Chapter 3
From Continuous to Discrete

3.1 Continuous Optimization and the DGP

One approach that has been used to solve the DGP is to represent it as a continuous
optimization problem [59]. To understand it, we consider a DGP with K = 2,V =
{u,v,s}, E = {{u, v}, {v, s}}, where the associated quadratic system is

(xul _xvl)2 + (xu2 _xv2)2 = div
(xv] —.xsl)z + (xUZ _xSZ)z = dgs’
which can be rewritten as
(xul _xv1)2 + (xu2 - xv2)2 - dtzlv =0
(xvl _)Csl)2 + (sz - xs2)2 - d%s =0.

Consider the function f : R® — R, defined by

2
T, X, X1 X2, X1, X2) = (G — x01)” + (2 — x00)> — doy)

2
+ ((xvl - xs1)2 + (xv2 - x.v2)2 - d%s) .

It is not hard to realize that the solution x* € R® of the associated DGP can be found
by solving the following problem:

min f(x). 3.1

xER®

That is, we wish to find the point x* € R® which attains the smallest value of f.
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Exercise 3.1 In the problem (3.1), is it possible to say what is the smallest valued
of f? Is this result valid for any DGP?

Exercise 3.2 Still considering the same problem above (3.1), what is the difference
between solving the quadratic system
(xul - xvl)z + (qu _xv2)2 - div =0

(1 — x0)> + (2 —x)* —diy =0
and solving the equation
f(x) =0,x € RS,

where f is given by

2
f(xllla-XMZV xvl,XUvaslvxSZ) = ((xul _)Cvl)2 + (xu2 _)61)2)2 - dlfv)

2
+ ((xul _xsl)2 + (xv2 - xx2)2 - d%v) ?

Thus, we can think of the DGP as a minimization problem. However, the
optimization approach for the DGP has a difficulty in that the function to be
minimized (3.1) has many local minima and we wish to find a global minimum
[26] (see Fig.3.1).

In fact, the number of local minima may increase exponentially with the size of
the problem, which is determined by the number of vertices of the associated graph
[57], further complicating the minimization problem.

Exercise 3.3 Is it possible that there exists more than one global minimum for the
DGP optimization problem?

Fig. 3.1 Local and global “f{x)
minima
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Exercise 3.4 If there is more than one global minimum, does the number of global
minima may increase exponentially with the size of the problem in the same way
that local minima do?

3.2 Finiteness of the DGP

Suppose that the solution set of a DGP is non-empty. We already know that the
number of solutions is either uncountable or finite (modulo rotations, translations,
and reflections). In the finite case, besides applying the classical optimization
methods, we can exploit the structure of the associated graph which defines the
problem and perhaps come up with a different approach [46, 54].

However, before studying special problem structures, how can we tell if the
solution set is either finite or uncountable? This section analyzes the conditions
that ensure the finiteness of the solutions for a DGP.

Let us consider the same problem of Sect.2.3 with K = 2, but here we
change the dimension K to 3. So, we have a DGP with K = 3,V = {u,v,r,s},
E = {{u,v},{u, r}, {u,s}, {v,r},{v,s}, {r,s}}. Fixing the coordinates of the first
three vertices u, v, r, which we can do by using the matrices of Sect. 2.4, we obtain
the same quadratic system:

(B _Xu”2 =d,

us’
s —x|I* = di,

lxs — x> = dfs.

Performing the calculations and subtracting the first equation from the others as
before, we obtain

2y — X)Xy = o1 =[xl + @2 — d2,

200 —x) % = |l =[xl + di — ..

So far, no difference can be noticed. However, if we obtain the explicit associated
linear system, we have:

Xs1
|:xvl — Xul Xp2 — X2 Xp3 _xu3i| ' — l [ (B ”2 - ”xu”2 + dﬁx - d%v]

X2 ==
Xrl — Xul X2 — X2 Xp3 — Xy3 XY3 2 ”xr”2 - ||~xu||2 + d,i; - dfs
S

We no longer have a 2 x 2 matrix, but a 2 x 3 matrix, since we have K = 3.
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The above system can be written as

|:xv1 — Xul Xp2 _x142] |:xsl ] + |:xv3 _xu3] [X 3]
Xrl — Xul Xp2 — X2 Xs2 Xr3 — Xu3 *
_ 1 [ e lI? = floeall> + 2y — dﬁs]
2 L Ml ll? = llxall® + iy — a3,

Xyl — Xul Xv2 — Xu2

If we suppose that the matrix [
Xrl — Xul X2 — X2

i| is invertible, we obtain that

—1
[m } _! [xm — X1 X2 —xuz] [uxvuz — loall? + 2, dﬁy}

Xs2 2 | X1 = Xul X2 — X2 ||xr||2 - ”xu”2 + dﬁs - d%y

—1
|:-xv1 — Xyl X2 — xu21| |:xv3 — Xu3 ] [)C ]
- s3 |-

Xrl — Xul Xr2 — Xu2 Xr3 — Xu3

This implies that we no longer have only one solution for the linear system! That is,
for each value for x;; € R, we obtain values for x;; and x,,. Thus, in order to obtain a
solution of our DGP, we must return to the associated quadratic system, choose one
of the equations (for example, ||x, — x,[|> = d2,), and solve it by using the solution
of the linear system above.

Geometrically, we have the intersection between a line, given by the parametric
equation in x3,

Xs1 | _ _
|:x52i| =A B[Xxg,],
where

-1

A= 1 Xyl — Xyl Xp2 — X2 ”xv ”2 - ”xu”Z + dﬁr - d%v

— 5 _ _ 2 _ 2o 2 2 |
Xrl Xul X2 — Xu2 ”'xr” ”'x”” + us rs

2
-1
B = |:xv1 — Xul Xp2 — xu2:| |:xv3 _xu3i|
Xrl = Xul X2 — Xu2 Xr3 — Xu3
and a sphere, given by

[lxs — xunz =d;

us’

(3.2)

resulting in three possibilities (Fig. 3.2):

* Empty set (the line does not intersect the sphere),
* Only one point (the line is tangent to sphere),
* Two points (the line is a secant of the sphere).
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0 oe

Fig. 3.2 Intersection of a line and a sphere

Exercise 3.5 Show the equivalence between the original quadratic system,

”xs - xu”z = dﬁy
[l _xv“2 =d;

vs?

[lxs — xr”z =d;

rs’

and the new system, given by

2
H[xsl Xs2 Xs3 ]T - [xul Xu2 -xu3]T” = dli&"

-1
|:xsl } _ [xm — Xu1 X2 _xu2:|
Xs2 Xrl — Xul X2 — X2
« %l [levll2 = x> + dig —dﬁs} B [xv3 _xu3i| [“]}
2 [ el = llxall® + dog — o, X3 —X3 ]
where the variables are xy1, x5, X;3 € R.

Xyl — Xyl Xp2 — X2
Xrl = Xul X2 — Xu2
select an invertible matrix 2 x 2 from the original matrix

Exercise 3.6 If the matrix |: ] is not invertible, or if we can not

|:xv1 — Xul Xv2 — X2 Xo3 — X3 ]
Xrl — Xul X2 — X2 Xp3 — X3

does this mean that we can not ensure the finiteness of the solution set?
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The discussion above suggests that there are at least two important aspects to the
issue of finiteness of the DGP solution set:

a For each vertex s € V that we need to process, there must exist edges
{u,s},{v,s},{r,s} € E (where u,v,r € V are the vertices whose coordinates
have already been calculated), in order to generate a solvable quadratic system

”xs _xu||2 =d,

us’

llxs = x> = .

[lxs _)Cr”2 = dﬁp

(3.3)

with x, € R? as the unknown.

b Clearly, in order to guarantee that the system (3.3) will have at most two solutions,
the matrix obtained by subtracting one equation from the other two must have full
rank.

Exercise 3.7 What geometric interpretation can be given to the assertion that the

matrix

|:xvl — Xyl Xu2 — X2 Xo3 — X3 }
Xrl — Xul X2 — Xu2 X3 — Xy3

has full rank?

Exercise 3.8 In RZ, for the above exercise, how would the question be answered?

Exercise 3.9 Which is the most important condition in practice—that there exist
edges {u, s}, {v, s}, {r, s} € E or that the associate matrix has complete rank?

Exercise 3.10 If we have more than three edges in conditions (a) and (b) above for
Eq. (3.3), how can we choose among these edges?

3.3 Vertex Order for the DGP

Based on the previous discussions, we highlight two important points related to
vertices s € V whose coordinates still need to be positioned in R?:

1. There are u, v, r € V such that {u, s}, {v, s}, {r,s} € E,
2. X4, Xy, X, € R3 are part of a valid realization.

The idea which is the link between these two points is related to the concept of
order on the vertices of the DGP graph. That is, if there exists an order relation in
V which satisfies the conditions 1 and 2 above, we can ensure (excluding rotations,
translations, and reflections and supposing that the points related to the vertices
u, v, r are not collinear) that the DGP solution set is finite.
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Recall that to solve a DGP, for K = 3, we must obtain a valid realizationx : V —
R? of the related graph, which implies that we need to find the coordinates of the
points x, € R3 for each s € V, satisfying all equations of the system

V{M, U} € E» ||xu _-xl)“ = duv-

A solution of the problem can then be represented as an element of R3"!,

Exercise 3.11 If we have such an order on the vertices V, does the search space
change?

If three points are given (satisfying the DGP equations) as positions for the
first three vertices of the order we are looking for (which is easy to find for most
applications), we can say in polynomial time whether or not there is such an order
[28, 45].

Consider a DGP with V = {a, b, ¢, u, v, r} and

E = {{a,b},{a,c},{a,u},{b, c},{b, v}, {c, r}, {u, v}, {u,r}, {v,r}}.

For K = 2, we wish to find an order such that the two first vertices generate a
clique and, from the third on, there are two previous vertices coming before it. By
considering all possible initial cliques, let us see what happens:

o Starting with the clique {a, b}, we have the following possible vertices for the
third position: ¢, u, v, r. The next vertex would be ¢, because {{a, c},{b,c}} C E.
However; after that, there would exist no other candidate vertices.

o Starting with the clique {a, c}, we have the following possible vertices for the
third position: b, u, v, r. The next vertex would be b, because {{a, b}, {c,b}} C E.
However; after that, there would exist no other candidate vertices.

o Starting with the clique {a, u}, there does not exist any candidate vertex to occupy
the third position.

o Starting with the clique {b, c}, we have the following possible vertices for the
third position: a, u, v, r. The next vertex would be a, because {{b, a},{c,a}} C E.
However, after that, there would exist no other candidate vertices.

o Starting with the clique {b, v}, there does not exist any candidate vertex to occupy
the third position.

o Starting with the clique {c, r}, there does not exist any candidate vertex to occupy
the third position.

o Starting with the clique {u, v}, we have the following possible vertices for the
third position: a, b, c, r. The next vertex would be r, because {{u, r},{v,r}} C E.
However; after that, there would exist no other candidate vertices.

o Starting with the clique {u,r}, we have the following possible vertices for the
third position: a, b, ¢, v. The next vertex would be v, because {{u, v}, {r,v}} C E.
However; after that, there would exist no other candidate vertices.
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Fig. 3.3 DGP graph without U )
order satisfying condition 1,
forK =2

a b

o Starting with the clique {v, r}, we have the following possible vertices for the
third position: a, b, ¢, u. The next vertex would be u, because {{v,u},{r,u}} C E.
However, after that, there would exist no other candidate vertices.

Therefore, no such order exists! However, the associated graph does not have an
uncountable number of realizations (modulo rotations, translations, and reflections)
[37] (see Fig. 3.3). That is, the existence of a vertex order mentioned before is just
a sufficient condition for the finiteness of the DGP solution set. This question is
related to another area of research called graph rigidity [32].
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