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A Periodically Pulsed Bioreactor Model

In recent work of Ballyk et al. [27], it is argued that the plug-flow reactor, aside
from its importance in chemical and bioengineering, is a good candidate as a
surrogate model of the mammalian large intestine. In that work, a model of
competition between different strains of microorganisms for a scarce nutrient
in a plug-flow reactor, formulated by Kung and Baltzis [207], was studied with
special attention given to the effects of random motility of the organisms on
their ability to persist in the reactor and be good competitors in a mixed
culture. The growth-limiting nutrient is assumed to enter the reactor tube
at constant concentration at the upstream end of the reactor, so that the
model equations take the form of a time-independent system of reaction—
advection—diffusion equations. However, if the plug-flow reactor is to stand as
a surrogate model of the intestine, then it is much more realistic to consider
input nutrient concentration as being time-dependent. In the present chapter
we consider this competition model with periodically varying input nutrient
concentration, including pulsed input where the concentration may fall to zero
over part of the cycle.

In Section 8.1 we briefly introduce the model and then discuss the well-
posedness of the initial-boundary value problem and the positivity of its so-
lutions. Section 8.2 is devoted to the special case of the model system with
identical diffusivities and vanishing cell death rates. After consideration of
the washout solution, we establish a conservation principle. We then consider
single-population growth in the reactor, showing that when the washout solu-
tion is linearly stable, then it is globally stable, and when it is unstable, there
is a unique, single-population periodic solution that attracts all solutions with
nonzero initial data and is asymptotically stable in the linear approximation.
Finally, we show that for two competing populations, where each single pop-
ulation periodic solution is unstable to invasion by the other population, we
have persistence of both populations and the existence of a positive periodic
solution representing coexistence. Section 8.3 is devoted to the perturbed sys-
tem with different diffusivities and inclusion of cell death rates. We carry over
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the bulk of the results of Section 8.2 to the case where the random motility
coefficients do not differ much from the diffusion constant of the nutrient and
the cell death rates are small.

8.1 The Model

The plug-flow reactor may be thought of as a tube, of length L, through which
a liquid medium flows with constant (small) velocity v. At the upstream end
of the tube, x = 0, the nutrient concentration in the medium is maintained at
the periodically varying concentration S°(t) = S°(t + w). Downstream, bac-
teria consume nutrient, grow, divide, and die or leave the reactor at x = L.
Bacteria are assumed to be motile, but their motility is random in the sense
that it is modeled by an effective diffusion coefficient and is independent of nu-
trient concentration (chemotaxis is not considered here). The concentrations
of nutrient S and microbial strains wu;, ¢ = 1,2, are governed by the equations
(we have scaled variables so that L = 1)

98 028 oS
Fri o@—v%—mﬁ(s)—wﬁ(s)’

8.1
g = Gigme Vg, tulfilS) —k),i=12,

where the d; are the random motility coefficients of strain wu;, k; is its death
rate, and f;(S) is its uptake and growth rate. The quantity dy is the diffusion
constant for nutrient S. Since the rate of change of the total nutrient con-
centration equals the difference between the inflow and outflow rates of the
nutrient minus the consumption of the nutrient, we have
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It then follows that
oS _ 0 oS -
dO%(O, t) — 'US(O, t) = 7’05 (t) and %(1, t) = 0

Since the rate of change of the total concentration of species u; is the difference
between the natural growth and death rates of the species minus the washout
rate of the species, we have

d [t 1
%/0 ui(x,t)dx:/o ui (2, t)(fi(S(x, 1)) — ki)dr — vu,(1,1).

On the other hand,

d (! L Oui(x, t)

! 62’U,i 6u¢

- (diaugi’t) - vui(l,t)) - (di%gg’ﬂ - vuz-(U,t))

1
+ / wi(, 1) (£i(S(2, 1)) — ki) da.

Thus we get
ou; Ou;
) — VU = 1 =0.
d; . (0,t) — vu;(0,t) =0 and o (1,t)=0
Consequently, we impose on the model system the boundary conditions
oS
d()%(o, t) — ’U‘SV(O7 t) = _'USO(t),
Ou;
dia%(o’ £) — v (0,8) = 0, i = 1,2, (8.2)
oS Ou;
P = 1.)=0.i=1.2
ax ( 7t) a:r ( ?t) 07 1 ) )

and nonnegative initial conditions
S(x,0) = So(x), wui(x,0) =wug(x), 0<z<1. (8.3)

Next we discuss the well-posedness of the initial-boundary value problem
(8.1)—(8.3) and the positivity of its solutions. Assume that the initial data
in (8.3) satisfy (So,uo01,u02) € X = C([0,1],R}), the positive cone in the
Banach space X = C([0,1],R3) with uniform norm. For local existence and
positivity of solutions in the space X T, we follow [243], where existence and
uniqueness and positivity are treated simultaneously, ignoring issues related
to time delays treated there. The idea is to consider mild solutions of the
system of abstract integral equations (we set ug = S and ugg = Sp to simplify
notation)
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uo(t) = V(¢,0)ugy + /Ot To(t — r)Bo(u(r))dr,
(8.4)

wi(t) = Ti(yuos + /O Tyt — 1) Bi(u(r))dr, i = 1,2,

where u(t) = (ug(t),u1(t),uz(t)) = (S(,t),ur (-, ), ua(-,t)) € Xo. Ti(t) is the
positive, nonexpansive, analytic semigroup on C([0,1],R) (see [326, Chapter
8]) such that u = T;(t)ug; satisfies the linear initial value problem

ou 0%u Ju

=di7— —v

ot " Ox2 oz’

ou o @ (8.5)
— dza(&t) +ou(0,t) =0 = 8&:(17”’
u(z,0) = ugi(z),

V(t,s), t > s, is the family of affine operators on C([0,1],R) such that u =
V(t, s)ugo satisfies the linear system with inhomogeneous, periodic boundary
conditions, with start time s, given by
ou J Pu  Ou
a— Oﬁiv%’t>s’
Ju

- do%((),t) +ou(0,t) = vS°(t), t > s,

ou
%(l,t) =0,t>s,
u(m,s) = uOO(x)'

Due to the periodicity of the inhomogeneity in the boundary conditions, S°(t+
w) = SO(t), we have that V(t,s) = V(t +w, s +w) for t > s. The nonlinear
operator B; : C([0,1],Ry) — C([0, 1], R) is defined by

Bo(u) = —u1 fi(uo) — fa(uo)uz,
Bz(u) = [fz<’u,0) — kz]uz, = 1,2.

The result [243, Theorem 1] can be used to give local existence and positivity of
noncontinuable solutions of (8.1)—(8.3), although the elliptic operator in that
setting is slightly different. The reason is that the semigroups 7; and evolution
operator V defined above have the same properties as those in [243] (so [243,
Corollary 4] may be applied). Indeed, V (¢, s) satisfies V' (¢,s)C([0,1],R4) C
C(]0,1],R4) for t > s, by standard maximum principle arguments, and sim-
ilarly (see [326, Chapter 8]), T;(£)C([0,1],R.) ¢ C([0,1],R,) for ¢ > 0. The
operator V' and semigroup 7Ty are related as below (1.9) in [243] on setting
y(z,t) = SO(t). Since we assume that f;(0) = 0, it follows that B;(u)(z) = 0
whenever u;(z) = 0 for some x; hence, B = (By, B1, Ba) is quasi-positive.
Thus, [243, Theorem 1 and Remark 1.1] imply that (8.1)—(8.3) has a unique
nonnegative noncontinuable solution that satisfies (8.1)—(8.2) in the classical
sense for ¢t > 0.
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8.2 Unperturbed Model

Consider the system of equations with identical diffusivities and vanishing cell
death rates
oS %S oS

a: Ow—va—x—ulfl(S)—UQfg(S), O<z<1,t>0,

Ju; 0%u; Ou; 8.7)
! = dy—— — v— i =1 1
5 d08x2 vax—l—ulfl(S’), i 2, 0<x<1,t>0,
with boundary conditions
t
dow —v8(0,t) = —vS°(t), t>0,
oz
dOW—vui(O,t)zo, i=1,2,t>0, (8.8)
0S(1,t)  Oug(1,t) .
%% = g =0, i=1,2,t>0,

and initial value conditions
S($70) = So(l‘) > 07 ’LLZ‘(LU,O) = uoi(x) > 0’ i= 1a27 0 <z< 17 (89)

where dy > 0, v > 0, and SY(-) € C?*(Ry,R), with S°(t) > 0,5°(-) # 0,
SOt + w) = S°t) for some real number w > 0, and fi(-) € C?*(R4,Ry)
satisfies
(H) fl(o):()? fz/(S)>07 VS€R+,Z:1a2

Let n be the outward normal to the boundary of (0,1). Clearly, for any
¢() € Cl([07 1]7R)7

9¢(0) _ 9¢(0) 9p(1) _ 99(1)

on Oz and on Oz
Therefore, the boundary condition (8.8) is equivalent to the following one:

05(0,t

do% +v8(0,t) = vS°(t), t >0,
O0u; (0,t :

do “8( )+vui(0,t):O7 i=1,2,t>0, (8.10)

n

05(Lt) _ dullh) _ 0 ;9 4o,

on on

Let X* = C([0,1],R%). As mentioned in Section 8.1, [243, Theorem 1 and
Remark 1.1] imply that for any ¢ = (So(+), u01(-), uo2(-)) € X T, there exists a
unique (mild) solution (S(x,t, @), ui(x,t, ), us(x,t,p)) of (8.7)-(8.8), defined
on its maximal interval of existence [0,04), satistying

S(z,t,9) >0, u(z,t,¢) >0, Ve €[0,1], t € [0,04), i =1,2.

Moreover, (S(x,t, ), u1(z,t,¢), ua(x,t,¢)) is a classical solution of (8.7)—
(8.8) for t € (0,04).
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8.2.1 Conservation Principle

Since we have scaled the u; in nutrient-equivalent units, the total nutrient
W(z,t) = S(z,t)+uy(z,t)+us(z,t) should eventually come into balance with
the input S°(¢). Then W (z,t) satisfies the following scalar linear equation

ow PwW ow

L dy e —v—, 0 1,t>0
ot 922 " Yoz’ <E<Lt>0
oW (0,t
do% +oW(0,t) = vS°(t), t>0, (8.11)
oW (1,t
oW1, 1) =0, t>0.
on
Note that equations (8.7)—(8.8) reduce to (8.11) for W = S when u; =
0,7 = 1,2. In what follows, we use B¢ = 0 to denote the homogeneous
boundary conditions do%glo) +v¢(0) =0 and a‘g—g) =0.

Proposition 8.2.1. System (8.11) admits a unique positive w-periodic solu-
tion W*(z,t) > 0, and for any Wy () € C([0, 1], R), the unique (mild) solution
W (z,t) of (8.11) with W (-,0) = Wy(-) satisfies lim;_,oo (W (2, t) —W*(z,t)) =
0 uniformly for x € [0,1].

Proof. Let u(x,t) = W{(x,t)—S%(t) and S;(t) = —dS;t(t), t > 0. Then u(z,t)
satisfies

ou 9%u ou

— =do=— —v— +51(t 0 1,t>0
ot 092 U3z+ 1(®), srsLt=h

doM +ou(0,t) =0, t>0, (8.12)
on
du(1,t)
- 0, t>0.

Since the boundary conditions in (8.12) are homogeneous, (8.12) can then be
written as an abstract ordinary differential equation in C([0,1],R) given by
d
dit‘ = Au(t) + S1(t), >0,
u(0) = ¢ € C([0,1]),R),

(8.13)

where A is the closure in C([0,1],R) of A° = dyd/d2? — vd/dx with
D(A%) = {¢ € C*((0,1)) N C*([0,1]) : A% € C((0,1]), B¢ =0} .

For any ¢ € C(]0,1],R), the mild solution of (8.12) can be expressed as

t

u(t) =T + /0 T(t — s)S1(s)ds, (8.14)

where T'(t) is the analytic semigroup generated by A in C([0,1],R) (see, e.g.,
[272] and [326, Chapter 7.1]). It easily follows that w(¢) is an w-periodic solu-
tion of (8.13) if and only if uy = u(0) satisfies
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(= T(w))up = / T(t — 5)Sy (s)ds. (8.15)
0

By an argument similar to that in [326, Section 8.1], it follows that o =
sup{ReX : A € 0(A)} < 0. Then the radius of the spectrum of the compact
operator T'(w) satisfies 7(T'(w)) < 1, and hence (8.13) admits a unique w-
periodic solution u*(t). Let v(t) = u(t) — u*(t). Then v(t) satisfies

dv(t)
dt

By [272, Theorem 4.4.3], there exist M > 0 and p > 0 such that | T(¢)] <
Me=#* ¢t > 0, and hence lim;_, o v(t) = 0in C([0, 1], R). Then lim;_, oo (u(z, t)—
u*(z,t)) = 0 uniformly for = € [0, 1].

Let W*(z,t) = u*(x,t) + S°(t), = € [0,1],¢ > 0. It then follows that
W*(x,t) is an w-periodic solution of (8.11), and for any Wy(-) € C([0, 1], R),
the unique (mild) solution W (x,t) of (8.11) with W (-,0) = Wy(-) satisfies

= Av(t), t>0. (8.16)

tli)m (W(z,t) — W*(x,t)) = 0, uniformly forz € [0, 1]. (8.17)

For any Wy(-) € C([0,1],R,), by [243, Theorem 1 and Remark 1.1], the unique
solution W (x,t) of (8.11) with W(-,0) = Wy(-) satisfies

W(z,t) >0, Yz €[0,1], t > 0. (8.18)

It remains to prove that W*(x,t) > 0, for all z € [0,1]and ¢ > 0. For
any t > 0, by (8.17) we have lim,_,oo(W(z,t + nw) — W*(x,t + nw)) =
lim, oo (W (2, t + nw) — W*(z,t)) = 0, uniformly for =z € [0,1]. Then
W*(z,t) = limp—oo W(z,t + nw) > 0,Vz € [0,1],¢ > 0. Since S°(¢) >
0,S5°(-) # 0, there exists ty > 0 such that S%(ty) > 0. It is easy to see
that dow +ou*(0,t9) = 0 implies u*(-,t9) # —S°(tp). Then W*(-,t9) =
u* (-, t0)+S%(tg) # 0. By the standard parabolic maximum principle, it follows
that

W*(z,t) > 0, Vz € [0,1], ¢t > to. (8.19)

Then, by the w-periodicity of W*(z,-), we have W*(z,t) > 0, Vx € [0,1],
t>0. [ |

8.2.2 Single Species Growth

If only one microbial species is present in the reactor, we have the single
species model

2
%j: O%_vg—i—uf@), O<z<l1,t>0,

ou 0%u ou
E_doﬁ_/l}%—i_u'fl(s)’ 0<$<1,t>0,

(8.20)
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with boundary conditions

0# —v8(0,1) = —vS°(t), t>0,
do 8ug;, t_ vu(0,t) =0, t>0, (8.21)
0S(1,t)  Ou(l,t)
r oz t>0,
and initial conditions
S(x,0) = So(z) >0, u(z,0) =up(z) >0, Vz € [0,1], (8.22)

where dg > 0,v > 0, f(-) € C?>(Ry,R,) satisfies (H) and S°(-) is as in (8.8).
Let Y+ = C([0,1],R%). It then follows that for any ¢ = (So(-),uo(+)) € Y,
(8.20)—(8.22) admits a unique (mild) solution (S(z,t, ¢), u(z,t, ¢)), defined on
its maximal interval of existence [0,04), satisfying S(z, t, (b) > 0,u(z,t,¢) >
0, Vz € [0,1],t € [0,04). By the conservation principle in Subsection 8.2.1, for
each p € Yt 045 =00

We determine stability of periodic solutions in the following way. For any
m € CY([0,1] x R,R) with m(x,t + w) = m(x,t),YVo € [0,1],t € R, let
w(m(-,-)) be the unique principal eigenvalue of the periodic—parabolic eigen-
value problem (see [152, Section I1.14])

0p _ 4 09 _ 0%
5t —danQ Vo +m(z, t)p+pp, x€(0,1),teR,

9¢(0,t) _9p(Lt) (8.23)
do o vp(0,t) = e 0, teR,

 w-periodic in t.

The main result of this subsection says that if the washout periodic solution
(S,u) = (WW*,0) is stable or neutrally stable in the linear approximation then
it is globally stable, while if it is unstable then there exists a unique positive
periodic solution representing survival of the population to which all other
solutions with uy # 0 approach asymptotically.

Theorem 8.2.1. Let W*(x,t) be as in Proposition 8.2.1.

(a) If u(F(W @) > 0, then for any & = (So()uo()) € Y+,
limy oo (S(z,t, ) — W*(z,t)) = 0 and limy,oou(z,t,¢) = 0
uniformly for x € [0,1];

(b) If u(f(W*(x,t))) < 0, then (8.20)-(8.21) admits a unique positive w-
periodic solution (S*(z,t),u*(z,t)) and for any ¢ = (So(-),uo(-)) € Y+
with ug(+) # 0, limy o0 (S(z,t, ) — S*(z,1)) = 0 and limy_,o0 (u(x, t, ) —
u*(x,t)) = 0 uniformly for x € [0, 1]. Moreover, (S*(x,t),u*(x,t)) is lin-
early asymptotically stable for (8.20)—(8.21).
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Proof. Let f(-) : R — R be a smooth extension of f(-) : Ry — R, such that
f(0) =0,f(s) >0, Vs eR,and f(s) = f(s),Vs € R.. Let W = S + w.
Then system (8.20) with (8.21) is equivalent to the system

ow W ow

= dy— —v——, O<a<1,t>0,

ot Ox? ox

Ju 0%u ou (8.24)
a:d0@7'l)%+uf(W7u), O<x<1,t>0,

with boundary conditions

dow —oW(0,t) = —vS°(t), t>0,
do aug;’ t_ vu(0,t) =0, >0, (8.25)
OW(1,t)  ou(l,t)

= g =0 >0

)) be the umque solutlon of

(z,
> 0, satisfies the nonautonomous

Given ¢ = (So(+),uo(+)) € YT, let (W(x,t),u
(8.24)—(8.25) satisfying (W (z, ) u(x,0)) = (So
Then U(z,t) = u(z,t + w), x € [0,1],t >
scalar parabolic equation

ou 0%u ou

gu_ o _ 1

5 doan Vs +uf(W(z,t+w)—u), 0<z<1,t>0, 6.26)
d 0u0t) _ vu(0,t) = duilt) _ t>0 |

0 83: 9 833 ) .

By the conservation principle, lim;_, o (W (z,t) — W*(z,t)) = 0 uniformly for
x € [0,1], and hence (8.26) is asymptotic to the following periodic scalar
parabolic equation

ou 0%u Ou

d u(0,t) vu(0, ) = du(1, t) >0 '
0 o Ox ’ '

Let 1 < p < oo, and let X° = LP(0,1) and X' = W} 5(0,1). For § €
(1/2+1/(2p), 1), let X? be the fractional power space of X° with respect to
(A% B) (see, e.g., [150]). Then X! ¢ X# C X° and X? — C'**(0, 1] for some
A > 0. Clearly, U(+,0) = u(-,w) € X! € X?. By Theorem 3.2.2, it follows
that

(a) If u(f(W*(x,t))) >0, limy_,o U(z,t) = 0, and hence lim;_, o u(x,t) = 0,
uniformly for z € [0, 1];

(b) If u(f(W*(x,t))) < 0, (8.27) admits a unique positive w-periodic solution
u*(z,t) and lim; o0 (U(z,t) — u*(z,t)) = 0, and hence lim;_, o (u(x,t) —
u*(z,1)) = limy_ oo (U(x, t —w) —u* (2, t —w)) = 0, uniformly for = € [0, 1].
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In case (a), lim; o0 (S(x,t) — W*(x,t)) = limy,oo[(W(x,t) — W*(x,t)) —u
(x,t)] = 0 uniformly for = € [0,1]; In case (b), let S*(x,t) = W*(x,t) — u*
(x,t). Then limyoo(S(z,t) — S*(z,t)) = limyoo[(W(x,t) — W*(x,t)) —
(u(z,t) — u*(z,t))] = 0 uniformly for € [0,1]. We further claim that
(S*(x,t),u*(z,t)) is a positive w-periodic solution of (8.20)—(8.21). It then

suffices to prove that W*(z,t) > u*(z,t), Vo € [0,1],¢ > 0. Since dgy 6W(;(O’t) +
vW*(z,t) = vS8°(t) > 0 and % =0,t >0, W*(z,t) is an upper solution

of (8.27). Let ug(x,t) be the unique solution of (8.27) with ug(-,0) = W*(-,0).
Then ug(z,t) < W*(z,t), Yo € [0,1], t > 0. It then follows that

ug(x,t +nw) < W*(x,t + nw) = W*(z,t), ¥t >0, n > 0. (8.28)

Since limy—, oo (ug (2, t) — u*(z,t)) = 0 uniformly for = € [0, 1], letting n — oo
in (8.28), we have

u(z,t) < W*(x,t), Vzel0,1],¢>0.

Let to > 0 be such that S%(tg) > 0. Clearly, the boundary conditions for
W*(x,t) and w*(z,t) in (8.11) and (8.27) imply that u*(-,tg) Z W*(-, o).
Then, by the parabolic maximum principle, we get

u*(z,t) < W*(,t), Vxel0,1],¢> to,
and hence by the w-periodicity of u*(z,t) and W*(x,t),
u(z,t) < W*(x,t), Vxel0,1],¢>0.

Let P : Y* — YT be the Poincaré map associated with (8.20)—(8.21);
that is, P(¢) = (S("wv¢)’u('vw7¢))’ Vo = (SO(')aUO(')) € Y*. Let ¢o =
(S*(-,0),u*(-,0)). Clearly, P(¢g) = ¢o. It remains to prove the linear asymp-
totic stability of the positive periodic solution (S*(z,t),u*(x,t)) in the sense
that 7(DyP(¢0)) < 1. Let S = S—S*, i = u—u*. We then get the linearization
of (8.20)—(8.21) at (S*(x,t),u*(x,t)) given by

o8 0%S 9S8 -
B = o v —u (@) (8, )8 — (8" (w0,

o 92 P (8.29)
7” — 7“' _ 711/ * ! * Q * —
o= oy — vt (@, ) (8" (2, 1) + £(S" (@, ),
with homogeneous boundary conditions
5(0.¢ )
do BS(Z’ ) —v5(0,¢t) =0, t>0,
u(0, ¢
do% —vu(0,t) =0, t>0, (8.30)

05(1,t)  ou(1,t)
o~ an — 0 t>0
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Let U(t,s),t > s > 0, be the evolution operator of linear system (8.29)-
(8.30). It easily follows that Dy P(¢o) = U(w, 0). Under the change of variables

w=25+1u,z=a, that is,

w) _ (11)\ /(S

z) \01)\a)’
(8.29)—(8.30) is then transformed into the system

2
88—1:: 0%—@%, 0O<z<l1,t>0,
0z 0%z 0z . o (8.31)
i 0@‘”%‘*‘“ (z,t) £ (5™ (@, 1))w

+ (f(S*(x,t)) —u*(z, ) f (S (x,1))) 2z, O0<z<1,t>0,

with boundary conditions

Ow(0,t) B
do pra vw(0,t) =0, t>0,
dow —02(0,6) =0, >0, (8.32)
x
ow(l,t)  0z(1,t)
= =0, >0,

Let Uy(t,s), t > s > 0, be the evolution operator of the linear equation

Ow 0w Ow

— =dy——5 — VvV 1t

5 = gz —vg 0<z<Lit>0, 533)
Ow(0,t) _ow(l,t) '

dOvaw(O,t)—T—O, t>0,

and let Us(t,s), t > s > 0, be the evolution operator of the periodic linear
equation

d > 9
&yt vt (87 (1) — ) (57 (1) 2,
0" oz —vz(0.8) = or

Then

- U, (t, S) 0
R (T i ) B

is the evolution operator of periodic linear system (8.31)—(8.32). In particular,

_ U1(w, 0) 0
U0 = ( o Uy 5 ) 0 Tan)) 59
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As claimed in Subsection 8.2.1, r(U;(w, 0)) < 1. By the definition of principal
eigenvalue (see [152, Proposition 14.4]), we have

p(f (S (,t) = u™ (2, ) (5™ (2, 1)) = —éln(T(Uz(w»O)))

Since (S*(x,t),u*(z,t)) is an w-periodic solution of (8.20)—(8.21), u*(x,t) sat-
isfies the periodic linear equation

ou 9%u ou

- = - * 1

m d08x2 Vo + f(S*(z,t))u, O <z <1,t>0, s37)
0u(0,t) _ ou(l,t) '

dOT vu(0,t) = or 0, t>0.

Then, by the uniqueness of the principal eigenvalue, we have u(f(S*(x,t))) =
0. Since f(S*(z,t)) — u*(x,t) f'(S*(x,t)) < f(S*(x,t)), by the monotonicity
of the principal eigenvalue ([152, Lemma 15.5]),

p(f (8" (@, t) = u (2, ) £/ (S (x, 1)) > p (f(S™(2,1))) = 0.

Therefore, r(Usz(w,0)) < 1. Clearly, U(w,0) : Y = C([0,1], R)xC([0, 1], R?) —
Y is a compact and positive operator. We further claim that r(U(w,0)) < 1.
Indeed, let a« = r(U(w,0)). If & = 0, obviously we have r(U(w,0)) < 1.
In the case where a@ > 0, by the Krein—-Rutman theorem (see, e.g., [152,

Theorem 7.1]), there exists ¢ = (d)l) > 0in Y such that

¢72
< 1)
¢2

0 (§1) =

Then U;(w,0)¢1 = a¢y. If ¢1 > 0, then o = r(U; (w,0)) < 1. If ¢1 = 0, then
@2 > 0 and Us(w,0)¢pa = aga, and hence, a = r(Uz(w,0)) < 1. Clearly,

T(w,0) = ((1) ‘11) U(w,0) ((1) ‘11> o

It then follows that r(DyP(¢o)) = r(U(w,0)) = r(U(w,0)) < 1. ]

8.2.3 Two-Species Competition
For any ¢ = (So(+),u01(+),u02(-)) € X, let
b(z,t,¢) = (S(x,t), ur(z,t), uz(z,t))
be the unique (mild) solution of (8.7)—(8.8) with &(-,0, ¢) = ¢. Then S(z,t) >
i

0,u;(z,t) > 0, Vx € [0,1], t € [0,04), i = 1,2. By the conservation principle,
for each ¢ € YT, 04 = 00
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In the case where pu(f;(W*(z,t))) < 0,7 = 1,2, according to Theo-
rem 8.2.1, let (S7(z,t),uf(x,t)) be the unique positive w-periodic solution
of (8.20)—(8.21) with f(-) = f;(+), i = 1,2, respectively. As shown in the proof
of Theorem 8.2.1, for each 1 <14 < 2,

W*(xz,t) > uf(z,t), Sf(x,t)=W"(x,t) —u(z,t), Ve €[0,1], ¢ >0,

and u}(z,t) is the unique positive w-periodic solution of the periodic-parabolic
equation
c’?ui 82ui 8ul

¢ ~dogr VG +uifi(W*(x,t) —w;), 0<ax<l1,t>0,

dOW—vui(OJ):w:O, tZO
We now show that if each population can survive in the bioreactor in the
absence of competition and if each population can invade the other’s single-
population periodic solution, then there exist two, not necessarily distinct,
positive periodic solutions, each representing coexistence of the two popula-
tions, and system (8.7)—(8.8) is uniformly persistent.

Theorem 8.2.2. Assume that

(1) p(fi(W* (z,1))) <0, Vi = 1,2;
(2) p(f1(S5(z,1))) < 0 and p(f2(S7(z,1))) <O0.

Then system (8.7)-(8.8) admits two positive w-periodic solutions
(Sik (Iv t)a 1_1,1*(1‘, t)} ’U’; (35, t)) and (Sék (‘Ta t)v ET (Ia t)’ U (‘Ta t)) with

Wiz, t) > Uy (z,t), Vo € [0,1],t e Ry i = 1,2,

and for any ¢ = (So(-),u01(-),uo2(+)) € X with ug;(-) # 0,Vi = 1,2,
é(l’,t,(ﬁ) = (S(l‘,t),ul(l‘7t)7u2<.%‘,t)) Satisﬁes

ltlim d(ui(z,t), [z, t), @l (z,8)]) = 0, i = 1,2, uniformly for x € [0,1].
—00
Proof. For each 1 <i <2, let f;(-) : R — R be a smooth extension of f;(-) :
R4+ — R such that f;(0) =0, f/(s) > 0, Vs € R, and f;(s) = fi(s), Vs € R;.
Let W = S+ w; 4+ us. Then system (8.7) with (8.8) is equivalent to the system

ow P*PwW oW

a9 a2 1

9 05,3 “ax’ O<x<1,t>0,
ou; 0%, _U% (8.38)
ot 092 Oz

+uif¢(W—U1—U2), 1=1,20<x<1,t>0,

with boundary conditions
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W (0, t)

do === — oW (0,1) = —vS°(t), t>0,
dow —ovu;(0,6) =0, i=1,2,¢>0, (8.39)
x
oW (1,1) _ Ou;(1,t) =0, i=1,2¢t>0.
Oz O

Given ¢ = (So(-), uor (), uoa(-)) € X, let
Bz, t,0) = (S(x, 1), ur(z, 1), uz(x, 1)), Yo € [0,1], £ > 0,
and let
(U (1), Un(, 1)) = (u (2, t + w), uz(x, t +w)), Yo € [0,1], t > 0.

Then (Uy(x,t), Uz(x,t)) satisfies the following nonautonomous parabolic sys-
tem

Ou; 82Ui Ou;

= o — U

ot Ox? Oz

Bu; =0, i=1,2.

—uy — i =1,2
+u1fz<W(xat+w) uy U’?)a 1 5 4y (840)

By the conservation principle, lim;_, o (W (z,t) — W*(z,t)) = 0 uniformly for
x € [0,1], and hence (8.40) is asymptotic to the following periodic-parabolic
System

3u1— 82’U,i [“)ul ~ * .

ET dOW U +uifi(W*(x,t) —ug —u2), i=1,2,
Bu; =0, i=1,2.

(8.41)

Let X% be as in the proof of Theorem 8.2.1, let Z = X8 x X?, and let Z* be
the usual positive cone of Z. Since (Ui (+,0), Uz (+,0)) = (u1(-,w), u2(-,w)) € Z,
we consider systems (8.40) and (8.41) with initial values in ZT. Let A =
{(t,;s) : 0 < s <t < oo}. Define & : A x ZT — Zt by d(t,s,9) =
a(-,t,8,9),t > s> 0,9 € ZT, where a(x,t,s,9) = (u1(z,t,s,v), uz(x,t,8,7))
is the unique solution of (8.40) with a(-,s,s,v) = . Define T}, : ZT —
Ztn >0, by T,(¢) = &(nw,0,¢),¢p € Zt. Let T(t) : ZT — Z+, ¢t > 0,
be the periodic semiflow generated by periodic system (8.41), i.e., T(t)y =
u(+,t,), where u(x,t,1) is the unique solution of (8.41) with wu(-,0,v) = .
Clearly, @ = T(w) : ZT — Z7T is the Poincaré map associated with the
periodic system (8.41). Then, by Proposition 3.2.1, & : A x ZT — Z% is
an asymptotically periodic semiflow with limit w-periodic semiflow T'(¢) :
Zt — Z*t,t >0, and hence T}, : ZT — Z*,n > 0, is an asymptotically
autonomous discrete process with limit Q : ZT — Z*. Moreover, for any
€ Zt, 4T (y) = {T,(¢) : n > 0} is precompact in Z*. Let (Z, P) be the
ordered Banach space with the positive cone P = X_f X (—X_/f_)7 where Xf_
is the usual positive cone of X ﬁ, and denote its order by <p. It then follows
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that T'(t) : Z+ — Z*,t > 0, is monotone with respect to <p in the sense
that if ¢,9 € ZT with ¢ <p 1, then T(t)p <p T(t)1), Vt > 0.

Clearly, condition (2) implies pu(f1 (W*(z,t)—ub(z,t))) = u(f1(S5(z,1))) <
0 and p(fo(W*(x,t) —ui(z,t))) = u(f2(S7(z,t))) < 0. By Theorem 2.4.2,
as applied to the Poincaré map associated with (8.41), or an argument similar
to that in [152, Theorem 33.3], it then follows that (8.41) admits two positive
w-periodic solutions (@14(x,t),us(x,t)) and (af(z,t), tox(z,t)) with

Uiw(x,t) < @l(x,t), Yo €]0,1],¢t >0,

such that the compressive dynamics stated in Theorem 8.2.2 holds for (8.41)
on Zt. Let Ef = (u1.(+,0),u5(-,0)) and Ef = (ui(-,0),u24(-,0)). Clearly,
QE?) = Ef,i = 1,2. Let Zo := {(61,69) € Z* : (") £ 0,i = 1,2} and
0Zy = ZT \ Zy. Clearly, Q : Zy — Zp, and Q : dZy — 0Zy. It then follows
that @ : Zy — Z, admits a global attractor Ay C [Ef,E3]p. Let My =
(0,0), My = (ui(-,0),0), and My = (0,u5(-,0)). It is easy to see that U?_,M;
is an isolated and acyclic covering of Ugegz,w (c;S) for Q : 02y — 0Zy. By our
assumptions and Proposition 3.2.3, we have Ws(M;)N Zy = 0, Vi =0,1,2,
where W#(M;) is the stable set of M; with respect toT,: Zt — Z*,n>0.By
Lemma 1.2.2, every w-limit set w(¢) of v+ (¢) = {T\(¢) : n > 0} is internally
chain transitive for Q : ZT — ZT. By Theorem 1.2.1, it then follows that
w(¥) C Ao, Y € Zy. By Theorem 3.2.1, lim;_, o d(a(, t O ,), T(t)Ap) = 0.

Since Ef <p Ao <p E3, by the monotonicity of T(#) : — ZT,t >0, we
have

TH)ET <p T(t)Ag <p T(t)E;, Vt>D0. (8.42)
Note that

T(t)El* = (ﬂl*(-,t),ﬂ;(~,t)), and T(t)E; = (ﬂ{(~,t),ﬁ2*(',t)), vt > 0.
For any ¢ = (So(-),uo01(-),u02(-)) € X  with ug;(-) # 0, Vi = 1,2, since
(U1(+,0),Us(+,0)) € Zy, we have

hm d(ui(z,t), [t (z, 1), ] (z,1)])

= lim d(U;(z,t — w), [t (2, t — w), @} (z,t —w)]) =0, Vi=1,2,

)
t—o00 v

uniformly for =z € [0, 1]. )
Let Sy(xz,t) = W*(x,t) — ay.(x,t) — a(x,t) and Si(x,t) =
WH*(z,t) — uj(x,t) — tox(x,t). We need to confirm that

(S5 (2, 1), s, ), u5(2,t)) and (S5(z,t),uf(z,t), g (z,1))
are two positive w-periodic solutions of (8.7)—(8.8). It suffices to prove that
WH(x,t) > ay(x,t) + Gox(x, 1), W*(2,t) > t14(2, 1) + @5 (2, 1),

for all z € [0,1] and ¢t > 0. Since uj(-,0) <p W*(-,0), we can choose 1/°
= (¥9,49) € Zy such that
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By <p o’ <p My = (uf(+,0),0) and ¥ () + 3 (x) < W*(z,0), Yz € [0,1].

Let (u{(x,t),u3(x,t)) be the unique solution of (8.41) with (ud(-,0),uy(-,0))
=0, and let f(s) = max{fi(s), f2(s)}, Vs € R. Then

V(x,t) = ud(x,t) +ud(x,t), x €[0,1], ¢ >0,
satisfies V(z,0) < W*(x,0), Vz € [0, 1], and

ov o?V oV
<

— —— —v— + VF(W*(2,t) — 1, ¢
815 >~ OaxQ U@x + f( ((E, ) V)? O<o< ) >07 (843)
BV =0,t>0.
Note that W*(z,t) satisfies
ow* PW ow* . Tk .
5 =do Ereaia i + W (W™ (x,t) — W*(x,t)), (8.44)
BW* >0

for 0 <z < 1 and t > 0. By the standard comparison theorem, it follows that
uf (z,t) +ud(z,t) = V(z,t) < W*(x,t), Yo € [0,1], t > 0. (8.45)

By Theorem 2.4.2, Q"(¢°) = (u{(-,nw),ud(-,nw)) — E3 as n — oo, and
hence

lim (u)(x,t) — @}(z,t)) =0 and tlim (uy(z,t) — tgs(x,1)) =0
— 00

t—o0
uniformly for = € [0, 1]. By (8.45), we have
ul (z,t +nw) +ud(z, t +nw) < W*(z,t +nw) = W*(x,t) (8.46)
for all x € [0,1] and t > 0. Letting n — oo in (8.46), we get
ay(x,t) + Gox(x,t) < W*(x,t), Yz € [0,1], t > 0. (8.47)
Since V* = af(z,t) + o« (z, t) satisfies (8.43) and W*(x,t) satisfies (8.11), as
argued in the proof that W*(x,t) > u*(z,t) in Subsection 8.2.2, we further
!

have @} (z,t) + o (z,t) < W*(z,t), Yo € [0,1], ¢ > 0. Similarly, we can prove
that 1. (x,t) + as(x,t) < W*(z,t), Yz € [0,1], t > 0. ]

8.3 Perturbed Model

In order to apply abstract perturbation-type results to periodic systems with
parameters, we first consider the weak repellers uniform in parameters and
the continuity of solutions on parameters uniformly for initial values.
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8.3.1 Periodic Systems with Parameters

Let A be a subset of R!. We consider the periodic-parabolic system with
parameter (E)):

aui

ot
Biu; =0 on 92 x (0,00), 1 <i<m,

= AiNus + Fi(w,bu ) in 2 (0,00), T<i<m, g0

where v = (u1,...,un) € R™ X € A, Biu; = %7;" + ajug, o > 0, Ai(N)
are uniform elliptic operators with coefficients continuous in (z,A), F; are
smooth functions, and for some real number w > 0, Fi(z,t + w,u, \) =
Fi(z,t,u,\), V1 < i < m. We assume that for any ¢ = (é1,...,0m) €
Ct = C(2,R7), the unique (mild) solution u(z,t,¢,A) of (E)) with
u(-,0,4,\) = ¢ exists globally on [0,00) and u;(z,t,¢,A) > 0, Vo € 2, >
0,1<i<m.

For each 1 < i < m and any m € C'([0,1] x R,R) with m(z,t + w) =
m(z,t), Vo € [0,1], t € R, let u(A;(A),m(-,-)) be the unique principal eigen-
value of the periodic-parabolic eigenvalue problem (see [152, Chapter II])

9 _
ot
Bip=0, xz€d, teR,
p w-periodic int.

Ai(Np +m(a, )+ pp, w2, tER,

Then we have the following result on the uniform weak repeller .

Proposition 8.3.1. Let \g € A be fixed. Assume that there exists some 1 <
i < m such that F;(x,t,u, \) = u;Gi(z,t,u, \), and (Ey) admits a nonnegative
periodic solution

UE(%t) = (ugl(xvt)v T 7ugifl(wvt)70,u5i+l(xat)7 e ’USn(mvt))

with p(A;(No), Gi(x, t,ul(z,t), Xo)) < 0. Then there exist n > 0 and 6 > 0
such that for any |A — | < & and any ¢ € CT with ¢;(-) #Z 0, we have

lim sup [|(u(-, nw, ¢, A) —ug (- 0)]| = .
n—oo
Proof. Let M = ug(-,0) and let B(M,r) denote the open ball in C' =
C(£2,R™) centered at the point M and with radius r. By the definition of
the principal eigenvalue in [152, Proposition 14.4] and the continuous depen-

dence of evolution operators on parameters (see, e.g., [13] and [89, Section
IT1.11]), we have

)\lin}l\ w(A;(N), Gi(z, t,ug(x,t), Ao)) = p(Ai(Xo), Gi(z, t,ug(z, 1), Ao)) < 0.
— A0

Then there exists dp > 0 such that for any |\ — A\g| < do,
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* 1 *
w(Ai(N), Gi(z, t,ub(x,t), Ao)) < iu(Ai()\o),Gi(x,t,uo(x,t), o))-

Let €9 = —3u (Ai(Xo), Gi(z, t, uf(z,t), Ao)). Then for any |X — Ao| < do,
—,U/(AZ()\),GZ(LL',t,Ua(x,t),)\o)) > ¢y > 0.

Let r = max, 5 ;e[ [u6(7,t)| + 1. Therefore, the uniform continuity of

Gi(w,t,u,\) on the compact set 2 x [0,w] x B(0,7) x B()\o,do) implies that
there exist 6; € (0,d0) and n; € (0,1) such that for any u,v € B(0,r) with
|u—11| <m and ‘)\—)\0| < 51,

|Gi(x,t,u, N) — Gi(z,t,v,\o)| < €0, Vo € 2, t€[0,w] (8.49)

Since limg ) (a1,00) (-5 1, @, A) = u(-,t, M, Xg) = ug(+,t) in C uniformly for
t € [0, w], there exist d2 € (0,d1) and 12 > 0 such that for any ¢ € B(M,n2) C
C, |/\ — /\0| < b9,

lu(z,t, ¢, \) — ug(x, t)] < mi, Vz € 2, t €[0,w].

We claim that for any |A — \g| < d2 and ¢ € B(M,n2) N CT with ¢;(-) #Z 0,
there exists ng = no(A, ¢) > 1 such that

“("nowmﬁ,)\) ¢ B(M7 772) (850)

Assume, by contradiction, that there exist ¢g € B(M,n2)NCT with ¢o;(-) Z 0
and |A; — Ag| < d2 such that for all n > 1,

u(-,nw, do, A1) € B(M,13). (8.51)

For any ¢t > 0, let t = nw + t/, where ¢’ € [0,w) and n = [t/w] is the greatest
integer less than or equal to t/w. Then we have

|U(ZL'7 t7 ¢07 Al)_ué(m7t)| = |U/(£Z'7 t/7 ’LL(', nw, ¢07 )‘1)7 Al)_ué(m7tl)| <m (852)
for all z € £2, and hence

lu(z,t, g0, A1)| < [u(z,t)] +m < max Jug(z,t)[+1=r
z€2,te[0,w]

for all t > 0 and x € 2. Therefore, by (8.49) and the w-periodicity of

Gi(z,t,u, A1) with respect to t,
Gi($7t,u($,t7¢o,)\1),)\1) > Gi(x,t,’U,S(iCﬂf), )\()) — €0, Vo € ﬁ, t>0. (853)

Let 1;(z,t) be a positive eigenfunction corresponding to the principal eigen-
value p = pu(A;(M\1), Gi(z, t,ul(z,t), Ao)); that is, ¢;(x,t) satisfies

Yy . )
A= 4O Gala, b (e, ), Mo s in 2 R,

Bﬂpi =0 on 02 x R7

1; w-periodic int.

(8.54)
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Then 9(-,0) > 0 in C(2,R). Let
’U/(J), ta ¢07 )‘1) = (Ul(ﬂ?, t7 ¢07 )‘1)7 e ,Um($, t7 ¢0) A1))

Since ¢oi(-) > 0 in C(£2,R), by applying the parabolic maximum principle
to the ith component of (Ey,), we have u;(-,t, ¢g, A1) > 0 in C(2,R) for all
t > 0. Let w;(x,t) = ui(z,t +w, do, A\1). Then u;(+,0) = u;(-,w, dg, A1) > 0 in
C(£2,R), and hence there exists k > 0 such that u;(-,0) > ki;(-,0). Therefore,
by (8.53), u,(x,t) satisfies

361:; > Ai(A)u; +wi (G, t,ug(z,t), Ado) —€0)  In £2 x (0, 00),

Biu; =0 on 91 x (0, 00), (8.55)
u;(z,0) > k;(2,0)  on £2.

By (8.54), it easily follows that v(x,t) = ke(~#= ), (2, t) satisfies

% = A;(M)v+ v (Gi(x, tuy(z,t), \o) —€9) in 2 x (0,00),

Biv=0 on 9 x (0,00), (8.56)
v(z,0) = k;(x,0)  on £2.

By (8.55), (8.56), and the standard comparison theorem, we get
wi(x,t) > kel Oty (2. 1), VE>0, z € 2.

Then lim;_, o u;(z,t) = oo for any = € {2, which contradicts (8.51). It fol-
lows that for any |[A — Ag| < 2 and any ¢ € C+ with ¢;(-) # 0,
limsup,,_, ., d(u(-,nw, ¢, X), M) > 1. ]

By the continuous dependence of the evolution operator on parameters
(see, e.g., [13] and [89, Section III.11]), the variation of constants formula,
and a generalized Gronwall’s inequality argument (see, e.g., [152, Lemma 19.4]
and the proof of Proposition 3.2.1), we can prove the following result on the
continuity of solutions on parameters uniformly for initial values.

Proposition 8.3.2. Assume that solutions of (E\) are uniformly bounded
uniformly for X € A; that is, for any r > 0, there exists B = B(r) > 0
such that for any ¢ € CT with ||¢|| <, |lu(-,t, ¢, N)|| < B(r),Vt >0, X € A.
Then for any A\g € A and any integer k > 0,

lim ([u(-t, ¢, A) —u(,t,¢,X)|| =0
)\4))\()

uniformly for t € [w, kw] and ¢ in any bounded subset of CT.
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8.3.2 Single Species Growth

Consider the single species growth model with not necessarily identical diffu-
sivities and nonvanishing cell death rate
oS 0?8 o5

o = 052 U%—Uf(S), O<z<1,t>0,

5 92 5 (8.57)
u U u
with boundary conditions

doM —08(0,t) = —vS%(t), t>0,

or
d@ug;, B _ vu(0,t) =0, >0, (8.58)
0S(1,t)  Ou(l,t)
or dx 0, ¢>0,

where dy > 0,d > 0,v > 0, and k > 0, and S°(-) and f(-) are as in (8.20)—
(8.21). Let Y+ = C([0,1],R%). Let dyp > 0 and v > 0 be fixed and let A =
(d,k),d > 0,k > 0. As argued in Section 8.1, [243, Theorem 1 and Remark
1.1] imply that for any ¢ = (So(-),uo(-)) € YT, (8.57)—(8.58) has a unique
solution (S(x,t, ¢, A),u(z,t, $, X)), defined on its maximal interval of existence
[0,04), satisfying (S(-,0, ¢, A),u(-,0,¢,\)) = ¢. Moreover,

S(l:7 t’ ¢7 >\) Z 07 u(:z:’?t’ ¢’ A) Z 0’ vx 6 [0’ 1]7 t 6 [0’ O.d))'

We further have the following result.

Lemma 8.3.1. Let A = {(d, k) : %‘J < d < 2dy, k > 0}. Then for each X €
A, o e YT, (S(z,t,p,\),u(x, t,p,N\)) exists globally on [0,00), and solutions
of (8.57)-(8.58) are uniformly bounded and ultimately bounded uniformly for
A e A

Proof. Given ¢ = (Sy(+),uo(-)) € YT, for convenience, let
(S(z,t),u(z,t) = (S(z,t, 0, N),u(z, t,06,X)), VYrel0,1],te]0,04).
Then S(z,t) satisfies

08 028 oS
<

a_ 0@71]%, 0<$<1,t>0,
dow —v5(0,t) = —vS(t), t>0, (8.59)
95(1,1) =0, t>0.

ox

By the parabolic comparison theorem, we have
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S(z,t) < S(z,t), Vae|0,1],t€[0,04), (8.60)

where S(z, t) is the unique solution of (8.11) with S(z,0) = S(x,0). By Propo-
sition 8.2.1, S(z,t) exists globally on [0, 00) and lim;_, o (S(z,t) — W*(x,t)) =
0 uniformly for = € [0, 1].

Let p be the unique positive solution to equation tanpu = 2:%
interval [0, ). Clearly, sin(ux) > 0,cos(ux) > 0,2 € [0,1]. Then for any
A € A, by using (8.57) and (8.58) and integration by parts, we have

on the

1

— [ S(z,t)cos( x)dz/lascos( x)dx
at J, O\ pe)de= | gy W

— 08O(t) — S(1, #)(vcos i — pudo sin 1) — /0 ' Sz, t) sin(pz)dz
— doy? /0 " (. 1) cos(yur)ds — /0 ()1 (S(2,) cos(uz)ds (8.61)
< 0SO(t) — do? /0 " 5. 1) cos(pa)de
- /0 (e ) F(S (. 1)) cos(u)di
and
a /O () cos(pa) s = / 9 s (i) da
— (e, v cos i — pdsin ] — v /O (st sin(er) s
o /01 w(z, ) cos(u)dz + /01 (e, ) (F(S(@, ) — k) cos(u)da

1

—d/ﬂ/o u(x,t)cos(um)d:v—}—/o u(z,t) f(S(z,t)) cos(pux)dx.
(8.62)

Let y(t fo (x,t) + u(z,t)) cos(ux)dz, Vt € [0,04). Then we get

2
d@i;t) < 080(#) — doz” y(), te0,0y).

By the standard comparison theorem for ordinary differential equations, it
then follows that for all ¢ € [0,04),

2 2
Y() < y* () — exp ( d"g t) y*(0) + exp ( dog t) yO0),  (3.63)

where y*(t) is the unique positive w-periodic solution of linear ordinary dif-
ferential equations
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dy o dop?
o = VS () — = y(t)-

Since S(z,t) > 0,u(x,t) > 0, and cos(pux) > min,e,1) cos(uzr) =m > 0, Va €
[0,1], (8.63) implies that for all ¢ € [0,04),

[ wtee < ) - on (<227 0

do,uZt !
+exp (— 5 ) /o (So(z) + uo(x)) cos(,ua:)dx} .

(8.64)
Then u(-,t) is L1-bounded on [0, 04). By (8.60), (8.64), and an argument sim-
ilar to that in [6, Theorem 3.1], [186, Lemma 3.13], and [215, Proposition 2.4
and Theorem 2.5], it follows that for each ¢ € Y, (S(x,t, ¢, \), u(z,t, ¢, \)) is
L*>-bounded, and hence ¢, = 0o, and solutions of (8.57)-(8.58) are uniformly
L*>-bounded and ultimately L°°-bounded uniformly for A € A. ]

Now we show that the hypothesis of Theorem 8.2.1(b) for the unperturbed
system implies the existence of a globally attracting single-population periodic
solution for the perturbed system at least when the perturbation is small.

Theorem 8.3.1. Let A = (d, k), Ao = (do,0), and W*(x,t) and pu(m(-,-)) be
as in Section 8.2. Assume that pu(f(W*(x,t))) < 0 and let (S*(z,t),u*(z,t))
be as in Theorem 8.2.1. Then there exists 6o > 0 such that for any |\ — o] <
do, (8.57)-(8.58) admits a wunique positive w-periodic  solution
(S*(z,t, \), u*(x,t, \)) with

(S*(z,t, M), u" (z,t, No)) = (S™(z, ), u"(x,t)), Vo € [0,1], ¢t > 0,

and such that the map X — (S*(-,-, A),u*(-,-, ) is continuous. Moreover,
for any (So(+),uo(-)) € Y with ue(-) £ 0,

Jim (S(.1.6.3) = §%(2,4.0)) = 0 and Jim (u(a.£.6. ) — " (2,.1)) =0,

uniformly for x € [0,1].

Proof. Let ko > 0 be given and let Ag = {(d, k) : % < d < 2dy,0 <k < ko}.
For any A € Ag, let Sy = S()\,-) : YT — YT be the Poincaré map associated
with (8.57)—(8.58); that is, S(A, ¢) = (S(-,w, &, A), u(-,w, 4, \)), ¢ € Y. Then
S(-,) : Agx YT — YT is continuous. By Lemma 8.3.1, it follows that for each
A€ Ay, Sy : YT — Y+ is compact and point dissipative uniformly for A € Ao;
that is, there exists a bounded and closed subset By of YT, independent of
A € A, such that for any ¢ € YT, A\ € A, there exists N = N(¢,\) such
that ST (¢) € By for all n > N. Then, by Theorem 1.1.3, for each A\ € Ay,
there exists a global attractor Ay for Sy : Y+ — Y. Clearly, Ay C By. By a
change of variables

S(2,1) = S(2,1) — W*(2,8), @, 1) = exp (W) (@, t),
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the boundary conditions (8.58) then become the homogeneous ones

85(0,t) . 85(1,t)

do =5 2~ uS(0,6) = 52— 0, ¢ 0,
ou(0,t)  du(l,t)
= = t
oz oz 0, >0,

which is independent of parameter A. By Lemma 8.3.1 and Proposition 8.3.2,
when applied to the resulting system with parameter A under the above change
of variables and the above boundary conditions, it then follows that S(-, ¢) :
Ao — YT is continuous uniformly for ¢ in any bounded subset of Y. We
further have the following claim:

Claim. For any bounded subset B C Y, Uxe,S5\(B) is compact in Y.

Indeed, for any sequence {1, } in Uxca,Sx(B), we have ¢, = Sy, (én), An €
Ao, ¢, € B,n > 0. By the compactness of Ay, without loss of generality
we can assume that for some A\; € Ag, A\, — A1 as n — oo. Since Sy, (B)
is precompact, there exist ¥9 € YT and a subsequence ny — oo such that
Sx, (¢n,) = Yo as k — oo. Combining the continuity of S(-,¢) : Ag — YT
uniformly for ¢ € B and the inequality

e = voll = ||S, (@) = o
S W CWECNC

+ HS>\1(¢TL1€) - 1/’0” )

we get ¥, — o, k — 00. Therefore, Uxec 4,51 (B) is precompact.
Let

Yo :={(S(),u(:)) eYt: wu()#0} and Yy =Y\ Y.

Then Sy : Yo — Yy and Sy : 9Yy — 0Yp. Let ¢g = (S*(+,0),uw*(-,0)). Then
Sxo(#0) = ¢o. By Theorem 8.2.1, r(DyS (o, ¢o)) < 1, and limy, o0 S§ & = ¢o
for every ¢ € Yy. For each A € Ay, by Proposition 8.2.1,

lim S%(¢) = (W*(-,0),0), V¢ € 9Yp.

n—oQ
Clearly, M = (W*(-,0),0) is a global attractor for Sy : 0¥y — 90Y;. Note
that (W*(x,t),0) is a nonnegative w-periodic solution of (8.57)—(8.58) and
p(f(W*(x,t))) < 0. By a change of variables

—1)2
S(a) = Sla.0) = Wty alet) =exp (2 ugenn),
and Proposition 8.3.1, as applied to the resulting system, it then follows that
there exist 41 > 0 and n; > 0 such that for any |A — A\g| < §; and any ¢ € Yy,
we have
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limsupd (Sy(¢), M) = limsupd ((S(-, nw, ¢, ), u(-, nw, d, X)), M) > 1,

n—oo n—oo
which implies that M is isolated for Sy : Y — YT, and W§(M)NY, = 0,
A — Xo| < 61, where W{(M) is the stable set of M with respect to Sy. By
Theorem 1.3.1, Sy is uniformly persistent with respect to (Y, 0Yy) for each
|A—Xo| < 1. Therefore, there exists a global attractor AS C Yy for Sy : Yy —
Yo (see, e.g., Theorem 1.3.6). Clearly, A C By, and Uyea, gey+wa(¢) C
UxeaoS2(Bo). Then by the previous claim, Uyea, ey +wa(¢) is compact. By
Theorem 1.4.2, it follows that there exist do > 0 and 7, > 0 such that
for any |A — Xo| < d2, ¢ € Yy, liminf,,_, o d(S¥¢,0Yy) > n2. Then there
exists a bounded and closed subset Bg of Yy such that A} C Bg for all
|)\— )\0‘ < §9. Let A1 = Ay ﬁB()\o,ég), where B()\o,(sg) = {)\ : ‘)\— )\0| < 52}
Since Uxea, SA(AY) C Uxea, Sx(B§), by the previous claim Uxea, Sx(AY) is
compact. Moreover, Uxea, Sx(A49) = Uxea, A C B; = B} C Y. By ap-
plying Theorem 1.4.1 on the perturbation of a globally stable fixed point
to Sy(-) : YT — Y+ with U = Y, and By, = A}, X\ € A;, we complete the
proof. ]

8.3.3 Two-Species Competition

Consider two-species competition with unequal diffusivities and nonvanishing
cell death rates
as %8 oS

or 0@_’0%—’&1]11(5)—712]02(5), O<ax<1,t>0,

9 52 9 (8.65)
— a4 - i\Ji _ki7 :1727 1at ;
5 52 vax+u(f(5) ), @ 0<z< >0
with boundary conditions
t
dow —08(0,t) = —vS°(t), t>0,
ox
diw —ou(0,t) =0, i=1,2,t>0, (8.66)
0S(1,t)  Ouy(1,t)

=T =0, i=1,2,>0,

where dg > 0,v > 0,d; > 0, and k; > 0, and S°(-) and f;(-), i = 1,2, are
as in (8.7)—(8.8). Let X+ = C([0,1],R3). Let dy > 0 and v > 0 be fixed
and let A\ = (dy,da, k1,k2),d; > 0,k; > 0,0 = 1,2. As mentioned in Sec-
tion 8.1, for any ¢ = (So(-),up1(+), uo2(-)) € X, (8.65)—(8.66) has a unique
solution (S(z,t, ¢, \),ur(x,t,d,N),ua(x,t, ¢, A)), defined on its maximal in-
terval of existence [0,0,), satisfying (S(-,0,¢,X),u1(-,0,¢,X),us(-,0,¢, X))
= ¢. Moreover,

S(z,t, ¢, ) >0, wi(z,t,¢,\) >0,Vze[0,1],t€(0,04),i=1,2.
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By a similar argument as in Lemma 8.3.1, we have the following result on the
boundedness of solutions uniformly for A.

Lemma 8.3.2. Let A = {(d1,do, k1,k2) + % < d; < 2do, k; > 0,1 = 1,2}.
Then for each X € A, ¢ € X+ (S(z,t,0,\), us(z,t, P, ), ua(z,t,,\)) exists
globally on [0,00), and solutions of (8.65)—(8.66) are uniformly bounded and
ultimately bounded uniformly for A € A.

Now we can state one of the main results of this chapter. It says that
both species persist for the perturbed system and there exists a positive peri-
odic solution when the hypotheses of Theorem 8.2.2 hold for the unperturbed
system and the perturbation is sufficiently small.

Theorem 8.3.2. Let A = (dy,da, k1, k2) and Ao = (dop,dp,0,0). Assume that
all conditions in Theorem 8.2.2 hold. Then there exist § > 0 and 8 > 0 such
that for any |\ —Xo| < 8, (8.65)—(8.66) admits at least one positive w-periodic
solution, and for any ¢ = (So(-),uo1(-),u02(-)) € X with ug;(-) # 0, Vi =
1,2, there exists tg = to(¢, \) such that

UZ($7t,¢,)\)2/B, VIG[()?]'L t2t077':172

Proof. Let ky > 0 be given and let
d
Ao = {(dy,da, k1, k) : 50 <di <2dp, 0 < ky < ko, i =1,2}.

For each A € Ay, let Sy(-) = S(\,) : X* — XT be the Poincaré map
associated with (8.65)—(8.66); that is,

S(A7¢) = (S('7w7¢a )‘)7u1('7wa¢7>‘)7u2('aw7¢a )‘)>7 V(b € X+'

Then S(-,-) : Agx XT — X is continuous. By Lemma 8.3.2, for each A € Ay,
Sy : XT — X7 is compact and point dissipative uniformly for A € Ay, and
hence, by Theorem 1.1.3, there exists a global attractor Ay for Sy : X+ — XT.
Let

Xo := {(S(-),UO1(~)7UO2(~)) S Xt UOZ() 5_'5 0, Vi = 1,2}

and aXo = X+\X0. Then S)\ : Xo — Xp and S,\ : 8X0 — 8X0
By Theorem 8.2.1, (SF(z,t),uf(x,t)) is the unique positive w-periodic so-
lution of (8.20)—(8.21) with f(-) = fi(:),7 = 1,2, respectively. Clearly,
(W*(x,t),0,0), (S7(z,t),ui(x,t),0) and (S5(z,t),0,us(z,t)) are nonnegative
periodic solutions of (8.65)—(8.66) with A = Ag. Let

My = (W*(',O),0,0), M{) = (ST(yO%UT(yO),O), Mg = (55('a0)»ovu§('70))-

Then Sy, (Mo) = My, S, (M) = M?, Vi = 1,2. By a change of variables

S(x,t) = S(a,t) — W*(x,1t), @(x,t) = exp (”(”32;1)) wiz,t), i = 1,2,
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and Proposition 8.3.1, as applied to the resulting system, it follows that there
exist &g > 0 and 79 > 0 such that for any A € Ay with |\ — Ag| < do, and for
any ¢ € X,

limsup d(S}(4), Mo) > no, limsup d(S3(¢), M{) > no, i =1,2.  (8.67)

n— oo n—oo

By Proposition 8.2.1 and Theorem 8.2.1, it follows that My, My, and MY are
acyclic for Sy, in 9Xo, and Ugeax,wx, (¢) = MoUMPUM?, where wjy, (¢) is the
omega limit set of ¢ for S, . Moreover, (8.67) implies that MyUMYUM? is an
isolated covering of Ugeax,wx, (¢) for Sy, in 90X and that W3 (My)N X, =0
and W3 (M?) N Xo = 0, Vi = 1,2, where W5 (M) denotes the stable set
of M with respect to Sy,. By Theorem 1.3.1 and Remark 1.3.1, it follows
that Sy, : X — X is uniformly persistent with respect to (Xo,9Xj), and
hence there exists a global attractor AS{O C X for Sy, : Xo = Xo (see, e.g.,
Theorem 1.3.6).

Let Ay = Ag N B(Ag, dp). Again by a change of variables

v(zr —1)?
S(z,t) = S(z,t) — W*(a,t), u;(z,t) = exp ((2d11)> ui(x,t), 1 =1,2,

Lemma 8.3.2, and Proposition 8.3.2, as applied to the resulting system, it
follows that Sy : Xt — X is point dissipative uniformly for A € A; and
S(-,¢) : A1 — X is continuous uniformly for ¢ in any bounded subset of X+.
Therefore, by the same argument as in the claim in the proof of Theorem 8.3.1,
for any bounded subset B of Xt, Uxca, Sx(B) is compact. It then follows
that, as argued in Theorem 8.3.1, Uyc 4, gex+wa(¢) is compact. Therefore,
by (8.67) and Theorem 1.4.2, there exist d; € (0,0¢) and 7 > 0 such that for
any A € Ag with |A—Xg| < 01, and any ¢ € Xy, liminf,,_, o d(S¥¢,0Xo) > n.
Moreover, by Theorem 1.3.10, S, admits a fixed point Sy(é») = ¢x € Xo,
and hence (8.65)—(8.66) with |\ — Ag| < d§; admits a nonnegative w-periodic
solution (S(x,t, dxa, A),ur(x,t, dx, A), ua(z,t, dx, A)) with u;(-, ¢, dx, A) > 0 in
C([0,1],R), V¢t > 0,i = 1,2. By parabolic maximum principle and the fact
that S°(-) > 0 with S%(-) # 0, it then easily follows that S(-,t,¢x,\) > 0
in C([0,1],R), ¥t > 0. Thus, (S(x,t, dx, A),ur(x, t,dx, A), uz(x,t,Px, A)) is a
positive w-periodic solution of (8.65)—(8.66).

It remains to prove the practical persistence claimed in the theorem. Let
Ay = Ag N B(Ao,01). By both the point dissipativity and the uniform persis-
tence of Sy with respect to (Xg,0Xp) uniformly for A € Ag, it follows that
there exists a closed and bounded set By C Xy, independent of A, such that
d(By,0Xo) = infgep, d(¢,0Xo) > 0 and By attracts points in Xo. As argued
in Theorem 8.3.1, for each A € A, Sy : Xo — X admits a global attractor
AS C Xo, and hence A{ attracts any compact subset of Xg. Clearly, for each
A€ Ao, Ag C By, and hence By attracts compact subsets of Xy under S).
Since for each A € Ay, Sy : XT — X7 is compact, and for any bounded subset
B of X, as claimed in the previous paragraph, Uxeca,Sx(B) is precompact,
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it follows that {Sy : A € As} is collectively compact. By Theorem 1.1.5, it
then follows that AS is upper semicontinuous in A € As. In particular,

lim sup d(¢,A3,) = 0. (8.68)
>\—>Xo d)eA(;\

Let @5(t,-) : XT — X T be defined by

@A(ta¢) = (S('vta(ba A)vul('vtv¢a )‘)7U2('atv¢a )‘))7 ¢ € X+~

Clearly, Sy = &i(w,-) and S¥ = P(nw,-). It then follows that Py :
Ry x XT — X7 is a periodic semiflow. Moreover, by Theorem 3.1.1,
limy o0 d(Pr(t, ¢), A) =0, V¢ € Xo, where A = Useio P (t, AS) C Xo.
Since A = S)\(A%), flg = Use(0,w]Pa(t, AY). By the compactness of flgo and
the parabolic maximum principle, it then follows that there exists 3y > 0 such
that for any ¢ = (¢, ¢1,¢2) € ;19\0, ¢i(x) > Po, Vz € [0,1], i = 1, 2. By (8.68),
we have limy_,, SUP ¢ 4o d(o, 1219\0) = 0. Consequently, there exist do € (0,71)

and 37 > 0 such that for any |A — Ag| < 2, and any ¢ = (¢, ¢1, P2) € flg, we
have ¢;(z) > B1, Vo € [0,1], i = 1,2. Now the global attractivity of AS in Xo
for &, completes the proof. ]

Remark 8.3.1. In the case where the velocity of the flow of medium in the
bioreactor varies periodically as well, that is, v = v(t) = v(t + w), a change of
variables

. (v(t)(w —1)2

S(z,t) = exp ods

) (S(at) — W*(a.1)).

v X — 2
(@, 1) = exp (“)(Qd”) wile, ), i =12,

results in the boundary conditions becoming homogeneous Neumann bound-
ary conditions, and using similar ideas as in Sections 8.2 and 8.3, we can also
discuss the global dynamics of the modified model systems.

Remark 8.3.2. In the case of constant nutrient input, that is, S°(-) = 59, it
follows that the w-periodic solutions in Sections 8.2 and 8.3 reduce to steady
states of the corresponding autonomous reaction—diffusion systems, and hence
we have the analogous results of Theorems 8.2.1, 8.2.2, 8.3.1, and 8.3.2.

8.4 Notes
This chapter is adapted from Smith and Zhao [336]. The model with con-

stant nutrient input was formulated by Kung and Baltzis [207], and was stud-
ied in Ballyk, Le, Jones and Smith [27]. Smith and Zhao [341] established
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the existence of traveling waves for this model in the case of single species
growth. The transformations in Section 8.3 converting Robin-type boundary
conditions to Neumann boundary conditions were motivated by Pilyugin and
Waltman [278]. Similar perturbation ideas as in Section 8.3 were used for two-
species periodic competitive parabolic systems under perturbations in Zhao
[437].

Hsu, Wang and Zhao [175] studied a periodically pulsed bioreactor model
in a flowing water habitat with a hydraulic storage zone in which no flow
occurs, and obtained sufficient conditions in terms of principal eigenvalues
for the persistence of single population and the coexistence of two competing
populations. Yu and Zhao [422] investigated the spatial dynamics of a periodic
reaction—advection—diffusion model for a stream population, and established
a threshold-type result on the global stability of either zero or the positive
periodic solution in the case of a bounded domain.
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