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Preface

Distance geometry (DG) is a distinct mathematical research area which includes
mathematics and computer science as fundamental components. The fundamental
problem of DG is to determine the spatial locations (coordinates) for a set of points,
in a given geometric space, using distances between some of them.

DG is considered to have originated in 1928, when Menger [62] characterized
several geometric concepts using the idea of distance [16]. However, only with the
results of Blumenthal [10], in 1953, did the topic become a new area of knowledge
known as DG.

The main challenge of DG at that time was to find necessary and sufficient
conditions in order to decide if a given matrix is a distance matrix D. That is,
decide whether or not a given matrix D is a symmetric matrix such that there is an
integer number K and a set of points in RX, where the Euclidean distances between
these points are equal to the entries of the matrix D [51]. Note that, in this case, all
distances are considered known.

To the best of our knowledge, the first explicit mention of the fundamental
problem of DG delineated above, where not all distances are known, was given
by Yemini [81], in 1978. In this case, the problem may be harder.

Another important moment in the history of DG is related to its application to
the calculation of molecular structures, with the 1988 publication of Crippen and
Havel’s book [15], considered pioneers of DG in the analysis of protein structures.
More information on the DG history can be found in [52].

The first edited book fully dedicated to DG was published by Springer in 2013
[67]. The book brought together different applications and researchers in DG. In the
same year, in June 2013, the first international workshop dedicated to DG was held
with speakers from various international institutions (Princeton University, IBM TJ
Watson Research Center, University of Cambridge, Ecole Polytechnique, Institut
Pasteur, Ecole Normale Supérieure, SUTD-MIT International Design Center).
The event also had the support of several international scientific societies and
universities, indicating the importance of DG in many areas of knowledge (more
details at http://dga2013.icomp.ufam.edu.br/).
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The interest in DG as a topic of research arises from the wealth and diversity of
its applications, in addition to its mathematical depth and beauty. Recent surveys
on DG highlighting the theory and applications can be found in [9, 18, 57]. For
example, applications can be found in problems from astronomy, biochemistry,
statistics, nanotechnology, robotics, and telecommunications.

In astronomy, the problem is related to the determination of star positions using
information about the distances between some of them [60]. In biochemistry, the
problem appears in the determination of three-dimensional structures of protein
molecules using the information obtained from nuclear magnetic resonance (NMR)
experiments. In statistics, there are problems related to visualization of data [22]
and dimensionality reduction [50]. In these cases, points and distances are given
in a high dimensional space R" and the problem is how represent them in a lower
dimension, say R? or R, in order to have a visual idea of the data. This application is
also linked to a current topic of research called Big Data [2, 61]. In nanotechnology,
the problem is similar to the problem in biochemistry, but on a “nano” scale
[21, 39]. There is a direct relationship between the application to robotics and the
calculations related to molecular geometry [23, 70]. That is, given a set of robotic
arm lengths (distances), the problem is to find the locus of points that the robot
arm can reach [68]. In telecommunications, the problem is related to the positioning
of a wireless sensor network, where the distances can be estimated by the amount
of power necessary for performing peer-to-peer sensor communication. The further
the sensors, the more power is necessary. Since both sensors know how much power
they used, both sensors can compute their distance. An example of this is for router
positioning [24, 81].

The theoretical nature and the wide variety of applications have resulted in DG
becoming its own research area in applied mathematics, which includes fundamental
concepts from mathematics (measures, norms, geometry, optimization, combina-
torics, graph theory, symmetry, uncertainty) and computer science (algorithms,
solvability, complexity).

Campinas, Sao Paulo, Brazil Carlile Lavor
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Denver, CO, USA Weldon A. Lodwick
Denver, CO, USA Tiago Mendonga da Costa
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Chapter 1
Introduction

This monograph introduces distance geometry, based on problems related to 3D
protein structure calculations using distance information provided by Nuclear
Magnetic Resonance (NMR) experiments. Our presentation is as short as possible,
with exercises to help the reader to better understand the contents.

The text is based on the combinatorial structure of distance geometry problems,
differently from the classical approach, which focuses on continuous methods. This
discrete approach is important for the understanding of the main concepts involved
and provides a new way to consider the problem. Curiously, this combinatorial view
arose in the quantum computing context, when Grover’s algorithm [3, 33, 42] was
proposed as a method to solve a distance geometry problem related to the calculation
of molecular structures [41].

1.1 Notation and Basic Concepts

It is assumed that an elementary knowledge of analytic geometry will be sufficient
to follow the text. Obviously, the reader will also need to have some familiarity with
the mathematical language involving basic concepts from logic, sets, and functions.
Next, we list the main concepts that will be used in this text with the associated
notation.

¢ Sets

— X € A means that x is an element of set A.

— A C B means that the set A is contained in B, that is, all elements in A are
elements of B.

— ANB={x:x € Aand x € B} is the set formed by the elements that are both
in A and B.

© The Author(s) 2017 1
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1 Introduction

AUB = {x:x € A or x € B} is the set formed by the elements that are in A or
B, including the elements which are in A N B.

A—B = {x:x € Aand x & B} is the set A, excluding the elements in B which
are in A.

The set A is countably infinite if and only if there exists a bijection f : N —
A, that is, a one-to-one correspondence between the elements in A and the
positive integer numbers N = {1,2,3,...}.

The set A is finite if and only if there exists a bijection f : {1,2,...,n} — A,
where n € N. The cardinality of A, which is denoted by |A|, is the number of
elements in A.

The set A is uncountable if it is infinite but it is not countably infinite.

Vectors and Matrices

A vector x € R" will be denoted by a column matrix. For example, x € R?

. . X
will be written as x = |: ! :| , where x1,x; € R.

X2
R™" s the set of matrices with m lines and n columns whose entries are real
numbers.
Given M € R™", the transpose matrix M7 € R™™ is the real matrix obtained
from M by exchanging rows by columns.
Given M € R™ its inverse matrix, denoted by M™' e R™™_exists if and
only if MM~ = M~'M = I, where I is the identity matrix. For example,
10
01
Recall that the product between matrices is not commutative, that is, there are
matrices A, B, such that AB # BA.
Given M € R™", with m < n, we say that M has full rank if and only if there
exists a submatrix M’ € R™" where M’ is invertible.
Given x, y € R”, the inner product between x and y, denoted by x -y, is defined
byx-y=xiy1 + - + XV
Given x € R", the Euclidean norm of x, denoted by ||x||, is defined by ||x|| =

VrXox = /x4 a2k

if I € R¥2 then I = |: :| L If M~! exists, we say that M is invertible.

Graphs

Graph theory is a discipline which intersects mathematics and computer
science [34]. Here we present some basic definitions that we need for our
development.

Given a finite set V and another set E, which is formed by unordered pairs of
elements in V, we have a graph G = (V, E), where V is the set of vertices and
E is the set of edges. We can represent a graph in the plane R? using points as
the vertices and line segments (or arcs) as the edges, as illustrated below.

A graph G = (V, E) is simple if and only if it has no multiple edges or {a, b} €
E = a # b (see Figs. 1.1 and 1.2).



1.1 Notation and Basic Concepts

Fig. 1.1 Simple graph

Fig. 1.2 Non-simple graph

Fig. 1.3 Connected graph

Fig. 1.4 Disconnected graph

Fig. 1.5 Complete graph

Fig. 1.6 A graph that is not
complete

e D

— A graph G = (V,E) is connected if and only if it is not possible to separate
the set of vertices in two non-empty sets A and B, V = A U B, such that there
is no edges {a, b} € E where a € A and b € B (see Figs. 1.3 and 1.4).

— A graph G = (V,E) is complete if and only if the set E contains all possible
pairs, that is, for all a, b € V,a # b = {a, b} € E (see Figs. 1.5 and 1.6).

— Aclique in a graph G = (V, E) is another graph G’ = (V', E’), where V' C V,
E' CE,and G’ = (V',E') is complete (see Figs. 1.7, 1.8, and 1.9).

— When we associate each edge of a graph with a real number, that is, a function
d : E — Ris given, we have a graph with weights on the edges (see Fig. 1.10).
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Fig. 1.7 Graph G C
A B
D
Fig. 1.8 3-Clique in G C
A
D
Fig. 1.9 2-Clique in G C
A

Fig. 1.10 Edge-weighted
graph

1.2 Outline

The remainder of the book is the following. In Chap. 2, we define the basic problem
of Distance Geometry: the DGP (Distance Geometry Problem). In Chap. 3, we
present the continuous approach to the DGP and introduce some ideas related to
the combinatorial approach. Chapters 4 and 5 consider two discrete versions of the
DGP and Chap. 6 explains how Distance Geometry can be used to model problems
in Molecular Geometry associated to 3D protein structure calculations using NMR
data. Chapter 7 ends with some conclusions.



Chapter 2
The Distance Geometry Problem (DGP)

2.1 Definition of the DGP

The fundamental problem of DG, as we have previously stated, is to determine
all the coordinates of a set points, in a given geometric space, for which some of
the distances are known. Depending on the application, these points can represent
stars, reachable points for a robot arm, atoms, or people. Each one of these objects
can be represented by a vertex of a graph, and if the distance between them is
known, we have an edge connecting the correspondent vertices. Formally, we have
the following definition of the Distance Geometry Problem (DGP) [57].

Definition 2.1 (DGP) Given a integer K > 0 and a simple connected graph G =
(V, E) with weights on the edges given by d : E — (0, o0), find a functionx : V —
RX such that

V{u,v} € E, |x(u) —x(v)|| = d(u, v). (2.1)

Remark 2.1 The norm of (2.1) is general and will depend on the application. This
monograph uses the Euclidean norm.

A solution to the DGP associates each vertex of G to a point in RX satisfying
Eq. (2.1). That is, we wish to position the vertices u, v € V such that, for {u, v} € E,
we have situated them in R¥ so that the calculated distance ||x(u)—x(v)|| is the given
value d(u, v). The function x is called a realization of G. A realization of a graph is a
“representation” of its vertices in some Euclidean space RX. Note that the dimension
K and the graph G are inputs/data of the problem. Some DGP variants have the
dimension K as part of the problem [57]. This monograph, however, assumes that
the dimension K is given a priori.

A realization that satisfies all Eq. (2.1) is a valid realization. In order to simplify
the notation, we will use x,, x, instead of x(«), x(v), and d,, instead of d(u, v).

© The Author(s) 2017 5
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6 2 The Distance Geometry Problem (DGP)

The focus here is on the cases K = 2 and K = 3. However, all results can be
extended to RX [57].

Exercise 2.1 Can there exist more than one solution of a DGP? Can the solution
set be empty?

Exercise 2.2 When we “draw” a graph on paper, are we solving a DGP?

We obtain the following system of equations when we use the Euclidean norm in
the definition of the DGP with K = 2:

V@ = x)? + (2 = x02)? = du Y, v} € E, (2.2)
where xI' = (x,1,x,) and xI = (x,1,%,2). Thus, we have a system with 2|V|
variables and |E| equations. From (2.2), by squaring both sides, we immediately
derive:

(1 = Xo1)? + (X2 — x2)* = d2, Y{u, v} € E. (2.3)

Trying to solve the system (2.1) or its associated quadratic system (2.3) as a
closed formula is, in general, impossible [7]. Solving the problem numerically also
presents difficulties [57].

Exercise 2.3 Consider a DGP with K = 2,V = {u, v, r}, E = {{u, v}, {v,r}}, and
dy, = dy, = 1. Solve the problem graphically.

Exercise 2.4 Considering the previous exercise, what would be the solution if we
add {u, r} to E with d,, = 1?

Before we consider solution methods to solve the DGP, we will discuss two
important aspects of the problem: (i) the cardinality of the solution set and (ii) the
complexity of the problem.

2.2 Number of Solutions of the DGP

What is the importance of knowing the number of solutions of a DGP? Is it possible
to have this information before we solve the problem? Besides its theoretical
importance, the cardinality of the DGP solution set may help us to solve the
problem, since we know how many solutions are being sought. These questions
will be discussed more fully in Chap. 5.

We saw from the first two exercises that the number of solutions of a DGP can
be infinite. However, does this always happen? We know that, given three points
Xu» Xy, X,, in R, the triangle inequality

dMW S dLlU + dUW



2.3 Complexity of the DGP 7

must be satisfied, where d,,, d,, d,,, are the distances between the given points.
This means that if we add the edge {u, r} to E (in the last exercise), the problem
does not have a solution if the triangle inequality is not satisfied.

It is also clear that once we have a solution, there will be an unaccountably
infinite number of other solutions by simply rotating and/or translating the given
solution. However, excluding rotations, translations, and reflections, the exercises
suggest that the set of solutions of a DGP can be of three kinds:

e empty,
¢ finite,
* unaccountably infinite.

There is one more case to consider. Is it possible to have a DGP with a countably
infinite number of solutions? It turns out that this case is impossible, but the proof
is not simple enough to be presented here [8].

Exercise 2.5 Consider a DGP with K = 2,V = {uv,rs}, E =
{{u, v}, {u,r}, {v,r},{v,s}} and d,, = d,, = d,, = dys = 1. Excluding rotations,
translations, and reflections, how many solutions exist?

Exercise 2.6 Considering the previous exercise, how many solutions will exist if
we add {u, s} to E, with d,;; = /2 ?

The two exercises above illustrate the fact that the addition of a single edge can
engender a change from “uncountably many” to “finitely many” solutions. This is an
evidence (not a proof) that the DGP cannot have countably infinitely many solutions.

2.3 Complexity of the DGP

The focus of this section is to give an intuition of the computational difficulty we
face when solving a DGP (formally, this is investigated in computational complexity
theory). Let us first consider the DGP whose associated graph is complete. To this
end, consider a DGP with K = 1,V = {u,v,r}, E = {{u, v}, {u, r},{v,r}}, dp =
d,, = 1,and d,, = 2. If we fix x, = 0 and x, = 1, we have

”xr - xu” =2
[l — x|l = 1.
Squaring both terms of equalities, we have
2 _
—2xx, +x, = 4

2
r
2 2
= 2xx +x;, = 1.
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Subtracting one equation from the other, we obtain
—2x, X, + 2%.%, + xi —xﬁ =3=2x0(, —x,) = x,z) —xi + 3.
Using the fixed values for x, and x,, we get
2%, =4 =x,=2.
We could have solved this problem by simply drawing the graph. However, the
interesting part of this procedure is that it can be generalized for RX. Let us see
what happens in R?.
Consider a DGP with K = 2,
V =A{u,v,r,s}and E = {{u, v}, {u, r}, {u, s}, {v, r}, {v, s}, {r, s}}.
Assume that u, v, r are fixed, that is, we can find x,, x,, x, € R? such that ||x,—x,|| =

dw, |%. — x| = dur, |x, — x| = dy,. Given these three points in R?, we can
construct a quadratic system to obtain the coordinates of x; in the following way:

”xs - xu“ = dys
”xs _xv“ = dys
||x5 _xr” = d,s.

Squaring both terms of equalities,

”x&”2 - zxs * Xy + ”-xu”z = d‘iv
”-XSHZ —2x5 - xy + ||-xu||2 = dlz)s
1P =22 + |1 = dZ

rs’

[
and subtracting the first equation from the other two, we obtain

2y — X)X = |1 = [l + @2 — 2,

206 —xy) Xy = ”xr”2 - ||xu||2 + dz, — d%v

us

Thus, we have a linear system

Ax

Il
SN

where

Xvl — Xul Xv2 — Xu2
A=2 |: )
Xrl — Xul Xr2 — Xu2
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b [ el = Il + di — i
el = llxall® + i — i 1°

and

X
x= |: 31i| )
Xs2
If the matrix A is invertible, then we have only one solution x* given by

x*=A"1p. (2.4)

Remark 2.2 Note that supposing that the matrix A is invertible, the solution x* is
obtained for any values of d,;, dys, d,s. What is the connection of this fact with the
solution of the original quadratic system?

If A has no inverse, what do we do? We can, for example, fix three different
vertices of {u, v, r, s} in order to obtain an invertible matrix and hence the position
of the fourth vertex. Therefore, if the graph G of a DGP is complete and we assume
the existence of a solution, we can obtain a realization of G by solving a sequence
of linear systems, considering that all the associated matrices are invertible.

Exercise 2.7 In Exercise 2.5, suggest a method for fixing the positions of u, v, r.
Does it generalize to R3?

Exercise 2.8 In Exercise 2.5, what conditions can we impose on x,,x,,x, to
guarantee that the associated linear system has a solution?

Exercise 2.9 In Exercise 2.5, if the associated linear system has a solution, can we
guarantee that we have a solution to the original quadratic system?

Exercise 2.10 Still considering Exercise 2.5, if none of possible choices for the
three first vertices produce an invertible matrix, does this mean that the DGP has no
solution?

If we require that all the matrices associated to a DGP with complete graph
possess inverses, the problem has a unique solution (modulo rotations, translations,
and reflections) that can be obtained at a computational cost proportional to |V| [20].
However, in the majority of applications, we do not have complete graphs. So, the
strategy discussed above may yield just a partial realization of the graph.

Before continuing our exploration of the DGP, we state a theoretical result
pertaining to the computational complexity of the DGP [72].

Theorem 2.1 The DGP is NP-Hard for all K € N, and in particular it is NP-
Complete for K = 1.

This means that any algorithm capable of solving the DGP is very likely to run (in
the worst case) in a number of steps which is exponential in the size of the memory
used to store the instance data, that is, G and d.
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Exercise 2.11 To solve an instance of the DGP in linear time, does the associated
graph necessarily need to be complete?

Exercise 2.12 Can we have just a unique solution (modulo rotations, translations
and reflections) to the DGP even though the graph is not complete?

2.4 DGP Instances

It is important to be able to generate instances/examples of DGPs in order to test
algorithms and to analyze the relationship between the graph of a DGP and its set
of solutions. This section presents a method for the reader to generate example
problems of a DGP for K = 3.

The procedure given here stems from the calculation of 3D molecular structures.
To simplify the process without making the generated instance easy to solve, we
consider a sequence of covalently connected atoms, denoted by 1,...,n. That is,
each atom is connected to only two others, except the first and the last of the
sequence.

We will use a Cartesian coordinate system xi,...,x, € R3 to define a spatial
structure of our molecule in terms of an internal coordinate system [77], given by the
lengths of the covalent bonds d », . .., dy,—1 n, by the planar angles 6,3, ..., 0,2,
(formed by three consecutive atoms), and by the forsion angles w4, ..., w3,
(formed by four consecutive atoms). Each torsion angle w;—3 is, in fact, the angle
between the normals of the planes defined by the atoms i — 3,i — 2,i — 1 and
i—2,i— 1,1, respectively (see Fig.2.1).

Fig. 2.1 Internal coordinates
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We now fix the lengths of the covalent bonds (for example, d;—;; = 1.526) and

the values of the planar angles (for example, 6,_,; = 1.91 radians). In this way,
except for rotations, translations, and reflections, a structure for our molecule will
be determined by the torsion angles wy 4, . . ., w,—3,, €ach of which can vary in the

interval [0, 27].

A way to proceed is to choose randomly values for w;—_3; € [0, 2], as well
as pairs of points i, j whose Euclidean distances d;; are smaller than a given value.
To simulate DGP instances associated with the calculation of molecular structures
using distance information provided by NMR experiments, we can choose pairs of
points i, j for which d;; < 5 [40] (see Chap. 6).

However, how do we determine the pairs of points i,j without knowing the
distances d;;? For this, we need to obtain the Cartesian coordinates from the internal

coordinates, as follows:

Xi1 0
Xi2 0 .
= BB, -+ B; , Vi=1,...,n,
Xi3 0
1 1
where
(1000 —10 0—d,]
B, = 0100 By = 01 O 0 ’
0010 00 -1 0
10001 00 O 1]
[ —cos 91_3 —sin 91_3 0 —d2,3 Cos 913 ]
B = sin 91’3 — COS (91_3 0 d2.3 sin 91’3
T 0 01 0l
L 0 00 1
and
—CoS 9,‘_2,,‘ —sin 91‘_2_1‘ 0 —d,‘_1’,‘ Ccos 0,‘_2_,‘
B — sin 9i—2,i COS w;—3,; — COS 9,'_2.,' COS w;—3 ; —sin Wi—3.i di—l.i sin 9,'_2,,' COS w;—3 ;
"7 sin 02 isinwi—3; —cosbi_p;sinwi—3; coswi—3; di—1;sinbi_y;sinwi—3; |’
0 0 0 1

fori=4,...,n.
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Using above matrices and fixing the values d; », d> 3, 0 3, the coordinates of the

first three atoms are given by:

X1 =

Xy =

X3

[ —dy > + dy3c080; 3

dzy3 sin 91’3
0

Note that we are using matrices in R*** to generate points in R>. These are
related to homogeneous coordinates, which are very useful in computer graph-

ics [29].

Exercise 2.13 Since 3D molecular structures can be described by Cartesian coor-
dinates or internal coordinates, what is the difference in using one or the other
coordinate system to generate a DGP instance?

Exercise 2.14 s it possible to use the matrices above to generate DGP instances

for K = 27



Chapter 3
From Continuous to Discrete

3.1 Continuous Optimization and the DGP

One approach that has been used to solve the DGP is to represent it as a continuous
optimization problem [59]. To understand it, we consider a DGP with K = 2,V =
{u,v,s}, E = {{u, v}, {v, s}}, where the associated quadratic system is

(xul _xvl)2 + (xu2 _xv2)2 = div
(xv] —.xsl)z + (xUZ _xSZ)z = dgs’
which can be rewritten as
(xul _xv1)2 + (xu2 - xv2)2 - dtzlv =0
(xvl _)Csl)2 + (sz - xs2)2 - d%s =0.

Consider the function f : R® — R, defined by

2
T, X, X1 X2, X1, X2) = (G — x01)” + (2 — x00)> — doy)

2
+ ((xvl - xs1)2 + (xv2 - x.v2)2 - d%s) .

It is not hard to realize that the solution x* € R® of the associated DGP can be found
by solving the following problem:

min f(x). 3.1

xER®

That is, we wish to find the point x* € R® which attains the smallest value of f.

© The Author(s) 2017 13
C. Lavor et al., An Introduction to Distance Geometry applied to Molecular
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Exercise 3.1 In the problem (3.1), is it possible to say what is the smallest valued
of f? Is this result valid for any DGP?

Exercise 3.2 Still considering the same problem above (3.1), what is the difference
between solving the quadratic system
(xul - xvl)z + (qu _xv2)2 - div =0

(1 — x0)> + (2 —x)* —diy =0
and solving the equation
f(x) =0,x € RS,

where f is given by

2
f(xllla-XMZV xvl,XUvaslvxSZ) = ((xul _)Cvl)2 + (xu2 _)61)2)2 - dlfv)

2
+ ((xul _xsl)2 + (xv2 - xx2)2 - d%v) ?

Thus, we can think of the DGP as a minimization problem. However, the
optimization approach for the DGP has a difficulty in that the function to be
minimized (3.1) has many local minima and we wish to find a global minimum
[26] (see Fig.3.1).

In fact, the number of local minima may increase exponentially with the size of
the problem, which is determined by the number of vertices of the associated graph
[57], further complicating the minimization problem.

Exercise 3.3 Is it possible that there exists more than one global minimum for the
DGP optimization problem?

Fig. 3.1 Local and global “f{x)
minima




3.2 Finiteness of the DGP 15

Exercise 3.4 If there is more than one global minimum, does the number of global
minima may increase exponentially with the size of the problem in the same way
that local minima do?

3.2 Finiteness of the DGP

Suppose that the solution set of a DGP is non-empty. We already know that the
number of solutions is either uncountable or finite (modulo rotations, translations,
and reflections). In the finite case, besides applying the classical optimization
methods, we can exploit the structure of the associated graph which defines the
problem and perhaps come up with a different approach [46, 54].

However, before studying special problem structures, how can we tell if the
solution set is either finite or uncountable? This section analyzes the conditions
that ensure the finiteness of the solutions for a DGP.

Let us consider the same problem of Sect.2.3 with K = 2, but here we
change the dimension K to 3. So, we have a DGP with K = 3,V = {u,v,r,s},
E = {{u,v},{u,r}, {u,s}, {v,r},{v,s}, {r,s}}. Fixing the coordinates of the first
three vertices u, v, r, which we can do by using the matrices of Sect. 2.4, we obtain
the same quadratic system:

(B _Xu”2 =d,

us’
s —x|I* = di,

lxs — x> = dfs.

Performing the calculations and subtracting the first equation from the others as
before, we obtain

2y — X)Xy = o1 =[xl + @2 — d2,

200 —x) % = |l =[xl + di — ..

So far, no difference can be noticed. However, if we obtain the explicit associated
linear system, we have:

Xs1
|:xvl — Xul Xv2 — Xu2 Xp3 _xu3i| xf — l [ ”xv ”2 - ||Xu||2 + dﬁr - d%v]

52 -
Xrl — Xul X2 — X2 Xp3 — Xy3 XY3 2 ”xr”2 - ||~xu||2 + d,i; - dfs
S

We no longer have a 2 x 2 matrix, but a 2 x 3 matrix, since we have K = 3.



16 3 From Continuous to Discrete

The above system can be written as

|:xv1 — Xul Xp2 _x142] |:xsl ] + |:xv3 _xu3] [X 3]
Xrl — Xul Xp2 — X2 Xs2 Xr3 — Xu3 *
_ 1 [ e lI? = floeall> + 2y — dﬁs]
2 L Ml ll? = llxall® + iy — a3,

Xyl — Xul Xv2 — Xu2

If we suppose that the matrix [
Xrl — Xul X2 — X2

i| is invertible, we obtain that

—1
[m } _! [xm — X1 X2 —xuz] [uxvuz — loall? + 2, dﬁy}

Xs2 2 | X1 = Xul X2 — X2 ||xr||2 - ”xu”2 + dﬁs - d%y

—1
|:-xv1 — Xyl X2 — xu21| |:xv3 — Xu3 ] [)C ]
- s3 |-

Xrl — Xul Xr2 — Xu2 Xr3 — Xu3

This implies that we no longer have only one solution for the linear system! That is,
for each value for x;; € R, we obtain values for x;; and x,,. Thus, in order to obtain a
solution of our DGP, we must return to the associated quadratic system, choose one
of the equations (for example, ||x, — x,[|> = d2,), and solve it by using the solution
of the linear system above.

Geometrically, we have the intersection between a line, given by the parametric
equation in x3,

Xs1 | _ _
|:x52i| =A B[Xxg,],
where

-1

A= 1 Xyl — Xyl Xp2 — X2 ”xv ”2 - ”xu”Z + dﬁr - d%v

— 5 _ _ 2 _ 2o 2 2 |
Xrl Xul X2 — Xu2 ”'xr” ”'x”” + us rs

2
-1
B = |:xv1 — Xul Xp2 — xu2:| |:xv3 _xu3i|
Xrl = Xul X2 — Xu2 Xr3 — Xu3
and a sphere, given by

[lxs — xunz =d;

us’

(3.2)

resulting in three possibilities (Fig. 3.2):

* Empty set (the line does not intersect the sphere),
* Only one point (the line is tangent to sphere),
* Two points (the line is a secant of the sphere).
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0 oe

Fig. 3.2 Intersection of a line and a sphere

Exercise 3.5 Show the equivalence between the original quadratic system,

”xs - xu”z = dﬁy
[l _xv“2 =d;

vs?

[lxs — xr”z =d;

rs’

and the new system, given by

2
H[xsl Xs2 Xs3 ]T - [xul Xu2 -xu3]T” = dli&"

-1
|:xsl } _ [xm — Xu1 X2 _xu2:|
Xs2 Xrl — Xul X2 — X2
« %l [levll2 = x> + dig —dﬁs} B [xv3 _xu3i| [“]}
2 [ el = llxall® + dog — o, X3 —X3 ]
where the variables are xy1, x5, X;3 € R.

Xyl — Xyl Xp2 — X2
Xrl = Xul X2 — Xu2
select an invertible matrix 2 x 2 from the original matrix

Exercise 3.6 If the matrix |: ] is not invertible, or if we can not

|:xv1 — Xul Xv2 — X2 Xo3 — X3 ]
Xrl — Xul X2 — X2 Xp3 — X3

does this mean that we can not ensure the finiteness of the solution set?
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The discussion above suggests that there are at least two important aspects to the
issue of finiteness of the DGP solution set:

a For each vertex s € V that we need to process, there must exist edges
{u,s},{v,s},{r,s} € E (where u,v,r € V are the vertices whose coordinates
have already been calculated), in order to generate a solvable quadratic system

”xs _xu||2 =d,

us’

llxs = x> = .

[lxs _)Cr”2 = dﬁp

(3.3)

with x, € R? as the unknown.

b Clearly, in order to guarantee that the system (3.3) will have at most two solutions,
the matrix obtained by subtracting one equation from the other two must have full
rank.

Exercise 3.7 What geometric interpretation can be given to the assertion that the

matrix

|:xvl — Xyl Xu2 — X2 Xo3 — X3 }
Xrl — Xul X2 — Xu2 X3 — Xy3

has full rank?

Exercise 3.8 In RZ, for the above exercise, how would the question be answered?

Exercise 3.9 Which is the most important condition in practice—that there exist
edges {u, s}, {v, s}, {r, s} € E or that the associate matrix has complete rank?

Exercise 3.10 If we have more than three edges in conditions (a) and (b) above for
Eq. (3.3), how can we choose among these edges?

3.3 Vertex Order for the DGP

Based on the previous discussions, we highlight two important points related to
vertices s € V whose coordinates still need to be positioned in R?:

1. There are u, v, r € V such that {u, s}, {v, s}, {r,s} € E,
2. X4, Xy, X, € R3 are part of a valid realization.

The idea which is the link between these two points is related to the concept of
order on the vertices of the DGP graph. That is, if there exists an order relation in
V which satisfies the conditions 1 and 2 above, we can ensure (excluding rotations,
translations, and reflections and supposing that the points related to the vertices
u, v, r are not collinear) that the DGP solution set is finite.
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Recall that to solve a DGP, for K = 3, we must obtain a valid realizationx : V —
R? of the related graph, which implies that we need to find the coordinates of the
points x, € R3 for each s € V, satisfying all equations of the system

V{M, U} € E» ||xu _-xl)“ = duv-

A solution of the problem can then be represented as an element of R3"!,

Exercise 3.11 If we have such an order on the vertices V, does the search space
change?

If three points are given (satisfying the DGP equations) as positions for the
first three vertices of the order we are looking for (which is easy to find for most
applications), we can say in polynomial time whether or not there is such an order
[28, 45].

Consider a DGP with V = {a, b, ¢, u, v, r} and

E = {{a,b},{a, c},{a,u},{b, c},{b, v}, {c, r}, {u, v}, {u,r}, {v,r}}.

For K = 2, we wish to find an order such that the two first vertices generate a
clique and, from the third on, there are two previous vertices coming before it. By
considering all possible initial cliques, let us see what happens:

o Starting with the clique {a, b}, we have the following possible vertices for the
third position: ¢, u, v, r. The next vertex would be ¢, because {{a, c},{b,c}} C E.
However; after that, there would exist no other candidate vertices.

o Starting with the clique {a, c}, we have the following possible vertices for the
third position: b, u, v, r. The next vertex would be b, because {{a, b}, {c,b}} C E.
However; after that, there would exist no other candidate vertices.

o Starting with the clique {a, u}, there does not exist any candidate vertex to occupy
the third position.

o Starting with the clique {b, c}, we have the following possible vertices for the
third position: a, u, v, r. The next vertex would be a, because {{b, a},{c,a}} C E.
However,; after that, there would exist no other candidate vertices.

o Starting with the clique {b, v}, there does not exist any candidate vertex to occupy
the third position.

o Starting with the clique {c, r}, there does not exist any candidate vertex to occupy
the third position.

o Starting with the clique {u, v}, we have the following possible vertices for the
third position: a, b, c, r. The next vertex would be r, because {{u, r},{v,r}} C E.
However,; after that, there would exist no other candidate vertices.

o Starting with the clique {u,r}, we have the following possible vertices for the
third position: a, b, ¢, v. The next vertex would be v, because {{u, v}, {r,v}} C E.
However, after that, there would exist no other candidate vertices.
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Fig. 3.3 DGP graph without U )
order satisfying condition 1,
forK =2

a b

o Starting with the clique {v, r}, we have the following possible vertices for the
third position: a, b, ¢, u. The next vertex would be u, because {{v,u},{r,u}} C E.
However, after that, there would exist no other candidate vertices.

Therefore, no such order exists! However, the associated graph does not have an
uncountable number of realizations (modulo rotations, translations, and reflections)
[37] (see Fig. 3.3). That is, the existence of a vertex order mentioned before is just
a sufficient condition for the finiteness of the DGP solution set. This question is
related to another area of research called graph rigidity [32].



Chapter 4
The Discretizable Distance Geometry Problem

(DDGP»)

4.1 Definition of the DDGP;

We begin this chapter by describing an important class of the DGP in R? having
a vertex order as described in Sect. 3.3, called the Discretizable DGP; (DDGP5).
Even though this definition can be extended to RX [65], we will consider just the
case K = 3.

Definition 4.1 (DDGP;) Given a graph G = (V, E,d) of a DGP with K = 3 and
an order on the vertices V, denoted by vy, ..., v,, such that:

* there is a valid realization for vy, vy, v3,
e forallv; i = 4,...,n, there are (at least) three previous vertices a;, b;, c; with
{{ai, vi}, {bi, vi}, {ci, vi}} C E satisfying

da,-b,- + db,-c,- > du,-c,'»
find a function x 1 V. — R> such that
Vivi, v} € E,  lxy, — x| = d-

The DDGP; is obviously a particular case of the DGP, where K = 3, with an
order structure given as part of the problem.

The order structure on the vertex set of the associated graph of a DDGP; allows
us to attack the problem taking into account this information. Orders on the vertices
of a graph appear in many applications [12, 31]. Essentially, the idea is to proceed
vertex by vertex, following the given order.

Let us consider a DGP with K = 3, given by

V={p,qr,s,tuv}
© The Author(s) 2017 21
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and

E={p.q}.{p.r}.Ap. s} {p. u}. {p. v},
{q.r}.{q.s}.{q. 1}, {q. u}. {q. v},
{r.s}h {r.i} {r. v},

{s, t}, {s, v},
{t.u}, {1, v},
{u, v}}.

We can first order the vertices according to the process described in Sect. 3.3,
resulting in the following:

V={rq,t,s,v,u,p}.

Given this order, we have a DDGP; (supposing that the related hypothesis are
satisfied) with
{{r. s} {g. s} {t. 53} C E,
{tr. vl dg. v} {n v} {s. v} CE,
g, ub. {t.uj, {v.u}} CE,
tr.pyAg.pi. s p} v, pyo Aup}y C E.

Rewriting the vertices in V as r = vy, ¢ = vp, t = V3, 5§ = V4, UV = U5 U = Vg, and
p = vy, the associated graph for our example is given by

V = {v1, v2, v3, v4, V5, Vg, U7}

and

E = {{v1, v}, {v1, v3}, {vr, va}, {vr, v}, {vr, va),
{02, v3}, {v2, va}, {va, vs}, {v2, Ve, {2, v7},
{v3, va}, {v3, vs}, {v3, ve},

{va, vs}, {va. v},
{vs, ve}. {vs. v7},
{ve, v7}}-

In order to facilitate the construction of the quadratic systems, let us consider the
edges related to vy, vs, Vg, U7:
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{Hv1, v}, {va, val, {vs, va}} CE,
{{v1, vs}, {v2, vs}, {v3, vs}, {vs, vs}} CE,
{{v2, v}, {v3, ve}, {vs, v6}} C E,
Hor, vr} {va, v}, {ve, w7}, {vs, v7}, {ve, v7}} C E.

From the hypothesis of the DDGP3, vy, vy, v3 are already fixed in R3, that is, their
coordinates x,, , x,,, X,;, have already been computed. To obtain the coordinates of
vg, we can exploit {{v, v4}, {v2, v4}, {v3,v4}} C E, which in turn generates a
system of quadratic equations with x,, € R? as the only unknown variable:

”)Cv4 _'xU] ||2 = dﬁ]lm’

2 2
||xv4 _xU2|| = dv2v4’

2 2
||xv4 - xv3 || = dv3v4'

Expanding the norms and subtracting, for example, the first equation from the other
two, we obtain a linear system

Axy, = b,

where A € R?*3 and b € R?. Since A has full rank by the hypothesis of the DDGP3
(no collinearities), we obtain x,, in terms of a parameter A € R which we denote
by x,,(4). Replacing x,,(A) in one of the equations of the quadratic system above,
for example, in the equations ||x,, —x,, [|* = d2 ,,, we obtain the following second-
degree equation in A:

||Xv4(/\)||2 - 2'XU4(A’) "Xy + ”xv] “2 —d;,, =0. 4.1

v1v4

With the values of A, we obtain the possible results for the coordinates of x,, (1).

Exercise 4.1 When we obtain two equal roots as a solution to (4.1), what does this
means geometrically?

Exercise 4.2 Could we obtain complex roots to (4.1)?

For each solution for vy ()cg4 and x}u), performing the same procedure described
above, we will have two solutions for vs. That is, in our example, considering as =
vy, bs = v3, 5 = vy, and choosing x34, we have the following quadratic system:

2 2
”xvs _xUZH = dvzvs’

”xUS _'xv3||2 = d33v5’

”xvs _x24||2 = d34v5'
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However, we also have {v;, vs} € E, which can be used to test each of the possible
positions obtained for vs (xgs and x! )

0 _ 1 _
||xv5 — Xy, || = dyyv5 01 ”va — Xy, || = dyyvs?
Supposing that the points {x,,Xy,,Xy;, X ,J are not coplanar, only one of these

. . . . . 0
equations must be satisfied. Suppose it is the first: x;,_.
Exercise 4.3 What is the difference if we had selected x}, instead of xJ, ?

Exercise 44 Why have we assumed the non-coplanarity of the points
{wixvz»wix?u}?

Let us go to the next vertex: vg. Since we only have {{v, v¢}, {v3, Vs}, {vs, v6}} C
E, we generate the associated quadratic system

2 2
”'xvﬁ _xUZH = dvzv(,’

”xvﬁ _'xv3||2 = d33v6’

o — 20117 = iy
obtaining the two possible solutions: xJ_ and x; . At this point, nothing can be said
about the feasibility of these points because we do not have more vertices linked
to vg. In order to continue, we have to choose one of the two solutions that were
generated, for example, x(v)é. At the same time, we must remember that there is the
second possibility: x! .-

For the next vertex v7, considering

ag = U4,
b7 = vs,
C¢7 = Vg,

we have a new quadratic system,

012 2
||xv7 _‘xv4|| =dU4v7’

02 2
||xv7 —vaH =dv5U7’

02 2
||'xv7 _'xl/(,” = dl}(,v7’
obtaining two more possible solutions: xg7 and x}”. In this case, there are two other
edges, {{vi,v7},{va, v7}} € E, that can be used to test each one of the possible
positions for v7:

0

1
[y, — X, | = dy,v; OF ||xv7 — Xy, || = dyyy
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and

0

||'XU7 - xvz || = dU2U7 or ||x11)7 _xvz || = dvzv7-

Now we have two possibilities:

* Neither of the possible solutions are feasible,
* Only one of the possible solutions is feasible.

The first case can occur if the selection that we made for v had been wrong. In
this case, we need to return, choose x,lj " and repeat the process. In case we have
“extra” edges, we must test them, one by one. Just one equation that is not satisfied
will cause the process to terminate and require a backtracking.

In the second case of one feasible solution, we have a situation like that for vertex
vs, but with two extra edges instead of only one: {vy,v7} € E and {v,,v7} € E.
Theoretically, we can use any of these edges for choosing between x87 and x}”.

Let us suppose that neither of the possible solutions are feasible. Then, we
“return” , choose x! .» and solve a corresponding quadratic system, obtaining x87
and x, . Since we have {v;, v} € E (supposing that the points {x,,, x,,.x),, x} } are
not coplanar), only one of these positions is feasible. Suppose it is xif Therefore,
we finally get a solution to the problem: {x,, ,xy,, X, xg » xgs , x}) 6,x}}7 .

1

Exercise 4.5 When we have to choose between x) and x, ,

anticipate that x) will be infeasible?

is it possible to

Exercise 4.6 By using the procedure above, what ensures us that we will find a
solution?

Exercise 4.7 In practice, which criteria can be adopted in order to decide which
edge must be used if there are many extra edges and supposing that all of them are
theoretically “feasible” ?

4.2 Complexity of the DDGP;

The computational cost of the method described above may be exponential. How-
ever, is it possible to create an efficient algorithm for the DDGP3? In Sect. 2.3, we
mentioned that the DGP is an NP-hard problem. Since the DDGP; is a subproblem
of the DGP, it is natural to ask if there is some change in the computational
complexity of the subproblem. However, the DDGP; remains NP-hard [65].

Recall that in the order associated with the graph G = (V, E) of the DDGP3, for
allv; e V, i =4,...,n, there exists at least three previous vertices a;, b;, ¢; with

Hai, vi}, {bi, vi}, {ci, vi}} CE.
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Remark 4.1 In the example above, if we have {v;,v¢} € E or {vs4,v6} € E, no
backtracking is necessary. If we generalize this fact, we can say that, if for all v; €
V, i=25,...,n, there exists at least four previous vertices a;, b;, ¢;, d; with

Hai, vi}, Abi, vi}, {ci, viy, 4di, vi}} CE,

(supposing that {a;, b;, c;, d;} are related to noncoplanar points), the DDGP; can be
solved in linear time!

Exercise 4.8 If we have a DDGP3 whose solution set is not empty and for all v; €
V,i=5,...,n, there exists (at least) four previous vertices a;, b;, ¢;, d; with

Hai, vi}, {bi, vi}, {ci, v}, 4di, vit} CE

and {a;, b;, c;, d;} are not coplanar, can we assert that there is only one solution?

4.3 The BP Algorithm for the DDGP3

The vertex order in the DDGP; ensures the finiteness of the solution set (assuming
that the respective triangle inequalities are strictly satisfied) and allow us to
“organize” the search space appropriately. Although the search space remains
continuous (R, with n vertices), the vertex order indicates the way in which the
search space should be covered so that a solution of the problem can be found.
In fact, the vertex order induces a structure of a binary tree in the search space
(Fig. 4.1), where the root represents the coordinates of x,,, and the next two vertices
represent the coordinates of x,, and x,, that have been fixed. From the fourth level
of the associated tree, we have the representations of all the possible positions for
the vertices v;, i = 4, ..., n. There are two possibilities for vy, 4 for vs, 8 for ve, 16
for vy, ..., 273 for v, ..., and 2" 73 for v,.

From what we have seen from the previous example, we decided to explore the
tree from the left to the right side. That is, when we do not have additional edges,

Fig. 4.1 Binary tree
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we opted by choosing solution x?)l_ of the associated quadratic system. Other options
can be defined [25, 69], but we need to take care in order to not get lost when we
have to backtrack the tree.

Based on the previous example, we can develop a procedure to solve the DDGP3
that consists of a sequence (induced by the order on the vertices) of quadratic
systems and feasibility tests (when additional edges exist). Thus, we can divide the
edges E of the graph of the DDGP; in two disjoint sets:

E=E,UE,,
where

E;, = {{a4s U4}’ {b47 U4}v {C4a U4}, cees {anv Un}v {bn» vn}s {C,,, Un}}

is the branching set and
E,=E—E,

is the pruning set.

The branching edges “model” the search space as a binary tree and the pruning
edges “indicate” the way that we should proceed, going down the tree. To find a
solution, we go down the tree from the root until we reach the last level, performing
all feasibility tests along the way. The solution is given by the path defined only by
the feasible nodes.

We saw that, in some cases, we have to backtrack the tree and restart the path.
These backtracks can exponentially increase the computational cost of the search.
We can traverse “down” the tree without backtracking in two special cases:

« E, =40,

e Vv,i = 5,...,n, there are (at least) four vertices which generate
(non-coplanar) previous points to wv;, given by a;, b;,c;,d;, such that
{{ai, vi}, {bi, vi}, {ci, vi}, {di, vi}} CE.

In both cases, a solution can be quickly found with a computational cost proportional
to n.

For the first case, it is sufficient to choose any of the solutions of the quadratic
systems

2 2
”xvi _xa,'” =d,, .

a;jv;
”xv,- _xb,'”2 = dziv’-»

2 2
”xvi _xCi” =d

Cciv;?

since there is no feasibility test to do.
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Fig. 4.2 Intersection of three
spheres

&7

For the second case, it is sufficient to solve the quadratic systems

2 2
||'xvi _xlli” =d

ajv;’

2 2
”xvi _-xbi” =d, Vi ?

2 2
”xv,- _fo|| = dc,-u,-’

I, — x4 1? = 2.
which provides a unique solution. There is also no feasibility tests, since we included
them in the quadratic systems.

The set E; is essentially the “same” for any DDGP3, whereas the set E, depends
on the particular problem. The branching edges define the quadratic systems and the
pruning edges define the feasibility tests.

Consider a generic quadratic system associated with v;,i = 4, ..., n:

||xv,- _-xui“z = dﬂzlivi’

2 2
||‘in _'xhi” =d

iVi’

||'xvi _‘xCi”2 = dg,'v,"

Geometrically, to solve this system means to obtain the intersection of three spheres
(Fig. 4.2), S(x4;s dayo;)s SCvy» dpv)s (Se;» dey;), centered at X, Xp, X, € R with
radius d,y,;, dp,v;, dew, € (0, 00), given by

D= S(xai’ daiv,') N S(xbi’dbivi) N (SCi’dCivi)'

From the hypothesis of the strict triangle inequality of the DDGP3, the points
a;, b;, c; are not collinear and, therefore, we only have three possibilities:

* [D|=0,
* [D|=1,
. |D|=2.
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Fig. 4.3 Intersection of four
spheres

o

When E, # @, we have additional spheres (Fig. 4.3) that should be added to the
previous intersection. That is, we should have

P=DnN (m?;ls(xpi’dpivi)) ’

where k; is the number of additional edges to v;, p; < v;, {pi, vi} € E, and S(x,,, dpv;)
is the sphere with center at point x,, with radius d,,,,. This new intersection,
ﬂf":IS (xp;, dpv;), 1s precisely the feasibility test. With additional spheres, we have
only two possibilities:

* [Pl =0,
- P =1.

The first case corresponds to some infeasibility, and the second one corresponds
to the case where we have the point satisfying all the given distances to previous
points already positioned. This geometrical interpretation gives us other alternatives
to deal with the two fundamental subproblems that are involved in solution methods
for the DDGP; (see [4-0, 49, 67]). The algorithm to find a solution for the DDGP;
is called Branch and Prune [44, 53], or just BP.

Exercise 4.9 Write down the main steps of the BP algorithm as a pseudo code.

Exercise 4.10 Explain that, when the points x,,, Xp,, X, X,; are coplanar, we have
the case |D| = 1.

Exercise 4.11 When E, = @, is it possible to know how many solutions the
problem has?

Exercise 4.12 Does the BP find all solutions of a DDGP5?



Chapter 5
The Discretizable Molecular Distance Geometry
Problem (DMDGP)

5.1 Definition of the DMDGP

We know that to ensure the finiteness of the solution set of the DGP, we can impose
an order on the vertices of the associated graph. If such an order exists, it is not hard
to find it in the DGP graph.

The DDGP3 assumes that, for all v;, i = 4,...,n, there exist (at least) three
previous vertices a;, b;, ¢; with {{a;, v;}, {b;, v}, {c;i, v;}} C E, such that

da,-b,- + db,-c,- > daic," (51)

Depending on the DDGP; instance, some distances between the vertices a;, b;, ¢;
may be lacking, which may imply no solution in R? for the quadratic system

2 2
||'xU[ _xll;” =d

aiv;’

2 2
”xvi _xbi” =d, Vi ?

2 2
”xv,- — Xe; ” = dciv,-'
A way to avoid this mishap is to require that, for all v;, i = 4, ..., n, the distances
between the vertices a;, b;, ¢; are known (note that this is not a requirement in the
Definition of the DDGP3). Additionally, we may require that the vertices a;, b;, ¢;
are the immediate predecessors to v;, which occurs in many applications [57].

Exercise 5.1 Geometrically, what does it mean for the quadratic system above to
have no solution?

Exercise 5.2 If the vertices a;, b;, c; compose a clique, can we ensure that the
related triangle inequality is strictly satisfied?
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We are now interested in finding a vertex order in which the vertices used in
the construction of each quadratic system compose a clique and are the immediate
predecessors to the vertex whose coordinates we wish to calculate. Considering the
same DGP instance as in Sect. 4.1, does there exist an order with these properties?
Let us study this question before proceeding.

Let us return to that problem: a DGP with K = 3, where the associated graph is
G = (V,E), with vertices V = {p, q, r, s, t,u, v} and edges

E = {p.q}.p. 1} p. s}, Ap- uj, {ps v,
(RS RUAI R USIRUNTRURUS
{r’ s}’ {r’ t}’ {r’ v}’
{s,t},{s, v},
{t,u}, {t, v},

{v,u}}.
Consider a new ordering given by
V={p,uv,q,tr,s}

We use the following notation in order to facilitate our analysis: p = uj, u = uy,
V= u3, q = uy4, t = us, ¥ = ug, and s = uy (i; is used instead of v; in order to
emphasize that we are using a different order from the previous one). We can verify
that this order has the desired properties, because in addition to the valid realization
for {u;, up, u3}, we also have the following cliques:

{Ml , U, U3, u4},
{uz, u3, uy, us},
{us, ug, us, ug},

{M4, us, Ug, M7}-

To better follow the BP algorithm, we note that

Hur g}, {uo, ua}, {us, us}} C E,

{uz, us}, {us, us}, {us, us}} C E,

Hur, ueh, {us, ue}, {ua, uc}, {us, ug}} C E,
Hur,ur} {us, ur b, {ug, ur}, {us, uz}, {us, u7}} C E.

To obtain the coordinates of u4, we consider the following quadratic system, with
x4, € R? as the only variable:
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||xu4 — Xy ”2 = dilmt’

2 2
||xu4 - xuz ” = duzu4’

||xu4 - xu3 ||2 = dL213u4'

We choose one of the two possible values for the coordinates of uy, let us say xg 4

and we obtain the following quadratic system in order to find the coordinates of us,

||)Cu5 —xuz”z = dL212L15’

”xus _xug”Z = diws’

02 _ 2
||)Cu5 - xu4 ” - du4us'
Again, we choose one of the two possible values for the coordinates of us, let us say
x)_, and we obtain a new quadratic system,

”xuﬁ _xu3||2 = diwﬁ’

02 2
”xus _xu4|| = du4L¢6’

0|2 2
||xl£6 - xu5 || = du5u6‘
We also have {u;,us} € E, that we can use to check which one of the possible
coordinates obtained for g, xg . and xblt o is feasible:

0
[ —

1
X || = duyug 01 |2y, — Xuy | = duyug?

Maybe none of the equations is satisfied, implying that we made a wrong choice
for us. Let us suppose that it is the case. We need to return and recompute the
coordinates using x}ts. The new quadratic system is

2 2
||xu6 _xu3|| = du3u(,’

012 2
||'xu6 _'xu4|| = dM4M6’

12 2
”xuo _xuSH = dusu(,’

Again, by using {u;, ug} € E, we check each of the new possible positions obtained

for ug (yg6 and y}%):

||Y26 — Xy | = duyug  Or ”yliﬁ = Xuy || = duyue?

9.+ Xy} are not coplanar, only one of these
equations will be satisfied. Let us suppose that it is the first. Then, we discard
vy, and we consider y) . The new quadratic system is

Supposing that the points {x,,, Xy, , X
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||x147 _x24||2 = d54u7’

12 2
||xll7 - xus ” = dusu7’

02 2
”x’ﬂ — Yug ” = dL¢6u7'
By using {u;, u7} € E and {u3, u;} € E to check each of the new possible positions
obtained for u7 (x), and x;, ), we have:

1

0
”X u7

up K | =duu, or | Xuy | = duyuy

and

1

0
||xu7 — Xy | = duzu, 0T ||xu7 — Xus | = duzur -

Supposing that x}w is selected, we therefore obtain the solution to our problem as

xulvxuzvxu3vx24’xtlzsayg(,’x;f
Until this moment, it was not possible to see any advantage in this new order, besides
the fact that it ensures that the quadratic systems have solutions. However, with the
cliques {v;—3,vi—3,v;—1,v;}, for all i = 4,...,n, we can replace the solution of
the quadratic systems by something numerically simpler and more stable. Before
proceeding with explaining how to do this, we will formalize the definition of the
new problem: the Discretizable Molecular Distance Geometry Problem (DMDGP).

Definition 5.1 (DMDGP) Given a graph G = (V, E, d) of a DGP with K = 3 and
an order on the vertices V, denoted by vy, ..., v,, such that

e there is a valid realization for vy, v,, v3,
e forall v;, i = 4,...,n, there are (at least) three immediately previous vertices
Vi—3, Vi—2, Vj—1, Where {v;_3, V;—2, vi—1, v;} is a clique, and
dvi—svi—z + dUi—Zvi—l > dvi—svi—l ’

find a function x : V — R? such that

V{U,‘, vj} €E, ”in _xv,'” = dUin'

5.2 Complexity of the DMDGP

The existence of the cliques {v;—_3, vi—, vi—1, v;}, for all i = 4, ..., n, provides us
more information about the vertex order of the associated DGP graph. By using
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the distance information of the cliques {v;—3, v;—3, v;—1, V;}, we are able to obtain
“almost” all of the following values:

* dyy,...,d,—1,: distances associated with the consecutive vertices,
* 63,...,0,—2, planar angles associated with three consecutive vertices,
* Wg4,...,wy—3,: torsion angles associated with four consecutive vertices.

Exercise 5.3 What is the reason of the “almost” above?

Recall that the torsion angle w;—3; is the angle between the normal vectors asso-
ciated with the planes determined by the vertices v;—3, v;—, v;—; and v;—p, v;—1, V;,
respectively. The values d; », ..., d,—1 » are, obviously, obtained from the definition
of the DMDGP, and the values 6, 3, ..., 6,—>, are obtained by the law of cosines.
However, from the DMDGP hypothesis, we can obtain only the values of the cosines
of the torsion angles, given by (i = 4,...,n) [44,49]:

2d7 5 \(d 5y 5+ dE =Yg ) = (dimsi—2-1)(di2.i-1)
\/4di2—3,i—2di2—2.i—1 - (di2—3,i—2,i—1) \/4di2—2,i—ldi2—2,i - (dz'2—2,i—1,i)

cos (wi—3,;) =

s

where

) 2 2
dizi—2i—1 =di_3; )+ diy; —diig; g,

2 2 2
digimi=dig; +diy;—diy;
Actually, with the ordering structure of the DMDGP, we can imagine that we have
molecular structures (Fig. 5.1), which explains the use of the extra term “molecular”
to describe this new class of problems.

Exercise 5.4 What is the distance that appears only one time in the formula above
for cos(w;—3;)? Why is it “different” from the other distances?

Fig. 5.1 DMDGTP instance as
a molecule

10
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Remember that to define a three dimensional structure of a molecule, we can
use the internal coordinates, given by the values di,...,dn—114, 013,...,O—2.0,
and w4, ...,w,—3,. However, as we mentioned above, in the DMDGP, we just
have cos(w;—3;), i = 4, ...,n, which generates two possible values for each torsion
angle, since w;—3; € [0,2x]. This implies that we do not need to solve anymore
quadratic systems! Moreover, the two possibilities for each torsion angle can be
found by using the distances related to the cliques {v;_3, v;—», v;—1, v;}. In order
to prune using the given extra distances, we use the matrices given in Sect. 2.4 to
obtain the Cartesian coordinates of the two possible solutions for each vertex v;,
where we have already obtained the coordinates of v;_3, v,—,, v;—1, and then we just
compare the distances we calculate with the given distances.

A question remains: “What is the computational cost in finding the DMDGP
order?” This is different than the polynomial cost of obtaining the DDGP;3 order.
In fact, finding a DMDGP order may be difficult because it is an NP-hard problem
[12]. It is the cost we pay for the new information. We escaped solving quadratic
systems, but we exponentially increased the cost of finding a DGP order. However,
depending on the application, that order can be obtained using the characteristics of
the particular problem. It is what happens, for example, in problems related to 3D
protein structures [48] (see Chap. 6).

Exercise 5.5 Why is there a “change of signs” in the formulas d;—3;—»,;—1 =

2 2 ) S _n > n 9
diyiotdi,,—dis,yanddisii=d_,; | +d_,;—d_,,above]

Exercise 5.6 Derive the formula for cos(w;—3,).

5.3 DMDGP Symmetry

We saw that the DMDGP order allows us to view the problem as a molecule with a
finite possible configurations, and by using the internal coordinates and the distance
information of the cliques {v,_3, v;—2, Vi—1,v;}, i = 4,...,n, we can also find the
two possible values for all torsion angles w;—3;. There exists another interesting
property related to the symmetry of the DMDGP solutions.

In our example problem from Sect. 5.1, we realized that the two positions for
vy (x9,,x},) can be considered since there are no extra edges which can invalidate
one of them. This implies that, for any solution found in the left subtree, having the
node x? , as its root, there exists another one that is symmetric to the plane defined
by xy,, Xy,, Xy, [47]. Note the relation that exists among the finiteness of the solution
set, the strict triangle inequality, and the symmetries.

An immediate consequence of this fact is that the solution set has an even number
of solutions. However, since the first computational results obtained for the DMDGP
[53], we empirically observed that the number of solutions was always a power of
two. Only recently, by using group theory, a mathematical proof of this fact was

presented [58].
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We illustrate the importance of this result by considering the following set, given
a DMDGP graph G = (V, E, d) with the vertex order vy, ..., v,:

S={veV:3uw}eE suchthatu +3 < v < w}.

In order to simplify the notation, we denote by u + 3 the third vertex after u, and
by u — 3 the third vertex before u. Initially, let us try to identify the elements in
S. The first candidate is vy, which is in S if there is no edge {u, w} € E such that
u—+3 < vy < w. If there is some u € V satisfying this property, we will have
u < vq — 3. However, this is not possible because vy — 3 = v;, which is the first
element of V. That is, v4 € S for any DMDGP.

Let us see what happens with vs (we are supposing that the DMDGP has a
solution):

* Supposing that there exists {u,vs} € E, such that u < vs — 3, we have that
vs & S and {v,, vs} € E, which implies that only one of the possibilities for vs is
feasible: either xJ_ or x},_.

* Supposing that there is no {u, vs} € E, for u < vs — 3, we need to consider the

two following cases:

— If there is no {u, w} € E, such that u + 3 < vs < w, then vs € S.
— If there exits {u, w} € E, such thatu + 3 < vs < w, then vs5 & S.

Since the procedure above can be applied to all elements of V, we can obtain the set
S by using just the DMDGP data, even before we apply BP to solve the problem.
But what is the importance of the set S?

The set S identifies other symmetric planes for the DMDGP, in addition
to the plane associated with the vertices {vy, v, v3}, defined for all DMDGP
instances [58].

For example, if vs € S, this implies that the two positions for vs are feasible,
x85 and x}JS. At the same time, xgs and xll)5 are part of two different DMDGP
solutions [66].

Considering the example problem of Sect. 5.1 and using the notation v;, we have:

V = {v1, v2, v3, V4, V5, V6, V7},

E = {{vi, va}, {v1, v3}, {v1, va}, {1, ve}, {v1, v7},
{v2, v3}, {v2, v}, {v2, V5},
{v3, va}, {vs, v}, {3, ve}, {v3, v7},
{vs, vs}, {v4, ve}, {va, v7},

{vs, v}, {vs, v7}, {ve, V7}}.
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Fig. 5.2 Solution obtained
by BP algorithm

It is easy to see that S = {v4}, since {v;,v;} € E. That is, there exists only one
symmetric plane (defined by x,,,x,,,x,;), which implies that we have only two
solutions. As we have already obtained a solution, given by

1

0 0
xvl 9xv29-xv3a-xv47xv59yv67x

1
v7?

we have another one symmetric to the plane defined by {x,,, x,,, x,,} (see Fig.5.2).
Suppose now that we have a little different DMDGP instance, given by

V = {v1, 02, v3, V4, 5, Vs, V7},
E = {{v1, va}, {v1, va}, {v1, va}, {v1, v6},
{v2, v3}, {v2, va}, {2, V5,
{v3, va}, {v3, vs}, {v3, ve},
{v4, vs}, {vs, v}, {v4, U7},
{vs, ve}, {vs, v7}, {vs, V7).
Performing the calculations, we obtain
S = {vsg, v7},
implying that we have another symmetric plane defined by {v4, vs, ve} (see Fig.5.3).
To simplify the notation, let us represent the first solution by a sequence of zeros
and ones and denote the first tree positions by 0, 0, 0:
s1 = (0,0,0,0,1,0,1).

Since we know that we have a symmetry at vertex vy, another solution is given by

55 = (0,0,0,0,1,0,0).
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Fig. 5.3 Symmetric solutions

Now, by considering the symmetry at vertex vy, we obtain other two solutions
given by

s3 = (0,0,0,1,0,1,0)
and
s4 = (0,0,0,1,0,1,1).

We have two important conclusions arising from these observations [1, 55, 66]:

*  We know, a priori, using only the data given by any DMDGP, that the cardinality
of the solution set is 25!

e In order to find all the solutions of a DMDGP, it is enough to apply the BP
algorithm to find only one solution, since all the others can be obtained using the
DMDGP symmetries.

Exercise 5.7 What is the computational importance of knowing a priori the number
of DMDGP solutions?

Exercise 5.8 Since the computational cost associated with the use of symmetries
to obtain other DMDGP solutions is polynomial, what is the implication for the
complexity of DMDGP?



Chapter 6
Distance Geometry and Molecular Geometry

6.1 The DMDGP and 3D Protein Structures

Currently, the most prominent application of distance geometry is related to
molecular geometry. Specifically, the problem is the calculation of the 3D protein
structure using distance information obtained from Nuclear Magnetic Resonance
(NMR) experiments [79, 80]. It is worth mentioning that the 2002 Nobel Prize
in Chemistry was awarded to the chemist Kurt Wiithrich for the development of
the application of NMR to determine protein structures using distance information
related to atoms that are close enough to be detected by NMR experiments.

Why is it important to know the three dimensional structure of a protein
molecule? It is because the 3D structure of a molecule is strongly connected with
its physicochemical properties. A classical example that illustrates this fact is the
discovery of the three dimensional structure of DNA [78]. In 1953, the physicist
Maurice Wilkins and the chemist Rosalind Franklin used X-ray diffraction, another
technique to determine the structure of proteins [11], to “photograph” the DNA. The
problem was to formulate a three dimensional model of a DNA molecule which
matched the results of the X-ray diffraction and to explain some known chemical
properties. In the same year, the biochemist James Watson and the biophysicist
Francis Crick proposed a three dimensional model, the famous double helix, that
explained all the available data about the DNA molecule known at the time.
The model that arose suggested the mechanism by which transmission of the
genetic information was achieved. The essential characteristic of the model
is the complementarity of the two twisted strands of DNA. Watson and Crick
realized, before the existence of data that verified their model, that the proposed
structure could be reproduced by the separation of the two strands and by the
synthesis of a complementary strand for each one. In 1958, the molecular biologist
Matthew Meselson and the geneticist Franklin Stahl showed experimentally that
the Watson and Crick’s model of replication of DNA works. With the model and

© The Author(s) 2017 41
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Fig. 6.1 DNA and protein

its experimental verification, a revolution in the understanding of the process of
heredity was started. Because of the discovery of the three dimensional structure
of the DNA molecule, James Watson shared the 1962 Nobel Prize in Medicine with
Francis Crick and Maurice Wilkins.

The genes of a living organism present in DNA are, indirectly, responsible for
the physical characteristics of the organism, but the corresponding proteins are, in
fact, what determine these characteristics. Inside of the cell, the DNA of a gene is
transcribed in the messenger RNA and this transcription is translated in order to
form the sequence of amino acids that gives arise to a protein molecule (Fig. 6.1).
This process of transcription and translation is well understood [73]. However, there
is still much to learn about the mechanism of the formation of the protein molecule
from the sequence of amino acids provided by the messenger RNA. This process
is called protein folding and the associated problem is known as the protein folding
problem [17].

We have already seen that the determination of the three dimensional structure of
a protein molecule is an important problem, but what is the relation to the DMDGP?
Havel and Wiithrich, in 1984 and 1985 [35, 36], wrote two articles showing how
Distance Geometry can be applied to the calculation of protein structure by using
NMR data. However, it was just in 1988 that the book “Distance Geometry and
Molecular Conformation” [15] was published. Crippen and Havel established the
fundamentals and connections between the two topics of research. Their proposed
algorithm, called EMBED, uses the methods of linear algebra and optimization to
solve the associated DGP.

Our proposal is to consider the problem as a DMDGP. For this, it is necessary
to define an order on the atoms of a protein molecule which induces a vertex
order on the corresponding DMDGP graph, given by vy, ..., v,. Thatis, we must
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have a valid realization for vy, v, v3 and, for all v;, i = 4,...,n, there must
exist three immediate previous vertices v;—3, Vj—p, V;—; such that the vertices
{vi—3, Vi—2, vi—1, v;} form a clique with

dv,‘_3,v,'_2 + dvi—z,l}i—l > dvi—S-Ui—l .

This is the topic of the next section.

6.2 Ordering in Protein Molecules

Along with the information about the protein geometry, the NMR data provide
distances between atoms as long as they are 5 angstroms (11) or less apart. The
problem becomes how to use this information to determine the coordinates of each
atom of the protein molecule. The information from protein geometry tells us that
the distances between atoms covalently bonded and the planar angles defined by
three bonded consecutive atoms are known a priori. Clearly, the protein molecule is
not a rigid structure, but these values can be considered fixed [27, 38].

This suggests a natural ordering on the atoms of the protein backbone, formed by
a sequence of three atoms: N, C, C (Fig. 6.2). The protein backbone is the skeleton
of the protein which already gives us a good idea of its 3D structure. For this
monograph, we restrict ourselves to the protein backbone. In [14, 71], we find
proposals for considering side chains (see Fig.6.2) that distinguish between the
20 amino acids that form a protein molecule [19]. Since the distances between
atoms i and i + 3 in the protein backbone are smaller than 5A (in general), we
can suppose that they are detected by the NMR experiments and this will provide us
with the desired ordering. However, most of the NMR data are associated with pairs
of hydrogen atoms [79]. An option would be to define an ordering involving just
atoms of hydrogen, incorporating hydrogen atoms from the side chains, and also
allowing atom repetitions in the order (Fig. 6.3).

Chemically, it does not make sense to consider two atoms in the same position,
but we can do this in the ordering on the vertices of the associated graph (in fact,

Flg 6f2 Bagkbone protein 0
with side chains H\ |I| //
N—C——C (o)
W AN /4
CHs N—C——C

R N

CHOH ~N—C——C
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Fig. 6.3 Order on hydrogen atoms

o
00 p 0,00

Fig. 6.4 Determination of the protein backbone using the positions of the hydrogen atoms

graph representation of a molecule is an old idea [76]). The repetition ensures
that the distances d;—3; are known, which may be null in some cases. From a
computational viewpoint, this has an advantage because when we recalculate the
position of a given repeated atom, we can verify that the numerical errors are under
control [43].

Exercise 6.1 Verify in the Fig. 6.3 which pairs of atoms are repetitions.

Exercise 6.2 What happens when some of the distances, say d;—;; or di—;, are
null?

Suppose that, when we apply the BP algorithm, we find the positions of hydrogen
atoms bonded to the protein backbone. How do we determine the positions of atoms
in this chain that are of interest to us? We leave the answer to this question for the
next two exercises. Remember that in Chap. 4, we saw that the intersection of four
spheres, under some conditions, gives only one point.

Exercise 6.3 In the three situations depicted in Fig. 6.4, determine the quadratic
systems corresponding to the intersection of four spheres.

Exercise 6.4 Show that, for each system, there exists only one solution.
There are three important aspects about the problem that we are trying to solve:

1. Distances are known (from NMR) just between close atoms,
2. Distances are known (from NMR) just between hydrogen atoms,
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3. We need to solve two subproblems: (i) The calculation of the positions of the
hydrogen atoms and (ii) The calculation of the positions of the atoms in the
protein backbone.

Actually, there exists another more complicated problem:

* The distances from NMR data, between neighboring hydrogen atoms, are not
accurate values.

The analysis of the DMDGP considering uncertainties in the distances is a
difficult problem. Some preliminaries results can be found in [4, 13, 48, 63,
74, 75]. Recall that all results that we presented in this monograph are based
on the assumption that all distances are precise (real numbers), free from any
error/uncertainty. However, we know that any measurements, such as those related
to NMR experiments, have associated errors. In this case, we can consider that
the data provided by NMR are intervals of real numbers which contain the correct
distance. Even this hypothesis is an approximation of reality, since errors typically
are unevenly distributed in the interval. Thus the problem is not trivial.

The good news is that this new problem provides us with an idea of how to solve
Problem 3 above. We can create a new order with two main characteristics:

*  We consider hydrogen atoms and protein backbone atoms at the same time,

e For the clique {v;—3, v;—3, v;—1, v;}, associated to the DMDGP graph, for i =
4,...,n, all the distances d;—; and d;—,; can be considered as real numbers
(since they are related to bond lengths and bond angles) and just the distances
d;—3; are considered to have errors, modeled as intervals.

Exercise 6.5 Based on Fig. 6.5, verify that the distances d;—;; and d;—,; can be
considered as real numbers.

Exercise 6.6 Based on Fig. 6.5, verify that some of the distances d;—3; may be
considered as degenerate intervals, that is, d;_3; = 0.

Fig. 6.5 Order with hydrogen and protein backbone atoms
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Exercise 6.7 What would a BP search tree look like if we consider that the
distances d;_3; are intervals?

Exercise 6.8 What are the modifications necessary in the BP algorithm to incorpo-
rate interval distances?

6.3 The Polynomial Performance of the BP Algorithm

We already know that, if a given instance of the DMDGP, for all i = 5, ..., n, has
an extra edge {v;, v;} € E, withj < i — 3, such that the vertices {v}, vi_3, Vi—2, Vi—1}
generate a set of noncoplanar points, there will exist only one valid realization
of the associated graph which can be computed in linear time. In general, this
situation does not occur in problems related to 3D protein structures. However, we
proved that under certain assumptions verified in many proteins the BP is Fixed-
Parameter Tractable, which means that its exponential behavior only depend on
single parameter rather than the whole size of the instance. We also verified that
for several protein instances this parameter could be fixed at a constant, which
suggests that the DMDGP might be a tractable problem on protein instances with
exact data [56]. In part this can be explained by the fact that the protein backbone
of many proteins is “tightly packed” (Fig. 6.1). The more “stretched out” the protein
molecule is, the lower will be the cardinality of the pruning set E,, causing more
branches in the BP search tree.

We need to think of the BP tree as a whole and not as it is partially constructed at
each step of BP, in order to have an idea of the “global behavior” of the algorithm.
When the set of the pruning edges is empty, E, = @, the BP tree is full, representing
the entire search space. There is no difficulty in finding one solution in linear time,
because it is sufficient go down the tree, by choosing any one of the two possibilities
at each step of the algorithm. Since E, = @, there is no possibility of errors at
time of making a choice. Clearly, it is unthinkable to find all the solutions for very
large n, because the solution set has cardinality 2"~ (Fig. 6.6). On the other hand,
suppose we have a situation described in the first paragraph of this section: for all
i =5,...,n, there exists an extra edge {v;, v;} € E, withj < i— 3. In this case,
we have “only one” solution which can be found in linear time (the other one is
symmetric to the plane defined by v, vy, v3), since we know what is the correct
decision to be made at each step of BP (Fig. 6.7).

Increases in the computational cost of the BP algorithm are due to the required
return back up the tree, when none of the calculated positions for a given vertex v is
compatible with the edges {u, v} € E,, for u < v — 3 (at some previous level of the
tree, a wrong decision was made). The reason that the BP algorithm is required to
backtrack the tree, preventing it from an “unhindered descend” is the following:
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Fig. 6.6 BP tree with Ep = @

Fig. 6.7 Unique solution found in linear time

 There exists at least one vertex v; in the DMDGP order, vy, ..., v}, ..., V,, whose
only previous vertices u, {u, v;} € E, are those used in the construction of the tree:
Vj—3, Vj—2, Vj—1.

This means that whenever this happens, there is a duplication of the number of
nodes at level j of the tree, compared to the previous level. The problem is further
aggravated when there exists a set of consecutive vertices vj, ..., Vj, for which
the situation mentioned above holds, expanding the search space quickly. Suppose,
for example, that at level j = 50 of the tree there exists 220 — 1,048,576 positions
that satisfy our given data. With k = 5, the number of possible solutions becomes
225 = 33,554,432!

Before we make concluding remarks of this monograph, we mention that the
computational cost of the BP algorithm can be reduced in at least two ways:

1. By parallelizing the algorithm [30, 64],
2. By using the concept of multiple trees [25, 69].



Chapter 7
Conclusion

We hope that this monograph inspires the reader to enter into a deeper study of
Distance Geometry. Our aim was to present it as an introduction to research and
teaching of the subject, where our main idea was to show that the mathematical
world becomes captivating when we integrate several concepts motivated by a
real and challenging problem. In exploring the area of Distance Geometry, we
touched upon several different mathematical and computational fields: graph theory,
geometry, algebra, combinatorics, data structures, and complexity of algorithms.
We also touched upon ideas such as dimension, metric, symmetry, numerical
approximation, solvability of problems and computational cost.

A fundamental topic, mainly in the applications, that was lightly considered in
Chap. 6 is related to uncertainty. Chapter 6 was a different chapter from the others,
because it was focused to molecular geometry which is an important field of study
within Distance Geometry. We employed, implicitly and explicitly, the concepts and
results from the previous chapters and also challenged the reader to solve complex
problems perhaps requiring an understanding of the “subtleties” of the existent
relations between mathematics and its applications.

The reader undoubtedly realizes that Distance Geometry is very rich and involves
theoretical and computational challenges, as the application we selected illustrates.

© The Author(s) 2017 49
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