Chapter 8
Robinson’s Theorem

In trying to decide which orthogonal designs to look for, it would be useful to
formulate, and hopefully prove valid, some general principles of the sort, “All
orthogonal designs of a certain type exist in certain orders.” The Hadamard
conjecture, the skew-Hadamard conjecture, the weighing matrix conjecture,
and other conjectures that have been made, and extensively verified, provide
some solid information which must be dealt with in order to state such princi-
ples. We have seen singularly unsuccessful in formulating correct principles of
a general nature; some conjectures that we have made in the light of those
principles have proved to be false.

One principle we had bandied about for awhile was: “In order n, if k is
much smaller than p(n), then all orthogonal designs on k variables exist in
order n.” Of course, the key to focusing on this principle is to decide what
“much smaller” should mean.

In orders n where n is odd or n = 2¢t, t odd, algebraic conditions appear
immediately in deciding if orthogonal designs exist, and so, in terms of deciding
what “much smaller” should mean, we put those cases aside. When n = 4t,
t odd, the situation is different. The algebraic theory says nothing about
one-variable designs, i.e., weighing matrices. This fact, coupled with a fair bit
of evidence for the weighing matrix conjecture in orders 4¢, ¢ odd, led us to
formulate a “sub-principle” for the phase “much smaller”: to wit, we proposed
the following: “If, in order n, the algebraic theory imposes no restrictions on
any possible k-variable design in order n, than all k-variable designs exist in
order n.”

If this principle was a sound one, it would say, for example, that whenever
n=16t, ¢t > 1, any orthogonal design on < 7 variables exists. (See Proposition
3.34 and what follows it.) The principle, unfortunately (depending on your
point of view), is far from correct. Peter J. Robinson decisively settled that
issue and many other alternative ones with the following remarkable theorem.

Using the orthogonal designs AOD(24;1,1,1,1,1,2,17) from Lemma A.7,
0D(32;1,1,1,1,1,12,15), OD(32;1,1,1,1,1,9,9,9) and OD(40;1,1,1,1,1,35)
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found by Kharaghani and Tayfeh-Rezaie [122] given in Tables 8.1, 8.2 and 8.3
respectively we have using theorem 8.2

Theorem 8.1 (Robinson). An OD(n;1,1,1,1,1,n—5) exists if and only
ifn=8, 16, 24, 32, 40.

Theorem 8.2 (Robinson). If n > 40, there is no orthogonal design of type
(1,1,1,1,1,n—5) in order n.

‘We first note that:

0D(8;1,1,1,1,1,3)  See: Section 4.2
0D(16;1,1,1,1,1,11) Appendix F.2
0OD(24;1,1,1,1,1,19) Table 8.1
OD(32:1,1,1,1,1,27)  Table 8.2
OD(40;1,1,1,1,1,35)  Table 8.3

do exist.

Proof. The proof is a very careful analysis of what such a design would have
to look like, and we have expanded Robinson’s proof so as to make the
verification a bit easier for the reader. O

With no loss of generality we may assume the first 4 x 4 diagonal block of
the orthogonal design is

xr1 X2 X3 a1
—XI9 X1 a1 —Ix3
—I3 —ai X1 i)
—a1 X3 —T2 I

Either aq = x4, or not.
If a1 = +x4, we proceed to obtain the following 8 x 8 diagonal block:

[z oz w3 a1 w5 |
—x2 I al —x3 —I5 *
—r3 —aip T1 T2 —Z5
—al r3 —I2 X1 * xIs
—T5 x1 x2 w3 bi|’ (8:1)
xIs * —T2 I b1 —I3
* xIs —XI3 —bl T T2
L —r5 —b1 w3 —w2 1]

and by = —aq.
In case a1 # +x4, we may proceed to make the following 8 x 8 diagonal
block.
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[z oz w3 a1 1 |
—xr2 I ai —x4 *
—xr3 —ai I i) * —XT4
—a1 X3 —T2 X1 T4
—xy x1 x2 w3 bi|’ (8.2)
T4 * —T2 I b1 —XI3
* T4 —I3 —bl T T2
L —ry —b1 w3 —w2 1]

and b1 = —a7.

We continue the process and end up with 8 x 8 blocks of type (8.1) or (8.2)
on the diagonal.
Claim. There is at most one diagonal block of type (8.1).
Proof of Claim. Let X denote the orthogonal design of type (1,1,1,1,1,n—5)
in order n, and write X = Ayx1 + Aswo + Agwz + -+ + Agrg. As we have
already seen, we may assume

Ay =1,,A2= @ [ 01}

n/2 —10
and
001 O
000 -1
A3_? 100 0
010 O

Since X is an orthogonal design, we must have A; A +A; A =0, 1<i# j <6.
The patient reader will then discover than these conditions force Ay, As, Ag
to each be skew-symmetric and partitioned into 4 x 4 blocks, where if (pgrs)
is the first row of a block, then the block looks like:

p q T S
q—p S§-—Tr
r—s—p (¢
—SsS—Tr q p

Now, assume that there are two 8 x 8 diagonal blocks like (8.1), with
a1 = +x4,b1 = —a1,a2 = +x4,ba = —as; we shall obtain a contradiction (we
shall first consider the case a; = as = x4 and leave the remaining three
possibilities for the reader to check). The contradiction shall be obtained by
looking at the 8 x 8 off-diagonal blocks which are at the juncture of the two
diagonal positions. See Figure 8.1.

If we number the rows of figure 8.1 from 1 to 16, then we obtain (by taking
the inner product of rows 1 and 9) a summand 2sz4 which we cannot eliminate
since x4 appears only once in each column and row.

(Note: We have used here the fact that s # 0, but we would get the same
result if any of p,q,r, or s were = 0 or if any of k,l,m,v were # 0. Thus, so far,
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Fig. 8.1 Contradiction of off-diagonal blocks at juncture of two diagonal positions

[ 1 x2 =3 T4 T f'p g r s b ¢ d €]
—To X1 T4 —X3 q—-p s—-r ¢ —=b e d
—x3 —xT4 T1 T2 * r—s—-p q d —e—-b ¢
—T4 X3 —T2 T1 e |75 T @ p—e —d ¢ b
T1 T2 T3 —T4 f g h 7 k £ m v
—X9 T1 —X4 —T3 g—f j—h ¢ —k v-m
* —T3T4 T1 T2 h—j—f gm —v—-k [/
L T4 T3 —T3 X1 l—j—h g f—-v-m £ k]
)
[(-p—q -1 s —f—g —h 7] [ w1 w2 x3 x4 T
—-q p s r —g f j h —To T1 T4 —X3
-r—s p—q —h—j f—g —T3 —T4 Tl T2 *
-s r—q¢ p —j h —g—f _|-wa wz3—x2 I
—-b—-c—d e -k —L—-m v T1 T2 T3 —T4
—c b e d 4 k v m —T2 T1 —T4 —T3
—d—-e b—c-m-v k —/4 * —I3 T4 T1 X2
l—e d—c—-b —v m —{ —k] L T4 T3 —T3 X1

we could be discussing orthogonal designs of type (1,1,1,1,1,n—k), 5 <k <8,
and the conclusions that are drawn would still hold; i.e., no two diagonal
blocks of type (8.1).)

We have now seen that there can only be one diagonal block of type (8.1)
and that all other diagonal blocks are of type (8.2).

We now seek to discover where in the orthogonal design the x5’s are located.
If there is a diagonal block of type (8.1), then we know where the z5’s in
the rows and columns controlled by that diagonal block are, namely, in the
diagonal block.
Claim. The x5’s are always in the diagonal blocks.

Proof. To prove this, it would be enough to show that there is no x5 in an
off-diagonal block which is above and across from a diagonal block of type
Equation (8.2). Thus, we have the following in Figure 8.2.

Now, by checking inner products (just using x4’s), we find that

Similarly,

bry— fxgy =0, ie, b=f;
—cry—grs =0, ie., c=—g;
—dry—hxy =0, ie,d=—h;

exqs—Jjrgs =0, ie.,e=].
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Fig. 8.2 No x5 in off-diagonal block above and across from a diagonal block of type
Equation (8.2)

[ z1 22 a3 o T4 fp g s b ¢ d e
—T2 T1 o —T3 —T4 q-p s-r ¢ —b e —d
—r3 —a T1 T2 —4 r—s—-p q d —e —=b ¢
—a x3 —T2 T T4 —-s—r q p—e —d c b| _
—T4 T1 To X3 —Q o~ f g9 h 7 k £ m viY
T4 -T2 T1 —Q —3 g—f j-h £ —k v-m
T4 —xr3 « T1 X9 h—j—f gm —v—-k [/
L T4 « x3 —T2 X1 l—j—h g f-v—-m € k]
] ! v ! ]
-p—q-r s —f—-g —h r1 x2 w3 B 14
-g p s v —g f j h —z2 71 fB -3 x4
—-r—s p—q —h—j f—g —x3 —f w1 X2 T4
vT_|=8 r—=q¢ p —=j h —g-—f —B w3 —x2 11 x4
Y' = b——c—-d e -k —t-—m v| —x4 112 T3 —f
—c b e d 4 kK v m T4 —xo T1 B —x3
—d—-—e b—c—m-v k —¢ T4 —x3 B x1 X2
l—e d —c—-b —v m —{ —k] L —x4 Paxsz —z2 X1
2
t=gq,
m=r,
V= —S;
i.e., we have
p qr sbcde
etc. etc.
Y:
etc. etc.
—ed—cbls—rq—p

If we consider the inner product between the two rows and recall that none
of p, q, 1, 8, b, ¢, d, or e=0, we find that +z5 ¢ {p, ¢, r, s, b, ¢, d, e}.

Now, the it diagonal block of type (8.2) has four (as yet) undetermined
entries, and we have seen that one of them must be +x5. If there are four (or
more) blocks of type (8.2), then in two of them x5 (up to sign) must occupy
the same position. We shall assume that occurs in the i*" and j*" diagonal
blocks and write them (along with the (i,7)*" and (j,7)" off-diagonal blocks)
in Figure 8.3.

Now, suppose 81 and (2 are each +x5. Considering rows 1 and 9 of Figure
8.3 we find Bic+ B2c=0, i.e., 1 = — 2, but considering rows 1 and 11 we find
—p1e+ B2e =0, i.e., 1 = P2. This contradiction establishes that 51, S2 cannot
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Fig. 8.3 Four (or more) blocks of type (8.2), x5 must occupy the same position in two
of them

1 w2 w3 a1 T4 P11 01 T'p g r s b ¢ d €]
—x2 x1 o1—x3 P1—x4 01 -1 qg—p s—r c—b e—d
—x3—0a1 Tl T2 71 —01—z4 [ r—s—p q d—e—b ¢
- xz—wz w1 —6i-m P w4l —s—r q p—e—d c b
—x4—f1-m 61 T1 T2 T3—Q1 b—c—d e—p q r-—s
-1 x4 d1 y1—T2 T1—Q1 —T3 —c-b e d q p—s—r
71 =01 T4—f1—-T3 o1 T1 T2 —d—e—-b—c r s p ¢
| =01 m —B1—x4 a1 3 —T2 T | l-e d—c b s—r q-—p]
7 ) )
—-p—q-1r s—b c d €] [ x1 z2 x3 a2 w4 P2 7y2 62
—q p s r c b e—d —x2 X1 ag—x3 P2—x4 02 —72
—-r—s p—q d—e b c —z3—ag 1 X2 Y2 —02 —xa o
—s r—q p—e—d c—b |2 T2 I —02 —v2 P2 x4
—b—c—d e p—q—7—s5 —x4 —f2 —y2 2 1 T2 XT3 —Q2
—c b e d—q—-p—s r —B2 x4 2 Y2—x2 T1—a2 —3
—d—e b—c—r s—p—q —v2 =02 x4 —P2—2x3 a2 x1 T2
—e d—c—=b s r—q p] | =02 Y2 —P2—x4 a2 x3-—x2 1|

both have absolute value x5. A similar argument gives the same conclusion
for Y7 and Y5, Ay and As, and o and a. This then completes the proof. O

It is possible to use Robinson’s Theorem to obtain many other non-existence
results. We give just two illustrations.

Corollary 8.1. There do not exist amicable orthogonal designs of type
AOD((1,1,m—2);(1,m—1)) in any order m > 10.

Proof. 1f there did, we could use Theorem 6.1 (i.e., a product design of type
PD(4:1,1,1,;1,1,1;1)) to obtain an orthogonal design in order 4m > 40 of
type (1,1,m—2,1,1,1,m—1,m —1,m — 1), contradicting Theorem 8.2. |

Note. This shows how difficult it is to obtain “full” amicable orthogonal designs
which have several 1’s in their types.

Corollary 8.2. There is no product design of type PD(n;1,1,n—3;1,n—2;1)
in any order n > 20.

Proof. If there were, Construction 6.1 would contradict Robinson’s Theorem.
O

Remark 8.1. This corollary shows how special the product designs constructed
in Examples 6.2, 6.3 and Theorem 6.1 really are.
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Table 8.1 An OD(32;1,1,1,1,1,12,15) ®

abesdtse
basctdes
csabsedt
scbaestd
dtseabes
tdesbasc
sedtcsab
estdscha
s5ttsstt
55ttsstt
tt5sttss
ttssttss
s5tt55tt
55ttsstt
ttssttss
ttssttss
555stttt
5s55tttt
Sssstttt
55s5tttt
ttttssss
tttt55s5
tttt555s
ttttssss
tsttttst
stttttts
tttssttt
ttsttstt
tsttttst
stttttts
tttssttt
ttsttstt

Ssttsstt
ssttsstt
ttssttss
tt55tt55
S5ttsstt
Ssttsstt
ttssttss
ttssttss
abcsdset
bascsdte
csabelds
scbatesd
dsetabes
sdtebasc
eétdsesab
tesdscba
tttttsst
ttttstts
ttttstts
tttttsst
tssttttt
sttstttt
Sttstttt
t55ttttt
tst5stst
ststtsts
tstsstst
st5ttsts
ststtsts
tstsstst
ststtsts
tstsstst

sssstitt
s55stttt
5855ttt
$ssstitt
tttt5sss
ttttssss
ttttssss
ttttssss
tttttsst
ttttstts
ttttstts
tttttsst
tssttttt
sttstttt
sttstttt
tssttttt
abcesdest
bascedts
csabstde
scbatsed
destabes
edtsbasc
stdecsab
tsedscba
t5sttsst
Sttsstts
sttsstts
tssttsst
sttsstts
t5sttsst
tssttsst
sttsstts

tstttstt
Stttsttt
tttsttts
ttstitst
ttstttst
tttsttts
stttsttt
tstttstt
tstsstst
Ststtsts
tstsstst
ststtsts
ststtsts
tstsstst
st5ttsts
tstsstst
ts5tstts
sttstsst
sttstsst
ts5tstts
tsststts
Sttstsst
Sttstsst
t5ststts
abedests
badcsest
édabtses
dcbastse
estsabed
sestbadc
tsesedab
stsedeba

“_Kharaghani and Tayfeh-Rezaie [122, p317-324]
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Table 8.2 An OD(32;1,1,1,1,1,9,9,9) ¢

abesdute SsSstttt ututtutu — SUUSSUUS
bascudet  sssstttt  tutuutul — ussuussu
ésabtedu — §ssstttt  ututtutu — uSsuussu
scbaetud ~ s555tttt  tutuutut — sUuUSSUUS
dutéabes — tittssss — tutuutul — suuSsuus
udetbasc  ttttssss  ututtutu — USSuUUSSU
teducsab  tttt5s55  tutuutul  uSsuussu
etudscba ttttssss dtuttuta  suussuus
s5s5tttt  abcsdten  ussusuus  uuttuutt
Sssstttt basctdue  Suusussu  uuttuultt
s8sstttt  ésabeudt  suusuSsu  ttuuttuu
sssstttt schauetd —ussusuus  ttuuttuu
tttts5ss dteuabes  Sutisussu  tuuttui
ttttssss tdueébasc wussusuus ttuuttuu
{titssss  eudlésab  uSsusuus — uuttuult
ttttssss  wuetdscba  suusussu  uuttuutt
atuttutu  ussusuus  abctdesu sttstsst
tutuutut — suusussu batcedus tsststts
ututtulu — SuuSuSsu  ctabsude — tsststts
tutuutut  ussusuus  tcbaused Sttstsst
tutuutut — suusussu  desuabct  Sttstsst
ututtutu  uSsusuus eduSbatc — tsststts
tutuutut — ussuSuus  Sudectab  tsststts
Gtuttutu — suusussu  uSedtcba  Sttstsst
suuSsuus  uuttttuu  Sttsstts  abedeuts
ussuussu  uuttttuu tss5ttsst badciuest
uSsuussu  ttuuuutt  tssttsst  edabtseu
sutissuus  ttuwuutt — 5ttsstts  dcbastue
suussuus  uuttttun — tssttsst  eutsabed
uSsuusSsu  uuttttuu sttsstts uestbadc
ussuussu  ttuuuutt  Sttsstts  tseucdab
suussuus  ttuuuult — tSsttsst  stuedeba
a_Kharaghani and Tayfeh-Rezaie [122, p317-324] @Elsevie_r
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Table 8.3 An OD(40;1,1,1,1,1,35) *

abcsdsse
bascsdes
csabseds
scbaessd
dsseabcs
sdesbasc
sedsésab
e3sdscba
55555558
555558588
58585558
55555558
55555588
55555588
5585558588
55555588
55555558
55555588
55555858
55555588
55555558
55555588

55555588
55555588
55555588
55555588
55555588
55555588
55555588
55555588
55555558
55555588
555585588
555585588
55555588
55555588
55555858

55555588
558558588
558855588
558558585588
55555588
55558588
555558558
558555558
abcsdses
bascsdse
ésabesds
scbasesd
dsésabes
sdsebasc
esdsesab
sesdseba
558555588
55555588
55585558
55555588
55555588
55555558
555585888

55585558
558555558
555558588
558558558
555858588
55555588
55555588
555558558
55555558
55555588
55585558
555585588
55555588
555585588
55555588
55555588

55555588
55555558
S555888S
55555558
55555588
55555588
555555888
555885588
55555588
55555588
55555588
55555588
55555558
55555558
55555588
abcsdess
bascedss
ésabssde
scbassed
dessabcs
edssbasc
55decsab
ssedséba
558558558
55555588
55555588
55555588
55555588
55555588
555555888
55555558
55555588
55555588
555585588
55555588
55555588
55555588

55555588
55555588
55555588
55555558
55555558
55585888

55585858
55555588
55555558
55555558
S$5555558S
55555588
55555588
55555558
855885888
55555558
55585555
55555558
55555588
555555858
55555588
55555558
abedesss
badcsess
édabsses
dcbassse
esssabed
Sessbadc
sSesédab
sssedeba
55555558
55555558
55555588
555558588
55555588
55555558
55555858
55555558

55555588
S$555558S
55555588
85585858
S$555558S
55555588
55555858
S$5555588
55555588
55555588
55555588
55555558
55555588
55555588
S$555558S
S$5558558S
S$5558558S
S$55555858
S$5555588
55585858
55555588
55555588
555555888
555555555
555558588
55555588
55555588
abcedsss
baecsdss
ceabssds
ecbasssd
dsssabce
sdssbaec
Ssdsceab
55sdecha

a_Kharaghani and Tayfeh-Rezaie [122, p317-324] ©Elsevier
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