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Geodetic Observables and Their Mathematical
Treatment in Multiscale Framework

Willi Freeden and Helga Nutz

Abstract. For the determination of the Earth’s gravitational field various
types of observations are available nowadays, e.g., from terrestrial gravimetry,
airborne gravimetry, satellite-to-satellite tracking, satellite gravity gradiome-
try, etc. The mathematical relation between these observables on the one hand
and the gravitational field and the shape of the Earth on the other hand is
called the integrated concept of physical geodesy. In this paper, an integrated
concept of physical geodesy in terms of harmonic wavelets is presented. Es-
sential tools for approximation are Runge—Walsh type integration formulas
relating an integral over an internal sphere to suitable linear combinations of
observational functionals, i.e., linear functionals representing the geodetic ob-
servables in terms of gravitational quantities on and outside the Earth. A scale
discrete version of multiresolution is described for approximating the gravi-
tational potential on and outside the Earth’s surface. Furthermore, an exact
fully discrete wavelet approximation is developed for the case of bandlimited
wavelets. A method for combined global outer harmonic and local harmonic
wavelet modeling is proposed corresponding to realistic Earth’s models.

Keywords. Integrated wavelet concept, scaling function, Runge-Walsh approx-
imation, geodetic observables, Meissl schemata.

1. Introduction

Gravity as observed on the Earth’s surface is the combined effect of the gravita-
tional mass attraction and the centrifugal force due to the Earth’s rotation. Under
the assumption that the centrifugal force is explicitly known, the determination
of the gravity mainly reduces to getting knowledge of the gravitation. According
to the classical Newton Law of Gravitation (1687), knowing the density distribu-
tion of a body such as the Earth, the gravitational potential can be computed
everywhere in the Euclidean space R3.
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Although Earth’s gravitational field modeling is always governed by the same
physical laws, it changes its nature when it is seen from different spatial and time
scales. To be more concrete, if one looks at gravitational field determination on
the basis of an increasing spatial magnification and accuracy, we have to go from
something that is suitably characterized by a simple mass point, on astronomical
scale, to what is described by a global truncated multipole (i.e., outer harmonic)
model, at scales corresponding to satellite altimetry, down to wavelengths of about
100 km. By further zooming in we can reach a spatial resolution of about 1 km
showing a very complicated pattern, strongly related to the shape of the Earth
and to irregular masses inside the Earth’s crust. Simultaneously, the error in the
knowledge of the gravitational field models goes from 5 Gal, the flattening effect,
down to 10 mGal in a today’s global model, down to about 10~! mGal at the
regional 1 km resolution or even better. There is also a change of the gravitational
field in the time scale depending on the time interval under consideration, for in-
stance, gravitational changes due to geotectonic displacements of masses inside the
Earth on very long time scales. It changes because of motions of the rotational axis
inside the Earth’s body and it shows a periodic change because of the continent
and ocean reactions to the torques generated by the moon and the sun. Finally,
gravitation shows a change because of human activities, for instance, because of
the presence of artificial lakes, height’s variations in the water-bearing stratum un-
der cities, etc. It is also worth mentioning that there are certain relations between
different scales in the time-like behaviour and in the space-like behaviour of the
gravitational field. In any way, it may be assumed for global up to regional mod-
eling purposes that the time-like variations of the field are either well predictable
(like tides etc.) or so slow as to be neglected, e.g., on the scale of a decade, or so
small and local as to be beyond the scope of interest. Thus, global gravitational
field modeling as scientific issue is by definition based on the assumption of a sta-
tionary gravitational field with a spatial resolution ranging from a worldwide scale
down to about 1 km and from about 1000 Gal of the full field down to, at least,
10~! mQGal, or even better in some regional areas.

What we would like to present in this contribution are mathematical struc-
tures in straightforward continuation to the monograph [19] by which the grav-
itational part of the gravity field can be approximated progressively better and
better, reflecting an increasing flow of observations of terrestrial, airborne and/or
satellite type, e.g., terrestrial gravimetry, airborne gravimetry, satellite altime-
try, satellite-to-satellite tracking (SST), satellite gravity gradiometry (SGG), etc.
More precisely, we shall try to outline the canonical bridge of gravitational field
determination from the well-established global outer harmonic approximation cor-
responding to a spherical Earth to modern multiscale methods involving the actual
geometry of the Earth’s surface (thereby neglecting, e.g., the small effect of the
atmosphere in the outer space).

The so-called disturbing potential is probably the most crucial quantity in
gravity field modeling. The disturbing potential is a scalar quantity which is ob-
tained as the difference between the gravity potential of the Earth and the normal
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gravity potential of a reference surface, usually an ellipsoid. The deviations of the
gravity potential from the normal potential are relatively small. Note that both
the gravity potential and the normal gravity potential contain the same centrifugal
potential. Thus, the disturbing potential is harmonic in the outer space.

At this stage some remarks should be made in order to clarify our approach

in more detail:

1.

2.

The mathematical connection between the observables, the gravity field and
the shape of the Earth is called the integrated concept of physical geodesy.
The foundation of the integrated geodesy approach is the fact that every
geodetic measurement is a functional which may assumed to be suitably
linearizable by introducing, e.g., normal potentials associated to a reference
surface such as an ellipsoid. In other words, the relation between the object
function, i.e., the geopotential and the data, may be supposed to be linear.
More and more measurements refer to satellites and cannot be modeled as
functionals of the gravitational potential on the boundary. Although these
observations show a denser observational distribution, they are much more
difficult to handle, since they show an exponentially spectral smoothing while
moving to the outer space. As a consequence, essential knowledge of the grav-
itational potential should be based on ground observations, but gravitational
field modeling cannot be treated only within a boundary-value formulation
because of spaceborne observations. This fact is the reason why we do not
speak of the “geodetic boundary-value problem (GBVP)” but of the “inte-
grated concept”.

Concerning the layout of this contribution a particular interest is focussed
on the satellite methods SST und SGG, which are introduced within the
framework of pseudodifferential operators assuming non-spherical (orbital)
geometry.

. An important feature of our contribution are the so-called Meissl schemata

which are graphical illustrations for the conversion of data both on different
heights (terrestrial level, satellite orbit) and of different degrees of derivative
of the gravitational potential. The comparison between data on the (spheri-
cal) Earth’s surface and the orbital sphere was primarily carried out by Meissl
(1971) and has been transformed by Rummel [60, 61, 63] and by Rummel and
van Gelderen [64, 65] into a more general framework concerning relations be-
tween different gravity quantities in the framework of outer harmonics. One
of our objectives is the extension of the Meissl schemata to the concept of
multiscale decomposition of scalar functions, vector, and tensor fields. In
principle, we follow the ideas of mathematical classification first presented in
(19, 29, 32-34] for the scalar case and extended in the Ph.D.-thesis [58] to
the vector and tensor approach.
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2. Current state of gravity field determination

Positioning systems are ideally located as far as possible from the Earth, whereas
gravity field sensors are ideally located as close as possible to the Earth. Following
these basic principles, various positioning and gravity field determination tech-
niques have been designed. Sensors may be sensitive to local or global features of
the gravity field. Considering the spatial location of the data, we may distinguish
between terrestrial (surface), airborne, and spaceborne methods. Regarding the
data type we have various measurement principles of the gravity field (see, for
example, [9-11, 51] and the references therein for more details) leading to different
types of data.

2.1. Important geodetic observables

(a)

Gravity Measurements: The force of gravity provides a directional structure
to the space above the Earth’s surface. It is tangential to the vertical plumb
lines and perpendicular to all (level) equipotential surfaces. Any water sur-
face at rest is part of a level surface. Level (equipotential) surfaces are ideal
reference surfaces, for example, for heights. The geoid is defined as that level
surface of the gravity field which best fits the mean sea level. Gravity vectors
can be measured by absolute or relative gravimeters. The highest available ac-
curacy relative gravity measurements are conducted at the Earth’s surface.
Measurements on ships and in aircrafts deliver reasonably good data only
after the removal of inertial noise. Gravity data are converted into gravity
anomalies by subtracting a corresponding reference potential derived from
a simple gravity field model associated to an, e.g., ellipsoidal surface (see
also Appendix A). Gravity anomalies are furthermore converted into mean
gravity anomalies by a proper averaging process over well defined areas. It
should be pointed out that the distribution of Earth’s gravity data on a
global scale is far from being homogeneous with large gaps, in particular over
oceans but also over land. In addition, the quality of the data is very distinct.
Thus, terrestrial gravity data coverage now and in the foreseeable future is
far from being satisfactory for the global purpose of geoidal determination
(at an accuracy of essentially less than one centimeter).

Vertical Deflections. The direction of the gravity vector can be obtained by
astronomical positioning. Measurements are only possible on the Earth’s sur-
face. Observations of the gravity vector are converted into so-called vertical
deflections by subtracting a corresponding reference direction derived from a
simple gravity field model associated to an ellipsoidal surface. Vertical deflec-
tions are tangential fields of the anomalous potential in a spherical Earth’s
model. Due to the high measurement effort required to acquire these types
of data compared to a gravity measurement, the data density of vertical
deflections is much less than that of gravity anomalies. Gravitational field
determination based on the observation of vertical deflections and combined
with gravity is feasible in smaller areas with good data coverage.
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(¢c) Satellite Radar Altimetry. Satellite radar altimetry has demonstrated an im-
pressive capability of mapping the surface of the oceans. The ocean surface
is a good approximation of an equipotential surface and, as such, its offset
from the geoid at mean sea level (mean in terms of time) is called sea surface
topography. This offset, which can be as large as two meters, reflects many
effects including the variables salinity, ocean temperature, ocean currents,
variable atmospheric conditions such as wind and air pressure perturbations,
tides, etc. Since the sea surface topography refers to the geoid, the precise
and sufficiently detailed knowledge of the geoid is mandatory.

(d) Global Gravitational Field Models. On the basis of all satellite data, collected
over the last decades in orbits at different altitudes and inclinations, only long
wavelength components of the global gravity field can be recovered. There
are two reasons for this fact: First, an orbit as such is rather insensitive to
local features of the gravitational field, and this insensitivity increases with
increasing orbit altitude. Second, the satellites which can and are being used
are flying at altitudes which are too high for a better purpose such as local
gravimetry. Therefore, satellite-only global gravity field models are reliable
to a moderate maximum degree expressed in a potential representation in
terms of spherical harmonics. Considering the shortcomings of satellite-only
gravity field models and of the information content of surface data, several in-
stitutions have been working for many years on the combination of both data
sets. This work in geodesy has resulted in various gravitational field models in
terms of spherical harmonics. All gravity field data available worldwide have
entered into the production of this model. Therefore, such models represent
the latest state of the art in global gravitational field knowledge.

2.2. Satellite concepts and airborne data

The three satellite concepts which are of importance for gravity field determination
are satellite-to-satellite tracking in the high-low mode (SST hi-lo), satellite-to-
satellite tracking in the low-low mode (SST lo-lo), and satellite gravity gradiometry
(SGG). Common to all three concepts is that the determination of the Earth’s
gravitational field is based on the measurement of the relative motion (in the
Earth’s gravity field) of test masses.

1. Satellite-to-Satellite Tracking. In the case of SST hi-lo the low flying test mass
is a low earth orbiter (LEO) and the high flying test masses are the satellites
of the GNSS-system (i.e., GPS, GLONASS, Galileo, and Beidou). As, for
example, the GNSS-receiver mounted on the LEO always “contacts” four or
even more of the GNSS satellites the relative motion of the LEO can be mon-
itored three-dimensionally, i.e., in all three coordinate directions. The lower
the orbit of the LEO the higher is its sensitivity with respect to the spatial
variations of the gravitational forces but to skin forces as well (atmospheric
drag, solar radiation, albedo, etc.). The latter have either to be compensated
for by a drag-free mechanism or be measured by a three axis accelerometer.
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Also the high orbiters, the GNSS satellites, are affected by non-gravitational
forces. However the latter can be modeled quite well. They affect mainly
the very long spatial scales, and to a large extent their effect averages out.
In addition, the ephemerides of the GNSS satellites are determined very ac-
curately by the large network of ground stations. In the case of SST lo-lo
the relative motion between two LEOs, chasing each other, is measured with
highest precision. The quantity of interest is the relative motion of the centre
of mass of the two satellites. Again, the effect of non-gravitational forces on
the two spacecraft either has to be compensated actively or be measured.

2. Satellite Gravity Gradiometry. The satellite gravity gradiometry technique
is the measurement of the relative acceleration, not between free falling test
masses like satellites, but of test masses at different locations inside one satel-
lite. Each test mass is enclosed in a housing and kept levitated (floating, with-
out ever touching the walls) by a capacitive or inductive feedback mechanism.
The difference in feedback signals between two test masses is proportional to
their relative acceleration and exerted purely by the differential gravitational
field. Non-gravitational acceleration of the spacecraft affects all accelerome-
ters inside the satellite in the same manner and so ideally drops out during
differencing. The rotational motion of the satellite affects the measured dif-
ferences. However, the rotational signal (angular velocities and accelerations)
can be separated from the gravitational signal, if acceleration differences are
taken in all possible (spatial) combinations (= full tensor gradiometer). In
order to achieve a higher sensitity, an orbit as low as possible is of great
importance.

In a unified view on spaceborne missions (see, e.g., [9-11, 51]), one can argue
that the basic observable in all three cases is gravitational acceleration. In the case
of SST hi-lo, with the motion of the high orbiting GNSS satellites assumed to be
perfectly known, this corresponds to an in situ 3-D acceleration measurement in
the LEO. For SST lo-lo it is the measurement of acceleration difference over the
intersatellite distance and in the line-of-sight (LOS) of the LEOs. Finally, in the
case of gradiometry, it is the measurement of acceleration differences in 3-D over
the tiny baseline of the gradiometer. In short we are confronted with the following
situation:

SST hi-lo: 3-D acceleration = gravitational gradient,
SST lo-lo: acceleration difference = difference in gradient,
SGG: differential = gradient of gradient (“tensor”).

As explained in more detail by W. Freeden [19], in mathematical sense, it is a
transition from the first derivative of the gravitational potential via a difference in
the first derivative to the second derivative. The guiding parameter that determines
sensitivity with respect to the spatial scales of the Earth’s gravitational potential
is the distance between the test masses, being almost infinite for SST hi-lo and
almost zero for gradiometry.



Geodetic Observables and Their Mathematical Treatment 321

3. Airborne Gravimetry. Airborne gravimetry is a highly sensitive detection
method of the gravitational potential of the Earth by a gravity accelero-
meter mostly for regional and/or local purposes. Proposals to implement
airborne gravimetry go back to the late fifties of the last century, and first
flight experiments were already done in the early sixties. A major obstacle
of such techniques at that time was the inaccuracy of navigational informa-
tion (e.g., velocity and acceleration of the space vehicle) which is needed to
obtain the desired precision. Although at an appropriate level of accuracy
airborne gravimetry is vastly superior in economy and efficiency to pointwise
terrestrial methods, there were serious doubts in the seventies and eighties of
ever achieving useful results. In the early nineties, however, great advances
in GNSS technology opened new ways to resolve the navigational problems.
More explicitly, altitude, position, and velocity of the airborne gravity sys-
tem become sufficiently computable from the inertial measurements updated
by GNSS carrier phase and Doppler observations. Vehicle accelerations are
derivable from GNSS data only, so that in a third step the airborne gravity
disturbance is determinable from the difference between the force vector and
the GNSS-derived acceleration vector. Nowadays, some industrial companies
are perfecting their system concepts by paying careful attention to the op-
erational conditions under which an airborne gravimeter works best, also for
progress in gravimetric exploration.

All in all, over the last decades, geoscientists have realized the great complex-
ity of the Earth and its environment. In particular, the knowledge of the gravity
potential and its level (equipotential) surfaces have become an important issue. It
was realized that dedicated highly accurate gravity field sensors, when operating
in an isolated manner, have their shortcomings, and combining data from differ-
ent sensors is therefore the way forward. At this stage of development, the global
determination of the Earth’s gravitational field is a mathematical challenge which
should include the numerical progress obtainable by modern multiscale approxi-
mation.

2.3. Gravity field applications

The knowledge of the gravitational field of the Earth is of great importance
for many applications from which we only mention some significant examples
(cf. [19, 61]):

(i) Geodesy and Civil Engineering. Accurate heights are needed for civil con-
structions, mapping, etc. They are obtained by leveling, a very time consum-
ing and expensive procedure. Nowadays, geometric heights can be obtained
fast and efficiently from space positioning (GNSS). The geometric heights
are convertible to leveled heights by subtracting the precise geoid, which is
achieved by a high resolution gravitational potential. To be more specific, in
those areas where good gravity information is available already, the future
data information will eliminate all medium and long wavelength distortions in
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unsurveyed areas. For example, GNSS (GPS, GLONASS, Galileo, or Beidou)
together with today’s satellite missions provide high quality height informa-
tion at global scale.

Satellite Orbits. For any positioning from space, the uncertainty in the orbit
of the spacecraft is the limiting factor. The spaceborne techniques eliminate
basically all gravitational uncertainties in satellite orbits.

Solid Earth Physics. The gravity anomaly field derivable from future satellite
observations has its origin mainly in mass inhomogeneities of the continen-
tal and oceanic lithosphere. Together with height information and regional
tomography, a much deeper understanding of tectonic processes is obtainable.
Physical Oceanography. Altimeter satellites in combination with a precise
geoid deliver global dynamic ocean topography. From ocean topography,
global surface circulation and its variations in time can be computed re-
sulting in efficient ocean modeling. Circulation allows the determination of
transport processes of, e.g., polluted material. Moreover, ocean modeling is
an important indicator of climate change.

Earth System. There is a growing awareness of global environmental problems
(for example, the CO2-question, the rapid decrease of rain forests, global sea
level changes, etc.). What is the role of the airborne methods and satellite
missions in this context? They do not tell us the reasons for physical pro-
cesses, but it is essential to bring the phenomena into one system (e.g., to
make sea level records comparable in different parts of the world). In other
words, equipotential surfaces such as the geoid may be viewed as an almost
static reference for many rapidly changing processes and at the same time as
a “frozen picture” of tectonic processes that evolve in geological time spans.
Ezxploration Geophysics and Prospecting. Knowledge of local geologic struc-
tures can easily be gained by means of terrestrial and airborne data so grav-
ity prospecting can be done over land or sea areas using different techniques
and equipment. Terrestrial gravimetry was first applied to prospect for salt
domes (e.g., in the Gulf of Mexico), and later for looking for anticlines in
continental areas. In future, embedded in (regional) airborne and (global)
spaceborne gravity information such as satellite-to-satellite tracking (SST)
and/or satellite gravity gradiometry (SGG) (see, e.g., [19, 27, 32] and the
references therein), new promising components in gravimetrically oriented
modeling can be expected, for example, based on multiscale modeling pro-
viding reconstruction and decomposition of geological signatures.

2.4. Principles of multiscale approximation

Spaceborne observation combined with terrestrial and airborne activities provide
huge datasets of the order of millions of data (see [9-11, 51, 63]). Standard math-
ematical theory and numerical methods are not at all adequate for the solution
of data systems with such a structure, because these methods are not adapted
to the specific properties of the data set. They quickly reach their capacity limit
even on very powerful computers. An adequate reconstruction of the gravitational
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field from the huge and heterogeneous data material requires a careful multiscale
analysis of the gravitational potential, fast solution techniques, and a proper sta-
bilization of the inverse character of satellite problems by regularization. In order
to achieve these objectives various strategies and structures must be introduced
reflecting the different aspects of geopotential determination. While global long-
wavelength modeling can be adequately done by use of spherical harmonic expan-
sions, it becomes more and more obvious that harmonic splines and/or wavelets
are most likely the candidates for medium and short-wavelength approximation.
The concept of harmonic wavelets, however, demands its own nature which only on
exploration areas of small size may be developed to some extend from the theory
in Euclidean spaces. Fundamental results known from the Euclidean wavelet ap-
proach have to be recovered. Nevertheless, the stage is set for working out and im-
proving essential ideas and results involving harmonic wavelets. Why are harmonic
wavelets important in future gravitational potential determination? Following [19],
the answer is summarized in the following sentence:

Harmonic wavelets are “building blocks” that enable fast decorrelation of gravi-
tational data. Thus three features are incorporated in this way of thinking about
georelevant harmonic wavelets, namely basis property, decorrelation, and efficient
algorithms. These aspects should be discussed in more detail:

(i) Basis property
Wavelets are building blocks for the approximation of arbitrary functions
(signals). In mathematical understanding this formulation expresses that the
set of wavelets forms a “frame” (see, e.g., [6] for details in classical one-
dimensional theory).
(ii) Decorrelation

Wavelets possess the ability to decorrelate the signal. This means, that the
representation of the signal via wavelet coefficients occurs in a “more con-
stituting” form as in the original form reflecting a certain amount of space
and frequency (more accurately, momentum) information. The decorrelation
enables the extraction of specific information contained in a signal through
a particular number of coefficients. Signals usually show a correlation in the
frequency (momentum) domain as well as in the space domain. Obviously,
since data points in a local neighborhood are stronger correlated as those data
points far-off from each other, signal characteristics often appear in certain
frequency bands. In order to analyze and reconstruct such signals, we need
“auxiliary functions” providing localized information in the space as well as
in the frequency domain. In applications, different approaches have been re-
alized in the field of signal analysis before the occurrence of wavelets: on the
one hand, the Fourier theory allows a trendsetting bandlimited decomposi-
tion, on the other hand, the Haar theory offers short-wavelets spacelimited
decomposition. The (Heisenberg) uncertainty principle (see, e.g., [21]) tells
us that a simultaneous sharp localization in frequency as well as space do-
main is exclusive. Even more within a “zooming-in process”, the amount of
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frequency as well as space contribution can be specified in quantitative way.
A so-called scaling function forms a compromise in which a certain balanced
amount of frequency and space localization in the sense of the uncertainty
principle is realized. In consequence, each scaling function depends on two
variables, namely a “shifting” and a scaling parameter, which control the
amount of the space localization to be available at the price of the frequency
localization, and vice versa. Associated to each scaling function is a wavelet
function, which here is simply understood to be the difference of two succes-
sive scaling functions. All in all, filtering (convolution) with a scaling function
takes the part of a lowpass filter, while convolution with the corresponding
wavelet function provides a bandpass filtering. A multiscale approximation of
a signal is the successive execution of an efficient evaluation process by use of
scaling and wavelet functions which show more and more space localization at
the cost of frequency localization. The wavelet transform within a multiscale
approximation lays the foundation for the decorrelation of a signal.
(iil) Efficient algorithms

Wavelet transformation provides efficient algorithms because of the space-
localizing character. The successive decomposition of the signal by use of
wavelets at different scales offers the advantage for efficient and economic
numerical calculation (e.g., tree algorithm). The detail information stored
in the wavelet coefficients leads to a reconstruction from a rough to a fine
resolution and to a decomposition from fine to rough resolution in form of tree
algorithms. In particular, the decomposition algorithm is an excellent tool for
the post-processing of a signal into “constituting blocks” by decorrelation,
e.g., the specification of signature bands corresponding to certain geological
formations.

3. Geodetically relevant Sobolev spaces

We start our mathematical foundation of Meissl schemata by introducing some
basic information related to the theory of geodetic observables within the frame-
work of Sobolev spaces. We adopt the following general scheme of notation which
is non-standard in geodesy, but extremely helpful in establishing Meissl schemata
especially for the vectorial and tensorial framework. Capital letters (F, G, ...)
are used for scalar functions, small letters (f, g, ...) represent vector fields and
small boldface letters (f, g, ...) represent tensor fields of second rank. As usual, a
scalar function having k continuous derivatives is said to be of class C(*) whereas
L? denotes the Hilbert space of square integrable functions. A vector field having
k continuous derivatives is said to be of class ¢(®) and [ denotes the Hilbert space
of square-integrable vector fields. Finally, the space of all tensor fields having k
continuous derivatives is denoted by ¢®) and 12 denotes the Hilbert space of all
square-integrable tensor fields.
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¥ C R3 is called a regular surface if ¥ is the boundary of a regular region
Yint ¢ R3, ie., ¥ = ¥ with the following properties (cf. [20]):
(i) X constitutes an orientable piecewise smooth Lipschitzian manifold
of dimension 2.
(ii) The origin is contained in X",
(iii) X divides R? into the “inner space” Y"* and the “outer space”
yext = R3\yint | yint — yiint | 33,
Georelevant regular surfaces ¥ are, for example, the sphere, the ellipsoid, the
telluroid, the geoid, and the regular Earth’s surface.
The geometric concept to be discussed in our approach is as follows (see
Figure 3.1): ¥ denotes the Earth’s surface which we assume to be known and

FiGURE 3.1. Geometric concept characterizing the surface of the
Earth ¥ and the orbit of a satellite T'.

regular. I is the orbit of a satellite which is not necessarily a closed surface. o is the
radius of a so-called Runge (in the jargon of geodesy, Bjerhammar) sphere inside
the Earth, that is 0 < o = inf,ex |2|. The value 7 is a lower bound of the lowest
possible altitude of the satellite, i.e., v < infzer |z]. Q' = {z € R® : |z| > o}
denotes the outer space of the sphere €2, with radius ¢ around the origin 0, whereas
¥t denotes the outer space of the (actual) Earth.

Let V: Q% 5 R, v: Q& - R3 and v : Q& — R3 ® R3, respectively, be a
scalar, vector, and tensor field on the set Q2. We say that V, v, v, respectively,
are harmonic on Q&' if V| v, v are twice continuously differentiable on Q" and
AV =0, Av =0, Av =0 on Q.
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Without proof we mention some well-known theorems concerning harmonic
fields on Q' (for the proofs see, for example, [20, 38, 47]):

(1) Every harmonic field in Q& is analytic in Q& i.e., every harmonic field is
determined by its local properties.

(2) Harnack’s convergence theorem: Let Vs : Q%% — R, vs : Q¢ — R3 and
vs 1 Q2 — R3 @ R3, respectively, be harmonic on Q¢ for each value § (0 <
0 < 0p), and regular at infinity. Moreover, let

Vs =V, §—=0,0>0, (3.1)
vg — v, 06—0,86>0,
vi—v, 6—0,§>0,

uniformly on each subset K of Q& with dist(K, 9Q5%) > 0. Then V : Q& —
R, v: Q% — R? and v : Q& — R3 ® R3, respectively, is harmonic on Q&
and regular at infinity.

(3) Let V : Q&xt — R be twice continuously differentiable on Q%* and continuous
on Qext je., V e CO(Qext) N CP(Q), harmonic on X, and regular at

infinity. Then the mazimum/minimum principle tells us that

sup |V (z)| < sup |V(z)]. (3.4)

zeQext €Q,

(4) There is a so-called fundamental solution (singularity function) S : z —
| —y|=,  # y, with respect to the Laplace operator A such that the
fundamental theorem of potential theory

/1903“ <|1‘ i yl 80‘: W) =V a?/y E i y|) dw(y)

—47V(z), x € QS
=27V (x), x € N,
0, x ¢ Qxt,

holds true.

3.1. Scalar outer harmonic and Sobolev theory

As already explained, we let £, C R? be the sphere around the origin with radius
o > 0, Q" is the inner space of ,, and Q% is the outer space. We let Q = ;.
By virtue of the isomorphism € 3 £ — o€ € 2, we assume functions F': Q, — R
to be defined on €. It is clear that the function spaces defined on 2 admit their
natural generalizations as spaces of functions defined on €2,. We have, for example,
C>)(Q,), LP(Q,), etc.

Let {Yn.m }neNoim=1,...2n+1 be an L2-orthonormal system of (surface) spheri-
cal harmonics. Obviously, such an L?(§2)-orthonormal system of spherical harmon-
ics forms an orthogonal system on Q, (with respect to (-,-)r2(q,)). More explicitly,
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we have

X X
Yoo = [ Yoo (7)) Voa (1)) @) = 0% 39
o, 7 et ) T2

where 6, ,, is the Kronecker symbol and dw is the surface element. With the re-
lationship £ < 0§, the surface gradient V*? and the Beltrami operator A*° on
Q,, respectively, have the representation V*? = (1/0)V*! = (1/0)V*, A% =
(1/0?)A*t = (1/0?)A*, where V*, A* are the surface gradient and the Beltrami
operator of the unit sphere €.

We now introduce the system {Y;k},L:0,17.,.;k:17.,.72n+1 by letting

1 x
v = v (2) wenn (3.6

g

Due to (3.5) the system {K‘;k}nzo,l,...;k 1,...2n+1 is an orthonormal basis in L?(Q,):

LQ(QU) =span n=0,1,..; (Yﬁk)”'llﬂmg)- (3.7)
k=1,..2n+1

The system {Hy, m (05 ) }neNgim=1,...,2n+1, Of scalar outer harmonics defined by

1 n+1
Hypm(o;z) = ( o > Yoo ( x ) ,xe Qe
o \ |z ||

satisfies the following properties:

Hy,m(0;-) is of class C(°0)(Qext),

H,,.m(0;-) is harmonic in Q% ie., Ay H, m(o;2) =0 for x € QS

H,,.m is regular at infinity, i.e., |Hy m(0;2)] = O(|z| 1), 2| — oo,
Hn,m(o-;'”Qg - ;Khm)

ng Hn,m(g; :E)Hk,l(g; :p)dw(x) = 5n,k5m,l~

As it is well known (cf., e.g., [32, 57]), the addition theorem of outer harmonics
reads as follows:

2n+1 2 n+1
2n+1 o Ty
Hym 5 Hym 5 = P, : s 3.8
3 ettt =0 () R () 69

for all (z,y) € Q& x Qext and n € Ny, where P, denotes the Legendre polynomial
of degree n. Harm, (2¢t) denotes the space of all outer harmonics of order n,
n € Np:

Harm,, (Qg%) = Spanm:l,“,,2n+1(Hmm(a? ))-
It is well known that dim(Harm,, (QS*)) = 2n+ 1. We let Harm,,, . 4(25%) be the

space of all linear combinations of the functions H,, ,,(0;-) on Q& n=p,...,q,
m=1,...,2n+1, i.e.,

q
0 (Q5) = €D Harm, (5.

n=p
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The space Harmy, . 4(QS") has the reproducing kernel K
given by

Harm,

,,,,,

q 2n+1

Harm,

m4+1 [ o2 \°
=30 ( ! ) Pn<‘”” : y) (3.9)
= 4ro? \lzllyl = [yl
Pot (%) denotes the space of all functions (potentials) U : X* — R with
e U € C(Q) (Eext%
e U satisfies the Laplace equation in the outer space, i.e., A U(z) = 0,z € L&t
e U is regular at infinity, i.e., |U(z)| = O(|z|™1), |z| — oo.
As usual, for k =0,1,..., we let Pot® (3ext) be the space of functions F' : X<t —
R such that Flgex € Pot(X%) and F € C*)(Xext) in brief,

Pot®) (sext) = Pot (1) 0 C*) (next), (3.10)
It is known from [13] and [17] that

L2(S) = span no..s (Hpm(os )]s =) (3.11)

m=1,....2n+1

CO(S) = span neo..; (Hum(o; )]s €O, (3.12)

m=1,....2n+1

Furthermore (cf. [13]),

POt(O) (zext) = Span n=o0,1,...; (Hn,m(o-; '))|Ee"t ”'”C(O)(Eem) . (313)

.....

m=1,...,2n+1

Next we introduce Sobolev spaces H(Q<t) (cf. [14]). We start with a general
definition based on the concept of summable sequences, give some examples for
spaces with a reproducing kernel structure, and, finally, introduce the well-known
Hs(£25xt)-spaces.

The introduction of the Sobolev spaces may be based on a linear space A
consisting of all sequences {4, } of real numbers 4,,,n =0,1,..., i.e.,

A={{A) : AveR, n=0,1,...}.

For given sequences {A,},{B,} € A we denote by N (B, ' A,) the set of all non-
negative integers n for which B, A, exists and is different from 0. Let No(B;, 1 4,)
denote the complement of (B, 1A,) in Ny. Consequently, it follows that Ny =
N(B;YA)UNo (B YA, and N (B, YA, NNo (B, L A,) = (. In particular, if {B,,}
is chosen such that B, = 1 for alln € Ny, N'(A,,) is the set of all integers n € Ny for
which A,, # 0, and Ny(A,,) is the set of all integers n € Ny with A,, = 0. Further
on N(4,) is always assumed to be non-void. Moreover, we write A instead of
N (A,,) if no confusion is likely to arise.
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Consider the set £(Q¢xt) (: E({AL}; Qg"t)) of all functions F' € Pot () (Qext)

of the form

2n—+1
F=3" 3 Fnym)Hym(o:) (3.14)
neN m=1
with
F/\(n,m) = F/\L2<Qa>(n,m) == / F(y)Han(o-;y) dW(y)
Qs
satisfying
2n+1
S5 A (P ) < .15
neN m=1

(note that X,,cnr means that the sum is extended over all non-negative integers n
with n € N). From the Cauchy—Schwarz inequality it follows that

2n—+1
>3 AL FNn,m)G N (n,m) (3.16)
neN m=1
2n+1 1/2 2n41 1/2
(D) (3340
neN m=1 neN m=1

for all F,G € £(Q), hence, the left-hand side of (3.16) is finite whenever each
member of the right-hand side is finite. This is the reason why we are able to
impose on €(Q**) an inner product (-,+),; (4, .00 by letting

2n+1

(B, @ yyianyamny = O 2 An FNn,m)G(n,m). (3.17)
neN m=1

The associated norm is given by

2n41 1/2
1F 3y g psaeey = (Z oAz (FA(n,m)y) . (3.18)

neN m=1
Summarizing our results we therefore obtain the following definition.

Definition 3.1. The Sobolev space H(Q¥t) (more accurately: H({ A, }; Q) is the
completion of £(Qg)(= £({An}; Q")) under the norm ||+ |31, .00):

II-1 -qext
H{An}; Q) = E({An}; Q) A,
H(Qet) equipped with the inner product corresponding to the norm (3.18) is a
Hilbert space. The system {H;%"}(U; )} given by
H A (oy0) = AV Hy (03 m), @ € QExt, (3.19)

n,m

is a Hilbert basis. We simply write H; . (0;-) instead of H,*L;{n‘;‘"} (03 +) if no confusion
is likely to arise.
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Consider the Beltrami operator A* on the sphere Q,. We know that

1
nn+ 1Y, m

*,0 ]' *
ATV = A Yam =~ ,

forn € No; m =1,...,2n + 1 (note that A*! = A*). Thus we formally have

s/2 1\ S
. 1
(A*J + 2) Yn.,k = <n N 2 > Yn,m

40 o

((mu 4;)8/2 F>A(n,m) - <”j 5>SFA<n,m>

forallmeNg;m=1,...,2n+ 1.

and

Definition 3.2. For any given value s € R, the Sobolev space Hs(Q2St) is the
completion of £(2¢¥*) under the norm | - ||, (et

Il ext
M () = E(Qgt) T

Hs(£2exY) equipped with the inner product ("')H.(Qext) is a Hilbert space. The
system {H,, . (0;-)} given by

g

Hym(osx), o€ Qe 3.20
W Ty) ol (3.20

H: mloio) = (
is a Hilbert basis.

Hence, the norm in Hs(25%*) reads as follows:

5 1/2
1 s/2
1F e pomy = /Q g <<—A;,o+4g2) F(@) do(z)| . (3.21)

Ho(Q2ext) may be understood as the space of all harmonic functions in Q¢

at infinity, corresponding to L?-restrictions (note that the potentials in Ho(£2ext)
are uniquely determined by their L?-(Dirichlet) boundary conditions on Q). Ac-
cording to our construction, Pot(°) (Qext) is a dense subspace of H,(Q¢xt) for each
s. If t < s, then HF”Ht(ngt) < HF”HS(ngt) and Hg(QS) C H (QSX).

If we associate to U the outer harmonic expansion (3.14) it is of fundamental
importance to know when the series (3.14) converges uniformly on the whole set
Qext. To this end we need the concept of summable sequences.

, regular

Definition 3.3. A sequence {4, }nen, € A is called summable if

= o2n+1

o <o (3.22)

n=0
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Lemma 3.4 (Sobolev Lemma). Assume that the sequences { Ay, }neng, {Bn}nen, €
A are such that {B,; ' A, }nen, is summable. Then each F € H ({B;lAn}; Qg"t)

corresponds to a potential of class Pot'® (Qext).

The Sobolev Lemma which is proved in [19] states that in the case of summa-
bility of the sequence {B,, ' A, }nen,, the Fourier series in terms of the basis func-

tions Hy, ,m € H ({B,, 1An}; Qext) is continuous on the boundary §2,,. In particular,

we have the following statement (cf. [19]).

Lemma 3.5. IfU € H(Qxt), s > k+1, then U corresponds to a potential of class
Pot™®) (Qext).

3.2. Vectorial outer harmonic and Sobolev theory
We now extend the theory of scalar outer harmonics and scalar Sobolev spaces
to the vectorial case. We use a system of vector spherical harmonics (cf. [21]) in
order to generate the set of vector outer harmonics in such a way, that the Laplace
equation is fulfilled componentwise.

Let {QS7),,L}Z-:1,273;,L€NOI_;m:17,.,72n+1 be a set of vector spherical harmonics sat-
isfying the condition of being a set of eigenfunctions of the Beltrami operator,
with

0, i=1,
0; _{ 1, i=2,3. (3.23)

(see, e.g., [21, 32, 58], for a detailed introduction and profound discussion of these
vector spherical harmonics). In the nomenclature of [32], the vector outer harmon-

ics hg_,)m (0;-) of degree n and kind i are defined by

1 n+2
WY (o5 2) = <J) gﬁjz,z(x), n=01...m=1,...2n+1, (3.24)

o \|z] ||
1 n
hgzn(a;x)za (|Z|) 57(122n<|i|)> n=12,...;m=1,....2n+1, (3.25)

) 1 n+1
hggzn(a;x)a<|gl) 17532”(;'), n=1,2...m=1,...2n+1, (3.26)

for x € Q¢xt. The following properties are satisfied:

o W (0;) is of class clo0) (Qexty,

° Axhg_,)m (o;2) =0 for z€Q*, i.e., every component function hg_,)m - eF satis-
fies the Laplace equation,

° hgi)m is regular at infinity, i.e., |h5§7)m(a;x)| = O(|z|™1),

i (0 - )| = O(|e[72), || = oo

(05 )a, = (1/0)Fm,

(hism (050, B2 (03 )22, = Joy, T (03 2017 (07 @) o) = B30 1m .
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We introduce

Ry

harm® (Qext) = span  ,_, hgf,)m(a; ) , (3.27)
m=1,.. ,2n+1
@) -1l o) (qexty
harm(Qgt) = Spallj—1 2 3:n=0;,...; ham (05 +) c (3.28)

m=1,...,2n+1

Some results concerning addition theorems for outer harmonics using Legendre
tensors and Legendre vectors can be found in the Ph.D.-thesis [58] and are not
discussed here.

Lemma 3.6. Let {H, m(0;°) bneNgim=1
ics. Then

2n+1 be a system of scalar outer harmon-

.....

) (11
span{H,, (0;-)et|s }i=1,2,3 e (%),
span{ Hy (0 )€l bic1 5 =@ = O (5)).

Theorem 3.7. Let {hﬁf,)m( o) e -1,23in=0, . . be a system of vector outer harmonics
..... ntl’

as defined in (3.24)-(3.26). Then the followmg statements hold true:

“'“l?(z})
(%) = span_ 1250, 7(h'£11)m o)) ;

m=1,...,

. 11l o) )
AO(D) = span_ L2, 7(h51)m(0 Nls .

m=1,...,

In order to define the vectorial potential space pot(X°**) we need the diver-
gence and curl operator, which are defined by

3
div f(x Z 6‘z1 (x), f= ;Fisz, (3.29)
and
3
OF,
(curl f(x Z ik ) k (x), (3.30)
7,k=1 j

where €51 is the alternator defined by

+1, (i,4,k) is an even permutation of (1,2,3),
gijk =< —1, (i,4,k) is an odd permutation of (1,2, 3), (3.31)
0, (4,7,k) is not a permutation of (1,2, 3).

By pot(X') we denote the space of all vector fields f : ' — R3 satisfying
the following properties:
(i) fecM(ze),
(ii) f is a harmonic vector field: divf = 0, curlf = 0 in 3t
(iii) f is regular at infinity: |f(z)| = O(|z|~2), || — co.
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Furthermore, we let
pot®) (Dext) = pot () N B (sext), (3.32)

which is meant in the same sense as we explained in the scalar case. It is well
known (see, e.g., [38]), that every function f € c*)(2) satisfying curlf = 0
is the gradient of a function V € C*+1)(2ext): f = VV. As a consequence, we
get that every f € pot(X®') can be represented as a gradient field f = VV,
where V' € Pot(X°*"), and vice versa. Furthermore, it is obvious, that a function
f € pot(2) of the form f = Y27 | Fe fulfills F; € Pot(3).

For arbitrary e > 0, we have an integer N = N(g) and coefficients a, m,
n=0,...,N;m=1,...,2n+ 1, such that

N 2n+1

sup |F Z Z pmHnm(o;2)| < €. (3.33)

€Y =0 m=1

For the gradient of H,, ,,,(0;-) we obtain

VoHy m(os2) = Chi)), (05 2), (3.34)
with a constant factor C', which leads us to (cf. [25])
1l 0y spext
Pot(o)(Ee"t) =span ,c,. (hq(zIZn(O', )| spexe Ve (3.35)

m=1,...,2n+1

(Runge—Walsh approximation property).
In analogy to the scalar case, we define Sobolev spaces for vector fields. We do
not restrict our considerations to pot () (Qext) as a reference space for the definition

of vectorial Sobolev spaces, because in this case only the h m-part would be taken
into account.
Consider the space a defined by

3 T . .
a={{an}|an = (A<1> AR AG >) eR?, AD £0,n e No). (3.36)

n no o n

Obviously, we have {Ag)}neNO e Aforie {1,2,3}.
For {an }nen, € a we define

oo 2n+1

eD(Q5t) = {f € harmD (@) + 3 S JADR(f A, e, < o0}, (3.37)

n=0; m=1
i € {1,2,3}. Equipped with the inner product

oo 2n+1

Dz = Z D 2 VPSR (9. hn)e @), (3.38)

i=1 n=0; m=1

f.g € e (Qext) the space e (Qext) becomes a pre-Hilbert space. We define the
Sobolev space h(¥)(Qext) = h<i>({A$Z)};ngt) to be the completion of e (Qext)
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under the norm || - ||h(Qext), which denotes the norm associated to (-, ~)h(Qext):
MO(AY Y 0pt) = e (aget) o, (3.39)

We use the following notation
3 3
h(Qg) = h({an}; Q) = PrD Q) = PrI({AD}; Q). (3.40)

The space h(Q**) equipped with the inner product (-, -) h(Qext) 1S @ Hilbert space
(i)+{AD} .
with Hilbert basis {hy m (03 ) }i=1,2,3: n=0;,...; m=1,..., 2n+1 given by
i){AD i)\ — ;
hﬁﬂm{"‘ }( x) = (AS)) lhs_’)m(a;x), x € QCxt, (3.41)
We can, therefore, expand a function f € h(Q¢t) as a Fourier series in terms of

. (1){AD
the basis h%,;;{ n }:
oo 2n+1

i Df AD
F=Y Y O s (o, m) D, (3.42)

1=1 n=0; m=1

where
(A et i i A(7)
F oo (n,m) = FONm,m) = (F, o) - (3.43)

In analogy to the scalar spaces H,(Q2et), we define the vectorial spaces

hs(Q25*%) by
1 S
B0 (o) = K ({ <” i 2) } ;ngt)> , (3.44)
g

Qext @ h(l) Qext (345)

The space hs(2¢%t) equipped with the inner product (-, ) ha(Qext) is a Hilbert space
with Hilbert basis {hgf,)ﬁ;(a; )}i=1,2.3:n=0;,.... m=1,....2n+1 given by

(s (o) = < 7 1> W) (o32), @ € Q. (3.46)
: n+ :
In the case of the space ho(€25*") we understand the norm || - ||, qext) to be the

Il - [li2(, - norm.
Next, the scalar Sobolev Lemma 3.4 will be extended to vector fields.

Definition 3.8. A sequence {ay, }nen, € a is called summable if

oo

M+ 1
3 "t (3.47)

n=0; (Agf)) ’

forv=1,2,3.
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In the sequel, {b,,'},.en, € @ means the sequence given by

bt = () (B2) L (B (3.48)
and
bt = (A0 (BO) AP (B2) T A (BH) ) (3.9)

Lemma 3.9 (Vectorial Sobolev Lemma). Assume, that {a,}neng, {bn}nen, € a are
sequences such that {b, *an }nen, € a is summable. Then each f € h({b; a,}; Q)
corresponds to a function of class harm(QS).

3.3. Tensorial outer harmonic and Sobolev theory
The extension of vectorial to tensorial theory is straightforward (see [21, 32, 58]).
With the help of a system {yﬁfﬁ? } of tensor spherical harmonics we can derive a

set of tensor outer harmonics {h;’f;’ (03 -)} satistying the Laplace equation compo-
nentwise.

(i) .
Let {Fn)m }ik=1,2.3:neNgim=1,... 2n+1 With

0, (k) €{(1,1),(2,1),3, 1)},
0 =< 1, (i,k)€{(1,2),(1,3),(2,3),(3,3)}, (3.50)
2, (i,k) €{(2,2),3,2)},

be a set of tensorial spherical harmonics satisfying the condition of being eigen-
functions of the Beltrami operator (see, e.g., the Ph.D.-thesis [58] for a detailed
introduction and profound discussion of these tensor spherical harmonics). The

tensor outer harmonics h5f,’f} (0;-) of degree n and kind (i, k) are then defined by

1/o\"" T

niwen = (7)) s (7). (351)
1 /o \""! - T

widen = (0) %2 () 552
1 /o \""! - T

nen = (7)) s () (3.53)
1/o\"! x

nEame =1 () 52 (). (3.51)
1o\ T

o = (7)) w2 () (3:59)
1 /o \" - T

e = (7)) s () (3.56)
1 /o\". T

non) = (7 ) 582 () (357)
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1/o\"" T
e = (7)) s () (3.58)
’ o \|z] "\
1/o\" T
i) = (7 ) 982 (7). (3.59)
o \ |zl BN
where z € Q%% n = 04,...; m = 1,...,2n + 1. The following properties are

satisfied:

° hﬁf,’if (0;-) is of class c(>)(Qex),

° Axhsf,]fl) (o;2) = 0 for z € QF i.e., the component functions of hﬁf,’if (03°)
fullﬁll the Laplace equation,

° hffj%) is regular at infinity, i.e., |h( ' )(0 z)| = O0(Jz|73), |z| = oco.

o bl (05, = (1/o)Fim,

o (08 (05), 07 (03 )y = fop, DR (03 2)B) 9 (0 ) ()
— 5z¢p5k,q5n¢l5m,s

Moreover, we define

(i.k) ..)”'”c(U)(ngt)

harm (%) (Qext) = span n=0,.... hnm (0 , (3.60)

, 1Nl o0y (aext
harm(Q¢xt) = SPAL; ke (12,3} in=0p... hgf:ﬁ? (03°) @ (3.61)
m=1,..., ,2n+1
Some results concerning addition theorems for outer harmonics can be for-
mulated both for the tensor product of two tensor outer harmonics and for the
product of a scalar and a tensor outer harmonic. They can be found in the Ph.D.-
thesis [58] and are not discussed in this contribution.

Lemma 3.10. Let {H,, m(0; ')}neNojk;m:L..ﬂnH be a system of scalar outer har-
monics. Then

span{ Hy (03 )t @ b|s) 12O = 12(3), (3.62)

span{ Ho,m(03)e @ eblsy} =0 = cO(3)), (3.63)

—0,y,...; be a system of tensor ouler harmonics.
..... 2nt1

Then the following statements hold true:

H'H12(2)

2y _ k)
FE) = Spani,kzl,z,:s;n:oikvu;(h"’m (7::))ls ’ (3.64)
m=1,...,2n+1
(i k:) H'HC(E)
C(E) = Span. (hn:m (0'; ))|E . (365)

i,k=1,23n= omm,,

WLl .....

In order to define a tensorial counterpart pot(Xe*t) of the space pot(Xext),
we need the divergence and the curl operator of tensor fields. Having (3.29) in
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mind, we define div f by

3 3
aFm i j

(div f(z E oz, (x), f= E Fije'®e. (3.66)

Jj=1 i,j=1

Furthermore, based on (3.30) we have the following definition of curl f:

3
OF; i,
1f(x i Ik (). 3.67
(cur Z Sipk oz, (x) (3.67)
p,k=1
The space pot(X°**) denotes the space of all tensor fields f : X — R3 @ R3
satisfying the following properties:
(i) fecM(xext),
(i) f is a harmonic tensor field: divf = 0, curlf = 0 in X
(iii) f is regular at infinity: |f(x)| = O(|2|7?), |z| — co.
Furthermore, we let
pot® (Dext) = pot(2t) N ) (Sext), (3.68)

which we understand in the same sense as in the scalar and vectorial case. As
shown, e.g., in [38], every tensor function f € ¢ (X°*) with curlf = 0 is the
gradient of a vector field v € c*+1) (next):

f=Vu, (3.69)
where Vv is the tensor of second rank defined by
ov;
. 3.70
(Vo) @) = o @) (3.10)

Therefore, every member v € pot(X®*) can be represented as a gradient field
v = Vu, where v is of class pot(X®**), and vice versa. As a consequence of this, in
connection with the fact that every v € pot(3X°**) can be represented as a gradient
field v = VV with V € Pot(X°*"), we finally get that a tensor field v € pot(X®)
can be represented as the Hesse tensor of a scalar field V' € Pot(3°*):

v=V®VV (3.71)
and vice versa.
It is obvious, that f € pot(X°*) of the form f = Zf’ ey i’ @ eF fulfills
F; i € Pot(¥°*"). In addition, we are able to show that
11l o) szext
1,1 o(0) (gext)
pot®) (Zoxt) = span e, (BE (05)) g (3.72)
m=1,...,2n+1
(Runge—Walsh approximation property).
Our purpose is now to define Sobolev spaces for tensor fields in analogy to
the vectorial Sobolev spaces. We introduce the linear space a in the following way:

a={{a,}|a, e RPQR> AWK £ 0 neNym=1,...,2n+1;i,k € {1,2,3}},
(3.73)
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where
A$11,1) ASLLQ) A%1’3)

an = | APY AR ARV (3.74)
APDARD AR

with {AS" Y, en, € A for i,k € {1,2,3}.
Let us now consider a sequence {ay nen, € a. Then we define

oo 2n+1

elih) (Qext) = {f € harm®" (Qext) Z Z |A(’ k)| h(Z k))12(Q y < oo},

n=0; m=1

(3.75)
i,k € {1,2,3}. Equipped with the inner product

oo 2n+1

(£, 8)n(oexr) = Z SN AGPR(E M) g, (8. b i2q,),  (3.76)
i,k=1n=0;r m=1

f.g € eF)(Qext) the space e(##)(Qext) becomes a pre-Hilbert space. We de-

fine the Sobolev space h("F) (Qext) = h<i»k>({A§Z*’“>};ngt) to be the completion

of e®k)(Qext) under the norm || - [[1n(ext)» which denotes the norm associated to

SRNGEE

h(i’k)({Ag’k)}; Qext) = elik) (ngt)”'”mﬂ%’“). (3.77)
We use the following notation
3
h(Qgt) = 5 hP (Qge). (3.78)
i,k=1

The space h(Q2¢*") equipped with the inner product (-, -),, (qex) is a Hilbert space.

i,k )% AliR) .
The system {hgfm) A }(0; V}ikei 28y meno,, > given by

k) d A )
WA (g 2) = (AFR)ThER) (1), @ € Qo (3.79)

n,m

represents an h(Q¢x*)-orthonormal Hilbert basis in h(Qg<t).
As a consequence, we can expand a function f € h(Q2¢*) as a Fourier series

1w d AGHR)
in terms of the basis h5$,’§2 {4, }:

oo 2n+1

3
i i k)l AGR)
C 3 3 S O e T, s
i,k=1n=0;r m=1
where

(6,k)A

. g AGR)
£ e () = £ (n,m) = (£, GRS L (381
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Finally, in analogy to the vectorial spaces hY) (Qext), we define

1 S
hgi,k) (Qext) = h(k) ({ (" + 2) } ;ngt) , (3.82)
ag

3
Qext @ h(‘ k) Qext (383)
i,k=1

The space h,(Q2*) equipped with the inner product (-,-), (Qext) is a Hilbert

k)s .
space. The system {hg;m ( ;')}i,k€{1,2,3};nENoik;m:L...,%L-‘rla given by

b/ (o2) = ( i 1) hi) (o5x), =€ Qg (3.84)
k) n ?
2

represents an h(Q¢xt)-orthonormal Hilbert basis in h(Qgxt).

Our next goal is to extend the Sobolev Lemma 3.4 to tensor fields.

Definition 3.12. A sequence {a, }nen, € a is called summable if

o0

3 e (3.85)
n=0;x (Ag;k))

for i,k € {1,2,3}.
In the sequel, {b,1},cn, € a represents the sequence given by

(3e)" (a02) " ()

bl = (BS?’”)_1 (BS?’”)_I (BS?’S))_I : (3.86)

() (822) 7 (809)

and {a,'b, },en, € a is given by

A§11,1) (Br(Ll’l)> A§11,2) (B(l 2)) AS’S) (Br(Ll’S)>
b la, = | AGY (B,(fv”)fl AZY (B,S”) AZ3) (353@)71 . (3.87)
4 -1 E ; -1
Ag"’l) (37(15,1)) Agls,z) (37(15 2) ) AS{S’S) (Bgf’?’))
Lemma 3.13 (Tensorial Sobolev Lemma). Assume, that the sequences {an fnen,,
{b,}nen, € a are such that {b,'a,}nen, € a is summable. Then each f €

h ({b;lan}; ngt) corresponds to a function of class harm(Qext).

-1 1 -1
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4. Pseudodifferential operators and geodetic nomenclature

All gravitational information under discussion in physical geodesy leads to operator
equations relating the (disturbing) potential to geodetically relevant observables.
In physical geodesy, one can think of observables as operating on an “input signal”
F (e.g., the (disturbing) potential) to produce an (scalar, vectorial or tensorial)
output signal of the form

AF = G (4.1)

(for example, geoidal undulation, gravity anomaly, radial or tangential deriva-
tives), where A is a certain (scalar, vectorial or tensorial) operator. Note, that
later on we will differentiate in our notation weather we deal with scalar, vecto-
rial or tensorial observables, but in this introductory part of the text for reason of
readability we do not distinguish the geodetic quantities. Fortunately, it is the case
in geodetic applications involving the (disturbing) potential that large portions of
interest can be well approximated by operators that represent linear, rotation-
invariant pseudodifferential operators.

The standard pseudodifferential operators A occurring in physical geodesy
(cf. [69]) have to reflect the Pizzetti concept (cf. [36, 59]):

1. The mass within the reference ellipsoid for establishing the disturbing poten-
tial F' is equal to the mass of the Earth.

2. The center of the reference ellipsoid coincides with the center of the Earth.

3. The value of the potential on the geoidal surface and the value of the normal
potential on the reference ellipsoidal surface are the same.

4. There are no masses outside the geoid (remove-restore-principle from masses
outside the geoid).

5. The constructive approximation is simplified for reasons of computational
economy from an ellipsoidal to a spherical framework by Runge-Walsh jus-
tification (see the contribution [4] in this volume).

The presentation of the classical quantities in gravitational potential determi-
nation can be formulated within the framework of pseudodifferential operators. To
be more concrete, in our approach we deal with radial, tangential and mixed (first-
and second-order) derivatives of the Earth gravitational potential. Two important
properties have to be taken into account specifying the operators which we study
in the sequel. On the one hand, the mathematical modeling should lead to a consis-
tent setup. It turns out that this requirement is, in fact, assured by the operators.
On the other hand, we demand the assigned operators to be isotropic for structural
reasons. In consequence (see also [63]), the (scalar) tangential derivatives 81 and

gt are of no interest for us because they do not lead to isotropic operators in a

scalar framework. Instead of using scalar tangential operators we decide to go over
to the vectorial (and tensorial) tangential derivative using the surface gradient V*.
Indeed, we want to point out that we have the choice between two viable variants
namely either to develop a scalar anisotropic theory for component modeling, or to
turn over to vectorial/tensorial isotropic theory. In this contribution, we prefer the
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second variant, expecting that the development of a vector /tensor theory provides
us with a versatile tool for modeling geodetically relevant vector and tensor fields
and solving the SST and SGG problem in a simply structured isotropic framework.
The observables we discuss are presented in Tables 1, 2 and 3.

Quantity Operator Symbol Order
. -1
gravity anomaly Aa " 1
geoid undulations Ay o? 0
Stokes operator Asy 2 -1
first radial derivative A 2 — ”jl 1
second radial derivative A o2 ("+13(2”+2) 2
ar2
n
upward continuation Aupc ( (vf ) —00
n
scalar SST Agsr (z) "Jvrl —00
n
scalar SGG Asca (z) “’“ig’l”) —00

TABLE 1. Scalar geodetic observables leading to isotropic pseudodiffer-
ential operators (note that the symbol is given with respect to Hy, ).

4.1. Scalar theory
We start with the scalar definition and give some examples.

Definition 4.1. Let H,(Q2¢") and H,(Q25**) be Sobolev spaces, 7,p > 0. Further-
more, let {A"(n)}nen, be asequence of real numbers. The operator A : H4(Qext) —
Hs (QZ’“) defined by
oo 2n+1
Z Z ANn)F"(n,m)H;, ,, (p;-) (4.2)
n=0 m=1
is called a scalar pseudodifferential operator of order t, if
[A%(n)]
n—00 (n + ;)t
for some t € R. The sequence {A"(n)},en, is called the symbol of A. Moreover, if
the limit relation A
lim | (”)lt =0 (4.4)
n—00 (TL + é)
holds for all ¢ € R, then the operator is called a pseudodifferential operator of order
—00.

= const #0 (4.3)
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Quantity

Operator

Symbol

Order

first tangential derivative

v*

n n+1

o 2n+17?
n+1 n

o 2n+1

0

)

second mixed derivative

v* ov

n(n+1) [ n+1
o2 2n+1°

(‘IL+1)2 n
o2 2n+
0

1>

vectorial SST

AssT

n
o n n+1
0% o 2n+17

n
o n+1
o ¥ 2n+17

0

n

vectorial SGG

Asaa

(5) 7y

n+1
2n—+1

( ) (n+1)2\/
o’ ¥y 2n+417

0

TABLE 2. Vectorial geodetic observables leading to isotropic pseudodif-
ferential operators (note that the symbol is given with respect to hgf?,,n,
i =1,2,3 from top to down for each operator).

Note that the convergence of the series in (4.2) is understood in H,(Qg*")-
topology. As an immediate consequence (cf. [69]), we have the important relation

In other words, we have the requirement that the outer harmonics are the eigen-

functions of the operator A, and the invertibility has to be controlled by the in-
vertibility of the values A" (n), n € Ny. The symbol has many appealing properties

(cf. [69]): It is easily seen that
(A" A")"(n) = (A)"(n) + (A")"(n), (4.6)
(A'A")"(n) = (A)(n)(A")" (n), (4.7)

for all n € Ny.
As any “output function” (output signal) can be expanded into an orthogonal
series of outer harmonics

oo 2n+1 oo 2n+1
G:AF:ZZAA VF"(n,m)H;, ., ZZGAnm m(p)
n=0 m=1 n=0 m=1
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Quantity | Operator Symbol Order
* * n(n 1
tangential —(n+1)(n 1) V302
derivative 02(2n—1)(2n+1)
0,
—n(n+2
n(n+1)(n+2
g D/l =1)(2n = 1)2n + 1),

0, for (i,k) € {(2,3), (37 1),(3,2),(3,3)}

" n+1
%\/1%#2 Yn+1)(2n +1)(2n+3),| —cc
a\" (n+1)(n—1)
7(5) m\[n
0,
%) 2(2773—(;?22,1.5_1) (n+ 1)\/(2n +1)(2n + 3),
) M\/""—l)(Zn—l)(QnJrl)

o2(2n—1)(2n+1

0, for (i, k) € {(2,3),(3,1),(3,2),(3,3)}

Q
v

tensorial Asaa (7
SGG

TABLE 3. Tensorial geodetic observables leading to isotropic pseudodif—
ferential operators (note that the symbol is given with respect to h$$,’f2 ,
i,k = 1,2,3, from top to down ((1,1),(1,2),...,(3,2),(3,3)) for each

operator).

in the sense of || - |[;;_(gext), We are confronted with a spectral representation of the
S\

form
G"(n,m) = (AF)"(n,m) = A"(n) F (n,m), ne€Ny, k=1,...,2n+1. (4.9)

This means that the “amplitude spectrum” {G”(n,m)} of the response of A is
described in terms of the amplitude spectrum of functions (signals) F' by a simple
multiplication by the “transfer” A™(n).
The following list contains (scalar) pseudodifferential operators which are of
importance for geodetic applications.
Consider a potential F' of the class H(2¢xt), that is
oo 2n+1
F= Z Z F/\(n,m)Hfl’_’m(a; Yy (4.10)
n=0 m=1
where we use the geometric concept as explained in Section 3 and shown in Fig-
ure 3.1.

(i) Gravity Anomalies. The problem of determining the disturbing potential U
with A(U) = F from prescribed gravity anomalies F' is the “fundamental
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problem of classical physical geodesy” (see, e.g., [37, 43, 53, 69]). The operator

related to gravity anomalies A : H(Q2SXY) — H(Qx") has the symbol
-1
AMmy=""". (4.11)

g

Geoid Undulations. The operator related to geoid undulations A : Hs(25xt) —
Hs(£2¢xt) has the symbol

A (n) = o2, (4.12)
Stokes Operator. This operator is defined by
M@ = [ St F).de), @ e, (413)

o

where St(-,-) is the Stokes kernel (cf. [32, 68, 69]).
The Stokes operator A : H(QS%) — Hy(2¢%) has the symbol

Aoy |0, for n=1
W w={% o iasa (414

n—17
Upward Continuation Operator. The upward continuation operator associates
to F € H(Qext) the solution AF of the Dirichlet problem AF € Pot(®) (Qext)
corresponding to the boundary values (AF)|q, = Flq,. The upward contin-
uation operator A : Hs(Q8*) — H(22**) has the symbol

ANn) = <i>n n € No. (4.15)

The upward continuation operator indeed plays an important role in the
mathematical treatment of spaceborne problems, since it relates potential
values at height o to potential values at height v(> o).
Operator of the (Negative) First-order Radial Derivative on €),. This operator
associates to F' € Hs(Q2xt) the solution AF of the Dirichlet problem AF €
Pot ¥ (Qext) corresponding to the boundary values (AF)|q, = — 2 Fla,. A
is a pseudodifferential operator of order 1 with symbol {A"(n)},en, given by
A(n) = "jl, n € No. (4.16)
In fact, A is the “harmonic continuation” of the radial derivative on €, into
the outer space Q% and is important in case of the SST problem.
Operator of the Second-order Radial Derivative on €),. This operator as-
sociates to F' € Hs(2¢x) the solution AF of the Dirichlet problem AF €
Pot9 (Qext) corresponding to the boundary values (AF)|q, = §:2F|Qa. Ais
a pseudodifferential operator of order 2 with symbol {A"(n)}nen, given by
(n+1)(n+2)
o2
A is the “harmonic continuation” of the second radial derivative on €, into
the outer space Q%* and is important in case of the SGG problem.

A/\(’Il) = , ne No. (4].7)
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4.2. Vectorial theory

We now introduce vectorial pseudodifferential operators and give two examples.

Definition 4.2. Let H,(Q*t) be a scalar Sobolev space and hgi)(QZ"t) a vectorial
Sobolev space, T,p > 0, i € {1,2,3}. Furthermore, let {)\(i)A(n)}neNoi be a se-
quence of real numbers for i = 1,2,3. The operator A(¥) : H(Qext) — hgi) (Qg"t)
defined by

oo 2n+1

ADF =33 AN ) FN (0, m)Ss (p: ) (4.18)

n=0; m=1

is called a vectorial pseudodifferential operator of kind 7 and order t, if

L O]

= t 0 4.19
n— oo (TL + %)t cous 7& ( )

for some ¢t € R. Moreover, if the limit relation

)\(i)/\
lim | (1”” =0 (4.20)
n—00 (n —+ 2)t
holds for all t € R, then the operator A% is called a vectorial pseudodifferential
operator of kind i and order —oo. The sequence {\()"\(n)} is called the symbol of
A Further on, the operator A : Hy(Q3%) — hy(Q5Xt) defined by

3
A=) A0, (4.21)
=1

is called a vectorial pseudodifferential operator of order t, where t = max3?_; (order
of )\(i)). Moreover, if the limit relation

A ()]

=0 4.22
7L—>H;o (n+ %)t ( )

holds for all ¢t € R, and all ¢ € {1,2,3}, then the operator X is called a vectorial
pseudodifferential operator of order —oo.

We now give two examples of vectorial pseudodifferential operators which are
important for geodetic applications. We use the surface gradient on the sphere 2,
defined by

\ARE v (4.23)

(iv) The Operator of the First-order Tangential Derivatives on Q. This operator
associates to F' € Hs(Q2t) the solution AF' of the Dirichlet problem AF' €
hs(Q2ext) corresponding to the boundary value (AF)|q, = V"7 Flq,. Ais a
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pseudodifferential operator of order 1 with symbol {)\(i)/\(n)}neNOi given by

n n+1 .
o \/2n+1’ t= ]"

A ) =< nh1 \/ n i—9 (4.24)

o 2n+1° ?

0, 1 =3.
In fact, A is the “harmonic continuation” of the tangential derivative on
into the outer space Q% and is important in case of the SST problem.

(v) The Operator of the (Negative) Second-order Mized Derivatives on . This
operator associates to F'€ Hs(2¢xt) the solution AF of the Dirichlet problem
AF € hy(Q2et) corresponding to the boundary values (AF)|q, =— 2. Ve Flq,.
\is a pseudodifferential operator of second order with symbol { (V" (n) }nen,,

given by
n(n+1 n .
DA = n+1)? n .
A (n) (1) \/%H’ i=2, (4.25)
0, 1=3.

A is the “harmonic continuation” of the second-order mixed derivatives on
2, into the outer space Q" and is important in case of the SGG problem.

4.3. Tensorial theory

The introduction of tensorial pseudodifferential operators is straightforward.

Definition 4.3. Let H,(QSXt) be a scalar Sobolev space and h{"" (Qext) a ten-
sorial Sobolev space, T,p > 0, i,k € {1,2,3}. Furthermore, for i,k € {1,2,3},
let /\(l’k)/\(n)neNoik be a sequence of real numbers. The operator A&F"(n)

x (1.F) ((yex
Hs () — hs ™ (Q8xt) defined by

oo 2n+1

ABE =37 37 XN ) A (n,m)h{R (p:-) (4.26)

n=0;p m=1

is called a tensorial pseudodifferential operator of kind (i,k) and order ¢, if the
limit relation

[ AC ()]
nh_}rrgo (n+ 1y = const #0 (4.27)

is satisfied for some t € R. Moreover, if the limit relation

(kA
n—00 (n =+ 2)

holds for all ¢ € R, then the operator A is called a pseudodifferential operator
of kind (i, k) and order —co. The sequence { A9 (n)} is called the (spherical)



Geodetic Observables and Their Mathematical Treatment 347

symbol of A% Further on, the operator X : H,(Qext) — h,(Q2¢xt) defined by

3 3
A=A, (4.29)

1=1 k=1

is called a tensorial pseudodifferential operator of order t, where t = max},_;
(order of A"*)). Moreover, if the limit relation

A(i,k)/\
lim | f?': (4.30)
n—o0 (n —+ 2)
holds for all ¢t € R, and all 4, k € {1,2,3}, then the operator A is called a pseudo-
differential operator of order —oo.

Finally, we mention one important example.

(iv) The Operator of the Second-order Tangential Derivatives on Q.. This op-
erator associates to F' € H,(QSxt) the solution AF of the Dirichlet prob-
lem AF € hg(Q¢t) corresponding to the boundary values ( AF)|q, =
V*7@V*7F|q, . It is a pseudodifferential operator of order 2 with the symbol

{ A9 (n)}nen,, given by

AGRIA () (4.31)

02(2Zi7§—;(12)n+5) V(n+2)(n+1)(2n+1)(2n +3),

—(n+1)(
o2(2n— 1)(2n+1) V3n?,

=\ ormimyomen w<2n+ 1)(2n +3),

A | Jnn — 1)(2n — 1)(2n + 1),

)

A is the “harmonic continuation” of the second-order tangential derivatives
on ), into the outer space Q' and is important in case of the SGG problem.

5. Reproducing kernel structure and observational functionals

Of great importance for our considerations are Sobolev spaces equipped with a
reproducing kernel structure. The importance of the reproducing kernel lies in the
fact that it determines the norm of the dual space. Furthermore, no computational
work must be done to evaluate inner products involving reproducing kernel expres-
sions. Within this section, we focus on scalar theory and essentially follow [19].
The extension to vectorial and tensorial reproducing kernel Sobolev spaces is not
hard to perform.
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5.1. Reproducing Hilbert spaces

Theorem 5.1. Let the sequence {A,} be summable in the sense of Definition 3.3.
Then H(QS) (more explicitly, H({An}; Q) is a Hilbert subspace of the space
PotD(Qext). The space H(QSY) has the reproducing kernel function

KH(QgXt) ('7 ) : Qg"t X ngt SR

given by
2n—+1
KH(QgX“)(z’y) = Z Z H;%"}(UEz)H;%"}(U;y),
neN(A,) m=1
x,y € QL.

If H(Qext) has a reproducing kernel, then the Fourier (orthogonal) expan-
sion of a potential in terms of the Hilbert basis {H}; ; (0;-)} in H(Q2*) converges

uniformly on the domain Q¢ (cf. [3, 7]). To be more specific, the relation

2n—+1

I - A LAn} (.. _
N T S ST T ) [

neN m=1 H(Qext)

n<N

implies
2n+1
lim sup |F(z)— Z Z FNn,m)H;, . (o32)| = 0.
N_HXJCEGQ?“ neN m=1
n<N

The representer of a bounded linear functional £ on H(Q¢*t) has a sim-
ple expression. More explicitly, L(z) = EKH(ngt)(-,x),x € Qb is in H (),
and for all F' € H(Qe) we have LF = (F, L)H(ngt) (note that z is held fixed
and L is applied to KH(ngt)(-,ac) as a function of the first variable). Obviously,
(L,L)H(ngt) = EﬁKH(ngt)(~,~) = (E,E)H(ngt)*. The dual space H(QS)* of
H(Qet) (i.e., the space of all linear bounded functionals on H(Q¢<)) is a Hilbert
space with respect to || - ”H(Qg’“)* = (- ~)i(93xt)*; the spaces H(QS¥t) and H(2x)*
are known as isomorphic and isometric (see, e.g., [7]).

Reproducing kernel representations may be used to act as basis system in
reproducing Sobolev spaces.

Theorem 5.2. Let {A,} be summable in the sense of Definition 3.3. Assume that
X is a countable dense set of points on a regular surface & C Q< (for example,
Runge sphere Q, real Earth’s surface 3). Then

1115, e
Spa‘nIGXKH(QgXt) (x) ) H(QE ) — H(QSXt).
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Theorem 5.2 allows an obvious generalization by means of bounded linear
functionals on H ().

Theorem 5.3. Let {A,} be summable. Assume that X is a countable dense set of
linear functionals in H(Q)*. Then

1115, qext
SpanﬁEXEKH(QgXt)(.? ) HQG*Y) — H(Q(@TXt)

The set of all finite linear combinations of outer harmonics is dense in the
space Pot®)(Qext) in the sense of || - ||C(U)(Qext). Hence, H(2ex) is a dense subset

of Pot¥(Qext), too. This leads us to the following corollary.

Corollary 5.4. Under the assumption of Theorem 5.3
Spancexﬁkkﬂg?g(w)“Mcw”ﬂ?” = PotV(Qext),

Next we come to the problem of specifying certain types of sequences {4, }
such that H(Q) (= H({An}; Q) is a reproducing kernel Hilbert space. We
restrict ourselves to those kernel functions which are usable later on in multiscale
approximation. Other types of kernel functions which are known from spline inter-
polation or smoothing procedures (see, for example, [14-16, 18, 20, 49, 55, 56, 72])
are not discussed here.

Our list of (reproducing) kernel functions is divided into two parts, namely
bandlimited kernel functions such as Shannon’s kernel, smoothed Shannon ker-
nels, etc., and non-bandlimited kernel functions such as rational kernel functions,
exponential kernel functions, (smoothed) Haar kernel functions, etc.

5.2. Bandlimited kernel functions

These kernel functions are characterized by the property that only a finite number
of coefficients A,, does not vanish. Consequently, the reproducing kernel Hilbert
space is of finite dimension.

At this stage two important cases of bandlimited kernels should be mentioned:
(a) The Shannon Kernel (see Figure 5.1). For a non-negative integer N we let
DS ne0,N +1),
T 0, n €[N +1,00),
ie, N(A,) = {0,...,N}. Obviously, the reproducing kernel Hilbert space
H(Qext) is equal to the space Harmg, . n(25%) of outer harmonics of degree
< N. The reproducing kernel function KH(Qext)(" 9 Qext x Qext — R e,
the Shannon kernel, reads as follows:
2n—+1

K’}-[(ngt) ($, y) = Z Z H;,m(a; x)H’:;Jn (0-; y)

0<n<N m=1

9 1 2 n+1
- > () () e
aro? \Jol 1y 2l Iy

0<n<N
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Observing the well-known recursion relation for Legendre polynomials

(n+1)(Pos1(t) = Pu(t)) —n(Pn(t) = Po-1(t)) = (2n+1)(t=1) P (1),

(e () =

we obtain for (z,y) € Q, x

x oy B
(o =) Ko =

0
wl
“
wi
o

(a) K(z,y) for N =2% —1

0

wl

“

wi
., i)

2of

a,
E3 z ] o 7 z 3

(c) K(x,y) for N =27 —1

N +1

o

4o

n>1, (5.2)

)

r oy
|z [yl

3 £ F Ed 00 [ 3

(b) KN(n) for N =25 —1

3 £ F Ed 00 [ 3

(d) KN(n) for N =27 —1

FIGURE 5.1. Shannon kernel with N = 2% — 1 (above) and N = 27 — 1
(below): space domain, i.e., K(z,y) for (z,y) € Q, X Q, in sectional

representation (left) and frequency domain, i.e., K" (n)

A, (right).

(b) Smoothed Shannon Kernels (see Figure 5.2). For (fixed) non-negative integers

N, M with N > M + 1 we let

n € [0,M+1),
ne[M+1,N+1),
n €[N +1,00).

Of course, many other suitable choices can be found for practical purposes.
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a 3 £ F Ed 00 T 3

(a) K(z,y) (b) K" (n)

FIGURE 5.2. Smoothed Shannon kernel with M = 26 and N = 27 — 1:
space domain, i.e., K(z,y) for (z,y) € Qs X Q, in sectional representa-
tion (left) and frequency domain, i.e., K(n) = A, (right).

5.3. Non-bandlimited kernel functions
All non-bandlimited kernels share the property that an infinite number of coef-
ficients A,, is different from zero. The corresponding reproducing Hilbert kernel
spaces are infinite-dimensional. We mention rational kernels, exponential kernels,
and “locally supported” kernels, i.e., (smoothed) Haar kernels.
(a) Rational Kernels (see Figure 5.3). Let {A,} be a sequence of real numbers
A, satisfying the following conditions:
(i) n+ A2, n € Ny, is a (real) rational function (in the integer variable n).
(ii) There exist two positive constants C,C’ with

C<n+a(é)>2+aSA%SC/(H—’—G@))“ (5.4)

for some e >0, a > 2 +e.
Then the norm reads
oo 2n+1

2
HF”i[(ngt) = Z Z A?L (F/\(nam)) :

n=0 m=1

For the reproducing kernel in H(Qext) we find the representation

o0

1 2n41/ o2 \""! Ty
K . , = Pn : .
@y (T:Y) A2 4mo? (|x||y|) lz| |yl

n=0

n+§ -8 .

A, ( - ) is summable for all § < &/2.

(b) Exponential Kernels. An alternative to come to candidates of reproducing
kernel sum representations with an exponential rate of convergence is to use
a sequence {A4,} of the form

An:(a)”Bn, neN, (5.5)

0-/
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(a) K(z,y) (b) K" (n)

FIGURE 5.3. Rational kernel with A2 = (1 +n)™%, s = 6.5: space
domain, i.e., K(z,y) for (z,y) € Q, X Q, in sectional representation
(left) and frequency domain, i.e., K"(n) = A, (right).

with ¢/ < ¢ and B,, satisfying

. (5.6)

1 «@
0<B2<C ("+(2)>
for all n € NV, some value a and a positive constant C’. The radius o'(< o)
should be taken close to the value o (i.e., o’ is assumed to be the radius of a
Runge sphere so that o /0’ is close to 1). It is evident that an “inner radius” o’
gives additional flexibility in choosing the norm of the Hilbert space and also
results in more general sequences {A,} being possible. On the other hand,
the radius ¢’ appears as an artificial value in the infinite sum of the kernel

to force an exponential rate of sum convergence. In conclusion, the sequence

n+1} AR
A, ( 2 ) is summable for every S.

o

Kernel representations of type (5.5) for (z,y) € Q&xt x Qext

1 2n4+1 [ o2 \""! Ty
K t ) = , Pn :
oz B0 = 2 g gy om ol Iyl

are well known from geophysical applications (see, for example, [14, 32, 55,
72]).

Far- and Near-Field Methods as well as Multipole Methods are explained
in the Ph.D.-thesis [39] and can also be found in [24, 40, 41] and in the
contribution [42] in this volume.

Of particular importance for purposes of minimum norm (spline) in-
terpolation and smoothing (cf., e.g., [14-16, 18, 72]) are kernels, which are
available in terms of elementary functions. We only mention here (cf. [52]):

(i) Abel-Poisson kernel (see Figure 5.4):

B2 =1, neN,. (5.7)
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e
(a) K(z,y) for 7 =0.7 (b) K" (n) for 7 =0.7
(¢) K(z,y) for 7 =0.9 (d) K" (n) for 7 =0.9

FIGURE 5.4. Abel-Poisson kernel with ‘;' = 0.7 (above) and ‘(’; =09
(below): space domain, i.e., K(x,y) for (z,y) € Qs x Q, in sectional
representation (left) and frequency domain, i.e., K"(n) = A,, (right).

The kernel reads as follows:

® _ llyl |2yl =0

H(ngt)(wjy) = dno2 (L(Jc,y))3/2 , T,y € Q&Y

where we have used the abbreviation
L(z,y) = [«*|y|* = 20" -y + o™
(ii) “Singularity kernel” (see Figure 5.5)
B2 =(2n+1)/2, neN,. (5.8)
The kernel is given by

1 1
Am (L(x,y))?
(i) “Logarithmic kernel” (see Figure 5.6)

K;_[(ngc)(za y) = , T,y E QgXt'

BZ=(2n+1)(n+1), ne€N,. (5.9)
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(a) K(z,y) (b) K" (n)

FIGURE 5.5. Singularity kernel with ¢ = 0.7: space domain, i.e.,

K(x,y) for (z,y) € Qs X , in sectional representation (left) and fre-
quency domain, i.e., K"(n) = A, (right).

(a) K(z,y) (b) K" (n)

FiGURE 5.6. Logarithmic kernel with ‘: = 0.7: space domain, i.e.,

K(x,y) for (z,y) € Qs X 0, in sectional representation (left) and fre-
quency domain, i.e., K"(n) = A, (right).

Now we have

K N Qext
H(ngt)(‘ray) - 471'0'/2 n + M(I,’y) 9 xay e o

with
1
M(z,y) = (L(z,y))2 + |z| |y| — 0"

(¢) “Locally Supported” Kernels (Smoothed Haar Kernels, see Figure 5.7):

Consider the piecewise polynomial function B;Lk) [-1,+1] =R, k=0,1,
and h € (0,1) given by

k
B (#) =< (inyr

0, te[-1,h),
(5.10)
(omper  tE[h1]
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(cf. [5, 20, 21, 26, 35, 67]). Let £ € Q = Q; be fixed. Then the &-zonal function

B,(Lk) (€ ) : Q — R has a local support. More explicitly, the support of B,(Lk) (&)
is the cap with centre £ characterized by

suppB,(lk)(f J={ne : h<&-n<1}
The &-zonal function B,(LO) (&) :Q — R given by

© o0 for §-mel-1,h),
B, (5'77){1 for §-nelhl]

is called the Haar kernel at position £ € ), while B}(lk) (&), k>0, are called
“smoothed” Haar kernels at position & € ).

o
v
of
3 z g 7 Z 3 3 0

G A ]

(a) Haar kernel K (z,y) (b) Symbol K”(n) of the Haar kernel

G A ]

o
v
of
z g 7 Z 3 3 0

(c) Smoothed Haar kernel K(z,y) (d) Symbol K”(n) of the smoothed
Haar kernel

FIGURE 5.7. Haar kernel (above) and smoothed Haar kernel (below)
with h = 0.7: space domain, i.e., K (x,y) for (x,y) € Qs X, in sectional
representation (left) and frequency domain, i.e., K(n) = A,, (right).

An easy calculation shows that the iterated “Haar kernel”
(B 2(g ) = (B w1200y BN )
also has a cap with centre £ as a local support:

supp(BY)@ (€ )= {neq : 2mP —1<e-n<1).
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Expanding B;Lk) in terms of Legendre polynomials we obtain

o0

B =%" - (B () Py, (5.11)

where
+1 k
t—h
(B,S’”)A(n):zw/ ( ) P.(t)dt, n=0,1,....
1 \1—-nh
The recurrence formulae for Legendre polynomials give us

(k +1)(B™)M0) = 27 (1 — h), (5.12)
(k+2)(BY)N1) = (k+ 1+ h)(BY)"(0), (5.13)

(n+k+2) (B (n+1) = 2n+ 1Dh(BW)(n)
+(k+1-=n) (B n—1) (5.14)

(for more details the reader is referred to [26]).

For k = 0 it is easy to see that ’(B}(LO))A(n)‘ = 0(n>?), n - oo
Moreover, from the recurrence relations Eqgs. (5.12)—(5.14) it follows that
(B ()| = 0= C/78), s .
Furthermore, [67] has shown the following statements:
(i) (B () #0 forn=0,1,..., k+2.
3
(ii) For n > k + 2, (B;Lk))/\(n) = 0 if and only if C’st;_l(h) = 0 (where
Cffg is the Gegenbauer polynomial of order m with respect to k + g)
This leads us to the following result: For k£ > 0, h € (0, 1), the sequence
(k) yA -1
0, n € Ny
is summable.

In case of locally supported kernels we have the following lemma:

Lemma 5.5. H(Qe<t) € Pot'? (Qext), as defined by (5.15), is a reproducing kernel
Hilbert space with the reproducing kernel

@\ " 2n +1 o2\t r Yy
K ext )\ Ly Y) = < B(k) ) n < ) Pn ( : > .
H(QE )( ) Z ( h ) () dro? \ |z |y| lz| |yl

neN
(5.16)
Moreover, for x = o€, y = on, we have

o), = (B) 7 (1) = (8) €

2| |yl
lyl=o
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where
(k) (2) X 2 x Yy
supp(Bh> . =qye, : 2 —-1< . <1;.
|| lz| vl
In other words, reproducing kernel Hilbert spaces of potentials defined
on and outside the sphere Q, are found such that the “restriction” (z,y) —
KH(ngt)(z,y), (z,y) € Q» x Qp, is a locally supported (zonal) function on 2,

(note that (B,(Lk))@)(f -m) is a zonal function, i.e., depends only on the scalar
product of the unit vectors £ and 7).

6. Ill-posedness of the satellite problems

The question of subsets X C QX on which observations are required in order
to uniquely determine the potential F |26xt’ is answered in this section. In order
to handle existence and stability of the solution we give a reformulation of the
pseudodifferential operators as convolution operators.

6.1. Scalar SST and SGG problem

Throughout the remaining part of this contribution, the sequence {A,} € A gener-
ating the reference space H(Qg) for gravitational field determination is assumed
to satisfy the so-called ‘consistency conditions’:

Definition 6.1. A sequence {A,} € A is said to satisfy the consistency conditions
(CC1) and (CC2) relative to [o, o), if the following conditions are satisfied:

(CC1) A, is different from 0 for all n € Ny, i.e.,

A, #£0, n=0,1,..., (6.1)
and
(CC2) there exists a value 7 with o < 7 < ¢ such that
> o\" 1
2n+1)(7) : 6.2
,;0( n+1) :) o < 00 (6.2)

The “downward continuation problem” of determining the potential F' &
Hs(28) from “satellite data” G' € Hs(Q9*) reads as follows.

(i) (Scalar) SST Problem (Corresponding to the First-order Radial Derivative).
Let the values G(z), * € X, for some subset X C Q¢ be known from a
function G of the class H,(025xt). We search for a potential F|y... with F
being from H,(25xt) that fulfills the (scalar) SST operator equation with the
SST operator A : H,(Qext) — H () given by

AF(z) = G(x), z€X, (6.3)
where
(F)@) = (= 1) 92 ) F@laimy = Gla). a€ X (6.0
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Equation (6.4) means that the SST operator is the composition of the radial
derivative and the upward continuation operator. Having in mind that the
symbol of a pseudodifferential operator A : Hq(Qxt) — ’HS(QSYXt) satisfies
AHf;_’m(a; )= AA(n)H;im(v; 1), we have
A n+1 [(o\"
A" (n) ; (’y) , n=0,1,..., (6.5)
and the SST operator is given by
oo 2n+1
=3 > AP (n,m)H; ,,(v;2). (6.6)
n=0 m=1
(ii) (Scalar) SGG problem (Corresponding to the Second-order Radial Derivative).
Let the values G(z), z € X, for some subset X C Q¢** be known from a func-
tion G of the class HS(Q‘;’“). We search for a potential F|... with F' being

from H4(QS¥t) such that

AF(z) = G(x), z€X, (6.7)
where the SGG operator A : H(Q¢%) — H,(22x*) with the symbol
+1)(n+2) (o)
Ay = 7 . n=0,1,..., 6.8
(n) 2 y (6.8)

is given by

ARG = (= 29.) (= V) F@lres

oo 2n+1

=3 A F (n,m)H; ,,(v;2). (6.9)

n=0 m=1
In the case of combined SST/SGG data we have the following formulation in terms
of pseudodifferential operators.
(iii) Combined (scalar) SST/SGG problem. Let the values Gi(z), x € X1 C QX
and Ga(z), v € Xz C Q2 be known from a function of class Hs (). Let
the symbols of the two corresponding pseudodifferential operators A; and Ao

be given by
n 1
AMn) = (0) ntl n=0,1,... forSST, (6.10)
Y Y
Al (n) = <") (T DM+2) 01 for SCG (6.11)
v 72
Find a potential F' € H,(Q2")|gexe such that
(ALF) (z) = Gi(z), =€ Xy, (6.12)
(AQF) (IL‘) GQ( ), S XQ. (613)
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In order to give an answer to the question of subsets X C Q** on which

data are necessary to assure uniqueness of the solution F, we define H,(Q2xt)-
fundamental systems.

Definition 6.2. A system X = {x,}n—0,1,.. of points z, € Qext is called an

Hs(2g¥)-fundamental system in Q¢ if the conditions F' € Hs(Q¢*) and
F(zp,)=0forn=0,1,... imply F =0.

For fundamental systems we get the following uniqueness theorems which are
proved in the Ph.D.-thesis [58].

Theorem 6.3. Let X = {x,}n=0.1.... be an Hs(Q)-fundamental system in Qext,

Then the potential F|g... solving the (scalar) SST or SGG problem is uniquely
defined.

Theorem 6.4. Let X1 C Q% Xy C Q& such that X = X1 U Xy = {zp}n=01,...
is an Hs(Q$*)-fundamental system in Q*t. Then the potential F|s... solving the
combined (scalar) SST/SGG problem is uniquely defined.

In order to present the results concerning the ill-posedness of the satellite
problems, we essentially follow [19]. We reformulate the SST and SGG problem as
a convolution equation using kernel functions.

Definition 6.5. Let o, 5 € R, @ > o and 3 > 0. Then any kernel K*#(-,-) :
Qg x QF — R of the form

2n+1
K (x,y) ZKA n) Y Hy o (as2)H; (8 y) (6.14)
n=0 m=1

(x,y) € Q& x Q%"t, is called an H, g-kernel.

The sequence {(K*%)N(n)}nen, with (K*%)"(n) = (jj?) K"(n), n =
0,1,...,is called the (a, 3)-symbol of the Ha g-kernel K*P(-,-). The (o, )-symbol
of the Ho, p-kernel KA (-, is simply called the symbol of the Ho, g-kernel.

Definition 6.6. An #, s-kernel K*#(.,.) with symbol {K"(n)},—o1,. . is called
admissible, if the following conditions are satisfied:

() 35 (KA(m))? < ov. )
(i) 3o2o(2n + 1) (rm))? (,7,) < oo

The first property in Definition 6.6 ensures that K"(n) — 0 as n — oo,
whereas the second condition implies the following lemma.

Lemma 6.7. Let a, e R, a >0, B> 0.
(1) If K“P(-,-) is an admissible Ho, g-kernel with the symbol {K™(n)}n=o01...,
then K*8(x,-) is an element of Hs(QF") for every (fized) x € Q&
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(ii) If K*P(-,-) is an admissible Ho g-kernel with the symbol {K"(n)}n=01.. ,
then KB (- y) is an element of Hs(Qx) for every (fired) x € Qg

Suppose now that F, G are elements of class H4(Q¢*). Then we understand
the Hs(28%t)-convolution of F and G simply to be the inner product in H, (<),
ie.:

F * G = (F7 G)’HS(QeXt)' (615)
(More precisely, we had to write FF« G = F a1, (Qext) G.) By definition, we let

FMNn,k) = Fx H (03 ) (6.16)

forn e N(4,); k=1,...,2n+ 1. It follows from (6.15) via the Parseval identity

that
2n+1

=3 > FMNn, k)G (n,k),
neN k=1
for F, G € Hs(Q2exY).
We now define the convolution of an admissible H, g-kernel against a function
F e Hs(Q5) as follows:

(KA s F)(z) = K*P(2,)« F
oo 2n+1

= Z Z K n)F"(n,m)HE . (a;x), = € Qext, (6.17)

n,m
n=0 m=1

It directly follows that (K®? x F)"(n,m) = K"(n)F"(n,m) and K*® x F €
Hs(Qext). In analogous way we define the convolution of an H, g-kernel K “B(.)
against a function F' € H,(Qext) by

(KYP « F)(y) = K“P(-,y) « F

oo 2n+1
=Y > K'n)F n,m)H; .(Biy), yeQF,  (6.18)
n=0 m=1
and K“F % F is an element of #,(Q5).
If L, K are admissible H, ,-kernels, then the H,(Qt)-convolution L * K is
defined by
(L * K)(‘T7 y) = (L(IL‘, ')7 K(a y))’}-[s(ngt)v ('737 y) € ngt X ngt.
Obviously, (L * K)(-,-) is an admissible H, ,-kernel, and it is not difficult to see
that
(L K)"n) =L"(n)K

"(n),
We usually write K(2)(.,.) = (K
Ho.o-kernel with itself. K(Q)( )=
nel of K(-,-). More generally, K(p (-,

neN ((K"n)L"(n))""4,).

* K)(+,-) to indicate the convolution of an
K x )(, -) is said to be the iterated ker-
) = (K® D 5 K)(.,-) for p=2,3,..., and
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K®M(.,-) = K(-,-) for p = 1. Obviously, we have
(KP)Nn) = (K" (n))*.

In order to give an answer to the question of ill-posedness of the (scalar)
SST or SGG problem, the continuity of the inverse additionally has to be inves-
tigated. The answer to this question requires the reformulation of the problem as
convolution equation. Starting from a pseudodifferential operator A : H,(QSxt) —
Hs(022x°) given by

oo 2n+1

=Y > AMWFNnm)H; (), (6.19)

n=0 m=1

we can interpret the symbol of the pseudodifferential operator as the symbol of an
H, ~-kernel (K*)77 presuming that the symbol satisfies the admissibility condi-
tions. The pseudodifferential operator is then given by the convolution identity

AF(z) = (KMo (,z)« F, z¢€ Qext, (6.20)
for F € H(Qext), where (K*)N(n) = AN(n), n =0, 1,.... Obviously, we have
(K77 (@) % Hy o (03) = (K8 (2,) « H L, (030)

n,m

- A/\( ) n7n( IL'), (62]‘)
foralln e Nym=1,...,2n+ 1, or, equivalently,
AH . (030) = A (n)Hy (75 ). (6.22)

Having a look at the (scalar) SST and SGG operator, we get the following result.
Theorem 6.8. The H, ~-kernel (K™ defined by the symbol

(g)nnjla n=0,1,... for SST,
A ) = : (6.23)
(z> (n+1’)ygn+2)7 n=0,1,... for SGG,

is admissible, if {(n—:%) } is summable in the sense of Eq. (3.3).

Theorem 6.9. Let A : Hy(Q5) — Hs () be a pseudodifferential operator with

(K™ satisfying the admissibility conditions. Then the pseudodifferential opera-
tor A is bounded and ||A|| = max |[AN(n)|. Further on, A is an injective operator.
neNg

From functional analysis (see, e.g., [70, 77]), we know that the SST and SGG
operators are compact as being so-called Hilbert—Schmidt operators. Summing up
the preceding considerations we finally get the following result.

Theorem 6.10. Let
AF =G, FeH,(Q), Ge ”HS(Qg’“), (6.24)
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be the (scalar) SST or SGG problem. Then A is a compact operator with infinite-
dimensional range. Furthermore, A=' is not bounded on H,(Q). The (scalar)
SST or SGG problem is solvable if and only if

i%? <GA o >2 < . (6.25)

n=0 m=1

Remembering Hadamard’s definition of a well-posed problem (existence,
uniqueness and continuity of the inverse), we consequently see that the (scalar)
SST or SGG problem is ill posed, as it violates the first and third condition.

6.2. Vectorial SST and SGG problem

Following [58], we additionally formulate uniqueness results for the (vectorial)
SST and SGG problems. Let Hs(£2¢%t) be a (scalar) Sobolev space with ( 12
satisfying the consistency condition (CC2) relative to [0, 7) (see Eq. (6.2)). Further
on, let A (Qext), i = 1,2, be (vectorial) Sobolev spaces. Then the “downward

continuation problem” of determining the potential F' € H4(Q¢x) from “satellite
data” g € hgl)(Q?YXt) o h? (Q22xt) reads as follows.

(i) (Vectorial) SST problem (Corresponding to the First-order Tangential Deriv-
ative). Let the values g(z), z € X, for some subset X C Q2 be known from

a function g of the class hgl)(Q?YXt) @ h? (Q2ext). We search for a potential
F|gexe with F being of the class H,(25¥") such that

AF(z) =g(x), z€X, (6.26)
where the SST Operator A : H,(QSt) — hS’(ngt) & th)(ngt) is given by
()\F)(.Z‘) = vz,aF(I)hz\:’ya (627)

with z = |z|¢. Observing the symbol

n
1 . . _
(g) Z\/SZL» i=1, n=01,...,
n
1 - . _
(g) nt \/27;;1, i=2 n=1,2,...,

the (vectorial) SST operator can be written as

)\(i)/\(n) _ (6.28)

oo 2n+1

ZZ > AN ) PN (n, m)hDs (v o). (6.29)

1=1 n=1 m=1

In the case of SGG-data the mixed derivatives can be handled within vectorial
framework.

(ii) (Vectorial) SGG problem (Corresponding to the Second-order Mixzed Deriva-
tives). Let the values g(x), € X, for some subset X C Q** be known from
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a function g of the class hgl)(Q?YXt) @ h? (Qext). We search for a potential
F|gexe with F being of the class H,(25¥") such that

AF(z) = g(z), weX, (6.30)
where the SGG operator X : H,(Qg) — h{" (Qe) @ h{¥ (Q9t) with symbol
o n n(n+1 n . . .
(BN <’Y> (72 )\/27;:-11’ Z:]-, 77«*0,].,...,
X = ™ (nt1)? . (6.31)
(7) 72 \/2n+1? i=2 n=12...,

is given by
oo 2n+1

DD A F (nm)n (v ). (6.32)

1=1 n=1 m=1

In order to give an answer to the question of subsets X C Q¢** on which data
are necessary to get uniqueness of the solution F', we define hgi) (Qext)-fundamental
systems.
Definition 6.11. A system X = {x,}n—0,1,.. of points z, € Q& is called an
hgl)(QS,Xt)-fundamental system in Q¢ if the conditions g € hgl)(ng‘“) and
g(x,) = 0 for n € Ny imply g = 0, ¢ € {1,2,3}. Further on, X is called an
A (Qext) @ hgj)(Qg"t)—fundamental system, if g € h{) (Qext) & hg”(ngt) and
g(xn) =0 for n € Ny imply g = 0 for ¢,j € {1,2,3} with i # j.

We now obtain the following uniqueness theorem.

Theorem 6.12. Let X = {2, }n=01,.. be an hgl)(QSf“) ® th)(QSYXt)—fundamental
system in Qt. Then the potential Flgexe solving the (vectorial) SST or SGG
problem is uniquely defined up to an additive constant C.

Definition 6.13. Let o, € R, @ > o and > o. Then any kernel k():8(..) :
Qext x QO — R? of the form

2n+1

ORE I Z KA (n Z (s 2)h% (B; y), (6.33)

n=0;

(z,y) € QT x QF, is called an h(i) -kernel. Furthermore,
kP (x,y) ij(l DB (g y), (6.34)

(x,y) € Q& x Q%"t, is called an h, g-kernel.

The sequence {(k(i)’“’ﬁ)/\ () }nen,, with

(W%M)A (n) = <O‘ﬂ) KONR), n=0;..., (6.35)

o2
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is called the (a, §)-symbol of the h((j?ﬂ—kemel k@B (..). The (o, 0)-symbol of the
h(i) -kernel k(":5(..) is simply called the symbol of the h(i) -kernel.

Definition 6.14. An h l)ﬂ kernel k()-@8(. ) with symbol {kD"(n)},—o,.... is called
admissible, if the following conditions are satisfied:

(i) oo, (k" (n))? < oo,

(i) T, (20 + 1) (KO (n 2(n ) < o0,

(i) (a) 300,20 +1)2n +3) (VA n))? (nj%)28<
(b) 32, (2n+1)(2n — 1) (k@7 (n)) (njé)2s<

(@ S @n+ DeEn+ 1) (O @) (,2,) " <.

Furthermore, the hq, g-kernel is called admissible, if the hg?ﬁ—kernels, i€ {1,2,3},
are admissible.

o,

The second and the third condition imply the following lemma.

Lemma 6.15. Let o, € R, a >0, f > 0.
(1) If K©-B(. ) is an admissible h(o?ﬁ-kernel with the symbol {kM"(n)}n=o,. .,
then kB (x. ) is an element of h(i)(Qe"t) for every (fized) x € Q&xt.
(ii) If k@B(. ) is an admissible h( ) _kernel with the symbol {k(n)}n=o, ..,
then the component functions k(l) @B (. ) Tel are elements of Hs(QX) for
every (fived) x € QF*, 1 € {1,2,3}.

Our next step is the definition of the convolution of an admissible h(ai)ﬁ-kernel

against a function f € hs(Q5) as follows:

(KD s f)(z) = KO0 (a,) 5 f
oo 2n+1

= Z Z EON) fONn,m)HE , (a;2), € Q. (6.36)

n,m
n=0; m=1

It directly follows that (k8 x £)N(n,m) = kO Nn)fONn,m), n = 0;, i €
{1,2,3}, and kP« f € H (Qext). In an analogous way we define the convolution
of an h, g-kernel k%7 (-, .) against a function F € H,(Qext) by

(k™ % F)(y) = kP (-, y) * F

oo 2n+1

3
= Z S0 O FN (n,m)hDs (Bry), € Q5L (6.37)

n=0; m=1

and k%#  F' is an element of hs (QF).
Our next purpose is to present the formulation of the vectorial SST respec-
tively SGG operators with the help of convolutions. This enables us to give an
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answer to the question of continuity of the inverse. We start from a pseudodiffer-
ential operator A : H,(Q9*%) — hs(Q<t) given by

oo 2n+1

Z DD AP m)h (), (6.38)

=1 n=0; m=1

and interpret the symbol of the pseudodifferential operator as the symbol of an
ho~-kernel (k*)°7 presuming that the symbol satisfies the admissibility condi-
tions. The pseudodifferential operator is then given by the convolution identity

AF(z) = (KM)77(,z) x F,  x € Qo (6.39)

for F' € H,(Qext), where ()W (n) = AV (n), i = 1,2,3; n = 0;,.... Obviously,

we have
()77 () o H(o5) = XN ) D (3 ), (6.40)
foralli=1,2,3;n=0;...,m=1,...,2n+ 1, or, equivalently
NOH; L (037) = XON )b (). (6.41)

Having a look at the (vectorial) SST and SGG operator, we get the following
result.

Theorem 6.16. The h, -kernel (k*)°7 defined by the symbol

o n n n+1 _
(KD n) = XD (n) = (v)n V\/2n+1» n=0,1,... for 55T,
(§> n(:jl)\/;ﬁlp n=0,1,... for SGG,
(6.42)

and

(U> n:yLl\/%nHa n=12... for SST,

a\" n+1
( ) ! \/2n+1’ 27 fOT SGG,
, (6.43)
is admissible, if {(":2) } is summable and satisfies, in addition, condition (iii)
in Definition 6.14.

(kNP () = A (n) =

Theorem 6.17. Let A : Hs(Q5¥) — hs(QX) be a pseudodifferential operator with

(KM%Y satisfying the admissibility conditions, and XD(n) # 0, i € {1,2,3},
n = 0;,.... Then the pseudodifferential operator \ is bounded and

3 .
Z A@DA (n)
i=1

where we let XDN(0) = XEN(0) = 0. Further on, X is an injective operator.

(6.44)

[IA]l = max
n€eNg
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Finally, we get the following result.
Theorem 6.18. Let
AF =g, FeMNJ(Q2), gehlM(Qet) e h? Qo) (6.45)
be the (vectorial) SST or SGG problem. Then X is a compact operator with infinite-

dimensional range. Furthermore, A\=% is not bounded on hS’(ngt) @ hf)(Qg"t).
The SST/SGG problem is solvable if and only if

Z i Qnil (9(1 o )2 < co. (6.46)

=1 n=0; m=1

We consequently get that the (vectorial) SST/SGG problem is ill posed be-
cause existence and continuity of the inverse are violated.

6.3. Tensorial SGG problem

The formulation of the definitions and theorems for the tensorial case is straight-
forward. Let H4(Q9) be a (scalar) Sobolev space satisfying the consistency con-
dition (CC2) relative to [0, 7) (see Eq. (6.2)). Further on, let h{"" (Qext), (i k) €
{(1,1),(1,2),(2,1),(2,2)}, be (tensorial) Sobolev spaces. Then the “downward
continuation problem” of determining the potential F' € H,(Q&t) from “satel-
lite data” g € h? GG(Q‘;’“), where we use the abbreviation

h{9C Qo) = hD(Qet) @ h(W) (Qgt) @ h( 1 Q) © h(*2(Qgt),  (6.47)
reads as follows.

(i) (Tensorial) SGG problem (Corresponding to the Second-order Tangential Der-
ivative). Let the values g(z), z € X, for some subset X C Q2 be known
from a function g of the class hJ¢¢ (Qext). We search for a potential F[y..
with F' being from Hs(2¢x*) such that

AF(z) =g(x), xe€X, (6.48)
where the SGG operator A : Hg(Q29t) — hSSGG(ng) is given by
(AF)() = V"7 & V7 F(2)] 1o, (6.49)
with & = |z|¢. With the help of the symbol
)‘(i,k)/\(n)
n n(n+1 (1,1) . _ _
( 2(2n—&-1)(2)n—‘,-3) \/V" ’ (Z’k) - (1’1)7 n=0,1,...,

n n 1,2 .
) 2((221)1()(271)“)\/1/( k) =(1,2), n=12,...,

)
-5

7<0> 2(2:+T§;L(22)n+1)\/(21) (i,k)=(2,1), n=0,1,...,
)

n(n n 2,2 .
( 2((2n+11)(2:—2i-)1) I/( ) (Zv k) = (27 2)7 n=23,...,

(6.50)
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with

(

(
V2D = (0 +1)2(2n +1)(2n + 3), (6.53
V22 = p(n—1)2n—1)(2n + 1), (

n
the SGG operator can be written as

oo 2n+1

AF(@) = Y >0 > AERYm P (n,m)hR) (v @), (6.55)

(i,k)€Z5GG n=0;, m=1

where Z9¢¢ = {(1,1),(1,2),(2,1),(2,2)} is the index set for the tensorial
SGG problem.

In order to give an answer to the question of subsets X C Q** on which

data are necessary to get uniqueness of the solution F', we define hgi’k) (Qext)-
fundamental systems.

Definition 6.19. A system X = {x,}n=01,.. of points z, € Q& is called an
h{"" (Qext)-fundamental system in Qext, if the conditions g € h{"* (Qext) and

g(z,) =0 for n € Ny imply g = 0, 4,k € {1,2,3}. In analogy the fundamental

systems are defined for spaces which are direct sums of the spaces h{" )(QeXt)

i,k €{1,2,3}.
As in the scalar and vectorial case we have the following theorem.

Theorem 6.20. Let X = {xn}n—o,1,.. be an h%C(Qext)-fundamental system in

Qext. Then the potential Fl... solving the (tensorial) SGG problem is uniquely
defined up to a term of the form

1 2n+1 n+1
1
=33 cum < > Youm ( N ) . wEQ,  (6.56)
o 7\

n=0 m=1

for constants co1, c11, 12, c13 € R.

We finally shortly present the results using the reformulation as convolution
equation.

Definition 6.21. Let o, 3 € R, @ > ¢ and § > 0. Then any kernel k(:*)-@8(. ) .
Qext x Q- R® @ R? of the form

e3¢} 2n+1

k(i,k),a,ﬁ(l.’y) — Z k(&R Z nm g;ﬁl (Bsy), (6.57)

’I’L:()“C
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(z,y) € Q& x QF, is called an h(i’k)—kernel. Furthermore,

3
kP (2, y) = Y KR A (g, y), (6.58)
i,k=1

(z,y) € O x QF, is called an h, g-kernel.

The sequence {(k(i’k)’“’ﬁ)A (n)}nen,,, Wwith

(k@vk)vaﬁ)A(n)(O‘ﬂ) KEPA (), =0, ..., (6.59)

is called the («, 8)-symbol of the h((:g)—kemel k(R).@B(. ) The (o, 0)-symbol of
the h(i’k)-kernel k(k)8(. ) is simply called the symbol of the h(i’g)—kernel.

a7

Definition 6.22. An h(l k) _kernel k(:+)a B(.,-) with the symbol {k(##)"(n ) Fn=0sk....
is called admissible, 1f the following conditions are satisfied:

() Z?:om(k(z MM (n))? < oo, N
(i) Y5, (20 + DK )2 (7,) < oo,

(i) () o2o(2n+ D +5)EM @) (,7,)7 <o

{1,

() So, 2+ D0+ 3@ (,7,) < o,
(5. k) € {(1,3), (3, D)},

(€) Yoo, (2n+ 1)(2n + 1)(kRA (n))? (ni; )28 < 00,
(i, k) € {(1,2),(2,1),(3,3)},
(d) 32, (2n+1)2n - 1)(kRA (n))?2 (ni;) < 00,

(i.k) €{(2.3). 3.2},
(©) Eils2n+ Dn =KD M) (,7,) < oo

Furthermore, the h, g-kernel is called admissible, if all hi’?—kernels, i,k e

2,3}, are admissible.

The second and the third condition imply the following lemma.

Lemma 6.23. Let o, €R, a >0, > 0.

1.

2.

If the kernel k(i’k)’”"ﬁ(-, -) is an admissible h(oi’g)—kemel with the symbol given
by {KERN () e, then KORB (g ) is an element of h{"™® (QF*) for
every (fized) x € Q<.

If the kernel k(-F)e @B(...) is an admissible h( ) -kernel with the symbol
{kCRN(n)Y=o,,...., then the component functzons k(Z khoB(y)-ed @l are

elements of H, (Qe"t) for every (fired) x € QF<, j,1 € {1,2,3}.
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We now define the convolution of an admissible hS’g)—kernel against a func-
tion f € h,(QF) as follows:

(KRB £) () = kR B (g ) « f (6.60)
oo 2n+1
= Z Z kRN )EEDN (0, m)HE (s 2), € Qe

n=0; m=1

It follows directly that (k%8 s £)N(n,m) = kGO () EERA (0 m), n = 04,
ik € {1,2,3}, and k("F)8 & f € 7 (Qext). In an analogous way we define the
convolution of an h, g-kernel k*#(-,-) against a function F' € H4(Qext) by

(kP % F)(y) = kaﬁ(- y)x F (6.61)

oo 2n+1

Z Z Z k(l k)/\ F/\(n m)h(l k)s (6 y) y e Q%xt’

i,k=1n=0;, m=1

and kP « F" is an element of h, (Q%"t). Our next purpose is to present the formu-
lation of the tensorial SGG operator with the help of convolutions. This enables
us to give an answer to the question of continuity of the inverse. We start from a
pseudodifferential operator A : H(Q8¥*) — hy(Q*") given by

oo 2n+1
Z Z Z AERA () FA (n, m)h(’k)“’('y7 ), (6.62)

i,k=1n=0;, m=1

and interpret the symbol of the pseudodifferential operator as the symbol of an
h, -kernel (k ’\)‘777 presuming that the symbol satisfies the admissibility condi-
tions. The pseudodifferential operator is then given by the convolution identity

AF(z) = (k M)77 ()« F, x € Qo (6.63)

for ' € Hs(2ext), where (k )‘)(i’k)/\(n) = AOPAGY ik = 1,230 = O, .. ..
Obviously, we have

(k)77 ()5 H (o) = TP ()RR (3;), (6.64)
foralli,k=1,2,3; n=0,...,m=1,...,2n+ 1, or, equivalently,

A(z k) HS

n,m

(0:) = ACP )R (:-). (6.65)

n,m

Having a look at the (tensorial) SGG operator, we get the following result.
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Theorem 6.24. The h5S%-kernel (k ’\)"’7 defined by the symbol

(z)n 2(2:(+7§)+(12)7L+3) \/V(l’l)’ (i,k) = (1,1),
—(5)" B VA, ) = 1,2)
B (:>" 2(2:J(r7;)+(22)n+1) \/V(2 Y (i,k) = (2,1),

(5)" e, VoD k) = (2,2),

1 S
is admissible, if (”jz) is summable and satisfies, in addition, condition (iii) in
Definition 6.22.

AERA () = (6.66)

We finally get the following results.

Theorem 6.25. Let A : H(QZ*) — h(Q) be a pseudodifferential operator with

(k A)‘” satisfying the admissibility conditions, and /\(i’k)/\(n) #0,i€{1,2,3},
n = 04, .... Then the pseudodifferential opemtor A is bounded and

.Z AN ()|,

where the sum has to be understood in the same sense as in the wvectorial case.
Further on, A\ is an injective operator.

[All = max (6.67)

neNg

Theorem 6.26. Let
_ x SGG (Oex
AF =g, FeH02), geh; (Q% Y, (6.68)

be the (tensorial) SGG problem. Then A is a compact operator with infinite-
dimensional range. Furthermore, X™* is not bounded on thG(Q‘;"t). The SGG
problem is solvable if and only if

oo 2n+1 g(lk)/\nm) 2
> Z( N )> < oo, (6.69)

(i,k)ETSGG n=0;, m=1

We consequently have that the (tensorial) SGG problem is ill posed because
existence and continuity of the inverse are violated.

7. Geodetically oriented wavelet approximation

In this section we present a multiscale approach based on wavelet approximation.
Note that all modern multiscale approaches have a conception of wavelets as con-
stituting multiscale building blocks in common, which provide a fast and efficient
way to decorrelate a given signal data set. As already mentioned in Section 2.4,
this characterization contains three basic attributes (basis property, decorrelation
and efficient algorithms), which are common features of all classical wavelets and
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form the key for a variety of applications, particularly for signal reconstruction
and decomposition, thresholding, data compression, denoising, etc.

7.1. Scalar wavelet theory

We start with the presentation of the scalar theory, where we follow the approach
given in [19]. First, we define an H, o-multiresolution analysis. We use the abbre-
viation ®?)(-,-) = (& % ®)(-,-), where ® is an H, ,-kernel.

Definition 7.1. Let {®;(-, )} en, be a family of admissible H, ,-kernels as de-
fined in Definition 6.6. Then the family {V;(Q5*)},en, of scale spaces V;(Qgxt)
defined by
2
Vi(Qet) = {0 « F 1 F e H (0o}, (7.1)
is called an H, ,-multiresolution analysis, if the following properties are satisfied:
(i) Vo(Qg) € -+ CV;(Q) C Vja () C -+ C Hs(Q25),
-1l , (et
(i) U vi(ge) " =1 Q).
J€No
Wavelet analysis is based on the idea of splitting the function into a lowpass
part and several bandpass parts. The so-called scaling function corresponds to the
lowpass filter, whereas the bandbass filters are the shifted and dilated versions of

the wavelet, which are defined as differences between successive scaling functions
with the help of a so-called refinement equation.

Definition 7.2. A family {{¢;(n)}nen, }jen, of sequences {¢;(n)}nen, is called a
generator of a scaling function, if it satisfies the following requirements:
(i) (p;(0))* =1, for all j € Ny,
(i) (pj(n))? < (pj(n))?, for all 4,5’ € Ng with j < ;" and all n € N,
(iii) lim (p;(n))? =1, for all n € N.
Jj—oo

Based on the definition of a generator of a scaling function, we now introduce
Ho,o-scaling functions.

Definition 7.3. A family {®;(-,)};jen, of Hy o-kernels ®;(-,-) defined by &7 (n) =
cpj(n)v n7j S N()a i'e'a
[e’e) 2n—+1
Oi(x,y) =Y wi(n) Y Hy . (0:2)H; , (05y), 2,y € Qg (7.2)
n=0 m=1
is called an H o-scaling function, if it satisfies the following properties:

(i) ®;(-,-)is an admissible H, »-kernel for every j € Ny (in the sense of Definition
6.6),

(i) {®}(n)nen, }jen, constitutes a generator of a scaling function (in the sense
of Definition 7.2).

The following theorem shows the approximation property of an H, ,-scaling
function.
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Theorem 7.4. Let {®;(-,-)} en, be an Heq o-scaling function. Then
: (2) _
Jlirgo ”F - q)j * FHHS(Q?;“) =0 (7'3)

holds for all F' € H4(Qext).

We now introduce the dilation and the shifting operator in order to define
an Hq s-approximate identity. Let J, Ji, Jo € Ny and € Q2¢xt. Then we define the
dilation operator D;, and the shifting operator Sy by

Dy, : cI)Jz('a ) e DJ1CI)J2('7 )= CI)JH-Jz('a ), (74)
Sm : (I)J(', ) — qu),](', ) = (I)J(l‘, ) (75)

The shifting operator .S acting on the second variable is defined in an analogous
way. Note that by definition ®;(-,-) = D;Po(-,-) for any J € Ny.

Definition 7.5. Let {®,(-, ")} en, be an H, o-scaling function. Then {P;};en, with
Pj : Hs(QS) — H(Q9t) defined by

Pi(F)(@) = (S.D;9(,). F)

= (q)§_2) (z, .),F) -

= (@) % F)(x), (7.6)

Hs (25)

for F' € Hq(Q2x), v € Q) is called an H, ,-approximate identity.

The kernel ®g is called mother kernel of the H, ,-scaling function. Theorem
7.4 leads to
T [ = PPy o) =0 (7.7)

The following theorem clarifies the connection between the concept of multireso-
lution analysis and the scaling functions.

Theorem 7.6. Let {®;(-,)}jen, be an Ho 5-scaling function. Then {V;(Q2)}jen,
forms an Hg o-multiresolution analysis.

We now turn to the definition of the primal and dual wavelet.
Definition 7.7. Let {®;(-,")}jen, be an Hs,o-scaling function. Then the families of
He,o-kernels {W;(-, ) }jeng, {¥;(+)}jen, given by
UH(n) =vj(n), n,j€ N, (7.8)
U (n) =1;(n), n,j € No, (7.9)
are called (pm'mgl) Ho,o-wavelet and dual Hq o-wavelet, respectively, if all Hy -

kernels W (-,-), U (-,-), j € No, are admissible and the symbols {1;(n)}, {¥;(n)},
in addition, satisfy the (scalar) refinement equation

bi ()i (n) = (p41(n))? = (p;(n))? (7.10)
for all j,n € Np.
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The following equation is a direct consequence of the refinement equation:

J

(pr+1(n)® = (o(n))* + Y dj(n)y(n), J € No, (7.11)

=0

for all n € Ny. This property finally leads to the reconstruction formula which
states how the original function F' € Hs(£2¢) can be derived from a lowpass part
and the corresponding bandpass parts (see Theorem 7.9).

We now turn to the definition of the wavelet transform. To this end we define
N_1 = No U {1} and let ¢_1(n) = ¥_1(n) = po(n), for n € No, ¥_1(-,-) =
U_(-,-) = ®g(-,-). This abbreviation simplifies our notation. Then we define the
space

Ha(N_y x Qg0 = {H:N_y x Q9 5 R+ 3 (H(G: o), HGi )y, ey < 50}
j=—1
(7.12)
with inner product
(Hh HZ)”HS(N71 x Qext) = Z (Hl (], ')7 HZ(j; .))HS(ngt) (713)
j=—1
and corresponding norm
1/2
1 g n ey = | 2 IHGE, ey | (7.14)
j=—1

With the help of the dilation operator D; and the shifting operator S, we
introduce the following abbreviation:

Wiy (1) = 95 9) = Sy W5, -) = Sy DjWo(-, ), (7.15)
Uiy () = U5(,y) = 5, 95(, ) = 8y D;¥o (-, ). (7.16)
Definition 7.8. Let {¥;(-,-)};en_, be a (primal) H, ,-wavelet. Then
WT : Hy(Q5) = Hy(Noy x QF),
defined by
(WT)(EF)(G5y) = (Wjiy, F)yyqenry = (Y5 F)(y), (7.17)

is called H, ,-wavelet transform of F' at position y € Q&* and scale j € N_;.

Having the definition of the scale spaces V;(Q$**) in mind, we now define the
detail spaces W; (<) at scale j by

W (Qext) = {\i/j s U« F o Fe HS(ngt)}, j € No. (7.18)
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Theorem 7.9 (Scalar Reconstruction Formula for the Outer Space). Let the fami-
lies {U;(-, ) }jen, and {¥;(-,)}jen,, respectively, be a (primal) Hq o-wavelet and
its dual corresponding to an He o-scaling function {®;(-,-)};en,. Then

F=> UjxW;xF (7.19)

j=—1
holds for all F' € () (in || - ll3y, qext)-sense).

We now solve the (scalar) SST or SGG problem using bandlimited harmonic
wavelets. First, we define H,, o-scaling functions with the help of a generator of
a scaling function {{¢;(n)}nen, }jen, . Since the generator does not depend on o,
we can directly extend the theory to the case of H, o-scaling functions @3“" with
a > o

2n—+1
> (z,y) ZSDJ ) > H (o) H (a3 y), (7.20)
n=0 m=1
where
(@) (n) = ;(n). (7.21)

As a consequence, Theorem 7.4 is valid substituting ¢ by «. Furthermore, the
definition of the scale spaces can be directly transferred in the following way:
V(o) = (@)« F 1 F e Hy (09}, (7.22)
where
(@) = o2« e, (7.23)

The system {V;(2ex%)} of scale spaces forms a multiresolution analysis due to
Theorem 7.6. We now investigate the solution of the restriction of an operator
A H Q) — Hs(Q9X) to a scale space V;:

AV (Q8t) — V5 (0x0). (7.24)
Note that A(V;(Qgt)) C V;(Qxt) is automatically fulfilled, because every F €
V; (02ext) of the form

=0P % Q, Qe M () (7.25)
with Fourier coefficients F(n,m) = (¢} (n))*Q"(n, m) leads to

oo 2n+1

n=0 m=1
oo 2n+1

=305 Mm@} (0)2Q" (n.m)HS (75 7)

n=0 m=1

= (@)1 % (AQ) = <<1>§-2’W « G, (7.26)
where we let G = AQ € Hs(Q*). Thus, we get the following theorem.
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Theorem 7.10. The restriction of the operator A : Hs(Q2") — Hs(QY) to a scale
space V; (e, j € Ny, i.e.,

Ay, (qexry = Vi(Q5X0) = V;(Q5) (7.27)

1s injective. Moreover, we have the following results:

(i) If the families {{1;(n)}nen,tjen, and {{@j(ﬂ)}neNo}jeNo are bandlimited
(for example, 1j(n) =1j(n) =0 for all n > 27), then the restricted operator
is even bijective. To be more specific, for G € Hs(22x*) the unique solution

F; € V;(Qext), j € No, of the equation
AF; = (@) %G (7.28)
is given by
Fy = ()77 % Q, (7.29)

where Q € Hs(QXY) is given by

G lmm e [0,29),

Q"(n,m) { Ar(n) 2 (7.30)

0, n € [27,00),
n=0,1,....m=1,...,2n+ 1.

(ii) If the families {{1;(n)}nen, }jen, and {{@j(n)}neNo}jeNo are not bandlim-
ited, the equation

AF; = (@) %G (7.31)
has a solution F; € V;(Qet) provided that G € H2(Qext), where HA (Qext) 4s
a suitable Sobolev space (see the Ph.D.-thesis [58] for a detailed introduction).
In this case, the unique solution of the equation is given by

Fy = ()77« Q, (7.32)

where Q € H(QS) is obtainable by
G"(n,m)

M) (7.33)

Q" (n,m) =
n=0,1,...m=1,...,2n+ 1.

We now define the primal wavelets {¥"“(-,-)}en, and the dual wavelets

{\i/?a(, )}jen, for a > o in the way as we did in the case of the scaling functions
and get

2n+1

\Ila Dé ZL‘ y Z wﬂ Z mn, m n m(a y)? (734)
n=0 m=1
2n+1

\Ila 0‘ l‘ y Z wﬂ Z n, m n m(a y)v (735)

n=0 m=1
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where
(U5 () =1j(n),  (TF)"(n) =;(n). (7.36)
The detail spaces are defined in canonical manner:
Wi (Qext) = {(T + U)* 5 F 2 F € Hy(Qext)}, (7.37)
where
(W) T5) @ = TP 5 PP, (7.38)

The reconstruction formula given in Theorem 7.9 is valid substituting \ifj EY
by (¥, % U)** % F. Theorem 7.10 can now be transferred to the restriction on
detail spaces and we get the following theorem.

Theorem 7.11. The restriction of the operator A : Hs(Q2) — H(Q) to a detail
space W;(Q&), j € Ny, i.e.,

A|Wj(ngt) P W (QSt) — W;(Qext) (7.39)
is injective. Moreover, we have the following results:

(i) If the family {{v;(n)}nen, }jen, ts bandlimited (for example, ©;(n) = 0 for
all n > 27), then the restricted operator is even bijective. To be more specific,
for G € Hs(Q<Y) the unique solution H; € W;(Qext), j € No, of the equation

AH; = (U; % U)" %G (7.40)
s gwen by
Hj = (9; % ¥,)7% % Q, (7.41)

where Q) € H(QSXY) is obtainable by

G"™(n,m) 41
Q/\(n,m): { A/\(n) ) ne [072 )7

. 7.42
0, n € [27F! 00), (7.42)
neNy,m=1,...,2n+ 1.

(ii) If the family {{p;j(n)}newn, }ien, s non-bandlimited, the equation
AHj; = (U; % U)" %G (7.43)
has a solution H; € W;(Qet) provided that G € H2(Qext), where H (Qext)
is a suitable Sobolev space (cf. the Ph.D.-thesis [58] for a detailed definition).

In this case, the unique solution of the equation is given by

Hj = (U % 0;)77 % Q, (7.44)
where Q € H(QS) is obtainable by

G"(n,m)

Q" (nym) =" (n) (7.45)

ne€Ny,m=1,...,2n+ 1.
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Up to now, we have summarized some results about the filtered solution, i.e.,
the solution when we restrict the operator to scale or detail spaces. In the case of
the unfiltered solution, we have the following theorem.

Theorem 7.12. Let G € Hs(Q*) satisfy the condition G € im(A). Then the unique
solution F € Hs () of the equation AF = G is given by

G"(n,m)
I8 = ’ 4
nm) =% 0. (7.46)
neNy,m=1,...,2n+ 1.

Examples for scaling functions

To make the preceding considerations more concrete, we would like to show that all
reproducing kernel functions introduced in Section 5 may be used as H, ,-scaling
functions. We essentially follow [19] and distinguish in accordance with Definition
7.2 two cases, viz. (1) bandlimited Hy, -scaling functions and (2) non-bandlimited
He,o-scaling functions.

(1) Bandlimited Ho »-scaling Functions. Suppose that H (&) is a Sobolev space
(satisfying the consistency conditions (CC1) and (CC2) relative to [o, o'")).
Consider sequences {¢;(n)}nen, with “local support” (for example, ¢;(n) =
0 for all n > 27, j € Ny). Thus all members ®;(,-) of an associated H o~
scaling function {®;(-,-)}jen, with (®;)"(n) = ¢j(n), n € Ny, are band-
limited. This allows to deal with finite-dimensional scale spaces V;(QSxt).
Consequently, all spaces V;(2&xt) have finite-dimensional basis systems.

(1a) Shannon Heq -scaling function (see Figure 7.1). Consider the family

{H{wi(n) fnen }ieno

a 0 Ee =0 E3

(a) Pa(z,y) (b) pa(n)

FIGURE 7.1. Shannon #H, ,-scaling function for j = 4 and A, = 1:
space domain, i.e., ®;(z,y) for (z,y) € Q, x Q, in sectional represen-
tation (left) and frequency domain, i.e., ¢;(n) (right).
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given by
1, n € [0,27),
#3(n) = { 0, nel2 o0).

The family {{¢;(n)}nen, }jen, forms a generator of a scaling function in
the sense of Definition 7.2. The H, ,-scaling function {®,(-,)};en, reads as
follows:

1 2n+1( o2 \"! Ty
@- _ Pn : 9
J@y) = > A2 dro? <|x||y|) <|:c| |y|>

n<2i—1 "M

(x,y) € Qe x Qext. A remarkable property is that ®,(-,-) coincides with its
iterations:

q)gk)(" ) = (q)j *H ‘I);kil))('a )y k=2,3,....
The scale spaces

V080 = BHOs) = @ Harm, (Q39), je N,
n<2i—1
satisfy the properties:
(i) Vo(Qg<*) C -+ CV;(Q5) C Vipa () C -+ C H(Q),
1114 qex
(i) U vi(g) " = (g,
J€Ng
(ili) N V(%) = Harmo(Q<Y).
J€ENo
The multiresolution analysis is orthogonal. As a matter of fact, the Shannon
“detail spaces” W;(Q&t) = V11 (Q) © V; (029t of different scales j do
not have any common frequencies. Consequently, the orthogonality of the
outer harmonics immediately implies the orthogonality of the Shannon detail
spaces. The scale spaces V;(Q2), j € Ny, form an H(Qg)-multiresolution
analysis. Apart from this, it can be even verified that the decomposition
of the scale space V;;1(25%") into the scale space V;(2¢Xt) and the detail
space W;(€Q¢xt) is orthogonal. This orthogonality of the decomposition easily
follows from the already known fact that

Vi (9 = @ Harma(Qg)
0<n<2it1—1
= @ Harm, (Qe) @ @ Harm,, (Q)
0<n<2i -1 21 <n<27+1 -1
=V (Q5) © W;(Q5). (7.47)

On the one hand, the orthogonal structure of the Shannon multiresolution
analysis seems to be very profitable. On the other hand, it is not surprising
that the Shannon H, ,-scaling function shows strong oscillations. This is the
price to be paid for the sharp separation “in momentum space”. For numerical
purposes it is often advisable to discuss “smoothed versions” of the Shannon
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a 0 Ee =0 E3

(a) Pa(z,y) (b) pa(n)

FIGURE 7.2. Smoothed Shannon H, ,-scaling function for j = 4 and
A, =1, h = J: space domain, i.e., ®;(z,y) for (z,y) € Qs x Qs in
sectional representation (left) and frequency domain, i.e., ¢;(n) (right).

kernels. But this automatically implies the loss of the orthogonality in the
multiresolution analysis.

Smoothed Shannon Hq. »-scaling Function (see Figure 7.2). For fixed h € [0, 1)
we now consider the family {{¢;(n)}nen, }jen, given by

1, n € 1[0,27h),
pin) =4 2" nel20h,2),
0, n € [27,00).

The family {{¢;(n)}nen, }jen, defines a generator of an H, ,-scaling func-
tion. Obviously, {®;(,)}jen, With (®;)"(n) = ¢;(n) for n,j € Ny is an
Ho,o-scaling function. Clearly, for each n € No, {¢;(n)};en, is monotonously
increasing. The kernels ®;(-,): Q& x Q&xt — R read as follows:

m+1p;n) [ o2 \" r oy
(bj (.Z', y) = Z Ao 2% P, .

2] Iy 2] "y

The value h € [0,1) represents a “control parameter” of the smoothing ef-
fect of the H, ,-scaling function {®;(-,)}jen,. The scale spaces V; (),
J € Np, form an H, ,-multiresolution analysis. This multiresolution analysis,
however, is not orthogonal, since V;11(Qx%) = V;(Qxt) + W;(Qgxt), j € No,
cannot be understood as orthogonal sum decomposition.

Cubic Polynomial (CP) H,,»-scaling Function (see Figure 7.3). In order to
gain a higher intensity of the smoothing effect than in the case of the H, -
scaling function (1b), we introduce a function ¢ : [0,00) — R in such a
way that ¢gl[,1] coincides with the uniquely determined cubic polynomial
p:[0,1] — [0, 1] with the properties:

p(0)=1, p(1) =0, p'(0)=0, p’(1) =0.
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a 0 Ee =0 E3

(a) Pa(z,y) (b) pa(n)

FiGUurRE 7.3. CP H, ,-scaling function for j = 4 and A, = 1: space
domain, i.e., ®;(x,y) for (z,y) € Qs X 2, in sectional representation
(left) and frequency domain, i.e., p;(n) (right).

It is not difficult to see that these properties are fulfilled by
p(t) = (1 —t)*(1+2t), tel0,1].
This leads us to a function ¢y : [0,00) — R given by

[ a=0*1+2t), te]0,1),
#olt) = { 0, tel,00).

It is obvious that ¢ is a monotonously decreasing function. In [31] a con-
struction principle of deriving scaling functions from a “mother function”
©o : [0,00) — R by letting ¢;(t) = po(277t),t € [0,00), is described and we
thus define the family {{¢;}jen, tnen, With ¢;(t) = ¢o(277t), t € [0, 00), by

{¢;j(n)} en, is a monotonously increasing sequence for each n € Ny, hence,
{®;(-,")}jen, defines an H, ,-scaling function. The finite-dimensional scale
spaces V;(Q¢xt), j € Ny, represent a non-orthogonal H, ,-multiresolution
analysis.

Finally, it should be remarked that one can think of other ways to “smooth”
the Shannon generator but these are not discussed.

(2) Non-bandlimited Hy ,-scaling functions. Next we take a look at non-bandli-
mited generators of scaling functions. In other words, all H, ,-scaling func-
tions {®;(-,-)} en, discussed in the following share the property that their
“generators” {{¢;(n)}nen, }jen, have a “global support”. Since there are only
a few conditions for a family {{¢;(n)}nen, }jen, to generate an H, ,-scaling
function, there are various possibilities for its concrete realization. In our ap-
proach we concentrate on three types: Tikhonov, rational, and exponential
Ho,o-scaling functions.
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(a) ®5(z,y) (b) ¢5(n)

£rou)

o

aoof

(c) ®7(z,y) (d) ¢7(n)

FI1GURE 7.4. Tikhonov H, ,-scaling function for j = 5 (above) and j =
7 (below) and A,, = 1: space domain, i.e., ®;(x,y) for (z,y) € Qs x Q,
in sectional representation (left) and frequency domain, i.e., ¢;(n)
(right).

Tikhonov He,o-scaling Function (see Figure 7.4). Consider the family
{{vi(n) tnem, tiem
given by
1, n =0,
pj(n) = 2 \Y2 (7.48)
<7-72L+(5;j)2) , n=12,...,

where the sequence {7, }nen, with 7, # 0 for all n € Ny is given in such a
way that

(i) ir3<oo, (ii) i(2n+1)<l>2<oo.

n=0 n=0

It is not hard to see that the family {®;(-, )} en, constitutes an H, ,-scaling
function. The Tikhonov H, s-scaling function plays an important role in the
theory of regularization wavelets.
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a 0 Ee =0 E3

(a) Pa(z,y) (b) pa(n)

FIGURE 7.5. Rational #, ,-scaling function for j = 4 and A, = 1,
T = 5: space domain, ie., ®;(z,y) for (z,y) € Qs x , in sectional
representation (left) and frequency domain, i.e., ¢;(n) (right).

Rational Hq,»-scaling Functions (see Figure 7.5). Consider ¢; : [0,00) = R
given by

o) =1+277t)"7, te0,00), T>1. (7.49)
Clearly, for all values 7 > 1, the family {{¢;(n)}nen, }jen, forms a generator

of a scaling function. All functions ¢;, j € Ny, define admissible H, ,-kernels
®;(-,-), j € N, if, in addition, 7 > 1 is chosen in such a way that

- 1+4277n)=2"
S n+ e+ Az") < (7.50)
n=0 n

1\ S
nta for
o

for j € Ny. For example, in the case of H(Qet), ie., A, = (
n=20,1,..., we find s +7 > 1 to satisfy the estimate (7.50). More generally,
(1+n)"2"A;2 = O(n=27°) for n — oo with € > 0 together with 7 > 1 is a
sufficient condition to define an admissible H, ,-kernel ®;(-,-), j € No. The

Ho o-scaling function {®;(-,-)},en, consists of the kernels

o B n+1
(1+27n) " 2n+1 [ o® \"" Ty
Q),» _ Pn : ’
J(x’y) nz:;) A2 4o || y] lz| |yl

(x,y) € Qe x Qext. The functions ¢;, j € Ny, are monotonously decreasing
on the interval [0, 00) for all values 7 > 1 and all j € Ny. Therefore, the scale
spaces V;(Q¢xt) form an H, ,-multiresolution analysis provided that both
7 > 1 and the summability condition (7.50) is valid.

Ezponential H, o-scaling Functions (see Figures 7.6 and 7.7). Choose ¢; :
[0,00) = R, j € Ny, to be defined by

o) =e2"H® 4 0,00), (7.51)
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a 0 Ee =0 E3

(a) Pa(z,y) (b) @a(n)

FIGURE 7.6. Abel-Poisson H, ,-scaling function for j =4 and A4,, =1,
T = 1: space domain, ie., ®;(z,y) for (z,y) € Q» x , in sectional
representation (left) and frequency domain, i.e., ¢;(n) (right).

a 0 Ee =0 E3

(a) Pa(z,y) (b) @a(n)

FIGURE 7.7. Gauss—Weierstral H, ,-scaling function for j = 4 and
A, =1, 7 = 1: space domain, ie., ®;(z,y) for (z,y) € Qs X Qy in
sectional representation (left) and frequency domain, i.e., ¢;(n) (right).

where H : [0,00) — [0, 00) satisfies the properties:

— H e C®)|0,00),

~ H(0) =0,

- H(t)>0 for t>0,

- H(t) < H(t') whenever 0<t<t.
The sequence {¢;(n)}jen, is monotonously increasing for each n € Ny. The
functions ¢;, j € Ny, define an H, ,-scaling function {®;(-,)};jen, by letting
(®;)"(n) = ¢j(n), n € Ny, provided that ®;(-,-), j € Ny, are admissible
Ho,o-kernel functions. It is not hard to see that

() * ;) (2,y)

> (6_27jH("))2 m+1/ o \" Ty
- Z 2 2 P '
20 a2 ame? \Jallyl ol ]
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A7 dmo? \ |z |y "zl vl

n=0

=®;1(z,y) (7.52)

holds for all j € N and all (z,y) € Q& x Qxt. The scale spaces V;(Q5xt)
constitute an H, ,-multiresolution analysis. Altogether we find the following
result for exponential H, ,-scaling functions: The family {P;};en, of opera-
tors P : H(QY) — H(Q) (defined by P;(F) = P« F, F e H(Q2))
forms an H,, ,-contracting approximate identity (called the ezponential He,»-
contracting approzimate identity), i.e., the following properties are satisfied:
(i) P;is a bounded linear operator for every j € Ny and P, = I (identity),
(11) Pj,1 = Pij for allj S N(),
(iii) limj,o [|[F — P; (F)HH(ngt) =0 for all F € H(Qext),
(iv) HPj(F)”H(ngt) < HFHH(ngt) for all j € Ng, F € H(QSxt).
As examples we mention the Abel-Poisson H, o -contracting approxi-
mate identity given by H(t) = at, a > 0, and the Gauss—Weierstraff Ho o-
contracting approzimate identity given by H(t) = at(t + 1), a > 0.

Remark 7.13. Non-bandlimited scaling functions become bandlimited ones by suit-
able truncation in momentum space. To be more specific, if {®;(-,-)}jen, is a
non-bandlimited H, ,-scaling function, then {I';(-,-)} en, given by (I';)"(n) =
(®;)"(n) for n € [0,27) and (I';)"(n) = 0 for n € [27, 00) represents a bandlimited
Ho,o-scaling function.

We now explain the connection between the solution in the scale spaces and
the unfiltered solution.

Theorem 7.14. Suppose that G is of class H Q). Let F € H () be the
unique solution of AF = G. Then

Fy = (@)« F (7.53)

is the unique solution in V;(QSX*) of the equation
AF; = (@)1 %G (7.54)

for every j € Ny. Furthermore, the limit relation
Jim_ @Yo« F=F (7.55)

holds (in || - |l3;_(qex)-s€nse).

In the case of bandlimited scaling functions, the preceding theorem shows
that the (scalar) SST or SGG problem is well posed: A unique solution always
exists and due to the finite dimension of the scale spaces the solution is also
stable. According to the multiscale approach the solution in the scale space is
given by adding the solution of the corresponding detail spaces to the solution of
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the scale space of a lower scale. Because of the limit relation given in Theorem
7.14 the filtered solutions converge to the unfiltered solution in the Sobolev space
Hs(2ext). If we now turn to non-bandlimited scaling functions, the stability of
the solution cannot be ensured, because the (scalar) SST or SGG problem is an
exponentially ill-posed problem with unbounded inverse operator A~'. In order
to obtain a well-posed problem, we have to replace the inverse operator by an
appropriate bounded operator, that is we have to use a regularization of A~!.

Definition 7.15. A family of linear operators S; : H,(Q2") — Hs(Q*), j € Ny, is
called a regularization of A~', if it satisfies the following properties:

(i) S; is bounded on H,(Q2ext) for all j € No,

(ii) for any member G € im(A), the limit relation JILIEO S;G = A~1G holds (in

| - HHS(ngt)-sense).

The function F; = S;G is called the J-level reqularization of A~'G. In our
approach we want to represent the J-level regularization with the help of harmonic
wavelets which guarantees that we can calculate the J + 1-level regularization by
adding the corresponding detail information to the J-level regularization. In order
to formulate the multiscale regularization concept, we start with the definition of
a generator of a regularization scaling function by modifying Definition 7.2.

Definition 7.16. A family {{¢;(n)}nen, }jen, of sequences {¢;(n)}nen, is called a
generator of a reqularization scaling function with respect to A1, if it satisfies the
following requirements-

(i) ((0)2 = , 1y, for all j € N,

(ii) (¢j(n))* < (pj(n )) for all j,j" € Ny with 7 < 7/ and all n € N,
(iii) lim (¢;(n ))2 Ar(ny» for all n € N.
J]—o0

Now we are able to define the decomposition and reconstruction regulariza-
tion scaling functions in such a way that the corresponding convolutions lead to
the J-level approximation of A~'G, G € im(A).

Definition 7.17. Let {{¢;(n)}nen, }jen, be a generator of a regularization scaling
function with respect to A~1. Then a family {dCI)j’V(', )}jen, of admissible Hy ~-
kernels given by

2n+1

2)=>Y ¢in Z m(v:2), (7.56)

n=0

(z,2) € Q& x Qe is called a decomposition reqularization H, -scaling function
with respect to A~1, whereas a family {7®77(-, ) }jen, of admissible H, ,-kernels
given by
2n+1
77 (x,y) Z% ) Y Hy L (o32)H; L (05), (7.57)
m=1

n=0
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(x,y) € Qe x Qxt is called a reconstruction regularization Hq o-scaling function
with respect to A~

Obviously, the regularization scaling functions fulfill
107 (x,) € Ho(QS), x €, j €N, (7.58)
"q)?’o(ac, ) € He (), x € Q) j e Ny. (7.59)
As already stated, we obtain the following theorem:

Theorem 7.18. Let {{¢;(n)}nen, }jen, be a generator of a regularization scal-
ing function with respect to A=, If we define the admissible H, ~-kernel ("®; *
19,)79(-,) by

(7P 1D;) 7 (2, 2) = "D (2, ) 10T (-, 2), (7.60)
(z,2) € QX x QX then
Fr=(®;%,)7"«G, G e H(Q), (7.61)

represents the J-level reqularization of A~1G.
If, in addition, G € im(A) = HI(Q*), then

. -1
Jim [[Fy = AT Gy, gpme) = 0. (7.62)

If we define the convolution operators S : H,(28x) — H(Qg*), J € Ng, by
S;(G) = ("®; 10,77 % G, (7.63)
and introduce the scale spacesS;(im(A)) as follows
S;(im(A) = {("®; D)7 « G : G €im(A)}, (7.64)
the following theorem holds.

Theorem 7.19. The scale spaces satisfy the following properties:

(i) So(im(A)) C --- C Sy(>im(A)) C Sy (im(A)) C Hs(QexY), J < J', i.e., for any
right-hand side G € im(A) of the (scalar) SST or SGG problem, all J-level
reqularizations with fived parameter J are sampled in a scale space Sj(im(A))
with the above property,

(i) U Sy (im(A)) "5 = 3 (ext).

A set of subspaces of H4(Qxt) satisfying the conditions of Theorem 7.19 is
called regularization Ho ~-multiresolution analysis (RMRA) of the (scalar) SST or
SGG problem.

We now turn to the definition of regularization wavelets following the proce-
dure described in the case of regularization scaling functions. Obviously, we have
to define decomposition and reconstruction regularization wavelets.



Geodetic Observables and Their Mathematical Treatment 387

Definition 7.20. Let {{¢;(n)}nen, }jen, be a generator of a regularization scal-
ing function with respect to A=!. Then the generating symbols {1;(n)}nen, and
{ﬁj(n)}neNO of the corresponding regularization wavelets are defined by the re-
finement equation (7.10). The admissible H, ,-kernel {d\If(jT’v(-, )}jen, given by

2n—+1

d\I’j,—Y(f, Z) = Z w_] Z n, m n 7n(77 )7 (765)

n=0
(z,2) € Q& x Q* is called the decomposition regularization H ~-wavelet, while
the admissible H,, ,-kernel {’“\i/j’a(', )}jen, given by

2n+1

"7 (@ y) = Y Py(n) Z 5 (o) HS (03y), (7.66)
n=0

(x,y) € Qe x Qext ig called the reconstruction regularization H, »-wavelet.
We now define the convolution operators T; : Hs(QX) — H(QPY), j €
NO? by
Ty(G) = ("0; «0)77 « G, G € Hy(Q). (7.67)
Obviously, due to the refinement equation, the operator S;;; can be represented
in the form

J
SJ+1 =5y + Z Tj. (768)
§=0
Thus, we now introduce the detail spaces Ty(im(A)) by
Ty(im(A)) = {(’@J )T G L Ge im(A)}. (7.69)
The space T;y(im(A)) contains the detail information which has to be added in
order to turn from the J-level regularization to the J + 1-level regularization:
Sy1(im(A)) = Sy(im(A)) 4 Ty (im(A)). (7.70)
In general, the sum is neither direct nor orthogonal.

Theorem 7.21. Let {{y;(n)}nen, }ien, be a generator of a regularization scaling

function with respect to A=, Suppose that {{1)j(n) }nen, }ienos 1{%5(1n) }nen, }ien,
are the generating symbols of the corresponding reqularization wavelets. Further-

more, let G be of class H(Q25¥*). Define the regularization H,, ,-wavelet transform
at scale j € Ny and position z € Q& by

(RWT)(G)(j;z) = ‘05 (z,) * G, G € Hy(Qext), (7.71)
Then

Fy = ("®g * 9®) 7" *G+Z’\IIJ (RWT)(G)(5; ) (7.72)
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is the J-level reqularization of the (scalar) SST or SGG problem satisfying
. 1 o
Jh_}rr;o |Ey — A GHHS(QZ’“) =0 (7.73)

provided that G € im(A) = H2 (Qxt).

Some examples of regularization wavelets and numerical calculations can be
found in [19], where, in addition, all the above-mentioned theorems are proved.

7.2. Vectorial wavelet theory

We now give the extension of the scalar wavelet theory to the vectorial case. First
we define vectorial scaling functions and wavelets. The reconstruction formula is
the main result stating how the function can be split into a lowpass part and an
infinite sum of bandpass parts. Then we solve the (vectorial) SST or SGG problem

defining regularization wavelets. We use the notation CTDY) * iy) x f instead of
= (i = (i Sz 3 23 | & i
0 5 (3 5 ), and &y x by x f =300 ) % b1 p i),

Definition 7.22. Let {‘i)y)('a')}jeNo be a family of admissible h((,i,)g-kernels, i€
{1,2,3}. Then the family {V](.i)(ngt)}jeNo of scale spaces VJ(-i)(QgXt) defined by

() roext) — £&@ (2) . x
VOQet) = {8« 60 f ¢ f € hy(Qg)}, (7.74)
is called an hfyi,)(,-multiresolution analysis, if the following properties are satisfied:
(i) V' (@g) € - c Vg c V@) € - h (g,

.. i hs(aext)
i) U v @e)
J€Ng

= h{) (Qge).

Definition 7.23. Let {®;(-, )} en, be a family of admissible h, ,-kernels. The set
of scale spaces V;(Q¢xt) defined by

Vi(Qext) = (&, %D+ f 1 f € hy(Qext)} (7.75)

is called an h, ,-multiresolution analysis, if {VJ@ (Qx%) }jen, 1s an ) (Qext)-multi-
resolution analysis for every ¢ € {1, 2, 3}.

Our next purpose is to define scaling functions.

Definition 7.24. A family {{(pgi) (1) }neno, }jen, of sequences {apg-i) () }nen,, is called
a generator of a scaling function of kind i, 1 € {1,2, 3}, if it satisfies the following
requirements:

(i) (¢1(0:))2 =1 for all j € Ny,
. . 2
(i) (¢4 (n))? < (@%’ (n)) for all j, ;' € Ny with j < 5/ and all n € N, 41,
(iii) lim (‘P;Z) (n))? =1 for all n € No, 1.

j—o0
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Furthermore, the family {{{gp(i)(n)}ie{l,l?}}}n€N0i+1}jENo is called a generator of

a scaling function, if {{o® (1) }neng, }jen, are generators of a scaling function of
kind 4, i € {1,2,3}.

Based on the definition of a generator of a scaling function, we now introduce
he,o-scaling functions.

Definition 7.25. A family {®\”(-,)}jen, of h()-kernels &\ (., ) defined by

() = o\ (n), j €Ny, neNg, ie€{1,23]},

ie.,
[e%e) 2n—+1
= Z 90_11 Z n, m n)m(g y) T,y € QgXtv (776)
n=0; m=1

is called an hff,)(,—scalmg function, if it satisfies the following properties:
(i) CTDY)(, -) is an admissible h((,i, ) -kernel for every j € Ny,

(ii) {{@S”A(n)}neww }jen, constitutes a generator of a scaling function of kind i.

Furthermore, the family {®;(-, )} en, of hy o-kernels @, (-, ) is called an hy ,-
scaling function, if {q)( )}JENU are hS, »-scaling functions for ¢ € {1,2, 3}.

The following approximation property can be derived.
Theorem 7.26. Let {®;(-,-)}jen, be an hy o-scaling function. Then

jli{{.lo Hf - q)J * q)J * f”hs(ngt) = O (777)

holds for all f € hs(Q).

Definition 7.27. Let {®;(-,-)} en, be an hy ,-scaling function. Then {P;} jen, with
Pj : ho(Q2xY) — hy(Q2Xt) defined by

Py(f)@) =@y ;% fo € hs(Qg%), x € Qg (7.78)
is called an hg -approximate identity.
The kernel (i)o is called the mother kernel of the h, ,-scaling function.

Theorem 7.28. Let {®;(-,-)}jen, be an hy o-scaling function. Then {V;(Q%)} e,
defined in (7.75) forms an he o-multiresolution analysis.

We are now at the point to define the (primal/dual) wavelet with the help of
the bilinear refinement equation.
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Definition 7.29. Let {®,(-,-)}jen, be an h, ,-scaling function. Then the families
of hg o-kernels {¥;(-, ) }jeny, {W;(,)}jen, given by
(F,)D(n) =9 (n), jeNo, neNy, ie{l,23}, (7.79)

(U,)D(n) =4 (n), jeNo, neNy, ie{l,23}, (7.80)

are called (primal) he o-wavelet and dual he »-wavelet, respectively, if all h, ,-ker-

nels W;(-,-), ¥,(-,-), j €Np, are admissible and the symbols {wj(-i) (n)}, {@J(l) (n)},
in addition, satisfy the (vectorial) refinement equation

G e () = (i1 () — (0 () (7.81)
for all j € No, n € Ny,, i € {1,2,3}.
The following equation can directly be seen:
J
(90(]21( )? = ‘Po Z 1/’(1 ), J €No, (7.82)
j=0

for all n € Ny,. We now define the wavelet transform. To this end we let w(_l)l(n) =
P () = oV (n) and T_y(-,) = W_1(-,-) = do(-,-) for n € N, i € {1,2,3}.
We remember that we have already defined the space Hs(N_; x Q) (see Egs.
(7.12)—(7.14))

Definition 7.30. Let {¥;(-,-)}jen_, be a (primal) hy ,-wavelet. Then (WT)® :
hs(2et) — Hs(N_y x Qxt) defined by
W) () Gy) = (T * (w) (7.83)

is called h, ,-wavelet transform of kind ¢ of f at position y € Q% and scale
jeN_;.

As usual, we define the detail space W](-i) (Qext) at scale j by

o W (Qext) = {\?5” W f o f e by, (7.84)
W;(Qet) = {U; %0« f 1 f € hy(Qe)}. (7.85)

Theorem 7.31 (Vectorial Reconstruction Formula for the Outer Space). Let the
families {9;(-,)}jen, and {U;(-,-)}jen,, respectively, be a (primal) h, ,-wavelet
and its dual corresponding to an h, »-scaling function {®;(-,-)}jen,. Then

f= i Uy f (7.86)

j=-1

holds for all f € hs(QSXt) (in || - Hhs(mxt)—sense).
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Our next purpose is to solve the (vectorial) SST or SGG problem With the
help of bandlimited harmonic wavelets. First, we transfer the theory of h “o-scaling

functions to the case of hg?a—scahng functions CIDY) Y with o > o
2n—+1
CIJ(Z L Z cpJZ Z (o) h(z)s (s y), (7.87)
n=0; m=1
where 4
(@) (n) = @i (). (7.88)

Obviously, Theorem 7.26 can be directly transferred substituting o by a. The scale
spaces are defined in the following way:

VP (Qg) = {@ ™ w dw fn f € () (7.89)
The system {VJ(-i) (Qext)} of scale spaces forms a multiresolution analysis.

Theorem 7.32. The restriction of the operator AV : H,(Qext) — R (Qext) to a
scale space V;(Q¥t), j € Ny, i.e.,

AL, ey  V3(Q5) = VI (Q0), (7.90)

is injective for i = 1, whereas in the case of i € {2,3} the Fourier coefficient
of degree O cannot be recovered and the Fourier coefficients of degree n > 1 are
uniquely defined. Moreover, we have the following results:

(i) 1f the families {{¢]”(n)}ne, Yiero, i € {1,2,3}, and {{i;(n)}ne, }ieno
are bandlimited (for example, <p( )( ) = ¢j(n) =0 for all n > 27), then
the restricted operator is even bzgectzve (in the sense described above). To be
more specific, for ¢\ e hgi) (Qg“) the (in the case of i = 2,3 up to Fourier
coefficients of degree 0) unique solution F; € V;(Q), j € Ny, of the equation

ADF; = 077 5§77 g (7.91)
s gwen by
Fy = 877« 077 4 Q, (7.92)
where Q) € H(QSXY) is obtainable by
9" (n,m) .97
QA(n,m) — ADA(n) € [Oz'a 2 )7 (7.93)
0, n e[, 00).

(i) If the families {0 () }newo, }seno» i € {1,2,3}, and {{;(n) bnen, }yen, are
non-bandlimited, the equation

)\“)Fj — (i)g_i)mv « <i>§.i)”” % g (7.94)

has a solution F; € V;(Q) provided that (") € h@“(ngt), where KA Q)
is a suitable Sobolev space (see the Ph.D.-thesis [58] for more details). In this
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case, the (in the case of i = 2,3 up to Fourier coefficients of degree 0) unique
solution is given by

=077 %077 x Q, (7.95)
where Q € H () is obtainable in spectral language by
(@A
A _ g (na m)

n=0;....m=1....2n+ 1.

The following corollary shows that in the case of general operators A =
Zle A% we have to claim an additional assumption onto the function g.

Corollary 7.33. The restriction of the operator N = Zle XD to a scale space
Vj(QgXt), J € Ny, 1.e.,

3
Ay, age Vi (25) = V7 (95 (7.97)
i=1

has, in general, no solution. Under the assumption <p§-i) (n) = ¢j(n), i € {1,2,3},
we have to claim, in addition, that

9O n,m) g (n,m)

Oy = O (7.98)
with 3,1 € {1,2,3}; n = max (0;,0)),...,m=1,...,2n+ 1.
i,l€{1,2,3}

Then the results in Theorem 7.32 can directly be transferred.

Note that according to Theorem 7.32 the restriction of a pseudodifferential
operator of kind 7 to a scale space V;(Q¢%") is injective. Therefore, in the case of
a pseudodifferential operator A = Z§:1 A each pseudodifferential operator \(?)
leads to a unique solution. The additional assumption (7.98) is thus necessary, in
order to guarantee that the pseudodifferential operators of kind ¢ do not lead to
different solutions.

With the help of the refinement equation (7.81) we now define the primal

wavelets {\ilgi)"a’a(-, )}jen, and the dual wavelets {\igi)"a’a(-, )}jen, for a > o,
i€ {1,2,3):

2n+1
O ) = 30 0l m) 3 H (om0 ) (7.99)
n=0;
2n+1
\11“ e Z P8 Z H; (e 2)h2 (s y), (7.100)
n=0;

where

(\i/;i)ya,a)/\(n) :wj(_i)(n)’ (\I](_i),a,a)/\(n) :wj(z)(n) (7.101)
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The detail spaces are defined in canonical manner:
(@) reyexty sy (),aa | & ()00 . ox
W; (Qext) = {\I/j * W x f o f € hs(QXY)}. (7.102)

Theorem 7.31 can be directly transferred by substituting the convolutions
with respect to the sphere ), by the corresponding convolutions with respect to
the sphere Q,. We now transfer Theorem 7.32 to the case of the detail spaces
and get the following theorem, where we use the terms injectivity, bijectivity, and
uniqueness in the same sense as before (i.e., up to Fourier coefficients of degree 0
in the case of i = 2,3).

Theorem 7.34. The restriction of the operator XV : H,(Qext) — A (Qext) to a
detail space W;(Qt), j € Ny, i.e.,

ALy ey T W5 () = WD (Qe) (7.103)
with ;(n) = 1/J§i) (n) is injective. Moreover, we have the following results:

(i) If the families {{}"(n)}nens, bjene: ¢ € {1,2,3}, and {{;(n)}neno }jeno
are bandlimited (for example, cpy) (n) = ¢;j(n) =0 for all n > 27), then the
restricted operator is even bijective. To be more specific, for ¢ hgi) (Q%"t)

the unique solution H; € W;(Q2exY), j € Ny, of the equation
ADH; = BT G774 g (7.104)

18 gwen by )
Hj = V97 %077 % Q, (7.105)

where QQ € H(QXY) is obtainable by

QI n,m P
Q" (n,m) :{ gk(i)ﬁm)» n e [0;,27%1),

, 7.106
0, n €241 00). ( )

(i) If the families { {2\ (n) }nero, }ierir i € {1,2,3}, and {{p;(n) bneri }ser, are
non-bandlimited, the equation

A(l)HJ — \I:jgi)v')/?—y * \i]§i)7777 * g(Z) (7107)

has a solution H; € W;(QSxt) provided that the condition

oo 2n+1 (1)/\

9" (n,m)
S>3 T < o0 (7.108)
n=0; m=1 )\( )/\(n)
is satisfied for ¢ e hgi)(ﬂg"t). In this case, the unique solution of the equa-
tion is given by

Hp =077 %077 «Q, (7.109)
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where Q) € H(QXY) is obtainable by

Q" (n,m) = ADA(n)

(7.110)
n=0;...m=1,...,2n+1.

Corollary 7.35. The restriction of the operator A = Z§:1 XD to a detail space
W;(Qext), j € Ny, te.,

3
Ay, s * Wi (25) = EQ Wy (25) (7.111)
i=1
has, in general, no solution. Under the assumption 1/1§i) (n) =1;(n) and 1%(1) (n) =
@j(n), i € {1,2,3}, we have to claim, in addition, that
g n,m) _ g (n,m)

ANy = AN (7.112)
with i,1 € {1,2,3}; n=max (0;,0;),...,m=1,...,2n+ 1.
i,le{1,2,3}

Then the results in Theorem 7.34 can be directly transferred.

Up to now, we have summarized some results about the filtered solution, i.e.,
the solution when we restrict the operator to scale or detail spaces. In this case,
we have injectivity (in the case of i = 2,3 up to Fourier coefficients of degree 0)
for the operators A", whereas in the case of general operators \ = Z§:1 A we
have to claim that (7.98) is valid. In the case of the unfiltered solution, we obtain
the following theorem.

Theorem 7.36. Let g enl? (Qext) satisfy the condition g eim(\D), ie{1,2,3}.
Then the unique solution F' € Hs () (in the case of i = 2,3 up to Fourier
coefficients of degree 0) of the equation N\DF = ¢ is given by
9" (n,m)

ADA(p) 7

n=20;,...m=1,....2n+ 1. In the case of the operator \ = Zle XD we have
to claim, in addition, that (7.112) holds in order to guarantee the solvability.

FMn,m) = (7.113)

Last, we explain the connection between the solution in the scale spaces and
the unfiltered solution.

Theorem 7.37. Suppose that g\ is of the class hgi)A(Qixt). Let F € Hs(QS) be
the unique (in the case of i = 2,3 up to Fourier coefficients of degree 0) solution
of \WF = ¢ Then

Fy = (@)« F (7.114)
is the unique solution in V;(QSX*) of the equation

ADFy = @077 4 L7 4 g0 (7.115)
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for every j € Ny. Furthermore, the limit relation
lim (@777 « F = F (7.116)
J—o0

holds (in || - Hﬂg(mxt)—sense).

The preceding theorem shows that in the case of bandlimited scaling functions
the (vectorial) SST or SGG problem is well posed, because a unique solution always
exists and due to the finite dimension of the scale spaces the solution is also stable.
We now investigate the case of non-bandlimited scaling functions and it turns out
that the stability cannot be ensured. The reason is that the (vectorial) SST or SGG
problem is an exponentially ill-posed problem with unbounded inverse operator
A~!. Therefore, we have to turn to regularization methods and replace the inverse
operator by an appropriate bounded operator.

Definition 7.38. A family of linear operators Sj(-i) 0 (Qext) — Hs(Q2), j € No,

is called a regularization of ()\(i))’l, i€ {1,2,3}, if it satisfies the following prop-
erties:

(i) ' is bounded on A" (Qext) for all j € No,
(ii) for any member g € im(A(?), the limit relation

Jim §W g — (AD)=14® (7.117)
— 00
holds (in || - ||, (ext)-sense).

The operator S : h(QXt) — H(QP*) given by S|hgi)(ﬂzxt) = SJ(-i) is called a

regularization of A7!.

The function F; = S;g is called the J-level reqularization of A~'g, whereas
F}l) = Sf,l)g(i) is called the .J-level regularization of (A\())~'g. Within our multi-
scale approach, we now represent the (J + 1)-level regularization using the J-level
regularization by adding the corresponding detail information. To this end, we
first introduce a multiscale regularization concept starting with the definition of a
generator of a regularization scaling function.

Definition 7.39. A family {{cpy) () }neng, tjen, of sequences {cpy) (1) }neno, »
ieq{1,2 3}, is called a generator of a reqularization scaling function with respect
to (D)=L if it satisfies the following requirements:

(i) (@57(0:))2 =y ko, for all j € No,

(i) (9% (n))? < (¥%(n))? for all j,j’ € No with j < j and all n € No, 11,

)

(iii jlgglo( .)(n))Q = /\mi(n) for all n € Ny, 41.

Furthermore, {{{@§i)(n)}i€{1,2,3}}neNOi }ien, is called a generator of a requlariza-

tion scaling function with respect to A\=*, if (\())~1 is a generator of a regulariza-
tion scaling function with respect to (A*))~1 for every i = 1,2, 3.
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We now define decomposition and reconstruction regularization scaling func-
tions.

Definition 7.40. Let {{goy) () }neno, }jen, be a generator of a regularization scaling
function with respect to (A())~!. Then a family {déél)ﬂﬁ(', )}jen, of admissible
h((,i,)v—kernels given by

0 2n—+1
a (i)707 7 i
1977 (@, 2) = Y o (n) Xjnmaxwﬁma, (7.118)

n=0;

(z,2) € Qext x Qext s called a decomposition regularization hff;)v—scalmg function

(+,*)}jen, of admissible h((f)a—

with respect to (\®)~1, whereas a family {’“ (oo

kernels given by

2n—+1
A (’L) o, o’ z < N
n=0; m=1

(x,y) € QtxQext s called a reconstruction reqularization h(D:77 _scaling function
with respect to (\)~1

We obtain the following theorem:

Theorem 7.41. Let {{(pgi) (n) }nen, Hien, be a generator of a regularization scaling
function with respect to (\P)~1, i € {1,2,3}. If we formally define
= (1)

(& <187 ()
by
(’é;i) * d(ig-i))"”(x, z) = 7&);1‘),0,0 (z,) * déy)ﬁ’v(-, 2), (7.120)
(z,2) € QFt x QX then
FO = (78 %1460y s g0 g e p (ext), (7.121)

represents the J-level regularization of (\D)~1gW) . If, in addition, g € im(A(?),
then

Jim IESY = AD) gD |y ey = 0. (7.122)
Furthermore,
3 3
Fr =307 « 107 g0, g =3¢ € hy(0), (7.123)
i=1 =1

represents the J-level reqularization of \™1g. If, in addition, g € im(\), then
. 1 _
Jim [[Ey = A7l qex) = 0. (7.124)
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We now define the convolution operators Sgi) . (Qext) — H(Qex),
J e N()7 by
i), (G r () (0)\ o,

SY (g = (&5 #1057 x gD, (7.125)
whereas the convolution operator Sy : hs(Qet) — Hs(Q2), J € Ny, is given by
3

Ss(9) =35 (9. (7.126)

i=1

Furthermore, we introduce the corresponding scale spaces Sgi)(im(A(i))),
i €{1,2,3}, and S;(im()\)) as follows

i) i = () NONS i i) - - i
SO m(AD)) = {( 3" x167)77 5 g . g ¢ im(\( >)}, (7.127)
3 ] 3
Sy(im(N)) = {Z(’(i)(]l) *d(I)f,)) Vgl g = Zg ) ¢ im( } . (7.128)
i=1

Theorem 7.42. The scale spaces satisfy the following pmpertzes:

(1) S (mAD)) € -+ ¢ SP(Im(AD)) ¢ S (Im(AD)) C H(Qet), T < T,
i.e., for any right-hand side g9 € im(A\?) of the (vectorial) SST or SGG
problem, all J -level regularizations with fized parameter J are sampled in a
scale space Sgl) (im(A®)) with the above property,

1115, cexty

(i) UTo S (m(A@)) ™ = 94, (qe).

Obviously, Theorem 7.42 is also valid substituting Sgi) by S which leads to
the following corollary.
Corollary 7.43. The scale spaces satisfy the following properties:
(i) So(im(A)) C .-+ C Sy(im(A)) C Sy (im(A)) C Hs(QF), J < J', die., for any
right-hand side g € im(X\) of the (vectorial) SST or SGG problem, all J-level

reqularizations with fixed parameter J are sampled in a scale space Sy(im(X))
with the above property,

(i) Uy Sy (im(a)" 05 — 94, (Qex).

A set of subspaces of H () satisfying the conditions of Corollary 7.43 is
called regularization hy -multiresolution analysis (RMRA) of the (vectorial) SST
or SGG problem.

Definition 7.44. Let {{ap;i) (n)}nen, }jen, be a generator of a regularization scal-
ing function with respect to (A())~1. Then the generating symbols {1/1? () }neno, »
{1[)51) (n)}nen,, of the corresponding regularization wavelets are defined by the re-
finement equation (7.81). The admissible hg,)y-kernels {d\il§z)’a’7(.’ )}jen, given by

2n+1

a7 Z el Z H (o 0)h3 (4 2), (7.129)

n=0;
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(z,2) € Q& xQext, are called the decomposition regularization h((,i, )w—wavelets, while
(1),0,0

the admissible hf,)g kernels {T\Il (+,)}jen, given by

(i),0,0 Zntl

Ny () = i P (n Z (03 2)h ()% (05 ), (7.130)

n=0;
(x,y) € Qe x Qext are called the reconstruction regularization h( Y ~wavelets.

We now define the convolution operators Tj(i) : hgi)(Qg"t) — Hs(QSXt), j €
N(), i = 1,2,3, by

TO(g®) = (30 )77 4 6@, g € hO (g0, (7.131)

and the convolution operator T} : hg (Q%"t) — Hs(2ext), 5 € Ny, by

Ti(g) = > 75 (g"). (7.132)

i=1

Obviously, due to the refinement equation, the operators S 711 and Sy41 can be
represented in the form

J

S =50+ T, (7.133)
J

Sj41 =50+ Z T;. (7134)

Thus, we now introduce the detail spaces Ty) (im(A®)) and T;(im()\)) by

T (m(AD)) = {( B £ 18P)77 4 g0 g0 e im(AO) (7.135)
. & 5@ a0y, )
Ty(m(A) = ¢ > ("0« ;)7 s gl :ngg cim(\) p. (7.136)
=1

In terms of the multiscale concept, the space Ty(im(A)) contains the detail
information which has to be added in order to turn from the J-level regularization
to the (J + 1)-level regularization:

Sr1(im(A)) = Ss(im(A)) + T (im(A)). (7.137)
In general, the sum is neither direct nor orthogonal.

Theorem 7.45. Let {{(pgi) (n) }nen, Hjen, be a generator of a regularization scaling
function with respect to (\D)~1, i € {1,2,3}. Suppose that {{w§i)(n)}n€NOi }ieNos
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{{1[}51) (1) }nen, tjen, are the generating symbols of the corresponding regulariza-
tion wavelets. Furthermore, let ¢ be of class hgi) (Q‘;"t). Define the regularization
hf,i,)v—wavelet transform at scale j € Ny and position = € Q¢xt by

2 (1),0,7

(RWT) (") (j; z) = ¥,
Then

(z,-) g(i)’ g(l) c hgl) (Q?th)~ (7.138)

J—1 .
i@ ag@yon 10 r g oo Ng
Fy=("dy x%®,") ’V*h()JFZ v, * (RWT)(9) (53 )
§=0
is the J-level reqularization of the (vectorial) SST or SGG problem satisfying

||FJ - (A(l))ilg(l)Hﬂb(Q?‘Xt) = 0 (7139)

lim
J—o0
provided that g € im(A().
7.3. Tensorial wavelet theory
The extension from vector to tensor theory is performed in this section. First,
we define tensorial scaling functions and wavelets and give the reconstruction for-
mula. The solution of the tensorial SGG problem is presented using regularization
wavelets.
Definition 7.46. Let {<I>§-i’k)(~, V}jeno, t,k € {1,2,3}, be a family of admissible
hg’f)—kernels. Then the family {V;i’k)(QgXt)}jeNo of scale spaces V;i’k)(ﬂgxt) de-
fined by
VER (Qext) = (@« @M f ¢ f e hy(e)), (7.140)
is called an hg f ) _multiresolution analysis, if the following properties are satisfied:
() P @g) < c v c v (@) © - c P (g,
(i) U v

J€No

. Xt
hs (Qg<Y)

= hgi’k) (Qext)‘

Definition 7.47. Let {®;(-,-)};jen, be a family of admissible h, ,-kernels. The set
of scale spaces V;(Q5¥t) defined by

Vi(Qext) = {@; x®; +f ¢ £ € hy(Qot)) (7.141)

is called an h, ,-multiresolution analysis, if {Vj(-i"k) (Qe*)}jen, is an h{"*) (Qext)-
multiresolution analysis for every i,k € {1, 2, 3}.

We now define the scaling functions.

Definition 7.48. A family {{<p§i’k) (1) }neny,, tien, of sequences {g0§i’k) (7) tnen,,, is

called a generator of a scaling function of kind (i, k), i,k € {1,2,3}, if it satisfies
the following requirements:
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(i) (" (0ir))? =1, for all j € No,
.. (i,k) (i,k) 2 . e
(il) (¢;"" (n))* < ((pj, (n)) , for all j, 5" € Ng with j < j" and all n € Ny, 11,

(i) lim (¢} (R ()2 =1, for all n € No,, 41.

Furthermore, the family {{{p(**) (n)}ike(1,2,3) fnen,,, Fien, is called a generator
of a scaling function, if {{p(*) (n)}neny,, }jen, are generators of a scaling function
of kind (4, k), i,k € {1,2,3}.

Based on the definition of a generator of a scaling function, we now introduce
h, ,-scaling functions.
Definition 7.49. A family {®'"(-,-)}en, of h(*) kernels ®\""(-,.) defined by
<I>(-i’k)/\(n) = @(-i7k) (n), j€Np,neNy,,ie,

2n+1
lk) Z 90(1 k) Z (o;9) h(’ k)“’(a x), x,y € QX (7.142)

n=0;x
is called an hff }f)-scaling function, if it satisfies the following properties:
(i) i’gi’k)(-, -) is an admissible h(l *) kernel for every j € Ny,

(ii) {{‘I>§-i’k)/\(n)n€Noik }jen, constitutes a generator of a scaling function of kind
(i, k).
Furthermore, the family {®,(-,-)}jen, of h, o-kernels ®,(-,-) is called an h, .-
scaling function, if {@;i’k)}jeNo are hgf)—scaling functions for i, k € {1, 2, 3}.

As in the scalar and vectorial theory, the following approximation theorem is
valid.

Theorem 7.50. Let {®;(-,")} en, be an hy ,-scaling function. Then
Jhﬁrgo If —®; P, = thg(Qg’“) =0 (7.143)

holds for all f € h(Q).
Definition 7.51. Let {®;(-, )} en, be an h, ,-scaling function. Then {P;} jen, with
P; : hy(Q&t) — hy(Qxt) defined by

Pi(f)(z) =®; x®; «xf, fech(Q), =zeQ&t, (7.144)
is called an h, ,-approzimate identity.

The kernel ®¢ is called the mother kernel of the h, ,-scaling function. We
obtain the following theorem.

Theorem 7.52. Let {®,(-,-)}jen, be an hy ,-scaling function. Then {V;(Q%)}en,
given in (7.141) forms an hg ,-multiresolution analysis.

The next purpose is to define the primal and dual wavelet with the help of
the tensorial refinement equation.
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Definition 7.53. Let {®;(-,)}jen, be an h, s-scaling function. Then the families
of h, o-kernels {®;(-,)}jeno, {%;(-,)}jen, given by

( ) b, k)/\(n) l/}(z o) (n), ] S N()7 ne N()M-a i7 k € {17 273}7 (7]‘45)
( ) b, k)/\(n) l/}(z o) (n), ] S N()7 n e N()M-a i7 k € {17 273}7 (7]‘46)
are called (pmmal) h, o-wavelet and dual h, ,-wavelet, respectively, if all hy -

kernels W;(-,-), ¥;(-,-), j € Np, are admissible and the symbols {wy’k) (n)},
{1/j§i’k) (n)}, in addition, satisfy the (tensorial) refinement equation

7 (i,k ik k i

PP )0l (n) = (@5 (1) ~ ()02 (7.147)
for all j € Ng, n € Ny, , i,k € {1,2,3}.

As a direct consequence we get, the following equation:
J
(5 ()% = (0§ ()2 + 3-8 ()P (n), T € Ny, (7.148)
j=0

for all n € Np,, . We now define the wavelet transform. To this end we let w(f’lk) (n) =
80 (n) = @™ (n), for n € oy, i,k € {1,2,3}, @ () = By () = Bo(-,).
We remember the space H(N_; x Qxt) (see Eqgs. (7.12)—(7.14)).

Definition 7.54. Let {¥,(-,-)}jen_, be a (primal) h, ,-wavelet. Then (WT):*) :
h, (Qext) — Hy(N_; x Q2xt) defined by

(WT) R (£)(jy) = (B« £)(y) (7.149)

is called h, ,-wavelet transform if kind (i, k) of f at position y € Q¢ and scale
jeN_;.

As usual, we define the detail space Wj(-i’k) (Qext) at scale j by

i,k ext) _ [y (4K i,k . ex
W (Qexty = (8P« @"P s« £ . f e (0o, (7.150)
and
W;(Qext) = (T, « W, «f : £ € hy(Qext)}. (7.151)

Theorem 7.55 (Tensorial Reconstruction Formula for the Outer Space). Let the
families {¥;(-,-)}jen, and {¥;(-,")}jen,, respectively, be a (primal) hy ,-wavelet
and its dual corresponding to an h, 5-scaling function {®;(-,-)}jen,. Then

F= ) U;«W,«f (7.152)

j=—1

holds for all f € hy (25t (in || - Hhs(mxt)—sense).
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We now solve the (tensorial) SGG problem using regularization wavelets.

First, we transfer the theory of hS,ﬂ;, -scaling functions to the general case of h(l k)_
(i,k), 0,

scaling functions ®; with a > o
2n+1
(I);i,k),aa Z sD(z ) Z 5 (@ 2)hRs (g y), (7.153)
n=0ix
where
((I’;i,k),w,a)/\( ) = 9051 k)( ). (7.154)

Theorem 7.50 can be directly transferred substituting o by «. The scale spaces
are defined in the following way:

(%,k) rOyext) (i), (i,k), . ex
VIR (Qext) — (8 « ! «f © £ hy(Qex)). (7.155)
The system {Vj(-i"k) (Qext)} of scale spaces forms a multiresolution analysis.

Theorem 7.56. The restriction of the operator AR Hs (20t) — NG (Q2ext) Lo
a scale space V;(QeY), j € Ny, i.e.,

[ ex i?k ex’
ABP| oy V3 (Q5) = VP (o), (7.156)

is injective for (i,k) € {(1,1), (2,1), (3,1)}, whereas in the case of (i, k) € {(1,2),
(1,3), (2,3), (3,3)} the Fourier coefficient of degree 0 cannot be recovered and the
Fourier coefficients of degree n > 1 are uniquely defined. In the case of (i, k) €
{(2,2),(3,2)} the Fourier coefficient of degree 0 and 1 cannot be recovered and the
Fourier coefficients of degree n > 2 are uniquely defined (in the following text,
injectivity, bijectivity and uniqueness is always used in this sense).

Moreover, we have the following results:

(i) 1f the famitics {{§"" (n)}ners,, Fiewo and {{0;(n)bne ieny i,k €{1,2,3},
are bandlimited (for example, gpg-i’k) (n) = p;(n) =0 for all n > 27), then the
restricted operator is even bijective (in the sense described above). To be more
specific, for glik) e h{*) (Qext) the unique solution Fj € V;(Q%), j € Ny,
of the equation

ACR = @R 4 @l g ik) (7.157)
s gwen by
Fj =377« 077+ Q, (7.158)
where Q € H(QS) is obtainable by
g (n,m)

Q/\(n,m) = { A(i’k)/\(n) ’

: (7.159)
0, n € [29,00).
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(i) 1f the families {{{"" (n)}neno,, }ieno: i,k € {1,2,3}, and {{2;(n)}nen, bien,
are non-bandlimited, the equation

NI, = 36177, 0417, gk (7160

has a solution F; € V;(Qet) provided that g*F) ¢ hgi’k)A Qext) - where
J J o ~

hgi"k)A(Q?t) is an appropriate Sobolev space (see the Ph.D.-thesis [58] for
more details). In this case, the unique solution of the equation is given by

Fj = (I)‘j”" * (I)‘j’"’ * @, (7.161)
where Q € H(QX) is obtainable in spectral language by
Q/\(’Il, m) =

n=0,...m=1,....2n+ 1.

g“F)N (n,m)

. : 7.162
)\(z,k)/\(n) ( )

The following corollary shows that in the case of general operators A =
Zf’_kzl A e have to claim an additional assumption onto the function g.

Corollary 7.57. The restriction of the operator A = Zf’ 1 AR 10 a4 scale space
Vj(QgXt), J € Ny, 1.e.,

3
Ay, ey Vi(Q5) = @ VP (e (7.163)
’ i,k=1
has, in general, no solution. Under the assumption gpgl’k)(n) = pj(n), i,k €

{1,2,3}, we have to claim, in addition, that
g (n,m) _ gh""(n,m)
/\(i’k)/\(n) - A(l,?')/\(n)
with i, k,l,r € {1,2,3}; n= max  (0i,04.),...;m=1,...,2n+1. Then the

ik,l,re{1,2,3}
results in Theorem 7.56 can be directly transferred.

, (7.164)

With the help of the refinement equation (7.147) we now define the primal
wavelets {lIlg-l’k)’a"a(-, -)}jen, and the dual wavelets {lilg-l’k)’a"a(-, )}ien, fora > o,
i, ke {1,2,3}:

2n+1
w e Z i ( Z nm (@ 2R (s y), (7.165)
n= 07k
2n+1
‘Il(z k),a, (x Z w(l ,k) Z Oé IL‘ h(z k)a(a y)’ (7166)
n=0;

where
(N m) = o (), () () = 45 (), (7.167)
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The detail spaces are defined in canonical manner:
i,k ext) _ i,k),c, I, (3:.k), . ex
WER (Qext) = (@M@ R @y f 1 f e p(Qex)) (7.168)

Theorem 7.55 can be directly transferred by substituting the convolutions with
respect to the sphere €2, by the corresponding convolutions with respect to the
sphere €2,,. We now transfer Theorem 7.56 to the detail spaces and get the following
theorem, where we use the terms injectivity, bijectivity, and uniqueness in the same
sense as before.

Theorem 7.58. The restriction of the operator AR Hs (22t) — NG (Q2ext) Lo
a detail space W;(Q&), j € Ny, i.e.,

7 ex i?k ex’
AUy gy Wi (Q5) = Wi () (7.169)

with ¥;(n) = wy’k) (n) is injective. Moreover, we have the following results:

(i) If the families {{(pjiﬁk) (n)}neNoik }jENo and{{@j(n)}neNo}jENm i>k€{1’2’3}7

are bandlimited (for example, <p§-i"k) (n) = pj(n) =0 for all n > 27), then
the restricted operator is even bijective. To be more specific, for gtk ¢
h{"" (Qext) the unique solution Hj € W;(Qe), j € No, of the equation

AR = R g (PR g () (7.170)
s gwen by
Hj = W77« 037 «Q, (7.171)
where Q € H(QS) is obtainable by
g (n,m) 0.1, 2941
Q/\(n,m) = A<l’k)A(7L) ’ < [ Z'k) )) (7172)
0, n € (271, 00).

(ii) 1 the families {{]" (n)}nero,, ieno, i:k€{1,2,3}, and {{p;(n) }neri, }jery
are non-bandlimited, the equation

4 T (i,k),7, i,k),7, i
AR = G R g6k (7.173)
has a solution H; € W;(Qx) provided that the condition
oo 2n+1 3
gl

>

n=0;p m=1

n,m)

A < o (7.174)

is satisfied for gli*) ¢ h, (W) (Q‘;"t). In this case, the unique solution of the
equation is given by

Hj =077« 077 «Q, (7.175)
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where QQ € H(QXY) is obtainable by

g(i"k)A(n, m)

Q/\(nam) = )\(i’k)/\(n)

: (7.176)

n=0,...m=1,....2n+ 1.
Furthermore, we have the following corollary.

Corollary 7.59. The restriction of the operator A = Z?,k:l AR 4o ¢ detail space
W;(Qext), j € Ny, te.,

3
i,k)
Ay, gy = Wi (254) — €D WP (o) (7.177)
i,k=1

has, in general, no solution. Under the assumption

U ) =(n) and Y () = y(n), i ke {1,2,3),
we have to claim, in addition, that

g(i,k)/\(n7 m) — g(l,’r)/\(n? m) (7 178)
A(zk)/\(n) A(l’T)/\(’I’L) ’ :
with i,k, 1,7 € {1,2,3}; n = n}ialux(oik,Ol,.), ..;m=1,...,2n+1. Then the results
in Theorem 7.58 can be dz'rec;flgy/’tmnsferred.

Up to now, we have summarized some results about the filtered solution, i.e.,
the solution when we restrict the operator to the scale or detail spaces. In this
case, the injectivity for the operators AR could be proved, whereas in the case
of general operators A = Zf’_kzl AGR) we have to claim that (7.164) is valid. In
the case of the unfiltered solution, we obtain the following theorem.

Theorem 7.60. Let gt e h{"*) (Qext) satisfy the condition g € im(/\(i’k)), i,k €

{1,2,3}. Then the unique solution F € H,(Q%) of the equation A¥) F = g(i:k)

s given by

g(“®" (n,m)
A(zk)/\(n)

n=0,...., m=1,...,2n+ 1. In the case of the operator X\ = Z?,k:l AR e

have to claim, in addition, that (7.178) holds in order to guarantee the solvability.

FMn,m) = (7.179)

Last, we explain the connection between the solution in the scale spaces and
the unfiltered solution.

Theorem 7.61. Suppose that g\**) is of the class hgi"k)A(Q?t). Let F € H4(Q5xt)
be the unique solution of AGR = gk Then

Fy = (@) « F (7.180)
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is the unique solution in V;(QSX*) of the equation

ACR = @R 77, @R glih) (7.181)
for every j € Ng. Furthermore, the limit relation
lim ()77 « F = F (7.182)
J—oo
holds (in || - |l3;_(qex)-s€nSE).

The preceding theorem shows that in the case of bandlimited scaling functions
the (tensorial) SGG-problem is well posed, because a unique solution always exists
and due to the finite dimension of the scale spaces the solution is also stable. We
now investigate the case of non-bandlimited scaling functions, where the stability
cannot be ensured and we have to use regularization methods.

Definition 7.62. A family of linear operators Sj(-i’k) . h{"M (Qext) — Hs (),

j € Ny, is called a reqularization of (/\(i’k))_l, i,k € {1,2,3}, if it satisfies the
following properties:

(i) S is bounded on h{"" (Qext) for all j € Ny,
(i) for any member g(i*) € im(A®®), the limit relation
Jim S5 = (AGH) T gk (7.183)
holds (in || - [l qext)-sense).

= S,(»i’k) is called a

The operator S : hy(Q2*t) — Hs(Qgxt) given by S|h(i,k)(Qext) J
s v

regularization of A~

The function F; = S;g is called the J-level regularization of A_lg, whereas
Fgl ®) S(l k) g("*) is called the J-level regularization of (A G, k)) g. Within our
multiscale approach we now represent the (J + 1)-level regularization using the
J-level regularization by adding the corresponding detail information. To this end
we first introduce a multiscale regularization concept starting with the definition
of a generator of a regularization scaling function.

Definition 7.63. A family {{cpflk) () tnen,,, tien, of sequences {g0§i’k) () tneno,, »
i,k € {1,2,3},is called a generator of a regularization scaling function with respect
to (AR =1 if it satisfies the following requirements:

(i.k) .
(i) ( (0i))* = /\.(i,k)lA(Oik), for all j € Ny,

(i) (s} (’ P ()2 < (@17 (n))2, for all j,j' € No with j < 5/ and all n € No,, 41,

(iil) hm ( (i.k) (n))2 —

1
j—ro0 AT )’

Furthermore, {{{apgi’k) (n)}ike(1,2,3) fnen,,, Fien, is called a generator of a regu-

for all n € Ny, 41.

larization scaling function with respect to X%, if ()\(i’k))*l is a generator of a
regularization scaling function with respect to ()\(l’k))_1 for every i,k = 1,2, 3.
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We now define decomposition and reconstruction regularization scaling func-
tions.
Definition 7.64. Let {{(py’k) (n)}nen,,, tjen, be a generator of a regularization
scaling function with respect to (/\(i’k))_l, i,k €{1,2,3}.

Then a family {di’gz’k)’aﬂ(-, )}jen, of admissible hf;’;c)—kernels given by

2n+1
(i,k),o ik) s ks
2 Z 0" (n) D Hj (o5 )R (75 2), (7.184)
n=0;) m=1

(z,2) € Q< x Qext s called a decomposition regularization h(’ )—scalz’ng func-
tion with respect to (A"")~1, whereas a family {“I’E-l k), (+,*)}jen, of admissible
h( *)_kernels given by

2n+1
BT g = Y ) Y B ), (18
n=0;x m=1

(x,y) € Qe x Qext ig called a reconstruction regularization h( y )—scalz’ng function
with respect to ()\(’ k-1

We obtain the following theorem:

Theorem 7.65. Let {{<p§i’k) (1) tnen,,, tien, be a generator of a regularization scal-
ing function with respect to (/\(i’k))_l, i,k €{1,2,3}. If we formally define

T i7k3 (ivk)g-
("@l" wde ) (.

by
(@M 1) (1, 2) = TR T (g, ) w42y, (1.186)

(r,2) € QX x QX then
F§i,k) _ (régi,k) *dég»k))a,'y % g(i,k)7 g(i,k) c hgzk) (ngt% (7187)

represents the J-level regularization of ()\(i’k))’lg(i’k). If, in addition, g® e
im( AR then

th;o HFy,k) _ ()\(z,k))—lg(z,k)HHS(Q?t) =0. (7.188)
Furthermore,
3 ) 3
Fy— (r@UP) 4 gl yor  glik) = > g"M eh,(Qg), (7.189)
ik=1 ik=1

represents the J-level reqularization of X" 'g. If, in addition, g € im(\), then
. -1 -
Jim [[Fr = A7 gy, gy = 0- (7.190)



408 W. Freeden and H. Nutz

We define the convolution operators Sgi’k) : hgi’k)(Q‘;Xt) — M (QSx),
J e N()7 by

ST (g) = (@G« 1@ ) g, (7.191)
whereas the convolution operator Sy : hy(Qt) — H,(Qext), J € Ny, is given by
3
=3 sP (g, (7.192)
i,k=1

Furthermore, we introduce the corresponding scale spaces Sy’k) (im()\(i’k))), i,k e
{1,2,3}, and S;(im(X)) as follows

S§ mACD)) = {7 1) 7 gl h) gl e im(AE) ) (7.193)

3 3
7 (i,k) i [
SyG {Z B Ao 4 g4 L g = 3™ glh) € im(A )}.
i,k=1 i,k=1

(7.194)

Theorem 7.66. The scale spaces satisfy the following properties:

(1) S5 (mAGRY)) ¢ o ST m(AGR))) ¢ S im(AER)) < (e,
J < J', i.e., for any right-hand side g("*) e im()\(i’k)) of the (tensorial) SGG
problem, all J -level regularizations with fized parameter J are sampled in a
scale space Sgl’k) (im()\(i’k))) with the above property,

115, . qexty

(i) UTo S5 Gm(AER)) - 7070 — gy (Qext),

Obviously, Theorem 7.66 is also valid substituting Sgi’k) by S; which leads
to the following corollary.
Corollary 7.67. The scale spaces satisfy the following properties:
(i) So(im(A)) C -+ C Sy(m(N) C Sp(m(N) € Ha(Q), J < T, e, for
any right-hand side g € im(A) of the (tensorial) SGG problem, all J-level

reqularizations with fived parameter J are sampled in a scale space Sy(im(A))
with the above property,

.. oo . 1111, qext
(i) UTZo Ss(im(N)) =95 = H (Qext).

A set of subspaces of H,(Qxt) satisfying the conditions of Corollary 7.67 is
called regularization h, -multiresolution analysis (RMRA) of the (tensorial) SGG
problem.

Definition 7.68. Let {{cpji"k) (n)}nen,,, tien, be a generator of a regularization

scaling function with respect to (/\(i’k))_l. Then the generating symbols
5 (i,k ik
{057 )} neno, - (057 ()} neri,

of the corresponding regularization wavelets are defined by the refinement equation
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(7.147). The admissible h((,i,"f)-kernels {d\IIE-i’k)’a’v(-, )}ien, given by

o) 2n—+1
(i,k),0, i, ik)s
N (22 = 3T i () ST HG (03 2)h R (41 2), (7.195)
n=0;x m=1

(z,2) € Qext x Qext are called the decomposition regularization h(’ )—wavelets,

while the admissible hg *) kernels {"w (l B e )}jen, given by

2n+1
(i,k),0,0

90 () = 3 ) )3 Hin( B ), (7196)

n=0;x

"

(x,y) € Qe x Qext are called the reconstruction regularization h( "R wavelets.

We now define the convolution operators Tj(l"k) : h{M) Q) — H (QY),
jENO7 Zak: 172737 by

TR (g = (G 0P g )rr g0 glik)  WER (Qext) (7.197)
and the convolution operator T} : h,(Qx) — H(Q%*), j € No, by
3
= TP (glm), (7.198)
i,k=1

Obviously, due to the refinement equation the operators Syfl) and Sj41 can be
represented in the form

J
SR =88 3T, (7.199)
j=0
J
S =50+ > Tj. (7.200)
=0

Thus, we now introduce the detail spaces T(i"k) (im(A®*)) and T;(im(X)) by
TR (im(AER)) = {( B0 dgERNyr y glih) . g(ik) ¢ iy (AR )}, (7.201)

3
(Z k) (3,k)\ & i i .
T {Z d\I]J ) »’Y*g( 7k):g:Zg( »k)elm(A)}
i,k=1 i=1
(7.202)
In terms of the multiscale concept, the space T;(im(\)) contains the detail infor-
mation which has to be added in order to turn from the J-level regularization to

the (J + 1)-level regularization:
Sy41(m(N) = S5 (m(N) + Ty (im(X)). (7.203)

In general, the sum is neither direct nor orthogonal.
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Theorem 7.69. Let {{<p§i’k) (1) tnen,,, tien, be a generator of a regularization scal-
ing function with respect to ()\(i’k))’l, i,k € {1,2,3}. Suppose that

{08 (1) Yneno,, Yieros {{DY ()} nems,, Yiens

are the generating symbols of the corresponding reqularization wavelets. Further-
more, let g%) be of the class h(l k) (Qe"t) Define the regularization h( )-wavelet
transform at scale j € Ny and position z € Q¢ by

(RWT)(g)(js2) = D0\ (2, 5 g0, k) ¢ h(R) (Qext). (7.204)
Then

i i,k i, i,k),0,0 i,
Fy = (raf « it ™) et ’f>+z BT (RWT) (M) (js) (7.205)
7=0

is the J-level reqularization of the (tensorial) SGG problem satisfying
. ik)y—1 i,k _
Jim [Fy = AT TP, ey =0 (7.206)

provided that g% € im(A“*)).

7.4. Combined outer harmonic and wavelet concept

In geodetic practice, there exists a variety of realizations of spherical harmonic
models of the Earth’s external gravitational potential. In [19] it is explained how
to combine an outer harmonic model of fixed order m with a harmonic wavelet
model. The justification for such a combined model is the fact that on the one
hand the appropriate candidate for the approximation of the low frequency parts
of the gravitational potential (i.e., global modeling) is a spherical harmonic (i.e., a
multipole) model of moderate order m and on the other hand for the representation
of the high frequency parts (i.e., local modeling) new wavelet techniques have to
come into play (see also the investigations in spherical continuous wavelet theory
[33, 34]).

Starting point of this model is the “refinement equation” (compare Eq. (7.10))

b (n)(n) = (pj+1(n))? = (p;(n))*.

It is clear that 1;(n)y;(n) = 0 if and only if (¢;11(n))? = (¢j(n))?. Due to condi-
tion (i) in Definition 7.2, the wavelet (or its dual) satisfy the mean value condition
1;(0) =0, i.e., it has to oscﬂlate. For purposes of combined approximation we need,
however, (p;+1(n))? = (¢;(n))? for all n € [0,...,m]. Under these assumptions it
may be guaranteed that the wavelets constructed in this way have more vanishing
moments and we call them wavelets of order m. In [19] the reconstruction formula
for such wavelets is studied in more detail. The transition of the combined outer
harmonic and wavelet concept to the vectorial and tensorial case is also easy to
perform.
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8. Bandlimited Runge-Walsh multiscale approximation

In the previous sections we developed several methods of wavelet approximation.
We briefly reformulate the main results: Let {¥;(-,-)};en, be an H, ,-wavelet
corresponding to an H, ,-scaling function {®;(, )} en,. Then any potential F €
Hs(£25xt) can be expressed by a multiscale approximation given by

J—1
O« F+ 3 Wyx 0, F, F e H (). (8.1)

=0

For a numerical realization, the discretization of the H(£2¢x*)-convolutions
(i.e., the H(QSt)-inner products) occurring in the J-level wavelet approximation
is necessary. For that purpose we observe that any H,(Q$*t)-convolution is express-
ible as a bounded linear functional on H,(Q¢%*). Thus fully discretized wavelet ap-
proximation amounts to the problem of approximating a bounded linear functional
(i.e., an H4(Qg*)-inner product) by a linear combination of known bounded linear
functionals. In this context it should again be mentioned that following our nomen-
clature an Ho(Q¢%t)-inner product can be identified with an ordinary integral over
the sphere Q,. Therefore, fully discretized Ho(2¢xt)-wavelet approximation can
be organized appropriately by numerical integration (cubature) over the sphere
Q.. Looking at the inner products in our general H4(2t)-framework we are con-
fronted with convolutions involving a pseudodifferential operator A with symbol
AM(n) = A, for n € Ny. Their discretization requires the knowledge of linear
(observational) functionals for the potential F' € Hs(Q¢*t) under consideration.
Usually, in gravitational field determination, these (observational) functionals are
heterogeneous in nature. In addition, the approximate formulae have to be for-
mulated in dependence on the scale parameter, since increasing space localization
demands increasing data material.

All these requirements, however, do not lead to a unique procedure for dis-
cretizing H(Q28x)-convolutions. Many variants of approximate formulae are rea-
sonable and conceivable. In fact, the choice of a suitable method is essentially
dependent on the purpose for which scaling functions and wavelets are used. Un-
fortunately, it turns out that each of the discretization methods has its own draw-
back. Nevertheless, a lot of approximation schemata for H,(2¢*)-convolutions can
be found so that at least some of the requests can be fulfilled. As most important
discretization rules we mention:

1. Fast Fourier techniques and multipole techniques (cf. [19, 39, 74]) are eco-
nomical in time, but they are based on evaluation functionals on equiangular
latitude-longitude grids. Thus the sample points are merely equidistributed
on the (9, p)-parameter interval [0, 7] x [0, 27| in Euclidean space R?, but not
on a sphere.

2. Polynomial (i.e., outer harmonic) exact approximation of bandlimited func-
tions is a well-established tool for application to bandlimited potentials of
moderate degree (cf. [12, 28, 29, 54]). The problem is that the preliminary
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work includes the solution of a linear system of equations (which is full-sized
and tends to be ill conditioned for an increasing number of nodal points).
However, it can be shown that (outer harmonics) exact approximation of
bandlimited potentials can be used very efficiently (without a priori solving
any linear system) on equiangular grids (cf. [23, 39]).

3. Another method for the approximate evaluation of H(£2¢xt)-convolutions,
which includes the exact approximation of bandlimited functions as a special
case, is harmonic spline exact best approximation (cf. [12, 14, 19]). It can be
applied appropriately for modeling the medium to short wavelength parts of
a signal.

4. The low discrepancy method (cf. [21, 48]) represents an adequate tool if a
great number of data is available, so that the solution of linear equations
should be avoided. Sufficient accuracy can be guaranteed only if a high num-
ber of equidistributed data points are available. Thus it is of advantage for
integrands of high complexity (e.g., short wavelength parts of a signal).

In what follows, it will be shown that both discretization techniques, i.e.,
outer harmonic and spline exact integration, lead to pyramid schemata adapted to
the space localization properties of the potential we are interested in. To be more
specific, the bandlimited variant of fast wavelet computation (based on the Shan-
non kernel and its modifications) can be based on outer harmonic exact formulae
for the evaluation of Hs(QeXt)-inner products. It is proposed for the application
to moderate phenomena of space localization (i.e., low-to-medium wavelength ap-
proximation) so that one can work with smaller data sets (cf. [31, 32]). In fast
computation by bandlimited wavelets the number of wavelet coefficients is re-
duced, since they contain information of a more extended area. In addition, a
certain spectral band is expressible exactly in terms of wavelets because of their
bandlimited character. The non-bandlimited variant of fast wavelet evaluation (us-
ing non-bandlimited kernels such as Tikhonov, rational, exponential, and “locally
supported” kernels (cf. [29, 31]) is meant for the application to seriously space
localizing potentials (i.e., short wavelength approximation). In consequence, huge
data sets can be handled since only a small subset of the data is needed for the
purpose of numerical evaluation. On the other hand, a large number of wavelet
coefficients is needed, since they only give local information related to a small
area. Again, we are confronted with the drawback that large linear systems must
be solved in an a priori step to obtain the weights in (spline exact) best approxi-
mation formulae. In the non-bandlimited case, however, panel clustering or sparse
matrix techniques (cf. [23]) are efficiently applicable because of the strong space
localization properties of the non-bandlimited kernel functions.

Next, the use of outer harmonic exact approximation will be discussed in
more detail following [19]. A constructive version of the Runge-Walsh theorem
will be developed in terms of bandlimited wavelets. The advantage is that when
using bandlimited wavelets, we do not need the wavelet transform at all positions.
It suffices to know a finite set of linear functionals for each scale J to evaluate
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the wavelet transform exactly. In conclusion, each J-level wavelet approximation
CIJSQ) * F can be expressed exactly as a finite sum.

Our concept using bandlimited wavelets is presented under the assumption
that the families {®;(-, )} e, {;( ) ieny, and {¥;(-, )} jen, consist of band-
limited kernels such that

j(n)#0, n=0,...,27 -1 (8.2)
and
j(n)=0, n=212141,.... (8.3)
In the following we use the notation
Hp,....q(QUY) = Harmy,...q(25). (8.4)
Consequently, we have
Q;(x,-) € Ho,.. 02i-1(Q25Y), (8.5)

and
\Ilj(ac,-),\llj(ac,-) € Hy 2j+1,1(Q§Xt) (8.6)

for all x € Q¢**. Thus the scale spaces and the detail spaces, respectively, fulfill
the relations

yeeey

Vi=Ho,.20-1(QFY), W; CHo,. 2541 1(25). (8.7)

Suppose now that there is known a set {vi,...,vm} of M values v,
i = 1,...,M, from a potential V' (for example, the gravitational potential or
the anomalous potential of the Earth) of class Pot(®)(2ext) corresponding to lin-
ear (observational) functionals £i,...,Las. Then an extended version of Helly’s
theorem (cf. [76]) tells us that, corresponding to the potential V € Pot(®) (£ext),
there exists a member F' (i.e., a Runge-Walsh approximation of the (anomalous)
potential) of class H4(Q25x*) such that F|s.., is in an (¢/2)-neighbourhood to V'
(understood in uniform topology on 3¢x) and L;F = v;, i = 1,..., M (note that
we may write more accurately Fy .. o instead of F' to indicate that all Harm,,-
spaces generally contribute to the “nature” of F when the Earth’s gravitational
potential is required). Moreover, there exists an element Fy ., (i.e., a bandlim-
ited approximation to the Runge-Walsh approximation) of class Ho. . m ()
such that the restriction Fy . m|se may be considered to be in (¢/2)-accuracy to
F|gexe uniformly on ¥x* and, in addition, £;Fy,.. m = LiF =v;,i=1,...,M.In
other words, corresponding to a potential V' € Pot(o)(ZeXt) there exists on Yext
m (X)) consistent
____ m, t = 1,...,M).
This is the reason why we are interested in wavelet approximations of potentials
Fo,...m of class Ho,.... m (2&X) uniformly on ¥xt from a finite set of functional val-
ues (note that, for the Earth’s anomalous potential, the approximation consistent
with the original data may be found in the class Ha _, (2¥t) which is a subspace
of 'H()y____’m (ngt)).

.........

.....
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,,,,, m € Ho,...m(QY) by a J-level approxima-
tion <I>F]2) * Fy .., with J chosen in such a way that 27+l _ 1 >m (note that

Fb,...,m coincides with (1)8211 * [y, m uniformly on 3¢t in the case of Shannon

wavelets). We want to express the J-level wavelet approximation <I>‘(]2_~)_1 * Fo..m
v1,...,0p corresponding to the linear functionals £, ..., L.

First, our purpose is to apply outer harmonic based approximation formulae.
To this end, we introduce fundamental systems of bounded linear functionals and
derive some approximation formulae. Consider the matrix

£1H0.,1(U;') ﬁNHo.,l(U;')
m = : : (8.8)
L1Hpomy1(03:) .. LnHpmomii(os-)

m

" o@2n+1) = (m+1)? (linearly independent)
bounded linear functionals £y,..., Ly on H(2¢*). According to well-known ar-
guments of approximation theory, the matrix (8.8) is not of maximal rank for all
systems {L1,...,Lx}, N > (m +1)2. However, it is clear from a well-known con-
struction principle (see, for example, [19]) that there exist systems {Lq,...,Ln}
possessing a non-degenerate matrix (8.8).

associated to a system of N > >

Definition 8.1. A system {£1,...,Ln} of N > (m+1)? bounded linear functionals
,,,,, m Q) -fundamental system, if the conditions F' €
Ho,...m(Q*) and L, F =0,i=1,...,N, imply F = 0.

From Definition 8.1 it is clear that the matrix (8.8) is of maximal rank (m+1)2
if and only if {£4,..., LN} is an Ho,.. m (Q)-fundamental system. Moreover, it
should be noted that the addition theorem of outer harmonics gives us

,,,,,,,,,,

The Gram matrix m”m is regular if and only if the system {Li,...,Ln} is

an Ho,. . m(Q*)-fundamental system. Moreover, it is clear that the property of
{L4,...,Ln} of being an Hyo, .., (25*)-fundamental system, is independent of the
choice of the Ho,... m (2¢)-orthonormal basis.

For later use we introduce the following definition.

Definition 8.2. Let = be a regular surface with = C Qg¢xt.

Let {L1,...,Ln} be an Ho, . (Q)-fundamental system of Dirichlet func-
tionals Lq,..., Ly on H(QS) (e, L;F = F(y;) fory; € E,i=1,...,N and all
F € H(Qext)). Then the associated system {y1,...,yn} is called an Ho, . (Q25XY)-
Dirichlet-fundamental system on =.
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Let {L4,..., L N} be an Ho,.. m (2¢x)-fundamental system of Neumann func-
tionals £;, i = 1, . N (e, LiF = (N (VF))(y;) for y; € E and all F € H(QS))
with A : = — R? being a unit vector field satisfying infyezv(x) - A(z) > 0
(where v denotes the outer normal). Then the system {y1,...,yn} is called an
m (281~ Neumann-fundamental system on Z (relative to \).

,,,,

Let {£4,...,Ln} be an Hop, .. m(Q2)-fundamental system in the sense of
Definition 8.1. Suppose that F is a potential of class H(Q¢xt). Furthermore, let P
be an element of Ho, .., (Q**) with the representation

m 2n+1

P=>"%" P"n,0)Hp(o;").

n=0 [=1

Then, for all solutions a € RV, a = (a1, ...,an)?, of the linear system

N
> arLiHy (o) = PM(n,l), (8.9)

n=0,....m;1l=1,. 2n—|—1 we find
m 2n+1

P= Zakzz (LiHy (o (o). (8.10)

k=1 n=0 [=1
Observing this fact we get the following theorem.

Theorem 8.3. Let{Ly,...,Ln} be anHo,.. m () -fundamental system of bounded
linear functionals on H(Qg"t). Then the identity
N N

FxP= ZakﬁkF ZakﬁkKH

k=1 k=1

holds for all F € H(QeY) and all solutions a € RN, a = (ay,...,an)T, satisfying
the linear system (8.9).

() *

,,,,,

By virtue of the Cauchy—Schwarz inequality it follows from Theorem 8.3 that
the estimate
N
FxP = apLiF
k=1

(8.11)

Hm+1,...,00 (QFF)

N N 1/2
< (ZZakasﬁkﬁsKHmH ))))) m(ngt)(';')) ||F|

k=1s=1

holds for all F' € H(Qext) and all solutions a € RV, a = (ay,...,an)7T, satisfying
(8.9). In particular, we have for F' € Ho . m(25)

.....

FxP =Y apLF, (8.12)
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since ||F|\Hm+1 ..... o (Qet)

N
KHU ,,,,, m ¥ P = Z akﬁkKHO »»»»» m(ngc)('; ) (813)
k=1
holds for all @ € R™, a = (a1, ...,an)?, satisfying the linear equations (8.9).

Next we adopt a famous criterion due to [73] from Theorem 8.3.

Lemma 8.4. The following statements are equivalent:

N
(1) lim > aplxHpi(o;)=0, n=m+1m+2,..;01=1,...,2n+1,
N—o0 g

(ii) Fx P = lim JZV: arLiF,  F € H(Q$H).
N—o0 71
As shown in [19], the definition of fundamental systems and approzimation
____ om (Q28¥%)-spaces. To this
end we have to summarize shortly some results concerning interpolation by outer
harmonics (see [19]).
We start mentioning the Shannon sampling theorem for the finite-dimensional
space Ho,....m(QS).

Lemma 8.5. Let F be in Ho,  m(QY). Assume that {L1,...,Ln} forms an
Ho,....m Q) -fundamental system. Then F can be reconstructed from its samples

at the bounded linear functionals L1, ..., Ly by the following interpolation formula
N
F(z) =Y (LyF)PN(2), € Qg
k=1

....

,,,,,

,,,,,

ik=1,...,N.

Next we come to some aspects on numerical integration on the sphere. The-
orem 8.3 allows as special cases the following variants.

Lemma 8.6 (Koksma—Hlawka formula of approximation order 0). Let F be of class
H(QE) with {An} being summable in the sense of Definition 3.3. Assume that
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{yl, ..., yN} is a subset of points on Q,. Then the integral formula
1
iz | P ey
N N (8.14)
=l ) = Yol (K, o () F)
k=1 k=1 e Ha,..., oo (28xt)
holds for all w™ = (wi, ..., wi\)T with Zgzl wl =1 (e.g., wly =1/N).

Lemma 8.7 (Koksma—Hlawka formula of approximation order m). Let F be a
member of class H(QXY) with {A,} being summable in the sense of Definition
3.3. Assume that {yN,...,yN} C Q= is an Ho. . m(QY)-Dirichlet-fundamental
system, i.e., a pointset on the sphere (), such that

,,,,,,,,,,

KH (Qext)(y{\iay{\]) KHO

holds for all w™ = (wi¥, ..., wi\)T, satisfying
N
Z wh =1, (8.16)

Zwl Hypw(osy))=0, n=1,....m, k=1,....2n+ 1. (8.17)

Finally we are interested in an extension of the Koksma-Hlawka formula
for spherical integrals (see Lemma 8.7) to Ho,.. m(Q2t)-inner products. To this
end we understand the summable sequence {A,} generating the reference space
H(Qext) to be the symbol of a pseudodifferential operator A with AH,, (o;-) =
ANn)Hyp i (0;-) = ApHy i (0;-) for all n € No; £ =1,...,2n+ 1. Then the frame-
work of the space Ho,... . (25%t) tells us that

.....

m 2n+1

FxP =YY" F\nk)P"n,k)

n=0 k=1

- [ (APYw)(aP)) doty) (8.18)
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holds for all F' € H(Q2ext) and P € Ho,... m (QSY). Moreover, we see that

.....

/QG(AF“ )(AP)(y /F J(A2P)(y) duo(y).

Clearly, A?P is a member of class Ho_ _m(22) (as defined in the foregoing). As-
suming F' to be of class Ho,... m(QS), (AZP)| qexe 18 the product of two elements

of class Ho,....m (Q25*), hence, F(A2 )| exe is @ member of class Ho,... 2m (255Y). In

connection with Lemma 8.7 this leads us to the following result.

Lemma 8.8. Let F' and P be elements of class Ho,... m (255F).

Assume that {yI¥,...,yN} C Qy is an Ho,.. 2m(Q)-Dirichlet-fundamental
system on Q, (with N > (2m + 1)?). Then the identity

N

FxP =3 wlFy)(A*P) (i)
k=1

holds for all w™ = (w{,...,wN)T satisfying
N
ZwlN =1, (8.19)

Zwl How(osyM) =0, n=1,....2m; k=1,...,2n+1. (8.20)

In partzcular, we have
N

KHU ..... m * F = Zwllch(yllcv)KHm-mo »»»»» m(ngt)("lecv)'
k=1

Lemma 8.8 is an essential tool for the development of “tree algorithms” (pyra-
mid schemata) in bandlimited harmonic wavelet theory.

Lemma 8.9. Let the system {yM, ... yM} Cc Q,, M = (2m + 1)%, define an
Ho,....2m (Q5F)-Dirichlet-fundamental system. Furthermore, suppose that Py, . m,
Qo,....m, respectively, are elements of class Ho,....m(Qs). Then the identity

)y * Q,m = an Po,...m(yn )(A*Q)o,...om (yn) (8.21)

n=1
holds for all weights b1, ... bAL satisfying
M
M
ZbT KHU ,,,,, 2m (Qe’“)(yZ Y )

r=1

= | K, M(ngt)(ylM,z) dw(z), i=1,...,M. (8.22)

Furthermore, we have the following results.
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Lemma 8.10. Let {£M ... LM}, M = (m+1)2, be an Ho,.. m(QY)-fundamental

system, and suppose that Py m and Q... m are members of Ho,. . m(QS). Then
the identity

m 2n+1 M

PO,...,?n * QO,...,m = Z Z Z d:},k (QO,...,?n * H?L,k(a; )) ﬂinO,...,m (823)
n=0 k=1 r=1
holds for all weights de’k, ... ,d;@k; n=0,....,m; k=1,...,2n+ 1, satisfying the

linear equations
M

Z A LY Hi(05) = 6n 10k,
r=1
1=0,....m;i=1,...,20+1.
In order to reduce the number of weights in our approximation rules we
formulate the following lemma.

Lemma 8.11. Under the assumptions of Lemma 8.10, the formula

M
Qo.om * Pom =Y AN LM Py (8.24)
r=1
holds for all weights dM, ..., d% satisfying the linear equations
M
M pM pM
Zd,. El ﬂ,. K’Ho ’’’’’ (Q(e’xt)(.D )
r=1 m 2n+1
- Z Z (‘Cﬁan,k(U; )) QO,...,?n * Hn,k(o-; ) = ﬂzj'wQO,...,nu (825)
n=0 k=1
i=1,..., M.

It should be mentioned that on the one hand the number of integration
weights is reduced, but on the other hand the integration weights depend on
Qo,....m- Other variants of discretization rules have been presented by W. Free-
den and W. Schneider [30] which allow different aspects of approximation. In this
work, however, we restrict ourselves to the above results (more explicitly, Lemma
8.9, Lemma 8.10, Lemma 8.11) based on linear systems of O(M)-dimension.

In what follows the Runge concept is of basic interest. Once again, it tells
us that to any potential V € Pot”) ($ext) (for example, the Earth’s gravitational
potential) there exists a function F' (namely, a Runge—Walsh approximation) har-
monic in Q¢ and being regular at infinity in the sense that the absolute error
becomes arbitrarily small on the whole space ¥¢xt. In this formulation as we already
mentioned, the Runge—~Walsh theorem is a pure existence theorem. It guarantees
only the existence of an approximating potential and does not provide a method
to find it. The theorem merely describes the theoretical background of approxi-
mating a potential by another one defined on a larger harmonicity domain. The
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results developed now, however, enable us to derive a constructive version of the
Runge-Walsh theorem by means of a J-level wavelet approximation when the po-
tential F' we are looking for is assumed to be a member of class H(Q%)|g... (note
that H(Q9)|gexeds a uniformly dense subset of Pot¥ (sext)). Essential tools of
our considerations are the approximation formulae formulated above.

Theorem 8.12. Let {£M ... LMY M = (erl)2 be an Ho,....m(QY)-fundamental
system. Furthermore, suppose that {y1 ,...,yMj} C Qy, Mj = (2m; + 1)?, de-
fine Ho,

assume that from a potential Fy. .. ., € Harm07,.,,m(Q§Xt) there are known the
data ﬂzMFo,...,m =wv;, 1 = 1,...,M. Then, under our assumption of bandlim-
ited wavelets, the fully discrete J-level wavelet approximation of Fy, .. reads as
follows:

....

2m; (Q&Y)-Dirichlet-fundamental systems for j = 0,...,J. Moreover,

....

(@) (I>S2) * FO
m 2k+1 M

-3 Z S S db AR o (k)vsHi (o ) 2oyl )

n=1 k=0 =1 s=1
J—1 M; m 2k+1 M

+Zzb£z Z Zd]:’lAi'(/Jj( Ukal(U yn )\i] (yg/[j"% (8'26)

j=0n=1 k=0 =1 s=1

where the weights dlf"l, .. .,dﬁ}l; k=0,....m; 1l =1,...,2k + 1, satisfy the
linear equations

M
Z d¥ LM H,, (05) = 60 k0is (8.27)

s=1

n=0,....m;i=1,...,2n+ 1, and b{,...,bgwj;j =0,...,J, satisfy the
linear equations

Zb Koy om0y i ot / Koo, .., 050 Wi i x) dw(w),
(8.28)

J—1 M;

(B) @ % Fo._.m Zb Zd‘)”mo ya) YD b Zdﬂ”vb (', -),s

7j=0 n=1 s=1

(8.29)
where the weights dv",. .., cz?\/[m; n=1,..., My, satisfy the linear equations
M ~
Z dgnﬂiw‘CéMKHarmo ..... m(Q?,’“)('7 ) ﬂM (AQCI)O)( o ')’ (830)

s=1
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i =1,...,M, and the weights d",...,d%"; j = 0,....J; n = 1,...,Mj,
satisfy
M
> LY LY K varm,
s=1
1 =1,...M, and the coefficients bjl',...,bgwj;j =0,...,J satisfy the linear
system (8.28).

('7') :ﬁgw(AZ\Ilj)(y'r]ij')v (831>

It should be remarked that a great number of linear systems must be solved
in an a priori step. But if we look carefully we realize that we are always confronted
with the same coefficient matrix. Having inverted the coefficient matrix once, all
weights for numerical integration can be obtained by a matrix-vector multiplication
and stored elsewhere (in an a priori step for computation). In addition, it should
be mentioned that the solution of the linear systems determining the weights of
the reconstruction step (8.28) can be avoided completely if we place the knots for
numerical integration of the wavelet coefficients for each detail step j =0,...,J—1
on a special longitude-latitude grid on the sphere §2,. The corresponding set of
integration weights for reconstruction purposes are explicitly available without
solving any linear system (for more details concerning numerical integration the
reader is referred, e.g., to a paper due to Driscoll Healy [8]).

Until now the linear (observational) functionals have not been specified in
more detail in our bandlimited wavelet approach presented above. In fact, the
different types of linear functionals enable us to develop three important variants
of wavelet approximation in the reality of gravitational potential determination:

(1) Terrestrial-only Multiscale Approzimation. The linear functionals are under-
stood to represent gravity observations (function values and/or derivatives)
related to locations on the Earth’s surface. If the data material is homoge-
neous, i.e., the linear functionals are all of the same type, terrestrial-only
approximation reduces to the wavelet solution of a boundary-value problem
of potential theory from discretely given data.

(2) Spaceborne-only Multiscale Approzimation. In this case the linear functionals
are understood to represent data measured by spacecraft in locations of Q%Xt.
As result we get a spaceborne-only approximation.

In practice, however, we are confronted with the situation that terrestrial,
airborne as well as spaceborne data are available in gravitational potential deter-
mination (cf. [1, 2, 19, 22, 32, 45, 46, 50, 60, 62, 63, 66, 71, 75]). As a matter of
fact, there are some areas on the continents (for example, some parts of Australia,
Europe, and North-America), where the gravity field has been surveyed in much
detail. Thus it is reasonable that such areas may be used for the verification or
the calibration of the results obtained from spaceborne data.

(3) Combined Multiscale Approximation. Linear functionals representing terres-
trial, airborne, and spaceborne observations are taken into account, i.e., nu-
merical computation is required for a heterogeneous data set.
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8.1. Runge-Walsh wavelet approximation of classical boundary value problems
corresponding to regular surfaces

The wavelet representations (Theorem 8.12) of a bandlimited potential from a
given finite set of linear functionals admit a variety of applications. The list includes
the following examples of classical boundary value problems:

(i) Dz'richlet Problem. First we are interested in the wavelet approximation

.....

m(Zext), Fy . mls = Go,..,
under the knowledge of the M = (m + 1)? boundary data

..........

Vi = Li E),...,m = F‘(),m(sz) = G(),...,m(zzj'w)a 1= ]-a . '7M'
Theorem 8.13. Under the assumptions of Theorem 8.12 the fully discrete J-level
wavelet approximation of the solution of the exterior Dirichlet problem Fy .. |Eext
€ Harmo,.. m(E%), (Fo,...m)|s = Go,....m Teads as follows:

(@) ®F = Fo ..... m (8.32)

m 2k+1 M
*Zb SN dE AR o (k)Go, () Hi (o3 9" ) @o (y)°, )
n=1 k=0 I=1 s=1
J—1 M; m 2k+1 M

FY DU DY A AR (R) G (2 ) Hica (05 9 ) T (515 )

7=0 n=1 k()llbl
Mo

B PR ,,,L—Zb Zdg’"GO,---,m(xy)‘I’o(y%’»') (8.33)

+3 30> A Go ()50 ).

j=0n=1 s=1

The formulae (o), (8) of Theorem 8.13 are especially valid on the regular
(Earth’s) surface X, i.e., we automatically obtain by <I>S2) * Fo _ml|n a J-level

wavelet approximation of the “boundary function” Fp_ . 7,n|g; = Go,....m (by apply-

ing Shannon wavelets we even know that CIJSQ) *Fy m). In other words,
a wavelet representation of a (bandlimited) function on regular surfaces has been
found from a discrete data set of function values.

By treating non-bandlimited potentials F' € H,(Q<t), s > 1, the developed
integration formulae are only valid in approximate sense. To be more concrete,

.....

if <I>F]2) x I denotes the J-level wavelet approximation we actually calculate an
approximation (1)82) * Fy . m by performing the numerical integration methods
in (a), (8) of Theorem 8.13. Since this approximation also is harmonic in %°** the
biggest absolute error between <I>(2) % F and its numerical approximation <I>(2)

,,,,, .m 1s attained at the boundary Y. Thus, the numerical error can be estlmated
by the use of the following theorem (cf. [29, 30]).
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Theorem 8.14. Let F satisfy F' € Hs(QSY), F|s = G, s > 1. Furthermore, assume
that X3 = {z¥, ..., 2}y € X, M = (m + 1), is an Ho,. m(Q)-Dirichlet-
fundamental system on . Then, for any Q € Ho,... .m(QX), we have

.....

C M
E M
< ms—1 ( |dr |> ”FH'HS(ng)a
r=1

(8.34)

M
/Q F@)Q(x) du(@) - 3 doG(a)

where C' is a constant depending only on s and d . .. ,d% are the weights of the
integration rule.

(ii) Neumann Problem. Now we are interested in the wavelet approximation o

g
Iy, m of the solution of the oblique Neumann problem
OFy. .
Fo,....om|sexe € Harmg, .. m(X), g)\ ™ =Go...m,

under the knowledge of the M = (m + 1)? boundary data

8FO,...,7n

i =LME, .=
! PO O

(@) = Go,. (@), i=1,..., M,

2

where A : ¥ — R? is a CM?)-unit vector field (such that 0 < p < 1 for A # v
and p = 0 for A = v) forming an angle with the outer normal v satisfying

inf v(x)- - A(z) >0 (8.35)

z€EYD
at any point of X.

Note that the boundedness of the linear functionals of the oblique derivative on ¥
follows from well-known arguments (cf. [16, 18, 20]).

For the decomposition step we need in contrast to the Dirichlet problem an
integration method in terms of oblique derivatives on 3. From our results we obtain

a fully discrete wavelet approximation for the solution of the exterior Neumann
problem.

Theorem 8.15. Let XI%I = {aM ... ,x%} C X, M= (m+1)?%, be an Ho,.  m(Qet)-

Neumann-fundamental system on 3. Furthermore, let XMj = {yiuj, o ,y%ﬁ},
M; = (2m; + 1)%, be Ho,....2m,; () -Neumann-fundamental systems on Q, for

........

....

Then, under our assumption of bandlimited wavelets, the fully discrete J-level
wavelet approximation of the solution of the exterior Neumann problem Fy .. ., €
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m reads as follows:

yeeey

M
> dS Ao (k)Go,...om (@) Hi (05 95") Bo(yp ", -)

M
> A AR (k)G (22 Hy g (05 53 ) 5 (ya" ),
' (8.36)

where the weights d]f’l, ey dﬁ/}l; k=0,....m;l=1,...,2k + 1 have to satisfy the
linear equations
M
Z dk! aHn,i(UWS/I)
S

PN =010, n=0,..., myi=1,...,2n+1,

s=1

and b]i, . ,bgw, 7 =0,...,J must satisfy the linear equations (8.28).

(ﬁ) ¢‘(]2) * FO,...,?n
My M
=D 0D A Go. (@) Ro(yn", )
n=1 s=1
J—1 M; M

+ Z Z bgﬂ Z dg’nG() ..... m(xéu>\ilj (yrjyj ) ')7 (837>

7=0 n=1 s=1

where the weights dV™", . . ., CZOA}I"; n=1,..., My, have to satisfy the linear equations
M
5 0 0 0
dom K Qet) (-, ) = A2®g)(yplo, - .
Szzl s a)\yM a)‘yﬁ‘/[ Ho,..., m( o )(7 ) a)\yM( ())(yn ) )7 (8 38)

i =1,...,M, and the weights d{’",...,dﬂl;j =0,....,J;n=1,...,M;, must
satisfy

M o 9 )
§ Jsn L) = 20 V(M. .
pet s Oy OAyr Koy mtag ) = gy, (AT W), (8.39)

Y;
1=1,...,M, and b]i, ... ,bgwj ;7 =0,...,J, satisfy the linear equations (8.28).

The formulae («), (8) of Theorem 8.15 are especially valid on ¥. Thus, we

obtain by 8(@82) x Fo...m)/OX a J-level wavelet approximation of Gy ..., =
om/OA.

In order to examine the error in the integration formulae when we turn over
to non-bandlimited potentials we finally mention the following theorem.
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Theorem 8.16. Let F' satisfy F € Hs(QSX), gl; = G, s > 2. Furthermore, let

Xy ={aM .2} 2, M = (m+1)2%, be an Ho.. m(Q2Y)-Neumann-funda-

.....

.....

M

M
C
W ALCECRREED SELCED NN O i) YT
o r=1 r=1
(8.40)
where C' is a constant depending only on s and d, . .. ,d% are the weights of the

integration rule.

Hence, by treating non-bandlimited potentials F € H (Q&), s > 2, we
obtain in similarity to the Dirichlet case a J-level wavelet approximation by per-
forming the numerical rules as indicated by («), (5) of Theorem 8.15, and the
numerical errors can be estimated using Theorem 8.16.

Remark 8.17. The existence of all types of fundamental systems to be needed
in our preceding approximation rules is guaranteed by a well-known induction
procedure (as described, for example in [21, 24, 57]. Furthermore, more detailed
remainder estimates for the integration formulae can be found in [28]).

8.2. Pyramid schemata based on outer harmonic exact approximation

Our purpose now is to use two variants of exact (outer harmonic) approximation
to derive tree algorithms, i.e., pyramid schemata for fast evaluation of bandlimited
potentials. Without loss of generality, we assume that {®,(-,-)}jeng, {T;(-, ) }jeno,
and {0 (-, )} jen, are families of bandlimited kernels satisfying the conditions (8.2)
and (8.3). Variant 1 is based on the ideas of Lemma 8.8 using evaluation (i.e.
Dirichlet functionals) on a sphere, while Variant 2 is based on the Shannon sam-
pling Theorem 8.5 in terms of linear functionals. Both variants are particularly
suitable for application to medium wavelength parts of a signal (potential). As
shown in [19], Variant 2 can be extended to non-bandlimited potentials. This vari-
ant is therefore also suitable for the transition from medium to short wavelength
parts of a signal (potential).

Variant 1. The key ideas of our first discretization method using outer harmonic
exact approximation formulae are based on the following observations:

(1) For some suitably large J, the scale space V41(Q8¢) = H  or+1_1(Q25)
is “sufficiently close” to H(Q2t). Consequently, for each potential F € H(Q),
there exists a bandlimited potential of class V41 (28%%) such that the error between

F and (I>S2_|)rl * F' (understood in ||- HH(Qext)—topology) is negligible. This is the reason

why the input data le", l=1,...,Ny, are assumed to be given from a potential

of class Vj11(Q¢t) (for the remainder of this subsection).
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2) For j = 0,...,J, the generating coefficients v’ and nodal points
1
lej € Q, of the exact outer harmonic formulae of order 2772 — 2(= 2. (2911 — 1))
(cf. Lemma 8.8) are determined such that

....

,,,,,

1 v
e [ By e o), (s
t=1,...,N;, in an a priori step and stored elsewhere.

Our goal is to show that all convolutions occurring in the J-level wavelet
approximation of a bandlimited potential (of order 2J+1 1) can be evaluated
exactly by means of outer harmonic approximation formulae. As a matter of fact,
what we realize is the following pyramid scheme: Starting from a sufficiently large
J, there exist vectors a™¥i € RNs| j =0,...,.J (being, of course, dependent on the
potential F' € H(2¢x*) under consideration) such that the following statements
hold true:

(i) For j =0,...,J, all wavelet coeflicients can be calculated via the formulae
) Nj N N;
WT)E)G) =D " ap Uiy;).

(ii) The vectors a/ € RNi are obtainable from a/*1 € RNi+1 by recursion:
N.
Nj _ 4 N; i+l Njg1 Nj , Nit1
" =b Zl:l W Karm, 2j+171(93’“)(yi ),

i=1,...,Nj.
(iii) The vectors satisfy, in addition, the identities

N

2 N; - (2 N;

q)§‘+)1 * P = Zai ]@5421('7% )
i=1

and
N;
T Nj g N;
(U W)« F = "a; () % W5) ().

i=1

Our considerations are divided into two parts, viz. the initial step concerning the
scale level J and the pyramid step establishing the recursion relation.
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The Initial Step. Observing the exact (outer harmonic) formulae we obtain from
Lemma 8.8 for all potentials F' € V11 (Q) = Hy . ou+1_1(QSX)

yeeey

Ny

N N
KHO ,,,,, 9d+1_ 1 (25%) «F = Zbl JF(yl ])KHarmO ‘‘‘‘‘ 21+171(ngt)('>yl )
=1
It follows that a™¥7 € RN7, N7 = (af[’, e ,a%j)T, given by
al’ =b " F(y) =607, 1=1,...,Ny, (8.42)

satisfies the equation

Ny
_ E Ny
SJ4+1_q (Q28xY) *F = a; KHarm
=1

N
st 2@z O UT):

Note that the coefficients alN 7 are dependent on F'. Again Lemma 8.8 now implies
the following result.

....

Lemma 8.18. Let F' be of class Vyi1(Q9Y) = Ho . os+1-1(QY). Suppose that
K(-,) is (an My o-kernel) such that K"(n) = 0 for all n > 271 — 1. Then the
coefficients (8.42) satisfy the equation

Ny
K*F:ZQZNJA2K(~,yiN").

i=1
It should be noted that
27411 2n+1
AK (z,y) = Z A% K" (n) Z H; (05 2)Hy k(05 y) (8.43)
n=0 k=1

for all (z,y) € Q& x Qext. Furthermore, the vector o™ is independent of the
choice of the H, o-kernel K(-,-).
As special cases we obtain from Lemma 8.18 the following identities:

Ny
Oy xF = ZQZJ-VJA2¢J+1(','ZJ;VJ), (8.44)
i=1
Ny
(@1 x @ra) s F =) 0" A2 @ya % @ra) (53", (8.45)
i=1
and
Ny
Uy F =Y al A2, (,yN), (8.46)

i=1

N,
(U W)« F=> a A2 (W« W,)(-y). (8.47)

%
i=1
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The Pyramid Step. An essential tool for the pyramid step is the following lemma.

Lemma 8.19. Let F' be of class Vj11(Qt). Suppose that K(-,-) is an Heq o-kernel
with K™(n) = 0 for all n > 27 — 1. Then the vector a¥7-1 € RN7-1 N1 =

Nj_1 Nj_i\T .
(ay 7' osan)1)T, given by

Nj-1 _ 3Ny
i 7bi (KHO ,,,,, 27 1

(ngc)*F)(yi )7 i:]-?"wNJfl?

satisfies the equation
Njy_1
K«F=3 a " AK(,y,"™").
i=1
Suppose that K (-, ) satisfies the assumption of Lemma 8.19. Looking at our

foregoing results we notice that there are two ways of discretizing an H-convolution
K % F. On the one hand we obtain from Lemma 8.18

Ny
K+F=Y aM A2K(,yM") (8.48)

i=1

with coefficients a{v", e ,a%j given by
a? =bN F(yNy =N i=1,... Ny (8.49)

It is remarkable that the coefficients are independent of the choice of the kernel
K(-,). As particularly important case we mention

Ny
N, N.
Ky o (qeny*xF = > a; 'K frarmg e W70 (8.50)

i=1
On the other hand, we are able to deduce from Lemma 8.19 that

Njy_1
K+«F=>Y" a """ A2K(,y"™") (8.51)
1=1

1 Ny-1 .
sooo,ap, ) given by

. . Ny_
with coefficients a; 7 :

Nyj_1 __ 3Nj_1
ai B bi (KHO ,,,,, 2J 1

s * P ), (8.52)

Ny
Nj_ Njy_ N Nj-1 N
a; J-1 bi It Zal JKHarmo ..... 2171(ngt)(yi ! 17yl J) (853)
=1
fori=1,..., Nj_1. In other words, the coefficients aZN”1 can be calculated recur-

sively. Moreover, the coefficients are independent of the special choice of the kernel
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K(-,-). This finally leads us to the following discretization of the H-convolutions

Njy_1
OyxF = a) A, (y ), (8.54)
i=1
Nj-1
(@rx@y) s F= > a) A2y )y ), (8.55)
i=1
and
Nj_1
Vs F =3 a0, (g, (8.56)
i=1
~ Ny ~
(D Uy)+ F =Y a) " A2(Ty_y «0y_g)(y 7). (8.57)
i=1
In conclusion, we end up with the following pyramid scheme for the decomposition
of a potential F":

F — alNs — alVi-1 —_— e — aNo

1 1 1
WT)(F)(J;-) WT)(F)(J - 1) (WT)(F)(0; ).

The reconstruction of the wavelet coefficients can be performed as described before
via the formula

Rj(F) = W; x (WT)(F)(js-)

N
Z )i yp ) AT (). (8.58)

This leads us to the following scheme:

(WT)(f’l)(O;yfV“) (WT)(fl)( )
Ro(F) Ry (F)
hN hN

According to our approach the wavelet transform (WT)(F)(j;-) is given by the
coefficients aivj e ,a%ﬁ . This also enables us to reconstruct the potential only by
use of the coefficients afvj , rather than calculating the wavelet coefficients of F:
Nj
Rj(F) =" o] A% 0;)(5,").
i=1
Thus the decomposition and reconstruction, respectively, can be simplified as fol-

lows:

F—oaV7 a1 5005 g
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and
alVo a1 alV2
4 4 4
Ro(F) Ry (F) Ry (F)
hv hv e

Py(F) —» + — P(F) - + —= DP(F) - 4+ —---.

That means the reconstruction of the potential is not performed with \i/j. Instead
we have used the H(Qext)-convolution ¥ * ;. Of particular significance is that
the vectors a™i do not depend on the special choice of the bandlimited scaling
function. As a matter of fact, we are able to reconstruct the potential with respect
to different types of wavelets just by use of the vectors a’i.

Remark 8.20. The critical point of our pyramid scheme is the determination of the
coefficients ble, j=0,...,J, from the linear system (8.41) which provides outer
harmonic exactness up to the order 2912 — 2. It should be mentioned that the
solution of this linear system can be avoided completely if we place the knots for
each detail step 7 = 0,...,J on a spherical longitude-latitude grid on the sphere
Q. The corresponding set of weights is explicitly available without solving any
linear system from results due to [8].

Variant 2. In what follows we use outer harmonic exact approximation (Lemma
8.5) to develop a bandlimited variant of the pyramid scheme based on the Shannon
sampling theorem. Our approach consists of the following steps:

(i) According to our bandlimited wavelet approach the (reference) Sobolev space
H(Qext) is subdivided by a nested sequence of 2%/-dimensional scale spaces
V; (25t as follows: -+ C V;(Q) C V1 (QSF) C -+ - C H(QSH).

(i) V;(Qt), j € Ny, can be identified with the set

Ho,. 20-1(Q25) = H({An/(5(n))?}; Q),
and q)§_4)(.,.) is the uniquely determined reproducing kernel in (V;(Qgxt),
(5 )y, agen)) WIER (), e given by
G vy = O Dt e, my2yage

(ili) For each j € Np, consider sequences {£1”,.. ,E%;} of N; > 2% (linearly

independent) bounded linear functionals on H(£2¢x*) such that
N 4 N 4
V;(Qext) = span (cl OV (), Ly e, .)) .
Then it also follows that

V(@) = span (£1° @), L @ ().

J J
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(iv) V;(Qext), 5 € Ny, can be identified with the set H({A./p;(n)}; Qxt),
and @5,2)(., -) is the reproducing kernel in (Vj(ngt), (") ) with
(4 )1/ (g defined by

V](l/Q) (ngt)

(3 dperm gy = O Dracan s mysoz)-

The key idea of our fast evaluation method using the Shannon sampling
theorem in terms of linear functionals is based on the following observations:

(1) For some suitably large J, the scale space V;(Q¢xt) is “sufficiently close”
to H(Qext). Consequently, for each F € H(QSxt), there exists a function of class
V7 (Qext) such that the error between F and @SQ) * F' (understood in || - HH(ngt)'
topology) is negligible. This is the reason why the input data v,iv 7= EkNJ F

k=1,...,N,, are assumed to be of a potential F' of class V;(£2¢xt) for the re-
mainder of this subsection.

(2) For j =0,...,J, consider sequences {ﬂivj, . E%j} of Nj > 227 (linearly

independent) bounded linear functionals on H(2¢%t) such that

V(Q9) = Hy 051 (Q2%) = span (.cf’f@f’(., Do LN R .)) .

.

In an a priori step the coefficients wlN,j have to be determined from the systems
of linear equations (see Lemma 8.5)

Nj

Sw L e () =6k, ik=1,...,N;,

=1
j=0,...,J, and can be stored elsewhere. Looking carefully at the linear systems,
it can be recognized that the coefficients wlN,g do not depend on the particular
function F' under consideration, but only on the chosen linear functionals and
pointsets.

Next our considerations are divided into two parts, viz. the initial step con-
cerning the scale level J and the pyramid step establishing the recursion relation.

The Initial Step. The exact approximation
Ny
In,S = al LS, eV, (),
i=1
to the bounded linear functionals £ on V;(2¢xt) defined by
LS = (S, F) (1/2) joexey = O k0720 F, S € VJ(Q%Xt), Fe VJ(Q%’“),
VT (Qext) V;

is given by

Ny
=S LGP, =Ny
k=1
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Note that in order to clarify the convolution we use a lower index at the sym-
bol “x” in the following text if necessary. In accordance with our assumption

F € V;(Q¢) and the reproducing property of <I>F]2)(-, ) in V((II/Z)(QSTX‘“) we see that
(I>S2) *1,(1/2) F = F. Thus we find
J

Ny
al’ = Zw%‘c’(ﬁfcv"éf)(-,-) * (/2 F) Zw JLYF = Zwlkvk
k=1
fori=1,...,Ny. This leads us to the followmg conclusion.

Lemma 8.21. If F' is a member of class V;(Q&Xt), then the identity

Ny
Ny N,
S *yarm F=Yalcls

i=1
holds for all S € V;(Qext).
Lemma 8.21 immediately enables us to formulate the following lemma.

Lemma 8.22. Let F' be a member of class Vj(Qx), then the identity

Ny
KeP =Y LK ()
i=1
holds for all Hy ,-kernels K(-,-) with K"(n) =0 forn =27 7+4+1,....

The next theorem clarifies the remarkable consequences for our wavelet con-
cept.

Theorem 8.23. Under the assumptions of Lemma 8.22 we have

Ny
Oy F = a LY D), (8.59)

i=1

Ny
(@ x®y)x F=> a LN (D% ;)(,-), (8.60)
i=1

and

Ny
\Ifj_l *F:Zaz]-\,‘][:z]-v‘]\lfj_l(','), (861)

i=1

Ny
(\Ilj_l « Wy 1)« F = Zaﬁv‘jﬁﬁv‘] (Uro1xWr_1)(y ). (8.62)

i=1

No = (aiVJ7 a%J)

the special choice of the <IJF]2)(~, -)-kernel in V;(Qext). Wavelet transform, lowpass,
and bandpass filter can be computed by use of the same set of coefficients.

In conclusion, the vector a € RM7 does not depend on
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The Pyramid Step. This step provides an algorithm such that a®¥7 € RN serves
as starting vector for a™i € RNi, j = 0,...,.J — 1, which fulfill the following
properties:

(i) The vectors a7 satisfy

N;
2 N]‘ N]‘ 2
‘1’§- Vs« F = E a; ' L; ‘P;- )('a s

i=1
j=0,...,J.
(ii) The wavelet transforms are given by
Nj
N; AN,
j1x 7= Zai L),
i=1
j=1,...,J.
(iii) The vector ai is obtainable from a™i+1, j =0,...,J — 1, by recursion.

In the remainder of this section the properties (i), (ii) and (iii) are described
in more detail. The exact approximations Jy,, j =0,...,J — 1,

N
In, S =3 a LS, 8 eV
i=1

to the bounded linear functional £ on V;(Q¢*t) defined by
L5=8 %0 (@) 3 F), SeV;(Qe), FeVy(Qe),

(note that <I>§-2) xy F € V;(Q)) are given by the coefficients

N
ale:Zle?/;jﬁivjq)f)('a')a l:]-v"'?Nj‘
1=1

Consequently it is easily seen that for [ =1,...,1V;

i=1
Thus we obtain the following lemma.

Lemma 8.24. If F' is a member of class V;(Q&), then the identity
Nj
S *v](1/2) ((I)gg) *y F) = Za;vjﬁzj-vjs
i=1
holds for all S € V;(Qt). In particular,

N
@ xy F = Zaﬁvjﬁﬁvjq)f)(-,-).

J
i=1
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By the same arguments as given in the last subsection we obtain the following
lemma.

Lemma 8.25. Let F' be a function of class V;(QSXt), then the identity

Nj
KxF=Y aLYK()
i=1
holds for all Hy ,-kernels K (-,-) with K™(n) =0, n=27,29 +1,....

Finally we get the following results.

Theorem 8.26. Under the assumptions of Lemma 8.25 we have

N;
O F = a; L[, ),

i=1

Nj
(@55 ®;) % F = 0, L7 (B % ;) (-, ),
=1
and
Nj

\I/j,1 * B = Za;vjﬁivjlpjfl(', '),

i=1

N;
(Ujoy # Tg) # F = a L3 (B %05 0) (),

i=1

From Theorem 8.26 we are able to deduce that

Nj-1
Ny_1 pNyj_1
c1)8221 « I = Z a; ! ﬂz‘ ! @5221(.’.)’ (8'63)
i=1
where
Nj-1
o= (@D ()« F). (8.64)
i=1
On the other hand, by virtue of Lemma 8.22; we have
Ny
o« F=Y"al NP (). (8.65)
i=1
Combining (8.64) and (8.65) we obtain
Nj-1 Ny
a =30 Y e LT Rl () (8.66)
i=1 k=1
for | = 1,...,Ny_1. Assuming the sets {Eivj,...,ﬁxj} to be hierarchical, i.e.,

o= =1, .,N;; 7=0,...,J —1, and observing the symmetry of the

3 7
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. Nj_ . . .
matrix (w,,;”~") we gain a reduction of computational costs as follows:

Nj-1 Ny
al]VJ—l _ Z ZwNJ 1 NJﬂNJ 1£NJ(I)(2) (’)
i=1 k=1
Nj_1Nj_1
= 3 D> e el ()
=1 k=1
Nj-1 Ny

Nj_1 NjpNj—1 pNj5(2)
+ Z Z w, e LTT LR ()
i=1 k=Ny_1+1
Nj_1

eSS e el

1=1 k=Nj_1+1

The recursion relation (8.66) leads us to the following decomposition scheme:

F - a™Nv — aN7-1 — e a™No
1 + 1
(WT)(F)(J;-) (W) (F)(J = 1;) (WT)(F)(0; ).

The bandpass filter R;(F') can be deduced from the formula

R;(F) =0, (WT)(F Za LN (T W) (). (8.67)
This allows the following reconstruction scheme of F:
alNo a1 alN?
1 1 1
Ro(F) Ri(F) Ry(F)
hN hN hN

P(F) — 4+ — PF) — + — PF) — 4+ —

We have seen that the vectors a7 do not depend on the special choice of the scaling
function {®,(-,)}jen,. In other words, we are able to reconstruct a function with
respect to different wavelets just by the knowledge of the vectors a'Vi.

Let us finally make some comments concerning the pyramid schemata:

(1) In signal processing a variant of the pyramid scheme is known as subband
coding. This technique was originally studied before wavelet theory. The de-
composition step consists of applying a lowpass and a bandpass filter followed
by downsampling; the reconstruction consists of upsampling followed by fil-
tering.

(2) Any bandlimited potential can be reconstructed exactly via the pyramid
scheme by use of bandlimited wavelets (see also [67]). In this case spline
exact approximation coincides with polynomial (i.e., outer harmonic) exact
approximation. The scale and detail spaces are finite-dimensional so that the
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detail information of a potential is only determined by a finite number of
wavelet coefficients for each scale.

In case of evaluation functionals and (radial) derivatives at certain points on
a sphere €., > o, the numerical effort can be drastically reduced by three
integration procedures on the sphere. The first method is to use gridded
pointsystems and then to apply FFT-techniques (cf. the Ph.D.-thesis [74]).
The second technique is to use a suitable Gauss-quadrature rule in north-
south direction. The third method is to apply the idea of fast summation
and panel clustering (cf. [23, 39]). For more details concerning numerical
integration on the sphere the reader is referred to [21, 44].

The pyramid scheme provides a powerful tool in interpreting and constructing
lowpass and bandpass filters. The wavelets localize in space and frequency.
This makes wavelets particularly useful for data compression. Compression
techniques aim at reducing storage requirements and speeding up read or
write operations to or from disks. For the compression scheme we are ready
to accept an error as long as the quality after compression is acceptable.

Another application is, that for the evaluation of a potential or its derivatives
at a point, only wavelet coefficients close to the point have to be taken into
account. This enables us to observe local features of the geopotential in a
global model.

Example. In the foregoing we have seen that bandlimited harmonic wavelets pro-
vide “building blocks” that enable fast decorrelation of geopotential data. Next
we are interested in discussing the concept of multiresolution analysis from practi-
cal point of view. To be more specific, the multiresolution analysis “looks at” the
Earth’s gravitational potential through a microscope, whose resolution gets finer
and finer. Thus it associates to the gravitational potential a sequence of smoothed
versions, labelled by the scale parameter. This aspect is illustrated by the figures
below for the (bandlimited) EGM96 model. The computation has been performed
on the basis of the CP-wavelets following Variant 1.
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-100.0 0.0 100.0 200.0
[100 Gal m] [100 Gal m]

Ps5(F) R3(F)

-200.0 0.0 200.0 400.0 -100.0 0.0 100.0
[100 Gal m] [100 Gal m]
Py(F) Ry(F)

-500.0 0.0 500.0 0.0 100.0
[100 Gal m] [100 Gal m]
Ps5(F) Rs(F)

F1GURrE 8.1. EGM96 CP-wavelet representation at height 0 km.
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-

-500.0 0.0 500.0 -50.0 0.0 50.0
[100 Gal m] [100 Gal m]
Ps(F) Re(F)

-500.0 0.0 500.0 -50.0 0.0 50.0
[100 Gal m] [100 Gal m]
Pr(F) Rq(F)

-500.0 0.0 500.0

[100 Gal m]

Py(F)

FIGURE 8.2. EGM96 CP-wavelet representation at height 0 km (cont.).
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9. Illustrations of Meissl schemata

In this section we derive Meissl schemata for the SST and SGG operators (cf. [20,
32, 58]). In our contribution we focus on the gravitational potential, but obviously,
the results are also valid for the disturbing potential.

9.1. Meissl schemata based on outer harmonic framework

We start from the scalar Fourier expansion of the gravitational potential V' in
terms of outer harmonics

oo 2n+1

Vie)=Y > Vnm)H; ,(o3). (9-1)

n=0 m=1

If the observables are given both at minimum satellites altitude v and at
minimum Earth’s radius o (see Figure 3.1), the symbols of the pseudodifferential
operators for the SST and SGG problem can be arranged in a Meissl scheme. The
symbols at the arrows indicate how the Fourier coefficients of degree n change
at the transition form one quantity to another. In order to avoid confusion the
corresponding basis functions are also given. In the case of radial derivatives we
remember that the basis system H,, ,, fulfills

Hym (03 )0, = (1/R) Y m. (9.2)

Therefore, we get the Meissl scheme for radial derivatives given in Figure 9.1.

v ov Vv
or or’ Q
H; . (v5) - > H, L, (v5) > H; L (v5) v

A A A

oV Y
v & o Q
s n+1 s . n+2 s
H, (o) - »H; ,(c3) -2 > H, (o)) g

FIGURE 9.1. Meissl scheme for radial derivatives.
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\% VvV v aal
T
. 1 1)s . 1)s .
H:,n(ya') _YE znni] h(n,)m(y’) n+l 7h$,j~n (Ya) er
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FIGURE 9.2. Meissl scheme for first-order tangential derivatives and
second-order mixed derivatives.

If vectorial observables are investigated, we need that

n+1 _ n .
0@V, 0 = _”\/2n N 1y§j2n +(n+ 1)\/2n N 1y;%2n, (9.3)

which yields the Meissl schemata in Figures 9.2 and 9.3.

Finally, in the case of second-order tangential derivatives (V* @ V*) we cal-
culate

Viovil) a0 "Tloan e nt2oen ey 20+ ceo

on+3Ymm TP gp 4 3Ynm TP on L ) 2n—1)
(9.4)
and
. 2n(n+1) n—1 -
Ve vri@) = 001 1,1 4 (1,2) (1,2)
OV rin =T )(2n+1)(2n+3) nin F T o 1) (2n41) Y
2n(n+2) n N
(2,1) (2,1) (2,2) -1 (2,2)
T gt g)@nt )T T Y 0y gy Y

(9.5)
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FIGURE 9.3. Meissl scheme for first-order radial derivatives and
second-order mixed derivatives.

where the constants pgf k) and Tff’k) are given by

(i,k) vt
i) _ n 9.6
Pr @2n+1)(n+1)’ 9:6)

(k) vt
TN = @n+1)n’ (9.7)

In conclusion, we get the Meissl scheme for first- and second-order tangential
derivatives (see Figure 9.4).

9.2. Meissl schemata based on kernel function framework
In order to derive Meissl schemata based on kernel functions we want to recapit-
ulate the convolutions which are used in this section (see Table 4).

Our point of departure is the description of a function F' € Hs(£2¢%*) in terms
of outer harmonics

oo 2n+1

F(z) = Z Z F"(n,m)H;, (03 ), (9.8)

n=0 m=1
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FIGURE 9.4. Meissl scheme for first- and second-order tangential derivatives.

x € Q¢ and we first derive the kernel functions corresponding to the SST and
SGG operators.

Scalar SST and SGG Operators
The SST and SGG operators are given by the convolution equation

AF(z) = (K™ (,2)« F, x€ Qe (9.9)
where the symbol of the kernel (K*)%" is given by

(o’)n il n=0,1,... for SST,

v v

(KMNn) = AN(n) = n
(o’) (’H‘l)gn—i_m, n = O, 1’ . for SGG.

v Y
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K« F
oo 2n+1

=X X K n)F"(n,m)H;,

n=0 m=1

m(73°)

FK(y) € Hs(25)

oo 2n+1 . .
= X X kU fEPN (n,m)H;

7L:6ik m=1

KOS (@)
oo 2n+1 ) (2)¢. 4 X
= XS KON SO, m) S, () £ REG09) € he ()
n=0; m=1
k *F o o o F e H (QexY),
- Zz:l nXE) mzl k( ( )F/\(na m)hn,m(’y; ) k(, y) c hS(ngt)
k(K f

fa k(lk) ('7 y)
e 1O )

k*F
oo 2n+1

3D B

i,k=1p=0,, m=1

n)F" (n,m)h{0 (v; )

F € Hs(Qe),
k(ay) € hs(QgXt)

TABLE 4. List of the convolutions.

Vectorial SST and SGG Operators

In the vectorial case we have

AF(z) = (KM77(z) « F,  x € Qo (9.11)
with the symbol (*)@”(n) given by
I e " n n+1 —
(k‘A)(l)A(n) _ )\(1)/\(”) _ (w)7lﬁ1\/2n+17 n ]., 27 for SST,
o n(n+1 n
f(v) (72 )\/27;11, n=1,2, for SGG,
(9.12)
and
o )" nt1 "o n=1,2,... for SST,
()P (n) = D (n) = (”)nﬁc {11“
(7) i \/QW, —1,2,... for SGG,
(9.13)
and (kM3 (n) = 0.
Tensorial SGG Operator
This operator is given by
AF(z) = (k M7 ()« F, @€ Qe (9.14)
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where we have the symbol

1 n(n+1) \/V(l,l)
¥2 (2n+1)(2n+3) n
L~y fo02)
22 ((2n—1)(2n+1)

(i, k) = (
(i, k) = (
712 (2717+n3)n((;7i)'rl)\/ 2 1) (i, k) = (
G VP (1R = (

(
(k )\)(i,k)/\(n) _ )\(i,k)/\(n) _ E
(
0

Upward Continuation Operators

The kernels of the (scalar) upward continuation operators Ky, Ky, and Ky~ are
given by

i 2§1 ( ) (v;2)Hy, 1 (039), (9.16)

n=0 m=1

oo 2n+1 n+1
Koy =Y Z( ) 2 (i) HE (03 ), (0.17)

n=0 m=1

oo 2n+41 n+2
Koo =3 3 (7)) Habiofaen. @19
n=0 m=1

The upward continuation operators for vector and tensor fields can be introduced
in the same way by use of the vectorial and tensorial basis functions hn m and
n ik e {1,2,3).

The Meissl schemata for the scalar/vectorial /tensorial wavelets can now be
derived as follows:

Scalar Meissl Scheme. From the reconstruction formula in the scalar case (7.9) we
get

o0 oo

F@) = 30 0« WI)E)Gi) = Y (@50, 5 F)), (919
x € Q& whereas
%l: (z) = j;1 (xifj W5 K ¢ F) (), (9.20)

where the kernel of the first radial derivative K% on the sphere €2, is given by

ar

K% (@ i Qil ( ) H (o5 2)Hy (05 y). (9.21)

n=0 m=1
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The same calculation for the second radial derivative 59,,2 leads to

0*F N
O > (xpj « 0, KB, *F> (z), (9.22)
=1 ar2
where K€, is given by
or2
[e%e) 2n+1
o’ n + 1 n + 2) s s
d2 Z Z Hn nL(U;x)Hn,m(U;y)
n=0 m=1
= ( % Kgg) (2,9). (9.23)

and the kernel K9 is given by
or

B oo 2n+1 n+2
K% (@ =>. > ( )Hi,m(o;w)ﬂi,m(o;y)- (9.24)

n=0 m=1

Therefore, we get the Meissl scheme shown in Figure 9.5.

0 2
% v O
or or Q
¥y * K : *K’ : v
Wt =K g K g
* KU * KU' * I<U
| | |
P 2
. 5, i

or ) or’ Q 0

PO Ky e Ky e

FIGURE 9.5. Meissl scheme for kernel functions (scalar case).

Scalar /Vectorial Meissl Scheme. The extension the the case of vectorial operators
is straightforward:
o'} 2

027 (g ZZ(‘I’(Z) IO (’%(2) F))(l.), (9.25)

Jj=—11=1
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where the kernel functions & (’é)) are given by

ko e n+1. 50 s (.
W@ =33 (<) gy R H (o), (926)

n=0 m=1

( ) oo 2n+1 + 1
2 ) (g: ) H? 2
ko(z)amy < lm ‘ \/2n+1hnma‘r) (U y) (9 7)
In the SGG case we calculate
[e'e] 2
o2 -y (\Iﬂ” <0 (k;'ggj’g X F)) (), (9.28)
Jj=—11:=1

o,(4)

0(2).0

oo 2n41 n+1 77,+].
CETTED S5 Sl CU BT I e

n=0 m=1

- (k"g2()1) * K9 )(:I:,y), (9.29)

°°2n+1n—|—1n+1 n
s(2),0( . S .
SRS D5 DR NN C A C e e

n=1 m=1

where the kernels & » are given by
ar

- (kO;§$> X K:ar) (). (9.30)

Summing up, we finally get the Meissl schemata given in Figures 9.6 and 9.7 for
the vector approach.

Scalar/Vectorial/ Tensorial Meissl Scheme. We get
V*,U ® v*,o’F(m)

oo

= S (\Il§k) < TN (k@,ﬁ?;’gv*,a * F)) (), (9.31)

j=-1

(i,k)e
{(1,1),(1,2),(2,1),(2,2)}

where the kernel functions kav"f;%v*,a are given by

oo 2n+1
ka’glgl) wo(Xyy)= \/ (1D n(n+1) hs(,l"l)(cr'ac)H,S (o)
virey n= Om 1 2n+1)(2n+3) o ’ mmATes
(9.32)
oo 2n+1
o,(1,2) \/ (n=1)(n+1) 19 s (.
kv* oV R (z,9) Z Z ( Un ) 02(2n71)(2n+1)hn m (0 .Z')Hn m(03Y),

n=1m=1

(9.33)
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FIGURE 9.6. Meissl scheme for kernel functions (scalar/vectorial case).

oo 2n+1
+2)
k? £2a1 *,0 \/ Un n<n hs(2 1) H
o= 30 3 (V) a3 gy DR 0 ),
(9.34)
oo 2n+1
+1)(n+2)
ko £202) s (2 2) n n hs(?=2) H ).
% QV*: L y ,LZQ7,L21 0.2 2n_1)(2n+ 1) n,m (U l) n, 'm( 7y)
(9.35)
Note that the kernels kvilakév* - (i, k) € {(1,1),(1,2),(2,1),(2,2)} can be split
into kv*za%v* - = Zl 1 Vilak Dok (ZE))(,, where the kernels kV,E Uk)( ) are given by
A1) _ o~ n+l
Kk 1,1),(1 (1 l)hs(l 1) hs(l)
v* 7 ’; ’Hbzl 2n _"_ 3 n,m (U ‘L) mn, ’HL( 7y) (9-36)
oo 2n+1 n+ 1)
N (1, 1)hs(1 1) hs(2) . 9.37
VU ZZ( 2n+1(2n+3)) (O'.I') nm( 7?/)7 ( )

n=1 m=1
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FIGURE 9.7. Meissl scheme for kernel functions (scalar/vectorial case).
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=22

n=1 m=1
oo 2n+1
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=22
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oo 2n+1

=22
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n=2 m=1
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The convolution of the kernel k7 (##):() = $7°0 "S~2nt1yo,(0k), (DA (5 s R,
and the vector field f(V) € h(Qext) is given by
0o 2nt1
K? RO f O =% K7 k), (1) A () f O (0, m)b3 50 (05). (9.44)

n=0;r m=1

Thus, we get the Meissl scheme given in Figure 9.8.
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: Y
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oo I
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*k2O) A
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% ky*(YZ,Z),(Z)

\Y Vv VT @ VoV
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% o) » oo # DM 200 S !
lZ) o i Avastd f i O-
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FIGURE 9.8. Meissl scheme for kernel functions (scalar/vectorial/ten-
sorial case). (Note that the tensor-2 wavelets could not be written in
bold letter for technical reasons.)
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10. Conclusions

As already pointed out, accurate knowledge of the gravitational potential of the
Earth is required in order to solve, for example, problems in geodesy, navigation,
oceanography, solid Earth physics, and exploration geophysics. In physical geodesy
it is the essential pre-stage of geoid computation. Earlier it was envisaged that the
gravitational potential could be determinable as a solution of a boundary value
problem. The classical problem was the Stokes problem, the boundary values were
the gravity anomalies, for which the hitherto unrealistic assumption of global (ter-
restrial) coverage was required. But today we are confronted with the situation
where also other quantities give information about the Earth’s gravity potential,
for example, gravity disturbance vector or second-order gradients of the distur-
bance potential from air- and spacecraft. In recent years the geometric shape of
the Earth, continents and ocean surface, became measurable with unprecedented
precision, due to the enormous progress of space methods like GNSS, VLBI, SLR,
and satellite altimetry. The mathematical connection between the gravitational
data within a georelevant geometry is the integrated concept. Usually, this con-
cept is formulated in the framework of a reproducing kernel Hilbert space H(Q5xt)
consisting of potentials harmonic down to an internal (Runge) sphere Q,. Math-
ematically, the gravitational (anomalous) potential of the Earth is assumed to be
an element of such a space H(Q¢xt). In the Hilbert space H () any element may
be represented by its expansion with respect to a complete system of kernel ex-
pressions EiKH(ngt)(, -) related to (linear) observables £; on H(Q&xt). Because of

the reproducing kernel structure imposed on H ("), orthonormalization of a fi-
nite system {ﬁiKH(ngt) (+,)}i=1,....~N is equivalent to the spline problem of finding
the minimum norm interpolant in the associated || - HH(ngt)—metric. When using
minimum norm interpolation (or smoothing), however, the normal equation ma-
trix (ﬁiEkKH(ngt)(, ))i,k=1,.... N is in general a full matrix, reflecting the certain
status of decorrelation guaranteed by the reproducing kernel (covariance function)
under consideration. This problem causes numerical difficulties which may to a
certain extend be overcome by several techniques (for example, fast summation,
panel clustering, etc.). But the numerical obstacles are the main reasons why ap-
proximation methods of the Earth’s gravitational field determination based on
spline procedures could not keep pace with the increasing flow of observational
information. In other words, the serious drawback of spline approximation is that
there is no efficient transition from global to local modeling by only using one
kernel (covariance) function with (fixed) space/momentum localization property.

The power of harmonic wavelets lies in the fact that kernel functions with
variable space/momentum localization come into use according to a suitable dila-
tion process. By using a sequence of more and more kernels reflecting the various
levels of space/momentum localization the reference Sobolev space H(Qext) is de-
composed into a nested sequence of approximating subspaces

VO € Vi () € -
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reflecting the different stages of decorrelation. In doing so, harmonic wavelets may
be used as mathematical means for breaking up a complicated function (such as
the Earth’s gravitational potential) into many simple pieces at different scales and
positions. This allows multiresolution analysis and compression of data. The par-
ticular efficiency of wavelets is caused by the property that only a few wavelet
coefficients in the wavelet table are needed in areas where the gravitational poten-
tial is “smooth”, whereas stronger resolution of a complicated pattern is settled by
a zooming-in capability. Wavelets offer canonical tools for combined terrestrial, air-
borne, and spaceborne data management under realistic assumptions imposed on
the geometry of the Earth’s surface and the “orbital configuration”. Fast computa-
tion becomes available in form of tree algorithms. This enables gravitational poten-
tial determination with millions of data. Thus harmonic (regularization) wavelets
are particularly important for inverse multiscale modeling of spaceborne data. In
a subsequent step geoid computation can be based on a highly accurate gravi-
tational potential derived from a homogeneous set of spaceborne data combined
with terrestrial and/or airborne data.

For inverse multiscale modeling of spaceborne data two different ways of
wavelet regularization are available, namely bandlimited truncated singular value
decomposition and non-bandlimited regularization using, e.g., Tikhonov, rational,
exponential, and “locally supported” kernels. In accordance with the uncertainty
principle the different constituting elements of regularization may be explained
as follows: Non-bandlimited regularization wavelets tend to be extremely space
localizing. Thus huge data sets of irregular distribution can be handled since only
data in a small neighborhood, whose size is determined by the particular choice of
the wavelet type, is needed for the purpose of evaluating the wavelet coefficients.
On the other hand, a large number of wavelet coefficients depending on the choice
of the wavelet for the regularization is needed, since the wavelet coefficients only
give local information of a small neighborhood. It appears that non-bandlimited
regularization is an appropriate tool of local gravity surveys for oil and mineral
exploration. However, little practical work has been done yet in this application
area for non-synthetic data sets, although the use of linear functionals allows a very
promising combination of terrestrial and/or airborne data within a unified setup
in terms of wavelets. Moreover, fast summation techniques and panel clustering is
adequately applicable in pyramid schemata.

Bandlimited regularization wavelets show more moderate phenomena of space
localization so that one can work with smaller data sets in numerical evaluation.
In consequence, the number of wavelet coefficients can be reduced, since they
contain information of a more extended area. Moreover, a certain spectral band can
be expressed exactly in terms of wavelets because of their bandlimited character
even when the airborne data are combined with terrestrial information. Pyramid
schemata can be based on exact (outer harmonic) approximation. In conclusion,
dependent on the space/momentum character of the bandlimited wavelets inverse
multiscale gravity modeling of spaceborne data can be handled successfully by
multiresolution analysis.
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Finally, it should be pointed out that our approach is given within a spher-
ical context. Geodesists sometimes believe that ellipsoidal reference surfaces in
combination with ellipsoidal harmonics might be the better choice. No doubt,
an ellipsoidally reflected multiscale formulation is mathematically interesting and
geodetically relevant. However, its numerical realization is by far more compli-
cated than the spherical oriented variant chosen for our study here. As a matter of
fact, Meissl schemata are involved with gravitational quantities not including the
centrifugal influence. In this case, however, Runge—Walsh methods corresponding
to Runge-Walsh (Bjerhammar) spheres form an adequate alternative which, in
the opinion of the authors, is superior when numerical purposes come into play
because of the much more efficient and economical structure inherent in spherical
framework. Even better, Runge-Walsh procedures are not only applicable for ellip-
soidal reference surfaces, but also for geometrically complicated reference surfaces
such as telluroid, or (co)geoid.

Acknowledgment. The authors thank the “Federal Ministry for Economic Affairs
and Energy, Berlin” and the “Project Management Jiilich” for funding the project
“SPE” (funding reference number 0324016).

11. Appendix A: List of basic gravity field quantities

The list of this appendix essentially follows [ESA1]. It provides an introductory col-
lection of quantities used in classical geodesy that could not be explained through-
out the paper:

Definition

Gravity potential, W:
Sum of the gravitational and the
centrifugal potential.

Equipotential surface:
Surface where the gravity potential is
equal to a constant.

Height datum:
The equipotential surface best
agreeing with local mean sea level.

Geoid:
The equipotential surface which agrees
with global mean sea level.

Observation method

Differences between values in two
points observed by levelling.

Points on one surface determined
regionally by tide-gauges, which define
the regional mean sea level.

Mean sea-level calculated from
tide-gauges for a specific time period.

The equipotential surface which agrees
with a global set of tide-gauges and
leveling bench-marks.
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Gravity:

Magnitude of gradient of the gravity
potential at Earth’s surface and of the
gravitational potential in the outer
space.

Gravity gradient:
Derivatives of the gravity vector, i.e.,
second-order derivatives of W.

Mean FEarth Ellipsoid:

Ellipse rotated around the £3-axis,
with center at the Earth’s gravity
center.

Height above ellipsoid:

Height above mean Earth ellipsoid
measured along the normal to
ellipsoid.

Geoid height:
Height of a point on the geoid above
the reference ellipsoid.

Orthometric height:

Height from geoid measured along a
plumb-line (often height above mean
sea-level).

GNSS:
A satellite navigation system with
global coverage.

Gravity anomaly:

A model gravity potential with a
reference ellipsoid as an equipotential
surface is used to calculate normal
gravity (needed is latitude and
orthometric height).

Observed by absolute (e.g., free fall
experiment) or relative (as a
difference) spring gravimeter.

Certain linear combinations

measured by torsion-balance at
Earth’s surface, by difference between
accelerometers in space (gradiometry).

Surface which gives best fit to mean
sea-level, and which has centrum in
the gravity centre.

Observed indirectly by GPS from
cartesian coordinates.

Observed by GPS at tide-gauge or at
leveling point.

Observed by leveling and converted to
metric units by dividing with gravity.

GNSS: GPS, GLONASS, Galileo or
Beidou.

It is a value derived by subtracting
measured and normal gravity. The
normal gravity is calculated in a point
with the ellipsoidal height put equal to
the orthometric height.
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12. Appendix B: List of basic units in gravitational field theory

Units and orders in gravity field theory are the following: The gravity is expressed
in m/s? or in milligal (1 mgal= 107° m/s?); the mean Earth gravity is about
981 000 mgal, and varies from 978 100 mgal to 983 200 mgal from equator to
pole due to the Earth’s flattening and rotation. Deviations due to density inho-
mogenities, mountain ridges, etc. range from tens to hundreds of milligals. On the
other hand, the excursions of the geoid, measured from the mean Earth ellipsoid,
amount to about —105 and 490 meters. Gravity gradients are expressed in E6tvis
(1E = 1079 s?). The largest component is the vertical gravity gradient, being
on Earth’s surface of about 3000E (gravity changes by 3 -107% m/s? per meter
of elevation). The horizontal components are approximately half this size, mixed
gradients are below 100F for the normal field. Gravity gradient anomalies can be
much larger and reach about 1000F in mountainous areas (for more details see,
for example, [R4]).

SI units | traditional
gravity
10~ 2ms—2 1 Gal
10~°ms—2 1 mGal
1078ms—2 1p Gal
gravity potential
10m?s~2 | 1 kGal -m
gravity gradients

1079572 1E
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