Canonical Duality Method for Solving
Kantorovich Mass Transfer Problem

Xiaojun Lu and David Yang Gao

Abstract This paper addresses analytical solution to the Kantorovich mass transfer
problem. Through an ingenious approximation mechanism, the Kantorovich prob-
lem is first reformulated as a variational form, which is equivalent to a nonlinear
differential equation with Dirichlet boundary. The existence and uniqueness of the
solution can be demonstrated by applying the canonical duality theory. Then, using
the canonical dual transformation, a perfect dual maximization problem is obtained,
which leads to an analytical solution to the primal problem. Its global extremality
for both primal and dual problems can be identified by a triality theory. In addition,
numerical maximizers for the Kantorovich problem are provided under different cir-
cumstances. Finally, the theoretical results are verified by applications to Monge’s
problem. Although the problem is addressed in one-dimensional space, the theory
and method can be generalized to solve high-dimensional problems.

1 Introduction

The Monge—Kantorovich mass transfer model is widely used in modern economic
activities, medical science, and mechanical processes. In these respects, some typical
examples include the logistics of transport for industrial products, purification of
blood in the kidneys and livers, shape optimization, etc. Interesting readers can refer
to[1, 2,9, 23, 24, 28, 29] for more details.

The original transfer problem, which was proposed by Monge [28], investigated
how to move one mass distribution to another one with the least amount of work.
In this paper, we consider the Monge—Kantorovich problem in the 1-D case. Let
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2 =la,b] and 2* =[c,d], a,b,c,d € R and denote U := 2 U 2* = [a, b] U
[c, d]. Here we focus on the closed case, and other bounded cases can be discussed
similarly. Moreover, f* and f~ are two nonnegative density functions in £2 and £2*,
respectively, and satisfy the normalized balance condition

/ frdx = fdx =1.
2 2

Let ¢ : £2 x 2% — [0, +00) be a cost function, which indicates the work required
to move a unit mass from the position x to a new position y. There are many types
of cost functions while dealing with different problems [2, 5, 9, 27]. In Monge’s
problem, the cost function is proportional to the distance |x — y|,

c(x,y) =[x —yl|

The Monge’s problem consists in finding an optimal mass transfer mapping s* :
£2 — £2* to minimize the cost functional 7 (s):

16" = min {1151 :=/Q|x—s(x>|f+(x>dx}, ()

where s : 2 — £2* belongs to the class ./ of measurable mappings driving f*(x)

to f7(y), .
sefT=f",

which means, for Vx € £2,
FT(x) = f7(s(x))|det(J (s(x)))],
where J(s(x)) is the Jacobian matrix of the mapping s.

In the 1940s, Kantorovich [23, 24] relaxed Monge’s transfer problem (1) and
proposed the task of finding a Kantorovich potential u* € £ solving

*7 R _ + _ -
K[u ]_géag)g{K[w] ._/Uwfdz—/Uw(f f )dz}, )

where .Z is the class of functionals w : U — R satisfying

e —w)l _

Lip[w] := sup
xX#y |x - Y|

As a matter of fact, the Kantorovich’s problem (2) is not a perfect maximization dual
of Monge’s minimization problem (1). Following the procedure of [5, 9], one can
prove the dual criteria for optimality in the bounded case.
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Lemma 1.1. Lets* € A and u* € Z. If the following identity holds,
u*(x) —u*(s"(x)) = [x —s" (%)l

then

e s* is an optimal mass transfer mapping in Monge’s problem (1);

e u* is a Kantorovich potential maximizing Kantorovich’s problem (2);

e The minimum 1[s*] in (1) is equal to the maximum K[u*]in (2);

e Every optimal mass transfer mapping s* and Kantorovich potential u* satisfy the
above identity.

Due to the implicitness of u*, L.C. Evans, W. Gangbo, and J. Moser [6, 8, 9]
provided an ODE recipe to build s* by solving a flow problem involving Du. This
method is indeed useful but very complicated. In 2001, L.A. Caffarelli, M. Feldman,
R.J. McCann, N.S. Trudinger, and X.J. Wang showed a much simpler approach to
construct optimal mappings by decomposition of transfer sets and measure theory
[5, 30]. Once an analytical Kantorovich potential «#* is found, by checking the above
identity, one can immediately judge whether it is possible to construct a suitable
optimal mapping s* by virtue of u*. However, due to the nonuniform convexity of
the cost function c(x, y), itis difficult to find optimal mass allocation. In order to gain
some insight into this problem, many approximating mechanisms were introduced.
For example, L.A. Caffarelli, W. Gangbo, R.J. McCann and X.J. Wang [4, 13, 14,
30], etc. utilized an approximation of strictly convex cost functions

I+ o> 0.

ce(x,y) = |x =yl
The existence and uniqueness of the optimal mapping s} can be proved by convex
analysis. Then let ¢ tends to 0, and one can construct an optimal mapping s* using
transfer rays and transfer sets invoked by L.C. Evans and W. Gangbo [8]. In addition,
N.S. Trudinger and X.J. Wang used the approximation

ce(x,y) =er+|x —y|?

in the discussion of regularity [27, 30]. All the above-mentioned approximations con-

centrate upon the cost function c(x, y). In this paper, we are eager to explore whether

the approximation of Kantorovich’s problem can bring more useful information.
Let %) be a subset of .2,

L= {¢ € WE®(W)NCW)| || < 1.4 =00n 2 mQ*},

where W02‘°°(U) is a Sobolev space. Here, when §£2 N £2* =, C(U) represents
C(£2) and C(£2*). We restrict our discussion of Kantorovich’s problem (2) in %,
namely,
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K[u] = max {K[w] :=/ wfdz =/ w(f*—f‘)dz}. 3)
U U

we,%

In the survey paper [10], L.C. Evans proposed a sequence of approximated dual prob-
lems of (3). Now we explain the mechanism. We consider a sequence of approximated
primal problems

(2®) : min [J(k)[wk] - / (H(k)(wk,x)—wk f)dx}, @)
U

wkefo

where wy . is the derivative of wy with respect to x, H ® R — RT is defined as
H(k)()/) ez(}/ *1)
k

and J® is called the potential energy functional. Notice that when |y| < 1, then
klirn H® ) =0 uniformly. From [10], it is clear that
— 00

— lim min J®[w;] = max K[w].
k—ocowre% weL

Consequently, once a sequence of functions {u}}; satisfying J®[u}] = mlﬂrzlj
Wy €ZL0

J®[w;] globally is obtained, then it will help us find a Kantorovich potential
u = klim u; which solves (3).
—00

In this paper, we investigate analytic solutions to the Kantorovich potential u* of
problem (3) using canonical duality theory. This theory was developed from Gao and
Strang’s original work on nonconvex/nonsmooth variational problems [21]. During
the last few years, considerable effort has been taken to illustrate these nonconvex
problems from the theoretical point of view [16, 17]. Interesting readers can refer to
[18-20, 22].

Before we state the main results, we introduce some useful notations.

e 0 is the corresponding Gateaux derivative of H® with respect to wy_, given by
O (x) = e2 i Dy L
e &M L — L®(U) is a nonlinear geometric mapping given by
&P (wy) = g(w,%’x — 1.
For convenience’s sake, denote

& = 0P (wyp).
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It is evident that & belongs to the function space % given by
U = {¢ c L°°(U)‘¢ < 0}.
o X : 9/ — L®(U) is a canonical energy defined as
(g = e
k 9

which is a convex function with respect to &.
e (i is the corresponding Gateaux derivative of ¥ ®) with respect to & given by

1
G = %CE",

which is invertible with respect to & and belongs to the function space #®,
(k) o0 1
¥ :={¢GL (U)’qusg%}.

e ) is defined as
A = k&,

and belongs to the function space 7,
¥ = {¢ c L°°(U)‘O <4< 1}.

Now we are ready to introduce the main theorems.

Theorem 1.2. For positive density functions f+ e C(£2), f~ € C(£2*), we can
always find a sequence of analytical functions {u; € £} minimizing the approxi-
mated problems (4) globally.

By canonical duality method, we are able to find an analytical Kantorovich poten-
tial for (3).

Theorem 1.3. For positive density functions f+ € C(2), f~ € C(£2*), we can
always find an analytical global maximizer u € %, for Kantorovich’s mass transfer
problem (3).

Remark 1.4. Generally speaking, there are plenty of approximating schemes, for
example, one can also let

HO(y) = %(yz - 1%

Then by following the procedure in dealing with double-well potentials in [19, 21],
we could definitely find an analytical Kantorovich potential.
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Remark 1.5. Through applying the canonical duality method, we have devised a
systematic procedure in finding an analytical minimizer. In fact, for other types of
cost functions, for instance, c(x,y) = |x — y|?, p € [1, 00), we can also use this
method to construct an analytical Kantorovich potential u*. Compared with former
results [8, 9], we obtain an explicit representation of Kantorovich potential, which
helps us construct an optimal mapping s* according to Lemma 1.1. This question
will be discussed in detail in the application part.

The rest of the paper is organized as follows. In Sect. 2, first we apply the canonical
dual transformation to establish a sequence of perfect dual problems and a pure
complementary energy principle. Next we explain the canonical duality theory and
triality theory. In particular, the triality theory provides global extremum conditions
for the problem (4). Afterward, we construct a sequence of analytical functions
minimizing J® globally and a Kantorovich potential maximizing K [w] of (3). In
the final analysis, we use a product allocation model in 1-D to illustrate our theoretical
results.

2 Proof of the Main Results: Technique of Canonical
Duality Method

2.1 Proof of Lemma 1.1 in the Bounded Case:

Proof. Similar as [5], for any s € .4 and w € %, we compute
I[s] = [ lx —s(x)| f+(x)dx
= [y Ix =sQ)|fT(x)dx
> [, wx) —w(s(x))) fH(x)dx
= [y w@) fTx)dx — [, w(y) f~(y)dy
= K[w].

Taking into account the given identity, we complete the proof.

2.2 Proof of Theorem 1.2:

Here we apply the variational method to discuss problem (4). Now we show an
important lemma in this respect.
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Lemma 2.1. The Euler—Lagrange equation for (%) takes the following form,
ek,x —I— f = (e%(uix_l)uk,x)x + f — O, l”l U (5)

Remark 2.2. The term e:“is=V s called the transport density. Clearly, like
p—Laplace operator, ez s q highly nonlinear and nonlocal function of
uy € £p. With the hidden boundary value uy = 0 on U, we are able to prove the

existence and uniqueness of the solution of (5). This important fact will be explained
later.

Proof. Indeed, the Gateaux derivative of J® with respect to u; belongs to L'(U).
For any given u > 0 and any test function ¢ € %, by integrating by parts, we have

JOlug + pgl = J©lug]

lim
n—0+ M
%egaukww%n _ 1A, -1
= lim { . qsf}dx
n=0" Jy I

1 k(uz g e%(ﬂz¢,f+2ﬂuk.x¢x) — l ]%(/"1’24))% + 2uuk,x¢x)
— {_ez kx lim o .
U n=>0% i(,bl, ¢x + Zﬂuk,xqu) 12

1 .
_ / et Dk g, — o Jax
U

—¢f}dx

. /U [y )9+ o .

Actually, since uy and ¢ are both in %, then for any given u < 0, when u — 0,
the above calculation still holds.

Now we are going to apply the canonical duality method invoked by David Y.
Gao [17]. By Legendre transformation, we define a Gao—Strang total complementary

energy functional.

Definition 2.3. With the notations in Sect. 1, we define a Gao—Strang total comple-
mentary energy & * in the form

D (uy, &) 3=/

U

{o® W — v @0 - fulax, ©)

where the function &.* : ¥® — L®(U) is defined as

TP @) = &8 — P E) = Glnkg) — 1). (7)
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Next we introduce an important criticality criterium for the Gao—Strang total
complementary energy functional.

Definition 2.4. (i, &) € % x ¥ ® is called a critical pair of &® if and only if
D, E® (g, &) =0, ®)

and )
Dy M (g, &) = 0, 9)

~

where D, , D, denote the partial Gateaux derivatives of = ®) | respectively.

By variational method, we explore the criticality criterium (8) and (9). Indeed, on
the one hand, we have the following observation from (8).

Lemma 2.5. For afixed ¢, € V%, (8) leads to the equilibrium equation
Ol )x + f =0, inU. (10)

Remark 2.6. It is easy to check the equilibrium equation (10) is consistent with (5)
except that the transport density is replaced by , = kg,. We will use this fact to
construct a sequence of analytical solutions later.

Proof. Indeed, the partial Gateaux derivative of Z® with respect to u; belongs to
L'(U). For Vi > 0 and any test function ¢ € %, by integrating by parts, we have

EO (g + pu, &) — EW (g, &)

lim
n—0t 122
AP — A0
— lim (g + pngp) (“k)é,kdx _/ Fodx
u=0"Jy M U
k(g + puge)* — itz
= lim @i + 1) k. )gkdx —/ fodx
n=0%Jy 2u U

[ hisid~ [ rodx
U U

— [ {&uii.pdx + rolas.

Since u; and ¢ are both in %, then for Vi < 0, when u — 07, the above calculation
still holds.
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On the other hand, from (9), we have the following observation.

Lemma 2.7. For a fixed u, € %0, (9) is in fact the constructive law
@O (up) = D WM (&) (1)

Remark 2.8. [t is worth noticing that (11) is consistent with the notations in Sect. 1.

Proof. Indeed, the partial Gateaux derivative of &® with respect to ¢; belongs to
L'(U). For Vi > 0 and any test function ¢ € %, by integrating by parts, we have

. B0, &+ ne) — EO (ug, &)
lim
u—0% 1%

v G+ ne) — o (@) } i

tim [ {o®wg -
m [ {eWws .

n—

= / {<p<k> (ur) — Dy, uf;“(ék)}cﬁdx.
U
Since uy and ¢ are both in .}, then for Vi < 0, when & — 07, the above calculation
still holds.

Lemmas 2.5 and 2.7 indicate that ir; from the critical pair (iix, ;) solves (5). Now
we introduce the canonical duality theory. For our purpose, we define the following
Gao—Strang pure complementary energy functional.

Definition 2.9. From Definition 2.3, we define a Gao—Strang pure complementary
energy J, ;k) in the form

TP == 8 (g, o), (12)
where iz, solves (5).

For the sake of convenience, we give another representation of Jék) by the
following lemma.

Lemma 2.10. The pure complementary energy functional J ;k) can be rewritten as

*) 1 0
5160 == [ {2+ ke 20niee) ~ D)ar. (13)

Remark 2.11. u; is included in this representation in an implicit manner, which
will simplify our further discussion considerably.
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Proof. With Definition 2.3, by integrating by parts, we have

50y, ) = /U (5@, —1)a— v — fin)as

/U{ké'kﬁix - fﬁk}dx

_ fU {%(’/_‘I%,x - I)Ck + k{k + g‘k(]n(ké‘k) _ 1)}dx

(14)

~ [ &, + sl

)

1
- E/ {ké-kﬁlz,x + k& + 28 (In(kgy) — 1)}61)6-
U

(1)

Since uy solves (5), then the first part (/) disappears. Keeping in mind the definition
of 6, we reach the conclusion immediately.

With the above discussion, next we establish the dual variational problem of (4).

W . *) __l/ 9 B
s max {10160 = =5 | {7+ kacor 20 0nke0 = Dfax). 19)

By variational calculus, we have the following lemma.

Lemma 2.12. The variation of J d(k) with respect to i leads to the dual algebraic
equation(DAE), namely, B B
0F = k& (2In(kg) + k), (16)

where ¢y is from the critical pair (itx, ().

Proof. Indeed, by calculating the Gateaux derivative of J ;k) with respect to g, we
can prove the lemma immediately.

Remark 2.13. Taking into account the notation of hi, we can rewrite (16) as

02 = 22 In(e}). (17)

. . . . _k
From (17), we know that 9,(2 is monotonously increasing with respect to A, > e~ 2.

As a matter of fact, we have the following asymptotic expansion of 67.
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Lemma 2.14. When k > 3, 0,3 has the expansion of the form
2 200,23
O =1 - E))\k + %)‘k + Ri (M),

where the remainder term | Ry (Ay)| < % uniformly for any ;. € [e’%, 1]. In particu-
lar, for a fixed x € U, ifklim A = A and klim Or = 0 in L, then we have the limit
—00 —00
version of (17),
0% = A% (18)

Remark 2.15. In the 1-D case, later on we will demonstrate how to find the limit 6
of the sequence {0;}1 as k tends to infinity.

Proof. Since A, € [e‘%, 1], we can rewrite (17) using Taylor’s expansion formula
for In A, at the point 1,

2 1 2 2., 122
92=A2<1 —A—l——x—12)=1—-,\2 20— 2ty — 12
p . +k(k ) kn;%(k ) ( k)k+kk k’?/%(k )

where 1, € (A, 1). It is evident that

A2 1
S0 =D =17

1 A7 1
I 0= 1% <
kn; A k

k
This concludes our proof.

By comparing (5) with (10), we deduce that an analytical solution of (5) can be
given as

i1 (%) :/ il,ft;dHC’ (19)

where x, xo € U. Together with (18), we see that
lim |’/_tk,x| =1,
k—o00

which is consistent with the conclusion in [9]. Summarizing the above discussion,
we have the following duality theorem.

Theorem 2.16 (Canonical Duality Theory). For positive density functions f+ €
C(82), f~ € C(82%), if 6 is a solution of the Euler—Lagrange equation (5), which
is not identically equal to 0, then (17) has a unique positive root Ay due to the
monotonicity property. Furthermore, an analytical function given by

_ T O(0)
= _ 2
i (x) /XO Ak(t)dt+c (20)
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is a local minimizer of (4) and satisfies the following duality identity locally,

TOLa] = 1012, Q1)

where (ity, &) is a critical pair for 8® .

Proof. Tt suffices to prove the identity (21). Indeed, this identity is obtained by direct
variational calculus of J®[u;] and J ;k) [¢;]in (4) and (15), respectively.

TPl = 2O G, &) = 1G] (22)

Remark 2.17. Theorem 2.16 demonstrates that the maximization of the pure com-
plementary energy functional J jk) is perfectly dual to the minimization of the potential
energy functional J®. In effect, the identity (22) indicates there is no duality gap
between them.

Up to now, we have constructed a critical pair (it, ) satisfying (22) locally.
Next we verify that it; and ¢ are exactly a global minimizer for J* and a global
maximizer for J;k), respectively. In the following theorem, we apply the triality
theory to obtain the extremum conditions for the critical pair.

Theorem 2.18 (Triality Theory). For positive density functions f+ € C(2), f~ €
C(£2%), we have, 6 is the unique solution of the Euler—Lagrange equation (5) with
hidden Dirichlet boundary. Moreover, ¢y is a global maximizer of J;k) over ¥V ®),
and the corresponding ity in the form of (20) is a global minimizer of J® over %4,
namely,

IOy = 1P @) = min JOw) = max 1P @0 =10 C. @3
ux€Zy oey®

Proof. We divide our proof into three parts. In the first and second parts, we discuss
the uniqueness of 6. Extremum conditions will be illustrated in the third part.

First Part:
Without loss of generality, we consider the disjoint case 2 = [a, b] and 2* =

[c,d], b < c.In £2, we have a general solution for the nonlinear differential equation
(5) in the form of

Or(x) =—F(x)+Cy, F(x):= /x fr(x)dx, xe€la,bl.

Since f* > 0, then F € Cla, b] is a strictly increasing function with respect to
x € [a, b] and consequently is invertible. Let F —1 be its inverse function, which is
also a strictly increasing function, then

F~':10,1] = [a, b].
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From Remark 2.13, we see that there exists a unique piecewise continuous function
k . . .

Aie(x) > e~ 2 except for the point x = F~!'(Cy). By paying attention to the fact that

uy(a) = 0, we represent the analytical solution i in the following form:

i (x) = /: %d}m x € [a, b].

Since
—F(x) + Cy . —F(x) + Cy
— 0, lim ———— =0,
x—F~1(Cp)~ Ar(x) x—F-1(C)* Ar(x)

thus #;, is continuous at the point x = F ~1(Cp). As a result, iy € Cla, b]. Recall

that
iy (b) = /F](Ck) de + /b de -0
‘ a Ak (X) iy M) '

and we can determine the constant Cj, € (0, 1) uniquely. Indeed, let

FO _F(x) 4+t b _Fx)+t
M(t) = — 7 T dx,
® /a Ar(x, 1) x+/F—‘(t) Ar(x, 1) *

where A (x, ) is from (17). It is evident that A; depends on Cy. As a matter of fact,
M is strictly increasing with respect to ¢ € (0, 1), which leads to

Cr = M~ (0).

Indeed, for #; < £, #1, 1, € (0, 1), by keeping in mind the identity (17), we have

Fln _ b _
M) :/ MdH/ “Fo+n

a Ak (x, 11) Fl(t) Ak(x, 1)
Fla) _f Fln) _f b _F

A e P
a Ak(x, 11) F-lg)  Ak(x, 1) Fl() Me(x, 1)
Flay) _ F () _ b -

</ F(x)+t2dx+/ F(x)+t2dx+/ F(x)-l—tzdx
a Ak (x, 1) F-lay  M(x, 1) F-l(n) M(x,12)

= M(t).

More information concerned with C; will be explained in the proof of
Theorem 1.3.
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Second Part:

Applying the similar procedure, we see that
Oc(x) = G(x) — D, G(x):= / fr(xdx,  x€le,d],

where the constant Dy € (0, 1). Since f~ > 0,then G € C|c, d] is a strictly increas-
ing function with respect to x € [c, d] and consequently is invertible. Let G~ be its
inverse function, which is also a strictly increasing function, then

G ':10,1]1 = [c, d].

We can represent the analytical solution iy in the following form:

i (x) = /x %d}c, x € [c,d].

Since

G(x) — Dy . G(x) — Dy
im — =0, lim — =0,
x=>GI(Dy- Ak (x) x=>GI(DYt Ak(x)

thus iy is continuous at the point x = G~'(Dy). As a result, it; € C[c, d]. Recall
that

G0 G(x) — D ¢ Gx)-D
i (d) :/ de +/ de =0,
c A (x) G'py (X))

and we can determine the constant Dy € (0, 1) uniquely. Indeed, let

N (1) /G_l(t) G -1, +/d -1,
= —dx — - dx,
¢ Ax(x, 1) 6@y AM(x,1)

where Ay (x, 1) is from (17). As a matter of fact, N is strictly decreasing with respect
tot € (0, 1), which leads to

Dy = N~N0).

Indeed, for 7, < 1, t1, 1, € (0, 1), by keeping in mind the identity (17), we have
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[ed()) _ d _
N(t1)=/ deJr/ G —n
¢ Ak(x, 17) G4y Me(x, 1)

G Gx) —1 G Gx) —1 4 Gx)—t
=/ (x) 1dx+/ (x) ldx+/ (x) iy
¢ Ax(x, 1) Gay  A(x, 1) Gy M(x, 1)

Gl Gx) —t Gl®) Gx) —t ¢ G-t
>/ (x) 2dx+/ (x) 2dx+/ (x) 210
¢ Ar(x, 1) Gy M(x,h) Gt (X, 1)

= N(n).

Furthermore, the other cases, such as b = ¢ and b > ¢, can also be discussed simi-
larly due to the fact that i1, = 0 on £2 N §2*. Therefore, 6, is uniquely determined in
U and the analytic solution u;, € C(U).

Third Part:
In order to prove the extremum of the critical pair, we recall the second variational
formula for both J® and J a(,k).

On the one hand, for any test function ¢ € % satisfying ¢, # 0 a.e. in U, the
second variational form §3J® with respect to ¢ is equal to

/U%{H(k)((ﬁmtﬂﬁ)x)”l_odx=/Ue§<afx1){k(ﬁk’x¢x)z+¢§}dx. (24)

On the other hand, for any test function ¥ € #® satisfying ¥ # 0 a.e. in U, the
second variational form 8@ J d(k) with respect to ¥ is equal to

_%/Uj_;{%iw+z<;k+rw>(1n<k<;k+t¢>>— D

2.1.2 2
:_/U{@I;;;g +1g_k}dx.

From (24) and (25), we know immediately that

827 (i) > 0, 8577 (%) < 0. (25)

Then Theorem 2.16 and the uniqueness of ;. discussed in the first and second parts
complete our proof.

Consequently, we reach the conclusion of Theorem 1.2.
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2.3 Proof of Theorem 1.3:

Proof. Without loss of generality, we still consider the disjoint case, b < c. First we
show an important lemma which describes the asymptotic behavior of C; and Dy
when k tends to infinity.

Lemma 2.19. When b < c, the sequences of {Cy }i and { Dy} are given in the proof
of Theorem 2.18, then we have

b
lim ¢ = F(2E2), (26)
k—o00 2

c+d

klim Dy = G( ). (27

Proof. Recall the identity

T _F) + ¢y b —FW 4G,
iy (b) = / — /F I e dx=0.  (28)

Since F(x) 4+ C
lim —— =k 1 x e o, FTU(C),
k—oco  Ag(x)

—F C
im O e,
k—oo  Ag(x)
then for Ve > 0, there existsan N € N, such that for Vk > N, the following inequal-
ities hold:

PO —Fx) + G

(1= &)(F'(Co) —a) < / dx = (1 + &) (F1(Co) — a),

a )‘-k(x)
(29)
b —F C
(—1— )b — F'(C) < / TPOF Gy < (1 eb— FC).
Fricy  M(x)
(30)
Combining (29)—(31) together, we have
a+b b-—a _ a+b b-—a
> e < F'(Cp < St 31)

Then (27) follows immediately. It is obvious that we can prove (28) in a similar
manner.
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As aresult, we define the limit of 6; in L™ as

b
Jim (—F )+ C0) = Fap(0), Fap(x) = —F () + FEE2), x ela b,
0(x) =
d
kl_i)moo(G(x) —Dp) = Gog(x), Geg(x) =G(x) — G(%), x € [c, d].

Next, according to (18), we define the limit of A; in L as

|Fap(0)], x € [a, b],
Ax) =
|GCd('x)|v X € [Cv d]

Finally, we calculate the limit of it in % as follows:

[ [ F,
/ ﬂdx:x—a, xe[a,#],
a [Fap(x)]

a+b
T Fap(x) /X Fap(x) b
“a T dx + dx = —x +b, x € (42, b],
/a [ Fap(x))] asp | Fap(x)] :
u(x) = (32)

T Gea(x) d
—dx =—x+c, x € [c, &4],
/c [Gea(x)] 2

T Gea(x) Y Gea(x)
C—dx+/ — T dx=x—d, xe(ﬂ,d].
/ 1Gea(®)] w11 |Geg(x)| 2

2

This solution is illustrated in Fig. 1. Several other cases can be proved similarly,
and the corresponding Kantorovich potentials are depicted in Figs. 1, 2, 3 and 4. As
a result, we have constructed a global maximizer for Kantorovich’s mass transfer
problem (3) in 1-D.

2.4 Application to Monge’s Problem

During the past few decades, Monge’s and Kantorovich’s problems have been the
subject of active inquiry, since it covers the domains of optimization, probability
theory, partial differential equations, allocation mechanism in economics and mem-
brane filtration in biology, etc. In this application part, we apply the main theorems
to solve a product allocation model in 1-D.

We want to transport some products from [a, b] to [c, d]. Assume that the products
are distributed uniformly in [a, b], that means, the density function f+ satisfies
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Kantorovich potential u Kantorovich potential u

1/2(b-a) 1/2(b-a) A
0
u u

0

1/2(c~d) 1/2(c~d)

a b c d c d a b

X X
(@ya<b<c<d, b—a>d-—c b)c<d<a<b, b—a<d-c

Fig. 1 The unique continuous Kantorovich potential of Problem (3) while £2 and £2* are disjoint
in 1-D

ftx) = ﬁ, x € [a, b].

Figure 1: When f~ > 0 in [c, d], according to Theorem 1.3, one can check that
the unique Kantorovich potential does not satisfy the dual criteria for optimality.
Therefore, in this case, the Kantorovich problem (3) is not a perfect dual problem of
Monge’s problem (1). We know, the optimal mapping should be s*(x) = ¢, in which
case, the density f~ is a §-function in the form of

= oo ifx =c,
“ 10 ifx € (cd],

satisfying

d
/ f(x)dx =1.

Figure2: When f~ > 0 in [c, d], according to Theorem 1.3, one can check that
the unique Kantorovich potential satisfies the dual criteria for optimality only for
X € [#, bl, y € [c, #]. Therefore, in this case, the Kantorovich problem (3) is
not a perfect dual problem of Monge’s problem (1). We know, the optimal mapping
should be s*(x) = c.

Figure3: When f~ > 0 in [c, d], according to Theorem 1.3, one can check that
the unique Kantorovich potential satisfies the dual criteria for optimality only when
we choose

¢ ifx e[, c] and y = c,
s(x) =1 x ifx,y € (¢, b),

- btd
y ifx =b andy € [b, Z¢].

Therefore, in this case, the Kantorovich problem (3) is not a perfect dual problem
of Monge’s problem (1). We know, the optimal mapping should be
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Kantorovich potential u Kantorovich potential u
1/2(b-a) 1/2(b-a)
0
u u
0
1/2(c~d) 1/2(c~d)
a b=c d c a=d b
X X
(@a<b=c<d, b—a>d-c b)c<d=a<b, b—a<d-c

Fig.2 The unique continuous Kantorovich potential of Problem (3) while £2 and £2* have a unique
common point in 1-D

Kantorovich potential u Kantorovich potential u
1/2(c-a) 1/2(b-d)
0
u u
0
1/2(b~d) 1/2(c-a)
a c b d c a d b
X X
(@)a<c<b<d, b—a>d-c b)c<a<d<b, b—a<d-c

Fig.3 The unique continuous Kantorovich potential of Problem (3) while £2 N £2* have more than
one common point and £2 ¢ £2* or 2* ¢ £ in 1-D

" _|cifxela,cl],
S0 = Hx ifx € (c. b].

Figure4a, c, e: When f~ > Oin [c, d], according to Theorem 1.3, one can check
that the unique Kantorovich potential satisfies the dual criteria for optimality only

when we choose
c ifxe[%€, ¢] andy =c,

s(x) =1 x ifx,y € (c,d],
difx e(d %% andy =d.

Therefore, in this case, the Kantorovich problem (3) is not a perfect dual problem
of Monge’s problem (1). We know, the optimal mapping should be

c ifx € [a,c],
s*(x) =1 x ifx € (c,d],
d if x € (d, b].
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112(c-a) Kantorovich potential u o Kantorovich potential u
u u
0 1/2(c-a)
a c d=b c a d=b
X X
(@a<c<d=b, b—a>d—c b)yc<a<d=b, b—a<d-—c
Kantorovich potential u Kantorovich potential u
1/2(c-a) 0
1/2(b-d)
u u
1/2(b-d)
0 1/2(c-a)
a c d b c a bd
X X
(c)a<c<d<b, b—a>d—c dc<a<b<d, b—a<d-c
1/2(b-d) Kantorovich potential u 0 Kantorovich potential u
u u
0 ; . 1/2(b-d)
c=a d b c=a b d
X X
(e) c=a<d<b,, b—a>d—c ) c=a<b<d,, b—a<d-c

Fig. 4 The unique continuous Kantorovich potential of Problem (3) while 2 € £2* or 2* C £2
in 1-D

Figure4b, d, f: When f~ > 0in [a, b], according to Theorem 1.3, one can check
that the unique Kantorovich potential does satisfy the dual criteria for optimality
when we choose s*(x) = x, x € [a, b]. Therefore, the Kantorovich problem (3) in
this case is a perfect dual problem of Monge’s problem (1).
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