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Abstract Ideally, lock-in amplifiers (LIAs) would be able to measure a minimum
signal variation limited by the noise of the front-end amplifier and the filtering band-
width. On the contrary, a detailed characterization of digital LIAs shows an unfore-
seen 1/f noise at the instruments demodulated output, proportional to the total signal
amplitude. The signal-proportionality and 1/f nature of the measured noise pose a
fundamental limit to the LIAs achievable resolution. This limit has been found to
be dependent from the instrument maximum operating frequency, from few ppm for
LIAs operating up to few hundreds of kHz, to few tens of ppm for LIAs operating
up to few MHz or tens of MHz. The additional noise is due to slow gain fluctua-
tions that the signal experiences from the generation stage to the acquisition one. To
compensate them, a switched ratiometric technique based on two ADCs alternately
acquiring the signal coming from the device under test and the stimulus signal has
been conceived. The idea is that both signals should experience the same gain fluc-
tuations, which can be successively removed by means of a division on the outputs
of the synchronous demodulation. An FPGA-based LIA working up to 10 MHz and
implementing the technique has been realized and results demonstrate a resolution
improvement of more than an order of magnitude compared to standard implementa-
tions working up to similar frequencies (from tens of ppm down to sub-ppm values).

1 Introduction

Lock-in amplifiers (LIAs) are extensively used for synchronous (phase-sensitive) AC
signals detection and measurement in a wide range of scientific fields [1]. Two main
reasons justify such a widespread application of LIAs [2]. First, the idea of trans-
lating signals in frequency domain (signal modulation), instead of performing DC
measurements, arises from the ubiquitous presence of static errors and 1/f noise,
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given by electronic circuits, devices, sensors or other elements taking part into exper-
iments. The frequency of the measurement is easily selectable using a LIA architec-
ture allowing an operation in the frequency range where the signal-to-noise ratio is
maximum. Secondly, the physics of the experiment itself can impose an AC mea-
surement, as in the case of sensors based on impedance measurements, capacitance
measurements or resonant phenomena. In both cases, a LIA extracts the amplitude
and phase of the AC signal from the background noise and spurious signals with
an excellent frequency selectivity, thus combining the advantages of an AC mea-
surement with an optimal signal-to-noise ratio. State-of-the-art lock-in instruments
are able to measure voltage signals down to a few nV in a wide range of operating
conditions.

For some sensors it is necessary to detect very small variations of an electrical
parameter (such as current, resistance or capacitance) with respect to a relatively
large baseline value [3—7]. As an example, sensors for counting the number of cells in
a liquid [8, 9] or the number of airborne particulate matter [10] can be obtained with
an impedance measurement. The fluid under investigation is forced to flow between
two electrodes or over them. When no particles are in the volume sensed by the
electrodes, the impedance is related to the electrical properties of the fluid and to
the geometry of the electrodes. When a particle passes in the sensed volume, the
impedance of the sensor changes of a quantity related to the volume of the particle
and to its electrical properties. Thus, by monitoring the impedance variations in the
time, it is possible to count the number of particles flowing in the fluid. The capability
of counting particles with a small (micrometric) size imposes a sensor interface able
to sense the correspondingly tiny impedance change superposed to the impedance
of the fluid, i.e. a high resolution measurement is required.

Here we discuss the limitations to the best resolution achievable with digital LIAs
and how to overcome them. The main noise sources playing a role in measurements
with ppm resolution are identified in Sect. 3 and two methods are described to reduce
their effects. The first method, described in Sect. 4, is the well-known differential
approach where the signal from the sensor is measured with respect to a reference
device. By applying to the sensor and to the reference the same stimulus signal and
by choosing a reference as similar as possible to the sensor, the baseline signal is
effectively reduced, thus relaxing the specification of the LIA in terms of resolution.
When a reference path, matching the sensor parameters for all the experimental con-
ditions, is unpractical, it is necessary to design a LIA specifically conceived for high
resolution measurements. The second part of the chapter (Sects. 5, 6 and 7) discusses
an enhanced lock-in amplifier able to reach sub-ppm resolution in a wide range of
operating frequencies without requiring a reference device.

2 Lock-In Amplifier Working Principle

Figure 1 describes a simplified schematic of a lock-in amplifier. A sinusoidal stim-
ulus A cos(2xfyt) is generated and applied to a generic Device Under Test (DUT)
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Fig. 1 Simplified scheme of a Lock-In Amplifier

that includes all the elements between the output of the LIA and its input. The
sinusoidal stimulus is modified in amplitude and in phase by the transfer func-
tion Tpr(f) at the operating frequency f,. The lock-in amplifier acquires the sig-
nal coming from the DUT and multiplies it in parallel by two sinusoidal signals,
synchronous with the stimulus signal: cos(2zf,f) to obtain the in-phase component
and — sin(2zfyt) to obtain the in-quadrature one. Both multiplications provide two
terms, the first one in DC, while the second one at the double of the working fre-
quency (2fy). The second term is cancelled out through low-pass filtering, while
the first terms! X = %AlTDUTl cos(@pyr) and Y = %AlTDUTl sin(@pyr) are respec-
tively proportional to the in-phase and quadrature components of the input signal.
From these two outputs, also the signal modulus and phase can be easily obtained:
R=2VX?+Y?>=A|Tpyr| and @y = arctan(%).

For high sensitivity measurements, it is useful to calculate the Signal-to-Noise
Ratio (SNR,;7) at the output of the lock-in amplifier. First, from the previous
calculations it is possible to define the LIA signal power gain, defined as the ratio
between the power of the output DC signal P(V,,, pc) and the power of the input
sinusoidal signal P(V;, 4¢), obtaining:

(A|TDUT| cos(@pyr) )2 2
G _ P(Vout,DC,X) _ 2 __ cos ((pDUT) 1)
Sign Power,X — P(VinAC) - (AlTpyr? - 2
’ 2
. 2
<A|TDUT|SIH(¢DUT)> .2
G _ P(Vouz,DC,Y) _ 2 __sin ((PDUT) @)
Sign Power,Y — P(‘/[nAC) - (AlTpyr)? - 2

2

"Here and in the successive calculations | Ty 7| and @ are the magnitude and the phase of the
transfer function 7';1(f) at the working frequency f;,.
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Fig. 2 Frequency shifting and power scaling of the input noise in lock-in amplifiers in the case of

Jo>> .

In order to compute the LIA output SNR 7, it is also necessary to calculate how
the noise at the input of the LIA is transferred to the output. To do it, an analysis in
the frequency domain using the power spectral density of the noise is preferable to a
time domain analysis. Looking at the in-phase component extraction chain, the mul-
tiplication by the sinusoidal signal cos(2xf,t) corresponds, in the frequency domain,
to a convolution operation that scales and shifts the power spectral density of the
noise at the input around =+f;, as shown in Fig.2. The noise power density gain is
defined as the ratio between the output noise at f = 0 and the input noise at the LIA
operating frequency f:

I
_ Suoursia©®  Swvsiaf0); g

G oy = = =z
Noise Power Density
SnJN,bilat(fO) SnJN,bilat(fO) 2

3)

where S, 1y pitar a0d S, ouT pite: are the bilateral power spectral density of the input and
output noise, respectively. The same result is obtained for the in-quadrature chain.
The power of the noise at the output is obtained by integrating the output power
spectral density in the bandwidth of the low-pass filter. Usually the bandwidth is
much smaller of the operating frequency f, for an effective reduction of the noise
and of the spurious harmonics at the output of the demodulator. In this condition the
output noise spectral density is commonly assumed white in the bandwidth of the
filter irrespective of the frequency dependence of the input spectral density [1, 11,
12]. Consequently, the noise integration in the bandwidth of the low-pass filter is
obtained with a multiplication of the spectral density by the equivalent noise band-
width of the filter. Then, by considering for simplicity the case of the input signal in
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the in-phase output® (¢ = 0), the LIA SNR 7 is:
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where BW is the equivalent noise bandwidth of the low-pass filter and S,, ;y i1 =
S,0.1N.mono/ 2 by definition. Equation 4 confirms the LIA efficiency in extracting the
information from a sinusoidal signal: SNR,, is simply given by the ratio between
the rms value of the input sinusoidal signal and the input noise density at f, inte-
grated in the noise bandwidth BW without a degradation of the SNR at the input of
the LIA. This excellent result on the SNR of the measurement is obtained with addi-
tional advantages compared to a direct AC measurement of the signal: (i) simplicity
in the selection of the operating frequency f; (ii) a small bandwidth is feasible inde-
pendently of f; without the implementation of a tuned band-pass filter as required
for a standard AC measurement; (iii) both the in-phase and quadrature components
are available as DC values at the output of the instrument.

2.1 Digital Lock-In Amplifiers

Early LIAs were designed with analog electronics, while digital designs of the low-
pass filters emerged in the 1980s. By the early 1990s even the analog demodula-
tors were replaced by high-resolution ADCs and Digital Signal Processors (DSPs).
The capabilities of modern DSP-based LIAs in stability, dynamic reserve, and flex-
ibility were revolutionary, making them a mainstay for researchers and engineers.
Nowadays, powerful Field Programmable Gate Arrays (FPGAs) are widely used to
perform the digital processing required by fast (up to 600 MHz, UHFLI by Zurich
Instruments) digital LIAs, whose basic functional scheme is represented in Fig. 3.
The FPGA generates the in-phase and in-quadrature reference signals in the digital
domain using a Direct Digital Synthesizer (DDS). An output stage based on a digital-
to-analog converter (DAC) and a programmable gain amplifier (PGA) generates the
output analog signal V ;7. The amplitude of the input signal of the LIA is amplified
by a second PGA and low-pass filtered by a wide bandwidth anti-aliasing filter. The
digital samples obtained by the analog-to-digital converter (ADC) are demodulated
and filtered by the FPGA.

2This condition can be easily obtained in a digital LTA by adjusting the phase of the internal refer-
ence by a factor @, (f)-
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Fig.3 Basic scheme of a digital lock-in amplifier (LIA) connected to a generic Device Under Test
(DUT)

3 Resolution Limit of Digital Lock-In Amplifiers

As shown in Sect. 2, the minimum detectable signal of a lock-in amplifier depends
on its input equivalent noise at the working frequency f, and the chosen filtering
bandwidth BW. State-of-the-art instruments show an input equivalent noise as low

as few nV/ \/}E when used with an input range of few mV.

Ideally, the minimum detectable signal variation of a LIA is independent of the
signal amplitude given a fixed input range. On the contrary, experimental evidence
shows that digital lock-in amplifiers have an unforeseen 1/f output noise proportional
to the measured signal [13]. Consequently, when this contribution becomes domi-
nant, the minimum detectable signal variation becomes proportionally dependent to
the total signal itself and orders of magnitude greater than the expected minimum
detectable signal. Moreover, being the additional noise with a 1/f spectrum, it can not
be effectively low-pass filtered, posing a fundamental limit to the lock-in amplifier
relative resolution, defined as the ratio between the minimum detectable signal vari-
ation and the total signal itself and expressed in ppm. In the following, the relative
resolution will be simply called resolution in absence of ambiguity.

Table 1 shows the resolution experimentally measured with different LIAs when
the stimulus signal is directly connected to the input of the instrument. The band-
width was set to 1 Hz and the relative resolution are calculated on a time duration of
100 s.

Results show that the instruments resolution limit can not be improved by increas-
ing the stimulus amplitude or by changing the operating frequency. The LIAs res-
olution are related to the instrument maximum operating frequency, from few ppm
for LIAs operating up to few hundreds of kHz, to few tens of ppm for instruments
operating up to few MHz or tens of MHz. The distinctive results obtained with the
successively presented Enhanced-LIA (ELIA) are highlighted in red.
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Table 1 Experimental comparison of LIA performances. Test conditions are: stimulus signal
directly connected to the LIA input, bandwidth of 1 Hz and measurement time of 100 s. The custom
LIAs are described in [14, 15]

Maximum . Relative
Model frequency Signal Measurement resolution
[MHz] amplitude [V] | frequency [MHZz] [ppm]
Custom LIA [14] 0.1 0.1,0.3,1 0.01, 0.05 1
SR830
(Stanford Research 0.1 0.1,0.3,1 0.01, 0.05 12
Systems)
MCL1-540
(SynkTek) 0.5 1.4 0.1 1.3
SR865
(Stanford Research 2 0.3 0.5 45
Systems)
Custom LIA [15] 10 0.03,0.1,0.3, 1 0.1, 1 9
_HF2LI 50 0.03,0.1,03,1| 0.1,1,10 39
(Zurich Instruments)
Enhanced-LIA 0.0001-6 0.6-1
(Section 5) 10 0.1,0.3,1 6-10 1-3.5

3.1 Lock-In Amplifiers Noise Experimental Characterization

In order to deeply understand the results reported in Table 1, the noise of the state-
of-the-art lock-in amplifier HF2LI by Zurich Instruments has been characterized and
analyzed. A 1 MHz sinusoidal stimulus ranging from O to 1 V has been generated at
the instrument output and directly connected to its input (Fig. 4a, top). In all mea-
surements the input and output range have been setat 1.1 V and 1 V respectively. The
signal, after synchronous demodulation, is filtered (80 kHz bandwidth) and acquired.
The FFT is performed and the results are shown in Fig. 4a.

In the absence of signal (stimulus voltage Vr set to 0 V) the demodulated signal
shows a white noise equal to the noise of the analog front-end at 1 MHz, as expected.
However, as the sinusoidal signal amplitude increases, additional 1/f noise propor-
tional to the signal amplitude appears. The same behavior has been observed with
all tested LIAs.

As already mentioned, this signal-proportional 1/f noise produces two drawbacks:
(1) due to the 1/f spectral distribution, narrowing the filter bandwidth is no more
effective in order to reduce the output noise of the instrument; (ii) increasing the sig-
nal amplitude does not improve the measurement resolution due to the concomitant
noise increase. As a consequence, when dominated by this 1/f noise, the LIA reaches
its ultimate resolution limit.
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Fig. 4 a Noise spectral densities of the demodulated LIA output obtained directly connecting the
output terminal to the input of the commercial HF2LI. In addition to the white noise, a 1/f con-
tribution proportional to the signal amplitude is present. The dashed line refers to the noise in the
quadrature output with a DC value of 40 mV, b resolution obtained with the HF2LI (directly con-
necting output and input of the instrument and performing measurements 100 s long) for different
signal amplitudes and two filtering bandwidths (1 kHz and 10 Hz)

This limitation is confirmed by Fig. 4b, which shows the resolution obtained using
the same setup of Fig. 4a and varying the signal amplitude (from O to 1 V) and fil-
tering bandwidth (10Hz and 1kHz). For comparison, the figure also reports the
expected theoretical result considering only the instrument white noise measured
for Vo7 = 0 V. By increasing the signal amplitude, the resolution reaches a plateau
of about 40 ppm independently of the measurement bandwidth fixed by the low-pass
filter. The resolution degradation due to the additional 1/f noise results remarkable.
For example, with a 1 V signal amplitude and 10 Hz low-pass filter, it would be ide-
ally achievable a noise of 280 nV,,,; and a corresponding resolution of about 0.28
ppm instead of the measured 40 ppm, a factor 140 worse.

3.2 Flicker Noise Sources Identification

Benchtop digital LIAs commonly implement a homodyne detection in the digi-
tal domain in order to overcome the limitations of analog multipliers in terms of
dynamic range, voltage offset and output noise. In particular, a digital demodulator
is ideally free from 1/f noise and by operating the digital LIA at frequencies where
the noise of the analog circuitry is white, also the noise level at the output of the
instrument should be white.

Since the additional 1/f noise is proportional to the signal amplitude, the role of
the waveform generator of the LIA has been investigated. The noise added to the



Lock-In Amplifier Architectures for Sub-ppm Resolution Measurements 199
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sinusoidal waveform by the output stage of the generator is modulated by the digital
demodulator of the LIA giving a non-flicker noise at the output of the instrument,
thus cannot explain the obtained results. The phase noise of the signal generator has
been discarded as well. In fact, although its contribution is proportional to the signal,
it would produce a noise level of the quadrature term higher than the noise of the in-
phase term ([1], pp. 71-73). On the contrary, experimental evidence (Fig. 4a) shows
a noise of the quadrature term much smaller than the in-phase noise.

A further noise term of a waveform generator is the amplitude noise. A random
modulation of the amplitude of the sinusoidal signal is down-converted by the LIA
giving an additional noise in the in-phase component (or in the signal amplitude
modulus), in agreement with the experimental results. Indeed, every component
defining the amplitude of the signal, not only in the generation but also in the acqui-
sition chain, is a source of a random amplitude modulation if its gain fluctuates.

For example, the unavoidable 1/f noise of the reference voltage used by the DAC
and ADC results in signal amplitude modulation. In fact, if the DAC reference volt-
age increases, the corresponding output voltage range results stretched and signal
amplitude increases, while if the ADC reference voltage increases, the digital signal
processed by the LIA decreases. Similar effects can be originated from internal cir-
cuits of the ADC and DAC that define the conversion gains. Regarding the analog
stages, the resistors setting the gain of the transfer function are examples of ampli-
tude modulation sources. The intrinsic 1/f noise and temperature fluctuations change
the value of resistors and therefore the gain experienced by the signal. Figure 5 shows
the effect of these gain fluctuations in a simplified LIA scheme, where the np, ¢, 114 p¢
and n, terms summarize the converters and analog stages different contributions to
the fluctuations. The digital processor operates on the digital signal V,;, given by

Viigk) = A|Tpyr (1 + npse)(1 + ng)(1 + nype) cosCafokT + opyr) — (5)
where A is the amplitude of the stimulus voltage and |7 7|, @pyr are the magni-

tude and phase at f;, of the DUT transfer function and T is the sampling period. The
amplitude R measured by the LIA is
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Thus, the slow gain fluctuations are reflected in slow fluctuations of the amplitude
provided by the LIA, setting the resolution limit of the instrument independently of
Jo- Whatever signal is measured, it will always be affected by the LIA gain fluctua-
tions, so if these fluctuations are in the order of tens of ppm, it will not be possible
to measure the signal with a better resolution.

4 Differential Measurements

The slow gain fluctuations of the LIA add a noise proportional to the signal. This
gives a severe limitation of the minimum detectable variation of a relatively large sig-
nal. In order to improve the sensitivity in the measurement of a signal variation, one
possible approach is to remove the large component of the signal that does not change
in the time. This can be performed with differential configuration [13] between the
signal to be measured and a reference signal.

An example of a differential scheme for the measurement of an impedance Z,;;;- is
the well-known Wheatstone bridge reported in Fig. 6. The LIA measures the differ-
ence A between the DUT signal and a reference signal. If the bridge is balanced,
it gives a null signal A, making negligible the amplitude-dependent noise pro-
duced by the input of the digital LIA. The reference signal is generated starting from
the same wave generator applied to the DUT arm, thus its noise is cancelled out by
the differential approach as well. The more the reference signal is similar (at any
given time) to the DUT signal, the smaller is the differential signal and the less is
demanded to the LIA in terms of resolution performance. This widely used technique
allows measurements with resolution lower than 1 ppm, as reported for capacitance
bridges [16, 17].

The differential solution can also be implemented for current measurements. In
Fig. 7 are shown three differential schemes with a TransImpedance Amplifier (TTA)
as current sensitive circuit. The difference can be achieved in current mode (i.e. at
the virtual ground of the TIA before amplification) or in voltage mode (i.e. by means
of a differential INA amplifier connected to the output of the TIA).
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Current subtraction can be impl emented in two ways. In Fig. 7a the sensor C,
is coupled with an identical replica C,, with the common terminal connected to the
virtual ground and the other terminal driven by an inverting buffer in counter-phase
with V7. If the two impedances are perfectly matched and the inverting buffer is
ideal, all the current flowing in C1 flows in C2 and no current is amplified by the
TIA, leading to a zero voltage at V,,. Any unbalance between the two arms of the
sensor (behaving as a half bridge with differential driving) produces a nonzero cur-
rent signal that is amplified and demodulated by the LIA. When the technology does
not allow the fabrication of a differential sensor, a separate compensation impedance
(such as the dummy capacitor C,. in Fig. 7b) could be added of a value close to the
expected sensor impedance (Cy in Fig. 7). In this solution, a variable-gain inverting
amplifier (G) allows precise tuning of the counter-injected current to obtain perfect
cancellation, i.e. accurate matching between the currents in C- and in Cy. Similarly,
solution in Fig. 7c consists in the addition of a full signal chain in parallel to the sen-
sor impedance Zj, including adummy impedance Z, a second TIA and, if necessary,
a phase shifter to be tuned, together with Ry, to adjust the magnitude and phase of
this auxiliary signal path. The output voltage of the dummy path is subtracted to the
signal path by a differential amplifier, leading to only the residual small signal to be
processed by the LIA.

The details of the hardware implementation of solutions (a) and (c) are reported
in specific works, focusing on capacitive sensing of dust microparticles in air [10]
and on detection of magnetic beads guided by nano-magnetic rails in liquid [18]
respectively.

(a) ()

Phase |
Shifter

Fig.7 Differential configurations with a subtraction in current mode: a for matched sensors C| —
C, and b with tunable gain G to match C. with Cs. ¢ Differential subtraction in voltage mode
of a compensation signal coming from a paralle] dummy path with tunable gain (Rz.) and phase
(reprinted with permission from [13])
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Here the experimental results obtained with these two implementations and using
the HF2LI are reported. For solution (a), employing a TTA with capacitive feedback
(Cr =1 pF) and a triplet of matched band electrodes, the switch from a single cou-
ple of electrodes to a differential configuration allows a reduction of the noise from
30 aF down to 1.1 aF (Vyyr =1V, f4c = 1 MHz, BW = 1 Hz). The resolution is
improved by a factor of 27 reaching ~ 2 ppm. The performance is still limited by the
slow fluctuations of the lock-in amplifier because of the imperfect matching of C1
and C2 (mismatch of 5% limited by lithography of the microelectrodes). For solution
(c), the activation of the dummy impedance path and the subtraction at the lock-in
input (Vyyr = 50mV due to the liquid environment [18], f,~ = 2 MHz, BW = 1 Hz)
reduces the conductance noise from 28 nS down to 2.6 nS. In both examples, the
reduction of the signal at the input of the lock-in amplifer given by the differential
approach has allowed an improvement of the resolution better than an order of mag-
nitude.

Although the differential approach obtains excellent results, the generation of a
well-balanced reference signal starting from the same signal source applied to the
DUT could be cumbersome. The amplitude and phase of the reference signal has
to match the DUT signal for every bias condition, operating temperature and fre-
quency of measurement. Consequently, a calibration process is generally required
for every DUT and measurement condition, adding complexity to the system and to
the measurement itself.

5 Switched Ratiometric LIA Architectures

In order to enhance the LIA resolution performance, without the restrictions imposed
by the differential approach, its gain fluctuations should be reduced. Regarding the
analog conditioning stages, this can be obtained by implementing resistors with a low
temperature coefficient (< 5 ppm/K) where necessary, i.e. where resistors set the
signal transfer function of the instrument [14]. Such components are less sensitive
to temperature variations and are usually associated with a low intrinsic 1/f noise
(thus with lower resistance value variations). Instead, regarding the DAC and ADC,
which are the major fluctuations contributors in our custom LIAs, there are no studies
suggesting a way to reduce the effects of both of them. The simple solution of a
common voltage reference would allow the cancellation of the reference effect, but
it is not effective for the internal fluctuation sources of ADC and DAC converters
such as, for instance, the 1/f noise of a simple buffer at the reference input.

5.1 Digital Switched Ratiometric LIA with a Single ADC

The effect of gain fluctuations added by the DAC and all the generation chain can
be reduced using the ratiometric technique, a well-known approach. For example it
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is a common solution to compensate the light source intensity fluctuations in optical
measurements [19]. In LIAs, the acquisition of the stimulus (STIM) signal in addi-
tion to the DUT signal (Fig. 8a) and their separate processing with a standard lock-in
approach, produces two measured amplitudes (Ap;7 and Agzp,,), both proportional
to the gain fluctuations of the DAC (and generation chain). Thus, a ratio operation
between the two amplitudes gives a value independent of the fluctuations of the gen-
eration stage (in Fig. 8 the effect of the analog stages is not considered). The phase
can be retrieved as a simple difference between the DUT phase and the STIM phase.
Since the phase is less sensitive to a random amplitude modulation, in the following
we only analyze the measurement of the amplitude.

This first approach is not effective in many cases because of the gain fluctua-
tions of the two independent ADCs, which are not compensated. In order to also
remove their effect, a novel switched ratiometric approach has been conceived. A
first single-ADC version, relies on the acquisition of both DUT and the STIM sig-
nals with the same ADC, which allows them to be equally affected by the ADC gain
fluctuations and consequently to cancel out their effect through a ratio operation.
Figure 8b shows the architecture of this switched ratiometric LIA with single ADC.
A switch SW periodically changes the input of the ADC alternating the DUT and the
STIM signals. The switching frequency is chosen fast enough to assume the same
ADC gain for the DUT samples and the STIM samples in a switching period. The
digital processor separates the digitized samples in order to reconstruct the two sig-
nals in the digital domain, implements the synchronous demodulation of them and
finally calculates the ratio of the amplitudes. Although the gain fluctuations are slow
(up to few kHz from Fig. 4a), the switching frequency of SW should be chosen fast
enough to satisfy the sampling theorem in order to avoid loss of information. Such a
condition is difficult to be fulfilled in the case of high frequency digital LIAs, with
sampling rate of tens or hundreds of MS/s, in particular for the voltage transients
given by the switching of the ADC input.
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ITourl, @ur | | sTiM signal P & F
ADC [
G DUT P
Gaocal 1 + Napco(®)] | A |Tourl, Pour] STIM signal - Gaocl® * nancll| G
Vin DUT signal /A;+ [} ADC - A
& Vin DUT signal /gy
Apyr = AlTpyr| - [1 4 npac(O)] - [1 + napes ()] Apyr = AlTpyr| - [1+ npac(O)] - [1 + napc(D)]
Asriy = A+ [1+npac(O] - [1 + napea(t)] Asrig = A+ [1+npac(O] - [1+ napc(t)]
Apyr/Asriv = Tour! - [1 + napc1(]/ [1 + napc2 (0] Apur/Asriv = Tpur]

Fig. 8 a Simplified scheme implementing a ratiometric measurement. b Simplified scheme of a
switched ratiometric LIA based on a single ADC
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5.2 Digital Switched Ratiometric LIA Based on Two ADCs

In order to reduce the switching frequency required by the scheme of Fig. 8b, an
architecture based on two ADCs, as shown in Fig. 9, has been recenty porposed and
is patent pending. Two switches SW1 and SW2 are added in front of the ADCs to
alternatively acquire the DUT and the STIM signals with each ADC. The signals are
reconstructed in real-time using a FPGA to obtain their time evolution with continu-
ity in the digital domain. The following demodulation and averaging are performed
as in a standard dual-phase LIA obtaining amplitude and phase of the DUT and
STIM signals. The switching frequency fgy,, of SW1 and SW2 is chosen of few kHz,
that is faster than the slow random gain fluctuations of the ADCs. As a consequence,
the equivalent gain in a period 1/f,, experienced by the two reconstructed signals
is the same and is equal to the mean of the two ADC gains. The effect of the gain
fluctuations is finally canceled out by performing the ratio between the amplitudes
of the DUT and STIM signals. Obviously, the gain fluctuations of the DAC are also
included in both signals and therefore removed as well, allowing a high-resolution
measurement of the DUT signal.

5.3 Theoretical Analysis

Here the working principle of the presented switched ratiometric scheme is mathe-
matically analyzed. Then, some considerations on the harmonics generated by the
switching operation and how to prevent them from causing performance degradation
are made.

The two digitally reconstructed signals DUT and STIM (Fig. 9) can be represented
by:

Spur®) = AlTpyr| cosCrfyt + @pyr)
“[Gapc1 O Psw (@) + Gupcr (D1 — Py ()] (7

- CO

Reconstructed ouT
signals

DUT
signal

Fig. 9 Architecture of a switched ratiometric LIA based on two ADCs
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Fig. 10 Fourier transforms of the square wave signals ¢y, (b) and 1 — ¢gy (c) and of the ADCs
gains G,pe; () (d) and Gy per (2) (€)

Sstma () = A cos2afyt) - [Gaper(DPsw () + Gaper (D1 — Py ()] ®)

where ¢y, (7) is a square wave (0-1) with a duty cycle of 50% and period Ty, (as
shown in Fig. 10a). || is the magnitude at f;, of the DUT transfer function. For
simplicity is assumed @, = 0 and neglected the noises of DAC, analog stages and
quantization.

These reconstructed signals are demodulated in phase and quadrature by the lock-
in amplifier. The in-phase component (multiplication by cos(2zf?)) is:

Sput.demod®) = %lTDUTl[GADCI([)d)SW(t) + Guper(D(1 = gy ()]

+ %|TDUT|[GADc1(I)¢Sw(t) + Guper (1 — gy ()] cos(2r2fyt) 9

Sstin demod(®) = %[GADcz(IWSW(I) + Gapc1 (D1 = ¢y (D))]

+%[GADc2(Z)¢5w([) + GADc1(t)(l - ¢Sw(t))] COS(27L’2f0t) (10)

These two signals can be studied performing the Fourier transform and exploiting
the convolution theorem. Although Eqs. 9 and 10 are characterized by two terms, it is
useful to start taking into account only the first one, while the second one, multiplied
by cos(2x2f,yt), will be treated successively:
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Fig. 11 Spectra obtained from the sum and convolution of the various terms of Eqgs. 11 and 12.
For graphical clarity the successive harmonics at +3fy,, +5fgy, etc. are not depicted

A
F{Spur.demodi—term®} = ) | Tpyrl

AF[Gapc1 O] * Flsw(D] + FlGuper (D] * F[1 = gy (D]} (1)

A
7:‘{SSTIM,demod,I—term(t)} = E

‘{F[GADcz(t) *F[d’sw([)]] + F[GADcl(t)] * F[1— ¢sw(t)]} (12)

In order to compute the Fourier transform of the two signals (Egs. 11 and 12) it is
useful to compute and represent the Fourier transform of their various terms. The
Fourier transform of the square wave signals ¢g;, and 1 — ¢y, are described by
a series of Dirac delta functions at frequency 0, +fgy,, +3fsy, etc. (as represented
in Figs. 10b, ¢)*. The Fourier transforms of G,pc;(f) and G,p () are sketched in
Figs. 10d, e and are characterized by a 1/f noise* which becomes negligible starting
from a frequency defined f,.,, while their white noise is neglected.

In Fig. 11 the spectra obtained from the sum and convolution of the various terms
are shown. In DC, both the signals of interest @ and % from the demodulated sig-

3Rigorously the Fourier transform should be represented by the real and imaginary part or by mod-
ule and phase. For simplicity real and imaginary parts are here combined in a single graph.

“In Fig. 10 the Fourier transforms of G, ¢, and G, ¢, are qualitatively sketched with their spectral
power density. The analysis in the main text uses the Fourier transform which has the important
feature of keeping the phase information, unlike the power spectral density.



Lock-In Amplifier Architectures for Sub-ppm Resolution Measurements 207
nals DUT and STIM respectively, are multiplied by the same factor GapaD+Capca)
This confirms the intuitive idea that the two signals (DUT and STIM) experience an
equivalent gain given by the mean of the two ADCs gain. Instead, the terms at +f,
and successive harmonics result multiplied by a different factor in DUT and STIM,
which in both cases depends on the difference between the two ADC gains.

Finally, the LIA implements a low-pass filter of bandwidth BW. It is evident that
it should cut the harmonics at +f,y, and successive, comprised their tails. The higher
harmonics +3fy,, +5fgy, etc. are not taken into account and represented in Fig. 11
because they are easier to be filtered and smaller respect to the first one. To study the
effect of the successive ratio operation, it is useful to work in the time domain, thus
the Fourier anti-transform is performed, obtaining:

A
SDUT,demodJ—term(t) = 5 | TDUT |

'{%[GADQ(’) + Guper (D] + %[GADCI(I) = Guper (D] sinQafsyt)} (13)

A

SSTIM,demnd,I—term (t) = 2

'{%[GADCI(I) + Gaper (D] + %[GADCZ(O = Gypc1 (D] sinCrfeyt)} (14)

Looking at the terms between brackets we can notice that the first term of both
Egs. 13 and 14 is identical, while the second is not, as expected from the different
spectra. Thus, in order to make the ratio operation effective in canceling the effect
of Gpci(H) and G4pe, (), it is important to filter the harmonics at +fgy, including
their tails. From a different point of view, given a certain filtering bandwidth BW it
is important to select fgy, in order to make the harmonics (and tails) stay out of the
filtering bandwidth BW. Mathematically this necessary condition is:

fsw > [ + BW (15)

If this condition is satisfied, it is possible to write:

LPF LPF
A G "H+G ®
Sé}l)j;,demod,l—lerm (t) = 5 | TDUT I l Abcl 2 ADC2 ( 16)
LPF LPF
LPF _A Gipe1®D + Gy (1)
SSTIM,demod,I—term (t) - E 2 ( 1 7)

and performing the ratio between the two signals:
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Fig. 12 Useful demodulated DUT signal in DC and harmonics due to the second term (multiplied
by cos(2zfyt)) of Eq.9 which can fall into the measurement bandwidth +BW. The same spectral
distribution is expected for the demodulated stimulus signal Sz gemoa

LPF
SDUT demod,l—term(t) — |T | (1 8)
SLPF ([) bur

STIM ,demod I—term

obtaining a measurement of the DUT independent of the two ADCs gain fluctuations.

If the second term of Eqgs.9 and 10 is taken into account, others harmonics
appear, in particular at the frequencies 2fy, 2f, + fow, 2fo = 3fsws .- » —2fy, —2fo =
Fow» =2fo £ 3fsw» - as shown’ in Fig. 12. Also in this case it is important that the
various harmonics with their tails do not fall into the bandwidth of interest between
+BW. Looking at the bilateral spectrum of Fig. 12, in order to avoid harmonics in
bandwidth +£BW it is necessary to satisfy this condition®:

BW < 2f, — (1 + 2k)fgy — f... (19)
or this other condition:
2o — (1 + 2k)fgy + for. < —BW (20)

for each natural number k. At this point it is possible to summarize the conditions in
this way:

Jsw > Jex + BW Q1)
{1 +2k)fsw > 2fg +foo + BW vV (1 4+ 2k)f 5 < 2fy — fo. — BW}
In some practical cases, these conditions are considerably simplified. In particular
if a narrow bandwidth +BW is assumed (much smaller than f,,) and if the switching
frequency fy, is much higher than f,,, the conditions becomes:

3Only the modulus of the Fourier transform is represented.

The conditions are easily written by considering the components produced by the 2f;, term (red
harmonics in Fig. 12). The harmonics from —2f, (in green) are specular and give the same condi-
tions.
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BW << f.,
Jsw >> feu (22)
(1 + 2b)fsw # 2fy

the last condition must be satisfied with a certain margin (at least the value of f.,)
given the performed approximations.

Obviously, working with f, — BW < fo < fy + BW is also not a convenient con-
dition. In particular, due to the risk of injecting into the ADCs inputs a feedthrough
signal (given by the switches commutations) which exactly falls into the modulated
signal bandwidth.

6 Enhanced-LIA Board Realization

An enhanced-LIA (ELIA) instrument based on the switched ratiometric technique
has been realized and fully characterized. The prototype comprises a generation
channel, two identical acquisition channels and is controlled by a Xilinx Spartan
6 FPGA mounted on a commercial module XEM 6010 by Opal Kelly connected to
the board, which also provides an USB interface.

Figure 13 represents the hardware scheme of the realized board. The elements
whose gain fluctuations are compensated by the switched ratiometric technique are
highlighted in blue. The detailed board design is described here [20].

6.1 Analog Architecture Design Details

Switches Position

The switched ratiometric technique allows compensating the gain fluctuations of the
stages following the switches. For this reason, it could be useful to insert the switches
as the first stage of the acquisition channels. Nevertheless, in this first implementa-
tion, it was decided to implement them just before the ADCs for two reasons: (i) the
dominating gain fluctuations source is the ADC; (ii) the samples immediately after
the switching of SW1 and SW2 are correctly acquired thanks to the fast differential
OpAmp and switches. Figure 14 shows the experimental acquisition and reconstruc-
tion of the DUT and STIM signals during the swap between the two ADCs operated
by SW1 and SW2. A fast recovery of the correct signals value, after about three
acquisition samples (37.5ns), is shown. With the switches as first stage, the last
condition would not be satisfied due to the settling time of the anti-aliasing filter.
The noise folding due to the fast differential OpAmp has been taken into account,
and its noise results negligible at the end of the acquisition chain.

Not Compensated Gain Fluctuations
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The gain fluctuations of the elements located in the two independent acquisition
paths, from the pre-amplifier to the switches, are not compensated by the switched
ratiometric technique. In particular, the elements to be considered are: (i) the resistors
involved in the channel transfer function; (ii) the PGAs; (iii) the switches before the
ADCs.

In order to minimize the resistors effect, non-standard resistors characterized by
low thermal coefficient (<5 ppm/K) and low 1/f intrinsic noise, have been employed
[14].
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Temperature fluctuations also vary the PGAs gain, characterized by a gain temper-
ature coefficient of about 25-35 ppm/K [21]. Experimental results show a small per-
formance degradation when the two PGAs are not by-passed (from 0.6 to 0.85 ppm
as shown in the next section). However, it is important to notice that integrated cir-
cuits comprising two PGAs with a good channel-to-channel gain temperature coeffi-
cient match (few ppm/K) are availabe [22]. This feature will be considered for future
implementations.

Regarding the switches network, it is important to consider the voltage divider
between the switch resistance and the finite differential input resistance of the
ADS5542 ADCs, specified of R, = 6.6kQ. A random fluctuation of the ADC
input resistance is not an issue itself, because its effect is compensated by the tech-
nique. Instead, the resistance of the switches can vary independently each other,
causing uncorrelated fluctuations of the two signals acquired by the ADCs. To
reduce their effect, low resistance (R = 15 ) switches have been selected. This way,
their fluctuations affect the transfer function by a reduced factor Rgy, /(Rgy + 15Q +
Rype) = 0.0023.

6.2 Digital Architecture Additional Modules

Only two additional digital modules, with respect to a standard LIA, are required as
shown in Fig. 15. The first is a module to reconstruct in the digital domain the DUT
and STIM signals by taking alternatively the samples from the two ADCs coherently
with the position of the switches. A delay block allows to set the correct timing
for the signals reconstruction considering the acquisition pipeline delay. The second
module simply calculates the amplitudes of the DUT and STIM signals and operates
the division between them to remove the gain fluctuations.

7 Results

In this chapter the effectiveness of the switched ratiometric technique and the correct-
ness of the previous theoretical analysis are demonstrated. In particular, it is shown
that this technique enhances the ELIA instrument resolution limit by more than an
order of magnitude (from 9 to 0.6 ppm). After a first technique assessment with a
simple resistive DUT, the ELIA instrument has been used to measure a more com-
plex DUT, demonstrating its performance independence from changes in the DUT
signal phase and amplitude. Another experiment confirmed the importance of select-
ing a switching frequency greater than the 1/f noise corner frequency of the single
channel as expected.
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Fig. 15 DUT and STIM signals acquisition and processing chain: after analog-to-digital conver-
sion, the signals are coherently reconstructed taking in consideration the delay between the analog
switches and the converted digital words. Successively are processed as in standards LIAs and
finally the ratio between the two obtained amplitudes is performed

7.1 Assessment of the Resolution Capability of ELIA

In order to verify the effectiveness of the switched ratiometric technique, a sinusoidal
signal of 1V at a frequency of 1 MHz has been generated and applied to the input
of ELIA through a resistive voltage divider as shown in Fig. 16a. In the first experi-
ment, whose results are reported in Fig. 16b, the DUT and STIM signals have been
separately acquired with a specific ADC. The demodulated signals are normalized
and the fluctuations appear of the same amplitude (about 9 ppm), but not correlated.
Although the DAC fluctuations are shared by the two signals, the ones of the two
ADC:s are indeed uncorrelated, making this simple ratiometric approach ineffective.
In a second experiment, the switches have been enabled to perform the switched
ratiometric technique. In this case the fluctuations of the reconstructed DUT and
STIM signals are clearly correlated (Fig. 16¢). Thus, they can be effectively reduced
by means of a ratio operation, obtaining a residual uncertainty of only 0.7 ppm in
this case (Fig. 16d). Given the obtained results and the fact that the DUT and STIM
signals are of different amplitude (0.5 and 1 V respectively), the demodulated output
fluctuations cannot be related to an additive noise, but necessarily to gain fluctua-
tions.

As second experiment to evaluate the ELIA performance, Fig. 17a shows the
tracking of a time-varying resistance of 250 Q periodically changed (period of 10 s)
of AR = 1.25 mQ, i.e. 5 ppm. The measurement has been performed in three dif-
ferent conditions: (i) using the commercial HF2LI by Zurich Instruments; (ii) using
ELIA as a standard lock-in amplifier (i.e. only measuring the DUT signal with a sin-
gle acquisition channel); (iii) using ELIA with the switched ratiometric technique
here proposed (with fgy set to 1kHz). The signal amplitude applied to the time-
varying resistance is 300 mV, the signal frequency is of 3.2kHz and the filtering
bandwidth of 1 Hz. The resolution enhancement of more than an order of magnitude,
from 9 ppm to 0.6 ppm, given by the switched ratiometric technique, allows a clear
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Fig. 16 Demonstration of the technique effectiveness in making the DUT and STIM signals expe-
rience the same gain fluctuations in order to allow their cancellation by means of a simple ratio

detection of the tiny (5 ppm) resistance modulation, which is is completely masked
by noise in standard LIA implementations, as reported in Fig. 17a. Figure 17b shows
the measured noise spectra at the LIAs output in the same three experimental con-
ditions. In order to obtain noise spectra going up to 1 kHz, the LIAs frequency has
be increased at 100 kHz, the filtering BW at 1 kHz, selected an internal switches fre-
quency fsy = 2 kHz and the modulation of the DUT resistance has been disabled.
The spectra clarify that the performance improvement given by the switched ratio-
metric technique is due to a substantial reduction of the 1/f noise affecting the stan-
dard implementations. The technique improves the resolution not only with narrow
low-pass filtering (BW < 1 Hz), but also with higher filtering bandwidths.

7.2 Independence from Signal Phase and Amplitude

Differently from a differential technique, the effectiveness of the switched ratiometric
technique is in principle insensitive to the phase and amplitude relationship between
the DUT and STIM signals. In order to experimentally prove it, the instrument has
been tested with an R-RC network. Figure 18a, b shows the measured transfer func-
tion, characterized by a change of a factor 5 of the amplitude and of about £(xz/4)
of the phase. In Fig. 18c is shown the measurement resolution at every specific fre-
quency. Sub-ppm performance (< 1 ppm) have been achieved up to about 5 MHz,
demonstrating an operation insensitive to the signal phase and amplitude.
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Fig. 17 Comparison of performance between standard LIA implementations and the switched
ratiometric ELIA instruments. Thanks to the better performance of the latter tiny DUT variations
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Fig. 18 Measured transfer function TF of the test complex network a used to assess the effect of
amplitude and phase changes of the DUT signal. The resolution is below 1 ppm up to about 5 MHz
independently of the DUT signal changes with respect to the STIM one (b)

The performance degradation observed for frequencies higher than 5 MHz can be
explained by the channel transfer function. At 6 MHz it is decreased by 2% due to
anti-aliasing filtering and is starting to rapidly decrease. It means that the capacitors
value, characterized by a poor thermal coefficient of 30 ppm/K, becomes increas-
ingly important in defining the transfer function, thus possibly decreasing the reso-
lution performance (about 3 ppm at 10 MHz).

The insensitiveness of the ELIA instrument to the amplitude and phase of the
DUT signal with respect to the STIM signal, allows it to operate as a standard LIA,
which does not require calibration steps at any new experiment or measurement fre-
quency change, as happen with a differential approach.

7.3 Resolution and Switching Frequency

Consistently with the discussion in Sect. 5.3, a relation between the switches fre-
quency fgy and the instrument resolution has been experimentally observed.
Figure 19a shows the noise spectrum obtained with the ELIA instrument, but only



Lock-In Amplifier Architectures for Sub-ppm Resolution Measurements 215

using a single channel (the DUT channel) as in standard implementations. The stim-
ulus frequency has been set to 500 kHz and the instrument output directly connected
to the input. The obtained 1/f noise corner frequency f, is about 1 kHz. Figure 19b
shows the resolution obtained enabling the switched ratiometric technique and vary-
ing fow. The filtering bandwidth was 1 Hz and each measurement was 100 s long.
With a switching frequency greater than 1 kHz the resolution flats on sub-ppm val-
ues. On the contrary, by lowering fs, the resolution gets worse due to the overlapping
with the side harmonics 1/f noise as discussed in Sect. 5.3. The time domain inter-
pretation is that a significant gain fluctuation occurs during the switching period,
thus the ADC gain and its fluctuations are not equivalent for the two signals DUT
and STIM.

8 Conclusions

The maximum measurement resolution achievable using lock-in amplifiers is lim-
ited by an unexpected 1/f noise proportional to the signal to be measured. The mea-
surement resolution cannot be improved narrowing the filtering bandwidth, because
the noise is 1/f, neither increasing the signal amplitude, because the noise is signal-
proportional, posing a fundamental limit.

The source of this 1/f noise (and of the resolution limit) has been identified in
the effect of gain fluctuations of various elements of the generation and acquisition
chain, in particular due to the digital-to-analog and analog-to-digital converters.

A differential approach reduces the effects of the gain fluctuations, enabling the
measurement of small variations. However, it requires the design of a reference path
matched to the signal path for all the experimental conditions. In order to simplify the
experimental setup and avoid a calibration step of the reference, a LIA based on two
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Fig. 19 Resolution dependence on the switching frequency. To achieve the best performance the
condition fgy, > f. + BW (Eq. 15 of Sect. 5.3) needs to be satisfied, in this case equivalent to fgy, >
1kHz
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ADC:s alternately acquiring the signal coming from the Device Under Test (DUT)
and the stimulus (STIM) signal, has been conceived. This enhanced-LIA allows the
compensation of the slow gain fluctuations of both DAC and ADC, considerably
reducing their effect on the measurements.

Experimental results demonstrate the technique effectiveness. It allows enhancing
the instrumentation resolution limit by a factor 15, from 9 to 0.6 ppm, a resolution
value which is considerably better than the examined state-of-the-art LIA standard
implementations working up to similar frequencies, as shown in Table 1.

The technique does not require additional external elements or accurate case-by-
case calibrations, two typical constraints of the alternative differential technique.
Instead, it only requires to satisfy some defined conditions when choosing the switch-
ing frequency of the internal ADCs switches.
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