, the original system presents a probability for
“normal operation >130 MW” equal to 0.999897. The respective probability of the
modified is 0.999995. the probability of “>110 MW” is 0.999999 and for total
failure of the original is 2.9956e − 10 and for the modified is 2.54109E − 16. But,
the most important finding is that the minimum output limit of 185 MW is achieved
in the modified system with a probability of 0.997809. Since the peak load is
185 MW there is a difference of 5.76σ (standard deviations). Considering Cheby-
shev’s Inequality [25] since the power output is a random variable with mean
237.267 MW and variance 81.83 MW2 then for any value k > 0,

PfjX − μj≥ kg≤ σ2

k2
ð19Þ

Therefore, if k= 237.267− 185
9.05 ⇔k=5.76 standard deviations, then the formula (19)

gives PfjX − 237.267j≥ 52.267g≤ 81.83
52.2672 ⇔PfjX − 237.267j≥ 52.267g≤ 0.02995.

And finally, the probability of the power output to be higher than 185 MW in any case
is PfjX − 237.267j≤ 52.267g≥ 1− 0.02995⇔PfjX − 237.267j≤ 52.267g≥ 0.97.
This result agrees and confirms the findings of the analysis.

Concerning the expected time of operation in each state it is shown in Table 11.
The main finding is that in annual basis, the system operates in more than 185 MW
for 8,740 h, 48 min and 36 s out of 8,760 h totally. The output from 130 MW to
184 MW is 19 h, 9 min and 4 s. The operation between 110 and 130 MW is 2 min
and 16 s. Finally, the operation in level lower than 110 MW is only 4 s in annual
basis. All the above findings show that the suggested modification upgrades the
system and its reliability and could be a starting point for further improvement.

Table 9 Probabilities of each state

State Group #1 Group #2 Power (MW) Prob

G5 G5 G6 G10 G11 G3 G5 G5 G6 G10 G11

1 1 1 1 1 1 1 1 1 1 1 1 240 8.681E−01
2 1 1 1 1 1 1 1 1 1 1 0 235 1.308E−02
3 1 1 1 1 1 1 1 1 1 0 1 235 1.308E−02
4 1 1 1 1 1 1 1 1 1 0 0 230 1.971E−04
5 1 1 1 1 1 1 1 1 0 1 1 220 8.918E−03
… … … … … … … … … … … … … …

2047 0 0 0 0 0 0 0 0 0 0 1 5 1.532E−19
2048 0 0 0 0 0 0 0 0 0 0 0 0 2.541E−16

2Calculation of Variance by var[X] and its standard deviation.
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4 Conclusions

In this study, we have evaluated the performance of a modified IEEE 6BUS RBTS
and have shown that the recommended modification contributes to the improvement
of the system performance by increasing the probability of operation within the
required limits. The modification of the system aims to the reduction of failure rates
maintaining the power output specifications. This objective is achieved through the
restructuring of the group of generators whereas all generators are supposed to be in
parallel operation. This technique led to approach the problem through the multi
state systems theory. As described in previous paragraphs, the increase of the parts
of the system resulted to a dramatic increase of the states of the system and con-
sequently increased the complexity of the calculations. This problem showed in
practice that probable restrictions of the computing power are possible to be
overcome through programming algorithms and/or advanced software. In the case
of even more complex systems, a breakdown of the system in smaller parts is a
suggested complementary alternative. As multi state systems theory suggests, this
model presents more flexibility than that of the original IEEE 6BUS RBTS. More
specifically, there are more levels of power output and their respective probabilities.
This characteristic contributes to the lowering of the uncertainty of the system,
assisting decisively in the decision-making and the management of the system.
Comparing the models, there is a significant improvement after the suggested
modification. The reduction of the probability of “non-acceptable” output level and
the increased probability of operation over the minimum required level contributes
to the effective management of the system. The managerial aspect of the system’s
modification is that it contributes to the simplicity of the system. Since there are
fewer types of generators, it simplifies the management of the system concerning
the schedule of supplies and its maintenance as well. All these findings could be a
starting point for further study and expansion of the methodology in other research
topics. In addition, using advanced programming algorithms, the researchers could
apply analytical methods in an effort to overcome the existing barriers of the
computing power. This strategy can be combined with other methods such as
Monte Carlo Simulation, in order to verify the effectiveness of each other method
and to reduce the uncertainty of the models.
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