Chapter 5
The Discretizable Molecular Distance Geometry
Problem (DMDGP)

5.1 Definition of the DMDGP

We know that to ensure the finiteness of the solution set of the DGP, we can impose
an order on the vertices of the associated graph. If such an order exists, it is not hard
to find it in the DGP graph.

The DDGP3 assumes that, for all v;, i = 4,...,n, there exist (at least) three
previous vertices a;, b;, ¢; with {{a;, v;}, {b;, v}, {c;i, v;}} C E, such that

da,-b,- + db,-c,- > daic," (51)

Depending on the DDGP; instance, some distances between the vertices a;, b;, ¢;
may be lacking, which may imply no solution in R? for the quadratic system

2 2
||'xU[ _xll;” =d

aiv;’

2 2
”xvi _xbi” =d, Vi ?

2 2
”xv,- — Xe; ” = dciv,-'
A way to avoid this mishap is to require that, for all v;, i = 4, ..., n, the distances
between the vertices a;, b;, ¢; are known (note that this is not a requirement in the
Definition of the DDGP3). Additionally, we may require that the vertices a;, b;, ¢;
are the immediate predecessors to v;, which occurs in many applications [57].

Exercise 5.1 Geometrically, what does it mean for the quadratic system above to
have no solution?

Exercise 5.2 If the vertices a;, b;, c; compose a clique, can we ensure that the
related triangle inequality is strictly satisfied?
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We are now interested in finding a vertex order in which the vertices used in
the construction of each quadratic system compose a clique and are the immediate
predecessors to the vertex whose coordinates we wish to calculate. Considering the
same DGP instance as in Sect. 4.1, does there exist an order with these properties?
Let us study this question before proceeding.

Let us return to that problem: a DGP with K = 3, where the associated graph is
G = (V,E), with vertices V = {p, q, r, s, t,u, v} and edges

E = {p.q}.p. 1} p. s}, Ap- uj, {ps v,
(URS U USIRUNTRURUS
{r’ s}’ {r’ t}’ {r’ v}’
{s,t},{s, v},
{t, u}, {t, v},

{v, u}}.
Consider a new ordering given by
V={p,uv,q,tr,s}

We use the following notation in order to facilitate our analysis: p = uj, u = uy,
V= u3, q = uy4, t = us, ¥ = ug, and s = uy (i; is used instead of v; in order to
emphasize that we are using a different order from the previous one). We can verify
that this order has the desired properties, because in addition to the valid realization
for {u;, up, u3}, we also have the following cliques:

{Ml , U, U3, u4},
{uz, u3, uy, us},
{us, ug, us, ug},

{M4, us, Ug, M7}-

To better follow the BP algorithm, we note that

Hur g}, {uo, ua}, {us, us}} C E,

{uz, us}, {us, us}, {us, us}} C E,

Hur, ueh, {us, ue}, {ua, uc}, {us, ug}} C E,
Hur,ur} {us, ur b, {ug, ur}, {us, uz}, {us, u7}} C E.

To obtain the coordinates of u4, we consider the following quadratic system, with
x4, € R? as the only variable:
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||xu4 — Xy ”2 = dilmt’

2 2
||xu4 - xuz ” = duzu4’

||xu4 - xu3 ||2 = dL213u4'

We choose one of the two possible values for the coordinates of uy, let us say xg 4

and we obtain the following quadratic system in order to find the coordinates of us,

||)Cu5 —xuz”z = dL212L15’

”xus _xug”Z = diws’

02 _ 2
||)Cu5 - xu4 ” - du4us'
Again, we choose one of the two possible values for the coordinates of us, let us say
x)_, and we obtain a new quadratic system,

”xuﬁ _xu3||2 = diwﬁ’

02 2
”xus _xu4|| = du4L¢6’

0|2 2
||xl£6 - xu5 || = du5u6‘
We also have {u;,us} € E, that we can use to check which one of the possible
coordinates obtained for g, xg . and xblt o is feasible:

0
[ —

1
X || = duyug 01 |2y, — Xuy | = duyug?

Maybe none of the equations is satisfied, implying that we made a wrong choice
for us. Let us suppose that it is the case. We need to return and recompute the
coordinates using x}ts. The new quadratic system is

2 2
||xu6 _xu3|| = du3u(,’

012 2
||'xu6 _'xu4|| = dM4M6’

12 2
”xuo _xuSH = dusu(,’

Again, by using {u;, ug} € E, we check each of the new possible positions obtained

for ug (yg6 and y}%):

||Y26 — Xy | = duyug  Or ”yliﬁ = Xuy || = duyue?

9.+ Xy} are not coplanar, only one of these
equations will be satisfied. Let us suppose that it is the first. Then, we discard
vy, and we consider y) . The new quadratic system is

Supposing that the points {x,,, Xy, , X
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||x147 _x24||2 = d54u7’

12 2
||xll7 - xus ” = dusu7’

02 2
”x’ﬂ — Yug ” = dL¢6u7'
By using {u;, u7} € E and {u3, u;} € E to check each of the new possible positions
obtained for u7 (x), and x;, ), we have:

1

0
”X u7

up K | =duu, or | Xuy | = duyuy

and

1

0
||xu7 — Xy | = duzu, 0T ||xu7 — Xus | = duzur -

Supposing that x}w is selected, we therefore obtain the solution to our problem as

xulvxuzvxu3vx24’xtlzsayg(,’x;f
Until this moment, it was not possible to see any advantage in this new order, besides
the fact that it ensures that the quadratic systems have solutions. However, with the
cliques {v;—3,vi—3,v;—1,v;}, for all i = 4,...,n, we can replace the solution of
the quadratic systems by something numerically simpler and more stable. Before
proceeding with explaining how to do this, we will formalize the definition of the
new problem: the Discretizable Molecular Distance Geometry Problem (DMDGP).

Definition 5.1 (DMDGP) Given a graph G = (V, E, d) of a DGP with K = 3 and
an order on the vertices V, denoted by vy, ..., v,, such that

e there is a valid realization for vy, v,, v3,
e forall v;, i = 4,...,n, there are (at least) three immediately previous vertices
Vi—3, Vi—2, Vj—1, Where {v;_3, V;—2, vi—1, v;} is a clique, and
dvi—svi—z + dUi—Zvi—l > dvi—svi—l ’

find a function x : V — R? such that

V{U,‘, vj} €E, ”in _xv,'” = dUin'

5.2 Complexity of the DMDGP

The existence of the cliques {v;—_3, vi—, vi—1, v;}, for all i = 4, ..., n, provides us
more information about the vertex order of the associated DGP graph. By using
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the distance information of the cliques {v;—3, v;—3, v;—1, V;}, we are able to obtain
“almost” all of the following values:

* dyy,...,d,—1,: distances associated with the consecutive vertices,
* 63,...,0,—2, planar angles associated with three consecutive vertices,
* Wg4,...,wy—3,: torsion angles associated with four consecutive vertices.

Exercise 5.3 What is the reason of the “almost” above?

Recall that the torsion angle w;—3; is the angle between the normal vectors asso-
ciated with the planes determined by the vertices v;—3, v;—, v;—; and v;—p, v;—1, V;,
respectively. The values d; », ..., d,—1 » are, obviously, obtained from the definition
of the DMDGP, and the values 6, 3, ..., 6,—>, are obtained by the law of cosines.
However, from the DMDGP hypothesis, we can obtain only the values of the cosines
of the torsion angles, given by (i = 4,...,n) [44, 49]:

2d7 5 \(d 5y 5+ dE =Yg ) = (dimsi—2-1)(di2.i-1)
\/4di2—3,i—2di2—2.i—1 - (di2—3,i—2,i—1) \/4di2—2,i—ldi2—2,i - (dz'2—2,i—1,i)

cos (wi—3,;) =

s

where

) 2 2
dizi—2i—1 =di_3; )+ diy; —diig; g,

2 2 2
digimi=dig; +diy;—diy;
Actually, with the ordering structure of the DMDGP, we can imagine that we have
molecular structures (Fig. 5.1), which explains the use of the extra term “molecular”
to describe this new class of problems.

Exercise 5.4 What is the distance that appears only one time in the formula above
for cos(w;—3;)? Why is it “different” from the other distances?

Fig. 5.1 DMDGTP instance as
a molecule
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Remember that to define a three dimensional structure of a molecule, we can
use the internal coordinates, given by the values di,...,dn—114, 013,...,O—2.0,
and w4, ...,w,—3,. However, as we mentioned above, in the DMDGP, we just
have cos(w;—3;), i = 4, ...,n, which generates two possible values for each torsion
angle, since w;—3; € [0,2x]. This implies that we do not need to solve anymore
quadratic systems! Moreover, the two possibilities for each torsion angle can be
found by using the distances related to the cliques {v;_3, v;—», v;—1, v;}. In order
to prune using the given extra distances, we use the matrices given in Sect. 2.4 to
obtain the Cartesian coordinates of the two possible solutions for each vertex v;,
where we have already obtained the coordinates of v;_3, v,—,, v;—1, and then we just
compare the distances we calculate with the given distances.

A question remains: “What is the computational cost in finding the DMDGP
order?” This is different than the polynomial cost of obtaining the DDGP;3 order.
In fact, finding a DMDGP order may be difficult because it is an NP-hard problem
[12]. It is the cost we pay for the new information. We escaped solving quadratic
systems, but we exponentially increased the cost of finding a DGP order. However,
depending on the application, that order can be obtained using the characteristics of
the particular problem. It is what happens, for example, in problems related to 3D
protein structures [48] (see Chap. 6).

Exercise 5.5 Why is there a “change of signs” in the formulas d;_3;—»,;—1 =

2 2 ) S _n > n 9
diyiotdi,,—dis,yanddisii=d_,; | +d_,;—d_,,above]

Exercise 5.6 Derive the formula for cos(w;—3,).

5.3 DMDGP Symmetry

We saw that the DMDGP order allows us to view the problem as a molecule with a
finite possible configurations, and by using the internal coordinates and the distance
information of the cliques {v,_3, v;—2, Vi—1,v;}, i = 4,...,n, we can also find the
two possible values for all torsion angles w;—3;. There exists another interesting
property related to the symmetry of the DMDGP solutions.

In our example problem from Sect. 5.1, we realized that the two positions for
vy (x9,,x},) can be considered since there are no extra edges which can invalidate
one of them. This implies that, for any solution found in the left subtree, having the
node x? , as its root, there exists another one that is symmetric to the plane defined
by xy,, Xy,, Xy, [47]. Note the relation that exists among the finiteness of the solution
set, the strict triangle inequality, and the symmetries.

An immediate consequence of this fact is that the solution set has an even number
of solutions. However, since the first computational results obtained for the DMDGP
[53], we empirically observed that the number of solutions was always a power of
two. Only recently, by using group theory, a mathematical proof of this fact was

presented [58].
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We illustrate the importance of this result by considering the following set, given
a DMDGP graph G = (V, E, d) with the vertex order vy, ..., v,:

S={veV:3uw}eE suchthatu +3 < v < w}.

In order to simplify the notation, we denote by u + 3 the third vertex after u, and
by u — 3 the third vertex before u. Initially, let us try to identify the elements in
S. The first candidate is vy, which is in S if there is no edge {u, w} € E such that
u—+3 < vy < w. If there is some u € V satisfying this property, we will have
u < vq — 3. However, this is not possible because vy — 3 = v;, which is the first
element of V. That is, v4 € S for any DMDGP.

Let us see what happens with vs (we are supposing that the DMDGP has a
solution):

* Supposing that there exists {u,vs} € E, such that u < vs — 3, we have that
vs & S and {v,, vs} € E, which implies that only one of the possibilities for vs is
feasible: either xJ_ or x},_.

* Supposing that there is no {u, vs} € E, for u < vs — 3, we need to consider the

two following cases:

— If there is no {u, w} € E, such that u + 3 < vs < w, then vs € S.
— If there exits {u, w} € E, such thatu + 3 < vs < w, then vs5 & S.

Since the procedure above can be applied to all elements of V, we can obtain the set
S by using just the DMDGP data, even before we apply BP to solve the problem.
But what is the importance of the set S?

The set S identifies other symmetric planes for the DMDGP, in addition
to the plane associated with the vertices {vy, v, v3}, defined for all DMDGP
instances [58].

For example, if vs € S, this implies that the two positions for vs are feasible,
x85 and x}JS. At the same time, xgs and xll)5 are part of two different DMDGP
solutions [66].

Considering the example problem of Sect. 5.1 and using the notation v;, we have:

V = {v1, v2, v3, V4, V5, V6, V7},

E = {{vi, va}, {v1, v3}, {v1, va}, {1, ve}, {v1, v7},
{v2, v3}, {v2, v}, {v2, V5},
{v3, va}, {vs, v}, {3, ve}, {v3, v7},
{vs, vs}, {v4, ve}, {va, v7},

{vs, v}, {vs, v7}, {ve, V7}}.
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Fig. 5.2 Solution obtained
by BP algorithm

It is easy to see that S = {v4}, since {v;,v;} € E. That is, there exists only one
symmetric plane (defined by x,,,x,,,x,;), which implies that we have only two
solutions. As we have already obtained a solution, given by

1

0 0
xvl 9xv29-xv3a-xv47xv59yv67x

1
v7?

we have another one symmetric to the plane defined by {x,,, x,,, x,,} (see Fig.5.2).
Suppose now that we have a little different DMDGP instance, given by

V = {v1, 02, v3, V4, 5, Vs, V7},
E = {{v1, va}, {v1, va}, {v1, va}, {v1, v6},
{v2, v3}, {v2, va}, {2, V5,
{v3, va}, {v3, vs}, {v3, ve},
{v4, vs}, {vs, v}, {v4, U7},
{vs, ve}, {vs, v7}, {vs, V7).
Performing the calculations, we obtain
S = {vsg, v7},
implying that we have another symmetric plane defined by {v4, vs, ve} (see Fig.5.3).
To simplify the notation, let us represent the first solution by a sequence of zeros
and ones and denote the first tree positions by 0, 0, 0:
s1 = (0,0,0,0,1,0,1).

Since we know that we have a symmetry at vertex vy, another solution is given by

55 = (0,0,0,0,1,0,0).
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Fig. 5.3 Symmetric solutions

Now, by considering the symmetry at vertex vy, we obtain other two solutions
given by

s3 = (0,0,0,1,0,1,0)
and
s4 = (0,0,0,1,0,1,1).

We have two important conclusions arising from these observations [1, 55, 66]:

*  We know, a priori, using only the data given by any DMDGP, that the cardinality
of the solution set is 2/5!.

e In order to find all the solutions of a DMDGP, it is enough to apply the BP
algorithm to find only one solution, since all the others can be obtained using the
DMDGP symmetries.

Exercise 5.7 What is the computational importance of knowing a priori the number
of DMDGP solutions?

Exercise 5.8 Since the computational cost associated with the use of symmetries
to obtain other DMDGP solutions is polynomial, what is the implication for the
complexity of DMDGP?
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