Loring W. Tu

Differential
Geometry



Graduate Texts in Mathematics 275



Graduate Texts in Mathematics

Series Editors:

Sheldon Axler
San Francisco State University, San Francisco, CA, USA

Kenneth Ribet
University of California, Berkeley, CA, USA

Adyvisory Board:

Alejandro Adem, University of British Columbia

David Eisenbud, University of California, Berkeley & MSRI
Irene M. Gamba, The University of Texas at Austin

J.F. Jardine, University of Western Ontario

Jeffrey C. Lagarias, University of Michigan

Ken Ono, Emory University

Jeremy Quastel, University of Toronto

Fadil Santosa, University of Minnesota

Barry Simon, California Institute of Technology

Graduate Texts in Mathematics bridge the gap between passive study and
creative understanding, offering graduate-level introductions to advanced topics
in mathematics. The volumes are carefully written as teaching aids and highlight
characteristic features of the theory. Although these books are frequently used as
textbooks in graduate courses, they are also suitable for individual study.

More information about this series at http://www.springer.com/series/136


http://www.springer.com/series/136

Loring W. Tu

Differential Geometry

Connections, Curvature, and Characteristic
Classes

@ Springer



Loring W. Tu

Department of Mathematics
Tufts University

Medford, MA 02155, USA

ISSN 0072-5285 ISSN 2197-5612 (electronic)
Graduate Texts in Mathematics
ISBN 978-3-319-55082-4 ISBN 978-3-319-55084-8 (eBook)

DOI 10.1007/978-3-319-55084-8
Library of Congress Control Number: 2017935362
Mathematics Subject Classification (2010): 53XX; 97U20

© Springer International Publishing AG 2017

This work is subject to copyright. All rights are reserved by the Publisher, whether the whole or part of
the material is concerned, specifically the rights of translation, reprinting, reuse of illustrations, recitation,
broadcasting, reproduction on microfilms or in any other physical way, and transmission or information
storage and retrieval, electronic adaptation, computer software, or by similar or dissimilar methodology
now known or hereafter developed.

The use of general descriptive names, registered names, trademarks, service marks, etc. in this publication
does not imply, even in the absence of a specific statement, that such names are exempt from the relevant
protective laws and regulations and therefore free for general use.

The publisher, the authors and the editors are safe to assume that the advice and information in this book
are believed to be true and accurate at the date of publication. Neither the publisher nor the authors or the
editors give a warranty, express or implied, with respect to the material contained herein or for any errors
or omissions that may have been made. The publisher remains neutral with regard to jurisdictional claims
in published maps and institutional affiliations.

Printed on acid-free paper
This Springer imprint is published by Springer Nature

The registered company is Springer International Publishing AG
The registered company address is: Gewerbestrasse 11, 6330 Cham, Switzerland



Preface

Differential geometry has a long and glorious history. As its name implies, it is the
study of geometry using differential calculus, and as such, it dates back to Newton
and Leibniz in the seventeenth century. But it was not until the nineteenth century,
with the work of Gauss on surfaces and Riemann on the curvature tensor, that dif-
ferential geometry flourished and its modern foundation was laid. Over the past one
hundred years, differential geometry has proven indispensable to an understanding
of the physical world, in Einstein’s general theory of relativity, in the theory of gravi-
tation, in gauge theory, and now in string theory. Differential geometry is also useful
in topology, several complex variables, algebraic geometry, complex manifolds, and
dynamical systems, among other fields. It has even found applications to group the-
ory as in Gromov’s work and to probability theory as in Diaconis’s work. It is not
too far-fetched to argue that differential geometry should be in every mathematician’s
arsenal.

The basic objects in differential geometry are manifolds endowed with a metric,
which is essentially a way of measuring the length of vectors. A metric gives rise
to notions of distance, angle, area, volume, curvature, straightness, and geodesics.
It is the presence of a metric that distinguishes geometry from topology. However,
another concept that might contest the primacy of a metric in differential geometry
is that of a connection. A connection in a vector bundle may be thought of as a
way of differentiating sections of the vector bundle. A metric determines a unique
connection called a Riemannian connection with certain desirable properties. While
a connection is not as intuitive as a metric, it already gives rise to curvature and
geodesics. With this, the connection can also lay claim to be a fundamental notion
of differential geometry.

Indeed, in 1989, the great geometer S. S. Chern wrote as the editor of a volume
on global differential geometry [5], “The Editor is convinced that the notion of a
connection in a vector bundle will soon find its way into a class on advanced calculus,
as it is a fundamental notion and its applications are wide-spread.”

In 1977, the Nobel Prize-winning physicist C. N. Yang wrote in [23], “Gauge
fields are deeply related to some profoundly beautiful ideas of contemporary
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mathematics, ideas that are the driving forces of part of the mathematics of the last
40 years, ..., the theory of fiber bundles.” Convinced that gauge fields are related to
connections on fiber bundles, he tried to learn the fiber-bundle theory from several
mathematical classics on the subject, but “learned nothing. The language of modern
mathematics is too cold and abstract for a physicist” [24, p. 73].

While the definition and formal properties of a connection on a principal bundle
can be given in a few pages, it is difficult to understand its meaning without knowing
how it came into being. The present book is an introduction to differential geometry
that follows the historical development of the concepts of connection and curva-
ture, with the goal of explaining the Chern—Weil theory of characteristic classes on
a principal bundle. The goal, once fixed, dictates the choice of topics. Starting with
directional derivatives in a Euclidean space, we introduce and successively general-
ize connections and curvature from a tangent bundle to a vector bundle and finally to
a principal bundle. Along the way, the narrative provides a panorama of some of the
high points in the history of differential geometry, for example, Gauss’ Theorema
Egregium and the Gauss—Bonnet theorem.

Initially, the prerequisites are minimal; a passing acquaintance with manifolds
suffices. Starting with Section 11, it becomes necessary to understand and be able to
manipulate differential forms. Beyond Section 22, a knowledge of de Rham coho-
mology is required. All of this is contained in my book An Introduction to Manifolds
[21] and can be learned in one semester. It is my fervent hope that the present book
will be accessible to physicists as well as mathematicians. For the benefit of the
reader and to establish common notations, we recall in Appendix A the basics of
manifold theory. In an attempt to make the exposition more self-contained, I have
also included sections on algebraic constructions such as the tensor product and the
exterior power.

In two decades of teaching from this manuscript, I have generally been able to
cover the first twenty-five sections in one semester, assuming a one-semester course
on manifolds as the prerequisite. By judiciously leaving some of the sections as
independent reading material, for example, Sections 9, 15, and 26, I have been able
to cover the first thirty sections in one semester.

Every book reflects the biases and interests of its author. This book is no excep-
tion. For a different perspective, the reader may find it profitable to consult other
books. After having read this one, it should be easier to read the others. There are
many good books on differential geometry, each with its particular emphasis. Some
of the ones I have liked include Boothby [1], Conlon [6], do Carmo [7], Kobayashi
and Nomizu [12], Lee [14], Millman and Parker [16], Spivak [19], and Taubes [20].
For applications to physics, see Frankel [9].

As a student, I attended many lectures of Phillip A. Griffiths and Raoul Bott
on algebraic and differential geometry. It is a pleasure to acknowledge their influ-
ence. | want to thank Andreas Arvanitoyeorgos, Jeffrey D. Carlson, Benoit Charbon-
neau, Hanci Chi, Brendan Foley, George Leger, Shibo Liu, Ishan Mata, Steven Scott,
and Huaiyu Zhang for their careful proofreading, useful comments, and errata lists.
Jeffrey D. Carlson in particular should be singled out for the many excellent pieces
of advice he has given me over the years. I also want to thank Bruce Boghosian for



Preface vii

helping me with Mathematica and for preparing the figure of the Frenet—Serret frame
(Figure 2.5). Finally, I am grateful to the Max Planck Institute for Mathematics in
Bonn, National Taiwan University, and the National Center for Theoretical Sciences
in Taipei for hosting me during the preparation of this manuscript.

Medford, MA, USA Loring W. Tu
April 2017
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Chapter 1

Curvature and Vector Fields

By a manifold, we will always mean a smooth manifold. To understand this book, it
is helpful to have had some prior exposure to the theory of manifolds. The reference
[21] contains all the background needed. For the benefit of the reader, we review in
Appendix A, mostly without proofs, some of the definitions and basic properties of
manifolds.

Appendix A concerns smooth maps, differentials,
vector fields, and differential forms on a manifold.
These are part of the differential topology of mani-
folds. The focus of this book is instead on the dif- @
ferential geometry of manifolds. Now a manifold B
will be endowed with an additional structure called
a Riemannian metric, which gives a way of mea-
suring length. In differential geometry, the notions
of length, distance, angles, area, and volume make
sense, whereas in differential topology, since a mani-
fold can be stretched and still be diffeomorphic to the
original, these concepts obviously do not make sense.

Some of the central problems in differential ge- Bernhard Riemann
ometry originate in everyday life. Consider the prob-
lem in cartography of representing the surface of the
earth on a flat piece of paper. A good map should
show accurately distances between any two points. Experience suggests that this is
not possible on a large scale. We are all familiar with the Mercator projection which
vastly distorts countries near the north and south poles. On a small scale there are
fairly good maps, but are they merely approximations or can there be truly accurate
maps in a mathematical sense? In other words, is there a distance-preserving bijec-
tion from an open subset of the sphere to some open subset of the plane? Such a map
is an isometry.

Isometry is also related to a problem in industrial design. Certain shapes such as
circular cylinders and cones are easy to manufacture because they can be obtained

(1826-1866)
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2 81 Riemannian Manifolds

from a flat sheet by bending. If we take a sheet of paper and bend it in various ways,
we obtain infinitely many surfaces in space, and yet none of them appear to be a
portion of a sphere or an ellipsoid. Which shapes can be obtained from one another
by bending?

In 1827 Carl Friedrich Gauss laid the foundation for the differential geometry
of surfaces in his work Disquisitiones generales circa superficies curvas (General
investigation of curved surfaces). One of his great achievements was the proof of
the invariance of Gaussian curvature under distance-preserving maps. This result
is known as Gauss’s Theorema Egregium, which means “remarkable theorem” in
Latin. By the Theorema Egregium, one can use the Gaussian curvature to distin-
guish non-isometric surfaces. In the first eight sections of this book, our goal is to
introduce enough basic constructions of differential geometry to prove the Theorema
Egregium.

§1 Riemannian Manifolds

A Riemannian metric is essentially a smoothly varying inner product on the tangent
space at each point of a manifold. In this section we recall some generalities about
an inner product on a vector space and by means of a partition of unity argument,
prove the existence of a Riemannian metric on any manifold.

1.1 Inner Products on a Vector Space

A point u in R? will denote either an ordered triple (u',u?,u?) of real numbers or a
column vector

In terms of this, one can define the length of a vector

VIl = v {vv), (1.1)
the angle 6 between two nonzero vectors (Figure 1.1)
coso= Y oce<n (1.2)
[[ull[Iv]

and the arc length of a parametrized curve c(¢) in R3, a <t < b:

b
s= [Tlcw)ar
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v

Fig. 1.1. The angle between two vectors.

Definition 1.1. An inner product on a real vector space V is a positive-definite,
symmetric, bilinear form ( , ): V x V — R. This means that for u,v,w € V and
a,b eR,
(i) (positive-definiteness) (v,v) > 0; the equality holds if and only if v = 0.

(i) (symmetry) (u,v) = (v,u).
(iii) (bilinearity) (au+ bv,w) = a(u,w) + b{v,w).

As stated, condition (iii) is linearity in only the first argument. However, by the
symmetry property (ii), condition (iii) implies linearity in the second argument as
well.

Proposition 1.2 (Restriction of an inner product to a subspace). Let ( , ) be an
inner product on a vector space V. If W is a subspace of V, then the restriction

(odw = (D|wxw: WxW =R
is an inner product on W.

Proof. Problem 1.3. a

Proposition 1.3 (Nonnegative linear combination of inner products). Let ( , );
i=1,...,r, be inner products on a vector V and let a,...,a, be nonnegative real
numbers with at least one a; > 0. Then the linear combination { , ) :=Y.a;( , ); is
again an inner product on'V.

Proof. Problem 1.4. a

1.2 Representations of Inner Products by Symmetric Matrices

Letey,...,e, be a basis for a vector space V. Relative to this basis we can represent
vectors in V as column vectors:

xl yl

2x’é,~<—>x= . Zyiei<—>y= :
X" V!
By bilinearity, an inner product on V is determined completely by its values on a set
of basis vectors. Let A be the n X n matrix whose entries are

ajj = <€i7€j>-
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By the symmetry of the inner product, A is a symmetric matrix. In terms of column

vectors,
<2xiei,2yjej> = Zaijxiyj =x!Ay.
Definition 1.4. An n x n symmetric matrix A is said to be positive-definite if

(i) x"Ax > 0 for all x in R”, and
(ii) equality holds if and only if x = 0.

Thus, once a basis on V is chosen, an inner product on V determines a positive-
definite symmetric matrix.

Conversely, if A is an n x n positive-definite symmetric matrix and {ey,...,e,}
is a basis for V, then

<2xiei,2yiei> = Zaijxiyj =x! Ay
defines an inner product on V. (Problem 1.1.)
It follows that there is a one-to-one correspondence

inner products on a vector n X n positive-definite
space V of dimension n symmetric matrices

The dual space V" of a vector space V is by definition Hom(V,R), the space of
all linear maps from V to R. Let o!,..., 0" be the basis for V" dual to the basis
el,...,ep for V. If x = Yx'e; € V, then o/ (x) = x. Thus, with x = Y x'e;, y = Y y/e;,
and (e;,ej) = a;;, one has

(x,y) = Zaijxiyj = zaijai(x)aj(y)
= Zaij(ai@’ ol)(x,y).

So in terms of the tensor product, an inner product ( , ) on V may be written as
(,) :Zaijai®aj7

where [a;;] is an n X n positive-definite symmetric matrix.

1.3 Riemannian Metrics

Definition 1.5. A Riemannian metric on a manifold M is the assignment to each
point p in M of an inner product ( , ), on the tangent space 7,M; moreover, the
assignment p — (, ), is required to be C* in the following sense: if X and Y are
C* vector fields on M, then p — (X,,Y,), is a C* function on M. A Riemannian
manifold is a pair (M, ( , )) consisting of a manifold M together with a Riemannian
metric (, ) on M.

The length of a tangent vector v € T,M and the angle between two tangent vectors
u,v € T,M on a Riemannian manifold are defined by the same formulas (1.1) and
(1.2) as in R3.
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Example 1.6. Since all the tangent spaces T,R" for points p in R" are canonically
isomorphic to R”, the Euclidean inner product on R" gives rise to a Riemannian
metric on R”, called the Euclidean metric on R".

Example 1.7. Recall that a submanifold M of a manifold N is said to be regular if
locally it is defined by the vanishing of a set of coordinates [21, Section 9]. Thus,
locally a regular submanifold looks like a k-plane in R”. By a surface M in R3
we will mean a 2-dimensional regular submanifold of R3. At each point p in M,
the tangent space T,M is a vector subspace of TPR3. The Euclidean metric on R3
restricts to a function

(s )m: TyM xT,M — R,

which is clearly positive-definite, symmetric, and bilinear. Thus a surface in R3
inherits a Riemannian metric from the Euclidean metric on R.

Recall that if F: N — M is a C* map of smooth manifolds and p € N is a point
in N, then the differential Fi.: T,)N — Ty,)M is the linear map of tangent spaces
given by

(FXp)g=Xp(goF)

for any X,, € T,N and any C* function g defined on a neighborhood of F(p) in M.

Definition 1.8. A C* map F: (N,(, ))— (M,(, )) of Riemannian manifolds is
said to be metric-preserving if for all p € N and tangent vectors u,v € T,N,

(u,v), = (Futt, Fv) pip).- (1.3)
An isometry is a metric-preserving diffeomorphism.

Example 1.9. If F: N — M is a diffeomorphism and ( , ) is a Riemannian metric on
M, then (1.3) defines an induced Riemannian metric (, )’ on N.

Example 1.10. Let N and M be the unit circle in C. Define F: N — M, a 2-sheeted
covering space map, by F(z) = z>. Give M a Riemannian metric ( , ), for example,
the Euclidean metric as a subspace of R?, and define ( , )’ on N by

(v,w) = (Fov, Fw).

Then (, )’ is a Riemannian metric on N. The map F: N — M is metric-preserving
but not an isometry because F' is not a diffeomorphism.

Example 1.11. A torus in R3 inherits the Euclidean metric from R3. However, a
torus is also the quotient space of R? by the group Z?> acting as translations, or to
put it more plainly, the quotient space of a square with the opposite edges identi-
fied (see [21, §7] for quotient spaces). In this way, it inherits a Riemannian met-
ric from R2. With these two Riemannian metrics, the torus becomes two distinct
Riemannian manifolds (Figure 1.2). We will show later that there is no isometry
between these two Riemannian manifolds with the same underlying torus.
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Fig. 1.2. Two Riemannian metrics on the torus.

1.4 Existence of a Riemannian Metric

A smooth manifold M is locally diffeomorphic to an open subset of a Euclidean
space. The local diffeomorphism defines a Riemannian metric on a coordinate open
set (U,x',...,x") by the same formula as for R”. We will write 9; for the coordinate
vector field d/dx. If X = Y.a'd; and Y = 3,579}, then the formula

X,v)y=3db (1.4)

defines a Riemannian metric on U.

To construct a Riemannian metric on M one needs to piece together the Rieman-
nian metrics on the various coordinate open sets of an atlas. The standard tool for
this is the partition of unity, whose definition we recall now. A collection {Sy} of
subsets of a topological space S is said to be locally finite if every point p € S has a
neighborhood U, that intersects only finitely many of the subsets Sy. The support of
a function f: § — R is the closure of the subset of S on which f # 0:

supp f = cl{x € § | f(x) #0}.

Suppose {Uq }aea is an open cover of a manifold M. A collection of nonnegative
C* functions
Pa:M—R, acA,

is called a C* partition of unity subordinate to {U, } if

(1) supppq C Uy for all c,
(ii) the collection of supports, {supp Pg }aca, is locally finite,

(ii) YgeapPo = 1.
The local finiteness of the supports guarantees that every point p has a neighborhood

U, over which the sum in (iii) is a finite sum. (For the existence of a C* partition of
unity, see [21, Appendix C].)

Theorem 1.12. On every manifold M there is a Riemannian metric.

Proof. Let {(Ug,®q)} be an atlas on M. Using the coordinates on Uy, we define
as in (1.4) a Riemannian metric ( , ), on Uy. Let {py} be a partition of unity sub-
ordinate to {Uy}. By the local finiteness of the collection {supppq}, every point
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p has a neighborhood U, on which only finitely many of the pq’s are nonzero.
Thus, Y.pa( , )o is a finite sum on U,. By Proposition 1.3, at each point p the
sum Y, Py , )o is an inner product on T,M.

To show that ¥, pg( , )¢ 18 C7, let X and ¥ be C* vector fields on M. Since
Y. PalX,Y)q is a finite sum of C* functions on U, it is C* on U,. Since p was
arbitrary, Y po (X,Y)q is C* on M. O

Problems

1.1 Positive-definite symmetric matrix
Show that if A is an n x n positive-definite symmetric matrix and {ey,...,e,} is a basis for V,

then
<ine,~,2y"ei> = Zaijxiyj = XTAy
defines an inner product on V.

1.2 Inner product
Let V be an inner product space with inner product ( , ). For u,vin V, prove that (u, w) = (v,w)
for all win V if and only if u = v.

1.3. Restriction of an inner product to a subspace
Prove Proposition 1.2.

1.4 Positive linear combination of inner products
Prove Proposition 1.3.

1.5 Extending a vector to a vector field
Let M be a manifold. Show that for any tangent vector v € T,M, there is a C* vector field X
on M such that X, = v.

1.6 Equality of vector fields
Suppose (M, ( , )) is a Riemannian manifold. Show that two C* vector fields X,Y € X(M)
are equal if and only if (X,Z) = (Y, Z) for all C* vector fields Z € X(M).

1.7 Upper half-plane
Let

H? = {(x,y) € R* |y > 0}.
At each point p = (x,y) € H?, define

(e T,H? x T,H?> - R
by
1
(u, vy = F(u., V),

where ( , ) is the usual Euclidean inner product. Show that ( , )y is a Riemannian metric
2
on H~.
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1.8. Product rule in R”
If f,g: R — R”" are differentiable vector-valued functions, show that (f,g): R — R is differ-
entiable and
<f7g>l = <f/7g> + <fvg/>'
(Here f' means df/dt.)

1.9. Product rule in an inner product space
An inner product space (V,( , )) is automatically a normed vector space, with norm
|[v|]| = v/ (v, v). The derivative of a function f: R — V is defined to be

0)— g £ =10

h—0 h ’

provided that the limit exists, where the limit is taken with respect to the norm || ||. If f, g:
R — V are differentiable functions, show that (f,g): R — R is differentiable and

<f7g>/ = <f,7g>+<f7g,>'
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§2 Curves

In common usage a curve in a manifold M can mean two things. FEither it is a
parametrized curve, i.e., a smooth map c¢: [a,b] — M, or it is the set of points in M
that is the image of this map. By definition, a smooth map on a closed interval is a
smooth map on some open set containing the interval. For us, a curve will always
mean a parametrized curve. When the occasion calls for it, we will refer to the image
of a parametrized curve as a geometric curve.

A regular curve is a parametrized curve whose velocity is never zero. A regular
curve can be reparametrized by arc length. In this section we define the signed
curvature of a regular plane curve in terms of the second derivative of its arc length
parametrization.

2.1 Regular Curves

Definition 2.1. A parametrized curve c: [a,b] — M is regular if its velocity c’(¢)
is never zero for all 7 in the domain [a, b]. In other words, a regular curve in M is an
immersion: [a,b] — M.

Example 2.2. The curve c: [—1,1] — R,
c(t) = (t37t2>7

is not regular at ¢t = O (Figure 2.1). This example shows that the image of a smooth
nonregular curve need not be smooth.

Fig. 2.1. A nonregular curve.

If = t(u) is a diffeomorphism of one closed interval with another, then () :=
c(t(u)) is a reparametrization of the curve c(t). The same geometric curve can have
many different parametrizations. Among the various reparametrizations of a regular
curve, the most important is the arc length parametrization.
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2.2 Arc Length Parametrization

As in calculus, we define the speed of a curve ¢: [a,b] — M in a Riemannian man-
ifold M to be the magnitude ||c¢/(¢)|| of its velocity ¢'(r), and the arc length of the

curve to be .
e:/ 1 (u) | du.
a

For each ¢ € [a, D], let s(7) be the arc length of the curve c restricted to [a,?]:

= [l¢ )l u.

The function s: [a,b] — [0, £] is the arc length function of the curve c. By the fun-
damental theorem of calculus, the derivative of s with respect to ¢ is s'(¢) = ||/ (1),
the speed of c.

Proposition 2.3. The arc length function s: [a,b] — [0,€] of a regular curve
c: la,b] = M has a C~ inverse.

Proof. Because c(t) is regular, s'(¢) = ||c/(¢)]| is never zero. Then s'(¢) > 0 for
all z. This implies that s(¢) is a monotonically increasing function, and so has an
inverse ¢(s). By the inverse function theorem, ¢ is a C* function of s. O

Thus, given a regular curve ¢(¢), we can write 7 as a C* function of the arc length
s to get the arc length parametrization y(s) = c(t(s)).

Proposition 2.4. A curve is parametrized by arc length if and only if it has unit speed
and its parameter starts at 0.

Proof. As noted above, the speed of a curve ¢: [a,b] — M can be computed as the
rate of change of the arc length s with respect to 7 € [a, b]:

ds
/ _
)l =5

Let y(s) be the arc length reparametrization of c¢. Since s(a) = 0, the parameter s
starts at 0. By the chain rule, the velocity of vy is

Y(5) = ¢ (1(s))0'(s).
Hence, the speed of y is

ds
dt

dr|
ds|

ds dt

1Y )= [l ) 1 (s)] = ==

Conversely, if a curve c¢(¢) has unit speed, then its arc length is

t t
st):/ Hc’(u)Hdu:/ ldu=1—-a.
a a

If a =0, then s =¢. So a unit-speed curve starting at ¢t = 0 is parametrized by arc
length. a
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Example 2.5. The curve c: [0,27] — R?,
c(t) = (acost,asint), a>0,

is regular. Its image is the circle of radius a centered at the origin. Its arc length

function is
s—/ ||c Hd”_/ H[ asmu”
acosu
:/ adu = at.
0

Hence, t = s/a and the arc length parametrization is

y(s) = (acosg,asini) .

a

2.3 Signed Curvature of a Plane Curve

We all have an intuitive idea of what curvature means. For example, a small circle
appears to curve more than a large circle. In this section, we will quantify the notion
of curvature for a curve in the plane R>.

Our plane curve y: [0,£] — R? will be parametrized by the arc length 5. Then the
velocity vector T'(s) = ¥/(s) has unit length and is tangent to the curve at the point
p = ¥(s). A reasonable measure of curvature at p is the magnitude of the derivative

d T —(s)
since the faster T changes, the more the curve bends. However, in order to distinguish
the directions in which the curve can bend, we will define a curvature with a sign.
There are two unit vectors in the plane perpendicular to T'(s) at p. We can choose
either one to be n(s), but usually n(s) is chosen so that the pair (7' (s),n(s)) is ori-
ented positively in the plane, i.e., counterclockwise.
Denote by (, ) the Euclidean inner product on R?. Since T has unit length,

T'(s) =

(T, T)=1.

Using the product rule (Problem 1.8) to differentiate this equation with respect to s
gives
(T'.T)+(T,T") =0,
or
AT, T) =0.

Thus, T’ is perpendicular to T and so it must be a multiple of n. The scalar k such
that
T'=xn
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is called the signed curvature, or simply the curvature, of the plane curve at
p = 7(s). We can also write

K= <T/’n> = <’J//>n>'
The sign of the curvature depends on the choice of n; it indicates whether the curve
is bending towards n or away from n (Figure 2.2).

k>0
k<0

Fig. 2.2. The sign of the curvature x.

Example 2.6 (The circle). By Example 2.5, the circle of radius a centered at the origin
has arc length parametrization

Y(s) = (aCOSE,aSiHE) , 0<s<2ma.
a a

The unit tangent vector to the curve is

.S
—sin—
a
T =76)=| ¢
cos —
a
Its derivative is
1 K}
—— oS —
T's)=7'(s)=| ¢ ¢
1 . s
——sin—
a a

We choose the unit normal n so that the pair (7,n) is oriented counterclockwise.
This means n is obtained from 7 by multiplying by the rotation matrix

cosE fsinE
t(E)— 2 21 _|0-1
) LT T |1 0|
sin— cos—
2
Hence,
—cosE
0-1 a
n_{l O}T_ s
—sin —

a
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So T’ = (1/a)n, which shows that the signed curvature k(s) of a circle of radius a is
1/a, independent of s. This accords with the intuition that the larger the radius of a
circle, the smaller the curvature.

2.4 Orientation and Curvature

A curve whose endpoints are fixed has two possible arc length parametrizations,
depending on how the curve is oriented. If the arc length of the curve is ¢, then the
two parametrizations ¥(s), ¥(s) are related by

7(s) = v(l—s).
Differentiating with respect to the arc length s gives
T(s) = 7(s) = Y (l—5) = ~T(¢—s) and 7'(s) =¥'(—s).
Rotating the tangent vector 7 (s) by 90° amounts to multiplying 7 (s) on the left
by the rotation matrix rot(z/2). Thus,

fi(s) =rot (g) T(s) = —rot (g) T({—s)=-n({—s).
It follows that the signed curvature of 7 at §(s) = y(£ —s) is
R(s) = (7"(s).8(s)) = (V' (£ —5),—n(l = 5)) = —K({ —5).

In summary, reversing the orientation of a plane curve reverses the sign of its signed
curvature at any point.

~

Counterclockwise circle Clockwise circle

Fig. 2.3. Reversing the orientation of a curve changes the sign of the curvature at a point.

Example 2.77. The counterclockwise circle
Y(s) = (acoss/a,asins/a), 0<s<2nma,
has signed curvature 1/a, while the clockwise circle
¥(s) =y(-s), 0<s<2nra,

has signed curvature —1/a. Geometrically, the unit tangent vector T of the counter-
clockwise circle turns towards the normal vector n, while the unit tangent vector T’
of the clockwise circle turns away from the normal vector f (Figure 2.3).
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Problems

2.1 Signed curvature
Let T(s) be the unit tangent vector field on a plane curve ¥(s) parametrized by arc length.

Write
_|cosB(s)
T(s) = Lin@(s)} '
where 0(s) is the angle of T'(s) with respect to the positive horizontal axis. Show that the
signed curvature x is the derivative d6/ds.

2.2. Curvature of a unit-speed plane curve
Suppose ¥(s) = (x(s),¥(s)) is a unit-speed curve in the plane. Write X' = x’(s) = dx/ds and
Y =y(s) =dy/ds.

(a) Show that the signed curvature k of y(s) is —x”/y’ when y’ # 0 and y” /x’ when x’ # 0.
(b) For a unit-speed curve, 8 = tan~!(y'/x’). By calculating d6/ds, show that the signed
curvature is k = x'y" —x"'y/. (If ¥’ = 0, then because the curve is unit speed, y # 0 and

0 = tan~! (4o0) = 7/2.)

2.3. Curvature of a regular plane curve
In physics literature, it is customary to denote the derivative with respect to time by a dot,
e.g., * = dx/dt, and the derivative with respect to distance by a prime, e.g., X' = dx/ds. We
will sometimes follow this convention. Let ¢(¢) = (x(¢),y(¢)) be a regular plane curve. Using
Problem 2.1 and the chain rule d6/ds = (d0/dt)/(ds/dt), show that the signed curvature of
the curve ¢(r) is

Xy —xy

where % = dx/dt and ¥ = d*x/dr>.

2.4. Curvature of a graph in the plane
The graph of a C™ function y = f(x) is the set

{(x.f(0)) |xeR}

in the plane. Showed that the signed curvature of this graph at (x7 f (x)) is
f"(x)
3/2°
(1+ (7))

K=

2.5. Curvature of an ellipse
The ellipse with equation x2 /a® +y? /b* = 1 in the (x, y)-plane (Figure 2.4) can be parametrized
by

X =acost, y=bsint, 0<t<2m.

Find the curvature of the ellipse at an arbitrary point (x,y).

2.6. Arc length of a cuspidal cubic
The cuspidal cubic x* = y> (Figure 2.4) can be parametrized by (£3,72). Find its arc length
fromr=0tot=a.
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2 2_.3
%+y2:] =y

Fig. 2.4. An ellipse and a cuspidal cubic

2.7 Curvature of a space curve

Let I be a closed interval in R. If y: I — R3 is a regular space curve parametrized by arc length,
its curvature x at y(s) is defined to be ||y (s)||.! Consider the helix c(r) = (acost,asint, bt)
in space.

(a) Reparametrize c by arc length: y(s) = c(z(s)).
(b) Compute the curvature of the helix at y(s).

2.8. Curvature of a line in space
Show that the curvature of a line in space is zero at every point.

2.9. The Frenet—Serret formulas
Let y: I — R3 be a regular space curve parametrized by arc length. Then T = ¢/ (s) is tangent
to ¥ at ¥(s) and has unit length. Assume that y”(s) # 0.

(a) Prove that y’(s) is normal to T.

(b) Let N be the unit vector y’(s)/||Y’(s)||. Then T’ = kN, where K is the curvature of the
space curve.

(c) The unit vector B=T X N is called the binormal of y at y(s). The three vectors T,N,B
form an orthonormal basis for R3 at y(s), called the Frenet—Serret frame (Figure 2.5).
Prove that

N'=—«xT +1B

for some real number 7, which is called the torsion of the unit-speed curve 7.
(d) Prove that B’ = —1N.

The set of equations

T = kN
N' = —xT +1B
B = — 1IN

I'The curvature of a space curve is always nonnegative, while the signed curvature of a
plane curve could be negative. To distinguish the two for a space curve that happens to be
a plane curve, one can use k; for the signed curvature. We will use the same notation x for
both, as it is clear from the context what is meant.
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k =0.223389
T =0.321807

Fig. 2.5. A Frenet—Serret frame.

is called the Frenet—Serret formulas. In matrix notation,

/

T K T
N| =|—-x T| |N
B —T B

Jean Frédéric Frenet (1816—1900) and Joseph Alfred Serret (1819-1885)
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§3 Surfaces in Space

There are several ways to generalize the curvature of a plane curve to a surface. One
way, following Euler (1760), is to consider the curvature of all the normal sections of
the surface at a point. A second way is to study the derivative of a unit normal vector
field on the surface. In this section we use Euler’s method to define several measure-
ments of curvature at a point on a surface. We then state the two theorems, Gauss’s
Theorema Egregium and the Gauss—Bonnet theorem, that will serve as guideposts in
our study of differential geometry. We will take up the relationship between curva-
ture and the derivative of a normal vector field in Section 5.

3.1 Principal, Mean, and Gaussian Curvatures

Recall that a regular submanifold of a manifold M is a subset of the manifold M
locally defined by the vanishing of coordinate functions (see [21, Section 9] for a
discussion of regular submanifolds). By a surface in R, we mean a 2-dimensional
regular submanifold of R3. Let p be a point on a surface M in R3. A normal vector to
M at pis a vector N, € TI,]R3 that is orthogonal to the tangent plane T,M. A normal
vector field on M is a function N that assigns to each p € M a normal vector N, at p.
If N is a normal vector field on M, then at each point p € M, we can write

3
Ny = Za"(p) i

2.
= ox »

The normal vector field N on M is said to be C* if the coefficient functions a', a?,a>

are C* functions on M.

cud

Fig. 3.1. Normal section at p.

Let N be a C* unit normal vector field on a neighborhood of p in M. Denote by
N, the unit normal vector at p. Under the canonical identification of TPR3 with R3,
every plane P through N, slices the surface M along a plane curve PN M through p.
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By the transversality theorem from differential topology, the intersection PN M, be-
ing transversal, is smooth (see Problem 3.2). We call such a plane curve a normal
section of the surface through p (Figure 3.1). Assuming that the normal sections
have C~ parametrizations, which we will show later, we can compute the curvature
of a normal section with respect to N,. The collection of the curvatures at p of all
the normal sections gives a fairly good picture of how the surface curves at p.

More precisely, each unit tangent vector X, to
the surface M at p determines together with N, a
plane that slices M along a normal section. More-
over, the unit tangent vector X,, determines an ori-
entation of the normal section. Let y(s) be the arc
length parametrization of this normal section with ini-
tial point ¥(0) = p and initial vector ¥ (0) = X,,. Note
that y(s) is completely determined by the unit tangent
vector X,,. Define the normal curvature of the normal
section ¥(s) at p with respect to N, by

K(X,) = (Y'(0),N,). 3.1

Of course, this N, is not always the same as the n(0)
in Section 2, which was obtained by rotating the unit
tangent vector 90° counterclockwise in R2; an arbi-
trary plane in R? does not have a preferred orienta- (1707-1783)
tion.

Since the set of all unit vectors in 7,M is a circle,
we have a function

Leonhard Euler

(Portrait by Jakob Emanuel
Handmann, 1753)
K:S' 5 R.
Clearly, k(—X,) = k(X,) for X,, € S', because replacing a unit tangent vector by
its negative simply reverses the orientation of the normal section, which reverses the
sign of the first derivative ¥ (s) but does not change the sign of the second derivative
Y'(s)-

The maximum and minimum values ki, k, of the function k are the principal
curvatures of the surface at p. Their average (k] + k2)/2 is the mean curvature H,
and their product ki x, the Gaussian curvature K. A unit direction X,, € T,M along
which a principal curvature occurs is called a principal direction. Note that if X), is
a principal direction, then so is —X,, since k(—X,) = k(X,). If k1 and x are equal,
then every unit vector in 7T, M is a principal direction.

Remark 3.1. Using —N,, instead of N, reverses the signs of all the normal curvatures
at p, as one sees from (3.1). This will change the sign of the mean curvature, but it
leaves invariant the Gaussian curvature. Thus, the Gaussian curvature K is indepen-
dent of the choice of the unit normal vector field N.

Example 3.2 (Sphere of radius a). Every normal section of a sphere of radius a is
a circle of radius a. With respect to the unit inward-pointing unit normal vector
field, the principal curvatures are both 1/a (see Example 2.6), the mean curvature is
H = 1/a and the Gaussian curvature is K = 1/a.
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Example 3.3. For a plane M in R3 the principal curvatures, mean curvature, and

Gaussian curvature are all zero.

Example 3.4. For a cylinder of radius a with a unit inward normal, it appears that the
principal curvatures are 0 and 1/a, corresponding to normal sections that are a line
and a circle, respectively (Figure 3.2). We will establish this rigorously in Section 5.
Hence, the mean curvature is 1/2a and the Gaussian curvature is 0. If we use the
unit outward normal on the cylinder, then the principal curvatures are 0 and —1/a,
and the mean curvature is —1/2a, but the Gaussian curvature is still 0.

C p
__\\/Kl:

F = =y

v

— =0

1

a

Fig. 3.2. Principal curvatures of a cylinder.

3.2 Gauss’s Theorema Egregium

Since the plane is locally isometric to a cylinder, Ex-
amples 3.3 and 3.4 show that the principal curvatures
K1, kK> and the mean curvature H are not isometric in-
variants. It is an astonishing fact that although neither
K1 nor K is invariant under isometries, their product,
the Gaussian curvature K, is. This is the content of
the Theorema Egregium of Gauss.

Another way to appreciate the significance of this
theorem is to think in terms of isometric embeddings.
We may think of portions of the plane and the cylin-
der as different isometric embeddings of the same
planar region. The examples show that the princi-
pal curvatures k7, k> and the mean curvature depend
on the embedding. The product )k, would a priori
seem to depend on the embedding, but in fact does
not. In the next few sections we will develop the ma-
chinery to prove the Theorema Egregium.

Carl Friedrich Gauss
(1777-1855)

(Artist: Gottlieb Biermann,
1887)
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3.3 The Gauss—Bonnet Theorem

For an oriented surface M in R? the Gaussian curvature K is a function on the surface.
If the surface is compact, we can integrate K to obtain a single number [, K dS. Here
the integral is the usual surface integral from vector calculus.

Example 3.5. For the sphere M of radius a (Figure 3.3), the integral of the Gaussian

curvature is

/KdS:/idS:i/ 1dS
M M a? a® Ju
1

= — (surface area of M)

a2
1

= 74”612 =4r.
a

Fig. 3.3. Sphere of radius a.

Notice that although the Gaussian curvature of a sphere depends on the radius,
in the integration the radius cancels out and the final answer is independent of the

radius.

Example 3.5 is a special case of the Gauss—Bonnet
theorem, which for a compact oriented surface M in R3
asserts that

/KdSzZﬂ:)((M), (3.2)
M

where y (M) denotes the Euler characteristic. Equa-
tion (3.2) is a rather unexpected formula, for on the
left-hand side the Gaussian curvature K depends on a
notion of distance, but the right-hand side is a topolog-
ical invariant, independent of any Riemannian metric.
Somehow, in the integration process, all the metric in-
formation gets canceled out, leaving us with a topolog-
ical invariant. For the 2-sphere, the Euler characteristic
is 2 and the theorem checks with the computation in
Example 3.5.

Pierre Ossian Bonnet

(1819-1892)
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In due course we will study the theory of characteristic classes for vector bundles,
a vast generalization of the Gauss—Bonnet theorem.

Problems

3.1. Principal curvatures in terms of K and H
Compute the principal curvatures k7, k» at a point of an oriented surface in R3 in terms of its
Gaussian curvature K and mean curvature H.

3.2. Normal section at a point

Suppose M is a smooth surface in R3, p a point in M, and N a smooth unit normal vector field
on a neighborhood of p in M. Let P be the plane spanned by a unit tangent vector X, € T,M
and the unit normal vector N,,. Denote by C := PN M the normal section of the surface M at
p cut out by the plane P.

(a) The plane P is the zero set of some linear function f(x,y,z). Let f: M — R be the restric-
tion of f to M. Then the normal section C is precisely the level set f~1(0). Show that p is
a regular point of f, i.e., that the differential ﬂ‘,p: T,M — TyR is surjective. (Hint: Which
map is fip: R3 = TPR3 = Ty(pyR = R? What is its kernel?)

(b) Show that a normal section of M at p is a regular submanifold of dimension one in a
neighborhood of p. (Hint: Apply [21, Proposition 11.4] and the regular level set theorem
[21, Theorem 9.9].)

3.3. Regular submanifold of dimension one

Show that if a curve C in a smooth surface is a regular submanifold of dimension one in a
neighborhood of a point p € C, then C has a C* parametrization near p. (Hint: Relative to an
adapted chart (U x! 7xz) centered at p, the curve C is the x!-axis. A C* parametrization of the

x!'-axis in the (x!,x?)-plane is (x',x%) = (,0).)



22 84 Directional Derivatives in Euclidean Space

54 Directional Derivatives in Euclidean Space

The directional derivative is one way of differentiating vector fields on R” with
respect to a tangent vector. In this section we extend the calculus definition of the
directional derivative of a function to the directional derivative of a vector field along
a submanifold of R”".

4.1 Directional Derivatives in Euclidean Space

Suppose X, = Y.a'd/dx!|, is a tangent vector at a point p = (p!,...,p") in R" and
f(x',...,x") is a C* function in a neighborhood of p in R". To compute the direc-
tional derivative of f at p in the direction X,,, we first write down a set of parametric
equations for the line through p in the direction X),:

xizpi+tai, i=1,...,n
Leta= (al ,...,a"). Then the directional derivative Dx, fis
. f(p+ta)—f(p)
Dyf=i = & 4.1
pr t1_r>r(1) ¢ dt t:[]f(p“V‘tCI) 4.1)
af | dx’ af| . .
:z oxi p'E OZZE p'dl (by the chain rule)

—(Zaﬁ}k)f—&m

In calculus, X, is required to be a unit vector, but we will allow X, to be an arbitrary
vector at p.

As a shorthand, we write d; for d/dx'. The directional derivative at p of a C*
vector field Y = ¥ b'0; = ¥ b' 9 /dx on R" in the direction X, is defined to be

d

Dx,Y =Y (X,b) BN 4.2)

p

This formula shows clearly that Dx,Y is R-linear in X,.

Although (4.1) computes the directional derivative using the values of f along a
line through p, we can in fact use any curve c(¢) with initial point p and initial vector
X, (Figure 4.1), for

d

Dxpf:pr:c/(O)f:c* (dt

d
=gl seon.

t=0
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XP
c(r)
p

Fig. 4.1. Tangent vector at a point

Remark 4.1. Thus, for Dy, f to be defined, it is not necessary that f be defined in an
open neighborhood of p. As long as f is defined along some curve starting at p with
initial velocity X),, the directional derivative Dxp f will make sense. A similar remark
applies to the directional derivative Dy, Y of a vector field Y.

When X is a C~ vector field on R”, not just a vector at p, we define the vector
field DxY on R” by
(DxY), = Dx,Y forall peR"

Equation (4.2) shows that if X and Y are C* vector fields on R”, then so is DxY. Let
X(R") be the vector space of all C* vector fields on R". The directional derivative
in R" gives a map

D: X(R") x X(R") — X(R"),

which we write as DxY instead of D(X,Y). Let F = C*(R") be the ring of C*
functions on R”. Then X(R") is both a vector space over R and a module over .

Proposition 4.2. For X,Y € X(R"), the directional derivative DxY satisfies the fol-
lowing properties:

(i) DxY is F-linear in X and R-linear in'Y;
(ii) (Leibniz rule) if f is a C* function on R", then

Dx(fY) = (Xf)Y + fDxY.
Proof. (i) Let f be a C™ function on R" and p an arbitrary point of R". Then
(DsxY)p =Dyip)x,Y
= f(p)Dx,Y (because Dy, Y is R-linear in X), by (4.2))
- (fDXY)p-
For Z € X(R"), we have
(Dx+2Y)p = Dx,+2,Y =Dx,Y + Dz Y = (DxY +DzY),.

This proves that DxY is F-linear in X. The R-linearity in Y is clear from (4.2).
(i) Suppose Y = ¥ bid;, where b' € C*(R"). Then

(DX (fY))p = ZXp(fbi) ai|p
= Y (X /)b (p) il + 2. f(p)Xpb' 91,
= (Xp /)Yy + f(p)Dx,Y
= ((Xf)Y + fDxY),. O
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4.2 Other Properties of the Directional Derivative

Since the directional derivative D in R” is an R-bilinear map
D: X(R") x X(R") — X(R"),

one can ask if it is symmetric, that is, for all X, Y € X(R"), is DxY = DyX? A simple
calculation using the standard frame shows that the answer is no; in fact, if [X,Y] is
the Lie bracket defined in (A.2), then

DxY —DyX = [X,Y].

The quantity
T(X,Y)=DxY —DyX —[X,Y]

turns out to be fundamental in differential geometry and is called the forsion of the
directional derivative D.

For each smooth vector field X € X(R"), the directional derivative Dy : X(R") —
X(R") is an R-linear endomorphism. This gives rise to a map

X(R") — Endg (X(R")),

43
X — Dx. 4.3)

The vector space X(R") of C= vector fields on R” is a Lie algebra under the Lie
bracket of vector fields. For any vector space V, the endomorphism ring Endg (V) of
endomorphisms of V is also a Lie algebra, with Lie bracket

[A,B]=A°B—B°A, A,BcEnd(V).

So the map in (4.3) is an R-linear map of Lie algebras. It is natural to ask if it is a
Lie algebra homomorphism, i.e., is

[Dx,Dy] =D y)?

The answer is yes for the directional derivative in R"”. A measure of the deviation
of the linear map X — Dy from being a Lie algebra homomorphism is given by the
function

R(X,Y) = [Dx,Dy] — Dix y) = DxDy — DyDx — D|x y] € Endr (X(M)),

called the curvature of D.
Finally, one might ask if the product rule holds for the Euclidean inner product:

Dz(X,Y) = (DzX.Y) + (X,DzY).

The answer is again yes. The following proposition summarizes the properties
of the directional derivative in R".

Proposition 4.3. Let D be the directional derivative in R" and X,Y,Z C* vector
fields on R". Then
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(i) (zero torsion) DxY — DyX — [X,Y] =0,
(i1) (zero curvature) DxDyZ — DyDxZ — D[X_’Y]Z =0,
(iii) (compatibility with the metric) X(Y,Z) = (DxY,Z) + (Y,DxZ).

Proof. (i) Problem 4.2.
(i) Let Z = ¥ c'd; € X(R"). Then
DxDyZ =Dx (3 ,(Yc')d;) = Y.(XY '),
By symmetry,
DyDxZ =Y (YXc')d,.
So
DxDyZ—DyDxZ =y (XY —YX)c'0; = Dy y)Z.
(iii) Let Y = ¥.b'0; and Z = Y. ¢/9; € X(R"). Then
X(Y,Z) =X(D b'c") = Y (Xb')c' + Y b (XC),

= (DXY,Z>+<Y,DXZ>. O

If X and Y are smooth vector fields on a manifold M, then the Lie derivative
LxY is another way of differentiating ¥ with respect to X (for a discussion of the
Lie derivative, see [21, Section 20]). While the directional derivative DxY in R” is
JF-linear in X, the Lie derivative LxY is not, so the two concepts are not the same.
Indeed, since LxY = [X,Y], by Proposition 4.3(i), for vector fields on R”,

LxY =DxY —DyX.

4.3 Vector Fields Along a Curve

Suppose c: [a,b] — M is a parametrized curve in a manifold M.

Definition 4.4. A vector field V along c: [a,b] — M is the assignment of a tangent
vector V(t) € T, )M to each ¢ € [a,b]. Such a vector field is said to be C* if for every
C* function f on M, the function V(z) f is C* as a function of z.

Example 4.5. The velocity vector field ¢ (r) of a parametrized curve c is defined by

d
/ _
c (t) = Cyyt (dl

) eT.nM.

t

It is a vector field along c.

Example 4.6. If V is a vector field on M and c: [a,b] — M is a parametrized curve in
M, then V induces a vector field V along c by

V(l‘) = Vc(l)'
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Now suppose c: [a,b] — R" is a curve in R" and V is a C* vector field along c.
Then V(r) can be written as a linear combination of the standard basis vectors:

V()= YV (1) Ko -
So it makes sense to differentiate V with respect to ¢:

av dv'
E(I) = ZEU) e »

which is also a C* vector field along c.

For a smooth vector field V along a curve c in an arbitrary manifold M, without
further hypotheses on M, the derivative dV /dt is in general not defined. This is
because an arbitrary manifold does not have a canonical frame of vector fields such
as d/dx',...,d/dx" on R".

Proposition 4.7. Ler c: [a,b] — R" be a curve in R" and let V(t),W (t) be smooth
vector fields along c. Then

%<V(t)7w@)> - <‘Z‘;,w> + <v, ddvtv>.

Proof. Write V(¢) and W (t) in terms of d;.(,) and differentiate. O

4.4 Vector Fields Along a Submanifold

Let M be a regular submanifold of a manifold M. At a point p in M, there are two
kinds of tangent vectors to M, depending on whether they are tangent to M or not.
For example, if M is a surface in R3, the vectors in a tangent vector field on M are
all tangent to M, but the vectors in a normal vector field on M are not tangent to M
but to R3.

Definition 4.8. Let M be a submanifold of a manifold M. A vector field X on M
assigns to each p € M a tangent vector X, € T,M. A vector field X along M in M
assigns to each p € M a tangent vector X, € T,M. A vector field X along M is called
C> if for every C* function f on M, the function X f is C* on M.

The distinction between these two concepts is indicated by the prepositions “on”
and “along.” While it may be dangerous for little prepositions to assume such grave
duties, this appears to be common usage in the literature. In this terminology, a
normal vector field to a surface M in R3 is a vector field along M in R3, but not a
vector field on M. Of course, a vector field on M is a vector field along M.

As in Section A.3, the set of all C* vector fields on a manifold M is denoted by
X(M). The set of all C* vector fields along a submanifold M in a manifold M will
be denoted by I'(TM|y). They are both modules over the ring F = C*(M) of C*
functions on M.
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4.5 Directional Derivatives on a Submanifold of R”

Suppose M is a regular submanifold of R". At any point p € M, if X, € T)M is a
tangent vector at p and Y = X b'9; is a vector field along M in R”, then the directional
derivative DX,,Y is defined. In fact,

Dy,Y = Y\(X,b') i -

As p varies over M, this allows us to associate to a C™ vector field X on M and a
C” vector field Y along M a C™ vector field DxY along M by

DxY = (Xb')d; € T(TR"|y).

For any p € M, we have (DxY), = Dx,Y by definition. It follows that there is an
R-bilinear map

D: X(M) xT(TR"|y) = T(TR"| i)
D(X,Y) = DyY.

We call D the directional derivative on M. Because of the asymmetry between X
and Y—one is a vector field on M, the other a vector field along M, the torsion
T(X,Y):=DxY — DyX — [X,Y] no longer makes sense. Otherwise, D satisfies the
same properties as the directional derivative D on R".

Proposition 4.9. Suppose M is a regular submanifold of R" and D is the directional
derivative on M. For X € X(M) andY € T(TR"|y),

(i) D(X,Y) = DxY is F-linear in X and R-linear inY;
(ii) (Leibniz rule) if f € C*(M), then

D(X.fY) =Dx(fY) = (Xf)Y + fDxY.

Proposition 4.10. Suppose M is a regular submanifold of R" and D is the directional
derivative on M.

(i) (zero curvature) If X,Y € X(M) and Z € T(TR"|y), then
DxDyZ — DyDxZ —Dix yZ = 0.

(ii) (compatibility with the metric) If X € X(M) and Y,Z € T(TR"|y), then
X(Y,Z) = (DxY,Z) + (Y,DxZ).

Proof. By Remark 4.1, these are proven in exactly the same way as Proposition 4.3.
O

Suppose V is a C vector field along a regular submanifold M in R" and
c: [a,b] — M is a C* curve in M. Then V induces a vector field V along c:

V(l) = Vc(t) S TC(Z)RH
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Proposition 4.11. Differentiation with respect to t of a vector field along a curve is
the directional derivative in the tangent direction:

av _
E - Dc/<t)V.

Proof. Let
V() = ZVi(t) Jileq) and V,= Zﬁi(p) di, forpeM.

Since V (1) = V(.

By the definition of ¢’(¢),

Therefore,

Do)V =23,(()7) dlo)  (by (42))

_ dvia _dv
—ZE ey = - 0

Problems

4.1. Lie bracket of vector fields
Let f, g be C* functions and X,Y be C™ vector fields on a manifold M. Show that

[fX,8Y] = felX,Y]+ f(Xg)Y —g(Y[)X.

(Hint: Two smooth vector fields V and W on a manifold M are equal if and only if for every
heC*(M),Vh=Wh.)

4.2. Directional derivative in R”"
Prove Proposition 4.3(i).

4.3. Directional derivative on a submanifold
Let M be a regular submanifold of R” and

D: X(M) xT(TR"[yy) = T(TR"|3r)

the directional derivative on M. Since X(M) C T'(TRR"|3), we can restrict D to X(M) x X(M)
to obtain
D: X(M) x X(M) — T'(TR"|y).
(a) Let T be the unit tangent vector field to the circle S'. Prove that D7 T is not tangent to S'.
This example shows that D|x () x (u) does not necessarily map into X(M).
(b) If X,Y € X(M), prove that

DxY —DyX = [X,Y].
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§5 The Shape Operator

To define the curvature of a plane curve in Section 2, we differentiated its unit tangent
vector field with respect to arc length. Extrapolating from this, we can try to describe
the curvature of a surface in R? by differentiating a unit normal vector field along
various directions.

5.1 Normal Vector Fields

Recall that a point p of R” is a regular point of a function f: R” — R if the differen-
tial fi p: TpR" — Ty(,)R is surjective, equivalently, if at least one partial derivative
df/dx(p) is nonzero. A point ¢ € R is a regular value if its inverse image f~'(g)
consists entirely of regular points; otherwise, it is a singular value.

A hypersurface in R" is the zero set Z(f) of a C* function f on R". Consider a
hypersurface M in R? defined as the zero set of the C* function f(x,y,z). We assume
that the partial derivatives fy, fy, f; do not vanish simultaneously on M. Then 0 is a
regular value of f, and M = f~1(0) is a regular level set. By the regular level set
theorem, M is a regular submanifold of R3.

As a submanifold of R3, M inherits a Riemannian metric from the Euclidean
metric on R3. Let N = grad f = (f;, fy, fz) be the gradient vector field of f on M.

Proposition 5.1. If0 is a regular value of the C* function f on R?, then N = grad f is
a nowhere-vanishing normal vector field along the smooth hypersurface M = Z(f).

Proof. Let p € M and X, € T,M. It suffices to show that (N,,X,) = 0. Choose a
curve ¢(t) = (x(),y(¢),z(¢)) in M with ¢(0) = p and ¢(0) = X,, (such a curve always
exists, for example by [21, Proposition 8.16]). Since ¢(¢) lies in M, f(c(t)) = 0 for
all ¢. By the chain rule,

0= —1 f(c(r)) = £ulp)¥ (0) + £,(p)y (0) + fo(p)Z (0).

dt|,_o

Hence,
<Nanp> = (grad f(P)7C/(O)> =0. a

By dividing grad f by its magnitude, we obtain a smooth unit normal vector field
along the hypersurface M. Since a smooth surface in R3, orientable or not, is locally
the zero set of a coordinate function, it follows from this proposition that a smooth
unit normal vector field exists locally along any smooth surface in R3.
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M

Fig. 5.1. A normal vector field near p.

5.2 The Shape Operator

Let p be a point on a surface M in R? and let N be a C* unit normal vector field on
M (Figure 5.1). For any tangent vector X, € T,M, define

L,(X,) = —Dx,N.

This directional derivative makes sense, since N is defined along some curve with
initial vector X,,. We put a negative sign in the definition of L, so that other formulas
such as Lemma 5.2 and Proposition 5.5 will be sign-free. Applying the vector X, to
(N,N) =1 gives

0=X,(N,N)
= (Dx,N,Np) + (Np,Dx,N) (compatibility with the metric, Proposition 4.3)
= 2(Dx,N,N,).

Thus, Dx,N is perpendicular to N), at p and is therefore in the tangent plane 7,M. So
L, is a linear map T,M — T,M. It is called the shape operator or the Weingarten
map of the surface M at p. Note that the shape operator depends on the unit normal
vector field N and the point p. With the unit normal vector field N on M fixed, as
the point p varies in M, there is a different shape operator L, at each p. To avoid
cumbersome notation, we will usually omit the subscript p.

The shape operator, being the directional derivative of a unit normal vector field
on a surface, should encode in it information about how the surface bends at p.

Lemma 5.2. Let M be a surface in R® having a C* unit normal vector field N. For
X, Y e X(M),
(L(X),Y) = (DxY,N).

Proof. Since Y is tangent to M, the inner product (Y,N) is identically zero on U.
Differentiating the equation (Y, N) = 0 with respect to X yields
0=X(Y,N) = (DxY,N)+(Y,DxN)
= (DxY,N) = (Y, L(X)).

Hence,
(L(X),Y) = (DxY,N). O
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In general, if ey, ..., e, is a basis for a vector space V and
v=Y Ve €V, withv' €R, (5.1)
i
then v/ is called the component of v in the e;-direction. In case e1,...,e, is an ortho-

normal basis in an inner product space (V,(, )), by taking the inner product of both
sides of (5.1) with e}, one obtains

(vej) = Zvi<e,-7ej> = Zvi&j =/

Thus, the component v/ of v in the e j-direction is simply the inner product of v
with e;. In view of this, the right-hand side of Lemma 5.2 is the normal component
of the directional derivative Dy, Y.

Note that any tangent vector X, € T,M can be extended to a C™ vector field in
a neighborhood of p: if (U,x',...,x") is a chart containing p and X, = Y.a' d/9x|,
for some a’ € R, then X = Y a’d/dx' is such a vector field on U.

Proposition 5.3. The shape operator is self-adjoint: for any X,,,Y, € T,M,
<L(Xp)aYp> = <XpaL(Yp)>-

Proof. Suppose the C* unit normal vector field N is defined on a neighborhood U
of p. Let X, Y be vector fields on U that extend the vectors X,,,Y), at p. By Lemma 5.2,

(L(X),Y) = (DxY,N). (5.2)
Similarly, reversing the roles of X and Y, we have
{L(Y),X) = (DyX,N). (5.3)

By Problem 4.3(b),
DxY —DyX = [X,Y]. 5.4)

Combining the three preceding equations (5.2), (5.3), and (5.4), we get
= <DXY7N> - <DYX7N>
(

(X,Y],N) (by (5.4))
=0 (since [X,Y] is a tangent vector field on M).
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If T: V — W is a linear map between two vector spaces V and W, By =
{vi,...,vn} abasis for V, and By = {wy,...,w,,} a basis for W, then

m
T(vj)= Za’jwi, j=1,...,n,
i=1

for a unique matrix [afi], called the matrix of the linear map T with respect to the
bases By and By .

It follows from Proposition 5.3 that the matrix of the shape operator with respect
to an orthonormal basis for 7,M is symmetric, for if e1,e; is an orthonormal basis
for T,M and

L(ey) = aey + bey,
L(ey) = hey +ces,
then
b= (L(e1),e2) = (e1,L(e2)) = h.

Since the eigenvalues of a symmetric matrix are real (Problem 5.1), the shape
operator has real eigenvalues. We will see shortly the meaning of these eigenvalues.

5.3 Curvature and the Shape Operator

Consider as before a surface M in R® having a C* unit normal vector field N.
Lemma 5.2 on the shape operator has a counterpart for vector fields along a curve.

Proposition 5.4. Let ¢: [a,b] — M be a curve in M and let V be a vector field in M
along c. Then

L)) = (G N )

Remark. When we write V or dV /dt, we mean V (¢) and dV () /dt, respectively.

Proof. Since V (¢) is tangent to M, the inner product (V (¢), N()) is identically zero.
By Proposition 4.7, differentiating with respect to ¢ yields

= L), N

dv d
= gy Newy ) + V(f),ENco)

d
= <d‘t/7NC(’)> +(V(t),Dgn\N) (by Proposition 4.11).

0

Thus,

WOLEO)) = V0. ~Dey) = { G Nty ) .
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Proposition 5.5. Suppose y(s) is a normal section, parametrized by arc length, det-
ermined by a unit tangent vector X,, € T,M and the unit normal vector N,. Then the
normal curvature of y(s) with respect to N, at p is given by the second fundamental
form:

K(Xp) = (L(Xp), Xp) = 11(Xp, Xp).

Proof. By definition, y(0) = p and ¥(0) = X,,. Let T (s) := ¥/(s) be the unit tangent
vector field along y(s). Then the curvature of the normal section y(s) is

K(7(9)) = (V'(9): Nys)
= (dT/ds, N 5)
= (L(Y(s)), T> (by Proposition 5.4)
= (L(T),T).
Evaluating at s = 0 gives
K(Xp) = (L(Xp),Xp) = 11X, Xp). U

Proposition 5.6. The principal directions of the surface M in R> at p are the unit
eigenvectors of the shape operator L; the principal curvatures are the eigenvalues
of L.

Proof. The principal curvatures at p are the maximum and minimum values of the
function
K(Xp) =11(Xp, Xp) = (L(Xp), Xp)

for X, € T,M satisfying (X,,X,) = 1. This type of optimization problem with a
constraint lends itself to the method of the Lagrange multiplier from vector calculus.
Choose an orthonormal basis e, e, for T,M so that

X, =xe| +ye; = BC] .

By Proposition 5.3 the matrix of L relative to the basis ey, e, is a symmetric matrix
ab
A - [ } ’
bc

L(ey) = aey + bey,
L(ez) = be +ces.

meaning

In matrix notation,

L(X,) = L(xe| +yer) = (ax+by)e; + (bx+cy)er

__lax+by| |ab| |x| _
o {bx—kcy} o {b c] [y] = AXp,
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and
K(Xp) = (L(Xp), X)) = (AX), X)) :XpTAXP
= ax® + 2bxy + ¢y,

The problem of finding the principal curvatures becomes a standard calculus
problem: find the maximum and minimum of the function

K(X,) = ax* +2bxy +¢y* = X],TAX,,
subject to the constraint

8(Xpy) = (X, X)) :xz—l—y2 =1.

2ax+ 2by

grad Kk = [2bx+2cy} =2AX,

and

grad g = 2X,.
By the method of the Lagrange multiplier, at the maximum or minimum of x, there
is a scalar A such that

grad x = Agrad g, orAX, =AX,.

Thus, the maximum and minimum of K occur at unit eigenvectors of A. These are
the principal directions at p.

Let X, be a principal direction at p. Then the corresponding principal curvature
is the normal curvature

K(Xp) = (L(Xp), Xp) = (AX, X)) = (XX, X)) = A (X, X)) = 4,
the eigenvalue associated to the eigenvector X,. O

Corollary 5.7. (i) The Gaussian curvature of a surface M in R> is the determinant
of the shape operator.

(ii) If ey, ey is an orthonormal basis for the tangent space T,M of the surface M, then
the Gaussian curvature at p is

K = (L(e1),e1){L(e2),e2) — (L(e1),e2){L(e2),e1)-

Proof. (i) The determinant of a linear map is the product of its eigenvalues (Prob-
lem 5.2). For the shape operator L the eigenvalues are the principal curvatures k7, K.
So detL = k) x» = K, the Gaussian curvature.
(i) If
L(e1) =ae; +bey; and L(ey) = bej +cey,
then
a=(L(e1),e1), b=(L(e1),e2) = (L(e2),e1), ¢ =(L(e2),e2).
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The matrix of L relative to the orthonormal basis e, e; is

ab
bcl|’
Hence,

detL = ac — b*
= (L(e1),e1)(L(e2),e2) — (L(e1),e2){L(e2), e1). O

5.4 The First and Second Fundamental Forms

A point p of a smooth surface M in R3, the Euclidean Riemannian metric is a sym-
metric bilinear form on the tangent space T,M. It is called the first fundamental
Jormof M at p. If L: T,M — T,M is the shape operator, the symmetric bilinear form
on T,M
H(Xpayp) = <L(Xp)ayp>
is called the second fundamental form of the surface M at p. The first fundamental
form is the metric and the second fundamental form is essentially the shape operator.
These two fundamental forms encode in them much of the geometry of the surface M.
Let ey, e, be a basis for the tangent space T,M. We set

E = <€1,€1>, F = (el,e2>, G:= <€2,€2>.
If X, :xlel +x2e2 and Y, = yle1 +y262, then
(Xp,Y,) = <e17e1>x1yl + <€1,62>x1y2

+ (e, e1)x’y! + (e2,€2)x°y"
= Ex'y! + Fx'y? + Fa®y! + Gx%y?

R

Thus, the three numbers E, F, G determine completely the first fundamental form of
M at p. They are called the coefficients of the first fundamental form relative to
e€1,es.

Similarly, the three numbers

e:=1(ey,e1), f:=Mer,er), g:=1(ez,er)

determine completely the second fundamental form of M at p:

1,1 = |4
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They are called the coefficients of the second fundamental form relative to ey, e;.
As p varies in an open set U, if e1,e> remain a basis of T,M at each point, these
coefficients are six functions on U. Classically, M is taken to be a coordinate patch
(U,u,v) with e; = d/du and e, = d/dv, and the differential geometry of M is done
in terms of the six functions E, F,G,e, f, g.

Theorem 5.8. Suppose M and M’ are two smooth Riemannian manifolds of dimen-
sion2, and @ : M — M’ is a diffeomorphism. Let E, F, G be the coefficients of the first
fundamental form relative to a frame ey,e; on M, and E',F' G’ the corresponding
coefficients relative to €| := @.ey, €y := @.e; on M. Then @ is an isometry if and
only if E,F,G at p are equal to E' ,F' G’ at ¢(p), respectively, for all p € M.

Proof. The diffeomorphism ¢ is an isometry if and only if
(@:Xp, 0:Yp) o(p) = (Xp: Yp) p-
This condition holds if and only if
(@i, 0ue)) o(p) = (€ir€)) p-
foralli=1,2and j=1,2,i.e.,

5.5 The Catenoid and the Helicoid

The graph of the hyperbolic cosine function

cosh eiter”
= X .=
Y 2
is called a catenary (Figure 5.2).
y z
\__/ 1 T

y = coshx

Fig. 5.2. Catenaries
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Fig. 5.3. A hanging chain

Using physics, it can be shown that a hanging chain naturally assumes the shape
of a catenary (Figure 5.3).

The surface of revolution obtained by rotating the catenary » = coshz about the
z-axis is called a catenoid (Figure 5.4). It has parametrization

(rcos6,rsin8,z) = ((coshu)cos 6, (coshu)sin 0, u),

where we set z = u.

Fig. 5.4. A catenoid

The helicoid is the surface with parametrization

(rcos0,rsin®,0), —oo<r,0 < oo,
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it is the surface traced out by a horizontal stick moving upward with constant speed
while rotating about a vertical axis through its midpoint (Figure 5.5).

Fig. 5.5. A helicoid

The catenoid shown in Figure 5.4 has
—-1<u<1l 0<6<L2m.

If we remove from this catenoid the points with u = —1,1 and 8 = 0,27, then what
is left is a coordinate chart U.
Similarly, the helicoid in Figure 5.5 has

—a<r<a, 0<6<L2r

for some positive real number a. We remove from it points with r =0,a and 6 = 0,27
to obtain a coordinate chart U’.
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As coordinate charts, there are diffeomorphisms U ~ (—1,1) x (0,27) and U’ ~
(—a,a) x (0,2m). Since (—1,1) is diffeomorphic to (—sinh1,sinh1) via the map
u — sinh h, there is a diffeomorphism ¢ : U — U’ given by

((coshu)cos 6, (coshu)sin@,u) — ((sinhu)cos @, (sinhu)sin 6, 6).

By computing the three functions E,F,G relative to the frame e¢; = d/du,
e» = d/d6 on the catenoid and the frame €| = @.ej, €, = @.ex on the helicoid,
respectively, one can show that ¢: U — U’ is an isometry (Problem 5.11). Physi-
cally, what this means is that if one cuts the catenoid in Figure 5.4 along a meridian,
straighten out the meridian, and let the catenoid hang, it will assume the shape of the
helicoid in Figure 5.5.

Problems

5.1. Eigenvalues and eigenvectors of a symmetric matrix

Suppose A is an n X n real symmetric matrix with complex eigenvector X and corresponding
complex eigenvalue A. Think of X as a column vector and consider the complex number
XTAX, where X is the complex conjugate of X and the superscript 7 means the transpose.

(a) Show that XTA = AXT.

(b) By computing the complex number XTAX in two ways, as (XTA)X and as XT(AX), show
that A = A. This proves that the eigenvalues of a real symmetric matrix are always real.

(c) Show that A has n independent real eigenvectors.

(d) Show that eigenvectors of A corresponding to distinct eigenvalues are orthogonal. (Hint:
Let X and Y be eigenvectors corresponding to distinct eigenvalues A and u, respectively.
Note that (X,Y) = XTY. Compute XTAY two different ways.)

Part (d) shows that if the principal curvatures at a point of a surface in R? are distinct, then the
principal directions are orthogonal.

5.2. Determinant and eigenvalues
Prove that the determinant of any n X n matrix, real or complex, is the product of its eigenval-
ues. (Hint: Triangularize the matrix.)

5.3. The Gauss map
Let M be a smooth oriented surface in R3, with a smooth unit normal vector field N. The
Gauss map of M is the map

v:iM— S CR3, v(p) =Ny,

where N, is considered to be a unit vector starting at the origin. Show that the differential of
the Gauss map at p is the negative of the Weingarten map:

Vip(Xp) = —L(Xp)

for any X, € T,M. (Hint: Compute the differential by using curves. See [21, Section 8.7].)
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5.4. Total curvature

The total curvature of a smooth oriented surface M in R3 is defined to be the integral f;,K,
if it exists, of the Gaussian curvature K. Prove that the total curvature of M is, up to sign, the
area of the image of the Gauss map:

/ K = Area of v(M).
M

5.5. Shape operator of a cylinder
Let M be the cylinder of radius a in R3 defined by x> +y> = a?. At p = (x,y,z) € M, the

vectors
a0y L
A=\ ox xay r 2Ty

form an orthonormal basis for the tangent space T,M. Let N be the unit normal vector field

1 d d
N=—[x—+y=—].
a (x ox +y8y)
(a) Find the matrix of the shape operator with respect to the basis ej,er at p. (Compute

L(ej) = —De,N and find the matrix [ai-] such that L(e;) = Za}ei.)
(b) Compute the mean and Gaussian curvatures of the cylinder M.

5.6. Shape operator of a sphere
Let M be the sphere of radius a in R? defined by

xz-i-yz—b—z2 =a.

Parametrize the sphere using spherical coordinates:

x=asin¢cosO
y=asin¢sin0
Z=acos®, 0<¢<m 0<60<2m.

Then for each p € M, ey = 9/d ¢, e; = d/J 6 is a basis for the tangent space T,M for p € M.
Let N, be the unit outward normal vector at p on the sphere.

(a) Find the matrix of the shape operator of the sphere with respect to the basis ey, e; at p.
(b) Compute the mean and Gaussian curvatures of the sphere M at p using (a).

5.7. Surface of revolution in R?

Let (f(u),g(u)) be a unit-speed curve without self-intersection in the (y,z)-plane. Assume
f(u) >0, so that (f(u),g(u)) can be rotated about the z-axis to form a surface of revolution
M in R3. A parametrization of the surface of revolution is

f(u)cosv
y(u,v)= | f(u)sinv|, 0<v<2m.
8(u)

Assume that y is a diffeomorphism onto its image, so that u,v are coordinates on a chart U
in M. Then e; = d/du, e; = d/dv is a basis for the tangent space 7,(M) for p € U.
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(a) Find the matrix of the shape operator of the surface of revolution with respect to the basis
ep,ep at p.
(b) Compute the mean and Gaussian curvature of the surface of revolution M at p.

5.8. The average value of normal curvature

Let M be an oriented surface in R3 with a unit normal vector field N, and let p be a point
in M. Each unit tangent vector X,, € T,M determines a normal section with curvature x(X,)
at p. The unit tangent vectors in T, M form a circle S! and the normal curvature k is a function
on this circle. Show that the average value (1/27) [ k of the normal curvature at p is the
mean curvature at p. (In general, the average value of a function f on the unit circle S! is

(1/272?)]51 f)

5.9. The coefficients of the two fundamental forms
Suppose M is an oriented surface in R, p € M, and e, e, is a basis for T,M.LetE,F,G,e,f,g
be the coefficients of the first and second fundamental forms of M at p relative to ey, e>.

(a) Show that the matrix of the shape operator L: T,M — T,M relative to ey, e; is

EF] e f
FG fel
(b) Compute the Gaussian curvature K and the mean curvature H of M at p in terms of
E7F7G?e7f7g'

5.10. The first and second fundamental forms of a graph
Let M be the graph of a C* function z = h(x,y) in R3. Then M can be parametrized by
o(x,y) = (x,5,h(x,y)). Let e; = 6.(d/dx) and es = 0,(d/y).

(a) Show that the coefficients of the first fundamental form relative to ey, e, are
E=1+h}, F=hh, G=1+h.

(Here hy = dh/dx.)
(b) Compute the coefficients of the second fundamental forms relative to ey, e;.
(c) Show that the Gaussian curvature of the graph z = h(x,y) is

hychyy — 2,
(R +hI+1)%

5.11. Isometry between a catenoid and a helicoid
Let U be the open set in the catenoid with parametrization

(x,5,z) = ((coshu)cos 6, (coshu)sinB,u), —1<u<l, 0<6<2m,
and let U’ be the open set in the helicoid with parametrization
(x,y,2) = (u'cos ,u'sin@,0), —sinhl<u' <sinhl, 0< 6 <2x.
Define ¢: U — U’ by
¢ ((coshu)cos 6, (coshu)sin6,u) = ((sinhu)cos 6, (sinhu)sin6, ).

As explained in Section 5.5, ¢ is a diffeomorphism.
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Viewing u, 0 as coordinate functions on U, we let ey = d/du, ey = d/d 6, which are then
tangent vector fields on U.

(a) Compute ey, e; in terms of d/dx,d/dy,d/0z.

(b) Compute E, F, G relative to the frame e, e, at p € U of the catenoid.

(c) Let €] = @re1,¢5, = @.ep on the open set U’ of the helicoid. Compute ¢}, €5 in terms of
2/0x,0/0y,0/dzat p(p) €U’

(d) Compute E',F’,G' relative to the frame ¢}, ¢}.

(e) Prove that ¢ : U — U’ is an isometry.
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56 Affine Connections

Consider a smooth vector field Y on a manifold M and a tangent vector X, € T,M
at a point p in M. To define the directional derivative of Y in the direction X, it is
necessary to compare the values of Y in a neighborhood of p. If ¢ is a point near p,
in general it is not possible to compare the vectors ¥, and Y, by taking the difference
Y, —Y,, since they are in distinct tangent spaces. For this reason, the directional
derivative of a vector field on an arbitrary manifold M cannot be defined in the same
way as in Section 4. Instead, we extract from the directional derivative in R" certain
key properties and call any map D: X(M) x X(M) — X (M) with these properties an
affine connection. Intuitively, an affine connection on a manifold is simply a way of
differentiating vector fields on the manifold.

Mimicking the directional derivative in R”, we define the torsion and curvature
of an affine connection on a manifold M. Miraculously, both torsion and curvature
are linear over C™ functions in every argument.

We will see in a later section that there are infinitely many affine connections on
any manifold. On a Riemannian manifold, however, there is a unique torsion-free
affine connection compatible with the metric, called the Riemannian or Levi-Civita
connection. As an example, we describe the Riemannian connection on a surface
in R3.

6.1 Affine Connections

On an arbitrary manifold M, which is not necessarily embedded in a Euclidean space,
we can define the directional derivative of a C* function f in the direction X, € T,M
in the same way as before:
Vx,f=Xpf.

However, there is no longer a canonical way to define the directional derivative of a
vector field Y. Formula (4.2) fails because unlike in R”, there is no canonical basis
for the tangent space T,M.

Whatever definition of directional derivative of a vector field one adopts, it should
satisfy the properties in Proposition 4.2. This motivates the following definition.

Definition 6.1. An affine connection on a manifold M is an R-bilinear map
V:X(M)xX(M)— X(M),

written VxY for V(X,Y), satisfying the two properties below: if F is the ring C*(M)

of C* functions on M, then for all X,Y € X(M),

(i) VxY is F-linear in X,
(ii) (Leibniz rule) VxY satisfies the Leibniz rule in Y: for f € F,

Vx(fY) = (Xf)Y + fVxY.

Example 6.2. The directional derivative Dy of a vector field Y on R" is an affine
connection on R”, sometimes called the Euclidean connection on R".
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6.2 Torsion and Curvature

Given an affine connection V on a manifold M, one might ask whether it satisfies
the same properties as Proposition 4.3 for the Euclidean connection on R”. For
XY € X(M), set

T(X,Y)=VxY—VyX—[X,Y] € X(M),

R(X7Y) = [VX7VY] _V[X,Y]

=VxVy —VyVyx — V[X,Y] S End(X(M))

We call T the torsion and R the curvature of the connection. There does not seem
to be a good reason for calling 7'(X,Y) the torsion, but as we shall see in Section 8,

R(X,Y) is intimately related to the Gaussian curvature of a surface.
An affine connection V on a manifold M gives rise to a linear map

.%(M) — EndR(%(M)), X — Vy.

Here both vector spaces X(M) and Endg(X(M)) are Lie algebras. The curvature
measures the deviation of the map X — Vx from being a Lie algebra homomorphism.

Recall that F is the ring C*(M) of C* functions on the manifold M. Although
VxY is not F-linear in Y, it turns out, amazingly, that both torsion and curvature are
JF-linear in all their arguments.

Proposition 6.3. Let X,Y,Z be smooth vector fields on a manifold M with affine
connection V.

(i) The torsion T(X,Y) is F-linear in X and in Y.
(ii) The curvature R(X,Y)Z is F-linear in X, Y, and Z.

Proof. We will first check the F-linearity of R(X,Y)Z in X. For this, it is useful to
recall the following formula from the theory of manifolds (Problem 4.1): if f,g €
F =C"(M), then

[fX,8Y] = felX, Y]+ f(Xg)Y —g(Y/)X. (6.1)
By the definition of curvature,
R(fX,Y)Z=VyxVyZ—VyVxZ =V x y|Z. (6.2)

By the F-linearity of V in X, the first term in (6.2) is fVxVyZ, and by the Leibniz
rule, the second term is

Vy (fVXZ) = (Yf)VXZ + fVyVxZ.
Applying (6.1), the last term in (6.2) is

VirxnZ = Vyxy-wnxZ
= fVixyZ— (Y f)VxZ,
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since X (1) = 0. Combining the three terms gives

R(fX,Y)Z = f(VxVyZ—VyVxZ—Vix yZ)
= fR(X,Y)Z.

Because R(X,Y) is skew-symmetric in X and Y, JF-linearity in ¥ follows from
JF-linearity in the first argument:

R(X,fY) = —R(fY,X) = —fR(Y,X) = fR(X,Y).

We leave the F-linearity of T(X,Y) as well as that of R(X,Y)Z in Z as exercises
(Problems 6.2 and 6.3). O

6.3 The Riemannian Connection

To narrow down the number of affine connections
on a manifold, we impose additional conditions on a
connection. On any manifold, we say that a connec-
tion is forsion-free if its torsion is zero. On a Rieman-
nian manifold, we say that a connection is compatible
with the metric if for all X,Y,Z € X(M),

It turns out that these two additional conditions are
enough to determine a connection uniquely on a Rie-
mannian manifold.

Definition 6.4. On a Riemannian manifold a Rie-
mannian connection, sometimes called a Levi-Civita
connection, is an affine connection that is torsion-
free and compatible with the metric. Tullio Levi-Civita

Lemma 6.5. A C~ vector field X on a Riemannian (1873-1941)
manifold (M, { , )) is uniquely determined by the val-
ues (X,Z) forall Z € X(M).

Proof. We need to show that if X’ € ¥(M) and (X,Z) = (X',Z) for all Z € X(M),
then X = X’. With ¥ = X — X/, this is equivalent to showing that if (¥,Z) = 0 for all
Z € X(M), then Y =0. Take Z =Y. By the positive-definiteness of the inner product
at each point p € M,

(Y,Y)=0 = (Y,,Y,) =0forall pe M
= Y,=0forallpeM
=Y =0. O

Theorem 6.6. On a Riemannian manifold there is a unique Riemannian connection.
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Proof. Suppose V is a Riemannian connection on M. By Lemma 6.5, to specify
VxY, it suffices to know (VxY,Z) for every vector field Z € X(M). So we will try
to find a formula for (VxY,Z) involving only the Riemannian metric and canonical
operations on vector fields such as the Lie bracket.
A Riemannian connection satisfies the two formulas
VxY —VyX —[X,Y] =0 (6.3)
and
X(Y,Z) = (VxY,Z)+ (Y,VxZ). (6.4)

Cyclically permuting X, Y, Z in (6.4) gives two other formulas:

Z(X,Y) = (VzX,Y) + (X, VY). (6.6)

Using (6.3) we can rewrite VyX in (6.5) in terms of VxY:

Subtracting (6.6) from (6.4) and then adding (6.7) to it will create terms involving
VxZ —VzX and VyZ — VzY, which are equal to [X,Z] and [Y, Z] by torsion-freeness:
:2<VxY,Z> + <Y, VxZ— V2X> + <X7VyZ— V2Y> — <Z, [X,Y]>
:2<VXY7Z> + <Ya [XaZD + <Xa [YaZD - <Za [XaYD'
Solving for (VxY,Z), we get
2(VxY,Z) =X(Y,Z) +Y(Z,X) - Z(X,Y) (6.8)

This formula proves that a Riemannian connection, if it exists, is unique.

Define VxY by the formula (6.8). It is a straightforward exercise to check
that so defined, V is a torsion-free affine connection compatible with the metric
(Problem 6.4). This proves the existence of a Riemannian connection on a Rie-
mannian manifold. a

Example 6.7. By Proposition 4.3, the Riemannian connection on R” with its usual
Euclidean metric is the directional derivative DxY on R”".

6.4 Orthogonal Projection on a Surface in R>

Suppose M is a smooth surface in R3, which we do not assume to be orientable. At
each point p € M, let v, be the normal line through p. It is perpendicular to the
tangent space T,M, so there is an orthogonal decomposition

T,R ~T,Mv,.

Letpr),: T,,R3 — T,M be the projection to the tangent space of M at p.
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If X is a C*™ vector field along M, then X, € TI,R3. Define a vector field pr(X) on
M by

pr(X), = pr,(X,) € T,M.

Proposition 6.8. If X is a C vector field along M in R, then the vector field pr(X)
on M defined above is C™.

Proof. For each p € M, there is a neighborhood U of p in M on which there is a C*
unit normal vector field N (by Section 5.1). For g € U,

prq(Xq) = Xy — (Xq:Ng)Ny.

Note that pr, does not depend on the choice of the unit normal vector field; —N,
would have given the same answer. As g varies in U,

pr(X) =X — (X, NN,

which shows that pr(X) is C* on U. Hence, pr(X) is C* at p. Since p is an arbitrary
point of M, the vector field pr(X) is C* on M. O

According to this proposition, the projection operator is a map

pr: T(TR?|y) — X(M).

6.5 The Riemannian Connection on a Surface in R3

We continue to consider a smooth, not necessarily orientable surface M in R3. Given
two C* vector fields X and Y on M and a point p € M, the directional derivative
Dy, Y is not in general tangent to M. Define

(ny)p = VXPY = prp(Dpr) € T,,M, (6.9)

where pr),: TPR3 — Tp,M is the orthogonal projection defined in Section 6.4. As p
varies over M,

ny = pr(DXY),

which, by Proposition 6.8, shows that VyY is a C™ vector field on M. So we have a
map

V: X(M) x X(M) = X(M).

Proposition 6.9. The Riemannian connection on a smooth, not necessarily ori-
entable surface M in R? is given by VxY = pr(DxY).

Proof. Problem 6.6. a
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Problems

6.1. Convex linear combination of connections

Show that if V and V’ are connections on a manifold, then their sum V+ V' is not a connection.
However, a convex linear combination ¢V + (1 —¢)V’ for any ¢ € R is a connection. More
generally, show that if V1, ..., V" are connections on a manifold, then the linear combination
py- a;V' is a connection provided >rjai=1

6.2. F-linearity of the torsion
Prove that the torsion 7'(X,Y) is F-linear in X and in Y.

6.3. F-linearity of the curvature
Prove that the curvature R(X,Y)Z is F-linear in Z.

6.4. Existence of a Riemannian connection
Prove that formula (6.8) defines a torsion-free affine connection V that is compatible with the
metric.

6.5. Orthogonal projection
Let M be a smooth surface in R3. Show that the orthogonal projection pr: T'(TR3|3) — X(M)
is F-linear.

6.6. Riemannian connection on a surface in R3
Prove Proposition 6.9. d

6.7. Lie derivative
On any manifold M, let £: X(M) x X(M) — X(M), £(X,Y) = LxVY, be the Lie derivative.
Show that £ xY satisfies the Leibniz rule in Y, but is not F-linear in X. (Hint: LxY = [X,Y].)

6.8. Riemannian connection of a submanifold
Let S C M be an immersed submanifold of a Riemannian manifold M and let V be the
Riemannian connection on M. Show that the Riemannian connection V’ on S is given by

VY = (VxY ).
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§7 Vector Bundles

The set X(M) of all C* vector fields on a manifold M has the structure of a real
vector space, which is the same as a module over the field R of real numbers. Let
F = C=(M) again be the ring of C* functions on M. Since we can multiply a vector
field by a C* function, the vector space X(M) is also a module over F. Thus the set
X(M) has two module structures, over R and over F. In speaking of a linear map:
X (M) — X(M) one should be careful to specify whether it is R-linear or F-linear.
An J-linear map is of course R-linear, but the converse is not true.

The F-linearity of the torsion 7'(X,Y) and the curvature R(X,Y)Z from the pre-
ceding section has an important consequence, namely that these two constructions
make sense pointwise. For example, if X,,Y), and Z, are tangent vectors to a mani-
fold M at p, then one can define R(X,,Y,)Z, to be (R(X,Y)Z), € T,M for any vector
fields X, Y, and Z on M that extend X, ), and Z,,, respectively. While it is possible
to explain this fact strictly within the framework of vector fields, it is most natural to
study it in the context of vector bundles. For this reason, we make a digression on
vector bundles in this section.

We will try to understand F-linear maps from the point of view of vector bundles.
The main result (Theorem 7.26) asserts the existence of a one-to-one correspondence
between F-linear maps o: T'(E) — I'(F) of sections of vector bundles and bundle
maps ¢: E — F.

7.1 Definition of a Vector Bundle

Given an open subset U of a manifold M, one can think of U x R” as a family
of vector spaces R" parametrized by the points in U. A vector bundle, intuitively
speaking, is a family of vector spaces that locally “looks” like U x R".

Definition 7.1. A C* surjection w: E — M is a C* vector bundle of rank r if

(i) Forevery p € M, the setE), := n~!(p) is a real vector space of dimension r;
(i1) every point p € M has an open neighborhood U such that there is a fiber-
preserving diffeomorphism

oy: w N (U) - U xR"

that restricts to a linear isomorphism E, — {p} x R on each fiber.

The space E is called the total space, the space M the base space, and the space
E, the fiber above p of the vector bundle. We often say that E is a vector bundle
over M. A vector bundle of rank 1 is also called a line bundle.

Condition (i) says that 7: E — M is a family of vector spaces, while condition
(ii) formalizes the fact that this family is locally looks like R”. We call the open set
U in (ii) a trivializing open subset for the vector bundle, and ¢y a trivialization of
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7~ Y(U). A trivializing open cover for the vector bundle is an open cover {Ug} of M
consisting of trivializing open sets Uy, together with trivializations ¢y : 771 (Ug) —
Uy xR".

Example 7.2 (Product bundle). If V is a vector space of dimension r, then the pro-
jection w: M xV — M is a vector bundle of rank r, called a product bundle. Via the
projection 7w: S' x R — S!, the cylinder S! x R is a product bundle over the circle S'.

Example 1.3 (Mébius strip). The open Mébius strip is the quotient of [0,1] x R by
the identification

(0,1) ~ (1,~1).

It is a vector bundle of rank 1 over the circle (Figure 7.1).

;‘;;"lll“
U717 -l“

Fig. 7.1. A M&bius strip

Example 7.4 (Restriction of a vector bundle). Let S be a submanifold of a manifold
M, and : E — M a C” vector bundle. Then 7g: 7~ !(S) — S is also a vector bundle,
called the restriction of E to S, written E|s := n~(S) (Figure 7.2).

Fig. 7.2. A vector bundle on M restricted to S
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Definition 7.5. Let ng: E — M and g : F — N be C* vector bundles. A C* bundle
map from E to F is a pair of C” maps (¢: E — F,@: M — N) such that

F
|-
N

)

(1) the diagram
2

_—

g

~— I

<

—_—
9

commutes,
(ii) @ restricts to a linear map @,: E, — FE( p) of fibers for each p € M.

Abusing language, we often call the map ¢: E — F alone the bundle map.

An important special case of a bundle map occurs when E and F are vector
bundles over the same manifold M and the base map ¢ is the identity map 1. In
this case we call the bundle map (¢: E — F, 1) a bundle map over M.

If there is a bundle map y: F — E over M such that yo @ =l1gand @ o y =1,
then ¢ is called a bundle isomorphism over M, and the vector bundles E and F' are
said to be isomorphic over M.

Definition 7.6. A vector bundle w: E — M is said to be trivial if it is isomorphic to
a product bundle M x R" — M over M.

Example 7.7 (Tangent bundle). For any manifold M, define TM to be the set of all
tangent vectors of M:

T™M ={(p,v) |peM, veT,M}.

If U is a coordinate open subset of M, then T'U is bijective with the product bundle
U xR". We give TM the topology generated by TU as U runs over all coordinate
open subsets of M. In this way TM can be given a manifold structure so that TM —
M becomes a vector bundle. It is called the tangent bundle of M (for details, see [21,
Section 12]).

Example 7.8. If f: M — N is a C* map of manifolds, then its differential gives rise
to a bundle map f,.: TM — TN defined by

f*(pav) - (f(p)af*[?(v))

7.2 The Vector Space of Sections

A section of a vector bundle w: E — M over an open set U is a function s: U — E
such that o s = 1y, the identity map on U. For each p € U, the section s picks out
one element of the fiber E£,. The set of all C* sections of E over U is denoted by
I'(U,E). If U is the manifold M, we also write I'(E) instead of T'(M, E).
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The set T'(U, E) of C* sections of E over U is clearly a vector space over R. It is
in fact a module over the ring C*(U) of C* functions, for if f is a C* function over
U and s is a C* section of E over U, then the definition

(fs)(p) = f(p)s(p) €Ep, peU,
makes fs into a C™ section of E over U.

Example 7.9 (Sections of a product line bundle). A section s of the product bundle
M xR — Misamap s(p) = (p, f(p)). So there is a one-to-one correspondence

{sections of M x R — M} «— {functions f: M — R}.

In particular, the space of C* sections of the product line bundle M x R — M may
be identified with C*(M).

Example 7.10 (Sections of the tangent bundle). A vector field on a manifold M as-
signs to each point p € M a tangent vector X, € T,M. Therefore, it is precisely a
section of the tangent bundle 7M. Thus, X(M) =T(TM).

Example 7.11 (Vector fields along a submanifold). If M is a regular submanifold of
R”", then a C* vector field along M is precisely a section of the restriction TR”"|3s of
TR" to M. This explains our earlier notation I'(TR?|3;) for the space of C* vector
fields along M in R3.

Definition 7.12. A bundle map ¢: E — F over a manifold M (meaning that the
base map is the identity 1,,) induces a map on the space of sections:

@y: T(E) = T(F),
Pu(s) =@os.

This induced map ¢y is J-linear because if f € F, then

(24(f)) (p) = (9= (£9)) (P) = @(f(P)s(p))
=f(p)o(s(p)) (because ¢ is R-linear on each fiber)

= (fou(s)) (p).

Our goal in the rest of this chapter is to prove that conversely, every J-linear map
o: T'(E) — I'(F) comes from a bundle map ¢: E — F, i.e., o = @4

7.3 Extending a Local Section to a Global Section

Consider the interval (—m/2,7/2) as an open subset of the real line R. The example
of the tangent function tan: (—n/2,7/2) — R shows that it may not be possible to
extend the domain of a C* function f: U — R from an open subset U C M to the
manifold M. However, given a point p € U, it is always possible to find a C* global
function f: M — R that agrees with f on some neighborhood of p. More generally,
this is also true for sections of a vector bundle.
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1
A
( /AT \
T 7 7

I P
— U —

Fig. 7.3. A bump function supported in U

Proposition 7.13. Let E — M be a C* vector bundle, s a C™ section of E over some
open set U in M, and p a point in U. Then there exists a C~ global section § €
I'(M,E) that agrees with s over some neighborhood of p.

Proof. Choose a C* bump function f on M such that f = 1 on a neighborhood W of
p contained in U and supp f C U (Figure 7.3). Define §: M — E by

) fa)s(g) forgel,
S<q>_{0 forgg U.

On U the section § is clearly C* for it is the product of a C* function f and a C~
section s.

If p U, then p & supp f. Since supp f is a closed set, there is a neighborhood V
of p contained in its complement M \ supp f. On V the section § is identically zero.
Hence, §is C* at p. This proves that §is C* on M.

On W, since f = 1, the section § agrees with s. a

7.4 Local Operators

In this section, E and F are C* vector bundles over a manifold M, and ¥ is the ring
C*(M) of C*~ functions on M.

Definition 7.14. Let E and F be vector bundles over a manifold M. An R-linear
map o: ['(E) — I'(F) is a local operator if whenever a section s € I'(E) vanishes
on an open set U in M, then a(s) € T'(F) also vanishes on U. It is a point operator
if whenever a section s € T'(E) vanishes at a point p in M, then o(s) € T'(F) also
vanishes at p.

Example 7.15. By Example 7.9, the vector space C*(R) of C* functions on R may
be identified with the vector space I'(R x R) of C* sections of the product line bundle

over R. The derivative J
—:C"(R) = C*(R
e C(R) - C(R)
is a local operator since if (1) =0 on U, then f’(t) =0 on U. However, d/dt is not

a point operator.
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Fig. 7.4. The product fs of a bump function f and a section s is zero.

Example 7.16. Let QX(M) denote the vector space of C* k-forms on a manifold M.
Then the exterior derivative d: QF(M) — Q1(M) is a local operator.

Proposition 7.17. Let E and F be C” vector bundles over a manifold M, and
F=C*M). Ifamap a: T(E) — I(F) is F-linear, then it is a local operator.

Proof. Suppose the section s € I'(E) vanishes on the open set U. Let p € U and let
f be a C bump function such that f(p) =1 and supp f C U (Figure 7.3). Then
fs €T(E) and fs = 0 on M (Figure 7.4). So o/(fs) = 0. By F-linearity,

0= a(fs) = fols).

Evaluating at p gives o/(s)(p) = 0. Since p is an arbitrary point of U, ¢t(s) =0 on U.
O

Example 7.18. On a C™ manifold M, a derivation D: C*(M) — C*(M) is R-linear,
but not F-linear since by the Leibniz rule,

D(fg) = (Df)g+ fDg, forf,gecd.

However, by Problem 7.1, D is a local operator.

Example 7.19. Fix a C* vector field X € X(M). Then a connection V on M induces
a map
Vx: X(M)— X(M)

that satisfies the Leibniz rule. By Problem 7.2, Vy is a local operator.

7.5 Restriction of a Local Operator to an Open Subset

A continuous global section of a vector bundle can always be restricted to an open
subset, but in general a section over an open subset cannot be extended to a contin-
uous global section. For example, the tangent function defined on the open interval
(—m/2,m/2) cannot be extended to a continuous function on the real line. Nonethe-
less, a local operator, which is defined on global sections of a vector bundle, can
always be restricted to an open subset.



7.5 Restriction of a Local Operator to an Open Subset 55

Theorem 7.20. Let E and F be vector bundles over a manifold M. If a: T(E) —
I'(F) is a local operator, then for each open subset U of M there is a unique linear
map, called the restriction of o to U,

oy: T(U,E)—=T(U,F)
such that for any global sectiont € T(E),
o (tly) = et) o .1)

Proof. Lets € T(U,E) and p € U. By Proposition 7.13, there exists a global section
§ of E that agrees with s in some neighborhood W of p in U. We define oy (s)(p)
using (7.1):

oy (s)(p) = a(3)(p)-

Suppose § € I'(E) is another global section that agrees with s in the neighborhood
W of p. Then §=§in W. Since « is a local operator, o/(5) = c¢(5) on W. Hence,
o(5)(p) = o(5)(p). This shows that oy (s)(p) is independent of the choice of 3, so
oy is well defined and unique. Fix p e U. If s e T(U,E) and § € T'(M,E) agree on
a neighborhood W of p, then oy (s) = a(5) on W. Hence, oy (s) is C* as a section
of F.

If t e T(M,E) is a global section, then it is a global extension of its restriction
t|y. Hence,

for all p € U. This proves that oy (t|y) = a(1)|y. O

Proposition 7.21. Let E and F be C* vector bundles over a manifold M, let U be
an open subset of M, and let F(U) = C=(U), the ring of C* functions on U. If
o: T(E) — T(F) is F-linear, then the restriction oy : T'(U,E) — T'(U,F) is F(U)-
linear.

Proof. Lets € T(U,E) and f € F(U). Fix p € U and let § and f be global extensions
of s and f that agree with s and f, respectively, on a neighborhood of p (Proposition
7.13). Then

oy (fs)(p) = a(f35)(p) (definition of ay/)
= f(p)a(3)(p)  (F-linearity of o)
= f(p)aw(s)(p)

Since p is an arbitrary point of U,

oy (fs) = fow(s),

proving that oy is F(U)-linear. O



56 87 Vector Bundles
7.6 Frames

A frame for a vector bundle E of rank r over an open set U is a collection of sections
el,...,e, of E over U such that at each point p € U, the elements e;(p),...,e,(p)
form a basis for the fiber E,,.

Proposition 7.22. A C* vector bundle w: E — M is trivial if and only if it has a C*
frame.

Proof. Suppose E is trivial, with C* trivialization
¢:E—>MxR".

Let vi,...,v, be the standard basis for R". Then the elements (p,v;), i = 1,...,r,
form a basis for {p} x R" for each p € M, and so the sections of E

ei(p) =0 (pvi), i=1,...,n,

provide a basis for £, at each point p € M.
Conversely, suppose e, ..., e, is a frame for E — M. Then every point e € E is a
linear combination e = Y a'e;. The map

ole)=(n(e),a',....a"): E—>MxR"
is a bundle map with inverse
v: MxR —E,
v(p.a',....a") =Y d(p)eip). O

It follows from this proposition that over any trivializing open set U of a vector
bundle E, there is always a frame.

7.7 F-Linearity and Bundle Maps

Throughout this subsection, E and F are C* vector bundles over a manifold M, and
F = C>(M) is the ring of C* real-valued functions on M. We will show that an
F-linear map o: T'(E) — I'(F) can be defined pointwise and therefore corresponds
uniquely to a bundle map E — F.

Lemma 7.23. An F-linear map o.: T(E) — T'(F) is a point operator.

Proof. We need to show that if s € T'(E) vanishes at a point p in M, then o(s) € T'(F)
also vanishes at p. Let U be an open neighborhood of p over which E is trivial. Thus,
over U it is possible to find a frame ey, ... e, for E. We write

sl = Zaiei, adecC(U)=73U).
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Because s vanishes at p, all @/(p) = 0. Since o is F-linear, it is a local operator
(Proposition 7.17) and by Theorem 7.20 its restriction oy : T'(U,E) — T'(U,F) is
defined. Then

a(s)(p) = au(slv)(p) (Theorem 7.20)
=0y (Zaiei) (p)
=Y day(e))(p) (o is F(U)-linear (Proposition 7.21))
= Zai(P)aU(ei)(P) =0. o

Lemma 7.24. Let E and F be C* vector bundles over a manifold M. A fiber-
preserving map ¢: E — F that is linear on each fiber is C™ if and only if @4 takes
C* sections of E to C* sections of F.

Proof. (=) If ¢ is C*, then @4(s) = @ o s clearly takes a C* section s of E to a C*
section of F.

(<) Fix p € M and let (U,x',...,x") be a chart about p over which E and F are both
trivial. Letey,...,e, € [(E) be a frame for E over U. Likewise, let fi,..., fi;s € T(F)
be a frame for F over U. A point of E| can be written as a unique linear combination
Y.a’e;. Suppose

(poej:zb;ﬁ.

In this expression the b’’s are C* functions on U, because by hypothesis ¢ o e =
¢y(e;) is a C~ section of F. Then

Qo (Za-iej) = Zajb;fi.
J L

One can take local coordinates on E|y to be (x!,...,x",a
local coordinates,

o(x',... x"a',.. . .d)= (xl,...,x",Zajb;,...,Zaij),
J J

I ...,a"). In terms of these

which is a C™ map. a

Proposition 7.25. If a.: T(E) — T(F) is F-linear, then for each p € M, there is a
unique linear map @, E, — F,, such that for all s € T'(E),

op(s(p)) = a(s)(p)-
Proof. Given e € E,, to define ¢, (e), choose any section s € I'(E) such that s(p) = e
(Problem 7.4) and define

op(e) = a(s)(p) € Fp.
This definition is independent of the choice of the section s, because if s is another

section of E with s'(p) = e, then (s —s")(p) = 0 and so by Lemma 7.23, we have
o(s—s")(p) =0,ie.,
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Let us show that ¢,: E, — F, is linear. Suppose ej,e; € E, and aj,a; € R.
Let 51,5, be global sections of E such that s;(p) = e;. Then (a1s; + azs2)(p) =
aje; +azey, SO

op(aier +azer) = oaisi +axss)(p)
=ajo(s1)(p) +axa(s2)(p)
=ajpp(er) +axpy(ea). O

Theorem 7.26. There is a one-to-one correspondence

{bundle maps ¢: E — F} <— {F-linear maps a.: T(E) — T'(F)},
QO — Qu.
Proof. We first show surjectivity. Suppose o: T'(E) — I'(F) is F-linear. By the

preceding proposition, for each p € M there is a linear map ¢, : E, — F), such that
for any s € T'(E),

@p(s(p)) = a(s)(p)-

Define ¢: E — F by @(e) = @,(e) if e € E),.
For any s € I'(E) and for every p € M,

(94(5)) (P) = @ (s(p)) = ae(s)(p),

which shows that @ = @4. Since ¢y takes C™ sections of E to C™ sections of F, by
Lemma 7.24 the map ¢ : E — F is C™. Thus, ¢ is a bundle map.

Next we prove the injectivity of the correspondence. Suppose ¢, y: E — F are
two bundle maps such that ¢4 = y: T'(E) — T'(F). For any e € E,, choose a section
s € T'(E) such that s(p) = e. Then

o(e) =0 (s(p)) = (¢4(5)) (P) = (wa(s)) (p)

Hence, ¢ = y. a
Corollary 7.27. An F-linear map ®: X(M) — C=(M) is a C* I-form on M.

Proof. By Proposition 7.25, one can define for each p € M, a linear map w,: T,M —
R such that for all X € X(M),

This shows that @ is a 1-form on M.
For every C* vector field X on M, @(X) is a C* function on M. This shows that
as a 1-form, w is C*. O
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7.8 Multilinear Maps over Smooth Functions

By Proposition 7.25, if o.: T(E) — I'(F) is an F-linear map of sections of vector
bundles over M, then at each p € M, it is possible to define a linear map @, : E, — F),
such that for any s € T(E),

This can be generalized to F-multilinear maps.
Proposition 7.28. Let E, E’, F be vector bundles over a manifold M. If
oa:T(E)xT(E") = T(F)
is F-bilinear, then for each p € M there is a unique R-bilinear map
¢p: E, XE, = F,
such that for all s e T(E) and s' € T(E"),
Pp(s(p),s'(p)) = (a(s,s)) (p).

Since the proof is similar to that of Proposition 7.25, we leave it as an exercise.
Of course, Proposition 7.28 generalizes to J-linear maps with k arguments. Just
as in Corollary 7.27, we conclude that if an alternating map

©: X(M) x -+ x X(M)(k times) — C™(M)

is JF-linear in each argument, then @ induces a k-form @ on M such that for
Xi,..., X € X(M),

Op(Xip,-- -, Xep) = (O(X1,.... Xk))(P)-

It is customary to write the k-form @ as .

Problems

7.1. Derivations are local operators
Let M be a smooth manifold. Show that a derivation D: C*(M) — C>(M) is a local operator.

7.2. The Leibniz rule and local operators
Let w: E — M be a vector bundle and let X € X(M). A map ay: I'(E) — I'(E) satisfies the
Leibniz rule if for any f € C*(M) and s e ['(E),

ox (fs) = (Xf)s+ fox(s).

Such a map oy is of course not F-linear, but show that it is a local operator.
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7.3. The Lie bracket and the Leibniz rule
Let X be a smooth vector field on a smooth manifold M. Define a linear map oy : X(M) —
X (M) by ox (Y) = [X,Y]. Show that a satisfies the Leibniz rule.

7.4. Section with a prescribed value
Suppose 7: E — M is a C* vector bundle. Let p € M and e € E,. Show that E has a C*
section s with s(p) =e.

7.5. Coefficients relative to a frame
Suppose the vector bundle 7: E — M has a C** global frame ey, ..., ex. Then every point v in
E can be written uniquely in the form ¥ a/(v)e;. Prove that the functions a’/: E — R are C*.

7.6. F-bilinear maps
Prove Proposition 7.28.
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68 Gauss’s Theorema Egregium

For a surface in R? we defined its Gaussian curvature K at a point p by taking normal
sections of the surface, finding the maximum x; and the minimum &, of the curvature
of the normal sections, and setting K to be the product of k} and k». So defined, the
Gaussian curvature evidently depends on how the surface is isometrically embedded
in R3.

On the other hand, an abstract Riemannian manifold has a unique Riemannian
connection. The curvature tensor R(X,Y) of the Riemannian connection is then com-
pletely determined by the Riemannian metric and so is an intrinsic invariant of the
Riemannian manifold, independent of any embedding. We think of a surface in R3 as
a particular isometric embedding of an abstract Riemannian manifold of dimension
2. For example, both a plane and a cylinder are locally isometric embeddings of the
same abstract surface, as one sees by simply bending a piece of paper. We will show
in this chapter that the Gaussian curvature of a surface in R? is expressible in terms
of the curvature tensor R(X,Y) and the metric. Hence, it too depends only on the
metric, not on the particular embedding into R3.

8.1 The Gauss and Codazzi-Mainardi Equations

Suppose M is a regular submanifold of R". For X a tangent vector field on M and
Z a vector field along M in R”, we defined in Section 4.5 the directional derivative
DxZ. 1t is a vector field along M in R".

ForX,Y € X(M) and Z € T'(TR"|y), we verified in Proposition 4.10 the equation

R(X,Y)Z := DxDyZ—DyDxZ—Dix yZ = 0. 8.1)

Note that this is not the same curvature operator as the curvature operator of the
directional derivative on R". The earlier curvature operator was a map

R: X(R") x X(R") x X(R") — X(R");
the current curvature operator is a map
R: X(M) x X(M) x X(TR"|M) — X(TR"|M).

Since the Riemannian connection V of a surface M in R? is defined in terms
of the directional derivative D on M, it is easy to compare the curvature tensors of
V and D. This will lead to a formula for the curvature R of V, called the Gauss
curvature equation.

A vector field Y € X(M) is also a vector field along M in R®. Hence, if X,Y €
X(M), the directional derivative DxY makes sense. Assume that M is oriented with a
unit normal vector field N. At any point p € M, the normal component of the vector
Dx,Y is <DXp Y,N,)N,, and therefore the tangent component is
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pr(Dx,Y) = Dx,Y — (Dx,Y,N,)N,.
By (6.9), this is the definition of the Riemannian connection Vx,Y on M. Hence,
Dx,Y = Vy,Y +(Dx,Y,N,)N,

=Vx,Y +(Ly(Xp),Y,)N, (by Lemma 5.2). (8.2)

Globalizing this equation, we have, for X,Y € X(M),
DxY =VxY +(L(X),Y)N, (8.3)

which decomposes the vector field DyY into its tangential and normal components.

Theorem 8.1. Let M be an oriented surface in R3, V its Riemannian connection, R
the curvature operator of V, and L the shape operator on M. For X,Y,Z € X(M),

(1) (Gauss curvature equation)
R(X,Y)Z=(L(Y),Z)L(X) — (L(X),Z)L(Y);
(i1) (Codazzi—Mainardi equation)
VxL(Y)—VyL(X)—L([X,Y])=0.
Proof. (i) Decomposing DyZ into its tangential and normal components, one has
DyZ = (DyZ)tan+ (DyZ)nor
=VyZ+(L(Y),Z)N. (8.4)
Hence,
DxDyZ = DxVyZ+Dx ((L(Y),Z)N)
=VxVyZ+(L(X),VyZ)N+X(L(Y),Z)N + (L(Y),Z)DxN.
(by (8.4) and Leibniz rule)
=VxVyZ—(L(X),Z)L(X)+ (L(X),VyZ)N+ X(L(Y),Z)N. (8.5)
Interchanging X and Y gives
DyD\Z =VyVxZ —(L(X),Z)L(Y)+ (L(Y),VxZ)N +Y(L(X),Z)N.  (8.6)

By (8.4),
Dix y/Z =V x yjZ+ (L([X,Y]),Z)N. (8.7)

Subtracting (8.6) and (8.7) from (8.5) gives
0=Rn(X,Y)Z=R(X,Y)Z~(L(Y),Z)L(X) + (L(X),Z)L(Y)

+normal component. (8.8)
The tangential component of (8.8) gives

which is the Gauss curvature equation.
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(ii)) The normal component of (8.8) is
((L(X), VyZ) + X (L(Y),Z)
—(L(Y),Yx2) ~ ¥ (L(X),Z) — (L(X.Y]),Z))N =O.
By the compatibility of V with the metric, this simplifies to
(VxL(Y),Z) = (VyL(X),Z) — (L([X,Y]),Z) = 0.

Since the equation above is true for all Z, by the nondegeneracy of the inner
product,
VxL(Y)—VyL(X)—L([X,Y])=0. O

Remark 8.2. By the generalization of Proposition 7.28 to F-trilinear maps, because
R(X,Y)Z is F-trilinear in X, Y, and Z, for each p € M, there is a unique R-trilinear
map

Ry: T,M x T,M x TyM — T,M
such that R,(X,,Y,)Z, = (R(X,Y)Z),. Thus, although we have stated the Gauss
curvature equation for vector fields, it is also true for vectors X,,,Y,,Z, € T,M at a
point p.

8.2 A Proof of the Theorema Egregium

Suppose for every Riemannian manifold M, there is defined a function fj;: M — R.
The function fjy is said to be an isometric invariant if for every isometry ¢ : M — M
of Riemannian manifolds, we have fi(p) = fiz(@(p)) forall p € M.

Theorem 8.3 (Theorema Egregium). Let M be a surface in R? and p a point in M.

(i) If ey, ez is an orthonormal basis for the tangent plane T,M, then the Gaussian
curvature K, of M at p is

K, = (Rp(e1,e2)ez,e1). (8.9)
(ii) The Gaussian curvature is an isometric invariant of smooth surfaces in R3.

Proof. (i) In Corollary 5.7 we found a formula for the Gaussian curvature K, in
terms of the shape operator L and an orthonormal basis ey, e; for T,M:

Ky = (L(e1),e1)(L(e2),€2) — (L(e1), e2){L(e2),e1).
By the Gauss curvature equation,
Rp(el,ez)ez = <L(€2),€2>L(€1) - <L(6‘1),€2>L(€2).
Taking the inner product with e gives
(Ry(e1,e2)er,e1) = (L(ea),e2)(L(e1), e1) — (L(e1),€2)(L(ea), er)
=K,.

(i) Since R,(e1,e2) is determined completely by the metric, by Formula (8.9) the
same can be said of K),. A detailed proof is left to Problem 8.3. a
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Gauss’s Theorema Egregium has some practical implications. For example, since

a sphere and a plane have different Gaussian curvatures, it is not possible to map any
open subset of the sphere isometrically to an open subset of the plane. Since the
earth is spherical, this proves the impossibility of making a truly accurate map of

any region of the earth, no matter how small.

8.3 The Gaussian Curvature in Terms of an Arbitrary Basis

The Theorema Egregium gives a formula for the Gaussian curvature of a surface in
terms of an orthonormal basis for the tangent plane at a point. From it, one can derive

a formula for the Gaussian curvature in terms of an arbitrary basis.

Proposition 8.4. Let M be a smooth surface in R3 and p € M. If u,v is any basis for

the tangent plane T,M, then the Gaussian curvature at p is

_ (Rp(u,v)v,u)
P s u) (v, v) — (u,v)2

Proof. Let ey, e; be an orthonormal basis for 7,M and suppose

u=aey+bey,
v =cej+de.

By the skew-symmetry of the curvature tensor,

Ry(u,v) = (ad — be)Ry(e1, e2).

so that

(Ry(u,v)v,u) = (ad — bc)2<Rp(el,ez)eg,el>.
On the other hand,

<ua u> <V7 V> - <uvv>2

= (a®+b*)(* +d?) — (ac+bd)? = (ad — bc)?.

Hence, (R (v
. _ Ry (u,v)v,u

Ko = Rolenezlenset) = ) —

Problems

8.1. Affine connection under a diffeomorphism

A diffeomorphism ¢ : M — M of smooth manifolds induces an isomorphism

0.1 X(M) — X(M)

of their Lie algebras of vector fields. (In particular, ¢.([X,Y]) = [¢.X, ¢.Y].) Suppose M has
an affine connection V. For XY € X(M), define the vector field VxY € X(M) by

@ (VxY) =V x(¢.Y).
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(a) Show that for all £ € C*(M), @«(fX) = (fo @ )p.X.
(b) Show that V: X(M) x X(M) — X(M) is an affine connection on M.

8.2. Riemannian connection and curvature under an isometry

(a) Now suppose that ¢: M — M is an isometry of Riemannian manifolds. Show that if V
is the Riemannian connection on M, then the connection defined in Problem 8.1 is the
Riemannian connection on M.

(b) Let R and R be the curvature tensors of V and V, respectively. Show that for all XY,
ZeX(M),

?(R(X,Y)Z) = R(¢.X, .Y ). Z.

8.3. Gaussian curvature is an isometric invariant
Suppose @: M — M is an isometry of smooth surfaces in R3. Show that the Gaussian curva-
ture of M at a point p € M is equal to the Gaussian curvature K of M at ¢(p): K, = I?q,(p).
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§9 Generalizations to Hypersurfaces in R"*!

Much of what we have done for surfaces in R? in the preceding sections generalizes
readily to higher dimensions. We now carry this out.

9.1 The Shape Operator of a Hypersurface

A hypersurface M in R"*! is a submanifold of codimension 1. Although all of our
hypersurfaces are by definition smooth, sometimes for emphasis we adopt the red-
undant locution “smooth hypersurface.” Assume that there is a smooth unit normal
vector field N on M; note that this is always possible locally on any hypersurface. By
Proposition 4.3 we know that the directional derivative D on R"*! is the Riemannian
connection of R,

For any point p € M and tangent vector X, € T,M, since (N,N) =1,

0=X,(N,N) =2(Dx,N,N).

Therefore, Dx, N is tangent to M. The shape operator L,: T,M — T,M is defined
to be
Ly(Xp) =—Dx,N for X, € T,)M.
Recall that X(M) is the vector space of C™ vector fields and F = C (M) the ring
of C* functions on M. As the point p varies over M, the shape operator globalizes to
an F-linear map L: X(M) — X(M) given by L(X), = L,(X,).

Proposition 9.1. Let X,Y € X(M) be C* vector fields on an oriented hypersurface
M in R""!. Then

(i) (L(X),Y) = (DxY,N).
(ii) the shape operator is self-adjoint with respect to the Euclidean metric inherited
from R"1;
(L(X),Y) = (X,L(Y)).

Proof. Since (Y,N) = 0, by the compatibility of D with the metric,
0=X(¥,N) = (DyY,N) + (¥,DxN).

Hence,
(DxY,N) = (Y,—DxN) = (Y,L(X)). 9.1)
Reversing the roles of X and Y gives
(DyX,N) = (X,L(Y)). 9.2)

Since [X,Y] is tangent to M,
(X, Y],N) = 0. 9.3)

By torsion-freeness, subtracting (9.2) and (9.3) from (9.1) gives
0= (DxY —DyX —[X,Y],N) = (Y,L(X)) — (X,L(Y)). a
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Since the shape operator Ly, : T,M — T,M is self-adjoint, all of its eigenvalues
AM,..., Ay are real. These are the principal curvatures of the hypersurface M at p.
We define the mean curvature of M at p to be the average of the principal curvatures:

n
2 :—tr

and the Gaussian curvature at p to be the determinant of the shape operator:

p) =1 = deilt,)
i=1

1
n

9.2 The Riemannian Connection of a Hypersurface

We learned earlier that the unique Riemannian connection of R"*! is the directional
derivative D.

Theorem 9.2. Let M be a smooth hypersurface in R"*! and D the directional deriva-
tive on R"™'. For X,Y € X(M), the tangential component of DxY defines the
Riemannian connection V of M :

VxY = (DxY )ian-
Proof. Since it is evident that V satisfies the two defining properties of a connection,
it suffices to check that VxY is torsion-free and compatible with the metric.
1) Torsion-freeness: Let Tp and Ty be the torsions of D and V, respectively. By
definition, for X,Y € X(M),
DXY = VXY+ (DXY)IIOI'7 (9'4)
DyX = VyX + (DyX)nor- 9.5)
Since D is torsion-free,
DxY —DyX = [X,Y].
Equating the normal components of both sides, we get (DxY )nor — (Dy X )nor = 0.
Therefore, by (9.4) and (9.5),
0=Tp(X,Y)=DxY —DyX — [X,Y]
= (VXY - VYX - [XaY]) + (DXY)nor - (DYX)nor
=VxY —-VyX - [X,Y] =Tw(X,Y).
2) Compatibility with the metric: For X,Y,Z € X(M),
X(Y,Z) =(DxY,Z)+ (Y,DxZ)
- <VXY + (DXY)n0r7Z> + <Y, VXZ+ (VXY)n0r>
= <ny,z> + <Y, sz>.

Therefore, VxY is the Riemannian connection on E. O
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9.3 The Second Fundamental Form

At each point p of an oriented hypersurface M C R"*!, there is a sequence of sym-
metric bilinear maps on T,M, called the first, second, and third fundamental forms,
and so on:

(vayp) = <X Y, >
(X, Yp) = (L(Xp),Yp) = (Xp,L(Y})),
IH(XP7YP) =(L ( ) Yp> = <L(Xp)>L(Yp)> = <Xp7L2(Yp)>»--~~

For X,Y € X(M), the directional derivative DxY decomposes into the sum of a
tangential component and a normal component. The tangential component (DxY )tan
is the Riemannian connection on M; the normal component (DxY ), is essentially
the second fundamental form.

Proposition 9.3. If N is a smooth unit normal vector field on the hypersurface M in
R and X,Y € X(M) are smooth vector fields on M, then

(DxY )nor = II(X,Y)N.
Proof. The normal component (DxY )yor is @ multiple of N, so

DXY = (DXY)tan + (DXY)nor
=VxY+AN

for some A € R. Taking the inner product of both sides with N gives
(DxY,N) =A(N,N)=A.
Hence,

(DxY )nor = (DxY,N)N

= (L(X),Y)N
=1I(X, Y)N. O

9.4 The Gauss Curvature and Codazzi-Mainardi Equations

Let M be an oriented, smooth hypersurface in R"*+1 with a smooth unit normal vector
field N. The relation between the Riemannian connection D on R"*! and the Rie-
mannian connection on M implies a relation between the curvature Rp(X,Y)Z =0
on R"*! and the curvature R(X,Y)Z on M. The tangential component of this relation
gives the Gauss curvature equation, and the normal component gives the Codazzi-
Mainardi equation.

Theorem 9.4. If M is an oriented, smooth hypersurface in R""' and X,Y,Z € X(M),
then
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(1) (the Gauss curvature equation)
R(X,Y) = (L(Y), Z)L(X) - (L(X), Z)L(Y).
(i) (the Codazzi-Mainardi equation)
VxL(Y)—VyL(X)—L([X,Y]) =0.
Proof. The proof is identical to that of Theorem 8.1. a

Corollary 9.5. If M is a smooth oriented hypersurface in R"*' with curvature R and
X,Y € X(M), then

(R(X,Y)Y,X) =1II(X,X)II(Y,Y) — II(X,Y)>.
Proof. By the Gauss curvature equation,

(R(X,Y)Y,X) = (L(Y),Y){L(X),X) — (L(X),Y){L(Y),X)
=1II(X,X)I(Y,Y) —TI(X,Y)% 0
When M is a surface in R3 and X, and Y,, form an orthonormal basis for 7,M,

the quantity on the right of the corollary is the Gaussian curvature of the surface at p
(see Corollary 5.7(ii) and Theorem 8.3(i)).



Chapter 2

Curvature and Differential Forms

In Chapter 1 we developed, in terms of vector fields, the classical theory of curvature
for curves and surfaces in R®. There is a dual approach using differential forms.
Differential forms arise naturally even if one is interested only in vector fields. For
example, the coefficients of tangent vectors relative to a frame on an open set are
differential 1-forms on the open set. Differential forms are more supple than vector
fields: they can be differentiated and multiplied, and they behave functorially under
the pullback by a smooth map. In the 1920s and 30s Elie Cartan pioneered the use
of differential forms in differential geometry [4], and these have proven to be tools
of great power and versatility.

In this chapter, we redevelop the theory of connections and curvature in terms
of differential forms. First, in Section 10 we generalize the notion of a connection
from the tangent bundle to an arbitrary vector bundle. Then in Section 11 we show
how to represent connections, curvature, and torsion by differential forms. Finally,
in a demonstration of their utility, in Section 12 we use differential forms to reprove
Gauss’s Theorema Egregium.

§10 Connections on a Vector Bundle

The affine connection generalizes the directional derivative from R” to an arbitrary
manifold, but does not include the case of the directional derivative of a vector field
along a submanifold of R”. For that, we need the notion of a connection on a vector
bundle. An affine connection on a manifold is simply a connection on the tangent
bundle. Because of the asymmetry of the two arguments in a connection Vys on a
vector bundle, the torsion is no longer defined, but the curvature still makes sense.
We define a Riemannian metric on a vector bundle, so that a Riemannian metric
on a manifold becomes a Riemannian metric on the tangent bundle. Compatibility
of a connection with the metric again makes sense. However, the lack of a concept
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of torsion means that it is no longer possible to single out a unique connection on a
vector bundle such as the Riemannian connection on a Riemannian manifold.

A connection on a vector bundle turns out to be a local operator, and like all local
operators, it restricts to any open subset (Theorem 7.20).

10.1 Connections on a Vector Bundle

Definition 10.1. Let E — M be a C* vector bundle over M. A connection on E is a
map
V:X(M)xT(E) > T(E)

such that for X € X(M) and s € T'(E),

(i) Vxsis F-linear in X and R-linear in s;
(i) (Leibniz rule) if f is a C* function on M, then

Vx(fs) = (X[f)s+fVxs.
Since X f = (df)(X), the Leibniz rule may be written as
Vx(fs) = (df)(X)s + fVxs,

or, suppressing X,

V(fs)=df s+ fVs.
Example. An affine connection on a manifold M is a connection on the tangent
bundle TM — M.

Example 10.2. Let M be a submanifold of R" and E = TR"|), the restriction of the
tangent bundle of R” to M. In Section 4.5, we defined the directional derivative

D: X(M) xT(TR"|y) = T(TR"| ).
By Proposition 4.9, it is a connection on the vector bundle TR"|y,.
We say that a section s € T'(E) is flat if Vxs = 0 for all X € X(M).

Example 10.3 (Induced connection on a trivial bundle). Let E be a trivial bundle
of rank r over a manifold M. Thus, there is a bundle isomorphism ¢: E — M x R’

called a trivialization for E over M. The trivialization ¢: E =5 M x R” induces

a connection on E as follows. If vq,...,v, is a basis for R, then s;: p — (p,v;),
i=1,...,r, define a global frame for the product bundle M x R" over M, and
e;=¢ 'os;, i=1,...,r, define a global frame for E over M:
¢—l
E<~—MxR

1A

M
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So every section s € T'(E) can be written uniquely as a linear combination
s = Zhiei, Wed.

We can define a connection V on E by declaring the sections e; to be flat and
applying the Leibniz rule and R-linearity to define Vys:

Vys = Vy (Zh"e,-) =Y (Xh)e;. (10.1)
Exercise 10.4. Check that (10.1) defines a connection on the trivial bundle E.

The connection V on a trivial bundle induced by a trivialization depends on the
trivialization, for the flat sections for V are precisely the sections of E corresponding
to the constant sections of M x R” under the trivialization.

10.2 Existence of a Connection on a Vector Bundle

In Section 10.1 we defined a connection on a vector bundle and exhibited a con-
nection on a trivial bundle. We will now show the existence of a connection on an
arbitrary vector bundle.

Let V¥ and V! be two connections on a vector bundle E over M. By the Leibniz
rule, for any vector field X € X(M), section s € T'(E), and function f € C*(M),

VR (fs) = (Xf)s+ fVgs, (10.2)
Vi (fs) = (Xf)s+ fVys. (10.3)

Hence,
(VY + V) (fs) =2(Xf)s+ (VS +Vi)s. (10.4)

Because of the extra factor of 2 in (10.4) the sum of two connections does not satisfy
the Leibniz rule and so is not a connection. However, if we multiply (10.2) by 1 —¢
and (10.3) by 7, then (1 —¢)V$ 41V} satisfies the Leibniz rule. More generally, the
same idea can be used to prove the following proposition.

Proposition 10.5. Any finite linear combination ¥ t;V'! of connections V' is a connec-
tion provided the coefficients add up to 1, that is, > t; = 1.

A finite linear combination whose coefficients add up to 1 is called a convex
linear combination. Using Proposition 10.5, we now prove the existence of a
connection.

Theorem 10.6. Every C* vector bundle E over a manifold M has a connection.

Proof. Fix a trivializing open cover {Uy } for E and a partition of unity {p} subor-
dinate to {Ug }. On each Uy, the vector bundle E |y, is trivial and so has a connection
V% by Example 10.3. For X € X(M) and s € I'(E), denote by s, the restriction of s

to Uy and define u
Vxs = ZpaVXsa.



74 810 Connections on a Vector Bundle

Although this looks like an infinite sum, it is in fact a finite sum in a neighbor-
hood of each point p in M, for by the local finiteness of {supp p }, there is an open
neighborhood U of p that intersects only finitely many of the sets supppy. This
means that on U all except finitely many of the py’s are zero and so Y, po V¥sq is a
finite sum on U with Y py = 1.

By checking on the open set U, it is easy to show that Vys is F-linear in X, is
R-linear in s, and satisfies the Leibniz rule. Hence, V is a connection on E. O

Note the similarity of this proof to the proof for the existence of a Riemannian
metric on a vector bundle (Theorem 10.8). For a linear combination of connections
to be a connection, we require the coefficients to sum to 1. On the other hand, for
a linear combination of Riemannian metrics to be a Riemannian metric, the require-
ment is that all the coefficients be nonnegative with at least one coefficient positive.

10.3 Curvature of a Connection on a Vector Bundle

The concept of torsion does not make sense for a connection on an arbitrary vector
bundle, but curvature still does. It is defined by the same formula as for an affine
connection: for X,Y € X¥(M) and s € T'(E),

R(X,Y)s =VxVys—VyVyxs— V[X_’y]s eT(E).
So R is an R-multilinear map
X(M)xX(M)xT(E)—T(E).

As before, R(X,Y)s is F-linear in all three arguments and so it is actually defined
pointwise. Moreover, because R,(X,,Y,) is skew-symmetric in X,, and Y),, at every
point p there is an alternating bilinear map

R,: TyM x T,M — Hom(E,,E,) =: End(E,)

into the endomorphism ring of E,. We call this map the curvature tensor of the
connection V.

10.4 Riemannian Bundles

We can also generalize the notion of a Riemannian metric to vector bundles. Let
E — M be a C~ vector bundle over a manifold M. A Riemannian metric on E
assigns to each p € M an inner product ( , ), on the fiber E,; the assignment is
required to be C* in the following sense: if s and ¢ are C* sections of E, then (s,7) is
a C* function on M.

Thus, a Riemannian metric on a manifold M is simply a Riemannian metric on
the tangent bundle TM. A vector bundle together with a Riemannian metric is called
a Riemannian bundle.
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Example 10.7. Let E be a trivial vector bundle of rank » over a manifold M, with
trivialization ¢ : E = M x R”. The Euclidean inner product { , )gr on R" induces
a Riemannian metric on E via the trivialization ¢: if u,v € E,, then the fiber map
¢p: E, — R is a linear isomorphism and we define

(,v) = (@p(u), 9p (V) rr-
It is easy to check that (, ) is a Riemannian metric on E.

The proof of Theorem 1.12 generalizes to prove the existence of a Riemannian
metric on a vector bundle.

Theorem 10.8. On any C* vector bundle w: E — M, there is a Riemannian metric.

Proof. Let {Uq, @q: E|y, =3 Uq x R¥} be a trivializing open cover for E. On E|y,
there is a Riemannian metric { , ) induced from the trivial bundle U, x R¥. Let
{po } be a partition of unity on M subordinate to the open cover {Uy }. By the same
reasoning as in Theorem 1.12, the sum

<7>::2p06<7>05

is a finite sum in a neighborhood of each point of M and is a Riemannian metric
onE. ad

10.5 Metric Connections

We say that a connection V on a Riemannian bundle E is compatible with the metric
if for all X € X(M) and s,1 € T(E),

X(s,ty = (Vxs,t)+ (s, Vx1).

A connection compatible with the metric on a Riemannian bundle is also called a
metric connection.

Example. Let E be a trivial vector bundle of rank r over a manifold M, with trivial-
ization ¢ : E => M x R”. We showed in Example 10.3 that the trivialization induces a
connection V on E and in Example 10.7 that the trivialization induces a Riemannian
metric (, ) on E.

Proposition 10.9. On a trivial vector bundle E over a manifold M with trivialization
¢: E = MR, the connection V on E induced by the trivialization ¢ is compatible
with the Riemannian metric ( , ) on E induced by the trivialization.

Proof. Letvy,...,v, be an orthonormal basis for R" and ey, ..., e, the corresponding
global frame for E, where e;(p) = ¢ ~!(p,v;). Then ey,...,e, is an orthonormal flat
frame for E with respect to the Riemannian metric and the connection on E induced
by ¢. If s =Y d'e;and t = Zb-fej are C” sections of E, then

X(s,t) =X (D a'b') (because ey, ..., e, are orthonormal)
= Z(Xai)bi —I—ZaiXbi
— (Vys,t) + (5,Vxt)  (see (10.1). 0
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Example 10.10 (Connection on TR"|y). If M is a submanifold of R”, the Euclidean
metric on R” restricts to a Riemannian metric on the vector bundle TR"|,. Sections
of the vector bundle TR"|y; are vector fields along M in R”". As noted in Example
10.2, the directional derivative in R” induces a connection

D: X(M) x T(TR"|3y) — T(TR"|3y).

Proposition 4.10 asserts that the connection D on TR” |y, has zero curvature and is
compatible with the metric.

The Gauss curvature equation for a surface M in R3, a key ingredient of the proof
of Gauss’s Theorema Egregium, is a consequence of the vanishing of the curvature
tensor of the connection D on the bundle TR? |s (Theorem 8.1).

Lemma 10.11. Let E — M be a Riemannian bundle. Suppose V',... V"™ are con-
nections on E compatible with the metric and ay, . .. ,a,, are C* functions on M that
addup to 1. Then V =Y ;a;V' is a connection on E compatible with the metric.

Proof. By Proposition 10.5, V is a connection on E. It remains to check that V is
compatible with the metric. If X € X(M) and s,z € T'(E), then

X (s,1) = (Vis,t) + (s, Vit) (10.5)

for all i because V' is compatible with the metric. Now multiply (10.5) by a; and
sum:

X(s,t) =Y aiX{s,t)
= (X aiVis,t)+ (s, Y aiVit)

= (Vxs,t) + (s, Vx1). O

Proposition 10.12. On any Riemannian bundle E — M, there is a connection com-
patible with the metric.

Proof. Choose a trivializing open cover {Ug } for E. By Proposition 10.9, for each
trivializing open set Uy, of the cover, we can find a connection V¥ on E|y,, compatible
with the metric. Let {pq } be a partition of unity subordinate to the open cover {Uy, }.
Because the collection {supppy} is locally finite, the sum V =Y p, V% is a finite
sum in a neighborhood of each point. Since Y p, = 1, by Lemma 10.11, V is a
connection on E compatible with the metric. O

10.6 Restricting a Connection to an Open Subset
A connection V on a vector bundle E over M,
V: X(M) xT(E) — T(E)

is F-linear in the first argument, but not J-linear in the second argument. However, it
turns out that the F-linearity in the first argument and the Leibniz rule in the second
argument are enough to imply that V is a local operator.
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Proposition 10.13. Let V be a connection on a vector bundle E over a manifold M,
X be a smooth vector field on M, and s a smooth section of E. If either X or s
vanishes identically on an open subset U, then Vs vanishes identically on U. (see
Problem 7.2.)

Proof. Suppose X vanishes identically on U. Since Vys is F-linear in X, by Propo-
sition 7.17, for any s € T'(E), Vys vanishes identically on U.

Next, suppose s =0 on U and p € U. Choose a C* bump function f such that
f =1 in a neighborhood of p and supp f C U. By our choice of f, the derivative
X, f is zero. Since s vanishes on the support of f, we have fs =0 on M and so
Vx (fs) = 0. Evaluating at p gives

0= (Vx(f$))p = (X[)psp +f(P)(Vxs)p = (Vx5)p-

Because p is an arbitrary point of U, we conclude that Vs vanishes identically on U.
O

In the same way that a local operator: I'(E) — I'(F) can be restricted to any open
subset (Theorem 7.20), a connection on a vector bundle can be restricted to any open
subset. More precisely, given a connection V on a vector bundle E, for every open
set U there is a connection

V. X(U)xT(U,E) = T(U,E)
such that for any global vector field X € X (M) and global section § € T'(E),
V51, Blo) = (Vg9)lu-

Suppose X € X(U) and s € T(U,E). For any p € U, to define V{s € ['(U,E)
first pick a global vector field X and a global section § € I'(E) that agree with X and
s in a neighborhood of p. Then define

(V¥9)(p) = (Vx3)(p). (10.6)

Because V3§ is a local operator in X and in §, this definition is independent of the
choice of X and 5. It is a routine matter to show that V¥ satisfies all the properties of
a connection on E|y (Problem 10.1).

10.7 Connections at a Point

Suppose V is a connection on a vector bundle E over a manifold M. For X € X(M)
and s € T(E), since Vxs is F-linear in X, it is a point operator in X and Proposi-
tion 7.25 assures us that it can be defined pointwise in X: there is a unique map, also
denoted by V,

V: T,MxT(E) = E,
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such that if X € X(M) and s € T(E), then
VX,,S = (VXs)p.

It is easy to check that Vy s has the following properties: for X,, € T,M and
seT(E),

@) prs is R-linear in X, and in s;
@ii) if fis a C~ function on M, then

Vx, (fs) = (Xpf)s(p) + f(P)Vx,s.
Problems

10.1. Restriction of a connection to an open subset
Show that the restriction of a connection to an open subset U given by (10.6) defines a con-
nection on E|y.

10.2. Restriction of a Riemannian connection
Let U be an open subset of a Riemannian manifold M. Prove that if V is the Riemannian
connection on M, then the restriction VU is the Riemannian connection on U.

10.3. Agreement on a curve

Given a connection V on a vector bundle £ — M, a point p in M, and a tangent vector X, in
T,M, show that if two sections s and ¢ of E agree on a curve through p in M with initial vector
Xp, then VXFS = prl‘.
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§11 Connection, Curvature, and Torsion Forms

According to Gauss’s Theorema Egregium, if R, is the curvature tensor at a point p
of a surface M in R3 and u,v is any orthonormal frame for the tangent plane M,
then the Gaussian curvature of the surface at p is

K, = (Rp(u,v)v,u). (11.1)

Since this formula does not depend on the embedding of the surface in R>, but only
on the Riemannian structure of the surface, it makes sense for an abstract Riemannian
2-manifold and can be taken as the definition of the Gaussian curvature at a point of
such a surface, for example, the hyperbolic upper half-plane H? (Problem 1.7). To
compute the Gaussian curvature from (11.1), one would need to compute first the
Riemannian connection V using the six-term formula (6.8) and then compute the
curvature tensor R, (u,v)v—a clearly nontrivial task.

One of the great advantages of differential forms is its computability, and so in
this section we shall recast connections, curvature, and torsion in terms of differen-
tial forms. This will lead to a simple computation of the Gaussian curvature of the
hyperbolic upper half-plane in the next section.

Relative to a frame for a vector bundle, a connection on the bundle can be repre-
sented by a matrix of 1-forms, and the curvature by a matrix of 2-forms. The relation
between these two matrices is the structural equation of the connection.

The Gram—Schmidt process in linear algebra turns any C* frame of a Riemannian
bundle into an orthonormal frame. Relative to an orthonormal frame, the connection
matrix of a metric connection is skew-symmetric. By the structural equation, the cur-
vature matrix is also skew-symmetric. The skew-symmetry of the curvature matrix
of a metric connection will have important consequences in a later chapter.

On a tangent bundle, the torsion of a connection can also be represented by a
vector of 2-forms called the torsion forms. There is a structural equation relating the
torsion forms to the dual forms and the connection forms.

11.1 Connection and Curvature Forms

Let V be a connection on a C* rank r vector bundle 7: E — M. We are interested
in describing V locally. Section 10.6 shows how on every open subset U of M, V
restricts to a connection on E|y — U:

V. X(U)xT(U,E) - T(U,E).

We will usually omit the superscript U and write V¥ as V.

Suppose U is a trivializing open set for E and ey,...,e, is a frame for E over
U (Proposition 7.22), and let X € X(U) be a C* vector field on U. On U, since
any section s € ['(U,E) is a linear combination s = ¥ a’e j» the section Vys can be
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computed from Vye; by linearity and the Leibniz rule. As a section of E over U,
Vxej is a linear combination of the e;’s with coefficients ®; depending on X:

Vxej = Z(D;(X)ei.

The JF-linearity of Vxe; in X implies that a)j- is JF-linear in X and so co; is a I-form
on U (Corollary 7.27). The 1-forms a); on U are called the connection forms, and
the matrix @ = [w;] is called the connection matrix, of the connection V relative to
the frame ey,...,e, on U.

Similarly, for X,Y € X(U), the section R(X,Y)e; is a linear combination of
€ly...,€p: .

R(X,Y)ej =Y Qi(X,Y)e;.
Since
R(X,Y) = vay — VyV)( — V[X,Y]

is alternating and is F-bilinear, so is Qlj By Section 7.8, Q; is a 2-form on U. The

2-forms Qé- are called the curvature forms, and the matrix Q = [Q‘]} is called the
curvature matrix, of the connection V relative to the frame ey, ...,e, on U.

Recall that if o and 3 are C* 1-forms and X and Y are C* vector fields on a
manifold, then

(@AB)(X,Y) =a(X)B(Y)—a(Y)B(X) (11.2)
and
(do)(X,Y)=Xa(Y)-Yu(X)—a([X,Y]) (11.3)
([21, Section 3.7] and [21, Prop. 20.13]).
Theorem 11.1. Let V be a connection on a vector bundle E — M of rank r. Relative
to a frame eq,...,e, for E over a trivializing open set U, the curvature forms Q; are
related to the connection forms a); by the second structural equation:

P iy ok
Qj—dwj—&—;wk/\a)j.

Remark 11.2 (The Einstein summation convention). In classical differential geome-
try, it is customary to omit the summation sign Y, whenever there is a pair of repeating
indices, one a superscript and the other a subscript. This is called the Einstein sum-
mation convention. For example, in the Einstein summation convention, d'e; means
Y a'e;. We will sometimes adopt this convention if it simplifies the appearance of a
proof without creating confusion.

Proof (of Theorem 11.1). Let X and Y be smooth vector fields on U. Then

VxVye; = Vx Z(wf(Y )ex) (definition of connection forms)
k
= ZXa);-‘(Y)ek +3 a)f(Y)VXek (Leibniz rule)
3 k

= ZXa)}(Y)e,- + Zk:a)f(Y)w,i(X)ei_
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Interchanging X and Y gives

VyVxej =Y Y0i(X)ei+ Y of (X) (Y )e;.
i ik

Furthermore,
Vixye = ij([X,Y])ei.
i
Hence, in Einstein notation,
R(X,Y)ej =VxVye;—VyVxe;— Vix.yej
— (Xa(¥) Y 0(X) = @}([X.Y])e;
+(@{(X)f (V) — o (V) 0 (X) Jei
=doi(X,Y)ei+ o) A0 (X,Y)e; (by (11.3) and (11.2))
= (do+ of Ao} (XY )e;.

Comparing this with the definition of the curvature form Qj- gives

P iy ok
Qj—dwj—&—;wk/\wj. 0

11.2 Connections on a Framed Open Set

Suppose E is a C* vector bundle over a manifold M and U is an open set on which
there is a C* frame ey, ...,e, for E. We call U a framed open set for E for short.
A connection V on E[y determines a unique connection matrix [e}] relative to the

frame ey, ...,e,. Conversely, any matrix of 1-forms [a);] on U determines a connec-
tion on E|y as follows.
Given a matrix [@;] of 1-forms on U, and X,Y € X(U), we set

Vxej = Z()O}‘-(X)ei7
and define VyxY by applying the Leibniz rule to ¥ = ¥ hfe it

VxY = Vx(he;) = (Xh')e; + h }(X)e;
= ((Xh')+h 0}(X))e;. (11.4)

With this definition, V is a connection on E|y (Problem 11.2).

11.3 The Gram-Schmidt Process

The Gram—Schmidt process in linear algebra turns any linearly independent set of
vectors vy, ...,V, in an inner product space V into an orthonormal set with the same
span. Denote by proj, b the orthogonal projection of b to the linear span of a. Then
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(b,a)
a
(a,a)
To carry out the Gram—Schmidt process, we first create an orthogonal set
Wiyeoo Wyt

proj, b =

w1 =V,

W2 = V) — proj,, v

B (v2,w1)
=Vv)— —F
(wi,wr)
w3 =v3 — pl‘ijl V3 — projW2 V3 (11.5)
~ {vs,w) . (v3,w2)
(wi,w) (w2, w2)
and so on.
Proposition 11.3. In the Gram—Schmidt process (11.5), for each k, the set wy, ..., wy
span the same linear subspace of V as vy,...,v.
Proof. Let (wy,...,wy) be the linear subspace of V spanned by wy,...,w;. From
(11.5), it is clear that each v; is a linear combination of wy,...,w;. Hence, we have

Vi) C (Wi wi).
We prove the reverse inequality by induction. The base case (w;) C (vy) is triv-
ially true. Suppose (wi,...,wg_1) C (v1,...,Vk—1). Then (11.5) shows that

Vka Wl
Wr =V, V1 Vi) -
k— Vk— ; W,, W1> < IERES) k>
Hence, <W1,...,Wk>C<V1,...,Vk>. O
Since vy,...,v are linearly independent, the subspace (vi,...,v) has dimen-
sion k. Thus, wy,...,wy is a basis for (vi,...,v¢) = (wy,...,wi). In particular, none
of the vectors wy,...,wy is 0. It is easy to check that wy,...,w, is an orthogonal set.
To get an orthonormal set ey, ..., e,, define
W
e = ———. (11.6)
[[will
The Gram—Schmidt process can also be applied to a frame vy, ..., v, for a vector
bundle over an open set U. We see from (11.5) and (11.6) that it is a C™ process: if
the sections vy,...,v, of E are C* over U, so are the orthonormal sections ey, ..., e,.

11.4 Metric Connection Relative to an Orthonormal Frame

In the preceding subsections we saw that on a framed open set U for a vector bundle
E — M, a connection is completely specified by a matrix [a)j’] of 1-forms on U.
Suppose now that the vector bundle E — M is endowed with a Riemannian metric.
The defining property of a metric connection can be translated into a condition on
the connection matrix [a);] relative to an orthonormal frame.
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Proposition 11.4. Let E — M be a Riemannian bundle and V a connection on E.

(1) If the connection V is compatible with the metric, then its connection matrix [a)ﬂ
relative to any orthonormal frame ey,... e, for E over a trivializing open set
U C M is skew-symmetric.

(i) If every point p € M has a trivializing neighborhood U for E such that the con-
nection matrix [a);] relative to an orthonormal frame ey,... e, for E over U is

skew-symmetric, then the connection V is compatible with the metric.
Proof. (i) Suppose V is compatible with the metric. For all X € X(U) and i, j,

0= X<ela > <VXeiaej>+<ei7VXej>

= (0f (X)er, ) + (ei, f (X)ex)

; ( )5k1+w (X) i (6ij = Kronecker delta)
a)i( )+ﬂ)j( )-

Hence,
J_ i
0 = —0;.
(i) We note first that compatibility with the metric is a local condition, so V
is compatible with the metric if and only if its restriction VY to any open set U is
compatible with the metric. Suppose a)ij = —wj. Lets=Xad'e; and 1 = ¥ b'ej, with

a',b/ € C*(U). Then
=X (Y d'd") =Y (Xd")b'+ Y a'Xb'.
Vxs =Vx(d'e;) = (Xa')e; +a' Ve,
= (Xd')e; +d of (X)ey,

(Vxs,t) =Y,(Xd' b’+2a wf (X)b/, (11.7)
(s, Vxt) = Y ,(Xb))d' + Y b o} (X)a’
=Y (Xb)a' + Y a't ol(X). (11.8)

But by the skew-symmetry of @,

Zaibja)l:i X)+ Za"bja);- X)=
Hence, adding (11.7) and (11.8) gives
(Vxs,t)+ (s, Vxt) = Z(Xai)bi +Z(Xbi)a’
=X (s,1). O

Proposition 11.5. If the connection matrix [a);] relative to a frame ey,...,e, of
an dffine connection on a manifold is skew-symmetric, then so is the curvature
matrix [€2'].
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Proof. By the structural equation (Theorem 11.1),
Q/ = do! + o] Nof
= —doj+ (—of) A (—w;) (skew-symmetry of [o}])
=—d a); — o A wf (anticommutativity of A)
=—Qj. O
By Propositions 11.4 and 11.5, if a connection on a Riemannian bundle is com-

patible with the metric, then its curvature matrix €2 relative to an orthonormal frame
is skew-symmetric.

11.5 Connections on the Tangent Bundle

A connection on the tangent bundle 7'M of a manifold M is simply an affine connec-
tion on M. In addition to the curvature tensor R(X,Y)Z, an affine connection has a
torsion tensor T (X,Y).

Let U be an open set in M on which the tangent bundle 7M has a smooth

frame ej,...,e,. If U is a coordinate open set with coordinates x!,...,x", then
d/dx',...,d/dx" is such a frame, but we will consider the more general setting
where U need not be a coordinate open set. Let 6',...,60" be the dual frame of

1-forms on U; this means . .
0'(ej) = 6]’».

Proposition 11.6. If X is a smooth vector field on the open set U, then X =Y. 0" (X )e;.

Proof. Since ey, ..., e, is a frame for the tangent bundle TM over U,

Xzzajej

for some C* functions a/ € C*(U). Applying 6 to both sides gives
0'(X) = zei(ajej) = 26116;: =d.
J

J

Therefore, .
X=>0X)e. O

For X,Y € X(U), the torsion 7'(X,Y) is a linear combination of the vector fields
ey,...,ey, SO We can write

T(X,Y)=Y7'(X,Y)e.

Since T (X,Y) is alternating and F-bilinear, so are the coefficients 7'. Therefore, the
1i’s are 2-forms on U, called the torsion forms of the affine connection V relative to
the frame eq,...,e, on U.

Since the torsion and curvature forms are determined completely by the frame
e1,...,e, and the connection, there should be formulas for 7/ and Q; in terms of the
dual forms and the connection forms. Indeed, Theorem 11.1 expresses the curvature
forms in terms of the connection forms alone.
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Theorem 11.7 (Structural equations). Relative to a frame ey, ..., e, for the tangent
bundle over an open set U of a manifold M, the torsion and curvature forms of an
affine connection on M can be given in terms of the dual 1-forms and the connection
forms:

(i) (the first structural equation) 7/ = d@’ + Y, j a)j- IR
(ii) (the second structural equation) Qi- = da); + 34 0 A w;?.

Proof. The second structural equation (ii) is a special case of Theorem 11.1, which
is true more generally for any vector bundle. The proof of the first structural equation
(i) is a matter of unraveling the definition of torsion. Let X and Y be smooth vector
fields on U. By Proposition 11.6, we can write

Y=Y 6/(Y)e;.
Then
VxY = Vx(6/(Y)e))
=(X6/(Y))ej+6/(Y)Vxe;  (Leibniz rule)
= (X0/(Y))e, + Gj(Y)a); (X)e; (definition of connection form).

By symmetry, A ‘ .
VyX = (Y6/(X))e;+ 6/ (X)0j(Y)e;.

Finally, by Proposition 11.6 again,
[X,Y]=6'([X,Y))e;.
Thus,
T(X,Y)=VxY —VyX —[X,Y]
= (((x6'(r) ~Y6(X) ~ 0'([X, Y])) + (0}(X)87(¥) ~ @}(¥)8 (X)) ) e;
= (d0'+ wiN67)(X,Y)e;,
where the last equality follows from (11.3) and (11.2). Hence,
T=d6'+Y 0N 0

We can now translate the two defining properties of the Riemannian connection
into conditions on the matrix [®;]].

Proposition 11.8. Let M be a Riemannian manifold and U an open subset on which
there is an orthonormal frame ey, . .. ,e,. Let 01, ..., 0" be the dual frame of 1-forms.
Then there exists a unique skew-symmetric matrix [a)}] of 1-forms such that

d@i+za);/\9~f20 foralli=1,... n. (11.9)
J
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Proof. In Theorem 6.6 we showed the existence of a Riemannian connection V on

any manifold. Let [a)j] be the connection matrix of V relative to the orthonormal

frame ey, ...,e, on U. Because V is compatible with the metric, by Proposition 11.4,
the matrix [w}] is skew-symmetric. Because V is torsion-free, by Theorem 11.7, it
satisfies
i inQl =
do'+3 w; A6 =0.
J

This proves the existence of the matrix [® ] with the two required properties.

To prove uniqueness, suppose [wj} is any skew-symmetric matrix of 1-forms on
U satisfying (11.9). In Section 11.2, taking the vector bundle E to be the tangent bun-
dle TM, we showed that [ ] defines an affine connection V on U of which it is the

connection matrix relative to the frame ej,...,e,. Because [w,] is skew-symmetric,

V is compatible with the metric (Proposition 11.4), and because [a);] satisfies the
equations (11.9), V is torsion-free (Theorem 11.7). Thus, V is the unique Rieman-
nian connection on U. a

IfA= [(x;-] and B = [ﬁj’] are matrices of differential forms on M with the number
of columns of A equal to the number of rows of B, then their wedge product A A B is
defined to be the matrix of differential forms whose (i, j)-entry is

(AAB); ZakAﬁ

and dA is defined to be [d oz;]. In matrix notation, we write

7! 0!

Then the first structural equation becomes
T=d0+wAN0
and the second structural equation becomes

Q=do+oANo.

Problems

11.1. Connection and curvature forms on the Poincaré disk
The Poincaré disk is the open unit disk

D={z=x+iyeC||7 < 1}
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in the complex plane with Riemannian metric

() _ Adx®dx+dy®dy)  4Hdx®@dx+dy®dy)
v /T T -

(1—1z]?)? (1—x2—y%)?
An orthonormal frame for D is
= _(1— - = _(1- =,
€l 2( |Z| )ax7 €2 2( |Z| )ay

87

Find the connection matrix @ = [co;] and the curvature matrix Q = [Q’J} relative to the ort-
honormal frame e, e; of the Riemannian connection V on the Poincaré disk. (Hint: First find

the dual frame 6!, 62. Then solve for a)§ in (11.9).)

11.2. Connection defined by a matrix of 1-forms
Show that (11.4) defines a connection on a vector bundle E over a framed open set U.
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§12 The Theorema Egregium Using Forms

In Section 8 we proved Gauss’s Theorema Egregium using vector fields. In this
section we reprove the theorem, but using differential forms. An essential step is
the derivation of a differential-form analogue of the Gauss curvature equation. The
Theorema Egregium gives an intrinsic characterization of the Gaussian curvature of
a surface, dependent only on the metric and independent of the embedding of the
surface in a Euclidean space. This characterization can be taken as the definition of
the Gaussian curvature of an abstract Riemannian 2-manifold. As an example, we
compute the Gaussian curvature of the Poincaré half-plane.

12.1 The Gauss Curvature Equation

The Gauss curvature equation (Theorem 8.1) for an oriented surface M in R relates
the curvature tensor to the shape operator. It has an analogue in terms of differential
forms.

Consider a smooth surface M in R? and a point p in M. Let U be an open
neighborhood of p in M on which there is an orthonormal frame e, e>. This is always
possible by the Gram—Schmidt process, which turns any frame into an orthonormal
frame. Let e3 be the cross product e; X ep. Then e, e;,e3 is an orthonormal frame
for the vector bundle TR3|;; over U.

For the connection D on the bundle TIR? |, let [a);] be the connection matrix of 1-
forms relative to the orthonormal frame e;,ez,e3 over U. Since D is compatible with
the metric and the frame e, e;,e3 is orthonormal, the matrix [a);] is skew-symmetric
(Proposition 11.4). Hence, for X € X(M),

Dye; = — ) (X)ezs — @) (X)es, (12.1)
Dxes = w3 (X)e; — 03 (X)es, (12.2)
Dyxes = o) (X)e; + 03 (X)er. (12.3)

Let V be the Riemannian connection on the surface M. Recall that for X,Y €
X(M), the directional derivative DxY need not be tangent to the surface M, and VxY
is simply the tangential component (DxY )n of DxY. By (12.1) and (12.2),

Vyxei = (Dxeq)an = — 01 (X)ea,
Vxer = (DXEZ)tan = wZ(X)el'

It follows that the connection matrix of the Riemannian connection V on M is

o 0w [ 01] 4
-l 07 |10/
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Since

[ 0w 0 o] [-olrel 0 _[oo
w/\w_[—wzl 0}/\[_%1 0| 0 -—wAw| |00]

the curvature matrix of V is

. o 0 doj| [ 01 1
Q—dm+a)/\a)—dw—[dw21 0 ]—[_lo}dwz.

So the curvature matrix of V is completely described by
Q =dwl. (12.4)

Set the unit normal vector field N on U to be N = —e3. By (12.3), the shape
operator L is described by

L(X) = —DxN = Dxe3 = 0} (X)e; + 03 (X)es, X € X(M). (12.5)

Theorem 12.1 (Gauss curvature equation). Let ey, e; be an orthonormal frame of
vector fields on an oriented open subset U of a surface M in R3, and let e3 be a
unit normal vector field on U. Relative to ey,ey,e3, the curvature form Qé of the
Riemannian connection on M is related to the connection forms of the directional
derivative D on the bundle TR3 |y by

Q) = 0l No?. (12.6)

We call formula (12.6) the Gauss curvature equation, because on the left-hand
side, Qé describes the curvature tensor of the surface, while on the right-hand side,
o} and ® describe the shape operator.

Proof. Let Q’j be the curvature forms of the connection D on TR3|y;. Because the
curvature tensor of D is zero, the second structural equation for Q gives

Q@ =dwj+ Y g N of =0. (12.7)
k

In particular,
do) + ol ANo) + 03 A o3 + o1 Ao; =0.

Since @} = w3 = 0, this reduces to
do) + oy Aa3 = 0.
Since the matrix [a);] is skew-symmetric,
4o} = ol Aol

The Gauss curvature equation now follows from (12.4).
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12.2 The Theorema Egregium

Keeping the same notations as in the preceding subsection, we will derive formulas
for the Gaussian curvature of a surface in R3, first in terms of the connection forms
for the directional derivative and then in terms of the curvature form Q%

Proposition 12.2. For a smooth surface in R3, if ey, e, is an orthonormal frame over
an oriented open subset U of the surface and e3 is a unit normal vector field on U,
then the Gaussian curvature K on U is given by

1 1
K = det [g;g:; g;zgzg] = (0} A ©3)(er,e2).

Proof. From (12.5),

L(er) = 03 (er)er + w3 (e1 e,
L(ez) = o (e2)er + @3 (e2)er.

So the matrix of L relative to the frame ey, e; is

w3 (e1) ©3(e2)
Therefore,
w3 (e1) 601(62)]
K =detL=d 3 3
. . [wsz( 1) 03 (e2)
= 03 (1) 03 (e2) — 3 (e2) W3 (e1) = (03 A F)(e1,€2). O

Theorem 12.3 (Theorema Egregium). For a smooth surface in R3, if ey, e, is an
orthonormal frame over an open subset U of the surface with dual frame 01,02, then
the Gaussian curvature K on U is given by

K=Qler,e2) (12.8)

or by
do) =K6' 6% (12.9)

Proof. Formula (12.8) is an immediate consequence of Proposition 12.2 and the
Gauss curvature equation (12.6).
As for (12.9), since

K=K(0'A6%)(e1,e2) = Ql(e1,e2)

and a 2-form on U is completely determined by its value on ey, e;, we have Q% =
K6' A 62 By (12.4),

do; =K6'A6%. 0
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Since Qé depends only on the metric and not on the embedding of the surface
in R3, formula (12.8) shows that the same is true of the Gaussian curvature. We
can therefore take this formula to be the definition of the Gaussian curvature of an
abstract Riemannian 2-manifold. It is consistent with the formula in the first version
(Theorem 8.3) of the Theorema Egregium, for by the definition of the curvature
matrix, if eq, e; is an orthonormal frame on an open subset U of M, then

R(X,Y)ey = QN (X,Y)e; forall X,Y € X(U).

so that ) )
(R(e1,e2)ex,e1) = (Q(e1,e2)er,e1) = Q) (er,e2).

Definition 12.4.  The Gaussian curvature K at a point p of a Riemannian 2-
manifold M is defined to be

K, = (Rp(u,v)v,u) (12.10)
for any orthonormal basis u,v for the tangent plane 7,,M.

For the Gaussian curvature to be well defined, we need to show that for-
mula (12.10) is independent of the choice of orthonormal basis. This we do in the
next section.

12.3 Skew-Symmetries of the Curvature Tensor
Recall that the curvature of an affine connection V on a manifold M is defined to be

R: X(M) x X(M) x X(M) — X(M),
R(X,Y)Z =VxVyZ—VyVxZ —Vxy/Z.

We showed that R(X,Y)Z is F-linear in every argument; therefore, it is a point oper-
ator. A point operator is also called a tensor. It is immediate from the definition that
the curvature tensor R(X,Y)Z is skew-symmetric in X and Y.

Proposition 12.5. If an affine connection V on a Riemannian manifold M is com-
patible with the metric, then for vector fields X, Y, Z, W € X(M), the tensor
(R(X,Y)Z,W) is skew-symmetric in Z and W.

Proof. Because (R(X,Y)Z,W) is a tensor, it is enough to check its skew-symmetry
locally, for example, on an open set U on which there is a frame ej,...,e,. By
Gram-Schmidt, we may assume that the frame ey, ..., e, is orthonormal. Then

(R(X,Y)ej,ei) = Qi(X,Y).

Since V is compatible with the metric, its curvature matrix = [Q’]} relative to an
orthonormal frame is skew-symmetric. Therefore,

(R(X,Y)ejer) = Qi(X,Y) = —Q(X,Y) = —(R(X,Y )ese;).
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OnU, wecan write Z =Y z'e¢; and W = ijej for some C* functions z', w/ € C*(U).
Then

(RX,Y)Z,W) =Y 2w/ (R(X,Y)ei,ej) = — > 2w (R(X,Y)ej, e;)
—(R(X,YW,Z). i

We now show that (R(u,v)v,u) is independent of the orthonormal basis u,v for
T,M. Suppose i, v is another orthonormal basis. Then

il = au—+ bv,
v=cu+dv
. ab
for an orthogonal matrix A = [c d} , and

(R(i1,v)v,ii) = ((detA)R(u,v)(cu+dv),au+dv)
= (detA)?(R(u,v)v,u)
by the skew-symmetry of (R(u,v)z,w) in z and w. Since A € O(2), detA = +1.

Hence,
(R(i1,v)v,i) = (R(u,v)v,u).

12.4 Sectional Curvature

Let M be a Riemannian manifold and p a point in M. If P is a 2-dimensional subspace
of the tangent space T,M, then we define the sectional curvature of P to be

K(P) = (R(e1,e2)ez,er) (12.11)

for any orthonormal basis e, ey of P. Just as in the definition of the Gaussian cur-
vature, the right-hand side of (12.11) is independent of the orthonormal basis ey, e,
(cf§12.3).

If u,v is an arbitrary basis for the 2-plane P, then a computation similar to that in
§8.3 shows that the sectional curvature of P is also given by

(R(u,v)v,u)
(u, u) (v, v) — {u,v)2"

K(P) =

12.5 Poincaré Half-Plane

Example 12.6 (The Gaussian curvature of the Poincaré half-plane). The Poincaré
half-plane is the upper half-plane

H? = {(x,y) € R* |y > 0}
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with the metric:

dx®@dx+dy®dy
() ay = 32 :

Classically, the notation for a Riemannian metric is ds?. Hence, the metric on the
Poincaré half-plane is

_ dx®@dx+dy®dy
y? '
With this metric, an orthonormal frame is

ds*

0 0
€1 :)’av 62:ya*y~

So the dual frame is

o' = Lax, 02=lay.
y y

Hence,
1
do' = — dxNdy, d6*=0. (12.12)
y
On the Poincaré half-plane the connection form ; is a linear combination of dx

and dy, so we may write
01 = adx+bdy. (12.13)

We will determine the coefficients a and b from the first structural equation:

de' = —wl N 62, (12.14)
de’ =—w? N6 =wi NGB (12.15)

By (12.12), (12.13), and (12.14),
1 1 1 a
—dxN\dy=d0 = —(adx+bdy)\-dy=——dxN\dy.
y y y
Soa=—1/y. By (12.12), (12.13), and (12.15),
, 1 1 b
0=dO0" = (——dx+bdy) N—dx=——dxNdy.
y y y

So b = 0. Therefore,
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By definition, the Gaussian curvature of the Poincaré half-plane is

1 d
K=Qj(e1,e2) = _)j(dX/\d)’) <y$’y87y)

d
x,aiy) - —1

‘ %)

= —(dxAdy)(

NS

Problems

12.1. The orthogonal group O(2)

(a) Show that an element A of the orthogonal group O(2) is either

a—b a b
=l b-a]
where a2 +b* =1, a,b € R.

(b) Let SO(2) = {A € O(2) | detA = 1}. Show that every element A of SO(2) is of the form

[cost —sin?

. teR.
sint cost} ’

Thus, SO(2) is the group of rotations about the origin in R?.
1 0
0—1
components, each diffeomorphic to the circle S'.

Let J = [ } Then O(2) = SO(2) USO(2)J. This proves that O(2) has two connected

12.2. Gaussian curvature of the Euclidean plane

Let ey = d/dx,e; = d/dy be the standard orthonormal frame on R2. Compute the connection
form (021 relative to e, e, of the Riemannian connection on R2, and then compute the Gaussian
curvature C.

12.3. Gaussian curvature of a non-Euclidean plane
Let h(x) be a C* positive function on R; thus, 4(x) > 0 for all x € R. At each (x,y) € R?,
define

(s Yy = dx®dx+ h(x)*dy ®dy.

(a) Show that {, ) is a Riemannian metric on R?.
(b) Compute the Gaussian curvature of R? with this metric.

12.4. Gaussian curvature of the Poincaré disk
Compute the Gaussian curvature of the Poincaré disk defined in Problem 11.1.

12.5. Gaussian curvature under a conformal map
Let T: M — M’ be a diffeomorphism of Riemannian manifolds of dimension 2. Suppose at
each point p € M, there is a positive number a(p) such that

<T*V7 T*W>M’,T(p) = a(p)(v, W>M7p

for all u,v € T,(M). Find the relation between the Gaussian curvatures of M and M'.



Chapter 3

Geodesics

A geodesic on a Riemannian manifold is the analogue of a line in Euclidean space.
One can characterize a line in Euclidean space in several equivalent ways, among
which are the following:

(1) A line is “straight” in the sense that it has a parametrization with a constant
velocity vector field.
(2) A line connecting two points gives the shortest distance between the two points.

These two properties are not necessarily equivalent on a Riemannian manifold. We
define a geodesic by generalizing the notion of “straightness.” For this, it is not
necessary to have a metric, but only a connection. On a Riemannian manifold, of
course, there is always the unique Riemannian connection, and so one can speak of
geodesics on a Riemannian manifold.

§13 More on Affine Connections

This chapter is a compilation of some properties of an affine connection that will
prove useful later. First we discuss how an affine connection on a manifold M ind-
uces a unique covariant derivative of vector fields along a smooth curve in M. This
generalizes the derivative dV /dt of a vector field V along a smooth curve in R".
Secondly, we present a way of describing a connection in local coordinates, using
the so-called Christoffel symbols.

13.1 Covariant Differentiation Along a Curve

Let c: [a,b] — M be a smooth parametrized curve in a manifold M. Recall that a
vector field along the curve ¢ in M is a function

V. [a,b} — U Tc(t)Ma

t€la,b]
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where [] stands for the disjoint union, such that V (¢) € T.(nM (Figure 13.1). Such a
vector field V(¢) is C* if for any C* function f on M, the function V(¢)f is C* as a
function of . We denote the vector space of all C* vector fields along the curve c(t)
by I(TM|.))

Fig. 13.1. Vector field along a curve c(¢) in M.

For a smooth vector field V(¢) = ¥v/()d/dx along a smooth curve c(¢) in R”,
we defined its derivative dV /dt by differentiating the components v/(¢) with respect
to t. Then dV /dr = > v'd/dx' satisfies the following properties:

(i) dV/dt is R-linear in V;
(ii) for any C* function f on [a,b],

d(fVv) df
dt  drt

vre

(iii) (Proposition 4.11) if V is induced from a C* vector field V on R”, in the sense
that V (t) = V() and D is the directional derivative in R", then

dv _
E — DC’(I)V

It turns out that to every connection V on a manifold M one can associate a way
of differentiating vector fields along a curve satisfying the same properties as the
derivative above.

Theorem 13.1. Let M be a manifold with an affine connection V, and c: [a,b] - M
a smooth curve in M. Then there is a unique map

D,
dr’
such that for V € T(TM|)),
(i) (R-linearity) DV /dt is R-linear in V;
(ii) (Leibniz rule) for any C* function f on the interval [a,b],

D(fV) df
dt

D(TM|c)) = T(TMc(r))

fi
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(iii) (Compatibility with V) if V is induced from a C= vector field V on M, in the
sense that V (t) =V, then

We call DV /dt the covariant derivative (associated to V) of the vector field V
along the curve c(¢) in M.

Proof. Suppose such a covariant derivative D/dt exists. On a framed open set
(U,ey,...,e,), a vector field V(z) along ¢ can be written as a linear combination

= Zvi(t)ez c(t)

Then

o = 2 (VWeiew) by property (1)

o av ;i De; .
=y dt ei+v 5 (by property (ii))
= 2 e, +V'Vy(ei (by property (iii)), (13.1)

where we abuse notation and write e; instead of e; ;). This formula proves the
uniqueness of D/dr if it exists.

As for existence, we define DV /dt for a curve ¢(¢) in a framed open set U by the
formula (13.1). It is easily verified that DV /dt satisfies the three properties (i), (ii),
(iii) (Problem 13.1). Hence, D/dt exists for curves in U. If €y ,. .., &, is another frame
on U, then V() is a linear combination ¥ 7" '()2; +(s and the covariant derivative
DV /dt defined by

DV

— = V

i ; e, +V
also satisfies the three properties of the theorem. By the uniqueness of the covariant
derivative, DV /dt = DV /dt. This proves that the covariant derivative DV /dt is ind-
ependent of the frame. By covering M with framed open sets, (13.1) then defines a
covariant derivative DV /dt for the curve c(¢) in M. O

Theorem 13.2. Let M be a Riemannian manifold, V an affine connection on M, and
c: [a,b] = M a smooth curve in M. If V is compatible with the metric, then for any
smooth vector fields V,W along c,

d DV DW

Proof. Tt suffices to check this equality locally, so let U be an open set on which an
orthonormal frame e, ..., e, exists. With respect to this frame,

V= Zv elc W= ZW ejc
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for some C* functions v/, w/ on [a,b]. Then

a _dS i
a’t<V’W>_dtzv +2

By the defining properties of a covariant derlvatlve,

DV De, dvt .
dr 2 GGtV g = LgratVenen
1

where we again abuse notation and write e; instead of ¢; o ¢. Similarly,

DW  dw/ j
W = WEJ‘FW Vc’(t)ej

Hence,

Dv DwW av'
(o) () - X T LI Veweie)

€

Since ey, ..., e, are orthonormal vector fields on U and V is compatible with the
metric,

(Veyeises) + (e Vee)) = (t){eiej) = (1) 8 = 0.

Therefore,

DV DW\ avi o dw _d
<dt’W>+<V’dt>_zdtW = (VW) O
Example 13.3. If V is the directional derivative on R” and V (¢) = Yv/(¢)d/dx' is a

vector field along a smooth curve ¢(¢) in R”, then the covariant derivative is

DV  dv o ; edv o adv
st S =S =

since D (0 /dx' = 0 by (4.2).

13.2 Connection-Preserving Diffeomorphisms

Although it is in general not possible to push forward a vector field except under a
diffeomorphism, it is always possible to push forward a vector field along a curve
under any C* map. Let f: M — M be a C* map (not necessarily a diffeomorphism)
of manifolds, and c: [a,b] — M a smooth curve in M. The pushforward of the vector
field V (¢) along c in M is the vector field (£.V)(¢) along the image curve f o ¢ in M
defined by

(fV)(0) = foeny (VD))
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Denote by (M,V) a C* manifold with an affine connection V. We say that a
C> diffeomorphism f: (M,V) — (M, V) preserves the connection or is connection-
preserving if for all X,Y € X(M),

f*(VXY) = 6f*xf*Y.

In this terminology, an isometry of Riemannian manifolds preserves the Riemannian
connection (Problem 8.2).

We now show that a connection-preserving diffeomorphism also preserves the
covariant derivative along a curve.

Proposition 13.4. Suppose f: (M,V) — (M,V) is a connection-preserving diffeo-
morphism, c(t) a smooth curve in M, and D/dt, D/dt the covariant derivatives
along c in M and f o c in M, respectively. If V(t) is a vector field along ¢ in M,

then
f DV D(f.V)
\dr ) dt
Proof. Choose a neighborhood U of ¢(t) on which there is a frame ey,...,e,, and
write V(¢) = X vi(t)e; ;). Then &, := fiey,...,é, := fue, is a frame on the neigh-

borhood f(U) of f(c ( )) in M and

ZV i,(foc)(t

By the definition of the covariant derivative,

DV dv' ;
W(f) = Z Z(f)ei,c(z) +V () Ve e

Because f preserves the connection,
Dv av' PN
(f*) 0= p Fee Cic) TV OV o frei
d\/i ~ i = ~
=22 Citree ) TV OV (gocy )

= (ftf*v) (7). O

13.3 Christoffel Symbols

One way to describe a connection locally is by the connection forms relative to a
frame. Another way, which we now discuss, is by a set of n3 functions called the
Christoffel symbols.
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The Christoffel symbols are defined relative to a
coordinate frame. Let V be an affine connection on %
a manifold M and let (U,x',...,x") be a coordinate

open set in M. Denote by J; the coordinate vector - ‘;b

field d/dx'. Then V,,0; is a linear combination of i

d1,...,0,, so there exist numbers l"fj at each point
such that
Elwin Bruno Christoffel

n
Vy0j= > Thiok.
k=1

These n® functions F{Fj are called the Christoffel sym-
bols of the connection V on the coordinate open set
(U,x',...,x"). By the Leibniz rule and J-linearity
in the first argument of a connection, the Christoffel
symbols completely describe a connection on U. (1829-1900)

Proposition 13.5. An affine connection V on a manifold is torsion-free if and only if
in every coordinate chart (U,x',...,x") the Christoffel symbol F{-‘j is symmetric in i
and j:

k k

Proof. (=) Let (U,x',...,x") be a coordinate open set. Since partial differentiation
is independent of the order of differentiation,

Jd d

By torsion-freeness,
V5,0;—V,0=[0;,9;] = 0.

In terms of Christoffel symbols,
ST — > T50=0.
k k

Since d,. .., d, are linearly independent at each point, l"f?j = F’;r

(<) Conversely, suppose Ffj = F’J?l- in the coordinate chart (U ,x],...7x”). Then
V5.0 = Vj,0;. Hence,

T(9:,0;) = V3,9; — V5,8, =0.

Since T'( , ) is a bilinear function on 7, M, this proves that T'(X,Y), :=T(X,,,Y,) =0
for all X,,Y, € T,M. Thus, for all X,Y € X(M), we have T'(X,Y) =0. O

Remark 13.6. Because of this proposition, a torsion-free connection is also called a
symmetric connection.
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Example 13.7 (Christoffel symbols for the Poincaré half-plane). The Poincaré half-
plane (Example 12.6) is covered by a single coordinate open set (U,x,y). Let d; =
d/dx, d» = d/dy be the coordinate frame. We showed in Example 12.6 that its
connection form cozl relative to the orthonormal frame e; = yd,e; = y o, is

1
1
W, = ——dx.
y
Then
1 1
d=—e, 0h=—ey,
y

and for any smooth vector field X on the Poincaré half-plane,

1 1 1
Vxd; = Vy (61) =X (> e1 +-Vyxeg
y y y

y y
1 1

= —;(Xy)& + yfde(X )y
1 1

= ——(Xy)d + —(Xx)0, (13.2)
y y

Similarly,
1 1
Vxoh = f;(Xx)al - ;(Xy)az. (13.3)

By (13.2) and (13.3), relative to the coordinate frame dy,d>, the connection is
given by

1 1
Valal = -0, V9281 =—-d,
y y

1 1
Val o) = —;81, Vazag = —;82.

Therefore, the Christoffel symbols l"f.‘j for the Poincaré half-plane are

k 1 2
ij
11 0 1/y
12 “1/y 0
21 “1/y 0
22 0 ~1/y
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Problems

13.1. Covariant derivative along a curve
Verify that if DV /dt is defined by (13.1), then it satisfies the three properties (i), (ii), and (iii)
of Theorem 13.1.

13.2. Covariant derivative on a surface in R’
Let M be a surface in R? with its Riemannian connection: for X,Y € X¥(M),

VxY = pr(DXY).

If V(¢) is a vector field along a curve c(¢) in M, show that DV /dt = pr(dV /dt). (Hint: Show
that pr(dV /dt) verifies the three properties of the covariant derivative.)

13.3. Chain rule for the covariant derivative
Suppose M is a manifold with a connection and DV /dt is the covariant derivative of a vector
field V along a curve ¢(t) in M. If ¢ is a C* function of another variable u, then V gives rise
to a vector field V(¢(u)) along the curve &(u) = c(t(u)). We will write V() =V (t(u)). Show
that _

DV DV dt

du  dt du’

13.4. Christoffel symbols of a surface of revolution
Let M be a surface of revolution in R with parametrization

f(u)cosv
y(u,v)=| f(wsinv|, 0<v<2m
8(u)
as in Problem 5.7. Let V be the Riemannian connection on M. Find the Christoffel symbols
of V with respect to u, v.

13.5. Christoffel symbols of the Poincaré disk
Compute the Christoffel symbols of the Riemannian connection on the Poincaré disk D in
Problem 11.1.
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514 Geodesics

In this section we prove the existence and uniqueness of a geodesic with a specified
initial point and a specified initial velocity. As an example, we determine all the
geodesics on the Poincaré half-plane. These geodesics played a pivotal role in the
history of non-Euclidean geometry, for they proved for the first time that the parallel
postulate is independent of Euclid’s first four postulates.

14.1 The Definition of a Geodesic
A straight line in R” with parametrization
c(t)y=p+tv, p,veR"

is characterized by the property that its acceleration ¢”(¢) is identically zero. If
T(r) = c(¢) is the tangent vector of the curve at c(r), then ¢” (¢) is also the covariant
derivative DT /dt associated to the Euclidean connection D on R”. This example
suggests a way to generalize the notion of “straightness” to an arbitrary manifold
with a connection.

Definition 14.1. Let M be a manifold with an affine connection V and I an open,
closed, or half-open interval in R. A parametrized curve c: I — M is a geodesic if
the covariant derivative DT /dt of its velocity vector field T (t) = ¢/(r) is zero. The
geodesic is said to be maximal if its domain / cannot be extended to a larger interval.

Remark 14.2. The notion of a geodesic depends only on a connection and does not
require a metric on the manifold M. However, if M is a Riemannian manifold, then
we will always take the connection to be the unique Riemannian connection. On a
Riemannian manifold, the speed of a curve c(¢) is defined to be the magnitude of its
velocity vector:

') = V(' (1), ¢'(1)).
Proposition 14.3. The speed of a geodesic on a Riemannian manifold is constant.

Proof. Let T = c(¢) be the velocity of the geodesic. The speed is constant if and
only if its square f(¢) = (T, T) is constant. But

7= )

DT
=2{=-T)=0.
(&)

So f(t) is constant. O
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Let M be a smooth surface in R3. Recall that its Riemannian connection is
given by
VxY = (DxY )tan,
the tangential component of the directional derivative DxY. If N is a unit normal

vector field on an open subset U of M, then the tangential component of a vector
field Z along M is

Zian =Z — (Z,N)N.

By Problem 13.2, for a vector field V along a curve ¢(¢) in M, the covariant derivative
associated to the Riemannian connection V on M is

v _(dv
dt — \dt ),

Example 14.4 (Geodesics on a sphere). On a 2-sphere M of radius a in R?, let y(r)
be a great circle parametrized by arc length. Then () has unit speed. Differentiating

(Y(®),70)=1

with respect to ¢ gives
2(/'(1),7 (1)) =0.

This shows that the acceleration 7/ (z) of a unit-speed curve in R? is perpendicular to
the velocity.

Since y(¢) lies in the plane of the circle, so do ¥ (¢) and y”(¢). Being perpendic-
ular to ¥/ (z), the acceleration y”(¢) must point in the radial direction (Figure 14.1).
Hence, because ¥ (r) is perpendicular to the tangent plane at y(r),

DT (dT
dt

a )tan =" (t)tan = 0.

This shows that every great circle is a geodesic on the sphere.

Fig. 14.1. Velocity and acceleration vectors of a great circle.
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14.2 Reparametrization of a Geodesic

In this section we show that a geodesic can be reparametrized as long as the
reparametrization is a linear function.

Proposition 14.5. Suppose y(u) is a nonconstant geodesic on a manifold with a con-
nection and ¥(t) := y(u(t)) is a reparametrization of y(u). Then ¥(t) is a geodesic if
and only if u = at + B for some real constants o and 3.

Proof. Let T(u) = ¥ (u) and T(¢) = 7(¢) be the tangent vector fields of the two
curves y(u) and ¥(¢). By the chain rule,

_ d ,
T(t) = - y(u(®)) = ¥ (u®))u' (1)
= ()T (u(1)).
By property (ii) of a covariant derivative,
pT . DT
O — ey (e +of oy 2T
" ,, DT du .
=u"(t)T(u(t))+u (I)EE (by the chain rule, Problem 13.3)

=u"(t)T (u(t)),
where DT /du = 0 because y(u) is a geodesic. Since T («) has constant length, it is
never zero. Therefore,
DT

W:0 — u'=0 <= u=w+f

for some o, 3 € R. O

Corollary 14.6. Let (a,b) be an interval containing 0. For any positive constant
k € RT, the curve y(u) is a geodesic on (a,b) with initial point q and initial vector v
if and only if ¥(t) := y(kt) is a geodesic on (a/k,b/k) with initial point q and initial
vector kv.

Proof. Since

a b
—<t< - = kt <b
k< <k a<kt<b,

the curve ¥(¢) := y(kt) is defined on (a/k,b/k) if and only if y(z) is defined on (a, b).
By the chain rule,

7 (t) = ky (kt). (14.1)
Equivalently,

T(t) = kT (kt),
so that

DT ,DT
I(t) =k I(kt)'

Thus, ¥ is a geodesic if and only if v is a geodesic. They have the same initial point
#(0) = v(0). By (14.1), their initial vectors are related by

7(0) =&Y (0). O
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14.3 Existence of Geodesics

Suppose M is a manifold with a connection V, and (U, ¢) = (U,x',...,x") is a chart
relative to which the Christoffel symbols are l"f.‘j. Let ¢: [a,b] — M be a smooth
curve. In the chart (U, ¢) the curve ¢ has coordinates

(¢ oc)(t) = (x' (c(1)),.... 2" (e(r))).
We will write y(¢) = (¢ o ¢)(t) and y'(t) = (x' o ¢)(¢), and say that c is given in U by

Y6) =G 0),... )" (1),

In this section we will determine a set of differential equations on y'(¢) for the curve
to be a geodesic.

Denote by y' the first derivative dy’/dt and by § the second derivative d*y' /dt?.
Let d; = d/dx. Then

=259.0)
and
DT B
0= Zyjaj,c(t) + ZYJVC/(z)aj
J J
= 2 $0; 00y + Zy'fvyi Doy O (14.2)
J L]

To simplify the notation, we sometimes write d; to mean 8/»700) and l"i-‘j to mean
Ij;(c(r)). Then (14.2) becomes

2 70 +Zy]V

iJ
=Z “O+ 2 V'V T 0k
k

i,j.k

Z (y +Zyy/1"k >8k.

k

So ¢(t) is a geodesic if and only if

y—|—zrljyy = k=1,...,n.

We summarize this discussion in the following theorem.

Theorem 14.7. On a manifold with a connection, a parametrized curve c(t) is a
geodesic if and only if relative to any chart (U,¢) = (U,x', ... ,x"), the components

of (¢ oc)(t) = (V' (t),...,Y"(t)) satisfy the system of differential equations

FHY Y =0, k=1,...,n, (14.3)
i,j

where the Fﬁ-‘j s are evaluated on c(t).



14.3 Existence of Geodesics 107

This is a system of second-order ordinary differential equations on the real line,
called the geodesic equations. By an existence and uniqueness theorem of ordinary
differential equations, we have the following theorem.

Theorem 14.8. Let M be a manifold with a connection V. Given any point p € M
and tangent vector v € T,M, there is a geodesic c(t) in M with initial point ¢(0) = p
and initial velocity ¢'(0) = v. Moreover, this geodesic is unique in the sense that
any other geodesic satisfying the same initial conditions must agree with c(t) on the
intersection of their domains.

Example 14.9 (Geodesics on a sphere). Suppose y: [a,b] — S? is a geodesic. For
fy € |a,b], there is a great circle through y(rp) with velocity ¥/ (f9). From Exam-
ple 14.4, we know that this great circle is a geodesic. Since a geodesic with a given
point and a given velocity vector at the point is unique (Theorem 14.8), y(¢) must co-
incide with a great circle wherever it is defined. This proves the converse of Example
14.4 that all geodesics on S lie on great circles.

Let ,(7,q) be the unique maximal geodesic with initial point ¢ and initial vector
v € T,M. We also write %,(r). By Corollary 14.6,

Y (kt) = Yiv (t)

for any positive real number k.

On a Riemannian manifold we always use the unique Riemannian connection to
define geodesics. In this case, tangent vectors have lengths and the theory of ordinary
differential equations gives the following theorem.

Theorem 14.10. For any point p of a Riemannian manifold M, there are a neighbor-
hood U of p and numbers 8,a > 0 so that for any g € U and v € TyM with ||v|| < J,
there is a unique geodesic y: (—a,a) — M with y(0) = g and ¥ (0) = v.

A priori the interval of definition (—a,a) of the geodesic in this theorem may be
quite small. However, by rescaling the interval by a constant factor (Corollary 14.6),
one can expand the interval to any finite length, at the expense of making the initial
vector shorter.

Theorem 14.11. For any point p of a Riemannian manifold M, there are a neigh-
borhood U of p and a real number € > 0 so that for any g € U and v € T,M with
7|l < &, there is a unique geodesic 7: (—2,2) — M with 7(0) = q and 7 (0) = 7.

Proof. Fix p € M and find a neighborhood U of p and positive numbers & and a as
in Theorem 14.10. Set k = a/2. By Corollary 14.6, y(¢) is a geodesic on (—a,a)
with initial point ¢ and initial vector v if and only if ¥(¢) := y(kr) is a geodesic on
(—a/k,a/k) = (—2,2) with initial point g and initial vector v := kv. Moreover,

M= YO <8 < |7l =[7O)] =klv] <k6 = ?

Choose € = a6 /2. Then Theorem 14.10 translates into this one. O
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Proposition 14.12. A connection-preserving diffeomorphism f: (M,V) — (M,V)
takes geodesics to geodesics.

Proof. Suppose c(t) is a geodesic in M, with tangent vector field T(¢) = ¢/(¢). If
T(t) = (f o ¢)'(¢) is the tangent vector field of f o c, then

T(t) = f. (c*i) = fu(d'(1)) = f.T.

Let D/dt and D/dt be the covariant derivatives along c(¢) and (f o ¢)(t), respectively.
Then DT /dt = 0, because c(t) is a geodesic. By Proposition 13.4,

DT DT
—=fi| — ) =£0=0.
dt s (dt) s

Hence, f o c is a geodesic in M. O

Because an isometry of Riemannian manifolds preserves the Riemannian con-
nection (Problem 8.2), by Proposition 14.12 it carries geodesics to geodesics.

14.4 Geodesics in the Poincaré Half-Plane

The Poincaré half-plane is covered by a single coordinate open set with coordinates
x,y (Figure 14.2). In Example 13.7 we calculated its Christoffel symbols. The

7

Fig. 14.2. The Poincaré half-plane.

system of geodesic equations (14.3) for the geodesic c(r) = (x(t),y(t)) consists of
two equations:

2
i——=xy=0, (14.4)
y
1 1
y4 i ==y =0. (14.5)
y y
There is a third equation arising from the fact that a geodesic has constant speed

(Proposition 14.3):
(¢(t),¢(t)) = constant. (14.6)
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This equation is a consequence of the first two, because any curve satisfying Equa-
tions (14.4) and (14.5) will be a geodesic and hence will have constant speed. We
include it because of its simplicity. In fact, by a simple reparametrization, we may
even assume that the speed is 1. Hence, (14.6) becomes

24y
y2

1

or
W 4y? =2 (14.7)

Assuming x not identically zero, we can divide (14.4) by x and solve it by sepa-
ration of variables:

Integrating both sides with respect to ¢ gives
Inx = 2(Iny) + constant = In(y*) 4 constant.

Hence,
i =ky? (14.8)

for some constant k
Plugging this into (14.7) and solving for y gives

Kyt 4y =2, (14.9)
vy =4y 1 —k%y2. (14.10)
Dividing (14.8) by (14.10), we get

2
@:j: ky =+ ky .
dy y/1—k2y? V1 —k2y?

Integrate with respect to y to get

1
x= 1%\/1 — k?y? + constant d.

This equation can be put in the form

(=P 47 = o,
which is the equation of a circle centered on the x-axis (Figure 14.3).

In our derivation so far, we assumed that the first derivative x is not identically
zero. It remains to consider the case x = 0. If x = 0, then x = constant, so the curve
is a vertical line. Thus, the geodesics in the Poincaré half-plane are either vertical
lines or semicircles centered on the x-axis.
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Fig. 14.3. A geodesic in the Poincaré half-plane.

given point

l <« given line

Fig. 14.4. Geodesics in the Poincaré half-plane.

In this calculation we never used (14.5). It is in fact a redundant equation
(Problem 14.1).

The Poincaré half-plane is important historically, since it provides a model of
a non-Euclidean geometry. In Euclid’s axiomatic development of plane geometry,
the first four postulates are usually considered self-evident [10, pp. 14-18]. The
fifth postulate, called the parallel postulate, was a source of controversy. Two lines
in the plane are said to be parallel if they do not intersect. One form of the fifth
postulate states that given a line and a point not on the line, there is a unique parallel
line through the given point. For hundreds of years, heroic efforts were made to
deduce the fifth postulate from the other four, to derive a contradiction, or to prove
its independence. If we interpret the geodesics of the Poincaré half-plane as lines,
then the Poincaré half-plane satisfies Euclid’s first four postulates, but not the parallel
postulate: given a geodesic, say a vertical line, and a point not on the line, there are
infinitely many geodesics through the point and not intersecting the given line (see
Figure 14.4). In this way the Poincaré half-plane proves conclusively that the parallel
postulate is independent of Euclid’s first four postulates.

14.5 Parallel Translation

Closely related to geodesics is the notion of parallel translation along a curve. A par-
allel vector field along a curve is an analogue of a constant vector field in R™.
Throughout the rest of this chapter we assume that M is a manifold with a connection
Vand c: I — M is a smooth curve in M defined on some interval /.

Definition 14.13. A smooth vector field V (¢) along c is parallel if DV /dt =0 on I.

In this terminology a geodesic is simply a curve ¢ whose tangent vector field
T(¢r) = () is parallel along c.
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Fix a point p = ¢(fy) and a frame ey,...,e, in a neighborhood U of p in M.
Let [a)j] be the matrix of connection forms of V relative to this frame. If V() =

SV(1)e; o for c(t) € U, then

DV i iDei.c(t)
o = 2V TR

1

= Zviei,c(z) + va'vc,(,)ej
i J

= Zviei,c(t) + va (' (1))e; ()
i ij

=3 (¥ + Tl )V )er e,
l J

Thus DV /dt = 0 if and only if
v+ Y ol(d () =0, i=1,...n (14.11)

This is a system of linear first-order ordinary differential equations. By the existence
and uniqueness theorem of ordinary differential equations, there is always a unique
solution V (¢) on a small interval about 7 with a given V (fp). In the next subsection
we show that in fact the solution exists not only over a small interval, but also over
the entire curve c.

If V(z) is parallel along a curve c: [a,b] — M, then we say that V (b) is obtained
from V(a) by parallel translation along c or that V(b) is the parallel translate or
parallel transport of V (a) along c. By the uniqueness theorem of ordinary differen-
tial equations, V (¢) is uniquely determined by the initial condition V (a), so if parallel
translation exists along c, then it is well defined.

14.6 Existence of Parallel Translation Along a Curve

While a geodesic is guaranteed to exist only locally, parallel translation is possible
along the entire length of a curve.

Theorem 14.14. Let M be a manifold with a connection V and let c: [a,b] — M be
a smooth curve in M. Parallel translation is possible from c(a) to ¢(b) along ¢, i.e.,
given a vector vo € T, there exists a parallel vector field V (t) along c: [a,b] —
M such that V(a) = vo. Parallel translation along c induces a linear isomorphism

Qap: Toi) (M) = T, (M).

Proof. Because the parallel transport equation DV /df = 0 is R-linear in V, a lin-
ear combination with constant coefficients of parallel vector fields along c is again
parallel along c.

Let wy,...,wy, be a basis for T;,\M. For each i = 1,...,n, there is an interval
inside [a,b] of length € about #( such that a parallel vector field W;(z) exists along
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c: (to — &,tp + &) — M whose value at 1y is w;. For € equal to the minimum of
€1,...,&, the n basis vectors wy,...,wy for T,;, )M can be parallel translated along
c over the interval (1) — €,7p + €). By taking linear combinations as in the remark
above, we can parallel translate every tangent vector in 7. )M along ¢ over the
interval (tp — €,t0 + €).

For 1 € (to — €,19 + €) parallel translation along ¢ produces a linear map ¢, ;, :
T ()M — T.(;;)M. Note that a vector field V (¢) is parallel along a curve c(t) if and
only if V(—1) is parallel along c¢(—1), the curve ¢ reparametrized with the opposite
orientation. This shows that the linear map ¢y, ,, has an inverse ¢;, ;, and is therefore
an isomorphism.

Thus for each 7 € [a, b] there is an open interval about ¢ over which parallel trans-
lation along c is possible. Since [a, ] is compact, it is covered by finitely many such
open intervals. Hence, it is possible to parallel translate along ¢ from c¢(a) to c¢(b).

O

While a geodesic with a given initial point and initial velocity exists only locally,
parallel translation is always possible along the entire length of a smooth curve. In
fact, the curve need not even be smooth.

Definition 14.15. A curve c: [a,b] — M is piecewise smooth if there exist numbers
a=thhy<h<--<t,=>b
such that ¢ is smooth on [f;,7;41] fori =0,...,r—1.

By parallel translating over each smooth segment in succession, one can parallel
translate over any piecewise smooth curve.

14.7 Parallel Translation on a Riemannian Manifold

Parallel translation is defined on any manifold with a connection; it is not necessary
to have a Riemannian metric. On a Riemannian manifold we will always assume that
parallel translation is with respect to the Riemannian connection.

Proposition 14.16. On a Riemannian manifold M parallel translation preserves
length and inner product: if V(t) and W (t) are parallel vector fields along a smooth
curve c: |a,b] — M, then the length ||V (t)|| and the inner product (V (t),W(t)) are
constant for all t € [a,b).

Proof. Since ||V ()| = \/(V(¢),V(z)), it suffices to prove that (V(¢),W(¢)) is con-
stant. By the product rule for the covariant derivative of a connection compatible
with the metric (Theorem 13.2),

d DV DW
Zwwy=(=—wH+{v,== ) =0
dt< b > < dt I >+< I dt > Y
since DV /dt = 0 and DW /dt = 0. Thus (V (¢),W (t)) is constant as a function of z.
O
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Since the angle 6 between two vectors u and v can be defined in terms of length
and inner product by

) — —_ 3

parallel translation also preserves angles.

Fig. 14.5. Parallel translating v along a closed piecewise smooth geodesic.

Example 14.17 (Parallel translation on a sphere). Let y; and 9 be two meridians
through the north pole p of a sphere S*> making an angle  with each other, and let
v be a vector at p tangent to y; (Figure 14.5). As great circles, both y; and 9 are
geodesics on the sphere. We will parallel translate v along 7y; to the equator, along
the equator to 9, and then along 7> back to the north pole p.

Since 7, is a geodesic, its tangent vector field is parallel, so the parallel translate
of v to the equator remains parallel to y; and perpendicular to the equator. Since
parallel translation preserves angles, as v is parallel translated along the equator to
72, it remains perpendicular to the equator at all times. When it reaches 7, along the
equator, it will be tangent to 7». Parallel translating this vector along 7» back to p
results in a tangent vector to p» at p. Figure 14.5 shows the position of v at various
points of its journey. From this example we see that parallel translating a tangent
vector of a manifold around a closed loop need not end in the original vector. This
phenomenon is called holonomy.

Problems

14.1) Geodesic equations
Show that if we differentiate (14.10) with respect to ¢, we end up with (14.5). Hence, (14.5) is
redundant.

14.2. Surface of revolution in R>

In Problem 5.7 you compute the mean and Gaussian curvatures of a surface of revolution M
0 TR3
in R’
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(a) Using the notations of Problem 5.7, find the geodesic equations of the surface of revolution.

(b) Prove that the meridians of the surface of revolution are geodesics.

(c) Find a necessary and sufficient condition on f(u) and g(u) for a latitude circle to be a
geodesic.

14.3. Poincaré disk
Let D be the Poincaré disk (Problem 11.1).

(a) Show that in polar coordinates (r, 0), the Poincaré metric is given by

4(dredr+r*do ®do)
<7 >(r,9): (1—r2)2

Using polar coordinates, compute for D

(b) the Gaussian curvature,
(c) the Christoffel symbols,
(d) the geodesic equations.
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515 Exponential Maps

There are two exponential maps in geometry: the exponential map of a connection
and the exponential map for a Lie group. While these are two independent notions,
when a Lie group has a bi-invariant Riemannian metric, as all compact Lie groups
do, the exponential map for the Lie group coincides with the exponential map of the
Riemannian connection.

On a manifold M with a connection, a geodesic is locally defined by a system
of second-order ordinary differential equations. By the existence and uniqueness
theorems of ordinary differential equations there is a unique geodesic through any
given point g with any given direction v. However, this geodesic may be very short,
defined only on a small interval (—a,a) about 0. By reparametrizing the geodesic
by a constant factor, one can expand the domain of definition of the geodesic at the
expense of shortening the initial vector.

On a Riemannian manifold every point p has a neighborhood U in which there
is a uniform bound such that all geodesics starting in U with initial vectors of length
less than the bound will be defined on an interval including [—1, 1] (Theorem 14.11).
For any g € U this leads to the definition of the exponential map Exp, from a small
neighborhood of the origin in 7;M to the manifold M. This exponential map derives
its importance from, among other things, providing coordinate charts in which any
isometry is represented by a linear map (see Section 15.2).

The exponential map for a Lie group G is defined in terms of the integral curves
of the left-invariant vector fields on G. Unlike the exponential map of a connection,
the Lie group exponential is defined on the entire Lie algebra g. It shares some of
the properties of the exponential map of a connection. The problems at the end of
the chapter explore the relationship between the two notions of exponential map.

15.1 The Exponential Map of a Connection

Suppose M is a manifold with an affine connection. For any point ¢ € M and vector
v € T,M, denote by ¥,(t,q) or simply ¥,() the unique maximal geodesic with initial
point ,(0) = ¢ and initial vector ¥,(0) = v. If ¥,(1) is defined, we set

Exp,(v) = 1 (1).

Now assume that M is endowed with a Riemannian metric. For any point p € M,
Theorem 14.11 guarantees a neighborhood U of p and a real number € > 0 such that
for all ¢ € U the exponential map Exp, is defined on the open ball B(0,€) in T,M:

Exp,: T,M D B(0,&) — M.

Let s: M — TM be the zero section of the tangent bundle TM, and let s(U) be the
image of U C M under s. Viewed as a function of two variables (g, v), the exponential
map Exp,(v) is defined on an &-tube around s(U) in TM (see Figure 15.1).
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Fig. 15.1. A neighborhood U of p and the domain of the exponential map in the tangent bundle
™.

Proposition 15.1. On a manifold with a connection the maximal geodesic with initial
point q and initial vector v is %,(t,q) = Exp,(tv).

Proof.

Exp, (tv) = %v(1) (definition of Exp,)
=%(t)  (Corollary 14.6). O

Theorem 15.2 (Naturality of the exponential map). Let f: N — M be an isometry
of Riemannian manifolds, and p € N. Suppose V C T,N and U C Ty, M are neigh-
borhoods of the origin on which the exponential maps Exp,, and EXp ) are defined.
If the differential f, , maps 'V into U, then the following diagram is commutative:

Jep
E—

U
Exp, lEXPﬂp)

— M.

7

~—=

=

Proof. For v € V C T,N, let %(t,p) be the maximal geodesic in N with initial
point p and initial vector v. Since an isometry takes geodesics to geodesics,
(f o %)(¢, p) is the maximal geodesic in M with initial point f(p) and initial vec-
tor f.v. By the uniqueness of the geodesic,

(fow)(t,p) = 1rv(t. f(P)).
Setting = 1 gives
J(Exp,,v) = Expy(,) (fsv)- 0
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15.2 The Differential of the Exponential Map

Suppose p is a point in a Riemannian manifold N and V C T,,N is a neighborhood
of 0 on which the exponential map Exp, is defined. Since 7},N is a vector space, its
tangent space To(7,N) at the origin can be canonically identified with 7,,N.

Proposition 15.3. The differential (Expp)*p at the origin of the exponential map
Exp,: V CT,N — N is the identity map 17,n: T,N — T,N.

Proof. For v € T,N, a curve c(t) in T,N with ¢(0) = 0 and ¢/(0) = v is ¢(r) = tv.
Using this curve to compute the differential of Exp,,, we have

d d
(Expp)*’o(v) = Exp,, (c(t)) =2 Expp(tv)
=0 =0

d .

= —| 1(t) (Proposition 15.1)
dt|,_o

= ,)/V(O) =V

where ¥, (¢) is the unique geodesic with initial point p and initial vector v. a

By the inverse function theorem, the map Exp,,: V C T,N — N is a local diffeo-
morphism at 0 € T,N. Thus, there are neighborhoods V' of 0 in 7,N and V" of p in
N such that Exp,,: V' — V" is a diffeomorphism.

Now suppose f: N — M is an isometry of Riemannian manifolds. As above,
there are neighborhoods U’ of 0 in T(,,)M and U" of f(p) in M such that Exp(,: U’
— U" is a diffeomorphism. Since f, ) is continuous, one may choose V' sufficiently
small so that f, , maps V' to U’. By the naturality of the exponential map (Theorem
15.2) there is a commutative diagram

ﬁ’p
LN >y v c TipyM
Exp, | = = ‘ Expyp)
N D | 44 u" c M.
f

This diagram may be interpreted as follows: relative to the coordinate charts
given by the inverse of the exponential map, an isometry of Riemannian manifolds
is locally a linear map; more precisely, it is the linear map given by its differential.
This is in contrast to the usual statement about the differential f , at a point p being
the best linear approximation to a C* map in a neighborhood of the point. Here the
isometry f is equal to its differential right on the nose.
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15.3 Normal Coordinates

Fix a point p in a Riemannian manifold M. By the preceding section, there is a
neighborhood V of 0 in 7,M and a neighborhood U of p in M such that the expo-
nential map Exp,,: V — U is a diffeomorphism. Using the exponential map we can
transfer coordinates on 7,M to M. Choose an orthonormal basis ey, ..., e, for T,M
and let r',..., 7" be the coordinates with respect to the orthonormal basis ey, ..., e,
on T,M. Then xi=rlo Expljl7 caxti=ro Exp;,1 is a coordinate system on U
such that the tangent vectors d/dx!, ... d/dx" are orthonormal at p. The coordinate
neighborhood (U,x',...,x") is called a normal neighborhood of p and x',... x" are
called normal coordinates on U.

In a normal neighborhood of p, the geodesics through p have a particularly sim-
ple expression, for the coordinate expression for the geodesic y(t) = Exp,(at) for
a=Yde; € T,M is

x(y(t))=ro Exp;1 (}/(t)) =at.

We write this as (x!,...,x") = (a't,...,d"t).

Theorem 15.4. In a normal neighborhood (U x',...,x") of p, all the partial deriva-
tives of gij and all the Christoffel symbols F vanzsh at p.

Proof. Let (x',...,x") = (a't,...,a"t) be a geodesic through p. It satisfies the
geodesic equations

x]‘Jer"kx’xf k=1,...,n,
or
Zl"ifiaiajzo.

Since this is true for all (a',...,a") at p, setting (a',...,a") = (0,...,1,0,...,0,1,...,
with @' = a/ = 1 and all other entries 0, we get

k k

By the symmetry of the connection, Fﬁ‘j = 0 at the point p. (At other points, not all
of (x!,...,x") = (a't,...,a"t) will be geodesics.)
Write 0; for d/dx!. By the compatibility of the connection V with the metric,

h8ij = (0, ;) = (V;,0:,0)) +(0;,V5,9;).

At p, Vy,0d; =0 and V,, d; = 0 since all the Christoffel symbols vanish. Therefore,
(0kgij)(p) =0. 0

Normal coordinates are especially useful for computation, because at the point
D all Vak (91‘ =0.
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15.4 Left-Invariant Vector Fields on a Lie Group

Let G be a Lie group and g = 7,G its Lie algebra. Any element X, € g determines
a left-invariant vector field X on G by X, := ({;).(X.). This establishes a one-to-
one correspondence between 7,G and the vector space of left-invariant vector fields
on G. Sometimes we adopt an alternate notation for a left-invariant vector field on a
Lie group: if A € g, then the left-invariant vector field on G generated by A is A, with
Ag =Ly A.

Proposition 15.5. If ¢, (p) is an integral curve starting at p of a left-invariant vector
field X on a Lie group G, then for any g € G, the left translate g@,(p) is the integral
curve of X starting at gp.

Proof. We compute the velocity of g, (p):

d d
pr (go(p)) = g)*a(pt (p) (definition of d/dt and the chain rule)

2)+Xg,(p) (¢, (p) is an integral curve of X)
=Xe0:(p) (X is left-invariant).

This proves that g¢y(p) is also an integral curve of X. Atz =0, g@(p) =
gpo(p) = gp. O

Corollary 15.6. The local flow @, of a left-invariant vector field X on a Lie group
G commutes with left multiplication: £y o ¢y = @; o £, for all g € G, whenever both
sides are defined.

Proof. By Proposition 15.5, both g¢;(p) and ¢,(gp) are integral curves of X starting
at gp. By the uniqueness of the integral curve, g¢;(p) = ¢(gp). This can be rewrit-

ten as (fg c@)(p)=(@ o ég)(l’)- =

Proposition 15.7. The maximal integral curve @,(p) of a left-invariant vector field
X on a Lie group G, where p is a point of G, is defined for all t € R.

Proof. By an existence theorem of ordinary differential equations, there are a real
number € > 0 and an integral curve ¢ (e): [—€,€] — G of X through e. By Propo-
sition 15.5, p@;(e) = ¢ (p) is an integral curve of X defined on [—&, €] through any
point p € G. Let g = @¢(p) be the endpoint of ¢;(p) on [—&,€]. Then ¢(g) is an
integral curve of X defined on [—&, €]. The two integral curves ¢ (p) and ¢ (q) agree
on their overlap and so the domain of ¢, (p) can be extended to [—&,2¢]. Thus, the
domain of an integral curve of X through any point can always be extended an extra
€ unit. By induction, the maximal integral curve of X through any point is defined
forallt € R. a

It follows from this proposition that a left-invariant vector field X on a Lie group
G has a global flow ¢: Rx G — G.
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15.5 Exponential Map for a Lie Group

For a Lie group G there is also a notion of an exponential map. Unlike the expo-
nential map of a connection, which is a priori defined only on a small neighborhood
of 0 in the tangent space T,M of each point p in a manifold with a connection, the
exponential map for a Lie group is defined on the entire tangent space 7,G, but only
for the tangent space at the identity. When the Lie group has a bi-invariant Rieman-
nian metric (Section 15.8), the exponential map for the Lie group coincides with the
exponential map of the Riemannian connection.

For X, € g := T,G, denote by X the left-invariant vector field on G generated
by X.. In this section we consider primarily integral curves starting at the identity e.
To show the dependence on X, we write cx (t) = ¢ (e) for the integral curve through
e of the left-invariant vector field X on G.

If s is a real number, then

d
<X (st) = sci(st) (chain rule)

=sXey(sr) (cx is an integral curve of X).

This shows that cx (st) as a function of ¢ is an integral curve through e of the left-
invariant vector field sX. Hence,

cx (st) = cgx (1). (15.1)

Definition 15.8. The exponential map for a Lie group G with Lie algebra g is the
map exp: g — G defined by exp(X,) = cx (1) for X, € g.

To distinguish the exponential map of a connection from the exponential map for
a Lie group, we denote the former as Exp,, and the latter as exp.

Proposition 15.9. (i) For X, € g, the integral curve starting at e of the left-invariant
vector field X is exp(tX,) = cx(t) = ¢ (e).

(ii) For X, € g and g € G, the integral curve starting at g of the left-invariant vector
field X is gexp(tX,).

(iii) For s,t € Rand X, € g, exp ((s+1)X.) = (expsX.)(exptX).

(iv) The exponential map exp: g — G is a C™ map.

(V) The differential at 0 of the exponential map, exp,. o: To(g) =g — T.G = g is the
identity map.

(vi) For the general linear group GL(n,R),

expA =) o forA € gl(n,R).
k=0

Proof. (1) By the definition of exp and by (15.1),

exp(tX,) = cix (1) = cx (2).



15.5 Exponential Map for a Lie Group 121

(ii) This follows from (i) and Proposition 15.5.
(iii) View s as a constant and differentiate with respect to ¢:

d
ECX(SH) =y (s+1) = Xoy (541)-

This shows that cx (s+¢) as a function of 7 is an integral curve with initial point cx (s)
of the left-invariant vector field X. With s fixed, cx (s)cx(¢) is also an integral curve
of X with initial point cx (s). By the uniqueness of integral curves,

cx(s+1) =cx(s)ex(t).

Using (i), we can rewrite this equation as exp ((s +1)X,) = (exp sX,)(exp tX,).
(iv) (following [22], p. 103) The proof is based on the fact from the theory of ordinary
differential equations that the flow of a C* vector field is C~. Recall that for each
X, € g, X is the left-invariant vector field generated by X,. Define a vector field V on
G x g by

V(g,Xe) = (Xg,()) = (ég* (Xe),()).
By (ii), the integral curve of V starting at (g,X,) is ¢(¢) = (gexp tX,,X,). The global
flow of V is

¢:Rx(Gxg)—Gxg,
o(t,(8,X.)) = (gexp tXe, Xe ).

Let m: G x g — G be the projection to the first factor. Then

exp(Xe) = (7I © (P)(l, (eﬂX(f))'

As a composite of C* maps, exp: g — G is C™.
(v) For X, € g, a C* curve starting at 0 in g with initial vector X, is c(t) = 1X,.
Computing the differential exp, , using this curve, we get by (i) that

exp(tXe) = Xe.
t=0

d
expc(t) = —

i‘xp 0 ‘(E .
t=0

dt

(vi) We know from ([21], Sect. 15.3, p. 170) that c(¢) = Zf:OAktk/k! is absolutely
convergent for A € gl(n,R). Denote by A the left-invariant vector field on GL(n,R)
generated by A. By [21, Example 8.19],

Ay = (L) A =gA.

Now ¢(0) = I, the identity matrix, and
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Hence c(t) is the integral curve of A through I. By (i),

= Akgk

eXptA:C(t): 7

k=0

Setting t = 1 gives the desired identity. a

Definition 15.10. A 1-parameter subgroup of a Lie group G is a group homomor-
phism ¢: R = G.

In this terminology, Proposition 15.9(iii) says that if X is a left-invariant vector
field on a Lie group G, then its integral curve cx () = exp(¢X,) through the identity
e is a 1-parameter subgroup of G.

Corollary 15.11. The diffeomorphism @,: G — G induced from the flow of a left-
invariant vector field X on a Lie group G is right multiplication by exp tX,:

¢o(g) = ”exthe(g)-

Proof. Applying Corollary 15.6 to e, we get

01 (8) = i (ge) = gpi(e) = rg,(e) (&) = rexprx, (8)- O

15.6 Naturality of the Exponential Map for a Lie Group

Just as the exponential map for a Riemannian manifold is natural with respect to
isometries, so the exponential map for a Lie group is natural with respect to Lie
group homomorphisms.

Theorem 15.12. Let H and G be Lie groups with Lie algebras by and g, respectively.
If f: H— G is a Lie group homomorphism, then the diagram

b g
expl lexp
G

H——

f

S

_—

commutes.
Lemma 15.13. If f: H — G is a group homomorphism, then for any h € H,
fofh :elc(h) of. (152)

Proof (of lemma). Forx € H,

(f o ln) (x) = f(hx) = f(R)f(x) = (Lsen) o ) (x)- O
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Proof (of theorem). For A € b, denote by A the left-invariant vector field on the Lie
group H generated by A. If () is an integral curve of A through e, then

(1) = Aciry = (Ler)+A (15.3)

We will now show that (f o ¢)(¢) is an integral curve of f+A, the left-invariant
vector field on G generated by f.A € g. Taking the differential of (15.2), we get

S ol = Lpgnys o fi- (15.4)
Then
(foc)(t) = fuc'(2) (by the chain rule again)
= file()A (by (15.3))
=Ly« (fxA)  (by (15.4))
= [l (foe)(t

By the definition of the exponential map for a Lie group,

exp(fid) = (f o c)(1) = f(c(1)) = f(expA). O

15.7 Adjoint Representation
Let G be a Lie group with Lie algebra g. For g € G, define ¢;: G — G to be conju-
gation by g:
co(x) =grg ™.
The differential at the identity of ¢, is denoted by

Ad(g) = (cg)se: 89

Forg,h € G,
Cgh = Cg o Cp,
so that by the chain rule,
(Con)x = (cg)s o (cn)s,

or

Ad(gh) = Ad(g) - Ad(h).
Thus, Ad: G — GL(g) is a group homomorphism; it is called the adjoint represen-
tation of the Lie group G.

Proposition 15.14. Let G be a Lie group. The adjoint representation Ad: G —
GL(g) is a C* map.
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Proof. By the definition of a Lie group, the Lie group multiplication u: Gx G — G
and inversion g ~— g~! are C** maps. In terms of i,

cg(x):u(g,u(x,g_l)), g,xGG,
which shows that as a function of g and x, the conjugation ¢, (x) is also C*~.
Let x!,...,x" be a coordinate system in a neighborhood of the identity e. Then
Ad(g) = (cg )+ is represented by the Jacobian matrix [(9 (x' o cg) /dx7)(e)]. Since all
the partial derivatives d(x' o ¢g)/dx/(e) are C* in g, Ad(g) is a C functionof g. O

The differential of Ad at the identity is a Lie algebra homomorphism
ad:= (Ad)..: g — gl(g),
called the adjoint representation of the Lie algebra g. We usually write ad(A)(B) as
adA B.
Proposition 15.15. For A,B € g, ads B = [A, B].
Proof. For A € g, let A be the left-invariant vector field generated by A. We will write
the exponential exp(A) as e*. By Proposition 15.9(i), the integral curve through e of

A is ¢,(e) = ¢, and by Corollary 15.11 the diffeomorphism ¢;: G — G induced
from the flow of A is right multiplication by ¢’4. For A,B € g,

ady B = (Ad, .A)(B) (definition of ad)
d
= Ad(e)(B) (computing Ad, using the curve ¢, (e) = "
=0
d -
=—| (cua),(B) (definition of Ad)
dt|,_
d . L A
=7 (r-a), ({a),B (definition of conjugation c(e"*))
=0
d ~ - ~
=—| (r,.a),Bum (definition of B)
dt|,_,
d 5 1A
=7 (@-1)+(Bya) (@ =ran, pi(e) =€)
=0
= (£;B). (definition of the Lie derivative £ ;B)
= [A,B), ([21, Th. 20.4, p. 225])
=[A, B] (definition of [A, B]). O

15.8 Associativity of a Bi-Invariant Metric on a Lie Group

A Riemannian metric { , ) on a Lie group G is said to be left-invariant if for all C*
vector fields X,Y on G and g € G,

(lguX LY ) = (X,Y).
A right-invariant metric is defined similarly with r in place of {;. A metric that is
both left- and right-invariant is said to be bi-invariant.



15.8 Associativity of a Bi-Invariant Metric on a Lie Group 125

Proposition 15.16. If { , ) is a bi-invariant metric on a Lie group G, then for all
left-invariant vector fields X )Y, Z on G,

(IX,7],2) = (X, [¥,Z]).
Proof. Since ( , ) is bi-invariant, for any g € G and X,,Z, € g,
(XeZe) = (bgerg 1. X berg 1, Z0)
= ((Adg)X.,(Adg)Z,).
If ¢(¢) is the integral curve through e of the left-invariant vector field ¥, then
(Xe,Ze) = ((Adc(r))Xe, (Adc(t))Z,) forallt. (15.5)
Differentiating (15.5) with respect to ¢ and evaluating at ¢ = 0 gives

d

E t=0
= (A, €/(0))Xe, (Ade(0))Ze) + {(Adc(0))Xe. (Ad. €'(0))Z2)
= <ady€ Xe,Ze> —+ <Xe, adye Ze>

= ([Y.,X.],Z) + (X.,[Ye,Z.]) (by Proposition 15.15)

= —<[Xe,Ye],Ze> + <Xea [Ye,Ze]>~

0

((Ade(r))Xe, (Ade(r))Ze)

Since ( , ) is left-invariant and £, 4 [X,, Y] = [lg «(Xe), £g «(Ye)] = [X,, Y] forall g € G
(see [21, Proposition 16.14, p. 185]), left-translating the equation above by g gives
the proposition. a

Problems

15.1. Exponential maps on R?
Give R? its usual Euclidean metric.

(a) At any point p € R?, the tangent space T,,]R2 can be canonically identified with R?. Show
that under this identification TPR2 ~ R?, the exponential map Exp,: TP]R2 — R? is the
identity map.

(b) Viewed as a Lie group under addition, R? has Lie algebra R2. Show that the exponential
map exp: R? — R? is also the identity map.

15.2. Exponentials as generators
Prove that a connected Lie group G with Lie algebra g is generated by expA forall A € g; i.e.,
every element g € G is a product of finitely many exponentials: g = (expAj)--- (expA;).

15.3. Invariant Riemannian metrics on a Lie group
Let G be a Lie group and g its Lie algebra. Suppose ( , ), is an inner product on g. For
any g € G and X,,Y, € T,G, define

(Xg,Ye) = (0g 1, Xg, Ly 1,Ye)e-
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(a) Show that (, ) is a left-invariant Riemannian metric on G.
(b) Show that this sets up a bijection

{inner products on g} <— {left-invariant Riemannian metrics on G}.

(c) Show that under the bijection in (b), Ad(G)-invariant inner products on g correspond to
bi-invariant Riemannian metrics on G.

15.4. Riemannian connection on a Lie group with a bi-invariant metric

Let G be a Lie group with a bi-invariant Riemannian metric. Prove that if V is its Rieman-
nian connection, then Vx¥ = £[X, Y] for all left-invariant vector fields X and ¥ on G. (Hint:
Use (6.8) and Proposition 15.16.)

15.5. Geodesics on a Lie group with a bi-invariant metric

(a) Let G be a Lie group with a bi-invariant Riemannian metric. Prove that the geodesics on G
are precisely the integral curves of left-invariant vector fields. (Hint: Let ¢(¢) be an integral
curve through e of a left-invariant vector field X. Apply Problem 15.4 to show that ¢(¢) is
a geodesic.)

(b) Show that if a Lie group has a bi-invariant Riemannian metric, then the exponential map
for the Lie group coincides with the exponential map Exp, of the Riemannian connection.

15.9 Addendum. The Exponential Map as a Natural
Transformation

The naturality of the exponential map for a Riemannian manifold says in fact that
the exponential map is a natural transformation between two functors. There are two
functors lurking in the background in Theorem 15.2, and in this addendum we will
ferret them out.

Let F and G be two functors from a category A to a category B. A natural
transformation from F to G is a collection of morphisms @4: F(A) — G(A) in B,
one for each object A in A, such that for each morphism f: A — A’ in A the diagram

is commutative.

Let A be the category in which the objects are pointed Riemannian manifolds
(M, p) and for any two objects (N,q) and (M, p), a morphism (N,q) — (M, p) is an
isometry f: N — M such that f(q) = p.

Next, we define the category B. Consider the set of all pairs (U, p), where U is
an open subset of a manifold M and p € U. We say that two pairs (U, p) and (V,q)
are equivalent, written (U, p) ~ (V,q), if p=q and U and V are open subsets of the
same manifold. This is clearly an equivalence relation. An equivalence class of such
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pairs (U, p) with U C M is called a germ of neighborhoods of p in M. A morphism
f:1(U,p)] = [(V,q)] from the germ of (U, p) to the germ of (V, ¢q) is a collection of
C* maps fyryr: (U, p) — (V',q) such that

(U',p)~U,p), (V'.,q)~(V,q),

and for any overlapping (U’, p) and (U”, p) on which fi;s v+ and fyn y» are defined,

fU’,V’ u'nu" — fU”,V” ’U’QU” .

This collection { fy v } need not be defined on all (U’, p) € [(U, p)]; it is enough that
fur v be defined on some neighborhood U’ of p in M. As the category B, we take
the objects to be all germs of neighborhoods and the morphisms to be morphisms of
germs of neighborhoods.

The functor F: A — B takes a pointed Riemannian manifold (M, p) to the germ
[(T,M,0)] of neighborhoods of the origin in the tangent space 7,M, and takes an
isometry f: (N,q) — (M, p) of pointed Riemannian manifolds to the morphism of
germs of neighborhoods induced by the differential f ,: (T,N,0) — (T,M,0).

The functor G: A — B takes a pointed Riemannian manifold (M, p) to its germ
[(M, p)] of neighborhoods, and takes an isometry f: (N,q) — (M, p) to the mor-
phism of germs of neighborhoods induced by f.

The exponential map Exp, of a Riemannian manifold N at g induces a morphism
Exp,: [(T;N,0)] = [(N,q)] of germs of neighborhoods. In the language of categories
and functors, Theorem 15.2 is equivalent to the statement that the exponential map
is a natural transformation from the functor F' to the functor G.
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616 Distance and Volume

In differential topology, where two manifolds are considered the same if they are
diffeomorphic, the concepts of length and volume do not make sense, for length
and volume are clearly not invariant under diffeomorphisms. In differential geome-
try, where two Riemannian manifolds are considered the same if they are isometric,
length and volume do make sense, for they are invariant under isometries. In this
chapter we define length and distance on a Riemannian manifold and construct a
volume form on an oriented Riemannian manifold.

16.1 Distance in a Riemannian Manifold

In a Riemannian manifold we defined the length of a tangent vector X, € T,M to be

HXPH =V <Xanp>-

If ¢: [a,b] — M is a parametrized curve in M, its arc length is given by

te) = [ 1yl

We can reparametrize c¢(¢) via a diffeomorphism #(u): [a;,b;] — [a,b]; the
reparametrization of c(t) is then c(¢(u)) : [a1,b1] — M. We say that the reparametriza-
tion is orientation-preserving if it preserves the order of the endpoints: #(a;) = a
and 1(b)) = b; it is orientation-reversing if it reverses the order of the endpoints.
Since a diffeomorphism #(u): [a;,b1] — [a, D] is one-to-one, it is either increasing or
decreasing. Let u(t) be its inverse. Because u(t(u)) = u, by the chain rule,

dt du |
du dt
which shows that dt /du is never zero. So dt/du is either always positive or always

negative, depending on whether the reparametrization #(u) preserves or reverses the
orientation.

Proposition 16.1. The arc length of a curve c: a,b] — M in a Riemannian manifold
M is independent of its parametrization.

Proof. Suppose c(t(u)),a1 < u < by is an orientation-preserving reparametrization.
Then dt/du > 0. By the chain rule,

d , dt
Ec(t(u)) =c (t(u))ﬂ (16.1)

It follows that
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Sactt)

/bl
aj

au= "1 M

—/ )

= / |lc'(t)||dt  (change of variables formula).
Ja

If ¢(#(u)) is an orientation-reversing parametrization, the calculation is the same
except that (i) |dt /du| = —dt /du, because dt /du < 0, and (ii) the limits of integration
in the last line are reversed. These two changes cancel out:

h] d d
—c(t —
|t = [ e | 4
a dt

=— c —du= / (tw))|| = du
Au(<M| e ),
b

= / |lc'(t)||dt (change of variables formula).

a
So the arc length is still independent of the parametrization. O

Given two points p and g on a connected Riemannian manifold, we define the
distance between them to be

d(p,q) = inf(c)

where the infimum is taken over all piecewise smooth curves ¢ from p to g and ¢(c)
is the length of the curve c.

For the distance d(p,q) to be defined, there must be a curve joining p and g.
Hence, in order to have a distance function, the Riemannian manifold should be
path-connected. By a theorem of general topology, a locally path-connected space is
path-connected if and only if it is connected (Problem A.2). Being locally Euclidean,
a manifold is locally path-connected. Thus, for a manifold, path-connectedness is
equivalent to connectedness. Whenever we speak of the distance function on a Rie-
mannian manifold M, we will assume M to be connected.

It is easily verified that the distance function on a Riemannian manifold satisfies
the three defining properties of a metric on a metric space: for all p,q,r € M,

(i) positive-definiteness: d(p,q) > 0 and equality holds if and only if p = ¢;
(i) symmetry: d(p,q) =d(q,p);
(i) triangle inequality: d(p,r) < d(p,q)+d(q,r).
Therefore, with the distance as a metric, the Riemannian manifold M becomes a
metric space.

Remark 16.2. This metric is not the Riemannian metric, which is an inner product on
the tangent space T,M at each point p of the manifold. In the literature a “Rieman-
nian metric” is sometimes shortened to a “metric.” So the word “metric” can have
two different meanings in Riemannian geometry.
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Example 16.3. Let M be the punctured plane R? —{(0,0)} with the Euclidean metric
as the Riemannian metric. There is no geodesic from (—1,—1) to (1, 1), because
the origin is missing from the manifold, but the distance between the two points is
defined and is equal to 2v/2 (Figure 16.1). This example shows that the distance
between two points need not be realized by a geodesic.

(1,1)

(_17_1)

Fig. 16.1. Punctured plane.

16.2 Geodesic Completeness

In differential topology, a curve c: (a,b) — M in a manifold M can be reparametrized
so that its domain is R, because the interval (a,b) is diffeomorphic to R. Now sup-
pose the manifold M is Riemannian and the curve is a geodesic. By Proposition 14.5,
any reparametrization of the geodesic which keeps it a geodesic must have the form
t = au+ B, for o, B € R. Such a linear change of variables maps a finite interval to
another finite interval. Thus, whether or not a geodesic has the entire real line R as
its domain is independent of the parametrization.

Definition 16.4. A Riemannian manifold is said to be geodesically complete if the
domain of every geodesic in it can be extended to R.
Example. The Euclidean space R" is geodesically complete.

Example. The sphere S? is geodesically complete.

Example. The punctured Euclidean plane R? — {(0,0)} is not geodesically com-
plete, since the domain of the geodesic ¢(7) = (¢,1), 1 <t < e cannot be extended to
—oo  f < oo,

Definition 16.5. A geodesic defined on [a, )] is said to be minimal if its length is
minimal among all piecewise smooth curves joining its two endpoints.

A proof of the following fundamental theorem on geodesic completeness may be
found in [19, Volume 1, Theorem 18, p. 342].
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Heinz Hopf (1894-1971) and Willi Rinow (1907-1979)

Theorem 16.6 (Hopf-Rinow theorem). A Riemannian manifold is geodesically
complete if and only if it is complete as a metric space in the distance metric d
defined above. Moreover, in a geodesically complete Riemannian manifold, any two
points may be joined by a minimal geodesic.

16.3 Dual 1-Forms Under a Change of Frame

Many of the constructions in differential geometry are local, in terms of a frame
of vector fields and its dual frame of 1-forms, for example, the connection matrix
and the curvature matrix of an affine connection. To see how the construction trans-
forms under a change of frame, it is useful to know how the dual frame of 1-forms
transforms.

Ifey,...,e, and ey,..., &, are two C” frames on an open set U in a manifold M,
then

ej=y de (16.2)
i

for some C* function [ai.] : U —GL(n,R). Let 8',...,0" and 8',..., 0" be the dual
frames of 1-forms, respectively, meaning

0'(e;)=6; and 6'(¢;) =4},

where &/ is the Kronecker delta. To write 0',...,0"interms of O!,...,0", it is best
to use matrix notation.
In matrix notation we write the frame eq,...,e, as a row vector

e=le] -+ e
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and the dual frame 6',... 6" as a column vector
91
6=|":
97[
The duality is expressed in matrix notation as a matrix product:
91
Be= | : |[er - en) = [0(e))] = [51’] =1
6}1

Equation (16.2) translates into

e=1[e - e)=ler - en}[aﬂ»] =eA.

Proposition 16.7. Let e = [ey -+ e,| and &= [e| -+ &,] be two frames on an open
setU. If e = eA for A: U — GL(n,R), then the dual frames 6 and 0 are related by
6=A""o.

What this means is that if 6’ = ¥ 5%6/, then B= [b'] =A~".
Proof. Since
(A'0)e=A""0eA=A"11A=1,
we have = A~19. a
Next we study how ' A--- A 8" is related to 1 A--- A 0",

Proposition 16.8 (Wedge product under a change of frame). Let V be a vector
space of dimension n and 0',....,0"a basis for the dual space VY. If the 1-covectors
0',...,0"and 0',...,0" are related by 6" = 2067, then with B = [b'],

O'A---NO" = (detB)B' A---NO".

Proof. Problem 16.3. a

16.4 Volume Form

On an oriented manifold of dimension »n there are many nowhere-vanishing n-forms.
If w is a nowhere-vanishing n-form, so is any nonzero multiple of @. In general, it is
not possible to single out one of them as the volume form. If the oriented manifold is
Riemannian, however, we will show that there is a canonically defined volume form.

Let (U ,x',...,x") be an arbitrary chart on an oriented Riemannian manifold M.
Applying the Gram—Schmidt process to the coordinate frame dy, ..., d,, we can con-
struct an orthonormal frame ey,...,e, on U. Let 8!,...,6" be the dual frame of
1-forms and define

o=0"A---NO"

Then @ is a nowhere-vanishing n-form on U.
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To see how m depends on the choice of an orthonormal frame, let éy,...,é, be
another orthonormal frame on U. Then there are C* functions a’j : U — R such that

e_j :zai-e,'. (16.3)
Sipce both ey,...,e, and ey,...,é, are orthonormal, the changft of bas_is matrix A =
[@'] is a function from U to the orthogonal group O(n). Let 6',...,0" be the dual

frame of éy,...,e,. By Proposition 16.7, 8" = ¥(A~1),6/. 1t then follows from
Proposition 16.8 that

O'A---AO"=det(A" YOI A A O™

We now assume that e and é are both positively oriented. Then the matrix function
A: U — SO(n) assumes values in the special orthogonal group. Since A~! € SO(n),
det(A~!) =1, and so

6'A---NO"=0"A---NO".

This proves that @ = ' A--- A 0" is independent of the choice of the positively
oriented orthonormal frame. It is a canonically defined n-form on an oriented Rie-
mannian manifold M. We call  the volume form of M. In case the integral [;, @ is
finite, we call |, 1y @ the volume of the oriented Riemannian manifold M.

Example 16.9 (Volume form on R?). On R?, an orthonormal basis is d/dx,d/dy,
with dual basis 8! = dx, 8> = dy. Hence, the volume form on R? is dx A dy.

Example 16.10 (Volume form on H?). By Section 12.5, an orthonormal frame on the
Poincaré half-plane H? is e; = yd/dx, e = yd /dy, with dual frame 0! = (dx)/y,
6% = (dy)/y. Hence, the volume form on H? is dx A dy/y>.

The notion of a tangent bundle extends to a manifold M with boundary dM (see
[21, Section 22.4, pp. 253-254]); hence so does the notion of a Riemannian metric:
a Riemannian metric on a manifold M with boundary is a positive-definite symmet-
ric bilinear form on the tangent bundle TM. If M is a Riemannian manifold with
boundary, then dM inherits naturally a Riemannian metric from M.

Theorem 16.11. Let voly; and voly,, be the volume forms on an oriented Riemannian
manifold M and on its boundary oM. Assume that the boundary is given the
boundary orientation [21, §22.6]. If X is the outward unit normal along oM, then
volyy = tx(voly), where tx is the interior multiplication with X. (For the basic
properties of interior multiplication, see [21, Section 20.4, pp. 227-229].)

Proof. Let p be a point in the boundary dM. If (X, ey, ..., e,) is a positively oriented
orthonormal frame field for M in a neighborhood U of p, then by the definition of
the boundary orientation, (e,...,e,) is a positively oriented orthonormal frame for
OMinUNAJM. Let 0',..., 6" be the dual frame to X, e, ..., e,. Clearly, 62,...,0"
isdualto es,...,e, on UNJIM. So

VO]MZQIA.../\Q” and V013M292/\_”A9n.
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At a point of M,
1y (voly) = X(GI A--AO")
z ) 19i(X) 01 A NI A O"

:e (X) 0> A---NO"

=0%A---NO" =volyy,. O
Example 16.12 (The volume form on a circle). The volume form on the unit disk

D={(xy) eR |4y <1}

is dx A dy. The unit outward normal X along its boundary D = S' is

2,0
dx yBy'

By Theorem 16.11, the volume form on the unit circle oriented counterclockwise is

X=x

g = 1x(dx ANdy) = (1xdx)dy — dx(1xdy)
= (Xx)dy—dx(Xy) = xdy—ydx.

16.5 The Volume Form in Local Coordinates

On a coordinate chart (U,x',...,x") of a Riemannian manifold M, the volume form
volys, being a nowhere-vanishing top form, is a multiple fdx' A--- Adx" of dx' A

- Adx" for some nonvanishing function f on U. The next theorem determines f in
terms of the Riemannian metric.

Theorem 16.13. Let (U7)cl e ,x")‘be a cqordinate chart on a Riemannian manifold
M, and let gij = (9;,0;) = (d/dx',d/dx'). Then the volume form of M on U is
given by

voly = /detg dx' A--- Adx",

where g is the matrix [g;;].

Proof. Let eq,...,e, be an orthonormal frame on U, with dual frame of 1-forms
el,....0m Then dj = Z,a .¢; for some matrix-valued function A = [a ’J] U—

GL(n,R).‘ The dual frame to d,...,0 is dx',...,dx". By Proposition 16.7,
dx' =3;b'67 with B = [b'] = A~!. By Proposition 16.8,

dx' A Adx" = (detB)@' A--- A O".
Hence,

volyy = 01 A---A 0" = (detB) 'dx' A--- NdX"
= (detA)dx' A--- Adx".
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To find detA, note that
g1 = (0,9) = (S aber.aler) = 3 akal ferer)

zza é'k/—Za ATA

Therefore,
g=lgij] =ATA,
so that
detg = det(ATA) = (detA)?.
It follows that

detA = /detg

and
voly, = (detA)dx' A--- Adx" = \/detg dx' A--- Ndx". 0

Problems

16.1. Transition matrix for orthonormal bases
Suppose ey, ...,e, and éy,. .., e, are two orthonormal bases in an inner product space V. Prove
thatif &; = Za’]-e,-, then the matrix A = [a’i] is orthogonal, i.e., ATA = 1.

16.2. The triangle inequality
Prove the triangle inequality for the distance function on a Riemannian manifold M: for all
p,q,r €M,

d(p,r) <d(p,q)+d(q,r).

16.3. Wedge product under a change of frame
Prove Proposition 16.8.

16.4. Volume form of a sphere in Cartesian coordinates

Let §" !(a) be the sphere of radius a centered at the origin in R”. Orient §"~!(a) as the
boundary of the solid ball of radius a. Prove that if x!, ... x" are the Cartesian coordinates on
R”, then the volume form on "~ !(a) is

(— 1) Vxldxl Ao Adi A A d

M=

1
VOlsn—l(a) = ;

i=1

(Hint: Instead of finding an orthonormal frame on the sphere, use Theorem 16.11.)

16.5. Volume form of a 2-sphere in spherical coordinates

Parametrize the 2-sphere M of radius a in R3 by spherical coordinates 6, ¢, where 6 is the
angle in the (x,y)-plane relative to the positive x-axis and ¢ is the angle relative to the positive
z-axis (Figure 16.2). Then

X asin¢cos 0
y asin@sin@ | , 0<0<2m, 0<@p<m.
Z acos ¢
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Fig. 16.2. Spherical coordinates in R>.

(a) Compute d/d¢ and d/d6 and show that they are orthogonal to each other. (Hint: Use
[21, Prop. 8.10, p. 90] to write d/d¢ and d/d 0 in terms of d/dx, d/dy, d/dz.)

(d) Let e; = (9/39)/||0/d9]|, ex = (3/26)/||d/36)|. Calculate the dual basis o', o® of
1-forms and the volume form on the 2-sphere of radius a in terms of a, ¢, 6.

(c) Calculate the volume of M. (Since M is a surface, by its volume we mean its surface area.)

16.6. Volume form of an n-sphere in spherical coordinates
For n > 3 we define the spherical coordinates on R” as follows (see Figure 16.3). Let r; be
the distance of the point (xi,...,x;) from the origin in R¥:

rkzy/x%+-~-+x]%.

(In this problem we use subscripts instead of superscripts on coordinate functions so that x%
means the square of x;.) The spherical coordinates on R? are the usual polar coordinates
r=ry, 0,0<60<2m Forn>3,if x=(x,...,x,), then the angle ¢, is the angle the vector
x makes relative to the x,-axis; it is determined uniquely by the formula

X
cos, =2, 0< ¢, <.

'n

Project x to R”~! along the x,-axis. By induction the spherical coordinates 7,_1,6, ¢3, ...,
¢,_1 of the projection (xi,...,x,_1) in R"~! are defined. Then the spherical coordinates
of (xi,...,x) in R” are defined to be r,,0,3,...,¢,_1,¢,. Thus for k = 3,... n, we have
cos ¢y = x /7. Let S~ !(a) be the sphere 7, = a.

(a) Find the length of the vectors d/96, d/d ¢ fork =3,...,n.

(b) Normalize the vectors in part (a) to obtain an orthonormal frame e, ...,e, on the sphere
5" a).

(c) Give the sphere g1 (a) the boundary orientation of the closed solid ball of radius a. (For
a discussion of boundary orientation, see [21, Section 21.6, p. 255].) Show that the volume
form on §"~!(a) in spherical coordinates is up to sign

o =d"(sin" 2 ¢,)(sin" 3 @,_1)--- (sin3)dO AdP3 A--- Adgy.

16.7. Surface area of a sphere
Because the “volume of a sphere” usually means the volume of the ball enclosed by the sphere,
we will call the integral of the volume form on a sphere the surface area of the sphere.
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X

Xk

~
/ SN e

Fig. 16.3. Spherical coordinates in R”".

(a) By integration by parts, show that
T _ 1 T
/ sin" pd¢ = 1 / sin" 2 9d¢.
0 n 0

(b) Give a numerical expression for [if sin* ¢ d¢ and [ sin*~! ¢ d¢.
(c) Compute the surface area of a sphere of radius a. Treat the even-dimensional case and the
odd-dimensional case separately.

16.8. Volume form on a smooth hypersurface in R"

Let f: R” — R be a C* function whose partial derivatives d f/dx’ are not simultaneously
zero at any point of the zero locus Z(f) of f. By the regular level set theorem, Z(f) is a
smooth manifold of dimension n —1 (see [21, Th. 9.9, p. 105]). It inherits a Riemannian
metric from R”.

(a) Show that the gradient vector field grad f = ¥,(df/dx')d/dx' is a nowhere-vanishing
normal vector field along Z(f).

(b) The unit normal vector field X = grad f/||grad f|| on Z(f) defines an orientation on Z(f):
an orthonormal frame (e3,...,e,) at p € Z(f) is said to be positive for T,(Z(f)) if and
only if (X,e,...,e,) is positive for T,(R"). Compute the volume form on Z(f) with this
orientation.
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§17 The Gauss—Bonnet Theorem

According to an elementary theorem in Euclidean geometry, the three angles of a
triangle in the plane add up to 180°. This simple fact has a beautiful generalization
to any polygon on a Riemannian 2-manifold. The formula, called the Gauss—Bonnet
formula for a polygon, relates the sum of the angles of a polygon to the geodesic
curvature of the edges of the polygon and the Gaussian curvature of the surface.
As a corollary, the angles of a geodesic triangle on a Riemannian 2-manifold can
add up to more or less than 180°, depending on whether the Gaussian curvature is
everywhere positive or everywhere negative.

The Gauss—Bonnet formula for a polygon leads to the Gauss—Bonnet theorem
for an oriented Riemannian 2-manifold, according to which the total Gaussian cur-
vature [;, Kvol of an oriented Riemannian 2-manifold M is equal to 27 times the
Euler characteristic ) (M). The most striking feature of this theorem is that while the
Gaussian curvature K depends on the Riemannian metric, the Euler characteristic
does not. Thus, although the Gaussian curvature depends on the metric, its integral
does not. Read another way, the Gauss—Bonnet theorem also implies that although
the Euler characteristic by definition depends on a polygonal decomposition of the
surface, because the total curvature does not, the Euler characteristic is in fact inde-
pendent of the polygonal decomposition.

It follows that two homeomorphic compact orientable surfaces have the same
Euler characteristic, since a homeomorphism carries a polygonal decomposition
from one surface to the other and preserves the number of vertices, edges, and faces.
Thus, at least for compact orientable surfaces, the Euler characteristic is a topologi-
cal invariant. It is the first instance of a topological invariant that can be constructed
using curvature.

17.1 Geodesic Curvature

In the same way the curvature of a curve in Euclidean space is defined using the
usual derivative (Problem 2.7), we can define the geodesic curvature of a curve in a
Riemannian manifold using the covariant derivative along the curve.

Consider a unit-speed curve ¥(s): [a,b] — M in a Riemannian manifold M. The
Riemannian connection of M induces a covariant derivative D/ds along the curve.
Let T(s) = ¥/(s). The curve y(s) is a geodesic if and only if DT /ds vanishes iden-
tically. Thus, the magnitude ||DT /ds|| gives a measure of the extent to which y(s)
fails to be a geodesic. It is called the geodesic curvature &, of the curve y(s):

- DT
= as

So defined, the geodesic curvature is always nonnegative.
It follows directly from the definition that a unit-speed curve is a geodesic if and
only if its geodesic curvature is zero.
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17.2 The Angle Function Along a Curve

At a point p of an oriented Riemannian manifold M, the angle { between two vectors
u and v in the tangent space T,M is given by the formula

cos¢ = V)

el [1v1°
In general, the angle { is defined only up to an integer multiple of 27.

Suppose now that (U, ej,e;) is a framed open set on which there is a positively
oriented orthonormal frame ej,e;. If ¢: [a,b] — U is a C curve, let () be the
angle from e, () to ¢'(¢) in T,(;yM. Because {(t) is defined only up to an integer
multiple of 27, { is a function from [a,b] to R/2xZ. It is a C* function, since it is

locally a branch of cos ™ (¢/(), e ( @)/1I¢'(t)]]. Let & be a real number such that

<C/( )7el,c(a)>

e’ (a)]
Since R is a covering space of R/27Z and the interval [a, b] is simply connected, we
know from the theory of covering spaces that there is a unique C* map §: [a,b] = R
with a specified initial value {(a) = §y that covers :

cos§y =

[a,b] — R/27Z.

We call {: [a,b] — R the angle function with initial value {, along the curve c rela-
tive to the frame ey, 5. Since an angle function along a curve is uniquely determined
by its initial value, any two angle functions along the curve c relative to ey, e, differ
by a constant integer multiple of 27.

17.3 Signed Geodesic Curvature on an Oriented Surface

Mimicking the definition of the signed curvature for a plane curve, we can give
the geodesic curvature a sign on an oriented Riemannian 2-manifold. Given a unit-
speed curve ¥(s): [a,b] — M on an oriented Riemannian 2-manifold M, choose a
unit vector field n along the curve so that 7', n is positively oriented and orthonormal.
Since (T,T) = 1 on the curve,

4
ds

DT
2(==,T)=0.
(&)

Since the tangent space of M at y(s) is 2-dimensional and DT /ds is perpendicular to
T, DT /ds must be a scalar multiple of n.

(T,T) =0.

By Theorem 13.2,



140 817 The Gauss—Bonnet Theorem

Definition 17.1. The signed geodesic curvature at a point y(s) of a unit-speed curve
in an oriented Riemannian 2-manifold is the number i, (s) such that

DT

— = K,n.
ds §

The signed geodesic curvature ki can also be computed as

DT
Kg: a,ﬂ .

Let U be an open subset of the oriented Riemannian 2-manifold M such that there
is an orthonormal frame ej,e, on U. We assume that the frame e, e is positively
oriented. Suppose v: [a,b] — U is a unit-speed curve. Let {: [a,b] — U be an angle
function along the curve v relative to ey,e;. Thus, (s) is the angle that the velocity
vector T (s) makes relative to e at y(s) (Figure 17.1). In terms of the angle C,

T = (cos)er+(sind)ez, (17.1)
n=—(sin{)e; + (cos{)en, (17.2)

where ey, e; are evaluated at c(z).

Fig. 17.1. The angle {.

Proposition 17.2. Let a)21 be the connection form of an affine connection on a Rie-
mannian 2-manifold relative to the positively oriented orthonormal frame ey,es
on U. Then the signed geodesic curvature of the unit-speed curve 7y is given by

Proof. Differentiating (17.1) with respect to s gives

DTﬁ d Deq d . . De;
o <dscosc> e1+(cos&) s + (dssmC) ey + (sin§) I
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In this sum, e; really means ¢; .,y and De,».ﬁ(,)/ds = Vre; by Theorem 13.1(iii), so
that by Proposition 11.4,

D
—L =Vrei = 0}(Ter = ~0} (Te,
D
% = VTez = ab] (T)61
Hence,
DT e ac 1
P (sin{) R e1 —(cos§)w; (T)ey
+(COSC)£(32+(SinC)a)21(T)el
_ (48
= (ds %(T)) n
So
d
Ko = d—f — (7). O

Since K, is a C* function on the interval [a, b], it can be integrated. The integral
jf K, ds is called the total geodesic curvature of the unit-speed curve y: [a,b] — M.

Corollary 17.3. Let M be an oriented Riemannian 2-manifold. Assume that the
image of the unit-speed curve v: [a,b] — M is a 1-dimensional submanifold C with
boundary. If C lies in an open set U with positively oriented orthonormal frame ey, e
and connection form a)zl, then its total geodesic curvature is

b
[ weds =)~ ¢(a)- [ 0.
a C
Proof. Note that y~! : C — [a,b] is a coordinate map on C, so that

b
/@=/f@-
C a

Let s be the coordinate on [a,b]. Then

*

Y@y = f(s)ds (17.3)

for some C* function f(s). To find f(s), apply both sides of (17.3) to d/ds:

16 =trod) (5 ) =t (15 ) = ol ) = wd(r)
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Hence, ¥* @i = ®!(T)ds. By Proposition 17.2,

/ablcgds:/ab%ds—/abwzl(T)ds
=) <) [ wl(ryas
b
= L{B) L0~ [ 7o)

= L)~ ¢(@)- [ o} 0

17.4 Gauss-Bonnet Formula for a Polygon

A polygon on a surface M is a piecewise smooth simple closed curve y: [a,b] — M;
here “closed” means that y(a) = y(b) and “simple” means that the curve has no other
self-intersections. We say that a polygon is unit-speed if it has unit speed everywhere
except at the nonsmooth points. Suppose now that M is an oriented Riemannian 2-
manifold and that y: [a,b] — M is a unit-speed polygon that lies in an open set U
on which there is an oriented orthonormal frame e;,e;. Let y(so), ¥(s1),- .., Y(sm)
be the vertices of the curve, where a = s9,b = sy, and y(a) = y(b). Denote by C
the image of 7, and by R the region enclosed by the curve C (Figure 17.2). Let K
be the Gaussian curvature of the oriented Riemannian 2-manifold M.

In a neighborhood of a vertex y(s;), the curve is the union of two 1-dimensional
manifolds with boundary. Let ¥/ (s; ) be the outward-pointing tangent vector at (s;)
of the incoming curve, and let 7/(s;") be the inward-pointing tangent vector at ¥(s;)
of the outgoing curve. The angle € in | — m, [ from the incoming tangent vector
Y (s;") to the outgoing tangent vector ¥ (s;") is called the jump angle at y(s;). The
interior angle at y(s;) is defined to be

ﬁ,‘ =T —E.

Along each edge y([s;—1,s;]) of a polygon, the velocity vector T changes its angle
by A = C(s;) — {(si—1). At the vertex ¥(s;), the angle jumps by &;. Thus, the total
change in the angle of T around a polygon is

m m
ZACi + z ;.
i=1 i=1

In Figure 17.2, it appears that the total change in the angle is 27. This is the content
of the Hopf Umlaufsatz (circulation theorem), which we state below. On an oriented
surface, a polygon is positively oriented if it has the boundary orientation of the
oriented region it encloses. In the plane, positive orientation is counterclockwise.

Theorem 17.4 (Hopf Umlaufsatz). Let (U, e;,e2) be a framed open set on an ori-
ented Riemannian 2-manifold, and y: |a,b] — U a positively oriented piecewise
smooth simple closed curve. Then the total change in the angle of T(s) = Y (s)
around Y is
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Y'(s3)

L y y | y(‘”l) = Y(SO)
S0 S1 82 Sm ’}/(Sl )

Fig. 17.2. A polygonal region on a surface.

m m
ZACH— 28,' =2m.
i=1 i=1

The Hopf Umlaufsatz is also called the rotation index theorem or the rotation
angle theorem. A proof may be found in [11] or [16, Th. 2.9, pp. 56-57]. In the
Addendum we give a proof for the case of a plane curve.

Theorem 17.5 (Gauss—Bonnet formula for a polygon). Under the hypotheses

above,
b m
/ Kgds=27r—2£,~—/l(vol.
a i=1 R

Proof. The integral | ah Kgds is the sum of the total geodesic curvature on each edge
of the simple closed curve. As before, we denote by A{; the change in the angle {
along the ith edge of y. By Corollary 17.3,

b m S
/ Kgds:Z/ Keds
a i=1Y9%i-1
=2Ag—/w2'. (17.4)
7 Jc

By the Hopf Umlaufsatz,
ZAQZZTC—ZE,‘. (17.5)
Recall from Section 12 that on a framed open set (U,ej,ez) of a Riemannian
2-manifold with orthonormal frame e;, e, and dual frame 6, 62, if [Q‘/} is the curva-
ture matrix relative to the frame ey, e>, then

Q =dol =K6'r6%

S [
frot= [

= / dw) (by Stokes’ theorem)
R

Therefore,

:/K91A92:/Kvol. (17.6)
R R

Combining (17.4), (17.5), and (17.6) gives the Gauss—Bonnet formula for a polygon.
O
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17.5 Triangles on a Riemannian 2-Manifold

A geodesic polygon is a polygon whose segments are geodesics. We will deduce
from the Gauss—Bonnet formula a famous result on the sum of the angles of a
geodesic triangle on a Riemannian 2-manifold.

Proposition 17.6. Suppose a geodesic m-gon v lies in a framed open set of an ori-
ented Riemannian 2-manifold. If B; is the interior angle at vertex i of the geodesic
m-gon, R is the closed region enclosed by v, and K is the Gaussian curvature on R,
then

;ﬁi:(m—Z)n—i—/RKvol.

Proof. Along a geodesic m-gon, the geodesic curvature K, is identically zero. The
exterior angle & at vertex i is

E=T— Bi-
Hence, the Gauss—Bonnet formula becomes

m

OzZﬂ—Z(ﬂ—ﬁi)—/I;Kvol,

i=1
or

;Bi:(m—Z)n?—F/RKvol. O

The following corollary is immediate.

Corollary 17.7. Suppose a geodesic triangle lies in a framed open set of an oriented
Riemannian 2-manifold M.

(1) If M has zero Gaussian curvature, the angles of the geodesic triangle add up to
7 radians.
(1) If M has everywhere positive Gaussian curvature, the angles of the geodesic
triangle add up to more than 1 radians.
(iii) If M has everywhere negative Gaussian curvature, the angles of the geodesic
triangle add up to less than © radians.

By Section 12.5, the Poincaré half-plane has constant Gaussian curvature —1.
It is also known as the hyperbolic plane. We will call a geodesic triangle in the
Poincaré half-plane a hyperbolic triangle.

Corollary 17.8. The area enclosed by a hyperbolic triangle is © minus the sum of its
interior angles.

Proof. If R is the region enclosed by the hyperbolic triangle, then by Proposi-
tion 17.6,

Area(R) = / 1vol:—/KV01
JR R

3
:TE—Zﬁi. O
i=1
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17.6 Gauss—Bonnet Theorem for a Surface

Let M be a compact oriented Riemannian 2-manifold. Suppose M has been cut up
into polygonal regions, each of which is bounded by a piecewise smooth simple
closed curve and lies in a framed open set. We call such a polygonal decomposition
sufficiently fine. Let V, E | F be the number of vertices, edges, and faces, respectively,
of this polygonal decomposition. The Euler characteristic of the decomposition is
defined to be

x=V—-E+F

Theorem 17.9 (Gauss—Bonnet theorem). For a compact oriented Riemannian 2-
manifold M,

/ Kvol =2nyx(M).
M

Proof. Decompose the surface M into a sufficiently fine polygonal decomposition.
The orientation on the surface will orient each face in such a way that each edge is
oriented in two opposite ways, depending on which of the two adjacent faces it is a
boundary of (see Figure 17.3).

35/

Fig. 17.3. Orienting a triangulated surface.

Denote the polygonal regions by R;. If we sum up [ k,ds over the boundaries of
all the regions R;, the result is zero because each edge occurs twice, with opposite

orientations. Let [31.('7 >, 1 <i < nj, be the interior angles of the jth polygon. Then by
the Gauss—Bonnet formula for a polygon (Theorem 17.5),

0:2/ Kgds:27tF—22]’(7r—[3i(j))—2/ Kvol.
; JOR; 7 =1 7 /R

In the sum ¥; >:(7 — ﬁi(j )), the term 7 occurs 2E times because each edge occurs
twice. The sum of all the interior angles is 27 at each vertex; hence,

ZBi<j) =2nV.
i7j



146 817 The Gauss—Bonnet Theorem

Therefore,

0=2nF — 27:E+2[3 /Kvol

or

/ Kvol=2nV —2nE +2nF
M
=2ry(M). O

In the Gauss—Bonnet theorem the total curvature [y, K vol on the left-hand side
is independent of the polygonal decomposition while the Euler characteristic 2wy
on the right-hand side is independent of the Riemannian structure. This theorem
shows that the Euler characteristic of a sufficiently fine polygonal decomposition
is independent of the decomposition and that the total curvature is a topological
invariant, independent of the Riemannian structure.

By the classification theorem for surfaces, a compact orientable surface is classi-

fied by an integer g called its genus, which is essentially the number of holes in the
surface (Figure 17.4).

— (=2

genus 0 genus 1 genus 2

Fig. 17.4. Compact orientable surfaces.

Any two compact orientable surfaces of the same genus are diffeomorphic and
moreover, if M is a compact orientable surface of genus g, then

(M) =2-2g.

Theorem 17.10. If a compact orientable Riemannian manifold of dimension 2 has
positive Gaussian curvature K everywhere, then it is diffeomorphic to a sphere.

Proof. By the Gauss—Bonnet theorem,

2nx (M /Kv01>0

So ¥(M) =2 —2g > 0, which is equivalent to g < 1. Hence, g = 0 and M is diffeo-
morphic to a sphere. a
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17.7 Gauss-Bonnet Theorem for a Hypersurface in R>"*!

If M is an even-dimensional smooth, compact, oriented hypersurface in R2+1 we
defined its Gaussian curvature K in Section 9.1. The Gauss—Bonnet theorem for a
hypersurface states that

VO 2n
/K lf)ﬂm.

For a proof, see [19, Vol. 5, Ch. 13, Th. 26, p. 442]. Forn =1, V01(S2) =47 and this
theorem agrees with Theorem 17.9.

Problems

17.1. Interior angles of a polygon
Use the Gauss—Bonnet formula to find the sum of the interior angles of a geodesic m-gon in
the Euclidean plane.

17.2. Total curvature of a plane curve
Let C be a smooth, simple closed plane curve parametrized counterclockwise by ¥(s), where
s €10, 4] is the arc length. If k(s) is the signed curvature of the curve at y(s), prove that

/Ozk(s) ds=2m.

This is a restatement of Hopf’s Umlaufsatz, since if 6 is the angle of the tangent vector ¥/ (s)
relative to the positive x-axis, then

[k d éded 0(¢)—06(0
s)ds= | —ds= - ,
| Koyds= [ Soas=00)-0(0)
is the change in the angle 6 from s =0to s = /.

17.3. The Gauss map and volume

Let M be a smooth, compact, oriented surface in R3. The Gauss map v: M — §2 of M is
defined in Problem 5.3. If volys and volg. are the volume forms on M and on 52 respectively,
prove that

v*(volg) = K voly,
where K is the Gaussian curvature on M.
17.4. Degree of the Gauss map of a surface

If f: M — N is a map of compact oriented manifolds of the same dimension, the degree of f
is defined to be the number

degf = [ 1o

where o is a top form on N with |, y @ =1[3, p. 40]. Prove that for a smooth, compact,
oriented surface M in R3, the degree of the Gauss map v: M — S is

degv = %x(M)

(Hint: Take o to be volg /4. Then degv = [}, v¥(vols)/4m. Use Problem 17.3 and the
Gauss—Bonnet theorem.)
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17.5. Degree of the Gauss map of a hypersurface

Let M be a smooth, compact, oriented 2n-dimensional hypersurface in R, Let N be the
unit outward normal vector field on M. The Gauss map v: M — S assigns to each point
p € M the unit outward normal N,. Using the Gauss—Bonnet theorem for a hypersurface,
prove that the degree of the Gauss map is

degv = %x(M)

Addendum. Hopf Umlaufsatz in the Plane

In this Addendum we give a proof of the Hop Umlaufsatz in the plane, more or less
along the line of Hopf’s 1935 paper [11].

Letc: [a,b] — R? be a regular curve (Recall that “regular” means that ¢’ is never
zero). Let &: [a,b] — R/27Z be the angle that the unit tangent vector makes with
respect to the positive x-axis. Because angles are defined up to an integral multiple
of 27, it is a C* function with values in R/2n7. Since the interval [a,b] is sim-
ply connected, { has a C~ lift {: [a,b] — R, which is unique if we fix the initial
value §(a) € R. If ¢ is piecewise smooth with vertices at so < s; < -+ < s, then at
each vertex c(s;), the angle at the endpoint of one segment and the jump angle there
determines uniquely the angle at the initial point of the next segment. Thus, on a
piecewise smooth curve there is a well-defined C* angle function on each segment
once the initial angle {(a) € R is specified.

Theorem 17.1 (Hopf Umlaufsatz for a plane curve). Let y: [0,/] — R? be a piece-
wise smooth simple closed curve oriented counterclockwise and parametrized by arc
length. Then the change in the angle around Yy is

£(0)—5(0) = 2.

Y(t2)

y(t1)
O~
7(0)

Fig. 17.5. A simple closed curve.

Proof. Let C = y([0,£]) be the image of the parametrized curve. First consider the
case when C is smooth. Since C is compact, it is bounded and therefore lies above
some horizontal line. Parallel translate this horizontal line upward until it is tangent
to C. Translate the coordinate system so that the origin O = (0,0) is a point of
tangency with a horizontal tangent (Figure 17.5).
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For any two points y(¢1),¥(t2) on C with t; < 1, let Z__: (t1,12) be the angle that

the unit secant vector ¥(t;)y(12)/||7(11)y(t2)|| makes relative to the positive x-axis. If
1 =1, let 5 (t1,12) be the angle that the unit tangent vector at y(#;) makes relative to
the positive x-axis.

Let T be the closed triangle in R? with vertices O = (0,0), A = (0,¢), and L =
(¢,0) (Figure 17.6). The angle function {: T — R/277Z is continuous on the closed
rectangle 7 and C* on the open rectangle. Since 7T is simply connected, (;_' lifts to a
continuous function {: T — R that is C** in the interior of 7.

A(0,0) ¢ ® L(L,0)

0(0,0)

Fig. 17.6. Domain of the secant angle function.

Then d{ is a well-defined 1-form on T, and the change in the angle { around the
curve Y is given by the integral

|dt=tw)-£(0)= £~ )
OL

By Stokes’ theorem,

| ac= [ awg)~o.
or T
where 0T = OL+ LA +AO = OL — AL — OA. Hence,

/7d§ _ 7d§+/7d§. a17.7)
OL OA AL

On the right the first integral [57d{ = {(0,£) — £(0,0) is the change in the angle
as the secant moves from (0,0) to (0,¢), i.e., the initial point of the secant is fixed
at O while the endpoint moves from O to O counterclokwise along the curve (Fig-
ure 17.7). Thus,

[ ac=¢0.0-¢0.0=x-0=xr.
OA
The second integral on the right in (17.7),

[ as=cwn-co.0,
AL

is the change in the angle of the secant if the initial point of the secant moves from O
to O counterclockwise along the curve while the endpoint is fixed at O (Figure 17.8).
Thus,
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A

4(054) 'y(()) g(0,0)

Fig. 17.7. Change in the secant angle from (0,0) to (0,¢).

Fig. 17.8. Change in the secant angle from (0,¢) to (¢,£).

/Edc — (60— L(0,0) =2 = 7.
Soin (17.7),

(-6 = [ at=[ at+ [ ag=n+n=2m

OL

This proves the Hopf Umlaufsatz for a smooth curve 7.

If y: [0,£] — R? is piecewise smooth so that C has corners, we can “smooth
a corner” by replacing it by a smooth arc and thereby removing the singularity
(Figure 17.9).

In a neighborhood of each corner, the change in the angle is the change in the
angle over the smooth pieces plus the jump angle at the corner. It is the same as the
change in the angle of the smoothed curve. Hence,

Fig. 17.9. Smoothing a corner.

() -L(0) = T AL+ Y & =2r.



Chapter 4

Tools from Algebra and Topology

This chapter is a digression in algebra and topology. We saw earlier that the tangent
space construction gives rise to a functor from the category of C** manifolds (M, p)
with a marked point to the category of vector spaces. Much of differential topology
and differential geometry consists of trying to see how much of the geometric infor-
mation is encoded in the linear algebra of tangent spaces. To this end, we need a
larger arsenal of algebraic techniques than linear spaces and linear maps.

In Sections 18 and 19, we introduce the tensor product, the dual, the Hom functor,
and the exterior power. These functors are applied in Section 20 to the fibers of
vector bundles in order to form new vector bundles. In Section 21, we generalize
differential forms with values in R to differential forms with values in a vector space
or even in a vector bundle. The curvature form of a connection on a vector bundle E
is an example of a 2-form with values in a vector bundle, namely, the endomorphism
bundle End(E).

Although we are primarily interested in the tensor product of vector spaces, it is
not any more difficult to define the tensor product of modules. This could come in
handy in algebraic topology, where one might want to tensor two abelian groups, or
in the theory of vector bundles, where the space of C* sections of a bundle over a
manifold is a module over the ring of C* functions on the manifold. All the modules
in this book will be left modules over a commutative ring R with identity. When
the ring R is a field, the R-modules are vector spaces. The vector spaces may be
infinite-dimensional, except where explicitly stated otherwise.

518 The Tensor Product and the Dual Module

Some of the basic operations on a vector space are not linear. For example, any
inner product on a vector space V is by definition bilinear, hence not linear on V x V.
In general, linear maps are easier to deal with than multilinear maps. The tensor
product is a way of converting multilinear maps to linear maps. The main theorem
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(Theorem 18.3) states that bilinear maps on a Cartesian product V x W of vector
spaces V and W correspond in a one-to-one manner to linear maps on the tensor
product Ve W.

18.1 Construction of the Tensor Product

Let R be a commutative ring with identity. A subset B of a left R-module V is called
a basis if every element of V can be written uniquely as a finite linear combination
> rib;, where r; € R and b; € B. An R-module is said to be free if it has a basis, and
if the basis is finite with n elements, then the free R-module is said to be of rank n.

Example 18.1. The Z-module Z/2 has no basis, for the only possible candidate for
a basis element is 1, yet 0 =0-1 = 2-1, which shows that 0 is not uniquely a linear
combination of 1.

Let V and W be left R-modules. To define their tensor product, first construct the
free R-module Free(V x W) whose basis is the set of all ordered pairs (v,w) €V xW.
This means an element of Free(V x W) is uniquely a finite linear combination of
elements of V x W:

Zri(vi,wi), ri€R, (vi,w;) €V XW.
In Free(V x W), consider the R-submodule S spanned by all elements of the form:
(V] +V27W) - (V],W) - (VQ,W),
(V7W1 +W2) - (val) - (V7W2)7
(rv,w) —r(v,w),
v, W)

(vyrw) —r(v,

(18.1)

for all vi,vo,v €V, wi,wp,we W,and r € R.

Definition 18.2. The tensor product V Qg W of two R-modules V and W is the
quotient R-module Free(V x W) /S, where S is the R-submodule spanned by elements
of the form (18.1). When it is understood that the coefficient ring is R, we write
simply VQW.

We denote the equivalence class of (v,w) by v®@w and call it the tensor product
of v and w. By construction, v ® w is bilinear in its arguments:

(Vi+n)@w=vQw+1rQw, (18.2)
vR (Wi +w2) =vRw; +vQws, (18.3)
(M) Rw=r(vew) =vQrw. (18.4)

In other words, the canonical map

R:VXW=VW
(W)= vew

is bilinear.
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Elements of the form v ® w are said to be decomposable in V @ W. By construc-
tion every element in V ® W is a finite sum of decomposable elements:

Zri(v,' Qw;) = Z(rivi) X w;.
The decomposition into a finite sum of decomposable elements is not unique; for
example,
VIQWwW+vm@w= (v +v)Qw.
18.2 Universal Mapping Property for Bilinear Maps

The tensor product satisfies the following universal mapping property.

Theorem 18.3. Let V,W,Z be left modules over a commutative ring R with identity.
Given any R-bilinear map f: V xW — Z, there is a unique R-linear map f:V ®
W — Z such that the diagram

! (18.5)
commutes.
The commutativity of the diagram means that f o® = f,or
flveaw) = f(v,w) forall (v,w) €V xW.

Proof (of Theorem 18.3). In general there is a one-to-one correspondence between
linear maps on a free modules and set maps on a basis of the free module. We define

F: Free(VxW)—Z

by setting
Fv,w) = f(v,w)

and extending the definition by linearity:

F (Zri("i;wi)) = D rif (viwi).

Because f is bilinear, F' vanishes on all the generators (18.1) of the subspace S. For
example,

F((vi4+v2,w) — (vi,w) — (v2,w)) = F(vi +va,w) — F (v, w) — F (v2,w)
=fvi+va,w) = fvi,w) = f(v2,w)
=0.
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So the linear map F induces a linear map of the quotient module

Free(V x W)

frVvew=
five S

—Z

such that

f~(v®w) :F(va) :f(V,W).
This proves the existence of the linear map f.
To prove uniqueness, suppose g: V@ W — Z is another linear map that makes
the diagram (18.5) commutative. Then

gvaw)=fnw)=flvew)

forall (v,w) €V x W, so g and f agree on decomposable elements. Since the decom-
posable elements span V @ W and both g and f are linear, § = fonallof VQW. O

18.3 Characterization of the Tensor Product

Let V and W be left modules over a commutative ring R with identity. We say that a
left R-module T and an R-bilinear map ¢ : V x W — T have the universal mapping
property for bilinear maps on V x W if given any left R-module Z and any R-bilinear
map f: V x W — Z there is a unique R-linear map f: T — Z making the diagram

T

I

e

commutative. The universal mapping property characterizes the tensor product in
the following sense.

Proposition 18.4. Suppose V, W, and T are left R-modules and ¢ : V xW — T an
R-bilinear map satisfying the universal mapping property for bilinear maps. Then T
is isomorphic to the tensor product V@ W via the linear map @: T —V QW.

Proof. By the universal mapping property of T, there is a unique linear map &: T —
V ®W such that the diagram

commutes. Algebraically,

forall (vw) €V xW.
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Similarly, by the universal mapping property of V @ W, there is a map ¢: V ®
W — T such that ¢ (v®w) = ¢ (v,w). Thus,

(@8)(9(vw)) =d(v@w) =9(rw),

s0 ¢ o &: T — T is a linear map that makes the diagram

T
¢T oo
VXW—¢>T

commute.
On the other hand, the identity map 17: T — T also makes the diagram com-
mute. By the uniqueness statement of the universal mapping property,

pox=1r
Similarly,
® o (ﬁ = ]lV@W.
Therefore, ®: T — V @ W is a linear isomorphism of R-modules. a

As an example of the universal mapping property, we prove the following propo-
sition.

Proposition 18.5. Let V and W be left R-modules. There is a unique R-linear iso-
morphism

fiVewW sweV
such that

fveaw)=wav
forallveVandweW.
Proof. Define

[VXWSWRV
by

Fyw)=waw

Since f is bilinear, by the universal mapping property, there is a unique linear map
f: VW — W®V such that

(fe@)(mw)=wav,

or
freaw)=wav.
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Similarly, one can construct a unique linear map §: W ®V — V ® W such that
gwav)=vew.

Then f and g are inverses to each other on decomposable elements v ® w. Since
V ® W is generated by decomposable elements, g o f = Lygw and f o § = Lygy.
O

Remark 18.6. In general, one cannot define a linear map on V ® W by simply defin-
ing it on the decomposable elements v @ w and then extending it by linearity. This is
because an element of the tensor product V ® W can have many different representa-
tions as a sum of decomposable elements; for example,

2WRW=VvR2W=VQW+ VW

There is no assurance that the definition of a map on the decomposable elements will
be consistent. One must always start with a bilinear map f on the Cartesian product
V x W. Then the universal mapping property guarantees the existence of a unique
linear map f on V @ W with the property that f(v@w) = f(v,w).

18.4 A Basis for the Tensor Product

In this section we assume V and W to be free R-modules of finite rank with bases
Vi,...,vy and wy, ..., wy, respectively.

Lemma 18.7. For 1 < k <n and 1 < { < m, there exist linear functions fk/': V&
W — R such that

fké(vi@)wj) = 5(.1{;.&
foralll1 <i<nand1<j<m

Proof. Define h: V x W — R by setting
Y4 k,l
W (viwj) = 5((1',1'))
on the basis elements v; of V and w; of W and extending to V x W by bilinearity.
As defined, A¥*: V x W — R is bilinear, and so by the universal mapping property it
corresponds to a unique linear map

:vew —R
such that
7k ket (k,0)
HE(vi@w;) =1 (vi,wy) = 8-
Set f* = k¢, i
Theorem 18.8. Ifvy,...,v, is a basis for V and wy, ..., wy, is a basis for W, then

{v,@w,\lgign, 1<j<m}

is a basis forVWw.
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Proof. Every decomposable element v ® w can be written as a linear combination of
vi®w;j, forif v=3 a'v; and w = 3} b/w}, then

VRW = zaiiji®wj.

Since every element of V ® W is a sum of decomposable elements, we see that the
set {v;@w;};; spans V@W.

It remains to show that the set {v; ®@w,}; ; is linearly independent. Suppose there
is a linear relation

Zci'j\/,'@w/' =0, ¢/ eR.
i.j

Applying the linear function f* of Lemma 18.7 gives
0= (T ehviom;) = X (@)
i.J i.j

_ ij s (kL)
= ,ZC '8 ))
L]

=M,

This proves that the set {v; ® w;}; ; is linearly independent. O
Corollary 18.9. If'V and W are free R-modules of finite rank, then

tk(V@W) = (tkV)(rkW).

18.5 The Dual Module

As before, R is a commutative ring with identity. For two left R-modules V and W,
define Homg(V, W) to be the set of all R-linear maps f: V — W. Under pointwise
addition and scalar multiplication:

(f+8)v)=rf)+g(),
(rf)(v) = r(f(v)), f,g € Homg(V,W),v€V,r €R,

the set Homg(V, W) becomes a left R-module. If the ring R is understood from the
context, we may also write Hom(V, W) instead of Homg(V,W). The dual V" of a
left R-module V is defined to be Homg(V,R).

Proposition 18.10. Suppose V' is a free R-module of rank n with basis ey, ..., ep.
Define o': V. — R by
O!i(ej) = 5;

Then the dual V" is a free R-module of rank n with basis o', ... o/
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Proof. Problem 18.2. a

Corollary 18.11. If V and W are free R-modules of rank n and m, with bases {v;}
and {w;}, respectively, then the functions

e vew =R,

fk[(v;®wj) :6((1.](}.?, 1<k<n, 1</t<m,

of Lemma 18.7 constitute the dual basis for (V@ W) dual to the basis {vi @w;}; j
forVeWw.

18.6 Identities for the Tensor Product

This section contains a few important identities involving the tensor product. We
leave some of the proofs as exercises.

Proposition 18.12. Let V be a left R-module. Scalar multiplication

FiRXV 5V,
(rv)—=rv

is an R-bilinear map that induces an R-linear isomorphism f: R&rV — V.

Proof. The bilinear map f: R x V — V induces a linear map f: R®V — V. Define
g: V= R®V by g(v) =1®v. Then g is R-linear and

gof=Tgey and fog=Ty.
Therefore, f is an isomorphism. a

Example 18.13. For any positive integer m, it follows from the proposition that there
is a Z-isomorphism
22y (Z/mZ) ~Z/mZ.

For o € VV and w € W, denote by o( )w € Homg(V,W) the R-linear map that
sendveVitoo(v)iweW.

Proposition 18.14. Let V and W be free left R-modules of finite rank. There is a
unique R-linear isomorphism

f:VV@W — Homg(V,W)

such that

fla@w)=a( )w.
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Proof. Define f: VV x W — Homg(V,W) by

flo,w) = a()w.

Since f is R-bilinear, it induces a unique R-linear map f: V¥ ® W — Hom(R,W)
such that
flaow)=a()w.
Let {v;}, {w;}, and {@'} be bases for V, W, and V" respectively. Then a basis for
VY ®@W is {o! ®w;} and a basis for Homg(V,W) is {&'( )w,} (Show this). Since
f: VY ®W — Homg(V,W) takes a basis to a basis, it is an R-linear isomorphism.
O

Proposition 18.15. Let V and W be free left R-modules of finite rank. There is a
unique R-linear isomorphism
fiviewy = (Vew)Y
such that f(o® B) is the linear map that sends v @w to o(v)B(w).
Proof. Problem 18.4. a

Example 18.16 (Tensor product of finite cyclic groups). For any two positive integers
m,n, there is a group isomorphism

Z/mZSL/nZ ~7]/(m,n)Z,

where (m,n) is the greatest common divisor of m and n.

Proof. Define a Z-linear map Z — Z/(m,n)Z by a — a (mod (m,n)). Since mZ
is in the kernel of this map, there is an induced Z-linear map Z/mZ — Z/(m,n)Z.
Similarly, there is a Z-linear map Z/nZ — Z/(m,n)Z. We can therefore define a
map f: Z/mZ x Z/nZ — Z/(m,n)Z by

fla,b)=ab (mod (m,n)).

Clearly, f is bilinear over Z. By the universal mapping property of the tensor product,
there is a unique Z-linear map f: Z/mZ ® 7 /nZ — 7./ (m,n)Z such that f(a®b) =
ab (mod (m,n)).

By the third defining property of the tensor product (18.4), a® b = ab(1 ® 1).
Thus, the Z-module Z/mZ ® Z/nZ is cyclic with generator 1 ® 1. It remains to
determine its order. It is well known from number theory that there exist integers x
and y such that

(m,n) = mx+ ny.

Since
(mn)(1@1)=mx(1x1)+ny(11)
=mx®1+1®ny=0,

the order of 1 ® 1 is a factor of (m,n).
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Suppose d is a positive factor of (m,n), but d < (m,n). Then f(d(1®1)) =
fld®1)=d+#0in Z/(m,n)Z. Hence, d(1® 1) # 0. This proves that 1 ® 1 has
order (m,n) in Z/mZ @ Z/nZ. Thus, Z/mZ @ Z/nZ is cyclic of order (m,n). O

In particular, if m and n are relatively prime, then

Z/mZ.QLnZ ~7.]7. = 0.

18.7 Functoriality of the Tensor Product

In this section we show that the tensor product gives rise to a functor.

Proposition 18.17. Let f: V — V' and g: W — W' be linear maps of left R-modules.
Then there is a unique R-linear map

fRg: VW =V oW
such that (f@g)(vew) = f(v)@g(w).

Proof. Define
h:VxW =V oW
by
h(v,w) = f(v) © g(w).
This h is clearly an R-bilinear map. By the universal mapping property
(Theorem 18.3), there is a unique R-linear map

h:Vew -V oW
such that
h(v@w) = h(v,w) = f(v) @ g(w).

The map h is our f @ g. a

Thus, the tensor product construction associates to a pair of left R-modules
(V,W) their tensor product V ® W, and to a pair of R-linear maps (f: V —V' g: W —
W’) the R-linear map

feg:Vaw =V ew.

It is not difficult to check that this construction satisfies the two properties of a
functor:

(1) Ifly:V —Vand ly: W — W are identity maps, then
Ily@Lly: VW VW

is the identity mapon V @ W.
@I (f: V>V, g:W—=W)and (f: V' = V" g: W — W) are pairs of
R-linear maps, then

(f'eg)o(feg) = fle(d 9.

So the tensor product is a functor from the category of pairs of R-modules and
pairs of linear maps to the category of R-modules and linear maps.
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18.8 Generalization to Multilinear Maps

The tensor product construction can be generalized to an arbitrary number of factors.
For example, if U, V, and W are left R-modules, we can construct the tensor product
U ®V @W by following the same procedure as before. First, form the free R-module
Free(U x V x W) with basis elements all (u,v,w) € U xV x W. Then let S be the
R-submodule of Free(U x V x W) spanned by all “trilinear relations”:

(M] +M27V7W) - (u17V,W) - (MZavaw)v
(ru,v,w) —r(u,v,w), and so on.
The tensor product U @ V @ W is defined to be the quotient module Free(U x V x
W)/S. The natural map
RUXVXW2UQVRW
(U, v, W) > uvew

is trilinear and satisfies the universal mapping property for trilinear maps on
UxVxW.

18.9 Associativity of the Tensor Product

Proposition 18.18. IfU, V, and W are left R-modules, then there is a unique R-linear
isomorphism
U(VeW)sUQVeW

that sends u® (v@w) tou@v@w forallucU,veV andw e W.
Proof. Tt suffices to prove that U ® (V ® W) together with the trilinear map

G:UXVXW=>URQ(VRW)
(u,v,w) > u®(vew)

satisfies the universal mapping property for trilinear maps on U x V x W. As in
Proposition 18.4, any two spaces satisfying the universal mapping property for tri-
linear maps on U x V x W are isomorphic.

Let Z be any vector space and f: U XV x W — Z a trilinear map. Fix u € U.
Since f(u,v,w) is bilinear in v and w, there is a unique linear map f(u, ): VoW —Z
such that

Fluy@w) = f(uv,w).

Thus, there is a commutative diagram

Ux (VoWw)

UxVxWT>Z.
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Now f is bilinear in its two arguments, so there is a unique linear map
FURVRW) S URVOW
such that

fuvew) = Ffuyew) = fluvw).

Hence, ¢: U xV xW — U ® (V@ W) satisfies the universal mapping property for
trilinear maps on U x V x W, and there is a commutative diagram

Ug(Vew)

U><V><W—f>Z.

TakingZ=UQ@V@Wand f=Q: UXxVXW=>UQVQW, we get
FURVEW) S URVeW
such that
f(u@ (veaw)) = fu,y,w) =uxvew.

By the trilinear analogue of Proposition 18.4, f is an isomorphism. O

In the same way we see that there is an isomorphism

URV)W =URQVRW

that takes (u®@ V) @wto uR@vRw.

Corollary 18.19. If U, V, and W are left R-modules, then there is a unique R-linear
isomorphism
U (VaWw)S (UeV)eW
such that
UR (vew)— Uev)w
forallueU,veVandweW.

18.10 The Tensor Algebra
For a left R-module V, we define
°(V)=R, T'(V)=V, T*’V)=V®V,...,

T*V)=V®---QV, ...,
k
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and

Here the direct sum @ means that each element v in 7'(V) is uniquely a finite sum
v =YV, where v, € T% (V). Elements of T¥(V) are said to be homogeneous of
degree k. There is a multiplication map on 7'(V): first define
w: TV x THV) = T V),
(x,y) = x®y,
and then extend u to T(V) x T(V) — T(V) by R-bilinearity. In this way, T(V)

becomes a graded R-algebra, called the tensor algebra of V. By Corollary 18.19, the
tensor algebra T'(V) is associative.

Problems

In the following problems, R is a commutative ring with identity.

18.1. Free R-modules of rank n
Show that a free R-module of rank # is isomorphic to R® - -- @ R (n copies).

18.2. The dual of a free module
Prove Proposition 18.10.

18.3. Hom of free modules
Prove that if V and W are free left R-modules of rank »n and m, respectively, then Homg (V, W)
is a free R-module of rank mn.

18.4. Dual of a tensor product
Prove Proposition 18.15.

18.5. Tensor product of finite cyclic groups
Let m and n be two positive integers. Identify Z/mZ ®z Z/nZ as a finite abelian group.
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§19 The Exterior Power

In this section, R denotes a commutative ring with identity and all R-modules are
left R-modules. Let V be a left R-module and let V¥ =V x --- x V be the Cartesian
product of k copies of V. An alternating k-linear map from V to R is a k-linear map
f: V¥ — R that vanishes whenever two of the arguments are equal, i.e.,

f("‘?v"..7v7...):0'

Just as the tensor product solves the universal mapping problem for multilinear maps
over R, so we will now construct a module that solves the universal mapping problem
for alternating multilinear maps over R. The question is, given an R-module V,
does there exist an R-module W such that alternating k-linear maps from V* to an
R-module Z correspond canonically in a one-to-one way to linear maps from W to Z?
The construction of the exterior power AKXV answers the question in the affirmative.

19.1 The Exterior Algebra

For a left R-module V, let I(V) be the two-sided ideal generated by all elements of
the form v® v in the tensor algebra T (V), for v € V. So I(V) includes elements such
asa®vevebfora,beT(V).

Definition 19.1. The exterior algebra )\(V) is defined to be the quotient algebra
T(V)/I(V). We denote the image of v ® --- Q@ vy by

VA AV

Such an element is said to be decomposable and the operation A is called the wedge
product.

Define \¥(V), the kth exterior power of V, to be the image of T*(V) in A\(V)
under the projection T(V) — A (V). Then there is a canonical module isomorphism
/\k( " THV)  THV)

T TRV)NIV)  IKV)]

where I¥(V) := TK(V)NI(V) consists of the homogeneous elements of degree k in
I(V). In this way the exterior algebra A (V) inherits a grading from the tensor algebra
and itself becomes a graded R-algebra. We often write AV for A% (V).

19.2 Properties of the Wedge Product

Let R be a commutative ring with identity and V' a left R-module. In this subsection,
we derive properties of the wedge product on the exterior algebra A (V).
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Lemma 19.2. Let V be an R-module. In the exterior algebra \(V),
UNV=—vAu
forallu,veV.

Proof. For any w € V, we have by definition w @ w € I(V), so that in the exterior
algebra A\(V), the wedge product w Aw is 0. Thus, for all u,v €V,
0=(u+v)A(u+v)

=uNu+uNv+vAu+vAv

=ulNv+vAu.
Hence, uA\v=—vAu. O
Proposition 19.3. Ifu € A"V and v ¢ AV, then unve NFV and

uhv=(—=1)"*vAu. (19.1)

Proof. Since both sides of (19.1) are linear in u and in v, it suffices to prove the
equation for decomposable elements.
So suppose
u=u N---Aup and v=viA---Avg.

By Lemma 19.2, vi Au; = —u; Avy. In u Av, to move vy across uj A -- - Ay, requires
k adjacent transpositions and introduces a sign of (—1). Similarly, moving v, across
uy A -+ Auy also introduces a sign of (—1)*. Hence,

UNY = (—l)kvl/\ul/\---/\uk/\vz/\---/\w
= (=DF=D v  Ava Aug A Aug Avs A=+ Ay

(fl)k[vl/\u#\vz/\ul/\---/\uk
= (—D)"*vAu O

Lemma 19.4. In a decomposable element vi A\ --- Avy € /\k V, with each v; €V, a
transposition of v; and v introduces a minus sign:

VINAAVN- - AViN - AV ==V A AV AV A AV

Proof. Without loss of generality, we may assume i < j. Leta=v; 1 A---Avj_1. It
suffices to prove that
viNaAv;j=—viNa/lv;.

By Proposition 19.3,
(viAa) Avj = (=1)%9Ty A (v Aa)
= (—l)deg““(—l)deg“vj/\(a/\v,-). ad
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Proposition 19.5. If & is a permutation on k letters and v; € V, then
Vo N ANV = (sgnn)vl JARERNAN YN

Proof. Suppose 7 can be written as a product of ¢ transpositions. Then sgn(m) =
(—1)*. Since each transposition of the subscripts introduces a minus sign,

Ve A AVay = (=D A Avg = (sgnm)vi A=+ Avg. O

19.3 Universal Mapping Property for Alternating k-Linear Maps

If V is a left R-module, V¥ is the Cartesian product V x --- x V of k copies of V, and
/\k V is the kth exterior power of V, then there is a natural map A: vk /\k vV,

AWV1yeesVi) =VIA AV
This map is clearly k-linear. By Proposition 19.5, it is also alternating.

Theorem 19.6 (Universal mapping property for alternating k-linear maps). For
any R-module Z and any alternating k-linear map f: V¥ — Z over R, there is a
unique linear map f: AV = Z over R such that the diagram

4
T U
Vk—f>Z

commutes.

The commutativity of the diagram is equivalent to

f(vl/\m/\vk):f(vl,...mk) (19.2)

forallvi,...,vin V.

Proof. Since f is k-linear, by the universal mapping property of the tensor product,
there is a unique linear map h: T¥V — Z such that
h(vl ®®Vk) :f(vla"'7vk)'

Since f is alternating,
h(---@veve---)=f(...,n...)=0 forallveV.

So h vanishes on the submodule 7¥(V'), and therefore / induces a linear map on the
quotient module
~ TV

k
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such that
f(le"-Avk) zh(v1®---®vk) zf(vl,...,vk).

This proves the existence of f: /\k V—Z.

To prove its uniqueness, note that (19.2) defines f on all decomposable elements
in A¥V. Since every element of AFV is a sum of decomposable elements and £ is
linear, (19.2) determines uniquely the value of f on all of AV, a

For a module V over a commutative ring R with identity, denote by L;(V) the
R-module of k-linear maps from V¥ to R, and A;(V) the R-module of alternating k-
linear maps from V* to R. By the universal mapping property for the tensor product,
k-linear maps on V¥ may be identified with linear maps on the tensor power T¥V:

Li(V) ~ (T'V)Y,
fef,

where

f(vl,...,vk) Zf(V1®"'®Vk).

Similarly, by the universal mapping property for the exterior power, alternating
k-linear maps on V may be identified with linear maps on A\*V:

AL(V) = (/\kv)V7 (19.3)
fef,
where

f(vl,...,vk) :f(vl/\~~-/\vk).

19.4 A Basis for \V

Let R be a commutative ring with identity. We prove in this section that if V is a
free R-module of finite rank, then for any k the exterior power /\kV is also a free
R-module of finite rank. Moreover, from a basis for V, we construct a basis for /\k V.

Lemma 19.7. If B = {ey,...,e,} is a basis for the free R-module V, then
etN---Ne, #0.
It follows that for 1 < iy <--- <iy <n, we have e;; \---Ne; # 0.

Proof. Tt will be enough to define a linear map A"V — V that takes e; A---Ae, to a
nonzero element. First define an alternating set map f: B” — R by

flex(1)s---sen(ny) = sgn(m),

where 7 is a permutation of {1,...,n}. Next extend f to an n-linear map f: V" — R,
which is also alternating because it is alternating on basis elements. Indeed,
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f(...,Zaiei,...,Zb-iej,...)
= Zaibjf(. N S (by n-linearity)
= fZaibjf(...,ej,...,ei,...) (by definition of f)

= —f(. ..,zbjej,...,zaie,-,...) (by n-linearity)

By the universal mapping property for alternating n-linear maps, there is a unique
linear map

7 \N'V—R

such that the diagram

commutes. In particular,

flerA---Ney) = flet,...,en) = 1.
This shows that e; A--- A e, # 0. O
Theorem 19.8. If {e|,...,e,} is a basis for V, then

S={ej, N---Nej |1 <ip <---<ip<n}

is a basis for NV
Proof. Since the exterior power /\k V is a quotient of the tensor power TXV and

{ei, @ ®e; |1 <iy,... ik <n}

is a basis for 7%V, the set S spans /\kV.
It remains to show that the set S is linearly independent. We introduce the multi-
index notation I = (1 <ij < --- < i <n) and

ef=ej N---Nej,.
Suppose there is a linear relation
ZQIgI =0, (19.4)

where / runs over all multi-indices 1 <ij <--- <iy <noflengthk. fJ=(j; <--- <
Jjk) is one particular multi-index in this sum, let J’ be its complement, also arranged
in increasing order. By definition, ey and e, have no factor in common, but if 7 and
J both have length k and 7 # J, then there is an ¢; in ¢; that is not in ey, so that ¢; and
ey will have e; in common. Hence,
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ejNep ==Fe1 N Ney,
e;Nep =0, if I #J.

Taking the wedge product of (19.4) with ey gives
0= (Zalel) Ney = ajeJ/\eJ/ = :I:ajel N---Ney.

Since e; A---Ae, #0 (Lemma 19.7), a’ = 0. So the set S is linearly independent
and hence is a basis for the exterior power /\k V. a

Corollary 19.9. If V is a free R-module of rank n, then \*V is a free R-module of
rank (7).

19.5 Nondegenerate Pairings

Let R be a commutative ring with identity. A pairing of two R-modules V and W is
a bilinear map
(,): VXW—=R.

The pairing is said to be nondegenerate if
(vyw)y=0forallwew = v=0,

and
(vyw)=0forallveV = w=0.

Example 19.10. An inner product on a real vector space V' is a nondegenerate pairing
of V with itself, since if (v,w) =0 for all w € V, then (v,v) = 0 and hence v = 0.
Similarly, (v,w) = 0 for all v € V implies that (w,w) = 0 and hence w = 0.

If there is a pairing ( , ) between two left R-modules V and W, then each v in V
defines a linear map

(v, ): W—=R.

So the pairing induces a map V — WV, given by
vie (v, ).

This map is clearly R-linear. Similarly, the pairing also induces an R-linear map
W — VY via w s ( ,w). The definition of nondegeneracy says precisely that the
two induced linear maps V — WY and W — V" are injective. For finite-dimensional
vector spaces this is enough to imply isomorphism.

Lemma 19.11. Let V and W be finite-dimensional vector spaces over a field R. If
(,): VXW — R is a nondegenerate pairing, then the induced maps V. — W" and
W — VV are isomorphisms.
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Proof. By the injectivity of the induced linear maps V — WY and W — V",
dimV <dimW" and dimW <dimV".
Since a finite-dimensional vector space and its dual have the same dimension,
dimV < dimW" = dimW < dimV" = dimV.

Hence, dimV = dimW. So the injections V — W and W — V" are both isomor-
phisms. a

Any finite-dimensional vector space V is isomorphic to its dual V", because they
have the same dimension, but in general there is no canonical isomorphism between
V and VV. If V is finite-dimensional and has a nondegenerate pairing, however, then
the pairing induces a canonical isomorphism

Vv,
vie (v ).

19.6 A Nondegenerate Pairing of /\k(VV) with \¥V

Let V be a vector space. In this subsection we establish a canonical isomorphism
between A*(VV) and (AX V)V by finding a nondegenerate pairing of of A¥(VY)
with A V.

Proposition 19.12. Let V be a module over a commutative ring R with identity. The
multilinear map

(V) x vk 5 R,
(BB, (1 w) ) > detB(v,)]
induces a pairing
/\k(vv) X /\kv —R.
Proof. For afixed (B!,...,B%) € (VV)X, the function: V¥ — R
(V1,-- s i) > det[B/(v))]

is alternating and k-linear. By the universal mapping property for AFV, there is a
unique linear map AV — R such that

VIA- - AV det[ﬁi(vj)].

In this way we have constructed a map

e (V) = (/\kv)v
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such that '
BB ... BE) (v A Avi) = det[B(v,)].

Since h(B!,...,B%) is alternating k-linear in B',..., B¥, by the universal mapping
property again, there is a linear map

N (AY)
such that
R(B' A=+ AB*) (w1 A+ Avi) = det[B(v;)]-

The map h gives rise to a bilinear map

k k
N V)< N\'V—R
such that

(B A ABE v A Avg) > det[B(v))]. H

Theorem 19.13. If'V is a free R-module of finite rank n, then for any positive integer
k < n, the linear map

~ k k \Y
BN (A
(B A ABR) = (v A Avg = det[B(v)]), (19.5)
from the proof of Proposition 19.12 is an isomorphism.

Proof. To simplify the notation, we will rename as f the map %. Since duality leaves
the rank of a free module unchanged, by Corollary 19.9 both A¥(VY) and (A¥V)Y
are free R-modules of rank (Z) We will prove that f maps a basis for AX(VY) to a

basis for (AV)V, and is therefore an isomorphism.
To this end, let eq,...,e, be a basis for V, and ocl,...,a" its dual basis for VV.
Then
{61 =ey N Nej, | 1<ip<--- <ik§n}

is a basis for AV, and
(ol :=a' ANk |1 <ip <+ < ip <n}
is a basis for A¥(V"). Denote by e} the basis for (/\k V) ! dual to {e;}, defined by
ej(e;) =01
We claim that f(o!) = e}. First consider f(a!)(es) for I = J:

flah)(er) = fla A---Aa*) (i Ao+ Neyy)
= det[or" (e;,)] = det[5!] = 1.
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Next, if I # J, then some i, is different from j,..., jx. Then
fah)(es) = detla(e))] =0,

because the ro-th row is identically zero. Thus, f(c!) = e} for all multi-indices I.
Since f maps a basis to a basis, it is an isomorphism of free R-modules. a

Theorem 19.13 and (19.3) together give a sequence of module isomorphisms
k ko AV
INUSE (/\ v) ~ AL(V). (19.6)

19.7 A Formula for the Wedge Product

In this section, V is a free module of finite rank over a commutative ring R with
identity. According to (19.6), an element B! A --- A B¥ in A¥(VV) can be interpreted
as a k-linear map V x --- x V. — R. Thus, if a € A¥(V¥) and B € A*(V"), then

k+(

anpe N WYY = Auv)

can be interpreted as a (k + £)-linear map on V. We will now identify this (k + ¢)-
linear map ax A B : VK6 5 R,

Definition 19.14. A (k,¢)-shuffle is a permutation 7 € Sy such that

m(l)<---<mk) and wk+1)<---<m(k+¥£).

Proposition 19.15. For o. € N\*(VV), B € AY(VY), and v; €V,

(CABY(V1s- - vierr) = 2, 5g0(T) & (Va(1ys - V(i) B (Vaesr1)s - V(o)) »
T

where T runs over all the (k,¢)-shuffles.

Proof. Since both sides are linear in o and in 3, we may assume that both o and 3
are decomposable, say

a=a'A---nok, B=B'A---ABL
Given any permutation

1k k1 k4
P=1p1) - p(k) plk+1) - p(k+10)

we can turn it into a (k,¢)-shuffle as follows. Arrange p(1),...,p(k) in increasing
order

S Sk-‘rév

plin) <---<p(ix)
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and define o(j) =i; for 1 < j < k. Similarly, arrange p(k+1),...,p(k+¢) in
increasing order
P (ik1) <+ < pikse)
and define 7(j) =i fork+1 < j<k+/{. Then p o 0o Tis a (k,¢)-shuffle.
Thus, we can get all permutations of 1,...,k+ ¢ by taking all (k, ¢)-shuffles and
permuting separately the first k elements and the last £ elements. Let S; denote the
group of permutations of k+ 1,...,k+ £. Then using (19.5),

(" AN ABY A ABY (V1. Viesr)
= Y, sen(p)at (voy) - & (Vo) B' (vpiern)) - B (Vpiesr)

PESk+e

= X 2 X sea(m)sgn(o)sgn(r)

(k,¢)-shuffles 7 0ES; TES,

o' (Vo) =+ O (a(on) B' (aetesn) -+ B* (aeiere) - (197
(The sign comes from the fact thatp = w070 0.)

Now set wi = vz ;). Then we(j) = Va(s()))» S0

Y sgn(o)a’ (va(o)) - o (Vo))

oES
= 2 sen(o)ar’ (wen)) - o (Won)
OES,
= (o' A Ao (wy,. W)
= (o' AN aF) (Ve v -
Thus, the sum (19.7) is

D sgn(m) (o' A= A oK) (Va(1)s- -+ Va@)
(k,0)-shuffles

(BN ABY) (Vrips 1) Vrgso)
= z sgn(rc)a(vﬂ(l),...,vn<k))[3 (V,r(kJrl),...,Vﬂ(kJrg)) . O
(k,0)-shuffles

Problems

In the following problems, let V be a left module over a commutative ring R with identity.

19.1. Symmetric power of an R-module
A k-linear map f: VX — R is symmetric if

for all permutations 7 € Sy and all v; € V.

(a) Mimicking the definition of the exterior power A¥(V), define the symmetric power S¥(V/).
(b) State and prove a universal mapping property for symmetric k-linear maps over R.
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§20 Operations on Vector Bundles

On a compact oriented Riemannian manifold M of dimension 2, let Q be the cur-
vature matrix of the Riemannian connection relative to an orthonormal frame e, e
on an open subset of M. In the proof of the Gauss—Bonnet theorem, we saw that
the 2-form K vol on M is locally the entry Q} of the curvature matrix. The integral
Jas K vol turns out to be a topological invariant. There are many ways to general-
ize the Gauss—Bonnet theorem; for example, we can (i) replace the 2-manifold M
by a higher-dimensional manifold and replace K vol by some other differential form
constructed from the curvature form of M, or (ii) replace the tangent bundle by an
arbitrary vector bundle. To carry out these generalizations we will need some pre-
liminaries on vector bundles.

In this section, we define subbundles, quotient bundles, and pullback bundles.
Starting from two C* vector bundles E and F over the same base manifold M, we
construct their direct sum E @ F over M; it is a vector bundle whose fiber at a point
x € M is the direct sum of the fibers E, and F;. This construction can be generalized
to any smooth functor of vector spaces, so that one can obtain similarly C* vector
bundles E® F, Hom(E, F), EV, and /\kE over M (see Section 20.7).

20.1 Vector Subbundles

Definition 20.1. A C* subbundle of a C* vector bundle w: E — M is a C™ vector
bundle p: F — M such that

(i) F is aregular submanifold of E, and
(ii) the inclusion map i: F — E is a bundle homomorphism.

By composing a section of the subbundle F with the inclusion map i: F — E,
we may view a section of F as a section of the ambient vector bundle E.

Definition 20.2. A k-frame of a C* vector bundle m: E — M over an open set U
in a manifold M is a collection of sections sy,...,s; of E over U such that at every
point p in U, the vectors s(p),...,sx(p) are linearly independent in the fiber E,,. In
this terminology, a frame for a vector bundle of rank r is an r-frame.

Lemma 20.3. Let w: E — M be a C™ vector bundle of rank r and let p € M. Fix a
positive integer k < r. A C k-frame sy,...,s; for E defined on a neighborhood U of
p can be extended to a C™ r-frame for E on a possibly smaller neighborhood W of p.

Proof. Replacing U by a smaller neighborhood of p if necessary, we may assume
that there is a frame ey, ..., e, for E over U. On U each s; is a linear combination
sj = Y.dje; with a; € C*(U). In matrix notation

[s1 - se] =er - er][aﬂ]-
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The r x k matrix a = [aﬂ has rank k at every point in U. By renumbering ey, ... e,
we may assume that the top k x k block @’ of a is nonsingular at the point p. Since
nonsingularity is an open condition there is a neighborhood W of p on which the
k x k block a’ is nonsingular pointwise.

/
. a . .
We can extend the r X k matrix a = L} to a nonsingular r X r matrix b by

adjoining an r X (r — k) matrix {(I)] :

/
ao
* 1
Then
[sl o Skek+] e er] — [el P er]b.
Since b is an n X n nonsingular matrix at every point of W, the sections s1,..., Sk,
ei+1s - -, e, form a frame for E over W. O

20.2 Subbundle Criterion

A vector bundle is a locally trivial family of vector spaces over a base space. The
following theorem gives a sufficient condition for a family of vector subspaces over
the same base space to be locally trivial and therefore to be a subbundle.

Theorem 20.4. Let w: E — M be a C” vector bundle of rank r and F := [ ,ep F)p a
subset of E such that for every p in M, the set F), is a k-dimensional vector subspace
of the fiber E,. If for every p in M, there exist a neighborhood U of p and m > k
smooth sections s1,...,sm of E over U that span F at every point g € U, then F is a
C* subbundle of E.

Proof. By making a neighborhood W of p in U sufficiently small, one may ensure
the triviality of E over W, so that there exists a local frame ey, ...,e, for E over W.
On W, each section s; is a linear combination s; = ¥7_, ae; for an r x m matrix

a = [d] of C™ functions. In matrix notation

si=[s1 -+ sm] =e1 -+ &][a}] = ea.

At every point of W the matrix a has rank k, because the columns of a are simply
the column vectors of sy,...,s,, relative to the basis ey,...,e, and sy,...,s, span a
k-dimensional vector space pointwise. In particular, at the point p the matrix a(p) =
[a;( p)] has rank k. It follows that a(p) has a nonsingular k x k submatrix a'(p). By
renumbering s1,...,s, and ey, ..., e,, we may assume that a’(p) is the left uppermost
k x k submatrix of a(p). Since the nonsingularity of a matrix is an open condition,
a' is nonsingular on a neighborhood W’ of p in W. At every point of W/, since @’ has
rank k, so does the matrix [s; --- s¢]. This proves that si,...,s; form a frame for F
over W',
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By Lemma 20.3, s1,...,s¢ can be extended to a C” frame #1,...,%,...,t for E,
with t; = s; for i = 1,...,k, over a possibly smaller neighborhood W of p in W’.
For any v € Elyn, letv=Y!_, c!(v)t;(x(v)). Then F|yn is defined by <+ =0, ...,
¢” =0 on E|y». This proves that F is a regular submanifold of E, because the C*
trivialization

¢W”: E|W// :> W” X Rr,
vier (2(v),c' (v),...,c"(v)),

induces a bijection yyn: Flyn — W x R, (The ¢’’s are C* by Problem 7.5.) As
the restriction of a C™ map, yy» is C™. Its inverse,

k k
Yy (psc'so ) Y clti(p) = 3 csilp),
i1 i=1

is C”. Hence, F' is a C” vector bundle of rank k. The inclusion F — E, locally
given by

W x RF - W" xR,

(p,ct,....c5 = (p,ct,....c5,0,...,0)

is clearly a bundle map. Thus, F is a smooth rank-k subbundle of E. a

20.3 Quotient Bundles

Suppose F is a C™ subbundle of a C* vector bundle 7: E — M. At each point p in
M, the fiber F), is a vector subspace of E,, and so the quotient space Q), := E,, /F}, is

defined. Let
0:= UQp = U(EP/FP)a

pEM pPEM

and give Q the quotient topology as a quotient space of E. Let p: E — Q be the
quotient map. The projection 7: E — M then induces a map 7p: Q — M as in the
commutative diagram

F c E—p>-Q

|

M.

Since F is locally trivial, every point p in M has a coordinate neighborhood
over which one can find a C* frame s1,...,s; for F. By Lemma 20.3, s1,...,5;
can be extended to a C™ frame sy,...,Sk,Sk+1,--.,5- for E over a possibly smaller
neighborhood W of p. A point v of E|y is uniquely a linear combination
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V= Zci(v)si(n(v)).

The functions ¢’ on E|y are coordinate functions and hence are C*.

Let §kt1,...,5-: W — Q be the sections si+1,...,s, followed by the projection
E — Q. Then (5341,...,5) is a continuous frame for Q over W, and every element
VEQlw = Ty ! (W) can be written uniquely as a linear combination

=" &5 (m(P)).
This gives rise to a bijection

ow: Olw — W xR,

v (p,c"‘“(v),...,é’(v)) , p=mp(¥).

The maps & are continuous on Q| because their lifts ¢’ o p = ¢’ to E|y are contin-
uous. Thus, ¢w is a continuous map. Since

o' (p, .8 =Y E5(p)

is clearly continuous, ¢y is a homeomorphism. Using the homeomorphisms ¢y, one
can give Q a manifold structure as well as a C™ vector bundle structure over M. With
this vector bundle structure, mp: Q — M is called the quotient bundle of E by F.

20.4 The Pullback Bundle

If m: E — M is a C™ vector bundle over a manifold M and f: N — M is a C* map,
then there is a C* vector bundle f*E over N, called the pullback of E by f, with the
property that every bundle map covering f factors through the pullback bundle f*FE
(see Proposition 20.8).

The total space of the pullback bundle of E by f is defined to be the set

f'E={(n,e) eNXE|[(n)=r(e)},

endowed with the subspace topology. The projections to the two factors,

n: f'E — N, . f'E — E,
77(”73) =n, C(nae) =e,
fit into a commutative diagram
" ¢
ffE——E
nl l” (20.1)
N —— M.
S

We will show that n: f*E — N is a vector bundle. First, we show that the pullback
of a product bundle is a product bundle.
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Proposition 20.5. If f: N — M is a C” map of manifolds and w: E=M xV — M
is a product bundle, then the projection n: f*E — N is isomorphic to the product
bundle N xV — N.

Proof. As a set,
FE={(n,(mv)) €Nx (Mx V)| f(n) = n(m,v) = m}
={(n,(f(n),v)) ENx (M xV)}.
The map
o: f*E—NxV,
(n, (f(n),v)) = (n,v)

with inverse (n,v) — (n,(f(n),v)) is a fiber-preserving homeomorphism. It gives
n: f*E — N the structure of a C* vector bundle over N. a

Theorem 20.6. Let w: E — M be a C™ vector bundle with fiber V and f: N - M
a C” map. The projection n: f*E — N can be given the structure of a C* vector
bundle with fiber V.

For any map w: E — M and open set U C M, recall that the restriction of E to
U is denoted E|y := n~ ' (U) — U.

Proof. Since E is locally a product U x V — U, by Proposition 20.5, the pullback
f*E is locally the product f~1(U) xV — f~1(U). O

Lemma. Suppose n: E — M is a C” vector bundle with fiber V and f: N — M is a
C” map. Let U be an open subset of M. Then

(fE)l vy = f(Elv).

Proof. By definition,

(f'E)l g1y =A{(n,e) ENXE [ne f71(U), f(n) = m(e)}
={(n.e) € f (U)X E| f(n) = m(e)}.
FH(Ely) ={(n.e) € f1(U) X Ely | f(n) = n(e)}.
Comparing the two, we see that they are equal. a

Proposition 20.7. Suppose w: E — M is a C” vector bundle with fiber V and trivi-
alizing open cover {Ug} and f: N — M is a C* map. If gop: Ug NUg — GL(V) is
the transition function for E over Uq NUp, then f*gyp is the transition function for
f*E over =1 (UxNUp).
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Proof. Suppose ¢ : E|y, = Uy x V is the trivialization for E over Uy, with

Then
F(Elvg) = (FE) i, = f7H(U)xV
is given by
(n,e) — (n,9qle)).
So the transition function for f*E over f~!(Uy,) ﬂf’l(Uﬁ) is

(B 95" ) (f () = (f*8up) (). 0

Proposition 20.8. Suppose np: F — N and ng: E — M are vector bundles and
¢: F — E is a bundle map that covers f: N — M, i.e., the diagram

F—2.F

ﬂFl lﬂE (20.2)

N—M
S

commutes. Then there is a unique bundle map ¢: F — f*E over N that makes the
following diagram commute:

(20.3)

N——M.

S

Proof. For all g € F, the commutativity of the diagram (20.3) forces @(q) =
(mr(q), (g)). This shows that ¢ is unique if it exists. Because ¢ covers f, f(7r(q))
= mg (¢(q)). Hence, (77(q),¢(q)) € f*E. So the map @ as defined above indeed
exists. It is R-linear on each fiber because ¢ is. It is continuous because 7z and ¢
are assumed continuous. O

This proposition shows that given f and E, the commutative diagram (20.1) of
the pullback bundle f*E is a final object among all commutative diagrams of the
form (20.2).
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20.5 Examples of the Pullback Bundle

The pullback construction for vector bundles is indispensable in differential geom-
etry. In this section we give two examples. The first uses the pullback bundle to
convert a bundle map over two different base manifolds to a bundle map over a sin-
gle manifold. This is sometimes desirable in order to obtain an exact sequence of
vector bundles over a manifold (see (27.5)). The second example uses the pullback
bundle to clarify the notion of a vector field along a curve in a manifold, which we
encountered in Sections 4.3 and 13.1.

Example 20.9 (The differential of a map). If f: N — M is a C* map of manifolds, its
differentials fi ,: T,N — Ty, M at all points p € N piece together to give a bundle
map fi: TN — TM of tangent bundles. By Proposition 20.8, the bundle map fi
induces a unique bundle map fi: TN — f*TM over N that makes the diagram

N——M

commutative. The map f;: TN — f*TM is given by
Xp € TyN = (p, fupXp € Ty(p)M).

Conversely, f. can be obtained from ﬁ as fu=Co f; In this way the bundle map f
over two base manifolds is converted to a bundle map f, over the single manifold V.

Example 20.10 (Vector fields along a curve). If ¢: I — M is a smooth map from an
open interval / C R into a manifold M, then the pullback ¢*T'M of the tangent bundle
TM is a vector bundle over I. A section of the pullback bundle ¢*T M assigns to each
t € I an element of the fiber (¢*TM); ~ T, )M, i.e., a tangent vector to M at c(¢). In
other words, a section of ¢*TM is precisely a vector field along the curve ¢(¢) in M
defined in Section 4.3.

Exercise 20.11. Show that a vector field along a curve ¢ in M is smooth if and only if the
corresponding section of ¢*TM is smooth.

Thus, we can identify the space of smooth vector fields along ¢(¢) with the space
of smooth sections of the pullback bundle ¢*TM:

T(TM|. ) = D(c'TM).
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Suppose 7: E — M and ©’': E' — M are two smooth vector bundles of ranks r and
r’, respectively, over a manifold M. For p € M, denote by E,, the fiber n(p) of E
over p, and by E), the fiber (') ! (p) of E’ over p. Define the direct sum E & E' as
a set to be the disjoint union

EQE = ]_[ E,®E),:= |J{p} x (E,®E}). (20.4)
PEM PEM

Let p: E@®E' — M be the projection p(p, (e,e’)) = p. We will now need to put a
topology and a manifold structure on E ® E’ so that p: E ® E’ — M becomes a C*
vector bundle with fibers E, © E,.

Lemma 20.12. If {Uq } aca and {Vp } gcp are open covers of a topological space M,
then {Uo NVp } (o p)caxB IS again an open cover of M.

Proof. Since {Vﬁ} is an open cover of M, for each o € A,

Ua = U "M =Ua 01 (V) = UJ(UanVp).
p p

Thus
M= Uy = JUaNVp). O

o o,p

If {Uqy} gen and {Vé }pep are trivializing open covers for E and 