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Preface

Problems concerned with the structure and existence of various kinds of
matrices with elements from 0,1,-1, for example, Hadamard matrices and their
generalization to weighing matrices, have long been of interest to workers in
combinatorics and also applied statisticians, coding theorists, signal processors
and other applied mathematicians. A first volume, “Orthogonal Designs:
quadratic forms and Hadamard matrices” (Ed 1), was written jointly by
Anthony V. Geramita and Jennifer Seberry and published by Marcel Dekker
in 1979, but never reprinted. This 1979 volume, devoted to a ground-breaking
approach, illuminated the connections between these various kinds of matrices
and exposed new connections with several other areas of mathematics. The
current volume, “Orthogonal Designs: Hadamard matrices, quadratic forms
and algebras”, is the revision and update of the initial volume created using
research theses and papers written in the intervening years. This more recent
research has led to new ideas for many areas of mathematics, signal processing
and non-deterministic computer programming in computational mathematics.
These approaches are through the investigation of orthogonal designs: roughly
speaking, special matrices with indeterminate entries.

Originally this subject had been discussed in our research papers and those
of our colleagues and students. The discovery of the intimate relationship
between orthogonal designs and rational quadratic forms had not appeared
in print before 1973. The finding of numerous constructions and interesting
objects that appeared fundamental to the study of Hadamard matrices (and
their generalizations) finally prompted Geramita and Seberry to look afresh
at the work that had already appeared. They recast their work and their
collaborators and students in the light of their new discoveries. This present
updated and new work continues the previous book and introduces more
recent material by collaborators, colleagues and students. It leads to new
algebras, techniques and existence results.

As will be clear in the text, orthogonal designs is a heavy “borrower” of
mathematics. The reader will find us using results from, for example, algebraic
number theory, quadratic forms, difference sets, representation theory, coding
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theory, finite geometry, elementary number theory, cyclotomy, the theory of
computation and signal processing. The reader is not expected to be conversant
with all these areas; the material is presented in such a way that even the
novice to these areas will understand why and how we intend to use the
results stated, even if the proofs in some cases remain a mystery. In those
cases where detailed explanation would take too long, references are given so
the interested reader can fill out their background. Thus the original volume
and this volume can be profitably read both by experts and by people new to
this area of discrete mathematics and combinatorics.

To dispel any notion that this book closes the area for further research,
many problems are highlighted, all unsolved, and directions in which further
research is possible are suggested. These problems vary in depth: some are
seemingly very simple, others are major.

Some comments on how this volume is organized: the organization is,
in part, directed by the Janus-like features of the study. In the first three
chapters, which largely remain untouched and are heavily underpinned by the
farsighted work of Anthony V. Geramita, the nature of the problem at hand is
described, and some remarks made on the ingredients of a solution. After some
preliminaries, a rather deep foray is made into the algebra side of the question.
In broad terms, the algebra there described allows us to identify the first set
of non-trivial necessary conditions on the problem of existence of orthogonal
designs. Chapter 4 concentrates, and with the necessary conditions as a guide,
on attempts to satisfy these conditions. Many different methods of construction
are described and analysed. Chapter 5 focusses on one of these construction
methods and analyses it in detail, both algebraically and combinatorially.
Here again, the interplay between classical algebra and combinatorics is shown
to have striking consequences. Chapter 6 deeply studies two construction
methods introduced but not analysed in the original book. The result is new
algebras which have been developed to encompass these combinatorial concepts.
Chapter 7 deviates to give some of the theory and existence results for areas of
number theory and discrete applied mathematics which have proved, over the
past forty to fifty years, to have been somewhat forgotten by those not studying
orthogonal designs. In Chapter 8 a very strong non-existence theorem for
orthogonal designs is proved. The “Asymptotic Hadamard Existence Theorem”
and related wonderful asymptotic consequences and questions, which are
central to Chapter 9, are due to a number of authors. Chapter 10 reminds
us that we have not finished with number theoretic consequences and other
combinatorial features of orthogonal designs by commencing the study of
non-real fields. Finally, in the Appendices, we tabulate numerous calculations
we have made in specific orders.
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Chapter 1
Orthogonal Designs

An orthogonal design of order n, type (s1,...,5¢), denoted, OD(n;s1,...,5¢),
s; positive integers, is an n X n matrix X, with entries from 0,+x1,...,£txy
(the x; commuting indeterminates) satisfying:

0
Xx'T= <Zsi$?> I,.
=1

Alternatively, each row of X has s; entries of the type +x; and the rows
are orthogonal under the Euclidean inner product.

We may view X as a matrix with entries in the field of fractions of the
integral domain Z[xzy,...,xy], (Z the rational integers), and then if we let f =
Zle sixf, X is an inversible matrix with inverse 2 X '. Thus, X ' X = fI,,,
and so our alternative description of the rows of X applies equally well to the
columns of X.

The task to which this text is addressed can be simply described as follows:

Find necessary and sufficient conditions on the set of integers n;si,..., sy
such that there exists an orthogonal design in order n of type (si,...,s¢),
OD(n;s1,...,8¢)-

The generality of the question is such that it includes many other problems
which have been extensively studied and provides an umbrella under which
these problems may be considered simultaneously. Also, in this generality
the connections between these classical combinatorial problems and some of
the great mathematics of the past century are illuminated. More particularly,
the general approach shows the close connection the combinatorial problems
studied have with the classification theorems of quadratic forms over Q, the
rational numbers. These classification theorems, largely the work of Minkowski,
are among the few complete mathematical triumphs of this century. The fact
that a partial solution to our general question is embedded in this beautiful
theory gives us hope that there will now continue a deeper investigation
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2 1 Orthogonal Designs

of these combinatorial problems and the still unresolved problem of the
classification of quadratic forms over Z.

1.1 Generalities on Hurwitz-Radon families
to prove that there exist orthogonal designs
of type (1,1,...,1)

If X is an OD(n;s1,...,8¢) on the indeterminates x1,...,2,, we may write:
X:Alxl—l----—l—Agl‘[ (1.1)

where the A; are 0,1,—1 matrices of size n x n. If we let Ax B denote the
Hadamard product of the matrices A and B (the (7,5) entry of this product
is the product of the (4,5) entry of A with the (¢,7) entry of B), then the fact
that the entries in X were linear monomials in the z; (or zero) gives us

(i) Ai*Aj =0 le#]
If we write out the fact that X X T = Zle 8,721, using (1.1), and com-
pare coefficients, we find that:
(i) AA] =sil, 1<i<{,
(i) A;A] +A4;A] =0,1<i#j <L

We can obviously reverse this procedure, and we state that precisely.

Proposition 1.1. A necessary and sufficient condition that there exists an
OD(n;s1,...,8¢), is that there exist matrices A1, ..., Ay, satisfying:

(0) the A; are 0,1,—1 matrices, 1 <i <{:
(Z')Ai*_z?j =0 for1<i#j<{:

(ii) AiA] = s;I,, 1<i<(:

(iii) AiA] + AjAT =0, 1<i#j <L

The first focus of our attack on the general problem concerns the maximum
number of distinct variables that can appear in an orthogonal design of order
n.

The last proposition shows that if the orthogonal design involves ¢— vari-

ables, we get a collection of ¢ matrices, Aj,..., A, satisfying (0)—(iii). Form
the real matrices B; = %AZ Then the B; satisfy

(a) BB =1,,1<i</,
(b) BiB] +B;jB =0,1<i#j<t.

If we normalize the collection By, Bs,..., By by multiplying each member,
on the right, by B{ and let C;, = B;B], then C; = I and the remaining
Ca,...,Cy are orthogonal, anti-commuting, skew-symmetric matrices, as is
easily checked.
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The question: How many real orthogonal anti-commuting skew-symmetric
matrices there can be in order n is a question that was completely settled
in the early twentieth century by J. Radon [162]. Radon’s work (extending
earlier work by A. Hurwitz [111]) was centred around a proposition concerning
the composition of quadratic forms. The question Radon dealt with was given
n, find the maximal m so that

(@ a) Wi+ y) = [+ 4 L

where the f; are real bilinear functions of the x; and y;. We shall not go into
the connections between this problem and its relation to orthogonal matrices
here, but just shall be content to quote the relevant facts. For a discussion
of this Radon-Hurwitz problem, we suggest (Herstein [99], Curtis [38] or
Lam [142]).

For ease in exposition we make the following definition.

Definition 1.1. A family A;,..., A of real orthogonal matrices of order n
satisfying:

(1) A;=—A], 1<i<s,
(2) AjAj=—AjA;, 1<i#j<s,

will be called a Hurwitz-Radon family (H-R family).

Now if an n is a positive integer, write n = 2%b, b odd, and then set
a=4c+d,0 <d < 4. If we denote by p(n) the number 8c+ 2%, the main
theorem of Radon [1] states:

Theorem 1.1. (1) Any H-R family of order n has fewer than p(n) members.
(2) There is an H-R family of order n having exactly p(n) —1 members.

We thus immediately have:

Corollary 1.1. The mazimum number of variables in an orthogonal design
of order n is < p(n).

Unfortunately, Radon’s theorem is not suitable, directly, for use with
Proposition 1.1 since we need 0,1,-1 matrices.

If, however, we look for integer H-R families, this will automatically give us
0,1,—1 matrices, since an integer orthogonal matrix can only have entries from
0,1,—1. The fact that (2) of Theorem 1.1 could be improved in this direction
was noted independently by Geramita-Pullman [78] and Gabel [62].

We need to make a few remarks about the function p(n). First observe
that when n = 2%b, b odd, then p(n) = p(2%). Let ny = 24513, ny = 24(s+1),
ng = 24D+ — 945+ D)+2 ap(g g = 24(+DH3; then
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We shall assume that the reader is familiar with the elementary properties
of tensor products for matrices (see Marcus and Minc [151] or Kronecker).

01 01 10
Let A= [_1 0] p= L O} Q= {0 _J |
Proposition 1.2. (a) {A} is an H-R family of p(2) — 1 integer matrices of
order 2.
(b)) {A®I2,P®A,Q® A} is an H-R family of p(4) — 1 integer matrices of
order 4.
(c){I2@A®I, LPRA QRQRA, PRQOQ®A, AQRP®R®Q, A P®QP,
ARQ® Iz} is an H-R family of p(8) — 1 integer matrices of order 8.

Proof. A tedious check using the symmetries of A, P, and I» and the be-
haviour of these symmetries with respect to ®. ]

Theorem 1.2. There is an H-R family of integer matrices of order n having
p(n) —1 members.

Proof. The proposition above handles the cases n = 3t,4t,8t,t odd (just tensor
with I}). The reader may easily verify that if {M,..., M} is an H-R family
of integer matrices of order n, then

(1) AR L,UQ®M,;|i=1,...,s is an H-R family of s+ 1 integer matrices of
order 2n.

If, in addition, {L1,..., Ly} is an H-R family of integer matrices of order k,
then

Q) {PR,OM; |1<i<stU{Q®L;®1I,|1<j<m}U{A®I,;} is an H-R
family of s+m+ 1 integer matrices of order 2nk. O

Let n1,...,n5 be as before 1.2, and we may proceed by induction: Starting
with the fact that (c) in 1.2 gives us the case ny = 23. (Note that the nature
of p(n) allows us to only consider n = 2¢).

Now (1) gives us the transition from nj to ng; if we now use (2), letting
k=mni1,n=2 (and hence by (a) of 1.2, s = 1), we get the transition from n;
to ng. We then use (2) (this time with (b) and (c¢) of the Proposition) to get
the two remaining transitions nj to ng4, n1 to ns. That completes the proof.

To apply this theorem to orthogonal designs, we need one observation. If
A, B are two members of an integral H-R family, then A and B are each
{0,1,—1} matrices and A B = 0. The orthogonality of A (and B) and the fact
that the entries are integers shows immediately that A and B are {0,1,—1}
matrices with precisely one non-zero entry in each row and column. From the
anticommutativity of A and B it follows that (A+ B)(A+ B)T =21, and so
A+ B has exactly two non-zero entries in each row and column, and hence
Ax B =0. With the aid of 1.1, we sum this up by stating:

Theorem 1.3. Given any natural number n, then

(i) any orthogonal design in order n can involve at most p(n) variables;
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(ii) there is an orthogonal design in order n involving p(n) variables.

Proof. Only (b) requires a small comment. If Ay,...,A,;)_1 is an integral

H-R family of order n then {I,,A1,...,A,u,)—1} is a family of matrices

satisfying the conditions of Proposition 1.1 and gives an orthogonal design of

type 1,1,...,1 in order n. ]
———

p(n)—tuple

Thus, we have found the restrictions that must be placed on the number of
variables in an orthogonal design, and we may rephrase our original question:
Given n and ¢ < p(n), find necessary and sufficient conditions on {si,...,s¢}
such that there exists an OD(n: s1,...,8p).

Remark 1.1. In cases n =2, or n =4, they come from the usual representations
of the complex numbers and quaternions in 2 x 2 and 4 x 4 matrices respectively.
For n = 8 the matrices are derived from the usual method of describing the
multiplication table for the Cayley numbers (see, for example, Schafer [173]).



Chapter 2

Some Algebraic and Combinatorial
Non-existence Results

In this chapter we intend to explain some easily obtained non-existence
theorems for orthogonal designs. Many of these results will be generalized in
later chapters, but we feel that these simpler special cases will give the reader
an idea as to how the subject developed and what sorts of propositions might
be expected.

2.1 Weighing Matrices

To help in the development, and because of independent interest, we make a
new definition.

Definition 2.1. A weighing matrix of weight £ and order n is an n x
n {0,1,—1} matrix A such that AAT = kI,,. (Note: ATA=AAT =kI,).

Such matrices have already appeared naturally as the “coefficient” matrices
of an orthogonal design. (See Raghavarao [163] or [164] for why these are
called weighing matrices and why there is interest in them by statisticians.
See also J. Wallis [232].) We shall refer to such a matrix as a W(n,k).

Hadamard [95] showed that H(n) = W(n,n) only exist if n =1,2, or =0
(mod 4). It is an easy exercise to show:

Proposition 2.1. In order that a W(n,n) exist, n=1,2 or 4|n.

The proof uses, in an essential way, the fact that entries in an Hadamard
matrix are {£1}, and the statement would be false without that, since
(319)(319) T = 91y, for example.

Now, when n is odd, p(n) =1, and an orthogonal design on one variable is
nothing more than a weighing matrix.

We shall next attempt to find some necessary conditions on the type of an
orthogonal design in order n. We shall only consider a few special cases here:
namely, n odd and n = 2b, b odd. We shall come back to the general problem
later.
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8 2 Non-existence Results

2.2 Odd Order

We have already seen that p(n) =1, and we need only consider orthogonal
designs on one variable, that is, weighing matrices.

Proposition 2.1 already tells us something: If n is odd and a W (n, k) exists,
then k # n.

Proposition 2.2. If X is a W(n,k), n odd, then k = a? for some a € Z.

Proof. More generally, if X is a matrix of odd order n with rational entries
and XX T = ¢I,, then ¢ =r? with r € Q; for det(X)? = ¢ and since ¢" is
a square and n is odd, ¢ is already a square. The proposition follows from
the observation that if an integer is the square of a rational number, it is the
square of an integer. O

This proposition by itself does not to begin to tell the whole story in odd
order, as the following example shows:

Ezample 2.1. There is no W (5,4).

The property of being a weighing matrix is unaffected by row (or column)
permutations. Multiplications of a row (or column) by —1 also does not affect
the property of being a weighing matrix. Thus, there is no loss in generality if
we assume a W (5,4) has first row [11110]. The inner product of rows 1 and
2 of our matrix is zero, and so there are an even number of non-zero entries
under the 1’s of the first row. There must, then, be a zero in the second row,
last column. This then allows only three non-zero entries in the last column;
a contradiction.

This example can be generalized.

Proposition 2.3. Ifn is odd, then a necessary condition that a W (n, k) exists
is that (n—k)? —(n—k) >n—1.

Proof. (We are indebted to P. Eades for this proof, which is much more
illuminating than the proof we gave in Geramita-Geramita-Wallis [77].)

We start with a preliminary observation: If M is an n xn {0,1} matrix
with exactly k non-zero entries in each row and column, and if we number
the rows of M by r1,...,7y,, then, for any 1 < j <n,

7’7;~’I"j:k327k (21)

I

i=1
1#]

To see this let J be the n x n matrix of ones. Then MJ =kJ = M ".J, and
hence MM T.J =k2J, and so
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n
E Ti-T5 = ]f2
i=1

Since r; -r; = k, equation (2.1) is then clear.

To see the relevance of this observation, suppose n is odd and W is a
W(n,k), and set X =W« W. Then X is a {0,1}-matrix with exactly k& non-
zero entries in every row and column. An additional fact about X is that the
inner product of any two of its rows is even.

Let Y =J — X, and note that Y has exactly n — k non-zero entries in every
row and column and, since n is odd, the inner product of any pair of rows of
Y is odd and so > 1.

Applying our preliminary observation to Y, we obtain (n—k)? — (n —k) >
n—1, as was to be shown. O
Remark 2.1. We conclude that W(5,4), W (11,9), W(19,16), W (29,25),
W (41,36), and so on, do not exist. This remark does not exclude W (7,4),
W (13,9), W(31,25),...,W(111,100), among others.

This proposition is far from the last word on non-existence, as the following
example shows:

Ezample 2.2. There is no W(9,4). (This proof is due to J. Verner.)(Note that
here we do have (n—k)? —(n—k)=52-5=20>8=n—1).

We now consider W (2¢+1,t) for integers ¢ > 2. We see that
(n—k)??—n-k)=@t+1)*—(t+1)=t>+t >2t=n—1
but using Verner’s method we have

Lemma 2.1. There does not exist a W =W (2t+1,t) fort > 2 (although a
W (2t+1,t) satisfies the known necessary conditions for t, a square).

Proof. We use ‘e’ to denote an even number of elements and ‘o’ to denote
an odd number of elements. We notice that orthogonality requires that an
even number of non-zero elements overlap in any pair of rows. We use ‘z’ to
denote a non-zero element.

We permute the rows and columns of W until the first row has its first
k elements +1. We permute the columns so the second row has non-zero
elements first. Similarly and other row can be permuted so its first elements
are non-zero.

Let k£ be odd. Thus diagrammatically any three rows are
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Thus it is always possible to force the last column to contain a zero. Again the
last column is all zeros which contradicts the definition of a weighing matrix.

Problem 2.1 (Research Problem). What other restrictions can be found
for the non-existence of W(n,k) k odd?

Let k be even. Thus diagrammatically any three rows are

1. 1 0. . 0

T ..... z0..... 0x..... z0..... 0

z..20..0x...20...0 z...20...0x...20...0
e e e e [ [ e o

Thus it is always possible to force the last column to contain a zero. Thus
the last column is all zeros which contradicts the definition of a weighing
matrix. O

The “boundary” values of proposition 2.3 are of special interest, that is,
when n = (n—k)2 — (n—k) +1. An inspection of the proof shows that if A
is a W(n,k) for such an n and k and if we set B=J — Ax A (where J is the
n x n matrix of 1’s), then BBT = (n—k —1)I,, +.J; that is B is the incidence
matrix of a projective plane of order n—k —1 (see Hall [97]).

Thus, for example, the existence of W (111,100) would imply the existence
of a projective plane of order 10. Lam showed the projective plane of order 10
does not exist [141]. We shall not go into projective planes here but will sum
up this discussion by stating:

Proposition 2.4. A W(m? +m+1, m?) exists only if a projective plane of
order m exists.

It is worth mentioning now, and we shall prove in Section 4.4, that for those
m where it is currently known that a projective plane of order m exists, then
it is also known that a W(m? +m+1, m?) also exists. It is hard to believe
that the additional structure in a weighing matrix will not make its existence
more difficult than the existence of a projective plane, yet there is no evidence
to the contrary. Clearly the existence problem for W (m? +m+ 1, m?) merits
considerable attention.

There is little more we can do to the non-existence problem for weighing
matrices of odd order, and so we shall leave that subject now. This last
tantalising connection between weighing matrices of odd order and projective
planes has made us wonder what other combinatorial structures may be
related to the non-boundary values of Proposition 2.3. This area is wide open
for further study.

We have seen that p(n) =2 in this case, and so our investigation of
orthogonal designs in these orders must centre about one-variable designs
(that is, weighing matrices) and two-variable designs.
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For our first theorem in these orders, we shall need a classical theorem about
quadratic forms. The theorem can be stated for matrices without any reference
to quadratic forms, however, and since we intend to come back to quadratic
forms later, we shall for now just state the theorem in its unmotivated form.

Definition 2.2. Let R be any commutative ring with identity, and let A, B
be two n X n symmetric matrices with entries in R. We say that A and B
are congruent if there is an invertible matrix P, with entries in R, such that
PAPT =B.

Notation: If A is an n x n matrix over the ring R and B is an m X m matrix
over R, then A® B is the (n+m) x (n+m) matrix [4 %] where 0 stands for
the appropriate-sized matrix of zeros.

Theorem 2.1 (Witt Cancellation Theorem). Let F' be a field of charac-
teristics # 2, and let A and B be symmetric n X n matrices over F. Let X
be any symmetric matriz over F'. If A® X is congruent to B&® X, then A is
congruent to B.

Proof. See Lam [142]. O
We now apply this to orthogonal designs.

Theorem 2.2 (Raghavarao-van Lint-Seidel). Let n =2 (mod 4), and
let A be a rational matriz of order n with AAT =kI,,, k€ Q. Then k =

Q% +q%a q1,q92 € Q

Proof. (This theorem was first provided by Raghavarao in [163] and another
proof later given by van Lint-Seidel in [150]. The proof we give here is different
from both and is based on a suggestion of H. Ryser [171].)

It is a well known theorem of Lagrange that every rational number is the
sum of four squares of rational numbers, so let k = k% + k% + k‘% + kzi.

From the matrix

ki ke ks ks

—ka k1 —ks k3
—ks ka k1 —ke
—ky —k3 k2 k1

It is easy to check that
MM =kly. (2.2)

The hypothesis of the theorem asserts that
AAT =kI,,. (2.3)

Thus, from (2.2) we obtain that I, is congruent to ks over Q and from (2.3)
that I,, is congruent to kI, over Q.

By Witt’s Cancellation Theorem, applied ”T_Q times, and the fact that the
n=2 (mod 4), we obtain I3 is congruent to kIs over Q; that is, there is a
2 x 2 rational matrix B such that BB = kI,. From this it is obvious that k
is a sum of two squares in Q. a
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Corollary 2.1. Let n =2 (mod 4). If X is

(a) a W(n,k) or
(b) an orthogonal design of type (s1, s2) in order n,

then each of k, sg,s2, s1+ s2 is a sum of two squares in Z.

Proof. (a) From the theorem we obtain that k is a sum of two squares
of rational numbers. It is a famous theorem of Fermat (see, for example,
Samuel [172]) that if n is an integer and n = c2d d square-free (c,d € Z), then
n is a sum of two squares of integers if and only if whenever p is a prime
and p|d, then p=2 or p=1 (mod 4). It follows easily from this that if an
integer is the sum of two squares of rational numbers, then it is the sum of
two squares of integers.

(b) If X is OD(n;s1, s2), then X = A1 + Asxzo. Then A; is a W(n,s;),
and setting 1 =z =1 we find A; + Ay is a W(n,s1 + s2). The result now
follows from (a). O

Proposition 2.5. Let n =2 (mod 4), and let A be a rational matriz of order
n satisfying:

(i) A=—AT;
(i) AAT =kI,,.

Then k=r?,rc Q.

Proof. Since AAT = kI,,, we have det = (k™)'/2. For n =2 (mod 4), 5 =s51is
odd. Now, since 4 is skew symmetric, det = ¢> where ¢ = Pfaffian of A (see
Artin [12]). Thus, ¢? = k*, and since s is odd, k =2 for some r = Q. O

Corollary 2.2. If n=2 (mod 4) and X is an OD(n;s1,82), then si1s2 is a
square in 7.

Proof. Let
X = All’l +A2[L’2;

then A;A] = s;I, and A1 AJ + A A] =0.
Let 1 1
S1 51

Then By = I, and B1 By + BoB{ =0; that is, By = — B, . Also, BoB; = $21,,.
Thus, by the proposition, % is a square in QQ; but then so is 5%(%) = 5189.
However, if an integer is the square of a rational number, it is the square of

an integer. 0O

So far, all the conditions that we have found necessary for the existence
of an orthogonal design in order n =2 (mod 4) have not depended on the
fact that the matrices we want should have entries {0,1,—1}. In fact, we have
proven half of the following:
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Theorem 2.3. Let n =2 (mod 4). A necessary and sufficient condition that
there exist two rational matrices A and B of order n such that AAT = q11,,,
BB" =qoI,,, and ABT + BAT =0 is that q1, qo each be a sum of two squares
in Q and that q1q2 be a square in Q.

Proof. We have already seen the necessity of three conditions, and so it
remains only to show that they are sufficient.

Write ¢1 = r%u, q2 = r%v where r1, 79 € Q u, v € Z, and u and v are square-
free. Since q1¢2 is a square, we obtain u = v. Since ¢; and g2 are each a sum
of two squares, we find that u = v = 52 +t2. Now ¢1 = (r15)? + (r1t)? and
q2 = (r25)2 + (rat)?.

Let
r1s rit | et ros| .
Ai= [rlt 7"15} ’ By = {7“25 Tgt:| '
then if n =2m, m odd, one easily checks that A= A, ® I,,, B=B1 ®I,, are
the required matrices. ]

We can get one additional fact from knowing that in an orthogonal design
the coefficient matrices are special.

2.3 Algebraic Problem

Proposition 2.6. If n =2 (mod 4), (n > 2) and X is an OD(n;s1,...,5¢)
then s1+ s2 <n.

Proof. If s1 + so =n, then by setting the variables in the design equal to one,
we would obtain an Hadamard matrix, that is, a W(n,n). This contradicts
Proposition 2.1. O

This last proposition says, for example, that there is no OD(10;1,9),
although the existence of such an orthogonal design would not contradict
Corollary 2.1 or Corollary 2.2.

2.4 Orthogonal Designs’ Algebraic Problem

It has already become apparent that two separate kinds of theorem are being
proved. If we glance back at the statement of Proposition 2.1, we see that
the existence of an OD(n;s1,...,8¢) depended on finding a collection of £
matrices, A1,..., Ay, satisfying two rather different types of conditions, which
we shall label combinatorial and algebraic; namely,

combinatorial (0) the A;are{0,1,—1}matrices, 1 <i </
conditions (i) AixA;=0,1<i#,
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algebraic o (ii) AiAiT =s;1,,1<1</
conditions (ifl) AA] +A;AT =0,1<i#j <L

When we looked at an orthogonal design in odd order (that is, a weighing
matrix), the algebraic conditions yielded the simple statement that the weight
had to be a square integer, while the combinatorial condition, in this case only
(0), turned out to be the more mystifying and to have the deeper significance
(re: the connection with finite projective planes).

In orders n =2 (mod 4) the algebraic conditions are somewhat more
substantial, and the only general combinatorial fact we know to date arose
from the simple result that (apart from order 2) a Hadamard matrix can only
exist in orders divisible by 4. In Geramita-Verner [82], by a rather tedious
and un-instructive argument, it is shown that there is no OD(18;1,16). This
fact is not covered by any general theorem and appears to us to be but the
tip of an iceberg, indicating what promises to be a rich source of possible
combinatorial relations. The entire question of what combinatorial facts
prohibit the existence of orthogonal designs in these orders =2 (mod 4) is
virtually untouched.

Theorem 2.3, however, opens up the possibility that the algebraic part of
the problem may be tractable. This turns out to be the case and will occupy
much of our efforts.

We state the algebraic problem after a definition.

Definition 2.3. A rational family of order n and type [s1,...,s¢], where the
s; are positive rational numbers, is a collection of ¢ rational matrices of order
n,Aq,..., Ay, satisfying:

(a) AiA;r =35;1,, 1<i<{;
(b) LA +A;A] =0, 1<i#j <t

Algebraic Problem: Find necessary and sufficient conditions on n and
$1,.-.,5¢ in order that there exists a rational family of order n and type
($1,-..,80)-

Clearly, an orthogonal design gives rise to a rational family, but the con-
verse is obviously not true. Nonetheless, if one wants to know if there is an
OD(n;s1,...,s¢) and one has proved there can be no rational family in order
n of type [s1,...,5¢], then ones knows there can be no orthogonal design of
that order and type.

We may, in fact, rephrase many of the results so far proved for orthogonal
designs in terms of rational families. For example, we have proved:

Proposition 2.7. A rational family in order n cannot consist of more than
p(n) members; furthermore, there are rational families in order n consisting
of £ members for every £ < p(n).

Proof. Examine the discussion after Proposition 1.1 and the proof of Theorem
1.1. O
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We have also shown:

Proposition 2.8. A necessary and sufficient condition that there exists a
rational family of

(a) type [s] in order n, if n is odd, is that s be a square in Q.

(b) type [s] in order n, if n=2 (mod 4), is that s be a sum of two squares in
Q;

(c) type [s1,s2] in order n, if n =2 (mod 4), is that s1s2 each be a sum of
two squares in Q and s1s9 be a square in Q.

We shall pursue this algebraic problem in greater depth in the next chapter.
For now we shall concentrate on trying to find other combinatorial facts about
orthogonal designs.

2.5 Geramita-Verner Theorem Consequences

The major combinatorial result so far found is motivated by the following
theorem.

Theorem 2.4 (Delsarte-Goethals-Seidel [39]). Let A be a W(n,n—1)
with the rows reordered so that the diagonal consists of zeros.

(a) If n =2 (mod 4), then multiplication by —1 of rows (or columns) of A as
necessary yields a matriz A with A= AT.

(b) If n =0 (mod 4), then multiplication by —1 of rows (or columns) of A as
necessary yields a matriz A with A= —AT.

Proof. See Delsarte-Goethals-Seidel [39]. O
This result may be generalized to orthogonal designs as follows.

Theorem 2.5 (A. Geramita-J. Verner [82]). Let X be OD(n;s1,...,5¢)
with Ele si=n-—1.

(a) If n =2 (mod 4), there is an OD(n;s1,...,5¢) where X has zero-diagonal
and X =XT.

(b) If n=0 (mod 4), there is an OD(n;s1,...,s,) where X has zero-diagonal
and X = —XT.

Proof. If necessary, reorder the rows (or columns) so that the orthogonal
design X has 0-diagonal. In this form if z1 (say) occurs in position (,7), i < j,
then position (j,i) contains +z7.

For suppose not, and assume, without loss of generality, that position (j,i)
contains £x2. Consider the various incidences between the i-th and j-th rows.
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Count all occurrences of (ii i), and assume there are t1 of these; similarly,
assume there are a total of ¢35 occurrences of (ii;) and (iif) and a total of
t3 occurrences of (iii) and (ii’;), k#1, 2.

Since rows i and j are orthogonal it follows that each of ¢1, t2 and ¢3 must
be even.

Observe also that these incidences account for all but one of the x,’s in
rows i and j, namely, that occurring as (7).

Thus, 2t1 +t2+1t3 = 2sy — 1, and this is a contradiction. ]

Now suppose n =2 (mod 4), and multiply rows and columns of the or-
thogonal design by —1, as necessary, so that each variable in the first row
and column appears with coefficient = +1. Call the resulting matrix X, and
replace every variable in it by +1 to obtain the W(n,n—1),

01 ...1
1° *

% .
1 0

By Theorem 2.4 part (a), multiplication of appropriate rows and columns
of this matrix by —1 will make it symmetric. However, as the first row and
column are already symmetric, it follows that the entire matrix is symmetric.
Hence, X = X T, as was to be shown.

For n =0 (mod 4), multiply the rows and columns of X so that each
variable in the first row appears with coefficient = +1 and each variable in
the first column appears with coefficient = —1. Call the resulting matrix X,
and set each variable = +1. The argument above, with Theorem 2.4 part (b)
implies X = —X .

Corollary 2.3. Let n =0 (mod 4). There is an OD(n;s1,...,s;) with
Zle s; =n—11if and only if there is an OD(n;1,s1,...,sp) with 1+Zf:1 8; =
n.

Proof. The sufficiency is evident.

To establish the necessity, one observes that in view of Theorem 2.5 part(b)
if there is an orthogonal design of the type described, then there is one X
where X = —X T on the variables z1,x,...,2¢. It is then easily verified that

Y =yl + X is an OD(n;1,51,52,...,5). a

Corollary 2.4. If n # 1,2,4,8, then there is a p(n)-tuple, (s1,...,5,(n)) with

si >0 and Zfiq) s; <n which is not the type of an orthogonal design of order
n.

Proof. If n is odd, n > 1, there is no W (n,2) since 2 is not a square.



2.5 Geramita-Verner Theorem Consequences 17

If n=2 (mod 4),n > 2, there is no orthogonal design of type (1,2) in order
n, by Corollary 2.2.

Solet n=0 (mod 4),n #4,8. In this case n— p(n) > 0. So we may consider
the p(n)-tuple (1,1,...,n— p(n). The sum of the entries in this tuple is n —1,
and so by Corollary 2.3 there is an orthogonal design on p(n)+ 1 variables.
This contradicts Theorem 1.3 part (a). O

The full strength of Corollary 2.4 will best be realised after the algebraic
question of orthogonal designs is dealt with in greater depth. We come back
to this theorem again at the end of the next chapter.



Chapter 3
Algebraic Theory of Orthogonal Designs

As we saw in the last chapter, it is possible to obtain some non-trivial necessary
conditions for the existence of orthogonal designs just by considering the
equations that the coefficient matrices of an orthogonal design must satisfy.
The ad-hoc procedures we give in the last chapter can, with difficulty, be
pursued further. However, these procedures quickly become inadequate. To
properly describe the solution to the “algebraic problem of orthogonal designs”,
it is necessary to discuss the theory of quadratic and bilinear forms. Only then
can the “algebraic problem” be put in proper perspective. It is possible to
highlight this theory fairly quickly, and we do that in this chapter. References
for all omitted proofs are included.

Following the general discussion of quadratic and bilinear spaces, we restrict
ourselves to the field of rational numbers and develop the theory of similarities
of a bilinear space in detail. It is in the study of similarities that the connections
with orthogonal designs is revealed.

The major source for this work is the Berkeley-thesis of Dan Shapiro [190]
and the papers Shapiro [192], [193], [194] and his subsequent unpublished
manuscript “Rational Spaces of Similarities”. Shapiro first pointed out the con-
nections between the problems we were studying and his work on similarities.
He subsequently solved the algebraic problem of orthogonal designs. Special
cases of the solution had first been given in Geramita-Geramita-Wallis [77],
Geramita-Wallis [81], and Wolfe [247], [248].

3.1 Generalities on Quadratic and Bilinear Forms

We recall here some elementary notion about quadratics and bilinear forms.
In addition to reminding the reader of these ideas, this introduction will serve
to establish the notation we shall use. Most proofs are omitted, and we refer
the reader to any of the following excellent sources for further information:
(Lam [142], Scharlau [174], O’Meara [159], Serre [189], Bourbaki [27]).
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Definition 3.1. Let k& denote a field and V' a vector space over k. A function
B:V xV — kis called a bilinear form if, for every v € V', the maps B, : V — k
and ,B:V — k, defined by B,(z) = B(x,v) and ,B(z) = B(v,z), are linear
maps. If, in addition, B, =, B for all v € V| then B is called a symmetric
bilinear form.

We shall be exclusively concerned with symmetric bilinear forms and so
shall usually drop the adjective “symmetric” when referring to them.

Definition 3.2. A function q:V +— k is called a quadratic form on V if

(i) q(av) = a?q(v), for all a € k, vvV, and
(ii) the map from V x V + k given by

(v1,v2) = q(v1 +v2) —q(v1) —q(v2)

is a (symmetric) bilinear form.

The pair (V,B) will be called a bilinear space, and the pair (V,q) will be
called a quadratic space. If k is a field of characteristic not equal to 2, these
two notions are intimately connected.

To see this, let (V,q) be a quadratic space, and define B, : V xV — k by
By(z,y) = (%)(q(a:—l—y) —q(z) —q(y)). Then By is a bilinear form on V by
definition of (V,q). Thus, to the quadratic space (V,q) we can make correspond
the bilinear space (V, By).

On the other hand, let (V,B) be a bilinear space, and define gg : V — k
by ¢p(x) = B(z,x). It is easy to see that ¢p is a quadratic form on V since
qp(ax) = B(ar,ar) = a?B(z,7) = a®qg(r) and the map from V x V — k
given by (z,y) — ¢p(z+vy) —gq(x) — ¢p(y) is a bilinear form.

It is not hard to show that these two processes are inverse to each other;
that is, given (V, B), form (V,¢p) and then construct (V, Bgz).

Then (V,B) and (V,By,;) are the same bilinear space; that is, B = By,.
To see this, observe that By, (z,y) = (3)(¢8(z+y) —gB(z) — qB(y)), where
g (v) = B(v,v). Thus,

1
Bu (o) = (3 ) (BG4~ Blo.2) - Bl = Bloa)

On the other hand, starting with (V,q), form (V,B,) and then (V,gp,).
Then (V,q) and (V,qp,) are the same quadratic space; that is, ¢ = ¢p,. To
see this, note that

08,0 = Byla) = ( 5 ) (e )~ a(2) ~ ) = ).

We shall now assume characteristic not 2 and thus, in view of the corre-
spondence outlined above, freely interchange the notions of quadratic and
bilinear space.
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3.2 The Matrix Formulation

Let V be a finite-dimensional vector space over k (say of dimension n), and
let {e;}, 1 <i<n, be a basis for V. If v € V and

n
v = Z €4,
i=1
then we shall denote v by the column vector

a1
= col(aq,...,an).

(&%)

Definition 3.3. If B is a bilinear form on V, then we form the n xn
matrix A = (a;;) as follows: a;; = B(e;,e;). It is easy to check that if
x = col(ay,...,an),y = col(B1,...,Bn), then B(z,y) =2 Ay (“T” denotes
matrix transpose). We call A the matriz of the form B with respect to the
basis {e;}. (Note that A is a symmetric matrix.)

If (V,q) is a quadratic space, then the matrix of ¢ with respect to the basis
{e;} is the matrix of B, (as defined earlier) with respect to the basis {e;}.

On the other hand, if V' is an n-dimensional vector space over k, with a
fixed basis {e;}, 1 <i <n, and A is any n x n symmetric matrix, then we
can define a bilinear form on V' by means of A. Namely, if z = col(az,...,an),
y=col(B1,...,0n), z,y €V, define a map from V x V  k by (z,y) — = | Ay.
This is clearly a bilinear form on V, and its matrix with respect to the basis
{e;} is clearly A.

Thus, for a fixed basis of V' the distinct bilinear forms on V' are in one-to-one
correspondence with the n x n symmetric matrices.

If (V,B) is a bilinear space and {e;},1 <i<n, and {e}}, 1 <i <n, are two
sets of bases for V, it is natural to ask how the matrices of B with respect
to each of these bases are related. The formulation turns out to be relatively
simple.

Let P be the (invertible) n x n matrix whose i-th column expresses the
coordinates of e; with respect to the bases {e;}. Then, if v € V and v =

col(ay,...,an) with respect to the basis {e;} then
oy ol
P = = :
an, al,

gives the coordinates of v with respect to the basis {e;}.
If we let A and A’ denote the matrices of B with respect to the bases {e;}
and {e}}, respectively, then it is easy to check that
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A=PTA'P (3.1)

Thus A and A’ are congruent (see Definition 2.2).

On the other hand, if (V, B) is a bilinear space whose matrix, with respect
to some basis, is X and if P is any invertible matrix, then Y = PT X P is also
the matrix of (V,B), but with respect to a different basis.

The notion of congruence is easily seen to be an equivalence relation on
the set of symmetric n X n matrices.

Definition 3.4. The bilinear space (V, B) is called non-degenerate if the map
from V +— V* (dual space) given by z+— B (z,—) is an isomorphism of vector
spaces.

In matrix terms, (v, B) is non-degenerate if the matrix of B with respect
to any basis is invertible, as is easily shown. (In view of equation (3.1), if the
matrix of B with respect to the one basis is invertible, so is the matrix of B
with respect to any basis.)

3.3 Mapping Between Bilinear Spaces

Let (V1,B1) and Va, Ba) be two bilinear spaces.

Definition 3.5. A linear transformation f : vy — Vo is called a similarity
with similarity factor o(f) € k if for any pair of vectors u,w € V; we have

Ba(f(u), f(w)) = o(f)Bi(u,w).

In matrix terms, if we choose bases for Vi and Vs, respectively, and, with
respect to these chosen bases, let A be the matrix for By, A’ the matrix for
Bs,and X the matrix for f, then

o(f)A=XTA'X.

If o(f) =1, then f is usually called a linear morphism, and if in addition
V1 =Va, fis called a isometry.

If (V, B) is non-degenerate, then the isometries of (V, B) form a group under
composition which is called the orthogonal group of the bilinear space. Also,
the similarities of a non-degenerate bilinear space, with non-zero similarity
factors, form a group. We shall investigate this in more detail later.

Finally, if (V,B1) and (V, Bs) are two non-degenerate bilinear spaces, then
(V,By) is isometric to (V, Bs) if and only if there is an isometry from (V, By)
to (V, Ba); equivalently, if and only if the matrices of By and Bg, with respect
to any basis of V, are congruent.
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Thus the classification of non-degenerate bilinear spaces of dimension n
over a field k (up to isometry) is equivalent to classifying the congruence
classes of invertible n x n symmetric matrices over k.

We shall spend some time in understanding this classification over a few
fields. In general, such a classification involves a deep understanding of the
arithmetic structure of k.

3.4 New Spaces From Old

Let (V,B) be a bilinear space, and let W C V' be a subspace. Then, since
B: W x W + k is a bilinear map, we may consider (W, B) as a bilinear space
in this way. The inclusion map from W to V is then a linear morphism. In
the same way, if (V,q) is a quadratic space, then ¢ |y : W — k is a quadratic
form on W and (W,q |w) is a quadratic space.

Let (V1,B1) and (Va, B2) be two bilinear spaces.

Definition 3.6. Let V =1V & V5; we make V into a bilinear space as fol-
lows: Let z,y €V, x =21 @9, y = y1 B Y2, 24, y;i € Vi, and define B(z,y) =
Bi(x1, y1) + Baxa, y2). It is easy to verify that (V,B) is a bilinear space,
and we call (V,B) the orthogonal sum of (V1,B1) and (Va,Bs) and write
(V,B) = (V1,B1) L (Vz,B2).

If (V,B) is any bilinear space, then way sat that x,y € V are orthogonal if
B(z,y) =0 and extend this definition to two subspaces V1,Va of V if every
vector in Vj is orthogonal to every vector in V;. In the orthogonal sum the
subspaces that we can naturally identify with V; and V> are orthogonal.

Now suppose that (V,B) is a bilinear space and that (U, B) and (W, B) are
subspaces which are orthogonal and U+ W = V. It is easy to see that:

Proposition 3.1. (V,B) and (U,B) L (W,B) are isometric bilinear spaces.

We may carry through this entire discussion for quadratic spaces by defin-
ing (V1,q1) L (Va,q2) = (V,q) by setting q(vi +v2) = q1(v1) +q2(v2) where
v; € V;. Tt is routine to check that (V,q) is a quadratic space and that the
correspondence between bilinear and quadratic spaces respects orthogonal
sums.

In matrix terms: If we choose bases for V7 and V5 and let A; be the matrix
for B; with respect to this basis of V; (i = 1,2), then, with respect to the basis
for V1 @ V5 obtained by taking the “union” of the two given bases, the matrix
of B (the orthogonal sum) is

A 0
4]

(Recall that this is the matrix we have denoted A; & As).
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There is one further construction we need to consider. As before, let (V1, By)
and (Va,B2) be two bilinear spaces and now set V =V; ® V5. We make V
into a bilinear space by defining B : V X V +— k to be the unique bilinear map
satisfying: B(u1 ®ug, w1 ®ws) = By (u1,w;)Ba(uz, ws), where u;, w; € V;, and
call this space the product of (V1,B1) and (Va, Ba).

In matrix terms: Let {e;}, 1 <7 <n, be a basis for V; and {f;},1<j <m,
a basis for V2. Suppose A = (a;;) is the matrix for By with respect to the
{e;} and C = (¢rs) is the matrix for B; with respect to the {f;}. Then, if we
consider the ordered basis for V73 ® V5 to be

{61 ®f17""el ®fm7“'76n®f17"-76n®fm}5
the matrix for B with respect to this basis is

a11C a12C a1y

an1 v a,mC

In similar fashion we can define the tensor product of quadratic spaces in
such a way that the correspondence between bilinear and quadratic forms is
respected (see Lam [142] for a complete discussion).

3.5 Bilinear Spaces Classification Theorems

We have already seen that the classification (up to isometry) of non-degenerate
quadratic or bilinear spaces of dimension n over a field k is equivalent to
classifying equivalence classes (under congruence) of invertible symmetric
n X n matrices over k.

Let k* denote the non-zero elements of k, and (k*)? the subgroup of squares
of k*. Then one invariant of a congruence class lies in the quotient group,
k* /(k*)2. More specifically:

Definition 3.7. If A is an invertible n x n matrix over k and det A = d, then
d € k*/(k*)? is called the discriminant of A and denoted discA.

A major step toward the classification of bilinear spaces is the following:

Theorem 3.1. If A is an invertible symmetric n X n matriz, then A is con-
gruent to a diagonal matriz, diag(ay,...,an).

Proof. See any of the references on quadratic forms mentioned at the beginning
of Definition 3.1. O

Thus every congruence class contains at least one diagonal matrix. So the
problem of classifying quadratic spaces reduces to the question of when two
invertible diagonal matrices are congruent.
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Notation. In view of the previous theorem, we shall adopt the following
standard notation. Let (V,q) be a quadratic space, and suppose that with
respect to some basis for V the associated matrix is diag(ai,...,an). We
shall refer to the quadratic space (or the isometry class of the quadratic
space) as (ai,...,an,) and drop the space V when no confusion (hope-
fully) can occur. If diag(as,...,a,) is congruent to diag(bi,...,b,), then
(a1,...,an) = (b1,...,,b,) (and conversely).

Clearly (a1, ...,an) = (as(1),---,y(n)) for any permutation o, since, on the
matrix level, this just amounts to re-ordering the basis, which is an isometry.
Also, (a182,...,an82) = {(a1,...,ay) for any s; vk*.

This last observation has as immediate corollaries:

Theorem 3.2. If k is any algebraically closed field, then any two invertible
symmetric n X n matrices are congruent.

Proof. In an algebraically closed field everything is a square, so {(a1,...,a,)
= (1.b2,...,1.62) = (1,...,1). Thus every non-degenerate bilinear space is
congruent to a fixed bilinear space of the same dimension. O

Theorem 3.3. If k =R (the real numbers), then

(a1,...,an) = (1,...,1, =1,...,—1)
T/ ———
S

for some 0 < /{, s <n.
Proof. In R everything (# 0) is either a square or the negative of a square. 0O

Now if £ =R and if an invertible symmetric n x n matrix A is congruent

to (1,...,1, —1,...,—1), we call the integer £ — s the signature of A and write
\_\[_/ ——
S
sgn(A).

Theorem 3.4 (Sylvester’s Law of Inertia [204]). The signature of a real
symmetric invertible matrix A is well defined and is an invariant of the
congruence class containing A. Furthermore, if A and B are real symmetric
invertible n x n matrices, A is congruent to B if and only if sgn(A) = sgn(B).

3.6 Classification of Quadratic Forms Over Q

Let F be the field with p elements (p a prime). We shall describe a procedure
for deciding when an element of F' is a square. We may as well assume p # 2
since in any finite field of characteristic two, everything is a square.

Now F* = F\{0} is a cyclic group of order p—1 (which is even) and
hence has a unique subgroup of index 2 which consists of the squares of F™*.
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Let the two-element group F*/(F*)? be denoted by the group {1,-1} under
multiplication.

The map x : F* — {1,—1}, which is the natural map onto a quotient,
satisfies

x(a) =

1 if a is a square in F'™*,
—1 if a is not a square in F™*.

The map X is usually denoted (p); that is, (p) (a) = x(a) = () and is called
the Legendre character.

We would like a way of calculating x(a). The decisive procedures for such
a calculation is given by Gauss’s celebrated Law of Quadratic Reciprocity.

Theorem 3.5 (Gauss). Let p and q be distant primes, both different from
2. Then

A —
1 ifp=+1 (mod 8),
-1 ifp=45 (mod 8),

:{ 1 ifp=1 (mod 4),

= (_1)(192*1)/8 =

-1 ifp=3 (mod 4).

We illustrate how to use this theorem by an example.

Example 3.1. Is n = 23.3.7 a square in Zg7? Let p=67,n = 23.3.7. Find (%)
Since the Legendre character is a group homomorphism, we have
(n/p) = (2°/p) (3/p)(7/p).
(23/p) = (22/p) (2/p), 22 is clearly a square, mod p, so (23/p) = (2/p).
Since 67 = —5 (mod 8), (2/67) = —1.

Now
(3/67) = (67/3)(~1)* = —(67/3) = —(1/3) = -1
and
(7/67) = (67/T)(=1)* = =(67/7) = —(4/7) = =(2/7) = 1
therefore (n/67) = —1 and so n is not a square in Zgz. O

Let p be a prime integer, and let @, denote the field of p-adic numbers. If
a, be Qyp, a, b #0, then the p-adic Hilbert symbol (a,b), is defined by:

(a,b) 1 if there are p-adic numbers z,y, with az? +by? =1,
a? = .
P —1 otherwise.

The Hilbert symbols can be shown to have the following properties:

(1) (a,b)p = (bya)p,(a,c?), =1;
(i) (a,—a)p=1and (a,1—a), =1;
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(iii) (ad’,b)p = (a,b)p(a’,b), (bilinearity);

(iV) (avb)l) = (av *ab)P = (a’ (1 *a)b)P'

The importance of the Hilbert symbols is illustrated by the following theorem.

Theorem 3.6. Let (a1,...,an) be a quadratic form over the field Qp, and let
sp((a1,...,an)) = [ (ai,a;)p; then

(2]
(1) sp({a1,...,an)) is an invariant of the quadratic form and is called the
Hasse-invariant at p;
(2) the non-degenerate quadratic forms (a1,...,an) and (b,...,by,) over Qp

are congruent (over Qp) if and only if they have the same discriminant
and the same Hasse-invariant.

We are now ready to state the crowning achievement of the theory.

If (ay,...,an) is a quadratic form over Q, then it may be viewed as a
quadratic form over QQ, for any prime p and over R, the real numbers. If
two quadratic forms over Q are congruent over QQ, they are obviously also
congruent over Q,, for ever p and over R. The amazing thing is that the reverse
is true.

Theorem 3.7 (Hasse-Minkowski). If (a,...,an) and (by,...,b,) are non-
degenerate quadratic forms over Qp, then they are congruent over Q if and
only if they are congruent over Q, (for every p) and over R.

We have already seen how easy it is to decide congruence over R; we just
need to calculate the signature. All that is left to make this classification
theorem work is an algorithm for calculating the Hasse-invariants, that is, to
calculate the Hilbert symbols.

Suppose (a1,...,an) is a quadratic form over Q; we can multiply each a;
by squares in Q and not change the congruence class of our form. Thus there
is no loss in assuming the a; are square-free integers.

Property (iii) of the Hilbert symbols implies that all we really need is a
way to calculate (r,s), where r,s are £1 or primes, and p is a prime. The
prime p = 2 will require special comment.

Theorem 3.8. Let p # 2 be a prime. Then

(i) (r,s)p =1 if r and s are relatively prime to p;

(it) (r,p)p = (%), the Legendre symbol, if r and p are relatively prime;
(iii) (0.p)y = (5)-

Remarks. (iii) is easily derived from (ii) and the formal properties of the
Hilbert symbols; the major part of this theorem is (i)and (ii).

Note also that (i) has as a corollary the comforting fact in checking if
{ai,...,an) and (by,...,by) are congruent over Q, we need only check the



28 3 Algebraic Theory of Orthogonal Designs

Hasse-invariants at the finite collection of the primes that divide the a}s and
b.s.
J

We are left only with the calculation of (r,s)2. This is just a bit more
complicated to explain (see Serre [189], for example). But, for our purposes
this calculation will not be necessary. To see why, we first define (r,s)s by:

1 if there are real numbers = and y such that rz? + sy? = 1.
(T7 S)OO = .
—1 otherwise.

Note that (7,s)oc =1 unless r and s are both negative.
With this definition we have:

Theorem 3.9 (Product Formula).

H (r,s)p=1

p prime
p=00

for any r and s.

Corollary 3.1.

H SP(<ala"'7an>) =1

p prime

It follows from this that if two quadratic forms over Q have the same
discriminant and the same Hasse invariant at every prime p (including p = 00)
except perhaps one, then they have the same Hasse invariant at the prime
also. Thus we may with impunity, ignore the prime p = 2.

We would like to show, by considering some examples, how easy it is to
use this criterion for any congruence over Q.

Ezample 3.2. (a) (1,1,5,5,) = (1,1,1,1) over Q

Proof. They have the same discriminant since 1.1.5.5 =25 = 1.1.1.1
( mod (Q*)?). Also both have the same signature and the same Hasse
invariant at oo. The only other prime at which we need to check is p = 5.
Now s5((1,1,1,1)) =1, clearly, and
85(1, 1, 5, 5) = (1, 1)5 (1,5)5(1, 5)5(1,5)5(1, 5)5(5,5)5
——
=1 [(1,5)5]4=1

=(5,5)5 = <51> =1for 5=1 (mod 4).

Therefore, the two quadratic forms are congruent over Q. a

(b) (1,3,6,8) = (1,1,1,1) over Q.
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Proof. The only primes we need consider are 2,3,00. The two forms have
the same discriminant and signature and the same Hasse-invariant at
p = 0o. By our remarks we can ignore p =2 and just consider p = 3.
Now (1,3,6,8) = (1,3,6,2) by eliminating squares, and

53((1,3,6,2)) = (1,3)3(1,6)3(1,2)3(3,6)3(3,2)3(6,2)s.
Since 1 is a square,
53((1,3,6,2)) = (3,6)a(3,2)3(6,2)s.
Using bilinearity, we have
s3((1,3,6,2)) = (3,2)3(3,3)3(3,2)3(3,2)3(2,2)s.
Since the Hilbert symbol only takes on the value +1,
53((1,3,6,2)) = (3,2)3(3,3)3(2,2)s3.

Now (2,2)3 = 1 since 2 and 3 are relatively prime. Also (3,3)3 = (5*) = —1
for 3=3 (mod 4), and (3,2)3 = (%) = —1 for 3= -5 (mod 8). Therefore,
s3((1,3,6,2)) = 1.

Thus by the Corollary to the Product Formula, s,((1,3,6,2)) =1 for every
prime p (including p = 2), and so we are done. O

(c) (1,2,7,14) # (1,1,1,1).

Proof. Now s,((1,1,1,1)) =1 for every p (including p = 00), disc({1,1,1,1)) =1
and sgn((1,1,1,1)) = 4. Now s55((1,2,7,14)) = 1, disc((1,2,7,14)) =1 and
sgn((1,2,7,14)) = 4. The only primes we need check are p =2,7 (and we
ignore 2).

Now s7((1,2,7,14)) = (2,7)7(2,2)7(7,7)7 after some easy reductions.

But

(2,7)7=(2)=1for 7=—1 (mod 8),
7=1

(2,2) since 2 and 7 are relatively prime,
and
(7,7)7=(Z)=—1for 7=3 (mod 4).
Therefore
s7((1,2,7,14)) = —1 # ((1,1,1,1).
Thus the two forms are not congruent over Q. a

It is hoped that these few examples illustrate the power and ultimate
simplicity of the classification theory for quadratic forms over Q.
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3.7 The Similarities of a Bilinear Space

From now on our discussion will always assume that our field k is Q, the
rational numbers. This hypothesis is not necessary for most of what we say,
but it does avoid some difficulties, and it is the only field with which we are,
in this text, eventually concerned. The interested reader should consult D.
Shapiro’ s papers [192] and [193] for the general discussion.

Recall that if (V1,q1) and (Va,q2) are two non-degenerate quadratic spaces
with associated bilinear spaces (V1,B1) and (Va, B2), then the linear transfor-
mation f: Vi — V5 is a similarity with similarity factor o(f) € Q if for any
x,y € V1 we have Ba(f(x),f(y)) =0(f)...Bi(x,y).

The set of all similarities of a fixed non-degenerate bilinear (quadratic)
space (V, B) will be abusively denoted Sim (V') when there is no danger of
losing sight of the fact that B gives the underlying bilinear structure on V.
Clearly, Sim(V) is closed under composition and scalar multiplication.

Define Sim*(V) = {f € Sim(V)|o(f) # 0}. Then it is easy to see that
Sim*(V) is a group under composition, and the map o: Sim*(V) — Q* by

o: fa(f)

is a homomorphism of groups, and kero = O(V'), the orthogonal group of
(V.B)

Definition 3.8. The bilinear spaces (V1,B1) and (Va, Bg) are similar if there
is a similarity f: V3 — Va5 with o(f) #0.

It is not, in general, true that the sum of two similarities of the bilinear
space (V,B) is again a similarity.

Ezample 3.3. Let V = Q?, and, with respect to the usual basis of Q2, assume
B has matrix Is. Let g: V — V be the identity map; then g is a similarity,
and o(g) =1.

Let f: V +— V have matrix [§ ° | with respect to the fixed basis. Then f
is a similarity; for if © = col(a1,a2),y = col(B1,52), then f(x) = col(ai,—a2)
and f(y) = col(B1,—p2) and

B(z,y) = a1f1 +a2f2 = B(f(2), f(y)) = a1 f1 + (—az)(=f2)-

Now f+ g has matrix [% 8] and we leave it to the reader to check that this is
not a similarity.

The question as to when a subset of Sim (V) is closed under addition is
of paramount importance in our investigation. We consider that question in
some detail in the next section.
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3.8 Linear Subspaces of Sim(V)

Let (V,B) be a fixed non-degenerate bilinear space, and let End(V') be the
Q-algebra of all endomorphisms of V', that is, all Q-linear maps from V to V.

Definition 3.9. The adjoint map ~: End(V') +— End(V') is defined by: If
f € End(V), then f is the unique map such that B(f(x),y) = B(z, f(y)), for
all z,y e V.

In matrix terms, choose a basis for V, and let X be the matrix for B with
respect to this basis, A the matrix for f; then ~: A+ X~ 1AT X = A. To see
this let © = col(ay,...,an), y =col(B1,...,0y); then

B(f(z).y) = (Az) ' Xy
=z" AT Xy
=z (XX 1A Xy
—z'X (X’lATXy>
=B(,f(y))-
It is easy to check that ~ is a Q-algebra anti-homomorphism; that is,

Proposition 3.2. In matriz terms,

(i) (A+C)=A+C;

(ii) (@A) =caA and [=1;
(i) (AC)=CA;
(iv) A=A

The adjoint map gives an easy way to identify similarities.

Proposition 3.3. Let (V,B) be a non-degenerate bilinear space and f €
End(V). f is a similarity with similarity factor o(f) = o if and only if
ff =01y (where 1y denotes the identity map of V).

Proof. f is a similarity with similarity factor o

<=> B(f(z), f(y)) = 0.B(zx,y) for all z,y € V',
<=>B (xjf(y)) =o0.B(z,y) forall z,y € V.

Since B is non-degenerate, this last holds if and only if ff = 0.1y a
If 0 #0, then f is invertible and f = (%f)_l, and so ff =oly also.

From this proposition we can see how the adjoint map also allows a method
for deciding when the sum of two elements of Sim(V) is again in Sim(V).
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Proposition 3.4. Let (V,B) be a non-degenerate bilinear space, and suppose
fyg € Sim(V). Then the following are equivalent:

(1) f+geSim(V);
(2) af+pBg e Sim(V) for all o, € Q;
(3) fg+af =cly for some ce€Q.

Proof. (1) & (3). f+g¢€ Sim(V) if and only if (f+g)(f+g) = dly, where
d=o(f+g) by Proposition 3.3.

Using Proposition 3.2, this in turn is equivalent to ff+af+fg+gg=dly
if and only if fg+gf = (d—o(f)—0o(g))1ly.

(2) = (1). Obvious

(1) and (3) = (2).

(af +Bg)(af +Bg) = 2 Ff +aBfg+Bagf + B2Gg
=’ (f)1y +afcly + B2o(g)1y
= (@20 (f) + aBe+B2a(g)) v,

and so, by Proposition 3.3, af + g € Sim(V). O

If, in addition, o(f +g) # 0, we could then add gf + f§ = cly to the list of
equivalences above.

Definition 3.10. If f,g € Sim(V) satisfy any of the equivalent conditions of
the preceding proposition, then we say that f and g are compatible similarities.

If f1,...., fr € Sim(V) are mutually compatible similarities, then the entire
Q-linear span of the f; lie in Sim(V'), and we obtain a linear subspace of
Sim (V).

Example 3.4. Let V be an n-dimensional vector space over Q with basis
{ei},1 <i<n, and suppose that with respect to this basis the matrix for the
bilinear form B on V is I,. Then End(V) is the set of n x n matrices over Q,
which we denote M, (Q), and the adjoint map ~: M, (Q) — M, (Q) is nothing
more than ~: A+— AT; that is, A=AT.

Applying the last two propositions, we find that A is a similarity if and
only if AT A=dI, for some d € Q, and if A and B are similarities, A+ B is a
similarity if and only if AT B+ BT A= cI for some ¢ € Q.

In this case, the only similarity with similarity factor equal to 0 is the
matrix of all zeros. So, if A and B are similarities and A+ B is a similarity
and A+ B #0, then BAT + ABT = ¢I also.

If we look back at the definition of a rational family (Definition 2.3), we
see that a rational family gives rise to a collection of mutually compatible
similarities of the bilinear space of this example.

Linear subspaces of Sim(V') have a naturally defined quadratic structure
which relates to the quadratic structure on V. More precisely:
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Proposition 3.5. Let (V,B) be a non-degenerate bilinear space. The similar-
ity factor map o: Sim(V) — Q is a quadratic form on any linear subspace of

Sim(V).

Proof. Let S C Sim(V) be a linear subspace. If f € S and a € Q then o(af) =
o?a(f) is clear, and so it remains only to show that the map B:S x S+ Q
given by B(f,g) =o(f+g)—o(f)—o(g), is bilinear. It obviously suffices to
show that

Bla1fi +azf2,9) = a1 B(f1,9) + a2 B(f2,9)- (3.2)

We need to compute o(aifi+azfa+g),0(a1fi +azfe),0(fi+g) and
o(f2+g). We may use Propositions 3.3 and 3.4. Set fi1g+gf1 =c1ly, and
fifo+ fof1 = c3ly; then a simple computation shows:

olarfi+azfa+g) = aio(fi)+a30(f2) +0(g) +azcs +arer +arasces,
o(arfi+azfa) = aio(f1)+ajo(f2) + arases,
o(fi+g)=o0(f1)+o(g)+ei,
o(f2+g)=0(f2) +o(g)+ec

The verification of equation (3.2) is now complete after a routine further
calculation. O

Thus (S,0) is a quadratic space, and the associated bilinear space is (S, B, ),
where B,: S xS+ Q is given by

Ba(r.9) = (5 ) (o7 +0)~ o) ~alo).

Note that fg—+gf = 2B, (f,g)1y for any f,g in a linear subspace of Sim(V).

From now on, whenever we speak of a subspace of Sim(V'), we shall assume
it is a quadratic (or bilinear) space with the quadratic structure we have just
described.

Example 3.5. This is a continuation of Example 3.2. LetAy,..., Ay be a ratio-
nal family of type (s1,...,8¢) in order n. As we have already noted, Aq,..., Ay
span a linear subspace of Sim(V'). We first observe that the subspace spanned
by these matrices has dimension equal to £. For suppose ay A1 +---+apAy =0,
where a; € Q. Then we claim:

The a; are all equal to 0.

Proof. Tt will be enough to show a; = 0. The claim then follows by induction
on £.
Since
a1A1 +agAs+ -+ apAy =0, (3.3)

we may multiply (3.3) by A/, on the left, to obtain
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a1 A Ay FasA] Ao+ +agA] Ay =0. (3.4)
By definition of a rational family, this is equal to
T T _
o151y —agAg Ay —--—apAy A1 =0 (3.5)

Now take the transpose of (3.2), and multiply the result on the right by A;
to get
a1511y, +a2A1rA1+---+agA2—A1 =0 (3.6)

Adding (3.5) and (3.6) gives 2a1s1I1 =0, and so 2a1s1 = 0. But since
s1# 0, we get a; =0, as claimed. ad

Now we have seen that this subspace of Sim (V') has a quadratic structure.
The A; are a basis for this subspace, and since AZ-A;r —&—AjAlT =0(i#j) we
have that the A; are mutually orthogonal

(fg+3f =2Bs)(f.9)1v, so By(A;, Aj) =0

Furthermore, the A; have similarity factors s;, and thus we see that the
rational family gives rise to the quadratic space (S,q), where ¢ = (s1,...,5¢),
and S is the subspace of Sim (V') spanned (independently) by A1,..., A;. Note
further that since the s; > 0, this is a non-degenerate quadratic space and the
only 0-similarity is the zero matrix.

Since 0-similarities are troublesome in the general theory, we shall from
now on consider only linear subspaces S of Sim(V') which are non-degenerate
quadratic spaces and whose only O-similarity is the zero matrix. As the
example above shows, these are, in fact, the linear subspaces of Sim (V') that
we are most interested in. (For the more general discussion, see Shapiro [192]).

So now let (V,B) be a non-degenerate bilinear space and (5, B,) a non-
degenerate subspace of Sim (V') as specified above. How are these two spaces
related? The next proposition is crucial to our understanding (.5, B,).

Proposition 3.6. Let (V,B) be a non-degenerate bilinear space of dimension
n, and (S, By) a non-degenerate subspace of Sim(V'). Then (S, By ) is similar
to a subspace of (V,B).

Proof. Pick x € V with B(z,z) # 0, and define ¢ : S+ by ¢(f) = f(x). Clearly
¢ is a linear transformation from S to V, and since S is a non-degenerate
subspace of Sim(V') in which the 0-map is the only 0-similarity, we have that
the only non-invertible similarity in S is the 0-map. Thus ¢ is one-to-one. If
we let W={f(z)|f €S} CV, then W is a subspace of V, and we want to
show that ¢ is a similarity between (S, Bg) and (W, B).

Choose a basis for V', and let A denote the matrix of B with respect to this
basis. Let f,g € S, and suppose they have matrices X and Y, respectively, with
respect to the basis chosen for V. We have seen that fg+gf = 2B, (f,9)lv,
so in matrix terms we have:
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AYXTAY + AW TAX = 2B, (f.9)1,;

that is,
XTAY =2B,(f,g)A—Y TAX.

Now let = € V be as above, and write x = col(asq,...,ay) (with respect to
the chosen basis); then

" (XTAY )z =2B,(f,g)x" Az —z " (YT AX)x;

that is,
B(f(z),9(x)) =2Bs(f,9)qp(x) — B(g(z), f(z)).

Since B is symmetric, we have B(f(z),g(x)) = qp(x)Bs(f,g). This proves
the proposition. ]

We obtained a bit more out of the proof than is stated in the proposition.
Not only do we have a similarity between the two spaces considered, we even
have a nice form for the similarity factor. In particular, if there were an x € V
such that ¢p(x) =1, we would have an isometry between (5, B,) and (W, B).
This fact is important enough to isolate, but first a definition.

Definition 3.11. Let (V,B) be a bilinear space and (V,qp) the associated
quadratic space. Let D equal the range of gp, qg: V — k. We say that ¢p
represents a € k if a € D.

This definition is a bit unorthodox since 0 always belongs to the range of ¢p.
It is more usual to say that gp represents 0 if there is a v # 0 with ¢g(v) =0.
This should cause no confusion, however, since if we say “qp represents 07,
we shall mean in the non-trivial sense.

Corollary 3.2. Let (V,B) be a non-degenerate bilinear space and (S,By)
a non-degenerate subspace of Sim(V). If qp represents 1, then (S,By) is
isometric to a subspace of (V,B).

Ezxample 3.6. This is a continuation of Examples 3.4 and 3.5. In those examples,
gp =(1,1,...,1), and ¢p, therefore, always represents 1. Thus the corollary
above applies to the examples. We state that fact separately.

Proposition 3.7. If there is a rational family of type [s1,...,8¢] in order
n, then there is a subspace (S,{s1,...,3¢)) of Sim(V), and (S(s1,...,8¢)) is
isometric to a subspace of (V, (1, 1,...,1)).
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3.9 Relations Between Rational Families in the Same
Order

In Proposition 2.8 we completely characterised rational families in odd orders
and in orders n =2 (mod 4). Thus our interest will be mainly in orders n
such that 4 | n.

In this case we can make a simplification of our problem which will be
useful later.

Proposition 3.8. Let n =0 (mod 4). There is a rational family of type

[S1,-..,8¢] in order n if and only if there is a rational family of type
s )
[1, 2500 ;}
in order n.

Proof. Let Aq,..., Ay be the rational family of type [s1,...,¢] in order n. It
is easy to see that

1 1 1
—AT A, —AT Ay, AT A
S1 S1 S1

is a rational family in order n of type

HENE

; a, ey ;
Conversely, let B1,...,By be the rational family in order n of type

[1, 2, s—e}

1 S1
It is easy to see that if X is a rational matrix of order n and XX " = s,1,,,
then X By, X Bs,..., X By is a rational family of type [s1,...,$¢] in order n. So
it suffices to construct such a matrix X.

By a theorem of Lagrange, every positive rational number is the sum of
four squares of rational numbers; so let s1 = ¢% + ¢35 +¢3 + q3. Consider the
4 x 4 matrix

a1 g2 g3 44

Mo | @ a3
—q3 44 q1 —q2

—q4 —43 42 —q1

then MM T = s114. By hypothesis, 4|n,and son=4u. If we let X =M ®I,,
then X is a matrix of the desired type. This completes the proof of the
proposition. O

With this proposition proved we see that the study of rational families in
orders divisible by 4 is equivalent to the study of rational families of type

1,...].
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But given a rational family in order n of type [1,s2,...,s], there is certainly
another rational family (maybe the one we already have) of the same order
and type for which the first matrix is the identity matrix.

Thus we may always assume we are dealing with a rational family in which
the first matrix is the identity.

3.10 Clifford Algebras

Let (V,q) be a quadratic space over the field k, and let A be a k — algebra
which contains V' as a linear subspace. A is said to be compatible with q if
whenever x € V22 = g(x).1.

Definition 3.12. An algebra C' D (V,q) which is compatible with ¢ is called
a Clifford Algebra for (V,q) if it has the following universal property: If

A DV is compatible with ¢, then there is a unique k — algebra homomorphism
¢: C'+— A such that ¢(x) ==z for all x € V.

The usual nonsense for universal objects shows that if the Clifford Algebra
exists, it is unique up to canonical isomorphism. Thus existence is the only
problem.

Clifford Algebras always exist, and their algebra structure has been exten-
sively studied. It would take us very far afield to go into these matters here.
We shall just be content to list a few properties and to refer the reader to an
excellent account of this subject in Lam [142].

Let (V,q) be a quadratic space over k where dimV < oo, and let C(V') be
its Clifford Algebra.

Theorem 3.10. (1) C(V) is a finite-dimensional algebra over k and is gen-
erated by V.

(2) If dimy V =n, then dimy C(V) =2".

(3) If dimg V' is odd, then C(V') is a semi-simple algebra (that is, a direct
sum of matriz rings over division rings containing k).

(4) If dimy V' is even, then C(V') is a simple algebra with centre k (that is, a
matriz ring over a division ring whose centre is k).

(5) All irreducible (left) modules (that is, no proper sub-modules) for a Clifford
Algebra have the same dimension (over k) which is a power of 2.

FEzample 3.7. (i) Let V be a 1-dimensional vector space, and let ¢ = (a). Then

Cc(V)= (x];[f]a)

(Note that if “a” is a square in k, then C(V) = k x k, and if “a” is not
a square, 22 — a is irreducible in k[z], and so C(V) is a field which is a
2-dimensional vector space over k).
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(ii) Let, a,b € k, and consider the 4-dimensional algebra, denoted (“,;b), with
basis 1,4,7,ij where i2 =a,j? =b,ij = —ji.
This algebra is called a quaternion algebra (a =b= —1,k =R (reals)
gives the usual quaternions). If V' is 2-dimensional and ¢ = {(a,b), then

C(V) = (aTb)

Now, by part (4) of theorem 3.10 above, (a,;b) is either a division ring
with centre k or 2 x 2 matrices over k. We shall need to be able to distinguish
these two general cases, and we state the relevant fact here.

Proposition 3.9. (aTb) is not a division ring if and only if there are x,y € k

such that ax?® +by? = 1.

Notice that if k = Q,, (%b) is not a division ring if and only if s, (a,b) = 1.

For a thorough discussion of quaternion algebras, including a proof of the
fact that they are Clifford Algebras, we refer the reader again to Lam [142].
A proof of Wedderburn’s theorem on semi-simple algebras (which we shall
use implicitly) may be found, for example, in Scharlau [174].

3.11 Similarity Representations

Definition 3.13. Let (V, B) be a non-degenerate bilinear space over Q of
dimension n, and let (V,qg) be the associated quadratic space. We say that
(V,qB) (or (V,B)) is positive definite if qg(x) > 0 for every X £0,z € V.

Clearly, if gg = {(a1,...,ay), then (V,qp) is positive definite if and only if
a; >0,i=1,...,n; alternatively, the signature of gg =n.

Note also that in our investigation of rational families, the only spaces we
have seen are positive definite. Thus from now on, unless we specifically state
otherwise, all quadratic spaces we consider will be positive definite over Q.

Definition 3.14. Let (V,B) be an arbitrary bilinear space, and let W C V
be a subspace. The orthogonal complement of W, denoted W+, is {z €
V|B(z,w) =0 for all w e W}.

Warning! In general, the orthogonal complement of a subspace is no “com-
plement” in the usual sense; it is quite possible, even in a non-degenerate
bilinear space, for W = W+.

For positive definite spaces, though, this cannot occur.

Proposition 3.10. Let (V,q) be a positive definite space and W CV a sub-
space. Then

(i) WNW+=0;
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(is) W4+W+ =V;
(iii) W,q|lw) L (WL,q|wr) = (V,q), where all spaces are again positive defi-
nite.

Now if (V,B) is a positive definite space and f € Sim(V,B) is not a 0-
similarity, then o(f) > 0. Thus any non-degenerate subspace of Sim(V,B) is
automatically positive definite. So let S be a non-degenerate linear subspace
of Sim(V,B), where (V,B) is positive definite, and let us suppose 1y € S.
(By Section 3.9, this is all we need consider for rational families.) We denote,
as usual by o the quadratic form on S, and let S; C S be the orthogonal
complement of 1y in S.

Proposition 3.11. The inclusion S1+— End(V') is compatible with the
quadratic form —o on S1.

Proof. Now since (S1,0s,) is a quadratic space, so is (S1,—0). Let f € S;
then f is orthogonal to 1y so By (f,1y) = 0; that is, f+ f = 0; that is, f = —f.
Now ff =0o(f).1y in general, and so f? = —c(f).1y, proving the proposition.

O

In view of this proposition and the universal property of Clifford Alge-
bras, there is a unique Q — algebra homomorphism 7: C(S1,—0) — End(V).
However, this is just another way of saying that V is a (left)-module for the
algebra C'(S7,—o0); that is, the algebra C'(S1,—0) is represented on the vector
space V.

Proposition 3.12. Let (V,B) and S1 be as above, and let W CV be a sub-
space which is also a sub-module of the C(Sy,—o)-module V.. Then W= is
also a sub-module of V.

Proof. Let II : C(S1,—0) — End(V) be as above. To say that W is a sub-
module of V' means that for every z € C(S1,—0), m(z): W — W. In view
of the fact that S; generates C(S1,—0), this is equivalent to saying that
7(x): Wi W for all z € S;. Thus to show that W is also a sub-module, it
will be enough to show that

m(z): Wt W forall 0# 2 € Sy ;

that is,
B(n(z)(v),w) = 0 for every w e W,v e W+,

Now z € S7 implies 7(z) = —n(x); thus 7(z): W— W, and so 7(x)(w) =

w’ € W. We thus have B (v,w(w)(w)) = B(v,w’) =0. O

The importance of this proposition to our discussion is now evident: We
started with (V,B) a positive definite space and (S,0) a positive definite
subspace of Sim(V). We then showed that V' could be considered a module
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for the Clifford Algebra C(S7,—0). Now if W is a sub-module of V| then the
proposition showed that W is also a sub-module for V.. Thus, by Proposition
3.9, we can write (V, B) = (W, B) L (W, B), and each summand is a module
for C(S1,—0), and both summands are again positive definite spaces.

We may continue this process, as long as any of the summands has
a C(S1,—0o)-sub-module. We conclude, then, that (V,B) = (V1,B) L--- L
(Vr,B), where the (V;,B) are each C(Sy,—o)-modules which have no non-
trivial C(S1,—o)- sub-modules; that is, the (V;, B) are irreducible C(S1,—0)-
modules.

It is easy to understand what we have done here: for, let 1y, f1,..., fr be
a basis for S; these are a collection of endomorphisms of V. The subspaces V;
we have found are nothing more than subspaces of V' that are invariant under
all the f; (any subspace is invariant under 1y ). We have used the fact that
V' is a positive definite space to show that the complement of an invariant
subspace is again invariant. In matrix terms this amounts to being able to
choose a basis for V' in such a way that the f; become block diagonal matrices.
The fact that we can recognise these invariant subspaces of V as irreducible
modules for a certain Clifford Algebra will be important because then we
shall be able to discuss the sizes of these blocks, the irreducible modules for
Clifford Algebras being so completely understood.

With this discussion and the notation above, the following proposition is
evident.

Proposition 3.13. (S, B,) is isometric to a linear subspace of Sim(V;, B).

(1) Notation. If (V1By) is isometric to a subspace of (Va,Bs), we write
(V1,B1) < (Va,B2). The analogous notation will be used for quadratic
spaces.

(2) Let (V1,B1) < (Va,B2). We say that (V1,By) divides (Va, Ba) if (V2, Ba) =
(V1,B1) ® (U, B) for some (U, B). In the quadratic case, when there can
be no misunderstanding about the spaces being considered, we abusively
write ¢1|qa.

3.12 Some Facts About Positive Definite Forms Over Q

We write n{a) for the quadratic form (a,a,...,a).
——

n-times
Proposition 3.14. Let (V,q) be a positive definite quadratic space over Q.

(1) If dimV > 4, q represents every element of Q (QT equals positive ratio-
nals).

(2) If g ~ (1,a,b,ab), a,b € Q" then for every r € Q", xq = (x,xa,zb,rab)
~ (1,a,b,ab).

(3) If 4|n and q ~n(1), then xq=~q, for all x € QT.
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Proof. (1) This generalises the theorem of Lagrange that (1,1,1,1) represents
every element of QT and can be found in Serre [189)].
(2), (3), and (4) all follow from the Hasse-Minkowski Theorem 3.7. O

Corollary 3.3. Let (S,0) < Sim(V,q), where q is positive definite and
dimS = dimV =4. Then (S,0) ~ (V,q).

Proof. By Proposition 3.13(1) above, g represents 1. Thus, by Corollary 3.2,
(S,0) is isometric to a subspace of (V,q). But, since dimS = dimV | that
subspace must be all of (V,q). O

The next proposition is a special case of something true over general fields
(see Shapiro [192]). However, over Q, an ad hoc proof can be given.

Proposition 3.15. Let n = 2™t, t odd, a,b € QT. Then

(i) n(1) ~n{a) < 2™ (1) ~2™(a),
(i) (La) [n(1) & (1,a)[27(1),
(i) (1,a,b,adb) | n(1) < (1,a,b,ad)|2™(1).

Proof. (i) If m > 2, then all isometries are true by (3) of Proposition 3.13. So
we need only consider m =0, 1.

m=0:t(1) ~t{a) & (1) ~ (a).

If: Obvious.
Only If: The isometry implies both have the same discriminant; that is, a® is
a square in Q. But ¢ odd implies a = ¢2 for some ¢ € Q. ad

m=1:2t(1) ~ 2t{a) & 2(1) ~ (a).

Proof. If: Obvious.
Only If: In this case we must have sy,(2t(a)) =1 for every prime p. But
sp(2t{a)) = ((a,a)p)*, where

2t—1
T = Zj - w =t(2t—1)
7j=1

which is odd since ¢ is odd. Thus ((a,a)p)” = (a,a)p =1 for every prime p. This
is enough to prove that (1,1) ~ (a,a), since the signatures and discriminants
are obviously the same. ]

(ii) We first note that (1,a) | n(1) always if m > 3, since 8(1) ~ (1,a) ®
(1,b) @ (x,y) for any a,b,x,y € Q" by (4) of Proposition 3.13. Also (1,a) | n(1)
implies that m > 1. So we need only consider m =1, m = 2.

m=1: (La) | 2t(1) & (1,a) | 2(1).
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Proof. If: Obvious.
Only If: The discriminant of (1,a) ® a is a® = 1. Since ¢ is odd, “a” is a square,
and so (1,a) ~ (1,1). O

m=2: (L,a) |4t(1) < (1,a) | 4(1).

Proof. If: Obvious.
Only If: (1,a) | 4¢(1) implies (1,a) @ (a1, ...,a9t) = 4t(1). If £ > 1, we have, by
repeated application of Proposition 3.14 part (i), that

(01,...,a0) ~(1,1,..., 1, u,v,w) = a.

Comparing Hasse-Invariants, we find (a, uvwa),(—1,uvw), =1 for every prime
p. Let d = wvw. Then d = disca, and we have that (a,da),(—1,d), =1 for
every prime p. But this is enough to guarantee that (1,a) ® (1,d) ~4(1). O

(iii) Notice that by (4) of Proposition 3.13 we have (1,a,b,ab) | n(1) always,
if m > 3. Also (1,a,b,ab) | n(1) implies m > 2. So we need only consider the
case m = 2; that is, (1,a,b,ab) | 4t(1) < (1,a,b,ab) | 4(1).

Proof. If: Obvious.

Only If: Suppose (1,a,b,ab) ® (ay ...cq) = 4¢(1), where ¢ is odd, ¢t > 1. By
(4) of Proposition 3.13 and the Witt Cancellation Theorem 2.1, we obtain
(1,a,b,ab) ® () ~ 4(1), which completes the proof. O

Proposition 3.16. Let (S,0) < Sim(V,q) where dimV = n,q is positive defi-
nite and dimS >5. Then 8| n.

Proof. We already know that if ¢ =n(1), then 8 | n by the Radon-Hurwitz
Theorem.

Since dimS > 5, we know, by Proposition 3.13 part (1), that o represents
1; that is, there is a similarity in .S with similarity factor equal to 1, which
we call f. It is an easy exercise to show that (fo.S, o) is another subspace of
Sim(V,q) which is isometric to (S,o) and that foS contains 1y, So with no
loss of generality we may assume 1y € S.

Let (T,7) < (S,0), where dimT =5 and 1y € T, and let 7; be the form
on the orthogonal complement of 1y in 7. Then, as we have seen, C(V,—71)
is represented on V. By Theorem 3.10 we know that C(V,—71) is a simple
algebra with centre equal to Q and of dimension 16 over Q. By Wedderburn’s
theorem C' = C(V,—7y) is either

(a) a 16-dimensional division ring with center equal to Q,
(b) 2x 2 matrices over K, where K is a division ring, centre (K) = Q and
[K: Q] =4,
(¢) 4 x4 matrices over Q.
Now, in each case we know precisely the dimensions of the irreducible

modules; in cases (a) and (b) we know that every irreducible module has
dimension divisible by 8, so if C is either (a) or (b), we shall have that 8 | n.
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It remains only to show that (¢) cannot occur. In case (¢) every irreducible
module has dimension 4 over Q. So if (W,§) is an irreducible sub-module
of (V,q), we have, by Proposition 3.12, that (7T',7) is isometric to a linear
subspace of Sim(W,§). But, since dimW =4 and ¢ is positive definite, we
have, by Proposition 3.13 part (1), that g represents 1 and so, by Corollary 3.3,
that (T,7) is isometric to a subspace of (W,qG). But dimT =5 > dimW =4,
which is a contradiction. Thus we have that 8|n. O

3.13 Reduction of Algebraic Problem of Orthogonal
Designs to Orders a Power of 2

As already seen, the existence of a rational family of type [1,sa,...,s,] in order
n is equivalent to the existence of a linear sub-space (S,0) of Sim(Q™,n(1))
where 1gn € S and 0 = (1,s2,...,5).

Proposition 3.17. Let (S,0) be a positive definite quadratic space. Then
(S,0) < Sim(Q*,4(1)) & (8,0) < (Q*,4(1)).

Proof. Only If: Since 4(1) represents 1, obviously we are done by Corollary
3.2.

If: Since (S,0) < (Q*,4(1)), we know dim S < 4. So we have to consider
separately the cases dim S = 1,2,3,4. They are all proved in the same way,
so we shall just exhibit the proof for s = 2. Let 0 = {a,b). Then we can
find w,v such that {(a,b,u,v) ~(1,1,1,1). In matrix terms, there is a 4 x4
matrix P with PPT = diag(a,b,u,v). Now, by Proposition 1.2, there is an
integer Radon-Hurwitz family of order 4. Call the matrices in that family
A1,A5, A3, Ay If P = (pij), let

4 4
X1=) piyjd;,  Xo=> pad;.
j=1 Jj=1

It is easy to check that X, X5 form a rational family of type [a,b] in order 4
and thus span the appropriate linear subspace of Sim(Q%*,4(1)). O

Proposition 3.18. Let (S,0) be a positive definite quadratic space.

(i) (S,0) < Sim (Q¥,8(1)) < (S,0) < (Q8,8(1)).

(ii) (S,0) < Sim (Q?,2(1)) & (S,0) < (Q2,2(1)).

Proof. Exactly like Proposition 3.17, using the existence of Radon-Hurwitz

family of eight integer matrices of order 8 (or for (ii) the same fact for order
2). O

Proposition 3.19. Let a,b > 0, and let q be positive definite.
(i) (8,(L,a)) < Sim(V,q) = (1,a)|q.
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(i) (S, (1,a,b)) < Sim(V,q) < (5’,(1,a,b,ab)) < Sim(V,q).
(iii) (S,{(1,a,b)) < Sim(V,q) = (1,a,b,ab)|q.

Proof. (i) Since (5,(1,a)) < Sim(V,q), we have a representation of C(S1,(—a))

on V. Now, we noted that C(S7,(—a)) ~ % Since 2 +a is irreducible in

Ql], m(%[jf]a = K, a field, and dimg K = 2. Now, an irreducible K-module is a
1-dimensional K vector space. So (V,q) ~ (V1,q1) L ... L (V7,qT), where the
V; are 1-dimensional over K; that is, 2-dimensional over Q. By Propositions
3.13 and 3.6 we conclude that (S,(1,a)) is similar to a subspace of (V;,q;).
Since both S and V; are 2-dimensional, we must have ¢; = «;{1,a). Hence

g={(1,a) ®{a1,...,aT), as was to be shown. O

Proof. (ii) If: Obvious.

Only If: There is no loss in assuming that 1y € S, f1, fo € S, 0(f1) =
a, O’(fQ) =b and Bo‘(fl; fg) =0= Bg(lv, fl) = Bg(lv, fg) It is an easy
matter, then, to check that 1y, f1, f2, f1f2 span a space, S’, and that they
are orthogonal (under B,) and that o(f1 f2) = ab. O

Proof. (iii) Now (5,(1,a,b)) < Sim(V,q) implies that V is a module for C =
C(S1,{(—a,—b)). By Proposition 3.9 we have that C is a division ring which is
4-dimensional over Q. Now an irreducible module for a division ring is always
1-dimensional, hence 4-dimensional over Q. Thus

(Vvq) = (Vla(h) Ll (V;faqt)a

where each V; is 4-dimensional over Q. Now, by Proposition 3.13 again, we

have that (S,(1,a,b)) < Sim(V;,q;),1 <i <t. Now, by (ii) of this proposi-

tion, we obtain (S’,(1,a,b,ab)) < Sim(V;,q;). Now use Proposition 3.14 part

(1) to note that ¢; represents 1, and so, by Corollary 3.2, we have that

(87, (1,a,b,ab)) < (Vi,q;). But since dimg S” = dim V; we have ¢; ~ (1,a,b,ab).

Thus g~ (1,...,1)®(1,a,b,ab). O
———

t-times

We have obtained a bit more out of the proof of (iii). Notice that if ¢ is even,
we may invoke Proposition 3.13 to assert that ¢ ~ 4¢(1). With this remark in
mind we may improve Proposition 3.16.

Proposition 3.20. Let (S,0) < Sim(V,q) where dimV =n, q is positive def-
inite and dim S > 5. Then 8|n and g ~n(1).

Proof. The interesting fact here is that we have forced ¢ to be n(1). No other
positive definite form has a 5-dimensional space of similarities.

We have already proved 8|n, and, in the proof of Proposition 3.16, we
have seen that (U, (1,a,b)) < Sim(V,q). The remark before this Proposition
finishes the proof, since if 8|n, ¢t must be even. O
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Theorem 3.11 (Shapiro [191]). Let n =2""t where t is odd, and let (S,0)
be a positive definite quadratic space where o represents 1. Then

(S,0) < Sim (Q",n(1)) < (S,0) < Sim (QQm,2m<1>) :

Proof. First note that in Proposition 2.8 we proved this for m =0,1. So we
may assume m > 2. The fact that we are interested in rational families and
the discussion in Section 3.9 shows that our assumption that o represents 1 is
no drawback. Note also that “If” is obvious, since, in matrix terms, we can
just tensor with I;.

m =2 : We need only consider dim S =2, 3 and 4.

Case 1. 0 = (1,a). By Proposition 3.19 part (i), we have that (1,a)|n(1)
and hence, by Proposition 3.15, (1,a)|4(1); that is, (S,(1,a)) < (Q*,4(1)).
Now use Proposition 3.17 to assert (S, (1,a)) < Sim(Q*,4(1)).

Case 2. 0 = (1,a,b). The route is pretty much the same as in Case 1. By
Proposition 3.19 part (iii), we have (1,a,b,ab) |n(1) and hence, by Proposition
3.15, (1,a,b,ab) |4(1). Hence (S,(1,a,b)) < (Q*,4(1)). Now use Proposition
3.17 to get (S, (1,a,b)) < Sim(Q*,4(1)).

Case 3. 0 = (1,a,b,c). We postpone this case for a moment.

m >3, dimo = 2. Let 0 = (1,a). Now (1,a)|8(1) for any “a” by Proposition
3.14 part (4). Thus (S,0) < (Q®,8(1)). Now use Proposition 3.18 to get
(S,0) < (Q8,8(1)). But clearly, then (S,0) < Sim(Q%",2™(1)) for any m > 3.

m >3, dimo = 3. Let 0 = (1,a,b). Again using Proposition 3.14 part(4),
we have (1,a,b,ab)|8(1) and so (S,(1,a,b)) < (Q8,8(1)). By Proposition 3.18
we get (S, (1,a,b)) < Sim(Q8,8(1)) and thus isometric to a linear subspace of
Sim(Q2",2™(1)) for any m > 3. We are left with considering the case where
dimo > 4.

dimo > 5. Let (S,0) < Sim(Q2"",27 (1)) = Sim(V,q). The usual Clifford
Algebra techniques give (V,q) ~ (V1,q1) L -+ L (Vi,q¢). By Proposition 3.20
we know 8| dim V; and ¢; = n; (1), n; = dim V;. Since the dimension (over Q) of
an irreducible module for a Clifford Algebra is always a power of 2 (Theorem

¢
3.10), we know that n; = 2%, s > 3. Since 2°¢ = > n; = 2"t, we have s < m.

=1

We now invoke Propositions 3.13 and 3.20 to finish.

We are left only with the case dimo = 4.

We proceed as in the case for dimo > 5, and, using the notation there, we
get (S,0) < Sim(V;,¢q;) where dimV; = 2% and s < m.

Case 1. s > 3. Let 0 = (1,a,b,c). We may proceed exactly as in the case
m > 3, dimo = 3, to conclude that ¢; = 2°(1), in which case we are done.

Case 2. s=2, 0 =(1,a,b,c). Now we get (5',(1,a,b)) < Sim(V;,q), but

Proposition 3.19 part (ii) implies (T, (1, a,b,ab)) < Sim(V;,q;). By Proposition
3.14 part (1), ¢; represents 1, so (T,(1,a,b,ab)) < (Vj,q;). Since dimV; =
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dimT =4, we have ¢; ~ (1,a,b,ab). But, for exactly the same reasons, we have
q; ~ o; that is, o = (1,a,b,ab).

Thus we are reduced to considering the case dimo =4 and o = (1,a,b,ab).
But now, by Proposition 3.19, we have

(97, (1,a,b,ab)) < Sim (Q",n(1)) < (S,(1,a,b)) < Sim (Q™,n(1)),

reducing us to the case where dimo = 3, which we have already handled. O

Corollary 3.4. There is a rational family in order n =2"t, t odd, of type
[s1y-..,8¢] if and only if there is a rational family of the same type in order
2m,

3.14 Solution of the Algebraic Problem of Orthogonal
Designs in orders 4t, 8t (¢ odd)

In this section we propose to classify the rational families that exist in orders
4t and 8¢ (¢t odd). By Theorem 3.11, this amounts to a classification of the
rational families that can exist in orders 4 and 8.

3.14.1 Order 4

Since p(4) = 4, we have, by the results of Section 3.9, only to consider the
conditions which allow there to exist rational families of types [1,s1], [1,$1,$2]
and [1,s1,$2,s3] in order 4.

Case 1: [1,1].

Proposition 3.21 (Geramita-Seberry Wallis [81]). A necessary and suf-
ficient condition that there be a rational family of type [1,s1] in order 4 is
that s1 be a sum of three squares in Q.

Proof. To show the necessity, observe that by the results of Section 3.9 we
may assume the rational family is {I4, A}, where A= —AT and AAT = ;1.
The fact that A is skew-symmetric forces its diagonal entries to all be zero,
and hence, evidently, s is a sum of three rational squares.

For the sufficiency, let s; = q% —l—q% —i—qg where ¢g; € Q. If

0 a1 ¢ g3

A- | @ 0—g3 @
-q2 q3 0-q

- —q¢ q 0

then it is easily checked that {I4, A} is a rational family of type [1,$1]. O
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Corollary 3.5. A necessary and sufficient condition that there be a rational
family of type [s1,s2] in order 4 is that % be a sum of three squares in Q.
Proof. See Section 3.9. O

Note that 7+ = 3 = (2)2(mn), and so ™ is a sum of three rational squares
if and only if mn is a sum of three rational squares. Now it is well known (see,
for example, Serre [189]) that a positive integer is the sum of three rational
squares if and only if it is the sum of three integer squares if and only if
(Gauss) it is not of the form 4*(8b+7).

Thus, for example, there is no rational family of type [k, 7k] or [3s,5s] in
order 4.

Case 2: [1,1,52].
We will not have to treat this case separately, as the following proposition
shows.

Proposition 3.22. There is a rational family of type [1,s1, 2] in order 4 if
and only if there is a rational family of type [1,s1,52,5152] in order 4.

Proof. If: Obvious.

Only If: By Section 3.9 there is no loss in assuming the rational family is
{I4, A, B}. Tt is a routine verification that {I4, A, B, AB} is a rational family
of type [1,s1,52,5152]. O

Case 3: [1,1,52,53].
This situation is completely settled by:

Proposition 3.23. There is a rational family of type [1,s1,s2,83] in order /
if and only if (1,s1,82,83) ~ (1,1,1,1) over Q.

Proof. By Proposition 3.17 we see that there is a rational family of type
[1,s1,82,83] in order 4 if and only if (1,s1,s92,53) < 4(1). (Note the abusive
notation). Since both forms have dimension four, this is true if and only if
(1,81,82,83) ~4(1) over Q. O

Corollary 3.6. There is a rational family of type [1,s1,s2] in order 4 if and
only if (1,s1,s2,5182) ~ 4(1).

It is now clear how the Hasse-Minkowski classification of quadratic forms
comes into play. The algorithmic nature of the criteria for congruence over
Q makes it extremely amenable to machine analysis, in specific orders. (The
print-outs in the appendices verify this.)

We now list a few corollaries which had been obtained by quite different
methods in Geramita-Seberry Wallis [81].

Corollary 3.7. Let a,b € QT. There is a rational family of type [a,a,a,b] in
order 4 if and only if% s a square in Q.



48 3 Algebraic Theory of Orthogonal Designs

Proof. By Section 3.9 such a rational family exists if and only if a rational
family of type [1,1,1,2] exists in order 4. By Proposition 3.22 this occurs if

[t Rt )

and only if (1,1,1, g} ~ 4(1) over Q. By Witt Cancellation, this occurs if and
only if <%> ~ (1), that is, if and only if g is a square in Q. O

Corollary 3.8. Let a,b € Q. There is a rational family of type [a,a,b] in
order 4 if and only if% is a sum of two squares in Q.

Proof. As in the previous corollary, such a rational family exists if and only
if there is a rational family of type [1,1, g] in order 4. By Corollary 3.6, this
exists if and only if (1,1, g, g) ~ 4(1). By the Witt Cancellation Theorem this
is true if and only if (2, 2) ~ (1,1).

Now two isometric forms represent the same elements of Q*, and so g is
b

represented by (1,1); hence 7 is a sum of two squares.

On the other hand, if % is a sum of two squares in @, then g is represented by
(1,1), and so (1,1) ~ <%,m> for some z € QT. Thus if we compare discriminants,
we see that (g)m =u?, u€Q; that is, z = (%)vz, v € Q, and so (2,1“) ~ (g, g),
as was to be shown. O

There is another way to see that (2, §> ~ (1,1) if and only if g is a sum of

two squares in Q.

First note that <g, g) ~ <(§) a?, (2) a?) =~ (ab, ab).

Since the signatures and discriminants of the forms (ab,ab) and (1,1) are
the same, the two forms are congruent if and only if s,({ab,ab)) =1 for all
primes p.

Now (ab,ab), = (—1,ab), . Write

ab=2%p{! ...pg‘sqlﬁl...qtﬁt,
Pi,q; primes, and where the p; =1 (mod 4) and the ¢; =3 (mod 4). Now,
since -1 is a square modulo p only for p=2 and p=1 (mod 4), we see that
the a;; may be even or odd. Since -1 is not a square modulo ¢ if ¢=3 (mod 4),
we shall have (—1,ab)q; = —1 for g; |ab, ¢; =3 (mod 4) unless j; is even. But
this, then, is precisely the condition that ensures that ab is a sum of two
squares (Fermat).

3.14.2 Order 8

We know that p(8) =8, so we must consider rational families having at most
8 members. The key result we need here is Proposition 3.17, which asserts
that there is a rational family of type [1,s1,...,8¢] (1 <£<7) in order 8 if
and only if (1,s1,...,80) =0 < 8(1).

Case 1. Much of the work is covered by the following;:
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Proposition 3.24. For any s152,83,54 € QT there is a rational family of
type [1,s182,83,84] in order 8.

Proof. We need to show that:
(1,8182,83,84) = 0 < 8(1).
By Proposition 3.14 part (4),
(1,81,892,8182) ® (1,83) ~8(1);

that is,
T =(1,s1,52,5152,53,5153,5253,515253) =~ 8(1).

But
T=(1,s1,82,83) L (s152,5183,5253,515283) = (1,81,82,53) L q.

Now ¢ is positive definite of dimension 4, and so, by Proposition 3.14 part
(1) q represents s4. Thus g =~ (s4,u,v,w) for some u,v,w € QF. Thus 8(1) ~
<1a51;32783784>J—<u7an>' g

Case 2. [1, 1,582,583, 84, 85, 56)-
We need not consider this case separately from the case of 8-members, as
the following proposition shows.

Proposition 3.25. Let s; € QF, 1 <i <6. There is a rational family of type
[1,s1,...,86] in order 8 if and only if there is a rational family of type

6
sy s [ s
i=1

in order 8.

Proof. If: Obvious.
Only If: As always, we may assume the rational family is {Ig, A1,..., 46}
It is routine to check that

6
{Is,Al,...,A&HA@}
=1

is the required rational family. ]

Case 3. [1,51,52,53,54,55,56,57]

Proposition 3.26. Let s; € Q7,1 <i < 7. There is a rational family of type
[1,81,...,87] in order 8 if and only if (1,s1,...,57) ~8(1) over Q.
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Proof. Exactly as in Proposition 3.23. O

Corollary 3.9. Let s; € QT,1 <3 < 6. There is a rational family of type
[1,81,...,86] in order 8 if and only if

6
<1,51,...,56,Hsi> ~ 8(1)

i=1
over Q.
Proof. Exactly as in Corollary 3.6. O
We can further deduce, as in Corollaries 3.7 and 3.8,

Corollary 3.10. There is a rational family of type

(i) la,a,a,a,a,a,a,b] in order 8, (a,b € Q") if and only ifg € (Q"H%;
(ii) [a,a,a,a,a,a,b] in order 8, (a,b € Q%) if and only ifg is a sum of two
squares in Q.

Case 4. [1, 1,52, 83,84, S5)-
As we have noted before, this amounts to deciding when (1,s1,...,85) =
o < 8(1).

Proposition 3.27. If o = (1,s1,...,85),8; € Q" and d equals the discrim-
inant of o, o < 8(1) if and only if there is a u € Q" such that sy(o) =
(—1,d)p(—1,u)p(u,d)p for every prime p.

Proof. o < 8(1) if and only if there are u,v € Q+ with o L (u,v) ~ 8< ).
Comparing discriminants, we have duv =1 in © )2, that is, v = du in
Thus o L (u,du) ~ 8(1).

By the Hasse-Minkowski Theorem, this can happen if and only if s,(8(1)) =
1=sp(0 L (u,du)) for all primes p. An easy calculation shows that s,(c L
(u,du)) = sp(o)(d,d)p(u,u)p(u,d),. This product is 1 at every prime p if and
only if sp(0) = (—1,d)p(—1,1)p(u,d)p. O

(Q*)2

In practice, this proposition seems difficult to use. One may be lucky in
finding the appropriate u, but it seems difficult to assert when no w exists.
The next two propositions give some easy criteria when no u exists.

Proposition 3.28. There is a rational family of type [a,a,a,a,a,b] (a,b€ Q™)
in order 8 if and only ifg is a sum of three squares in Q.

Proof. Such a family exists if and only if one of type [1,1,1,1,1, ] exists in
order 8. By Propos1t10n 3.27 this happens if and only if there is a u € QT such
that (1,1,1,1,1,% oy (7)u> ~ 8(1). Applying Witt’s Cancellation Theorem,
this is equivalent to saying
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<Zu (Z)u>~<171,1>.

The congruence implies that g is represented by (1,1,1), so g is a sum of
three squares in Q. This proves “Only If”.

To show “If”, we have that % is represented by (1,1,1); hence (1,1,1) ~
b

(g,x,y> for some x,y € QT. Comparing discriminants, we have that y = (o)

in &, which finishes the proof. a

More generally, we have:

Proposition 3.29 (Wolfe [247]). There is a rational family of type
[a1,a2,a3,a4,0a5,a¢] in order 8 where ajazazay = q> for some q € Q and
sp({a1,a2,a3,a4)) =1 for all primes p if and only if asas is a sum of three
squares in Q.

Proof. The hypothesis gives that (a1,a2,a3,a4) ~4(1). Thus o = (a1,...,a¢) <
8(1) if and only if 4(1) L (as,as) < 8(1). By Witt’s Cancellation Theorem this
happens if and only if (as,a6) < 4(1) if and only if (1,a5as) < 4(1) if and only
if (asag) < 3(1) (Witt again!) if and only if asag is a sum of three squares in

Q. O

This last proof applies notably to rational families of type [a,a,a,a,b,c| in
order 8.

There are other special cases one can handle easily for families of six
members in order 8. We mention, and leave the proof to the reader; one more:

Proposition 3.30. Let a,b,cc Q1. There is a rational family of type
[a,a,a,b,b,c] in order 8 where ab is a sum of two squares in Q if and only if
¢ is a sum of three squares in Q.

3.15 Solution of the Algebraic Problem of Orthogonal
Designs in Orders 16t (¢t Odd)

Up to this point we have asked the patient reader to accept many unproved
and deep statements from the classical theory of quadratic forms over Q. This,
we have felt, is not unreasonable, since many excellent sources for the material
exist, and a full exposition here would have taken us too far afield.

In this section, however, the discussion of full proofs is even more difficult.
Vast new amounts of background must be introduced to get each new proposi-
tion. Thus, we shall, albeit reluctantly, usually not give proofs of these deeper
statements but just refer the reader to the imaginative arguments of Shapiro.

In spite of this disclaimer, there is still much we can say for these orders
with only a small number of additional facts.
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Definition 3.15. (1) Let (V,q) be a quadratic space over the field k. If
x#0,z€V and g(x) =0, then z is called an isotropic vector.

(2) If there is an isotropic vector in (V,q), then (V,q) is called isotropic (not
isotropic equals anisotropic).

(3) We say that (V,q) is universal if q represents every element a € k.

Proposition 3.31. Let (V,q) be a 2-dimensional non-degenerate quadratic
space. The following are equivalent:

(i) (V,q) is isotropic;
(1) there is o basis for V' such that the matriz of Bq with respect to this basis
is [$0]
(tit) there is a basis for V' such that the matriz of By with respect to this basis
is [To4]
(iv) the discriminant of q is equal to -1.

Proof. The proof is elementary; see Scharlau [174]. O

This unique (up to isometry) 2-dimensional isotropic space is usually called
a hyperbolic plane and denoted H.

Proposition 3.32. A hyperbolic plane is universal.
Proof. Again, elementary; see Scharlau [174]. O

Corollary 3.11. If (V,q) is a non-degenerate isotropic quadratic space, then
(V,q) is universal.

Proof. (V,q) has a hyperbolic plane as an orthogonal summand, and so the
corollary is clear from Proposition 3.32. O

Definition 3.16. Let (V,q) be a non-degenerate quadratic space over Q. We
say that (V,q) is indefinite if there are x,y € V with ¢(x) > 0 and ¢(y) < 0.

One of the nicer consequences of the Hasse-Minkowski theory is the follow-
ing.

Theorem 3.12 (Meyer’s Theorem). Any indefinite quadratic space (non-
degenerate) over Q of dimension greater than or equal to 5 is isotropic.

With these facts in hand, we can now consider rational families in order 16¢
(t odd). By Theorem 3.11, we must, equivalently, consider linear subspaces
(S,0) < Sim(Q'6,16(1)). We shall continue to abusively refer to this as
considering o (Sim(16(1)).

We proved, Proposition 2.7, that p(16) =9, and so a rational family in
order 16 cannot involve more than 9 members.
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3.15.1 Case 1: 9-member rational families.
Lemma 3.1. Let V = Q?, and let g = (1,a),a € Q*. Then

0—a 1 0 ;
[1 O] and [0 _1] =Ae Sim(V,q).

Furthermore, A= A.
Proof. A simple application of the definitions. ]
Proposition 3.33. Let a € Q" and let 0 =8(1) L (a). Then o < Sim(16(1)).

Proof. Let Ay,..., A7 be the H-R family of order 8, constructed in Proposition
1.2. Recall that A; € Sim(Q®,8(1)) and that A; = —A; (in this example “~”
was “T”). It is then an easy matter to check that

0— 1 0 .
{I2®Is=116, [1 g} @ Is = fi, [0 _1}®Ai=fi+1,2=1,---,7}

is in Sim(Q?®Q® =V, (1,a) ®8(1) = q) and that fz-fj —l—fjﬁ- =0,7#j, and
fi=—fi,i=1,...,8. Also fif1 =aly and fjszlv for 5 =2,...,8. Thus we
have o = 8(1) L (a) < Sim(q). But, by Proposition 3.14 part (4), ¢ ~ 16(1),
and so we are done. O

This is a generalization of part (1) in the proof of Theorem 1.2 and was
noted by Shapiro [191].

Theorem 3.13 (Shapiro [191]). Let o < Sim(16(1)), dimo =9. Then there
is an a € QT such that o =8(1) L (a).

Proof. We shall postpone our remarks about this proof until the end of this
section. 0

Corollary 3.12. There is a rational family of type [s1,...,89] in order 16 if
and only if sp({a1,...,ag)) =1 for every prime p.

Ezample 3.8. There is a rational family of type [a,a,a,a,a,a,a,b,b] in order
16 if and only if ab is a sum of two squares in Q.

3.15.2 Case 2: 7T-member rational families.

Proposition 3.34. Any 7-member rational family exists in order 16.

Proof. By Proposition 3.33 it would be enough to show that if ¢ is positive
definite and dimo = 7, then there is an a € QT with o < 8(1) L {a).
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By repeated use of Proposition 3.14 part (1), we may assume o = 4(1) L
{(u,v,w) for some u,v,w € QT. By Witt’s Cancellation Theorem it will be
enough to find a € Q1 with (u,v,w) < 4(1) L (a).

Let 7 = (u,v,w); then ur ~ (1,y,2), and suppose ur < 4(1) L (d) for some
d € QT Then 7 < 4(u) L (ud). But 4(u) ~4(1), and letting a = ud would finish
the proof.

Thus there is no loss in assuming 7 = (1,y, z). Consider (1,1,1,—y,—2z). By
Meyer’s Theorem this is isotropic, and so (1,1,1,—y,—z) ~ (1,—1) J_ ( ,8,t)
for some e,s,t € QT. Add (y,z,€) to both sides, and observe that (¢,— > o~
(1,-1) (umque hyperbolic plane!) for any ¢ € Q. Hence

(L,1,1,—y,—2) L (y,z,e) ~ (1,=1) L (—e,s,t) L (y,z,¢€)
R 0
U, L) LHLH () ~  HLHL(sty,z2)

2

Using Witt’s Cancellation Theorem again, to cancel the hyperbolic planes,
gives (1,1,1,e) ~ (s,t,y,2). Adding (1) to both sides gives the desired result.
O

3.15.3 Case 3: 8-member rational families.

This is the only case we have yet to consider. There is one easy part of this
discussion and one difficult part. We prove the easy part.

Proposition 3.35. Let o be a positive definite 8-dimensional form over Q,
and suppose disco =1. Then o < Sim(16(1)).

Proof. Let 0 =5(1) L (u,v,w), without loss of generality. Since disco =1,
w=uv in &, and so o = 5(1) L (u,v,uv).

Let 7 =5(1) L (u,v); by Proposition 3.34, 7 < Sim(16(1)); that is, there is
a rational family of type [1,1,1,1,1,u,v] in order 16. By Section 3.9 we may

assume this rational family is {I1¢,A41,...,A6}. It is an easy matter to check

that {I16,41,...,As, 4]§I A;} is a rational family of type [1,1,1,1,1,u,v,uv],

and hence o < Szm(l%?ll)) O
The case where the discriminant is not equal to 1 is deeper.

Theorem 3.14. Let (S,0) be a non-degenerate linear subspace of
Sim(Q'6,16(1)) where dimo =8 and disco # 1. Then (S,0) C (S',0') where
dimo’ =9 and (5',0') < Sim(Q'6,16(1)).

Proof. See Shapiro [192]. O

Thus 8-dimensional subspaces of Sim(I6(1)) are not maximal if their
discriminant is not equal to 1.
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Corollary 3.13. Let o be a positive definite quadratic form where dimo = 8
and disco # 1. Then o < Sim(16(1)) if and only if there is an a,b € QT with
oL {a) ~8(1) L (b).

Proof. This is immediate from Theorems 3.14 and 3.13. O

If o L (a) ~8(1) L (b), and if d =disc o # 1, then da =b in &; that is,
o L (db) ~8(1) L (b). By Hasse-Minkowski s,(c L (db)) =1 for all primes p.
An easy calculation shows that

sp(o L (db)) = sp(0)(d,=b)p =
Thus sp(0) = (d,—b), for all primes p. Thus, we may restate the last corollary.

Corollary 3.14. Let o be a positive definite quadratic form where dimo = 8
and disc 0 =d # 1. Then o < Sim(16(1)) if and only if there is ab € QT with

sp(o) = (d,=b)p for any prime p.

We conclude this section with a short discussion of what is involved in the
proof of Theorem 3.13.

Let dimo =9,(S,0) < Sim(V,16(1)), and write o = (1) L o1, and let C' =
Clifford Algebra of —o1.

Since dim(—o1) =8, C is a simple algebra. Let ¢ : C +— End(V') be the
usual similarity representation. Then C' simple implies ¢ is one-to-one, and
a dimension count (dimC = 28, dimg End(V) = 16 x 16 = 28) shows ¢ is an
isomorphism.

If we call the Witt Invariant of —oy the class of C' in the Brauer group of
Q and denote it ¢(—o1), C=EndgV implies that this is the trivial element
of the Brauer group; that is, ¢(—o1) = 1. (See Lam [142, p. 120].)

Now the Hilbert symbol (a,b) may also be interpreted as the class of the

P
quaternion algebra (62) in the Brauer group of Q) in the following way:

P
Since there is only one non-trivial quaternion algebra over Qp, (%f =1

if the quaternion algebra is 2 x 2 matrices over Q, and -1 if it is the other
quaternion algebra over Q) . The p-adic Hasse-invariant s, of the quadratic
form is then just the appropriate product of quaternion algebras in the Brauer

group of Q.
We can define a global Hasse-invariant of the quadratic form o = < a1y...yQn),
a; € Q as s(o), where s(o) is in the Brauer group of Q by s(o [(a“aJ )}

where [(%)] denotes the class of the quaternion algebra in the Brauer

group.

This global invariant (it is invariant of o) is closely related to the Witt
Invariant, and, in fact, in (Lam, [142]) the exact connections are given. In the
case we're considering, dim(—o7) = 8, the calculation gives
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o(—o1) =1=s(—01). (‘55)

where § = disc of —¢1. In our usual terminology 1= s,(—01)(—1,6), for all
primes p.

Now since § = disc(—o1) = disc(o1) (since dim(—o7) = 8) and since o =
(1) L o1, we have 0 = disc o.

Furthermore, sp(—01) = (—1,6)psp(01), as a simple calculation shows. Now
sp(01) = sp(0). Thus we have

1= s5p(~0)(~1,8) = (~L,8)psp(01) - (~1,0)

= sp(01) = 5p(0)

for all primes p. Hence, if 7= 8(1) L (§), we see that s,(c) = sp(7) for all
primes p; they have the same discriminant and same signature, and by the
Hasse-Minkowski Theorem they are isometric.

3.16 Solution of the Algebraic Problem of Orthogonal
Designs in Orders 32t (t-odd)

As usual, we are interested in finding conditions on the positive definite form
o in order that o < Sim(32(1)). Since p(32) = 10, we know dimo < 10.
Proposition 3.36. For any a,b€ Q", 0 =8(1) L (a,b) < Sim(32(1)).

Proof. We have already seen that for any b € QT,8(1) L (b) < Sim(16(1)). By
the same proof as in Proposition 3.33 we conclude that

8(1) L (b) L (a) < Sim((1,a) ®16(1) ~ 32(1)).0
With just this proposition we may prove
Proposition 3.37. If o is positive definite, dimo =9, then o < Sim(32(1)).

Proof. We may write o = 6(1) L 7 where dim7 = 3 and 7 is positive definite.
Consider 7 L (—1,—1) = u. Since pu is indefinite and dim u =5, we know, by
Meyer’ s Theorem, that p represents 0 non-trivially. But this is just another
way of saying that 7 and (1,1) represent a common value c. In that case
7= {a,b) L {c) ={a,b,c) and (1,1) ~ (c,?), but by checking the invariants we
see (1,1) ~ (c,c). Thus

T <{a,b,c) L {c) ={(a,b,c,c) ~ (a,b,1,1)
for some a,b € QT. Thus 6(1) L 7 <8(1) L (a,b) for some a,b € Q™. O

Thus we are left only with considering the case where dimo = 10.
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Theorem 3.15 (Shapiro [191]). If dimo = 10 and o is positive definite,
o < Sim(32(1)) if and only if o ~8(1) L (a,b).

Proof. We have shown “If”. We again omit the proof. It is similar, in spirit,
to the (omitted) proof of Theorem 3.13. O

3.17 The Periodicity Theorem and the General Solution
of the Algebraic Problem of Orthogonal Designs

In this section we omit all proofs and refer the reader to Shapiro [192].

Proposition 3.38. Let o be a positive definite form and o = (1) L 0q. Let C
be the Clifford Algebra of —o1, and let V be any C-module. Then there is a
positive definite form q on V where o < Sim(V,q).

If dimo > 5, then o = (1) L 01 automatically, and by Proposition 3.20 this
gives that ¢ ~n(1) where 8|n and n =dimV.

Theorem 3.16 (Periodicity). Let o be positive definite and suppose o =
8(1) L 7, where T represents 1. Then o < Sim (2™7*(1)) if and only if T <
Sim(q) for some 2™-dimensional positive definite quadratic form q.

Proof. We shall only remark that the proof rests on Proposition 3.38 and the
classical periodicity theorems for Clifford Algebras. O

Corollary 3.15. Suppose o is positive definite and o =8(1) L 7 where dim 7 >
5; then
< Sim (2™T(1)) & 7 < Sim(2"(1)).

Proof. This corollary just comes from the theorem and the remark preceding
it. O

We are still not in a position to use the full force of this periodicity theorem.
The fact that we still have restrictions on 10-dimensional ¢ in order 2° gives
trouble in order 2.

The case of 26. Now p(25) = 12. Suppose dimo = 12. Write o = 8(1) L 7,
dim 7 = 4. By periodicity, 7 < Sim(q), where ¢ is 4-dimensional. By Corollary
3.3 we have 7 < Sim(q) if and only if 7 ~ ¢, and an easy application of
Proposition 3.19 part (ii) shows 7 ~ ¢~ (1,a.b,ab) for some a,b € QT, and
so disct = 1. In summary, 7 < Sim(q) if and only if discT = 1. For later
reference:

Proposition 3.39. Let o be a positive definite form of dimension 12. o <
Sim(25(1)) if and only if disco = 1.
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If dimo = 11, then, for 11 =3 (mod 4), we may use the proofs of Corollary
3.6 or (equivalently) Corollary 3.9 to see that if d equals the discriminant
of o, then o < Sim(2%(1)) if and only if o L (d) < Sim(26(1)). Since the
discriminant of o L (d) = 1, we may apply Proposition 3.39 to obtain:

Proposition 3.40. Let o be a positive definite form of dimension 11. Then
o < Sim(25(1)).

The case of 27. Now p(27) = 16. The periodicity handles dimo = 16, 15,
14, 13. So we need only consider dimo = 12. If we can show that every o of
dimension 12 is < Sim(27(1)), then we need never consider dimension 12 (or
less) again. Thus we may always use the periodicity.

But for dimo = 12, write ¢ = 8(1) L 7, the periodicity implies o <
Sim(27(1)) if and only if 7 < Sim(q) where dimg = 8. But 7 represents
1, so (1,a,b) < 7 for some a,b € Q*, and hence, by Proposition 3.19 part (iii),
(1,a,b,ab) | q. Applying Proposition 3.14 part (4), we obtain ¢ ~ 8(1). We may
now invoke Proposition 3.24 to see that since dim7 =4, 7 < Sim(8(1)) is
always possible.

We summarize all the major results from Sections 3.15 on.

Theorem 3.17. Let o be a positive definite form over Q, d equal the discrim-
inant of o, and m > 3.

(A) If dimo < 2m, then o < Sim (2™(1)).
(B) If 2m < dimo < p(2™), then:

(i) if m=0 (mod 4), p(2™) =2m+1 and
(a) dimo =2m+1; 0 < Sim (2™(1)) if and only if sp(o) =1 for all
primes p;
(b)dimo =2m; if d=1, o < Sim(2™(1)) always; if d# 1, 0 <
Sim (2" (1)) if and only if there is a b€ QT with sp(0) = (d,—b),
for all primes p;

(i) if m=1 (mod 4), p(2™) = 2m; dimo =2m; o < Sim (2™ (1)) if and
only if there are a,b € QT with o ~2(m—1)(1) L (a,b) if and only if
sp(0) = (=d,a), for some a € Q, and all primes p;

(7ii) if m =2 (mod 4), p(2™) = 2m; dimo = 2m; o < Sim (2™(1)) if and
only if d=1;

(iv) if m =3 (mod 4), p(2™) =2m+2;

(a) dimo =2m+2, o < Sim (2™(1)) if and only ifd=1 and sp(c) =1
for all primes p;

(b) dimo =2m+1, o < Sitm(2™(1)) if and only if sp(0) = (—1,d)p
for all primes p;

(c) dimo = 2m, o < Sim (2™(1)) if and only if there is an a € QT
with sp(0) = (d,—a)p(a,—1), for every prime p.
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3.18 Combining the Algebraic Solution with
Combinatorial Facts

One of the strongest combinatorial facts we discovered was Theorem 2.5. It,
combined just with the algebraic restriction on the number of variables in an
orthogonal design of order n, was enough to eliminate many p(n)-tuples as
the types of orthogonal designs in order n. We now combine it with the new
algebraic information to eliminate more tuples (even those of length less than
p(n)).

We illustrate, by some examples, how the two types of information may be
combined.

Example 3.9. We want to know if it is possible for an orthogonal design
OD(20;1,1,17) to exist.

Since p(20) = 4, we get no contradiction just from the number of variables
involved. Since 17 =12 +42, we know there is a rational family of type [1,1,17]
in order 20. Now use Corollary 2.3 to note that if an orthogonal design of
type (1,1,17) exists in order 20, then there is an orthogonal design of type
(1,1,1,17) in order 20. Hence there is a rational family of type [1,1,1,17] in
order 20 and thus, by Theorem 3.11, in order 4. Thus (1,1,1,17) ~ (1,1,1,1),
which is a contradiction since the discriminants are not equal. So there is no
orthogonal design OD(20;1,1,17).

Exactly the same procedure may be used to show that there is no orthogonal
design OD(20;7,12).

Similarly, there are no orthogonal designs of types OD(72;1,1,1,1,1,66),
OD(72;1,1,1,1,1,1,65) or OD(72;1,1,1,1,1,1,1,64).

These examples indicate how we may modify Theorem 3.17. The examples
also show how the proof should be constructed and so shall be omitted.

Theorem 3.18. Let n =0 (mod 4), n=2™b, b odd. Let A= (ay,...,ap)
where £ < p(n) and f: a; =n—1. The following give necessary conditions for A
to be the type of an ;;tlhogonal design in order n. (Let o = {aq,...,ap)d=disco)
(A) m=2.

0=2; (—1,a1a2)p(a1a2)p, =1 for all primes p.

£=3; a1aza3 is a square, and 1 = (ajaz2)p(—1,a1a2), for all primes p.

(B) m >3.
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(i) m=0 (mod 4); ¢=2m; sp(o) =1 for all primes p.

¢ =2m—1; if d # 1, then there is a be QT
with s,(0) = (d,—b), for all primes p.

(il) m=1 (mod 4); {=2m—1; thereisa be Q™
with s,(0) = (—d,b) for all primes p.

(iii) m=2 (mod 4); =2m-1;d=1.

(iv) m=3 (mod 4); {=2m+1;d=1 and sp(c) =1 for all primes p.
L=2m; sp(o) = (—1,d), for all primes p.
{=2m—1; thereisan a € Q*
with s,(0) = (d, —a)p(a,—1), for all primes p.

Ezample 3.10. (A) As we have seen, (A) eliminates (7,12) and (1,1,17) in
order 20.

(B) (i) Consider if there is an orthogonal design OD(48;1,1,1,1,3,3,36) =
3.16. This is not eliminated by Theorem 3.17 part (B ) (i).(b) since
if 0 =5(1) 1 (3,3,36), disco =1. But s3(0) = (3,3)3 = (-1,3)3 =
So it is eliminated by Theorem 3.18 part (B).(i) above.

(ii) We have not found anything yet that this eliminates.

(iii) This one is easy to use; for example; there is no orthogonal design
OD(64:2,2,2,2,2,2,2,2,2,2,43), i.e. OD(64;210,43).

(iv) Parts of this are easy to use, especially £ =2m+1, £ = 2m; the other
part is not so easy.

We have not explored yet which designs are eliminated (in general) by this
theorem. Later, when we consider the possibilities of orthogonal designs in
various orders, we shall make use of these theorems.

In this chapter, then, we have dealt at some length with finding necessary
conditions for the existence of orthogonal designs in various orders. The
conditions, of course, then amount to eliminating various tuples as the types
of orthogonal designs. In general, what we have found is (algebraically) if the
length of tuple is “small” compared to p(n), the tuple exists as the type of a
rational family. Hence, in general, we have no algebraic conditions on small
tuples. On the other hand, the combinatorial results tell us to exercise care
when the orthogonal design we are after is almost full (that is, few zeros per
row).

In the next chapter we take a more positive (depending on your point
of view) approach. We give many constructions and examples of orthogonal
designs and give some indication of the scope of possibilities that exist.
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3.18.1 Alert

Since this chapter was originally written and published in 1979 there has been
growing literature in the field of Classification of Algebras. We do not delve
into this here but recommend the deeper scholar to also study this area of
classification.



Chapter 4

Constructions for Orthogonal Designs via
Plug In and Plug Into Matrices

4.1 Introduction

In previous chapters we have studied some necessary conditions for the exis-
tence of orthogonal designs. We now turn to the task of actually constructing
such designs. The ideas and methods we use are quite varied, and many have
been used in the construction of Hadamard matrices. There is one unifying
theme in the constructions presented in this chapter. They revolve, in the
main, around finding plug-in matrices with prescribed properties or discover-
ing the obstructions to finding such matrices. Then we study arrays which
these matrices may be plugged into. There are several methods of obtaining
the appropriate collections of plug-in matrices (circulants, negacyclics, type
1, type 2 and blocks). The ways they may be used often depend on how
we obtained them. In general, the more control we attempt to exert on the
internal structure of the plug-in matrices, the more interesting the ways we
can use them.

4.2 Some Orthogonal Designs Exist

Proposition 1.2 actually gives a construction for orthogonal designs. We review
that proposition and add a remark about uniqueness in the following.

Theorem 4.1. There are OD(1;1), OD(2;1,1), OD(4;1,1,1,1) and
OD(8;1,1,1,1,1,1,1,1). These are equivalent under the equivalence operations

(a) interchange rows or columns;

(b) multiply rows or columns by —1;

(c) replace any variable by its negative throughout the design; to one of the
arrays of appropriate order in Table 4.1.
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Table 4.1 Examples: OD(1;1), OD(2;1,1), OD(4;1,1,1,1) and
0D(8;1,1,1,1,1,1,1,1)

a b c d a b c d

2] [m y} —b a d-c or -b a—-d c
o ly —x|’ —c—d a b —c d a-=bl|’

—d c¢c—b a —d—c b a

[a b ¢c d|le f g h]
b a d —c|f —e—h g
—c—d a blg h —e—f
—d ¢ =b al|lh —g f —e
—e—f—g—hla b ¢ d
—f e —h g|-b a —d c
—g h e —fl—c d a —b

| -h—g f e|-d—c b a |

Proof. By tedious systematic elimination. The uniqueness of the orthogonal
design of order 8 under Hadamard equivalence operations is shown in [239]. O

Here we leave the question of equivalence of orthogonal designs, except to say
that Lakein and Wallis [140] have briefly considered inequivalence of Baumert-
Hall arrays of small order (see Section 4.12 for definition), and Hain [96]
conjectured and Eades [52] established that there are exactly two equivalence
classes of circulant weighing matrices of order 13. The existence of circulant
weighing matrices has attracted considerable interest. See [6,7,9-11, 153]
papers and Section 4.4, Ohmori [156-158] has studied the equivalence of
weighing matrices, W(n, k) and Kimura [124], the equivalence of Hadamard
matrices.

We believe equivalence of orthogonal designs is an area worthy of study. We
refer any interested reader to the work of M. Hall Jnr, W. D. Wallis and others
described in J. Cooper [31], J. Wallis [231, pp 408-425], B. Gordon [92], C.
Koukouvinos and colleagues, H. Kharaghani, W. Holzmann and W.D. Wallis
on equivalence of Hadamard matrices.

In Chapter 1 we gave a construction for H-R families (see Theorem 1.2). It
is possible to generalize that result to orthogonal designs.

Theorem 4.2. If there exists OD(n;uy,ug,...,us), then there exists an or-
thogonal design of type

(i) OD(2n;uq,ug,..., us—1,us,us) with s+ 1 variables,

(i) OD(4n;uq,ug,. .., Us—1,Us, Us, Us) With s+ 2 variables,
(#@i) OD(8n;u1,ug,. .., Us—1,Us, Us, Us, Us, Us ) With s+ 4 variables,
(iv) OD(16m;u1, U, ..., Us—1,Us,Us, Us, Us, Ug, Us, Us, Us, Us) With s+ 8 vari-

ables.
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Proof. In each case we replace each of the first s — 1 variables by z;I,,, where
m = 2,4,8,16, respectively. In cases (i), (ii), (iii) and (iv) the last variable is
replaced by

z y 2z 0
{x y} yor 0=21 v ond W,
Yy —x z 0—x vy
0—2 y =
respectively, where X and W are given in Table 4.2. O
Table 4.2 Values for X and W
XY
TRES:
[z vy 2z 0la 0 O —blc 0O O d|0 —e f 0]
y —x 0 =2/ 0 —a b 0|0 —c—-d O0|e 0 0 —f
z 0 —z y| 0 =b—-a 0|0 d —c O|—=f 0O 0 —e
0 —zy z|b 0 0 a|l—-d 0 0 c¢c|0 f e O
a 0 0 b|l—zy =z 0|0 — f O0|—c 0 0 —d
0 —a b 0|y = 0 —2{e 0 0 —fl0 ¢ d O
0 b —a 0|z 0 = y|—-f 0 0 —|0 —d ¢ 0
|60 0 a|0 —2zy —2x|{0 f e O0|d 0 0 —c
e 0 0 —d|0 e —f O|-2xy 2z a|0 0 0 —b
0 —¢cd O0|—-e 0 0 fly 0 —2(0 —a b O
0O —-d——c O|f 0 0 e|lz 0 a2 y|0 —=b—-a 0
d 0 0 ¢|0 —f—-—- 0|0 —2y —2x2[b 0 0 a
0 e =f O|l—c 0 0 d|la 0 0 b|lz y =z 0
—-e 0 0 f]0 ¢ —dO0O|0 —a-b 0|y —x 0 —z
f 0 0 e|l0 d ¢ 0|0 b —a 0|z 0 —x y
0 —f—e 0|-=d 0 0 —c|=b 0 0 a|0 —2 y =z |

Corollary 4.1. There exists an orthogonal design of type OD(n;1,... 1) with
p(n) variables in order n=2%b (b odd).

Proof. This follows immediately from Theorem 1.2. O

We now note that orthogonal designs of the same order but different types
can be easily made by setting variables equal to zero or to one another. For
easy reference, this is stated in the following lemma;:

Lemma 4.1 (Equate and Kill Theorem). If A is OD(n;u1,...,us) on
variables x1,...,xs, then there is OD(njuq,...,u; +uj,...,us) and
OD(njuq,...,uj—1,Ujq1,...,us) on s—1 variables 1 ...,%j,...,2s.
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Proof. Set the variables £; = x; = x; in the first case and Z; = 0 in the second.
O

S
Corollary 4.2. An OD(n;uq,...,us) exists if > u; < p(n) for any integer
i=1
n=2,4,8, orthogonal designs of order n and any type exist.

Proof. The proof follows by using the designs of type (1,1,...,1) in Corollary
4.1. O

Ezxample 4.1.
x

g

—z —

<

<
n & 8w

g w

&

xT

< 8

—w

is OD(4;1,1,1,1). We can make designs OD(4;1,1,2) by (for example) setting
z=w =v and of type OD(4;1,1,1) by (for example) setting y = 0.

r Yy v v z 0z w
-y T v-—v 0 zw-—=2
—v—v T Y —z—wazx 0
v v—Yy —-w z 0 =z

isan OD(4;1,1,2), and isan OD(4;1,1,1).

Another method of finding orthogonal designs, already foreshadowed by
the proof of Theorem 4.2, is to replace variables by suitable matrices of
variables. Similar methods were first used extensively by J. Wallis [231] in
constructing Hadamard matrices. The results now quoted are due to Joan
Murphy Geramita, Kounias, Koukouvinos, Holzmann, Kharaghani, Ming-yuan
Xia, ourselves and many of our students.

The next lemma is given for easy reference. The remaining lemmas of
this section are of far-reaching consequences and great power in constructing
orthogonal designs.

Lemma 4.2. If A is an OD(n;uq,...,us) on xi...,xs, then there exists
OD(mn;uy,...,us) on 1,...,2s for any integer m > 1.
Proof. Replace each variable x; of A by x;l,. O

The next result is most useful, and part of it first appeared in Geramita-
Geramita-Wallis [77]. It was the start of what is now amicable orthogonal
designs (see Chapter 5).

Lemma 4.3. If there is OD(n;a,b), there is an

OD(2n;a,a,b,b) OD(4n;a,a,2a,b,b,2b)
OD(8n;a,a,2a,2a,2a,8b) OD(8n;a,2a,2a,3a,2b,6b)
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Proof. To obtain the required designs in order 2n, 4n and 8n, respectively,
the two variables of the design OD(n;a,b) in order n should be replaced by
the matrices of commuting variables (we use z; for —z; and y; for —y;) given
in Table 4.3 respectively. This is possible because XiYi—r = YiXiT, 1=1,2,3,4,
that is, X; and Y; are amicable. O

Table 4.3 Amicable designs in order 2n, 4n, 8n using Z; for —xz;, y; for —y;

X, - [an 2] [y1 yz] _

Taai|’  |y2 1
1 X2 T3 I3 Y1 Y2 Y3 Y3
Xy — 5?2 T 3 x3 ’ Y2 Y1 ys Q3 — Y,

T3 T3 T1 X2 Y3 Y3 Y2 Y1

T3 T3 Tg 21 | Y3 Y3 Y1 Y2
(20 1 T2 23 Ty T4 XT3 T4 (11 — 1 — — 1 —]
T1 To T3 To T4 To T4 T3 1 -11 -1 - —
To T3 To T1 T3 T4 T T4 -1 - - -1 - —

T3 To T1 T T4 T3 T4 T2 11 -111-1
Xg=|." - s =Y;3
To T4 T3 T4 Tg T1 T2 T3 - - =1111 —
i‘4$2$4;l)31_711‘09_33.f2 -1 111 - — —
i3f4x2£4£2x3x0x1 1 - -1 - - -
_:i49£39€4502x3x25£1x0_ _———1———1_

To Ty T3 T3 T3 T2 Ty T Y2 Y1 Y2 Y2 Y2 Y1 Y2 Y2
To To T3 T3 T2 T3 T1 11 Y1 Y2 Y2 Y2 Y1 Y2 Y2 Y2
T3 T3 To T2 T1 T1 T2 T3 Y2 Y2 Y1 Y2 Y2 Y2 Y2 Y1
Xy — T3 T3 T2 To X1 X1 T3 X2 Y2 Y2 Y2 Y1 Y2 Y2 Y1 Y2 —y,.
)

T3 Ty T1 X1 T T2 T3 T3 Y2 Y1 Y2 Y2 Y2 Y1 Y2 Y2
T2 3 T1 T1 T2 To T3 T3 Y1 Y2 Y2 Y2 Y1 Y2 Y2 Y2
T1 T1 T2 XT3 T3 T3 T T2 Y2 Y2 Y2 Y1 Y2 Y2 Y1 Y2
Ty T1 T3 T T3 T3 T2 To| [Y2 Y2 Y1 Y2 Y2 Y2 Y2 Y1

Corollary 4.3. If there are OD(n;1,k), 1 <k <j, then there are OD(2n;1,m)
for 1 <m <2j+1. In particular, if there are OD(n;1,k), 1 <k <n—1, then
there are OD(2'n;1,m), 1 <m < 2'n—1, t a positive integer.

Ezample 4.2. Since there is an OD(2;1,1), there exist, using Corollary 4.3,
orthogonal designs OD(2%;1,k), 1 <k <2 —1, in every order 2, t a positive
integer.

The following lemma is crucial to the powerful results on Hadamard matrices
we will obtain later.
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Theorem 4.3 (Doubling Theorem). If there exists an OD(n;s1,82,...,84),
then there exist orthogonal designs of type

(i) OD(2n;e151,€282,...,648y,) where e; =1 or 2,
(i) OD(2n;s1,81, fS2,...,fsy) where f =1 or 2.

Proof. (i) Replace each variable by {%l fz] if e; =1 and by [5 ] ife; =2.

(i) Replace the variable 1 by [ "2 7!] and the variable x;, i # 1, by [2?2 %1}
or [ i ] according as f is 1 or 2. O

4.3 Some Basic Matrix Results

One of the most useful constructive methods for orthogonal designs has been
that using two or more circulant matrices. Later in Section 4.5 we discuss
the alternative plug-in matrices, nega-cyclic matrices, which are especially
useful for even orders. In this section we give some results about circulant
matrices starting with the more general concept of type 1; then we develop
some existence results.

First we give some definitions and elementary results. We use the following
notation:

Notation 4.1. A (1,—1) matrix is a matrix whose only entries are +1 or —1.
We use similar notation for a (0,1,—1) matrix, (a,b,c) matrix, etc. We use
Jp, for the n X n matrix with every entry +1. (We shall sometimes drop the
subscript if the order is obvious.)

Definition 4.1. (a) Let G be an additive abelian group of order ¢, and order
the elements of G as z1,...,2¢. Let ¢ and ¢ be two functions from G into a
commutative ring. We define two matrices M = (m;;) and N = (n;;), of order
t, as follows:

mij = ’l/)(Zj — Zi) and Ngj = d)(z] + Z,) .

M and N are called type 1 and type 2 matrices, respectively.

Remark 4.1. The words “type 1” used to describe these matrices leaves out
information: the way the elements of G are ordered and which functions 1 and
¢ are being used. One should say, e.g., in describing M, “type 1 with respect
to the following ordering of G and the function ¢”; however, this cumbersome
phrase will be omitted since the ordering for G is usually understood and
fixed, while the functions ¢ and ¢ are usually explicit.

(b) Let G be as above with its elements ordered as above. Let X be a
subset of G, and suppose 0 ¢ X. If ¢ and ¢ are defined by:
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a, =0 d, =0
Plz)=qb, z€X ;o Ple)=qe, zeX :
c, x¢XU{0} f, ¢ Xu{0}

then M will be called the type 1 (a,b,c) incidence matriz generated by X, and
N the type 2 (d,e, f) incidence matriz generated by X.

Remark 4.2. If we drop the restriction that 0 ¢ X and let

1 ifzeX
1 ifzg X’

we obtain the type ¢ (i =1,2) (1,—1) incidence matriz generated by X, and if
we let
1 ifzeX

w<x>=¢<x>={0 fegx’

then we obtain the type i (¢ =1,2) (1,0) incidence matriz generated by X.

Notice that these latter two “incidence” matrices are really special cases
of Definition 4.1 part (b) where we let @ =b or a = ¢ depending on whether
0eXor0¢X.

Ezample 4.3. Consider the field % = GF(3%). We order the elements
g1 :07 92:17 93:27 g4 =, g5:$+1, 96:.%""2, g7:2$, 98:2$+1a

g9 = 2x+ 2. Define the set

X ={y: y = 22 for some z € GF(3?), z#0}
={x+1,2,2z+2,1}.

Then the type 1 and type 2 (0,1,—1) incidence matrices generated by X are
given by A and B, respectively:

0 1 1-1 1-1-1-1 1]
1 0 1-1-1 1 1-1-1
11 0 1-1-1-1 1-1

-1-1 1 0 1 1-1 1-1
A= 1-1-1 1 0 1-1-1 1,
-1 1-1 1 1 0 1-1-1
-1 1-1-1-1 1 0 1 1
-1-1 1 1-1-1 1 0 1
1-1-1-1 1-1 1 1 O




70 4 Orthogonal Designs Constructed via Plug-in Matrices

[0 1 1-1 1-1-1-1 1]
11 0 1-1-1-1 1-1
10 1-1-1 1 1-1-1

-1 1-1-1-1 1 0 1 1

B=|1-1-1-1 1-1 1 1 0

-1-1 1 1-1-1 1 0 1

-1-1 1 0 1 1-1 1-1

-1 1-1 1 1 0 1-1-1
1-1-1 1 0 1-1-1 1

If the additive abelian group in Definition 4.1 is the cyclic group Z; of integers
modulo ¢ with the usual ordering 0,1,2,...,t—1, then the type 1 and type 2
matrices are very familiar.

Definition 4.2. (a) A circulant matrix A = (a;;) of order n is one for which

a;; = a1,j—i+1 where j —i41 is reduced modulo n to 0,1,2,...,n—1. For
example:

1234

4123

3412

2341

(b) A set D= {z1,x2,...,21} C{0,1,2,...,n—1} will be said to generate a
circulant (1,—1) matrix if the first row of the circulant matrix is defined by

+1, ze€D
a1y = .
e -1, z¢D

(c) A matrix A = (a;;) of order n will be called back circulant if a;; = a1 j+j—1
where i+ j — 1 is reduced modulo n. For example:

1234
2341
3412
4123

Remark 4.3. (i) Any type 1 matrix defined on Z; (with its usual ordering) is
circulant since:

mij =P —i)=v([—i+1-1)=m1 jit1.

(i) Any type 2 matrix defined on Z; (with its usual ordering) is back circulant
since:

Nij :¢(Z+]) :QS(’L—I—]—]_—}—]_) =N 41



4.3 Some Basic Matrix Results 71

Clearly, any circulant matrix is a type 1 matrix, and any back circulant
matrix is a type 2 matrix. In any case:

e A type 1 matrix is analogous to a circulant matrix;
e A type 2 matrix is analogous to a back circulant matrix.

Thus, all propositions proved about type 1 and type 2 matrices have corollaries
about circulant and back circulant matrices.

Lemma 4.4. Suppose G is an additive abelian group of order v with elements
ordered z1,22,...,2,. Let ¢, ¥, and p be functions from G to some commutative
ring R.

Define A = (aij), B= (b”) and C = (Cij) by A5 = gf)(Z] 72’1'), bij = 1,/}(2j 72’1‘)
and ¢;; = (2 + 2;). Then

(i) ¢T=c, (i) AB=BA, (i) ACT =CAT.
Proof. (1) cij = (25 +2;) = p(zi + 25) = ¢ji-
(ii) (AB)ij = > gec (9 — i)Y (25 — 9)-

Putting h = 2z; — z; — g, it is clear that as g ranges through G, so does h,
and the above expression becomes

> bz —h(h—z) = > w(h—z)(z—h)

heG neG
(since R is commutative); this is (BA);;.

(iii) (ACT)ij =X geq @9 —2)¥(2 +9)
—Zheg(ﬁ( zj)wzi+h)  (h=2zj+g9—z)
(CAD)ij O

Corollary 4.4. If X and Y are type 1 matrices and Z is a type 2 matriz, all
defined on the same abelian group with a fired ordering, then (i) Z' = Z, (ii)
XY =YX, (iii) XZT =ZXT.

Lemma 4.5. (i) If X is a type 1, i = 1,2, matriz, then so is X .
(i) If X and Y are type 1 matrices, i = 1,2, both defined on the same abelian
group with a fixed ordering, then so is X +Y and X =Y.

Proof. (i.a) If X = (x;;) is type 2 defined using a function ¢, then X;; =
d(zi+2j) = ¢(2j +2) = Xji- So X T is also defined as type 2 using ¢.

(i.b) If X = (z;;) is of type 1 defined using 1, then x;; = ¢ (z; — 2).
Now define a type 1 matrix M = (m;;) using p, where p(z) =1 (—z). Then
ms; = ,LL(Zj - Zz) = 77/}(2’1 —Zj) = Tjj- Thus M = XT.
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(ii.a) If X and Y are type 2 defined using ¢1 and ¢2, then the type 2
matrices defined using ¢1 + ¢2 and ¢1 — ¢o respectively, give X +Y and
X =Y, respectively.

(ii.b) Similarly, if X and Y are type 1 defined using i1 and 9, define
type 1 matrices using p1 + po and py — po, respectively, to obtain X +Y and
X - Y, respectively, where u;(x) = ¢;(—x). O

Corollary 4.5. (i) If X and Y are type 1 matrices, defined on the same
abelian group with a fized ordering, then

XY=YX XyT=v"Xx
XTy=vyx" XTyT=yTxT"

(it) If P is a type 1 matriz and Q is a type 2 matriz, both defined on the same
abelian group with a fized ordering, then

PQT=QPT PTQT=QP
PQ=Q'PT PTQ=Q"P

We now summarize the most used results for circulants.

Corollary 4.6. (i) Two circulant matrices of the same order commute.

(i) A back circulant matriz is symmetric.

(#ii) The product of a back circulant matriz with a circulant matriz of the same
order is symmetric. In particular, if B is back circulant and A is circulant,

ABT =BAT.
A and B are amicable matrices (see Chapter 5)

Remark. From now on, whenever we refer to a collection of type 1 and type
2 matrices all defined on the same abelian group G, we shall assume that the
ordering of the group elements has been fixed.

Lemma 4.6. (i) Let X and Y be type 2 (d,e, f) incidence matrices generated
by subsets A and B of an additive abelian group G. Suppose, further, that

acA=—-acA and beB=-beB.

Then,
XY =YX and XY ' =YX'.

(i) The same result holds if X andY are type 1.

Proof. (i) Since X and Y are symmetric, we only have to prove that XY T =
Y X", Suppose X = (z;;) and Y = (y;;) are defined by

T = ¢(zi +25), vij = V(zi +25),
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where 21, z9,... are the elements of G. Then

(XY T)ij =z + 200 (21 + 25)

k

:Zgﬁ(*zifzk)w(zkﬂLZj) sinceac A= —acA
k

=Y Oz + 20—z — 2 — 2 + ) =2k =% 2
£

:qu(zj +z0)Y (20 + %) sincebe B=-be B
)4

=YX ")y

(if) The additional hypotheses on A and B force X and Y to be symmetric.
The proof, then, is similar to (i), and we leave it to the reader as an easy
exercise. O

Lemma 4.7. Let R = (r;j) be the permutation matriz of order n, defined on
an additive abelian group G = {g;} of order n by

P 1 ifgr+g;=0
kg 0 otherwise.

(i) If M is a type 1 matriz defined on G, then MR is a type 2 matriz defined
on G.

(i) If N is a type 2 matriz defined on G, then NR is a type 1 matriz defined
on G.

(iii) If X is a subset of G where 0 ¢ X and M is the type 1 (a,b,c) incidence
matriz generated by X, then MR is the type 2 (a,b,c) incidence matriz
generated by —X.

(iv) If X is as in (3) and N is the type 2 (a,b,c) incidence matriz generated

by X, then NR is the type 1 (a,b,c) incidence matriz generated by —X.
Proof. 1.) Let M = (my;) be defined by m;; =¥ (g; —¢:), and let p(x) =
Y(—x). We claim that M R is the type 2 matrix defined by u, for

(MR)Z-j = Zmikrkj = myy, where go+g; =0,
k

= (g0 —9i) =¥(—g; — gi) = n(g; + i) -

2.) follows from a similar argument.
3.) and 4.) are clear from 1.) and 2.) and the relationship between 1 and
. O

Corollary 4.7. Let G be an additive abelian group and X a subset of G where
0¢ X. Let M be the type 1 (a,b,c) incidence matriz generated by X, and N
the type 2 (a,b,c) incidence matriz generated by —X. Then
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MM"=NNT.

Proof. Lemma 4.7 gives that M = NR, where R is the permutation matrix
appropriate to G. The corollary follows since RRT = 1. O

4.3.1 Supplementary Difference Sets, their Incidence
Matrices and their Uses as Suitable Matrices

Definition 4.3. Let S1,59,...,.5, be subsets of V', an additive abelian group
of order v. Let |S| = k; and S; = 51, 8:2,.. ., sik,;- If the equation

9 = Sij = Sim

has exactly A solutions for each non-zero element g of V', then 51,55,...,5,
will be called n— {v;k;, ka,...,kn; A} supplementary difference sets or sds. If
k1 =ko=---=k, =k, we write n — {v; k; \} sds.

Lemma 4.8. Suppose A1,..., A, are the type 1 (0,1) incidence matrices
generated by S1,...,Sy, where S1,...,S, are n—{v;k; A} sds. Then

n n
> AAl = (Zki —)\> I+AJ.
i=1 i=1
Proof. This follows from the definition by a simple counting argument. (See
Wallis [231, p.290] for a fuller proof.) O

Ezample 4.4. 51 ={0,2,3} and Sy ={0,1,4} are 2—{5;3;3} sds in Z5. Their
type 1 (1,0) incidence matrices are the circulants

10110 11001
01011 11100
A;=1(10101 and A=1(01110
11010 00111
01101 10011

which satisfy
Ay A] +AgAg =31+3J.

We observe that for these subsets of Zs5, x € S; = —x € S;. So, if R is
the back diagonal matrix of order 5 (see Lemma 4.7), we see AR = B;
and Ao R = Bsg are the type 2 (1,0) incidence matrices generated by S and
respectively.
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10110 11001
01101 10011
Bi=AR=1)11010 and Bo=AsR= (00111
10101 01110
01011 11100

Using Lemma 4.6 (or directly), we obtain
B1By = ByBy and B1 By = ByBy .
Also
A1A2 = A2A1 and AlA;— = (BlR)(BQR)T = BQBIr .

‘We also observe that
A1B) = ByA] and A;A] = BB/ .

Lemma 4.9. Let Ay,..., A, be type 1 (1,0) incidence matrices generated by
S1,...,Sn where S1,...,Sy are n—{v;k1,...,kn; A} sds.

Let BZ' :Aifz]. Then

n n

iBiBiTzzl Ski=A| T+ |no—4(> ki=X||J.
=1

Jj=1 Jj=1

We are constantly searching for (0,1,—1) matrices to substitute for the
variables in an orthogonal design. We shall be precise about what is needed.

Definition 4.4. A set of m (0,1,—1) matrices Ay, As,..., A, of order n
will be called suitable plug-in matrices for the orthogonal design of type
OD(n;s1,82,--.,8m) if

1) AA] =AAT, 1<i, j<m;

)

=1

2) is called the additive property. So suitable matrices are pairwise amicable
and satisfy the additive property.

Theorem 4.4. Let S1,52,53,54 be 4 — {t;k’l,kg,k‘g,k’;};Z?:l k; —t} sds for
which © € S; = —x € S;, and let Aj, Az, As, Ay be the type 1 (1,—1) inci-
dence matrices of these sets. Then A1, Az, As, Ay are suitable matrices for an
orthogonal design OD(4st;s,s,s,s).
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Proof. Since x € S; = —x € S; we see that A;, 1 =1,2,3,4, are symmetric and
commuting. Using Lemma 4.9, we have

4 4 4 4 4
STAAT =4 k= kit | T 44D k=D kit ||
i=1 j=1 j=1 j=1 j=1

=4t1.

In particular,

4
Z sA;A] =4stl.
i=1

If the variables of the orthogonal design are replaced by the A;, i =1,2,3,4,
we have a weighing matrix of weight 4st. O

If the orthogonal design of the theorem is of order 4s, then the weighing
matrix obtained will be of order 4st and weight 4st, in other words, an
Hadamard matrix of order 4st. In this case the symmetric matrices of Theorem
4.4 are a special kind of what will be called Williamson matrices (see also
Definition 4.16).

4.4 Existence of Weighing Matrices

In 1972 at the first Australian conference on Combinatorial Mathematics,
Seberry Wallis gave her first paper on weighing matrices [232]. Weighing
matrices also caused interest at Queen’ s University that year. It was observed
that in order to establish existence in all orders for a given weight we needed
to consider weighing matrices in odd orders.

We noticed that there was a circulant W (7,4). It has first row —110100.

Then D. Gregory found a non-circulant W (13,9). After observing that the
zeros of this matrix give the incidence matrix of a finite projective plane, we
found a circulant W (13,9) with first row 0010111 —01 — 1.

At the Fifth South-eastern Conference on Combinatorics, Graph Theory
and Computing in Boca Raton, Florida, in 1972, Rick Wilson and R.C. Mullin
said they thought W (q? +¢+1,¢?) might exist when ¢ was a prime power.

At that time Mullin [153] was writing a book on Coding Theory with Tan
Blake [23], who quickly saw the possibilities of using weighing matrices and
especially circulant matrices W to form generator matrices [I, W] of codes
over GF(3) which would generalise the Pless symmetry codes.

Wallis and Whiteman (Theorem 4.6) finally showed that circulant W (q? +
q+1,¢?) existed when ¢ was a prime power.

In writing this section it seemed that the proof of Wallis and Whiteman was
too circuitous and a prettier, more direct proof was desirable. Our colleague,
L.G. Kovacs, has given three proofs; the second is illustrated by Example
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4.8 and we feel is intrinsically very beautiful. The first proof is illustrated
by Example 4.9. The proof we have given here is the shortest, but hides to
some extent the delightful intimacy between circulant weighing matrices and
cyclic projective planes. The work of David Glynn gives more insight. (See
Glynn [87].)

It was Kovacs’ work that allowed Hain and Eades [54] to establish that
there are only two equivalence classes of circulant W (13,9). Many others
[6,7,9-11, 153,201, 252] have continued this study of circulant weighing
matrices, but the full story is not yet known.

If Aisa W(n,k), then (det A)? = k™. Thus if n is odd and a W (n, k) exists,
then k£ must be a perfect square.

In Proposition 2.3 it is shown that

(n—k)?*=(n-k)+2>n

must also hold. It is noted there that the “boundary” values of this condition
are of special interest, that is, if

(n—k)?—(n—k)+1=n,

for in this case the zeros of A occur such that the incidence between any pair
of rows is exactly one. So if we let B =, — AAT, B satisfies

BB =(n—k—1)I,+Jn, BJy=(n—k)J,;

that is, B is the incidence matrix of the projective plane of order n —k — 1.

Thus the non-existence of the projective plane of order n—k —1 implies the
non-existence of the W (n, k) when n = (n—k)? —(n—k) + 1. So we rewrite
the Bruck-Ryser-Chowla Theorem from Hall [97, p.107-112] to allow us to
consider the non-existence of projective planes.

Theorem 4.5 (Bruck-Ryser). If there exists a projective plane of order
s, then the Diophantine equation

=524+ (-1)" 2 2

has a solution in the integers not all zero. That is, the Hilbert symbol

for all primes p, including p = co.

Ezxample 4.5. Consider s=n—k—1=6, s24+s+1=n=43, s> =k =36. The
Bruck-Ryser Theorem says that there is a projective plane only if

21 _ — i
(-1 ,6)p =(-1,6),=+1 at all primes p.
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But at p=3
(*136)3 = (7172)3(71,3)3 = (%) =-—1.

So there is no projective plane of order 6 and no W (43,36).

Similarly, if s=2t =n—k—1, s2+s+1=n, s> =k, where t =3 (mod 4)
is a prime, there is no projective plane of order 2t and no W (4¢2 + 2t +1,412).

Before we prove our result on circulant weighing matrices, we prove the
following more general result.

Lemma 4.10 (Blake [23]). Let g be the power of an odd prime and k any
integer k > 3. Then there exists a

W ((qk_1)7qk1) .

q—1

Proof. Let G be a kX (¢* — 1) matrix whose columns contain all the distinct
non-zero k-tuples over the finite field GF(q). In coding terms, the row space
of G, denoted by C, is equivalent to a maximum length cyclic code. It is
known that the weight of every non-zero codeword in C'is (¢—1)¢*~1. If G*
is the k x (¢¥ — 1) matrix whose rows are any set of k linearly independent
codewords of C, then every non-zero k-tuple over GF(q) appears as a column
of G1. .

Let H be a k xn submatrix of G, n= qqf_ll, with the property that any
two of its columns are linearly independent. We assume that H is normalized
in the sense that the first non-zero element in each column is unity. Let A
be an n x n matrix whose rows are chosen from the non-zero vectors of the
row space of H and have the property that any two distinct rows are linearly
independent. Assume for convenience that the first k rows of A are rows of
H. Tt follows readily from observations on G that every row of A has weight
¢"~1. Tt is not difficult to show that if H is the (0,1) matrix obtained from
H by replacing each non-zero element by unity, then the rows of H' are
the incidence vectors of the compliments of the hyperplanes of the geometry
PG(k—1,q).

Let z1 and x2 be two distinct rows of A. Since they are independent, they
can be extended to a basis x; , i =1,...,k, each vector of which is a row of A.
Let B be the k x n matrix whose i-th row is z;, i=1,...,k . Assume B has
been normalized by multiplying each column so that the first non-zero element
in each column is unity. let B! be the k x ¢®*~! submatrix of B consisting of
those columns with unity in the first row. Every (k —1)-tuple over GF'(q),
including the all-zeros (k — 1)-tuple, appears in the columns of B in rows 2
through k. Each element of GF(q) appears ¢~2 times in the second row of B.
In the matrix A, replace a € GF(q) by x(«), where y is the usual quadratic
character, and call the resulting matrix S (qkl). We now show that over the

real numbers .
S (qk—1> S <qk—1) — g1,
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and thus that S(¢*~1) is the required W (%,qk_l).

Since every row of A is of weight ¢*~! and each non-zero element of GF(q)

is either a square or a non-square, the inner product over the reals of any row
of S(g"~1) with itself is ¢* 1. Let 1 = (ay,...,an), 22 = (B1,...,0n) be two
distinct rows of A. If y1 = (x(51),...,x(Bn)) and y2 = (x(c1),...,x(an)) are
the corresponding rows of S(¢*~1), then the inner product of 31 and yo over
the reals is the number of non-zero coordinate positions for which x(a;) = x ()
less the number of non-zero coordinate positions for which x(c;) # x(8i). Since
X is multiplicative, i.e. , x(a)x(8) = x(«af), multiplication of a coordinate
position by a non-zero element of GF(q) does not change the agreement or
disagreement between coordinate positions of y; and y». As before, assume
that z1 and zo are the first two rows of the matrix B, which is assumed
in normalized form. In the non-zero positions of x1, each element of GF(q)
appears in 22, ¢°~2 times. Thus the inner product of the corresponding vectors
y1 and ys is zero, which completes the lemma. O

We now show how to construct circulant weighing matrices based on the
fact that an oval in a projective plane can meet a line in only one of three
ways: 0 (it misses it entirely), 1 (it is a tangent), 2 (it intersects the oval).
This observation is true for any projective plane of prime power order (even
or odd). These will be used extensively in later theorems.

Theorem 4.6 (Wallis-Whiteman [242], proof by L. G. Kovacs). Let
q be a prime power. Then there is a circulant W (q?> +q+ 1,q2).

Proof. Let D be a cyclic planar difference set with parameters (¢ +q+1,q+
1,1). (See Baumert [16] for definition.) These always exist for ¢ a prime power,
and the incidence matrix of D is the incidence matrix of the projective plane
of order gq.

Without loss of generality, we assume 0 € D. We note that d and —d
cannot both be in D because d —0 = 0 — (—d), contradicting the uniqueness
of differences in D.

Let

U(z) = 2

deD
be the Hall polynomial of D. (see Baumert [16, p.8]) Then

’1/12(5E) _ Zx2d+2 Z x€+f

deD e,feD
eAf

We wish to show the coefficients of x% in x2(x) are 0, 1, 2, i.e. , that 2d # 2e
unless d=e, e+ f#e + f unlesse=¢€' and f = f’ , and 2d # e+ f unless
d=e=f.

Clearly, 2d # 2¢ for d#e. If e+ f =¢’ + f', then e— ¢’ = f — f/, and by
the uniqueness of differences in D either e = f and ¢/ = f’ or e = —f’ and
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e/ = —f. In the first case 2¢ =2¢’ , e=¢', f = f/, and in the second case
e+ f=—(e+f),ie. ,e+f=0and e and —e € D, which is not possible. If
2d=e+ f, then d—e = f —d, and by the uniqueness of differences in D, either
d=f,e=dord=—d, e=—f. In the first case there is nothing to prove, and
in the second case e and —e € D, which is not possible.

Hence if B is the cyclic incidence matrix of D, then B? has elements 0, 1,
2, and B? — J has elements 0, 1, -1.

Now

(B>~ J)(B2~.J) =BBB'BT —BBJ+ ..
=(qI+ )2 —2(q+ 12T+ (> +q+1)J.
So B? —J is the required W (g% +q+1,42). O

Ezample 4.6. {0,1,3,9} is a difference set modulo 13, whose circulant incidence
matrix B has first row

1101000001000.
B? is a circulant matrix with first row
121221100220 2,
and B? —J is the required circulant matrix with first row
0101100—-—11-1.

Ezample 4.7. David Glynn [87] has further generalized this construction by
observing that if A and B are the circulant incidence matrices of two projective
planes of the same order and C = AB—J is a (0,1,—1) matrix, then C' is a
circulant weighing matrix.

In the above example, B, of order 13, has Hall polynomial
Y(x) =+t a2,
and
P(?) =20+ 22 + 2% + 5.
We can form the two inequivalent weighing matrices of order 13 by forming
B?>—Jand ABT —J,

where A and BT have Hall polynomials ¢(2?) and ¢(z 1), respectively. Hence
we obtain circulant weighing matrices with Hall polynomials
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al@) =2t +a® +at — a7 —af 2% 4210 g1l 12
and
B(x) =x?+at o+ a8 — 2" — 2B 4210 g 4 212,

The first rows of the weighing matrices for a(z) and B(x?) are
0101100—-——-11-1
and
0-0-10011-111,
which are clearly inequivalent.

Ezample 4.8 (Kovacs’ second method). (We refer the reader to Hughes and
Piper [108] or Dembowski [40] for any unexplained terms in this and the next
example.) L; = {0+14,1+4,34+4,9+4 i} are the lines of a projective geometry.
L? ={0,2,5,6} is an oval with the property that any two of its translates
{0+1,2+4,5+14,6+14} have precisely one point in common. We form a circulant
matrix W with first row (a1;) by choosing

CL1jZ|LjﬂL2|*1.
Hence the first row of W is
010111 - -01-10.

Ezample 4.9 (Kovacs’ first method—for q odd). (0,1,3,9) is a difference set
modulo 13, so L; ={0+1,144,3+4,9+i} are the lines of the projective
geometry of order 3. Now L3 = {0,2,5,6} is an oval and, L? ={0+4,2+4,5+
J,6+j} are also ovals, any two of which have precisely one common tangent.
The tangents of L3 are Lo, L1, L3 and Lg, so 1, 3, 4, 9, 10, 12 are exterior
points, 0, 2, 5, 6 are on the oval, while 7, 8, 11 are interior to the oval.

We form our circulant weighing matrix by choosing the first row to have
-1, 0, 1 in the (0,%) position (i =0,1,...,12) according as i is interior on or
exterior to the oval, i.e.,

1

2 7T 8 9 10 11 12
10

S0l T D (4.1)

0 3 4 5 6
0 1 1 0 0
The translates of the oval Ly = {0,4,10,12} also satisfy the unique common
tangent condition; from this oval, we get the first row

01 -10-—-111010. (4.2)

Map i +— —2i; then 4.2 becomes
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0-0-10011-11T1. (4.3)
Now 4.1 and 4.3 are inequivalent.

Remark 4.4. Choosing r =2 and —1 in the example gives inequivalent W (13,9).
It is interesting to consider what values of r will give different solutions.

4.5 Constructions for Hadamard Matrices, W (h,h), and
Weighing Matrices, W (h,h —1)

Definition 4.5. A matrix A =1+ S will be called skew-type if ST = —5.
We recall the following:
Definition 4.6. A (0,1,—1) matrix W = W(p, k) of order p satisfying
WW' =k,

is called a weighing matriz of order p and weight k or simply a weighing matrix.
A W (p,p) is called an Hadamard matriz. A W =W (p,k) for which W T = —W
is called a skew-weighing matriz, and an Hadamard matrix H = I +.5 for which
ST = —S is called a skew-Hadamard matriz. A W = W (p,p— 1) satisfying
WT =W, p=2 (mod 4) is called a symmetric conference matrix.

Definition 4.7 (C-Matrix). A (0,£1) matrix, M, will be called a C-matriz
if 2(M£MT) is also a (0,%1) matrix.

Remark 4.5. To help the reader compare with other literature we note con-
ference matrices (M = M ") and skew-Hadamard matrices (M = —M ") are
also called C-matrices.

Weighing matrices have long been studied in order to find optimal solutions
to the problem of weighing objects whose weights are small relative to the
weights of the moving parts of the balance being used. It was shown by
Raghavarao [163], [164] that if the variance of the errors in the weights
obtained by individual weighings is o2 (it is assumed the balance is not biased
and the errors are mutually independent and normal), then using a W (p, k) to

2
design an experiment to weigh p objects will give a variance of %-. Indeed, for
2
an Hadamard matrix the variance is "?, which is optimal for p=0 (mod 4),
2
and for a symmetric conference matrix the variance is ﬁ, which is optimal
for p=2 (mod 4).

Sloane and Harwitt [195] survey the application of weighing matrices to

improve the performance of optical instruments such as spectrometers.
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Spectrometers measure the intensity of a dispersed spectrum at a finite
number (n, say) of wavelengths. According to Ibbett, et al [112], either one
detector scans the screen, making the n measurements sequentially, or else the
n measurements are made simultaneously by a detector with spatial resolution.
The first method has the disadvantage of not being able to compensate for
variations in the intensity of the signal, while the second approach suffers the
disadvantage of a lower signal-to-noise ratio (Ibbett, et al [112]).

A modification can be made to the second system which improves the
signal-to-noise ratio. This is achieved by using a weighing matrix as square
mask, where 1 is clear, 0 is opaque and —1 is a mirror (180° phase shift).
Again the variance of the estimates of the wavelengths made using a mask of
weight is % of the estimates when measured separately.

Sloane and Harwitt [195] also indicate that weighing designs are applicable
to other problems of measurements (such as lengths, voltages, resistances,
concentrations of chemicals, etc.) in which the measure of several objects is
the sum (or a linear combination) of the individual measurements.

The following properties of Hadamard matrices and weighing matrices are
easily proved.

Lemma 4.11. Let U =U(p1,k1) and V =V (pa,ka) be weighing matrices.
Then W =U XV is a weighing matriz of order pips and weight kiks.

Corollary 4.8. Since [{ L] is a W(2,2), there are Hadamard matrices of
order 2t, t a positive integer.

Lemma 4.12 (Paley Lemma or Paley Core). Let p be a prime power.
Then there is a W = W (p+1,p) for which W' = (—1)%(P—1)W, Ifp=3
(mod 4), then W+1I, is a W(p+1,p+1).

Proof. Let ag,a1,...,ap—1 be the elements of GF(p) numbered so that
ap=0, ap_j=-—a;, 1=1,...,p—1.
Define Q = (z;;) by
0 ifi=j
zi; = x(a; —a;) = 1 if aj —a; =y? for some y € GF(p),
—1 otherwise.

Now @ is a type 1 matrix with the properties that
QQT =pI—J
QJ=JQ=0,
Q" =(-1:r .
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This follows since exactly half of a1,...,ap—1 are squares, —1 is a square for
p=1 (mod 4) but not for p=3 (mod 4), and

S xwxw+e) = > x @) x(1+ey™h) =D x() = -1
Y Y z#1

Let e be the 1 x p vector of all ones. Then

W 0 e
T (-1)3DeT
is the required matrix. If p=3 (mod 4), W +1, isa W(p+1,p+1). a
Notation 4.2. @ is known as the Paley core.

Corollary 4.9. There are Hadamard matrices of order p+1 where p=3
(mod 4) is a prime power, and of order 2(p+1) where p=1 (mod 4) is a
prime power.

Proof. Forp=3 (mod 4) use W+1; forp=1 (mod 4) use [vaff _ng__II] O

Corollary 4.10. There are Hadamard matrices of order 2'T](p;" +1) where

T . . . . 7"]' _ .
p;* are prime powers and t, an integer, is >0 zfpj =1 (mod 4), for some j,
and > 0 otherwise.

Proof. Use Lemma 4.11 and Corollary 4.10. O
It is conjectured that:

Conjecture 4.1 (Hadamard Conjecture). There exists an Hadamard matrix
of order 4t for every positive integer t.

Congjecture 4.2 (Jennifer Wallis [232]). There exists a weighing matrix
W (4t, k), k=0,1,...,4¢t, for every positive integer ¢.

This conjecture, of course, includes the Hadamard Conjecture.

Remark 4.6. There is now considerable literature devoted to circulant weighing
matrices. Some of the authors are Ang, Arasu, Hain, Mac, Ma, Mullin, Seberry
and Strassler [6,7,9-11,153,201] . We do not pursue this topic, though
extremely interesting, here.

Definition 4.8. We say that the weighing matrix W =W (2n, k) is constructed
from two circulant matrices M, N of order n if

M N

W= oo



4.5 Constructions for W (h,h) and W (h,h—1) 85

FEzxzample 4.10.

011 - 11
M=]|101 and N=|1-1
110 11—

of order 3 satisfy MM " + NN T =5I. Then
011]—11
1011 -1
M N 110[11-—

W=\|yT T =

NT —M 1 1[0 ——
1—1|-0-—
11—-|—-0

is a W (6,5) constructed from two circulant matrices.

Theorem 4.7 (Goethals and Seidel [88]). Let ¢=1 (mod 4) be a prime
power; then there is a W(q+1,q) of the form

5= 152

with zero diagonal and square circulant sub-matrices A and B.

Proof. Let z be any primitive element of GF(q?), the quadratic extension
of GF(q). We choose any basis of V' the vector space of dimension 2 over
GF(q?). With respect to this basis, v is defined by the matrix

(o)1 2414 ,1-q (2471 — 1=a)z3(a+1)
VT2 (e J )bt el 1 ’

which actually has its elements in GF(q). Then det(v) =1, and the eigenvalues
of v are 247! and 2179, both elements of GF(¢?) whose %(q+ 1)-th power,
and no smaller, belongs to GF'(q). Hence v acts on the projective line PG(1,q)
as a permutation with period %(q—i— 1) without fixed points. This divides the
points of PG(1,q) into two sets of transitivity, each containing %(q—&— 1) points.
In addition, w defined by the matrix

W=7 ]

has y det(w) = —x(—1). The eigenvalues of w are +23(0+D) elements of GF(q?)
whose square is in GF(q). Hence w acts on PG(1,q) as a permutation of
period 2, which maps any point of one set of transitivity, defined above by
v, into the other set. Indeed, for i =1,..., %(q—i— 1), the mapping v’w has no
eigenvalue in GF(gq). Note vw = wv.
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Finally, we represent the ¢+ 1 points of PG(1,q), zo,21,...,%q, by the
following g+ 1 vectors in V:

z,v(z),v?(z),... ,v%(q_l)(x),w(x),vw(x)7...,v%(q_l)w(x).

We define
S = xdet(x;,zj).

Observing that any linear mapping u: V' — V satisfies
det(u(x),u(y)) = detu-det(z,y),
for all x,y € V, we see that

det(viw(z), v w(x)) = det(w) - det(v'(z),v’ (z)) = det(w) - det(z,v7 ~*(z)),
det(v'(z), v/ w(z)) = — det(v'w(x),v’ (x)) = det (v’ (z),v'w(z)),
det(v'(z),0% (2)) = — det(v2@TDF i (1)),
and so S has the required form. O

Ezxample 4.11. Let ¢ =5 and 2 be a root of 22+ 242 =0 (a primitive polyno-
mial over GF(52)). Then

24 =3z+2, 2_4:z2oz2z+4, 22=4z+42, 273=221=2z+41, 5=2.
Hence

() =4 [(szji_;—s G ;323] - B §]

=[] = )

and

2
Since x(1) = x(4) =1 and x(2) = x(3) = —1,
022132
302313 EB:iI:
det(z;,z;) = 232(2)?1 and ydet(z;z;) = 0 -1
1 — —|0 1 1
242401 R I
324(440

The next corollary was first explicitly stated by Turyn.
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Corollary 4.11 (Turyn [218]). Let p=1 (mod 4) be a prime power. Then
there exist four circulant symmetric matrices

X1=I—|—A, XQZI—A, X3=X4=B

of order %(p—l— 1) which satisfy

4

T
> XX, =20p+ DI (1) -
=1

These four matrices will be called Williamson matrices as they are circulant
and symmetric.

Proof. Construct A and B as in the theorem. a

Note that the next four matrices satisfy the additive property but are not
circulant but pairwise amicable, so are called Williamson type matrices (see

Definition 4.16).

Corollary 4.12 (J. Wallis [235]). Let p=1 (mod 4) be a prime power;
then there exist four symmetric (1,—1) matrices X1, Xo, X3, X4 of order
%p(p—!— 1) which satisfy

4
ZXiX;FZQP(p+1)Ilp(p+1)7 XZX]T:XJXZT

2
=1
FEquivalently, there are Williamson type matrices of order %p(p—k 1).

Proof. Construct A and B as in the theorem, and @ of order p as in the proof
of Lemma 4.12. Then

Xi=IxJ)+(Ax(I+Q)),
XQZBX(I+Q),
Xs=(IxJ)+(Ax(I-Q)),
X4=Bx(I-Q)

are the required matrices. These type 1 matrices are symmetric. O

There are two very tough problems concerning skew Hadamard matrices.
The first being the existence and construction of such matrices, the second
being the number of equivalence classes. Existence results fall into two types:
those constructed using four suitable complementary sequences and those
constructed using linear algebra and number theory. Although the existence
problem, via algebraic and number theoretic methods, has been widely studied
by many researchers including Spence, Whiteman and Yamada, there many
orders for which skew Hadamard matrices have not been constructed yet
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(indeed there is no asymptotic existence theorem known for skew Hadamard
matrices, see Chapter 9.)

Good matrices, which are four circulant +1 matrices of order n, constructed
using four suitable complementary sequences and used in the Goethals-Seidel
array to construct skew Hadamard matrices of smaller order 4n (orders
<400), first appeared in the PhD Thesis of Jennifer (Seberry) Wallis [240]:
there the matrices were given no name. Extensive computer searches have
been carried out by many authors including Blatt, Pokovié¢, Fletcher, Geor-
giou, Goethals, Hunt, Kotserias, Koukouvinos, Seberry, W. D. Smith, Seidel,
Stylianou, Szekeres and X-M Zhang (also K. Balasubramanian in chemistry)
see, for example, [24,41,42,61].

In [240] good matrices were given for n=1,---,15,19 and in [229] for n = 23.
Hunt [109] gave the matrices for n =1,---,25. Later Szekeres [206] gave a
list for orders n=1,---,31. Pokovié [42,45] provided orders n = 33, 35, 43,
47, 97 and 127. Then Georgiou, Koukouvinos and Stylianou [74] provided
37, 39. DPokovié [47] says that only one set of supplementary difference sets,
(41;20,20,16,16;31), for 41 remains to be searched. Fletcher, Koukouvinos and
Seberry [61] provided order 59.

We note that while there are no Williamson matrices of order 35 and 59
there are good matrices of order 35 and 59. [178,236].

These results are summarised (partly) in part SV of the table of existence
theorems. Suitable complementary sequences have not yet been found for
orders 69 and 89 (however skew Hadamard matrices are known for orders
8 X 69 and 16 x 89 by algebraic methods).

Summary 4.1. Table 4.4 summarizes the existence of skew-Hadamard ma-
trices.

The more recent status on known results and open problems on the existence
of skew-Hadamard matrices of order 2'n, n odd, n < 500, are given in Table 1
of [138]. In Table 4.5, we write n(t) if the skew-Hadamard matrix of order 2'n
exists. An n(.) means that a skew-Hadamard matrix of order 2'n is not yet
known for any ¢. The values n < 500, missing from Table 4.5, indicate that a
skew-Hadamard matrix of order 4n exists. Seberry Wallis [230] conjectured
that skew-Hadamard matrices exist for all dimensions divisible by 4.

Table 4.5 modifies that of Koukouvinos and Stylianou [138] with more
recent results.

Table 4.6 gives the current knowledge of existence for Hadamard matrices
not in Geramita-Seberry [80, p.416], nor in Seberry-Yamada [188, p.543-544]
which are unresolved.
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Table 4.4 Skew-Hadamard existence

ST 2T ks t, 4, all positive integers k; =p;* +1=0
(mod 4), p; a prime.

SIT  (p—1)“+1 p the order of a skew-Hadamard matrix,
u > 0 an odd integer.

SIIT 2(g+1) ¢ =5 (mod 8) a prime power.

SIV  2%(q+1) g =p' is a prime power such that p =5
(mod 8), t=2 (mod 4), s > 1 an integer.

SV dm m € {odd integers between 3 and 39 inclusive}

SVI  m/(m’—1)(m—1) mand m’ the orders of amicable Hadamard
matrices, where (m —1)Z% is the order of
a skew-Hadamard matrix.

SVII 4(q+1) q=8f+1 f odd is a prime power.

SVIII (|t|+1)(¢g+1) q=s>+4t> =5 (mod 8) is a prime power,
and |t|+1 is the order of a skew-Hadamard
matrix (Wallis [234]).

SIX 4(1+q+q?) where ¢ is a prime power and

14+q+¢° is a prime = 3,5, or
7 (mod 8); or
34+2q+2¢® is a prime power ( [197]).
SX hm h the order of a skew-Hadamard matrix,

m the order of amicable Hadamard matri-
ces.

4.6 The Goethals-Seidel Array and other constructions
using circulant matrices — constraints on
constructions using circulant matrices

In studying skew-Hadamard matrices (orthogonal designs OD(n;1,n— 1)),
Szekeres realized that none were known for quite small orders, including 36. To
find this matrix Goethals and Seidel gave an array (described in this section)
which uses circulant matrices. This and its generalization by Wallis and
Whiteman have proved invaluable in the construction of Hadamard matrices,
and we will see that they play a major role in constructing orthogonal designs.
Here we have another example of a method devised to give a single case
having far-reaching uses.

We now consider the use of circulant matrices in constructing orthogonal
designs. All the constructions using circulants require that we find circulants
A1,...,Ag of order n satisfying the additive property:
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Table 4.5 Existence of skew-Hadamard matrices ¢

69(3)  89(4)

101(10) 107(10) 119(4)  149(4)

153(3)  167(4)  177(12) 179(8)  191(.)  193(3)

201(3)  205(3)  209(4)  213(4) 223(3) 225(4) 229(3)  233(4)
235(3)  239(4)  245(4) 249(4) 251(6)  253(4)  257(4)  259(5)
261(3)  265(4) 269(8) 275(4) 277(5)  283(11) 285(3)  287(4)

Y]

(4)

(12

) (4)

) (4)

) (®)

289(3)  295(5)  299(4)
) 303(3)  305(4) 309(3)  311(26) 317(6)  319(3)  325(5

) (7)

(4)

()

®3)

(6)

®3)

w
=
w
w
ot

7)  337(18) 341(4) 343(6) 345(4)  347(1
4)  361(3) 369(4) 373(7) 377(6) 385(3

)

= 00 —

349(3)  353(4) 35

o

389(15) 391

w
Ne)
3

) 5
401(10)  403(5)  409(3)  413(4)  419(4)  423(4)  429(3)  433(3)
435(4)  441(3)  443(6)  445(3)  449(.)  451(3)  455(4)  457(9)
459(3)  461(17) 465(3) 469(3)  473(5) 47h(4)  479(12) 481(3)
485(4)  487(5)  489(3)  491(46) 493(3)

% Koukouvinos and Stylianou [138, p2728] © Elsevier

N

Table 4.6 Hadamard matrix orders which are unresolved

3
4

107(10)  167(3) (3) (3)
(4) (3) (4) (3) )
303(3)  311(26) 335(7) 347(3) 359(4) 373(7)
(4) (6) (3) (12 6

>~

283(3)

3

S T
ZAiAzT = fI, where f = Zij?.
j=1

i=1

One question we shall explore in this section is the restrictions that must be
placed on (s1,...,8,) in order that such circulant matrices exist.

This problem is analogous to the problems we discussed in Chapter 3 when
we discovered algebraic limitations on orthogonal designs.

Conditions imposed on (s1,...,8,) in order to construct orthogonal designs
from circulants is closer to the combinatorial spirit of the subject. Although
there is no reason to believe that all the orthogonal designs we look for in orders
4n or 8n, n odd, can be expected to come from circulants (or negacyclics),
we will find they usually do. In cases where they do not, especially in orders
divisible by 8, negacyclic matrices have proved invaluable. See [67,68,78,101,
105,108,126] among others. Thus circulant matrices are important constructive
tools, and we should decide what limitations there are on their use. We also
note that circulant matrices are amenable to algebraic assault because of their
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relationship to roots of unity. This aspect to circulants will become more
apparent when we discuss Griffin’ s work on Golay sequences in Section 7.2.

We first give constructions using circulants and then consider restrictions
on their use.

Proposition 4.1. Suppose there exist two circulant matrices B of order n
satisfying
AAT +BBT = f1I,.

Further suppose that R is the back diagonal matriz; then

A B A BR| .
H:[BTAT] or G:[—BR A} is a W(2n,f),

when A, B are (0,1,—1) matrices, and an orthogonal design OD(2n;u1,us,...,
us) on x1,...,x5 when =i uz?.
Further, H and G are skew or skew-type if A is skew or skew-type.

Proof. A straightforward verification. a

Remark 4.7. We note here that these properties remain true if A and B are

type 1 matrices and R is the appropriately chosen matrix (see Lemmas 4.4 to
4.7).

Definition 4.9. We say that an orthogonal design is constructed from two
circulant matrices M, N of order n if

=[] e (]

—-NT MT —NR M

Ezxample 4.12.

xr; X2 —X2 0 22 w2
A= —x9 I1 T2 and B= X9 0 T2
To —T2 1 xo 22 0

of order 3 satisfy
AAT + BB = (22 +422)1.
Thus
I Tro9 —I9 0 Tro I9
—T2 I xT9 x9 0 x9
H = |: A B:| _ Xro —X2 X1 xro xZ9 0
—.B—r AT 0 —xTo —T2| 1 —T2 T2
—X9 0 —Xo| T2 T1 —XT2
—T —I2 0 —T2 T2 X1

and
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I Tro9 —I9 0 Tro I9

—T2 I xZ9 Tro I9 0

G = A BR _ Tro9 —T2 I xT9 0 xro
- |:BR A :| - 0 —To —I2| I Tro —I9
—XTy —I2 0 —Ty I T2

—X9 0 —X2| T2 —X2 T1

are orthogonal designs OD(6;1,4) on x1,z2. H and G are constructed from
two circulants.

Theorem 4.8 (Goethals-Seidel [89]). Suppose there exist four circulant
matrices A, B, C', D of order n satisfying

AAT +BB" +cCcT+DD" = fI,,.

Let R be the back diagonal matriz. Then GS, henceforth called the Goethals-
Seidel array,

A BR CR DR

ag— | ~BR A D'R -C'R
“|-CR -DTR A BTR
—-DR C'R —-B'R A

is a W(4n, f) when A, B, C, D are (0,1,—1) matrices, and an orthogonal
design OD(4n;uq,ug,...,us) on the variables (r1,x2,...,25) when A, B, C,
D have entries from {0,+x1,...,txs} and

S
_ 2
=2 ui.
=1

Further, GS is skew or skew-type if A is skew or skew-type.

This theorem was modified by Wallis and Whiteman to allow the circulant
matrices to be generalized to types 1 and 2.

Lemma 4.13 (Wallis-Whiteman [242]). Let A, B, D be type 1 matrices
and C a type 2 matriz defined on the same abelian group of order n. Then if

AAT +BBT +cC"+DDT = fI,,
A B C D
-BT AT -D C
- DT A -—-BT
-DT —¢c B AT

H=

is a W(4n, f) when A, B, C, D are (0,1,—1) matrices, and an orthogonal
design OD(4n;u1,ug,...,us) on the commuting variables (x1,z2,...,x5) when
A, B, C, D have entries from 0,%+x1,...,+xs and
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S
_ 2
f= Zu]xj.
j=1

Further, H is skew or skew-type if A is skew or skew-type.

Ezample 4.13. We construct an orthogonal design OD(12;3,3,3,3) in order
12 by using the circulant matrices with first rows, respectively,

abe, bad, éda, dcb,

in the Goethals-Seidel array (Theorem 4.8). This is illustrated in Table 4.15.
See also Example 4.21. O

To illustrate the use of Lemma 4.13 recall that in Example 4.3 we gave
a type 1 matrix A and a type 2 matrix B defined on the additive group G
of GF(3%) (G = Z3 x Z3). Let R be the matrix defined on G by Lemma 4.7.

Notice that by Lemma 4.7 AR = B and BR = A. Also, R is a type 2 matrix.
0 I3 0

Let W = LO 0 13:| ; then W is the type 1 (1,0) incidence matrix generated
300

by {2z} (we are using the notation of Example 4.3).

0

Js 0
Let L= 0 Js 0 |; then L is the type 1 (1,0) incidence matrix generated
0 0 Js

by the subgroup {0,1,2} of G. Since the identity matrix is always a type 1
matrix for a group G (for which the identity element of the group is the first
element of G), we obtain that U =L—I+W and V =I+WT are type 1
matrices on G. (See Lemma 4.5.)

Set X1 =al+bA, Xo=b(U+V), X4 =b(U—-V) and X3 =0B —aR. Then
X1, X2 and X, are type 1 matrices and X3 is a type 2 matrix. By inspection,
all entries are from 0,+a,=£b. Also

4
> XX = (20 42667 Iy
=1

Thus these matrices may be used in place of A, B, C, D in Lemma 4.13 to
give an OD(36;2,26).

The most general theorem we can give on using circulant matrices in the
construction of orthogonal designs is

Theorem 4.9. Suppose there is an orthogonal design OD(m;u1,ug, ..., us)
on the variables x1,x2,...,25. Let X1,Xo,..., X, where s < p(n), be circulant
(type 1) matrices of order n with entries from {0,%y1,...,£y,} which satisfy

X1 X{ 4usXo Xy 4+ +u X, X, = fI,

(the additive property). Further suppose

1. all X; are symmetric, or
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2. at most one is not symmetric, or
3. X1,...,Xj—1 are symmetric and X;,...,Xs are skew-symmetric.

Then if f =v1y? +vay3 + -+ +v.y2, there is an OD(mn;vy,va,...,v,) on the
commuting variables (Yi,y2,-.-,Yr).

Proof. The main difficulty arises because the variables of the orthogonal
design are commutative. When we replace commuting variables by matrices
yi, t =1,...,8, we have to ensure that the matrices pairwise satisfy

vy, = vy (4.4)

We established in Section 2 that if the Y; are circulant and symmetric, equation
(4.4) is satisfied. Also if Y;R is back circulant (type 2) and Y is circulant
(type 1), then equation (4.4) is satisfied. We also note that if ¥; and Y; are
skew-symmetric, the back circulant matrices Y; R and Y; R satisfy equation
(4.4) since

(YiR)(Y;R)" =Y;RR'Y;' = -Y;Y; =Y;Y;" = (V;R)(YiR)".

Thus the result can be obtained in the first case by replacing each variable z;,
1 # j, in the orthogonal design of order m by the circulant symmetric matrix
X;; in the second case the variable x; is replaced by the back circulant matrix
X;R. The third result is obtained by replacing x;, ¢ # j, j +1,...,s, by Xj,
and zj,...,zs by X;R,..., X R. O

Ezample 4.14. There is an orthogonal design OD(16;1,1,1,1,3,3,3,3) (we will
see this in Chapter 5, Example 6.4(c)). Consider the circulant matrices X;,
with first rows

Y1Y2y2y2y2  Yoy2y2y2y2  Yoy2y2y2y2  Y2y2y2y2y2
Y3Y4YaYays  Y4Y3Y3Ysys  Y3YsYsysys  YaYayYayaya

and call them respectively X1,..., Xg. Then

X1 X +XoXy +X3X5 + X4 X +3X5X] +3X6X, +3X7X7 +3XsXg
= (y2 4+ 19y3 + 30y2 + 30y2)I5.

We use part 2 of Theorem 4.9 to assert the existence of an orthogonal design
0D(80;1,19,30,30); the matrix X1 R is used to replace the first variable, and
the circulant symmetric matrices Xo,..., Xg are used to replace the other
variables.

We have noted that in Theorem 4.8 the only requirement was to have
circulant matrices, but in Theorem 4.9 the internal structure of the circulant
matrices was restricted severely. If the matrices are circulant and symmetric,
we will loosely call this Williamson criteria, and if merely circulant, we will
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call this Goethals-Seidel criteria. Thus in Theorem 4.8 we only had Goethals-
Seidel criteria operating, but in Theorem 4.9 we were almost entirely limited
to Williamson criteria.

4.7 Constraints on construction using circulant matrices

Of course we would like to use these constructions to form orthogonal designs,
but first we must consider some combinatorial limitations on these methods
(algebraic limitations on the types of orthogonal designs were discussed earlier).

Lemma 4.14. Let A;, 1=1,2,3,...,m, be circulant matrices of order n where

m T

§ : T _ § : 2
A’LAZ - 5]:1:] In.

i=1 j=1

Suppose A; = 22:1 x;A;; and that A;;J =y;;J. Then

Proof. By definition

m

Z(mlAil +x9Ai0+...) (xlAiT1+$2AiT2+---) = (slx%—l—st%—&—...)I.

i=1
So
m m
Zl"% (Ain) Ay +Z$% (A¢2AiT2) o= (s127 + s023+...) I,
i=1 i—1

and setting x; =1, z; =0, for ¢ # j we have
m
ZA”A;; =S5;5.
i=1
Post-multiplying by J gives
m
nyjJ =s;J,
i=1

and equating coefficients gives the results. O

Remark 4.8. If m =4 and we have four circulants Ay, As, A3, A4 such that
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4
T 2 2
> AA] = (23 +s23) I,
=1

n odd, then s must be the sum of three squares. For we may assume A; =
m1[+x2A12, AQ = szQQ, A3 = 1’21432 and A4 = {E2A42. Then by the lemma,
we have

Yia T Yo T Y32 Tyl = s

But 415 = —Ag, and the order of Ay2 is n(odd). So y12 =0, and consequently
s is the sum of three squares. This should be compared with Proposition 3.21.

4.8 Eades’ Technique for Constructing Orthogonal
Designs Using Circulant Matrices

The method outlined in this section has been used successfully to compute
four variable orthogonal designs of order 20 and many but not all orthogonal
designs of order 28, 36 and 44. Some success has been achieved with orthogonal
designs of orders 18, 22, 26, 30, 44 and 52. The results of this computation
are included in the the Appendices. The method can be extended to construct
orthogonal designs in orders 24, 48, 56 and 72.

The method is presented as it applies to the Goethals-Seidel construction
(Theorem 4.8), but there are no difficulties in extending the results for more
general circulant constructions, such as those mentioned in orders 48 and 56
(see appendices).

Specifically, for positive integers si,ss,...,s, and odd v, the method
searches for four circulant matrices X1, X2, X3, X4 of order v with entries
from {0,+21,+x9,...,£x,} such that

4 u
> xix = (Zsix?) I. (4.5)
i=1 =1

The existence of an orthogonal design OD(4v;s1,S2,...,5,) follows from the
Goethals-Seidel construction (Theorem 4.8).

Remark 4.9. The restriction that v is odd is not necessary for most of the
results which follow. However, the restriction is made because we are princi-
pally interested here in constructing orthogonal designs of order not divisible
by 8. Orthogonal designs of order divisible by a large power of 2 can often be
constructed using other methods (see Chapter 9).

Equation (4.5) has v? components, but since XZ-X;'— is circulant and sym-
metric, at most %(’U +1) of these components are independent. The next two
definitions are made to isolate the independent components.
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Definition 4.10. If Ay, Ao, A3, A4 are v X v circulant matrices with entries
from {0,+x1,%x9,...,£2,} and the first row of A; has m;; entries of the
kind £a;, then the u x 4 matrix M = (m;;) is called the entry matriz of
(A1,As, A3, Ay).

Definition 4.11. Suppose that A is a v X v circulant matrix with rows
71,72, ...Ty, and denote (v —1) by w. Then the IPV (Inner Product Vector)
of Ais [rlr;,rlr;,...,rlrﬂ. Note that if (di,ds,...,d,) is the first row of
AAT, then the IPV of A is (da,ds,...,dy).

It is clear that (X1, X9, X3, X4) = (A1, A2, A3, Ay) is a solution of equation
(4.5) if and only if

4
Zmij:si for 1 <i<u, (4.6)
j=1
and
4
> b;=0, where b is the IPV of A;. (4.7)
j=1

In other words, to find a solution of equation (4.5) we need four circulant
matrices with entries from {0,+z1,+z2,...,+x,} whose entry matrix has ith

row adding to s; for 1 <i <wu and whose IPV’s add to zero.

Remark 4.10. The TPV is not the most efficient way in time or space to
construct Hadamard matrices, but is valuable for orthogonal designs.

Definition 4.12. The content of a circulant matrix A with entries from
{0,+21,+29,...,2,} is the set of pairs (ex;,m) where ex;(e = +1) occurs a
non-zero number m times in the first row of A. Our next task is to show
how the contents of solutions of equation (4.5) may be determined from the
knowledge of the parameters v,s1,s2,...,Sy.

Definition 4.13. Suppose that the rowsum of A; is ;' | pjja; for 1 <j <
4. Then the u x4 integral matrix P = (p;;) is called the sum matriz of
(A1, As, Az, Ay). The fill matriz of (A1, A, As, Ay) is M —abs(P). The content
of A; is determined by the i-th columns of the sum and fill matrices.

The following theorem may be used to find the sum matrix of a solution of
equation (4.5).

Theorem 4.10 (Eades Sum Matrix Theorem [52]). The sum matriz
P of a solution of equation (4.5) satisfies
PP =diag(sy,s2,...,54). (4.8)

Proof. Suppose that A is a v X v circulant matrix with row sum a, and denote
by b the sum of the squares of the first row of A, and by ¢ the sum of the
entries of the IPV of A. Then
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(JA(ATT) =a?JJ " =d%uJ.
But also
(JAY(ATTT)y=J(44AT)JT
= (b+2c)JJ "
=v(b+2c)J.

Hence a? = b+ 2c. Thus if (p;;) and (m;;) are the sum and entry matrices of
a solution of equation (4.5), then since the sum of the sums of the entries of
the IPV’s is zero, it follows that

3| (Sone) (S5 [0

j=1 i=1

Expanding this equation and equating coefficients of x;x; gives equation

(4.8). O
Remark 4.11. (a) Note that the Sum Matrix Theorem 4.10 implies that a
necessary condition for the existence of OD(4v; sy, sa,...,8,) constructed by

using the Goethals-Seidel array is the existence of a u x 4 integral matrix
P satisfying equation (4.8). In fact this theorem says that the only time
we can hope to construct an orthogonal design OD(n;s1,5s2,83,84) using
the Goethals-Seidel array in order n =0 (mod 4) is when there is a 4 x 4
integer matrix p such that PP = diag(s1,s2,53,54). This is analogous to
Proposition 3.23 of Chapter 3, which says that in orders n =4 (mod 8) a
rational family of type [s1, 2,53, s4] exists in order n if and only if there is a
4 x 4 rational matrix Q with QQ" = diag(s1,s2,53,54). This also shows that,
for four variable designs, the Goethals-Seidel approach will be less useful in
orders divisible by a large power of 2.

(b) Suppose that P and @ are the sum and fill matrices of a solution
(X1,X2,X3,X4) = (A1,A42,A3,A4) of (4.5). If B and C are permutation
matrices of orders u and 4, respectively, then BPC and BQC are the sum
and fill matrices of another solution of (4.5) formed by permuting the indices
of A; and X;. Hence BPC and BQC are regarded as essentially the same as
P and Q. Similarly, if P’ is formed from P by multiplying some rows and
columns by —1, then P’ is regarded as essentially the same as P.

We state the first step of the method.

Step 1. Use the Sum Matrix Theorem to find a sum matrix of a solution of
(4.5).

If the algebraic necessary conditions (Proposition 3.23) for the existence
of OD(4v;s1,82,...,8,) hold, then the existence of a solution to (4.8) is
guaranteed by a result of Pall (see Eades [53]).

In most cases, if the s; are small (for instance, s +---+ s, < 28), then the
solution of (4.8) is essentially unique and can be found easily by hand.
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It is clear that if @ is the fill matrix of a solution of (4.5), then
the entries of () are even non-negative integers, (4.9)
and if M = (m;;) = abs(P)+ Q, then M satisfies (4.6) and
the sum of a column of M is at most v. (4.10)

There may be a large number of matrices which satisfy (4.6), (4.9) and
(4.10) (see Example 4.15), but the next two lemmata may be used to reduce
the number of possibilities.

Lemma 4.15 (Eades). Suppose that A is a circulant matriz of odd order v,
with entries from {0,1,—1} and with k non-zero entries in each row.

(i) If k > v—1, then each entry of the IPV of A is odd.
(ii) If each entry of the IPV of A is even, then v>k+vVk+1.

Proof. Part (a) can be proved by an elementary parity check. For part (b), a
standard counting argument may be employed as follows. Suppose that the
ij-th entry of A is a;;, and denote by B; the set

{j: 1<j<wand a; =0},

for 1 <i<w. Each B; contains v — k elements. Also, since each column of A
contains k non-zero entries, each integer in {1,2,...,v} occurs in v — k of the
B;. It follows that each element of By occurs in v —k —1 of the B; for i > 2;

hence
v

Y IBinBi| = (w—k)(v—k—-1).
=2

But since the inner product of each pair of distinct rows of A is even and v is
odd, |B1NB;| is odd for 2 < ¢ <w. In particular, |B; N B;| > 1. Hence

v

> IBinBi|zv-1,
=2

and so
(v—k)?—(w—k)>v—1.

Completing the square gives
(v—k—1)2>k.
By part (a),v>k20,andsov2k+ﬂ+1. O

Lemma 4.16 (Eades). Suppose that the entry matriz of a solution
(X1,X2,X3,X4) = (A1,A2,A3,Ay) of equation (4.5) is [V ;] where V is
Exr and W is (u—¥) x (4—r). Then
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T L
j=1

i=1
and
4 u
T 2
j=r+1 i=0+1
The proof of this lemma is straightforward and thus omitted. a

Before the use of these lemmas is illustrated with an example, the second
step of the method is stated explicitly.

Step 2. Using (3.2), (3.7), (3.8) and Lemmas 4.15 and 4.16, find all possible
fill matrices which could accompany the sum matrix found in Step 1.

If v and the s; are small, then there are usually very few possible fill
matrices, and they can be found easily without a computer.

Ezample 4.15. The existence of an orthogonal design OD(20;1,5,5,9) is listed
in Geramita and Wallis [81] as being undetermined. To construct such an
orthogonal design, we require four 5 x 5 circulant matrices By, B2, B3, By,
with entries from {0, +x1, +29, £x3, 24} such that

4
> BiB[ = (21 +5x3 + 523 +923) I. (4.11)
=1

1=12,5=12+229=232=22422 412 are essentially the only ways of
writing 1, 5, 9 as sums of at most four squares, and so it is not difficult
to show that (essentially) the only 4 x 4 integral matrix P which satisfies
PPT =diag(1,5,5,9) is
1
12
P= 91 |- (4.12)
3

(See Remark (b) after Theorem 4.10.)

Now there are eight 4 x 4 integral matrices which, on the basis of equations
(4.6), (4.9), and (4.10) could be fill matrices.
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@l | o, @], ]
| 222 2 22 22 2]

@> L. @ w|, | @
222 4 2] 4 2]

W| >, w7,
_4 2 ] _42 ]

However, four of these matrices can be discounted as possible fill matrices
by using Lemmas 4.15 and 4.16.

Suppose that (Bj,Ba,Bs,Bs) has sum matrix P above (4.12) and fill
matrix (4.13) (b). Then the entry matrix is

1

212
41

2 25

which satisfies equations (4.6) and (4.10). But the (3,2)-th entry of this entry
matrix indicates by Lemma 4.15 that every entry of the IPV of Bs has a
term in :17% with odd coefficient. But z3 occurs at most once in each row of
each of the other circulant matrices, and it follows that the IPV’s of the other
circulant matrices have no terms in x% Hence it is impossible for the IPV’s
of the B; to add to zero; so (4.13)(b) is not the fill matrix of the B;.

Suppose that (4.13)(f) is the fill matrix of (B1, B2, Bs, By); this gives entry
matrix

1
14
41
4 5

If this is the entry matrix of (B1, B2, B3, Bs), then

1

45
14
41]

is the entry matrix of another solution (C1,Cs,C3,Cy4) of (4.12) (see Remark
(b) after Theorem 4.10). It follows by Lemma 4.15 that
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C1CY +CoCy = (23 +923)I5,

and thus, using the two-circulant construction, there is an OD(10;1,9). This
is impossible, as it implies the existence of an Hadamard matrix of order 10,
and so (4.13)(f) is not the fill matrix of (B, B2, B3, B4).

Similarly it can be shown that (4.13)(h) and (4.13)(e) are not possible.

Each of the possible fill matrices (4.13)(a), (c), (d), (g) could specity the
contents of a solution of (4.11). For each of these possibilities, we need to
search through the circulant matrices whose contents are thus specified until
we find a combination whose IPV’s add to zero. For instance, for (4.13)(a) we
need to find four 5 x 5 permutation matrices M7, Ms, M3, My such that

(71,22, —22,73, —23) M)
(v2, —x3,—23,74,—4)M>
(z2,22,23,24, —24) M3
(T4,24,74,24, —24) My

are the first rows of circulant matrices whose IPV’s add to zero. If this
search fails, then we consider circulant matrices with contents specified by
(4.13)(c), and so on. Note that there are a large number (about 2 x 10%) of
4-tuples M1, My, M3, My of 5 x 5 permutation matrices; however, only a small
proportion of these need be considered, as we shall presently see.

Once the sum and fill matrices have been chosen, the final steps of the
method may be executed.

Step 3. For each i € {1,2,3,4} write down a circulant matrix A; with
contents specified by the i-th columns of the sum and fill matrices.

Step 3 can be executed easily either by hand or by computer. Of course,
the circulant matrices A; can be represented by their first rows.

Definition 4.14. Two circulant matrices with the same content are isometric
if they have the same IPV.

Step 4. For each i € {1,2,3,4}, write a list L; of non-isometric circulant
matrices with the same contents as A;. Attach to each circulant matrix its
IPV.

The problem of executing the fourth step is considered next. Given two
circulant matrices with the same content, how do we determine whether they
are isometric (without the time-consuming calculation of IPV’s)? How large
are the lists L;? Useful necessary and sufficient conditions for isometry are,
in general, unknown, but one obvious sufficient condition can be described as
follows.

Denote by S, the group of v x v permutation matrices, and suppose that
T € S, represents the v-cycle (12...v). Let R denote the v x v back diagonal
matrix (see Section 4.5). The subgroup of S, generated by T and R is denoted
by (T, R). If A and B are v x v circulant matrices with first rows a and a K for
some K € (T, R), then it can be seen immediately that A and B are isometric.
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It follows that the number of non-isometric circulant matrices with the
same content is at most the index of (T, R) in S, that is, w Thus the lists
L; in Step 4 contain at most @ entries. A complete set of distinct coset
representatives of (T, R) in S, is easily seen to be E ={M € S, : M represents
a permutation ¢ on {1,2,...,0} which satisfies v6 =v and 10 < 1(v—1)}.
Thus to compute the list L; in Step 4, we first write out the elements of
S ={B: B is a circulant matrix with first row a;M for some M € E}, where
a; denotes the first row of the circulant matrix A; chosen at Step 3. This can
be done easily either automatically or by hand.

Of course S may contain isometric elements. But it can be shown (as
follows) that if a; = (21,22,...2,), then no two distinct elements of S are
isometric.

Lemma 4.17. If a; = (z1,x2,...,,T,) and By and By are elements of S with
first rows a; M7 and a; Mo where My and My are v X v permutation matrices,
then By and By are isometric if and only if they are equal.

Proof. The first entries of the IPV’s of By and Bs are equal; that is,

a; M\ T M) =aMoT— My e,

i
Symmetrising gives
aiMy (T+T )My e =aiMa (T+T 1) My la]
Since a; = (x1,x2,...,T,), we obtain
T+T'=MTM '+ MT M

where M denotes M LM, A simple combinatorial argument using the fact
that v is odd shows that T+7 ! can be written uniquely as a sum of two
permutation matrices. Hence either T = MTM ! or T~' = MTM~!. In
either case, since the subgroup of S, generated by T is self-centralising, we
can deduce that M in (T, R). Thus M; and My are in the same coset of (T, R),
but both are elements of S, so M1 = M>.

The converse is immediate. O

This lemma implies that sometimes the list L; achieves its maximum size

@. However this is rare. For instance, if the content of A; is {(ex;,ne;) :
1<i<wu, e==1} then the subgroup

L={MeS,: a;M =a;}

of S, has order
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Hence there are at most % entries of the list L;, and often % < @
However, the coset representatives of L in .S, are more difficult to deal with
by computer than the representatives of (T, R). Hence L is used only in hand
calculations. When a computer is used, the sort-merge package program may
be used to eliminate isometric elements of the set S.

The final step of the method is to search the lists L; for an answer.

Step 5. Search for one circulant matrix C; with IPV ¢; from each list L;
(1 <4 <4) such that ¢; +co+ec3+cq4 =0.

In the implementations for orthogonal designs of orders 20 and 28, there
was no difficulty in using a naive algorithm for the search at Step 5 because
the lists L; were relatively small. However, to extend the method to higher
orders, a more sophisticated search algorithm needed to be employed (see
Koukouvinos et.al. [59,66-69,71,73,102,104, 105, 135]).

Two notes on the execution of Steps 4 and 5 are presented next.

Firstly, suppose that C1,Co,C5,Cy are circulant matrices whose sum and
fill matrices satisfy equations (4.6), (4.8), (4.9) and (4.10). Then the sum of
the sums of the entries of the IPV’s of the C; is zero (see proof of Theorem
410) That iS, if (Cil,ciz, fen 7Ciw) is the IPV of Cz (1 S ) S 4), then

4 w
ZZCU =0.

i=1j=1
Hence if

4
Zcijzo for1<j<w-1,
i=1

then

4
Zcij:O for 1 <j<w.
i=1

Hence only 1 (v—3) of the (v —1) components of the IPV’s need to add to
zero for equation (4.5) to hold. This saves time and space in computer imple-
mentation and provides a simple error-checking device for hand calculations.

Secondly, we note that the IPV’s of non-isometric circulant matrices may be
dependent in the following way. Suppose that N € S,, normalizes the subgroup
(T') of S, generated by T. Note that there is an integer d prime to v such
that NT'N—1 =T for 0 < i < v. Now if the circulant matrix A has first row a,
then the i-th entry of the IPV of A is aT%a . Hence the IPV of the circulant
matrix B with first row aN has i-th entry aNT *N~1a T, that is, aT% .
Hence the IPV of B is a permutation of the IPV of A, described as follows.
Suppose that the IPV of A is (h1,ha,...,hy) and (id)* denotes the image
of id in {0,1,...,v—1} modulo v. Then the IPV of B is (hi1g,h20,.--,,hwe)
where 6 is the permutation on {1,2,...,w} defined by
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0. (id)* if 1<(id)* <w, (4.14)
Dio— .
v—(id)* otherwise.

Note that § =1 if and only if N € (T, R). Hence the index of the normalizer of
(T) in S, is vé(v), where ¢ is the Euler function. If v is prime, then the set E’
of v x v permutation matrices which represent a permutation on {1,2,...,v}
which fixes v and v — 1 is a complete set of distinct coset representatives of
the normalizer of (T') in S,.

For automatic computation this means that one of the lists, say L1, may
consist of elements S’ = {B: B is a circulant matrix with first row a3 M for
some M € E’}. This produces a considerably shorter list, and the search (Step
5) may be proportionally shorter in time.

The use of the normalizer of (T') in hand calculations is illustrated in the
completion of Example 4.16 below. First, however, we show how the facts
above may be used to construct a certain four variable orthogonal design of
order 28.

Ezample 4.16. An orthogonal design OD(28;1,1,1,25) can be constructed as
follows. We want four 7 x 7 circulant matrices Vi, Vs, V3, Vs with entries from
{0,+21,+29,+23,+24} such that

4
> ViVi" = (af + 23+ 23+ 2523)]1. (4.15)
=1

The conditions (4.6), (4.8), (4.9), (4.10) imply that the sum and fill matrices
of (V1,Va,V3,Vy) must be diag(1,1,1,5) and

6662

respectively. Hence V; must be (J —2I)z4 up to isometry (see (4.7)); thus
V4 has IPV (3z3,32%,323). Choose a skew-symmetric 7 x 7 matrix C; with
entries from {0,1,—1} and precisely one zero in each row; denote its IPV
by (d1,dz2,ds). Now the normalizer of (T') in S7 acts cyclically on (di,d2,ds3)
by (4.14), and further, it preserves skew-symmetry. Hence there are skew-
symmetric circulant matrices Cy and Cs with IPV’s (dg,ds,d1) and (ds,d,ds),
respectively. For 1 <14 < 3, denote x;I +x4C; by V;. It is clear that the IPV’s
of the V;, 1 <4 <4, add to (f, f, f), where f = (d1 +da+ds +3)x2. But since
the sum and fill matrices of (V1,Va,Va,Vy) satisfy (4.6), (4.8), (4.9), (4.10), it
follows that f+ f+ f =0; that is, f = 0. Hence the IPV’ s of the V; add to
zero, and thus the V; satisfy (4.15).

Example 4.16 completed: The index of the normalizer of (T') in S5 is 6, and
so there are at most six circulants of order 5 with the same contents whose
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IPV’s differ by more than just a permutation. A complete set of distinct coset
representatives of this subgroup is

F={1,(12),(23),(34), (45), (51)}.

Suppose that a solution (Bi, Ba, B3, B4) of equation (4.11) has sum matrix
P (4.12) and fill matrix (4.13)(a). Using the set F, a list L; of circulants with
contents thus specified and essentially different IPV’s can be made for each
1€{1,2,3,4}. A short search reveals that if By, Be, B3, B4 have first rows

(xlaan r3,T3, .TQ) 5
(1'2,.’1}4, xg,—(E4),
(l’g,xg,l’4, $4,x2)
(—24,%4,74,74,24),
respectively, then the B; satisfy equation (4.11).

Using similar methods it is possible to show that it is impossible to construct
a (1,3,6,8), (2,2,5,5), or (3,7,8) in order 20 by using four circulants. It can
also be shown that, while a (4,9) exists in order 14, it is impossible to construct
it from two circulants.

For ease of reference we summarize these results as:

Lemma 4.18 (Eades [52] ). It is not possible to find four circulant matrices
A1,As, A3, Ay of order 5 with entries the commuting variables x1,x2,3,T4,

and 0 which satisfy
4

T 2
ST = ) .
j=1
where (s1,52,83,54) 1s (1,4,4,9), (1,3,6,8), (2,2,5,5) or (3,7,8). Equivalently,
it is mot possible to use four circulant matrices in the Goethals-Seidel array to
construct orthogonal designs of these types in order 20.

Lemma 4.19 (Eades). It is not possible to construct the orthogonal design
0OD(14;4,9) using two circulant matrices.

Horton and Seberry [107] have undertaken a full search for OD(n;4,9) for
small n showing that, often, the necessary conditions for these orthogonal
designs are not sufficient. The theoretical reasons for this strange result is
undetermined.

Remark 4.12. It would be interesting to know if orthogonal designs of types
(1,4,4,9), (1,3,6,8), (2,2,5,5) or (3,7,8) are impossible to construct by any
method in order 20. If that were so, it would make the construction method
by circulants assume even greater importance. We shall not even hazard a
guess here, although experience should indicate that some of these designs will
be impossible to construct by any method. This question is still unresolved
after 30 years.
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Remark 4.13. Since there is a strong relationship between circulant and nega-
cyclic matrices with additive properties, it might appear fruitful to consider the
“sum” and “fill” approach to finding desirable negacyclic matrices. However
this IPV vector seems harder to constrain.

4.9 Some Arrays for Eight Circulants

Unfortunately, in trying to find designs of order n =0 (mod 8) constructed
using eight circulant matrices, we will not be as restricted as in Theorem
4.9 but have other problems. The difficulty of finding matrices to replace
the variables has led to the following lemma using part Williamson and part
Goethals-Seidel criteria. In §4.10 we will see that the Kharaghani array, which
uses amicable sets and circulant and /or negacyclic matrices to greatly increase
our ability to construct orthogonal designs in orders =0 (mod 8).

The Kharaghani array has proved the most powerful in finding orthogonal
designs of order 8. To understand why we first consider the proliferation of
arrays and conditions needed to find orthogonal designs of order divisible by
8 when the Kharaghani array is not used.

Lemma 4.20. Suppose X1,Xa,...,Xg are eight circulant (type 1) matrices
of order n satisfying

(1) X;, 1<i<8, have entries from {0,+x1,...,2x,}, and
8
(2) Ei:1XiXiT = /1.

Further suppose

(i) X1,Xa,...,Xg are all symmetric or all skew, or
(it) X1 = Xo =+ =X; and X;t1,...,Xs are all symmetric or all skew,
1< <8, or

(iii) Xo = X3 = X4 and X5, X¢, X7, Xs are all symmetric (skew), or

(iv) X1X2T :XQX]_T, X3=X4 and X5, Xg, X7, Xg are all symmetric, or
(v) X1,...,X; are all skew and X;41,...,Xs all symmetric, or

(vi) Xo, X3, X4 are all skew and X5, Xg, X7, Xg all symmetric, or

(vit) X; X;' = Xipa X', i=1,2,3,4.

[

Then, with
S
=Y ull,
i=1
there exists an orthogonal design OD(8n;u1,ug,. .. us).

Proof. As in the proof of Theorem 4.9 the main difficulty is ensuring the
matrices Y7,...,Ys used to replace the commuting variables of the basic design

pairwise satisfy



108 4 Orthogonal Designs Constructed via Plug-in Matrices

The results of the lemma may be obtained, recalling the results of Section
4.5, by using the following constructions:

(i) Use the circulant matrices to replace the variables in design 1.
(ii) Use a back circulant matrix X3 R = X; R to replace the first ¢ variables in
design 1.
(iii) Use design 2 which needs A, B, E, F,G,H all circulant, B repeated three
times, and F, F,G, H all symmetric.
(iv) Use design 4 for which X, A, B,C, D, E, F must all be circulant, B repeated
twice, C,D, E, F symmetric, and XAT = AX T,
(v) Use X1 R,... the back circulant matrices X1 R, ..., X; R to replace the first
i variables of design 1 and Xj;41,...,Xg to replace the last 8-¢ variables.
(vi) Use design 5 with B= X5, C=X3, D=X,, E= X5, F = X¢, G= X7,
H = Xg, there is no symmetry restriction on A = Xj.
(vii) Use design 6. O

Table 4.7 Design 1

A B C DlE F G H
-B A D-C| F-E-H G
-C-D A B| G H-E-F
-D C-B Al H-G F-E
“E-F G-H A B C D
-F E-H G|-B A-D C
-G H E-F|-C D A-B
|-H-G F E|-D-C B A

Table 4.8 Design 2

AR B B Bl E F G H]T
-BAR B-B| F -E -H G
-B-BAR B| G H —-E -F
-B B-BAR| H -G F -E
—-E—-F -G -H|AR-BT —BT —BT

H G|BT AR BT -BT
-G H E -F|BT =BT AR BT

F E|B" B" -BT AR

Example 4.17. The following orthogonal designs in order 24 are constructed
by using this lemma. The reader may refer to the Table of the Appendix of
Orthogonal Designs in order 24 to find the first rows of the circulant matrices
which should be used as indicated:
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Table 4.9 Design 3

AR B B B| E F G H]
-BAR B-B| -F -E -H G
-B-BAR B| G H -E -F
-B B-BAR| H -G F -E
—-FE—-F —-G-H| AR BT BT BT
-F E-H G|-B" AR-BT BT
-G H E -F|-B" BT AR-BT
| -H-G F E|-B" -B" BT AR]

Table 4.10 Design 4

[ XRAR B Bl ¢ D E F
-ARXR B-B| D -C -F E
-B-B XRAR| E F -C -D
-B B-ARXR| F —-E D -C
—-C-D —-E-F| XR AR B' BT
-D C —-F E|-AR XR-BT BT
-E F C-D|-B" BT XR-AR
-F-E D C|-B" -B" AR XR|

Table 4.11 Design 5

AR B C D E F G HI
—B AR D -C F -F —-H G
-C-D AR B G H -E -F
-D C -B AR| H -G F -F

—-E-F —-G-H| AR BT ¢cT DT
-F E-H G|-B" AR-DT (T
-G H E —-F|-Cc" D' AR-BT
|-H -G F E|-DT -CT" B" AR]

Table 4.12 Design 6

T A BR CR DR| E FR GR HR]
—BR A D'R-CTR| FR —-E-H'R G'R
—-CR-D'R A B'R| GR H'R —-E-F'R
—-DR CTR -B'R Al HR-G'R F'R —EFE
—-F —-FR —-GR —-HR| A BR CR DR
—FR E-H'R GTR|-BR A-DTR CTR
—-GR H'R E—-FTR|-CR D'R A-B'R

| -HR -G'R F'R E|-DR-C'R B'R A |
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for OD(24;1,1,1,1,6,6) use part (i);
for OD(24; 1,1, 1,1,2,10) use part (ii);
for OD(24;1,1,2,2,5,8) use part (iii);
for OD(24;1,1,1,3,4,9) use part (iv);
for OD(24;1,2,2,8,11) use part (v);
for OD(24;1,1,4,4,5) use part (vi);
for OD(24;1,2,5,5,8) use part (vii);

for OD(24;1,2,2,4,13) use part (viii).

Remark 4.14. The conditions of Lemma 4.20 are still quite difficult to satisfy.
We first consider some constraints on using circulant matrices.

4.10 Amicable Sets and Kharaghani Arrays

Kharaghani [120] has given a most useful array to be used to give orthogonal
designs constructed from circulant and most excitingly nega-cyclic matrices
in orders divisible by 8.

Following Kharaghani, a set {A1,As,..., A2, } of square real matrices is
said to be amicable if

T T
Z (AU(Zi—l)AU(Qi) - AU(?i)Ag(Qi,1)> =0 (4.16)
=1

for some permutation o of the set {1,2,...,2n}. For simplicity, we will always
take o (i) =i unless otherwise specified. So

n
3 (A%,IA;. - AQiA;,l) ~0. (4.17)
i=1
Clearly a set of mutually amicable matrices is amicable, but the converse is
not true in general. Throughout this section R denotes the back diagonal
identity matrix of order k.
A set of matrices {B1, Ba,...,By} of order m with entries in {0, +x1,+x9,
.y, } is said to satisfy an additive property of type (s1,s2,...,8y) if

u

ZBBT > (siaf) I (4.18)

=1

Let {A4;}8_; be an amicable set of circulant matrices (or group devel-
oped or type 1) of type (s1,s2,...,8,) and order t. We denote these by 8 —
AS(t;s1,52,53,54,55,56,57,58; Z¢) (or 8= AS(t;51,52,53,54,55,56,57,58; G) for
group developed or type 1). In all cases, the group G of the matrix is such
that the extension by Seberry and Whiteman [187] of the group from circulant
to type 1 allows the same extension to R. Then the Kharaghani array [120]
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Ay Az A4Rn,  A3Rn, AsRn AsRn, AsRn,  A7Rn
—As Aq AsR, —A4R, AsR, —AgRn A7R, —AsR,
—A4Rn —A3R, A Ay —AgR, AR, A{R, —AlR,

o | AsRn AsRn A A AJ R, A Rn —A] R, —A{Rn
—A¢R, —AsRn AgdRn —AJR, A As  —AJR., AR,
—AsR, A¢Rn —A} R, —AJR, —As Ay AJR, AR,
—AgRn —A7Rn —AdR, AJR, A[R, —-AJR, A Az

—A7Rn AsR, AJR., AJR., —AJR, —AJR, —As Ay

is an OD(8t;51,52,...,54).

The Kharaghani array has been used in a number of papers [67,68,72,100,
105,108,120,126] among others to obtain infinitely many families of orthogonal
designs. Research has yet to be initiated to explore the algebraic restrictions
imposed an amicable set by the required constraints.

Koukouvinos and Seberry [137] have extended the construction of Holzmann
and Kharaghani [101] to find infinite families of Kharaghani type orthogonal
designs, and in [136] orthogonal designs OD(8t;k,k,k,k,k, k) in 6 variables
for odd ¢.

4.11 Construction using 8 Disjoint Matrices

First we give the following definition.

Definition 4.15. Define L-matrices, L1, La, ..., Ly to be n circulant (or type
1) (0,+£1) matrices of order ¢ satisfying
(i) Li*Lj =0,1i#7,
(ii) ZL,»LZT = kI,
=1
where * denotes the Hadamard product. We say k is the weight of these
L-matrices.

From Definition 4.15 we observe that T-matrices of order ¢ (see Seberry
and Yamada [188] for more details) are L-matrices with £ =k =t and n =4.
Then we have.

Theorem 4.11. Suppose L1, L, ..., Ly, aren circulant (or type 1) L-matrices
of order s and weight k. Some of the L-matrices may be zero.

Further suppose A= (ai;j), B = (b;;) are amicable orthogonal designs of type
AOD(n;p1,p2,...,Pu;q1,42,---,qv) on the variables {0,+x1,+xo,..., *ay,},
and {0,%+y1,+y2, ..., LYy}, respectively. Then there exists an amicable set of

matrices {A2",} which satisfy
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2n u v n u v
S a7 - (zm% +zqz»y;> S L - (zpimf +zqiy;> L,
=1 =1 =1 =1 =1 =1

(4.19)

and also (4.16).
Hence these {Ai}?gl of order s are an amicable set satisfying the additive

property for (kpy,kp2,... . kpu,kq1,kqz, ..., kqy).

Proof. Use
Ar=anli+aielo+---+ainLly, Ar =bi1L1+bioLlo+ - +bipyLy
Ag =ao1L1+ala+---+aznLn, Ay =bo1Li+baaLlo+---+banLly

As =az1L1+azalo+---+azpLln, A =b31L1+b32Lo+ - +b3, Ly

Aon—1=an1L1+an2Llo+ - +annLln, Aszn =0bn1L1+bpoLo+--+bpnln

First we note that A and B being amicable ensures that the (z,y) entry ¢y,
of C=ABT is

n n
Coy = Zaijyj = Zaw—bm— = Cyx- (420)
j=1 J=1

We also note that if A and B are amicable then AT and BT are also amicable
so the (z,y) entry dyy of D=AT B is

dxy = Zaijjy = Zajybjx = dyx. (4.21)
Jj=1 Jj=1

First let us first multiply out AlA;7 where we will use (---LyL,! )¢ to
denote the term in L,L,) . Then

n
AlA; = ZaljblejL;»r +- ((alzblm)LZL;)Zm +ee (4.22)
j=1
Similarly
n
142141r = ZaljblejL;'r +- 4+ ((bléalm)LéL;)Zm + - (423)
Jj=1

Hence AlAg— —AgAI will have no terms in LjL;-r, j=1,2,--- 2n. Thus
the typical term is given by

A1Ag — Ag Al =+ ((argbim — brearm)LeLy ) om + - (4.24)
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We now formally multiply out the expression on the left hand side of (4.16),
which gives the following terms in L,L,,

n

Z (A2i_1A;‘ - AziA;‘—1)

i=1

st <(Zajebjm - Zbiéaim)LlL;> +-
m

j=1 i=1
n n
j=1 i=1 m

--+--- using (4.21)
=0.

This is formally zero and we have (4.17). These matrices also satisfy (4.18)
and (4.19) by virtue of A and B being (amicable) orthogonal designs. O

Remark 4.15. Although the theorem is true for any pair of amicable orthogonal
designs the arrays needed to exploit the full generality of the theorem are
only known, at present, to exist for n =2 or 4.

The maximum number of variables in amicable orthogonal designs of
orders 2 and 4 are given in Tables 5.8 and 5.9. A detailed study of amicable
orthogonal designs in order 8 is given by Deborah Street in [202, p125-134]
and [203, p26—29]. Thus we have:

Corollary 4.13. Suppose there exist AOD(2¢;p1,p2;q1,q2). Further suppose
there exist two circulant (or type 1) L-matrices of order £ and weight k. Then
there exists an OD(44;kp1,kp2, kq1,kq2).

Proof. We use the L-matrices in the theorem to form an amicable set satisfying
the required additive property which is then used in the Goethals-Seidel array
to obtain the result. O

Corollary 4.14. Suppose there exist AOD(4¢;p1,p2,03;q1,92,q3). Further
suppose there exist four circulant (or type 1) L-matrices of order { and weight
k. Then there exists an OD(80;kp1,kp2,kps, kq1,kqa,kqs).

Proof. We use the L-matrices in the theorem to form an amicable set satisfying
the additive property for (kp1,kp2,kps,kqi,kqe, kqs). These are then used in
the Kharaghani array to obtain the result. O

Ezample 4.18 (n =2). Let A and B be the AOD(2;1,1;1,1) given by

e )

Let Ly and Lo be two circulant (or type 1) L-matrices of order ¢ and weight
k. Construct
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Ai=ali1+bLy, Ao=cli+dLs

Az =—bLy+als, Ay =dLy—cLs. (4'25)
Then
2
ZA Al =(®+ 0+ +d%)Y LiL] =k(@®+0*++d*)  (4.26)
=1
and
A1Ag — AgA] + A3A] — A4A3 =0. (4.27)
Hence this set of matrices {Aj,As,..., A4} of order ¢ with entries in
{0,+a,+b,+c,+d} is an amicable set satisfying the additive property for
(1,1,1,1)

These can be used in a variant of the Goethals-Seidel array

A, Ay AsR A4R

—As A; —A4R A3R
—A3R A4R A1 —A2
—A4R —AsR Ay A

G:

where R is the back-diagonal identity matrix, to obtain an OD(4¢;k, k,k, k).
O

Ezample 4.19 (n =4). Let A and B be the AOD(4;1,1,1;1,1,1) given by

ab ¢ O
—ba 0-—c

Let L1, Lg, -+, L4 be four circulant (or type 1) L-matrices of order ¢ and
weight k. Construct

Ay =aly +bLy +cLg, Ao =dLi +elo +fL3,
Az = —blq +als —cLy, Ag=elqy —dLo —fLy,
A5 = —CL1 +aL3 +bL4, AG = le —dLg +6L4,
A7 = +cLy —bLs +aly, Ag= —fLy +eLs +dL4.
(4.28)
Then
Z:AAT (a®+b2+c?+d?+e + f? ZLLT
=1
=k(a®+b*+P+d*+e* + f?) I, (4.29)

and
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Ay A — AgA] + A3A] — A4AS + AsAd — AgAd + A7 Ad — AgA] =0.
(4.30)
Hence this set of matrices { A1, Ag, ..., Ag} of order ¢ with entries in {0, +a, b,
te,+d,te,£f} is an amicable set satisfying the additive property for
(1,1,1,1,1,1).
They can be used in the Kharaghani array to obtain OD(8¢;k, k. k, k, k., k).

Ezample 4.20 (n =4). Let A and B be the AOD(4;1,1,2;1,1,2) given by

a b ¢ c d ef f
-b a c¢—c e—df—f
c c—a—=b| |—-f—-fe d
c—c b—a| |—f fd-—e

Let Ly, Lo, -+, Ly four circulant (or type 1) L-matrices of order £ and weight
k. Construct

Ay =aly +bLy +cL3z +cLy, Az=dLy +eLls +fL3 +fLy,
As = —bLy +aly +cLy —cLy, Ay= elq —dLy +fLs —fLy4,
As=cLi +clLy —als —bLy, Ag= —fL1 —fLo +eLs +dLy4,
Ay=cLy —cLy +bL3 —aly, Ags= —fLy +fLos +dL3 —elLy4.

(4.31)
Then
8 4
S AA] =(a®+ VP 422 +d? +e? +2f7) )LL)
=1 =1
=k(a®>+ b2 4+22 +d>+e2 +2f)1y, (4.32)
and

A1 A — Ag Al + A3A] — AyAJ + AsA] — AgAd + A7 A] — AgAT =0.
(4.33)
Hence this set of matrices {A1, As, ..., Ag} of order £ with entries in {0, +a, £,
te,td,te,£f} is an amicable set satisfying the additive property for
(1,1,2,1,1,2). These can be used in the Kharaghani array to obtain an
OD(80;k,k,k,k,2k,2k).

4.11.1 Hadamard Matrices

Before going to our next result, we first note:

Lemma 4.21. If there is AOD(m: (1,m—1);(m)) and OD(h;1,h—1), then
by Wolfe’s theorem (7.9) there is an OD(mh;1,m—1,m(h—1)).

Then Theorem 8.7 of Wallis [231, p.368] can be restated as:
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Theorem 4.12 (Wallis). Suppose there exists OD(mh;1,m —1,m(h—1)).
Suppose there exist “suitable” matrices of order n to replace the variables of
this design. Then there exists an Hadamard matriz of order mhn.

Proof. Obvious. a

Corollary 4.15. Let n be the order of any Hadamard matrix H. Suppose there
exists an orthogonal design D of type OD(n(m—1): (1,m —1,nm —n—m)).
Then there exists an Hadamard matriz of order n(n—1)(m—1).

o]

where e is the 1 x (n —1) matrix of 1’s. Then

Proof. We write H as

PJ =, PPT =nl—J.

The result is obtained by replacing the variables of D by P, J, P, respectively.
O

Many corollaries can be made by finding “suitable” matrices, but we will
not proceed further with this here.

We will show in Chapter 9 that OD(2!: (1,m —1,nm —n —m)) exist in
every power of 2, 2t = (m — 1)n. Hence we have a new result.

Corollary 4.16. Witht, s any non-negative integers, there exists a Hadamard
matriz of order 2°(2° —1)(2t —1).

We note the following result:

Theorem 4.13. Let k > 1 be the order of an Hadamard matrix H, and n
be the order of a symmetric conference matriz C. Further, suppose there
exist amicable orthogonal designs M, N of types AOD(m: (1,m—1);(F,%5)).
Then there exists an OD(nmk: k,(m —1)k,(n— 1)%’“, (n— 1)”7]“)

Proof. let P = [? 5] XI%. Then

R=CxHxN+IxPHxM

is the required orthogonal design. ]
Hence we have generalized a theorem of Wallis [231, p.375, Theorem 8.24]:

Corollary 4.17. Suppose H, C', M, N are as in the theorem, and suppose
there are “suitable” matrices of order p. Then there exists an Hadamard matriz
of order nmkp.

Now we note that if m is of the form [];2¢(p;? + 1), where p;’ =3 (mod 4)

=
is a prime power, then AOD(m : (1,m—1); (%, %)) exist. Thus we have:
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Corollary 4.18. Suppose k > 1 is the order of an Hadamard matriz and n
the order of a symmetric conference matriz. Then there exists OD(k, (2m —
1)k, (n—1)mk, (n—1)mk) where m =2 (p;"+1),p;* =3 (mod 4) is a prime
power, and t > 0 is an integer.

4.12 Baumert-Hall Arrays

In 1933 Paley wrote a most important paper on the construction of Hadamard
matrices which he called ‘orthogonal matrices’ [160]. At the same time J.A.
Todd [211] realised that these matrices gave symmetric balanced incomplete
block designs—of great interest in the design and analysis of experiments for
agriculture and medicine.

Thus Paley opened the way for R.C. Bose’s [26] fundamental and path-
finding use of Galois fields in the construction of balanced incomplete block
designs—a most valuable contribution to applied statistics.

Yet it was not until Williamson’s 1944 [244] and 1947 [245] papers that
more Hadamard matrices were found. Williamson used what we would now
call orthogonal designs OD(n;1,n—1) and OD(n;2,n—2).

Paley listed the orders less than 200 for which Hadamard matrices were
not known, viz., 92, 116, 148, 156, 172, 184, and 188. Williamson suggested
using what we will call the Williamson Array

A B C D
-B A D-C
-C-D A B
-D C-B A

to find Hadamard matrices and in fact obtained the matrices of orders 148
and 172 by finding suitable matrices (using the theory we now call cyclotomy;
see Storer [200]) to replace the variables of the array. Thus we define

Definition 4.16. Eight circulant (1, —1) matrices X1,..., Xg of order n which
satisfy

8
SoXX =8nl, XX =X;X;
i=1
will be called eight Williamson matrices (cf Williamson matrices: Theorem
4.4 and proof). Williamson matrices are four circulant symmetric matrices

T1,...,T, satisfying
4

> XX =4nl.
=1
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Baumert, Golomb and Hall [17] found Williamson matrices of order 23
giving the Hadamard matrices of orders 92 and 184. We can appreciate
their excitement when on the night of September 27, 1961, after an hour of
computer calculation, the output arrived. In fact, there turned out to be one
and only one example of Williamson matrices of order 23.

Later, Baumert [15, 18] was to find Williamson matrices giving the
Hadamard matrix of order 116. We shall give the Hadamard matrix of order
188 in Proposition 7.2.

The remainder of this section is devoted to the exciting results that have
come from Baumert and Hall’s search for the Hadamard matrix of order 156.
But first a definition.

Definition 4.17. An orthogonal design OD(4t;t,t,t,t) will be called a
Baumert-Hall array of order t.

Now Baumert and Hall realised that since Williamson matrices of order
13 were known, if a Baumert-Hall array of order 3 could be found, then the
Hadamard matrix of order 156 would be found. In fact, they realised:

Theorem 4.14. If a Baumert-Hall array of order t and Williamson matrices
of order n exist, then there exists an Hadamard matriz of order 4nt; equiva-
lently, if there exists an orthogonal design OD(4nt;t,t,t,t) and Williamson
matrices of order n, then there exists an Hadamard matriz of order 4nt.

Proof. Replace the variables of the Baumert-Hall array by the Williamson
matrices. O

In 1965 Baumert and Hall [14] published the first Baumert-Hall array of
order 3 (Table 4.13):

Table 4.13 Baumert-Hall array—order 3

A A A B -B C-C-D B C -D -D
A-A B-A -B-D D -C -B-D -C —-C
A-B-A A -D D-B B -C-D C -C
B A-A-A D D D C C-B-B -C
B-D D D A A A C -C B-C B
B C-D D A-A C-A -D C B -B
D-C B-B A-C-A A B C D-D
-C-D -C -D C A -A -A -D B -B -B
D-C-B-B -B C C-D A A A D
-D-B C C C B B-D A-A D -A
C -B-C C D-B-D-B A-D-A A
| -C-D-D ¢ -C-B B B D A -A -A|
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Many attempts were made to generalise this array, but none were successful
until in 1971 L.R. Welch [243] found a Baumert-Hall array of order 5 (Table
4.14):
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Table 4.14 Baumert-Hall array—order 5 constructed entirely of circulant blocks
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For future reference we define:

Definition 4.18. A Baumert-Hall-Welch array of order t is a Baumert-Hall
array of order ¢ constructed from sixteen circulant or type 1 matrices.

The circulant structure of Welch’s array gave the clue to generalising
Baumert-Hall arrays. First we consider:

Definition 4.19. Four circulant (type 1) (0,1,—1) matrices X;, i =1,2,3,4,
of order n which are non-zero for each of the n? entries for exactly one i, i.e.,
Xi*X; =0 for ¢ # j, and which satisfy

4
> XX =nI
i=1
will be called T-matrices of order n. These were first used by Cooper-Wallis [32].

A type 1 matrix has constant row (and column) sum; so:

Lemma 4.22. Let X;, i=1,...,4, be T-matrices with row sum (and column
sum) x;, respectively. Then
4
Sa=n
i=1

Proof. X;J = x;J; so considering Z?:l X,'XiTJ =nJ gives the result. O

The following result, in a slightly different form, was independently discov-
ered by R.J. Turyn. Turyn use what are called T-sequences later in this chapter.
T-sequences are the aperiodic counter part of T-matrices. The existence of
T-sequences implies the existence of T-matrices.

Theorem 4.15 (Cooper-Wallis [32]). Suppose there exist T-matrices X,
i=1,...,4, of order n. Let a, b, ¢, d be commuting variables. Then

A=aX1+bXo+cXs+dXy
B=-bX14+aXo+dX3—cXy
C=—-cX1—dXos+aX3+bXy
D=—dX{+cX—-bX3+aXy

can be used in the Goethals-Seidel (or Wallis-Whiteman [241]) array to obtain
a Baumert-Hall array of order n; equivalently, if there exist T-matrices of
order n, there exists an orthogonal design OD(4n;n,n,n,n).

Proof. By straightforward verification. O
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FEzample 4.21. Let

100 010 001
X;1=1010]|, Xo=1{001|, X3=1[100]|, X4=0.
001 100 010

Then X1, X9, X3, X4 are T-matrices of order 3, and the Baumert-Hall array
of order 3 is in Table 4.15.

Table 4.15 Baumert-Hall array—order 3

a b ¢-b a dl—-c—-d a|—d c¢—b
c a bl a d-bl—-d a—c| c—-b-d
b ¢ a|l d—-b a| a —c—-d|-b—-d c
b—a—-d| a b c|—d-b ¢l c—a d
—a—d bl ¢ a bl-b c—dl—-a d c
—d b—a|l b ¢ al ¢c—d —-bl d c¢—a
c d—a|l d b—c| a b c|-b d a
d—a ¢ b—c dl ¢ a b d a-b
—a ¢ dl—-c d bl b ¢ a| a-b d
d—c bl—c a—-d| b—d—-a|l a b c
—c b dl a—d —c—-d—-a bl ¢ a b
b d—c|—d—-c al—a b—-d| b ¢ a

We will not give the proofs here which can be found in Wallis [231, p.
360] and Hunt and Wallis [110] but will just quote the results given there.
More results on Baumert-Hall arrays are given in Section 7.1 after some new
concepts have been introduced. In Section 7.1 we show how cyclotomy may
be used in constructing these arrays, including the previously unpublished
array of Hunt of order 61.

Lemma 4.23. There exist Baumert-Hall arrays of ordert, t€ X, X ={z:x
is an odd integer, 0 < x < 25,31,37,41,61}.

Corollary 4.19. There exist Hadamard matrices of order 4tq where t € X,
X given in the previous lemma, and q is the order of Williamson matrices.
In particular, there exist Hadamard matrices of order 4tq, q = %(er 1) or
%p(p—i— 1) where p=1 (mod 4) is a prime power.

Proof. The required matrices are given in Corollaries 4.11 and 4.12. O

The long held conjecture that the Williamson method would give results for
all orders of Hadamard matrices was first disproved for order 35 by Dokovié¢
in 1993 [42]. Schmidt’s review [176] of Holzmann, Kharaghani and Tayfeh-
Rezaie [106] points out that there are no Williamson matrices of order 47, 53
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or 59. In their startling paper, Holzmann, Kharaghani and Tayfeh-Rezaie [106]
indicate there are no Williamson matrices for four small orders. Table 4.16
summarizes the number of Williamson matrices of order 1-59.

Table 4.16 Number of Williamson Matrices of Order 1-59 ¢

Order: 1 3 5 7 9 11 13 15 17 19 21 23 25 27 29
Number: 1 1 1 2 3 1 4 4 4 6 7 1 10 6 1
Order: 31 33 35 37 39 41 43 45 47 49 51 53 55 57 59
Number: 2 5 0 4 1 1 2 1 0 1 2 0 1 1 0
% Holzmann, Kharaghani and Tayfeh-Rezaie [106, p347] (© Springer

A most important theorem which shows how Baumert-Hall-Welch arrays
can be used is now given. To date, the only such arrays known are of orders
5 and 9. We note that in these BHW theorems circulant or type 1 can be
replaced by negacyclic matrices.

Theorem 4.16 (Turyn [220]). Suppose there is a Baumert-Hall-Welch ar-
ray BHW of order s constructed of sizteen circulant (or type 1) s x s blocks.
Further suppose there are T-matrices of order t. Then there is a Baumert-Hall
array of order st.

Proof. Since BHW is constructed of sixteen circulant (or type 1) blocks, we
may write BHW = (Nyj), 1,5 =1,2,3,4, where each N;; is circulant (or type

1).
Since (BHW)(BHW)T = s(a® + b? + ¢ + d?)I45 where a,b,c,d are the
commuting variables, we have

s(a?+ b2+ +d)I,, i=7,
N Njy + NiaNjy+ NigN 5+ Ny N} = i=1,2,3,4
0, it
Suppose the T-matrices are 17,75,75,T4. Then form the matrices

A=T1 X N11+T2 x Noy +T3 X N31 +T4 X Ngq
B =T1 x N12+1T5 x Nog + T3 X N3o 4+ T4 x Ny2
C =Ty x Ni3+T5 X Nog+ T35 x N3z +T4 x Ny3
D =Ty X Nig+T5 X Nog+T3 X N3g+T4 X Nygq,

Now
AAT+BBT +CCT +DD" =st(a®+ b+ +d*)Iy,

and since A, B,C, D are type 1, they can be used in the Wallis-Whiteman
generalisation of the Goethals-Seidel array to obtain the desired result. (See
also Lemma 4.7) O
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Since the Baumert-Hall array of order 5 given by Welch is constructed of
sixteen circulant blocks, as is the Ono-Sawade-Yamamoto array of order 9
given to us by K. Yamamoto [188, p. 449].

Corollary 4.20. Suppose there are T-matrices of order t. Then there is a
Baumert-Hall array of order 5t and 9t; equivalently, there is an orthogonal de-
sign OD(20t;5t, 5t,5t,5t) and OD(36t;9¢t,9¢,9t,9t). As we have seen, Baumert
and Hall’s array of order 3, discovered to obtain the Hadamard matriz of
order 156, has led to one of the most powerful constructions for Hadamard
matrices. In fact, to prove the Hadamard conjecture it would be sufficient to
prove:

Conjecture 4.3. There exists a Baumert-Hall array of order ¢ for every positive
integer ¢, or equivalently, there exists an orthogonal design OD(4t;t,t,t,t) for
every positive integer t.

4.13 Plotkin Arrays

Following the exciting results on Baumert-Hall arrays, which if they all exist,
would answer the Hadamard conjecture in the affirmative, it became clear
that similar designs in order 8n would give results of great import. Alas, as
we shall now see, such designs of order 8n, n odd, are very hard to find.

These classes of orthogonal designs are of great interest and worthy of
further study.

Definition 4.20. An orthogonal design OD(8t;t,t,t,t,t,t,t,t) will be called
a Plotkin array.

Remark. Matrices with elements {1,—1} which can be used in Plotkin
arrays to give Hadamard matrices (eight Williamson matrices) have been
found by J. Wallis [236], and of course Williamson matrices (each used twice)
will also suffice. Still the problem of finding suitable matrices to replace
the variables in designs to give Hadamard matrices or weighing matrices is
largely untouched but displaced by the use of the Kharaghani array [120] and
amicable sets.

We first see that if an Hadamard matrix exists, then Plotkin arrays exist
in four times the order.

Theorem 4.17 (Plotkin [161]). Suppose there exists an Hadamard matriz
of order 2t. Then there exists an orthogonal design OD(8t;t,t,t,t,t,t,1,t).

Proof. Let H be an Hadamard matrix of order 2t. Let
1/1 -1 1/ 11
S2<I 1>H’ T2<—11>H’
1
2

L1 T I1
U:2<—I—I)H’ V= <J—I>H'
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Then define

Ho(a,b) = (S xa)+ (T xb),

Hgt(a, b) Hgt(c,d) :|

Hy(a,b,c,d) = {Hzt(—c,d) Hy(a,—b)

and

B4t(a,b,c,d){ Sxa+Txb U><c+V><d}

Ux(—c)+V x(—=d) Sxa+T xb

Then

Hyi(z1,22,23,24) Bar(xs, 26, 7,28)
Bui(zs,x6,27,28) —Har(—x1,22,23,24)

Hgi(x1,02,23,74,25,26,27,28) = [

is the required Plotkin array. O

The 8 x 8 matrix of Theorem 4.1, which is unique under the equivalence
operations,

(i) multiply any row or column by -1,
(ii) interchange any pair of rows or columns,
(iii) replace any variable by its negative throughout,

is a design of type (1,1,1,1,1,1,1,1). Plotkin found that the following matrix is
equivalent under (i), (ii) and (iii) to the Baumert-Hall array of the previous
section.

[y 2z z  —2 z w Yy —w w z —y]

—r Yy T —x w-w z -y —z z-w —y

-r —r Yy T w -y —y w 2 oz w —2

-r T -r Yy —w-—w —z W —z —y —y —=z

—y —y —z —w z r xr x —w-w z —y

—w -—w —z Yy -r z T —x Yy Yy —z—w

A =

(@9, 2,0) w—w w -y —x —Tr zZ X Yy —z =y —z
-w —z w —z —-Tr T —xT 2z -y Yy -y w

-y Yy —z-w -2z —z w Yy w T T T

zZ —z -y —w -y —Yy-w —2 —-Tr w T —T

-z -z Yy Z -y -w y-w —-T —T W T

Zz-w-w 2z Yy -y Yy 2z —T T —T W

(4.34)
Also, the next matrix is a Baumert-Hall array of order 12, but is not equivalent
to (4.34).



126 4 Orthogonal Designs Constructed via Plug-in Matrices

Yy Tr x T —w w 2 Y -2z w Yy
—x Y r —xr —Z z —w -y w —w z =y
-r -r Yy X —y-w y-w -z -z w =z
—r r —x Y woow —z-w -y Yy z
—w —w —z —Y z r r -y -y z-w
Yy Yy —z-w —T 2 T —T —W-—-wW —& Y
B =
(%yv%w) —w w —w -y —Tr —X z z ) Yy z
z —w —w z —-x T —T Z y -y y w
-z y-w Yy Yy w -z w T T X
-y —2Z-w —2zZ —zZz-w -y —Tr w T —T
Z oz Yy -z w -y -y w T T w T
|—w —2 w —z —v v —v zZ —T T —T W,
(4.35)

Then we have

Lemma 4.24. There is a Plotkin array of order 24, i.e. , an orthogonal design
0D(24;3,3,3,3,3,3,3,3).

Proof.
A(zy,22,23,24)  B(xs,76,27,28)
B(—x5,x6,27,28) —A(—21,72,23,74)

is the required design. O

These results lead to:

Congjecture 4.4 (Plotkin [161]). There exist Plotkin arrays in every order 8n,
n a positive integer.

4.13.1 Kharaghani’s Plotkin arrays

Until recently, only the original for n = 3 had been constructed in the ensuing
twenty eight years. Holzmann and Kharaghani [101] using a new method
constructed many new Plotkin ODs of order 24 and two new Plotkin ODs of
order 40 and 56.

4.14 More Specific Constructions using Circulant
Matrices

The constructions of this section will be used extensively later to discuss
existence of orthogonal designs.
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In any of the following constructions, similar results may be obtained
by replacing the words circulant and back circulant by type 1 and type 2,
respectively (see Section 4.2).

Construction 4.1. Suppose there is a W (n, k) constructed from two circulant
matrices M, N of order & with the property that M x N =0 (x denotes
Hadamard product). Then A=x1M +xoN, B=x1N —2x9M may be used in
[7‘3}3 BAR] to obtain an OD(n;k,k) on x1, 2.

Proof. A straightforward verification. One need only observe that since M,
N are circulant, M R, NR are back circulant, and if X is circulant and Y is
back circulant, then XY T =YX . O

Ezxample 4.22. Write T for the circulant matrix of order n whose first row is
nonzero only in the second column, the entry there being 1. Now

M=T+T? and N=T3-T
may be used to give a W(2n,4) constructed from two circulants, (M« N =0).
Then, using the construction A =21 M + x9N, B=1x1N —xoM gives an

OD(2n;4,4) constructed from circulants.

Construction 4.2. Suppose there exist W (n,k;), i = 1,2, constructed from
circulant matrices M;, Ny, i =1,2, of order § where My * Mz = N1x Nz =0
and My My + MaM]" = NiNy + NoN{' = 0; then

A=x1Mq+x9Ms>, B=x1N1+ 22Ny

may be used as two circulants to give an OD(n;k1,ks) on the variables x1,
xI9.

Example 4.23. With T as in the previous example and n =2k +1, let

M, = Tk—l ka+2 Ny = Tk—l +Tk+2
My =T" 4+ Tk+ No=TF—Tkt1

which satisfy the conditions of the construction. Then
A=x1 M+ x2M> B=x1Ni4+x2No
give an OD(n;4,4).

Construction 4.3. Suppose there exist orthogonal designs X1, Xo of type

OD(2n;ui1,U52, . ., Uim;) on the variables x;1,%i2,. .., Tim, © = 1,2, each of
which is constructed using two circulants.
Then there exists an OD(4n;u11,%12,.. - Ulm,, U21,U22,.-,U2m,) ON the

variables £11,%12,Z1my, 21,722, -, L2m,y -
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Proof. Let A;, B; be the matrices used to form the orthogonal design X;.
Then use Ay, B1, Ag, Bs in the Goethals-Seidel array to get the result. O

Corollary 4.21. Suppose there exist W(n,k;), i = 1,2, constructed from circu-
lant matrices M;, N;, i =1,2, of order . Then there exists an OD(2n;ky,k2),
and a W(2n, k1 + k2).

Proof. Set A=x1My, B=1x1N1, C=x2Ms, D= 125N in the Goethals-Seidel
array. O

Ezample 4.24. The circulant matrices A(a), B(a) ,with first rows
a aa a Op_yg, aa a a Op_yg, respectively,

give a W (2n,8) constructed from circulants for every r > 4, and the circulant
matrices C'(c,d), D(d) with first rows

dcd 0p_3, d 0 d 0p_3, respectively,

give an OD(2m;1,4) in every order, m > 3, where 0, is a sequence of ¢ zeros.
Hence
{A(a), B(a), A(b), B(b)}
{C(c,d), D(d), C(a,b), D(b)}
{A(a), B(a), C(c,d), D(d)}

can be used as four circulant matrices in the Goethals-Seidel array to give
OD(4s;8,8), OD(4s;1,1,4,4) and OD(4s;1,4,8), s > 4 respectively.

The next theorem indicates that we may be able to prove theorems of
the type, “If (s1,...,s,) satisfies all the existence criteria for an orthogonal
design, then (s1,...,s,) is the type of an orthogonal design in some large
enough order tn and every order un, u > t.” We will give, in a later chapter,
the results that Eades and others have found in this direction.

Theorem 4.18. Suppose (s1,82,53,54) satisfies Wolfe’s necessary conditions
for the existence of orthogonal designs in order n =4 (mod 8) given by Propo-
sition 3.23:

(i) If s1+ 82+ 83+ 54 > 12, there is an OD(4t; s1,82,83,84) for all t > 3.
(ii) If s1+ sa+s3+s4 > 16, there is an OD(4t; s1,52,83,84) for allt >4, with
the possible exception of (2,2,5,5) which exists in order 4t, t > 4,1 # 5.
(iii) If 16 < s1+ s2 + s34+ s4 < 28, the Table 4.17 gives the smallest N such
that (s1,s2,83,84) 1s the type of an orthogonal design which exists for all
4t > N.

Proof. See pages 168-170 of Orthogonal Designs (15t edition, 1979). O
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Table 4.17 N is the order such that the indicated designs exist in every order

4t > N
Group 12 <16 Group 16 < 20° Group 20 < 24 °¢ Group 24 < 28 ¢
N N N N
(1,1,4,9) 16[(1,1,1,16) 24| (1,1,2,18) 48] (1,1,1,25) 56
(1,2,2,9) 16| (1,1,8,8) 20| (1,1,4,16) 24| (1,1,5,20) 144
(1,2,4,8) 16| (1,1,9,9)  20((1,1,10,10) 40| (1,1,8,18) 56
(1,4,4,4) 16| (1,2,8,9) 40| (1,2,2,16) 48| (1,1,9,16) 312
(1,4,5,5) 16| (1,3,6,8) 48| (1,2,6,12)  24[(1,1,13,13) 48
(2,2,2,8) 16| (1,4,4,9) 48| (1,488) 32| (1,2,4,18) 80
(2,2,5,5) 24| (1,5,5,9) 40| (1,4,9,9) 72| (1,3,6,18) 468
(2,3,4,6) 16| (2,2,4,9) 40| (2,2,2,18) 48| (1,4,4,16) 40
(4,4,4,4) 16| (2,2,8,8) 20| (2,2,4,16)  24[(1,4,10,10) 40
(2,3,6,9) 40 (2,2,9,9) 24| (1,88,9) 80
(2,4,4,8)  20((2,2,10,10) 24| (1,9,9,9) 80
(2,5,5,8) 20| (2,4,6,12) 24| (2,4,4,18) 80
(3,3,6,6) 20| (248,9) 160| (2,88,.8) 28
(4,4,5,5) 20| (3,3,3,12) 48| (2,8,9,9) 80
(5,5,5,5) 20| (3,4,6,8) 56| (3,6,8,9) 952
(4,4,4,9) 112| (4,4,4,16) 28
(4,4,8,8) 24| (4,4,9,9) 48
(4,5,5,9) 168((4,4,10,10) 28
(6,6,6,6) 24| (5,5,8,8) 32
(5,5,9,9) 80
(7,7,7,7) 28

a.12< 81 +52+83+54 <16 b.16< 81 +52+53+54<20 ¢.20< 81 +582+53+
$4<24 d.24<s1+s2+s3+54 <28

4.15 Generalized Goethals-Seidel Arrays

Denote by U, the multiplicative group of generalized permutation matrices
of order v; that is, the elements of U are v X v matrices with entries from
{0,1,—1} such that each row and column contains precisely one nonzero entry.
If T denotes the permutation matrix which represents (1,2,...,v), then the
circulant matrices of order v over a commutative ring K with identity are the
elements of the group ring K(T').

Definition 4.21. If H is an abelian subgroup of U, and there is an element
R of U, such that R?> =1 and R"'AR = A~! for all A€ H, then we shall
call KH a GC-ring (generalized circulant ring).

The elements of a GC-ring may be used in the Goethals-Seidel array in
the same way as circulant matrices. That is, if Ay, A2, A3, A4 are elements
of a GC-ring such that
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4
> AAT =mI. (4.36)
=1

then the rows of
A1 AR  AsR  A4R

AR Ay AJR-AJR
—-AsR-AJR Ay AJR
~A4R AJR-AJR A

are mutually orthogonal.

Wallis and Whiteman [241] showed essentially that if H is an abelian group
of permutation matrices, then K H is a GC-ring. The elements of K H are
called type 1 matrices on H (see §4.3).

Delsarte, Goethals and Seidel [39] introduced another GC-ring. If D denotes
the v x v matrix diag(1,1,...,1,—1), then DT generates a cyclic subgroup L
of U, of order 2v. The group ring KL is a GC-ring.

Remarks

(a) Mullin and Stanton [155] use the term group matrix rather than type 1
matrix,

(b) The definition of type 1 matrix by Wallis and Whiteman in fact only
includes the case where H represents a transitive permutation group.
However, the extension to the intransitive case is not difficult,

(¢) Suppose that b is odd and N denotes the b x b matrix diag(1,—1,1,—1,

,—1,1). Then a b x b matrix A is circulant if and only if N"!AN is
negacyclic (see Section 4.17). Hence an equation of the form (4.36) has a
solution consisting of negacyclic matrices of order b if and only if it has a
solution consisting of circulant matrices of order b.

The Goethals-Seidel array itself may be generalized as follows.

Definition 4.22. Let G denote the group

T2l

T T
<7’,£C1,l'1,ZEQ,IEQ,...,|$Z’I]‘:£ij£i71'il‘] j

fori,je{1,2,...}, r> =1, rz;r=x;)
Denote by S the subset
{O, +xq, :I:a:]—, :i:rxir, +x9, :I:z;—, +rxq, :I:Tx;,...}

of the integral group ring ZG. The notion of transpose may be abstracted by
defining an operation ()T on ZG by (z;)T =2i", (z])T =x;, T =7, and
extending to ZG in the obvious fashion. If A = (a;;) is an n X n matrix with
entries from ZG, then A* denotes the n x n matrix with i entry a;z-. IfA

has entries from S and
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AA* = (z“: swwi) I,
i=1

then A is called a GGS array (generalized Goethals-Seidel array) of type
(s1,82,...,84) and order n.

For example, the Goethals -Seidel array itself, written as

T 7’1’; T’,I;)r T’II

—7“1‘;— T rTry —TX3
—T:C;: —Trxy X T
—’I”.T;lr rr3 —rrg Xr1
is a GGS array of type (1,1,1,1) and order 4.
The essential use of GGS arrays is immediate. Suppose that there is a
GGS array A of type (s1,82,...,8,) and order n, and X;,Xs,...,Xu are
v X v matrices from some GC-ring such that the entries of the X; are from

{O7iy1a:|:y27' . 'a:l:yf} and

u £
ZSzXzXzT = ijyjz I.
i=1 j=1

Then replacing the entries of A with the appropriate matrices yields an
OD(nv;my,ma,...,my). Examples of orthogonal designs constructed in this
way are given later in this section.

More importantly, GGS arrays may be used to produce more GGS arrays.

Theorem 4.19 (Eades). Suppose that there is a GGS array of type
(s1,82,...,84) and order n, and the v X v matrices A1, As,..., A, are from
some GC-ring and have entries from {0,+x1,+xo,...,t2y}. If

u L
ZSiAZ'A;r = ijxj:c;r I.
i=1 J=1

then there is a GGS array of type (m1,ma,...,myg) and order nv.

Proof. Suppose that A is a GGS array of type (s1,s2,...,5,) and order v,
and the following replacements are made:

0 — zero matrix of order v;
+x;— +A;;
+z] > +A];
+ra; — trRA;;
+rz; — £rRA] .
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Then the resulting matrix B has entries from S and
u
BB* = (Z siAiAZ-T> x I,
i=1

L

_ e—

= ijw]xj Ty - O
j=1

To illustrate this theorem, a GGS array of type (2,2) and order 6 is
constructed. The 2-circulant construction (see Example 4.12) gives a GGS
array of type (1,1) and order 2:

T rx;
T .
—rTy T
The circulant matrices
1 T2 Tl —x2
A= r1 2o | and Ag = 1 —T9
) T —I2 x1

satisfy Aj AlT + AQA2T =2(x1 a:lT —|—x2x2T)I. Following the replacements in the
proof of Theorem 4.19, a GGS array of type (2, 2) and order 6 is obtained:

r1 @2 —rxg  Tw{
Ty w9 —rag TE{

x2 Ty rw] —rzg
rry —re{ T X9

rTy —rT{ T X2

—ra] rry T2 z1

Note that the theorem could be applied a times to obtain a GGS array of
type (2%,2%) and order 3%.2.

The existence of a GGS array clearly implies the existence of an orthogonal
design of the same type and order, but the converse is false (see Remark 4.16).
In many cases, however, the converse is true. An important fact is that every
orthogonal design on 2-variables can be made into a GGS array by replacing
the second variable x5 by r:r;— . The following proposition gives some infinite
families of GGS arrays with 4-variables.

Proposition 4.2 (Eades). Suppose that a is a positive integer and I is a
product of at least a positive integers; that is, £ ={1la...L; where j > a.

(a) If £1 >> 2 for 1 <i < j, then there is a GGS array of type (2%,2%,2%,2%)
and order 44.
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(b) If £; > 4 for 1 <i<j, then there are GGS arrays of type (3%,3%,3%,3%)
and (4%,4% 4% 4%) and order 4.

Proof. For {1 > 2 consider the sequences a; = (x1,22,0, —2), az = (21, —Z2,
0¢,—2), a3 = (x3,—4,0¢,—2), a4 = (x3,24,0¢,—2), where 0y, _o denotes a se-
quence of 0y, o zeros. These sequences are complementary, and, further, if
Aj; is the circulant matrix with first row a;, then

4 4
=1 =1

Using Theorem 4.19 and the Goethals-Seidel array, a GGS array of type
(2,2,2,2) and order 4¢; may be obtained. Repeating this procedure a times
gives (a), For (b) the following complementary sequences may be used in a
similar fashion:

(373,373) : (07_$2; —SC37—.’E4), (1'1,0,_%3,1'4)7 ($1,$270,—$4),

(1, —x2,23,0),

(4747474) . (xla —.’EQ,—$3,—l’4),($1,x2,—1‘3,$4), (l’l,.TQ,ZCg, —1‘4),

(‘Tl,—x27$3,$4) .0

A numerical investigation of GGS arrays of order 12 has been made, and
the results are listed in Eades [52], These GGS arrays have been used to
construct orthogonal designs of orders 36 and 60.

GGS arrays with 2-variables have been used successfully for constructing
orthogonal designs of highly composite orders congruent to 2 modulo 4.
Examples are given later.

It seems that GGS arrays are the most powerful method for constructing
orthogonal designs from circulants in orders not divisible by 8.

4.15.1 Some Infinite Families of Orthogonal Designs

The Goethals-Seidel array and its generalizations have been used to construct
many infinite families of orthogonal designs. The theorems below illustrate
some of the techniques involved.

Theorem 4.20 (Eades). If there is a GGS array of type (s1,52,...,84) and
order n, then there is an OD(2n;81,81,582,52, -, Su,Su)-

Proof. The negacyclic matrix
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is an OD(1,1). Hence

u u
ZszXzXZT = <ZSZ(IEZ2 +y3> I.
i=1 i=1

The combination of Theorem 4.20 and Proposition 4.2 gives a large col-
lection of orthogonal designs. For example, for each a > 0 there is an
OD(8.5%;4% 4% 4% 4% 4% 49 4% 4%). O

Theorem 4.21 (Eades). Suppose that q is a prime power of the form 3m+1.
Then there is a skew symmetric weighing matriz of weight ¢*> and order
A(g°+g+1)

3 .

This proof and additional theorems illustrating more of the techniques
involved and their proofs appear explicitly in Orthogonal Designs (Ed. 1)
p186-190.

4.15.2 Limitations

Remark 4.16. There are two ways in which the use of GGS arrays for con-
structing orthogonal designs is limited.

First, little is known about the existence of GGS arrays. A numerical
investigation of GGS arrays of order 12 shows that existence of a GGS array
is harder to establish than existence of the corresponding orthogonal design.
Further, it can be deduced from Theorem 4.20 that the number of variables of
a GGS array of order n is at most [$p(2n)]. If 8 divides n, then [ p(2n)] < p(n),
and so there are many orthogonal designs for which a corresponding GGS
array does not exist. Note also that if 16 divides n, then [1p(2n)] > 4, but no
GGS array with more than four variables is known.

Second, it can be proved that not all orthogonal designs can be constructed
using GGS arrays. There is an orthogonal design of type (4,9) and order 14
(see Chapter 8). However, using the methods of Section 4.3, it can be shown
that there is no OD(14;4,9) constructed by using two 7 x 7 circulant matrices
in the two-circulant construction.

4.16 Balanced Weighing Matrices

A most important concept in the design and analysis of experiments is that of
a (v,k,\) configuration. This is equivalent to a (0,1) matrix A (the incidence
matrix of the configuration) of order v satisfying

AAT = (k=NI+)NJ, AJ=JA=kJ, (4.37)
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where
Av=1)=k(k-1) (4.38)

It is natural, then, to ask when such a matrix can be signed in order to
produce a weighing matrix M = W (v, k). The work of this section is due to
Mullin [152,153], and Mullin and Stanton [154, 155].

Definition 4.23. A balanced weighing matriz M is a square (0,1,—1) matrix
such that squaring all its entries gives the incidence matrix of a (v,k,\)
configuration. That is,

MM" =kI,
and A = M x M satisfies Equation (4.37) with A(v—1) = k(k—1). We write
M is a BW (v, k).

Remark Although we will not study it here, balanced weighing matrices have
proved most useful in providing previously unknown balanced incomplete
block designs (see Mullin and Stanton [154,155].

4.16.1 Necessary Conditions for the Existence of
Balanced Weighing Matrices

Since a BW (v, k) implies the existence of a (v, k, A) configuration, the following
conditions are known to be necessary:

(i) if v is even, then (k—\) must be a perfect square;
(ii) if v is odd, then the equation

v—1
2

2% = (k= Ny? + (1) [——]\2? (4.39)

must have a solution in integers other than x =y = 2 =10. (See Ryser [171,

p.111))
It is also trivial that for a BW (v,k) to exist,

(iii) A= kglzjg must be even.
Further we saw in Section 4.15 that for a W (v,k) to exist,
(iv) if v is odd, then k must be a perfect square, and
(v) if v is odd, then (v—k)? — (v —k) +2 > v;
and in Chapter 2,
(vi) if v=2 (mod 4), then k must be the sum of two squares.

In the event that v =1 (mod 4), we note that (iv) is stronger than (ii) since
if k=a?, then z =, y =z = 1, is a solution of equation (4.39), while for the
parameters v = 27, k =13, A = 6 (4.39) has a solution, but k is not a perfect
square. (Just note that (7,6) = (1,42), and so (4.39) has a rational, hence
integral, solution.) For v =3 (mod 4), (iv) implies that (v) has a solution if
and only if £k — A is the sum of two squares.
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4.16.2 Construction Method for Balanced Weighing
Designs

The direct sum of two matrices W(n1,k) and W(ng,k) is a W(n1 +no, k),
and the Kronecker product of matrices W(ni,k1) and Wi(ng, ko) is a
W (ning,k1k2), but this is not true for balanced weighing designs since in
general the property of balance is lost under these operations. This fact
alone makes the construction of balanced designs difficult. This is further
emphasized by the fact that the conditions (i), (ii), and the condition that
(v—1)|k(k—1) need not hold in general for an unbalanced design. Here we
discuss the generation of balanced weighing designs from group difference sets.

Let G be a finite Abelian group of order v. If G admits a difference set
D ={dy,ds,...,dy} then choose M(x) (or M) to be a type 1 incidence matrix
of D obtained from the map x.

Strictly speaking, M () is determined only up to a permutation of rows
and columns, but this is in no way relevant to the present discussion. Type 1
matrices have an interesting property, which we now discuss.

Definition 4.24. Let r; denote the g row of a type 1 incidence matrix M
defined on an Abelian group G. We say M has the invariant scalar product
property (ISP property) if for all g, h, 6 € G,

TgeTh =Tg4+6Th+0,
where . denotes the usual scalar product of vectors.
Lemma 4.25. Any type 1 matriz defined by x on G has the ISP property.

Proof. Note that

rgura= 3 xE-Dy (1)

keG
— Z X((k—e)—g)x((k—e)—h)
keG
— Z X(k*(g+9))x((1€*9)*h)
keG
= Tg+9 «Th+6
as required. O

A similar result holds for column scalar products.

Lemma 4.26. A type 1 (0,1,—1) incidence matriz is a W (v, k) matriz if and
only if the following equation holds for all g € G:
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Z (0 (0+9) — kdo.g, (4.40)
0eG

where do ¢4 s the Kronecker delta.

Proof. This is clear because of the ISP property

rourg = 3" xOx09) = 3" 4P+ O g
0eG 0eG

The equality of these two summations is of practical importance since
it saves calculation in verifying equation (4.39). In particular, if v is odd,
one need only check @ equations since the nonzero elements of G' can be

partitioned into inverse pairs.

Lemma 4.27. Let D be a difference set in G. Let M = M(x) be a type 1
(0,1,—-1) incidence matriz. Then M x M is the incidence matriz of a (v,k,\)
configuration if x(g) =0 if and only if g € G—D.

Proof. This is evident. O

Definition 4.25. We refer to a function y satisfying the condition of Lemma
4.27 as a D-function. If the image of x is {0,1,—1}, we call x a restricted
function. Putting these results together, we obtain:

Theorem 4.22 (Mullin). There is a matric BW (v,k) if there is a D-
function x on an Abelian group of order v such that

Z (O (0+9) — kdo.g -
0eG

This theorem can be used as a basis for a computer algorithm.

For notational convenience, given a restricted function x on an Abelian
group G, we denote ) 5 O x(+9) by F(x,g). We demonstrate a limitation
of the construction of Theorem 4.22 in the next theorem. (This can also be
obtained from Lemma 4.28.)

Theorem 4.23 (Mullin). If there is a D-function x in an Abelian group
G of order v such that F(x,9) = kdo,g for all g € G and v is even, then

A= kgﬁ:g satisfies A =0 (mod 4).

Proof. Since v is even, there exists an element g # 0 in G such that g = —g.
Let (a1,b1)(az,b2),...,(at,b:) be the pairs of elements of D whose difference
is g. Here t = %, since if a; —b; = g, then b; —a; = g. Now consider

F(x.9) =Y xWx*9.
0eG
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The only nonzero terms in this expression arise when both 6 and 6 + g belong
to D, since x is a D-function. Thus

Fix.9)=>_I
=1

ZZX

=1

x(ai)x(bi) + x(bi)x(ai)]
(ai)x(bi) =0.

Since each of the ¢ terms in the latter sum is either 1 or -1, this expression
must have % terms of each value, and ¢t must be even. This shows that A =0
mod 4 as required. O

There is a (4,3,2) configuration C which is derivable from a difference
set in the group of integers mod 4; however, there is no D-function for
any difference set which will produce a BW (4,3). It is possible to sign the
matrix of C' to produce an orthogonal matrix nonetheless. More generally,
there is a cyclic ((3227_1),32”*1,2.32”*2) configuration (since this is the
complementary configuration of the set of hyperplanes in PG(2n—1,3)), but
there is no way of signing these matrices cyclically to make them orthogonal
in view of Theorem 4.23. The results of Mullin show that all of these can be
signed to produce orthogonal matrices. Not all incidence matrices of (v,k,\)
configurations with v even can be signed to produce orthogonal matrices. It
can be shown that the matrix of the self-dual (16,6,2) configuration cannot
be signed (Schellenberg [175]).

We introduce new concepts which provide a labour-saving device in the
calculation associated with Theorem 4.22 in some applications.

Definition 4.26. Let R be a finite ring with unit. A restricted function x on
the additive group of R with the property that X(l) =1 is called a normal
function. Let U(R) denote the group of units of R. Let N(R,x) = N(x) be
defined by N(x) ={g: g € U(R)[x(9,9) = x(9)x(0), V0 € R}.

Because of the importance of N(x) in the next theorem, we demonstrate a
structural property of this set.

Proposition 4.3. N(x) is a subgroup of U(R).

Proof. Let g and h be members of M(x). Then for every 6 € R, x(¢g"?) =
x (@ x(10) = 3 (9) (M) (0) "Since R is finite, the result follows. o

It is clear that x is a linear representation of N(x) under these circum-
stances.

Theorem 4.24 (Mullin). Let R be a finite ring with unit and x a normal
function on R. Let M(x) be defined as above.
If g€ N(x), then F(x,9) = F(x,1).
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Proof. F(x,9) =>_9crx(0)x(6+9).
Let 7= g~ 16 or equivalently § = g7. Then, since this mapping is 1 —1, we
have

F(x,9) = Z X(gT)X(gT+g)
TER

— Z X(gT)X(g(T+1))
TER

— Z(X(g))2x(7)x(‘r+1)
TER

Since (@ x(9=1) = () =1, x(9) £ 0 and (x(9))2 = 1. This yields

F(x.g)=>_ x"x" =F(x,1).0
TER

As an application of this result, let us consider G = GF(7). Let O =1,
Y =@ =@ =1 and y®) = y) = y(6) = 0. Since the field marks 1, 2
and 4 are the quadratic residues and since 7 =3 (mod 4), N(x) = (1,2,4).
Now F(x,2) = F(x,4) = F(x,1) = xOxW 4+ xWx(2) =0, and since G =
{0}UN(x)U—N(x), we have

F(x,9) =460y, g€G.

Thus M is a W(7,4) matrix, But {0,1,2,4} is a difference set, and therefore
M is also a BW(7,4) matrix. Thus the vector

(1110100)

when developed cyclically mod 7, generates a BW(7,4).

4.16.3 Regular Balanced Weighing Matrices

Definition 4.27. If a BW (v, k) matrix is such that the number of —1’s per
row is constant, we say that it is regular.

In a BW matrix we denote the number of —1’s per row by a(—1) and the
number of 1’s per row by a(1). Since if M is regular, then —M is also regular,
we may assume that we are dealing with matrices for which a(1) > g Clearly,
every group-generated BW (v, k) is regular, as is its transpose. Using this fact,
Mullin [153] proved, using a somewhat different method, a generalization of a
result of Schellenberg [175] which applies these to matrices BW (v, k).

Lemma 4.28 (Mullin). If a W (v, k) matriz is a regular type 1 matriz, then

a(1) = (k£Vk)/2 and a(-1) = (k£Vk)/2.
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Proof. The proof is a slight generalization of a result in Ryser [171, p.134].
Let e =a(1) —a(—1), and J denote the v x v matrix all of whose entries are 1.
Clearly, we have

Hl=eJ=H"J,

and hence
HH'J=e?J=kJ.
Thus
e =k,
a(l)+a(-1)=k,
a(l)—a(-1) = +Vk,
and the result follows. O

Corollary 4.22. If a W (v, k) matriz is a regular type 1 matriz, then k is a
perfect square.

Corollary 4.23. If a BW (v,k) matriz is a type 1 matriz, then a(—1) >
with equality if and only if v=k=4.

>

Proof. Let us first note that in any BW (v, k) matrix, if v =k, then k= \.
Now in any BW (v,k) matrix, we observe that 4(v —k—1)+ A > 0, with
equality only for v = k = A = 4. This is immediate from the fact that in any
(v,k,\) configuration, as defined earlier, we have v > k with equality only for
v=Fk=M\
The above inequality implies that the inequality

40— A+ k) —4EN+ 2% > 4k

is also valid, with equality only for v =k = A = 4. But by the definition of A,
we have

=X —-\+k,
and therefore

(2k—\)? > 4k,

with equality as above.
Now let us assume that a(—1) < %. Since

R 52
2 2727

the corollary is true unless
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a(—-1)= 06_27\/%)

Let us assume that M < %. Then
(2k —\)? < 4k,

which is impossible unless equality holds in which case v =k = X as required.
The design generated by

(-1,1,1,1) mod 4

satisfies the corollary with equality. O

4.16.4 Application of the Frobenius Group
Determinant Theorem to Balanced Weighing
Matrices

For the theory of group characters, the reader is referred to Speiser [196].
For Abelian groups, the Frobenius group determinant theorem (Speiser [196,
p.178]), in the notation employed here, becomes the following:

Theorem 4.25 (Frobenius Group Determinant Theorem). Let M be
a type 1 matrix over an Abelian group G of order v. Then

det M(x) =[] > aP(g)x(9).

j=1geG

where ) denotes the j™ irreducible character of G.

For the cyclic group of order v (written as the residues modulo v), this

becomes
v—1lv—1

det M(x) = [] D« x(k),
j=0k=0

where w is a primitive v*" root of unity.

Any group G of order v admits the main character
a(g)=1, geG.

Every group determinant can be factored into forms in the indeterminates
x(g), which are irreducible over the integers, since it is clear that the expansion
of the group determinant is a form with integer coefficients.

To illustrate the use of this theorem, we tackle the problem of finding a
cyclic BW(10,9) matrix M. Using the integers mod 10, we can, without loss
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of generality, assume that x(g) =0 if and only if g = 0. Without any further
theory, except for Lemma 4.28, there are (g) = 84 functions x to consider. By

the Frobenius group determinant theorem,

9
GO =>_(—=1)x(5),

i=1
corresponding to the character a defined by a(j) = (—1)7, is a divisor of
det M = 310,

Now let ¢ denote the number of even residues j such that x(j) = —1. Then
G(x) can be determined in terms of ¢ as follows:

c G(x)
0 6
11
2 -3
3 -7

There are 40 functions with ¢ =1 and 30 with ¢ = 2; therefore, the number
of functions to be investigated has been reduced. Moreover, we have some
structural information. As we shall see, the structural information is extremely
important. In the following, if x(g) = x, we say that x appears in position g.

We note now that the inner product of absolute values of any pair of
distinct rows is 8, since A =8 in the associated symmetric design. Thus the
number of terms with value —1 in rg.7r; must be 4 for j =1,2,...,9.

In particular, this means that in r9 and r; the number of times 0 opposes
—1 must be even, that is, 0 or 2. Hence if translation (of row 0) by j units
moves 0 to a position containing —1, then there must be a —1 in position
—j which is translated to column zero. Thus —1’s occur in pairs of inverse
positions.

Now let us consider the case of ¢ =2. There is exactly one —1 on an odd
residue. But since the parity of inverse pairs is equal, this —1 must be in
position 5; that is, x(5) = 1. Now it is easily verified (considering row 1) that
the three —1’s cannot be consecutive in any event, and thus the remaining
—1’s occur in inverse pairs of positions x(4) = x(6) = 1. Also since ¢ = 2,
x(1) =x(3) =x(7) = x(9) =1, and x(2) = x(8) = —1. We have determined
the only possible function x with ¢ = 2. However, for this function rg.r; = —4,
and the matrix is not orthogonal.

Let us now consider the case ¢ = 1. Clearly, no solution exists in this case
since there is only one self-inverse element 5, which is odd. Hence there is no
cyclic BW(10,9) matrix.
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4.16.5 Balanced Weighing Matrices with v < 25

Comment 4.1. In Table 4.18 we give a list of all triples v, k, A with &k > A >0
which satisfy AM(v —1) = k(k—1) and A = 0 mod 2. We also list a function
E(v,k) = E where E(v,k) =1 if a matrix B(v,k) exists, and E(v,k) =0
otherwise. In this regard it is useful to note that the matrices BW (4n,4n —1)
are coexistent with skew Hadamard matrices of order 4n and that matrices
BW (4n+2,4n+ 1) are coexistent with symmetric Hadamard matrices. The
list of values for which such designs are known to exist are listed in Wallis [231].

Table 4.18 triples v,k, A with £ > X\ > 0 satisfying A(v—1) =k(k—1) and
A=0 mod 2.

v k A E Reason or Reference
1) 4 3 2 yes Mulln
2) 6 5 4 yes * Complement PG(1,5)
3) 7 4 2 yes Circulant with first row [—110100].
4) 8 7 6 yes * Complement PG(1,7).
5) 10 9 8 yes * Complement PG(1,9).
6) 11 5 2 no Condition (iv).
7) 12 11 10 yes *, Complement PG(1,11).
8 13 9 4 yes Condition (v).
9) 14 13 12 no *, Complement PG(1,13).
10) 15 8 4 mno Condition (iv).
11) 16 6 2 mno Schellenberg
12) 16 10 6
13) 16 15 14 yes *
14) 18 17 16 yes *, Complement PG(1,17),
15 19 9 4
16) 20 19 18 yes *, Complement PG(1,19).
17) 21 16 12 yes *, Complement PG(2,4).
18) 22 7 2 no Condition (i).
19) 22 15 10 mno Condition (i).
20) 22 21 20 no Condition (vi).
21) 23 12 6 no Condition (iv).
22) 24 23 22 yes * Complement PG(1,23).
23) 25 16 10

*see Comment 4.1
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In view of our earlier remarks about the usefulness of BW (v,k)’s it would
be of interest to establish the existence of more of these matrices. This will
now be discussed.

4.16.6 There are No Circulant Balanced Weighing
Matrices BW (v,v—1) Based on (v,v—1,v—2)
Configurations

Without loss of generality we assume that in such matrices the element 0
occurs down the main diagonal.

Lemma 4.29. In any circulant orthogonal matriz based on a (v,k,\) config-
uration, the parameter k is a perfect square.

Proof. Suppose that the first row of the orthogonal matrix contains a entries
of 1 and b entries of —1. By the circulant property, every row and column has
sum a —b. If the matrix is denoted by IV, we have

NJ=NTJ=(a—0b)J.

But
NNT =kI.
Hence
NNTJ=kIJ=kJ.
But
NN"J=N(a—b)J=(a—b)2J.
Thus

k=(a—b)?. O

In the following we assume without loss of generality that a > b; otherwise
we multiply the entire matrix by —1. For convenience we set a —b =t¢.

Lemma 4.30. If a denotes the number of 1’s in the first row of an orthogonal
circulant matriz, and b the number of —1’s, then

a=3%+t) andb=1(t*-1).
Proof. This is immediate since

a+b=k=1t>
a—b=t.
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Thus in looking for circulant orthogonal matrices based on trivial designs,
we need only consider (2 +1,t2,t? — 1) configurations where ¢ is odd. a

Definition 4.28. An orthogonal circulant based on a (t? +1,t2,t?> — 1) con-
figuration will henceforth be called a trivial circulant.

Let zog (o, =0,1,2) represent the number of times that « in row i is
in the same column as 8 in row j (we use 2 to represent the entry —1). We
require

Lemma 4.31. Either xo1 = x10 =1, g2 = 220 =0, or vice versa.

Proof. We actually determine all z,3. It is clear that
i) > wap=1>+1,

ii) Zajojzzmiozl,

1,5

iii) lej = Z%’l = g(t +1)

. 1

g Sany = Sora = 460
Finally, orthogonality gives

V) T11+ 222 =T12+ 221 .

But x11 +x92 + 212 + 221 = A, and thus each expression in v) equals %(t2 —1).
From iii) and iv), addition gives
x10 +T20 =1 = To1 +T02;T00 = 0.

Also
10 — 201 — T2 —T20 — 21 —X12 — an even number.

This proves that 19 = xg1, g2 = x20, as required. It is useful to record the

table of values following. a
Case A Case B
oo 0 0
zo1 = X10 1 0
To2 = X20 0 1
z12 = Xo1 21 21
11 L+3)(t—1) L-1)3

92 L+’ L-3)(t+1)
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In the light of Lemma 4.31, we note that we can write v =4m+2, k=4m+1=t,
A =4m, and the typical circulant has the following form (illustration for m = 6).

Row 1: 0a1a2 e a11a129a12a11 ...azasaq
(The symmetry of the sequence is guaranteed by the fact that Oxzg; = x;0 for
i=1,2.)

Row j is obtained by a cyclic shift through j —1 places to the right.
We now prove:

Lemma 4.32. 0=1ift=1 (mod 4); 6 =—-1 if t =3 (mod 4). Also

m m—1 -0
S0, S ema=1y
j=1 i=0

Proof. Take the scalar products of row 1 with rows 2,4,6,...2m+ 2; add, and
re-arrange. We have

2(a1+az+--+agm—1)(az+as+-+agm)+60(az+as+-+azm)=0.
Thus
(2&1—l—..-—|—2a2m—1—|—9)(a2+a4+...+a2m) =0;

Thus since only the second integer is even, we get > agj = 0. Also, since
2> a2, +2) ag;j+6=t, we find that > ag; = %.

Finally, note that the sum » ag; is an even integer (m terms); thus ¢t —0 is
divisible by 4, and § =1 for ¢t =1 (mod 4), § = —1 for t =3 (mod 4). This
completes the proof. O

Actually, if one takes scalar products of row 1 with rows 3,5,...,2m+1,
and adds, one gets the identity

(Zagi) (Zazi—l-e) + (Za2j>2 =m,

which also produces the desired results.

Example 4.25. At this stage, it is most instructive to look at the example
for m = 6, The scalar products for rows 2,4,6,8,10,12 are written down as
follows.

12
1) ZamHl = O(a13 = 9) .
i=1

In the sequence a;,as,a3,...,a13 there must be exactly six sign changes to
q ) ) y g g
produce a zero sum in 1). Hence a1 has the same sign as aj3; that is,
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10

2) a1a2 +Zaiai+3 +ar1a12 =0.
1

Write the sequence
as,ae,0a9,0a12,011,08,05,02,01,04,47,310,A13 -

By the same argument, a3z = 0.

8

3) aras +azaz + Zaiai-i-i) +agai2 +apa11 =0.
1

Consider the sequence
a57a107a117a67a13a47a97a127a73a27a37a8307

and we get a5 = 0.

6
4) ai1ae + asas +asas + Zaiai_w +arai2 +agaig=0.
1

The relevant sequence is
ar,aiz,as,a2,a9,a10,a3,0a4,a11,4s,a1,a6,6 ,

and the result is a7 = 0.

4
5) a1ag +aza7 + azae + asas + Zaiai+9 +asa12 +agail +araio+agag = 0.
1

Hence, the sequence
ag,as,ai,aip,ar,az,a11,0a6,03,012,05,04,0  proves ag = 0.

Similarly, a;; =6, and > ag;+1 =60 =6 (a contradiction of Lemma 4.32).
The method outlined is completely general and gives:

Lemma 4.33. In an orthogonal circulant of the type we have been considering,
with one zero per row, we have

Thus
Za2i+1 =mb = %(t—&) .

It is easy to deduce, from Lemma 4.33, that
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t=6002m+1).

But t? =4m+1, and so 4m+1 = (2m+1)%
We conclude that m =0 and state:

Theorem 4.26. An orthogonal circulant with one zero per row only exists
for m =0; in this case, it is the identity matrixz of order 2 or, equivalently,
the transposition matriz of order 2.

4.17 Negacyclic Matrices

A type of weighing matrix, of weight n and weight n — 1, called a C-matrix
or conference matrix, was previously studied by Delsarte-Goethals-Seidel [39)].
These can be based on circulant or on negacyclic matrices. We consider these
negacyclic based matrices with weight k£ < n.

Definition 4.29. Let P, called the “negacyclic shift matrix” be the square
matrix of order n, whose elements p;; are defined as follows:

Dii+1=1, i=0,1,...,n—2,
Pn-1,0 = —1,
pij; =0, otherwise.

Any matrix of the form Y a; P?, with a; commuting coefficients, will be
called negacyclic.

We see there are similarities but not necessarily sameness between the
properties of circulant/cyclic matrices and negacyclic matrices.

Lemma 4.34. Let P = (p;;) of order n be a negacyclic matriz. Then

(i) The inner product of the first row of P with the it row of P equals the
negative of the inner product of the first row of P with the (—i+2)™? row.
That is

n n
Zpupij =—- Zpljpn7i+2,j (4.41)
j=1 j=1

(This is the negative of the result for circulant/cyclic matrices).
(ii) The inner product of the first row of P with the i row of P equals the
inner product of the k*" row of P with the (i +k — 1)t row of P. That is

n n
Zpljpij = ijkpi+k—1,j (4.42)
Jj=1 J=1

(This is the same result as for circulant/cyclic matrices).
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(i@i) Then P of order n satisfies

pr=—1, pl=—prt ppl=r.

If A=3"a;P', B=Y_b;PJ and R is the back diagonal matriz, then
AB=BA and A(BR)" = BRAT.

A and BR are amicable matrices.

We now note some other properties of negacyclic matrices which were
shown by L.G. Kovacs and Peter Eades [52]. The second result appears in
Geramita and Seberry [80, p.206-207]. We give the proof here to emphasize a
result which appears to have been forgotten.

Lemma 4.35. If A= Y"a;P" is a negacyclic matriz of odd order n, then
XAX, where X = diag(1,—1,1,—1,...,1), is a circulant matriz.

Lemma 4.36. Suppose n =0 (mod 2). The existence of a negacyclic C =
W(n,n—1) is equivalent to the existence of a W(n,n—1) of the form

5 (1.43)

where A and B are negacyclic, AT = (—1)A™2A. That is the 2-block suitable
matriz gives a weighing matriz which is equivalent to a 1-block matriz.

Proof. First we suppose there is a negacyclic matrix N = W (2n,2n — 1) of
order 2 which is used to form two negacyclic matrices A and B of order n
which satisfy

AAT +BBT = (2n—-1)I. (4.44)

Let the first row of the negacyclic matrix N be
0z1y172Y2 ... Yn—12Tn
We choose A and B to be negacyclic matrices with first rows
0y1y2-..Yn—1, and z1x2... Ty,
respectively. If the order n =2t +1 is odd and the first rows of A and B are
0ai...ai(erat)...(e1a1) and 1byby...by (04bs)...(01b1)

with ¢; = £1, §; = 1, then taking the dot product of the first and (i +1)'"
rows, i <t (reducing using zy =z +y—1 (mod 4)), we obtain

2t—2i+¢; (mod4) and 2t —2i+1 (mod 4),

respectively. Hence using equation (4.44),
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&+1=0 (mod4),

we have ¢; = —1.
If the order n is even and the first rows of A and B are

0(11 . ..at_1at(6t_1at_1) ce (61a1)
and

1b1bs. --bt((st—lbt—l) .. ((51()1),

with €; = 1, §; = £1, then taking the dot product of the first and (i+1)*h
rows, i <t—1 (reducing modulo 4), we obtain

20—2t—1+4+¢; (mod 4) and 2t —2i+2b; —2 (mod 4),
respectively. Hence, using equation (4.44),
€+2b;—3=0 (mod 4),

and since b; # 0, we have ¢; = 1.
This means the first row of the original negacyclic matrix of order 2n can
be written as

O0zia122as ... veatla(6sxt)ai—1 ... az(d222)a1(6121) for n odd
and

O0z1a122as...at—124a¢(0¢T¢)at—1...a2(d2x2)a1(d121) for n even

with (Sj # 41 and a; = —a;.
The inner product of the first and (2i —1)t" rows, i <t and ¢ — 1 respectively,
is
—0;+1=0 (mod 4) and §;+1=0 (mod 4).
So we have the first rows of A and B

0a1 .. .at&t e ELl and blbg, . btlbt e b2b1 for n odd (445)
and

0ai...a—1a1a¢—1...a1 and biba...bby...baby for n even (4.46)

as required.

It is straightforward to check that negacyclic matrices A and B, which
satisfy AAT + BBT = (2n—1)I,, and are of the form (4.45) and (4.46), give
a negacyclic matrix W(2n,2n — 1) when formed into first rows

Ob1a1b2 cen btatlc_ttbt AN C_lel, for n Odd,
or
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0b1a1bs . ..btatl_lt ...a1by for n even.OO

Ezample 4.26. The first rows of negacyclic matrices (n,n— 1) of orders 4, 6,
8, and 10, respectively;

011—,

01-111

011 —-111—

011 —-1— — — —1.

are equivalent to the existence of

- 0 — 1] 111

[0(1)},1;] and -0 -], |— 11

. 1 -0 - -1
0111 [1-1- 231 1: i;:::i
:9731, i}:;i and |1 101 1| [1 -1 - —
I L1 1 - 1101} |11 -1-
- - —-110] |1 11-1

Comment. Peter Eades [52] and Delsarte-Goethals-Seidel [39] have deter-
mined that the only negacyclic W(v,v—1) of order v < 1000 have v =p" +1
where p” is an odd prime power. On the positive side we know (we omit the
proof):

Theorem 4.27 (Delsarte-Goethals-Seidel [39]). There is a negacyclic
W(p"+1,p") whenever p” is an odd prime power.

G. Berman [21] has led us to believe that many results of a similar type to
those found for circulant matrices can be obtained using negacyclic matrices.
Negacyclic matrices are curiosities because of their properties and potential
exhibited in Lemma 4.36 and Example 4.27.

Example 4.27. The four negacyclic matrices

1-000 11-—-0
01-00 011~
A1=1001-0] Ap={1011—
0001~ 11011
10001 1101
[0 -001 [0-000]
-0 -00 00 -00
A3=10 =0 —0 | Ay=1{000 —0
00 -0 — 0000 —
10000 1000 0]
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satisfy
A1A] + A Ag + A3AT + A4A] =91,

They can be merged to form two negacyclic matrices

[10-——000001
Bi=|-10—--00000
i etc.

[101——0—-000
By=|0101—-—=0-00
i etc.

which satisfy
B1B] +ByBy =9I.

These can be further merged to obtain the first row of a negacyclic W(20,9):
1100-1--0-000-000010.

Negacyclic matrices are worthy of further existence searches. The question
of when negacyclic matrices can be decomposed as in Example 4.27 is open
for further research.

4.17.1 Constructions

We recall suitable (plug-in) matrices X1, X2, X3, X4, -+ X; are t matrices of
order n, with elements +1 which satisfy the additive property, Zzzl X; X ZT =
constant times the identity matrix. They are suitable if they satisfy other
equations which enable them to be substituted into a plug-into array to
make an orthogonal matrix (see Definition 4.4). Xia, Xia and Seberry [251]
show 4-suitable plug-in negacyclic matrices of odd order exist if and only if
4-suitable plug-in circulant matrices exist for the same odd order. 4-suitable
negacyclic matrices of order n, may be used instead of 4-suitable circulant
matrices, in the Goethals-Seidel plug-into array [88], to construct Hadamard
matrices and orthogonal designs of order 4n. Other useful plug-into arrays
are due to Kharaghani, Ito, Spence, Seberry-Balonin and Wallis-Whiteman
[114,115,120,182,198,241].

In computer searches, for some even orders, 2-suitable or 4-suitable nega-
cyclic matrices have proved easier to find. This experimental fact has been used
extensively by Holzmann, Kharaghani and Tayfeh-Rezaie [66,67,104,105,122]
to complete searches for OD’s in orders 24, 46, 48, 56, and 80. We note that
if there are 2-suitable negacyclic matrices of order n and Golay sequences of
order m, there are 2-suitable matrices of order mn.



4.17 Negacyclic Matrices 153

This means a negacyclic matrix may give 2-suitable and 4-suitable plug-in
matrices to use in plug-into arrays to make larger orthogonal matrices.

From Table 4.19 there exist W(12,k) constructed using two negacyclic
matrices of order 6 for k =1,2,...,12. From Delsarte-Goethals-Seidel [39],
there exists 0,41 negacyclic W(12,11). Results for 7, 9, and 11 are due to
Gene Awyzio [13] and Tianbing Xia [250].

Table 4.19 First rows of W (12, k) constructed from two negacyclic matrices
of order 6 *

k First Rows k First Rows

1 100000; 0g 7 0111 —-1;100100
2 105; 105 8 11 —102;111— 02
3 10010;10;5 9 011 —-11;101—-0-
4 110451 — 04 10 0111 —-1;0111-—1
5 11 —-03;10103 1 011 —-11;1-1111
6 0111 —1;10;5 12 1111 —-1;-111-1

*G. Awyzio [13] and T. Xia [250]

Remark 4.17. The question of which W (4n,k) can be constructed using two
negacyclic 0,41 matrices of order 2n has yet to be resolved.

It is easy to see that there exist W (2n,k) constructed from 2 negacyclic
matrices of order n whenever there exist two 0, £1 sequences of length n and
weight k& with NPAF zero.

Using results obtained by Awyzio (private communication) and Tianbing
Xia (private communication) we conjecture:

Congjecture 4.5. Suppose n, n =2 (mod 4) and k, the sum of two squares, are
integers. Then there exists a W (2n, k) constructed via two negacyclic (0,1, —1)
matrices.

4.17.2 Applications

In Ang et al [8], 4-suitable negacyclic matrices are used to construct new
orthogonal bipolar spreading sequences for any length 4 (mod 8) where the
resultant sets of sequences possess very good autocorrelation properties that
make them amenable to synchronization requirements. In particular, their
aperiodic autocorrelation characteristics are very good.

It is well known, e.g. [222,249], that if the sequences have good aperiodic
cross-correlation properties, the transmission performance can be improved
for those CDMA systems where different propagation delays exist.
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Orthogonal bipolar sequences are of a great practical interest for the cur-
rent and future direct sequence (DS) code-division multiple-access (CDMA)
systems where the orthogonality principle can be used for channels sep-
aration, e.g. [8]. The most commonly used sets of bipolar sequences are
Walsh-Hadamard sequences [222], as they are easy to generate and simple to
implement. However, they exist only for sequence lengths which are an integer
power of 2, which can be a limiting factor in some applications. The overall
autocorrelation properties of the modified sequence sets are still significantly
better than those of Walsh-Hadamard sequences of comparable lengths.

4.17.3 Combinatorial Applications

For combinatorial applications see [21,22,89,117,121].

We also see from papers [100,102,104,105] that OD’s in orders 24, 40, 48,
56, 80, that had proved difficult to constructed using circulant matrices were
found using negacyclic matrices.



Chapter 5
Amicable Orthogonal Designs

In this chapter we consider the theory of amicable orthogonal designs and
some of their usage.

Interest in amicable orthogonal designs was renewed by the paper of Tarokh,
Jafarkhani and Calderbank [209] which showed how they could be used in
mobile communications. A delightful introduction to the use of orthogonal
designs for CDMA codes for communications has been given by Adams [1].
We notice that for communications the matrices need not be square and may
have combinations of complex or quaternion elements. Amicability increases
the number of messages which can be transmitted simultaneously but suitable
designs have been difficult to find.

In Chapter 6 we will consider families and systems which further generalize
the concept of amicability.

5.1 Introduction

In the paper, Geramita-Geramita-Wallis [77], the following remarkable pairs
of orthogonal designs are given:

X = |71 T2 ; y—| Yr¥z2 (5.1)
T2 —T1 —Y2 Y1
r1 X2 X3 I3 Yyr Y2 Yz Y3
X — —T2 T1 X3 —X3 : Y — Y2 —Yy1 Y3 —Ys . (5.2)
r3 T3 —T1 —X2 —Y3 —Ys Y2 —y1
r3 —T3 T2 —X1 —Y3 Y3 —Yr Y2

They have the property that XY T =Y X T.

© Springer International Publishing AG 2017 155
J. Seberry, Orthogonal Designs,
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The existence of just these two pairs of orthogonal designs has the following
useful consequences.

Proposition 5.1. If there is an orthogonal design OD(n;a,b), then

(i) there is an orthogonal design OD(2n;a,a,b,b);
(it) there is an orthogonal design OD(4n;a,a,2a,b,b,2b).

Proof. (i) Let the OD(n) be on the variables z1, z3. Using X and Y as in
(5.1) above and setting z1 = X and 29 =Y gives the result.
(ii) is proved analogously using the X and Y from (5.2) above. O

The following replication result was obtained.

Corollary 5.1. If all OD(n;1,k), 1 <k <n-—1, exist in order n, then all
OD(n;1,0), 1 <£<2n—1, exist in order 2n.

Corollary 5.2. If all OD(n;a,b,n—a—>b) exist then all OD(2n;x,y,2n —x —
y) exist.

Example 5.1. There is an OD(4;1,1;2) and so if n = 2%, there are
OD(2%1,k), 1 <k <2%—1.In particular, there are weighing matrices W (k, k),
for all £ <n, when n = 25,

This very simple application of the existence of pairs of orthogonal designs
like (5.1) and (5.2) and other replications that come from them proved that
such pairs would be extremely important in constructing OD themselves.
Consequently, it was suggested [77] that these examples be studied in greater
detail.

This suggestion was taken up by Warren Wolfe in his Queen’s University
dissertation [247] and was a major breakthrough not only in the study of
such pairs of orthogonal designs but in the study of OD themselves. A major
portion of this chapter is devoted to an exposition of this aspect of Wolfe’s
contributions.

Subsequent to Wolfe’s work on this problem, he and D. Shapiro had an
opportunity to meet and discuss Wolfe’s work. Shapiro was greatly interested
in Wolfe’s handling of the problem and saw that what had begun as two
interesting examples could in fact be the basis for the study of an interesting
aspect of the theory of quadratic forms. Using a different approach, Shapiro
has brilliantly analysed this problem about quadratic forms in (Shapiro [194]).
His work has had deep implications back into the combinatorial problems
that originally motivated the entire discussion. This happy state of affairs will
be briefly discussed in this chapter.
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5.2 Definitions and Elementary Observations

Definition 5.1. Let X be an OD(n;uq,...,us) on variables {z1,...,25} and
Y an OD(n;v1,...,v¢) on the variables {y1,...,y:}. It is said that X and Y
are amicable orthogonal designs if XY T =YX T.

It was observed that writing Z = XYT, forces ZZ " = (ugz? + -+
us?) (01y?,+- - +vy?)I,. So amicable OD are related to symmetrlc Z
which have inner product factorization into quadratic forms.

Notation 5.1. With X, YV as above it will be said that there are AOD(n
(Ugy.eeyttg); (V1,...,0)).

With this notation, examples (5.1) and (5.2) are amicable AOD(2: (1,1);
(1,1)) and AOD(4:(1,1,2); (1,1,2)), respectively.

FEzample 5.2. Before christening these pairs, and after finding a few it was re-
alized that such things had already been anticipated in the study of Hadamard
matrices. Namely, in [228] the study of pairs of Hadamard matrices W = I+ S
and M, where W, M have order =n, S = —=ST, M = M" and WM T =
MW T, was extensively pursued and many examples discovered. These amica-
ble Hadamard matrices are an important special case of amicable orthogonal
designs. They have type AOD(n: (1,n—1);(n)) in order n.

Let X and Y be amicable orthogonal designs AOD(n : (uq,...,us);
(v1,...,v¢)). Write

s t
X:ZAM, Y:ZBjyj. (5.3)
=1 Jj=1

The fact that x’s and y’s are assumed to commute and that Z is an infinite
integral domain easily yields:

(0) The A; and Bj are all 0,1, —1 matrices, and A;* Ay =0, 1 <i#{ <s,
b*Bk—O 1<j#k<t.

(1) AA] =, 1<i<s; BB =v;l,, 1<j<t.

(i) 4;A] +AAl =0, 1<z75€<s BjB +ByB] =0, 1<j#k<t.

(iii) AZBJT— JA:71§Z§S71§]§t.

Conditions (0), (i) and (ii) are not new. They are just the assertions that X
and Y exist (ie, OD of that order and type exist). Condition (iii) is the new
one. It is seen, again, the dichotomy between algebraic and combinatorial
properties: (i), (ii) and (iii) can, and will, be treated separately from (0).
This was, in fact, Wolfe’s approach to the problem, ie, to just consider (at
first) conditions (i), (ii) and (iii). (Oddly enough, it was first in the study of
amicable OD that the algebraic and combinatorial distinctions became clear.
The treatment given in this text, especially in Chapter 3, is a classic story of
hindsight! It is to Wolfe’s credit that he forced this distinction.)
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It is clear that conditions (0) to (iii) are necessary and sufficient for the
existence of AOD(n: (u1,...,us);(v1,...,v¢)). For reference here it is stated
precisely.

Proposition 5.2. A necessary and sufficient condition that there exist am-
icable OD, X and Y AOD(n: (u1,...,us);(v1,...,v:)) s that there exists a
family of matrices {A1,...,As; B1,..., Bt} of order n satisfying (0) to (%ii)
above.

Following the route in Chapter 3, the following definition is made.

Definition 5.2. An amicable family of type [[u1,...,us];[v1,...,v¢]] in order n
is a collection of rational matrices of order n,{A1,...,Ayz; B1,..., B} satisfying
(i), (ii), (iii) above, where the u; and v; are positive rational numbers.

Proposition 5.3. Let {A1,...,As; B1,...,B¢} be an amicable family of type
[u1,...,us]; [v1,...,0¢] in order n, and let P and Q be rational matri-
ces of order n satisfying PP = al,, Q" = bl,. Then {PA1Q,...,PAQ;
PBi1Q,...,PBiQ} is an amicable family of order n and type [[uiab, ..., usabl;
[v1ab, ..., v.ab]].

Proof. Direct verification. O

The existence problem for amicable families and amicable OD in some
special cases will now be investigated. Observe that if {A1,..., As; B1,..., B}
is an amicable family in order n, then {A;1,...,As} and {By,..., B} are each
rational families in order n, and so s, t < p(n).

5.2.1 n Odd

In this case p(n) =1, and so an amicable family of type [[u];[v]] is {A; B},
A, B rational matrices, where AAT =ul,,BB" =vl, and AB" =BA". It
is known from proposition 2.2 that u and v are each squares in Q. With
that observation it can proved, though somewhat disappointing, the following
proposition.

Proposition 5.4. Let n be odd. A necessary and sufficient condition that
there be an amicable family of type [[u];[v]] in order n is that there exist
rational families of type [u] and [v] in order n.

Proof. The necessity is obvious since an amicable family is made up of two
rational families (plus more). To show the sufficiency, let u = a?,v = b2,
a,b € QT; then {al,;bl,} is an amicable family of the desired order and type.

Thus, there are no new algebraic restrictions which prohibit amicable OD
from existing in order n, n odd. ]
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Problem 5.1. Let n be odd, and suppose there is a W(n,k). Is there a
symmetric W(n,k)?

A small contribution can be made to the question of existence for symmetric
W (n,k) by considering the following lemma.

Lemma 5.1. Let {M,...,Mg;N1,...,N.} be a family of weighing matrices
of order n and lengths (s, ) which satisfy

(a) Mi" = =M;, i=1,....8; Nj=NJ, j=1,....r
(b) MiM;" = il,, NjNj =jl,, 1<i<s, 1<j<r
(¢) MiN] = M;N;", 1<i<s,1 <j<r.

Then

(i) if there is a family of order n and length (s,1), then there is a family of

order 2n and length (2s+1,1);

(i) there is a family of order 2° and length (25 —1,1);

(iii) there exist skew-symmetric W(25,i) for alli=0, 1,...,2°5 —1 where s is a
positive integer;

(iv) if there is a family of order n and length (s,1), there is a family of order
2n and length (0,2s+2);

(v) there is a family of order 2° and length (0,2%);

(vi) there exist symmetric W (2%,i) for all i =0,1,...,2°.

Proof. (i) Let {Mi,...,Mg; N1} be the family of length (s,1). Then with

PO PR (O PRV ) B

{LLeM,..., r@Ms;, ANy, AQN1+ 2@ My,..., AQN1+ b ®
Myg; H® Mg} is the family of length (2n+1,1).

(ii) Clearly {A; H} is a family in order 2 and with length (1;1), and so by
repeated application of (i) gives the result.

(iii) The skew-symmetric matrices of the family of (ii) give the result.

(iv) Consider
{A@Mq,...,AQM;, M@N1,IQN1+AQMi,..., I N1+ AQ My, H®
N}

(v) The symmetric matrices of the family of (iv) give the result. O

The lemma shows that only symmetric weighing matrices are needed of
odd order to ensure the existence of symmetric weighing matrices for most
large orders and most weights. Clearly, by taking the back circulant matrix
one obtains from Theorem 4.6 (see Lemma 4.7 also), we obtain a symmetric
W (q? +q+1,¢%) whenever ¢ is a prime power. Also it was noted that the
W(p+1,p) constructed for prime powers p in Lemma 4.12 is symmetric for
p=1 (mod 4). Further observe that using circulant matrices M, N of order
2n + 1 with first rows 0,110,,_1 and 0,1—10,_1 in
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|:_Z\]\4[T ]\JIVT] (5.5)

where 0, is the zero vector of length k, gives a symmetric W(4n+2, 4) for
every integer n < 1.
The following is a summary of this.

Proposition 5.5. (i) There is a symmetric W(n, 4) for all n > 10.

(ii) There is a symmetric W(n, 9) for all n > 68.

(iii) Let k be a square integer; then there exists an integer N (k) such that here
is a symmetric W(n, k) for every n > N(k).

Since fewer symmetric weighing matrices than weighing matrices are known
and since they always give amicable OD, this area merits further study, as
does the entire question of amicable OD in odd orders.

5.2.2 n=2b, b 0dd

In this case p(n) =2, and so the largest possible size for an amicable family
is {A1,A2; B1,Ba}.

Proposition 5.6. Let n = 2b, b odd. A mecessary and sufficient condition
that here be an amicable family in order n of type [[u1,v1];[u2,ve]] s that
there be rational families of type [u1,v1] and [ug,va] in order n.

Proof. The necessity is obvious. To prove sufficiency it should be noted that
a glance at the proof of Theorem 2.3 should convince the reader that it
is enough to consider the case where u; = v; = u and ug = v9 = v, with u
and v each a sum of two squares in Q, and n = 2. In this case, suppose
u=a?+ %, v=12406%; then

RS [ £

give the required amicable family. a

Thus, the only algebraic restrictions on the existence of amicable families
in orders n = 2b, b odd, come from the restrictions on rational families that
are already known.

That there are new combinatorial restrictions on amicable orthogonal
designs in orders n = 2b, b odd, is evident from the following example.

Ezample 5.3. (W. Wolfe) There is no AOD(6: (1);(2,2)). (Wolfe’s result is
more general; [247].)

It is known that there are OD(6;1) and OD(6;2,2) (Geramita, Geramita,
Wallis: [77]), so this example will show the inadequacy of Proposition 5.6.
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There is no loss in assuming the first orthogonal design in the (presumed)
pair of type ((1);(2,2)) is zIs and the second is X = Az + By. The A and B
are symmetric weighing matrices of weight 2 and order 6.

Lemma 5.2. If a symmetric W(n,2) exists with zero diagonal, then n =0
(mod 4).

Proof. 1t is easy to check that a symmetric W (n,2) with zero diagonal is (up
to simultaneous row and column permutation and simultaneous multiplication
of row ¢ and column ¢ by “-17) the direct sum of blocks

01 1 0
10 0 1
10 0-1
01-1 0

Now, it is possible to show that there is no symmetric OD(6;2,2).
By the lemma, each variable must appear on the diagonal. Thus, we may
assume that X looks like

z xzyy00
T —xab

Y

Y

0

0

Case 1. a#0 Then it may be assumed a =y, b= —y, and so

00
00

Checking columns 1 and 3, it is seen that u,w are # 0, and hence the rest
of column 3 consists of zeros, and that gives too many zeros in the last two
TOWS.

Case 2. a=0. Then b=0, also, and therefore
yy 00
00yy

ocorvww & R
e oo 8
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Now there must be exactly two y’s in the third column, but putting the
second y in either the third or fourth rows gives the wrong inner product with
columns one and three, while putting the second y in either the fifth or sixth
rows gives trouble with the inner product of columns two and three.

Thus, such an X cannot exist. ]

Remark 5.1. Wolfe’s result is that there is no symmetric OD(6;2,2) in any
order n =2 (mod 4). This example has not been able to be placed in any
general framework but is can be seen later that the symmetry conditions come
into play in many places.

5.3 More on the Number of Variables in an Amicable
Orthogonal Design

Given a positive integer n, it may be asked it may be asked the maximum
number of variables that may appear in an amicable OD(n). Clearly, the
number of variables in both designs cannot exceed 2p(n). Indeed, when n is
odd or if n =2b, b odd, then the examples of Section 5.2 show that 2p(n) is
possible. A bit of reflection shows that there are two separate questions that
can, and should, be considered.

Problem 5.2. Given an orthogonal design X involving s variables, let
A(X) = {orthogonal designs Y| X and Y are amicable}.
(A(X) =0 is entirely possible!)
Define m(X) = max {number of variables in Y}.
YEA(X)
What is m(X)?

Problem 5.3. Fix an integer s < p(n), and let
n0s = {orthogonal designs of order n involving s variables}

Define m(s) = Jmax {s+m(X)};

nYs

then what is m(s)?

Problem 5.2 seems extremely difficult, in general. In fact, deciding whether
or not A(X) = () seems, in general, intractable. Directly a little will be said
about this problem.

Problem 5.3, on the other hand, can be given a complete solution. The
presentation of the solution to this problem follows, for the most part, that
of W. Wolfe [247]. A different, and more general, solution is given by D.
Shapiro [194].
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Imitating some of the notions of Chapter 1, suppose X and Y form an
AOD(n: (ug,ut,...,us); (v1,...,0¢)). [Note the numbering of the variables in
the first design.] The coefﬁc1ent matrices of the two orthogonal designs will
be denoted

{AZ’,OSiSS; Bj, 1§j§t}

Now, consider the real matrices

1

A/ UoU; 3/ UoVj

form a collection of real matrices of order n satisfying

Q; =

(0) ai=—af, 1<i<s; ﬁj:ﬂj,lgsu
(i) 12:_17“1<'L<5 ﬁ =1I,, 1<) <t
(i) aioj+aja; =0, 1<Z7£J<8 BrBe+Be+BeBr =0, 1<k #L <
(ili) oufj+pPjoy =0, forall 1<i<s, 1<j<t.

L

«
(67

By analogy with Definition 1.1, the following definition can be made.

Definition 5.3. A family of real matrices {a;, 1 <i<s; §j, 1 <j <t} of
order n satisfying (0), (i), (ii), (ili) above will be called a Hurwitz-Radon
family of type (s,t) in order n (or simply an H-R(s,t) family in order n).

A H-R(s,0) family was discussed in Chapter 1. It can be shown, for a given
s and ¢, that there cannot be an H-R(s,t) family in order n, then there cannot
be amicable OD(n) formed by X and Y, where X involves s+ 1 variables
and Y involves ¢ variables.

If condition (0) is neglected, it can be seen that (i), (ii), (iii) amount
to saying that there is a representation of the Clifford algebra of the real
quadratic form s(—1) L ¢(1) on the vector space R"; i.e., R™ is a module
for this Clifford algebra. Now, the irreducible modules for a Clifford algebra
always have dimension a power of 2, and if n = 2%b, b odd, the maximum
dimension of an irreducible module is < 2%; i.e., we get a representation of
the Clifford algebra of s(—1) L #(1) on R?".

Let C%! denote the Clifford algebra of s(—1) L ¢(1). If n = 2%, can C**
be non-trivially represented on R2". If it cannot, then there is no H-R(s,t)
family in any order 2%b, b odd. This will, at least, provide upper bounds for
Problem 5.3 (and, consequently Problem 5.2). Then the sharpness of these
bounds will have to be dealt with.

Fortunately, the representation theory of the algebras C*?! is very well
known. The earliest complete discussion to be found is in the 1950 paper
of Kawada and Iwahori [119]. A more modern treatment can be found in
Lam [142, pp.126-139).

If d is given the degree of an irreducible real matrix representation of C'*+f
of minimal degree > 1, then the following are restatements of Kawada-Iwahori
theorems [119].
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Theorem 5.1. If s+t = 2k, then C*? is a central simple R-algebra, and d
(as defined above) is given by:

(a) ift—k=0,1 (mod 4), then d=2%;

(b) ift—k=2,3 (mod 4), then d =2FF1,

Theorem 5.2. If s+t =2k+1, then C*? is a semi-simple algebra over R,
and d is given by:

(a)ift—k=0,2 or3 (mod 4), then d =2F+1;

(b) ift—k=1 (mod 4), then d = 2F.

Definition 5.4. Let n =22, t be integers, t > 0. Define
pt(n) = max {s|C*~ 1 has an irreducible real matrix representation of degree
<n}.

The relevance of p; to our discussion is obvious, for if m = 2%b, b odd, we
could never find an amicable orthogonal design formed by X and Y in order
m, where X involves s variables and Y involves ¢ variables if s > p:(2%).

The exact values of pi(n) are given by Kawada and Iwahori [119].

Theorem 5.3. Let n = 540 0 <b<4. Then pi(n) —1=8a—t+35, where
the values of § are given in the table below:

Table 5.1 Values of § for pi(n) —1=8a—t+4d

b
t (mod 4 0123
0 0137
1 1235
2 -1345
3 -1156

5.4 The Number of Variables

Some easy (but tedious) consequences of this theorem are:

Corollary 5.3. (i) po(n) = p(n),
(ii) pe(2n) = pr—1(n) +1,
(iii) pr(n) = pr4s(2*n).
The next example will illustrate how to use these theorems in some low
orders.
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Ezample 5.4. Let n =4z, x odd; then p(n) =4, and so an orthogonal design
in order n cannot involve more than 4 variables. Let X and Y be amicable
orthogonal designs in order n, and suppose Y involves ¢ variables (¢ < 4).
Then, the discussion before Theorem 5.3 assets that X cannot involve more
than p;(4) variables.

We enumerate the possibilities in Table 5.2.

Table 5.2 n =4z, x odd

t = number Number of variables

of variables in Y in Xis <
4 pa(4) =0
3 p3(4) =3
2 p2(4) =3
1 p1(4) =3
0 po(4) =4

It can be seen already that there is a marked change from n odd and
n =2z, x odd, which we investigated in the previous section.. There is no
orthogonal design which is “amicable” with a 4-variable design in such an
order. Furthermore, the maximum total number of variables that may ever
be hoped to involve between X and Y is 6 < 2p(4) = 8.

For future reference, there is included a similar table for n = 8z and
n =16z, x odd.

Table 5.3 n =8x, x odd

t = number Number of variables

of variables in Y in Xis <
8 ps(8) =0
7 p7(8) =0
6 pe(8) =0
5 p5(8) =1
4 pa(8) =4
3 p3(8) =4
2 p2(8) =4
1 p1(8) =5
0 po(8) =38

It can be seen, at least for these three special cases, that these bounds
are achieved by an H-R(s,t) family (condition 0) is now considered; and
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Table 5.4 n =16z, x odd

t = number Number of variables
of variables in Y in Xis <

©
s
)
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-
=
=2
|
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moreover, have the a; (respectively the ;) be disjoint (0,1, —1) matrices. As
in the discussion which preceded Theorem 1.3 of Chapter 1, that will follow
immediately if it is known that all matrices have integer entries.

Now, we saw in Proposition 1.2 that there is an H-R(3,0) family of integer
matrices in order 4 (and by tensoring with I, in order 4z for any odd z),
and so, in Table 5.2, we have taken care of the possibility that ¢ = 4 = number
of variables in Y, 0 = number of variables in X. To show that all other
possibilities in Table 5.2 are actually achieved, it suffices just to construct an
H-R(2,3) integer family in order 4. The rest of the table comes from omitting
some members of this family.

01 01 10
LetA:[—10]7 P:{m}’ @:[0—1]'

Proposition 5.7 (Wolfe’s Slide Lemma). If {M;, 1<i<s; N;, 1<j5<
t} is an H-R(s,t) family in order n (of integer matrices), then

{PeM;, 1<i<s, ARI,; PoN;, 1<j<t, QeI,}
is an H-R(s+1,t+1) family in order n (of integer matrices).

Proof. The verifications are routine.

It is an easy matter to check that {A4;Q, P} is an integer H-R(1,2) family
in order 2, and so, by the Slide Lemma, an H-R(2,3) family of integer matrices
in order 4 can be obtained.

In considering orders 8z, x odd, first note that Table 5.5 gives an H-R(7,0)
family of integer matrices in order 8 (and hence in order 8z, x odd). Now
there is a symmetric (1,1,1,1,1) design in order 8 (proof of Theorem 4.2) and
hence an H-R(0,5) family of integer matrices in order 8. Finally to obtain an
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Table 5.5 H-R(7,0), order 8z, = odd

0 a b c¢| d e f g
—a 0 ¢ =b| e —d —g f
b —c 0 a| f g —d —e
—c b —a 0| g —f e —d
—-d —e —f —g| 0 a b ¢

—e d —g f|l—-a 0 —c b
—-f g d —e|-b ¢ 0 —a
—g —f e d|-c =b a O

H-R(3,4) integer family in order 8, use the Slide Lemma with the H-R(2,3)
and H-R(3,0) families in order 4. These give all possibilities in Table 5.2.

To complete the special cases observe that there is an H-R(0,9) integer
family in order 16 (given by the symmetric (1,1,1,1,1,1,1,1,1) design in order
16 which appears in the proof of Theorem 4.2). Use the Slide Lemma with the
integer matrices of the H-R(0,5), H-R(3,4), H-R(4,1) and H-R(7,0) families
in order 8 to obtain the integer H-R(1,6), H-R(4,5), H-R(5,2) and H-R(8,1)
families in order 16. These give all the possibilities for Table 5.3.

Wolfe has given the general result in [247], and so the proofs shall not be
pursued here. We are content to just state Wolfe’s theorem and the three
lemmata that were used to obtain it (in addition to the Slide Lemma and the
explicit computations in orders 4, 8 and 16). The lemmata are of independent
interest and provide some construction methods. They shall be generalised
later. O

Theorem 5.4. For any integer n and any t < p(n), there is an H-R(pi(n) —
1,t) family of integer matrices of order n.

Corollary 5.4. For any integer n there are amicable orthogonal designs X
and Y involving s and t variables, respectively, X of type (1,...,1), Y of type
———
s—tuple
(1,...,1) for any s < pe(n).
———
t—tuple
Lemma 5.3. Conversely it can be noted that the existence of
AOD(n: (ug,u1,...,us); (v1,v2,...,v¢)), X,Y on variables x; and y;, respec-
tively, implies the existence of an H-R(s,t) family.

A summary of all the relevant facts can be seen in the proof of theorem
5.4.

Proposition 5.8 (Wolfe). Let A, P, Q be as above.

(1) If {M;, 1 <i<s} is an H-R(s,0) (integer) family in order n, then {A®
M;,1<i<s, PRI,, Q®I,} is an H-R(0,s+2) (integer) family in
order 2n.
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(2) If {N;, 1 < j <t} is an H-R(0,t) (integer) family in order n, then

PRQRA®IL,, LoPRARIL,, AQPRQP®I,}
is an H-R(t+6,0) (integer) family in order 8n.

(3) (Jump) If {M;, 1 <i<s; Nj, 1<j<t}is an H-R(s,t) (integer) family
in order n, then

{AQPRA®Q®M;,1<i<s; AQPRA®RQ®N,;, 1<j<t,
REREA®Q®I,, POLRQRIL, QIPRLRQR Iy,

QRQIPRQXI,, s PRI, PROQRARARI,,
LRPRARARI,}

is an H-R(s, t+8) (integer) family in order 2*.n.
Wolfe proves one more fact which will be of interest.

Theorem 5.5. If n = 2%ng, ng odd. If t < p(n), then t+ pi(n) < 2a+ 2.
Furthermore, there is a to < p(n) with to+ pg,(n) = 2a+2.

Corollary 5.5. If X and Y are amicable orthogonal designs in order n=2%n,
no odd, then the total number of variables in X and Y is <2a+2, and that
bound is achieved.

5.5 The Algebraic Theory of Amicable Orthogonal
Designs

The pursuit of the analogy already seen between the study of orthogonal
designs and the study of amicable orthogonal designs is continuing. The
algebraic theory, naturally, well rest on the study of amicable families.

Proposition 5.9 (Wolfe). Let {A1,...,As; B1,...,Bi} be an amicable fam-

ily of type[[ul,...,us]; [v17...,vt]] in order n.

Then {A1A] Bi, 1<i<t, As,...,As} is a rational family of type [uiugvy,
UIU2V2,...,U1U2V5, U3,. .. ,us] in order n.
Proof. A routine check. a

Corollary 5.6. Let n =4 (mod 8). In order that there be amicable families
of type [[al,ag,ag]; [bl,b27b3]] in order m, one must have

(i) rational families of type [a1,a2,a3] and [b1,ba,b3] in order n, and
(ii) a1azasbi1babs a square in Z.



5.5 The Algebraic Theory of Amicable Orthogonal Designs 169
Proof. Use proposition 5.9 and the results of Chapter 3. O
In the same vein:

Corollary 5.7. Let n =4 (mod 8). Necessary conditions that there be ami-
cable families in order n of type

(1) |:[a17(127a3]; [b17b2]:| are that

(i) there be rational families of type [a1,a2,a3] and [b1,ba] in order n,
and

(i) at every prime p,(—1,a1,a2,a3b1b2), = (b1,b2)p(a1a2a3,b1b2)p;
(2) |:[a1’a27a3]; [51]} are that

(i) there be rational families of type [a1,a2,a3] and [b1] in order n, and
(i) a1azasby be a sum of fewer than four squares in Z.

Shapiro has given a different formulation of these two corollaries and
generalised this to other n. His results shall be given later in this section.

Ezample 5.5. (i) There are no amicable orthogonal designs
AOD(4ng : (1,1,1);(1,1,2)) in any order 4ng,no odd, although designs of
both types exist in every order 4n.

(ii) There are no amicable orthogonal designs AOD(4ng : (1,1,1);(1,3)) in
any order 4ng by 5.7. This also eliminates amicable orthogonal designs
AOD(12:(1,11);(4,4,4)) and, in fact, in any order 4ng, no odd, ng > 3.

(iii) There is no amicable family of type [[1,1,1];[7]] in any order 4ny,
ng odd, ng > 1. So, in particular, there are no amicable orthogonal designs
AOD(12: (4,4,4);(7)) in order 12.

Daniel Shapiro has solved the entire algebraic problem of amicable orthog-
onal designs. This is in [194]. He has continued his study of the space of
similarities and extended his earlier work to handle amicable families. These
techniques are too complicated to attempt to analyze here. Suffice it to say
that his work requires a deep understanding of the modern theory of quadratic
forms and applies to a much more general setting than has been considered
here. A source of great pleasure has been the realisation that the combinatorial
problem that was considered inspired, an interesting new investigation in
quadratic forms. Not only has this problem borrowed heavily from the theory
of quadratic forms for answers, but it has suggested new problems in that
theory.

Quoted here are a few of Shapiro’s theorems (in a form suitable to this
discussion).

The first theorem, though not surprising, is surprisingly complicated to
prove and is the analogue of Theorem 3.11.
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Theorem 5.6. Let n =2"ng, ng odd. There is an amicable family of type
[[al,...,as]; [bl,...,bt]} in order n < there is an amicable family of the same
type in order 2.

The next theorem also has its counterpart in 3.17, part A.

Theorem 5.7. Let n =2 (m > 3), and choose t < p(n) and s < pi(n). If
s+t <2m—1, then for any positive rationals a1,...,as, b1,...,bs there is an
amicable family of type [[a1,...,as]; [b1,...,b¢]].

Thus, for s,t as above (m > 3), the only time there are algebraic restrictions
are when 2m < s+t < 2m+ 2. In the next proposition a portion of Shapiro’s
theorem dealing with the interval [2m,2m + 2] for the special cases of n = 22
and n = 23 is abstracted.

Theorem 5.8. Let n =4 (mod 8). Necessary and sufficient conditions that
there be an amicable family in order n of type

(1) Hal,az,a?,]; [bl,bz,bgﬂ are that

(i) (a1,a2,a3) and (b1,ba,bs) be isometric to subforms of 4(1), and
(i) (a1,a2,a3) = (b1,b2,b3);

(2) :[al,ag,ag]; [b1,b2H is that (b1,b2) < (a1,a2,a3) < 4(1);

(3) [la1,az2,a3]; [b1]] is that (b1) < (a1,a2,a3) < 4(1).

If n =8 (mod 16), necessary and sufficient conditions that there be an
amicable family in order n of type

(4) :[al,ag,a37a4]; [bl,bg,bg,b4]] is that {a1,a2,a3,a4) ~ (b1,b2,b3,bq);

(5) :[al,ag,a37a4]; [bl,bg,bg]] is that <bl,b2,b3> < (al,ag,a37a4>;

(6) :[al,ag,a37a4,a5]; [bl}] is that by Hleai s a square in Q;

(7) :[al,ag,a3,a4]; [bl,bg]] is that (bi,be) < (a1,a2,a3,a4).

Example 5.6. We have already been seen that are eliminated by this theorem
in orders =4 (mod 8). To see some possibilities eliminated in orders n =8
(mod 16), observe:

(1) There is no amicable family of [[1,1, 1,2]; [1,1, 1,1]] in order 8ng, ng odd.
Thus, since (1,1) ~ (2,2), we have no AOD(8:(2,2,2,2); (1,2,2,2)).

(2) There is no amicable family of [[1,1,3];[1,1,1,1]] in any order n =8
(mod 16) since (1,1,3) £ (1,1,1,1). This is clear, for if (1,1,3) < (1,1,1,1),
we would have, by Witt Cancellation, that (3) < (1,1), but 3 is not the
sum of two squares in Q.

In particular, there are no AOD(8:(2,2,2,2);(2,2,3)).

(3) There is no amicable family of type [[1,1,1,1,2]; [1]] in any order n =38
(mod 16), so, in particular, there are no AOD(8:(1,1,2,2,2); (1)).

(4) There is no amicable family of type [[1,1,1,1]; [1,k]] when k is not the
sum of three squares in Q for any order n =8 (mod 16). So, in particular,
there are no AOD(8:(2,2,2,2); (1,7)).
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5.6 The Combinatorial Theory of Amicable Orthogonal
Designs

It has already be seen that there is more at stake in deciding if there are
amicable orthogonal designs of a certain order and type than just the existence
of amicable families of the same order and type: first, because there may not
be orthogonal designs of a certain type, much less amicable ones, and second,
because even when orthogonal designs of the appropriate types exist, none
may be amicable.

Unfortunately, in this area there are only a few theorems and a few examples.
There has not yet been discovered anything analogous to Corollary 2.3 for
amicable orthogonal designs.

Warren Wolfe has given two useful combinatorial theorems which exclude
possibilities not eliminated by the algebraic theory. The second of these has
been extended by Peter J Robinson [166].

Theorem 5.9 (Wolfe). Suppose X andY are amicable orthogonal designs
in order n =0 (mod 4), where X is of type (1,1,1,a1,...,a5) and Y is of
type (b1,...,bt). Then, there exists an orthogonal design in order n of type
(L,b1,...,by).

Proof. Let X = Ajx1 + Aows + Agxs + Zj‘:1 Bjzji3. By applying row and
column operations to X and Y simultaneously, it can be assumed
01
-10 0 —1
A= ®% =

The patient reader will then discover that the relations AiYAl-T, i=1,2,3,
force Y to be skew-symmetric. Then zI,, +Y is the required orthogonal design.

O

”

Remark 5.2. This theorem is, in some sense, only “% combinatorial. An
examination of the proof shows that all we really need to get Y skew-symmetric
is that Ay, Ao, A3 have integer entries (and hence {0,1,—1} entries). This
indicates that there may be some merit in defining and studying integer
families and integer amicable families (by analogy with rational families and
amicable families).

Ezample 5.7. We may use Theorem 5.9 to observe that there are no AOD(20:
(1,1,1);(1,1,16)) since there is no OD(20;1,1,1,16). This type is not elimi-
nated by any other theorems. This also eliminates anything of type AOD(n :
(1,1,1,...); (b1,...,b;)) where S>¢_ b =mn, e.g., AOD(8: (1,1,1,5);(8)).

Before proceeding onto the next theorem, a lemma is given:
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Lemma 5.4. Suppose X and Y are amicable orthogonal designs of order n
where X is of type (1,u1,...,us) on the variables xg,...,xs and Y is of order
n and type (v1,...,v:) on the variables y1,...,y:; then there exist monomial
matrices P and @ (ie, with elements 0,+1 and only one non-zero element per
row and column) so that

PXQ=xzol+» z:iM;, PYQ=Y y;N;,
where
(0) M« M; =0 fori#j; Ngx N =0 for { #k;
(i) M;" = —M;, Vi; N = Nj, Vj;
(ii) MiM,;" = uiln, Vi; NjNJ =01, Vj;
(iii) MiN;" = N;M;";
(iv) MiM;' + M;M;" =0, i#j; NyN] + NN =0, k#L.

Proof. Choose P and (@) so that the variable zg occurs on the diagonal of
PXQ@Q, and the rest follows immediately. (]

Lemma 5.5 (Robinson). If A and C =xB+yD are amicable orthogonal
designs of order n =0 (mod 4) and types AOD(n : (1,n—1);(1,m)), m €
{0,1,...,n—1}, then it may be assumed

B= @%_1Y@X7
where

-0 01
X:[O 1} and Y:LO}

Proof. From Lemma 5.4 it may be assumed B is symmetric and A = [z +
Wxo, where W is a skew weighing matrix of weight n — 1. It is obvious that
there can be found a monomial matrix P such that

PBP" =&1<i<n X,

where X; =X or Y or +15.

If, however, X; = I, for any i, then positions (2¢,2i —1) and (2i—1,24)
of AB cannot be equal. Therefore, none of the X;’s are +15. This also means
that, at most, one of the X;’s is £X, for if two X;’s are =X, there can
be found another monomial matrix which produces +15 somewhere on the
diagonal of B.

We now assume X; =Y, 1<i< 5, and
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oL Ay Ay
-7

A= |4
_T ’

where A; are (2 x 2) matrices with entries £1.
Since A and B are amicable, and that W and B are amicable, and therefore
W B is symmetric. Let

m= [0 s, v =20 e aly= B0
4 4 L3 4 L2

Because AB is symmetric, it must have o = —z3 and ©1 = —x4 ;ie,

w1 ],
This reasoning is also true for the other A;’s.
Now Z?:_ll A;A] = (n—2)I, by the orthogonality of A, and

T[22 22
aal =373 = [

But since there is an odd number of A;’s,

Therefore, at least one of the X;’s is X.
It can now be assumed X7 = X5 = X. Then it can be seen that the
product AB is not symmetric. Therefore,

X1:XandXi:Y72§i<g. O

Theorem 5.10 (Wolfe-Robinson). Let X and Y be AOD(n: (1,a,n—a—
1); (u1,...,us)); letn=0 (mod 4), n#4,a=1 orn=0 (mod 8), a =2,3,4,5.
Then u; 1 for any 1 <i<s.

Proof. The case for a = 1. Write X = Aj2q + Asxg + Azx3, Y = Z;Zl Bjy;.
With no loss of generality it may be assumed

1 0 01
A1=@g{0_1}, AQ:@ZL()]'

The conditions A;AJ + A3A] =0 and AiBjT =BjA],i=12 1<j<s,

7 0

will show that A3 and the B; are all block matrices with every 2 x 2 block
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of the form [7‘; Z} Such a block may be thought as the complex number

a+bi, where a,b € {0,1,—1}. Let A3, B; be the Z x % complex matrices so
obtained.
If “x” denotes conjugate transpose, then

() As=43,B,=B, , 1<j<s;
(ii) ZgZSZ(TL—Q)I%,EJEj ZUjI%, 1<5<s;
iii) A3sB; =B;A5 ,1<j<s

7 7443

The fact that A3 had weight n — 2 implies that the off-diagonal elements
of A3 are neither pure real nor pure imaginary.

Now, let it be assumed that one of the uw’s = 1; with no loss it can assume
uy = 1. Then, the entries in By are from {0,41,4i}. It can be claimed that By
is a diagonal matrix, for suppose there is a non-zero entry in the (¢, j)-position
of By for i # j (there is no loss in assuming it’s in the (1,2) position); then
let 2 be the (1,2) entry in As, it can be obtained from (i) and (iii)

i A i

(“-” denotes complex conjugation); ie, 2T = 2Z.

Since « is pure real or pure imaginary, this gives that z is pure real or pure
imaginary. This, however, contradicts the fact that all non-diagonal entries in
A3 were not pure real or pure imaginary.

Thus, the assumption is that B is a diagonal matrix. It may be as well
assumed the first diagonal entry in Bj is +1 (if not, multiply A3 and B; by
one of &iln or —In; the resulting matrices still satisfy (i), (ii), (iii). The next
diagonal entry is £1 or #i. Considering just the top 2 x 2 block of A3 and
B, we have (by (iii))

et Bl

and so Z =7Tz. If z were real, it would have Z = £z, which implies z is pure
real or pure imaginary (a contradiction). Thus x = +i, and so the (1,2) entry
of A3 is Z, where Z = +iz. Now by assumption n # 4, so there is a third
diagonal entry in Bj. Call it y. If z;; is allowed to denote the (i,7)-t" entry
of A3, we find (by (iii)) that
(a) 213y = —Z13 and
(b) 2231y = 12923.

Hence, if y is real, (a) implies that z13 is pure real or pure imaginary, while
if y is pure imaginary, then (b) implies that zo3 is pure real or pure imaginarys;
in either case, a contradiction. This completes the proof for a = 1. (]



5.6 The Combinatorial Theory of Amicable Orthogonal Designs 175

5.6.1 Cases a=2,3 or 4

Assume that A and B are AOD(n: (1,a,n—a—1);(1)), respectively.
It may be assumed B is of the form given in Lemma 5.4, and this implies
that the first two rows of A have the following form:

Triasaszaqasde. . . a%_ga%_ga%_la

N3

?

a2r104030605 . . .62_26%_36

2 -1

N3
N3

for some a;’s. The inner product of these two rows gives
2 2
_2(a3a4+...+a%_3a%_2)—a%_l—l—a%—O. (57)

Let z2 be the variable which appears a times per row and column, and x3
the remaining variable.

From equation (5.7) it is found
(i) a%_l = i%,
(ii) a; = Fw2 for an even number of i’s, z <i < § —1,
(iii) ag;—1 = ag; = a9 for an even number of i’s, 2 <1i < 7L

It is noted that similar properties exist for the other rows of A, except the
last two.

Now consider the matrix A; obtained from A by putting z1 = z3 =0 and
29 =1 and show that no such matrix can exist if a =2, 3 or 4.

5.6.1.1 Case 1: a=2 or 3

A monomial P can be found such that PBPT = B, and if n > 16, PA; P is
given in Table 5.6.

By deleting rows and columns 3, 4, 5, 6, n—2, n—3, n—4 and n—5, a
matrix similar in structure to A; but in order n — 8 is obtained. Hence the
existence of A; in order n implies the existence of a similar matrix in order 8.
It is easy to see, however, that no such design exists in order 8.

Therefore, there is no A; in order n. Thus there are no AOD(n: (1),(1,a,n—
a—1)),a=2or 3, in order n=0 (mod 8).

5.6.1.2 Case 2: ¢ =14

A monomial @ such that QBQ T = B and, if n > 24 can be found,
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Table 5.6 a; =+1lifa=3,0or0if a=2

[0 a1 0 0 0 11
ap 0 -1
0 |as 1 010
0 a2 0 010 — 0 — 0
0 a9 1 0-—-0
as 0 0 —01
0 0 As 0 0
—0-—-0 0 as
0 010 1|(0]az O 0
—010 0 ao
010 — as 0
— x 0 a
- - o0 0| o @ 0 |
010 Z1 L
YA
0|A 0
QAQT = — 2
Zy
Z, Zy| 0| o
_ZT -
where
11 1010 10-0
-1 0—0— 0—01
L=111l> 2=|-0-0|" % |i0-0
-1 0101 0—-01

By deleting rows and columns 1, 2, 3, 4, n, n—1, n—2 and n—3 of
QA1QT and replacing the first two columns (rows) of the Zo (7; ) in the

corners by L(LT), a matrix is obtained with similar structure to A; but in
order n — 8. Hence, the existence of A; in order n implies the existence of a
similar matrix in order 16. It is easy to see that no such designs can exist in
order 8 or 16, and so there can be no amicable designs AOD(n: (1);(1,4,n—5))
in order n =0 (mod 8).
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5.6.1.3 Case 3 a =5.

Proceeding in a similar fashion to that of 5.6.1.2-Case 2 but with diagonal
2 x 2 blocks of the form [601 %1] inserted. Note that this makes no difference

to the proof.

Corollary 5.8. There are no amicable orthogonal designs
AOD(n:(1);(1,a,b,c)) of ordern=0 (mod 4) fora+b+c = n—1, a,b,c#0,
and abc odd.

Proof. By considering Equation (5.7) in the proof of Lemma 5.4 it can be
seen that each variable appears an even number of times off the diagonal 2 x 2
block, and therefore only one of a, b and ¢ is odd. O

Remark 5.3. This theorem uses, at every stage, the full force of the fact that
the matrices that are being considered have {0,1, —1} entries and very strongly
the fact that X had no zeros. Wolfe was led to prove the case a =1 of this
theorem after a frustrating attempt to construct pairs of amicable orthogonal
designs in orders n = 2% of type ((1,1,2,...,2%71); (1,1,2,...,2971)). If they
had existed, they would have involved the greatest number of variables (2a+2)
and would have no zeros. In orders n =2 and n =4 they exist, but those are
the only times.

This theorem eliminates many types not previously eliminated; eg, there
are no AOD(8:(1,1,6);(1,7)).

The only other general combinatorial theorems known which shed some
light on the existence problem for amicable orthogonal designs come out of
work of Robinson [165] which now will be discussed briefly.

Theorem 5.11 (Robinson [165]). There are no amicable orthogonal designs
AOD(n:(1,1,k);(n)) of order n=0 (mod 4), n > 8, for k odd.

Proof. Assume that such an amicable pair, A and B, exists.
By multiplying by suitable monomial matrices if necessary, it may be
assumed
A:$1]+IQX+SC3Y,

1
X:@% [EO}

with

By considering XY T =—-YXT YT =-Y, XBT =BXT, and BT =B, it
can be seen that Y and B are made up of 2 x 2 blocks of the form

[Zﬂ . a,be0,1,—1.
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Now (AB)T =BTA" = BA" = AB" = AB, and therefore A and B are
amicable only if AB is symmetric and hence only if the top left hand 2 x 2
block of AB, and therefore Y B, is symmetric.

The top left hand 2 x 2 block of Y B, however, is made up of the sum of
2 x 2 blocks of the form

zyl| |ab _ ra+yb xb—ya
yx| |ba| ~  |—axb+yazatybl|’

with a,b=+1 and z,y®0,1,—1.

This sum cannot produce a symmetric block unless the sum of the (ya—xb)’s
is zero, which is clearly impossible with an odd number of non-zero = and y’s.

Therefore, there can be no designs A and B of the required types.

An indication of the gap between the algebraic theory of amicable families
and the actual existence of amicable orthogonal designs has been highlighted
by work of P. J. Robinson and of Robinson in collaboration with Seberry
Wallis.

Robinson [165] has shown that the following are not the types of amicable
orthogonal designs in order 8, although these types are not eliminated by the
theorems of Wolfe and Robinson or by the algebraic theory:

AOD(8:(1),(2,2,2,2)), AOD(8:(1,2,2,3),(4,4)), AOD(8:(1,7),(5)).

Robinson and Seberry [170] have also shown that there is no AOD(16:
(1,15);(1)). This is a most surprising result, since the number of variables is
so much less than the number allowed by Theorem 5.4. O

5.7 Construction of Amicable Orthogonal Designs

In the first section of this chapter two examples were given of amicable
orthogonal designs and gave a small indication in Proposition 5.1 of the
strength of this notion. This section will turn away from the limitations on
existence to the actual construction of amicable orthogonal designs. As will
soon be apparent, the construction problem is an exceedingly difficult one
and, as with so many aspects of this area, deserves further study.

Particular attention will be paid to amicable orthogonal designs which are
full (ie, neither matrix has any zeros) because of their special relevance to the
Hadamard Matrix Problem.

One class of important full amicable orthogonal designs is the amicable
Hadamard matrices (Example 5.2). There is a substantial literature on these
objects, and in view of their importance to the Hadamard Matrix Problem,
their construction shall be dealt with in the next section.

Lemma 5.6 (Wolfe). Suppose there are amicable orthogonal designs
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X=1X1+x2Xo+ 4z, X, and Y =1 Y1 +y2Yo+ - +ysYs

AOD(n: (ug,ug,...,ur); (v1,02,...,0s)). Further suppose there are amicable
orthogonal designs W = w1 W1 +woWo + - +wWy and Z in order AOD(m :
(p1,p2,-.-,pt);(2)). Then there exist

AOD(mn : (zu1,2U9,. .., 2Ui—1, P1Ui, D2Ujy -« -y DiWUiy ZUjg1,y- - -y 2Uyp);

(zv1,2v2,...,20s)).
Proof. The required matrices in the variables
(1,02, ... y0i—1, Cly.--yCty Qit1,-..,qp and by,... b

are

t
a1 X1 X Z+-+a;—1X;; XZ-i—ZCin xWitaip1 Xy X Z+--+ar Xp X Z,
j=1

and

S
Y bYixZ. O
j=1

Corollary 5.9.  Suppose there is AOD(n : (uy,ug,...,ut);(v1,v2,...,0s)).
Further suppose there exist amicable Hadamard matrices of order m. Then
there exist AOD(mn : (ug,(m—1)uy, mus,...,mu); (mvy,moa,...,mus)).

Corollary 5.10. There exist AOD(2!+!: (1,1,2,4,...,2%);(2¢,2")) and
AOD(21F1: (1,201 —1);(28,2Y)).

Proof. In proposition 5.1 AOD(2:(1,1);(1,1)) were given. Setting the vari-
ables in the second design equal to each other, amicable Hadamard matrices
of order 2 are obtained. This corollary then follows by repeated application of
corollary 5.9. O

As one special case of 5.10, the well-known fact that amicable Hadamard
matrices exist in orders which are a power of 2 were obtained. Consequently,
it has:

Corollary 5.11. Suppose there is AOD(n : (u1,ue,...,uy); (v1,v2,...,0s))-
Then AOD(2'n : (u1,u1,2u1,...,28 Yug, 2tug, ..., 280, ); (280, 200,)) emist.

Now to a different construction for amicable orthogonal designs. A similar
construction based on the constructions of R.E.A.C. Paley [160] was first used
to construct amicable Hadamard matrices.

Theorem 5.12. Let p = 3 (mod 4) be a prime power; then there exist
AOD(p+1:(L,p);(1,p)).
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Proof. Let @) be the matrix constructed in Lemma 4.12. Recall that @ is a
type 1 matrix with the properties:

QQ" =pI—J,
QJ=JQ=0,
QT = (~1)zr-DgQ.

Now let U = c¢I +dQ, where ¢, d are commuting variables. Define R = (r;;) by

{

Then UR is a (symmetric) type 2 matrix.
Let a, b be commuting variables. Then for p =3 (mod 4)

1 a;+ aj = 0,
0 otherwise.

7‘7;]' =

a b...b —c d...d
—b d
A= . and B=| .
sal +0Q i (eI+dQ)R
—b d
are the required AOD(p+1:(1,p);(1,p)).
Table 5.7 shows AOD(8:(1,7);(1,7)). O
Table 5.7 AOD(8:(1,7);(1,7))
fa b b b b b b b] —c d d d d d d d]
-b a b b-b b—-b-b d—-d-d d-d d d ¢
-b—-b a b b-b b-—b d—-d d-d d d c¢—d
-b—-b-b a b b-b b d d—-d d d c¢—d—d
A=l bbb a b b-b|™B=| 44 4 d c-d-d d
-b—-b b-b-b a b b d d d c¢—-d-d d-—-d
-b b—-b b—-b-b a b d d ¢—-d-d d-d d
b b b—b bbb a d ¢—-d-d d-d d d

Corollary 5.12. Let p =3 (mod 4) be a prime power. Then there exist

AOD(25(p+1): (1,1,2,...,2571,2%p); (2°,2%p)).

Proof. Construct the amicable orthogonal designs x11+ x2S and y; R+ y2 P

of types ((1,p);(1,p)) in order (p+1). Now repeatedly replace the variable x1
by [ Tl Ts42 T; x; } or |:yj Yj } 0

Ty —Iy

—Zeia 1 }; and any other variables x; or y; by [ o

In a similar vein:
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Lemma 5.7. Let n+1=2 (mod 4) be the order of a symmetric conference
matrizc N (ie, NT =N, NNT =nl, 1, and N has entries 0,1,—1). Then
there exist

(i) AOD(2(n+1):(2,2n);(2,2n)),

(i) AOD(2(n+1): (1,n),(1,n)).

Proof. Let a, b, ¢, d be commuting variables. Then for (i) the required designs
are

al+bN al —bN d cI+dN cI—dN
al —bN —al —DN —cI+dN cI+dN|’

while for (ii) they are

al bN 4 [ an
bN —aI| ™% |—dN eI |-

The fact that N can be chosen to have zero diagonal is guaranteed by theorem
2.5. O

01..1
1
With N = | . where @ is formed as above, we have
i Q
Corollary 5.13. Let ¢ =1 (mod 4) be a prime power. Then there exist (i)
AOD(2(g+1): (2.20); (2.20)), (i5) AOD(2(q-+1): (1,q); (1,q)) and thus
(i) AOD(25T (g +1):(2,2,4,...,25,25T1q); (25T (g +1)),
(ii) AOD(25T (g +1): (1,1,2,...,2571,25q); (2°,2q)).

Part (i) of the next theorem is a corollary to 5.6, while part (ii) is not. The
theorem is motivated by 5.12.

Theorem 5.13. Suppose there are AOD(n: (1,5);(r,p)). Suppose further that
there are AOD(m : (1,a);(b)). Then there are

(i) AOD(mn : (1,a,sb); (rb,pb)),
(it) AOD(mn : (1,ra,p); (b,sa)).

Proof. From 5.4 it may be chosen that OD(1,s) to be x1I 4 x2S, where
ST =—5,and OD(r,p) to be z3R+24P, where R" = Rand P = P. Further,
the design of type (1,a) can be chosen as vi] +v2A, where AT = —A, and
the design of type (b) as v3B, where BT = B. Then

(i) y1I xT+ysl x A+y3Sx B and y4R x B+ysP x B,
(ii) y1I x IT+y2Rx A4+ysP x A and y4I X B+y5S5 x A,

may be used to give the required amicable orthogonal designs. O
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5.8 Construction Methods

Corollary 5.14. Let ¢ =3 (mod 4) be a prime power. Suppose there are
AOD(m: (1,a);(b)). Then there are

(i) AOD(m(q+1): (1,a,bq); (b,bq)),
(i) AOD(m(q+1): (1,a,qa); (b,qa)).

Consider

[ r1 X2 I3 133_ [ Y1 Y293 y3_
X, = —X2 T1 X3 —I3 Y = Y2 —Y1 Y3 —Ys3
T3 T3 —T1 —IT2 —Y3s —Ys Y2 Y1
| *3 —w3 X2 —T1] |—Y3 Y3 Y1 —Y2]

=11 X1 +22Xo +23X3 =11Y1 +y2Yo +y3Y3 58)
[ r1 X2 I3 133_ _y1 Y2 Y3 y3_
Xy = —X2 T1 X3 —I3 Yo = Y2 —Yy1 Y3 —Ys
—x3 —T3 X1 —T2 Y3 Y3 —Y2 —Y1
|—x3 3 —x2 1] Y3 —Y3 —Y1 Y2
=x1U1 +22U2 +23U3 =y Vi+y2Vo+ysVs

Then there is:

Lemma 5.8. Suppose there is a set of pairwise amicable weighing matri-
ces (or orthogonal designs) {Mi,...,Ms,N1,...,N¢} of order m and weights
(m1,...,mg,n1,...,ng) where MZT =—M;, Vj and NjT = Nj, Vj. Then there
are

(1) AOD(4m : (1,mq,my,2mc); (ng, me,2my)),
(71) AOD(4m : (1,mq,np,2n¢); (Nd,ne, 2ny)),
(i) AOD(4m : (1,mq,np2me); (ng,ne,2my)),

(iv) AOD(4m : (1,mq,np,2me); (ng, me,2ny)),
where m; € {mq,...,ms}, € {1,...,s} andn; € {n1,...,n}, j € {l,...,t}.
Proof. Use the matrices defined by (5.8) above. The required designs are:

(i) urd X I +uoVp X My +ugVo X My +ugV3 x M, and

v1U1 X Ng+voUs x M, +v3U3 X Mf,

(ﬁ) urd X I +uoUy X My 4+uszUs X Ny +ugUs X N, and
v1 V1 X Ng+v2Vo X Ne +v3 X Nf,

(iii) w1l X I +uoUy X My +usUs X Ny +uqUs X M, and
11 V1 X Ng+v2Vo X Ne +v3V3 X Mf,

(iV) urd X I +uoVp X My +ugVo X My +ugV3 x N. and
v1U1 X Ng+v2Uz x M, +v3U3 X Nf.

Now look specifically at what happens for orders which are a power of 2. O
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5.9 Specific Orders 2"

Corollary 5.10 gives a powerful result for AOD in order 2". Now we will
consider n = 2,3, and 4.

5.9.1 Amicable OD of order 2

Table 5.8 amicable orthogonal designs X Y of order 2 exist

Lemma 5.9. There are amicable orthogonal designs X,Y of order 2 for the

types indicated in Table 5.8 (by symmetry consider only the upper triangular
block):

Proof. All these can be obtained by equating and killing variables in

X = { 1 xQ} and {yl yQ] .0
—T2 T1 Y2 =1

Lemma 5.10. There are amicable orthogonal designs X, Y of order 4 for
the types indicated in Table 5.9 (those entries left blank correspond to designs
which do not exist by Theorem 5.9.

Proof. Let a, b, ¢, x, y, z be commuting variables. Then

ab ¢ 0] z y z 0
—ba 0—c y—x 00—z
—c0 a b and z 0—x wyl’
0c—c a] 10—z vy z
or - _
0 a b ¢ 0 =z y =z
—a 0 c¢—b -z 00—z y
—b—c 0 a and -y z 0-—x|’
—c b—a 0] —2-y = 0

are AOD((1,1,1);(1,1,1)); AOD((1,1,2);(1,1,2)) are given in section 5.1;
now, equating and killing variables in these designs gives the result. ]
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Table 5.9 X, Y of order 4 exist

0% r (1) (2) 3) (4) (1,1) (1,2) (1,3) (2,2) (1,1,1) (1,1,2)
(1) * ¥ * * * *
(2) * % * * * *
(3) * 0 x * * * *
(4) * % * * * *
(1,1) * * * * *
(1,2) * * * *
(173) * * *
(2,2) * %
(1,1,1) %

(1,1,2) "

5.9.2 Amicable Orthogonal Designs of Order 8

Remark 5.4. With quite some surprise, it was noticed that only “full” (ie,
no zeros) AOD(8:(1,1,2,4); (2,2,4)), AOD(8:(1,1,2,2,2); (8)), AOD(8:
(1,2,2,3); (2,6)) and AOD(8: (1,7); (1,7)) could be found. Robinson [166]
has established that there are no other “full” AOD(8: (1,a,b,¢,d); (e, f,g))-
There are other amicable orthogonal designs, eg, AOD(8: (1,1,2);(1,1,2))
and AOD(8:(1,1,1,1,1),(1)). These results indicate that the algebraic theory
comes nowhere near explaining the existence or non-existence of amicable
orthogonal designs.

The precise situation for amicable orthogonal designs in order 8 of type
(8: (Lyugy...,ut); (v1,...,vs)) with Eleui =7and ) ;_;v; =8 is given by:

Theorem 5.14 (Robinson-Wolfe [80, p.248]). The following amicable
orthogonal designs (and those which can be derived from them) exist in order

AOD(8:(1,1,2,2,2);(8)), AOD(8:(1,2,2,3);(2,6)),
AOD(8: (1,1,2,4);(2,2,4)), AOD(8:(1,7);(1,7)).

All others, of the type AOD(8: (1,a,b,c,d); (e, f,g)), where a+b+c+d="7
and a+b+c+d="7 and e+ f+ g =28, do not exist.

Proof. Corollary 5.10 gives the (8:(1,1,2,4);(2,2,4)); Theorem 5.12; the
AOD(8:(1,7);(1,7)). AOD(8:(1,1,2,2,2);(8)) and AOD(8: (1,2,2,3);(2,6))
are given in Robinson [165].

Theorems 5.10, 5.9 and 5.7 eliminate many possibilities.

As can be shown below, there are no AOD(8: (1,7);(5)); this eliminates
several remaining possibilities.

Example 5.6 part (4) eliminates the (8:(1,7);(2,2,2,2)). Theorem 5.8 part
(5) eliminates (8:(1,1,3,3);(2,2,4)).
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The remaining possibilities are not excluded by the algebraic theory, but
Robinson [166] has shown (combinatorially) that the (8:(1,1,3,3);(8)) and
the (8:(1,2,2,3);(4,4)) are impossible, and that takes care of all the rest. O

To finish the proof of Theorem 5.14, we need to show non-existence of
AOD(8:(1,7);(5)), (8:(1,1,3,3);(8)) and (8:(1,2,2,3);(4,4)) in order 8.
Ounly the argument for AOD(8: (1,7);5) shall be shown here. The other two
require longer but similar arguments.

Note that by Lemma 5.4 it is enough to prove:

Theorem 5.15. There are no amicable orthogonal designs A, B of type
((7);(5)) in order 8 where AT = —A and BT = B. (Hence there are no
AOD(8:(1,7);(5)).

The proof is given in full in Geramita and Seberry [80, p.249-252].

A detailed study of amicable orthogonal designs in order 8 is given by
Deborah Street in [202, p125-134] and [203, p26-29]. This was checked and
extended by Elaine Zhao, Yejing Wang and Jennifer Seberry [258].

We now include the tables from [203] which summarize the known results
about the existence and non-existence of amicable designs of order 8. In Tables
5.10 to 5.18, all references in square brackets are to Geramita and Seberry
(1979) [80] and

No4 means that such a pair cannot exist by virtue of [Theorem 5.39],

Nop means that such a pair cannot exist by virtue of [Theorem 5.41],

Noc means that such a pair cannot exist by virtue of [Theorem 5.45],

Nop means that such a pair cannot exist by virtue of [Theorem 5.47],

Nop means that such a pair cannot exist by virtue of [p.240],

Nog means that such a pair cannot exist by virtue of [Theorem 5.64],

Noy means that such a pair cannot exist from Zhao, Wang and Seberry [258],

y1 means that such a pair can be constructed using Theorem 7.1.7 [247],

y2 means that such a pair can be constructed using [Theorem 5.52],

y3 means that such a pair can be constructed using [Theorem 5.58],

y4 means that such a pair can be constructed using [Theorem 5.64],

ys means that such a pair can be constructed using [Theorem 5.95],

ye means that such a pair can be constructed using [Table 5.6],

y7 means that such a pair can be found in Zhao, Wang and Seberry [258],

R-S means that such a pair is given in Robinson and Seberry (1978) [170],
and

* means that such a pair can be constructed using Example 7.1.10 [202].

The number of variables in each member of a pair is shown in the caption
of the table.
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Table 5.10 Both designs with 4 variables ¢

1111 1114 1122 2222

1111 27 Nog
1114 * Nog
1122 y1 Nop
2222

1112 1124 1222

1112 y; Nop yr
1124 Noc Noc
1222

1113 1223

1113 Nog
1223 Noc

1115 1123 1133

Nog Noc

%D. Street [203, p.26-29] ©Cambridge
University Press
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Table 5.17 Both designs with 2 variables ¢

1112131415 1,6 1,7 22 2,3 24 25 26 33 34 35 44

LT yr 1 v1 v1 1 n1 yioyr oy oy oy Y1
1,2 Y1 Y1 Y1 v1 oy yioyr v oy oyiow Y1
1,3 Y1 oY1 Y1 Y1 Yyioy1i Y1 Ye Y1 Y1 Y1 Y1
1,4 Yve ¥s Y6 Nor 1 y3s 1 y1 Y1 Ye Y1
1,5 * ye Nor y1 w5 w1 * w1 Y1 Y Y1
1,6 Y6 Y1 Y3 Y1 Ye Y1 Y1 Y3 Y1
1,7 y2 y1 Nor y1 Nop y1 Nor w11
2,2 Yi Y1 Y1 oY1 Y1 oY1 oY1 Y1
2,3 ys y1 Y1 Y1 Y3 Y1
2,4 Yyioy1 oy1 Y1 oy1 Y1 N
2,5 oy ye Y1
2,6 Y1 oY1 Y1 Y1 N
3,3 Y1 Y1 Y1
3.4 Y3 Y1
3,5 Y1
4.4

@D. Street [203, p.26-29] ©Cambridge University Press

Table 5.18 Both designs with 2 and 1 variables ¢

1,1 1,2 1,314 15 1,6 1,7 22 23 24 2,5 2,6 3,3 3.4 3,5 4,4

Y Yyr Y1 Y1 Y1 Y1 Y2 Y1 Y1 Y1 Ys Y1 Y1 Y1 Y1
Yyi o oy1 Y1 Yi Yyr Y1 Yyr Y1 oYr Y1 yi Y1 Y1 Y1 Y1 W1
yioy1 o y1 oy ov1 o y1 RS wiomo v owe w1 ov1 owm Y1

Yioy1 Y1 Y1 Y1 Y1 Y1t Yr o Yr o Yyr Yr Y1 Y1 Y1 Y1 Y1

Y1 Y1 Y1 Y3 Ys ys Nop y1 ys w1 Y1 Y1 Y3 Y1

Yi Y1 Y1 Y1 y1r Y Y1 Y1 Y1 Y1 Yyr Y1 Y1 Y1 Y1 y1

Yi Y1 Y1 Ye Ye6 Y3 Y2 Y1 Y3 Y1 Ys¢ Y1 Y1 Y3 Y1

Y oY1 Y1 Y1 Y1 oY1 Y1 Y1 Y1 Y1 Yr Y1 y1 Y1 o y1on
. Street [203, p.26-29] ©Cambridge University Press

Ol oo 1 o Ut w0 -

Q

A complete determination of exactly which (non-full) amicable orthogonal
designs may exist in order 16 has not yet been made. In fact, full amicable
orthogonal designs, when neither design is of type (1,...), have hardly been
looked at in order 16.
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5.10 Amicable Hadamard Matrices

Skew-Hadamard matrices have played a significant part in the search for
Hadamard matrices (see Williamson [245]) Spence [197] and Wallis [224-226]).
Szekeres [205] realized that skew-Hadamard matrices were of interest in
themselves and, in fact, equivalent to doubly regular tournaments.

Once attention was focused on skew-Hadamard matrices, (Seberry)Wallis
[227] realised that in order to form skew-Hadamard matrices of order mn
from ones of orders m and n, a notion of “amicability” could be decisive. This
was the origin of the idea of amicable Hadamard matrices.

Although this section is embedded in the chapter on amicable orthogonal
designs, it will be clear that the ideas here, which historically precede the rest
of the ideas of this chapter, have exerted a strong influence on the development
of “amicability” for orthogonal designs.

We restate a theorem of J. Wallis [231, p.337, Theorem 4.20] in terms of
our new notation:

Theorem 5.16 (J. Wallis). Suppose there exist amicable orthogonal designs
AOD(m: (1,m—1);(m)) and AOD(n: (1,n—1);(n)). Further suppose there
exists OD((m—1)n: (1,(m—1)n—1)). Then there exists an OD(1,mn(mn —
1)(m—1)=1) in order mn(mn—1)(m—1).

Proof. We use Lemma 5.6 with the designs of types ((1,m —1);(m)) and
(1,(m—1)n—1) to see that there is OD(1,m —1,mn(m —1) —m) in order
mn(m—1). We use the designs of types ((1,m—1);(m)) and ((1,n—1);(n))
to see that there are AOD(mn: (1,mn —1);(mn)).

We now write AOD((1,mn — 1);(mn) (after suitable pre- and post-
multiplication by monomial matrices) as

. T  ye |1 e
M = |:—y6T P:| and N = |:6T D:| s

where e = (1,...,1) is of order 1 x (mn—1), and z, y are commuting variables.
Then

JP'=zJ, (P—al)' =—(P—zI), D' =D, JD" =-J,
PP = (2% + (mn—1)y*)I —y*J,

Since

T _ r yel|l e _
MN " = [ye—r P] LT DT} - [ (x—y)el yJJrPDT]

[ Crre] <[] ] -

PDT =DPT
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We now replace the variables of the (1,m —1,mn(m —1) —m) design A by
the matrices P, yJ, yD to obtain a matrix B. Now

BB" =(PP" +(m—1)y?J%+ (m*n—mn—m)y?DD ") x I
= [(2® 4 (mn—D)y*)I —y* T+ (m —1)(mn—1)y>J
+mn(m?n —m—mn)y*l — (m*n—mn—m)y>J] x I
= (a®+ (mn(mn —1)(m—1) = D)y*) Lyn(mn—1)(m—1) -
Hence B is the required orthogonal design. O

Corollary 5.15. Suppose there exist AOD(n: (1,n—1);(n)). Then, since
there exist AOD(2: (1,1);(2)), there is OD(1,2n(2n—1)—1) in order 2n(2n—
0.

Definition 5.5. The s x s matrices W and M are amicable Hadamard ma-
trices if

(i) W = I+S,where ST =—Sand M = M are both Hadamard matrices,
ie, weighing matrices of weight s, and
() WMT = MWT,

These pairs of matrices exist for many orders, some of which are discussed
below.

Conjecture 5.1. There exist amicable Hadamard matrices in all orders n =0
(mod 4).

Amicable Hadamard matrices and amicable orthogonal designs of type
AOD(n:(1,n—1);(n)) are equivalent notions (Lemma 5.4). Hence they may
be used to construct other orthogonal designs as follows (Lemma 5.6):

Lemma 5.11. Let y1 A1 +y2 A2+ -+ ypAp be OD(nja1,a2...,a,) on the p
variables y1,y2,...,Yp.
Let W =13+S5 and M be amicable Hadamard matrices of order s.
Then
20A1 X Is+11 A1 X S+ 1945 XM+"'+CLPAP x M

is OD(sn;a1,a1(s—1),sa2,...,sap) on the variables xo,x1,...,Tp.

Corollary 5.16. Let W and M (as above) be amicable Hadamard matrices
of order s, and let n be any integer. Then there is OD(ns;1,s—1,s,s,...,5)
on the variables xo,T1,%2,...,Zy(n)-

Proof. Use the (1,1,1,...,1) design on p(n) variables that exist in every order
n. The first variable is replaced by xol + x1W7; the i-th variable ¢ > 1 is
replaced by x; M. a

Example 5.8. The most interesting consequence of this corollary is to note that
there is an OD(2n;(1,1,2,...,2)) on p(n)+ 1 variables. This follows because
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there is an OD(n;(1,1,1,...,1)) on p(n) variables and amicable Hadamard
matrices of order 2. In particular, there is an
0D(16;(1,1,2,2,2,2,2,2,2)).

Corollary 5.17. If there is a Baumert-Hall array of order n and amicable
Hadamard matrices of order s, then there is an OD(4n;n,n(s—1),ns,ns,ns).

Example 5.9. As was seen in Chapter 4, Section 4.12 there is a Baumert-Hall
array of order 3. Hence there exists an OD(24;3,3,6,6,6) by using amicable
Hadamard matrices of order 2.

Corollary 5.18. Let W, M be amicable Hadamard matrices of order s. If
there is a Plotkin array of order 8n, then there is an OD(8ns;(n,n(s—
1),ns,...,ns)) on the variables x1,r2,23,...,29.

Ezample 5.10. Plotkin found an array of order 24, OD(24;(3,3,3,3,3,3,3,3)).
Hence, using the amicable Hadamard matrices of order 2, an orthogonal design
0D(48;(3,3,6,6,6,6,6,6,6)) is obtained. Similar results follow from Plotkin
arrays OD(8t;t,...,t), see Section 4.13.

From Seberry and Yamada [188, p535], Geramita, Pullman and Seberry
Wallis [79] and this chapter, amicable Hadamard matrices exist for the follow-
ing orders:

Key Order Method

AT 2 t a non-negative integer. See [80, p224].

AIl p"+1 p" =3 (mod 4) is a prime power. See [188, p110].
ATIT 2(q+1) 2¢g+1 is a prime power, ¢ =1 (mod 4) is a prime.

See [188, pl114].

AIV (|t|+1)(g+1) g(prime power) = 5 (mod 8) = s2 + 4t2, s =1
(mod 4), and |t|+1 is the order of amicable orthogo-
nal designs of type ((1,[t)); (5(|t|+1)).

2"(g+1) q(prime power) =5 (mod 8) =s?+4(2" —1)%, s =1
(mod 4), r some integer.
AV (4t—1)"+1 when circulant (or type 1) Hadamard cores of order
4t —1 exist.

AVI nh n, h, are orders of amicable Hadamard matrices. See
[80, p255].
AVT is proved first and then AOD(2;(1,1),1,1) give AL

Theorem 5.17 (Wallis [227]). Suppose there are amicable Hadamard ma-
trices of orders m and n. Then there are amicable Hadamard matrices of
order mn. In particular, there exist amicable Hadamard matrices of order 2¢,
t a non-negative integer.
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Proof. This is a special case of Corollary 5.9. For the last part, see Corollary
5.10. 0

Proposition 5.10. There are amicable Hadamard matrices of order p™ +1,
p" =3 (mod 4), p a prime.

Proof. This is a special of Theorem 5.12 (the structure is ensured by Lemma
5.4).
This justifies Case AII. O

To prove Case AIIT a new concept is introduced due to Szekeres [205] which
arose while he was considering tournaments. Szekeres used supplementary
difference sets with one symmetry condition (@ € M = —a ¢ M) to construct
skew-Hadamard matrices. He pointed out to Seidel that there was no skew-
Hadamard matrix of order 36 known (at that time). This, in turn, led to
Goethals and Seidel publishing their array, which was to prove so significant
and useful.

Definition 5.6. Let G be an additive abelian group of order 2m + 1. Then
two subsets, M and N, of GG, which satisfy

(i) M and N are m-sets,
(ii)a € M= —-a¢ M,
(iii) for each d € G, d # 0, the equations d = a; — as, d = by — b have together
m — 1 distinct solution vectors for ai,as € M, b1,bo € N,

will be called Szekeres difference sets. Alternatively, 2 —{2m+1; m; m—1}
supplementary difference sets, M and N C G, are called Szekeres difference
sets,ifae M = —a¢ M.

The following shows such sets exist.

Theorem 5.18 (Szekeres). If ¢=4m—+3 is a prime power and G is the
cyclic group of order 2m+ 1, then there exist Szekeres difference sets M and
N in G withbe N = —-beN.

Proof. Let x be a primitive root of GF(¢q) and Q = {z?°:b=1,...,2m+1}
the set of quadratic residues in GF(q). Define M and N by the rules

acM — 2 —1eqQ, (5.9)
beN — ?4+1eq. (5.10)
Since
1= $2m+1 ¢ Q’

2 leQ=ar—1=—g20%-1)¢Q,
x2b+1EQ:>x72b+1:x72b(x2b+1)GQ,
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so that a € M = —a¢ M, be N => —b e N, and conditions i) and ii) of
Definition 5.6 are satisfied. Also, writing N’ for the complement of N, gives

VeN it —@®+1)eq. (5.11)
Suppose
d=a—a#0, a,a € M, (5.12)
where '
220 =14 220D (5.13)
22 =142% (5.14)

by (5.9) for suitable ¢,j € G. Then

x2a — x2(a—|—d) _ x2d+$217

by (5.12) and (5.13); hence by (5.14)

2?1 =22 g% (5.15)
where 227 4+ 1 € @ by (5.14). Similarly, if
d=b—-p"#0, v,5 e N, (5.16)
where by (5.16)
— 28" =1 4 g2(=d) (5.17)
L - 1+ (5.18)

for some i,5 € G, producing

/ / .
g2 = _p2d4E) _gad 2

hence again
l‘Qd— 1= 372] —.1327'

with — (227 4+1) € Q by (5.18).

Conversely to every solution, 4,j € G, of equation (5.15), we can determine
uniquely o € M’ or b€ N’ from (5.14) or (5.18) depending on whether 1+z27 =
224+ 22 is in Q or not; hence a or 3 from (5.12) (5.16) so that also (5.13) or
(5.17) is satisfied, implying a € M, 8 € N’. Thus the total number of solutions
of (5.12) and (5.16) is equal to the number of solutions of (5.15) which is
m. O

Ezxample 5.11. Consider ¢ = 23 which has primitive root 5 and quadratic
residues Q = {1,2,3,4,6,8,9,12,13,16,18}. Hence

M ={1,2,5,7,8} and N = {2,4,5,6,7,9}
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are Szekeres difference sets.

Szekeres and Whiteman (see Wallis [236, p.32]) have independently shown

that there exist Szekeres difference sets of size t; D when p=5 (mod 8) is
a prime power and ¢t =2 (mod 4). But in this case both sets M, N satisfy the
condition, z € M,N — —xz ¢ M, N, and as yet these sets have not been used
to construct amicable Hadamard matrices. Nevertheless, the next theorem
and corollary indicate the way these Szekeres difference sets may, in some
cases, be used:

Theorem 5.19. Suppose there exist (1,—1) matrices A, B, C, D of order n
satisfying:

C=I+U, U'=-U, A'=4, B'=B, D' =D,

AAT +BBT =CC"T +DD" =2(n+1)I-2J,

and with e =[1,...,1] a 1 xn matric

eAT =eBT =eCT =eD" =¢, ABT=BAT, and CD'" =DC".

Then if
1 1 e e 1 1 e e
1 -1 —e e -1 1 e—e
X= el —eT A-B|’ Y= —el —e" C DI’
el el —B-A —e! —e" =D C

X is a symmetric Hadamard matrix and Y is a skew-Hadamard matrix both
of order 2(n+1). Further, if

ACT —BD" and BCT+ADT

are symmetric, X and Y are amicable Hadamard matrices of order 2(n+1).

The next result illustrates how the conditions of the theorem can be
satisfied;

Corollary 5.19. Let G be an additive abelian group of order 2m+1. Suppose
there exist Szekeres difference sets, M and N, in G.

Further suppose there exist 2—{2m+1; m+1; m+1} supplementary differ-
ence sets P and S in G such that x € X = —x € X for X € {N,P,S}. Then
there exist amicable Hadamard matrices of order 4(m+1).

Proof. Form the type 1 (1,—1) incidence matrix C' of M. Form the type
2 (1,—1) incidence matrices, D, A, B of N, P, S, respectively. Now use the
properties of type 1 and type 2 matrices in the theorem.

In these theorems, circulant and back circulant can be used to replace type
1 and type 2 incidence matrices, respectively, when the orders are prime.
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We now wish to show that sets satisfying the conditions of Corollary 5.19
exist for some orders n =1 (mod 4).

Let n =4t +1 be a prime power, and choose Q = {z2*: b=1,2,...,2t}
and R = zQ, where z is a primitive element of GF'(n). Then @ and R are
2 — {4t +1; 2t; 2t — 1} supplementary difference sets. Further, y € Q = —y € Q,
and y € R= —y € R since —1 = z%*. So @ and R satisfying the conditions of
the corollary exist. ]

To find M and N, we use the result of Szekeres in Theorem 5.18. Then we
have:

Corollary 5.20. There exist amicable Hadamard matrices of order 2(t+ 1)
whenever t =1 (mod 4) is a prime and 2t+1 is a prime power.

Proof. With ¢ = 4m+3 = 2t+ 1, we form Szekeres difference sets M and N
of order 2m+1 =t+ 1. Using the notation of Theorem 5.18,

beN=z"+1ecQ=02+1=2"21+2")e= -beN,

and so M and N are as required by Corollary 5.19.
Choose P =@ and S = zQ; then, as observed above, they too satisfy the
conditions of the theorem, and we have the result. ]

This justifies Case AIIL.

Theorem 5.20. Let ¢ =5 (mod 8) be a prime power and q = s> +4t2 be
its proper representation with s =1 (mod 4). Suppose there are AOD(2r :
(1,2r —1);(r,7)), 2r = |t|+1. Then there exist amicable Hadamard matrices
of order (|t|+1)(g+1).

Proof. Using the theory of cyclotomy (see Chapter 7 for more details), we
can show that for the ¢ of the enunciation,

Co & Cq and |t| copies of Cy & Cs

are (|t|+1) — {g; (qgl); (|t|+ 1)@}5&5. , with the property that
xECQ&Clé—x¢CO & Cq

and
yeCo & Co=—yeCy & Cs.

Also {HFD) copies of each of Cy & Cs and Cq & C3 are

2
(q—1) (q—3)
5 ,(|1f|—|—1)74 } s.ds.

(It+1 - {g

with the property that
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yEOQ&Ozi—yECQ &02,
zeCh & O3= —2z€Cy & C5.
let A be the type 1(1,—1) incidence matrix of Cy & C1, and B and C be

the type 2(1,—1) incidence matrices of Cy & Co and C; & Cj, respectively.
Then

AJ=BJ=CJ=-J, (A+I)"=—(A+I), B'=B, Cc'=cC,
1
AAT+mBBT=§m§;%BBT+CCU
= ([t[+D(g+ DI = (|t +1)].
Let P =axoU 4+ 21V and Q = 23X +24Y be AOD(2r : (1,2r —1);(r,r)).
Further, let e be the 1 x ¢ matrix of all ones. Clearly, we may assume that

U=ILVI =-V,X"T=X,Y" =Y, for if not, we pre-multiply P and Q by
the same matrix W until U, V, X, Y do have the required properties. Now

P [ U+V | (U+V)xe
T L(-U+V)xe'[Ux—A+V xB
and
o X+Y | (X4Y)xe
T X +Y)xeT[XxC+Y xD
are the required amicable Hadamard matrices. O

We note that AOD(2r : (1,2r —1);(r,r)) certainly exist where 2r is a power
of two (this is proved in Corollary 5.10). Hence we have:

Corollary 5.21. Let ¢ =5 (mod 8) be a prime power and q = s>+ 4t be its
proper representation with s =1 (mod 4). Further, suppose |t| =2"—1 for
some r. Then there exist amicable Hadamard matrices of order 2" (q+1).

In particular, this leads to two results published elsewhere (Wallis [228],
[233]) which now become corollaries:

Corollary 5.22. Let ¢=5 (mod 8) be a prime power, and suppose q = s> +4
or ¢ =5>+36 with s =1 (mod 4). Then there exist amicable Hadamard
matrices of orders 2(s%+5) or 4(s%+37), respectively.

Corollaries 5.20 and 5.21 justify Case AIV.
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5.11 Amicable Hadamard Matrices and Cores

To make Case AV clear we first define what we mean by different types of
cores.

Definition 5.7 (Amicable Hadamard Cores). Let A=1+.S5 and B be
amicable Hadamard matrices of order n, so ABT = BA", which can be
written in the form

1 e
A= [J I+W]

and
-1 e
B= [eT R—I—V}

where e is a 1 x n—1 vector of all +1s. Let R be the back-diagonal matrix,
W and V have row sum +1 and

Vi=Vv, VW' =WV, and RW' =WR. (5.19)

Then I+ W and R+ V will be said to be amicable cores of amicable
Hadamard matrices. We call W and V' amicable Hadamard cores when the
properties of Equation 5.19 are satisfied. We call W the skew-symmetric core
and V the symmetric (partner) core.

Now C1 =1+W or Cy = R+V are said to be amicable cores of the
Hadamard matrix, and

CiCiTann_l—Jn_l, CiJZJCZ'ZJ, i=1,2.

Ezample 5.12 (Amicable Hadamard Matrices and Their Cores). The
following two Hadamard matrices are amicable Hadamard matrices.

1 1 1 1 -1 1 1 1
-1 1 1-1 1-1 1 1
A=l_11 1 | ™ B= 1 1 1
-1 1-1 1 1 1-1 1
with the following two matrices
1 1-1 -1 1 1
I+W=]-1 1 1| and R+V = 1 1-1
1-1 1 1-1 1

as amicable cores of the amicable Hadamard matrices. Note they satisfy all
the properties of Equation 5.19.
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In early papers Belevitch [19,20] and Goldberg [91] showed that the core
of a skew-Hadamard matrix, of order n+ 1, could be used to generate a core
of a skew-Hadamard matrix of order n® + 1. Seberry Wallis [240] realized that
this construction could be extended to orders n° +1 and n” + 1. These were
further generalized by Turyn [217] to orders n" 4+ 1, where r > 0 is an odd
integer. We now give the results in considerable detail to try to make the
constructions as clear as possible.

Theorem 5.21 (Belevitch-Goldberg Theorem). Suppose W is a skew-
symmetric core of size n =3 (mod 4) then

IXIXWAWXIXIT+IXxWXxIT+W xW xW

is a core of order n>.

Remark 5.5.1f I+ W and R+ V are amicable Hadamard cores then the
symmetric companion of the above skew-symmetric core is

RXxJIJXxV4+VXRXJ+JIJXxVXR+V XV XV

We now use part of Corollary 3.12 of [231] which shows that is W is a
skew-symmetric (symmetric) core of size n =3 (mod 4) then there exists a
skew-symmetric (symmetric) of size n” for all odd r > 1.

Ezample 5.13. The skew-symmetric core of order n® from a skew-symmetric
core of order n is the sum of

IXJIxIxJxW; and IxJxWxW xW;
plus

WXxWXWxWxW,

plus their circulants
WxIxJxIxJ; WXIxJxWxW;
JXWxIxJIxI; WxWxIxJxW,;

IXIXWxIxJ; WxWxWxIxJ;
IXIXIxWxI; JxWxWxWxI.

The symmetric core will have the same form with I replaced by R and W
replaced by V. So it becomes the sum of

RXxJXxRxJxV; and RxJXVxVxV;VxVxVxVxV,

plus their circulants
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VXRXxJxRxJ; VXRxJxVxV; JxVxRxJXxR;
VXVXRxJxV; RxJxVxRxJ; VXVxVxRxJ;
JXRXJIXVXR; JxVxVxVxR.

These amicable cores, that is the skew-symmetric and the symmetric cores,
are amicable term by term. ]

We now use this to construct amicable Hadamard matrices of order n" +1
from amicable Hadamard matrix cores of order n—+ 1. This is illustrated by
the Belevitch-Goldberg construction Theorem 5.21 for n = 3 and by Example
5.13 for n =5.

Theorem 5.22 (Construction). Suppose W is a skew-symmetric core of
sizen=3 (mod 4) and V (V' =V ) is an amicable symmetric core. Let M
and N given by

IxIxI---xI+ B,

and
RxXxRxXR---xR+ D,

where each single term is comprised of the sum of the Kronecker product of n
terms as described below. Then M and N are cores of amicable Hadamard
matrices of order n” for any odd r > 0.

Proof. Let I, J, W of order n be as above. The proof consists of taking the
sum of the Kronecker product of all the possible basic terms A of the form
IXIXWX-o o X W IXIXIXIXW XX W IXIXWXIXTX--xW
and so on and all their circulants. That is, if a new term is introduced to
make a larger power, the newly introduced terms will have I x J or W x W
inserted at the beginning of each term of the smaller order A,_o. Call this
matrix B = B,.. Then B will satisfy BBT =n"I,,r — J,», BJ = JB =0.

Because W.J = JW =0, it becomes easy to see that the terms of BB are
actually each individual term of A each multiplied by its transpose.

It is a little more difficult to see that B will be a skew-symmetric core,
that is that all the off diagonal elements are +1. However this can be shown
from the careful placements of the elements and that J and W (and J and
V') occur in the same position in each distinct pair of terms for the higher
power construction (note JW =W .J =0) and each pair of terms is disjoint.

Carrying out the same procedure but with A, and B,, with elements I,
J and W replaced by C; and D, which have elements R, J and V gives the
symmetric partner. O

Corollary 5.23. Suppose there exist amicable Hadamard matrices of order
n with amicable cores of order n—1. Then there exist amicable Hadamard
matrices of order (n—1)" +1, for all odd r > 1.
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Problem 5.4 (Research Problem). Further research is needed to extend
our knowledge of amicable Hadamard matrices.

5.12 Strong Amicable Designs

As an introduction to our search for generalizations of amicable Hadamard
matrices, we now consider the concept of strong amicable Hadamard matrices.

Definition 5.8 (Strong Amicable Hadamard Matrices). Two
Hadamard matrices, M and N, of order n which are amicable, so MN T =
NMT, and can be written as M = I+ S, where I is the identity matrix and
ST = —8 is a skew-symmetric weighing matrix (W (n,n—1)) and N, which can
be written in the form N =U 4V, U a symmetric monomial matrix and V is
a symmetric weighing matrix (W (n,n—1)) will be said to be strongly amicable
Hadamard matrices. (In fact M and N are also AOD(n:1,n—1;1,n—1)).

Seberry [180] showed:

Theorem 5.23 (Multiplication Theorem for Strong Amicable Or-
thogonal Designs). If there are strong amicable orthogonal designs of
orders ni and ng there are strong amicable orthogonal designs of order nins.
(The theorem also holds if “orthogonal designs” is replaced by “Hadamard
matrices”.)

A more direct proof of the following corollary appears in [179].

Corollary 5.24. Let t be a positive integer. Then there exist SAOD(2! :
1,2t —1;2t — 1) and strongly amicable Hadamard matrices for every 2.

The following theorem, due to Paley [160], is quoted from Geramita and
Seberry [80, Theorem 5.52]

Theorem 5.24. Let ¢ =3 (mod 4) be a prime power. Then there exist strong
AOD(p+1;(1,p),(1,p)).

These are the required cores for the main result of Seberry [179].

Proposition 5.11 (Powers of Cores). If there exist a strong AOD(n:1,n—
1;1,n—1) and a suitable amicabilizer then there exists a strong AOD((n—
1" +1) for every odd integer r > 0.

Proposition 5.12. Using the circulant difference set SBIBD(2! —1,2!71 —
1,2t=2 1) to form the core of a strong AOD(2!: 1,2t —1;1,2! —1) allows a
more efficient construction for practical purposes.

From Seberry and Yamada [188, p535], Geramita, Pullman and Seberry
Wallis [79] and Seberry [180], strong amicable Hadamard matrices and strong
amicable orthogonal designs SAOD exist for the following orders:
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Summary 5.1. AOD(n:1,n—1;1,n—1), SAOD, (or SAOD) exist for or-
ders:

Key Order Method

xy 2 t a non-negative integer; Corollary 5.24.

o pi+1 p" =3 (mod 4) is a prime power; Theorem 5.24.

23 (n—1)"+1 nis the order of SAOD with suitable cores r > 0 is any
odd integer; Proposition 5.11.

x4 nh n,h, are the orders of SAODs; Theorem 5.23.

The constraints on finding amicable orthogonal designs, even using the most
promising candidates, that is those from skew-Hadamard matrices, makes the
further construction of strong AOD most challenging.

5.13 Structure of Amicable Weighing Matrices

Lemmas 5.4 and 5.5 have already indicated that the amicability condition
might force strong constraints on the structure of the component weighing
matrices. In this section we study this idea a bit more.

A combinatorial argument lets us obtain the following result:

Theorem 5.25. Let R be a monomial matriz of order n=0 (mod 4). Let A
be a symmetric weighing matriz of order n. Suppose RAT = —ART. Then
AxR=0 (and the Hadamard product). Further, if A has weight n—1, then
R is symmetric if A has any diagonal element zero, and R is skew-symmetric
otherwise.

Theorem 5.26. The existence of strong amicable orthogonal designs of order
n=0 (mod 4) and types ((1,n—1);(1,n—1)) is equivalent to the existence
of a symmetric weighing matriz of order n and weight n— 1 with at least one
zero on the diagonal.

Proof. Let A be the symmetric weighing matrix. We use the theorem of
Delsarte-Goethals-Seidel — Theorem 2.4 to see that we can find monomial
matrices P and @ so that B = PAQ is skew-symmetric. Let R = P~1Q~ L.
Then R is a monomial matrix, and BT = (PAQ)" —QTAPT =Q 'AP~ 1 =
—PAQ, so RAT = —AR". Hence by the previous theorem, A+ R =0, and R
is symmetric. So uR+vA and x4+ yAR are the required amicable orthogonal
designs.

Now if U +yV and uN +vM are AOD(n: (1,n—1);(1,n—1)), we pre- and
post-multiply both matrices by monomial matrices P and @, where I = PUQ.
Then the amicable matrices can be written in the form I +yPVQ =zl +yS
and uPNQ +vPMQ@Q = uR+vA. Now the amicability and orthogonality
gives us R and A are symmetric and ART = —RAT. We now assume A has
weight n — 1 and no zero on the diagonal. Then considering the orthogonality
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conditions on the rows of A+ R leads to a contradiction, and we have the
result. O

Remark 5.6. We note that this proof also shows that the existence of a sym-
metric weighing matrix C of order n and weight n —1 with a zero on the
diagonal is equivalent to the existence of a best pair of weights (n—1,1) in
order n. (See Definition 5.9)

We recall (Theorem 5.12) that AOD(p+1:(1,p);(1,p)) do exist when p=3
(mod 4) is a prime power. Hence we have:

Corollary 5.25. There is a symmetric weighing matriz with a zero on the
diagonal of order p+1 and weight p where p=3 (mod 4) is a prime power.

We use Lemma 5.5 to show that symmetric weighing matrices of order n
and weight n — 1 with a zero on the diagonal do not always exist since:

5.14 A Generalization of Amicability — Families

In the algebraic theory for both orthogonal designs and amicable orthogonal
designs, we were concerned with families whose members satisfied given con-
ditions. In Lemma 5.1 we saw a useful family of weighing matrices. Product
designs and repeat designs are further kinds of families. Furthermore, con-
structions such as 6.1 and 6.2 only become powerful if matrices such as the
{M1,M>,N} and { Py, Ps, P3, H}, respectively, mentioned there exist. We shall
show later how the results of this section can be used in these constructions.
Let

01 10 01 10 11
B R R R e S

We use + for +1 and — for —1. Also we use I for the identity matrix.

Definition 5.9. Matrices A, B which satisfy ABT = BAT will be said to be
amicable. A best pair is a pair of amicable weighing matrices (A4, B) of weights
i, j, respectively, satisfying

AT=—A, BT=B, ABT =BAT.

A best pair family of order n is a set of best pairs (A;,B;) of order n and
weights ¢ and j where

1=1,2,3,....n—1, 7=1,2,3,...,n and

Al =-A;, B} =B;, AB] =BjA;.
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Theorem 5.27. There is no best pair of weights (15,1) in order 16. Equiva-
lently, there is no symmetric weighing matriz of order 16 and weight 15 with
a zero on the diagonal.

Proof. The proof is long and combinatorial. It is given in detail in Robinson
[166]. O

Definition 5.10. For convenience we will call a repeat design (P;(R;S);H)
of type (1;(r;s);h) in order n a triplet when P = I. Alternatively, a triplet is
three weighing matrices (R, S, H) of order n and weights (r, s, h), respectively,
which are pairwise amicable; R, S are skew-symmetric, and H is symmetric.

We note that:

Lemma 5.12. There are triplets in orders n =2 and 4 for weights (i,j,k)
where 1,5 =1,2,....n—1 and k=1,2,...,n. Hence, there is a best pair family
of orders 2 and 4.

Proof. For order 2 consider the pairs (K, M) and (K, H). The required matri-
ces for order 4 are (the weights are given in brackets):

1. (1,2,1) {KxI, KxH; LxI},

2. (1,2,2) {KxI,KxH; LxH},

3.(1,2,3) KxI,KxH; LxH+MxI,

4. (1,2,4) {KxI,KxH; HxH},

5 (1,3,1) {KxLKxI+HxK; M&—L},

6. (1,3,2) {KxL LxI+HxK;HxL},

7. (1,3,3) {KXLKxI+HXK, MOK+IxM+KxK},

8. (1,3,4) {KXLLxI+HXK;LxI+MxL+IxM+KxK},
9. (2,3,1) {IXL+LxMLxI+HxL; L&—M},

10. (2,3,2) {KxHLXK4+MxK+KxI; MxI—LxI},

11. (2,3,3) {IXL+LxM,LxI+HXL; M®L+IxM+LxL},
12. (2,3,4) {IXK+KxM,KxI+HxK; O

LxI+MxL+IxM+KxK}.

Because of the extremely powerful constructions that arise from repeat
designs, we wished to extend this lemma to higher powers of two. This effort
led to the results that follow:

Construction 5.1. If A, B,C' is a triplet of weights (a,b,1) in order n, then
(A,B,AC) and (A,B,AC + C) are triplets of weights (a,b,a) and (a,b,a+1).

Since by Theorem 5.15 there is no best pair of weights (7,5) in order 8, we
have, regarding a best pair (A, B) as a triplet (X, A, B):
Corollary 5.26. There are no triplets of weight (x,7,5), (4,7,1) or (5,7,1)

in order 8.

We are grateful to Amnon Neeman for the proof of another result using
Lemma 5.5.
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Theorem 5.28. Let n =0 (mod 8). Then it is not possible to have triplets
of weights (a,n—1,1) in order n, where a=n—4, n—3, n—2, or of weights
(3,7,1) in order 8.

Proof. Lemma 5.5 allows us to consider the triplet (X,Y,Z) where
= Tnoi 931 [Bl (1)] The result follows by a careful combinatorial argu-
ment. O

In fact, in order 8 we can say:

Lemma 5.13. In order 8 all triplets (R, S, H) of weights (r,s,h), 0<r, s <7,
0 <k <8, exist except

(i) (3,7,1), (4,7,1), (5,7,1), (6,7,1) and (r,7,5), 1 <r <6, which do not
exist, and possibly,

(i) (5,7,2), (6,7,2), (6,7,4), (3,7,3), (4,7,3), (5,6,3), (5,7,3), (6,7,3), (1,5,7),
(3,5,7), (3,7,7), (4,7,7), (5,7,7), (6,7,7), which are undecided.

Proof. Part i) follows from the previous corollary and Theorem 5.28 which
shows that (3,7,1) and (6,7,1) do not exist.

Lemma 6.9 parts i), iii), iv), v) and the above construction give all those
that exist except (3,5,1), (3,5,5), (1,5,1), (1,7,1), (2,7,1) and (1,7,3). O

Now we note that a repeat design of type (7;(p1,...;q);w1,...) in order n
gives a repeat design of type (r;(¢;p1,...,9);w1,...) in order 2n by Lemma
6.9.

Hence the repeat design of type (1;(2;3);1) in order 4 gives the (1;(3;5);1)
in order 8 and hence the triplet (3,5,1) and by Construction 5.1 the (3,5,5) in
8. We now give specific constructions for (1,5,1), (1,7,1), (2,7,1) and (1,7,3).

Let

0100 0001
_looto| , |oo10| o
S=looot| ®=loroo| =1

~000 1000

and K, L, M be as defined above. Write E = —S+52+5% and G =S+ 5%+ 53.
Then

(LxS? Iyx(S+5%)+Kx ER, LxS?)
and
(LxS%, LxG+Kx(E+I)TR(S>+5—-1)"Re(-S?-S+1)"R)

are (1,5,1) and (1,7,3), respectively. Amnon Neeman found the following
(1,7,1):
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01 011—-j—111
-0 -011|——-—-1
01 -—-01j1111
-0 1--0|-1-1
01 C T I -o1j0o-11]"
—0 —1-—-{10-1
01 —1-1]-10-
I 0] |--——|--10]
[0001 ]
0010
0100
1000
0100
1000
0010
I 0000
The following three matrices give a (2,7,1):
(0110 ] (011 |1 ——1]7
-00 — -01—-—-111
-001 -—-0111-1
01-20 11-0|1111
0011 |=1-—jo1—-—|"
001— 1 ———|-0-1
~00 1-1-[110-
I ~100] |-—=—[1-10]
(0100 ]
1000
0001
0010
0-00
—-000
0010
I 000

This gives the results of the enunciation after using Construction 5.1 to
obtain (1,5,5), (1,7,7) and (2,7,7).

Remark 5.7. This lemma indicates that the existence problem for triplets
(R, S, H) which are repeat designs (I;(R;S); H) is very difficult and far from
resolved.

But this lemma does allow us to say:
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Corollary 5.27. There are best pairs for all (a,b), 0<a<7,0<b<8, in
order 8 except (7,5). There are amicable weighing matrices for all (a,b), 0 <a,
b <8, in order 8.

The results on repeat designs §5.10 allow us to say:

Theorem 5.29. There are amicable weighing matrices for all (a,b), 0 < a,
b< 2%, in order 2t. Now Lemma 5.8, together with the results quoted above,
let us say:

Lemma 5.14. In order 16 there exist best pairs (a,b) ( = repeat designs
(1;(a);b)) for alla=1,2,...,15 and b=1,2,...,16 except possibly the pairs
(a,b): (13,1), (13,5), (13,9), (15,7), (15,9), (15,15), which are undecided, and
(15,1), which does not exist.

Now, as promised, we apply these results to Constructions 6.1 and 6.2 to
obtain:

Construction 5.2. Suppose there is a triplet of weights (a,b,c) in order n.
Then there is an orthogonal design of type

(i) OD(2n;(1,1,a,b))
and when ¢ = 1, of types,
(i) OD(4n;(1,1,1,a,a,a,c)), OD(4n: (1,1,1,a,a,b,c)).

Construction 5.3. Suppose there is a best pair of weights (a,b) in order
n. Further suppose there is a product design of type (ai,...,ap; bi,...,bg;
¢1,...,¢p) in order m. Then there is an OD(mn;(a1,...,ap, abi,...,abg,
bei,...,bey)). See Chapter 6 for more details.

Ezample 5.14. There is a product design of type (1,1,1,1,2,4,...,2t74; 2, 2t=3;
2,4,...,2t74 273 2t=3) in order 2¢. So using a best pair of weights (a,b) in
order n gives an OD(2'n;(1,1,1,1,2,4,...,2t=%, 2a,2!3a, 2b,4b,..., 2t74D,
21=3p,2t=3p)).

5.15 Repeat and Product Design Families

Just as the delightful discovery of amicable orthogonal designs led to both
beautiful constructions and algebraic depth associated with quadratic forms,
we will see in Chapter 6 that powerful repeat and product designs lead to
wonderful results building on the basis of amicable orthogonal designs.

We see

{OD, AOD, POD} C {Repeat Design Families}.



Chapter 6

Gastineau-Hills Schemes: Product
Designs and Repeat Designs

6.1 Generalizing Amicable Orthogonal Designs

We started our study of orthogonal designs by constructing some and then
analyzing their structure using well known theorems on Clifford algebras and
far-reaching theorems of Hurwitz and Radon.

We noted the use of amicable Hadamard matrices in the construction of
Hadamard matrices and saw that amicable orthogonal designs arose in a
natural way in the construction of orthogonal designs hinting that they are
simple cases of a far deeper concept. So in Chapter 4 we turned to study the
structure and existence theory of amicable orthogonal designs. In Chapter 5
we explored the construction of amicable orthogonal designs.

Chapter 3 showed us that a knowledge of existence of orthogonal designs in
orders which are powers of two was necessary for the solution for the algebraic
problem. Then in Chapter 5 we saw that knowledge of existence of amicable
designs in powers of two was crucial to the algebraic theory.

Some results in the original paper [83] of Geramita and Seberry then hinted
that the existence of new kinds of designs and algebras would prove invaluable
in the construction of powers of two greater than five. Powers of two up to
four were amenable to extremely clever computer searches but higher power
were computationally infeasible.

This chapter further studies higher powers re-affirming the powerful contri-
butions of Peter J. Robinson in his PhD thesis which exploited the unnamed
construction of Geramita and Seberry which came to be called product designs
and repeat designs.

This work of Robinson hinted that there might be deeper designs and
structures which used product designs and repeat designs as examples of their
algebraic fundamentals.

Thus we have the work of Humphrey Gastineau-Hills [63] whose brilliant
construction and insights have led to a new algebra, the Clifford-Gastineau-
Hills algebra completely resolving the algebraic existence for product designs,

© Springer International Publishing AG 2017 213
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which are a special case of repeat designs. Sections 6.4 and later are devoted
to this beautiful theory.

6.1.1 Product Designs

Geramita and Seberry Wallis [83] gave a number of interesting matrices in

their journey to construct orthogonal designs. We repeat here some of these

constructions in order to try to elicit the underlying structure. We have

changed variable names and the wording of theorems to further the journey.
In an early construction they give:

Theorem 6.1 (Geramita-Seberry [83]). Suppose S,R,P are {0,1,—1}

matrices where

(i) R« P=0;
(ii) R+ P is an orthogonal design OD(n;p1,p2);
(iii) S and 1R+ 2o P are amicable AOD(n;(s1,...,5t),(p1,p2)).

Then the matriz Q is an OD(4n;s1,...,8t,01,P1,P1,Pz,02,02)-

y1R+2z1 P yo R+ 2o P xS ysR+ z3 P
—yo R+ 2o P R—=»P —y3R— 23 P xS
Q= Y2 2 Y1 1 Y3 3 (6.1)
-z ysR—z3 P y1R+21P —yo R+ 20 P
—ysR+ 23 P —xS yoR+ 220 P yR—2z1 P

We note that the above matrix can be written in the form
MyxR+ MyxP+ NxS,

where M7, My and N are the 4 x 4 matrices of the coefficients of R, P and S,
respectively. In the next subsection we use X for R, Y for P and Z for S.
[My, Ms, N] are sometimes written , to save space, in superimposed notation

Y121 Y222 T Y3z3
Yozo Y121 Y3Z3 X
T Y3Z3 Y121 Y222
Yszz T Y222 Y121

In [83] a variation of the matrix in equation 6.1 was introduced:

Theorem 6.2 (Geramita-Seberry [83]). Suppose R is the identity matriz
and Py, Pa, Py are skew-symmetric {0,1,—1} matrices of order n where
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(i) RxP; =0, i=1,2,3;
(it) R+ P; are orthogonal designs OD(n;1,pi1,p:i2,-..), i =1,2,3;
(iii) H is an OD(n;hy,ha,...);
(iv) PinT = PjPiT, P;, Pj are amicable OD(n; (pi1,pi2, Pi3s---); (Pj1:052,--))s
i=1,2,3;
(v) PLH" = HP,! are amicable AOD(n; (pg1,...); (h1,h2,...))

Then the matriz Q) is an OD(4n;71,72, ..., D11,P125--,T1,72, - -, 021,022, - - -

T1,725-+5D31,P325- -, N1, ha.
Then
T1R+P w3R+P> x5R+P3 H
71‘3R+P2 CElR*Pl H 7I5R7P3
—x5R+ P —-H r1R— P, x3R+ P
—-H rsR—P3 —x3R+ P> z1R+ Py

is an OD(4n;(1,p11,p12,---,1, p21,p22,-- -, 1, P31,P32,..-,h1,h2,...)).

These conditions seem to be inconceivably onerous but Geramita and
Seberry [80] and Peter Robinson [166] showed that they can be satisfied many
times. We are interested in generalizing this idea. With this in mind, we give
the following definition.

Definition 6.1. Let M, My and N be OD(n;ay,...,ar),
OD(n;by,...,bs) and OD(n;cy,...,ct), respectively. Then (My; Ma; N) are
product designs of order n and types (a1,...,ar; b1,...,bs; ¢1,...,¢¢) if

(i) My * N = Ma+ N = 0 (Hadamard product),
(ii) M1+ N and My + N are orthogonal designs, and
(iii) M1 My = MyM; (i.e., My and My are amicable orthogonal designs).

Example 6.1. Theorem 6.1 produces product designs of order 4 and types
POD(4:1,1,1;1,1,1; 1).

We also note:
Ezample 6.2. Table 6.1 gives product designs POD(8;1,1,1;1,1,1; 5).
Ezample 6.3. Table 6.2 gives product designs POD(12;1,1,1;1,1,1;9).

6.1.2 Constructing Product Designs

The next theorem gives us a way of obtaining product designs from product
designs of smaller orders.

Theorem 6.3 (P. J. Robinson). Let (M;y1 Ms+ ya2My; N) be product
designs POD(n;aq,...,ar;b1,b2;¢1,...,¢), and let S and x1R+ xoP be
AOD(m;(u),(v,w)). Then
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Table 6.1 Product Design: POD(8;1,1,1;1,1,1; 5)

(2120 z23 2z 2z 2z Z| [y192 Ows
Tox123 2 2 2 2 z| |y291 93 O 0
ZT3T1T2 2 2 Z Z 093 y1 y2

T3 zwex1 2z 2z z z| |ys Oya2n

Z Z Z Zx1x9 273 y2y3 0y
Z 2 z ZxoX2T3 % ysyz2y1 O
Z Z 2z z ZI3T1 o 0 0y1 92 y3
2 Z z Zx3 ZTox 1 0ys yo
~ (where z=-z) ]

Table 6.2 Product Design: POD(12;1,1,1;1,1,1;9)

—xl ro T3 Z 2z Z zZ Z zZ zZ z Zz i
To 1 Z X3 2 Z zZ Z Z Z Z Z
I3 2 X1 T2 2 2 Z zZ Zz zZ z Zz
zZ X3 X9 X1 2 Z 2z zZ Z zZ zZ Zz
zZ Z zZ Z X T9 T3 Z Z 2 zZ oz

zZ zZ Z Z Ty 1 Z T3 Z Z zZ z
zZ zZz Zz Z I3 Z X T2 Z Z Z z
z zZz Z Z z X3 T 1 Z 2 2 z
zZ z zZ Z zZ zZ zZ z T X2 XT3 Z
zZ zZ zZ Z Z z zZ zZ X2 X1 Z x5
zZ zZ zZ zZ zZz zZ zZ Z X3 Z T X9

Lz z =z zZ zZ zZ Z zZ zZ X3 T2 x1 |
y1 Y2 ys O
y2 41 0 g3 0 0
ys 0 1 w2
0 w3 y2 wm

yv2 y3 y1 0
0 ys y2 0 41 0
yi 0 y2 ys
0 v ys w2
ys y1 y2 O
0 0 1 ys 0 y2
y2 0 ys o1
| 0 y2 Y1 3]
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(1P X M3+ RX My;4y15 X Ms+yaR X My; 21P X My+S x N)
are product designs of order mn and types
(wby,vay,...,vay; uby,vba; wha,ucy, ... uct).
Proof. By straightforward verification. O

A very useful form of this theorem is using AOD(2;(1,1),(2)) (see Section
5.1). We state this particular case in the following corollary.

Corollary 6.1. Let (My; y1 Ms+ya2My; N) be product designs POD(n : ay,
ceyap; b1,bo; c1,...,¢t). Then there are product designs POD(2n: by,az,...,
ar;2b1,b2; b2, 2c1,...,2¢t).

In Theorem 6.3 and Corollary 6.1 we may have M3 or M, equal to zero.
In this case, however, the next theorem gives a better result.

Theorem 6.4 (P.J. Robinson). If (My; My; N) are product designs
POD(n;aq,...,ar; b; c1,...,¢t) and if S and y1 R+ xoP are amicable or-
thogonal designs AOD(m; (uq,...,u;), (v,w,...,wg)), then there are product
designs of order mn and the following types:

(1) (va,...,va,; vb; cuy,...,cu;, bwi,...,bwy) and
(ii) (vas,...,va,; vb; ucy,...,uct, bwi, ..., bwg),

where u and ¢ are the sums of the u;’s and c;’s, respectively.
Proof. We consider
(RX M71; Rx Ma; Sx N+ P x M),
with the appropriate variables equated. (]

The next result gives us a way of obtaining product designs from amicable
orthogonal designs.

Theorem 6.5. If S and y1 R+y2P are AOD(n;(u,...,u;),(v,w)) then

28 1 R| y1R+ysP Yo R . 0 P
Tig S |’ yoR  —ypR+ysP|’ [-P O

are product designs of order 2n and types
(v,u1,...,uj; v,0,w; w).
Proof. By straightforward verification. a

In the following Lemma we give examples of product designs which will be
used later to produce a very useful orthogonal design.
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Lemma 6.1 (P.J. Robinson). There are product designs of order 2¢,t > 4,
and types

(1,1,1,1,2,4,...,2873,2 9873, 2 4 . 2173 2072 9t=2)

Proof. The product designs POD(4: 1,1,1; 1,2; 1) produce product designs
POD(8:1,1,1,1; 2,2; 2,2) (Corollary 6.1). This design in turn produces
product designs POD(16: 1,1,1,1,2; 2,4; 2,4,4).

By repeated use of Corollary 6.1 we obtain the required result. ]

Table 6.3 lists product designs of orders 4 and 8 which are obtained by
using the results given here.

Table 6.3 Product designs of order 4 and 8

Product Designs Construction

Order 4

(1,1,1;1,1,1; 1) Example 6.1

Order 8

(L1,1,2,1,1,3;3)  ((1,1,2);(1,3))  ((1,1);(1,1))
(1,1,2,3;1,3,3; 1) ((1,1,2);(3,1))  ((1,1);(1,
(1,1,2,2:2,2,2:2)  ((1,1,2);(2,2))  ((1,1);(1,
(1,1,1,1;2,2:2,2)  (1,1,1;1,2;1)
(1,1,1,2:1,4;1,2)  (1,1,1;2,1,1)

(1,1,1;1,1,1; 5) Example 6.3

6.2 Constructing Orthogonal Designs from Product
Designs

‘We now produce a generalization of Theorem 6.1.

Theorem 6.6 (P.J. Robinson). Let S and y1 R+ P be AOD(m; (u,...,u;),
(v,w1,...,wg)), and let (Mq;Ma;N) be product designs POD(n: as,...,ar;
bi...,bs; c1...,¢). Then there exist orthogonal designs

(i) OD(mn; (vay,...,vapy, wby,..., wbs, ucy,...,uct)),
(i) OD(mn, (vai,...,va;, wby,...,whs, uic,...,ujc)),
(ii) OD(mn;(vaq,...,va,, wib,...,wrb, ucy,... uct)),
(tv) OD(mn; (vay,...,va,, wib,...,wib, uic, ..., ujc).

where b, ¢, u and w are the sums of the b;’s, ¢;’s, u;’s and w;’s, respectively.
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Proof. We consider
My xR+MsxP+NxS,

with the appropriate variables equated. ]
As an example of the use of this theorem, we give the following lemma.

Lemma 6.2 (P.J. Robinson).  There is an OD(2t;(1,1,1,1,2,2,4,4,.
2172 2t=2)) ¢t > 2.

Proof. If t > 5, we apply the above theorem with the product designs of
order 21 and types (1,1,1,1,2,4,...,21=%; 22873, 2 4 . 2t=4 9t=3 9i=3)
(Lemma 6.1) and AOD(2;(1, ),(2)) O

The OD(16;(1,1,1,1,2,2,4,4)) may be obtained in a similar manner by
using the product designs POD(8: 1,1,1,1; 2,2; 2,2) (see proof of Lemma
6.1).

The design of order 4 and type (1,1,1,1) is given in Section 4.1, and the
design of type (1,1,1,1,2,2) is obtained from OD(8 (1,1,1,1,1,1,1,1)) (see
§4.1).

We note that the above orthogonal designs have 2t variables. If t =4k 41,
p(2Y) = 8k +2 = 2t, and if t = 4k + 2, p(2!) = 8k +4 = 2t. Therefore, if
t=4k+1 or 4k + 2, the above design has the maximum number of variables
allowed. We also note that the above design is full. That is, the design contains
no zeros.

By equating variables in the above design, we obtain:

Corollary 6.2 (P.J. Robinson). All orthogonal designs of type (1,1,a,b,c),
a+b+c=21—2, exist in order 2, t > 3.

Proof. Noting that any number < 2= —1 can be formed from 1,2,4,...,2!72,
we have the result. O

In Appendix F we give the types of some orthogonal designs in order 32
obtained from product designs and by doubling orthogonal designs in order
16. We further illustrate Theorem 6.6 by obtaining designs in order 16.

Corollary 6.3 (Geramita-Wallis). Suppose there exist AOD(n : (uq,..
Up); (v1,...,vq)). Then, since there are product designs of type (1,1,1; 1,1,1,1)
in order 4, there exist orthogonal designs of type

(1) OD(4n; (ur,u1,u1,3u, ..., 3up,v1,...,0¢)) and
(71) OD(4n; (ur,u1,u1, w,w,w,v1,...,Vq)).

where w = ug +ug +--- 4+ Up.

Ezxample 6.4. There exist orthogonal designs of types

(a) OD(165(1,1,1,1,1,1,1,1,2)),
(b) OD(16;(1,1,1,1,1,2,2,2,2)),
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(c) OD(16;(1,1,1,1,1,2,3,3,3)),
(d) OD(16;(1,1,2,2,2,2,2,2,2)),
(e) OD(16:(1,1,2,2,2,2,3,3))
Proof. Use AOD(4;(1,1),(1,1,2)), AOD(4;(1,2), (1,1,2)), AOD(4;(1,1,2),
(1,1,2)) and AOD(4;(2,2),(1,1,2)) in Corollary 6.3 part (ii) to obtain a), b),
¢) and d). For e) we use AOD(4;(2,1,1),(1,1,2)) in 6.3 part (i). O
Remark 6.1. More recent notation of Kharaghani [120] would write these
designs
0OD(16;15,2) OD(16;15,24) OD(16;15,2,33)
OD(16;12,27) OD(16;12,24,32)
We now give two results to show how product designs may be used to
obtain orthogonal designs in orders other than powers of 2.
Lemma 6.3 (P.J. Robinson). There are product designs of order 12 and

types
POD(12;1,1,1;1,1,4;4), POD(12;1,1,4;1,1,1;1),
POD(12;1,1,4;1,4,4;1), POD(12;1,1,4;1,1,4;4),
POD(12;1,4,4;1,4,4;1), POD(12;1,1,1;1,1,1;9).

Proof. Wolfe [247] gives AOD(6;(1,1),(1,4)) and AOD(6;(1,4),(1,4)). By
using these designs in Theorem 6.5, we obtain the first five designs. The last
is given in Example 6.3. ad

By using Theorem 6.6 with the above designs, we obtain:
Corollary 6.4 (P.J. Robinson). There are orthogonal designs
9 1,1,1,1,4,4,4,4)),
,474))’ OD(24;(171 1 717171,4))
(That is OD(24;1¢,92), OD(24;15,43), OD(24;14,44), OD(24;17,4).)
By using Lemma 6.3 and Corollary 6.4 we obtain:
Lemma 6.4 (P.J. Robinson). There are product designs

POD(12;1,1,1;1,1,4;4), POD(12;1,1,4;1,4,4;1),
POD(12;1,1,4;1,1,4:4), POD(12:1,4,4;1,4,4;1),
POD(12;1,1,4;1,1,1;1), POD(12;1,1,1;1,1,1;9).

Lemma 6.5. There are orthogonal designs of order 24 and types:

0D(24;1,1,1,1,1,1,9,9), OD(24;1,1,1,1,4,4,4,4),
0OD(24;1,1,1,1,1,4,4,4), OD(24;1,1,1,1,1,1,1,4).
We note

Lemma 6.6 (Ghaderpour [84]). There is no POD(n;1,1,1;1,1,1;n — 3)
forn #4,812.
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6.2.1 Applications

By equating variables in the orthogonal designs given in Appendix D, we
obtain the following lemmas.

Lemma 6.7 (P.J. Robinson). All 6-tuples of the form (a,b,c,d,e,32 —a —
b—c—d—e),0 < a+b+c+d+e < 32, are the types of orthogonal designs
in order 32.

Corollary 6.5. All n-tuples, n =1,2,3,4, are the types of orthogonal designs
in order 32.

6.3 Using Families of Matrices — Repeat Designs

Repeat designs introduced by Geramita and Seberry [80] were first named
repeat designs in Robinson’s PhD Thesis [166]. The motivation for the con-
structions of this chapter arises from the following observations:

Construction 6.1. Suppose (My; Ma; N) is a product design of type

(u1,ug,...;v1,v2;...;w) and order n. Then, with x1, T2 commuting variables.

Mi+x1N Ms+xoN
My —xoN —M7+x21N

is OD(2n; (w,w,u1,ug,...,v1,02,...)).

(This construction will be discussed further in Section 6.4)

Construction 6.2 (Geramita-Wallis [83]). Let Y1, Ya, Y3 be skew-sym-
metric orthogonal designs of types (pi1,pia,--.), 1 =1,2,3 in order n, and Z
a symmetric OD(n: hy,ha,...). Further, suppose YinT =Y;Y." and V3,27 =
ZYkT. Then

11, +Y1 z3l, + Yo r5l, +Ys3 Z
—x3l,+Ys x11,—Y) 7 —x51,—Y3
—x5l, +Y3 —Z 11, — Y1 x3l, + Yo

-7 r5l,—Ys —x3l,+Ys 1l + Y

is an OD(4TL, (17p117p127 cey 17 p21,p22,-.., 1; P31,P325---, hla h27 cee ))
Proof. By straightforward verification. O
To generalize this design, we introduce the following definition:

Definition 6.2. Let X,Y7,Ya,...,Z be orthogonal designs OD(n;
(r1,72,...), (Pi1,pi2,...)), i =1,2,...,(h1,ha,...), respectively.
Then (X: (Y1;Y2;...); Z) are repeat orthogonal designs, ROD, of order n and
types (’I"l,?"g,...); (p117P127---; P21,P22y- -5 ), (hhhg,...) if
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(i) X+Y; =0, i=1,2,...,

(ii) X +Y;, i=1,2,..., are orthogonal designs,

(iii) X +Y; and Z 1= 1,27 ..., are amicable orthogonal designs,
(iv) iy, = YYT, i #7.

Then we have

Construction 6.3. Let (Ly My 4+ M+ -+ Mg; N) be product designs
POD(n A1y, 0p5 b11,...,b1q1, b21,..., b2q2,..., bsl;---; bsqs; cl,...,ct),
where M; is of type (b1, ...,biqi)-

Further, let (X;(Y1;Y2;...;Y,); Z) be repeat orthogonal designs, ROD(m
(P15 5Tw); (P115-++3P1, 7 P21+, P20, 5 Puls-- s Puvy); M- ha). Then

LxX+M xYj+-+MyxPj,+NxZ

is an orthogonal design of order mn and type 1 of

(Z) (CLff',...,CLpT, b1p117-"7 b1p1v17"'7 bSPSla"': b8p8q57 Chla"'7Ch$)7
(i) (arr,....apr, bipit,..., b1p1,, - s DsPst1,. -, bsPsqys c1h,. .. ceh),
(iii) (ari,...,ary, bip11,. .., b1p1U17..., bsPs1, .-+ 5 bsPsqss Chi,...,chy),
() (ar1,...,ary, bipi1,..., b1p1v17..., bsPs1s---s bsPsgss C1h, ... ch).

where a, ¢, v, h are the sum of some or all of the a;, c;, ri, h;, respectively,
and b; :b11++bzqz

This construction is at first sight quite formidable, but as we shall see, it
does lead to new orthogonal designs.

We have previously mentioned product designs, so we need to find some
repeat designs to see if any new orthogonal designs can be obtained. First we
see that they do lead to new designs:

Ezample 6.5. There are repeat designs ROD(4 : (1;(1;3);1,3)), ROD(4
(1;(2;3);1,3)), ROD(4:(1;(1;2);1,1,2)), and ROD( :(1;(2;1,2);1,2)). They
are (I3 (T1;T4); To), (13 (T3;Tu); To), (13 (T1;T3); T3), and (1;(T2;T6); T7), where
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T Yy Yy oy 0+00
|y vy y _|—000
TO_ y_y y_.r 7T1_ 000_7
vy Y-z -y 10 0+ 0]

[0 0 + +] [0 0 ++
{00+ - 00—+
L=1""9o0l" B=|_400|"
|—+ 0 0] |—— 0 0]

0+ ++ (v v w W]
=0+ - VU —W W
Ty = —— 0+ T5 = w—w v-—-u|’
—+—0_ (W w —u —v|

[ 0 a b b [ 0 w W]

—a 0-b b 0 —u—w w

Ts = b b 0—-a T = w—w 0—u
|—b—b a O lw w —u 0

1);1)), ROD(4:(1;(1,1;1,2);2)), ROD(4:

Repeat designs ROD(4:(1;(1,1;1,1)
;1,2);2,2)) and ROD(4: (1 ( ,2;1,2);4)) can

(1;(1,1;2);1,2)), ROD(4: (1;(1;

be constructed using Lemma 6.9 .

Ezample 6.6. There are product designs POD(8:1,1,2,3;1,3,3;1), POD(8
2,2;1,1,1,1;4) and POD(8:1,1,1;1,1,1;5). Then using the repeat design
ROD(4:1;(2;3);1,3) with the matrix of weight 2 used once only, we have
0D(32:(1,1,2,3,2,9,9,1,3)), OD(32:(2,2,2,3,3,3,4,12)) and OD(32;
(1,1,1,2,3,3,5,15)).

Since all of these have weight 31, we use the Geramita-Verner theorem

to obtain the following orthogonal designs: OD(32;1,1,1,1,2,2,3,3,9,9),
0D(32;1,2,2,2,3,3,3,4,12) and OD(32;1,1,1,1,2,3,3,5,15). These last two
designs are new.

The product designs POD(4: 1,1,1;1,1,1;1) can be used with the repeat
designs of types (1;(p;3);1,3), p=1,2, to obtain OD(16;1,1,1,1,p,p,3,3),
p=1,2. These were first given in Geramita and Seberry [80].

Remark 6.2. In the preceding example we have concentrated on constructing
orthogonal designs with no zero. There is considerable scope to exploit these
constructions to look, for other orthogonal designs in order 32 and higher
powers of 2.

We can collect the results from Example 6.5 in the following statement:

Statement 6.1. In order 4 there exist repeat designs of types (1;(r;s);h) for
0<r, s<3,0<h<4.
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Noting that the repeat designs (R;(P);H) are just amicable orthogonal
designs R+ P and H, we see that:

Corollary 6.6. There exist AOD(4;(1,7),(h)) for 0 <r <3,0<h<A4.

Remark 6.3. The non-existence of AOD(8;(1,7),(5)) and AOD(16;(1,15),(1))
means there are no repeat designs of types (1;(r;7);5) in order 8 and
(1;(r;15);1) in order 16 (see Robinson [167]).

The construction and replication lemmas given later allow us to say:

Comment 6.1. In order 8 there, in fact, exist repeat designs (1;(r);h) for
all0<r <7and 0<h<8, except r =7, h=>5 (which cannot exist).

In order 16 there exist repeat designs (1;(r);h) for all r =1,2,3,...,15,
h=1,2,...,16, except possibly the following pairs (r,h): (13,1), (13,5), (13,9),
(15,7), (15,9), (15,15) which are undecided and (15,1) which does not exist.

6.3.1 Construction and Replication of Repeat Designs

We now show that many repeat designs can be constructed.

Lemma 6.8. Suppose ((a); (b1,b2)) and ((c);(d1,dz)) are the types of amicable
orthogonal designs in orders n1 and ny. Then there is a repeat design in order
ning of type (brdy; (ada,bady;bac,brda);ac).

Proof. Let A,x1B1+ x2Bs and C,y1 D1+ y2 D5 be the amicable orthogonal
designs. Then (By X Dy;(zA x Da+yBa X D1;uBy x C+wBy X D2);A x C)
are the required repeat designs. O

Ezample 6.7. Let A=C = H i], By =Dy =[}9], and By =Dy = [9 5
Then the repeat design in order 4 and type (1;(1,2;1,2);4) is

0ylex 0 uljw u

Iy ZZQM ; 1201]%) ; 0z
zz|0y wu|0 u
zzx|ly0 u w|u 0

Before we proceed to our uses of repeat designs, we first note some replica-
tion results.

Lemma 6.9. Suppose there are repeat designs ROD(n: (r;(p1,...,pi;
Qs---+q5);h1,...,hy)) called X,Y,Z where hy+ho+---+hp=h and p1 +---+
p; = p. Further suppose A+ B and C+ D are AOD(m;(a,b),(c,d)). Then
there are repeat designs of order mn and types

(Z) (Cl?“; (CplaCPQa" . >br;GQIaa(I27~ c 7bh);0h)7
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(iz) (ar;(apy,...;aq1,...);ch,dh),
(x) (cr;(br;bhy,bha,...);ar),
(xi) (cr;(br;bh);ar,abrh).

(ii) (ar;(ap1,apa,...;cq1,¢q2,...);ahy,aha,... ch;,...),
(iii) (ar;(ap1,apa,...,bhi;cqi,cqo,...);chi,aha,ahs,...),
(i) (ar;(bhy,bha,...;rb+pd,cq1,cq2,...);rd+bp), where d =b,
(v) (ar;(cqi,cqa,...;cp);ahy,ahy,. .. bp),
(vi) (ar;(br,dp1,dpa,...;aq1,aq2,...,bh);dh),
(vii) (ar;(ep1,...;¢q1,-..);¢hy,cha, ... .dr),
(viii) (ar;(cpi,...,dq1,...);ah1,ahs,. .. bp1,bpa,...),
(ar; (
(

Proof. Use the following constructions:

(i) AxX;(CxY+azBxX;yAxQ+2BxZ);Cx2Z),

(ii) (AxX;(AXY;CxQ);zAxV+CxW),

(iii) (AXX;(AxY+2BxV;CxQ);CxV+yAxW),

(iv) (AxX;(BxZ;aBxX+yCxQ—-xDXY);DxZ+BxY),
(v) AxX;(CxQ;CxY);2AxZ+yBxY),

(vi) (AxX;(BxX4wDxY;2AXxQ+yBxZ);DxZ),

(vil)) (AxX;(CxY;CxQ);CxZ+yDxX),
(viii) (AXxX;(CxY+2DxQ);AxZ+yBxY),

(ix) AXX;(AxXY;AxQ);CxZ+yDx2),

(x) (CxX;(BxX;BxZ);AxX),

(xi) use Lemma on the result (x). O

Corollary 6.7. There are repeat designs of type ROD(2¢:1; (1,2,...,2t71;
1,2,...,2t=1); 21y,

Proof. Use part (i) of Lemma 6.9 repeatedly with repeat designs ROD(4 :
1;(1,2;1,2);4) and type AOD(2;(1,1),(2)). O

6.3.2 Construction of Orthogonal Designs

The use of repeat designs with product designs is so powerful a source of
orthogonal designs that it is quite impossible to indicate all the designs
constructed. Hence we give only those that are used to give Corollary 5.131.
We use Robinson’s Ph.D. thesis and Appendix I as a source for product
designs.

Corollary 6.8. The following types of orthogonal designs exist in order 2°:

(i) (1,1,1,1,2,2,4,4,...,2t=2 2t=2)
(i) (1,1,2,1,2,4,8,...,2t73,3,6,12,...,3.2173),
(iii) (1,1,2,4,8,...,2t73,2¢=3 21=2 33 6 ... 3.2t=%)
(iv) (1,1,2,4,8,...,273,3.6,9,18,...,9.2t75 3.2!=4),
(v) (1,2,3,2t=4 3.26[t — 4],3.26[t — 3],3,3,6,6,12,12,...,3.2t 72 3.2t=5),
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(1) (2,1,2,...,2t7574 (267578 1) (pin(2°F1 — 1)) 2852 (hin(25+! — 1)),

23—}-1} 2t 22t—s—371’2t—s—371)‘
where xbin(2Y — 1) means = times the binary expansion of 2Y¥ —1, i.e.,
x,x,2x,4x,..., 2 Ty,

Proof. (i) Proved by Robinson [166, Lemma 5.36,p.46].

(ii) Use the product design POD(2!: 1,1,2,3,6,12,...,3.2t74; 1,3.2t73; 1,2,
2074 with AOD((1,1);(1,1)). For the remainder we use product

designs with repeat designs as indicated.

(iii) Use (1,1,1,2,...,2874; 1,2¢73; 1,2,...,2t=%) with (1;(1,2;3); )

(iv) Use (1,1,2,3,6,...73.2'5_5; 1,3.2874; 1,2,...,2t75) with (1;(1,2;3);4).

(v) Use (1,1,2,1,2,...,2t75; 3,20=%: 3.6,...,3.2¢73) with (1 (1 2:3);4).

(vi) (1, ,1 1,2,...,25; 2,25TL: 2. 25F1 95H1) with (1;(bm(2t s=3 1),

2= ), 2t=573), o

Remark 6.4. This corollary allows us to find all four variable designs of type
(a,b,c,2t —a—b—c) for t =5,6,7 (see Appendix F), all but the design of
type (13,13,15,215) for t =8, and all but the designs of types (13,13,15,471),
(27,29,29,427), (29,29,29,425), (29,29,31,423), (31,45,45,391) for ¢ = 9.

To eliminate those remaining, we observe:

Corollary 6.9. All orthogonal designs of order 21TF exist of types

(i) a,b,ma,2tT* —a—ma—b), where a =2t —1, m < 2F=1 0 <p< 2tHh-1;
(i) (a,b,ma, 2% —a —ma —b), where a =2t —25 -1, m <21 0<b<
ot+k—1 +1;
(iii) (a,a,a,2tTF — 3a), where 0 < a < 2tHF=2;
(iv) (a,a,b,28TF —2a —b), where 2171 <a <2, 0<b<2F-1—1;
(v) (a,a,2t —a, (bin a), 2% — 2t —2a), where 2871 < a < 2t
(note: 2t —a, (bin a) can always be used to give 28 —1 or 271 —1).
Proof. Call the product designs (1,binz,27 —x, 20, . 2k=2, 1 2k 1 2
2k_2) the product designs A. We now use product designs with repeat designs
as indicated:

(i) Use A with (1;(1, ,,2t Lot —1);2%).
(i) Use A with (1,2%;(1,2,...,2571 2s+L  2f=Ll.9t _9s_1).2t)
(iii) Use AOD((a,2tTF~ 2. ); (28%F%)) in order 2!+ with product designs
POD(4: 1,1,1;1,1,1;1).
(iv Use A with (2! —a; ((bin (a);a);2!) to get the orthogonal design (a,a,a
& v) bin(2¥=t —b—1), b(bin (a)), 2 —a, 2F71(2t —a), 2, 20H1 L 2tHR=2) O
So we have:

Corollary 6.10. All orthogonal designs of type (a,b,c,2t —a—b—c) and of
type (a,b,c), 0 < a+b+c <2t erist for t =2,3,4,5,6,7,8,9.

Remark 6.5. We believe these results do, in fact, allow the construction of all
full orthogonal designs (that is, with no zero) with four variables in every
power of 2, but we have not been able to prove this result.
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6.4 Gastineau-Hills on Product Designs and Repeat
Designs

We recall Theorem 6.1 and equation (6.1). Observe that this matrix may be
expressed in the form:

MiRR4+Ms®P+N®S (6.2)

where C|Y,Z are the 4 x 4 matrices of the coefficients of My, Ms, N respec-
tively.

Using the notation X for zR, Y for P and Z for S in Equation (6.1), then
it may be verified that

Yiz1 Y222 x Y323
(X,Y,Z) = Y2z2  Y1Z1 Y323 x

z Y3Z3 Y121 Y222
Y323 x Yoz Y121

is a triple of orthogonal designs on (x;y1,y2;21,22) (we have “superimposed”
X,Y,Z as in Definition (3.1) in Gastineau-Hills [63, p.11]), which satisfies the
following conditions:

) X+«Y=XxZ=0
(ii) X +Y, X + Z are orthogonal designs (6.3)
(i) YZT =2y T

It may also be shown that if (X =«R,Y,Z) is any triple satisfying (6.3),
and if My, Ma, N are as in Equation (6.1), then M; @ R+ Mo @ P+ N® S is
an orthogonal design. (This fact will appear later to be a particular case of a
more general theorem).

This generalization of Equation (6.1) has proved very useful for constructing
new orthogonal designs, and has led Robinson [168] to the study of general
triples (X,Y,Z) which satisty (6.3) (here we may remove the restriction that
X is on only one variable). Such triples are called product designs.

We wish to present an alternative definition of a product design. In the
following we suppose that X,Y, Z are designs of types (u1,...,up),(v1,...,0q),
(w1,...,w,) on variables x1,...,Zp;Y1,...,Yq; 21, . ., Zr Tespectively.

Note first that the conditions (6.3) imply:

Xy'=-vx'", Xz"=-2zx" (6.4)

Proof. For suppose X,Y, Z satisfy (6.3). Then on the one hand since X +Y, X +
Z are orthogonal designs clearly of types (u1,...,Up,v1,...,0q), (U1,...,Up,
Wiy, Wr) O0 (T1,.. ., Tp,Y1,---,Yq), (Z1,...,&p, 21,...,2r) respectively, we
have
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(X+Y)(X4Y)T = (w22 +-- -+ upajz% +oryd+--- +qu§)l
and
(X+2)(X+2)" = (ulx%+o~~+up:cz2,+wlz%+m+w,«zf)1.
On the other hand
XX+ =XXT+yYy T+ Xy T +vx’T
= (w 2%+ -—l—upr,)f—i— (v1y7 ++- -+vqy§)I+XYT+YXT
and similarly
(X+2)(X+2)" = (uiat+ - +uprp) [+(wizf + - +we22) [+ XZ T +ZX T
Hence
XYT+YXT=0, XZ"4+ZXT =0and (6.4) follows.O

Note secondly that the conditions (6.4) and (6.3) (i) together imply the
condition (6.3) (ii).

Proof. For suppose X,Y, Z are orthogonal designs satisfying (6.4) and (6.3) (i).
Then X +Y, X + Z are clearly defined as {0, £x;, £y, }, {0, £2;, £2; } matrices
respectively, and are orthogonal since

(X+Y)(X+Y) =XXT4+YY T+ Xy T +vXx T

= Qw1+ (Y _vigh)l
= ()i +uy,

and similarly
(X+2)(X+2)" = uw? +wp2)1.

Hence (6.3)(ii) holds. O

It follows that the following definition of a product design is essentially
equivalent to our previous definition.

Definition 6.3. Suppose X,Y,Z are orthogonal designs of order n, types

(Uty... up), (v1,...,0q), (w1,...,wy) on variables (x1,...,2p), (Y1,--.,Yq)s
(#1,...,2r) respectively, and that

) XYT=-vXT xz"=-2zXT, vZT=zYy"
(ii) X«Y =0, XxZ=0.

Then we call the triple (X,Y,Z), a product design of order n, type
(ut,... up), (V1,...,0q), (w1,...,w,) on the variables (x1,...,2p;y1,-.,Yq;
Zlye-- 7Z7‘)-
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The condition YZT = ZY T of Definition 6.3 (i) is the condition of amica-
bility. We introduce a new expression to apply to the other two conditions of
6.3:

Definition 6.4. Orthogonal designs X,Y are called anti-amicable if they
satisfy the condition XY T = Y X T

(equivalently: XY = -y T X).

Thus a product design is a triple of orthogonal designs, one pair of which
is amicable, and the other two pairs anti-amicable, and such that the anti-
amicable pairs have zero Hadamard products.

As with amicable k-tuples, we might expect that it would be very useful to
have information on the connections between possible orders of product designs
and numbers of variables involved. Before pursuing this matter however, let us
consider yet another method which has been used to construct new orthogonal
designs, and which leads naturally to what can be regarded as generalization
of the product designs. This is a slight variation of Theorem 6.2.

Lemma 6.10 (Geramita, Seberry-Wallis [83]). If P1, P>, P3,H are pair-
wise amicable orthogonal designs, with Py, Ps, P3 skew symmetric and H
symmetric, then

21 l+P, 2l+Py 231+ Ps H
—2l+P, znl-P H —z3] — P3
—2z31+ P3 —-H 2l — Py 2ol + Po

-H z3l —P3  —z2I4+Py, zI+P;

is an orthogonal design. (I is the identity matrix of appropriate size).

Observe that this matrix may be expressed in the form:
IRA+P,®B1+Po,®Bs+P3Bs+ H®C

where A, By, Ba, Bs,C are 4 x 4 matrices of the coefficients of I, Py, Py, P3, H
respectively.
A,B1,Bs,Bs,C are {0,£1} matrices, but if we set YV; =y;B; (i =1,2,3),
Y =Y1+Ys+Y3, X =aC then it may be verified that (X, Y =Y1+Y2+Y3,2)
is a product design on the variables (z;y1,y2,y3;21,22,23).
Also if we set R =rl, then R, P;, P>, Py, H are orthogonal designs which
satisfy:
(i) R+ P; =0 for each ¢,
(ii) R+ P; is an orthogonal design for each 1, (6.5)
(iii) All pairs (R, H),(P;, H),(P;, P;) are amicable.

Proof. (i) since R =rI and the P; are antisymmetric; (ii) since (R+ P;)(R+
P)" =RR"T+RP + P,R" + PP,/ =r?I+r(P, + P,)+ P,P,;' =r?1+P,P,"
etc.; (iii) is trivial. O
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It may also be shown that if Z,Y7 =y1B1,..., Yy = yiBr, X = zC,
(B;,C,{0,£1} matrices) are orthogonal designs such that Y;*Y; =0 (all
1#j)and (X,Y =Y1+---+Y},Z) is a product design, and if R=rA (A a
{0,+1} matrix), Pi,..., Py, H are orthogonal designs satisfying (6.5), then

ARZ+Pi®B1+-+P, B, +H®C (6.6)

is an orthogonal design (this fact will appear later as a particular case of a
general theorem).

This generalization of Lemma 6.10 has proved useful for constructing new
orthogonal designs. So it seems that a study of sets of designs satisfying (6.5)
could be profitable. Following Robinson and Seberry [169] we call such a set a
repeat design, but as we did with product designs we prefer to give the formal
definition in an alternative form:

Definition 6.5. Suppose X,Y7,...,Yy, Z are orthogonal designs of
order n, types (u1,...,up),(V11,...,V1g; )5+ (Vk1,---1Vkqy)s (W1,...,wy) oD
the variables (z1,...,2p), (Y11,---,Y1q1)s-++» (Yk1s-- > Vkpy )5 (21, .., 21) TESpEC-

tively, and that

(1) V;XT =-XYT,
(i) V;v;' =YY, ZXT =XZT,2Y;" =Y;Z" (all i,j)
(iii) X *xY; =0 (all 7)

Then we call the (k+ 2)-tuple (X,Y1,...,Y%,Z) a repeat design of order
n, type (Ut,...,Up;V11,. .., Vlg ;-3 Vk1s-- s Vkqys W1, ..., Wy) ON the variables
(xlw"7xp;y117"'7y1q1;"';yk:17’"7vkpk;zl7"‘727’)~

Of course X,Y1,...,Y:,Z in 6.5 correspond to R, Pi,..., H respectively in
(6.5). Otherwise, apart from the fact that we have allowed X in 6.5 to be on
more than one variable, the conditions (6.5), 6.5 are equivalent, by the same
kind of argument as given in our previous discussion of product designs.

Product designs may be regarded as particular cases of repeat designs,
given by k=2, Z =0 (zero matrix, which may be regarded as an orthogonal
design on no variables) .

Similarly a theory of repeat designs should yield a theory of amicable
k-tuples, if we can allow X = Z = 0. In the immediate following we assume
that X has at least one variable (while allowing Y7,...,Y,Z to have as few
as no variables each), but later it will be found that this restriction may be
removed painlessly.

Let (X,Y1,...,Y%,Z) be a repeat design of order n, type (ug,u1,...,up;
VLl Vlgy e 3Vk1s- -+ Vkqp s W1,---,Wwy) on the p+1,q1,...,q;,7 variables
(T0,T15 s T3 Y115 Ylgys -3 YkLs - 2 Ykaqps 215 2r )y (D155 Q7 7 > 0)

We have
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p [eF3 T
= (Zuﬂf?) 1,y = (sz@) 1,22 = (Zwmz) 1
0 1 1
ViXT=-XY,", (6.7)
;' =viY;' (i#j), 2" =2v;' , X2" =2X",

and similar equations with X T X, etc., in place of XX T, etc
Write

b q; T
X:ijAj? }/izzyijBijv Z=sz()]
0 1 1
(4;,B;;,C; {0£1} matrices)
Substituting into (6.7) and comparing like terms gives:

A A —'LL] BijBi—;:UijI, C C —U)J

A, Aj+A AT =0 (i #7), BiszkJrszB; 0 (j#k),
CiCy +C;C =0 (i ),

BjpAl = —A; Bjk, CjAl = AiC]

BB} = BijBj, (i#k),  CipBj;=Bi;C[,

and similar equations with products reversed.
Set

1
Ei=——A;A], Fj=——DBijA), Gi=—=CiAj. (68
! g 0 “ \/W 9o ‘ wing 0 68)
It is easily verified that Eg =1 and E1,...,Ep, Fi1,...,Fip, Fiet,.., Fp,,
Gi,...,G, satisfy

E}=-I, Fi=-1, G}=

E;E; = —E;E; (i#7) FiFij = —FuFyj (j#k),
G;Gi=—G;Gi (i#))

P By = —EFjy, GjEi = —EiGj,

FyFij =FijFre (i #£k), GipFij = —Fi;Gy,

Again we have arrived at an order n representation of a real algebra which
is “Clifford-like”, with the one “non-Clifford” property that some pairs of
distinct generators commute.

This algebra may be defined as the real algebra on p+q1 4+ - -qx +r

generators ai,...,0p, B11,--+,B1q1s+ - Bkts- s Bkgy> V1,-- -5, With defining
equations:
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aja; =—aijoy (1 #7), Bubij = —BijBix (1 # k)
Yivi = =V (B F#J) (6.9)
Bikos = —aiflje, vjou = —aiy;,

BreBij = BijBre (1 £ k), YwBij = —BijVk-

For a repeat design of order n on p+1,q1,...,qx,r variables to exist it is
necessary for a real order n representation of this algebra to exist.

We shall return later to the questions of just what are the possible orders of
representations of (6.9), and whether the existence of an order n representation
of (6.9) is sufficient for the existence of repeat design (6.7).

Observe that the case of product designs is included in what we have just
done — we simply take k=2 and r =0.

If we also rewrite g1,q2, 815,825 as q,7,3j,7; respectively we find that the
existence of an order n product design on (p+1,q,r) variables implies the
existence of an order n representation of the real algebra on p+ g+ generators
at,...,Qp, B, Bqs V1, -,y With defining equations.

aja; = —aiog,  Bifi=—Bibj.  vivi=—viv (i #J) (6.10)
Bjo; = —aiffj, v =—ayyi,  ViBi = Bivj,

again a “not-quite-Clifford” algebra.

Note that (6.10) is not quite the same as equation (3.10) in [63, p.20], so
that a theory of amicable triples need not necessarily by itself yield a theory
of product designs.

In fact not even equation (3.8) in [63, p.18] (the algebra corresponding to
more general amicable k-tuples), seems to contain (6.10) as a particular case.

6.5 Gastineau-Hills Systems of Orthogonal Designs

So far we have encountered several instances of sets of orthogonal designs
(amicable sets [63, p.11], product designs (Definition 6.3), and repeat designs
(Definition 6.5)), each such set having the property that each pair of members
is either amicable or anti-amicable. Each such set happened also to have
the property that each pair of anti-amicable members has zero Hadamard
product.

We have examined some of the more fruitful techniques that have been
developed to help find new orthogonal designs, and have found that each
such technique could be described as taking certain such sets of amicable/
anti-amicable designs, and forming sums of Kronecker products (Equations [63,
(3.6),p.15], (6.2), (6.6)).
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We have found that an attempt to find a relationship between the possible
orders of the designs in such sets and the numbers of variables involved leads
in each case to the consideration of an algebra which in general generalizes
the Clifford algebras and which, apparently, has not yet been studied ( [63,
(3.8)p.18], (6.9)).

It seems reasonable to introduce the following more general concept in the
hope that the theory discussed so far may be unified in a natural way, and in
the hope that through this unification and generalization more powerful ways
of tackling “the orthogonal design problem” may emerge.

Definition 6.6. A k-Gastineau-Hills system of order n, genus (0;;) 1 <i <
J <k (where each d;;) =0 or 1), type (u11,...,Ulp ;.- Uk1s-- -, Ukp, ), O
P1,...,Pk distinct commuting variables x11,...,%1p,5-+-;Tk1,- -+ Thp, 18 an
(ordered) k-tuple of n x n matrices (X1,...,X) where, for each i, X; has
entries from {0,%x;1,...,+x;ip, }, and

Pi

(i) XX, = (Z uzkxfk> I (1<i<k)
k=1

(i) XX =(-1)%X;X] (1<i<j<k)

We will write k-GH-system as shorthand for k-Gastineau-Hills system. The
system is called regular if in addition the Hadamard product X; * X; is zero
whenever 4;; = 1.

Thus each X; is an orthogonal design, and each pair X;, X is either amicable
(0i5 = 0) or anti-amicable (0;; = 1). Regular systems have the additional
property that anti-amicable pairs are element-wise disjoint.

Ezample 6.8. (i) A single orthogonal design X = x1A1+---+xpA, (the 4;
{0,£1} matrices) on p variables where XX T = (37 u;z?)I. Its genus
is vacuous (there being no 14, j satisfying 1 <i < j <1!), and it is vacu-
ously regular. On the other hand note that (z1A1,...,2,A,) is a regular
p-system of genus (0;;), 1 <14 < j <p, where each d;; =1, and type
(u1;...;up). Naturally it could be suggested that these two systems (X)
and (x141,...,2pAp) should be regarded as “equivalent” — we pursue this
matter shortly.

(i) An amicable k-tuple is a regular k-GH-system with genus (J;;) where each
(dij) = 0.

(iii) A product design (X,Y,Z) (as defined in Definition 6.3) is a regular
3-GH-system of genus (d;;) where 612 =613 =1 d23 =0.

(iv) A repeat design (X,Y1,...,Yy, Z) (as defined in Definition 6.5) is a regular
(k+2)-GH-system of genus (0;;) where 612 =013 =---=01,41 =1, and
all other 4;; = 0.

(v) {gz iﬂ, as a pair of order 2 designs on the variables (x;y) (written
“superimposed” —see [63, Example (3.3),p.12]), is a 2-GH-system of type
(2;2) and genus (d12 = 1). This system is not regular.
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From 6.8 (v) we see that in general the property of being regular is non
trivial. However:

Lemma 6.11. A system of type (1,1,...,1;1,1,...,1;...) is regular.

Proof. In systems of this type each X; has each of its variables occurring just
once in each row. Suppose X;, X; (i # j) are anti-amicable. Then X X (=
-X; X T is skew-symmetric, with zero diagonal elements. Suppose X; = (akg),
X; (]bkg where each ayy is from {0,+x;1,...,%24p,} and each by is from
{0 +zj1,...,&xjp, }. Then for fixed k the non zero |ak|, |brm| are distinct
independent variables, and ), apebye, = 0. Clearly then each term in this sum
must be zero and the result follows. (]

The importance of being regular is that if X;, X;, Xj,... are pairwise anti-
amicable members of a regular system, they may be added to make a design
X;+ X+ X} +---. This design is orthogonal.

Remark 6.6. Indeed (X;+ X+ )(Xi+X;+-)" = (3, wiax?, +
Zbujbx?b + )1, where (2;4), (u;q) are respectively the variables, types of
X; etc., - since sums like XZ'XjT —i—XinT are zero.

In particular:

Corollary 6.11. If, in a regular k-GH-system (X1,...,Xk) of genus (d;5),
all 0;5 =1, then X1 +---+ Xy, is an orthogonal design.

In Corollary 6.11 we have in a sense reduced a k-GH-system to an “equiva-
lent” ¢-system, by adding pairwise anti-amicable designs. More generally we
have the following:

Lemma 6.12. Suppose, possibly after reordering the X; of a k-GH-system
(X1,...,Xg) and correspondingly reordering the genus, type and variable com-
ponents (0;5), (uij), (xij), that for some r (1 <r <k) the designs X,,..., Xy
are pairwise anti-amicable, with pairwise Hadamard products zero. Suppose

further that, for each i <r, djp = 41 ="+ =ik

Then (X1,...,Xp—1, X, +---+ Xi) is an r-system of genus (6&-), where
5§j =05 (1<1<j<r), type (Wit,. 5021, 33 Uplye ey Upgd 1ye-es Ulgls---)
on the variables T11...;T21, .. ;Tply ooy Lpgl TyeeesThly---)-

The new system is regular if and only if the original system is regular.

Proof. As in Corollary 6.11 X, +---+ X} is an orthogonal design. Its type is
(Up1y-evyUppl 1,---,uk1) and its variables are (Tp1,..., Tl 1.0, Lhlye-.)-
We need only check (X, +---+ X;) X, (i <7)
=X X[ e+ XX
=(—1)%r XX, + (1) X Xy
=(—1)"' X (X o+ Xp) |
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and the first part follows.
The statement about regularity follows easily from

Xix(Xp++Xp) =X+ X+ + Xy x X .0

We now formalize the concept of “equivalence” of systems. The following
definition incorporates trivial equivalences as well as those suggested by
Lemma 6.12:

Definition 6.7. A k-GH-system S and an ¢-GH-system T are called equiva-
lent if there is a sequence S = Sy, 51,...,5m =T of systems where for each 4
either:

(i) each of S;_1,S5; may be obtained from the other by one of the steps:

(a) renaming variables,

(b) changing signs of a variable throughout,

(c) changing signs of all elements of the same row (or column) of all the
designs,

(d) applying the same permutation to the rows (or columns) of each
design,

(e) transposing all the designs,

(f) reordering the designs within the system, or

(ii) one of S;_1,S; may be obtained from the other using Lemma 6.12.

Clearly each step of types (a) to (e) has no effect on genus or type, while a
step of type (f) merely reorders genus, type and variable components.

Also, if a system is regular, so is any equivalent system.

Hence we may speak of an “equivalence class” of systems, and may identify
any equivalence class as being regular or not, according as all or none of its
member systems are regular.

Thus the two systems (X), (z141,...,2pAp) mentioned in Example 6.8 (i)
are equivalent in the sense of Definition 6.7 — the first being obtainable from
the second using Lemma 6.12.

As this example suggests, there are, in a sense, within each regular “equiv-
alence class” of systems two extremes.

On the one hand we could find an ¢-GH-system in the equivalence class
which minimises £. This can be done by taking a system (Xi,...,X,) in the
class, and defining a relation - on the set of X; by:

t=J, or
X; ~ X means either: { d;;(or §;;) =1, or
dix(or Oi) = 0k (or Oy;), for all k #4,j.

It is easy to show that this is an equivalence relation. As in Lemma 6.12
we may add together equivalent designs (remember that we are assuming
regularity!) producing an equivalent ¢-GH-system which clearly minimises £.
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On the other hand we may write each X; as ), 2i;A;; (each A;; a {0,£1}
matrix), and form the system (z11411,...,221421,...,2k1Ak1,...). This is an
equivalent -GH-system where ¢ is maximal (for the purposes of this argument
we must exclude from consideration systems which contain zero — i.e. no
variable designs).

Note that the A;; are here weighing matrices which satisfy AMAZ-TJ- =
+A;; A}, (all i,5,k,0).

It turns out that as far as the algebraic theory developed later is concerned,
we could well consider only those ¢-GH-systems for which ¢ is maximal in an
equivalence class of systems. In other words we shall essentially be considering
sets of weighing matrices A;; which satisfy AMA;; = :I:Al-jA;—E (all 4,7, k,0).

But for the Gastineau-Hills [63, p.44] theory of Kronecker products it will
be more convenient to work as far as possible with systems in more or less
“reduced” form.

6.6 The Structure and Representations of
Clifford-Gastineau-Hills Algebras

Definition 6.8. Let I’ be a commutative field of characteristic not 2, m an
integer > 0, (ki)lgigm a family of non-zero elements of F', and (5ij)1§i<j§m
a family of elements from {0,1}.

The Quast Clifford or QC, algebra C' = Cp[m, (k;),(d;5)] is the algebra

(associative, with a 1) over F' or m generators aq,...,q,, say with defining
equations:
2 .
ar =k 1<i<m
o=k o (Isism) (6.11)
ajo; = (—1)%0azay, (1<i<j<m)

where k; € F' is identified with k;1 of C.

If all §;; =1 we have the Clifford algebra corresponding to some non
singular quadratic form on F™. If in addition each k; = &1, we have those
special Clifford algebras studied by Kawada and Iwahori [119]. Later we
shall be considering QC' algebras for which the («;) of Definition 6.8 are
given, or may be chosen, such that each k; = +1. We call such algebras
Clifford-Gastineau-Hills or CGH, algebras.

The QC algebra C of Definition 6.8 is defined to within isomorphism by
the properties:

Definition 6.9. (a) It has m elements,aq, ..., a,, say, which generate C' (that
is, each element of C is an F-linear combination of words in the «; — the “null
word” 1 being one possible word), and which satisfy Definition 6.8;

(b) If D is any F-algebra containing elements (1,..., 8, which satisfy
B2 =k;, B;Bi = (—=1)%3, (i < j), there is an F-algebra homomorphism C — D
which maps «; to (;, for each 3.
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The algebra described by equation (6.11) may be constructed as the free
F-algebra or m generators aj,...,q,,, factored out by the ideal generated by
the elements a? — k;1, ajo; — (—1)% ;0. (i < 7).

Because of Definition 6.8 (i), any product of the a; reduces to an F-multiple
of one of the 2™ elements aj'...aSm (each ¢; =0 or 1). So as a vector space
over F', C' is spanned by these 2™ elements and dimC < 2™,

To show that dim C' actually is 2, let us define D to be the vector space
of all formal F-linear combinations of the 2™ formal expression ' ...35m
(e, =0,1). [These expressions may be identified as the 2™ subsets of an m-set
in an obvious way]. Make D into an algebra by defining products:

(B ... B5m) (BT ... B0m) = h5t ... B5m

where for each i, &; is €; +1; reduced modulo 2, and

i

m m
h=h(em) =TT {# I] (=09
Td=l j=i+1

We must check that this product is associative:
Bty (87 ) (8585 ))
=( ;1...ﬁ;m)h<z,£) (ﬁ}?l*ﬁl...ﬁg;n%m)
_h (n, 5) b <6m+5> gaFmen) | gont(m+en)

where + is addition modulo 2.
Similarly

((B5" - Be) (B 33) (B 851

=h <£?77) h <£+777 g) B§61+771)+£1 B -57()§m+77m)+§m )
Since addition mod 2 is associative it remains only to verify that

h(n,§)h(e,n+&) =h(e,n)h(e+n,¢).
[The former gives each k; raised to the power 7;&; +ei(m—i—§i) =k say, and —1
raised to the power Y31 DT ;0556 + D00 DIty €dig (i) = M
say.

The latter gives each k; raised to the power €;7; + (€;+n;)& = ks say, and
—1 raised to the power 3 3700, ) €505mi+ 30001 3000 (€5F15)0i5& = Ao
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say. Clearly ki = ko since each of ¢;,7;,&; is 0 or 1, and also clearly A\; = Ao
(mod 2) as required].
BYBY...5Y, is clearly a 1 for D, and identifying 3; with

By B BERY . B0 (i=1,...,m)

it is also easy to verify that
B =kil, BiBi=(-1)’5(8:if;) (i<j)

So by Definition 6.9 (b) there is a homomorphism C +— D which takes a;
to B; (each ). Clearly the f8; generate D, so that in fact this homomorphism
is subjective and dimC' > dim D = 2™ [indeed we can now deduce C' = D]

We have proved:

Theorem 6.7. The algebra C of Equation (6.11) has dimension 2™ as a
vector space over F, and a basis is

{a* ..o :e; =0 or 1}.
We use [...] for algebra generators, (...) for vector space generators. So

Cz[al...am]

=(l,a1,...,Qm,Q102,...,Q1Q2...Qny)

Remark 6.7. The 2™ basis elements in Theorem 6.7 have the properties

(a) each squares to a non zero F-multiple of 1, that multiple being + a
product of the members of a subset of the (k1).
(b) each pair commutes or anti-commutes

Gastineau-Hills [63, p.67] then proceeds to show QC algebras are semi-
simple and develops the theory of QC' algebras and Clifford-Gastineau-Hills
(CGH) algebras. We do not consider this here but proceed to their application
to product and repeat designs.

6.7 Decomposition

We now consider the following QC' algebra:

Notation 6.1. For b€ F| let £y =% (F) denote the QC algebra over F' on
one generator, 3 say, satisfying 42 = b.

For ¢,d € F, let Q. q = Q. q(F) denote the QC algebra over F' on two
generators, 7,6 say, where 42 = ¢, 62 =d, 6y = —v6.

These algebras are in fact Clifford algebras and their structures are known.
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The importance of the algebras £, Q. g lies in the fact that any QC algebra
decomposes into tensor product of such algebras. To show this we assume all
the elementary properties of tensor products, including the following;:

Lemma 6.13. Let A be a finite dimensional algebra over F', and H, K sub-
algebras each containing the 1 of A. Suppose

(i) each element of H commutes with each element of K ;
(i) HK = A (where HK is the set of all finite sums >  h;k;:h; € H, k; € K),
and
(i) dim A = dim H dim K.

Then there is an isomorphism A~ H @p K (the tensor product of algebras
over F), given by hk — h®k. (in this case we shall identify h with h®1, k
with 1®@k) [4, Ch.1 §5].

Clearly there is an extension of this lemma to the case of any finite number
of sub-algebras Hi,..., H, of A each containing the 1 of A and satisfying

(i) each element of H; commutes with each element of H;, (i # j),
(ii) Hy...H, = A,
(iii) dim A =dim Hj ...dim H,;

in which case A2 H1 Qp...QpF H,.
The decomposition of C = Clm, (k;),(di;)] = [a1,..., ] (see definition
6.8) proceeds as follows:

Suppose that all §;; =0, so that C' is commutative. If m > 1, [aq,..., 0] =
[a1] (@2, . .., ] since each basis element a{'a5?...agm of C' is the product of
elements of [a1],[ag,...,an] respectively.

Also dimC = 2™ =2 x 2™~ = dim[a;]dim[ag, . ..,a,,] So by Lemma 6.13
c= [al] ® [Otg,...,Oém] :ﬂ/ﬁ ®C[m_ 17(]6;)’ (6;j)]

where k,_; =k; (2<i<m), 5;_1’]-_1 =6 (2<i<j<m).

Suppose on the other hand that some 6;; = 1. We may suppose (possibly
after reordering the «o; and correspondingly the k;,d;;) that 612 =1, so that
a1,ap anti-commute.

If m>2, [ag,...,am] = [al,ag][a‘f”’ag ozg,...,off%”aglmam] since each
basis element aj'...a5m of C is the product

€3 €m
(a7t ad?) ((OLLPSlegag) (a?maglmam> )

(divided possibly by 4 a product of some of the k;), where 11 = €3 +Z}n:3 doj€;
reduced modulo 2, and 1y = €3 + Z;n:3 d1j€; reduced modulo 2.

13

. . _ d2; 014
Now [a‘;%ag“ag, ... 7oz(lsz’maglm am] =272, as products of the aj? a5 a;

(3 <i<m) yield F-multiples of precisely 2m=2 of the basis elements

ajt,...,asm of C.
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So dimC = 22 x 2m~2 = dim[Oél,OZQHOl?%)’Ozgl:gaf},...,01(152m0431m04m]. Also,
as is easily verified, a7 and as commute with each af%ag“ai (which is why
the latter elements were chosen!). So by Lemma 6.13:

C= [al,Oéz] ® [aflhsagm as,... 7O/EZm aglm am}
= Qky kp ®C [m—Q,(k;%(égj)] for some ki € F, 6;; € {0,1}.

Let us find the £/, ¢’

Ry N

k._, is found by squaring a‘;?iag“ai (3 <i<m), thus

d9; 014 d2; 014
;_2 — <a121a211ai> (0612206212041;)

d24 014 024 O1i
— a121a211 <a121a211ai) o

(since a?" ag”ai commutes with both a; and «ag)
_ (71)511'521' ozi%oz?%ag“ag”a?
_ (71)611-621- (a%)@i (a%)(sli 0412
— (_1)51i52i ktlsmkgliki

which is + a product of some of the original k1,... . kp,.
0;_ j_o is found by considering:

doi 014 . . . .
(a12] a21] aj) (a‘im ag“ai) B<i<ji<m)
. . Soi 814
= aj ag“ (()412] a21j aj> o
y 5 5 s F I
_ (_1)513 (_1)52151] (_1)511523 a?lag“aiaﬁ a21a a;

P 'y S 81
= (1)1 0150200 (a?’ag”ai) (oqz’ozglJ ozj)

So &/

i—2,j—2 = (511'52]' +51j52i +51‘j (reduced modulo 2 )

Remark 6.8. From this last result it is clear that if C' is a Clifford algebra
with all §;; =1, then all 523‘ =1 and so the second factor in the tensor product
is again a Clifford algebra.

In general however C' decomposes into an algebra £}, or Q, 4, tensored
by a QC algebra C[m—1 or m —2,(k;), (d};)] of dimension less than 2. Note
that the new parameters k/, as well as the by or ¢1,d; are each one of the
original k;, or £+ a product of some of them.

Also the factors of the tensor product are given in terms of generators, m
in all, which can be identified as being an “alternative” generating set taken
from the basis {af'...a5m}. Induction on m gives the following theorem:
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Theorem 6.8. A QC algebra Crm, (k;),(0i5)] = [a1,..., 0] (see Definition
6.8) is expressible as a tensor product over F':

C= L4@...® L5, ®Qe;q; ®---@Qe, .
= [ﬂl]®---®[ﬂr]®[’71761]®-~-®['75763] say (6'12)

where r,5 >0, r+2s =m, and each b;,c;,dy, is £ a product of some of the k;.

FEach B;,7;,0r (where BZQ =b;, 'yjz = ¢j, (5,% =d, and all pairs commute
except 6;v; = —v;0;, 1 <i < s) may be taken as being, to within multiplication
by + a product of some of the k;, one of the basis elements {ai'...aSm} is
(to within division by + a product of k;’s) one of Bfl ...ﬁfrvfléipl oyl gy
(each 0;, ¢;, Yr =0 or 1). Thus the latter 27125 = 2™ elements form a new
basis of C, and (B1,...,Br,71,01,-..,7s,0s) is a new set of generators.

The numbers r, s are invariants of C' as can be deduced from the following:

Lemma 6.14. The centre of C = [f1]®...® [Br] ® [11,01] ® ... ® [7s,d5]
(Bi,Vj,0k as in Theorem 6.8) is the 2" dimensional sub-algebra [51]®...®[B,].

Proof. Clearly this subalgebra is contained in the centre. Conversely, let
¢ be in the centre. Expressing £ as a linear combination of the basis
{890 By P16¥1 . 42262%) we have

€= hplr . BiraPreyt . 26

where h = h(01,...,0,,01,101,...,0s,0s) is in F
For each i =1,...,s,

— 6
E=nleyi = £hBI LBy PIST L P50

where the sign is negative when 1) =1 (since 7; commutes with all 5;,7;,0;
except 0;).

Comparison of the two expressions for & shows that h =0 for any basis
element with ¥; = 1.

A similar argument using § =9, L¢5; shows that for each i, h = 0 for any
basis element with ¢; = 1.

Hence £ is a linear combination of the fl ...Bfr only, so that ¢ €
[B1,...,8r] = [P1]®...®[B] as required. O

Remark 6.9. The converse of Theorem 6.8 is obviously also true — that is,
any algebra of the form (6.12) is a QC algebra. Indeed, regarded as an
algebra on the generators {f3;,7v;,0}, C of the form (6.12) is the QC algebra
Clr+2s,(k), (0;;)] where ki, ..., kj os =b1,...,bp,c1,d1,. .., cs,ds respectively,
and all 51’»]» =0 except 6;+2i_1’r+2i =1for1<i<s.

From these facts it is clear that a tensor product of a finite number of QC
algebras is itself a QC algebra.
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If C is a Clifford algebra, it follows from the remark 6.8 that the decompo-
sition process splits off only Q,; 4; type algebras, except for a possible final
commutative algebra on one generator. In other words, r of theorem 6.8 must
be 0 or 1 if C is a Clifford algebra.

Conversely, any algebra of the form (6.12) with » =0 or 1 is a Clifford
algebra. This can be proved by induction on s. For suppose C' is a Clifford
algebra on 2s generators |1, ...,ags]. Then

C®Qc7d - [041,.--70625]®[’Y,6]
= [al,...70(25,a17...,0625’77011,...7a235]

using Lemma 6.13

This is a Clifford algebra on 2s+ 2 generators since, as is easily verified,
Q1yeeny 26,0140, Q67,1 4. .., 250 all anti-commute.

Similarly, again supposing C' is a Clifford algebra on 2s generators,

C® Ly =la1,...,a2s @[]

~[aq,...,q05,1...a250] (using Lemma 6.13)

is a Clifford algebra.
Collecting these facts we have the following relationship between the classes
of QC algebras and Clifford algebras over a field F' of characteristic not 2.

Theorem 6.9. The class of QC' algebras over F is the smallest class which is
closed under tensor products and contains the Clifford algebras corresponding
to non singular quadratic forms over F.

It is the smallest class which is closed under tensor products over F' and
contains the algebras Ly, Qc.q (b,c,d € F).

The Clifford algebras are the QC' algebras with 1 or 2 dimensional centres
(general QC algebras having 2" dimensional centres, r any non negative
integer).

6.8 Clifford-Gastineau-Hills (CGH) Quasi Clifford
Algebras

The structures of Clifford-Gastineau-Hills (CGH) algebras (Cr[m, (k;), (d;;)]
with each k; = +1) can be deduced fairly quickly from the results of the
previous sections. However, since we shall be particularly interested in explicit
matrix representations of certain CGH algebras, it will be more convenient
to work from the prior results — in particular Theorem 6.8.

As in [119] it is convenient to classify the possible fields F' into three types:

(I) F contains p such that —1 = p?.
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(I1) F is not of type 1, but contains p,q such that —1 = p? + ¢>.
(IIT) F is not of type I or 1L

Summary 6.1. The following summary of structures and representations of
L,Qc q for b,c,d = +£1 is readily deduced [64, p.10]:

Table 6.4 Summary of structures and representations [64] ¢

Algebra FT® s¢ IR? o°
L1=10] any 2F B+ (1) or B+ (—1) 1
1 2F — — (= 1
o1 =16 { 8 (1;):);3 (=p)
Horlll £ B (970) 2
Qx1,1 =[7,9] any Fr oy (9%5), 67 (6-9) 2
Q1,-1=1[7,4] any F> 7»—)(‘{3),6»—)(?_3) 2
I Fr oy (978) 6= (5 -p) 2
—1.-1=[v,0 - -
Q-1,-1=Md{ 1 By oy (978), 00 (L2 20) 2
0—-10 O 0 0-10
111 Q v |8 88_?}5H{? 0 86} 4
0O 01 O 0—-1 00

@ H. Gastineau-Hills [64, p.10] ©Cambridge University Press ®field type ©structure
4 irreducible representation € order

where (' denotes the field F[v/—1] (F type II or III), and Q denotes the
quaternion division algebra [v,8](y? = 6% = —1,6y = —76) over F (F type
10).

Remark 6.10. For fields of-type III there are irreducible representations of
L, Qc,q (b,c,d==£1) in which are each represented by {0,£1} matrices with
just one non zero entry in each row and column.

Now in the decomposition of an CGH algebra, each of the b;,c;,d) of
equation (6.12) is £1. From Summary 6.1 it follows that the decomposition
of an CGH algebra takes (possibly after reordering the factors) the form:

C= [a1,...,00m)

=2 2F®..Q02FQF®...QF, (F typel) (6.13)
or2F®..02FR L®...0 LRFH®...0F (typeII)
or2F®..02F L®...0 L0®..000 F,®...0 Fy (type III)
[61]®"-[ﬁr]®[71;61]®“'®[75;65] say

12

where each f;,7;,0) is & a product of the a;, and conversely each «; is & a
product of the 8;,7;,0k.
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The following lemma contains particular cases of more general results: we
draw attention to an important detail common to the proof of each part.

Lemma 6.15. (i) £ 0 = 2FQ £ (F a field of type II or II),
(i) L@ Q = LCRF, (F type III),
(i) Q®Q = R F, (F type III).

Proof.

i) Lo L

L@ L

[B1] @ [Ba] say (87 =—1)

(81, B2]

[B162] ® [B1] by Lemma 6.13, since 152,41 commute and

generate [01, B2]
2F® (' since (B162)% = 1.

111 1l

12

(i) £ ® Q
= L0 L1,
= [Bl®[,0] say (82 =—1,7*=6%=—1, 6y =—d)
= [B,7,4]
~ [f]®|[B7,d] by Lemma 6.13

L ®Qq,_1 since (By)%2=1
>~ ' ®Fy by Summary 6.1.

(ili) Q®Q
= Q-1,-1®Q-1,—1
= [11,01]@[12,02] say (77 =67 = =1, 6% = —7id;)
= [y1,01,72,02]
= [71(52,(51} ® [5172,52] by Lemma 6.13
>~ Q1,1 ®Q1,—1 since (y162)? = (6172)%) =1

Fo® FyO

Note that in the proof of each part of Lemma 6.15 tensor products of
algebras in terms of certain generators are converted to tensor products of
algebras in terms of new generators. In each case the new generators are
certain products of the old, and each old generator is + a product of the new.
Hence

Corollary 6.12. If Lemma 6.15 is applied to pairs of factors in equation
(6.13), the new generators are still & products of the original «;, and each o
is £ a product of the new generators.

Application of Lemma 6.15 sufficiently often to equation (6.13) yields:
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(i) 2F®...Q2FQF®...Q any type of field
C=((ii) 2F®..02FR L@F®...0Fy, typeII or 11T (6.14)
(ili) 2F®...02FRQ@ R ... Fy type III

If we use the fact that ® distributes over &, and F}, ® F,, = F,,, we immedi-
ately obtain the possible Wedderburn structures of CGH algebras:

Theorem 6.10. The Wedderburn structure of an CGH algebra C = C|[m, (k;),
(0i5)] (ks = £1) as a direct sum of full matriz algebras over division algebras
is (depending on m,(k;),(d:5)) one of

(i) 2" Fas any type of field
(ii) 2771 L@ Fos  type II or IIT
(iii) 2"Q® Fys—1  type III,

where in each case r+2s=m, and 2" is the dimension of centre.

Conversely (as in remark 6.9) any such algebra (1), (II) or (III) is an
CGH algebra C[r+2s,(k;),(8:5)] (ki = £1) with respect to certain generators.
Also (as in theorem 6.9) the subclass of algebras with structures (i), (it) or
(#it) for which r <1 is precisely the class of algebras isomorphic to Clifford-
Gastineau-Hills algebras on r+2s generators (the generators anticommuting
and squaring to £1).

Corollary 6.13. In case (i) of theorem 6.10 there are 2" inequivalent irre-
ducible representations, of order 2°; in case (ii) 2"~ ' of order 2571, and in
case (iii) 2" of order 25T1. Any representation must be of order a multiple of
(i) 25, (ii)25T1, (@ii) 251 respectively, and any such multiple is the order of
some representation.

Explicit matrix representations may be constructed using Summary 6.1
and equation (6.14) as follows.
Consider the case when C' takes the form (6.14) (i), that is.:

CE222FR...QQ2FQFFHh®...Q Iy
[61]®...®[8r]®[71,01]®...® [7s,0s] say.

By Summary 6.1 we have irreducible matrix representations for each [§;],
[vj,9;], of orders 1,2 respectively. Suppose f3; — B;, vj — C; and j — Dj,.
Then a representation A say of C is defined by setting

0 . ; ;
)\( 11.../3377?15;/’1...73&5;%)
=B"@..@BlroC' DV ®...©C¢ DY (6.15)

(each 6;,¢;,%, =0 or 1) where here ® denotes the Kronecker product.
Clearly A is of order 1 x---x1x2x---x2=2%so by Corollary 6.13 (i)
it is irreducible. The two inequivalent choices for each [3;] give rise to all
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2" inequivalent irreducible representations of C'. Now since C is semi-simple,
to within equivalence any representation p of C' may be formed from some
family {\1,...,A¢} of irreducible representations by defining:

A2(7) for all v in C.

Any matrix representation p’ equivalent to u is of course given by p/(y) =
Tflu('y)T for some non singular matrix 7" over F'.

Representations of C' in the cases (6.14)(ii), (iii) are formed similarly.

Now the class of {0,£1} matrices with just one non zero entry per row and
column is closed under the operations

(a) taking + ordinary products,
(b) taking Kronecker products,

(c) forming from matrices X1, Xo,....

So using Remark 6.10 and Corollary 6.12 the following can be deduced:

Theorem 6.11. If F is a field of type III (—1 is not the sum of two squares)
each representation of an CGH algebra Cm, (k;), (0:5)] (k==+1) on generators
(a;) is equivalent to a matriz representation in which each «; corresponds to
a {0,£+1} matriz with just one non zero entry in each row and column (an
orthogonal {0,£1} matriz).

6.9 The Order Number Theorem

We now apply the theory of Clifford-Gastineau-Hills algebras to the problem
of determining the possible orders of systems of orthogonal designs of a given
genus and on given numbers of variables.

Gastineau-Hills has shown that the existence of a k-system W of order
n, genus (0;;)1<i<j<k say (d;; € {0,1}), on p1 +1,pa,...,py variables (each
p; > 0), implies the existence of an order n representation of a certain real
algebra, C' say, on p1 +p2+---+pg generators (see [63, Ch.7]). In fact C
is the algebra on generators ai1,...,01p,, 021, .., Q2py,- v vy Ok o vy Qg SAY
with defining equations:

O‘?j = (—1)611'
QO = — QG Qe (j 75 k) (616)

Qo = (—1)6,1i+6/11'+6;j a;poge (i <j) (where 87, is taken as 1)
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We have used d;; here to avoid confusion with the parameters ;; of theorem
6.10 which is to be used immediately].

Thus C is an CGH algebra with respect to the generators «;; and the
results of Section 6.8 apply.

From Theorem 6.10 and Corollary 6.13 we deduce that the possible orders of
the system W are restricted to multiples of a certain integer, p say, where p =
2%,25F1 25+ according to whether the C of 6.16 has structure 6.10(i),(ii), (iii)
respectively. Here the F' of 6.10 is the reals (a field of type III), the m of 6.10
is p1 + -+ + pg, and each k; of 6.10 may be expressed easily in terms of the
ol

]We have in effect described an algorithm whereby, given p; +1,p2, ..., Dk
and (5;]-)7 a corresponding number p , a power of 2, may be computed. We may
regard p as being determined by the family (p1+1,p2,...,px; (0;; 1<i<j <k)
and we make the following definition.

Definition 6.10. The order number of the family (p1 +1,p2,...,pk;
(0i;)1<i<j<k) (pi > 0,0;; € {0,1}) is the order of the irreducible representations
of the algebra (6.16) (all irreducible representations of (6.16) having the same
order — a power of 2).

Thus a k-system W of genus ((ﬁj)lgigg‘gk onpy+1,pa,...,p; variables must

have order a multiple of the order number of the family <p1—|—17p2, e DES (5§j )) .

We wish to show that conversely any multiple of the order number of
(p1+ 1,p2,...,pk;(6§j)) is the order of some k-system W of genus (5§j) on
p1+1,p2,...,p; variables. We wish to show further that the system W may
be chosen to be regular, and of type (1,1,...;1,1,...;...).

Let n be any multiple of the order number of (p1+1,p2,...,pk;(5§j)).
By Corollary 6.13 there is an order n representation of the algebra (6.16),
and by theorem 6.11 we may take the a;; as each being represented by an
order n, {0,£1} matrix, E;; say, with just one non zero entry per row and
column. §6.8 contains a description of how such a matrix representation may
be constructed].

The matrices E;; satisfy:

B2 = (—1)1]
EixEij = —EijEi, (J#Fk)
B — S B B, (i< .
Ej By = (—1) i By By (1< j) (where 617 =1)
Also the matrices F;; are orthogonal.

It follows that E; = (—1)5/11'Eij for all 4,j. Since 0j; =1, all Ey; are
anti-symmetric, so I * E1; =0. Also if 1 < j <k < p;, then:

5t 8.
ElkE;]r = (—1) 1i Eik:Eij = — (—1) 14 EijEik = _EijEi—]rg
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Since FEjj;, ;) each have only one non-zero entry per row it follows that
E;;* E;;, =0 [This is essentially a particular case of lemma 6.11, since (X1 =
21E;5, Xo =x2FE;;) is a 2-system of type (1;1) on the variables (x1;x2), with
XoX| =-X1X7].

Hence we may form designs:

X1 =zl +x11 B+ +21p, Brpy
Xo =x21FE01 4+ 2p, Bop,

Xp=zp1Ep1 + -+ Trp, Erpy, -
Now

Eyl" =—IE|;, EgxEj;=—EjE;; (j#k), EyE)=(-1)¢E}=1.

(2

It follows that:
X, X, = Z wl I
J

so that each design X; is an orthogonal design, of type (1,1,...).
Since for ¢ < j

Ejo By, = (-1)" BBy,

(3
!

! ! !
= (—1)°uTt N B,
5l T
=(=1)" EirEjy

it follows that ,
XX =(-1)% X;X] .

So (Xi,...,Xk) is a k-system of order n, genus (5§j)1§i<j§k~ Its type is
(1,1,...51,1,...;...) so by lemma 6.11 it is regular.
We have shown:

Theorem 6.12. Suppose p is the order number of the family (p1+1,p2,...,Dk;
(0ij)1<i<j<k) (i integers >0, 6;; € {0,1}). Then any k-system of any type,
genus (8;5), on p1+1,pa,...,p, variables, has order a multiple of p. If n is a
multiple of p there is a reqular k-system of order n, type (1,1,...;1,1,...5...),
genus (0;5) on p1+1,pa,...,pr variables.

[We have renamed d;; as d;; in the statement of this theorem.]

Note that this theorem does not give information on which multiples of the
order p are the possible orders of k-systems (of genus (d;; on p1 +1,p2,...,pk
variables) for types other than (1,1,...;1,1,...;...).

Note also that while the second part of this theorem merely asserts the
existence of systems with certain properties, we have in fact developed a
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technique whereby such systems may easily be constructed. The following
example illustrates the method:

Ezample 6.9. We find the possible orders of product designs (as defined in
definition 6.3) on (2,2,4) variables, and construct such a product design for
each of these orders.

The algebras corresponding to product designs (see 6.3) have been explicitly
determined earlier. In the case of (2,2,4) variables we have an algebra C' on
14244 =7 generators (see equation (6.16)) «, 51, 52,71,72,73,74 say, with
defining equations

Bof1=—P1P2, vivi=—vv; (i#])
Bja=—aBj, vyjao=—ay;, viBi=P8:;-

Now

C= [aaﬁlaﬁ2771772773a74]
= b1, 2] @ [71,72] @ (117273, Y172774) @ [@B1 Bay1y27v374]

(by lemma 6.13 — an algorithm which yields this or an alternative such
decomposition is described in Section 6.7)

=2Q-1,-19Q-1,1®Q-1,1® L1
~QeQ@Ro2F (b (16.1))
= [B17v2,82] ® [B2y1,72] @ [Y17273, 71 7274) @ [aB1B2v17273V4)

(using the technique in the proof of Lemma 6.15 part (iii))

EQ1,-19Q1,-1 9 ®2F
2HRHRFFHE2E  (Summary 6.1)
g2}:‘23

So by theorem 6.10(i) and corollary 6.13(i) the order number is 23 = 8, and
the possible orders of product designs on (2,2,4) variables are the multiples
of 8.
Such a product design of minimal order 8 may be constructed as follows:
We first find a suitable order 8 matrix representations for o, 81, 82,71, - - -,74
using the technique described in §6.8. To do this we express each of the
«, B1,82,71,---,74 in the form

0
£ (B172)? BYY (Bay1) 2452 (1171273) P? (11v272) 2 (B Bayiv2yava)

(each 0,¢;,9 =0or 1)
For example
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1 1 1 1 1
a=%(B172)" B3 (B2m1)' 19 (117278)" (My274) " (aB1Bav1v27374)
is found by solving

=1

b1 +0=0
Y1+o2+0=0
¢o+d3+1w3+0=0 » modulo 2.
p1+Y2+o3+YP3+0=0
¢p3+0=0

b3 +0=0

(in fact the sign is —, but this is unimportant). So

a =% (B172) X (B2y1) X (117273) (117272) X (B1B271727374)

aﬁﬂ@ﬁﬂ@ﬁ‘ﬂ@@(m%w&m1dmm)

0 0 0-1]

0 0-1 0
0-1 0 O
-1 0 0 O

=lo001 = F say.

0010
0100

1000

Similarly,

B1=%(B1y2) X v2 x 1 x 1

gl yelen

00 0-1
00-1 0
01 0 0
10 0 0
- 00 0-1|=frsa

00-1 0
01 0 O

10 0 0
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Bo=xPax1x1x1

P fefeo

0-10 0

1 00 O
0 00-1
0 01 O

- 0-10 of = F2sw

1 00 O
0 00-1

0 01 O

71 =EP2 x (Bay1) x1x1

ede by ew

[0 00-1

0 01 0
0-10 O
1 00 O

- 0 00-1|=C1say

0 01 0
0-10 0

1 00 0]

’}/QZZE].X’YQX].X]_

R R

[00-1 0
00 0-1
10 0 O
01 0 O
= 00—-1 0 =G> say.

00 0-1
10 0 O

01 0 0
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73 = EB2 x (B271)72 X (117273) X 1

0-1 01] [0 —-1] 01
B @D
[ 0—-1 00]
1 0 00
0 0 01
0 0-10
=lo_-1 00 = (3 say.
1 0 00
0 0 01
0 0-10 ]

And 4 = £82 X (B271)72 X (717274) x 1

0-1 01] [0 —1] 1 0
= ole (ol [ 7o) e 3=
[0—-1 00 i
1 0 00
0 0 01
0 0-10
= 010 0 = (G4 say.
-100 O
000 -1
I 001 0

Set X=xz9l+x1F
Y =y1 1 +y2 k3
Z = 21G1 4+ 29Go + 23G3 + 24G4 .

Then (X,Y,Z) is the following product design POD(8:1,1;1,1;1,1,1,1) on
2,2, 4 variables):
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xo Y2zZ4 22 nz 0 Z3 0 T1
Y224 T Y121 22 z3 0 z1 0
22 y1z1 o Y224 O T 0 23
Y121 22 Y224 To T 0 Z3 0
0 Z3 0 x1 To Y224 Z2 121
23 0 z1 0 Y2z4 T Y121 22
0 x1 0 23 Z9 Y1z1  Zo Y224
| Z1 0 z3 0 Y121 22 Y224 To |

[we have superimposed X,Y,Z as in §6.4].
Finally we note that

x Op [y O][2 O
Z

(X@L,YRL,ZRL,) = X Y :
o 110 110

is a product design of order 8, type (1,1;1,1;1,1,1,1) on 2,2,4 variables.

6.10 Periodicity

By considering a suitable CGH algebra we are now able, given (p +
1,p2,...,pk;(0i5)), to calculate the order number p, and to construct regular
k-systems of order any multiple of p, genus (d;5), type (1,1,...;51,1,...5...),
on (p1+1,pa,...,pg variables.

In practice we may wish to produce tables of order number of families
(p1+1,p2,...,pk; (0i5)) for fixed k and (d;;) but varying p;. The following
result is useful in this context:

Theorem 6.13 (Periodicity 8 Lam [142, Prop.4.2 p.127]). If p is the
order number (see 6.10) of (p1+1,p2,...,0k; (0i5)) (i >0, 6;5 € {0,1}), then
the order number of each of (p1+9,p2,-..,0k: (0i5)), (P1+1,p24+8,...,0k; (di5)),
s (P11 p2, - Pr—1,Dk + 85 (8i5)) is 2%p.

[That is, increasing any p; by 8 multiplies the order number by 16. This
means that from a table giving order numbers for the 8* cases 0 < p; <7, the
order number for any other values of (p;) is readily calculated.]

Proof. Let C' =[aq,...,am] be the CGH algebra (6.16) corresponding to (p1 +
1,p2,...,pk;(0:5)) [where m = p1,pa,...,pk, and a1,..., 0, are ai1,...,Q1p,,
Q215 M2pgy -y Akly - Akpy respectively]. Let C’ be the corresponding
CGH algebra when p; say is increased by 8. It is clear that C” will have m+8
generators, m of which may be identified with the generators of C, so that
we may write

Cl = [ala"'aamaﬁlv"'aﬂﬁi']
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It is also clear that the §1,...,8s (may be chosen to) anti-commute with
each other, and all square to 1 or all square to —1; also that each «; either
commutes with all of f1,...,8s or anti-commutes with all of them (in the
notation of (6.16), B1,...,8s would be a Qjpiprsee s QXp+8 respectively).

Set 0 if o; commutes with the S1,...,08s,
et ¢, =
! 1 otherwise, (i=1,...,m).

Then clearly o;(81,...,Hs) commutes with each of 81,..., fs. From lemma
6.13 it follows that

C/ = [al (Blv"‘uﬁ8)€1 7"'7am(ﬂ17"'758)6m] ®[ﬂ17~~~7/88}
:C”@[ﬂl,...,ﬂg} say.

Now it is easy to verify («;(B1,...,8s)%)% = a2, and that a;(B1,...,Hs)%

commutes or anti-commutes with o;(f51,...,08)% according as o; commutes
or anti-commutes with a; So C” = C, and C' = C®|[f1,...,0s].
Let us now decompose [y, ..., Ss]:

[B1,---,088] = [B1, B2] ® 818283, B16204]) @ [B1 8283845, £152/53 5456
® 81233848586 87, 515283845556 Bs]

| ReeReQ ifalpi=1,
| QeFReQ®F, ifall 32 =—1, using Summary 6.1

YHheHBFHEF, using Lemma 6.15 part (iii)
= F24 .

Hence C’ = C'® Fys. So if the structure of C'is 28 D® F,, (D a division algebra)
then the structure of C” is 28D ® Fy4,,. The result follows, using theorem 6.10
and corollary 6.13. O

It may be remarked that the process of constructing a CGH algebra from
a k-system (X1,...,Xg) on (p1+1,p2,...,px) variables, (as described in §6.6)
seems to involve a certain lack of symmetry, in that while any of po,...,p
could be zero, it would appear that p; + 1 cannot. For in the derivation of the
algebra (6.16), the substitutions which use u1¢, A19 depend on X; having at
least the variable x1g.

However this restriction (on the number of variables in X7) may be removed
- provided at least one of X1,..., X} is non zero - since in (6.16) instead of
u10,A10 we could just as well use w;,j,, Aiyj, for any other ig,jo (4,5, being
one of the variables). Different CGH algebras may arise in this way (according
to the choice of igp,jo), but they would have the same order irreducible
representations (since as in Definition 6.10 each such order is the minimal
order of the same class of k-systems). So the possible orders of k-systems
of genus (d;5)1<i<j<k on 0,p2,...,py variables (pz,...,pi not all zero) may
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be computed by looking at a CGH algebra constructed using a suitable
alternative to Equation 6.8. Furthermore, as in theorem 6.13, the minimal

order would be 1—16“1 of the minimal order of k-systems of genus (d;;) on
8,02, -, Dk-

Thus we make the following extension to definition 6.10:

Definition 6.11. The order number of the family (0,p2,...,pk;(0ij)1<i<j<k
is 1—16““ of the order number (as defined in 6.10) of (8,p2,...,pk; (0i5))-

Now theorem 6.12 remains valid even for p; +1 =0 (provided some of
P2,...,Pk are non zero). Actually in definition 6.11 we have not excluded the
possibility that all of pa,...,pr are zero. In this case the order number is the
rather strange value 271, since the order number of (8,0,...,0;(d;;)) is 23.

[To see this, note that the algebra (6.9) corresponding to (8,0,...,0;(d;;)) is
on 7 generators, o, ..., a7 say, with defining equations a? =-1, aj0; = —a;q;
(i < j), and that:

[a1,...,a7] = a1, 03] ® [0 asas, a1 asay] @ [arasazasas, o asagagag]
® [a1 asazagasagar) decomposition
=2Qo1,-19Q1190Q-1,-1® L1
2RI RQR2F (by Summary 6.1)
2hRFFRRF,Q2F
=2Fy

giving order number 23.

We have just proved algebraically the well known fact that the minimal
order of single orthogonal designs on eight variables is 8 - see [80, Ch.4]].

Theorem 6.12 may not be enhanced by allowing all of p1 +1,p2,...,pk
to be 0, with order number 271, but theorem 6.13 remains valid in all
cases. For it is easy to show that not only (8,pa,...,px;(di;)), but each of
(0,p2 +8,p3,...,0k;(0i5)),- - -,(0,p2, ..., Pr—1,Pk + 8; (0;;)) has order number
16 times that of (O,pg, vy Pk (61j))

For example the order number of (0,p2+8,ps3,...,pk; (6:5)) = 11? that of
(8,p2+38,...,Dk; ((Sij)) =16 X % that of (8,p2,...,pk; (5”)) (by 6.13) = 16x
that of (8,])2, ce s PES (5U))

Incorporating the extension 6.11 of the definition 6.10 and the subsequent
observations into both 6.12 and 6.13 gives the following, which “improves”
6.12, 6.13 by restoring symmetry (we replace p1+1 by p1):

Theorem 6.14 (Gastineau-Hills). Letp; >0 (1<i<k), §;; € {0,1} (1<
i <j < k). The order number p of the family (p1,...,pr;(0ij)1<i<j<k. as
defined in 6.10, 6.11, is the minimal order of k-systems of genus (0;;) on
P1,---,Pk variables if some p; is non zero — and in this case each multiple of p
is the order of some reqular k-system of genus (8;5), type (1,1,...51,1,...;...),

on p1,...,pr variables — and is 271 if all p; = 0. The order number of each of
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(pl +17p27"~apk; (613))7 .. 7(p17apk717pk+83(6l])) is 24p) fO’/’ all cases Of
pi > 0.

So given k and (0;j)1<i<j<k we may form tables of order numbers of the
families (p1,...,px;(0i;5)) for the 8% cases 0 < p; < 7, and the order numbers
in cases where some p; > 8 are immediately deducible.

As we shall soon see it is convenient to allow for k-systems (X7y,...,Xx) in
which some designs (in particular X1) may have no variables (such a k-system
may be identified in an obvious way with an ¢-system for some ¢ < k).

Theorem 6.14 effectively gives a complete generalization of the well known
“Radon bounds” for single orthogonal designs to the case of arbitrary k-systems
of orthogonal designs.

6.11 Orders of Repeat Designs

As an illustration of the techniques that we have developed, we shall now
obtain a complete answer to the question of what are the possible orders of
repeat designs on given numbers of variables. Now those other systems which
have been explicitly used in the previous literature (single orthogonal designs,
amicable sets, and product designs) may be identified as special cases of
repeat designs (see §6.4). So we shall get as immediate corollaries complete
answers to the questions of what are the possible orders for given numbers of
variables of those other systems.

We have already found explicitly the CGH algebra corresponding to a
repeat design (X,Y1,...,Y%,Z) (defined in 6.5) in p+1,¢1,...,qk,r variables
(p,qi,r,>0). It is the algebra C say on p+q1 +---+ g +7 generators a;(1 <
i<p), Bij(1 <5 <pi,1 <i<k),v(1<i<r) satisfying the equations (6.7).

Let (= [p/2],  mi=[q:i/2 L<i<k), n=[/2

([ ] here meaning “the integral part of”)

so that p =20(+1), ¢; = 2m;(+1) (1 <i<k), r=2n(+1) (in each case the
“+1” being present when the left hand side is odd).

Let 5 be how many of q1,...,qr are odd — so 0 < 5 < k. By reordering the
Y1,..., Y} if necessary, we may assume that gi,...,q; are odd, and gj41,...,qx
are even.

It is convenient to rename the generators of C as follows:

Write aq,a,...,aq,ag, (&) for ai,as,...,a_1,00(,a0041) respectively.

5i176i1) X 7Bimiaﬁimi7 ( 5@) for Bila_ﬁlga ve 762777,1'—17627%1' (aﬁ?mi-‘rl) respectively
(1<i<k), and 71,71, ,YnsVn, () for 71,72, -, ¥2n—1,Y2n(, Y2n+1) respec-
tively.

So
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C= [Oélao_‘la"'70575[276117/@11’"'761m17ﬁ_1m15"'7
Bklaﬁklv"'7Bkmk7ﬂkmkv’yla’?17"'v
Wnuﬁ/nv(oié)v 7@7“'7 7@7’7 (%/)}

(Where a,7 respectively are present when p,r respectively are odd, and some

B, are present when j > 0).
From equation (6.7) all the “a” generators and all the “3” generators square
to —1, while all the “y” generators are square to 1. Also all pairs of distinct gen-

erators anti-commute except that for i # j each of Bi1, Bi1, ..., ,Bimi,ﬁimi, ( _ﬂl)

commutes with each of le,le,...,ﬁjmj,Bjmj,(i@-).
Let a=Q107 ...0p0p
Bi=Bufir - Bim;Bim;  (1<i<k)
BzﬁlﬁQ-'-vﬁkv

Y=Y171---YnIn

Then it is easy to verify that the following is a decomposition of C' into a
tensor product of elementary CGH algebras:

CY o, ] ®araiaz,a1@1a2]®. ..
@@ ...ap_1,04_ 104,101 ... p_ 180 10]
®[afr1,af11]®...®@[aB11f11- .. Bimy —1B1my —1Bim.
aB11B11 - Bimi—1B1m1—181m | @ ... @ [@Br1, aBr1]
®...® [aBr1Br1 - - Brmy—1Bkmy —1Bkmy »
Br1Br1 - - Brmp—1Bkmy —1Bemy,]
®[apy,afn]®... a1 - - Yn—1Tn—17m, BV - - - Yn—1Tn—17n]

(i) nothing more if p even, r even, =0, or
(i) [aBvya] p odd, r even, j =0, or
(iii) [By7] p even, r odd, j =0, or
(iv) [aBya, aBy7] p odd, r odd, j =0, or

@ (v) [06/3175:1] ®...0 [OC/BJ’YBJ} p even, r even, j > 0, or
(Vi) [aBy@, aB17B1] @ (818251 B2)®...® [1881Bs] p odd, r even, j >0, or
(vil) [aBv7,aB1751) @ [B152P1 ol ... @ [B181B15,] p even, v odd, >0, or
(viii) [aB7G,0B77] @ [0p17a751]@. .. ® [af7a76s] podd, r odd, j > 0.

Now let m =mj +---+mg. Then from Summary 6.1 it is easy to verify that:
~ F5 (¢ even) .
CZQRQRIMHRQRIH®...® { Q (¢ 0dd) (¢ factors, alternating Q, F2)

L Fy (¢ . .
® { I% (( ¢ ?)‘:(Ill))} ®...® { Q2 (( ;;_7;111 eo‘;%l))} m factors, similarly alternating
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®... (6.17)
® { 1?2 (é i‘;ﬁl))} R...0 {}222 (éj_Tn’Z Z‘fg))} my, factors, similarly alternating
® {F2 (L+m even)} 2.8 { Q (L+m+n even)

Q ((+m odd) Fy (C+m+n odd) } n factors, similarly alternating

(i) nothing more

" L ({+m+n even)
(i) {QF L+m+n odd)}

(i) {QF (L+m+n even)}
L (L+m+n odd)
(iv) F»
2JF (all £+m1+n,....,04+m;+n odd)
{Qj_lﬁ (some £+my+n,...,+mj+n even)

v)

211, ({4+m+n,£+mi +n not both even, but mi +
® ma,...,m1+m; all even)
(vi) { 2771Q ¢+ m+nt+mi+n both even, and mi +
ma,...,m1+m; all even)

212 L ®F> (some mi+ma,...,m1+m; odd)

2j_1F2 ({+m+n even or £+ mi+n odd, and mi +
ma,...,m1+m; all even)
(vii) < 2971Q ({+m+n odd and £+ mi +n even, and my +
ma,...,m1+m; all even)
27 =2 L @F; (somemi+ma,...,m1+m; odd)
(vili) 27y (all £+m1+mn,...,0+mj+n odd)
viii )
2i—1 L ®F> (somel{+mi+n,...,0+m;+n even)
with (i),...,(viii) as above.
The problem now is to simplify this tensor product.
Let

N=(+mi+--F+mp+n=~L+m+n.

Let us first simplify the tensor product of the first IV factors — that is,
those factors not involving (i) or...or (viii).

Clearly by lemma 6.15(iii) this product simplifies to either Fyn or Q@ ® Fon -1
according to whether there is an even or odd number of @) factors.

We seek convenient conditions to distinguish these two possibilities.

One particularly simple situation occurs when ¢ is even and ¢+ m is odd.
In this case we get F,n if an even number of £,m1,...,my,n is congruent to
1 or to 2 modulo 4, and we get Q ® Fyn—1 otherwise, This is because if £ =1
or /=2 (mod 4), we get an odd number of @ factors from the first £ factors,
and similar statements hold for each of m1,...,ms,n.

That is, we get Fi,~v when an even number of p,q1,...,qg,r is congruent to
one of 2,3,4,5 modulo 8.
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Suppose however £+ m is even. In this case we are concerned with whether
n is congruent to 2 or to 3 modulo 4 (since the last n factors would be
Fr,®Q®... instead of Q® Fo®...) - that is we could be concerned with
whether r is congruent to one of 4,5,6,7 modulo 8.

Similarly if ¢ is odd we would be concerned with how many of q1,...,qx
are congruent to one of 4,5,6,7 modulo 8.

These observations suggest the following device:

Define
p q; (£ even) .
= < <
i {qi—Q(ﬁodd)} 1sisk
o r—2 ({4+m even)
1 r ({4+m) odd
Now let S = how many of p,¢},...,q},r’ are congruent to one of 2,3,4,5 modulo

8.

Then in all cases the first N factors of (6.17) give F,n if S is even, and
Q® Fyn-1 if S is odd.

It is now easy to incorporate the remaining factor(s) ((i) or ...or (viii))

using lemma 6.15, giving the following complete description of the structure
of C"

Fyn (S even)

Q®Fyn—1 (S odd)

L RF,n (£+m+n even)

2F,n (S even, £+m+n odd)
2Q® Fyn—1 (S odd, £4+m+n odd)

C = (i)

2F,~ (S even, £+ m+n even)
2Q®Fyn—1 (S odd, £4+m+n even)
{)C@FQN (£+m+n odd)
(iv) {F2N1 (S even)
QR F,~ (S odd)
2JF2N (S even and all £+m1 +mn,...,0+mj+n odd)
27Q® Fyn—1 (S odd and all £4+mq +n,...,L+my+n odd)
2/-1 L ®F,n (some {+mi+n,....L+mj+n even)

2J71F2N+1 (S even, {+m+mn or £+mi+n odd, mi,...,my all
congruent mod 2; or S odd, {+m+n or £4+m1 +n even,
mi,...,my all congruent mod 2)

2771Q® Fyn (S odd, £L+m+mn or £+mi+n odd, mi,...,my all
congruent mod 2; or S even, {+m-+n or {+mj+n even,
mi,...,my all congruent mod 2)

271 L ®F,nt1 (mi,...,my not all congruent mod 2)
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—1
27 Fyn

(vii)  2771Q® Fyn

272 LR Fynt1
27 Fyn
(viii) ¢ 27 Fyn

272 L@ Fyn+1
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(S even, £+m+n even or £+m1+n odd, mi,...,my all
congruent mod 2; or S odd, £+m+n odd, and £+m1+n
even, mi,...,my all congruent mod 2)

(S odd, £+m-+n even or £+m1 +n odd, mi,...,my all
congruent mod 2; or S even, {+m+n odd and {+m1+n
even, mi,...,my all congruent mod 2)

(m1,...,my not all congruent mod 2)

(S even and all £+mq+mn,...,+my+n odd)
(S odd and all £+mq +mn,...,£+my+n odd)
(

some £ +mi+n,...,0+mj+n even)

with (i),...,(viii) as above.

Actually (i) can be absorbed into (v), if in (v) we assume the conditions
“all {+mq+n,....0+my+nodd”, “some £+mq1+n,...,L+mj+n even” are
respectively true, false when J = 0. Similarly (iv) may be absorbed into (viii).

If we also combine (ii) with (vi) and (iii) with (vii), and apply corollary
6.13, then from Theorem 6.14 we derive the following complete description of
the possible orders of repeat designs:

Theorem 6.15 (Gastineau-Hills). Let p+1,q1,...,qx,7 be non negative
integers, not all zero, with q1,...,q5 odd and qji1,...,q; even (some J such
that 0 < J < k). Suppose £ =[p/2], m; =1[q;/2] (1 <i<k), n=][r/2], m=
mi+---+mp, N=~0+m+n,

q4; =

S = how many of p,q.,..

/ qi (if ¢ even) ; [r—=2 (if L+m even)
{qi—2 (if ¢ odd)}’ ’”—{ } and

r (if {+m odd)

Q" are congruent to one of 2,3,4,5 modulo 8.

Then the possible orders of repeat designs (X,Y1,...,Yx,Z) on p+1,
q1,---,qx,r variables are all the multiples of p where p is given below.

(i) p even, r even

2N+1

{ZN (S even and £+mq +n,....L+my+n all odd)
p:

(ii) p odd, r even

(otherwise)

2NV (J=0, S even, £+m+n odd)

2N+l (J =0, and either S odd or £+m +n even; or J >0,
S even, {+m+n, £+ m1+n not both even, and

p= mi,...,my all congruent mod2; or J >0, S odd,

2N+2

(iii) p even, r odd

f4+m+n, £{+m1+n both even, and mq,...,my all
congruent mod 2)

(otherwise)
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oN (J=0, S even, {+m+n even)
2N+l (J =0, and S, £+m+n not both even; or J >0, S

even, {+m+n even or {+m1+nodd, and mq,...,my

p= all congruent mod 2; or J >0, .S odd, /+m+n odd
and {+mj +n even, and mq,...,my all congruent
mod 2)

2N+2  (otherwise)

(iv) p odd, r odd

o2N+1 (S even and £+my +n,...,L+my+n all odd)
P~ an+2 (otherwise)

Note that “periodicity-8” can be verified for repeat designs from this
theorem. For if any of p,q1,...,q%, is increased by 8, clearly N is increased
by 4 and the oddness/evenness and congruency modulo 8 conditions on the
p,qi,7,¢,m;,n etc. are unaltered.

In particular the theorem conforms to “periodicity-8” for the cases p+1=0,
so by the results of Section 6.10 we are justified in the way we stated the
Theorem 6.15, removing the original restriction that p+ 1 be non zero. In
other words 6.15 remains valid for repeat designs (X, Y7,...,Ys, Z) with X =0,
provided Y7,...,Yy, Z are not all zero.

Ezample 6.10. The possible orders of repeat designs (X,Y7,Y2,Y3,Z) on
3,5,2,12,1 variables are all the multiples of 212,

Proof. Here p=2 (even), r =1 (odd) so case (iii) of 6.17 applies. Now £ =1,
mi=2 me=1,m3=6,n=0,m=9, N=10. Also ¢ is odd, £+ m even, so
p=2,¢1=3,¢5=0,¢5=10=2 (mod 8), ' = —-1=7 (mod 8).

So S=3isodd. But J=1>0and {+m+n =10 is even, so the “otherwise”
of 6.15(iii) applies: p = 2NV+2 =212,

By symmetry the possible orders of repeat designs on, say, 3,2,5,12,1
variables would also be all the multiples of 2'2. ]

6.12 Orders of Product Designs and Amicable Sets

We conclude by finding the possible orders of product designs and of amicable
sets of orthogonal designs, on given numbers of variables. We could do this
by taking the algebras of equation 6.7 (the algebras corresponding to product
designs) and the algebras corresponding to amicable k-tuples and proceeding
in each case as in Section 6.11. However, as we have remarked before, both
product designs and amicable sets can be taken as particular cases of repeat
designs (X,Y7,...,Yy, Z) by setting some of X,Y7,...,Y%, Z to zero.
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So since in theorem 6.15 we allowed for some of p+1,q¢1,...,qx,r (the
numbers of variables in X,Y7,...,Yy, Z respectively) to be zero — even p+1 —
we can obtain the required results very quickly as corollaries of Theorem 6.15.

Let us first consider product designs. These are given by those repeat
designs (X,Y1,...,Yy, Z) for which Z =0 and k = 2. That is, we use Theorem
6.15 where r =0, k = 2.

Note that in this case neither r nor r —2 is congruent to any of 2,3,4,5
modulo 8, so that the S of Theorem 6.15 is always just how many of p,q},¢5
are congruent to 2,3,4,5 modulo 8. From this we easily deduce the following
corollary to Gastineau-Hills Theorem 6.15:

Corollary 6.14. Let p+1,q1,q92 be non-negative integers, not all zero. Let
€= [p/2], m1=l[q1/2], ma = [g2/2], N = {+m1+ma,

;L qi (¢ even) .
ql—{qi_2 ( odd)} (i=1,2), and

S = how many of p,qy,qs are congruent to one of 2,3,4,5 modulo 8

Then the possibility of orders of product designs (X,Y1,Y2) (as defined in
Definition 6.3) on p+1,q1,q2 variables are all the multiples of p where p is
given by the following:

(i) p even, q1 even, qa even
e 2N (S even)
2N+ (S 0dd)

(i) p odd, q1 even, g2 even
2N (S even, L+m1+ma odd)
2N+ (otherwise)

(iii) p even, q1 odd, qo even
2N (S even, L+m; odd)
P= 2V n (otherwise)

(iv) p even, qa even, q1 odd
as for (iii) with m1,me interchanged

(v) p odd, g1 even, qa even
2N+ (S even, £+m1,ma not both even; or S odd, {+
p= m1,mg both even)

oN+2 (otherwise)
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(vi) p odd, q1 even, qa odd
as for (v) with myi,mgy interchanged

(vii) p even, q1 odd, qo odd
- oN (S even, £+mq,l+ms both odd)
P~ 2V (otherwise)

(viii) p odd, q1 odd, g2 odd
oN+1 (S even, £,m1 not both even; and mi+mg even; or
p= S odd, £,m1,ms all even)
2N+2 (otherwise)

From this corollary the arrays in Table 6.5 are easily constructed. They
give the minimal orders (expressed for convenience as indices base 2, so that
an entry n means minimal order 2") of product designs on p+1,¢,r variables
for all 8% cases 0 < p+1,q,7 < 7. (the entry for p+1,q,7 = 0,0,0 is justified
in Section 6.10)

So for example we can verify from the Table 6.5 the result of the calculation
in example 6.9 — that the minimal order of product designs on 2,2,4 variables
is 23.

By “periodicity-8” the minimal orders for larger values of p+1,q,r are
easily deduced. Thus for example the minimal order for each of (10,2,4),
(2,10,4), (2,2,12) is 2314 =27,

The table for p+1 =0 is effectively a table giving the minimal orders of
amicable pairs on (g,r) variables.

The cases p4+1 = ¢ =0 give the well known minimal orders of single
orthogonal designs on 7 variables.

Now let us consider amicable k-tuples. These are given by those repeat
designs (X,Y1,...,Yy, Z) for which X = Z = 0. That is, we use theorem 6.15
where p=—1, r = 0. Note that in this case £ = [p/2] = —1 is odd, so ¢, = ¢; —2
(1<i<k)and 7’ =r=0,so the S of 6.15 is here how many of ¢1 —2,...,q; —2
is congruent to one of 2,3,4,5 modulo 8. This means that S is how many of
q1,---,qx is congruent to one of 4,5,6,7 modulo 8. Also, although the N of
6.15 would here be —14+mq +---+my, let us redefine N to be simply Z’f m;.

This gives:

Corollary 6.15. Let q1,...,qr be non negative integers, not all zero, with
qis---5qg 0dd, qi4+1,-..,qr even (some J such that 0 < J <k).

Let m; = [q;/2] (1<i<k)and N=mi+---+my, and let S = how many
of q1,--.,qx is congruent to one of 4,5,6,7 modulo 8.

Then the possible orders of amicable k-tuples on q1,...,qr variables are all
the multiples of p where:
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Table 6.5 Minimal orders of product designs on p+ 1,¢,r variables (indices base 2)%

p+1=1

0

p+1

01234567
01223333
11223344
22223455
22223455
33334566
33445566

3455 666 6
3455 66 6 6

r

01234567
-1 0122333
0 0123344
11123445
2 2223455
2 3333456
33444456

0
1
2
3
4
5
6

34455556

7

34556666

r

0
1
2
3
4
5)
6

7

p+1=3

p+1=2

01234567
22333345
22333345
33444456
33445566

33456677
33456677
4 45677838
556 6 77838

r

01234567
12233334
22333345
23333456
33334566
333456067

0

1
2
3
4
5
6

33456677
34566777
45667777

7

r

0

2

5

7

p+1=5

=4

p+1

01234567
33334566
33445566
3455 66 6 6
3455 66 6 6
45667777
556 6 7788
6 6 6 6 7899
6 6 6 67899

r

01234567
23333456
33444456
34455556

0

1
2
3
4
5
6
7

3455666 6

34566777
4 4567788

5956 7889
6 6 667899

r

2
3
4

¢ Gastineau-Hills [63, p155-156] © H. Gastineau-Hills
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Table 6.5 Minimal orders of product designs on p+1,q,r variables (indices base 2) [63]
@ (continued)

p+1=6 p+1=7
. "lo1 2345 6 7 . "lo1 2345 6 7
0 333456 6 7 0 334566 7 7
1 334566 7 7 1 334566 7 7
2 3456677 7 2 4 4567718 8
3 4566777 7 3 556677 8 8
4 56 6777 7 8 4 6 67777 8 9
5 6 67777 8 9 5 6 67777 8 9
6 6 77778 9 10 6 778888 9 10
7 T 77T 7T 89 10 10 7 778899 10 10
¢ Gastineau-Hills [63, p155-156] © H. Gastineau-Hills
o2N=1 (J=0, S and N both even)
2N (J =0, S and N not both even; or J >0, S even,
_ N,my not both odd, and mi,...,my all congru-
p ent mod2; or J>0,S5 odd, N;my both odd, and
mi,...,my all congruent mod 2)

2N+ (otherwise).

The conditions determining p in 6.15 may be more neatly expressed. Let
us for any integer j define n; to be how many of q1,...,q; are congruent to j
modulo 8.

Then in 6.15 the condition S even is equivalent to ng +ns+ng+n7 =0
(mod 2). The condition N even is equivalent to no+nsg+ng+n7y =0 (mod 2).
The condition J = 0 is equivalent to n1 =n3 =ns =n7 =0.

So if J =0, then S, N both even is equivalent to ng =n4 =ng (mod 2).

Now suppose J > 0. The condition m1,...,my all even is equivalent to
ng =n7 =0, and all odd is equivalent to n; =n5 =0. So S even, N,m1 not
both odd and m1,...,m  congruent mod 2 implies that either:

ng=n7=0,n4+n5+ng+ny=0 (mod 2); or
n1=n5=0,n4+n5+ng+nr=na+ns+ng+n7=0 (mod 2);

which implies that either

ng=n7=0,n4+n5+n6=0 (mod 2), or
n1=n5=0,n2+n3+n4 =0 (mod 2).

Also S odd, N,m; both odd and my,...,m  congruent mod 2 implies that
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n=n5=0,n4+n5+ng+n7=na+nz+ng+ny=1 (mod 2);
which implies that
ny=ns=0and no+nz+ng =0 (mod 2).

Conversely ng =ny =0 and ng+ns +ng =0 (mod 2), or ng =ns =0,
ng+ng+ng =0 (mod 2) implies that: either S even, N,mj not both odd,
my,...,my congruent mod 2, or S odd, N,my both odd, m1,...,m  congruent
mod 2. A1l these facts mean that we can give the following equivalent for-

mulation of 6.15 (we need no longer assume the ¢; are ordered with the odds
first):

Corollary 6.16. Let q1,...,qr be non negative integers, not all zero. Let
N =1[q1/2]+---+[q/2], and for any integer j let n; be how many of q1,...,qx
are congruent to 7 modulo 8.

Then the possible orders of amicable k-tuples on q1,...,q; variables are all
the multiple of p where:
2N=1if ny = ng =ng (mod 2)

If all ¢; are even p = {2N

otherwise.

ng=n7=0,ng4+ns+ng =0 (mod 2),

. 2V or
If some ¢; is odd p = ny=ns=0,n2+n3+ngs=0 (mod 2).
2N+ otherwise.

The case k = 2 will give the bounds for Wolfe’s amicable pairs (cf. [247]).
The case k =1 gives the familiar “Radon bounds” for single orthogonal
designs; thus

Corollary 6.17. The single orthogonal designs on q variables have orders all
multiples of p, where

2la/2=1 ifg=0 (mod 8)
p={ 2la/2] ifq=1,2,4,6 or 7 (mod 8)
2la/2+1 ifg=3 or5 (mod 8)

The entries in Table 6.5 for p+1 =r = 0 agree with this result.



Chapter 7
Techniques

7.1 Using Cyclotomy

We remarked in Section 4.12 that Williamson [244] used (implicitly) the theory
of cyclotomy to construct Hadamard matrices of order 148 and 172.

Subsequently, many authors have used this theory to construct Hadamard
and skew-Hadamard matrices. Some of these are mentioned in Section 5.10.
R. M. Wilson [246] and others have used the theory to make major advances
in studying balanced incomplete block designs. In this section we will give the
constructions for Baumert-Hall arrays promised in §4.12 and indicate some
other constructions for orthogonal designs. We remark that the possibilities
for using cyclotomy in the theory of orthogonal designs has by no means been
exhausted here.

Definition 7.1. [Storer [200]] Let = be a primitive root of F = GF(q), where
g=p*=ef+1is a prime power. Write G = (x). The cyclotomic classes C;
in F' are:

Ci:{$68+i: 3:0,1,...,f—1},i:O,l...,e—l.

We note that the C; are pairwise disjoint and their union is G.
For fixed ¢ and j, the cyclotomic number (i,7) is defined to be the number
of solutions of the equation

Zi-l-l:Zj (ZiECi, Zj€Cj),

where 1 = 20 is the multiplicative unit of F. That is, (,5) is the number of
ordered pairs s, t such that

p5T 1 =2 (0<s,t<f—1).
Note that the number of times

pesTi xet—i—k c Cj

© Springer International Publishing AG 2017 267
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is the cyclotomic number (k—j,i— 7).

Notation 7.1. Let A =a1,a9,...,a; be a k-set; then we will use AA for the
collection of differences between distinct elements of A, i.e.,

AA:[ai—aj: Z#],lgl,_jgk‘]

Now
Acz = (070)01 + (170)Ci+1 + (2707 )Ci+2 +-

and

A(Ci = C5) =(0,0)C5 + (1,0)Cjpr + -+
<+4+(0,0)C; 4+ (1,0)Cip1 + - -+
+(0,i=5)C5+ (1,0 =) Cjpr 4
(0,5 =)Ci+ (1, = )Cig1 +--
Notation 7.2. We use C, & C}, to denote the adjunction of two sets with
repetitions remaining. If A = {a,b,c,d} and B = {b,c,e}, then A& B =
[a,b,b,c,c,d,e]. Cq ~ Cy is used to denote adjunction, but with the elements
of the second set becoming signed. So A ~ B = [a,b,—b,c,—c,d, —e]. We note
many authors now (in 2016) use multiset instead of the adjunction of sets. O

The transpose of a cyclotomic class CZ,T will be defined as —C);, where

—Ci=—{z: 0<j< f-1}
={-at 0<j< f-1}
:{xem”“@: ogjgf—l}

with k= § for f odd and k£ =0 for f even.

We define [C}] the incidence matrix of the cyclotomic class C; by

1, if Zj— 2 € C;
Cjk = .
0, otherwise.

As G=CpUC1U...UCe—1 = GF(p™)/0, its incidence matrix is J —1I (i.e.,
Zi;é[cs] = J—1I), and the incidence matrix of GF(p®) is J. Therefore, the
incidence matrix of {0} will be I.

Now if [C;] is the incidence matrix of a cyclotomic class, then [C;'] = [C;
and

]T

)

[Ci]T =[Cy] if f is even;
[Ci]T = [Cigg] if f is odd.
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The term [C;][C;] will be taken to mean the ordinary matrix product of
the incidence matrices of the cosets C; and Cj.

IS b Dy TN (oA it 0; #C7
clier {Ziié as[Cs]+ fI, if C;=C;.

where the a, are integers giving the coefficients of the matrices.
The incidence matrices of C, & C} and C, ~ C} will be given by

[Ca &Cb] = [Ca] + [Cb] and [Ca ~ Cb] = [Ca} - [Cb] .

In order to illustrate the method and use of cyclotomy, we will now prove
the result quoted in Theorem 5.20, viz. ,

Lemma 7.1. Let ¢ =5 (mod 8) be a prime power and q = s>+ 4t> be its
proper representation with s € 1 (mod 4). Then with C; the cyclotomic class
defined above,

Co&C1 and |t| copies of Cy& Cy

are (t|+1) —{g; (qgl) ([t + 1)([1%43)} supplementary difference sets with
rzeCo&Ci= -2 ¢ Co&Cy

and
yeCo&Cr=—yeCo&kCy.

Proof. We see from Storer that the cyclotomic numbers for g=ef+1=4f+1
(f odd) are given by

0123
0ABCD QAL2E=f—1,
1FEDB
SAEAE B+D+4+2E=f,
3EDBE A+B+C+D=f,

where for f odd we have

16A=q—7+2s, 16D = q+1+2s+8t,
16B = q+1+2s—8t, 16E =q—3—2s.
16C = g+1—6s,

Now —1 € Cq, so
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x€Ch&Ci= —2€C&(C3=—-a¢Co&(C,

and
y€eCo&Cy= —yeCp&kCy.

Clearly, |Co & C1| =|Co & Cs| = (q;—l). So it remains to show that

(¢—3)

A(Co& C)&JHA(Co & Ca) = [(1t]+ 1)

1G.
Now

A(Co&cl) = (A+E)G & BCy & EC1 & ECy & DC3 &
EC() & DCl & BCQ & ECS
— [(q;f)} C& w (Co&Cs) &

—1+4¢
%(01&02);

A(Co & Cz) = 2ACH & 2BC, & 2ACs & 2EC3 &
(C+ A)(Co& Ca) & (D + B)(CL & C5)

— (qj) (CobeCs) & ((’%41)(01&03)

Since the sign of ¢ is ambiguously determined, we choose a generator of F
which gives [t| = —t. Then

(q—5+q—1—4t—2qt +10¢)

A(Cop&C) & |t|A(Cp & Ca) = 3 (Co&C2) &
—54+q—1+4+4t—2qt+2t1
(g q ' q )(01&03)
_ {(q—S—thrStl)]G
4
[a=n00]
4
as required. ]

We can adapt the cyclotomic arrays of Storer [200] in order to consider the
matrices s
P= Zai [CZ]
i=1

where the a;, are commuting variables (see Hunt and Wallis [110]). For the
following results the arrays are often hard to use, and an individual calculation
of the arrays was made. The result for 61 was due to David C. Hunt.
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Lemma 7.2. There exist T-matrices of order t € 13,19,25,31,41,61.

Proof. Use the matrices X1, X2, X3, X4 given below:

t X17 X27 X37 Xy

13=43+1 32+422+0%+02 [Co], [C1 ~{0}], [C2 ~ C3], [¢)]
19=6.3+1 32432+12+02 [Col, [Ca), [{0} & C3 ~ C4], [C1 ~ C5]
25=8.3+1 52402402402 [Cy & C5 ~ {0}], [C1 ~ C¥], [C2 ~ C3],
[Cy ~ C]
31=10.3+13%2+32+32422 [Cy & C3 ~ O3], [C4 & C5 ~ Co],
[C7 & Cs ~ C6],[C1 ~{0}]
37=123+162+124+02402 [Cy & C1 ~ Cy ~ C3 & C4 & Cs), [{0}],
[06 ~ 07 & Cg ~ 09 & OlO ~ 011], [¢]
41 =85+1 52442402402 [Cy~ Co ~ C3], [Cq & C6 ~ C1 ~ {0}],
[05 ~ 67}7 [é]

61 =20.3+16%+5%+024+02% [{0} & C1 & C11 ~ Cs],
[C7 & C19 ~ Cy ~ O],
[Ca & Cy & Cg ~ C5 ~ Cs), [¢]

In the remainder of this section we shall consider various matrices obtained
by taking linear combinations of the incidence matrices of cyclotomic classes.
Part of this work appeared in the Ph.D. thesis of Joan Cooper [30].

We always consider p to be a prime power.

Case 1. p=2f+1, f odd
Consider
P =al +b[Co]+c[C1] (7.1)

where a, b, ¢ are commuting variables. Now

PP" =d’I+a (b[C’o] +¢[C1]+b[Co] —|—C[C'1}T) +b[Co][Co]

+e[Crliea] "+ be ([Col[Cr])T +1Co]TICh]) -

Using the adapted cyclotomic array of Hunt and Wallis [110] for e =2
given in Table 7.1 we can calculate the coefficients of the incidence matrices
in PPT.

The coefficient of [Co] and [C1] is (b% 4+ ¢ +bc) A+ beB + ab+ ac. Hence,
in this case we have
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Table 7.1 Coefficients of the incidence matrices in PP "

Co,C1 {0}

_ (=1
00 A= E f where ii is short for [C;][C;] T
1MA=~5~> f and j is short for
0LA+B=f 0  ([C[C]T +[C]T[Cy]).

T_ (2 (0> +c*) | (b=c)
PP —(a ab—ac+ 5 + 57 I

+ (ab+ac— (b2—502) + (b;—fc)Z) J. (7.2)

Summarizing:

Theorem 7.1. Suppose p=2f+1 (f odd) is a prime power and G is the
associated cyclic group GF(p)/{0} of order p—1 with cyclotomic classes Cy
and C1 of order f. Then

P =al+b[Cp]+[C4],

a, b, ¢ commuting variables, is a square matriz satisfying equation (7.2).

Corollary 7.1. Suppose p=2f+1 (f odd) is a prime power. Then there
exists a montrivial orthogonal integer matriz of order p.

Proof. Set a = w, b =0, and ¢ any integer in Theorem 7.1.
We now use P to obtain orthogonal designs. Let X, Y, Z and W be derived
from P given in Table 7.1 by setting

iya=c=0, iii) a=b,c=0,
ii) a=-b,c=0, iv) c= —b,

respectively; then

XX =[302(f+1)] I+ [30*(f-D)]J,
VY =[50+ N+ 36 =3)]
22" =g (f+ )1 +[%b2< 1]
WW' = (a®+b>+202f) T - b2J

Then we have:

Theorem 7.2. Let 1+ S be a skew-Hadamard matriz of order

(i) 5(f+1), (1) 3(f=1), (iii) 3(f+3),
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Table 7.2 Cyclotomic numbers

Co Cu {0}
00 B A f (writing 71 for [C;]?
11 A B f and ij for [C;][C}]).
01 A A 0

respectively, where p=2f+1 (f odd) is a prime power. Then with X, Y, Z,
W as above,

(1) IxXR+SxW, (i) IxYR+SxW, (iii)) Ix ZR+ S5 x X,

respectively (R is the back circulant unit), are orthogonal designs of order
(i) OD (3(f +1)(2f +1); 5(f=1), /%),

(i) OD (5(f = 1)(2f +1); 3(f =3),(f = 1)?),

(iii) OD (3(f +3)(2f +1); 5(f +1).(F +1)?) ,

respectively.

Proof. Straightforward verification.

Ezample 7.1. With f =5 we see that an OD(22;1,16) exists.

Case 2. p=2f+1, e=2, f even

Again we use
P = al +b[Co] +c[C1]
and obtain PP T as before. However, as f is even, CiT =Ci,i=1,2, and
PP" = a*I +2ab[Cy] + 2ac[C1] + b*[Co][Co] + ¢*[C1][C1] + 2bc[Co][C1] .

From Storer [200] the cyclotomic matrix for e =2, f even, is

01
0B A B
14A A=

N[~ =

(f=2),

Using Hunt and Wallis [110] we see that the expression [C;][C}] is easily
determined (see Table 7.2) and, since for f even C, = Cj, the cyclotomic

arrays can be used immediately to evaluate PP .
Hence
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PP = (a®+ (" +A)f) I+ <2ab+b2;(f—2) +e?3 +bcf> [Col
+ <2ac+02;(f2)+b2£+bcf) [C1].

The coefficients of [Cp] and [C1] are equal when

(i) b=c, or
(ii) 2a=b+c.

The case b = c is trivial, and the other case gives

PPT = <i(b—c)+(b—c)2£> I+ ((b+c)2£+bc> J.

Thus we have:

Theorem 7.3. Let p=2f+1 (f even) be a prime power and G the associated
cyclic group of GF(p) of order p—1 with cyclotomic classes Cy and C1 of
order f. Then

1
P= <2(b+c)> I+b[Co]+c[C1],
where b and ¢ are commuting variables, is a matric satisfying

PPT = (i(b—c)+(b—c)2£> I+ ((b+c)2£+bc> J.

To obtain orthogonal designs we will consider

P= aI—Fb[Co} +C[Cl]
Q = al +c[Cy] +b[C1] (7.3)

Now
PPT+QQ" = ((a—b—c)?+a?—2bc+ (b—c)?f) I
+ (2a(b+c)— (b +c*) + (b+c)*f) J.
Setting ¢ = —b we get M, N satisfying
MMT+NNT =2(a®+b%+2b>f) I —26%J .
Choosing X =dI+b(J—1I) and Y = —dI +b(J —I) we have
XXT+YY T =2(d®+b°) I+20°(2f - 1)J,

and hence, since N, M, X, Y are all symmetric, we have:
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Theorem 7.4. Let p=4f+1 (f even or odd) be a prime power. Suppose
there exists a skew-Hadamard matriz I+ S of order 4f. Then

Ix XV + 5 x Mo N
-Y X N —-M

is an OD (8f(4f +1); 2,2(4f —1),32f?).

Clearly, we have by no means exploited all the possibilities for constructing
orthogonal designs by these methods, in particular, they could easily be used
to obtain similar results for other e.

7.2 Sequences with Zero-autocorrelation Function

Sequences with zero or small auto-correlation function have long been of
interest to engineers working on signal processing—for example, in radar and
sonar.

R.J. Turyn [219] was the first to apply an idea common in the fields of
radar pulse compression and work in surface wave encodings in constructing
Baumert-Hall arrays.

The early work of Golay was concerned with two (1,—1) sequences, but
Welti approached the subject from the point of view of two orthonormal
vectors, each corresponding to one of two orthogonal waveforms. Later work,
including Turyn‘s [221], used four or more sequences. Kharaghani and Tayfeh-
Rezaie [123] used 6 Turyn-type sequences of lengths 36,36, 36,36, 35,35 to find
the most recently discovered Hadamard matrix of order 428 (See Section 7.7).

Other authors who have worked in this area are Jaurequi [118], Kruskal [139],
Squire, Whitehouse and Aleup [199], Taki, Miyakawa, Hatori and Namba, [207]
and Tseng [215].

Since we are concerned with orthogonal designs, we shall consider sequences
of commuting variables.

Let X ={{a11,...,a1n},{a21...}.. . {aon,... }...{ami,-- -, amn} } be m se-
quences of commuting variables of length n.

Definition 7.2. (1) The non-periodic auto-correlation function of the family
of sequences X (denoted Nx) is a function defined by

n—j
Ny = E (a1,401,i4j + 02,102,545+ + Am,iGm,itj) -
i=1

Note that if the following collection of m matrices of order it is formed,
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a11a12...a1n a21G22...02, Am1Am2 . .- Amn

a1l a1mn—1 a21 a2n—1 A1

O a O a1 O ail

then N, is simply the sum of the inner products of rows 1 and j+ 1 of these
matrices.

(2) The periodic auto-correlation function of the family of sequences X
(denoted Px) is a function defined by

n
Px(j) =) _(arianirj +a2,i02,i45+ -+ @ itim,i+)
=1

where we assume the second subscript is actually chosen from the complete
set of residues modulo n.

We can interpret the function P, in the following way: form the m circulant
matrices which have first rows, respectively,

[at1a12...01p), [a21a22...a2,],. .., [@m1Gm2 ... Amn]

then Px(j) is the sum of the inner products of rows 1 and j+ 1 of these
matrices.

If X is as above with Nx(5) =0, j =1,2,...,n—1, then we will call X m-
complementary sequences of length n (they are also called suitable sequences
because they work).

Our most useful construction uses m-complementary sequences with zero
periodic autocorrelation function or zero non-periodic autocorrelation function,
of length n, which are used to form first rows of circulant matrices which
are plugged into some array. For us, the most useful case is to form four,
m = 4, matrices of order n which are plugged into the Goethals-Seidel array
to obtain matrices of order 4n. In the case of sequences with zero non-periodic
autocorrelation function, the sequences are first padded with sufficient zeros
added to the beginning and/or the end to make their length n. We say the
weight of a set of sequences X is the number of nonzero entries in X.

If X ={A1,A,,...,A,} are m-complementary sequences of length n and
weight 2k such that

v — { (A1 +As) (Agi—1+A2;) (Aoi—1—A) }
2 PR 9 s B oo

are also m-complementary sequences (of weight k), then X will be said to
be m-complementary disjointable sequences of length n. X will be said to be
m-complementary disjoint sequences of length n if all () pairs of sequences
are disjoint, i.e. ,A; ¥ A; =0 for all 4, j, where * is the Hadamard product.
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Ezample 7.2. For example {1101}, {0010-},{00000100 —}, {0
000001 —} are disjoint as they have zero non-periodic auto-correlation
function and precisely one a;; # 0 for each j. (Here — means “minus 1”.) With
padding these sequences become

[11010000000] , [0010 — 000000] , [00000100 — 00] , 0000000001 —] .

Notation 7.3. We sometimes use — for —1, and z for —x, and A* to mean
the order of the entries in the sequence A are reversed. We use the notation
A/B to denote the interleaving of two sequences A = {a1,...,a;,} and B =

{b1,...,bm—1}.
A/B: {a’lvblaa27b27~--vbm—laam}

and (A, B) to denote the adjoining

(A7B) = {a17a2a"'aaM7b17b27---7bm—labm}-

One more piece of notation is in order. If g, denotes a sequence of integers
of length r, then by zg, we mean the sequence of integers of length r obtained
from g, by multiplying each member of g, by z.

Proposition 7.1. Let X be a family of sequences as above; then
Px(j)=Nx(j)+Nx(n—j), j=1....n—L.

Corollary 7.2. If Nx(j) =0 for all j=1,...,n—1, then Px(j) =0 for all

j=1...,n—1.

Note. Px(j) may equal 0 for all j =1,...,n—1, even though the Nx(j) are
not.

Definition 7.3. If X = {{a1,...,an},{b1,...,bp}} are two sequences where
a;,bj € {1,-1} and Nx(j) =0 for j =1,...,n—1, then the sequences in X
are called Golay complementary sequences of length n or a Golay pair. E.g.,

n=2 11 and 1—

n=10 1--1-1-——land1——— — — — 11—

n =26 1m—--111-1--———- 1-11——-1————and
-————1n---1-1-1-1-11--1————.

We note that if X is as above and A is the circulant matrix with first row
{a1,...,an} and B the circulant matrix with first row {b1,...,b,}, then

AAT+BBT =) (a7 +b7) 1.

Consequently, such matrices may be used to obtain Hadamard matrices
constructed from two circulants.
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We would like to use Golay sequences to construct other orthogonal designs,
but first we consider some of their properties.

Lemma 7.3. Let X = {{a1,...,an},{b1,...,bn}} be Golay complementary
sequences of length n. Suppose k1 of the a; are positive and ko of the b; are
positive; then

n= (ki +ks —n)®+ (k1 —k2)?,

and n is even.

Proof. Since Px(j) =0 for all j, we may consider the two sequences as
2 —{n;k1,ko; A} supplementary difference sets with A = ky + ko — %n But the
parameters (counting differences two ways) satisfy A(n —1) = ki (k1 — 1) +
ka(k2 —1). On substituting A in this equation we obtain the result of the
enunciation. O

The smaller values of n, ki, ko of the lemma are considered in Table 7.3.
We note that the lemma says there is “no solution” when the length n is
not the sum of two squares. “OK” in the table indicates an order for which
Golay sequences exist (see later in this section). Malcolm Griffin has shown
(see Theorem 7.5) no Golay sequences can exist for lengths n = 2.9t. The
value n = 18 had previously been excluded by a complete search but is now
theoretically excluded by Griffin’s theorem and independently by a result of
Kruskal [139] and C. H. Yang [253]. The powerful results of Eliahou-Kervaire-
Saffari [56,57] show that there are no Golay sequences of length n when any
factor of the prime decomposition of n is =3 (mod 4).

Lemma 7.4. For Golay sequences X = {{x;},{vy:}} of length n
Tp_itl = €T < Yn—i+1 = —€;Y;, where e; = +1.

That is,
Tp—it1%i = —Yn—i+1Yi,

FEzample 7.3. The sequences of length 10 are

1——1-1-——-1

Clearly, e, =1,ea=1,e3=1,e4=—1, and e5 = —1.

Proof. We use the fact that if x, y, z are +1, (x+y)z =x+y (mod 4) and
z+y=zy+1 (mod 4).

Let ¢ = 1. Clearly the result holds. We proceed by induction. Suppose the
result is true for every ¢ < k—1. Now consider N(j) = N(n—k)=0, and we
have
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Table 7.3 Smaller values of n

n and Status

2 OK 34 do not exist 68 ?
4 OK 36 do not exist 70 mno solution
6 mno solution 38 mno solution 72 no solution
8 OK 40 OK 74 7
10 OK 42 no solution 76 no solution
12 no solution 44 no solution 78 mno solution
14 no solution 46 no solution 80 OK
16 OK 48 no solution 82 7
18 do not exist 50 do not exist 84 no solution
20 OK 52 OK 86 no solution
22 no solution 54 no solution 88 mno solution
24 no solution 56 no solution 90 no solution
26 OK 58 do not exist 92 no solution
28 no solution 60 no solution 94 no solution
30 no solution 62 no solution 96 no solution
32 OK 64 OK 98 no solution

66 no solution 100 OK

O=m1Zpt1-k +T2Tpt2—k + - +TkTn +Y1Ynt1—k T Y2Ynt2—k + +YkYn
=TiepTi +T26k—1Tk—1+  +TEe1T1 T+ Y1Ynti—k
—Y2€k—1Yk—1— """ — Yk€1Y1
=ejtext e+ Y1Ynt1-k —€k—1— - —e2—yreryr (mod 4)
=e1+ep+Y1Ynt1—k —Yre1y1  (mod 4)
=er+YrYnt1—k (mod 4)
=0 (mod4).

So

Yn+1—k = —erYrl
Lemma 7.5 (Griffin [93]). Let agp,a1,...,am and bg,bi,...,by, be Golay
sequences of length 2n =m+ 1. We recall that asp—1—; = €ja; < bop_1—; =
—e;b; and write S={0<i<n:e;=1} and D={0<i<n:e; =—1}. Letn
be a 2n-th root of unity and ¢ be a 4n-th root of unity. Then

m . m .
doain'| +|> b’
=0 =0

2
+

2
= 4n. (7.4)

and
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2 2
Z%‘Re (2| + Zazjm (¢2+1)
€S i€D
2 2
+ Zbifm (¢ + ZaiRe ()| =n (7.5)
i€S i€S

Remark 7.1. Equation (7.5) is not equivalent to being a Golay sequence, as
can be seen from the sequences

X ={{1,1,1,1,-1,-1,1,1}, {1,-1,-1,1,1,—1,1,—1}}
which satisfy (7.5) but for which Nx # 0.

Proof. We recall that for Golay sequences X, Nx =0 = Px = 0. Thus if
T = (ti;) is defined by t12 =t; ;41 =1 and all other elements zero, we have,
writing

m m
A= ZaiTi and B = ZbiTi,
=0 1=0
AAT +BBT =4nl .0

Since TTT =T?" =1 and T has characteristic polynomial A" — 1, there
exists a unitary matrix U such that USU* = A = diag(1,§,&,...,£™), where
¢ is a primitive 2n-th root of unity. Consequently

Let =&/ ~1; then the j-th term on the main diagonal gives

() o)) )
=0 =0 =0 =0

D ain'| +|> b’

=0 =0

We now substitute ag, ;1 = €;a; and bo, ;1 = e;b;, 0 < i <n, in Condi-
tion (1) with n = ¢2. Thus

+ (Condition (1))
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2

(ami +€iai777(i+1))

(bmi - €ibmf(i+1))

2

=0

_ Zai (Czi +C—(2i+2)> 4 Z a; (<2i _C—(2i+2))

€S €D

n Zbi (sz‘ _ <7(2¢+2)) + Z by (Cm‘ +<7(21+2))

i€S i€D

Za (sz+1+§ (21+1))+Z (<21+1 C—(2i+1))

€S

=0

2

2

I sz’ (<2i+1 - C—(2i+1)> 4 Z by <<2i+1 +<—(2¢+1))

€S 1€D
2
ZazRe 2”1 +4 Za Im QHI)
€S i€D
2 2
4 szjm (CQi-‘rl) 44 szRe (4-27:4-1)
€S 1€D

(Condition (2))
We now use Condition (2) to prove:
Theorem 7.5 (Griffin [93]). There are no Golay sequences of length 2.9.

Proof. We show that Condition (2) cannot be satisfied for all 12" roots when
n is a power of 3. Setting S = —1I in Condition (2), we get

2 2
(Z ai> + (Z bi> =n. (Condition (3))
s D

If n is a product of primes, each =3 (mod 4), then by elementary number
theory, n must be a square, n = ¢2, and solutions to this equation must be
unique (up to order and sign), yielding

Za’i + Z bi =aq, a=-=+1. (Condition (4))

If 3|g, we use { = 3+ 3/=3 (3= -1, & =¢71) in Condition (2) to give a
Diophantine equation of the form
3(0 +d2)+e + f2 =442, (Condition (5))

and since the summation in forming ¢ involves only i € D with ¢ £1 (mod 3)
and the summation for d involves i € S with ¢ £1 (mod 3), ¢ and d involve %
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of the ¢ elements, and consequently ¢ =d (mod 3). Taking residues mod 8
shows that c,d, e, f are all even, giving

3(cg+dp) +eg+fo=q"-

When ¢ is a power of 3, this equation has a unique solution (up to order
and sign), so c=d =0 and e+ f = 28¢q, = 1. From now on assume that
q is a power of 3. Let S(0)={i€ S]i=0,5 (mod 6)}, S(1)={ieS=1,4
(mod 6)} and S(2) ={i € S|i=2, 3 (mod 6)} with a similar notation for D.
Then e+ f = 28q gives

Zaz—?)Zal—i—Zb —32() =20q. (Condition (6))
S(1) (1)

The same argument with & = % (\/§ ++/ —1) a primitive 12-th root again yields
an equation of type Condition (5), and ¢=d =0 gives c+d =0; so

Z a; — Z a; + Z b1 — Z bi=0. (Condition (7))
5(0) 5(2) D(0) D(2)

Adding Condition (6), twice Condition (4), and thrice Condition (7), we
get

ZaZ+Zb =2¢(a+B8)=0 (mod 4).
5(0)

But this is a contradiction since S(0) U D(0 has an odd number of elements,
2

q
z. O

7.2.1 Other sequences with zero auto-correlation
function

We now discuss other sequences with zero auto-correlation function.

Lemma 7.6. Suppose X = {X1,Xo,...,X;n} is a set of (0,1,—1) sequences
of length n for which Nx =0 or Px = 0. Further suppose the weight of X; is
x; and the sum of the elements of X; is a;. Then

m m
> ai=) =i
i=1 i=1

Proof. Form circulant matrices Y; for each X;. Then
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m m
Y;J=a;J and ZYiYiT = Z:L’Z
i=1 i=1

Now considering
m m m
ST =Y = e,
i=1 i=1 i=1

we have the result. O

Now a few simple observations are in order, and for convenience we put
them together as a lemma. We use X* to denote the elements of a sequence
X written in the reverse order.

Lemma 7.7. Let X = {A1A4,,..., A} are m-complementary sequences of
length n. Then

()Y = {A}, A5, AT Aiq,...,Ap} are m-complementary sequences of
length n ;

(7)) W ={A1,As,...,A;,—Aiy1,...,—Ap} are m-complementary sequences
of length n ;

(’LZZ) Z = {{A17A2}, {Al, —A2}7 ey {Agifl,AQi}, {Agifl, —Agi}, ‘e } are m-—
(or m+1 if m was odd when we let An41 be n zeros) complementary
sequences of length 2n;

(z'v) U= {{Al/AQ}, {Al/ — Ag}, ceey {Agi_l/AQi}, {Agi_l/ — Agi}7 e }, where
Aj[A) means aj1a51020k2 ... Ajnaky, are m- (or m+1 if m was odd
when we let Apy1 be n zeros) complementary sequences of length 2n.

By a lengthy but straightforward calculation, it can be shown that:

Theorem 7.6. Suppose X ={A1,...,Aam} are 2m-complementary sequences
of length n and weight ¢ and Y = {B1, B2} are 2-complementary disjointable
sequences of length t and weight 2k. Then there are 2m-complementary se-
quences of length nt and weight k£.

The same result is true if X are 2m-complementary disjointable sequences
of length n and weight 20 and Y are 2-complementary sequences of weight k.

Proof. Using an idea of R.J. Turyn [221], we consider

* *

(B1+B2) 4 Ay, (By —B3)
2 2

(B1— Ba) Ay x (Bf +B3)
2 ! 2

Agi_ 1 X and

Agi—1 %

for i =1,...,m, which are the required sequences in the first case, and

(A2i—12+ Azi) Byt (A2i—12_ Azi)
(A2¢712+ Azi) By (A2¢712* Azi)

x B5 and

< BY,
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for ¢ =1,...,m, which are the required sequences for the second case. O

The proof now follows by an exceptionally tedious but straightforward
verification.

Corollary 7.3.  Since there are Golay sequences of lengths 2, 10, and 26,
there are Golay sequences of length 2%10°26¢ for a, b, ¢ non-negative integers.

Corollary 7.4. There are 2-complementary sequences of lengths
206210°14926¢ of weights 245°10°13926¢2, where a, b, ¢, d, e are non-negative
integers.

Proof. Use the sequences of Tables G.8 and G.9 of Appendix G. O

7.3 Current Results for Non-Periodic Golay Pairs

Through extended calculations made by hand, Golay demonstrated the ex-
istence of two inequivalent pairs at length 10 and a pair at length 26. He
also gave rules of composition for forming pairs of lengths 2n and 2mn from
existing pairs of length m and n. His constructions for lengths 2% give all
existing pairs for 0 < k <6.

The first exhaustive search for Golay pairs was conducted at length 26
(Jauregui [118]), taking 75 hours to confirm the single example of inequivalent
pairs. In his 1977 master’s thesis, Andres [5] showed that a further reduction
modulo 2 enables an initial search involving 2% cases. A further reduction
modulo 4 was applied for examples surviving this test. He used one of the
equivalences, bringing this to a 2% ~! search, reducing the time taken at n = 26
to 1 minute. His work showed nonexistence of pairs at lengths 34, 50 and 58
and produced complete lists of representatives at lengths 8, 10, 16, 20 and
32. Later work by James [116] (1987) established the nonexistence of pairs
at length 68. Dokovié [43] (1998) demonstrated how to choose a canonical
pair from each class of equivalent pairs. He conducted exhaustive searches at
lengths 32 and 40, producing complete lists of canonical pairs.

The work of Borwein and Ferguson [25] outlines improvements which may
be made to Andres’ algorithm, enabling a 2% 5 search at length 82 with
a running time of two weeks. Exhaustive searches have been conducted at
all allowable lengths under 100, confirming earlier work and showing the
nonexistence of pairs at lengths 74 and 82.

Recent search results by Borwein and Ferguson [25] are summarized in
Table G.1. For all lengths other than 1, 2, 4, and 80, complete lists of canonical
pairs were compiled by the search program. The total numbers of pairs agree
exactly with those obtained by compositions from the primitive pairs. At
length 80, the search was restricted to canonical pairs for which no conjugate
is H-regular. The total number of pairs is that determined by composition
from the two primitive pairs at length 10 and the single primitive pair of
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length 20. (The superscript o in Table G.1 indicates work done at Simon
Frazer University.)

A Golay pair is said to be primitive if it cannot be derived through
composition from pairs of shorter lengths. A theory for producing pairs of
length 2" from a primitive pair of length n is developed in [25].

Golay complementary sequences contain no zeros but considerable effort
has also been devoted to ternary complementary sequences which still have
zero non-periodic autocorrelation function but contain elements {0,£1}.
Craigen and Koukouvinos [37] have made a theory for these ternary sequences
and given a table for their existence for some smaller lengths and weights.

7.4 Recent Results for Periodic Golay Pairs

DPokovié and Kotsireas [51] show that if v > 1 is a periodic Golay number then
v is even, it is a sum of two squares and satisfies the Arasu-Xiang condition [51,
Theorem 2, p.525]. They cite new lengths 34,50,58,74,82,122,136,202,226 as
those for which periodic sequences exist. Periodic sequences can be used in
the construction of T-matrices. The following list is all numbers in the range
1,2,...,300 which satisfy the three necessary conditions and for which the
question whether they are periodic Golay numbers remains open:

90,106, 130,146,170, 178, 180,194, 212,218, 234, 250, 274, 290, 292, 298.

This list may be useful to readers interested in constructing new periodic
Golay pairs or finding new periodic Golay numbers.

7.5 Using complementary sequences to form
Baumert-Hall arrays

We now discuss other sequences with zero autocorrelation function.

Lemma 7.8. Suppose that X = {X1,Xa,..., X} is a set of 0, £1 sequences
of length n for which Nx =0 or Px = 0. Further suppose that the weight of
X, is x; and the sum of the elements of X; is a;. Then

n m

S a=Y

i=1 i=1
Proof. Form the circulant matrices Y; for each X;. Then

Y;J =a;J and }:mnTZE:mL
=1 =1
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Now considering

m m m
VY I=) ai =Y wiJ
=1 =1 =1

we have the result. O

We now propose to use R.J. Turyn’s [216] idea of using m-complementary
sequences to construct orthogonal designs.

Lemma 7.9. Consider four (1,—1) sequences A={X,U,Y,W}, where

X = {1‘1 = 1,1‘2,%3,...,xm,hmzm,...,h31}3,h21}2,h1$1 = —1},
U= {’U/]_,U/Q,'U/?,,--.,'U/m,fmum,--.,f3U37f2U2,f1U1 = 1}7
Y= {y17y27”'7ym—1aymagm—lym—1a'"793y3792y27gly1}7

V= {"Ul,'l)z,. <y Um—1,Vm, Em—1Um—1,--- ,63@3,621}2,61’1}1}.

Then N4 =0 implies that h; = f; fori>2 and g; = e; for j > 2. Here

m 2 m 2
8m —2 = <Z($1+$th)> + <Z(uz+uzfz)>

=1 =1

m—1 2 m—1 2
+ (ym+ Z (yi+yigi)> + <vm+ Z (vi—i—viei)) .

i=1 i=1

Proof. We note that if a, b, z, y, z are all +1, a+b=ab+1 (mod 4), and so
x+ayz=y+2z (mod 4). Clearly, Ng(2m—1) =0 gives —h; = f1 =1, and

Nao(2m—2) =z1x2ho +x2h121 + fousus +usfius +g1yf + elvf
=hit+ho+fi+fo+g1+er (mod 4)
=hafo+gie1+2 (mod 4)
=0 (mod4).

This gives ha fo = g1e1. We proceed by induction to show that h; f; =g;—1€;—1
for all 1 <m.

Assume h;f; = gi—1€i—1, i.e. hi+ fi+gi—1+e,—1 =0 (mod 4) for all i <
k <m. Now consider
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Na(2m—k) = (x1zphg + voxp_1hg—1+ -+ xp_122he + 221 h1)

+ (urug fr Fugup—1 fro—1 + - Fup_1uz fo +ugu fr)

+ (Y1Yk—19k—1 T Y2Yk—20k -2+ + Yk—2Y292 + Yk—1Y191)

+ (V1Vg—1€p—1 + V2V €2+ -+ VL _gv2€2 + VK _1V1€])
=hi+-Fh+ i+ A+ foto++ g

+e1+--+ep_1 (mod 4)

=hife+gr—1ex—1+2 (mod 4)
=0 (mod4).

This gives the result for all i < m.
Suppose kK =m+j >m. Then

Na(2m—k) = (z12m—jy1+ - +2jZm) + (@j41hmzm + . ..
+omhjr1zj11) + (hm@mhjzj + -+ hmjr12m—jr1hic1)
+ (urtm—jr1+ - Fujum) + (W1 fntim + - um fi10541)

+ (fmtum fjuj + -+ frm—jt1tm—j+1fiu1)
+ (Y1Ym—jt1 4+ +YjYm)
+(Yj+19m—1Ym—1+ -+ Ym—19j4+1Yj+1)
+(Ymgj¥j + -+ Im—j+1Ym—j+191Y1)
+ (vlvm_jH +-- +vjmj)
+(vj+1€m—1vm—1 +~~-+vm—1€j+1vj+1)
+ (Vmejvj+ -+ em—j+1Um—j1€101)
=hifithm—jt1fm—j+1  (mod 4)
= b fmgi— 1 (mod 4)

Hence hyp—jt1fm—j+1 =1. So in general h;f; =1, 7> 2 and e;g; = 1.
The last result follows by Lemma 7.7. O

Corollary 7.5. Consider four (1,—1) sequences A ={X,U,Y,V}, where
X = {Il = 17x27‘r37"'7‘Tm77517m7"'77$357x277x1 = 71}7
U= {’U,l = 1,u2,U3,...,Um,fm’u,m,.--,f3’U/3,f2U2,f1U1 = 1}7

Y = {y17y27"'7ym—17yn7,7ym—17'~~ay3;y27y1}7

V={v1,v2,...,Um—1,Vm,€m—1Um—1,...,€303,€202,€101 } .

Then N4 =0 implies that all e; are +1 and all f; are —1. Here 8m —6 is the
sum of two squares.

Similarly we can prove

Corollary 7.6. Consider four (1,—1) sequences A ={X,U,Y,V'}, where
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X ={x1=1,29,23,...,Zm, Tm+1,Tm,---,23,T2,T1 = 1},
U={u1=1u2,u3, ..., Um;Um+1, frmlUm -, f3us, faug, —1},
Y ={y1,92,- s Yms—Yms-- > —Y2,~Y1},

V ={v1,v2,...,0m,CmUm,-..,e202,€101 } .

which have Ny =0. Have e; = —1 for all i and f; = +1 for alli. Here 8m+2
is the sum of two squares.

Definition 7.4. Sequences such as those described in Lemma 7.9 will be
called Turyn sequences of length ¢: (the four sequences are of weights ¢, ¢,
¢—1and £—1). A sequence X ={x1,...,x,} will be called skew if n is even
and x; = —xp—;41 and symmetric if n is odd and x; = xp_j11.

Lemma 7.10. There exist Turyn sequences of lengths 2,4,6,8,3,5,7,13 and
15.

Proof. Consider

=2:X={{1-}, {11}, {1}, {1}}

(=4:X={{11—-}, {11-1}, {111}, {1-1}}

(=6:X={{111———}, {11—-1-1}, {11-11}, {11 -11}}

(=8:X={{11-1-1——}, {1111 ———1}, {111 - 111}, {1— -1——1}}

(=3:X ={{111}, {11-}, {1-}, {1-}}

(=5:X={{11—-11}, {1111=}, {11— =} . {11—-}}

(=7:X={{111—-111}, {11———1-}, {11 —-1— -}, {11-1—-}}

=13: X ={{1111-1—1—1111}, {111 — -1—1——11-},
{111—11——1———}, {111——1—-11— ——}},

X={{111-11-11-111}, {111 -1—-1—11-},

{11—1-111} {1111 —-1-1————-}}

0=15: X ={{11-111—1—111—11}, {111 —11—— — 11— 11—},
{111——1-11————}, {1————1-1-1111-}} .0

Remark 7.2. These sequences were constructed using the Research School of
Physical Sciences, Australian National University, DEC-10 System in 1972-73.

A complete computer search in the case of 2 = 9, 10, 14 and 16 gave no
solution for any decomposition into squares. The results are listed in Table
74.

Edmondson, Seberry and Anderson [55] using a combination of mathematics
and computer search show there are no further Turyn sequences of length
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Table 7.4 Turyn sequences for 4¢ — 6 = 2 4 /2

¢ 40—6=22+y>  Result

6 18 =32432 yes
8 26 = 12 + 52 yes
10 34 =32 452 none
12 42# 2% 442 no
14 50 =12 472 none
=52 452 none
16 58 =32 + 72 none
18 66 # 22 + 3> no

n < 43. We note that at this time, year 2016, about length 43 is the upper
limit for these types of computer searches.

Conjecture 7.1. The lengths 2,4,6,8,3,5,7,13,15 are the only lengths for Tu-
ryn sequences.

In order to satisfy the conditions of Theorem 4.15, we are led to study
sequences of a more restricted type.

Definition 7.5. Four complementary disjoint (0,1,—1) sequences of length ¢
and total weight ¢ will be called T'-sequences.

Ezxample 7.4. Consider
T = {{10000},{01100},{0001—},{00000} } .

The sequences are disjoint, as the i-th entry is non-zero in one and only one
of the four sequences. The total weight is 5, and N7 = 0.

Another example is obtained by using the Golay sequences
X=1--1-1---1 and Y=1-————— 11—
Let 0 be the vector of 10 zeros; then
T = {{1,0}.{0. 3(X +Y)}.{0. 5(X ~ ¥)},{0.0}}
are T sequences of length 11.

Theorem 7.7 (Turyn). Suppose A ={X,U,Y,V} are Turyn sequences of
length ¢, where X is skew and Y is symmetric for ¢ even and X is symmetric
and Y is skew for ¢ odd. Then there are T-sequences of length 2 —1 and
40 —1.
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Proof. We use the notation A/B as before to denote the interleaving of two
sequences A = {a1,...,am} and B={b1,...,bym—1}.

A/B ={a1,b1,a2,b2,...,bjm_1,am}.
Let 0; be a sequence of zeros of length ¢. Then
Ty = {{3(X +Y),00-1} {3(X —¥), 01}, {00, 5 (Y +V)}, {00, 3{(Y = V)}}
and
Tp ={{1,04¢-2},{0,X/Y,02,-1},{0,02¢—1,U/0¢—1},{0,02¢—1,0¢/V } }
are the T-sequences of lengths 2¢ —1 and 4/ — 1, respectively. ]

Corollary 7.7. There are T-sequences constructed from Turyn sequences of

lengths 3,5,7,9,11,13,15,19,23,25,27,29,31, 51, 59.

Theorem 7.8. If X and Y are Golay sequences of length r, then writing 0,
for the vector of r zeros, T = {{1,0,}, {0, (X +Y)}, {0, 3(X -Y)}, {O, +1}}
are T-sequences of length r+1.

Corollary 7.8 (Turyn [221]). There exist T-sequences of lengths
1+42%10°26¢, where a,b,c are non-negative integers.

Combining these last two corollaries, we have

Corollary 7.9. There exist T-sequences of lengths 3, 5, 7,...,33, 41, 51, 53,
59, 65, 81, and 101.

A desire to fill the gaps in the list in Corollary 7.9 leads to the following
idea.

Lemma 7.11. Suppose X = {A,B,C,D} are 4-complementary sequences of
length £,£,0 — 1,0 — 1, respectively, and weight k. Then

Y= {{A7O}’ {A7_O}v {BvD}v {B’_D}}

are 4-complementary sequences of length 20 —1 and weight 2k. Further, if
%(A—I—B) and 3(C+ D) are also (0,1,—1) sequences, then, with Oy the sequence
of t zeros,

Z = {{%(A—"_B)?Oifl}’ {%(A_B)aoﬁflh{oﬂa%(C—i_D)}? {Oia%(C_D)}}

are 4-complementary sequences of length 20 —1 and weight k. If A, B,C, D are
(1,—1) sequences, then Z consists of T-sequences of length 20— 1.

In fact, Turyn has found sequences satisfying these conditions.
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Corollary 7.10. The following four (1,—1) sequences are of lengths 24, 24,
23, 23:

1-1-1-1 1-1 1-1-1-1-1 1 1 1 1 1 1-1-1 1-1-1-1 1
1-1-11-1-1 1-1 11 1-1-1-1-1-1 1-1-1-1 1-1-1-1
1 11-1-1-17 1 1-1-1 1-1-1-1-1 1-1-1-1-1 1-1 1
1 1-1-1 1-1 1 1-1 1-1 11 1-1 1-1-1 1-1-1-1 1

Hence there are T-sequences of length 47.

These sequences may be used in the Goethals-Seidel array to construct the
Hadamard matrix of order 188 which was unknown for over 40 years. This
method is far more insightful than the construction given in Hedayat and
Wallis [98].

We may summarise these results in one theorem.

Theorem 7.9. If there exist T-sequences of length t, then

(i) there exist T-matrices of order t;
(ii) there exists a Baumert-Hall array of order t;
(i) there exists an orthogonal design OD(4t;t,t,t,1).

Proof. (i) follows by using the T-sequences as first rows of circulant matrices.
The rest follows from Theorem 4.15. O

Hence we have:

Proposition 7.2. Combining the results of Section 4.12 and this section, we
have Baumert-Hall arrays of order

(i) A= {142%10°26°, a,b,c non-negative integers}
(it) B ={1,3,...,33,37,41,47,51,53,59,61,65,81,101} ,
(i) 5b and 9b where be AUB.

We note there is a Baumert-Hall array of order 47, and hence, as noted
before, there is an Hadamard matrix of order 188.

7.6 Construction using complementary sequences

We now give some results which are useful in constructing new sequences from
old. In particular, we want to use both periodic and aperiodic complementary
sequences to construct orthogonal designs.

Remark 7.3. Since our interest is in orthogonal designs, we shall not be re-
stricted to sequences with entries only £1, but shall allow 0’s and variables
too. One very simple remark is in order. If we have a collection of sequences
X (each having length n) such that Nx(j) =0, j=1,...,n—1, then we may
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augment each sequence at the beginning with £k zeros and at the end with
¢ zeros so that the resulting collection (say X) of sequences having length
k+n+{still has Ng(j)=0,5=1,....,k+n+L—1.

Lemma 7.12. Suppose there exist complementary sequences X;,Y; of length
ni, which give an OD(u1;,ug2;) constructed from two circulants, i =1,2.
Then there exist 4-complementary sequences of length m which can be
used in the Goethals-Seidel array to give OD(4n;u11,ui2,u21,us2) where
n > max(ni,ns).
If in addition Xo,Y2 are disjointable, then there exists an orthogonal design
OD(4n;u11,u21, %Ulz, %ugg) where n > max(ni,ns).

Proof. Very straightforward. O

Corollary 7.11. Let r be any number of the form 2410°26¢5%13¢, and let n
be any integer > 2¢10°26°6914¢, a,b,c,d,e non-negative integers. Then there
exist orthogonal designs

(i) OD(4n;1,1,7,7),
(i) OD(4n;1,4,r,r),
(ii) OD(2n;r,T) .

Proof. Sequences of the weights r are by Corollary 7.3 and Theorem 7.6
disjointable, and the (1,4) sequences are {aba,a0a}. O

Another construction based on the existence of 2-complementary sequences
which is extremely useful is:

Lemma 7.13. Let X = {U,V} be 2-complementary sequences of length n
giving a design constructed of two circulants of type (a,b) such that Nx(j)=0.
Then, with Ux and Vx their reverse sequences and w,x,y, z variables,

(i)Y ={x,y,2U0,2V},
() Y = {yzy,y0y,z2U, 2V},
(i) Y = {{zU,0,2Ux},{zU,x,—zUx},{2V,0,2Vx} {2V y, —2Vx*}}

have Ny (j) = 0. Furthermore, they may be used in the Goethals-Seidel array
to give orthogonal designs

(i) OD(4m : (1,1,a,b),(1,4,a,b)), m>n, and

(it) OD(4m;1,1,4a,4b), m>2n+1.

Proof. Use {101, 11—}, {10111—, 101 ——1}, {aabb, aabdb}, {ab,ab},
{aaabaaabaaabOb, bbbabbbabbbala }. O

We give one other method for constructing orthogonal designs using com-
plementary sequences.
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Lemma 7.14. Let X ={A,B,Z,Z} be 4-complementary sequences of length
n and weight k. Then writing Z* for the reverse of Z and with x,y,z variables,

Y= {{yAaanB}a{yAaOa_yB}7{yZ7anZ*}7{yZaxa_yZ*}}

are 4-complementary sequences of length 2n+ 1 which may be used to give
OD(4m;1,2k), m >2n+1.

Proof. Use the four sequences of Y to generate matrices which can be used
in the Goethals-Seidel array. O

Summary 7.1. Two sequences x1,...,z, and y1,...,y, are called Golay com-
plementary sequences of length n if all their entries are +1 and

n—j
Z(Iiziﬂ +yiYi+;) =0 forevery j#0, j=1,....,n—1,
=1

i.e., NX =0.

These sequences have the following properties:

L 37 (@it +yiyirs) =0 for every j#0, j=1,...,n—1,
(where the subscripts are reduced modulo n),

i.e., PX =0.
2. n is even and the sum of two squares.
3. Tn_itl = €T < Yn—i+1 = —€;Y; where e; = +1.

4, [SieswiBe (] 4 [Siepailm ()] .

+ [Ciesyilm ()] + [Eiep vaRe ()] = 3n
where S={i: 0<i<n,e; =1}, D={i:0<i<n,e;=-—1}and (isa
2n'? root of unity.

. Exist for orders 2#10°26°, a,b,c non-negative integers.
6. Do not exist for orders 2.n (n a positive integer), when any factor of the
prime decomposition of n is =3 (mod 4) or 34,50 or 58.

)

ot

Kharaghani, et al [35,36] has made fundamental advances in studying Golay
type sequences in other contexts such as with complex entries or matrix entries.
The following theorem is needed in one proof of the asymptotic existence
results for Hadamard matrices:

Theorem 7.10 (Kharaghani). For any positive integer n, there is a pair
of Golay sequences of length 2™ in type 1 matrices each appearing 2"~ times
in each of the sequences.

Proof. Let A,,—1 and B, _1 be a pair of Golay sequences of length on—1 iy
type 1 matrices each appearing 2”2 times in each of the sequences. Then
A, =(An-1,Bn-1) and By, = (A,,—1,—Bp—1) form a Golay pair of length 2™
in type 1 matrices, as desired, where (A, B) means sequence A followed by
sequences B. ]
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7.7 6-Turyn-type Sequences

Definition 7.6. 6-complementary sequences A, B, C, C, D and D of lengths
m, m, m, m, n, and n with elements 0,+1 and NPAF = 0 will be called
6-Turyn-type sequences.

Kharaghani and Tayfeh-Rezaie [122] in 2004 found six compatible £1
complementary sequences with zero NPAF of lengths 36, 36,36, 36,35, 35 which
can be used in the following theorem to construct Hadamard matrices of order
428 = 4 x 107 and BH(428;107,107,107,107). We quote from Kharaghani and
Tayfeh-Rezaie [123, p. 5]:

The following solution was implemented on a cluster of sixteen 2.6 GHz
PC’s for

214 = 22 % + 22 + 2u?
with £ =0, y =6, z=8 and w =5 and found the following solution after
about 12 hours of computation.

A=(+++————F+—+—+-————— Ft++ -+ttt +————+-),
B=(+—+++++——+—+——+——F++——F++++—++++-——++-),
C=(+—+++++—+——F+++—+++—F+——+++—F+——+———1),
D=(+++-+-—-——- +H+——+—+++——+—+—+++—++++-4).
Hence

Theorem 7.11. Suppose these exist 6-Turyn-type sequences of lengths m,m,
m,m,m,m,n,n, that is 6 suitable compatible =1 complementary sequences with
zero NPAF and lengths m,m,m,m,m,m,n,n called A,B,C,C,D,D. Then
there exist BH(4(2m+n);2m+n,2m+n,2m+n,2m+n) and an Hadamard
matriz of order 4(2m+n).

Proof. Let 0; be the sequences of ¢ zeros. Write {X,Y}, where X is the
sequence {z1,...,xp} and Y is the sequence {y1,...,y,} for the sequence
{z1,22,...,Zp,Y1,Y2,...,Yq} of length p+q. Then the required T-sequence for
the constructions are

{%(A""B)vom-Hl}v {%(A_B)vom-i-n}a {O2myD}7 {Om,C,On}.D

Corollary 7.12. There are base sequences of lengths 71, 71, 36, 36 and
therefore T-sequences of length 107.

Corollary 7.13. There is a Hadamard matrixz of order 428 and Baumert-Hall
array BH(428;107,107,107,107).



Chapter 8
Robinson’s Theorem

In trying to decide which orthogonal designs to look for, it would be useful to
formulate, and hopefully prove valid, some general principles of the sort, “All
orthogonal designs of a certain type exist in certain orders.” The Hadamard
conjecture, the skew-Hadamard conjecture, the weighing matrix conjecture,
and other conjectures that have been made, and extensively verified, provide
some solid information which must be dealt with in order to state such princi-
ples. We have seen singularly unsuccessful in formulating correct principles of
a general nature; some conjectures that we have made in the light of those
principles have proved to be false.

One principle we had bandied about for awhile was: “In order n, if k is
much smaller than p(n), then all orthogonal designs on k variables exist in
order n.” Of course, the key to focusing on this principle is to decide what
“much smaller” should mean.

In orders n where n is odd or n = 2¢t, t odd, algebraic conditions appear
immediately in deciding if orthogonal designs exist, and so, in terms of deciding
what “much smaller” should mean, we put those cases aside. When n = 4t,
t odd, the situation is different. The algebraic theory says nothing about
one-variable designs, i.e., weighing matrices. This fact, coupled with a fair bit
of evidence for the weighing matrix conjecture in orders 4¢, ¢ odd, led us to
formulate a “sub-principle” for the phase “much smaller”: to wit, we proposed
the following: “If, in order n, the algebraic theory imposes no restrictions on
any possible k-variable design in order n, than all k-variable designs exist in
order n.”

If this principle was a sound one, it would say, for example, that whenever
n=16t, ¢t > 1, any orthogonal design on < 7 variables exists. (See Proposition
3.34 and what follows it.) The principle, unfortunately (depending on your
point of view), is far from correct. Peter J. Robinson decisively settled that
issue and many other alternative ones with the following remarkable theorem.

Using the orthogonal designs AOD(24;1,1,1,1,1,2,17) from Lemma A.7,
0D(32;1,1,1,1,1,12,15), OD(32;1,1,1,1,1,9,9,9) and OD(40;1,1,1,1,1,35)

© Springer International Publishing AG 2017 295
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found by Kharaghani and Tayfeh-Rezaie [122] given in Tables 8.1, 8.2 and 8.3
respectively we have using theorem 8.2

Theorem 8.1 (Robinson). An OD(n;1,1,1,1,1,n—5) exists if and only
ifn=8, 16, 24, 32, 40.

Theorem 8.2 (Robinson). If n > 40, there is no orthogonal design of type
(1,1,1,1,1,n—5) in order n.

‘We first note that:

0D(8;1,1,1,1,1,3)  See: Section 4.2
0D(16;1,1,1,1,1,11) Appendix F.2
0OD(24;1,1,1,1,1,19) Table 8.1
OD(32:1,1,1,1,1,27)  Table 8.2
OD(40;1,1,1,1,1,35)  Table 8.3

do exist.

Proof. The proof is a very careful analysis of what such a design would have
to look like, and we have expanded Robinson’s proof so as to make the
verification a bit easier for the reader. O

With no loss of generality we may assume the first 4 x 4 diagonal block of
the orthogonal design is

xr1 X2 X3 a1
—XI9 X1 a1 —Ix3
—I3 —ai X1 i)
—a1 X3 —T2 I

Either aq = x4, or not.
If a1 = +x4, we proceed to obtain the following 8 x 8 diagonal block:

[z oz w3 a1 w5 |
—x2 I al —x3 —I5 *
—r3 —aip T1 T2 —Z5
—al r3 —I2 X1 * xIs
—T5 x1 x2 w3 bi|’ (8:1)
xIs * —T2 I b1 —I3
* xIs —XI3 —bl T T2
L —r5 —b1 w3 —w2 1]

and by = —aq.
In case a1 # +x4, we may proceed to make the following 8 x 8 diagonal
block.
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[z oz w3 a1 1 |
—xr2 I ai —x4 *
—xr3 —ai I i) * —XT4
—a1 X3 —T2 X1 T4
—xy x1 x2 w3 bi|’ (8.2)
T4 * —T2 I b1 —XI3
* T4 —I3 —bl T T2
L —ry —b1 w3 —w2 1]

and b1 = —a7.

We continue the process and end up with 8 x 8 blocks of type (8.1) or (8.2)
on the diagonal.
Claim. There is at most one diagonal block of type (8.1).
Proof of Claim. Let X denote the orthogonal design of type (1,1,1,1,1,n—5)
in order n, and write X = Ayx1 + Aswo + Agwz + -+ + Agrg. As we have
already seen, we may assume

Ay =1,,A2= @ [ 01}

n/2 —10
and
001 O
000 -1
A3_? 100 0
010 O

Since X is an orthogonal design, we must have A; A +A; A =0, 1<i# j <6.
The patient reader will then discover than these conditions force Ay, As, Ag
to each be skew-symmetric and partitioned into 4 x 4 blocks, where if (pgrs)
is the first row of a block, then the block looks like:

p q T S
q—p S§-—Tr
r—s—p (¢
—SsS—Tr q p

Now, assume that there are two 8 x 8 diagonal blocks like (8.1), with
a1 = +x4,b1 = —a1,a2 = +x4,ba = —as; we shall obtain a contradiction (we
shall first consider the case a; = as = x4 and leave the remaining three
possibilities for the reader to check). The contradiction shall be obtained by
looking at the 8 x 8 off-diagonal blocks which are at the juncture of the two
diagonal positions. See Figure 8.1.

If we number the rows of figure 8.1 from 1 to 16, then we obtain (by taking
the inner product of rows 1 and 9) a summand 2sz4 which we cannot eliminate
since x4 appears only once in each column and row.

(Note: We have used here the fact that s # 0, but we would get the same
result if any of p,q,r, or s were = 0 or if any of k,l,m,v were # 0. Thus, so far,
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Fig. 8.1 Contradiction of off-diagonal blocks at juncture of two diagonal positions

[ 1 x2 =3 T4 T f'p g r s b ¢ d €]
—To X1 T4 —X3 q—-p s—-r ¢ —=b e d
—x3 —xT4 T1 T2 * r—s—-p q d —e—-b ¢
—T4 X3 —T2 T1 e |75 T @ p—e —d ¢ b
T1 T2 T3 —T4 f g h 7 k £ m v
—X9 T1 —X4 —T3 g—f j—h ¢ —k v-m
* —T3T4 T1 T2 h—j—f gm —v—-k [/
L T4 T3 —T3 X1 l—j—h g f—-v-m £ k]
)
[(-p—q -1 s —f—g —h 7] [ w1 w2 x3 x4 T
—-q p s r —g f j h —To T1 T4 —X3
-r—s p—q —h—j f—g —T3 —T4 Tl T2 *
-s r—q¢ p —j h —g—f _|-wa wz3—x2 I
—-b—-c—d e -k —L—-m v T1 T2 T3 —T4
—c b e d 4 k v m —T2 T1 —T4 —T3
—d—-e b—c-m-v k —/4 * —I3 T4 T1 X2
l—e d—c—-b —v m —{ —k] L T4 T3 —T3 X1

we could be discussing orthogonal designs of type (1,1,1,1,1,n—k), 5 <k <8,
and the conclusions that are drawn would still hold; i.e., no two diagonal
blocks of type (8.1).)

We have now seen that there can only be one diagonal block of type (8.1)
and that all other diagonal blocks are of type (8.2).

We now seek to discover where in the orthogonal design the x5’s are located.
If there is a diagonal block of type (8.1), then we know where the z5’s in
the rows and columns controlled by that diagonal block are, namely, in the
diagonal block.
Claim. The x5’s are always in the diagonal blocks.

Proof. To prove this, it would be enough to show that there is no x5 in an
off-diagonal block which is above and across from a diagonal block of type
Equation (8.2). Thus, we have the following in Figure 8.2.

Now, by checking inner products (just using x4’s), we find that

Similarly,

bry— fxgy =0, ie, b=f;
—cry—grs =0, ie., c=—g;
—dry—hxy =0, ie,d=—h;

exqs—Jjrgs =0, ie.,e=].
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Fig. 8.2 No x5 in off-diagonal block above and across from a diagonal block of type
Equation (8.2)

[ z1 22 a3 o T4 fp g s b ¢ d e
—T2 T1 o —T3 —T4 q-p s-r ¢ —b e —d
—r3 —a T1 T2 —4 r—s—-p q d —e —=b ¢
—a x3 —T2 T T4 —-s—r q p—e —d c b| _
—T4 T1 To X3 —Q o~ f g9 h 7 k £ m viY
T4 -T2 T1 —Q —3 g—f j-h £ —k v-m
T4 —xr3 « T1 X9 h—j—f gm —v—-k [/
L T4 « x3 —T2 X1 l—j—h g f-v—-m € k]
] ! v ! ]
-p—q-r s —f—-g —h r1 x2 w3 B 14
-g p s v —g f j h —z2 71 fB -3 x4
—-r—s p—q —h—j f—g —x3 —f w1 X2 T4
vT_|=8 r—=q¢ p —=j h —g-—f —B w3 —x2 11 x4
Y' = b——c—-d e -k —t-—m v| —x4 112 T3 —f
—c b e d 4 kK v m T4 —xo T1 B —x3
—d—-—e b—c—m-v k —¢ T4 —x3 B x1 X2
l—e d —c—-b —v m —{ —k] L —x4 Paxsz —z2 X1
2
t=gq,
m=r,
V= —S;
i.e., we have
p qr sbcde
etc. etc.
Y:
etc. etc.
—ed—cbls—rq—p

If we consider the inner product between the two rows and recall that none
of p, q, 1, 8, b, ¢, d, or e=0, we find that +z5 ¢ {p, ¢, r, s, b, ¢, d, e}.

Now, the it diagonal block of type (8.2) has four (as yet) undetermined
entries, and we have seen that one of them must be +x5. If there are four (or
more) blocks of type (8.2), then in two of them x5 (up to sign) must occupy
the same position. We shall assume that occurs in the i*" and j*" diagonal
blocks and write them (along with the (i,7)*" and (j,7)" off-diagonal blocks)
in Figure 8.3.

Now, suppose 81 and (2 are each +x5. Considering rows 1 and 9 of Figure
8.3 we find Bic+ B2c=0, i.e., 1 = — 2, but considering rows 1 and 11 we find
—p1e+ B2e =0, i.e., 1 = P2. This contradiction establishes that 51, S2 cannot
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Fig. 8.3 Four (or more) blocks of type (8.2), x5 must occupy the same position in two
of them

1 w2 w3 a1 T4 P11 01 T'p g r s b ¢ d €]
—x2 x1 o1—x3 P1—x4 01 -1 qg—p s—r c—b e—d
—x3—0a1 Tl T2 71 —01—z4 [ r—s—p q d—e—b ¢
- xz—wz w1 —6i-m P w4l —s—r q p—e—d c b
—x4—f1-m 61 T1 T2 T3—Q1 b—c—d e—p q r-—s
-1 x4 d1 y1—T2 T1—Q1 —T3 —c-b e d q p—s—r
71 =01 T4—f1—-T3 o1 T1 T2 —d—e—-b—c r s p ¢
| =01 m —B1—x4 a1 3 —T2 T | l-e d—c b s—r q-—p]
7 ) )
—-p—q-1r s—b c d €] [ x1 z2 x3 a2 w4 P2 7y2 62
—q p s r c b e—d —x2 X1 ag—x3 P2—x4 02 —72
—-r—s p—q d—e b c —z3—ag 1 X2 Y2 —02 —xa o
—s r—q p—e—d c—b |2 T2 I —02 —v2 P2 x4
—b—c—d e p—q—7—s5 —x4 —f2 —y2 2 1 T2 XT3 —Q2
—c b e d—q—-p—s r —B2 x4 2 Y2—x2 T1—a2 —3
—d—e b—c—r s—p—q —v2 =02 x4 —P2—2x3 a2 x1 T2
—e d—c—=b s r—q p] | =02 Y2 —P2—x4 a2 x3-—x2 1|

both have absolute value x5. A similar argument gives the same conclusion
for Y7 and Y5, Ay and As, and o and a. This then completes the proof. O

It is possible to use Robinson’s Theorem to obtain many other non-existence
results. We give just two illustrations.

Corollary 8.1. There do not exist amicable orthogonal designs of type
AOD((1,1,m—2);(1,m—1)) in any order m > 10.

Proof. 1f there did, we could use Theorem 6.1 (i.e., a product design of type
PD(4:1,1,1,;1,1,1;1)) to obtain an orthogonal design in order 4m > 40 of
type (1,1,m—2,1,1,1,m—1,m —1,m — 1), contradicting Theorem 8.2. |

Note. This shows how difficult it is to obtain “full” amicable orthogonal designs
which have several 1’s in their types.

Corollary 8.2. There is no product design of type PD(n;1,1,n—3;1,n—2;1)
in any order n > 20.

Proof. If there were, Construction 6.1 would contradict Robinson’s Theorem.
O

Remark 8.1. This corollary shows how special the product designs constructed
in Examples 6.2, 6.3 and Theorem 6.1 really are.
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Table 8.1 An OD(32;1,1,1,1,1,12,15) ®

abesdtse
basctdes
csabsedt
scbaestd
dtseabes
tdesbasc
sedtcsab
estdscha
s5ttsstt
55ttsstt
tt5sttss
ttssttss
s5tt55tt
55ttsstt
ttssttss
ttssttss
555stttt
5s55tttt
Sssstttt
55s5tttt
ttttssss
tttt55s5
tttt555s
ttttssss
tsttttst
stttttts
tttssttt
ttsttstt
tsttttst
stttttts
tttssttt
ttsttstt

Ssttsstt
ssttsstt
ttssttss
tt55tt55
S5ttsstt
Ssttsstt
ttssttss
ttssttss
abcsdset
bascsdte
csabelds
scbatesd
dsetabes
sdtebasc
eétdsesab
tesdscba
tttttsst
ttttstts
ttttstts
tttttsst
tssttttt
sttstttt
Sttstttt
t55ttttt
tst5stst
ststtsts
tstsstst
st5ttsts
ststtsts
tstsstst
ststtsts
tstsstst

sssstitt
s55stttt
5855ttt
$ssstitt
tttt5sss
ttttssss
ttttssss
ttttssss
tttttsst
ttttstts
ttttstts
tttttsst
tssttttt
sttstttt
sttstttt
tssttttt
abcesdest
bascedts
csabstde
scbatsed
destabes
edtsbasc
stdecsab
tsedscba
t5sttsst
Sttsstts
sttsstts
tssttsst
sttsstts
t5sttsst
tssttsst
sttsstts

tstttstt
Stttsttt
tttsttts
ttstitst
ttstttst
tttsttts
stttsttt
tstttstt
tstsstst
Ststtsts
tstsstst
ststtsts
ststtsts
tstsstst
st5ttsts
tstsstst
ts5tstts
sttstsst
sttstsst
ts5tstts
tsststts
Sttstsst
Sttstsst
t5ststts
abedests
badcsest
édabtses
dcbastse
estsabed
sestbadc
tsesedab
stsedeba

“_Kharaghani and Tayfeh-Rezaie [122, p317-324]

(©Elsevier
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Table 8.2 An OD(32;1,1,1,1,1,9,9,9) ¢

abesdute SsSstttt ututtutu — SUUSSUUS
bascudet  sssstttt  tutuutul — ussuussu
ésabtedu — §ssstttt  ututtutu — uSsuussu
scbaetud ~ s555tttt  tutuutut — sUuUSSUUS
dutéabes — tittssss — tutuutul — suuSsuus
udetbasc  ttttssss  ututtutu — USSuUUSSU
teducsab  tttt5s55  tutuutul  uSsuussu
etudscba ttttssss dtuttuta  suussuus
s5s5tttt  abcsdten  ussusuus  uuttuutt
Sssstttt basctdue  Suusussu  uuttuultt
s8sstttt  ésabeudt  suusuSsu  ttuuttuu
sssstttt schauetd —ussusuus  ttuuttuu
tttts5ss dteuabes  Sutisussu  tuuttui
ttttssss tdueébasc wussusuus ttuuttuu
{titssss  eudlésab  uSsusuus — uuttuult
ttttssss  wuetdscba  suusussu  uuttuutt
atuttutu  ussusuus  abctdesu sttstsst
tutuutut — suusussu batcedus tsststts
ututtulu — SuuSuSsu  ctabsude — tsststts
tutuutut  ussusuus  tcbaused Sttstsst
tutuutut — suusussu  desuabct  Sttstsst
ututtutu  uSsusuus eduSbatc — tsststts
tutuutut — ussuSuus  Sudectab  tsststts
Gtuttutu — suusussu  uSedtcba  Sttstsst
suuSsuus  uuttttuu  Sttsstts  abedeuts
ussuussu  uuttttuu tss5ttsst badciuest
uSsuussu  ttuuuutt  tssttsst  edabtseu
sutissuus  ttuwuutt — 5ttsstts  dcbastue
suussuus  uuttttun — tssttsst  eutsabed
uSsuusSsu  uuttttuu sttsstts uestbadc
ussuussu  ttuuuutt  Sttsstts  tseucdab
suussuus  ttuuuult — tSsttsst  stuedeba
a_Kharaghani and Tayfeh-Rezaie [122, p317-324] @Elsevie_r




8 Robinson’s Theorem

Table 8.3 An OD(40;1,1,1,1,1,35) *

abcsdsse
bascsdes
csabseds
scbaessd
dsseabcs
sdesbasc
sedsésab
e3sdscba
55555558
555558588
58585558
55555558
55555588
55555588
5585558588
55555588
55555558
55555588
55555858
55555588
55555558
55555588

55555588
55555588
55555588
55555588
55555588
55555588
55555588
55555588
55555558
55555588
555585588
555585588
55555588
55555588
55555858

55555588
558558588
558855588
558558585588
55555588
55558588
555558558
558555558
abcsdses
bascsdse
ésabesds
scbasesd
dsésabes
sdsebasc
esdsesab
sesdseba
558555588
55555588
55585558
55555588
55555588
55555558
555585888

55585558
558555558
555558588
558558558
555858588
55555588
55555588
555558558
55555558
55555588
55585558
555585588
55555588
555585588
55555588
55555588

55555588
55555558
S555888S
55555558
55555588
55555588
555555888
555885588
55555588
55555588
55555588
55555588
55555558
55555558
55555588
abcsdess
bascedss
ésabssde
scbassed
dessabcs
edssbasc
55decsab
ssedséba
558558558
55555588
55555588
55555588
55555588
55555588
555555888
55555558
55555588
55555588
555585588
55555588
55555588
55555588

55555588
55555588
55555588
55555558
55555558
55585888

55585858
55555588
55555558
55555558
S$5555558S
55555588
55555588
55555558
855885888
55555558
55585555
55555558
55555588
555555858
55555588
55555558
abedesss
badcsess
édabsses
dcbassse
esssabed
Sessbadc
sSesédab
sssedeba
55555558
55555558
55555588
555558588
55555588
55555558
55555858
55555558

55555588
S$555558S
55555588
85585858
S$555558S
55555588
55555858
S$5555588
55555588
55555588
55555588
55555558
55555588
55555588
S$555558S
S$5558558S
S$5558558S
S$55555858
S$5555588
55585858
55555588
55555588
555555888
555555555
555558588
55555588
55555588
abcedsss
baecsdss
ceabssds
ecbasssd
dsssabce
sdssbaec
Ssdsceab
55sdecha

a_Kharaghani and Tayfeh-Rezaie [122, p317-324] ©Elsevier
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Chapter 9

Existence of Hadamard Matrices and
Asymptotic Existence results for
Orthogonal Designs

Heretofore we have studied extensively the Hadamard conjecture,

“There exists an Hadamard matrix of order 1, 2 and 4¢ for every positive integer
t.77

Many infinite families and ad-hoc constructions have been given. However,
the density of known orders has continued to be zero.

The first portion of this chapter is devoted to proving the first powerful
asymptotic theorem Seberry(=Wallis) [237] on the existence of Hadamard
matrices. We then explore how the use of more “twos” leads us to considerably
improved results for Hadamard matrices by Craigen [34] (but not using
orthogonal designs), and then the wonderful results by Craigen, Holzmann
and Kharaghani [36] for asymptotic existence of complex Hadamard matrices,
orthogonal designs and amicable Hadamard matrices. Asymptotic results for
repeat designs remain a major research problem.

9.1 Existence of Hadamard Matrices

As in many other combinatorial design problems, recursive construction are
of very great use in constructing orthogonal designs and Hadamard matrices.
In fact, in Theorem 9.3 this method gives us a most powerful method for
constructing Hadamard matrices now known.

Lemma 9.1. Suppose all orthogonal designs of type (a,b,n—a—">b), 0 <a+b<
n, exist in order mn. Then all orthogonal designs of type (x,y,2n—x —vy),
0 <xz+4y<2n, exist in order 2n. This also means that all OD(n;x,y) exist.

Proof. Recall that from Lemma 4.11 (ii) we have that the existence of the
design of type (a,b,n —a —b) in order n implies the existence of the design of
type (a,a,2b,2(n—a —>b)) in order 2n.

© Springer International Publishing AG 2017 305
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Let (u,v,w) be a full orthogonal design of order 2n (we may assume
0 <u<wv<w). It follows that v < n. We distinguish four cases, depending
on weather u or v are even or odd.

Case 1: u even, v even.

Then u = 2a, v =2b, and a+b <n. Then (a,b,n—a—Db) exists in order n, and
we may apply Lemma 4.11(ii).

Case 2: u even, v odd.

Write u = 2a, v =2a+/¢. Then a+v =3a+¥ <n, for in this case w =2n —4a— ¥,
and v <w = 3a+/{<n.

Thus, (v,a,n —a —v) exists in order n, and we may apply Lemma 4.11(ii) to it.

Case 3: u odd, v even.

Write u =2a+1, v =2b. Then w=2t+1 and u+v+w=2n,and so a+b+t+1=
n. Notice that w4+ b < n, for if not, u+ b > n, which implies a > t.

Thus, there is an orthogonal design of type (u,b,n —u—b) in order n, and we
may proceed as before.

Case 4: u odd, v odd.
In this case, write v = u+2b, b > 0. Clearly, u+b < n, and so there is an
orthogonal design of type (u,b,n —u—>) in order n, and we’re done. O

Corollary 9.1. Since all the orthogonal designs of type (a,b,4—a—0b) exist in
order 4 for 0 < a+b<4, we have all orthogonal designs of type (x,y,n—x—1y)
for 0 <z +y <n whenever n is a power of 2.

Corollary 9.2. Since all orthogonal designs of type (z,y,n—xz—y), 0 <x+
y <n, exist in all orders for which n is a power of 2, all designs of type (z,w),
0 < z4+w <n, exist in all orders n which are powers of 2.

It is presently known that

Corollary 9.3. There exist Hadamard matrices of orders 2, 4, 2t.2, 2¢.3, 2¢.5,
and 2.7 for all positive integers t > 2.

Proof. From Corollary 4.9. O

Conjecture 9.1 (Seberry). All orthogonal designs of type (z,y,m—z—y), 0 <
x4y < m, exist in orders m = 2%q for any natural ¢ and sufficiently large t.

9.2 The Existence of Hadamard Matrices

The following theorem of Sylvester, which he studied because of a problem
posed by Frobenius, is well known.

Theorem 9.1. Given any two relatively prime integers x and y, every integer
N> (z—1)(y—1) can be written in the form ax+by for some non-negative
integers a and b.
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Corollary 9.4. Given z = (v+1) and y = (v—3), where v is odd and v > 9,
there exist non-negative integers a and b such that a(v+1)+b(v—3) =n =2
for some t.

Proof. Let g be the greatest common divisor of v+ 1 and v—3. Then g =
1,2 or 4. If g # 1, let m be the smallest power of 2 greater than N = [((v+
1)/g9) —1][((v—3)/g) — 1]. Then by the theorem, there exist integers a and b
such that a(v+1)/g+b(v—3)/g =m, and hence we have the corollary, since
g is a power of 2. O

Lemma 9.2. Let v =3 (mod 4) be a prime > 9. Then there exist a t such
that an Hadamard matriz exists in every order 2°%.v for s > t.

Proof. Let x =v+1 and y = v — 3; then by the previous corollary there exists
an a and b such that az +by =n = 2! for some t. Now we know the orthogonal
design D of type (a,b,n —a—b) exists with order 2¢ on the variables z1,z2, 3.

Then replace each variable x; by the matrix J, each variable o by J —21
and each variable 3 by the back-circulant (1,—1) matrix B = (Q+I)R, where
@ is defined in the proof of Lemma 4.12 and R is the back-diagonal matrix,
to form a matrix E. Now

B'"=B,BJ=J, B(J—-21)=(J—21)B, BB = (v+1)I—J,
DD = (az?+ba3+ (n—a—b)x%) I,
and
EET = (aJ2+b(J—21)2+(n—a—b)BBT> x I,
=[avJ +4bI +b(v—4)J+(n—a—b)(v+1)I—(n—a—0)J] x I,,
=([n(v+1)—a(v+1)=blv=3)T+[a(v+1)+blv—3)—n]J)x I,

=nvl,,.0

Lemma 9.3. Let v=1 (mod 4) be a prime > 9. Then there exists a t such
that an Hadamard matriz exists in every order 2°.v for s >t+1.

Proof. Choose x,y,n,t,a,b, and D as in the previous lemma. Now note there
exists an orthogonal design F of type (2a,2b,n —a—b,n —a—1>) in order
2n = 21 on the variables x1,x9, 23, 24.

Form the matrix E by replacing the variable 1 of F' by J, each variable
X of F by J—2I, and the variables x5 and x4 by the two circulant (1,—1)
incidence matrices X = I+ Q and Y = I — @, where ( is defined in the proof
of Lemma 4.12. Now
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X=X, vT=v, Xy "=YX", XXT4+YY T =20w+1)I—-2J,
XJ=YJ=J X(J-2I)=(J-2DX, Y(J—2I)=(J - 2])Y,
FFT = (2ax%—|—2b;z:§+(n—a—b)x%—i—(n—a—b)xﬁ) Ion,
and
EE" =((2aJ?+2b(J —2)* + (n—a—b)(XX " +YY ") x I,
= [2avJ +8bI +2b(v —4)J + (n—a—b)(2(v+1)I —2J)] X Iz,
=[2n(v+1) —2a(v+1) — 2b(v —3) Ione
+[2a(v+1)+2b(v —3) — 2n|Jy, X Iay,
= 2nvlay,.0

Theorem 9.2. Given any integer q, there exists t dependent on q such that
an Hadamard matriz exists of every order 2°q for s > t.

Proof. Decompose ¢ into its prime factors, and apply the previous lemma
to each factor. The result follows because the Kronecker product of any two
Hadamard matrices is an Hadamard matrix. O

In Corollary 9.4 we chose t so that

2> <v+1_1> <v3_1>
g g

Hence, if v=1 (mod 4), g =2, and we need 2 > (v —1)(v—>5). Thus, we
may choose t = [2logy(v—3)] —1 in Lemma 9.3.

For v =3 (mod 4), g =4, and choosing t = [2logy(v — 5)] — 3 ensures the
existence of an Hadamard matrix of order 2'v in Lemma 9.2.

We observe that if v = p.g where p and ¢ are primes =1 (mod 4), we
can ensure the existence of an Hadamard matrix of order 2".pq where r =
[21logs(p—3)]+[2logy (g — 3)] < [2logy(pg — 3)]. Since a v comprising a product
of primes =1 (mod 4) would give the highest theoretical ¢ for which an
Hadamard matrix of order 2%v exists, we can say:

Theorem 9.3. (i) Given any natural number q, there exists an Hadamard
matriz of order 25q for every s > [2logy(q—3)] + 1.

(7i) Given any natural number q, there exists a regular (i.e., constant row
sum) symmetric Hadamard matriz with constant diagonal of order 2%5¢>
for s as before.

Proof. Part (ii) of the theorem follows from a theorem of Goethals and Seidel
(see Wallis [231], p. 341) that if there is an Hadamard matrix of order n, there
is a regular symmetric Hadamard matrix with constant diagonal of order n?.

The result that orthogonal designs (a,b,n —a—b) exist in all orders n = 2¢.3,
t > 3, may be used in a similar fashion to that employed in Lemma 9.2 to
construct Hadamard matrices of order 2°.3¢q for sufficiently large s. It may
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happen that proceeding via this result for appropriate natural numbers 3¢
gives a smaller s than if Theorem 9.3 were used.

This last remark indicates that a knowledge of orthogonal designs (a,b,n —
a—>b) in orders n = 2'p, p odd, could lead to Hadamard matrices of order
2%pq for smaller s than that given by Theorem 9.3.

Clearly, in general, there will be Hadamard matrices, given by the con-
struction, of order 2!q where t < [logs(q—3)]. O

9.3 Asymptotic Existence Results for Orthogonal
Designs

Necessary conditions for the existence of orthogonal designs have been derived
from a study of rational matrices. The theorems below show that many of
these conditions are also sufficient if the order of the orthogonal design is
much larger than the number of non-zero entries in each row.

If n is odd, then p(n) =1, so the only orthogonal designs of order n are
weighing matrices. We have shown that the weight k of a weighing matrix of
odd order n must be a square. If n is much larger than k, this is sufficient for
existence; in fact,

Theorem 9.4 (Geramita-Wallis). Suppose k is a square. Then there is an
integer N = N (k) such that for any n > N there is a W(n,k).

This theorem follows from Lemma 9.4 below.
Suppose n =2 (mod 4); then an orthogonal design of order n has at most
two variables. For these orders we derived the following necessary conditions:

(i) If there is an orthogonal design of type (a,b), then there is a 2 X 2 rational
matrix P such that PP T = diag(a,b).
(i) If there is a weighing matrix W(n,k) then k is a sum of at most two
squares.
(iii) If there is a skew-symmetric weighing matrix W(n,k) then k is a square.

We can prove an asymptotic converse to (i), (i) and (iii):

Theorem 9.5 (Eades).

(i) Suppose there is a 2 x 2 rational matriz P such that PPT = diag(a,b)
where a and b are positive integers. Then there is an integer N = N(a,b)
such that for allt > N there is an OD(2¢;a,b).

(ii) Suppose k is a sum of two integer squares. Suppose k # 2t —1, t odd, then
there is an integer N = N (k) such that for allt > N there is a W (2t,k).

(iii) Suppose k is a square. Then there is an integer N = N (k) such that for
allt > N there is a skew-symmetric W (2t,k).
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The proof of Theorem 9.5 comes later. We merely note here that (ii) and
(iii) follow immediately from (i).

Suppose n =4 (mod 8); then an orthogonal design of order n has at most
four variables. The results of Chapter 3 show that for these orders the following
necessary conditions apply:

(i) If there is an orthogonal design of type (a,b,c,d) and order n =4 (mod 8),
then there is a 4 x 4 rational matrix P such that PP = diag(a,b,c,d).

(ii) If there is a skew-symmetric W(n,k) where n =4 (mod 8), then k is a
sum of three integer squares.

In 1971 Seberry(Wallis) [232] conjectured:

Conjecture 9.2 (Seberry). For every positive integer k <n =0 (mod 4) there
is a W(n, k).

We can prove an asymptotic result on this conjecture, an asymptotic
converse for (ii) and a partial asymptotic converse for (i).

Theorem 9.6 (Eades).

(i) Suppose m,z1,z2,23 and z4 are positive integers. Then there is an integer
N = N(m,z1,22,23,24) such that for all t > N there is an OD(4t;mz3,
mz3,mz3,mz3).

(it) Suppose mi,ma,z1,22,23,24 are positive integers and mi and mo are
each sums of two integer squares. Then there is an integer N de-
pending on mi,ma,21,22,23,24 Such that for all t > N there is an
OD(4t;m122,m123,me23,maz?).

(i@i) For any integer k there is an integer N = N (k) such that for all t > N
there is a W (4t, k).

(iv) If k is a sum of three integer squares, then there is an integer N = N (k)
such that for allt > N a skew-symmetric W (4t, k) exists.

Again we will leave the proof of this theorem for later and merely note
that (iii) and (iv) follow from (i).

For n=0 (mod 8) it is conjectured that for every k < n there is a skew-
symmetric W(n, k). We can prove:

Theorem 9.7. (i) Suppose u1,us,...,us are integers. Then there is an inte-
ger N = N(uy,ua,...,ug) such that for allt > N an orthogonal design of
type u%,u%...,u% and order 8t exists.

(ii) For any pair (a,b) of integers there is an integer N = N(a,b) such that
for all t > N there is an orthogonal design of type (a,b) and order 8t.
(iii) For any integer k there is an integer N = N (k) such that for all t > N

there is a skew-symmetric W (8t,k).

Since any integer is a sum of four squares of integers, (ii) and (iii) follow
from (i).

From Theorem 9.4, Theorem 9.5(ii) and (iii), Theorem 9.6 (iii) and (iv),
and Theorem 9.7 (iii), we can deduce:
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Corollary 9.5. (i) For any integer k there is only a finite number, Mi(k),
of orders for which the existence of a weighing matriz of weight k is
undecided.

(ii) For any integer k there is only a finite number, Ma(k) of orders for
which the existence of a skew-symmetric weighing matrix of weight k is
undecided.

From Theorem 9.5 (i) we can deduce:

Corollary 9.6. For any pair (a,b) of integers there are only a finite number,
Ms(a,b) of orders n =2 (mod 4) for which the existence of an orthogonal
design of order n and type (a,b) is undecided.

m
Lemma 9.4. Suppose k # 0 is a square, and let k = qi2 where each q; is
i=1
either 1 or a prime power, for i=1,2,...,m. Suppose ai,as,...,ay, are any
m

positive integers, and let n =[] a;(g? +q; +1). Then there is a type-1 W (n,k)
i=1

m
and type-2 W (n,k) on the group [] Zv,, vi = ai(¢? +q; +1).
i=1

Proof. If q is either 1 or a prime power, then there is a circulant W (q? 4 q+
1,4?). Suppose the first row of the matrix is (w;), 1 <i<¢?>+q¢+1. Ifaisa
positive integer and 1 <i < a(q?+q+1), then define

Wi = w;, ifi= O. (mod a),
0, otherwise.

Then (W}),1 <4 <a(q®+q+1), is the first row of a circulant W (a(¢®+q+
1),¢%).

Proceed now by induction. If there is a type-1 W(n;,k;) on G;, for
i =1,2, then the tensor product of W(ni,k1) with W(na,ks) is a type-1
W(n1,n2,k1,k2) on G1 X GQ.

We recall that the existence of a type-1 W(n,k) on G implies the existence
of a type-2 W(n, k). (See Corollary 4.7.) O

The next lemma is a consequence of Sylvester’s theorem (Theorem 9.1).

Lemma 9.5. Suppose orthogonal designs of type (u1,us,...,um) exist in or-
ders n1 and ny. Let h = g.c.d.(n1,n2). Then there is an integer N such that
for all t > N there is an orthogonal design of type OD(ht;ui,ua,...,Um).

Proof. Proof of Theorem 9.4. By Lemma 9.4, for every square k there is an
odd number n such that W (n,k) exists, By Corollary 9.2 there is a W (2¢,k)
for some ¢. Now since n is odd, g.c.d.(n,2!) =1, so Lemma 9.5 gives Theorem
9.4. O



312 9 Hadamard Matrices and Asymptotic Orthogonal Designs

Lemma 9.6. Suppose there is an orthogonal design of type OD(n;uq,us,...,
Ug); Suppose z1,z2,...,2x are integers. Then there is an odd number, y, such
that an orthogonal design of type OD(yn;z%ul,z%ug, e 7z,%uk) exrists.

Proof. Let z = H?Zl q; be a decomposition of z into prime powers. Let y; =
]_[l;:l(qi2 +¢;+1), and let W be the type-2 W (y;2?) assured by Lemma 9.4.
Type-2 matrices are always symmetric, so the k-tuple (W,I,I,...,I) comprises
pairwise amicable matrices. Hence, using Lemma 4.20, there is an orthogonal
design of type OD(y1n;z3u1,ug,...,uy) . Note that y; is odd.

We can clearly continue this process to prove the lemma. ]

In fact, all the weighing matrix results in Theorems 9.6, 9.7 and Corollary
9.5 (9.5 (ii) and (iii), 9.6(iii) and (iv), 9.7(iii)) follow from Corollary 9.2,
Lemmas 9.4, 9.5 and 9.6. However, we will prove the more general results
first.

Lemma 9.7. Suppose m is a sum of two integer squares. Then there is an
odd number t such that an orthogonal design of type OD(2t;m,m) ewist.

Proof. Let m=m3+m3. If m; #0, let m? = Hlequ where g¢;; is either 1
or a prime power. For each 1 =1,2,...,k let b; = LC’M{quj +qij +1;m; # 0}
If mj; #0, let W; be the type-1

k—1 k—1
i (H 11 q3j>
=1 7

1

and on the group Hf:ll ij from Lemma 9.4. Note that C; is circulant.
Suppose the first row of C; is (¢rj, 1 <7 < by.
Define (dy;), 1 <r < 3by.

g — Jeris ifr=j (mod 3)
" 0, otherwise.

Then the circulant D; with the first row (d,;) is a type-1 W(3bk,q,%j) on
Z3p,, - Moreover, if my # 0 and mg # 0, then Dy and D3 are mutually disjoint.
If mj #0, let F; =Dj xW;. If mj =0, let F; be the zero matrix of order
31_[?:1 b;. Then Fy and F» are disjoint type-1 weighing matrices of weights
m% and m%, respectively, on the group Hf:_ll Zp; X Z3p,, - Each b; is odd, so the
order of F is an odd number, ¢t = 3Hf:1 b;. Hence, we can use the matrices
x1F1 +xoF5 and x9F7 — 21 F5 in the Wallis-Whiteman generalization of the
two circulant construction, obtained by using the remarks before Lemma 4.4
with Proposition 4.1 to produce an orthogonal design of type OD(2t;m,m)
on the variables 1 and xs. O

To prove Theorem 9.5 we need a simple fact about 2 x 2 rational matrices.
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Lemma 9.8. Suppose a and b are integers such that there exists a rational
2 x 2 matriz P satisfying PP = diag(a,b). Then there are integers x,y, z,w
such that a = (22 —|—w2) 22 and b= (22 —|—w2) y2.

Proof. Let a =222 and b= y?z3, where z; and z3 are square-free integers.
Now ab = (det P)(det PT) is a rational square. Hence 21 = zo. Now a is a
sum of two rational squares; hence z; is a sum of two rational squares. The
Cassells-Davenport theorem the implies that z; is a sum of two integer
squares, say, 21 = 22 4+w?. So a = 2 (22 +w2), b=1? (z2 +w2). O

Proof. Proof of Theorem 9.5. Suppose a and b are integers such that there
exists a rational 2 x 2 matrix P satisfying PP ' = diag(a,b). Then by Lemma
9.8 there are integers x, y and m such that a = 2?m, b= y?m, and m is a sum
of at most two integer squares. Lemma 9.7 gives an orthogonal design of type
OD(2t;m,m) for some odd t. Lemma 9.6 gives an orthogonal design of type
OD(2ty;z*m,y*m) = (a,b), for some odd y. Corollary 9.2 gives an orthogonal
design of type OD(2%; a,b), for some integer d. Now g.c.d.(2¢,2ty) = 2, so we
can use Lemma 9.5 to obtain Theorem 9.5. O

The proof of the next lemma is very similar to the proof of Lemma 9.7 and
so is omitted.

Lemma 9.9. For any positive integer m there exists an odd number t such
that an orthogonal design of type OD(4t;m,m,m,m) exists.

We have exhibited an orthogonal design of type (1,1,...,1) and order n
on p(n) variables. Since p(2?) is a strictly increasing function of d, equating
variables in the Geramita-Pullman orthogonal design gives the following
lemma.

Lemma 9.10. Let (u1,ug,...,ux) be a sequence of positive integers.
Then there is an integer d such that an orthogonal design of type OD(Qd;
UL, U, ...,UL) €Tists.

Proof. Proof of Theorem 9.6. By Lemma 9.9 there is an orthogonal design
of type OD(4t;m,m,m,m) for some odd ¢ for any integer m. If z1, 29, 23
and z4 are integers, then Lemma 9.6 implies the existence of an orthogonal
design of type OD(4ty; z2¥m, z3m, 23m, z3m) for some odd y. Lemma 9.10 gives
an orthogonal design of type OD(Zd;z%m,zgm,zgm,zZm) for some d. Since
g.c.d.(4ty,2%) = 4, we have Theorem 9.6 (i) and (iv) following immediately.
Theorem 9.6 (ii) follows from Theorem 9.5 (i). O

Proof. Proof of Theorem 9.7. There is an orthogonal design of type
OD(8;1,1,1,1,1,1,1,1). Hence by Lemma 9.6 there is an orthogonal design of
type OD(8y;22,22,...,22) for some odd y. Lemma 9.10 ensures the existence
of an orthogonal design OD(Qd;z%,zg, e ,zg), d > 3. Hence Lemma 9.5 gives
Theorem 9.7 (i); Theorem 9.7 (ii) and (iii) follow immediately. O
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9.4 n-Tuples of the Form (2P, 2Pby,...,2PD,)

The above discussion led us to believe that while we might not yet know
all about orthogonal designs in “small” orders, we might be able to say far
more about their existence in “large” orders. The remainder of this section is
another case of hindsight: Eades, Robinson, Wallis and Williams first saw the
results in powers of 2, and then Eades showed that the same argument could
always be used.

This section also shows a distinction in approach between an algebraist
and a combinatorialist. The algebraist can ensure the existence of any n-tuple
as the type of an orthogonal design in some order 2q by allowing most of
the entries of the design to be zero. The combinatorialist is interested in
establishing existence with as few zeros as possible, as this case is more useful
in applications.

In the remainder of this section the figures and diagrams are taken directly
from the printed form in [80].

Definition 9.1. A binary expansion of a positive integer s is a non-decreasing
sequence B =by,ba,...,b;) of powers of 2 such that by +bo+---+bp =s. If B
is strictly increasing, we say B is the binary decomposition of s. The binary
expansion of A = (s1,...,8y), an n-tuple of positive integers, is (B1,...,By),
where B; is the binary expansion of s;.

From a binary expansion B = (b1,be,...,bg) of s, we can obtain new binary
expansions by combining:

(bl,b27...,2j72j,...,bk) — (bl,bg,...,2j+1,...7bk)
or by splitting
(bl,bg,...,2j+l,...,bk) — (bl,bg,...,Qj,Qj,...,bk)

with suitable reordering. If a binary expansion C' is obtained from a binary
expansion B by repeating these operations, we say C is equivalent to B.
Clearly, this relation is transitive.

Lemma 9.11. Any two binary expansions of s are equivalent.

Proof. All binary expansions of s are equivalent to the binary decomposition
of s by combining. a

Lemma 9.12. Suppose there is an orthogonal design of type B and order t,
where B is a binary expansion of s, Then for every binary expansion C' of s,
there is an orthogonal design of type OD(2Pt;2PC) for some integer p.

Proof. If there is an orthogonal design of type

OD (t;b1,ba,...,27,27, ... by,)
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then there is an orthogonal design of type
OD (t;b1,ba,..., 271 by)
If there is an orthogonal design of type
OD (t;b1,ba,...,27T1 . by)
then there is an orthogonal design of type
OD (2t;b1,bs,...,27,27, ... b)) (Theorem 4.3).0

Clearly, the integer p in the lemma above is the number of splittings to get
C from B.
We can now deduce:

Theorem 9.8. Let B be a binary expansion of s, and suppose there is an
orthogonal design OD(t; B).

Let (a1,a9,...,ay) be a u-tuple of positive integers such that a1 +as+---+
ay =2Fs for some k.

Then there is an integer p such that an orthogonal design of type
OD(2PtFt;2Pay,2Pay, ..., 2Pa,,) exist.

Proof. We can split B to obtain an orthogonal design of type C and order
2%t for some binary expansion C' of 2Fs. Let D be the binary expansion of
2%s which is obtained from the binary decompositions of the a;. Then the
theorem follows by Lemma 9.12. O

This theorem is most interesting when s =t. The case s =t =1 can be
proved using the orthogonal design of order 1 for B.

The integer p depends on the sum of the lengths of the binary decomposi-
tions of the a;. Since there are only a finite number of u-tuples which add to
2k s, we can state:

Theorem 9.9. Suppose B is a binary expansion of s, and suppose there is an
orthogonal design OD(t; B). Let uw and k be integers. Then there is an integer
q such that every orthogonal design of type OD(29%t;29a,,2%a5,...,2%a,)
exist for all (a1,a9,...,ay) such that a1 +as+ -+ +a, = 2kg.

Ezample 9.1. There is an orthogonal design of type OD(12;1,1,2,8). This
gives an OD(24;1,1,2,4,16). Hence, for every (a1,az,...,a,) such that aj +
ag +---+a, = 2F.12, there is an integer p such that there is an orthogonal
design of type OD(2P1F.12:2Pay,2Pay, ..., 2Pay,).

We can use the same algorithm described in Figure 9.1 to obtain p. If
(a1,a2,...,a4) = (1,1,2,6,14), the algorithm is as follows;
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11 2 2 2 44 8|11 2 4 6
22 4 4 4 88 16|22 4 8 16, 16
44 8 8 8 16163244 8 JI§ 167 16 32
8 8 16 16 16 3232 64 |8 8 16 16 16 32 32 64

and so p =3, and a design of type 8 x (1,1,2,6,14) exists in order 2 x 12.

9.4.1 Description of the Construction Algorithm

Let A be an n-tuple of positive integers, and let B be the binary union of
A described above. We write B = (by,bo,...,b;). Then algorithm proceeds as
shown in Figure 9.1:

k
fee1) u,142,,..,2)

Set D= (to'tl‘tz""'

RS

Let i be the smallest
nonnegative integer such

that bi-'t #tkﬂ-i

Put
t +2t for m< k+l-i
m m

Sert-i T Fkal-t

fer2-i T tkalei
t -2t for m> ktl-i
I

mi+l
|A "ZA‘

Fig. 9.1 n-tuple construction algorithm
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Ezample 9.2. There is an orthogonal design of type OD(20;4,8,8). Let
(a1,a2,...,ay) = (1,1,5,15,18). Now from the (4,8,8) of order 20, we can
find a 4(1,1,2,4,16,16) of order 160. We can use the algorithm as in Figure
9.1:

L, 1, 1,1, 2,2, 4, 4, 8 1|1, 1, 2, 4, 1Y 16
2 2 2 2 4 4 8 8 16 32/2 2 4 8 PO LR
4 4 4 4 8 8 16 16 32 64/ 4 4 8 16 16716 32 &
8 8 8 8 16 16 32 32 64 128/ 8 8 16 16 16 32 32 64 128
16 16 16 16 32 32 64 64 128 256|16 16 16 '16 32 32 64 64 128 256

Hence, there is an orthogonal design of type
4x16x%(1,1,5,15,18)
and order 8 x 16 x 20, Thus, in this case p = 6.

Ezample 9.3. For a third example, consider (a1,as,...,a,)=(1,1,5,5,5,5,5,5).
This 8-tuple expands to (1,1,1,1,1,1,1,1,4,4,4,4,4,4), and so the methods of
Figure 9.1 give an orthogonal design of type (1,1,5,5,5,5,5,5) x 28. But if we
use the orthogonal design of type OD(8;1,1,1,1,1,1,1,1) for B in Theorem
9.8, we obtain an orthogonal design of type (1,1,5,5,5,5,5,5) x 2% and order
32 x 24, The algorithm proceeds as follows:

1, 4,1, 1,1,1,1,1,4, 4,4, 4, 4,4 1 1 2 /4'\ 4 4 4 4 4 4
22222222 8 88 88 822 4 4;&\888888
4 4 4 4 4 4 4 416161616 16 6] 4 4 8 8 441616 16 16 16 16
8 8 888 8 8 8323232323213218 8 /“‘ 88 8 832 32 32 32 32 32
161616 16 16 16 16 16 64 64 6464 64 64{16 16 16 16 16 16 1616 64 64 64 64 64 64
and so p =4.

Ezample 9.4. There is an orthogonal design of type OD(28;4,4,4,16). The
8-tuple (1,1,1,1,1,2,17,32) illustrates the use of combining as well as splitting.
From the (4,4,4,16) we obtain a design of type 4(1,1,2,4,8,8,32) and order 4 x
56. We use the combining operation to form a design of type 4(1,1,2,4,16,32)
and order 4 x 56 and then proceed with splitting in the usual way:

1111112 16 32|t1 2 4 16 32
222222 4 32 642 2 4 e N 32 b4
44444486412844&4/\4864128
888888 16 128 25618 8 88 8 8 16 128 256

So in this case p = 5.
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9.4.2 Implementing the Algorithm

We consider the n-tuple A = (s1,...,5,), >.s; = s, in order 2¥¢.

Suppose n < 3. Then if s is a power of 2, by Corollary 9.1, A corresponds
to the type of an orthogonal design.

Suppose n > 3, and 27 is the highest power of 2 which divides each s;. Then
we can use Lemma 7.30 9.12 with the n-tuple (s1/27,...,5,/27) = (t1,...,tn)
in order 257,

In fact, for any n and only two odd entries in A, we can usually use the

following process to obtain a starting point for the algorithm in a lower power
of 2.

A-= (sllsz,oonns )

n
s. < s, bothodd, s, even i> 2
1- 2 i
Zsi=s
Y
Form

\

> | A = (s, (5,75)/2,5,/2,.. .5 /2)

YES

> [Stop]

A‘-AI

Reorder the terms

so s, <3, where
1-"2’

81 and 52 are odd

Fig. 9.2 Implementing the algorithm
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Ezample 9.5. Consider the binary 5-tuple A =(3,3,6,20,96) in order 128. Now
the binary expansion of A is (1,2,1,2,2,4,4,16,32,64), which is a 10-tuple. So
Theorem 9.9 guarantees the existence of a 5-tuple (23.3,23.3,23.6,23.20,23.96)
in order 219, But if we use the method of Figure 9.2, we form

(3,(3—3)/2,6/2,20/2,96/2) = (3,3,10,48) in order 64,

and then
(3,(3—3)/2,10/2,48/2) = (3,5,24) in order 32.

But all 3-tuples (a,b,32 —a—b) exist in order 32, so (3,3,6,20,96) is the type
of an orthogonal design in order 128.

9.4.3 n-Tuples in Powers of 2 With No Zeros

In the case where the sum of the entries of A is a power of 2 and A has no
zero entries, i.e., the sum of the entries of A is the order of A, it is possible to
determine the maximum value of p.

Definition 9.2. Let A = (s1,82,...,8,) be an n-tuple of positive integers
with s1 4834+ + 5, = s = 2t. We write the binary expansion of each s;,
i=1,...,n, and rearrange the order to obtain B = (by,bs,...,by), the binary
expansion of A, where each b; is a power of 2 and b; < bjy1. We say the
binary length of A is k= Ra(n,t), the number of entries of B, and use R(n,t)
for max Ry(n,t).

Theorem 9.10. Let A = {s;} be an n-tuple of positive integers such that at
least two entries of A are odd and the sum of the entries of A is 28. Then
there is an orthogonal design of type OD(2PT*:2P A), where p is the binary
length of A minus k+1.

Example 9.6. Robinson’s Theorem 8.1 shows that there is no orthogonal
design of type (1,1,1,1,1,2" —5) in any order 2! > 40. Now 2! —5 has a binary
expansion 142423 4+2%+... 421 50 B=(1,1,1,1,1,1,2,8,16,...,2!71)
and p=t+4—(t+1) =3. Hence there is an orthogonal design of type
OD(2t+3;23.1,23.1,23.1,23.1,23.1,23.(2t - 5)).

Proof. Let A = (a1,as,...,a,) be a sequence such that Y . a; = 2'. Let
a; =bio+bi1.2+---+ bikiQki be the binary expansion of a;.

Now
n k
Ry(n,t) = Zzbij’ k= max k;.
i—1j=0
and hence any sequence A such that R4(n,t) = R(n,t) has the property
that the sequences (b1;,b2;,...,bnj) j=0,...,k—1, contain as many one’s as
possible. That is, (b;j,...,bn;), 7 =0,...,k—1, contains at most one zero.



320 9 Hadamard Matrices and Asymptotic Orthogonal Designs

Now, we let the binary expansion of n—1 be cg+c¢1.24 -+ ¢, 2™ and
consider the following n x (m+2) matrix:

1 1 ... 1 1 ¢
2 2 ... 2 2 .2

X = : :
om gm . gmom . om
gmtl omt+l g

Let the number of 2™+ 1’s in the last row be a. The sum S of all the entries
in this matrix is:
S=m-1-a)2™ —1)+a (2" -1)+n-1
=(n—1—a)2m™ ! yq.2m*+2
=omtl (n—1+a).
Now m = [logs(n — 1)], and so when n # 27 +1 for some j, n—1 < 2™+t < 2(n—

1). However, since 0 < a <n — 1, we can find an a such that n —1+a =2m*!;
that is, a = 2™T1 —n+1, and so

S =22m+2,
We now consider the matrix Y, which is obtained from X by replacing all

non-zero terms by 1, and define a sequence A = {a;} by letting row j of Y be
(b1j, bgj, ces ,bnj) and ChOOSng

m—+1

a; = Z bz‘j2j .
7=0
It is obvious that the sequences (bi;...,bn;), j =0,...,m, are as full as
possible, and since
Ry(n,2m+2) = R(n,2m+2). (9.1)

But
Ra(n,2m+2)=a+(n—1)(m+1)+B(n—1),

where B(n —1) is the number of non-zero terms in the binary expansion of
n—1.
Therefore,

R(n,2m+2) =2"" 4 (n—1)m+B(n—1).

We now consider
R(n,2m+3).
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From our choice of a, it can be seen that
(n—1—a)2™t2 4 q.2m+3 = 22m+3,

Therefore, to obtain an A such that R4(n,2m+3) = R(n,2m+3), we use
the A of (9.1) and put bat1,m = bat2,m =... =bp_1,m =1, bppym =0 and
b1,m+1 = b2, m+1 = ba,m+1 = 1. This produces sequences as full as possible,
and therefore, R(n,2m+3) = R(n,2m+2)+ (n—1). We continue in this way
to obtain the following:

R(n,2m+1i) =2"" 4+ B(n—1)+ (n—1)(m+1i—2), where i =2,3,... .
We note that if n =2"" 41, then
22m — (n—1)(2™ —1)4+n—1.

So
R(2™+1,2m) = 2" m+1.

The maximum number of steps in the algorithm of Figure 9.1 is R(n,t) —
(t+1). The actual number of steps for an n-tuple A is p=Ra(n,t)— (t+1) <
R(n,t)— (t+1). We have shown that R(n,t) is finite and may be evaluated
easily. ad

9.5 Enough Powers of Two: Asymptotic Existence

Craigen [34], almost two decades later, using groups containing a distinguished
central involution was able to greatly improve Seberry’s results of Theorem 9.3.
He was able to show that s could be upper bounded by 4[ tslog2(q—1)/2)]+2.
The present bound is also due to Craigen. We do not give Craigen’s proof as
Craigen, Ghaderpour, Holzmann and Kharaghani [34,36,85,86] have proved
results, given in the next section which include these results.

Theorem 9.11. [3/,36/For any positive integer m there exists an Hadamard
matric

(1) of order 2204 where b is the number of nonzero digits in the binary
expansion of q, and
(2) of order 2tq for t =6|<:loga((m—1)/2)] +2.

Craigen’s theorem implies that there is an Hadamard matrix of order 2°
whenever 2° > ct®, where we may take a = % and ¢ = 216,

de Launey [143] looks at this issue from the perspective of the density of
the existence of Hadamard matrices in the set of integers 4¢ and amazingly
shows that this is greater than or equal to a half. This is further discussed in
Section 9.7.
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Seberry’s and Craigen’s asymptotic formulae for ¢ in terms of ¢, versus the
Hadamard conjecture is given in Figure 9.3.

Power of two: t

0Odd natural numbers: g
—Hadamard ---Seberry —-Craigen

Fig. 10.3 Asymptotic support for the Hadamard Conjecture

The present situation can be summarized as
Theorem 9.12 (Asymptotic Hadamard matrix Theorem). Let p be
any integer then there exists a to such that for all t >ty an Hadamard matriz
of order 2tp exists (Craigen-Seberry [183]).

Theorem 9.13 (Craigen-Holzmann-Kharaghani [36]). Let p be any in-
teger then there exists a to such that for allt >ty a complex Hadamard matriz

of order 2tp exists.

Theorem 9.14. Given any s-tuple (p1,p2,...,ps) then there exists a to such
that for allt > to an orthogonal design OD(2'p1,2tpa,...,2tps) exists (Ghader-
pour and Kharaghani [86], Craigen-Holzmann-Kharaghani [36], Eades [52]).

Theorem 9.15 (Ghaderpour-Kharaghani [86]). For any two sequences
(ut,...,up) and (v1,...,vq) of positive integers, there are integers h,hi,ha and

to such that there exists an
AOD (ch;2t+h1u1,...,2t+h1up;2t+hlvl7...,2t+h1vq) ,

for each t > ty.

Conjecture 9.3. Let p be any integer then there exists a tg such that for all
t > tg a skew-Hadamard matrix of order 2fp exists.

Conjecture 9.4. Let p be any integer then there exists a tg such that for all
t > to a symmetric Hadamard matrix of order 2¢p exists.

Conjecture 9.5. Let p be any integer then there exists a tg such that for all
t > tg a pair of amicable Hadamard matrix of order 2¢p exists.
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9.5.1 The Asymptotic Hadamard Existence Theorem

The following presentation is due to Ghaderpour and Kharaghani [86] and
shows that with sufficient twos the asymptotic results are very accessible. The
real question is how many two’s are needed. Of course, for the Hadamard
conjecture to hold, the number of twos must be 2 so we want matrices of
order 22¢ to exist for odd q.

9.5.2 Ghaderpour and Kharaghani’s Uber Asymptotic
Results

We start with the following well-known result first used by Holzmann and
Kharaghani [103].

Lemma 9.13. For any positive integer n, there is a Golay pair of length 2™
in two type 1 matrices each appearing 2"~ times in each of the sequences.

Proof. Let A,,_1 and B,,_1 be a Golay pair of length 2"~ ! in two type 1
matrices each appearing 272 times in both A,,_; and B,_;. Then A, =
(Ap-1,Bn-1) and B, = (Ap—1,—Bn—1) form a Golay pair of length 2" in
two type 1 matrices as desired, where (A, B) means sequence A followed by
sequence B. ]

Theorem 9.16. For any given sequence of positive integers (b,a1,az2,...,ar),
there exists a full COD of type (2N(m)~1(b),2N(m) ~2‘(1i),...,2N(m) ~2((lf)),
where m =4k +b+2 if b is even, m =4k +b+1 if b is odd, and N(m) is the

smallest positive integer such that m < p (QN(W)*l).
Proof. Let (b,ay,az2,...,ar) be a sequence of positive integers . We distinguish
two cases:

Case 1. b is even. Consider the type 1 matrices x;, 0 < < g,yj and z;.
1<j <k of order 2. For each j, 1 <j <k, let Gj1 and Gj2 be a Golay pair
of length 2% in two type 1 matrices y; and z;. Let

j—1
sp=0and s;=2) 2%, 2<j<k+1. (9.2)

r=1

Let d= g+8k+1 and define

My := circ (O(d)a-r070(d—1)) , My = circ (xl,()(zd_l)) ,
My = circ(O(h_l),mh,O(zd_h)), 2<h< g.
For each j, 1 <j <k, define

(9.3)
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Noj_q :=circ (0(%+sj),Gj1,0(2d7%78j72aj)) ,

Nyj := circ (0(g+sj+2%)’Ga’2’ O(2d—g—8j+1)) :

Considering that all the variables in these matrices are assumed to be type
1 matrices of order 2, these matrices are in fact commuting block-circulant
matrices, and the 0 entries denote the zero matrix of order 2. Let m =4k +b+2

and let N(m) be the smallest positive integer such that m < p (2N<m)_1>. So
there is a set

A ={Ay,... A} (9.4)

of mutually disjoint anti-amicable signed permutation matrices of order
2N (m)=1 These matrices are known as Hurwitz-Radon matrices (see [80, chap-
ter 1]). Suppose H is a Hadamard matrix of order 2V (™) =1, Let

C=3(Mo+ M )@ A+ § (Mo~ MJ ) @ Ao H (9.5)

+1 (M1+M1T) ® AsH + % (M1—M1T)®A4H

b

2
+Z ((Mh—FM;—lL—) ®%(A2h+1 +A2h+2) H
h=2
+1 (Mh — M};I') & % (Aopa1— A2h+2)H)
2k
+Z ((Nj +NJ~T) ® 3 (Agjpps1 + Azjrore) H
j=1

+i (Nj - NjT> ® 5 (Azjabe1 — Azjibi2) H) :
‘We show that

CO* =2V MG Ly g (9.6)
where w = %xoxoT + %xlxlT +xowg +~~-+x%xz + 20y yf 429212 o+
2

2akyky;— + 2% zkz;— To this end, we first note that each of the sets
{3 (Mo 05 )5 (Mo = ), 5 (M + M7 ) 5 (v - a7 ) )

{(Mh+M,j),(Nj+NJT), 2<h<? 1§j§2k}

and
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{i(Mh—MhT),i<Nj—NjT); 2<h<?, 1§j§2k;}

consist of mutually disjoint Hermitian circulant matrices. Moreover, for u =0, 1,
we have

T T
%(Mu—i—MuT) (MU+MJ) +1 (Mu—MuT> (Mu—MuT> = 241] Ing
and for each h, 2 << h < %,

(30307 (34 3) " (3~ 217 ) (33— a7 = ] o

Also, for each j, 1 < j <k, we have

2j

S ((NT+NI)(NT+NJ)T+(NT—NI) (NT—NI)T)

r=2j—1
-2 (N,,NTT +NTTNT>
r=2j—1
— 9a;+2 (yjy] +zz g )Igd
Note that for each j, 3<j < g+2k+1, the matrices %(Agj,l +Ay;)H and

%(Azj_l — Ay;) H are disjoint with 0,21 entries. Furthermore, since the set
A’ consists of mutually anti-amicable matrices, the set

{A1H, Ay H,AsH, Ay H, L (Agj_1 £ Agj)H, for (3<j<5+2k+1)}

consists of mutually anti-amicable matrices. Since for each j, 3 < j < g—l— 2k+1,
T

(3 (Agj—1 % Agj) H) (5 (Azj—1 + Azj) H)

=1 (2N(m)*1) (Agj—1 % Azj) (Azj1 £ Azj) " Ton(m) -1

= 2N(m)72[2N(m)—1a

the validity of equation (9.6) follows.

In the equation (9.6), we now replace x, by [_& &], =1

by
% and z; b o5 oy 1<j<k.
Bh ap —B} ol |’ j DY -8 a // , L=
The resultant matrix will be a full COD of type

[ } zp by
[ r ] 2<n<t gy | 500

N(m N(m a m a
(2 (m) . 1,),2N0m) 901 9N(m). 2(5))

11

where the o, 3, ay,’s, B1s, a;»’s, ﬂ;’s7 o/f’s and B}”S are commuting variables.
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Case 2. b is odd. Consider the following circulant matrices of order 2d+ 1,
where d = I’*Tl + s, +1 with the same s;’s as in equation (9.2),

M = circ(x1,09¢) ,

My, = circ(0p—1,2p,004—p+1), for2<h< HTl.

For each j, 1 < j <k, assume
Noj_1 = circ (O(b;l+sj)’Gjl’0(2db+215j2aj)> ,

Ny = circ (O(bgl+3j+2aj) 7Gj2’0(2db215j+1))
The rest of proof is similar to Case 1, and so m =4k+b+ 1. O

Remark 9.1. The choice of N(m) in Theorem 9.16 and the next few asymptotic
results is crucial; the smaller N(m), the better asymptotic result. All N(m)’s
we use are either equal to or 1 less than the ceiling of (m+2)/2, depending
on the value of m.

Let (u1,...,up) be an ¢-tuple of positive integers and suppose 2¢ is the
largest power of 2 appearing in the binary expansions of u;, i =1,2,...£. Using
the binary expansion of each u, we write

Ul 1
u 2

Tl=El. (9.7)
Uy 2t

where E = [e;;] is the unique ¢ x (¢ +1) matrix with 0 and 1 entries. We call
E the binary matriz corresponding to the ¢-tuple (u1,...,up).

For convenience and in order to make the first column of the binary matrix
F non-zero, in the following lemma, we assume that the ¢-tuples of positive
integers have at least one odd element.

Lemma 9.14. Suppose that (u1,...,up) is an L-tuple of positive integers
such that at least one of the u;’s is odd. Then there exists an integer
m=m(u1,...,up) such that there is a

COD (2™ (u1,y. - up); 2™ ug, ..., 2™ uyp) .

Proof. Let (u1,...,u) be an f-tuple of positive integers such that at least one
of u;’s is odd, and let s = (u1 +---+uy). By applying Theorem 9.16 all we
need is to equate variables appropriately. We do this by applying the following
procedure. We form the ¢ x (t+1) binary matrix E = [e;;] corresponding to
the ¢-tuple (uq,...,us), where ¢ is the largest exponent appearing in the binary
expansions of u;, i =1,2,...,¢. Let
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L
Yi-1 ::ZEU, 1<5<t+1. (9.8)
i=1
ki=t; v, = {%J ;i (|z] is floor of z) (9.9)
while k >0 S :=7 (mod 4);
k:=k—1;
Vi : =Yk + 28415
if k#0 then ~; := {%J ;

else Ve =Tk

Now we apply Theorem 9.16 to the sequence (767 1(%),2(%), e ,t(,yé)). Thus,
there is an integer m such that there is a

m_.om m m o2 m ot
COD(2 532 10500, 2™ 2 27 B2 -2(4%)), (9.10)

where

¢
m=N 42%—1—76—1—2 if 7(, is even, and
j=1

t
m=N[4) 7j+96+1 | if 74 is odd.
j=1
Equating variables in (9.10) in an appropriate way, we obtain a
COD (2™d;2™uy,...,2Muy) .0

Lemma 9.15. For any (-tuple (s1,...,8¢) of positive integers, there is an
integer r =r(s1,...,8¢) such that there is a

COD (2" (s1+--+s¢);2"s1,...,2"sp) .
Proof. Suppose that (s1,...,s¢) is an ¢-tuple of positive integers and let
(Sla"'as[) = 2q(u17"'au5)7

where ¢ is the unique integer such that one of u;’s is odd. By Lemma 9.14,
there exists an integer m = m(uq,...,ug) such that there is a

COD (2™ (u1 +---+up);2Muq,...,.2Muyp) ;

Choose r=m —gq, if m > ¢, and if m < ¢, then AQ H is a
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COD (2%(u1 +-- -+ up);2%1,...,2%y) =COD (814 -+ 8¢;81---,8¢)

where H is a Hadamard matrix of order 297" and therefore we may choose
r =0 to complete the proof. O

Theorem 9.17. For any {-tuple (s1,...,8¢) of positive integers, there is an
integer N = N(s1,...,8¢) such that for each n > N there is an

OD (2”(81 +---—|—Sg);2n81,...72n8g) .

Proof. Let (s1,...,8¢) be a l-tuple of positive integers. From Lemma 9.14,
there is an integer r = r(s1,...,5¢) such that there is a

COD(2"(s1+--+5¢);2"s1,...,2"s¢) ,

call it A. We may write A= X +14Y, where X and Y are disjoint and amicable
matrices such that XX T +YY T = AA*. It can be seen that the matrix B,

1 1 -11
B=|y ]ex+[11]er

is an
oD (2”’1(81 +dsg); 2 sy 27 sy ,2r+155) )

Let N =r+1, and H is a Hadamard matrix of order 2=~ . Then B® H is
an
OD (2" (s1+-+-+54);2"s1,...,2"sp) .0

Ezample 9.7. Consider the 5-tuple (8,12,20,68,136). We may write this as
22(2,3,5,17,34). We apply the equation 9.7 to (2,3,5,17,34) as follows:

2 010000 ;
3 110000 [,
5| = [101000] |35
17 100010 |2
34 010001] |35

From the equation (9.8), we have 0 =3, 1 =3, y2=1, 73 =0, 74 = 1,
and 5 = 1. By applying the procedure (9.9), we find v), =5, v{ =1, 75 =1,
75 =1, 74 =0 and 7 = 0. So, we apply Theorem 9.16 to the sequence
(b,a1,a2,a3) = (5,1,2,3). Since b is odd, we use Case 2 of the theorem, and so
m=4x3+5+1=18. N(18) =10 as 10 is the smallest positive integer such
that 18 < p(210=1). Thus there is a

CHDZ)(210-61;210~1@”,210-269,210-2%Q,210-2ig)

By equating variables, we obtain a
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COD (28-244; 288,28 .12,2%.20,2% . 68,2% - 136) .

Ezample 9.8. We apply the equation (9.7) to the 4-tuple (1,5,7,17). Thus

1 10000 ;
5| _ [10100] |,
7| T [11100] |5
17 10001 |2

From (9.8) we have 79 =4, 11 =1, 72 =2, 73 =0, 74 = 1. By applying the
procedure (9.9), we find v, =6, 71 =1, ¥4 =1, 75 =0, 74, = 0. Now we apply
Theorem 9.16 to the sequence (b,a1,az) = (6,1,2). Since b is even, we use
Case 1 of Theorem 9.16, and so m =4 x2+6+2=16. N(16) =8 as 8 is the
smallest positive integer such that 16 < p(28~1). Thus there is a

COD (28 -30;28-1(6),28-2(4>728-2?4)) .

By equating variables, we obtain a

COD (28-30; 2%-8,2%.1,28.5,28.7,28.17) .

9.6 The Asymptotic Existence of Amicable Orthogonal
Designs

We now include an asymptotic result related to the amicable orthogonal
designs due to Ghaderpour and Kharaghani [86, p.333-346].

Lemma 9.16. If there exists an ACOD(n;u1,...,us;v1,...,0;), then there
exists an
AOD(2n;2uq,...,2us;2v1,...,2v4).

Proof. Suppose that (X;Y) is a complex amicable orthogonal design. We
write X = A+iB and Y =C+iD, where A and B (C and D) are disjoint and
amicable matrices such that AAT + BBT = XX* and CCT +DDT =YY*.
Let R=[2° §] and H=[{ 1,]. Since (X;Y’) is a complex amicable orthogonal
design,

ACT+BD" =CAT+DB", ADT-BCcT=CB"-DAT.
Let X' =AQRH+B®H and Y =C® RH+ D® H. Then
X'y'T =2 (ACT +BDT) ®I+2 (ADT —BCT) ®R

YTX =2 (CAT +DBT) Q1+2 (CBT _ DAT) o R.
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Therefore (X’;Y”) is an amicable orthogonal design as desired. O
We are now ready for the main result of this section.

Theorem 9.18. For any two sequences (u1,...,us) and (v1,...,v¢) of positive
integers, there are integers h, hi, ho and N such that there exists an

AOD (2"h;2”+h1u1,...,2”+h1us;2”+h2v1,...,2”+h2vt> ,

for each n > N.

Proof. Suppose that (u1,...,us) and (v1,...,v¢) are two sequences of posi-
tive integers. Let (u1,...,us) =29 (u],...,us) and (v1,...,v;) =292 (v],...,v}),
where g1 and g2 are the unique integers such that at least one of u;’s and one
of v;’s is odd.

Let u} +---+ul =c1 and v} +---+v] = co. We may use the procedure

(9.9) in the proof of Lemma 9.14 for sequences (u},...,u}) and (v{,...,v})
to get sequences (b,a1,a2,...,ax) and (B,aq,aq,...,ay) of positive integers,
respectively.

We have ¢ = b+42f:1 2% and cp =+ 42521 2% Without loss of
generality we may assume that c¢; > ¢z, and b and 8 are both even. Let
m =max{4k+b+2,40+ 5+ 2}.

Wolfe [247], continuing Shapiro’s work [190], studied amicable and anti-
amicable orthogonal designs in detail. The following construction will be
needed later.

Theorem 9.19. Given an integer n = 2°d, where d is odd and s > 1, there
exists two sets A={A1,...,As+1} and B={B,...,Bsy1} of signed permu-
tation matrices of order n such that

(i) A consists of pairwise disjoint anti-amicable matrices,
(i) B consists of pairwise disjoint anti-amicable matrices,

(iii) for each i and j, A; Bt = B;A[ .
Proof. For each 2 <k <s+1 let

s k—2 s
A= <®P>®Id, Ay = <®I>®R® <®P> X 1
i=1 i=1 i=1
and
s k—2 s
By = <®P> Xl Bp= (@I)@Q@(@P)@Id
i=1 i=1 i=1
where P=[013],Q=[§ %], R=[" {], and I and I, are the identity matrices

of order 2 and d, respectively. Then the matrices A; and B; (1 <i<s-+1)
satisfy the three properties (), (#) and (7). O
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Suppose that A={A41,...,A,,} and B={Bi,...,By,} are the same set of
matrices of order 2! as in Theorem 9.19.

Apply Theorem 9.16 to the sequence (b,a1,aq,...,ax) by using the set A
which contains matrices of order 2! instead of the set A’ in (9.4) which
contains matrices of order 2V("™)=1 Tt can be seen that there is a COD, say

C, of order 2™c; and type (27" . 1(b),2m~2‘(1f),...,2m-2?4‘)).
Again apply Theorem 9.16 to the sequence (54 c¢; —ca,a1,9,...,a4) by

using the set B instead of the set A’ in (9.4). It can be seen that there is a

COD, say D, of order 2™¢; and type (Zm L(gy, 2™ 2‘(141)7...,2"1-2(026). Note
that there is no need to use circulant matrices M;’s corresponding to the
c1 — co variables to construct matrix D, and we do not necessarily need to
use all matrices in sets A and B.

Since the circulant matrices used to construct C and D in (9.5) are Hermi-

tian of order ¢; and AZ-BJT = BiA;r for 1 <4, 5 <m, (C;D) is an
a « «
ACOD (2’%1;27”.1(b),2m.2(5);27”.1(@,2”1.2(41),...,2"1-2(4@)) .
Equating variables in C' and D in an appropriate way, we obtain an
ACOD (2mcl;2mu’1,...,Qmu;;2mv/1, .. .,2’”1}2) ,
and so by Lemma 9.16, there exists an

m/,m/l m//,m// m’/
AOD (2™ ¢1;2™ ul,..., 2" ug; 2™ vy, ..., 2™ vy ), (9.11)

where m’ =m+1.

Now if g1 = g2 =0, then we choose h =c1, hi =hy =0 and N =m/. If
g1 < g2 <m/, then we choose h = c1, h1 = —q1, ho = —g2 and N =m’. For
cases g1 <m’ < gg and m’ < g1 < qo, the Kronecker product of a Hadamard
matrix of order 292~™  with the amicable orthogonal design (9.11) implies
h=2%¢cy, hy =q2—q1 and ho = N = 0. Therefore, there exists an

AOD (Q"h; onthig, o anthiyonthey, ,2”+h211t)

for each n > N.
If B and b are not both even, then we may use Case 2 in Theorem 9.16
with a similar argument. O

Ezample 9.9. Let (u1,us2,us,uq,us) = (8,12,20,68,136) and (v1,ve,vs3,v4) =
(1,5,7,17). We use the same notation as in the proof of Theorem 9.18. Thus,
we have
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(ui,ué,ué,uﬁl,ug) =(2,3,5,17,34), (v’l,vé,vé,vﬁl) =(1,5,7,17),
4

5
q=2, qp=0, 01:Zu§:61, 02:Zv§:30and01202.
i=1 i=1

In Examples 9.7 and 9.8, we applied the procedure (9.9) to the sequences
(ul,uh,us, ), ug) = (2,3,5,17,34) and (v, vh,v5,vy) = (1,5,7,17),
and we obtained the two sequences
(b,a1,a2,a3) = (5,1,2,3) and (B,a1,a2) = (6,1,2),
respectively. We may choose m = max{4-3+b+1,4-2+5+2} =max{18,16} =
18. Note that b is odd, and $ is even. From the proof of Theorem 9.18, there
is an
ACOD (2'%-61;
218-1(5),218-2(4),218-254),218-2§4);218-1(6),218 -2(4),218~2?4)) ,
and so there is an
AOD (2'-61;
219-1(5),219-2(4),219.2§4),219-2i(”4);219-1(6),219.2(4),219.2§4)) .

Equating variables, we obtain an

AOD (2"-61;
219.2,219.3 2195 219.17,219.34;219 .1 219 .5 2197219 17) .

Since g < ¢q1 <19, we choose N =19, h =61, hy = —2, ho =0, and therefore
for each n > 19, there exists an

AOD (2" -61;
2"2.8,2"72.12,2"72.20,2" 2. 68,2" % 136;2" - 1,2" - 5,2" - 7,2" - 17) .

9.7 de Launey’s Theorem

While it is conjectured that Hadamard matrices exist for all orders 4t ¢ > 0,
sustained effort over five decades only yielded a theorem of the type “that for all
odd natural numbers g, there exists an Hadamard matrix of order g2(a+bl0g2q)
where a and b are non-negative constants. To prove the Hadamard conjecture
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it is necessary to show we may take a =2 and b= 0. Seberry [237] showed that
we may take a =0 and b = 2. This was improved by Craigen [34], who showed
that we may take a =0 and b= %. Then astonishingly, de Launey [143,145]
showed, using a number theoretic argument of Erdos and Odlyzko [58], that
there are enough Paley Hadamard matrices to ensure that for all € > 0, the set
of odd numbers ¢ for which there is an Hadamard matrix of order ¢22+[elog2k]
has positive density in the natural numbers. It is beyond the scope of this
book to prove this result but it is so important we have chosen to report it.

We give three important research questions posed by Warwick de Launey
shortly before he died;

Problem 9.1 (Research Problem of de Launey). Improve the known
results on the density of Hadamard matrices in the set of natural numbers.
See Warwick de Launey and Daniel M.Gordon [144]

Problem 9.2 (Research Problem of de Launey). Improve the known
bounds on the existence of partial Hadamard matrices See Warwick de Launey
and David A. Levin [146].

Problem 9.3 (Research Problem). Improve the de Launey bound on the
order of the power of two for the existence of an Hadamard matrix of order
2tq, ¢ an odd natural number. See Warwick de Launey [143].

Problem 9.4 (Research Problem). Find asymptotic results for the exis-
tence of repeat designs.



Chapter 10

Complex, Quaternion and Non Square
Orthogonal Designs

10.1 Introduction

A detailed study of complex, quaternion and non-square orthogonal designs
is beyond the scope of this book. We give just a small taste to highlight the
deep and practical nature of these almost unstudied algebraic structures.

A multiple antenna system has been used to solve bandwidth limitation
and channel fading problems in a wireless communication system. Space-
time block codes from real and complex orthogonal designs, have attracted
considerable attention lately, since they can approach the potential huge
capacity of multiple antenna systems and have a simple decoupled maximum-
likelihood (ML) decoding scheme [208]. Space-time block codes have been
adopted in the newly proposed standard for wireless LANs IEEE 802.11n [147].
Multi-path fading in a wireless channel can cause severe degradation of
transmission performance. In order to overcome the fading problem, some
diversity techniques are used, e.g. space-time coding scheme combines space
diversity and time diversity. We expect that additional forms of diversity,
i.e. polarization diversity and frequency diversity, should be considered with
space and time diversity to improve capacity.

It has been shown that polarization diversity, together with other forms
of diversity, can add to the performance improvements offered by other
diversity techniques. Isaeva and Sarytchev [113] showed that the utilization of
polarization diversity with other forms of diversity can be modelled by means
of quaternions since two orthogonal complex constellations form a quaternion.
This motivated the study of orthogonal designs over the quaternion domain
for future applications in signal processing as space-time-polarization block
codes [28,60,184,257].

We give general construction techniques to build amicable orthogonal de-
signs of quaternions, which we believe can be used for constructing quaternion
orthogonal designs, just like the applications of amicable orthogonal de-
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signs(AODs) for complex space-time codes, e.g. our previous work in [186,212].

10.2 Complex orthogonal designs

Complex orthogonal design is a complex analog of orthogonal designs and
was first studied by A.V. Geramita and J.M. Geramita in [76]. The coeflicient
matrices of complex orthogonal designs are over the complex domain and can
be used in the study of complex weighing matrices.

Seberry and Adams [181] noted that quaternion orthogonal designs (QODs)
were introduced as a mathematical construct with the potential for applications
in wireless communications. The potential applications require new methods
for constructing QODs, as most of the known methods of construction do
not produce QODs with the exact properties required for implementation in
wireless systems. Real amicable orthogonal designs and the Kronecker product
may be used to construct new families of QODs. Their Amicable-Kronecker
Construction can be applied to build quaternion orthogonal designs of a
variety of sizes and types. Although it has not yet been simulated whether the
resulting designs are useful for applications, their properties look promising for
the desired implementations. Furthermore, the construction itself is interesting
because it uses a simple family of real amicable orthogonal designs and the
Kronecker product as building blocks, opening the door for future construction
algorithms using other families of amicable designs and other matrix products.

The exposition of the bulk of this chapter is due to Zhao, Seberry, Xia,
Wysocki, Wysocki [257], Chun Le Tran [186,212], and Sarah Spence Adams
[2,181,184,185].

There are many possible definitions for COD. Signal processing encourages
us to consider matrices with complex entries a + b, rather than a and/or b,
a,b real.

Definition 10.1. A complez orthogonal design, COD, of order n and type
(s1,52,...,8u4), denoted COD(n;s1, $2,...,84), IS an n x n matrix A with
entries in the set of complex variables y; +2z; where y;, z; are in the set of
real commuting variables x1,x2,...,z, satisfying

AP A= AAH = (Z shxi) I,
h=1

where (.)H denotes the Hermitian transpose. We note this is a different
definition of COD from that which we have previously used.

ir] To
To 1T

Ezxample 10.1. The matrix [
variables, is a COD(2;1,1).

}, where x; and x2 are real commuting
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In [254], Yuen, Guan and Tjhung defined an amicable complex orthogonal
design which is a complex extension of amicable orthogonal design.

Definition 10.2. Two complex orthogonal designs, A and B, with complex
coefficient matrices, are said to be amicable if ABH = BAH or A" B =BHA.
We write ACOD(n;wy,ws,. .., Wy;21,22,...,2y) to denote that two designs
COD(n;wy,wa,...,wy) and COD(n;z1,29,...,2,) are complex amicable.

Example 10.2. Let A= [_“ib leJ and B = [zil _dz-c}, where a,b,c,d € R. A and

B are amicable complex orthogonal designs ACOD(2;1,1;1,1).

Yuen et al [254] also concluded that the maximum total number of variables
of an ACOD is equal to the maximum total number of variables in an AOD
of same order.

10.3 Amicable orthogonal designs of quaternions

Definition 10.3. A quaternion variable a is defined in the form a = a; +
a2t +asj + ask, where a,, p=1,...,4 are real numbers and the elements
i,7,k satisfy 42 = j2 = k®> =ijk = —1.

A quaternion variable is a non-commutative extension of the complex
variables since we can also write @ = (a1 +a2t) + (a3 + aq2)j.

The quaternion conjugate is given by a® = aj —asi — asj — ask.

The quaternion norm is therefore defined by

vaa< = a%—i—a%—l—a%—i—az.

Given a matrix A = (ag,,), where a, are quaternion variables or numbers,

we define its quaternion transform by A® = (agb 0)-

The following definitions of orthogonal design of quaternions and restricted
quaternion orthogonal design were originally given in [184].

Definition 10.4. An orthogonal design of quaternions, ODQ, of order n and
type (s1,82,...,8,) denoted ODQ(n;s1,82,...,8), on the commuting real
variables x1,z2,...,2, is a square matrix A of order n with entries from
{0,q121,q22,...,qyuxy }, where each q; € {£1,+4¢,+7, £k} such that

ACA=AA° = (Z shxi> I,
h=1

where (.)9 denotes quaternion transform. We can extend this definition to
include rectangular designs that satisfy
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u
ARA = <Z sm:%) 1.
h=1

. —x1 Tot s
Example 10.3. Consider A = |:—x21j wfk}’ where x1,22 are real, commuting

variables. Then,

Q4 _ —X1 Z‘Qj —X1 $2’i
A¥A= |:l‘2’L 171kj| |:I2j l’lk:|
_ [# a3 0
N 0 22 + a3

so Ais an ODQ(2;1,1).

Definition 10.5. A restricted quaternion orthogonal design of order n and
type (81,82,...,84), denoted RQOD(n;s1,82,...,5y), on the complex vari-
ables z1, 22, ..., 2z, is an n X n matrix A with entries from {0,q;z1,
q17,92%2,9225 ..., Quzu,quz, }, where each g, is a linear combination of
{1, +¢, £7, £k} such that

AYA=AA% = (Zshzh|2> I,.

h=1

This definition can be extended to include rectangular designs that satisfy
AR A= (X1 snlznl) In-

Ezxample 10.4. Consider A = [f;;; ;iﬂ , where z1, z9 are complex commuting
variables. Then,

AQ4 — {—z{z 2231 { 121 izg}

—z31 —21] —Jz5 2
_ [lzalP+ 122 0
0 |21 |2 + | 22|

so A is an RQOD(2;1,1). To illustrate why this is called a restricted QOD,
we replace complex variables in A using z; = x; + y;%, where the z;,y; are real
variables. This gives

A= —y1 +1x1 —Y2 +1x2
—Jre —ky2 jr1+ky1 |’

We now can see that the entries of A are quaternion variables such that certain
components of the variables are restricted to zero.

Definition 10.6. Two orthogonal designs of quaternions, A and B, are said
to be amicable if AB? = BA? or A9 B = BYA. We write
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AODQ (n; w1, W, . ., Way5 21,22, -+« 5 Z)

to denote that two designs ODQ(n;wy,wa,...,w,) and ODQ(n;z1,22,...,2y)
are amicable.

Ezxample 10.5. Let

A=| 7L 2% and B=| Yt Y2?
—z27 21k y2J y1k

where x1,29,23,74 € R. A and B are amicable orthogonal designs of quater-
nions of type AODQ(2;1,1;1,1).

Proof. The proof that A and B are orthogonal designs of quaternions is
straight-forward. We show A and B are amicable.

ABQ | —T1 w2i Y1 —y2J
|—z2] 1k —Y2t —y1k

_ [ taoye wiyag taoyig
|—Z2y1J —T1Y2J —T2y2 +T1Y1

BAQ — | Y1 y2i —r1 T2
Y23 Y1k —z9t —x1k

_ [Fripn taoys @iyeg + oy
| —22y1] — T1Y2] —T2y2 +X1y1

= AB@
Hence A and B are amicable orthogonal designs of quaternions. O

Let X and Y be amicable orthogonal designs of quaternions of type
AODQ(n;uq,. .., us;v1,...,vt). Write

s t
X:ZAZ‘.’EZ', Y:ZBjyj,
i=1 j=1

we then have:

(i) AjxAp=0, 1<i#l<s;
Bj*Bp=0, 1<j#k<t;

(ii) AiAiQ:uiIn, 1<i<s;
B;BY =v;l,, 1<j<t;

(iil) ;A9 + 449 =0, 1<i#l<s;
B;BY +ByBY =0, 1<j#k<t;

(iv) AiBY =BjA?, 1<i<s 1<j<t,
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where A;, B; are all {0,£1,+4,4j,+k} quaternion matrices. It is clear that
conditions (i)—(iv) are necessary and sufficient for the existence of amicable
orthogonal designs of quaternions AODQ(n;uq,...,us;v1,...,0t).

Problem 10.1 (Research Problem 4). Investigate the algebra which cor-
responds to the properties (i), (ii), (iii) and (iv) of the proof of Example
10.5.

Proposition 10.1. A necessary and sufficient condition that there exist ami-
cable orthogonal designs of quaternions X andY of type AODQ(n;uq, ..., us;
v1,...,0¢) is that there exists a family of matrices of {A1,...,As;B1,...,B}
of order n satisfying (i)—(iv) above.

Proof. Let X and Y be such an amicable pair and write X = A1x1+-- -+ Aszg
and Y = Biy1 + - -+ By as linear monomials in the z;,y; € R. By definition,
the proof of (i) and (ii) is straight-forward. Since we have

XXO=(Ax, +~~+Asxs)(A?x1 o4 A%z,

=3 (4pA9a3) + 3 (448 + 40A?) 2y,
Jj=1 J#k

S
2
= Eujxj 1,,
J=1

hence, conditions in (iii) are satisfied. Condition (iv) can be proved by com-
paring coefficient matrices of XY % =Y X© on both sides. Conversely, if we
have {A1,...,As;B1,...,B} of order n satisfying (i)—(iv), then it is obvious
that X = Ajz1 +---+ Asxs and Y = Biy; +--- + By are an AODQ with
required type. O

Definition 10.7. An amicable family of quaternions(AFQ) of type (u1,...,us;
v1,...,0¢) in order n is a collection of quaternion matrices {A1,... As; B1,...,
B} satistying (ii), (iii), (iv) above.

The definition of amicable family of quaternions(AFQ) is analogous to the
definition of amicable family of orthogonal designs given in [80]. However, the
upper bound on the total number of variables of an AODQ), i.e. s+, is an
unsolved problem.

10.4 Construction techniques

In this section, we present several construction techniques for building amicable
orthogonal designs over the real and quaternion domain. There are some
existing methods for generating real amicable orthogonal designs. We can
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extend these techniques to build designs over the quaternion domain. However,
due to the non-commutativity of the quaternions, we need to modify existing
techniques to make them suitable for designs over the quaternion domain.

10.4.1 Amicable orthogonal designs

We recall from Chapter 5:

Definition 10.8. A symmetric conference matrix N of order n is a square
(0,1, —1) matrix satisfying N = N7 and NNT = (n—1)I,,. It is shown in [39)
that if such a matrix exists, one may assume it has zero diagonal.

A symmetric conference matrix is a special type of weighing matrix which
has been long studied in order to design experiments to weight n objects
whose weights are small compared with the weights of the moving parts of
the balance being used [80]. In Chapter 5 we have studied the application of
symmetric conference matrices for constructing amicable orthogonal designs.

Lemma 10.1. Let N be a symmetric conference matrix in order n and
x, y real commuting variables. Then there is a complex orthogonal design

COD(n;1,n—1).
Proof. Let Y =xl,i+yN; then Y is easily proved to be the required COD.
O
Lemma 10.2 below improves results of Theorem 2 given in [177].
Lemma 10.2. Let N be a symmetric conference matrixz in order n. Then
there exist pairs of amicable orthogonal designs:

a) AOD(2n;n,n;n,n),

b) AOD(2n;n,n;2,2(n—1)),

¢) AOD(2n;n,n;1,n—1),

d) AOD(2n;2,2(n—1);1,n—1).

Proof. Let a, b, ¢ and d be real commuting variables. Then the required
designs are:

[aI, +bN b, —aN ]

for ) and [ eI, +dN dI, — CN:| 7
bI, —aN —al, —bN | | —dI,, +cN cl, +dN

o) [Sf Y B ] g [l el

for ¢) Z}T:j 2% _bg]tn__a é\]fv and _cclﬁv gﬁ] )

o) [0 T 0 ] e [ ]
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Corollary 10.1. Let n be the order of the symmetric conference matrices, we
then have a number of amicable orthogonal designs of order 2n of different
types. For example, forn—1=1 (mod 4), where n—1 is a prime power, there
exist

a) AOD(2n;n,n;n,n),

b) AOD(2n;n,n;2,2(n—1)),

¢) AOD(2n;n,n;1,n—1),

d) AOD(2n;2,2(n—1);1,n—1).

Ezxample 10.6. For n =6 and n = 10, there exist

a) AOD(12:6,6;6,6), a’) AOD(20;10,10;10,10),

b) AOD(12;6,6;2,10), b’) AOD(20;10,10;2,18),

¢) AOD(12:6,6;1,5), ¢’) AOD(20;10,10;1,9),
( ) (

d) AOD(12;2,10;1,5), d’) AOD(20;2,18;1,9),

separately.
We recall the oft quoted:

Lemma 10.3. For p=3 (mod 4) be a prime power. Then there exists a pair
of amicable orthogonal designs AOD(p+1;1,p;1,p).

Proof. Almost straightforward verification since al +bS is type 1 and (cI 4+
dS)R is type 2 matrix. O

01—
FEzample 10.7. For p =3, we define type 1 matrix S = h 0 é} and the back

3
. . 001
diagonal matrix R = [(1) ! 8}. Then, we construct

A:

b b
b—b
o b and B =
-b a

|
o
SRt

d
c
—d
d

QUL a0

b
a
—b
b

@@@Q

A and B is a pair of amicable orthogonal design AOD(4;1,3;1,3).

10.5 Amicable orthogonal design of quaternions

Theorem 10.1. If there exists a pair of amicable orthogonal designs of quater-
nions, AODQ(n;a1, -+ ,as;b1, -+ ,b) and a pair of amicable orthogonal de-
signs AOD(m;c1,: -+ ,cy;di, -+ ,dy), then there exists a pair of amicable or-
thogonal designs of quaternions

AODQ(nm, blcl, e ,blcu_l,alcu, ceey AgCqy; b1d1, e 7bldv,bgcu, . ,btcu)-
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Proof. Let X =57 Ajz; and Y = Z§:1 Bjy; be the amicable orthogonal
designs of quaternions in order n and let Z = ZZ:1 Crzr and W = Z;}Zl Dywy
be the amicable orthogonal designs in order m.

Construct the matrices

|
—

u

P=) (B ®Oi)pi+Z<Aj ® Cu) Pjtu—1
1 jfl

Z B1®D QZ Z QJJrv 1

where the p;’s and ¢;’s are real commuting variables and ® denotes Kronecker
product. O

.
Il

The above theorem is similar to Wolfe’s theorem [247] which gave a general
construction method for amicable orthogonal designs. The only change in
Theorem 10.1 is that X and Y are amicable orthogonal designs of quaternions
(AODQ). It is important to note that Z and W must be amicable orthogonal
designs over the real domain, otherwise the non-commutative property of
quaternions can not guarantee the amicability of the results.

xogj 1k y2J y1k
A and B are amicable orthogonal designs of quaternions AODQ(2;1,1;1,1).

Another pair of amicable orthogonal designs is given as Z = [ 7}, 22| and

W = [y —u, |, where 21,22,w1,wp € R. Theorem 10.1 gives

Ezxample 10.8. Let A= [__wl. in} and B = [ v sz’] , where x1,72,y1,y2 € R.

P=(B1®Ci)p1+ (A1 ®C2)p2+ (A2 ®C2)p3,
Q=(B1®D1)qg1 +(B1®D3)g2+ (B2®C2)g3

The quaternion coefficient matrices for P and @ are:

10 10
P=B1®C; = {Ok}@)[o 1]

1000
0100
00kO|”’
000k

Pr=A10C=
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02 01
P3:A2®C2: |:_] O:| & |:_1 O:|

00 01z
| 00-i0
| 04 00
—§0 00
Then
pP1 —p2 0 p3t Q1 qo 0 g3t
p2  p1 —p3t O g2 —q1 —qs3t 0
P= . and = .
0 —psj p1k p2k nd @ 0 ¢33 g1k @2k
p3J 0 —pok pik —q33 0 gk —qik

are are amicable orthogonal designs of quaternions AODQ(4;1,1,1;1,1,1)
since they both are ODQs and satisfy PQY = QP<.

Corollary 10.2. If there exists a pair of amicable orthogonal designs of
quaternions AODQ(n;az,...,as;b1,...,b;), then there exists a pair of amicable
orthogonal designs of quaternions of type

a) AODQ(2n;a1,a1,2as...,2a4;2b1,...,2b;),
b) AODQ(2n;a1,a1,a2...,as;b1,...,bt).
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Proof. Let X =37 ; Ajz;and Y = 22:1 Bjy; be amicable designs of quater-
nions in order n.

a) Let M = [ 1 0} N = H ] be real weighing matrices and construct the
matrices

S
P=(A1®@L)pi+(A®@M)p2+Y_ (Ai@N)pis1
=2

and
¢
Q=) (Bj®N)q
j=1
10
b) Same as a), only set N = { ]

0-1

It’s obvious that all the quaternion matrices P;’s and Q);’s satisfy the conditions
(i)-(iv) because the weighing matrices M, N have the following properties: M =
~MT, N=NT, and MNT = NMT, where (.)" denotes matrix transpose.

O

Ezample 10.9. Consider a pair of AODQ(2;1,1;1,1) given in Example 10.5,
we construct a new A0DQ(4;1,1,2;2,2) using Corollary 10.2(a):

—p1 —p2 p3t  p3t g1 q1 G2t qot
p_| P2 —P1 pst —psi Q= |0 —n g2t —qot
—p3j —p3g pik p2k 23 23 ok @k
—p3jd p3j —p2k pik 2] —q23 nik —q1k

In Theorem 10.1, we can also replace the amicable orthogonal designs
AOD(m;eq, ... ¢y;d1,...,dy) by an amicable family to get more amicable
orthogonal designs of quaternions.

Ezample 10.10. Consider a pair of AODQ(2;1,1;1,1) given in Example 10.5,

let
-11 1 1 1-1 11
e I R R e P B T B

be an amicable family {C1,Cq; D1, Da}. We construct

P=(B1®C1)p1+ (A1 ®@Co)p2+ (A2® Ca)ps,
Q=(B1®D1)q1 +(B1®D3)qa+ (B2®C2)q3

The new amicable orthogonal designs of quaternions are:
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—p1—p2 p1— P2 p3t D3t
p_ | PL—P2p1tP2 p3i —p3i
—p3j —p3J —pr1k+p2k prk+pak
—p3j  p33 prik-+p2k pik—pak

and
[a1+q2 —q1 +q2 qst q3t
Q= |B—%2 nte q3t —qs3t
q3J @33 1k + @k —qg1k+ g2k
BJ —3j nk—@k gk+gek

In this design, some entries are linear combinations of two variables which
may make it unsuitable for real applications in communications. To normalize
the above design, we set new variables a; = p1 +p2, a2 = p1 — p2, ag = p3, and
b1 =q1+g2, b2 = q1 — g2, by = g3, then we get

—aq a9 agi ag’i bl —b2 b3i bgi

P— ag al agi —agi Q _ b2 b1 b3i —bgi
—a3j —a3j —agk alk bgj b3j blk —bgk

7a3j Cng alk agk bg] 7b3j bzk) blk

This is an AODQ(4;1,1,2;1,1,2) design without zero entries and no linear
processing.

In [255], Yuen et al gave a construction method for amicable complex
orthogonal designs. We can also apply it in constructing amicable orthogonal
designs of quaternions.

Lemma 10.4. If there exists a pair of amicable orthogonal designs of quater-
nions AODQ(n;aq,...,as;b1,...,bt), then there exists a pair of amicable or-
thogonal designs of quaternions of type AODQ(4n;a1,a1,a1,ba,...,by;b1,b1,b1,
as,...,as).

Proof. Let X =57 Ajz; and Y = 2221 Bjy; be the amicable orthogonal
designs of quaternions in order n and define following real weighing matrices:

[ 01 00] [ 001 0]

—-10 00 000 —1

Mi=1 90 01 Ma=1_100 o
| 00-10 | 010 0

[0 001] [ 010 0]

0 010 -100 0

Ms=1 4_100 M=1 000-1
-1 000 | 001 0
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0 010 0001
0 001 00-10
M=1.1 000 Ns=10100
0-100 -10 0 0

Construct the matrices

t

-

P=> (A@N)pi+Yy (Bj@L)paij
=1 j=2
3 s
Q=>"(BioM)g+> (A @Is) ;.

~
Il
—

j=2

All the quaternion matrices P;’s and @;’s satisfy the conditions (i)-(iv) because
the weighing matrices {M;} and {N;} are skew-symmetric and they also form
an amicable family. ]

Ezample 10.11. Cousider a pair of AODQ(2;1,1;1,1) given in Example 10.5,

i et B

we apply Lemma 10.4 to construct the following AODQ(8;1,1,1,1;1,1,1,1):

0 —p1 —p2 —p3  pat 0 0 0
D1 0 p3 —p2 0 pat 0 0
P2 —Dp3 0 m 0 0 pg2 0
p—| P33 P2 P 0 0 0 0 pat
Paj 0 0 0 0 pik  pk p3k|’
0 paj 0 0 —mk 0 —psk  p2k
0 0 paj 0 —p2k  p3k 0 —p1k
L 0 0 0 pag —psk —p2k  pik 0]
0 Q1 q2 g3 qat 0 0 0
—q1 0 43  —q2 0 qu 0 0
—q@2  —q3 0 q1 0 0  qui 0
o=| ® @2 —q 0 0 0 0 qui
—qaJ 0 0 0 0 @k @k gk
0 —qag 0 0 —qik 0 gk —qk
0 0 —qaJ 0 —qk —qsk 0 aqik
. 0 0 0 —quj -3k @k —qk 0]

Although we only give examples of AODQ of orders 2, 4 and 8 in this chapter,
there actually exist many designs of order other than powers of 2. We know
that symmetric conference matrices exist for orders n=¢+1, ¢ =1 (mod 4)
a prime power, e.g., n = 6. Applying Theorem 10.1 on AODQ(2;1,1;1,1) and
AODs from Corollary 10.1 gives us the following corollary.

Corollary 10.3. Let n =2 (mod 4) be the order of the symmetric conference
matrices, then there exist
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a) AODQ(4n;n,n,n;n,n,n),

b) AODQ(4n;n,n,n;2,2(n—1),n),

¢) AODQ(4n;n,n,n;1,n—1,n),

d) AODQ(4n;2,2(n—1),2(n—1);1,n—1,2(n—1)),

An example is that for n =6, we have AODQ(24;6,6,6;6,6,6),
AODQ(24;6,6,6:2,10,6), ctc

Corollary 10.4. For ¢=3 (mod 4) a prime power, there exist AODQ(2(q+
1);1,4,9;1,4,9)-

Proof. This corollary follows by applying Theorem 10.1 on AODQ(2;1,1;1,1)
and AODs from Lemma 10.3. O

The above corollary also gives an example of AODQ(24;1,11,11;1,11,11)
when g =11.

10.6 Combined Quaternion Orthogonal Designs from
Amicable Designs

In [184], Seberry et al gave a technique named combined quaternion orthogonal
designs from real and complex orthogonal designs. This combined design uses
the property that if AB is a symmetric matrix, where A and B are matrices
with complex entries, so that ABHq = qBA" for q € {+j,4k}, to construct
new RQOD. There is a connection between the combined design and amicable
designs, in that the form of ABH are examined. For amicable orthogonal
designs of quaternions, the condition that AB? is a symmetric matrix can
be relaxed since we have AB? = BA® for A and B. In the case of combined
design from amicable orthogonal design of quaternions, we also need to be
careful about what quaternion appears as entries of AB¥. We illustrate this
with the following example:

Ezample 10.12. Consider the AODQ(2;1,1;1,1) designs A and B from Ex-
ample 10.5. We have

AQp_ | 1 w2] Y1 Y21
—x2t —11k Y23 ik

_ | Ty —X2y2 (—z1y2 +22y1)1
(x1y2 — x2y1)8 T1Y1 +22Y2

= BYA.

Let D= A+ Bq, q € {+i,%+j,+k} be a new design for which we have
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DD = (A9 —¢B?)(A+ Bq)
=A®A+A°Bq—qB%A—qB9Bq
= (A%A+B9B)+(A?B)q—q(BRA),

where AYB = B9 A for the amicability of A and B, we also notice that all
entries in A? B are either real or products with quaternion i. Thus AQ Bi =
iBQA, and we have D?D = A9 A+ BYB = (22 + 22 + y? +y2)I>. The new
design D = A+ Bt is of the form:

D= —x1+Yy1t T2t —Y2
—x2J —yok xik+y175| "

Let complex symbols z; = x; +1y;, for 1 <¢ <2, then we can write above D as

D_ —27 iz9
—jz5 k21|

The above design satisfies DCD = (|z1|? + |22/?)I2 and hence is an
RQOD(2;1,1) on complex variables z; and zo. The new RQOD in Example
10.12 has no zero entries, which may have practical advantages when used
in wireless communication since there is no need to switch antennas off and
back on during transmission.

We now provide an example constructing an RQOD with order 4, which
has no zero entries but with linear processing.

Ezample 10.13. Consider the AODQ(4;1,1,2;1,1,2) designs A and B in Ex-
ample 10.10 with variables a1,a2,a3 and by,bo,b3 € R. We have X = ACB

—a1 ag a3j agj bl —b2 bgi bg’i

a9 al a3j —a3j bQ bl bgi —bgi
—azi —asi  ask —ark bsj  bsj bik —bok
_—a3i a3i —alk —a2k bgj —bgj bgk blk

X11 X2 Xiz Xy
X1Q2 Xoo Xo3 Xo4
X% X% X33 X34
X7 X5 X§) Xua

Where
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X11 = —a1b1 +azbs — 2a3bs3, X12 = a1bs +agby,

X13 = (—a1bz +azb3 +aszby +azb2)i, Xi4=(—a1b3—asbz+azb1 —azba)i,
Xo2 = a1by —asby —2a3b3, X3 = (a1bz +azbz +azby —azbz)?,
Xo4 = (—a1bs +agbs —agby —asbe)i, Xsz3=ai1by—asby +2aszbs,

X34 = a1b1 +agby and X44 = —a1bs +asby +2as3bs.

Since only quaternion ¢ appears in X, we then set D = A+ Bi as the new
design:

—a1+ b1t as — bat agt —bs aszt —bs
as+bot a1 +bit azt—bsy —azi+bg
—a3g —bsk —asj—bsk —ask+b1g ark—byj
—asj —bsk asj +bsk artk+bxjy ask+0b1g

Let complex symbols z; = a; +ib;, for 1 <i < 3, then we can write above D as

-2y 2 123 123
z9 z1 i2’3 —iZg
7]2’% 7]2’; 7’47(0,2 71)17:) k:(a1 71)27:)
]Z; k(a1 +b27:) k((lg +b17:)

The above design satisfies D?D = (|21]? +|22|2 +2|23/?) 14 and hence is an
RQOD(4;1,1,2) on the complex variables 21, 22 and z3. Note that if an entry
in the orthogonal design is a linear combination of variables from the given
domain, the design is said to be with linear processing. Obviously, the new
RQOD design has the property of no zero entries but with linear processing
on some entries, i.e the position (3,3) is the quaternion combination of real
part of symbol z2 and imaginary part of symbol z;.

The following Lemma shows construction of orthogonal designs of quater-
nions by using symmetric conference matrices.

Lemma 10.5. Suppose a, b, ¢, d are real commuting variables. Let N be a
symmetric conference matrix of order n and I identity matriz of same order.
Then, X =alt+bN andY =clj+dNk are orthogonal designs of quaternions
ODQ(n;1,n—1), and XYP4+YX®Q =0, so X and Y are AAODQ(n;1,n—
1;1,n—1) (anti-amicable orthogonal design of quaternions). Hence H,( }ﬂ is
a ODQ(2n;1,1,n—1,n—1).

The proof for Lemma 10.5 is straightforward.

Example 10.14. For a symmetric conference matrix N of order 6, we construct
the following matrices:
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b b b cj dk dk dk dk dk
b—b b dk cj dk —dk —dk dk
at b —b—b dk dk cj dk —dk —dk
1 b-—b dk —dk dk cj dk —dk
bat b dk —dk —dk dk cj3 dk
b b a dk dk —dk —dk dk cj
X and Y both are ODQ(6;1,5). They also form a pair of AAODQ(6;1,5;1,5).

Corollary 10.5. Let p=1 (mod 4) be a prime power. Then there exist or-
thogonal designs of quaternions ODQ(p+1;1,p) and ODQ(2(p+1);1,p,1,p),
also a pair of anti-amicable orthogonal designs of quaternions AAODQ(p+
1;1,p;1,p).

Corollary 10.5 follows directly from Lemma 10.5.

Lemma 10.6. For a pair of AAODQ(n;1,n—1;1,n—1) X and Y given in
Lemma 10.5, then D =X +Y4 is an RQOD(n;1,n—1).

Proof. We have
DD = (X% —iY?)(X +Y73)
= XX +X9i—iYPX —iY QY4
= (X9X +Y9Y)+ (X9)i —i(Y9X).

For X =zli+bN and Y = clj+dNk, where N is a conference matrix of
order n and I is the identity matrix with same order, we have

XV = (—ali+bNT)(cIj+dNk)
= —aclk+adNj+bcNj+bdNNTE
=YX,

since only quaternions k and j appear in X?Y, we have (XQY)i=4(Y2X).
Hence,

DOD =XOX +Y9Y = (a* +(n— 1)V + %+ (n—1)d*)I,,

i.e. D is an RQOD(n;1,n—1). O

Ezample 10.15. Consider a pair of AAODQ(6;1,5;1,5) given in Example
10.14, we have the following D = X +Y:

i(a—cj) b+ dj b+ dj b+ dj b+ dj b+ dj
b+dj i(a—cj) b+dj —(b+dj) —(b+dj) b+ dj
b+ dj b+dj i(a—cj) b+dj —(b+dj) —(b+dj)
b+dj —(b+dj) b+dj i(a—cj) b+dj —(b+dj)
b+dj —(b+dj) —(b+dj) b+dj i(a—cj) b+ dj

b+ dj b+dj —(b+dj) —(b+dj) b+dj  ila—cj)
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In above design D, if we replace quaternion element j by ¢, ¢ by an undecided
quaternion element q, and let complex variables z; = a+ct and 29 = b+ dt,
then we have D:

qz{ 2z oz  zm 2
9 qzf 22 —22 —22 %2
Z9  Z2 qz]  z2 —Z2 —22

9 —2z2  Z2 qZ]

Z9 —z2 —Za %2 Qz] 22

Zg oz —22 —22 22 Q2]

22 T2

q in above D can be chosen from the set {tk,+j} since gz7 25 = z221q for
any q € {£k,+j}. Tt is easy to prove DD = (|z1|? 4 5|22|?)Is. Hence, D is
a restricted quaternion orthogonal design RQOD(6;1,5) with no zero entries.

10.7 Le Tran’s Complex Orthogonal Designs of Order
Eight

Square, Complex Orthogonal Space-Time Block Codes (CO STBCs) are
known for the relatively simple receiver structure and minimum processing
delay in the case of complex signal constellations. One of the methods to
construct square CO STBCs is based on amicable orthogonal designs (AODs).
The simplest CO STBC is the Alamouti code [3] for two transmitter (Tx)
antennas, which is based on an amicable orthogonal pair of order-2 matrices.
The Alamouti code achieves the transmission rate of one for 2 TX antennas,
while the CO STBCs for more than 2 Tx antennas cannot provide the rate of
one (see [214, Section 2.3] or [148,149]). However they can still achieve the
full diversity for the given number of Tk antennas.

The construction of CO STBCs follows directly from complex orthogonal
designs (CODs).

Definition 10.9. A square COD Z = X +iY of order n is an n X n matrix on
the complex indeterminates s, ..., sp, with entries chosen from 0,+s1,...,£sp,
their conjugates +s7,...,+sy, or their products with ¢ = y/—1 such that:

AN <Zp:|sk2> I, (10.1)
k=1

where ZH denotes the Hermitian transpose of Z and I,, is the identity matrix
of order n.
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For the matrix Z to satisfy (10.1), the matrices X and Y must be a pair of
AODs, which implies that both X and Y are orthogonal designs themselves
and XY T =YX T, where (.)" denotes matrix transposition.

It has been shown in [80] that, for n = 8, the total number of different
variables in the amicable pair X and Y cannot exceed eight.

It has been shown in [203], that the construction of CODs can be faciliated
by representing Z as

P p
Z=> A;jsf+i> Bjs! (10.2)
i=1 i=1

where sf and s]I- denote the real and imaginary parts of the complex variables

5j = sf +is]I- and A; and B; are the real coefficient matrices for s and s!,
respectively. To satisfy (10.1), the matrices {A;} and {B;} of order n must
satisfy the following conditions:

AjA] =1, B;B} =1, Vj=1,....p
ALA] =—A;A], ByB] =-B;B], k#j (10.3)
ApB] =BjAl, Yk, j=1,....p

The conditions in (10.3) are necessary and sufficient for the existence of AODs
of order n. Thus, the problem of finding CODs is connected to the theory of
AODs.

From the perspective of constructing CO STBCs, the most promising case is
that in which both X and Y have four variables. This case has been considered
in the conventional, order-8 CO STBCs, corresponding to COD(8;1,1,1,1)
with all four variables appearing once in each column of Z. An example is
given in Fig. 10.1, (see [209,210], or [214, Eq.(2.34)]).

Fig. 10.1 A conventional COD of order eight ¢

[ sy S92  S3 0 S4 0 0 0
—s5 s 0 —s3 0 —ss O 0
—s3 0 s s2 O 0 —s4 O
7 0 s —s3 s1 O 0 0 84
™1 - 0 0 0 s sz s3 O
0 s; O 0 —s3 s 0 —s3
0 0 s; 0 —s3 0 s1 s2
0 0 0 -s; 0 s5 —s3 87 |

@ Tran, Wysocki, Mertins, and Seberry [213, p75] (©Springer
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These conventional codes contain numerous zero entries which are unde-
sirable. Note that we use the similar notation to that mentioned in [80], i.e.
COD(8;1,1,1,1), to denote a square, order-8 COD containing four complex
variables and each variable appearing once in each column. Readers may refer
to [80] for more details.

In [186,212,256], two new codes of order eight are introduced where some
variables appear more often than others (more than once in each column), i.e.,
codes based on COD(8;1,1,2,2) and COD(8;1,1,1,4). These codes, namely
Zo and Z3, are given in Fig. 10.2 and 10.3, respectively. It is easy to check
that these codes satisfy the conditions (10.1).

Fig. 10.2 Code Z3 ¢

r 81 S9 % % 0 0 % %_
—s5 81 % -% 0 0 N -
—sj—i —% —sf +isl —sB +is] % % 0 0
_ \5/3'5 -% s§+z‘s‘{ —s{?'—is*é % - 0 0
% 0 0 % —% —sf+isf —sf+isf

L % -3 0 0 -5 & Ry —of—is)

@ Tran, Wysocki, Mertins, and Seberry [213, p76] (©Springer

Fig. 10.3 Code Z3 ¢

_ s 0 sB4is) sf+ish B u o ]
0 51 —sB+is) sf—is] u —u & -
—sB sk sF+ish s} 0 u 5 — —s
—sB s} —sf—ist 0 st o u —s 5
%= -3 —s—é *% —% sf —is] s sB—is! 0
—4 % —4 4 —sp  sF+is} 0 sf—is!
-4 -4 & S —sf —is] 0 sft+is] —s5

L *% 4 % —% 0 —sf —isl so st —ish |

@ Tran, Wysocki, Mertins, and Seberry [213, p77] (©Springer

All the CO STBCs proposed here achieve the mazimum code rate for
order-8, square CO STBCs, which is equal to % We would like to recall that,
according to Liang’s paper [148], the maximum achievable rate of CO STBCs
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for n =2m —1 or n = 2m Tx antennas is Rpax = ("21:11). Particularly, for

n =8, i.e., m =4, the maximum achievable rate of CO STBCs is %

However, this maximum rate is only achievable for non-square constructions.
For square constructions of orders n = 2%(2b+ 1), the maximum achievable

rate is Rpax = %. For n =28, i.e., a =3 and b =0, the maximum

achievable rate of square CO STBCs is only %

The vague statement on the maximum achievable rate of CO STBCs in
Liang’s paper [148], which easily makes readers confused, has been pointed
out in [214, Remark 2.3.2.1]

A question that could be raised is why square CO STBCs are of particular
interest. It is because, square CO STBCs have a great advantage over non-
square CO STBCs that they require a much smaller length of the codes, i.e.,
much smaller processing delay, though, the maximum rate of the former may
be smaller than that of the later.

Let us consider CO STBCs for n = 8 Tx antennas as an example (also
see [214, Example 2.3.2.1]). The non-square CO STBC that achieves the
maximum rate 5/8 requires the length of 112 STSs as shown by Table 2.6
in [214, p.40]. The [112,8,70] CO STBC given in Appendix E in Liang’s paper
[55] is an example for this case. As opposed to non-square CO STBCs, square
CO STBCs only require the length of 8 STSs to achieve the maximum rate 1/2,
which is slightly smaller than the maximum rate of non-square CO STBCs.
Clearly, square CO STBCs require a much shorter length, especially for a
large number of Tx antennas, with the consequence of a slightly lower code
rate. For this reason, square CO STBCs are of our particular interest.

Apart from having the maximum rate, our proposed CO STBCs Zs and
Z3, (see Figures 10.2 and 10.3) have fewer zero entries (compared to the
conventional codes) or even no zero entries in the code matrices. This property
results in a more uniform transmission power distribution between Tx antennas.
Intuitively, due to this property, our proposed CO STBCs require a lower
peak power per Tx antenna to achieve the same bit error performance as the
conventional CO STBCs containing numerous zeros. Equivalently, with the
same peak power at Tx antennas, our proposed codes provide a better bit
error performance than the conventional CO STBCs.

In addition, our codes are more amenable to practical implementation
than the conventional code, since, transmitter antennas are turned off less
frequently or even are not required to be turned off during transmission unlike
with the conventional codes.

10.8 Research Problem

Thus we have some methods for building amicable orthogonal designs over the
real and quaternion domain, e.g. the way to construct amicable orthogonal
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designs of quaternions (AODQ) by using Kronecker product with real ami-
cable orthogonal designs or real weighing matrices from an amicable family.

This construction ensures that, for any existing real amicable orthogo-
nal design generated by using the Kronecker product, we can easily find an
AODQ with same order and type. We also showed that if A and B forms a
pair of AODQ), then the combined design A+ Bq for q € {+i,+j,tk}is an
RQOD by carefully choosing g. Our newly constructed AODQs and RQODs,
especially those with no zero entries, could have applications as orthogonal
space-time-polarization block codes.

However, there are still some problems which need to be solved:

Problem 10.2 (Research Problem 5). Do there exist any new amicable
orthogonal designs of quaternions for which there are no such real or complex
designs.

Problem 10.3 (Research Problem 6). Determine the maximum number
of variables in an AODQ.

It is known that finding the maximum number of variables in an AOD
is equivalent to finding the number of members in a Hurwitz- Radon family
of corresponding type [80], which also implies that the so-called Clifford
algebras [29] have a matrix representation of the same order.

Problem 10.4 (Research Problem 7). How can we find a set of anti-
commuting real, complex and quaternion matrices representation to determine
the maximum number of variables in an AODQ.



Appendix A

Orthogonal Designs in Order 12, 24, 48
and 3.q

Description of Appendices A, B, C, D and E

In Appendices A, B, C, D, and E many times we give the first rows of circulant
matrices which can be used in the Goethals-Seidel array (Theorem 4.8) to
obtain orthogonal designs of the type described in orders 12, 20, 28, 36 and 44.
The results for smaller orders are largely complete but combinatorial explosion
makes computer searches for larger orders very time and space dependent.
We point the interested reader to the extensive website of relevant results
obtained by Koukouvinos [127].

A.1 Number of possible n-tuples

We note the following lemma from Georgiou, Koukouvinos, Mitrouli and
Seberry [70] which is useful in determining the size of programs to search for
orthogonal designs. The result is obtained by simple counting.

Lemma A.1. Let n = 4m be the order of an orthogonal design. Then the
number of cases (k-tuples, k =2,3,4) which must be studied to determine
whether all orthogonal designs exist is

(i in2 when 2—tuples are considered;
(i) N, when 3-tuples are considered, where

(a) N =2(2n?+3n—6) if 1n=0 (mod 3);

(b) N = %(2712 —n—4) if in=1 (mod 3);

(¢) N =22 (202 4 Tn48) if 1n=2 (mod 3).
(iii) N, when 4—tuples are considered, where

(a) N = Lo (n* 4+ 6n® — 2n2 — 24n) if 1n=0 (mod 3);

© Springer International Publishing AG 2017 357
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(b)) N = g (n*+6n3 —2n% —24n+64) if n =1 (mod 3);

(¢) N = %(n4 +6n% —2n% —24n+64) if 7n =2 (mod 3).

In each of these appendices the format is the same; we first list all 4-tuples
which might be the type of an orthogonal design in that order (i. e. not
eliminated by any known theorem); this is then followed by a list of 3-tuples
which might be the type of an orthogonal design in that order and is not
already known to exist because it can be obtained from a known 4-tuple by
equating or killing variables. We continue in this fashion with 2-tuples. The
blank spaces indicate that we have not been able to construct or prove non-
existence of the orthogonal design in question.

These lists were compiled by computer programmes and the constructions
of the first rows for smaller orders of existence were done by hand.

We then proceed to give the state of the art for orders 2¢.3,2¢.5,2¢.7,2¢.9
and 2¢.11 for small integers ¢. All care has been taken to present those known
in the literature in 2016 but some may have been overlooked and many are
not known.

This appendix is a summary for orthogonal designs in order 12,24,48,2¢.3.

A.2 Some Theorems

Using Geramita and Seberry [80], Robinson [80, p.375] and Holzmann-
Kharaghani [100, p.111] we have

Lemma A.2. All full orthogonal designs OD(2!3;x,y,2!3 —x —y) exist for
any positive integer t > 3.

We give a brief glimpse of other great theorems which are known.
Lemma A.3 (Kharaghani [120]). OD(12(p+1);3,3,3,3,3p,3p,3p,3p) ez-
ist for allp=3 (mod 4).

Lemma A.4. The necessary conditions are sufficient for the existence of
orthogonal designs in order 12.

Lemma A.5 (Holzmann, Kharaghani and Plotkin [100,101]).
An OD(24;3,3,3,3,3,3,3,3) exists.

A.3 Orthogonal Designs in Order 12

1. There are 12 possible 4 variable designs in order 12. Table A.1 lists first
rows to construct all possible 4-tuples for orthogonal design in order 12
using the Goethals-Seidel array.
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2. There are 31 possible 3 variable designs in order 12. Table A.2 gives those
not excluded by theory and all may be found from the 4 variable designs

by equating variables or setting variables zero.

3. All (s,t) where s+t <12, 1 < s<t, (36 possible but 3 excluded leaves 33
possibilities) exist and may be found from 4 variable designs by equating

variables or setting variables zero. Those not possible are

(1,7)

4. All 1 variable designs exist.

Table A.1 First rows to construct 4 variable designs in Order 12

(4,7)

(3,5).

Design A As Az Ag
(1,1,1,1) a,0,0 b,0,0 ¢,0,0 d,0,0
(1,1, 1, 4) a,0,0 b,0,0 c,d,d 0,d,d
(1,1,1,9) a,d,d b,d,d c,d,d d,d,d
(1,1,2,2) a,0,0 b,0,0 ¢,d,0 ¢,d,0
(1,1, 2,8) a,d,d b,d,d c,d,d ¢,d,d
(1,1, 4, 4) a,c,c 0,¢,c b,d,d 0,d,d
(1, 1, 5, 5) a,c,¢ b,d,d c,d,d d,c,c
(1,2,2,4) a,d,d 0,d,d b,c,0 b,¢,0
(1, 2, 3, 6) a,d,d c,d,d c,d,b ¢,b,d
(2,2,2,2) a,b,0 a,b,0 c,d,0 ¢,d,0
(2,2,4,4) a,c,d a,d,c bc,d b,c,d
(3, 3,3,3) a,b,c b,a,d ¢, d,a d,c,b

Table A.2 Existing 3 variable designs in Order 12
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A.4 Orthogonal Designs in Order 24

This material is from Geramita and Seberry [80] and the more recent designs
from Holzmann and Kharaghani [100]. An orthogonal design in order 24 can
have at most 8 variables.

Lemma A.6. There exist orthogonal designs of types OD(24;1,1,2,4,4,8)
and 0D(24;3,3,3,3,3,3,3,3).

Proof. We note that there is a (1,4) design in order 6 and so an (1,1,2,4,4,8)
design exists in order 24. The other design is in Section 4.13 and is the Plotkin
array of order 24.

Lemma A.7. There are orthogonal designs OD(24;1,1,1,1,1,5,5,9) and
OD(24:1,1,1,1,1,2,8,9).

Proof. Consider the following matrices, M7 and Ma:

Is $4i‘8$6f7 T7TELILY $6.f7.fgl‘8 :f7i‘6.f8fg T7TELILY
T4TITELT s TET7TILY | L7LETIT] | L7LETIL]| L7 TTSLS
T7TETYL] | LeT7LYLY x7 TATIT5LE | LITLILTLT|LITITELE
TeT7TIL] | L7TELIL]| T4TIT5Lg Ty TYTILELE|TITILTTT
T7TEILYTS | T7TEL]ITY | LITYL 7L 7| LILILTLT Tg T4TL7LH
T7TEILYTS | T7TELITY | LIT]ILELE | LILIL7L7|T4XIT 7L T

Ts5 T4TETTE|TTYLT L7 |TYTYT7 L7 |TYT7TT7 | TRT7TELT
T4x6T8T6 T TTYLTL7 | TYXYL7 L7 | T§T7TYL7 | TT7 LT
TTYT7L7|TYTYT7 L7 Z7 T4T7T5TE | T7X7LILE|TLITEL6
TXYL7L7 | T§TYL7T7 | T4T7TET Z7 TYTYLELE|LTLTLITY
TYT7TYT7|TYL7LYLT | L 7L 7L Y| TILYT6L 6 X7 THT7TYLy
TYT7TYLT|TYL 7L T |TYLLEL6|T7LTLYLE | T4LTLYL 7

Let N1 and N3 be the matrices obtained from M; and My by replacing the
diagonal entries, y, of M, by

T1 T2 T3 Y
T2 x1Y X3
3y I1 T2
Yy X3 T2 X1

and the off diagonal block entries p ¢ r s of M; by

pqrs
qpsrT
TSsSpq
srqp.

Then Ny and N2 give orthogonal designs
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OD(24;1,1,1,1,1,5,5,9) and OD(24;1,1,1,1,1,2,8,9)
respectively. Thus a OD(24:1,1,1,1,1,19) exists.

First rows to construct orthogonal designs of order 24 are given in Robinson
[80, p.375] , Holzmann and Kharaghani [100, p.113] and Geramita and Seberry
[80, p.376-377].

Table A.3 Existence of 8 variable orthogonal designs of order 24

(1,1,1,1,1,1,1,1
(1,1,1,1,1,1,1,4
(1,1,1,1,1,1,1,9
(1,1,1,1,1,1,2,2
(1,1,1,1,1,1,2,8
(1,1,1,1,1,1,4,4):
(1,1,1,1,1,1,4,9): 19

(1,1,1,1,1,1,5,5): 16

(1,1,1,1,1,1,8,8): 22

(1,1,1,1,1,1,9,9): 24 v
(1,1,1,1,1,2,2,4): 13 1,1,1,2,2,2,2,4): 15 1,2,2,2,2,2,2,4): 17
(1,1,1,1,1,2,2,9): 18 1,1,1,2,2,2,2,9): 20 1,2,2,2,2,2,2,9): 22

): 8 v ( ( )
) ( ( )
) ( ( )
) ( ( )
) ( ( )
) ( ( )
) ( ( )
) ( ( )
) ( ( )
) ( ( )
) ( ( )
) ( ( )

(1,1,1,1,1,2,3,6): 16 (1,1,1,2,2,2,3,6): 18 (1,2,2,2,2,2,3,6): 20
) ( ( )
) ( ( )
) ( ( )
) ( ( )
) ( ( )
) ( ( )
) ( ( )
) ( ( )
) ( ( )
) ( ( )
) ( ( )
) ( )

;11
0 16
. 10
. 16
14 v

1,1,1,1,2,2,8,8): 24 v
1,1,1,1,2,3,4,6): 19
1,1,1,1,2,3,6,9): 24
1,1,1,1,2,4,4,8): 22
1,1,1,1,2,5,5,8): 24
1,1,1,1,3,3,3,3): 16
1,1,1,1,3,3,6,6): 22
1,1,1,1,4,4,4,4): 20 v
1,1,1,1,4,4,5,5): 22
1,1,1,1,5,5,5,5): 24 v

1,1,2,2,2,2,5,5
1,1,2,2,2,3,4,6
1,1,2,2,2,4,4,8
1,1,2,2,3,3,3,3
1,1,2,2,3,3,6,6
1,1,2,2,4,4,4,4
1,1,2,2,4,4,5,5
1,1,2,3,3,3,3,8
1,1,3,3,3,3,4,4
1,1,3,3,3,3,5,5

0 20
021
124
. 18
124 v
122
224
124
022
124

(1,1,1,1,1,2,4,8): 19 1,1,1,2,2,2,4,8): 21 1,2,2,2,2,4,4,4): 21
(1,1,1,1,1,2,8,9): 24 v (1,1,1,2,2,3,6,8): 24 1,2,2,2,3,4,4,6): 24
222 1,1,1,2,2,4,4,4): 19 1,2,2,3,3,3,3,4): 21
S17 v (1,1,1,2,2,4,4,9): 24 1,2,3,3,3,3,3,6): 24
: 22 1,1,1,2,2,4,5,5): 21 2,2,2,2,2,2,2,2): 16 v
.19 1,1,1,2,3,4,4,6): 22 2,2,2,2,2,2,2,8): 22
c24 v (1,1,1,2,3,5,5,6): 24 2,2,2,2,2,2,4,4): 20
(12 v (1,1,1,3,3,3,3,4): 19 2,2,2,2,2,2,5,5): 22
.18 1,1,1,3,3,3,3,9): 24 2,2,2,2,3,3,3,3): 20
. 16 1,1,2,2,2,2,2,2): 14 2,2,2,2,4,4,4,4): 24
221 1,1,2,2,2,2,2,8): 20 2,2,3,3,3,3,4,4): 24
S 18 1,1,2,2,2,2,4,4): 18 v (3,3,3,3,3,3,3,3): 24 v

(1,1,1,1,1,3,6,8
(1,1,1,1,1,4,4,4
(1,1,1,1,1,4,4,9
(1,1,1,1,1,4,5,5
(1,1,1,1,1,5,5,9
(1,1,1,1,2,2,2,2
(1,1,1,1,2,2,2,8
(1,1,1,1,2,2,4,4
(1,1,1,1,2,2,4,9
(1,1,1,1,2,2,5,5

We now summarize the known results for order 24.

1. Table A.3 lists the 75 8-tuples which are not prohibited from being the
type of an orthogonal design in order 24 (the number after the type is the
sum of the type numbers). The programme which gave this was devised
by Roger Magoon while he was an undergraduate at Queen’s University.
A “v” indicates the design has been constructed.

2. Table A.4 show the OD(24: 51 ...,s7) that exist (see Geramita and Seberry
[80, p.390] and use Table 3 from Holzmann and Kharaghani [100, p.109].

3. Table A.5 lists the 7-tuples cannot be the type of an orthogonal design in
order 24:
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Table A.4 Existence of 7 variable orthogonal designs of order 24

1,1,1,1,1,1,1  1,1,1,1,1,9,10 1,1,1,2,2,8,9  1,1,2.3,3,6,8
1,1,1,1,1,1,2  1,1,1,1,2,2,2  1,1,1,2,3,8,8  1,1,2,3,5,6,6
1,1,1,1,1,1,4  1,1,1,1,2,2,4  1,1,1,2,4,4,4  1,1,2,5,5,5,5
1,1,1,1,1,1,5  1,1,1,1,2,2,8  1,1,1,2,5,59  1,1,3,3,4,6,6
1,1,1,1,1,1,9  1,1,1,1,2,2,16 1,1,1,4,4,4,4  1,2,2,2,2.,4,4
1,1,1,1,1,1,18 1,1,1,1,2,8,8  1,1,1,4,4,4,5 1,2,2,2,2,4,5
1,1,1,1,1,2,4  1,1,1,1,2,8,9  1,1,1,5,5,5,5  1,2,2,2,3.4,4
1,1,1,1,1,2,8  1,1,1,1,2,8,10 1,1,1,5,5,5,6  1,2,2.3,3.6,6
1,1,1,1,1,2,9  1,1,1,1,2,9,9  1,1,2,2,2,2,2  1,2,2,3,3,6,7
1,1,1,1,1,2,17  1,1,1,1,3,8,9  1,1,2,2,2,2.4  1,2,2.3,4,6,6
1,1,1,1,1,4,4  1,1,1,1,4,4,4  1,1,2,2,2,2.8  1,2,3,3,3,6,6
1,1,1,1,1,4,5  1,1,1,1,4,4,5  1,1,2,2,2,4,4  2,2,2,2,2,2,2
1,1,1,1,1,4,8  1,1,1,1,4,4,8  1,1,2,2,2,4,6  2,2,2,2,2,2,4
1,1,1,1,1,5,5  1,1,1,1,4,8,8  1,1,2,2,2,8,8  2,2,2,2,2.4,4
1,1,1,1,1,5,6  1,1,1,1,5,5,5  1,1,2,2,3,3,6  2,2,2,2,4,4,4
1,1,1,1,1,5,9  1,1,1,1,5,5,9  1,1,2,2,3,3,12 2,2,2,2,4.4,8
1,1,1,1,1,5,14 1,1,1,1,5,5,10 1,1,2,2,3,6,6  2,2,2.3,3.6,6
1,1,1,1,1,8,9  1,1,1,1,5,6,9  1,1,2,2,3,6,9  2,2,2.4,4,4,6
1,1,1,1,1,8,11  1,1,1,2,2,2,2  1,1,2,2,4,4,4  2,2,4,4,4,4,4
1,1,1,1,1,9,9  1,1,1,2,2,2,3  1,1,2,2,6,6,6  3,3,3,3,3,3,3

1,1,2,3,3,6,6  3,3,3,3,3,3,6

Table A.5 7 variable designs not orthogonal designs of order 24

1,1,1,1,1,a,7 a=1,2,...,12 1,1,1,1,1,3,4
1,1,1,1,1,b,15 b=1,2,3,4 1,1,1,1,1,3,12
1,1,1,1,1,1,14 1,1,1,1,1,4,11
1,1,1,1,1,2,15 1,1,1,1,1,5,10
1,1,1,1,1,2,13 1,1,1,1,1,6,9

1,1,1,1,1,7,8

4. The following 6 tuples do not correspond to the type of an orthogonal

design.

5. Some 5 variable designs which have not been derived from 7,8,9 variable

1,1,1,1,1,7

1,1,1,1,1,15

2,2,2,2,2,14.

designs are given in Wallis [238] and listed in Table A.6.
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Table A.6 5 variable designs in order 24 not derived from 7,8,9 variable
designs

1,2,6,6,9 1,4,5,6,6 1,3,5,6,9 1,3,4,5,9 1,2,5,5,8
1,2,4,5,10 1,2,5,5,9 1,2,3,5,13 1,2,2,3,16 1,2,2,8,8
1,2,5,6,10 2,2,5,5,8 1,2,3,4,12 1,2,2,8,11 1,2,2,4,13

1,1,4,4,5  1,2,2,5,14

6. The OD(24;1,1,2,2,3,3,6,6) of Table A.7 and the OD(24;4,4,5,11) of
Table A.8 are found using the results from Geramita and Seberry [80,
p.391], Robinson [80, p.375], Holzmann and Kharaghani [100, p.110-112].
Hence all full OD(24: a,b,¢,24—a—b—c¢), 0 < a+b+c < 24, exist.

7. < 3 Variables: All OD(24 : a,b,c), OD(24 : a,b) and OD(24 : a) exist,
0<a<b<c<24.
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Table A.7 Holzmann-Kharaghani OD(24;1,1,2,2,3,3,6,6) ¢

eI o[ IS T ek s TR T
"N QU T/ IUT NI O[T o8 ST I
e TR uR"RIuE NS ok g DS T
VNI SRS Sk NI T e S U I T S Iy
I T e T L T R L R [ T T W RN b SO P SN T
WO oSN S S oTWQ IR QI TT o I T IS S
T S e I N T~ L e R N S Y e~ T O T T b L S PO Py
0O IeNE NIt U e T T BRI I S Iy b
s e T N O S T ST N N b i Sl O b O TOR N T
ST OOV IV OV oNEITT IR Dy s gy
O e L T T R R R R Y e S W R I N P RN b R TN W
e oot oo TIOINISE 3ot T ISk e Sl oy Iy
U/ T IR VT IR I0OT 0D D N
T U/ I IRV ISRV IOL S NS e
TV ORIy DS I3/ NI IO S o NS
VS R U I/ IR IS oI IS I sS i o
= YIET™ U e TN e s IR I e o Ui
e 2 eI U sy IRIRIRNN oS RN IgIT e U
O L B~ T B O e e T R L N B N O R R TR Tl W
R T T T~ T~ T~ B TR e R R R S O TO R I R N SN [~ N T O b~
DR R I T/IT/ITONE R O T IO NS S NI o
TR SRR DI R IR IS < I [T T O I N
IS TN T B R I R R e e O e B O S T T LT R O IO T NI

ST e s B Y e e I I e T L N I R T T R T L
L

% Holzmann and Kharaghani [100, p110] (©Elsevier
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Table A.8 Holzmann-Kharaghani OD(24;4,4,5,11) ¢

]

cdddddddcabecbacddcabdabd
dcdddddcdbecaacbdcdbdabda
ddcdddcddcabcbacdddabdab
dddcddabcddéddcbaéabdabd
ddddcdbcadéddcdacbbdabda
dddddccabéddcddébadabdalb
ddéabécdddddbadbadabedde
dédbéadeddddadbadbbeadcéd
tddé¢abddcddddbadbacabédd
abéddcdddcddbadbadddéabd
bcadcdddddcdadbadbdédbéa
abcdddddddcdbadbacdddcab
bacddécbadbadcdddddddébac
acbdédadbadbdcdddddédach
cbacdddbadbaddcdddéddceba
ddébadacbiddbaddddcddbacddc
dédacbadbadbddddcdacbdcd
cddcbadbadbadddddccbacdd
abdabdabéddcddcbaccddddd
bdabdabéadcddcdacbdcdddd
dabdabéabcddcddébaddeddd
abdabdddcabecbacddédddcedd
bdabdadcdbcaacbdédddddced
dabdabcddcabéibacdddddddc|

% Holzmann and Kharaghani [100, p112] ©ZElsevier
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A.5 Orthogonal Designs in Order 48

There are 73056 possible 8-tuples, 58844 possible 7-tuples, 41024 possible 6-
tuples, 23532 possible 5-tuples, 10359 possible 4-tuples, 3164 possible 3-tuples,
and 575 possible 2-tuples, before theory is applied to eliminate cases, which
might give orthogonal designs in order 48.

We now summarize the known results for order 48. Using a wide variety
of construction techniques Holzmann-Kharaghani-Seberry-Tayef-Rezaie [104]
have made significant progress into surveying the existence of orthogonal
designs in order 48.

1. Theory tells us there are at most 9 variables. The 60 known 9 variable
designs listed in [104, p.13]are given in Table A.9.

There are 459 known 8 variable designs given in [104, p.14-17].

There are 20 known 7 variable designs given in [104, p.17].

There are 168 known 6 variable designs given in [104, p.18-19].

There are 24 known 5 variable designs given in [104, p.19].

This case does not appear to have been published.

All the 3-tuples, 2-tuples and 1-tuple are the type of orthogonal design.

NN
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Table A.9 9-Variable designs in order 48 ¢

9 — Variables Ref 9 — Variables Ref
111111111 /|Th21I 111123 3 3 9 |Th9
11111111 2]16b 111144 4 4 4 | Th2.VII
11111111 4 )Th21I 111222 2 2 4 | Th9.16h
11111111 8 }16d 111222 2 2 8 |16f
1111111 2 4 |Th9, 16b 111222 9 99 | Th8
1111111 4 4 |Th2lI 111222 9 918 | Th8
1111111 4 8 |Th9,16d 111223 3 3 8 |16g
11111119 9 |Th2III 111333999 |Th8
111111 2 2 2 |16e 111333 9 918 | ThS
111111 2 2 8 { Th9,16e 112222 2 2 2 | Th2,I
111111 2 8 9 | Th2, IV 112222 2 2 8 | Th2. 11
111111 4 4 4| Th2,V 112222 21818 | Th2.III
1111115 5 9 |Th2,VI 112222 41618 | Th2.1IV
1111119 9 9 | Th2,III 112222 8 8 8 | Th2,V
1111119 918|Th8 112222101018 | Th2, VI
111112 2 2 2 |16f 112228 8 8 8 | Th2,VII
111112 2 2 4 |Th9, 16e 122222 2 2 4 | Th9, 161
111112 2 2 8 | Th9.16f 133333 3 3 3 |Thio,VIII
111112 2 8 9 | Th2.1V 222222 2 2 8 161
1111123 3 3| 16g 222222 2 4 4 | Th211
111112 3 312 Th9.16g 222222 21618 | Th2, 1V
111112 8 8 9 | Th2.1V 222222 9 918 | Th2,III
111112 8 9 9 | Th2.1IV 222224 488 |Th2.V
111114 4 4 4 Th2.V 222224 8 818 | Th2,IV
111115 5 5 9 | Th2, VI 222224 9 916 | Th2, IV
1111155 9 9 Th2. VI 222225 51018 | Th2.VI
111122 2 2 2 |16h 222229 91010 | Th2,VI
111122 2 2 4 | Th9,16f 222244 8 8 8 | Th2,VII
111122 2 2 8 | ThY,l6g 333333 3 3 3 |Th2 VIII
111123 3 3 4 |Th9,16h 336666 6 6 6 | Th2, VIII

% Holzmann, Kharaghani, Seberry and Tayef-Rezaie [104, p321] (©Elsevier



Appendix B

Orthogonal Designs in Order 20, 40 and
80

B.1 Some Theorems

Lemma B.1. All 3-tuples (a,b,40 —a —b) are the types of orthogonal designs
in order 40. Hence all 2-tuples (x,y) are the types of orthogonal designs in

order 40.

Lemma B.2. All triples (a,b,c) are types of orthogonal designs OD(40;a,b,c).

Lemma B.3. All full orthogonal designs OD(2t5;x,y,2'5 —x —y) exist for

any positive integer t > 3.

B.2 Orthogonal designs in Order 20

We now summarize the known results for order 20

1. Table B.1 gives all the 4 variable orthogonal designs known in order 20 and
the first rows that may be used in the Goethals-Seidel array to generate

them.

2. For the following 4-tuples it is undecided whether and orthogonal design

exists:

(17376’8) (]‘7474’9) (2’2’5?5)

It is not possible to construct designs of these types using the Goethals-

Seidel array (Eades).
All other 4-tuples are not the types of orthogonal designs.

. Of the possible 3-tuples Table B.2 lists the 97 that are the types of
orthogonal designs (all are constructed using four circulant matrices in
the Goethals-Seidel array)

It is undecided whether an orthogonal design exists for the 3-tuple (3,7,8).
It cannot be constructed using 4 circulant matrices in the Goethals-Seidel
array (Eades).

© Springer International Publishing AG 2017
J. Seberry, Orthogonal Designs,
DOI 10.1007/978-3-319-59032-5
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All other 3-tuples are not the types of orthogonal designs.

4. Table B.3 lists the eighty-six (86) 2-tuples are the types of orthogonal
designs. All other 2-tuples correspond to non-existent designs. All those
that exist are constructed using four circulant matrices in the Goethals-
Seidel array.

5. All one variable designs exist in order 20.

B.3 Orthogonal designs in Order 40

‘We now summarize the known results for order 40.

1. It is a simple matter to find results in n-variables where 3 <n <8 but
except for those listed below this has not been done.

Combining the results of Holzmann and Kharaghani [102] with those
of Geramita and Seberry [80, p.380] and Wallis [238], we have the full
orthogonal designs that exist in order 40 given in Table B.4.

The designs are constructed by using the matrices whose first rows are
given in Table B.5 in the (1,1,1,1,1,1,1,1) design in order 8; we use the
back-circulant matrix constructed from X7, and the circulant matrices
constructed from the other X;, i =2,3,...,8. Note that (1,2,3,34) is
constructed from Lemma 4.20 (iii).

2. Holzmann, Kharaghani and Tayfeh-Rezaie [105] have used amicable sets
to show that the following 7- and 6-tuples are the types of orthogonal
designs in order 40:

1,1,2,2,17,17
1,1,1,2,9,26
2,2,2,2,2,2,8

They are not derivable from known 8- and 7-tuples which exist.

3. We shall not list the 8-tuples which are not prohibited from being the
type of orthogonal design in order 40 since Magoon’s programme yields
703 possibilities.

4. The seven variable designs remain to be studied.

5. The following 6-tuple is the type of an orthogonal design which exists in
order 40:

(1,2,2,2,16,17).

6. The following 5-tuples correspond to orthogonal designs which exist in
order 40:

(1,1,1,4,20)  (1,2,2,4,25) (1,4,8,8,16)
(1,1,8,8,9) (1,2,2,11,24)  (1,8,8,8,8)
(1,2,6,9,20)  (1,4,9,9,9) (1,2,2,2,33)
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Table B.1 Orthogonal designs of order 20

Design Aq Az As Ag
(1,1,1,1) a0000 0000 0000 d0000
(1,1,1,4) a0000 0000 c0dd0 00dd0
(1,1,1,9) a0ddo b0dd0 ¢d00d ddd0o
(1,1,2,2) a0000 0000 ¢d000 de000
(1,1,2,8) a0ddo b0dd0 c0dd0 ¢0ddo
(1,1,4,4) a0cé0 00cc0 b0dd0 00dd0
(1,1,4,9) a0ddo b0dd0 Odced ddced
(1,1,5,5) a0cz0 b0dd0 c0dd0 d0cc0
(1,1,8,8) acdde bedde Ocddc Ocdde
(1,1,9,9) acdde bdeed ceceee ddddd
(1,2,2,4) a0ddo 00dd0 bc000 cb000
(1,2,2,9) ad00d dddo0 bedd0 cb0dd
(1,2,3,6) a0dd0 bc0d0 bc0d0 c0dd0
(1,2,4,8) a0ddo beddé b0dd0 ddcOc
(1,2,8,9) adced dddcz cbdde béedd
(1,3,6,8) if it exists it cannot be constructed from circulants
(1,4,4,4) a0bb0 00bb0 Ocdde Ocdde
(1,4,4,9) if it exists it cannot be constructed from circulants
(1,4,5,5) ad00d dc00c cdbbd 0Ocbbe
(1,5,5,9) abceh cbddb bdced ddddd
(2,2,2,2) ab000 ba000 ¢d000 de000
(2,2,2,8) adbd0 adbd0 c0d0d c0dod
(2,2,4,4) ab000 ba000 Ocdde Ocddé
(2,2,4,9) abdd0 abdd0 Odced ddced
(2,2,5,5) if it exists it cannot be constructed from circulants
(2,2,8,8) adcdc adedc beded beded
(2,3,4,6) bda00 bda00 bdced Odced
(2,3,6,9) bdcad addbé bddcd ddéed
(2,4,4,8) c0bdd cObdd bacdd bacdd
(2,5,5,8) cbddb acdde abddbarb bedde
(3,3,3,3) abc00 ab0d0 a0&d0 bed00
(3,3,6,6) Odacb Odach bedde acdde
(4,4,4,4) Oabba Oabba Ocddc Ocddé
(4,4,5,5) deadc Odaad Ocbbe edbbd
(5,5,5,5) abbdd baacé decaa eddbb
(1,1,13) accce Occee bc00e OcccO
(1,2,17) acbarccc beece beeee cceee
(1,2,11) a0cc0 b0cce b0cce 0cOcc
(1,3,14) acece beecd cechbe ccc0b
(1,4,13) acece Occce Ocbbe beeeb
(1,6,11) acbbé cchbbe cbecd c0cch
(1,8,11) acbbé ccbbe cheeb cbeeb
(2,5,7) cce0a achb0 bb0c0 ¢b0c0
(3,6,8) Obcbe Obcac abc0e abcbe
(3,7,8) not yet decided

(7,10) Oaabb baaaa Oaaab bObba
9) aaaaa Oaaaa
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Table B.2 Known 3 variable designs in order 20

B Orthogonal Designs in Order 20, 40 and 80

(1,1,1)  (1,2,6) (1,4,13) (2,2,5) (2,4,8) (2,9,9) (4,4,9)
(1,1,2)  (1,2,8) (1,5,5) (2,2,8) (2,4,9) (3,3,3) (4,4,10)
(1,1,4)  (1,2,9) (1,5,6) (2,2,9) (2,4,11) (3,3,6) (4,5,5)
(1,1,5) (1,2,11) (1 5 9) (2 2 10) (2,4,12) (3,3,12) (4,5,6)
(1,1,8)  (1,2,12) (1,5,14) (2,2,13) (2,5,5) (3,4,6) (4,5,9)
(LL9)  (L217) (1.6.8) (22.16) (2.57) (3.4.8) (4.6.8)
(1,1,10) (1,3,6) (1,6,11) (2,3,4) (2,5,8) (3,6,6) (4,8,8)
(1,1,13) (1,3,8) (1,8,8) (2,3,6) (2,5,13) (3,6,8) (5,5,5)
(1,1,16) (1,3,14) (1,8,9) (2,3,7) (2,6,7) (3,6,9) (5,5,8)
(1,1,18) (1,4,4) (1, 8 11) (2,3,9) (2,6,9) (3,6,11) (5,5,9)
(1,2,2)  (1,4,5) (1,9,9) (2,3,10) (2,6,12) (3,8,9) (5,5,10)
(1,2,3)  (1,4,8) (1,9,10) (2,3,15) (2,8,8) (4,4,4) (5,6,9)
(1,2,4) (1,49  (2,2,2)  (2,4,4) (2,89 (4,4,5) (57.8)
(1,4,10) (2,2,4) (2,4,6) (2,8,10) (4,4,8) (6,6,6)
Table B.3 Known 2 variable designs in order 20
(1,1) (1,14)  (2,9) (3,7) (4,8) (5,9) (7,8)
(1,2) (1,16) (2,10) (3,8) (4,9) (5,10) (7,10)
(1,3) (1,17) (2,11) (3,9) (4,10) (5,13) (7,11)
(1L,4)  (1,18)  (2,12)  (3,10)  (4,11)  (5,14)  (7,13)
(1,5) (1,19) (2,13) (3,11) (4,12) (5,15) (8,8)
(1,6)  (2,2)  (2,15)  (3,12)  (4,13)  (6,6)  (8,9)
(1,8)  (2,3)  (2,16)  (3,14)  (4,14) (6,7)  (8,10)
(L9)  (24) (217 (3,15 (416) (68  (811)
(1,10)  (2,5)  (2,18) (3,17) (55)  (6,9)  (8,12)
(1, 11) (2,6) (3,3) (4,4) (5,6) (6, 11) (979)
(1,12)  (2,7) (3,4) (4,5) (5,7) (6,12)  (9,10)
(1,13)  (2,8)  (3,6)  (4,6) (58  (6,14)  (9,11)
7,7y (10,10)

7. The following 4-tuples correspond to orthogonal designs which exist in

order 40:

(1,1,15,23)
1,2,3,34)
1,2,10,27)

(
(
(1,2,12,25)
(

1,2,14,23)

(
(
(
(
(

1,10,14,15)
2,2,5,31)

2,2,14,22)
2,4,11,16)
2,4,13,21)

8,12,18)
10,10,13)

9.9,15)
110,10,12)

(2,

2,
(5,8,12,15)
(5,

(8

8. Holzmann, Kharaghani, Tayfeh-Rezaie [105] give all 1841 possible 3 vari-
able designs. Hence all 2 and 1 variable designs exist.



B.3 Order 40 373

9. Koukouvinos and Seberry [129] give the following 3-variable designs con-
structed using NPAF sequences in the Goethals-Seidel array

(2,2,34) (2,4,32) (2,12,22).

10. Many other orthogonal designs of orders 40 and 80 are given in [102].

Table B.4 The full orthogonal designs that exist in order 40

(1,2,2,2,16,17);  (1,2,10,27); (1,1,10,10,18);
(1,10,14,15); (2,4,13,21); (1,2,14,23);

(2,2,14,22); (2,2,5,31); (1,1,1,1,9,9,9,9);
(1,2,3,34); (1,2,2,11,24);  (2,2,2,2,8,8,8,8);
(1,8,12,19); (1,2,12,25); (2,2,5,5,5,5,8,8);
(5,8,12,15); (1,10,10,19) ( )

i

9,5,9,95,5,9,5,9
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Table B.5 First rows - circulant matrices OD(40; s1, 52, $3, S4, 55,56, 57,58 ), Zle 5; <
40

Design X1 XQ X3 X4 X5 X6 X7 Xg

(1,2,2,2,16,17) faaaa aaaaa ebbbb ebbbb dabba dabba cbaab Ebaab
(1,10,14,15)  dbbbb bbbbb babba aabba baaad caaaa accéc Eccee
(2,2,14,22) chbbb  ¢bbbb  daaaa daaaa aaaaa babba aabba baaad
(1,2,3,34) cbbbb  abbbb abbbb abbbb bbbbb bbbbb dbbbb  dbbbb
(1,8,12,19 abbbb  bbbbb  édccd ddeed dcéec  ddddd bbbbb  bbbbb
(5,8,12,15 abaab bbaab ¢dced ddced decee ddddd aaaaa aaaaa
(1,2,10,27 dbbbb  abbbb abbbb bcééc  Ebbbb  Eccce  bbbbb  bbbbb
(2,4,13,21 aabba babba ¢ebaab cabba cbbbb caaad dbbbb dbbbb
(2,2,5,31) aabba babba bbbbb cbbbb cbbbh ebbbb ebbbb  bbbbb
(1,2,2,11,24)  adddd beeée beeee ceeée ceéee deeee ddeed dedde
(1,2,12,25)  adddd cccée ddddd edddd cedde cdeed bdddd bdddd
(1,10,10,19)  adddd ddddd ddddd ddddd becce ebbbb bbbbb  cecee
(1,2,14,23) bdddd acééc acéée  ddddd ddddd ddéed cdeed  édddd
(
(
(
(
(
(
(
(
(
(
(
(
(

—_ — — —

2,10,10,13)  adddd adddd d0dd0 00dd0 cbbbb becce bbbbb  cecce
5,9,9,15) adaad ddaad ddddd ddddd 0bbbb bbbbb Océéc Eccee
1,2,6,9,20) aécée 0éccé ceeée ceeee beeee beeee 0dddd ddddd
1,2,16,19) adddd ddddd ddddd ddddd beéée béccé Océée  Occce
1,2,2,4,25) a0dd0 00dd0 beéee beeée cecee ceeée (eeee éeeee
1,4,9,9,9) a0bb0 00bb0 Occce éccece  0dddd ddddd Oeéee éeeece
2,8,25) bebbe  bebbé  bebbe  bébbe  bb00b  0b00b abbbb  abbbb
1,10,10,17)  adddd ddddd Odddd Odddd bcccc cbbbb bbbbb  cecce
2,4,11,16) cébbe  00bb0 c0cc0 ccéee  adddd adddd 0dddd 0dddd
1,4,8,8,16) acddé Ocddé Oceeé Océec bedde bedde beeec  beeéc
1,8,8,8,8) abcéb  0béch Odeed Odeed Obcch 0béch Odeed Odeed
1,1,1,4,20)  ae00& 0000 0000 0e00e ddddd ddddd ddddd ddddd
1,1,8,8,9) a0000 50000 Occéc Occeé éeeee Oeéee 0Odddd Odddd
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B.4 Order 80

‘We now summarize the known results for order 80.

1.

2.
3.

6.

7.

Some results given here are from from Cooper and Seberry [33]. Theory
tells us there are at most 9 variables.

Table B.6 lists many known orthogonal designs that exist in order 80.
The designs cited in Table B.7 should be used in designs in order 16 as
follows:

e for 1)-5) use the (1,1,2,2,2,2,3,3) design found in Section 6.1.1;

e for 6)-20) use the (1,1,1,1,1,2,3,3,3) design found in Example 6.4.
In all cases the first row of the circulant matrix is given, if the first row
does not give a circulant symmetric matrix the back circulant matrix

should be used.
The following 6-tuples are the types of orthogonal designs in order 80:

(1,1,1,1,9,10) (1,1,3,3,10,27)
(2,2,3,6,32,35)  (1,1,3,3,9,30).

The following 5-tuples are the types of orthogonal designs in order 80:

(1,1,6,16,43) (1,4,6,19,50) (1,4,6,34,35)
(2,3,4,18,53) (2,3,4,35,36) (2,3,12,28,35)
(2,3,14,26,35) (2,3,16,24,35) (2,3,20,20,35)
(1,1,10,c,d) (1,1,10,3c,3d) (3,3,30,c,d)

(c,d) € N = {(8,12),(10,10), (2,13),(2,16),(2,18),(1,11),(9,9)}
(1,1,9,a,b) (1,1,9,3a,3b) (3,3,27,a,b)

The following 4-tuples are the types of orthogonal designs in order 80:

(1,2,18,59)  (1,6,15,58)

(1,2,28,45) (1,6,28,43) (1,6,29,44)
(a,b,c,d) (a,b,3¢,3d) (3a,3b,c,d)

where (a,b) € M, (c,d) € N or (a,b) € N,(c,d) € M|JN.
(4,6,11,54) (4,11,24,36) (4,11,30,30).

All 3-tuples (a,b,80 —a —b) are the types of orthogonal designs except
possibly
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(3,13,64)
(3,15,62)
(3,21,56)
(5,11,64)
(5,17,58)
(5,31,44)
(6,9,65)

(6,31,43)
(7.8,65)

(7,9,64)

(7,12,61)
(7,16,57)

which are undecided.

B Orthogonal Designs in Order 20, 40 and 80

)
7,25, 48)
)
)
0,14, 57)
)
)
)

9 28 43
10,29,41)
11,14,55)
11,16,53)
11,25,44)

(12,27,41)
(12,29,39)
(13,23,44)
(14,19,47)
(14,27,39)
(16,21,43)
(16,23,41)
(16,25,39)
(18,23,39)
(19,28,33)
(21,22,37)

8. All 2-tuples are the types of orthogonal designs except possibly

9. All one variable designs exist.

(13,64)

(15,62).

Remark B.1 (Research Problem 1). As yet no publication has appeared
matching the known OD’s in orders 40 and 80 against the existence conditions.

Table B.6 Known orthogonal designs in order 80 ¢

1) (1,4,6,19,50)
2) (1,4,6,34,35)
3) (2,3,16,24,35)
4) (2,3,4,35,36)
5) (2,3,20,20,35)
6) (2,3,4,18,53)
7) (2,3,12,28,35)

8)
9)
10)
11)
12)

13)
14)

(1,6,28,43)
(1,2,18,59)
(3,10,10,57)
(1,14,65)
(1,6,15,58)
(1,2,28,45)
(1,6,29,44)

)
)
17)
18)
)
)

1,1,6,16,43)
2,3,14,26,35)
2,2,3,6,32,35)
4,6,11,54)
4,11,24,36)
4,11,30,30)

Py

% Cooper and Wallis [33, p270-271] (© Charles Babbage Research Centre



377

B.4 Order 80

ppppP 99992 pppp2  ppppe  ppppo 99999 09909  qpqq  0PPO0
90000 ppppo  2ppad  podp2  paop2 49999 09909  9PP9q  OPPOO
pPPPP  PPPPP  PPPP2  PPPP  PPPP? 99999 09909  qPqq  0PPOO
99999 9990 pppP>  ppPP2  PPPPS  PPPPS  PPPP2 Q9992 Q9992
99999 Q9qq0  ppPP>  PpPP2  PPppPP 99992 9990p Q992 qqqq@
99992 99992 PPLD)  q9qq9q 49999  PPYDO 99990  0000P 00007
Q999 9999 PVPYPD  4qqqq 9999  DPYDD  qqqqD  DDDDG  DDDDO
Q9999 VYYD 990 99999  q9q4P  9q99P  DPVULD  DDDD)  DDDDI
DDDDD  DDDDP  DDDDP  DDDDD  DDDDQ  DYGDD  DYGDQ 99999  9qqqQ°
99999 99999 Q999 Q999 Q9999 99999  DPPDQ  DYLDD  q4qqD
ppPPP  DPPPPP  PPPPP  PPPP?  Ppppe  DDDDD  qqqqq  DDDDG  qqqqp
ppPPP  PPPPP  PPPPP  PPPPP 99999 99999 Q999 Q4990 ppPp@
Q99 999  PVPPPD  4qqqq  999qq  DPYDD  qqqq)  DYDD)  DDDDD
99999 Q9990 PPPPP  DPPP>  PPPP2  9929p 99992 Q9992 4qqq?
20000 22209 00000 0020p  2220p 99999  999qP  QQq9qD

99999 QqqQV  PPPPP 9992 000p  PpppPY 99992 99992

99999 Q9990 PPPPP  PPPPP  PPPP2  PPPP? Q9992 Q499°

99999  qqqqp 29992 ppppo  9ppad  pIop2 99992 q9qq?

999qv  9qqqD Q999> 2000Q  0220p  0220p 20020 22209

99990 9990 99999  Q4qP  q9Qqp 22992 29922 9299

6x ' Ly ox D' 5 ex 5' 15

(0g'0e‘1T'R)
(972 11'7)
(FS'11°97)
(ge'ze'9'e'c'e)
(ce‘9z'71'e'T)
(e7'9T°9T°T)
(77°62°9°1)
(e7'82'T'T)
(8G‘GT'9'T)
(GO'PT'T)
(Lg'0T'0T'E)
(6G‘8T'T'T)
(£7°82°9°'T)
(ce'se'e1'e'n)
(6G'ST'F'€T)
(ge‘0z'0z'e'T)
(9g‘ce' 7€)
(ce'Fz'91'e'T)
(ce'F2'9V'1)
(0S'6197'1)
u3rsa(q

08> s ﬁHM”W (6585 ‘L ‘9595 ‘Ts ‘€5 ‘Ts ‘Ts {Q) (] () SPOLIJRU JURNOID - SMOI ISI1 L 9[qRL



Appendix C
Orthogonal Designs in Order 28 and 56

This appendix is a summary for orthogonal designs in order 28 and 56.

C.1 Some Theorems

We first note from Koukouvinos-Seberry [135, p.2] that

Lemma C.1. The necessary conditions are sufficient for the existence of
three variable OD(28;a,b,c)

From [66] we have

Lemma C.2. All 261 possible full orthogonal designs in order 56 in three
variables exist except for (a,b,c) = (1,5,20).

Hence we have

Corollary C.1. All full orthogonal designs OD(2!7;x,y,2'7 —x —y) exist for
any t > 3.

Many more results are given in Geramita-Seberry [80], Georgiou-Holzmann-
Kharaghani-Tayfeh-Rezaie [66], and Georgiou-Koukouvinos-Seberry [71].

C.2 Orthogonal designs in Order 28

We summarize the known results for order 28.

1. There are at most 4 variables in order 28.

2. Table C.1 lists the first rows of 4-tuples, 3-tuples and 2-tuples that are the
types of orthogonal designs in order 28 via the Goethals-Seidel designs.

3. The known 4 variables are given in Table C.1.

© Springer International Publishing AG 2017 379
J. Seberry, Orthogonal Designs,
DOI 10.1007/978-3-319-59032-5
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10.

. There are orthogonal designs of types (1,9), (

C Orthogonal Designs in Order 28 and 56

. The OD(14;9,4) from [80, p.331] is given in Figure C.1, hence we have

an 0D(28;4,4,9,9).
2,2), (2,8), (5,5) and (13)
each constructed from two circulant matrices in order 14. Hence there are
orthogonal designs of types:

(1,9,13) (2,2,13)

(2,8,13) (5,5,13)

in order 28.

. The 236 3-tuples given in Table C.2 are possible types of orthogonal

designs in order 28. There are no cases unresolved. We use

n if they are made from 4-sequences with zero NPAF and length n;

P if they are made from 4-sequences with zero PAF;

F if they are made from the OD(28;4,4,9,9);

X if they are not known because the integer sum-fill matrix does not
exist;

Y if it does not exist by exhaustive search for length 7.

The sequences in Tables C.3 and C.4, which have zero periodic and
non-periodic autocorrelation function, used as the first rows of the corre-
sponding circulant matrices in the Goethals-Seidel array give orthogonal
designs OD(4n;s1,s2,s3), where (s1,s2,s3) is one of the 3-tuples.

There are 196 pairs (j, k) such that j+k < 28. Of these, 27 are eliminated
as types of orthogonal designs by Wolfe’s Theorem and the Geramita-
Verner Theorem. The remaining 169 pairs are the types of an orthogonal
design in order 28 and may be constructed using four circulant matrices.
The 27 2-tuples that cannot be the types of orthogonal designs in order
28 are:

L) (5 @n (512 (19 (814)  (11,16)
(1,15)  (3,13) (4,15) (5,19) (7,16) (9,15) (12,13)
(1,23)  (3,20)  (4,23) (5,22) (7,17) (10,17) (12,15).
(2,14) (3,21) (5,11) (6,10) (7,20) (11,13)
A11 one variable designs exist in order 28.
Table C.1: Order 28 designs

Design Ay Ag A3z Aq

(1,1,1,1) ~ @000000 5000000 000000 dOOOOOO

(1,1,1,4)  a000000 5000000 decd0000 d0AO000

(1,1,1,9)  dad0000 dbd0000 d0cOdO0 d0d0dO0

(1,1,1,16) adddddd b0d00d0 c0d00d0 Odddddd

(1,1,1,25)  adddddd bdddddd cdddddd ddddddd

(1,1,2,2)  a000000 5000000 ¢d00000 ¢d00000

Continued on Next Page. ..



C.2 Order 28

Table C.1 — Continued

Design A1 A2 A3 A4
(1,1,2,8)  dad0000 dbd0000 dcd0000 ded0000
(1,1,2,18)  abbbbbb  cbbbbbb  dbb0bOO  dbb0OHOO
(1,1,4,4)  @000000 000000 ccdd000 ddec000
(1,1,4,9)  adddddd 0dd0d00 b00cc00 000cc00
(1,1,4,16)  b0bOBOD  bObabOb bcbObeh — bebdbéb
(1,1,5,5)  @a000000 5000000 cced0d0  ddde0e0
(1,1,8,8)  cdadc00 ¢dbdc00 cd0dc00 cd0dc00
(1,1,8,18) abbabaa abbabaa cbbbbbb  dbbbbbb
(1,1,9,9)  accécce  0cc0c00  bdddddd 0dd0d00
(1,1,10,10) daaaaaa cbbbbbb — abb0b00 baa0a00
(1,1,13,13) abbabaa baababb caaaaaa dbbbbbb
(1,2,2,4)  bab0000 00000 d00000 cd00000
(1,2,2,9)  adddddd 0dd0d00 bc00000 bc00000
(1,2,2,16) adddddd b0dc0d0 b0dc0d0 Odddddd
(1,2,3,6)  abc0000 abc0000 bab0000 bdb000O
(1,2,4,8)  ¢ac0000 c0c0000 dbdd0d0 dbdd0d0
(1,2,4,18)

(1,2,6,12)

(1,2,8,9)  adddddd 0dd0d00 bbbcb00  bbbeh00
(1,3,6,8)  cecOcab  céeOcab  bab0000 bdb0000
(1,3,6,18)

(1,4,4,4)  bab0000 b00O000 ccdd000 ddec000
(1,4,4,9)  adddddd 0dd0d00 ccbb000  bbccO00
(1,4,4,16)

(1,4,5,5)  bab0000 b0bO00O cced0d0  dddcOc0
(1,4,8,8)

(1,4,9,9)

(1,4,10,10)

(1,5,5,9)  adddddd 0dd0d00 bbbcOcO — cccb0b0
(1,8,8,9)

(1,9,9,9)

(2,2,2,2)  ab00000 @b00000 cd00000 cd00000
(2,2,2,8)  ab00000 ab00000 cdéc0cO —cdec0e0
(2,2,2,18) addObdd add0bdd cddddd0 eddddd0
(2,2,4,9)

(2,2,4,16) abaaca0 abaaca0 abaadal abaadal
(2,2,5,5)  ab00000 @b00000 cced0d0 ddde0c0
(2,2,8,8)  abaalal abaalald cdec0cO edec0cO
(2,2,9,9)  dbdcac0 dbdcacO dcOcdcO  Ed0ded
(2,2,10,10) ccédad0 ccedad0 dddebcd  dddebeo
Continued on Next Page. ..
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382 C Orthogonal Designs in Order 28 and 56

Table C.1 — Continued

Design A1 A2 A3 A4
(2,3,4,6)  ad0da00 adeda00 bed0000  bed0000
(2?37679)

(2,4,4,8)  abaa0ad abaa0ald ccdd000 ddec000
(2,4,4,18)

(2,4,6,12)  abcabcd abcabcO  babbdb0  babbdb0
(2,4,8,9)

(2,5,5,8)  adaa0a0 adaa0a0 ccch0b0  bbbe00
(2,8,8,8)  aabbcdec aabbede aabbcOc  aabbe0c
(2,8,9,9)

(3,3,3,3)  abc0000 ab0d000 a0cd000 bed0000

(3,3,3,12) ¢éccOcab  céedeaO  ceedeOb  000d0ab

(3,3,6,6)  adbda00 adcda00 cda0b00 cda0b00
(3,4,6,8)  eccOcab cccOcab  db0bd00  dbabd00
(3,6,8,9)
(4,4,4,4)  abcd000 abcd000 abcd000  abed000
(4,4,4,9)

(4,4,4,16) cdécach cdécach cdécach  cdecach
(4,4,5,5)  aabb000 bbaa000 cOcddd0 dOdcccO
(4,4,8,8)  aabbcd0 aabbed0 aabbed)  aabbed(
(4,4,9,9)  known but not constructed from circulants

(4,4,10,10) bcacddd beacddd bdadeee bdadece
(4,5,5,9)

(5,5,5,5)  aaab0b0 bbba0a0 cccd0d0  dddc0cO
(5,5,8,8)

(5757979)

(6,6,6,6)  aabbcd0 bbaade0 ceddab0 ddecbal
(7,7,7,7)  aaabcbd bbbadaé cccdadb  dddcbea
(1,2,22)  abObbbb  abObbbb Obbbbbb  cbbbbbb
(1,3,24) accccec  beceeee  beceecee  beeccec
(1,4,20)  abbbbbb  ccbbbb0  0bbbbbb  cObbbbe
(1,6,12)  bbbObaa bbbObaO bbbObOa  c00aa00
(1,6,18) caabbaa bbaaaal aaaaabd aaaabal
(1,6,21)  cbbbbbb  abbbbbb aabbabb aabbbbb
(1,9,13) abbbbbb  0bbOBO0  Océccée  ceccece

(1,10,14)  cbbbbbb  Obaaaaa Obababa Obbabab
) ab00000 ab00000 Océccéc  ceccece
) caaaaba cabaaaa bbaabaa bbaaaaa
(2,8,13) bbbcb00  bbbeb00  OaGaada acaadaa
) abcbbbb abebbbb abbbbcO0  abbbbcO
(5,5,13) aaab0b0 bbba0a0 Océccée  cecééce
ontinued on Next Page. ..
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C.2 Order 28 383

Table C.1 — Continued

Design A, As A3 Ay
3,23) a0bbbbb  abbbbbb  abbbbb0  bbbbbbb
4,19 bb0a0a0 bbaaaaa Oaalaaa aaaaaaa

)
) baabbaa bbaaaad aaaaaad aaaaaal
) aaabbbb  ababbbb  bbbbbbb  bbbbbbb
) bbaaaaa bbaaaad baaaaaa b0a000a
) babaaOa babalaa baaaaad baaaaad
7,10) a00b000 baa00a0 a0bbbOb bbbObaa
) bababOa ba0b000 baaalaa baaaaaa
) aaaaaa0 aabbbb0 baaabla baaaaab
) bbbabab baaabaO bb0aaaa aaaaaal
) aaaaaa0 aaabaab aabbaald ababbbb
) aaaa000 baaaaaa ababbbb bbbbObO
) bbbbOba  bbbbOba  baaaaaa aaaadad
11,17) bbbbbaa bbbbbaa baaaaaa aaadaad
) babbbaa bababba bbaaala aababal

Fig. C.1 Orthogonal design OD(14;9,4)
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384 C Orthogonal Designs in Order 28 and 56

Table C.2 Known 3-variable designs in order 28%

(1,1,1) 1 (1,5,16) 7  (2,4,8) 5 (3,48 5  (4,812) 7
(1,1,2) 1 (1,5,19) X (2,49 5  (3,4,14)x P  (4,8,16) 7
(1,1,4) 2 (1,5,200 Y (2,4,11) 5  (3,4,18) 7  (4,9,9) 6
(1,1,5) 3  (1,6,8) 5  (2,4,12) 7  (3,6,6) 5  (4,9,10) 7
(1,1,8) 3 (1,6,11) 5  (2,4,16) 7  (3,6,8) 5  (4,9,13)f 7
(1,1,9) 7 (1,6,12) 7  (2,4,17) 7  (3,6,9 5  (4,10,10) 7
(1,1,100 3 (1,6,14) 7  (2,4,18) 7  (3,6,11) 5  (4,10,11) P
(1,1,13) 5  (1,6,18) 7  (2,4,19) 7  (3,6,12) 7  (4,10,14) 7
(1,1,16) 7  (1,6,21) 7  (2,4,22) P  (3,6,16)f 7  (5,55) 7
(1,1,17)= P (1,8,8) 7 (2,5,5) 3  (3,6,17) P (5,58 T
(1,1,18) 6 (1,89 5 (2,57 5 (3,6,18) 7  (5,59) 5
(1,1,20) 6  (1,8,11) 5  (2,5,8) 5  (3,6,19) 7  (5,510) 5
(1,1,25) P (1,8,12) 7  (2,513) 6 (3,7,8) 6  (5,513) P
(1,1,26) P (1,8,16) 7  (2,5,15) X (3,7,10) X (5,5,16) T
(1,2,2) 2 (1,817 P (2,518) 7 (3,7,11) 7  (5,518) P
(1,2,3) 2 (1,818 P (2,6,7) 5 (3,7,15) P (56,9 7
(1,2,4) 2 (1,819 P (26,9 5 (3,7,18) 7  (5,6,14) X
(1,2,6) 3 (1,990 7 (2,6,11) X (3,89 7 (56,15) X
(1,2,8) 3 (1,9,10) 5  (2,6,12) 6  (3,8,10)x P  (5,7,8) 7
(1,2,9) 3 (1,913« P (2,6,13) 7  (3,8,15)f 7 (57,100 X
(1,2,11) 5  (1,9,16) 7  (2,6,16) 7  (3,9,14) 7  (5,7,14) X
(1,2,12) 5  (1,9,18) 7  (2,6,17) X (3,10,15) P  (5,8,8) 7
(1,2,16) 7  (1,10,10) 7  (2,7,10) 7  (3,11,14) X (5,8,13) 7
(1,2,17) 5  (1,10,11) 7  (2,7,12) 7  (4,4,4) 3 (59,9 P
(1,2,18) 6  (1,10,14) P (2,7,13) 7  (4,45) 5 (59,10« P
(1,2,19) 6  (1,13,13) P (2,7,19) P  (4,4,8) 7  (59,14) P
(1,2,22) 7  (1,13,14) P (2,8,8) 5 (4,49 5  (510,10) 7
(1,2,25) P (2,22) 2 (2,89 5 (44,100 5 (6,6,6) 7
(1,3,6) 3  (2,2,4) 2 (28100 5 (4,4,13) 7  (6,6,12) 7
(1,3,8) 3 (2,2,5) 3  (2,8,13) 7  (4,4,16) 7  (6,7,8) P
(1,3,14) 6  (2,2,8) 3  (2,8,16) 7  (4,4,17) 7  (6,89) 7
(1,3,18) 6 (2,290 5  (2,8,18) 7  (4,4,18) P  (6,8,11) X
(1,3,22) X (2,2,100 5 (2,99 5  (4,4200 7 (6,812 P
(1,3,24) 7 (2,2,13) 5  (2,9,11) 6  (4,5,5) 5  (6,9,11) P
(1,4,4) 5  (2,2,16) 7  (2,9,12) 7 (4,56) 5 (1,7,7) 7
(1,4,5) 5  (2,2,17) 7  (2,917) P (459 5 (7,7,14) 7
(1,4,8) 5  (2,2,18) 6  (2,10,10) 6  (4,5,14)x P  (7,8,10) P
(1,4,9) 5  (2,2,200 7  (2,10,12) 6  (4,5,16) 7  (7,8,13) 7
(1,4,10) 5  (2,3,4) 3  (2,11,11) X (4,5,19) X (7,10,11) X
(1,4,13) 7  (2,3,6) 3  (2,11,13) X (4,6,8) 5  (8,88) 7
(1,4,16) 7 (2,3,7) 3  (2,11,15) X  (4,6,1)f 7  (8,8,9)f 7
(1,4,17) 7 (23,90 5  (2,13,13) P (4,6,12) 7  (8,8,10) 7
(1,4,18) 7 (2,3,100 7  (3,3,3) 3  (4,6,14) 7 (8,99 7
(1,4,20) 7  (2,3,15) 7  (3,3,6) 3  (4,6,18) 7  (8,9,11) P
(1,5,5) 3 (2,3,16) 7  (3,3,12) 7  (4,8,8) 7  (8,10,10) 7
(1,5,6) 3  (2,4,4) 3  (3,3,15) 7 (489 7 (9,99 P
(1,5,9) 5  (2,4,6) 3  (3,46) 5  (4,811) 7  (9,9,10) P
(1,5,14) 5

% for the 3-tuples marked by * the corresponding orthogonal design is known for n > 6
and orders > 24. T the corresponding orthogonal design is known for n > 7 from [126].
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Table C.3 Order 28: sequences with zero periodic autocorrelation function ®

Design Ay Az

(1,8,17)
(2,4,22)
(2,9,11)
(2,9,17)
(3,6,17)
(3,7,11)
(3,7,15)
(3,10,15)
(4,9,13)
(
(
(
(
(
(
(
(
(

b
@
b
'S

4,10,11)
5,5,18)
5,9,14)
5,10,10)
6,7,8)
6,9,11)
7,8,10)
8,9,11)
9,9,10) a a
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C.3 Order 56

‘We summarize the known results for order 56.

1. There are at most 8 variables.

2. Table C.5 gives the known twenty four 8-tuples of orthogonal designs in
order 56 (see [59] and [120]).

3. Table C.6 gives the known twenty six 7-tuples of orthogonal designs in
order 56 (see [59]).

4. All OD(56;1,k) are known.

5. All one variable designs exist in order 56.

C.4 Further Research

Remark C.1 (Research Problem 1). No effort has been made to investigate
whether the necessary conditions are sufficient for orthogonal designs in order
56.

Remark C.2 (Research Problem 2). It is not yet known, after almost 40 years,
whether orthogonal designs OD(28;a,b,c,d) exist for
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Table C.4 Order 28: sequences with zero non-periodic autocorrelation function
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Table C.5 Orthogonal designs of order 56, 8-tuples

(1,1,1,1,1,1,1,1) (1,1,1,1,1,1,2,2) (1,1,1,1,1,1,4,4)
(1,1,1,1,2,2,2,2) (1,1,1,1,2,2,4,4) (1,1,1,1,4,4,4,4)
(1,1,1,1,5,5,5,5) (1,1,2,2,2,2,2,2) (1,1,2,2,2,2,4,4)
(1,1,2,2,4,4,4,4) (1,1,2,2,5,5,5,5) (1,1,4,4,4,4,4,4)
(2,2,2,2,2,2,2,2) (2,2,2,2,2,2,4,4) (2,2,2,2,4,4,4,4)
(2,2,2,2,5,5,5,5) (2,2,4,4,5,5,5,5) (4,4,4,4,4,4,4,4)
(4,4,4,4,5,5,5,5) (5,5,5,5,5,5,5,5) (2,2,2,2,8,8,8,8)
(2,2,4,4,4,4,8,8) (5,5,5,5,8,8,8,8) (7,7,7,7,7,7,7,7)




C.4 Further Research

Table C.6 Orthogonal designs of order 56, 7-tuples

(1,1,1,1,1,1,13)
(1,1,1,1,4,4,13)
(1,1,2,2,3,3,12)
(1,1,3,3,4,4,12)
(1,1,5,5,5,5,13)
(2,2,2,2,4,4,13)
(2,2,4,4,4,4,13)
(3,3,4,4,4,4,12)
(4,4,5,5,5,5,13)

(1,1,1,1,2,2,13)
(1,1,1,1,4,4,16)
(1,1,2,2,4,4,13)
(1,1,4,4,4,4,13)
(2,2,2,2,2,2,13)
(2,2,2,2,4,4,16)
(2,2,4,4,4,4,16)
(3,3,5,5,5,5,12)
(4,4,5,5,5,5,16)

(1,1,1,1,3,3,12)
(1,1,2,2,2,2,13)
(1,1,2,2,4,4,16)
(1,1,4,4,4,4,16)
(2,2,2,2,3,3,12)
(2,2,3,3,4,4,12)
(2,2,5,5,5,5,13)
(4,4,4,4,4,4,16)

1,2,4,18 1,4,4,16
1,2,6,12 1,4,8,8
1,3,6,18 1,4,9,9

Remark C.3 (Research Problem 3).

1,8,8,9 2,4,4,18 4,4,4,9
1,9,9,9 2,4,8,9 4,5,5,9
2,2,4,9 2,8,9,9 5,5,8,8

1,4,10,10 2,3,6,9 3,6,8,9 5,5,9,9

387

The challenge now is to find other 7 and 8 variable orthogonal designs in

order 56.



Appendix D
Orthogonal Designs in Order 36 and 72

D.1 Some theorems

Theorem D.1. All orthogonal designs OD(2%.9;x,y,2t.9 —x —vy) exist for
>3 [80].

D.2 Orthogonal designs in Order 36

We now summarize the known results for order 36.

1.
2.

There are at most 4 variables in order 36.

There are 1347 possible 3-tuples. Table D.1 lists the 433 3-tuples which
may correspond to designs in order 36: 914 cases correspond to 3-tuples
eliminated by number theory. The design is known to be able to be
constructed using four circulant matrices in the Goethals-Seidel array
for 429 cases. For 4 cases, if designs exist for the corresponding 3-tuple,
they cannot be constructed using circulant matrices (Y). P indicates that

4-PAF sequences with length 9 exist; n indicates 4-NPAF sequences
with length n exist.

Table D.2 lists the 54 cases of an OD(36;s1, 82,36 —s1 — s2) constructed
using four circulant matrices.

All (1,k) variables exist, k € {z|1 <2 <35, z=a%+b*+c?} [80].
There are no orthogonal designs OD(4n;s1,s2) where (s1,s2) is one of
the 2-tuples

(3,29), (11,20), (11,21), (13,19), (15,17)

constructed using four circulant matrices in the Goethals-Seidel array [131].
From Georgiou, Koukouvinos, Mitrouli and Seberry [70] we see that there
are no unresolved cases for 2 variable designs in order 36.

© Springer International Publishing AG 2017 389
J. Seberry, Orthogonal Designs,
DOI 10.1007/978-3-319-59032-5
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7.
8.

D.

D Orthogonal Designs in Order 36, 72

All 1 variable designs exist [80].
From Georgiou, Koukouvinos, Mitrouli and Seberry [70] there are no
4-NPAF (z,y) sequences of length 9 for

(3,31), (5,30), (6,29), (8,27), or (13,22).

3 Order 72

‘We now summarize the known results for order 72.

1.

O U N

~

Let n = 4m = 72 be the order of an orthogonal design then the number of
cases which must be studied to determine whether all orthogonal designs
exist is

(i) %nQ = 1296 when 2—tuples are considered;

(i) 25(2n*+3n—6) = 10578 when 3-tuples are considered;

(il) k5 (n?+6n3 —2n% — 24n) = 50523 when 4—tuples are considered [73].

There are at most 8 variables in order 72.
All designs (1,k) for k=1,2,...,71 are known [238].
All OD(72;s1,72— s1) are known [73].
Of 2700 possible tuples OD(72;s1,82,72—s1 — $2), 355 are known [73].
Of 432 possible tuples OD(72;s1,52,83,72—s1 — s2 — $3), 355 are known
[73].
[73] gives the orders and constructions for those known.
All one variable designs exist.



D.3 Order 72

Table D.1 The existence of OD(36;s1,s2,s3) ¢

81,82,83 n $1,82,83 n $1,82,83 n $1,82,83 n $1,82,83 n
(1,1,1) 1 (1,1,2) 1 (1,1,4) 2 (1,1,5) 3 (1,1,8) 3
(1,1,9) 7 | (1,1,100 3 | (1,1,13) 5 | (L,1,16) 7 | (L,1,17) 7
(1,1,18) 6 | (1,1,20) 6 | (1,1,25) 9 | (1,1,26) P | (1,1,29) P
(1,1,32) 9 | (1,1,34) P | (1.22) 2 (1,2,3) 2 (1,24) 2
(1,2,6) 3 (1,2,8) 3 (12,9 3 | (12,11) 5| (1,212) 5
(1,2,16) 7 | (1,217) 5| (1,2,18) 6 | (1,219 6 | (1,222) 7
(1,2,24) 9 | (1,225 9 | (1,227) 9 | (1,232) P | (1,2,33) 9
(1,36) 3 (1,3.8) 3 | (1,3,14) 6 | (1,3,18) 6 | (1,3,24) 7
(1,326) 9 | (1,3,32) 9 (1,44) 5 (1,45) 5 (1,48 5
(14,9 5 | (14,100 5| (1,4,13) 7 | (1,4,16) 7 | (1,417) 7
(1,418) 7 | (14200 7 | (1,425 9 | (1,4,26) P | (1,4,29) 9
(15,5) 3 (15,6) 3 (159 5 | (1,514) 5 | (1,5,16) 7
(15200 9 | (1,521) P| (1,524) 9 | (1,525 P | (1,530) P
(16,8) 5 | (1,6,11) 5 | (1,6,12) 7 | (1,6,14) 7 | (1,6,18) 7
(162200 9 | (1,621) 7| (1,627) P | (1,629 P | (1,88 7
(189 5 | (1,811) 5 | (1,812) 7 | (1,816) 7 | (1,8,17) 9
(18,18) 9 | (1,819 P | (1,822) P | (1,824) P | (1,825 P
(1827) P | (1,99 7| (19100 5 | (1,913) 9 | (1,9,16) 7
(1,917) P | (1,9,18) 7 | (1,920) 9 | (1,9.25) P | (1,9,26) 9
(1,10,10) 7 | (1,10,11) 7 | (1,10,14) P | (1,10,16) P | (1,10,19) 9
(1,10,25) P | (1,11,18) P | (1,11,22) P | (1,11,24) P | (1,12,14) P
(1,12,18) P | (1,13,13) 9 | (1,13,14) P | (1,13,16) P | (1,13,17) P
(1,13,22) P | (1,14,19) P | (1,1421) P | (1,16,16) 9 | (1,16,17) 9
(1,17,17) P | (1,17,18) 9 (2,2,2) 2 (2,24) 2 (2,2,5) 3
(2,2,8) 3 (22,9) 5 | (22100 5 | (2213) 5 | (2216) 7
(22,17) 7 | (22,18) 6 | (2220) 7 | (2225 P | (2226) 9
(22,29) P | (2,232) 9 (2,34) 3 (2,36) 3 (2,3,7) 3
(239 5 | (23,100 7| (2315 7 | (23,16) 7 | (23,22 P
(2,324) 9 | (2325 9| (2328 9 | (2331) P| (244) 3
(2,4,6) 3 (2,4,8) 5 (24,9) 5 | (24,11) 5| (24,12) 7
(24,16) 7 | (24,17) 7| (24,18) 7 | (24,190 7 | (24,22 9
(2,4,24) 9 | (2425 P | (2427) P | (255) 3 (257) 5
(258 5 | (2513) 6 | (2518) 7 | (25200 P | (2522 P
(2523) P | (26,7 5 (26,9 5 | (26,12) 6 | (2,6,13) 7
(2,6,16) 7 | (2,6,19) P | (2621) P | (26,25 P | (2627) P
(2628) P | (27,100 7 | (2712 7| (2713) 7| (2,7,19) P
(27200 P | (2,721) P| (2,724) P | (2,7271) P| (288) 5
(289 5 | (28100 5 | (2813) 7 | (2816) 7 | (2817) P
(2,8,18) 7 | (2,820) 9 | (2825 Y| (2826) 9 (2,9,9) 5
(29,11) 6 | (29,12) 7 | (29,16) P | (2917 P | (29,18 P
(29,19) P | (2922) P| (2925 P |(210,10) 6 | (2,10,12) 6
(2,10,15) 9 | (2,10,18) 9 | (2,11,16) P | (2,11,22) P | (2,11,23) P
(2,12,15) 9 | (2,12,16) 9 | (2,12,22) P | (2,13,13) P | (2,13,15) 9
(2,13,18) P | (2,1321) P | (2,16,16) 9 | (2,16,18) 9 | (2,17,17) P

% Georgiou, Koukouvinos, Mitrouli, and Seberry [70, p338-339] © Elsevier
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392 D Orthogonal Designs in Order 36, 72

Table D.1 The existence of OD(36;s1,52,53) * (continued)

$1,82,83 n $1,82,83 n $1,82,83 n $1,82,83 n $1,82,83 n
(333) 3 (33,6) 3 (33,12) 7 (3,3,15) 7 (3,3,24) 9
(3327) P | (3,330) 9 (34,6) 5 (34,8) 5 (3,4,14) 7
(3,4,18) 7 (34,24) P | (3426) P (36,6) 5 (36,8) 5
(36,9 5 (36,11) 5 (3,6,12) 7 (3,6,16) 7 (3,6,17) 9
(3,6,18) 7 (3,6,19) 7 (3622) P | (3,624) 9 (3,6,25) P
(3,6,27) 9 (3,7.8) 6 (3,7,11) 7 (3715) P | (3718) 7
(3,7,23) P (38,9) 7 (38,10) 7 (38,15) 7 (38,16) P
(3822) P| (3824 P | (3825 P | (39,14) 7 (3,9,18) P
(39,24) 9 | (3,10,15) 9 | (3,0,17) 9 | (3,10,18) P | (3,1023) P
(3,11,19) P | (3,11,22) P | (3,12,12) P | (3,12,15) 9 | (3,14,16) P
(3,15,15) P | (3,15,18) P (44,4) 3 (445 5 (44,8) 7
(44,9) 5 (4,4,10) 5 (4,4,13) 7 (4,4,16) 7 (4,417) 7
(4,4,18) 9 (4,4,20) 7 (44,25) P | (4426) 9 (455) 5
(456) 5 (459) 5 (4514) 7 (45,16) 7 (45,20) 9
(4521) 9 (4524) P | (4525 9 (46,8) 5 (4,6,11) 7
(4,6,12) 7 (4,6,14) 7 (4,6,18) 7 (4,6,20) 8 (4,621) P
(488) 7 (48,9) 7 (48,11) 7 (4812) 7 (48,16) 7
(4817) 9 (4,8,18) 8 (4819) P | (4822) 9 (4,824) P
(49,9) 6 (4,9,10) 7 (49,13) 9 (49,16) P | (4,917) P
(4918) P | (4,920 P | (410,100 7 | (4,10,11) P | (4,10,14) 7
(4,10,16) 9 | (4,10,19) P | (4,11,18) P | (4,12,14) 8 | (4,12,18) 9
(4,13,13) P | (4,13,14) P | (4,13,16) P | (4,1317) P | (4,16,16) 9
(555) 7 (55.8) 7 (55,9) 5 (5,5,10) 5 (55,13) 7
(5,5,16) 7 (5517) P | (5518 9 (5,5,20) 9 (5,5,25) P
(5,5,26) P (5,6,9) 7 (56,16) P | (5625 P (57.8) 7
(5,7,18) 9 (5,7,22) P (588) 7 (5813) 7 (58,18) P
(5820) P| (5823 P (599 P| (5914) P| (59,16) P
(59,200 P | (510,100 7 | (510,15) 9 | (5,13,13) P | (5,13,18) P
(6,6,6) 7 (6,6,12) 7 (6,6,15) P | (66,24 9 (6,7,8) P
(6,718) P | (6,721) Y| (6723 P (68,9) 7 (6,8,12) 7
(68,13) P | (68,16) 8 (6819 P | (69,11) P | (6912 P
(6,9,14) P | (69,18) P | (6921) P| (611,12) P | (6,11,16) P
(6,12,12) 8 | (6,12,16) 9 | (6,12,18) 9 | (6,14,16) P | (6,15,15) P
(7,77 7 (7,7,14) 7 (78,100 P | (7812 P | (7.813) 7
(7819) P | (7821) P | (711,12) P | (7,12,15) P (88,8) 7
(88,9) 7 (8,8,10) 7 (88,13) 9 (8,8,16) 9 (88,17) P
(8,8,18) 9 (8,8,20) P (8,9,9) 7 (89,11) P | (89,12) P
(89,16) P | (89,17 Y| (89,18 P | (89,19 P | (8,10,10) 7
(8,10,12) 8 | (8,10,15) P | (8,10,18) 9 | (8,12,16) P | (8,13,13) P
(8,13,15) P (9,9,9) 9 (99,100 P | (99,13) P | (9,9,16) P
(9,9,18) 9 | (9,10,10) P | (9,10,11) P | (9,10,14) P | (9,13,13) Y
(9,13,14) P | (10,10,10) 9 | (10,10,13) P | (10,10,16) P | (10,11,15) 9
(10,13,13) P | (11,11,11) P | (12,12,12) 9

¢ Georgiou, Koukouvinos, Mitrouli, and Seberry [70, p338-339] © Elsevier
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Table D.2 The 54 cases of OD(36;s1, 52,36 —s1 — s2)

(1,10,25)
(1,11,24)

(1,13,22)
(1,14,21)
(1,17,18)
(2,2,32)
(2,3,31)
(2,6,28)
(2,7,27)
(2,8,26)
(2,9,25)

(2,11,23)
(2,12,22)
(2,13,21)
(2,16,18)
(2,17,17)
(3,3,30)
(3,6,27)
(3,8,25)
(3,9,24)

(3,10,23)
(3,11,22)
(3,15,18)
(4,8,24)
(4,16,16)
(5,5,26)
(5,6,25)
(5,8,23)
(5,13,18)

(6,6,24
(6,7,23
(6,9,21
(6,12,18
(6,14,16
(6,15,15
(7,8,21
(8,8,20
(8,9,19

)
)
)
)
)
)
)
)
)

(8,10,18)
(8,12,16)
(8,13,15)
(9,9,18)
(9,13,14)
(10,10, 16)
(10,11,15)
(10,13,13)
(12,12,12)
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Appendix E
Orthogonal Designs in order 44

The main authors who have studied order 44 are Georgiou, Karabelas, Kouk-
ouvinos, Mitrouli and Seberry [68,129,130]. No systematic study of order
88 has been undertaken. Such a study is feasible given current computer
technology.

E.1 Some theorems

We know

Lemma E.1. All full orthogonal designs OD(2!11;2,y,2'11 —x —y) exist for
any t > 3.

Lemma E.2 (Geramita-Seberry [80]). There are OD(44;1,k), for k €
{0<2 <43, v =a?+ b2+, v #42}. OD(44;1,42) cannot exist.

E.2 Orthogonal designs in Order 44

‘We summarize the known results for order 44.

1. We note from [135] that we have to test inQ = 484 cases. Hence 404 cases
have been found, 67 2-tuples correspond to designs eliminated by number
theory (NE) and 12 cases cannot be constructed using four circulant
matrices. Table E.1 lists the 404 which correspond to designs which exist
in order 44.

2. Table E.2 lists the 2—tuple (s1,s2) designs for which an OD(44;s1,s32)
cannot exist.

3. A computer search, which we believe was exhaustive, was carried out
which leads us to believe that

© Springer International Publishing AG 2017 395
J. Seberry, Orthogonal Designs,
DOI 10.1007/978-3-319-59032-5
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10.

E Orthogonal Designs in order 44

a. there are no 4-NPAF(2,41) sequences of length 11. This means that
there are also no 4-NPAF(1,2,41) sequences of length 11.
b. there are no 4-NPAF(6,37) sequences of length 11.

The following OD(44;1,a,43 —a) and OD(44;a,43 —a) cannot be con-
structed using four circulant matrices in the Goethals-Seidel array:

(5,38) (8,35) (12,31) (14,29) (16,27) (20,23)
(1,5,38) (1,8,35) (1,12,31) (1,14,29) (1,16,27) (1,20,23)
(6,37) (10,33) (13,30) (15,28) (19,24) (21,22)
(1,6,37) (1,10,33) (1,13,30) (1,15,28) (1,19,24) (1,21,22).
The sequences given in [68] together with those in [129] can be used to
construct the appropriate designs to establish that the necessary conditions
for the existence of an OD(44;s1,$2) are sufficient, except possibly for the
following 12 cases which the Geramita-Verner Theorem and the Sum-Fill
Theorem show cannot be constructed from four circulant matrices;

(5,38) (6,37) (8,35) (10,33) (12,31) (13,30)
(14,29) (15,28) (16,27) (19,24) (20,23) (21,22).

The necessary conditions for the existence of OD(44;s1,s2) constructed
from four circulant matrices in the Goethals-Seidel Theorem are sufficient.
There are 484 possible 2—tuples. Table E.1 lists the 404 which correspond
to designs which exist in order 44: 68 2-tuples correspond to designs
eliminated by number theory (NE).

For 12 cases, if the designs exist, they cannot be constructed using circulant
matrices (Y).

P indicates that 4-PAF sequences with length 11 exist; n indicates 4-
NPAF sequences with length n exist.

Georgiou, Koukouvinos, Mitrouli and Seberry [68] give the first rows for
the periodic and non-periodic sequences of lengths 10 and 11, noted in
Table E.1, to use in the Goethals-Seidel array to find the designs.

From [129] we have the first rows to use in the Goethals-Seidel array to
construct the 4-variable and 3-variable designs of lengths 10 and 11 given
in Tables E.3 and E.4

The 238 4-tuples which satisfy the necessary conditions for existence in
order 44 found by Magoon are given in Table E.5. Those marked * are
known to exist from Chapter 4.

Table E.1: The existence of OD(44;s1,52).

S1 S2. Nn S1 S2. n S1 S2. Nn 81 S2. Nn S1 S2. n

A==

15
16
17
18
2 3 19
ontinued on Next Page. ..

38 Y
39 11

5 11 5 13 16 10
5

6 6 3

6

6

12 7 13 17 9
13 6 13 18 9
14 7 13 19 NE
15 NE 13 20 9

W www

7 5
8 5

U W N =

N = =
ENES SRS Yoyt
O © © © O
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Table E.1 — Continued

$1 s2. m s1 s2 n s1 S22 n $1 s2. m s1 s2 n
1 6 3 3 20 NE 6 9 5 9 16 7 13 21 9

1 7 NE 3 21 NFE 6 10 NE 9 17 7 13 22 P

1 8 3 3 227 6 11 5 9 187 13 23 9

1 9 3 3 237 6 12 5 9 19 7 13 24 P

1 10 3 3 247 6 13 7 9 20 9 13 25 P

1 11 3 3 257 6 14 5 9 21 9 13 26 P

1 12 4 3 26 9 6 15 7 9 229 13 27 NE
1 13 5 3 279 6 16 7 9 23 NE 13 28 P

1 145 3 289 6 17 7 9 24 9 13 29 P

1 15 NE 3 29 NFE 6 18 7 9 259 13 30 Y

1 16 5 3 309 6 19 7 9 26 9 13 31 P

1 17 5 3 31 10 6 20 7 9 279 14 14 7

1 18 5 3 329 6 217 9 28 NE 14 15 P

1 19 5 3 339 6 227 9 29 P 14 16 8

1 207 3 34 10 6 239 9 30 P,20 14 17 P

1 217 3 35 11 6 24 8 9 31 NE 14 18 NE
1 227 3 36 11 6 259 9 32 P15 14 19 9

1 23 NE 3 37 NE 6 26 NE 9 33 P20 14 20 9

1 247 3 38 11 6 27 9 9 34 P 14 21 9

1 257 3 39 11 6 28 9 9 35 P 14 22 9

1 269 3 40 NE 6 29 P 10 10 5 14 23 P

1 277 3 41 11 6 30 9 10 11 7 14 24 P

1 28 NE 4 4 2 6 31 10 10 12 7 14 25 P

1 29 9 4 5 3 6 32 10 10 13 7 14 26 10

1 30 11 4 6 3 6 33 P20 10 14 7 14 27 P

1 31 NE 4 7 NE 6 34 10 10 15 7 14 28 P,12
1 329 4 8 3 6 35 P 10 16 7 14 29 Y

1 339 4 9 5 6 36 11 10 17 NE 14 30 P

1 34 11 4 10 5 6 37Y 10 18 7 15 15 9

1 35 11 4 11 5 6 38 11 10 19 P 15 16 NE
1 36 11 4 12 5 7T 7T 4 10 20 8 15 17 NE
1 37 11 4 13 5 7 8 6 10 21 9 15 18 9

1 38 11 4 14 5 7 9 NE 10 22 NE 15 19 9

1 39 NE 4 15 NE 7 10 5 10 23 9 15 20 NE
1 40 11 4 16 5 7T o117 10 24 NE 15 21 9

1 41 11 4 17 7 712 7 10 25 9 15 22 P

1 42 NE 4 18 7 7 13 5 10 26 9 15 23 P

1 43 11 4 19 7 7T 147 10 27 P 15 24 P

2 2 1 4 207 7 157 10 28 10 15 25 NE
2 3 2 4 217 7 16 NE 10 29 P 15 26 P

2 4 2 4 227 7 17 NE 10 30 10 15 27 P,20
2 5 3 4 23 NE 7T 18 7 10 31 P 15 28 Y

2 6 2 4 247 7 19 8 10 32 11 15 29 P

2 7 3 4 259 7 209 10 33 Y 16 16 8

2 8 3 4 26 8 T o217 10 34 11 16 17 9

2 9 5 4 27 9 7T 229 11 11 6 16 18 9

2 10 3 4 28 NE 7 239 11 12 7 16 19 NE
2 11 5 4 29 9 7T 249 11 13 NE 16 20 9

2 12 5 4 30 9 7 25 NE 11 14 7 16 21 11
2 135 4 31 NE 7 269 11 15 7 16 22 10
Continued on Next Page. ..
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Table E.1 — Continued

S1 S2. N S1 S22 M S1 S2. N S1 S22 M S1 S22 M
2 14 NFE 4 32 9 7T 279 11 16 NE 16 23 NFE
2 15 5 4 33 10 7 28 NE 11 17 7 16 24 10
2 16 5 4 34 10 7 29 9 11 18 9 16 25 P
2 17 5 4 35 11 7 30 P 11 19 9 16 26 11
2 18 5 4 36 10,11 7 31 10 11 20 NE 16 27 Y
2 19 7 4 37 P 7 32 11 11 21 NE 16 28 NFE
2 20 6 4 38 11 7 33 NE 11 22 9 17 17 9
2 217 4 39 NE 7 34 P 11 23 9 17 18 9
2 227 4 40 11 7 35 P 11 24 9 17 19 9
2 237 5 5 3 7 36 NE 11 25 9 17 20 11
2 247 5 6 3 7 37 11 11 26 P 17 21 P
2 259 5 7 3 8 8 5 11 27 P 17 22 P
2 267 5 8 5 8 9 5 11 28 P 17 23 NE
2 279 5 9 5 8 10 5 11 29 NFE 17 24 P
2 28 8 5 10 5 8 11 5 11 30 P 17 25 P
2 299 5 11 NFE 8 12 5 11 31 P 17 26 P
2 30 NE 5 12 NFE 8 13 7 11 32 P 17 27 P
2 319 5 13 5 8 14 NE 11 33 P 18 18 9
2 329 5 14 5 8 15 7 12 12 7 18 19 P
2 339 5 15 5 8 16 7 12 13 NE 18 20 10
2 349 5 16 7 8 17 7 12 14 7 18 21 P
2 35 10 5 17 7 8 18 7 12 15 NFE 18 22 10
2 36 10,11 5 18 7 8 19 9 12 16 7 18 23 P
2 37 11 5 19 NFE 8 20 7 12 17 9 18 24 11
2 38 10,11 5 20 7 8 21 9 12 18 8 18 25 P
2 39 11 5 21 7 8 22 8 12 19 9 18 26 P
2 40 11 5 229 8 23 9 12 20 NE 19 19 P
2 41 P 5 23 7 8 24 9 12 21 NFE 19 20 NE
2 42 11 5 24 9 8 25 9 12 22 9 19 21 NE
3 3 2 5 259 8 26 9 12 23 NFE 19 22 P
3 4 3 5 26 9 8 27 P 12 24 9 19 23 P
3 5 NE 5 27 NE 8 28 9 12 25 P 19 24 Y
3 6 3 5 28 9 8 29 P 12 26 P 19 25 P
3 7 3 5 29 9 8 30 NE 12 27 20 20 20 10
3 8 3 5 30 10 8 31 P 12 28 10 20 21 P
3 9 3 5 31 9 8 32 10 12 29 NFE 20 22 11
3 10 5 5 32 10 8 33 P 12 30 P,13 20 23 Y
3 11 5 5 33 10 8 34 11 12 31 Y 20 24 11
3 12 5 5 34 P 8 35 Y 12 32 11 21 21 11
3 13 NE 5 35 NE 8 36 11 13 13 7 21 22 Y
3 145 5 36 11 9 9 5 13 14 9 21 23 P

5 37 11 9 10 5 13 15 7 22 22 11
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E.2 Order 44
Table E.2 OD(44;s1,s2) cannot exist for the following 2—tuples (s1,s2) ¢

(1,7) (3,5) (4,23) (6,26) (9,15) (11,21) (15,16)
(1,15) (3,13) (4,28) (7,9) (9,23) (11,29) (15,17)
(1,23) (3,20) (4,31) (7,16) (9,28) (12,13) (15,20)
(1,28) (3,21) (4,39) (7,17) (9,31) (12,15) (15,25)
(1,31) (3,29) (5,11) (7,25) (10,17) (12,20) (16,19)
(1,39) (3,37) (5,12) (7,28) (10,22) (12,21) (16,23)
(1,42) (3,40) (5,19) (7,33) (10,24) (12,29) (16,28)
(2,14) (4,7) (5,27) (7,36) (11,13) (13,19) (17,23)
(2,30) (4,15) (5,35) (8,14) (11,16) (13,27) (19,20)

(8,30) (11,20) (14,18) (19,21)

¢ Koukouvinos, Mitrouli, and Seberry [129, p267-268] © Charles Babbage Research

Centre

Table E.3 Some order 44 4-variable sequences with zero and non-periodic autocor-

relation function ¢

Design A, A Az Ay
(1,4,10,10) b a b 0 0 0 0 0 0 0 céccdebbbbd
b0ObLb0OOOD0OODO0ODO céécecdedddd
(1,4,16,16) ¢ d 0dcacdO0dé¢ cdbdcOcdbd
cd0déec0ée¢dOde cdbdcOédbd
(2,2,4,36) baaaaaaadaa baaaaaaaca
baaadaaaadaa baaaaaaaca
(2,2,832) adcddddddcd bdcdddddde
adéddddddéed bdédddddde
(2,2,18,18) dcacdc cccc cdbdeddddd
dcacdéceéce cdbdéddddd
(2,2,20,20) @ aaababbbbdec bbbbabaaaoa
aaaababbbbdbec bbbbabaaaa
(2,4,16,18) dcac db c dc d decdédbeded
dcacdbeéeded dedéedbeded
(2,6,12,16) d 0 b O0Odcécdcacd dO0OdObeébecdec
d0boOdédéecacd d0dobeéebede
(2,8,16,16) bdcécdbde0écd bdéeecdbdcac
bdcéecdbdec0O0Ocd bdécecdbdeac
(2,10,10,18) d ¢ a ¢ d b d ¢ d & bdbdcdbdbdd
déacdbdecedec bdbdcdbdbd
(4,4,16,16) a d ¢ d ¢ a d ¢ d c becdedbéded
adcdcadecdec becdedbeded

Q22 a0

ISHESHE SR SH

¢ Koukouvinos, Mitrouli, and Seberry [129, p278-279] © Charles Babbage Research

Centre
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Table E.3 Some order 44 4-variable sequences with zero and non-periodic autocor-
relation function ¢ (continued)

Design Al A2 A3 A4
(4,6,12,18) badc ddabcd decdcecbdeéded
badecddabecd decdebdceded
(4,8,8,16) dcacddbabd db0bddecO0cd
dcacddbabd db0bdde0cd
(4,10,10,16) b cac b b da d b bedebbdedhb
bcaébbdadbd bedebbdedhb
(8,8,10,10)0 ac O0Ocaacdca bd0odbbdedb
ac0caacdca bd0odbbdecdb
(10,10,10,10) a b b d d b a a ¢ ¢ dccaacddbdbd
abbddbaacec dccaacddbdhbd
% Koukouvinos, Mitrouli, and Seberry [129, p278-279] (© Charles Babbage

Research Centre

Table E.4 Some order 44 3-variable sequences with zero and non-periodic autocor-
relation function ®

Design A1 A2 A3 A4
(1,4,32) bbbbaabbbbd bbbbcbbbbdoO
bbbbaabbbbd bbbbObbbbo
(1,9,34) bbbbbObbbbD bbbbbbbbbbb
aaaabbbbbab aabbabbbbab
(1,11,32) b b b b b 0 b b bbb abbbbbbbbbhb
aababbbbbbhbd aaaabbaaabhbd
(1,17,26) a a a @ a 0 @ a @ @ @ bbbbbbbbbab
aababbbabbdbhbd bbbabbbbbba
(1,18,25) a a a @ a 0 @ a a & a aabbbabbbbhb
aababbbbbbhbd aabbbbbbbbhbd
(2,2,34) ccecéccccac cccOcécebde
cceccccecceccecac cccOcccecbe
(2,4,32) bbbbaabbbd bbbbOcbbbbd
bbbbaabbbbd bbbbOebbbbd
(2,12,22) b ccO0Occbabec bcéeOcecbebe
bccOccbabe bceOccbebec
% Koukouvinos, Mitrouli, and Seberry [129, p276-280] (© Charles Babbage

Research Centre
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Table E.5 The theoretically possible 4-tuples for order 44.
1 (1,1,1,1): 4 [60: (1,4,8,8):21 |119:(2,3,6,16): 27 |179: (4,4,4,25): 37
20 (1,1,1,4): 7 |61: (1,4,8,18): 31 [120: (2,3,6,25): 36 |180: (4,4,5,5): 18
3t (1,1,1,9): 12 [62: (1,4,9,9): 23 [121: (2,3,9,24): 38 |181: (4,4,5,20): 33
4: (1,1,1,16): 19 |63: (1,4,9,16): 30 [122: (2,3,10,15): 30 |182: (4,4,8,8): 24
5: (1,1,1,25): 28 [64: (1,4,9,25): 39 [123:(2,4,4,8): 18  [183: (4,4,8,18): 34
6: (1,1,1,36): 39 |65: (1,4,10,10): 25 |124: (2,4,4,18): 28 |184: (4,4,9,9): 26
70 (1,1,2,2): 6 [66: (1,4,13,13): 31 |125: (2,4,4,32): 42 |185: (4,4,9,16): 33
8 (1,1,2,8): 12 |67: (1,4,16,16): 37 [126: (2,4,6,12): 24 |186: (4,4,9,25): 42
9: (1,1,2,18): 22 |68: (1,4,17,17): 39 |127: (2,4,6,27): 39 |187: (4,4,10,10): 28
10: (1,1,2,32): 36 [69: (1,4,18,18): 41 |128:(2,4,8,9): 23  |188: (4,4,13,13): 34
11: (1,1,4,4): 10 |70: (1,5,5,9): 20  |129: (2,4,8,16): 30 |189: (4,4,16,16): 40
12:(1,1,4,9): 15 |71: (1,5, 5, 16): 27 [130: (2,4,8,25): 39 |190: (4,4,17,17): 42
13:(1,1,4,16): 22 |72: (1,5,5,25): 36 |131:(2,4,9,18): 33  [191: (4,4,18,18): 44
14: (1,1,4,25): 31 |73: (1,5,6,30): 42 |132:(2,4,11,22): 39 [192: (4,5,5,9): 23
15: (1,1,4,36): 42 |74: (1,5,9,20): 35 [133:(2,4,12,24): 42 |193: (4,5,5,16): 30
16: (1,1,5,5): 12 |75: (1,5,16,20): 42 |134: (2,4,16,18): 40 [194: (4,5,5,25): 39
17:(1,1,5,20): 27 |76: (1,6,8,12): 27 |135:(2,5,5,8): 20  [195: (4,5,9,20): 38
18:(1,1,8,8): 18 |77: (1,6,8,27): 42 |136: (2,5,5,18): 30 [196: (4,6,8,12): 30
19: (1,1,8,18): 28 |78: (1,6,12,18): 37 |137: (2,5,5,32): 44 [197: (4,6,12,18): 4
20: (11,8,32): 42 |79: (1,6,14,21): 42 |138: (2.5,8,20): 35 |198: (4,8.8,9): 29
21: (1,1,9,9): 20 |80: (1,8,8,9): 26  [139: (2,6,7,21): 36 |199: (4,8,8,16): 36
22: (1.1,9,16): 27 |81: (1,8.8,16): 33 |140: (2,6,9.12): 20 |200: (4.8.9,18): 39
23:(1,1,9,25): 36 [82: (1,8,8,25): 42 |141:(2,6,9,27): 44 |201: (4,9,9,9): 31
24: (1,1,10,10): 22|83: (1,8,9,18): 36 [142: (2,6,12,16): 36 |202: (4,9,9,16): 33
25: (1,1,13,13): 28(84: (1,8,11,22): 42 |143: (2,8,8,8): 26  |203: (4,9,10,10): 33
26: (1,1,16,16): 34(85: (1,9,9,9): 28  |144: (2,8,8,18): 36 |204: (4,9,13,13): 39
27: (1,1,17,17): 36|86: (1,9, 9. 16): 35 [145: (2,8,9,9): 28 |205: (4,10,10,16): 40
28:(1,1,18,18): 38(87: (1,9,9,25): 44 |146: (2,8,9,16): 35 |206: (5,5,5, 5) 20
29: (1,1,20,20): 42(88: (1,9,10,10): 30 (147:(2,8,9,25): 44 |207: (5,5,5,20): 35
30: (1,2,2,4):9 89: (1,9,13,13): 36 |148: (2,8,10,10): 30 [208: (5,5,8,8): 26
31:(1,2,2,9): 14 [90: (1,9,16,16): 42 |149: (2,8,13,13): 36 |209: (5,5,8,18): 36
32: (1,2,2,16): 21 |91: (1,9,17,17): 44 [150: (2,8,16,16): 42 |210: (5,5,9,9): 28
33: (1,2,2,25): 30 92: (1,10,10 16) 37|151: (2,8,17,17): 44 |211: (5,5,9,16): 35
34: (1,2,2,36): 41 [93: (2,2,2 2) 152: (2,9,9,18): 38 |212: (5,5,9,25): 44
35:(1,2,3,6): 12 [94: (2,2,2,8): 14 [153:(2,9,11,22): 44 [213: (5,5,10,10): 30
36: (1,2,3,24): 30 |95: (2,2,2,18): 24 |154: (2,10,10,18): 40|214: (5,5,13,13): 36
37:(1,2,4,8): 15 [96: (2,2,2,32): 38 |155: (2,10,12, 15) 39(215: (5,5,16,16): 42
38: (1,2,4,18): 25 |97: (2,2.4,4): 12 [156: (3,3,3,3): 12 |216: (5.5,17,17): 4
39: (1,2,4,32): 39 [98: (2,2,4,9): 17 [157: (3,3,3,12): 24 217: (5,8,8,20): 41
40: (1,2,6,12): 21 (99: (2,2,4,26): 24 |158: (3,3,3,27): 36 |218: (6,6,6,6): 24
41: (1,2,6,27): 36 |100: (2,2,4,25): 33 [159: (3,3,6,6): 18  |219: (6,6,6,24): 4
42: (1.2,8,9): 20 |101: (2,2,4.36): 44 |160: (3.3.6,24): 36 [220: (6.6.12,12): 36
43: (1,2,8,16): 27 [102: (2,2,5,5): 14 161: (3,3,12,12): 30 |221: (6,6,15,15): 4
44: (1,2,8,25): 36 103: (2,2,5,20): 29 [162: (3,3,15 15) 36 222: (6,7,8,21): 42
45: (1,2,9,18): 30 [104: (2,2,8,8): 20  |163: (3,4,6, 8) 223: (6,8,9,12): 30
46: (1,2,9,32): 44 [105: (2,2,8,18): 30 |164: (3,4,6,18): 31 224: (6,8,12,16): 4
A7: (1.2.11,22): 36106: (2,2,8.32): 44 |165: (3.4.8.24): 30 [225: (7.7.7,7): 28
48: (1,2,12,24): 39(107: (2,2,9,9): 22 166: (3,6,6,12): 27 226: (7,7,14,14): 42
49: (1,2,16,18): 37(108: (2,2,9,16): 29 |167: (3,6,6,27): 42 |227: (8,8,8, 8) 32
50: (1,3,6,8): 18 [109: (2,2,9,25): 38 |168: (3,6,8,9): 26 228: (8,8,8,'18);4
51: (1,3,6,18): 28 |110: (2,2,10,10): 24 |169: (3,6,8,16): 33 |229: (8,8,9,9): 34
52: (1,3,6,32): 42 |111: (2,2,13,13): 30 |170: (3,6,8,25): 42 |230: (8,8,9,16): 41
53:(1,3,8,24): 36 [112:(2,2,16,16): 36 |171:(3,6,9,18): 36 |231:(8,8,10,10): 36
54: (1,4,4,4): 13 |113: (2,2,17,17): 38 [172: (3,6,11,22): 42 |232: (8,8,13,13): 42
55: (1,4,4,9): 18 [114: (2,2,18,18): 40 [173: (3,8,9,24): 44 |233: (8,9,9, 18): 45
56: (1,4,4,16): 25 [115: (2,2,20,20): 44 [174: (3,8,10,15): 36 |234: (9,9,9,9): 36
57: (1,4,4,25): 34 |116: (2,3,4,6): 15 |175: (3,12,12,12): 39|235: (9,9,10,10): 38
58: (1,4,5,5): 15 |117: (2,3,4,24): 33 [176: (4,4,4,4): 16  |236: (9,9,13,13): 44
59: (1,4,5,20): 30 [118: (2,3,6,9): 20  [177: (4,4,4,9): 21  |237: (10,10,10,10): 40
178: (4,4,4,16): 28 [238: (11,11,11,11): 44
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Appendix F

Orthogonal Designs in Powers of 2,
Especially Order 16, 32 and 64

F.1 Some Theorems

Theorem F.1 (P.J. Robinson). [80, p.268] There is an orthogonal design
OD(2%:1,1,1,1,2,2,4,4,...,2t72 2t=2),

Using Corollary 6.8 we have

Lemma F.1. All four variable designs OD(32;a,b,¢,32—a—b—c),
OD(64;a,b,¢,64—a—b—c), OD(128;a,b,¢,128 —a—b—c) ewist.

By equating variables we obtain:

Lemma F.2 (P.J. Robinson). All orthogonal designs of type (1,1,a,b,c),
a+b+c=21—2, exist in order 2¢, t > 3.

Hence we have the following results of Wallis.

Lemma F.3. All orthogonal designs of type (a,b,2" —a—b) (i.e. full orthogo-
nal designs) exist in order 2t.

Lemma F.4. All orthogonal designs on two variables exist in orders 2¢.
From [122] and Tables 8.1 and 8.2 we have

Theorem F.2 (Robinson Kharaghani Tayfeh-Rezaie).
An OD(n;1,1,1,1,1,n—5) exists if and only if n = 8,16,24,32,40.

Theorem F.3 (Kharaghani Tayfeh-Rezaie). There exist
0D(32;1,1,1,1,1,12,15) and OD(32;1,1,1,1,1,9,9,9). Hence there exists an
0D(32;1,1,1,1,1,27).

We now consider specific powers of two.

© Springer International Publishing AG 2017 403
J. Seberry, Orthogonal Designs,
DOI 10.1007/978-3-319-59032-5
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F.2 Orthogonal Designs in Order 16

‘We summarize the known results for order 16.

1. The Radon number is 9.

2. Table F.1 lists all 9-tuples for orthogonal design in order 16.

3. All designs on n variables, n <9, which exist can be obtained by equating
and killing variables in the 9 variable designs which exist and the 8 variable
designs listed in Table F.2.

4. Many 9 and 8 tuples are proved non-existent by theorems of Shapiro and
Geramita-Verner. The remainder are proved non-existent by combinatorial
arguments in the PhD thesis of Peter J. Robinson [166].

5. Table F.3 lists the 9-tuples which cannot be the type of an orthogonal
design in order 16.

6. Table F.4 gives the 16 cases of 9-tuples in order 16 which are excluded by
P. Robinson.

7. The (1,1,1,1,1,1,1,1,1) design is exhibited in section 4.2 and the
(1,1,2,2)2)22.2.2) design is obtained by using Theorem 4.3 on the
(1,1,1,1,1,1,1,1) design in order 8 exhibited in Section 4.2.

8. The (1,1,1,1,1,1,3,3) and (1,1,1,1,2,2,3,3) designs are given in Exam-
ple 6.6. The (1,1,1,2,2,3,3,3), (1,1,1,1,1,2,2,2,2), (1,1,1,1,1,1,1,1,2) and
(1,1,2,2,2,2,3,3) designs are given in Example 6.4.

9. There are 67 8-tuples which might be the type of an orthogonal design in
order 16. The following 4 cannot be the types of orthogonal designs by
the results of Geramita and Verner:

(1,1,1,1,1,3,3,4)  (1,1,1,1,2,2,2,5)  (1,1,1,2,2,2,3,3)
(1,1,2,2,2,2,2,3).

10. We exhibit the remaining designs of the enunciation but we first consider
the matrix
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This matrix is an orthogonal design if and only if the following conditions
are satisfied:

{IM], [N, @1, [P]} = IR, [S], [T, [U] }

(M+R)D+(N+S)F+(Q+T)G+(P+U)H =0
(M+R)CH+(N+S)E+(Q-T)H—-(P-U)G=0
(M+R)B+(N-S)H—(Q+T)E—(P-U)F=0
(M+RA+(N-S) G- (Q-T)F+(P+U)E=0
(R—-M)H+(N+S)B+(Q+T)C+(P-U)D=0
(R-M)G+(N+S)A+(Q-T)D—(P+U)C=0
(R—M)F+(N—-8)D—(Q+T)A—(P+U)B=0
(R—M)E+(N—-8)C—(Q—-T)B+(P-U)A=0

AH—-BG+CF-DE=0

11. The following designs can be obtained by choosing the variables of PR in
the manner indicated:
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12.
13.

14.

15.

16.

17.

F Orthogonal Designs in Powers of 2

(1,1,1,1,1,1,1,1,4) M=S5=uzs, N =T = zg,
R=Q=u;, P=U=us
A=D=G=F =ux9, all others zero;
(1,1,1,1,1,1,1,1,8) M =S = s, N =T = xg,
A=B=D=C=G=H=FE=F =uxy;
(1,1,1,1,1,1,2,2,2) A=z5, P=U=us R=D=M = xr,
N=S=F=uzg, Q=T =G = x9, all others zero;
(1,1,1,1,1,1,44) M=S=1z5, R=Q=uwx5, A=G=D=F =ur,
B=H =C = FE =zg, all others zero;
(1,1,1,1,1,1,5,5) M =S =uzs, N =U = s,
B=H=D=F=Q=T =uzsg,
(1’1?1a172727474) D:F:J)E,, GfH_:-’L‘Gy
M=R=FE=C=N=5S5=ur7,

Table F.5 gives orthogonal design of type (1,1,1,1,2,2,2,2,2) in order 16.
There are 45 possible 9-tuples that might be the type of orthogonal
designs.

Table F.6 lists the 30 8-variable designs that do not exist as an orthogonal
design in order 16.

There are 94 possible 7-tuples. The following 13 do not exist - all others
are known:

(1,1,1,1,1,1,7) (1,1,1,1,1,4,6) (1,1,1,1,2,4,5) (1,1,1,2,2,2,7)
(1,1,1,1,1,2,7) (1,1,1,1,1,4,7) (1,1,1,1,3,4,4) (1,1,1,2,2,3,5)
(1,1,1,1,1,3,7) (1,1,1,1,2,2,7) (1,1,1,2,2,2,6) (1,1,2,2,2,2,5)

(1,1,2,2,2,3,4)

Of 125 possible 6-tuples, all are the types of orthogonal designs in order

16 except (1,1,1,1,4,7) and (1,1,2,2,2,7) which do not exist.
All n-tuples n =1,2,3,4,5 are the types of orthogonal designs in order 16.

Table F.1 9 variable designs in Order 16

(1717171 1 1)171’1) (171717171717171’8) (1’1717172727272’2)
(1,1,1,1,1,1,1,1,2)  (1,1,1,1,1,2,2,2,2)  (1,1,2,2,2,2,2,2,2)
(1,1,1,1,1,1,1,1,4) (1,1,1,1,1,2,3,3,3) (1,1,1,1,1,1,2,2,2)
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Table F.2 Known 8-variable designs in order 16

1,1,1,1,1,1,1,1

b Bt b Bt Rk i

( )
(1,1,1,1,1,1,1,2)
(1,1,1,1,1,1,1,3)
(1,1,1,1,1,1,1,4)
(1,1,1,1,1,1,1,5)
(1,1,1,1,1,1,1,8)
(1,1,1,1,1,1,1,9)
(1,1,1,1,1,1,2,2)
(1,1,1,1,1,1,2,4)
(1,1,1,1,1,1,2,8)
(1,1,1,1,1,1,3,3)
(1,1,1,1,1,1,4,4)
(1,1,1,1,1,1,5,5)

(1,1,1,1,1,2,2,2)
(1,1,1,1,1,2,2,3)
(1,1,1,1,1,2,2,4)
(1,1,1,1,1,2,3,3)
(1,1,1,1,1,2,3,6)
(1,1,1,1,1,3,3,3)
(1,1,1,1,1,3,3,5)
(1,1,1,1,2,2,2,2)
(1,1,1,1,2,2,2,3)
(1,1,1,1,2,2,2,4)
(1,1,1,1,2,2,3,3)
(1,1,1,1,2,2,4,4)

(1,1,1,2,2,3,3,3)
(1,1,1,1,2,3,3,4)
(1,1,1,1,3,3,3,3)
(1,1,1,2,2,2,2,2)
(1,1,1,2,2,2,2,3)
(1,1,1,2,2,3,3,3)
(1,1,2,2,2,2,2,2)
(1,1,2,2,2,2,2,4)
(1,1,2,2,2,2,3,3)
(1,2,2,2,2,2,2,2)
(1,2,2,2,2,2,2,3)
(2,2,2,2,2,2,2,2)

Table F.3 9-tuple designs which cannot be the type of an orthogonal design in
order 16

(1,1,1,1,1,1,1,1,7)
(1,1,1,1,1,1,1,2,3)
(1,1,1,1,1,1,1,2,5)
(1,1,1,1,1,1,1,2,6)
(1,1,1,1,1,1,1,3,3)
(1,1,1,1,1,1,1,3,5)
(1,1,1,1,1,1,1,4,4)

(1,1,1,1,1,1,2,2,5)
(1,1,1,1,1,1,2,3,3)
(1,1,1,1,1,1,2,3,4)
(1,1,1,1,1,1,3,3,3)
(1,1,1,1,1,1,3,3,4)
(1,1,1,1,1,2,2,2,3)
(1,1,1,1,1,2,2,2,4)

(1,1,1,1,1,2,2,2,5)
(1,1,1,1,1,2,2,3,3)
(1,1,1,1,2,2,2,2,3)
(1,1,1,1,2,2,2,3,3)
(1,1,1,2,2,2,2,2/2)
(1,1,1,2,2,2,2,2,3)

Table F.4 9-tuple designs excluded by Robinson in order 16

(1,1,1,1,1,1,1,1,3)
(1,1,1,1,1,1,1,1,5)
(1,1,1,1,1,1,1,1,6)
(1,1,1,1,1,1,1,2,2)
(1,1,1,1,1,1,1,2,4)
(1,1,1,1,1,1,1,2,7)

(1,1,1,1,1,1,1,3,4)
(1,1,1,1,1,1,1,3,6)
(1,1,1,1,1,1,1,4,5)
(1,1,1,1,1,1,2,2,3)
(1,1,1,1,1,1,2,2,4)
(1,1,1,1,1,1,2,2,6)

(1,1,1,1,1,1,2,3,5)
(1,1,1,1,1,1,2,4,4)
(1,1,1,1,1,2,2,3,4)

(1,1,1,1,2,2,2,2,4)
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Table F.5 OD(16;1,1,1,1,2,2,2,2,2)

s 5 T1 T3 | T2 T4 0 0 re I7 T8 X9 X7 Xg T9 I8
Ts x5 x3 T1|x4e o 0 O r7 Tg Tg9g Xg Tg Ty T8 Tg
T1 T3 x5 5| 0 0 Z9 x4 r9g T8 Tg X7 T Tg T7 Tg
T3 x1 s 5| 0 0 x4 a9 rg T9 Ty XTg T9 T Tg I7
To T4 0 O |xz5 x5 21 T3 Ty Tg T T9 Tg X7 T9 X8
Ty 290 0 0 |Zs5 x5 T3 T1 Te Ty T9 T Ty Tg Ty X9
0 0 x9 ZT4|Z1 T3 x5 5 Tg T8 T7 Tg T8 T9 Tg X7
0 0 x4 To|x3 a1 Ty x5 T3 T9 Tg Ty T9 T8 T7 g

Tg T7 T8 Tg9g T7r Tg T Tg r5 x5 x1 0 |xz2 T4 23 O
Tg T7 T8 Tg9g Ty Tg T Tg Ts x5 0 Z1|Tqg T2 0 3
.fl 0 Irs I5 | T3 0 IEQ J_J4
I8 fg J_J7 fﬁ rg T9 T X7 0 T1 .f5 I5 0 J_Jg IE4 T2

I7 g T9g Tg Tg Ty Tg9 I To x4 3 0 |z5 25 21 O
Tre X7 i’g fg 57 IE6 Is fg T4 T2 0 T3 IE5 I5 0 J_Jl
T8 fg T7 Te fg fg i’ﬁ f7 Lfg 0 T2 Tg4| X1 0 s Is

Tg I8 g X7 X9 Ig X7 g 0 T3 T4 T2 0 Tr1 Ty Ty

Table F.6 8-variable designs that do not exist as an orthogonal design
in order 16

(1,1,1,1,1,1,1,6)  (1,1,1,1,1,1,4,5)  (1,1,1,1,1,3,4,4)
(1,1,1,1,1,1,1,7)  (1,1,1,1,1,1,4,6)  (1,1,1,1,2,2,2,5)
(1,1,1,1,1,1,2,3)  (1,1,1,1,1,2,2,5)  (1,1,1,1,2,2,2,6)
(1,1,1,1,1,1,2,5)  (1,1,1,1,1,2,2,6)  (1,1,1,1,2,2,3,4)
(1,1,1,1,1,1,2,6)  (1,1,1,1,1,2,2,7)  (1,1,1,1,2,2,3,5)
(1,1,1,1,1,1,2,7)  (1,1,1,1,1,2,3,4)  (1,1,1,2,2,2,2,4)
(1,1,1,1,1,1,3,4)  (1,1,1,1,1,2,3,5)  (1,1,1,2,2,2,3,3)
(1,1,1,1,1,1,3,5)  (1,1,1,1,1,2,4,4)  (1,1,1,2,2,2,2,5)
(1,1,1,1,1,1,3,6)  (1,1,1,1,1,2,4,5)  (1,1,1,2,2,2,3,4)
(1,1,1,1,1,1,3,7)  (1,1,1,1,1,3,3,4)  (1,1,2,2,2,2,2,3)
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F.3 Orthogonal designs in Order 32

‘We summarize the known results for order 32.

1.
2.

There are at most 10 variables for this order.

In Tables F.7, F.8, F.10, F.11 and F.12 we give 10, 9, 8 and 7 tuples
for which orthogonal designs exist in order 32. The results of Table F.7
are given in Street [202]. These designs were constructed in one of the
following two ways:

(a) using product designs and amicable orthogonal designs in Theorem
6.6, or

(b) using a doubling construction (Theorem 4.3) with orthogonal designs
in order 16.

. Table F.7 lists 10-tuples which are orthogonal designs of order 32, as are

the full 10-tuples designs listed in Table F.8.

. The following 9-tuples are the types of orthogonal designs:

(1,1,1,2,2,4,a,a,a) a=1,2,3,4,5,6 or 7,

as are the 9-tuples given in Table F.10. Table F.9 gives the construction
method for 9 variables.

. Table F.11 gives the construction of 8 variable designs in order 32.
. Kharaghani and Tayfeh-Rezaie [122] showed by complete computer

search that “there is a full OD(32;1,1,1,1,1,u1,...,ux) if and only if
(ut,...,ur) = (9,9,9), (9,18), (12,15) or (27)”

. Some full 7-tuples are listed in Table F.12.
. The 86 types of orthogonal designs given in Table F.13 have not been

resolved.

. All full 6-tuples are the type of an orthogonal design.
. All possible n-tuples, n =1,2,3,4,5 are the types of orthogonal designs.
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Table F.7 10-tuple design in order 32 ¢

1,1,1,1,1,2,2,2,4,4

bt Bt Rl Bt bt il

(
(1,1,1,1,1,2,2,4,4,4
(1,1,1,1,1,2,2,5,5,5),
(1,1,1,1,1,2,3,6,6,6),
(1,1,1,2,2,2,2,3,3,3),
(
(
(
(
(

), (1,1,2,2,2,2,2,2,2, 4

)

)

)

)
1,1,1,2,2,2,4,4,4,4),

)

)

)

)

1,1,2,2,2,2,2,3,3,3),
1,1,2,2,2,2,2.3,3,6),
1717272727272747474 b)

1,1,1,1,1,1,1,3,3,3), ( )
( )
( )
( )
(1,1,2,2,2,2,4,4,4,4),
( )
( )
( )
( )
( )-

1,1,1,1,1,1,2,2,2,4

At b R Han Hanl B B B

)
)
1,1,1,1,1,1,2,2,4,8),
)
)

) )

) )

(

(

(
(1,1,1,1,1,1,2,3,3,6),
(1,1,1,1,1,1,2,4,4,4),
(1,1,1,1,1,1,3,3,4,12),
(1,1,1,1,1,1,4,4,4,4
(
(

P Y Y )

1,1,2,2,3,3,3,3,3,3
1,1,2,3,3,3,3,3,3,3),
1,1,2,3,3,3,3,4,4,4),
2,2,2,2,2,2,2,2,2,2

) bt et R}

1,1,1,2,2,2,4,5,5,5),
1,1,1,3,3,3,3,3,3,3),
1,1,1,3,3,3,4,4,4,4),
1,1,2,2,2,2,2,2,2,2

PSSy E Y Ey &

)
1’1’1717171747575’5))
171’1’1717174767676)7

)

2,2,2,2,2,2,2,4,4,4

) = )

@D. Street [202, p135] © D. Street

Table F.8 Full 10 variable design in order 32

Type Construction

(1,1,1,1,2,2,3,3,9,9) (1,1,2,3;1,3,3;1) and ((1,3);(1,1,2)) in (a)
(1,1,1,1,2,2,4,4,8,8) (1,1,1,1,2;2,4;2,4,4) and ((1,1);(1,1)) in (a)
(1,1,1,2,3,3,3,3,6,9) (1,1,1,2;1,1,3;3) and ((1,3);(1,1,2)) in (a)
(1,1,2,2,2,2,2,2,2,16) (1,1,1,1,1,1,1,1,8) in (b)
(1,1,2,2,2,2,4,6,6,6) (1,1,1,1,1,2,3,3,3) in (b)
(1,1,2,4,4,4,4,4,4,4) (1,1,2,2,2,2,2,2,2) in (b)
(1,1,3,3,3,3,3,3,6,6) (1,1,1,2;1,1,3;3) and ((3,1);(1,1,2)) in (a)
(1,2,2,2,2,2,3,6,6,6) (1,2,2,2,3;2,2,6;6) and ((1,1);(1,1)) in (a)
(2,2,2,2,2,2,2,2,8 8) (8,1,1,1,1,1,1,1,1) in (b)
(2,2,2,2,2,2,2,6,6,6) (2,1,1,1,1,1,3,3,3) in (b)
(2,2,2,2,2,3,3,4,6,6) (3,1,1,1,1,1,2,3,3) in (b)
(2,2,2,2,4,4,4,4,4,4) (2,1,1,2,2,2,2,2,2) in (b)
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Table F.9 Full 9 variable design in order 32 construction

Type Construction

(1,1,1,1,2,2,3,7,14)  (1,1,2,3;7;1) and ((1,1,2);(1,1,2)) in (a)
(1,1,1,1,2,2,4,10,10) (1,1,1,1,2;2,4;10) and (( ,1)):(1,1)) in (a)
(1,1,1,1,2,4,7,7,8) (1,1,1,2,4;1,8;7) and ((1,1);(1,1)) in (a)
(1,1,1,1,4,4,6,6,8) (1,1,1,1;2,2;4) and ((1,3);(1,1,2)) in (a)
(1,1,1,2,2,3,4,6,12)  (1,1,1,2,2;3,4;3,6) and ((1,1);(2)) in (a)
(1,1,1,2,2,3,6,8,8) (1,1,1,2,3;2,6;8) and ((1,1);(2)) in (a)
(1,1,1,2,2,4,7,7,7) (1,1,1;1,1,1;1) and ((1,7);(2,2,4)) in (a)
(1,1,1,3,3,3,5,5,10)  (1,1,1;1,1,1;5) and ((1,3);(1,1,2)) in (a)
(1,1,1,2,3,3,5,6,10)  (1,1,1,2;5;3) and ((1,1,2);(1,1,2)) in (a)
(1,1,2,2,2,4,6,7,7)  (1,1,2,3;7;1) and ((2,1,1);(1,1,2)) in (a)
(1,1,2,3,3,4,4,6,8) (1,1,2,3,4;3,8;2,3) and ((1,1);(2)) in (a)
(1,1,2,3,3,4,5,5,8) (1,1,2,3,4;3,8;5) and ((1,1);(1,1)) in (a)
(2,2,2,3,3,4,5,5,6) (1,1,1,2;5;3) and ((2,1,1);(1,1,2)) in (a)
(2,2,3,3,3,3,4,4,8) (1,1,1,1;2,2;2,2) and ((3,1);(1,1,2)) in (a)
(2,2,3,3,3,4,5,5,5) (1,1,1;1,1,1;1) and ((3,5);(2,2,4)) in (a)
(1,1,2,2,2,2,2,10,10) (1,1,1,1,1,1,5,5) in (b)
(2,2,2,2,2,2,5,5,10)  (5,1,1,1,1,1,1,5) in (b)
(2,2,3,3,4,4,4,4.6)  (3,1,1,2,2,2,2,3) in (b)
(2,2,2,2,2,2,2,9,9)  (9,1,1,1,1,1,1,1) in (b)
(2,2,2,2,2,5,5,6,6) (5,1,1,1,1,1,3,3) in (b)
(2,2,2,2,4,4,4,6,6) (4,1,1,1,1,2,3,3) in (b)
(2,3,3,4,4,4,4,4,4) (3,1,2,2,2,2,2;2) in (b)
(1,1,1,1,2,3,3,5,15)  (Example 5.121)




412 F Orthogonal Designs in Powers of 2

Table F.10 Known 9 Full Variable Designs in Order 32

1111223 318 1113335 510 12233336 9
1111223 714 1113335 6 9 12444444 5
1111223 912 1122222 218 13333336 7
1111224 416 1122222 416 13333346 6
1111224 812 11222221010 13444444 4
11112241010 1122224 612 2222222216
1111226 9 9 1122226 610 22222226 12
1111228 8 8 1122233 9 9 2222222810
1111233 515 1122244 8 8 22222229 9
1111233 911 1122246 6 8 22222248 8
1111235 9 9 1122246 7 7 2222225510
1111244 810 1122266 6 6 22222266 8
1111246 8 8 1122446 6 6 2222233412
1111247 7 8 1123333 610 2222233610
1111334 9 9 1123333 7 9 22222346 9
1111444 8 8 1123334 6 9 22222366 7
1111446 6 8 1123344 6 8 22222466 6
1112233 910 1123345 5 8 22222556 6
1112234 612 1124444 4 8 22223346 8
1112234 9 9 1133333 312 22223366 6
1112236 8 8 1133333 6 9 22223456 6
1112244 8 9 1133336 6 6 22224444 8
1112245 8 8 1144444 4 6 22224446 6
1112247 7v 7 1222222 217 22233446 6
1112333 316 1222222 316 22233455 6
1112333 612 1222223 612 22244444 6
1112333 9 9 1222226 6 9 22333344 8
1112335 610 1222236 6 8 22333455 5
1112336 6 9 1222246 6 7 22334444 6
1112344 8 8 1222256 6 6 22444444 4
1113333 611 1222333 412 23333336 6
1113333 8 9 1222346 6 6 23344444 4

B
)

. Street [202, p138-143] ©D. Street
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Table F.11 8 variable designs in order 32

Weight Type

Construction

32
32
32
32
32
32
32
32
32
32
32
32
32

(1,1,1,1,7,7,7,7)
(1,1,1,2,6,6,6,9)
(1,1,1,2,6,7,7,7)
(1,1,1,3,6,6,6,8)
(1,2,3,3,4,4,5,10)
(1,2,3,3,4,5,7,7)
(2,2,2,4,4,5,5,8)
(2,2,3,3,3,3,4,12)
(2,2,3,4,5,5,5,6)
(2,2,4,4,4,5,5,6)
(2,3,3,3,3,6,6,6)
(2,3,3,3,5,5,5,6)
(4,4,4,4,4,4,4,4)

(1,1,7;1,1,7;7) and ((1,1);(1,1)) in

Geramita Seberry [80, p. 394]
1,1,1;3;1) and ((1,1,2,2,2);(8)) in
1,2,3,3;4,5:2,5) and ((1,1);(2)) in
1,2,3,3;4,5;7) and ((1,1);(1,1)) in
5,1,1,1,2,2,4) in (b)
80, p. 394]
(5,1,1,2,2,2,3) in (b)
[80, p. 394]

b2

~ o~~~

b2

(a)

(a)
(a)
(a)

Table F.12 Full 7 variable design in order 32

Type Construction

(1,2,2,2,3,11,11)  (1,2,2;2,3;11) and ((1,1);(1,1)) in (a)
(1,1,1,2,5,11,11)  (1,1,1,2;5;11) and ((1,1);(1,1)) in (a)

413
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Table F.13 Unknown Full 7 Variable Designs in Order 32

133335 14
1333778

11344415
114445 13
11444711
114455 12
11446710
1145579

26

25

111111

111112

13344413
13444511
1344479

111113 24
111114 23

22

111115
111116 21
111117 20
111118
111119

1345667

1355567
1355666
1444559

11555510
11555609
1155677
1156667

19
18

1444577

1111110 17
1111111 16
111111215
1111113 14
1111213 13
111136

111145

1445567

12223517
12225515
12225911
122332813
122355 14
12235811

1455557
1455566
1555556
2223779

19
19

22244711

22255511
2245577
2255558

12244415
122445 14
122455 13
12245711

1111411 13
11115 10 13
111222
111255
111345
111457
111555
111557
111558
111567
112225
112555

23

23333513
2333777

17
17
13
14
12
11
11
19
13

122555 12
122556 11

2445557
25595555

12255710
12444710
1244579

33334511
3333578
3344459

124555 10
1255559
1255577
1255667

3344477
3444557
4445555
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F.4 Orthogonal designs in Order 64

We use the following corollary to Theorem 6.6.

Corollary F.1. Suppose there are amicable orthogonal designs of types
AOD(n;(uq,...,up); (v1,...,vq)). Then there exist orthogonal designs of type

(1) (u1,u1,u1,2ur,w,w,3w,3v1,...,3vq)
(%) (u1,u1,u1,2u1,5us,...,5up,3v1,...,30q)
(41) (u1,u1,ur, w,w,w,5v1, 502, . ..,5v04)

(i) (u1,u1,u1,3us,...,3up,5v1,...,50q)

(v) (ur,u1,2ur,3ur, Tug, ..., Tup, V1, . ..,Vq)

in order 8n where w = ug +uz+--- 4+ Up.

Proof. For (i) and (ii) use the theorem with the product design of type
POD(8:1,1,1,2;1,1,3;3). For (iii) and (iv) use the product design of type
POD(8:1,1,1;1,1,1;5) and for (v) use the product design of type POD(8:
1,1,2,3;7;1). a

We now summarize the known results for order 64.

1. There are at most 12 variables in this order.

2. All full orthogonal designs on five variables that exist in order 64 con-
structed using product designs, and amicable orthogonal designs are listed
in Table F.14.

3. Every 3-tuple of the form (a,b,64 —a—b) is the type of an orthogonal
design.

4. All possible n-tuples, n = 1,2, are the types of orthogonal designs.
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Table F.14 Orthogonal designs of order 64

Orthogonal design Product design Amicable design

(1,1,1,1,2,2,4,4,8,8,16,16) (1,1,1,1,2,4;2,8;2,4,8,8) ((1,1);(2))
(1,1,1,2,2,3,4,6,8,12,24)  (1,1,1,2,2,4;3,8:3,6,12) ((1,1);(2))
(1,1,1,2,2,9,9,9,12,18) (1,1,1,2,2;3,4;9) ((1,3);(1,1,2))
(1,1,1,2,4,7,7,9,14,18) (1,1,1,2,4;9;7) ((1,1,2);(1,1,2))
(1,1,1,2,5,6,6,10,12,20)  (1,1,1,2;5;3) ((1,1,2,4);(2,2,4))
(1,1,1,2,6,6,7,7,12,21) (1,1,1,2;1,1,3;3) ((1,7);(2,2,4))
(1,1,2,2,2,3,4,7,14,28) (1,1,2,3;7;1) ((1,1,2,4);(2,2,4))
(1,1,2,3,4,5,5,10,11,22)  (1,1,2,3,4;11;5) ((1,1,2);(1,1,2))
(1,1,3,6,6,7,7,7,12,14) (1,1,1,2;1,1,3;3) ((7,1);(2,2,4))
(1,2,3,3,4,5,8,8,10,20) (1,2,3,3,4;5,8:4,5,10)  ((1,1);(2))
(1,3,3,3,4,6,8,8,12,16) (1,1,1,2,4;1,8;1,2,4) ((3,1);(4))
(2,2,3,3,4,5,6,9,15, 15) (1,1,2,3;1,3,3;1) ((3,5);(2,2,4))
(2,3,3,3,3,4,6,8,16,16) (1,1,1,1,2;2,4;2,4,4) ((3,1); (4))
(3,3,3,5,5,6,6,6,12,15) (1,1,1,2;1,1,3;3) ((3,5);(2,2,4))
(3,3,3,5,5,6,8,9,10,12) (1,1,2,3,4;3,8;5) ((3,1);(1,1,2))
(3,3,5,5,5,6,6,9,10,12) (1,1,1,2;1,1,3;3) ((5,3);(2,2,4))
(1,1,1,2,3,7,7,21,21) (1,1,1,2;1,1,3;3) (7):(1,7))
(1,1,1,2,5,10,10,10,24)  (1,1,1,2;5;3) ((1,1,2,2,2); (8))
(1,1,1,2,6,10,10,15,18)  (1,1,1,2;5;3) ((1,2,2,3);(2,6))
(1,1,1,3,6,10,10,12,20)  (1,1,1;3;5) ((1,1,2,4);(2,2,4))
(1,1,1,7,7,7,10,10,20) (1,1,1;1,1,1;5) ((1,7);(2,2,4))
(1,1,2,2,3,6,14,14,21) (1,1,2,3;7;1) ((1,2,2,3);(2,6))
(1,1,2,3,7,8,14,14, 14) (1,1,2,3;7:1) ((1,1,2,2,2);(8))

(17 172?478’8787878’878)

Kotsireas and Koukouvinos ¢

(1,1,3,3,7,7,7,14,21) (1,1,1,2;1,1,3;3) ((7,1);(1,7))
(1,2,2,3,4,4,6,14,28) (1,1,2,3;7;1) ((2,2,4);(3,1,4))
(1,2,3,3,7,7,12,14,15) (1,2,3,3;4,5:7) ((1,3);(1,1,2))

(1,3,4,8,8,8,8,8,8,8)

Kotsireas and Koukouvinos ¢

(2,2,3,3,4,6,7,9,28) (1,1,2,3;7;1) ((3,1,4);(2,2,4))
(2,2,4,5,5,7,10,14,15) (1,1,2,3;7;1) ((5,1,2);(2,2,4))
(3,3,6,6,7,9,14,14) (1,1,2,3;7;1) ((3,1,2,2);(2,6))
(3,3,4,4,8,13,13,13) (1,1,1;1,1,151) ((3,13);(4,4,8))
(3,3,3,5,5,5,10,10,20) (1,1,1;3;5) ((3,5);(2,2,4))
(3,3,3,5,6,6,6,12,20) (1,1,1,2;5;3) ((3,1,4);(2,2,4))
(3,3,3,5,6,6,10,10,18) (1,1,1,2;5;3) ((3,1,2,2);(2,6))
(3,4,4,6,8,9,9,9,12) (1,1,1;3;1) ((9,1,2,4);(4,4,8))
(4,4,5,5,5,8,11,11,11) (1,1,1;1,1,1;1) ((5,11);(4,4,8))
(5,5,5,5,6,6,10,10,12) (1,1,1,2;5;3) ((5,1,2);(2,2,4))
(1,1,1,3,6,6;6,40) (1,1,1;3;5) ((1,1,2,2,2);(8))
(1,1,1,5,7,7,7,35) (1,1,1;1,1,1;5) ((1,7);(1,7))
(1,1,1,6,6,9,10,30) (1,1,1;1,1,1;5) ((1,2,2,3);(2,6))
(2,4,7,7,7,14,21) (1,1,2,3;7;1) (7,1);(2,2,4))
(3,3,3,6,6,10,30) (1,1,1;1,1,1;5) ((3,1,2,2);(2,6))
(3,3,3,3,10,10,12,20) (1,1,1;1,1,1;5) ((3,1,4);(2,2,4))

% See Kotsireas and Koukouvinos [125]



Appendix G
Some Complementary Sequences

The sequences given in Tables G.4—G.7 can be used to form first rows
of circulant matrices which can then be used in the Goethals-Seidel Array
(Theorem 4.8) if there are four sequences, or, if there are two sequences in
the “two-circulant” construction (see Definitions 4.8 and 4.9).

For example: Suppose we wish to form an orthogonal design of type
0D(20;2,12). We use the sequences given in Table G.4 as follows:

abbb0  abbb0, bbb00, bbbOO

give the first rows of 5 x 5 circulant matrices which may be used in the
Goethals-Seidel array to obtain the design we want. Complementary sequences
have elements, {£1}, while ternary complementary sequences have elements,
{0,+£1}, both have NPAF = 0.

Craigen and Koukouvinos [37] say in Table G.3, it is not only for theoretical
reasons that weight (the number of non-zero elements) is the principal issue.
In combinatorics one uses sequences with zero autocorrelation to construct
orthogonal designs having difficult weights. Once a weight is established this
way for some length, this length can be increased arbitrarily by the operation
we have called shifting. Thus, weight is fundamental, and length is arbitrarily
large.

In signal processing, one is likely to ask first what strength of received
signal (corresponding to weight) is desired before one considers its duration
(corresponding to length); deficiency (the number of zeros) is a measure of
inefficiency resulting from one’s choice of weight. Minimum deficiency with
respect to weight appears more useful in this setting than with respect to
length.

For Table G.6 the process is similar but is designed for the “two-circulant”
construction.

In Table G.7 the positioning of the zeroes is a bit more delicate and we
use 0 to denote t consecutive zeroes.

Note that “b” means “—b”.

© Springer International Publishing AG 2017 417
J. Seberry, Orthogonal Designs,
DOI 10.1007/978-3-319-59032-5
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Table G.1 Some small weight Golay sequences

Length # of pairs Equivalence classes Primitive pairs

1 4 1 1
2 8 1 0
4 32 1 0
8 192 ) 0
10 128 2 2
16 1536 36 0
20 1088 25 1
26 64 1 1
32 15,360 336 0
34 0 0 0
40 9728 220 0
50 0 0 0
52 512 12¢ 0¢
58 0 0 0
64 184,320 3840° 0¢
68 0 0 0
74 0 0 0
80 102,912 ? 0
82 0® 0¢ 0¢

awork done at Simon Frazer University

Table G.2 Some small weight PAF pairs for orders not Golay numbers

Periodic Source Periodic Source Periodic Source

Golay Golay Golay

pair pair pair

34 [44]® 90 [51]¢ 212 [51]°

50 [46]°, [125]" 106 ” 218 ”

58 [49]¢ 130 ” 234 ”

68 [48]¢ [75)9 146 7 250 7

72 (50 170 ” 274 ”

74 [51]¢ 178 ” 290 ”

82 [223]° 180 K 292 ”
194 ? 298 7

aDokovié [44] bDPokovié [46] c¢Dokovié, et al [48] d Pokovié and Kotsireas [49]
e Dokovi¢ and Kotsireas [51] f DPokovi¢ and Kotsireas [50] g Georgiou, et al [75]
hKotsireas and Koukouvinos [125] ¢ Vollrath [223]
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Table G.3 Ternary Complementary Sequences of Length n < 14 [37]

n k Primitive Pair Type (n,w) o Source

11 (1);(0) TCP(1,1) 1 Trivial

2 2 (1); (1) TCP(1,2) 0 Trivial

3 5 (11-);(101) TCP(3,5) 1 [37]

4 10 (1010001); (111 — —1-) TCP(7,10) 4 [65]

5 10 (10110 —01);(11000 — 1—) TCP(8,10) 6 [37]

6 8 (1100000 — 1);(10001010—) TCP(9,8) 10 Can derive
from [94]

7 10 (100 — —00—1);(10100011—) TCP(9,10) 8 [37]

8 10 (11011 —0—1);(10000010—) TCP(9,10) 8 [37]

9 12 (10—1—0011); (100 — — — 1—) TCP(9,13) 5 Can derive
from [56]

10 10 (1000 — 01 —001); (1110000001 —) TCP(11,10) 12 [37]

11 13 (1110 —110—1-);(1000 — 000101) TCP(11,13) 9 Can derive
from [90]

12 10 (10000 — 10 — 001); (11100000001 —) TCP(12,10) 14 [37]

13 16 (100——-0—-11-01);(1101100 — 101-) TCP(12,16) 8 [37]

14 10 (1000000000011); (1001 — 100010 — —) TCP(13,10) 16 [37]

15 16 (10— —-0-010-101);(1110001 —0101—) TCP(13,16) 10 [37]

16 16 (100-001—11011);(101000—0—11——)  TCP(13,16) 10 [37]

17 17 (1-10-00011101);(—0—0110—011—1) TCP(13,17) 9 [134]

18 10 (1—00000 —000011);(1000100001010—) TCP(14,10) 18 [37]

19 13 (100 —0—10010011);(110 — 100001000—) TCP(14 13) 15 [37]

20 16 (1-—00001-—001111);(1010—0—10—010—) TCP(14,16) 12 [37]

21 17 (—10100110010 —1); (=100 — —0111001—) ~ TCP(14,17) 11 [134]

22 (1-1-010-011011);(100100 — — — 1000—) TCP(14 17) 11 [37]

23 (1-101000-01011);(100111 — —-01—-00—) TCP(14,17) 11 [37]

24 17 (1000110 — — —01—1);(1010100011 —01—) TCP(14,17) 11 [37]

25 20 (1—1——00—0——011);(10100—11—1110—) TCP(14,20) 8 [37]

26 20 (10——11101—11—1);(10010— ——0—001—) TCP(14,20) & [37]

% Craigen and Koukouvinos [37, p.360] © Elsevier
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Table G.4 Some small weight designs with non-periodic auto-correlation

function

(1,1,1,1)
(1,1,1,4)
(1,1,2,2)
(1,1,2,8)
(1,1,4,4)
(1,2,2,4)
(1,2,3,6)
(2,2,2,2)
(1,1,1,9)
(1,1,8,8)
(1,1,9,9)
(1,4,4,4)
(2,2,4,4)
(2,3,4,6)
(3,3,3,3)
(3,3,6,6)
(4,4,4,4)
(2,12)
(1,1,4,16)
(1,1,5,5)
(1,2,4,8)
(1,2,6,12)
(1,4,5,5)
(2,2,2,8)
(2,2,4,16)
(2,2,5,5)
(2,2,8,8)
(2,2,9,9)
(2,2,10,10)
(2,4,4,8)
(2,4,6,12)
(2,5,5,8)
(2,8,8,8)
(4,4,4,16)
(4,4,5,5)
(4,4,8,8)
(4,4,10,10)
(5,5,5,5)
(6,6,6,6)
(7,7,7,7)

a, b, c, d

a, b, ded, d0d

a, b, cd, cd

dad, dbd, decd, ded

bab, bOb, ded, d0d

bab, bOb, cd, cd

abe, abe, bab, bdb

ab, ab, cd, cd

dad, dbd, d0c0d, d0d0d

cdade, edbde, cd0de, cd0de

beacb, cbdbe, cccee, bbbbb

bab, b0b, ccdd, ddéc

ab, ab, ccdd, ddec

ad0da, adcda, bed, bed

abe, ab0d, aOcd, bed

adbda, adeda, cda0b, cdalb

abed, abed, abed, abéd

abbb, abbb, bbb, bbb

ala0ala, alabala, acalaca, acadaca
a, b, cced0d,ddde0c

cag, cOc, dbdd0d, dbdd0d

abOba, abdba, babbch, babbeh

bab, bOb,cced0d, ddde0c

ab, ab, cdécOc, cdec0e

abaaca, abaaca, abaada, abaada
ab, ab, cced0d, ddde0e

abaala, abaala, cdccOce, cdecOc
dbdcac, dbdéac, dcOcde, ed0ded
ccedad, ccedad, dddebe, dddebe
abaala, abaala, cdde, cdde
abzabe, abcabe, babbdb, babbdb
adaala, adaa0a, cceb0b, bbbc0c
aabbedé, aabbéde, aabbcOc, aabbe0e
cdécach, cdecach, cdecach, cdccach
aabb, bbaa, cOcddd, d0déce
aabbed, aabbéd, aabbed, aabbéd
beacddd, béagddd, bdadcce, bdadcce
aaa@b0b, bbbala, cccd0d, dddcOc
aabbed, bbaade, ceddab, ddceba
aaabcbd, bbbadag, cecdadb, dddcbea
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Table G.5 Some small weight designs with zero non-periodic auto-correlation function.
See [80,128,132] (more are given in [133]).

1,1,17,17) aaaaOaaabbbbbbbb, bbbbObbbaaaaaaaa, aOcOa, b0dOb

(1,44)
(47)

(1,48)

aaaaaa, aaaaaa, aaaaa, aalaa

aaaaaaa, aaaaaad,aaalaaa, a0a000a

abbbbbb, abbbbbb, bbbbbbb, bbbbbbb
aaabaaa, aaalaaa, aaaaaa, aaaaaa

aaabaaa, aaaaaaa, acaaaaa, aaaaaaq
aaaaaaaa, aaaaaaad, aaaaaas, aaadaaa
aaaaaaaa, aaaaaaaa, aaaaaad, aaaaaaa
aaaaaaaaa, aaaalaaaa, aaaaaad, aaaaaad
aaaabaaaa, aaaacaaaa, aaaalaaaa, aaaalaaaa
aaaabaaaa, aaaaaaaaa, aaaaaaad, aQaaaaad
bbbbbabbbbb, bbb000bbO0D, bbObO0bbLOD, bbbbbbbbbbD

aaaaaaaaaa, aaaaaaaaaa, aaaabaaaa, aaaalaaaa
bbbbbabbbbb, bb0bbbObHLO, bbObbbbLBLO, bbbbObbbbbD
aaaaaaaaaaa, aaaaalaaaaa, aaaaaaaad, aaaaaaaad
aaaaadaaaaa, aaaaalaaaaa, aabaaaacaa, aabaaaacaa
alaaaabaaaala, alaaaacaaaala,
alaaaalaaaala, alaaaalaaaala
O0alaaaabaaaalal, a00aaalaalaalla,
00aaOaaaaaaaaaa, alaaaalaaalaala
aaaaabaaaaa, aaaaaaaaaad,
aaaaaaaaaaa, aaaaaaaaad
aaaaaaaaaaaa, aaaaaaaaaaaa,
aaaaabaaaaa, aaaaalaaaaa
aaaaaaaaaaaaa, acaaaalaaaaaa,
aaaaaaaaaac, aaaaaaaaaad
aaaaaaabaaaaaaa, alaaaal0alaaaal
aaaa0a00aaaalal, aaaaaaalaaaaaaa
aaaaaaaaaaaa, aaaaaaaaaaad,
aaaaaaaaaaaa, aaaaaaaaaaad
aaaaaaaaaaaad, aaaaaaaaaaaad.,
aaaaaaaaaaaa, aaaaaaaaaaad
aaaaaabaaaaaa, aaaaaaaaaaaaa,
aaaaaaaaaaaad, aaaaaaaaaaaad

aaaaaaaalaaaaaaaa, aaaaaaaacaaaaaaad
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Table G.6 Some small weight sequences with zero non-periodic auto-correlation

function
1 (1,1 a, b
2 (2,2) ab, ab
3 (1,4 bab, bOb
4 (4,4) aabb, bbaa
6 (2,8) abaala, abaala
6 (5,5) aaab0b, bbbala
8 (8,8 aaaabbbb, bbbbaaaa
10 (4,16)  abaaaaaaba, abaaaaaaba
10 (10,10) aaaababbbb, bbbbabaaaa
11 (13) aaalaaalaaa, a0a000a000a
14 (13,13) aaabaaabaaabOb, bbbabbbabbbala
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Table G.7 Some sequences with zero periodic auto-correlation function

n>5 (1,14)
n>7 (1,1,1,16)

(1,1,13,13)

(1,1,26)

(1,22)

n>9 (1,25)

(1,30)

n>11 (1,4,13)

(1,1,40)

n>13 (1,1,25)

(1,1,50)

n>15 (1,4,26)

(1,1,29)

(1,1,58)

(1,52)

a0y (s bb?l_)% (n_s) DDBDO, 4, bbb0—3, bbb0,, 3
bO% (71_7)6050550%@_7) , ccdfdfflOn,7,
ddédédéOnj7_,_a0% (n—7)dddddd0 s (n—57)
bbbbbbb0,, —7, bbbbbbb0,, 7

a0 () bOODOOO L (), BBDBDEOL, —6, bbbDDO,, 5,
bbbbb0,, 5

a0y (n=1) b0bHOBO (n=1)" b0bbObbHHO,, g,
bObbbbbbYO,, g, bbbbbbO,,

a0y En_g)bbBbl_)bBEO% (n-9)" bbbbbbbb0,, s,
bbbbbbb0,, —7, bbbbbbb0,, 7

aba0y_3, a0a0,_3, cccOcecOcec0y,—11,
c0c0002000¢0,, 11

a0y (n_llﬁbj?j)Eij;E(g oty

C0% (1 11)DDDOBODODO Y (, 11y, DOBBDBEDDDO,, 10,
bbbbbbbbbb0,, — 10

50000060060, —10, bbbObbLLLOLLO,, —12

C01 (1 13 DDDBDBBDOODOO L, _y5), bBDDBDDODLLHO, 13,
aba0y,_3, ala.,_3, cccceeeeceee0c0,, 14,
ccccceecceecc0c0y,—14
ao%(n%)booo_bo_oog)?(_)OObo%(n%), o

cOi% (n_}S)bf)bOE)bbebbe%(n_lg), bb00bbb0bbHO0bO,, 14,
bb000b000bb0b0,, 13
aO%(n715)bf)ﬁbﬁ){?Bf)Eﬁ)bE@EfE%mAa,
cO_%(ntl?bbljbbbbbbbbbbbo%_(nll?),_ )
bbbbbbbbbbbbbLLO,, 15, bbbbLLOOLLLLDO,, 15

a0 (;, 13 bbbOOLLOBBBEO Y (1, 13,

bbbbbbbbbbbb0,, 12, bbbbbbbbbbbbbbo,, 14,
bbbbbbbbbbbbbb0,, — 14




424

G Some Complementary Sequences

Table G.8 4-complementary sequences A, B,C, D such that %(A—&-B), %(A— B),
%(CJr D), %(C — D) are also 4-complementary sequences

L® Wb A B,C,D

3 10 11—, 11—, 101, 101
3 12 111, 1-1, 11—, 11—
4 14 111—, 1—-1, 111, 1—-1
5 18 11—-11, 11—1—, 111—, 111—
5 20 1—-11—, 111 ——, 111 -1, 111—-1
6 10 101—-1, 10111—
6 12 101—-1, 10111—, 1,1
6 14 101—-1, 10111—, 11,1—
6 16 11-1—-—, 11—-111, 100—, 100—
6 18 11-1——, 11—-111, 110—, 1—-0—
6 20 111—-1—, 1—1111,1—-1, 11 ——
6 22 11--1-,1———-1, 1—-111, 1—-111
6 24 11-1——, 11—-11, 111 —-1—, 1—1111
v 26 111—-111, 11— ——1—, 11 —1——, 11 —1——
7 28 1——-1111,1——1—-1—, 11 —-111— 1 ————1
9 28 1--—-0-11-,1—-101—-1, 10110111, 101 —0———
9 30 11-10111-—, 11 ——-0——-1, 101101 —-1, 101 -0—11—
9 34 111-01———, 111 —-1-—-1, 111 —-1-11, 111—-1-11
14 26 111-—-111-1—-0—, 1111 —-11—--1-10
a Length b Weight

Table G.9 2-complementary disjointable sequences

Length Type

(1L,1)  a, b

2,2) ab, ab

,4) aabb, aabb

,8) abaala, abaala

,8) aaaabbbb, aaaabbbb

,16)  abaaaaaaba, abaaaaaaba

10,10) aaaababbbb, aaaababbbb

26) aaaaaaaaaaaala, aaaaaaaaaaaala
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Product Designs

Table H.1 Product designs of order 16

Product designs Construction
(1,1,2,3;1,1,2,3;9) ((1,1,2);(1,3)) ((1,1,2);(1,3))
(1,1;2,9;1,3,3,6;3) ((1,1,2);(3,1)) ((1,1,2);(1,3))
(1L,1,71,1,757) ((1’7 (1,7)) ((1,1);(1,1))
(1,2,2,2,3;2,2,6;6) ((1,2,2,3);(2,6))  ((1,1);(1,1))
(2,2,2,4;1,1,2,6;6) ((1,1,2);(1,3)) ((1,1,2);(2,2))
(2,2,4,5;3,5,5;3) ((2,2,4);(5,3)) ((1,1);(1,1))
(2,2,4,6;2,3,3,6;2) ((1,1,2);(3,1)) ((1,1,2);(2,2))
(2,2,4,7;1,7,7;1) ((2,2,4);(7,1)) ((1,1);(1,1))
(2,6,6;1,1,2,4,6;2) ((1,1);(1,1)) ((1,1,2,4);(2,6))
(4,4,4;1,1,2,4,4;4) ((1,1);(1,1)) ((1,1,2,4);(4,4))
(1,1,1,1,2;2,4;2,4,4) (1,1,1,1;2,2;2,2)
(1,1,1,2,2;3,4;3,6) (1,1,1,2;2,3;3)

(1,1,1,2,3;2,6;2,6) (1,1,2,3;1,6;1)
(1,1,1,2,4;1,8;1,2,4) (1,1,1,2;4,1;1,2)

(1,1,1,2;5;3,3,5) (1,1,1,2;5;3)

(1,1,2,3,4;3,8;2,3) (1,1,2,3;4,3;1)
(1,1,2,3,6;1,12;1,2) (1,1,2,3;6,1;1)

(1,2,2;2,3;3,4,4) (2,2;1,3;2,2)

(1,2,3,3;4,5;2,5) (1,3,3;2,5;1)

(2,2,2,5;1,10;1,4) (2,2,2;5,1;2)
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Table H.2 Product designs of order 32

H Product Designs

Product designs Construction
13,3,13;4,4,8,13;3) (1,1);(1,1)) ((4,4,8);(3,13))
3,5,5,10;2,2,2,4,15;9) (1,1,2);(1,3)) ((2,2,4);(5,3))
4,4,8,12;3,3,4,6,12;4) (1,1,2);(3,1)) ((1,1,2,4);(4,4))
7,7,9;4,4,7,8;9) (1,1);(1,1)) ((4,4,8);(7,9))
1,1,1,1,2,4;2,8;2,4,8,8) (1,1,1,1,2;4,2;2,4,4)
1,1,1,2,2,4;3,8:3,6,12) (1,1,1,2,2;4,3;3,6)
1,1,1,2,4,8;1,16;1,2,4,8) (1,1,1,2,4;8,1;1,2,4)
1,1,2,2,3;4,5;5,18) 1,1,2,3;2,5;9)

(

(

(

(

(

(

(

(

(1,1,2,3,4,11;22;4,6)
(1,1,2,3,4,8;3,16;3,4,6)
(1,1,2,3,6,12;1,24;1,2,4)
(1,1,2,6,9;7,12;6,7)
(1,1,2,3,9:6,10;6,10)
(1,1,2,9,10;3,20;3,6)
(1,2,3,3,4;5,8;4,5,10)
(1,2,3,3,6:4,11;6,11)
(1,3,3,6,10;3,20;3,6)
(1,3,3,6,11;2,22;2.6)
(1,3,3,6,9;4,18;4,6)
(1,4,7,7;8,11;2,11)
(1,6,7,7;9,12;2,9)
(2,2,2,4,9:1,18;1,12)
(2,2,2,5,10;1,20;1,2,8)
(2,2,4,5,10:3,20;3,6)
(2,2,4,5,8:5,16;5,6)
(2,2,4,6,11;3,22;3,4)
(2,2,4,6,9;5,18;4,5)
(2,2,4,7,8;7,16;2,7)
(2,6,6,13;1,26;1,4)
(4,4,4,7;5,14;5,8)

1,1,2,3,4;11;2.3)
1,1,2,3,4;8,3;2,3)
1,1,2,3,6;12,1;1,2)
1,1,2,9;6,7;3)
1,1,2,9;3,10;3)
1,1,2,9;10,3;3)
1,2,3,3:4,5;2,5)
1,3,3,6;2,11;3)
1,3,3,6:10,3;3)
1,3,3,6;11,2;3)
1,3,3,6;9,4:3)
1,7,7;4,11;1)
1,7,7:6,9;1)
2,2,2,4;9,1;6)
2,2,2,5:10,1;1,4)
2,2,4,5;10,3;3)
2,2,4,5;8,5;3)
2,2,4,6;11,3;2)
2,2,4,6:9,5;2)
2,2,4,7;8,7;1)
2,6,6;13,1;2)
4,4,4;7,54)

N~~~ o~~~ o~~~ o~ o~~~ o~~~ o~~~ o~~~ o~~~
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Table H.3 Product designs of order 64

Product designs

Construction

(1,1,1,1,2,2,4;4,8:4,8,8,16,16)
(1,1,1,2,2,3,4;6,8: 6,8,12,24)
(1,1,1,2,4,8,16;1,32;1,2,4,8,16)
(1,1,2,2,3,4:5,8;5,10,36)
(1,1,2,3,4,8,16;3,32;3,6,8,12)
(1,1,2,3,6,9;10,12;10, 12, 20)
(1,1,2,6,7,9;12,14;12,12,14)
(1,2,3,3,4,5:8,10:8,8, 10, 20)
(1,2,3,3,6,11;4,22:4,12,22)
(1,3,3,6,9,18;4,36:4,8,12)
(1,4,7,7,8;11,16;4,11,22)
(1,6,7,7,12;9,24;4,9,18)
(2,2,2,5,10,20;1,40;1,2,4,16)
(2,2,4,6,9,18;5,36;5,8, 10)
(2,2,4,7,8,16;7,32;7,18)
(2,3,5,5,10;4,21;18,21)
(2,6,6,13,26:1,52: 1,2,8)
(3,4,13,13:8,25;6,25)
(4,4,4,7,14;5,28;5,10,16)
(4,4,7,8,12;14,21:8,21)
(7,7,9,12;11,24;11,18)

(1,1,1,1,2,4;2,8;2,4,8,8)
(1,1,1,2,2,4;3,8;3,6,12)
(1,1,1,2,4,8;16,1;1,2,4,8)
(1,1,2,2,3;4,5:5,18)
(1,1,2,3,4,8;16,3:3,4,6)
(1,1,2,3,9:6,10;6,10)
(1,1,2,6,9;7,12;6,7)
(1,2,3,3,4;5,8;4,5,10)
(1,2,3,3,6;11,4;6,11)
(1,3,3,6,9;18,4;4,6)
(1,4,7,7;8,11;2,11)
(1,6,7,7:12,9;2,9)
(2,2,2,5,10;20,1;1,2,8)
(2,2,4,6,9;18,5;4,5)
(2,2,4,7,8;16,7;9)
(3,5,5,10:2,21;9)
(2,6,6,13;26,1;1,4)
(3,13,13;4,25;3)
(4,4,4,7;14,5;5,8)
(4,4,8,12;7,21;4)
(7,7,9:12,11;9)
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