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Magnetic Field Data Inversion (Survey Article)

Sarah Leweke, Volker Michel, and Roger Telschow

Abstract. The gravitational and the magnetic field of the Earth represent
some of the most important observables of the geosystem. The inversion of
these fields reveals hidden structures and dynamics at the surface or in the in-
terior of the Earth (or other celestial bodies). However, the inversions of both
fields suffer from a severe non-uniqueness of the solutions. In this paper, we
present a generalized approach which includes the inversion of gravitational
and magnetic field data. Amongst others, uniqueness constraints are proposed
and compared. This includes the surface density ansatz (also known as the
thin layer assumption). We characterize the null space of the considered class
of inverse problems via an appropriate orthonormal basis system. Further,
we expand the reconstructable part of the solution by means of orthonormal
bases and reproducing kernels. One result is that information on the radial
dependence of the solution is lost in the observables. As an illustration of the
non-uniqueness, we show examples of anomalies which cannot be disclosed
from the inversion of gravitational data. This paper is intended to be a theo-
retical reference work on the inversion of gravitational but also magnetic field
data of the Earth.

1. Introduction

Numerous tasks in mathematical geodesy involve the regularization of ill-posed
inverse problems. The reason is obvious: neither the interior of the Earth nor the
Earth’s surface in its entirety are accessible for exploration. However, the demand
for more accurate and more localized models has dramatically increased for the
last decades. As a consequence, numerous large data sets of various observables
have been generated, also by means of satellite missions. These data sets often
provide us with the possibility to derive models for non-observable, but urgently
needed geodetic fields. Examples are the quantification of mass transports due
to climate change or other phenomena (GRACE (Gravity Recovery And Climate
Experiment) data are well appropriate for this purpose, see, e.g., [11, 26, 29, 52, 53])
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and the modeling of those layers of the Earth which contribute to the magnetic
field (this can be done with SWARM data, see, e.g., [37, 43, 50]).

This survey article presents a generalized approach which comprises, in par-
ticular, the inversion of gravitational or magnetic field data. In the former case,
the unknown is the mass density distribution of the Earth’s body or its surface. In
the latter case, the unknown is considered to be the electric current distribution
inside. In this sense, this paper is an extension of the survey article [33] on inverse
gravimetry. One benefit of the generalized approach is that it makes it easier to
transfer theoretical knowledge and numerical methods from one problem to the
other within the considered class of problems. For example, it was shown in [23]
and [33] that such a transfer yields novel achievements. Furthermore, our gen-
eralized approach also enables us to set the surface mass density approach (also
known as the thin layer assumption) into the same concept with the inversion for
volumetric density distribution — two approaches which have often been used par-
allelly and independently (see, e.g., [33, 52]). Since this paper addresses primarily
a geodetic audience, we focus on the relevant facts and their interpretation. For
the detailed mathematical theory including the proofs, we recommend to use the
paper [34] as a supplement.

Note that the considered inversion of magnetic field data is motivated by the
inversion of MEG (magnetoencephalography) data, as it occurs in medical imaging
(see also [23] and the references therein). Thus, it does not represent a typical
inverse problem in geomagnetics, where, for instance, material parameters like the
magnetization or the susceptibility are the unknowns and not the current (see, e.g.,
[46]). However, the inversion of the magnetic field for currents in the interior might
be interesting for investigating the outer core. Nevertheless, there is still an obvious
limitation of our generalized approach with respect to the practical applicability
in geomagnetics. On the other hand, reversing the point of view, the generalized
approach shows a perspective how methods from medical imaging (which exist in
a vast variety) could be transferred to geodetic and geophysical inverse problems.

The content and the outline of the paper are as follows: in Section 2, we
summarize some basic fundamentals, like the definition of the function spaces and
the orthogonal polynomials which we need.

In Section 3, we formulate the generalized class of inverse problems which
represents the central theme of this paper. Then, we discuss two particular cases:
the inversion of the gravitational field (this is known as the inverse gravimetric
problem) and the inversion of the Bio—Savart operator of a magnetic field for get-
ting the current distribution inside (we call this the inverse magnetic problem).
With this in mind, every theoretical result that we present here for the generalized
problem is valid for these two particular applications, and the derived formulae can
be directly used for the precise problem by inserting the associated parameters. In
Subsection 3.2, we derive a spectral relation between the given field and the un-
known field. This relation directly shows the problem of the non-uniqueness which
is linked to the insufficiently identifiable radial parametrization of the solution.
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In Section 4, we introduce a class of orthonormal basis systems on a 3-
dimensional ball. One particular instance of this class yields the well-known system
of harmonic and anharmonic functions which have been used for the inverse gravi-
metric problem. We include some plots of the basis functions and show that the
basis is appropriate for separating the solution into its projections on the null space
of the solution (i.e., the indeterminable part of the solution) and on the orthogonal
complement (the components of the solution which are uniquely constrained by
the given data). We also show graphical illustrations of phantoms which occur,
that is, examples of anomalies inside the Earth which cannot be distinguished if
only gravitational data are available.

In Section 5, we discuss several modeling assumptions which can be used to
obtain a unique solution: a minimum norm constraint, a harmonicity constraint, a
layer density constraint and the surface density (i.e., thin layer) constraint, which
is common for the identification of water mass transports.

2. Preliminaries

In this work, the set of positive integers is denoted by IN, where Ny := IN U {0}.
Moreover, R represents the set of real numbers. The Euclidean standard R3-scalar
product (dot product) is denoted by - and the cross product by x. The norm
associated to the Euclidean dot product is represented by |z| == vz -z, x € R3.
Furthermore, the sphere with radius R is denoted by Qp = {z € R? } lz| = R}
and the corresponding (closed) ball is denoted by B := {az € R? } lz] < R}. For
R =1, we often use the abbreviation Q = ;. By § := Qg, with 8 > R, we
denote a particular sphere in the exterior of B. This could, for example, represent
a satellite altitude or the location of airborne data.

A function F': G — R possessing k continuous derivatives on the open set
G C R"™ is of class C®) (G), for 0 < k < oco. Furthermore, for a measurable
set G C R™, L?(G) stands for the space of all square-integrable functions (more
precisely, some equivalence classes of such functions). L?(G) is a Hilbert space with
the inner product

(F.G)peig) = /g F(2)G(z)du(z),  F, GeL2(G),

and the norm

1Pl = ( / P dula) ) " rer,

where p is an appropriate measure, like a surface measure w if G is a surface. For
a mathematically accurate definition of the space, see, for example, [42].

With P&Q’B), we denote the Jacobi polynomials, where o, 5 > —1. They are
uniquely determined by the conditions that
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1. each Péf‘”ﬁ) is a polynomial of degree m,
2. for all m, n € Ny with m # n,

1
<P,(na’ﬁ),P7(f“ﬂ)> 5 ::/ (I—2)*(1+ ac)ﬁP,(na’ﬁ)(x)P,(La‘ﬂ) (r)dz =0, (1)
&, -1

3. and for each m € IN, we set P&a’ﬁ)(l) = (m+a)-

For a = 8 = 0, the Jacobi polynomials coincide with the Legendre polynomials.
For further properties and the L?[0, R]-norm of Legendre, or (more generally)
Jacobi polynomials, see [24, 36, 49].

3. Generalization of gravitational and magnetic field inversion

3.1. A class of inverse problems and examples

Within this paper, we consider a class of inverse problems which are given by a
Fredholm integral operator of the first kind 7": L?(B) — L?(S)

TD»—)/D ydz =V 2)

with an integral kernel k: B x & — R of the form

oy
C; : ) (3)
; Iyl’+1 <Il‘| |y|>

which is defined for all (x,y) € dom(k), where the domain of the kernel k is given
by

dom(k) == {(x,y) € Bx S| x # 0 if there exists i € Ny with [; < 0}.

In this setting, the right-hand side V' in Equation (2) is given and the function D
is unknown. It is the aim to reconstruct D in B from knowledge of V on §. In order
to have a well-defined integral kernel, which means that the series representation
in (3) converges, k has to fulfil certain assumptions:

Assumption 3.1.

1. The sequence (c;)ien, is a real and bounded sequence (i.e., there exists c € R
such that sup,cyy, |ci| < c).

2. The sequence of real exponents (1;)ien, satisfies mfZe]NOI > —1.

3. The sequence (1;)ien, fulfils the condition sup;cy, R~ < oc.

Note, that the third condition implies

) 1 1
Rl = > > 0.
Rli=1 = sup;cy Rl
This kind of integral equation arises in many areas, for example, in geosciences
and medical imaging. Two examples for this inverse problem are given below.
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For both, Example 3.2 (inverse gravimetric problem) and Example 3.3 (inverse
magnetic problem), the conditions of Assumption 3.1 are fulfilled. In the first
particular case, that is, [; = ¢ and ¢; = y for all ¢ € INy, the integral kernel is well

known. In this case, we directly obtain k(z,y) = ‘ijl for |z| < |y|, due to the
identity
Sk z y 1
! P ( : ) = for |z| < |y (4)
; el fyl) -yl

Example 3.2 (The Inverse Gravimetric Problem). For the inverse gravimetric
problem, the kernel and the integral operator are given by

T¢: D | D(x)k%(z,-)dz,

B J
KS(a,y) = ZVi =1 Pz(m : y)
’ =yl "=yt N2l Yl

where z € B, y € S, P; denotes the Legendre polynomial of degree ¢ and ~ is
the gravitational constant. 7D is known as the gravitational potential or the
Newton potential. The associated inverse problem 7D = V represents the recon-
struction of a (volumetric) mass density function from the gravitational potential,
which is important, for example, for the detection of particular anomalies or mass
transports. For the latter, time series of potential models have been provided, for
instance, by the GRACE mission, see [10]. Note that the determination of a surface
density can be regarded as a particular modeling in this context.

This problem first occurs in the works of Stokes [47] and has been widely
discussed since then (see also the survey article [33]).

Example 3.3 (The Inverse Magnetic Problem). To compute the magnetic field
B caused by electric sources inside a body, the quasi-static approximation of
Maxwell’s equation is often used, see [39].

E=-VU on B, V-B=0 on B,
VxB=0 on S, V x B=pgJ" onbB,

where E is the electric field, U is the electric potential, J* = J¥ 4+ ¢ F is the total
current with the primary current J¥ and the Ohmic current o E, o is the conduc-
tivity, and pg is the permeability. It is common to use the Biot—Savart operator
instead of Maxwell’s equations to describe the relation between the current and
the magnetic field

Ba) =7 [ 7)< 770 )

In this case, we want to recover a particular component of the electric current
inside B (which could be the Earth (in particular the outer core)). Note that
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this geophysical problem is closely related to a problem in medical imaging, where
neuronal currents are determined from magnetoencephalography (MEG) data, see,
for example, [19]. In some applications, only the reconstruction of the primary
current instead of the total current or the induced current is of interest. After
splitting the current in this sense and assuming a ball-shaped conductor consisting
of spherical shells 2; with constant conductivities o;, one obtains the Geselowitz’
formula (see [25])

B(w)-“"/BJPw)x Y g,

A o —y?
Ho o rT—Y
A7 Z(aj—l UJ) /le V(y)n(y) X |ZL' o y|5 dw(y)a

J

where n is the normal vector on the surface ;. With the identity in (4) and
after further calculations, see [23], one gets a relation for the magnetic potential
(B=VV)

— 1 . Px x 3 |x|z (* - Y x
V<y>—47r/sv”ﬂ (" ) )§|y|”1<z-+1)3<|x| |y|>d'

More precisely, the vectorial current J¥ inside B can be decomposed via two scalar-
valued (up to an additional constant unique) functions F' and G and a scalar-valued
unique function J” (see, e.g., [23]) as follows:

TP(re) = |VIGUE) ~ | L F(re) + T (re)E.

Here, B\{0} > 2 = r{ with { € Q and r = |z], V{ is the surface gradient, and
L¢ = ¢ x V{ is the surface curl operator on the unit sphere. Due to [45] and the
above decomposition, the relation between the current and the magnetic potential
V in a spherical model can be described by
y) = . F(x o ; . x
S =1 7 R BN I 1V
where A*“w‘ denotes the Beltrami operator.
Hence, only the function F and, therefore, only one tangential component of
the current can be reconstructed. We use now the abbreviation D(z) = AT?‘ F(z)
such that for the inverse magnetic problem (as we call the problem here), the
kernel and the integral operator are given by

TWDHLD@W@JM, (6)

N <$ w
EM(z,y) = . P . , 7
@1) = 4 2 @ +1) "\l ] v

=0

where z € B\{0},y € S.
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This particular modeling of the inversion of magnetic data has been used for
data from MEG, as we indicated above. For two reasons, we consider a discussion to
be useful: The magnetic field of a ball-shaped domain with a current in the interior
is also relevant in geodesy, and there is a close link to the inverse gravimetric
problem as our generalized approach suggests.

We can find further properties of the integral kernel in (3). An estimate shows
that the kernel function k(-,y), for each fixed y € S, is a function in L?(B). Indeed
(with . = r&, r € [0, R], £ € Q) we get, using Assumption 3.1 and the fact that
|Pi(t)] <1 forall i € Ny and all ¢ € [—1, 1], the estimate

J o ar= | <ZC‘|§J+1 (|i|'|Z|>> o
/(Z |y|l+1> :r47cmARr2 (Z |yTj+1> dr

1=0 1=0

2 2
R [ %0 l;+1 2 [ i+1
rtt R
= 47cm/ E , dr < 47 Rc? ( sup Rl"") E ; < 00.
0 ( Yy H_l) nelNg - |y|t+1

i=0 | | 1=0

The last series is convergent and, hence, finite, since it is a geometric series. With
similar calculations one can prove that the interchanging between the series and
the integration over B was allowed.

Besides the well-definition of the integral kernel, we need the existence of
the integral in (2) to obtain a well-defined problem. We will later see that this
is achieved if some technical conditions are fulfilled. On the other hand, for the
well-posedness of the problem (in the sense of Hadamard), three questions are
important.

e Does, for every right-hand side V in (2), a solution D exist?
e Is there not more than one solution D for a given V7
e Is the problem stable, that is, does D depend continuously on the data V'?

The question about the non-uniqueness of the solution for the above men-
tioned problems has been discussed comprehensively in literature. One of the first
works is the paper due to Stokes [47] for the inverse gravimetric problem. Further
publications are, for example, [4, 6, 8, 48]. For a survey article on this topic, see
[33]. For the inverse magnetic problem (with a focus on medical imaging), see
[13-15, 19-22, 45].

In the following sections, we want to derive a possibility to characterize the
null space, or in other words we want to describe the part of the solution which is
non-reconstructable. We also want to formulate additional conditions to guarantee
the uniqueness of the solution. For this, we need more knowledge of the forward
problem.
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3.2. Derivation of a spectral relation

In this subsection, it is our aim to derive an equation which connects the spherical
harmonics coefficients of the given function V' and the unknown function D. With
this spectral relation, we are able to give answers to the questions concerning the
ill-posedness of the problem. For this purpose, we analyze the forward problem.
The following considerations are motivated by a similar result for the particular
case of the inverse gravimetric problem, see [33]. We assume that we can choose
basis functions for D which are separable into a radial and an angular part such
that D is expandable in an L?(B)-convergent spherical harmonics series

EED ) SN ) ®)

n=0 j=1

Here, Y, ; denotes the spherical harmonics of degree n and order j, which are
an orthonormal basis for L?(§2). Furthermore, D,, ;(r), r € [0, R], represents the
spherical harmonics coefficients for the case that D is restricted to the sphere
around the origin with radius r.

By virtue of the weak convergence in Hilbert spaces, we know that

[ p@r@a:= [ ggDn,AmmJ (1) Fa
oo 2n+1

=% [ Dustetis (1) Floyaa

n=0 j=1

for all functions F' € L2(B). In particular, this holds true for the integral kernel
k(-,y) € L%(B) for all y € S. Inserting the expansion (8) in (2) and using the
abbreviation y = |y|n, x = r{ with n, £ € Q, we get

oo 2n+1 oo R 1.

C;rt

o= 3> D) [ Pen Y, © e
n=0 j=1 =00 Y| Q
oo 2n+1 oo R
C; / 1,42 471'
= i1 =D, i(r)dr dinYnj(n)

22 2y ot
oo 2n+1

f lnt2 dmey, v
=2 </0 r n,j(r)dr> 2n 4 1) [y ™ (n). (9)

n=0 j=1

In the first step the reproducing property of the reproducing kernel for the spherical
harmonics of degree n, given by

2n +1

2
Q> (En)— dn

Pn(§ 1),
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is used. More precisely,

2n41 1 /QPi(g 21,5 (€) dw(§) = Yo (m)din (10)

for all n € 2. We also remark that the existence of the integral in (2) only depends
on the existence of the integral of the radial part and the convergence of the series
in (9). Regarding the latter, we obtain a pointwise convergence of (9) for y € S,
since the following estimate of the summands in (9) (note that maxecq |5, ;(€)] <
V/(2n +1)/(4r) for all n € INg) holds true:

R
4dmey, e Y
|ty ar v ()
0 2n+1 lyl

1/2

R2nt3 R 2 dre \/Qn +1
< D" . d —n—1
— <2ln +3/0 r ( ,](’r)) r 2’ﬂ+ 1 |y| 4,”_

1/2
R2n+3 (R N R\"!
< 2(Dy.; d .
J(RW(QMS)A 2Ot ar, T ) ()

The right-hand side is bounded for all n € Ny, due to the conditions on (I,,)nen
(see Assumption 3.1, items 2 and 3) and the convergence of the Parseval identity
of D € L?(B). Hence, the series (9) is dominated by a geometric series for ally € S
(i.e., ly| > R).

We are also able to extend the function V onto Q. In addition, for Vg, , we
obtain the L2(Qg)-convergence of the series representation in Equation (9). This
convergence is a direct consequence of the Cauchy-Schwarz inequality and the
Parseval identity (note that {}1%Yn7j(é)}ne]No_’jzl_’HWQn+1 is an orthonormal basis
of L?(Qr)), since

2
) oo 2n+1 R i 4’/TCn 2
Vlerlz @ =D D P D () A o 4 )R
n=0 j=1 0
0o 2n+1 R 21,42 R 2
72in 4me
- dr / r2(Dy ()2 dr ( )
2;(0 R2n )(0 J 2n+1
5 9 o 2”+1R2ln+3—2n R 5 9
ST YD S AW
n=0 j=1
. Ran*QTl 9
< 1672 R? sup [ D125y < oo

nelNg 2ln +3

Hence, Equation (9) is valid pointwise on S and in the sense of L?(Qz) on Qg.
In order to find a direct relation between the Fourier coefficients of the given

function V' and the unknown function D, we consider the Fourier coefficients of V'

restricted to the sphere Qg. This relation can be seen directly from (9).
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Theorem 3.4. Consider the orthonormal basis system on Qr given by the set of
functions {}len_,j(R)}nemm:lw,gnﬂ. Then, the Fourier coefficients of V' defined

by Vi j = <V|QR, Il?lYnyj (I.?')>L2(QR) satisfy the identity

R
4dre
;= 2D, 5(r)d o
Vs (A ' ’”@)r>@n+n3n

forallm e No, 3 =1,...,2n+ 1. This yields the equation

2n + 1)R" "
( n4+ )R Vi, :/ P 2D, (r) dr, if cn # 0, (11)
TCy, 0

otherwise Vy, ; = 0 with j = 1,...,2n + 1, respectively.

The relation from Theorem 3.4 allows an infinite number of choices for D,, ;
and, hence, the solution D cannot be uniquely determined by the function V|gq,,.
For the inverse gravimetric problem, the last relation is well known, see, for exam-
ple, [35, 38, 41], and for the inverse magnetic problem for R = 1, see for instance
[21]. Analogously, we obtain with (remember that S = Qg, § > R) for all n € Ny,
j=1,....2n+1

1 .
£ et ()
1T o5 )

R 4re R\"
_ In . n — .
= (/O r +2Dn,] (7“) d?“) (2n + 1)8 =Vy; (ﬂ) (12)

the spherical harmonics coefficients of V' with respect to an orthonormal basis
system on S. Hence, we have a direct relation between the singular values of the
Fredholm integral operator 7' and the spherical harmonic coefficients V;, ;. The
additional factor (g)” symbolizes the upward continuation from S to Qg. The

upward continuation does not effect the null space of the operator T at all. Due
to this property and the aim to keep the formulae simple, we analyze Equation
(11) further and keep in mind that we can consequently deduce properties of T
via Equation (12).

Note that (11) shows, in particular, the degree of freedom with respect to
the radial part of D, since V,, ; is some weighted radial mean of D, ;(r). On the
other hand, one can expect a one-to-one relation for the angular dependence of
V and D.

4. Investigation of the homogeneous problem

In order to obtain a unique solution, an appropriate modeling is required, that is,
the solution space has to be restricted by certain constraints. Before this can be
done (in Section 5), we have to study the null space ker T', that is, the space of all
D with T'D = 0. Note that, due to the linearity, all solutions of D = V are given
by D+ Dy, with arbitrary Dy € ker T, for a particular solution DofTD=V.
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4.1. Some orthonormal basis functions on the ball

It is our aim to characterize the null space, that is, the so-called kernel of the Fred-
holm integral operator of the first kind, in order to describe the non-reconstructable
parts of the solution. For the separation of L?(B) into the null space and the or-
thogonal complement we need an appropriate basis for L?(B).

For the ball, there are several known basis systems available. For the con-
struction of these systems see, for example, [1, 7, 17, 30, 32, 51]. We analogously use
the idea to combine an orthonormal basis system on the unit sphere with one on
the interval [0, R], to construct a basis system on the ball. The L?(B)-orthonormal
system used here is a generalization of the system which was introduced in [17]
and [7].

For x € B\{0}, it is given by

2 l
— 0,0, +1/2 || |z z
Gomn () = Ymn P, ”(2 R 1) g Yo\ ) 8)

withm,n € Ng,j=1,...,2n+1, where {P&Q’B)}memo are the Jacobi polynomials
and 7,, » are normalization constants with

dm + 20, + 3
Ym,n = \/ R3 . (14)

Since a = 0 in Equation (13) and P&O’Z”H/m(l) = 1 for all m, n € Ny, we get
Gm,n,j|QR = ’Ym,nYn,J(R)

The functions in (13) were called G}, ,,  in [31] and [32] in the case of I, = n
(remember that this setting corresponds to the inverse gravimetric problem).

A continuous expansion of our functions G, ,; on the domain B is possible,
if all exponents [,,, n € IN, are positive. Otherwise we obtain a singularity at the
origin of the functions G, . ; for negative values of /,, and a discontinuity at the
very same place in the case [,, = 0 for n > 0. For the theory stated in this paper,
this is not a problem, since G, ; remains square-integrable for —1 < {,, (as we
required).

As we claimed above, the functions G, p,j for m, n € No, 7 =1,...,2n+1
given in (13) build an orthonormal basis for L?(B). This property can easily be
verified by calculating the inner products and using a formula for a weighted L?2-
norm of Jacobi polynomials (see, e.g., [36]). With the L?()-orthogonality of the
spherical harmonics and the substitution r = R\/(1 + 2)/2, we obtain

<Gm,n,j7 Gu,u,L>L2(3)

R 20,42

2 2
_ 0,1, +1/2 r 0,ln+1/2 r
= Y VuwOvn00j A o, PR <2 P 1> POt/ <2 e 1> dar

Rt
= Y VnOvinOj oy 452 / (14 2)l /2 POAt1/2) () pOIH1/2) (7) dz

-1
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RS 2ln,+3/2
= TYm,n", 7L61/ 716L j 0 m
ST T, s ) 21n+5/2 2mMm + ln + 3/2 s

RS

unaL' 0 m:5 m5Vn6L B
T dmo+- 20, + 31 pomm

2

= Yon,n0

Thus, the set {Gunnj}momneNo,j=1,.. 2n+1 is L?(B)-orthonormal. Moreover,

the spherical harmonics are complete in L?(£2) and the Jacobi polynomials are
complete with respect to the inner product in (1) such that the system

{an,n,j}7n,n6]Ng,j:1,...,2n+1

is complete in L?(B) and constitutes an orthonormal basis.
Some of the functions G}n,n’j (i.e., in the case of I, = n) are shown in Fig-
ures 1 and 2. For m = 0, the functions Gé,m ; are inner harmonics, hence they are
harmonic, and attain their maximum and minimum on the boundary. A selection
of the functions corresponding to the inverse magnetic problem, where [, =n —1,
is shown in Figures 3 and 4. The singularity (for n = 0, i.e., [ = —1) at the origin

is visible in Figures 3 (A) and (C) and Figure 4 (B).

4.2. Splitting the basis into the null space and its complement

With the orthonormal basis introduced in Subsection 4.1, we are now able to
expand the functions D,, ; in (8) for all n € Ny and j = 1,...,2n + 1 and we
obtain

l, 2
D, ;(r) = ;ln Z dm,n,jfym,np?g),lnﬂ/z) (2;2 _ 1) , (15)
m=0

where dp, ;== (D, va”hj>L2(B) and 7, 1s given in (14).

For further investigations of the forward problem, we use the representation
of (the known function) V in (9), where we have already calculated the integral
over the angular part. For the remaining integral over the radial part, we use
the precise representation of D,, ; in (15) and the orthogonality of the Jacobi

1/2
polynomials.With the substitution r = R/(1 + 2)/2, dr = ¥ (liz) dz, we get

R s R 2l +2 (0,1n+1/2) r?
/O 2D, (r)ydr = /0 Rl Z dm,n,j YmanPp " (2 R2 1) dr

m=0
R3tn &2 ! lot1/2 R3+tin
_ , n (0,0n+1/2) _ ‘
= sz 2 s [ R ) de = o

Inserting the latter result in (9), we eventually obtain (remember the defini-
tion of v, in (14))

w38 ([femamn) (1)
n=0 j=1 \’0 " (2n+ 1) Jy/"t" " Ayl
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y —1-1 z Y —1-1 x

(A) Grypjform=0,n=0,7=1 (B) Gy form=0,n=2,j=5

>

Yy 1-1 T Y —1-1
(€) Ghypjform=1n=0j=1 (D) Ghypjform=1,n=1,35=3

FIGURE 1. The functions G, ; in the case I, = n (also called G}, , ;)
for different parameters m,n,j are plotted at the plane through the
origin with normal vector (1,1, —1)T. For the particular parameters, see
the respective caption. The maximum is always yellow and the minimum

is blue (see also [32, 34]).

R3t4re, y
don nYn
(2L + 3)(2n + 1)y |1 0T T0m s (| |)

M

4me,, Rin < Y >
don Vo MY 16
e (on 4 1)y STon i\ Jy) 18)
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N 0 N
—1
1
1
0 0
y —1-1 z
(a) Gln,n,j form=1,n=2,7=5 (B) Gln,n,j form=2n=0,5j=1
1 1
N 0 R 0
1 -1
1 1
1 1
0
Y —1-1 T
(€) Ghypjform=2n=1;=3 (D) Ghypjform=2n=23j=5
FIGURE 2. The functions G, ; in the case I, = n (also called G}, ,, ;)

for different parameters m,n,j are plotted at the plane through the
origin with normal vector (1,1, —1)T. For the particular parameters, see
the respective caption. The maximum is always yellow and the minimum
is blue (see also [32, 34]).

Hence, Gy, p,j is in the null space of the operator T with the kernel from (3),
if and only if m > 0 or ¢, = 0. Examples of functions in the null space are given
in Figures 2 and 4 (for different inverse problems). The function plotted in Figure
5 is not in the null space.

Since L2(B) is the direct sum of the null space kerT and its orthogonal
complement, the obtained result allows a precise characterization of the null space
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(A) Gmyn,j for m=0,n=0,5=1 (B) Gmyn,j form=0,n=2,7=5

(©) Gmp,jform=1,n=0,j=1 (D) Gmpn,jform=1,n=1,5=3

FIGURE 3. The functions Gy, ; in the case l,, = n — 1 for different
parameters m, n, j are plotted at the plane through the origin with nor-
mal vector (1,1, —1)". For the particular parameters, see the respective

caption. The maximum is always yellow and the minimum is blue (see
also [34]).

of the corresponding Fredholm integral operator as

kerT = span{Gm,n,j } m>1neNg,j=1,....2n+1ore¢, = O}H.HLz(B). (17)

For the inverse gravimetric problem (l,, = n), we can deduce the well-known
fact that the null space can be described as the set of all anharmonic functions,
which are the elements of the orthogonal complement of the set of all harmonic
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N 0 N
~1
1
1
0 0
y —1-1 T
(A) Gyn,j form=1,n=2j=5 (B) Gmyn,j form=2,n=0,5=1
1
®0
-1
1
1
(¢) G, form=2,n=1,j=3 (D) Gmyn,j form=2,n=2j=5

FIGURE 4. The functions Gy, ; in the case l,, = n — 1 for different
parameters m, n, j are plotted at the plane through the origin with nor-
mal vector (1,1, —1)". For the particular parameters, see the respective

caption. The maximum is always yellow and the minimum is blue (see
also [34]).

functions. That is,
”'”L2(B) 1
ker 76 = span { G, , | m > 1} —{Feco®) |ar=o} ",

where A = 6(?:2 + 6(?:2 + 83;2 represents the Laplace operator. In this case, the
1 2 3

functions G{J,n,j’ n € Ng, j =1,...,2n+ 1 are the inner harmonics and, therefore,
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FIGURE 5. The function Gg 4.8, which is not in the null space of the
Fredholm integral operator T for I,, =n — 1.

form a basis for the set of all harmonic functions on the ball:

2n+3 |x|" x
1 _
GO,n,j(x) = \/ R Rn+1 Yn,j <|,’Ij|> s T € B.

For some particular cases of the considered Fredholm integral operators, we are also
able to find a characterization of the null space via an elliptic partial differential
equation.

For this purpose, we consider the particular integral kernel

-yt

for a fixed kK € [—1,00) and ¢; # 0 for all i € INg. Note that in the case of the
inverse gravimetric problem x = 0 and in the case of the inverse magnetic problem
k = —1. We have already proven that the orthogonal complement of the null space
of the corresponding operator T is given by the set

| |Z+I€

- (xy) (x.3) € dom(k),

Iyl |z [yl

(ker T)J‘Lzﬂg)
I ||L2(B)
:span{Gm,mj ‘ m=0,ne€Nyp,7=1,...,2n+1 and ¢, #O} .

Now, we define an elliptic partial differential operator A by

~F(rﬁ) =A (rfﬁF(rﬁ)) = (;2 + 72"57’ + :2 Az) (r*“F(rg)) .
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Using the product rule for the derivative, we get

AF(T{) = </€(n — 1) % 2t 0 +r " 4 T A
or or?
42p—r L g + r”ZA*> F(rg)
or €

— —K 82 —Kk—1 9 —k—2 —K—2 A *
= <r 92 +2(1—r)r o +r(k—1Dr +r A£> F(rf).

In the particular case of the inverse gravimetric problem (i.e., kK = 0) this reduces
to
9 20 1

AF(ré) = (6‘r2 t o T Ag) F(ré) = AF(rf),

and the differential operator corresponding to the inverse magnetic problem (i.e.,
k = —1) is given by
X 02 o 2 1
AF = 4 AY ) F(ré).
(r$) (rﬁrz * or - r * r 5) (r$)

In order to get a new characterization of the null space, we apply the differential
operator to the basis functions Gy, ; for n € Ny, 7 =1,...,2n + 1 and obtain

860,56) = 5 (300 (1) ¥asl@) =200 (7 (1) ¥ast)

Y0,n n
= R’:z-i-f'i A (7’ Ynj(g)) - 07

since the mapping r{ — Y, ;(€) is a harmonic function for all n € Ny, j =
1,...,2n 4 1. In analogy, AGpnj # 0 form > 1, n € No, j = 1,...,2n + 1
follows by similar considerations. This means that AF is equal to zero if and only
if r€ — r~"F(rf) is a harmonic function, that is, is contained in

1
Span{GO,n,j }newo,j:1...,2n+1'

Since this is equivalent to expanding F'(r{) in terms of r"Gé,nJ(r{) andl, = n+r
here, our definition in (13) leads us to the following result.

Theorem 4.1. If we assume that there exists a fized parameter k > —1 such that
ln, =n+ kK for all n € Ny and that ¢, # 0 for all n € Ny, then

kerT = span{Gmn; | m>0,neNy,j=1,...,2n+ 1}”'”L2<5)
—K (2) X lL2(zs)
_ {F: B-R ‘ (r€ v 1 F(r€)) € C?(B) and AF:O} . (8)

After having given two mathematical characterizations of the null space in
Equation (18) for a particular case (i.e., [, = n + x) and one characterization in
Equation (17) for the general case, we want to demonstrate what kind of functions
D generate the same forward solution V.
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Y —1-1 x —1-1

(A) Gi,5,10 (B) Sum of the function in Fig. 5 and (A)

Y —1-1 z

(¢) Gio,2,4 (D) Sum of the function in (B) and (C)

Y —1-1 T —-1-1
(E) G7,10,4 (F) Sum of the function in (D) and (E)

FIGURE 6. Several functions from the null space of T', that is, they gen-
erate the solution V' = 0 (left column), and the sum of these functions
with Go s & ker T' (right column) which generate the same right-hand
side V' = TGy 4,3, that is, the same data for the inverse problem.
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(A) The PREM model (B) Sum of PREM and K (z1,-)

(¢) Sum of PREM and K (z2,-) (D) Sum of PREM and K (z1, )+ K (z2,-)+
K(Zg, )

FI1GURE 7. The density of the PREM model added to several functions
from the null space of T¢. They all generate the same gravitational
potential. Here, z; € B, i =1, 2, 3 are fixed.

For this purpose, we consider the function Gy 4,g plotted in Figure 5, which
is not in the null space of the operator, that means this function generates the
result TGo a8 =V # 0. Then, we add several functions from the null space (see
Figures 6 (A), (C), and (E)) to Go,4,s. The results are shown in Figures 6 (B), (D),
and (F). Keep in mind that all functions in the left column of Figure 6 generate
the zero potential and all functions in the right column of Figure 6 generate the
same forward solution V' = T'G 4,g. Similarly, we proceed in Figure 7, where linear
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combinations of functions K (z;, ), z; € B\{0}, with
100 2n+1

Z“ Z Z 0 95 1+nG1 ",]( )Gl,mj(zi), reB \{O},
n=0 j=1
are added to the density D of the PREM model, see [18]. Again, K(z;,-) can
be extended onto B, if I,, > 0 for all n € INy. Note that K(z;,-) € ker T for all
z; € B\{0} such that, again, there is no difference between the potentials generated
by PREM (see Figure 7 (A)) and the potentials generated by the perturbed mass
densities in Figures 7 (B), (C), and (D).

Hence, the solution of the inverse problem from Equation (2) is not unique,
since we can always add functions from the null space to it without changing the
function V. In particular, Figure 7 shows that certain kinds of mass anomalies (in
the interior of the Earth) remain completely concealed if gravitational data are
used solely.

Now we can sum up our results and give an answer to the three questions
about the well-posedness of the problem posed in Section 3.

Theorem 4.2. Let the operator T: L2(B) — L2(S) be given by
T D|—>/D(x)k(a:,-)dx. (19)
B

with an integral kernel k: B x S — R of the form

Zcz|'”|i'+1 (20 0) weBvonves

=]yl
satisfying Assumption 3.1. Moreover, let the following three conditions be fulfilled
(by the function V'):
o The restriction Vg, of V is an L*(Qg)-function.
o The spherical harmonics coefficients Vy, ; of V' fulfil a summability condition

%) 2n+1

Z n?(2l, 4+ 3)RZ 2 2 Z Vn%j < 00
n=0 j=1
cn#0

e The function V is harmonic in the exterior of B, that is, AV (y) = 0 for all
y € R*\B, and regular at infinity, that is, |V (y)| = O(|ly|™') and |VV (y)| =
O(ly|=?) for [yl — occ.
Then both inverse problems, which are, the recovery of D € L2(B) from either
given values of Vg, or the upward continued potential V|s are ill posed, since
their solutions are not unique. However, in both cases, the solution exists under
these conditions but is not stable.

The second condition in Theorem 4.2 is also known as the Picard condition.In
several cases, for example, the inverse gravimetric problem (i.e., I, = n, ¢, = 7
for all n € INy), the Picard condition implies Vg, € L?(Qgr). For the inverse
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gravimetric problem the Picard condition is satisfied, since the (empirical) Kaula
rule of thumb holds:
2n+1
2 n —
Z <V|QRyyn,j>L2(QR) = 0(19 +17’l 3), n — oo,

j=1

for a constant ¥ €]0, 1], see, for example, [28] or [44]. Note that the Picard condition
is necessary for the existence of the solution. Since this condition is not necessarily
satisfied by every Vg, € L%(Qr), also this criterion by Hadamard may be violated.

We want to discuss the instability of the solution in detail using the following
example.

Example 4.3. Let a family of functions be defined by
L pgr y
Vol(y) = Y1 ( ), y € S, for all n € INy.
W= g Tt

Since {éYn,l(E)}nelNo is an L%(S)-orthonormal system, we get

1
Vallizs) = n —+0 asn — oo.

Hence, the norms build a null sequence. Using Equation (16), we see that

V2n+3@2n+1) (B\"
ATR3/?n, R 0.n1(%)
yields T'D,, = V,, in the case of [, = n, ¢, = 1. In addition, we obtain that the
sequence of norms diverges, since § > R and

V2n+32n+1) (B\"
||D7LHL2(B) = 47TR3/2TL R HGO,n,lHLQ(B)

V2n+32n+1) [ B\"
= 47TR3/2’n R — 00 asn — od.

Thus, small changes in the potential V' yield large changes in the solution D and,
hence, the problem is not stable. Note that this instability is already given for the
case of terrestrial data, which means that it is not (only) caused by the instability
of the downward continuation.

D, (z) :

4.3. Expansion of the solution in reproducing kernel based functions

In certain cases, it can be of interest to expand the unknown function D in terms
of appropriate reproducing kernels instead of orthonormal basis functions. Repro-
ducing kernels are localized in contrast to the global orthonormal basis functions
from the previous subsection (see also the paper by Freeden, Michel and Simons
in this handbook). In addition, the problems due to the discontinuity at the origin
can be avoided by using this approach. For a more general introduction into re-
producing kernels and reproducing kernel Hilbert spaces, see, for a general setting,
[2, 3, 5, 16], for reproducing kernel Hilbert spaces on the ball.
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Let H = H((Am.n), B) C L?(B), with the real sequence (A n)m.neN,s be
defined as

o ot lI-1l2
H((Amn)B) =S FEL2B) | D D A2 (F.Gunj)iog <0
m,n=0 j=1
with
0o 2n+1
HF”%-L = Z Z Am n 7” 717J>L2(B)7 Fen.
m,n=0 j=1
The inner product in H is then given by
o) 2n+1
(FGu= Y > AnnlF Crn iz (G G j)rzm) (20)
m,n=0 j=1

for all F', G € H.

If the sequence (A, n)m,nen, fulfils a certain summability condition, see, for
more details, [34], then H is a reproducing kernel Hilbert space. Due to the property
of the sequence (A, n)m nen,, the evaluation functional in H is continuous. The
reproducing kernel of H is given by K: (B\{0}) x (B\{0}) = R with

) 2n—+1
Z Z A;L?nGman»j (x)Gm,n,j (Z)a z, z€B \{0} (21)
m,n=0; j=1
A #0
Again, in certain cases of Gy, »,j, the definition of K on B x B is valid.
The kernel K has the reproducing property, that is,

(F,K(z,-))5 = F(z)  forall F € X and all z € B\{0}.

In our setting, the first input argument z denotes the (fixed) centre of the kernel,
that is, the position in the ball where the kernel is located. Some examples of
reproducing kernels with the same centre and different sequences (A n)m nen,
are plotted in Figure 8. As one can see, the discontinuity at the origin is, at least
visibly, smoothed away.

Let the set {y1,...,y¢} C S, £ € IN, contain our measuring positions. We
define linear functionals by F*F = (T'F)(y,) for v = 1,...,£. In other words,
the functionals F* are the evaluations of our operator T" applied to an (unknown)
function F' at the measuring positions v, v = 1,...,£. The data collected at the
sensor positions are given by v, = V(y, ). The functionals ¥ are linear, since they
are the composition of the linear operator T" and the linear evaluation functional.

If the function F' is an element of the Sobolev space H((Am,n),B) with a
sequence (A n)m,nen, fulfilling the summability condition

- 1
Z Aoi < 00,
L 0m (9 4 1) (2, + 3)



906 S. Leweke, V. Michel, and R. Telschow

(c) h=0.9 (D) h=10.92

FIGURE 8. Reproducing kernel K (z1,-) for several (A, n)m.nen, with
A2 = (Cn+ 1)h2(mFn)§, o at a fixed centre z; € B\{0}, a sufficiently
large constant C', and the functions G, ; in the case l,, =n — 1.

then the functionals F* are also continuous (with y, = r,§,) forv =1,... ¢, since

7 = ket = |(r(3 S S (R G, Lz(mcm,n,j))@y)

_— m=0n=0 j=1
oo 2n+4
cn R

L 3 Gnia g, [ 08T

2

2
471'

O,n

00 2n+1 oo 2n+1 c Rl" 2
n —1
(z > (B Goni b )3 3 (4, oy, 4T(6)

n=0 j=1
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R 2n+1

2 oo
< (4me)* || F'[|3 (nsélngo ;Agn(gnJrl)z(ganrg) 47

1
A2 < o0,

2 oo
<4 R||F|? (su Rl"")
< 1113 Sup Z 2 .(2n+1)(20, +3)

n=

due to (16), the Cauchy—Schwarz inequality, the definition of the inner product in
H in (20), and Assumption 3.1.

We can apply these functionals to the kernel with respect to z and obtain
the following result by using Equation (16) and the addition theorem for spherical
harmonics. The interchanging of limits (in the series) and the integral, which is
needed in this calculation, is allowed due to the previous estimates. Hence,

[/KZ x Zcq |z+1 <|j| |Z/|) dz} y=y.

1=0
0 2n—+1

S AR G () FY G i (2)

m,n=0; j=1
Am,,n 7£O
oo 2n+1

||t . A4mc,R Yy
Z Z 0, n’YO Rin | | Yo,n (2n + 1)|yl/|n+1 3J

n= O 7j=1 |yl’|

|x|ln x Yv
_Z 0nn |n+1Pn wE )

= lyv|

It is known that we can construct an expansion for the solution, see [3, 23] by

14

= Zau}';’K(z,x). (22)

v=1
Our aim is to determine the corresponding coefficients a,, v = 1,...,¢. Applying
the functional on both sides, we obtain for « =1,...,¢
FiD Z a, FLFU K (z,x)

0 0o
drc? R2in Y Y
— y A72 —2 n P Lo v )
2 Z 01100 9 11 Jy, ]y, |+ ”<|yL| v

v=1

This linear system is uniquely solvable, which means that the expansion in (22)

is unique, if the linear and continuous functionals 7", v = 1,...,¢ are linearly
independent, see [2]. Among all solutions D € H with F*D = v, forv=1,...,¢,
the solution in (22) uniquely minimizes the norm || - || induced by the inner

product in (20). These are basically the ideas of a spline interpolation method (for
further details, see [2] and [9]).
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5. Constraints for the uniqueness of the solution

In the previous section, we have shown that we cannot expect a unique solution of
the Fredholm integral equation of the first kind stated in (2). Hence, in practice,
additional conditions are necessary to impose uniqueness. Some possible unique-
ness constraints are now discussed. The most approaches are generalizations of
the results in [33]. More precisely, we present the minimum norm condition, a
generalization of the harmonicity constraint, and the layer density constraint. In
addition, we discuss the surface density approach.

5.1. Minimum norm constraint

As we have seen, we are not able to obtain a uniquely determined solution without
additional assumptions or information. A widespread approach to force uniqueness
is the minimum norm condition (see, e.g., [40]). The following result is a gener-
alization of the theorem concerning the minimum norm solution of the inverse
gravimetric problem, see [33] and the references therein. Throughout this subsec-
tion, we assume that the conditions in Theorem 4.2 are fulfilled and, hence, a
solution of the inverse problem exists.
Recall Equation (11), which is repeated below for convenience:

(2n + ].)Rn /R 1,42 .
Vv, = wF2D(Pdr,  if ey, 0,
Are,, 2 ) r g(r)dr if ¢, #

Vi =0foral j =1,...,2n + 1 otherwise. D,, ; is originated by the (in L*(B)
convergent) series

EED ) SN )

n=0 j=1

The minimum norm conditionis fulfilled, if among all D € L?(B) with V =
Jis D(x)k(z,-) dz, we choose the one with the minimum (squared) norm

oo 2n+1

R
DI 25 = /B(D(;L'))Q de=>"%" A (D, j(r)? dr.

n=0 j=1

If we minimize this expression, we obtain the following minimization problem for
eachne Nypand j=1,...,2n+ 1:

R
minimize / r2(Dy,j(r))* dr,
0
R
2 1
subject to / Tl”+2Dn7j(r) dr = ne R"V,, 5, if ¢, £ 0.
0 4me,

Note that the side condition drops out in the case ¢, = 0 such that the uncon-
strained minimizer D,, ; = 0 occurs. With the substitution F,, ;(r) = rDy, ;(r),
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the problem above is equivalent to

R
minimize / (Fn,j (7"))2 dr,
0

R
2 1
subject to / Pt B, () dr = et R"V,, 5, if ¢, # 0.
0

4re,

We now apply an orthogonal decomposition in L?[0, R] to F}, ; in the sense that
Foj(r) = ap 7"+t + H, ;(r), where fOR rlnt1H,, i(r)dr = 0. With this ansatz,
our minimization problem reads

R

R 2 20, +2 2

minimize an,j/ p2at2 qr 4 ||Hn,j||L2[0,R]a
0

R

. 2n+1 .

subject to Ol j P22 qp = R"V, 4, if ¢, #0.
’ 0 47TCn

Since the side condition is independent of H, ;, we see that H, ; = 0 yields the
unique minimum, for which we have
2n+1 R"

an; = (2, +3) Are B2t Vs if e, #0

and a, ; =0 forall j =1,...,2n + 1, if ¢, = 0. We summarize our results in the
following theorem.

Theorem 5.1. Let the conditions on V' from Theorem 4.2 be fulfilled. Then, among
all D € L*(B) with V = [ D(x)k(x,-) dx, the L?(B)-convergent series,

[e’e) 2n+1

2n+1 |x|l” x
n () j= 1
oo 2n+1
21, —|— 3 2n +1 .-
= \/ R In Vn jG()’nj( ) (23)
n () j= 1

s the unique minimizer of the functional
F(D) = /(D(z))2 dz.
B

In the particular case of [,, = n and ¢,, =« for all n € Ny, it can be proven
that the harmonic solution is equivalent to the minimum norm solution, see [33].
This particular solution of the inverse gravimetric problem is then given by

> 2”“\/2n+32n+1

anl

D(z) = VoGl (@),  zeB.
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The convergence of the series in (23) can be proven using the orthonormality
of the Gy, n,; functions, since the Parseval identity yields

oo 2n+1 2
HDH22 Z Z 2l"+3 2n+1 R2n—2lnv2 N
L 4re, e

n=0 j=1
cn#0

Comparing this with Theorem 4.2, we achieve that the series in (23) converges if
and only if V fulfils the Picard condition, that is,

2n+1

2(21, +3)
Z C2R2(l —n) Z n,j (24)

n=0

cn#0
5.2. A generalization of the harmonicity constraint
In [33], the quasi-harmonic solution, which had already been discussed in the
literature, was seized on. In this case, functions of the kind z — |z|"*? Y"’J(le)

r € B, for a fixed p € RJ are used as basis functions. We consider here the
generalized case of a basis {By j }neno,j=1,...,2n+1 given by

|| x ‘
Bus@) = g Yo\ |y )r meBod=1..n+1

with a preliminarily chosen sequence (ky)nen, € R and the additional condition
that 2k, + 3 > 0 for all n € INy. This condition guarantees that these functions
have a finite L?(B)-norm. The orthogonality is a direct consequence of the L?(£)-
orthogonality of the spherical harmonics Y, ;, since

el (e el
<Bn,jaBV,L>L2(B)7/8Rkn+1Y""j || Rk”'HYML || o

/R 72kn+2
= dr 8,,.,90;
2% 42 n,v0j,.
o Rt

R2kn+3
= (an + 3)R2kn+2
R
"~ 2k, +3

5n,V6j,L

On,u0j,.-

In the case k,, = n, the subspace spanned by this basis is the set of all harmonic
functions and in the case k, = n 4+ p we get the quasi-harmonic setting.

In contrast to the previous subsection, we have to assume slightly different
properties of V. However, note that Assumption 3.1 is still valid.

Assumption 5.2. We suppose that

e the restriction Vg, of V is an L*(Qg)-function,
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e the summability condition
e3¢} l + k? + 3 22n+1
RQn 21y n ( V
T; 2 (2k, + 3) Z
cn;éO

1s fulfilled,
e V is harmonic in the outer space, that is, AV (y) =0 for all y € R3\B,
e V is reqular at infinity.

With the orthogonal basis {By, j }neng,j=1,....2n+1, the density D can be rep-
resented by the expansion

oo 2n+1
=22 dw\/ Hr g, e B0}, (25)

n=0 j=1
in the sense of L?(B). In accordance with the notations above, we have

2k, +3 rkn
D’VIJ(T) = d"»j\/ R Rk"+1 ) re [Oa R]

Thus, the relation between the Fourier coefficients of V' and D, ; in (11) becomes
forallj=1,...,2n+1

(Qn_,’_an 2k, +3’I“l ntkn+2
tre, U™ " Rhwtr U

=d .\/an +3 Rlnthknt3
= On,j R (anrkn +3)Rkn+1

2k, +3  Rnt2
= dn j ) if n 07 26
»J\/ R (ln + kn 4 3) e 7é ( )

and V,,; = 0, if ¢,, = 0. Solving (26) for d, ; and inserting the result in (25), we

obtain
- oo 2n+1d %n +3 |z|Fn v 2
*Z Z . R Rkat17™7\ ||

n=0 j=1

2n +1 z|Fn 2ol x
_ n—l,—2 ) ) )
g (ln+kn+3)R Rkat g VniYn,j <|x|> + D
j=1

cn ;é()

271 +1 2n—+1 ~
= Z (In + kn + 3)R"" 723"V, iB, j(x) + D,
cn ;é() 5=t
where D € span{B,, ; | n € Ny with ¢, =0, j =1,...,2n + 1}“'“L2(3) is arbitrary.
The convergence of the series is guaranteed by the summability conditions on V.
Summarizing these results, we get the next theorem.
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Theorem 5.3. Let ¢, # 0 for all n € Wy, and let Assumptions 3.1 and 5.2 be
fulfilled. Then the unique solution D € U, where the L2(B)-subspace U has the

basis {B"=j}nemg =l 2mal of the inverse problem

/ D(z =V(y) in R3\B,
with (z,y) € dom(k) is given by

Z2n+1l Tk +3)Rn_ln |2 kn, 2§1V v (=
4dre en n n Rk"+3 i n,g-n,g |£L‘| )

n=0

in the sense of L?(B).

In [33], the biharmonic solution was also considered. In this case, the needed
radial basis is given by the sum of two radial parts. An approach for a general-
ization of this ansatz is given by the sum of K € IN different radial parts, that
is, {(Zfiﬂ LA n,](‘ ‘)}nemo,j:l,___,gn_t,_l. However, without any additional in-
formation, a unique solution cannot be obtained in this case (see also the result
for the biharmonic solution in [33]).

5.3. Layer density constraint
As we have seen above, the non-uniqueness is primarily a matter of the radial
parametrization of the solution D. For this reason and in view of the fact that,
for example, lithospheric heterogeneities are particularly interesting with respect
to their lateral structure, we consider here the (thin) spherical shell

Qrrie) ={2z€R’:0<7 < |2| <7+e <R},

for 7 > 0 and € > 0. We are interested in finding a solution D which consists
of purely laterally inhomogeneous anomalies in €, ;). This kind of uniqueness
constraint was, for example, used in [23] for the inverse magnetic problem.

For the layer density constraint, we assume that the density D € L?(B) has
(again) the form

oo 2n+1
ZZDJ EER; <| |) x € B, (27)

n=0 j=1

where now

Dy, (1) = Kdn jX[r,r+e (1), r € [0, R], (28)

foralln € Ny, j =1,...,2n+1, and x is the characteristic function (i.e., xa(z) =0
ifx ¢ Aand xa(zx) =11if z € A). The normalization constant  is chosen as

. 3
= (T+¢e)3—713

Assumption 5.4. For the function V', we now assume that
e the restriction V|, of V is an L*(Qg)-function,
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e the summability condition

[e’e} 212 R2n 2n+1

V
2 (r+epets - reyecs 2
en 0

1s fulfilled,
e V is harmonic in the outer space, that is, AV (y) =0 for all y € R3\B,
o V is reqular at infinity.

Using (11) and the desired representation of D, we have

2n + 1)R" R
(2n+1) Vn,j:/ 2D, i(r)dr

47TCn 0

R
— n/ rl"'+2dn_,jx[7,7+g](r) dr
0

Int+3 _ +ln+3
= hdny T T

This yields, for all j =1,...,2n+ 1,
_ (@2n+1R" In+3 .
Ky, ; = dme, ™I (T4 g)lnt3 — platsd’ ifen 70,

and V,, ; = 0, if ¢, = 0. We insert this in Equations (27) and (28) and directly
obtain, for all z € B,

oo 2n+1
Z ZdTL,]KXTT+€] |.Z'| n,j <| |)

n=0 j=1
[e’e] 2n+1

Y(In +3) R" T ~
= Vn j X[T,7 Yn Da
E: E: (7 + €)ln+3 — plat3 " mIXIT el ([2)Yn,; <|x|> +

n=0 1
cn#0 7=

where

I-llLz (s
n € Ng with ¢, = 0, j:l,...,2n+1}

D espan{ D50 ¥as ()
can be chosen arbitrarily.

Theorem 5.5. Let ¢, # 0 for all n € Wy and let Assumptions 3.1 and 5.4 be
fulfilled. Then the unique solution under the layer density constraint is given by

oo 2n+1 n

2n+ 1)1, +3) x
n T, T Yn 2
V=222 e (7t )it ptuts Voo X (¥ () (29)

n=0 j=1

in the sense of L?(B).
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Moreover, under the conditions in Assumption 5.4, the corresponding poten-
tial V possesses the following outer harmonics expansion

oo

4 . ol 2n—+1
V(y) = ﬁz ( e ((T—i—a)l nt3 ") |yl ' Z dn,j¥n,; <|y|)
n=(

¢ (2n+1)(ln + 3) =

This series fulfils the condition of Assumption 5.4, that is, Vg, € L?(Qr):
2n—+1

2 4mey, ) "
IVlerlltz(n = Z( 20+ 1)(1, +3) (4 &)l T3 — 7l t3) ) R-2 de

o0 Rl +3+Rl +5) 2n+1
2 2
< 1ome Z (2n +1)2(1,, +33R2"Zd

5 5 o R2l ,+6—2n oo 2n+1
< 647°c”Kk” su d
<o0rtn (o 1y, 4 a) 3 2o <
n=0 j=1
For this estimate, we used the boundedness of the sequence (¢, )nen, (given by
Assumption 3.1, item 1), the boundedness of the supremum in the latter estimate
(given by Assumption 3.1, items 2 and 3), and the square-integrability of D.

5.4. Surface density

In inverse gravimetry, in particular, it is reasonable to consider a surface density
instead of a density on the entire ball B. In a time-variable gravity field (with
relatively short time scales) most of the changes occur on the (Earth’s) surface or
at least on layers very close to it. So, if one is interested in anomalies as devia-
tions from a reference model, which could be an annual mean, for instance, these
anomalies can be typically found on the surface of the underlying body.

So far, in our general setup, we have

V(y) = (TD)(y) = /B D(x)k(z, y) dz. (30)

Since the operator T is linear and continuous, we can also read the equation above
in distributional sense. For the mathematical theory of distributions and, in this
context, the definition of test functions, the reader is referred to [27]. In other
words, we can look at Equation (30) as an application of a regular distribution D
applied to the kernel k, that is

V(y) = (TD)(y) = (D, k(- y))- (31)
Actually, we have a regular distribution ® with
Dy = (D, )

for all test functions! ¢, which is uniquely determined by the function D and
vice versa (at least almost everywhere). Thus, the distribution can be, in fact,

L Actually, the function k(-,y) is not a test function, but the domain of ® can be extended such
that Dk(-,y) makes sense and equals (T'D)(y).
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represented by the function D itself and the distinction is commonly omitted.
Now, one can think of replacing the regular distribution and also allow singular
distributions. For our purposes, a very useful singular distribution is F'dq,,, which
is a variation of the well known delta distribution and is given by

(Foap, ) = [ Fla)p(z)dw(z),
Qr
for an arbitrary, over Q2 square-integrable, function F' and for every test function
¢. In that case, we have (cf. Equation (31))

V(y) = <D69R>k('>y)> = 0 D(I)kj(l‘,y) dw(m)-

Conclusively, with our previous considerations, we get

=Y e [ @, (7 1)) st

|z ly]

n=0
- Rl Y ) 2

= n D(R Pn . R“d .
2 oot J,PORO (5 ) ®

With the addition theorem for spherical harmonics and the ansatz (8), it follows
that

2n+1
> 4re, RInt?

(7 — . y . w
VO =305 o, e Yo (1)) [ p@ov© e

co 2n+1 n
=% e () v ().
= it lwl/ 1yl lyl

Consequently, we find the Fourier coefficients
-~ 4me,
V ;=
o 41
which in other words means that, for ¢, # 0,

2n+ 1)R"™ ~
( ) Voj = R"™D, ;(R). (32)

Rl" _n+2Dn,j (R)

4me,
As we see, this problem is again uniquely solvable (if ¢,, # 0 for all n € INp) and
in the particular case of the inverse gravimetric problem, the coefficients read
2n+1-
Vo = R’Dy j(R). 33
471_,}/ 5] J( ) ( )
Theorem 5.6. Let D, ; be given according to (32) and ¢, # 0 for all n € WNo.
Further, let V be a harmonic function in the exterior of Qr which is regular at
infinity with V|q, € L?(Qr) and
o 2n+1 9 pon_2|
n“R PN
> o Vay<oo

n=0 j=1
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Then a distributional solution of the Fredholm integral equation of the first kind in
(2) is given by
oo 2n+1

Rn In _ .
Digq,, = (Z Z 27144;;2 ViiYnj <R>>5QR.

In the inverse gravimetric problem, as the typical application of the surface
density approach, we have the following setting. Let p: B — R be a density given
by an arbitrary reference model of the Earth, for example, the Preliminary Refer-
ence Earth Model (PREM), see [18]. The corresponding gravitational potential is

given by
V=x / Pe) dx
Bl —
and describes a part of the potential that does not change in the associated time
span. The entire measured potential is given by V = V + V where V are the
relevant occurring changes in the gravitational potential. That is, we are here
looking for a surface density o: Qr — R with

V:V—V:VRQ/ o(@)
Q

dw(x),
=]
which causes these changes of the potential. By virtue of Equation (33), we know
that the Fourier coefficients of the surface density are given by
(2n+1) 5
o-nvj = 4 2 n,j
YR
for alln € Ng and all j = 1,...,2n+ 1. Chao [12] also proved that this problem is
uniquely solvable. The obtained formula (34) coincides with the formulae which are

commonly used in geodesy for a surface density ansatz or thin layer assumption,
respectively, as originally proposed in [52].

(34)

6. Conclusions

We observed similarities between the inverse gravimetric and the inverse magnetic
problem by considering both as particular cases of a kind of a master inverse prob-
lem. With this approach, a larger class of data inversion problems can be analyzed
and solved all at once. A particular focus of the paper was the complete analysis of
the non-uniqueness of the solution of all inverse problems of the investigated type.
This analysis was based on something like a fundamental equation for the Fourier
coefficients of the given data and the solution. The construction of a particular
and appropriate orthonormal system on the ball enabled us to further understand
the relation of the solution and the data. With this basis system and an adequate
expansion in the data space, we characterized the null space of the Fredholm in-
tegral operator of the first kind in detail and calculated the singular system. Such
a knowledge is an essential prerequisite for a series of regularization methods for
inverse problems.
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Furthermore, using the derived singular value decomposition, we also proved
that this kind of inverse problem is unstable, that is, the inverse operator is un-
bounded. It also turned out that all considered problems have in common that most
of the radial information gets lost. The ill-posedness of the considered problems
is severely aggravated by the fact that the null space of the operator is infinite-
dimensional, and, hence, the solution of the inverse problem is not unique. For
this reason, we discussed four different additional conditions in order to obtain a
unique solution: the minimum norm condition, a generalization of the harmonicity
constraint, the layer density condition, and the surface density approach. In the
particular case of the inverse gravimetric problem, our results coincide with the
corresponding well-known results and in the case of the inverse magnetic problem,
we found new results.
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