Multifractal Properties of Convex Hulls
of Typical Continuous Functions

Zoltan Buczolich

Abstract We study the singularity (multifractal) spectrum of the convex hull of the
typical/generic continuous functions defined on [0, 1]%. We denote by Eg the set of
points at which ¢ : [0, 1] — R has a pointwise Holder exponent equal to h. Let
Hy be the convex hull of the graph of f, the concave function on the top of H; is
denoted by ¢; s(x) = max{y : (x,y) € Hy} and ¢, (x) = min{y : (X,y) € Hy}
denotes the convex function on the bottom of Hy. We show that there is a dense Gs
subset 4 C CJ0, 1]¢ such that for f € ¢ the following properties are satisfied. For
i = 1, 2 the functions ¢;; and f coincide only on a set of zero Hausdorff dimension,
the functions ¢; ; are continuously differentiable on (0, 1)¢, Egi ; equals the boundary

of [0, 1)%, dimy B}, =d —1,dimy E}® = dandE} = @ifh e (0,+00) \ {I}.

1 Introduction

We started with J. Nagy to study multifractal properties of typical/generic functions
in [2] where multifractal properties of generic monotone functions on [0, 1] were
treated. The higher dimensional version of this question was considered in [4]
where with S. Seuret we investigated the Holder spectrum of functions monotone in
several variables. In [3] we also showed that typical Borel measures on [0, 1]¢ satisfy
a multifractal formalism. Multifractal properties of typical convex continuous
functions defined on [0, 1]¢ are discussed in [5].

In [1] the convex hull of typical continuous functions f € CJ0, 1] is considered
by A.M. Bruckner and J. Haussermann. In this case the boundary of this convex hull
decomposes into two functions (in our notation) ¢; s and ¢, s see Fig. 1. The upper
one ¢; s is concave, the lower one ¢, is convex. It is shown that for the typical
f these functions are continuously differentiable on (0, 1) and at the endpoints
they have infinite derivatives. The aim of our paper is to describe the multifractal
spectrum of these functions in the multidimensional setting, that is, generic/typical
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Fig. 1 f, ¢1f and¢2f in 1D v

continuous functions f in C[0, 1]¢ in the sense of Baire category. The topology on
C[0, 1]¢ is the supremum metric. We also prove the multidimensional version of the
above-mentioned results of A.M. Bruckner and J. Haussermann.

The convex hull of the graph of f € C[0, 1]¢ is denoted by Hy, that is, Hy =
convex hull of {(x,f(x)) : x € [0, 1]¢}.

We are interested in two functions: ¢; ((x) = max{y : (X,y) € Hy} is the function
on the top of Hy, and ¢ (x) = min{y : (X,y) € Hy} is the function on the bottom
of Hy. In Fig. 1 these functions are illustrated in dimension one.

The points where f and ¢; ¢ coincide are denoted by E;; = {X : ¢;r(X) = f(X)},
i=1,2.

The Holder exponent and singularity spectrum for a locally bounded function is
defined as follows.

Definition 1.1. Let f € L*°([0, l]d). For h > 0 and x € [0, l]d, the function f
belongs to C! if there are a polynomial P of degree less than [/] and a constant C
such that, for x’ close to x,

(&) = P(x' —x)| = Cx —x". (1)
The pointwise Holder exponent of f at x is hy(x) = sup{h > 0: f € Cl}.
Definition 1.2. The singularity spectrum of f is defined by
dy(h) = dimy E}’ where E]’Z = {x: hp(x) = h}.

Here dimy denotes the Hausdorff dimension (see, for example, [7] or [8]), and
dim @ = —oo by convention.
We will also use the sets

E;"f = {x: Iy(x) < h} D Ef and E;'< = {x: hy(x) < h}. (2)
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The faces of [0, 1]¢ are
Foj = {(x1,.. ., x-1,0,x41,...,x4) € [0, 114
and
Fij= {1, X1, 1, X141, ..., xg) € [0, 1]%}.

Then 3([0, 1]9) = U7, UL, Fij.

Since our functions are defined on [0, 1] at points of 3([0, 1]¢) we can consider
only one-sided partial derivatives. For example, for a point x € Fj; we denote by
d1.+f(x) the one-sided partial derivative in the first variable pointing in the direction
of the interior of [0, 1]¢, while for points x € F| | we need to use 9 —f(x).

The main result of our paper is the following theorem:

Theorem 1.3. There exists a dense Gs set 9 C C[0, 1]¢ such that for every f € 4
fori=1,2

* ¢y is continuously differentiable on (0, 1)%;
o ifx € 4([0, 1]9), then
hlﬁi‘f (X) =0 (3)

hence dy,,(0) = d — 1 and Eg;_f N, 1)4 = 9;
« dy,()=d—1;
¢ d¢i.f(+oo) =d;
* dy,,(h) = —oo, that is, E}’ =0 for h € (0, 4+00) \ {1},
e forj=1,...,difx € Fyj, then

3 +pip(x) = (=) (400) €]

ifx e F]J, then
3j—ip(x) = (=1)'(+00); (5)

b dimHE[f =0.

2 Notation and Preliminary Results

The open ball with center x and of radius r > 0 is denoted by B(x,r). We use
similar notation for open neighborhoods of subsets, for example, if A C R4, then
B(A,r) = {x € RY : dist(x,A) < r}.

For subsets A C R? we denote the diameter of the set A by |A| while dA denotes
its boundary.

The j’th basis vector in R? is denoted bye; = (0,...,0, % 0,...,0).

J
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In our proofs we use a standard fixed countable dense set {f,}°2 | in C[0, 1]9. We
assume that the functions f;, are in C°°[0, 1]%. (Taking an arbitrary countable dense
set {7,[} in C[0, 1]¢ by using a mollifier function it is easy to obtain such a dense set
of C* functions.)

Definition 2.1. We say that f : [0, 1]¢ — R is piecewise linear if there is a partition
Zi,j = 1,...,n¢ of [0,1]¢ into simplices such that for each j the set {(x,f(x)) :
X € Z;} is the subset of a hyperplane in RY*1.

We say that f is independent piecewise linear if it is piecewise linear and if V
denotes the collection of the vertices of the simplices Z;, j = 1, .. ., n; for a suitable
partition, then

o fromxy,...,xx € V,X; # X, i # j, the points (x;,f(X;)),j = 1, ...,k are on the
same d-dimensional hyperplane in R?*! it follows that k < d + 1,
o fromx;,....x, € VN (0,14 x # X;, i # j, the points x;, j = 1, ..., k are on the
same (d — 1)-dimensional hyperplane in R? it follows that k < d.
The second assumption in the above definition is void in the one dimensional
case since the zero dimensional hyperplanes are just points.
Lemma 2.2. Suppose f € C[0,1]9. For any xo € [0,1]? there exist x; € Eiy,
i=1,...,d+1andp; >0, Z;’:llpi =1, such that X, = Z?:llpixi and

d+1 d+1

Prr(x0) = > _pidrs(x) = Y pif (%)

i=1 i=1
Remark 2.3. 'We remark that in the above lemma some p;’s can equal zero, or some
X;’s coincide.

Proof. By Carathéodory’s theorem (see, for example, [6]) from (Xo, ¢1¢(X0)) € Hy
it follows that one can find (not necessarily different) x; € [0,1]¢, p; > 0, i =
1,....d+1, Z?:llpi = 1 such that Z?:llp,-x; = Xg, Z?:llptf(x;) = ¢17(xo). If for
an i’ we had f(x/) < ¢1s(Xy), then letting

d+1
y = Z pf(x) | +prdry(xi)
i=1, iV

we would obtain (Xo, y") € Hy contradicting that ¢; (Xo) = max{y : (X, y) € Hs}.

Lemma 2.4. There exists a dense Gs set %4 C C[0, 119 such that for every f € %4
and for every Xg € Fo 4

0a+P15(X0) = +00, Dy +P2,r(X0) = —00 and (6)

hg,p(Xo) = O fori=1,2. )
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Remark 2.5. Forj = 1,...,d a version of Lemma 2.4 can provide dense Gjs sets
%, C Cl[0,1]¢ such that (6) and (7) hold with d replaced by j. If we use the faces
F; instead of Fy; in analogous versions of Lemma 2.4 we can obtain dense G5 sets
4 ; C C[0, 14.

Taking

d
G = ()%, "%, (8)

j=1
for any f € 4, we have (3)—(5) satisfied.

Proof. Without limiting generality we prove the statement for ¢ .
Suppose Xg = (Xo,1, - . ., X0,4—1,0) € Fy4. By Lemma 2.2 there existx; € E; s C
[0,1],and p; > 0,i = 1,....d + 1, such that Y *'p, = 1,

d+1 d+1 d+1
E piX; = Xo and E pif(x;) = E pid1£(X;) = ¢1(X0). &)
i=1 i=1 i=1
This and xy € Fy 4 imply
XiGFo,d, i=1,....,d+ 1. (10)

Put M,, = ||f!]|oo > |0afy(x)| for all x € [0, 1]%. We also let

1
dist(x, Fo.0))!/" and 8, = ———— .
oy m( ist(x, Foq)) /™ and &, (n + m)20+m

fn.m(x) =f;1(X) + (11)

Itis clear that G,, = US2 B(fy.m, 8,,m) is dense and open in C[0, 1]¢ and %,ddgﬂsf:l
G,, is dense Gjs. Suppose f € % 4. Then there exists a sequence n,,, m = 1, ... such
that f € B(f,,,,.ms On,,.m)- Since X; € Fy 4 by (11) we have

f(Xi) ffnm,m(xl') + Snl‘mm Zf'lm(xi) + 8nm,mv l = 1’ M "d + 1

Therefore, using (9)

d+1
b17(x0) < (pr (x») + -

i=1
On the other hand, since ¢ s is concave

d+1

Prr(xo + 1€) = (Zpi¢1f(xi + ted)) >
i=1

d+1 d+1
> pif(xi+reg) = (Zpifnm.m(x,- + red)) — S =

i=1 i=1



76 Z. Buczolich

[using (10) and (11)]
d+1 1
> I (X; + 1€ s,
> (;:lpzfm( + d)) + o
Taking difference

$1s (X0 + 1€4) — P17 (x0) =

d+1
(Zpi(fn,n (Xi + led) _fnm (Xl))) - 2(Snm.m + tl/m > (12)

— n, +m
i=

(by the Mean value Theorem and the choice of M,,)

>

S mt‘/'” — 28, m — M.

Choosing t,, = 2=+ by (11) we obtain

1
) =t .
Ny ,m mn’n + m

Hence,

i $1.4(Xo + tme€s) — b17(Xo)
im sup

m—>00 L

= +oo for any o > 0.

This implies (7).
Taking o = 1 and using concavity of ¢ we also obtain 9+ ¢; s(Xg) = +o00.
This implies (6).

Lemma 2.6. There exists a dense Gs set %, C C[0, 1]¢ such that for every f € %,
the functions ¢\ y and ¢, 5 are both continuously differentiable on (0, 1)4.

Remark 2.7. This also implies that Ay, (x) > 1 for any x € (0, 1)%, that is, E;;; N
0.1)! =@forf e andi=1,2.

Proof. Again we start with f, € C°°|0, l]d, n = 1,... a countable dense set in
C[0, 1]%. This time we select

M, > 1 such that |8f,| <M,. j=1,....d.

1 2
b= () 0

We also put
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Recall that ¢, was defined in Remark 2.5. We put

9 =% N (Bt um)

m n

and select f € ¢;. Then we can choose n,, such that f € B(f,,,,, 8,,,.m)-

Suppose x € (0,1)?. We need to verify that 9;¢; s(x) exists and continuous for
anyj=1,...,dandi =1,2.

Since the other cases are similar we can suppose thati = 1,j = 1.

Since ¢;s(x + te;) is a concave function in ¢ it is sufficient to verify that its
derivative exists at ¢ = 0 for any choice of x € (0,1)?. This will imply that
01¢1 s(x+ te;) is monotone decreasing in ¢, without any jump discontinuities, hence
for a fixed x it is continuous as a function of one variable. In the end of this proof we
will provide a standard argument showing that from the concavity and continuity of
¢4 one can deduce that ;¢ s is continuous on (0, 1)“.

From now on x € (0, 1)? is fixed.

By Carathéodory’s theorem we can selectx; € E1s,p; > 0,i=1,...,d+ 1 such

d+1 d+1
that ) . pi=1,> " pix; = xand

d+1 d+1

G170 = D _pidrs(x) = D _pif(x).
i=1 i=1

By the assumption that f € %, for x € (0, 1)¢ the points x; are in (0, 1)¢. Suppose

1
hy, = . 14
m-M,, (14)

By the one dimensional Taylor’s formula one can find ¢,,;+ such that
|cn,, ix| < hm and

82 n, i Nl
P (60 @) = fo (50) £ D1, (ki) 4 L Cnik@l)

2! "
M,
Fom (%6) = Of o (K3 = =1 (15)
This implies
d+1

¢1.f(x + hmel) = E pi¢]f(xi =+ hmel) =

i=1

d+1 d+1
Y pif(xi + hyer) = (Zplfnm(x,» + hmel)) — S = (16)

i=1 i=1
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[using (15)]

d+1 d+1
> (Zpiﬁm(xi)) (Zp 0y nm(x)> 2 = b = ®
i=1

using [f — fo,| < Smoms f(X) = d1p(x) and ' pif(x;) = ¢14(x) we can
continue by

d+1 M
M 72
@ 2 ¢lf(x) - Snm.m + (igl:alfnm (Xi)) hm - Thm - Snm,m~

By (13) and (14) we obtain that

d+1
¢1f(x) - d)l}lf(x - hmel) (Zal_ﬁzm (Xz)) ( m 2) hy,

and similarly

Pt b)) 9y (%alfnm ,)) ( )hm

and hence,

P1s(X) =iy (X—hne))  Prp(X A+ hner) — ¢is(x) _
on By -

(M, + Hhw = (—

Since ¢ s is concave this implies that 91 ¢ #(x) exists.

Next we verify that 3¢ # is continuous on (0, 1)4. We have seen that 3¢ ¢(x +
te;) is a monotone decreasing continuous function in ¢ for a fixed x € (0, 1)¢. We
need to show that 9;¢, s is continuous as a function of several variables at any x €
(0, 1)“. This is quite standard. Suppose x € (0,1)? and & > 0 are fixed. Choose
to > 0 such that

&
X + 2t0e1 € (0, 1)d, |81¢1J‘(X + 2[()61) - 81¢1J(X)| < 5

The function ¢; s is continuous as the “top part” of the convex hull Hy of the
continuous function f. By uniform continuity of ¢; y choose §; > 0 such that

f
|p1£(W) — 1 (W] < (%0 if [[w—w|| <8 and w,w € (0, 1)". (17)
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Now suppose that
z=(z1,...,2q4) is a vector with z; = 0 and ||z|| < §;. (18)
Then by (17)

¢1f(X + z + 2t0e;) — ¢1J(X + z + tpe;) _

19
. (19)
b1y (x +200e1) —piy(x +10e)| e
to 2’
By the Mean Value Theorem there exist ¢y and ¢, in (¢, 2fo) such that
¢1 '(X +z+ 2[061) - ¢1 '(X +z+ loel)
g g = 01p1(X + 2+ cse1) (20)

fo
and

2 —
iyt 2e) = dyEF0e) _ 5 o+ ceer).

Io

By monotonicity of 9;¢; y we have

10161 /(X + cx€1) — D1 (X)] < |01 (X + 2t0€1) — D11 £ (X)] < g @)
From (19)—(21) it follows that

[0117(X) — 011 (X +Z + c,€1)| < & Where 1y < c;. (22)
A similar argument can show that there is ¢} € (f, 2¢9) such that

: —toey) — P1r —2tpe
hiyxt 2z foe) — diyx + 2 0])231¢1J(X+Z—C;el)

Iy
and
10161 (X) — 0191 4(x + 2 — cljer)| < & where 1y < ¢, (23)
By monotonicity of d1¢; (x +z + re;) this implies that for —fy < ¢ < fy we have
[0115(x + 2 + te) — 011 4 (X)| < &.

Since this holds for any z satisfying (18) we obtain that d,¢;; is continuous on
0, H<.
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Lemma 2.8. There exists a dense G set % 1 in C[0, 1]¢ such that for every f € %,
dimy (E; ) = 0, dimH(Eglff NoO,NH=d—1, (24)

E’;,If N, =0forl <h< +oo, and dimH(E;lf;o) =d.
Proof. We choose again a countable dense set f, € C[0, 1]%. The functions f, are

. . 1
uniformly continuous and for e Ve choose 7,,,, > 0 such that

o (x) — £u(¥)] < X = || < Nms X,y € [0, 1]°. (25)

by
16(n + m)
We partition [0, 1]¢ into non-overlapping simplices Z;, j = 1,.. ., {,» such that the
diameter of each simplex is less than 7,,. We assume that V(n, m) is the set of
vertices of these simplices. We can also assume that these vertices are sufficiently
independent, that is, from xy, ..., x; € V(n,m) N (0, D4, x; # X;, i # j, the points
X;,j = 1,..., k are on the same d — 1-dimensional hyperplane in R4 it follows that
k < d. This means that the second assumption in Definition 2.1 is satisfied.

We denote by fmv(n’m) the function which is defined on V(n,m) and for any
x € V(n, m),?n,v(mm) (x) = fu(x). In Fig. 2 we illustrate the procedure of selecting
Jfum- On the left half of this figure there is f, with the little circles on its graph.
We suppose that on [0, 1]' we used the “simplices,” which are equally spaced line
segments of length 0.2. The function’fn’wn’m) is defined on these points and its graph
is represented by the little circles on the graph of f,.

f11,V(n.m)

=
=
=
=

-

Fig. 2 The functions f;,, fu.v(umys fom> and @1y,
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Now we perturb fmv(n.m) a bit in order to obtain an “independent” function
fn.V(n,m) such that

1

lfn,V(n,m) _fn.V(an)| < m (26)

andif X, ..., Xy € V(n,m),x; # x;if i # j, and (xj,]_‘ny(n,m)(xj)),j =1,...,kareon
the same hyperplane in RY*!, then k < d + 1. This implies that the first assumption
of Definition 2.1 is satisfied forj_‘n‘v(”,m).

If x € [0,1]9\ V(n,m) and x is in the simplex Z;, j € {1,..., .} with vertices
Zj1,..Ziar1 € V(n,m) we define f, vum(X) so that (X,f, ve.m (X)) is on the
hyperplane determined by the points

@15 fnvim (Z))s - o @at s fo vim (Zia+1))-

Therefore, f;, v(.m) is an independent piecewise linear function (recall Definition 2.1
and see the illustration on the left half of Fig. 2).
By (25) and (26)

lfn,V(n.m) (X) _fn (X)| < 27)

4(n+m)’

Now we want to perturb the functions f;, v, ) a little further. Let « (X) = max{l—
||x]], 0} and for a y > O put

X—V
FV(n,m),y(X) = X[O.l]d(x) Z K( y ) '

vEV(n,m)

Then ]imy—>0+ FV(n,m),)/ (X) = XV(nm) (X)
We denote by v(n, m) the minimum distance among points of V(n, m) and will
select a sufficiently small y,, ,, > O later. We put

1
Jam = favom + mr Vm).yam:
On both halves of Fig. 2 one can see MF V(nm).yn,» Which is the function with
the equally spaced small peaks at the points which are multiples of 0.2. On the right
half of Fig. 2 one can see f,,, which is obtained from f;, v(,) (pictured on the left
half of Fig. 2) after we added the small peaks.
We suppose that

v(n, m)

100 (28)

yn.m <
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and if &(n,m) denotes the maximum of the norms of the gradients of the
hyperplanes in the definition of f,, y(n,m), then

> 100 - &(n, m). (29)
Vn,m

This way if we take the convex hull of £, ,,,, then

Eig,, =X fum(X) = ¢14,,,(X)}

will be a subset of V(n, m). See the right half of Fig. 2. We remark that the resolution
of our drawings does not make it possible to take into all the above assumptions and
hence they are distorted, but we hope that they can help to understand our procedure.

Our next aim is to select a sufficiently small §,,, > 0. It is clear that given
Fam > 0if §,,, is sufficiently small, then f can coincide with ¢;; only close to
some points in V(n, m), that is, for any f € B(f,m, §,,m) and any x € E;; there is
wy € V(n, m) such that

[lwx —X|| < rum- (30)

On the left half of Fig. 3 one can see f,,, and f. We also graphed the functions
@14, and ¢ which will be very close to each other. The latter function is not
exactly piecewise linear but a close approximation to such a function, namely to
@14, In the one dimensional case, like in Fig. 3 the nonlinear parts (not pictured)
are very close to some elements of V(n,m). The higher dimensional case is a bit
more complicated and we discuss it below.

We will select a sufficiently small r,,, > 0 later. At this point we suppose that

v(n, m)

€29

Fom < .
’ 1000

Fig. 3 On the left: f,,,, and f, on the right: ./ and @4y whend = 2
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This implies that for any x € E, s there is a unique wxy € V(n,m). That is, f will
“almost” look like a piecewise linear function. This implies that if f € B(f,.u, 8,.m)»
then

E| s can be covered by the set Uyev(um B(W, Fnm)- (32)
We can suppose that r, ,, is chosen so small, that

#(V(n,m)) - rym < 1/m. (33)
This estimate will imply that dimy E; ; = 0 for the typical f € C[0, 1], that is for
f € «%.1.

By the choice of y,,, if we consider ¢, ., then it is an independent piecewise
linear function. There is a system of non-overlapping simplices

y(p:{Skik:],...,Sq)}

such that (x, ¢, (x)) for any x € [0,1]¢ is on a hyperplane determined by a
simplex S; containing x. On the left half of Fig. 3 the one dimensional case is
illustrated and these simplices are simply the line segments [0, 0.4], [0.4, 0.6], and
[0.6, 1]. The endpoints 0.4 and 0.6 are points where this function “breaks” and these
points are on two non-parallel lines (“hyperplanes”). These breakpoints/folding
regions will be used to find those points where the Holder exponent is 1. On the
right half of Fig. 3 the two dimensional case d = 2 is illustrated. This time we
have simplices (triangles) in [0, 1]¢ bounded by solid lines on which ¢, 4, . is linear.
On the right half of Fig. 3 only the domain of ¢, is shown. The system of the
simplices (triangles) bounded with dashed lines will be simplices corresponding to
¢1 . Later we will explain this in more detail.

By the independence property of f, v(.m the hyperplanes determined by the
simplices S are different for different Sj.

We denote by V4 the set of the vertices of the simplices Sy, k = 1,.. ., s4. Clearly,
Vs C V(n, m). The union of the faces of these simplices will be denoted by &y =
UL, 0(S)). If xo € 3(Sx) N d(Sy) with k # K, then {(x, 1y, (X)) : X € St}
and {(X, 1y, (X)) : X € Sy} are on different hyperplanes and hence the graph
of ¢y, “breaks” at Xo. This implies that we can choose 1y, such that for any
Xy € @5 N (0,1)4 and for any hyperplane Ly passing through (x4, ¢ fum (Xg)) One
can choose a point Xf75 such that

Tl,n.m S diSt(X;s, ¢¢) S (34)

n+m

and
1 1
ILx (X)) = P14, Kp)| = 11xp — X5 || F 7 = 710! T, (35)

where we used that (34) implies ||X;J —Xp|| > T1,m. See Fig. 4.
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Fig. 4 The breaking point at y
(Xp> P14, (Xp))

It is also clear that if f is a good approximation of f, ,,, then one can see similar
“breaking” properties on ¢ . This time there are no “folding edges” like in the case
of fum on @g N (0, 1)? but there are regions around @4 where we can see similar
phenomena.

Using that f, ,, and ¢1,, are both independent piecewise linear functions one
can see that

Al pm(8) = supflgrs,,, (X) — d1,X)| :x € [0, 1], f € B(fpm. )} >0 (36)

as § — 0 + . Apart from (31) and (33) we also assume that r,,, > 0 is chosen so
small that

< Honam 37)
T'nm
" 100
and (using that dimy @y = d — 1)
B(®y, rp,m) can be covered by balls B; such that (38)
1B <
n—+m

and

ZlB (@D < — (39)
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Recall that we started to make assumptions about §, ,, in the paragraph contain-
ing (30). The smaller r,,, we need to use the smaller §,,,. Next we suppose that
using (36) we chose a &, such that in addition to our other assumptions we have

1 1+1

Al.n,m(Sn,m) < 100 Tl,nm . (4’0)
Now we want to use the folding property in (34) and (35) for functions f which
approximate f,, ,,. This time the “folding edges” are not any more (d—1)-dimensional
surfaces, but some neighborhoods of them. By (38) and (39) we will be able to

bound the dimension of these regions.
Suppose S; € Sy with k € {1,...,54} with vertices z 1, ..., Z4y1. Since f, »,
and ¢, s, are both independent piecewise linear functions there is 84 > 0 such
that if f € B(f,.u, 84.), then one can choose vertices z ¢, j = 1,...,d + 1 such that

||ZkJ—ZkJ‘f|| <Tnm andzkjf € Elf, J = 1,,d+ 1, (41)

moreover if Sy s denotes the simplex determined by {zi ;s : j = 1,...,d + 1}, then
{(x,f(x)) : X € Sis} is on the surface of Hy inside a hyperplane determined by
{@rjs. f(zijp)) k= 1,...,d + 1}, that is, {(X, ¢1 (X)) : X € Sis} is a “face” of
¢1 ¢ approximating {(X, ¢1z,, (X)) : X € Si}. On the right half of Fig. 3 we have
the two dimensional illustration. The simplices (triangles) S € .74 are bounded by
solid lines. The simplices (triangles) Sy s are bounded by dashed lines.

We can suppose that §,,, < min{dgx : k = 1,..., 54} and by using independent
piecewise linearity of f,,,, and ¢;y,, we obtain that the hyperplanes containing
{(X, $14(x)) : X € Sis} are different for different &’s.

Hence the simplices S s are non-overlapping.

Put

@y = (0, D)4\ U2 int(Sky). (42)

These sets @y s will replace the folding edges @, N (0, 1)?. In Fig. 3 this is the
region which is not covered by the interiors of the simplices (triangles) bounded by
dashed lines.

From ||zy; — zxjs|| < rpm in (41) it follows that any point x in S which is of
distance no less than r,, ,, from 9(S;) is covered by Sy .

Thus @4y C B(Py, ry,») and hence by (38) and (39)

@, can be covered by balls B; such that 43)
Bl < —— and S Bil < 1
" Thndm l, ' m’

Using all the above restrictions we can select &, > 0.
Set gz,] = ﬂfle Usil B(fn’m,(gn'm).
It is clear that % ; is a dense Gs set in C[0, 1]¢.
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Suppose f € % ;. Then there exists a sequence n,, such that f € B(f,,, mu, 8n,.m)-
For each m we can define the “folding region” as in (42). Since these regions depend
on m we denote them by @y 7.,. Set Py = N Py 7. If x € (0, 1)\ Py, then there
exists an m such that x € int(Sgy,,) with a simplex Sis,, and {(X, ¢ #(X)) : X €
Sksm} is the subset of a hyperplane in R, This implies that ¢, ; is locally linear
in a neighborhood of x and 4, ,(x) = +o00.

Using (43) one can easily see that dimy (@) < d—1. On the other hand, from (43)
it also follows that if § C (0, 1)? is a simplex such that its vertices are z,, . . ., Zg4| €
E,, then there exists mg such that for m > mo, S ¢ @y s, Since S is a “face” of
¢1¢ if x € 9(S), then x cannot belong to the interior of any other “face” of ¢ .
Hence 9(S) C @y. Since dimy d(S) = d — 1 we obtain that dimy(®Py) = d — 1. If
X € &, then (34) and (35) imply that a¢(x) < 1.

The property dimy E; ; = 0 follows from (32) and (33).

Proof (Proof of Theorem 1.3). We can take 4, from (8) in Remark 2.5 and for any
f € 9 we have (3)—(5) satisfied.

By Lemma 2.6 there exists a dense open set ¢4, C C[0, 1]¢ such that for any
f € % the functions ¢; s and ¢, s are continuously differentiable on (0, 1)?.

There is nothing special about ¢ y in Lemma 2.8. A similar lemma can provide
a dense G set % » such that for any f € %, , we have (24) for E, s and ¢ ¢.

If we take ¢ = % N % N1 N%, ,, then taking into consideration Remark 2.7
as well any f € ¥ satisfies the conclusions of Theorem 1.3.
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