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Abstract We present results concerning the representation of the solution of the
Neumann problem for the Laplace operator on the n-dimensional unit ball in terms
of the solution of an associated Dirichlet problem. We show that the representation
holds in the case of integrable boundary data, thus providing an explicit solution of
the generalized solution of the Neumann problem.
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1 Introduction

The classical Dirichlet and Neumann problems on a smooth bounded domain D C
R" (n > 1) are the problem of finding u € C>(D) N C(D) which solves

Au=0inD
) 1
% u=¢ondD M
respectively U € C?(D) N C'(D) which solves
AU =0inD
) 2
{ ' = ¢ on dD @

where v is the outward unit normal to the boundary of D.

As it is known, for continuous boundary data, the Dirichlet problem (1) has a
unique solution and the Neumann problem (2) has a solution, unique up to additive
constants, if we require in addition the condition [, ¢ (z) o (dz) = 0. Note that this
is a necessary condition for the existence of a solution, since by Green’s first identity
we have

/ ¢(z)o(dz)=/ 18U(z)a(dz)=/1AU(z)+V1-VU(z)dz=O.
D ap OV D

In this paper, we present explicit relations between the solutions of (1) and
(2), which appeared recently in [4]. This shows that the Dirichlet and Neumann
problems are “equally hard”, in the sense that solving one of them leads to
the solution of the other one. The central results for continuous boundary data
(Theorem 1, and its extensions given in Theorems 2 and 5) provide an explicit
relation between the solution(s) of (2) and (1), in the sense that the normalized
solution of (2) can be found as a weighted average of the solution of (1).

The link between the solution of the Dirichlet problem and the Neumann problem
is provided by the operator defined by (3). What is interesting here is that the same
operator also provides a relationship between the solution of Dirichlet and Neumann
problem in the infinite-dimensional setting of generalized Laplacian on an abstract
Wiener space (see [4], Sect. 3). In Sect. 3 we show that the same operator can be used
in order to construct a generalized solution of the Neumann boundary problem in the
case of the unit ball in R” (n > 1) for integrable boundary data. While the existence
of such a generalized solution for the Dirichlet boundary problem for integrable
boundary data is known (the Perron-Wiener-Brelot theory [1, 9], or alternately the
method of controlled convergence introduced by Cornea [5, 6]), in the case of the
Neumann problem this is a new result, and it is the main result of the present paper,
given in Theorem 12.

In Sect. 2, we consider the case of continuous boundary data for the Dirichlet and
Neumann problems. This section is based on the recent results on the subject from
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[4]. The main result giving the connection between the Dirichlet and the Neumann
problem in the case of the unit ball is given in Theorem 1. The result can be extended
to other operators besides the Laplacian, and in Theorem 2 we present such an
extension.

As an application, in Theorem 4 we give an explicit representation of the inverse
of the Dirichlet-to-Neumann operator (a particular case of the Poincaré-Steklov
operator, which encapsulates the boundary response of a system modeled by a
certain partial differential equation).

By using conformal mapping arguments (in the 2-dimensional case), the main
result obtained in the case of the unit disk is extended (Theorem 5) to the general
case of smooth bounded simply connected domains.

In what follows, we will identify as usual the complex plane C with R?, that
is we identify the vector (x,y) € R? with the complex number z = x + iy € C.
In particular, the dot product of two vectors a,b € R? will be written in terms of
multiplication of complex numbers as a - b = Re (ab), and for a complex number
z € C we denote the real part and the imaginary part of z by Re(z), respectively
Im(z). Also, for a function u# defined on a subset D of R? (or C), we will write
equivalently u (x,y) or u (z), where z = x 4+ iy € D.

For a smooth bounded domain we will be denote by o (-) and oy(-) the surface
measure on its boundary, respectively the surface measure normalized to have total
mass 1.

2 The Case of Continuous Boundary Data

We start by recalling some recent results [4] concerning the equivalence between
the Dirichlet and the Neumann problem for the Laplace operator in the case of
continuous boundary data.

Heuristic arguments from Complex analysis (in the 2-dimensional case) led us
to consider the operator which associates to a continuous function  : DC R" — R
with u# (0) = 0 the function U : DC R" — R defined by

1
U(z)=/ “lbd 4y cep, 3)
o P

where D C R”" is a smooth bounded subset, starlike with respect to the origin (i.e.
pz € D forany z € D and p € [0, 1]).

A first result concerning the operator defined above is that in the case of the
n-dimensional unit ball D = U ={z € R" : |z| < 1}, the relation (3) provides an
explicit solution of the Neumann problem (2) in terms of the Dirichlet problem (1)
with the boundary condition ¢ = ¢. Conversely, since for a harmonic function the
Laplacian and the partial derivatives commute, one can see that it is possible to solve
the Dirichlet problem by solving an appropriate Neumann problem. The result is the
following.
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Theorem 1 ([4]) The following assertions hold.

(i) Assume ¢ : 9U — R is continuous and satisfies [y, ¢ (z) 0o (dz) = 0. If u is the
solution of the Dirichlet problem (1) with boundary condition ¢ = ¢ on dU,
then

1
U(z)z/ ulbd ), Leu, )
0 p

is the solution to the Neumann problem (2) with U (0) = 0.
(ii) Assume ¢ : U — R is continuous. If U is the solution of the Neumann problem
(2) with boundary condition ¢ = ¢ — [, ¢ (€) 00 (d§), then

u(z)=z'VU(z)+/3U<p(s)oo(ds), el 5)

is the solution to the Dirichlet problem (1).

As shown in [4], the previous result can also be applied to other operators besides
the Laplacian. For example, considering the operator .Z defined by

2@ = Ly APACE: Sa . ©
where the coefficients a;; are smooth and homogeneous of degree k € [0, 1], i.e.
aj(pz) = play(z), 0=<p=<lzeUl<ij<n, ©)
and the coefficients a; are also smooth and homogeneous of degree k — 1, i.e.

ai(pz) = p*'aj(zx), 0<p<l,zelU/l<i<n, ®)

if u (with u(0) = 0) and U are related by (4), then

1
LU = / o' ¥ Lu(pz)dp,  zeTl,
0
and
U
() =u(), z € dU.
v

The previous observation leads to the following more general result.
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Theorem 2 ([4]) Assume ¢ : dU — R is continuous. If u is the solution of the
Dirichlet problem

{ZuinnU

u=¢ondl ©)

where £ is the operator given by (6) which satisfies (7) and (8), and if u(0) = 0,
then

1
U@:/ wpd) 1 e (10)
o P

is the solution to the Neumann problem
ZLU=0inU
{ U ; (1)
o = ¢ ondU

with U (0) = 0.

Remark 3 The above result was stated in [4], Theorem 2, under the condition
[0 ¢ (2) 00 (dz) = 0 instead of u(0) = 0. If £ = A, then these two conditions
are equivalent, due to the Poisson formula.

As an application of the correspondence between the solutions of the Dirichlet
and Neumann problems given above, we obtained an explicit representation of the
inverse of the Dirichlet-to-Neumann operator A, in the case of the unit ball U C R”,
n > 2. See for example [10, Sect. 5.0], or [4] for details on the Dirichlet-to-Neumann
operator A, and its inverse.

Theorem 4 Assume ¢ : U — R is continuous and satisfies |, au® ()o(d§) =0.
We have

AT (@) () = / 6 () k(2 D)oo(d). 2 € AU, (12)
U

1 1 1_p2
where k,(z,¢) = . —1])dp z,& € dU.
o P \lpz—§

Explicitly, ky(z,§) = —2In|z—§|, k3(z,§) = Izzé‘l

2
In (‘Z_f‘ +|z— $|), and for n > 4 the kernel k,(z,§) can be computed using
the recurrence formulae

— 2 4+ In2 —

ky (2,8) = ky— (2, 6)+ - 2

2(1=k=67) oo +(1_|z—s|2
n=2)z—&"" (—dz—¢""

Joeate.
(13)
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|
where J,, (z,€) = / L, dp satisfies
o |lpz—§|

4(n—23) 2 (z.6) N 2(1 +4|z—§l”‘4—lz—é‘l"‘2)

(=2 (4= 12— €P) =€ —2) (4=l &P)le— "
(14)
Using conformal mapping arguments (in the 2-dimensional case), the result
in Theorem 1 can be extended to the general case of a smooth bounded simply
connected domain D C C (C'* boundary with 0 < o < 1 will suffice). The result
is the following.

Jn (2. 8) =

Theorem 5 ([4]) Let D C C be a smooth bounded simply connected domain (C'**
boundary with 0 < a < 1 will suffice), and for an arbitrarily fixed wy € D let
f : U — D be the conformal map of the unit disk U onto D with f (0) = wy,
argf’ (0) = 0, and let g = f~' : D — U be its inverse.

Assume ¢ : 0D — R is continuous and satisfies faD ¢ (w)o (dw) = 0. Ifu is the
solution of the Dirichlet problem (1) with boundary condition

o= ' sw, we, (15)
lg" (W)
then
1
U (w) =/ u(f(pg (W)))dp, weD. (16)
0 P

is the solution to the Neumann problem (2) with U (wy) = 0.

The result in Theorem 1 can also be extended to the case of Dirichlet and
Neumann problems for the infinite-dimensional ball on an abstract Wiener space,
in the setup stated in [7, 8], and [3]; for details see Sect. 3 from [4].

3 The Case of Integrable Boundary Data

In order to extend the result in Theorem 1 to a correspondence between the
solutions of the Dirichlet problem and the Neumann problem for the unit ball in the
general case of integrable boundary data, we will use Cornea’s notion of controlled
convergence [5, 6]. Even in the case of the unit ball U C R” (n > 2) which we
consider here this is a new result, and it provides an explicit solution to the general
Neumann problem for the Laplace operator.

It can be shown that in the case of the unit ball Cornea’s approach is equivalent
to the Perron-Wiener-Brelot approach for the generalized solution of the Dirichlet
problem. More precisely, it can be shown that for integrable boundary data, both
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methods indicate that the generalized solution of the Dirichlet problem is given by
the stochastic solution H{J defined by (18) below (see [5], Corollary 2, [6], Corollary
2.13, [1], Theorem 6.4.6, and [3], Theorem 4.5).

We will first recall the notion of controlled convergence introduced in [5, 6].

Definition 6 (Controlled convergence (A. Cornea, [5, 6])) Let D C R? be a
bounded open set, 0D C A C D,f : 0D — Rand h,k : D — R, k > 0.

The function i converges to f controlled by k (we write h LY f) if the following
conditions hold:
For any set A C D and any pointzp € A N A we have

(*)  Iflimsup,s,_,, k(z) < +oo, thenf (z0) € R and limas;—, 1 (z) = f (2).
() If limsz sz k () = +00, then limys.sy "5 = 0.

The function k will be called a control function for f.

Remark 7 It can be shown (see [6], Theorem 1.5, or [5], Theorem 1) that &
converges to f controlled by k, in the sense of the above definition if and only if
for any zo € dD the following equivalent conditions are satisfied:

h(2)—f(2) _ 0.

(a) Ifliminfps, . k (z) < 400, then f (z9) € R and limps,_, e =

hz)  _
+k(x — 0.

Using the above definition, Cornea [5, 6] introduced the notion of generalized
solution of the Dirichlet problem (1) as follows.

(b) If limps;— k (z) = +00, then limps;—, ,

Definition 8 ([S, 6]) A generalized solution of the Dirichlet problem (1) is a
harmonic function u : D — R which satisfies

lim u(z) = ¢ (2), 20 € dD, (17)
=20

controlled by a continuous, non-negative (super)harmonic function k : D — R .

A function ¢ : 0D — R for which the Dirichlet problem has a generalized
solution is called resolutive. We denote by % (D) the set of resolutive functions
¢ 0D — R.

In the same spirit, we propose the following definition for the generalized
solution of the Neumann problem (2).

Definition 9 Let D C RY be a bounded openset, 0D C A C D, h,k: D — R,
k > 0. We say that the function % has a continuous extension to D controlled by k if
the following conditions hold:

For any set A C D and any pointzo € A N A we have:

() Iflimsup,s,,  k(z) < +oo, we have i (z0) := limas,—;, 1 (2) € R.

(ii) If limsz—z, k (2) = 400, then limys. .z, 1)) = 0.

Remark 10 The previous remark shows that 4 has a continuous extension to D iff
the equivalent conditions (a)—(b) above are satisfied.
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If & has a continuous extension to D controlled by k, then the function
h can be extended by continuity at the set of points zy belonging to the set
{z0 € 3D : limsupp,s, ., k (z) < 400}. On the set, E = {zo € 8D : limsupp,,_,,
k(z) = +oo}, the limit limps.—»,, & (z) may not exist, and the function 4 may fail to
be continuous (this set of points is “controlled” by the function k).

Definition 11 A generalized solution of the Neumann problem (2) is a harmonic
function U : D — R which has a continuous extension to dD, controlled by a
non-negative harmonic function k : D — Ry, and for any zp € 9D for which
lim supyg 15,4, K (z) < +00 we have

i U(zo + &v(z0)) — U(zo)
im

lim . = ¢ (20)

where v (z) denotes the outward unit normal to the boundary of D at z € dD.

In [5], the author showed that in the case of the unit ball D = U C R", every
function f € L!(dU,0y) is resolutive for the Dirichlet problem. Moreover, by
Beznea [2], the generalized solution coincides in fact with the stochastic solution,
that is

u(z) = Hy (2) = E¥f (B,), (18)

where (B;),> is a n-dimensional Brownian motion starting at z € U and t = 3y =
inf{r > 0: B, € U} is the hitting time of the boundary of U, and the controlled
convergence to the boundary data f holds outside an exceptional (polar) set. It is
also known (see [2], Corollary 4.3) that the generalized solution of the Dirichlet
problem is unique.

With this preparation, we can now prove the main result, as follows.

Theorem 12 Assume ¢ : 94U — R is integrable and satisfies [y, ¢ (z) 0o (dz) = 0.
If u is the generalized solution of the Dirichlet problem (1) with boundary condition
¢ = ¢ on U, then

1
U@:/ wpd 1 e, (19)
o P

is a generalized solution to the Neumann problem (2) with U (0) = 0.

Proof Before proceeding with the proof, note that by symmetry, the exit distribution
from U of the Brownian motion starting at the origin is the (normalized) surface
measure oy on dU, and using the hypothesis we obtain

u(0) = B (By,) = /a @@ =0, 20)
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Using this, we have

—u(0
tim O = 4im 04O _ L gu0), zew, e
PO P O pz—0

which shows that the integrand in (19) can be extended by continuity at p = 0, so U
is well defined for all z € U. Note that the relation (20) also shows that U (0) = 0.
Next, we show that under the given hypotheses the function U has a continuous
extension (controlled by k) to the boundary dU, and it has the appropriate normal
derivative. To be precise, for an arbitrary zo € dU we’ll show the following:

a) if liminfys,—»;, k(z) < oo then there exists U(z) € R such that
limys,—, U(f);kl(];)z") = 0. Moreover, if limsupy 5., k(z) < o0, then

lima/'O U(z()+€v(§(>))—U(Z()) = ¢ (2).

b) if limys;—, k (z) = oo, then limys;—z, 1‘U|'§<Z()7) =0

Consider zp € dU and assume thatliminf,_,,, k (z) < oco. Since u — ¢ controlled

by k, we have lim__,,, u(ﬁ—_ku((zjo) = 0. Since u is continuous in U, it follows that the

ulp2)—u(p20) i hounded on the set

function (p,2) = "1 )

{(p,2) € [0,1] x U : [pz — 20| < 6},

for some § > 0. Since u and k are also bounded (being continuous) on the compact
cone

)
Cs=1qpz:p€[0,1],z€Us.t. |z—z| = 2} N{zeU:|z—z]| =48} CU,

(see Fig. 1), it follows that ”(”f:(”é‘)’m) isboundedon [0, 1]x{z € U : |z — zo| < §/2}.

Using the bounded convergence theorem and the above, we obtain

UR—-U@o) . [tulp)—ulpzo) , (' . ulpz)—ulpz0) ,
= lim dp = lim dp =0.
z=>20 Jo 0 272

= 1+k(@) 1+k(2) L +k(2)

Suppose now that zo € dU is such that lim,—,,, k (z) = oo. In order to show that
lim, 11(;()1 , =0, we will first show that for py € (0, 1) arbitrarily fixed we have

P u (pz) —0

lim
=1 +k(Z)/
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Fig. 1 The cone Cj in the
proof of Theorem 12

Since u € C' (U), and using the substitution w = pz we obtain
D) )
im = lim
w

= Vu(0),
PN\O Pz w—0

uniformly with respect to z € U. It follows that

u(pz)

'(l-i-k(z))p' =1+ Vu (O] = 1+ [Vu(0)

is bounded for p < p; sufficiently small, uniformly with respect to z € U. For
P € [p1, po], we have

max |u (w)]|,

‘ u (pz) ‘< 1
P1 Iwl<po

(I+k@)p

and combining with the above we conclude that (1:-(15(?)),) is bounded for p € [0, po],
uniformly with respect to z € U. Using the bounded convergence theorem and

lim,,, k (z) = oo, we conclude

P u (PZ) o u(pz) _
g k(z) / ap = /0 k@) P T (22)
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thus proving the claim. In order to prove that lim,_, l-llj-(k(z) = 0, it remains to show

that

1
lim / u(pz) dp =0,
=ul+k (Z) Lo P

for an arbitrarily fixed py € (0, 1).

For ¢ > 0 arbitrarily fixed, consider np € N such that ny > ; , and let ¢9 =
1
no 2iv1 fi- We have

u(z)—i—ek(z)Zu(z)—i— k(z) Hg(z)—f-ng oz @)
no n>1Un"8n

\Y

1
U U

1
_gu U
H¢() (Z) + 1o HZ?:](f‘En) (Z)
¢0 (Z)
forany z € U.

Since by construction the functions f,, are lower bounded, there exists M > 0
such ¢9 > M, and therefore Hg) (z) = M for any z € U. We obtain

1 ‘u(pz)dpz 1 1(u(pZ)+8k(pz)_gk(pz))d
1+k(@J, P 1+ k() Jp, P P
- 1 1(M_€k(pz))d
1+ k() Jp, o
—M 1n py € !
TU4k@)  po(+k (@) /pok(pZ)dp

An argument similar to the one in the beginning of the proof shows that llif()z )

is bounded for p € [po, 1] and z in a neighborhood of 7. Passing to the limit in
the above inequality, and using lim,_,, k(z) = oo (which in particular implies

lim,,, ﬁiz()z) = 0 for any p € [po, 1), and lim__,, 1+(k2z) = 1), we obtain

1
lim inf up Z) > lim inf

li
=z 1+ k(z) o0 P =0 14+ k(2) Lo m e

~MInpy ¢ / ! k (pz)
=z 1 +k(2)

xd,oz— (1= po) .
Po
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Since ¢ > 0 was arbitrary chosen and py € (0, 1), the above shows that

1
lim inf u(p2)

dp > 0.
=z 1 4+ k(2) o P P

Repeating the proof above withﬂg = —¢ in place of ¢ (for which the
corresponding functions are i = —u, k = k, and U = —U), we also have
1 1
lim sup u(p2) dp <0,

=20 1 + k (Z) PO P
and therefore

1
lim / uwlpd) 4 o,
= l+k@J, o

This, combined with (22) shows that

1 1
lim / u(p2) 4 o,
= l+k@Jo p

concluding the proof of part b) of claim.

To see that U has the prescribed normal derivative on dU (recall that we are
using the outward normal v(z9) = zo to the boundary of dU), fix zo € dU such
that limsupy 5,5, k (z) < 00. Since u — ¢ controlled by k, choosing the
particular set A = [0, zo] in the Definition 6 of controlled convergence, we have
that lim, ~ u (pz0) = ¢ (z0) € R.

Using a change of variables and the mean value theorem, we obtain

lim Ulzo +ev(20)) = Uz0) _ lim 1 (/H'S u (pzo) dp— /1 u (pzo) dp)
&0 e e/0¢€ " Jo o 0 p
L% u(pzo) u (p*z0)
e ), p PTA p ? )

where we denoted by p* € (1 + ¢, 1) the intermediate point given by the mean value
theorem. This shows that the directional derivative of the function U in the direction
of the normal to the boundary of U has the appropriate value %[V] (z0) = ¢ (20) at 2o,
thus concluding the proof. O
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