Chapter 10

Commutator of projectors and of unitary
operators

Alain Boudou and Sylvie Viguier-Pla

Abstract We define and study the concept of commutator for two projectors, for a
projector and a unitary operator, and for two unitary operators. Then we state several
properties of these commutators. We recall that projectors and unitary operators
are linked with the spectral elements of stationary processes. We establish relations
between these commutators and some other tools related to the proximity between
processes.

10.1 Introduction

This work relates to the field of the operatorial domain, dealing with projectors and
unitary operators. These operators take a large place in the statistics of stationary
processes. For example, the shift operator is a unitary operator, and a unitary op-
erator is a linear combination of projectors. We define and study the concepts of
commutator for two projectors, for a projector and a unitary operator, and for two
unitary operators. These concepts are developped in the Hilbertian frame, and when
the C—Hilbert space H is of the type L?>(, .27, P), our results apply to stationary
processes. The commutativity of two stationary processes is a generalization of the
notion of stationary correlation. When there is not a complete commutativity, we may
extend the notion of commutativity, asking how to retrieve the part of each process
which commutes. The commutator proposes an answer to this question. We recall
that the product of convolution of spectral measures, such as defined in Boudou and

Alain Boudou
Equipe de Stat. et Proba., Institut de Mathématiques, UMRS5219, Université Paul Sabatier, 118
Route de Narbonne, F-31062 Toulouse Cedex 9, France e-mail: boudou @math.univ-toulouse.fr

Sylvie Viguier-Pla (P<)

Equipe de Stat. et Proba., Institut de Mathématiques, UMR5219, Université Paul Sabatier, 118
Route de Narbonne, F-31062 Toulouse Cedex 9, France and Université de Perpignan via Domitia,
LAMPS, 52 av. Paul Alduy, 66860 Perpignan Cedex 9, France e-mail: viguier @univ-perp.fr

© Springer International Publishing AG 2017 67
G. Aneiros et al. (eds.), Functional Statistics and Related Fields,
Contributions to Statistics, DOI 10.1007/978-3-319-55846-2_10



68 Alain Boudou and Sylvie Viguier-Pla

Romain [5], needs an hypothesis of commutativity. Our work uses tools defined in
Boudou and Viguier-Pla [8], such as the r—convergence and a distance-like measure
of the gap between projectors.

Obviously, the commutator of two projectors is linked with the canonical analysis
of the spaces generated by these projectors. When these spaces are complex, the
practical interest of it is the domain of stationary processes, as seen above. Several
authors work on spectral elements of processes, as, for example, in the large deviation
field (Gamboa and Rouault [11]), the autoregressive processes (Bosq [2]), and for
reduction of dimension (Brillinger [9], Boudou [3]). The joint study of two processes
may lead to the comparison of these processes, by the way of the commutators. When
these spaces are real, applications may be forseen by the search of common and
specific subspaces of two spaces. Such problematics have been largely developped
with other tools, as, for example, in the works of Flury and Gautschi [10], Benko and
Kneip [1], or Viguier-Pla [12].

10.2 Prerequisites, recalls and notation

In this text, H is a C—Hilbert space, (E,&) a measurable space, and % the Borel
o—field of IT = [—m; . We note S the measurable application (1,A") € IT x IT —

A+A —2m [%ﬁ} € I1, where [x] denotes the integer part of x. When H’ is a
C—Hilbert, 22(H') denotes the set of the orthogonal projectors of H'.

Let us examine the notions of stationarity and of correlated stationarity.
Definitions 10.2.1. A series (X,),cz of elements of H is said to be stationary when,
for any pair (n,m) of elements of Z, we have < Xy, Xon >=< Xp—m, Xo >
Two stationary series (Xy)nez and (Y,)nez, are said to be stationarily correlated
when < X, Y, >=<X,_, Yo >, for any pair (n,m) of elements of Z.

Let us recall the notion of integral with respect to a random measure (r.m.).
Definition 10.2.2. A rm. Z is a vector measure, defined on % and taking values in
H, such that < ZA,ZB >= 0, for any pair (A, B) of disjoint elements of A.
Proposition 10.2.1. If Z is a r.m., then the application liz : A € B+ || ZA|*> € R is
a bounded measure. There exists one and only one isometry 97 from L*(I1, %, lz)
onto Hz = vect{ZA;A € B} which, with A, associates ZA, for any A of B.
Definition 10.2.3. If Z is a r.m., for any ¢ of L*(I1, %, lz), 7@ is named integral
of ¢ with respect to the rm. Z, and is denoted [ ¢dZ.

Let us now examine the association “stationary series—r.m.”.

Proposition 10.2.2. If Z is a r.m., then ([ €""dZ),.c7 is a stationary series. Conversely,
with any stationary series (X,)ncz of elements of H, we can associate a rm. Z, and
only one, defined on B, taking values in H, such that X, = [ ""dZ, for any n of Z.

A spectral measure (s.m.) is a projector-valued application, defined on a c—field,
as any measure.
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Definition 10.2.4. A spectral measure (s.m.) &, on & for H, is an application from &
in #(H) such that
i) E = Iy,
ii) (AUB) = &A + &B, for any pair (A, B) of disjoint elements of £,
iii) limy&AnX = 0, for any sequence (Ap)nen of elements of & which decreasingly
converges to O and for any X of H.

With a s.m., we can associate an infinity of r.m.’s.

Proposition 10.2.3. If & is a s.m. on B for H, then the application Zg AEB—
&AX € Hisarm..

Just like the product of two probability measures is defined, we can define a
product for two s.m.’s, with an hypothesis of commutativity.

Definition 10.2.5. Two s.m.’s & and & on 9B for H commute when &A1&A) =
&AL E1A, for any Ay and Ay of B.

Proposition 10.2.4. If the s.m.’s & and & commute, then there exists a s.m., and
only one, denoted & ® &, on B8R A for H, such that &1 @ &A1 X Ay = 81A16»A,,
for any pair (A1,A2) of elements of .

Proposition 10.2.5. If the s.m.’s & and & commute, then the application & * & :
ACB— EREHSTAE P(H) is as.m. on B for H named product of convolution
of the s.m.’s & and &.

With any s.m. on 4 for H, we can associate a unitary operator (u.0.).
Proposition 10.2.6. If & is a s.m. on & for H, then the application X € H —
i e"'leé‘a € H is au.o.. Conversely, if U is a u.o. of H, then there exists one, and only
one, s.m. &, on # for H, such that UX = fe"leé,for any X of H.

From a u.0., we can generate a family of stationary series.

Proposition 10.2.7. Assume that U is a u.o. of H of associated s.m. &, then (U"X) ez,
is a stationary series of associated r.m. ngi.

When two o0.u.’s commute, we can easily express the s.m. associated with their
product.

Proposition 10.2.8. Two u.0.’s Uy and U,, of respective associated s.m.’s & and &,
commute if and only if & and & commute. In that case, & * &) is the s.m. associated
with the u.o. U1U,.

For developments of these notions, the reader can refer to Boudou [4], Boudou
and Romain [5], and Boudou and Romain [6].

We will end this section by recalls concerning a relation of partial order defined
on Z(H).
Definition 10.2.6. We say that a projector P is smaller than a projector Q, and we
note P < Q, when P = PQ = QP.
Proposition 10.2.9. If P and Q are two projectors such that P < Q, then |PX|| <
||0X]||, for any X of H.

The relation < is of partial order, but it has the advantage that any family {P); A €
A} of projectors, finite or not, countable or not, has got a larger minorant, that is
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a lower bound, denoted inf{P,;A € A}, and a smaller majorant, that is an upper
bound, denoted sup { Py ;A € A}. Then we have the following properties.

Proposition 10.2.10. Let {P);A € A} be a family of projectors. Then
D) Iminf{Py;A € A} =NyeplmPy;
ii) (sup {Py; A € ANt = inf{P5A € A}y
iii) (inf{Py; A € A}) = =sup{PA € A};
v) if P| and P, are two projectors which commute, then inf{Py; P} = P, P».
We can then obtain some properties which are similar to those existing in the
classic analysis of sequences.

Definition 10.2.7. Let (P,),en be a sequence of projectors. If sup {inf{Pn;m >
n};n € N} = inf{sup {P;m > n};n € N}, we say that (B,),en r—converges to P,
and we note it lim,P,, = P.

The r—convergence implies the point by point convergence, but the converse is
not true.

From the relation <, we can measure the gap between two projectors.

Definition 10.2.8. For any(Py,P>) of Z(H) x & (H), we define
d(P,P) = sup(Py,P,) — inf(P1, P5).
Proposition 10.2.10. For any(Py,P;) of 2 (H) x 2 (H), we have Im(d(P;,P>))* =
Ker(Pl - Pg).

This notion evoques the notion of distance, however, it is not a distance, as
d(Py,P,) is a projector. Its interest lies on the following property.
Proposition 10.2.10. A sequence (P,),en of projectors r—converges to P if and only
if lim,d(P,,P) = 0.

Finally, let us define the notion of maximal equalizator of two u.o.’s.
Definition 10.2.11. We name maximal equalizator of the u.o.’s Uy and U, the projec-
tor, denoted Ry, y,, on NyezKer(U] —U3).

These notions are developped in Boudou and Viguier-Pla [8].

10.3 Commutator of two projectors

Let us first define this notion of commutator.

Definition 10.3.1. A projector K is a commutator of the projectors P, and P> when it
commutes with P, and P> and when PLKP, = P,KP.
We can establish the following properties.

Proposition 10.3.1. Let P; and P; be two projectors. Then

i) the upper bound of a family of commutators of the projectors P and P, is a
commutator of the projectors Py and P»;

ii) 0 is a commutator of the projectors P, and P3;

iii) the upper bound of the family of the commutators of the projectors Py, and P; is
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the projector on Ker(PyPy — PyPy), that is inf{Py, Py} + inf{P\,P;-} + inf{P{-, P} +
inf{P", Py}
So we have the following definition.

Definition 10.3.2. Let P, and P> be two projectors. We call maximal commutator of
the projectors Py and P the projector Cp, p, on Ker(PiP, — P,Py).

Of course, it is easy to establish that Cp, p, = I if and only if P; and P, commute.

The maximal commutator is a tool for measuring the degree of commutativity of
the projectors Py and P». The larger it is, the larger Ker (PP, — P,P;) is. It is clear
that when X belongs to Ker (PP, — P,P;) =ImCp, p,, C,%I,PZXH = 0. So what can
we speculate when X is close to Ker (PP, — P,P; ), that is when HCI,%1 X || is small?
We will bring an answer to this question, with the following property.

Proposition 10.3.2. For any pair (Py, P>) of projectors, and for any X of H, we have
[P PX —PPX| < 2||C1%1,P2X||-

So when X is close to Ker(P P, — P,P}), then P P,X is close to P,Pi X.

10.4 Commutator of a projector and of a unitary operator

In the same way as we have defined a commutator of two projectors, we can define a
commutator of a projector and of a u.o..

Definition 10.4.1. A projector K is a commutator of the projector P and of the u.o.
U when it commutes with P and U, and when PKU = UKP.

We have got similar properties as those of the previous section.

Proposition 10.4.1. Let P be a projector and U a u.o.. We can affirm that
i) the upper bound of a family of commutators of the projector P and of the u.o. U is
a commutator of the projector P and of the u.o. U;
ii) 0 is a commutator of the projector P and of the u.o. U;
iii) the upper bound of the family of commutators of the projector P and of the u.o. U
is the projector on NyczKer(PU" —U"P).

The following definition is a consequence of these properties.

Definition 10.4.2. Let P be a projector and U a u.o.. We name maximal commu-
tator of the projector P and of the u.o. U, and we note it Cpy, the projector on
NnezKer(PU™ —U"P).

Of course, it is easy to verify that P and U commute if and only if Cpyy = I. The
association “u.0.-s.m.” being biunivocal, all these properties can express by means of
the s.m. which is associated with a u.o.. We get then a relation between a commutator
of a projector and of a u.o. and a family of commutators of two projectors.

Proposition 10.4.2. If P is a projector and U a u.o. of associated s.m. &, we can
affirm that

i) a projector K is a commutator of the projector P and of the u.o. U if and only if,
for any A of B, K is a commutator of the projectors P and &A;
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ii) ImCpy = NacpKer(PEA — EAP);
iii) CP,U = inf{CRgA;A S %}

The last two points come from the fact that N,czKer(PU" — U"P) = Ny Ker
(PEA — EAP), and that InCp g4 = Ker(PEA — EAP).

If we remark that {U "PU";n € Z} is a family of projectors and that Ker(PU" —
U"P) = Ker(U"PU" — P) = (Imd(U"PU",P))*, we can give to Cpy an ergodic
definition.

Proposition 10.4.3. For any projector P and for any u.o. U, we have
Cpu = inf{(d[U"PU",P))*;n € Z}.

This last result can have the following interpretation. If all the elements of the
family {U "PU";n € Z} are close to P, that is, if for any n of Z, d(U "PU",P) is
small, or even more, for any n of Z, (d(U"PU",P))" is large, then it is the same
for the lower bound Cpy . This means that P and U are near to commute.

Proposition 10.4.3 lets us write d(U "PU",P) < CﬁU, o)

I(PU" —U"P)X|| = ||U"PU"X — PX|| < 2||d(U~"PU",P)X|| < 2||CpyX]|,
because for any pair of projectors (P,P’), we have |PX — P'X|| < 2||d(P,P")X]|| (cf.
Boudou and Viguier-Pla [8]).

Thanks to a similar approach, Propositions 10.3.2 and 10.4.2 let us affirm that

|PZEA—ZEXA|l = | PEAX — EAPX|| < 2] Chs X < 21|CEX].

Then the following stands.

Proposition 10.4.4. For any projector P and for any u.o. U of associated s.m. &, for
any X of H, we have

i) ||[PU"X —U"PX || < 2||CpyX|, for any n of N;
ii) |PZXA — ZEXA|| < 2||Cpy X ||, for any A of .

So, if X is close to ImCpy, that is if ||Cp,, X || is small, then the series (PU"X ) ez,
is “almost stationary”, in such a way it is close to the stationary series (U"PX),cz.
As for the application PoZPX it is almost a r.m., close to Zf;x , I.m. associated with
the stationary series (U"PX),cz.

Let us end this section by the resolution of the following problem.

Let (X,)qcz be a stationary series, of associated r.m. Z, and P be a projector. We
wish to define all the stationary series, stationarily correlated with (X,,),cz, included
in Im P. Such series will be named “solution series”. Then we have the following.

Proposition 10.4.5. If U is a u.o. whose associated s.m. & is such that Zip{o =7,
then, for any X of ImCpy, we can affirm that (U"PX ),z is a “solution series”. Any
“solution series” is of this type.

Let us recall that when Z is a r.m. defined on %, taking Valugs in H, there exists at
least one s.m. & on 4 for H such that z§° = Z, where Xo = [e*0dZ (cf. Boudou [4]).



10 Commutator of projectors and of unitary operators 73

10.5 Commutator of two unitary operators

When two u.0.’s U and V commute, the s.m. which is associated with the u.o. UV
is the product of convolution of the s.m.’s respectively associated with U and V.
But what happens when UV # VU? The maximal commutator will bring a partial
solution to this question.

Definition 10.5.1. A projector K is a commutator of the u.o.’s U and V when it
commutes with U and V, and when UKV = VKU.

Then we can establish the following properties.

Proposition 10.5.1. Let U and V be two u.o.’s. We can affirm that

i) the upper bound of a family of commutators of the u.o.’s U and V is a commutator
of the u.o’s U and V;

ii) 0 is a commutator of the u.o.’s U and V;

iii) the upper bound of the family of commutators of the u.o.’s U and V is the projector
on Ny myezxzKer(U"V™ —V"U").

So we can define the following.

Definition 10.5.2. Let U and V be two u.o0.’s. We name maximal commutator of the
u.0’sU andV, and we note it Cy y, the projector on the space ﬂ(n,mEZXZKer(U”V”’ —
vmyn).

Of course, it is easy to verify that U and V commute if and only if Cyy = 1.
The reader will notice the similarities between Definitions 10.3.1, 10.4.1 and 10.5.1,
between Propositions 10.3.1, 10.4.1 and 10.5.1, and between Definitions 10.3.2,
10.4.2 and 10.5.2.

The commutator of two u.0.’s can be defined from the associated s.m.’s.

Proposition 10.5.2. [f U and V are two u.0.’s of respective associated s.m.’s & and
a, we can affirm that
i) a projector K is a commutator of U and V if and only if, for any pair (A,B) of
elements of B, K is a commutator of the projectors &A and oB;
ii)ImCyy = ﬂ(A’B)e@Xt@Ker(gAOCB — aB&A);
i) Cyy = inf{Csa,ap: (A,B) € B x B} = infiCupu;B € B}

To establish the last two points, we must notice that

ﬂ(n_’m)szzKer(U”Vm — Vmun) = ﬁ(A’B)GQX@Ker(gAaB — (XBgA)

Point iii) provides a relation between the three types of maximal commutators
which we study. We can also establish a relation between the maximal commutator
of two u.0.’s and the maximal equalizator of two u.0.’s.

Proposition 10.5.3. Let U and V be two u.0.’s. We have Cyy = inf{Ry y-nyyn;n €
Z}.
For the proof, we have just to notice that
ImCyy = Ny N Ker(UV" —V™U") = Ny Ny Ker (V" —UV"U™)
=Ny Ker(V’" — (UﬁnVUn)m) = ﬂy,ImRVﬂanUn = Iminf{RVﬂanUn;n S Z}
We can now approach the questions suggested at the beginning of the section. Let
us recall some results that we can find in Boudou and Viguier [8].
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Proposition 10.5.4. Let U and V be two u.0.’s of associated s.m.’s & and o, and L
be the application X € ImCy y — X € H. We have
i) L* (X) = CU7\/X, f()}" any X Of H,' L*L = IImCUV’. LL* = CUy,' L*ny = L*;
CyvL=L; ’
ii)U'=L*ULand V' = L*VL are u.0.’s of InCy y;
iii) for any A of 8, &'A = L*6AL and o’ A = L* aAL are projectors of InCy y;
iv) the applications &' :A € B &'A € P(ImCyy) and a' : A€ B ad'A €
P(ImCyy) are the s.m.’s respectively associated with the u.0.’s U' and V'.
From the fact that
U'V' = 'ULL'VL = L*'UCyyVL = L*'VCyyUL = L'VLL*UL = V'U’,
we can consider the s.m. &’ @ o on B® % for InCy y (as the s.m.’s & and o
commute). For any pair (A, B) of elements of %, we have
&' Qa'(AxB)=&Ad’'B=inf{L*§AL,L*oBL} = L*inf{&A, aB}L.
If we notice that U'V' = L*UVL = L*VUL, we have the following.
Proposition 10.5.5. There exists one and only one s.m., & @ o', on B R B for
ImCyy, such that &' @ o (A x B) = L*inf{&A, aB}L, for any pair (A, B) of elements
of B. Its image by S is the s.m. associated with the u.o. L"'UVL = L*VUL.

Of course, when U and V commute, that is when Cyy =1, we have L=L* =1,
U=U,V=V,8&=6¢,a =aand &R0a(A x B) =inf{§A,aB} = EAaB, for
any (A,B) of # x A.

Finally, we establish a link between the commutator and the equalizator of a same
pair (U,V) of u.o.’s.

Proposition 10.5.6. Let U and V be two u.0.’s, and J be the application X € ImR*
X € H. Then

i)J*UJ and J*VJ are u.o.’s ofImRﬁ_V;

ii) Cyy = JCpyyvid* +Ryy.
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