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Preface

Population dynamics is an important subject in mathematical biology.
A central problem is to study the long-term behavior of modeling systems.
Most of these systems are governed by various evolutionary equations such
as difference, ordinary, functional, and partial differential equations (see, e.g.,
[253, 206, 334, 167, 77]). As we know, interactive populations often live in a
fluctuating environment. For example, physical environmental conditions such
as temperature and humidity and the availability of food, water, and other
resources usually vary in time with seasonal or daily variations. Therefore,
more realistic models should be nonautonomous systems. In particular, if the
data in a model are periodic functions of time with commensurate period,
a periodic system arises; if these periodic functions have different (minimal)
periods, we get an almost periodic system. The existing reference books, from
the dynamical systems point of view, mainly focus on autonomous biological
systems. The book of Hess [152] is an excellent reference for periodic parabolic
boundary value problems with applications to population dynamics. Since the
publication of this book, there have been extensive investigations on periodic,
asymptotically periodic, almost periodic, and even general nonautonomous
biological systems, which in turn have motivated further development of the
theory of dynamical systems.

In order to explain the dynamical systems approach to periodic population
problems, let us consider, as an illustration, two species periodic competitive
systems

du
dtl :fl(tuuluu2)7
(0.1)
duz = fo(t,u1,u2)
dt — J2\(, U1, U2 ),

where f; and f; are continuously differentiable and w-periodic in ¢, and
Ofi/Ou; < 0,i # j. We assume that, for each v € R?, the unique solution
u(t,v) of system (0.1) satisfying u(0) = v exists globally on [0, c0).

vii



viii Preface

Let X = R?, and define a family of mappings T'(t) : X — X,t > 0, by
T(t)r = u(t,z), Vo € X. It is easy to see that T'(t) satisfies the following
properties:

(1) T(0) = I, where I is the identity map on X.
(2) T(t+w)=T(t) o T(w), Vt > 0.
(3) T'(t)x is continuous in (¢, z) € [0,00) x X.

(

T(t) is called the periodic semiflow generated by periodic system (0.1), and
P := T(w) is called its associated Poincaré map (or period map). Clearly,
P = u(nw,v), Vn > 1, v € R2. Tt then follows that the study of the dy-
namics of (0.1) reduces to that of the discrete dynamical system {P"} on
R2.

If u = (u1,uz),v = (vi,v2) € R?, then we write u < v whenever u; < v;
holds for i = 1,2. We write u <y v whenever u; < v; and us > vs. By
the well-known Kamke comparison theorem, it follows that the following key
properties hold for competitive system (0.1) (see, e.g., [334, Lemma 7.4.1]):

(P1) If u <k v, then Pu <k Pwv.
(P2) If Pu < Puv, then u < v.

Then the Poincaré map P, and hence the discrete dynamical system {P"},
is monotone with respect to the order <y on R?. Consequently, system (0.1)
admits convergent dynamics (see [334, Theorem 7.4.2]).

Theorem FEvery bounded solution of a competitive planar periodic system
asymptotically approaches a periodic solution.

We use the proof provided in [334, Theorem 7.4.2]. Indeed, it suffices to prove
that every bounded orbit of {P"} converges to a fixed point of P. Given two
points u,v € R?, one or more of the four relations v < v, v < u, u <g v,
v <g u must hold. Now, if P"uy <x P"0*lyg (or the reverse inequality)
holds for some ng > 0, then (P1) implies that P"ug <x P""lug (or the
reverse inequality) holds for all n > ng. Therefore, { P"ug} converges to some
fixed point @, since the sequence is bounded and eventually monotone. The
proof is complete in this case, so we assume that there does not exist such an
ng as just described. In particular, it follows that ug is not a fixed point of
P. Then it follows that for each n we must have either P"Tluy < P"ug or
the reverse inequality. Suppose for definiteness that ug < Pug, the other case
being similar. We claim that P™ug < P lug for all n. If not, there exists ng
such that
ug < Pug < P?ug < --- < P lyg < Py,

but Pmoyy > Protlyg. Clearly, ng > 1 since ug < Pug. Applying (P2) to the
displayed inequality yields P™ ~tuy > P™0 g and therefore P~ lyg = Pmoyy,.
Since P is one to one, ug must be a fixed point, in contradiction to our
assumption. This proves the claim and implies that the sequence {P™ug}
converges to some fixed point .
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It is hoped that the reader will appreciate the elegance and simplicity of
the arguments supporting the above theorem, which are motivated by a now
classical paper of deMottoni and Schiaffino [92] for the special case of periodic
Lotka—Volterra systems. This example also illustrates the roles that Poincaré
maps and monotone discrete dynamical systems may play in the study of pe-
riodic systems. For certain nonautonomous perturbations of a periodic system
(e.g., an asymptotically periodic system), one may expect that the Poincaré
map associated with the unperturbed periodic system (e.g., the limiting pe-
riodic system) should be very helpful in understanding the dynamics of the
original system. For a nonperiodic nonautonomous system (e.g., almost peri-
odic system), we are not able to define a continuous or discrete-time dynamical
system on its state space. The skew-product semiflow approach has proved to
be very powerful in obtaining dynamics for certain types of nonautonomous
systems (see, e.g., [303, 300, 311]).

The main purpose of this book is to provide an introduction to the the-
ory of periodic semiflows on metric spaces and its applications to population
dynamics. Naturally, the selection of the material is highly subjective and
largely influenced by my personal interests. In fact, the contents of this book
are predominantly from my own and my collaborators’ recent works. Also, the
list of references is by no means exhaustive, and I apologize for the exclusion
of many other related works.

Chapter 1 is devoted to abstract discrete dynamical systems on metric
spaces. We study global attractors, chain transitivity, strong repellers, and
perturbations. In particular, we will show that a dissipative, uniformly persis-
tent, and asymptotically compact system must admit a coexistence state. This
result is very useful in proving the existence of (all or partial componentwise)
positive periodic solutions of periodic evolutionary systems.

The focus of Chapter 2 is on global dynamics in certain types of monotone
discrete dynamical systems on ordered Banach spaces. Here we are interested
in the abstract results on attracting order intervals, global attractivity, and
global convergence, which may be easily applied to various population models.

In Chapter 3, we introduce the concept of periodic semiflows and prove
a theorem on the reduction of uniform persistence to that of the associated
Poincaré map. The asymptotically periodic semiflows, nonautonomous semi-
flows, skew-product semiflows, and continuous processes are also discussed.

In Chapter 4, as a first application of the previous abstract results, we
analyze in detail a discrete-time, size-structured chemostat model that is de-
scribed by a system of difference equations, although in this book our main
concern is with global dynamics in periodic and almost periodic systems. The
reason for this choice is that we want to show how the theory of discrete dy-
namical systems can be applied to discrete-time models governed by difference
equations (or maps).

In the rest of the book, we apply the results in Chapters 1-3 to continuous-
time periodic population models: in Chapter 5 to the N-species competition
in a periodic chemostat, in Chapter 6 to almost periodic competitive systems,
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in Chapter 7 to competitor-competitor-mutualist parabolic systems, and in
Chapter 8 to a periodically pulsed bioreactor model. Of course, for each chap-
ter, we need to use different qualitative methods and even to develop certain
ad hoc techniques.

Chapter 9 is devoted to the global dynamics in an autonomous, nonlocal,
and delayed predator—prey model. Clearly, the continuous-time analogues of
the results in Chapters 1 and 2 can find applications in autonomous models.
Note that an autonomous semiflow can be viewed as a periodic one with the
period being any fixed positive real number, and hence it is possible to get
some global results by using the theory of periodic semiflows. However, we
should point out that there do exist some special theory and methods that
are applicable only to autonomous systems. The fluctuation method in this
chapter provides such an example.

The existence, attractivity, uniqueness, and exponential stability of pe-
riodic traveling waves in periodic reaction—diffusion equations with bistable
nonlinearities are discussed in Chapter 10, which is essentially independent of
the previous chapters. We appeal only to a convergence theorem from Chap-
ter 2 to prove the attractivity and uniqueness of periodic waves. Here the
Poincaré-type map associated with the system plays an important role once
again.

Over the years, I have benefited greatly from the communications, dis-
cussions, and collaborations with many colleagues and friends in the fields of
differential equations, dynamical systems, and mathematical biology, and I
would like to take this opportunity to express my gratitude to all of them. I
am particularly indebted to Herb Freedman, Morris Hirsch, Hal Smith, Horst
Thieme, Gail Wolkowicz, and Jianhong Wu, with whom I wrote research ar-
ticles that are incorporated in the present book.

Finally, I gratefully appreciate, financial support for my research from the
National Science Foundation of China, the Royal Society of London, and the
Natural Sciences and Engineering Research Council of Canada.



Preface to the Second Edition

For this edition, I have corrected some typos, revised Sections 1.1 and 1.3.4 by
using the concepts of global attractors and strong global attractors, deleted
the original subsection on order persistence from Section 1.3, and added three
new sections about persistence and attractors (Section 1.3.3), saddle point
behavior for monotone semiflows (Section 2.5), and solution maps of abstract
nonautonomous functional differential equations (Section 3.5), respectively. I
have also mentioned more related references in the notes sections of Chap-
ters 1-10.

In addition, I have added four new chapters. Chapter 11 is devoted to the
general theory of basic reproduction ratios Ry for compartmental models of
periodic functional differential equations and autonomous reaction—diffusion
systems. Chapter 12 deals with the threshold dynamics in terms of Ry for a
new class of population models with time periodic delays. In Chapter 13, we
study a periodic reaction—diffusion SIS system and investigate the effect of
spatial and temporal heterogeneities on the extinction and persistence of the
infectious disease. The final chapter, Chapter 14, provides a complete analysis
of the disease-free dynamics and global dynamics for a nonlocal spatial model
of Lyme disease. It is expected that Chapters 12—14 may serve as templates for
future investigations on other population models with spatial and temporal
heterogeneities.

My sincere thanks goes to Jifa Jiang, Xing Liang, Yijun Lou, Pierre Magal,
Rui Peng, Wendi Wang, and Xiao Yu, whose joint research articles with me
have been incorporated in the second edition. I am also very grateful to all
collaborators and friends for their encouragements, suggestions, and assistance
with this revision.

St. John’s, NL, Canada Xiao-Qiang Zhao
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1

Dissipative Dynamical Systems

There are many discrete-time population models governed by difference equa-
tions (or maps), and as we mentioned in the Preface, the dynamics of a peri-
odic differential system can be investigated via its associated Poincaré map.
The aim of this chapter is to introduce basic definitions and develop main
tools in the theory of discrete dynamical systems. In Section 1.1 we present
concepts of limit sets and attractors and some fundamental theorems such as
the LaSalle invariance principle, the asymptotic fixed point theorem, and the
global attractor theorems.

Chain transitivity has remarkable connections to the structure of attrac-
tors. In Section 1.2 we first give typical examples and characteristics of chain
transitive sets. Then we show that the Butler—McGehee properties of omega
limit sets are shared by chain transitive sets for a dynamical system, which
enable us to obtain further important properties of chain transitive sets such
as strong attractivity and convergence, and to prove the equivalence between
acyclic coverings and Morse decompositions.

Uniform persistence is an important concept in population dynamics, since
it characterizes the long-term survival of some or all interacting species in an
ecosystem. Looked at abstractly, it is the notion that a closed subset of the
state space is repelling for the dynamics on the complementary set, and then
it gives a uniform estimate for omega limit sets, which sometimes is essen-
tial to obtain a more detailed global dynamics. In Section 1.3 we prove a
strong repeller theorem in terms of chain transitive sets, which unifies earlier
results on uniform persistence, and implies robustness of uniform persistence.
Then we show that a dissipative, uniformly persistent, and asymptotically
compact system must have at least one coexistence steady state, which pro-
vides a dynamic approach to some static problems (e.g., existence of positive
steady states and periodic solutions). We also introduce the concept of gener-
alized distance functions in abstract persistence theory so that the practical
persistence can be easily obtained for certain infinite-dimensional biological
systems.

(© Springer International Publishing AG 2017 1
X.-Q. Zhao, Dynamical Systems in Population Biology, CMS Books
in Mathematics, DOI 10.1007/978-3-319-56433-3 1



2 1 Dissipative Dynamical Systems

In Section 1.4 we discuss persistence under perturbations. We prove a gen-
eral result on the perturbation of a globally stable steady state. Then we prove
uniform persistence uniform in parameters, which is very useful in establish-
ing the robustness of global asymptotic stability of an equilibrium solution. A
dissipative and uniformly persistent system is often said to be permanent. For
a class of autonomous Kolmogorov systems of ordinary differential equations
we also obtain a robust permanence theorem.

1.1 Limit Sets and Global Attractors

Let N be the set of integers and N the set of nonnegative integers. Let X be
a complete metric space with metric d and f : X — X a continuous map. For
a nonempty invariant set M (i.e., f(M) = M), the set W*(M) := {z € X :
lim,, 00 d(f™(x), M) = 0} is called the stable set of M. The omega limit set of
x is defined in the usual way as w(z) = {y € X : f™(z) — y, for somen; —
oo}. A negative orbit through z = z is a sequence v~ (z) = {zx})___ such
that f(zx—1) = xx for integers k < 0. There may be no negative orbit through
x, and even if there is one, it may not be unique. Of course, a point of an
invariant set always has at least one negative orbit contained in the invariant
set. For a given negative orbit v~ (z) we define its alpha limit set as a(y~) =
{y € X : &, — yfor someng — —oo}. Iif yF(x) = {f"(z) : n >0} (v (z))
is precompact (i.e., it is contained in a compact set), then w(z) (a(y™)) is
nonempty, compact, and invariant(see, e.g., [141, Lemma 2.1.2]).

Let e € X be a fixed point of f (i.e., f(e) = e). Recall that e is said to be
stable for f : X — X if for each € > 0 there exists § > 0 such that for any
x € X with d(z,e) < §, we have d(f"(x),e) < €, Vn > 0. The following simple
observation is useful in proving the convergence of a precompact positive orbit
to a fixed point.

Lemma 1.1.1. (CONVERGENCE) Let ¢ be a stable fized point and v*(z) a
precompact positive orbit for f: X — X. If e € w(x), then w(z) = {e}.

Proof. Let ¢ > 0 be given. By stability of e for f : X — X, there exists § > 0
such that for any y € X with d(y,e) < 0, we have d(f™(y),e) < ,Ym > 0.
Since e € w(z), there is a subsequence ny — oo with f™(z) — e, and hence
an index ko such that d(f™o(x),e) < 6. Thus d(f™o+t™(z),e) < €, Vm > 0,
which implies that w(z) C {z € X : d(z,e) < €},Ve > 0. Letting ¢ — 0, we
get w(x) = {e}. ]

Definition 1.1.1. Let G be a closed subset of X. A continuous function V :
G — R is said to be a Liapunov function on G of the map f : G — G

(or the discrete system 11 = f(xn), n>0) if V(z) := V(f(x)) =V (z) <0
forallx € G.

Theorem 1.1.1. (LASALLE INVARIANCE PRINCIPLE) Assume that V is a Li-
apunov function on G of f, and that v+ (z) is a precompact orbit of f and
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yH(x) € G. Then w(x) € M NV~(c) for some ¢ = c(x), where M is the
largest invariant set in E := {x € G : V(z) = 0}, and V~1(c) := {z € G :
V(z) = c}.

Proof. Clearly, the continuous function V is bounded on the compact set
~vF(x) C G. Let z,, = f™(z), n > 0. Then

V(zn1) = Vien) = V(f(xa)) = V(za) = V(za) <0,

and hence V(z,,) is nonincreasing with respect to n and is bounded from
below. Therefore, there is a real number ¢ = ¢(z) such that lim,_, V(z,) = c.
For any y € w(x) C G, there is a sequence n; — oo such that limy_, 00 Zn, = .
Since V is continuous, limy_eo V(2n,) = V(y) = ¢, and w(z) C V~1(c). Since
w(x) is invariant, V(f(y)) = ¢ and V(y) = 0. Therefore, w(z) C E, and hence
w(z) C M. "

Recall that a set U in X is said to be a neighborhood of another set V'
provided that V is contained in the interior int(U) of U. For any subsets
A, B C X and any € > 0, we define

d(z, A) = yilelgd(a:,y), d(B,A) = sgg d(z, A),
N(Aje) :={re X :d(z,A) <e} and N(A,e) :={z € X : d(z,A) < ¢e}.

The Kuratowski measure of noncompactness, «, is defined by
a(B) = inf{r : Bhas a finite open cover of diameter < r},

for any bounded set B of X. We set a(B) = 400, whenever B is unbounded.

For various properties of Kuratowski’s measure of noncompactness, we
refer to [242, 91] and [304, Lemma 22.2]. The proof of the following lemma is
straightforward.

Lemma 1.1.2. The following statements are valid:

(a) Let I C [0,400) be unbounded, and {A:},.; be a nonincreasing family
of nonempty closed subsets (i.e., t < s implies A; C A:). Assume that

a(At) = 0, ast — 4o0o0. Then Ay, = () Ar is nonempty and compact,
>0
and §(A¢, Axs) — 0, as t — 4o0.
(b) For each A C X and B C X, we have a(B) < a(A) + §(B, A).

For a subset B C X, let v (B) := |J f™(B) be the positive orbit of B

m>0
for f, and
w(B):= () U rm»)
n>0m>n

the omega limit set of B. A subset A C X is positively invariant for f if
f(A) C A. We say that a subset A C X attracts a subset B C X for f if
lim,, o 6(f™(B), A) = 0.
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It is easy to see that B is precompact (i.e., B is compact) if and only if
a(B) = 0. A continuous mapping f : X — X is said to be compact (com-
pletely continuous) if f maps any bounded set to a precompact set in X.

The theory of attractors is based on the following fundamental result,
which is related to [141, Lemmas 2.1.1 and 2.1.2].

Lemma 1.1.3. Let B be a subset of X and assume that there exists a compact
subset C' of X which attracts B for f. Then w(B) is nonempty, compact,
inwvariant for f and attracts B.

Proof. Let I = N, the set of all nonnegative integers, and

Ap = fm(B),vn>0.

m>n
Since C' attracts B, from Lemma 1.1.2 (b) we deduce that
a(An) < a(C) +6(An,C) = 6(A,,C) = 0, as n — +o0.

So the family {A,}, - satisfies the conditions of assertion (a) in Lemma 1.1.2,
and we deduce that w(B) is nonempty, compact, and §(A,,w(B)) — 0, as
n — +00. So w(B) attracts B for f. Moreover, we have

fFlyrme )= U mmm=o,

m>n m>n+1
and since f is continuous, we obtain
f(A,) C Aptq, and Apyq C f(AR), VR > 0.
Finally, since 6(A,,w(B)) — 0, as n — 400, we have f (w(B)) = w(B). ]

Definition 1.1.2. A continuous mapping f : X — X is said to be point
(compact, bounded) dissipative if there is a bounded set By in X such that
By attracts each point (compact set, bounded set) in X; a-condensing (a-
contraction of order k, 0 < k < 1) if f takes bounded sets to bounded sets
and a(f(B)) < a(B) (af(B)) < ka(B)) for any nonempty closed bounded
set B C X with a(B) > 0; «-contracting if limn,_oa (f"(B)) = 0 for any
bounded subset B C X; asymptotically smooth if for any nonempty closed
bounded set B C X for which f(B) C B, there is a compact set J C B such
that J attracts B.

Clearly, a compact map is an a-contraction of order 0, and an a-contraction
of order k is a-condensing. It is well known that a-condensing maps are asymp-
totically smooth (see, e.g., [141, Lemma 2.3.5]). By Lemma 1.1.2, it follows
that f : X — X is asymptotically smooth if and only if lim,,_, - a (f"(B)) =0
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for any nonempty closed bounded subset B C X for which f(B) C B. This
implies that any a-contracting map is asymptotically smooth.

A positively invariant subset B C X for f is said to be stable if for any
neighborhood V' of B, there exists a neighborhood U C V of B such that
f*(U) C V,¥n > 0. We say that A is globally asymptotically stable for f if,
in addition, A attracts points of X for f.

By the proof that (i) implies (ii) in [141, Theorem 2.2.5], we have the
following result.

Lemma 1.1.4. Let B C X be compact, and positively invariant for f. If B
attracts compact subsets of some neighborhood of itself, then B is stable.

Definition 1.1.3. A nonempty, compact, and invariant set A C X is said to
be an attractor for f if A attracts some open neighborhood of itself; a global
attractor for f if A is an attractor that attracts every point in X ; and a strong
global attractor for f if A attracts every bounded subset of X.

Remark 1.1.1. The notion of attractor and global attractor was used in
[164, 304]. The strong global attractor was defined as global attractor in
[141, 358, 286]. In the case where the dimension of X is finite, it is easy to see
that both global attractor and strong global attractor are equivalent. In the
infinite-dimensional case of X, however, there exist discrete- and continuous-
time dynamical systems that admit global attractors, but no strong global
attractors, see Example 1.3.3 and [241, Sections 5.1-5.3].

The following result is essentially the same as [142, Theorem 3.2]. Note
that the proof of this result was not provided in [142]. For completeness, we
state it in terms of global attractors and give an elementary proof below.

Theorem 1.1.2. (GLOBAL ATTRACTORS) Let f : X — X be a continuous
map. Assume that

(a) f is point dissipative and asymptotically smooth;
(b) Positive orbits of compact subsets of X for f are bounded.

Then f has a global attractor A C X. Moreover, if a subset B of X admits
the property that v+ (f*(B)) is bounded for some k > 0, then A attracts B

for f.

Proof. Assume that (a) is satisfied. Since f is point dissipative, we can find
a closed and bounded subset By in X such that for each x € X, there exists
k=k(z) >0, f*(x) € By, ¥n > k. Define

J(Bo):={y € By: f"(y) € Bp,Vn > 0}.

Thus, f(J(Bo)) C J(Byo), and for every x € X, there exists k = k(z) > 0 such
that f* (z) € J(By). Since J(By) is closed and bounded, and f is asymptot-
ically smooth, Lemma 1.1.3 implies that w(J(By)) is compact invariant, and
attracts points of X.
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Assume, in addition, that (b) is satisfied. We claim that there exists an & >
0 such that y*(N (w(J(By)),€)) is bounded. Assume, by contradiction, that

vt (N (w(J(BO)), n_lH ) is unbounded for each n > 0. Let z € X be fixed.

Then we can find a sequence z,, € N (w(J (Bo)) ), and a sequence of

1

' n+1
integers my > 0 such that d(z, f™ (z,)) > n. Since w(J(Byp)) is compact,
we can always assume that x, — 2 € w(J(B)), as n — +o0. Since H :=
{xn :n > 0}U{z} is compact, assumption (b) implies that ™ (H) is bounded,
a contradiction. Let D = v+ (N (w(J(By)),e)). Then D is closed, bounded,
and positively invariant for f. Since w(J(By)) attracts points of X for f, and
w(J(Bp)) C N (w(J(Byp)),e) C int(D), we deduce that for each z € X, there
exists k = k(z) > 0 such that f*(z) € int(D). It then follows that for each
compact subset C' of X, there exists an integer k& > 0 such that f* (C) C D.
Thus, the set A := w(D) attracts every compact subset of X. Fix a bounded
neighborhood V of A. By Lemma 1.1.4, it follows that A is stable, and hence,
there is a neighborhood W of A such that f*(W) C V, Vn > 0. Clearly, the
set U := Up>0f™(W) is a bounded neighborhood of A, and f(U) C U. Since
f is asymptotically smooth, there is a compact set J C U such that J attracts
U. By Lemma 1.1.3, w(U) is nonempty, compact, invariant for f, and attracts
U. Since A attracts w(U), we have w(U) C A. Thus, A is a global attractor
for f.

To prove the last part of the theorem, without loss of generality we assume
that B is a bounded subset of X and v+ (B) is bounded. We set K = v+ (B).
Then f(K) C K. Since K is bounded and f is asymptotically smooth, there
exists a compact C which attracts K for f. Note that f* (B) C f* (v*(B)) C
f¥(K), Yk > 0. Thus, C attracts B for f. By Lemma 1.1.3, we deduce that
w(B) is nonempty, compact, invariant for f and attracts B. Since A is a
global attractor for f, it follows that A attracts compact subsets of X. By the
invariance of w(B) for f, we deduce that w(B) C A, and hence, A attracts B
for f. ]

Remark 1.1.2. From the first part of the proof of Theorem 1.1.2, it is easy to
see that if f is point dissipative and asymptotically smooth, then there exists
a nonempty, compact, and invariant subset C' of X for f such that C' attracts
every point in X for f.

The following lemma provides sufficient conditions for the positive orbit
of a compact set to be bounded.

Lemma 1.1.5. Assume that [ is point dissipative. If C' is a compact subset
of X with the property that for every bounded sequence {xy},~, in v (C),
{xn}, 50 or {f (zn)},5¢ has a convergent subsequence, then v+ (C') is bounded
in X. a

Proof. Since f is point dissipative, we can choose a bounded and open subset
V of X such that for each z € X there exists ng = ng(z) > 0 such that
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f™(x) € V,¥n > ng. By the continuity of f and the compactness of C, it
follows that there exists a positive integer » = r(C) such that for any « € C,
there exists an integer k = k(x) < 7 such that f*(z) € V. Let 2 € X be
fixed. Assume, by contradiction, that y*(C) is unbounded. Then there exists
a sequence {z,} in 77 (C) such that

zp = "% (2p), 2p € C, and lim d(z,zp) = oco.

p—oo
Since f is continuous and C' is compact, without loss of generality we can
assume that
i = > 1.
plgr;omp oo, and my, >r, z, ¢V, ¥p>1

For each z, € C, there exists an integer k, < r such that f*»(z,) € V. Since
xp = f™?(zp) ¢ V, there exists an integer n, € [k,,m;) such that

yp = f""(zp) €V, and fl(yp) ¢V, V1<I<Il,=mp—ny.

Clearly, z, = f'*(y,), Vp > 1, and {y,} is a bounded sequence in v (C).

We only consider the case where {y,} has a convergent subsequence since
the proof for the case where {f (y,)} has a convergent subsequence is similar.
Thus, without loss of generality we can assume that lim, ,cy, =y € V.
In the case where the sequence {l,} is bounded, there exist an integer [ and

sequence pr — oo such that I, =1, Vk > 1, and hence,

d(z f') = Jim d(z, /() = Jim d(z,2,) = oc,

— 00

which is impossible. In the case where the sequence {l,} is unbounded, there
exists a subsequence [, — oo as k — co. Then for each fixed m > 1, there
exists an integer k,, such that m <1, , Vk > k,,, and hence,

" (yp,) € X\V, VE > kyp,.
Letting £ — oo, we obtain
[ (y) e XAV, ¥m > 1,
which contradicts the definition of V. ]

The following result on the existence of strong global attractors is implied
by [142, Theorems 3.1 and 3.4]. Since the proof of this result was not provided
in [142], we include a simple proof of it.

Theorem 1.1.3. (STRONG GLOBAL ATTRACTORS) Let f : X — X be a
continuous map. Assume that f is point dissipative on X, and one of the
following conditions holds:
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(a) f™ is compact for some integer ng > 1, or
(b) [ is asymptotically smooth, and for each bounded set B C X, there exists
k = k(B) > 0 such that v+ (f*(B)) is bounded.

Then there is a strong global attractor A for f.

Proof. The conclusion in case (b) is an immediate consequence of Theo-
rem 1.1.2. In the case of (a), since f™° is compact for some integer ng > 1, it

suffices to show that for each compact subset C' C X, |J f™ (C) is bounded.
n>0

By applying Lemma 1.1.5 to f Jfm°, we deduce that for each compact subset
ccXx, U f"( ) is bounded. So Theorem 1.1.2 implies that f has a global
n>0
attractor A C X. We set B = U Vi (ﬁ) By the continuity of f, it
0<k<no—1
then follows that B is compact and attracts every compact subset of X for f,
and hence, the result follows from Theorem 1.1.2. ]

Remark 1.1.5. Tt is easy to see that a metric space (X, d) is complete if and
only if for any subset B of X, a(B) = 0 implies that B is compact. How-
ever, we can prove that Lemmas 1.1.3 and 1.1.4 also hold for non-complete
metric spaces by employing the equivalence between the compactness and the
sequential compactness for metric spaces. It then follows that Theorems 1.1.2
and 1.1.3 are still valid for any metric space. We refer to [64, 286] for the
existence of strong global attractors of continuous-time semiflows on a metric
space.

Clearly, if the global attractor is a singleton {e}, then e is a globally
attractive fixed point. Let A be the global attractor claimed in Theorem 1.1.2
with X being a Banach space and with “asymptotically smooth” replaced by
“a-condensing.” The following asymptotic fixed point theorem implies that
there is at least one fixed point in A. For a proof of it, we refer to [257, 143]
or [141, Section 2.6].

Theorem 1.1.4. (ASYMPTOTIC FIXED POINT THEOREM) Suppose E is a Ba-
nach space. If f : E — FE is a-condensing and compact dissipative, then f has
a fixed point.

Let A be a metric space. The family of continuous mappings fy : X — X, A €
A, is said to be collectively asymptotically smooth if for any nonempty closed
bounded set B C X for which f\(B) C B,\ € A, there is a compact set
Jx = J(A, B) C B such that Jy attracts B under fy and Uxec4J) is precompact
in X. We then have the following result on the upper semicontinuity of global
attractors. For a proof, we refer to [141, Theorem 2.5.3].

Theorem 1.1.5. Let f : AxX — X be continuous, fx =: f(A,-), and suppose
there is a bounded set B that attracts points of X under f for each A € A, and
for any bounded set U, the set V = Uxea Un>o [ (U) is bounded. If the family
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{fa : XA € A} is collectively asymptotically smooth, then the global attractor Ay
of fx is upper semicontinuous in the sense that limy_,x, sup,¢ 4, d(, Ax,) =0
for each A\ € A.

1.2 Chain Transitivity and Attractivity

In this section we continue to assume that X is a metric space with metric d,
and that f: X — X is a continuous map.

1.2.1 Chain Transitive Sets

Definition 1.2.1. A point x € X is said to be chain recurrent if for any
e > 0, there is a finite sequence of points x1,...,Zy in X (m > 1) with
X1 =& = Ty, such that d(f(x;),zi41) < € for all1 <i < m—1. The set of all
chain recurrent points for f: X — X is denoted by R(X, f). Let A C X be a
nonempty invariant set. We call A internally chain recurrent if R(A, f) = A,
and internally chain transitive if the following stronger condition holds: For

any a,b € A and any € > 0, there is a finite sequence x1, ...,y in A with
1 = a,Tm = b such that d(f(x;),zi+1) < €, 1 < i < m —1. The sequence
{z1,...,2m} is called an e-chain in A connecting a and b.

Following LaSalle [212], we call a compact invariant set A invariantly con-
nected if it cannot be decomposed into two disjoint closed nonempty invariant
sets. An internally chain recurrent set need not have this property, e.g., a pair
of fixed points. However, it is easy to see that every internally chain transitive
set is invariantly connected.

We give some examples of internally chain transitive sets.

Lemma 1.2.1. Let f : X — X be a continuous map. Then the omega (al-
pha) limit set of any precompact positive (negative) orbit is internally chain
transitive.

Proof. Let z € X and set x,, = f"(x). Assume that x has a precompact
orbit v = {z,}, and denote its omega limit set by w. Then w is nonempty,
compact, and invariant, and lim, o d(z,,w) = 0. Let € > 0 be given. By
the continuity of f and compactness of w, there exists § € (0, 3) with the
following property: If u, v are points in the open d-neighborhood U of w with
d(u,v) < 0, then d(f(u), f(v)) < §. Since x,, approaches w as n — oo, there
exists N > 0 such that z,, € U for all n > N.

Let a,b € w be arbitrary. There exist k > m > N such that d(z,, f(a)) <
5 and d(zg,b) < 5. The sequence

{yo=1a, yi =Zm,. .., Y—m = Th—1, Yh—m+1 = b}
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is an f-chain in X connecting a and b. Since for each y; € U, 1 <i < k —m,

we can choose z; € w such that d(z;,y;) < 0. Let 29 = a and zgx_,,+1 = b.
Then for ¢ =0,1,...,k —m we have

d(f(z1); zigr) < d(f(z0), £ (9:) + d(f (9i), yirr) + (Wit Zigr)
<€/3+¢€/3+¢€/3.

Thus the sequence zg, 21, ..., 2k—m, Zk—m+1 1S an e-chain in w connecting a
and b. Therefore, w is internally chain transitive. By a similar argument, we
can prove the internal chain transitivity of alpha limit sets of precompact
negative orbits. ]

Let {S, : X — X}n>0 be a sequence of continuous maps. The discrete
dynamical process (or process for short) generated by {S,} is the sequence
{T,, : X = X },>0 defined by Ty = I = the identity map of X and

T,=8S,_108, 20---08,08), n>1.

The orbit of € X under this process is the set y*(z) = {T,,(z) : n > 0},
and its omega limit set is

w(z) = {y € X :3dn; — oo such that klim Ty, (z) = y} ,
— 00

If there is a continuous map S on X such that S, = .5, Vn > 0, so that T,
is the nth iterate S™, then {7} is a special kind of process called the discrete
semiflow generated by S. By an abuse of language we may refer to the map
S as a discrete semiflow.

Definition 1.2.2. The process {T,, : X — X} is asymptotically autonomous
if there exists a continuous map S : X — X such that

nj; =00, T; T = Jl;nolo Sn, (x;) = S(x).

We also say that {T,,} is asymptotic to S.

It is easy to see from the triangle inequality that if lim, ., S, = S uni-
formly on compact sets, then the process generated by {S,} is asymptotic
to S.

Lemma 1.2.2. Let T,, : X — X, n > 0, be an asymptotically autonomous
discrete process with limit S : X — X. Then the omega limit set of any
precompact orbit of {T,,} is internally chain transitive for S.

Proof. Let Ny = N U {oo}. For any given strictly increasing continuous
function ¢ : [0,00) — [0,1) with ¢(0) = 0 and ¢(o0) =1 (e.g., #(s) = ,1,),
we can define a metric p on Ny as p(my,mz2) = |¢p(m1) — ¢(mz)|, for any
m1,me € Ni, and then Ny is compactified. Let X = N; x X. Define a
mapping S: XX by
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S(m,z) = (1+m, Sm(z)), S(co,z) = (c0,5(x)), Ym € Ny, z € X.

By Definition 1.2.2, S : X — X is continuous. Let ~T(x) be a precompact
orbit of T,,. Since

S™((0,x)) = (n, Sn—1 0 Sp_2 0051 08(x)) = (n,Tn(z)), ¥n >0,

and N, is compact, it follows that the orbit v*((0,2)) of 5™ is precompact
and {oo} x w(z) = w(0,z), where w(0, ) is the omega limit set of (0, z) for
S™. By Lemma 1.2.1, w(0, z) is invariant and internally chain transitive for
S , which, together with the definition of S , implies that w(x) is invariant and
internally chain transitive for S. ]

Definition 1.2.3. Let S : X — X be a continuous map. A sequence {x,} in
X is an asymptotic pseudo-orbit of S if
lim d(S(zp),Znt1) =0.

n—oo
The omega limit set of {x,} is the set of limits of subsequences.

Let {T},} be a discrete process in X generated by a sequence of continuous
maps S, that converges to a continuous map S : X — X uniformly on
compact subsets of X. It is easy to see that every precompact orbit of T;, :
X — X, n >0, is an asymptotic pseudo-orbit of S.

Ezample 1.2.1. Consider the nonautonomous difference equation
Tnt1 = f(n,x,), n >0,
on the metric space X. If we define S,, = f(n,-) : X — X, n >0, and let
To=1,T,=S,_ 10051085 : X =X, n>1,

then z, = Tn(:zzo_), and {z, : m» > 0} is an orbit of the discrete process
Tp. If f(n,:) = f: X — X uniformly on compact subsets of X, then T,
is asymptotically autonomous with limit f. Furthermore, in this case any

precompact orbit of the difference equation is an asymptotic pseudo-orbit of
[, since d(f(xn)axn—i-l) = d(f(i[:n), f(?’L, xn)) — 0.

Lemma 1.2.3. The omega limit set of any precompact asymptotic pseudo-
orbit of a continuous map S : X — X is nonempty, compact, invariant, and
internally chain transitive.

Proof. Let (N4, p) be the compact metric space defined in the proof of
Lemma 1.2.2. Let {x, : n > 0} be a precompact asymptotic pseudo-orbit
of S : X — X, and denote its compact omega limit set by w. Define a metric
space

Y = ({oo} x X)U{(n,zy) : n>0}
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and
9:Y =Y, g(nzn) =(n+1,zn41), g(oo,2) = (00,5()).

By Definition 1.2.3 and the fact that d(zn41,S5(z)) < d(@ni1,S(xn)) +
d(S(zy),S(z)) for z € X,n > 0, it easily follows that g : ¥ — Y is con-
tinuous. Let v+ (0,20) = {(n,z,) : n > 0} be the positive orbit of (0, zo) for
the discrete semiflow g : Y — Y,n > 0. Then v7(0, z) is precompact in Y,
and its omega limit w(0, zg) is {o0} X w, which by Lemma 1.2.1 is invariant
and internally chain transitive for g. Applying the definition of g, we see that
w is invariant and internally chain transitive for .S. ]

Let A and B be two nonempty compact subsets of X. Recall that the
Hausdorff distance between A and B is defined by

di (A, B) := max (sup{d(z,B) : = € A}, sup{d(z,A): z € B}).

We then have the following result.

Lemma 1.2.4. Let 5,5, : X — X, Vn > 1, be continuous. Let {D,} be a
sequence of nonempty compact subsets of X with limy,_, o dg(Dy, D) =0 for
some compact subset D of X. Assume that for each n > 1, D, is invariant
and internally chain transitive for Sy. If S, — S uniformly on DU(Up>1D5,),
then D is invariant and internally chain transitive for S.

Proof. Observe that the set K = D|J(Up>1D,) is compact. Indeed, since
an open cover of K also covers D, a finite subcover provides a neighborhood
of D that must also contain D,, for all large n. If x € D, then there exist
xn € D, such that z,, — x. Since S, (x,) € D, and S,(z,) = S(x), we see
that S(z) € D. Thus S(D) C D. On the other hand, there exist y,, € D), such
that Sy, (yn) = @p. Since dg(Dy,, D) — 0, we can assume that y,, — y € D
for some subsequence y,,. Then z,, = Sy, (yn,) — S(y) = x, showing that
S(D)=D.

By uniform continuity and uniform convergence, for any € > 0 there exist
0 € (0,¢/3) and a natural number N such that for n > N and u,v € K with
d(u,v) < §, we have

d(Sn(u),5(v)) < d(Sn(u), S(u)) +d(S(u), S(v)) < €/3.

Fix n > N such that dgy(D,,D) < §. For any a,b € D, there are points
x,y € D,, such that d(z,a) < § and d(y,b) < §. Since D, is internally chain
transitive for S, there is a §-chain {z1 = x, 22,..., 241 = y} in D, for S,
connecting x to y. For each i = 2, ..., m we can find w; € D with d(w;, z;) < 4,
since D,, is contained in the -neighborhood of D. Let wy = a,w;,,+1 = b. We
then have

d(S(w;), wit1) < d(S(w;), Sn(2:)) + d(Sn(2i), 2i41) + d(zit1, Wit1)
<e/3+d+d<e
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for i = 1,...,m. Thus {wy = a,ws,...,Wyn+1 = b} is an e-chain for S in D
connecting a to b. [

Let @(t) : X — X, t > 0, be a continuous-time semiflow. That is, (z,t) —
&(t)x is continuous, #(0) = I and P(t) o P(s) = P(t + s) for t,5 > 0. A
nonempty invariant set A C X for @(t) (i.e., P(t)A = A, ¥t > 0) is said to be
internally chain transitive if for any a,b € A and any € > 0,y > 0, there is a

finite sequence {x1 = a,22,...,Tm—_1,Tm = bjt1,...,tm—1} with z; € A and
t; > to,1 <i < m—1,such that d(P(t;,x;),2;41) < eforalll <i < m—1.The
sequence {x1,...,Tm;t1,...,tm—1} is called an (e,tp)-chain in A connecting

a and b. We then have the following result.

Lemma 1.2.1" Let &(t) : X — X, t > 0, be a continuous-time semiflow.
Then the omega (alpha) limit set of any precompact positive (negative) orbit
1s internally chain transitive.

Proof. Let w = w(z) be the omega limit set of a precompact orbit v(z) =
{P(t)r : t > 0} in X. Then w is nonempty, compact, invariant and
lim; o0 d(@(t)z,w) = 0. Let € > 0 and ¢p > 0 be given. By the uniform
continuity of @(t)x for (¢,x) in the compact set [to,2tg] X w, there is a
0 = d(e, to) € (0, 5) such that for any ¢ € [to,2to] and u and v in the open
d-neighborhood U of w with d(u,v) < 6, we have d(®(t)u,®(t)v) < 5. It
then follows that there exists a sufficiently large Ty = Tp(d) > 0 such that
&(t)x € U, for all t > Ty. For any a,b € w, there exist T1 > Tp and Tr > T
with Ty > Ty + to such that d(@(T1)z, P(to)a) < 5 and d(P(T2)x,b) < 5. Let

m be the greatest integer that is not greater than T2;0T1 . Then m > 1. Set
y=a,y;, =P+ (i —2)tg)x, i=2,....m+1, yYmi2=0>0,

and
tizto forizl,...,m; tm+1:T2—T1—(m—1)t0.

Then t,,,41 € [to, 2to). It follows that d(®(t;)y;, yir1) < § foralli =1,...,m+
1. Thus the sequence

{yl =, Y2, s Ym+1, Ym+2 = b;tlatQa s ,tm+1}

is an (5, to)-chain in X connecting a and b. Since y; € U fori=2,...,m+1,
we can choose z; € w such that d(z;,y;) < 6. Let 21 = a and zp42 = 0. It
then follows that

d(D(ti)zi, ziv1) < d(P(ti)zi, P(ti)ys) + d(P(ti)yi, Yir1) + d(Yit1, Zit1)
<€/3+€/34+¢€¢/3, i=1,....m+1.

This proves that the sequence {z1 = a, 22, ..., Zm+1, Zm+2 = b; t1,t2, ..., tmi1}
is an (¢, tp)-chain in w connecting a and b. Therefore, w is internally chain tran-
sitive. By a similar argument we can prove the internal chain transitivity of
alpha limit sets of precompact negative orbits. ]
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With Lemma 1.2.1" it is easy to see that there are analogues of Lem-
mas 1.2.2 and 1.2.3 for continuous-time semiflows. The following result is an
analogue of Lemma 1.2.4 for continuous-time semiflows.

Lemma 1.2.4" Let & and " be continuous-time semiflows on X forn > 1.
Let {D,} be a sequence of nonempty compact subsets of X with
lim,, o0 dgg (D, D) = 0 for some compact subset D of X. Assume that for
each n > 1, D, is invariant and internally chain transitive for @™. If for each
T >0, " — & uniformly for (x,t) € (DU (Up>1Dy)) x [0,T], then D is
invariant and internally chain transitive for @.

Proof. It is easy to see that K = D |J(Up>1D,,) is compact and D is invariant
for @. By uniform continuity and uniform convergence, for any ¢ > 0 and
to > 0 there exists 6 € (0,€¢/3) and a natural number N such that for n >
N, t € [0,2t], and u,v € K with d(u,v) < §, we have d(P}(u), P(v)) <
AP} (u), Py(u)) + d(Pe(u), P(v)) < €/3. Fix n > N such that dg (D, D) < 0.
For any a,b € D, there are points z,y € D, such that d(z,a) < ¢§ and
d(y,b) < 4. Since D, is chain transitive for ¢”, there is a (0, tp)-chain {z; =
Xy 22,y Zmil = Yit1, ..oyt ) in Dy, for @™, with to < t; < 2ty connecting x
to y. For each i = 2,...,m we can find w; € D with d(w;, 2;) < §, since D,, is
contained in the §-neighborhood of D. Let wy = a, wy,+1 = b. We then have

d(Py, (wi), wiy1) < d(Py, (wi), PY (2:)) + d(PF (2:), ziv1) + d(zip1, wit1)
<e€/3+d+0<e

for i = 1,...,m. Thus {w1 = a,wa,...,Wpt1 = b;t1,...,tm} is an (¢, to)-
chain for @ in D connecting a to b. ]

Ezample 1.2.2. Note that if in Lemma 1.2.4" D,, is an omega limit set for
@, (and therefore internally chain transitive by Lemma 1.2.1"), the set D
need not be an omega limit set for the limit semiflow @, although it must be
chain transitive. Easy examples are constructed with & = &, V¥n > 1. For
example, consider the flow generated by the planar vector field given in polar
coordinates by

=0 0 =1-r.

The unit circle D = {r = 1}, consisting of equilibria, is chain transitive but is
not an omega limit set of any point, yet D is the Hausdorff limit of the omega
limit sets D,, = {r =1+ '}.

Lemma 1.2.5. A nonempty compact invariant set M is internally chain tran-
sitive if and only if M is the omega limit set of some asymptotic pseudo-orbit
of f in M.

Proof. The sufficiency follows from Lemma 1.2.3. To prove the necessity,
we can choose a point x € M since M is nonempty. For any € > 0,
the compactness of M implies that there is a finite sequence of points
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{1 = z,22,...,Tm, Tms+1 = x} in M such that its e-net in X covers M;
ie., M C U™, B(x;,¢€), where B(z;,¢) := {y € X : d(y,z;) < €}. For each
1 < i < m, since M is internally chain transitive, there is a finite e-chain
{yi = @i, 5, ... Yk, yh o1 = Tig1} in M connecting x; and x;41. Then the
sequence {Yf, ..., Yp sYls- s Ymyr-- Y5 ynt ymt 1} is a finite e-chain
in M connecting = and z, and its e-net in X covers M.

For each integer k, letting e = ; in the above claim, we have a finite ;—
chain {zf = x,25,...,2 ,2f ., = x} in M whose ,-net in X covers M. It
then easily follows that the infinite sequence of points

1 1.2 2 K k
{20 2y 2Ty e s Ziy ey 21y 2y )
is an asymptotic pseudo-orbit of f in M and its omega limit set is M. ]

Block—Franke Lemma ([33], THEOREM A) Let K be a compact metric
space and [ : K — K a continuous map. Then x ¢ R(K, f) if and only
if there exists an attractor A C K such that x € W*(A) \ A.

Lemma 1.2.6. A nonempty compact invariant set M is internally chain tran-
sitwe if and only if flp 2 M — M has no proper attractor.

Proof. Necessity. Assume that there is a proper attractor A for f|p : M —
M. Then A # ) and M\ A # . Since A is an attractor, there is an ¢y > 0 such
that A attracts the open ep-neighborhood U of A in M. Choose a € M \ A
and b € A and let {1 = a,22,...,2;m = b} be an ¢-chain in M connecting
aand b. Let k = min{i : 1 < i < m, 2; € A}. Since b € A and a € A, we
have 2 < k < m. Since d(f(xx—1),xr) < €9, we have f(xp_1) € U and hence
xp—1 € W?3(A) \ A. By the Block-Franke lemma, z;_1 ¢ R(M, f), which
proves that M is not internally chain recurrent, and a fortiori not internally
chain transitive.

Sufficiency. For any subset B C X we define w(B) to be the set of limits
of sequences of the form {f"*(xy)}, where ny — oo and x € B. Since f|p :
M — M has no proper attractor, the Block—Franke lemma implies that M is
internally chain recurrent. Given a,b € M and € > 0, let V' be the set of all
points x in M for which there is an e-chain in M connecting a to z; this set
contains a. For any z € V', let {21 = a, 22,..., 2m—1,2m = 2} be an e-chain in
M connecting a to z. Since

lim d((211).2) = d(F(z201). 2) < e,
there is an open neighborhood U of z in M such that for any « € U,
d(f(#zm-1),z) < €. Then {21 = a,22,...,2nm—1,2} is an e-chain in M con-
necting a and x, and hence U C V. Thus V is an open set in M. We
further claim that f(V) C V. Indeed, for any z € V, by the continu-
ity of f at z, we can choose y € V such that d(f(y), f(z)) < e. Let
{y1 = a,y2,.--,Ym—1,Ym = y} be an e-chain in M connecting a and y. It
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then follows that {y1 = a,y2, .., Ym-1,Ym = Y, Ym+1 = f(2)} is an e-chain
in M connecting a and f(z), and hence f(z) € V. By the compactness of M
and [141, Lemma 2.1.2] applied to f : M — M, it then follows that w(V)
is nonempty, compact, invariant, and w(V) attracts V. Since f(V) C V, we
have w(V) C V and hence w(V) = f(w(V)) C V. Then w(V) is an attractor
in M. Now the nonexistence of a proper attractor for f : M — M implies
that w(V) = M and hence V = M. Clearly, b € M = V, and hence, by the
definition of V', there is an e-chain in M connecting a and b. Therefore, M is
internally chain transitive. [

1.2.2 Attractivity and Morse Decompositions

Recall that a nonempty invariant subset M of X is said to be isolated for
f: X — X if it is the maximal invariant set in some neighborhood of itself.

Lemma 1.2.7. (BUTLER-MCGEHEE-TYPE LEMMA) Let M be an isolated in-
variant set and L a compact internally chain transitive set for f : X — X.
Assume that LN M # 0 and L ¢ M. Then

(a) there exists u € L\ M such that w(u) C M;
(b) there exist w € L\ M and a negative orbit v~ (w) C L such that its a-limit
set satisfies a(w) C M.

Proof. Since M is an isolated invariant set, there exists an € > 0 such that
M is the maximal invariant set in the closed e-neighborhood of M. By the
assumption, we can choose a € LN M and b € L with d(b, M) > €. For
any integer k > 1, by the internal chain transitivity of L, there exists a

p-chain {y} = a,...,yf ; = b} in L connecting a and b, and a ,-chain
{zb=0,..., zﬁlﬁl = a} in L connecting b and a. Define a sequence of points
by
: N 1,1 1 k ko _k k
{xnnzo} T {ylv"'7yl15215'"azmlv"'ayla'"7ylk7Z17"'azmk7"'}

Then for any k& > 0 and for all n > N(k) Z?Zl(lj + m;), we have
d(f(xn), Tnt1) < k_lH, and hence lim,, o0 d(f(xy), Tnt+1) = 0. Thus {z, }n>0
C L is a precompact asymptotic pseudo-orbit of f : X — X. Then there are
two subsequences z,,; and x,, such that x,,, = a and z,;, =b for all j > 1.
Note that d(zs; 11, f(x)) < d(zs, 41, f(xs;)) +d(f(zs,), f(x)). By induction, it
then follows that for any convergent subsequence z,, — = € X,j — oo,
we have lim;j ,oc ©5;4n = f"(x) for any integer n > 0. We can further
choose two sequences [; and n; with I; < m; < n; and limj_,l; = oo
such that d(z;,, M) > €, d(xn,, M) > ¢, and d(xy, M) < € for any integer
ke (l;,n;),7 > 1. Since {z,, : n > 0} is a subset of the compact set L, we can
assume that upon taking a convergent subsequence, z;, — u € L as j — oo.
Clearly, d(u, M) > e and hence v € L'\ M. Since v € L and L is a compact in-
variant set, we have w(u) C L. We further claim that w(u) C M, which proves
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(a). Indeed, if the sequence n;—[; is bounded, then m;—I; is also bounded, and
hence we can assume that, after choosing a subsequence, m; — [; = m, where
m is an integer. Thus we have a = lim; ;o0 Tp; = My s00 21, 4m = 7 (u),
and hence w(u) = w(a) C M. If the sequence n; — I; is unbounded, we can
assume that, by taking a subsequence, n; —[; — oo as j — oco. Then for any
integer n > 1, there is an integer J = J(n) > 1 such that n; —; > n for all
j > J. Then we have I; < I; +n < n; and hence d(xy, yn, M) < €,Yj > J(n).
Thus f"(u) = lim;_ o0 1, 4n satisfies d(f™(u), M) < €,Vn > 1, and hence the
choice of € implies that w(u) C M. In a similar way we can also prove (b). 1

Theorem 1.2.1. (STRONG ATTRACTIVITY) Let A be an attractor and C a
compact internally chain transitive set for f : X — X. If CNW$(A) # 0,
then C C A.

Proof. Clearly, A is isolated for f : X — X. Let x € C N W?*(A). By the
compactness and invariance of C, w(xz) C C and hence w(z) C C N A. Then
C N A # (). Assume, by contradiction, that C ¢ A. Then by Lemma 1.2.7,
there exists w € C'\ A with a full orbit y(w) = {w, : n € Z} C C and
alw) C A. Since w ¢ A, there exists an open neighborhood V' of A such
that w ¢ V. Then, by the attractivity of A, there exist an open neighborhood
U of A and an integer ng > 0 such that S™(U) C V for all n > ng. Since
a(w) C A, there exists an integer ny > ng such that w_,, € U, and hence
w=wy = S"(w_yp,) € V, which contradicts w ¢ V. "

Let A and B be two isolated invariant sets . The set A is said to be chained
to B, written A — B, if there exists a full orbit through some z ¢ AU B such
that w(z) € B and a(x) C A. A finite sequence {Mi, ..., My} of invariant
sets is called a chain if M7 — My — -+ — Mj. The chain is called a cycle if
My, = M;.

Theorem 1.2.2. (CONVERGENCE) Assume that each fized point of f is an
isolated invariant set, that there is no cyclic chain of fixed points, and that
every precompact orbit converges to some fized point of f. Then any compact
internally chain transitive set is a fized point of f.

Proof. Let C be a compact internally chain transitive set for f : X — X.
Then for any = € C, we have 7yt (z) C C and w(z) C C. Thus the convergence
of y*(z) implies that C' contains some fixed point of f. Let £ = {e € C :
f(e) = e}. Then E # (b, and by the compactness of C and the isolatedness of
each fixed point of f, E = {e1, ea, ..., €y} for some integer m > 0. Assume by
way of contradiction that C' is not a singleton. Since E # (), there exists some
i1 (1 <41 < m) such that e;; € C; ie., CN{e;} # 0. Since C ¢ {e;, }, by
Lemma 1.2.7 there exist wy € C'\ {e;, } and a full orbit y(w;) C C such that
a(wr) = e;,. Since v (wq) C C, there exists some is (1 < iy < m) such that
w(wy) = e;,. Therefore, e;, is chained to e;,; i.e., e;; — ec,. Since CN{e;, } # 0
and C ¢ {e;,}, again by Lemma 1.2.7 there exist wy € C'\ {e;,} and a full
orbit y(ws) C C such that a(ws) = e;,. We can repeat the above argument to
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get an i3 (1 < i3 < m) such that e;, — e;,. Since there is only a finite number
of e;’s, we will eventually arrive at a cyclic chain of some fixed points of f,
which contradicts our assumption. [

Definition 1.2.4. Let S be a compact metric space and f : S — S a con-
tinuous map with f(S) = S. An ordered collection {M, ..., My} of disjoint,
compact, and invariant subsets of S is called a Morse decomposition of S if for
each x € S\ UF_| M; there is an i with w(z) C M; and for any negative orbit
v~ through x there is a j > i with a(y~) C Mj; A collection {Ma, ..., My}
of disjoint, compact, and invariant subsets of S is called an acyclic covering
of 2(8S) := Ugesw(x) if each M; is isolated in S, 2(S) C U¥_ M, and no
subset of M;’s forms a cycle in S.

By replacing each e; in the proof of Theorem 1.2.2 with M, we can easily
get the following result.

Lemma 1.2.8. Let {My,..., M} be an acyclic covering of 2(S). Then any
compact internally chain transitive set of f : S — S is contained in some M;.

By [299, Theorems 3.1.7 and 3.1.8] and their discrete-time versions, the
current definition for Morse decomposition is equivalent to that in terms of
Conley’s repeller—attractor pairs (see, e.g., [299, Definition 3.1.5] for semiflows
and [336, Definition 4.2] for maps). The concept of acyclic coverings is very
important in persistence theory (see, e.g., [45, 146]). The equivalence between
acyclic coverings and Morse decompositions was first observed by Garay for
(two-sided) continuous flow on the boundary (see [128, Lemmal). In the fol-
lowing lemma, we formulate it in a general setting and give a complete proof,
which also provides an algorithm on how to reorder an acyclic covering into
an ordered Morse decomposition.

Lemma 1.2.9. A finite sequence {Mj, ..., My} of disjoint, compact, and in-
variant sets of f in S is an acyclic covering of 2(S) if and only if (after
reordering) it is a Morse decomposition of S.

Proof. Necessity. We first claim that for any subcollection M of M;’s, there
exists an element D € M such that D cannot be chained to any element
in M. Indeed, by contradiction, the nonexistence of such D would imply
that some subset of M;’s from this finite collection M forms a cycle, which
contradicts the acyclic condition. By this claim, we can reorder the total
collection My := {Mjy,..., M} by induction. First we choose an element,
denoted by D1, from the collection M such that D cannot be chained to any
element in M. Suppose that we have chosen Dy, ..., D,,. We further choose
an element, denoted by D, 11, from the collection M,,, := Mo\{D1,...,Dmn}
such that D,,1; cannot be chained to any element in M,,. After k steps,
we then get a reordered collection D := {Dq,..., Dy}. Moreover, for any
1 <i<j <k, clearly we have D;, D; € M;_;. Therefore, by the choice of
D;, D; cannot be chained to any element in M;_;, and hence D, cannot be
chained to D;.
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For any x € S\ U¥_, D;, by the assumption, we have w(z) C U¥_, D;, and
hence the invariant connectedness of w(x) implies that w(z) C D; for some
i. Let v~ be any given negative orbit of f through z and let & = a(y7).
By Lemma 1.2.1, « is internally chain transitive for f. We further claim that
a C Dj for some j. Indeed, assume, by contradiction, that o« ¢ D,, for
all 1 < m < k. Since o C S is compact and invariant, o N (UX_, D;) # 0,
and hence there exists some D;, (1 < 43 < k) such that « N D;, # 0. By
Lemma 1.2.7, there exist w1 € a\ D;, and a full orbit v(w1) C a such that
a(wy) C D;,. Since wy € a C S, we have w(w;) C UY_;D;, and hence by
the invariant connectedness of w(wy ), there exists some D;, (1 < iz < k) such
that w(wy) C D;,. Therefore, D;, is chained to D;,; i.e., D;; — D;,. Clearly,
w(w1) C @ Then aND;, # 0. Again by Lemma 1.2.7, there exist wa € '\ D;,
and a full orbit y(w2) C « such that a(we) C D;,. We can repeat the above
argument to get an i3(1 < i3 < k) such that D;, — D;,. Since there is
only a finite number of D,,’s, we will eventually arrive at a cyclic chain of
some Dy, for f in S, which contradicts the no-cycle condition. It then follows
that D; — D;, and hence by the property of {Ds,..., Dy}, we have j > i.
Therefore, {D1, ..., Dy} is a Morse decomposition of S.

Sufficiency. Since the M;, 1 < i < k, are pairwise disjoint and compact,
there exist k pairwise disjoint and closed subsets N; of S such that M; is
contained in the interior of N;, 1 < i < k. In order to see that M, is isolated
in S, suppose that there exists an invariant set M C IntN,, but M ¢ M,,.
It follows that there is an x € M N (S \ UE_M;). Let v C M be a full
orbit through x. Clearly, w(x) C M and a(z) C M. Since {M1,..., My} is
a Morse decomposition of S, there exists j > ¢ such that w(x) C M; and
a(xz) € M;. Then M; N N, # 0 and M; N N, # 0, and hence i = m = j,
which contradicts j7 > ¢. Thus each M; is isolated in S. Clearly, the definition
of Morse decompositions implies that 2(S) C UF¥_; M;. We further claim that
if M;, — M,,, then i1 > . Indeed, let v(z) be a full orbit through some
x & M;, UM,, such that w(z) C M;, and a(z) C M;,. If x € M; for some
I, we have w(x) C M; N M;, and a(x) C M; N M;,, and hence i1 = | = 1o,
contradicting that z ¢ M;, U M,,. It follows that = € S\ UF_, M;. Since
{Ma,..., M} is a Morse decomposition of S, there exists j > i such that
w(z) € M; and a(z) € M;. Then we have i; = j > i = ip. By this claim, it is
easy to see that no subset of M;’s forms a cycle in S. Therefore, {Mj, ..., My}
is an acyclic covering of 2(S). "

1.3 Strong Repellers and Uniform Persistence

Let f : X — X be a continuous map and Xg C X an open set. Define
0Xo = X \ Xo, and My = {x € 0Xy : f"(x) € 0Xo,n > 0}, which may
be empty. Note that Xy need not be the boundary of Xy as the notation
suggests. This peculiar notation has become standard in persistence theory
(see, e.g., [365]). We assume that every positive orbit of f is precompact.
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1.3.1 Strong Repellers

There are two traditional approaches in persistence theory, one using Morse
decompositions and the other using acyclic coverings. The next lemma, to-
gether with Lemma 1.2.9, shows that the two approaches are equivalent.

Lemma 1.3.1. Suppose that there exists a mazximal compact invariant set Ag
of f in 0Xy; that is, Ay is compact, invariant, possibly empty, and contains
every compact invariant subset of 0Xo. Then a finite sequence {Mj, ..., My}
of disjoint, compact, and invariant subsets of 0Xo, each of which is isolated in
0Xo, is an acyclic covering of 2(Mp) in 0Xg if and only if (after reordering)
it is a Morse decomposition of As.

Proof. Let S = Ay. Then we have S C My and hence 2(S) C 2(Mp). It
follows that { M, ..., My} is also an acyclic covering of £2(.S). So the necessity
follows from Lemma 1.2.9. To prove the sufficiency, assume that {M;, ..., M}
is a Morse decomposition of S. By Lemma 1.2.9, {M;, ..., My} is an acyclic
covering of 2(S) in S. Since S is the maximal compact invariant set in 90X,
any compact invariant set in 09Xy is a subset of S. Consequently, no subset of
M;’s forms a cycle in 9 .X( because such a cycle is compact and invariant so nec-
essarily belongs to .S, violating that {Mi, ..., My} is a Morse decomposition
of S. We further claim that £2(Mpy) C UF_, M;. Indeed, for any x € My, w(z) is
a compact, invariant, internally chain transitive set in X, (by Lemma 1.2.1).
Then w(z) C S, and hence Lemma 1.2.8 implies that w(x) C M; for some
1 < i < k. Therefore, {Mj, ..., My} is an acyclic covering of 2(Mp) in 0Xo. n

Theorem 1.3.1. (STRONG REPELLERS) Assume that

(C1) f(Xo) C Xo and f has a global attractor A;

(C2) The mazximal compact invariant set Ag = AN My of [ in 0Xy, possibly
empty, admits a Morse decomposition {Mj, ..., My} with the following
properties:

(a) M; is isolated in X ;
(b) Ws(M;)N X =10 for each 1 <i <k.

Then there exists § > 0 such that for any compact internally chain transitive
set L with L ¢ M; for all 1 <i <k, we have inf ¢, d(z,0Xg) > 0.

Proof. We first prove the following weaker conclusion:

Claim. There is an € > 0 such that if L is a compact internally chain transitive
set not contained in any M;, then sup, . d(z,0Xo) > €.

Indeed, assume that, by contradiction, there exists a sequence of compact
internally chain transitive sets {D,, : n > 1} with D,, ¢ M;,1 < i < k, such
that

lim sup d(z,0X,) = 0.

n—0 e D,



1.3 Strong Repellers and Uniform Persistence 21

Since W#¥(A) = X, by Theorem 1.2.1 we have D,, C A for all n > 1. In
the compact metric space of compact nonempty subsets of A with Haus-
dorff distance dy, the sequence {D,, : n > 1} has a convergent subsequence.
Without loss of generality, we assume that for some nonempty compact set
D C A, lim,, oo dg(Dy, D) = 0. Then for any = € D, there exists z,, € D,
such that lim, oz, = . Clearly, lim, o d(x,,0Xy) = 0, and hence
there exists y, € 90X such that lim, oo d(zn,y,) = 0. It then follows that
lim,, oo ¥ = x, and hence x € 90Xy = 0Xy. Thus D C 0Xy. By Lemma 1.2.4
with S, = f, D is internally chain transitive for f. It then follows that
D C Ap, and Lemmas 1.2.8 and 1.2.9 imply that D C M; for some i. Since
D, — M; as n — oo, the isolatedness of M; in X implies that D,, C M; for
all large n, contradicting our assumption. This proves the claim.

We now prove the theorem by contradiction. Assume that there exists
a sequence of compact internally chain transitive sets {L, : n > 1} with
L, ¢ M;,; 1 <i < k,n > 1, such that lim,_,o infzer, d(z,0Xy) = 0. As
in the proof of the above claim, we can assume that lim,,_,o, dg(L,, L) = 0,
where L is a compact internally chain transitive set for f : X — X and
L ¢ M; for each 1 < i < k. Clearly, there exist x,, € L,,n > 1, such that
lim,, 00 d(zn,0Xo) = 0, and hence L N 90Xy # 0. By the above claim, we
can choose a € LN 90Xy and b € L with d(b,0X,) > €. As in the proof of
Lemma 1.2.7, let {x,, : n > 0} be the asymptotic pseudo-orbit determined
by a and b in L. Then there are two subsequences w,; and w,; such that
Tm; = a and z,;, = b for all j > 1, and for any convergent subsequence
Ts; — x € X, j — 00, we have limj o0 Ts;4n = f™(x), Yn > 0. We can
further choose two sequences [; and n; with I; < m; < n; and limj_,o [; = oo
such that d(z;;,0Xo) > €, d(zn,,0X0) > €, and d(zg, 0Xo) < € for any integer
k€ (l;,n;), j > 1. Since {x, : n > 0} is a subset of the compact set L, we can
assume, after taking a convergent subsequence, that x;; — x € L as j — oo.
Clearly, d(z,0Xo) > € and hence x € X. We further claim that the sequence
n; — l; is unbounded. Assume that, by contradiction, n; — [; is bounded.
Then m; — [; is also bounded, and hence we can assume, after choosing a
subsequence, that m; — [; = m, where m is an integer. Since f(Xo) C Xo,
we have @ = limy o0 T, = limj o0 21, 4m = f™(x) € Xo, which contradicts
a € 0Xo. Thus we can assume, by taking a subsequence, that n; —I; — oo
as j — o0o. Then for any integer n > 1, there is an integer J = J(n) > 1
such that n; —I; > n for all j > J. Then we have l; < [; +n < n; and
hence d(zy;1n,0X0) < €,Vj > J(n). Thus f"(x) = lim; o 27,1, satisfies
d(f™(x),0Xo) < €,Yn > 1. Since x € L, we have f"(x) € L,n > 0. Thus, by
Lemma 1.2.1, w(z) is a compact internally chain transitive set for f : X — X.
Moreover, sup, ¢ (4 d(y,0Xo) < e. Appealing again to the claim, we conclude
that w(z) C M; for some 1 <4 < k, and hence z € W*(M;) N Xy. But this
contradicts assumption (C2). "

Remark 1.8.1. Tt easily follows from Lemma 1.3.1 that the conclusion of The-
orem 1.3.1 is still valid if condition (C2) is replaced by the following one:
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(C2') There exists a finite sequence M = {Mj, ..., My} of disjoint, compact,
and isolated invariant sets in 9X such that
() (Mp) = Usearyo(w) © UL, M
(b) no subset of M forms a cycle in 9Xo;
(¢) M; is isolated in X;
(d) W= (M, )ﬁXo_(Z)foreach1<z<k

We observe that Theorem 1.3.1 requires that the open set X be positively
invariant for f, which may limit its applications. Moreover, in the infinite-
dimensional case of X (e.g., space of continuous functions on a compact set),
the distance function d(z,0Xy) only gives rise to an abstract repelling prop-
erty of Xy (e.g., the maximum norm induced distance). In the rest of this
subsection we extend strong repellers to a more general case.

Definition 1.3.1. A lower semicontinuous function p : X — Ry is called a
generalized distance function for f : X — X if for every x € (XoNp~1(0)) U
~1(0,0), we have p(f™(z)) >0, Vn > 1.

Theorem 1.3.2. Let p be a generalized distance function for continuous map

f: X — X. Assume that

(P1) f has a global attractor A;
(P2) There exists a finite sequence M = {M;, ..., My} of disjoint, compact,
and isolated invariant sets in 0Xo with the following properties:
(a) Upenryw(z) C Uiy M;;
(b) no subset of M forms a cycle in 0Xy;
(c) M; is isolated in X ;
(d) W&(M;) N p~t(0,00) =0 for each 1 <i < k.

Then there exists 6 > 0 such that for any compact chain transitive set L with
L ¢ M; for all 1 <i <k, we have mingcy, p(z) > 9.

Proof. Since the proof is similar to that of Theorem 1.3.1, we only sketch
modifications. The first claim is that there exists ¢ > 0 such that sup{p(x) :
x € L} > € holds for all chain transitive sets L not contained in any M;.
Arguing by contradiction as in the original proof we arrive at a chain transitive
set D (limit of sets D,,) satisfying p(z) = 0, Ve € D. If + € D N Xy, then
p(f(z)) > 0, a contradiction to f(x) € D, so we conclude that D C 0Xy. The
remainder of the proof of the claim is unchanged.

The second part of the proof begins by contradicting the conclusion of
the result, obtaining a chain transitive set L, with L not contained in any
M;, as a limit of chain transitive sets L,, each not contained in any M;, and
with lim, o inf{p(z) : « € L,} = 0. So we find =, € L,, with p(z,) — 0.
Without loss of generality, we assume z, — a € L as n — oco. By the lower
semicontinuity of p at a and the fact that p(a) > 0, it easily follows that
p(a) = 0. By the claim, we can find point b € L such that p(b) > e. At this
point the proof continues as in Theorem 1.3.1 with the construction of an
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asymptotic pseudo-orbit, except that d(y,0Xy) is replaced in each occurrence
by p(y). We conclude that the subsequential limit « € L of the pseudo-orbit
satisfies p(z) > ¢, but this doesn’t imply « € Xj. Furthermore, since we do not
assume that X is positively invariant, the argument that m; —{; is unbounded
can be modified as follows: a = f™(z) contradicts that p(a) = 0 = p(f™(z)),
p(z) > €, and Definition 1.3.1, which requires p(f™(z)) > 0. Continuing as
in the original argument, we arrive at p(f™(z)) < €, Vn > 1. Thus, the lower
semicontinuity of p implies that p(y) < € on the chain transitive set w(z) C L.
But this contradicts (P2) as in the original proof. ]

1.3.2 Uniform Persistence

In this subsection we discuss uniform persistence and its robustness in terms
of sequences of discrete semiflows.

Definition 1.3.2. A function f : X — X is said to be uniformly persistent
with respect to (Xo,0Xo) if there exists m > 0 such that
liminf, o d(f™(x),0X0) > n for all x € Xo. If “nf” in this inequality is
replaced with “sup”, then f is said to be weakly uniformly persistent with
respect to (Xo,0Xo).

Clearly, W*(M;) N Xo = 0 implies that w(z) ¢ M;, Vz € X,. By
Lemma 1.2.1 and Theorem 1.3.1, it then follows that f : X — X is uni-
formly persistent under assumptions (C1) and (C2). In particular, we have
the following interesting result.

Theorem 1.3.3. Let f : X — X be a continuous map with f(Xo) C Xo.
Assume that f has a global attractor A. Then weak uniform persistence implies
uniform persistence.

Proof. Let Ay be the maximal compact invariant set of f in 0X,. Clearly, Ag
is a Morse decomposition of f : Ay — Ay. It is easy to see that weak uniform
persistence of f implies that W*(A4y) N Xy = 0 and that Ay is isolated in X,
and hence isolated in X. By Theorem 1.3.1 with L = w(x), Vo € Xo, f is
uniformly persistent with respect to (X, 9Xp). ]

Definition 1.3.3. Let p be a generalized distance function for a continuous
map [ : X — X. Then [ is said to be uniformly persistent with respect to
(Xo,0Xo,p) if there exists n > 0 such that iminf, . p(f™(z)) > n for all
z € Xp.

By Definition 1.3.1, it is easy to see that for every x € Xy, either p(x) > 0
or p(f(z)) > 0. Note that w(z) = w(f(x)). Thus, W*(M;)Np~1(0,00) = 0 im-
plies w(z) ¢ M;, Vz € Xy. By Lemma 1.2.1 and Theorem 1.3.2, it then follows
that f is uniformly persistent with respect to (X, 9Xo, p) under assumptions
(P1) and (P2).
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Let S;, : X — X, m > 0, be a sequence of continuous maps such that every
positive orbit for S, has compact closure. Let wy, (z) denote the omega limit of
x for discrete semiflow Sy,, and set W = U,,>0,0e xWwim (2). The following two
results show that uniform persistence is robust under appropriate conditions.

Theorem 1.3.4. (ROBUSTNESS OF UNIFORM PERSISTENCE) Assume that
Sm(Xo) € Xo, YVm > 0, W is compact, and S,, — So uniformly on W.
In addition, suppose that

(A1) Sy satisfies (C1) and either of (C2) and (C2');
(A2) There exist ng > 0 and a positive integer Ny such that for m > Ny and
x € Xo, limsup,, . d(Sh (), M;) > no, 1 <i < k.

Then there exist n > 0 and a positive integer N such that
liminf,, o d(S(x),0X0) >n for m > N and z € Xo.

Proof. Assume, by contradiction, that there exists a sequence {z;} in X,
and positive integers my — oo satisfying liminf,, o d(S,, (z%),0X0) — 0 as
k — oo. By Lemma 1.2.1, wy,, (zx) is a compact internally chain transitive
set for S,,,. In the compact metric space of all compact subsets of W with
Hausdorff distance dgr, the sequence {wp,, ()} has a convergent subsequence.
Without loss of generality, we assume that for some nonempty compact L C
W, limy 00 dpr (Wi, (zx), L) = 0. Clearly, there exist yi € wm, (x)) such that
limy 00 d(yx, 0Xo) = 0, and hence L N 90Xy # (). By Lemma 1.2.4, L is
internally chain transitive for Sy. Since L N 90Xy # (), Theorem 1.3.1, applied
to Sp, implies that L C M; for some i. Therefore, limy_, o sup{d(x, M;) :
T € Wm,(zr)} = 0, and hence there exists a kg > 0 such that my, > No
and wp, (T,) C {z : d(z,M;) < "J'}. Since Sty (Tho) — Wiy, (Tk,) a8
n — oo, we have limsup,, , d(S;}%O (7ry), M;) < ', which is a contradiction
to assumption (A2). ]

Theorem 1.3.5. (ROBUSTNESS OF UNIFORM PERSISTENCE) Assume that W
is compact and S,, — So uniformly on W. In addition, suppose that

(1) So satisfies (P1) and (P2) of Theorem 1.5.2 with a generalized distance
function p for Sy;

(2) There exist no > 0 and a positive integer Ny such that for m > Ny and
x € Xo, limsup,,_, ., d(S)(x), M;) > no, 1 <i<k.

Then there exist m > 0 and a positive integer N such that
liminf,, o p(Sk(x)) > n form > N and z € Xo.

Proof. Assume, by contradiction, that there exists a sequence {xy} in X and
positive integers mj, — oo satisfying liminf,, o p(Sy, (zx)) — 0 as k — oo.
As in the proof of Theorem 1.3.4, we can assume that for some nonempty
compact L C W, limg 00 dig (Wi, (2x), L) = 0. Then there exist y, € wpm, ()
such that limg o p(yx) = 0. Let y € L be the limit of some convergent
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subsequence of {yx}. Since p is lower semicontinuous at y and p(y) > 0, it
follows that p(y) = 0. By Lemma 1.2.4, L is internally chain transitive for Sp.
Since L N p~1(0) # 0, Theorem 1.3.2, as applied to Sp, implies L C M; for
some i. But wy,, (xx) = L gives a contradiction to assumption (2). "

In the applications of results in Subsections 1.3.1 and 1.3.2 to infinite-
dimensional discrete- and continuous-time semiflows associated with evolu-
tionary equations, we may get practical persistence by choosing suitable gen-
eralized distance functions instead of the distance function d(z,0Xy). Below
we give two examples for delay differential equations and reaction-diffusion
systems, respectively.

Ezample 1.3.1. Let » > 0 and C := C([—r,0],R™). For a continuous map
u:[—r,0) = R™ with o > 0, and each ¢t € [0, 0), we define u; € C by u.(s) =
u(t + s), Vs € [—r,0]. Consider evolutionary systems of delayed differential
equations

du(t)
g A =0, (1.1)
up = ¢ € C.

Under appropriate assumptions on f : C — R™, system (1.1) has a unique
solution u(t,¢) on [0,00) for each ¢ € X := C([-r,0],RY}"), and defines a
continuous-time semiflow @(¢) on X by &(t)¢ = us(¢). Define

p(¢) == min {¢;(0)}, Vo= (¢1,...,¢m) € X.

1<i<m

Thus, p : X — R, is continuous, and we may obtain the practical persistence
by appealing to Theorem 1.3.2.

Ezample 1.5.2. Consider reaction—diffusion systems

8ui -
ot
Bu; =0 on 9§ x (0, 00),

d; Au; + fi(x,ug, .. um)  in 2 x (0, 00), (12)

where d; > 0, A is the Laplacian operator, {2 is a bounded domain in R™
with smooth boundary, and Bu = 0 denotes either Robin type (case (R))
or Dirichlet boundary condition (case (D)). Let X = C(£2,R) in case (R),
and X = Co(£2,R7) in case (D). Under appropriate assumptions on f =
(f1s---y fm), system (1.2) has a unique solution u(t, x, ¢) on [0, co) satisfying
u(0, -, ¢) = ¢ for each ¢ € X, and defines a continuous-time semiflow &(t) on
X by &(t)¢ = u(t,-,¢). Let Z := C§(2,R™), ZT := CL(£2,R7), and fix an
e € int(Z1). Define

o) = min {minosto) f, V6= (61, om) € X

1<i<m | zen

in case (R), and
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p(¢) :==sup{B € Ry : ¢i(x) > fei(z), Vo € 2,1 <i < m},
v¢:(¢177¢m)€X

in case (D), respectively. It is easy to see that the first p-function is continuous,
and the second one is lower semicontinuous. Therefore, Theorem 1.3.2 may
be used to obtain the practical persistence.

Remark 1.8.2. By using similar arguments, we can prove analogues of Theo-
rems 1.2.1, 1.2.2, and 1.3.1-1.3.5 for continuous-time semiflows.

1.3.3 Persistence and Attractors

Let Xy and 00Xy be given as in the beginning of Section 1.3. We assume
that f : X — X is a continuous map with f(Xy) C Xo. The purpose of
this subsection is to establish appropriate conditions under which a uniformly
persistent system admits a global attractor in Xj.

A subset B C Xj is said to be strongly bounded if B is bounded in (X, d)
and infzep d(x,0Xo) > 0. For convenience, we set p(z) := d(z,0Xy), Va €
X. In order to make X, become a complete metric space, we define a new
metric function dg on Xy by

11
p(z)  p(y)

Lemma 1.3.2. (Xy,dy) is a complete metric space.

do(z,y) = } ‘ +d(z,y), Vz,y € Xp. (1.3)

Proof. It is easy to see that dp is a metric function. Let {z,},~, be a Cauchy
sequence in (Xg,dp). Since d(z,y) < do(z,y), Vx,y € Xo, we deduce that
{zn},>( is a Cauchy sequence in (X,d), and there exists € M, such that
d(xn,z) — 0 as n — +oo. To prove that do(zn,z) — 0 as n — +oo, it
is sufficient to show that z € Xo. Given € > 0, since {z,},~, is a Cauchy
sequence in (Xo, d), there exists ng > 0 such that do(z,,x,) < &, ¥n,p > ny.
In particular, we have do(zy, zn,) < €,Vn > ng. Then

11
p(xn) P (2ng)

So there exists r > 0 such that inf,>¢ p (z,) > 7. Since p is continuous and
d(zy,x) = 0 as n — 400, we deduce that p (x) > r, and hence x € Xy. Thus,
(Xo,dp) is complete. ]

S E,Vn Z no,

We denote for each couple of subsets 4, B C X,

0 (B, A) = sup inf d(z,y),
reBYEA

and if A, B C Xy, we denote

do (B, A) = sup inf do(x,y).
€ BYEA
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Lemma 1.3.3. The following two statements are valid:

(1) Let { By}, be a family of subsets of Xo, where I is a unbounded subset of
[0,400). If A C Xo is compact in (X,d) and lim;_,o0 0 (By, A) = 0, then
hmt*}m 60 (Bt, A) =0.

(2) If [ is asymptotically smooth, then f is asymptotically smooth in (X, do).

Proof. (1) We denote k := } infzea p(z) > 0. Assume, by contradiction, that
lim; 4 0o sUp &g (B, A) > € > 0. Then we can find a sequence {tp} -, C I
such that ¢, — +o0, p = +o00, and a sequence {xtp }p>0 C Xp such that
xy, € By,,do (z1,,A) > &,Vp > 0. Since d (z,, A) — 0, as p — 400, without
loss of generality we can assume that there exists x € A such that d(z;,,z) —

0, as p — 4o0. Since p is continuous and p(z) > k, there exists pg > 0 such
that p(zy,) > k,Vp > po. Thus, we have

0<e<dy(me,,2) <k |plar,) — pla)| +d(ze,, x) = 0 as p — +o0,

a contradiction.

(2) It is easy to see that f : (Xo,do) — (Xo,do) is continuous. Let B be
a bounded subset in (Xg,do) such that f(B) C B. Since f is asymptotically
smooth, there exists a compact subset C' C X which attracts B for f. So
Co = CNB C Xy is compact and attracts B for f. It easily follows that Cjy is
also compact in (Xo, dp). Since Cy attracts B for f, the statement (1) implies
that Cy attracts B for [ : (Xo,do) — (Xo, do). ]

Theorem 1.3.6. Assume that f is asymptotically smooth and uniformly per-
sistent with respect to (Xo,0Xo), and that f has a global attractor A. Then
[ (Xo,d) — (Xo,d) has a global attractor Ag. Moreover, if a subset B of Xo
has the property that (fk (B)) is strongly bounded for some k > 0, then
Ay attracts B for f.

Proof. We consider the continuous map f : (Xo,do) — (Xo,do). Since f is
point dissipative and uniformly persistent, f is point dissipative in (Xo,dp).
Moreover, Lemma 1.3.3 implies that f is asymptotically smooth in (Xg, dp).
Let C' be a compact subset in (Xo,dp), and {z,} a bounded sequence in
yH(C) in (Xo,do). Then x, = T™(z,), 2, € C, Vp > 1, and the sequence
{z,} is strongly bounded in (X, d). Since C' is also compact in (X, d), we have
limy, 00 6(f™(C), A) = 0. Thus, {z,} has a convergent subsequence x,, —
in (X, d) as k — oo. By the continuity of p and the strong boundedness of {z,},
it follows that p(z) > 0, i.e., z € Xy, and hence, x,, — = in (Xo, dy) as k — .
Thus, Lemma 1.1.5 implies that positive orbits of compact sets are bounded
for f: (Xo,do) = (Xo,do). Then the conclusion for f : (Xo,d) — (Xo,d)
follows from Theorem 1.1.2, as applied to f : (Xo,do) — (Xo,dp)- ]

Theorem 1.3.7. Assume that [ is point dissipative on X and uniformly per-
sistent with respect to (Xo,0Xo), and that one of the following conditions
holds:
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(a) There exists some integer ng > 1 such that f™ is compact on X, and f™
maps strongly bounded subset of Xy onto strongly bounded sets in Xy, or

(b) [ is asymptotically smooth on X, and for every strongly bounded subset
B C Xy, there exists k = k(B) > 0 such that v (f*(B)) is strongly
bounded in Xy.

Then f : (Xo,d) = (Xo,d) has a global attractor Ay, and Ag attracts every
strongly bounded subset in Xo for f.

Proof. Clearly, f : (Xo,do) — (Xo,do) is point dissipative. It is easy to see
that condition (a) implies that f™ : (Xo,do) — (Xo,do) is compact, and
that condition (b) implies that the condition (b) of Theorem 1.1.3 holds for
f: (Xo,do) = (Xo,dp). By Theorem 1.1.3, there is a strong global attractor
Ag for f : (Xo,do) — (Xo,dp). Consequently, Ay is a global attractor for
[ (Xo,d) = (Xo,d), and Ay attracts every strongly bounded subset in Xg
for f. ]

Remark 1.8.8. A result similar to Theorem 1.3.7 was already presented for
discrete- and continuous-time dynamical systems in [430] and [146], respec-
tively. The only difference, compared with the earlier results, is that we add
a strong boundedness assumption for case (a). In general, this assumption is
necessary for the existence of a strong global attractor in Xy for f, which can
be seen from the counter example below.

Ezample 1.3.3. Let C([0,1],R) be the Banach space with the norm ||¢| =
SUPgepo,1) [#(a)], and X := C([0,1],R+) be endowed with the metric d(¢,v) =
ll¢ — 1||. Consider the map f: X — X defined by

5 Fs(9)

= 1911, Vo € X,
where 1j91j(a) = 1,Ya € [0,1], and Fz(o fo a)da,Vo € X. We
assume that
d>1,e€C([0,1], /[3 ,B(a) > 0,Ya €[0,1),and B(1) =

It is easy to see that the map f is continuous, and maps bounded sets into com-
pact sets of X. Note that f(X) C [0,6] 1jo.1) = {191} : @ € [0,6]} is bounded.
Thus, f is compact and point dissipative, and has a strong global attractor
in X. Set 0Xo = {0} and Xo = X \ {0}. Clearly, p(¢) = ||¢|l, f (Xo) C Xo,
f(0Xo) C 0Xo, and the fixed points of f are 0 and u = (6 —1)1jgq). It
then easily follows that for each ¢ € Xy, f™(¢) — u, as m — 4o00. So
f is uniformly persistent with respect to (Xo,0Xp). Let o = (§ — 1) and
B:={¢p € X: |¢|| =a}. Since 5(1) = 0, we have Fz(B) = (0, ]. Moreover,
f(B) ={alp:a€(0,a]}, and f*(B) = f(B), Vn > 1. Thus, there exists
no compact subset in X that attracts B for f. In particular, there is no strong
global attractor for f : (Xo,do) = (Xo,do), where dy is defined as in (1.3).
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Remark 1.5.4. By similar arguments we can prove the analogs of Theorems
1.3.6 and 1.3.7 for a continuous-time semiflow @(t) on X with &(¢)(Xo) C Xo
for all ¢t > 0.

1.3.4 Coexistence States

In this subsection we always assume that X is a closed subset of a Banach
space F, and that Xy is a convex and relatively open subset of X. Then
0Xo := X \ Xy is relatively closed in X. Let d be the distance induced by the
norm || - || in E, and set d(4, B) := infyeca d(x, B) for A, B C E. Recall that
a subset B of X is said to be strongly bounded in X if B is bounded and
d(B,0X,) > 0.

Given a set A C E, let co(A) be the convex hull of A and co(A) the closed
convex hull of A, respectively. To prove the existence of coexistence states for
uniformly persistent maps, we need the following two lemmas.

Lemma 1.3.4. If A is a compact subset of Xy, then co(A) C X, and
d(co(A),0Xp) > 0.

Proof. Since A C X is compact and 90X is closed, we have d(A, 0Xy) > 0.
For any x € X and § > 0, set B(z,0) = {y € X : |ly—=z| < §} and
B(z,6) ={y € X : [ly —«|| < &}. Let 6o = 3d(A,8Xg) > 0. Then for every
x € A, B(z,60) C Xog and A C UpecaB(z,dp). Again by the compactness of A,
there exist finitely many 1, xa,. .., 7 € A such that A C UX_, B(z;,d0). Let
A; = ANB(w;,00),(i =1,2,...,k). Then A = U¥_ A;. Clearly, A; is compact
and A; C B(z;,d0) C Xo, and hence co(A;) C B(z;,00) C Xo (i =1,2,...,k).
Therefore, since X is convex, co(U¥_, co(A;)) C Xo. By [199, Theorem 2. 1 ( )]
and finite induction, it follows that for any finitely many nonempty subsets
C; of Banach space E, 1 <17 <n,

UL, Cy) {Zam: a; >0, Zaz—l xlECO(Ci),Vlgign}.

i=1

Since co(co(A;)) = co(4;), 1 <i <k, we get

k
co( _qco(A {Zalxz a; >0, Zaz—l xzeco(Ai),VlgiSk}
F(A, x co(Ar) x -+ x co(Ag)),

where
= Zaixi, VYa = (ai,...,on) ERF, = (x1,...,1;) € EF,

and
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k
Akz{(al,...,ak)eRk:aiZO,lgigkandZaizl}.
i=1

Since the closed hull of any precompact subset of given Banach space is com-
pact (see, e.g., [425, Proposition 11.3 (10)]), co(A) and co(4;), 1 < i < k,
are all compact. By the continuity of F : R¥ x E¥ — E and the compactness
of A x co(A1) x --+ x co(Ag) in R¥ x E*, it follows that co(UF_,co(4;)) is
compact and hence closed. Consequently, we have

co(A) = co(UE_, A;) C co(UF_ co(A;)) = co(UF_, co(A;)) C Xo.

By the compactness of co(A) and closedness of 90Xy, it then follows that
d(co(A),0Xy) > 0. "

Lemma 1.3.5. If A is a convex and compact subset of Xq, then for any e > 0,
there exists an open and convexr set N. C Xo such that A C N. C N(A,e),
where N(A,e) ={z € E:d(z,A) < €} is the e-neighborhood of A.

Proof. Since A C X, is compact, d(A,0Xy) > 0. For any ¢ > 0, let § =

min (e, ;d(A, 8X0)). Asin the proof of Lemma 1.3.4, there exist 1, zo, ..., T €
A such that A C Uf:IB(:vi,é) C Xj. Therefore, since X is convex, A C

co(UF_, B(z;,8)) C Xo. Since the convex hull of any open subset of given lin-

ear topological space is open, N, = co(Ur_, B(x;,4)) is open in X. Since each

B(x;,0) is convex, as in the proof of Lemma 1.3.4,

k k
N = {Zaiyi5 a; > 0, Zaizland y; € B(x;,0), 1§z’§k}.

i=1 i=1
Thus, for any x € N, we have x = Ele a;y; for some y; € B(x;,d) and
a; >0(i=1,2,...,k)with 3" | ; = 1. Then

k k k
x—Zaixi §Zai||yi—xi|\<2ai5:5§e.
i=1 i=1 i=1

k

> ailyi — @)

=1

Since A is convex, we have Ele a;x; € A, and hence d(x, A) < e. Thus,
N. C N(A,e). ]

We also need the following Hale and Lopes fixed point theorem in a Ba-
nach space, which is a consequence of [141, Lemmas 2.6.5 and 2.6.6] or [143,
Theorems 5 and 6].

Lemma 1.3.6. (HALE-LOPES FIXED POINT THEOREM) Suppose K C B C S
are convex subsets of a Banach space E with K compact, S closed and bounded,
and B open in S. If f: S — E is a-condensing, v*(B) C S, and K attracts
compact sets of B, then f has a fived point in B.



1.3 Strong Repellers and Uniform Persistence 31

Now we turn to the discrete semidynamical system {f™}52, defined by a
continuous map f : X — X with f(Xo) C Xo. A point zp € X is called a
coexistence state of {f™}52, if z is a fixed point of f in X, i.e., zy € Xo
and f(zo) = xo. We have the following result on the existence of coexistence
states.

Theorem 1.3.8. Assume that f is a-condensing. If f : Xo — Xo has a global
attractor Ay, then f has a fixed point xo € Ag.

Proof. Let K = co(Ap). Since Ay C Xp is compact, K is compact. By
Lemma 1.3.4, K C Xy and d(K,0X() > 0. Since f : Xo — X has a global
attractor Ap, there exists an €y > 0 such that N(K,€p) C X is attracted by
Ap. By Lemma 1.3.5, there is an open and convex neighborhood B of K such
that B C N(K,¢€p). Then K attracts B and v+ (B) is bounded in Xj. Since Xy
is convex and X is closed in the Banach space F, S = co(y*(B)) C X, C X,
and S is bounded in X. Therefore, K C B C S satisfy all conditions of
Lemma 1.3.6. It then follows that f has a fixed point zy in B C Xy, and
clearly, xg € Ap. |

Remark 1.3.5. In the case that f : X — X is compact, there is an alternative
proof for the existence of the coexistence state. Indeed, by Lemma 1.3.4, there
is an open and convex neighborhood U of K such that U C N(K,€p/2) N
Xo. Then U C N(K,ep) N X C Xp. Since Ag attracts N(K,eg), there is an
no = ng(U) > 0 such that for any n > ng, f*(U) C U. By an asymptotic
generalized Schauder fixed point theorem ([425, Theorem 17.B.]), f has a fixed
point xg in U.

To generalize Theorem 1.3.8 to another class of maps, we need the following
fixed point theorem, which is a combination of Theorems 3 and 5 in [143] (see
also [141, Lemma 2.6.5]).

Lemma 1.3.7. Assume that K C B C S are convex subsets of a Banach
space E with K compact, S closed and bounded, and B open in S. If f :
S — E is continuous, f*(B) C S,Vn > 0, and K attracts compact subsets
of B, then there exists a closed bounded and convex subset C C S such that
C=co (szlfj (BN C)) Moreover, if C is compact, then f has a fixed point
in B.

We should point out that in the above fixed point theorem the claim that
f has a fixed point in B follows from the proof of [141, Lemma 2.6.5], where
the Horn’s fixed point theorem [169] was used.

Definition 1.3.4. Let X be a closed and convex subset of a Banach space F,

and f : X — X a continuous map. Define f(B) = co(f(B)) for each B C X.
f is said to be convexr a-contracting if lim, . a(f™(B)) = 0 for any bounded
subset B C X.

Theorem 1.3.9. Assume that f is convexr a-contracting. If f : Xo — Xo
has a global attractor Ag, then f has a fized point xg € Ag.
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Proof. Since Ag is a global attractor for f : Xqg — Xy, the proof of Theo-
rem 1.3.8 implies that there are three convex subsets, K C B C S C X, such
that K C Xo, B C Xo, and the assumptions of Lemma 1.3.7 hold for f. Let
C be defined in Lemma 1.3.7. Define C := U;>1 f (BN C). Then we have

ézf(BﬁC)Uf(a) andCzco(a),
and hence, C C f (C). Thus, we further obtain
CcflC)c fFA(C)c...c fM(C), ¥n>0.

Since f is convex a-contracting, it follows that a(C) < a(f™(C)) — 0, as
n — 00. Then o(C) = 0, and hence, C' is compact. Now Lemma 1.3.7 implies
the existence of a fixed point of f in Ajp. ]

Combining Theorems 1.1.2, 1.1.3, 1.3.6, 1.3.8, and 1.3.9 together, we have
the following result on the existence of coexistence steady states for uniformly
persistent systems, which is a generalization of [430, Theorem 2.3].

Theorem 1.3.10. Assume that

(1) f is point dissipative and uniformly persistent with respect to (Xo,0Xo);
(2) One of the following two conditions holds:

(2a) f™ is compact for some integer ng > 1, or

(2b) Positive orbits of compact subsets of X are bounded.
(8) Either f is a-condensing or f is convexr a-contracting.

Then f : Xg — Xo admits a global attractor Ag, and f has a fixed point in
Ap.

For an autonomous semiflow &(¢) : X — X, t > 0, we have the following
result.

Theorem 1.3.11. Let (t) be a continuous-time semiflow on X with &(t)(Xo)
C Xy for all t > 0. Assume that either ®(t) is a-condensing for each t > 0,
or O(t) is convex a-contracting for each t > 0, and that (t) : Xo — Xo
has a global attractor Ag. Then ®P(t) has an equilibrium xo € Ao, i.c.,
(p(t)xo = X, Vit 2 0.

Proof. Let {w.,}>°_; be any given sequence with w,, > 0 and lim,,co Wy, =
0. By Theorems 1.3.8 and 1.3.9, $(w;, ) has a fixed point z,,, € X, Ym > 1. By
the global attractivity of Ay in Xy, for each fixed ,,, lim;— o0 d(P(t) 2, Ag) =
0, and hence, 0 = limy,_,o0 d(P(Nwp, )T, Ao) = d(Tm, Ao). Then the compact-
ness of Ay implies that z,, € Ap, Vm > 1. Again by the compactness of
Ao, {zm}52_; has a convergent subsequence to zg € Ag. We further show
that zo is an equilibrium point of &(¢). Changing the notation if necessary,
we may assume that lim,,— o T = xo. Let k,,, (¢) be the integer defined by
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Em(O)wm < t < (kn(t) + Dwp,. Clearly, limy, o0 km (8)wm = ¢, VE > 0, and
Dk, (t)wm )Tm = T, Ym > 1. Letting m — oo in the inequality

|D(t)xo — 20| <|P(t)x0 — Pk, ()W )zo|+
P (K ()wm)z0 — P (K (£)win )T | + [ — 20,

we then get &(t)zo = o, Vi > 0. ]

1.4 Persistence Under Perturbations

Given a uniformly persistent biological system, naturally one may ask whether
its nearby systems are also uniformly persistent. In this section we will dis-
cuss this problem, from the perturbation point of view, for three special cases:
discrete-time semiflows with a globally stable steady state, discrete-time semi-
flows with parameters, and Kolmogorov-type ordinary differential systems.

1.4.1 Perturbation of a Globally Stable Steady State

Let f: U x A — U be continuous, where U C X, X is a Banach space, and A
is a metric space with metric p. We sometimes write f) = f(-,\) and use the
notation Bx(z,s) (Ba(A,s)) for the open ball of radius s about the point
z € X (A€ A). For a linear operator A on X, we write r(A) for its spectral
radius.

Theorem 1.4.1. Let (x9, Ag) € U x A, Bx(z9,6) C U for some § > 0 and
assume that Dy f(x,\) exists and is continuous in Bx(xo,d) X A. Suppose
that f(xo, Ao) = o, r(Dxf(z0,A0)) < 1, and f{ (z) — zq for every x € U.
In addition, suppose that

(1) For each A € A, there is a set By C U such that for each x € U, there
exists an integer N = N(z,\) such that f{¥(z) € By;
(2) C := Uxeafr(By) is compact in U.

Then there exist eg > 0 and a continuous map & : Ba(Xo, €0) — U such that
Z(Ao) = zo, f(&(N),A) =&(N), and fla — &(N), Yo € U, A € Ba(Xo, €).

Proof. We may suppose that the norm on X is such that || D, f(xo, \o)|| <
p <1 (see [425, page 795]). Since Dy, f(x, A) is continuous, there exist €1,7 > 0
such that ||D,f(x,\)| < p for © € Bx(zo,n) and A € B(Ag,€1). Choose
€o < €1 such that ||f(zo, o) — f(zo, N)|| < (1 — p)n for A € Ba(Ao, €0). Then,
for x,2' € Bx(x9,n) and A € B4(Xo, €0), we have

1
1f (2, A) = f(@, M| < /0 [1Def(sz + (1= s)a’, Allds - [l — 2'|| < pllz — 2|

and
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[1f (2, ) = zoll < | f(z,A) = fwo, N[ + [|f (w0, A) — f(20, o)l
< pllx —xof + (1 = p)n <.

Thus, f» is a uniform contraction self-mapping of Bx (xo,n) for A € B(\o, €o).
Then the uniform contraction mapping theorem implies the existence of the
continuous map & : Ba(\g,e0) — Bx(zo,n) such that #(X\g) = xo and
f(@(N),A) = &(\). Furthermore, f{*z — &(\) for every x € Bx(zo,n) and
A€ BA(Ao,Eo).

By choosing ¢ smaller, if necessary, we claim that for A € B4 (g, €p) and
z € C, f{'x € B(xo,n) for some m. If not, there exist A\, € A, A, = Ao, and
r,, € C such that || f{" x, — xo|| > n for all m > 0,n > 1. Since C' is compact,
we may assume that z, — x € C. But zg is globally attracting for f,, so
there is a p such that || f{ = — 20|l < 7. Hence, by continuity of the function
F(z, ) := f{z, F(zn, An) = F(x,Ao) = f} 2, and therefore || f{ z,—zol <7
for all large n, a contradiction. The claim is established.

Now, given z € U and A € B4 (o, €0), there exists N such that f¥x € By,
SO )]\V‘H:C € C. By the previous paragraph, fi*z € Bx(xo,n) for some, and
hence all large, m. Obviously, f{"z — &(\). ]

Remark 1.4.1. The assumption that x( is an interior point of U is unneces-
sarily restrictive. An examination of the proof indicates that it is sufficient to
assume that f can be extended to Bx(zg,0) x A for some § > 0 and has a
continuous derivative in that set and Bx (zg,d) N U is convex. Alternatively,
one-sided derivatives with respect to some cone or wedge in X may also be
used (see, e.g., [12]).

1.4.2 Persistence Uniform in Parameters

Let A be a metric space with metric p. For each A € A, let S) : X — X
be a continuous map such that Sy(x) is continuous in (A, z). Assume that
every positive orbit for S, has compact closure in X, and that the set
Useazex wa(z) has compact closure, where wy(z) denotes the omega limit
of x for discrete semiflow {S7}.

Theorem 1.4.2. (UNIFORM PERSISTENCE UNIFORM IN PARAMETERS) As-
sume that Sx(Xo) C Xo, VA € A. Let A\g € A be fized, and assume further
that

(B1) Sy, : X — X has a global attractor, and either the maximal com-
pact invariant set Ap of f in 0Xo admits a Morse decomposition
{My,..., My}, or there exists an acyclic covering {Mi,..., My} of
2(My) for f in 0Xo;

(B2) There exists 5o > 0 such that for any X € A with p(X, Xo) < do and any
z € X, limsup,,_, o, d(S¥(x), M;) > o, 1 <i < k.

Then there exists § > 0 such that liminf,,_,. d(S¥x,0Xo) > 0 for any A € A
with p(A\, Ao) < 8§ and any = € Xo.
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Proof. Clearly, (B1) and (B2) imply that (A1) holds for Sy := S, : X — X.
If the conclusion were false, we could find sequences x; € Xy and Ay with
Ak = Ao such that liminf, . d(SE (zx),0X0) — 0 as k — oo, where Sj, :=
Sx. — So uniformly on W. But this contradicts Theorem 1.3.4. ]

Theorem 1.4.3. (UNIFORM PERSISTENCE UNIFORM IN PARAMETERS) Let
Ao € A be fized, and assume that

(1) Sy, satisfies (P1) and (P2) of Theorem 1.5.2 with generalized distance
function p for Sy, ;

(2) There exists o9 > 0 such that for any A € A with p(A\, Xo) < do and any
x € Xo, limsup,,_, . d(SY(x), M;) > o, 1 <i < k.

Then there exists 6 > 0 such that liminf, .o, p(S¥(x)) > § for any A € A
with p(A\, No) < 8 and any = € Xo.

Proof. Clearly, assumption (1) of Theorem 1.3.5 holds for Sy := Sj,. If the
conclusion were false, we could find sequences xx € Xo and Ag with A\ — Ag
such that liminf,, . p(Si(zx)) — 0 as k — oo, where Si := Sy, — So
uniformly on W. But this contradicts Theorem 1.3.5. [

Remark 1.4.2. By similar arguments, the analogues of Theorems 1.4.2 and
1.4.3 hold for continuous-time semiflows.

1.4.3 Robust Permanence

As an application of Theorem 1.4.2, consider the Kolmogorov-type ordinary
differential equation

x, = x; fi(x) = Fi(x) (1.4)
on P = R where f is a C! vector field on P. For M > 0 let Py = {x €
P:xz; <M1<i<n}and P, ={z € Py : z; > 0,1 <i<n}. Denote
by ¢! the semiflow generated by (1.4). Let Cf, = Crip(Pa,R™) be the space
of Lipschitz vector fields on Pys. Below, ||z|| denotes a norm of the vector
r € R™

A compact invariant K of ¢tf is said to be unsaturated if

min  max / fidu >0,
pHEM(f,K)1<i<n

where M(f, K) is the set of (b{ -invariant Borel probability measures with
support contained in K. It is known that an equilibrium e of ¢tf is unsaturated
1f and only if fl( ) > 0 for some 1 < i < n, and a periodic orbit v = {u(t) :

€ [0, T]} of ¢!, with minimal period T > 0, is unsaturated if and only if
fo fi(u(s))ds > 0 for some 1 < i < n (see [302]).
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Theorem 1.4.4. (ROBUST PERMANENCE) Assume that

(D1) There exists M > 0 such that x € Py and x; = M implies fi(z) <0;
(D2) The mazimal compact invariant set of ¢ on Py \ PY, admits a Morse
decomposition {My, ..., My} such that each M; is unsaturated for (bf

Then there exist €,n > 0 such that for g € C, satisfying (D1) and

sup [|f(z) —g(x)] <€ (1.5)

x€ Py
and for x € PY;, it follows that
NSy M, 1<i<n, Yyeuwy(z) (1.6)
Here wy(x) denotes the omega limit set of x for the system z = x;g;(x).

Proof. Let A= {g € Cr,: (D1) holds for g} (endowed with the uniform met-
ric), and consider the family of semiflows ¢7 on X = Py with Xy = PY;. Here
¢7 denotes the semiflow generated by 7 = z;9;(z) = G;(z). The continuity
of the map (g,z,t) — ¢{(z) is well known. The closure of J,c 4 ,cp,, Wo(T)
is compact in Pys. Clearly, (b{ : X — X has a global attractor. By (the
continuous-time version of) Theorem 1.4.2, it suffices to prove that condition
(B2) holds, which is implied by the following lemma. [

Lemma 1.4.1. Let \g = f € A. If K C Py is an unsaturated compact
invariant set for qﬁf, then condition (B2) holds for K.

Proof. Assume, by contradiction, that (B2) is not true for K. We will use a
similar idea as in [302] to construct a ¢! -invariant Borel measure y € M(f, K)
such that p is saturated for gb{. It then follows that there exist two sequences
g™ € Aand y™ € Xg such that p(g™, f) = sup,ep,, 97 (x) = f(@)]| < ,,
and

m 1
limsupd(f” (™), K) <, ¥m > 1, (L7)

t—o00

and hence there is a sequence of s,, such that
m 1
d(¢f (y™), K) <, Vt=sm,m> 1
m

Let 2 = ¢9" (spn,y™). Then 2™ € X,, and the flow property of (btgm implies
that

def" («™), K) < L 0m>1 (1.8)
m

Let f = (f1,..., fn). Note that

S .
m([aﬁ? (;: )]z> :/ g (¢ (™))ds, YVt € R, 1<i<n,m>1. (19)
Z; 0
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By inequality (1.8), it then easily follows that
1 [ m
lim sup ; / gt (@7 (2™)ds <0, 1 <i<mn,m>1. (1.10)
t—o0 0

Then we can choose a sequence t,, such that ¢,, > m and

1

tm " 1
/ g7 (97 (x™))ds <, 1<i<n,m>1. (1.11)
tm Jo m

Define a sequence of Borel probability measures p,, on R by

/hdum _ tl /Otm h(g¢" (z™))ds, m > 1, (1.12)

for any continuous function h € C'(R,R). By inequality (1.8), it then follows
that p, lies in the space M(V') of Borel probability measures with support
in the compact set V = {z € R : d(x, K) < 1}. By the weak™ compactness
of M(V'), we can assume that p,, converges in the weak* topology to some
i€ M(V) as m — oo. We claim that y is invariant under ¢/ ; i.e., u(¢! (B)) =
p(B) for any t € R and any Borel set B C R’}. It suffices to verify that

fh0¢tfdu = [hdp for any h € C(R},R) and ¢ € R. For any fixed ¢t > 0,

S (oot (67" @™) = b6 (™)) ds
- / " bt (e )ds - / " b @)ds
— < /O " o gl s + / :"t ho ¢?.Ts(xm>ds>
- ( /O (2" () + /t " (:cm))ds>
= </Otm ho ¢y (a™)ds + /Ot ho ¢f:+u(xm)du>
- </0t h(¢?" (z™))ds + /OtMt h(¢frv(:cm))dv>
-/ (0 (6 ™) — h@2" @) ds.
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we obtain

‘/(hosb{—h)du ~ lim ‘/(hogb{—h)dum‘

m—r oo

= g | [ (hosf 6" @) -t @) s

m—roo

/0 (oot (62" (@™) = h(ed" (=) ds

. 1
< limsup

| [ (ool - oot 61" ) as)
= limsup fn ( /O t (h6f, ™) = h(ef" (™)) ds
| [T (podl @y —nost" @ ) as).

Therefore, using inequality (1.8), the boundedness of h(-) on V', and uniform
convergence of g"* — f (and hence of qStQm — ¢!) on Py, we have J(ho o —
h)dp = 0 for any h € C(R},R) and ¢ > 0. For any ¢ > 0 and p € C(R",R),
letting h = pog’ ,, we then get [(p—po¢’ ,)dp = [(pod’ ;0] —pod’ ,)du = 0.
Then p is invariant for ¢f, s € R. By inequality (1.8) and weak* convergence,
it follows that u € M(f, K). For any 1 < i < n, using the uniform convergence
of g™ to f on V and inequality (1.11), we further have

/ fudu = tim_ / fidgim
< Jim | /tm(fi—g?l)(sbim(xm))ds
0

m—00 Ly,

[t -
+ lim sup . / g (&7 (z™))ds < 0.
0

m—r oo m

But this contradicts the unsaturatedness of K for (b{ . ]

For many practical biological systems one can verify that every bounded
orbit on the boundary converges to an equilibrium or a nontrivial peri-
odic orbit. By a critical element of (1.4) we mean an equilibrium point
or a nontrivial periodic orbit. Our usual notation for a critical element is
v ={u(t) : 0 <t < T}, where u(t) is a T-periodic solution of (1.4) and T is
the minimal period, which may be zero for an equilibrium.

Theorem 1.4.5. (ROBUST PERMANENCE) Let (D1) hold, and assume that

(D3) There exist hyperbolic critical elements v* € OP N Py for some
M < M, 1<1i<m, satisfying
(CL) opP C UZTLIWS(VZ);
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(b) for each ”yi, there exists k such that zp = 0 on ~° and
fO : fk )dS > 05
(c¢) no subset of Y592, ...,4™} forms a cycle in OP.

Then the conclusion of Theorem 1.4.4 holds.

Proof. By assumptions (D1) and (D3) and Lemma 1.3.1, {y!,72,...,7™} isa
Morse decomposition of the maximal compact invariant set for gb{ on Py \ PY;.

Since (D3)(b) implies that each ~* is unsaturated for ¢/ (see [302, Section 3]),
the conclusion follows from Theorem 1.4.4. Here we give an alternative and
more elementary proof without using the concept of invariant measures. As
in the proof of Theorem 1.4.4, clearly (B1) holds, and then it suffices to prove
that condition (B2) holds, which is implied by the following claim:

Claim. For each 7%, there is € > 0 such that for ¢ € C[, satisfying (1.5) and
x € P, with d(x,7") < € there exists t > 0 such that d(¢](z),7") > e.

Indeed, without loss of generality suppose that
u(t) =ut+T) =u'(t) = (0,...,0,ut), ..., un(t))

with w;(¢t) > 0 for all ¢. We will argue the case where + is a nontrivial
periodic orbit (T" > 0), since the case for an equilibrium is simpler. Set
A=T"1 fOT fr(u(s))ds > 0, where k < [ is an index as in (D3)(b) above.
Let K be a common Lipschitz constant for f and F' on Pj;. Choose € > 0
such that

e[l + K(1+ MT)exp(KT)] < \/2.

A standard Gronwall argument shows that if d(z,v) < €, so ||z — u(s)| < €
for some s € [0,T"), and (1.5) holds, then

lz(t) —u(t+s)| <e(l+MT)exp(KT),0<t<T.

Here we have simplified notation by setting z(t) = ¢J(z), and we use that
Sup,ep,, || F(x) — G(x)|| < eM. Now suppose by way of contradiction that
d(x(t),~) < € for all ¢ > 0. The inequality

gr(@(t)) = fr(u(s +1)) = |gr(2(t)) — fr(z(t))] — [fe(@(t) = fu(u(t + 5))|
> fr(u(t+s)) —e—eK(1+ MT)exp(KT)
2 fr(u(t+s)) = A/2,

which holds for 0 < ¢ < T, implies that zx(t) satisfies

2y (t) 2 2k ()[fr(ult + 5)) — A/2].

Integrating, we have
2k (T) = xx(0) exp(AT/2).
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By assumption, d(x(T),v) < €, so we may apply the previous argument again
to get x(2T) > z1(0) exp(2AT'/2), and by induction, we have that z(nT) >
2 (0) exp(nAT/2). Since the right-hand side increases without bound as n
increases, we contradict that d(z(t),v) < € for ¢ > 0. This proves the claim.
Because (B2) holds, our result follows from (the continuous-time version of)
Theorem 1.4.2. ]

1.5 Notes

Theorem 1.1.1 is due to LaSalle [212]. Theorem 1.1.3 (a) with ng = 1 is due
to Billotti and LaSalle [36]. Theorem 1.1.4 is due to Nussbaum [257] and Hale
and Lopes [143]. Theorems 1.1.2 and 1.1.3, Lemma 1.1.5, and their proofs are
adapted from Magal and Zhao [241].

Section 1.2 is adapted from Hirsch, Smith and Zhao [164]. Lemma 1.2.4’
and Example 1.2.2 are taken from Smith and Zhao [340]. The notion of chain
recurrence was introduced by Conley [65]. Bowen [37] proved that omega limit
sets of precompact orbits of continuous invertible maps are internally chain
transitive. Robinson [294] proved that omega limit sets of precompact orbits of
continuous maps are internally chain recurrent. Thieme [364, 366, 367] stud-
ied the long-term behavior in asymptotically autonomous differential equa-
tions, and Mischaikow, Smith, and Thieme [249] discussed chain recurrence
and Liapunov functions in asymptotically autonomous semiflows. Asymptotic
pseudo-orbits were introduced by Benaim and Hirsch [35] for continuous-time
semiflows. The embedding approach in the proof of Lemma 1.2.2 was used
earlier by Zhao [433, 435] to prove that the omega limit set of a precompact
orbit of an asymptotically autonomous process is nonempty, compact, invari-
ant, and internally chain recurrent for the limiting map (see [433, Theorem 2.1]
and [435, Theorem 1.2]). Freedman and So ([122, Theorem 3.1]) proved the
Butler-McGehee lemma of limit sets for continuous maps. By an embedding
approach and [122, Theorem 3.1], Hirsch, Smith and Zhao ([164, Lemma 3.3])
proved Lemma 1.2.7. Theorem 1.2.1 was proved earlier by Smith and Zhao
([336, Lemma 4.1]).

Uniform persistence (permanence) has received extensive investigation for
both continuous- and discrete-time dynamical systems. We refer to Waltman
[381], Hutson and Schmitt [186], and Hofbauer and Sigmund [167] for surveys
and reviews, and to Thieme [369], Zhao [436], Smith and Thieme [333], and
references therein for further developments.

Subsections 1.3.1 and 1.3.2 are adapted from Hirsch, Smith and Zhao [164]
and Smith and Zhao [340]. Theorem 1.3.3 was generalized to nonautonomous
semiflows by Thieme [368, 369]. The concept of a generalized distance func-
tion was motivated by ideas in Thieme [369], where uniform p-persistence was
developed for nonautonomous semiflows. General theorems on uniform per-
sistence were established earlier by Hale and Waltman [146], Thieme [365] for
autonomous semiflows, and Freedman and So [122], Hofbauer and So [168] for
continuous maps.
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Various concepts of practical persistence were utilized by Hutson and
Schmitt [186], Cantrell, Cosner and Hutson [54], Hutson and Zhao [443],
Cosner [67], Cantrell and Cosner [52], Hutson and Mischaikow [184], Smith
and Zhao [336, 337], and Ruan and Zhao [298]. The p-function in Exam-
ple 1.3.1 was employed by Thieme [369] for a scalar functional differential
equation. Two p-functions in Example 1.3.2 were used by Smith and Zhao
[340] and Zhao [439], respectively, for an autonomous microbial population
growth model and almost periodic predator—prey reaction—diffusion systems.

Subsection 1.3.3 is taken from Magal and Zhao [241], and Subsection 1.3.4
is adapted from Zhao [430] and Magal and Zhao [241]. For a class of con-
tinuous Kolmogorov-type maps on R, Hutson and Moran [185] proved that
the existence of a compact attracting set in int(R?) implies that of a (com-
ponentwise) positive fixed point. By applying Theorem 1.3.8 to the Poincaré
map associated with a periodic semiflow, one can obtain the existence of a
periodic orbit in X, and hence that of periodic coexistence solutions for peri-
odic systems of differential equations. Freedman and Yang [419, Theorem 4.11]
proved the existence of interior periodic solutions for periodic, dissipative, and
uniformly persistent systems of ODEs. For periodic and uniformly persistent
Kolmogorov systems of ODEs, Zanolin [424, Lemma 1] also proved the exis-
tence of positive periodic solutions. For autonomous Kolmogorov systems of
ODEs and a class of autonomous differential equations with finite delay, Hut-
son [183] proved the existence of positive equilibria. Hofbauer [166] generalized
an index theorem for dissipative ordinary differential systems, which implies
the existence of a positive equilibrium (see also [167]). For autonomous 2-
species Kolmogorov reaction—diffusion systems, Cantrell, Cosner and Hutson
[54, Theorem 6.2] also proved a result on the existence of stationary coexis-
tence states under appropriate assumptions.

Subsection 1.4.1 is taken from Smith and Waltman [335]. Subsection 1.4.2
is adapted from Hirsch, Smith and Zhao [164] and Smith and Zhao [340].
Subsection 1.4.3 is taken from Hirsch, Smith and Zhao [164]. Smith and Zhao
[336, Theorem 4.3] proved a similar result on uniform persistence uniform
in parameter. Earlier, Hutson [182] discussed robustness of permanence for
autonomous ordinary differential systems defined on R’} by using Liapunov
function techniques. Schreiber [302] established criteria for C"-robust perma-
nence, r > 1, of autonomous Kolmogorov ordinary differential systems.
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Monotone Dynamics

As we illustrated in the Preface, some population models can generate
continuous- or discrete-time dynamical systems with monotonicity: Ordered
initial states lead to ordered subsequent states. This chapter is aimed at mono-
tone dynamics. We are primarily interested in some global results that may
be effectively applied to both discrete-time and periodic biological systems. In
Section 2.1 we prove the existence and global attractivity of an order interval
defined by two fixed points, and a theorem on fixed points and connecting
orbits for continuous and monotone maps on an ordered Banach space E.

In Section 2.2 we first prove global attractivity of a unique fixed point and
zero fixed point for monotone maps. Then we establish a global convergence
theorem for strongly monotone maps under the assumption that £ does not
contain three ordered fixed points. A convergence result is also obtained for
monotone maps on a closed and order convex subset of F in the case that
there is a totally ordered and closed arc of stable fixed points. For the latter
use, at the end of this section we state three general results on convergence
and attractivity in monotone autonomous semiflows.

In Section 2.3 we develop the theory of subhomogeneous (or sublinear)
dynamical systems. We show existence and global attractivity of a strongly
positive fixed point, and establish threshold dynamics for two classes of maps:
either monotone and strongly subhomogeneous, or strongly monotone and
strictly subhomogeneous. A convergence result is proved for subhomogeneous
and strongly monotone maps. In order to get global dynamics in monotone and
subhomogeneous almost periodic systems, we also prove a global attractivity
theorem for a class of skew-product semiflows.

Section 2.4 is devoted to discussing competitive systems on ordered Ba-
nach spaces. We establish a limit set trichotomy and a compression theorem
by appealing to a generalized Dancer—Hess connecting orbit theorem and a
convergence theorem for chain transitive sets in the previous chapter.
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In Section 2.5 we establish generalized saddle point behavior for monotone
semiflows with two ordered and locally stable equilibria. This result is also
extended to the case where there are more than two totally ordered and locally
stable equilibria. Then we obtain the analogs of these results for two-species
competitive systems on ordered Banach spaces.

In Section 2.6 we introduce an exponential ordering for a Banach space of
continuous functions, give an analytic characterization of such an ordering for
points in the phase space with sufficient regularity, and establish monotonicity
and a strong order-preserving property for mild solutions of general abstract
functional differential equations with a quasi-monotone nonlinearity.

2.1 Attracting Order Intervals and Connecting Orbits

Let E be an ordered Banach space with positive cone P such that int(P) # 0.
For z,y € Ewewritex >yife—yeP,z>yifa—ye P\{0},and x>y
if z —y € int(P). If a < b, we define [a,b] :={zr € E:a <z <b}. If a < b,
then [[a,b]] := {z € E : a < x < b}. Since P is a closed subset of E, it is easy
to see that the topology and ordering on E are compatible in the sense that
if u, > v, up — u, v, — v, then u > 0.

Definition 2.1.1. Let U be a subset of E, and f : U — U a continuous map.
The map f is said to be monotone if x >y implies that f(x) > f(y); strictly
monotone if x > y implies that f(x) > f(y); strongly monotone if v > y
implies that f(z) > f(y).

Theorem 2.1.1. (ATTRACTING ORDER INTERVAL) Let f : E — E be com-
pletely continuous and monotone. Assume that f maps order intervals to pre-
compact sets, that the set of fized points of f in E is bounded, and that each
positive orbit of f is bounded. Then there exist mazximal and minimal fized
points xp and Xy, i E such that for each © € E, w(x) C [Ty, xMm]. More-
over, lim,, o f™(x) = z,, for each © < x,, and lim, o f*(x) = xp for
each © > xps.

Proof. For any x € E, y*(z) is precompact by our assumption, and hence its
omega limit set w(z) is nonempty, compact, and invariant for f. Thus w(x) is
contained in some order interval since int(P) # (). We first prove the following
claim.

Claim. For each x € E, there exist two fixed points w; and w; of f such that
w(z) C [wr,ws].

Indeed, since w(z) is order bounded, there exists u € E such that w(z) < w.
Then the invariance of w(z) implies that w(z) < f™u for all n > 0, and hence
w(z) < w(u), since P is closed. Now w(u) is order bounded, and hence there
exists s € E such that w(u) < s. As before, it follows that w(u) < w(s).
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Let S:={zx € E: w(z) <x <w(s)}. Then S is the interaction of closed order
intervals, and hence it is closed and convex. Since w(z) < w(u) < w(s), S
is nonempty. By our assumption, f(S) is precompact. Since f(w(z)) = w(z),
f(w(s)) = w(s), and f is monotone, we have f(S) C S. Thus, by the Schauder
fixed point theorem, there exists a fixed point ws of f in S, and hence w(z) <
ws. The existence of the required w; can be obtained in a similar way.

Let F' be the set of fixed points of f in E. Since F' is bounded, the com-
pactness of f ensures that F' is compact. By a simple Zorn’s lemma argument,
there exists zp; € I weakly maximal, that is, u > xj; implies v ¢ F. We
deduce that xjp; is maximal in the stronger sense that u < zpr if u € F.
Suppose by way of contradiction that v is another fixed point of f such that
v &€ (—o0,zp]. Note that a cone K with nonempty interior is reproducing
in the sense that £ = K — K. Then there exists u € E such that ©v > x
and u > v. By the monotonicity of f, we get f™(u) > f™(xp) = zpr for all
n > 0, and hence w(u) > xzps. Similarly, w(u) > v. However, by the claim
above, there exists a fixed point w such that w(u) < w. Hence w > xps and
w > v. This is impossible, since s is weakly maximal and v € (—o0, /]
Thus x s is maximal in the strong sense. Similarly, we can prove the existence
of a minimal fixed point x,,.

Now suppose z € FE. By the claim above and the maximality of x,/,
w(z) < xp. Similarly, w(z) > z,. Hence w(z) C [wm,zm]. I 2 < 24y,
then f"x < f"x,, = x, for all n > 0 by the monotonicity of f, and hence
w(z) < zp,. Thus, by the first part of the statement, w(x) = {x,,}. The other
part is proved similarly. [

Remark 2.1.1. If we assume that f : E — FE is a-condensing, compact dis-
sipative, and monotone, then the conclusion of Theorem 2.1.1 is also valid.
Indeed, by the proof of Theorem 2.1.1, it is necessary to prove only that the
map f has a fixed point in .S and the set F' is compact. Since S is a closed and
convex subset of E, one can apply Theorem 1.1.4 to the map f: S — S in-
stead of the Schauder fixed point theorem. It is easy to see that F' is bounded
and closed, and f(F) = F. Since f is a-condensing, we get «(F) = 0, which
implies that F' = F' is compact in E.

Remark 2.1.2. The conclusion in Theorem 2.1.1 and Remark 2.1.1 also holds
when f is restricted to a closed and convex subset K of E with f(K) C K.
In applications one may choose a positively invariant order interval (including
the positive cone P) in E as K.

Let f : U C E — U be continuous. A sequence {z,}n>_., in U with
Zn+1 = f(zn),¥n € N, is called an entire orbit of f. The following connecting
orbit theorem is very important in monotone dynamics. For a proof of it, we
refer to [86, Proposition 1] or [152, Proposition 2.1].

Dancer—Hess Lemma (CONNECTING ORBIT) Let uy < ug be fized points of
the strictly monotone continuous mapping f : U — U, let I := [uy,uz] C U,
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and assume that f(I) is precompact and f has no fized point distinct from uq
and us in I. Then either

(a) there exists an entire orbit {x,}5L _ o of f in I such that xp+1 > xp,Vn €
N, and lim,,_, o x, = w1 and lim, o T, = us, or

(b) there exists an entire orbit {yn}> _ o of f in I such that ypt1 < Yn,¥n €
N, and limy,—, o yn = ug and lim,,_, o T, = u;.

Let C be a convex subset of X and e € C. Then e is said to be an extreme
point of C if there do not exist points 2,y € C'\ {e} such that e = }(z + ).
A fixed point u of f: U — U is said to be an ejective fixed point if there is
an open subset V' of U containing u such that for every € V' \ {u} there is
an integer m such that f™(z) € V.

Remark 2.1.3. If f has an ejective fixed point e € I\ {u,us} that is an
extreme point of I, and f has no fixed point distinct from wuq, ug, e in I, then
the conclusion of the Dancer—Hess lemma is still valid. Indeed, the fixed point
index of an ejective fixed point that is an extreme point of I vanishes, and
therefore the fixed point arguments in [86] can be adapted to this case (see
[174, Proposition 2.1]).

Remark 2.1.4. By [88, Section 5|, the conclusion of the Dancer—Hess lemma
also holds if we replace the condition that f(I) be precompact in I with the
following weaker one:

(A) f: I — I is a-condensing and f(I) is bounded in E.

Recall that a linear operator L on F is said to be positive if L(P) C P,
strongly positive if L(P \ {0}) C int(P). The cone P is said to be normal if
there exists a constant M such that 0 < z < y implies that ||z|| < M||y||.
In what follows, by Df(a) we denote the Fréchet derivative of f at u = a
if it exists, and let 7(Df(a)) be the spectral radius of the linear operator
Df(a) : E — E. The following result is helpful in proving uniform persistence
and existence of a connecting orbit for monotone systems when we know the
existence of only a single unstable steady state.

Theorem 2.1.2. Let the positive cone P be normal. Assume that

(1) S:V =a+ P —V is asymptotically smooth and monotone;

(2) S(a) = a, DS(a) is compact and strongly positive, and r(DS(a)) > 1.
Then either

(a) for any u > a, lim,_ ||S™(u)| = +o0, or

(b) there exists u* = S(u*) > a such that for any a < u < u*, lim, . S™(u)
= u*, and there exists a monotone entire orbit connecting a and u*.
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Proof. By the Krein-Rutman theorem (see, e.g., [152, Section 1.7]), r =
r(DS(a)) is the principal eigenvalue of DS(a). Let e > 0 be the principal
eigenvector of DS(a) with |le]| g = 1; i.e., DS(a)e = re. For € > 0, we then
have

S(a+ee)=S5(a)+ DS(a)(ee) +o(e) =a+e [re—i— 0(66)} .

Since r > 1 and (r — 1)e € int(P), there exists ¢ > 0 such that for any
e € (0,60, (r—1)e+ O(:) € int(P), and hence

S(a+ee) — (a+ee) =e [(r— e + "(;)] > 0.

Thus for any € € (0,¢], S(a + ee) > a + ee. We further have the following
two claims.

Claim 1. For any u > a, S(u) > a.

Indeed, for any given u > a, let w = @ + v. Then v > 0. For ¢ > 0, we have

S(a+tv) = S(a) + DS(a)(tv) +o(t) = a+t (DS(a)v + O(tt)) .

Since v > 0 and DS(a) is strongly positive, DS(a)v € int(P), and hence there
t
exists to € (0,1] such that for any ¢ € (0, ], DS(a)v + ol?) € int(P). Then

for any t € (0,tg], S(a+tv) > a. Therefore, by the monotonicity of S, we get
S(u) = S(a+v) > S(a+tv) > a, vt € (0,tg)].

Claim 2. For any u > a with S(u) = u, u>> a + ege.

In fact, let ¢ = sup{e > 0 : u > a+ ee}. By Claim 1, u > a, and hence
€1 > 0. Assume, by contradiction, that ¢; < ¢g. Since u > a + €1e, u =
S(u) > S(a+ €1e) > a+ ere. It follows that there exists e2 > €; such that
u > a + ese, which contradicts the definition of e;. Therefore, €¢; > €g, and
hence u > a + €1e > a + ¢ge.

As shown above, for any e € (0,¢], S(a + €e) > a + ee, and then the
monotonicity of S implies that

a+ee<<5’(a+ee)§52(a+ee)§---SS’"(a—i—ee)gS"H(a—i—ee)g---

By the normality of P, we may assume that |- || g is nondecreasing, and hence,
1S (a + ee)|| < ||S™H(a + ee)||, Vn > 1. We distinguish two cases:

(a) for any € € (0,¢€p], {S™(a + €€)}52, is unbounded. Then lim,_, ||S™(a +
ee)|| = +oo. For any u > a, by Claim 1, S(u) > a. Then there ex-
ists € € (0,¢] such that S(u) > a + ee, and hence S"™!(u) > S"(a +
ee), |S" ()| > [|S™(a + €e)|,¥n > 1. Therefore, lim, o ||S™(u)| =
+o00.
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(b) there exists €1 € (0, €] such that {S™(a+e€1€)}52; is bounded. Then there
exists a sufficiently large ¢* > 0 such that S™(a+¢1e) € [a,a+€*e], Vn > 1.
Therefore, by the monotonicity of S, for any € € (0,¢1] and all n > 1,
a+ee < Sla+ee) < S"a+ee) < S"(a+ ee) < a+ e*e, and hence
[IS™(a + ee)|| < |la + €*e||. Since S : V — V is asymptotically smooth,
every bounded positive orbit is precompact (see [141, Corollary 2.2.4]). By
the precompactness of 7+ (a + ee) and monotonicity of {S™(a + €€)}5°_ 4,
we then have

nlgxgo S™(a + ee) = ule), S(u(e)) =u(e) > a, Ve € (0,€].

Clearly, u(e) < u(ep). For any € € (0, €1], by Claim 2, u(e) > a+ege > a+eqe,

and hence u(e) > S™(a + €1e),Vn > 1. Therefore, u(e1) = lim,_ 00 S™(a +

ere) < u(e). Then for any € € (0, 1], u(e) = u(e1). Let u* = u(er), then u* > a

and lim,,_,oc S™(a+e€e) = u*. For any a < u < u*, by Claim 1, a < S(u) < u*,

and hence there exists € € (0, €1] such that a+ee < S(u) < u* and 5" (a+ee) <

S" T (u) < w*, Vn > 1. Then, by the normality of P, lim,, ,o S™(u) = u*.

Note that there exists a strict subequilibrium a + ee, Ve € (0, €¢], as close to a

as we wish. By the asymptotic smoothness of S, it easily follows that for any

v € B =[a,u*], k> 1,and ny — oo, {5 (vy)}72, is precompact. Therefore,

a careful diagonalization argument given in the Dancer—Hess connecting orbit

theorem (see [86, Proposition 1] or [152, Proposition 2.1]) proves the existence

of the monotone entire orbit connecting a and u*. ]

Remark 2.1.5. If we replace the normality of P with the boundedness of pos-
itive orbits of S in V, then the alternative (b) in Theorem 2.1.2 holds.

Remark 2.1.6. In the case where V = a — P, it is easy to see that there exists
€o > 0 such that for any € € (0, €], S(a — ee) < a — ee, and hence a — ee is a
strict superequilibrium. Then an analogous conclusion holds.

2.2 Global Attractivity and Convergence

Throughout this and the next section we assume that (F, P) is an ordered
Banach space with int(P) # 0.

Theorem 2.2.1. (GLOBAL ATTRACTIVITY) Assume that
(1) f : E = E is a-condensing and point dissipative, and orbits of compact
sets are bounded;

(2) f : E — E is monotone;
(8) f has exactly one fized point e in E.

Then e is globally attractive for f in E.

Proof. By Theorem 1.1.2, f : E — FE admits a global attractor A in F,
and hence f : EF — FE is compact dissipative. Thus Theorem 2.1.1 and Re-
mark 2.1.1 imply that w(z) = e for all z € E. ]
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It is natural to expect that the unique fixed point in Theorem 2.2.1 is
globally asymptotically stable. The following result shows that this is true
under some additional assumptions.

Lemma 2.2.1. Let P be normal, and S : E — E a continuous and monotone
map. Assume that S has a fized point x* € E such that

(1) S(z) < z* < S(y) whenever x € z* < y;
(2) x* attracts every point in some open neighborhood W of x*.

Then x* is Liapunov stable for S.

Proof. Since P is normal, without loss of generality, we can assume that the
norm || - || is monotone on P. Fix an e € int(P). Let € > 0 be given such that
B(z*,e):={z € E: ||x —a*|| < e} C W. Set

€

A= ,
6llef

u=1x"—MXe, v=z"+de.

Clearly, u < v. We claim that [u,v] C B(z*,€). Indeed, for every z € [u,v],
since

0<a"+de—x<a"+Xe— (¥ = Xe) =2e,

we have ||z* 4+ e — z|| < 2M|e]|, and hence
* * €
lz = 2"|l < fl2” + Ae — 2| + || = Ae|| < 3A[lel| = .

Since u < x* < v and lim, o S™(u) = ™ = lim,_,+ S™(v), there exists a
positive integer ng such that

u< S"(u) € ¥ <« S"(v) < v, Vn>ng.
Let V := [[S™(u), S™ (v)]]. It then follows that
u < S"T(u) < S (z) < SMTMO(v) < v, Yn >0, z€V.

Thus, S™(V) C [u,v] C B(z*,€), ¥n > 0. Since V is an open subset of E and
x* € V, there exists § = §(e) > 0 such that B(z*,0) C V, and hence

S™(B(z*,6)) c S™(V) C B(z*,¢), Vn > 0.
This proves the Liapunov stability of x* for S. ]

Theorem 2.2.2. (GLOBAL ATTRACTIVITY) Let either V = [0,b]g with b > 0
or V. = P, and assume that

(1) f:V =V is monotone and every positive orbit of f in V is precompact;
(2) £(0) =0, Df(0) is compact and strongly positive, and r(Df(0)) < 1;
(3) f(u) < Df(0)u for any u € V with u>> 0.

Then u = 0 is globally attractive for f in V.
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Proof. By Claim 1 in the proof of Theorem 2.1.2, for any u > 0, f(u) > 0.
We first show that there exists no positive fixed point of f in V. Assume, by
contradiction, that there exists u € V,u > 0 such that u = f(u). Then u > 0,
and hence by assumption (3),

(—u) = Df(0)(=u) = Df(0)u — f(u) > 0.

By the Krein-Rutman theorem (see, e.g., [152, Theorem 7.3]), r(Df(0)) > 1,
which contradicts our assumption (D f(0)) < 1.

Now we let V = P. For V = [0, b]g, the proof is much easier. Let e > 0
be the principal eigenvector of Df(0). Then Df(0)e = r(Df(0))e, and hence
for any ¢ > 0, by assumptions (2) and (3),

f(te) < Df(0)(te) =t-r(Df(0))e < te.

That is, te is a strict superequilibrium of f. For any u € P, there exists t > 0
such that u € [0,te]g. Thus, by assumption (1), " (te) is precompact. By
a standard monotone iteration scheme (see, e.g., [152, Lemma 1.1]) and the
nonexistence of a positive fixed point of f, we get 0 < f™(u) < f"(te) — 0,
as n — o0o. Thus lim,, f™(u) = 0. ]

Theorem 2.2.3. (GLOBAL CONVERGENCE) Assume that

(1) f : E — E is a-condensing and point dissipative, and orbits of bounded
sets are bounded;

(2) f : E — E is strongly monotone;

(8) E does not contain fized points w,v,w such that u < v < w.

Then there are at most two fized points of [ in E, and every positive orbit of
f converges to one of them.

Proof. By Theorem 2.1.1, there exist maximal and minimal fixed points x s
and x,, in F such that for each z € E, w(z) C [xm, xm]- I x = 201, We are
done. So we assume that x,, < zjs. By assumption (3) and the Dancer—Hess
connecting orbit lemma, without loss of generality we assume that there exists
an entire orbit {z,}52 . of f in [x,, zp] such that x,41 > x,,Vn € N, and
limy, oo Ty, = X, and limy, o0, = 2pr. For any y € [, 2as] \ {@m, Tar },
we have z,, <y < xps, and hence assumption (2) implies that z,, < f(y) <
xpr. Thus we can choose a sufficiently large integer ng such that z_,,, < f(y).
Thus f™"(z_ny,) = f*7"(20) = Tn-n, < " Hy) < xar,¥n > 0. Letting
n — oo, we get w(y) = xps. Clearly, x,, and z)s are isolated invariant sets of
f i [®m, 2m] = [®m, ], and there is no cyclic chain of these two fixed points.
By Theorem 1.2.2, every internally chain transitive set of f in [z, 2] is a
fixed point, which implies that w(z) is a fixed point for any x € E, since w(x)
is internally chain transitive for f : E — E and w(z) C [@m, Tpm]. "

Remark 2.2.1. By the proof above, it is easy to see that Theorem 2.2.3 holds
if condition (2) is replaced by the assumption that f : E — E is strictly
monotone, and for any fixed point e of f in F, and z,y € E with z > e and
y < e, we have f(z) > e and f(y) < e.
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For two subsets A and B of F, we write A > Bifx—y € Pforanyx € A
andy € B; A>Bife—ye P\ {0} foranyx € Aandy € B; and A> B
if x —y € int(P) for any x € A and y € B.

Theorem 2.2.4. (CONVERGENCE) Let U be a closed and order convex subset
of E, and [ : U — U continuous and monotone. Assume that there exists a
monotone homeomorphism h from [0,1] onto a subset of U such that

(1) For each s € [0,1], h(s) is a stable fized point for f:U — U;
(2) Each orbit of f in [h(0),h(1)]g is precompact;
(8) One of the following two properties holds:
(3a) If w(z) > h(so) for some s € [0,1) and x € [h(0), h(1)]E, then there
exists s1 € (s0,1) such that w(z) > h(s1);
(8b) If w(zx) < h(r1) for some r1 € (0,1] and x € [h(0), h(1)]g, then there
exists ro € (0,71) such that w(x) < h(ro).

Then for any precompact orbit v (y) of f in U with w(y) N [h(0), h(1)]g # 0,
there exists s* € [0, 1] such that w(y) = h(s*).

Proof. We consider only the case where (3a) holds, since a similar argument
applies to the case where (3b) holds. Let e; = h(i), ¢ = 0,1, and I := [eg, e1] 5.
Clearly, I C U, and f(I) C I by the monotonicity of f. We first show that for
each ¢ € I, w(x) = h(s*) for some s* € [0, 1]. Clearly, w(z) C I. Define o =
sup{s € [0,1] : h(s) < w(x)}. Thus o € [0,1] and h(c) < w(z) < e;. Assume,
by contradiction, that h(o) ¢ w(z). Then o € [0,1) and h(c) < w(z). By
assumption (3a) and the monotonicity of h, it follows that there is 01 € (o, 1)
such that h(s) < w(z), Vs € [0, 01], which contradicts the maximality of o.
Thus h(o) € w(z). By assumption (1), h(o) is stable for f : I — I, and
hence by Lemma 1.1.1 we get w(x) = h(o). Let z € w(y) N I # . Then the
invariance of w(y) (i.e., f(w(y)) = w(y)) implies that w(z) C w(y). By what
we have proved, w(z) = h(s*) for some s* € [0,1], and hence h(s*) € w(y).
Thus assumption (1) and Lemma 1.1.1 imply that w(y) = h(s*). ]

Recall that f : U — U is said to be strongly order-preserving if for any
z,y € U with z <y, f(V;) < f(V,) for some open neighborhoods V, and V,,
of x and y, respectively. Clearly, strongly monotone maps are strongly order-
preserving. By the compactness and invariance of omega limit sets, it is easy
to see that both (3a) and (3b) hold in the case where f : U — U is strongly
monotone.

A continuous semiflow @(¢) on F is said to be monotone if for each ¢ > 0,
&(t) : E — FE is a monotone map. In the rest of this section we state three
general results on convergence and attractivity in monotone semiflows, which
will be used in Chapters 7 and 9.

Theorem 2.2.5. (HIRSCH CONVERGENCE CRITERION) ([160, Theorem 6.4])
Assume that the monotone semiflow ®(t) on E admits a precompact positive
orbit v+ (z) such that &(to)x > x or S(tg)x K x for some tg € (0,00). Then
P(t)x converges as t — oo to an equilibrium.
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Theorem 2.2.6. (HIRSCH ATTRACTIVITY THEOREM) ([157, Theorem 3.3])
Assume that the monotone semiflow ®(t) on E admits an attractor K such
that K contains only one equilibrium p. Then every trajectory attracted to K
converges to p.

Let X be an ordered metric space with metric d and partial order relation
<. We say that a point z € X can be approximated from below (above) in X if
there exists a sequence {x,} in X satisfying z, < 41 < 2 (T < Tpy1 < Tp)
for n > 1 and z,, — x as n — oco. The following generic convergence theorem
is a special case of [330, Theorem 2.4] (see also [326, Theorem 2.4.7 and
Remark 2.4.1)).

Theorem 2.2.7. (GENERIC CONVERGENCE THEOREM) Let X be an ordered
metric space with metric d and partial order relation < such that each point
of X can be approximated either from above or from below in X, and let
P(t) be a monotone semiflow on X. Assume that every positive orbit in X is
precompact and that if {x,}n>1 approzimates xo from below or from above,
then Up>ow(xy) has compact closure contained in X . Suppose that there exists
an ordered Banach space (Y,Y,) with int(Y,) # 0 such that

(1) Z == X NY is a nonempty order convex subset of Y, ®(t)Z C Z, ¥t >
0, the restriction of the order relation <y on Y to Z agrees with the
restriction of the order relation < on X to Z, and the identity map from
(Z,d) to (Z,dy) is continuous, where dy is the metric induced by the
norm on'Y ;

(2) There exists to > 0 such that &(tg)X C Z, D(to) : X — Z is continuous,
and P(to)xe — P(to)z1 € int(Yy) whenever x1,xz2 € X and x1 < z3;

(3) For each equilibrium e, ®y, = P(tg) is continuously differentiable on a
neighborhood of e in Z, the Fréchet derivative ®; (e) is compact, and
P, (e) (Y4 \ {0}) C int(Yyy).

Then there is an open and dense subset W of X such that for every x € W,
P(t)x converges as t — oo to an equilibrium.

2.3 Subhomogeneous Maps and Skew-Product Semiflows

Recall that a subset K of E is said to be order convex if [u, v]g C K whenever
u,v € F satisfy u < v. In this section we assume that U C P is a nonempty,
closed, and order convex set.

Definition 2.3.1. A continuous map f : U — U is said to be subhomoge-
neous if f(Ax) > Af(z) for any x € U and X € [0, 1]; strictly subhomogeneous
if f(Ax) > Af(x) for any x € U with x> 0 and X € (0,1); strongly subhomo-
geneous if f(Ax) > Af(z) for any x € U with > 0 and X € (0,1).
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Lemma 2.3.1. Assume that one of the following two condition holds:

(C1) f:U — U is monotone and strongly subhomogeneous;
(C2) f:U — U is strongly monotone and subhomogeneous.

Then for any two fized points u,v € U Nint(P), there is o > 0 such that
v = ou.

Proof. By assumption, u > 0 and v > 0. Without loss of generality we may
assume that u # v and u ¢ [0,v]. Set og := sup{c > 0 : ou < v}. Clearly,
oou < v and og € (0,1). We claim that opu = v. Assume, by contradiction,
that ogu < v. Then

oou = oo f(u) < flogu) < f(v) =v if (C1) holds,

and
oou = oo f(u) < flogu) < f(v) =v if (C2) holds.

Thus in either case we get v — opu > 0, which contradicts the maximality of
gQ. [ |

Theorem 2.3.1. Assume that either (C1) or (C2) holds. If K C U Nint(P)
is a nonempty compact invariant of f, then there are fized points p,q € K
such that p < K < q.

Proof. For each x € K, define f(z) := sup{oc > 0 : ox < K}. Since K C
int(P) and B(z)x < K, we get 0 < B(z) < 1,Vz € K. It also easily follows
that 8 : K — R is continuous. Let u be the maximal value of 8 on K. Then
p € (0,1]. Fix a € K with 8(a) = p. Then pa < K. We further claim that
pua € K. Assume, by contradiction, that pua € K. Then p € (0,1) and pa < K.
Since K is invariant, we get f(a) € K, and hence 3(f(a)) < p. It then follows
that

B(f(a)f(a) < pf(a) < f(pa) < K if (C1) holds,
and

B(f(a)f(a) < pfla) < f(pa) < K if (C2) holds.

Thus in either case we get 5(f(a))f(a) < K, which contradicts the maximal-
ity of B(f(a)). Let p = pa. Then p € K and p < K. By the invariance of K
and the monotonicity of f, we get f(p) € K and f(p) < f(K) = K. Thus
p < f(p) and f(p) < p, which implies that p is a fixed point of f. Similarly,
we can prove the existence of the required fixed point g. [

Theorem 2.3.2. Assume that either (C1) or the following (C3) holds:
(C3) f:U —= U is strongly monotone and strictly subhomogeneous.

If f: U — U admits a nonempty compact invariant set K C int(P), then f
has a fived point e > 0 such that every nonempty compact invariant set of f
in int(P) consists of e.
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Proof. By Lemma 2.3.1, it is easy to see that f admits at most one fixed
point in int(P) in either case of (C1) and (C3). Then Theorem 2.3.1 implies
that there is a fixed point e > 0 such that K = {e}. Thus Theorem 2.3.1,
together with the uniqueness of the fixed point of f in int(P), completes the
proof. [

Theorem 2.3.3. Assume that (C2) holds. If x has a compact orbit closure in
int(P), then f™(xz) converges to a fized point.

Proof. By Theorem 2.3.1 and Lemma 2.3.1, w(z) contains fixed points e and
pe for some p > 1 and e < w(z) < pe. Then it suffices to prove p = 1. Assume,
by contradiction, that p > 1. We first claim that for any ¢ € [1, p], te is a fixed
point of f. Indeed, by the subhomogeneity of f, we have f(te) < tf(e) = te,
and f(te) = f((t/p)pe) = (t/p)f(pe) = (t/p)(pe) = te. So f(te) = te. Since
e, pe € w(z) and e K pe, there exists an integer ng such that f™ (z) > e. Let
y = f"(z). Then w(y) = w(z) and f"(y) > e,¥n > 0. It follows that for any
t € (1, p], since e € w(y), there exists an integer n; such that e < f™ (y) < te.
Thus e = f"(e) < f™ 1 (y) < f"(te) = te,¥n > 0, and hence e < w(y) < te.
Letting ¢t — 1, we get w(y) = e, contradicting pe € w(y). ]

Lemma 2.3.2. Let either V = [0,b] with b > 0 or V = P. Assume that
SV — V is continuous, S(0) = 0, and DS(0) exists. If S is subhomogeneous,
then S(u) < DS(0)u,Yu € V; If S is strictly subhomogeneous, then S(u) <
DS(0)u,Vu € V Nint(P).

Proof. For any v € V with u > 0, we have |lul| > 0. In the case where S is
subhomogeneous, since S(0) = 0 and for any 0 < a < 1,

S(u) < S(au) _ S(0) + DS(0)(au) + o||aul|) _ DS(O)u +
T« o |||

ofloul)

letting o — 0, we get S(u) < DS(0)u. If S is strictly subhomogeneous, we
further show that S(u) < DS(0)u for all w € V with u >> 0. Indeed, assume
that there exists ug € V' with ug > 0 such that S(ug) = DS(0)(ug). Then for
any 0 < a < 1, we have aug > 0 and

aS(ug) < S(aug) < DS(0)(aug) = aDS(0)(uo) = aS(up),
which is a contradiction. [ |

Theorem 2.3.4. (THRESHOLD DYNAMICS) Let either V = [0,b]g with b >0
or V= P. Assume that

(1) f : V =V satisfies either (C1) or (C3);

(2) f:V =V is asymptotically smooth, and every positive orbit of f in V is
bounded;

(3) f(0) =0, and Df(0) is compact and strongly positive.
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Then there exist threshold dynamics:

(a) If (D f(0)) < 1, then every positive orbit in V' converges to 0;
(b) If r(Df(0)) > 1, then there exists a unique fized point u* > 0 in V such
that every positive orbit in V '\ {0} converges to u*.

Proof. Note that the assumption (2) implies that every positive orbit of f
in V is precompact, and hence its omega limit set is nonempty, compact, and
invariant for f. Then Lemma 2.3.2 and Theorem 2.2.2 prove the conclusion
(a). In the case that r(Df(0)) > 1, Theorem 2.1.2 and Remark 2.1.5 with
a = 0 imply that there exists u* = f(u*) > 0 such that for any 0 < u <
u*, limy oo f™(u) = u*. For each v € V' \ {0}, by Claim 1 in the proof
of Theorem 2.1.2, we have f(v) > 0. Then there exists a sufficiently small
number € € (0,1] such that eu* < f(v), and hence the monotonicity of f
implies that f"(eu*) < f*(v),¥n > 0. Since lim, o f™(eu*) = u*, we
get 0 < u* < w(v). Thus w(v) C int(P). Then Theorem 2.3.2 implies that
w(v) = u*. "

Remark 2.3.1. The conclusion (a) also holds in the case where V. = P,
(C2) holds, and r(Df(0)) < 1. Indeed, for each u € P, by Lemma 2.3.2,
f(u) < Df(0)u, and hence the monotonicity of f implies that 0 < f™(u) <
(Df(0))™u,¥n > 0. Since r(Df(0)) < 1, we get (Df(0))"u — 0, and hence
f"(u) — 0 asn — oo.

Recall that f : P — P is said to be strongly concave if for every u > 0
and a € (0,1), there exists n = n(u, ) > 0 such that f(au) > (1 + n)af(u)
(see [204]). Clearly, strong concavity implies strict subhomogeneity. In [317],
f P — P is said to be concave if f is (Fréchet) differentiable on P and
Df(v) = Df(u) > 0 for all u > v > 0. It is easy to see that concavity also
implies strict subhomogeneity. Indeed, for any 0 < oo < 1, u > 0,

1
f(au):f(O)—i—a/O Df(sa-u)u-ds

1
>f(0)—|—a/0 Df(su)u-ds
= (1 =a)f(0) + af(u) = af (u).

Let Ry = [0,00), and let Y be a compact metric space with metric d.
Recall that a flow 0 : ¥ x R — Y is said to be minimal if Y contains no
nonempty, proper, closed invariant subset; distal if for any two distinct points
y1 and yo in Y, infyer d(o(y1,t), 0(y2,t)) > 0. Clearly, aflow o : Y xR = Y
is minimal if and only if every full orbit is dense in Y.

In the rest of this section we assume that o : Y x R — Y is a minimal and
distal flow, and consider a continuous semiflow IT : P x Y x Rt — P x Y of
the form

I(z,y,t) = (u(z,y,t),0(y,1)), ¥(z,y,t) € PxY xRY;
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that is, IT is a skew-product semiflow on P x Y. Weset p: X xY — Y
as the natural projection, and also use the notation o(t)(y) = o(y,t) and
y(z,y) = [ (x,y,t). It is well known that for any precompact forward orbit
v (x,y) == {Il;(x,y) : t > 0} in P, its omega limit set w(z,y) is a compact
and (positively) invariant set for II. Then we have the following result.

Theorem 2.3.5. (GLOBAL ATTRACTIVITY) Let II; be a skew-product semi-
flow on P X Y. Assume that

(A1) For any X € (0,1),21,22 € int(P), Az1 < xo < A lzy implies that
Au(x1,y,t) < u(wa,y,t) < X tu(xy,y,t), V(y,t) €Y x RT;

(A2) There exist yo € Y and to > 0 such that for any A € (0,1), 21,22 €
int(P), \ry < xo < Xty implies that Au(z1,y0,t0) < u(xa,yo,to) K
/\_1u(171,y0, to).

If Iy has a precompact forward orbit with its omega limit set Ko C int(P) x

Y, then the semiflow II; : Ko — Ko admits a flow extension such that p :

(I, Ky) — (0,Y) is a flow isomorphism, and for every compact omega limit

set w(z,y) C int(P) x Y, we have w(z,y) = Ko and lim;_, [Ju(z,y,t) —

u(z*, y,t)|| = 0, where (z*,y) = Ko Np~(y). Moreover, the map h: Y — P,

defined by h(y) = x*, Yy €Y, is continuous.

Proof. We define the part metric p on int(P) by
p(x1,x2) ;== inf{lna: a > landa 'z < zp < axy}, Vo, xo € int(P).

Then (int(P), p) is a metric space (see, e.g., [373, 259]). By the triangle in-
equality for metric functions, it is easy to see that p(-,-) : int(P) X int(P) — R
is continuous with respect to the product topology induced by the metric p.
Given xg € int(P), we can choose a real number r > 0 such that the closed
norm ball B(xg,2r) :={z € X : ||z — x|| < 2r} is contained in int(P). Then
for any x € B(xzg,r), B(x,r) C int(P). By [205, Lemma 2.3 (i)], we have

[l = oll
,

p(z,z0) <In (1+ ), V€ B(xzg,r).

Thus lim,, o ||€n — xo|| implies lim,—, o0 p(zn,20) = 0 for any sequence {z,}
and point zg in int(P). It then follows that p(-,-) : int(P) x int(P) — R is also
continuous with respect to the product topology induced by the norm || - ||.
With (A1) and (A2), we further have the following two claims, respectively.

Claim 1. p(u(‘rlvyut)vu(x%yut)) < p(.’IIl,JJg), Vi, zo € lnt(P) and (yut) €
Y x RT with u(z;,y,t) € int(P),i = 1,2.

Indeed, let p(x1,22) =Ilnag > 0. Then ap > 1, and hence 0 < 0451 < 1. Since
aalxl < z9 < a1, by assumption (Al),

ao_lu(xluy7t) < u(:E?ayut) < aou(xluy7t)7v(y7t) €Y x ]RJ’_'

It then follows that p(u(z1,y,t), u(r2,y,t)) < Inag = p(z1,22),¥(y,t) €Y X
RT.
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Claim 2. p(u(z1,yo,to), u(x2, Yo, t0)) < p(x1,x2),Vr1, 22 € Int(P) with z1 #
xo and u(z;, Yo, to) € int(P),i = 1,2.

In fact, let ag be as in the proof of Claim 1. By assumption (A2), we get
ag tu(er, yo, to) < u(w2,y0,t0) < aou(w1, Yo, to)-

Since int(P) is an open subset of X, we can choose an a1 € (1, ap) sufficiently
close to g such that

Oéflu(ivla Yo, to) < u(z2,y0,t0) < cyu(xy, Yo, to).

It then follows that p(u(x1,yo, o), u(z2,yo,%0)) < lnay < lnag = p(x1, x2).

Let Z := {((z1,y), (z2,y)) : @1,22 € int(P), y € Y}, and define a contin-
uous function p: Z — R by p((z1,9), (z2,y)) = p(z1,22), V(21,y), (z2,y) €
Z. Since Ky C int(P) x Y, Claim 1 implies that the skew-product semiflow
Il : Ko — Ky is contracting with respect to p in the sense that

ﬁ(ﬂ(:vl,y,t),ﬂ(:vg,y,t)) < ﬁ((xluy)v (x27y))7 V(xl,y), (xluy) € Ko, t > 0.

Clearly, p((z1,v), (z2,¥)) = 0 if and only if (z1,y) = (z2,y). Since K is the
omega limit set of a precompact forward orbit, every point in Ky admits a
backward orbit in K. By [311, Lemma I1.2.10 1) and 2)], it then follows that
II, : Ky — K, admits a flow extension (i.e., every point in K, has a unique
backward orbit), and this flow is distal. We further claim that card(Ky N
p~1(yo)) = 1. Suppose for contradiction that there are two distinct points
(z1,y0) and (z2,y0) in Ko N p~*(yo). Then (z1,y0) and (z2,yo) are distal
for the flow II; : Ky — K. By an Ellis semigroup argument (see, e.g., the
proof of [311, Lemma I1.2.10 3)]), there exists a sequence ¢, — oo such that
limy, o0 1Ty, (24, Y0) = (i, Y0), and hence lim,, oo w(2;, yo,tn) = 4, @ = 1,2.
Let (Z;,9) = Iy (zi,yo) € Ko C int(P) x Y, i« = 1,2. Then Iy (x;,y0) =
I, _1,(Zi,§), ¥n > 1. By Claims 1 and 2, we get

p('rlv'rQ) = nh—>n;o P(U(xlvyo, tn)a U(I27y05 tn))

= hm p(u(i'la ga tn - to), u(j% gu tn - tO))

n—oo

< p(Z1,Z2) = p(u(z1, Yo, to), u(x2, Yo, to))

)
< p(x1, 22),
a contradiction. By the structure theorem of skew-product flows ([300, The-
orem 1)), as applied to the flow IT; : Ky — Ky, it then follows that card
(KoNp~Y(2)) =1,Vz € Y, and hence p : (II, Ko) — (0,Y) is a flow isomor-
phism. In particular, I1; : Ky — Kj is minimal.
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Let K = w(zx,y) C int(P) x Y. By what we have proved, the flow extension
of the semiflow IT; : K — K is distal and minimal, and card (K Np~1(z)) =
1, Vz € Y. In order to prove K = K, by the minimality of both IT; : Ko — K
and II; : K — K, it suffices to prove that Ky N K # (). Assume for contra-
diction that Ko N K = ), then d(Ky, K) > 0, where d is the metric on the
product space X x Y. Let (z1,90) = Ko Np~(yo) and (z2,90) = KNp~(yo)-
Then (z1,y0) and (x2,y0) are distal for the flow I, : Ko UK — Ko U K.
Using the same arguments as in the last paragraph, we get a contradic-
tion. Therefore, K = Kj. To prove lim;_, |Ju(z,y,t) — u(z*,y,t)|| = 0,
suppose, by contradiction, that there exist an ¢y > 0 and a sequence
tn, — oo such that ||u(z,y,t,) — u(z*,y,tn)|| > €0, Vn > 1. Since v (z,y)
and y*(z*,y) are precompact, without loss of generality we assume that
limy, oo I (z,y,t,) = (27,y*) € K and lim, o0 II(z*,y,t,) = (23,y*) € K.
Since K = Ko and card(Ko N p~1(y*)) = 1, we get 2 = x5. Thus
0 = ||l — 25| = limy— oo ||u(z,y,tn) — w(z*,y,tn)|| > €0, a contradiction.
It then follows that lim; 0 ||u(z, y,t) —u(z*,y,t)|| = 0. Since 0 : Y xR - Y
is a minimal and distal flow and p : (II, Ko) — (0,Y) is a flow isomor-
phism, [311, Theorem 1.2.6] implies that p : Ky — Y is an open map. Thus,
p~1:Y — Kj is continuous. In view of p~1(y) = (h(y),y), Vy € Y, we then
get the continuity of h on Y. ]

Remark 2.3.2. 1t is easy to see that the following two conditions are sufficient

for (A1) and (A2):

(A1) For each (y,t) € Y x RT, u(-,y,t) is monotone and subhomogeneous
on P;

(A2)"  There exist yo € Y and ¢o > 0 such that u(-, yo, to) is strongly subho-
mogeneous on P.

Remark 2.3.3. If we assume that (A1)’ holds, then the following condition
implies (H2)":

(A2)" There exist yg € Y, t1 > 0, and t2 > 0 such that u(-, yo, t1) is strictly
subhomogeneous on P and u(-,o(t1)yo,t2) is strongly monotone on
P.

Indeed, given A € (0,1) and = € int(P), the strict subhomogeneity of
u(+, Yo, t1) implies that u(Az,yo,t1) > Au(z, yo,t1). By the strong monotonic-
ity of u(-,o(t1)yo,t2) and assumption (A1), it follows that
u(u()\x, Yo, tl)a U(tl)yoa tQ) >>’U,()\’UJ(:E, Yo, tl)a U(tl)yoa tQ)
Z)\’UJ(’UJ(.I, Yo, tl)a U(tl)yoa tQ)'
Since ITy, o ITy, = Il 4+,, we get u(Ax, yo, t1 + t2) > Au(x, yo,t1 + t2). Thus
(A2)/ hOldS Wlth to = tl —+ tQ > 0
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2.4 Competitive Systems on Ordered Banach Spaces

For ¢+ = 1,2, let X; be ordered Banach spaces with positive cones X;r such
that int(X;") # 0. Let X = X3 x Xo, XT = X" x X, and K = X; x
(—=X5). Then int(XT) = int(X;") x int(X;S) # 0 and int(K) = int(X;") x
(—int(X)) # 0. We will make the following hypotheses, which capture the
essence of competition between two adequate competitors:

(D1) f: XT — X is order compact and strictly monotone with respect to
<K}

(D2) 0 is a repelling fixed point of f in the sense that there exists a neigh-
borhood Uy of 0 in X T such that for each x € Uy with = # 0, there is
an integer n = n(x) such that f"(x) & Up;

(D3) f(X;" x {0}) € X;" x {0}, and there exists #; € int(X;") such that
f((#1,0)) = (#1,0) and w((x1,0)) = (#1,0) for every z1 € X;" \ {0}.
The symmetric conditions hold for f on {0} x X2, and the fixed point
is denoted by (0, Z2);

(D4) If z,y € X satisfy 2 <x y and either z or y belongs to int(XT),
then f(z) <k f(y). If z = (21,22) € X with 2; # 0,4 = 1,2, then
f(z) > 0.

Let Ey = (0,0), E1 = (21,0), E; = (0,Z2). We say that a fixed point E,
of f is positive if E, € int(X ™). Let I = [Es, E1]k. It is easy to see that
I =1[0,21] x [0, Z2]. The following result says that for a competitive system,
either there is a positive fixed point of f, representing coexistence of the two
populations, or one population drives the other to extinction.

Theorem 2.4.1. (TRICHOTOMY) Let (D1)-(D4) hold. Then the omega limst
set of every orbit in X1 is contained in I, and exactly one of the following

holds:

(a) There exists a positive fixed point E, of f in I;
(b) w(z) = Ey for every x = (x1,22) € I with x; # 0,i=1,2;
(c) w(x) = Ey for every x = (x1,x2) € I with z; # 0,i=1,2.

Finally, if (b) or (c) holds and x = (z1,22) € X+ \ I with z; # 0,i = 1,2,
then either w(x) = E1 or w(x) = Es.

Proof. We begin by showing that I attracts all orbits. By (D3)—(D4), we may
assume that f™(z) > 0,Vn > 0. If z = (21, x2), let u = (21,0) and v = (0, x2)
and observe that v <y = <k u. Consequently,

) <k f*(x) <k f"(u), ¥n > 1.

(D2) implies that f™(v) — E3 and f"(u) — Ei. In particular, if s > 1, then
f™(x) € [0, s21] % [0, sZ2] for all large n. Since f is order compact, we conclude
that v*(z) is precompact in X, and hence w(x) exists and is compact and
invariant for f. Thus the inequality above implies that w(z) C I.
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We then consider f : I := [Fa, E1|x — I. Clearly, Ey is an extreme point
of I, and by (D2), it is an ejective fixed point of f. By the Dancer—Hess
connecting orbit lemma and Remark 2.1.3, at least one of the following holds:

(a) f has a fixed point distinct from Fy, Eq, Es in I

(b) there exists an entire orbit {z,}52__ of f in I such that x,41 >g
Tn,Vn € N, and lim,, , o, x, = F> and lim,, , x, = FE1;

(c) there exists an entire orbit {y, }5° _  of f in I such that y,4+1 <K yn,Vn €

N, and lim,,— o ¥ = F1 and lim, o ¥y, = Fo>.

Clearly, B2 <k E1. We claim that (b) and (c¢) cannot both hold. For in that
case, since lim,,—, oo yp = E1 >k Fo = lim,_,_ x,, there exist mg,ng € N
such that z,,, <k Yn,.- By the strict monotonicity of f with respect to <g,
we then get Zmg+i = fH(Tme) <k F'(Yng) = Yno+1, ¥l > 0. Letting | — oo
leads to the contradiction Fy <g Fs. If B, = (x1,23) is a fixed point of f
distinct from Ey, By, Fo in I, then x; # 0 for ¢ = 1,2 by (D3). By (D4),
E,. = f(E,) > 0. Again by (D4), we get Fy <i F. <i E;. We further show
that (a) and (b) and (a) and (c) are incompatible. Suppose (a) and (b) hold for
f and let {x,, }nen be the entire orbit described in (b). Then f has a fixed point
u € [[E2, E1]|k, and z,, < u for some ng € N. Then the strict monotonicity of
f implies that x,,4+1 <x wu,Vl > 0. Letting | — oo leads to the contradiction
E; < wu. A similar contradiction follows in case (a) and (c) hold. It then
follows that precisely one of the alternatives (a), (b), (c) above holds. In the
case where (b) holds, for any z = (x1,22) € I with z; # 0,7 = 1,2, by (D4),
f(z) > 0.Since B2 < f(z) <x F1, (D4) implies that F» < f?(z) <k E1.
Thus we can choose n € N such that z,, <x f2(z). By monotonicity, it follows
that z, 1 <x f2(z) <x B, VI > 0. Letting | — oo and noting that v+ (x)
is precompact, we get w(x) = Fj. Similarly, we can prove the convergence in
the case where (c) holds.

In the case where either (b) or (c) holds, every orbit in I converges to one
of three fixed points Fy, E1, Fs. Clearly, each E; is an isolated invariant set
for f: I — I, and there is no cyclic chain among the F;’s. By Theorem 1.2.2,
every internally chain transitive set for f : I — I is a fixed point. For any
r € X*, we have shown that w(z) C I, and hence w(z) is internally chain
transitive for f : I — I. Thus, w(z) consists of one of Ey, Eq, Es. If x # 0,
(D2) implies that either w(z) = Ey or w(x) = Es. "

Remark 2.4.1. By Theorem 2.4.1, it is easy to see that if F; and E5 are si-
multaneously either stable or unstable for f : I — I; or if there exists a point
z € X1 such that w(z) Nint(XT) # 0, then there is a positive fixed point

of f.

Proposition 2.4.1. Let (D1)-(D4) hold and assume that f has a positive
fized point. If Ey is an isolated fixed point of f, then there exists a positive
fized point E, in I such that exactly one of the following holds:

(i) w(zx) = E, for every x = (x1,x2) satisfying E. <k x <x E1 and x2 # 0;
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(it) w(x) = Ey for every x = (x1,x2) satisfying By <x x <g E.
A symmetric conclusion holds if Es is an isolated fized point of f.

Proof. Let x. denote a positive fixed point of f, which by (D4) must satisfy
Fy €<g x4 <g FEi. The set W = {.’Z‘ : f(.i‘) =T, <g T KLk El} is
partially ordered by <y . Using the compactness of the set of fixed points, the
fact that E; is an isolated fixed point, and a simple Zorn’s lemma argument,
one can show that W contains a weakly maximal element F, in the sense
that w € W and u > E, implies that u = F,. Obviously, the order interval
[E., E1]k contains no fixed points of f other than F, and E;. By the Dancer—
Hess connecting orbit lemma, there exists a monotone entire orbit {x,,} that
either connects E, to F; or connects F; to E,.. Suppose the former holds.
Then, arguing as in the proof of Theorem 2.4.1(b), we have w(z) = E; for
any x = (x1,x2) satisfying F. <k x <k Fj and x2 # 0. The same conclusion
holds if z3 = 0 by (D3). A similar argument shows that (i) holds if {z,}
connects Fy to FE,. [ |

Theorem 2.4.2. (COMPRESSION) Let (D1)-(D4) hold and assume that E;
and Ey are isolated fived points of f. Let W*(E;) be the stable set of E; for
f:XT = Xt [FWS(E)Nint(XT) = 0,¢ = 1,2, then there exist positive
fized points E.. <k E. of [ such that w(x) = E. for every x = (x1,x2)
satisfying Ex <k x <xg F1 and x2 # 0, w(x) = E. for every x = (x1,x2)
satisfying Fa <k © <g FEu and x1 # 0, and the order interval [E.., Ey|Kk
attracts any point in (X \ {0}) x (X5 \ {0}).

Proof. Since W*(E;) Nint(X*) = 0,5 = 1,2, either (b) or (c) in Theo-
rem 2.4.1 does not hold. By Theorem 2.4.1, there exists a positive fixed point
of f in I. Thus, by Proposition 2.4.1, there exist positive fixed points E,.
and E, of f in I such that w(z) = E, for every x = (x1,z2) satisfying
E, <k z <k E; and 29 # 0, and w(x) = E,, for every x = (21, z2) satisfying
Ey <k x <k E.. and 27 # 0. By (D4), we have Fy <i Fi., Bx <k FEj.
Let z € (X;7\ {0}) x (X5 \ {0}) be given. Then f(x) € int(X+) by (D4).
By Theorem 2.4.1, w(z) C I. We further claim that w(z) Nint(X+) # 0. In-
deed, suppose that w(z) Nint(X 1) = (). Then (D4) and the invariance of w(z)
imply that w(z) C Y := {(x1,22) € X : 1 = Oorze = 0}. Thus, w(z) is
an internally chain transitive set for f : Y — Y. By applying Theorem 1.2.2
to f:Y =Y, we get w(z) = E;, and hence f(z) € W*(E;) Nint(X ) for
some 0 < i < 2, which contradicts our assumption. Let y € w(z) N int(X ™).
Then Ey <g y <k E1, and By <k f(y) <k E1 by (D4). Since f(y) € w(z)
and [[E2, F1]] is an open set, there is a positive integer m such that Ep < g
f™(x) <x Fjp. Thus we can further choose two points u and v such that
Ey €<k u Kk Fuw, By g v g Fp and v <i fM(x) <x v. By the
monotonicity of f, f™(u) <k f™™"(z) <k f"(v), Vn > 0. Letting n — oo,
we then get Eu = limy, o0 [ (u) <k w(z) <k lim, o0 f7(v) = E.. ]
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2.5 Saddle Point Behavior

Let (X,X™T) be an ordered Banach space with positive cone X+ having
nonempty interior int(X ). A subset M of X is said to be unordered if there
are no two points z,y € M with z < y. We write [a,0]] = {z € X T : 2 > a},
and similarly for [[—oo,b]. A subset Y of X is said to be lower closed if
[[o0,b] C Y whenever b € Y, and upper closed if [a,00]] C Y whenever
acY.

Let @ := {®;}+>0 be a continuous semiflow on X*. For any z € X, we
use w(z) to denote the omega limit set of the positive orbit v (z) := {®:(x) :
t > 0}. An equilibrium e is a point for which @;(e) = e,Vt > 0. An equilibrium
e is said to be locally stable if for any neighborhood U of e, there is another
neighborhood V' of e such that &,(V)) C U,Vt > 0; asymptotically stable if it
is stable and there is a neighborhood U of e such that w(y) = {e},Vy € U.
We say that z is convergent if w(z) is a singleton, and quasiconvergent if w(z)
consists of equilibria. Recall that @ is monotone if &,(x) < &;(y) whenever
x,y € XT with x < y and t > 0; strongly order-preserving, SOP for short,
provided @ is monotone and for any = < y, there are some ty > 0 and open
subsets U,V of X with x € U, y € V such that &,,(U) < @,(V); strongly
monotone if @;(z) < J;(y) whenever z,y € X with z < y and ¢ > 0.

For a fixed v € int(X 1), the order norm is defined by

|z], = inf{A € RT : =X <z < Mo},

which induces the order topology in X. If the cone is normal, then the order
norm is equivalent to the original one. Throughout this section, we use «(B)
to denote the Kuratowski measure of noncompactness for a bounded set B.

Let M C X be a subset. A point z is in the lower boundary of M, 0_M,
provided there is a sequence {s;} in M converging to z with s; > z, but no
sequence {x;} in M converging to z with z; < z. The upper boundary, 91 M,
is defined analogously.

Definition 2.5.1. A pair (A, B) is called an order decomposition of X T if it
has the following three properties:

(1) A and B are nonempty and closed subsets of X ;
(2) A is lower closed and B is upper closed;
(8) AUB = X7 and int(AN B) = 0.

An order decomposition (A, B) of X is called invariant if A and B are
positively invariant, that is, #;(A) C A and $(B) C B,Vt > 0. The set
H = AN B is called the boundary of the order decomposition (A, B) of X .
A d-hypersurface is any subset H of X' such that H = AN B for some order
decomposition (A, B) of XT.

Note that the boundary H of an order decomposition (A, B) of X T satisfies

H=0A=0B,
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where 0 is the boundary symbol in X, and H is unordered and positively
invariant whenever (A, B) is invariant.

Lemma 2.5.1. (Takd¢ [351, Proposition 1.3]) Let & be a SOP semiflow with
all positive orbits being precompact, and @, be strongly monotone for some
positive number T. Then the boundary of every order decomposition is an
unordered and positively invariant one-codimensional Lipschitz manifold in
the ordered norm | - |,.

Lemma 2.5.2. (GENERALIZED KREIN-RUTMAN THEOREM, Nussbaum [258])
Let L : X — X be a strongly positive and bounded linear operator. Assume
that the essential spectral radius r.(L) of L is less than the spectral radius (L)
of L. Then r(L) is an algebraically simple eigenvalue of L with an eigenvector
v € int(K), and all other eigenvalues of L have their absolute values less than

r(L).

Lemma 2.5.3. (Smith and Thieme [332, Proof of Theorem 3.4]) Let U be an
open subset of X and S : U — X be a continuous and monotone map. Assume
that S has a fixed point x* € U such that

(a) The Frechét derivative DS(x*) : X — X exists, DS(x*) is strongly posi-
tive and bounded, and r(DS(z*)) = 1;
(b) z* does not attract any point x € U with either x > x* or x < x*.

Then there is a § > 0 such that the set W§ = {z € U : |z — z*|| <
0, lim S™(x) = x*} is a local strongly stable manifold of S at x*.
n—oo

We will impose the following assumptions on @:

(H1) There is a positive number 7 such that the mapping &, is a strict
a-contraction, that is, there is a positive number k£ < 1 such that
a(®,(B)) < ka(B) for any bounded subset B C X;

(H2) The semiflow @ is uniformly bounded in the sense that y*(B) :=

\J @:(B) is bounded whenever B is a bounded subset of X .
>0

Theorem 2.5.1. Suppose that the SOP semiflow @ satisfies (H1)—-(H2), that
@ has exactly three equilibria a,c,b such that a < ¢ < b, and a,b are locally
stable in X+, and that the mapping D, is continuously differentiable in a
neighborhood of ¢ and D@ (c) is strongly positive. Then M = X T\{B,U By}
is an unordered and positively invariant set, where B, By are the basins of
attraction of a,b, respectively.

Proof. First, we prove that every positive orbit has compact closure and
w(B) := Ns>0Ps(yT(B)) is compact for any bounded subset B C X . It is
easy to see that the orbit arc on [0,7] is compact, where 7 is given in the
assumption (H1). By assumption (H2), it follows that

a(y"(2)) = a(v"(P+(2)) = a(P+ (v (2))) < ka(y" (2)).
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Since 0 < k < 1, we have a(y*(z)) = 0. Thus, v+ (z) is precompact, that is,
~T(x) has compact closure for every z € X . By induction, it is not difficult
to show that a(®,.(B)) < k"«(B),Vn > 1. By the definition of w(B), it
follows that

a(@(B)) < a(@ur (v (B))) = a(@ur (v (B)) < k"a(B),¥n > 1.

Letting n — oo, we obtain that a(w(B)) = 0, and hence, w(B) is com-
pact. Consequently, for any fixed x € X and any sequence {z,} satisfying
Tp < Tpg1 < 2(x < Tpgy < ), Vn > 1, and 2, = x asn — 00, U,>ow(Tn)
has compact closure in X ¥, that is, the condition (C) in [326, Chapter 1] is
satisfied. Applying [326, Theorem 1.4.3], we conclude that the quasiconver-
gence is generic. Since @ possesses exactly three equilibria, we have generic
convergence for @ in X+, that is, Xt contains an open and dense subset such
that any orbit from this subset converges to one of the equilibria a, ¢, b. Fur-
thermore, utilizing Dancer—-Hess Lemma of connecting orbits and the mono-
tonicity for @, we get that [a,c]\{c} C B, and [c,b]\{c} C By, where By, By,
are the basins of attraction of a, b, respectively.

Suppose, by contradiction, that the theorem does not hold. Then there
are two points z,y € M with # < y. Since M is positively invariant and &
is SOP, there is a neighborhood U’ of x such that &, (U’") < &y, (y), where
to is given in the definition of SOP. On the other hand, we can find an open
subset U” of U’ such that + < U” since X' has a nonempty interior. Since
U" is generically convergent, ¢ attracts an open subset U of U”. We claim
that we can choose U as close to ¢ as we wish. In fact, we can find two points
2,z € U with z < 2/ and then &,(z) < &(2'),Vt > 0. For sufficiently large
t, @(z), P (') are close to ¢ enough. Using &(z), P;(z") to replace z,y and
repeating above step, we prove our claim.

Now we consider the mapping @.. As aforementioned, [a,c]\{c} C B,
and [c, b]\{c} C By. This means that r = r(D,®,(c)) > 1. By [91, Proposi-
tion 2.9.1(b)], it follows that D, P, (c) is a strict a-contraction with the same
k as in (H1), and hence, r.(D;®-(c)) < k < 1 (see [91, Theorem 2.9.9]).

In the case where r > 1, there exists a local center-stable manifold, W°(c),
of ¢ which is a graph of a Lipschitz function over the center-stable subspace
of Dy®(c)(see [313, Theorem II1.8 and Exercise III.2]). Thus, choosing U
sufficiently close to ¢, we then get U C W®(c), which is a contradiction
since any graph cannot contain an open set. In the case where r = 1, by
Lemma 2.5.3, the domain of attraction of c¢ is locally contained in the local
strongly stable manifold, W*%(c), of the map @, at c¢. But this is impossible
since W*%(c) is a Lipschitz graph(see [313, Theorem I11.8 and Exercise II1.2])
and hence it cannot contain an open set. ]

Theorem 2.5.1 shows that the dynamics for @ behaves like a saddle together
with other two stable equilibria, which often appears in ordinary differential
systems. In what follows, we introduce this concept in an abstract way.



2.5 Saddle Point Behavior 65

A dynamical system is said to admit a saddle point behavior if it possesses
three equilibria a,b, and ¢ such that a and b are stable attractors, and the
state space is divided into three disjoint and invariant parts: the basin of
attraction Bj of a, the basin of attraction By of b, and one-codimensional (at
least Lipschtiz) manifold M containing ¢. Such an M is usually called the
separatrix of the domains of attraction B; and Bs. If the equilibrium c is
replaced by a set of some equilibria and the same statements as above hold,
then such a system is said to admit a generalized saddle point behavior. In
this case, we still call M a separatrix.

The following theorem is about generalized saddle point behavior for
monotone semiflows.

Theorem 2.5.2. Let the SOP semiflow ® be C* on X T and satisfy (H1)—(H2)
with @ being strongly monotone. Suppose that @ has exactly two locally stable
equilibria a < b, and for any other possible equilibrium ¢, D,®.(c) is strongly
positive and r(DyP,(c)) > 1. Then M = XT\{B, U By} is an unordered and
positively invariant Lipschiz submanifold with codimension one in the order
norm | - |,. Furthermore, such an M is a C*-submanifold if ¢, is compact.

Proof. We first prove that b + X+ cannot contain any other equilibrium
except b. Otherwise, there is an equilibrium ¢ in (b+X*)\{b}. Since D,®,(c) is
strongly positive and r(D,®,(c)) > 1, there is an orbit originating from ¢ and
tangent to the principal eigenvector at ¢ such that it monotone increasingly
tends to another equilibrium d > c. Therefore, d is lower stable, contradicting
to the assumption that r(D,®P,(d)) > 1. Similarly, [0,a] cannot contain any
other equilibrium except a. Since the mapping @ is a strict a-contraction, we
can define the index for fixed points. Applying Cac and Gatica’s fixed point
theorem [49], we obtain that there is at least one equilibrium between a and
b but distinct from a, b.

We further claim that all equilibria in [a,b] except a,b are unordered.
Suppose not, then there is a pair of equilibria ¢, d in [a,b] with ¢,d ¢ {a,b}
and ¢ < d. As argued in the previous paragraph, there exists a lower stable
equilibrium e € [¢, d], which contradicts the assumption that r(D,®,(e)) > 1
since a < e < b. Thus, the claim follows.

Next we show that the semiflow @ is generically convergent. Given an
equilibrium e # a, b, we then have p(e) := r(D,®-(e)) > 1. By [91, Proposi-
tion 2.9.1 (b)], D, @, (e) is a strict a-contraction with the same k as in (H1) and
hence, r.(D,P;(e)) < k < 1 (see [91, Theorem 2.9.9]). By Lemma 2.5.2, it then
follows that p(e) is a simple eigenvalue of D,®.(e) and N(p(e)I — D, P, (e))
is a one-dimensional space spanned by the principal eigenvector v > 0 associ-
ated with p(e). Thus, the generic convergence follows from the general result
established in [330].

Now we conclude that M = X+t\{B, U B} is unordered. Suppose not,
then there are two points x,y € M with z < y. Since @ is SOP, we can choose
two neighborhoods U and V' of = and y, respectively, such that @,,(U) <
@4, (V). Thus, the generic convergence implies that there are two points u € U
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and v€V with < v and v < y such that &;(u) and P;(v) converge to
two equilibria e and d, respectively. Obviously, w(z) < e < d < w(y). Since
w(z),w(y) € M and M is invariant, we have e,d € M, and hence, {e,d} N
{a,b} = 0. By the nonordering property of those equilibria distinct from a, b,
we further get e = d. It then follows that the equilibrium e = d attracts an
open subset. By using the assumption p(e) > 1 and the theory of center-stable
manifolds, we can get a contradiction as in the proof of Theorem 2.5.1.

In the case where the mapping @, is strongly monotone, (M UB,, M UB;)
is an order decomposition with the boundary M (see Definition 2.5.1). By
Lemma 2.5.1, it follows that M is a Lipschiz submanifold in the order norm
| - |, with codimension one. Moreover, M is a C'-submanifold if the mapping
&, is compact (see Terescak [360]). ]

In order to generalize Theorem 2.5.2 to the case where the number of
stable equilibria is greater than two, we need the following result.

Proposition 2.5.1. Let ¢ be a SOP semiflow satisfying (H1) and (H2) with
@, being strongly monotone. If a is a stable attractor and its basin of attraction
B, # X, then 0_B, and 0. B, are positively invariant and unordered one-
codimensional Lipschitz manifolds in the order norm | - |,.

Proof. We only consider the upper boundary, the lower boundary being sim-
ilar. Define

A% = U [~oo,2], A:=A% and B:= X"\ A"
rEB,

Since B, is open, it is easy to see A" is open, and hence, A is closed and lower
closed. Since B, # X+, A% and hence A is not the whole state space X ™.
Thus, B is a nonempty closed subset of X*. By [351, Lemma 1.4], B is also
upper closed. Obviously, AUB = Xt and AN B = 0, B,. By Lemma 2.5.1,
04+ B, is an unordered and positively invariant one-codimensional Lipschitz
manifold in the order norm | - |,. ]

Theorem 2.5.3. Let the SOP semiflow ® be C* on Xt and satisfy (H1)—
(H2) with @, being strongly monotone. Suppose that @ has exactly m locally
stable equilibria a; < ags K -+ K am, and for any other possible equilibrium
¢, D@, (c) is strongly positive and r(DyP-(c)) > 1. Let B; be the basin of
attraction of a;. Then the following statements are valid:

(i) For each 1 < i <m —1, 0y B; = 0_B;11 is an unordered and positively
invariant one-codimensional Lipschitz manifold in the order norm | - |y,
and furthermore, Ct-manifold if @, is compact;

(i) X+t =ur, B; U0, B;.
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Proof. Suppose, by contradiction, that 0y B; # 0_B;;1 for some 1 < i <
m — 1. Since a; < a;4+1, O—B;41 is above 04 B; in the sense that if there is a
point x € 94 B; but « ¢ O_B; 1, then there exists a point y € J_B;41 with
y > x. By the strong monotonicity of ¢ and the positive invariance of 04 B;
and J0_B;y1, it follows that for any 7 > 0, &, (z) < @-(y), &-(z) € 0+ B, and
@ (y) € 0_Bj+1. Without loss of generality, we may assume that « € 9, B;
and y € 0_B;41 with x < y. Note that the generic convergence theorem
[330] still holds under our assumptions on @. By the definition of upper and
lower boundary points, it is easy to see that a; < w(z), w(y) < a;+1. By
generic convergence, we choose w > z and z < y with w and z sufficiently
close to x and y, respectively, so that w(w) = {a} and w(z) = {b} with
a < b. Clearly, a; € a < b < a;41. We claim that a must be equal to b.
Otherwise, since p(a) := r(DyP,(a)) > 1, there is an orbit originating from
a such that it strictly increasingly converges to another equilibrium e < b.
Then p(e) :=r(D,P,(e)) < 1. But a; < a < e < b < a;41, contradicting the
assumption that p(e) > 1. Thus, a = b attracts the open order interval [[w, z]],
which is impossible by the theory of center-stable manifolds(see the proof of
Theorem 2.5.1). Consequently, we have ;. B; = 0_B;41,V1 <i <m — 1. By
Proposition 2.5.1, each d4 B; is a one-dimensional Lipschitz manifold in the
order norm | - |,. If @, is compact, the C''-smoothness of 9, B; follows from
Terescak [360]. This proves statement (i). Since 04 B; = 0_ B, 41 separates the
adjacent basins of attraction B; and B;11, it is easy to see that statement (ii)
holds. ]

In the rest of this section, we consider the generalized saddle point behavior
for two-species competitive systems on ordered Banach spaces.

Let X; and X5 be ordered Banach spaces with positive cones X;" and X,
having nonempty interiors. Let the order in both spaces be denoted by “<”.
Let Xt = X" x X;f. Clearly, int(X ) = int(X;") x int(X;"). Define K :=
X x (=XJ). Then X = X; x X3 is an ordered Banach space with positive
cone K. We use <g (<g,<x) to denote the (strict, strong) order induced
by K. Let u >k 0 be fixed. Set Cp = X;7\{0} x X;1\{0}, C1 = {(21,0) :
1 € X'}, and Oy = {(0,22) : 22 € X }. Suppose that & := {®;};>0 is
a continuously differentiable semiflow on X satisfying (H1)-(H2) and the
following additional assumptions:

(H3) &,(C;) C Cy,¥t > 0,0 < i < 2; @ is strictly K-monotone on X+,
strongly K-order-preserving on Cy, and SOP on C; with respect to the
order induced by X;',Vi =1,2;

(H4) The set € of all equilibria of ¢ in Xt is the union of Ey = (0,0),
El = (1_71,0) with T € int(Xl), E2 = (O,fg) with To € int(XQ), and a
nonempty set £° of coexistence equilibria in int(X+); Eq does not at-
tract any point in X T\{Fo}, and E; is locally stable in Xt Vi = 1, 2; For
each e € €%, D, ®, (e) is strongly K-positive, and p(e) := r(D, P, (e)) >
1 if £° is not a singleton.
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By an argument similar to that of Theorem 2.5.2, we have the following
result.

Theorem 2.5.4. Assume that the C*-semiflow @ satisfies (H1)—(H4), and &,
is strongly K-monotone in int(X™). Then M = X*\(B1 U By) C Co U{Ep}
18 an unordered with respect to type-K order and positively invariant Lipschiz
manifold with codimension one in the type-K order norm |- |,. Furthermore,
M is O if @, is compact.

In order to generalize Theorem 2.5.3 to abstract competitive systems, we
need to replace (H4) with the following assumption:

(H4) & ={Ey, E1,E2} UEs UE,, where Ey, F1, and Ey are the same as in
(H4), &, is the set of all strongly K-positive equilibria e with D, & (e)
being strongly K-positive and r(D,;P-(e)) > 1, and & = {1 <k
Co K -+ KLk Cm ) consists of m locally stable equilibria with F; <k
c; Lg Fo,V1 < i< m.

Set ¢ = E1 and ¢, +1 = Eo. Then we have
K 1 K 2Kk KK ¢m <K Cm+1-

For each 0 < i < m + 1, let B; be the basin of attraction of ¢;, and let
0+ B; and 0_B; be the upper and lower boundaries of B; in type-K order,
respectively. By an argument similar to that of Theorem 2.5.3, we have the
following result.

Theorem 2.5.5. Assume that the semiflow @ on Xt satisfies (H1)-(H3) and
(H4)', and @ is strongly K-monotone on Cy. Then the following statements
hold true:

(i) For each 1 < i <m —1, 04 B; = 0_Bj41 is an unordered with respect to
type-K order and positively invariant one-codimensional Lipschitz mani-
fold in the order norm |.|,, and furthermore, C*-manifold if ®, is compact;

(i) X+ = Ut B, | Jur 04 B;.

Remark 2.5.1. Smith [319, page 870] conjectured that the set of steady states
in [a1,am] or [co, ¢m+1]i is composed of a lattice of alternating bands each
of which consists of unordered steady states of the same stability type. He
also proved that this conjecture is true for some two-dimensional cooperative
and competitive systems (see [321, Theorem 4.8] and [320, Theorem 4.7]).
Theorems 2.5.3 and 2.5.5 above give an affirmative answer to this conjecture
under the condition that all stable steady states are totally ordered. In general,
this additional condition is necessary for Smith’s conjecture to be valid, see
[195, Example 2.1].
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2.6 Exponential Ordering Induced Monotonicity

Reaction—diffusion equations with delayed reaction terms and, more generally,
abstract functional differential equations have been widely used to model the
evolution of a physical system distributed over a spatial domain [408]. In the
celebrated work of Martin and Smith [243, 244], the monotonicity of the semi-
flow generated by an abstract functional differential equation was established,
and the powerful theory of monotone dynamical systems was applied to obtain
some detailed descriptions of the generic dynamics of the semiflow. In order
for the semiflow to be order-preserving with respect to the pointwise ordering
of the phase space, the aforementioned work requires that the nonlinear reac-
tion term satisfy a certain quasi-monotonicity condition, which, in the special
case of a reaction—diffusion equation with delay, requires that the reaction
term be monotone and thus limits the applications in some cases. It is there-
fore natural to ask whether the quasi-monotonicity condition in the work of
Martin and Smith can be relaxed. This question was addressed in Smith and
Thieme [329, 331] for the case of ordinary functional differential equations
(that is, the spatial diffusion is absent), where they established the mono-
tonicity of the semiflow in a restricted but sufficiently large subspace with
a nonstandard exponential ordering. In this section we extend the exponen-
tial ordering and its induced monotonicity to abstract functional differential
equations and delayed reaction—diffusion equations. These results will be used
to obtain threshold dynamics for a nonlocal and delayed reaction—diffusion
population model in Chapter 9.

Let A : Dom(A) — X be the infinitesimal generator of an analytic semi-
group T'(t) satisfying T'(t)P C P,Vt > 0. For convenience, we denote T'(t) by
e, Let r > 0 be fixed and let C := C([—r,0], X). For p > 0, we define

K,={peC: ¢(s) >x 0,Vs € [-r,0], and ¢(t) >x e(A*“I)(t*S)gb(s),
VO>t>s>—r}

Then K, is a closed cone in C. Let >, be the partial ordering on C' induced
by K. The meaning of <, and <x should be clear.

Lemma 2.6.1. Assume that ¢ € C is differentiable on (—r,0) and ¢(t) €
Dom(A),Vt € (—r,0). Then ¢ >, 0 if and only if

d(t)
dt
Proof. Assume that ¢ >, 0; that is, ¢ € K,. It then follows that ¢(—r) >x 0,

and for any t € (—r,0) and h > 0 with ¢ + h € [—r,0],
Ot +h) —o(t) _  eArDre(t) — (1)
22X -
h h
Since ¢ is differentiable at ¢ and ¢(t) € Dom(A), letting h — 0% and using
the definition of infinitesimal generators (see, e.g., [272]), we get

o(—r) >x 0, and — (A —=pl)o(t) >x 0, Vt € (—7,0).
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do(t) _ . o(t+h)— ()
= > — — .
0 g AN OO 4 e, e (<o)
Conversely, assume that ¢(—r) >x 0 and d(zgt) —(A=pul)p(t) >x 0, Vt €
(=7,0). Let t € (—r,0] be fixed. Clearly, the function u(s) := e(A=#D{E=5) ()
is differentiable for s € (—r,t). By the property of analytic semigroups (see,
e.g., [150, 272]) and the positivity of e(A=#D(E=5) = g=n(t=5)At=5) e have

du(s) _ (A—pu)(t—s) (A—pl)(t—s) dO(5)
g = (A—ule o(s)+e s
— _eAmD=) (A — uD)(s) + A HD(E=9) d(fliS)
d
= et (90 (4 unjof)) zx 0.

Thus we get ¢(t) — eA#DE=g(s) = u(t) —u(s) = [* ™“Ddr >y 0, Vs €

[—r,t]. This, together with ¢(—r) >x 0, implies ¢ € K,. ]

Let o > 0 and let w : [-7,0) — X be a continuous map. For each ¢ € [0,0),
we define u; € C by ui(s) = u(t+s),Vs € [-r,0]. Let D be an open subset of
C. Assume that F': D — X is continuous and satisfies a Lipschitz condition
on each compact subset of D. We consider the abstract functional differential
equation

du(t) _
g =Au®) + Flu), t>0, (2.1)
ug =¢ € D.

By the standard theory (see, e.g., [243, 408)]), for each ¢ € D, equation (2.1)
admits a unique mild solution u(t, ¢) on its maximal interval [0, o). Moreover,
if o4 > r, then u(t, ¢) is a classical solution to (2.1) for t € (r,04). In order to
get a monotone solution semiflow of (2.1) with respect to >,,, we will impose
the following monotonicity condition on F:

(M) w(¥(0) = ¢(0)) + F(¢) — F(¢) 2x 0 for ¢,¢) € D with ¢ <), .

Theorem 2.6.1. Let (M,,) hold. If ¢ <,, 1, then us(¢) <, ut(¢) for all t >0
such that both solutions are defined.

Proof. Let v* € int(P) be fixed. For any € > 0, define Fi.(¢) := F(¢)+ev* for
¢ € D, and let u(t, 1) be the unique mild solution of the following equation

du(t) _
g =Au®) + Fe(u), >0, (2.2)
ug =9 € D.

Without loss of generality, we assume that u(¢,¢) and u®(t,1) are both de-
fined on [0, 00) (if not, we replace [0, 00) by the intersection of their maximal
intervals of existence). Let y(t) := uc(t,¢) — u(t, $) and define
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P={te[0,00): y;>,0}.

Clearly, P is closed and 0 € P. We claim that if ¢y € P, then there exists
0o > 0 such that [tg,to + do] C P. Indeed, by the abstract integral forms of
equations (2.1) and (2.2), we have

t
ye(t) :e(Af,uI)(tfs)ye(S)_’_/ e(Af,uI)(th) (23)

S

(F(us(¥)) = F(ur(9)) + p (u(m,9) — u(T, ¢)) + ev”) dr

for all t > s > 0. By the condition ug (v) >, us,(¢) and assumption (M), it
then follows that

(F(ui (¥) = F(ue(0) + p (u(t, ) —ult, d)) + ev™)|,—y, >x ev” >x 0.

Thus there exists dyp > 0 such that

Fui(¥)) = Fur(®)) + p (u(t,9) —u(t, ¢)) + ev™ >x 0, Vt € [to, o + dol-

By the integral equation (2.3) and the positivity of the semigroup e+,

we then get
Y (8) Zx ATy (), it < s <t < to + bo,

which, together with the definition of (K,), implies that uf () >, u¢(¢), Vt €
[to, to + 60]

Let Py := {t:[0,t] C P}. We claim that sup P, = co. Assume, by way of
contradiction, that t* = sup P < co. Then there is a sequence {t,} C P C P
such that ¢, — t*. Thus the closedness of P implies that t* € P. By the
claim in the previous paragraph, [t*,¢* 4+ 6*] C P for some 6* > 0, and
hence t* 4+ 6* € Py, which contradicts the definition of ¢*. It then follows that
[0,00) C P, and hence P = [0, 00).

By a standard argument, we have lim, o+ u$(1)) = u(¢0), Vt > 0. Letting
e = 07 in yf = uf(¢) — we(d) >, 0, we get u(v0) — ui(¢p) >, 0, and hence
Ut(1/)) Z# ut(d)),VtzO 1

For simplicity, in the rest of this section we assume that for each ¢ € C,
equation (2.1) admits a unique mild solution u(t, ¢) defined on [0, c0). Then
(2.1) generates a semiflow on C' by @(t)(¢) = u(¢), ¢ € C. Clearly, condition
(M,,) is sufficient for @(t) : C — C to be monotone with respect to <,
in the sense that ®(t)(¢) <, ?(t)(v)) whenever ¢ <, ¢ and ¢t > 0. In some
applications of monotone dynamical systems, however, we need a strong order-
preserving property (see, e.g., [326]). The semiflow &(t) : C — C is said
to be strongly order-preserving with respect to <, if it is monotone and if
whenever ¢ <,, ¢, there exist open subsets U,V of C with ¢ € U and ¢ € V
and to > 0 such that @(to)(U) <, @(to)(V'). Next we show that the following
slightly stronger condition than (,,) is sufficient for $(¢) to be strongly order-
preserving:
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(SMy) p((0) = ¢(0)) + F(v) — F(¢) >x 0 for ¢,¢ € C with ¢ <, ¢ and
o(s) <x ¥(s), Vs € [-r,0].

Theorem 2.6.2. Assume that T(t)(P \ {0}) C int(P), V¢t > 0, and (SM,)
holds. Then the solution semiflow ®(t) is strongly order-preserving on C with
respect to <.

Proof. Let v* € int(P) be fixed, and define ¢* € C by
¢*(t) = eArDE Y Tyt e [—r 0]

Then ¢*(s) >x 0,Vs € [—r,0], and Lemma 2.6.1 implies that ¢* >, 0.
For any ¢ € C, the sequence of points ¢, = ¢ + }lqﬁ* in C satisfies ¢ <,
Yoyl <p Yn,Vn > 1, and ¢, — ¢ as n — oco. By this property and the
continuity of F, it is easy to see that (SM,,) implies (M,). Then we conclude
from Theorem 2.6.1 that &(t) is monotone on C. Moreover, for each ¢ € C,
u(t,¢) € Dom(A), Vt > r. For every ¢ <, 1, the strong positivity of T'(t) =
e/t implies that ¢(0) <x 1(0), and hence, in view of u;(¢) <,, ui(¢), ¥t > 0,
we have u(t,¢) <x wu(t,®) for all ¢ > 0. Fix a real number ty > 2r and
let ¢° <, 9% be given. By condition (SM,,), the continuity of F, and the
compactness of [tg — 7,tg], it then follows that there is a sufficiently small
€0 > 0 such that

F(ue(v®)) = F(ur(@")) + p (u(t, v°) = u(t,¢°)) >x v’ Vt € [to — 7, t0].

Since

lim u(to —r, ) —u(tg — r, =ty —r, 0—ut—r, 0) >y 0
Gy, o, (ulto =7, ) —ulto =7, 0)) = ulto — 7, 97) —ulto =7, ¢") >x

and
oo F () = Fu(9)) + p (ult ) = u(t, )
= F(us(°)) = F(ug(6”) + p (u(t, ) — u(t, ¢°))

uniformly for ¢t € [ty — r,to], there exist open subsets U, V of C' with ¢ € U
and 1% € V such that for every ¢ € U and ¢ € V, we have u(to — r,¢) —
u(to —r,¢) >x 0 and

At ) SO (4 (e, 0) — u(t,0)
= F(ui(¢)) = F(ui(@)) + p (ult, ¢) — ult, ) >x 0, Vt € [to —r,to].
Note that u(t,¢) and u(t,v) are both classical solutions for ¢ > r. By

Lemma 2.6.1, we then get wu, (v)) — ug,(¢) >, 0, Vi) € V, ¢ € U, and hence
uto(U) SM Ut (V) 1
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Note that in the case where X = R and A is the zero operator, <, reduces
to the exponential ordering introduced by Smith and Thieme [329] for scalar
non-quasi-monotone ordinary delay differential equations.

Let (X;,P;),1 < i < n, be ordered Banach spaces with int(P;) # 0,
and let A; : Dom(4;) — X; be the infinitesimal generator of an analytic
semigroup T;(t) satisfying T;(t)P; C P;,Vt > 0. Let X = [[, X;, P =
[y P T(t) = [[;, Ti(t), A = [I;Z; Ai, Dom(A) = [];_; Dom(4;). Then
A : Dom(A) — X is the infinitesimal generator of the analytic semigroup T'(¢)
defined on the ordered Banach space (X, P). Let B = (b;;) be an n x n matrix
with b;; > 0, V1 <4 # j < n. Define

Kp={oeC: ¢(s)>x0,Vse[-r0], and ¢(t) >x eA(t_s)eB(t_s)¢(s),
YO>t>s>—r}.

Then Kp is a closed cone in C and induces a partial order >p on C.

Remark 2.6.1. By an argument similar to that in Theorem 2.6.1, we can prove
that the solution semiflow of (2.1) is monotone with respect to <p under the
following monotonicity condition:

(Mp)  F(¢) = F(¢) 2x B(¥(0) — ¢(0))  for ¢, € D with ¢ <p 1.

Clearly, in the case where n = 1 and B = —p, >p reduces to >,,. Replac-
ing —p with B in (SM,,), we get a stronger condition (SMp). By a similar
argument as in Theorem 2.6.2, we should be able to prove that the solution
semiflow of (2.1) is strongly order-preserving with respect to <p under (SMp)
and an additional irreducibility assumption. For the details in the special case
where X = R™ and A = 0, we refer to [331].

2.7 Notes

There have been extensive investigations on monotone dynamical systems
(see, e.g., Hess [152], Smith [326] and the references therein). For strongly
monotone continuous-time dynamical systems one has generic convergence:
There is an open and dense subset of the phase space such that any orbit
emanating from it converges to an equilibrium (see Hirsch [160], Pola¢ik [279]
and Smith and Thieme [330]). However, for strongly monotone discrete-time
dynamical systems there is no generic convergence to fixed points; see, e.g.,
Takac [353] and Dancer and Hess [87] for counterexamples in periodic differen-
tial equations, the Poincaré (period) maps of which define strongly monotone
discrete-time dynamical systems. It is well known that for smooth strongly
monotone discrete-time dynamical systems one has generic convergence to
cycles (see Poldcik and Terescédk [280, 281]).

Theorem 2.1.1 is due to Dancer [84]. Remark 2.1.1 seems to be new. Re-
mark 2.1.3 is due to Hsu, Smith and Waltman [174]. Theorem 2.1.2 is due to
Zhao and Jing [444], which is a generalization of Smith [318, Theorem 2.1].
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Theorem 2.2.1 extends Smith [326, Theorem 2.3.1] on strongly order-
preserving continuous-time semiflows to monotone semiflows. A related result
is Jiang and Yu [193, Theorem 3] on global asymptotic order stability for
monotone maps on a strongly ordered space X with the property that every
nonempty and compact subset has both a greatest lower bound and a least
upper bound in X. Theorem 2.2.2 is due to Zhao [432]. Theorem 2.2.3 seems
to be new and is a variant of Smith [326, Theorem 2.3.2]. In the proof of Theo-
rem 2.2.3, we have used Theorem 1.2.2 for global convergence. Theorem 2.2.4
seems to be new and extends Ogiwara and Matano [265, Theorem 2.4] on
local convergence to global convergence. Taka¢ [355] also investigated conver-
gence to a fixed point for a class of strongly monotone discrete-time dynamical
systems in a strongly ordered Banach space.

Theorems 2.3.1, 2.3.2, and 2.3.3 are due to Hirsch [162]. Condition (C3)
was introduced by Zhao [432, Lemma 1] for uniqueness of positive fixed points.
Lemma 2.3.2 is due to Zhao [432], and Theorem 2.3.4 is a generalization of
[432, Theorem 2.3]. Takac [349] established global convergence for subhomoge-
neous (sublinear) and strongly monotone maps, which is an extension of a re-
sult in Smith [317] concerning monotone and concave maps. Jiang [191] proved
convergence for finite-dimensional monotone and subhomogeneous (sublinear)
discrete-time dynamical systems. This result was generalized by Wang [383]
to the Poincaré maps associated with periodic subhomogeneous and quasi-
monotone reaction—diffusion systems subject to Neumann boundary condi-
tions, and by Wang and Zhao [387] to monotone and subhomogeneous dis-
crete dynamical systems on product Banach spaces. Monotone and strictly
subhomogeneous (sublinear) semiflows generated by cooperative systems of
functional differential equations and quasi-monotone reaction—diffusion sys-
tems with delays were studied by Zhao and Jing [444] and Freedman and
Zhao [124], respectively. Theorems 2.2.2 and 2.3.2 were applied to a nonlocal
reaction—diffusion model by Freedman and Zhao [125]. The part metric was
introduced by Thompson [373]. Krause and Nussbaum [205] proved a limit
set trichotomy for part metric contractive maps on solid and normal cones
in Banach spaces, and made a very interesting observation that a monotone
map with strong subhomogeneity is contractive for the part metric on the
interior of the cone. Taka¢ [354] also utilized the concept of part metric for
convergence in discrete dynamical systems. Theorem 2.3.5 and Remarks 2.3.2
and 2.3.3 are due to Zhao [438]. For global convergence in monotone and
uniformly stable skew-product semiflows, we refer to Jiang and Zhao [194].

Theorem 2.4.1 and Proposition 2.4.1 are due to Hsu, Smith and Waltman
[174]. In the proof of Theorem 2.4.1, we have used Theorem 1.2.2 for global
convergence. The notion of compression was introduced by Hess and Lazer
[154]. Theorem 2.4.2 is a generalization of a result in [154]. In the proof of The-
orem 2.4.2, again we have used Theorem 1.2.2. Smith and Thieme [332] studied
stable coexistence and bistability for competitive continuous-time semiflows
on ordered Banach spaces, and showed that a “thin” separatrix separates the
basins of attraction of the two locally stable single-population steady states
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under the assumption that the coexistence steady state is unique. Wang and
Jiang [384, 385] also obtained some general properties for strongly competi-
tive discrete-time dynamical systems on strongly ordered topological vector
spaces.

Section 2.5 is adapted from Jiang, Liang and Zhao [195], where these
results were also applied to three reaction—diffusion systems modelling man-
environment-man epidemics, single-loop positive feedback, and two-species
competition, respectively. The concepts of upper and lower boundaries, order
decomposition, and d-hypersurface were introduced by Hirsch [159] and well
developed by Takéc¢ [350, 351], Wang and Jiang [385], and Liang and Jiang
[224]. Tak&c [355] also employed the d-hypersurface to study the convergence
for monotone discrete-time dynamical systems and two-species periodic com-
petitive reaction—diffusion systems.

Section 2.6 is taken from Wu and Zhao [411] and was motivated by Smith
and Thieme [329, 331], where a nonstandard positive cone was introduced and
applied to non-quasi-monotone ordinary differential equations and systems
with delays. The exponential ordering was also used earlier by Hadeler and
Tomiuk [140] to show the existence of nontrivial periodic solutions of a class
of scalar difference—differential equations.

The theory of abstract competitive systems has found nontrivial applica-
tions to two-species Lotka—Volterra competition reaction—diffusion systems,
see, e.g., He and Ni [147], Lou, Xiao and Zhou [235], Zhao and Zhou [447]
and the references therein. Hsu and Zhao [172] also gave a complete classi-
fication for the global dynamics of a two-species Lotka—Volterra competition
model with seasonal succession. For abstract competitive systems, Lam and
Munther [210] obtained two sufficient conditions that guarantee, in the ab-
sence of coexistence steady states, the global asymptotic stability of one of
two semitrivial steady states.

The monotone dynamical systems approach to traveling waves and spread-
ing speeds has been well developed for discrete- and continuous-time evolu-
tion systems admitting the comparison principle, we refer to Weinberger [401],
Lui [239], Weinberger [402], Li, Weinberger and Lewis [220], Liang and Zhao
[225, 226], Liang, Yi and Zhao [227], Fang and Zhao [110], Ding and Liang
[97] for the theory of monostable waves and spreading speeds; Fang and Zhao
[111] for the general theory of bistable waves.
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Nonautonomous Semiflows

There are many nonautonomous models that describe the population dynam-
ics in a fluctuating environment. Solutions of these systems can generate
nonautonomous semiflows on phase spaces. The purpose of this chapter is
to develop the theory of nonautonomous semiflows. It is well known that the
existence and stability of periodic solutions of a periodic differential system
are equivalent to those of fixed points of its associated Poincaré map (see,
e.g., [152]). In Section 3.1 we introduce the concept of periodic semiflows and
prove that uniform persistence of a periodic semiflow also reduces to that of
its associated Poincaré map under a general abstract setting. To illustrate the
applications of the theory of monotone discrete dynamical systems to periodic
problems, we then discuss periodic cooperative ordinary differential systems
and scalar parabolic equations. In particular, we establish threshold dynam-
ics in terms of principal multipliers and eigenvalues, and show how to obtain
corresponding results for autonomous cases of these systems. Two practical
examples are also provided.

In Section 3.2 we introduce the concept of asymptotically periodic semi-
flows, and show that the long-time behavior of an asymptotically periodic
semiflow reduces to that of a nonautonomous discrete process that is asymp-
totic to the autonomous semiflow defined by the Poincaré map of the limiting
periodic semiflow. Then we prove that an asymptotically periodic differential
system can give rise to an asymptotically periodic semiflow under appropri-
ate conditions, and discuss global dynamics in asymptotically periodic Kol-
mogorov parabolic equations and a periodic mutualism parabolic system as
an illustrative example.

In Section 3.3 we apply the global attractivity theorem for monotone and
subhomogeneous skew-product semiflows in the previous chapter to almost pe-
riodic cooperative ordinary differential systems, scalar delay differential equa-
tions, and reaction—diffusion equations. The existence and global attractivity
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of positive almost periodic solutions are proved. A threshold dynamics result
is also established in terms of principal spectrum points for almost periodic
parabolic problems.

Section 3.4 is devoted to a discussion of continuous processes on a metric
space. We introduce some basic concepts such as limits sets and chain transi-
tive quasi-invariant sets. Then we generalize the no-cycle theorem on uniform
persistence for autonomous semiflows to processes by a skew-product semiflow
approach. We also prove an equivalence theorem on two types of skew-product
semiflows, which enables one to work directly on a concrete nonautonomous
system rather than its generated continuous process in practice.

In Section 3.5 we study solution maps of a large class of abstract func-
tional differential equations (FDEs). Under appropriate assumptions, we show
that the solution maps of such an equation are a-contractions in the phase
space equipped with an equivalent norm. This result can be applied to the
Poincaré maps of periodic evolution systems with time delay, e.g., time-
delayed reaction—diffusion equations, to obtain the existence of periodic so-
lutions without assuming that the time period is greater than or equals the
time delay.

3.1 Periodic Semiflows

Let X be a complete metric space with metric d, and let w > 0. A family of
mappings T(t) : X — X, t > 0, is called an w-periodic semiflow on X if it
satisfies the following properties:

(1) T(0) = I, where I is the identity map on X;
(2) Tt+w)=T(t)oT(w), ¥t > 0;
(3) T'(t)x is continuous in (¢, z) € [0,00) x X.

A point ¢ corresponds to an w-periodic orbit if T'(t+w)xo = T (t)xo, Yt >
0. For an w-periodic semiflow, these zy coincide with the fixed points of its
associated Poincaré map T'(w). The notion of periodic semiflows was moti-
vated by the investigation of periodic problems, since solutions u(t, ) of an w-
periodic differential system on a suitable phase space X satisfying u(0,z) =
define an w-periodic semiflow under appropriate assumptions on existence and
uniqueness of solutions.

3.1.1 Reduction to Poincaré Maps

Let Xy and 0X( be open and closed subsets of X, respectively, such that
XoNoXy=0and X = XoU0dXp, and let T(¢) : X — X, ¢t > 0, be an w-
periodic semiflow with T'(¢) X C Xo, Vt > 0; that is, X, is positively invariant
for T'(t). Note that we do not require 9Xy to be positively invariant for T'(t).
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Definition 3.1.1. A periodic semiflow T'(t) is said to be uniformly persistent
with respect to (Xo,0Xo) if there exists n > 0 such that for any x € Xy,
lim inf;, o d(T(t)x,0Xo) > n.

The following result shows that uniform persistence of a periodic semiflow
T(t) is equivalent to that of its associated discrete semidynamical system {S™}
defined by S = T'(w).

Theorem 3.1.1. Let T'(t) be an w-periodic semiflow on X with T(t)Xy C
Xo, Vt >0, and S = T(w). Assume that S : X — X is asymptotically smooth
and has a global attractor. Then uniform persistence of S with respect to
(Xo,0Xo) implies that of T(t) : X — X. More precisely, S : Xo — Xo admits
a global attractor Ay C Xo, and the compact set Al = Up<i<o,T (t)Ao C Xo
attracts every point in Xo for T (t) in the sense that lim;_,o d(T(t)x, A§) =0
for any x € Xo.

Proof. Assume that S : X — X is uniformly persistent with respect to
(Xo,0Xp). Then Theorem 1.3.6 implies that S : Xy — X, admits a global
attractor Ay C Xy. By the compactness of Ay and the continuity of T'(¢)x for
x € X uniformly on the compact set [0,w], it easily follows that for any e > 0,
there is 6 > 0 such that for any = € N (A, d), the é-neighborhood of Ag, and
any t € [0,w], T(t)x € N(T'(t)Ao,€), and hence
13% d(T(t)x, T(t)Ag) =0 uniformly for ¢ € [0, w]. (3.1)
z—Ag
Since Ag is invariant for S (i.e., S(4g) = Ap) and T(t) is an w-periodic
semiflow, Ag = S"(Ag) = T'(nw) A for all n > 1.
Let zp € Xo be given. By the global attractivity of Ag in Xp, it follows
that
lim d(T(nw)xzo, Ag) = nh_)ngo d(S"xp, Ag) = 0. (3.2)

n—00

For any ¢ > 0, let t = nw+t', where n = [t/w] is the greatest integer less than
or equal to t/w and ¢’ € [0,w). Then

d (T (t)xo, T(t)Ag) = d (T (t")T (nw)xo, T(t')T (nw)Aop)
=d(Tt)T (nw)zo, T(t')Ao),
and hence (3.1) and (3.2) imply that
tli}IEOd(T(t)ilfo,T(t)Ao) =0. (3.3)

By the continuity of T'(t)z for (t,z) € [0,00) x X and the compactness of
[0,w] x Ap, it follows that Af = Up<i<w T (t)Ag is compact. Since T'(¢)Xo C
Xo, Yt > 0, we have A§ C Xo. In view of the invariance of Ay for S = T'(w),
we further obtain U;>oT'(t)A0 = Uo<i<wT(t)Ao = Af. Consequently, (3.3)
implies limy_, o d(T(t)xo, A) = 0. ]

By Theorem 3.1.1 above, we can reduce uniform persistence of a given
periodic (autonomous) system of differential equations to that of its associated
Poincaré map (the time w-map for any fixed w > 0).
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3.1.2 Monotone Periodic Systems

Let w > 0 be fixed. We first consider periodic systems of ordinary differential

equations
dz

dt
z(0) =x0 € RY,

where = (21,...,2,) € R” and R} = {z e R" : 2; > 0,1 < i < n}.
We assume that F : R}F x R? — R™ is continuous and w-periodic in ¢, and
that all partial derivatives OF;/0z;, 1 <14,j < n, exist and are continuous on
R! x R7.

In what follows, we take R™ as an ordered Banach space with its natural
cone R’} and denote the interior of R’} by int(R’}). An n x n matrix A is said
to be quasi-positive if its off-diagonal entries are nonnegative. It is irreducible
if viewed as a linear mapping from R" to R", it does not leave invariant any
proper linear subspace spanned by a subset of the standard basis vectors of
R™. For other equivalent definitions of irreducibility, we refer to [19, 158].
Assume that

(A1) Fi(t,x) >0 for every x > 0 with z; =0, t e RL, 1 <i < m;
(A2) 7 > 0,0 # j, V(t,2) € Ry x Ry, and D, F(t,z) = (9F;/dx;)
is irreducible for each t € R, z € R.

=F(t.2), (3.4)

1<i,j<n

Then for every € R”}, there exists a unique solution (¢, ) of (3.4) with the
maximal interval of existence I (x) C [0, +00) and ¢(t,x) > 0, Vt € I (z). If
there exists a relatively open and convex subset U of R”} such that for every
z € U, p(t,z) is bounded on I (z), then IT(z) = +00. We can define the
Poincaré map S : U — R by

S(u) = p(w,u), Yue U.

By a Kamke’s theorem argument, it follows that S : U — R’} is strongly mono-
tone (e.g., see [158, Theorem 1.5]). Now let x(t) be a nonnegative w-periodic
solution of (3.4) and consider the corresponding linear periodic systems

dz

&= D, F(t,z(t))z. (3.5)

By (A2), A(t) :== D, F(t,x(t)) is a continuous, w-periodic, quasi-positive, and
irreducible matrix function. Let I be the n x n identity matrix and let ¢(t) be
the fundamental matrix solution of (3.5) with ¢(0) = I. By [19, Lemma 2] or
[158, Theorem 1.1], for each t > 0, ¢(t) is a matrix with all entries positive, and
hence for each t > 0, ¢(¢) : R — R" is a compact and strongly positive linear
operator. By the continuity and differentiability of solutions for initial values,
it easily follows that the Poincaré map S associated with (3.4) is defined in a
neighborhood of zy = (0) and differentiable at o, with DS(zg) = ¢(w). The
eigenvalues of ¢(w) are often called the Floquet multipliers of (3.5). Based
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on the Krein-Rutman theorem (or on the Perron-Frobenius theorem in our
present finite-dimensional case), we call p = r(¢(w)) the principal Floquet
multiplier of (3.5).

In what follows, we further impose the following conditions on F":

(A3) For each t > 0, F(t,-) is strictly subhomogeneous on R’} in the sense
that F(t,az) > aF(t,z), Vo > 0, a € (0,1);
(A4) F(t,0) =0, and F(t,z) < Dy F(t,0)z, V¢ > 0, > 0.

Let A(t),t > 0, be a continuous, quasi-positive, and irreducible matrix
function, and let ¢(¢,7), t > 7 > 0, be the fundamental matrix solution of
dx/dt = A(t)x with ¢(7,7) = I. By the proof of [19, Lemma 2] or [158, Theo-
rem 1.1], it follows that for each t > 7, ¢(t,7) : R™ — R™ is a strongly positive
linear operator. By using the variation of constants formula for inhomogeneous
linear ordinary differential equations, one can easily prove that (A3) implies
the strict subhomogeneity of the Poincaré map on R’}, and that (A4) implies
S(z) < DS(0)z, Vx > 0. Thus, we can apply the theory of monotone and
subhomogeneous systems in Chapter 2 to the Poincaré map associated with
(3.4). As an illustration of Theorem 2.3.4, we have the following result.

Theorem 3.1.2. Let (A1),(A2), and (A3) hold. Assume that F(¢,0) =0 and
that there exists a bounded subset B of R} such that every solution x(t) of
(8.4) ultimately lies in B. Let p be the principal Floquet multiplier of (3.5)
with z(t) = 0.

(a) If p < 1, then z(t) = 0 is a globally asymptotically stable periodic solution
of (8.4) with respect to the initial values in R’} ;

(b) If p > 1, then (8.4) has a unique positive w-periodic solution x(t), and (t)
is globally asymptotically stable with respect to initial values in R’} \ {0}.

Ezample 3.1.1. Consider single-loop positive feedback systems in R”} (see [317,
349]):

dx

dtl = f(xn,t) — a1 (t)z1,

o (3.6)
dtl =x;-1 —a;(t)z;, 2<i<n

Assume that a;(-) and f(z,,-) are continuous and w-periodic in ¢ € [0, 00),
that f(0,t) = 0, f(u,t) > 0, g{; (u,t) > 0 is continuous in R2, and that
for each ¢ > 0, f(-,¢) is strictly subhomogeneous on R%; that is, for any
t>0,u>0,and 0 < a <1, f(au,t) > af(u,t). It is easy to verify that (A1),
(A2), and (A3) are satisfied for (3.6). Set a; := ming<¢<, a;(t), V1 < i < n.
If we further assume that there exist two positive numbers a and b such that

flu,t) <au+b, V(u,t) GR?H a; >0,V1<i<n, and a < Hai,
i=1
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then the ultimate boundedness of (3.6) follows from that of a nonhomoge-
neous linear system that majorizes (3.6) (for some details, see [317]). Thus,
Theorem 3.1.2 applies to (3.6). A similar result was proved in [317] under the
assumption that f(-,¢) is strongly concave.

Let 2 C RY (N > 1) be a bounded domain with boundary 942 of class
C?*9(0 < # < 1). We then consider periodic scalar parabolic equations

?;Z + A(t)u = f(z,t,u) in 2 x (0,00),
Bu=0 ondf2 x (0,00), (3.7)
u(-,0) =wup in £2,
where
N 52 N P
Alt) = — Z aij(:v,t)ax_ax_ + Zai(x,t)ax_ + ag(z,t)
i,j=1 T =1 !

is uniformly elliptic for each t € [0,w]; a;j(x,t), a;(z,t),1 < 4,5 < N, and
f(z,t,u) are w-periodic in ¢; Bu = u or Bu = gz + bo(x)u, where ;v denotes
the differentiation in the direction of the outward normal; and bg(x) > 0. Let

Q. = 2 x [0,w]. We suppose that

(B1) ajr = ax; and a; € C%%/2(Q,),¥1 < j,k < N,0 < i < N, and by €
C'(092,R);
(B2) feC(Q,xRR), gf: exists, and gf: € C(Q, xR,R) with f(-,-,u) and

gi (-, u) € C%972(Q,,,R) uniformly for u in bounded subsets of R.

Let X = LP(£2), N < p < o0, and for 8 € (1/2+ N/(2p), 1], let Xg be the
fractional power space of X with respect to (4(0), B) (see [150]). Then Xz is
an ordered Banach space with the order cone X; consisting of nonnegative
functions. Moreover,

X1 = W2EP(0) = {u € W2P(Q); Bu= o}, X5 C CHNQ),

with continuous inclusion for A € [0,28 — 1 — N/p), and Xg has nonempty
interior. By [152, Section IIL.20], it follows that for every ug € Xg, there
exists a unique regular solution ¢(t,ug) of (3.7) with the maximal interval
of existence It (ug) C [0,00), and (¢, up) is globally defined, provided that
there is an L*°-bound on ¢(t, uo).

Let E = Xg with g € (1/2 + N/(2p),1] and assume that there exists
an open subset U of E such that for every u € U, ¢(t,u) is L*>°-bounded
on I (u). Then I't(u) = +oo. We define the Poincaré map S : U — E by
S(u) = p(w,u). By an argument similar to that of [152, Proposition 21.2], it
follows that S : U — FE is continuous and strongly monotone. Moreover, S
maps any order interval in U to a precompact set in E. Clearly, a fixed point
ug of S corresponds to an w-periodic solution (¢, ug) of (3.7).
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Let u(t,z) be an w-periodic solution of (3.7). Consider the corresponding
linear periodic parabolic equation

ov af
at + A(t)’U - au (‘Tu tau(tu :E))Ua
Bv = 0;
that is,
ov
Alt)v =
o TADY=0, (3.8)
Bv =0,

where A(z,t)v = A(x,t)v — gi (x,t,u(t,x))v. According to [152, Chapter II],
(3.8) admits an evolution operator U(t,7), 0 < 7 < t < w, and for any
0<7<t<w, UltT)is a compact and strongly positive operator on E =
Xp. By [152, Proposition 23.1], the Poincaré map S associated with (3.7) is
defined in a neighborhood of uy = u(0,-) and Fréchet differentiable at wo,
with DS(ug) = U(w,0). Let r = r(DS(up)). Then by [152, Proposition 14.4],
W= —% log(r) is the unique principal eigenvalue of the periodic—parabolic

eigenvalue problem

ov
5t + A(t)v = pv,

Bv =0, (3.9)
v w-periodic.

For various properties and estimates of principal eigenvalues of linear periodic—
parabolic problems, we refer to [152, Sections I1.15 and 17] and [188, 187].
In what follows, we further assume that

(B3) f(x,t,0) >0, and for every (z,t) € 2 xR, f(x,t,-) is subhomogeneous
on I C [0,00); that is, f(z,t,au) > af(x,t,u) for every a € (0,1) and
u € I with u > 0; and for at least one (x,%y) € 2 X R, f(xo,to,-) is
strictly subhomogeneous; that is, f(zo,to, au) > af(xo,to, u) for every
a € (0,1) and w € I with u > 0.

(B4) f(--,0) =0, f(z,t,u) < YTy v(z,t) € 2 x R,u > 0, and there
exists (xg,%0) € £2 X R such that f(xg,to,u) < af(xgjo’o) ~u, Yu > 0.

Let V ={u e U: u(z) >0 and u(x) € I, Vz € 2}. By the strong positiv-
ity of the evolution operator U(t,7) on FE for 0 < 7 < t < w and the variation
of constants formula for inhomogeneous linear evolution equations, it easily
follows that (B3) implies the strict subhomogeneity of the Poincaré map S on
V, and (B4) implies S(u) < DS(0)u, Vu € V with u > 0. In the case where
f(z,t,0) =0, we have DS(0)u = po(w,u), Yu € E, where po(t,u) = U(t,0)u
is the regular solution of (3.8) with u(t,z) = 0.

In the case where f(z,t,u) = uF(z,t,u), let p = p(A(t), F(z,t,0)) be the
principal eigenvalue of the periodic parabolic problem
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?;t) + A(t)v = F(z,t,0)v + po,

Bu =0, (3.10)
v w-periodic,

and let v*(z,t) be a principal (positive) eigenfunction associated with
w(A(t), F(z,t,0)). Then we have the following results.

Theorem 3.1.3. Let f(z,t,u) = uF(z,t,u) and let (B1) and (B2) hold.

Assume that

(1) There exists Ko > 0 such that F(x,t,u) < 0, V(z,t) € 2 x [0,w], u > Ko;
(2) u(A(t), F(x,1,0)) < 0.

Then there exist two positive w-periodic solutions ui(t) < uz(t) of (3.7) such
that for any solution u(t) of (3.7) with u(0) € XE{ \ {0},

tlgrolo distx, (u(t), [u1(t), uz(t)]) = 0.

Proof. By assumption (1), every constant K > Kj is a supersolution of
(3.7), and hence for every ug € X; \ {0}, the solution p(t,ug) of (3.7) exists
globally on I (ug) = [0,00). Let S : up — »(w,ug) be the associated Poincaré
map. It is easy to see that every possible nonnegative w-periodic solution
u(t, z) satisfies 0 < u(t,x) < Ky. By a standard iteration argument for S,
it follows that for every ug € E with up > 0, there exists N = N(ug) > 0
such that 0 < 8™(ug)(z) < Ko, Yz € 2,n > N. According to [85, Section 2]
or [152, Section II1.21], we may assume, without loss of generality, K, €
E. Consequently, the conclusion of the theorem follows from Theorem 2.1.1
with Remark 2.1.2, and Theorem 2.1.2 with Remark 2.1.5, as applied to S :
[O,KO]E — [O,Ko]E. |

Theorem 3.1.4. Let f(z,t,u) = uF(z,t,u) and let (B1) and (B2) hold. As-
sume that

(1) For any (z,t) € 2 x [0,w] and any u > 0, F(z,t,u) < F(x,t,0), and for
at least one (zg,t0) € 2% [0,w] and any u > 0, F(xg,to,u) < F(xo,to,0);
(2) n(A(t), F(x,t,0)) = 0.

Then u = 0 is globally asymptotically stable with respect to initial values in
X4
B

Proof. For each ug € X;, there is positive number & such that ug < kv*(-,0).
By assumption (1) and the comparison theorem of scalar parabolic equations,
it follows that the solution ¢(t, ug) of (3.7) exists on [0, +00), and

o(t,up)(x) < ke Mo*(z,t) < kv*(x,t), Vt > 0,2 € £2.

In particular, S™(ug) = ¢(nw,ug) C [0,kv*(-,0)]g, Vn > 0. Thus, the pre-
compactness of S([0, kv*(-,0)]g) implies that the positive orbit v (ug) =
{8™(up) : n > 0} is also precompact in E. Clearly, assumption (1) implies
(B4). Now the conclusion follows from Theorem 2.2.2 with V' = Xg. ]
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Theorem 3.1.5. Let f(x,t,u) = uF(z,t,u) and let (B1) and (B2) hold. As-
sume that

(1) For each (z,t) € 2 x [0,w], F(x,t,-) is decreasing on [0,00), and for at
least one (xg,to) € 2 x [0,w], F(xzo,to,-) is strictly decreasing on (0,00);
(2) There exists a positive supersolution V' for the periodic boundary value

problem (3.7).
Then the following threshold dynamics hold:

(a) If p(A(t), F(z,t,0) > 0, then u = 0 is globally asymptotically stable with
respect to initial values in X7 ;

(b) If u(A(t), F(x,t,0) < 0, then there exists a positive w-periodic solution
uo(t) of (3.7), and uo(t) is globally asymptotically stable with respect to
initial values in X; \ {0}.

Proof. For any p > 1, assumption (2) implies that pV is also a superso-
lution of (3.7). Thus, every solution of (3.7) with nonnegative initial val-
ues exists globally on [0,00). Obviously, assumption (1) implies (B3) with
I = [0,00) and hence the strict subhomogeneity of the associated Poincaré
map S : X; — Xg. Without loss of generality, we may assume that
V(0) € E = Xg (see [85, Section 2] or [152, Chapter II1.21]). Then Theo-
rem 2.3.4 with V =10, pV(0)]g, Vp > 1, completes the proof. ]

Now we discuss the case that (3.7) is autonomous, that is, A(z,t) = A(x)
and F(x,t,u) = F(z,u). We distinguish two cases:

(I)  ap(z) >0, with ag(z) Z 0 if by(z) = 0;
(N) ap(z) =0, by(z) = 0.

In case (I), we assume m € C%(£2) and m(x) > 0 at some =z € (2. By
[152, Theorem 16.1 and Remark 16.5], it follows that the elliptic eigenvalue
problem

A(x)u = dm(z)u in §2,

3.11
Bu=0 on 912, ( )

has a unique positive principal eigenvalue Ai(m). For any w > 0, let
w(A, m(x),w) be the principal eigenvalue of periodic parabolic problem (3.10)
with F(z,t,0) replaced by m(z). By [152, Section II.15 and Remark 16.5], it
follows that if A;(m) < 1, then p(A,m(z),w) < 0, and if A;(m) > 1, then
p(A,m(z),w) > 0. As a corollary of Theorem 3.1.5, we have the following
result.

Theorem 3.1.6. Let A(x,t) = A(x), f(x,t,u) = uF (z,u) and let (B1), (B2),
and (I) hold. Assume that

(1) F(x,0) > 0 for some x € £2;
(2) For any x € §2, F(x,-) is decreasing on [0, 00), and for at least one xy € §2,
F(xo,-) is strictly decreasing on (0,00);
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(8) There exists a positive supersolution V' for the corresponding steady state
problem
A(z)u = uF(z,u) in 2,
Bu=0 on 0f2.
Then the following threshold dynamics hold:

(a) If \i(F(x,0)) > 1, then (5.12) has no positive solution in Xg, and v =0
is a globally asymptotically stable solution of (3.7) with respect to initial
values in X ;

(b) If \1(F(x,0)) < 1, then (3.12) has a unique positive solution uy in Xg,
and u = g s a globally asymptotically stable solution of (3.7) with respect
to initial values in Xg \ {0}.

(3.12)

Proof. Let w > 0 be fixed, and we view autonomous parabolic equation (3.7)
as an w-periodic one. Then the conclusion (a) follows from Theorem 3.1.5(a).
In the second case, by Theorem 3.1.5(b), (3.7) has a unique positive w-periodic
solution ug(t, ), and ug(t,z) is globally asymptotically stable in Xg \ {0}.
For any s > 0, since (3.7) is autonomous, ug(t + s,z) is also an w-periodic
solution of (3.7). By the uniqueness of the positive w-periodic solution, we
then get ug(t+s,z) = uo(t, z), Vt € [0,w], x € 2. This implies that ug(t, z) =
uo(0, ), Vt € [0,w], z € £2, and hence ug is a steady-state-solution of (3.7). u

For the case (N), according to [152, Theorem 16.3 and Remark 16.5], we
can also discuss the global asymptotic stability of steady-state-solutions of
the corresponding autonomous equation (3.7) in a similar way.

Ezxample 3.1.2. We consider a reaction—diffusion equation of single population
growth, which is deduced from a competition model in an unstirred chemostat
(see [344, 171)):

ou  0%u

5¢ _dax2 + F(p(x) —uw)u, t>0,0 <z <1,

ou . Ou B (3.13)
200 =0, 0" (1.1 + yu(t 1) =0,

u(0,x) = uo(z) with 0 < ugp(z) < ¢(x), Vo € (0,1),

where d > 0, ¢(z) = S© (1J,;'Y —:v) 0<z<1,80 >0,v>0,and F is
the typical Michaelis—-Menten—Monod response function

F(s) = ms , Vs >0, with m >0,a>0.
a—+s

In what follows, we consider a more general function F'(s) satisfying
F(0)=0 and F'(s) >0, Vs > 0. (3.14)

Let Ao = Mo (F(¢(x))) > 0 be the first eigenvalue of
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P AF(é(z))v =0,
0,

dx? (3.15)
v'(0) =0, /(1) + yv(1) = 0.

Then we have the following result.

Proposition 3.1.1. Assume that (3.14) holds. Then we have the following
threshold dynamics:

(a) If \o(F(¢p(x))) > 1, then u = 0 is a globally asymptotically stable steady-
state-solution of (3.13) with respect to nonnegative initial values.

(b) If \o(F(¢(x))) < 1, then (3.18) has a globally asymptotically stable pos-
itive steady-state-solution ug(x) with uo(z) < ¢(x), Vo € (0,1), with re-
spect to positive initial values.

Proof. For the use of Theorem 3.1.6, let F‘(s),s € R, be a continuously
differentiable extension of F(s) on [0,00) to R satisfying F'(s) > 0,Vs € R.
Consider the autonomous parabolic equation

ou 0%y .

5t _d8x2 + F(p(x) —uw)u, t>0,0< 2 <1,

ou . Ou . (3.16)
8$ (t7 0) - 07 8$ (t7 1) + ’Yu(tu 1) - 07

u(0,2) = up(z) > 0.

Let Ko = S©. 1:7. Then ¢(x) < Ko, Vz € (0,1), and hence F(¢(x)—Ky) < 0.
Then Theorem 3.1.6 implies the corresponding conclusion for (3.16). By a
comparison argument, it easily follows that for any 0 < ug(z) < ¢(x), the
solution u(t, z) of (3.16) satisfies 0 < u(t,z) < ¢(x), V¢t > 0,z € {2, and hence
the conclusion for (3.13) follows. ]

3.2 Asymptotically Periodic Semiflows

Let (X,d) be a metric space. A continuous mapping @ : Ag x X — X, Ay =
{(t,s) : 0 <s <t< oo}, is called a nonautonomous semiflow if ¢ satisfies the
following properties:

(i) D(s,s,2) =2, Vs>0,z€ X;
(i) 2(t, 5, (s, 7, 2)) = D(t,r,x), VE=s=>72>0.

Definition 3.2.1. A nonautonomous semiflow ¢ : Ag x X — X is called
asymptotically periodic with limit w-periodic semiflow T'(t) : X — X, t >0, if

D(t; + njw,njw,z;) — T(t)z, asj — oo,

for any three sequences t; — t,n; — oo, x; — x, withx,x; € X.
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3.2.1 Reduction to Asymptotically Autonomous Processes

Let @ : Ag x X — X be an asymptotically periodic semiflow with limit
w-periodic semiflow T'(t) : X — X, ¢ > 0. Define

S(z) =T(w)(x), Ve € X; T,(x) =P(nw,0,x),Vn € N, z € X;

and
Sp(z) =D((n+ Dw,nw, z), Y/n €N, z € X.

By the properties of nonautonomous semiflows, it then follows that
Tp(x) = Sp—108Sp-20---08108)(x), Vn>1zeX.

By Definition 3.2.1, it is easy to see that lim(, ;) (c0,z0) Sn(x) = S(x0). Con-
sequently, T, : X — X, n > 0, is an asymptotically autonomous discrete
process with limit autonomous discrete semiflow S™ : X — X, n > 0, in the
sense of Definition 1.2.2.

We are now in a position to prove the main result of this subsection.

Theorem 3.2.1. Let & : Ag x X — X be an asymptotically periodic semi-
flow with limit w-periodic semiflow T(t) : X — X,t > 0, and Tp(z) =
P(nw,0,z),n >0,z € X, and S(z) = T(w)z, v € X. Assume that Ay is a
compact S-invariant subset of X. If for some y € X, lim, o0 d(T(y), Ao) =
0, then lim;_,o d(P(t,0,y),T(t)Ag) = 0.

Proof. We first prove the following claim.

Claim. 1im (, 5y (00, A0) A(P(t+nw, nw, z), T (t) Ag) = 0 uniformly for ¢ € [0, w].
More precisely, for any € > 0, there exist § = d(e) > 0 and N = N(e) > 0 such
that for any « € B(Ap,d), n > N, and t € [0,w], we have (¢t + nw,nw, z) €
B(T(t)Ag, ), where B(A,d) = {:v :d(z, Ag) < 4} is the d-neighborhood of
Ap.

Indeed, let g € X be given. For any € > 0, since T'(t)zo is uniformly contin-
uous for ¢ in the compact set [0, w], there exists dg = do(€) > 0 such that for
any t1,ts € [O,w] with |t1 — t2| < 60,

|7 (t1)x0 — T(t2)xo0]| < €/2.

For any to € [0,w], by Definition 3.2.1, lim ¢ n,2)— (to,00,20) P(t + nw, nw, x) =
T(to)xzo, and hence there exist § = §(tg,€) < dp and N = N(tg,¢) > 0 such
that for any |t — to| < d, n > N, and = € B(xo, ), we have

|2(t + nw, nw,x) — T(to)zol| < €/2.
Let I(to,0) = (to — 6,to + 6). Since Uy, ejo,u11(to,0) 2 [0,w], the compactness

of [0,w] implies that there exist ¢y, ta, ..., tm € [0,w] such that UM, I(x;,d;) 2
[0,&)]. Let N* = maxlgigm{N(ti, E)}, o = minlgigm{&- = 5(&', E)} Then for
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any x € B(xg,0*), n > N* and t € [0,w], there exists some 1 < i < m such
that t € I(¢;,0;). Sincen > N* > N;, |[z—xzo| < 6* < §;, and [t—t;| < &; < do,
we get

|D(t + nw, nw, z) — T(t)xo| < ||P(t + nw, nw, x) — T (t;)xo|
+ T (t:)wo = T(t)zol
<e/2+¢/2=¢.
Then
lim  (P(t + nw,nw,z) — T(t)xo) = 0, uniformly fort € [0,w].

(n,z)—(oc0,x0)
For any € > 0 and z¢ € Ay, there exist § = d(e,x0) > 0and N = N(e,z) >0
such that for any « € N(x,d), n > N, and ¢ € [0,w],

D(t + nw,nw, x) € B(T(t)xo, €).

Since Ay C Ugyea,B(x0,d/2), by the compactness of Ag,there exist
T1,Ta,...,T € Ag such that Ag C Ui-c:lB(,Ti, 61/2) Let 6* = minlgigk{&-ﬂ}.
For any z € B(Ay,0*), there exists € Ag such that d(z, z) < 6*. Then there
exists x;, 1 < ¢ <k, such that « € B(x;,0;/2). Thus

d(z,x;) < d(z,z) +d(x,x;) <8 +8;/2<6;/2+6;/2 = 0dy;

that is, 2 € N(x;,d;). Then N(Ag,d*) C U B(x;, ;). Therefore, for any
x € B(Ap,6%), n > N* = maxi<i<k{N(e,x;)}, and t € [0,w], there exists
some x;, 1 < i < k, such that x € B(x;,9;), and hence n > N* > N;(e, ;).
Then we have

D(t + nw,nw, z) € B(T(t)z;,€),
which implies d(®(t + nw, nw, x), T(t)Ag) < €, and hence

lim d(P(t + nw,nw, z),T(t)Ap) = 0, uniformly fort € [0, w].
(n,z)—(00,A0p)

For any ¢t > 0, let t = nw + t/, where n = [t/w] is the greatest integer less
than or equal to t/w and t' € [0,w). Then &(t,0,y) = P(¢, nw, P(nw,0,y)),
and by the S-invariance of Ag, T(t)Ag = T(t')T(nw)Ay = T(t')Ap. Since
limy, - 00 d(P(nw, 0,y), Ag) = limy, 00 d(Tn(y), Ag) = 0, the claim above im-
plies that

Jim d(®(t,0,y), T(t)Ag) = Jim d(P(t' 4+ nw,nw, P(nw,0,y)), T(t')Ag) = 0.
—00 —0o0

This completes the proof. [

By Theorem 3.2.1, we can reduce the study of asymptotic behavior of an
asymptotically periodic semiflow @ : Ay x X — X with limit w-periodic
semiflow T(¢t) : X — X, t > 0, to that of its associated asymptotically
autonomous discrete process T,, : X — X,n > 0, with limit autonomous
discrete semiflow S™ : X — X,n > 0, where S = T'(w) : X — X is the usual
Poincaré map associated with the w-periodic semiflow T'(¢) : X — X, ¢ > 0.
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3.2.2 Asymptotically Periodic Systems

In this subsection we show that an asymptotically periodic differential sys-
tem can give rise to an asymptotically periodic semiflow under appropriate
conditions, and give some illustrative examples.

Consider the nonautonomous parabolic systems

ou

8ti + A;(Du; = fi(z,t,ur, .. um)  in £2 % (0,00),

(3.17)
Biu; =0 on 0 x (0,00),

where 1 <i <m, 2 C RV (N > 1) is a bounded domain with boundary 952
of class C279 (0 < 0 < 1),

N N
i 9? i 9 i .
Ai(t)v = — E a;k)(:v,t)ax_;xk + E a§ )(x’t)(?::- —I—GE))(x,t)v, 1<i<m,
Jrk=1 J =1 J

are linear uniformly elliptic differential expressions of second order for each ¢ €
[0,w], w > 0, and A;(t) are w-periodic in ¢, and B;v = v or B;v = gZ—i—béZ) (2)v,
where 8‘3; denotes differentiation in the direction of the outward normal n to
0. We assume that ayk) = agj), a;l) and a,(f) € C99%(Q,), CL((JZ) >0,1<

Gk <N,1<i<m, Q,=120x[0,w],and b\’ € C1H0(H2,R), b’ > 0,1 <
1< m.
We further impose the following smoothness condition on f = (f1,..., fm):

(H) fi € C(2 xRy xR™,R), J1 exists and 37 € C(2 xRy xR™,R), and for
each T' > 0, we have f;(-,-,u) and gf:] (-, u) € C%/2(Qp, R) uniformly
for w = (u1,...,un) in bounded subsets of R™, 1 < 4,5 < m.

Let X = LP(£2), N < p < o0, and for 8 € (1/2 + N/(2p),1), let E; =
Xéz), 1 <7 < m, be the fractional power space of X with respect to (A;(0), B;)
(e.g., see Henry [150]). Then E; is an ordered Banach space with the order
cone P; consisting of all nonnegative functions in F;, and P; has nonempty
interior int(P;). Let P =[]\, P, and E = [[;*, E;. Then (E, P) is an order
Banach space. By an easy extension of some results in [152, Section IT1.20] to
systems, it follows that for every u = (uq,...,u;) € E and every s > 0, there
exists a unique regular solution ¢(¢, s, u) of (3.17) satisfying ¢(s, s,u) = u with
its maximal interval of existence I*(s,u) C [s,00), and ¢(t, s, u) is globally
defined, provided that there is an L*°-bound on ¢(t, s, u).

We assume that each f{ is w-periodic in ¢ and satisfies (H). For any u € E,
let ¢o(t,s,u) be the unique solution of the following w-periodic system of
parabolic equations:

Ou; + A;(t)u; = f?(x,t,ul,...,um) in 2 x (0, 00),

ot (3.18)

Biu; =0 on 9 x (0,00),
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with ¢o(s,s,u) = u, and let T(t)u = ¢o(t,0,u). Then we have the following
result.

Proposition 3.2.1. Let [ = (fi,-.,fm), fo = (fs--, ) lullp =
oy luill g, Yu € B, and |u] = 377" Jui], Yu € R™. Assume that

(1) im0 | f (2, t,u) — fo(z,t,u)| = 0 uniformly for x € 2 and u in any
bounded set of R™;

(2) Solutions of (3.17) and (3.18) are uniformly bounded in E; that is, for any
r > 0, there exists B = B(r) > 0 such that for any v € E with ||u| <,
we have ||p(t, s,u)|| < B(r) and ||po(t, s, u)|| < B(r), Vt > s > 0.

Then for any given positive integer k and real number r > 0, we have

i 9(¢ + nw, nw, w) = T(t,u) = 0

uniformly for t € [0,kw] and ||ul] < r. In particular, for any v € E,
v (u) = {¢p(nw,0,u);n > 0} is precompact in E, and ¢ : Ay x E — E is an
asymptotically periodic semiflow with limit periodic semiflow T(t) : E — E,
t>0.

Proof. For any u € FE, the uniform boundedness implies that for any s >
0, ¢(t,s,u) and ¢o(t,s,u) exist globally on [s,00). Given r > 0, let B =
B(r) be as in assumption (2). Then there exists By = Bi(B) > 0 such that
[6((t, s, u)ll () < Brand [[¢o((t, s, u)|c(p) < Brforallt > s > 0andu € E
with |lu]| <. Let

o(t, nw,u) = a(t) = (a1(t), ..., um(t)), YVt > nw, n >0,

and
do(t,nw,u) =u(t) = (ur(t),...,um(t)), Vt > nw, n > 0.

Let U;(t, 7) be the evolution operator generated by A;(t), 1 <i < n (see [152,
I1.11]). Then, by the variation of constants formula (see, e.g., [152, 111.19]),

we get
t

U (t) = U; (¢, nw)uy; +/ Ui(t, s) fi(-, s, u(s))ds

nw

and

w;i(t) = U;(t, nw)u; +/ Ui(t, s)f2 (-, 5,u(s))ds, Yt € [nw, (n + k)w].

nw

Let Dy, = 2 X [nw, (n+ k)w] x [0, By]™ C RY x Ry x R™. Then
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t
~ 0 ~ 0
% (t) — ui(t)|l 5 S/ Uit 8)lo g - 177G s5a(s)) = £ 8, u(s)) || ds
nw

n / WUt o g - | 5,0()) — SO, s, (s))] ds

w

<ao [ U)o - 3(s) = (o)) ds

w

t
+/ U3t $)llo,5 - || fi = inHC(Dm,R) ds.

w

For a fixed a € (8,1), using the estimates (see [152, I1.11])
Ui (t, S)H(M-; <c(t—s)"% Vit >s,
and

t kw)l—
/(t—s)fadsg(lw) , Yw <s<t<(n+kw,

w

we have
() = u(®)] = 12:(t) — )]

< [ -9 is) - uls)] ds

w

t
T / (t= )" 1 = Follop, s 5

w

where ¢ = ¢(k,r) > 0, and hence, by a version of Gronwall’s inequality (see,
e.g., [152, Lemma 19.4]), we get

[6(t, nw, w) = go(t, nw, u)l|p = [[a(t) = u(®)llp < ellf = follow,, mm)

for all t € [nw, (n + k)w] and |Jul| 5 < 7. Since (3.18) is an w-periodic system,
we have ¢o(nw + t,nw, u) = ¢o(t,0,u) = T(t)u. Thus, for any ¢ € [0, kw] and
Jull <,
lo(nw + t, nw,u) — T(t)u||,8 = ||¢(nw + t,nw, u) — ¢o(nw + t, nw, U)HB
< EHf - f0||c(Dm,1Rm) :
It then follows that

ILm (p(nw + t,nw,u) — T(t)u) =0 (3.19)
uniformly for ¢ € [0,kw] and |ju|| < 7. For any u € E, let T,(u) =
d(nw,0,u), Sp(u) = ¢((n + Dw,nw,u), and S(u) = T(w,u). Then (3.19)
implies that
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lim ||S,(u) — S(u)||z =0, uniformly for ||jul| < r.
n—oo

For any u € E, by the uniform boundedness of solutions of (3.17), there
exists 7 > 0 such that ||¢(t,s,u)||z < r,Vt > s > 0. Then ||T,(u)||p =
|¢(nw,0,u)|| < r,n >0, and hence

T [T (u) = S(Tu(w) [ = T [|S(Tu(w)) — S(T() |, = 0. (3.20)

Since S is the Poincaré map of the periodic parabolic system (3.18), S :
E — E is continuous and compact (see, e.g., [152, II1.21]). Then S(y* ( ) is
precompact in E, and hence (3.20) implies that v+ (u) = {T},(u) : n > 0} is
precompact in E.

For any (tp,ug) € Ry X E, let k € N,k > 0, and » > 0 be such that
to € [0, kw] and |Jug|| < r. For any ¢ € [0, kw] and |lu|| <,

lo(t + nw, nw,u) — T(to)uo|| g
< ot + nw, nw, u) = T(t)ull g + | T()u — T'(to)uo) 5 -

By (3.19) and the continuity of T'(¢)u for (¢,u) € Ry x E, it then follows that

lim lo(t + nw, nw,u) — T (to)uol| g = 0.
(t,u,n)—(to,u0,00)

Thus, ¢(t, s,u) : Ag X E — E is asymptotic to the w-periodic semiflow T'(t) :
E— E. ]

We then consider systems of ordinary differential equations

d
Y=~ fu,t), ueR™ (3.21)
dt
and p
d;‘ = folu,t), ueR™ (3.22)

Assume that f(u,t) : R™ x Ry — R™ is continuous and locally Lipschitz
in u, and that fo(u,t) : R™ x Ry — R™ is continuous, w-periodic in ¢, and
locally Lipschitz in u uniformly for ¢ € [0,w]. Let ¢(¢,s,u) and ¢o(t, s,u) be
the unique solutions of (3.21) and (3.22) with ¢(s, s,u) = u and ¢o(s, s,u) =
u (s > 0), respectively, and let T'(t)u = ¢o(t,0,u), t > 0.

By a similar Gronwall’s inequality argument as in Proposition 3.2.1, we
can prove the following result.

Proposition 3.2.2. Assume that

(1) imsy o0 | f(u,t) — fo(u,t)] = 0 uniformly for u in any bounded subset of
]Rm’.

(2) Solutions of (3.21) and (3.22) are uniformly bounded in R™.
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Then for any k € N,k > 0, and r > 0,

lim |¢(t + nw, nw,u) — T(t)u] =0

n—oo
uniformly for t € [0, kw] and |u| < r, and in particular, ¢ : Ag x R™ — R™ is
asymptotic to the w-periodic semiflow T'(t) : R™ — R™, ¢ > 0.

For any m € C%2(Q,), let ju(A;(t), m(z,t)) be the principal eigenvalue of
the periodic parabolic eigenvalue problem (see [152])

g: + A; (v =m(x,t)v+pv in 2 xR,
Biv=0 on 92 xR, (3.23)

v w-periodic in t.

The following result is useful in the applications of the theory of asymptotically
periodic semiflows to asymptotically periodic parabolic systems.

Proposition 3.2.3. Assume that conditions (1) and (2) of Proposition 3.2.1
with f; = w;Gi(z,t,u) and f2 = u;GY(x,t,u), V1 < i < m, hold. Let u*(t) =
(ui(t),...,uk,(t)) be a nonnegative w-periodic solution of (3.17) with uj(t) =
0 for some 1 <k < m. If u(Ax(t), G(z,t,u*(t)) <0, then

W* (u*(0)) N Xo = 0,

where Xo = {u € P:uy(-) £ 0, V1 <i <m}, and W*(u*(0)) is the stable set
of u*(0) with respect to T,, = ¢(nw,0,-): P — P, n > 0.

Proof. Assume, by contradiction, that there exists a ug € Xo N W*(u*(0)),
ie., up € Xo, and T, (ug) — u*(0) as n — oo. Then u(t) := ¢(t, 0,uo) satisfies
u(t) > 0 for all t > 0, and by Theorem 3.2.1, lim;_, [lu(t) — u*(t)||z = 0.
Thus, lim— oo [[u(t) — u*(t)|l (o) = 0. Then there exists M > 0 such that
[u@®)llco) < M and [[u*(t)||c(m) < M, ¥Vt > 0. Since for all z € 2 and ¢ > 0,

|Gk(x7t7 u(t)) - Gg(‘rv t,u” (t))| < |G/€(‘T7 tvu(t)) - Gg(‘rv tvu(t))l
+ |G2(Ia tvu(t>) - G%(:E,t, u*(t))|a

it follows that lim; oo |Gk (2, t, u(t))—GY(x, t, u*(t))|¢(n) =0. By [152, Lemma

15.7], we can choose a sufficiently small positive number e such that ugk) =

pw(Ag(t), GY(z,t,u*(t)) —€) < 0. Then there exists N = N(¢) > 0 such
that Gy (z,t,u(t)) > Gz, t,u*(t)) — €, Vo € 2, t > Nw. Therefore, uy(t, )
satisfies

0
o A (B 2w (Gt (6) =€) > g (Gt (1) — ) + P,
for all x € 2 and t > Nw. Let ¢, > 0 be the principal eigenfunction corre-

sponding to ,ugk); that is, ¢y satisfies
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0
O A = (Gt (1) — )+ Py i 2% (0,00),
Bror =0 on 02 x (0,00),
v w-periodic in t.
Since ux(Nw) > 0 in Ey, there exists 6 = d(e,up) > 0 such that ug(Nw) >
dor(Nw,-) = 0¢(0,-). By the standard comparison theorem, we then get

ug(t) > 0pr(t,:), Vt> Nw.

In particular, ug(nw) > d¢(0,-), Vn > N, which contradicts the assumption
that lim, o ug(nw) =0 in E. [

As an illustration we discuss the global dynamics of a scalar nonau-
tonomous parabolic Kolmogorov equation

0
(,;Z + A(t)u = uF(z,t,u) in 2 x (0,00), (3.24)
Bu=0 on 9 x (0,00),
which is asymptotic to the periodic parabolic equation
Ou + A(t)u = uFy(z,t,u) in 2 x (0,00)
ot To0mn . (3.25)

Bu=0 on 9 x (0,00),

where A(t), B and (2 satisfy the same conditions as A;, B;, and £21in (3.17); F}
is w-periodic for some w > 0; and F' and Fj satisfy the smoothness condition
(H). We assume that

(H1) limi—oo |F(2,t,u) — Fo(z,t,u)| = 0 uniformly for z € 2 and u in any
bounded subset of R*, and there exists K > 0 such that F'(z,t,u) <0
for all (z,t) € 2 x Ry and u > K

(H2) For each (z,t) € Q,,, Fo(z,t,u) is nonincreasing for u, and for at least
one (zg,t) € Qu, Fo(xo,to, ) is strictly nonincreasing for u, and there
exists Ko > 0 such that Fy(z,t, Ko) <0 for all (z,t) € Q.

Let (Xg, ||-||3) be the Banach space defined in Section 3.1. For any u € Xg
and s > 0, let ¢(t, s,u) and ¢o(t, s,u) be the unique solutions of (3.24) and
(3.25) with ¢(s,s,u) = u and @g(s, s, u) = u, respectively. Then we have the
following threshold-type result.

Theorem 3.2.2. Assume that (H1) and (H2) hold. Then the following state-
ments are valid:

(a) If w(A(t), Fo(z,t,0)) > 0, then lim;— oo [|¢(¢,0,u0)|lg = 0, Yuog € X7 ;
(b) If p(A(t), Fo(z,t,0)) < 0, then limy—oo [|9(t,0,u0) — u*(t)||5 = 0, Yuo €
X; \ {0}, where u*(t) is the unique positive w-periodic solution of (3.25).
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Proof. By conditions (H1) and (H2), it is easy to see that for any s > 0,
o(t, s,u) and ¢q(t, s,u) exist globally on [s,00) and are uniformly bounded
in X;. Let T,,(u) = ¢(nw,0,u), Yu € X;, n > 0. By Proposition 3.2.1,
it follows that ¢(t,s,u) is asymptotic to an w-periodic semiflow T(t)u =
¢o(t,0,u), t > 0, in X[}", and for any u € X[}", Yt () = {Tn(u) : n > 0}
is precompact in X7, and hence its omega limit set w(u) exists. By Theo-
rem 3.2.1, it suffices to prove that lim,_, . T (u) = 0 for any u € X; in case
(a), and lim, o0 T3 (u) = w*(0) for any u € X; \ {0} in case (b), respectively.
Note that T, : X; — X;, n > 0, is an asymptotically autonomous discrete
process with limit discrete semiflow S™ : X; — X;, n > 0, where S = T(w)
is the Poincaré map associated with the periodic equation (3.25).

In the case where pu(A(t), Fo(z,t,0)) > 0, Theorem 3.1.5 implies that v = 0
is a globally asymptotically stable fixed point of S, and then W*(0) = Xg,

where W#(0) is the stable set of 0 for S in Xg. For any u € X7, w(u) is a chain

transitive set for S : X; — X; (see Lemma 1.2.2). Clearly, w(u) N X; £ 0.
Then Theorem 1.2.1 implies that w(u) = 0, and hence lim,,_,oc T (u) = 0.

In the case where u(A(t), Fo(z,t,0)) < 0, Theorem 3.1.5 implies that u =
u*(0) is a globally asymptotically stable fixed point of S in X; \ {0}, and

hence W#(u*(0)) = X; \ {0}, where W*(u*(0)) is the stable set of u*(0)
for S. By Proposition 3.2.3, we get W*(0) N (X;{ \ {0}) = 0. Thus, for any
u € X; \ {0}, we have w(u) N (X;r \ {0}) # 0; that is, w(u) N W*(u*(0)) # 0.
By Theorem 1.2.1, it follows that for any u € X; \ {0}, w(u) = u*(0), and
hence lim,, o0 || T3 (u) — w*(0)]| g = 0. "

Finally, we apply Theorem 3.2.2 to a periodic mutualism parabolic system.
Ezxample 3.2.1. Consider 2-species periodic mutualism parabolic systems

6(;11 + A1(H)ur = w1 G (2, t,u1) in 02 x (0,400),

6({;2 + Ag(t)us = usGa(z,t,ur,uz) in 2 x (0, +00),

Biuy = Boua =0 on 982 x (0, +00),

(3.26)

where A;(t), B;, and {2 are as in (3.17), and G = (G1, G2) is w-periodic in ¢
and satisfies (H) with m = 2 and the following conditions:

(H3) ‘ggll < 0,V(x,t,u1) € Q, x R4, and there exists K; > 0 such that

Gl(xvtaKl) <0, V(:E,t) € Qw;
(H4) (89512 2 0 and (89522 < 07 V(x7t7u17u2) S Qw X Ri, and for each
uy > 0, there exists Ky = Ka(u1) > 0 such that Ga(z,t,u1, K2) < 0,

V(z,t) € q,.

Let E; = X[(;), P = P;\{0},1<i<2 and let ©(t,u) be the unique solution
of (3.26) satisfying ¢(0,u) = u € Py x P,. Then we have the following result.
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Proposition 3.2.4. Let (H3) and (H4) hold. Assume that

(H5) p( A (1), G (2,1,0,0)) < 0 and p(As(t), Ga(x,t, w3 (x,1),0)) < 0, where
uf(x,t) is the unique positive w-periodic solution of the scalar periodic
equation Bautl + A1(O)ur = w1 Gy (z, t,u1) with Byuy = 0.

Then for any u € Py x Py, limyo0 ||(t,u) — (ui(t),ua(t))||z = 0, where
uf(t)(z) = ui(z,t) and uz(t)(x) = ua(x,t) is the unique positive w-periodic
solution of the scalar periodic equation 86“152 + Ao (t)ug = uaGa(x, t,ui(z,t), us)
with BQUQ =0.

Proof. Clearly, the existence and uniqueness of uj(¢) and uz(t) are guaran-
teed by Theorem 3.1.5. Let X = P; X Py, Xo = {u = (u1,u2) € X : u;(-) £
0,Vl < i < 2}, and 90Xy = X \ Xy. By assumptions (H3) and (H4) and
a standard comparison argument, it easily follows that for any v € X, the
unique solution ¢(t,u) of (3.26) exists globally on [0, +00).

By the continuous dependence of p(A(t), m(x,t)) on m(x,t) ([152, Lemma
15.7]), we can choose a sufficiently small ¢y > 0 such that

w(As(t), Ga(x,t,ui(x,t) + €,0) < 0.

For any u € X, let ¢(t,u)(z) = (u1(z,t),uz(x,t)). By Theorem 3.1.5, together
with By — C({2), it follows that there exists 773 > 0 such that u;(x,t) <
uf(x,t) + g for t > Ty. Then ug(x,t) satisfies

0
(;;2 + As(t)ue < uoGao(x, t,ul(x,t) + g, uz), Vit >Tr.
Let Us(t) be the solution of
oU.

8t2 + Ag(t)UQ = UgGg(l‘,t,UI(l‘,t) + €9, Ug) in 2 x (Tl, +OO),

BoUs =0 on 082 x (T1,+OO),

(3.27)

with Us(T1) = uz(T1). By the comparison theorem, we get
UQ(t) S Ug(t), Vit Z Tl.

By Theorem 3.1.5, Us(t) converges to the unique positive w-periodic solution
Us(t) of (3.27). Then there exists M > 0 such that for any v € X, there is
to = to(u) > 0 such that p(¢, u)(z) = (u1(z,t), us(x,t)) satisfies

0 <wui(z,t) <M, Vi>tyg,ze,1<i<2

By a standard argument, it follows that there exists B > 0 such that for any
u € X, there is tg = to(u) > 0 such that

ot W)l = [lur(@)|e, + [fue(@)l|e, < B, V> to.

Consequently, ¢(t,-) : X — X is point dissipative.
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For any given u € P; x Py, let (u1(z,t), us(x,t)) = @(t,u)(z). Then uy(z,t)
satisfies the nonautonomous parabolic equation

8;: + Ao (t)ug = uaGa(z, t,us(z,t),u2) in 2 x (0, +00),

Bouz =0 on 902 x (0,400).

(3.28)

Since lim¢_, o0 |Jui (-, ) — uf(-, )|, = 0, equation (3.28) is asymptotic to the
following periodic equation:

0
op + Aa(tyuz = usGaa, tui (@, 0),uz) in 2 (0,+00), (3.29)
Baus =0 on 98 x (0,400).

Thus, Theorem 3.2.2 (b) implies that lim;_, |Ju2(-,t) — @5(t)|| g, = 0. '

3.3 Monotone and Subhomogeneous Almost Periodic
Systems

In this section we discuss global dynamics in monotone and subhomogeneous
almost periodic ordinary differential systems, delay differential equations, and
reaction—diffusion equations. We start with some basic definitions.

Let (X, d) be a metric space. A function f € C(R, X) is said to be almost
periodic if for any € > 0, there exists [ = I(¢) > 0 such that every interval
of R of length I contains at least one point of the set T'(¢) := {r € R :
d(f(t+ 1), f(t)) < eVt € R}. Let D C R™. A function f € C(R x D, X) is
said to be uniformly almost periodic in ¢ if f(-, ) is almost periodic for each
x € D, and for any compact set £ C D, f is uniformly continuous on R x E.

A point z € X is said to be an almost periodic point of an autonomous
flow @ : X xR — X if &(z,-) : R — X is almost periodic. In this case, the
full orbit y(x) := {P(x,t) : ¢ € R} is called an almost periodic orbit of &. A
compact minimal flow ¢ : Y xR — Y is said to be almost periodic if it admits
an almost periodic orbit that is dense in Y. Note that if 0 : Y xR — Y is
a compact, almost periodic minimal flow, then every point in Y is an almost
periodic point of o (see [303, Lemma VI.9]).

First we consider almost periodic ordinary differential systems

du
=f(t,u), t>0,
g~ (3.30)
u(0) =v € R,
where u = (u1,...,u,) € R". We assume that

(C1) f(t,u) € C*R x R7,R") is uniformly almost periodic in ¢, and
0fi/0u; > 0,%(t,u) € R, i # js
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(C2) f(-,0) = 0, and for each 1 < i < n, fi(t,u) > 0,Y(t,u) € RT*" with
U; = O;

(C3) The Jacobian matrix D, f(t, ) is irreducible, V(¢,u) € R, and f(t,-)
is strictly subhomogeneous on R}, vVt € R.

A simple example for such f(¢,u) with n = 2 is the function

(f1(t,ur,u2), fo(t,ur,uz)) := (—all(t)ul + ay2(t)us, m{tyu - (l22U2) ;
CLQl(t) + ul

where a;;(t), 1 < 4,7 < 2, and m(t) are positive almost periodic functions.
The resulting system is a special case of the almost periodic version of an
epidemic model with positive feedback in [55].

Theorem 3.3.1. (GLOBAL ATTRACTOR) Let (C1), (C2), and (C3) hold.
Then each solution u(t,v) of (3.30) exists globally on [0,00). If (3.30) admits a
bounded  solution u(t,v°) = (u1(t,v°),...,un(t,0°)) such that
liminf;_, ui(t,vo) > 0, V1 < ¢ < n, then there exists a unique positive
almost periodic solution u*(t) of (8.50), and lim;_, o |u(t,v) —u*(t)| = 0,Vv €
R?\ {0},

Proof. Let H(f) be the closure of all time translates of f under the compact
open topology on C(R x R4, R). Define o(t)g = g¢, g € H(f), t € R. Then
o(t) : H(f) — H(f) is a compact, almost periodic minimal and distal flow
(see [303, Section VI.C]). For each (v,g) € R} x H(f), let u(t,v,g) be the
unique solution of (3.30) with f replaced by g. Let A(¢t) = D, f(t,0). Thus
assumption (C3) implies that f(t,u) < A(t)u,V(t,u) € R} By (C1), (C2),
and the comparison theorem for cooperative systems (see, e.g., [326, Propo-
sition 3.1.1 and Remark 3.1.2]), each u(t, v, g) exists globally on [0,00) and
u(t,v,g) > 0,Vt > 0. We define the skew-product semiflow II; : R} x H(f) —
R% x H(f) by II;(v,g) = (u(t,v,9),9:). By the comparison theorem for irre-
ducible cooperative systems (see, e.g., [326, Theorem 4.1.1]) and the variation
of constants formula for inhomogeneous linear systems, it then follows that
u(t, -, g) is monotone and subhomogeneous on R}, ¥(t,g) € Ry x H(f), and
u(t, -, fs) is strongly monotone and strictly subhomogeneous on R’} , V¢ > 0 and
s >0 (see, e.g., [432, 444]). Thus (A1)’ and (A2)"” in Remarks 2.3.2 and 2.3.3
hold for the skew-product semiflow I1; on R’} x H(f). By our assumption, the
omega limit set w(v’, f) is compact and w(v?, f) C int(R}) x H(f). By The-
orem 2.3.5, IT; : w(v?, f) — w(v, f) extends to a compact, almost periodic
minimal and distal flow, and hence u(t, v*, f) is almost periodic in ¢ (see [303,
Lemma VL.9]), where (v*, f) € w(v?, f). Clearly, u(t,v*, f) > 0,Vt € R. By
assumption (C3), it is easy to verify that for each € € (0,1), eu(t,v*, f) and
e tu(t,v*, f) are sub- and super-solutions of (3.30), respectively. Fix tq > 0.
For any v € R% \ {0}, since u(to,v, f) > 0, we can choose a sufficiently
small ¢y € (0, 1) such that egu(to, v*, f) < u(to,v, f) < €y u(to,v*, f). By the
comparison theorem, it then follows that
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eou(t,v*, f) <ult,v, f) < e tult,v*, f), V> to.

Thus, u(t,v, f) is bounded and w(v, f) C int(R%}) x H(f). Again by Theo-
rem 2.3.5, we then get lim; o |u(t,v, f) — u(t,v*, f))] = 0. ]

Remark 3.3.1. The conclusion of Theorem 3.3.1 is valid for all v € int(R"}) if
we replace assumption (C3) by the following one:

(C3)"  f(t,-) is strongly subhomogeneous on R’} , Vt € R,.

Indeed, for any v > 0, [326, Proposition 3.1.1 and Remark 3.1.2] imply that
u(t,v, f) > 0, Vt > 0. By the variation of constants formula and the fact that

F& A ut,v, f)) = At u(t,v, f)) >0, Ve >0, A € (0,1),

it follows that wu(t,-, f) is strongly subhomogeneous on R’ for each t > 0.
Thus, (A1) and (A2) in Remark 2.3.2 hold for the skew-product semiflow
II;. Letting tg = 0 in the proof of Theorem 3.3.1, we then get the same
conclusion for all v € int(R"}).

One can easily apply Theorem 3.3.1 and Remark 3.3.1 to the almost peri-
odic versions of general epidemic models with positive feedback in [55], single
species discrete diffusion systems in [237], and periodic single species models
of dispersal in a patchy environment in [119] to get some reasonable conditions
for the existence and global attractivity of positive almost periodic solutions.

Next we consider the almost periodic delay differential equations

dut) _
gt = f(t,u(t),u(t—71)), t>0,

u(s) = ¢(s), Vs € [-7,0],

(3.31)

where 7 > 0, u € R, and ¢ € CT := C([-7,0],R,). We assume that

(D1) f(t,u,v) € CYR x R%,R) is uniformly almost periodic in ¢, and
fi(t,u,v) >0, V(t,u,v) € RY;

(D2) f(-,0,0) =0, and f(t,0,v) >0, ¥(t,v) € R3;

(D3) For each t € Ry, f(t,-) : RZ — R is strictly subhomogeneous.

A simple example for such f(t,u,v) is the function a(t)v — B(t)u?, where a(t)
and B(t) are two positive almost periodic functions. The resulting equation
is an almost periodic version of the autonomous equation for a single species
at the mature stage in a time-delay model of single species growth with stage
structure introduced by Aiello and Freedman [4].

Theorem 3.3.2. (GLOBAL ATTRACTOR) Let (D1), (D2), and (D3) hold.
Then each solution u(t, ) of (3.31) exists globally on [0,00). If (3.31) ad-
mits a bounded solution u(t,¢") such that liminf; . u(t,¢°) > 0, then
there exists a unique positive almost periodic solution u*(t) of (3.31), and

limy s o0 [u(t, @) — u*(t)] = 0,Y¢ € CT with ¢(0) > 0.
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Proof. Let H(f) be the closure of all time translates of f under the compact
open topology on C(R x R%,R). Define o(t)g = g1, g € H(f), t € R. Then
o(t) : H(f) — H(f) is a compact, almost periodic minimal and distal flow
(see [303, Section VI.C]). For each (¢,g) € CT x H(f), let u(t, ¢, g) be the
unique solution of (3.31) with f replaced by g. Let a(t) = f/(¢,0,0) and
b(t) = fI(t,0,0). Thus assumption (D3) implies that f(t,u,v) < a(t)u+b(t)v,
V(t,u,v) € R3. By (D1), (D2), the comparison theorem for cooperative delay
differential equations ([326, Theorem 5.1.1]), and the positivity theorem ([326,
Theorem 5.2.1]), each u(t, ¢, g) exists globally on [0,00), and u(t,¢,g) > 0
Vt > 0. We define the skew-product semiflow IT; : CT x H(f) — C* x H(f) by
(¢, 9) = (wi(®, 9), g¢), where ui(¢, g)(s) = u(t+s, ¢, g), Vs € [-7,0]. By the
comparison theorem and the variation of constants formula for inhomogeneous
linear systems, it then follows that us(-, g) is monotone and subhomogeneous
on CT V(t,g) € Ry x H(f) (see, e.g., [444]). For each ¢ € Ct with ¢(0) > 0
u(t, @, f) satisfies the following differential inequality:

dz;f) — f(tu(t), ult — 7)) > F(tu(t),0), >0,

u(0) = ¢(0) > 0.

Then the standard comparison theorem implies that u(t, ¢, f) > 0, V¢ > 0,
and hence ut(¢, f) > 0, Vt > 7. We further claim that w:(-, f) is strongly
subhomogeneous on CT, V¢ > 7. Indeed, let ¢ > 0 and A € (0,1) be fixed,

and let w(t) = u(t, Ad, f) — Au(t, &, f). Then u(t, 6, ) > 0, u(t, b, f) > O,
and w(t) >0, Vt > —7. Let
c(t, s) =sult, Ao, f) + (1 — ) u(t, ¢, f),

/ Ti(t ety s),c(t —T,5))ds,
= /0 flt, et s), c(t —7,9))ds,

and

h’(t) = f(tv Au(ta ¢a f)v )\u(t =T, ¢7 f)) - )\f(t, U(t, ¢7 f)a u(t =T, ¢7 f))

Then b(t) > 0 and h(t) > 0, ¥t > 0. It easily follows that w(t) satisfies the
following differential inequality:

dtz)lit) =a(t)w(t) + b(t)w(t — ) + h(t) > a(t)w(t) + h(t), t>0,
w(0) =0.

Thus w(t) > [} el @O (s)ds > 0, V¢ > 0, and hence
0

wy = Ut(AQS, f) - )\Ut(gb, f) > 07 vt > T
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Therefore, (A1)’ and (A2)" in Remark 2.3.2 hold for the skew-product semiflow
II; on C* x H(f). By our assumption, the omega limit set w(¢", f) is compact
and w(¢?, f) C int(CH) x H(f). By Theorem 2.3.5, IT; : w(¢, f) — w(¢, f)
extends to a compact, almost periodic minimal and distal flow, and hence
ut(@*, f) is almost periodic in ¢ (see [303, Lemma VI.9]), where (¢*, f) €
w(¢Y, f). Clearly, u(t,¢*, f) > 0,Vt € R. By assumption (D3), it is easy to
verify that for each ¢ € (0,1), eu(t,¢*, f) and e ‘u(t,¢*, f) are sub- and
super-solutions of (3.31), respectively. Fix a to > 7. For any ¢ € C* with
@(0) > 0, since ut, (¢, f) > 0, we can choose a sufficiently small ey € (0,1)
such that

60U(S,¢*,f) S ’U,(S,(b, f) S ealu(s,¢*,f), Vs € [tO - TatO]'

By the comparison theorem ([326, Theorem 5.1.1]), it then follows that

cou(t, ¢, f) < u(t, ¢, f) < ey ult, ", f), Vt>to.

Thus u(t, ¢, f) is bounded, and w(¢, f) C int(CT) x H(f). Again by Theo-
rem 2.3.5, we then get lim; o0 ||us(@, f) — ur(d*, f))]| = 0. ]

Let the integer N > 0 and the real number 8 > 0 be fixed. Let {2 be
a bounded and open subset of RV with 92 € C?*¢. We use (rfn to denote
differentiation in the direction of the outward normal n to 02, and A to denote
the Laplacian operator on RY. Let d(-) € C(R,R) be an almost periodic
function bounded below by a positive real number, let m(-) € C?%%/2(2 xR, R)
be such that m(z,t) is uniformly almost periodic in ¢, and let H(d,m) be
the closure of {(ds,ms) : s € R} under the compact open topology, where
(ds,ms) € C(R,R) x C(2 x R,R) is defined by

ds(t) =d(s +t), ms(z,t) =m(z,t+s), Ve e 2,t e R.

According to [188], there exists a unique principal spectrum point A(d(-), m(-))
associated with the linear almost periodic parabolic problem

ov
ot
Bv=0, x€0, teR,

=d(t)Av +m(z,t)v, =z €2, teR, (3.32)

where either Bv = v or Bv = gz + awv for some nonnegative function o €
C'9(992,R). Moreover, for each (u,k) € H(d,m), there exists an almost
periodic function a(t; p, k) such that

and the linear almost periodic parabolic problem
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I
ot
Bp=0, €0, teR,

= u(t) Ao + k(z, t)o — alt; u, k 2,teR
w(t)Ap + k(z,t)p —a(t; u, k)p, x €2, teR, (3.33)

admits a positive solution ¢(x,t; u, k) that is uniformly almost periodic in ¢.
It is casy to verify that v = /o alsitk)ds (g, t; u, k) is a solution of (3.32) with
d(t) and m(z,t) replaced by p(t) and k(x,t), respectively.

Finally, we consider the scalar almost periodic Kolmogorov-type parabolic
equations
ou

ot
Bu=0 on 9 x (0,00).

=d(t)Au+uf(z,t,u) in 2x(0,00) (3.34)

We assume that

(E1) d(-) € C(R,R) is almost periodic, and for some dog > 0, d(t) > do, Vit €
R;

(E2) f(z,t,u) € C?(2 x R x Ry, R) is uniformly almost periodic in ¢, and
fi(z,t,u) <0, V(x,t,u) € 2 xR xRy;

(E3) There exists My > 0 such that f(z,t, M) <0, V(z,t) € 2 x R.

A simple example for such f(x,t,u) is the function b(z,t) — a(x,t)u, where
a(x,t) and b(x,t) are uniformly almost periodic in ¢, and a(z,t) > 0. Then
the resulting equation is the almost periodic logistic reaction—diffusion model.

Let p € (N,0) be fixed. For each 8 € (1/2 + N/(2p),1), let X3 be the
fractional power space of X = LP({2) with respect to (—A, B) (see, e.g.,
[150]). Then Xp is an ordered Banach space with the cone Xg consisting
of all nonnegative functions in Xg, and X; has nonempty interior int(X;).

Moreover, Xg C C1(£2) with continuous inclusion for v € [0,23 —1— N/p).
We denote the norm in Xg by || - |-

Let H(d, f) be the closure of {(ds, fs) : s € R} under the compact open
topology, where (ds, fs) € C(R,R) x C(2 x R x R4, R) is defined by

ds(t) =d(s + 1), fs(z,t,u) = f(z,t + s,u), Y(x,t,u) € 2 xR xR;.

Define o(t)(1,g) = (1, 90), (1,9) € H(d, f),t € R. Then o(t) : H(d, f) —
H(d, f) is a compact, almost periodic minimal and distal flow (see [303, Sec-
tion VL.C]).

By the theory of semilinear parabolic differential equations (see, e.g., [152,
Section III1.20]), it follows that for every ¢ € X; and (p,9) € H(d, f), the
parabolic problem

(Z’IZ = /j,(t)A’U, —+ ug(x,t,u) in Q X (07 OO),
Bu=0 ondf x (0,00), (8:35)

u('v 0) = ¢,
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has a unique regular solution u(z,t, ¢, u, g) with the maximal interval of exis-
tence I(d, u,g) C [0,00), and I(¢, i, g) = [0,00), provided that u(-,t, p, 1, g)
has an L*-bound on I(®, i, g).

We are now in a position to prove the following result on the global dy-
namics of (3.34).

Theorem 3.3.3. (THRESHOLD DYNAMICS) Let (E1), (E2), and (ES3) hold.
Then the following statements are valid:

(1) If X(d(-), f(-,-,0)) < 0, then limy_ o ||u(-,t, ¢,d, f)llg = 0 for every ¢ €
X+

B

(2) If A(d(-), f(+,-,0)) > 0, then (3.34) admits a unique positive almost peri-
odic solution u*(x,t), and lim_,o |u(-, ¢, ¢, d, f) —uw*(-,t)||g = 0 for every
NS X[;r \ {0}.

Proof. For any (u,g9) € H(d,f), both (E2) and (E3) imply that u =
M, M > My, is an upper solution of (3.35), and hence by the compari-
son theorem and a priori estimates of parabolic equations (see, e.g., [152]),
each solution u(x,t, o, u,g) exists globally on [0,00), and for any ¢y > 0,
the set {u(-,t,¢,u,g9) : t > to} is precompact in X;. We define the skew-
product semiflow IT; : X; x H(d, f) — Xg x H(d, f) by IIi(¢,u,9) =
(u(-,t, &, 1, g), tht, g¢). Then for each (¢, u, g) € X[;r x H(d, f), the omega limit
set w(e, i, g) of the forward orbit v (¢, p, g) := {II (¢, u,g) : t > 0} is well
defined, compact, and invariant under II;, ¢ > 0. Moreover, the maximum
principle for parabolic equations implies that

IL((X5 \ {0}) x H(d, f)) Cint(X3) x H(d, [), Yt > 0.

In the case that A(d(-), f(-,-,0)) <0, let ¢(x,t) and a(t) be the functions
associated with A\(d(+), f(+,+,0)) as in (3.33) with u(-) = d(-) and k = f(-,-,0).
Then ¢(-,t) > 0in Xg, V¢t € R, and

1 t
lim a(s)ds = A(d("), f(-,+,0)) <O.

t—oo t 0
Clearly, u(z,t, ¢,d, f) satisfies the following differential inequality:

(?;Z <d(t)Au+uf(z,t,0) in £ x (0,00),

Bu=0 on 92 x (0,00).

(3.36)
For any ¢(:) € X;, there exists a sufficiently large n > 0 such that ¢ <
1¢(+,0). By the comparison theorem, it then follows that

0 <wu(zt,o,d, f) < nefﬂt “(S)dsgo(ac,t), Vee2,t>0.

Since ¢(x,t) is uniformly almost periodic in ¢ and
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lim efo @(®)ds — Jiy (e% Jo “(S)ds>t =0,
t—o0 t—o0

we get limy o0 u(z,t, 0,d, f) = 0 uniformly for x € 2. For any (¢, u,g) €
w(ep,d, f), there exists a sequence ¢, — oo such that lim, . IT;, (¢, d, f) =
(¥, i, g). Thus limy, oo [|u(, tn, ¢, d, f) — ¥|lg = 0. Since Xz C C'(£2) with
continuous inclusion, we have lim, o u(x,t,, ¢, d, f) = ¥(x) uniformly for
x € 2. Then ¢(-) = 0, and hence w(¢,d, f) = {0} x H(d, f), which implies
that limy—, o0 [|u(-, ¢, &, d, f)|g = 0.

In the case that A(d(:), f(-,-,0)) > 0, we first prove the following two
claims.

Claim 1. There exists a 6 > 0 such that limsup,_, . ||u(-,t, ¢, 1, 9)llg >
8, ¥(¢, 1. 9) € (X5 \{0}) x H(d, f).

Indeed, we can choose a sufficiently small ey > 0 such that A(d(-), f(-,-,0) —
€0) > 0. Since f is uniformly almost periodic in ¢t and H(f) is compact, there
exists a dg > 0 such that

lg(x,t,u) — g(x,t,0)| < e, Vrxe, teR, uel0,d], g€ H(f).

Since X5 C C'(£2) with continuous inclusion, there is a § > 0 such that for
any ¢ € Xg, ||¢||p < 0 implies that ||@||cc < do. Suppose for contradiction that
for some (¢, 1, 9) € (X7 \ {0}) x H(d, f), limsup,_, ., [u(-t, 6,1, 9)lls < d.
Then there is a tg > 0 such that |u(-,t,¢,u,9)|lg < 6§, ¥t > to, and hence
||U(,t,1/),")/,h)||ﬁ < 57 vt > O’ where (U’v%h) = (u('atov(bv,uag)a,utoagto) €
int(X;) x H(d, f). By the choice of §y and 4, it then follows that u(-,t,, v, h)
satisfies the following differential inequality:

(?;Z > v(t)Au+u (h(z,t,0) —e)  in 2 x (0,00),

Bu=0 on 92 x (0,00).

(3.37)

Clearly, (v,h(-,-,0) —e) € H(d, f(-,-,0) — €). Let ¢(x,t) and a(t) be the
functions associated with A(d(-), f(-,- ) — €p) as in (3.33) with u(-) = ()
and k = h(-,,0) — €p. Then &(:, )>>O1nX5,Vt6]R and

fim b [ a(s)ds = A(d(), £, 0) — e0) > 0.

t—oo t

Choose a sufficiently small € > 0 such that ¥ > €g(+,0). By the standard
comparison theorem, we then get

w(z, t,1h, v, h) > eelo s 52 1) Vo e 2, ¢ > 0.
Since @(x,t) is uniformly almost periodic in ¢, and
lim efo 3()ds — iy (et Joa S)ds) = 00,
t—o0 t—o0

we get limy_, oo u(z, t,1,v, h) = 0o, Vo € {2, a contradiction.
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Claim 2. w(¢, p, g) C int(X]) x H(d, f), ¥(¢, 1, 9) € (X5 \ {0}) x H(d, [).

In fact, let A = {0} x H(d, f). It is easy to see that Claim 1 above implies
that A is an isolated invariant set of II; and w(¢, u,g) ¢ A, and hence the
Butler-McGehee lemma (see, e.g., [45, 105] or Lemma 1.2.7) implies that

w(o, 1, 9) VA =0, V(¢ 1, 9) € (X5 \{0}) x H(d, f).

Then Claim 2 follows from the invariance of w(¢,u,g) and the fact that
IL((X5\{0}) x H(d, f)) C int(X 1) x H(d, f),Vt > 0.

Let u(o, p, g,t) :== u(-,t, ¢, 1, g), t > 0. By the standard comparison theorem,
it then follows that u(-, u, g, t) is strongly monotone on Xg for each (u,g,t) €
H(d, f)x(0,00). It is easy to see that (E2) implies that the function uf(x,t, u)
is strictly subhomogeneous in u, and hence each function ug(x,t,u), g € H(f),
is subhomogeneous in u for any fixed (z,t) € £2 x R;. By the integral version
of parabolic equation (3.35) (see, e.g., [152, 162, 432]), it then follows that
u(+, i, g, t) is subhomogeneous on Xg for each (u,g,t) € H(d, f) x R4, and
u(-,d, f,t) is strictly subhomogeneous on X; for each ¢ > 0. Thus (A1)
and (A2)” in Remarks 2.3.2 and 2.3.3 hold for the skew-product semiflow
II; on X3 x H(d, f). Let ¢o € X4 \ {0} be fixed and let Ko = w(¢o,d, f).
By Theorem 2.3.5 and Remarks 2.3.2-2.3.3, together with Claim 2 above, it
follows that for every ¢ € X;\{O}, limy oo (e, t, &, d, f)—ul-, t, ¢*,d, f)llg =
0, where (¢*,d, f) € Ky. Since II; : Ky — K is an almost periodic minimal
flow, IT, (¢*, d, ) = (u(-, t, 0%, f),ds, ft) is an almost periodic motion (see [303,
Lemma VI1.9]). Therefore, u(-,t,¢*,d, f) is a unique positive almost periodic
solution of (3.34). ]

The global attractivity of a unique positive almost periodic solution of
(3.34) with d(t) = 1 and Bu = $* is proved in [312, Theorem 4.1] under
the assumption that there is a positive solution ug(z,t) of (3.34) such that
infier, |Juo(-,t)||s > 0. In this case, eug(x,t) is a subsolution of (3.34) for each
€ € (0,1). By the standard parabolic comparison theorem and the invariance
of omega limit sets, it then easily follows that w(¢,d, f) C int(X;{) x H(d, f)
for each ¢ € X; \ {0}, and hence the global attractivity of a unique positive
almost periodic solution of (3.34) follows from Theorem 2.3.5.

In the case that f(z,t,u) = f(t,u) and Bu = gz, it is easy to see that

A(d(+), f(-,0)) = limyo0 } fot f(s,0)ds. Clearly, each solution of % = wuf(t,u)
is also a solution of (3.34). By the global attractivity of u*(z,t), it follows
that w*(z,t) is independent of the spatial variable x € 2. Then Theorem 3.3.3
implies a threshold result for the almost periodic ordinary differential equation

fl# =uf(t,u).

In the case that d(¢) and f(z,t,u) are w-periodic in ¢, the conclusion in
Theorem 3.3.3(2) implies that the periodic system (3.34) is uniformly persis-
tent. By Theorem 1.3.8, as applied to the Poincaré map associated with the
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w-periodic system (3.34), it then follows that there exists a positive w-periodic
solution of (3.34), and hence by the uniqueness of positive almost periodic so-
lutions, u*(x,t) is w-periodic in t. Therefore, Theorem 3.3.3 is a generalization
of Theorem 3.1.5 (see also [432, Theorems 3.2 and 3.3]).

3.4 Continuous Processes

Let X be a metric space with metric d. A process on X is a continuous map
u:RT xR x X — X such that

uw(0,s,2) =z, u(t,r+s,u(r,s,x)) =ult+rs,z), V¢ >0,r>0,s € R,z € X.

A process u is said to be autonomous if u(t, s, z) is independent of s; that is,
u(t,0,z) = u(t,s,z),vt > 0,s € R,z € X. Then u(¢,0,-) is an autonomous
semiflow on X.

Let A :={(t,s) € R?: —0o < s <t < 0o}. A nonautonomous semiflow is
a continuous map @ : A x X — X such that

D(s,8,x) =z, P(t,r,P(r,s,2)) =PD(t,s,2), Vit >r>s,seRx e X.
For a nonautonomous semiflow @ on X, define ¢ by
o(t,s,2) =P(t+s,8,2), Vt > 0,s e R,z € X.

It is easy to verify that ¢ is a process on X. We call it the process associated
with the nonautonomous semiflow @.

Let W be the set of all processes on X. For u € W, define the translation
o(7), T € R, of the process as

(o()u)(t,s,x) = u(t, 7 + s, x).

Throughout this section we let ¢ be a given process on X and assume that

(A) There is a subset V of W and a metric p on V such that the set v (¢) :=
{o(t)p : t > 0} C V has compact closure H(¢) C V, and the map
m:RY x X x H(¢) = X x H(¢), defined by

w(t,z,u) = (u(t,0,z),0(t)u),

is continuous.

Clearly, the continuity of 7 implies that if u,, — u in H(¢) as n — oo, then
un(t,0,2) = u(t,0,z) in X for any (¢,2) € RT x X. Under assumption (A), it
is also easy to verify that w(t) : X xH(¢) = X xH(¢) and o(t) : H(¢) — H(¢)
are C%-semiflows (see, e.g., [141, Section 3.7]). The semiflow 7(t) is called the
skew-product semiflow of the process ¢, and H(¢) is called the hull of ¢. Let
ws(¢) be the omega limit set of ¢ for the autonomous semiflow o (t) : H(¢p) —
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H(¢). Clearly, wy(¢) is a nonempty, compact, and invariant set for o(t). If
wy(#) = {u} for some autonomous process u, we call ¢ an asymptotically
autonomous process. In what follows we will use Px to denote the projection
map of X x H(¢) onto X, defined by Px(z,u) = z,V(z,u) € X x H(¢).

For any = € X, the positive orbit v, (z) for a process u is defined as
Y (@) = {u(t,0,z) : t > 0}. The omega limit set of z is defined in the usual
way as wy(z) = {y € X : u(ty,0,z) — yfor somet,, — oo}. A negative
orbit through z for w is a function g : R~ — X such that ¢g(0) = = and for
any s < 0, u(t, s, g(s)) = g(t + s) for t € [0,—s]. For a given negative orbit
v () == {g(t) : t < 0} we define its alpha limit set as a,(z) = {y € X :
g(tn) — yfor somet,, — —oo}. We further define u(t,0,z) := g(t),vt < 0,
and call the set {u(t,0,z) : t € R} a full orbit through z.

Definition 3.4.1. A subset M C X is said to be quasi-invariant for ¢ if for
every x € M there exist u € wy(¢) and a full orbit through x for u such
that u(t,0,x) € M for all t € R. A nonempty quasi-invariant set A C X
for ¢ is said to be internally chain transitive if for every a, b € A and ev-
ery € > 0,tg > 0, there is a finite sequence {T1 = a,Ta,...,Tm—1,Tm =
D; ULy« ey Ui By e ey bm—1} with x; € Aju; € we(@), and t; > to such
that u;(t,0,2;) € AVt € R/1 < i < m, d(u;(t;,0,z;),241) < €, and
d(a(ti)ui,qu) <€, Vi<i<m-—1.

Lemma 3.4.1. The omega (alpha) limit set of any precompact positive (neg-
ative) orbit of a process ¢ on X is nonempty, compact, quasi-invariant, and
internally chain transitive for ¢.

Proof. Let 7" (z) := {¢(t,0,z) : t € RT} be a precompact positive orbit
through z € X, and let wy(z) be its omega limit for ¢. Clearly, v" (z,¢) :=
{(¢(t,0,2),0(t)¢) : t € RT} is a precompact positive orbit of the autonomous
semiflow 7(t) : X x H(¢) — X x H(¢). Then, by Lemma 1.2.1’, its omega limit
set wy(z, @) is nonempty, compact, invariant, and internally chain transitive
for m. It is easy to verify that wx(x, ¢) C we(x) X we(¢) and Px (wx(z, ¢)) =
we (). It then follows that we(x) is nonempty, compact, and quasi-invariant
for ¢. For any two points a,b € wg(x), there exist v,w € w,($) such that
(a,v), (b,w) € wg(z,¢). Thus the internal chain transitivity of w,(z,¢) for
7 implies that wy(z) is internally chain transitive for ¢. A similar argument
applies to alpha limit sets. ]

A nonempty quasi-invariant set M for ¢ is said to be isolated if it is the
maximal invariant set in some neighborhood of itself. For a quasi-invariant
set M of ¢, we define

M = {(z,u) : x € M,u € w,(¢),u(t,0,z) € M,Vt € R}.

Clearly, Px (M) = M.

Lemma 3.4.2. If M is a quasi-invariant (and isolated) set in X for ¢, then
M is an invariant (and isolated) set in X x H(¢) for w(t).
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Proof. For any (z,u) € M, the invariance of w,(¢) for o(t) implies that there
is a full orbit o(t)u,t € R, in wy(4). Then n(t)(z,u) = (u(t,0,z),0(t)u),
t € R, is a full orbit of 7(t). We further claim that this full orbit is con-
tained in M. For any 7 € R, u(r,0,z) € M, and (o(7)u)(t,0,u(r,0,z)) =
u(t, 7, u(r,0,2)) = u(t + 7,0,2) € M,vt € R, and hence, 7(7)(z,u) =
(u(r,0,2),0(r)u) € M,¥r € R. Then M is invariant for . If M is iso-
lated, then there is an open neighborhood U of M such that if there are
z € U and u € o,(¢) such that v admits a full orbit through z in U, then
this full orbit is contained in M. Clearly, U x H(¢) is an open neighbor-
hood of M. Assume that there is (y,v) € U x H(¢) such that a full or-
bit 7(t)(y,v) = (v(t,0,y),0(t)v) € U x H(¢),Vt € R. Since w,(¢) is the
maximal invariant set for the autonomous semiflow o(t) in H(¢), we have
o(t)v € wy(¢),Vt € R. Thus the choice of U implies that v(¢,0,y) € M,Vt € R.
Then for any given 7 € R, we have v(7,0,y) € M,o(1)v € we(¢), and
(a(T)v)(t,0,v(7,0,y)) = v(t,7,v(7,0,y) = v(t + 7,0,y) € M,Vt € R. Thus
7(T)(y,v) € M,¥r € R; that is, the full orbit 7(¢)(y,v),t € R, is contained in
M. Tt follows that M is isolated. ]

Let A and B be two quasi-invariant sets for ¢. The set A is said to be
chained to B, written A — B, if there exist u € w,(¢) and a full orbit
Yu(x) for uw with v,(z) ¢ AU B such that w,(z) C B and a,(z) C A.
A finite sequence {My,..., My} of quasi-invariant sets is called a chain if
M; — My — ... — Mj. The chain is called a cycle if My = Mj.

Definition 3.4.2. Let X be an open subset of X and define 0Xo := X \ Xp.
A process ¢ on X, with ¢(t,0,X9) C Xo,V& > 0, is said to be uni-
formly persistent with respect to (Xo,0Xo) if there exists n > 0 such that
liminf;, o d(&(t,0,2),0X0) > n for all © € Xo. If “Inf” in this inequality is
replaced with “sup”, ¢ is said to be weakly uniformly persistent with respect
to (Xo, 6X0)

Theorem 3.4.1. (UNIFORM PERSISTENCE) Let ¢ be a process on X such that
(A) holds and u(t,0,Xo) C Xo,Vu € H(¢),t > 0. Assume that

(1) There is a compact set A C X such that lim;_, oo d(u(t,0,2), A) = 0,V €
X, u € wy(d);

(2) There exists a finite sequence M = {My,..., My} of disjoint, compact,
and quasi-invariant sets for ¢ in 0Xy such that each M; is isolated in
X X we () for w(t), that no subset of M forms a cycle in 09Xy, and that
for any x € 90Xy and u € w,(¢) with u(t,0,z) € dXo,Vt > 0, we have
wy(x) C M; for some 1 <i<k;

(8) Every positive orbit for ¢ is precompact in X, and wy(x,¢) ¢ M;, Va €
Xo, 1<i<k

Then ¢ is uniformly persistent with respect to (Xo,9Xo).

Proof. Let Y = X xwy (), Yo = XoXws(¢), and 0Yy = Y\ Yy = 0XoxXws ().
Clearly, 7(t)Y C Y, n(t)Yo C Yo,t > 0, the compact set A X wy(¢) attracts
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every orbit of 7(t) on Y, and M; C M; x wy(¢). It is easy to verify that each
M; is a compact subset of Y. By condition (2), each M; is an isolated invariant
set of m(t) in 9Yp, and M, is also isolated in Y. We claim that M; — Mj for
7(t) implies M; — M for ¢. Indeed, let 7(t)(z,u), t € R, be a full orbit of =
through some (z,u) ¢ M; U M; such that wy(z,u) C M; and o (z,u) C M;.
Since 7(t)(z,u) = (u(t,0,z),0(t)u) € Y,Vt € R, we have w,(z) C M, and
ay(xz) C M;. In particular, u = o(0)u € we(¢). Thus v, (z) ¢ M; U M;,
and hence M; — M, for ¢. By condition (2), it then follows that no subset
of M;’s forms a cycle for 7 in 8Yy. Let My := {(x,u) € 9Yy : n(t)(x,u) €
0Yy, ¥t > 0}. We then claim that U, e, wr (7, u) C Uk_| M;. Indeed, for any
(z,u) € My, condition (2) implies that wy(x,u) C wy () Xwe(¢) C M; Xws (@)
for some 1 < i < k. For any (y,v) € wx(z,u), the invariance of omega limit
sets for the autonomous semiflow 7(¢) implies that w,(z,u) contains a full
orbit 7(t)(y,v), t € R. Then v(t,0,y) € M;, ¥t € R, and hence (y,v) € M;.
Thus wy(z,u) C M;. By the continuous-time versions of Theorem 1.3.1 and
Remark 1.3.1, it then follows that there exists > 0 such that for any compact
internally chain transitive set L for 7(t) : ¥ — Y with L ¢ M;, V1 <i<
k, we have inf(, ,)er, J((x,u),aYo) > 1, where d is the metric on X x V
defined by d((y,v), (z,w)) := d(y, z) + p(v,w). For every = € X, the positive
orbit v, (x, ¢) for the autonomous semiflow w(t) : X x H(¢) — X x H(¢) is
precompact, and hence its omega limit set w,(z, @) is compact and internally
chain transitive for 7(t). Since wr(z, ) C wy(x) X we(¢), we have wr(z, p) C
Y. By condition (3), wx(z,¢) ¢ M; for every 1 <i < k. Letting L = wx(z, ¢),
we get inf(, wyew, (2,0) d((y,u),dYs) > n. Then the uniform persistence of ¢
follows from the fact that Px (wx(x, ¢)) = we(z). "

In the case that ¢ is an autonomous process on X, letting V = {¢}, we
then have H(¢) = wy(¢) = {¢}. Thus Theorem 3.4.1 is just a restatement of
a well-known no-cycle theorem on uniform persistence for the autonomous
semiflow ¢(¢,0,-)(see [45, 146, 365]). In the case that ¢ is asymptotic to
an autonomous process u, we have w,(¢) = {u}. Then M; = M; x {u}
and w(t) : X x {u} — X x {u} is equivalent to the autonomous semiflow
u(t,0,-) : X — X. Thus Theorem 3.4.1 gives a no-cycle theorem on uniform
persistence for asymptotically autonomous processes (and then for asymptot-
ically autonomous semiflows), which is an analogue of [433, Theorem 2.5] on
asymptotically autonomous discrete processes. For related materials, we refer
to [249, 364].

Remark 3.4.1. By the proof of Theorem 3.4.1, the positive number 7 in the
uniform persistence depends only on the autonomous semiflow 7(¢) : X X
we () = X X wy(¢). Consequently, 7 is also uniform for all processes in V
that satisfy the conditions of Theorem 3.4.1 and have the same omega limit
for o(t).

Remark 3.4.2. Note that if wr(, ¢) C M;, then 7(t)(z, ¢) = (¢(t,0, ), o (t)o)

— M; as t — oo, and hence ¢(t,0,2) — Px(M;) = M; as t — oo.
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In particular, let M be the compact and maximal quasi-invariant set for
¢ in 0Xy. By Lemma 3.4.2 and Theorem 3.4.1, it then follows that weak
uniform persistence implies uniform persistence for processes (and then for
nonautonomous semiflows).

In the application of Theorem 3.4.1 to a concrete nonautonomous evolu-
tionary system, it is often more convenient to work directly on the system
itself rather than the continuous process associated with the nonautonomous
semiflow generated by the system. The subsequent theorem shows that this
can be done by choosing an equivalent skew-product semiflow associated with
a given nonautonomous system.

Let Z; and Z5 be two metric spaces and let F be the set of some maps from
R x Z; to Zy with the property that g € F implies that 5(t)g := g(t+-,-) € F
for any t € R. Let f € F be given, and assume that

(B) There is a metric m on F such that the set {5(¢)f : ¢ > 0} has a compact
closure H(f) C F, and there is a one-to-one map h : H(f) — W such that
o(t)oh=hod(t), Vt > 0, and such that the map 7 : Rt x X x H(f) —
X x H(f), defined by

is continuous.

By assumption (B) and the property of processes h(g), g € H(f), it is easy
to verify that 7(¢) : X x H(f) = X x H(f) is an autonomous semiflow. Let
Ix be the identity map on X. Let Vo = h(H(f)), and for any u,v € V; define
po(u,v) := m(h=(u),h~1(v)). Then Vo C W, (Vo, po) is a metric space, and
h:(H(f),m)— (Vo,po) is a homeomorphism. We further have the following
result.

Theorem 3.4.2. (EQUIVALENCE) Let (B) hold and let ¢ = h(f). Then
assumption (A) holds for (Vo,po), and the skew-product semiflow 7(t) on
H(¢) is equivalent to the skew-product semiflow 7 (t) on H(f). More pre-
cisely, the map Ix x h : X x H(f) — X x H(¢) is a homeomorphism and
w(t)o (Ix x h) = (Ix x h)om(t) on X x H(f) for all t > 0.

Proof. By assumption (B), we have o(t)¢ = o(t)(h(f)) = h(a(t)f),Vt > 0.
Then H(¢) exists and is a compact subset of Vp. We further claim that Vg :=
h(H(f)) = H(¢). Indeed, for any g € H(f), there is a sequence t, — o
such that &(t,)f — g as n — oo. Since h : H(f) — Vp is continuous, we
have o(t,)¢ = h(c(tn)f) — h(g) as n — oo, and hence h(g) € H(¢). Thus
h(H(f)) C H(¢). For any v € H(¢), there is a sequence ¢, — oo such that
o(tn)p = h(6(tn)f) — u as n — oo. By the compactness of H(f), we can
assume that there exists g € H(f) such that &(¢,)f — g as n — oco. Then
h(c(t,)f) — h(g) as n — oo, and hence u = h(g) € h(H(f)). Thus H(¢) C
h(H (f). By assumption (B), we have o(t) = hog(t)oh™' : H(¢) — H(¢),Vt >
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0. It then follows that m(t)(t,z,u) = (u(t,0,2),0(t)u) = (h(h~tu)(t,0,2),ho
a(t)(h=1(u))) is continuous in (¢,2,u). Thus assumption (A) holds. Clearly,
the map Ix x h : X x H(f) - X x H(¢) is a homeomorphism. For any
(z,9) € X x H(f) and t > 0, we have

m(t) o (Ix x h)(z,g) = n(t)(w, h(g)

Then 7(t) o (Ix x h) = (Ix x h)o7(t) for all t > 0. ]

3.5 Abstract Nonautonomous FDEs

In this section, we study the weak compactness of solution maps associ-
ated with a class of abstract nonautonomous functional differential equations
(FDEs). We start with a generalized Arzela—Ascoli theorem.

Generalized Arzela—Ascoli Theorem Let a < b be two real numbers and
X be a complete metric space. Assume that a sequence of functions {f,} in
C(la, b], X) satisfies the following conditions:

(1) The family {fn(s)}n>1 s uniformly bounded on [a,b];
(2) For each s € [a,b], the set {fn(s) : n > 1} is precompact in X;
(3) The family {fn(s)}n>1 is equi-continuous on [a,b].

Then {fn} has a convergent subsequence in C([a,b], X), that is, there exists
a subsequence of functions {fn,(s)} which converges in X uniformly for s €

[a, b].

Let 7 be a positive real number, X be a Banach space, and C :=

C([-1,0],X). For any ¢ € C, define ||¢|| = SE(SLOH(;S(H)HX. Then (C, |- |
is a Banach space. Let A be the infinitesimal _ge;lerator of a Cp-semigroup
{T(t)}+>0 on X. Assume that T(t) is compact for each ¢t > 0, and there exists
M > 0 such that |T'(¢)|| < M for all t > 0.

We consider the abstract nonautonomous functional differential equation

du(t) _
g = Au) + F(tu), >0, (3.38)
ug=¢ € C.

Here F : [0,00) x C'— X is continuous and maps bounded sets into bounded
sets, and u; € C' is defined by u:(0) = u(t + 0), V0 € [—,0].
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Theorem 3.5.1. Assume that for each ¢ € C, equation (3.38) has a unique
solution u(t,$) on [0,00), and solutions of (3.38) are uniformly bounded in
the sense that for any bounded subset By of C, there exists a bounded subset
B = B1(By) of C such that us(¢) € By for all ¢ € By and t > 0. Then for
any given T > 0, there exists an equivalent norm || - |5 on C such that the
solution maps Q(t) := u; of equation (3.38) satisfy a(Q(t)B) < e "'«(B) for
any bounded subset B of C' and t > 0, where o is the Kuratowski measure of
noncompactness in (C, | - ||X).

Proof. Define |z|* = sup,>¢ |T(t)x||, Yz € X. Then |[z| < [Jz[* < M]z]],
and hence, ||z||* is an equivalent norm on X. It is easy to see that

IT@)x]" = sup [|T(s)T ()| = sup [T(s + t)z|| < [|l[]*, Ve X, ¢ >0,
5>0 5>0

which implies that ||T'(¢)||* < 1 for all ¢ > 0. Thus, without loss of generality,
we assume that M = 1.

Let r > 0 be given. Note that for each ¢ € C, the solution u(t, ¢) of (3.38)
satisfies the following integral equation

o) =000+ [ TC-9Feuis, 120 oo

u0:¢eca

where T(t) = e "'T(t) and F(t,) = ro(0) + F(t,¢), V¥t > 0, ¢ € C. Then
T(t) is also a Co-semigroup on X and ||T'(t)] < e‘” YVt > 0. Let h() =
e~ "%,V 0 € [-7,0], and define

(O x
Joll; = _sup 1901, v
Then h(— H¢>||C < |lollx < ||#llc, and hence || - || is equivalent to || - ||¢

Cleaﬂ% ||¢( )Ix < ll9[7, V¢ € C. Define

[ T(t+6)6(0), t+6>0,
(L(t)g)(0) = {¢((t+9)), v t+0 z 0,

and

_ O 40— s s,us(@))ds, t +6 > 0,
@0) = { fo T Glonds

Thus, Q(t)¢ = L(t)¢ + Q(t),V t > 0,¢ € C, that is, Q(t) = L(t) + Q(¢),
Vit>0.

We first show that L(t) is an a-contraction on (C, || - ||%) for each ¢ > 0. It
is easy to see that L(t) is compact for each ¢ > 7. Without loss of generality,
we may assume that ¢ € (0, 7] is fixed. For any ¢ € C, we have
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(L))l x

IIL(t)¢|Ii=7TS;1£>SO h(6)
(¢ +0)llx Alt+6) 17t + 0)6(0)]
Sm“{fi‘éﬁt ME+6)  hO) T e h(O) }

e (0| 6(0) || x }
<max<e " olF, s
<max{e ol s O

— max {e " ¢l12, e 6(0)]1x} < el

which implies that a(L(t)B) < e "«(B) for any bounded subset B of C.
Thus, this contraction property holds true for all ¢ > 0.

Next we prove that Q(t) : C — C is compact for each ¢t > 0. Let t > 0
and the bounded subset B of C be given. By the uniform boundedness of
solutions, there exists a real number K > 0 such that ||F(s,us(¢))|x <
K, Vs € [0,t], ¢ € B. It then follows that Q(t)B is bounded in C. We only
need to show that Q(¢)B is precompact in C. In view of the generalized
Arzela—Ascoli theorem for the space C' := C([—T,0], X), it suffices to prove
that (i) for each 6 € [—7,0], the set {(Q(t)¢)(0) : ¢ € B} is precompact in X;
and (i) the set Q(¢)B is equi-continuous in 6 € [—7,0]. Clearly, statement (i)
holds true if t + 60 < 0. In the case where t + 6 > 0, for any given € € (0,t+6),
we have

3 t+60—¢
(Q()8)(6) = / Tt + 0 — 5)F (s, us())ds

t+4-6
+/ (t +60—s)F (s us(@))ds

t+60—¢

. t+0—e N
= T(e)/o T(t+60—e€—s)F(s,us(¢p))ds

t+6
+/ T(t+ 60 — s)F(s,us(¢))ds.

t+60—e

Define

n
o
|
——
~
=
O\A
+
ES
[0}
i~
_|_
>
|
o
|
N
=SH

(s, us(9))ds : ¢ € B}

and

.

Let & be the Kuratowski measure of noncompactness in X. Since T(e) is
compact, it follows that

40
/ T(t+6—s)F(s, us(gb))ds:(bEB}.

t+60—e

a ({(Q)9)(9) : ¢ € BY) < &(S1) + a(Ss) <0+ 2Ke = 2Ke.
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Letting € — 0", we obtain & ({(Q(t)$)(#) : ¢ € B}) = 0, which implies that
the set {(Q(t)¢)(0) : ¢ € B} is precompact in X. It remains to verify state-
ment (ii). Since T'(s) is compact for each s > 0, T(s) is continuous in the
uniform operator topology for s > 0 (see [272, Theorem 2.3.2]). It then fol-
lows that for any € € (0,¢), there exists a § = d(e) < € such that

||T(81) — T(SQ)H <€ Vsy,80 € [E,t] with |81 — 82| < 4. (340)
We first consider the case where ¢ € (0, 7]. It is easy to see that
Q1)) (0)|x < K(t+0) < Ke, V0 € [~t,—t+¢|, ¢ € B. (3.41)

For any ¢ € B and 61,602 € [-t 4 ¢,0] with 0 < 63 — 61 < 4, it follows from
(3.40) that

[(Q1)¢)(02) — Q1)) (61)]|

t—e+01
/O (T(t+ 0y — 8) = T(t + 61 — ) E(s, us(6))ds

X
t+02 N
+ / T(t+ 02 — s)F (s, us(¢))ds
t—e+64
X
t+61 .
+ —/ T(t + 607 — S)F(Sa us(¢))ds
t—e+6, X
<eKt+ K(0s — 01 +¢) + Ke
< (t + 3)K6. (3.42)

Combining (3.41) and (3.42), we then obtain

[(Q(#)¢)(02) — (Q(1)9)(01)]x < 2Ke+ (t+3)Ke=(t+5)Ke,

for all 1,0, € [—¢,0] with 0 < 6—60; < J. Since (Q(t)#)(0) = 0,V0 € [T, —1],
it follows that Q(¢)B is equi-continuous in 6 € [—7,0]. In the case where t > 7,
for any € € (0,t — 7), the estimate in (3.42) implies that

1(Q(1)0)(62) — (Q(E)P)(01)llx < (t 4 3)Ke,

for all 01,0 € [~7,0] with 0 < 6, — 60, < J, and ¢ € B. Thus, Q(t)B is
equi-continuous in § € [—7,0]. It then follows that Q(¢) : C — C is compact
for each t > 0.

Consequently, for any ¢ > 0 and any bounded subset B of C, we have

a(Q(t)B) < a(L(t)B) + a(Q(t)B) < ¢~ "a(B).

This completes the proof. [
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As an application example, we consider the following w-periodic reaction—
diffusion system with time delay

ou __
{ pr = DOutftw), @€ t>0, (3.43)
ov

=0, r €I, t>0,

where D = diag (d1, . ..,d,,) with each d; > 0, 2 C R" is a bounded domain
with the smooth boundary 912, and f(¢, ¢) is w-periodic in t € [0, 00) for some
w > 0.Let Y := C(£2,R™) and assume that f is continuous and maps bounded
subsets of [0,00) x C([-7,0],Y) into bounded subsets of Y. Let T'(t) be the

semigroup on Y generated by augt’m) = DAu(t, z) subject to the boundary

condition g;f = 0. It is easy to see that || T'(¢)|| < 1,V¢ > 0. By Theorem 3.5.1,

we then have the following result.

Theorem 3.5.2. Assume that solutions of system (3.43) exist uniquely on
[0,00) for any initial data in C := C([—7,0],Y) and are uniformly bounded.

Then for each r > 0, there exists an equivalent norm || - ||= on C such that for
each t > 0, the solution map Q(t) = us of system (3.43) is an a-contraction
on (C,|| - ||7) with the contraction constant being e "t.

Remark 3.5.1. By using the theory of evolution operators (see, e.g., [152, Sec-
tion II.11] and [272, Section 5.6]), we may extend Theorem 3.5.1 to the
abstract functional differential equation dz(tt) = A@t)u(t) + F(t,u;) with
up = ¢ € C under appropriate assumptions.

3.6 Notes

Theorem 3.1.1 is due to Zhao [430]. Subsection 3.1.2 is taken from Zhao [432].
The notion of periodic semiflows was introduced by Hale and Lopes [143]. Hess
[152, Theorem 28.1] established threshold dynamics for a periodic parabolic
logistic equation, that is, equation (3.7) with f(z,t,u) = u[m(x,t) — bz, t)u].
Results similar to the second conclusion of Theorem 3.1.6 were proved by
Cantrell and Cosner [50, Theorems 2.1 and 2.3] and [51, Theorem 2.4 with
Corollary 3.3] for a diffusive logistic equation subject to the Dirichlet boundary
condition under the assumption that there exists Ky > 0 such that F(z, Ky) <
0, Vx € £2. In the noncritical case (i.e., Ao(F(¢(x))) # 1), Hsu and Waltman
[171, Theorems 3.1 and 3.2] obtained Proposition 3.1.1 for system (3.13) with
F being Michaelis-Menten—Monod response functions.

Section 3.2 is adapted from Zhao [433], except that Proposition 3.2.4 is
modified from Zhao [434, Section 2]. Asymptotically autonomous semiflows
were studied extensively by Thieme [364, 366, 367], Mischaikow, Smith and
Thieme [249], Benaim and Hirsch [35]. The global dynamics in asymptotically
periodic parabolic Fisher equations was established by Hess [153]. A set of suf-
ficient conditions for uniform persistence in asymptotically periodic parabolic
predator—prey systems was obtained by Zhao [433].
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Sections 3.3 and 3.4 are taken from Zhao [438] and [436], respectively.
Under appropriate assumptions, Shen and Yi [312, Theorem 4.1] obtained
global attractivity of a unique positive almost periodic solution for equa-
tion (3.34) subject to the Neumann boundary condition. Thieme [368, 369)
proved that weak uniform persistence implies uniform persistence for nonau-
tonomous semiflows. The skew-product semiflow approach to nonautonomous
evolutionary systems has become standard; see, e.g., Sell [303], Dafermos [79],
LaSalle [212], Hale [141], Shen and Yi [311], and the references therein. Nuss-
baum [260] and Thieme [363] studied weak ergodicity and asymptotic propor-
tionality in monotone and sublinear nonautonomous semiflows.

Hale [141, Theorem 4.1.1] first proved that the solution maps of FDEs
on R™ are a-contractions in an equivalent norm on C([—7,0],R™). However,
the decomposition technique for solution maps in [141, Theorem 4.1.1] can-
not be used to prove the a-contraction property for the solution maps of
FDEs on an infinite-dimensional Banach space X. This is because bounded
sets in such X are not precompact in general. Liang and Zhao [226, pages
879-880] employed this decomposition to show that the solution maps of time-
delayed reaction—diffusion systems are conditional a-contractions (see (A3)’
in [226, Remark 4.1]). Theorem 3.5.1 is a nontrivial generalization of [141,
Theorem 4.1.1] to abstract FDEs since a quite different decomposition for
solution maps was utilized in our proof.
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A Discrete-Time Chemostat Model

The chemostat is an important laboratory apparatus used for the continuous
culture of microorganisms. In ecology it is often viewed as a model of a simple
lake system, of the wastewater treatment process, or of biological waste de-
composition. Mathematical models of microbial growth and competition for
a limiting substrate in a chemostat have played a central role in population
biology. See [334] for a treatment of chemostat models. However, the classical
model ignores the size structure of the population and the observation that
many microbes roughly double in size before dividing. Size-structured chemo-
stat models formulated by Metz and Diekmann [248] and by Cushing [76]
lead to hyperbolic partial differential equations with nonlocal boundary con-
ditions. A conceptually simpler approach to modeling size structure was taken
by Gage, Williams and Horton [127], who formulated what is now referred to
as a nonlinear matrix model for the evolution, in discrete-time steps, of a fi-
nite set of biomass classes. Smith [327] modified this model and showed that
competitive exclusion holds for two competing microbial populations. The
purpose of the present chapter is to give a thorough mathematical analysis of
this model of any number of competing populations.

In Section 4.1 we introduce the model under some appropriate assump-
tions, and derive a conservation principle for the total nutrient. In Section 4.2
we show that the model leads to a lower-dimensional system of difference
equations for the total biomass of each population and that conservation of
total nutrient allows a further reduction to a limiting system where the nu-
trient is effectively eliminated. The global dynamics and chain transitive sets
of the resulting limiting system are analyzed. In Section 4.3 we prove that
competitive exclusion holds for the full size-structured system. The winner is
the population able to grow at the lowest nutrient concentration.

(© Springer International Publishing AG 2017 119
X.-Q. Zhao, Dynamical Systems in Population Biology, CMS Books
in Mathematics, DOI 10.1007/978-3-319-56433-3 4
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4.1 The Model

In order to formulate a discrete, size-structured model of m-species competi-
tion for a limiting nutrient in a chemostat, a simple open system with a con-
stant input of fresh nutrient at concentration S° € (0,00) at rate E € (0,1)
and a constant removal of nutrient and organisms at rate E, we make the
following biological assumptions (see Gage et al. [127]):

(1) An organism approximately doubles in size as it moves from its smallest
to its largest size class;

(2) Cells divide into two daughter cells of approximately equal size;

(3) Cell growth is exponential if the concentration of the limiting nutrient
remains constant;

(4) The average nutrient uptake rate per unit biomass is constant across all
size classes;

(5) Respiration and mortality are negligible;

(6) Washout is constant across all size classes per unit biomass;

(7) The only organism-to-organism interaction is mediated through the nu-
trient concentration.

For the ith species we choose ; size classes such that the average biomass
in class j, 1 < j < 7y, is Mf_lbi, where M; = 21/7 and b; is the average
biomass of a newly divided cell. Let z* = (y},y2,...,y*) € R", where yf
denotes the biomass in size class j, 1 < j < r;. Then the number of cells in
size class j is n;(j) = y? /(M7 "b;). Let S be the nutrient concentration, and
fi(S) the nutrient uptake rate computed per unit biomass per iteration period.
It is assumed that population biomass is measured in nutrient-equivalent units
so that f;(S) is also the rate of increase in biomass per iteration period per
unit biomass. Thus y? f;(S)/(M7b; — M7 'b;) = ns(5) fi(S)(M; — 1)~ is the
number of individuals in size class j that can gain enough biomass during an
iteration period to move up to size class j+1, and hence P; = f;(S)(M; —1)7!
is the proportion of individuals that would move from size class j to size class
j + 1 per iteration period in the absence of washout. Accounting for the ratio
M; of cell size in class j+ 1 to cell size in class j and the washout rate F, the
proportion of biomass in class j projected into class j + 1 over an iteration
period is (1 — E)M; P;. The proportion (1 — E)(1 — P;) of individuals remains
in class j.

The discrete-time, size-structured model of m-species competition in the
chemostat is then given by

zh i =Ai(Sy)7! 1<i<m,

n?

ks ) 4.1
Sn1=(1-E) Sn—ij(Sn)U,{ + ESY, (4.1)
=1

where the vector z}, € R}, r; > 0, gives the distribution of biomass (in
nutrient-equivalent units) of the ith microbial population among r; size classes
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at the nth time step, and S, is the nutrient concentration at the nth time
step. The total biomass of the ith population at the nth time step is given by
Ul =zt - 1, the scalar product of zf, and 1 = (1,...,1) € R™. The nutrient
uptake rate for the ith population is f;(S), and the r; X r; projection matrix
for that population is given by

1-P 0 - M;P;
M;P, 1-PF 0 0
A8)=01-p) | O MP1-FK0 0 (4.2)
0 0 M;P;1—- P

where
M; =2Y" Py=fi(S)(M; —1)7Y, 1<i<m.
Throughout this chapter, we assume that

(H1) For each 1 < i < m, f; € CYR4+,R), f;(0) = 0, f/(S) > 0, f/(S) <
fz/(o)a Se RJr;

(H2) fi(+o00)(M; —1)7t < 1,1 < i < m, and there exist W > S° and
n € (0,1) such that W > 1", f/(0) <.

Clearly, (H1) and the mean value theorem imply that f;(S) < f/(0)S, for
S > 0. The prototypical nutrient uptake rate, which satisfies (H1), is the
Michaelis—-Menten function

mS

ORI

where m is the maximum uptake rate and a > 0 is the Michaelis-Menten (or
half saturation) constant. In (H2), W is an appropriate upper bound on the
total biomass of all species and the nutrient, and 7 an acceptable tolerance.
We refer to [327] for a discussion of subtle issues involving the time step and
growth rates in order that the model make biological sense.

Using the fact that 1 = (1,...,1) € R"™ is the Perron-Frobenius (princi-
pal) eigenvector of the nonnegative, irreducible, and primitive matrix A4;(S)
associated with its Perron—Frobenius (principal) eigenvalue (1 — E)(1+ f;(S))
(see, e.g., [77, Theorem 1.1.1]), it follows that the total biomass U} = x - 1
satisfies the difference equations

Uiy =0 -E)1+ fi(Sa)U, 1<i<m. (4.3)

Let X, = S, + >0, UL, n > 0. Equation (4.3) and the second equation of
(4.1) imply that the evolution of X, can be decoupled from the rest of the
system

S eRy,

Ypi1=01-E)Z,+ES°, n>0, (4.4)
resulting in
X, =8"—(1-E)"(S° - %), n>0. (4.5)
Clearly, (4.5) implies lim,, o, 2, = S°, which is a conservation principle for
the total nutrient.
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4.2 The Limiting System

For the dynamics of system (4.1), we may consider its population level dy-
namics, which is described by equation (4.3) and the second equation in (4.1).
In view of S, = X,, — Y%, U} and lim,_,o X, = SY, we may pass to the
limiting system

i =0=E) [14+ £ =D U)|U., 1<i<m,  (46)
j=1

with the initial value (U{,...,U") in the domain

D = {(Ul,...,Um)eRT: ZUigso}.
=1

Denote by F the mapping determined by the right side of (4.6), so we have

(U$+17"'7U717,T3r1) :F(Urlw---aUm)-

n

Then the following result implies that D is positively invariant for system
(4.6), and hence (4.6) defines a discrete dynamical system on D.

Lemma 4.2.1. F(D) c {(U',...,.U™) eRpr: " U'<(1-E)S°}
c D.

Proof. For any (U%,...,U™) € D, let (V1,..., V™) = F(U',...,U™) and
t=> 1 U’ Then V' >0,1<4i<m,andt€0,5°. If t >0, then

;v —(1—E)t<1+;fi(80—t) t)

<(1-E) <1 + max {fi(S° - t)})

1<i<m

< (1= B) max {(1+ f:(S° - 1)1}, (4.7)

By (H1) and (H2), we have

(0 (S0 = )1) = T4 (S0 — 1) — (S — )t
>1—flOW+f(S°—t)>1—-n>0. (4.8)

Consequently, the function (1 + f;(S° —t))t is strictly increasing with respect
to t € [0,S5Y], attaining its maximum value S° at ¢ = S°. Thus (4.7) yields
Y Vi< (1-E)S°. (]
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We define the break-even nutrient concentration for ith population as the
solution \; of
(1= E)1+ fi(5)) =1,
where \; = +o00 if no such solution exists. If the supplied nutrient does not
exceed the nutrient requirements of a population, then it is eliminated.

Lemma 4.2.2. If \; > S°, then lim,_ U}IL = 0 for every solution
(Ups-- -, U of (4.6).

Proof. U,y < (1—E)(1+ fi(S° = U,))U}, = g(Uy,), so, since g is increasing
by (4.8), UZ < Vl where V', | = g(V;}) and Vj = U}. We show that Vi — 0.
Our hypothesis ensures that (1 — E)(1 + fi(S° = U)) < 1if U € (0,5, so
g(U) < U for U € (0,5°. Consequently, Vi ; < V7 if Vij > 0, so Vi converges
to the only fixed point of g, namely, zero. ]

In view of (4.3), the biomass of a population can grow at a lower nutrient
concentration than the biomass of the other populations, and consequently,
we expect that the population with the lowest nutrient concentration is the
superior competitor. The following result on the global dynamics of system
(4.6) is, therefore, plausible.

Theorem 4.2.1. Assume that A\ < S°, and A1 < \; for all i > 2. Then for
any (Ug,...,U) € D with Ug > 0, the solution of (4.6) satisfies

lim (UL, U2,...,U™) = (S° — \1,0,...,0).

n
n—oo

Proof. For any (U!,...,U™) € D, let (VL ..., V™) = F(U',...,U™).

Define
Dy = {(Ul,...,Um) eD: ZUi > SO—)\l}
=1

and Wy (U, ...,U™) =" U If (U',...,U™) € Dy, then for system (4.6),

Wi(UY,...,U™) = Wi (F(U,...,U™)) =W (U',...,U™)

A—E)[1+£(S°=> UH]| -1|U"

I
NGER Ms =

N
Il
-

IV

Jj=1

[(1-E)(1+ fi(\)) - 1)U

@
I
s

[(1-E)A+ fi(n)) - 1]U" <0. (4.9)

|
.MS

@
I|
)
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Thus W is a Liapunov function of (4.6) on D; (see Definition 1.1.1). By the
fact that each term in large brackets in the third line of (4.9) is nonpositive
in Dy, it follows that

B, ={(U',..., U™ eD,: W (U'...,U™) =0}
= {(8" = )\,0,...,0)}. (4.10)

Let u, = (U},...,U™) be the solution of (4.6) with ug € D, and let w(uo)
be the omega limit of the positive orbit v (ug) := {un;n > 0}. If v (ug) C
Dy, then the LaSalle invariance principle (see Theorem 1.1.1) implies that
w(uo) = (SO - )\1,07 ce ,O)

Define

D, :_{(Ul,...,Um)eRT: ZUZSSO—M}.

i=1

Clearly, Dy C D. By (4.8), when t = S° — \; the strictly increasing function
(14 £;(S°—1))t on [0, S°— ;] attains its maximum value (1+ f;(A1))(S°—A1).
Note that (1 + f;(A1)) < (1 + fi(\)) = 1/(1 — E), 1 < i < m. Then (4.7)
implies that > ;- V* < S% — Xq. Thus (V!,...,V™) € D,, and hence D
is positively invariant for system (4.6). Define Wo(U?!,...,U™) = —U'. If
(UL,...,U™) € Dy, then for system (4.6),

WQ(Ul,...,Um):fWQ( (U1 Um)) Wg(Ul,...,Um)

1+ f[8°— ZUJ Ut
j=1

<U E)(14 fi(M1)] (4.11)
Thus Ws is a Liapunov function of (4.6) on Ds. Let
L= {(Ul,...,Um)eRT: Ul_o,ZUi<S°—A1},
i=1
and
A= {(Ul,...,U’”)eRT: ZUizso—Al}.
i=1
By (4.11), we then have
Ey:={(UY,...,U™ e Dy: Wo(U',..., U™)=0}=LUA. (412)

If ug = (US,...,U") € Dy with U} > 0, then v¥(ug) C Ds. By the LaSalle
invariance principle (see Theorem 1.1.1), w(ug) € L U A. Note that 0 >
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Wo(un) = Wa(unt1) — Wa(uy) = UL — Ut 1, ¥n > 0. Then we get U}, >
U,, ¥n >0, and hence U} > U > 0, Vn > 0. Thus w(ug) C A. Clearly, (4.10)
implies that for any u € A\ {(5° — A1,0,...,0)}, we have Wi (u) < 0, and
hence

F(u) C {(Ul,...,Um) eD: Y U< SO—/\l}.
i=1

So (8% — \1,0,...,0) is the only invariant set in A. Thus w(ug) = (S° —
A1,0,...,0).

For any ug = (U}, ..., Uf") € D with U} > 0, let u, = (U},...,U}), n >
0, be the solution of (4.6). Clearly, U} > 0, Vn > 0, and either v (ug) C D1,
or there is an ng > 0 such that u,, € Dy. Note that w(ug) = w(up,). Then in
either case, by what we have proved above, w(ug) = (S° — A1,0,...,0), and
hence lim,, o0 tuy, = (S® — A1,0,...,0). This completes the proof. ]

Theorem 4.2.2. Assume that \1 < X < ... < A\p. Then every compact
internally chain transitive set for F is a fized point of F' itself.

Proof. Let ey = 0 € R™, and in the case that \; < S, let e; = (0,...,0,5°—
Aiy 0,...,0) € R™ with its ith component being (S° — ;) and the others being
0. Clearly, all these e; are fixed points of F': D — D. For any vy € D with vy #
eg, there exists 1 < k < m such that vo = (0,...,0, Vi, ..., V") with V¥ > 0.
Let v, = (V,1,...,V,™) be the solution of (4.6). Clearly, V! =0, Vn > 0,1
i < k. If Ay < 8%, then Theorem 4.2.1 implies that lim, o vy = eg. If A
SO then \; > S°, Vi > k, and hence Lemma 4.2.2 implies that lim,,_ e vn
eo. This convergence result also implies that each e; is an isolated invariant
set in D C R™ for F, and that no subset of e;’s forms a cyclic chain in D.
By a convergence theorem (see Theorem 1.2.2), any compact internally chain
transitive set for F is a fixed point of F. [

IV IA

4.3 Global Dynamics

In this section we first lift the result for the limiting system (4.6) to the reduced
system at the total population level (see (4.13) below), and then consider the
global dynamics of the full size-structured system (4.1).

The population level dynamics are described by

Uiy =1—E) 1+ fi(Sn)) Uy, 1<i<m,
a , 413

Snp1 =1 = E) | Sn=>_ £(Sn)U}, | + ES°, (4.13)
j=1

with the initial value (Uf, ..., U, So) in the domain

0= {(Ul,,,,,U’”,S)eRTH: ZUi+S§W}.

=1
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Denote by G the mapping determined by the right side of (4.13), so we have
(Upiis-- s Uy Spg) = G(UL, .. U Sy).
If (UY,...,U™ S) € (2, then

m

S—Zf(SUZ>S< Zm: ) —n)S > 0.

i=1

By the conservation principle (4.4) and the fact that S° < W, it then fol-
lows that G(U?,...,U™,S) € £2, and hence G(£2) C 2. Thus system (4.13)
defines a discrete dynamical system on (2. The following result describes the
competitive exclusion dynamics of (4.13).

Theorem 4.3.1. Assume that A1 < S® and \y < Ay < ... < A\p. Then for
any (UL, ..., U, So) € 2 with U} > 0, the solution of (4.13) satisfies

lim (UL U2, U™ 8,) = (S —)\.,0,...,0, ).
Proof. Fix (U},...,Ul",So) € 2 with U} > 0, and let (U},..., U™, S,)
be the solution of system (4.13). Clearly, Ul > 0,¥n > 0. Let X, =
Sp+ > UL, n>0. By (44), u, = (Up,..., U™, X,) satisfies the following
system

Uppr =(L=E) | 1+ fi(£, =D UM | UL 1<i<m,
j=1

Y1 =(1-E)%, + ES°.

Let w = w(ug) be the omega limit set of the positive orbit v (ug) of (4.14).
Then
wc {(U'...., U™ D) eRY . D <W}.

Note that X, — >7" Ui = S, > 0,n > 0, and lim, e X, = S It then
follows that for any (U!,...,U™,Y) € w, we have Y ;*, U* < X and ¥ = S°.
Thus, there exists a set @ C D such that w = @ x {S°}. Denote by H the
mapping determined by the right side of (4.14), so (U}, 4,..., UM, Xng1) =
HU}, ...,U™ ¥,). By Lemma 1.2.1, w is a compact, invariant, and internally
chain transitive set for H. Moreover,

Hl,U', ..., u™, 8% = (F(U',...,U™),S°).

It then follows that @ is a compact, invariant, and internally chain transitive
set for F': D — D. By Theorem 4.2.2, we get @ = ¢; for some 0 < [ < p, where
p is the maximal index such that A, < S°, and hence, w = @ x {S°} = (e, S9).
Thus

lim w, = lim (U},..., U™ %,) = (e, S°). (4.15)

n—00 n—oo
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It remains to prove that [ = 1. Suppose, by contradiction, that [ # 1.

Define
5 — s 1+ (1 —E)A+ f2(S%)) ifl=0,
l yA+(1=E)1+ fi(\) ifl>2.

Since A; < S and A\; > A; if I > 2, we have
1<6o<(1—E)(1+ f1(SY), and 1 < & < (1 — E)(1+ fi(\)) if I > 2.

By (4.15), it follows that

lim (1-E) [ 1+ fi | S0 =D US| | = (A= E)1+ A(N) if 1 >2,
j=1
and
lim (1-E) | 1+ /1 En—iUg =(1-E)1+ f((S%)ifl=0.
j=1

Then there is an ng > 0 such that

A=-E)(1+A(Z=D Ul | >6, Yn=>n,

Jj=1

and hence Up,, > §UL, Vn > ng. In view of the fact that §; > 1 and
U,% >0, Vn > 0, we get lim,, 0 U% = 400, which contradicts the boundedness
of {U} : n > 0}. By (4.15), it then follows that lim, (U}, ..., U™, X,) =
(e1,S5Y), and hence

lim (U},...,U",S,) = (e1, A1) = (S° — A\1,0,...,0,\1).

n—r oo

This completes the proof. [

To get the global dynamics of the full system (4.1), we need the following
weak ergodic theorem of Golubitsky, Keeler and Rothschild (see [132, Corol-
lary 3.2]).

Weak Ergodic Theorem Suppose that Ty is a sequence of nonnegative, ir-
reducible, and primitive m X m matrices and that T, — T as k — 0o, where
T is also irreducible and primitive. If e is the Perron—Frobenius eigenvector
of T satisfying e-1 =1, and 41 = Trxk s a sequence starting with xg > 0
and o # 0, then " — e as k — oo.

Lk
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Let r =", r; and set I" :=

{(xl,...,xm,S)ERfl:xieR”,lgigm, and Z:Ci-l—l—SSW}.
i=1

Clearly, the positive invariance of {2 for (4.13) implies that of I" for (4.1).
So (4.1) defines a discrete dynamical system on I'. The next result shows
that the surviving population asymptotically approaches a stable, uniform
size distribution.

Theorem 4.3.2. Assume that A\; < S° and Ay < Ao < ... < M. Then for
any (2§, ..., 20, So) € I' with x§ # 0, the solution of (4.1) satisfies

n—oo

S0 — )
lim(xi,x%,...,xﬁ,sn)=< 11,0,...,0,/\1>.
™

Proof. Given (z},...,20",So) € I' with 2} # 0, let U: = 2!, -1,V1 <
i < m,n>0.Then (Ud,...,U", So) € 2 with U > 0. By Theorem 4.3.1,
lim,, oo (UL, U2, ..., U™, S,,) = (S°=A1,0,...,0,\1). Then lim,, o A;(S,) =
Ai(A1), 1 <i < m. As mentioned in Section 4.1, 4;(S,) and A;(\;) are non-
negative, irreducible, and primitive, and they have e = 1 1 as their Perron—
Frobenius eigenvectors with e - 1 = 1. By the aforementloned weak ergodic
theorem, we then have

=
=

. T . 1
lim " =lm "=e= "1
n— o0 J;l -1 n— o0 U}L i

V1<i<m.

)

Since lim,, s U} = S% — \; and lim,, o, Uf = 0, V2 < i < m, we conclude
that

S0 — )
lim (x),2? ...,:Cm,Sn)=< 11,0,...,0,/\1>.
™

n—oo n’ n’ n
This completes the proof. [
4.4 Notes

The model (4.1) was formulated by Gage, Williams and Horton [127] and was
further developed by Smith [327]. This chapter is adapted from Smith and
Zhao [339]. The proof of Theorem 4.2.1 was motivated by a similar LaSalle
invariance principle argument in Armstrong and McGehee [18] for the classi-
cal chemostat system of ordinary differential equations. Theorems 4.2.1, 4.3.1,
and 4.3.2 were proved for the case of two-species competition in [327], where
monotonicity and Butler-McGehee lemma arguments were applied. Recently,
Arino, Gouzé and Sciandra [17] extended the model (4.1) with m = 1 to the
case where cell division (and consequently, cell birth) can happen for cells
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in several biomass classes, the effective size at division being distributed fol-
lowing some probability density, and showed that the model system admits
one nonzero globally stable equilibrium. There have been extensive investiga-
tions on both discrete and continuous structured population models; see, e.g.,
Cushing [77] and the references therein.



5

N-Species Competition in a Periodic
Chemostat

As we see from the previous chapter, the models of exploitative competition
in a well-stirred chemostat operated under constant input and dilution, with
competition for a nonreproducing substrate, predict that at most one com-
petitor population avoids extinction. However, the coexistence of competing
populations is obvious in nature, and so in order to explain this, it seems
necessary to relax at least one of the assumptions in these models. One nat-
ural approach is to introduce periodic coefficients to represent, for example,
daily or seasonal variations in the environment. The aim of this chapter is
to present a general framework to study models of n-species competition in a
periodically operated chemostat. Nutrient input, dilution, and species-specific
removal rates are all permitted to be periodic (but of commensurate period).
Furthermore, each species-specific nutrient uptake function is assumed to be
a monotone increasing function of the substrate concentration, but can be pe-
riodic as a function of time (but again of commensurate period). Differential
species-specific removal rates are also permitted.

In Section 5.1 we discuss periodic weak repellers in periodic and asymp-
totically periodic Kolmogorov systems of ordinary differential equations. In
Section 5.2 a threshold-type result on the global dynamics of scalar asymp-
totically periodic Kolmogorov equations is first proved, and then single species
growth in the periodically operated chemostat is considered. In the case that
the species-specific removal rate is permitted to be different from the dilu-
tion rate, we obtain sufficient conditions that guarantee the existence of at
least one positive periodic solution and ensure that the species is uniformly
persistent. On the other hand, when the species-specific removal rate is as-
sumed to be equal to the dilution rate, a threshold-type result for uniform
persistence versus global extinction of the species is obtained. In Section 5.3
the n-species competition model in a general periodic chemostat is studied.
Sufficient conditions are obtained that guarantee the uniform persistence of
all n-species and the existence of at least one positive periodic solution of

(© Springer International Publishing AG 2017 131
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the full system. The special case where the species-specific removal rates of
all of the species equal the nutrient dilution rate is also discussed, and an
improved result is given when there are only two competing species. Finally,
in Section 5.4 the 3-species competition model is studied under the additional
assumptions that the species-specific removal rates of all of the species equal
the nutrient dilution rate and that the positive periodic solutions to each of
the three 2-species subsystems of the limiting 3-species competition system
is unique. We determine sufficient conditions, which are more easily satisfied
than those given in Section 5.3, that guarantee the uniform persistence of the
three interacting species and prove existence of at least one positive periodic
solution for the full model system.

5.1 Weak Periodic Repellers

In the applications of the theory of discrete-time semidynamical systems to n-
dimensional Kolmogorov periodic and asymptotically periodic biological sys-
tems, the dynamics on the boundary prove to be very useful. In this section
we discuss a weakly repelling property of semitrivial periodic solutions for
these systems.

Consider first n-dimensional Kolmogorov periodic systems

du; .
ch = u; Foi(t,u), 1<i<n, (5.1)
where u = (u1,...,u,) € R7. We assume that Fy = (For, ..., Fy,) : RTT —

R is continuous and w-periodic with respect to t(w > 0), and that the
solution ¢ (t,u) of (5.1) with ¢o(0,u) = w exists uniquely on [0,00). Let
S =¢o(w,-) : R = R%. Then S™(u) = ¢o(nw,u), Vu € R’}

Lemma 5.1.1. If for some 1 <i <n,

w(t) = (i), ui g (8),0,uip 1 (), - up(2))

is an w-periodic solution of (5.1) with u}(0) > 0, V1 < j <n, j # i, and u*(t)
satisfies [ Foi(t,u*(t))dt > 0, then there exists § > 0 such that

limsup d(S™ (u),u*(0)) > 0, Vu € int(R7}).

n—00
Proof. It suffices to prove that there exists 6 > 0 such that for any
u € B(u*(0),0) Nint(R"), where B(u*(0),6) = {u € R" : |u —u*(0)| < d},
there exists N = N(u) > 1 such that SV (u) ¢ B(u*(0),d). Let € be a
fixed real number such that 0 < e < | [ Fy;(t, u*(t))dt. By the uniform
continuity of Fp;(t,u) on the compact subset [0,w] x [0,b]" C R"*! where
b = maxg<i<w [u*(t)| + 1, there exists dg € (0,1) such that for any v and
v € [0,b]" with |u —v| < dp, and all ¢ € [0, w],
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|F0i(t, u) — FOi(t, ’U)| < €.

By the continuous dependence of solutions on initial values, it then follows
that there exists 6 > 0 such that for any v € B(u*(0),) "R,

|¢0(t7u) - U*(t” = |¢0(t7u) - ¢0(t7U*(0))| <do, Vi€ [va]'

Proceeding by contradiction, assume that there exists ug € B(u*(0),d) N
int(R’ ) such that S™(ug) = ¢o(nw, up) € B(u*(0),6), Vn > 1. For any t > 0,
let t = nw+t', where t’ € [0,w) and n = [t/w] is the greatest integer less than
or equal to t/w. Then we get

g0 (t,u0) — u* ()] = [¢o(t', do(nw,uo)) — u ()] < do.

Therefore,
| Foi(t, do(t,uo)) — Foi(t, u™(t))| <€, Vt=>0.

Let ¢o(t,u0) = (¢1(t,u0), ..., dn(t,uo)). Then ¢o(t,uo) € int(R%}), vVt > 0,
and hence ¢;(t, ug) satisfies

de;

g = Pifoi(t do(t)) = ¢i(Foi(t,u™(t)) —€),  Vt>0.

Thus, by the standard comparison theorem, we have
Git up) = 64(0, ug) - o For( =9yt >
In particular,
bi(nw, ug) > ¢ (0, ug) - e Jo Foiltbu M) =e)ds vy >

By the choice of €, lim, o ¢;(nw,ug) = +oo, which contradicts our as-
sumption that S™(ug) = ¢o(nw,up) € B(u*(0),9), Vn > 1. Consequently,
limsup,, ., d(S™(u),u*(0)) > 0, Yu € int(R?). ]

Remark 5.1.1. Tt is easy to see that Lemma 5.1.1 also holds true for w-periodic
system f;; = fi(t,u), 1 <i < n, if we assume that R} is positively invariant
for solution maps of it and f;(t, u) > u; Fo;(t,u) on R for some 1 < i < n.

We then consider n-dimensional nonautonomous Kolmogorov systems

du;
Y wF(tu),  1<i<n, (5.2)
dt

where u = (ug,...,u,) € R?. We assume that F = (Fy,..., F,) : RMTH — R?

is continuous and locally Lipschitz in u. For each s > 0, let ¢o(¢,s,u) and
o(t, s,u) be the unique solutions of (5.1) and (5.2) with ¢o(s, s,u) = u and
¢(s,s,u) = u, respectively. Define T}, (u) := ¢(nw,0,u), T(t)u := ¢o(t,0,u)
and S(u) := T(w)u, ¥n > 0,t > 0,u € RY.
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Lemma 5.1.2. Assume that limy_, oo |F(u,t)— Fo(t, u)| = 0 uniformly for u in
any bounded subset of R, and that solutions of (5.1) and (5.2) are uniformly
bounded in R’ . If for some 1 <i < n,

U*(t) = (ui(t)v ce 7ur—l(t)7 0, Uf+1(t)a ce 7“2@))
is an w-periodic solution of (5.1) with u}(0) > 0, V1 < j <n,j # i, and u*(t)
satisfies [, Foi(t,u*(t))dt > 0, then
W*(u*(0)) N int(R?) = 0,
where W (u*(0)) = {ueRY : lim,oo Tn(u) = u*(0)}.

Proof. By Proposition 3.2.2, ¢(t,s,u), t > s > 0,u € R, is asymptotic to
the w-periodic semiflow T'(¢) : R™ — R"™, and hence, T, (u) : R} — R}, n >0,
is an asymptotically autonomous discrete dynamical process with the limiting
autonomous discrete semiflow S™ : R} — R, n > 0. Assume, by contradic-

tion, that there exists ug € W*(u*(0)) N int(R? ). Then, limy, oo Tn(uo) =
u*(0), and hence Theorem 3.2.1 implies that

tlig.lo(gb(ta 07 uO) —u’ (t)) = tlig.lo((b(tv Oa UO) - T(t)u*(())) =0.

Since limy—, oo |F(t,u) — Fo(t,u)| = 0 uniformly for « in any bounded subset
of R” | it easily follows that

J,-a
Jim (F(t,6(t,0,u0)) — Fot,u" (1)) = 0.
In particular,
i (Fy(t, 6(t,0,u0)) — Foy(t,u* (1)) = 0.

Let € be a fixed positive number such that 0 < e < | [ Fo; (¢, u*(t))dt. Then
there exists N = N(¢) > 0 such that

Fl(tv (b(tv Oa UO)) Z Foz(t,u*(t)) — €, A7 Z Nw.

Let 9(t,0,u0) = (910 6u(t) = G(). Then ¢(t) € mt(RL), vt > 0.
Therefore, ¢;(t) satisfies

do;(t) B
dt

By the comparison theorem, it follows that

Gi () F(t, d(t)) > ¢i(t) (Foilt, u™(t)) —€), Vt > Nw.

$i(t) > ¢i(Nw)elnoForlsa(D)=ds "y > Ny,
In particular, we get
Gu(nw) > ¢u(New)elrn= ) J5 (Fosto” (D ==y > .

Then the choice of € implies that lim,,—, ¢;(nw) = +oo, which contradicts
lims—, o0 (@(¢, 0, ug) — u*(t)) = 0. "
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5.2 Single Population Growth

We first consider the nonautonomous Kolmogorov equation on single species
population growth

du

g = uF(t,u), u € Ry = [0, 00), (5.3)

where F(t,u) : RZ — R is continuous and locally Lipschitz in u. Let Fy(t,u) :
Ri — R be continuous, w-periodic in ¢ (w > 0), and locally Lipschitz in u
uniformly for ¢ € [0,w]. Let ¢(¢,s,u), t > s > 0, be the unique solution of
(5.3) with ¢(s, s,u) = u. Assume that

(A1) limieo |F(t,u) — Fo(t,u)| = 0 uniformly for « in any bounded subset
of Ry, and there exists K > 0 such that F(¢t,u) <0, V¢t > 0,u > K;

(A2) For any t > 0, Fy(t,u) is strictly decreasing for u, and there exists
Ko > 0 such that Fy(t, Ko) < 0, V¢ > 0.

We then have the following threshold dynamics for the asymptotically periodic
equation (5.3).

Theorem 5.2.1. Assume that (A1) and (A2) hold.

(a) If [0 Fo(t,0)dt <0, then limy_,o ¢(t,0,u) =0, Vu € Ry;

(b) If [ Fo(t,0)dt > 0, then lim;—o0(¢(t,0,u) — u*(t)) = 0, Vu € Ry \ {0},
where u*(t) is the unique positive w-periodic solution of the periodic Kol-
mogorov equation fl# = uFy(t,u).

Proof. Let ¢g(t,s,u),t > s > 0, be the unique solution of the w-periodic
Kolmogorov equation

du

g uFo(t,u), u € Ry, (5.4)

with ¢o(s,s,u) = u € Ry. We first claim that the following threshold result
on the global asymptotics of (5.4) holds:

(i) If [ Fo(t,0)dt <0, then lim;o0 ¢o(t,0,u) = 0,Vu € Ry;
(i) If [ Fo(t,0)dt > 0, then (5.4) admits a unique positive periodic solution
u*(t), and limy_,o0 (do (¢, 0, u) — u*(t)) = 0, Yu € Ry \ {0}.

Note that if Fy(t, ) is continuously differentiable with respect to u, the above
claim is a simple corollary of Theorem 3.1.2 with n = 1. But we need to prove
it under the assumption that Fy(t, u) is continuous and locally Lipschitz in u
uniformly for ¢ € [0,w]. Let @Q : R — R, be the Poincaré map associated
with the periodic system (5.4). For any u > 0, we have u(t) := ¢o(t,0,u) >
0, Vt > 0, and hence the strict monotonicity of Fy(¢,w) for u > 0 implies that

du

g u(t)Fo(t,u(t)) < u(t)Eo(t,0), vt > 0.
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By the comparison theorem, it then follows that
u(t) < u(O)efﬂt Fo(s,00ds vt > 0.
In the case where fow Fy(t,0)dt < 0, the Poincaré map @ : Ry — R satisfies
Qu) = u(w) < u(0)els FENds < 4(0) = u, Vu > 0,

which implies that @ : R. — R admits no positive fixed point, and that for
any u > 0,
0<Q" " (u) <Q"(u), VYn>0.

Thus, there exists @ > 0 such that lim,_, . Q™(u) = @. Since & = Q(u), the
nonexistence of positive fixed points of @ implies & = 0. Then lim,,—, oo Q™ (u) =
0, Vu > 0, and hence lim_,oc u(t) = 0. In the case where [° Fy(t,0)dt > 0,
Lemma 5.1.1 with n = 1 implies that {0} is an isolated invariant set for @,
and W*(0) Nint(R4) = 0. By Theorem 1.3.1 and Remark 1.3.1, as applied to
Q: X =R, — X with Xy = int(R) and X, = {0}, {0} is a strong repeller
in the sense that there exists 6 > 0 such that w(u) > §, Vu > 0. It is easy to
see that @ : Ry — R, is strongly monotone and strictly subhomogeneous.
By Theorem 2.3.2, it then follows that @) admits a unique positive fixed point
u*, and lim, o0 @™ (u) = u*, Vu > 0. Thus, the conclusion in (ii) holds with
u*(t) = ¢o(t,0,u*).

By conditions (A1) and (A2), it easily follows that for any v € R4 and
s >0, ¢(t,s,u) and ¢g(t, s, u) exist globally on [s,00), and solutions of (5.3)
and (5.4) are uniformly bounded. By Proposition 3.2.2, ¢(t, s, u) is asymptotic
to the w-periodic semiflow T'(t) := ¢ (¢,0,-) : Ry — R4, and hence T, (u) :=
¢(nw,0,u), n > 0, is an asymptotically autonomous discrete process with
limit discrete semiflow Q™ : Ry — Ry, n > 0. By Theorem 3.2.1, it suffices
to prove in case (a) that lim, o T(u) = 0, Vu € Ry, and in case (b) that
limy, 00 T (u) = u*(0), Vu € Ry \ {0}.

In case (a), by conclusion (i) above, u = 0 is a global attractor for @ :
Ry — Ry. Thus, Theorem 1.2.1 implies that for any v € Ry, w(u) = 0, and
hence lim,,_,oc T, (u) = 0.

In case (b), by conclusion (ii) above, u = u*(0) is a globally attractive
fixed point of @ in Ry \ {0}. Thus, the only fixed points of @ in R, are 0 and
u*(0); both are isolated invariant sets, and there is no @-cyclic chain among
them. Then Theorem 1.2.2 implies that for any v € Ry, either w(u) = 0 or
w(u) = u*(0). By Lemma 5.1.2 with n = 1, we have W*(0) N (R* \ {0}) = 0;
that is, w(u) # 0, Yu > 0. Consequently, for any u > 0, w(u) = u*(0), and
hence lim,,_, oo T (u) = u*(0). ]

Now we consider a single population growth model in a periodic chemostat

ds(t)
dt

dx(t)
dt

= (S°(t) = S(t)) Do (t) — x(t) P(t, 5(t)),
(5.5)

= z(t)(P(t,5(t)) — D1(t)).
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Here S(t) denotes the concentration of the nutrient, z(¢) denotes the biomass
of the species at time ¢, P(¢,s) represents the specific per capita nutrient
uptake function, S°(t) and Dy(t) are the input nutrient concentration and
the dilution rate, respectively, and D (t) represents the specific removal rate
of the species. We assume that SY(t), Dy(t), and D;(t) are all continuous,
w-periodic, positive functions, and that P(t,s) : RZ — Ry is continuous,
w-periodic in ¢, and satisfies

(B1) P(t,s) is locally Lipschitz in s;

(B2) P(t,0) =0, V¢ >0, and for each t > 0, P(t,s) is strictly increasing for

s € ]RJ,_.

Let D(¢) : Ry — R4 be a continuous, w-periodic, and positive function.
For the linear periodic equation

v (t)
dt
it easily follows that (5.6) admits a unique positive w-periodic solution V*(t)

such that every solution V(¢) of (5.6) with V(0) > 0 satisfies lim; o (V () —
V*(t)) = 0. Moreover, V*(t) can be expressed explicitly as

= S"(t)Do(t) = D(t)V (2), (5.6)

i elo P)dug0(s) Dy (s)ds
ef[;" D(s)ds __ 1

t g
—|—/ elo P()du g0 (o) Dy (s)ds
0

Let D(t) = max(Dy(t), D1(t)) and D(t) = min(Dyg(t), D1(t)). Then, D(t)
and D(t) : Ry — Ry are continuous, w-periodic, and positive functions. Let
Vi*(t) and V5*(¢) be the unique positive w-periodic solutions of (5.6) with D(t)
replaced by D(t) and D(t), respectively. By the comparison theorem and the
global attractivity of each V;*(t), it easily follows that V5 (¢) < Vi*(t), ¥t > 0.

Theorem 5.2.2. Let (B1) and (B2) hold. Then the following threshold dy-
namics hold:

(a) If [(P(t,V5(t)) — Di(t))dt > 0, then system (5.5) admits a positive
(componenthse) w-periodic solution, and there exist a > 0 and 8 > 0
such that every solution (S(t),x(t)) of (5.5) with S(0) > 0 and x(0) > 0
satisfies

V*(t) — e f[;‘ D(s)ds

a< litminfx(t) < limsupz(t) < S.
—0o0 t—o00
(b) If [ (P(t,Vy*(t)) — D1(t))dt < 0, then every solution (S(t),z(t)) of (5.5)
with S(0) > 0 and x(0) > 0 satisfies lim;—, o0 2(t) = 0.

Interpreting the predictions of the model biologically, Theorem 5.2.2 im-
plies that in case (a) the model system admits a periodic coexistence state
and the species is uniformly persistent, but in case (b) the species ultimately
goes to extinction.



138 5 N-Species Competition in a Periodic Chemostat

Proof. Let P(t,s) : Ry x R — R be a continuous extension of P(t,s) on
R, x Ry to Ry x R such that P(t, s) is w-periodic in ¢ and locally Lipschitz
in s, and for any ¢t > 0, P(t, s) is strictly increasing for s € R.

In case (a), since V*(t) > Vi*(t), Vt € [0,w], and P(t, V;*(t)) = P(t, Vi*(t)),
Vt € [0,w], 1 < i <2, Theorem 5.2.1 (in the periodic case) implies that the
periodic equation

dzx(t)

=PV (1) — (1) — Da(1)

admits a unique positive w-periodic solution x;(t), and z}(¢) is globally at-
tractive in R \ {0}, 1 <14 < 2. By the comparison theorem, it easily follows
that 23 (t) > x5 (¢), Vt € [0, w]. We further claim that Vi*(¢) > x7(¢), vt € [0,w].

Indeed, let 3 (t1) = maxo<i<y, 27 (t), t1 € [0,w]. Then dzzsftl) =0, and hence

P(t1, Vi (t1) — @5 (t1)) = Di(t1) > 0.

Since P(ty,s) is strictly increasing for s € R, Vi*(t;) > x%(t;). Let
y(t) = Vi*(t) — x5 (t). Then y(t) satisfies the periodic differential equation

W = SUODo(t) ~ DOVE () — (Vi () ~ ) (Ploy) — Da(t)). (57)

Since y(t1) > 0 and

| = SO+ (Di(0) = DOV (1) = S (ODo(D) > 0.

y=
it follows that y(¢) > 0, V¢ > ¢;1. Thus, the w-periodicity of y(¢) implies that
y(t) > 0, Vt > 0, that is, Vi*(t) > 2% (), V¢ > 0.

For any (Sp,z0) € R with Sy > 0 and zy > 0, let (S(¢),z(t)) be the
unique solution of (5.5) satisfying S(0) = Sy and z(0) = z with [0, 8) as its
maximal existence interval. It then easily follows that S(¢t) > 0 and z(¢) >
0, vt € (0,0). Let V(t) = S(t) + x(t). Then

_av()

S Dolt) - DOV(H) < )

< SY(t)Dy(t) — D(t)V (t), Vt€[0,p).

Let V(t) be the unique solution of the linear w-periodic equation

av

P S%(t)Do(t) — D(t)V

satisfying V(0) = V(0), and let V(¢) be the unique solution of the linear
w-periodic equation
av

= S0 (t) ~ D(O)V
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satisfying V' (0) = V/(0). Then the standard comparison theorem implies that
V() <V(E) <V(), vt € [0, 5). (5.8)

Since V(t) and V (¢) exist globally on [0,00), 8 = co. Therefore, x(t) satisfies

w(t) (PV () - 20) - D) < “V <) PV () — 20) - Di1))

for all £ > 0. Then, by the comparison theorem,

x(t) < x(t) < z(t), Vi >0, (5.9)

where Z(t) is the unique solution of the nonautonomous equation

dx(t)

=2 (P V() —2(t) - Di(®)). (5.10)

with Z(0) = zo, and z(¢) is the unique solution of the nonautonomous equation

dzx(t)

=) (P(t, V(t) —z(t) Dl(t)) , (5.11)

with 2(0) = xg. Since lim;_, (V(t) — Vi*(¢)) = 0 and lim; oo (V(¢) — V5 (¢))
=0, we have

lim (P(t,V(t) —x) — P(t, V{'(t) —x)) = 0

and
lim (P(t,V(t) —z) — P(t, V5 (t) —x)) = 0

t—o0

uniformly for x in any bounded subset of R.. In case (a), since
/ (P(, Vi (£)) — D(t))dt > / (P(. V5 () — Da(t))dt,
0 0
- / (P(£, V5 (1)) — Dy (t))dt > 0,
0

Theorem 5.2.1(b) implies that

lim (Z(t) —27(¢)) =0 and lim (z(t) — 25(t)) = 0.

t—o00 t—o00

By (5.9), it then follows that

limnf (x(t) — 23(6)) > lim (a(t) — 23(8)) = 0 (5.12)
and
limsup(z(t) — z3(t)) < lim (x(t) — 27 (¢)) =0, (5.13)

t—o00 T t—ooo
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and hence there exist & > 0 and 8 > 0 such that z(t) satisfies

a< htminfx(t) < limsupz(t) < 5.
— 00

t—o00

In case (b), since
/ B,V (1) - Dit))dt < / (B, Ve (1) - Dat))dr,
0 0

= ["P.ve @) - Datoyar <o,
0

Theorem 5.2.1(a) implies that lim; o Z(¢) = 0 and lim;_, o 2:(t) = 0. By (5.9),
we get limy_,o0 2(t) = 0.

In case (a), it remains to prove the existence of a positive periodic solution
of (5.5). Under the abstract setting of periodic semiflows, this can be done
by using Theorem 1.3.8 as in the latter part of the proof of Theorem 5.3.1.
Instead, we give an alternative, more elementary proof. Let V' = S+ z. Then
the system (5.5) is transformed into the following w-periodic system

av
dt

‘Z = (P(t.V —2) ~ Di(1)).

=S°(t)Dy(t) — Do(t)(V — z) — Dy (t),
(5.14)

Then the positive invariance of RZ with respect to (5.5) implies that the
closed and convex set W := {(V,z) : V >z > 0} C R is positively invariant
with respect to (5.14). Moreover, for any Sy > 0 and z¢ > 0, since the first
equation of (5.5) implies that S’(t)|g_, = S°(t)Do(t) > 0, the unique solution
(S(t),z(t)) of (5.5) with S(0) = Sy and z(0) = z( satisfies S(¢) > 0 and
x(t) > 0,Vt > 0. That is, for any Vy > z¢ > 0, the unique solution (V' (t), z(t))
of (5.14) with V(0) = Vj and z(0) = z¢ satisfies V(t) > x(t) > 0,V¢ > 0. Let
G : W — W be the Poincaré map associated with (5.14); that is, for every
(Vo, o) € W,G(V,z9) = (V(w),z(w)). Clearly, the continuous dependence
of solutions on initial data implies that G : W — W is continuous. Let

Wo = {(V,z) € W : V5(0) < V < V7(0),25(0) < z < 27(0)}.

Since 0 < zi(t) < Vi*(t), Vt € [0,w], (V;*(0),23(0)) is in the interior of W,
and hence W, is a nonempty, closed, bounded, and convex subset of Ri.
For each (Vp, zo) € Wy, the corresponding solution (V' (¢),z(¢)) of (5.14) with
V(0) = Vp and z(0) = z satisfies

(V(t),z(t)) € W, vt > 0; (5.15)
that is, V(¢) > z(t) > 0, Vt > 0. Then V() satisfies

_dv()

S'ODo(t) - DOV < )

< S°(t)Do(t) — D)V (t), Vt>O0.
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Since V5 (0) < Vp < V7*(0), the comparison theorem implies that
Vi) < V() < VE@),  VE>0. (5.16)

Therefore, x(t) satisfies

w(t) (Pt V3 0) - 2) - D) < 0wz,
and (s
‘Z(t ) < at) (P(t, Vi (t) — a(t)) — Dl(t)) )

Since z5(0) < xo < 27(0), again by the comparison theorem we get
x5 (t) < x(t) < xi(t), Vi > 0. (5.17)
Then (5.16) and (5.17) imply that

V' (0) =Vo'(w) < V(w) <V
23(0) =23 (w) <w(w) < :E(W)Z ()

By (5.15) and (5.18), it follows that G(Vp, zo) = (V (w), z(w)) € Wy, and hence
G(Wy) C Wy. By the Brouwer fixed point theorem, there exists (V*,z*) € Wy
such that G(V*,z*) = (V*,z*). Clearly, the unique solution (V*(t),z*(t)) of
(5.14) with (V*(0),2*(0)) = (V*,z*) is an w-periodic solution of (5.14). Since
V* > z* > 0, by the previous claim, we have V*(¢t) > z*(¢t) > 0, Vt > 0.
By the w-periodicity of V*(t) and z*(t), it then follows that V*(¢) > z*(¢t) >
0, Vt > 0. Consequently, (S*(¢),z*(t)) = (V*(t) — z*(¢),2*(t)) is a positive
(componentwise) w-periodic solution of system (5.5). ]

(5.18)

IN A

In the case that Do(t) = D1(t), Vt € [0,w], it is easy to see that Vi*(t) =
Voi(t), 3 (t) = x3(t), ¥t € [0,w]. Thus, (5.12) and (5.13) imply the following
threshold dynamics for the model system.

Corollary 5.2.1. Let (B1) and (B2) hold and assume that Do(t) = D1(t),
Vt € [0,w]. Then the following statements are valid:

(a) If [7 (P(t, Vi (t)) — D1(t)) > 0, then system (5.5) admits a unique pos-
itive, periodic solution (S*(t),z3(t)) = (V*(t) — x5 (t),z5(t)), and ev-
ery solution (S(t),z(t)) of (5.5) with S(0) > 0 and x(0) > 0 satisfies
hmtﬁoo(S( ) — S*(t)) =0 and limy_o0 (z(t) — 2*(t)) = 0.

(b) If [ (P(t, Vi (t)) — D1(t)) <0, then every solution (S(t),x(
with S(0) > 0 and x(0) > 0 satisfies limy_,o0 (S(t) — Vi*(t

t)) of (5.5)
)) =0 and
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5.3 N-Species Competition

In this section we consider the n-species competition model in the periodic
chemostat

dflf) =(S°(t) = S(£))Do(t) = Y _ Pi(t, S(t))as(t),

=t (5.19)
dxc;zft) =xi(t)(P(t, S(t) — Di(t)),  1<i<n.

Here S(t) denotes the concentration of the nutrient, x;(¢) denotes the biomass
of the ith species at time ¢, P;(t, s) represents the specific per capita nutrient
uptake function of the ith species, S°(t) and Dg(t) are the input nutrient
concentration and the dilution rate, respectively, and D;(t) represents the
specific removal rate, or washout rate, of species x;. We assume that S°(t)
and D;(t), 1 < i < n, are all continuous, w-periodic, and positive functions,

and that each P;(t,s) satisfies conditions (B1) and (B2).

Let
Pilt.s) = {Pi(t,s) if£20,5 20,
0 ift>0,s<0.

Then each P; : R; x R — R is a continuous extension of P;(t,s) on Ry x Ry
to Ry x R. Let

D(t) = max(Do(t), D1 (t), ey Dn(t))
and

D(t) = min(Dy(t), D1(t), ..., Dy(t)).

Then D(t) and D(t) : Ry — Ry are continuous, w-periodic, and positive
functions. Let Vi*(¢) and Vi (¢) be the unique positive w-periodic solutions
of (5.6) with D(t) replaced by D(t) and D(t), respectively. As shown in the
previous section, V5 (¢) < Vi*(t), Vt > 0.

We are now in a position to prove the main result of this section.

Theorem 5.3.1. Assume that

(1) [ (Ps(t, Vi*(t)) — Ds(t))dt >0, V1<i<mn;

(2) J ( (V5 () = S0y :vj—(t))—Di(t)) dt > 0,¥1 < i < n, where
each xj( ) is the unique positive w-periodic solution of the scalar periodic
equation 7 = x;(Pj(t, Vi (t) — ;) — D;(t)).

Then system (5.19) admits a positive w-periodic solution, and there exist o >
0 and B > 0 such that any solution (S(t),x1(t),...,zn(t)) of (5.19) with
S(0) > 0 and z;(0) > 0, V1 < i < n, satisfies

O<a< 1itminfxi(t) <limsupz;(t) <8, V1I<i<n.
— 00

t—o0
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Proof. Let P;(t,s) : Ry x R — R be any continuous extension of P;(t, s) on
R, x Ry to Ry x R such that P;(t, s) is w-periodic in ¢ and locally Lipschitz
in s, and for each ¢t > 0, pi(t,s) is strictly increasing with respect to s €
R, V1 < i < n. By Theorem 5.2.1 (in the periodic case), condition (1)
implies that for each 1 < i < n, the periodic equation

d.Ii

= (Pt Vi (1) — ) — Dit)

admits a unique w-periodic solution x}(t), and z}(t) is globally attractive in
R4\ {0}. As in the proof of Theorem 5.2.2, Vi*(t) > z}(¢), Vt € [0,w]. Then
x}(t) is a unique positive w-periodic solution of the periodic equation

d.Ii

g =SB V() — @) = Di(t));

that is, 2 (t) is independent of the choice of the extension P;(t,s) of Pi(t,s).
Let
, Pi(t,s) ift>0,5>0,
Pt = o) 20
€s ift>0,s<0.

By the boundedness of V5*(t) — EJ 1,4 25 (t) on [0, 00), it easily follows that
for each 1 < i <n,

li P | V5 (
ei)I(I)l+ 0 2 Z I
J=1,j7#i
- [ [Py - Y w
0 J=1.5#1
Then condition (2) implies that there exists € > 0 such that
/ Pe(t,V5(t)— > aj(t) = Di(t) | dt >0, Vi<i<n. (520)
0 J=1,j7#i

In what follows, for simplicity, we denote Pi(t,s) by Pi(t,s), V1 <i < n.

For any (Sp,20) = (Sp,2%,...,2%) € RT™ with 20 > 0, V1 < i < n, let
(S(t),z(t)) = (S(t), x1(t), ..., zn(t)) be the unique solution of (5.19) satisfy-
ing S(0) = Sy, x(0) = xo on the maximal interval of existence [0, 3). Since
S'(t)|g—o = S°(t)Do(t) > 0, it follows that S(¢) > 0, and z(t) > 0, V¢ € [0, 5).
Let V(t) :== S(¢t) + Y., #;(t). Then

SOt Do) — DYV (1) < WV

< < S°(t)Do(t) — D(t)V(t).

Therefore, by the comparison theorem, we get
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V() <V(t) <V(), Vvtel0,8), (5.21)
where V(t) is the unique solution of the linear w-periodic equation
av
P SO(t)Do(t) — D)V (t)

with V(0) = V(0), and V(¢) is the unique solution of linear w-periodic equa-
tion

av

dt
with V(0) = V(0). The global existence of V(t) on [0,00) implies that
B = oo. Since lim;,(V(t) — Vi*(t)) = 0, V(¢) and hence S(t) and z(t) =
(21(t),...,z,(t)) are ultimately bounded. That is, system (5.19) is point dis-
sipative on RT’l. Therefore, for all t > 0, 1 <i <n,

— () Do(t) — DV (1)

xil(tt):xi(t) Pt ve) =Y () | - Dit)

Jj=1

<ai(t)(Bi(t, V(t) — 2:(t) — Di(t)).

By the comparison theorem, it then follows that

zi(t) < z(t), Vt>0,1<i<n, (5.22)
where Z;(t) is the unique solution of the nonautonomous equation
dz;(t ~
O B0V~ 22) - D). (5.23)

with Z;(0) = z;(0) > 0, V1 < i < n. Since lim;_,o (V(¢) — Vi*(t)) = 0, we get

Jm (P (8, V(E) — i) = P(4,V(t) —2i) =0

uniformly for z; in any bounded subset of R . Since

/ (B VE (1) — Dilt))dt = / (P V(1) — Dul#))dt > 0,
0 0
Theorem 5.2.1(b) implies that
Jim (:(6) ~ 27 () =0,  VI<i<n. (5.24)

By (5.21) and (5.22), it then follows that for any 1 <4 <n and ¢t > 0,

dw(;t(t):xi(t) Pt v(e) =Y () | - Dit)
j=1

(5.25)
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and hence by the comparison theorem,
x;(t) > x,;(t), Vt>0,1<i<n, (5.26)

where x,(t) is the unique solution of the nonautonomous equation

d;;i =z;(t) | B t,V(t)—j_lz;;ixj(t)—xi — Dy(t) (5.27)

with z,(0) = 2;(0), V1 < 4 < n. Since lim;_,o (V(¢) — V5*(¢)) = 0, we have

lim | P |6, V() - > aj(t) -

t—o00

Pt Vst - Y i) - | | =0

uniformly for z; in any bounded subset of Ry, V1 < i < n. Then (5.20) and
Theorem 5.2.1(b) imply that

lim (z,(t) — 2X(t)) = 0, (5.28)

t—o0

where zf(t), V1 < i < n, is the unique positive w-periodic solution of the
periodic equation

d.Ii

g = i) Bt Vs — > i) -z | —Dit) | (5.29)

J=Li#i
By (5.22), (5.24), (5.26), and (5.28), it then follows that

lim inf (z;(t) — 2} (t) > 0 > limsup(z; (t) — 2} (¢)), V1 < i < n. (5.30)

t—o0 t—00

Clearly, (5.30) implies that there exist a > 0 and 8 > 0 such that any solution
(S(t),z1(t),...,2n(t)) of (5.19) with S(0) > 0 and «;(0) > 0,V1 < i < n,
satisfies

O<oz§litminf:1:i(t) <limsupz;(t) < S, Vl<i<n.
—00

t—o0

To prove the existence of a positive w-periodic solution of (5.19), let X :=
Rn-‘rl
+

Xo = {(S,21,...,2,) € R} 1 2, >0, V1 <i <n}, and 90X := X \ Xo.
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For any y = (S,z1,...,2,) € X, let ¢(t,y) be the unique solution of (5.19)
with ¢(0,y) = y. Clearly, T(t) = ¢(t,-) : X — X is a periodic semiflow,
and T'(t)Xo C X, Vt > 0. As we have shown, T'(t) is point dissipative (i.e.,
ultimately bounded) in X and uniformly persistent with respect to (Xo, 9Xy)
in the sense that there exists n > 0 such that liminf; ,. d(T'(t)y, 0Xo) >
7, Vy € Xo. Let Q = T(w) : X — X be the Poincaré map associated with
(5.19). Note that the ultimate boundedness implies the uniform boundedness
of solutions for periodic systems of ordinary differential equations (see, e.g.,
[421, Theorem 8.5]). Thus, @ : X — X is compact. By Theorem 1.3.8, it
follows that @ admits a fixed point yo € X, and hence, ¢(t,yo) is a periodic
solution of (5.19). Let yo = (So,29,...,2%) € Xo. Then Sy > 0,29 > 0, V1 <
i < mn. It then follows that ¢(t,y0) = (S(t), x1(t),...,zn(t)) satisfies S(t) > 0
and z;(t) > 0, Vt > 0,1 < i < n. Clearly, the w-periodicity of ¢(t,yo) implies
that S(t) > 0 and =;(t) > 0, Vt > 0,1 < i < n. Consequently, ¢(¢,yo) is a
positive w-periodic solution of (5.19). ]

In the case where D;(t) = Dy(t), Vt € [0,w], 1 < i < n, it is easy to see
that D(t) = D(t) = Do(t), Vi*(t) = V5'(t), Vt € [0,w]. Then we have the
following corollary of Theorem 5.3.1.

Corollary 5.3.1. Let D;(t) = Dy(t), ¥t € [0,w], 1 <i < n. Assume that

(1) Jy (Pi(t, Vi () = Do(t)) dt > 0, V1 <i<n;

(2) J ( (6 V() = S0 () —Do(t)> dt >0, V1<i<n, where
each xj( ) is the unique positive w-periodic solution of the scalar periodic
equation dx;/dt = x;(P;(t, Vi*(t) — ;) — Do(t)).

Then system (5.19) admits a positive w-periodic solution, and all n-species
are uniformly persistent.

As shown in the proof of Theorem 5.2.2, in the case where D;(t) =
Dy(t), ¥t € [0,w],1 < i < n, it easily follows that V*(t) > xf(t), V& €
[0,w], 1 < i < n. Thus, we have the following result for 2-species compe-
tition.

Corollary 5.3.2. Let D;(t) = Do(t), Vt € [0,w], 1 <i < 2. Assume that
Do

(1) [5 (Pi(t, Vi (t)) — Do(t))dt >0, 1<i<2;
(2) Jy (Pult, Vie(t) — zi(t)) — Do(t))dt > 0,1 < i, j <2,i# j, where each

xj( ) is the unique positive w-periodic solution of the scalar periodic equa-

tion dIJ/dt = Ij(Pj(t, Vl*(t) - .Ij) - Do(t))

Then system (5.19) admits a positive, w-periodic solution, and both species
are uniformly persistent.
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5.4 3-Species Competition

For 2-species competition in a periodic chemostat with D (t) = Da(t) =
Dy(t), Vt € [0,w], it follows easily that (z7(¢),0) and (0,z5(t)) are the
semitrivial periodic solutions of the limiting 2-species competition system.
Then, condition (2) in Corollary 5.3.2 is a natural invasibility condition. How-
ever, for n-species competition in the periodic chemostat, even with D,(:) =
Do(-), V1 < j < n, we see that each (27 (t),...,2;_,(2),0,27,,(t),..., 2, (1))
is not the solution of the limiting n-species competition system determined
using the conservation principle, and hence, due to our overestimation of the
effect of competition, condition (2) in Corollary 5.3.1 is a stronger invasi-
bility condition than necessary. In this section we show that whenever the
positive, periodic solutions to each of the three, 2-species subsystems of the
limiting 3-species competition system are unique, the expected natural inva-
sibility conditions are sufficient to guarantee the uniform persistence of the
three interacting species and enough to ensure the existence of at least one
positive periodic solution for the full model system. We also give conditions
for competition-mediated coexistence. Here, in at least one of the two species
subsystems, one of the species is driven to extinction, regardless of the initial
conditions. However, when the third species is introduced all three species
coexist, again independent of the initial conditions, provided that they are all
positive.
Consider the 3-species competition model in the periodic chemostat

3
dfzz(st) =(S°(t) = S(1)Do(t) = Y Pilt, S(t))wi(t),
=1 (5.31)
dwéit) =;(t)(Pi(t, S(1)) — Do(1)),  1<i<3.

Here S°(t), Do(t), and each P;i(t,s), 1 <i < 3, satisfy the same conditions as
in (5.19), with D;(t) = Dy(t), ¥t € [0,w],1 < i < 3. Let V;*(¢) be the unique
globally attractive positive w-periodic solution of

av

= (5°) = V(©)Do(t).

For each 1 <14 < 3, let (E;) be the 2-species periodic competition system

3
=z [P [ tV5— > @ | —Do(®) |, 1<5<3,j#i (532)
k=1,k+#i

dx 5
dt

We will distinguish three cases:

(C1) Each (E;), 1 <i < 3, admits at most one positive w-periodic solution;
(C2) Each (E;), 2 < i < 3, admits at most one positive w-periodic solution,
and (E7) admits no positive w-periodic solution;
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(C3) (F2) admits at most one positive w-periodic solution, and each (FE;),
1 = 1,3, admits no positive w-periodic solution.

Theorem 5.4.1. Let (C1) hold. Assume that

(1) pi = [ (Pi(t, Vi (t)) — Do(t))dt >0, V1<i<3;
(g)uﬂ._fo (£, Vi (t) — 23(t) — Do(t))dt >0, V1<i,j<3,ij;
(3) i =[5 (Pi(t, Vi (1) - ZEW*J(» Do(t))dt >0, V1<i<3;

where each xf(t) is the unique positive w-periodic solution of the scalar periodic

equation
d:vi %
g = TPtV (t) — 2i) = Do(t)),

and (z3(t),75(t)), (Z2(t),Z3(t)) and (z3(t),73(t)) are the unique positive w-
periodic solutions of (E1),(Ez2), and (Es), respectively. Then system (5.31)
admits a positive w-periodic solution, and there exist a > 0 and B > 0 such
that any solution (S(t), x1(t), x2(t), z3(t)) of (5.31) with S(0) > 0 and x;(0) >
0, V1 <1 < 3, satisfies

0 < a <liminf z;(¢) <limsup z;(¢) < B8, VI <i<3.
t—ro0 t—00

Proof. Let P;(t,s) : Ry x R — R be any continuous extension of P;(t, s) on

R, xRy to Ry xR such that P;(t, s) is w-periodic in ¢ and locally Lipschitz in

s, and for any t > 0, Pi(t, s) is strictly increasing with respect to s € R, 1 <

i < 3. As in the proof of Theorem 5.3.1, condition (1) implies that for each

1 <1 < 3, the periodic equation

dl‘i

= wi(PL VS (1) - ) - Di() (5.33)

admits a unique positive w-periodic solution z} () with Vi (t) > =z} (¢), Vt €
[0,w], and x}(t) is globally attractive for the periodic equation
d.Ii

= (Pt Vi (1) — 1) — D) (5.34)

in Ry \ {0}. For each 1 < i < 3, let (E;) be the system (5.32) with P; replaced
by Pj, j # 1. For the 2-species periodic competition system (E’g)

o =P V() — 1 = 3) - Do)
i ) (5.35)
g =22 V5 () — a1 —x2) = Do(t)),

we claim that if (%1 (t),Z2(t)) is a positive w-periodic solution to (Es), then
(#1(t), Z2(t)) satisfies Vi (t) > Z1(t) + Z2(t), Vt € [0,w]. Indeed, let #1(t1) =

maxo<i<w Z1(t), t1 € [0,w]. Then dxfigfl) =0, and hence
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Pr(ty, Vi (t) — @1(t1) — Z2(t1)) = Do(t1) > 0.

Thus, since Py (t1, s) is strictly increasing for s € R, we have V§*(t1) > 21 (t1)+
Za(t1). Let y(t) = Vi (t) —Z1(t) — Z2(t). It then easily follows that y(t) satisfies
the following periodic differential equation

W~ O0Do(t) ~ Dolt)y — B0 (1Y) ~ E2(0)r(t,y).
Since y(t1) > 0 and
dy

g =S5 ®Do(t) >0,

y=0

we have y(t) > 0, ¥Vt > t;. Then the w-periodicity of y(t) implies that y(t) >
0, Vt > 0; that is, V5 (t) > Z1(t) + Z2(t), ¥t > 0. By conditions (1) and (2)
with 1 < 4,5 < 2,4 # j, and Theorem 2.4.2, as applied to the Poincaré map
associated with (Ej3), or an argument similar to that in [152, TV.33], [325,
Chapter 7], and [334], it easily follows that there are two positive w-periodic
solutions (z(t), z,(t)) and (1 (t), z2(t)) to (Es) with 0 < z,(t) < z1(t) and
0 < 22(t) < 24(t), ¥Vt € [0,w], such that each solution (z(t),za(t)) of (Es3)
with 21(0) > 0 and z2(¢) > 0 satisfies

Jim d (z1(1), [, (), 21(8)]) = 0

and
Jim d (1), [e2(1). 25(1)]) = 0.

By the previous claim, we get Vi (t) > x,(t) +25(t) and Vi () > x1(t) +z2(t),
and hence both (x;(¢), z4(t)) and (x1(t), z2(t)) are also positive periodic solu-
tions of (E3). Therefore, by the uniqueness assumption (C1), (z,(t), z45(t)) =
(x1(t), z2(t)), Vt € [0,w], and hence (E3) admits a unique positive w-periodic
solution (Z3(t),73(¢)) with Vi (t) > z3(t) + 73(t), Vt € [0,w]. Furthermore,
(Z3(t), 3(t)) is globally attractive for (FEs3) in int(R3). By a similar ar-
gument, it follows that (F;) and (E2) admit unique positive, w-periodic
solutions (z3(t),zi(t)) and (Z3(t),z3(t)) with Vg(t) > zi(t) + #i(t) and
Vi (t) > 22 (t) + 73(t), Vt € [0,w], respectively.
For the 3-species periodic competition system

dIi

3
o =i | B t,VO*(t)—j;xj —Do(t)],1<i<3, (5.36)

let ¢o(t, ) be the unique solution of (5.36) with ¢o(0,z) = 2 € R3. By a
standard comparison theorem argument, it then easily follows that ¢g(¢, )
exists globally on [0, 00), and solutions of (5.36) are uniformly and ultimately
bounded. Let X = R}, and let Q = ¢o(w,-) be the Poincaré map associated
with (5.36). Then, @ : X — X is compact and point dissipative. Let
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Xo:={(z1,22,73) € R} : 2, >0, V1<i<3}, and 90Xo=X\Xo.

Let M; = (0,0,0), My = (23(0),0,0), M3 = (0,25(0),0), My = (O 0, 25(0)),
M;s = (0,73(0),71(0)), Mg = (z3(0),0 xg) and M, = (z3(0),z3,0). Then
each M; is a fixed point of Q. For each z € X, let w(z) be the w-limit set of =
with respect to the discrete semiflow {Q"}%2 ;. Then, by our previous analysis,
Uzeax,w(z) = {My, Ma, ..., M7}, and no subset of the M;’s forms a cycle for
Qlox, + 0Xo — 0Xo. By conditions (1), (2), and (3) and Lemma 5.1.1, it
follows that each M; is an isolated invariant set for @ in X, and hence isolated
in X, since M; is isolated for Q|6,X0 in 0Xg, and @ : Xo — Xy. Therefore,
UI_, M; is an isolated and acyclic covering of U,cax,w(r) in 9Xo. Again by
Lemma 5.1.1, we have W¥(M;) N Xy = 0, V1 < i < 7. By Theorem 1.3.1
and Remark 1.3.1, it follows that @ : X — X is uniformly persistent with
respect to (Xp,0Xp). Therefore, Theorem 1.3.6 implies that Q : Xy — X
has a global attractor Ay, and hence Ay is globally asymptotically stable for
Q in XO

Let (S(t),z(t)) = (S(t),z1(t), z2(t), z3(t)) be a given solution of (5.31)
with S(0) > 0 and =z;(0) > 0,Vl < ¢ < 3, and let V(¢) := S(t) +
S22 @i(t), ¥t > 0. Then S(t) > 0,2;(t) > 0, ¥t > 0,1 < i < 3, and V(t)
satisfies av (1)

10— ($90) ~ V() Dol (5.37)
Thus, (S(t),z(t)) exists globally on [0,00). It follows that lim;_, |V () —
Vi ()| =0, and z(t) satisfies the 3-dimensional nonautonomous system
dIi ~ 3 .
A R RO ;xj —Do(t) ], 1<i<3, (5.38)
with

3 3
Jlim (Pi <t, vit)-> xj> - P (t, INGEDS x]>> =0 (5.39)

i=1 i=1

uniformly for z = (z1,22,23) in any bounded subset of Ri, 1 <4 <3
By the boundedness of V(t), it is easy to see that solutions of (5.38) are
uniformly bounded in R%.. Let ¢(t, s, z), t > s, be the unique solution of (5.38)
with ¢(s,s,z) = 2 € X := R3. By Proposition 3.2.2, ¢(t, s, z) is asymptotic
to the w-periodic semiflow T'(t) = ¢o(t,-) : X — X, and hence T,(z) =
¢(nw,0,z) : X — X, n > 0, is an asymptotically autonomous discrete process
with limiting autonomous discrete semiflow Q™ : X — X,n > 0, where @) =
T(w) is the Poincaré map associated with (5.36). By conditions (1), (2), and
(3) and Lemma 5.1.2, it follows that W*(M;) N X = 0, V1 < i < 7. By
Lemma 1.2.2, every w-limit set w(x) of v+ (z) = {T,,(z) : n > 0} is internally
chain transitive for @ : X — X. By Theorem 1.2.1, we get w(z) C Ag. Then
Theorem 3.2.1 implies that
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tlim d(e(t,0,2),T(t)Ag) =0, Ve Xo.
—00

Since T(w)Ag = Ag and T'(t) is an w-periodic semiflow, it follows that
tli)rgo d(é(t,0,2),A5) =0

where Af = Uc(o,.)T'(t)Ao is a compact subset of Xo. In particular, since
z(0) € Xo, we have

Jim d(a(1), 45) = lim d(6(t,0,(0)), A7) = 0
Therefore, there exist & > 0 and S > 0, which depend only on Af, such that
the solution (S(¢),z(t)) of (5.31) with S(0) > 0 and «;(0) > 0, V1 < i < 3,
satisfies

0 < a <liminfz;(t) < limsupz;(t) < B, V1<i<3.
t—o0 t—00

By the last part of the proof of Theorem 5.3.1, it follows that system (5.31)

admits a positive periodic solution. ]

Theorem 5.4.2. Let (C2) hold. Assume that

(1) pi == [ (Pi(t, Vg (t)) — Do(t))dt >0, V1<i<3;

(2) mji = Jy" (Pa(t, V' () = (t))—Do(t))dt >0, V1<, j<3,i#j,j#2
and iz = fo (Po(t, Vi (¢ ) —a5(t)) — Do(t))dt > 0;

(3) = [ (Pa(t, Vi (8) = 3251 0 85 (1)) — Do(t))dt > 0,¥2 < i < 3;

where x}(t), (Z3(t),z3(t)) and (T3(t),73(t)) are as in Theorem 5.4.1. Then
the conclusion of Theorem 5.4.1 holds.

Proof. We use the same notation as in the proof of Theorem 5.4.1. By the a
priori estimate on the positive periodic solution of (E’l) claimed in the proof
of Theorem 5.4.1, (C2) implies that (El) admits no positive periodic solution.
Since f:(Pg (t, Vo' (t) —x5(t)) — Do(t))dt > 0, by Theorem 2.4.1, as applied to
the Poincaré map associated with (E’l), or an argument similar to that in the
proof of [152, Theorem 34.1], it easily follows that (u3(t),0) is globally attrac-
tive for (E1) in int(R%). Clearly, Uzepx,w(z) = {Mi, Ma, My, My, Mg, My}
Then, as in the proof of Theorem 5.4.1, UZ:L#E)MZ- is an isolated and acyclic
covering of Uyepx,w(z) in 0Xo. Now an argument similar to that given in
Theorem 5.4.1 completes the proof. ]

It is worth pointing out that Theorem 5.4.2 shows competition-mediated
coexistence in the following sense. If species one is absent, and species two and
three compete, then species two drives species three to extinction. However,
this extinction of species three is avoided simply by introducing competitor
one. Once competitor one is introduced, all three species persist in sustained
oscillation.
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Theorem 5.4.3. Let (C3) hold. Assume that

(1) pi = [ (Pi(t, Vi (t)) — Do(t))dt >0, V1<i<3;

(2) psi = [ (Pi(t, V5 (t) — x3(t)) — Do(t))dt > 0, V1 < i < 2, pgyy :=
FE P Vi (1))~ Do) dt > 0, and s = [ (Pl Vit (6)— (1))~
Do(t))dt >0;

(8) i =[5 (Pa(t, Vg (t) = Xo5-1 jso T3 (1) — Do(t))dt > 0;

where x}(t) and (Z3(t),73(t)) are as in Theorem 5.4.1. Then the conclusion
of Theorem 5.4.1 holds.

Proof. Again we use the same notation as in the proof of Theorem 5.4.1.
As in the proof of Theorem 5.4.2, (C3) implies that (u5(¢),0) and (uf(t),0)
are globally attractive for (E;) and (Es) in int(R?.), respectively. Clearly,
UmeaXOW(fE) = {My, Ma, M3, My, Mg}. Then, as in the proof of Theorem 5.4.1,
us_, izsM; is an isolated and acyclic covering of Uzeax,w(z) in 0Xo. Now
again, an argument similar to that given in Theorem 5.4.1 completes the
proof. ]

Remark 5.4.1. If instead of assumption (C1), we let M5, Mg, and My, in the
proof of Theorem 5.4.1, be three positive global attractors of the Poincaré
maps associated with the three 2-dimensional competition systems (El), (Eg),
and (Eg), respectively, then by a similar argument, the conclusion of Theo-
rem 5.4.1 holds with condition (3) replaced by a revised invasibility condition.
For example, let (z,(t),z,(t)) and (z1(t),z2(t)) be as in the proof of Theo-
rem 5.4.1. Then, under condition (3) with i = 3 and (Z3(¢),Z3(t)) replaced
by (z1(t), z5(t)), one can prove that M7 is an isolated invariant set of @ in
X and W* (M7) N Xy = 0, by using the compressivity of (E3) and arguments
similar to those given in Lemmas 5.1.1 and 5.1.2.

5.5 Notes

This chapter is adapted from Wolkowicz and Zhao [407]. Smith and Waltman
[334, Chapter 7] discussed in detail 2-species competition in the chemostat
with periodic dilution rate by appealing to the theory of monotone dynamical
systems. There are some other researches on models of the chemostat involving
either periodic nutrient input or periodic dilution rates (see, e.g., [347, 170,
316,92, 144, 47, 419, 217, 218, 274]). A model of two species competition in the
unstirred chemostat with periodic input and washout was studied by Pilyugin
and Waltman [278]. Furthermore, the periodic gradostat was considered by
Smith [322, 325]. The elementary comparison and fixed point arguments for
the existence of positive periodic solutions in Theorem 5.2.2 were motivated
by ideas in Zhao [429].
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Smith [328] studied a periodically forced Droop model for phytoplank-
ton growth in a chemostat, and White and Zhao [404] considered a periodic
Droop model for two species competition in a chemostat. Recently, Hsu, Wang
and Zhao [177] investigated the global dynamics of a variable-yield model of
two species competing for two essential nutrients with nutrient concentration
inflow varying periodically in time.



6

Almost Periodic Competitive Systems

In the periodic chemostat model discussed in the previous chapter, we assumed
that the nutrient input, dilution, and species-specific removal rates were all
periodic with commensurate period. It is possible for these parameters to have
different periods. Ecologically, a population may be of some inherent periodic
variation that may be different from the seasonal variation. This way we natu-
rally obtain special almost periodic systems. Moreover, the almost periodicity
can also be viewed as a deterministic version of a random variation in the en-
vironment. This chapter is devoted to the study of the long-term behavior of
solutions and almost periodic coexistence states in almost periodic Kolmogrov
competitive systems of ordinary differential equations and an almost periodic
chemostat. We also discuss competitive coexistence in nonautonomous two-
species competitive Lotka—Volterra systems.

In Section 6.1 we establish a threshold-type result for scalar asymptoti-
cally almost periodic Kolmogrov equations: Either the trivial solution or the
unique positive almost periodic solution of the limiting almost periodic equa-
tion attracts all positive solutions, depending on the linear stability of the
trivial solution. In Section 6.2, by the threshold-type result and the compari-
son technique, we obtain a set of sufficient conditions for n competing species
to be uniformly persistent. Under further conditions of main diagonally domi-
nant nature, we prove the existence and global attractivity of a unique positive
periodic solution by constructing a Liapunov function. Section 6.3 is devoted
to the study of a single population growth model in an almost periodic chemo-
stat. In the case where the nutrient input and washout rate and the specific
removal rate of the species are identical, we prove that the convergence of the
species to zero (extinction) or to a positive almost periodic function (survival)
is completely characterized by the mean value of the uptake function along
a certain almost periodic function. The permanence and extinction are also
considered when the nutrient input and washout rate is different from the
specific removal rate of the species. In Section 6.4, as an application of the
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no-cycle theorem on uniform persistence in processes (nonautonomous semi-
flows), we obtain a natural invasion condition for the competitive coexistence
in nonautonomous two-species competitive Lotka—Volterra systems.

6.1 Almost Periodic Attractors in Scalar Equations

In this section we first establish threshold dynamics for scalar almost periodic
Kolmogrov equations, and then extend them to the asymptotically almost
periodic case.

Let g : R — R be a continuous almost periodic function. Then the mean
value m(g) := limy— 400 - fOT g(t)dt exists and lim,_,o0 | f:ﬁv g(s)ds = m(g)
uniformly for ¢ € R (see [117, Theorem 3.1 and Corollary 3.2]). Moreover, we
have the following result.

Lemma 6.1.1. Let p(-) be a continuous almost periodic function on R with
m(p) < 0, and let ¢ : Ry — R be a continuous function. If q(-) is bounded,
then solutions of the linear nonautonomous equation

dx

o =Pz ta),  t20, (6.1)

are ultimately bounded; If lim;_, o q(t) = 0, then every solution x(t) of (6.1)
satisfies limy_, o0 z(t) = 0.

Proof. For zy € R, let z(t) be the unique solution of (6.1) with z(0) = .
Then

t
o(t) = woeho P 4 / elir(qu)du, vt >0,
0

and hence
t
()] < |zole PO% 4 sup {la(t)]} / L) gy vt > 0,
t€R+ 0

Let po := m(p) < 0. Then there exists o > 0 such that

1

t
/ p(s)ds <70, it > 1,

and hence lim;_, o elo P(5)ds — (. Since p(t) is almost periodic,
1 t
lim / p(s)ds =py <0, uniformly for ¢ e R.
v=oo v S,y

Then there exists Ty > 0 such that for all v > Ty,

1/t
/ p(s)ds < ]920 <0, VteR
t

UV Jt—v
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Let p := supyeg, {[p(t)[}. Then for ¢ > T,

t To to,
/ o ()5 gy — / i p@as gy [ I s g,
0 0 To

To = ¢ )
< / eP’dv —i—/ ez dv
0 To

- 1_ (eﬁTU — 1) + 2 (ep20t — ep20T°) )
p Do

Clearly, limy_, yoc €2t = 0. It then follows that for sufficiently large ¢, |z(t)]
is bounded by

B = sup 1) [; (7 1) -

2

epz°T0] +1>0.
Do

Note that B is independent of the choice of 2y € R. So solutions of (6.1) are
ultimately bounded for B.

In the case where lim; . q(t) = 0, let M = sup,ep, {|q(t)|} > 0. For e > 0,

since limy_yoo € 2t = 0, there exists 71 = T1(€) > Ty such that fp]:ﬁepzo T < 5

Since lim;_,~ q(t) = 0, there exists To = Ta(e) > T1 such that
T1 (6) B €
/ ePlq(t —v)|dv < o Vit > Ts.
0

It follows that for all ¢ > T5,
¢ ¢
/ elu p(s)dsq(u)du / eli-o p(s)dsq(t —v)dv
0 0

T . t
< / el OB (4 — v)|dv + / e'? gt — v)|dv
0 T
o AM »
S/ e™lq(t —v)|dv+ | ez D
0 |P0|

<e+e
=e.
2 2

Then lim; o0 fg elu P()ds g(y)du = 0, and hence lim,_, o, z(t) = 0. ]
Consider first a scalar almost periodic Kolmogorov equation

du
g uf(t,u) (6.2)

where f : R x R — R is continuous and almost periodic with respect to ¢
uniformly for « in any bounded subset of R... Moreover, we assume that f (¢, u)
is continuously differentiable with respect to u € Ry and f,(¢,u) := afg;’“)
is bounded for all ¢ € R and for all v in any bounded subset of R;. We will

impose the following conditions on (6.2):
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(C1) Solutions of equation (6.2) in R4 are ultimately bounded for a bound
K > 0; that is, for any up € Ry, there exists T = T(ug) > 0 such
that the unique solution w(t) of (6.2) with u(0) = ug satisfies |u(t)| <
K, Vit >T;

(C2) f(t,u) < f(t,0), Yu > 0, and there exist a continuously differentiable
B : (0,00) — (0,00), an almost periodic function b : R — R with
m(b) < 0, and a real number K7 > K such that a(f(t’;zﬁ(u)) <0,Vte

Ry, u € (0,Ky]; and 2V < by vt e Ru e (0, K).

Then we have the following threshold-type result on the global dynamics of
(6.2).

Theorem 6.1.1. Let (C1) and (C2) hold.

(a) If m(f(-,0)) < 0, then u = 0 is a globally asymptotically stable solution of
(6.2) in Ry;

(b) If m(f(-,0)) > 0, then (6.2) admits a unique positive almost periodic
solution, which is globally asymptotically stable in R \ {0}.

Proof. For up € Ry, let ¢(¢,ug) be the unique solution of (6.2) with
#(0,u0) = wuo. Then condition (C1) implies that ¢(t,ug) exists globally on
[0,00). Clearly, for any ug € Ry, ¢(t,ug) >0, V¢ > 0.

In the case where m(f(-,0)) < 0, by condition (C2), for any uy € R4,
u(t) = ¢(t, up) satisfies

du

it =uf(t,u) <uf(t0), vt > 0.

By the comparison theorem, it follows that
bt up) < ugedo F=:0ds >0 yeR,.

Since m(f(-,0)) < 0, limy o0 efo F(0ds — 0. This implies that u = 0 is
globally asymptotically stable with respect to nonnegative initial values.

In the case where m(f(-,0)) > 0, let h(t) = ming<y<x fu(t,u), Vt € R.
Then h : R — R is a bounded and continuous function. For any ug > 0, by the
ultimate boundedness of ¢(t, ug), there exists tg = to(up) > 0 such that u(t) =
o(t,up) € (0, K], Vt > to. Let u1(t) = u(t + to). Then ui(t) € (0, K], vVt > 0,
and wuq (t) satisfies

dul (t)

g = Ul(t)f(t+t07ul(t))

S
1

—ul()[ (t + to,0) +/01j t+t0,su1(t))ds]
“(

= uy(?) [ (t +t0,0) Ju t+t0,SU1(t))d5> Ul(t)}
0
= ui(t) [f(t+10,0) + h(t +to)us(t)], VE=0.



6.1 Almost Periodic Attractors in Scalar Equations 159
By the comparison theorem, it follows that
ui(t) > ¢o(t,up), Vt>0,
where ¢ (t, up) is the unique solution of the nonautonomous equation

du

gp = U (E+10,0) + h(t +to)u] (6.3)

with ¢0(0,up) = uo > 0. Clearly, ¢o(t,up) > 0, Vt > 0. Let v = 11” u > 0.
Then (6.3) is transformed into the following linear equation

dv
dt

Since m(—f(- +to,0)) = —m(f(-,0)) < 0, by the almost periodicity of f(-,0),
the boundedness of m(-), the choice of Ty, and the explicit expression of the
bound B in Lemma 6.1.1, it follows that there exists By > 0, independent
of to > 0, such that solutions of (6.4) are ultimately bounded by By. Then
u1(t), and hence u(t), is ultimately bounded below by a = 1/By. Therefore,
equation (6.2) is permanent in Ry ; that is, for any ug > 0, there exists T =
T'(up) > 0 such that 0 < a < ¢(t,up) < K, Vt>T.

Let u(t) be the solution of (6.2) with «(0) > 0. Then there exists Ty > 0
such that 0 < a < u(t) < K, Vt > Tp. We further claim that wu(t), ¢ > 0,
has the property that for any sequence {¢,,} with ¢}, > 0 and ¢}, — oo as
k — oo, there exists a subsequence {¢,,} of {t}. } such that w(t+t,,) converges
uniformly on Ry. Indeed, since {u(t})}72, is bounded and f(¢,u) is almost
periodic in ¢ uniformly for u in any bounded subset of R, we can choose a
subsequence {t,,} of {t}.} with t,, > Ty, m > 1, such that u(t,,) converges
and f(t + tm,u) converges uniformly on R x [0, K] as m — oo (see [421,
Theorem 2.2]). Let up,(t) = u(t + tp,), ¥t > 0,m > 1. Then

= —f(t 4 to,0)v — h(t +to). (6.4)

a<un(t) <K, Vt>0,m>1. (6.5)

Define

v

~v(s):=B(s)/s, Vs >0, and V(u,v):= (/u 7(3)ds>2, Yu,v > 0.

Since y(s) > 0, Vs € [a, K], there exist Dy and Dy € (0,00) such that
D?(u —v)* < V(u,v) < Di(u—v)?, Yu,v € [a, KJ. (6.6)
Let V'(t) = §V(um(t),un(t)) and
U (1)

9(t,tm, tn) :2/ o V(s)ds - Bun(8)) [f (4 tm; un(t)) = f(E+ tn, un(t))] -

Then by the mean value theorem and condition (C2), we have
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V/(t) =2 /um Y(8)ds [B(wm) f(t 4 tm, um) — Blun) f(t 4+ tn, un)]

n

_ 2/um ()5 [B(ttm) £+t 1) — Blatn) F(E + s )]

n

+ 9t tm, tn)
= 2 =) [ (syas AT )

n u=¢

+g(t, tm, tn)

2
< p, Vn(t),um())b(t + tm) + g(t, tm, tn),
2
where & = £(t) is between u,, () and u,(t). By the comparison theorem, we
get,
V (tn(£) 4 (£)) <V (1 (0), 1y (0))0 220

/ S By Mttn)ds 0y du,
0

Using the almost periodicity of b(-) on R, as in the proof of Lemma 6.1.1, we
can obtain B; > 0 and By > 0, which are independent of ¢,,, m > 1, such
that

(6.7)

elo Bablsttm)ds « g g / Ju By bsttm)ds gy < Byt > 0.

By (6.5) and the choice of {t,,}2°_;, we have lim, n—o0 (t(tn) — wu(tm)) = 0,
and hence
m}%rgoo V (un(0), 1, (0)) = m,l’igoo V(u(tn),u(tm)) =0

and
lim g(¢, tm,tn) =0, uniformly fort € Ry.

m,n— 0o

By (6.7), it follows that

lim  V(un(t), um(t)) = 0, uniformly fort € R.

m,n— 0o

Then (6.6) implies that

mlirgoo(u(t +tm) —u(t +t,)) =0, uniformly fort € R,.
That is, {u(t + tm,)} converges uniformly on Ry. By [421, Theorems 3.10 and
3.9], it then follows that w(t) is asymptotic to an almost periodic function
p(t); that is, lims oo (u(t) — p(t)) = 0. By [421, Theorem 16.1], p(¢) is an
almost periodic solution of (6.2). Since p(t) is almost periodic, there exists a
sequence 7 — oo such that p(t+7;) — p(t) uniformly for t € R as k — oo. Let
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q(t) = u(t) — p(t). Then lim;_, q(t) = 0. For any ¢ € R, when £ is sufficiently
large, t+ 7 > To, and hence o < u(t+7%) = p(t+7%) + q(t +71) < K. Taking
k — oo, we get o < p(t) < K, Vt € R. Let p1(t) and p2(t) be two almost
periodic solutions of (6.2) with p;(¢) € [, K], V¢t € R,i =1, 2. Then, as in the
previous argument, we have

d 2

dtV(Pl(t)apz(f)) < Dy b(t)V(pi(t),p2(t)), VteR.

Hence, by the comparison theorem, we get

2

V(p1(), pa(t)) < V(p1(0), pa(0))efo 5224 g > 0,

Since p1(t) — pa2(t) are almost periodic, there exists a sequence t;, — oo such
that

klim [p1(t + tr) — p2(t + t)] = p1(t) — p2(t), uniformly for ¢t € R.
— 00

For any t € R, when k is sufficiently large, ¢ + t; > 0, and hence
Di[pi(t +t) = p2(t + 1] <V (pi(t +tr), p2(t + 1))
ittt
<V (p1(0), pa(0))e sz Jo o " oI5,

Taking k — oo and using the fact lim_, e 22 %0 *®)% = 0, we have D3[p1(t)—
pa2(t)]?> = 0. Then p;i(t) = pa(t), Vt € R. Therefore, there exists a unique
almost periodic solution p(t) with p(t) € [a, K], ¥Vt € R, such that every
solution w(t) of (6.2) with u(0) > 0 satisfies lim; oo (u(t) — p(t)) = 0.

It remains to prove the stability of p(¢) with respect to (6.2). Let o € (0, @)
be fixed. Since p(t) € [a, K], Vt € R, there exists § > 0 such that

ap < p(t) +y < Ky, VieR, ye(—6,0).

Let W(t,y) = V(y + p(t),p(t)), ¥t > 0, |y| < 6. Then for some D; and Dy €
(0,00), dependent on «; and K, we have

Diy?* < W(t,y) < D3y?, vt >0, |y| <.

By condition (C2), it follows, under the transformation y = x — p(t), that the
derivative function of W (t,y) for the resulting equation satisfies

y+p(t)
e =2 [T s Bty ) 0.5+ (0) = A0S 0)] < 0

for all ¢t > 0, |y| < d. Thus, by the standard Liapunov stability theorem, y = 0
is a stable solution of the resulting equation, and hence p(t) is a stable solution
of (6.2). "
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Remark 6.1.1. By the proof of Theorem 6.1.1, if we assume, instead of (C2),
that a(f(t’ggﬁ(“)) <0, Vt € R,u € (0, K], and that there exists an almost pe-
riodic function b : R — R such that m(b(-)) < 0 and a(f(t’au)ﬁ(u)) < b(t), Vt €

u

R,u € (0, K], then we have the global attractivity of a unique positive almost
periodic solution of (6.2) in case (b).

We now extend the above result to an asymptotically almost periodic

Kolmogorov equation
d
dz; =uf(t,u) (6.8)

where f: RxR; — R is continuous and locally Lipschitz for © € R, and there
exists a continuous function fy : Rx R — R, continuously differentiable with
respect to u € Ry and almost periodic with respect to ¢ uniformly for « in
any bounded subset of R, such that

(B1) limyyyoo|f(t, u)— fo(t,u)| =0 uniformly for v in any bounded subset
of R+ .

We further assume that

(B2) Solutions of the equation Cf# = ufo(t,u) in Ry are ultimately bounded;

(B3) fo(t,u) < fo(t,0), V& > 0,u > 0; and there is a continuously differen-
tiable 5 : (0,00) — (0, 00) such that
(1) a(fo(téz)ﬁ(“)) <0,Vt>0,u>0;
(ii) for any given a > 0, there exists an almost periodic function b :
R — R with m(b) < 0 such that 27090 < p) vt e R, u €
(0, a].
Then we have the following result.
Theorem 6.1.2. Let (B1)-(B3) hold.
(1) If m(fo(-,0)) < 0, then for any bounded solution u(t) of (6.8) with u(0) >
0, limsyoou(t) =0;
(2) If m(fo(-,0)) > 0, then there exists a unique positive almost periodic so-

lution u*(t) of %% = wfo(t,u) such that for any bounded solution u(t)
of (6.8) with w(0) >0,  limy4oo(u(t) — u*(t)) = 0.

Proof. Let u(t) be a given bounded solution of (6.8) with u(0) > 0. Clearly,
u(t) > 0, V¢t > 0.
In the case where m(fo(+,0)) < 0, since u(t) satisfies

du

1 = ol () = ufolt.w) +ulf(tw) — fot )], VE=0,  (69)

we have

d
o S ht0uta(t),  vizo,
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where g1 (t) := u(t) [f(t,u(t)) — fo(t,u(t))]. Then the boundedness of u(t) and
assumption (B1) imply that lim; 4o g1(¢) = 0. By the comparison theorem,
it follows that

0 < wu(t) < alt), vt > 0, (6.10)

where u(t) is the unique solution of the linear nonautonomous equation

du
dt

with @(0) = w(0) > 0. Since m(fo(-,0)) < 0, by Lemma 6.1.1 we have
lim¢_, oo @(t) = 0. Therefore, (6.10) implies lim;_, o u(t) = 0.

In the case where m(fo(-,0)) > 0, let u*(¢) be the unique positive almost
periodic solution of the almost periodic equation ‘f;; = ufo(t,u) claimed in
Theorem 6.1.1 with 8 = 1. As in case (b) of the proof of Theorem 6.1.1, we
have

= fo(t,0)u+ g1(t) (6.11)

u(t) > up(t), Vt>0,

where wug(t) is the unique solution with ug(0) = w(0) > 0 of the nonau-
tonomous equation

du
g =Y [fo(£,0) + h(t)u + g2(t)], (6.12)
where h(t) = ming<y<pg Bf%(i,u), Vvt € R, H := sup,eg, |u(t)| > 0, and

92(t) = f(t,u(t)) — fo(t,u(t)). Note that h : R — R is a bounded contin-
uous function, lim; 4 g2(t) =0, and up(t) > 0, V¢t > 0. Let v = 1/u, u > 0.
Then (6.12) can be transformed into the linear nonautonomous equation

= —fo(t,0)v — ga(t)v — h(2). (6.13)

Let 0 < ¢9 < m(fo(-,0)) be fixed. Since lim;_,~ g2(t) = 0, there exists tg > 0
such that g2(t) + €9 > 0, Vt > to. For solution v(¢) of (6.13), let

w(t) = v(t + to)eloloz(stto)telds gy >

Then w(t) satisfies the following linear equation

dw

g = [Ffolt+10,0) + eolw — h(t + to)elo 92 (s+to)+eolds (6.14)

Let h(t) = —h(t + to), p(t) = —fo(t + to,O) + €o, M = limt€R|h(t)| and
g(t) = ga(t+1to) + €o. Then, by the choice of €y, m(p) = eo —m(fo(-+1t0,0)) =
eo — m(fo(-,0)) < 0, and g(t) > 0, V¢t > 0. Therefore, the solution w(t) of
(6.14) with w(0) = wy satisfies

¢
w(t) = woelo P(s)ds —|—/ el P p(y)elo 95 gy, vt > 0.
0
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It then follows that
t
lw(t)] < |w0|ef0t p(s)ds o prelo 9(s)ds . / elup()ds gy
0
As in the proof of Lemma 6.1.1, there exist By > 0 and 77 > 0 such that

t
/ Jir&ds gy < B > T,
0

and hence
lw(t| < |woledo )% 4 M Byels 96)ds i >

This, together with the fact that g(t) > Ofort > 0, implies that the solution
v(t) of (6.13) satisfies

[o(t + to)] < [v(t)[elo PP~ Jo 9(ds 4 a1y
§|’U(t0)|€f°tp(s)ds+MBl, Vi Z Tl.

Since lim;_y o eJo p(s)ds — 0, the solutions of (6.13) are ultimately bounded for
the bound By = M By + 1 > 0. In particular, there exists Ty = Tp(«(0)) > 0
such that for all ¢ > Ty, 0 < uOl(t) < By; that is, ug(t) > 1/By > 0, Vt >

To. Therefore, there exist § > 0 and H > 0 such that ¢ < u(t),u*(t) <
H, vt> 0.

Let V(1) = ( Ju0 860 d5)2 , ¥t > 0. Then we have

u(t) s

us(t) S

u(t) s

=2 [P s gyt w)80) — s w80

us(t) S

u(t)
+2/ ) 4s 12, w) — folt, ) Blw)

ur(t) S

<V (L) + g3(D),

where v = (5, H) > 0, b(t) is defined as in the assumption (B3) with a = H,
and
" B (s)
w0 =2 [Pt ot n)stuce)

Since ¢ < w(t),u*(t) < H,Vt > 0, the assumption (B1) implies that
lim¢—, oo g3(t) = 0. Since m(yb(-)) = ym(b) < 0, by the comparison theo-
rem and Lemma 6.1.1 it follows that lim;_, 4o V() = 0, which implies that
lims—, 4 oo (u(t) — u*(t)) = 0. "
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6.2 Competitive Coexistence

In this section we derive conditions for permanence and existence of positive
almost periodic solutions in multi-species competitive systems.
Consider almost periodic n-species competitive Kolmogorov systems

dui

gt =u; Fy(t,ug, ..., up), 1<i<mn, (6.15)

where F; : R x R} — R is continuous and almost periodic with respect to ¢
uniformly for v in any bounded subset of R}, and is continuously differentiable
with respect tou € R}, 1 <7 <n. We further assume that

(A1) For each 1 < i < n, F;(t,u) is decreasing with respect to u; when all
other arguments are fixed, V1 < j <mn, j # i;

(A2) For each 1 < i < n, there exist a; > 0 and K; > 0 such that
Fi(t,0,...,0,K:,0,...,0) < —a;, Vt>0;

(A3) For each 1 < i < n, there exist K; > K; and a nonpositive almost
periodic function b; : R — R with m(b;) < 0 such that B(Bi(”é)ﬁ(t’u)) <
bi(t), VieR, ue Hle[O,Kl]

For ug € R, let ¢(t,up) = (¢p1(t,ug), ..., dn(t, up)) be the unique solution
of (6.15) with ¢(0,up) = ug. Then we have the following result.

Theorem 6.2.1. Let (A1), (A2), and (A8) hold. Assume that
(A4) For each 1 <i<n, m(F;(-,0,...,0)) >0 and

m(FZ(v UT(), s 7u;;1(')7 Ovur+1(')7 cet ,u;())) >0,

where u}(t) is the unique positive almost periodic solution of the almost

s

periodic scalar Kolmogorov equation ddt =u; F;(¢,0,...,0,u;0,...,0).

Then system (6.15) is permanent; that is, there exist M > n > 0 such that
for any ug € int(R?), there is T = T(ug) > 0 such that ¢(t,uo) satisfies

n < ¢i(t,uo) < M, Vi>T, 1<i<n.

Proof. For ug = (uo1,. .., uon) € RY, let I1(ug) = [0, B(uo)) be the maximal
interval of existence of ¢ (¢, ug). Then ¢;(t,ug) > 0, Vt € I (ug), 1 < i < n.
By assumption (A1), u;(t) = ¢;(t, ug) satisfies

dui

dt S’uiFi(t,O,...,O,Ui,o,...,O).

By the comparison theorem, it follows that

where @;(t) is the unique solution of the scalar almost periodic equation
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d’UJi

o = wiFi(t0,...,0,u;,0,...0) (6.17)

with 4;(0) = u;(0). Since u;(t) exists globally on [0,00), we get I (ug) =
[0, 00). Therefore, for any given ug € int(R"), we get

0< ul(t) = (bi(t,’U,o) < ’U,i(t), Vvt > 0.

For each 1 <7 <n and € € Ry, define

Fi(t,e) = Fi(t,ul(t) +e...,ui_1(t) +€0,u; 1 (t) +€...,un(t)+e€),teR.

Then F(t,¢) is almost periodic in ¢ uniformly for € in any bounded subset of
R, . Hence, by [117, Theorem 3.1}, we have

lim m(F;(-, €) = m(Fi(-,0)) = m(F(ui (), - ui 1 ().0,u74 (), - upn ().

e—0

Applying Theorem 6.1.1 with 8 = 1, we conclude that lim;_, o0 (4;(t) —u} (t)) =

K3

0 and 0 < uf(t) < K;, ¥t € R, 1 <4 < n. Therefore, by (A4), we can choose
€9 > 0 such that

ui(t)+e < K;, VteR, and m(F;(,€e)) >0, V1<i<n. (6.18)
Then there exists to = to(u, €g) > 0 such that
0 <ui(t) <ug(t) <ul(t)+ep, VE>to, 1<i<n. (6.19)

Let v;(t) = wi(t +tp), 1 < i < n. Then each v;(t) satisfies the following
differential inequality

d’Ui « "
gt > v, F; (t + to, ug (t + to) + €0, ... ,uifl(t + to) + €0, Vs,

u;‘k+1(t+t0)+507---7u2(t+t0)+€0) . (620)
By the comparison theorem, it follows that

vi(t) > v;(t), vVt >0, 1<i<n,

where v;(t) is the unique solution of the scalar almost periodic equation

dv;
dtl - viE (t+t0;u>{(t+t0) +607" o)

ui_y (t+to) + €0, vi, ujyq (t + o) + €0, .., us (t + to) + €0) (6.21)

with v,(0) = v;(0) = w;(to). Since m(F;(- + to, €0))

= m( _i(-,eo)) > O, V1 <
i < n, applying (A2), (A3) and Theorem 6.1.1 with 8 =1,

we get

lim (v;(t) — vir () = 0, (6.22)

t—o0
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where v;,(t) is the unique positive almost periodic solution of (6.21). By (6.18)
and Theorem 6.1.1 with 8 = 1, it follows that for each 1 < ¢ < n, the scalar
almost periodic equation

dui

g = wi By (t, ui (t)+e€o, . .. w1 () +e€o, i, ujyq (t)+e€o, . .., un(t)+€o) (6.23)

admits a unique almost periodic solution w;«(t), which is globally asymptot-
ically stable for (6.23) in Ry \ {0}. Clearly, u;.(t + to) is an almost periodic
solution of (6.21). Hence, by the uniqueness, v, (t) = u(t +to) Vt € R. Let
0 < e < infyep, uix(t), 1 < i < n. Then (6.22) implies that there exists

T =T(ui(to),-..,un(to)) = T(u) >0 such that
wi(t+to) = vi(t) > v, (t) > viu(t) —€1 = ug(t+10) — €1, Vi>T, 1<:<n.
Thus, we have

wi(t) > u(t) —e1, Ve>T+1t>0, 1<i<n. (6.24)
By (6.19) and (6.24), it follows that for each 1 <i < n,

0 < inf wu(t) — e <ui(t) < sup uj(t) + €o, Vit > T + to.
teR L teRL

This completes the proof. [

Suppose we strengthen condition (A3) into the following one:

(A5) There exist continuously differentiable functions j3; : (0,00) — (0, 00),
1 <i < n, and a nonpositive almost periodic function b : R — R with
m(b) < 0 such that

ﬁl 3
( (Ua’u% Z ﬁ]

Jj=1,j#i

OF; (t u) <b(t)

forallt e R, u e [[;",[0,K;],1<i<n.

Then we have the following result on the existence and global attractivity of
a unique almost periodic solution of (6.15).

Theorem 6.2.2. Let (A1), (A2), (A4), and (A5) hold. Then (6.15) admits
a globally attractive positive almost periodic solution u*(t) in int(R?}); that
is, for any uo € int(R7), the solution u(t) of (6.15) with u(0) = ug satisfies
limy—, oo (u(t) — u*(t)) = 0.

Proof. Clearly, condition (A5) implies (A3). Then, by Theorem 6.2.1, system
(6.15) is permanent, and hence there exists @ > 0 such that any solution w(t)
of (6.15) with «(0) € int(R’}) ultimately lies in ;" ,[a, K;]. Define
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" Bis)

S

n

V(u,v) := Z

=1

S

s Yu = (uy,. .. up), v =(v1,...,0,) € int(RY).

Us

Since B;(s)/s > 0, Vs € [a, K;], there exist D; and Dy € (0, 0) such that

D, Z lui — vi| < V(u,v) < Dy Z |u; — vil, Yu,v € H[a,Ki]. (6.25)
i=1 i=1 i=1

For t1,t2 € [0,00), let u(t) = (ui(t),...,un(t)) and v(t) = (v1(t),...,v,(t))
be the solutions of two systems du;/dt = u; F;(t + t1,u) and dv; /dt = v; F; (¢t +
t2,v), respectively, such that u(t), v(t) € [T, o, K;], Vt > 0. Then we get

v;i (t) . S
jt /u Bi(s) 4y — Bi(vi (1)) Fi(t + ta,v(t)) — Bi(wi(t)) Fi(t + t1, u(t))

i(t) §

1
= /0 js (Bi(sv; + (1 — s)u;) Fi(t + t2, sv + (1 — s)u)ds

+ Bi(ui(t)) [Fi(t + ta,u(t)) — Fi(t +t1,u(t))]

1 . . :
_ / [a(ﬂl(pz)f(;(f +12,7))  (vr— )
0 Pi p=sv+(1—s)u
+ Bi(svi + (1 — s)u;)-
" OF(t+ta,p
> Ol (s =) o
Plleyrip Dj p=sv+(1—s)u

+ Biui(t)) [Fi(t + o, u(t)) — Filt + b1, u(t))] -

Let DTV (u(t),v(t)) be the upper right derivative of V (u(t),v(t)) with respect
to t. By condition (A5) and (6.25), it follows that for all ¢ > 0,

DV (u(t), v(t))
/Jlm@@»ma+m4m

“Jvi =

6]?1 p=sv+(1—s)u

—
(=)

OF;(t + ta,sv+ (1 — s)u)

vy — u]|] ds
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lz <a<m<pz-m<t +19,p))

_/01

i=1 api p=sv+(1—s)u
OF;(t+1 1-—
+ Bj(svj + (1 = s)uy) s 2’;;+( ) [vi — wil | ds
=L i

n

Z Bi(wi(t)) [Fi(t + ta, u(t)) — Fi(t + t1,u(t))]

i=1

St +12) Y o —wil + > Bilwi(t)) [Filt + ta, u(t)) — Fi(t + tr,u(t))]
=1 =1

_|_

b(t +t2)

<
= D,

V(u(t), v(t)) + Z Bi(ui(t)) [Fi(t + ta, u(t)) — Fi(t + to, u(t))]-

(6.26)
Consequently, the existence, uniqueness, and global attractivity of a positive
almost periodic solution of (6.15) follow from the permanence of (6.15), esti-
mate (6.26), and an argument similar to the proof of Theorem 6.1.1. ]

Consider almost periodic n-species competitive Lotka—Volterra systems
n

=u; | ai(t) =Y byt |, 1<i<n, (6.27)

j=1

dui
dt

where a; and b;; are continuous almost periodic functions. If there exists a con-
stant by > 0 such that b;;(¢t) > 0,Vi # j, and b;;(t) > by, Vi € R, 1 < 4,5 <mn,
then conditions (A1), (A2), and (A3) are satisfied, and hence Theorems 6.2.1
and 6.2.2 enable us to obtain sufficient conditions for system (6.27) to be per-
manent and to admit a globally attractive positive almost periodic solution.

6.3 An Almost Periodic Chemostat Model

Consider a single population growth model in an almost periodic chemostat

ds(t) _ (S°(t) — S(t))Do(t) — z(t)P(t, S(t)),
dgét) (6.28)
g =EOP(ES0) = Di(b)),

where S(t) denotes the concentration of the nutrient, z(¢) denotes the biomass
of the species at time t, P(¢,.5) represents the specific per capita nutrient
uptake function, S°(t) and Dy(t) are the input nutrient concentration and
washout rate, respectively, and D (¢) represents the specific removal rate of the
species. Here we assume that S°(t), Do(t), and D;(t) are continuous, positive,
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and almost periodic functions with m(S°(-)Dg(-)) > 0 and m(D) > 0, D(t) :=
min{Dy(t), D1(t)}, and that P(¢,S) : R x Ry — Ry is continuous, almost
periodic in ¢ uniformly for S in any bounded subset of R, and continuously
differentiable with respect to S € R;. We further suppose that

(H) P(t,0) =0, Vt > 0; and for any a > 0 there exists b = b(a) > 0 such that
OPLS) > b, vt e R, S € [0,a).

In the case where D1 () = Dy(+), we have the following threshold result on
the global dynamics of (6.28).

Theorem 6.3.1. Let (H) hold and D1(t) = Do(t), Vt € R, and let V*(t) be
the unique positive almost periodic solution of Y = S°(t)Dy(t) — Do(t)V .

(a) If m(P(-,V*(-)) — Do(-)) < 0, then every solution (S(t),z(t)) of (6.28)
with S(0) > 0 and z(0) > 0 satisfies lim;— oo (S(t) — V*(t)) = 0 and
(b) If m(P(-, V*(- )) Dy(+)) > 0, then system (6.28) admits a positive al-
most periodic solution (S*(t),z*(t)) = (V*(t) — z*(t),z*(t)) such that
every solution (S(t),z(t)) of (6.28) with S(0) > 0 and x(0) > 0 satisfies
lims 00 (S(¢) — S*(t)) = 0 and lims—, oo (x(t) — 2*(¢)) = 0.

Proof. Let P : R x R — R be a continuous extension of P from R x R4 to
R x R such that P is almost periodic in ¢ uniformly for S in any bounded
subset of R, and satisfies (H) for ¢ € R and S € [—a, a].

For (Sop,z0) € R% with 2o > 0, let (S(¢),z(t)) be the unique solution
of (6.28) satistying S(0) = SO and z(0) = xo, and let [0, 5) be its maximal
interval of existence. Since % } oo = S°(t)Do(t) > 0, we have S(t) > 0 and

z(t) > 0,Vt € (0,5). Let V(t) = S(t) + z(t). Then (V(t),z(t)) satisfies the
following equation

v (¢)

dt:y@m@—m@wm
o (6.29)
o =PV () = z(t) = Do(t).
Let w=1/V, V > 0. Then the scalar almost periodic linear equation
%9:@@%@—%@Wﬂ (6.30)

can be transformed into the almost periodic logistic equation du/dt =
u[Do(t) — S°(t)Do(t)u]. Hence, applying Theorem 6.1.1 with 8 = 1, we
conclude that equation (6.30) admits a unique positive almost periodic so-
lution V*(¢), and every solution V(t) of (6.30) with V(0) > 0 satisfies
lims, oo (V(t) — V*(t)) = 0. Consequently, (S(¢),z(t)) exists globally on
[0, +00).
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Let V() be the unique solution of (6.30) with V(0) = Sp + z¢ > 0. Thus,
lims—, oo (V(t) — V*(t)) = 0, and x(¢) satisfies the following nonautonomous
equation

CZ =[P, V(1) ~ ) - Dolt)] (6.31)

Note that for any compact subset K of R, p(t,s) is continuous in s € K
uniformly for ¢t € R (see, e.g., [117, Theorem 2.10]). It then follows that

lim [P(t, V(t) — ) — P(t,V*(t) — 3:)} =0

t—o0

uniformly for z in any bounded subset of R. This shows that (6.31) is asymp-
totic to the almost periodic equation

‘Z =2 [PV (1) ~ 2) ~ Do(t)]. (6.32)

Since x(t) is a bounded solution of (6.31) with z(0) = zy > 0, by Theo-
rem 6.1.2 with 5 = 1, we have two cases:

() 1PV )= Do) = P,V (0)=Dof) < O them e )=
(b) Ifm

(
z*(t))
(6 32).
Let z(t) be a given solution of (6.32) with 0 < x(0) < V*(0). Note that V*(t)
satisfies

dV*(t)
dt

P(-,V*(-))=Do(")) = m(P(-, V*(-))=Do(-)) > 0, then lim;_, oo (2(t)—
= 0, where z*(¢) is the unique positive almost periodic solution of

— SO()Do(t)~Do(OV* (1) > V* (DL (¢, V* (£)=V* (1))~ Do(b)], vt > 0,

that is, V*(¢) is a supersolution of (6.32). By the comparison theorem, we
then have
0 <z(t) < V*(t), vt > 0.

Let q(t) = z(t)—z*(t). Thus, Theorem 6.1.1 with 8 = 1 implies lim;_, o, q(t) =
0. Let p(t) = V*(t) — 2*(t), t € R. Then p(t) > ¢(t), Vt > 0. Since p(t) is
an almost periodic function, there exists a sequence 7, — +oo such that
p(t + 1) — p(t) uniformly for ¢ € R as k — oo. For t € R, when k is
sufficiently large, we have ¢t + 7, > 0 and hence p(t + 7;) > q(t + 71). Then,
letting k — oo, we getp(t) > 0, V¢t € R; that is, V*(t) > z*(¢), Vt € R. By
(6.30) and (6.32), it follows that (V*(¢),2*(¢)) is a solution to system (6.29).
Let S*(t) = V*(t) — 2*(t). Then (S*(t),x*(t)) is an almost periodic solution
of (6.28) with S*(t) > Oand z*(t) > 0, Vt € R. We further claim that S*(¢) >
0, Vt € R. Indeed, for 7 € R, let S(t) = S*(t+7), and Z(t) = z*(t+7), V¢t € R.
Then (S(t), Z(t)) satisfies the almost periodic equations
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ds =(S%(t+7) = S)Do(t +71) —zP(t +1,85),
a (6.33)
ngw@+ﬂ§y4%@+ﬂ%

with S(0) = S*(7) > 0 and z(0) = z*(7) > 0. Since
S'(t)|g_o = S°(t+7)Do(t +7) >0, ¥t >0,

we get S(t) > 0, V¢ > 0. In particular, S*(7 +1) = S(1) > 0. By the arbitrary
choice of 7 € R, it follows that S*(t) > 0, Vt € R. Consequently, (S*(t),z*(t))
is a positive almost periodic solution of (6.28). "

In the case where Dy (:) # Dq(-), let
D(t) := max{Dy(t), D1(t)}, and D(t) := min{Dy(¢), D1(¢)}.

Then, by our previous assumptions, D and D : R — R are continuous and
positive almost periodic functions with m(D) > m(D) > 0. By the argument
for (6.30) in the proof of Theorem 6.3.1, it is easy to see that the scalar almost
periodic linear equations

v (¢)

P SO(t)Dy(t) — D(t)V (t) (6.34)
and
%ﬁ:@@m@—mmw) (6.35)

admit globally attractive positive almost periodic solutions Vi*(¢) and V5" (¢),
respectively. By the comparison theorem and almost periodicity and global
attractivity of V;*(¢), 1 < i < 2, it easily follows that Vi*(t) > V5*(¢), Vt € R.
We then have the following result on the permanence and extinction of the
species growing in the chemostat.

Theorem 6.3.2. Let (H) hold.

(a) If m(P(-, V5'(:)) — D1(-)) > 0, then there exist « > 0 and 3 > 0 such that
every solution (S(t),xz(t)) of (6.28) with S(0) > 0 and x(0) > 0 satisfies

a <liminf z(t) < limsup z(t) < S;
t—ro0 t—o0
() If m(P(-,V*(-)) — D1(:)) < 0, then every solution (S(t),z(t)) of (6.28)
with S(0) > 0 and x(0) > 0 satisfies lim;_, o0 z(t) = 0.

Proof. Let P: RxR — R be as in the proof of Theorem 6.3.1. For (Sy, zo) €
R? with Sy > 0 and zo > 0, let (S(¢), z(t)) be the unique solution of (6.28)
satisfying S(0) = Sy and x(0) = zp with [0,3) as its maximal interval of
existence. Then it easily follows that S(¢) > 0 and =z(t) > 0, V¢ € (0,8). Let
V(t) = S(t) + z(t). Then
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_av()

S*Dolt) - DOV(H) < © )

< S%t)Do(t) — D)V (L), Vte€]0,B).

Let V(t) be the unique solution of (6.34) with V(0) = V(0), and let V (¢) be
the unique solution of (6.35) with V(0) = V(0). Then the comparison theorem
implies that

V() <V(E) <V(b), vt € [0, 8). (6.36)
Since V(t) and V(¢) exist globally on [0, 00), we get 8 = oo. Therefore, z(t)
satisfies

w(t) (PLV () - 20) - D) < “V <a(t) (PLV() - 20) - Di1))

for all £ > 0. Then by the comparison theorem,

x(t) < x(t) < z(t), Vit >0, (6.37)

where Z(t) is the unique solution of the nonautonomous equation

dx(t)

=) (P(t, V(t) - z(t)) - Dl(t)) (6.38)

with Z(0) = zo, and z(¢) is the unique solution of the nonautonomous equation

O ) (P.VE) - 20) - D)) (6.39)

with 2(0) = 2. Since lim;, oo (V(¢) — Vi*(¢)) = 0 and lim;—, o (V (t) = V5*(t)) =
0, it follows that

lim (P(t,V(t) —z) — P(t, V{*(t) —x)) = 0

t—o0

and
lim (P(t,V(t) — z) — P(t,V5(t) —z)) = 0

t—o0

uniformly for = in any bounded subset of R .

In the case where m(P(:, V5 (-)) — D1(-)) > 0, since V*(t) > V5'(t), Vt € R,
and P(t, V() = P(t,V*(t)), Vt € R, 1 < i <2, Theorem 6.1.1 with § =1
implies that the almost periodic equation

dz(t -
0 _ 2P,V (1) - 2(1) - Di(1) (6.40)

admits a unique positive almost periodic solution z} (), and z}(¢) is globally
attractive in Ry \ {0}. By the comparison theorem and the almost periodicity
of x¥(t), it easily follows that z3(t) > z5(¢), V¢t € R. Since

m(P(, V()= Di(-)) = m(P(-, V5 (1)) = D1(-)) = m(P(-, V5" () = D1(-)) > 0,
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Theorem 6.1.2(b) with 8 = 1 implies that

lim (z(t) — 25() =0 and  lim (z(t) — 25(t)) = 0.

t—o00 t—o00

By (6.37), it then follows that

liminf(e(t) = 3(1)) 2 Jim (2(t) —3(t)) =0 (6.41)
and
limsup(a(t) — o (t)) < lim (a(t) - 27(6) = 0. (6.42)

Thus, there exist « > 0 and 8 > 0 such that x(t) satisfies

a <liminf z(t) < limsup z(t) < 8.

t—o0 t— oo

In the case where m(P(-, V5 (-)) — D1(+)) < 0, we have

m(P(, V5 ()= D1()) < m(P(, V{'(-)) = Di(-)) = m(P(-, V() = D1(-)) < 0.

By Theorem 6.1.2(a) with g = 1, it follows that lim;,. Z(t) = 0 and
lim¢_, oo z(t) = 0, and hence (6.37) implies that lim; ,o z(t) = 0. ]

6.4 Nonautonomous 2-Species Competitive Systems

Consider the nonautonomous two-species competitive Lotka—Volterra model

dx;t(t):xi(t) bi(t)—Zaij(t):zrj(t) , i=1,2, (6.43)

where b;(t) and a;;(t) are uniformly continuous on R and are bounded above
and below by positive reals. To get the global dynamics of system (6.43)
on the boundary, we need the following result on the scalar nonautonomous
Kolmogorov equations.

Lemma 6.4.1. Let a,b, and K be three positive constants, and let
0:(0,00) — (0,00) be a given function. Assume that

H1 € C(R x R, R) and ¢g(t,x) is locally Lipschitz in x uniformly for
(H1) g +5 g(t, y Lip y
teR;
(H2) g(t,x) > a,Vt € R,z € [0,b], andg(t,K) <0, Vt € R;
9g(t,x
(H3) For each t € R, we have g(t,-) € C((0,0),R); and géw) <
—6(k), Vk € (0,00),t € R,z € (0, k].
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Then the equation dfiit) = z(t)g(t, z) admits a unique global solution x*(t,g)

on R that is bounded above and below by positive real numbers, and every
solution x(t, g) with x(0,g) > 0 satisfies lim;_,o0 (z(t,9) — x*(t,g)) = 0. More-
over, for any sequence of functions {gi : k > 1} such that each gi satisfies
conditions (H1)—-(HS3) and limg_,o0 gi(t,2) = g(t,z) uniformly for (t,x) in
every compact subset of R x Ry, we have limy_, o 2*(0, gx) = 2*(0, g).

Proof. The existence, uniqueness, and global attractivity of z*(t, g) follows
from [41, Lemma 2.2] with f(z) = 1/z, > 0. Let

G:={g€e C(RxR4,R): g satisfies (H1) — (H3)}.

By the proof of [41, Lemma 2.2], there exist two positive real numbers ¢ =
c(a,b,0(-)) and d = d(a,b,0(-)) such that ¢ < 2*(¢t,g9) < d, Vt € R, g € G. By

conditions (H2) and (H3), we can further choose ¢ and d such that for any

; : fop dr(t)
g€G,se€R,ye (cd), the unique solution z(t, s, y, g) of the equation “%\" =

x(t)g(t,x) with z(s) = y exists globally on [s,00), and ¢ < z(t,s,y,9) <
d, Vt € [s,00). Let

1
un(tug) =T (t7 —-n, 2(C+d)7g) ) t 2 —-n,n 2 17
and define
V(a,y) = (ny—ma), o,y € [e,d]

Then there exist two positive numbers my = my (¢, d) and ma = ma(c, d) such
that

ml(‘r - y)2 < V(‘Tuy) < mg(.’li - y)27 Vx,y € [Cu d]
By the mean value theorem and condition (H3), it then easily follows that
there exists m = m(c, d,d(d)) > 0 such that

OV (unlt, 0),2° (1,9)) < —mV (wn(t, ), 2° (1, 9)), ¥t > —n,

and hence we have
Vlun(t,)"(0.9) <V (e )" (-n.g) e
< Le ™) > _p,
where L = L(¢,d) > 0. In particular, we get
V(un(0,9),2%(0,9)) < Le™™", ¥n > 1.

It then follows that lim, . u,(0,g) = 2*(0, g) uniformly for g € G. Clearly,
for fixed n > 1, we have limy_ o0 u5, (0, gx) = u,(0, g). Now the inequality

|$*(0797€) -z (ng)| < |x*(0797€) - uﬂ(ovgk” + |un(ovg/€) - un(ovg”
+ [un(0,9) — 27(0, 9)|

completes the proof. ]
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It is easy to verify that the scalar logistic equation

g = i) (bi(t) — aii(t)zi(?)) (6.44)

satisfies conditions (H1)—(H3). Let z}(t) be the unique global solution on R
of equation (6.44) that is bounded above and below by positive reals. Clearly,
each 27 (t) is uniformly continuous on R. For the two-species competitive sys-
tem (6.43), we have the following result.

Theorem 6.4.1. Assume that

(D1) There exist p1 > 0, 81 > 0, and a sequence o — oo such that
o Fu(r A+ s) = ara(r + s)x3(r + 8))dr >, Vh > 1,5 > s
(D2) There exist us > 0, s > 0, and a sequence 17, — oo such that

le o (ba(r + 8) — agn(r + s)ai(r + 8))dr > p2,Vk > 1,5 > ss.

Then there is an n > 0 such that for any solution x(t) = (x1(t),z2(t)) of
equation (6.43) with x;(0) >0, Vi=1,2, liminf; o x;(t) >n, Vi =1,2.

Proof. Let Z7; = Ri and Z = R? and equip C(R x Z1, Z3) with the compact
open topology, which is metrizable with metric m, say. Define

f(t, x) = (bl (t) — all(t):zrl — 1272, bQ(t) — a921 (t)Il — a22(t):172) )

where © = (z1,22) € Z; and t € R. For t € R, we define 5(¢) : C(R x
Zl,Zg) — C(R X Zl,Zg) by &(t)g = g(t+ ','), Vg S C(R X Zl,Zg). By
[303, Theorem II1.7], the set v3 (f) := {G(t)f : t > 0} has compact closure
H(f)in C(R x Zy,Z5). Let F = H(f) and X = R3. It then follows that for
any g = (g1,92) € H(f),s € R,z € X, the system of ordinary differential
equations

dl‘i (t)

P zi(t)gi(t,x(t)), t>s, i=12, (6.45)

has a unique global solution &(t,s,z,g) on [s,00) satisfying &(s,s,x,g) =
x. Given g € H(f), define h(g)(t,s,z) = @t + s,s,2,9),t,s € Rz € X.
Then h(g) is a process on X. By the continuity of g, equation (6.45) and the
uniqueness of solution @(t, s, x,g), it easily follows that h : H(f) — W is
one-to-one, and o(t) o h = ho (t) on H(f), Vt > 0. Clearly, we have

7(t,z,g) = (h(g)(t,0,2),5(t)g) = (P(¢,0,2,9),6(t)g), Vt >0, x € X.

By [303, Theorem 4], 7@ : RT x X x H(f) — X x H(f) is continuous. Then
condition (B) in Section 3.4 holds for f.

Let (]5 = h(f), Xy = {($1,$2) cxp > 0,20 > 0} and 90Xy = X\XO
Then ¢(t,0,z) = @(¢,0,z, f),t > 0,2 € X. To prove the theorem, it suffices
to prove that ¢ is uniformly persistent with respect to (Xo,9Xp). Clearly,
h(g)(t,0,Xo) = &(t,0,,X0,9) C Xo,Yg € H(f),t > 0. In what follows,
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we verify conditions (1)—(3) in Theorem 3.4.1 for the skew-product semiflow
7(t). For any g = (¢1,92) € ws(f), there is a sequence ¢, — oo such that
a(tn)f — g, and hence, lim,, o f(t+t,, 2) = g(t, 2) uniformly for (¢, z) in any
compact subset of Rx X. Let §g and K be the positive numbers such that dg <
bi(t), a:j(t), x}(t) < Ko,V1 <4,j < 2. By the uniform continuity of b;(t), a;; (¢)
on R and the Arzela—Ascoli theorem, we can assume that lim, .o b;(t+t,) =
bi(t), lim,, o0 a;j(t +tn) = Gi;(t) uniformly for ¢ in any compact subset of R.
It then follows that

g(t,JJ) = (61 (t) - dll(t),fl — dlg(t)l'g,i)z(t) - dgl(t),fl — dgg(f)l‘g)
for all z = (z1,22) € R3,t € R, and

Thus @(t, s, x, g) satisfies the nonautonomous Lotka—Volterra system

dzi(t) _ 2, -
o =ilt) bi(t)—j;aij(t)xi(t) . t>s, i=1,2.  (6.46)

By a standard comparison argument, it follows that the condition (1) in The-
orem 3.4.1 holds for h(g)(t,0,z) = &(¢,0,z,9), g € ws(f).
For each g € ws(f), by Lemma 6.4.1 the scalar logistic equation

dt =x; (t) (Bz (t) — Qj; (t)wl (t)) (647)

admits a unique global solution z} (¢, g) on R that is bounded above and below
by positive reals, and every solution z;(¢) of equation (6.47) with z;(0) >
0 satisfies lim;—oo(z;(t) — 27 (¢,g9)) = 0. Clearly, each z}(¢,g) is uniformly
continuous on R. By the integral form of equation (6.44), uniform continuity
of z7(t) on R, and the uniqueness of z?(t,g), after choosing a subsequence
of {t, : n > 1}, we can further assume that lim, ,oc 27 (¢t + tn) = 2 (¢, 9)
uniformly for ¢ in any compact subset of R, ¢ = 1,2. Then &y < z(t,g9) <
Ko,Vg € ws(f), t € R, i =1,2. By Lemma 6.4.1, it then follows that «7(0, ) :
H(f) — R is a continuous map. Let My = {(0,0)}, M7 = {(27(0,9),0) : g €
ws(f)}, and Ms = {(0,25(0,9)) : g € ws(f)}. Then each M, is a compact and
quasi-invariant set for ¢ = h(f) in 0Xy. For each g € ws(f), h(g)(t,0,z) =
&(t,0,2,9) has only three full orbits (0,0), («3(¢,¢),0), and (0,23(¢,9)) on
0Xo, which are contained entirely in one of My, M7, and Ms. Thus no subset
of {My, My, My} forms a cycle on 0Xj. Note that every positive solution of
equation (6.47) is asymptotic to a7 (¢, g). By the compactness of wz(¢) and the
continuity of (0, -), it then follows that for any x € 90X, and g € ws(¢) with
h(g)(t,0,z) = &(t,0,z,9) € 0Xo, ¥t > 0, we have wy(g)(z) C M; for some
0 < ¢ < 2. The following claim implies the isolatedness of M; in X x ws(f)
for 7(t). Thus, condition (2) in Theorem 3.4.1 holds.
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Claim. For each i = 0,1,2, there exist a positive number r; and an open
neighborhood U; of M; such that U; contains no positive orbit of 7(¢) in

Xo X ({&(T)f T > Ti} Uw(;(f)).

Indeed, we can choose a positive number € such that e < min{d, 5", /5 }. It
then follows that there is positive number ¢ = ¢(dg, Ko,€) < 1 such that for

each 1 <i <2,

By the continuity of 23(0,-) on the compact set H(f), there is a positive
number ¢; = ¢1(c) < § such that [27(0,91) — 27(0,92)] < § for all g1,92 €
H(f) with m(g1,92) < ¢1. Let 71 = s2 and let Uy be the ¢;-neighborhood of
M. Assume, by contradiction, that there is (x,g) € Xo x ({&(7)f : 7 > r}U
ws(f)) such that d(7(t)(z,g), M1) = d((®(t,0,z,9),5(t)g), M1) < c1,¥t > 0.
Clearly, M; = {((z%(0,9),0),9) : g € ws(f)}. Then for each t > 0 there is
g' € ws(f) such that ||®(t,0,z,9) — (25(0,4"),0)| < c1 and m(5(t)g, g*) < ci.
Thus, we have

[2(t,0,z,9) — (21(t,9), 0)[| = [[2(t,0,%,9) — (21(0,5(t)g), 0)
< ||¢(t,0,$,g) - (I (ngt)vo) |
+1(=1(0,9%),0) — (1(0,5(t)9), 0)|

<Cl+;<0, vt > 0.

By the choice of ¢, it follows that
QQ(t,@(t,O,{E,g)) EQQ(taIT(tag)aO)_ev Vtz 0.

Let (x1(t), 22(t)) = &(¢,0,2,9) and «a(t) := g2(t,25(t,9),0) — €, t > 0. Then
x2(0) > 0, and z5(t) satisfies

dza(t

xit( ) S a®aa(t), t > 0.

Then the comparison theorem implies that

1

rt ot t
2a(t) > 22(0)els 2 = 2,(0) (et Js a<r>dr) LVt > 0.

In the case that g = () f for some 7 > ry, we have zi(t,g) = ] (7 +t), and
hence by condition (D2),

1 T 1 Tk
/ a(r)dr / ga2(r, e} (r, ), 0)dr — €
0 0

Tk Tk
1 Tk
:7_/ (bo(T+7) —ar(t+r)ai(r+7))dr —e
k Jo

> us—e>0,Vk > 1.
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In the case that g € ws(f), let t,, — oo be chosen as before. Then

lim (ba(t, + 1) — ao1(tn + )i (t, + 1)) =ba(r) — g1 (r)a}(r, g)

n—00

292(T7 LL’I(T‘, g)u 0)

uniformly for 7 in any compact subset of R. Thus, for any 7, we can choose
an integer N = N(7x, €) such that ty > s3 and

[ (b2(tn +7) — a2ty +r)ai(tn +7)) = g2(r, 27(r, 9),0)| <€ Vr € [0, 7).

Again by condition (D2), we have

1 Tk 1 Tk
/ a(r)dr = / g2(r, % (r, ), 0)dr — €
0 0

Tk Tk
1 Tk
> i / (bo(ty + 1) —ao1(ty + )i (tn +7) —€)dr — €
k Jo

> s —2e>0, Vk>1.

It then follows that limy_ o 22(7%) = 0o, which contradicts the boundedness
of z2(t). A similar argument applies to My and Mo.

By a standard comparison argument, it follows that every positive orbit
#(t,0,2) = D(t,0,z, f),t > 0, is precompact. Note that if wx(z, f) C M;
for some 0 < ¢ < 2, then there is a to > r; such that 7(t + to)(z, f) =
(D(t+t0,0,2, f),a(t+1t0)f) € Ui, ¥t > 0. Let y = P(to, 0,2, f) and g = 6(to) f-
Thus 7(t)(y, 9) = (2(¢,0,y,9),6(t)g) = (P(t +t0,0,, f),6(t +t0) f), t = 0, is
a positive orbit contained in U;. Then the above claim implies that condition
(3) in Theorem 3.4.1 holds for 7(t). Now Theorems 3.4.1 and 3.4.2 complete
the proof. [

Remark 6.4.1. Tt is easy to see that sufficient conditions for (D1) and (D2),
respectively, are

(D1) liminfy s oo t fo (r+s) —aa(r

+ 8)xs(r + s))dr > 0;
(D2)  liminf, s oo } fo (r+s) —ax(r+s)zj

s)xi(r 4 s))dr > 0.

Note that if 8(-) : R — R is an almost periodic function, then its mean
value

t—o0

= lim / B(r)dr = hm tﬂ(s+r)d
0

exists and is independent of s and the convergence is uniform in s € R. It then
easily follows that lim; s, ‘ fo (s+r)dr = M[B]. It b;(t), ai;(t),i = 1,2, are
almost periodic, then each =} (¢) is also almost periodic (see Theorem 6.1.1(b)
with 8(-) = 1). Thus, in the case that all coefficient functions in system (1.7)
are almost periodic, conditions (D1)" and (D2)" are equivalent to M[bi(-) —
a12(-)x5 ()] > 0 and M[ba(-) — a21(-)xi(-)] > 0, respectively.
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A similar approach and techniques as in the proof of Theorem 6.4.1 can
be used to study nonautonomous competitive Kolmogorov systems

dl‘i (t)

dt = l‘i(t)fi(t,,fl,wg), = 1,2, (648)

under some appropriate conditions on f = (f1, f2).

6.5 Notes

Sections 6.1-6.3 are taken from Wu, Zhao and He [410], and Section 6.4 is
taken from Zhao [436]. Gatica and So [130, Theorem 2.1] proved the exis-
tence and global stability of positive almost periodic solutions for the almost
periodic equation dz/dt = xg(z, K (t)). Burton and Hutson [41, Lemma 2.2]
established the existence and global stability of positive and bounded solutions
on R for scalar nonautonomous Kolmogorov equations. The comparison argu-
ment in Theorem 6.2.1 was used earlier by Zhao [429] for periodic n-species
competitive Lotka—Volterra systems.

Gopalsamy [134] and Ahmad [1] discussed the global asymptotic stability
in almost periodic Lotka—Volterra competitive systems of ODEs, and Gopal-
samy and He [135] considered oscillations and convergence in a delayed and
almost periodic 2-species Lotka—Volterra competitive system of ODEs.

Redheffer [289, 290] studied asymptotic behavior and coexistence states
in general nonautonomous multi-species Lotka—Volterra systems of ODEs.
Ellermeyer, Pilyugin and Redheffer [107] established persistence criteria for a
nonautonomous single-species chemostat model. Sufficient conditions for com-
petitive exclusion were obtained by Ahmad [2] and Montes de Oca and Zeeman
[251] for nonautonomous Lotka—Volterra competitive systems of ODEs.

Vuillermot [378, 379, 380] investigated almost periodic attractors for a class
of nonautonomous reaction—diffusion equations on R™. Shen and Yi [312] stud-
ied convergence in almost periodic Fisher and Kolmogorov reaction—diffusion
equations, and Hetzer and Shen [156] also discussed convergence in almost
periodic two-species competitive reaction—diffusion systems.



7

Competitor—Competitor-Mutualist Systems

In order to model mutualism phenomena in population biology, Rai et al. [285]
proposed and analyzed a competitor—competitor—-mutualist system of ordinary
differential equations. Zheng [449] then considered a competitor—competitor—
mutualist reaction—diffusion system of Lotka—Volterra type with constant co-
efficients, and Tineo [374] studied a similar model with spatial-varying and
time-periodic coefficients and subject to the zero Neumann boundary condi-
tion. In this chapter we consider a more general periodic parabolic competitor—
competitor-mutualist model with spatial heterogeneity and subject to a gen-
eral boundary condition. Let w > 0 be fixed, and let 2 ¢ RV, N > 1, be a
bounded domain with the boundary 942 of class of C?*? for some 6 € (0, 1].
Assume that u; and us are the population densities of two competitors, and
ug is the population density of the mutualist that decreases the effect of wuo
on u;. Then the model takes the following form

ou .

M A (O =g (1) — 3@, )] i 92 % (0, +00),

3(;;2 + Ao (t)ug =usfge(x,t,us) — g2z, t,ur,u2)] in 2 x (0,400), (7.1)
3(;;3 + As(t)us =ush(z,t,ur,us)] in 2 x (0, +00),

Biuy = Boug = Bsug = 0 on 902 x (0, +00),

where

2 N
P — (i) 0%u; @ (3. 4) P 4 40 | :
A;(tu; = —j;l ajy, (@, 1) Oz 0 +j;aj (z,t) oz +ay’(x,t)u;, 1 <i<mn,

are linear uniformly elliptic differential expressions of second order for each
t € [0,w]; Ai(t), gilx,t, "), qi(x,t,-), and h(z,t,-) are w-periodic in ¢; and

(© Springer International Publishing AG 2017 181
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in Mathematics, DOI 10.1007/978-3-319-56433-3 7
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1%}

%fj + b(()i) (z)u;, where g denotes differentiation in the
O _ o, 4 and

direction of the outward normal v to 2. We assume that Ajp = Qyi, Q
a((f) e C%02(Q,), a((f) >0, VI<jk<N 1<i<n,Q,=1x][0,w], and
b € 19902, R), b’ > 0, V1 < i < n, and that the functions g;, ¢;, and h
and their first order partial derivatives with respect to each u; are continuous
and in the class of C%%/2(Q_,R) uniformly for v = (u1,us,us) in bounded
subsets of R3.

Taking into account biological implications of the model, we assume that

(H1) gi(2,t,0) > 0 and 5% < 0, ¥(x,t) € Q, ur € Ry, and there exists
K1 > 0 such that gy (z,¢, K1) <0, V(z,t) € Q;

(H2) ga(x,t,0) > 0 and 5% < 0, ¥(z,t) € Q,, uz € Ry, and there exists
K5 > 0 such that go(z,, K2) <0, V(z,t) € Q;

(H3) q¢1(z,t,u1,0,u3) =0, ggll >0, 2312 >0, Y(z,t) € Q,, (u1,u2,u3) € R3,
and ggg <0, Y(z,t) € Q,, (ur,uz,u3) € RY with ug > 0;

(H4) qa(z,t,0,uz) =0, g;ﬁ > 0, and 3522 >0, V(z,t) € Q,, (u1,us) € R%;

(H5) h(z,t,u1,0) > 0,V(z,t) € Q, u1 € Ry, ' > 0,V(x,t) € Q,

(u1,us) € RE with ug > 0, 8853 <0, Y(z,t,ur,u3) € Q, x R, and for

any u; > 0, there exists K3 = K3(u1) > 0 such that h(x,t,ui, K3) <
0, ¥(z,1) € Qu-

We are interested in the case where each species stabilizes eventually at a
positive periodic equilibrium state in the absence of the other two-species. In
view of Theorem 3.1.5, we impose a set of analytical conditions on the model
system (7.1) accordingly:

(H6) p(A1(t),91(2,t,0)) < 0, u(A2(t),92(,t,0)) < 0, and u(As(t), h(z,t,
0,0)) < 0, where pu(A;(t), m(z,t)), m € C%2(Q,,), denotes the unique

principal eigenvalue of the periodic—parabolic eigenvalue problem (see
[152])

Bl-ui = U; Or Bzul =

g: + A;(t)v =m(z,t)v+pv in 2 xR,

Biv=0 ondf2 xR, (7:2)

v w-periodicin t.

The aim of this chapter is to study the global dynamics of system (7.1)
and bifurcations of periodic solutions. In Section 7.1 we prove a result on weak
periodic repellers for periodic parabolic systems in order to apply persistence
theory to the model system. In Sections 7.2 and 7.3 we establish the global
coexistence of all interacting species and the extinction of one of the competing
species, respectively. We also use a special case of (7.1) to illustrate the main
results. Section 7.4 is devoted to a discussion of the existence and multiplicity
of positive periodic solutions via bifurcation methods.
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7.1 Weak Periodic Repellers

In this section we prove the weakly repelling property of a semitrivial periodic
solution to a periodic parabolic system under appropriate conditions.
Consider the periodic parabolic system

ou

6; +Az(t)ul :fi(xvtaulv .- .,Um) n 2 x (05+OO)7

(7.3)
Biu; =0 on 9 x (0, 4+00),

where A;(t), B;, and 2 are as in (3.17), and f = (f1,..., fm) IS w-periodic in
t and satisfies the smoothness condition (H) in Section 3.2. Let (E;, P;), 1 <
i < m, be the ordered Banach spaces defined in Section 3.2, and let (¢, u)
be the unique solution of (7.3) satisfying ¢(0,u) = u € P := [[/~, P,. We
assume that for each u € P, the solution ¢(t,u) exists globally on [0, 400)
and remains in P for all ¢ > 0. Then we have the following result.

Proposition 7.1.1. (WEAK PERIODIC REPELLERS) Assume that there exist
some 1 <k < m and a smooth function Fy(z,t,u), w-periodic in t, such that

(1) fk(xa t,’LL) > uka(x,t, U), v(xvta u) € §2 x Rm+1;
(2) The system (7.3) admits a nonnegative w-periodic solution

u*(t) = (uf(t)v e 7ult—1(t)7 Oa UZ+1(t)a e au:n(t))
with p(Ag(t), Fx(z, t,u*(t)(z))) < 0.

Then there exists 6 > 0 such that limsup,,_, . ||¢(nw,u) — u*(0)|| > 0 for all
u € P with uk(-) #Z0.

Proof. Let M = u*(0) and let S : P — P be defined by S(u) = ¢(w,u). It
then suffices to prove that there exists § > 0 such that for any u € N(M,J)
with ug(+) # 0, where N (M, ) is the J-neighborhood of M in P, there exists
n = n(u) > 1such that S™(u) ¢ N(M,d). Let u = pu(Ax(t), FQ(x, t,u*(t)(z))),
and fix €9 € (0, —p). By the uniform continuity of Fj(z,¢,u) on the compact
set @, x[1i~,[0,b;], where b; = max, yeco U; (t,z)+1, there exists §p € (0,1)
such that for any u and v € [[\~,[0,b;] with |u; — v;] < g, V1 < i < m, and
all (z,t) € Q,,
|Fi(z,t,u) — Fi(z,t,v)| < €.

Since limy_ar @(t,u) = @(t, M) = w*(t) in E := [[}", E; uniformly for ¢t €
[0,w] and E < ], C(£2), there exists 6 > 0 such that for any v € N(M,
d) NP,

l[pi(t, u) — u;‘(t)HC(Q) < do, Vi # k, Hspk(tvu)”C(Q) < b, VtE[0,w].

Assume, by contradiction, that there exists w € N(M,§) N P with wg(-) Z 0
such that S™(w) = p(nw,w) € N(M, ), ¥n > 1. For any t > 0, let t = nw+t/,
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where t' € [0,w) and n = [t/w] is the greatest integer less than or equal to
t/w. Then we have

it w) = ! Oll oy = st 9, ) — (Ol < 6o, Vi £ .
and
H@k(taw)nc((z) = ||90k(t/7¢(nwvw))”c(n) < do.
Let w*(t,z) = u*(¢)(z) and u(t,x) = @(t,w)(z). By the w-periodicity of
Fy(x,t,u) with respect to ¢, we then get
Fy(z,t,u(t,x)) > Fi(x, t,u*(t,z)) — eo, Ve e 2,t>0.

Let ¢k (t,x) be a positive eigenfunction corresponding to the principal eigen-
value p. Then @y (t, ) satisfies

) .
(;’;’f + Ap(t)on = Fila, t,u(t,2))on + por i 2 x (0,00),
Bror =0 on 92 x (0,00), (7.4)

. w-periodic int.

Then ¢5(0,) > 0 in Ej = Xék) (i.e., r(0,-) € int(Py)). Since ug(0,-) =
wg Z 0, the parabolic maximum principle, as applied to the u; equation
in system (7.3), implies that ug(t,-) > 0 in Ej, V¢ > 0. Without loss of
generality, we can assume ug(0,) € int(Py). Then there exists > 0 such
that ux(0,z) > nek(0, ), Vo € 2. Consequently, ui(t, z) satisfies

T A > (Bt () ) 2% 000
ug(0,2) > npr(0,2) on £2.
By (7.4), it easily follows that v(t,z) = ne(~#=)tp, (¢, ) satisfies
O At = v (Bl (1,2) — o) in 2% (0,00)
v="uv x,t,u*(t,x)) —€) in o0
ot k AN ) 0 ’ ’ (76)

v(0,2) = nex(0,2) on §2.
By (7.5), (7.6), and the standard comparison principle, it follows that
ug(t,z) > neH ot a),  VE>0, 2 €.

For each = € {2, since ¢y (t,x) is a positive w-periodic function in ¢, we have
limy o uk(t,z) = 4o00. In view of the fact that Fy = Xék) — C(02), we
then get limy—oo [|uk(t, )|, = +oo, which contradicts the assumption that
S™(w) = u(nw,-) € N(M,9d), Vn > 1. ]
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7.2 Competitive Coexistence

In this section we establish a set of conditions for the existence of at least
one positive periodic solution and the competitive coexistence in the model
system (7.1).

Let N < p < +o0, and for 8 € (1/2 + N/(2p),1], let E; = Xél) be the
fractional power space of LP({2) with respect to (A;(0), B;) (see, e.g., [150]).
Then each E; is an ordered Banach space with the order cone P; consisting
of all nonnegative functions in F;, and P, has nonempty interior int(F;). Let
P = P;\{0}, and let E = F; x E3 x E3. By an easy extension of some results in
[152, Section II1.20] to systems, it follows that for every ug = (ul,u$,ul) € E,
there exists a unique regular solution ¢(t,ug) of (7.1) satisfying ¢(0,ug) =
up with its maximal interval of existence I (ug) C [0,+00), and p(t,ug) is
globally defined, provided that there is an L*°-bound on ¢(t, ug). Moreover,
a standard invariant principle argument (see, e.g., [6, 343]) implies that any
solution (¢, ug) of (7.1) with nonnegative initial values remains nonnegative.

According to Theorem 3.1.5, let ui(x,t), us(x,t), ui(x,t) be the unique
positive w-periodic solutions of scalar parabolic equations

a(f;ﬁl + A1 (t)ur = wagr (@, t,u1) in 2 x (0, +00), (7.7)
Blul = 0 on 89 X (O; +OO)7
auQHl(lt)u = ugga(z,t,uz) in £2x (0, +00)
ot T A2(b)ua = u20ga(Z, 1, ug T (7.8)
BQUQ = 0 on 89 X (O; +OO)7
au?’+A(lf)u = uzh(x,t,0,u3) in 2% (0,+00)
ot 3 3 — W3 , U, U, U3 ’ ’ (79)

Bsuz =0 on 92 x (0,+00);

respectively. Since h(z,t,uf(x,t),0) > h(z,t,0,0), V(z,t) € Q,, by [152,
Lemma 15.5] we have

/L(A3(t)a h(I,t,’UJT(JE,t),O) < ,U(AS(t)vh(xvtaOvO)) < 07

and hence Theorem 3.1.5 implies that there is a unique positive w-periodic
solution us(z,t) to the scalar equation

Ous + As(t)us = ush(x,t,ui(z,t),us) in 2 x (0,+00),

ot (7.10)

Bsuz =0 on 92 x (0, +00).

We claim that u3(t) < us(t) in Es, V¢ > 0. Indeed, (H5) implies that us(?)
satisfies

0
U3 + Ag(f)’(l,g — U3h($, t,0, U3) >

5t Ous + Az(t)usz — ugh(z, t,ui(x,t),usz) =0,

ot
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and hence uz(x,t) is a strict supersolution of (7.9). Then it easily follows that
u5(0) < u3(0) in E3, and hence the comparison theorem of scalar parabolic
equations implies that u}(t) < ug(t) in Es, Vt > 0. By the w-periodicity of
us(t) and us(t), we get uj(t) < us(t) in Es, V> 0.

Let X = P, x P XPg, Xo = {(ul,u2,u?,) e X : ’U,l() $O,V1 <1< n}
and 0Xy = X \ Xy. Clearly, X, and 90X are relatively open and closed in X,
respectively, and X is convex. By assumptions (H1)-(H5) and a comparison
argument, it follows that for any v € X, the unique solution ¢(¢,u) of (7.1)
exists globally on [0, +00). It is easy to see that system (7.1) is majorized by
the following system

agtl + A1(H)ur = urgi(x, t,ur) in 2 x (0,400),

auQ—l—A(t)u = uaga(z,t,uz) in 2 x (0,400)

pr R T IREAL LI T (7.11)
3;3 + As(t)us = ush(x,t,u1,us) in £2 x (0, 4+00),

Biuy = Baug = Bsuzg =0 on 92 x (0, +00).

Then Theorem 3.1.5 and Proposition 3.2.4 imply that system (7.11), and
hence (7.1), is point dissipative.

Let S : X — X be the Poincaré map associated with (7.1); that is,
S(u) = p(w,u), Vu € X. It then follows that S : X — X is a continuous,
point dissipative, and compact map with S(Xy) C X and S(0Xy) C 9Xp.
Moreover, by Theorem 1.1.3, S : X — X admits a strong global attractor
AcCX.

Proposition 7.2.1. Let (H1)-(H6) hold. Assume that

(01) H1 = /L(Al (t>a g1 (Ia t, O) —q1 (ZE, t,0, ’UJS(:Z?, t)v ’U,; (Ia t))) < 0;
(02) H2 = /L(A2(t)a92(xa t, O) - Q2(xvta U‘T(Ia t)v O)) <0.

Then S : X — X is uniformly persistent with respect to (Xo,0Xo).

Proof. Let Ay be the maximal compact invariant set of S in 90Xy, and let
M; be the global attractor of S : Py x P» x {0} = P x P, x {0}, My =
(0,u3(0),u3(0)), M3 = (0,0,u%(0)), and M4 = (u3(0),0,u3(0)). For u € X =
P, x Py x Ps, let w(u) be the omega limit set of w for S : X — X and let
o(t,u) = (ur(t), uz(t), us(t)). By Theorem 3.1.5, it follows that

w(t) =0, lim [ui(t) = u; (05, =0, Vu € {0} Py x Py, i=2,3,

and

£
—
—~
~+
~—
Il
£
[
—~
~+
~—
Il

0, Jlim [lus(t) —u3(t)]z, = 0. Vu € {0} x {0} x Py,



7.2 Competitive Coexistence 187

By Proposition 3.2.4, we have
ua(t) =0, lim s (1) —wi (D)}, = 0, lim [uss(t) — us(t) |, = 0.

for all u € Py x {0} x P3. Thus, Ay = Uyea, w(u) C UL, M;, and M;, My,
Ms;, and My are disjoint, compact, and isolated invariant sets of Sp = S|4,
in Ag. Clearly, Proposition 7.1.1 implies that Ms, M3, and My are isolated in
X and hence isolated in X, and W*(M;) N Xy =0, V2 < i < 4. For u € X,
since @(t,u) = (u1(t), ua(t), us(t)) satisfies u;(t) > 0in E;, V¢ > 0,1 < i < 3,
we have

(9’(13
ot

Let v3(t) be the solution of (7.9) with v3(0) = u3(0) > 0. Then the comparison
theorem implies that us(¢) > vs(t), ¥t > 0. By Theorem 3.1.5, lim;_, o ||s(t)—
us(t)|le, = 0. Then S™(u) = (u1(nw),uz(nw), uz(nw)) satisfies ug(nw) >
vz(nw), Yn > 0, and lim, o v3(nw) = u3(0) > 0 in Ej. It follows that
M is isolated in Xy and hence in X, and W*(M;) N Xy = 0. It is easy to
see that U, M; is acyclic for Sp in Ay. Consequently, Theorem 1.3.1 and
Remark 1.3.1 imply that S : X — X is uniformly persistent with respect to
(Xo, 8X0) 1

+ As(t)us = ugh(z,t,u1,us) > ush(z,t,0,us), vt > 0.

Note that if S : X — X is uniformly persistent, then Theorem 1.3.10
implies that S : Xg — X admits a global attractor Ag, and S has a fixed
point 29 € Ag C Xo. Thus, system (7.1) admits a positive w-periodic solution.
Moreover, Theorem 3.1.1 implies that ¢(¢,-) : X — X, ¢t > 0, is uniformly
persistent with respect to (Xo,9Xp). Since Ag = S(Ap) C 1nt(P1 X Py x P3),
we have A} = Up<i<wip(t, 4o) C int(P; x P, x Ps). By the compactness
and global attractivity of Af (see Theorem 3.1.1), it then follows that there
exists a 8 > 0 such that for any u = (uy, ug,u3) € Py x Py x Ps, there exists
to = to(u) > 0 such that p(¢,u) = (u1(t), ua(t), us(t)) satisfies

ui(t)(z) > Bei(x),  Vt>tg, x€N,1<i<3,

where

() e(z) if Byv =,
e, \xr) = i
1 1va—a” b()

and e € C?({2) is given such that e(z) > 0,Vz € 2; and e(z) = 0 and
ge < —y <0, Vo €00

For a < b in E;, let [[a, b]] := {u: a < u < bin E;}. Then we have the
following result.

Proposition 7.2.2. Let (H1)-(H6) and (C1)-(C2) hold. Then w(u) C
[10, 3 ()] x [10,u5 (0)]] x [[u5(0), us(0)]), Yu = (u1,uz, uz) € Pr x Py x Ps.
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Proof. Given u = (u1,ug,u3) € Xo = Py X Pyx P3, let o(t,u) = (u1(t), ua(t),
us(t)). Then u;(t) > 0in E;, V¢ > 0, 1 < ¢ < 3. By Proposition7.2.1, 5 : X —
X is uniformly persistent, and hence w(u) C Xo. For v = (v1,v2, v3) € w(u),
the invariance of w(u) for S (i.e., w(u) = S(w(w))) implies that there exists
w = (w1, we,ws) € w(u) such that (vy,ve,vs) = S((w1,ws,ws)) with w; > 0
in F;, V1 < i < 3. By the parabolic maximum principle, it follows that v; > 0
in B;, V1 <i<3.

Let wy(t) and wus(t) be the solutions of (7.7) and (7.8) with uy(0) =
u1(0) and w2(0) = wu2(0), respectively. Then the comparison theorem o
scalar parabolic equations implies that w;(t) < w;(¢), Ve > 0,1 < i < 2.
Since limy oo ||ui(t) — wf(t)||g, = 0, it easily follows that for any v =
(v1,v2,v3) € w(u), we have 0 < v; < uf(0), V1l < ¢ < 2, and hence
o(t,v) = (v1(t), v2(t), v3(t)) satisfies

0 < vit) <wui(t) in E;, V£>0,1<i<2.

)

Therefore, v3(t) satisfies

O 4 Ay(t)os < wsh(a, £} (1) )

Let v3(t) and v3(t) be the solutions of (7.9) and (7.10) with v3(0) = v3(0) = vs,
respectively. By the comparison theorem, we get

vsh(z,t,0,v3) <

Ug(t) S ’U3(f) S Ug(t), Vit Z 0.

Let S: P3 — P3and S : P3 — P3 be the Poincaré maps associated with (7.9)
and (7.10), respectively. It then follows that for all n > 1,

n

P™(v) = (v1(nw), v2(nw), v3(nw)) C [0,u7(0)] x [0,u3(0)] x [Sn(vg),S (v3)] -

Since w(u) is compact and w(u) C int(Pr) x int(Ps) x int(Ps), there exist
ws > 0, ws > 0 in F3 such that ws < vs < ws, V(v1,v2,v3) € w(u). Thus,

P (v) € [0,u(0)] x [0,u3(0)] x [s"(wg),s"(m)} Vo € wlu),n > 1,

which implies that

n n

w(u) = P"(w(w)) C [0,uF(0)] x [0,u(0)] x [s (w3), S (w3)}, Vn > 1.

Letting n — oo, we then have w(u) C [0, u}(0)] x [0, u5(0)] x [u5(0), us(0)].
For v = (v1,v2,v3) € w(u), let p(t,v) = (vi(t),v2(t),vs3(t)). Then the
comparison theorem of scalar equations implies that

0 < v;(t) <wujp(t)andui(t) < wvs(t) <ws(t), Vi>0,1<i<2.

By our assumptions, we then get
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1 (2, t, 01 (8)(2), v2 () (2), v3(8) () £ 0, qa(,t,01(8) (), v2(t)(2)) # O,

and h(z,t,v1(t)(x),v3(t)(z)) # h(z,t,0,vs3(t)(z)), V(z,t) € Q,, and hence
there exist ¢1, t2, and t3 € [0,w] such that vi(t1) < ui(t1) in Eq, va(te) <
us(t2) in Ey and vs(t3) > uj(ts) in Es, respectively. By the parabolic max-
imum principle, it follows that v;(t) < uf(t) in E;, Vt > t;, 1 < i <2, and
v3(t) > wi(t) in E3, Vt > t3. In particular, v;(2w) < ul(0), V1 < i < 2,
and v3(2w) > u3(0). It then follows that for any w = (wy, wa, w3) € w(u) =
S?(w(u)), there exists v = (v1,v2,v3) € w(u) such that w = (w1, we,w3) =
P2(v) = (v1(2w),v2(2w), v3(2w)), and hence, w; < u;(0), V1 < i < 2, and
ws > u5(0). Thus, we have w(u) C [[0,u7(0)]] x [[0, w5(0)]] x [[u5(0), us(0)].

It remains to prove that ws < u3(0) in Es, Yw = (w1, w2, ws) € w(u). For
v = (v1,v2,v3) € w(u), let p(t,v) = (v1(t),v2(t),v3(t)). Then the comparison
theorem implies that 0 < v;(t) < uf(t) in E;, and u}(t) < v3(t) < us(t) in
E5, Vt > 0,1 <i <2, and hence, vs(t) satisfies

a;; + As(t)vs < vsh(z,t,ui(t)(x),vs), V(z,t) € 2 x (0,00),
which implies that there exists t4 € [0,w] such that vs(ts) # us(ts), and
hence, v3(t4) < us(ts). Therefore, by the parabolic maximum principle, we
get v3(t) < wug(t), ¥t > t4, and in particular, v3(2w) < u3z(2w) = us(0).
It then follows that for any w = (w1,w2,w3) € w(u) = S?(w(u)), there
exists v = (vi,v2,v3) € w(u) such that w = (w1,w2,w3) = S%(v) =
(v1(2w), v2(2w), v3(2w)), and hence w3 < u3(0). "

Let P = Py x (—P,) x P5. Then (E, P) is an ordered Banach space with the
cone P having the nonempty interior int(P) = int(Py) X (—int(Ps)) X int(Ps).
Let S : X — X be the Poincaré map associated with (7.1). Then Uy =
(0,u3(0),u%(0)) and Uy = (ui(0),0,u3(0)) are two fixed points of S with
Uy < Ui in E (ie., Uy — Uf € int(P)). To prove our main result in this
section, we also need two lemmas.

Lemma 7.2.1. Let (H1)-(HG6) hold and assume that
M1 = ,U(Al (t)vgl(xa tv O) - Q1(x7ta O,u;(.@,t), U;(I, t)) < O

Then DS(UY) exists and ro = e "% is an eigenvalue of DS(UY) with an
eigenvector e; > 0 in E.

Proof. We consider the linearized periodic parabolic system of (7.1) at its
w-periodic solution (0, us(x,t), u}(z,t)),

ow .
ot + A(t)w = H(z,t)w inf2 x (0,00), (7.12)
Bw =0 ondf x (0,00),
where w = (wl, wa, wg)T, A(t) = d1ag(A1 (t), A2 (t), A3 (t)), B =

diag(Bl, BQ, Bg), and
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Hll(:v,t) 0 0
H(.I,t) = —u; aqz(zz,lO,u2) HQQ(.I,t) 0
ug M0 0  Has(z,t)
with
Hyi(z,t) == g1(x,t,0) — q1(x, 1,0, u3, u3),
H22($7t) = (9u2 (u292(x7t5u2))|712:u;7
Has(o,t) = .0 (ush(e,t,0,us)
z,t) = ush(x U3)) g = -
334y a’U,?, 3 y Uy Uy U3 3=U3
Let Ui(t,s), 0 < s <t < w, be the evolution operator of the equation
O Ay(O)wr = (g1(@.1,0) — qu (o, 8,0, 3 (o, ), w5 2, 1))
wy = T —q1(x us(z,t), us(x w
8t 1 1 g1\x, 1, Q1 \Z,1,U,Us (T, 1), ug\ T, 1 (713)

Blwl = O,

and let Us(t,s) and Us(t,s), 0 < s < t < w, be the evolution operators of
the linearized equations of (7.8) at uj(x,t) and (7.9) at ui(x,t), respectively.
By the variation of constants formula for scalar parabolic equations (see, e.g.,
[152]), it then easily follows that U(t,s): E — E, 0 < s <t < w, defined by

(bl Ul (t7 S)¢1
Ult,s) | d2 | = | Ualt,8)¢2 + [ Us(t, 7)ho1 (T)Us (7, 8)prdr
b3 Us(t, s)és + fst Us(t, 7)h31 (T)Ur (7, 8)prdT

for (b = (¢17¢27¢3)T € Eu where

Oga (11,0, ul(t O 1,0, ul(t
h21(t) — —U;(t) q2( 8u1u2( )), hgl(t) _ Ug(t) ( au1u3( )), Vit > 0,

is the evolution operator of (7.12). It is easy to prove that D.S(U;) exists and
DS(UY) = U(w,0) (see, e.g., the proof of [152, Proposition 23.1]). Let rq, ra,
and r3 be spectral radii (and hence principal eigenvalues) of the compact and
strongly positive linear operators Us (w, 0), Us(w, 0), and Us(w, 0), respectively.
By the definition of periodic principal eigenvalue ([152]) and Theorem 3.1.5,
we have r1 = eM7T > 1 and r; < 1,V2 < i < 3. Let hy € int(P;) be
a principal eigenvector of Uy(w,0) (i.e., Ui(w,0)hy = r1hy). By the Krein—
Rutman theorem (see, e.g., [152, Theorem 7.3]), it follows that

(Tl — UQ((U,O))hQ = — /Ow UQ(W,T)th(T)Ul(w,O)hldT >0

and
(7‘1 - Ug(w, O))h3 = / U3(w,T)h31(T)U1(w, O)hldT >0
0

have unique positive solutions hs and hz with h; > 0 in F;, V2 < i < 3,
respectively. Thus, e; = (hy, —hg, h3)T > 0in E, and U(w,0)e; = 71e;. Then
r1 is an eigenvalue of DS(U) with an eigenvector e; > 0 in E. ]
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For Uy = (u3(0),0,u3(0)), we consider the linearized periodic system of
(7.1) at its w-periodic solution (u3(t),0,us(t)):

ow

ot + A(t)w = Gz, t)w in 2 x (0,00),

Bw=0 ondf? x (0,00),

(7.14)

where w = (w1, w2, w3)T, A(t) and B are as in (7.12), and

Gui(z,t)  —uj aql(m’g’;‘jo’“s) 0
G(JJ, t) = 0 G22 (ZZT, t) 0
us Bh(mg;zl,ug) 0 Gs3 (,T, t)
with 5
Gui(,t) == ouy (u1g1 (2, 1)) us =us s

G22(Ia t) = 92($7 ta O) - Q2(337 ta UI, O)a
9 .
Gs3(z,t) := Dus (ush(x,t,u], u3)|us=us-

By an argument similar to that in Lemma 7.2.1, we have the following result.

Lemma 7.2.2. Let (H1)-(H6) hold and assume that
M2 = ,U(AQ(t)ng(Ia tv O) - QQ(Ia t,uT(x,t), O)) < O

Then DS(Uy) exists and ro = e "2 is an eigenvalue of DS(UJ) with an
eigenvector ea > 0 in E.

Now we are in a position to prove our main result of this section.

Theorem 7.2.1. Assume that (H1)-(H6) and (C1)-(C2) hold. Then (7.1)
admits two positive w-periodic solutions U,(t) = (wi«(t), ws(t), ws.(t)) and
U*(t) = (wi(t),wa(t), ws(t)) with 0 < wi(t) < wi(t), ¥t > 0,1 <1< 3,
such that for any u € Py x Py x Ps, o(t,u) = (u1(t),us(t), us(t)) satisfies
limy o0 d(u; (), [wix (t), wi(t)]) =0, V1 < i < 3.

K2

Proof. It suffices to prove that the Poincaré map S : X — X admits two
positive fixed points U, and U* in int(P;) X int(Pz) x int(Ps) with U, < U*
in (F, P) such that w(u) C [U,,U*|g, Yu € Py x Py x Pj.

Let v1 = uy,v2 = —ug,v3 = us. Then (7.1) is transformed into the system

Ov; + A;(t)v; = Fy(z,t,v) in 2x(0,00), 1<4<3,

ot (7.15)

Biv;=0 ondN x (0,00), 1<i<3,

where v = (v1,v2,v3) € X :=Ry x (-Ry) x Ry, and
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Fl(.f,t,l}) = Ul[gl(.f,t,vl) - q1($,t,1)1, —1}2,’03)]7
F2($7t5 1}) = v2[92($7t5 _’02) - qQ(xvta U1, —UQ)],
Fs(z,t,v) = vsh(z,t,v1,v3).

It is easy to see that gf; > 0,14 # 7, V(z,t) € Q,, v € X. By the parabolic
maximum principle of weakly coupled parabolic systems (see, e.g., [283, Theo-
rem 13 of Section 3.8]) and hence the corresponding comparison theorem (see,
e.g., [236, Theorem 4.1]), it then follows that ¢(¢,-) : X = Py x P, X P3 = X
is order-preserving in the sense that for any w,w € X with v < w in (E, P),
we have p(t,u) < p(t,w) in (E,P), Vt > 0, where (¢, u) is the unique so-
lution of (7.1) with ¢(0,u) = uw € X. Therefore, S : X — X, defined by
S(u) = o(T,u), v € X, is a monotone (nondecreasing) map.

Let F = {u € P, x P, x Py: S(u) = u}. By Proposition 7.2.1, it follows
that there exists ¢ > 0 such that ||u;|| g, > J, Yu = (u1,u2,u3) € F, 1 <i <3,
and hence F is closed in E. Let A be the global attractor of S : X — X.
Clearly, F' C A. Thus, the compactness of A implies that F' is compact in E.
For any w € F, by Proposition 7.2.2, we have u = w(u) € [[Uy,Us]|g, and
hence F' C [[Uf,Us]]g- Let e; > 0 be given as in Lemmas 7.2.1 and 7.2.2,
respectively. Then the compactness of F' implies that there exists 5y > 0 such
that

FcC [[Ul* + Boer, U; — Boe2]|E-

By Lemmas 7.2.1 and 7.2.2, DS(U})e; = r;e; with r; > 1, 1 <4 < 2. Then
there exists 0 < €9 < Sy such that for any € € (0, €q], Uy +€e; < Uy — eez and

S(Uf +eer) > Uy + eeq, S(Uy — eea) < Uy — ees.

By the compactness and monotonicity of S : X — X, it follows that
S™(Uy +€e1) converges increasingly to the minimal fixed point U (€) of S and
S™(Us — eeq) converges decreasingly to the maximal fixed point Us(e) of S in
the interval [UT +eey, Uy — eea]g. Clearly, Uy < Uf +ee; < Uy(e) < Us(e) <
U;s — eeg < Uy. We further claim that Uy (e) and Usz(e) are independent of
€ € (0, €). Indeed, for any €1, ez € (0, €], since Ui(e;) € F, V1 <i,j <2, and
€0 < By, we have

UT +eje1 < Uy + Poer < Ur(ei) < Us(e;) < Uy — Boea < U — €jen
for all 1 <4,5 < 2. It then follows that
Ui(ej) < Ui(e;) < Ua(e;) < Usley), V1<i,5<2,
which implies that
Ui(er) = Ui(e2), Uz(e1) = Ua(ea).

Let Uy(e) = U,, Us(e) = U*. Thus, U} < U, < U* <« U, and for any
e € (0, €],
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nl;rlgoS (U +eer)=U, <U* = nlin;oS (Uy — ee2).
For u € Py x P, x Ps, by Proposition 7.2.2, w(u) C [[Uf,Us]]g. Then
the compactness of w(u) implies that there exists € = e(u) € (0, €] such that
w(u) C [[Uf + ee1, U — ees]] g, and hence

S™MUT +ee1) < S™(w(u)) =w(u) < S™(U; — eez), ¥n > 1.
Letting n — oo, we get w(u) C [Us, U*]E. ]

In the case that (7.1) is autonomous, that is, A;(z,t) = A;(z), V1 <i < 3,
gi(z,t,) = gi(z, "), qi(z,t,") = ¢(z,), V1 < ¢ < 2, and h(x,t,-) = h(z,-),
there is an analogous result of Theorem 7.2.1. As an illustration, let A; and
B; be such that a$) > 0, with a$ (z) # 0if b = 0, ¥1 < i < 3. For any m €
C%(02) with m(x) > 0 for some z € (2, according to [152, Theorem 16.1 and
Remark 16.5], let A1 (A;(-),m(-)) be the unique positive principal eigenvalue
of the elliptic eigenvalue problem

Ai(z)u = dIm(z)u in £,

7.16
Biu=0 on 0f2. ( )

We then have the following result.

Theorem 7.2.2. Let (H1)-(H5) hold for the autonomous case of (7.1).
Assume that

(1) M (Ai(z), gi(x,0)) <1, Vi =1,2, and A\ (As(z), h(x,0,0)) < 1;
(2) M (Ax(2), 91 (2,0) — qu(, 0, u5(x), uz(x))) < 1;
(3) M (As(2), 92(2,0) = g2(2, ui(2),0) < 1;

where ui(x), us(x), and ul(zr) are the unique positive steady-state-solutions of
autonomous equations (7.7), (7.8), and (7.9), respectively. Then autonomous
system (7.1) admits two positive steady-state-solutions U, = (w1, ws, wsy)
qnd U* = (Wi, waw, wh) with 0 € wi < wf, V1 <4 <3, such that for any u €
PyxPax P, o(t,u) = (u1(t), ua(t), us(t)) satisfies limg_s oo d(u;(t), [wix, w}]) =
0,V1<i<3.

Proof. Asshown in Theorem 7.2.1, now ¢(t,-) : X = P X Pax Py — X, t >
0, is a monotone semiflow. For w > 0, we view the autonomous parabolic
system (7.1) as an w-periodic one. Let u(A, m(-),w) be the principal eigenvalue
of w-periodic parabolic problem (7.2). By [152, Chapter I1.15 and Remark
16.5], it follows that conditions (1), (2), and (3) imply (H6), (C1), and (C2),
respectively. As in the proof of Theorem 7.2.1, for any € € (0, ¢], we have
limy, 00 S™(UF + €e1) = U, > U; + ee;. Then there exists N > 0 such
that o(nw, Uy + ee1) = S™(Uy + ee1) > Uf + €eq, ¥Yn > N. By the Hirsch
convergence criterion for monotone semiflows (see Theorem 2.2.5), o(t, U +
€e1) converges to an equilibrium as ¢ — oo, which implies that U, is an
equilibrium; that is, ¢(t,U,) = U.(t) = U, V& > 0. Similarly, we can prove
U*(t) = U*, Vt > 0. Now Theorem 7.2.1 completes the proof. "
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7.3 Competitive Exclusion

In this section we establish conditions under which at least one species goes
to extinction via the Poincaré map S : X — X associated with (7.1).

Proposition 7.3.1. Let (H1)-(H6) and (C2) hold. Then for every u € P x
P, x Ps, we have w(u) C [Uf,Us]|g; that is, 0 < v < ui(0), 0 < vy < u3(0),
and u}(0) < vg <€ uz(0), Yo = (v1,v2,v3) € w(u).

Proof. Let Yy := {(u1,u2,u3) € X : ua(-) Z0andug(-) Z0} = P, X Py x Dy
and 9Y) := X \ Xo. Then Yy and 9Y; are relatively open and closed in X,
respectively. Clearly, S(Yy) C Yy and S(9Yy) C 9Yy. Let Ap be the maximal
compact invariant set of S in 9Yy, and let M7 be the global attractor of S :
Pl X PQ X {O} — Pl X PQ X {O}, MQ = (0,0,ug(())), and M3 = (UT(O),O,U{;(O))
By an argument similar to that in Proposition 7.2.1, it easily follows that
U3_, M3 is an isolated and acyclic covering of Uy,e a, w(u) and W*(M;)NYy =
(). Then Theorem 1.3.1 and Remark 1.3.1 imply that S : X — X is uniformly
persistent with respect to (Yo, 9Yp).

As in the proof of Proposition 7.2.2, for v € P, x P, x P, we have
w(u) C [0,u3(0)] x [0,u3(0)] x [u3(0),us(0)]. It remains to prove that for any
v = (v1,v2,v3) € w(u), v1 K uj(0), v2 > 0, and v3 < ug(0). By the uniform
persistence of S with respect to (Yo, 9Yy) and the invariance of w(u) (see the
proof of Proposition 7.2.2), it follows that for any v = (v1,v2,v3) € w(u),
we have vy > 0, vg > 0. Then @(t,v) = (vi(t),v2(t),v3(t)) satisfies
v1(t) > 0, va(t) > 0, and v3(t) > 0, V¢ > 0. If v; = 0, then v1(t) =0, ¥t > 0,
and hence v (2w) < uf(0) in Eq. If v1 > 0, then v1(¢) > 0, V¢t > 0. Since
q1(z,t,v1(t),v2(t), v3(t)) Z 0 for (z,t) € Qu, by a maximum principle argu-
ment (see the proof of Proposition 7.2.2), we get v1(2w) < uf(0). It then
follows that for any v = (v1,v9,v3) € w(u) = S?*(w(u)), we have v; < u(0).
Consequently, v1(t) < ui(t) and v3(t) > 0, V¢ > 0, and hence v3(t) satisfies

0

(;f + As(t)vs < vsh(z, t,wl(t),vs), V(z,t) € 2 x (0,00).
As in the proof of Proposition 7.2.2, it follows that vs(2w) < u3(0). Thus, for
any v = (v1,v2,v3) € w(u) = S?(w(u)), we have vy < uz(0). "

By a similar argument, we can prove the following result.

Proposition 7.3.2. Let (H1)-(H6) and (C1) hold. Then for every u € P x
P, x P, we have w(u) € [[Us,Us]g; that is, 0 < v1 < ui(0), 0 < v < u3(0),
and u3(0) < vz < ug(0), Vv = (v1, v2,v3) € w(u).

Now we are in a position to prove the main result of this section.

Theorem 7.3.1. Let (H1)-(H6) and (C2) hold. Assume that (7.1) admits no
positive w-periodic solution (in int(Py) xint(P2) xint(P3)). Then for every u €
Py x Py x Ps, the solution o(t,u) of (7.1) satisfies limy_, oo (p(t, u) — U7 (t)) =0
in E, where U (t) = (0,u3(t), u3(t)).
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Proof. It suffices to prove that for every u € P; x Py x P3, we have w(u) =
U = Uz(0). For u € P, x Py x Py, by Proposition 7.3.1, we have w(u) C
[Us,U5]]. Then the compactness of w(u) and Lemma 7.2.2 imply that there
exists an € > 0 such that w(u) C [UF,Us — eeq]] and S(Us — eez) < U — eea,
where e > 0 in (E, P) is as given in Lemma 7.2.2. Thus,

Uf < 5"w(u)) =w(u) < S™U; — €eea), ¥n > 1.

By the monotonicity and compactness of S, it follows that S™(Uj — eeq)
converges decreasingly to a fixed point U* with Uy < U* < U5 in E. Let U* =
(Ul,UQ,Ug). Then 0 < U; < ’UJT(O), 0k Us; < u§(0), and 0 < ’Ulg(()) <Us K
u3(0). By the nonexistence of a positive w-periodic solution of (7.1) and hence
that of the positive fixed point of S in int(Py) X int(P2) X int(Ps), it follows
that Uy = 0. Let ¢(t,U) = (Uy(t),Ua(t), Us(t)). Then Uy(t) = 0, and hence
in view of Uy > 0 and Uz > 0, we get Uz (t) = U5 (t), Us(t) = Us(t), ¥t > 0.
Consequently, lim,,_,o S™(Us — ee2) = U* = (U1(0), U2(0), Us(0)) = Uy, and
hence w(u) = Uy. ]

By a similar argument, together with Proposition 7.3.2, we can prove the
following result on the global extinction of us.

Theorem 7.3.2. Let (H1)-(H6) and (C1) hold. Assume that (7.1) admits no
positive w-periodic solution (in int(Py) Xint(Py) xint(Ps)). Then for every u €
Py x Py x P, the solution o(t,u) of (7.1) satisfies im0 (0(t, u) —UZ(t)) = 0
in E, where Uz (t) = (ui(t),0,us(t)).

Remark 7.3.1. As illustrated in previous section (see, e.g., the proof of The-
orem 7.2.2), for the autonomous case of (7.1), there are also analogous re-
sults of Theorems 7.3.1 and 7.3.2. In particular, we need to assume that
the autonomous system (7.1) admits no positive stead state solution in
int(Pl) X int(Pg) X int(Pg).

As an example, we consider a special case of system (7.1) (see [285] for
ordinary differential systems and [374] for reaction—diffusion systems)

85;1 T Ai(tyur = B, tun |1 - alszl, - 112527(;)?)2%] in 2 x (0, 00),
M2 (s = Boa s |1 — b (2 g — 2 } in 2 x (0, 00)
ot R ’ ba(, 1) 0
6({;3 + As(t)us = B3(z, t)us _1 o) le(x,t)uj in 2 x (0, 00),
Biuy = Bous = Bsuz = 0 ondf2 x (0, 00),
(7.17)

where 2, A;(t), Bi(t), 1 < i < 3, are as in system (7.1), and S;,a;, b;, ¢; :
2 x Ry — R are positive continuous functions and w-periodic in ¢. Assume
that
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(A1) u(A;i(t), Bi(z,1)) <0,V1<i<3.

According to Theorem 3.1.5, let u], u3, u3, and us be the unique positive
w-periodic solutions of the scalar parabolic equation

ou

9t + A(t)u = uF(z,t,u) in 2 x (0,00),

(7.18)
Bu=0 on 9 x (0,00),

with (4, B, F) = (A1, By, B1(1— 1)), (A2, B2, B2(1—-32), (As, B3, B3(1—-2)),
and (A4s, Bs, B3(1 — " .)), respectively. In the case where A; = —k;(t)A

cotecruf
and Bju = gfj, V1 < ¢ < 3, it is easy to see that a;p < wuj(x,t) < ainm,
bor, < ud(z,t) < bops, and cor, < us(z,t) < com, V(z,t) € Q,, where fi; and
f1 denote the supremum and infimum of a bounded function f, respectively.
By Theorems 7.2.1, 7.3.1, and 7.3.2, we then have the following three
results on the global asymptotic behavior of (7.17).

Proposition 7.3.3. Let (A1) hold. Assume that

(A2) p(As(t), B1(1— 113:313 )) <0;
(AS} /J,(Ag(t),ﬁg(l — blu*{)) < 0.
Then the conclusion of Theorem 7.2.1 holds for (7.17).

Proposition 7.3.4. Let (A1) and (A8) hold. Assume that (7.17) admits no
positive w-periodic solution. Then the conclusion of Theorem 7.3.1 holds for

(7.17).

Proposition 7.3.5. Let (A1) and (A2) hold. Assume that (7.17) admits no
positive w-periodic solution. Then the conclusion of Theorem 7.3.2 holds for

(7.17).

For various estimates of principal eigenvalues of periodic—parabolic eigen-
value problems, we refer to [152, Lemma 15.6 and Section I1.17], [188], and
[187]. In particular, let Bu = 9“, and A = —k(t)A, where k € C?/?(R,R) is
w-periodic and positive. Then [152, Example 17.2] implies that for any given

m € C%9/2(Q,,), we have
D wAl),m(2,t)) < 0 if either [ [, m(z,t)dzdt > 0 or
il fQ m(z,t)dx dt > 0 with m(z,t) depending nontrivially on ;
(D) p(m(z,t)) > 0if [ [, m(z,t)dzdt <0 and Jy max, ., m(z, t)dt < 0.
By an approach similar to that in Sections 7.2 and 7.3, we can discuss the

global asymptotic behavior in a more general periodic competitor-competitor—
mutualist model
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8;; + A1 (H)ur = u1Gr(, t,ug, ug,uz) in 2 x (0,00),
8U2 .

ot + As(t)ug = uaGa(x, t,ur,uz) in 2 x (0,00),
811,3

ot + As(t)us = usGs(x,t,ui,uz) in 2 x (0,00),

B1u1 = BQUQ = B3U3 =0 on 02 x (0,00),

where the continuously differentiable functions G; are such that for all u; >
0,1<i<3,
0G4 0G4 0Go 0G3

<0 d > 0.
Ous — ’ ous — ’ ouy — ’ a ouy —

7.4 Bifurcations of Periodic Solutions: A Case Study

In this section we use bifurcation methods to study the existence and multi-
plicity of positive w-periodic solutions of a special case of (7.1). We first state
two general bifurcation theorems in Banach spaces.

Simple Eigenvalues Theorem ([68, Theorem 1.7]) Let X,Y be Banach
spaces, V' a neighborhood of 0 in X, and F': (—1,1) x V = Y a continuous
function. Assume that

(a) F(A\,0)=0,VYX e (-1,1);

(b) The partial derivatives Fy, F,., and F\, exist and are continuous;

(¢) N(F;(0,0)) and Y \ R(F;(0,0)) are one-dimensional, where N(F;(0,0))
and R(F3(0,0)) denote the null space and range of the linear operator
F,(0,0), respectively;

(d) Fx:(0,0)z9 € R(F;(0,0)), where N(F,(0,0)) = span{zo}.

If Z is a complement of N(F;(0,0)) in X, then there are a neighborhood U
of (0,0) in R x X, an interval (—=6,9), and continuous functions ¢ : (—§,8) —
R, ¢ :(=0,0) = Z such that ¢(0) =0, ¥(0) =0, and

F7H0)NU = {(¢(s), 520 + s1p(s)) : s € (=6,8)} U{(N,0): (\,0) € U}.

If F» is also continuous, the functions ¢ and ¢ are once continuously differ-
entiable.

Let L be a linear and compact operator on a Banach space E, and let o(L)
be its spectrum set. For y € {u € R: pu~' € o(L)}, the multiplicity of u is
defined to be the dimension of U;>oN((I — pL)?).

Global Bifurcation Theorem ([284, Theorem 1.3]) Suppose G(A\,u) =
ALu + H(A\u), where L is linear and compact, H 1is compact, and o(||ul)
as u — 0 on bounded X\ intervals. Let S be the closure of the set {(A,u) :
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v = GM\u)u # 0}y in Rx E. Ifu € {p € R: put e oa(l)} is of
odd multiplicity, then S has a maximal closed and connected subset C that
contains (1,0) and is either unbounded in R X E or contains (fi,0), where

p#pe{peR: p=t €o(L)}.

We then consider a periodic competitor-competitor-mutualist model with
parameter A € R:

0

(;? = a1 Aug +u1(AB1 — arur — azuz /(1 + azuz)) in2 x (0,00),

Duz = agAug + ua (B2 — biug — bausg) in 2 x (0,00)

ot — Q2Auz+ua(Pz — brun — bous ,00), (7.19)
0

g;’ = azAuz + uz(Bs — csuz/(1 + c1u1)) inf2 x (0,00),

Bu; = Bug = Buz =0 ondf2 x (0,00),

where 2 and B are as in system (7.1), and «a, 3;, a;, b;, and ¢; are all positive
functions of (z,¢) € 2 x R4 and are w-periodic in ¢ for some w > 0.

We are to find the ranges of A for which system (7.19) has positive periodic
solutions. Let 6 € (0, 1) be fixed, and define

X ={we %22 xR): w is w-periodic in t}
and
Y = {w e C*01H9/2() x R) : wisw-periodic intand Bw = 0ondf2 x R}.

For d,q € X, let \1(d,q) := p(—dA, —q). Throughout this section we assume
that «;, B, a;,b;,¢; € X, /\1(0&2, —ﬂz) <0, and )\1(0&3, —ﬂg) < 0.
For a fixed u € X, consider the scalar periodic equation

v — g Av = (Bg — byu)v — byv?, veY. (7.20)

By Theorem 3.1.5, (7.20) has a unique positive solution v, if and only if
A (g, —B2 + biu) < 0. Let

o(u) = 0 ifX(az, —f2 4+ biu) >0,
n Vu if)\l(ag, —ﬁg + blu) < 0.
Then the following lemma follows from a simple variant of [38, Lemma 4.2].
Lemma 7.4.1. The function v : X — X has the following properties:

(i) u—wv(u) is continuous from X to X;
(1) If uy < g, then v(uy) > v(ug);
(i11) v(u) <v(0) =: Uy for any u > 0.
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For a fixed u € X, we consider the equation

C3 2

— anAw — _
we — azdw = fyw 1—|—cunau¢{u,()}w7

weY. (7.21)

Again by Theorem 3.1.5, (7.21) has a unique positive solution w(u). As in
[38], we can easily prove the following result.

Lemma 7.4.2. The function w : X — X has the following properties:
(i)  u— w(u) is continuous from X to X;

(1) If uy < ug, then w(ur) < w(uz);

(111) w(u) > w(0) =: Us for any u > 0.

Let ()
 agv(u
n(u) = 1+ agw(u)’
and consider now the problem
u — ay Au = \pru — n(u)u — aju?, u€ey. (7.22)

Clearly, if u is a positive solution of (7.22), then (uy,ug,us) = (u,v(u), w(u))
is a nonnegative solution of (7.19), and it is a positive solution of (7.19) if
v(u) > 0. Conversely, if (u1,u2,us) is any positive solution of (7.19), then
uz = v(u1), uz = w(uy) and uy is a positive solution of (7.22). Therefore,
finding positive solutions of (7.19) is equivalent to finding positive solutions
of (7.22) for which v(u) > 0.

By Lemmas 7.4.1 and 7.4.2, it follows that

(N1) u — n(u) is continuous from X to X;
(N2) u; < usg implies that n(uy) > n(us);
(N3) 0 <n(u) < 112?@3 for any u > 0.

These three facts guarantee that the upper and lower solution method can be
used to solve (7.22).

Lemma 7.4.3. Suppose that v € Y is a lower solution of (7.22) and V €Y
is an upper solution of (7.22) and that 0 < v < V. Then (7.22) has a minimal
solution u, and a mazimal solution u* in the order interval [v, V] in Y.

Proof. Choose a constant k > 0 so large that

a2U2
k — -2 t 2 .
+ AG1 |+ asls a1V >0, V(z,t) € 2 x [0,w]

Then it is easy to see that for u € [v, V],
u— F(u) = Miu — n(u)u — ayu® + ku

is an increasing mapping from [v, V] C Y to X. Define Lu = u; — a1 Au + ku.
Then u € [v, V] solves (7.22) if and only if u = L1 F(u) =: Su.
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Now we have v < Sv, SV <V, and that u — Su is an increasing map-
ping. By regularity results in [152], the L° boundedness of [v, V] implies
that S?([v, V]) is compact in Y. It then follows by a compactness argument
that the monotone increasing sequence {S™v} and the monotone decreasing
sequence {S™V} are both convergent in Y. Let S"v — wu, and S™"V — u*.
Then it follows from a standard argument that w, and u* are the minimal

and maximal fixed points of S in [v, V]. ]
Since U
azUs
0< Yu >0
- TL(U) 1+ £L3U3 P v ’

any positive solution ug of (7.22) satisfies

U-
(uo)t — a1 Aug > ()\ﬁl _ ) Uy — arug
as

and
(UO)t — CYlA’U,O S )\Bluo — alu%.

Hence ug is an upper solution of the problem

U
wp — a1 Au = (/\[31 - fa;Ug) u—au®,  u€ey, (7.23)
and is a lower solution of the problem
up — o1 Au = ABru — au?, ueY. (7.24)

By Theorem 3.1.5, it follows that (7.23) has a unique positive solution if and

only if Ay (a1, —AB1+ 112?@3) < 0, or equivalently, if and only if A > Ag, where

A = ) is the unique solution of A\ (aq, —AB1 + liflgfj?’) = 0. We denote this
unique positive solution by 6. Again by Theorem 3.1.5, (7.24) has a positive
solution if and only if A; (a1, —AB1) < 0, or equivalently, if and only if A > A,
where A = A° is the unique solution of A\; (a1, —A\B1) = 0. We use 6> to denote

this solution. It follows easily that
O < ug < 0* (7.25)

whenever 0y and 6* are defined and g is a positive solution of (7.22).

Next we derive some estimates on €. Choose a constant M > 0 so large
that f1 — a1 M < 0. Then one easily sees that AM is an upper solution of
(7.23). If A(o1, = AP + lifgés) < 0, then one can always construct a lower
solution of (7.23) by using the corresponding principal eigenfunction. Hence,
we always have 65 < AM. Now suppose that 8 is defined. Then for v = A\,

we have
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azUs

v — a1 Av = A\B1v — - GBUBU - alv2/)\
U.
< \B1v + arv? — 1 _7_2&32[]31) —ayv?
azUs 2
< (A N M) — -
< (MBr+ax v 1+a3U3U a1
a2Us 9
< A1 A - —
<A1 +oN)Biv Lty MY
where o = T8t M. Thus, v is a lower solution of (7.23) with A replaced by

A(1+ o). This implies that
Ox(1+0r) = v = A0.

If we define uu(\) = (v/1+ 40X —1)/(20), we can express the above inequality
by

9)\ Z ILL()\)QHO\)
By an upper and lower solution argument, it is easy to show that 0y, < 05,
if A1 < A2. Thus if we fix a Ag such that 6,,,) is defined, then for A > Ao,

Ox = (A (xo)- (7.26)
‘We show now that
)\1(0&2, —fBs + b19)\) — 00 as A — oo. (727)

We suppose first that Bu = 0 is not of Dirichlet type. Then min(6y) > 0.
Therefore, (7.26) implies that for A > Ao,

Ai(az, =B 4 b16x) > Ai(az, — max(B2) + min(by )u(A) min(6,(x)))
= —max(f2) + min(by)p(A) min(f,(»,)),

and hence A\ (a2, —f2 + b16)) — coas A — co. Since the principal eigenvalue
under Dirichlet boundary conditions is greater than that under Neumann
boundary conditions (see [152]), the above argument shows that (7.27) is true
in the case of general boundary condition Bu = 0.

Since §* > ), we obtain from (7.27) that

A1 (g, —f2 + 10*) — coas A — oo.

A simple upper and lower solution argument shows that A — #* is strictly
increasing. Now consider the continuous function A — h(\) := Ay (o, —f2 +
b10M). Tt satisfies h(A%) = A1 (a1, —f2) < 0, h(A) = oo as A — oo, and it is
strictly increasing. Therefore, there exists a unique A\° > A° such that h(\°) =
0. Similarly, there is a unique Ay > A\g such that A(az, —fB2 + b16,4,) = 0.
Now let us go back to equation (7.22). We use a bifurcation argument
as in the proof of [38, Lemma 3.4]. Since )¢ is a simple eigenvalue of the
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linearization of (7.22) at v = 0, a local bifurcation result shows that there is a
positive solution branch I" = {(\,u)} of (7.22) bifurcating from (Ao, 0). Then
global bifurcation theorem and the strong maximum principle can be used to
show that this branch is contained in a connected component X' that joins
(A0,0) tocoin R x Y and w > 0, V(A u) € X\ {(N,0)}.

Suppose that (A, u) € X'\ {(A0,0)}. In view of

ug — a1 Au — [AB1 — n(u) — aquju =0, u > 0,
we obtain that
0=M\ (041, =B+ TL(U) + alu) > )\1((11, —)\61).

This implies that A > 0. Note that (7.25) implies L>° boundedness of u. By
standard regularity results, we can prove as in [38] that for (A, u) € X, |lully is
bounded in any bounded range of A. Thus, the only way that X can approach
oo is as A — oo.

By (7.25) and the definition of v(u), it follows that if (A,u) € X and
A > Ag, then v(u) = 0. Then (7.22) reduces to (7.24), and v = #*. This
implies that

Z0([Ag,00) x YV) = {(A,0%) : A > Ao},

and hence
U:={(\6": 1>\ cx.

We are now in a position to prove the main result of this section.

Theorem 7.4.1. There exist A\ and \* with A\, < min{\g, \°}, \* >
max{\g, \°} such that (7.19) has no positive solution for X\ & [A«, \*], and
has at least one positive solution for A € (A, A\*). Moreover,

(i) If A« < min{Xo, \°}, then (7.19) has at least two positive solutions for
A < A <min{\g, \°}, and at least one positive solution for X\ = \,;

(is) If \* > max{Ao, \"}, then for max{A\o,\°} < A\ < \*, (7.19) has at
least two positive solutions, and for A = \*, there is at least one positive
solution;

(111) If . = X*, then (7.19) has a continuum of positive solutions for A = A,.

Proof. Our arguments are essentially the same as in [104]. Here we give only
a sketch of the proof. Define

A={\: (7.19) has a positive solution for A}.

Let A\s = inf A and A* = sup A. By the discussions before Theorem 7.4.1, we
then have A, > 0 and \* < Ajg.

Step 1. Xy := X \ U is a connected set that joins (Ag,0) to ()\0,9)‘0).
Moreover, if (A, u) € Xy is different from these two points, then u > 0, v(u) >
0, and hence such a (A, u) corresponds to a positive solution of (3.1). Note
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that v(6*") = 0. Hence u = #*" corresponds to a semitrivial solution of (7.19).
Let Uy := 6*°. Then X corresponds to a positive solution branch of (7.19)
that joins the semitrivial solutions (Ao, 0, Ua, Us) and (A°, Uy, 0, W3). We refer
to the proof of [104, Theorem 3.1] for a detailed proof of these facts.

This proves that (7.19) has a positive solution for A between A\g and .
This also proves statement (iii) in Theorem 7.4.1.

Step 2. If A, < min{\g, A\’}, then (7.22) has a positive solution u. satisfying
v(uy) > 0 for A = A,. For any A € (A, A\?), u. is a lower solution of (7.22) and
6 is an upper solution of (7.22). By (7.25), we have u, < 6 < #*. This gives,
by Lemma 7.4.3, a maximal solution u* of (7.22). Moreover, u, < u* < 6*
and v(u*) > 0, because

M (az, —B2 + biu) < Ai(ag, —fBa + 519/\0) =0.

We refer to the proof of [104, Lemmas 2.5 and 2.6] for a detailed proof of these
facts.

This step shows that (7.22) has a positive solution for A € [\, A°).

Step 3. If Ax < A < min{)\g, \°}, then (7.22) has a positive solution u #
u® with v(u) > 0. One essential fact in the proof of this statement is that
{(\u?) : A < X < A%} € %y We refer to the proof of [104, Theorems 3.2
and 3.3] for more details.

This step and Step 2 prove statement (i) in Theorem 7.4.1.

Step 4. If A* > max{\g, \°}, then (7.22) has a positive solution u* satis-
fying v(u*) > 0 for A = A*. For A € (Ao, \*), 0y < u* is a pair of lower and
upper solutions of (7.22). Therefore, there is a minimal solution uy of (7.22)
satisfying 0, < uy < u*. We have v(uy) > 0 because

)\1(042, — B2 + bluA) < Al(ag, — B2 + blu*) < 0.

Details of the proof of these facts can be found in the proofs of [104, Lemmas
2.5 and 2.6].

This step proves that (7.22) has a positive solution for A € (Ag, A*].

Step 5. If \* > X > max{\g, \°}, then (7.22) has a positive solution u # wuy
with v(u) > 0. A key fact in proving this is that {(A\, ux) : Ao < A < A*} C Xy.
See the proofs of [104, Theorems 3.2 and 3.3] for more details.

This and Step 4 prove (ii) in Theorem 7.4.1.

Step 6. If A\, < A% < \*, then (7.22) has at least one positive solution u
with v(u) > 0 for A = A% If A\, < A\g < A*, then for A = A%, (7.22) has at
least one positive solution u satisfying v(u) > 0. We refer to the proof of [104,
Theorem 3.4] for a proof of this fact.

This last step together with Steps 1, 2, and 4 shows that there is always a
positive solution of (7.22) for A € (A, \*). Now every case has been covered,
and the proof of Theorem 7.4.1 is complete. ]

Remark 7.4.1. Tt is easy to check that when the condition
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azUs
1+ as U3

holds, then Ao > 1 > A°. Therefore, by Theorem 7.4.1, (7.19) has a positive
solution for A = 1. Similarly, when the condition

(Dl) A1 (al, —B1 + > >0, Al(ag, — B9 + blUl) > 0,

azUs

D2 —
(D2) A <041, B1+ 1+ asUs

> <0, Aoz, =B2+b:U1) <0,
holds, then \g < 1 < A%, and again it follows from Theorem 7.4.1 that (7.19)
has a positive solution for A = 1.

Remark 7.4.2. In general, it is difficult to find good estimates for A\, and A\*.
Clearly, any such estimates give sufficient conditions for existence and nonex-
istence of positive solutions of (7.19). For example, the estimate

0 < A < min{Ag, A\’}, max{, \°} < \* < Ay,

implies that (7.19) has at least one positive solution if min{\g, \°} < A
< max{\g, A\°}, and that (7.19) has no positive solution if A > Ay.

It can be easily checked that if (a) A < min{\,A\°} and X\ €
(As, min{ Ao, A°}), or (b) max{\g,A\°} < A* and X € (max{)o, A\°}, \*), then
neither of conditions (D1) and (D2) in Remark 7.4.1 is satisfied. But Theo-
rem 7.4.1 implies that if (a) or (b) occurs, then (7.19) has at least two positive
solutions. In the rest of this section we will show that both cases (a) and (b)
can occur.

This is done by using techniques of bifurcation from simple eigenvalues.
An essential step is to decide the direction of the bifurcation branch of positive
solutions of (7.19) from (Ao, 0, U, Us).

Define F: R x Y3 — X3 by

(u)e = @1 dur —ur(ABy —arer =, 32 )\
F()\; Uy, uz, U3) = (U2)t - OCQA’U,Q — ’U,Q(BQ — blul — b2u2)

(us)e — agAug —uz(Bs — 1205 )

By a simple calculation, it follows that for every h = (hy, ha, h3) € Y3,

T
() =03 Ao+ 25
Fu(X0,0, Uz, Us)h = (h2)t — agAhg — Bahg + 2b2Uzhg + b1Ushy

(hs) — agAhg — B3hs + 2c3Ushg — csUderhy
It is easy to check that

N(Fu()\Ou 07 U27 U3)) = Spa'n{((blu ¢27 ¢3)}7

where ¢ > 0 satisfies
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a2Us

(p1) — 1Ay = ()\oﬁl Tt asls

>¢17 ¢1€Y7

@9 is the unique solution of

K¢ := ¢ — a2 Ad — 29 + 202Uz = —b1U2¢1, pey,
and ¢3 is the unique solution of

K3¢ = ¢r — azAp — B3¢ + 2c3Us¢ = csUj c161, pey.
Here the fact that K5 and K3 are invertible comes from

A (a2, = B2 4+ 2b2U3) > Ai(az, —fB2 + bUz) =0
M (s, —fB3 4 2¢3U3z) > Ai(as, —fB3 + c3Us) = 0.

These also imply that K, U and K3 ! are strongly positive operators from X
to Y. Thus, ¢2 < 0 and ¢3 > 0.
It is easy to see that

Fxu(X0,0,U2,U3)(h1, ha, hg) = (B1h1,0,0).

Now we prove a technical result.

Lemma 7.4.4. Suppose that ¢1, ¢p2, and ¢3 are defined as above. Then
Fru(X0,0,U2,Us)(¢1, $2, ¢3) & R(Fu(No, 0, U2, Us3)).
Proof. Suppose for contradiction that
Fxu(Xo,0,U2,Us)(¢1, 92, ¢3) € R(Fu(Xo,0, Uz, Us)).
Then there exists (h1, ha, h3) € Y3 such that
Fyu(X0,0,Uz, Us) (91, @2, ¢3) = Fu(Xo, 0, Uz, Us)(ha, ha, hs).

This gives in particular that

CLQU
h1)e — a1 Ahy — MoB1h 7.28
(h1)t — a1 Ahy — XS 1+1+ U = fi¢1. (7.28)
Let Lu = u; — a3 Au+ 1a2U2 u. Then L™!: Y = Y is compact and strongly

positive. Define Ku := L~ (ﬁlu) Then K : Y — Y is compact and strongly
positive. It follows from (7.28) that

K(¢1 + Aohi1) = ha. (7.29)

By the definition of ¢;, we have K¢; = Ay ;. This implies that r(K) = Ay *.
By the Krain-Rutman theorem, there exists I; € Y* such that l;(x) > 0 for
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x € Py \ {0}, where Py is the natural positive cone of Y, and such that
K*l; = Ay 'ly. Therefore, (7.29) implies that

LK (o1 + Aoh1)] = l1(h1),
and hence
Li(ht) = (K*11) (61 + Xoh1) = Mgt (o1 + Xoha) = Ay M (1) + 1i(ha).
This gives )\alll(gbl) = 0, which contradicts the fact that ¢, > 0. ]

It is easy to see that the use of the theory of bifurcation from simple eigen-
values is justified. We obtain that for any complement Z of span{(¢1, ¢2, ¢3)}
in Y3, there exist § > 0 and continuously differentiable functions 7 : (-4, d) —

R, ¢ = (’@/Jl,’lﬁg,’lﬂg) : (—5, 6) — Z such that T(O) =0, (1#1(0),’(#2(0),1#3(0)) =0
and such that the solutions of (7.19) near (Ag,0,Usz, Us) and different from
the trivial branch (), 0,Us, Us) form a curve:

(A(s), u1(s), u2(s), us(s))
= (Ao + 7(8), 801 + st1(8), U + sppa + stha(s), Us + s¢ps + si3(s)),

for s € (=4,0). Clearly, the sign of X(0) determines the direction of the
positive solution branch

{(\(s),u1(s),uz(s),us(s)): 0 < s<d}.

It follows that that if A’(0) > 0, then A\* > Xg; if N'(0) < 0, then A\ < Ap.
Next we are to find some expressions of A’'(0). We start from the identity

- ),

(7.30)

(u1(s))r = a1 Aui(s) + ui(s) </\(s)ﬁl —ajui(s)

Dividing this identity by s, using (7.30) we obtain
(91 + ¥1(s))e =1 A1 + ¥ (s))

+ (01 + 41 (s)) ()‘(5)[31 — ajuy(s) azuz(s) ) ' (7.31)

1+ asus(s)
Differentiating (7.31) with respect to s at s = 0, we obtain

azUs )
1+ a3U3

/ B _ apn azUs
+ ¢ (/\ (0)B1 — a1¢n 1+ asUs + (1 +a3U3)2a3¢3) :

(¥1(0))r =1 A(¥1(0)) + 91 (0)(AoB1 —

Define

b= ¢ (—a1¢1 _ o2 + 02Uz )

1+£L3U3 (1+£L3U3) “
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By the definition of K, we can rewrite (7.32) as
1(0) = MK (¢1(0)) + N (0) K (¢1) + K (/).

Applying [; to this identity, together with K*(I;) = Ay 'l1, we get

L(1(0)) = L (1(0)) + N (0)Ag Ha (1) + Ag 1 (®/51),

which implies that

_h(P/B1)
hi¢1)
Recall that A'(0) > 0 implies A* > ¢ and that A'(0) < 0 implies A, < A.

To determine whether we have A, < min{\g, A\°} or \* > max{), A\°}, we

need to estimate A°. For this purpose, we vary a; and b;. Suppose from now
on that

X (0) = (7.33)

a1 = &al, by = by,

where af > 0 and b9 > 0 are fixed and &, 1 are considered parameters.

One easily sees that Uy and Us are independent of (&, 7). Therefore, Ao
and ¢; are independent of (£, 7). By the definitions of ¢2 and ¢3, it follows
that ¢3 is independent of (£,n) but ¢ depends linearly on 7:

b2 = ¢2(n) = nga2(1).

It is also easy to see that the dependence of #* on ¢ is given by
0 (&) = 07 (1) /€.
Suppose that o = gg is the unique solution of
A(az, —B2 + b0 (1)) = 0.
Thus, for n = 0p€, we have
Ai(az, =B + B30 () = M (a2, =B + oo™ (1)) =0,

which implies that A% = ).

Define l "
o 1 0.2 by
A= () (“”51 O aals ¢1)
and l )
= 1 a2Us
S Brli(¢1) ((1 + asUs)? a3¢3¢1) .

Clearly, Ay > 0. By (7.33) and the definition of @, it follows that

X(0) = =EA(n/€) + Ao.
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Choose o > 0g and let 7 = o€. Thus, for a; = £a?, by = nb{ = o€bY, we have
A (az, =Bz + b10%°) = A\ (ag, — B2 + ab?0™ (1)) > 0.
Then A\ < \g, V€ > 0. But
N(0) = —€A(0) + Ay >0

at least for all small positive £. Then A\ < \g < A* in this case. This gives
cases where (7.19) has more than one positive solutions.

Now suppose that A(og) > 0 (we will show a little later that this case
does occur if we choose the parameters properly). Then we can arrange the
parameters so that A\, < A\g < A0, In fact, if we choose o < oo but still keep
A(o) > 0, then for a; = £a¥, by = 0€b?, we have Ay < A\? and

)\/(0) =—CA(0)+Ar <0

for all large positive . Therefore, A, < Ao < A in this case.

It remains to show that A(op) > 0 is possible. Suppose that «;, ¢ = 1,2, 3,
and f3;,a;,c;, i = 1,3, are all fixed, and that oy = as. Since we do not use the
variables £ and 7, we assume £ = 1 and n = 1 in the following discussions.
Hence a; = a¥, by = bY. We will vary by, b, 32, and ax.

Let by = (bY, as = v/Ca), with b9, a9 fixed and ¢ being a parameter. We
will define 82 and by also as functions of (. First, let 8o = s81 + ¢gUs, where s
is a parameter and €y > 0 small is to be specified later. Then Us = Us(s, () =
Us(s,1)/¢ and s — Usa(s, 1) is increasing. Since

axUs

1+ £L3U3

agUs(s, 1)/\/C>
14+ a3Us ’

0=X\ (Oél, —Xof + ) =\ (041, —Xof1 +

Ao = Ao(s,() is a continuous function of s and ¢. Moreover, s — Ag(s, () is
increasing, and ¢ — Ao(s, ) is decreasing. Furthermore, Ag(s,{) — Ao(s, 00)
exists as ( — oo, and
Ar(a, =Ao(s,00)B1) = 0.

Thus, Ao(s,00) = Ag(00) is independent of s, and 0 < Ag(c0) < 1.

Let 81 = Ao(00), s2 = Ao(o0) + 1. Then Ag(s1,{) > s1 for all ¢, and
Ao(s2,() < so for all large ¢. This implies that for all large ¢, we can find
some s = s(¢) € (Ao(00), Ag(o0) + 1) such that

Ao(s(6),€) = s(¢).

We first define
B2 = B2(C) := 5(¢)B1 + €oUs.

It follows that

A1(ag, —B2) < Ar(ar, —s(¢)B1) < Ar(ar, —Ao(00)B1) = 0.
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Since

Xo(00)B1 + €0Us < f2(C) < (Ao(00) +1)51 + €oUs

for all large (, it is easy to see that there is some My > 0 such that
Us/Us(s(¢),1) < My for all large ¢ and all ¢¢ < 1. Here we need to use
the strong maximum principle when the Dirichlet boundary condition is used.
Thus, we can choose €y > 0 small enough such that for all large ¢,

eoUs

22 = 1y (50, 1)

2250>0

for some fixed constant d.
Next we choose b;. We suppose from now on that ¢ is sufficiently large
and that ag, ba, B2 are functions of ¢ as defined above. Define

N —
az 0B 52'

by = b9 = 2by —
! ! 2 14+ a3Us Us

It easily follows that

a3/\/¢ eoUs

1+asUs UZ(S(OJ)} = 400 > 0.

by = b1(C) = ¢ [268 -

Using the choice of b; and a1 = as, one can verify that ¢ = —¢;.
It is easy to see that #* is independent of ¢. Since

0= Ar (a2, =Bz + 000" (1)) = A (2, =2(0) + 00ba ()0 (1))
B=2(¢) is L bounded, and b1({) > (do, we necessarily have
oo = 00(¢) < M/¢
for some constant M > 0 independent of ¢. Thus, for large ¢,

az o M

al —o >a > 0.
! 0(014—&303 - V¢ 1+ a3Us
Using ¢ = —¢1, we then get

— ll
- ﬂl ll(¢1

Finally, we find explicit expressions for X'(0) in the following cases of aq:

Aloo) = Alon(©) o (a?—ao@ 2 )¢%<<>>0-

1+ £L3U3

(a) aq(z,t) = ai(t); that is, oy is independent of x;
(b) ai(x,t) = ai(z); that is, a; is independent of ¢;
(c) f: Jo d161 (al_l)tdac dt # 0, where ¢1(t,x) = ¢1(—t, ).
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In case (a), multiplying (7.32) by ¢; and integrating over £ x [0,w], we
obtain

/w G1 (N (0)B1¢1 + D)dz dt
//%“1 — a1 A(¢1(0)) — ¥1(0) (Aoﬁl— 0202 )]dwdt

1+ a3U3

/ / ¥1(0 [ (¢1): — 1 Ady — b1 <)\0[31 1 —T—QZQUP,)] dx dt =0,

which implies that ~
fow fQ Ppida dt
I [ o101 Brda dt

In case (b), multiplying (7.32) by ¢1/a; and integrating over 2 x [0,w],
we then get

N(0) = — (7.34)

/ ¢1/Oé1 0)B1¢1 + P)dx dt = 0,
Q

which implies that

fow fﬂ(dﬁ)l/al)d:r dt

f: fn(ﬁl%él/al)dx dt’ (7.35)

XN(0) =—

In case (c), it follows that

Z = {(Ul,uz,u3) ey’ 5/ / J’lul(afl)t dr dt = O}
0 Jo

is a complement of span{(¢1, g2, ¢3)} in V3. Using this Z in (7.30), we have

/ wi(O)é1(afl)t drdt = 0.
0 (]

As in case (b), it then follows that X' (0) satisfies (7.35).

7.5 Notes

Proposition 7.1.1 is modified from a claim in the proof of [430, Theorem 3.1].
Sections 7.2 and 7.3 are adapted from Zhao [434], and Section 7.4 is taken
from Du [102]. The existence of positive periodic solutions of an w-periodic
system similar to (7.17) was also discussed in Du [102] via a degree argument.
The decoupling technique and bifurcation argument in Section 7.4 goes back
to Blat and Brown [32]. The competitor-competitor-mutualist model is due to
Rai, Freedman and Addicott [285]. A special autonomous reaction—diffusion
version of it was studied in Zheng [449]. A similar model with spatial-varying



7.5 Notes 211

and time-periodic coeflicients and subject to the zero Neumann boundary con-
dition was investigated in Tineo [374]. The existence of positive periodic solu-
tions of a periodic competitor—competitor—-mutualist reaction—diffusion model
of Lotka—Volterra type with nonlinear boundary conditions was discussed by
Pao [269]. The periodic competitor-competitor-mutualist parabolic system
with discrete delays was analyzed by Zhou and Fu [450] and Pao [270] via
the method of upper and lower solutions. Liang and Jiang [223] investigated
uniform persistence, global asymptotic stability, and convergence everywhere
in infinite-dimensional type-K monotone discrete-time dynamical systems and
time-periodic reaction—diffusion systems.
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A Periodically Pulsed Bioreactor Model

In recent work of Ballyk et al. [27], it is argued that the plug-flow reactor, aside
from its importance in chemical and bioengineering, is a good candidate as a
surrogate model of the mammalian large intestine. In that work, a model of
competition between different strains of microorganisms for a scarce nutrient
in a plug-flow reactor, formulated by Kung and Baltzis [207], was studied with
special attention given to the effects of random motility of the organisms on
their ability to persist in the reactor and be good competitors in a mixed
culture. The growth-limiting nutrient is assumed to enter the reactor tube
at constant concentration at the upstream end of the reactor, so that the
model equations take the form of a time-independent system of reaction—
advection—diffusion equations. However, if the plug-flow reactor is to stand as
a surrogate model of the intestine, then it is much more realistic to consider
input nutrient concentration as being time-dependent. In the present chapter
we consider this competition model with periodically varying input nutrient
concentration, including pulsed input where the concentration may fall to zero
over part of the cycle.

In Section 8.1 we briefly introduce the model and then discuss the well-
posedness of the initial-boundary value problem and the positivity of its so-
lutions. Section 8.2 is devoted to the special case of the model system with
identical diffusivities and vanishing cell death rates. After consideration of
the washout solution, we establish a conservation principle. We then consider
single-population growth in the reactor, showing that when the washout solu-
tion is linearly stable, then it is globally stable, and when it is unstable, there
is a unique, single-population periodic solution that attracts all solutions with
nonzero initial data and is asymptotically stable in the linear approximation.
Finally, we show that for two competing populations, where each single pop-
ulation periodic solution is unstable to invasion by the other population, we
have persistence of both populations and the existence of a positive periodic
solution representing coexistence. Section 8.3 is devoted to the perturbed sys-
tem with different diffusivities and inclusion of cell death rates. We carry over
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the bulk of the results of Section 8.2 to the case where the random motility
coefficients do not differ much from the diffusion constant of the nutrient and
the cell death rates are small.

8.1 The Model

The plug-flow reactor may be thought of as a tube, of length L, through which
a liquid medium flows with constant (small) velocity v. At the upstream end
of the tube, x = 0, the nutrient concentration in the medium is maintained at
the periodically varying concentration S°(t) = S°(t + w). Downstream, bac-
teria consume nutrient, grow, divide, and die or leave the reactor at x = L.
Bacteria are assumed to be motile, but their motility is random in the sense
that it is modeled by an effective diffusion coeflicient and is independent of nu-
trient concentration (chemotaxis is not considered here). The concentrations
of nutrient S and microbial strains u;, ¢ = 1,2, are governed by the equations
(we have scaled variables so that L = 1)

oS 928 oS
5¢ =do —v, —uifi(S) —uzfa(9),

0z? oz
8.1
Ou; _ 0u; ou (8.1)
ot ! D2 oz

—v ) u(fi(S) — ki), i = 1,2,

where the d; are the random motility coefficients of strain wu;, k; is its death
rate, and f;(S) is its uptake and growth rate. The quantity do is the diffusion
constant for nutrient S. Since the rate of change of the total nutrient con-
centration equals the difference between the inflow and outflow rates of the
nutrient minus the consumption of the nutrient, we have

1 2 1
jt/o S(x,t)dr = v (S°(t) — S(1,t)) — ;/0 wi(x, t) fi(S(x, t))dz.

On the other hand,

d [t L as(x
dt/o S(z, t)dx = /0 ((%’t) dx
1 2
= ‘/O (do gag — Ugi — ’U,lfl(S) — UQfQ(S)) dx
= (do 85{;;’ b_ vS(l,t)) - (do 35(;2, t_ vS(O,t))
2 1
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It then follows that

oS as
ox ( ox (
Since the rate of change of the total concentration of species u; is the difference

between the natural growth and death rates of the species minus the washout
rate of the species, we have

do . (0,t) —vS(0,t) = —vS°(t) and 1,t) = 0.

1 1
jt /0 wi(z, t)de = /0 wi(x,t)(fi(S(x, b)) — k;)dx — vu(1,¢).

On the other hand,

1 14,
d / wi(x,t)dr = / dui(x, 1) dx

! 62’(1,1' 8ui
_/O (di s~ U+ w(fi() —ki)) dz

x
o 8u1(1, t) 6ul(0, t)
= (dl P vuz(l,t)) — (dl P vu;(0,1)
1
+/ wi(x, t)(fi(S(x,t)) — k;)dz.
0
Thus we get
d; 9 (0,t) — vu;(0,t) =0 and 9 (1,t) = 0.
Consequently, we impose on the model system the boundary conditions
oS 0
dy O (0,t) — vS(0,t) = —vS°(t),
ou;
et U —0.j= 8.2
d; e (0,) —vu;(0,t) = 0,43 =1,2, (8.2)
oS ou; )
8x(1’t) = e (1,t) =0,i=1,2,

and nonnegative initial conditions
S(x,0) = So(x), wui(x,0) =ug(x), 0<x<1. (8.3)

Next we discuss the well-posedness of the initial-boundary value problem
(8.1)—(8.3) and the positivity of its solutions. Assume that the initial data
in (8.3) satisfy (So,uo01,u02) € X* = C([0,1],R}), the positive cone in the
Banach space X = C([0,1],R3) with uniform norm. For local existence and
positivity of solutions in the space X, we follow [243], where existence and
uniqueness and positivity are treated simultaneously, ignoring issues related
to time delays treated there. The idea is to consider mild solutions of the
system of abstract integral equations (we set ug = S and upo = Sp to simplify
notation)
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uo(t) = V(¢,0)ugo —|—/ To(t — r)Bo(u(r))dr,
-0 (8.4)
uit) = Ti(H)uos + / Ty(t — ) Bi(u(r)dr, i = 1,2,

where u(t) = (uo(t), u1(t), u2(t)) = (S(, ), ur(-,t),uz(,t)) € Xy. Ti(t) is the
positive, nonexpansive, analytic semigroup on C([0,1],R) (see [326, Chapter
8]) such that u = T;(t)uo; satisfies the linear initial value problem

ou dl82u B ou
ot ‘oz Uax’
ou ou
— diax (0,t) + vu(0,t) =0 = 81:(1’ t),

u(z,0) = ugi(z),

(8.5)

V(t,s), t > s, is the family of affine operators on C([0, 1], R) such that u =
V(t, s)ugo satisfies the linear system with inhomogeneous, periodic boundary
conditions, with start time s, given by

0 0%u ou

Y d, t>
= —v
ot~ Doz Yot T
o

—do 6;‘ (0,1) + vu(0,t) = vSO(t), t > s,

ou
1,8)=0, ¢
8:10(’) 0,t> s,

u(x, 8) = ugo(x).

Due to the periodicity of the inhomogeneity in the boundary conditions, S°(t+
w) = SO(t), we have that V(t,s) = V(t + w,s +w) for t > s. The nonlinear
operator B; : C([0,1],Ry) — C([0, 1], R) is defined by

Bo(u) = —ua fi(uo) — fa(uo)uz,
Bl(u) = [fz(uo) — ki]ui, L= 1,2.

The result [243, Theorem 1] can be used to give local existence and positivity of
noncontinuable solutions of (8.1)—(8.3), although the elliptic operator in that
setting is slightly different. The reason is that the semigroups 7; and evolution
operator V defined above have the same properties as those in [243] (so [243,
Corollary 4] may be applied). Indeed, V (¢, s) satisfies V' (¢,s)C([0,1],R4) C
C([0,1]),R4) for ¢ > s, by standard maximum principle arguments, and sim-
ilarly (see [326, Chapter 8]), T;(t)C([0,1],R4) € C([0,1],R4) for ¢ > 0. The
operator V' and semigroup T are related as below (1.9) in [243] on setting
y(x,t) = SO(t). Since we assume that f;(0) = 0, it follows that B;(u)(z) = 0
whenever u;(z) = 0 for some x; hence, B = (By, B1, B2) is quasi-positive.
Thus, [243, Theorem 1 and Remark 1.1] imply that (8.1)—(8.3) has a unique
nonnegative noncontinuable solution that satisfies (8.1)—(8.2) in the classical
sense for ¢t > 0.
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8.2 Unperturbed Model

Consider the system of equations with identical diffusivities and vanishing cell
death rates

08 9?8 oS

ot = doa:pz —’Uax —ulfl(S) _UQfQ(S), O<x<1,t>0, (8 7)
Oui _ 4 Oui _ Oui Fi(S), i=1,2,0<z<1,t>0 |
ot~ WCogz T Vg T TS e ’
with boundary conditions
t
doas(o7 )—vS(O,t):—vSO(t), t>0,
Ox
dOauB(S’t) — o (0,6) =0, i=1,2,¢>0, (8.8)
0S(1,t)  Ous(1,t) o
e = =0, i=12>0,

and initial value conditions
S(x,0) = So(x) >0, ui(z,0) =wugi(z) >0,i=1,2,0 < x <1, (8.9)

where dy > 0,v > 0, and S%(-) € C?*(Ry,R), with S°(t) > 0,5°() # 0,
SOt + w) = S°(t) for some real number w > 0, and f;(-) € C?*(R4,Ry)
satisfies

(H) £:(0)=0, f{(S)>0,vS€R,, i=12,

Let n be the outward normal to the boundary of (0,1). Clearly, for any
¢() € Ol([ov 1]7R)a

00(0) __00(0) . 06(1) _ 00(1)

on Oz on Oz
Therefore, the boundary condition (8.8) is equivalent to the following one:

05(0,t

do (;n’ ) +05(0,t) = vS°(t), t>0,
Ou; (0,t .

dy ua( ) + vu;(0,t) = 0, 1=1,2, t >0, (8.10)

n

0S(1,1) _ Oui(1,t) o, i=1.2 t>0.

on on

Let X* = C([0,1],R%). As mentioned in Section 8.1, [243, Theorem 1 and
Remark 1.1] imply that for any ¢ = (So(-), wo1(+), uo2(+)) € X T, there exists a
unique (mild) solution (S(z,t, ®), u1(z,t, ¢), uz(x,t, $)) of (8.7)-(8.8), defined
on its maximal interval of existence [0,04), satisfying

S(w,t,6) = 0, ws(w,t,8) = 0, Va € [0,1], ¢ € [0,05), i = 1,2.

Moreover, (S(z,t,¢),u1(x,t,d), ua(z,t,@)) is a classical solution of (8.7)—
(8.8) for t € (0,04).
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8.2.1 Conservation Principle

Since we have scaled the u; in nutrient-equivalent units, the total nutrient
W(z,t) = S(z,t)+uy(z,t)+us(z,t) should eventually come into balance with
the input S°(¢). Then W (z,t) satisfies the following scalar linear equation

ow PwW ow

ot =dp 92 _“ax’ O<ax<l,t>0,
ow(0,t
do a(n’ ) + oW (0,t) = vS°(t), >0, (8.11)
oW (1,t
(1,%) =0, t>0.
on
Note that equations (8.7)—(8.8) reduce to (8.11) for W = S when u; =
0,7 = 1,2. In what follows, we use B¢ = 0 to denote the homogeneous

boundary conditions dy 6?;510) +v¢(0) = 0 and 62511) =0.

Proposition 8.2.1. System (8.11) admits a unique positive w-periodic solu-
tion W*(z,t) > 0, and for any Wy () € C([0, 1], R), the unique (mild) solution
W (z,t) of (8.11) with W (-,0) = Wy(-) satisfies limy_,oo (W (z,t) —W*(z,t)) =
0 uniformly for x € [0,1].

Proof. Let u(z,t) = W(x,t)—S°(t) and S (t) = —dS;t(t), t > 0. Then u(z,t)
satisfies
ou 0%u 0

u
5t _doax‘z Vg, +51(t), 0<z<l1,t>0,
2O 0. =0, t>0, (8.12)
on
QuLt) oy,
on

Since the boundary conditions in (8.12) are homogeneous, (8.12) can then be
written as an abstract ordinary differential equation in C([0, 1], R) given by

f;; = Au(t) + Si(t), >0,
u(0) = ¢ € C([0,1]), R),
where A is the closure in C([0,1],R) of A° = dyd/dz* — v0/dx with

D(A°%) = {¢ € C?((0,1))nC'([0,1]) : A% € C([0,1]), By =0} .

(8.13)

For any ¢ € C([0,1],R), the mild solution of (8.12) can be expressed as

t

u(t) =T()e + /0 T(t — s)S1(s)ds, (8.14)

where T'(t) is the analytic semigroup generated by A in C([0,1],R) (see, e.g.,
[272] and [326, Chapter 7.1]). It easily follows that u(t) is an w-periodic solu-
tion of (8.13) if and only if ug = u(0) satisfies
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(I —T(w))uo = / T(t — s)S1(s)ds. (8.15)
0

By an argument similar to that in [326, Section 8.1], it follows that o =
sup{ReA : A € 0(A4)} < 0. Then the radius of the spectrum of the compact
operator T'(w) satisfies (T (w)) < 1, and hence (8.13) admits a unique w-
periodic solution w*(t). Let v(t) = u(t) — u*(t). Then v(t) satisfies

du(t)
dt

By [272, Theorem 4.4.3], there exist M > 0 and g > 0 such that | T(t)]] <
Me=# ¢t > 0, and hence lim;_, o v(t) = 0in C([0, 1], R). Then lim;_; oo (u(z, t)—
u*(z,t)) = 0 uniformly for z € [0, 1].

Let W*(z,t) = u*(z,t) + S°(t), z € [0,1],¢ > 0. It then follows that
W*(x,t) is an w-periodic solution of (8.11), and for any Wy(-) € C([0, 1], R),
the unique (mild) solution W (x,t) of (8.11) with W(-,0) = Wy(-) satisfies

= Av(t), t>0. (8.16)

tlim (W(z,t) — W*(x,t)) = 0, uniformly forz € [0, 1]. (8.17)
— 00

For any Wy(-) € C([0,1],R), by [243, Theorem 1 and Remark 1.1], the unique
solution W (x,t) of (8.11) with W(-,0) = Wy(-) satisfies

W(z,t) >0, Vo € [0,1], £ > 0. (8.18)

It remains to prove that W*(x,t) > 0, for all x € [0,1]and ¢t > 0. For
any t > 0, by (8.17) we have lim, oo (W(z,t + nw) — W*(x,t 4+ nw)) =
lim, oo (W (2, t + nw) — W*(z,t)) = 0, uniformly for =z € [0,1]. Then
W*(z,t) = limy—oo W(z,t + nw) > 0,Vz € [0,1],t > 0. Since S°(t) >
0,58°) # 0, there exists to > 0 such that S°(ty) > 0. It is easy to see
that do au*a(?l’t“) +ou*(0,t9) = 0 implies u*(-,t9) # —S°(tp). Then W*(-, 1) =
u* (-, to)+S%(tg) # 0. By the standard parabolic maximum principle, it follows
that

W*(z,t) >0, Yx € [0,1], t > to. (8.19)
Then, by the w-periodicity of W*(z,-), we have W*(z,t) > 0, Vx € [0,1],
t>0. ]

8.2.2 Single Species Growth

If only one microbial species is present in the reactor, we have the single
species model

08 928 08

8t:d08x2_vax_uf(s)’ 0<zx<1l,t>0, (5.20)
8u_d82u_ aqu f(S), 0<z<1,t>0 |
ot 0ox2 Uazzr b ’ o ’ ’
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with boundary conditions

t
do 95(0,8) _ vS(0,t) = —vS°(t), t>0,
ox
t
do 8u($c’ ) vu(0,t) =0, t>0, (8.21)
05(1,1) B ou(1,t) B
or dxr 0, ¢>0,
and initial conditions
S(z,0) = So(x) >0, u(x,0) =ue(z) >0, Vz € [0,1], (8.22)

where dp > 0,v > 0, f(-) € C*(Ry,Ry) satisfies (H) and S°(-) is as in (8.8).
Let Y+ = C([0,1],R%). It then follows that for any ¢ = (So(),uo(:)) € Y,
(8.20)—(8.22) admits a unique (mild) solution (S(z,t, ¢), u(z,t, ¢)), defined on
its maximal interval of existence [0,04), satisfying S(z, ¢, ¢) > 0,u(x,t,¢) >
0, Vx € [0,1],¢ € [0,04). By the conservation principle in Subsection 8.2.1, for
each g € Yt 04 = 0.

We determine stability of periodic solutions in the following way. For any
m € CY([0,1] x R,R) with m(z,t + w) = m(x,t),YVz € [0,1],t € R, let
w(m(-,-)) be the unique principal eigenvalue of the periodic—parabolic eigen-
value problem (see [152, Section I1.14])

dp . Op dp

5t —doaIQ Y o +m(z, t)p+pp, x€(0,1),teR,

doaso(O,t) (0, ) = dp(1,t) _ 0. teR, (8.23)
Ox ox

( w-periodic in t.

The main result of this subsection says that if the washout periodic solution
(S,u) = (W*,0) is stable or neutrally stable in the linear approximation then
it is globally stable, while if it is unstable then there exists a unique positive
periodic solution representing survival of the population to which all other
solutions with ug # 0 approach asymptotically.

Theorem 8.2.1. Let W*(z,t) be as in Proposition 8.2.1.

(@) I WOV @,1)) > 0, then for any ¢ = (So()uo() € Y,
lims oo (S(z,t,0) — W*(z,t)) = 0 and limi,oou(z,t,9) = 0
uniformly for x € [0,1];

(b) If u(f(W*(x,t))) < 0, then (8.20)—(8.21) admits a unique positive w-
periodic solution (S*(z,t),u*(z,t)) and for any ¢ = (So(-),uo()) € YT
with uo(+) # 0, limy_,o0 (S(z,t, ¢) — S*(z,t)) = 0 and limy_,o0 (u(x, t, ) —
u*(z,t)) = 0 uniformly for x € [0,1]. Moreover, (S*(z,t),u*(x,t)) is lin-
early asymptotically stable for (8.20)-(8.21).
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Proof. Let f(-) : R — R be a smooth extension of f(-) : Ry — R such that
F(0) =0,f'(s) >0, VseR, and f(s) = f(s),Vs € Ry. Let W = S + u.
Then system (8.20) with (8.21) is equivalent to the system

ow 0*wW ow

= — 1,
ot 0 52 vax, 0<xz<1,t>0, (524)
Ou _ 4 0w Ou FW—w), 0<z<1,t>0 |
ot~ 22 "ox " v rehien
with boundary conditions
do BV[Q(O,t) — oW (0,t) = —vS°(t), >0,
x
do 8“2(;’ b_ vu(0,t) =0, t>0, (8.25)
oW (1,t)  Ou(l,t)
Oz Ox 0, t>0

Given ¢ = (So(+),uo(:)) € YT, let (W(a,t),u(z,t)) be the unique solution of
(8.24)—(8.25) satistying (W (z, ) u(z,0)) = (So(x) + up(x), uo(x)),z € [0, 1].
Then U(z,t) = u(z,t + w), x € [0,1], ¢ > 0, satisfies the nonautonomous
scalar parabolic equation

ou 0%u ou

op = D00 Vg, FufW(zt+w)—u), 0<z<1,t>0, (5.26)
ou(0, 1) _ Ou(l,t) '
dy O vu(0,t) = P 0, t>0.

By the conservation principle, lim;_, o (W (z,t) — W*(z,t)) = 0 uniformly for
x € [0,1], and hence (8.26) is asymptotic to the following periodic scalar
parabolic equation

ou 0%u ou

=d, —~ F(W ™ (2, t) — 1,t
5t 09,2 vax—kuf(W (z,t) —u), O0<z<l1,t>0, (5.2
Ou(0,t) _ ou(l,t) '
do P vu(0,t) = P 0, t>0.

Let 1 < p < oo, and let X° = LP(0,1) and X' = W} 5(0,1). For § €
(1/2+1/(2p), 1), let X? be the fractional power space of X° with respect to
(A% B) (see, e.g., [150]). Then X' C X? C X0 and X# — C**(0,1] for some
A > 0. Clearly, U(-,0) = u(-,w) € X' ¢ X5. By Theorem 3.2.2, it follows
that

(a) If u(f(W*(x,t))) > 0, limy_,oo U(z,t) = 0, and hence lim;_,o u(z,t) = 0,
uniformly for z € [0,1];

(b) If u(f(W*(x,t))) < 0, (8.27) admits a unique positive w-periodic solution
u*(z,t) and limy oo (U(x,t) — u*(z,t)) = 0, and hence lim;_,o0 (u(x,t) —
u*(z,t)) = limi oo (U(z,t —w) —u*(x,t —w)) = 0, uniformly for = € [0, 1].
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In case (a), lim;_,oo (S(z,t) — W*(x,t)) = limy_oo[(W(x,t) — W*(x,t)) — u
(x,t)] = 0 uniformly for = € [0,1]; In case (b), let S*(x,t) = W*(z,t) — u*
(x,t). Then lims oo (S(z,t) — S*(x,t)) = limpoo[(W(x,t) — W*(a,t)) —
(u(z,t) — u*(x,t))] = 0 uniformly for z € [0,1]. We further claim that
(S*(x,t),u*(x,t)) is a positive w-periodic solution of (8.20)—(8.21). It then
suffices to prove that W*(z,t) > u*(z,t), Vo € [0,1],¢t > 0. Since do BW;O’O +
vW*(z,t) = vS8°(t) > 0 and 8W(;(Ll’t) =0,t >0, W*(z,t) is an upper solution
of (8.27). Let ug(x,t) be the unique solution of (8.27) with ug(-,0) = W*(-,0).
Then ug(x,t) < W*(z,t), Yo € [0,1], t > 0. It then follows that

uo(x,t + nw) < W*(x,t + nw) = W*(z,t), ¥t >0, n > 0. (8.28)

Since limy—, o (uo(2,t) — u*(z,t)) = 0 uniformly for = € [0, 1], letting n — oo
in (8.28), we have

u(z,t) < W*(x,t), Vxel0,1],¢>0.

Let to > 0 be such that S°(ty) > 0. Clearly, the boundary conditions for
W*(x,t) and w*(z,t) in (8.11) and (8.27) imply that u*(-,t0) Z W*(-, o).
Then, by the parabolic maximum principle, we get

u*(z,t) < W*(z,t), Vxe|0,1],t> to,
and hence by the w-periodicity of v*(x,t) and W*(z,t),
u(z,t) < W*(x,t), Vrel0,1],¢>0.

Let P : YT — Y™ be the Poincaré map associated with (8.20)-(8.21);
that is, P((b) = (S('vwv(b)vu('vwv(b))v Vo = (SO()7UO()) € Y*. Let ¢o =
(S*(-,0),u*(+,0)). Clearly, P(¢g) = ¢o. It remains to prove the linear asymp-
totic stability of the positive periodic solution (S*(z,t), u*(x,t)) in the sense
that 7(DyP(¢o)) < 1. Let S = S—S5*, 4 = u—u*. We then get the linearization
of (8.20)—(8.21) at (S*(z,t),u*(x,t)) given by

_ - _
O =~ — (w0 (8 (08 — S5 (w0

ot - 03332 Ox 8 29)
00 _ 40T 00w 0 (8, )5 + F(S* (@, 1) |
ot = 083:2 U[)x u”(x, T, z,t))u,

with homogeneous boundary conditions

05(0,t) B
do or vS8(0,t) =0, t>0,
u(0,t
do 8“(% ) _ v (0,t) =0, t>0, (8.30)

05(1,t)  ou(1,t)
0r = os =0 t>0
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Let U(t,s),t > s > 0, be the evolution operator of linear system (8.29)—
(8.30). It easily follows that Dy P(¢o) = U(w, 0). Under the change of variables

w =S +u,z=a, that is,

w)  (11\ /(S

z) \01)\a)’
(8.29)—(8.30) is then transformed into the system

ow 9w ow

= — 1,1
ot 0 52 vax, 0<x<1,t>0,
0z 0%z 0z . . (8.31)
(’% —doaxQ _v(?:v +u (Iat)f (S (Iat))w

+ (f(S*(x,t)) —u*(z, ) f(S*(z,1)) 2, O<z<1,t>0,

with boundary conditions

ow(0,1)
d — t) = t
0 ox ’UU)(O, ) 07 > 07
do Bzéo, b _ vz(0,t) =0, ¢>0, (8.32)
x
ow(l,t)  0z(1,t)
e = g =0 >0

Let Uy(t,s), t > s > 0, be the evolution operator of the linear equation

ow 9w ow

=d — 0 1,t>0
8t 0 8$2 v a’E ’ ST ’ > ’ (8 33)
ow(0,1) ow(1, 1) '
d — t) = = t
0 5y vw(0, t) O 0, >0,

and let Us(t,s), t > s > 0, be the evolution operator of the periodic linear
equation

0z 0%z 0z

= dy v+ (f(S (2, 1)) —ut(z, t) f(S*(x,1))) 2,
ot Ox? ox
0z(0,1) 0z(1,1) (8:34)
dy . vz(0,t) = P 0
Then
_ Ul(ta S) 0
069 = (e S i ) B

is the evolution operator of periodic linear system (8.31)—(8.32). In particular,

B Ui(w,0) 0
U(,0) = (fow Un(w, )" (- 7) f (8% (-, 7))Un (. O)dr Ug(w,())) - (836)
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As claimed in Subsection 8.2.1, 7(U; (w, 0)) < 1. By the definition of principal
eigenvalue (see [152, Proposition 14.4]), we have

p(f (S (x,t) — u™ (2, ) f'(S™ (2, 1)) = —i} In(r(Uz(w,0)))-

Since (S*(x,t),u*(x,t)) is an w-periodic solution of (8.20)—(8.21), u*(x, t) sat-
isfies the periodic linear equation

ou 0%u ou

g =g 0~V (@), 0<z <1, ¢>0, (8.37)
du(0, 1) _ Ou(l,t) '
do Py vu(0,t) = or = 0, t>0.

Then, by the uniqueness of the principal eigenvalue, we have pu(f(S*(z,t))) =
0. Since f(S*(z,t)) — uw*(x,t)f'(S*(x,t)) < f(S*(x,t)), by the monotonicity
of the principal eigenvalue ([152, Lemma 15.5]),

(7 (9 (@, 1) = u' (@, 1) f1(S™ (2, 1)) > p (£(S™ (1)) = 0.

Therefore, r(Usz(w,0)) < 1. Clearly, U(w,0) : Y = C([0,1], R)xC([0, 1], R?) —
Y is a compact and positive operator. We further claim that r(U(w, 0)) < 1.
Indeed, let @ = r(U(w,0)). If & = 0, obviously we have r(U(w,0)) < 1.
In the case where o > 0, by the Krein-Rutman theorem (see, e.g., [152,

Theorem 7.1]), there exists ¢ = (21) > 0in Y such that
2
¢1 b1
U(w,0 =
(.0) (¢2 P2
Then U (w,0)¢1 = a¢r. If ¢1 > 0, then a = r(U; (w,0)) < 1. If ¢1 = 0, then
@2 > 0 and Usz(w,0)¢2 = age, and hence, o = r(Uz(w, 0)) < 1. Clearly,

U(w,0) = ((1) _11) U(w,0) ((1) _11) _1.

It then follows that r(DgP(¢o)) = r(U(w,0)) = r(U(w,0)) < 1. "

8.2.3 Two-Species Competition
For any ¢ = (So(-), w01 (), uo2(-)) € X, let
Q(Ia tv (b) = (S(Ia t)v ul(xv t)a ’U,Q(I, t))

be the unique (mild) solution of (8.7)—(8.8) with &(-,0, ¢) = ¢. Then S(z,t) >
0,u;(z,t) > 0, Vx € [0,1], t € [0,04), i = 1,2. By the conservation principle,
for each g € Y, 0 = 00
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In the case where u(f;(W*(z,t))) < 0,7 = 1,2, according to Theo-
rem 8.2.1, let (S} (z,t),u(x,t)) be the unique positive w-periodic solution
of (8.20)—(8.21) with f(-) = fi(-), i = 1,2, respectively. As shown in the proof
of Theorem 8.2.1, for each 1 < i < 2,

W*(z,t) > uf(z,t), Si(z,t)=W"(x,t) —u;(z,t), Ve €[0,1], ¢t >0,

and u}(z,t) is the unique positive w-periodic solution of the periodic-parabolic
equation

Ou; Pu;  u
u b “ +ui fi(W*(z,t) —w;), 0<z<1,¢t>0,

ot do o2 v ox
6ui(0, t) 8ui(1, t)
_ . = = > 0.
do 9 vu; (0, 1) P 0, t>0

We now show that if each population can survive in the bioreactor in the
absence of competition and if each population can invade the other’s single-
population periodic solution, then there exist two, not necessarily distinct,
positive periodic solutions, each representing coexistence of the two popula-
tions, and system (8.7)—(8.8) is uniformly persistent.

Theorem 8.2.2. Assume that

(1) M(fz(W*(‘rvt))) <0,Vi=1,2;
(2) wFr (S35, 1)) < 0 and u(f2(S5 (2, 1)) < 0.

Then system (8.7)-(8.8) admits two positive w-periodic solutions
(ST (Ia t)v ﬁl*(.f, t)) ’EL;(.I, t)) and (S; ({E, t)a ﬁT (Ia t)v U ({E, t)) with

al(x,t) > Uz, t), Ve € [0,1],t e Ry,i = 1,2,

and for any ¢ = (So(-),u01(-),u02(")) € X with up;i(-) # 0,Vi = 1,2,
D(x,t,¢) = (S(x,t), ur (x,t), uz(x,t)) satisfies

lim d(ui(z,t), [t (x,t), @} (z,t)]) =0, i = 1,2, uniformly for x € [0, 1].

t—o0

Proof. For each 1 <i <2, let f;(-) : R — R be a smooth extension of f;(-) :
R4+ — R such that f;(0) =0, f/(s) > 0, Vs € R, and f;(s) = fi(s), Vs € R4.
Let W = S+ w3 +us. Then system (8.7) with (8.8) is equivalent to the system

ow O*wW ow

ot 0 52 vax, O<x<1,t>0,
ot ox2 Oz

+uifi(W —up —ug), i=1,20<x<1,t>0,

with boundary conditions
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™ O w0, = —080), ¢ 0,
X
do 8%5(070 —ou;(0,t) =0, i=1,2,¢t>0, (8.39)
X
OW(L,t) _ dui(1l,t) _ 0, i=1,21>0.
ox ox

Given ¢ = (So(+), u01(+),uo2(:)) € X, let
&(x,t,¢) = (S(x,t),ur(z,t), ua(z, t)), Yo €[0,1], ¢ > 0,
and let
(Ui(z,1),Uz(z,t)) = (u1(z,t + w), ue(z,t +w)), Yo €[0,1], ¢t > 0.

Then (Uy(x,t), Uz(x,t)) satisfies the following nonautonomous parabolic sys-
tem
8ui 8211,1' 811,1 ~ .
o = do 902 "V ap +ui fi(W(z,t +w) —ug —ug), =12, (8.40)
Bu;=0, i=1,2.

By the conservation principle, lim;_, o (W (z,t) — W*(z,t)) = 0 uniformly for
x € [0,1], and hence (8.40) is asymptotic to the following periodic-parabolic
system

8ui 82ui 8ui a * .
ot =do 02 _Uafb +u1f1(W (xat)_ul_u2)u 1=1,2, (841)

Bu; =0, i=1,2.

Let X? be as in the proof of Theorem 8.2.1,let Z = X#x X”?, and let Zt be
the usual positive cone of Z. Since (Uy(+,0), Uz(+,0)) = (u1(-,w), u2(-,w)) € Z,
we consider systems (8.40) and (8.41) with initial values in ZT. Let A =
{(t,s) : 0 < s <t < co}. Define & : A x Zt — Z+ by &(t,s,¢) =
(- t,8,),t > s> 0,9 € Z1, where @(z,t, s,%) = (u1(x,t,5,%), t2(z, t, 5,1)
is the unique solution of (8.40) with (-, s,s,1) = 4. Define T,, : ZT —
Ztn >0, by To(¢) = &(nw,0,¢),¢p € Zt. Let T(t) : ZT — Z+, t > 0,
be the periodic semiflow generated by periodic system (8.41), i.e., T(t)y =
u(-,t,1), where u(z,t,1) is the unique solution of (8.41) with u(-,0,v) = .
Clearly, @ = T(w) : ZT — Z7 is the Poincaré map associated with the
periodic system (8.41). Then, by Proposition 3.2.1, & : A x ZT — Z% is
an asymptotically periodic semiflow with limit w-periodic semiflow T'(¢) :
Zt — ZT,t >0, and hence T}, : ZT — Z*,n > 0, is an asymptotically
autonomous discrete process with limit Q : ZT — ZT. Moreover, for any
e ZT, vyt () = {Tn(¥) : n > 0} is precompact in ZT. Let (Z, P) be the
ordered Banach space with the positive cone P = X f x (=X f), where X f
is the usual positive cone of X?, and denote its order by <p. It then follows

~—
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that T(t) : ZT — Z*, ¢ > 0, is monotone with respect to <p in the sense
that if ¢, € Z1 with ¢ <p v, then T'(t)¢ <p T (), ¥t > 0.

Clearly, condition (2) implies pu( f1 (W* (2, t)—ub(x,t))) = u(f1(S5(z,t))) <
0 and p(fo(W*(x,t) —ui(z,t)) = u(f2(ST(z,t))) < 0. By Theorem 2.4.2,
as applied to the Poincaré map associated with (8.41), or an argument similar
to that in [152, Theorem 33.3], it then follows that (8.41) admits two positive
w-periodic solutions (414(x,t), @5 (x,t)) and (@] (x,t), Gox(z,t)) with

Uiw(z,t) < @l (x,t), Vo €]0,1], ¢t >0,

such that the compressive dynamics stated in Theorem 8.2.2 holds for (8.41)
on Z*t. Let Ef = (u1+(-,0),a5(-,0)) and E5 = (u}(-,0),u2«(-,0)). Clearly,
QE?) = Ef,i = 1,2. Let Zy := {(d1,62) € Z* : ¢3()) £ 0,i = 1,2} and
0Zy = Z*T \ Zy. Clearly, Q : Zy — Zp, and Q : Zy — 9Zy. It then follows
that Q : Zy — Zp admits a global attractor Ag C [Ef, E3]p. Let My =
(0,0), My = (ui(+,0),0), and My = (0,u3(-,0)). It is easy to see that UZ_,M;
is an isolated and acyclic covering of Ugeaz,w(¢) for Q : 9Zo — 0Zo. By our
assumptions and Proposition 3.2.3, we have Ws(M;)N Zy = 0, Vi = 0,1,2,
where W*(M;) is the stable set of M; with respect to T}, : Z+ — Z*,n > 0. By
Lemma 1.2.2; every w-limit set w(¢) of v7(¢) = {T,(¢) : n > 0} is internally
chain transitive for Q : ZT — ZT. By Theorem 1.2.1, it then follows that
w(y) C Ay, Vb € Zy. By Theorem 3.2.1, lim,_, d(af(-, t 0 , ), T(t)Ap) = 0.

Since Ef <p Ao <p F3, by the monotonicity of T'(¢) : — ZT, >0, we
have

TE; <pT(t)Ag <p T(t)E3, Vt>0. (8.42)
Note that

T(t)ET = (ﬂl*('vt)vﬂ;('vt))v and T( )E ( I( t),ﬁg*(-,t)), vt > 0.
For any ¢ = (So(-),u01(-),u02(-)) € X with ug;(-) # 0, Vi = 1,2, since
(Ul(-,O), Ug(,O)) € Zy, we have

hr{)lo d(ui(z, t), [t (z, t), 0] (z,t)])
= lim d(U;(z,t — w), [t (2, t — w), @) (z,t —w)]) =0, Vi=1,2,

t—o00

uniformly for z € [0,1]. B
Let Sy(z,t) = W*(z,t) — a.(x,t) — a(z,t) and Si(z,t) =
WH*(x,t) — af(x,t) — Uos(z,t). We need to confirm that

(Sy(z,t), Ure(,t), ub(x,t)) and (S5 (x,t),uf(2,t), Uox(w,1))
are two positive w-periodic solutions of (8.7)—(8.8). It suffices to prove that
W*(z,t) > aj(z,t) + Gox(z, t), W (2, t) > U14(, 1) + U5(x, 1),

for all z € [0,1] and ¢ > 0. Since uj(-,0) <p W*(-,0), we can choose 3°
= (9, 49) € Zy such that
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By <py? <p My = (ui(-,0),0)and ) (x) + 3 (x) < W*(z,0), Vx € [0,1].

Let (u{(z,t),u3(x,t)) be the unique solution of (8.41) with (ud(-,0),u3(-,0))
=0, and let f(s) = max{fi(s), f2(s)}, Vs € R. Then

V(z,t) = ui(z,t) + up(w,1), © €[0,1], ¢ >0,
satisfies V(z,0) < W*(z,0), Vz € [0, 1], and

oV 0%V oV =
< — * —
8t_d083:2 vaI-I—Vf(W (,t)=V), 0<z <1, t>0,

(8.43)
BV =0,t>0.
Note that W*(z,t) satisfies
ow* PwW ow* . .
ot =dy o2 "V 9y + W f(W*(x,t) — W*(x,1)), (8.44)
BW* >0

for 0 < z < 1 and t > 0. By the standard comparison theorem, it follows that
uf (z,t) +ud(z,t) = V(z,t) < W*(a,t), Yo € [0,1], t > 0. (8.45)

By Theorem 2.4.2, Q"(¢°) = (u{(-,nw),ud(-,nw)) — E3 as n — oo, and
hence

lim (u)(x,t) — @}(x,t)) =0 and lim (ud(z,t) — U2« (2,t)) =0

Pres t—00
uniformly for z € [0, 1]. By (8.45), we have
ud(z,t + nw) + u(z, t +nw) < W*(x,t + nw) = W*(x, t) (8.46)
for all € [0,1] and ¢ > 0. Letting n — oo in (8.46), we get
i (x,t) + Gou(z, t) < W*(x,t), Yz €[0,1], ¢t > 0. (8.47)
Since V* = uaj(z,t) + 2« (z, t) satisfies (8.43) and W*(x,t) satisfies (8.11), as
argued in the proof that W*(x,t) > u*(x,t) in Subsection 8.2.2, we further

have @} (z,t) + Gos(z,t) < W*(z,t), Yo € [0,1], ¢t > 0. Similarly, we can prove
that @1, (x, t) + ad(x,t) < W*(x,t), Vo € [0,1], t > 0. ]

8.3 Perturbed Model

In order to apply abstract perturbation-type results to periodic systems with
parameters, we first consider the weak repellers uniform in parameters and
the continuity of solutions on parameters uniformly for initial values.
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8.3.1 Periodic Systems with Parameters

Let A be a subset of R:.. We consider the periodic-parabolic system with
parameter (FE)):

%1? = A;(Nu; + Fi(z,t,u,\)  in 2 x (0,00), 1 <i < m,

Biu; =0 on 92 x (0,00), 1 <i<m,

(8.48)

where v = (u1,...,um) € R™ X € A, Biu; = 887:; + ajug, o > 0, A;(N)
are uniform elliptic operators with coefficients continuous in (z, A), F; are
smooth functions, and for some real number w > 0, F;(z,t + w,u,\) =
Fi(z,t,u,\), V1l < i < m. We assume that for any ¢ = (¢1,...,0m) €
C*t = C(£,R7), the unique (mild) solution u(z,t,¢,\) of (E)) with
u(+,0,0,\) = ¢ exists globally on [0,00) and u;(z,¢,¢,\) > 0,V € 2,t >
0,1<i<m.

For each 1 < i < m and any m € C'([0,1] x R,R) with m(z,t + w) =
m(z,t), Ve € [0,1], t € R, let u(A;(A), m(-,-)) be the unique principal eigen-
value of the periodic—parabolic eigenvalue problem (see [152, Chapter II])

= AN +m(z,t)p+pnp, x€, teR,
Bip =0, xG@Q,tER,

 w-periodic int.
Then we have the following result on the uniform weak repeller .
Proposition 8.3.1. Let A\g € A be fized. Assume that there exists some 1 <

i < m such that F;(x,t,u, \) = u;Gi(z,t,u, \), and (E)) admits a nonnegative
periodic solution

ug(xvt) = (ugl(‘rvt)v T 7“81'71(‘@7”707u3i+1(x7t)v e 7u3n($7t))

with w(A;(No), Gi(x, t,uf(x,t), No)) < 0. Then there exist n > 0 and 6 > 0
such that for any |A — Xl < & and any ¢ € Ct with ¢;(-) #Z 0, we have

limsup || (u(-,nw, ¢, A) = ug (-, 0)]| = .
n—r oo
Proof. Let M = u{(-,0) and let B(M,r) denote the open ball in C' =
C(£2, R™) centered at the point M and with radius r. By the definition of
the principal eigenvalue in [152, Proposition 14.4] and the continuous depen-

dence of evolution operators on parameters (see, e.g., [13] and [89, Section
II1.11]), we have

Jim p(Ai(V), Gi(, 1, ug (2,), o)) = p(Ai(Ao), Gil@, T, ug (), Ao)) < 0.
— Ao

Then there exists dp > 0 such that for any |\ — A\g| < do,
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* 1 *
IU(AZ(/\)v Gl(xv 2 U‘O(Ia t)v )‘0)) < 2:“(‘41'()‘0), Gl(ZE, t, U‘O(Ia t)v AO))

Let €9 = — 5 (Ai(No), Gi(z, t, uf(z,t), Ao)). Then for any |A — Ao| < o,
—/J,(Ai()\), Gi(x,t,ug(x,t),)\o)) > ey > 0.

Let r = max,cq ye(0, [u6(7, )] + 1. Therefore, the uniform continuity of

Gi(z,t,u,A\) on the compact set 2 x [0,w] x B(0,7) x B(Ag, do) implies that
there exist 01 € (0,d0) and 7y € (0,1) such that for any u,v € B(0,r) with
|lu —v| < m and |A — Ao| < d1,

|Gi(z,t,u, N) — Gi(z,t,v,X0)| < €0, Yz € £2, 1 € [0,w]. (8.49)

Since lim g x)—(ar,50) w(+ t, &, A) = u(-,t, M, Xo) = ug(-,t) in C' uniformly for
t € [0, w], there exist d2 € (0,d1) and 12 > 0 such that for any ¢ € B(M,n2) C
C, |/\ — /\0| < 52,

lu(z, t, ¢, A) —ug(z,t)| <m, Ve e 2, te€[0,w)].

We claim that for any |A — \g| < d2 and ¢ € B(M,n2) N CT with ¢;(-) #Z 0,
there exists ng = ng(\, ¢) > 1 such that

u(-, now, @, \) & B(M,n3). (8.50)

Assume, by contradiction, that there exist ¢g € B(M,12)NCT with ¢;(-) Z 0
and |A1 — Ag| < d2 such that for all n > 1,

u(',nCU,(b(),Al) S B(M; 772) (851)

For any t > 0, let t = nw + ¢/, where ¢’ € [0,w) and n = [t/w] is the greatest
integer less than or equal to ¢/w. Then we have

lu(z,t, do, M) —uy(z, t)| = Ju(x, ', u(-, nw, do, A1), A1) —ug(x, t')| <m (8.52)
for all x € {2, and hence

lu(z,t, o, )| < |[u*(z, )| +m < max  |ug(z, )] +1=7r
T€£2,te[0,w]

for all ¢t > 0 and z € 2. Therefore, by (8.49) and the w-periodicity of
Gi(z,t,u, A1) with respect to ¢,

Gi(ac,t,u(x,t,@), )\1),)\1) > Gi(x,t,ug(ac,t),)\o) — €, Ve € 2,t>0. (853)

Let 1;(x,t) be a positive eigenfunction corresponding to the principal eigen-
value 1 = u(A; (A1), Gi(z, t,ud(z, 1), No)); that is, ¢;(x,t) satisfies

oy )
= A+ il (1), Ao) + i 2 X R,

Bibi =0 on 902 x R, (8.54)

1; w-periodic int.



8.3 Perturbed Model 231
Then 1/)(-,0) > 0in C(Q,R). Let

U(Iatv(b()v)\l) = (Ul(il?,t,(bo, Al)a s ,Um(.f,t, ¢05 Al))

Since ¢pi(-) > 0 in C(£2,R), by applying the parabolic maximum principle
to the ith component of (Ey, ), we have u;(+,t, ¢g, A1) > 0 in C(£2,R) for all
t > 0. Let u;(z,t) = ui(z,t + w, o, A\1). Then u;(+,0) = u;(-,w, do, A1) > 0 in
C(f2,R), and hence there exists k > 0 such that u;(-,0) > k;(-,0). Therefore,
by (8.53), u;(x,t) satisfies

Ou;
ai > Ay (M )us + i (Gl t,u(z,6), Ao) — €0)  in £2 x (0, 00),

Biu; =0 on 902 x (0,00), (8.55)
ui(x,0) > kip;i(z,0) on £2.

By (8.54), it easily follows that v(x,t) = ke(~#= ), (2, 1) satisfies

(?;tj = A;(M)v+ v (Gi(x, t,uy(z, t), \o) —€0)  in 2 x (0,00),

Biv=0 on 9 x (0,00), (856)
v(z,0) = k;(z,0) on £2.

By (8.55), (8.56), and the standard comparison theorem, we get
wi(x,t) > kel Oty (2. 1), V>0, z € 2.

Then lim¢_, o ui(z,t) = oo for any = € {2, which contradicts (8.51). It fol-
lows that for any |[A — Ag| < 2 and any ¢ € C+ with ¢;(-) # 0,
lim SUPy 00 d(”(v nw, ¢7 )‘)7 M) > 2. 1

By the continuous dependence of the evolution operator on parameters
(see, e.g., [13] and [89, Section III.11]), the variation of constants formula,
and a generalized Gronwall’s inequality argument (see, e.g., [152, Lemma 19.4]
and the proof of Proposition 3.2.1), we can prove the following result on the
continuity of solutions on parameters uniformly for initial values.

Proposition 8.3.2. Assume that solutions of (E)) are uniformly bounded
uniformly for X\ € A; that is, for any r > 0, there exists B = B(r) > 0
such that for any ¢ € C* with ||¢|| <, |Ju(-,t,¢, )| < B(r),Vt >0, A € A.
Then for any Ao € A and any integer k > 0,

lim [u(-,t,¢,A) —u(-,t,¢,X0)|| =0
)\—))\0

uniformly for t € [w, kw] and ¢ in any bounded subset of CT.
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8.3.2 Single Species Growth

Consider the single species growth model with not necessarily identical diffu-
sivities and nonvanishing cell death rate

oS 928 0

S
ot :doax2—vax—uf(8), 0O<z<l1,t>0,

5 52 5 (8.57)
u u u
5t _d8x2 _U8x+u(f(s)_k)’ 0<x<l1,t>0,
with boundary conditions
t
do 95(0,8) _ vS(0,t) = —vS°(t), t>0,
ox
t
daug;, ) _ vu(0,t) =0, t>0, (8.58)
0S(1,t)  Ou(l,t)
or dxr 0, ¢>0,

where dy > 0,d > 0,v > 0, and k > 0, and S%(-) and f(-) are as in (8.20)-
(8.21). Let Y+ = C([0,1],R%). Let dyp > 0 and v > 0 be fixed and let A =
(d,k),d > 0,k > 0. As argued in Section 8.1, [243, Theorem 1 and Remark
1.1] imply that for any ¢ = (So(-),uo(-)) € Y, (8.57)—(8.58) has a unique
solution (S(z,t, ¢, \),u(z,t, ¢, \)), defined on its maximal interval of existence
[0,04), satistying (S(-,0, ¢, A),u(-,0, ¢, \)) = ¢. Moreover,

S('r7 t’ ¢7 A) Z 07 U(I’ t? ¢7 )\) Z O’ vx 6 [O’ 1]’ t 6 [O’ U¢)'

We further have the following result.

Lemma 8.3.1. Let A = {(d,k) : d2“ < d < 2dy, k> 0}. Then for each \ €
A p e YT (S(z,t,,\),u(z,t,,N) exists globally on [0,00), and solutions
of (8.57)—(8.58) are uniformly bounded and ultimately bounded uniformly for
Ae A

Proof. Given ¢ = (So(-),uo(+)) € YT, for convenience, let
(S(z,t),u(z,t) = (S(z,t, ¢, N), u(z, t,6,X)), Vxel0,1],t€]0,04).
Then S(z,t) satisfies
08 < %S 9S8

9t _doaw2 U, 0<zx<1l,t>0,
t
do asgg, ) _ vS(0,t) = —vS°(t), >0, (8.59)
95(1,1) =0, t>0.
or

By the parabolic comparison theorem, we have
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S(z,t) < S(z,t), Vae0,1],t€0,04), (8.60)

where S(z, t) is the unique solution of (8.11) with S(x,0) = S(x,0). By Propo-
sition 8.2.1, S(x,t) exists globally on [0, 00) and lim;_, o0 (S(z,t) = W*(z,t)) =

0 uniformly for z € [0,1].

Let o be the unique positive solution to equation tanpy = 2:d0 on the

interval [0, 7). Clearly, sin(uz) > 0,cos(ux) > 0,z € [0,1]. Then for any
A € A, by using (8.57) and (8.58) and integration by parts, we have

1 1
jt /0 S(x,t) cos(ux)dx = /0 %f cos(ux)dx
=vSY(t) — S(1,t)(vcos p — pdo sin ) — ;w/o S(z,t)sin(pz)dx
1 1
- d0u2/0 S(x,t) cos(px)dx — /0 u(x,t) f(S(x,t)) cos(ux)dr  (8.61)
<vSo(t) — d0,u2/0 S(x,t) cos(pz)dx
—/0 u(z, ) f(S(z,t)) cos(pux)dx
and
1 1 9w
jt /0 u(x,t) cos(ux)dxr = /0 (??t cos(ux)dx
1
= —u(z,t)[vcosu — pdsin p] — v/o u(z, t) sin(ux)dz
—dp /0 u(z,t) cos(ux)dx + /0 u(z, t)(f(S(x,t) — k) cos(px)dx
1 1
< —du2/0 u(z,t) cos(/w)dx—i—/o u(z, t) f(S(z,t)) cos(ux)d.
(8.62)
Let y(t) = fol(S(a:, t) + u(x,t)) cos(pz)dx, Vi € [0,04). Then we get
2
dzg) <vS%(t) — do; y(t), te€0,04).

By the standard comparison theorem for ordinary differential equations, it
then follows that for all ¢ € [0,04),

y(t) < y*(t) —exp (— dog%) y"(0) + exp (— dOth) y(0), (8.63)

where y*(t) is the unique positive w-periodic solution of linear ordinary dif-
ferential equations
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dy dopr®
— t).
&t 5 Y()

Since S(z,t) > 0,u(x,t) > 0, and cos(pux) > minge[o 1 cos(uzr) =m > 0, Va €
[0,1], (8.63) implies that for all ¢ € [0, 04),

/ < ! [y*of) — eap <—d0§2t> v (0)

=vS%(t)

d(),u2t !
+exp (— ) / (So(z) + up(x)) cos(u:z:)d:z:] .
’ (8.64)
Then u(-,t) is L1-bounded on [0, o). By (8.60), (8.64), and an argument sim-
ilar to that in [6, Theorem 3.1], [186, Lemma 3.13], and [215, Proposition 2.4
and Theorem 2.5], it follows that for each ¢ € YT, (S(z,t, ¢, N),u(z, t, p, \)) is
L*°-bounded, and hence o4 = 00, and solutions of (8.57)—(8.58) are uniformly
L*-bounded and ultimately L°°-bounded uniformly for A € A. ]

Now we show that the hypothesis of Theorem 8.2.1(b) for the unperturbed
system implies the existence of a globally attracting single-population periodic
solution for the perturbed system at least when the perturbation is small.

Theorem 8.3.1. Let A = (d, k), Ao = (do,0), and W*(z,t) and pu(m(-,-)) be
as in Section 8.2. Assume that pu(f(W*(x,t))) < 0 and let (S*(z,t),u*(z,t))
be as in Theorem 8.2.1. Then there exists g > 0 such that for any |\ — o] <

do, (8.57)-(8.58) admits a wunique positive w-periodic  solution
(S*(x,t, \), u*(z,t, \)) with

(S*(z,t, No), u" (z,t, No)) = (S™(z, ), u*(x,t)), Vx € 0,1],t > 0,

and such that the map A — (S*(-, -, A),u*(-,-,\)) is continuous. Moreover,
for any (So(+),uo(:)) € Y with ug(-) £ 0,

Tim (S(,1,6,A) — 5 (2, £, 1)) =0 and Jim (u(z,t,6,\) - u* (2,1, 1)) = 0,

uniformly for x € [0,1].

Proof. Let ko > 0 be given and let Ao = {(d, k) : % <d <2dy,0 <k < ko}.
For any X € Ag, let Sy = S(),:) : YT — YT be the Poincaré map associated
with (8.57)—(8.58); that is, S(A, @) = (S(-,w, ¢, A),u(-,w, P, ), ¢ € YT. Then
S(+,+): Agx YT — Y7 is continuous. By Lemma 8.3.1, it follows that for each
A€ Ag, Sy : YT — YT is compact and point dissipative uniformly for A € Ag;
that is, there exists a bounded and closed subset By of Y+, independent of
A € A, such that for any ¢ € YT, X € Ay, there exists N = N(¢,\) such
that SY¥(¢) € By for all n > N. Then, by Theorem 1.1.3, for each X\ € Ao,
there exists a global attractor Ay for Sy : Y+ — Y ™. Clearly, Ay C By. By a
change of variables

S(x,t) = S(x,t) — W*(x,t), u(x,t) =exp (v(x2—dl) ) u(z,t),
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the boundary conditions (8.58) then become the homogeneous ones

25(0,t) ~05(1,¢)

a7y —vS(0,6) = Y =0, >0,
ou(0,t)  du(l,t)
= = t
Oz Oz 0, >0,

which is independent of parameter A. By Lemma 8.3.1 and Proposition 8.3.2,
when applied to the resulting system with parameter \ under the above change
of variables and the above boundary conditions, it then follows that S(-, ¢) :
Ag — YT is continuous uniformly for ¢ in any bounded subset of Y. We
further have the following claim:

Claim. For any bounded subset B C Y, Uxea,S\(B) is compact in Y.

Indeed, for any sequence {¢,} in Uxea,S\(B), we have i, = Sx, (én), An €
Ao, 0, € B,n > 0. By the compactness of Ay, without loss of generality
we can assume that for some \; € Ag, A\, = A1 as n — oo. Since Sy, (B)
is precompact, there exist 99 € YT and a subsequence ny — oo such that
Sa () — o as k — oo. Combining the continuity of S(-,¢) : Ag — YT
uniformly for ¢ € B and the inequality

e = woll = ||, (8ne) = o
< [[83, (60 = Sx, (@)

|+ 150 (6n) = ol

we get ¥, — o, k — 00. Therefore, Uxe 4,51 (B) is precompact.
Let

Yo :={(S(),u()) €YT: w()#0} and 9Yy =Y\ Y.

Then Sy : Yo — Yy and Sy : 0¥y — 0Yp. Let ¢g = (S*(+,0),u*(-,0)). Then
Sxo(¢0) = ¢o. By Theorem 8.2.1, 7(DyS(Xo, ¢o0)) < 1, and limy, 00 SY, & = ¢o
for every ¢ € Yy. For each A € Ay, by Proposition 8.2.1,

lim S3(9) = (W*(-,0),0), Vo € Y.
Clearly, M = (W*(-,0),0) is a global attractor for Sy : 9Yy — 90Y;. Note

that (W*(x,t),0) is a nonnegative w-periodic solution of (8.57)—(8.58) and
w(f(W*(x,t))) < 0. By a change of variables

v(z —1)2
S(x,t) = S(x,t) — W*(x,t), ﬁ(x,t)-exp( ( 2d1) )u(x,t),

and Proposition 8.3.1, as applied to the resulting system, it then follows that
there exist §; > 0 and 1; > 0 such that for any |\ — X\g| < §; and any ¢ € Yy,
we have
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limsupd (Sy(¢), M) = limsupd ((S(-, nw, ¢, A), u(-, nw, d, ), M) > n,

n—oo n—oo
which implies that M is isolated for Sy : Y — YT, and W§(M)NY, = 0,
A — Xo| < 01, where W{(M) is the stable set of M with respect to Sx. By
Theorem 1.3.1, Sy is uniformly persistent with respect to (Yp,dYp) for each
|A—Xo| < 1. Therefore, there exists a global attractor A C Yy for Sy : Yy —
Yo (see, e.g., Theorem 1.3.6). Clearly, A} C By, and Uye, gey+wir(¢) C
UxeaoS2(Bo). Then by the previous claim, Uyea, ey +wa(¢) is compact. By
Theorem 1.4.2, it follows that there exist do > 0 and 72 > 0 such that
for any |A — o] < 02, ¢ € Yo, liminf,, o d(S¥¢,0Yy) > m2. Then there
exists a bounded and closed subset Bj of Y such that A} C By for all
|)\— )\0| < d9. Let A7 = AQQB()\Q,(SQ), where B()\(),éz) = {)\ : |)\— )\0| < (52}
Since Uxea, Sx(AY) C Uxea, Sx(B), by the previous claim Uxea, Sx(AY) is
compact. Moreover, Uxea, Sx(A%) = Uxea, A C Bf = B§ C Y. By ap-
plying Theorem 1.4.1 on the perturbation of a globally stable fixed point
to Sx(:) : YT — Y+ with U = Y; and By, = A}, X\ € A;, we complete the
proof. [

8.3.3 Two-Species Competition

Consider two-species competition with unequal diffusivities and nonvanishing
cell death rates
oS %S as

at:dOaIQ_vax_ulfl(s)_UQfQ(S)v O<‘I<1at>07

5 92 5 (8.65)
Ui 07U OU; r s L
5t —dlaa72 vax—i—ul(fz(S) ki), i=1,20<z<l1t>0,
with boundary conditions
t
do 95(0,8) _ vS(0,t) = —vS°(t), t>0,
ox
i(0,¢ )
diaua(;) ) vu(0,8) =0, i=1,2,¢>0, (8.66)
0S(1,t)  Ouy(1,t)

e = oy =0 i=12t>0,

where dg > 0,v > 0,d; > 0, and k; > 0, and S°(-) and f;(:), i = 1,2, are
as in (8.7)—(8.8). Let Xt = C([0,1],R3). Let dy > 0 and v > 0 be fixed
and let A = (dy,da, k1,k2),d; > 0,k; > 0,4 = 1,2. As mentioned in Sec-
tion 8.1, for any ¢ = (So(+), uo1(+),u02(-)) € X, (8.65)—(8.66) has a unique
solution (S(x,t, ¢, ), u1(x,t,d,N),uz(x,t,$,\)), defined on its maximal in-
terval of existence [0,04), satisfying (S(-,0,¢,A),u1(-,0,¢,A), u2(-,0,¢,A))
= ¢. Moreover,

S(Iat7¢7 A) 2 0; ui(xatv(bv A) Z Oa Va € [05 1]5 te [ngqb)v 1= 172
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By a similar argument as in Lemma 8.3.1, we have the following result on the
boundedness of solutions uniformly for A.

Lemma 8.3.2. Let A = {(d1,do,k1,k2) + % < d; < 2do, k; > 0,1 = 1,2}.
Then for each A € A, p € XT, (S(z,t, 0, A, ur(z, t,0,\), uz(z,t, ¢, \)) exists
globally on [0,00), and solutions of (8.65)—(8.66) are uniformly bounded and
ultimately bounded uniformly for A € A.

Now we can state one of the main results of this chapter. It says that
both species persist for the perturbed system and there exists a positive peri-
odic solution when the hypotheses of Theorem 8.2.2 hold for the unperturbed
system and the perturbation is sufficiently small.

Theorem 8.3.2. Let A = (dy,da, k1, k2) and Ao = (do, dp,0,0). Assume that
all conditions in Theorem 8.2.2 hold. Then there exist 6 > 0 and 8 > 0 such
that for any |IA—Xo| < 8, (8.65)—(8.66) admits at least one positive w-periodic
solution, and for any ¢ = (So(-),uo1(-),uo2(+)) € X with ugi(-) # 0, Vi =
1,2, there exists tg = to(¢, \) such that

ul(I’t7¢7A)Zﬂ7 VI6[071]7 t2t07/l’:172'

Proof. Let ky > 0 be given and let

Y < 4 < 20,0 < ks < ko i = 1,2).

Ao = {(d1,dz2, k1, k2) : 5

For each A € Ay, let Sy(-) = S(\,-) : X* — XT be the Poincaré map
associated with (8.65)—(8.66); that is,

S()‘a(b) = (S('7w7¢7 )\),Ul(',w,¢, A)v”?('awa(bv )‘))7 V(b S X+'

Then S(-,-) : Agx Xt — X is continuous. By Lemma 8.3.2, for each A € Ay,
Sy : XT — X7 is compact and point dissipative uniformly for A € Ay, and
hence, by Theorem 1.1.3, there exists a global attractor Ay for Sy : X+ — X T.
Let

Xo = {(S(),u01(-), u02() € X+ uoi() £0, Vi =1,2}

and 8X0 = X+\X0. Then S)\ : Xo — Xp and S)\ : 8X0 — 8X0
By Theorem 8.2.1, (SF(z,t),uf(x,t)) is the unique positive w-periodic so-
lution of (8.20)—(8.21) with f(-) = fi(:),4 = 1,2, respectively. Clearly,
(W*(x,t),0,0), (S7(z,t),uf(x,t),0) and (S5(z,t),0,us(z,t)) are nonnegative
periodic solutions of (8.65)—(8.66) with A = Ag. Let

Moy = (W*(-,O),0,0), M{J = (ST(-,O),UT(-,O),O), M20 = (55('70)707@('70))'

Then Sy, (Mo) = My, Sx,(M?) = M?, Vi = 1,2. By a change of variables

S(x,t) = S(x,t) — W* (2, 1), i(x,t) = exp (”(zil) ) wi(z,t), i = 1,2,
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and Proposition 8.3.1, as applied to the resulting system, it follows that there
exist §p > 0 and ng > 0 such that for any A € Ag with |A — X\g| < dp, and for
any ¢ € X,

limsup d(SY(¢), My) > no, limsup d(S¥(¢), M?) > no, i=1,2. (8.67)

n—oo n—r oo

By Proposition 8.2.1 and Theorem 8.2.1, it follows that Mg, MY, and MY are
acyclic for Sy, in 9Xo, and Ugeax,wx, (¢) = MoUMPUMS, where wj, (¢) is the
omega limit set of ¢ for Sy,. Moreover, (8.67) implies that MoUMY UMY is an
isolated covering of Ugecax,wx, (¢) for S, in 9Xo and that W3 (Mo) N Xo = 1]
and W3 (M?) N Xo = 0, Vi = 1,2, where W5 (M) denotes the stable set
of M with respect to Sy,. By Theorem 1.3.1 and Remark 1.3.1, it follows
that Sy, : XT — X7 is uniformly persistent with respect to (Xo,9Xy), and
hence there exists a global attractor Ago C X for Sy, : Xo = Xo (see, e.g.,
Theorem 1.3.6).
Let Ay = Ao N B(Ag, dp). Again by a change of variables

v(xr —1)?
S(z,t) = S(z,t) — W*(x,t), u;(z,t) = exp ( ( 2di1) ) wi(z,t), 1 =1,2,

Lemma 8.3.2, and Proposition 8.3.2, as applied to the resulting system, it
follows that Sy : XT — X7 is point dissipative uniformly for A € A; and
S(-,¢): A — X7 is continuous uniformly for ¢ in any bounded subset of X .
Therefore, by the same argument as in the claim in the proof of Theorem 8.3.1,
for any bounded subset B of Xt Uxca, Sx(B) is compact. It then follows
that, as argued in Theorem 8.3.1, Uyc, pex+wa(¢) is compact. Therefore,
by (8.67) and Theorem 1.4.2, there exist 61 € (0,0¢) and i > 0 such that for
any A € Ag with |A—Xg| < 01, and any ¢ € Xo, liminf,,_,o d(S¥¢,0X0) > .
Moreover, by Theorem 1.3.10, S, admits a fixed point Sy(éx) = ¢r € Xo,
and hence (8.65)—(8.66) with |\ — Ao| < d; admits a nonnegative w-periodic
solution (S(x,t, dx, A),ur(x,t, dx, A), ua(x, t, dx, A)) with u; (-, ¢, dx, A) > 0 in
C([0,1],R), V¢t > 0,i = 1,2. By parabolic maximum principle and the fact
that S°(-) > 0 with S9(:) # 0, it then easily follows that S(-,t,¢x,\) > 0
in C([0,1],R), V¢t > 0. Thus, (S(x,t, dr, A),ur(x, t, dx, A), ua(x, t,dx, A)) is a
positive w-periodic solution of (8.65)—(8.66).

It remains to prove the practical persistence claimed in the theorem. Let
Ay = Ag N B(Ag, 61). By both the point dissipativity and the uniform persis-
tence of Sy with respect to (Xp,0X) uniformly for A € Ag, it follows that
there exists a closed and bounded set By C Xy, independent of A, such that
d(Boy, 0Xo) = infgep, d(¢,0Xo) > 0 and By attracts points in X. As argued
in Theorem 8.3.1, for each A € As, Sy : Xg = X admits a global attractor
AS C Xo, and hence A{ attracts any compact subset of X;. Clearly, for each
A E Ao, Ag\ C By, and hence By attracts compact subsets of Xy under S).
Since for each A € Ay, Sy : X — X T is compact, and for any bounded subset
B of X, as claimed in the previous paragraph, Uyec 1,51 (B) is precompact,
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it follows that {Sx : A € As} is collectively compact. By Theorem 1.1.5, it
then follows that AS is upper semicontinuous in A € As. In particular,

lim sup d(¢, A3,) = 0. (8.68)
)\*})\0 d)eA[))\

Let @, (t,-) : Xt — X T be defined by

é)\(tu¢) = (S('7t7¢7 A)vul('uta(bv )‘)7U2('7t7¢7 )‘)) 9 (b S X+'

Clearly, Sy = ®i(w,-) and S¥ = Pyr(nw,-). It then follows that P,

Ry x XT — X7T is a periodic semiflow. Moreover, by Theorem 3.1.1,
lime o0 d(Pr(t, @), A) =0, V¢ € Xo, where A = Use(o.0 (1, A3) C Xo.
Since A = S\ (AY), flg\ = Ute(o)w@A(t,Ag\). By the compactness of /I?\U and
the parabolic maximum principle, it then follows that there exists 3y > 0 such
that for any ¢ = (¢, 61, ¢2) € AS,, di(z) > o, Vo € [0,1], i = 1,2. By (8.68),
we have limy x, Sup ¢ jo d(¢, flg\o) = 0. Consequently, there exist d; € (0, 1)
and 81 > 0 such that for any |\ — A\g| < b2, and any ¢ = (¢o, ¢1, P2) € flg\, we
have ¢;(x) > 1, Vo € [0,1], i = 1,2. Now the global attractivity of /i?\ in X
for &, completes the proof. ]

Remark 8.53.1. In the case where the velocity of the flow of medium in the
bioreactor varies periodically as well, that is, v = v(t) = v(t +w), a change of
variables
. v(t)(z —1)?
S(z,t) = exp ( 2d
v(t)(z 1)
2d;

) (S( 1) — Wz, 1)

wi(2, 1) = exp ( ) wile, ), i= 1,2,
results in the boundary conditions becoming homogeneous Neumann bound-
ary conditions, and using similar ideas as in Sections 8.2 and 8.3, we can also
discuss the global dynamics of the modified model systems.

Remark 8.3.2. In the case of constant nutrient input, that is, S°(-) = 59, it
follows that the w-periodic solutions in Sections 8.2 and 8.3 reduce to steady
states of the corresponding autonomous reaction—diffusion systems, and hence
we have the analogous results of Theorems 8.2.1, 8.2.2, 8.3.1, and 8.3.2.

8.4 Notes
This chapter is adapted from Smith and Zhao [336]. The model with con-

stant nutrient input was formulated by Kung and Baltzis [207], and was stud-
ied in Ballyk, Le, Jones and Smith [27]. Smith and Zhao [341] established
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the existence of traveling waves for this model in the case of single species
growth. The transformations in Section 8.3 converting Robin-type boundary
conditions to Neumann boundary conditions were motivated by Pilyugin and
Waltman [278]. Similar perturbation ideas as in Section 8.3 were used for two-
species periodic competitive parabolic systems under perturbations in Zhao
[437].

Hsu, Wang and Zhao [175] studied a periodically pulsed bioreactor model
in a flowing water habitat with a hydraulic storage zone in which no flow
occurs, and obtained sufficient conditions in terms of principal eigenvalues
for the persistence of single population and the coexistence of two competing
populations. Yu and Zhao [422] investigated the spatial dynamics of a periodic
reaction—advection—diffusion model for a stream population, and established
a threshold-type result on the global stability of either zero or the positive
periodic solution in the case of a bounded domain.



9

A Nonlocal and Delayed Predator—Prey Model

The celebrated Lotka—Volterra model proposed by Lotka [230] in the context of
chemical reactions and by Volterra [377] for prey—predator dynamics has been
generalized in several directions: to include many species with complicated
interactions, to include spatial effects in either a discrete way or a continuous
way, and to include delays or internal population structure. Sometimes these
generalizations combine diffusion and delays (see, e.g., [408]). While most of
the delayed diffusion equations in the literature are local, nonlocal effects very
naturally appear in diffusive prey—predator models with delays if one carefully
models the delay as condensation of the underlying retarding process and
takes into account that individuals move during this process (see [136]). In
the predator equation, the delay is often caused by the conversion of consumed
prey biomass into predator biomass, whether in the form of body size growth
or of reproduction.

The purpose of this chapter is to present a nonlocal and delayed predator—
prey model and analyze its global dynamics. In Section 9.1 we derive a non-
local and delayed predator equation and supplement it by a standard prey
equation with diffusion and without delays to get the model. We then show
that under appropriate conditions solutions exist and are unique and bounded
for all forward times, and that the associated solution semiflow has a compact
global attractor. In Section 9.2, given persistence of the prey, we derive con-
ditions for uniform persistence of the predator and existence of a steady state
in which both prey and predator coexist. These conditions are sharp, for we
show in Section 9.3 that the predator becomes extinct if they are violated. In
this case the prey converges to a unique positive steady state. We also present
conditions for both predator and prey to become extinct. In Section 9.4 we
discuss the global attractivity of steady states for a special model system. In
particular, we demonstrate how to use a fluctuation method to prove the global
attractivity of a positive constant steady state. In Section 9.5 we consider a
nonlocal and delayed single species model, which is derived by replacing the
biomass gain rate function f(z,wu,v) in the predator equation of the model

(© Springer International Publishing AG 2017 241
X.-Q. Zhao, Dynamical Systems in Population Biology, CMS Books
in Mathematics, DOI 10.1007/978-3-319-56433-3 9
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system with the birth rate function g(z,v) of the matured population, and
establish threshold dynamics (extinction or persistence/convergence to posi-
tive equilibria) by using the exponential ordering and the theory of monotone
dynamical systems.

9.1 The Model

Let v(t, z) denote the predator biomass density, u(t, z) the prey biomass den-
sity. Often, an equation of the form

ov(t, x)
ot

is considered for the predator biomass density, where p(z) is the per capita
predator mortality rate at point x and f(:c, u(t—7,2),v(t—r, z)) is the biomass
gain rate of the predator at point z and at time ¢.

If 7 is interpreted as the average time it takes to convert prey biomass into
predator biomass, the problem arises that the diffusing predator that is at x
at time ¢ was, with probability one, not at x at time ¢t — 7.

In order to incorporate the movements of a predator during the assimila-
tion process, let us consider an age-structured model and let w(t, a, z) denote
the generalized predator biomass (predator biomass plus prey biomass in-
gested by the predator that has not yet been assimilated) of class age a, with
a being the time since ingestion. If P(a) denotes the probability that general-
ized biomass of age a has been assimilated into predator biomass, the predator
biomass at location x and at time t is given by

v(t,x) = /000 w(t,a,x)P(a)da.

If conversion occurs after a fixed delay 7, then P takes the form of a step
function, P = 0 on [0,7) and P = 1 on (7,00). The generalized biomass
density w satisfies the following partial differential equation with nonlocal
boundary condition

= dAv(t, x) — p(x)v(t, ) + f(z,ult — 7, @), 0t —7,2))  (9.1)

ow(t,a,xz) Ow(t,a,x)
o T oa
w(t,0,z) = f(z,ut,x),v(t, x)).

= dAw(t,a,x) — p(x)w(t,a,x), (9.2)

The parameters in this system have the same meaning as in equation (9.1):
u(x) is the per capita mortality rate of the predator, and f(x,u,v) is the rate
at which the predators ingest prey biomass at point z, if the prey biomass
at x is u and the predator biomass is v, times a factor that anticipates the
conversion of prey into predator biomass. We integrate the equation along
characteristics setting ¢(r,a,z) = w(a + r,a,z). For simplicity we do not
consider an initial value problem, but assume that from some moment on, the
whole past is given. Then
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a(b(g;’ x) - dAw¢(T7 a, :E) - /J,(CE)(ZS(’I", a, JJ),

o(r,0,z) = f(z,ulr,z),v(r,)).
Integrating this equation, we get

o(r,a,7) = /Q (., a)f(y,u(r,y), o(r,y))dy.

where I is the appropriate Green’s function or fundamental solution associ-
ated with dA, — p(x) and possibly boundary conditions. Returning to w,

w(t,a,x) :/QF(J:,y,a)f(y,u(t—a,y),v(t—a,y))dy.

This yields the following integral equation for the predator biomass v:

v(t,x) = /000 (/Q I’(x,y,a)f(y,u(t —a,y),v(t— a,y))dy) P(a)da.

With a fixed delay 7 one obtains

v(t,x) = /OO /Q I'(z,y,a)f(y,u(t — a,y),v(t — a,y))dy da.

In semigroup language, with v(t) = v(¢,-),u(t) = u(t,-), and T the operator
semigroup generated by dA, — p(z),

v(t) = /00 T(a)f(-,u(t —a),v(t — a))da. (9.3)

In order to compare the derived equation with (9.1), let us rewrite v as
t—1
tea) = [ ([ ot tmuts oty ) s
—o0 02
Differentiating this equation, we have

ov(t, x)

o = (@A, = (@) ol 2)

(9.4)
+ / F(.’L’,y, T)f(yu u(t -7, y)av(t - T, y))dyu
2

or, as an abstract Cauchy problem,
v'(t) = Av(t) + T (1) f(,ult — 1), 0(t — 7)),

where A = dA, — p(-)I is the infinitesimal generator of T
Comparison of (9.1) with (9.4) shows the nonlocal effect that is caused by
predators moving during biomass assimilation.
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In contrast to Gourley and Britton [136], we incorporate nonlocal terms
in the predator rather than in the prey equation, because we believe the case
to be stronger there. If the prey is herbivorous, delayed logistic terms due to
deleted plant resources may actually be local, because while the prey moves,
the plants do not. In any case, some modeling of the nature of the retardation
seems appropriate in order to determine whether or not it leads to nonlocal
effects.

Let {2 be a bounded domain in R” and let X = C(£2,R?) be the Banach
space of continuous functions with values in the real plane with the norm
|lu|lx being the supremum norm. Let 7 > 0 and C, = C([—7,0], X). For any
¢ € Cr, define ||¢|| = maxge;_r ) [|¢(0)]x. Then C; is a Banach space. Let
"~ denote the inclusion X — C; by u — 4, 4(0) = u, 0 € [-7,0]. Given a
function u(t) : [-7,0) = X (0 > 0), define u; € C; by w(0) = u(t + 6),
0 e [-,0].

Assume that 2 has a smooth boundary 92 and let Y = C(§2,R) and let
A be the Laplace operator in R™. For each 1 < ¢ < 2, let d; > 0, Bjw =
9w + o (x)w, where o; € C(£2,R*) is Holder continuous and 2, denotes the
derivative along the outward normal direction v to 0f2.

By adding to (9.4) a standard prey equation with diffusion and without
delays, we then get a nonlocal and delayed predator—prey reaction—diffusion
system

6U1(;? :E) = dlAUl(t, JI) + ul(tu ;v)g(:v, U1 (t7 .’II))
— fi(z,ur(t,x),ue(t,x)), =€ 2,t>0,
6u2§;’ 7) =dyAus(t, z) — p(z)ua(t, )

(9.5)
+ / Loy 7) falys wr(t — 7). ualt — 7, y))dy,
(93

x €, t>0,
Biu; =0, xz€92,t>0,i=1,2,
uz(tax) :(bi(tv'r)v T E Qv —7<t< 0.

Here p(z) is a positive Holder continuous function on (2, I's(z,y,t) is the
Green’s function associated with deA — p(-)I and Baug = 0 [129, VIII, The-
orem 2.1], f; € CY(2 x Rt x RY,R"), Vi = 1,2, g € C1(2 x RT,R), and
¢ = (¢1, ¢2) € C; are the initial data of problem (9.5). We will assume that

(H1) f1(-,0,-) =0 and f1(-,-,0) = 0;

(H2) Oy fo(z,uy,up) = 81"2(;5117“2) > 0, Vo € Q,u; > 0,uy > 0, and

o fo(m, ur,uz) := a'fZ(g’:l’UZ) >0, Vre2,u>0,uy>0;

(H3) fo(x,ui,ue) < Oa2fa(x,u1,0)us, and there exists a k > 0 such that
fo(z,ur,ue) < kfi(z,ur,uz), Vo € 2,u1 > 0,uz > 0;

(H4) For each = € 2, g(z,-) is decreasing on R*, and for some zy € (2,
g(xg, +) is strictly decreasing on RT;
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(H5) There exists a Ky > 0 such that g(z, Ky) <0, Vz € (2.

It is easy to see that assumption (H3) implies that (H1) also holds for
fo. Let T1(t) and Ts(t) : Y — Y, t > 0, be the semigroups associated with
di A and Byju; = 0, and do A — u(-)I and Baus = 0, respectively, and let
A; : D(A4;) = Y be the generator of T;(t), ¢ = 1,2. Clearly,

(t)p = /F2 Ly, ) o(y)dy, Yo €Y, t > 0.

Moreover, T(t) = (T1(t), T2(t)) : X — X, t > 0, is a semigroup generated by
the operator A = (A;, As) defined on D(A) = D(A;) x D(Az). Then for each
t>0,T(t): X — X is compact and positive (see, e.g., [326, Section 7.1 and
Corollary 7.2.3]).

Define F = (Fy, F») : Cf — CF by

F1(¢17¢2)($) ¢1(0 ‘T) ($7¢1(07$)) - fl(x7¢1(07$)7¢2(07$))7
Fa(61,62(0) = [ Falo07) oty 6n(=7o0).da(—rs)d, 5.6)

for all ¢ = (¢1,¢2) € CF, z € 2. Then equation (9.5) can be written as an
abstract functional differential equation

du
=A F t
ug = ¢ S O;r

Since T(t) : Y — Y is positive, it is easy to verify that

lim ! dist(¢(0) + hF(¢), X ") =0, Vo€ C;.

h—0+ h
By [243, Proposition 3 and Remark 2.4], it then follows that for every ¢ € CF
(9.5) admits a unique noncontinuable mild solution u(t, ¢) satisfying ug = ¢
and u(t,¢) € X for any ¢ in its maximal interval of existence [0,0,). We
further have the following result.

Theorem 9.1.1. Let (H1)-(H5) hold. Then for each ¢ € CF, a unique so-
lution u(t,d) of (9.5) globally exists on [0,00), and the solution semiflow
&(t) =u(-) : CF — CF, t >0, has a strong global attractor.

Proof. For the scalar parabolic equation

Ouy (t, )
ot
B1U1:07I6897t>07

= dlAul(tv'r) + ul(x5t)g($7ul(xat))v TE Qa t>0, (9 8)

by conditions (H4) and (H5) and Theorem 3.1.5 (see also [124, Corollary 2.2]),
either the trivial solution or the unique positive steady state in YT is a global
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attractor for solutions that are not identically zero. The prey equation in (9.5)
is dominated by equation (9.8), and so the standard parabolic comparison
theorem implies that u1 (¢, ¢) is bounded on [0, o). Thus (H2) and (H3) imply
that the predator equation is dominated by a scalar linear reaction—diffusion
equation with delay. By the global existence of solutions of this linear equation
(see, e.g., [408, Theorem 2.1.1]), it follows that o4 = oo for each ¢ € C;F. Then
there is a By > 0 such that for any ¢ € CI, there exists a t1(¢) > 0 with
uy(t, ¢)(x) < B, Vo € 2,t > t1. Given ¢ € C7, let

(ur(t, ), us(t, z)) = (ur(t, @)(z), uz(t, d)(x)), w;i(t) = / u;(t, x)dz, Vi =1, 2.

Q
Note that po := min ., pu(z) > 0. By (9.5) and Green’s formula, it then
follows that
duy (t)
gt < | wi(t,2)g(z,ur(t,x))de — [ fi(x,ui(t,x),ua(t, z))de, YVt > 0;
10, Q
that is,

/ s (,2), () < 0 4 [ syt to)ds, ve > o

By (9.5) and (H3), there exist two positive numbers k; and k2, both indepen-
dent of ¢, such that

dis (t) _ d’al(t - T)
< — - > :
@ = /,LQUQ(t) k1 dt + ko, Vit 4T
that is,
d(e#otﬁg(t)) < —kl dﬁl(t - T) elu‘ot + k2e,u.ot vt > tl + T
dt - dt ’ - '

Integrating by parts the above inequality over [t; + 7, t], we can find a positive
number k3, independent of ¢, and a positive number k4 = k4(¢), dependent
on ¢, such that

Us(t) < ka(@p)e "0 + ks, V>t + .

Since I3(-,7) and u; are bounded, the predator equation in (9.5) and the
second part of the hypothesis (H3) provide the inequality

Ousa(t, )
ot

with some constant ¢ > 0. By a standard parabolic comparison theorem, there
exist a positive number B, independent of ¢, and t2 = t2(d) > t1(¢) + 7
such that us(t,¢)(xz) < Bg, Vo € §2,t > to. Therefore, the solution semiflow
D(t) = w(+) : CF — CF is point dissipative. By [408, Theorem 2.2.6], &(t) :
CH — C} is compact for each ¢ > 7. Thus, the continuous-time version of
Theorem 1.1.3 (see [141, Theorem 3.4.8]) implies that &(t) has a strong global
attractor on CF. [

< doAusg(t, ) — p(x)us(t, z) + cua(t),
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9.2 Global Coexistence

In this section we establish the uniform persistence of both predator and prey
and the existence of a positive steady state in terms of principal eigenvalues.

For m(-) € Y with m(z) > 0,z € £2, we let A\g(d1,m) denote the principal
eigenvalue of the elliptic eigenvalue problem (see, e.g., [326, Theorem 7.6.1])

2w = diAw + m(z)w, z € £,

9.9
Biw =0, z€df, (9:9)

and by a similar argument as in [326, Theorem 7.6.1], it follows that the
nonlocal elliptic eigenvalue problem

Mw(z) = dyAw — p(x)w(z) + /Q Dy(z,y, )m(y)w(y)dy, x € 12, (9.10)

Bow =0, =xe€0f2,

also has a principal eigenvalue, which is denoted by Ag(dz2, T, m). Moreover,
for the nonlocal eigenvalue problem

Mw(z) = de Aw — p(z)w(x) —|—/ Dy(z,y, T)m(y)w(y)dy - e, x € £,
2
Bow =0, z€0df, (9.11)
we have the following result.

Theorem 9.2.1. There exists a principal eigenvalue \o(dz,T,m) of (9.11)

associated with a strictly positive eigenvector, and for any T > 0, Ao(d2, T, m)
has the same sign as Ao(da, T, m).

Proof. Let E = C([-7,0],Y) and let B = As. Define L: E — Y by
Low) = [ Da(oyrim)o(-ro)dy, 22,6 E.

Clearly, Y is a Banach lattice and L is positive; i.e., L(Et) C Y*. For each
A€ R, we define Ly : Y — Y by

La(p) = L(eVp), ¢ €Y,
where e € E is defined by
(M) (0,z) = eMo(x), 6e[-7,0],z€ .

Let U(t) : E — E, t > 0, be the solution semiflow associated with the abstract
delay equation
du(t)
dt
Vo = (b € Ea

= Bou(t) + L t>
1}( ) + Ut, el 07 (912)
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and let Ay : D(Ay) — E be its generator (see, e.g., [408]). Then U(t) : E — FE
is positive (see, e.g., [200, Section 4]). Let

s(Ay) :=sup{Re(\) : A € o(Ay)}

be the spectral bound of Ay. Then s(Ay) is a spectral value of Ay and
has the same sign as the spectral bound s(B + Lg) (see [200, Section 4]).
By the definition of Ly, it follows that s(B + Lg) = Ag(d2, 7, m). It suffices
to prove that s(Ay) is a point spectral value of Ay and that s(Ay) has a
strongly positive eigenvector ¢ € int(E™). To this end, we will show that the
operators U(t) are eventually strongly positive, and then apply the Krein—
Rutman theorem.

For any ¢ € E+t\ {0}, let v(t,z) = v(t, §)(x), = € £2, t > 0, be the solution
of (9.12); i.e., vy (¢p) = U(t)p. We claim that v(¢,z) > Oforallz € 2and t > 7.
Indeed, if (0, -) # 0, the positivity of L and the parabolic maximum principle
imply that v(t,x) > 0 for all x € £2 and ¢ > 0. So we can assume that 7 > 0
and that there is a 6y € (0,7) such that ¢(—6p, ) £ 0. We first show that
v(T — 0,-) # 0, by contradiction. Let us assume that v(7 — 6, ) = 0. Then
(9.12) with ¢t = 7 — 6p > 0 implies that

Ov(r — 0y, x)
ot

Here we have used the strong positivity of T5(t) for ¢ > 0 (i.e., the parabolic
maximum principle). On the other hand, since v(t,z) > 0,¢t > 0,z € (2, and
v(T—6p,x) =0,z € 2, we have BU(T(;tHo,x) < 0, which is a contradiction. Once
we know that v(r — 0y) #Z 0, again by the positivity of L and the parabolic
maximum principle, we have v(t,z) > 0 for all x € 2 and ¢ > 7 — 6p.
Therefore, U(t) : E — E is strongly positive for each ¢ > 27. Moreover,
as in the nonlinear case, U(t) : E — E is compact for each t > 7. Now fix
some t > 27. By the Krein—Rutman theorem (see, e.g., [326, Theorem 2.4.1]),
the spectral radius r = r(U(t)) is a positive eigenvalue of U(¢), and hence by
the point spectral mapping theorem ([272, Theorem 2.2.4]) there is a point
spectral value A of Ay such that r = e*. Clearly, A € R and A\ < s(Ayp).
Moreover, by the fact that s(Ay) € o(Ay) and the spectral mapping theorem
(]272, Theorem 2.2.3]), e**(4v) € o(U(t)). Then e**(4v) < 7 = ¢**, and hence
s(Ay) < . Thus, s(Ay) = X is a point spectral value of Ay. Let o € E'\
{0} be an eigenvector associated with s(Ay). Then U(t)y = e*(Av)y) = rep,
and hence again by the Krein-Rutman theorem, ¢ € int(E™). Consequently,
s(Ay) is the principal eigenvalue of Ay . ]

= To(1)(m(-)d(—bp,-))(x) >0, z € 2.

Now we are in a position to prove the main result of this section.
Theorem 9.2.2. Let (H1)-(H5) hold. Assume that

(A1) No(d1,g(-,0)) > 0 and Xo(d2, 7,02 f2(-,ui(-),0))> 0, where ui(-) is the

Our = dlAul +

unique positive steady state of the scalar equalion 5

u1g(z,uy) with Byu; = 0.
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Then system (9.5) admits at least one positive steady state and is uniformly
persistent. More precisely, there exists By > 0 such that for any ¢ = (¢1,P2) €
CF with ¢1(0,-) £ 0 and ¢2(0,-) # 0, there exists to = to(¢) > 0 such that
the solution u(t, d)(x) = (u1(t, z),ua(t,x)) of (9.5) satisfies

ui(t,,T)Zﬁo, YVt >tg, x € 2,1=1,2.

Proof. Note that the existence and uniqueness of uj(-) follow from Theo-
rem 3.1.5 (see also [124, Corollary 2.2]) and the first part of assumption (Al).
Let

Zo:={(¢1,02) € OF : ¢5(0,-) £0,Vi=1,2},  0Zo:=CF\ Z.

By the standard comparison theorem, as applied to two scalar equations in
(9.5), it suffices to prove that the uniform persistence holds for any ¢ € Z.
Clearly, &(t)Zo C Zo, ¥Vt > 0. Let Z1 := {¢p € 0Zy : P(t)¢p € 0Zp,t > 0}.
Let M, = (0,0) and My = (af,0). Tt then easily follows that Ugez,w(d) =
{M;, Ms}. Moreover, for any ¢ € Zy, (t)¢ € int(C;1), Vt > 27 (see, e.g., the
proof of Theorem 9.2.1). By Theorem 9.2.1 and the second part of assump-
tion (A1), Ao(da, T, 02 f2(-,ul(+),0)) > 0. By the existence of strongly positive
eigenvectors associated with the principal eigenvalues A\o(d1, g(+,0)) > 0 and
No(dz, 7,02 f2(-,u3(-),0)) > 0, and a similar argument by contradiction as in
the proof of [298, Lemma 3.1] (see also Proposition 7.1.1), we can further
prove that there exists d > 0 such that

limsup || P(t)p — M;|| > 6, Vo € Zp, i =1,2.
t—o0

Thus, M7 UM is an acyclic isolated covering of Ugez,w(9), and each M; is a
weak repeller for Zy. By Theorem 9.1.1 and Theorem 1.3.1 with Remarks 1.3.1
and 1.3.2 (see also [365, Theorem 4.6]), &(t) is uniformly persistent with re-
spect to (Zp,0Zp) in the sense that there exists 17 > 0 such that

litm inf dist (P(¢t)¢p,0Zo) > n, Yo € Zo.
—00

As mentioned above, @(t) : C; — C;' is compact for ¢t > 7. By the continuous-
time version of Theorem 1.3.6, &(t) : Zy — Zj has a global attractor Ag. Then
Ag = P(t)Ag C int(C}), V& > 27. In view of the compactness of Ay, there
exists By > 0 such that Ay > fBpe with e = 1 € int(C;). Thus, the global
attractivity of Ag in Zy implies the desired order persistence. To prove the
existence of a positive steady state of (9.5), we let ®o(t) : CT(2,R?) —
CT(£2,R?), t > 0, be the solution semiflow of the nonlocal reaction—diffusion
system
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6u1§, x) =d1 Auy (¢, 2) + ui (¢, 2)g(z, ui (t, x))
_fl(x,U1(t,J;),U2(t7{I;))7 x € (27 t>07
aug(;i, x) _ do Aug(t, ) — p(z)us(t, x) (9.13)

+/ F2($7y5T)fQ(yvul(tay)7u2(t7y))dy7 YIS Qa t> Oa
2

B;u; =0, I6897t>0,i:1,2.

As proven for &(t) : CH — Cj, it follows that ®y(t) : CT(2,R?) —

CT(£2,R?) is point dissipative, compact for each ¢t > 0, and uniformly persis-
tent with respect to (Wo, dWp), where Wy := {(¢1, ¢2) € CT(02,R?) : ¢;(-) £
0,Vi = 1,2} and W, := CT(£2,R?) \ Wy. Then, by Theorem 1.3.11, ®y(t)
has an equilibrium ¢* € Wpy; ie., $o(t)p* = ¢*, V¢ > 0. Clearly, ¢*(z) is a
positive steady state of system (9.5). ]

9.3 Global Extinction

In this section we discuss the global extinction of the predator species and the
global extinction of both prey and predator species.

Theorem 9.3.1. Let (H1)-(H5) hold. Assume that the principal eigenvalues
of (9.9) and (9.10) satisfy

(A2) Mo(d1,g(-,0)) > 0 and Ao(dz,7,02f2(-,ui(:),0)) < 0, where ui(-) is
the unique positive steady state of the scalar equation Bautl = d1Auy +
u1g(z,uy) with Byu; = 0.

Then for any ¢ = (¢1,d2) € CT with ¢1(0,-) # 0, the solution u(t,d) of
system (9.5) satisfies

tli)rgo u(t7 ¢)($) = (ul(x)v 0)
uniformly for x € (2.

Proof. For any ¢ € CF, u(t,¢)(z) = (ui(t,z),ua(t,x)) satisfies u;(z,t) >
0,Vt>0, x €2, :=1,2. Since

i Xo(ds, 7,9 (-5 () +),0)) = dolds, 7,8 o (), 0)) <0,
we can choose some &g > 0 such that \g(dz, 7, 02 f2(-, ui(-) +¢€,0)) < 0. More-
over, uy(x,t) satisfies

8u1

5t < dyAuy +urg(z,u), Vo € 2,¢ > 0.
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The assumption Ag(d1, g(+,0)) > 0 and Theorem 3.1.5 (see also [124, Corol-
lary 2.2]) guarantee the existence of a unique positive steady state uj(-) of the
prey equation without predators, which attracts all solutions that are not iden-
tically equal to zero. A standard comparison theorem provides tg = to(¢) > 0
such that

ui(x,t) <uj(x) +eo, Vrel2 and t>to.

By (H2) and (H3), it follows that v(x,t) = ua(x,t +to + 7), ¢t > 0, satisfies

ov(t, x)

5t < doAv(t,x) — p(z)v(t, )

+/ F2(x7y77-)82f2(y7u>{(y) + Ean)U(t -7, y)dy7 T € '(27 t> 07
2
By =0, z €00, t >0, (9.14)

By the second part of assumption (A2) and by Theorem 9.2.1,

Xo(da, 7,02 fa (-, ui () + €0,0)) < 0.

The standard comparison theorem and [408, Theorem 3.1.7] imply that
lim; o v(¢,-) = 0, and hence lim;_, o ua(z,t) = 0 uniformly for = € (2.
For any ¢° = (¢4, 63) € C:F with ¢9(0,-) £ 0, let

u(t, 9°)(x) = (u1(t, x),us(t, ), Vo € 2, ¢t > 0.

Then we can regard us(t, ) as a fixed function on Rt x 2. Therefore, u;(z, t)
satisfies the nonautonomous reaction—diffusion equation

0
o dl 1 ulg(Ia ul)
ot
Nz, ui(t, s),ua(t,x)), xe€f2, t>0, (9.15)

B1u1 :0, xe(?(), t>0.

Since lim¢—, oo u2(x,t) = 0 uniformly for € £2, it follows that (9.15) is asymp-
totic to an autonomous reaction—diffusion equation

0
(;;1 :dlAul—Fulg(a:,ul), re 2, t>0,

Biu; =0, z€02, t>0.

(9.16)

Since Ag(dy,g(+,0)) > 0, Theorem 3.1.5 (see also [124, Corollary 2.2]) implies
that w3 = uf(-) is globally asymptotically stable in CT(£2,R) \ {0}. More-
over, Proposition 3.2.3 (see also [298, Lemma 3.1] with m = 1) implies that
u1(t,) cannot converge to 0 as ¢ — co. By Theorem 1.2.1 with Remark 1.3.2
(see also [364, Theorem 4.1]), we have lim; oo u1(t,-) = ui(-), and hence
limy o0 w1 (t, ) = ui(x) uniformly for = € £2. ]
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Theorem 9.3.2. Let (H1)-(H5) hold. Assume that Ao(d1,g(-,0)) < 0. Then
for any ¢ = (¢1,02) € CF, the solution u(t,d) of system (9.5) satisfies
limy o0 u(t, #)(z) = (0,0) uniformly for x € £2.
Proof. For any ¢ € CF, let u(t, ¢)(z) = (u1(z,t),uz(x,t)), Vo € £2,t > 0.
Then uq(z,t) satisfies
8u1
ot
Since Ao(d1,9(-,0)) < 0, by the standard comparison theorem and Theo-
rem 3.1.5 (see also [124, Corollary 2.2]), we have tlggo u1(z,t) = 0 uniformly

< d1Auy +urg(z,uq), x€02,t>0.

for z € £2. We regard us(z,t) as a solution of the nonautonomous reaction—
diffusion equation

6’11,2 -

5t dy Aus — p(x)us+

/ F2(:E7 va)fQ(yu ul(t - T, y)u u2(t - T, y))dy7 UAS Qu t> 07 (917)
Q
Bous =0, z € 982, > 0.
Since us(t, z) is bounded and tlim u(x,t) = 0 uniformly for x € £2, it follows
—00
that (9.17) is asymptotic to a linear autonomous reaction—diffusion equation

8u2_
ot
Biu; =0,z € 982, t > 0.

do Aug — 2,t>0
2 AU u(x)UQu HAS , >0, (918)

Clearly, u3 = 0 is globally asymptotically stable for (9.18) in CT(£2,R). By
Theorem 1.2.1 with Remark 1.3.2 (see also [364, Theorem 4.1]), we have
tlim uz(z,t) = 0 uniformly for z € £2. ]
—00

9.4 Global Attractivity: A Fluctuation Method

In this section, as illustrations of the results in Sections 9.2 and 9.3 and a

fluctuation method, we discuss the global attractivity of steady states for

spatially homogeneous delayed predator—prey reaction—diffusion systems.
Consider the predator—prey reaction—diffusion system with delay

8U1§, I) _ d1Au1 (t7 x) + U1(t, ;17)(00 — clul(t, 117))

—aoui(t, x)us(t,x), x€2,t>0,
Ous(t, )

0= doAus(t, ) — pus(t, z)+ (9.19)
ui(t — 7, y)ua(t — 7,y)
Iy(z,y, dy, e t>0,
/_Q 2($ Yy T) b0+b2U2(t—T,y) Yy x
ou

Y20, 2€02,t>0,i=1,2,
ov
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where ag, g, bo, b2, and ¢; are positive numbers, ¢y € R, Ix(x,y,t) is the
Green’s function associated with doA — pl and 6813 = 0. The prey grows
logistically in absence of the predator, and the encounters between prey and
predators obey the law of mass action, while the term bau(t — 7,y) reflects
competition of predators for eating the prey once it has been killed.

Theorem 9.4.1. For any ¢ = (¢1,¢2) € CF, let u(t,¢) = (ui(t, @), uz(t, ¢))
be the unique solution of system (9.19) with ug = ¢.

(i) Ifco>0and 3 > pet” > % . then system (9.19) has a unique pos-
itie constant steady state (41, u2), and for any ¢ = (¢1, p2) € CT with
?1(0,) £ 0 and ¢2(0,-) £ 0, limy_,o0 u(t, @)(z) = (1, @2) uniformly for
x € (2.

(i) If co > 0 and © < pe!™, then for any ¢ = (¢1,¢2) € CT with

c1bo
$1(0,+) Z 0, limy_, o0 u(t, @) (z) = (‘é‘l’ ,0) uniformly for x € (2.
(iii) If co < 0, then for any ¢ = (¢1,¢2) € CF, limy_,o0 u(t, ¢)(x) = (0,0)
uniformly for x € £2.

Proof. Let fi(ui,us) := aguius, fa(ui,usz) := boillfuz’ and g := ¢y — ciu.

Clearly, (H1)-(H5) are satisfied, and if ¢o > 0, then uj(-) = °. Note that

Jo Io(s,z,y)dy = e+, ¥s > 0,2 € £2. By choosing the eigenvector as 1, we
have that Ag(d1, g(0)) = ¢o and Ao(da, T, D2 fo(uf,0)) = —u + 67“1”” in the

case where ¢y > 0. Thus, conclusions (ii) and (iii) follow from Theb([;(r:ems 9.3.1
and 9.3.2, respectively. In the case where ¢g > 0 and cfzo > pet” Theo-
rem 9.2.2 implies that system (9.19) is uniformly persistent. We further claim
that system (9.19) admits at most one positive constant steady state. Indeed,
assume that (u1,us) with u; > 0, ¢ = 1,2, is a constant solution of (9.19). It

then easily follows that (u1,uz) satisfies the algebraic equations

aopuz = 9(“1)7
up = e u(by + bag(u1)/aop).

Clearly, the monotonicity of g(-) implies that the second equation of (9.20) has
at most one positive solution for u1, and hence (9.20) has at most one positive
solution for (u1, u2). In order to prove (i), it then suffices to prove that for every
¢ = (¢1,¢2) € CF with ¢1(0,-) #Z 0 and ¢2(0,-) Z 0, u(t, $)(z) converges to a
positive constant steady state in C'(§2, R?) as t — oo. Since (u1(t, ), ua(t,-)) ==
u(t, ¢),t > 0, is bounded (see Theorem 9.1.1), we can choose a constant ¢ > 0
such that the function cu; +wu1g(u1) — f1(u1,us2) is monotone increasing in uy
for all values taken by the solution. Using the Green’s function I associated
with d; A and the Neumann boundary condition, we have

uy (t, ) :6’“/ I'i(t, 2z, y)ui (0, y)dy+
(93

(9.20)

/te—CS/ Fl(s,x,y)[cul(t—s,y)+u1(t—57y)9(ul(t_3=y))
0 0

— filui(t —s,y), u2(t — s,9)) |dy ds.
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Let

o0

! t—00 t—o0

By the uniform persistence of (9.19), there exists § > 0 such that

u(x) > Uio(z) > 0,V € 2,1 =1,2.

K3

By Fatou’s lemma, we then get

@) < [T e [ A o)+ o m)

— F(0 (), u2ee (0) | dy ds.

Let

o0
1
zEN zef

Clearly, a® > ®00 > 6, Vi = 1,2. Since

/ I(s,z,y)dy=1, Vs>0,xz¢€ 2,
o)

we have

oo 1 oo oo oo oo
ap” < c [caf® + af®g(af”) — fi(a7®, azs)] .

Simplifying this inequality, we obtain
0 < g(af®) — apa2co-

Similarly, we can get
0> g(a100) — apa5°.

Using the Green’s function I associated with do A — p, we have

up(t,x) = / I(t, 2, y)u2 (0, y)dy+
2

u(x) == limsupwu;(t, ), Uico(x) :=liminf u,(t,x), Vi

s = sup ul®(x),  @iso := Inf uio(x), Vi=1,2.

(9.21)

(9.22)

¢
//FQ(S—I—T,x,y)fQ(ul(t—s—r,y),uz(t—s—r,y))dyds.
0 Ja

Arguing as before and using that
/ Iy(s,z,y)dy = e ", Vs >0,z € (2,
0
we have

e I of® '
i b+ baag®
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After reorganization of the terms, we have

bgago S 04(1)0 — bo. (923)
I
Similarly, we can obtain
e HT
b20&200 Z Ao — bo. (924)
I

Combining (9.21)—(9.24), we get

ag (e 1T
R A AT T

ap (e M7
OZg(alm)—b;)( . a‘fo—bo).

(9.25)

Subtracting the first inequality from the second yields

—ur
0o ap e

g(aioe) — g(ai®) < by 1

(af° — d1c0)-
Since g(u) = co — ciu and ¢1 > 0 87:7, we have af® = a1 and, by (9.23)-
(9.24), also a3 = ass. It follows that

tli)m u(t, ¢)(z) = (a5°, a5), Vo € £2. (9.26)

Let w(¢ ) be the omega limit set of ¢ for the solution semiflow @(t) associated
with (9.19). For every ¢ € w(¢), there exists a sequence ¢, — oo such that
P(tn)p — ¢ in Cr as n — co. Then

Tim u(tn, 6)(z) = ¥(a)
uniformly for z € 2, and by (9.26), ¢¥(-) = (a5°,a3°). Then w(¢) =
{(a$°,a5°)}, which implies that u(t, ¢)(z) converges to (a3, as®) in C(£2,R?)
as t — oo. Since &(t)(w(¢)) = w(p), ¥t > 0, (a3°, a5®) is a positive constant
steady state of (9.19). "

9.5 Threshold Dynamics: A Single Species Model

In this section we illustrate how the exponential ordering and the theory of
monotone dynamical systems can be applied to nonlocal and delayed reaction—
diffusion models in population dynamics.

Consider the growth of a single species with immature and mature stage
structure. For simplicity, we assume that r > 0 is the average maturation time
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for the species, and that both mature and immature populations have the same
random diffusive rate d > 0 and the per capita mortality rate k(z) > 0 at lo-
cation x. By replacing the biomass gain rate function f(z,u,v) in the predator
equation (9.4) with the birth rate function g(x,v) of the mature population,
we then get a nonlocal and diffusive model of the mature population growth
in a habitat (2:

ov(t, x)

5t =dAv(t, z) — k(z)v(t, z)+

/Q I(z,y,r)g(y, vt —r,y))dy, x € 2, >0, (9.27)

Bu(t,x) =0, x €08, t>0,
o(t,x) =(t.x) > 0, z € 2, € [0,

where (2 is a bounded and open subset of RV with 92 € C?**9 for a real
number # > 0, A denotes the Laplacian operator on R¥, either Bv = v or
Bv = gz + av for some nonnegative function a € C1+%(902,R), aan denotes
the differentiation in the direction of the outward normal n to 9f2, I' is the
Green’s function associated with A := dA — k(-)I and boundary condition
Bv =0, and ¢ is a given function to be specified later.

Let p € (N,00) be fixed. For each 8 € (1/2+ N/(2p),1), let Xz be the
fractional power space of LP({2) with respect to (—A, B) (see, e.g., [150]).
Then X3 is an ordered Banach space with the cone X; consisting of all non-
negative functions in X3, and X; has nonempty interior int(X;). Moreover,
X C CYV(£2) with continuous inclusion for v € [0,28 — 1 — N/p). We
denote the norm in X3 by || - ||g. It is well known that A generates an ana-
lytic semigroup T'(¢) on LP(§2). Moreover, the standard parabolic maximum
principle implies that the semigroup T'(t) : Xg — Xz is strongly positive;
that is, T(t)(X;) \ {0}) C int(X;r), vVt > 0. Let C' := C([-r,0],X3) and
ct = CO([-r, 0],Xg). Then model (9.27) can be written as the following
abstract functional differential equation

dz:lit) = Av(t) + T(r)g(-,v(t — 7)), t >0, (9.28)
v=¢eC".

We further assume that k(-) is a positive Holder continuous function on {2
and g € C1(2 x RT,RT) satisfies the following condition:

(G)g(-,0) =0, dyg(z,0) > 0,Vx € 2, g is bounded on 2 x RT, and for each
x € 2, g(x,-) : RT — RT is strictly subhomogeneous in the sense that
g(x,av) > ag(x,v), Va € (0,1), v > 0.

Using a similar argument as in [326, Theorem 7.6.1], we can show that the
nonlocal elliptic eigenvalue problem
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() = dAw — k(z)w(z) + /Q Lz, y:1)0ug(y, O)w(y)dy, @ € 2, (9.29)

Bw =0, x € 012,

has a principal eigenvalue, which is denoted by Ao(d,r, 9,¢g(,0)).
For ¢ € CT, let v(t, ¢) denote the solution of (9.27). Define

ko := min{k(z) : z € 02},

b(r) := sup {/Qf(xvyw)g(y,w(y))dy rzENR pE XE} :

b(r)
ko
L(r) := min{0yg(z,v) : x € 2,v € [0, M(r)]}.

M(r) =

Then we have the following threshold dynamics for model system (9.27): If the
zero solution of (9.27) is linearly stable, then the species goes to extinction; if
it is linearly unstable, then the species is uniformly persistent.

Theorem 9.5.1. Let v* € int(Xg) be fized and let (G) hold.

(1) If Xo(d, r, Dvg(-,0)) < 0, then limy_,o ||v(t, @)||g = 0 for every ¢ € CT;

(2) If Ao(d,r,0,9(-,0)) > 0, then (9.27) admits at least one steady-state so-
lution ©* with p*(x) > 0,Vx € 2, and there exists 6 > 0 such that
for every ¢ € CT with ¢(0,-) #£ 0, there is to = to(¢) > 0 such that
v(t, @) > dv*(x), Yo € 2, t > 1.

Proof. Define F : C* — Xg by F(¢) = T(r)g(-,¢(—r)),Y¢ € C*. Then
equation (9.27) can be written as the following abstract functional differential
equation

do(t) _
g = Av(t) + F(v), t>0, (9.30)
v =¢eCt.

Since T'(t) : X3 — Xp is strongly positive, we have

S +y _ +
Jim dist(6(0) + hF(9), X7) =0, Vo€ O
By [243, Proposition 3 and Remark 2.4] and using a similar argument in
the case of a Dirichlet boundary condition (see also [243, Remark 1.10]), we
conclude that for every ¢ € CT, (9.27) admits a unique noncontinuable mild
solution v(t, ¢) satisfying vg = ¢ and v(t, d) € X; for any t in its maximal
interval of existence [0,04). Thus v(t, $)(z) satisfies the following parabolic
inequality
t

81}5%, z) < dAv(t,z) — kov(t,x) + b(r), z € £2,t € (0,04), (9.31)

Bu(t,z) =0, z € 02, t € (0,04).
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Let u(t) be the unique solution of the ordinary differential equation

du(t)

P —kou(t) + b(r)

satisfying u(0) = max,_, ¢(0)(x). Using the standard parabolic comparison
theorem, we then get

v(t, ) (x) <ult) = (max ?(0)(x) — M(T)) e Mt 1 M(r) (9.32)

for all z € 2 and t € (0,04). Thus 0, = 00, V¢ € CT, and (9.27) defines
a semiflow &(t) : CT — CT by &(t)¢ = vi(¢). By inequality (9.32) and the
properties of the fractional power space Xg, it follows that &(t) : C* — C*
is point dissipative. Moreover, @(t) : Ct — C* is compact for each ¢ > r (see
[408, Theorem 2.2.6]). By the continuous-time version of Theorem 1.1.3 (see
[141, Theorem 3.4.8]), #(¢) admits a strong global attractor on C*.

It is easy to see that g(z,v) < 9,9(x,0)v, Vo € £2,v > 0. Then the com-
parison theorem for quasi-monotone abstract functional differential equations
(see [243, 244]) implies that

u(t, 9)(x) < ult, )(x), Vo € 2, >0,

where u(t, ¢) is the unique solution of the following linear, nonlocal, and de-
layed parabolic equation

angZ ) = dAv(t,z) — k(x)v(t, z) —i—/ I(z,y,7)0,9(y, 0)v(t — r,5y)dy,

Q
Bu(t,z) =0, z €99, t >0, (9.33)
v(t,x) = ¢(t,x), x € 2, t € [-r,0].
By Theorem 9.2.1 and a similar argument in the case of a Dirichlet boundary
condition, it follows that the nonlocal elliptic eigenvalue problem

Aw(z) = dAw — k(x)w(z) + e\ /Q I'(z,y,r)0,9(y,0)w(y)dy,

Bw =0, z € 912,

(9.34)

has a principal eigenvalue \o(d,r,d,9(-,0)), and Ao(d,r,dyg(-,0)) has the

same sign as Ao(d,r,9pg(-,0)). Then in the case where \o(d,r,d,9(-,0)) < 0,

the properties of principal eigenvalues and linear semigroups imply that

limy o0 [Ju(t, @)||g = 0, V¢ € C, and hence lim;_,« ||v(t, ¢)||g =0, Vo € CT.
In the case where Ao(d, r, 9yg(-,0)) > 0, let

Zy = {¢ eCt: ¢(Oa ) 5—6 0}7 07y := ct \ Zy.

Since g(z,v) > 0, equation (9.27) implies that
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ov(t, x)
ot

By the standard parabolic maximum principle, it then follows that &(t)Z, C
int(C1), vVt > 0. Let

> dAv(t,x) — k(z)v(t, ), Vo e £2,t>0.

Z1 = {(]5 €02y : @(t)¢ S 8Z0,Vt > 0}

Then Ugez,w(¢) = {0}, where w(¢$) denotes the omega limit set of the orbit
yH(p) == {®(t)p : Vt > 0}. Clearly, g(x,v) can be written as g(z,v) =
vh(x,v) with h(z,0) = d,g(x,0). By the condition \(d,r,dpg(:,0)) > 0 and
an argument of contradiction similar to that in the proof of [298, Lemma
3.1] (see also Proposition 7.1.1), we can prove that {0} is a uniform weak
repeller for Zy; that is, there exists dg > 0 such that limsup,_, ., ||2(¢)d]lg >
8o, Vo € Zy. By Theorem 1.3.1 with Remarks 1.3.1 and 1.3.2 (see also [365,
Theorem 4.6]), ¢(t) is uniformly persistent with respect to Zy in the sense that
there exists an 77 > 0 such that liminf, ,o, dist(®(t)¢,0Zo) > n, Vo € Zy. As
&(t) : Ct — CT is compact for ¢t > r, it follows from the continuous-time
version of Theorem 1.3.6 that &(¢) : Zy — Zp has a global attractor Ag. Then
Ap = D(t)Ap C int(CT), Vt > 0. By the compactness of Ag, there exists 6 > 0
such that Ay > de with e = v* € int(C1). Thus, the global attractivity of Ag
in Zy implies the desired order persistence. It remains to prove the existence

of a positive steady state of (9.27). Let Po(t) : X; — Xg, t > 0, be the
solution semiflow of the following nonlocal reaction—diffusion equation
t
P) _aau(t ) — ka)u(t, )+
/.Q F(:C,y,r)g(y,u(t,y))dy, S Qa t> 07 (935)

Bu(t,z) =0, z € 902, t > 0,
u(0,2) =¢(x), © € 12

Since au((;t,z) > dAu(t,z) — k(x)u(t,z), the standard parabolic maximum

principle implies that @0(15)()(,5r \ {0}) C int(X;), vVt > 0. As proven for
&(t) : CT — CT, it follows that Py(t) is point dissipative on Xg, compact for
each ¢ > 0, and uniformly persistent with respect to X; \ {0}. Then, by The-
orem 1.3.11, $y(t) has an equilibrium ¢* € X; \ {0}; that is, §o(t)¢* = ¢*
for all ¢ > 0. Fix ¢ > 0. We then get ¢* = §o(t)p* € int(X;). ]

As an application of the theory of monotone dynamical systems, we are

able to obtain sufficient conditions under which the species stabilizes eventu-
ally at positive steady states in the case (2) of Theorem 9.5.1.

Theorem 9.5.2. Assume that (G) holds and \o(d,r,0,9(-,0)) > 0.

(1) If L(r) > 0, then (9.27) admits a unique positive steady state ¢*, and
limy—s o0 [|0(E, @) — ©*[|g = 0 for every ¢ € CT with ¢(0,-) # 0.
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(2) If L(r) < 0 and r|L(r)| < 1/e, then there exists an open and dense subset
S of Ct with the property that for every ¢ € S with ¢(0,-) # 0, there is a
positive steady state ¢ of (9.27) such that lim_, ||v(t, @) — ¢|lg = 0.

Proof. Let &(¢) : CT — C™T be the solution semiflow of (9.27) and let @ (%) :
X; — X; be the solution semiflow of (9.35). Define

Yi={peCt: ¢(s,z) < M(r), Vs € [-1,0], x € 2}

and
Yo:={o¢€ X; D o(x) < M(r), Vo € 2}.

Then inequality (9.32) implies that every omega limit set w(¢) of &(¢) is
contained in Y, and Y is positively invariant for @(¢). In particular, every
nonnegative steady state ¢ of (9.27) is contained in Yj.

In the case where L(r) > 0, [243, Corollary 5] implies that &(t) : Y — Y is
a monotone semiflow with respect to the pointwise ordering of C induced by
C*. We further claim that (9.27) admits at most one positive steady state.
Indeed, it suffices to prove that the semiflow @ (¢) has at most one positive
equilibrium in Yy. By [243, Corollary 5] with 7 = 0, it then follows that
Do(t) : Yo — Yo is a monotone semiflow with respect to the pointwise ordering
of X induced by X;. Moreover, for any 1, 2 € Yy with 1 — @9 € X; \{0},
w(t) := Py (t)p1 — Po(t)p2 satisfies

ow(t, z)

5t > dAw(t,z) — k(z)w(t,z), Vee2,t>0.

Then the standard parabolic maximum principle implies that w(t) € int(X;r)
V¢ > 0; that is, @o(t) : Yy — Yp is strongly monotone. By the strict subhomo-
geneity of g, it easily follows that for each t > 0, ®y(t) : Yo — Yj is strictly
subhomogeneous. Now fix a real number ¢y > 0. Then Lemma 2.3.1 (see also
[432, Lemma 1]) implies that the map Po(to) has at most one positive fixed
point in Yy, and hence the semiflow ®¢(t) has at most one positive equilib-
rium in Yp. As shown in Theorem 9.5.1, &(¢) : CT — C™T is compact for
each t > r, admits a global compact attractor in C*, and is uniformly per-
sistent with respect to Zy. By the continuous-time version of Theorem 1.3.6,
P(t) : Y NZy — Y N Z has a global attractor Ag. Clearly, Theorem 9.5.1(2),
together with the uniqueness of the positive steady state, implies that Ag
contains only one equilibrium ¢*. By the Hirsch attractivity theorem (see
Theorem 2.2.6), it then follows that ¢* attracts every point in Y N Z,. Con-
sequently, every orbit in Y converges to either the trivial equilibrium or the
positive equilibrium ¢*, and hence together with Theorem 9.5.1(2), equilibria
0 and ¢* are also two isolated invariant sets in Y, and there is no cyclic chain
of equilibria. By Theorem 1.2.2 and Remark 1.3.2, every compact internally
chain transitive set of #(t) : Y — Y is an equilibrium. Let ¢ € CT be given.
As mentioned above, w(¢) C Y. Since every compact omega limit set is an
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internally chain transitive set (see Lemma 1.2.1"), w(¢) is an equilibrium. If
¢ € Ct with ¢(0,-) # 0, we then get w(¢) = ¢* in view of Theorem 9.5.1 (2).

In the case where L(r) < 0 and r|L(r)| < 1/e, we define f(a) := a +
L(r)e®", Vo € [0,00). It then follows that f(0) < 0 and f"(a) < 0,Va €
[0,00). If r = 0, then f(a) > 0 for all @ > |L(0)]. If 0 < r|L(r)| < !, then
f(e) reaches its maximum value at ag = — ! In(r|L(r)|) > 0 and f(ag) > 0.
Consequently, we can fix a real number p > 0 such that f(u) = p+ L(r)e!” >
0. Let F': CT — Xg be defined as in the proof of Theorem 9.5.1, and let K,
be defined as in Section 2.6 with X = X3, P = X;, and A =dA —k(-)I. By
the definition of L(r), we have

g(x,v2) — g(z,v1) > L(r)(ve —v1), Yo € £2, 0 < vy <wy < M(r).
Assume that ¢,1 € Y satisfy
¢ <, and @(s) <x, ¥(s), Vs € [-r,0].
Clearly, 1 — ¢ € K, implies that

$(0) — $(0) >x, A1 (h(—r) — $(—1))

B (9.36)
=T(r)e” " (h(=r) = (1))
It then follows that
1(¥(0) — ¢(0)) + F () — F (o)
>x, M(1(0) = ¢(0)) + L(r)T'(r)(¥(=r) — ¢(—1))
>x, (n+ L(r)e") e T (r)(p(=r) — ¢(=1))
>x, 0. (9.37)

Thus condition (SM,,) holds for F' : ¥ — Xg, and hence by Theorem 2.6.2,
&(t) : Y = Y is strongly order-preserving with respect to <. Let ¢* >, 0
be defined as in the proof of Theorem 2.6.2. Recall that ¢*(s) >x, 0, Vs €
[—7,0]. Then for every ¢ € Y, either the sequence of points ¢ + ;d)* or the
sequence of points ¢ — }Lqﬁ* is eventually contained in Y and approaches ¢ as
n — oo, and hence each point of Y can be approximated either from above
or from below in Y. Clearly, ®(t) : Y — Y has a global compact attractor in
Y. Note that the cone K, has empty interior in C. Fix a ¢(-) € int(X;) such
that dAY — k(z)y <0, Vo € §2, and By = 0, Vo € 912 (e.g., taking ¥ (z) as
a positive steady state of (9.27)). Then Lemma 2.6.1 implies that ¢ € K.
Define

Cy ={¢ € C : there exists § > 0 such that — ¢ <, ¢ <, S}

and

[6lly = inf{B >0: B¢ <, ¢ <, B}, Vo € Cy.
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Then (Cy,| - ||4) is a Banach space and C;r = Cy N K, is a closed cone
in Cy with nonempty interior (see [12]). Using the smoothing property of
the semiflow @(¢) on Ct and the fundamental theory of abstract functional
differential equations, we can show that for each ¢t > r, ®(t)Y C Y N Cy,
&(t) : Y — YNCy is continuous, P(t)ps —P(t)p1 € int(C’J) for any ¢1,¢2 € Y
with ¢2 >, ¢1, and for each nonnegative equilibrium ¢ of @(t), the Fréchet
derivative at ¢ of &(t) : Y NCy — Y NCy exists and is compact and strongly
positive on C;r (see, e.g., [331]). By the generic convergence theorem (see
Theorem 2.2.7), it then follows that there is an open and dense subset U of
Y such that every orbit of @(t) starting from U converges to an equilibrium
in Y. Clearly, the condition that L(r) < 0 and r|L(r)| < 1/e still holds under
small perturbations of b(r). It then follows that there is a small € > 0 such
that the generic convergence also holds in

Y.:={peC": ¢(s,x) < Mr), Vs € [-1,0], z € 2},

where M (r) := be(r)/ko = M(r) + €/ko and b(r) := b(r) + e. By inequality
(9.32), every orbit of @(t) in C* eventually enters into Y. Now the conclusion
(2) follows from the generic convergence in Y, and Theorem 9.5.1(2). ]

Ezample 9.5.1. Consider the model (9.27) with k(z) = k, g(z,v) = g(v) =
pve” 9 where k, p, and ¢ are all positive constants. Let Tp(t) be the analytic
semigroup generated by dA with boundary condition Bv = 0. Clearly, T'(t) =
e *Ty(t), and condition (G) is satisfied. A direct computation shows that
g (v) = pe”(1—qu), " (v) = —pge~ 1 (2—qv), and g(v) reaches its maximum
value g(1/q) = Pe 1.

In the case of the Neumann boundary condition Bv = g
follows that

v =0, it easily

mn

No(d,r,g'(0) = pe™™ =k, b(r) = Te 0D M () = P em (k)

q kg
and
Lir) = {g’(M(T)) —p(1- ie‘(”’")) exp (—i@‘(”’")) if M(r) < 2/q,
9'(2/q) = —pe~? if M(r) > 2/q.

Clearly, if A\o(d,7,¢'(0)) > 0, then the model has a positive constant steady
state ; In (kfkr)'

In the case of Dirichlet boundary condition Bv = v = 0, Ag(d,r, ¢’'(0)),
b(r), and L(r) depend nontrivially on the diffusion rate d and the domain
(2, and any positive steady state is spatially inhomogeneous. It is possible to
get the explicit expressions or estimates for these quantities in some special
cases of the dimensions and shapes of (2. For example, let 2 = Hij\il(o, ),
and define wy(z) = vazl sinz;, Vo = (x1,...,xn) € 2. It is easy to verify
that To(t)wo = e Nawg, ¥t > 0, and that wo(z) is a positive solution of



9.6 Notes 263

the nonlocal elliptic eigenvalue problem (9.29) with k(z) = k, g(z,v) = g(v),
and A = ¢/(0)e” VIR _ (Nd + k). Tt then follows that \o(d,r,g'(0)) =
g (0)e=WNatR)r _ (Nd 4 k).

9.6 Notes

Sections 9.1-9.4 are taken from Thieme and Zhao [371], and Section 9.5 is
taken from Wu and Zhao [411]. The function g(v) in Example 9.5.1 was intro-
duced by Gurney, Blythe and Nisbet [139] in a delayed ordinary differential
model of an adult fly population. A predator—prey reaction—diffusion system
with nonlocal effects was introduced by Gourley and Britton [136]. Freedman
and Zhao [125] investigated a nonlocal reaction—diffusion system modeling
the dispersal of a population among islands. So, Wu and Zou [345] derived
a nonlocal and delayed reaction—diffusion model for a single species with age
structure, and proved the existence of monotone traveling waves in the case
of Gurney, Blythe, and Nisbet’s birth rate function. Gourley and Kuang [137]
studied traveling waves and global stability in another nonlocal and time-
delayed population model with stage structure. For a large class of nonlo-
cal and time-delayed reaction—diffusion models including those in [345, 137,
Thieme and Zhao [372] established the existence of minimal wave speeds for
monotone traveling waves and showed that they coincide with the asymptotic
speeds of spread for solutions with initial functions having compact support.
Fang and Zhao [109] further developed the theory in [372] to nonmonotone in-
tegral equations including some nonlocal reaction—diffusion models with time
delays.

Jin and Zhao [197] investigated the spatial dynamics of a nonlocal periodic
reaction—diffusion population model with stage structure. In the case of a
bounded domain, they obtained a threshold result on the global attractivity
of either zero or a positive periodic solution. In the case of an unbounded
domain, they established the existence of spreading spread and its coincidence
with the minimal wave speed for monotone periodic traveling waves.

The method of fluctuations developed in [371] was further used in Zhao
[440] for the global attractivity in a class of nonmonotone reaction—diffusion
equations with time delay; in Lou, Xu and Zhao [233, 418] for the global
dynamics of reaction—diffusion malaria models with incubation period in the
vector population; and in Wang and Zhao [392] for the disease-free dynamics
of a spatial model for Lyme disease.
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Traveling Waves in Bistable Nonlinearities

We consider the asymptotic behavior, as ¢ — oo, of the solutions of the
problem
up — Uz, — f(u,t) =0, z€R, t>0,

u(z,0)=g(z), zé€R, (10.1)

where f(u,-) is w-periodic for some w > 0, i.e., f(u,w+1t) = f(u,t), Y(u,t) €
R2, and g is an arbitrary bounded function having certain asymptotic behavior
as z — Foo. A typical example of f is the cubic potential

f=0-u*)2u—(1),

where v(+) € O(R, (-2, 2)) is w-periodic. Throughout this chapter we assume
that f satisfies the following structure hypothesis:

(H) f(-,-) € C*Y(R x R,R), the Poincaré (period) map P(a) = w(a,w),
where w(a, t) is the solution to

wy = f(w,t), YteR, w(a,0)=ackR, (10.2)
has exactly three fixed points a~,a?, o satisfying o~ < o® < a¥, and
they are nondegenerate and o are stable; i.e.,

d

d
o P(a?). (10.3)

Pla®) < 1
(™) < <

Clearly, P : [a~,a™] — [a~,a™] is strongly monotone. By the Dancer—
Hess connecting orbit lemma, it is easy to see that lims . (w(a,t)
—w(a~,t)) =0 for each o € [, a?), and lim;—, oo (w(a, t) —w(at,t)) = 0 for
each a € (o, a™].

A periodic traveling wave solution of (10.1a) connecting two stable periodic
solutions of (10.2) is the solution that has the form

(© Springer International Publishing AG 2017 265
X.-Q. Zhao, Dynamical Systems in Population Biology, CMS Books
in Mathematics, DOI 10.1007/978-3-319-56433-3 10
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u(z,t) =U(z — ct,t), U(,t+w)=U(,1),

with
U(£oo,t) := lim U(&,t) = w(a™,t), Vt € R,
§—+o0

where ¢ is some real number, in other words, a wave with speed ¢, which,
when viewed from the standpoint of the moving coordinate frame (i.e., in
& := z—ct), has a profile that oscillates periodically in time. If U(z —ct, t) is a
periodic traveling wave solution of (10.1a) connecting w(a™,t) and w(a™,t),
so is its translation u(z + s,t) = U(z — ct + s,t) for each s € R. By a change
of variable £ = z — ct, it follows that U(&,t) is an w-periodic solution of the
following periodic-parabolic equation

Up — cUe — Uee — f(Ut) =0, V(1) € R

. (10.4)
U(xoo,t) = w(a™,t), VteR.

If, in addition, U(&,t) is bounded on R x [0,w], by the local regularity and
a priori estimates for parabolic equations, Us and Ug¢ are also bounded on
R x [0,w]. It then follows that U(+oo,t) = w(a®,t) and Ug(+oo,t) = 0
uniformly for ¢ € [0,w].

In this chapter we will study the existence, global attractivity, stability
with phase shift, and uniqueness up to translation of periodic traveling waves
of (10.1a) connecting w(a ™, t) and w(a™,t). As an application of these results,
a spruce budworm population model in a temporally homogeneous environ-
ment will be also discussed.

10.1 Existence of Periodic Traveling Waves

Let M > 1 be any fixed constant. Set §2); = (=M, M) and Qs = 257 x (0, w].
For every constant ¢ € R, consider the initial-boundary value problem

V(iM t) = Wi( t), telo,w], (10.5)
V(gO)—g( )7 §€QM7
where W*(t) := w(a™,t), and ¢ is any element in the function class Xy,
defined by

v = {g € CO(=M, M]) : g(£M) = a*,9(0) = a°, g¢()) > 0 in 2ur}.

Lemma 10.1.1. Let M > 1 be any fized constant. The following hold:

(1) For every ¢ € R and g € X, problem (10.5) admits a unique solution
V =V(g,c; & t), and the solution satisfies

W_(t) < V(gvcvgut) < W+(t)7 ‘/f(gucvgut) > 07 ‘/0(970757t) >0
for all (£,t) € Q.
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(2) There exist constants CT (M) and C~ (M) such that C~ (M) < C*T (M)
and

inf V(g,CT(M);0,w)>a", sup V(g,C™(M);0,w) < a’.
9EXn gEX M

Consequently, for every g € Xy, there exists a unique ¢ = C(M,g) € R
such that V(g,c; -,w) € Xar.

(3) There exists g™ € Xy such that V (g™, C(M, gM); - w) = gM; namely,
there exists a solution (CM VM) to the following problem:

LMY= VM -V - CMVM = FVM ) =0 in Qur,
VMM, t) =W=E(t) in[0,w], (10.6)
VM(aO) = VM('vw)'

Proof. (1) Though f is nonlinear so that the solution of (10.5) may blow up,
the property of g in Xj; and a comparison principle yield the a priori estimate
W= (t) < V(& t) < WH(t) for any (&,t) € Q. Hence, (10.5) admits a unique
solution V' = V(g,¢; &, t). Since the a priori estimate implies that Vz > 0 at
¢ = £M, the assumption g > 0 and the maximum principle for the equation
satisfied by V¢ then immediately yield V¢ > 0 in Q. Notice that V. := aacV
satisfies

(Ve)e = (Ve)ege —e(Ve)e = fu(ViO)Ve = Ve >0 in Qu

and V. = 0 on the parabolic boundary of Qj; it then follows that V., > 0 in
@ This establishes the first assertion.

(2) Let W(¢,t) (depending on M) be any fixed function having the follow-
ing properties:

W(O,T)=a’, W(,0)<a, Ve [-M,M],
W(£M,t) < WE(t), Vt € [0,w],
We(€,t) >0, V(& t) € [-M, M] x [0,w].

Since o~ < a’ < a™, such a function can be easily constructed. For example,
pick any monotonic function ¢(€) satisfying (¢ > 0 in [-M, M], ((£M) = o,
¢(0) = a®. Then the function W (&, t) := ((£) — K (w—t) with sufficiently large
K will satisfy all the properties needed. Define

Wi = Wee — f(W; 1)

CT(M) = sup .
(£.6) €[~ M, M]x[0,w] We

Then one can verify that when ¢ = CT (M), W is a subsolution of (10.5a),
(10.5b), and W (-,0) < g for any g € Xys. Hence, by comparison, W (¢,
V(g,CH(M);&,t) in Qpr for any g € Xpr. Consequently, o = W(0,w)
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V(g,CT(M);0,w). This proves the existence of C*(M). The existence of
C~ (M) can be proved by a similar construction.

Recall that for any fixed g € Xu, V(g,¢;0,w) is strictly monotonic in
c € R. By the properties of C* (M), there exists a unique C' = C(M, g) such
that V(g,C;0,w) = a’. Moreover, recalling that V¢ (g, ¢;+,w) > 0 in 25 and
V(g,c;£M,w) = WH(w) = a*, we have that V(g,C(M,g);-,w) € Xar. The
second assertion of the lemma thus follows.

(3) For every g € X define a mapping T : Xpy — X by

T(g) = V(ga O(Mv g); '7w)'

Then we know the following: (a) Xjs is a closed convex subset of C°([—M, M])
and 7 maps X into itself; (b) Since V. > 0 and the solution V (-, ¢; &, t)
depends on ¢ continuously, C'(M, g) is continuous in g, and consequently, T
is continuous from Xp; to Xur; (¢) By a parabolic estimate, T(Xa) is a
bounded set in C?([—M, M]), so that T is compact. Therefore, by Schauder
fixed point theorem, there exists g € Xjs such that T(g) = g. [

We will find estimates for the solution to (10.6) that are independent of
M, so that we can take the limit as M — co to obtain an w-periodic solution
of (10.4). The basic idea is to use the following comparison principle.

Lemma 10.1.2. Let M > 1 be any fived constant and (CM, VM) be any
solution to (10.6).

(1) If (¢, V) satisfies

W_‘/ff_é‘z_f(‘??t)goa (gut)eQ]Wu
V(0,0) > o, (10.7)

then CM < é.

V(M,t) <W*H(), V(0,t) <VM(0,t), Vt € [0,w], (10.8)
V(£,0) < max{a’, V(§,w)}, ¢
then V.< VM in [0, M] x [0,w].

Proof. (1) Assume for contradiction that CM > ¢. Then, since VgM > 0 in

Q]Wa
LV =M, -V —evM — fvM ) = (M - VM > 0in Qu.

Define
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mo = inf {m € (=2M,2M) : VM(£,0) > V(€ —m,0), V& € I},

where I,,, := (=M, M)N(m— M, m+ M). Since VM(M,0) = at > V(-M,0)
and VM (0,0) = a® < V(0,0), we have mq € [0,2M). In addition, there exists
& € 2% = (mg — M, M) such that V*(&,0) = V(& — mo,0). Notice that
the boundary conditions of VM and V imply that on the parabolic boundary
of QM x(0,w], VM(£,t) > V(€—mo, t). Thus, applying a comparison principle
to the functions VM(¢ t) and V(€ — mo,t) in the domain 22/ x [0,w], we
have that VM (¢,w) > V(€ — mo,w) for all £ € 2] . But this is impossible,
since VM (&,w) = VM(&,0) = V(& — mo,0) < V(& — mo,w). Hence we
must have CM < é.

(2) Define mq = inf {m >0: VM(£,0)> V(E—m,0) in [m,M]}. Using
a comparison principle in (mg, M) x (0,w], one can follow the idea in (1) to
deduce that mg = 0. [ |

Now we apply the first comparison principle in Lemma 10.1.2 to estimate
cM,

Lemma 10.1.3. There exists My > 1 such that for each M > My, any solu-
tion (VM CM) of (10.6) satisfies the estimate

|CM| <1+ ssup {(WH(t) =W~ (t) + 2)| fuu(u,t)] : we I, t € [0,w]},
where I := W~ (t) — 1, WT(t) + 1].

Proof. Let ((s) = 5[1 4 tanh(3)], so that ¢/ =¢{(1—¢) and ¢ = ¢'(1 - 2().
Set wy(t) = W(t) and wo(t) = w(a™ — g, t), where ¢ is a small constant
such that wa(t) > W~ (t) — 1 in [0, w]. Consider the function

(&, 1) = wi(t)C(€ 4 &o) + w2 (E)[1 — (€ + &o)l,

<

where &) is a constant such that (&) = g‘iii:ii% Since wy (w) = w1(0) and

wa(w) > wa(0), V(-,w) > V(-,0). Also, V(0,0) = a°, Ve > 0, V(00,0) = o,
and V(—o00,0) = a™ — &o.
Observe, by Taylor’s expansion, that

CFwn, ) (1) s, 1) = F (G-t (1= Cn 1) = L (1) s —02)” (0,1
for some 6 € (w2, w;). Taking
c=1+2sup{(WH(t) =W~ (t) +2)| fuulu,t)| : w€ L, t € [0,w]},
we have that for all (£,¢) € R x [0,w],
LV) = [—e¢’ = ¢"(wr —w2)
+ [Cf (w1, 1) + (1= Q) f (w2, ) — f(Cwr + (1 = Qwa, t)]
=—C1 = (w1 —wy)[e+1—2¢ = 5 (w1 — wa) fuu(f,1)] < 0.



270 10 Traveling Waves in Bistable Nonlinearities

> gt—a——
V(=M,0) < a”), we have CM < & Similarly, one can establish the lower
bound of CM, thereby completing the proof of the lemma. ]

Thus, by Lemma 10.1.2 (1), for all M satisfying ((—M) < o _., (sothat

The following result says that equation (10.1a) has a monotone periodic
traveling wave solution connecting two stable periodic solutions of (10.2).

Theorem 10.1.1. There exists a solution (c,U) to the problem

Ug — cUg — Uge — fU,t) =0, V(1) e RQ,
U(doo,t) = w(a*,t), VteR, (10.9)
U(-,w) =U(-,0), U(0,0)=a’,

with Ug(-,-) > 0 in R?.

Proof. For each integer M > 1, by Lemma 10.1.1, problem (10.6) admits a
solution (CM VM), From Lemma 10.1.3, we know that {CM} />, is uni-
formly bounded. Hence, by parabolic estimates [209], sup yrs ar, IV [ 021 (Qur)
is uniformly bounded also. Therefore, we can select a subsequence {M;}%2,
such that as j — oo, M; — oo, CMi — ¢* and VMi — U* (uniformly in any
compact subset of R x [0,w]), where (¢*,U*) satisfies the following equations

Uf —Uie — Ui — f(Ut) =0 in R x[0,u],
U*(0,0) = aov U*(,O) = U*('vw) in Rv
Ug >0 inRx[0,w].

Thus, to show that (¢*, U*) solves (10.9), we need only show that U*(+o00,t) =
WE(t).

Assume for the moment that U* is nontrivial; i.e., U*(-,t) # w(a®,t).
Then Uy # 0, so that by the condition Uy > 0 in R x [0,w] and the strong
maximum principle, we have U > 0 in R x [0, w]. Consequently, U*(+o0,t) :=
limg 400 U*(€,t) exist and U*(—00,0) < a® < U*(00,0). Since U*(-,t) is
monotonic, UF and U{, approach zero weakly as |£| — oo. It then follows that
U*(00,t) and U*(—o0, t) are periodic solutions of w; = f(w,t). Hence, by the
assumption on f, we must have U*(fo00,t) = W (t).

Thus, to finish the proof, we need only show that U* is nontrivial. Without
loss of generality, we assume that ¢* > 0. Also, we can assume that U*(0,t) >
w(a®,t), Vt € [0,w], since otherwise, U*(-,t) # w(a®,t), so that U* is not
trivial. Under these assumptions, we have that

lim ¢ >0, lim min {V*(0,t) — w(a®,t)} > 0.

j—o00 j—oo te[0,w]

We shall use Lemma 10.1.2(2) to show that U* is nontrivial.
Since wq = exp (fot Su(w(a, s), s)ds) > 0, it follows that
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[Waa(a,t)]

K = max{ wa(cr 1)

+1l:a€fa,at], te [O,w]}

is finite. Take § = min { o> °‘+g°‘0 } Let {(-) € C*°([0,0),R) be a function
such that

C(s) = a’+ (s +V0)? =20 if s€[0,Vd],

0<¢(s) <BVE, a® +26 <((s) <+ 78, |¢"(s)| < 2ifs € [V§,0).

For any d; > 0, let w(«, t) be the solution to
3
= f(io,t) = 81 (max{0, 0 — w(@® +6,0)}),  (a,0) = a,

Clearly, w(a,t) = w(a,t), Ya < a¥ + 4. Since P(a) > a, Va € (a at),
for every positive d; sufficiently small, w(a,T) > «, Va € (a,a® + 76]. In
addition, by taking smaller d; if necessary, we have that

[Waa(c,t)]

max N < K.
a€a®—6,a0476],t€[0,w] Wa(a,t)

We henceforth fix such d; > 0. Also, we set

§ := min {w(a®+26,t) —d(a’ +6,)},
te[0,w]

 Let € be a small positive constant to be determined. Consider the function
V(& t) = w(¢(€),t). One can calculate

£ (V) = 6 (max{0,(C.1) — (o + 5, t)})3

_ wa (€2<// 4 ECMjC/ 4 52 U/:;‘a (</>2)7
where w is evaluated at (¢(e€),t). We want to show that £ (V) < 0in
[0,00) x [0,w] by considering two cases: (i) ¢ > a® + 24; (ii) ¢ < a® + 24.
In the first case,

£ W)

IN

—0105 + 1l (25 — 5Vmin{CM:, 0} + 255K5)
—515% —Ce<0

IN

if we take e small enough.
In the second case, with ¢ fixed as above, let s := & € [0,V/§), so that
¢" =2 and ¢’ = 2(s +V/§) < 4V/5. It then follows that

£ (7 < —was(% + 4min{CMi | 0}/6 — 165K5) <0
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€
8Vs'
In summary, there exist ¢ > 0 and J > 0 such that £°"” (V) < 0 in
[0,00) x [0,w] for all j > J.
Finally, observe that for all ¢ € [0, w],

V(0,1) = w(¢(0),t) = w(a® — 6,t) = w(a® — §,t) < VMi(0,¢)

if we take j large enough such that O™ > —

if we take j large enough. Also, for any M € [1, 00),
V(M,t) <w(a® +76,t) < w(a® + 76,t) < WT(¢).
Furthermore, if V/(&,0) > o, then ¢ = ¢(e€) > o, so that

V(€,0) = d(((£€),0) = ((£€) < @(((e€),w) = V(£ w).

Thus, by Lemma 10.1.2 (2), for all j large enough, VM > V in [0, M;] x [0, w].
Consequently, U* >V in [0,00) x [0,w], and therefore U* cannot be trivial.
This completes the proof of Theorem 10.1.1. [

10.2 Attractivity and Uniqueness of Traveling Waves

In this section we study the asymptotic behavior, as t — oo, for the initial
value problem (10.1) for a large class of initial conditions g. The analysis can
be naturally divided into two parts. In the first part one shows that a solution
develops, after some time, a wave-like profile. In the second part, one shows
that the solution converges to a translate of the monotone traveling wave
solution claimed in Theorem 10.1.1.

Let X := BUC(R,R) be the Banach space of all bounded and uniformly
continuous functions from R to R with L>°-norm, and let Xy := {g € X :
g(z) > 0,z € R} be its positive cone. In the sequel we shall denote by U9 (&, t)

the solution of
LU :=U —cU? -UZ — f(U9,t) =0 inR x (0,00),
(U9) ; ¢ —Ug — f(U%1) (0,00) (10.10)

U9(-,0)=g(-) onR,

where ¢ is the speed of the traveling wave solution of (10.9). Clearly, the
solution u in (10.1) is given by u(z,t) = U9(z —ct,t). Weset ||- || = || - || Lo (r)-

Lemma 10.2.1. Let (¢,U) be a solution of (10.9) and let U9(,t) be the so-
lution of (10.10) for g € X.

(1) If there exist constants oy € (™, 00) and ag € (o™, ) such that
g(&) < a1 in R, g(&) <as in (—0,0), (10.11)

then for any € > 0, there exist a positive number Z and a positive integer
k such that X
U9(& kw) <U(E+ 2,0) +e, véeR.
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(2) If g € X satisfies

limsup g(z) < a®, liminf g(z) > a°, (10.12)

Z——00 Z—00

then for every ¢ > 0, there exist a positive number 2 = Z(g,g) and a
positive integer k = k(e, g) such that

UE—-20)—e<UEkw) SUE+2,0)4+e, VEER  (10.13)

Proof. (1) Set ((s) = J[1 + tanh 3], wi(t) = w(21 — az,t), and ws(t) =
w(ae, t), where w(a, t) is the solution of (10.2). Define

¢=c+ 1+ gsup{(wi(t) — wa(t)| fuu(8,1)] : 0 € [w2(t), wy(t)],t € [0,00)}
and

V(E,t) = w1 (£)C(E + ét) 4+ wa(t)[1 — C(€ + ét)).

Then, by (10.11), V(-,0) > g(-). The same computation as in the proof of
Lemma 10.1.3 shows that £°(V) > 0in Rx[0, 00). A comparison principle then
yields U9(&,t) < V(€,¢) in R x [0,00). The first assertion of the lemma thus
follows from the fact that limy_, oo wa(kw+1t) = W (8), limg_y0o w1 (kw+1) =
W (t).

(2) The second assertion follows from (1) and a similar estimate on the
lower bound of the solution. ]

Lemma 10.2.2. Let (¢,U) be a solution of (10.9) and g € X.

(1) There exist positive constants €g, Ko, po such that if for some ¢ € (0, &)
and 2 € R,

9() SUC+20)+e (o g() = U(—20) —¢),
then for all t > 0,
U9(-,t) <U(- + 2 + Koe, t) + Koee P
(07" UI(,t) >U(-— 2 — Kpe,t) — Koae_p°t>.

(2) There exists a positive constant Ky such that if ||g(-) — U(-,0)|| < ¢ for
some € € (0,¢&0], then

[U9(,8) =U( D)) < Kie,  VEZ0.

Proof. We need only prove (1), since (2) is a direct consequence of (1). With-
out loss of generality, we assume that 2 = 0.
Let W*(t) := w(a™,t) and define
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+ _ 1 “
vt = —w/o fu(W=(t),1) dt,
b gt (10.14)
at(t) = exp( 5 —l—/o fu(WE(7),7) dT) .
Since P'(a*) = exp ([ fu(WE(t),t)dt) < 1, we have v > 0 and a*(w) =

t
1/i + . +
exp (_ 2 ) < 1. Let I, := [W=(t) — n, WE(t) + 7] and define

sup {n > 0: |fu(u,t) — fu(WE(t),t)| < vE/2,Vt € [0,w], uEItn}
2[la* ()l eo(o.w +2||a lleoqo.w)

50 = inf {é 2 1: |U(:|:€7t) - Wi(t)| S 2 ) V§ € [5700)7 le [va]}
(10.15)
Since U(doo,t) = W*(t) uniformly for ¢ € [0,w], both §p and & are well
defined.
Let ¢(-) € C?(R,R) be a function satisfying

0=

¢(s)=11in [3,00), ¢((s) =0 in (—o0,0],
0<(¢'(s) <1 and [¢"(s)] <1 inR.

Define
A1) = ((Oa™ (1) + (1 = ((§))a™ (1), (10.16)
B(t) = [y max{a*(r),a ()} dr, (10.17)
K= (1/ Fu 14+ 2||fu|\)/(te[wf?g[l_gm] Ug(f,t)), (10.18)

V(& t)=U(E+ KeB(t),t) + €A, t),

where || fu| = max{|fu(u,t)| : t € [0,w],u € [W~(t) — 1, WT(t) + 1]}. Note
that

+ vt
a*(t) <Cexp | — 5 ) vt € [0, 00),

where C' = supcg exp(v¥t + fot fu(WE 1) dr). Tt follows that as t — oo,
a®(t) and [|A(-,t)||cor) approach zero exponentially fast, and B(t) is uni-
formly bounded. We take g9 = dyo/(2KB(c0)). We want to show that
U9(-,-) <V(,-) inR x [0,00).

When t =0, V(-,0) =U(-,0) +& > g(-) = U9(-,0). Also, we can calculate

ﬁc(V) = KEBtUg + E[At - CAg - Agg - Afu(U + EHA,t)]

for some 0(¢,t) € (0,1).
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Now we claim that £°V > 0, Ve € (0,¢0]. We consider three cases: (i)
£ € [0, 00), (i) & € (—00, &, and (i) € € €0, o).

In the first case, ¢ = 1, Ae = Age = 0, BUe > 0, |fu(U + e0A,t) —
fu(WH(@), )| < ”;, and A; = 14[”2+ + fu(WT(t),t)]. It then follows that
LV >0 in &y, 00) X [0,00). Similarly, £V > 0 in the second case.

In the third case, i.e., £ € [—&o, &), we have that

|Ar — cAg — Age — Afu(U +0A,8)| < a(t)(v™ + v~ + 2| full + |c] + 1),
where a(t) := max{a™(t),a”(t)}. On the other hand, we have that
BUg > max{a™(t),a” (t)} min{U¢ : t € [0,w], & € [—&o, o]}

Hence, by the definition of K, LV > 0 in [—&p, &o] % [0, 00).
In conclusion, £°V > 0 in R x [0, 00). Therefore, by the comparison prin-
ciple, U9 <V in R x [0, 00). The assertion of the lemma thus follows. ]

Theorem 10.2.1. Let (¢,U) be a solution of (10.9) and let u(z,t,g) denote
the solution of (10.1). Then for any g € X satisfying (10.12), there exists
sq € R such that lim; o |u(z,t,g9) — U(z — ct + sq,t)| = 0 uniformly for
z € R. Moreover, any periodic traveling wave solution of (10.1a) connecting
w(a™,t) is a translation of U.

Proof. Let V = [a~,at]x, and define &;(g) := U9(-,t), g € V,t > 0. Then
®,(-) is the periodic semiflow generated by periodic equation (10.10). Let S :
V — V be the Poincaré map associated with @;(-); that is, S(g) := P, (g) =
U9(-,w), g € V. Clearly, S"(g9) = U9(-,nw),¥n > 0. Then S : V — V is
monotone. By Lemmas 10.2.1 and 10.2.2(1), there exist a positive integer k
and a large number 2 such that for all (¢,¢) € R x [kw, ),

U(§ — 2 — Kogo, t) — Kogoe ™" < §4(9)(€) < U(E+ 2+ Koeo, t) + Kocoe .
(10.19)

Notice that {S™(g)}5%, is a bounded sequence in C*(R,R), and that U (¢, t)
approaches W*(t) as ¢ — oo, uniformly in ¢ € [0,w]. Consequently, the
positive orbit v (g) := {S™(g) : n > 0} is precompact in X, and hence its
omega limit set w(g) is nonempty, compact, and invariant (i.e., S(w(g)) =
w(g)). Letting a = 2 + Koeo and ¢t = nw — oo in (10.19), we then get
w(g) C I:==[U(-—a,0),U(- + a,0)]x. Define h(s) = U(- + 5,0),Vs € [—a,al.
Then h is a monotone homeomorphism from [—a,a] onto a subset of I. By
Lemma 10.2.2(2), each h(s) is a stable fixed point for S : V' — V. Clearly, each
¢ € I satisfies (10.12), and hence Lemmas 10.2.1 and 10.2.2(1), as applied
to ¢, imply that v*(¢) is precompact. To get the convergence of vT(g), it
then suffices to verify condition (3a) in Theorem 2.2.4. Assume that U(- 4+
50,0) < w(gp) for some sg € [—a,a) and ¢y € I. Then for each ¢ € w(¢py),
U(- 4+ 50,0) < ¢(-) and U(- + s9,0) Z (). By the strong maximum principle,
U(€ + s0,t) < P(@)(€), V€ € R, t > 0, and hence, letting t = w, we get
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U(€ + 50,0) < S(@)(€), V¢ € R. By the invariance of w(¢g) for S, it then
follows that

U+ 50,0) < 9(§), VE €ER, Vo € w(do).
Since limg_, 4o Ug(€,0) = 0, we can choose a large positive constant b € (a, c0)

such that 0 := sup¢|>_, Ue(§,0) < 411(0. By the compactness of w(¢g), there
exists a number oy € (s, a) such that

U(é + 0070) < (b(g)v V{ € [_bv b]v V(b € W((bo)-

For each ¢ € w(¢gy), there is a sequence n; — oo such that S™(¢9) — ¢, as
j — oo. Fix an integer ny such that ||S™ (¢o) — ¢|| < d(c0 — so). Since

o(&) = U+ 00,0) >0, V€ € [—b,b],

and
(b(g) - U(€+0-070) 2 U(€+ 8070) - U(€+0_070)7 vé- S ]Ru

we have

5™ (¢0)(§) = U(€+00,0) = =[[S™*(do) — 8l + ¢(§) = U(§ + 00,0)
> —b(co — s0) — sup |U(z + s0,0) — U(z + 09, 0)|
|2[2b

—25(00 — SQ), V§ eR.

Y%

Thus, by Lemma 10.2.2 (1),
,(S™ (o)) > U(- + 09 — 2Kod(00 — o), 1) — 2Kod (00 — so)e "0, Vit > 0.
Letting t = (n; — ng)w and j — oo, we then get
¢(-) > U(-+ 00 — 2Kod(00 — 50),0) > U(- + (00 + 50)/2,0).

Let s1 =} (00 + s0) € (s0,00). Thus w(¢o) > U(- + s1,0). By Theorem 2.2.4,
there exists sy, € (—a,a) such that w(g) = h(sg) = U(- + s4,0). Then
limy, 00 S™(g) = U(- + s4,0), and hence lim; o ||P:(g) — U(- + s4,t)|| = 0.
Since u(z,t,g) = P1(g)(z — ct), we have

tlim (u(z,t,g) —U(z —ct + s4,t)) =0
— 00

uniformly for z € R.

Let U(z — ¢t,t) be a periodic traveling wave solution of (10.1a) with

U(+oo,t) = w(a*,t). Clearly, U(-,0) satisfies (10.12). By what we have
proved above, there exists s € R such that
tlg})lo U —ét,t) —U(- —ct+5,t)|| =0.

By a change of variable £ = z — ct, it then follows that
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lim |U(- + (¢ — &)t,t) — U(- + 5,1)|| = 0,
t—o00
and hence, letting t = nw, we get

lim U(- + (¢ — &)nw,0) = U(- + 5,0).
Since U(+00,0) = o and U(-,0) is strictly increasing on R, we deduce that
¢ = ¢, and hence U(-,0) = U(- + §,0). Thus, U(-,t) = &, (U(-,0)) = &(U(- +
5,0) = U(- + 5,t), V¢ > 0. .

10.3 Exponential Stability of Traveling Waves

In Section 10.1 we established the existence of a traveling wave solution
(¢, U(&,t)) for (10.1a). Since (10.1a) is translation invariant in z, this trav-
eling wave solution provides a one-dimensional manifold of special solutions
to (10.1a):

M = {u(z,t) =U(z — ct — 29,t) : 20 € R}.

By Theorem 10.2.1, M attracts a large class of solutions of (10.1). In this
section we will show that the convergence is also uniformly exponential with
respect to this class of solutions via spectral analysis.

As in the proof of Theorem 10.2.1, we use the traveling coordinates (,t),
where £ = z — ct, and consider the resulting periodic-parabolic equation:

v —cve —vge — f(v,8) =0, £€R, t>0. (10.20)

Thus, the original problem now can be recast as the stability of the manifold
of stationary states:

M:={v(t)=U(+s,0) : seR}

in the class of solutions of (10.20). Notice that any element in M is a fixed
point of the Poincaré map S : V = [a~,a™]x — V associated with (10.20).
Hence M is an invariant manifold of S. We are interested in the linearization
of S about points in M. Without loss of generality, we need only consider the
point Uy = U(+,0). One can easily show that the derivative S’(Up) is given by
S'(Up)v = H(-,w), where H(&,t) is the solution to

Ht—CHg—Hgg—fu(Uo(f,t),t)H:O, EeR, t>0,

H.0) = o() (10.21)

Lemma 10.3.1. Let

1 w
v = - / FoWE(8),0)dt,  vo =min{u*, 7},
w Jo
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Then the essential spectrum of S’(Up) is contained in the disk {\ € C : |\ <
e Y. Thus, if X is in the spectrum of S'(Up) and |A| > e "%, then A
is an eigenvalue, and for any r > e "°%  there are only a finite number of
eigenvalues of S"(Up) in {A € C: |A| >r}.

Proof. Let ¢(-) € C*(R,R) be a function satisfying ((§) = 0 for £ < —1,
¢(§) =1for { > 1, and ¢" > 0 in R. Consider an operator K defined, for every
bounded v, by ICv = H(-,w), where H(&,t) is the solution to

Hy —cHe — Hee + [vTC+v (1= Q)H=0, £€R, t>0,
H(-,0) = v().
Since ¢ + (1 — ¢)v™ > v, the maximum principle shows that
LA (- )|y < e oll Loy, VE> 0.

In particular, [[Kv||pe~ @) < e™"°||v][ g (r). Therefore, the spectral radius of
K is at most e~"0%.

To connect the essential spectrum of S’(Up) with that of K, we make the
following transformation for the solution of (10.21):

H(&,t) = H(,t)P(&,1),

where

P(&,t) =pt(1)¢(E) +p~ (1)1 = ¢(9)),
pi(t) = exp (/0 fu(Wi(T), T)dr + I/it),

Note that p*(t),p~(t), P(-,t) are positive and periodic in ¢, and p*(w) =
1, P(-,w) = 1. It then follows that S'(Up)v = H(-,w) = H(-,w). Direct
calculation shows that H satisfies

H; —¢(8,t)He — Hee — qH =0,
where

&ty =c+et), gt =20p"—p)J/P,

7= fu(Uo,t) + [clp* —p7 )¢+ (0F —p )" —pif ¢ —p; (1= Q)]/P
=—vi(—v (1-0)+a&1),
q(&,t) = (q1(§,t) + @2(&,1) + @3(&,1)) / P,y
q1(&,t) = [fu(Uo,t) = fu(WT (1), )lp™C,
@2(&,t) = [fu(Uo, t) = fu(W™(8),0)]p~ (1 = ©),
@&t =c1=Qwr —v)p~ —p") + " —p (e +¢).

Notice that ¢ = 0 if |§] > 1 and ¢ approaches zero exponentially fast as
|€] = 00. One can show that I — S’ (Up) is compact from X into X by using
the fact that parabolic equations are smoothing.
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Now by Weyl’s well-known result, the essential spectrum of S’(Uy) is the
same as that of K. Hence, p(S’'(Up)), the radius of the essential spectrum of
S’ (Uy), is not bigger than e~ 0%, "

Lemma 10.3.2. Assume that X\ is an eigenvalue of S'(Uy) with eigenfunc-
tion v. If v & span{U¢(-,0)}, then |A\| < 1.

Proof. Assume that A is an eigenvalue with eigenfunction v € X and v ¢
span{Ug¢(-,0)}. Denote by H(&,t) the solution of (10.21) with initial value v.
Let

1
h(&,t) = e" H(E,t), where u=— Log\.
w
Then an easy calculation shows that (u, h) satisfies

ht — che — hee — fu(Uo(&,t),t)h = ph, eR,t>0,
t = che — hee = fu(Uo(&, 1), t)h = ph, € (10.22)

h(-,0) = h(-,w).
Hence (10.22) can be viewed as the spectral problem associated with the

operator
L := 0 — c0¢ — Oge — fu (Uo(§,1),1) (10.23)

in an appropriate space of periodic functions.

The eigenvalue A of the linearized period map S’(Up) is called a charac-
teristic multiplier, while the associated p is called a characteristic exponent.
Since Log is multi-valued, it is easy to see that if (i, h) is a characteristic
exponent/eigenfunction pair, so is (1 + 7", he "), where i = v/—1. Notice
that all these exponents produce the same multiplier.

Clearly, to show that |A| < 1, we need only show that Re(u), the real part
of p, is positive. Our proof is by contradiction. Assume that p1 := Re(u) < 0.
Consider the polar representation of h: h = re'?, where both r and @ are real
and r > 0. In the set where r does not vanish, 6 is well defined and is smooth.
Substituting this polar representation into (10.22) and taking the real part,
we obtain

Lr = (p1 — 9?)7‘ <0

on the set where r > 0.
We first claim that r < MU for some M large enough. For this purpose,
consider the periodic functions

QF(&,t) = e exp (/t fu(WE(T), 7)dr + Vit) ,
0

where y* = (—c4+/c2 + 2v%) /2. An easy calculation shows that for some &
large enough,

LQ* = QF[fu(WE(t),1) — fu(Uo,t) + vF — cv® = (vF)?]
= QF[fu(W=(t),t) — fu(Uo,t) + v /2] > 0
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for all |£] > & and t € R. Now let M; be a large constant such that
MU (£&o,t) > r(£&o,t), Yt € [0,w]. We claim that r < M;1Ug in [§p, 00) X
[0,w]. In fact, if this is not true, then since v+ > 0, we have QT — oo as
& — 00, and so there exists § > 0 and (&1,t1) € (§o,00) x [0,w) such that
r < MiUe + 6Q" in [§,0) x [0,w] and the equal sign holds at (£1,¢1). Set
w = MUg+6Q" —r. Then Lw > 0 in [§o, 00) x [0, 2w] N {r # 0}. In addition,
w > 0 in [&,00) X [0,2w] and w > 0 on {r = 0}. Hence, applying locally the
Harnack inequality to each of the components where r does not vanish, we
have that w > 0 in [£g, 00) X (t1,t1 + w]. This contradicts, by the periodicity
of w, the assumption that 0 = w(&1,¢1) = w(&1,t1 + w). Hence, r < M Ug
in [£y,00) x [0,w]. Similarly, this inequality holds also on (—oo, —&] X [0, w].
Thus, there exists a positive M such that » < MU in R x [0, w].

Now let My be the minimum real number such that » < MyUg in R x
[0,w]. Consider the case that r # MyUe. Then, applying locally Harnack’s
inequality in the set where r does not vanish, we obtain r < MyU¢ in R x
[0,w]. Consequently, there exists € € (0, M) such that r < (My — €)U¢ in
[—&0,&0] % [0,w]. Then as before, utilizing the function Q*, we can conclude
that r < (Mo — €)U¢ in R x [0,w], which contradicts the definition of M.
Hence 7 = MoUg > 0 in R x [0, w]. Consequently, (11 —6F)r = 0. Thus, 1 = 0
and ¢ = 0. Using the 0 equation, we then conclude that #; = 0, and hence 6
is a constant function. That is, h = re'? is a multiple of Ug, which contradicts
the assumption that h ¢ span{U,}. This contradiction shows that Re(x) > 0,
e, |Al < 1. "

Theorem 10.3.1. There exists a positive constant > 0 such that for every
g € X satisfying (10.12), the solution u(z,t,g) of (10.1) satisfies

lu(z,t,9) —U(z — ct + 84,t)| < Cge ™, VzeR, t>0,
for some constants s; € R and Cy > 0.

Proof. Notice that v = Ue(,0) is an eigenfunction of S’(Up) with eigenvalue
1. This is a simple geometric fact, since Ug(-,0) is the tangent to the one-
dimensional invariant manifold M at U(-,0). By Lemmas 10.3.1 and 10.3.2,
it follows that 1 is a simple eigenvalue of S’(Uy), and the rest of the spectrum
of S'(Up) is contained in a disk of radius p(S’(Up)) strictly less than 1. Thus,
by a well-known result (see [150, Section 9.2]), the manifold M is locally
exponentially stable with asymptotic phase for S : V — V. By the fact that
®4() : V = V is an w-periodic semiflow, together with Theorem 10.2.1, it
then follows that there exists a positive constant p > 0 such that for every
g € X satisfying (10.12), ¢;(g) satisfies

Hd)t(g) - U(' + Sg> t)” < Cgeiutv Vit > 07

for some constants s, and Cy. In addition, the exponent ;1 can be taken
arbitrarily close to — In(p(S"(Up))). "
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10.4 Autonomous Case: A Spruce Budworm Model

In this section we consider the autonomous case of problem (10.1), i.e.,
flu,t) = f(u), V(u,t) € R2. Biologically, this models a temporally homo-
geneous environment. Then we have the following problem:

up — Uz — f(u) =0, zeR t>0,

u(z,0) =g(z), z€R, (10.24)

and the structure hypothesis on f reduces to

(H) f(-,-) € C*Y(R x R,R), and f admits three zeros a~ < o < a¥
such that ° is the unique zero of f in (o, a™) and f'(a®) < 0 and
f'(a®) > o0.

Let u(t,up) be the solution to the scalar autonomous equation

du
= t
g =W, >0,
u(()) =ug € R.

(10.25)

Then (10.25) generates a strongly monotone autonomous semiflow
() =u(t,) : [a7,af] = [a7,a"].

Clearly, o™ are two linearly stable equilibria of ®9(-), and o is a linearly
unstable equilibrium of @9 (). By the continuous-time version of the Dancer—
Hess connecting orbit lemma, it easily follows that lim; o u(t, ug) = o~ for
each ug € [a™,a?), and lim;_,o0 u(t,up) = o™ for each ug € (a2, a™].

Theorem 10.4.1. Let (H' ) hold. Then (10.24a) admits a monotone traveling
wave solution U(z — ct) connecting o™ and ot such that any traveling wave
solution of (10.24a) connecting o~ and o is a translation of U. Moreover,

+
the sign of the wave speed c is opposite to that of f;‘, fw)du, and there exists
a positive constant > 0 such that for every g € X satisfying (10.12), the
solution u(z,t,g) of (10.24) satisfies

lu(z,t,9) —U(z —ct +s,)| < Cye ™™, VzeR, t >0,
for some constants s; € R and Cy > 0.

Proof. Let f(u,t) := f(u), ¥(u,t) € R?. Clearly, f(u,) is w-periodic for any
w > 0. By Theorem 10.1.1, (10.24) has a monotone 1-periodic traveling wave
solution U(z — ct,t) connecting o~ and o, and for any integers m,n > 0,
(10.24) also has a monotone | -periodic traveling wave solution U(z — et,t)
connecting o~ and a*. Since both U(z — ct,t) and U(z — &, t) are monotone
n-periodic traveling wave solutions, Theorem 10.2.1 with w = n implies that
c= ¢ and for some s € R, U(&,t) = U(€ + s,t), V€ € R, t € R. Thus, for each
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§eR,U(E,-) is also [ -periodic, which implies U (§,t) = U(§), V§ € R, t € R.
The exponential stability with phase shift then follows from Theorem 10.3.1.
Note that U(€) satisfies

cUe +Uge + f(U(§)) =0, VEeR. (10.26)

Multiplying equation (10.26) by Us > 0 and integrating from —oo to oo, we get

/Oo [U'U" +c¢(U")? + f(U)U"dE = 0.

— 00

Since U’(£00) = 0,U(+00) = o, this can be integrated to give

[ Z(U')zds -/ O:O rowae - [ " o,

.
and hence the sign of ¢ is opposite to that of f;, fw)du. ]

A practical model that exhibits two positive linearly stable steady state
populations is that for the spruce budworm, which can, with ferocious ef-
ficiency, defoliate the balsam fir. Ludwig et al. [238] presented a budworm
population model

dN

0 (10.27)

2
AN,

- Kp) A24 N2

Here rp is the linear birth rate of the budworm, and Kp is the carrying

capacity, which is related to the density of foliage available on the trees. The
2

term A? JJFVNZ with A, B > 0 represents predation, generally by birds. If we

introduce nondimensional quantities by

- N - ATB - KB Bt
u—A, r= B q= A T_Au (10.28)
then equation (10.27) becomes
du U u?
_ . = 1— — ) 10.29
dr f(’uwrvq) ru ( q> 1+u2 ( )

Clearly, the positive steady states are solutions of

L u
r|l— = .
q 1+ u?

That is, the positive equilibria are given by the intersections on the (u,v)-
plane of the straight line v = r(1 — u/q) and v = 142+ It easily follows that
there is a domain in the 7, ¢ parameter space where there are exactly three
positive equilibria o~ < a® < at and f’(a®) < 0 and f/(a®) > 0.
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Field observation shows that there are three possible positive steady states
for the population. The smallest steady state a~ is the refuge equilibrium,
while o' is the outbreak equilibrium. From a pest control point of view, we
should try to keep the population at a refuge state rather than allow it to reach
an outbreak situation. In order to take into account the spatial dispersal of
the budworm, we consider the reaction—diffusion model

Uy — Uz — fusr,q) =0, zeR, t>0. (10.30)

By Theorem 10.4.1, (10.30) has a monotone traveling wave U(z — ct) con-
necting o~ and o, and it is globally asymptotically stable with phase shift.
If ¢ < 0, then u — o' as t — oo, and hence the outbreak spreads into the
refuge area. On the other hand, if ¢ > 0, then u — a~ as t — 0o, and hence
the outbreak is eliminated. Now there is a practical question:

If a budworm outbreak occurs and is spreading, how can we alter the lo-
cal conditions so that the infestation or outbreak wave is either contained or
reversed?

From the above, we must thus locally change the budworm growth dynam-
ics so that the wave speed ¢ becomes positive. By Theorem 10.4.1, we need
to require

/j fu)du = /j f(u)du + /j fu)du < 0.

Clearly, f;j f(u)du < 0 and fjf f(u)du > 0. Thus ¢ > 0 if a® and o™ are
very close together. Note that the curve v = | fuz is fixed on the (u,v)-plane,
but we can change the straight line v = r(1 —u/q). Thus we can make o and
a™ closer by reducing the dimensionless parameter gq. Recall that ¢ = I;B.
So a practical reduction in ¢ could be made by, for example, spraying a strip
to reduce the carrying capacity of the tree foliage. In this way an infestation
“break” would be created, and hence the wave speed ¢ in the above analysis
is no longer negative. A more practical question, of course, is how wide such
a “break” must be to stop the outbreak getting through, which needs careful
modeling consideration.

10.5 Notes

All results in Sections 10.1-10.3 are due to Alikakos, Bates and Chen [8], and
the proofs of them are modified from [8]. In the proof of Theorem 10.1.1, we
did not use the uniqueness of solutions to equation (10.6). In the proof of
Theorem 10.2.1, we first applied Theorem 2.2.4 to prove the global attrac-
tivity with phase shift of the given monotone periodic traveling wave, and
then obtain easily the uniqueness of periodic traveling waves. The biological
interpretations for traveling waves in a spruce budworm model in Section 10.4
is adapted from Murray [253, Section 11.5].
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There are many investigations on traveling waves in bistable nonlineari-
ties. The global exponential stability in Theorem 10.4.1 is due to Fife and
McLeod [116]. Theorem 10.4.1 is a special case of Chen [59] concerning the
existence, uniqueness, and asymptotic stability of traveling waves in nonlocal
evolution equations. The results on periodic traveling waves in [8] were also
extended to a more general periodic nonlocal integro—differential model by
Bates and Chen [30]. Schaaf [301] studied the existence of traveling waves
in delayed reaction—diffusion equations, and the global exponential stability
and uniqueness were proved by Smith and Zhao [338]. Shen [306, 307] inves-
tigated these problems for almost periodic traveling wave solutions. Ogiwara
and Matano [265] discussed the monotonicity and stability with phase shift of
pseudo-traveling waves for certain class of quasilinear diffusion equations and
systems in the setting of order-preserving dynamical systems under a group
action.

A general theory of bistable waves for monotone semiflows was developed
by Fang and Zhao [111], where the existence of bistable waves was also ob-
tained for time-periodic and cooperative reaction—diffusion systems. This the-
ory and Theorem 2.2.4 were used to study the existence and global stability of
bistable waves in Zhang and Zhao [426] for a reaction—diffusion competition
model with seasonal succession and in Bao and Wang [28] for a periodic Lotka—
Volterra competition system. The dynamical systems approach via Theo-
rem 2.2.4 to the global stability of traveling waves was employed in Xu and
Zhao [416] for a reaction—diffusion system modeling man—environment—man
epidemics; in Jin and Zhao [196] for a class of degenerate reaction—diffusion
systems; and in Ding, Hamel and Zhao [99] for scalar reaction—diffusion equa-
tions in a periodic habitat. Recently, the existence and qualitative properties
of transition fronts were also investigated in Ding, Hamel and Zhao [98] for
spatially periodic reaction—diffusion equations with bistable nonlinearities.
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The Theory of Basic Reproduction Ratios

The basic reproduction number (ratio) Ry is one of the most important con-
cepts in population biology, see, e.g., [16, 94, 148, 149, 78] and the references
therein. In epidemiology, Ry is the expected number of secondary cases pro-
duced, in a completely susceptible population, by a typical infective individual
during the infectious period, and Ry is also a commonly used measure of the ef-
fort needed to control an infectious disease. Diekmann, Heesterbeek and Metz
[95] introduced the next generation matrices (NGM) approach to Ry for mod-
els of infectious diseases in heterogeneous populations; van den Driessche and
Watmough [376] developed the theory of Ry for autonomous ordinary differen-
tial equations (ODE) models with compartmental structure; and Diekmann,
Heesterbeek and Roberts [96] provided a recipe for the construction of the
NGM for compartmental epidemic models. These works have found numerous
applications in the study of various models of infectious diseases. For popula-
tion models in a periodic environment, Bacaér and Guernaoui [24] proposed
a general definition of Ry, that is, Ry is the spectral radius of an integral
operator on the space of continuous periodic functions. Wang and Zhao [388]
characterized Ry for periodic compartmental ODE models and proved that
it is a threshold parameter for the local stability of the disease-free periodic
solution. Further, Thieme [370] presented the theory of spectral bound and
reproduction number for infinite-dimensional population structure and time
heterogeneity. Bacaér and Ait Dads [22, 23] also found a more biological in-
terpretation of Ry for periodic models and showed that it is the asymptotic
ratio of total infections in two successive generations of the infection tree. Re-
cently, Inaba [189] introduced the concept of a generation evolution operator
to give a new definition of Ry for structured populations in heterogeneous en-
vironments, which unifies two definitions in [95, 24] and has intuitively clear
biological meaning.

The purpose of this chapter is to present the theory of basic reproduction
ratios Ry for two important classes of population models with compartmental
structure. In Section 11.1, we first introduce Ry for periodic and time-delayed
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models, then prove the stability equivalence theorem and give a characteriza-
tion of Ry. We also obtain an explicit formula for Ry in the autonomous case.
In Section 11.2, we apply the developed theory of Ry, together with the per-
sistence theory for periodic semiflows, to a periodic SEIR model of a disease
transmission, and establish a threshold-type result on its global dynamics in
terms of Ry.

In Section 11.3, we develop the theory of Ry for reaction—diffusion epi-
demic models. We formulate Ry as the spectral radius of the next generation
operator induced by a new infection rate matrix and an evolution operator of
an infective distribution, and characterize Ry in terms of the principal eigen-
value of an elliptic eigenvalue problem. In Section 11.4, we apply the obtained
results to a spatial model of rabies, and show that the disease-free steady state
is asymptotically stable if Ry < 1, and unstable if Ry > 1. At the end of this
section, we also provide a numerical scheme to compute Ry.

11.1 Periodic Systems with Time Delay

Let 7 > 0 be a given number, C' = C([—7,0],R™), and C* = C([-7,0],R7").
Then (C,C™") is an ordered Banach space equipped with the maximum norm
and the positive cone CT. Let F' : R — L(C,R™) be a map and V(¢) be
a continuous m x m matrix function on R. Assume that F(t) and V(t) are
w-periodic in ¢ for some real number w > 0. For a continuous function u :
[—7,0) = R™ with ¢ > 0, define u, € C by

u(0) =u(t+6), VOe€l—1,0]

for any t € [0,0).
We consider a linear and periodic functional differential system:

du(t)
dt

System (11.1) may come from the equations of infectious variables in the lin-
earization of a given w-periodic and time-delayed compartmental epidemic
model at a disease-free w-periodic solution. As such, m is the total number
of the infectious compartments, and the newly infected individuals at time ¢
depend linearly on the infectious individuals over the time interval [t — 7,¢],
which is described by F(t)u;. Further, the internal evolution of individuals
in the infectious compartments (e.g., natural and disease-induced deaths, and
movements among compartments) is governed by the linear ordinary differ-
ential system:

= F(t)us — V(tu(t), t>0. (11.1)

du(t)
dt

Of course, we may also obtain system (11.1) by linearizing a population growth
model with m patches (or types) at its zero solution, where the word “birth”
should be used to replace “infection.”

= —V()u(t). (11.2)
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Throughout this section, we assume that F'(¢) : C — R™ is given by

F(t)p = 0 dn(t,0)](0), VteR,¢eC,

-7

where n(t, 6) is an m x m matrix function which is measurable in (¢,0) € RxR
and normalized so that n(t,0) = 0 for all § > 0 and 7(¢,0) = n(t,—7) for all
0 < —r. Further, n(t,d) is continuous from the left in § on (—7,0) for each ¢,
and the variation of 7(t,-) on [—7,0] satisfies Var|_, gn(t, ) < g(t) for some
g € L((—00,),R), the space of functions from ( 00,00) into R that are
Lebesgue integrable on each compact set of (—oo, 00). Since F'(t) is w-periodic
in t, we have

sup [|[F(t)|| = sup [|[F(t)| < sup g(t).
teR 0<t<w 0<t<w

By the general theory of linear functional differential equations in [145, section
6.1], it follows that for any s € R and ¢ € C, system (11.1) has a unique
solution u(t,s,¢) on [s,00) with us = ¢. We define the evolution operators
U(t,s) on C associated with (11.1) as

Ut,s)p =ui(s,¢), Vo€ C, t > 5, seR,

where u.(s,$)(0) = u(t + 0,s,¢), V0 € [—7,0]. Then each operator U(t,s) is
continuous and

U(s,s) =1, U(t,s)U(s,r)=Ul(t,r), Ut+w,s+w)=U(t,s), ¥t >s>r
(11.3)
Let &(t,s), t > s, be the evolution matrices associated with system (11.2),
that is, (¢, s) satisfies

D(t,s) = -V(t)D(t,s), VE>s, and D(s,s) =1, Vs € R,

and @(®) be the exponential growth bound of &(¢, s), that is,
&(P) = inf{@w: IM > 1 such that ||®(t + s,s)|| < Me*", Vs € R, t > 0}.

In order to introduce the basic reproduction ratio for system (11.1),
throughout this section we always assume that

(A1) Each operator F(t) : C' — R™ is positive in the sense that F(t)C*T C
R

(A2) Each matrix —V'(¢) is cooperative, and &(®) < 0.

In view of the periodic environment, we suppose that v(t), w-periodic in ¢,
is the distribution of the initial infectious individuals among compartments at
time ¢. For any given s > 0, F(t — s)v;_g is the distribution of newly infected
individuals at time ¢ — s, which is produced by the infectious individuals who
were introduced over the time interval [t —s—7,t —s]. Then (¢, ¢t — s)F (t — s)
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vi—s is the distribution of those infected individuals who were newly infected
at time ¢t — s and remain in the infected compartments at time ¢. It follows
that

/OO D(t,t — s)F(t — s)vy_sds = /OO D(t,t —s)F(t — s)v(t — s+ -)ds
0 0

is the distribution of accumulative new infections at time ¢ produced by all
those infectious individuals introduced at all previous times to .

Note that for any given s > 0, &(t,t — s)v(t — s) gives the distribution of
those infectious individuals who were introduced at time ¢t — s and remain in
the infected compartments at time ¢, and hence, w(t) := [~ (¢, t—s)v(t—s)ds
is the distribution of accumulative infectious individuals who were introduced
at all previous times to ¢ and remain in the infected compartments at time ¢.
Thus, the distribution of newly infected individuals at time ¢ is

Fltyw, = F(1) </O°O Bt +-t— 5+ Yot —s + -)ds> .

Let C, be the ordered Banach space of all continuous and w-periodic
functions from R to R™, which is equipped with the maximum norm and the
positive cone C := {v € C, : v(t) > 0, Vt € R}. Then we can define two
linear operators on C,, by

[Lo](t) = /000 D(t,t —s)F(t — s)v(t —s+-)ds, Vt e R, v € C,,,

[Lv](t) = F(t) (/ Pt+-t—s+ )t —s+ -)ds> , Vie R, veC,.
0
Let A and B be two bounded linear operators on C,, defined by
[Au](t) = / Bt t — s)o(t — s)ds, [Bul(t) = F(t)or, Yt € R, v € Co.
0

It then follows that L = Ao B and L = Bo A, and hence, L and L have the
same spectral radius.

Motivated by the concept of next generation operators in [95, 376, 24, 388,
370], we define the spectral radius of L and L as the basic reproduction ratio

Ry :=r(L) = r(L).

for periodic system (11.1).
For any given A € R, let Ey be a linear operator on C' defined by

[Exd)(0) = e Mo (0), VO € [-T,0], ¢ € C.
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It then easily follows that ||Ey| < max{1,e"*"}, VA € R. Now we introduce
a family of linear operators Ly on C,:

[Lav](t) = /OOO e NPD(t,t—s)F(t—s)Exv(t—s+-)ds, YVt € R, v € C,. (11.4)

Clearly, Lo = L, and L is well defined for all A > &(®). Further, we have the
following observation.

Lemma 11.1.1. For each A\ > @(P), the operator Ly is positive, continuous,
and compact on C.,.

Proof. Let A > @(P) be given. Clearly, E\ is a positive linear operator on
C. By virtue of (Al) and (A2), F(t) and @(¢,s) (t > s) are positive linear
operators. This implies that Ly is positive on C,,. Since &(®) < 0 and

[|B(t,t — s)F(t — s)Ex|| < Moe® . sup g(r) - ||Ex|l, ¥t € R, s € [0,00),
0<r<w

for some My > 0, we see that L) is bounded, and hence, continuous on C,,.
In view of

t
[Lav](t) = / e MGt 5)F(s)Ezvseds, Yt eR, v e C,,

we easily obtain

jt[L,\v](t) — F()Bxvi — (V(8) £ AD[Lav](t), VEER, veCo  (1L5)

It then follows that for any a > 0, there exists K = K(a) > 0 such that
|4 ILav)(t)] < K for all t € [0,w] and v € C, with |[v|| < a. Thus, the
Ascoli-Arzela theorem implies that Ly is compact on C,,. ]

Let My > 0 be fixed such that ||D(t,s)| < Moe®(®)(t=9) vt > 5. For any
given € > 0, we set Vc(t) = V(¢t) — ¢E, where E is the m x m matrix with
each element being 1. Let @.(¢, s) be the evolution operators associated with

the linear periodic system di;gf) = —V.(t)u(t). Then we have the following
estimate.

Lemma 11.1.2. Let ¢ = eMy||E||. Then for any € > 0, there holds
|Pe(t,t —5) — B(t,t — 5)|| < cMpse @D+ vt e R, s > 0.

Proof. By the constant-variation formula, we obtain
t
D (t,8)r = D(t,s)x +/ D(t,r)eED(r, s)xdr, Yt > s, s € R, x € R™.

This implies that @.(t, s) satisfies the abstract Volterra integral equation:
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t
D (t,s) = D(t,s) —|—/ D(t,r)eED.(r,s)dr, Vt > s, s € R. (11.6)
Let hy(t,s) := d(t, s)eE, and define
t
hn(t,s) :/ hi(t,m)hp_1(r,s)dr, ¥n > 2.

Since ||h1(t,s)|| < ce®®P)E=9) vt > 5 s € R, it follows from an induction
argument that

hn(t, s)]| < PPt gl yp > 1t > 5, s €R,

(n—1)!

and hence, S0 ||ha(t, s)]| < ce@®F(E=5) Thus, the linear operator
h(t,s) := >0 hn(t,s) is well defined for any ¢t > s,s € R, and ||A(t, s)| <

I n=1
ce@(@)+e)(t=5) By the proof of [89, Theorem 9.1], &.(t, s) can be represented
as

t
D (t,s) = D(t,s) —|—/ h(t,r)®(r,s)dr, ¥Vt > s, s € R. (11.7)

It then follows that

[@c(t, = 5) = D(t, 1 = s) S/ 1At )| - | @(r, ¢ = s)|dr

t—s

t
< / @@ +E=r) 1 DB r—(1=5)) g
t

— Moeaz(';b)s(ecs _ 1)
< cMose(w@)Jrc)s, Vit e R, s > 0.

Here we have used the inequality that e®® — 1 < cse®, Vs > 0. [ |

For any A > &(®), let u(A) be the spectral radius of Ly, that is, u(A) :=
r(Lyx). Then we have the following two results on properties of the function

1(A)-
Proposition 11.1.1. The following statements are valid:

(i) u(A) is continuous and nonincreasing on (&(P), 00), and u(oco) = 0.
(i) u(X) =1 has at most one solution in (O(P), o).

Proof. (i) Let A\ € (@(®),00) be given and choose a small number § > 0
such that [Ag — J, Ao + d] C (&(P), 0). It is easy to see that

| Ex — Ex, || < 7max{1,e”Ao=)7HXx = X\o|, VA € [Ao — 8, Ao + 6].

As a result, there exist two positive numbers K; and Ks such that for any
A € [Ao — 0, Ag + 0], we have
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0 N
|ILx — Ly, || < K1/ ‘ef)‘s - e*A“S’ e“ P s 4
0
0 N
Ko\ — )\0|/ e 05 @ ()3 g
0
o0 N
< KA = Aol / se~Po=0)sc@(P)s g 4
0

Ko\ — )\0|/ e 0% (P g
0

K1 = Aol Ko\ = Aol
(Ao =0 —&(P)? Ao —w(P)

This implies that limy_,», ||Lx— Ly, || = 0. By the continuity of spectral radius
for compact linear operators (see, e.g., [90, Theorem 2.1 (a)]), we then obtain
that limy_x, #(A) = p(Ao). Thus, p(A) is continuous on (W(P), 00). It is easy
to verify that

[La,v](t) > [La,v](t), VO(P) < A\ < Ao, tER, v e CF.

Since each L) is a positive and bounded linear operator on C,,, [40, Theorem
1.1] implies that pu(A\) = r(Ly) is a nonincreasing function of A on (&(P), o).
Note that [|B(t,s)|| < Mee® =9 Wt > s and ||Ey| < 1, VA > 0. It then
follows that

© Mosupocyc., | F(0)]
Ly < My su F(t e M@ (P)sgg — =tsw , YA > 0.
Il < My sup |F(0)] [ N >

In view of 0 < u(X) =7(Ly) < ||La||, we obtain p(00) = limy— 0o (X)) = 0.
(i) Assume, by contradiction, that u(X) = 1 has two solutions A\; < Az in
(w(P), ). Since p(A) is nonincreasing on (W(P), o), we must have pu(A) =
1, VA € [A1, Ag]. Let A € [\, \2] be given. Since L) is a positive and compact
linear operator on C,, and r(Ly) = u(A) =1 > 0, the Krein-Rutman theorem
implies that Lyv = v for some v € C;} \ {0}. By virtue of (11.5), we obtain

d

dtv(t) =F(t)Exvy — (V(t) + ADo(t), VteR.

Let u(t) := e*u(t). Since u; = eMEyv;, Vt € R, it follows from a straightfor-
ward computation that

d

dt
Set ¢ := ug = E)vg. Then U(t,0)¢ = ug, V& > 0, which implies that ¢ €
C* \ {0} since u(-) # 0 on [0,00). Clearly, the w-periodicity of v(t) yields
Vi+w = V¢, ¥t € R. In particular, we have

u(t) = F(tyu, — V(Hu(t), VteR.

U(w,0)¢ =u, = e Ezvy, = e Exvg = e .
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It follows that e** is an eigenvalue of U(w, 0), and hence e*™ is an eigenvalue

of U(nw,0) = (U(w,0))™ for any integer n > 1. Now we fix an integer ng > 0
such that now > 7. By [145, Theorem 3.6.1], the operator U (ngw, 0) is compact
on C. Thus, e’ is an eigenvalue of U(now,0) for all A € [A1, A2]. But this
is impossible since the compact linear operator U(now, 0) has only countably
many eigenvalues. ]

Proposition 11.1.2. If 7(U(w,0)) > r(®(w,0)), then \* := lnr([i}(w’o)) satis-
fies p(A*) = 1.

Proof. For any given € > 0, let V.(¢) and @(t, s) be defined as in Lemma
11.1.2, and define F(t)¢p = F(t)¢ + edp(—7), V¢ € C. We consider small per-
turbations of system (11.1):

du(t)

= b — Vitu(t), t>0. (11.8)

Let Uc(t,s) be the evolution operators associated with the linear functional
differential system (11.8). By [370, Proposition A.2], it follows that &(®P.) =
lm@;(w’o)). Since w(P) < 0, we have w(P) < 0 for sufficiently small € > 0. Let
LS be defined as in (11.4) with F(¢) and &(t, s) replaced by Fe(t) and D.(¢, s),
respectively. By [326, Lemma 5.3.2], U.(t,0) is strongly positive on C for any
t > (m + 1)7. Choose an integer ngy > 0 such that now > (m + 1)7. Since
(Ue(w,0))™ = Uc(now,0) is compact and strongly positive, [225, Lemma 3.1]
implies that 7(U.(w,0)) is a simple eigenvalue of U.(w,0) having a strongly
positive eigenvector, and the modulus of any other eigenvalue is less than
r(Ue(w,0)). Let Ar = "0 By the proof of [417, Proposition 2.1],
it then follows that there is a positive w-periodic function v¢(¢) such that
uc(t) = ertv(t) is a positive solution of (11.8) for all ¢ € R. Thus, the
constant-variation formula yields

t
ut(t) = Pc(t, r)us(r) —|—/ D (t,s)Fe(s)usds, Yt > r, r € R. (11.9)

On substituting u¢(t) = e**v*(t) into (11.9), we obtain
¢
v(t) = e UG () (r) + / e 0P (t,5)F.(s)E:vids  (11.10)
for all ¢ > r, r € R. Since lim_,¢+ (r(Ue(w,0)) — 7(P(w,0)) = r(U(w,0)) —
r(P(w,0)) > 0, it follows that r(Uc(w,0)) — r(Pc(w,0)) > 0, and hence, A¥ >
W(P,), for sufficiently small € > 0. Note that the positive w-periodic function
v¢(t) is bounded on R, and

||e_)‘:(t_T)€l35(t, )| < Mée(@’(@e)—k:)(t—ﬂ, Vt>r, reR,

for some number M, > 0. Letting r — —oo in (11.10), we then have
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¢
ve(t) = / e_’\:(t_s)gl')e(t,s)Fe(s)Eszzds = [L.v°](t), VtER,
that is, L/\* = v°. Since L§ . is compact and strongly positive, the Krein-
Rutman theorem implies that T(Li\*) =1 for sufficiently small € > 0.

In view of A* > @(®P), we can fix a small number § > 0 such that \* —§ >
&(P). Since lim, o+ AF = A* and lim, o+ ©(Pc) = @(P), there is a small
number ¢y > 0 such that &(P) — A\* + § + e Mo|| E|| < 0 and

NEDN =N 3], N =8>, Veelo e
Recall that ¢ = eMy||E||. Let

Ac:= swp [FD),  Be:= sup [|Fu(t) = F(0)]|.

0<t<w 0<t<w

By virtue of Lemma 11.1.2 and the fact that ||B(t,t —s)| < Me®(®)®, it easily
follows that for all € € [0, o] and X € [A* — &, A* 4 4], there holds

ILS — Ll < / e (cM se@@)Fs A 4 Moe@(P)sB ) | Exllds
0

= || Ex]l /OO (CMose(w(é)ch)sAe + BEMOG(G)@)J)S) ds
0

_ cMo|[Ex[[Ac | MollEx[|Be

(W(P) — A+ ¢)? (@) — A

eMFE| - [|Exll(supocs<e, I F(B)Il +€)  eMo| Ex|l
- (@W(P) — A+ eMo| | E)? @(®) — A

This implies that lim._,g+ [[L§ — La|| = 0 for each A € [A\* — 4§, A" + ], and
hence,

h%l r(LS) =r(Lx) = p(A), YA €[N =N +0].

e—
Let €, = | and pn(X) = r(L§"). By Proposition 11.1.1, () and pin () are
continuous on [A* — &, \* 4 4]. Since L{"*'v < L§v for all v € CF, it follows

that u,(\) is a nonincreasing sequence of functlons Thus, Dini’s theorem
implies that lim, o0 fn(A) = p(A) uniformly for A € [A\* — 8, A* + §]. Since

ln(AL,) = )] < | (AL,) = p()]+ [R(AL,) — (A7)

we obtain limy, ec tin(Af,) = u(A*). On the other hand, the conclusion in the
last paragraph implies that p,(\; ) = r(L5: ) = 1 for sufficiently large n.
Letting n — oo in this equality, we then have p(A\*) = 1. [

Now we are ready to prove that Ry is a threshold value for the stability of

the zero solution of periodic system (11.1). Recall that U(w, 0) is the Poincaré
(period) map of system (11.1) on C.
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Theorem 11.1.1. The following statements are valid:

(i) Ro=11if and only if r(U(w,0)) = 1.
(ii) Ro > 1 if and only if r(U(w,0))
(1ii) Ro < 1 if and only if r(U(w,0))

(

>1

<1
Thus, Ry — 1 has the same sign as r(U(w,0)) — 1.
Proof. In view of &(®) = lnr(‘ifw’o)) < 0, we have r(?(w,0)) < 1.

(i) (a) If Ry = 1, then p(0) = 1. By the proof of Proposition 11.1.1 (ii),
it follows that e’ = 1 is an eigenvalue of U(w,0), and hence, r(U(w,0)) >
1 > r(®(w,0)). Thus, Proposition 11.1.2 implies that p(A\*) = 1. By Propo-
sition 11.1.1 (ii), we further obtain A* = 0, that is, r(U(w,0)) = 1. (b) If
r(U(w,0)) = 1, then A* = 0. Since r($(w,0)) < 1, Proposition 11.1.2 implies
that u(0) = 1, that is, Ry = 1.

(ii) (a) If Ry > 1, then u(0) > 1. Since w(A) is continuous on (& (P), co) and
p(00) = 0 (see Proposition 11.1.1 (i)), there exists Ag > 0 such that u(Ag) = 1.
By the proof of Proposition 11.1.1 (ii), we see that e** is an eigenvalue of
U(w,0), and hence, r(U(w,0)) > e** > 1. (b) Ifr(U(w,0)) > 1, then \* > 0.
Since r(®(w,0)) < 1, it follows from Proposition 11.1.2 that p(A*) = 1, and
hence, Ry = p(0) > u(A*) = 1. But Proposition 11.1.1 (ii) implies that
Ry = 11(0) # 1. Thus, we must have Ry > 1.

Clearly, statement (iii) is a straightforward consequence of the conclusions
(i) and (ii) above. ]

For any given A € (0,00), we consider the following linear and periodic

system:

du(t) 1
P )\F(t)ut —V(t)u(t), t=>0. (11.11)

Let U(t,s,\) (t > s) be the evolution operators on C associated with system
(11.11). Then we have the following result.

Theorem 11.1.2. If Ry > 0, then A\ = Ry is the unique solution of the
equation r(U(w,0,X)) = 1.

Proof. By replacing F(t) with } F'(t), we can define the basic reproduction
ratio, R(A), for system (11.11). It then follows that R(A\) = r (}L) = } Ro.
By Theorem 11.1.1, we have

sign(R(X) — 1) = sign(r(U(w,0,\) — 1), VA € (0,00).

Letting A = Ry > 0 in the above equation, we then obtain r(U(w, 0, Ry)) = 1.

It remains to prove that r(U(w,0,A)) = 1 has at most one positive so-
lution for A. Since F(t) is a positive operator and —V'(t) is cooperative, the
comparison theorem (see [326, Theorem 5.1.1]) implies that

U(W,O,)\l)gf) > U(w,(),)\z)gb, VO< A <A, 00 € ct.



11.1 Periodic Systems with Time Delay 295

Note that each U(w,0, ) is a positive and bounded linear operator on C.
It then follows from [40, Theorem 1.1] that r(U(w,0,)) is a nonincreasing
function of A on (0,00). Assume, by contradiction, that r(U(w,0,A) = 1 has
two positive solutions A\; < Ag. Then r(U(w,0,))) = 1, VA € [A1, A2]. We
choose an integer ng > 0 such that now > 7. In view of [145, Theorem 3.6.1],
each operator U(now, 0, \) is compact on C. Let A € [A1, A2] be given. Since

r(U(now,0,)) = r((U(w,0,\)™) = (r(U(w,0,\))" =1>0,

the Krein-Rutman theorem implies that 1 is an eigenvalue of U(ngw,0, )
with an eigenvector ¢* € C* \ {0}. Since U(now, 0, \)¢* = ¢*, it follows that
u(t) :=[U(¢,0,1)¢*](0) is an now-periodic solution of system (11.11). By the
constant-variation formula, we have

u(t) = O(t, r)ulr) + /t D(t, s)/l\F(s)usds, VE>r, reR (11.12)

Note that ||B(t,s)|| < Mee(®)(=9) vt > 5 s € R, for some My > 0. Since
&(P) < 0 and u(t) is bounded on R, letting r — —oo in (11.12), we further

obtain .

u(t) = / b(t,s) 1 F(s)usds, VteR,
oo A
and hence, Lu = Au. Since L also defines a compact linear operator on Cy,,,
(see Lemma 11.1.1), it follows that A is an eigenvalue of L on C,,,. Thus,
any A € [A1, \2] is an eigenvalue of L on C,,,, which is impossible since the
compact linear operator L on C,,. has only countably many eigenvalues. 1

For any given F € £(C,R™), we define I € L(R™,R™) by
Fu=F(d), Yu e R™,

where 4(0) = u, VY0 € [—7,0]. Clearly, F' can be regarded as an m x m matrix.
Then we have the following result.

Corollary 11.1.1. Let F(t) = F' € L(C,R™) and V(t) = V. Then Ry =
r(V7IF) =r(FVL).

Proof. Clearly, r(V~'F) = r(FV~1). Without loss of generality, we may
assume that r(V~1F) > 0 and for all A > 0, U(t,0, ) is eventually strongly
positive on C' (see [326, Section 5.3]). Otherwise, we can choose appropriate
small perturbations F, and V instead of F' and V', respectively, and then use
a limiting argument as ¢ — 0. In view of V=! = [(* e~ V*ds and &(t,s) =

e~ V(=) it easily follows that

Lv=V~'Fv, YveR™

Note that #(V~"'F) is an eigenvalue of V~!'F with an eigenvector v* € R\
{0}. Then ro := r(V~1F) is also an eigenvalue of L, and hence, Ry > 0. Since
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V1Ev* = rgv*, we have Tlo Fv* — Vo* = 0, which implies that u(t) = v* is a
constant solution to dult) )

u(t

= Fu; — Vu(t).

dt To e U( )
Thus, U(t,0,79)v* = v*, ¥t > 0. We fix a large integer ng > 0 such that
U (now, 0, ) is compact and strongly positive. By the Krein-Rutman theorem,
we then obtain (U (now, 0,79)) = 1. Since

T(U(now, 0, TO)) = T((U(wa 0, TO))no) = (T(U(wa 0, TO)))nov
it follows that r(U(w,0,79)) = 1. Now Theorem 11.1.2 implies that Ry = ro. 8

In the case where 7 = 0, Theorems 11.1.1 and 11.1.2 reduce to Theorems
2.2 and (2.1)(ii) of [388], respectively, and Corollary 11.1.1 is consistent with
the formula of Ry given in [376]. More recently, the basic reproduction number
was addressed in [415] for linear autonomous systems with discrete delays:

dI(t)

gt = Flf(t—Tl) —I—Fg](t—Tg) — VI(t),

where F} and F, are nonnegative matrices and —V is a cooperative matrix.
Taking F(¢) = Fid(—11) + Fagd(—m2) and 7 = max{r, 7}, we have F' =
Fy + Fy. Thus, Corollary 11.1.1 implies that Ry = r((F1 + F»)V 1), which
is the same as the formula obtained in [415]. Clearly, Corollary 11.1.1 also
applies to more general linear autonomous systems with distributed delays.

Remark 11.1.1. Theorem 11.1.2 can be used to compute Ry numerically. In-
deed, it is easy to verify that r(U(w, 0, A)) = limp_ e |U(nw, 0, Ne||» for any
given e € int (C([—7,0],R7")). Combining this observation with the bisection
method, one can find a numerical solution to r(U(w,0,)) = 1, which is an
approximation of Ry.

Remark 11.1.2. The theory of basic reproduction ratio in this section can be
extended to abstract periodic linear systems with time delay if we replace
R™ with an ordered Banach space E and assume that each —V (¢) is a linear
operator such that the linear equation ‘f;t‘ = —V(t)u generates a positive
evolution operator @(t, s) on E. Thus, one can apply the generalized theory to
periodic and time-delayed reaction-diffusion population models. For example,
letting {2 be a bounded domain with smooth boundary, £ = C(£2,R™) and
—V(t)u = D(t)Au — W (t)u, we can consider the following periodic linear

system:

Z:D@mHF@W—W@%
subject to the Neumann boundary condition. Here Au = (Auy,. .., Auy,)7,

[D®)](z) = diag(di(t,x),...,dn(t,z)) with d;(t,z) > 0,1 < i < m, and for
eacht € R, F(t) € L(C([~7,0], E), E) and —[W (t)](x) is an m xm cooperative

matrix function of z € (2.
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11.2 A Periodic SEIR Model

We consider a continuous-time SEIR model of a disease transmission. Let S(¢),
E(t), I(t), and R(t) be the total numbers at time ¢ of the susceptible, exposed,
infective, and recovered (or removed) populations, respectively. For simplicity,
we assume that the latent period of the disease is 7, and the incidence rate
function f(¢,S,I) depends on time ¢ and variables S and I. Let u(t) be the
natural death rate of the population. It then follows that the rate of entry
into the infective class from the exposed one at time ¢ is

e S O (4 St — 1), I(t 7).
As discussed in [361], E(t) can be represented as
¢
E®t) = / eI rr)dr ¢ (s S(s), I(s))ds.
t—T

Thus, we obtain the following nonautonomous SEIR model:

di(ft) = A(t) — f(t,S(t), I(t)) — u(t)S(t) + a(t)R(t),

B0 - [ tT e LB £ S(s), I(5))ds,

d;it) = O p S — 1) Tt — 7)) — (u(t) + d(t) + () I(L),
MO _ 3 010) - WO R® ~ 0l BE). (.19)

Here A(t) is the recruitment rate, d(¢) is the disease-induced death rate, v(t)
is the recovery rate, and «(t) is the loss of immunity rate.
According to [42], we need to impose the following compatibility condition:

E0) = /0 e /! rdr ¢ (s S(s), I(s))ds. (11.14)
It is easy to verify that
O (1,500, 10) — e MO 1~ 50— 7), 10— 7)) — ) ().

Thus, model (11.13) reduces to the following nonautonomous functional dif-
ferential system:

B~ A1)~ £ 50, 10) ~ w(SW) + «OR(),

PO p, 50, 1) — e O (17,50 7), 10~ 7)) — () B(D),
MO e b0 (47 50— 7)1 7)) — (ult) + (1) + A/ ()I(D),
M) _ 3 @10) ~ RO — )R, (11.15)

subject to condition (11.14).
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We assume that f(¢, S, I) and all these time-dependent coefficients are w-
periodic in t for some real number w > 0. It is then easy to see that the

function
p(t) i=e S p(r)dr

is also w-periodic, and hence, model (11.15) is an w-periodic and time-delayed

system. To study the evolution dynamics of system (11.15), we make the
following assumptions:

(B1) A(%), p(t), a(t), d(t), and ¥(t) are all nonnegative and continuous func-
tions with A(t) > 0, f” pu(t)dt > 0, and [ y(t)dt > 0;
(B2) f(t,S,I)is a C'-function with the following properties:
() f(t,5,0) =0, f(t,0,I) = 0, and af(g’f’o) are positive and nonde-
creasing for all S > 0.

(i) G0 > 0 and f(1,5,1) < TESO T for all (,5,1) € R x RZ.

A prototypical example for incidence function is f(¢,S,1) = 15 fc)(f)ll with
¢(t) > 0. For more general time-independent incidence functions, we refer to
[203] and references therein.

By virtue of (B1), we see that the scalar linear periodic equation

ds(t)
dt
has a unique positive w-periodic solution S*(¢), which is globally stable in R.
Linearizing system (11.15) at its disease-free periodic solution (S*(¢),0,0,0),
we then obtain the following periodic linear equation for the infective vari-
able I:

= A(t) — u(t)S(2) (11.16)

M a1 —7) o100, (11.17)
where
afty = py T E T ETTR0 ey 4 ate) + ).

oI ’
Following the procedure in Section 11.1, we take m = 1, F(t)¢ =
a(t)p(—7), and V(t) = b(t). It then easily follows that

B(t,s) = e S PMAr > g g R,

and
oo

[Lv](t) &(t,t —s)F(t— s)v(t — s+ -)ds

oo

D(t,t — s)a(t — s)v(t — s —1)ds

oo

&(t,t —s+T7)a(t — s+ 7)ot — s)ds

oo

K(t,s)v(t —s)ds, VteR,veC,,

c— T
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where

K(t,s) = S(t,t—s+7)at—s+71), ifs>r
e 0, ifs<r.

According to the definition in Section 11.1, we have Ry = r(L).
Since the S, I, and R equations in model (11.15) do not depend on variable
E, it suffices to study the following w-periodic system with time delay:

dﬁ”:A@—f@S@Jﬁb—Mﬂﬂﬂ+a@R@’
U p0) 11— 80— 7). 1~ 7)) — () + 1) ++ ()1,
f“jlf) =y (O)I(t) — p(t)R(t) — a(t)R(2). (11.18)

Let X = C([-7,0],R%). By the standard theory of functional differential
equations (see, e.g., [145]), system (11.18) admits a unique nonnegative solu-
tion v(t, @) = (S(¢), I(t), R(t)) satisfying vo(¢) = ¢ € X. Define

0
D= {¢ € C([-7,0LRY) : 12(0) = / e ) M‘”f(s,w1<s>,ws<s>>ds}.

-7

It then easily follows that for any ¢ € D, system (11.15) has a unique non-
negative solution u(t,v) = (S(t), E(t),I(t), R(t)) satisfying ug(¢)) = 1. Let
N(t)=S5(t) + E(t) + I(t) + R(t). Then we have

dN (t)

= AR = pON ) = dOI(E) < AW - pONE), t=0. (11.19)

Thus, the global stability of S*(¢) for (11.16), together with the comparison
argument, implies that solutions of system (11.15) with initial data in D, and
hence (11.18) in X, exist globally on [0, 00) and are ultimately bounded.

Let Xg = {¢ = (¢1,¢2,¢93) € X : ¢2(0) > 0}. The subsequent result
shows that Ry serves as a threshold value for the global extinction and uniform
persistence of the disease.

Theorem 11.2.1. Let (B1) and (B2) hold. Then the following statements are
valid:

(i) If Ry < 1, then the disease-free periodic solution (S*(t),0,0) is globally
attractive for system (11.18) in X.

(i) If Rg > 1, then system (11.18) admits a positive w-periodic solution
(S(t),1(t), R(t)), and there ewists a real number n > 0 such that the
solution v(t,¢) = (S(¢),I(t), R(t)) satisfies liminf;, o I(t) > n for any
¢ € Xo.
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Proof. Let P(t) be the solution maps of the scalar linear equation (11.17) on
Y = C([-7,0],R), that is, P(¢) = w:(¢)), t > 0, where w(t, ) is the unique
solution of (11.17) satisfying wo = ¢ € Y. Then P := P(w) is the Poincaré
(period) map associated with system (11.17). In view of Theorem 11.1.1, we
have sign(Ro — 1) = sign(r(P) —1). Since p(t) af(th’g;(th)’O) > 0, it follows
from [145, Theorem 3.6.1] and [326, Lemma 5.3.2] that for each ¢t > 27, the
linear operator P(t) is compact and strongly positive on Y. Choose an integer
no > 0 such that now > 27. Since P™ = P(now), [225, Lemma 3.1] implies
that r(P) is a simple eigenvalue of P having a strongly positive eigenvector,
and the modulus of any other eigenvalue is less than r(P). Let p = lm;fp).
By the proof of [417, Proposition 2.1], it then follows that there is a positive
w-periodic function v(t) such that u(t) = e*v(t) is a positive solution of
(11.17).

In the case where Ry < 1, we have r(P) < 1. Let P. be the Poincaré map
of the following perturbed linear periodic equation

dI(t)
dt

=TI 1oy )+ a0 1)1

(11.20)
Since lim._,or(P.) = 7(P) < 1, we can fix a sufficiently small number € > 0
such that r(P.) < 1. As discussed in the last paragraph, there is a positive
w-periodic function ve(t) such that u.(t) = et<'v.(t) is a positive solution
of (11.20), where p, = IHTLPE) < 0. For any given ¢ € X, let v(t,¢) =
(S(¢),I(t), R(t)). In view of (11.19) and the global stability of S*(¢) for (11.16),
it follows that there exists a sufficiently large integer n1 > 0 such that nqw > 7
and S(t) < S*(t) + €, ¥t > nyw — 7. By assumption (A2), we then have

di(t) , Of(t —7,5%(t —7) +¢€,0)

<o) o 1t =7) = (u(t) + d(®) + /(D)1 (V)

for all ¢ > mjw. Choose a sufficiently large number K > 0 such that
I(t) < Kuc(t), ¥t € [nqw — 7,nw]. Thus, the comparison theorem for de-
lay differential equations ([326, Theorem 5.1.1]) implies that

I(t) < Kuc(t) = Ket<tv (t), Yt > nw,

and hence, lim;_,o I(t) = 0. By using the chain transitive sets arguments
(see, e.g., [232, Theorem 4.1 (a)]), it easily follows that lim; ., R(t) = 0 and
limg_, oo (S(t) — S*(¢)) = 0.

In the case where Ry > 1, we have r(P) > 1. Let Q(t)¢ = vi(¢), Vo € X,
and @ = Q(w). Note that for each ¢ > 7, Q(t) is compact (see [145, Theorem
3.6.1]). It then follows from Theorem 1.1.3 that @ : X — X has a strong
global attractor A. Clearly, {Q(t)}:>0 is an w-periodic semiflow on X, and
Q" = Q(nw), Yn > 0. Let M; be the Poincaré map of the following perturbed
linear periodic equation
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dI(t) af(t—r1,5*(t—71),0)
dt _p(t)< o1

= 8) 1t =) = () + (0 + ()T
(11.21)

Since lims_,o7(Ms) = r(P) > 1, we can fix a small number 6 > 0 such that

r(Ms) > 1. It then follows that there is a small number 79 > 0 such that

of(t —71,5%(t —7),0)

fe=ns=n) =m0 = ( > ~6) 1, v € Dol
Let M; = (5§,0,0). Then Q(¢t)M7 = (S7,0,0), V&t > 0, and Q(M7) = M;.
Since limgy—a, Q)¢ = Q(t)My uniformly for ¢ € [0,w], there exists 1 =

n1(no) > 0 such that

Q)¢ — Q)M < no, Yt € [0,w], [[¢ — M| <m.
We further prove the following claim.
Claim. limsup,,_, . [|Q™(¢) — Mi[| = m, V¢ € Xo.

Assume, by contradiction, that the claim is not true. Since Q(t)(Xo) C
Xo, ¥Vt > 0, it follows that there exists ¥ = (¢1,%9,13) € Xy with
¥a(0) > 0,0 € [—7,0], such that [|Q™(¢)) — Mi|| < m, Vn > 0. For any
t >0, letting t = nw + ¢’ with ¢ € [0,w) and n = [t/w], we have

QMY — QM| = |QE)(Q" (%)) — Q') M| < no.

In view of (B2), we see that f(t,.5,I) is nondecreasing in S. Thus, v(t, ) =
(S(t),T(t), R(t)) satisfies

d{lsjt) > p(t) <8f(t - g;(t =7),0) _ 5) I(t —7) — (u(t) + d(t) +~(t)I(t)

for all ¢ > 0. Note that ¢ > 0 in C([-7,0],R) and r(M;s) > 1. By the
comparison argument similar to that in case (i), we then obtain lim;_,o I(t) =
o0, a contradiction.

The above claim implies that M; is an isolated invariant set for @ in X
and W*(M;) N Xg = @, where W*(M;) is the stable set of M; for Q. Set
8X0 =X \ Xo and

My = {¢ € 9Xo: Q"(¢) € 0Xo, Yn > 0}.
Since
dI(t)
dt
it is easy to see that if I(tg) > 0 for some to > 0, then I(t) > 0 for all ¢ > t.
This property implies that I(¢t) = 0, V¢ > 0, whenever ¢ € My. It then follows

that w(¢) = M, for any ¢ € My, and M; cannot form a cycle for Q) in 9X,. By
the acyclicity theorem on uniform persistence for maps (see Theorem 1.3.1 and

> —(u(t) + d(t) + Y (D)), ¥t >0,
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Remark 1.3.1), @ : X — X is uniformly persistent with respect to (Xo,9Xp).
Note that for any integer n with nw > 7, Q" = Q(nw) : X — X is compact.
Further, in view of Theorem 3.5.1 (see also [141, Theorem 4.1.1] and [226,
pages 879-880]), Q(t) is an a-contraction with respect to an equivalent norm
in C([-7,0],R3) for any ¢ > 0. It then follows from Theorem 1.3.10 that there
exists a global attractor Ay for Q: Xo — X and @ has a fixed point ¢* € Aj.
Clearly, v(t, ¢*) = (S(t), I(t), R(t)) is an w-periodic solution of system (11.18)
with I(t) > 0, ¥t > 0. Since y(t) #Z 0 and f(¢,0,1) = 0, it is easy to see that
S(t) > 0 and R(t) > 0 for all t > 0. Since Ag = Q(Ag) = Q(w)Ap, we have
¢$2(0) > 0,Vep € Ap. Let BO::UtE[O,w] Q(t)Ag. Then By C Xg, and Theo-
rem 3.1.1 implies that tlggo d(Q(t)p, By) = 0,V¢ € Xj. Define a continuous

function p : X — Ry by p(¢) = ¢2(0), Vo = (¢1, b2, d3) € X. Since By is a

compact subset of Xy, it follows that inf e g, p(¢) = mingep, p(¢) > 0. Con-

sequently, there exists n > 0 such that htm inf I(t,¢) = litm inf p(Q(t)p) > n
—00 —00

for any ¢ € Xj. ]

11.3 Reaction—Diffusion Systems

In this section, we develop the theory of basic reproduction ratios for com-
partmental epidemic models of parabolic type. We start with the presentation
of two results on the principal eigenvalue for the associated elliptic eigenvalue
problem.

Let (E, E) be an ordered Banach space, and A be a closed linear operator
on E. We use 0(A) to denote the spectrum of A, and define the spectral bound
of A as

s(A) =sup{ReA: Ae€o(A)}.
A is said to be resolvent-positive if the resolvent set of A, p(A), contains a
ray (o, 00), and (A — A)~! is a positive operator for all real number \ > a.

Let £2 be a domain in R! with the smooth boundary 942, and v be the
unit normal vector on 9f2. For a given integer k > 0, let X = C(£2,R¥) and
X =C(2,Rk). Set ug = (uy, .. ur)’ and

V- (dg(x)Vug) = diag (V - (d1(x)Vu1), ..., V- (di(z)Vug)) .

Let M (x) be a continuous k x k matrix-valued function of z € 2. We consider
the following elliptic eigenvalue problem

V- (dg(x)Vug) + M(z)ux = Mug, = € 2,

. 11.22
%”1:0, V1<i<kwithd; >0, z€df. (11.22)
14

For convenience, we set L(¢)(z) = V - (dx (x)V(x)), and let M denote the
multiplication operator defined by M (¢)(x) = M (x)$(x). Recall that a square
matrix is said to be cooperative if its off-diagonal elements are nonnegative.
Assume that
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(D1) There exists a dy > 0 such that d;(x) > do, Ve € 2,1 <i < k.

Theorem 11.3.1. ([390, Theorem 2.2]) Let (D1) hold. If M(x) is cooperative
for all x € 2 and there is an xy € §2 such that M(x¢) is irreducible, then
X* = s(L+ M) is an algebraically simple eigenvalue of (11.22) with a strongly
positive eigenvector, and Re(X) < \* for all X € o(L + M)\ {\*}.

To consider the case where some diffusion coefficients in (11.22) are zero,
without loss of generality, we assume that

di(z) > do, Yo € 2,1 < i < iy, and di,si(z) = 0, Vo € 2,1 < i <
i2 ::k—il.

Let Y1 = C(2,R%) and Y2 = C(£2,R®). We split the cooperative matrix

M (z) into
_ ( Mu(z) Mio(z)
M(ZE) B (Mgl(x) MQQ(,T)) ’

(D2) There exist a number dy > 0 and an integer 1 < i; < k such that

where M7 is an 41 X 47 matrix and Mss is an is X io matrix. Let
Ll(uil) = V . (dll (x)VuZl) = dzag (V . (dl (x)Vul), ey V . (dll (x)Vu“)) )

and define Ty (t)p2(z) = eM22(®)py (). Then Ty (t) is a positive Cp-semigroup
on Y, with its generator My being resolvent-positive. It follows from [370,
Theorem 3.12] that

(N — Mao) L py = /OO e My (t)padt, Y\ > s(May), ¢ € Yo. (11.23)
0

Thus, we can define a one-parameter family of linear operators:

Ly = Ly + My + Mig(A — Mag) " Moy, VYA > s(Mas).

Theorem 11.3.2. ([390, Theorem 2.3]) Let (D2) hold, and assume that M (x)
is cooperative for all x € 2 and for any A > s(Maz), there exists some xy € {2
such that My (zy) + Mia(M — Mao) ™t Moy (z)) is irreducible. If there exist
Ao > 8(Mag) and ¢ > 0 in Y1 such that Ly,¢0 > Aodo, then the following
statements are valid:

(1) s(B) is a geometrically simple eigenvalue of (11.22) with a positive eigen-
vector;

(2) s(B) is the unique X € (s(Maz),00) with s(Ly) = A;

(8) s(B) has the same sign as s(Ly) provided that s(Mag) < 0.

Remark 11.3.1. Theorem 11.3.2 is still valid if the condition L£x,¢¢ > Ao¢o is

replaced with a weaker assumption that u(t, z) := e*!¢pg(z) is a subsolution
of the integral form of the linear system u; = Ly, u.
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Remark 11.3.2. If we replace —L or —L; with uniformly z-dependent elliptic
operators and use Dirichlet or Robin-type boundary conditions in (11.22),
then Theorems 11.3.1 and 11.3.2 and Remark 11.3.1 are still valid.

Now we consider the following linear reaction—diffusion system

u _ V- (d@)Vu) + F(z)u — V(z)u, t>0, z €,
ot
o (11.24)
;l:o, V1<i<muwithd; >0, t>0, z ¢
1%

System (11.24) may come from the equations of infectious variables in the
linearization of a given reaction-diffusion epidemic model at a disease-free
steady state. As such, m is the total number of the infectious compartments,
and F'(x) is the infection rate matrix at location . Moreover, the internal evo-
lution of individuals in the infectious compartments (e.g., random diffusion,
natural and disease-induced deaths, and movements among compartments) is
governed by the linear reaction—diffusion system:

u _ V- (d@)Vu) = V(x)u, t>0, z€ 2,
ot
o (11.25)
;l:o, V1<i<muwithd, >0, t>0, z¢ .
1%

For a reaction—diffusion model of population growth with m patches (or
types), we may also obtain system (11.24) by linearizing it at the zero solution,
where the word “birth” should be used to replace “infection.” Throughout this
section, we assume that

(H1) F(z) is a continuous and nonnegative m x m matrix function on (2;
(H2) —V (z) is a continuous and cooperative m x m matrix function on {2,
and s(V - (d(x)V) = V) <0.

Note that (H2) reflects the observation that the internal evolution of in-
dividuals in the infectious compartments due to random diffusion, deaths,
and movements among the compartments is dissipative, and exponentially
decays in many cases because of the loss of infective members from natural
and disease-induced mortalities.

Set Xy := C(£2,R™) and X, := C(£2,R7). Let T(t) be the solution
semigroup on X; associated with the linear system (11.25). In order to define
the basic reproduction ratio, we let ¢(x) be the density distribution of initial
infectious individuals among compartments. Under the synthetical influences
of mobility, mortality, and transfer of individuals in infected compartments,
the distribution of those infective members becomes [T'(t)¢](x) as time evolves.
Thus, the distribution of new infective members at time ¢ is F(z)[T(t)®](x).
Consequently, the distribution of total new infective members is

/0 " () [T()6] (2)dt. (11.26)
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Define
L@ = [ Fa@T@oled =Fe) [ rodee. a2)

Then L is a continuous and positive operator which maps the initial infection
distribution ¢ to the distribution of the total infective members produced
during the infection period. Following the idea of next generation operators
(see, e.g., [95, 376, 389]), we define the spectral radius of L as the basic
reproduction ratio

Ry :=7r(L) (11.28)

for model (11.24).

Let B be a resolvent-positive operator with s(B) < 0, F be a bounded
and positive operator, and T (t) be the positive semigroup generated by
A := B+ F. It was shown in [370, Theorem 3.5] that s(A) has the same
sign as r(—FB~1) — 1. If s(A) < 0, then lim; o T ()¢ = 0 for all ¢ € D(A)
(see, e.g., [370, Theorem 3.13]). For nonlinear PDE models, however, the spec-
tral bound of the variational operator may not decide about the local stability
of the disease-free steady state. For this purpose, we need to use the exponen-
tial growth bound of the semigroup generated by this variational operator.
Once the equality of these two bounds is known, the aforementioned result
implies that Ry is a threshold value for the local stability of the disease-free
equilibrium (see [370, Section 3.3]).

For convenience, let B := V - (d(z)V) — V. Then we have the following
result.

Theorem 11.3.3. Let (H1) and (H2) hold. Then Ry — 1 has the same sign
as \* :=s(B+ F).

Proof. Clearly, B is the generator of the semigroup T'(t) on X;. Note that
T(t) is a positive semigroup in the sense that T'(¢)X;" C X" for all ¢ > 0. It
then follows from [370, Theorem 3.12] that B is resolvent-positive, and

(M —-B) ¢ = / e MT(H)¢dt, YA > s(B), ¢ € X;. (11.29)
0
From assumption (H2), we have s(B) < 0. Letting A = 0 in (11.29), we obtain
—-B7 ¢ = / t)pdt, Vo € X;.

It follows that L = —FB~!. Define the linear operator A := B + F. In
view of (11.24), the operator A generates a positive Cp-semigroup. Then [370,
Theorem 3.12] implies that A is resolvent-positive. Thus, it follows from [370,
Theorem 3.5] that s(A) has the same sign as r(—FB™!) —1 = Rg — 1. ]

Next we characterize the basic reproduction ratio in terms of the principal
eigenvalue of an elliptic eigenvalue problem.
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Theorem 11.3.4. Let (H1) and (H2) hold, and assume that there exists dy >
0 such that d;(x) > do for all 1 <i < m. If the elliptic eigenvalue problem

=V (dx)Ve) +V(z)p = nF(z)p, €L

11.30
99 =0, x €S ( )
ov

admits a unique positive eigenvalue o with a positive eigenfunction, then
Ry=7r(—FB™Y)=r(=B7'F) =1/po.

Proof. Set
F(x)=F(z)+e€eE, Vi(z)=V(x)—eF

where € > 0 is a constant and F is an m X m matrix whose elements are all 1.
Consider

(Zu =V - (d(z)Vu) — Ve(z)u, x € 2,

at (11.31)
uzo, t>0, x€0f.

v

Let T.(t) be the solution semigroup on X; associated with linear system
(11.31). Then we define

L(6)(x) == F.(x) / ()6 (). (11.32)

Clearly, L. is a strongly positive and compact operator. Thus, its spectral
radius denoted by Rg(e) is positive and is an eigenvalue with algebraic multi-
plicity one and a positive eigenvector ¢.. Then we have

. /OO Te(t)pedt = Ro(€)e. (11.33)
0

Let B, be the generator of the continuous semigroup T¢(¢). Then
Bep =V - [d(z)V(9)] — Ve(x)o. (11.34)

Since T.(t) is a positive semigroup, [370, Theorem 3.12] implies that B, is
resolvent-positive, and

(M =B '¢ = /Oo e MT()dt, YA > s(B.), ¢ € X. (11.35)
0

By assumption (H2), it follows from the continuity of the spectral bound on
parameters that one can restrict € small enough such that s(B.) < 0.
Letting A = 0 in (11.35), we obtain —B '¢ = [;° T.(t)pdt,Vp € Xi.
Thus, we have
— E.B7 ¢ = Ro(€)pe. (11.36)
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Set
Ve := —B '¢..
It is easy to see that ). is positive and (11.36) implies
Fepe = —Ro(€) Beye. (11.37)
Therefore, we have
1
=V (d(x)Vie(x)) + Ve(x)tpe(z) = Fe(z)ie(z), z€L,
Ro(e)
5 (11.38)
Ve _ . v € 0.
v

By similar arguments to those in [151], it follows that the following eigenvalue
problem

11.39
o9 =0, x €012 ( )
ov

has a unique positive eigenvalue p. with a positive eigenfunction. Since .
is positive, it follows that pe. = 1/Ro(e), and hence, Ro(e) = 1/p.. Letting
€ — 0 and using the perturbation theory of linear operators (see [198]), we
then obtain Ry = 1/uo. [

In the case where some d; (x) are identically zero, we can reduce the compu-
tation of Ry to that of the principal eigenvalue of a lower-dimensional elliptic
eigenvalue problem under additional conditions. Without loss of generality,
we assume that d(z) = (di(x),...,dn(z)) satisfies (D2) with & = m. For
convenience, let w;, = (u1,...,u;;)", Wy, = (Ui, 11, ., um)’, and

V- (di, (2)Vuy,) = diag (V - (d1(2)Vus),..., V- (d;, (2)Vug,)) .
We split two m x m matrices F(z) and V() into

_ ( Fu(z) Fiz(z) _ (V) Viz(2)
Fla) = <F;(:c) Fli@) Vi) = (V;(x) Vi@))?

where F11 and Vp1 are 47 X 41 matrices, 5o and Vao are 19 X i matrices, and
11 + 12 = m. Then we have the following results.

Theorem 11.3.5. Let (H1) and (H2) hold and assume that s(—Vaz) < 0. Let
By :=V-(d,,V) - Vi, where Vi := Vi1 — V12V2§1V21. Then the following
statements are valid:

(i) If F1a = 0 and Fay = 0, then Ry = r(—B~'F) = (=B 'F1), where
Fy = Fi1 — ViaVyy ' Foy.

(ii) If Fay = 0 and Fpo = 0, then Ry = r(—B~'F) = r(—B;'Fy), where
Fy := Fyy — FiaVyy' Vo
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Proof. Since —Vas is cooperative and s(—Vaz) < 0, it follows that Vi, exists
and V' (z) = [;7 e V22(®!4¢ is a nonnegative matrix for any x € 2. Let

L := —B~1F. Clearly, we have Ry = r(L). For any given ¢ € X1, let ¢ = L.
Since —By = F¢, we have

=V - (ds, V1) + Viir + Vise = Fii¢1 + Fiago,
Var1¢1 + Vaztpa = Ford1 + Faogha.
A straightforward computation shows that
—Bipy = (Fi1 — ViaViy Fa1) 1 + (Fia — Via Vg Faz) o,
Vo = Viy ' (Far1 + Faocha) — Vg Var ).
In the case where Fio = 0 and Fye = 0, it follows from (11.40) that

Y1 = =By 'Figy = Ap1, o = (Vay Fo1 + Vay Va1 By 'F1) ¢ := B¢y.

(11.40)

Thus, Lo = (Ag1, Bd1), Vo = (¢1, ¢2) € X1. By induction, we further have

L™(¢1,¢2) = (A"¢1, BA" 1), Vn > 2, ¢ = (¢1,¢2) € Xi.

Note that both A : Y7 — Y; and B : Y7 — Y5 are linear operators. It then
easily follows that

A 1
A< L™ < (JA™ 1P + [1BI1> - [ A™=HI%) 2, v > 2.

By the formula of spectral radius, we then obtain r(L) = r(A) = r(—By ' F}).
In the case where F5; = 0 and Fby = 0, we have ¢y = —V2§1V21¢1. Set

Z:={¢p=(¢1,02) € X1: ¢po =~V Varh1}.

Thus, Z is a subspace of the Banach space X; and L(X,) C Z. Let Lz be the
restriction of L to Z. Then Lz is a linear operator on Z. In view of (11.40),
it follows that

Lz(¢) = (—By ' Fagr, — Va3 'Vor (= By 'Fadhr)) , Vo = (¢1,¢2) € Z.

By the same argument as in the proof of r(L) = r(A) in the last paragraph,
we then have 7(Lz) = r(—Bj ' Fy). Further, it is easy to verify that

ILZN < IL™ < UEG M- L), vn> 2.
This, together with the formula of spectral radius, implies that T(i/) =
r(Lz) = r(=B; ' Fy). [

Remark 11.5.5. If we replace the nonzero diffusion terms —V - (d;(z)V) in
system (11.24) with uniformly 2-dependent elliptic operators and use Dirichlet
or Robin-type boundary conditions in (11.24), then Theorems 11.3.3, 11.3.4,
and 11.3.5 are still valid.
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The following result shows that the reaction—diffusion epidemic model in a
spatially homogenous habitat with the Neumann boundary condition admits
the same basic reproduction ratio as that of its ordinary differential equations
counterpart (see [376]).

Theorem 11.3.6. If each d; is a positive constant for 1 < i < m, and F(x) =
F and V(x) =V are independent of x € 2, then Ry = r(FV~1).

Proof. Let F. = F+¢FE, V.=V —¢€FE, where ¢ > 0. As shown in the proof
of Theorem 11.3.4, Ry(e) is the principal eigenvalue of L. with a positive
eigenfunction. On the other hand, the Perron-Frobenius theorem implies that
r(F.V.1) is an eigenvalue of F.V."! with a positive eigenvector w*. It then
follows that

Low* = F/ T.(Hw*dt = F/ e Vetw*dt = F.V, 'w* = r(F.V, Hw*.
0 0

By the uniqueness of the principal eigenvalue, it follows that Rp(e) =
r(F.V.1). Letting € — 0, we then obtain Ry = r(FV 1). ]

11.4 A Spatial Model of Rabies

In this section, we apply the theory developed in Section 11.3 to a reaction-
diffusion model of rabies, and show that R is a spatial invasion threshold of
the disease.

Consider the spatial model of rabies (see [252]):

oF N

oy = 815 o - [b—l—(a—b)K} E,

ol 0 ol N

9 = on (Dax)—l—oE—aI— [b—i—(a—b)K} I, (11.41)
oS

N
5 = (=S <1— K> — BIS,

where S is the density of susceptible foxes, E is the density of infected but
non-infectious foxes, I is the density of rabid foxes, N = S + E + I is the
total fox population, D is the diffusion coefficient, a is the birth rate, b is
the intrinsic death rate, and K is the environmental carrying capacity, g is
the disease transmission coefficient, o is the per capita rate of infected foxes
becoming infectious, « is the disease-induced death rate of rabid fox, and =
is the one-dimensional space variable. The term (a — b)N/K represents the
death rate due to depletion of the food supply by all foxes. Moreover, a > b
is assumed to ensure sustainable population size.
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For simplicity, we confine ourselves to one-dimensional habitat 2 = (0, 1)
and impose the Neumann boundary conditions for model (11.41):

oI
z=0 B ox

oI
ox

We assume that a, b, 0, and K are positive constants. Rabies, as a zoonotic dis-
ease, is crucially influenced by landscape heterogeneity and spatial distribution
of reservoirs [287, 342], which could result in spatially dependent transmission
coeflicient, disease-free steady state and diffusion coefficient. Furthermore, the
spatial control of rabies such as culling and vaccinations [296, 314] induces
spatially dependent death rates of populations and disease-free steady state.
Hence, we allow the diffusion coefficient D, the disease transmission coefficient
B and the death rate a of infected foxes to be spatially dependent. We further
assume that D(x) > Dy, Vz € [0, 1], for some constant Dy > 0, S(z) and a(z)
are nonnegative continuous functions on [0, 1] with 8(z) # 0.

Under the above assumptions, system (11.41) admits a disease-free steady
sate (0,0, K). From the first two equations of the linearized system at (0, 0, K),
it then follows that

F(x):(gﬂ(az(:))[(>7 V(I):(a+a 0 )

=0. (11.42)

r=1

-0 afr)+a

We first consider the elliptic eigenvalue problem associated with linear
parabolic system (11.24):

—(c+a)E+B(x)KI =\E, z€(0,1),

d dl

o (D@5 )+ - (@@ +ar =21 s € 0. (11.43)
ar| - _drp

dzlz=0  dxlz=1

Lemma 11.4.1. Problem (11.43) has a principal eigenvalue \* with a positive
eigenfunction.

Proof. In order to use Theorem 11.3.2, we write the eigenvalue problem into
the following equivalent one:

d (D(ac) d“’l) ~ (ale) + a)1 + 0 = M, @ € (0, 1),

dzr dx

B(x)Kpr — (04 a)p2 = Ao, x € (0,1), (11.44)
d¢1 . d¢1 -0

dz le=0  dzx la=1

Thus, the linear operators £ defined in Section 11.3 become

oB(x)K

oty > —(0 +a).

txo= g (D) - (@t o+
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Since B(x) > 0 and B(x) # 0, there exists an interval [c¢,d] C (0,1) such
that B(z) > 0, Vo € [c,d]. Let A := 0 - min,¢[. 4 8(z) - K, and let A; be the
principal eigenvalue of the following elliptic eigenvalue problem

o (P0) - @@+ o =20, we(a),
8(6) = 6ld) =0,

with a positive eigenfunction ¢*(z). Set

A —(0+a)+ /(M +o+a)P+44

)\0: 9

Since A > 0, we have A\g > —(o + a). It then follows that

A

+ Ao + (o—l—a)(b*(x)

dx dx
4 *
- ()‘1+ /\o+(a+a)>¢ (z)
= X" (2), Vz € (cd).

ﬁmﬁ@ﬁ2d<D@ﬁw@»—%M@+®W@)

Now we define a continuous function ¢o(z) on [0, 1] by

o), it zeled),
¢o<w>—{0, it e [0,1]\ [c,d]

Then we have Ly ¢o(xz) > Aogo(z), Vo € (0,1) \ {c,d}. Consequently,
e*tgy(z) is a subsolution of the integral form of the linear system u; = £y, u.
By Theorem 11.3.2 and Remark 11.3.1, problem (11.44) has an eigenvalue with
geometric multiplicity one and a nonnegative eigenfunction. Using (11.44) and

its associated parabolic system, we see that this eigenfunction is positive. &

Let Ry be the basic reproduction ratio of system (11.41), as defined in
Section 11.3. Then we have the following observation.

Lemma 11.4.2. Let p1 be the unique positive eigenvalue of the following
etgenvalue problem:

d d(b . UKﬂ(*T)

- (D(x) dx) + (a(z) + a)p = p c+a ¢ =D, (11.45)
do _d¢ —0 |
dx | z=0 o dx lz=1 -

with a positive eigenfunction. Then Ry = 1/p.
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Proof. In order to use Theorem 11.3.5, we define

o= (sro) Y@= (")

and B := dlag( (D(:C) a, ) V. It then follows that Ry = r(—B~'F) =
r(—B~1F). Since F15 = 0 and Fhy = 0, Theorem 11.3.5 (i) implies that

Ry =r(—B7'F) =r(-B;'Fy),

where B¢y = dfi (D(a:)d(il) — Vi1, Vign = (a(x) + a)¢1, and Figr =

Uffgx)¢ By Theorem 11.3.4, as applied to the triple (By, Fy,V4), it fol-

lows that r( B1 F1) = 1/p1, where u is the unique positive eigenvalue of
—quﬁl = MF1<J51 with a positive eigenfunction. Thus, we have Ry = 1/p1. 1

The subsequent result implies that Ry is a threshold value for the local
stability of the disease-free equilibrium (0,0, K) of the model system (11.41).

Theorem 11.4.1. The following statements are valid:

(i) If Ry < 1, then the disease-free steady state (0,0, K) is asymptotically
stable for system (11.41).

(i) If Ry > 1, then there exists €9 > 0 such that any positive solution of system
(11.41) satisfies limsup,_, . |[(E(¢,-),I(t,-),S(t,-)) — (0,0, K)|| > €.

Proof. By linearizing system (11.41) at (0,0, K'), we obtain

?;Z =V . (d(z)Vu) + (F(z) = V(z))u, t>0, =€,

6(;;3 =—(a—b)us — (a — b+ B(x)K)us — (a —bJus, t >0, x € 2, (11.46)
Ouy =0, t>0, v €01,

v

where u = (u1,u2)?, d(x) = (0, D(z))T. Let Bu = V - (d(z)Vu) — V(z)u,
Q(t) be the solution semigroup of the u equation of (11.46) subject to the
boundary condition %“2 = 0, and @(Q) be the exponential growth bound
of Q(t). Then B + F' is the generator of Q(t). In the case where Ry < 1,
Theorem 11.3.3 implies that s(B+ F) < 0. By [370, Theorem 3.14], we obtain
@(Q) = s(B+ F) <0. Let &(t) be the solution semigroup of system (11.46),
and &(P) be its exponential growth bound. Since the first equation of system
(11.46) is decoupled from the second one, we easily see that @ (®) < 0. Thus,
the local asymptotic stability of (0,0, K) for the nonlinear system (11.41)
follows from [93, Theorem 2.1].

In the case where Ry > 1, Theorem 11.3.3 implies that \* > 0, where
A* is the principal eigenvalue of (11.43) with a positive eigenfunction due to
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Lemma 11.4.1. For any given € € (0, K), we consider the following eigenvalue
problem:

B(x)I(K —¢)—oF — [b—|— (a—b)K;;_?)e] E=M)E, z€(0,1),

d dIl K + 3¢

i (D(z)dx)—l—aE—a(:z:)I—[b+(a—b) }I_/\I, z € (0,1),
d _ dl _o

drle=0 dxlz=1

(11.47)
By the same argument as in Lemma 11.4.1, problem (11.47) has a principal
eigenvalue A with a positive eigenfunction ¢*(z). Since lim._,o A} = A* > 0,
we can fix a small ¢g € (0, K) such that A\Y > 0. Assume, for the sake of
contradiction, that there exists a positive solution (E(t,x), I(t, x), S(t,z)) of
(11.41) such that

limsup ||(E(t, ), I(t,-), S(t,-)) — (0,0, K)|| < eo. (11.48)

t—o0

Then there exists a large ty > 0 such that

%f > B(x)I(K —€) —oF — {b—k(a—b)

> — — _
9t 2 o (D(x) (9x> +0FE —ax)] {b—l— (a—0b) K ] 1,

K+ 360:| E,

K (11.49)

for all t > tg. Since (E(to,"), I(to,*)) > 0 in C([0,1],R?), we can choose a
sufficiently small number 7 > 0 such that (E(to,-),I(to,-)) > n¢;,(-). Note

that ne)‘zo(t_to)@o (x) is a solution of the following linear system:

8E . K + 360
5¢ —ﬂ(x)I(K—eo)—aE—{b—F(a—b) K }E,
or 0 oI K + 3¢

_ B _ _ 11.50
5 = 9z (D(x) 833) +0E —a(x)] [b +(a—0) X ] I, ( )
oI oI —0
Ox lz=0 N ox lz=1 -

for all ¢ > tg. It then follows from (11.49) and the comparison principle that

(B(t,x),I(t,z)) > ne*o ) () vz e0,1], ¢t > to,

€0

and hence, E(t,z) and I(t,z) approach oo as t — oo, which contradicts
(11.48). This proves statement (ii). ]

At the end of this section, we present our numerical scheme on the com-
putation of Ry for model (11.41) via the principal eigenvalue of the eigenvalue
problem (11.45).
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Let h =1/(n+1) and x; = ih for 1 < i < n with g = 0 and 2,41 = 1.
Then we approximate the derivative by

(D@ )], % o ID(i1)8(@in) = (Dwsss) + D(@:))é(w:) + Dwa)o(wi-1)]

for all 1 < 4 < n. Under the Neumann boundary condition, (11.45) can be
approximated by

Au + Qu = pFu, (11.51)
where u = (u1,us,...,u,)7,
D({EQ) —D(IQ) 0 e 0
1 —D(LL'Q) D(wz) + D(,Tg) —D(,Tg) s 0
A= z z z I
0 0 -+ D(xp_1)+ D(xn) —D(z4)
0 0 —D(zp) D(z,)
KopB(z1)
a(ml)-i-la K ,C?( : 0 0
g o
0 a(z2)+a 0 0
= : : : : : ’
KoB(zn—1)
0 0 a(mn—l)-‘rla . BO( )
0 0 e 0 a(zn)J;la

and Q = diag (a(z1) + a,...,a(z,) +a). If C = A+ Q, then (11.51) becomes

Cu = pFu. (11.52)
Let ug = (1,1,...,1)T and define an iteration sequence
vp = C " Fug_q, k>1,
ue= k>1,
l[ok]loo

where vy, is obtained by solving the linear system
Cvu, = Fup_1.
If the eigenvalues of C~'F are given by
p > Jpa| = ps| = -+ = [pn|

and w; is an eigenvector corresponding to u1, then the classical method in
numerical analysis indicates

lim [Jvg|[oo = p1,

. w1

limuy, = ,
[Jwi floo
which gives the approximations of p; and its eigenfunction, respectively. By
Lemma 11.4.2, we then have Ry = p1.
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11.5 Notes

Sections 11.1 and 11.2 are taken from Zhao [442]. Tt seems difficult to directly
use the general theory developed in Thieme [370] to prove that Ry is a thresh-
old value for the linear stability associated with periodic and time-delayed
population models with or without spatial diffusion. For some specific peri-
odic models, one may derive linear periodic Volterra integral equations for
infectious variables and then utilize the renewal theory (see, e.g., [362, 22]
and the references therein) after a careful verification of certain technical
conditions (see, e.g., [288] and the references therein). Our introduction of a
one-parameter family of positive linear operators on the space of continuous
periodic functions was motivated by an eigenvalue problem associated with
the renewal theory.

Recently, there have been a few applications of the theory and methods de-
veloped in [442], see, e.g., Bai [25] for a time-delayed SEIRS model with pulse
vaccination; Zhang, Wang and Zhao [428] for a periodic reaction—diffusion epi-
demic model with latent period; Wang and Zhao [393] for a periodic vector-
bias malaria model with incubation period; Lou and Zhao [234] for a popula-
tion model with time-periodic delay; Wang and Zhao [394] for a time-delayed
Lyme disease model with seasonality. For the theory of basic reproduction
ratios in almost periodic compartmental ODE models, we refer to Wang and
Zhao [391].

Sections 11.3 and 11.4 are adapted from Wang and Zhao [390]. Earlier,
Wang and Zhao [389] introduced a next generation operator to define the
basic reproduction ratio Ry for a nonlocal and time-delayed reaction—diffusion
model of dengue fever, and proved that Ry is a threshold value for the local
extinction and uniform persistence of the disease by appealing to the abstract
results in Thieme [370] and persistence theory. Other studies in this vein are
given in Lou and Zhao [233] for a nonlocal reaction—diffusion malaria model;
in Guo, Wang and Zou [138] for an infective disease model with a fixed latent
period and nonlocal infections; in Mckenzie, Jin, Jacobsen and Lewis [247] for
an advection—diffusion-reaction population model; and in Peng and Zhao [277]
for a periodic reaction—diffusion SIS epidemic model. Recently, the theory and
methods developed in [390] have been applied to two advection-dispersion-
reaction models of harmful algae and zooplankton in Hsu, Wang and Zhao
[176], a reaction-diffusion-advection model of harmful algae growth with toxin
degradation in Wang, Hsu and Zhao [398], and a benthic-drift model for a
stream population in Huang, Jin and Lewis [179].

It is worthy to point out that Allen, Bolker, Lou and Nevai [9] used a
variational expression to define Ry for a reaction-diffusion model with one
infectious compartment. The biological meaning of such Ry can be easily
confirmed via Theorem 11.3.4 combined with the variational characterization
of the principal eigenvalue, see, e.g., [277, Lemmas 2.1 and 2.4].
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A Population Model with Periodic Delay

The rhythm of life on earth, occurring on daily or annual scales, is driven by
seasonal changes in the environment [348] which regulate various physiological
and behavioral processes, as well as the population dynamics of species. Many
plant and animal species have demonstrated seasonal population dynamics in
response to seasonal environmental changes, in particular, the weather con-
ditions. Mosquito species Culex pipiens and Culex restuans, main vectors of
West Nile virus transmission, are very sensitive to long-term variations in cli-
mate and short-term variations in weather [397], in particular, temperature
condition affects the rates of immature mosquito development and activity of
adults, and precipitation determines the amount and quality of larval habi-
tats. Temperature also affects the host-seeking activity of ticks and their rates
from one life stage to the next one, as a result, it is proposed as a statistically
significant determinant and possible driver of emergence of the tick in Canada
[262]. Seasonal forcing in host and parasite biology also determines the risk of
infectious diseases through the following aspects [10]: (a) host social behavior
and aggregation; (b) vector population and activity; (c) parasite stages in the
environment; (d) timing of reproduction and pulses of susceptible hosts; and
(e) host susceptibility and immune defences.

Given the significant roles that seasonal environment factors play in popu-
lation growth, disease transmission, and other life systems, theoretical models
have been formulated to incorporate the seasonality of parameters in phe-
nomenological ways such as those reported in [10]. Many model parameters in
ecosystems are influenced by the environmental conditions in a nonlinear way
[250], and in previous models, it is well accepted to assume the parameters
subject to seasonal factors change periodically. A growing body of literature
reported that the developmental duration can be driven by seasonal forcing,
and thus be periodic. For example, the developmental duration of mosquito
species Culex pipiens and Culex restuans is affected by temperature conditions.
In the transmission cycle of malaria, the extrinsic incubation period (EIP) of
the parasite within the mosquito is one of the most critical parameters to
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evaluate the disease risk. During EIP, malaria parasites go through various
developmental stages and distinct replication cycles before migrating to the
salivary glands where they can be transmitted to humans. The speed of this
development depends on host, parasite, and environmental factors with es-
timate order of 10-14 days in areas of high malaria transmission. However,
90% of the female mosquitoes die within 12 days and are therefore unlikely to
contribute to malaria transmission. On the other side, the extrinsic incuba-
tion period is extremely temperature sensitive [267], and hence, it is pivotal
to incorporate this seasonally forced incubation period in the description of
malaria transmission. For these two aforementioned scenarios, the develop-
mental durations for immature mosquitoes and incubation period for para-
sites are periodic functions of time, which brings new challenges into model
formulation where careful mathematical derivation and biological justification
are needed. The purpose of this chapter is to propose a synthesized mathe-
matical approach to the study of biological systems with seasonal forcing, in
particular, with seasonal variations on developmental duration.

In Section 12.1, we use the host-macroparasite interaction as a motivating
example to present our approach. The host-parasite interaction has attracted
great attention since the pioneering work of Anderson and May [15], with
most models aiming to figure out the basic reproduction number Ry of par-
asite (measuring “the expected lifetime reproductive output of a new born
larva” for macroparasite [250]). Here we develop a theoretical framework to
investigate the population dynamics with time-dependent developmental du-
ration for the parasitic nematodes with a direct life cycle and endotherm hosts
[250]. This framework can be extended to the population growth, pathogen
transmission, and in-host viral dynamics. In Section 12.2, we introduce the
basic reproduction ratio Ry for the model system and establish a threshold-
type result on its global dynamics in terms of Ry. In Section 12.3, we show
how to write the next generation operator into the integral form in Posny and
Wang [282] so that their numerical method remains applicable to the compu-
tation of Ry for our model system. For reader’s convenience, we also include
the algorithm of [282] at the end of this section.

12.1 Model Formulation

Before introducing the whole model system for host-parasite interaction, we
investigate a two-stage single population growth scenario as a toy example, in
the hope of presenting the modelling idea through a simpler case.

We start with a two-stage model, with population containing first stage
I(t) and second stage M (t) defined, respectively, as those of age less than,
and greater than, some threshold age 7(¢) (the maturation time for the cohort
that matures at time ¢), which is assumed to be seasonal due to the seasonal
variations of weather conditions. That is, at time ¢, the individuals with age
greater (less) than 7(¢) are in the second stage (remaining in the first stage).
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Within each age group, all individuals have the same age-independent birth
and death rates. Let p(t,a) be the population density of age a at time ¢,
then the numbers I(t) and M (¢) of individuals in the first and second stages,
respectively, are given by

7(t) o)
I(t) = /0 p(t,a)da and M(t) = /(t) p(t, a) da.

The age density p(t,a) satisfies the following McKendrick von-Foerster type
equation [77, 400]

Op(t,a)  0p(t,a)
ot oa
with the age-dependent death rates

= —u(a,t)p(t,a), (12.1)

pla,t) = pr(t) if a < 7(t) and p(a,t) = pa(t) if a > 7(t).
Taking the derivatives of I(t) and M (t), and using (12.1), we obtain
U= p(t,0) = (1= 7 (£)p(t, (1) = p (B)I(2),
) —

MO — (1= 7 (0)p(t,7(t)) — pa ()M (1) — plt, 00).

Since no individual can live forever, p(t, 00) is taken as zero. The term p(t, 0)
represents the flow in rate to the first stage at time ¢, supposed to be p(t,0) =
b(t) = B(t, M(t)), a function of time ¢ and population density M (¢). Mathe-
matically, we also assume the delay 7(t) involved is continuously differentiable
in [0, 00) and bounded away from zero and infinity. To close the system, we cal-
culate p(t, 7(t)) in terms of p(t—7(t),0) = b(t—7(t)) = B(t—7(t), M(t—7(t))),
which is achieved by the technique of integration along characteristics with
the aid of the variable V*(t) = p(t,t — s). By direct calculations, we arrive at

V(D) = V()
for t — s < 7(t), with V*¥(s) = p(s,0) = b(s). It follows that
Ve(t) =V3(s)e™ Jim©de — B(s,M(s))e~ Jim©)de,
Setting s =t — 7(t), we have, for t > 7 with 7 = max{7(¢)},
plt, (1) = VITO(t) = B(t = 7(1), M(t = () o 11O,

Hence, we obtain a closed system to describe two age groups subject to sea-
sonal effects for t > 7:

O Bt M(t)) — (1— 7 (0) Bt — 7(£), M(t — r(t)))e i-rio 118 b6
—m(OI(2), , (12.2)
WO = (1= 7/ () B(t — (1), M(t —7(t)))e” emr 1O % _ iy (1) M ().
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This model turns out to be a differential system with periodic time delay,
which is different from the traditional delay differential models without sea-
sonal effects in the sense that the term 1—7/(¢) is included in the development
rate from the first stage to the next one:

(1—7(£))B(t — 7(t), M(t — 7(t)))e ™ 1= 1146 (12.3)

An alternative approach, more biologically oriented, to describe the pop-
ulation growth of two stages (especially the maturation term (12.3)) is also
feasible. The first stage population size I(t) at time ¢ counts all accumula-
tion of individuals born at moment & with rate b(§) between t — 7(t) to ¢ but
remain alive with the survival probability e~ Jem(s)ds, Intuitively, the size
I(t) depends on the duration of 7(¢) for individuals staying in the first stage.
Motivated by these biological inductions, we can represent I(¢) by an integral
form .

I(t) = / b(€)e Je () dsge.
t—7(t)
Taking the derivative of I(t), we get the differential equation version of this
variable in the first equation of (12.2). The maturation rate should be the
birth rate at time ¢ — 7(¢), b(t — 7(¢)), multiplied with survival probability to
time t, e~ Je-r@ #1395 anq corrected with the rate of change for ¢ — 7(t).

In parameterizing the delay 7(t), the developmental proportion r(§) at
time & is taken into consideration such that the accumulative proportion from
t — 7(t) to t reaches unity when the individual moves to the next stage. The-
oretically, we use the following relation to determine 7(¢)

1= /tT(t) r(&)dg, (12.4)

where r(€) is the time-periodic development proportion at moment £. The
periodicity of 7(€) in £ implies the periodicity of the delay 7(¢) in time variable
t. Taking the derivative with respect to t, we have

0=rt)— (1 —7@)rEt—"7(t))

from which we obtain

)
TS

and hence, the conversion rate in (12.3) can be expressed as

O bt = (e Horo O

r(t —7(t))

Thanks to this relation, we can always assume that 1 — 7/(¢) > 0 for any
biologically reasonable developmental delay.
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Next, we extend the two-stage model (12.2) to describe host-parasite in-
teraction, where the parasite developmental duration is dependent on time.
Motivated by the fundamental modelling frameworks in Anderson and May
[15] and Dobson and Hudson [100], we consider four stages: Free living lar-
vae not infective X (t), free living larvae infective L(t), arrested larvae in the
host Y (¢), and adult parasites P(t). We are concerned with two delays in the
parasite life cycle, one in the free-living stage and the other within the host
population: (i) the developmental delay 77, (¢) between the moment when newly
shed parasites enter the environment and the moment they reach the infective
larval stage and (ii) the time period 7p(t) needed for the arrested larvae infect-
ing the host to develop to pathogenic adults [100]. Since the development time
to the infectivity stage depends on metabolic rate and hence the temperature
condition, we assume the developmental duration is a time-periodic parameter
with the period being one year (365 days) as temperature changes seasonally
[250]. Much attention should be paid to estimate these time-dependent de-
lays. Other life cycle components may also be temperature-dependent, and
therefore, be periodic in time ¢.

Host population dynamics may be regulated by parasites, which is a crucial
assumption for some host-parasite models [291]. However, here we are more
concerned with the reproduction ratio analysis, and therefore, we ignore the
host survival or fecundity affected by the arrested parasites since the metabolic
activity in arrested larvae is very low [100]. This assumption becomes much
more reasonable for farmed animal hosts, whose density is largely controlled
by the farm owner [291]. Therefore, the host population H(t) is considered
to be seasonal, analogous to those constant host population assumptions in
[292, 293, 346].

Based on the conversion rate with periodic delays (12.3), we can write the
model system as follows:

O AP (1) - ux ()X ()

A1 = 7 ()Pt — 7o (8))e L nx(© A€ (12.5a)
MO N1 = )P~ (e o = O% 1)

—B(t)H(t)L(t), (12.5D)
MO~ B0 @)L ~ (ar (0) + ()Y (1)

(L= TR ()8~ Tr () H(t ~ 70(1)) X

o Sl p @ (Y (O Fnu (€) Lt — rp(1)), (12.5¢)
PO~ (1= 2h ()80~ () H(E ~ p(1) X

ot
e Jierp o) ey (O +nm (€) dgL(t —7p(1))

—(pp(t) + pr () P(t) — am (1 4 POk 1) P(t).  (12:5d)
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System (12.5) describes the change of densities for the four compartments: (1)
The free living larvae X (t) are regained through the birth of adult parasite at
rate A, lost by either mortality (at rate px(t)) or development to free living
infected larvae (the last term of equation (12.5a)); (2) The density of free living
infected larvae L(t) increases from the development of uninfected larvae (the
first term of equation (12.5b)) and decreases with the death rate pr(t) and
host uptake at rate §(t) H (), which is dependent on the host population H(t);
(3) Ingested larvae Y (t) enter the host population with rate 3(t)H (¢). They
stay in the host for 7p(¢) unit time, which is the developmental duration from
infective larvae to adult parasite. The development rate to adult parasite is
described by the last term of equation (12.5¢). Their density decreases due
to the natural death rate py (t) and host death rate pg(t) as the larvae will
also die when hosts die; (4) The density of adult parasites P(t) increases
with the development from larvae (first term of (12.5d)), decreases with the
mortality, both the natural death at rate up(t) and host death at rate pp(t).
The burden of adult parasite also decreases due to the aggregated distribution
of parasites in the host population, by assuming the distribution of parasites
within the host population to be negative binomial with exponent k (also
known as aggregation parameter) [15]. As argued previously, we can replace
(1 —77(t)) and (1 — 7p(t)), respectively, with the developmental proportions
ri(t) rp(t)

1—77(t) = ro(t — (1)) and 1 — 7p(t) = ro(t— 1o(t)’

where r1,(t) and rp(t) are the corresponding developmental proportions.

12.2 Threshold Dynamics

In this section, we first introduce the basic reproduction ratio Ry for model
(12.5), and then establish a threshold-type result on its global dynamics.

In system (12.5), the equations (12.5a) and (12.5¢) can be decoupled since
variables X and Y do not appear in the other two equations. Therefore, we
start with the decoupled system:

‘ff,f = ML= 7 (8)e Fre@ O gy (1)) — pr (L) - B H)L(),
‘fff = (1= Tp(E)B(t — Tp (W) H(t — 7p(t))e [imrpo X OFma @ qy)
—(up () + pr (D)) P(t) — an (1 + fl((?) F N 1) P(t). (12.6)

Further, we can rewrite the other two variables into integral forms:

t
X = [ ap(@e g,
t—TL, (t)

! (12.7)
v = [ pmELEe oo

—7p(t)
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Once the dynamics of two variables L(t) and P(t) are obtained, that of X (¢)
and Y (¢) can be deduced naturally.

To address the well-posedness of system (12.6), we introduce some nota-
tions. Let 7 = max{max;c o) 72 (t), max,c(o o 7P (t)} and X := C([—7,0],R?)
equipped with the maximum norm. For a function z(-) € C([—7, c0), R?), we
can define x, € X as x4(0) = z(t + 0),V0 € [—7,0]. For any ¢ € X, we define
f(tv (b) = (fl(ta ¢)5 fQ(ta d))) with

Fi(t, @) = A(1— 74 (0)e Jemrn #X O % o (1)) — pur(£)61(0) — BE)H (1)1 (0),

Falt, @) = (1 — Th () B(t — 7o (£) H(t — 7p(t))e Jimrpo W Otun @) de g (1 4
—(pp () +pm () +am)d2(0) =1 71 65(0).

Due to the w-periodicity of 71,(t), pr(t), 8(t), H(t), p(t), up(t), and ug(t),
it is easy to see that f(t + w,®) = f(¢,¢). Thus, (12.6) is an w-periodic
functional differential system. For notational simplicity, we rewrite system
(12.6) into

C(ll? =br(t)P(t — 1.(t)) — dr(t)L(¢),
ip (12.8)
1 = bp(OL(t = 7p(1)) — dp(t)P(t) — a(t) P(1),

where

bu(t) = A1 — 74, (8)e ™ Fmrnw X O % g4y — 1 () + BR)H(1),
bp(t) = (1= Th(£)B(t — Tp(B) H(t — rp(t))e Ji-mrio b @ nu(EN de,

ag(k+1)

dp(t) = pp(t) + pu(t) + ag, and  oft) = kH(t)

Clearly, all these coeflicients are positive w-periodic functions.
For a given continuous w-periodic function g(t), let

0 = ma; t = mi t).
g te[oig]g(), g te[(}g]g()

The following result shows that system (12.6) is well-posed on
XJr = C([_%v 0]7 Ri—)a
and hence, the derived model system is also biologically reasonable.

Lemma 12.2.1. For any ¢ = (¢1,¢2) € Xy, system (12.6) has a unique
nonnegative and bounded solution v(t, ¢) with vg = ¢ on [0, 00).

Proof. Note that f (¢, ¢) is continuous and Lipschitzian in ¢ in each compact
subset of X,. It follows that for any ¢ € X, system (12.6) admits a unique
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solution u(t, ¢) with ug = ¢ on its maximal interval of existence. Let x* =
(xf,23) = (IZL bpbr bpr). For any given p > 1, let [0, px*]x be the order

dL adL ’ adL
interval in X, that is,

[0, p2*]x == {p € X : 0 < p(0) < pa*,¥0 € [—7,0]}.

It is easy to verify that whenever ¢ € [0, pz*]x, t € R, and 4;(0) =0 (¢,(0) =
px¥) for some i, then f;(t,¥) > 0 (fi(¢t,4) < 0). By [326, Theorem 5.2.1
and Remark 5.2.1], it follows that [0, pz*]x is positively invariant for system
(12.6). Since p can be chosen as large as we wish, this proves the positivity
and boundedness of solutions in X;. ]

Next we use the theory in Section 11.1 to introduce the basic reproduction
ratio for our model system with periodic time delays. Linearizing system (12.8)
at its parasite-free steady state (0,0), we obtain the following linear periodic
system:

CZJ = br(t)P(t — 71(t)) — dr(t)L(1),
ap (12.9)
g = bP(OL(Et—Tp(t) — dp(t)P(t).

Let

r0 () = (i) mve = (0 )

Then the linear system (12.9) can be written as

du(t)
P F(t)uy — V(t)u(t), Vt>0.

Note that F(t) and V (¢) are w-periodic in ¢ and the newly “birth” parasites is
described by F'(t) while the growth of the parasites except birth is described
by the following evolution system
du(t)

= -V (t)u(t).
" = Vi)

Let Z(t,s), t > s, be the evolution matrix of the above linear system. That
is, for each s € R, the 2 x 2 matrix Z(¢, s) satisfies

d

dtZ(t, s)==-V()Z(t,s), Vt>s, Z(s,s)=1,

where I is the 2 x 2 identity matrix. Clearly, we have

e f: dL(g)df O
Z(t,S) = 0 e—f:dp(f)dﬁ .

Recall that the exponential growth bound of Z(¢, s) is defined as
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&(Z) :=inf{@ : IM > 1 such that || Z(t + s,5)|| < Me®!, Vs €R, t >0 .
(Z) ; ; ,

It is easy to see that &(Z) < —min{dr,dp}. Therefore, F(t) and V (¢) satisfy
the following assumptions:

(Al) F(t) : X — R?is positive in the sense that F(t)X; C R%;
(A2) The periodic matrix —V (t) is cooperative, and @w(Z) < 0.

Let C,, be the Banach space of all w-periodic functions from R to R?, equipped
with the maximum norm and the positive cone C = {u € C,, : u(t) >
0, Vt € R}. Suppose v € C,, is the initial distribution of larval and adult
parasites in this periodic environment, then F(t — s)vs— is the distribution of
newly born parasites at time ¢ — s with ¢ > s > 0, and Z(¢t,t — s)F(t — s)vi—s
represents the distribution of those parasites who were newly reproduced at
time ¢t — s and still survive in the environment at time ¢ for ¢ > s. Hence,

/00 Z(t,t — s)F(t — s)vi_sds = /00 Z(t,t—s)F(t —s)v(t — s+ -)ds
0 0

gives the distribution of accumulative parasite burden at time ¢ produced by
those parasites introduced at all previous time.
We define the next generation operator L : C,, — C,, by

[Lv](t)—/OOOZ(t,t—s)F(t—s)v(t—s—l—-)ds, VieR, ved,.

According to Section 11.1, the basic reproduction ratio is Ry := r(L), the
spectral radius of L.

For any given ¢ > 0, let W (t) be the time-t map of the linear periodic
system (12.9) on X, that is, W(t)¢p = wi(¢), where w(t, o) is the unique
solution of (12.9) with wg = ¢ € X. By Theorem 11.1.1, we have the following
result, which indicates that Ry — 1 is a threshold value for the stability of the
zero solution of system (12.9).

Lemma 12.2.2. Ry — 1 has the same sign as r(W(w)) — 1.

To study the global dynamics of the model system in terms of Ry, our
strategy is to use the theory of monotone and subhomogeneous semiflows in
Section 2.3. We start with a new phase space on which system (12.6) generates
an eventually strongly monotone periodic semiflow.

Let

V= C([_TP(O)7 0]7 R) x C([_TL(O)7 0]7 R),

and
Vi = C([-7p(0),0],R4) x C([-72(0),0], R4).

Then (),Y;+) is an ordered Banach space. For a continuous function u :
[~7p(0), +00) x [=77(0), +00) — R? and t > 0, we define u; € Y by

(u)1(0) = u1(t+0), Y0 € [=7p(0),0],  (ur)2(n) = u2(t+n), ¥n € [-72(0),0].
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Lemma 12.2.3. For any ¢ € Y4, system (12.8) admits a unique nonnegative
solution u(t, @) on [0,00) with ug = ¢.

Proof. Let 7 = min{rr,7p}. For any t € [0,7], since ¢ — 71(¢) is strictly
increasing, we have

—7L(0) =0 —72(0) <t —7(t) <7 —7p(7) <T -7 =0,

and hence

P(t —7L(t)) = d2(t — 7(1)).
Similarly,

L(t —7p(t)) = ¢1(t — 7p(1)).

Therefore, we have the following equations for ¢ € [0, 7]:

= bLa( — (1) — A (L),
O = be(t)61(t — (1)) — dp (1) P(t) — alt)P2(1).

Given ¢ € Y4, the solution (L(t), P(t)) of the above system exists for ¢ € [0, 7].
In other words, we obtain the values of u1(0) = L(0) for 6 € [—7p(0),7] and

u2(n) = P(n) for n € [=71(0),7].
For any t € [7,27], we have

—70(0) =0—72(0) <7 —70(7) <t —7p(t) <27 =7 (27) < 2T =T =T,
and hence, P(t—71(t)) = uz2(t—7L(¢)) is known. Similarly, L(t—7p(t))=uy (t—

Tp(t)) is also given from the previous step. Solving the following ordinary
differential system for ¢ € [7,27] with L(T) = u1(7) and P(T) = us(7):

1 = butpuat 7 (1)) — e (L (),
1 = byt — 7o (1)) — dp()P(1) — () P(0),

we then get the solution (L(t), P(t)) on the interval [T, 27].

We can extend this procedure to [n7, (n+1)7] for all n € N. It then follows
that for any initial data ¢ € Yy, the solution (L(t), P(t)) exists uniquely for
all ¢ > 0. [ |

Remark 12.2.1. By the uniqueness of solutions in Lemmas 12.2.1 and 12.2.3,
it follows that for any ¢ € X, and ¢ € Yy with ¢¥1(0) = ¢1(0),V8 €
[—=7p(0),0] and v2(n) = ¢2(n), Vn € [—71(0),0], then u(t, ) = v(t, ), Vt >
0, where u(t,®) and v(t, ) are solutions of system (12.8) satisfying ug = ¢
and vy = v, respectively.
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Lemma 12.2.4. Let Q.(¢) = u(¢), t > 0. Then Q; is an w-periodic semiflow
on Yy in the sense that (i) Qo = I; (ii) Qtrw = Qt 0 Qu,Vt > 0; and (iii)
Q(¢) is continuous in (t,¢) € [0,00) X Vi.

Proof. Clearly, property (i) holds true, and property (iii) follows from a stan-
dard argument. It suffices to prove (ii). Denote v(t) = u(t + w, ¢), we need to
show that v(t) = u(t, uw(¢9)), vt > 0. To do this, we first check

don(t)  dur(t +.0)
dt dt
br(t +w)ug(t +w — 710t +w),¢) — dr(t + w)ur (t + w, @)
br(t)us(t +w —7(t +w),¢) — dr(t)ur(t + w, ¢)
bL(t)’Ug (t — TL (t)) — dL(t)’Ul (t)

Similarly, we have

d’U2 (t)

5 =be@uit = 7e(t) = dp(t)va(t) — alt)(va(t))*.

This shows that v(t) is also a solution of system (12.8). Moreover, we have
v1(0) = u1(0 + w, ) for 6 € [—7p(0),0] and va(n) = u2(n + w, ) for n €
[-71(0),0]. On the other side, let w(t) = u(t, uy(¢)), then w(t) is also a
solution of system (12.8), and w1 () = u1(8, uy(P)) = uw(d)1(0)=u1(0 +w, @)
for § € [=7p(0),0] and w2 (n) = uz(n, uw(9)) = uw(d)2(n)=uz(n+w, ¢) for n €
[—71(0),0]. Thus, v(t) and w(t) are solutions of system (12.8) with the same
initial data. By the uniqueness of solutions, we see that v(t) = w(t),Vt > 0,
that is,
u(t +w, o) = u(t,uy(¢)), Vt=>0.

For any ¢ > 0 and 0 € [—7p(0),0], if t + 6 > 0, we have u;(t + 0 + w, ¢) =
up (46, u, (@), that is, uryy,($)1(0) = urouy (@)1 (6); if t+60 < 0, then uq (t+
0,uu(9)) = uw(d)1(t+6) = u1 (t+60+w, ¢), which also implies u;ouy, (¢)1(0) =
Ut 1o (P)1(0). Similarly, we can show that us o uy,(¢)2(n) = Uttw(d)2(n) for all
n € [—7.(0),0] and ¢t > 0. It then follows that w; o uy(¢) = witw(d), and
hence, Qi+w(P) = Qi 0 Qu (@) for all p € Y and t > 0. ]

The following two lemmas indicate that the periodic semiflow @ is even-
tually strongly monotone and strictly subhomogeneous.

Lemma 12.2.5. For any ¢ and ¥ in Y4+ with ¢ > ¢ (that is, ¢ > b but
@ # ), the solutions u(t) and v(t) of system (12.8) with ug = ¢ and vy = 1,
respectively, satisfy u;(t) > v;(t) for all t > 27,4 = 1,2, and hence, Q:(d) >
Q:(v) in Y for all t > 37.

Proof. As in the proof of Lemma 12.2.3, a simple comparison argument on
each interval [n7, (n 4+ 1)7], n € N, implies that w;(t) > v;(¢) for all ¢ > 0. By
Lemma 12.2.1 and Remark 12.2.1, both u(¢) and v(¢) are bounded on [0, c0),
and hence, there exists a real number b > 0 such that u; and v; are in the
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order interval [(0,0), (b,b)]y for all t > 0. Thus, we can choose a large number
M > 0 such that for each t € R, ¢g1(¢,L) :== —dr(t)L + ML is increasing in
L €10,b] and g2(t, P) := —dp(t)P — a(t)P? + M P is increasing in P € [0, b].
It then follows that both w(t) and v(t) satisfy the following system of integral
equations:

t t
L(t) :e*MtL(o)+/ e*M(t*@gl(s,L(s))dH/ e ML (s)P(s — 1(s))ds,
0 0
t t
P(t) = e M P(0) +/ e*M“*ﬂgQ(s,P(s))dH/ e ME=pp(s)L(s — p(s))ds,
’ ’ (12.10)
for allt > 0. Since both m,(t) := t—71(t) and mp(t) := t—7p(t) are increasing
in t € R, it easily follows that [—71(0),0] C m([0,7]) and [—7p(0),0] C
mp([0,7]). Without loss of generality, we assume that ¢o > 1)2. Then there
exists an 7 € [—71(0), 0] such that uz(n) > va(n). In view of the first equation
of (12.10), we have uj(t) > vi(t) for all ¢t > 7. Note that if s > 27, then
s —1p(s) > 27 — 7 = 7. By the second equation of (12.10), it follows that
uz(t) > vao(t) for all ¢ > 27. This shows that u;(¢t) > v;(t) for all ¢ > 27, ¢ =
1,2, and hence, the solution map @ is strongly monotone whenever ¢ > 37. 1

Lemma 12.2.6. For any ¢ > 0 in Y and any v € (0,1), we have u;(t,y¢) >

yu;i(t, @) for allt > 7, i = 1,2, and hence, Q"(yd) > QI (p) in Y for all
integers n with nw > 27.

Proof. Let w(t) = u(t,v¢) and v(t) = yu(t, ), where u(t, ¢) is the unique so-
lution of system (12.8) with ug = ¢ > 0in Y. As in the proof of Lemma 12.2.3,
we see that w(t) > 0 and v(¢) > 0 for all t > 0. Moreover, for all § € [—7p(0), 0]
and n € [—71(0), 0], we have

w1(0) = v¢1(0) = v1(0) and wa(n) = yp2(n) = v2(n).

It is easy to see that v(t) satisfies the following system:

d“;t(t) — br (st — 71()) — du (E)os (1),
o) —b(tyen(c = 7o) — de(oyen(t) - 300,

and hence,

t £ t
uilt) = [ O+ [ bu(at ~ ru(©) exn( [ dL(n)dn)df] exp (— / dL(n)dn>
for all £ > 0. For any 0 < ¢t < 7, we have

—TL(O)St—TL(t) §7_'—7'L(7_') <0
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w0 = [0+ [ 1@t~ ruien espl [ dutrran) de] exp (— [ dumyin)

:[vl(O)+/OtbL(é)vz(ﬁ—TL(é))exp(/:dL( dndf]exp< /OtdL )

=1 (t)

/\

On the other side, the derivative of vo(¢) at ¢ = 0:

d’U2 (t)

gt = bp(0)v1(0 — 7p(0)) — dp(0)v2(0) — " v3(0)

t=0 Y
< bp(O)’Ul(O — TP(O)) — dP(O)’Ug
= bp(0)wi(=7p(0)) = dp(0)w2(0) — a(0)w3(0)
. d’LUQ (t)
S dt

t=0

Since v2(0) = w2(0) > 0, it follows that there exists an € € (0,7) such that
0 < wat) < wa(t) for all 0 < t < e. We claim that va(t) < we(t) for all
0 < t < 7. Assume not, then there exists ¢t € (0,7] such that va(t) < wa(t)
for all 0 < t < to while va(tg) = wa(to), which implies v5(tg) > wh(to).
However, we have

d’l)g (t)

gt = bp(to)vi(to — 7p(to)) — dp(to)va(to) — a(,jo)vg(fo)

< bp(to)’l)l(to — Tp(to)) dp (fo)vg(to) — Oé(to)’l)g(to)
= bp(to)wi (to — 7p(to)) — dp(to)w2(to) — alto)ws (to)
d’LUQ(t)
dt

’
t=to

a contradiction. This shows that ve(t) < we(t) for all 0 < ¢ < 7.

Similar arguments for any interval (n7, (n + 1)7] imply that v1 (¢) < wq(t)
and vg( ) < we(¢) for allt € (n7, (n+1)7] with n € N. In particular, E—71(§) >
7—7=0and wa(& —711(§)) > v2(€ —711(§)) for all £ > 7. Therefore, for any
t > 7, we have

w®) = oo+ [ b (€wn(€ — () exp / “d (] exo (- [ t )i
> [mo)+ [ b (€)us € — 70(6)) exp / ‘ avmande] exp (- | t ()i

= U1 (t)

It follows that v1 () < w1 (t) and v2(t) < wa(t) for all ¢ > 7, that is, u; (¢, y¢) >

yui(t,¢) for all t > 7, i = 1,2. Thus, Q5(v¢) = Qnw(19) > 1Qnu(9) =
YQ" (¢) for all integer n with nw > 27. ]
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For any given ¢ > 0, let G(t) be the time-t map of the linear periodic
system (12.9) on Y, that is, G(t)¢ = z:(¢@), where z(t, ¢) is the unique solution
of (12.9) with zg = ¢ € Y. The subsequent result shows that the stability of
the zero solution for system (12.9) on X is equivalent to that on ).

Lemma 12.2.7. Two Poincaré maps W(w) : X = X and Gw) : Y = Y
have the same spectral radius, that is, r(W(w)) = r(G(w)).

Proof. We fix an integer ng such that now > 37. By the proof of Lemma 12.2.5,
we see that G(w)™ = G(now) is strongly positive on Y. Further, [145, Theo-

rem 3.6.1] implies that G(w)™ is compact. Then r(G(w)) > 0 according to the

Krein-Rutmann theorem, as applied to the linear operator (G(w))™, together

with the fact that r(G(w)™) = (r(G(w)))™. For any given ¢ = (¢1,¢2) € ),

we define ¢ = (¢1,¢s) € X by

~ ) #1(=7p(0)) if 0 € [-7,—7p(0)],
91(0) = {¢1(9) if 0 € [—7p(0),0];

and
~ ) #a2(—72(0)) if 0 € [-7,—7L(0)],
P2(0) = {@(9) if 6 € [-7.(0),0].

Clearly, ||¢ly = ||¢||x. By Remark 12.2.1, it follows that for all integer n with
nw > 7,

IG(w)glly < W (nw)dllx < W (nw)|x-[dlla = W (nw)|lx- 6y, Yo € P,

and hence, ||G(nw)|y < [|[W(nw)||x. Since
H(Gw)) = lim [Gw)"[§ = lim Gl

and
1

1
(W (w)) = T [W(w)"[3 = lim [ W ()|,

we then have r(W(w)) > r(G(w)) > 0.

It remains to prove that r(W(w)) < r(G(w)). In view of [326, Theorem
5.1.1] and [145, Theorem 3.6.1], we see that the linear operator W(w)™ =
W (now) is positive and compact on X. By the Krein-Rutmann theorem (see,
e.g., [152, Theorem 7.1]), (W (w)™°) is an eigenvalue of W (w)™ with an eigen-
vector ¢* > 0 in X. For any ¢ € X, we define ¢ € ) as

¢1(6‘) = ¢1(9)7 Vo € [_TP(O)v 0]7 and ¢2(77) = ¢2(77)7 Vn € [_TL(O)v 0]'

By Remark 12.2.1, we have u(t, ¢) = v(¢, ¢), ¥Vt > 0, where u(t, ¢) and v(t, @)
are the unique solutions of system (12.9) with ug = ¢ € X and vg = ¢ € ),
respectively. We further claim that ¢* > 0 in ). Otherwise, ¢* = 0, and
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hence, u(t, ¢*) = v(t, ¢*) = 0, Vt > 0. This implies that
(r(W(w)))*¢" =r(W(w)™)¢" = W(w)™¢* = W(now)¢" =0,
and hence, ¢* = 0 in X', which is a contradiction. Since
Gw)"" = W(w)"¢" = r(W(w))")o" = (r(W(w)))™ ¢",
(r(W(w)))™ is a positive eigenvalue of G(w)™ with ¢* being a positive eigen-

vector in Y. It then follows that (r(W(w)))™ < r(G(w)™) = (r(G(w)))™,
and hence r(W(w)) < r(G(w)). Consequently, we have r(W(w)) = r(G(w)). 1

Now we are in a position to prove the main result of this section.

Theorem 12.2.1. The following statements are valid:

(1) If Ry < 1, then (0,0) is globally asymptotically stable for system (12.8) in
Vi

(2) If Ry > 1, then system (12.8) admits a unique positive w-periodic solution
(L*(t), P*(t)), and it is globally asymptotically stable for system (12.8) in

Y+ \{(0,0)}.

Proof. We fix an integer ng such that now > 37. In view of Lemma 12.2.4,
Q@: can be regarded as an now-periodic semiflow on Y. By Lemmas 12.2.5
and 12.2.6, Q. is a strongly monotone and strictly subhomogeneous map
on Yy. Applying Theorem 2.3.4 and Lemma 2.2.1 to the map @Q,,.,, we have
the following threshold-type result:

(a) Ifr(DQnyw(0)) < 1, then (0, 0) is globally asymptotically stable for system
(12.8) in V.

(b) If r(DQryw(0)) > 1, then system (12.8) admits a unique positive ngw-
periodic solution (L*(t), P*(t)), and it is globally asymptotically stable
for system (12.8) in Y4 \ {(0,0)}.

Note that 7(DQp,w(0)) = r(G(now)) = (r(G(w)))™. By Lemmas 12.2.2
and 12.2.7, we then see that

sign(Ro — 1) = sign(r(DQnyw(0)) — 1).

Thus, it suffices to show that in case (b), (L*(t), P*(t)) is also w-periodic. Let
Y* =wv§ € Y with v*(t) = (L*(t), P*(¢)). Then Qn ™ = ¥*. Note that

QZO (wa*) = Qw(QZOw*) = Qw (Qnoww*) = Qw(w*)

By the uniqueness of the positive fixed point of Q7° = Qnyw, it follows that
Qu¥* = 1*, which implies that (L*(¢), P*(t)) = u(t,¢*) is an w-periodic
solution of system (12.8). ]
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In the rest of this section, we deduce the dynamics for the other two
variables X (t) and Y (¢) in system (12.5), which do not appear in system
(12.6). In the case where Ry > 1, we have

Jim [(L(2). P(6)) — (L* (1), P*(£))] = 0
for any solution of system (12.6) through nonzero initial data. By using the

integral form for the free living uninfected larvae X (¢) and arrested larvae
Y (¢) in (12.7), we obtain

t
lim lX(t) - / AP (€)e™ Je nx(®) degl =0, and
t

t—o00 —7L(t)

lim
t—o00

Y(t) - / ﬂ(é)H(&)L*(&)e-féw“”"”“”“df] =0

—7p(t)
Moreover, it is easy to verify that both
t .
X (t) = / AP*(§)e” Je X ()
t*TL(t)

and

Yi) = / C BOHEL (e R oo dsge

—7p(t)

are positive w-periodic functions. In the case where Ry < 1, we have

lim (L(t), P(t)) = (0,0).

t—o0

By using the integral form in (12.7) again, we obtain

lim (X (t),Y (t)) = (0,0).

t—o0

In summary, we have the following result on the global dynamics of the full
model system.

Theorem 12.2.2. The following statements hold for system (12.5):

(1) If Ry < 1, then (0,0,0,0) is globally attractive.
(2) If Ry > 1, then there exists a positive w-periodic solution

(X7(2), L*(), Y™ (1), P*(1)),

and it is globally attractive for all nontrivial solutions.
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12.3 Numerical Computation of R,

To numerically compute the basic reproduction ratio, we are going to rewrite
the linear operator L into the form of equation (3) in [282], where an algorithm
is proposed for the Ry computation of periodic ordinary differential systems.

Note that
= (G) = (e haae )
It then follows that
[Lo](t) = [~ Z(ty—tf:_,j«)iigdz s)v(t — s+ -)ds ) - )
i (f ) (e T
([ e S Oy (¢ syua(t — s — T (t — s))ds

B (fooo e Jis AP©dEy Lt — s)or(t— s — Tp(t — s))ds) '

Let t —s — 7,(t — s) = t — s1. Since the function y = & — 7, (x) is strictly
increasing, the inverse function exists and we can solve = hr(y). Hence, we
obtain t — s = hy(t — s1), that is,

s=t—hp(t—s1), dsi=d(s+71L(t—s))=(1—7.(t—s))ds,

and ds = dsy. Therefore,

1
17T£(hL (t*Sl))

fooo e~ Jies dL(g)dbe(t —s)va(t — s —10(t — s))ds

—IE (t—sy) AL (©)dE
_ [°® e L 1 bL(hL(t—s ))
B fn(t) 1—7} (hr(t—s1)) Yot — s1)dsy

— [t
_foo e "hL(t*S) dL(E)dEbL(hL(t—S))

—Jr(t) 1*T£(hL(tfs)) ’l)g(f — S)dS

Similarly, let ¢ — s — 7p(t — 8) = t — s2. Assume that the inverse function of
y=1x—71p(x)is y = hp(x). Solving t — s = hp(t — s3), we get

1

dso.
1— 75 (hp(t — s3)) "2

s=t—hp(t—s2),dss = (1 —7p(t —s))ds, and ds =

Therefore,

J e F- Oy (¢ — s)oy(t — s — Tp(t — 5))ds
= foo e fﬁP(t*s” dP(Od&bP(hP(t—sz))
Tp(t) 17T1/3(hp(t752))

© e f;ip(t—s) dP(&)dgb (hp(t—3))
- ffp(t) 1—T’P(hp(t—P.‘S))P vi(t — s)ds.

V1 (t — 82)d82
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Define
0, s < 7(t)
K12(t, S) { ‘ "hL(t;j)TiL(;fl(ib_Ls()])IL(tis))7 5 Z s (t)
and
0, s < 7p(t)
— _rt d d
Rt =, 12

while K11(t,s) = Kaa(t,s) = 0. Then we have

[Lv](t) = f&oo K(t,s)v(t — s)ds
= > [ Kt s)o(t - s)ds

7=0 ¥

=3 Jy Kt jw+ s)v(t — s — jw)ds
7=0

= [y G(t, s)v(t — s)ds

with -
G(t,s) = ZK(t,jw + s),

=0

which is of the integral form

L0 = [ " Gt )0l — 5)ds.

(12.11)

Below we present a numerical algorithm, which is due to Posny and Wang
[282], for the computation of the spectral radius of the integral operator given

by (12.11).

Let us partition the interval [0,w] uniformly into n nodes labeled as ¢; =
i+ fori=0,...,n— 1. Using the trapezoidal rule, one of the most common
numerical integration techniques, we can approximate the integral in (12.11)

with second-order accuracy:

Lt ~ (Z GOt = 1) + { Gt 1)t — t0) + Gt )t — m) .

Since ¢(t) is w-periodic, it is clear that ¢(t —tg) = ¢(¢t —t, ). For convenience,

we let
G(t,to) = ;[G(t, to) + G(t,tn)].
Then »
[Lo)(t) =~ Z G(t,to)p(t —to) + > G(t,t:)d(t — ti)] :
i=1

Now [L¢|(t) = Ap(t) can be written as a matrix equation:
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o(t —to)
ot —t1)
C[G(tte) Gltt) Gltits) - Gltta)] | P 12) | =2g(t).
Ot L)
Setting t = ¢;(0 < j <n — 1) in the above equation yields

B(t; — to)
Bty —t1)
U[G(,t0) Gty t) Gltgita) - Gltysta—n)] | Y71 ] = o(ty). (12.12)

B(t; - tn—1)
Again, by the periodicity of ¢(¢), it follows that
Pt —to) = o(t;),  S(t; —t1) = d(tj—1), ...,
o(tj —tj—1) = ¢(t1), é(t; —1t;) = o(to), P(tj — tj+1) = ¢(tn-1),
s (tj —tn—2) = d(tj+2), O(t; —tn-1) = B(tj41),

and we can rearrange the terms in (12.12) to obtain

P(to)
B(t1)
:[G(tj,tj) ... G(tj,to) Gtj,tn1) ... G(tj7tj+1)] ¢(;fj) = Ag(t;).
¢(t7;72)
| p(tn—1)

(12.13)

Note that this equation holds for all j = 0,...,n—1, and hence, it generates
a matrix system. The coefficient matrix, denoted by A, is given by

G(to,to)  G(to,tn—1) -+ -+ -+ Glto,t2)  G(to,t1) ]
G(t1,t1) Gti,to) -+ - o Gltits) Gt ta)
A= G(tj,t;) Gty ti1) - Gty to) - Gty tjsa) Gty tie)
G(tn727 tn72) G(tnf27 tnf?)) e e e é(tnf27 tO) thnf% tnfl)
_G(tnfh tnfl) G(tnfh tn72) e e G(tnfh tl) G(tnfh tO) i

(12.14)
It then follows that (12.13) can be put into a compact form:

Y A = 2o, (12.15)
n
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where A, defined in (12.14), is a matrix of dimension (nm) x (nm), and ¢ =
[6(to), d(t1), ..., d(tn—1)]T is a vector of dimension (nm) x 1.

Consequently, to compute the basic reproduction ratio Ry := p(L), it
suffices to find the maximum A such that (12.15) is valid, that is, Ry =~ ¥ p(A).

12.4 Notes

Sections 12.1, 12.2, and 12.3 are taken from Lou and Zhao [234] with the
exception that the numerical algorithm in Section 12.3 comes from Posny and
Wang [282].

The introduction of the term 1 —7/(t) is due to the incorporation of state-
dependent delay in Barbarossa, Hadeler and Kuttler [26] and Kloosterman,
Campbell and Poulin [202]. A similar term was formulated in models proposed
by Wu et al. [414] and some others, see, e.g., McCauley et al. [246] and the
references therein, to describe the population growth with threshold age 7
depending on time .

Model (12.6) was proposed earlier by Molndr et al. [250], where L in equa-
tions (8b) and (1b) should be L(t — 7p). There are also some other algorithms
to compute Ry for periodic population models with constant time delay, see,
e.g., Bacaér [21].
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A Periodic Reaction—Diffusion SIS Model

It has been commonly accepted that spatial diffusion and environmental het-
erogeneity are important factors that should be considered in the spread of
infectious diseases. In order to understand the impact of spatial heterogene-
ity of the environment and movement of individuals on the persistence and
extinction of a disease, Allen et al. [9] proposed a frequency-dependent SIS
(susceptible-infected-susceptible) reaction—diffusion model for a population in
a continuous spatial habitat. They assumed that both rates of the transmis-
sion and recovery of the disease depend on spatial variables. Another feature
of this SIS model is that the total population number is constant. The habitat
is characterized as low-risk (or high-risk) if the spatial average of the trans-
mission rate of the disease is less than (or greater than) the spatial average
of its recovery rate. The individual site is also characterized as low-risk (or
high-risk) if the local transmission rate of the disease is less than (or greater
than) its local recovery rate, which corresponds to the case where the local
reproduction number is less than (or greater than) one.

Assume that the habitat 2 C R™ (m > 1) is a bounded domain with
smooth boundary 942 (when m > 1), and v is the outward unit normal vector
on 0f2 and aay means the normal derivative along v on 9f2. The global stability
of the unique disease-free equilibrium and asymptotic profiles of the unique
endemic equilibrium were established in [9] for the following SIS reaction-
diffusion system:

08 _dsAS = -PEST L y(@)], x e, t>0,

S+1
g{ —diAI = 5(;}31 —y(z)1, r e, t>0, (13.1)
Iy=9l=0, z €09, t>0,

where S(z,t) and I(z,t), respectively, represent the density of susceptible and
infected individuals at location x and time ¢; the positive constants dg and dj
denote the diffusion rates of susceptible and infected populations; and 3(x)
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and v(x) are positive Holder continuous functions on {2 which account for
the rates of disease transmission and disease recovery at x, respectively. The
homogeneous Neumann boundary conditions mean that there is no population
flux across the boundary 92 and both the susceptible and infected individuals
live in a self-contained environment.

In model (13.1), it was assumed that the rates of disease transmission and
recovery depend only on the spatial variable. However, the rates of disease
transmission and disease recovery may be spatially and temporally heteroge-
neous. Typically, they vary periodically in time, for instance, due to the sea-
sonal fluctuation and periodic availability of vaccination strategies. A natural
consideration of a spatially heterogeneous and temporally periodic environ-
ment leads us to the study of the following system:

08 _dsAS = _5(??[5’ +y(z, ), €N, t>0,
oI _ B(z,t)ST

98 =9I =, €00, t>0,
S({E,O) = SO(I)a I(.I,O) = IO(I)a x € (2.

In the current situation, the functions S(x,t) and ~(z,t) represent the rates
of disease transmission and recovery at location x and time ¢, respectively.

It is easy to see that the function SI/(S +I) is a Lipschitz continuous
function of S and I in the first open quadrant. Thus, we can extend its defi-
nition to the entire first quadrant by defining it to be zero when either S =0
or I = 0. Throughout this chapter, we make the following assumption:

(A) The functions S(x,t) and y(z,t) are Holder continuous and nonnegative
but not zero identically on {2 x R, and w-periodic in ¢ for some number
w > 0.

From the classical theory for parabolic equations (see, e.g., [228]), we know
that for any (So, Iy) € C(§2,R3), system (13.2) has a unique classical solution
(S,1) € C?1(N2 x (0,00)). By the strong maximum principle and the Hopf
boundary lemma for parabolic equations (see, e.g., [283]), it follows that if
Iy(z) # 0, then both S(z,t) and I(x,t) are positive for z € 2 and t € (0, 00).
Following [9], we define

N = / [So(z) + Ip(x)]dx >0 (13.3)
02

to be the total number of individuals in {2 at ¢ = 0. We add two equations in
(13.2) and then integrate over {2 by parts to obtain

0
/ (S+I)dx = / A(dsS +diI)dz =0, Vt>0.
This implies that the total population size is a constant, i.e.,

/ 1@, 1) + Iz, )] dw = N, ¥t >0, (13.4)
2
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which also shows that both [|S(:,%)||z1(o) and [[(:,t)||z1(e) are bounded on
[0,00). From now on, we let N be a given positive constant.

A nonnegative w-periodic solution (S, I) of system (13.2)-(13.3) is said to
be disease-free if I = 0 on 2 x R; and endemic if I > 0, 0 on 2 x R. It is easy
to observe from (13.2)—(13.3) that the unique disease-free w-periodic solution
is (S,0) = (N/|£2],0) (see [9, Lemma 2.1]), and henceforth we call this solution
the disease-free constant solution. Hereafter, |{2| always represents the volume
of the domain (2. Moreover, the maximum principle and the Hopf boundary
lemma for parabolic equations imply that an endemic w-periodic solution
(S,1) is positive on 2 x [0,00), that is, S(z,t) > 0, I(z,t) > 0, V(z,t) €
2 x [0, 00).

The purpose of this chapter is to investigate the effect of spatial and tem-
poral heterogeneities on the extinction and persistence of the infectious disease
for system (13.2)—(13.3). In Section 13.1, we first introduce the basic reproduc-
tion ratio Ry and then provide its analytical characterizations. In particular,
we obtain the asymptotic behavior of Ry as d; tends to zero or infinity. It
turns out that when § and v depend only on the temporal variable (namely,
B(x,t) = B(t) and v(z,t) = v(t)), Ro is a constant independent of d, and
when § and 7 depend on the spatial variable alone (namely, 3(z,t) = 5(z)
and y(z,t) = v(x)), Ro is a nonincreasing function of d;. In sharp contrast,
our result shows that in general, Ry is not a monotone function of d;. In
the case where f(x,t) is a constant, we also address an optimization problem
concerning Ry when the average of the function ~(z,t) is given.

In Section 13.2, we derive a threshold-type dynamics for system (13.2)—
(13.3) in terms of Ry. More specifically, we prove that the disease-free constant
solution is globally stable if Ry < 1; while if Ry > 1, system (13.2)—(13.3)
admits at least one endemic w-periodic solution and the disease is uniformly
persistent. In order to establish a uniform upper bound for positive solutions
to system (13.2)—(13.3), we re-formulate the general theory developed in [214]
in such a way that it applies to system (13.2)—(13.3) (see Lemma 13.2.1).

In Section 13.3, we establish the global attractivity of the positive w-
periodic solution (and hence its uniqueness) of system (13.2)—(13.3) for some
special cases. However, it remains a challenging problem to study the unique-
ness of the endemic w-periodic solution for the general case. The biological
interpretations of our analytical results are presented in Section 13.4.

13.1 Basic Reproduction Ratio

In this section, we introduce the basic reproduction ratio for the periodic
reaction—diffusion system (13.2), and analyze its properties. As a first step,
we need to define the next infection operator for system (13.2), which is a
combination of the idea in [388] for periodic ordinary differential models with
that in [389] for autonomous reaction—diffusion systems.
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Let C,, be the ordered Banach space consisting of all w-periodic and con-
tinuous functions from R to C(§2,R), which is equipped with the maximum
norm ||-|| and the positive cone Cf :={¢ € C,, : ¢(t)(z) >0, Vt € R,z € 2}.
For any given ¢ € C,,, we also use the notation ¢(z,t) := ¢(¢)(x). Let V (¢, s)

be the evolution operator of the reaction-diffusion equation
I, — di AT = —(x,t)I, € 02, t>0,

I 13.5

=0, x €082, t>0. ( )

ov

By the standard theory of evolution operators, it follows that there exist
positive constants K and ¢y such that

|V (t,s)] < Ke =% Vt>s t seR. (13.6)

Suppose that ¢ € C, is the density distribution of initial infectious individ-
uals at the spatial location « € {2 and the time s. Then the term 5(z, s)¢(z, s)
means the density distribution of the new infections produced by the in-
fected individuals who were introduced at time s. Thus, for given ¢ > s,
V(t,s)B(x, s)o(z, s) is the density distribution at location x of those infected
individuals who were newly infected at time s and remains infected at time ¢.
Therefore, the integral

/7 V(t,s)B(-, 8)o(-, s)ds = /000 V(t,t —a)B(,t —a)d(,t —a)da

represents the density distribution of the accumulative new infections at loca-
tion « and time ¢ produced by all those infected individuals ¢(x, s) introduced
at all the previous time to t.

As in [388], we introduce the linear operator L : C,, — C,,:

L(6)(t) = /OOO V.t — a)B(t — a)b(-t — a)da, (13.7)

which we may call as the next generation operator. Under our assumption on
B and 7, it is easy to see that L is continuous, compact on C,, and positive (i.e.,
L(C}) c CF). We define the spectral radius of L as the basic reproduction
ratio

Ro = p(L) (13.8)

for system (13.2).

In what follows, we first obtain a characterization of the basic reproduction
ratio Rg. This leads us to consider the following linear periodic-parabolic
eigenvalue problem

be—drd = —y( i+ Py ren s

oy : (13.9)
=0, z€0f, t>0, '

ov

1/’(9570) = 1/1(95700)7 x € ().
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By [152, Theorem 16.3], problem (13.9) has a unique principal eigenvalue py,
which is positive and corresponds to an eigenvector ¢y € C,, and ¢y > 0 on R.

Lemma 13.1.1. Ry = po > 0.

Proof. Since (p0,0) satisfies (13.9), it follows from the constant-variation
formula that

z,5)

Yo(z,s)ds.  (13.10)
Ho

Yo(z,t) = V(t, 7)o (z, ) +/ V(t, s)ﬂ(

Using (13.6) and the boundedness of 1)y on R, by letting 7 — —oo, we obtain

t
bo(w,t) = / V(t,5) @) o (@ s)ds, vt R,
—o0 Ho
which implies Ly = potbg due to (13.7).
Note that under our assumption (A), the operator L may not be strongly
positive. To show Ry = uo, we use a perturbation argument. For any given
€ > 0, we define

Le(9)(t) := /OOO V(t,t —a)(B(.t —a) + €)p(-,t —a)da,  (13.11)

and its spectral radius R0 = p(L¢). As f(z,t)+e>00on 2xR, L. : C,, —>
C,, is continuous, compact, and strongly positive. By the upper semicontinuity
of the spectrum ([198, Sect. IV.3.1]) and the continuity of a finite system of
eigenvalues ([198, Sect. IV.3.5]), we then derive

R570 — Ry ase— 0. (1312)

On the other hand, we denote by 1 o the unique positive principal eigenvalue
of (13.9) with S(x,t) replaced by S(x,t) 4+ €, which corresponds to a positive
eigenvector .o € C,. Arguing as above, we see that Lo = pe,0%e,0.- By
virtue of the strong positivity of L. and the Krein-Rutman theorem (see, e.g.,
[152, Theorem 7.2]), we have R ¢ = pie0. Furthermore, from the continuity of
the principal eigenvalue on the weight function ([152]), it follows that R. o =
te,0 — o as € — 0. This fact, together with (13.12), implies Ry = 0. [

For our later purpose, we consider the periodic-parabolic eigenvalue prob-
lem

QDt—d]AQD:ﬁ((E,t)QD_’Y(.’II,t)(p—F)\(p, .’IIEQ, t >0,

g‘p —0, 2ed, t>0, (13.13)
v
o(x,0) = p(z,w), T € 2.

Let Ao be the unique principal eigenvalue of (13.13) (see, e.g., [152]). Then
we have the following observation.
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Lemma 13.1.2. 1 — Ry has the same sign as Ag.

Proof. This lemma is a straightforward consequence of [370, Theorem 5.7].
Here we provide an elementary proof. In view of Lemma 13.1.1, it suffices to
prove that 1 — po has the same sign as A\g. Due to [152, Theorem 7.2], we
can assert that Ay is also the principal eigenvalue of the adjoint problem of
(13.13):

—p; —drAp* = Bz, t)p" —y(x, )" + Ap™, €2, t>0,

(;0 =0, zedn, t>0, (13.14)
v
©*(z,0) = p*(z,w), T € 12,

where ¢p* € C, and ¢* > 0 on R. We multiply the equation (13.9) that
(1o, o) satisfies by ¢* and then integrate over 2 x (0,w) by parts to obtain

(1— 1)/ /wa*dmdwmo/ /wogo*d:vdtzo.
Ho/ Jo Jn 0o Jn

Since [ [, Bvop*dadt and [ [, Yop*drdt are both positive, it follows that

1-— #10 and A9 have the opposite signs, which thereby deduces our result. n

From now on, we present some quantitative properties for the basic repro-
duction ratio Ry. First of all, when 8(x,t) — v(x,t) or both f(z,t) and v(x,t)
are spatially homogeneous, we have the following result.

Lemma 13.1.3. The following statements hold true:

(a) If B(x,t) = B(t) and y(z,t) = y(t), then Ry = [ B(t)dt/ [ y(t)dt.
(b) If B(x,t) — v(x,t) = h(t), then Ry — 1 has the same sign as [’ h(t)dt.

Proof. We first prove (a). For simplicity, let

.y
Sy B

Consider the ordinary differential equation:

I

1
up = (— Y(t) + Iu*ﬁ(t))u, u(0) = 1. (13.15)
It is easy to see that (13.15) admits a unique positive solution
u(t) = els A5 Ble)ds,
which also satisfies u(w) = u(0) = 1. So u(t) is a positive w-periodic solution

to (13.15). Thanks to the uniqueness of the principal eigenvalue of (13.9), we
have pp = p*, and hence (a) holds since Ry = po.
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We then verify (b). In this case, we consider the following ordinary differ-
ential problem:

ur — h(t)u = Au, u(0) =u(w)=1. (13.16)
Clearly, (13.16) has a unique positive solution if and only if

Furthermpre, such a unique positive w-periodic solution can be expressed as
u(t) = elo (()+Nds - Ohserve that

A=— / h(t)dt and () = elo (h(s)+N)ds
0

w

satisfy (13.13). By the uniqueness of the principal eigenvalue, we immediately
have

1 w
Ao = — h(t)dt.
o=— | a0
Therefore, applying Lemma 13.1.2, we see that (b) holds true. (]

Secondly, if B(z,t)—v(x, t) or both B(x,t) and v(x,t) depend on the spatial
factor alone, we have the following result.

Lemma 13.1.4. Assume that B(x,t) — v(z,t) = h(z). Then the following
assertions hold true:
IffQ x)dx >0 and h Z 0 in 2, then Ry > 1 for all dy;
IffQ x)dx <0 and h(z) <0 on 2, then Ry < 1 for all dr;
) If [, h(x)dz < 0 and max, h(xz) > 0, then there exists a threshold value
dy € (0, oo) such that Ry > 1 ford;r < dj, Ry =1 fordr =dj, and Ry < 1
for dr > dj.

In particular, if B(x,t) = B(x) and y(x,t) = v(x), we have

Jo Be?da
Ry = sup { 13.17
eer (2), 020 | [o (drIVe[> +v¢?) dx ( )

and Ry is a nom’ncreasing function of dr with Ry — maxn{ﬁgz;} as dr — 0,
and Ry — [, B(x)dz/ [, ~(x)dx as df — co. Here and in what follows, when
maxg{ggzg} = 00, we understand Ry — oo as di — 0.

Proof. To prove our assertions, we resort to problem (13.13). First, when
B(x,t) —y(z,t) = h(x), we consider the elliptic eigenvalue problem
ou

—drAu — h(z)u = du, x € P 0, xe€ oM. (13.18)
v
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It is well known that (13.18) possesses a unique principal eigenvalue, denoted
by A.. From the uniqueness of the principal eigenvalue for (13.13) and (13.18),
it is necessary that Ay = A, in the present situation. By [9, Lemma 2.2] and
its proof, we further see that )¢ is nondecreasing with respect to dy > 0, and
if additionally h(z) is not a constant in {2, then )¢ is strictly increasing in
d; > 0. Moreover, \g - —max,, h(z) as d; — 0 and Ao — —‘!12‘ Jo h(x)da
as d;y — oo. Hence, the assertions (a)—(c) follow from these properties and
Lemma 13.1.2.

In the case of B(x,t) = f(z) and y(x,t) = v(x), we recall that Ry = 0.
As above, it is easy to see from (13.9) that Ry is the principal eigenvalue of
the elliptic problem:

B(CC)w, ve oY
I v

Then the formula (13.17) follows from the well-known variational character-
ization of the principal eigenvalue for problem (13.19) (see, e.g., [108, Sect.
IT. 6.5]). Thus, the properties of Ry are straightforward consequences of [9,
Lemma 2.3]. "

—dr Ay = —y(z) + =0, z€92. (13.19)

Remark 13.1.1. In [9, Lemma 2.3], the right-hand side expression of (13.17) is
directly defined as the basic reproduction number for the autonomous system
(13.1). Lemma 13.1.4 above shows that this definition is indeed meaningful
biologically. Moreover, if 5(z) #Z v(x) on 2 x [0,w], according to the proof of
[9, Lemma 2.3], Ry is a strictly decreasing function of dj.

The subsequent result presents some analytical properties of Ry for the
general case of 8 and 7.

Theorem 13.1.1. The following statements are valid:

(a) Ry > f": f” fg’ggijﬁ for all dr, and the equality holds if and only if the
0 22 ’

function fe fﬂﬂ ég(”zt)t) dwdt ~ [= IJ,(YJ(C;)” Juds 18 sPatially homogeneous (that is,
z-independent);
(b) Ro <1 for all dr >0 if fow max, . (B(z,t) —y(x,t))dt <0 and B(x,t) —
~v(x,t) nontrivially depends on x;
@ z,t)dzdt
(C) RO - }2‘) ‘}Z 5Em,t;dmdt

“ B(z,t)dt
(d) Ry — max_, {ﬁw vé:@tidt} as dr — 0;

(e) In general, Ro(dr) := Rg is not a nonincreasing function of dy; partic-
ularly, if B(x,t) = p(x)q1(t) and vy(z,t) = p(x)g2(t) with p > 0 on 12,
p # constant, q1, g2 € Cy, q1, @2 > 0 on [0,w] and g1 — g2 Z constant,
then there exist 0 < d} < d3 such that Ro(d}) = Ro(d?).

as dy — 00;

Proof. To obtain our assertions, we use similar arguments to those in [187,
Lemma 2.4]. Since some necessary modifications are required, here we provide
a detailed proof.
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We first prove (a). Let ¢y be defined as before. Since ¢y > 0 on 2 X R, we
divide the equation (13.9) that ¢y satisfies by ¢y and integrate the resulting
equation over £2 x (0,w) by parts to get

2 w
—d; / |W’0| drdt = / / ~vdxdt + / / Bdadt.
0 (] O 0 2

This implies Ry > fow fQ Bz, t)dxdt/ [ [, v(x,t)dzdt, ¥d; > 0. Moreover,
the equality holds if and only if

w 2
/ |W’20| dadt = 0,
0 2 %

(w t)

which is equivalent to the condition that the function N

v (,t)
I3 fov(x,t)dadt
The assertion (b) follows from [152, Lemma 15.6]. Indeed, by taking
m(z,t) = f(z,t) —y(z,t) and A =1 in [152, Lemma 15.6], we have ;(0) =0
and

is spatially homogeneous.

u(l) > — L[ max(8(z,t) — y(z,t))dt >0
W Jo zef

under our hypothesis. Using the notation here, we obtain Ay = p(1), and
hence, Lemma 13.1.2 deduces (b).

To verify (c¢), we first assume that v > 0 on 2 x R. In this case, by directly
integrating the equation (13.9) that 1 satisfies over {2 x (0,w), we easily find
Iy [ Bodadt < X ox(0w] 8

Ry="., < .
fo fQ ’Ydexdt ming . [0,w] Y

(13.20)

Hence, this and the assertion (a) show that Ry has boundedness independent
of d; > 0.
By normalizing 19, we may further assume that

/()w/(z¢§d:cdt =1 (13.21)

We now multiply (13.9) with ¢ =ty by ¢y and integrate to yield

w W 1 w
d; / / Vo |[2dadt = — / / VRdedt + / / Bu2drdt,
o Jo o Jao Ry Jo Ja

and so we can find a positive constant ¢ such that

/0 /Q|V1/)0|2dzdt§ dCI. (13.22)

Here and in the sequel, the constant ¢ does not depend on d;y > 0 and may
vary from place to place.
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On the other hand, we set

Po(t) / Yo(z,t)de and P(z,t) = Po(x,t) — o(t).

|0
Note that | oWdr = 0 for all t € R. Then, from the well-known Poincaré
inequality it follows that

/ Vdr <c | |V¥[*dz, for all t.
o) o)

Therefore, as V¥ = Vi)p, making use of (13.22), we have

//LPQd:cdtg ©  and hence, / /|W|dmdt< . (13.23)
o Jo dr

Furthermore, by integrating (13.9) with v = 1y over {2, it is easy to see that

jt(wo) :/9[ 7+R ﬁ}dw Yo + /Q(—V-i-}%oﬁ)![/dx. (13.24)

Using (a), (13.20), and (13.23), one has

/ ’/ )Lpda:’dt:O(\/ldl).

Henceforth, solving the ordinary equation (13.24), we obtain

Do(t) = elo a7t Ry Mdeds gy 1 0 ( \/1dl> . (13.25)

Because of 1y(w) = 14(0), as df — o0, it is clear that either 1,(0) — 0, or

/OW/Q ( -7+ ;Oﬁ)d:cdt =0.

The latter will lead to our assertion (c). So it suffices to exclude the possibility
of ¥,(0) — 0 as d; — oo. Supposing 1,(0) — 0 as df — o0, by (13.25) we
would have ¢, (t) — 0 uniformly on [0, w], which, together with (13.23), implies
that [ [, Y&dzdt — 0, contradicting (13.21).

In the general case of v >, 0 on {2 X R, we proceed as above except that
v is replaced by « + € for any given € > 0 to get

Ry fo Jo Bz, t)dadt

d; — oo,
fo Jol( (z,t) + €e]dzdt’ asdr T e

and we then obtain the desired result by letting ¢ — 0.
We are in a position to prove (d). Without loss of generality, we can assume
that 8, v > 0 on {2 x R. For the general case, as above, we can replace § and
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v with 8 + € and ~ + ¢, respectively, and then get the result by letting e — 0.
For sake of simplicity, we denote

N Iy Blao, tydt . 0: B(x,t)dt
fo ~(x, t)dt

(e, t)ydt
For a positive constant u to be determined later, we rewrite the equation that
(1o, o) satisfies as

} for some xg € f2.

1 1

ol —didin = ([ 8= )bo=(, = JBvo.  (1320)

Before going further, we need some preliminaries on the following eigen-
value problem with the positive weight function §(z,t):

Yy — dr Ay — m(z, t)p = AB(x, b)Y, x € 2, t>0,

gw ~0, e t>0.  (13.27)
1
P(x,0) = Y(z,w), x € (2,

where m(x,t) € C,. Arguing as in [152], problem (13.27) admits the princi-
pal eigenvalue A, with a positive eigenvector i, € C,. Moreover, the same
analysis as in the proof of [152, Propositions 17.1 and 17.3] implies that the
following statements hold:

(i) If there exists x, € 2 such that [;"m(z.,t)dt > 0, then A, < 0 for all
small dj.

(ii) If ["m(z,t)dt <0 for all z € 2, then A, > 0 for all small d;.

Here we should point out that fow max,, m(z,t)dt > 0 does not imply
Jo m(z*,t)dt > 0 for some z* € £2, and it is even possible that [” m(z, t)dt <
0 for all x € 2.

Now we choose p such that 0 < p < §. For any such pu, by the definition
of 4, it follows that

/Ow (;ﬁ(:vo,t) —y(@o,t))dt > 0.

Applying the above claim (i) to problem (13.26) with m(x,t) = }Lﬂ -7, we
have 1 1 1 1
_ = — <0 for all small dj,
Ry p  po p

that is, Ry > p. Thanks to the arbitrariness of y, we obtain

Y Bz, t)dt
liminf Ry > 6 = max 4 Jo 2@ 04 L (13.28)
dr—0 o | Jo vz t)dt
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On the other hand, by taking x> ¢ and noticing

/ (1ﬁ(:v,t)—7(x,t))dt<0 for all x € {2,
0 M

we see from the previous claim (ii) that

1 1 1 1
- = — >0 for all small dj,
Ro p po p
which implies
limsup Ry <6 = max Jo 8 . (13.29)
d1—>0 fO

Combining (13.28) and (13.29), we derive the assertion (d).
Finally, we verify (e). By the choice of 5 and ~, we easily see from (a), (c),

and (d) that
fo [o B o t)dxdt

Foldr fo f.QFY  t)dzdt

for all dy,

and

t)dadt
lim Ro(d;) = lim Ro(dy) = Iy Jo O, )
dr—0 dr—oo fo fn’y .’L',t dwdt

As a consequence, one can find 0 < d} < d? such that Ry(d}) = Ro(d3).

In the rest of this section, we present a bang-bang type configuration
optimization result for the basic reproduction ratio Ry in the case where the
maximum, the minimum, and the average of the function ~(z,t) are fixed
while 8(z,t) = 8 is a fixed positive constant.

Theorem 13.1.2. Assume that 5(x,t) = 5 is a fixed positive constant. Let
Y = {7 € L2 x (0,w)) : v <v(x,t) <" ae x,t,
1 w
~v(x,t) is w-periodic in t, / / ~v(z, t)dxdt = ./\/},
wl2] o Jo

where v > 0,7* > 0 and N > 0 are given constants such that the set T is
nonempty. Then the following statements are valid:

(a) The function Ry = Ro(7y) reaches its mazimum over T when 7 is of the
form (2, t) = vaxa + 7V X((2x(0,0)\A), where A is a measurable subset of
02 x (0,w) such that v.|A] +v*|(2 x (0,w))\A| = w|R2IN, and x4 is the
characteristic function over A.

(b) The function Ry = Ry () reaches its minimum J,(\B[ overY only wheny €T
is an x-independent function.
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Proof. By the standard compactness analysis and the eigenvalue theory, it is
easily seen that Ry = Ro(7) is a continuous function of 7 in the sense that if
~r, is a bounded sequence in L ({2 x (0,w)), then there exists a subsequence
V' Of 7, such that Ro(y,) — Ro(y) for some v € L>(£2 x (0,w)). It is also
well known that Ro() is concave with respect to . Thus, the arguments in
the proof of [254, Lemma 7.2 and Theorem 3.11], as applied to (13.9) with
i = Ro, imply that assertion (a) holds.

We now verify (b). By virtue of (13.9) and Lemma 13.1.1, it follows that
if y(z,t) =N €7, then Ry(vy) = f/ and 1 is an associated positive eigenfunc-
tion. For any given v € T, let ¢y be the positive eigenfunction associated with
Ry (). Since 19 > 0 on 2 x [0,w], we may assume that ¢o > 1 on §2 x [0,w].
Thus, (Ro(7y),%0) satisfies (13.9) with u = Ro(7).

Let v° = v — N and ¢° = ¢y — 1. Clearly, ¥° > 0 on £ x [0,w], and
(70, 9°) satisfies

0 0 0 0 __ B 0
((;bgt—dzAw + 70z, )y = (Ro(’Y) —N)w e, t>0,
w :Oa I€897t>0,

v
wo(%o) = wo(x7w)7 x € {2

(13.30)

Dividing (13.30) by ° and integrating the resulting equation over §2 x (0, w),
we obtain

—df/ |W’O|2d dt—i—/ / Odedt = Roly )—N.
0

Since [;° [, 7°dxdt = 0, it easily follows from the above identity that Ro(v) >
f/, and Ro(y) = f\af if and only if y(z,t) = (). ]

13.2 Threshold Dynamics

In this section, we establish the threshold dynamical behavior of system
(13.2)—(13.3) in terms of Rg. We start with the uniform bound of its non-
negative solutions.

Under the condition (13.3) (and so (13.4) holds), we can easily apply [150,
Exercise 4 of Section 3.5] (or [6, Theorem 3.1]) to the second equation in (13.2)
to derive the uniform bound of ||I(-, )| (o) for all £ > 0. In order to obtain
a similar estimate for ||S(-,2)| z (o), we appeal to the theory developed in
[214], which is a generalization of [6, Theorem 3.1]. The following result is a
straightforward consequence of [214, Theorem 1 and Corollary 1].
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Lemma 13.2.1. Consider the parabolic system

Ou;
N —d;Au; = fi(z,tu), z€ 2, t>0,i=1,--- ¢

o,
v

=0, r €I, t>0,
’Uq({E,O) = U?(I), YIS Qv
where u = (uy,- -+ ,ug), ud € C(2,R), d; is a positive constant, i = 1,--- £,

and assume that, for each k =1,--- ¢, the functions fi satisfy the polynomial
growth condition:

14

[fr(@,tu)] < er Y ful” + e

i=1

for some nonnegative constants c¢1 and ca, and positive constant o. Let py be a
positive constant such that py > "y max{0, (c — 1)} and 7(u°) be the mazimal
time of existence of the solution u corresponding to the initial data u®. Suppose
that there exists a positive number C1 = Cy(u®) such that |[u(-,t)||Lro(2) < C1,
vt € [0,7(u®)). Then the solution u exists for all time and there is a positive
number Cy = Co(u°) such that ||u(-,t)||L=(0) < Ca, Vt € [0,00). Moreover, if
there exist two nonnegative numbers ¢ and K1 = K1(p), independent of initial
data, such that |[u(-,t)|rro(2) < K1, Vt € [0,00), then there is a positive
number Ko = K(0), independent of initial data, such that |[u(-,t)|| L) <
Ky, Vt € [Q,OO).

By applying Lemma 13.2.1 with ¢ = py = 1 and ¢ = 0 to system (13.2),
we obtain the following result.

Lemma 13.2.2. There exists a positive constant B, independent of the ini-
tial data (So,lo) € C(2,R2) satisfying condition (13.3), such that for the
corresponding unique solution (S,I) of system (13.2), we have

1SC Dllzoec) + 1T D)oy < B, Vi€ [0,00).

Let
Y- {(u,v) € C(2,R2) : /Q(u(a?) +o(@))dz = N}

and Yy = {(u,v) € Y : v(z) # 0}. We equip YV with the metric induced by
the maximum norm. Then Y is a complete metric space and Y} is open in Y.
Now we are ready to present the main result of this section, which gives the
threshold dynamics of system (13.2)—(13.3).

Theorem 13.2.1. The following statements are valid:

(i) If Ry < 1, then for any (So, lo) €Y, the solution (S, I) of system (13.2)-
(13.3) satisfies limy_,o0 (S(x,t), I(x,t)) = (N/|£2|,0) uniformly for x € £2.
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(i) If Ry > 1, then system (13.2)—(13.3) has at least one endemic w-periodic
solution, and there exists a constant n > 0 such that for any (So, Iy) € Yo,
the solution (S,I) of system (13.2)—(13.3) satisfies

o S o S
hgérolfS(:v,t) >n and htrglnfl(ac,t) >

uniformly for x € £2.

Proof. We define an w-periodic semiflow @(¢) : ¥ — Y by
@(t)((SO, IO)) = (S(a tu 9 (507 IO))7 I(u t7 (507 IO))u V(SO7 IO) S Yu t 2 07

where (S(z,t, (S0, o)), I(x,t, (So, ly)) is the unique solution of system (13.2).
Let P := &(w) be the Poincaré map associated with system (13.2) on Y.
Note that &(t) : Y — Y is compact for each ¢ > 0. It then follows from
Lemma 13.2.2 and Theorem 1.1.3 that P : Y — Y has a strong global attrac-
tor.

Given (Sp,Iy) € Y, let w(So,Ip) be the omega limit set of the forward

orbit through (S, Ip) for P: Y — Y. Since Sil <1, I(x,t) satisfies

gi —diAI < (B(z,t) —y(z,t))I, z€2,t>0.

In the case where Ry < 1, we see from Lemma 13.1.2 that Ag > 0. This,
together with the comparison principle, implies that I(x,¢) — 0 uniformly on
2 as t — oo. It then easily follows that w(Sp,Ip) = @ x {0}, where @ is a
compact and internally chain transitive set for the Poincaré map P; associated
with the following w-periodic system

Sy —dsAS =0, ze,t>0,

13.31
8S=O, r €I, t>0, ( )
ov

on the space Y1 := {u € C(£2,R;) : [, u(z)dz = N} equipped with the uni-
form convergence topology. By a well-known result on the heat equation in a
bounded domain (see, e.g., [255, Section 1.1.2]), we conclude that the constant
‘g‘ is a globally asymptotically stable steady state for system (13.31) on Y7. In

view of Theorem 1.2.1, we obtain @ = {Igl }, and hence w(Sy, Iy) = {( |g| ,0)}.

This implies that assertion (i) holds true.

To prove assertion (ii), we use similar arguments to those in the proof of
[430, Theorem 3.1] on a periodic predator—prey reaction—diffusion system. Let
Yy :=Y \Yy = {(S0,10) €Y : Iy = 0}. Clearly, Yj is convex, &(t)Yy C Yy,
and @(t)0Yy C 0Yy for all t > 0. For any (So,ly) € 0Yo, I(z,t) = 0, and

hence S(z,t) is a solution of system (13.31). It then follows that S(z,t) — ‘g‘

uniformly on {2 as t — oo. This implies that U s, 1,)eav,w (S0, lo) = {( sz\lll ,0)},
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where w(So, Iy) is the omega limit set of the forward orbit through (S, Io)
for P : Y — Y. For simplicity, we denote M = (‘J(\g‘,O). Then {M} is a
compact and isolated invariant set for P : 0¥y — 9Yp. Let X := C(2,R)
and Xy := C(2,R;). Then (X, Xy) is an ordered Banach space with the

maximum norm || - || x. We further have the following claim.

Claim. There exists a real number § > 0 such that limsup,,_, . ||[P"(So, lo) —
M||X><X > ¢ for all (So,lo) €Y.

Indeed, let ¢ be defined as in the preceding section. Under the assumption
Ry > 1, Lemma 13.1.2 implies that Ag < 0. It then follows that we can choose
a small positive number €y such that Ag(eg) < 0, where Ag(eg) is the unique
principal eigenvalue of the periodic-parabolic problem

B, t)(N/]2] = o)

gt—dJAgo: N/|2| + 260 o=z, t)p+Ap, T€NR, t>0,
8f =0, €0, t>0, (13.32)
o(z,0) = p(z,w), x € (.

According to the continuous dependence of solutions on the initial data, we
observe that

li &(t)(So, Ip) = i S(,t),I(t)=M
(So,IlglﬁM ()( 05 0) (SO,IISLM( (7 )a (7 ))
in X x X uniformly for ¢ € [0,w]. Thus, there exists a real number 6y =
do(€0) > 0 such that for any (Sp,Io) € B(M,dp), an open ball in X x X
centered at M and with the radius dg, we have

1SCot) = N/l x + (5 )l x < eo, VE € [0,0].

Assume, for the sake of contradiction, that the claim above does not hold for
0 = dp. Since P"Yy C Yy, Vn > 0, it then follows that there exists (S5, I§) €
B(M, 8,) Yy such that P™(Sg, IF) = &(nw) (S, I5)) € B(M, 8o), ¥n > 1. For
any t > 0, let t = nw +t' with ¢’ € [0,w) and n = [t/w] being the integer part
of t/w. Note that (S™(-,£),1"(-,1)) := S(t)((SE, I5)) = P(')(D(nw) (S, 1))
Thus, we have

157 t) = N/|12llx + 1T (. t)||x < eo, Ve [0,00). (13.33)

Let o be a positive eigenvector corresponding to Ag(ep) in (13.32). Clearly,
wo > 0 on 2 x R. In particular, ¢o(-,0) € int(Xy). On the other hand, as
(S, I§) € Yo, the strong maximum principle for parabolic equations shows
that S"(-,), I"(-,t) € int(X4) x int(Xy) for any ¢ > 0. Therefore, without
loss of generality, we may assume that (S5, I§) € int(X ;) x int(X ;). So one
can find a small positive number ¢* such that I > ¢*¢o(+,0) in X. By means
of (13.33) and the choice of dy, it follows that I” (z,t) is a super-solution to
the problem
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gy~ PEDN/I2] )

' NJ|92| + 2¢0 z €N, t>0,
8111// =0, x €082, t >0, (13.34)
w(z,0) = c"po(z,0), x € §2.

Furthermore, it is easy to see that c*e=*0(€0)t (2, ) is the unique solution to
problem (13.34). By the parabolic comparison principle, we deduce

I"(x,t) > e 00pg (2, 1) — 0o uniformly for z € 2, as t — oo,

which contradicts (13.33). Thus, the claim holds true for § = do.

The above claim implies that M is an isolated invariant set for P : Y — Y,
and W*(M)NYy = 0, where W#(M) is the stable set of M for P: Y — Y. As
a result, Theorem 1.3.1 and Remark 1.3.1 assert that P is uniformly persistent
with respect to (Y, 0Yp). Further, Theorem 1.3.10 implies that P has a fixed
point ¢* in Yy, and hence, system (13.2) has an w-periodic solution @(t)¢* in
Yp. In view of Theorem 1.3.10, we further see that P : Yy — Y has a global
attractor Ag. Clearly, ¢* € Ag. Let BO::UtG[wa] ®(t)Ap. Then By C Yy, and
Theorem 3.1.1 implies that tl_l)rgo d(P(t)p, By) = 0 for all ¢ € Yy, where d

is the norm-induced distance in X x X. Since Ag C Yy and Ag = S(4p) =
®(w)Ap, we have Ag C int(X ;) xint(X ), and hence By C int(X ;) xint(X ).
Obviously, §(t)¢p* € By, and so &(t)¢* is a positive w-periodic solution of
system (13.2). By virtue of the compactness and global attractiveness of By for
&(t) in Yy, we conclude that there exists 7 > 0 such that hg(i)rgf S(t)p > (n,m)

for all ¢ € Yy, which implies the desired uniform persistence. ]

As a consequence of Lemmas 13.1.3 and 13.1.4, and Theorems 13.1.1
and 13.2.1, we have the following result.

Theorem 13.2.2. The following statements are valid:

(i) The disease-free constant solution (N/|£2|,0) is globally attractive for sys-
tem (13.2)—(13.3) if one of the followmg conditions holds:
(i-a) B(x,t) —y(z,t) = h(t) and [ h(t)dt <0;
(i-b) B(=x,t)— ’y( t) = h(z ) and eztherh <0,# 0 on £2 or max,, h(z) >0
and fQ dx < 0 but dr > d}, where dj is given in Lemma 15.1.4;
I Jo(8 y(z,t))dzdt < 0 and dr is sufficiently large;
(i-d) [y maxweg(ﬂ(x, t) —y(z,t))dt <0 and B(z,t) —y(x,t) nontrivially
depends on the spatial variable.
(ii) The uniform persistence holds for system (13.2)—(13.3) if one of the fol-
lowing conditions holds:
(ii-a) B(x,t) —vy(z,t) = h(t) and fo t)dt > 0;
(ii-b) B(z,t) — ”y(aj t) = h( ), ezther h # 0 and [,h(z)dz > 0 or
maXQh()>Oande x)dz <0 but 0 < dy < dj;

<) Jy [o(B v(z,t))dzdt > 0;

(ii-d) max_ { f": fgzgiﬁ} > 1 and dy is sufficiently small.
o (z,
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13.3 Global Attractivity

The uniqueness and global attractivity of the endemic w-periodic solution
to reaction-diffusion system (13.2) is a challenging problem. In [9], it was
conjectured that the unique endemic equilibrium of the autonomous system
(13.1) is globally stable. A partial answer to this problem was given in [275],
but it remains unsolved in the general case. In this section, we address this
issue for periodic system (13.2) in two special cases.

When no diffusion is taken into account, by assuming the total popula-
tion number is unchanged and B(x,t) = B(t), v(x,t) = (t) are w-periodic
continuous functions, we obtain the following ordinary differential system:

B(t)ST
Sy =— + ()1, t>0,
t (394_1 ’Y()

Bt)ST
I = — ()1, t>0, 13.35
=gl v(t) (13.35)
S+I:N, tZOa

An analysis as in Section 13.2 shows that the basic reproduction ratio is

_ Jy Bt
Jo v()dt

For system (13.35), we have a threshold-type result on its global dynamics.
Indeed, it is easy to see that I(t) satisfies the scalar ordinary differential
equation:

I (ﬁ(t)(N—I)

dt N

Ry

- v(t)> I, t>0; I(0)=1I€[0,N]. (13.36)

By Theorem 3.1.2, it follows that the zero solution is globally asymptotically
stable for system (13.36) in [0, N] in the case where Ry < 1; and system
(13.36) has a globally asymptotically stable positive w-periodic solution I*()
in (0, N] in the case where Ry > 1. Biologically, this implies that the infectious
disease dies out if Ry < 1 and it persists if Ry > 1.

Returning to the reaction—diffusion system (13.2)—(13.3), we are able to
obtain the global attractivity of the endemic w-periodic solution in two special
cases. The first one we shall cope with is that the diffusion rate of the suscep-
tible individuals is equal to that of the infected individuals (i.e., dg = d). In
this situation, we can give a complete description of the global attractivity of
the disease-free constant solution and the endemic w-periodic solution.

Theorem 13.3.1. Assume that ds = dj. If Ry < 1, then (N/|£2|,0) is glob-
ally attractive for system (13.2)~(13.3); If Ry > 1, then system (13.2)—(13.3)
admits a globally attractive endemic w-periodic solution.
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Proof. In the case where dg = dy, N(z,t) := S(x,t) + I(x,t) is a solution of
system (13.31) on Y7, and hence lim;_, o N(z,t) = ‘g‘ uniformly for « € (2.

It follows that I(x,t) satisfies the following nonautonomous equation

o1 I
oy~ drAl = [ﬁ(z,t) <1 - N(x,t)) - ”y(x,t)] I,ze2,t>0, (13.37)

which is asymptotic to a periodic equation

oI ?
o dr Al = {B(m,t) (1 - |N|I> —W(x,t)} I, xe2,t>0. (13.38)

By Lemma 13.1.2 and Theorem 3.2.2, as applied to the asymptotically periodic
system (13.37), it follows that the desired threshold dynamics holds for system
(13.2)—(13.3) in terms of Ry. ]

Next, we consider the case where B(x,t) = ry(x,t) for some real number
r € (0,00). It is easy to see that when r > 1,

(g’f):<7l~|g|’ r;1|]!\2f|)

is an endemic w-periodic solution of system (13.2)—(13.3). Since system (13.2)
is periodic, we may not be able to use the LaSalle invariance principle type
argument to prove the global attractivity of (5’ v ). Instead, we will employ
the following result, which comes from [268, Lemma 1].

Lemma 13.3.1. Let a and b be positive constants. Assume that ¢, v €
Cl([a,)), ¥ > 0, and ¢ is bounded from below on [a,00). If ¢'(t) < —bi)(t)
and Y'(t) < K on [a,00) for some positive constant K, then lim;_,o 1(t) = 0.

We are now in a position to prove the following threshold-type result on
the global dynamics of system (13.2)—(13.3).

Theorem 13.3.2. Assume that f(z,t) = ry(x,t) on 2XR for some constant
€ (0,00). If r < 1, then (N/[£2],0) is globally attractive for system (13.2)-
(13.3); If r > 1, then (S, I) is globally attractive for system (13.2)—(13.3).

Proof. From (13.9) and Lemma 13.1.1, it is easy to see that Ry = r. In
the case where r < 1, Theorem 13.2.1 (i) implies that (N/[£2],0) is globally
attractive. It remains to handle the case where r > 1. For any given positive
solution (S(x,t), I(x,t)) of (13.2)—(13.3), we follow [275] to define the function

Q2 f2

H(t) = /Q (S’(x,t) + S’(Sx 9 + I(z,t) + I t)) dx. (13.39)
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It then follows that

dH(t) s§2.8, I*.1,
dt _/(Z(St+lt)dm /n< ¢ Top )"

52 BS -1 ) f2< 8S -1 )
=— dsAS — +Id—/ di NI+ —~I)d
/ns (S svr )T o 2\ str )%

=H1(t) + Ha2(1),

where
§2 72
Hl(t)z / ds 9 AS + dy 9 AT | dx
0 S
2dg5? 2d; 12
=—/< o IVSP+ T |v1|2>

2 S

and

-/
-/
-
-/

QD

(-

{ (ii )-@L—i)}w

P (R 8) (2 520))

P (590 (i)}
L e (5 G5

dlzt(t) :—/Q{ ; |VS|2+d1 g2
Bz, t)SI° /8 i S I\2
(S’+I)(S+I)(S+I)(S_I) }da.

QD

QD

Q

BS - I
S+1I)- S+I

In view of Lemma 13.2.2 and Theorem 13.2.1 (ii), there exist positive constants
Cy and T, such that

HE) g, /Q {Ivs2+ vy + (g - ﬁ)Q} dw =1 —p(t), Vt>Th.

dt
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By the standard Holder regularity theory for parabolic equations (see, e.g.,
[126, Theorem 9]) and the embedding theorems (see, e.g., [209, Lemma II.
3.3]) (see also the proof of Theorems Al and A2 of [39]), together with
Lemma 13.2.2 and Theorem 13.2.1 (ii), it is easy to see that 1’'(¢) is bounded
on [Ty, 00). Thus, Lemma 13.3.1 implies that (¢) — 0 as t — oo, and hence
we have

: 2 2 —
Jim Q(|v5| +|VI] )d:c—O (13.40)
and
lim [ |(r—1)S(z,t) = I(z,t)| dz = 0. (13.41)
t—o00 0
From (13.41) and (13.4), it follows that
lim S(x,t)dr =5, 1 t)de = 1. (13.42
oo (2] [, 7N z=5, tLIEo|Q| I(w,t)do = 42)

Let us recall the well-known Poincaré inequality:
ul/ (9—9)*da S/ Vg|*dz, Vge H'(%),
0 0

where g = ‘}2‘ fQ g(x)dz and p; is the first positive eigenvalue of the Lapla-
cian operator —A with zero Neumann boundary condition on 9{2. As a con-
sequence, by Holder inequality, there holds

R 12|\ 1/2 L\ /2 )
lg — gldz < ( ) ( Vgl dx) , Vg e H(02).
2 121 los
This, in conjunction with (13.40) and (13.42), gives rise to

lim [ (|S(z,t) — S| + |I(x,t) — I|)dz = 0. (13.43)
t—o0 0
Let X, &(t), P and Y; be defined as in the proof of Theorem 13.2.1. For
any given ¢ € Yy, let w(¢) be the omega-limit set of the forward orbit through
¢ for the discrete-time semiflow {P"},>¢. It then follows that for any ¢ =
(¢1,12) € w(¢), there exists a sequence ny — 0o such that limy_,oc P™*(¢) =
limy 00 P(npw)p = ¢ in X x X. Letting (S(z,t),I(z,t)) = [®(t)¢](x) and
t = ngw in (13.43), we obtain

/Q(Wl(ﬂﬁ) — S|+ |tho(z) — I|)dz =

and so ¢(z) = (S f) Thus, we have w(¢) = {(S,I)}. This implies that
i = (5,1) in X x X, yielding the global attractivity of (S,I). =
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13.4 Discussion

In this section, we give some biological interpretations of the analytical results
obtained for model (13.2)—-(13.3).

Following the terminology in [9], we say that x is a low-risk site if the local
disease transmission rate fow B(x,t)dt is lower than the local disease recovery
rate f: ~(z,t)dt. A high-risk site is defined in a reversed manner. We also
say that 2 is a low-risk habitat if [* [, B(z,t)dzdt < [ [, 7(x,t)dzdt and
a high-risk habitat if [;7 [, B(z,t)dzdt > [ [, v(x,t)dzdt. We may call the
habitat a moderate-risk one if [ [, B(z, t)dzdt = [ [, v(x,t)dxdt.

Firstly, in the ideal case where the rates of disease transmission and recov-
ery depend on the temporal factor alone, Theorem 13.2.2 (i-a) and (ii-a) show
that a low-risk habitat always leads to the extinction of the disease while a
high-risk habitat leads to the persistence. In the ideal case where the rates
of disease transmission and recovery depend solely on the spatial factor, it
follows from Theorem 13.2.2 (ii-b) that the disease will be persistent once a
high-risk habitat exists. In such a situation, however, a low-risk habitat does
not always contribute to the disease eradication. Actually, this is true only
when each location of the domain is low-risk. Once the habitat contains at
least one high-risk site, according to Theorem 13.2.2 (i-b) and (ii-b), there
exists a threshold value dj € (0, 00) such that the disease extinction happens
only if the movement rate d; of the infected population is greater than dj;
otherwise, if d; < dj, the disease will persist.

In the general situation where the rates of disease transmission and re-
covery depend on the spatial and temporal variables, our results assert that
if either the habitat is a high-risk type or there exists at least one high-risk
site and the movement of the infected population is extremely slow, then the
disease will persist; see Theorem 13.2.2 (ii-c) and (ii-d). On the contrary, if
the habitat is a low-risk one and the movement of the infected population is
sufficiently quick, the disease will die out; see Theorem 13.2.2 (i-c).

We next discuss how the heterogeneous and time-periodic environment
affects the extinction and persistence of the disease. We assume that

Bz, t) = p(x)q(t) and ~(z,t) = p(x)qa(t),

where p is a positive Holder continuous function on (2 and ¢;, g2 are w-periodic
positive Holder continuous functions on R. If ¢; = g2, we get a moderate-risk
habitat and Theorem 13.3.2 tells us that the disease will eventually die out
regardless of the movement rates. We now assume that p is not a constant,
@1 # g2, and [ qu(t)dt = [} g2(t)dt so that the habitat is still a moderate-risk
one. By Theorem 13.1.1, we see that the basic reproduction ratio Ro(dr) =
Ry > 1for any d; > 0 and Ry(d;) — 1 as either d; — 0 or d; — oo. Therefore,
Theorem 13.2.1 implies that for this moderate-risk habitat, the disease will
persist.

As a consequence, our results suggest that the combination of spatial het-
erogeneity and temporal periodicity tends to enhance the persistence of the
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infectious disease for the SIS model (13.2)—(13.3). In other words, the infec-
tion risk of the model (13.2)—(13.3) would be underestimated if only temporal
periodicity or spatial heterogeneity is taken into account.

Furthermore, the above discussion also shows that in the case where
p is not a constant, q1 # g2, and [ qi(t)dt = [ g2(t)dt, when the in-

fected population migrates at the speed d; = dj, where d; > 0 satisfies
Ro(dy) = maxg, e(0,00) Fo(dr) > 1, the persistence property of the disease will
be maximized; on the other hand, the small or large migration rate of the
infected population will reduce the value of the basic reproduction ratio close
to unity so that the persistence of the disease will be weakened.

Finally, we try to give a biological interpretation of Theorem 13.1.2. As-
sume that the disease has the same transmission rate at any location in the
entire habitat and at any time (namely, 8 is a positive constant), and that
the available treatment for the disease is fixed which hence indicates that
Iy Jo (@, t)dzdt is a positive constant. If the treatment is made mainly in a
specific part of the habitat, Theorem 13.1.2 shows that Ry can reach its max-
imum. Thus, such an allocation of the treatment results in the largest risk
for the control of the disease. On the other hand, Ry will attain its minimum
if the treatment is equally distributed over the entire habitat at any time.
Therefore, Theorem 13.1.2 suggests that the latter treatment strategy would
be more effective for the eradication of the disease.

13.5 Notes

Sections 13.1-13.4 are adapted from Peng and Zhao [277]. Here we give a new
proof for Theorem 13.2.1 (i) and Theorem 13.3.1, respectively. The asymp-
totic profiles of steady states and global dynamics for autonomous reaction—
diffusion SIS epidemic models were investigated by Allen, Bolker, Lou and
Nevai [9], Peng [273], Peng and Liu [275], Huang, Han and Liu [178], Peng
and Yi [276], Cui and Lou [69], Wu and Zou [413], Li, Peng and Wang [221].
Recently, Wang, Zhang and Zhao [399] also studied time-periodic traveling
waves for a periodic reaction—diffusion SIR model.
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A Nonlocal Spatial Model for Lyme Disease

Lyme disease is a worldwide vector-borne infection caused by the spirochete
bacterium Borrelia burgdorferi, whose primary vector in North America is
the black-legged tick (also known as Ixodes scapularis). The black-legged tick
normally has a two-year life cycle including three feeding stages: larva, nymph,
and adult. In those stages, ticks could acquire blood meals from a variety of
hosts like rodents and mammals. In particular, Larvae and nymphs mainly
feed on white-footed mouse Peromyscus leucopus, and adult ticks obtain blood
meals almost exclusively from the white-tailed deer Odocoileus virginianus
[56]. Since nymphs are too tiny (less than 2mm) to detect, humans may carry
Lyme disease through the bites of infectious nymphs. For more biological
discussions about the infection of Lyme disease, we refer to [29, 261, 240, 208,
382, 201] and the references therein.

To understand the invasion of Lyme disease, many mathematical modeling
efforts are made through investigating the tick and host populations dynam-
ics [180, 256, 131, 295, 231]. More specifically, Caraco et al. [57] proposed
a reaction—diffusion model to study the effects of the tick’s stage structure
on the spatial expansion of Lyme disease in the northeast United States.
The global dynamics and the spreading speed were obtained in Zhao [441]
for the spatial model of [57]. To take the climate changes into account, Og-
den et al. [263, 262] presented simulation models, Wu et al. [414] established
a temperature-driven map of the basic reproduction number of Lyme dis-
ease in Canada, and Zhang and Zhao [427] modified the model in [57] to a
reaction—diffusion system with seasonality and studied its global dynamics and
propagation phenomena. Note that the spatially homogeneous environment is
basically assumed in these works, but the spatial heterogeneity is also vital.
Geographic variations of food resources and climates could limit the activity
and the population size of ticks and hosts. Biological studies [43, 211] show
that spatial patterns of the disease is highly linked to the spatial configura-
tions coupled with dispersal by vertebrates like mice. Furthermore, there are
few mathematical models incorporating the spatial variation to estimate the

(© Springer International Publishing AG 2017 361
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Lyme disease risk. The patch models were presented in [43, 165] to consider
the tick population dynamics with the dispersal of ticks on vertebrate hosts
among multiple habitats, or between woodland and pasture, both of which
are based on the assumption that the interactions are homogeneous in ev-
ery habitat. To formulate a continuous-time model of Lyme disease including
spatially dependent parameters, Wang and Zhao [392] adapted the model of
Carco et.al. [57] in the following aspects:

(a) allow a spatially dependent carrying capacity of hosts (mice), spatial-
dependent diffusion rates of hosts and disease transmission coefficients;

(b) consider the influence of deers on disease transmissions;

(c) replace the random mobility of ticks in [57] with nonlocal terms to reveal
the spatial movements of larvae, nymphs, and adult ticks determined by
their hosts (mice or deers).

The purpose of this chapter is to modify the nonlocal spatial model in
[392] by incorporating the self-regulation mechanism for the tick population,
as discussed in [56], and to establish the global dynamics of the model system
in terms of the basic reproduction ratio. In Section 14.1, we present the spa-
tial model of Lyme disease and give biological interpretations of the related
parameters.

In Section 14.2; we study the global dynamics of the disease-free system.
We first show that the forward orbits of an associated limiting system are
asymptotically compact, and the linearized system at its zero solution admits
a geometrically simple eigenvalue with a positive eigenfunction. Then we use
the comparison arguments and the theory of monotone and subhomogeneous
system to obtain a threshold-type result on the disease-free dynamics.

In Section 14.3, we investigate the global dynamics of the full model sys-
tem. We first introduce a next generation operator F and define its spectral
radius as the basic reproduction ratio Ry. Then we give a computation formula
of Ry in terms of the principal eigenvalue of a nonlocal eigenvalue problem.
Finally, we prove that Ry serves as a threshold value for the global attractivity
of the disease-free or endemic steady state by appealing to the theory of chain
transitive sets.

14.1 The Model

We consider the Lyme disease transmission in a bounded habitat £2 C R? with
a smooth boundary 92. Let I'(¢,x,y, D) be the Green function associated
with the linear parabolic equation:

=V -(D(x)Vu), t >0,z € 2,

ou

=0,t>0,z €912,
ov
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Table 14.1. Biological interpretations of parameters

M Maximal individual birth rate of mice.
r Individual birth rate of ticks.

Th Birth rate of deers.

Az Mortality rate per mouse.

Wr Mortality rate per tick larva.

UN Mortality rate per tick nymph.

A Mortality rate per adult tick.

3 Mortality rate per deer.

o Attack rate, juvenile ticks on mice.

¥ Attack rate, tick nymphs on humans.
13 Coefficient of an adult tick to attach to deers.
oA Self-regulation coefficient for adult ticks.
i Feeding duration of tick larvae on mice.
Tn Feeding duration of tick nymphs on mice.
Ta Feeding duration of adult ticks on deers.

Dy (z)  Diffusion coefficient for mice at location .
Dy (x)  Diffusion coefficient for deers at location x.
Ky (x) Carrying capacity for mice at location z.
B(z)  Susceptibility to infection in mice at location x.
Br(z) Susceptibility to infection in ticks at location x.

where v is the outward normal vector to 92. It then follows that if a dif-
fusive species has spatial density ¢(x) at time s, then the integral fﬂ It-—
s,x,y, D)p(y)dy gives the spatial density at time ¢ > s due to the diffusion.

Let M(t,z) and m(t,z) be the densities of susceptible and pathogen-
infected mice, L(¢,x) be the density of questing larvae, N(¢,x) and n(t,x)
be the densities of susceptible and infectious questing nymphs, A(t,z) and
a(t,x) be the densities of uninfected and pathogen-infected adult ticks, and
H(t,x) be the density of deers, at time ¢t and location z. The parameters are
shown as in Table 14.1.

In view of the attaching rates of larvae to mice and the disease transmission
mechanisms in the model of [57], it follows that the drop-off rate of susceptible
larvae from a mouse is

No= P, /Q T(my 2,9, Dan)[M (t =11, 9) + (1 = Br(w))m(t — 71, )| L{t — 71, )y,

where P, = qe~ (#2107 The drop-off rates of infected larvae, susceptible
nymphs and infected nymphs from mice can be described in a similar way.
Moreover, the density of egg-laying adult ticks, that is, the drop-off rate of
adult ticks from deers after blood meals is given by

T, :567(“A+“h')7“/ I' (7o, 2,9y, D) (At — 70, y) + a(t — 7o, y) ) H (t — 7o, y)dy.
0

The per capita birth rate B(x,u) of mice is taken in [392] as the negative
exponential function:
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B(w,u) = ras exp (— K;(a:)) ,

where Kp;(z) is a continuous and positive function on (2. Unlike the model
in [392], we use the linear birth rate rT} for the tick population. Assume
that the self-regulation process for adult ticks is mainly due to some density-
dependent death terms and intra-competition. Then terms §4(A + a)A and
04 (A+a)a represent the self-regulation for uninfected and infected adult ticks,
respectively. Let P, = ae~(#Ltrm)™  Accordingly, the earlier model in [392]
can be modified as

oM
P V- (Dym(x)VM) + (M 4+ m)B(z, M +m) — up M — af(x)Mn,
om
o = V- (Dym(z)Vm) + af(x)Mn — pym,
%f =711y — urL —aL(M +m),
ON
oy = no = [y +a(M +m) +uxln, (14.1)
0A
= Ay~ (ua + EH)A — Ga(A + )4,
da
gt =~ (na+E&H)a—0da(A+a)a,
H
8825 =V- (DH(:Z?)VH) +rn — ,LLhH,

where three terms
ny = H/ F(Tl,ZL’,y,DM)BT(y)m(t - ley)L(t - ley)dyy
(]
Ap = Pn/ F(T'm x,Y, DA{)[M(t - 7'7L7y) + (1 - ﬂT(y))m(t — Tn, y)]N(t — Tn, y)dy7
(]

a = P / P (rms 2y, Dan) (Mt — Tay) + it — 7yt — s y)
N

describe the drop-off rates of infected larvae, susceptible and infected nymphs
from mice, respectively.

We suppose that all constant parameters in (14.1) are positive, Dys(x),
Dy (x) are positive and continuously differentiable on (2, and 8(x) is a con-
tinuous function on 2 with 0 < (z) < 1 but B(x) £ 0, so is fr(z). Further,
we impose the Neumann boundary condition for M, m and H:

oM Om OH

Py 6y:8u:0’ Vt >0,z € 012.
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14.2 Disease-Free Dynamics

In this section, we study the disease-free steady state and its global attrac-
tivity. Note that in the absence of infection of Lyme disease, system (14.1)
reduces to

35‘5 = V- (Dar(2)VM) + MB(z, M) — par M,
oL
ot = Pa / F(Ta7$7y7DH)A(t - Ta7y)H(t - Tlhy)dy - (/’LL + OZM)L7
2
ON
o =D . I(r,z,y, Di)M(t — 7, y)L(t — 7, y)dy — (v + M + pn)N, (14.2)
0A 2
gt = Fn | T(mn,2,y, Dar)M(t = 7o, y)N(t = 7o, y)dy — (na + EH)A — 0447,
2
OH
ot =V- (DH(:E)VH) +7rp — uhH,

where P, = rée~(#at1n)Te and M and H are subject to the Neumann bound-
ary condition:

oM OH
o = ov =0, Vt>O0,z€0f.
It is easy to see that
OH
5¢ =V -(Dy(x)VH)+ry, —pupH, t>0,z€9,
H
0 =0, Vt>0,x€df
v

has a positive steady state H* = ;’; , which is globally asymptotically stable
in C(£2,R;). Moreover, we assume that
(Hl) M > M-

By a standard convergence result on the logistic type reaction-diffusion equa-
tions (see, e.g., Theorems 2.3.4 and 3.1.6), it then follows that the following
reaction-diffusion system

M

8(% =V - (Dy(2)VM) + MB(x, M) — upy M, t>0, 2 € £,
M

o =0, Vt>0,z€0

ov

admits a globally asymptotically positive steady state M*(z) in C'(£2, R )\{0}.
Thus, we first study the global dynamics of the following limiting system:

oL X *
8t = PGH / F(Ta7il’7y7DH)A(t - Ta7y)dy - [AU‘L + aM (ZE)]L,
(9]
8N * *
ot =h F(Tl7m7y7D1W)M (y)L(t_Thy)dy_ [7+O‘M (:C)+/'LN]N7 (143)
2
814 * * 2
gt = In QF(Tn,x,y,DM)M (W)N(t = 7n,y)dy — (pa +EH)A — 64 A%
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Let 79 = max{7,, 7,7} and
X =C(2,R*), Xy =C(,R%), Y = C([-7,0], X),Yy = C([—70,0], X5).

Then (X, X ) and (Y, Y7 ) are ordered Banach spaces. As usual, we identify an
element ¢ € Y with a function from [—79, 0] x R into R? defined by (6, z) =
©(0)(z). For any function v € C([—79,a), X) with some a > 0 and any ¢t €
[0,a), we define uy € Y by u(6) = u(t + 0),V0 € [—70,0].

Define linear semigroups T;(t), 1 < i < 3, on C(§2,R) by

Tl(t)¢1 :ef[lu'L“ron*(:l:)]ifgbl7 Tg(t)¢2:ei[’yJ"o‘M*(m)‘f’ﬂN]t¢27
and
Ts(t) g =~ HaTEH )t g

respectively. Let A9 be the generator of T;(¢). Then T'(t) = (T4 (t), Ta(t), T5(t)) :
X — X is a semigroup generated by the operator A° = (A9, A, A3). Define
F = (F17F27F3) Y - X by

Fl(gb)('r) = PG.H* /_Q F(TaaxavaH)¢3(_Taay)dya

Fy(6)(x) = P / L{n . Da)M ()6 (=79},

Fiy(9)(z) = P, /Q I(ry 2,9 D) M* ()2 —7ims )y — 5430, 2),

for z € 2 and ¢ = (¢1, P2, $#3)” € Y. Then system (14.3) can be written as
the following abstract functional differential equation:

d
d;‘ = A%+ F(u), t>0,
uo = ¢ € Y. (14.4)

From the expression of F', we see that F(¢) is locally Lipschitz continuous on
Y., and F(¢) is quasi-monotone on Y, in the sense that whenever ¢ < 1 and
#:(0) = 1;(0) for some i € {1,2,3}, then F;(¢) < F;(¢)).

In view of [243, Corollary 5], it follows that for any ¢ € Y, system (14.4)
admits a unique nonnegative continuous solution

u(t,x,qﬁ) = (L(t,I, ¢),N(t,$,¢),A(t,I, ¢))

on [0,ty) with u(6,z,¢) = ¢(0,z) for all (§,z) € [—70,0] x 2 and v, € Yy
for t > 0, and the comparison principle holds for upper and lower solutions
of system (14.4). Note that there exists a positive vector ¢ = ({1, (2, (3) € R?
such that

PGH*<3 - ,UJL<1 = Oa BM;;axcl - (FY + ILLN)<2 = 07 PﬂM;xklaXCQ - 6A<§ < 07
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where M}, = max, M*(x). Then it is easy to see that for any k > 1, k¢
is an upper solution of system (14.4). This implies that ¢, = co and solu-
tions of system (14.4) are uniformly bounded. Next, we prove the asymptotic
compactness of forward orbits for the solution semiflow of system (14.3).

Lemma 14.2.1. For any ¢ € Y., the forward orbit v+ () := {u¢(¢) : t > 0}
for system (14.3) is asymptotically compact in the sense that for any sequence
tn — 00, there exists a subsequence t,, — 00 such that ug, (¢) converges in
Y as k — oo.

Proof. In view of the boundedness of solutions and the generalized Arzela—
Ascoli theorem in Section 3.5, it is suffices to prove that the solution u(t, z, ¢)
is asymptotically compact in the sense that for any sequence t,, — oo, there
exists a subsequence t,,, — oo such that u(t,,, -, ¢) converges in X as k — occ.
Our arguments are motivated by [175, Lemma 4.1]. Note that for any given
& = (@1, 02, ¢3) € Yy, there exists n > 0 such that

\L(t,z, )] <n, [N, 2,9)| <, |A(t, 2, 9)| <n, VE=0, 2 €0

In view of the Arezla-Ascoli theorem, it suffices to prove that {u(ty,x, ¢)}n>1
is equicontinuous in z € 2 for all n > 1. We first show that {A(tn,x, @) }n>1
is equicontinuous in x € (2 for all n > 1. By the uniform boundedness of
N(t,x, @), it is easy to see that

f(at) == P, /Q I(rns 2,9, Dat) M* (9) N (¢ — 7,3, &)dy

is uniformly continuous in x € {2 uniformly for ¢ > 0, that is, Ve > 0, there
exists § > 0 such that

|f($1,t)_f($2,t)|<€2, Vt207 fEl,{EQEQ,

provided that |x; — z2| < 0. As in the proof of [175, Lemma 4.1], we define
vn(t,x) = A(t + tn, 2, 0),Vt > —tp,x € 2. Set r := ps + EH* > 0. It is easy
to see that

0 )
9t [vn(t, 1) — vp(, 2)]

= 2(vn(t, 21) — vn(t, x2))[f (@1, t + ) — f(22,t + t)

—T‘(Un(t, xl) - Un(t7 .’L‘g)) - 6A(U121(t7 xl) - ’Urzz(tv .’L‘g))]
<dn|f(z,t+t,) — fl@a, t +t0)| = 2r(va(t, 1) — va(t, 22))?
< dne? — 2r(va(t, 21) — v (t, 22))?

forallt > —t,,, |x1 — 2| < 0,21, 22 € 2. By the variation of constants formula
and the comparison argument, we have

t
[on (t, 21) — vn (t, 22)|* < ef27’(t7$)|vn(s7:c1) — wn(s, x2)]? + 47752/ e 2r(t=0 g9

E]
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for all t > s > —t,. Letting ¢t = 0 and s = —t,, in the above inequality, we
further obtain

_or 2ne?
|on (0, 21) = va (0,22)[* < € [vn (—tn, @1) = va(—tn, z2)|* + 71, ;

that is,

2
[A(tn, 21, 0) = Altn, ©2,9)|* < |¢3(0,21) — ¢3(0,22)|* + 27«5 ;

foralln > 1, |x1 — x2| < 9§, 21,22 € £2. Since ¢3(0, x) is uniformly continuous
for x € (2, there exists d; > 0 such that |¢3(0,21) — ¢3(0,22))| < € whenever
|x1 — 22| < 01. Thus, for any |z1 — x2| < §p := min{d1,d}, x1, 22 € £2, we have
2ne? 2

[Alta,1,0) = Altns a2, @) <2+ 7 < (147 1)
Similarly, we can verify that {L(t,,z,$)}n>1 and {N(tn,z, ¢)}n>1 are also
equicontinuous in z € {2 for all n > 1. [

Linearizing (14.3) at its zero solution, we obtain

8-[/ * *
5t = P,H /F(Ta7x7y7DH)A(t—Ta7y)dy—[uL—i—on ()L,
2
8N * *
ge =0 | T2y, Dar)M™ (y)L(t — 7, y)dy — [y + oM™ (z) + un]N,  (14.5)
2
0A . .
by = P [ D Da)M N (t = )y = (ua + €H)A

Define an operator A = (A;, Az, A3) on X by
(@) = Port” [ D, Din)os(u)dy — s+ aM* @),
As(9) = Pr [ Tln.y. Das) M ()6r()dy = by -+ @M (@) + o, (146)
As(0) = Pu [ Dz, Dan) M (1) () = G+ €1

Clearly, A is a closed and resolvent-positive operator (see, e.g., [370, Theorem
3.12]). Let s(A) be the spectral bound of an operator A, that is, s(A) =
sup{Re : A € o(A)}, where o(A) is the spectral set of A, and /(A — A) and
RN — fl) be the null space and range space of \I — A, respectively, where

is the identity operator. Then we have the following observation.

Lemma 14.2.2. Assume that (H1) holds. Then s(A) is a geometrically simple
eigenvalue of A with a positive eigenfunction.

Proof. Let M} = min M*(z) and
€

co := min{ug +aMy,, v +aMy, + px, pa+EH Y.
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For any ¢ = (61, o, ¢3) € N(AI — A), we have
Nor = Puft” [ F(ruva,, Dia)s(0)dy = (us + 00" (@),
Moo = P [ T(r2.9. Dan) M )6r )y = (3 + M (2) 4 )i, (147
X3 = Po | (e, Da) M ()0a(u)dy = (a +EH) o

For A > —¢gp, we obtain from the first and second equations of (14.7) that

P, H”
(;51(50): )\+,U,L—|—OLM*(LE) LZF(TE7x7y7DH)¢3(y)dy7
_ Pl *
B = 5 o i)+, T8 DM )61y (143

It then follows that

o) = [ P, MO s Daes s)dsdy
e = P\, 65)(@) (14.9)

Ay +aMH (@) +pn
Substituting this into the third equation of (14.7), we obtain

L)\(¢3) =P, /Q F(Tn7 7y7D1W)M*(y)F()‘7¢3)(y)dy - (N’A + §H*)¢3 = )‘¢3
(14.10)
Let
G(A) = (A+y+aMy,+un)A+pa+EH YA+ pr + aMy,) — PoP, PLH M7

Since G(—cg) = —P,P,PH*M}? < 0, G(+00) = 400, and G()) is strictly
increasing on [—cg, +00), it follows that there exists a unique Ag € (—cp, )
such that G(X\g) = 0. Note that for any = € £2,

M) Mg,
Xo + pr +aM*(x) — Ao+ pL + oMy’
and
M*(z) . M,
Ao+ +aM*(z) +pun ~ Xo+y+aMi +un

Thus, if we choose ¢3 = 1, then we have

P,P,P,H*M;?

L >
Ao(¢3) — (Mo +v+aMp + un)(ho + pr + )

— (A +EH™) = Xod3.

Since L) admits a principle eigenvalue u()), by the essentially same argu-
ments as in [390, Theorem 2.3], it follows that s(A) is a geometrically simple
eigenvalue with a positive eigenfunction. ]
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Now we are in position to prove a threshold-type result on the global
dynamics of system (14.2) in terms of s(A).

Theorem 14.2.1. Let (H1) hold. Then the following statements are valid:

(i) If s(A) < 0, then (M*(x),0,0,0,H*) is globally attractive for positive
solutions of system (14.2).

(i) If s(A) > 0, then system (14.2) admits a unique positive steady state Eq :=
(M*(x), L*(x), N*(x), A*(z), H"), and Ey is globally attractive for posi-
tive solutions of system (14.2).

Proof. Note that M*(z) and H* are globally attractive for positive solutions
of the first equation and the last equation of system (14.2), respectively. By
the theory of asymptotically autonomous semiflows (see, e.g., [364]), it suffices
to prove the threshold-type result on the global dynamics of system (14.3).
To do so, we first consider the following nonlocal evolution system without
time delay:

oL
815 - PaH*/ F(TaaxayuDH)A(tvy)dy - [ML + O‘M*(x)]l“
2
ON . "
by =1 [ Dne Da)M @)Ly — [ + M (&) + I, (14.11)
(P
0A
by = Po [ D DM )N (6 g)dy — (ia + EH)A — 544%
(9]

It then easily follows that for each ¢ > 0, the time-¢ map of (14.11) is strongly
monotone and strictly subhomogeneous on X . Since the linearized system of
(14.11) at (0,0,0) is

oL
815 - PaH*/ F(TaaxayuDH)A(tvy)dy - [ML + O‘M*(x)]l“
2
ON . .
- Pl/ Dy, Dar) M* () L(t, y)dy — [y + aM* (2) + un]N, (14.12)
(9]
oA . .
ot = Po [ Tt DM ()N (. )dy = (ea + EH')A,

we see that A is the generator of the solution semigroup of (14.12). By
Lemma 14.2.2, there exists a positive function ¢* such that A¢* = s(A)d*,
that is,

S(A)(b}]‘j = Pax[t[’k /QF(TauxuyaDH)(b;(y)dy - (/'LL + CYM*(:E))(ZS’{7

S(A)é; = P /Q (m, 2y, Dar) M* ()65 (y)dy — (7 + aM*(2) + i) 65,

S(A)g = P, /Q I (7, 2,9, Dar) M* (9) 3 (0)dy — (114 + EH) 5.
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We first consider the case where s(A) < 0. For any given ¢ € Y, we can
choose a sufficiently large number K > 0 such that —K¢*(z) < ¢(6,z) <
K¢*(z), V(0,x) € [—70,0] x 2. Let v(t, z,¢) be the unique solution of linear
system (14.5) with time delay. By the comparison principle, we obtain

— Kv(t,z,¢%) <v(t,z,¢) < Kv(t,z,¢%), Vt>0,ze (14.13)

Let vt (¢, x) := ¢*(x), Vt € [—70,00), € 2. It is easy to see that v'(t,z) is
an upper solution of system (14.5) on [0, 00). Then the comparison principle
implies that

0<v(t,x,¢*) <vt(t,x) =¢*(x), Vt> -7, z€ N (14.14)

Let v; be the solution semiflow of system (14.5) on Y, that is, v:(p)(0) =
v(t +0,,9), ¥Vt > 0,0 € [—70,0]. In view of (14.14) and the comparison
principle again, we obtain that

’Ut+5(¢*) = 'US('Ut(¢*)) < US(Qb*) < (b*v Vta sz 0.

This implies v;(¢*) is nonincreasing in ¢ € [0,00), and hence v (¢, z, ¢*) con-
verges, as t — 0o, pointwise to some function e(z) for € 2. Further, it
follows from similar arguments to those in Lemma 14.2.1 that the bounded
forward orbit v (¢*) = {v(¢*) : ¢ > 0} is asymptotically compact in Y, and
hence, its omega limit set w(¢*) is nonempty, compact, and invariant for the
solution semiflow v; on Y. Thus, w(¢*)={e} with e(z) being a nonnegative
steady state of system (14.5). In view of (14.5) and (14.12), we know that e(x)
is also a steady state of system (14.12). Since s(A) < 0 and for any M € R,
MesWte* () is a solution of the linear system (14.12), it follows from the
comparison arguments that every solution of (14.12) converges to zero, which
implies that e(z) = 0 and tli)rgo ve(9*) = 0. With (14.13), we conclude that

tlim ve(¢) = 0. Moreover, it is easy to see that every nonnegative solution of
—00

system (14.3) satisfies

oL
8t :PaH*/ F(TaaxayuDH)A(t_Tavy)dy_[/J‘L—i_aM*(w)]L?
2
ON . i}
. =Pz/QF(n,w,y,DM)M (y)L(t — 1, y)dy — [y + aM*(z) + pn]N,
0A

gt = Pn/ I'(tn, 2,9y, Dar)M* (y)N(t — T, y)dy — (na +EH)A, (14.15)
2

that is, every nonnegative solution of system (14.3) is a lower solution of
system (14.5). Thus, the comparison principle proves statement (i).

Next we consider the case where s(4) > 0. Note that the solution
semiflow of system (14.3) is monotone and subhomogeneous. We first show
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that that system (14.11) admits a globally attractive steady state (L*(x),
N*(x), A*(z)). For small € > 0, we consider the following linear system with-
out time delay:

oL
ot = PaH* / F(Taawayu DH)A(t7y)dy - [ML + O‘M*(x)]La
[0}
ON « "
0y =1 [ Dna Da)M )Lty — [ + M (&) + I, (14.10)
2
0A « X
5 = Pn/ D(ry, 2, y, Da) M™(y)N (¢, y)dy — (na + EH™ + €da) A
2

Let A, be the generator of the solution semigroup of (14.16). By virtue of
Lemma 14.2.2, we obtain that s(A,) is also a geometrically simple eigenvalue
with a positive eigenfunction ¢.. Note that when ¢ > 0 is small enough, the
spectral bound depends continuously on €. It then follows that there exists a
sufficiently small ¢y > 0 such that s(A.,) > 0. Let 4(¢, -, ¢) be the solution of
system (14.11) with initial data ¢. We further prove the following two claims.

Claim 1. limsup,_, . ||4(t, -, d)|| > €0, Vo € X \{0}.

For the sake of contradiction, we assume that limsup,_, ||4(¢, -, ¢)| < €o for
some ¢g € X1\{0}. Then there exists ¢y > 0 such that a(t,-,¢o) < €o =
(€0, €0, €0), Vt > to. It follows that for all ¢ > tg, (¢, -, ¢o) satisfies

oL
815 - PaH*/ F(TaaxayuDH)A(tvy)dy - [ML + O‘M*(x)]l“
[0}
ON X *
o =P [ T2 DM @)Lt )y b+ 0D (@) + I, (1417)
0A

e p, / D, Da) M W)N (5)dy = (s +EH" + coda)A.

Since (o, -, ¢g) > 0, we can choose a small real number p > 0 such that
(to, z, ¢o) > pe*Aeoltop. (x), Vo € 2. Note that pesA<)i¢, () is the solu-
tion of linear system (14.16) with e = ¢y and s(A.,) > 0. It follows from (14.17)
and the comparison principle that a(t,z, ¢g) > pesAlig. (x), Vt > to,
x € 2. Letting t — oo, we see that u(t,z, ¢o) is unbounded, a contradic-
tion to the boundedness of @(t, x, ¢p).

Claim 2. Let w(¢) be the omega limit set of the forward orbit y*(¢) :=
{t(t,-,¢) : t > 0}. Then w(¢) C int(X4), V¢ € X1 \{0}.

By adapting the proof in Lemma 14.2.1, we see that y¥(¢) is asymptoti-
cally compact, and hence, w(¢) is nonempty, compact, and invariant. Let
¢ € X+ \{0} be given and Q(t)¢ := u(t, -, ¢). It then follows from Claim 1 that
set A := {0} is an isolated invariant set for the semiflow Q(¢) and w(¢) € A.
Thus, the generalized Butler-McGehee lemma (see Lemma 1.2.7) implies that
w(p)NA =0, and hence, w(¢) C X4+ \{0}. By the strong monotonicity of Q(t)
and the invariant of w(¢) for Q(t), it follows that w(¢) C int(X4).
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Let t; > 0 be fixed. Then Q(¢1) is strongly monotone and strictly sub-
homogeneous on X;\{0}. Note that w(¢) is also a compact and invariant
set for Q¢ . It then follows from Claim 2 and Theorem 2.3.2 with K = w(¢)
that @, has a unique fixed point ue = (L*(-), N*(-), A*(-)) > 0 such that
w(®) = {ue}, V¢ € X \{0}. Since Q(t)w(¢) = w(g) for all ¢ > 0, we see
that u. is a positive steady state of system (14.11). This shows that system
(14.11) admits a unique positive steady state (L*(z), N ( ), A*( )), which is
globally attractive in X;\{0}. Clearly, ¢*(z) = (L*(z), N*(x), A*(x)) is also
the unique positive steady state of system (14.3). Let @(¢) be the solution
semiflow of system (14.3) on Y4 := C([—70,0], X4+). For any given componen-
twise positive initial function ¢, there exist two real numbers s € (0,1) and
p > 1 such that

sp*(x) < (0, x) < pp*(x), V0 € [-7,0], z € £2.
By the comparison principle, we then have

sp* = sO(t)p" < O(t)(sp”) < P(t)p < P(t)(pp") < pD(t)p™ = pp™ (14.18)

for all ¢ > 0. Thus, &(t)(se*) is nondecreasing in ¢ > 0 and P(t)(pp*) is
nonincreasing in ¢ > 0. Note that the forward orbits v™(sp*) and v (pp*)
for @(t) are asymptotically compact (see Lemma 14.2.1). It then follows from
the uniqueness of the positive steady state that

Jim D(t)(s¢”) = " = lim &(t)(pp").

By virtue of (14.18), we obtain lim;_, . @(t)¢ = ¢*. This shows that statement
(ii) holds true. "

14.3 Global Dynamics

In this section, we introduce the basic reproduction ratio for model (14.1) and
study the global dynamics of Lyme disease invasion. Throughout this section,
we assume that (H1) holds and s(A4) > 0, where A is defined as in (14.6).

By Theorem 14.2.1, it follows that system (14.2) admits a globally at-
tractive positive steady state (M*(z), L*(x), N*(x), A*(x), H*), and hence,
system (14.1) has a unique disease-free steady state

E, = (M*(x),0,L*(z), N*(x),0, A"(x),0, H*).

Linearizing (14.1) at E; and then considering only the equations of infective
compartments, we get
om

ot

?;tl =PB / I(m,z,y, Da)Br(y) L™ (y)m(t — 1, 9)dy — [y + oM™ (z) + pn]n,
2

da
ot

=V - (Dm(z)Vm) + af(z)M" (z)n — ppm,

:Pn/ L(mn, 2,9, Dr) Ko (t — o, y)dy — [pa + EH" + 04 A" (2)]a,  (14.19)
(9]
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where m is subject to the Neumann boundary condition and
Kot = mn,y) = M™(y)n(t — 7, y) + Br(y) N (y)m(t — 7, y)-

Note that the third equation of system (14.19) is decoupled from the
first two equations. Thus, we can simply use the first two equations to de-
fine the basic reproduction ratio for model (14.1). Let X = C(£2,R?) and
X, =0, R% ). We assume that the state variables are near the disease-free
steady state F;. Then we introduce infected individuals with the density dis-
tribution ¢ = (¢1, d2) € X+ into the population at ¢ = 0. As time evolves, the
density distribution of the infective individuals m and n under the synthetical
influences of mortality, mobility and transfer of individuals among the infected
compartments is described by

0

87? =V (Dyp(x)Vm) — upm,
0

87; ==y +aM*(z) + pyln,

where m satisfies the Neumann boundary condition. Let (m(t, ¢), n(t, ¢)) de-
note the density distribution of the infective individuals at time ¢ > 0. Then
we have

m(t, )(x) = et / L(t..9. Dan)on(0)dy,
n(t, 6)(z) = e~ M @Famtg (7).

It follows that the distribution of new infections of mice produced by the
infective agents at time ¢ is

Fi(t, ¢)(x) = af(z) M (x)n(t, ¢)(x),

and the distribution of new infections of nymphs produced by the infective
agents at time ¢ is

0, if ¢t € (0,7),

frlt o)) = {Pl Jo T(i,2,y, Do) Br(y) L™ (y)m(t — 71, ¢)(y)dy, if t > 7.

Consequently, the distribution of total new infections of mice is

| Ao =Fie),
0
and the distribution of total new infections of nymphs is

/O " Bt ¢)dt = P / h /Q L(r1, -, Dan)Br () L (y)m(t, &) (y)dydt := F (o).
(14.20)
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Clearly, F' = (13'1, 13'2) is a continuous and positive operator, which maps the
initial infection distribution ¢ to the distribution of the total infective mem-
bers produced during the infection period. Following the idea of next gener-

ation operators (see, e.g., [95, 389, 392]), we define Rq := r(I"), the spectral
radius of F', for model (14.1). Direct calculations lead to

; _ of@)M*(z)

Define the operator By by

Bi(¢1) =V - (Dm(2)Vo1) — pmn

By [370, Theorem 3.12], we have

/ m(t,¢)dt:/ m(t,¢1)dt = —By ¢
0 0

It then follows from (14.20) that

Fy(¢)(x) = —P, /Qf(n,:v,y,DM)ﬁT(y)L*(y)[31_1¢1](y)dy-

To show that Ry is a threshold value for the disease invasion, we first
suppress time delays in (14.19) and then consider the following subsystem
without time delay:

om
5 =V (Du(@)Vm) +af(@)M™ (2)n — parm,
on
op =t [ D,y Da)sr()L @t g)dy — [y + aM*(2) + i,
2

(14.21)
where m is subject to the Neumann boundary condition. For ¢ = (¢1, ¢2) €
X4, we define two operators C' = (C1, C3) by

Ci()(x) = af(x) M (x)d2(x),

Co(0)(z) = P /Q I(m, 2y, Dan)Br(y)L* (9)bn (4)dy,

and B = (Bl,BQ) by

Bi(9)(x) =V - (Du(2)V1) = pardr (@),
By(9)(x) = —[y + aM"(x) + pn]d2(x),
and set A = C'+ B. It is easy to see that the spectral bound s(B) is negative.

Our next goal is to show that Ry — 1 has the same sign as s(A), and s(A)
is the principal eigenvalue of A. To do so, we need the following assumption:
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(H2) There exists some xg € {2 such that 8(x¢) and fr(zo) are positive.

Biologically, this means that there exists some small region where infec-
tious nymphs can infect mice and pathogen-infected mice can also infect ticks
in return.

Lemma 14.3.1. Let (H1) and (H2) hold. Then Ry — 1 has the same sign as
the spectral bound s(A) of A, and s(A) is a geometrically simple eigenvalue
of A with a positive eigenfunction.

Proof. By [370, Theorem 3.5], we see that s(A) has the same sign as
r(—CB~1) — 1. It suffices to show that Ry = r(—CB~1!). Letting T'(t) be
the solution semigroup generated by B, we then have

(A=B) ¢ = / e MT(t)pdt, A >s(B), ¢€X.
0
Since s(B) < 0, it follows that

- B lp= / t)odt, Yo e X. (14.22)

As a consequence, we have

1

—_Blp=
2 ¢ v+ aM*(z) + py

P
Now, by direct calculations, we obtain
Ci(=B™'¢) = af(x)M*(z)(—B; '¢) = Fi(¢),
Ca(~B16) = P1 | T{m..9. Dan)Br ()L ()=Bi | (w)dy = Fo(o).

This implies that —CB~! = F, and hence r(—CB~ ') = r(F) =
To verify s(.A) is an eigenvalue, letting ¢ = (¢1, ¢2) € N (Al — A) we have

V- (Du(2)Vor) + aB(x)M* (x)p2 — prrdr = Ao,

B /Q I(m,2,y, D) Br(y) L™ (y) 1 (y)dy — [y + oM™ (2) + pn]p2 = 2.

(14.23)

For A > —(y+aM;, + pun) with M}, = min M*(z), we obtain from the second
€SN

equation of (14.23) that
P,

0 =\ b @) 4

[ P, DB ()L ()6 () = 0 0) ).
Substituting it into the first equation of (14.23), we get

La(¢1)(x) =V - (Du(x) V) + af(@) M (2)C(A, ¢1)(x) — parda(x) = Apa ().
(14.24)
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It easily follows from (H2) that there exists an open neighborhood U C 2
such that B(x) > 0, Br(z) > 0,Vax € U C £2. Let A1 be the principal eigenvalue
of the elliptic eigenvalue problem

¢=0, x€dU,

with the positive eigenfunction ¢*(z). Now define a continuous function ¢° as

follows: @)

o, _ Jo (x)if zeU

¢ (x)_{o if zeQ\U.
Since Br(z)L*(x)¢°(z) > 0(# 0),Vx € (2, the standard maximum principle
implies that [, I'(7, 2, y, Dar)Br(y)L* (y)¢° (y)dy > 0, Va € £2. Set

A=min P, A) F(Tl7xvy7DM)/8T(y)L*(y)¢O(y)dy7 /8 = HEII}B(‘T% d):;lax = maxd)*(x),

TEN xeU
and
* % 2 afMy A
A= (y+aMy, +pn) + /(O v+ aMy, + )2+ 470
AO — 2 max
- M o— (y+ a4 pn) + M+ v+ aM + pn
2

— max{A, — (7 + aM;, + )}
Clearly, Ly, (¢%)(z) > Xo¢°(x), Yz € 2\ U. Moreover, for any € U, we have

Ly (") (@) = V - (Dar () V") + aB(x) M*(2)C(N, ¢°) (@) — s ¢° ()
aBM; A

20O L oMz +
=M™ () + Pmax(Mo — A1)

> M¢"(x) + ¢" () (Mo — A1)

= X0" () = Xod° (z).

Thus, e*!¢?(x) is a subsolution of the integral form of the linear system
v¢ = Ly, u. By the arguments similar to those in [390, Theorem 2.3 and
Remark 2.1], we conclude that s(A) is a geometrically simple eigenvalue with
a positive eigenfunction. ]

Remark 14.5.1. Let A\{? be the principal eigenvalue of the elliptic eigenvalue
problem

V- (DM($)V¢1) — /LM¢1(£L') = )\¢1(£L‘), r e
subject to the Neumann boundary condition, and ¢ (z) be the associated pos-
itive eigenfunction. Instead of (H2), we assume that A2 > —(y+ oM}, + un).
It then follows that Lye(¢7)(x) > M2¢%(z), and hence, s(A) is a geometrically
simple eigenvalue with a positive eigenfunction (see also [390, Corollary 2.4]).
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Next we characterize the basic reproduction ratio in terms of the principal
eigenvalue of the following eigenvalue problem

— V- (Du(x)Ve(x)) + pare(z) = pg(e)(z), xe L2,

dp (14.25)
o = 0, z €091,
where
sela) = TN [ P Dan)r ) o0y

Theorem 14.3.1. Let (H1) and (H2) hold. If the eigenvalue problem (14.25)

admits a unique positive eigenvalue p with a positive eigenfunction, then Ry =

1/\/.

Proof. Let ¢(x) be a positive eigenfunction associated with the positive
eigenvalue p of problem (14.25). Define

61 = —Bip, o= /uP /Q (71, -y, Dar)Br(y) L* (4) o) dy.

Clearly, ¢ = —Bj'¢1, and ¢, # 0. In view of (14.25), we have i(bl =
g(—=By 7). Tt then easily follows that

aﬂ({E)M* (:E) ¢2 — 1 le
v+ aM*(z) + N/ (14.26)
_H/QF(n,x,y,DM)BT(y)L*(y)[Bf1¢1](y)dy = \/1u¢2’

that is, ﬁ'(qﬁl, pa) = lu (¢1, ¢2). This implies that \/1u is an eigenvalue of F,

and hence Ry = r(F) > \/1“ > 0.

For any given A € (0, 00), we define

Ay = /1\C+B and R()) :zr(—(/l\C)B—l).

By the proof of Lemma 14.3.1, it follows that

1
R(\) = )\Ro, sign(R(N\) — 1) = sign (s(Ay)), (14.27)
and s(A)) is a geometrically simple eigenvalue of A with a (componentwise)
positive eigenfunction ¢y. Letting A = Ry > 0 in (14.27), we obtain s(Ag,) =
0, and hence ¢ := ¢r, = (¥1,12) satisfies Ap, ¢ = 1%0 Cv + By = 0. It then
follows that
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AOSEN @) [ .
r D L dy=|-B
R2(y + aM*(2) + pn) Jo (11,2, y, Dar) Br (y) L™ (y)1 (y)dy = [=Biy](2),
(14.28)
and hence,
1
-V (DM(‘T)V'@[JI(‘T)) + ﬂM"/’l(x) = Rgg(wl)(x)v T e “Qv
0
5 (14.29)
o, s eon.
v
Since p is the unique eigenvalue of problem (14.25) with a positive eigenfunc-
tion, it follows from (14.29) that p = }%2, and hence Ry = 1/,/p. ]
(9]

In order to show that the sign of Ry — 1 determines the global dynamics
of system (14.1), we let M = M +m, N = N +n, A = A + a. Then system
(14.1) is equivalent to the following system:

19)
(;;/t =V (Dm(x)VM) + MB(z, M) — ppu M,
oL
ot :Pa/ I'(Tayz,y, D) At — Ta, y) H(t — Ta,y)dy — (1 + aM)L,
o
ON
g =0 | Ty, Da)M(t =, y)L(t =7, y)dy — (v + aM 4 pun)N,
Q
0A
ot :Pn/ I (7o, @, y, Dar)M(t — 71, y)N (t — 71, y)dy — (1a + EH) A — 64.A%,
o)
OH
ot =V - (Du(x)VH)+ry — unH,
om
ot =V - (Dm(2)Vm) + af(z)(M — m)n — pym,
on

at :‘F)l/ F(Tl7m7y7D1w)/BT(y)m(t_Tl7y)L(t_Tl7y)dy_ (’Y+05M+MN)TL7
2

0
8(1:: :Pn/ F(T7L7m7y7D1W)Kll(t - Tn7y)dy - (/’LA —‘r{H)CL- 6AAG’7
2

(14.30)
where M, H, and m are subject to the Neumann boundary condition, and

Ko(t,y) = M(t,y)n(t,y) + Br(y)m(t, y) (N (t,y) — n(t,y)).
By virtue of Theorem 14.2.1, (M*(x), L*(z), N*(x), A*(x), H*) is a globally
attractive steady state of system (14.2), which is exactly the same as the first
five equations of system (14.30). By similar discussions to those in the last
section, we may confine ourselves into
om
ot
on *
or =Pt [ D100, Dan)Br(y)m(t = 7,)L )y — [y + (@) +
Q
da
ot

V- (Du(x)Vm) + af(z)(M* (z) — m)n — paym,

:Pn/ F(Tnv'rvya DM)K;(t - Tnvy)dy - (MA + §H* + 5AA*(I))CL5
2
(14.31)
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where m is subject to the Neumann boundary condition, and

K;(t,y) = M*(y)n(t,y) + Br(y)m(t, y)(N*(y) — n(t,y)).

Since the first two equations in (14.31) do not depend on the variable a, we
first consider the following subsystem:

%T: =V (Dy(z)Vm) + af(z)(M™*(z) — m)n — parm,
?Z =B / (7, 2,9, Dar)Br(y)m(t — 7, y)L* (y)dy — [y + aM*(z) + pn]n.
(]

(14.32)
Let Cpr+ = {p € C(2,Ry) : p(z) < M*(z), Vo € 2}, and

X :=C([—7,0],Cpr+) x C(£2,R).

Note that

V - (D (2)VM*) — pag M*(z) = —ras M* (z) exp (- M (z) > <.

K ()
By [243, Corollary 4], it then follows that for any ¢ € X, system (14.32)
admits a unique mild solution 4(¢, -, ¢) = (01(¢, -, $), V2(t, -, ¢)) on [0, 00) with
131(9,',(}5) = (bl(@), 132(0,',(;5) = ¢2, Vo € [—Tl,O], and (@1t(¢),ﬁ2(t,',¢)) e X
for all ¢ > 0. Note that system (14.32) is eventually strongly monotone and
strictly subhomogeneous on X. It is also easy to see that there exists a real
number By > 0 such that (M*(x), B) is an upper solution of system (14.32)
for any constant B > By. By Lemma 14.3.1 and similar arguments to those
for system (14.3) in Theorem 14.2.1, with pp* replaced by (M*(z), B), we
have the following result for system (14.32).

Lemma 14.3.2. Assume that (H1) and (H2) hold and s(A) > 0. Then the
following statements are valid:

(i) If Ry < 1, then (0,0) is globally attractive for system (14.32) in X.
(i) If Ro > 1, then system (14.32) admits a positive steady state (m(zx),n(z))
which is globally attractive in X\{0}.

Now we are ready to prove the main result of this section on the global
dynamics of system (14.1) on W := C([—7o, 0], C(£2,RY)).

Theorem 14.3.2. Assume that (H1) and (H2) hold and s(A) > 0. Then the

following statements are valid:

(i) If Ry < 1, then every positive solution U(t,x) of system (14.1) satisfies
limi—ooU(t, ) = (M*(x),0, L*(x), N*(x),0, A*(z),0, H*) uniformly for
x € 2.

(i) If Ry > 1, then system (14.1) admits a positive steady state U*(z) =
(M*(.’L') - ﬁ”L(CL'), m(‘r)v Lx (‘T)v N*(.”L') - ﬁ(.’L‘), ﬁ(x)v A*(CC) - d(x)v d(.’L‘), H*)7
and every positive solution U(t,x) satisfies lim;_,ooU(t,x) = U*(x) uni-
formly for x € (2.
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Proof. Let

E:={(¢1,...,67) € C([=70,0],C(22,R)) : ¢1(8) > ¢6(0),V6 € [~70,0]} .

Since the first seven equations in (14.30) do not depend on variable a, it
follows that for each ¢ € FE, this subsystem admits a unique mild solution
w(t, z, ¢) satistying w(0, z, $) = ¢(0, ) for all (0,z) € [—79,0] x 2. For each
t > 0, define

(t)e](0) =w(t+6,-,¢), VO € [—70,0], ¢ € E.
Then ¥(t) is an autonomous semiflow on E. Let
w(t,z, ¢) = (M(t,x), L(t,z), N(t, z), A(t, z), H(t,z), m(t, z),n(t, x))
be a given positive solution. In view of Theorem 14.2.1, we have

tliﬁl&(M(Lm%L(hm%N(t,x),A(t,x),H(Lm)) = (M*(z),L" (), N"(z), A" (x), H")

uniformly for z € {2. By the generalized Arzela—Ascoli theorem and similar
arguments to those in [175, Lemma 5.2]), it follows that the forward orbit
v (¢) := {¥(t)$ : t > 0} is asymptotically compact in E. Thus, its omega
limit set w(¢) is a compact, invariant, and internally chain transitive set for
the semiflow ¥(t) (see Lemma 1.2.1"). It easily follows that

w(¢) = {(M*()vL*()7N*()7A*()7H*)} X w,

where @ is a subset of S := C([—7,0],Cpr~ x C(£2,R,)). Further, @ is a
compact, invariant, and internally chain transitive set for the solution semiflow
generated by system (14.32) on S. In the case where Ry < 1, Lemma 14.3.2,
Theorem 1.2.1, and Remark 1.3.2 imply that @ = (0,0), and hence, w(¢) =
(M*(-),L*(-),N*(-),A*(-),H*,0,0).

In the case where Ry > 1, it follows from Lemma 14.3.2 and Theo-
rem 1.2.2 and Remark 1.3.2 that either @ = (0,0) or @ = (m(-),n(")),
and hence, either w(¢) = (M*(-),L*(-), N*(-), A*(-),H*,0,0) or w(gb) =
(M*()a L*()v N*(>a A*()a H*, ﬁ”L(), ﬁ())

For small ¢ > 0, we consider the following linear system without time
delay:

8815 =V - (Dum(x)Vm) + af(x)(M*(x) — 2¢)n — ppm,
g? =P, / I(n,,y, D) Br(y) (L™ (y) — eym(t, y)dy — [y + (M (z) + €) + pn]n.
e

(14.33)
Let A, denote the generator of the solution semigroup of (14.33). By repeating
the arguments of Lemma 14.3.1, we see that s(A.) is a geometrically simple
eigenvalue A, with a positive eigenfunction. Since the spectral bound depends
continuously on €, we can fix an ¢y > 0 small enough so that s(A.,) > 0. Let
¢, be a positive eigenfunction ¢, associated with s(A,).
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Suppose, by contradiction, that w(¢) = (M*(-),L*(-),N*(-), A*(:),
H*,0,0), then tlim (m(t,z),n(t,z)) = (0,0) uniformly for z e 0. Wlthout loss
—00

of generality, we can assume that for the above fixed eg, |(m(t, ), n(t, z))| < €
and

|(M(t,z), L(t, z), N (¢, z), A(t,z), H(t,z)) — (M*(x), L* (z), N*(z), A" (z), H")| < €0

for all t > 0 and x € 2. Hence, for any t > 0, we have

%t >V - (Dp(2)Vm) 4+ af(z)(M™*(x) — 2€0)n — pprm,
?Z zh /Q D(ri,,y, D) Br () (L (y) — coymi(t —m,y)dy — (14:34)

— v+ a(M*(z) + €) + pn]n.

Consider the linear time-delayed evolution system:

%t =V - (Dp(2)Vm) + af(z)(M* (z) — 2e0)n — pprm,
?97; =h /QF(TlvxvyaDM)BT(y)(L*(y) —e)m(t—m,y)dy  (14:35)

— [y + aM* + ega + pn]n.

For any ¢ € C([—70, 0], C(£2,R?)), let (¢, x, ¢) be the unique mild solution of
system (14.35) on [0, 00) w1th w(0, z, ) = ¢(0, ) for all (0,x) € [—70,0] x 2.
Let

V(8 x) = dey (), Vit € [—T0,00), x € (2.

Since s(A,) > 0, it is easy to see that v~ (¢, ) is a lower solution of system
(14.35) on [0, 00). Then the comparison principle implies that

0 < ey (@) = v (t,2) S W(t, 7, de,), Vt>—70, z € L. (14.36)

Let 10, be the solution semiflow associated with system (14.35). It then follows
from (14.36) that ¢, < Wi(de,), Vt > 0. By the comparison principle again,
we obtain

uA}S((on) < ws(wt(¢eo)) = wt+s(¢60)7 Vi, s > 0.

This implies that w;(¢e, ) is nondecreasing in ¢ € [0, c0). We further claim that
the solution w(t, z, d¢,) is unbounded. Otherwise, the forward orbit v* (¢, )
for the semiflow w; is asymptotically compact. It then follows that its omega
limit set w(de,) = e*, where e*(x) is a positive equilibrium of system (14.35).
Clearly, e*(x) is also a positive equilibrium of linear system (14.33) with € = €.
On the other hand, since s(A.,) > 0 and e*(A<)¢ (x) is a solution of the
linear system (14.33) with € = o, it follows from the comparison arguments
that every positive solution of system (14.33) with € = ¢y is unbounded, and
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hence, system (14.33) with € = ¢y admits no positive equilibrium. This con-
tradiction shows that the solution w(t, x, ¢¢,) is unbounded. Now we choose
a sufficiently small number § > 0 such that

(m(0,z),n(0,2)) > d¢e,(x), VO € [—70,0] x £2.
In view of (14.34) and the comparison principle, we then have
(m(t, z),n(t,z)) > 0w(t,z, de,), VE>0,z€ 0.

This implies that (m(t,z),n(t,z)) is unbounded, which contradicts the uni-
form convergence of (m(t,z),n(t,z)) to (0,0) on £, as t — oco. Thus,
W(QS):(M*vL*vN*vA*vH*vi() ())

By the theory of asymptotically autonomous semiflows (see [364]), as ap-
plied to the last equation in (14.30), it easily follows that that lim; o a(t,-) =
0 in the case where Ry < 1, and lim;_,~ a(t,-) = a(-) in the case where Ry > 1.

It remains to prove the positivity of the steady state of model (14.1) in
the case where Ry > 1. It suffices to prove that M (z) := M*(z) — m(z) >
0,Vx € §2. Clearly, we have M*(x) > m(z),Vx € 2. In view of the integral
form of the following equation

85\;[ =V -(Du(@)VM)+ M*"B(z, M) — (um + af(z)n(z)) M, z € 2, t > 0,
oM =0, €0, t>0,
ov

we have

M(z) = ¢~ artaf@n@)e / I(t,z,y, Dar) M (y)dy+
(]

t
/ ¢~ (Hartap(@In(=) (=) / I(t — 5,2, 9, Dar) M* () B(y, M () dyds,
0 2

for all ¢ > 0. By the standard maximum principle (see, e.g., [326, Theorem
7.2.2 and Corollary 7.2.3]), it easily follows that M(z) > 0,Vz € 2. Thus, a
straightforward computation shows that

B fQ F(Tl7x7y7 DM)KN(y)dy
v+ aM*(z) + pn

Py [ (7o, 2,9, Dar) K a(y)dy

pa+EH* +04A*(z) 7

r e

N*(z) —ax) =

r e

A*(z) —a(z) =
with
lifN(y) = [M*(y) — Br(y)m(y)|L*(y),
Ka(y) = [M*(y) — Br(y)m(y)](N*(y) — i(y)).

Since 0 < fr(y) < 1, it follows that Kn(y) > 0,Yy € 2, and hence, N*(z) —
n(xz) > 0, and Ka(z) > 0, Vo € (2. Thus, we obtain A*(x) — a(x) > 0 for all
x € L. ]
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Remark 14.3.2. The results in Sections 14.2 and 14.3 are still valid if we take
a general per capita birth rate function B(z,u) satisfying the following con-
ditions:

(D1) B(z,u) > 0(£0), Y(z,u)€ 2 x[0,+00).

(D2) B(z,u) is continuous on {2 x [0,4+00) and strictly decreasing in u €
[0,00), and B(z,up) < 0 on {2 for some ug > 0.

(D3) There exists M > 0 such that I}ll Jo B(z,0)dx > ppr > B(x,u) for all

u> M and x € 2.

It is easy to see that the birth rate function B(z,u) = rps exp (— K;(w))

satisfies (D1)—(D3). Another prototypical birth rate function (see, e.g., [57,
389)]) is

U
— <u<
M (1 kM(a:))’ 0<u< Kpy(x), =€,

0, u> Ky(x), € §2.

B(z,u) =

14.4 Notes

This chapter is modified from Yu and Zhao [423], where the spreading speed
and traveling waves were also studied for the limiting system (14.32) in an
unbounded habitat. The nonlocal terms in system (14.1) were first introduced
by Wang and Zhao [392] for another spatial model of Lyme disease. The com-
parison arguments via linear systems without time delay in the proof of The-
orem 14.2.1 were developed in [392, Proposition 3.7], and the lifting method
using the theory of chain transitive sets in the proof of Theorem 14.3.2 was il-
lustrated in [392, Theorem 3.8]. Here we give a new proof for Theorem 14.3.1,
which is different from that of [392, Corollary 3.2].

The numerical results in [423] show that the spatial averaged system would
underestimate the disease risk, that both self-regulation mechanism of ticks
and random movements of mice would alleviate the infection, but random
movements of deers would take no evident effect, and that the carrying ca-
pacity of mice with strong spatial heterogeneity would increase the infection
risk. Moreover, the intensive self-regulation of ticks would force the disease
to spread more slowly and even to go extinct, and cooling down the random
movements of mice could deteriorate the infection locally, but this might slow
down the invasion of the disease in a large area.
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