
Chapter 6
Adaptive Sliding Mode Control Based
on the Extended Equivalent Control Concept
for Disturbances with Unknown Bounds

Tiago Roux Oliveira, José Paulo V.S. Cunha and Liu Hsu

6.1 Introduction

Many authors have been dedicating their work to remove the obstacle of consider-
ing bounded disturbances with known bounds in the sliding mode control design
[2–5, 14, 17, 18, 22, 23]. This research topic is of practical significance because the
control magnitude is often related with the chattering intensity in actual applications.
Overestimated disturbances may lead to nonminimum chattering [22].

Generally, adaptive sliding mode controllers can be classified as follows:

1. Schemes based on monotonically increasing gains [14, 17, 23];
2. Strategies with increasing and decreasing gains [2, 5, 18]; and
3. Approaches based on the equivalent control [3, 4, 22].

The benefit of the latter approach is that once the sliding motion begins, an accu-
rate estimate of the disturbance can be obtained. If the disturbance decreases, the
equivalent control does automatically the same. It means that if the control gain is
updated according to the equivalent control, a less conservative controller in terms of
control effort and improved performance can be obtained. Although the equivalent
control cannot be measured precisely in practice due to model mismatches, a good
approximation is the average control signal [21].

In this chapter, a novel adaptive sliding mode control strategy based on the
extended equivalent control [8, 9] is developed [15]. The adaptation rule combines
the qualities of monotonically increasing gains and the equivalent control. During
the reaching phase, a positive feedback loop increases the control gain (modulation
signal) until the disturbances are dominated. After that, the conditions for the sliding
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mode phase can be satisfied. Thus, the disturbances bounds can be satisfactorily esti-
mated by the equivalent control which updates the proposed modulation function.
The modulation gain is adapted in such a way that it is small as possible to mitigate
chattering effects, but large enough to ensure the existence of the sliding mode in the
presence of bounded exogenous disturbances.

The new adaptation law seems simpler than earliermethods found in the literature.
The restriction of assuming only smooth disturbances in previous works [3, 4, 22]
can be overcome. In addition, the new adaptive scheme does not require knowledge
of the minimum and maximum allowed values of the adaptive gain [22], and do not
require any information about the bound on the disturbances [3]. When compared
with the adaptive methodologies applied to [2, 5, 18], no mechanism is necessary
to detect the sliding mode and adapt the control gain in order to make it increase or
decrease. Additionally, perfect stabilization and ideal slidingmode can be guaranteed
rather than only the convergence to a neighborhood of the origin and intermittent
loss of the sliding motion.

6.2 Discontinuous Differential Equations

Since we shall deal with discontinuous systems, it is necessary to define precisely the
meaning of a solution for such systems. Here, Filippov’s definition is assumed [6].
Note that the control signal u is not necessarily a function of t in the usual sense when
sliding modes take place. In order to avoid clutter, we will denote by u(t) the locally
integrable functions which are equivalent to u, in the sense of equivalent control
[21], along any given Filippov solution z(t) of the closed-loop system. It should be
stressed that z(t) is, by definition, absolutely continuous. This definition is motivated
by the adequate representation of the behavior of physical systems when the actual
switching mechanism tends to an ideal switching device which corresponds to the
given discontinuous differential equation [21]. Then, along any such solution, u can
be replaced by u(t) in the right-hand side of the governing differential equations.
Although the equivalent control u(t) = ueq(t) is not directly available, for affine
systems filtering u with any causal linear time-invariant filter with impulse response
g(t) gives g(t) ∗ u = g(t) ∗ u(t) = g(t) ∗ ueq(t). Here, the symbol “∗” stands for
the convolution operator defined as:

g(t) ∗ u(t) :=
∫ t

0
g(t − s)u(s)ds . (6.1)

6.2.1 Extended Equivalent Control

The extended equivalent control [8, 9] is defined as an equivalent control which
applies for a complete system motion, i.e., on and outside the sliding mode
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surface σ(x(t), t) = 0, σ : Rn × R+ → R
m . Consider the class of nonlinear sys-

tems described by
ẋ = f (x, t) + B(x, t)u , (6.2)

where f : Rn × R+ → R
n and B : Rn × R+ → R

n×m are smooth. Let x(t) be a
solution of this system, for t ∈ [0, T ). Then, the extended equivalent control is a
locally integrable function, defined almost everywhere in the interval [0, T ), and is
given by

ueq(t) = −[G B(x(t), t)]−1

[
G f (x(t), t) − d

dt
σ(x(t), t) + ∂

∂t
σ(x(t), t)

]
, (6.3)

whereG = ∂
∂x σ(x(t), t). The above expression is well defined since the solution x(t)

is absolutely continuous by definition and, thus, has derivatives almost everywhere.

6.2.2 Average Control

The ideal equivalent control signal is not available for controller realization. Since
the extended equivalent control ueq(t) in systems affine in control (such as (6.2))
coincides with the slow component of the actual sliding mode control u, the average
control denoted by uav(t) can be estimated by applying the real control signal to a low-
pass filter with unit DC gain and time constant τ > 0 small enough as compared with
the slow component, but yet large enough to attenuate the high-frequency switching
in u [21]. Thus, the low-pass filter

τ u̇av(t) = −uav(t) + u , (6.4)

gives the average control which is an estimate of ueq(t) satisfying [22]

|uav(t) − ueq(t)| ≤ O(τ ) → 0 , (6.5)

as τ → +0, provided that ueq(t) is a continuous signal.

6.3 Motivating Example

In order to illustrate the proposed approach, consider the simplest scalar integrator
example inspired by [22]:

ẋ = u + d(t) (6.6)
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subject to an input disturbance d(t), which is piece-wise continuous and uniformly
bounded by an unknown constant d̄ > 0 such that |d(t)| ≤ d̄ , ∀t > 0. Differently
from [22], no known constant upper bound is imposed on |ḋ(t)|.

Our objective is to apply the first-order sliding mode controller

u = −ρ(t)sign[x] , (6.7)

into the system (6.6) and design the modulation function ρ(t) > 0 in an adaptive
fashion so that the state x can be driven to zero.

Basically, the modulation function ρ must satisfy the differential equation:

ρ̇(t) = −γ f ρ(t) + c f |ueq(t)| , ρ(0) > 0 , (6.8)

with constants satisfying the inequalities

c f > γ f > 0 . (6.9)

The signal ueq(t) is the extended equivalent control [9], which is assumed available
to simplify this presentation.

The idea is very intuitive: outside of the sliding motion |ueq(t)| = ρ(t), almost
everywhere, whereas during the sliding motion |ueq(t)| = |d(t)|. Thus, during the
reaching phase, the differential equation (6.8) can be rewritten as

ρ̇(t) = (
c f − γ f

)
ρ(t) . (6.10)

Since c f − γ f > 0, ρ increases exponentially in order to dominate the disturbance
(ρ(t)≥ d̄) in some finite time, such that the sliding surface x ≡0 is reached.

Once the sliding mode is achieved, the adaptation is given by the input-to-state
stable (ISS, see Appendix) filter (6.8) with input being the estimate of |d(t)| given by
the equivalent control, that is |ueq(t)| = |d(t)|. The modulation signal is the solution
of (6.8) given by

ρ(t) = e−γ f tρ(0) + c f e−γ f t ∗ |ueq(t)| . (6.11)

If
c f e−γ f t ∗ |d(t)| > |d(t)| , ∀t ≥ t0 , (6.12)

for some t0 ≥ 0, then it can be concluded from (6.11) andρ(0) > 0 thatρ(t) > |d(t)|,
which is a sufficient condition for the existence of sliding modes. Inequality (6.12)
means that the output signal of a first order low-pass filter with transfer function
c f /(s + γ f ) dominates its input signal |d(t)|.

In the proposed adaptation law, if the amplitude of the disturbance d(t) decreases,
then ρ(t)will eventually decrease due to the forgetting factor−γ f ρ in the adaptation
law (6.8). This is an advantage over earlier adaptive schemes [14, 17, 23] based on
non decreasing gains.
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6.4 Problem Formulation

6.4.1 Nonlinear Plant

Consider a nonlinear system in the normal form [11]:

η̇ = f0(η, ξ, t) , (6.13)

ξ̇1 = ξ2 , (6.14)
...

ξ̇r−1 = ξr , (6.15)

ξ̇r = f (x, t) + g(x, t) [u + d(t)] , (6.16)

where η ∈ R
n−r , ξ = [ξ1 , . . . , ξr ]T ∈ R

r and x = [ηT , ξ T ]T ∈ R
n is the state, u ∈

R is the control signal, f (x, t)∈R is a state dependent nonlinear term, d(t)∈R is an
exogenous input disturbance, g(x, t) > g (∀x ∈ R

n , ∀t ∈ R+) is the input gain, and
g > 0 is a constant lower bound. In order to satisfy the minimum-phase condition,
the nonlinear subsystem (6.13) with partial state η and input signal ξ is assumed to
be ISS (see Appendix).

6.4.2 Allowable Disturbance Signals

The fundamental assumption for the unknown input disturbance d(t) is stated below:

(A1) The input disturbance d(t) is assumed to be unknown, locally integrable and
norm bounded by |d(t)| ≤ d̄ , ∀t , where d̄ ≥ 0 is an unknown scalar. Moreover,
there exist a finite time t0 ≥ 0 and known constants c f > γ f > 0 such that

|d(t)| ≤ c f e−γ f t ∗ |d(t)| , ∀t ≥ t0 . (6.17)

Note that (A1) relaxes the knowledge of upper bounds for disturbances usu-
ally assumed in standard sliding mode control designs. In addition, it allows for
some classes of piece-wise continuous disturbance signals. Inequality (6.17) does
not impose extra conditions on the disturbance time derivatives either, as the bound-
edness of ḋ(t) assumed in [4, 22].

It seems not easy to fully characterize the classes of disturbance signals, their
waveforms and relationship with the constants c f and γ f , such that assumption (A1)
can be verified. Some examples of disturbances are presented in the simulation
tests of Sect. 6.8. In order to illustrate a class of disturbance signals that ver-
ify inequality (6.17), assume that the time derivative d|d(t)|

dt exists almost every-
where. If at a given instant t1 ≥ t0 the modulation signal verifies ρ(t1) > |d(t1)|
and the sliding mode exists, then |ueq(t1)| = |d(t1)|. A sufficient condition to main-
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tain ρ(t1 + ε) > |d(t1 + ε)| (ε → 0+) is ρ̇(t) ≥ d|d(t)|
dt when t = t1, thus, from (6.8),

one has

ρ̇(t) = −γ f ρ(t) + c f |ueq(t)| ≥ d|d(t)|
dt

. (6.18)

Since ρ(t1) ≥ |d(t1)| = |ueq(t1)|, the previous inequality is implied by

− γ f |d(t)| + c f |d(t)| ≥ d|d(t)|
dt

, (6.19)

when t = t1. Therefore, the following inequality can be obtained:

1

|d(t)|
d|d(t)|
dt

= d [ln |d(t)|]
dt

≤ c f − γ f (> 0) . (6.20)

From this inequality, we can conclude that some classes of non smooth and even
unbounded exponentially growing disturbances satisfying

|d(t)| < d0 e(c f −γ f )t , ∀t ≥ t1 , (6.21)

d0 > 0, could be considered, provided that the coefficients in (6.9) are properly
chosen. Piecewise-continuous disturbances d(t) with continuous |d(t)| and d|d(t)|

dt
defined almost everywhere may belong to this class, e.g., square wave and sawtooth.

6.5 Adaptive Sliding Mode Control

First, define the relative degree one sliding variable:

σ(t) = S ξ(t) , S = [s0 , s1 , . . . , sr−1] , (6.22)

where S is chosen such that the polynomial sr−1λ
r−1 + · · · + s1λ + s0 is Hurwitz.

Without loss of generality, we will fix sr−1 = 1 to obtain a monic polynomial.
By computing σ̇ , one has

σ̇ = fσ (x, t) + g(x, t) [u + d(t)] , (6.23)

with fσ (x, t) = ∑r−2
i=0 siξi+2 + f (x, t).

Let us consider the control law:

u = uc + us , (6.24)

uc = − fσ (x, t)

g(x, t)
, (6.25)

us = −ρ(t)sign[σ ] . (6.26)
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If the modulation function is designed such that ρ(t) > |d(t)| + δd (∀t ≥ t1 ≥ 0,
δd > 0), so that it can be concluded that σ σ̇ ≤ −δσ |σ | < 0 for some constant δσ > 0,
the sliding surface σ = 0 will be reached in finite time. Since the polynomial λr−1 +
· · · + s1λ + s0 is Hurwitz, then the reduced order equation which governs the closed-
loop system during the sliding motion is exponentially stable and, consequently, the
state ξ will converge exponentially to the origin. Due to the ISS condition imposed
on the internal dynamics (6.13), we can also conclude that η → 0 as ξ → 0 and
guarantee global stabilization.

On the other hand, if no upper bound for the input disturbance is known as assumed
in (A1), we apply the following adaptive modulation function described by

ρ̇(t) = −γ f ρ(t) + c f
(|useq(t)| + δ

)
, ρ(0) ≥ 0 , (6.27)

where useq(t) is the extended equivalent control of us, and δ > 0 is a constant which
guarantees a desired minimum control level for start-up.

As discussed before, the condition c f > γ f > 0 is used in (6.27) to guarantee the
control loop is unstable and exponentially growing before the sliding mode takes
place, so that it can be indeed attained. The convolution inequality in (A1) is a suffi-
cient condition for the sliding mode existence, that is, it guarantees the modulation
function (6.27) to become an upper bound for |d(t)| after the sliding mode takes
place.

Figure6.1 describes the proposed adaptive sliding mode controller. Since the
extended equivalent control signal useq(t) is unavailable, it is approximated by the
average control signal uav(t) given by the low-pass filter

τ u̇av(t) = −uav(t) + us , (6.28)

for the purpose of implementation of the adaptive law (6.27).

uavuav|      |

−    sgn(   )ρ        σ

us

uc
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law
Adaptive
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σ

|   |.

ρ

Adaptive modulation function

Plant
x

d

+
++

+

control
Continuous

Fig. 6.1 Block diagram of the proposed adaptive sliding mode controller
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6.6 Stability Analysis

The main stability results of the proposed adaptive sliding mode controller are sum-
marized in the following theoremassuming the availability of the extended equivalent
control signal useq(t) needed in the adaptive modulation function (6.27).

Theorem 6.1 Consider the nonlinear system (6.13)–(6.16) presented in Sect.6.4.1,
where the unknown matched disturbance d(t) satisfies Assumption (A1). The state-
feedback based sliding mode control law u is given by (6.24)–(6.26), with adaptive
modulation function ρ (6.27) and sliding variable σ in (6.22). Under these condi-
tions, the sliding surface σ = 0 is reached in finite time and the closed-loop system is
uniformly globally exponentially stable in the sense that the state x = [ηT , ξ T ]T con-
verges exponentially to the origin and all remaining signals are uniformly bounded.

Proof The term uc given by (6.25) in the control law (6.24) cancels out the harmful
nonlinearities in the system (6.16) and eliminates any possibility of finite-time escape
of the state trajectories. Thus, the system signals will be regular and can grow at
most exponentially [20]. This fact leads us to the second step of the proof.

The modulation signal ρ(t) verifies the differential equation (6.27). Assuming no
initial slidingmode, useq(t) = us(t). Thus, |useq(t)| = ρ(t) and the solution of (6.27)
is given by

ρ(t) = e(c f −γ f )t
[
ρ(0) + c f δ

] − c f δ , (6.29)

grows exponentially because c f − γ f > 0. Since assumption (A1) holds, there exists
a finite-time instant T1 > 0 such that ρ(t) ≥ |d(t)| is satisfied ∀t > T1. Then, from
[10, Lemma 1], the ideal sliding mode σ(t) ≡ 0 is achieved in finite time.

The signal σ is a relative degree one output for (6.13)–(6.16). Therefore, it is
possible to apply an invertible transformation and rewrite it into a particular relative
degree one regular form [21] such that all the state variables of the transformed
nonlinear system are exponentially ISS with respect to σ . Thus, x = [ηT , ξ T ]T

tends exponentially to zero since the sliding mode on the manifold σ = 0 is reached
and the polynomial λr−1 + · · · + s1λ + s0 is Hurwitz.

Finally, from the ISS nature of the adaptive law (6.27), it can be concluded that the
modulation signal ρ(t) is also uniformly bounded since in finite time useq(t) = d(t),
and d(t) is uniformly bounded. �

6.7 Extensions of the Proposed Adaptive Law

In this section, some extensions of the proposed adaptive law are discussed.
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6.7.1 Global Differentiation and Output-Feedback

The generalization of the tools introduced here to the output-feedback framework
are still possible if we apply the global higher-order sliding mode (HOSM) dif-
ferentiator with dynamic gains recently developed in [16]. As usual, the idea is to
define the output signal y = ξ1 of relative degree r and replace its upper derivatives
ξ2 = ẏ , ξ3 = ÿ , . . . , ξr = y(r−1) by their estimates ξ̂2 , ξ̂3 , . . . , ξ̂r obtained with
the exact differentiator [12]. The stability analysis is straightforward since the finite-
time convergence of the differentiator with dynamic gains is demonstrated and the
separation principle is fulfilled independently [13].

6.7.2 Non Input-to-State-Stable Zero Dynamics

Consider r = 1 and ξ =ξ1 in (6.13)–(6.16), and assume the internal dynamics η̇ =
f0(η, ξ, t) is linear and time invariant such that it could be written as η̇= A0η+
B0ξ . Then, the proposed approach can be extended to systems with non ISS zero
dynamics (A0 non-Hurwitz) [1] by redefining the sliding variable σ =ξ−Kη, as in
[7]. Assuming the pair (A0 , B0) is controllable, when the state variables are restricted
to the manifold σ = 0, the reduced-order model becomes η̇ = (A0 + B0K )η, which
is exponentially stable for an appropriate feedback matrix K T ∈ R

n−1. Once η → 0,
the convergence of ξ to zero would also be proved. The only change needed in the
control design is the modification of the term fσ (x, t) which appears in (6.23) and
(6.24) to

fσ (x, t) = f (x, t) − K (A0η + B0ξ) . (6.30)

6.7.3 Adaptive Twisting Algorithm

The first and simplest second order sliding mode (SOSM) algorithm is the so-called
“twisting algorithm (TA)” [14]. For (6.13)–(6.16) with r = 2, our adaptive version
of the TA would be given by:

u = −a(t)sign[ξ2] − b(t)sign[ξ1] , b(t) ≥ 2a(t) , (6.31)

where a(t) = ρ(t) in (6.27) is defined analogously to satisfy ρ(t) ≥ |d(t)|. The
proposed adaptive twisting algorithmwould ensure the finite-time exact convergence
of both ξ1 and ξ2, i.e., there exists T > 0 such that ξ1(t) = ξ2(t) = 0, ∀t > T .
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6.8 Simulation Results

We seize the opportunity to consider the integrator example (6.6) already studied in
Sect. 6.3 to focus the features of the proposed adaptation scheme and present some
numerical results.

In the following simulations, the controller parameters applied to (6.24)–(6.28)
and (6.22) were: fσ (x, t) = 0, g(x, t) = 1, S = 1, δ = 0.2, c f = 1.7, γ f = 0.8 rad/s
and τ = 0.01s. Notice that c f > γ f > 0, such that inequality (6.9) is verified.

Distinct profiles for the disturbance signal d(t) were evaluated, including smooth
and non smooth disturbances.

6.8.1 Smooth Disturbances

Figure6.2 presents simulation results obtained for a sinusoidal disturbance d(t) =
5 sin(4t). It can be seen that after an initial exponential growth of the modulation
signal ρ(t), it becomes larger than the absolute value of the sinusoidal disturbance
(|d(t)|), then the sliding mode takes place when σ ≡ 0. Thereafter, the amplitude
of the switching control signal u is maintained larger than the amplitude of the
disturbance.

0 102 4 6 81 3 5 7 9

0

2

0 102 4 6 81 3 5 7 9

0

−5

5

0 102 4 6 81 3 5 7 9

0

5

time (s)

Fig. 6.2 Performance of the proposed adaptation scheme under sinusoidal disturbance: sliding
variable σ , control signal u (gray), average control uav (black), modulation signal ρ (gray) and
absolute value of the disturbance |d| (black)
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Fig. 6.3 Performance of the proposed adaptation scheme under an exponentially decaying sinu-
soidal disturbance: sliding variable σ , control signal u (gray), average control uav (black), modu-
lation signal ρ (gray) and absolute value of the disturbance |d| (black)

Figure6.3 presents simulation results obtained for an exponentially decaying sinu-
soidal disturbance. The sliding mode takes place (σ ≡ 0) after the modulation signal
ρ(t) becomes larger than the absolute value of the disturbance (|d(t)|). It can be seen
that the proposed adaptation scheme reduces the modulation signal amplitude as the
disturbance vanishes exponentially.

6.8.2 Non Smooth Disturbances

Figures6.4, 6.5 and 6.6 present simulation results obtained for discontinuous periodic
disturbances of rectangular shape, peak value 2, always positive, frequency 2Hz, and
different duty cycles.

In Fig. 6.4 the duty cycle is 50%, such that the disturbance verifies assump-
tion (A1). It can be seen that after an initial exponential growth of the modulation
signal ρ(t), it becomes larger than the disturbance d(t), which allows the sliding
mode in the manifold σ = 0. Therefore, the amplitude of the switching control sig-
nal u is maintained larger than the peak of the pulsed disturbance.

In Fig. 6.5 the duty cycle is 80%, such that its mean value is greater than in the
previous case. Thus, the amplitude of the modulation signal ρ(t) becomes much
larger than the disturbance d(t).
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Fig. 6.4 Performance of the proposed adaptation scheme under rectangular pulsed disturbances
with 50% duty cycle: sliding variable σ , control signal u (gray), average control uav (black),
modulation signal ρ (gray) and disturbance d (black)
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Fig. 6.5 Performance of the proposed adaptation scheme under rectangular pulsed disturbances
with 80% duty cycle: sliding variable σ , control signal u (gray), average control uav (black),
modulation signal ρ (gray) and disturbance d (black)
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Fig. 6.6 Performance of the proposed adaptation scheme under rectangular pulsed disturbances
with 20% duty cycle: sliding variable σ , control signal u (gray), average control uav (black),
modulation signal ρ (gray) and disturbance d (black)

In Fig. 6.6 the duty cycle is 20%. In this case, the disturbance does not verify
assumption (A1), which impairs the effectiveness of the adaptation scheme and the
sliding mode cannot be guaranteed. This causes the repetitive pulses in the sliding
variable σ .

6.9 Conclusion

A new adaptive sliding mode controller to circumvent (non) smooth input exogenous
disturbances with unknown constant bounds has been addressed. The cases of state
dependent disturbances and uncertain parameters are left for future research.

The proposed controller is based on the extended equivalent control concept.
The modulation function (control gain) is designed to dominate the disturbances. It
decreases with the disturbance and, consequently, the precision of the stabilization
is improved, while preserving in theory the sliding mode occurrence. In practice, if
the gains decrease, the sensitivity of the overall closed-loop system is also reduced.

The main steps of the proof for uniform and global exponential stability as well
as perfect disturbance rejection were carried out assuming the availability of the
equivalent control. The effects of the averagingfilter needed to estimate the equivalent
control signal is a current research topic.
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Although only the stabilization under full-state feedback and no parametric uncer-
tainties are being considered to keep the focus on disturbanceswith unknown bounds,
the developed method can be extended to more general uncertain systems where
trajectory tracking via output-feedback is also pursued. We will leave these gen-
eralizations for future works. The generalization of the proposed tools for fixed-
time algorithms [19] or HOSM based controllers and their combination with other
non-overestimated adaptive strategies also seem to be interesting topics for future
investigation.
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Appendix

To define the concept of input-to-state stability/stable (ISS) [11, Sect. 4.9], consider
the system

ẋ = f (x, u, t) , (6.32)

where f : Rn × R
m × R+ → R

n is piecewise continuous in t and locally Lipschitz
in x and u. The input signal u(t) is piecewise continuous and uniformly bounded.
Assume that this system has a globally uniformly asymptotically stable equilibrium
point at x = 0 when u(t) ≡ 0.

Definition 6.1 The system (6.32) is said to be input-to-state stable (ISS) if there
exist a classK L function β and a classK function γ such that for any initial state
x(t0) and any bounded input signal u(t), the solution x(t) exists ∀t ≥ t0 ≥ 0 and
satisfies

‖x(t)‖ ≤ β (‖x(t0)‖, t − t0) + γ

(
sup

t0≤τ≤t
‖u(τ )‖

)
. (6.33)
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