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Equations
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Abstract In this survey we describe the construction of one-parameter subgroups
(iteration groups) of I, the group of all (with respect to substitution) invertible
power series in one indeterminate x over C. In other words, we describe all solutions
of the translation equation in C[x], the ring of formal power series in x with
complex coefficients. For doing this the method of formal functional equations
will be applied. The coefficient functions of solutions of the translation equation
are polynomials in additive and generalized exponential functions. Replacing these
functions by indeterminates we obtain formal functional equations. Applying formal
differentiation operators to these formal translation equations we obtain three
types of formal differential equations. They can be solved in order to get explicit
representations of the coefficient functions. For solving the formal differential
equations we apply Briot—-Bouquet differential equations in a systematic way.
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4.1 Introduction

As a motivation we mention the embedding problem from analytic mechanics [30]
or geometric complex analysis [24].

4.1.1 The Embedding Problem

Consider a domain U € C", n > 1,0 = (0,...,0) € U, and a biholomorphic
function F:U — U so that F(0) = 0. We try to find a family (F,);ec of
biholomorphic functions F;: U — U so that F;(0) = 0, r € C, and

Fi=F
F,oF, =F,, steC. (T)

The mapping C x U > (t,x) — F,(x) € U is supposed to be holomorphic.
The family (F,)ec is called a flow, a one-parameter group, an iteration group, or
an embedding of F. Formula (T) is called the translation equation. If we represent
the mappings F; by their Taylor expansions in x and if we neglect the convergence
of these series, then we obtain a solution of (T) in the ring of formal power series.

4.1.2 The Ring of Formal Power Series with Complex
Coefficients

Now we want to study (T) in C[x], the ring of all formal power series F(x) =
co + ¢1x + ... in the indeterminate x over C. For a detailed introduction to formal
power series we refer the reader to [1] and [13]. Together with addition + and
multiplication - the set C[x] forms a commutative ring. If F # 0, then the order
of F(x) = ¢y + c1x + ... is defined as ord(F) = min{n > 0 | ¢, # 0}. Moreover,
ord(0) = oo. The composition o of formal series is defined as follows: Let F, G €
Clx], ord(G) = 1, then (F o G)(x) is F(G(x)) = )_,~ ¢»[G(x)]". (This converges
in the order topology.) Consider -

I'={FeC[x]|Fx)=cix+...,c1 #0} ={F € C[x] | ord(F) = 1}
and
F]Z{F€F|61=1}.

Then (I, o) is the group of all invertible formal power series (with respect to o), and
(I, o) is a subgroup of (I, o). It will be necessary to consider rings of formal power
series in more than one variable, e.g., C[x,y] = (C[x]D[y], C[x,y,z], etc., and
also rings of the form (C[y])[x], where C[y] is the polynomial ring in y over C,
which are subrings of C[x, y].
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The derivation of F € C[x], F(x) = }_, . c,x" is

Fo =" 0= Y0+ et

n>0

In C[x,y] or C[x,y,z] we have derivations with respect to x, y, z. The chain rule
is valid which means that for F, G € C[x], ord(G) > 1, the derivation of F o G €
C[ x] is of the form (F o G)'(x) = F'(G(x))G’(x). In rings of the form C[x,y] or
C[ x,y, z] the mixed chain rule holds true.

4.1.3 Iteration Groups

Iteration groups or one-parameter groups in C[[x] are families (F;)ec, F; € T,
t € C, satisfying (T). If we write F;(x) as

F(t.x) =) c)(t)x",  teC,

n>1

then (T) is equivalent to
F(s +t,x) = F(s, F(t,x)), s, t € C.

Therefore Fy(x) = x and F—,(x) = F, ' (x).
An iteration group in I" can be seen as a homomorphism

0:(C,+) — (I,0), 0(t) = F,.

Moreover, in [17-19] and [16], Jabloriski and Reich were studying homomorphisms
0:(G,+) — (I, 0), where (G, +) is a commutative group. In general the situation
G # C is even more involved. In the present paper we will only deal with G = C.

The problem to describe the one-parameter groups in the group of invertible
formal power series in one indeterminate with complex coefficients and, more
generally, to describe one-parameter groups of invertible formal power series trans-
formations (“formally biholomorphic mappings”) was studied by several authors,
mainly in connection with the embedding problem, that is, whether a given formal
power series (a formally biholomorphic mapping) can be embedded in such an
iteration group. We mention Lewis [21], Sternberg [30], Chen [2], Peschl and
Reich [24], Reich and Schwaiger [28], Mehring [23], and Praagman [25].

If (F;),ec is an iteration groupin I" and S € I, then (S~'oF,08),ec is an iteration
group as well. Two iteration groups (F;),ec and (G,);ec are called conjugate if there
issome S € I"'sothat G, = S~' o F,o0 Sforallt € C.
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4.1.4 The Main Problems

Motivated by the question of embeddability the problem arises to find the structure
and the explicit form of iteration groups in detail, not necessarily as a part of the
embedding problem. In the sequel we will study the following topics:

1. Construction of all iteration groups in I".

2. Find the detailed structure and explicit form of the coefficient functions
¢n:C — C (n = 1) of the solutions F,(x) = Y., c,(t)x", t € C, of (T).

3. Describe the structure of all iteration groups and their normal forms with respect
to conjugation.

The construction of iteration groups is strongly connected with the maximal abelian
subgroups of (I, o) (cf. [26]).

In the present paper we apply the method of formal functional equations which
differs in many aspects from the approach by Jabtonski and Reich [17, 18]. This
approach combines a detailed investigation of the systems (FE,I) and (FE, (I, k))
(see Section 4.2) for the coefficient functions of iteration groups with the a priori
construction of the so-called analytic iteration groups, which have by definition
entire coefficient functions, and with the application of certain polynomial relations
associated with the coefficient functions. In our paper, however, we do not use any
knowledge in analytic iteration groups.

We hardly ever present complete proofs, in some places we indicate some sketch
of the proof. For details the reader is referred to the publications [4] in connection
with iteration groups of type I and [5] for iteration groups of type (IL, k).

We finish the introduction by giving an outline of the results and adding several
comments. In Section 4.2 we describe the basic distinction between iteration
groups of type I and iteration groups of type (II,k), k > 2. After studying the
infinite systems of functional equations characterizing the coefficient functions
of iteration groups, namely (FE,I) for iteration groups of type I and (FE, (II, k))
for iteration groups of type (II,k) (see Lemmas 4.1 and 4.2), we reduce the
construction to the investigation of the so-called formal iteration groups of type I
and formal iteration groups of type (I, k) (Theorem 4.1). These objects are elements
in (C[y])[x] which are solutions of certain relations in (C[y, z])[x], namely the
formal translation equations (Tform,I) and (Tform, (II, k)), together with appro-
priate boundary conditions. The basic idea of this reduction is the possibility
to replace in the case of iteration groups of type I, say Fi(x) = c;(®)x + ...,
t € C, the generalized exponential function ¢; # 1 by an indeterminate y and
similarly in the case of iteration groups of type (II, k), F;(x) = x + cx(t)x* + ...,
t € C, the additive function ¢, # 0 by an indeterminate y, in the systems
(FE.I) and (FE, (11, k)), respectively. Furthermore, we deduce from (Tform, I) and
(Tform, (II, k)) by formal differentiation two formal differential equations, namely
(Dform, I), (PDform, I) and by combining these two (AJform, I) for formal iteration
groups of type I, and (Dform, (IL, k)), (PDform, (II, k)), and (AJform, (II, k)) for
formal iteration groups of type (I, k). The partial differential equations (PDform, I)



4 The Translation Equation and Formal Functional Equations 45

and (PDform, (II, k)) may be considered as the simplest since they do not require
a substitution of the unknown series G(y,x). The Aczél-Jabotinsky equations
(AJform, I) and (AJform, (IL, k)) are weaker than the other differential equations
just mentioned, and we add a remark (Theorem 4.2) how these Aczél-Jabotinsky
differential equations can be used to construct and describe maximal abelian
subgroups of I". All these differential equations contain the generator H(x) where
H(x) = % G(y,x)|y=1 = x + hx* + ... for formal iteration groups of type I
and H(x) = % Gy, X)|y=1 = ** + 1 X1+ .., k > 2, for formal iteration
groups of type (II, k). The coefficients %, of the generators play an important
role as natural parameters in the representations we are going to obtain in the
following sections. In Section 4.2.5 we draw attention to the reordering of a formal
iteration group G(y,x) € (CyD[x] as G(y,x) = > o, ¢u(x)y" (for type I) or
G(,x) = Y ,o0®u(x)y" (for type (I, k)) which allows in several situations a
simpler and more elegant integration of the differential system.

In Section 4.3 we present the main results about the explicit form of formal
iteration groups. Theorems 4.3 and 4.4 give the form of the coefficient functions
P, as derived from (PDform,I) for formal iteration groups G(y,x) = yx +
> o0 Pu(y)x" of type L. The coefficient functions P,(y) are not only polynomials in
y, but also universal polynomials in y and the coefficients 4, . . . , , of the generator
H, where H(x) = x + ... can be chosen arbitrarily. We obtain rather explicit
formulas for the P, including recursive relations describing the dependence on the
parameters (h,),>2, as well as estimates of the degree of P,. Using the reordering
G(y,x) = > = Pu(x)y" of the formal iteration group of type I in (PDform, I)
leads to Briot—Bougquet differential equations for the coefficients ¢,. The result is
Theorem 4.5 which gives the unique representation G(y,x) = S~'(yS(x)) with
S € I, sometimes called standard form. This means that each formal iteration
group of type I is conjugate to yx which has generator x.

Theorems 4.6 and 4.7 show another representation of the coefficient functions
P,(y) of formal iteration groups of type I, as deduced from (Dform, I). Theorem 4.8
contains one more description of G(y,x) = >, .| ¢.(x)y", a formal iteration group
of type I, which follows from (Dform, I), where ¢, (x) is expressed as ¢,(¢;(x)),
n > 1, and a recurrence for (¢,),>1 without differentiation is deduced.

Theorem 4.9 refers to the solutions of (AJform, I). Here again Briot—-Bouquet
differential equations may be applied. The condition G(y, x) = yx+. .. leads exactly
to the solutions of (Tform, I) (see Theorems 4.9 and 4.10). Theorem 4.11 is also
based on (AJform, I), reordering of G(y,x), and using Briot-Bouquet differential
equations. It gives again the standard form and the recurrence of Theorem 4.8.

In Section 4.3.4 we sketch two further approaches to obtain the standard form,
here directly without formal functional equations. In connection with the first
approach we discuss the important connection (4.1) of the generators of two
conjugate formal iteration groups of type I. We formulate this connection as a
differential equation for the conjugating series S € I', involving the generators
H and H of the conjugate formal iteration groups. Formula (4.1), also valid for
formal iteration groups of type (I, k), will also appear later in the paper. The second
approach to the standard form is a calculation in the field C((x}) of formal Laurent
series with finite principal part.
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The results for formal iteration groups of type (II, k) follow in the next section.
The situation is not only much more complicated from a technical point of view,
but also offers new “aspects.” Theorems 4.12 and 4.13 refer to explicit formulas
for the coefficient functions of the formal iteration groups of type (II, k), G(y, x) =
x + yxk + > o Pn(y)x", derived from (PDform, (IL, k)) or (Dform, (II, k)). Here

P, is a universal polynomial in y and the coefficients hg+1, ..., Ay—g+1, h, of the
generator H(x) = x* 4+ 12T 4 .. .. As a matter of fact, P, does not depend on
hy—k+2, . . ., hy—1. Estimates of the degree of the P, are given.

A similar result follows from (AJform, (II, k)) (see Theorems 4.14 and 4.15).

Writing G(y, x) = _,- ¢n(x)y" and substituting it into (PDform, (IL, k)) we find
a simple recurrence formula (PDR,,, (II, k)) for ¢,, this time with differentiation. Its
solution under the boundary condition (BR, (I, k)) is contained in Theorems 4.16—
4.18. The explicit formula for ¢,+; in Theorem 4.17 has as parameters certain
coefficients &, of the generator H and certain coefficients of the P, which are the
coefficients of G(y,x) = x + yx* + Y _, P,(y)x", whereas the explicit formula for
¢, in Theorem 4.18 has as parameters the coefficients of the generator only.

Formal iteration groups of type I and those of type (II, k) have very different
properties with respect to conjugation. We start Section 4.3.6 by claiming that each
formal iteration group of type (II, k) is conjugate to a formal iteration group of
type (I k) with generator H(x) = x* + ha®*~!, a so-called normal form. This
is unique if we restrict the conjugating series S to be an element of I. To see
this, we have to solve (4.1) for S € I7. Theorem 4.19 describes in detail, using
(PDform, (IL, k)) and (B, (IL, k)), the explicit form of formal iteration groups of
type (II, k) with generators x* 4+ hx*~!. These normal forms have the simplified
structure G(y,x) = Y, -0 Pag—1)+1()x"® D1 which is, however, much more
complicated than the standard form S~'(yS(x)) of formal iteration groups of type I.

It follows that the normal form G(y, x) determined by the generator x* + hx*~!
has an expansion G(y,x) = Y, ., G,(y, x)h" as a power series in & with coefficients
G,(v.x) € Cly,x], since & can be considered as a new indeterminate. The series
G,(y,x) are determined from the recursive system (4.4) and (4.5). Their form is
presented in Theorem 4.20. The differential equation (Dform, (II, k)) leads to a
more compact description of G,(y,x), given in Theorem 4.21, involving a series
of binomial type and a polynomial in In(1 — (k — 1)yx*~"). The series Go(y,x) =
x(1 = (k — 1)yx*=1)~1/&=D plays a role in the theory of reversible power series (cf.
[12]). Eventually Theorem 4.22 builds a bridge to Lie—Grobner series.

We finish the paper by collecting some open problems. The most interesting one
is the construction of iteration groups in higher dimensions by means of formal
functional equations. So far only partial results are known.
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4.2 First Classification of Iteration Groups

Let (F;)iec be an iteration group, Fi(x) = >, ., c,(1)x", t € C. We consider three
different types of iteration groups:

1. Fi(x) = xforall ¢t € C is the trivial iteration group.
2. If ¢y # 1, then

ci(s+ 1) =ci(s)ci(p), s,teC,
thus ¢y is a non-trivial generalized exponential function. We call (F,),ec an
iteration group of fype 1.
3. If ¢; = 1, then there exists some k > 2,sothatc, = -+ = ¢, = 0, ¢, # 0, and

cr(s + 1) = cr(s) + (), s,t e C,

thus ¢ is a non-trivial additive function. We say that (F;);ec is an iteration group
of type (I1, k).

This classification is compatible with the conjugation of iteration groups, i.e., if
(F)):ec and (G;);ec are conjugate, then they have the same type.

4.2.1 Systems of Functional Equations for the Coefficient
Functions

Consider a family (F));ec, Fi(x) = anl cy(t)x", t € C, where ¢; # 1. Then
(F)):ec is an iteration group of type L, if and only if the system

ci(s+1) =ci(s)ci(t)

cas +1) = cis)ea(t) + ca(s)er (1)’ (FE.)
(s + 1) = c1(8)e, () + cp(s)c1 ()" +I~’n(cz(s), o1 (8),02(0), . eumr (D),
n>?2

is satisfied for all s, € C. The P, are universal polynomials which are linear in
c2(8), ..., cu—1(5).

Lemma 4.1 ([4, Lemma 2]) If (F,)cc is an iteration group of type 1 of the form
Fi(x) = ) s1a()x", t € C, then cy is a non-trivial generalized exponential
Sfunction and there exists a sequence of polynomials (P,),>» so that

cn(8) = Py(c1(s)) VseC, and P,(0) =0, n>2.
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Since ¢; # 1, for n > 2 there exists some t, € C so that ¢;(¢,)" — ¢1(t,) # 0. From
(s +1) = c(t + ), forall s,7 € C, we obtain

() (c1(5)* — c1(s))

ci(ty) — c1(12)?

ca(s) = =Py(ci(s)).  seC.

Using induction on n and ¢, (s + ) = ¢,(t + ), Vs,t € C, we obtain the assertion
from (FE,I).
Hence we obtain from (FE,I)
Py(ci(s)e1(t) = Pulei(s + 1)) = culs + 1)
= c1(5)Pulcr (D) + Puler(s))er ()" (P.1)
+ Py(Pa(c1(9)). . ... Puci(c1(5)). Pa(c1(8), . . .. Puci(c1(2)))
forall s, € C and all n > 2.
Consider a family (F;)ec, Fi(x) = x + 3 o, ci()x", t € C, where ¢, # 0.
Then (F});ec is an iteration group of type (II, k), if and only if the system
ca(s + 1) = c,(s) + cu(s), k<n<2k-2,
Cou—1(s + 1) = cou—1(5) + cou—1(2) + ke (s)cr ()
car(s + 1) = co(s) + () + kep(s)cr1(t) + (k + Dert1(s)er(2)
cnls + t) = Cn(s) + Cn(t) + kck(s)cn—(k—l) (t) (FE, (IL k))
+ (n — (k — 1))6,,_(/(_1)(5‘)Ck(t)
+ Po(ck(), - - o nmi(8), k(t), - . . Cak(2)). n> 2k,
for all s,t € C, where 13,, are universal polynomials which are linear in
cr(s), ..., cu—i(s).

Lemma 4.2 ([5, Lemma 1]) Consider some integer k > 2. If (F,)ec is an iteration
group of type (11, k), F;(x) = x+ ank cu()x", t € C, then ci is a non-trivial
additive function and there exists a sequence of polynomials (Pp)n>x so that

cn(s) = Pulcr(s)),  se€C.onx=k
The reader should remember that these polynomials P, differ from the polynomials
P, of Lemma 4.1. Since ¢; # 0 there exists some #, € C so that c;(f9) # 0. Using

(FE, (I1, k)) for n = 2k we obtain from co; (s + 1) = cx(t + s),

Cr+1(to)

cr(to)

Crt1(s) = cr(s) = Prg1(cx(s)), seC.
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By induction on n and ¢, 44— (s + 1) = cpqi—1(t + 5), for all s, € C, we obtain the
assertion from (FE, (I, k)).
Hence we obtain from (FE, (I1, k))

P(ci(s) + ci(t)) = Pulck(s + 1) = culs + 1)
= Pu(ci(9)) + Pulci(t) + kex($)P—g—ny (k) (P, (I, &)
+ (1 = (k = D) Pu—g—y (cx(s))cr ()
+ Pu(ci(s), - - - Puci(ck(s)), ek (D), - ., Paci(cr(2))),

forall s,z € C and n > k, where P; =Oforj<kandf’j=0forj§2k.

4.2.2 Formal Functional Equations

Formal functional equations in connection with the translation equation were
studied by Gronau [10, 11], and the present authors [4, 5]. Similar methods were also
applied for the study of cocycle equations which occur in connection with covariant
embeddings of the linear functional equation (cf. [3, 6, 7]). Assume that (F,),ec is an
iteration group of type I, Fi(X) = Y, ca()x", 1 € C, where ¢ (s+1) = c1(s)c1(?),
s,t € C,c; # land c; # 0. Since the image of ¢| contains infinitely many elements
we can prove for any polynomial Q(x,y) € C[x,y] that Q(ci(s), c1(¢)) = 0 for all
s,t € C implies Q = 0. From (P,I) we obtain by replacing c{(s) and c;(¢) by
independent variables y, z, that

Pn(yz) = yPn(Z) + Pn()’)Zn + IBn(PZ(y)v s ’Pnfl(y)vPZ(Z)’ e Pumy (Z)) ()

in C[y, z] for n > 2. Writing G(y,x) = yx + )_, -, P.(»)x" € (C[y])[x] we deduce
from (P, I) that G satisfies the formal translation equation of type I

Gz, x) = G(y,G(z, x)) (Tform, I)

in (Cly, z])[x]. We call G(y, x) a formal iteration group of type 1. It also satisfies the
condition

G(l,x) = x. (B, 1)

Assume that (F;)ec is an iteration group of type (II, k) for some k > 2,
Fi(x) = x+ Y ,,cn(®)x", t € C, where ci(s + 1) = ci(s) + c(t), s.t € C,
cx # 0. Since the image of ¢, contains infinitely many elements we can prove for any
polynomial Q(x,y) € Clx,y] that Q(c(s), ck(t)) = O for all s, ¢ € C implies Q = 0.
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From (P, (IL, k)) we obtain by replacing ci(s) and ci(¢) by independent variables
y, z, that

Pn(y + Z) = Pn(y) + Pn(Z) + kyPn—(k—l)(Z) + (I’l - (k - 1))P11—(1<—1)(.Y)Z
+ Py(vs - Paek(3). 2o Pui(2)) (P, (I, k))

foralln > k.
Writing G(y,x) = x + yx* + ank+l P,(y)x" € (ClyD[y] we deduce from
(P, (II, k)) that G satisfies the formal translation equation of type (IL, k)

Gy +z,x) = G(y,G(z,x)) (Tform, (II, k))

in (Cly, z))[x]. We call G(y, x) a formal iteration group of type (11, k). It also satisfies
the condition

G(0,x) = x. (B, (IL k))

Conversely, from each formal iteration group we can construct iteration groups
in the following way (cf. [4, Theorem 3] and [5, Theorem 3]):

Theorem 4.1 1. If G(y,x) is a formal iteration group of type 1, ¢, a generalized
exponential function, c; # 1, then (G(c1(t), x)):ec is an iteration group of type L

2. If G(y, x) is a formal iteration group of type (I1, k), k > 2, ¢\ an additive function,
cr # 0, then (G(ck(2), x))sec is an iteration group of type (11, k).

4.2.3 Differential Equations Obtained from the Translation
Equation

Let G(y,x) € (C[y])[x] be a formal iteration group of type I. Then the infinitesimal
generator of G is defined as

0
H(x) = a_y G(y,x)|y=1.

It is of the form H(x) = x + }_ ., h,x". Differentiation of (Tform, I) with respect
to y yields

0 d
o G(t, %)=y, = PR G(y. G(z,x)).
Fory = 1 we get

za% G(z,x) = H(G(z,x)). (Dform, I)
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Differentiation of (Tform, I) with respect to z and application of the mixed chain
rule yields

0 d 0
— G(t, %)=, = — GO, D)|i=G(z) — G(z, x).
¥ CD)ime = 5 GO Dl=on 5 GG )
For z = 1 we get
d 0
y— G(y,x) = Hx)— G(y, x). (PDform, I)
ady ox
The advantage of this equation lies in the circumstance that no substitution of the
unknown series G(y, x) is needed and that (PDform, I) is a linear equation.
Combining (Dform, I) and (PDform, I), we obtain an Aczél-Jabotinsky differen-
tial equation of the form
d
H(x) P G(y,x) = H(G(y,x)). (AJform, I)
X
In this equation the variable y is an internal parameter since it does not appear
explicitly in (AJform, I).

Let G(y, x) € (C[y])[x] be a formal iteration group of type (IL, k) for some k > 2.
Then the infinitesimal generator of G is defined as

d
H(x) = a_y G(y,x)|y=0.

It is of the form H(x) = x* + > nsi+1 X" Differentiation of (Tform, (II, k)) with
respect to y yields

0 ad
E‘ G(t7x)|t=y+z = a_y G(.Y? G(Z7x))'
Fory = 0 we get
0
P G(z,x) = H(G(z,x)). (Dform, (IL, k))
Z

Differentiation of (Tform, (II, k)) with respect to z and application of the mixed
chain rule yields

ad d ad
E G(t, x)|t=y+z = E G(y, t)|t=G(z,x) 3_Z G(z,x).
For z = 0 we get

i Gy, x) = H(x)3 G(y,x). (PDform, (IL, k))
ady ox
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The advantage of this equation lies in the circumstance that no substitution of the
unknown series G(y, x) is needed and that (PDform, (I, k)) is a linear equation.

Combining (Dform, (I, k)) and (PDform, (I, k)), we obtain an Aczél-Jabotinsky
differential equation of the form

H(x)% G(y,x) = H(G(y,x)). (AJform, (II, k))

In this equation the variable y is an internal parameter since it does not appear
explicitly in (AJform, (II, k)).

4.2.4 The Relevance of Aczél-Jabotinsky Differential
Equations

The Aczél-Jabotinsky differential equations can be used to characterize maximal
abelian subgroups of I" (cf. [26]). The main result reads as follows:

Theorem 4.2 A set % C I is a maximal abelian subgroup of I if and only if there
exists some H € C[[x], H # 0, ord(H) > 1, so that

¢ €F = HxP'(x) = H($(x)).

It can be shown that either .% is isomorphic to C*, or .% is isomorphic to

[(@5) [ =rrec),

where m is uniquely determined by .%.

4.2.5 Reordering the Summands

Let G(y,x) = 3o, P.(»)x" € (Cp]D[x] C C[y, x] be a formal iteration group of
type I, then it is possible to write G(y, x) in the form

G(y.x) =Y _¢u(x)y" € (ClxDDy] (R.T)

n>1

where ¢; € I, and (¢p,(x)),>1 is a summable family in C[x]. Therefore the
boundary condition (B, I)

G(Lx) =) hu) =x (BR.D)

n>1
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makes sense. It is possible to use this representation of G in the differential equations
(Dform, I), (PDform, I), and (AJform, I).
Let

Gly.x) =x+y*+ > P,o)x" € (ChHDIx € Cly. .

n>k+1

k > 2, be a formal iteration group of type (I, k), then it is possible to write G(y, x)
in the form

G(y.x) =Y ¢.(x)y" € (ClxDD] (R, (IL k)

n>0

where (¢, (x))n>0 is a summable family in C [ x ]. The boundary condition (B, (11, k))
reads as

G(0,x) = ¢o(x) = x. (BR, (I1, k))

It is possible to use this representation of G in the differential equations
(Dform, (I, k)), (PDform, (I, k)), and (AJform, (I, k)).

4.3 Solving the Translation Equation by a Purely Algebraic
Differentiation Process

Here we present the construction of formal iteration groups by solving the differen-
tial equations (Dform, I), (PDform, I), or (AJform, I) for formal iteration groups of
type I and (Dform, (II, k)), (PDform, (II, k)), or (AJform, (I, k)) for formal iteration
groups of type (II, k) under the appropriate boundary conditions.

4.3.1 Formal Iteration Groups of Type 1 Obtained from
(PDform, I) and (B, 1)

Using the partial differential equation (PDform, I) we describe how the polynomials
P,,n > 2, depend on the coefficients &, j > 2, of the infinitesimal generator H of
the formal iteration group G of type I. We determine all solutions of (PDform, I) and
(B, I) and we show that each of them is a solution of (Tform, I).

Theorem 4.3 ([4, Theorem 4]) For each generator H(x) = x + hyx*> + ...
the partial differential equation (PDform, I) together with (B,1) has exactly one
solution. It is given by

G(y,x) = yx+ Y P,()¥" € (COHDIA.

n>2
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The polynomials P,, n > 2, are of formal degree n (that is an upper bound for the
degree), they satisfy P,(0) = 0, and they are of the form

hy o by )

Pi) = g 0 = ) S 01 )
j=1

n

where the polynomials @;"), 1 <j < n—1, are (recursively) determined by

n—1 n—1
D=1+ P 0) = ) B (e ).
r=2 j=1

Theorem 4.4 ([4, Theorem 5]) For each generator H(x) = x + hyx> + ... the
solution G(y,x) of (PDform,1) and (B,I) is a solution of the formal translation
equation (Tform, I).

Let G be the solution of (PDform, I) and (B, I) for the generator H. In order to prove
this theorem we show that both series

U@y,z,x) := G(yz,x)
V(y,z,x) := G(z, G(y,x))

satisfy the system

ad ad
Yoo f(.2.0) = HxX) — f(y, 2. )
dy dx
f(1,z,0) = G(z,%)
which has a unique solution in (Cly, z])[x].
Let G be the solution of (PDform, I) and (B, I) for the generator H. Reordering

the summands of G we write G(y, x) as anl ¢, (x)y". Then from (PDform, I) and
(B, ) we obtain

> ngu()y" = HE) Y ¢ (x)y" (PDR. 1)

n>1 n>1
and (BR, I). Equation (PDR, I) is equivalent to
ney(x) = H(x)¢,(x) (PDR,, 1)

for all n > 1. Each of these equations is equivalent to a Briot—-Bouquet differential
equation (in the non-generic case), thus it has solutions.
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A Briot—Bouquet differential equation (cf. [20, Section 5.2], [14, Section 11.1],
[15, Section 12.6]) is a complex differential equation

W' (z) = az + bw(z) + Z ag s W(2))°,
a+p>2

where w(z) is a power series in z with w(0) = 0, and the power series on the right-
hand side is given. Cauchy’s theorem on existence and uniqueness cannot be applied
directly. In the case b = n, a positive integer, a formal solution w(z) exists if, and
only if, a certain polynomial P(a,b,a,p : o + B < n) vanishes. If so, then the
equation is called solvable or non-generic of type n, and all solutions take the shape

wi@) =ciz+...+ e 1 + Z 0, (12", teC,

v>n+1

for polynomials Q, (¢) . The coefficients ¢;, | < i < n— 1, are uniquely determined.
The series w,(z) is convergent if the given right-hand side is convergent.
Let

H(x) = x(1+ Y h¥x") = xH*(x),

n>1
then i} = h,41,n > 1, and (PDR,, I) is equivalent to
ngu(x) = xH" (x)¢, (x)
or
x¢! (x) = ng, ([ + hix+..]7"

Finally for each n > 1 we end up with the system

Xy () =nga(0) +n Y dopr®[pa (0]

a+p>2

The set of solutions of (PDR,,, I is then given by {¢." [¢10(®)]" | o\ € C}, where
¢1.0(x) is the unique solution of (PDR}, I) which belongs to I, i.e., which is of the
form ¢ o(x) = x + .. .. Denote this series by S(x) = ¢10(x) and let >, _ | ¢, (x) be
a solution of (PDR, I). From the boundary condition (BR, I) we obtain -

x=¢u@) =Y oM [SW]".

n>1 n>1
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whence,

ST =D e,

n>1

from which it is possible to determine the values ga,(,"), n>1.
The main result of this section is

Theorem 4.5 ([4, Theorem 7]) If G(y,x) = }_ ., $u(x)y" is a solution of
(Tform, I) and (B, 1), then there exists exactly one S € I'| so that

Gy,x) =S5 (yS(x)).

Using the representation (R, 1) we have ¢, (x) = (p,(,") [S(X)]", where (p,(,") eCn=>1.
Conversely, for every S € I the series

G(y,x) = 5 (y5(x))

is a solution of (Tform, I) and (B, I).

4.3.2 Formal Iteration Groups of Type 1 Obtained from
(Dform, I) and (B, 1)

For the differential equation (Dform, I) we obtain similar results as in the previous
section (see also [4, Theorems 9, 10, 11]).

Theorem 4.6 For each generator
H(X) = x4+ hox* + ...

the differential equation (Dform, 1) together with (B, 1) has exactly one solution. It
is given by

Gex) = 2+ Y Pu2)¥" € (CRDI.

n>2

The polynomials P,, n > 2, are of formal degree n, they satisfy P,(0) = 0, and they
are of the form

"W (hy. . haet)
(Z —Z)+Z (27 L (7 —2)

Py(z) =
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where the polynomials lI/j("), 2 <j < n, are (recursively) determined by

v

n—1 n
Soho Y Py@) | =Y 0" (... ).
v=2 1 Jj=2

r+..+rv=n j=
ri=1

Theorem 4.7 For each generator
H(x) =x+ hyx® + ...

the solution G(z, x) of (Dform, 1) and (B,1) is a solution of the formal translation
equation (Tform, I).
Using the representation (R, I) we obtain from (Dform, I)

D g0 = by | D )" (DR, 1)

n>1 v=>1 n>1
which is equivalent to

v

ne,(x) = Zhv Z

v=1 ri+..+rv=n j=
ri=1

br; (x) (DR, 1)
1

for all n > 1. This is a recursive formula for the ¢, without any differentiation
process. The solutions of (DR, I) are given in

Theorem 4.8 Consider H(x) = x 4+ hpx> + .. ..

1. Every ¢1(x) € C[x] satisfies (DR, I).
2. Let ¢ € C[x] \ {0}. For each n > 2 there exists exactly one solution ¢, of
(DR,,, 1), depending on ¢y. It is given by ¢, (x) := @,[¢p1(x)]", where ¢ = 1 and

(p”:nilzhv Z H(prj, n=>2.

v=2 ri+...+ry=n j=1

Consequently, ¢, does not depend on the choice of ¢y.
3. The system (DR, 1) and (BR, 1) has a unique solution. It is given by

> el (0]

n>1
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for o1 =1, @, for n > 2 given as above, and

$r(0) = (x+ ) g7

n>2

which is an element of I7.

4.3.3 Formal Iteration Groups of Type 1 Obtained from
(AJform,I) and (B, 1)

Here we present some facts from [4, Section 2.3]. Writing the series H as
x(1 4+ hox + ...) and ¢ (x) := G(y, x) motivates that (AJform, I) is equivalent to

x¢'(x) = [1 + hox +.. ' H($ ()

or

@) =@ + Y dap(Wx[p)]

atp=2
B=1

which is a Briot-Bouquet differential equation. It is well known that for each
P1(y) € C[y] there exists exactly one solution

Giy.x) =Piy)x+ Y _ P,y

n>2

of this Briot-Bouquet equation with coefficients i’n(y) which are polynomials,
n>2.
The solutions of (AJform, I) with P, (y) = y are determined in the next theorem.

Theorem 4.9 1. For each generator H(x) = x+hyx*+. .. the differential equation
(Alform, I) has exactly one solution of the form

Gy, x) = yx + Y P,()¥" € (CHDIA.

n>2

2. The polynomials P,, n > 2, (from the unique solution G(y,x) = yx mod x?) are
of formal degree n, they satisfy P,(0) = 0, and they are of the form

n (n)
h, , O, (/’lz,...,hn_l) .
Pay) = —= (" =3 + ) (i
j=2

= y)
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where the polynomials @;"), 2 <j < n, are (recursively) determined by

v

n—1
Zhv Z Prj(y) —(m=v+DPy1(y) | =
v=2 1

ri+..trv=n j=

rjzl
>0 (s ) =),
j=2

Applying the same method as in the proof of Theorem 4.4 we obtain

Theorem 4.10 For each generator H(x) = x + hox*> + ... the solution G(y,x)
of the differential equation (AJform,I) with G(y,x) = yx mod x? is a solution of
(Tform, I).

Using the representation (R, I) we obtain from (AJform, I)

H®) Y gy = hy | Y gulx)y” (AJR.T)

n>1 v>1 n>1
which is equivalent to

v

HOPW = .0 + 5 by

br, (%) (AJR,, D)
v=2 rl+“~'-+?):" j=1
for all n > 1. Again these equations are Briot—Bouquet differential equations since,
foralln > 1,

v

) = [+ bt T g+ Y0 Y

v=2 ri+..+r=n j=

erl

¢rj (x)
1

We are mainly interested in solutions where ¢ (x) = x + ... since they lead to
iteration groups. The set of all solutions of (AJR, I) is described in

Theorem 4.11 Consider H(x) = x + hox> + . . ..

1. For every c € C, there is exactly one solution
¢1(x) = cx mod x?

of (AJR}, T).
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2. Assume that ¢y = cx + ..., ¢ # 0, is a solution of (AJR},1). Then for each
n > 2 there exists exactly one solution ¢,(x) of (AJR,, ). It is given by ¢, (x) =
Onlp1 (X)]", where 1 = 1 and

n

w=30 X e nz2

v=2 r+..+r,=nj=1

Consequently, ¢, does not depend on the choice of ¢,.
3. The unique solution ¢y of system (AIR;,1) which belongs to I, (i.e., ¢ = 1)
leads to the solution

S edb 1y

n>1

of (AJR, ), where ¢ = 1 and ¢, for n > 2 given as above. Moreover ¢(x) =
(‘x + anz (pl’l'xn)_l‘

Based on these results it is possible to give another simple proof of Theorem 4.5.

4.3.4 Normal Forms of Iteration Groups of Type 1

From Theorem 4.5 we know that each formal iteration group G(y,x) of type I is
conjugate to yx. We call it the normal form of formal iteration groups of type 1. Let
(F1)rec be an iteration group of type L, F,(x) = > ., c,(t)x" for all r € C. Then
there exists some S € I so that F,(x) = S (c1(1)S(x)), t € C.

We want to present two further methods for finding this normal form.
1. Consider the generator H(x) = aiv G(y,x)|y=1 = x + hox* + ... of a formal

iteration group of type I, and some S € I". Then G(y,x) = S~ (G(y, S(x))) is a
solution of (Tform, I). We calculate its generator

0

H(x) = %

571 (G(y’ .X)) |)‘=1

by an application of the chain rule:

L5760 59) = (57 (6. $9) - G, 59).
y y

Putting y = 1 we obtain H(x) = (S~')(Sx)H(Sx). Since (™" (Sx)S'(x) = 1
we get

(aﬁ S(x)) H(x) = H(S(x)). 4.1)
X
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If we choose H(x) = x, then (4.1) yields the Briot-Bouquet differential equation

x% S(x) = S(x) + ha[SW)* + ... (4.2)

(see [20, Section 5.2], [14, Section 11.1], [15, Section 12.6]). It is known that
(4.2) has exactly one solution in § € I. Using this S it follows that G(y, x)
has the generator H(x) = x, hence from (B,I) we get yx = G(y,x) =
S71(G(y. S(x))), or equivalently

G(y,x) = SGS~1(x)). 4.3)

2. Consider for some H(x) = x+hyx*>+... € C[x] the Aczél-Jabotinsky equation
H(x)®'(x) = H(®(x)), for (x) = px+ ..., p #0. (AJ))

We compute the standard form of its set of solutions by computation in C((x}),
the ring of formal Laurent series with finite principal part. Again we write

H(x) = xH*(x) and assume that [H*(x)]™' = 1 + hfx + h3x* + .... Then
from (AJ) we get xH* (x) D’ (x) = @ (x)H* (P (x)) thus

') . ) 1 .
(D(x) 1+ n>1 hn [qj(X)] - ; o ;hnxn
and
gb/(x) 1 ey n— X'
R e ST IO D

n>1 n>1

Using the differentiation operator this can be written as

) [ D) 9 n* AN o

px n>1 n>1
therefore
o) h*
In 2 = -T(P(x)) + T'(x) for T(x) = Z X"
Jors o

Applying the exponential series we deduce

P() _ exp(T(x)
pr ep(T(@()
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or equivalently @ (x) exp(T(®(x))) = pxexp(T(x)). The series S given by S(x) =
xexp(T(x)) is in I and satisfies S(@(x)) = pS(x), whence @(x) = S~ (pS(x)).
The coefficients of S are polynomials in the coefficients 4,,.

4.3.5 Formal Iteration Groups of Type (11, k) Obtained from
the Three Differential Equations

The solutions of (PDform, (II, k)) [or (Dform, (I, k))] together with (B, (II, k)) and
the polynomials P, (y), n > k, occurring as their coefficient functions are completely
described in

Theorem 4.12 ([5, Theorems 4, 91) Consider some k > 2.

1. For each generator H(x) = x* + Y, _, h,x" the system of (PDform, (II, k))
and (B, (I1, k)) (or (Dform, (11, k)) and (B, (IL, k))] has exactly one solution. It
is given by

G(y.x) = x+y + ZPn(y)X" € (CDhDII-

n>k

2. The polynomials P,, n > k, have a formal degree | (n — 1)/(k — 1) | and they are
of the form

hyy k<n<2k-—1
Py(y) = { hy1y + 552 n=2k-—1
hny + % hn—k+1y2 + an(y, hk+l7 e 7hl’t—k) n Z 2ks

where @, are polynomials in y and in the coefficients hy+1, . . . , hy—x. They satisfy
®,(0, hy1, ..., hy—) = 0. For n > 2k a formal degree of @, as a polynomial in
yis [(n—=1)/(k—1)].
Theorem 4.13 ([5, Theorems 5, 10]) For each generator H(x) = x* + > ap X"
the solution G(y, x) of the system (PDform, (11, k)) and (B, (11, k)) [or (Dform, (IL, k))
and (B, (IL, k))] is a solution of (Tform, (IL, k)).
For the Aczél-Jabotinsky equation we obtain

Theorem 4.14 ([5, Theorem 13]) Consider some k > 2.

1. For each generator H(x) = x* + " _, h,x" and for any polynomial Py(y) €
Cly] with Pr(0) = O the differential equation (AJform, (1L, k)) together with
(B, (I1, k)) has exactly one solution of the form

G(y.x) = x + Pe)¥ + ) P, € (CHDIA].

n>k
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The polynomials P,(y) for n > k are given by

Py () if n<2k—1
hae—1Pe(y) + 5Pc(y)? if n=2k—1
haPe(y) + "5 by 1 Pe(v)?

+ &, (Pr(y), lis1s -+ i) if > 2k,

Pu(y) =

with polynomials ®,, n > 2k, in Pi(y) and hy+1, . .., hy—j.
2. Assume that Pi(y) = y. The polynomials P,, n > k, have a formal degree
|(n — 1)/(k — 1) | and their coefficients are given in Theorem 4.12.

Applying the same method as in the proof of Theorem 4.4 we obtain

Theorem 4.15 ([5, Theorem 14]) For each generator H(x) = x* + Y poihnx" the
solution G(y, x) of (AJform, (I, k)) with G(y,x) = x + yx* mod x**! is a solution
of (Tform, (II, k)).

Let G be the solution of (PDform, (I, k)) and (B, (I1, k)) for the generator H(x) =
x4+ ¥, hux". Reordering the summands of G we write G(y,x) as Y- ¢n(X)y".
Then (PDform, (II, k)) yields B

> ngu()y" = H®x) Y gLy (PDR, (I1, k))

n>1 n>0

where (¢ (x)y")n>0 is @ summable family. We note that (PDR, (IL, k)) is satisfied if
and only if

1
Pnt1(x) = —— H(x)¢;,(x) (PDR,. (I, k))
n+1
holds true for all n > 0.
The solutions of (PDR, (II, k)) and (BR, (II, k)) are thoroughly analyzed in the
following theorems.

Theorem 4.16 ([5, Theorem 15]) For each generator H(x) = ank hx", k> 2,
hy = 1, the system (PDR,,, (I, k)) and (BR, (I, k)) has a unique solution. Forn > 0
the order of ¢, (x) is equal to n(k — 1) + 1 and ¢,(0) = 0.

Theorem 4.17 ([5, Corollary 16, Theorem 18]) Consider some k > 2 and
assume that ano $u(x)y" = Y5 Pr(y)x" is the solution of (PDR,, (IL, k)) and
(BR, (II, k)) for a given generator H(x). Writing

P.(y) = ZP,.jyj, r>1, and ¢,(x) = ZPr.nxr, n>0,

J=0 r>1

we deduce that P, = 0 for 2 < r < k. Moreover for r > k the series P,(y)
is a polynomial which has a formal degree |(r — 1)/(k — 1)| and which satisfies
P.(0) = 0. Consequently
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> @y =x+ Y P.y)x" € (CpHDIA.

n>0 r>k
If pp(x) = Zan(k_l)_H P, ,x" and H(x) = Zrzk h,x", then

r1—k

1
¢n+1(x) = m Z Z Vhr-l—l—upv.n X', n=>0.

r>n+1)(k—=1)+1 \v=n(k—1)+1

Theorem 4.18 ([5, Theorem 19]) Let H(x) = ank hpxX', k > 2, hy = 1, be
a generator and assume that ano ¢, (x)y" is the solution of (PDR,, (I, k)) and
(BR, (IL, k)). Then

\)

*r n—1 K
ZEEFID I ID NN | (SRS 3 IR

r=n(k—1)+1\(v1.....vp—1) s=1 t=1
forn>1.1In ZZ)’I _____ ve_y) We are taking the sum over all (n—1)-tuples Wi,y V)

of integers, such thatk < vy, <r—(mn—s)k+ n—1) — Zi;{ Vy.
This theorem shows that the coefficient P,, of x” in ¢,(x) depends only on the
elements Ay, ..., hr—(—1yk—1)-

4.3.6 Normal Forms of Iteration Groups of Type (11, k)

Assume that G(y, x) is a formal iteration group of type (II, k) for some k > 2, i.e.,
G is a solution of (Tform, (I, k)) and (B, (I, k)). For all S € I the series

G(y,x):=58"" (G(y, S(x)))

is also a solution of (Tform, (II, k)) and (B, (II, k)). Assume that H is the i~nﬁnitesi—
mal generator of G, then according to (4.1) the infinitesimal generator of G is

Ak =[S @] H(S®).

This differential equation for S is not a Briot—-Bouquet equation. However, it can be
reduced to such an equation by putting S(x) = xexp(8(x)), where 6(x) € C[x],
6(0) = 0. For each H(x) = )., h.x", k > 2, iy = 1, there exist some S(x) € I
and exactly one i € C, so that

H(x) = x* 4+ hx®71,
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This is the normal form of the generator of a formal iteration group of type (I, k).
(A direct proof not using the theory of Briot—-Bouquet equations can be found in [5,
Theorem 28].) We say that a (formal) iteration group of type (II, k) with generator

H(x):xk—i—hxzk_l, heC,
is a normal form and we describe these normal forms in the next theorems.

Theorem 4.19 ([S, Theorem 29]) Consider some k > 2. The solution of
(PDform, (II, k)) and (B, (I, k)) for H(x) = x* + hx®*~" is given by

G(y.x) = an(k—l)+1(_)’)xn(kil)+l

n>0

where

1 ifn=0

y ifn=1
Puge=n+10) = 50y .

TTG—1 + 1)% RO k) if n=2,

i=1

and where Q,,(y, h), n > 2, is a polynomial in y of degree n — 1 and a polynomial in
h of degree |n/2] — 1.

Now we assume that / is an indeterminate over (C[y])[x]. It is interesting to note
that the normal forms of iteration groups of type (II, k) have expansions in powers
of the parameter /. Since for n > 2 the degree of P,k—1)+1(y) as a polynomial in A
is |n/2], we can write G(y, x) as

G(y.x) = Y_G,(y.0h" € (C[x.yD[A].

r>0

From (B, (II, k)) we deduce that Go(0,x) = x and G,(0,x) = O for r > 1. Instead
of (PDform, (II, k)) we obtain

i ro__ 2k—1 i r
; o G, (v, )0 = (& + 1) g 5= G, 0h

_ a r 2k—1 8 r+1
= Z’H{ax G0N + ) x 5= G, 0h

r=>0 r>0

This is a system of equations for G,(y, x), r > 0, given by

0 0
™ Go(y. x) = ¥ — Go(y. %) (4.4)
'y 0x
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and

aG(y)c)—xiG(yx)—chk1

B o o Gr—1(y.%), r=1. (4.5)

Theorem 4.20 ([5, Theorem 30]) Consider H(x) = x* 4+ hx®*~! where h is an
indeterminate over C[ x,y]. The solution of (4.4), (4.5), and (B, (I1, k)) is given by

> G0l

r>0
where

”+"— [n+r]
GU0=2. 2 T ST
s=1LJs :

n>r (e ir)

JsZ js—17+2, 522
Jr<n+tr—1

where [r] = r(k—1) + 1.
Concerning the differential equation (Dform, (I, k)) we have

Theorem 4.21 ([5, Theorem 33]) Consider some k > 2. The solution of
(Dform, (11, k)) and (B, (11, k)) for H(x) = x* 4+ hx*~" is given by

G(y.x) =Y _ G, (y.0)h"

r>0
with
Gr(y.x) = 2111 = (k= Dy )™ EDP (01 — (k= D). rz0,
where [r] = r(k—1) + 1 and P, are polynomials of degree r. Moreover Py = 1 and

Pi(z) = —z/(k—=1).

The binomial series is used in order to compute
(1= (k = Dy~ 7IVED,
The particular situation » = 0 yields
Go(y.x) = x(1 — (k — Hyx* =17/,

Gy (y, x) together with its conjugates occur in the problem of reversible power series
(c.f. [12, Section 0.3]).
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There exists also an approach with Lie—Grobner-series (cf. [8] or [9, Chapter 1])
to solve (PDR, (IL, k)) and (BR, (II, k)). We note that Lie—Grobner-series in the
context of iteration groups have already been used by St. Scheinberg [29] and also
by Reich and Schwaiger in [27]. Define an operator

D:C[x] — C[x]. D(f(x)) := Hx)f (x).

Lemma 4.3 ([5, Lemma 23]) Let H be a generator of order k > 2. If (¢pn)n>0
satisfies the system (PDR, (1L, k)) and (BR, (11, k)), then

1
dn(x) = ;D”(x), n>0.

Theorem 4.22 ([5, Theorem 24]) The series

1
Gr.x) =) — D' @)y,

n>0

is a Lie-Grobner-series. It satisfies (Tform, (11, k)) and (B, (I, k)).
4.4 Concluding Remarks and Open Problems
At the end of this paper we present some open problems concerning the construction

of iteration groups.

1. It is an important problem to study iteration groups in higher dimension. This

means in our situation to change to the ring C[xy, ..., x,] of formal power series
in n > 2 indeterminates x = (xi,...,x,)" over C and to consider n-tuples
X1 F]((X],...,Xn)T) F](X)
Fo)=F| : | = : = |
Xn Fa((x, ... 7xn)T) F,(x)

i.e., elements of (C[x])". By ord(F(x)) we understand min{ord(F), ..., ord(F,)}.
We consider the substitution of G(x) € (C[x])" into F(x) € (C[x])" provided
that ord(G) > 1.

Each F(x) € (C[x])" can be written as F(x) = A - x + R(x), where A is a
complex n x n-matrix and R(x) € (C[x])" with ord(R) > 2. If det(A) # 0 we
call F a formally biholomorphic mapping. The set of all formally biholomorphic
mappings forms a group I" with respect to substitution o, and a family (F;(x))ec,
F;(x) € I', satisfying the translation equation

Fypy=F,0F, s, € C, (T)

is called an iteration group in n dimensions.
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The construction of all iteration groups of dimension n > 2 is an open problem
and very likely the method of formal functional equations and differential
equations will lead to a solution.

Mehring has shown in [22, 23] that the coefficient functions of an iteration
group are polynomials in a finite number of additive or generalized exponential
functions, however, the detailed structure is not known.

2. Jabloriski and Reich studied in [19] the iteration groups of truncated formal
power series. It is an open question how to construct these groups using the
method of formal functional equations.

3. The method of formal functional equations should also be applied in the problem
of constructing maximal abelian subgroups of I" or I', in particular in higher
dimension.

4. The various representations of the coefficient functions of iteration groups
presented in this paper and the representations obtained by Jabtoriski and Reich
have so far not been compared by direct computation. This could yield interesting
polynomial identities.

5. We notice that from the representation G(y,x) = S(yS~!(x)) given in (4.3) we
can derive a representation

Gy.x) =yx+ Y Qu(y. 52, ... 5)x"

v>2

where each Q, is a polynomial in y and in the coefficients s, . . ., s, of S(x) = x+
sx* + .... Formula (4.2) describes a connection between the generator H(x) =
x + hyx* + ... and the conjugating series S(x). This gives eventually another
(maybe new) representation of the coefficients P, of G from Theorem 4.3 as
polynomials in y and A, ..., h,.

Acknowledgements We would like to thank the anonymous referee for helpful comments.

References

1. Cartan, H.: Elementary Theory of Analytic Functions of One or Several Complex Variables.
Addison-Wesley, Reading, Palo Alto, London (1963)

2. Chen, K.T.: Local diffeomorphisms — C°°-realization of formal properties. Am. J. Math. 87,
140-157 (1965)

3. Fripertinger, H., Reich, L.: Covariant embeddings of the linear functional equation with respect
to an iteration group in the ring of complex formal power series. Grazer Math. Ber. 350, 96-121
(2006)

4. Fripertinger, H., Reich, L.: The formal translation equation and formal cocycle equations for
iteration groups of type I. Aequationes Math. 76, 54-91 (2008)

5. Fripertinger, H., Reich, L.: The formal translation equation for iteration groups of type II.
Aequationes Math. 79, 111-156 (2010)

6. Fripertinger, H., Reich, L.: On the formal first cocycle equation for iteration groups of type
II. In: Fournier-Prunaret, D., Gardini, L., Reich, L. (eds.) European Conference on Iteration
Theory 2010, pp. 32-47. EDP Science, Les Ulis (2012)



10.

1

—

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

217.

28.

29.
30.

The Translation Equation and Formal Functional Equations 69

Fripertinger, H., Reich, L.: On the formal second cocycle equation for iteration groups of type
II. J. Differ. Equ. Appl. 21, 564-578 (2015)

Grobner, W.: Die Lie-Reihen und ihre Anwendungen. 2. VEB Deutscher Verlag der
Wissenschaften, Berlin (1967)

. Grobner, W., Knapp, H.G.: Contributions to the Method of Lie Series. Bibliographisches

Institut, Mannheim (1967)
Gronau, D.: Two iterative functional equations for power series. Aequationes Math. 25,
233-246 (1982)

. Gronau, D.: Uber die multiplikative Translationsgleichung und idempotente Potenz-

reihenvektoren. Aequationes Math. 28, 312-320 (1985)

Haneczok, J.: Conjugacy type problems in the ring of formal power series. Grazer Math. Ber.
353, 96 pp. (2009)

Henrici, P.: Applied and Computational Complex Analysis. Vol. I: Power Series, Integration,
Conformal Mapping, Location of Zeros. Wiley, New York, London, Sydney (1974)

Hille, E.: Ordinary Differential Equations in the Complex Domain. Wiley, New York, London,
Sydney (1976)

Ince, E.: Ordinary Differential Equations. Dover, New York (1956)

Jabtoniski, W.: One-parameter groups of formal power series of one indeterminate. In: Rassias,
Th.M., Brzdek, J. (eds.) Functional Equations in Mathematical Analysis, pp. 523-545.
Springer, Berlin (2011)

Jabtoriski, W., Reich, L.: On the form of homomorphisms into the differential group ng and
their extensibility. Results Math. 47, 61-68 (2005)

Jabtoriski, W., Reich, L.: On the solutions of the translation equation in rings of formal power
series. Abh. Math. Sem. Univ. Hamburg 75, 179-201 (2005)

Jabtoriski, W., Reich, L.: A new approach to the description of one-parameter groups of formal
power series in one indeterminate. Aequationes Math. 87, 247-284 (2014)

Laine, L.: Introduction to local theory of complex differential equations. In: Laine, 1. (ed.)
Complex Differential and Functional Equations, pp. 81-106. University of Joensuu, Joensuu
(2003)

Lewis, D.C. Jr.: Formal power series transformations. Duke Math. J. 5, 794-805 (1939)
Mehring, G.H.: Iteration im Ring der formalen Potenzreihen ohne Regularitits-
voraussetzungen. Ber. Math.-Statist. Sekt. Forsch. Graz 265, 45 pp. (1986)

Mehring, G.H.: Der Hauptsatz iiber Iteration im Ring der formalen Potenzreihen. Aequationes
Math. 32, 274-296 (1987)

Peschl, E., Reich, L.: Beispiel einer kontrahierenden biholomorphen Abbildung, die in keine
Liesche Gruppe biholomorpher Abbildungen einbettbar ist. Bayer. Akad. Wiss. Math.-Natur.
Kl. S.-B. 1971, 81-92 (1972)

Praagman, C.: Roots, iterations and logarithms of formal automorphisms. Aequationes Math.
33, 251-259 (1987)

Reich, L.: On families of commuting formal power series. Berichte der Mathematisch-
statistischen Sektion der Forschungsgesellschaft Joanneum Graz 294, 285-296 (1988)

Reich, L., Schwaiger, J.: Uber die analytische Iterierbarkeit formaler Potenzreihenvektoren.
Sitzungsberichte der Osterr. Akademie der Wissenschaften, Abt. IT 184, 599-617 (1975)
Reich, L., Schwaiger, J.: Uber einen Satz von Shl. Sternberg in der Theorie der analytischen
Iterationen. Monatsh. Math. 83, 207-221 (1977)

Scheinberg, S.: Power series in one variable. J. Math. Anal. Appl. 31, 321-333 (1970)
Sternberg, S.: Infinite Lie groups and formal aspects of dynamical systems. J. Math. Mech. 10,
451-474 (1961)



	4 The Translation Equation in the Ring of Formal Power Series Over C and Formal Functional Equations
	4.1 Introduction
	4.1.1 The Embedding Problem
	4.1.2 The Ring of Formal Power Series with Complex Coefficients
	4.1.3 Iteration Groups
	4.1.4 The Main Problems

	4.2 First Classification of Iteration Groups
	4.2.1 Systems of Functional Equations for the Coefficient Functions
	4.2.2 Formal Functional Equations
	4.2.3 Differential Equations Obtained from the Translation Equation
	4.2.4 The Relevance of Aczél–Jabotinsky Differential Equations
	4.2.5 Reordering the Summands

	4.3 Solving the Translation Equation by a Purely Algebraic Differentiation Process
	4.3.1 Formal Iteration Groups of Type I Obtained from (PDform,I) and (B,I)
	4.3.2 Formal Iteration Groups of Type I Obtained from (Dform,I) and (B,I)
	4.3.3 Formal Iteration Groups of Type I Obtained from (AJform,I) and (B,I)
	4.3.4 Normal Forms of Iteration Groups of Type I
	4.3.5 Formal Iteration Groups of Type (II,k)  Obtained from the Three Differential Equations
	4.3.6 Normal Forms of Iteration Groups of Type (II,k) 

	4.4 Concluding Remarks and Open Problems
	References


