Some Results on the Known Classes
of Quadratic APN Functions

Lilya Budaghyan, Tor Helleseth, Nian Li®™*® and Bo Sun

Department of Informatics, University of Bergen,
Postboks 7803, 5020 Bergen, Norway
{Lilya.Budaghyan,Tor.Helleseth,Nian.Li,Bo.Sun}@uib.no

Abstract. In this paper, we determine the Walsh spectra of three classes
of quadratic APN functions and we prove that the class of quadratic
trinomial APN functions constructed by Gologlu is affine equivalent to
Gold functions.
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1 Introduction

For given positive integers n and m, a function F' from the finite field Fa» to the
finite field Fom is called a vectorial Boolean function or an (n,m)-function, and
in the case when m = 1 it is simply called a Boolean function. When m = n an
(n,n)-function has a unique representation as a univariate polynomial over Fon
of the form

2" —1
F(z) = Z a;xt, a; € Fon.
i=0

Boolean and vectorial Boolean functions have many applications in mathematics
and information theory. In particular, they play an important role in cryptography.

In modern society, exchange and storage of information in an efficient, reliable
and secure manner is of fundamental importance. Cryptographic primitives are
used to protect information against eavesdropping, unauthorized changes and
other misuse. In the case of symmetric cryptography ciphers are designed by
appropriate composition of nonlinear Boolean functions. For example, the secu-
rity of block ciphers depends on S-boxes which are (n,m)-functions. For most
of cryptographic attacks on block ciphers there are certain properties of func-
tions which measure the resistance of the S-box to these attacks. The differential
attack introduced by Biham and Shamir is one of the most efficient cryptanaly-
sis tools for block ciphers [2]. Tt is based on the study of how differences in an
input can affect the resulting difference at the output. An (n, m)-function F is
called differentially é-uniform if the equation F'(x 4 a) — F(z) = b has at most §
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solutions for every nonzero element a of Fon and every b in Fom. Functions with
the smallest possible differential uniformity contribute an optimal resistance to
the differential attack [34]. In this sense differentially 2™~ -uniform functions,
called perfect nonlinear (PN), are optimal. However, PN functions exist only
for n even and m < n/2 [35]. An important case are differentially 2-uniform
functions with n = m, called almost perfect nonlinear (APN), which have the
smallest possible differential uniformity.

Another powerful attack on block ciphers is linear cryptanalysis by Matsui
which is based on finding affine approximations to the action of a cipher [33]. The
nonlinearity NL(F') of an (n, m)-function F is the minimum Hamming distance
between all the component functions of F (that is, the functions tr]"(vF(z))
where

tr(z) =2z 422+ + 22"

denotes the absolute trace function of Fom and v is any nonzero element of Fom )
and all affine Boolean functions over Fan. The nonlinearity quantifies the level
of resistance of the function to the linear attack: the higher is the nonlinearity
NL(F) the better is the resistance of F' [21]. The functions achieving the upper
bound on nonlinearity are called bent functions. All bent functions are also PN
and vice versa, that is, these functions have optimal resistance against both
linear and differential attacks. As mentioned above, PN (or bent) functions do
not exist when m = n. In this case, when also n is odd, functions with the best
possible nonlinearity are called almost bent (AB). When n is even the upper
bound on nonlinearity is still to be determined. All AB functions are APN,
but the converse is not true in general. However, for n odd all quadratic APN
functions are also AB.

The nonlinearity NL(F') of an (n,m) function F can be expressed by means
of the Walsh transform. The Walsh transform of F' at (o, 3) € Fan X Fom is
defined by

Wr(a, )= 3 (~1)i GF@+uie),

x€Fyn

and the Walsh spectrum of F' is the set
{WF(Oé,ﬁ) ca€Fon, B € F;m}

Then 1
NL(F)=2""1'—-2  max We(a, B)].
(F) 2 a€Fon BEFS, Wr(e, B)]
The Walsh spectrum of AB functions consists of three values O,:thTH. The
Walsh spectrum of a bent function is {£2% }.

There are several equivalence relations of functions for which differential uni-
formity and nonlinearity are invariant. Due to these equivalence relations, having
only one APN (respectively, AB) function, one can generate a huge class of APN
(respectively, AB) functions.
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Two functions F' and F’ from Fon to Fom are called

e affine equivalent (or linear equivalent) if F/ = A; o F o Ay, where the mappings
A; and A, are affine (resp. linear) permutations of Fom and Fon, respectively;

o extended affine equivalent (EA-equivalent) if F' = A; o Flo Ay + A, where the
mappings A : Fon — Fom, A7 : Fom — Fom, As : Fon — Fon are affine, and
where A, Ay are permutations;

e Carlet-Charpin-Zinoviev equivalent (CCZ-equivalent) if for some affine permu-
tation £ of Fan X Fom the image of the graph of F is the graph of F’, that is,
L(GFp) = Gpr where Gp = {(z, F(2)) | * € Fon} and Gp = {(z, F'(z)) | z €
F2n }.

Although different, these equivalence relations are connected to each other.
It is obvious that linear equivalence is a particular case of affine equivalence, and
that affine equivalence is a particular case of EA-equivalence. As shown in [20],
EA-equivalence is a particular case of CCZ-equivalence and every permutation
is CCZ-equivalent to its inverse. The algebraic degree of a function (if it is not
affine) is invariant under EA-equivalence but, in general, it is not preserved by
CCZ-equivalence.

There are six known infinite families of power APN functions. They are pre-
sented in Table 1. There are also eleven known infinite families of quadratic APN
polynomilas CCZ-inequivalent to power functions. They are given in Table 2.
Families 3, 4 and 11 in Table2 are proven to be a part of a general binary
construction of APN functions [18].

Classification of APN functions is complete for n < 5 [9]: for these values of
n the only APN functions, up to CCZ-equivalence, are power APN functions,
and up to EA-equivalence, are power APN functions and those APN functions
constructed in [16]. For n = 6 classification is complete for quadratic APN
functions: 13 quadratic APN functions are found in [10] and, as proven in [26],
up to CCZ-equivalence, these are the only quadratic APN functions. The only
known APN function CCZ-inequivalent to power functions and to quadratic
functions was found in [9,27] for n = 6. For n = 7 and n = 8, as shown in a
recent work [37], there are, respectively, more than 470 and more than a thousand

Table 1. Known APN power functions 2% on Fan.

Functions | Exponents d Conditions | d°(z%) | Proven
Gold 2"+ 1 ged(i,n) =12 [28,34]
Kasami | 2% — 2/ +1 ged(i,n) =1]i+1 (31,32]
Welch 2'+3 n=2t+1 |3 [23]
Niho 20425 —1, teven n=2t+1 | (t+2)/2][22]
2t 42757 _ 1, ¢ odd t+1

Inverse 2% —1 n=2+1 |n-1 [1,34]
Dobbertin | 2% 4 23 +2%* + 2 — 1 |n =54 i+3 [24]
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Table 2. Known classes of quadratic APN polynomials CCZ-inequivalent to power
functions on Fan.

N° | Functions Conditions References
12 |22°+1 4 o2 —1g2Fpamhrs n = pk, ged(k, p) = ged(s,pk) =1, [13]
p € {3,4}, i = sk mod p, m = p — 1,

n > 12, o primitive in F3,
3 222 | ppatl 4 ga(@*TH2) q=2",n=2m, ged(i,m) =1, [12]
ged(28 + 1,4+ 1) # 1,eb? + b # 0,
cg {A@FD@E=D) N eFon},cttl =1
4 x(a:Q_z + 27+ c:cQ?'q) ) q=2",n=2m,gcd(i,m) =1, [12]
22" (cl2? + s22'7) 4 22" +Da | ¢ € Fan, s € Fan \ Fq,
X2 4 eX? 4 ax 41
is irreducible over Fan

5 z3 + a7 (a®2?) a#0 [14,15]
6 23 + a1 (a®2® + a®a'®) 3ln,a#0 [14]

7 z3 4+ a= 1t (abz18 + al2236) 3ln,a#0 [14]
810 | ug? 1 4 2" g2 " +20 n = 3k, ged(k, 3) = ged(s, 3k) = 1, (3]

2= k41 ok 41 o5 4okts
+ va? T pwu® T2 v,w € For,vw # 1,

3|(k + s), u primitive in F3,
11 aacsz; —&-1a2kazik_is+2zk+i . n = 2k, ged(s, k) =1, s,k odd, [3,4]
+ Bz + +Zi:1 YiZ + ﬂéFQk,’Yi EIFQ;C,

a not a cube

CCZ-inequivalent quadratic APN functions. For n odd all power APN functions
and the known APN binomials are permutations (see [13,19]). For n even the
only known APN permutation is constructed in [11] for n = 6. Existence of APN
permutations for even n > 8 is an open problem.

A class of APN functions over Fan

3 7 (%)

was constructed by Budaghyan, Carlet and Leander in [14]. Later, they gener-
alized this result in [15] to the APN function Fy(z) of the form

Fo(z) = 2 + a 't} (a32?) (1)

for any positive integer n and any nonzero element a in Fa», and they also
obtained two other classes of APN functions over Fan

Fi(z) = 2® + a "t (a®2® 4 a®2'®) (2)
Fy(x) = 2® + o~ Mrl (a®2'® + a'?2?%) (3)
for any positive integer n divisible by 3 and any nonzero element a in Fon and

where trf(z) = E?:/g_l 22" is the trace function from Fan to its subfield Fas.
When n is even each of the functions Fy, F; and F5 defines two CCZ-inequivalent



Some Results on the Known Classes of Quadratic APN Functions 7

functions one for a = 1 and one for any a # 1, that is, all together they give six
different functions. When n is odd each of the functions Fy, F; and Fy defines
only one function, up to CCZ-inequivalence, that is, all together they give three
different functions [15]. In Table2 the functions Fy, F; and F» correspond to
families 5, 6 and 7, respectively. In the present paper we determine the Walsh
spectra of the functions Fj, F; and F. The Walsh spectra of the remaining
functions in Tables1 and 2 have been determined in [6-8,17,28,30,36]. Note
that the Walsh spectrum of the function Fy with a = 1 was previously found in
[6] and we generalize this result to any a # 0. The results on the Walsh spectra
show that all the known families of quadratic APN functions have Gold like
Walsh spectra. Note that there exists a quadratic APN function for n = 6 with
Walsh spectrum different from Gold [10].
In 2015 a family of quadratic APN trinomials on Fax

Gla) =2+ + (7 ()", (®)
with ged(k,n) = 1 and n = 2m = 4t, was constructed in [29]. It was claimed
there to be CCZ-inequivalent to power functions. However, in the present paper
we prove that this family is in fact affine equivalent to Gold power functions.

2 Walsh Spectra of F; and F5,

In this section, we determine the Walsh spectra of the APN functions F; and
F;. According to the definition, for any b, ¢ € Fan, one gets

bxd + bailtrg(a:zxg + aﬁxls)i + cx)

ba® + cx) 4t (ba” try (aP2® + aS2'®)")

ba® + cx) 4 tritry (ba 'tr (adx® + aS2'8)?)
ba® 4 cx) + tritrl (trh (ba ™) (aP2? + a2'8)Y)

ba® + cx + trf (ba™ ) (a2 + aO2'®)")

gi(x) = tr7 (bF;(xz) + ca) = tr}

I
-+
~
=3
—~ =~~~

= tr;
for i € {1,2}. For simplicity, denote tr§(ba~!) = 2. By a direct calculation, one
obtains that
gi(x) + gi(x + u) + gi(u)
= tr7 (bz?u + bru® 4 62 (a®2¥u + aPzu® + aS2?u'’ + aS2'54u?)?)
= tr} (95((1)11)271 + bu® + (52/"a3u)273 +0%1a3u® + 6Y au® + (él/ia?’u)rg))
= o (2((6%T + 6D aPu® + bu? + (bu)? + (6% + 6" aPu)? ")), (5)

which implies that

|WFl(b,c)|2 = Z Z (71)Qi($)+gi(z+u)

rEFon u€lFon

= Z (—1)9:(w Z (—1)0r8 @La,ps(w)

u€Fon xE€Fon
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where LY, , 5(u) is defined as
sz,b,é(u) — (62/1' + 51/i)a3u8 + bu2 + (bu)2*1 + ((62/1 + 61/i)a3u)2*3. (6)

Note that g;(u) + gi(u + v) + gi(v) = tr} (vL}, , 5(u)) due to (5) and (6). This
means that for any u satisfying L/ , ;(u) = 0 and any v € Fan we have

gi(u+v) = gi(u) + gi(v)
which implies that
W, (b,c)|> =0, or 2" |{x € Fan: L, s(u) =0} (7)

In what follows, we discuss the number of solutions u € Fa» to sz,b, s(u)=0
by adopting Dobbertin’s method [25], which also was used by Bracken et al. in
[5] to determine the Walsh spectrum of Fy(z) for the case of a = 1.

For simplicity, define 6; = (62/* + 6/%)a? for i = 1,2. Then thbﬁ(u) =0 can

be written as ;u® + bu? + (bu)Q_1 + (Giu)2_3 = 0 and it can be readily verified
that

. —1
ulg p5(u) = di(u) + ¢i(u)*
where ¢;(u) is given as
1 9 1 9
#i(u) = bu® + 0u° + 02 uz + 0 us. (8)
Then, if Lz’bﬁ(u) = 0, we must have ¢;(u) € Fs.

Proposition 1. Leta,b € Fon withab # 0 and 6% = tr}(ba™1). If 62/ 461/ # 0,
then L, , 5(u) = 0 if and only if ¢;(u) =0 fori=1,2.

Proof. If ¢;(u) = 0, we have L}, , s(u) = 0; and if L}, , 5(u) = 0, we have ¢;(u) €
Fsy. Thus, to complete the proof, we need to show that L;}b’é(u) = 0 implies
that ¢;(u) = 0 for i = 1,2. Suppose that ¢;(u) = 1, one then gets b = 0;u’ +
91-1/2u3/2 + 92»1/4u_3/4 + u~% which together with 6; = (62/* + §'/%)a® leads to

b
P (6% +(5%)a2u6 + (5% + (ﬁ)éa%u% + (5% —|—6%)%a7%u7% +a w3 (9)

For convenience, define tr§ (a?u) = ¢ and tr%(a~'u~?) = r. Notice that 2z = §*
and 07 = 62 since § € Fys. Then by tr%(ba~!) = 62 and (9) one has that

b 1 1 1
52 =trf(=) = (67 + 87)t+ (57 + 670 )t5 + (8% + 6% )rs + 1. (10)
a
Rewrite (10) with respect to the variable r we have

(6% + 65 )2 41+ (67 +00)t + (57 4 620)12 + 62 = 0.
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Note that §% + 81 # 0 due to 5T 447 # 0. Then the above equation has
solution r € Fos if and only if

tr3 (027 +677)((07 +07)t + (87 + 077 )¢2 + 6%)) = 0. (11)
It can be readily verified that for ¢ = 1,2 we have
(6% +87)2(8% +07)2 = (6% +87) (07 + 0%),
which implies that (11) holds if and only if
23 (8% + 677)8%) = 0

Observe that (621 + 037)82 = (0% 4 62)62 = 65 + 6% if i = 1, and it equals
(0%246)62 = §* 402 if i = 2. Thus, no matter which case we arrive at tr3 (6% +6) =
0. By tr$(62) = tr$() and 67 = 1 we have §% + 6% + 6% = § + §% + 6* which leads
to d = 0,1, a contradiction with §2/%+§'/% £ 0. Therefore, if §2/7 46/ £ 0, then
there is no solution 7 € Fas to (10) and L}, , 5(u) = 0 if and only if ¢;(u) = 0.
This completes the proof. ’

Proposition 2. Let a,b € Fon with ab # 0 and 6> = try(ba"'). Then
L, 4, 5(w) = 0 defined by (6) has at most four roots in Fan for any i € {1,2}.

Proof. If 0; = 0, i.e., 62/* 4+ 6%/ = 0, then (6) is reduced to bu? + (bu)T1 =0
which has at most four roots in Fon for any nonzero b. Next we consider the
case 0; # 0. By Proposition 1, for this case we have L’ Wb, s(w) = 0 if and only if
¢i(u) = 0. Thus, to complete the proof, it suffices to show that ¢;(u) = 0 has at
most four roots in Fon for any i € {1,2}. If ¢;(v) = 0 has no nonzero solution
for some 6; and b, then the desired result follows. Now let v be any fixed nonzero
solution of ¢;(u) = 0, then for any u satisfying ¢;(u) = 0 we have

u(u 4+ v)¢; (v) + v(u + v)@; (u) + wwe;(u + v) = 0.
A direct calculation based on (8) gives

1 1
92(u202 + 0% + U + v u2)—914(u 0T +02ud + 0P 4o u4)

which can be written as
1 1 1 1 1
0F (uv + uvt)(uzv + ww?) = (v?v + uv?)(uiv + uvd) (12)
since 0; # 0. Then, let u = vz, one obtains that
9 1 9 1
0 vt (2% +2)(22 +2) = (22 + 2)(27 + 2). (13)

Note that v is a fixed nonzero element which means that z is uniquely determined
by w. Thus, one can conclude that the number of solutions z € Fan to (13) is no
less than that of u € Fan to ¢;(u) = 0. Let w = 2% + 2 and rewrite (13) as
19 o 1 1 1
w2 (w) := 0 v*(w* + w)w? + w(w?2 +w*) =0. (14)

?
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Observe that (12) holds for any v satisfying ¢;(u) = 0 and the solution set of
¢i(u) = 0 is an Fy-linear space due to Proposition 1. Then, one can conclude
that the solution sets of both (13) and (14) are Fa-linear spaces. Assume that
wy, we and w1 + wy are solutions of (14), then we have

1 1 1
0 = 97(w1) + 97(w2) + Ql(wl + UJQ) = 92»41)%(1012 Wo + w22 wl)

since (14) holds if and only if £2;(w) = 0, which leads to wjw? + wiw; =

wiwa(wy + wy) = 0, ie., wy = 0, wy = 0 or w; = we. This means that (14)

has at most two distinct solutions in Fa» and then (13) has at most four solu-

tions in z since w = 22 4 z. This completes the proof.

Theorem 1. The Walsh spectra of both functions Fy and Fy defined by (2)

and (3) respectively are {0,42"1/2} if n is odd and {0,42"/2 £2(n+2)/2}
otherwise.

Proof. The Walsh transform of Fj, i = 1,2, takes values from {0, £2("+1/2} if
n is odd and takes values from {0,42"/2 +2("*+2)/2} if n is even. This follows
from (7) and Proposition 2.

The Walsh transform takes all three values for n odd and all 5 values for n
even since quadratic functions are plateaud and there exists no bent function
from Fan to itself, while in case of n even quadratic APN functions have some
bent components.

3 Walsh Spectrum of Fj

Bracken et al. in [5] had determined the Walsh spectrum of the APN function
Fy for the case of a = 1. In this section, we determine its Walsh spectrum for
any nonzero element a € Fon by using the same techniques. By the definition,
for any b, c € Fan, one gets

tr? (bFy(z) + cx) = tr7 (ba® + ba~'tr? (a®2”) + cx)

= tr7(ba® + cx + tr} (baH)a2?).
For simplicity, let tr}(ba=1) = 6 and go(x) = tr(bFy(z) + cz). Then, by a direct
calculation, one obtains that
90(x) + go(z + u) + go(u)
= tr] (bx®u + bru? + da’x®u + da’ru®)

= tr} (nc((bu)T1 + bu® + (5a3u)T3 + da’u)), (15)

which implies that

|WF0(b,C)|2 = Z Z (71)90($)+90(1+u)

rEFon u€lFon

S~y $ (1) L),

u€Fon xEFon



Some Results on the Known Classes of Quadratic APN Functions 11
where LY ; 5(u) is defined as

LY, 5(u) = (w)? " + bu? + (3aPu)® " + da’u®. (16)

Note that go(u) + go(u+v) + go(v) = tr} (vL] , 5(u)) due to (15) and (16). This
means that for any u satisfying La,b,6( u) =0 and any v € Fon we have

go(u+v) = go(u) + go(v)
which implies that
(W, (b,c)|* = 0, or 2"[{z € Fan : Lg, 5(u) = 0}]. (17)

Next we aim to determine the number of solutions to Ly , s(u) = 0 in order
to determine the possible values of the Walsh spectrum of Fy(x). First, if § =

tr7(ba=1) = 0, then Lg,b,é( u) = 0 is reduced to LabO( u) = (bu)2_1 +bu? =0
which has at most 4 roots in Fan». Now we assume that § = tr7(ba~!) = 1, then
LY, 5(u) = 0 is reduced to LY , ; (u) = (bu)? " +bu2 + (aPu)? " +aPud =0, and
it is straightforward to verify that

L, 1 (u) = do(u) + do(u)* (18)
where ¢g(u) is defined by

9
1

bo(u) = bu® + a®u® + au® +aiul.

Proposition 3. Let a,b € Fyn with § = tr?(ba™!) = 1. Then L27b71(u) =0 if
and only if ¢o(u) = 0.

Proof. According to (18), we have L ,  (u) = 0 if ¢o(u) = 0; and ¢o(u) € Fy if
L) 4 1(u) = 0. Thus, to complete the proof we need to show that L3, | (u) =0
implies that ¢o(u) = 0. Suppose that ¢o(u) = 1, one then gets b = a®u® +
a®/?u3/? 4 a3/*u~3/* + 43 which leads to

ba~ ' = a2l +a2u? +a iu i +a tud

This contradicts with the condition that tr(ba=!) = 1. This completes the
proof.

Proposition 4. Let a,b € Fan with ab # 0 and § = tr} (ba™"'). Then Ly , s(u) =
0 defined by (16) has at most four roots in Fan.

Proof. This can be proved completely the same as Proposition 2.

Theorem 2. The Walsh spectrum of the function Fy defined by (1) is
{0,£2*D/2) if nds odd and {0,4£2"/2, £20F2)/2) otherwise.

Proof. The Walsh transform of Fy takes values from {0, 42"*1/2} if n is odd
and takes values from {0,42"/2, £2(*+2)/2} if p is even. This follows from (17)
and Proposition 4. The Walsh transform takes all three values for n odd and all
5 values for n even by the same reasons as in Theorem 1.
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4 Equivalence of Go6loglu’s APN Trinomial to Gold
Functions

In this section we prove that the function G defined by (4) is affine equivalent
to the Gold function 22" "+1. Note first that
G(x) _ x27n(2k+1) i x2k+2'm, i x2m+k+1
b
and it is affine equivalent to the function
G'(x) = (Gx)" =22+ 42227 22"
Linear functions
Ll(l') = ’yzk$2m+k + ")/1'2k,
Ly(z) = y2?" + %'z,

where 7 is a primitive element of Fo2, are permutations. Indeed, it is easy to see
that the equations Li(xz) = 0 and La(x) = 0 have only 0 as a solution. Note that
Ly (x) = 0 implies L;(z)?" = 0 which give

ok gmtk ok
x =T,

m+k ok m  gm+k
2 .1'2 :72 .1'2 )

7y

Hence, assuming = # 0 and multiplying both sides of the equalities above gives

A2 2T Q274 p o = 42 (see explanation below) contradicting that v is

primitive in Fy2. The proof for Lo being a permutation is similar.
Further we have

(Ll(x))zmik"'l _ 72"rb+2km27n+k+1+72m7k¢+1x27u+2k +72m—k+2k $27n+k+2'm, " 72"'L+1:1:2k+1
= 2R e ? +A{Iz"ﬁ’wzm Jr,Y2362’04-1
and
Ly o G'(z) = (a2 +! 4 22+ 4 2" 1) 20 (20 g g2t 2
_ (7 +,y2’“>(x2m+’“+1 + 3;2’"+2’f) +Wm2m+’“+2m +,72’“902%1
= 2" 2t ,y$2m+’“+2m + ,yzxz’wrl

since ged(k,n) =1, n = 2m = 4¢, and then

Y+ = =1
72”’/+2’“ _ ,yz’"—*"+1 _ ,ys =1,
A 7
S22

Hence (Ll(ac))T% T Iyo G'(x) = LYo G(x) where Lj(x) = Lo(22") is,

2m7k

obviously, a linear permutation. Therefore x +1 and G are affine equivalent.
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Table 3. CCZ-inequivalent APN functions over Fen from the known APN classes
(6 <n <11 and a primitive in Fan ).

n |N° | Functions Families from Tables 1 and 2| Relation to [27]
6 | 6.1 |z Gold Table5: N°1.1
6.2 x84 2%+ a"2%® N°3 5: N°1.2
6.3 |az® + a*x®* + 217 N°8-10 5: N°2.3
771 |2 Gold Table7 : N°1.1
7.2 |2 Gold 7:N°3.1
7.3 |2 Gold 7:N°4.1
7.4 |zt Kasami 7:N°5.1
7.5 |27 Kasami 7:N°6.1
7.6 |z% Inverse 7:N°7.1
7.7 | 2% 4 tr7 (29) N°5 7:N°1.2
8 | 81 |« Gold Table9 : N°1.1
8.2 |z Gold 9: N°1.2
8.3 |z°7 Kasami 9: N°7.1
8.4 2% 4+ 2'7 + a*®2!® 4+ 0323 + ax®t + 2?8 | N°4 9: N°2.1
8.5 |23 + trf(2?) N°5 9:N°1.3
8.6 |z% 4+ a 'trf(a®2?) N°5 9:N°1.5
9 | 9.1 |« Gold
9.2 |z° Gold
9.3 |z'7 Gold
9.4 |23 Kasami
9.5 |zt Kasami
9.6 |z'° Welch
9.7 |x25° Inverse
9.8 |3 + tr)(z?) N°5
9.9 |z +trg(z9 +.1:18) N°6
9.10 | 23 + tr(z'® + 23%) N°7
10{10.1 |z Gold
10.2 |z° Gold
10.3 |z°7 Kasami
10.4 |33 Dobbertin
10.5 ZEG + I33 + a31m192 Nc3
10.6 Z72 + 1,33 + a31(1:258 NO3
10.7 |23 + tr1%(z?) N°5
10.8 |2% 4+ a"1tri%(a®2?) N°5
11{11.1 |2 Gold
11.2 |z® Gold
11.3 |z° Gold
11.4 |27 Gold
11.5 |33 Gold
11.6 |z'3 Kasami
11.7 |2°7 Kasami
11.8 |24t Kasami
11.9 | z%93 Kasami
11.10 | 23° Welch
11.11 | 2287 Niho
11.12 | 21023 Inverse
11.13 | 2% 4 trit (29) N°5
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Proposition 5. Let k,n,m,t be positive integers such that ged(k,n) =1, n =
2m = 4t. Then the function G defined by (4) and the function 22" "1 gver Fon
are affine equivalent.

Remark 1. Fork =1 the APN function G and its equivalence to Gold functions
were known from [14].

We note that it is possible to check CCZ-equivalence of functions with a
computer for n up to 12. However, since most of the known families of APN
functions are defined for many different parameters and coefficients it becomes
extremely difficult to check CCZ-equivalence of a given function to all of them.
For this reason we tested all possible parameters and coefficients to produce
Table 3 of all CCZ-inequivalent functions arising from the known infinite families
of APN functions for n < 11.
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