Consistent Reconstruction: Error Moments and
Sampling Distributions

Chang-Hsin Lee, Alexander M. Powell, and J. Tyler Whitehouse

Abstract Consistent reconstruction is a method for estimating a signal from a
collection of linear measurements that have been corrupted by uniform noise. We
prove upper bounds on general error moments for consistent reconstruction, and
we establish general admissibility conditions on the sampling distributions used for
consistent reconstruction. This extends previous work in Powell and Whitehouse
(Found Comput Math 16:395-423, 2016) that addressed mean squared error in the
setting of unit-norm sampling distributions.
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1 Introduction

Consistent reconstruction is a method for estimating a signal x € R? from a
collection of linear measurements that have been corrupted by uniform noise or,
more generally, bounded noise. Estimation with uniform noise arises naturally in
quantization problems in signal processing, especially in connection with dithering
and the uniform noise model [7, 11]. Consistent reconstruction has been used as a
signal recovery method for memoryless scalar quantization [1, 2, 4, 11, 13], Sigma-
Delta quantization [12], and compressed sensing [5, 6, 9]. See [10] for background
and motivation on consistent reconstruction and estimation with uniform noise.

Let x € R be an unknown signal and let {p,}"_, C R be a given spanning
set for R? that is used to make linear measurements {x, ¢,) of x. We consider the
problem of recovering an estimate for x from the noisy measurements

qn:(x,‘pn>+€n’ ISnSNv (1)
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where {€,}"_, are independent uniform random variables on [—§, §]. For the setting
of this chapter, the collection {(p,,}ﬁ’zl is known but randomly generated, the noise
level § > 0 is fixed and known, whereas x and the noise {¢, f;’:l are both unknown.
We focus on the situation when {¢, }Q’Zl are independent versions of a random vector
¢ € RY whose distribution we refer to as the sampling distribution.

Consistent reconstruction seeks an estimate X for the unknown signal x that is
consistent with the knowledge that the noise is bounded in [—§, §]. Specifically,
consistent reconstruction produces an estimate X € R? for x by selecting any
solution of the linear feasibility problem

|5, @) —qul <8, 1 <n<N. Q)

There are generally infinitely many solutions to this feasibility problem. In this
chapter, we mainly focus on the worst case error associated to consistent recon-
struction.

1.1 Worst case error

To describe the worst case error of consistent reconstruction, note that if X' is any
solution to (2), then the error (X — x) lies in each of the closed convex sets

E,={ueR: [(u,g,) — €| <8}. (3)

The intersection of the sets E,, forms the following error polytope:

N
Py =) En. )
=1

which is the set of all possible errors associated to consistent reconstruction (2). The
worst case error Wy associated to consistent reconstruction is thus defined by

Wy = max {||u|| : u € Py}, (5)

where || - || denotes the Euclidean norm on R

1.2 Background

The main results in [10] proved error bounds for the expected worst case error
squared E[(Wy)?] of consistent reconstruction when the sampling vectors {¢,}"_,
are drawn at random from a suitable probability distribution on the unit sphere S~!.

The work in [10] considered sampling vectors {@,})_, C S?!' that are
independently drawn instances of a unit-norm random vector ¢ that satisfies the
following admissibility condition:
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Ju>1,30<s<1, YVO<tr<1, VxeS™!, Prf|{x,¢)|<f<arf. (6)

See Section 5 of [10] for further discussion of the admissibility condition (6). For

example, if ¢ is uniformly distributed on S?~!, then ¢ satisfies (6) with s = 1 and
or (4

« = Jerc

Suppose that {@,}_, C S?"! are independently drawn at random according

to a distribution that satisfies the admissibility condition (6). Theorem 5.5 and

Corollary 5.6 in [10] prove that there exist absolute constants ¢, ¢; > 0 such that if

On the other hand, if ¢ has a point mass, then ¢ does not satisfy (6).

N > ¢,d In(32(2x)'/%),
then the expected worst case error squared for consistent reconstruction satisfies

c182d*(2a)'/* In?(16(2a) /%)

2
E[(Wy)?] < (N+ 1)(N +2)

Moreover, in the special case when {(,a,\/}nNz1 are drawn independently at random
according to the uniform distribution on S¢~!, Theorem 6.1 and Corollary 6.2 in
[10] proved a refined error bound with a constant that has cubic dependence on the
dimension

c8:d®

E[(Wy)?] < T

For perspective, it is known that mean squared error rates of order 1/N? are
generally optimal for estimation with uniform noise, see [11].

1.3 Overview and main results

The error bounds for consistent reconstruction in [10] only considered the mean
squared error E[(Wy)?] and only considered the admissibility condition (6) in the
setting of unit-norm random vectors (for example, this excludes the case of Gaussian
random vectors). The main contributions of this chapter are two-fold:

1. We prove bounds on general error moments E[(Wy)?] for consistent reconstruc-
tion. Our main results show that the error decreases like E[(Wy)?] < 1/NP, as
the number of measurements N increases.

2. We establish a general admissibility condition on the sampling distribution that
does not require ¢ to be unit-norm.

In Section 2, we prove our first main result, Theorem 1, which gives upper bounds
on E[(Wy)P] for unit-norm sampling distributions. Section 3 builds on Theorem 1
and proves our second main result, Theorem 2, for general sampling distributions
that need not be unit-norm.
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2 Error moments for consistent reconstruction: unit-norm
distributions

In this section we prove our first main result, Theorem 1. Theorem 1 extends
Theorem 5.5 in [10] to the setting of general error moments E[(Wy)?]. In this
section, we assume that the sampling vectors {,}_, are unit-norm and satisfy the
admissibility condition (6). We shall later remove the unit-norm requirement from
the admissibility condition in Section 3.

2.1 Consistent reconstruction and coverage problems

We begin by recalling a useful connection between consistent reconstruction and a
problem on covering the sphere by random sets.

Definition 1 Let {¢,}"_, be a set of unit-norm vectors and let {¢,}_, C [-$,4].

For each A > 0, define

B,(A) = B(gp, €, A) = Jue S (u,0,) > 6";_ 5 or (u, ,) < 6";8
= {u e ST M u, @) — €4] > 5}. @)

In our setting, the sets B,(A) are random subsets of S9! because {¢,}_, and
{e.}"_, are random.

Note that each B, (1) can be expressed as a union of two (possibly empty)
antipodal open spherical caps of different sizes

B, (A) = Cap (¢, 6,7) U Cap (—¢.. 6, ) . ®)

where the angular radii 6,7 and 6, are given by

o arccos(‘HTe”), ifé§+e¢, <A,

0, otherwise,
and

o — arccos(‘s_Te”>, if§—¢, <A,

0, otherwise.
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The following lemma shows a connection between consistent reconstruction and
the problem of covering the unit sphere by the random sets B, (1), see Lemma 4.1
in [10].

Lemma 1 For all A > 0, the worst case error satisfies

N
Pr[Wy > A] < Pr |:Sd_1 ¢ B, (A)} . 9)

n=1

The following lemmas collect upper bounds on Pr [Sd_l ¢ Ui:,: 1 Bu ()L)] that
are spread out over various parts of [10].

Lemma 2 IfA > 46, then

N $ sN—d+1
Pr [S‘H ¢ B, (A)} < 47 ()N (X) . (10)

n=1

Lemma 2 was shown in equation (5.9) in [10].

Lemma 3 If0 < A < 4(2x)'/*§, then

N
Pr [S"" ¢ B, (A)]

n=1

N N A N—k A k
fzq("""l’“’”(k)(“m) (wwa) - v

k=0
where q(k,d — 1, «, 5) satisfies
qglk,d—1,a,5) <1, (12)
and

. In(16(20)'/*)

3\ K/2
> In(4/3) = qgk,d—1,a,5) < (Z) . (13)

The bound (11) appears in (5.12) in [10]. The bound (12) follows from (5.11) in
[10], and the bound (13) appears in Step VI in the proof of Theorem 5.5 in [10].
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2.2 Error moment bounds

We now prove our first main result that provides error moment bounds for consistent
reconstruction.

Theorem 1 Suppose that {¢,}"_, C S*"' are independently drawn at random
according to a distribution that satisfies the admissibility condition (6) with
parameters « > 1 and 0 < s < 1. Ifp € Nand N > (d + p)/s, then the pth
error moment for consistent reconstruction satisfies

—1

)4 N
E(Wyl1< & | [[ov+)] +c"s (%) : (14)

J=1

where

2d In(16(2x) /%)
C'=C ., =2p(4Q2w)' ") (— ) ( (k + 1)~ 1(3/4)k/2)
In(4/3) ;

and
C"=C),.q=2p(32Q2a) Y+t

Proof We proceed by directly building on the proof of Theorem 5.5 in [10].
Step 1. We need to compute

E[(Wy)] = p / ” AP7UPr[Wy > A]dA. (15)
0

By Lemma 1, we have

) N
E[(Wy)'] < p /0 2P [Sd—‘ 7z B (x)} da. (16)
n=1

Thus, it suffices to bound the integral on right side of (16).
Step 2. We shall bound the integral in (16) by breaking it up into three separate
integrals. We begin by estimating the integral in the range 0 < A < 48(2a)'/5.
Using (11) and a change of variables gives

48(2a) Y/ N
p/ Alpr s g | ) Ba(A) | da
0

n=1
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N 482a)'/s N—k k
N A A
E : _ p=lfq__ = _
Spk=0q(k’d l.a,s)(k)/o A (1 45(2a)1/s) (45(2a)1/s) dA

N 1
=p Z qtk,d —1,a,s) (1;,) (48(2a)1/5)p / VP (1 — )N Ry
k=0 0

N
~ . ~ NYWN=-R!k+p-1)!
_p(48(2a)1 ) k;q(k,d La,s)(,() (N +p)!

p
=p (4500)")" (H(N +j)) [Z Cxr =D a— 1.0, s)} (17
j=1

Here, we used the property of the beta function that

1
ktp—1 N—k (N !k +p—1)!
/Ov P11 — vV dy 5o (18)

It remains to bound the sum Zi’ 0 (k+” _1) 'q(k d—1,a,s)in (17). We will bound
this sum by breaking it up into two separate sums, in an analogous manner to Step
VI in the proof of Theorem 5.5 in [10]. Let

_ | 2dIn(16(2a)'/*) (19
N In(4/3) ‘
Since g(k,d — 1,,5) < 1, we have
(k+ ¢ p—1 4
Z (kd Las) <Y (K+p—1y~' <(K+pP. (20
k=0
Using (13) we have
N 00 k/2
k+p—1) k+p—1! (3
Z Tq(k,d—l,oz,s)s Z —a |3
k=K+1 k=K+1
00 3\ /2
< _1yl Z
= > G- (3)
k=K+1

00 3\ k+K)/2
=Y (k+K+p—1y"! (Z)
k=1
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< —1 - n—1 3 b2
<K+ S+ 1y (Z)

k=0

= (K +p)'S,, 1)

where S, = Y 02, (k + 1)P71(3/4)"/? satisfies 1 < S, < oo.

By (20) and (21) we have
L (k+p—1)!
Yo dkd = Las) < (K +pP(1+5,) <2K+p)'S,. (22
k=0 '

Combining (17) and (22) yields

48(2a)'/s N
p / tpe st g () B, (V) | dA
0

n=1

-1
4

<2p@5Q)" YK +prs, [[[v+0] - @3

J=1

Step 3. Next, we bound the integral (16) in the range 48(2a)'/* < A < 85(2a)'/*.
By Lemma 2 we know that in this range of A,

Pr |:Sd_1 ¢ LNJBn (A):| < (16(2) /%) (E)N.
- 2

n=1

Thus

85(2w)!/s N
p [ A s g | B, () | dA
4,

8Qa)!/s n=1

1\V 88(2a) /s
< p(16(2e) /5y (—) / )
4

2 5(20()1/;-

N
< 87(16(2a)"/5)d+r=1 (%) . (24)

Step 4. We next bound the integral (16) in the range A > 88(2«)'/*. By Lemma 2
we know that in this range of A,
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d—1 N d—1 N $ N
Pr |:S ¢ UBn(A):| < 47 () (X) .

n=1
It follows that when N > (d + p)/s,

0o N
P /8 AP~!Pr [S"“ ¢ B, (A)} dA

5(2a) /s =1

< p- 4d—l (4sa)N5SN—d+l /OO AP_SN—HJ_ZdA
85(2ar)!/s

= p- 4971 (g5 q)NgN—dH] ((88(2a)1/s)p—sN+d—l)

sSN—p—d+1

1

N
<p- 8 (32a) Myt (5) :

Combining (16), (23), (24), and (25) completes the proof.

Theorem 1 yields the following corollary.

207

(25)

Corollary 1 Suppose that {¢, y=1 C S are independently drawn at random
according to a distribution that satisfies the admissibility condition (6) with

parameters @ > 1 and0 < s < 1. Ifp € Nand
2 C// 4 d
N>max{— |In{ — ] +2pIn P ,ﬂ )
In2 (o4 eln2 s

—1

then

P
E(Wy)] <208 | [[+i | .

J=1

where C',C" are as in Theorem 1.

Proof In view of Theorem 1, it suffices to show that if N satisfies (26) then

-1
14

1 N
c’ (5) <c(]]w+)

J=1

(26)

27
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Equivalently, it suffices to show

C// 14
In (F) + Y In(N +j) <N In2.
j=1

To begin, note that

Vx>0, In(x) <x—1,

NIn2 4
In(N) = ln( 4n ) +1In (%)
p n
Nln2 4p
< —1+In{—
4p In2
NIn2 4

21 + In p .

4p eln?2

Next, use (29) and N > (d + p)/s > max{p, 2} to obtain

p . P ]
YN+ =) [m(zv) +1In (1 + Nﬂ

j=1 j=1
<pln(N)+pIn2
< 2pIn(N)

Nln2 4p
< 2pl .
-2 +ep n(ean)

In view of (30), to show (28) it suffices to have

m( ) Y2 o () <2
n{— n n-z.
c 2 P\ gn2 ) =

gives

Since (31) holds by the assumption (26), this completes the proof.

C.-H. Lee et al.

(28)

(29)

(30)

€2y

We conclude this section with some perspective on the dimension dependence of
the constant C’ in Theorem 1 and Corollary 1. We consider the special case when
¢ is uniformly distributed on the unit-sphere S*~! with 4 > 3. In this case, one
may take s = 1 and ¢ = S N (/) R (6), see Example 5.1 in [10], and the

V7T ((d—1)/2)

P
constant C’ is of order (d 2In d) . Here, the logarithmic factor Ind is an artifact of

the general setting of Theorem 1. In particular, for p = 2 the refined analysis in
Theorem 6.1 and Corollary 6.2 of [10] shows that the factor Ind can be removed



Consistent Reconstruction: Error Moments and Sampling Distributions 209

when ¢ is uniformly distributed on the unit-sphere S*~!. A similar analysis extends
to moments with general values of p € N and shows that the factor Ind can be
replaced by an absolute constant that is independent of d.

3 Error moments for consistent reconstruction: general
distributions

In Section 2 we proved bounds on the pth error moment for consistent reconstruction
when the measurements are made using i.i.d. copies of a unit-norm random vector
XS S?-1 In this section, we relax the unit-norm constraint to accommodate more
general distributions.

3.1 General admissibility condition

Definition 2 We shall say that a random vector ¢ € R satisfies the general
admissibility condition if the following conditions hold:

* ¢ = ay, where a is a non-negative random variable, ¥ is a unit-norm random
vector, and a and ¥ are independent.

* 1 satisfies the admissibility condition (6).

e 3C > 0 such that

VYA >0, APrfad <1]<C. (32)

e r, = Prla > 1] satisfies 0 < r, < 1.

Example 1 A sufficient condition for the small-ball inequality (32) to hold is when
a is an absolutely continuous random variable whose probability density function f
is in L>°(R). In this case, for each A > 0,

1/2
Prlad < 1] = Pr [a < %] =) f(a)da < —|lf/|x|°°.

This shows that a large class of probability distributions satisfy the conditions in
Definition 2. For example, if ¢ is a random vector whose entries are i.i.d zero mean
Gaussian random variables, then ¢ satisfies the conditions in Definition 2.

In Definition 2, there would be no loss of generality if @ were scaled differently
so that 0 < Pr[a > T] < 1 for some T > 0. In particular, suppose that ¢, = a,V¥,
with 0 < Prla, > T] < 1, and g, = (x, ¢,) + €, with ¢, uniformly distributed on
[, 8]. Then'X € R? satisfies
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|&.¢n) —qul <8 ifandonlyif [T ¢,)—q)l <6

where ¢, = ¢,/T = d,y, and a, = a,/T and ¢}, = (x, ¢,) + €}, where €, = €,/T
is uniformly distributed on [—§’, 8] with §' = §/T.

3.2 Coverage problems revisited

Suppose that {@, }2’:1 are i.i.d. versions of a random vector ¢ that satisfies the
conditions of Definition 2. In particular, ¢, = a,V,,, where {a,,}fyzl i.i.d. versions of
arandom variable a, and {1,,}_, are i.i.d. versions of a random vector v. Similar to
Lemma 1, the worst case error Wy for consistent reconstruction can be bounded by

N
Pr[Wy > A] < Pr [Sdl ¢ B(wn,en,anl)j| : (33)

n=1

where B(Y,, €,, a,A) is defined using (7).

3.2.1 Conditioning and a bound by caps witha, =1
The following lemma bounds (33) by coverage probabilities involving caps with

a, = 1.

Lemma 4 Suppose {¢, nN=1, with ¢, = a,\W,, are i.i.d. versions of a random vector

¢ that satisfies the conditions of Definition 2. Then

N
Pr [Sdl ¢ U B(Wn» €n, al1)\')i|
n=1

N J
<> Pr [Sd—l ¢ B(l//n,e,,,k):| bino(j, N, r) + (1 — r)V, (34)
j=1

n=1

where
N\ . .
bino(j, N, r) = ( _)r’(l —r)N_f,
J

and r = r, = Prla > 1] is as in Definition 2.
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Proof Let _Z; y denote the event that exactly j elements of {a,})_, satisfy a, > 1.
Since the {a,}"_, are independent versions of the random variable a,

Pr[_Zin] = (IJV) (Prfa > 1]Y (1 — Prfa > 1)V
= (?)""(1 — N7 = bino(j, N, r).

Thus,

n=1

N
Pr [gd—l ¢ | B anx)}

N N
— ZPr [Sd“ Z UB(llfn,en,an/\)
j=0

n=1

/,«.N} b 7]

N N
= ZPr |:Sd_1 ¢ UB(t/fn,en,ank)‘ /,,N} bino(j, N, r). (35)

j=0 n=1

By (7), when a, > 1 we have B(Y,,, €,, a,A) D B(Y,, €,, ). Thus for 1 <j <N,

/jw}
/jw}

J
=pris¢( B(l//n,en,/\):| : (36)

N
Pr [Sd_l ¢ | Bn, €. anh)

n=1

/j_N} <Pr|S'¢ | ) B enanh)

{n:a,>1}

<Pr Sd_1¢ U B(Yry, €n, 1)

{n:a,>1}

n=1

where the last equality holds because {an}nN:, are i.i.d. random variables that are

independent of the i.i.d. random vectors {wn}ﬁlvzl . Forj = 0, we use the trivial bound

Pris™ ¢ | ) BWwend)| Fin| =L

{n:a,>1}

Combining (35) and (36) completes the proof.
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To bound the binomial terms in Lemma 4 it will be useful to recall Hoeffding’s
inequality for Bernoulli random variables. If 0 < p < 1 and m < Np, then

m

> " bino(j. N p) < exp (_2 (Np — m)? /N) : 37)
j=0

3.2.2 Covering and discretization

A useful technique for bounding coverage probabilities such as (33) is to discretize

the problem by discretizing the sphere SY~! with an e-net, see [3]. In this section,

we briefly recall necessary aspects of this discretization method as used in [10].
Recall that a set .4, C S~ ! is a geodesic e-net for S~ if

Vx e S* !, 3ze 4, suchthat arccos({x,z)) <e.

For the remainder of this section, let .#; be a geodesic €- net of cardinality

d—1
#(H) < (2) |

It is well known that geodesic e-nets of such cardinality exist, e.g., see
Lemma 13.1.1 in [8] or Section 2.2 in [10].
Recalling (8), define the shrunken bi-cap T, [B(V,, €,, a,1)] by

Te [B(Yn, €4, auA)] = Cap (Y, Te(6;5)) U Cap (=, Te(6)))
where

0—e, iff>c¢;

T.(0) =
© %0, if0<60 <e.

Similar to equations (5.4) and (5.5) in [10], the coverage probability (33) can be
discretized as follows:

n=1 n=1

N N
Pr [Sd_‘ 72 UB(wn,en,ank)j| <Pr |}/V ¢ |- [B(I/f,,,En,anl)]j|

d-1 N
< (§) ( sup Pr [z ¢ T. [B(lﬁn,Gman/\)]]) L)

€ zeSd—1
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Similar to equation (5.6) in [10], one has that

B(Yn. €, anA) O {u € ST ()| > 2 }

ayA
and
d—1 28
T [B(Wn, €n,anA)] D qu € ST 1 [(u, Yu)| > ) +e;.
This gives

Pr [Z 47, [B(wn,en,anm] <P [|<z, vl < 2

o ei|. (39)

3.3 Moment bounds for general distributions

We now state our next main theorem.

Theorem 2 Suppose that {go,,}nNzl are i.i.d. versions of a random vector ¢ that
satisfies the conditions of Definition 2. Let r = r, = Prla > 1] be as in Definition 2.

If

. 2d+p)
- ST

N (40)

then the pth error moment for consistent reconstruction satisfies

28 \? Nr/2 2 1 N
E[(Wy)'] < pC’ (F) O (z) L AN 4 e (5) ,
r

where C', C" are as in Theorem 1, A is defined by (42) and (57), and C""' is defined
by (60) and (57).

Proof As in Theorem 1 we shall use (15). In view of (33), we need to estimate

00 N
E[(WnY'] <p /0 A Pr [S‘H ¢ UB(wn,en,anx)} dh. @D

n=1
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Step 1. We begin by estimating the integral in (41) over the range 0 < A < AS§,
where

2Y+3C s+1
and A =4(2K") " . (42)

A= max{Ao, Al}, with Ag =
o

and K” is defined in (57).
By Lemma 4 we have

A8 N
p / AP~ pr |:Sd“ 7 UB(l//n,en,an/\):| dA
0

n=1

fp/() AP ZPr [Sd‘ ¢ UB(t//n,en,)t):| bino(j, N, r)dA

n=1

[Nr/2]

AS
=p / Pl Z Pr [S" lg UB(wn,en,A)] bino(j, N, r)dA (43)
0
—l—p/ At Z Pr |:Sd_ UB(l//n,en,)L)i| bino(j, N, r)dA. (44)
j=[Nr/2]

Hoeffding’s inequality and the trivial bound Pr [Sd_l 04 Ui;:l By, €, )L)] <1
can be used to bound (43) as follows:

AS [Nr/2]
p/ pra Z Pr |:Sd g UB(l//n,en,A)j| bino(j, N, r)dA
0

j=0 n=1
A$ [Nr/2]

§p/ plat Z bino(j, N, r) | dA

0 o

A§
2

<p(e™/? / AP=tan

() )
= 8 AP N2, (45)

To bound the integral in (44), recall (40) and note that if j satisfies (d + p)/s <
[Nr/2] <j < N, then the bounds on (16) obtained in the proof of Theorem 1 give

that

A8 J
p[ AP~ pr [S"‘l ¢ B(w,,,e,,,/\)} dA
0 n=1
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00 J
E p[ Ap_l PI' Sd_l ¢ U B(wm €ns A’) dl
0
n=1

p -1 i

1 J

<Cés j+ 1 + ' (—)
c'sp 1y

< c'sr | = 46

=7 + (2) (46)

where C’ and C” are as in Theorem 1.

Using (46), along with Z;VZO bino(j, N, r) = 1, one may bound (44) as follows:

N A8 J
Py i A7~ pr |:S‘H ¢ UB(%,en,x)} bino(j, N, r)dA

j=Tnr/2]

n=1

N ’op 1 j
<p Y_ bino(iN.7) [C,S +C"sp (5) }

P
J=INr/2] /

b ol N2 &
D /! _ : .
<pé |:(Nr)l’ +C (2) :| E bino(j, N, r)

J=[Nr/2]

) p 1 Nr/2
p / 7
<pé |:C (_Nr) + C (2) :| . 47)

Applying the bounds (45) and (47) to (43) and (44) gives

A$ N
p/ AP~Lpr |:Sd_1 04 UB(l//n,en,anl):| dA
0

n=1
s 28 P Nr/2
<& APeN2 4 pl' | =) 4+ pCsP | = ) (48)
Nr 2

Step 2. We next estimate the integral in (41) over the range A > A§. By (38)
and (39) we have

N
Pr [Sd_l ¢ U B(l/fn, €n, an/x):|

n=1

g\ %! 26 N
< (—) ( sup Pr[|<z, < 2 +D L @)
€ zeSd—1 ank
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We therefore need to bound Pr[|(z, ¥,)| < é—i + €.

For the remainder of this step set

A_(a)# 4s\H 25 (1) (45C\ 50
~\c X T T ) e

where C, «, s are the parameters in (6) and Definition (2). By (42), note that A >
A8 > Ay 6 implies that 0 < € < 1/4.
For any z € S*! we have

28
Pr [|(Z, V)| < +e€
apA

n

+e} _ Pr[|<z,wn>|s 20
a,A

n

a, > Ai| Prla, > A] (51)

28+
€
A

+ Pr [I(z, Yl <

a, < Ai| Pra, < A].
(52)

Aan

We now bound the terms appearing in (51). Recall that A > A§ implies that
45/(AL) = 2¢ < 1/2. By our choice of € in (50), and using the admissibility
assumption (6), for each A > A§ one has

26
Pr[|<z,wn>| <23
a,A

n

a, > Ai| Prla, > A]

< Pr|[(z, ¥u)

26
|§H+E

a >Ai| Pr[a, > A]

48
=P -
|1l < 55

a, > A:| Prla, > A]

r 48
< Pr|(z, ¥u)| = H}
48\*
<a (H) . (53)

To bound (52), note that by (32) one has Pr[a, < A] < CA, and thus

26
a,A

Pr[|<z,1/fn>| <2

a, < A} Prla, < A] < Prla < A] < CA. 54)

Using the bounds (53) and (54) in (51) and (52) gives

Pr [I(z, V)l < azi + e} <a (:—i)‘ + CA. (55)
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Since our choice of A in (50) gives

AN
“Nax) =%

ei| <2CA=2C (%)“1‘ (‘l—g)s+l . (56)

Thus, combining (49) and (56) gives

Pr | sé-! ;zLNJB(w €n, ) <(§)d_1 2c(3)”1‘
ns ~n» n — € C

n=1

we have

Pr[uz, o< 24

n

48\ 7
(%)

To simplify notation, let

K = (16(%)S 1)d_l and K//zzc(%)“ " (57)

oo A as\H "
Pr|:Sd ‘gZUB(%,emank)}fK (4—5) [K (A) }

n=1

so that

(l+l

=K' (K")N (48)( ). (58)

A

Since 0 < s < land 0 < r < 1, note that (40) implies (=4 —p +1) > 2.
By (58) we have

00 N
p APl pr |:§d_l o U B(Yn. €5, an’x)i| dA
n=1

- (45)( "*‘)dA

A

< pK' (K" /

A

— 1 (!N p—1 45)( : —p+1) "
PK'(K")" (46) /AS (A d
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oo 1\ ("F )
= pK'(K")N (48)” / ()T) d\

AJ4
sN—d+ 1 -
s+ 1 P '

A p— SN;:I‘FI
— k') @57 ()
sN—d+1
s+

spK’<K”>N(48)P(A)p_ -

4

NG AN
= pK'@sy (£ k(2
e (5) | (3)

Since (42) implies that K” (%)H{1 < 1/2, it follows that

AS

0 N 1 N
p [ ater [S"“gZUB(wmen,anA)} dr < 8C” (5) .59

n=1

where

ANPHF
C" = pK'4 (Z) . (60)

Combining (41), (48) and (59) completes the proof.

Similar to Corollary 1, the following corollary of Theorem 2 shows that E[(Wy)?]
is at most of order 1/N? when N is sufficiently large.

Corollary 2 Let {(p,,}i:’:l be as in Theorem 2. There exist constants Cy, Cy > 0 such
that

Cy8P
Nr

VN > (Cy, E[(WN)p] < (61)

The constants Cy, Cy depend on ., s, C, p, d.

3.4 Numerical experiment

This section illustrates Theorem 2 with a numerical experiment.

Letx = (2,7) and § = 5. Given N > 3, let {e,})_, C R? be independent
random vectors with i.i.d. N(0,1) entries. Let {g,}\_, be defined as in (1).
Since there infinitely many different solutions X to the consistent reconstruction
condition (2), we select the minimal norm estimate by
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Fig. 1 Log-log plot of E(N, 2) versus N, see Section 3.4.

¥ = argmin ,ep2|z|*  subjectto  [(z.@n) —qu| <8, 1<n<N. (62

We repeat this experiment 20 times and let E(N, p) denote the average value of
X — x||P. Figures 1 and 2 show log-log plots of E(N, p) versus N for p = 2 and
p = 5. For comparison, these respective figures also show log-log plots of 3/N?
and 20/N? versus N. In particular, E(N, p) appears to decay like 1/N?, as predicted
by the worst case error bounds in Theorem 2.
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Fig. 2 Log-log plot of E(N, 5) versus N, see Section 3.4.
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