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Dedicated to

Ying Wang and Dennis Healy,

inspiring members of our harmonic analysis family
and lost to us when they were so young.



ANHA Series Preface

The Applied and Numerical Harmonic Analysis (ANHA) book series aims to
provide the engineering, mathematical, and scientific communities with significant
developments in harmonic analysis, ranging from abstract harmonic analysis to
basic applications. The title of the series reflects the importance of applications
and numerical implementation, but richness and relevance of applications and
implementation depend fundamentally on the structure and depth of theoretical
underpinnings. Thus, from our point of view, the interleaving of theory and
applications and their creative symbiotic evolution is axiomatic.

Harmonic analysis is a wellspring of ideas and applicability that has flourished,
developed, and deepened over time within many disciplines and by means of
creative cross-fertilization with diverse areas. The intricate and fundamental
relationship between harmonic analysis and fields such as signal processing, partial
differential equations (PDEs), and image processing is reflected in our state-of-the-
art ANHA series.

Our vision of modern harmonic analysis includes mathematical areas such as
wavelet theory, Banach algebras, classical Fourier analysis, time-frequency analysis,
and fractal geometry, as well as the diverse topics that impinge on them.

For example, wavelet theory can be considered an appropriate tool to deal with
some basic problems in digital signal processing, speech and image processing,
geophysics, pattern recognition, biomedical engineering, and turbulence. These
areas implement the latest technology from sampling methods on surfaces to fast
algorithms and computer vision methods. The underlying mathematics of wavelet
theory depends not only on classical Fourier analysis, but also on ideas from abstract
harmonic analysis, including von Neumann algebras and the affine group. This leads
to a study of the Heisenberg group and its relationship to Gabor systems, and of the
metaplectic group for a meaningful interaction of signal decomposition methods.
The unifying influence of wavelet theory in the aforementioned topics illustrates the
justification for providing a means for centralizing and disseminating information
from the broader, but still focused, area of harmonic analysis. This will be a key role
of ANHA. We intend to publish with the scope and interaction that such a host of
issues demands.

vii



viii ANHA Series Preface

Along with our commitment to publish mathematically significant works at the
frontiers of harmonic analysis, we have a comparably strong commitment to publish
major advances in the following applicable topics in which harmonic analysis plays
a substantial role:

Antenna theory Prediction theory
Biomedical signal processing Radar applications

Digital signal processing Sampling theory
Fast algorithms Spectral estimation

Gabor theory and applications Speech processing
Image processing Time-frequency and time-scale analysis

Numerical partial differential equations Wavelet theory

The above point of view for the ANHA book series is inspired by the history of
Fourier analysis itself, whose tentacles reach into so many fields.

In the last two centuries Fourier analysis has had a major impact on the
development of mathematics, on the understanding of many engineering and
scientific phenomena, and on the solution of some of the most important problems
in mathematics and the sciences. Historically, Fourier series were developed in
the analysis of some of the classical PDEs of mathematical physics; these series
were used to solve such equations. In order to understand Fourier series and the
kinds of solutions they could represent, some of the most basic notions of analysis
were defined, e.g., the concept of “function.” Since the coefficients of Fourier
series are integrals, it is no surprise that Riemann integrals were conceived to deal
with uniqueness properties of trigonometric series. Cantor’s set theory was also
developed because of such uniqueness questions.

A basic problem in Fourier analysis is to show how complicated phenomena,
such as sound waves, can be described in terms of elementary harmonics. There are
two aspects of this problem: first, to find, or even define properly, the harmonics or
spectrum of a given phenomenon, e.g., the spectroscopy problem in optics; second,
to determine which phenomena can be constructed from given classes of harmonics,
as done, for example, by the mechanical synthesizers in tidal analysis.

Fourier analysis is also the natural setting for many other problems in engineer-
ing, mathematics, and the sciences. For example, Wiener’s Tauberian theorem in
Fourier analysis not only characterizes the behavior of the prime numbers, but also
provides the proper notion of spectrum for phenomena such as white light; this
latter process leads to the Fourier analysis associated with correlation functions in
filtering and prediction problems, and these problems, in turn, deal naturally with
Hardy spaces in the theory of complex variables.

Nowadays, some of the theory of PDEs has given way to the study of Fourier
integral operators. Problems in antenna theory are studied in terms of unimodular
trigonometric polynomials. Applications of Fourier analysis abound in signal
processing, whether with the fast Fourier transform (FFT), or filter design, or the
adaptive modeling inherent in time-frequency-scale methods such as wavelet theory.



ANHA Series Preface ix

The coherent states of mathematical physics are translated and modulated Fourier
transforms, and these are used, in conjunction with the uncertainty principle, for
dealing with signal reconstruction in communications theory. We are back to the
raison d’être of the ANHA series!

University of Maryland John J. Benedetto
College Park Series Editor



Preface

The chapters in this Vol. 5 have at least one author who spoke at the February Fourier
Talks during the period 2014–2016. Volumes 1–4 cover the February Fourier Talks
during the period 2002–2013.

The February Fourier Talks (FFT)

The FFTs were initiated in 2002 and 2003 as small meetings on harmonic analysis
and applications, held at the University of Maryland, College Park. There were no
FFTs in 2004 and 2005. The Norbert Wiener Center (NWC) for Harmonic Analysis
and Applications was founded in 2004 in the Department of Mathematics at the
university, and, since 2006, the FFT has been organized by the NWC. The FFT
has developed into a major annual conference that brings together applied and pure
harmonic analysts along with scientists and engineers from universities, industry,
and government for an intense and enriching 2-day meeting.

The goals of the FFT are the following:

• To offer a forum for applied and pure harmonic analysts to present their latest
cutting-edge research to scientists working not only in the academic community
but also in industry and government agencies;

• To give harmonic analysts the opportunity to hear from government and industry
scientists about the latest problems in need of mathematical formulation and
solution;

• To provide government and industry scientists with exposure to the latest research
in harmonic analysis;

• To introduce young mathematicians and scientists to applied and pure harmonic
analysis;

• To build bridges between pure harmonic analysis and applications thereof.

xi



xii Preface

These goals stem from our belief that many of the problems arising in engineer-
ing today are directly related to the process of making pure mathematics applicable.
The Norbert Wiener Center sees the FFT as the ideal venue to enhance this process
in a constructive and creative way. Furthermore, we believe that our vision is shared
by the scientific community, as shown by the steady growth of the FFT over the
years.

The FFT is formatted as a 2-day single-track meeting consisting of 30-minute
talks as well as the following:

• Norbert Wiener Distinguished Lecturer Series;
• General Interest Keynote Address;
• Norbert Wiener Colloquium;
• Graduate and Postdoctoral Poster Session.

The talks are given by experts in applied and pure harmonic analysis, including
academic researchers and invited scientists from industry and government agencies.

The Norbert Wiener Distinguished Lecture caps the technical talks of the first
day. It is given by a senior harmonic analyst, whose vision and depth through the
years have had profound impact on our field. In contrast to the highly technical
day sessions, the Keynote Address is aimed at a general public audience and
highlights the role of mathematics, in general, and harmonic analysis, in particular.
Furthermore, this address can be seen as an opportunity for practitioners in a
specific area to present mathematical problems that they encounter in their work.
The concluding lecture of each FFT, our Norbert Wiener Colloquium, features a
mathematical talk by a renowned applied or pure harmonic analyst. The objective
of the Norbert Wiener Colloquium is to give an overview of a particular problem
or a new challenge in the field. We include here a list of speakers for these three
lectures.

Distinguished

• Robert Calderbank
• Ronald Coifman
• Ingrid Daubechies
• Ronald DeVore
• Richard Kadison
• Peter Lax
• Elias Stein
• Gilbert Strang

Keynote

• Peter Carr
• Barry Cipra
• James Coddington
• Nathan Crone
• Ali Hirsa
• Mario Livio
• William Noel
• Steven Schiff
• Mark Stopfer
• Frederick Williams

Colloquium

• Richard Baraniuk
• Rama Chellappa
• Margaret Cheney
• Charles Fefferman
• Robert Fefferman
• Gerald Folland
• Christopher Heil
• Peter Jones
• Thomas Strohmer
• Victor Wickerhauser

In 2013, the February Fourier Talks was followed by a workshop on phaseless
reconstruction, also hosted by the Norbert Wiener Center and intellectually in the
spirit of the FFT.



Preface xiii

The Norbert Wiener Center

The Norbert Wiener Center for Harmonic Analysis and Applications provides a
national focus for the broad area of applied harmonic analysis. Its theoretical
underpinnings form the technological basis for many applications. Further, the
applications themselves impel the study of fundamental harmonic analysis issues
in topics such as signal and image processing, machine learning, data mining,
waveform design, and dimension reduction.

The Norbert Wiener Center reflects the importance of integrating new mathemat-
ical technologies and algorithms in the context of current industrial and academic
needs and problems.

The Norbert Wiener Center has three goals:

• Research activities in harmonic analysis and applications;
• Education–undergraduate to postdoctoral;
• Interaction within the international harmonic analysis community.

We believe that educating the next generation of harmonic analysts, with a strong
understanding of the foundations of the field and a grasp of the problems arising in
applications, is important for a high-level and productive industrial, government,
and academic workforce.

The Norbert Wiener Center website: www.norbertwiener.umd.edu

The Structure of the Volumes

To some extent, the four parts for each of these volumes are artificial placeholders
for all the diverse chapters. It is an organizational convenience that reflects major
areas in harmonic analysis and its applications, and it is also a means to highlight
significant modern thrusts in harmonic analysis. Each part includes an introduction
that describes the chapters therein.

Volume 1

I Sampling Theory
II Remote Sensing

III Mathematics of Data Processing
IV Applications of Data Processing

Volume 2

V Measure Theory
VI Filtering

VII Operator Theory
VIII Biomathematics

www.norbertwiener.umd.edu
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Volume 3

IX Special Topics in
Harmonic Analysis

X Applications and Algorithms in the
Physical Sciences

XI Gabor Theory
XII RADAR and Communications:

Design, Theory, and Applications
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XIII Theoretical Harmonic Analysis

XIV Sparsity

XV Signal Processing and Sampling

XVI Spectral Analysis and Correlation
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Part XVII
Theoretical Harmonic Analysis

Real analysis, harmonic analysis, and representation theory have all been present
and well represented at the FFT conferences over the years. This volume contains
contributions from three utmost distinguished researchers (and their collaborators)
in these areas.

The Heisenberg group is intimately connected with the quantum mechanics.
More recently it has been recognized as a central tool in time-frequency signal
processing. Folland’s chapter presents a framework for analysis and of the discrete
Heisenberg group based on a direct integral decomposition of its irreducible
representations on L2.R/. The author shows in the rational case the Zak transform
represents the unitary operators of time and frequency shifts as a collection of finite
dimensional unitary matrices of same size acting independently on spaces indexed
by points of a 2-dimensional square. To illustrate this result, consider the simpler
case of integer time and frequency shifts. In this case the unitary shifts commute
and the Zak transform diagonalizes simultaneously these operators. The irrational
case is more complicated and the author shows that the inequivalent representations
cannot be indexed by Lebesgue measurable sets.

Grafakos’ chapter on fractional differentiation is a beautiful exposition of a hard
core real analysis problem. We all take for granted the Leibniz’s product rule of
differentiation and the Hölder inequality. When put together, they control the L1

norm of a higher order derivative of a product of two functions by dual Lp norms
of lower order derivatives. The question the author studies is what happens if the
regular derivative is replaced by a fractional derivative defined using the Fourier
transform. In his chapter he elegantly summarizes the state of affair for this problem
and presents the sharpest result for a Kato-Ponce type inequality.

The chapter by Farsi, Gillaspy, Kang, and Packer presents an overview of
C�-algebras theory based wavelet constructions. The Cuntz C�-algebras represen-
tations had been shown to be closely related to construction of Multi Resolution
Analysis (MRA) orthonormal wavelets. The current chapter starts with a survey
of these known results. Next the authors consider several ways to generalize these
results by using C�-algebras associated to higher-rank graphs. Their construction
generalizes previous approaches using graph Laplacian wavelets and MRA. One tar-
geted application is the spatial traffic analysis on k-graphs in network engineering.



Time-Frequency Analysis and Representations
of the Discrete Heisenberg Group

Gerald B. Folland

Abstract The operators Œ%!.j; k; l/f �.t/ D e2� i!le2� i!ktf .tC j/ on L2.R/ constitute
a representation of the discrete Heisenberg group. We investigate how this represen-
tation decomposes as a direct integral of irreducible representations. The answer is
quite different depending on whether ! is rational or irrational, and in the latter case
it provides illustrations of some interesting pathological phenomena.

Keywords Discrete Heisenberg group • Unitary representations • Direct integral
decompositions

1 Introduction

Among the most basic operators in signal analysis are the translations in time and
frequency space, also known as translations and modulations: these are the unitary
operators Tx and My (x; y 2 R) on L2.R/ defined by

Txf .t/ D f .tC x/; Myf .t/ D e2� iytf .t/: (1)

Since TxMy D e2� ixyMyTx, the collection of operators fe2� izMyTx W x; y; z 2 Rg
forms a group. If one considers the group structure in the abstract, one is led to the
(real) Heisenberg group H, which is R3 equipped with the group law

.x; y; z/.x0; y0; z0/ D .xC x0; yC y0; zC z0 C xy0/;

.x; y; z/�1 D .�x;�y;�zC xy/:
(2)

More precisely, the group generated by the translations and modulations consists
of the image of H under the unitary representation R W H ! U.L2.R// defined by
R.x; y; z/ D e2� izMyTx, that is,

G.B. Folland (�)
Department of Mathematics, University of Washington, Seattle, WA 98195, USA
e-mail: folland@uw.edu

© Springer International Publishing AG 2017
R. Balan et al. (eds.), Excursions in Harmonic Analysis, Volume 5,
Applied and Numerical Harmonic Analysis, DOI 10.1007/978-3-319-54711-4_1
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4 G.B. Folland

R.x; y; z/f .t/ D e2� ize2� iytf .tC x/: (3)

The representation R is irreducible, i.e., there are no nontrivial closed subspaces
of L2.R/ that are invariant under it. Indeed, suppose f ; g 2 L2.R/ and g ? R.x; y; z/f
for all x; y; z. Then

0 D hR.x; y; 0/f ; gi D
Z

e2� iytf .tC x/g.t/ dt

for all x; y. By Fourier uniqueness, f .tCx/g.t/ D 0 for a.e. .x; t/. Taking the abolute
square of both sides and integrating first in x and then in t, we see that kfk2kgk2 D 0,
that is, either f D 0 or g D 0.

For future reference we note that there is a more symmetric way to describe the
group law of H. Namely, let eH be R

3 equipped with the group law

.x; y; z/.x0; y0; z0/ D �xC x0; yC y0; zC z0 C 1
2
.xy0 � yx0/

�
;

.x; y; z/�1 D .�x;�y;�z/:
(4)

It is easy to check that the map .x; y; z/ 7! .x; y; zC 1
2
xy/ is an isomorphism from eH

to H.
Ever since Gabor’s fundamental paper [4], it has been of interest to study the

discrete group of operators generated by the translations and modulations by integer
multiples of some fundamental quantities � and !, that is, Tj� and Mk! with j; k 2 Z.
(Note that since Tj�Mk! D e2� i�!jkMk!Tj� , the scalars needed here to fill out the
group are e2� iz with z an integer multiple of �!.) The abstract group structure in this
situation is that of the discrete Heisenberg group H, which is Z3 equipped with the
group law (2) — but we shall write elements of H as .j; k; l/ rather than .x; y; z/.

By rescaling the real line, we may and shall assume that � D 1. Thus, for a given
! > 0, we are considering the unitary representation %! of H on L2.R/ defined by
%!.j; k; l/ D e2� i!lMk!Tj, that is,

%!.j; k; l/f .t/ D e2� i!le2� i!ktf .tC j/: (5)

The representations %! , in contrast to R, are highly reducible, and it is natural
to ask how they decompose into irreducible representations. These decompositions
involve not direct sums but direct integrals, a concept that we shall review briefly
in section 2. When ! is rational, the solution to this problem turns out to be a
nice exercise in Fourier analysis that involves one of the signal analysts’ favorite
devices, the Zak transform; we shall present it in section 3. When ! is irrational,
however, one has to confront the fact that H is a “non-type-I” group, which means
that its representation theory displays various pathologies (see Folland [3]). One
of them is that the set of unitary equivalence classes of irreducible representations
is geometrically bizarre and cannot, in general, be used as a parameter space
for direct integral decompositions. Another one is that it may be possible to
express a representation as a direct integral of irreducibles in many completely
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different ways. The analysis of our representations %! in section 4 provides easily
accessible illustrations of these phenomena. In particular, we recover some results
of Kawakami [7] concerning the non-uniqueness, in a way that is simpler and more
transparent than his original constructions.

Some terminology: we shall be concerned only with unitary, strongly continuous
representations of locally compact groups G on separable Hilbert spaces. Two
representations � and � 0 of G on Hilbert spaces H and H0 are equivalent if there is
a unitary operator U W H! H0 that intertwines them, i.e., U�.g/ D � 0.g/U for all
g 2 G; in this case, we write � � � 0. Let Z be the center of G. If � is a representation
of G such that Z acts by scalar multiples of the identity. i.e., �.z/ D �.z/I where
� W Z ! U.1/ D f� 2 C W j�j D 1g (this always happens if � is irreducible, by
Schur’s lemma), � is called the central character of � .

The center of the discrete Heisenberg group H is f.0; 0; l/ W l 2 Zg, and the
central character of the representation %! defined by (5) is �!.l/ D e2� i!l. The
decomposition of %! into irreducibles will involve only irreducible representations
with the same central character. This is true on general grounds, but we will verify
it by explicit calculations.

2 Direct Integrals

The general theory of direct integrals of Hilbert spaces and operators on them
involves some measure-theoretic technicalities that need not concern us; for our
purposes the following will suffice. Suppose fH˛ W ˛ 2 R

ng is a family of separable
Hilbert spaces with inner products h�; �i˛ parametrized by an n-tuple ˛ of real
variables. We assume that the H˛ are all continuously embedded in a topological
vector space V and that there is a family of vectors fe˛j W ˛ 2 R

n; j 2 Jg in V

(where J is a suitable index set) that depend continuously on ˛, such that for each
˛, fe˛j W j 2 Jg is an orthonormal basis for H˛ . For any Borel set A � R

n, we then
define the direct integral

H D
Z ˚

A
H˛ d˛

to be the set of all f W A! V such that

.i/ f .˛/ 2 H˛ for all˛ 2 AI
.ii/ for each j; ˛ 7! hf .˛/; e˛j i˛ is Borel measurableI

.iii/ kfk2 �
Z

A
kf .˛/k2˛ d˛ <1:

(The integrand in (iii) is measurable since kf .˛/k2˛ D
P

j jhf ; e˛j i˛j2.) We identify
two functions f and g in H if f .˛/ D g.˛/ for Lebesgue-almost every ˛; H is then
easily seen to be a Hilbert space.
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If the H˛ all coincide with a fixed Hilbert space H0, we may take V D H0

and fe˛j g D fejg to be a fixed orthonormal basis for H0, and
R ˚

A H˛ d˛ is simply
L2.A;H0/, the space of square-integrable H0-valued functions on A.

Now suppose that for each ˛, T˛ is a unitary operator on H˛ , depending
measurably on ˛ in the sense that hT˛e˛j ; e

˛
k i˛ is Borel measurable for all j; k. It

is easy to check that if f is in
R ˚

A H˛ d˛ then so is ˛ 7! T˛Œf .˛/�, so we can define
the direct integral

T D
Z ˚

A
T˛ d˛

to be the unitary operator on
R ˚

A H˛ d˛ given by

ŒTf �.˛/ D T˛Œf .˛/�:

Finally, if �˛ is a unitary representation of a locally compact group G on H˛

for each ˛ 2 A, depending measurably on ˛ in the sense described above, we
obtain the direct integral representation

R ˚
A �˛ d˛ of G on

R ˚
A H˛ d˛ by applying

this construction to each family of operators �˛.g/, g 2 G.

3 The Rational Case

We begin our analysis of the representations %! of H defined by (5).
The simplest situation is where ! is a positive integer p. In this case the central

character of %p is trivial, so that %p.j; k; l/ depends only on j and k, and %p is
effectively a representation of the group Z

2. The irreducible representations of this
group, or of H with trivial central character, are the one-dimensional ones, that is,
the characters

�u;v.j; k; l/ D �u;v.j; k/ D e2� i.juCkv/: (6)

(Here we may regard u and v as elements of R or of R=Z as convenience dictates;
the same understanding will apply in similar situations below.)

The operation that relates %p to the characters �u;v is the Zak transform, the map
Z from (reasonable) functions on R to functions on R

2 defined by

Zf .u; v/ D
X
n2Z

e2� inuf .v � n/: (7)

Note that for m 2 Z,

Zf .uC m; v/ D Zf .u; v/; Zf .u; v C m/ D e2� imuZf .u; v/;
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so Zf is determined by its values on Œ0; 1/�Œ0; 1/. Moreover, by the Parseval identity,

Z 1

0

Z 1

0

jZf .u; v/j2 du dv D
X

n

Z 1

0

jf .v � n/j2 dv D
Z
R

jf .t/j2 dt;

so Z is an isometry from L2.R/ to L2.Œ0; 1�/2 that is easily seen to be surjective,
hence unitary. Finally, since %p.j; k; l/f .t/ D e2� ikptf .t C j/, a simple calculation
shows that

Z%p.j; k; l/f .u; v/ D e2� ijue2� ikpvZf .u; v/ D �u;pv.j; k; l/Zf .u; v/:

But this says that Z intertwines %p with the direct integral

Z ˚
Œ0;1/�Œ0;1/

�u;pv du dv

(acting on L2.Œ0; 1/2/ D R ˚
Œ0;1/�Œ0;1/ C du dv). By the rescaling v 7! v=p, this is

equivalent to

Z ˚
Œ0;1/�Œ0;p/

�u;v du dv:

Finally, by the periodicity of �u;v in u and v, this integral over Œ0; 1/ � Œ0; p/ is the
direct sum of p copies of the integral over Œ0; 1/2, or, more naturally, of the integral
over .R=Z/2. In short, we have proved:

Theorem 1 If p is a positive integer, %p is equivalent to the direct sum of p

copies of the direct integral
R ˚
.R=Z/2

�u;v du dv, where �u;v is the one-dimensional
representation defined by (6).

The situation where ! is rational but not integral is similar but not quite so
simple. For the rest of this section we assume that ! D p=q where p and q are
relatively prime positive integers with q > 1. In this case we have %!.0; 0; l/ D I
when q divides l, so %! is really a representation of the quotient group of H in
which the central variable l is taken to be an integer modulo q. It is easy to obtain
a complete list of irreducible representations of this group (up to equivalence) with
central character e2� i!l by an application of the “Mackey machine.” The details are
worked out in Folland [3, §6.8]; here, we shall just quote the results.

For u 2 R, let

Hu D
˚
f W Z! C W f .mC nq/ D e�2� iunqf .m/ for all m; n 2 Z

�
: (8)

Any f 2 Hu is completely determined by its values at 1; : : : ; q (or any set of q
consecutive integers), so Hu is q-dimensional. The norm on it is defined in the
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obvious way: kfk2 D Pq
1 jf .m/j2 (D PMCq

MC1 jf .m/j2 for any M). Observe that this
family of Hilbert spaces satisfies the conditions in section 2: we can take V to be
l1.Z/ and define eu

j for j D 1; : : : ; q by eu
j .m/ D e�2� iunq if m D j C nq and

eu
j .m/ D 0 if m 6� j mod q.

Now let v be another real number. We define the representation �u;v of H on
Hu by

�u;v.j; k; l/f .m/ D e2� i.p=q/le2� ikŒv�.p=q/m�f .m � j/: (9)

(This formula for �u;v depends only on v; the u-dependence comes from the space
on which it acts.) A proof of the following result can be found in Folland [3, §6.8]:

Proposition 1 Suppose p and q are relatively prime positive integers with q > 1.
The representations �u;v of H defined by (8) and (9) are irreducible, and every
irreducible representation of H with central character e2� i.p=q/l is equivalent to one
of them.

It is obvious that Hu D Hu0 if u0 � u mod q�1Z, and in this case �u;v D �u0;v0

if v0 � v mod Z. However, up to equivalence even more is true: �u;v � �u0;v0 if
u0 � u and v0 � v mod q�1Z. Indeed, in this case we can write v0 D v C .r=q/
for some r 2 Z, and hence v0 � v C n.p=q/ mod Z for some n 2 Z. (Indeed, since
p and q are relatively prime, there are integers a and b with ap C bq D 1, so that
v0 D v C ar.p=q/C br.) Then �u0;v0 D �u;vCn.p=q/, and it is easily verified that the
map Uf .m/ D f .mC n/ intertwines �u;vCn.p=q/ with �u;v . Hence:

Corollary 1 The equivalence class of �u;v depends only on the image of .u; v/ in
.R=q�1Z/2. In this way, the set of equivalence classes of irreducible representa-
tions of H with central character e2� i.p=q/l is in one-to-one correspondence with
.R=q�1Z/2.

With this result in hand, the direct integral decomposition of %p=q into irreducibles
takes almost exactly the same form as Theorem 1: %p=q is the direct sum of p copies
of the integral of the �u;v over a complete set of equivalence classes. To derive this
result, it will be convenient to start from the other end by building the direct integral
in question. We begin by considering the direct integral

�v D
Z ˚
Œ0;1=q/

�u;v du D
Z ˚
R=q�1Z

�u;v du;

which acts on the Hilbert space

H D
Z ˚
R=q�1Z

Hu du

D
n

f W .R=q�1Z/ � Z! C W f .u;mC kq/ D e�2� ikquf .u;m/; kfkH <1
o
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where

kfk2
H
D

qX
mD1

Z 1=q

0

jf .u;m/j2 du:

An element of H is, in essence, a q-tuple of 1=q-periodic functions of u. We wish
to trade such a q-tuple in for a single 1-periodic function of u. To this end, observe
that if f 2 H, we have e2� i.mCkq/uf .u;mCkq/ D e2� imuf .u;m/, so the latter function
(call it fm.u/) depends only on the residue of m modulo q. It is 1-periodic in u, and its
Fourier coefficients (defined by fm.u/ DP

n cmne2� inu) are nonzero only for n � m
mod q since f .u;m/ is 1=q-periodic. We define T W H! L2.R=Z/ by

Tf .u/ D q�1=2
qX
1

fm.u/ D q�1=2
qX
1

e2� imuf .u;m/: (10)

By the preceding remarks, the sum could be taken over any set of q consecutive
integers, and the terms in this sum are pairwise orthogonal. Hence

Z 1

0

jTf .u/j2 du D q�1
qX
1

Z 1

0

jf .u;m/j2 du D
qX
1

Z 1=q

0

jf .u;m/j2 du D kfk2
H
;

so T is an isometry. In fact it is unitary: if g 2 L2.R=Z/ has the Fourier seriesP
�2Z c�e2� i�u, we group the �’s according to their residues mod q and get

g.u/ D
qX

mD1
e2� imu

X
n2Z

cmCnqe2� inqu D Tf .u/;

where f .u;m/ D q1=2
P

j cmCnqe2� inqu for all m 2 Z (not just m D 1; : : : ; q). This f
does indeed belong to H, for

f .u;mC kq/ D q1=2
X

n

cmC.nCk/qe2� inqu D q1=2
X

n

cmCnqe2� i.n�k/qu

D e�2� ikquf .u;m/:

We now transfer the representation �v to L2.R=Z/ by means of T , that is, we set

e�v.j; k; l/ D T�v.j; k; l/T
�1:

Since

Œ�v.j; k; l/f �.u;m/ D e2� i.p=q/le2� ikŒv�.p=q/m�f .u;m � j/;
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for g.u/ DP c�e2� i�u we have

Œe�v.j; k; l/g�.u/ D e2� i.p=q/l
qX

mD1

X
n2Z

cm�jCnqe2� iŒmuCk.v�!m/Cnqu�:

By the observation following (10), we can replace m by mC j while still summing
from 1 to q, so using the fact that e2� inq.p=q/k D 1, we see that

Œe�v.j; k; l/g�.u/

D e2� iŒ.p=q/.l�jk/CjuCkv�
qX

mD1
e2� im.u�.p=q/k/

X
n2Z

cmCnqe2� inq.u�.p=q/k/

D e2� iŒ.p=q/.l�jk/CjuCkv�g.u � .p=q/k/:

Since the representations �u;v are 1-periodic in v, and their equivalence classes
are 1=q-periodic in v, the same is true of �v and hence of e�v . As the reader may
verify, the intertwinings for e�v are given by the operators Mn defined by

Mnf .u/ D e2� inuf .u/: (11)

More precisely, if v0 � v mod q�1Z, we have (as before) v0 � v C n.p=q/ mod Z

for some n 2 Z, and

e�vCn.p=q/.j; k; l/Mn D Mne�v.j; k; l/: (12)

Next, we form the direct integral

… D
Z ˚
Œ0;p=q/

e�v dv;

which acts on L2..R=Z/ � Œ0; p=q// (we take the variable of integration to be the
second variable in this product) by

Œ….j; k; l/h�.�; v/ D e�v.j; k; l/Œh.�; v/�; (13)

that is,

Œ….j; k; l/h�.u; v/ D e2� iŒ.p=q/.l�jk/CjuCkv�h.u � k.p=q/; v/: (14)

To put this into final form and remove the slightly artificial use of the interval
Œ0; p=q/, we extend functions defined on .R=Z/ � Œ0; p=q/ to .R=Z/ � R by the
prescription
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h.u; v C n.p=q// D e2� inuh.u; v/ D ŒMnh�.u; v/ .n 2 Z/; (15)

where Mn is defined by (11) and it is understood that Mn acts in the first variable.
Note that the extension of h is accomplished by initially taking v 2 Œ0; p=q/ in (15),
but once this is done, (15) holds for all v 2 R. In view of (12), this extension is
compatible with the formula (13); that is, for v 2 Œ0; p=q/ and n 2 Z,

e�vCn.p=q/.j; k; l/Œh.�; v C n.p=q//� D e�vCn.p=q/.j; k; l/MnŒh.�; v/�
D MnŒe�v.j; k; l/Œh.�; v/�:

Thus we may, and shall, consider the representation … as acting on functions on
R
2 that are 1-periodic in the first variable, quasi-periodic in the second variable

according to (15), and square-integrable on Œ0; 1/ � Œ0; p=q/, with the action now
given by (14) for all u; v 2 R. But now we can use (15) to give this a final
reformulation:

Œ….j; k; l/h� .u; v/ D e2� iŒ.p=q/lCj.u�k.p=q//Ckv�h.u � k.p=q/; v/

D e2� i.p=q/le2� ikvŒMjh�.u � k.p=q/; v/

D e2� i.p=q/le2� ikvh.u � k.p=q/; v C j.p=q//:

(16)

It is now a simple matter to relate … to our original representation %p=q by a
rescaling of the Zak transform. Namely, with Z given by (7), we define

Zp=q f .u; v/ D .q=p/1=2Zf .u; .q=p/v/ D .q=p/1=2
X
n2Z

e2� inuf ..q=p/v � n/:

Thus Zp=q maps functions on R functions on R
2 that are 1-periodic in the first

variable and satisfy (15), and it is unitary from L2.R/ to L2.Œ0; 1/ � Œ0; p=q//.
Moreover,

ŒZp=q%p=q.j; k; l/f �.u; v/

D .q=p/1=2
X
n2Z

e2� i.p=q/le2� iŒk.v�n.p=q//Cnu�f ..q=p/v � nC j/

D e2� i.p=q/le2� ikvZp=q f .u � k.p=q/; v C j.p=q//

D Œ….j; k; l/Zp=qf �.u; v/:

In short, Zp=q intertwines %p=q with …, so these representations are equiv-
alent. Moreover, by the 1=q-periodicity of the equivalence class of e�v in v,
… D R ˚

Œ0;p=q/e�v dv is equivalent to the direct sum of p copies of
R ˚
Œ0;1=q/e�v dv, and

the latter representation in turn is equivalent to
R ˚
Œ0;1=q/2 �u;v du dv. We have proved:
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Theorem 2 If p and q are relatively prime positive integers with q > 1, the
representation %p=q is equivalent to the direct sum of p copies of the direct integralR ˚
Œ0;1=q/2 �u;v du dv, where �u;v is the representation defined by (8) and (9). In this

integral, the integrand �u;v ranges over a complete set of inequivalent irreducible
representations of H with central character e2� i.p=q/l.

4 The Irrational Case

In this section ! will denote a fixed positive irrational number, and our goal is
again to analyze the decomposition of the representation %! of H defined by (5) into
irreducibles. The problem of classifying all the equivalence classes of irreducible
representations of H with central character e2� i!l in a concrete way is completely
intractable (see Folland [3, §6.8] for a fuller explanation of this issue), but we do
not need all of them. To get started, it will suffice to consider the following one-
parameter family of representations, which is analogous to the family f�u;vg in the
rational case. To wit, for v 2 R we define the representation �v of H on l2.Z/ by

Œ�v.j; k; l/f �.m/ D e2� i!le2� ik.v�!m/f .m � j/: (17)

Proposition 2 The representations �v are all irreducible. Moreover, �v0 � �v if
and only if v0 � v mod ZC !Z.

Proof Suppose V is a nonzero �v-invariant subspace of l2.Z/ and 0 ¤ f 2 V. If
g ? V, then for all j; k 2 Z,

0 D h�v.j; k; 0/f ; gi D e2� ivk
X

m

e�2� i!kmf .m � j/g.m/:

Since f .��/g.�/ 2 l1.Z/, the function 	j.
/ DPm e�2� im
 f .m�j/g.m/ is continuous
on R=Z, and it vanishes at 
 D !k for all k. Since ! is irrational, f!k W k 2 Zg is
dense in R=Z; hence, 	j vanishes identically, so its Fourier coefficients f .m� j/g.m/
are all zero. This being true for all j, it follows that g D 0, so V D l2.Z/. Thus �v is
irreducible.

The standard basis vectors en.m/ D ımn for l2.Z/ are eigenvectors for the
operators �v.0; k; 0/ with eigenvalues e2� ik.v�!n/. Thus if v0 6� v mod Z C !Z,
the operators �v0.0; k; 0/ and �v.0; k; 0/ have different eigenvalues, and so �v0 6� �v .
On the other hand, if v0 D vC nC !p (n; p 2 Z), then obviously �v0 D �vC!p, and
it is easily checked that the operator Upf .m/ D f .mC p/ intertwines �vC!p and �v ,
so �v0 � �v . ut
Proposition 3 (Baggett [1]) If ! > 0 is irrational and �v is given by (17),

%! �
Z ˚
Œ0;!/

�v dv: (18)
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Proof The direct integral � D R ˚
Œ0;!/

�v dv acts on L2.Œ0; !/ � Z/ (with respect to
Lebesgue measure times counting measure) by

�.j; k; l/g.v;m/ D e2� i!le2� ik.v�m!/g.v;m � j/:

We identify R with Œ0; !/�Z by cutting up R into disjoint intervals of length 1 and
dilating them by a factor of !, and thereby define the unitary map U W L2.R/ !
L2.Œ0; !/ � Z/ by

Uf .v;m/ D !�1=2f .!�1v � m/:

A simple calculation then shows that U%!.j; k; l/ D �.j; k; l/U, so %! � � . ut
Thus we have a simple-looking direct integral decomposition of %! into irre-

ducibles. Unlike the integrals for the rational case in Theorems 1 and 2, however,
the representations �v in (18) are not all inequivalent, and there is no Lebesgue
measurable way to separate out the equivalence classes to obtain an integral over
inequivalent representations with multiplicities. We can, of course, use the fact that
�v D �vCn for n 2 Z to reduce to integrals over Œ0; ˛/ with ˛ � 1 or over R=Z.
But by Proposition 2, the equivalence classes for the �v’s are given by the cosets of
.ZC !Z/=Z in R=Z, and none of the cross-sections for these cosets are Lebesgue
measurable. Indeed, these are essentially the classic examples of non-measurable
sets. (Most textbooks use Q rather than ZC!Z to build examples, but any subgroup
of R whose image in R=Z is countably infinite will serve the purpose.)

We now turn to the question of non-uniqueness.
The representation %! of H is the restriction to H of an irreducible representation

R! of the real Heisenberg group H, a close relative of the representation R defined
by (3):

R!.x; y; z/f .t/ D R.x; !y; !z/f .t/ D e2� i!ze2� i!ytf .tC x/:

If ˆ is an automorphism of H that leaves the center pointwise fixed, then R! ıˆ is
another irreducible representation of H with the same central character e2� i!z. But
irreducible representations of H with nontrivial central character are completely
determined up to equivalence by that character: this is the Stone-von Neumann
theorem (see Folland [2, §1.5] or [3, §6.7]). Thus R! ıˆ � R! .

Now, if ˆ preserves the discrete subgroup H, we also have %! ı ˆ � %! , and
hence

Z ˚
Œ0;!/

�v dv � %! � %! ıˆ �
Z ˚
Œ0;!/

�v ıˆ dv:

The point is that each of the representations �v ı ˆ may be inequivalent to all of
the representations �v , in which case we have two entirely different direct integral
decompositions of %! .
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We are going to analyze this phenomenon for the group of automorphisms of H
arising from an action of the group SL.2;R/ of 2� 2 real matrices of determinant 1
on H. Our standard notation for elements of SL.2;R/ will be

A D
�

a b
c d

�
.ad � bc D 1/;

and for future reference we record a couple of simple facts about the subgroup
SL.2;Z/ of matrices in SL.2;R/ with integer entries.

Lemma 1 Suppose A D � a b
c d

� 2 SL.2;Z/. Then:

a. a and b are relatively prime.
b. ac and bd cannot both be odd.

Proof (a) Any number that divides a and b also divides ad�bc. (b) If ac and bd are
odd, then a; b; c; d are all odd and hence ad � bc is even. ut

In terms of the symmetric form eH of H with the group law (4), the action of
SL.2;R/ is simply its natural action on the first pair of variables: for A D �

a b
c d

� 2
SL.2;R/,

êA.x; y; z/ D .axC by; cxC dy; z/:

The condition det A D 1 is precisely what is needed to guarantee that the quantity
xy0 � yx0 (the signed area of the parallelogram spanned by .x; y/ and .x0; y0/) in the
group law (4) is preserved and hence that êA is an automorphism of eH. For our
purposes we need to transport this action of SL.2;R/ to the group H with group
law (2) by conjugating with the isomorphism .x; y; z/ 7! .x; y; z C 1

2
xy/ from eH to

H; the reader may verify that the (somewhat uglier) result is

ˆA.x; y; z/ D
�
axC by; cxC dy; zC 1

2
.acx2 C 2bcxyC bdy2/

�
: (19)

Incidentally, the operators that intertwine R! and R! ıˆA are essentially given by
the metaplectic representation � of SL.2;R/ D Sp.1;R/ on L2.R/; see Folland [2,
§4.2] for a detailed description of �. More precisely, �.A/ intertwines R and RıˆA;
the corresponding intertwiner for R! and R! ı ˆA is �!.A/ D D!�.A/D�1! , where
D! f .t/ D !1=4f .!�1=2t/.

When does ˆA preserve the discrete subgroup H? To preserve the integer lattice
in the first two variables, it is necessary and sufficient that A 2 SL.2;Z/, but the
annoying factor of 1

2
in (19) creates a problem in the third variable — fortunately,

a minor one. By Lemma 1(b), at least one of ac and bd must be even, so there are
three possibilities. If both are even, ˆAjH is an automorphism of H. If ac (resp. bd)
is odd, it is an isomorphism from H to H0 (resp. H00), where

H0 D ˚.j; k; l/ W j; k 2 Z; l 2 1
2
Z; 2l � j mod 2

�
;

H00 D ˚.j; k; l/ W j; k 2 Z; l 2 1
2
Z; 2l � k mod 2

�
:
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But the formula (17) for �v.j; k; l/ makes perfectly good sense when l is a half-
integer and thus defines a representation of H0 or H00. Hence, in all cases �v ıˆA is
an irreducible representation of H.

Theorem 3 Suppose A D � a b
c d

�
and A0 D � a0 b0

c0 d0

�
are in SL.2;Z/.

a. If .a0; b0/ D ˙.a; b/, then �v ıˆA0 � �˙v ıˆA.
b. If .a0; b0/ ¤ ˙.a; b/, then �v0 ıˆA0 6� �v ıˆA for all v; v0 2 R.

Proof (a): It is easily checked that if .a0; b0/ D ˙.a; b/, then B D A0A�1 has the
form ˙ � 1 0r 1

�
for some r 2 Z, and �v ı ˆA0 � �˙v ı ˆA if and only if �v ı ˆB �

�˙v . The reader may verify that the intertwining operator that implements the latter
relation is

Uf .m/ D e� ir!m2�2� irvmf .˙m/:

(This is related to the metaplectic operator �!.˙B/, which is given by
�!.˙B/f .t/ D e�� ir!t2 f .˙t/.)

(b): The operator �v ıˆA.j; k; l/ has the form

Œ�v.ˆA.j; k; l//f �.m/ D C.a; b; c; d; j; k; l;m/f .m � aj � bk/

where C.a; b; c; d; j; k; l;m/ is a complex number of absolute value 1. Thus, if ajC
bk D 0, the standard basis en.m/ D ımn (n 2 Z) for l2.Z/ consists of eigenvectors
for �v ı ˆA.j; k; l/. On the other hand, if ajC bk ¤ 0, �v ıˆA.j; k; l/ is a weighted
shift operator with weights of absolute value 1, so it has no eigenvectors. (If f were
an eigenvector, it would satisfy jf .m/j D jf .mC n/j for every n that is a multiple of
ajCbk, which is impossible for f 2 l2.Z/.) But by Lemma 1(a), if .a0; b0/ ¤ ˙.a; b/
we have b0=a0 ¤ b=a, so the equations axCby D 0 and a0xCb0y D 0 define different
lines in the xy-plane. It follows that if ajCbk D 0 and .j; k/ ¤ .0; 0/, �v ıˆA.j; k; l/
has an eigenbasis and �v0 ı ˆA0.j; k; l/ does not, so these operators are not unitarily
equivalent. ut

It remains to make two more remarks to complete the picture. First, concerning
the case .a0; b0/ D .�a;�b/: we have ��v � �!�v , and v 7! ! � v is a bijection on
.0; !/, so the replacement of v by �v does not affect the set of equivalence classes
in the direct integral

R ˚
Œ0;!/

�vıˆA dv. Second, if a and b are relatively prime integers,

there always exist integers c and d such that ad�bc D 1 and hence
�

a b
c d

� 2 SL.2;Z/.
In summary, we have found an infinite family of direct integral decompositions

of %! involving sets of irreducible representations coming from completely disjoint
sets of equivalence classes, parametrized by pairs of relatively prime integers .a; b/
modulo the equivalence .�a;�b/ � .a; b/.

In [7], S. Kawakami constructed two families of irreducible representations of H
that he denoted by U.!;q;�/ and V.!;d;r/ (! 2 R nQ; q; d 2 Z; �; r 2 R) and showed
that %! is equivalent to the direct integrals

R ˚
Œ0;!/

U.!;q;�/ d� and
R ˚
Œ0;1/

V.!;d;r/ dr for

all q; d 2 Z. (Actually, Kawakami’s formula for V.!;d;r/ on [7, p. 559] needs a small
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correction; as it stands, it defines an antirepresentation rather than a representation.)
Kawakami derived these results from more general constructions of representations
of certain non-regular semi-direct product groups in [5] and [6], which use some
abstract machinery appropriate to this situation.

Straightforward calculations show that U.!;q;�/ and V.!;d;r/ are equivalent to our
representations �� ıˆAq and �!r ıˆBd , respectively, where

Aq D
��q �1
1 0

�
; Bd D

�
1 �d
0 1

�
:

Thus Kawakami’s results are special cases of ours. Our efficient use of the SL.2;Z/
action yields a simple new derivation of them as well as an even larger family of
different direct integral decompositions of %! .
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Fractional Differentiation: Leibniz Meets Hölder

Loukas Grafakos

Abstract We discuss how to estimate the fractional derivative of the product of two
functions, not in the pointwise sense, but on Lebesgue spaces whose indices satisfy
Hölder’s inequality

Keywords Kato-Ponce inequality • bilinear operators • Riesz and Bessel
potentials
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1 Introduction

We recall Leibniz’s product rule of differentiation

.fg/.m/ D
mX

kD0

 
m

k

!
f .m�k/g.k/ (1)

which is valid for Cm functions f ; g on the real line. Here g.k/ denotes the kth
derivative of the function g on the line. This rule can be extended to functions of
n variables. For a given multiindex ˛ D .˛1; : : : ; ˛n/ 2 .ZC [ f0g/n we set

@˛f D @˛11 � � � @˛n
n f D @˛1

@x1˛1
� � � @

˛n

@xn
˛n

f :

The nth dimensional extension of the Leibniz rule (2) is
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@˛.fg/ D
X
ˇ�˛

 
˛

ˇ

!
.@˛�ˇf / .@ˇg/ (2)

where ˇ � ˛ means ˇj � ˛j for all j D 1; : : : ; n, and

 
˛

ˇ

!
D
 
˛1

ˇ1

!
� � �
 
˛n

ˇn

!
D

nY
jD1

˛jŠ

ˇjŠ.˛j � ˇj/Š
: (3)

Identity (3) can be used to control the Lebesgue norm of @˛.fg/ in terms of
Lebesgue norms of partial derivatives of f and g via Hölder’s inequality:

kFGkLr.Rn/ � kFkLp.Rn/kGkLq.Rn/

where 0 < p; q; r � 1 and 1=r D 1=pC 1=q.
Unlike convolution, which captures the smoothness of its smoother input,

multiplication inherits the smoothness of the rougher function. In this note we study
the smoothness of the product of two functions of equal smoothness. The results
we prove are quantitative and we measure smoothness in terms of Sobolev spaces.
We focus on a version of (3) in which the multiindex ˛ is replaced by a non-integer
positive number, for instance a fractional power. Fractional powers are defined in
terms of the Fourier transform.

We denote by S.Rn/ the space of all rapidly decreasing functions on Rn, called
Schwartz functions. The Fourier transform of an integrable function f on Rn (in
particular of a Schwartz function) is defined by

bf ./ D
Z

Rn
f .x/e�2� ix� dx

and its inverse Fourier transform is defined by

f_./ Dbf .�/
for all  2 Rn. The Laplacian of a C2 function f on Rn is defined by

�f D
nX

jD1
@2j f

and this can be expressed in terms of the Fourier transform as follows:

�f D � � 4�2jj2bf ./�_ : (4)

Identity (4) can be used to define fractional derivatives of f as follows: given
s > 0 define
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�s=2f D �.2�jj/sbf ./�_

and

Js.f / D .1 ��/s=2.f / D �.1C 4�2jj2/s=2bf ./�_:
The operators�s=2 and Js D .1��/s=2 are called the Riesz potential and Bessel

potential on Rn, respectively. Heuristically speaking,�s=2f is the “sth derivative" of
f , while Js.f / “captures” all derivatives of all f of orders up to and including s.

Concerning Js, in [14], Kato and Ponce obtained the commutator estimate

kJs.fg/ � f .Jsg/kLp.Rn/ � C
h
krfkL1.Rn/

��Js�1g
��

Lp.Rn/
C kJsfkLp.Rn/kgkL1.Rn/

i

for 1 < p <1 and s > 0, where r is the n-dimensional gradient, f , g are Schwartz
functions, and C is a constant depending on n, p, and s. This estimate was motivated
by a question stated in Remark 4:1 in Kato’s work [13].

Using the Riesz potential Ds D .��/s=2, Kenig, Ponce, and Vega [16] obtained
the related estimate

kDsŒfg� � fDsg � gDsfkLr � C.s; s1; s2; r; p; q/kDs1 fkLpkDs2gkLq ;

where s D s1 C s2 for s; s1; s2 2 .0; 1/, and 1 < p; q; r <1 such that 1r D 1
p C 1

r .
Instead of the original statement given by Kato and Ponce, the following variant

is known in the literature as the Kato-Ponce inequality (also fractional Leibniz rule)

kJs.fg/kLr.Rn/ � C
h
kfkLp1 .Rn/kJsgkLq1 .Rn/ C kJsfkLp2 .Rn/kgkLq2 .Rn/

i
(5)

where s > 0 and 1
r D 1

p1
C 1

q1
D 1

p2
C 1

q2
for 1 < r < 1, 1 < p1; q2 � 1,

1 < p2; q1 < 1 and C D C.s; n; r; p1; p2; q1; q2/. It is important to note that in
the preceding formulation the L1 norm does not fall on the terms with the Bessel
potential. There is an analogous Kato-Ponce version of (5) in which the Bessel
potential is replaced by the Riesz potential

kDs.fg/kLr.Rn/ � C
h
kfkLp1 .Rn/kDsgkLq1 .Rn/ C kDsfkLp2 .Rn/kgkLq2 .Rn/

i
(6)

and the indices are as before. In this note we study (5) and (6) focusing on (6).
There are further generalizations of the aforementioned Kato-Ponce inequalities.

For instance, Muscalu, Pipher, Tao, and Thiele [18] extended this inequality to allow
for partial fractional derivatives in R2. Bernicot, Maldonado, Moen, and Naibo
[1] proved the Kato-Ponce inequality in weighted Lebesgue spaces under certain
restrictions on the weights. The last authors also extended the Kato-Ponce inequality
to indices r < 1 under the assumption s > n. Additional work on the Kato-Ponce
inequality was done by Christ and Weinstein [3], Gulisashvili and Kon [12], and
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Cordero and Zucco [6], present a way to obtain the homogeneous inequality from
the inhomogeneous via a limiting process. There is also a discussion about the Kato-
Ponce inequality in [8].

When r 	 1 inequality (5) is valid for all s 	 0 but when r < 1 the author and
Oh [9] showed that there is a restriction s > n=r� n. Moreover, there is an example
that inequality (5) fails for s � n=r � n. This restriction in the case r < 1 was
independently obtained by Muscalu and Schlag [17].

2 The counterexample

In this section we provide an example to determine the range of r < 1 for which
Ds.fg/ can lie in Lr.Rn/ and in particular (6) can hold.

We set

f .x/ D g.x/ D e��jxj2=2 :

Then

fg.x/ D e��jxj2

and for s > 0 we have

.��/s=2.fg/.x/ D .2�/s
Z

Rn

�
e��jxj2

�^
./jjse2� ixdx D .2�/s

Z
Rn

e��jj2 jjse2� ixdx:

We now consider two cases: (a) s is an even integer. In this case we have that
.��/s=2.fg/ is a Schwartz function and thus it has fast decay at infinity. (b) s is
not an even integer. In the second case .��/s=2.fg/ is given by multiplication on the
Fourier transform side by c jjs and thus it is given by convolving e��jxj2 with the
distribution

Ws D c
�� s

2

�.� s
2
/

�. sCn
2
/

�
sCn
2

jxj�n�s :

Notice that e��j�j2 
Ws is the convolution of a Schwartz function with a tempered
distribution and thus it is a smooth function with at most polynomial growth at
infinity [7]. Thus e��j�j2 
Ws is a smooth and bounded function on any compact set.

Next we study the decay of this function as jxj ! 1. To do so, we introduce a
nonnegative function 	 with support contained in jxj � 2 and equal to 1 on the ball
jxj � 1. Then we have

e��j�j2 
Ws D e��j�j2 
 	Ws C e��j�j2 
 .1 � 	/Ws :
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First we notice that for jxj 	 10 we have

ˇ̌
.1 � 	/Ws 
 e��j�j2 .x/

ˇ̌ D
ˇ̌
ˇ̌cs;n

Z
Rn
.1 � 	.y//jyj�n�se��jx�yj2dy

ˇ̌
ˇ̌

	 jcs;nj
Z
jyj�1
jyj�n�se��jx�yj2dy

	 jcs;nj
Z
jyj�1
jx�yj�1

jyj�n�se��jx�yj2dy

	 jcs;nj e��
Z
jyj�1
jx�yj�1

jyj�n�sdy

	 c0 jxj�n�s :

As for the other term, for jxj 	 10 and for N D Œs�C 1 we have

Z
jyj�2

e��jx�yj2	.y/
jyj�s�n

�.� s
2
/

dy

D
Z
jyj�2

�
e��jx�yj2 �

X
j� j�N

@� .e��j�j2 /
�Š

.x/y�
	
	.y/
jyj�s�n

�.� s
2
/

dy

C
X
j� j�N

@� .e��j�j2 /
�Š

.x/
Z
jyj�2

	.y/y�
jyj�s�n

�.� s
2
/

dy

D
X
j� jDNC1

Z
jyj�2

@� .e��j�j2 /
�Š

.x � 
yy/ 	.y/
y� jyj�s�n

�.� s
2
/

dy

C
X
j� j�N

@� .e��j�j2 /
�Š

.x/
Z
jyj�2

	.y/y�
jyj�s�n

�.� s
2
/

dy ;

where 
y 2 Œ0; 1�. Notice that

@� .e��j�j2 /.x/ D P� .x/e
��jxj2 ;

where P� is a polynomial of n variables depending on � . Also jx � 
yyj 	 1
2
jxj,

hence @� .e��j�j2 /.x � 
yy/ has exponential decay at infinity, while the integral

Z
jyj�2

	.y/y�
jyj�s�n

�.� s
2
/

dy
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is absolutely convergent when j� j D N C 1 D Œs�C 2 > sC 1 which is equivalent
to N � s � n > �n. Moreover, for j� j � Œs�C 1, the quantities

Z
jyj�2

	.y/y�
jyj�s�n

�.� s
2
/

dy D
Z
jyj�1

y�
jyj�s�n

�.� s
2
/

dyC
Z
1�jyj�2

	.y/y�
jyj�s�n

�.� s
2
/

dy

are finite constants in view of the following observation: If j� j is odd, then the
displayed expression below is zero, while if j� j D 2m is an even integer, we have

Z
jyj�1

y�
jyj�s�n

�.� s
2 /

dy D
�Z

Sn�1
'� d'

�R 1
0 rj� j�s�1dr

�.� s
2 /

D
�Z

Sn�1
'� d'

�
1=2

.m � s
2 /�.� s

2 /

and this is a well-defined constant, since the entire function �.�w/�1 has simple
zeros at the positive integers and thus .m�w/�1�.�w/�1 is also entire in w for any
m < jwj. An important observation here is that w D s=2 is not an integer, since s is
not an even integer, hence m can never be equal to w D s=2.

The outcome of this discussion is that e��j�j2 
 	Ws is a smooth function that
decays exponentially as jxj ! 1. Combining this result with the corresponding
obtained for e��j�j2 
 .1 � 	/Ws, we deduce that

ˇ̌
.e��j�j2 
Ws/.x/

ˇ̌ 	 c00jxj�n�s

as jxj ! 1, provided s is not an even integer.
Finally, this assertion is not valid if s is an even integer, since in this case we have

that

.��/s=2.e��j�j2 / D �
nX

jD1
@2j
� � � � �

nX
jD1

@2j
�

„ ƒ‚ …
s=2 times

.e��j�j2 /

has obviously exponential decay at infinity, as obtained by a direct differentiation.
The preceding calculation imposes a restriction on the p for which .��/s=2.fg/

lies in Lp.Rn/. In fact the simple example f .x/ D g.x/ D e��jxj2=2 introduced at
the beginning of this section provides a situation in which f , g, .��/s=2.f /, and
.��/s=2.g/ lie in all the Lpj spaces for pj > 1 when s > 0, but .��/s=2.fg/ lies in
Lr.Rn/ only if

.�s � n/r < �n;

that is, when r > n
nCs . Thus, when 1 � p1; p2; q1; q2 � 1 and

1

r
D 1

p1
C 1

q1
D 1

p2
C 1

q2
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the inequality (6) fails when

r � n

nC s
:

Obviously, since r > 1=2, so this restriction is relevant only when 0 < s � n. Recall
that Bernicot, Maldonado, Moen, and Naibo [1] showed that (6) holds when s > n,
so this work fills in the gap 0 < s < n.

3 The sharp Kato-Ponce inequalities and preliminaries

The following theorem is contained in the joint article of the author with Seungly
Oh [9]. In this section we discuss some preliminary facts needed to prove the first
inequality below.

Theorem 1 Let 1
2
< r <1, 1 < p1; p2; q1; q2 � 1 satisfy 1

r D 1
p1
C 1

q1
D 1

p2
C 1

q2
.

Given s > max
�
0; n

r � n
�

or s 2 2N, there exists C D C.n; s; r; p1; q1; p2; q2/ <1
such that for all f ; g 2 S.Rn/ we have

kDs.fg/kLr.Rn/ � C

kDsfkLp1 .Rn/kgkLq1 .Rn/ C kfkLp2 .Rn/kDsgkLq2 .Rn/

�
; (7)

kJs.fg/kLr.Rn/ � C

kfkLp1 .Rn/kJsgkLq1 .Rn/ C kJsfkLp2 .Rn/kgkLq2 .Rn/

�
: (8)

Moreover if r < 1 and any one of the indices p1, p2, q1, q2 is equal to 1, then (7)
and (8) hold when the Lr.Rn/ norms on the left-hand side of the inequalities are
replaced by the Lr;1.Rn/ quasi-norm.

We remark that the statement above does not include the endpoints L1 � L1 !
L1;1, L1 � L1 ! L1;1, and L1 � L1 ! L1. However, the endpoint case p1 D
p2 D q1 D q2 D r D 1 was completed by Bourgain and Li [2]. An earlier version
of this endpoint inequality was obtained by Grafakos, Maldonado, and Naibo [11].

As a consequence of (8) we obtain Hölder’s inequality for Sobolev spaces. We
have

Corollary 1 Let s > 0, n
sCn < r <1, 1 < p; q <1 satisfy 1

r D 1
p C 1

q . Then there
exists C D C.n; s; p; q/ <1 such that for all f ; g 2 S.Rn/ we have

kJs.fg/kLr.Rn/ � CkJsfkLp.Rn/kJsgkLq.Rn/: (9)

We note that (9) is an easy consequence of (8), since

kfkLp � CkJsfkLp

for 1 < p <1.
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In the rest of this section we discuss some background material needed to prove
Theorem 1. First we recall the classical multiplier result of Coifman and Meyer [4]
(see also [5]) for the case r > 1 and its extension to the case r � 1 by Grafakos and
Torres [10] and independently by Kenig and Stein [15].

Theorem A Let m 2 L1.R2n/ be smooth away from the origin. Suppose that there
exists a constant A > 0 satisfying

j@˛ @ˇ�m.; �/j � A .jj C j�j/�j˛j�jˇj (10)

for all ; � 2 Rn with jj C j�j ¤ 0 and ˛; ˇ 2 Zn multi-indices with j˛j; jˇj �
2nC 1. Then the bilinear operator

Tm.f ; g/.x/ D
Z

R2n
m.; �/bf ./bg.�/e2� i.C�/�x d d� ;

defined for all f ; g 2 S.Rn/, satisfies

kTm.f ; g/kLr.Rn/ � C.p; q; r;A/ kfkLp.Rn/kgkLq.Rn/

where 1
2
< r < 1, 1 < p; q � 1 and 1

r D 1
p C 1

q . Furthermore, when either p
or q is equal to 1, then the Lr.Rn/ norm on left-hand side can be replaced by the
Lr;1.Rn/ norm.

In the sequel we will use the notation‰t.x/ D t�n‰.x=t/when t > 0 and x 2 Rn.
The following result will be of use to us.

Theorem 2 Let m 2 Zn n f0g and ‰.x/ D  .x C m/ for some Schwartz function
 whose Fourier transform is supported in the annulus 1=2 � jj � 2. Let �j.f / D
‰2�j 
 f . Then there is a constant Cn such that for 1 < p <1 we have

���
�X

j2Z

j�j.f /j2
 1
2
���

Lp.Rn/
� Cn ln.1C jmj/max

�
p; .p � 1/�1���f

��
Lp.Rn/

: (11)

There also exists Cn <1 such that for all f 2 L1.Rn/,

���
�X

j2Z

j�j.f /j2
 1
2
���

L1;1.Rn/
� Cn ln.1C jmj/��f

��
L1.Rn/

: (12)

Proof We recall the following form of the Littlewood-Paley theorem: Suppose that
‰ is an integrable function on Rn that satisfies

X
j2Z

jb‰.2�j/j2 � B2 (13)
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and

sup
y2Rnnf0g

X
j2Z

Z
jxj�2jyj

ˇ̌
‰2�j.x � y/ �‰2�j.x/

ˇ̌
dx � B (14)

Then there exists a constant Cn < 1 such that for all 1 < p < 1 and all f in
Lp.Rn/,

���
�X

j2Z

j�j.f /j2
 1
2
���

Lp.Rn/
� CnB max

�
p; .p � 1/�1���f

��
Lp.Rn/

(15)

where �j.f / D ‰2�j 
 f . There also exists a C0n <1 such that for all f in L1.Rn/,

���
�X

j2Z

j�j.f /j2
 1
2
���

L1;1.Rn/
� C0nB

��f
��

L1.Rn/
: (16)

We make a few remarks about the proof. Clearly the required estimate holds
when p D 2 in view of (13). To obtain estimate (16) and thus the case p ¤ 2, we
define an operator ET acting on functions on Rn as follows:

ET.f /.x/ D f�j.f /.x/gj :

The inequalities (15) and (16) we wish to prove say simply that ET is a bounded
operator from Lp.Rn;C/ to Lp.Rn; `2/ and from L1.Rn;C/ to L1;1.Rn; `2/. We
indicated that this statement is true when p D 2, and therefore the first hypothesis of
Theorem 4.6.1 in [7] is satisfied. We now observe that the operator ET can be written
in the form

ET.f /.x/ D
� Z

Rn
‰2�j.x � y/f .y/ dy

�
j

D
Z

Rn

EK.x � y/.f .y// dy;

where for each x 2 Rn, EK.x/ is a bounded linear operator from C to `2 given by

EK.x/.a/ D f‰2�j.x/agj: (17)

We clearly have that
�� EK.x/��C!`2 D

�P
j j‰2�j.x/j2� 12 , and to be able to apply

Theorem 4.6.1 in [7] we need to know that

Z
jxj�2jyj

�� EK.x � y/ � EK.x/��C!`2 dx � CnB; y ¤ 0: (18)
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We clearly have

�� EK.x � y/ � EK.x/��C!`2 D
�X

j2Z

ˇ̌
‰2�j.x � y/ �‰2�j.x/

ˇ̌2�1
2

�
X
j2Z

ˇ̌
‰2�j.x � y/ �‰2�j.x/

ˇ̌

and so condition (14) implies (18).
Note

b‰./ D b ./e2� im� :

The fact that b is supported in the annulus 1=2 � jj � 2 implies condition (13) forb‰. We now focus on condition (14) for ‰.
We fix a nonzero y in Rn and j 2 Z. We look at

Z
jxj�2jyj

ˇ̌
‰2�j.x� y/�‰2�j.x/

ˇ̌
dx D

Z
jxj�2jyj

2jn
ˇ̌
 .2jx� 2jyCm/� .2jxCm/

ˇ̌
dx

Changing variables we can write the above as

Ij D
Z
jxj�2jyj

ˇ̌
‰2�j.x � y/ �‰2�j.x/

ˇ̌
dx D

Z
jx�mj�2jC1jyj

ˇ̌
 .x � 2jy/ �  .x/ˇ̌dx

Case 1: 2j 	 2 jmj jyj�1. In this case we estimate Ij by

Z
jx�mj�2jC1jyj

c

.1C jx � 2jyj/nC2 dxC
Z
jx�mj�2jC1jyj

c

.1C jxj/nC2 dx

D
Z
jxC2jy�mj�2jC1jyj

c

.1C jxj/nC2 dxC
Z
jx�mj�2jC1jyj

c

.1C jxj/nC2 dx

Suppose that x lies in the domain of integration of the first integral. Then

jxj 	 jxC 2jy � mj � 2jjyj � jmj 	 2jC1jyj � 2jjyj � 1
2
2jjyj D 1

2
2jjyj:

If x lies in the domain of integration of the second integral, then

jxj 	 jx � mj � jmj 	 2jC1jyj � jmj 	 2jC1jyj � 1
2
2jjyj D 3

2
2jjyj:



Fractional Differentiation: Leibniz Meets Hölder 27

In both cases we have

Ij � 2
Z
jxj� 1

2 2
jjyj

c

.1C jxj/nC2 dx � C

2jjyj
Z

Rn

1

.1C jxj/nC1 dx � Cn

2jjyj ;

and clearly

X
jW 2jjyj�2jmj

Ij �
X

jW 2jjyj�2
Ij � Cn:

Case 2: jyj�1 � 2j � 2 jmj jyj�1. The number of j’s in this case are O.ln jmj/.
Thus, uniformly bounding Ij by a constant, we obtain

X
jW1�2jjyj�2jmj

Ij � Cn.1C ln jmj/:

Case 3. 2j � jyj�1. In this case we have

ˇ̌
 .x � 2jy/ �  .x/ˇ̌ D

ˇ̌
ˇ̌
ˇ
Z 1

0
2jr .x � 2jty/ � y dt

ˇ̌
ˇ̌
ˇ � 2jjyj

Z 1

0

c

.1C jx � 2jtyj/nC1 dt :

Integrating over x 2 Rn gives the bound Ij � Cn 2
jjyj. Thus, we obtain

X
jW2jjyj�1

Ij � Cn:

Overall, we obtain the bound Cn ln.1 C jmj/ for (14), which yields the desired
statement using the Littlewood-Paley theorem.

4 The proof of the homogeneous inequality (7)

In this section we prove the homogeneous inequality (7) of Theorem 1.

Proof We fix a function b̂ 2 S.Rn/ such that b̂./ � 1 on jj � 1 and which is
supported in jj � 2. We define another function

b‰./ D b̂./ � b̂.2/
and we note that b‰ is supported on the annulus f W 1=2 < jj < 2g and satisfies

X
k2Z

b‰.2�k/ D 1

for all  ¤ 0.
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Given f ; g 2 S.Rn/, we decompose DsŒfg� as follows:

DsŒfg�.x/ D
Z

Rn

Z
Rn
j C �jsbf ./bg.�/e2� i.C�/�x d d�

D
Z

Rn

Z
Rn
j C �js

0
@X

j2Z

b‰.2�j/bf ./
1
A
 X

k2Z

b‰.2�k�/bg.�/
!

e2� i.C�/�x d d�

D …1Œf ; g�.x/C…2Œf ; g�.x/C…3Œf ; g�.x/ ;

where

…1Œf ; g�.x/ D
X
j2Z

X
kWk�j�2

Z
Rn

Z
Rn
j C �jsb‰.2�j/bf ./b‰.2�k�/bg.�/e2� i.C�/�x d d�

…2Œf ; g�.x/ D
X
k2Z

X
jWj�k�2

Z
Rn

Z
Rn
j C �jsb‰.2�j/bf ./b‰.2�k�/bg.�/e2� i.C�/�x d d�

…3Œf ; g�.x/ D
X
k2Z

X
jWjj�kj�1

Z
Rn

Z
Rn
j C �jsb‰.2�j/bf ./b‰.2�k�/bg.�/e2� i.C�/�x d d� :

For …1, we can write

…1Œf ; g�.x/ D
Z

Rn

Z
Rn

8<
:
X
j2Z

b‰.2�j/b̂.2�jC2�/ j C �j
s

jjs

9=
;dDsf ./bg.�/e2� i.C�/�x d d�:

In …1 the variable  dominates � and so the ratio jC�j
s

jjs vanishes only at the origin

in R2n. It is easy to verify that the expression in the square bracket above is a
bilinear Coifman-Meyer multiplier, hence Theorem A implies that …1Œf ; g� satisfies
the inequality

k…1Œf ; g�kLr � CkDsfkLp1 kgkLq1

and thus (7) holds for this term. The argument for…2 is identical under the apparent
symmetry and one obtains

k…2Œf ; g�kLr � CkfkLp2 kDsgkLq2 :

For …3Œf ; g�, note that the summation in j is finite, we may only focus on one
term, say j D k and in this case it suffices to show estimate (7) for the term

�����
X
k2Z

Z
Rn

Z
Rn
j C �jsb‰.2�k/bf ./b‰.2�k�/bg.�/e2� i.C�/�x d d�

�����
Lr.Rn/

: (19)
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When s 2 2N, (19) can be written as

�����
Z

Rn

Z
Rn

(X
k2Z

j C �js
j�js

b‰.2�k/b‰.2�k�/

)
bf ./dDsg.�/e2� i.C�/�x d d�

�����
Lr.Rn/

:

The expression in the bracket above belongs to Coifman-Meyer class, i.e., it
satisfies (10), so the claimed inequality is a consequence of Theorem A in this case.
When s is not an even integer we argue differently. In this case, the estimate for …3

requires a more careful analysis. We consider the following cases:
Case 1: 1

2
< r <1, 1 < p; q <1 or 1

2
� r < 1, 1 � p; q <1.

In this case, we may have the strong Lr norm on the left-hand side of (7) when
p; q > 1 or the weak Lr norm instead when either p or q is equal to 1. In view of
Theorem A and Theorem 2, the strategy for the proof in both of these subcases will
be identical. For simplicity, we will only prove the estimate with a strong Lr norm
on the left-hand side.

Notice that when jj; j�j � 2 � 2k, then j C �j � 2kC2 and thus

b̂.2�k�2. C �// D 1

on the support of the integral giving …3. In view of this we may write

…3Œf ; g�.x/

D
Z

Rn

Z
Rn

X
k2Z

j C �jsb‰.2�k/bf ./b‰.2�k�/bg.�/e2� i.C�/�x d d�

D
Z

Rn

Z
Rn

X
k2Z

j C �jsb̂.2�k�2. C �//b‰.2�k/bf ./b‰.2�k�/bg.�/e2� i.C�/�x d d�

D 22s
X
k2Z

Z
Rn

Z
Rn

ĉs.2
�k�2. C �//b‰.2�k/bf ./e‰.2�k�/dDsg.�/e2� i.C�/�x d d�

D 22s
X
k2Z

22nk
Z

Rn

Z
Rn

ĉs.2
�2. C �//b‰./bf .2k/be‰.�/dDsg.2k�/e2� i2k.C�/�x d d�;

where

be‰./ D jj�sb‰./
ĉs./ D jjsb̂./

Now the function  7! ĉs.2
�2/ is supported in Œ�8; 8�n and can be expressed in

terms of its Fourier series multiplied by the characteristic function of the set Œ�8; 8�n,
denoted �Œ�8;8�n .
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ĉs.2
�2. C �// D

X
m2Zn

cs
me

2� i
16 .C�/�m�Œ�8;8�n. C �/;

where

cs
m D

1

16n

Z
Œ�8;8�n

jyjsb̂.2�2y/e� 2� i
16 y�m dy :

It is an easy calculation that

cs
m D O..1C jmj/�s�n/ (20)

as jmj ! 1 and cs
m is uniformly bounded for all m 2 Z. This calculation is similar

to the one in Section 2.
Due to the support of b‰ and be‰, we also have

�Œ�8;8�n. C �/b‰./be‰.�/ D b‰./be‰.�/;
so that the characteristic function may be omitted from the integrand. Using this
identity, we write …3Œf ; g�.x/ as

D 22s
X
k2Z

22nk
Z

Rn

Z
Rn

X
m2Zn

cs
me

2� i
16 .C�/�mb‰./bf .2k/be‰.�/dDsg.2k�/e2� i2k.C�/�x d d�

D 22s
X

m2Zn

cs
m

X
k2Z

�m
k .f /.x/

g�m
k .D

sg/.x/;

where �m
k is the Littlewood-Paley operator given by multiplication on the Fourier

transform side by e2� i2�k� m
16b‰.2�k/, while f�m

k is the Littlewood-Paley operator

given by multiplication on the Fourier side by e2� i2�k� m
16
be‰.2�k/. Both Littlewood-

Paley operators have the form:

Z
Rn
2nk‚.2k.x � y/C 1

16
m/f .y/ dy

for some Schwartz function ‚ whose Fourier transform is supported in some
annulus centered at zero.

Let r� D min.r; 1/. Taking the Lr norm of the right-hand side above, we obtain

kDsŒfg�kr�

Lr �
X

m2Zn

jcs
mjr�

�����
X
k2Z

�m
k .f /.x/f�m

k Ds.g/.x/

�����
r�

Lr.Rn/
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�
X

m2Zn

jcs
mjr�

������
sX

k2Z

j�m
k .f /j2

������
r�

Lp.Rn/

������
sX

k2Z

jf�m
k .D

sg/j2
������

r�

Lq.Rn/

whenever 1
p C 1

q D 1
r . By Theorem 2, the preceding expression is bounded by a

constant multiple of

X
m2Zn

jcs
mjr� Œln.2C jmj/�2r�kfkr�

LpkDsgkr�

Lq

if 1 < p; q < 1 and the preceding series converges in view of (20) and of the
assumption r�.nC s/ > n. This concludes Case 1.

Case 2: 1 < r <1, .p; q/ 2 f.r;1/; .1; r/g
In this case we use an argument inspired by Christ and Weinstein [3]. We have

k…3Œf ; g�kLr.Rn/ � C.r; n/

�������

0
@X

j2Z

j�j.…3Œf ; g�/j2
1
A

1
2

�������
Lr.Rn/

:

The summand in j above can be estimated as follows:

�j…3Œf ; g�.x/

D
Z

Rn

Z
Rn
j C �jsb‰.2�j. C �//

X
k�j�2

b‰.2�k/bf ./b‰.2�k�/bg.�/ e2� i.C�/�x d d�

D
Z

Rn

Z
Rn
2jscf‰s.2

�j. C �//b‰.2�k/bf ./ X
k�j�2

2�ks dg‰�s.2
�k�/dDsg.�/ e2� i.C�/�x d d�

D 2js
X

k�j�2
2�ksf�s

j

h
�k.f /g��s

k .Dsg/
i
.x/

� 2js

0
@ X

k�j�2
2�2ks

1
A

1
2
0
@ X

k�j�2

ˇ̌
ˇf�s

j



�k.f /g��s

k .Dsg/
�
.x/
ˇ̌
ˇ2
1
A

1
2

� C.s/

0
@ X

k�j�2

ˇ̌
ˇf�s

j

h
�k.f /g��s

k .Dsg/
i
.x/
ˇ̌
ˇ2
1
A

1
2

;

where

cf‰s./ WD jjsb‰./
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and

f�s
k.f /
^./ WDcf‰s.2

�k/bf ./:
Thus we have

k…3Œf ; g�kLr � C.r; n; s/

�������

0
@X

j2Z

X
k2Z

ˇ̌
ˇf�s

j Œ�k.f /g��s
k .D

sg/�
ˇ̌
ˇ2
1
A

1
2

�������
Lr

:

We apply [7, Proposition 4.6.4] to extend ff�s
kgk2Z from Lr ! Lr`2 to Lr`2 !

Lr`2`2 for 1 < r <1. This gives

k…3Œf ; g�kLr � C.r; n; s/

������
 X

k2Z

ˇ̌
�k.f /f�k.D

sg/
ˇ̌2!

1
2

������
Lr

� C.r; n; s/

����sup
k2Z

f�k.D
sg/

����
L1

������
 X

k2Z

j�k.f /j2
! 1

2

������
Lr

� C.r; n; s/ sup
k2Z

��f�k.D
sg/
��

L1
kfkLr

� C.r; n; s/
��g‰�s

��
L1kDsgkL1kfkLr :

This proves the case when .p; q/ D .r;1/ while the case .p; q/ D .1; r/ follows
by symmetry. ut

5 Final remarks

We make a few comments about the inhomogeneous Kato-Ponce inequality (7).
It can be obtained from the corresponding homogeneous inequality (8) via the
following observation

kJsfkLp D k.I ��/s=2fkLp � kfkLp C k.��/s=2fkLp (21)

which is valid for 1 < p <1 and s > 0.
Then in the case where r > 1 we may use (21) and Hölder’s inequality

kfgkLr � kfkLpj kgkLqj

for j D 1; 2 to obtain (8). In the case r � 1 another argument is needed, similar to
that given in Section 4.
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Inequalities (7) and (8) are also valid for complex values of s with nonnegative
real part. This is an easy consequence of fact that the functions

jjit; .1C jj2/it=2

for t real are Lp Fourier multipliers for 1 < p < 1. Finally, it is worth noting that
the inequality (7) fails when s < 0; see [9].

References

1. F. Bernicot, D. Maldonado, K. Moen, V. Naibo, Bilinear Sobolev-Poincaré inequalities and
Leibniz-type rules. J. Geom. Anal. 24, 1144–1180 (2014)

2. J. Bourgain, D. Li, On an endpoint Kato-Ponce inequality. Differ. Integr. Equ. 27(11/12), 1037–
1072 (2014)

3. F. Christ, M. Weinstein, Dispersion of small-amplitude solutions of the generalized Korteweg-
de Vries equation. J. Funct. Anal. 100, 87–109 (1991)

4. R.R. Coifman, Y. Meyer, Commutateurs d’ intégrales singulières et opérateurs multilinéaires.
Ann. Inst. Fourier (Grenoble) 28, 177–202 (1978)

5. R.R. Coifman, Y. Meyer, Au délà des opérateurs pseudo-différentiels. Astérisque No. 57
(Societé Mathematique de France, Paris, 1979)

6. E. Cordero, D. Zucco, Strichartz estimates for the vibrating plate equation. J. Evol. Equ. 11(4),
827–845 (2011)

7. L. Grafakos, Classical Fourier Analysis, 2nd edn. Graduate Texts in Mathematics, no 249
(Springer, New York, 2008)

8. L. Grafakos, Multilinear operators in harmonic analysis and partial differential equations. Har-
monic analysis and nonlinear partial differential equations, Research Institute of Mathematical
Sciences (Kyoto), 2012

9. L. Grafakos, S. Oh, The Kato-Ponce inequality. Commun. Partial Differ. Equ. 39, 1128–1157
(2014)

10. L. Grafakos, R.H. Torres, Multilinear Calderón-Zygmund theory. Adv. Math. 165, 124–164
(2002)

11. L. Grafakos, D. Maldonado, V. Naibo, A remark on an endpoint Kato-Ponce inequality. Differ.
Integr. Equ. 27, 415–424 (2014)

12. A. Gulisashvili, M. Kon, Exact smoothing properties of Schröndinger semigroups. Am. J.
Math. 118, 1215–1248 (1996)

13. T. Kato, Remarks on the Euler and Navier-Stokes equations in R2, in Nonlinear Functional
Analysis and Its Applications, Part 2 (Berkeley, California, 1983). Proceedings of Symposia in
Pure Mathematics, vol. 45, Part 2 (American Mathematical Society, Providence, RI, 1986), pp.
1–7

14. T. Kato, G. Ponce, Commutator estimates and the Euler and Navier-Stokes equations.
Commun. Pure Appl. Math. 41, 891–907 (1988)

15. C.E. Kenig, E.M. Stein, Multilinear estimates and fractional integration. Math. Res. Lett. 6,
1–15 (1999)

16. C.E. Kenig, G. Ponce, L. Vega, Well-posedness and scattering results for the generalized
Korteweg-de-Vries equation via the contraction principle. Commun. Pure Appl. Math. 46(4),
527–620 (1993)

17. C. Muscalu, W. Schlag, Classical and Multilinear Harmonic Analysis, Volume 2. Cambridge
Studies in Advanced Mathematics, 138 (Cambridge University Press, Cambridge, 2013)

18. C. Muscalu, J. Pipher, T. Tao, C. Thiele, Bi-parameter paraproducts. Acta Math. 193, 269–296
(2004)



Wavelets and Graph C�-Algebras

Carla Farsi, Elizabeth Gillaspy, Sooran Kang, and Judith Packer

Abstract Here we give an overview on the connection between wavelet theory and
representation theory for graph C�-algebras, including the higher-rank graph C�-
algebras of A. Kumjian and D. Pask. Many authors have studied different aspects
of this connection over the last 20 years, and we begin this paper with a survey
of the known results. We then discuss several new ways to generalize these results
and obtain wavelets associated to representations of higher-rank graphs. In Farsi et
al. (J Math Anal Appl 425:241–270, 2015), we introduced the “cubical wavelets”
associated to a higher-rank graph. Here, we generalize this construction to build
wavelets of arbitrary shapes. We also present a different but related construction
of wavelets associated to a higher-rank graph, which we anticipate will have
applications to traffic analysis on networks. Finally, we generalize the spectral
graph wavelets of Hammond et al. (Appl Comput Harmon Anal 30:129–150, 2011)
to higher-rank graphs, giving a third family of wavelets associated to higher-rank
graphs.
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1 Introduction

Wavelets were developed by S. Mallat, Y. Meyer, I. Daubechies, A. Grossman,
and J. Mallet in the late 1980s [40] and early 1990s as functions on L2.Rn/ that
were well localized in either the “time” or “frequency” domain, and thus could be
used to form an orthonormal basis for L2.Rn/ that behaved well under compression
algorithms, for the purpose of signal or image storage. Mallat and Meyer developed
a very important algorithm, the so-called multiresolution analysis algorithm, as a
way to construct the so-called father wavelets and mother wavelets on L2.R/ from
associated “filter functions” [40, 58].

Beginning with the initial work of O. Bratteli and P. Jorgensen in the mid-1990s,
which gave a relationship between multiresolution analyses for wavelets on L2.R/
and certain types of representations of the Cuntz algebra ON ; the representations of
certain graph C�-algebras and the constructions of wavelets on L2.R/were shown to
be related. To be more precise, in 1996, Bratteli and Jorgensen first announced in [4]
that there was a correspondence between dilation-translation wavelets of scale N on
L2.R/ constructed via the multiresolution analyses of Mallat and Meyer, and certain
representations of the Cuntz algebra ON . Later, together with D. Dutkay, Jorgensen
extended this analysis to describe wavelets on L2-spaces corresponding to certain
inflated fractal sets [15] constructed from iterated function systems. The material
used to form these wavelets also gave rise to representations of ON : Recently,
in [16], Dutkay and Jorgensen were able to relate representations of the Cuntz
algebra of ON that they termed “monic” to representations on L2 spaces of other
non-Euclidean spaces carrying more locally defined branching operations related
to dilations. The form that monic representations take has similarities to earlier
representations of ON coming from classical wavelet theory.

Initially, the wavelet function or functions were made into an orthonormal basis
by applying translation and dilation operators to a fixed family of functions, even
in Dutkay and Jorgensen’s inflated fractal space setting. However, already the
term “wavelet” had come to have a broader meaning as being a function or finite
collection of functions on a measure space .X; �/ that could be used to construct
either an orthonormal basis or frame basis of L2.X; �/ by means of operators
connected to algebraic or geometric information relating to .X; �/:

In 1996, A. Jonsson described collections of functions on certain finite fractal
spaces that he defined as wavelets, with the motivating example being Haar wavelets
restricted to the Cantor set [30]. Indeed, Jonsson had been inspired by the fact that
the Haar wavelets, which are discontinuous on Œ0; 1�; are in fact continuous when
restricted to the fractal Cantor set, and therefore can be viewed as a very well-
behaved orthonormal basis giving a great deal of information about the topological
structure of the fractal involved. Also in 1996, just slightly before Jonsson’s work,
R. Strichartz analyzed wavelets on Sierpinski gasket fractals in [59], and noted that
since fractals built up from affine iterated function systems such as the Sierpinski
gasket fractal had locally defined translations, isometries, and dilations, they were
good candidates for an orthonormal basis of wavelets. Strichartz’s wavelets were
defined by constructing an orthonormal basis from functions that at each stage of
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the iteration building the fractal had certain properties (such as local constance)
holding in a piecewise fashion [59].

With Jonsson’s and Strichartz’s constructions in mind, but starting from an
operator-algebraic viewpoint, in 2011, M. Marcolli and A. Paolucci looked at
representations of the Cuntz-Krieger C�-algebras OA on certain L2-spaces, and
showed that one could construct generalized “wavelet” families, by using the
isometries and partial isometries naturally generating the C�-algebras OA to operate
on the zero-order and first-order scaling functions and wavelet functions, thus
providing the orthonormal basis for the Hilbert space in question. The Cuntz-
Krieger C�-algebras OA are C�-algebras generated by partial isometries, where the
relations between the isometries are determined by the matrix A; interpreting the
matrix A as the adjacency matrix of a graph allows us to view the Cuntz-Krieger
C�-algebras as graph algebras. Thus, in the wavelet constructions of Marcolli
and Paolucci, the partial isometries coming from the graph algebra act in a sense
similar to the localized dilations and isometries observed by Strichartz in [59].
More precisely, by showing that it was possible to represent certain Cuntz-Krieger
C�-algebras on L2-spaces associated to non-inflated fractal spaces, Marcolli and
Paolucci related the work of Bratteli and Jorgensen and Dutkay and Jorgensen to the
work of Jonsson and Strichartz. Moreover, they showed that in this setting, certain
families related to Jonsson’s wavelets could be constructed by acting on the so-
called scaling functions and wavelets by partial isometries geometrically related to
the directed graph in question.

In this paper, in addition to giving a broad overview of this area, we will discuss
several new ways to generalize these results and obtain wavelets associated to
representations of directed graphs and higher-rank graphs. For a given directed
graph E, the graph C�-algebra C�.E/ is the universal C�-algebra generated by a
collection of projections associated to the vertices and partial isometries associated
to the edges that satisfy certain relations, called the Cuntz-Krieger relations. It has
been shown that graph C�-algebras not only generalize Cuntz-Krieger algebras, but
they also include (up to Morita equivalence) a fairly wide class of C�-algebras
such as the AF-algebras, Kirchberg algebras with free K1-group, and various
noncommutative algebras of functions on quantum spaces. One of the benefits of
studying graph C�-algebras is that very abstract properties of C�-algebras can be
visualized via concrete characteristics of underlying graphs. See the details in the
book “Graph Algebras” by Iain Raeburn [48] and the references therein.

Higher-rank graphs, also called k-graphs, were introduced in [35] by Kumjian
and Pask as higher-dimensional analogues of directed graphs, and they provide
a combinatorial model to study the higher-dimensional Cuntz-Krieger algebras of
Robertson and Steger [51, 52]. Since then, k-graph C�-algebras have been studied
by many authors and have provided many examples of various classifiable C�-
algebras, and the study of fine structures and invariants of k-graph C�-algebras can
be found in [8, 18, 32, 44, 49, 50, 53, 54, 56, 57]. Also, k-graph C�-algebras provide
many examples of non-self-adjoint algebras and examples of crossed products.
(See [7, 13, 14, 19, 21, 33, 47]). Recently, twisted k-graph C�-algebras have been
developed in [36–39, 55]; these provide many important examples of C�-algebras
including noncommutative tori. Moreover, specific examples of dynamical systems
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on k-graph C�-algebras have been studied in [42, 43], and the study of KMS states
with gauge dynamics can be found in [23–27]. Furthermore, the works in [45, 46]
show that k-graph C�-algebras can be realized as noncommutative manifolds and
have the potential to enrich the study of noncommutative geometry.

The first examples of directed graph algebras are the Cuntz C�-algebras ON

defined for any integer N 	 2, which are generated by N isometries satisfying some
elementary relations. In the late 1990s it was realized by Bratteli and Jorgensen [4, 5]
that the theory of multiresolution analyses for wavelets and the theory of certain
representations of ON could be connected through filter functions, or quadrature
mirror filters, as they are sometimes called. We review this relationship in Section 2,
since this was the first historical connection between wavelets and C�-algebras.
In this section, we also relate the filter functions associated to fractals coming
from affine iterated function systems, as first defined by Dutkay and Jorgensen
in [15], as well as certain kinds of representations of ON defined by Bratteli and
Jorgensen called monic representations, as all three of these representations of ON

(those coming from [5], from [15], and from [16]) correspond to what we call
a Cuntz-like family of functions on T: Certain forms of monic representations,
when moved to L2-spaces of Cantor sets associated to ON , can be viewed as
examples of semibranching function systems, and thus are precursors of the types of
representations of Cuntz-Krieger algebras studied by Marcolli and Paolucci in [41].
In Section 3 we give an overview of the work of Marcolli and Paolucci from [41],
discussing semibranching function systems satisfying a Cuntz-Krieger condition
and the representations of Cuntz-Krieger C�-algebras on the L2-spaces of fractals.
We state the main theorem of Marcolli and Paolucci from [41] on the construction
of wavelets on these spaces, which generalizes the constructions of Jonsson and
Strichartz, but we omit the proof of their theorem. However, we give the proof that,
given any Markov probability measure on the fractal space KN associated to ON ,
there exist an associated representation of ON and a family of related wavelets.
In Section 4, we review the definition of directed graph algebras and also review
C�-algebras associated to finite higher-rank graphs (first defined by Kumjian and
Pask in [35]) and then generalize the notion of semibranching function systems to
higher-rank graph algebras via the definition of ƒ-semibranching function systems,
first introduced in [20]. In Section 5, we use the representations arising from ƒ-
semibranching function systems to construct wavelets of an arbitrary rectangular
shape on the L2-space of the infinite path spaceƒ1 of any finite strongly connected
k-graph ƒ: In so doing we generalize a main theorem from [20] and answer in the
affirmative a question posed to one of us by Aidan Sims. In Section 6, motivated
by the work of Marcolli and Paolucci for wavelets associated to Cuntz-Krieger
C�-algebras, we discuss the use of k-graph wavelets in the construction of (finite-
dimensional) families of wavelets that can hopefully be used in traffic analysis on
networks, and also discuss generalizations of wavelets on the vertex space of a k-
graph that can be viewed as eigenvectors of the (discrete) Laplacian on this vertex
space. We analyze the wavelets and the wavelet transform in this case, thereby
generalizing some results of Hammond, Vanderghynst, and Gribonval from [29].

This work was partially supported by a grant from the Simons Foundation
(#316981 to Judith Packer).
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2 C�-Algebras and Work by Bratteli and Jorgensen and
Dutkay and Jorgensen on Representations of ON

We begin by giving a very brief overview of C�-algebras and several important
constructions in C�-algebras that will prove important in what follows. Readers
interested in further detail can examine B. Blackadar’s book [3] (to give just one
reference).

Definition 2.1 A C�-algebra is a Banach algebra which we shall denote by A that
has assigned to it an involution 
 such that the norm of A satisfies the so-called
C�-identity:

ka�ak D kak2; 8a 2 A:

By a celebrated theorem of I. Gelfand and M. Naimark, every C�-algebra can
be represented faithfully as a Banach 
-subalgebra of the algebra of all bounded
operators on a Hilbert space.

C�-algebras have a variety of important and very useful applications in mathematics
and physics. C�-algebras can be used to study the structure of topological spaces,
as well as the algebraic and representation-theoretic structure of locally compact
topological groups. Indeed, C�-algebras provide one framework for a mathematical
theory of quantum mechanics, with observables and states being described precisely
in terms of self-adjoint operators and mathematical states on C�-algebras. When
there are also symmetry groups involved in the physical system, the theory of C�-
algebras allows these symmetries to be incorporated into the theoretical framework
as well.

In this paper, we will mainly be concerned with C�-algebras constructed from
various relations arising from directed graphs and higher-rank graphs. These are
combinatorial objects satisfying certain algebraic relations that are most easily
represented by projections and partial isometries acting on a Hilbert space. The
C�-algebras that we will study will also contain within them certain naturally
defined commutative C�-algebras, as fixed points of a canonical gauge action. These
commutative C�-algebras can be realized as continuous functions on Cantor sets of
various types, and under appropriate conditions there are measures on the Cantor
sets, and associated representations of the C�-algebras being studied on the L2-
spaces of the Cantor sets. These will be the representations that we shall study,
but we will first briefly review the notion of C�-algebras characterized by universal
properties.

Definition 2.2 ([3]) Let G be a (countable) set of generators, closed under an
involution 
; and R.G/ a set of algebraic relations on the elements of G; which
have as a restriction that it must be possible to realize R.G/ among operators
on a Hilbert space H. It is also required that R.G/ must place an upper bound
on the norm of each generator when realized as an operator. A representation
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.�;H/ of the pair .G;R.G// is a map � W G ! B.H/ such that the collection
f�.g/ W g 2 Gg satisfies all the relations of R.G/: The smallest C�-subalgebra of
B.H/ containing f�.g/ W g 2 Gg is called a C�-algebra that represents .G;R.G//I
we denote this C�-algebra by A� :A representation .�U ;HU / of .G;R.G// is said to
be universal and A�U is called the universal C�-algebra associated to .G;R.G//
if for every representation .�;H/ of the pair .G;R.G// there is a 
-homomorphism
� W A�U ! A� satisfying

�.g/ D � ı �U .g/; 8g 2 G:

The general theory found in Blackadar [3] can be used to show that this universal
C�-algebra exists, and is unique (the bounded-norm condition is used in the
existence proof).

Example 2.3 Let G D fu; u�; v; v�g and fix � 2 T with � D e2� i˛; ˛ 2 Œ0; 1/: Let
R.G/ consist of the following three identities, where I denotes the identity operator
in B.H/:
(1) uu� D u�u D I:
(2) vv� D v�v D I:
(3) uv D �vu:

We note that relations (1) and (2) together with the C�-norm condition force kuk D
kvk D 1: When � 6D 1, relation (3) implies the universal C�-algebra involved
is noncommutative, and our universal C�-algebra in this case is the well-known
noncommutative torus A˛ .

Example 2.4 Fix N > 1 and let G D fs0; s�0 ; � � � ; sN�1; s�N�1g: Let R.G/ consist of
the relations

(1) s�i si D 1; 0 � i � N � 1:
(2) s�i sj D 0; 0 � i 6D j � N � 1:
(3) s1s�1 C s2s�2 C � � � C sN�1s�N�1 D I:

Again the first collection of relations (1) implies that ksik D 1; 0 � i � N � 1;
and also imply that the si will be isometries and the s�i will be partial isometries,
0 � i � N � 1:1 The universal C�-algebra constructed via these generators and
relations was first discovered by J. Cuntz in the late 1970s. Therefore it is called the
Cuntz algebra and is commonly denoted by ON :

We now wish to examine several different families of representations of ON that
take on a related form on the Hilbert space L2.T/ where T is equipped with Haar
measure. These types of representations were first studied by Bratteli and Jorgensen
in [4] and [5], who found that certain of these representations could be formed from
wavelet filter functions. They also appear as representations coming from inflated

1Recall that an isometry in B.H/ is an operator T such that T�T D I; a partial isometry S satisfies
S D SS�S. A projection in B.H/ is an operator that is both self-adjoint and idempotent.
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fractal wavelet filters and the recently defined monic representations of Dutkay and
Jorgensen [15, 16, respectively].

We now discuss a common theme for all of the representations of ON mentioned
above, as was first done by Bratteli and Jorgensen in [5]. Fix N > 1; and suppose
a collection of N essentially bounded measurable functions fh0; h1; � � � ; hN�1g �
L1.T/ is given. We define bounded operators fTigN�1iD0 on L2.T/ associated to the
functions fh0; h1; � � � ; hN�1g by

.Ti/.z/ D hi.z/.z
N/; (1)

and we ask the question: when do the fTigN�1iD0 give a representation of ON on L2.T/?
We first compute that for i 2 ZN D f0; 1; : : : ;N � 1g, the adjoint of each Ti is

given by

.T�i /.z/ D
1

N

X
!2TW!NDz

hi.!/.!/: (2)

If we denote the N (measurable) branches of the N th root function by �j W T! T,
where

�j.z D e2� it/ D e
2� i.tCj/

N ; t 2 Œ0; 1/ and j 2 ZN ;

then we can rewrite our formula for T�i as:

.T�i /.z/ D
1

N

N�1X
jD0

hi.�j.z//.�j.z//: (3)

(Note we have chosen specific branches for the N th root functions, but in our formula
for the adjoint T�i we could have taken any measurable branches and obtained the
same result.)

We now give necessary and sufficient conditions on the functions fh0; h1; : : : ; hN�1g;
as stated in [5], that the fTigN�1iD0 generate a representation of ON :

Proposition 2.5 Fix N > 1; let fhigN�1iD0 � L1.T/ and define fTigN�1iD0 as in
Equation (1). Then the operators fTigN�1iD0 give a representation of the Cuntz algebra
if and only if the map

z 7!
0
@hi

�
ze

2� ij
N


p

N

1
A
0�i;j�N�1

(4)

is a map from T into the unitary N � N matrices for almost all z 2 T:
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Proof See Section 1 of Bratteli and Jorgensen’s seminal paper [5] for more details
on this. ut

The above proposition motivates the next definition:

Definition 2.6 Let fhjgN�1jD0 be a subset of L1.T/: We say that this family is a
Cuntz-like family if the matrix of Equation (4) is unitary for almost all z 2 T:

Bratteli and Jorgensen were the first to note, in [4], that certain wavelets on
L2.R/; the so-called multiresolution analysis wavelets, could be used to construct
representations of the Cuntz algebra ON ; by examining the filter function families,
and showing that they were “Cuntz-like.” Their representations used low- and
high-pass filters associated to the wavelets to construct the related isometries as
above. Filter functions on the circle T are used to define wavelets in the frequency
domain (see [58] for an excellent exposition). We thus give our initial definitions
of “dilation-translation wavelet families” in the frequency domain rather than the
time domain. We note that we restrict ourselves to integer dilations on L2.R/I more
general dilation matrices giving rise to unitary dilations on L2.Rd/ are described in
the Strichartz article [58].

Fix an integer N > 1: Define the operator D of dilation by N on L2.R/ by:

D.f /.t/ D pN; f .Nt/ for f 2 L2.R/:

and define the translation operator T on L2.R/ by

T.f /.t/ D f .t � 1/ for f 2 L2.R/; and let Tv D Tv; v 2 Z:

Let F denote the Fourier transform on L2 .R/ defined by

F.f /.x/ D
Z
R

f .t/e2� itxdt:

Set

bD D FDF� and bT D FTF�:

Then

bD.f /.x/ D 1p
N

f
� x

N

�
and bT .f / .x/ D e�2� ixf .x/ for f 2 L2 .R/ :

Definition 2.7 A wavelet family in the frequency domain for dilation by N > 1

is a subset fˆg [ f‰1; � � � ; ‰mg � L2 .R/ such that

fbTv .ˆ/ W v 2 Zg [ fbDjbTv .‰i/ W 1 � i � m; j 2 N; v 2 Zg (5)
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is an orthonormal basis for L2 .R/. If m D N � 1 and the set (5) is an orthonormal
basis for L2 .R/, the family fˆg[f‰1; � � � ; ‰N�1g is called an orthonormal wavelet
family for dilation by N.

In other words, wavelet families are finite subsets of the unit ball of a Hilbert
space L2.R/ that, when acted on by specific operators (in this case unitary operators
corresponding to dilation and translation), give rise to a basis for the Hilbert space.

A fundamental algorithm for constructing wavelet families is the concept of
multiresolution analysis (MRA) developed by Mallat and Meyer in [40], and key
tools for constructing the MRAs are filter functions for dilation by N.

Definition 2.8 Let N be a positive integer greater than 1. A low-pass filter m0

for dilation by N is a function m0 W T ! C which satisfies the following
conditions:

(i) m0 .1/ D
p

N (“low-pass condition”)

(ii)
PN�1

`D0 jm0

�
ze

2� i`
N


j2 D N a.e.;

(iii) m0 is Hölder continuous at 1I
(iv) (Cohen’s condition) m0 is nonzero in a sufficiently large neighborhood of 1

(e.g., it is sufficient that m0 be nonzero on the image of Œ� 1
2N ;

1
2N � under the

exponential map from R to T).

Sometimes in the above definition, condition (iv) Cohen’s condition is dropped and
thus frame wavelets are produced instead of orthonormal wavelets; these situations
can be studied further in Bratteli and Jorgensen’s book [6].

Given a low-pass filter m0 for dilation by N, we can naturally view m0 as a Z-
periodic function on R by identifying T with Œ0; 1/ and extending Z-periodically.
Then there is a canonical way to construct a “scaling function” associated to the
filter m0. We set

ˆ.x/ D
1Y

iD1

"
m0

�
N�i .x/

�
p

N

#
:

Then the infinite product defining ˆ converges a.e. and gives an element of
L2 .R/. We call ˆ a scaling function in the frequency domain for dilation by
N. (The function F�1.ˆ/ D 	 is the scaling function in the sense of the original
definition.)

Given a low-pass filter m0 and the associated scaling function ˆ for dilation by
N, then if we have N � 1 other functions defined on T which satisfy appropriate
conditions described in the definition that follows, we can construct the additional
members of a wavelet family for dilation by N.

Definition 2.9 Let N be a positive integer greater than 1, and let m0 be a low-
pass filter for dilation by N satisfying all the conditions of Definition 2.8. A set
of essentially bounded measurable Z-periodic functions m1;m2; � � � ;mN�1 defined
on R are called high-pass filters associated to m0, if
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N�1X
`D0

mi

�
ze

2� i`
N


mj

�
ze

2� i`
N


D ıi;jN for 0 � i; j � N � 1:

Given a low-pass filter m0; it is always possible to find measurable
functions m1;m2; � � � ;mN�1 that serve as high-pass filters to m0: The functions
m1; m2; � � � ;mN�1 can then be seen as Z-periodic functions on R as well. The
connection between filter functions and wavelet families was provided by Mallat
and Meyer for N D 2 in [40] and then extended to more general dilation matrices.
We consider only integer dilations N > 1; and rely on the exposition of both
Strichartz [58] and Bratteli and Jorgensen [6] in the material that follows below:

Theorem 2.10 ([40], Section 1.5 of [58], [6]) Let N be a positive integer greater
than 1, let .m0;m1; � � � ;mN�1/ be a classical system of low and associated high-pass
filters for dilation by N, where m0 satisfies all the conditions of Definition 2.8, and
letˆ be the scaling function in the frequency domain constructed from m0 as above.
Then

fˆg
[
f‰1 D bD .m1ˆ/ ; ‰2 D bD .m2ˆ/ ; � � � ; ‰N�1 D bD .mN�1ˆ/g (6)

is an orthonormal wavelet family in the frequency domain for dilation by N.
The wavelets f‰1; ‰2; � � � ; ‰N�1g are called the “wavelets” in the frequency
domain for dilation by N. If Cohen’s condition is satisfied, the family (6) is
an orthonormal wavelet family. (Again, the functions f 1 D F�1.‰1/;  2 D
F�1.‰2/; � � � ;  N�1 D F�1.‰N�1/g form the “wavelets” in the original sense of
the definition.)

Remark 2.11 It follows that filter systems are very important in the construction of
wavelets arising from a multiresolution analysis. In their proof of the result above,
Bratteli and Jorgensen used a representation of the Cuntz algebra ON arising from
the filter system.

It is then clear the filter conditions expressed as above can just be formulated as
stating that the functions fm0;m1; � � � ;mN�1g can be used to construct the following
function mapping z 2 R=Z Š T into the N � N unitary matrices over C, given by
the formula

z 7!
0
@mj

�
ze

2� i`
N


p

N

1
A
0�j;`�N�1

; (7)

and therefore give a Cuntz-like family in the sense of Definition 2.6. As noted
earlier, Bratteli and Jorgensen proved that the operators fSigN�1iD0 defined on L2.T/
by

.Si/.z/ D mi.z/.z
N/; (8)
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for  2 L2.T/; z 2 T and i D 0; 1; � � � ;N � 1; satisfy the relations

S�j Si D ıi;jI; (9)

N�1X
iD0

SiS
�
i D I; (10)

which we saw in Proposition 2.5; and thus we obtain exactly the Cuntz relations for
the Cuntz algebra ON :

This gives the Bratteli-Jorgensen mapping from a wavelet family fˆg S f‰1;
� � � ; ‰N�1g in L2.R/ arising from a multiresolution analysis into a representations
of ON :

We now recall the inflated fractal wavelets of Dutkay and Jorgensen [15],
which also have a multiresolution analysis structure, and therefore also have related
generalized filter functions that will satisfy Definition 2.6 and a weakened low-pass
condition. Thus, these filter functions will also give rise to representations of ON on
L2.T/. We review here only the case where the fractals embed inside Œ0; 1�; although
the work in [15] generalizes to fractals sitting inside Œ0; 1�d constructed from affine
iterated function systems. We note that a fine survey of the relationship between
quadrature mirror filters of all types and representations of ON can be found in the
recent paper [17].

Fix an integer N > 1. Recall that ZN D f0; 1; � � � ;N�1g; let B � ZN be a proper
subset of ZN : Recall from [28] that there is a unique fractal set F � Œ0; 1� satisfying

F D
G
i2B

.
1

N
ŒFC i�/:

The Hausdorff dimension of F is known to be logN.jBj/ [28, Theorem 1 of
Section 5.3].

Definition 2.12 ([15]) Let N; B � N; and F be as described above. We define the
inflated fractal set R associated to F by:

R D
[
j2Z

[
v2Z

N�j.FC v/:

The Hausdorff measure � of dimension logN.jBj/, restricted to R � R; gives
a Borel measure on R, but it is not a Radon measure on R; because bounded
measurable subsets of R need not have finite �-measure. A dilation operator D
and translation operators fTv W v 2 Zg on L2.R; �/ are defined as follows: for
f 2 L2.R; �/,

D.f /.x/ D
p
jBjf .Nx/;

Tv.f /.x/ D f .x � v/:
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There is a natural multiresolution analysis (MRA) structure on L2.R; �/, which
can be described as follows. We define a scaling function or “father wavelet” 	 by
	 D �F. Translates of 	 are orthonormal, and we define the core subspace V0 of the
MRA to be the closure of their span,

V0 D spanfTv.	/ W v 2 Zg:

For j 2 Z, set Vj D Dj.V0/. It was shown in Proposition 2.8 of [15] (using slightly
different notation) that

S
j2Z Vj is dense in L2.R; �/ and

T
j2Z Vj D f0g: The

inclusion Vj � VjC1 follows from the fact that

	 D 1pjBj
X
i2B

DTi.	/: (11)

We note that the refinement equation (11) above gives a weakened low-pass filter
for dilation by N, defined by h0.z/ D P

i2B
1pjBj z

i for z 2 T. It is weakened in that

conditions .i/ and .iv/ of Definition 2.8 will not be satisfied in general, but it will
satisfy

X
fwW wNDzg

jh0.w/j2 D N for z 2 T;

and h0.z/ will be nonzero in a neighborhood of z D 1: Using linear algebra, it
is then possible to find N � 1 corresponding “high-pass” filters fh1; h2; � � � ; hN�1g
defined as Laurent polynomials in z (see Theorem 3.4 of [12] for details) such
that the condition of Definition 2.6 is satisfied for the family fh0; h1; � � � ; hN�1g;
and one thus obtains a representation of ON to go along with the wavelet family.
Moreover, the high-pass filters fh1; � � � ; hN�1g are constructed in such a way to allow
one to construct a subset f 1;  2; � � � ;  N�1g of W0 D V1  V0 that serves as the
generalized wavelet family for L2.R; �/ in the sense that

fDjTv. i/ W 1 � i � N � 1 and j; v 2 Zg

form an orthonormal basis for L2.R; �/: See [15] and [12] for further details on this
construction.

Finally we wish to briefly discuss the relationship of the above representations of
ON coming from Cuntz-like families of functions, to the monic representations of
ON defined by Dutkay and Jorgensen in [16].

Fix an integer N > 1: Let KN denote the infinite product space
Q1

jD1 ZN ; which
has the topological structure of the Cantor set. Denote by � the one-sided shift
on KN W

�
�
.ij/
1
jD1
� D .ijC1/1jD1 (12)
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and let �k; k 2 ZN denote the inverse branches to � W

�k
�
.ij/
1
jD1
� D .ki1i2 � � � ij � � � / (13)

Definition 2.13 ([16]) A monic system is a pair .�; ffigi2ZN /; where � is a finite
Borel measure on KN and ffigi2ZN are functions on KN such that for j 2 ZN , � ı
.�j/
�1 << � and

d.� ı .�j/
�1/

d�
D jfjj2; (14)

and the functions ffjg have the property that

jfj.x/j 6D 0; � � a:e: x 2 �j.KN/:

A monic system is called nonnegative if fj 	 0 for all j 2 ZN :

Given a monic system .�; ffigi2ZN /; in [16] Dutkay and Jorgensen associated to
it a representation of the Cuntz algebra ON on L2.KN ; �/ defined by:

Sj./.x/ D fj.x/ �  ı �.x/ for  2 L2.KN ; �/ and j 2 ZN ;

and they proved that this representation is what they termed a monic representation
(c.f. Theorem 2.7 of [16] for details).

Recall we have a map � W KN ! T defined by

�..ij/
1
jD1/ D e2� i

P
1

jD1

ij

Nj :

We also have an inverse map 
 W T ! KN where 
.e2� it/ D .ij/1jD1 for t DP1
jD1

ij
Nj : Although the rational numbers admit more than one N-adic expansion,

such anomalies form a set of measure 0 in T: With respect to this correspondence,
the map � looks like �; where �.z/ D zN ; and the maps �j correspond to the maps

�j.e2� it/ D e2� i tCj
N ; i.e.

� ı � D � ı � and �j ı � D � ı �j for 0 � j � N � 1:

So, if the measure � on KN is equal to Haar measure � on KN (thought of as an
infinite product of the cyclic groups ZN), a monic system of functions ffigi2ZN on
.KN ; �/ gives a collection of functions fhi D fi ı 
gi2ZN on T:

The most relevant aspect of Dutkay and Jorgensen’s work on monic representa-
tions to this paper is that, using the fact that .KN ; �/ can be measure-theoretically
identified with .T; �T/;where �T is Haar measure on the circle group T; by using the
maps 
 and � defined above, it is possible to identify a system of essentially bounded
functions fhj D fj ı 
gN�1jD0 on T; and one can check that these functions will satisfy
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the condition of Definition 2.6. The key relevant point in the proof of this is that by
Theorem 2.9 of [16], the support of each fj is precisely �j.KN/; and jfj..ij/1jD1/j2 D N

on its support, so that the support of each hj is precisely �j.T/; with jhj.z/j D
p

N
for z 2 �j.T/ and 0 otherwise. It therefore follows that monic systems of functions
on .KN ; �/ moved over to T via the map 
 all give rise to Cuntz-like systems of
functions on T: However, these monic systems will only give rise to filter functions
(and hence to classical wavelets) in isolated conditions (e.g., for N D 2 it is possible
to obtain the Shannon wavelet via a monic system of two functions that is equivalent
to the filter functions m0.z/ D

p
2�E0 and m1.z/ D

p
2�E1 ; where E0 is the image

of Œ0; 1
4
/ [ Œ 3

4
; 1� under the exponential map from Œ0; 1� to T; and E1 is the image in

T of Œ 1
4
; 3
4
/).

Further analysis of monic representations can be found in [16]. We mention them
here because they are the closest analog in the Cuntz C�-algebra case to the sorts of
representations of the higher-rank graph algebras that are used to construct wavelets
in [20].

3 Marcolli-Paolucci Wavelets

In the 2011 article [41], Marcolli and Paolucci constructed representations of (finite)
Cuntz-Krieger C�-algebras on L2-spaces of certain fractals, and then in certain cases
went on to define wavelets generalizing the wavelets of A. Jonsson [30]. We recall
their basic constructions.

Definition 3.1 Fix an integer N > 1: Let A D �Ai;j
�

i;j2ZN
be an N�N matrix whose

entries Ai;j take on only values in f0; 1g. The Cuntz-Krieger C�-algebra OA is the
universal C�-algebra generated by partial isometries fTigi2ZN satisfying

T�i Ti D
N�1X
jD0

Ai;jTjT
�
j ; (15)

T�i Tj D 0 for i 6D j; (16)

and

N�1X
iD0

TiT
�
i D I: (17)

We note that these Cuntz-Krieger C�-algebras OA are examples of C�-algebras
associated to certain special finite directed graphs, namely, those directed graphs
admitting at most one edge with source v and range w for any pair of vertices .v;w/.
Indeed (cf. [48], Remark 2.8) one can show that the directed graph in this case
would have N vertices in a set E0A; labeled E0A D fv0; v1; � � � ; vN�1g; with edge set
E1A D fe.i;j/ 2 Z

2
N W Ai;j D 1g; there is a (directed) edge e.i;j/ beginning at vj
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and ending at vi iff Ai;j D 1: The matrix A then becomes the vertex matrix of the
associated directed graph. In the case where A is the matrix that has 1 in every entry,
the C�-algebra OA is exactly the Cuntz algebra ON :

As had been done previously by K. Kawamura [34], Marcolli and Paolucci
constructed representations of OA by employing the method of “semibranching
function systems.” We note for completeness that the semibranching function
systems of Kawamura [34] were for the most part defined on finite Euclidean spaces,
e.g. the unit interval Œ0; 1�; whereas the semibranching function systems used by
Marcolli and Paolucci [41] were mainly defined on Cantor sets.

Definition 3.2 (c.f. [34, 41] Definition 2.1, [1] Theorem 2.22) Let .X; �/ be a
measure space and let fDigi2ZN be a collection of �-measurable sets and f�i W Di !
Xgi2ZN a collection of �-measurable maps. Let A be an N � N f0; 1g-matrix. The
family of maps f�igi2ZN is called a semibranching function system on .X; �/ with
coding map � W X ! X if the following conditions hold:

1. For i 2 ZN , set Ri D �i.Di/. Then we have

�.Xn [i2ZN Ri/ D 0 and �.Ri \ Rj/ D 0 for i 6D j:

2. For i 2 ZN , we have � ı �i << � and

d.� ı �i/

d�
> 0; � � a:e: on Di: (18)

3. For i 2 ZN and a.e. x 2 Di, we have

� ı �i.x/ D x:

4. (Cuntz-Krieger (C-K) condition:) For i; j 2 ZN , �.Di� [iWAi;jD1 Rj/ D 0:

Example 3.3 ([34]) Take N > 1; .X; �/ D .T; �/ where � is Haar measure on

T; Di D T for i 2 ZN ; and �j.z D e2� it/ D e
2� i.tCj/

N for t 2 Œ0; 1/I then Rj D fe2� it W
t 2 Œ j

N ;
jC1
N /g: With the coding map given by �.z/ D zN ; we obtain a semibranching

function system satisfying the (C-K) condition for the N � N matrix consisting of
all 1’s.

Example 3.4 ([41] Proposition 2.6) Take N > 1; and fix an N �N f0; 1g-matrix A:
Let ƒA �Q1jD1ŒZN �j be defined by

ƒA D f.i1i2 � � � ij � � � / W AijijC1
D 1 for j 2 Ng:

Marcolli and Paolucci have shown that, using the N-adic expansion map, ƒA can
be embedded in Œ0; 1� as a fractal set and thus has a corresponding Hausdorff
probability measure �A defined on its Borel subsets. For each i 2 ZN , let

Di D f.i1i2 � � � ij � � � / W Ai;i1 D 1g � ƒA;
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and define �j for j 2 ZN by

�j W Dj ! ƒA W �j ..i1i2 � � � ik � � � // D .ji1i2 � � � ik � � � /:

Then

Rj WD �j.Dj/ D f.ji1i2 � � � ik � � � / W .i1i2 � � � ik � � � / 2 Djg;

and denoting by � the one-sided shift on ƒA W

� ..i1i2 � � � ik � � � // D .i2i3 � � � ikC1 � � � /

we have that � ı �j.x/ D x for x 2 Dj and j 2 ZN : Marcolli and Paolucci show in
Section 2.1 of [41] that this data gives a semibranching function system satisfying
the (C-K) condition on .ƒA; �A/: If A is the matrix consisting entirely of 1s, we
obtain a monic system in the sense of [16]. Moreover, in this case, Di D KN for all
i 2 ZN and Ri D Z.i/ D f.ij/1jD1 W i1 D ig:

Kawamura and then Marcolli and Paolucci observed the following relationship
between semibranching function systems satisfying the (C-K) condition and repre-
sentations of OA W
Proposition 3.5 (c.f. [41] Proposition 2.5) Fix a non-trivial N�N f0; 1g-matrix A
with Ai;i D 1 for all i 2 ZN : Let .X; �/ be a measure space, and let fDigi2ZN ; f�i W
Di ! Xgi2ZN and fRi D �i.Di/gi2ZN be a semibranching function system satisfying
the (C-K) condition on .X; �/ with coding map � W X ! X: For each i 2 ZN define
Si W L2.X; �/! L2.X; �/ by

Si./.x/ D �Ri.x/
�d.� ı �i/

d�
.�.x//

� 12
.�.x// for  2 L2.X; �/ and x 2 X:

Then the family fSigi2ZN of partial isometries satisfies the Cuntz-Krieger relations
Equations (15), (16), and (17), and therefore generates a representation of the
Cuntz-Krieger algebra OA:

We now discuss the construction of wavelets for Cuntz-Krieger C�-algebras as
developed by Marcolli and Paolucci. In the setting of Example 3.4, suppose in
addition that the matrix A is irreducible, i.e. for every pair .i; j/ 2 ZN � ZN there
exists n 2 N with An

i;j 6D 0:
In this case, Marcolli and Paolucci proved that the Hausdorff measure �A

on ƒA is exactly the probability measure associated to the normalized Perron-
Frobenius eigenvector of A. Namely, suppose .p0; p1; : : : ; pN�1/ is a vector in
.0;1/N satisfying

PN�1
iD0 pi D 1; and such that

A.p0; p1; : : : ; pN�1/T D �.A/.p0; p1; � � � ; pN�1/T ;
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where �.A/ is the spectral radius of A. (The existence of such a vector
.p0; : : : ; pN�1/, called the Perron-Frobenius eigenvector of A, follows from the
irreducibility of A.) Then we have:

Theorem 3.6 ([41], Theorem 2.17) Let N > 1 be fixed, and suppose that A
is an irreducible f0; 1g-matrix. Let f�i W Di ! Rig with � W ƒA ! ƒA be
the semibranching function system satisfying the (C-K) condition associated to
.ƒA; �A/ as in Example 3.4. Then the Hausdorff measure �A on ƒA is exactly the
probability measure associated to the Perron-Frobenius eigenvector .p0; : : : ; pN�1/
of A. To be precise, for i 2 ZN, �A.Ri/ D pi and

d.� ı �i/

d�
D N�ıA ; a:e: on Di;

where ıA is the Hausdorff dimension of ƒA; and the spectral radius �.A/ of A is
equal to NıA :

Given an irreducible f0; 1g-matrix A as in Theorem 3.6, Marcolli and Paolucci
were able to construct families of OA-wavelets on L2.ƒA; �A/ generalizing splines.
We describe their construction here (see also Section 3 of [41]). For the purposes of
this survey, we concentrate here on the wavelets whose scaling functions or “father
wavelets” are constant on the subsets Ri of ƒA:

We denote by V0 the (finite-dimensional) subspace of L2.ƒA; �A/ given by

V0 D spanf�Ri W i 2 ZNg:

For each k; 0 � k � N � 1; let Dk D fj W Akj D 1g; and let dk D jDkj: Enumerate
the elements of Dk by setting Dk D fn0 < n1 < � � � < ndk�1g: For each k 2 ZN ;

define the following inner product on C
dk W

h.xj/; .yj/iPF D
dk�1X
jD0

xjyjpnj ;

where .pnj/ are the appropriate coefficients of the Perron-Frobenius eigenvector of
A. We now define vectors fcj;k W 0 � j � dk � 1; 0 � k � N � 1g, where
cj;k D .cj;k

1 ; : : : ; c
j;k
dk�1/, such that for each k 2 ZN ; fcj;k W 0 � j � dk � 1g is an

orthonormal basis for Cdk�1 with respect to the inner product h�; �iPF; so that

c0;k` D c0;k
`0 for 0 � `; `0 � dk � 1 and k 2 ZN ;

and for each fixed k 2 ZN ;

spanfcj;k W 1 � j � dk � 1g D f.1; 1; � � � ; 1/g?

with respect to the inner product h�; �iPF defined above.
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We now note that we can write each set Rk as a disjoint union:

Rk D
dk�1[
jD0

RŒknj�;

where

RŒknj� D f.i1i2 � � � in � � � / 2 ƒA W i1 D k and i2 D njg:

Thus in terms of characteristic functions,

�Rk D
dk�1X
jD0

�RŒknj �
for k 2 ZN :

Now for each k 2 ZN we define functions ff j;kgdk�1
jD0 on ƒA by

f j;k.x/ D 1p
pk

dk�1X
`D0

cj;k
` �RŒkn`�

.x/:

We note that each function f j;k is �A-measurable. Also, for each k 2 ZN ;

f 0;k D 1p
pk

dk�1X
`D0

c0;k` �RŒkn`�
D c0;k1p

pk

dk�1X
`D0

�RŒkn`�
D c0;k1p

pk
�Rk

is a scalar multiple of �Rk , since the vector c0;k is a constant vector. It follows that

spanff 0;kgN�1kD0 D spanf�RkgN�1kD0 D V0:

We are now nearly ready to state our simplified version of the main theorem
on wavelets in [41]. First, a definition: Fix an integer n > 1. We say that a word
w D w1w2 � � �wn in

Qn
kD1 ZN is admissible for our f0; 1g-matrix A if, for all 1 � i �

n � 1, we have AwiwiC1
D 1. If w is admissible, we write Sw for the partial isometry

in B.L2.ƒA; �A// given by

Sw D Sw1Sw2 � � � Swn :

We also remark that in order to be consistent with standard notation from mul-
tiresolution analysis theory and also with our notation for the higher-rank graph
C�-algebra wavelets, we have changed the notation for the orthogonal subspaces
from the original notation used in [41].
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Theorem 3.7 ([41], Theorem 3.2) Fix N > 1: Let A be an N � N, irreducible,
f0; 1g-matrix, let .ƒA; �A/ be the associated fractal space with Hausdorff measure,
and let f�j W Dj ! Rjgj2ZN and � be the associated semibranching function
system satisfying the (C-K) condition defined on .ƒA; �A/: Let fSkgk2ZN be the set
of operators on L2.ƒA; �A/ given by the formula in Proposition 3.5. Let ff j;k W k 2
ZN ; 0 � j � dk � 1g be the functions on ƒA defined in the above paragraphs. For
k 2 ZN, let

	k D f 0;k:

Define

W0 D spanff j;k W k 2 ZN ; 1 � j � dk�1gI

Wn D spanSw.f j;k/ W k 2 ZN ; 1 � j � dk�1 and w is an admissible word of length n.
Then the subspaces V0 and fWng1nD0 are mutually pairwise orthogonal in
L2.ƒA; �A/ and

L2.ƒA; �A/ D span

 
V0 ˚

h 1M
nD0

Wn

i!
:

The 	k are called the scaling functions (or “father wavelets”) and the f j;k are
called the wavelets (or “mother wavelets”) for the system.

Since the proof of the above theorem can be read in [41], we do not include
it here. However, as we did in the second paragraph of Section 4 of [20], we do
wish to remark upon the fact that the emphasis on the Perron-Frobenius measure in
[41] does not appear to be crucial for the construction of the orthogonal subspaces.
To illustrate this further, we now construct wavelets for ON corresponding to any
Markov measure on KN ; and here we will include the proof so as to illustrate
our techniques. Note also that by taking tensor products, the wavelets below will
produce wavelets on k-graph algebras of tensor-product type, for example, in
ON ˝OM; as studied in Example 3.8 of [32].

Recall from Section 2 that KN is the infinite product space
Q1

jD1 ZN which can
be realized as the Cantor set. Let � and f�jgj2ZN be the one-sided shift on KN and
its inverse branches given in (12) and (13). Following Example 3.11 of [16], fix
fpi 2 .0; 1/ W i 2 ZNg, with

P
i2ZN

pi D 1; and define the Markov measure

�.Z.i1i2 � � � in// D
nY

jD1
pij ;
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where ij 2 ZN for 1 � j � n, and

Z.i1i2 � � � in/ D f.x1x2 � � � xj � � � / W x1 D i1; x2 D i2; � � � ; xn D ing:

As described at the end of Example 3.4, for the N � N matrix consisting of all 1’s,
the standard semibranching function system on KN satisfying the (C-K) condition is
given by f�i W Di ! Rigi2ZN ; where � W KN ! KN satisfies Di D KN for all i 2 ZN

and Ri D Z.i/:

Theorem 3.8 Fix N > 1; let fpigN�1iD0 be a collection of positive numbers withPN�1
iD0 pi D 1; and let � be the associated Markov Borel probability measure on

.KN ; �/ defined as above. For i 2 ZN, let f�i W KN ! Ri D Z.i/g and � W KN ! KN

be the associated semibranching function system satisfying the (C-K) condition
associated to the N � N matrix of all 10s, and define Si 2 B.L2.KN ; �// by

Si.f /.w/ D �Z.i/.w/p
�1=2
i f .�.w//:

Then as in Theorem 3.7, there are scaling functions f	kgN�1kD0 � L2.KN ; �/ and
“wavelets” f j;k W k 2 ZN ; 1 � j � N � 1g such that setting

V0 D spanf	k W k 2 ZNg;
W0 D spanf j;k W k 2 ZN ; 1 � j � N � 1g and

Wn D spanfSw. j;k/ W k 2 ZN ; 1 � j � N � 1; w a word of length ng for n 	 1;

we obtain

L2.KN ; �/ D span

 
V0 ˚ Œ

1M
nD0

Wn�

!
:

Proof Following the method of Theorem 3.7, we define an inner product on C
N by

setting

h.xj/j; .yj/ji D
X
j2ZN

xj � yj � pj: (19)

For fixed k 2 ZN ; we let c0;k be the vector in C
N defined by

c0;k D .1; 1; � � � ; 1/;

and let fcj;kg1�j�N�1, with cj;k D .cj;k
` /`2ZN , be any orthonormal basis for

f.1; 1; � � � ; 1/g? with respect to the inner product (19). For fixed k 2 ZN ; define
functions ff j;k W 0 � j � N � 1g on KN by:

f j;k.x/ D 1p
pk

N�1X
`D0

cj;k
` �Z.k`/.x/:



Wavelets and Graph C�-Algebras 55

Note that f 0;k is a normalized version of �Z.k/.x/: We claim that setting

	k.x/ D f 0;k.x/ for k 2 ZN ;

and

 j;k.x/ D f j;k.x/ for 1 � k � N � 1 and 1 � j � N � 1;

we will obtain a wavelet family for L2.KN ; �/ where � is the Markov measure
determined by

�.Z.i1i2 � � � in// D
nY

jD1
pij :

We first note that if i1 6D i2; the integral

Z
KN

	i1	i2d�

is a scalar multiple of the integral

Z
KN

�Z.i1/.x/�Z.i2/.x/d�

and this latter integral is equal to zero because the functions in question have disjoint
support.

We also remark that for 1 � j � N � 1 and k 2 ZN ;

N�1X
`D0

cj;k
` p` D 0:

Multiplying by pk we get:

N�1X
`D0

cj;k
` p`pk D 0; so that

Z
KN

h N�1X
`D0

cj;k
` �Z.k`/.x/

i
d� D 0:

We can write this as:

Z
KN

h N�1X
`D0

cj;k
` �Z.k`/.x/

i
�Z.k/.x/d� D 0;

i.e.,

Z
KN

 j;k.x/	k.x/d� D 0 for 1 � j � N � 1:
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We now check and calculate:

Si. j;k/.x/ D Si

� 1p
pk

N�1X
`D0

cj;k
` �Z.k`/


.x/ D 1p

pk

N�1X
`D0

cj;k
` Si.�Z.k`//.x/

D 1p
pk

N�1X
`D0

cj;k
` �Z.i/.x/

1p
pi
�Z.k`/.�.x//

D 1p
pk

1p
pi

N�1X
`D0

cj;k
` �Z.ik`/.x/:

Let V0 D spanf	i W i 2 ZNg and let

W0 D spanf j;k W k 2 ZN ; 1 � j � N � 1g:

We have shown V0 ?W0. We now define

W1 D spanfSi. j;k/ W i; k 2 ZN ; 1 � j � N � 1g:

A straightforward calculation shows that fSi. j;k/ W i; k 2 ZN ; 1 � j � N � 1g is
an orthonormal set of functions.

We prove now that .V0 ˚W0/ ?W1:

Let us first fix pairs .j; k/ and .j0; k0/ with k; k0 2 ZN and 1 � j; j0 � N � 1: Fix
i 2 ZN : Then

Z
KN

Si. j;k/.x/ j0;k0.x/d� D 1p
pi

Z
KN

h 1p
pk

N�1X
`D0

cj;k
` �Z.ik`/.x/

i
 j0;k0.x/ d�

D 1p
pi

Z
KN

h 1p
pk

N�1X
`D0

cj;k
` �Z.ik`/.x/

i 1p
pk0

N�1X
`0D0

cj0;k0

`0 �Z.k0`0/.x/d�

D 1p
pi

1p
pkpk0

Z
KN

N�1X
`D0

N�1X
`0D0

ıi;k0ık;`0cj;k
` cj0;k0

`0 �Z.ik`/.x/d�

D 1p
pi

1p
pkpk0

Z
KN

N�1X
`D0
ıi;k0cj;k

` cj0;k0

k �Z.ik`/.x/d�D 1p
pi

pipkıi;k0

1p
pkpk0

N�1X
`D0

cj;k
` cj0;k0

k p`

D 1p
pi

pipkıi;k0cj0;k0

k

1p
pkpk0

N�1X
`D0

cj;k
` p` D 0;

since
PN�1

`D0 cj;k
` p` D 0 for 1 � j � N � 1:
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It follows that

W0 ?W1:

We now show that V0 ?W1: Fix i 2 ZN . Let i0; k 2 ZN and fix j 2 f1; 2; � � � ;N�1g:
Then:

h	i; Si0. j;k/i D 1p
pi

Z
KN

�Z.i/.x/
1p
pi0

1p
pk

N�1X
`D0

cj;k
` �Z.i0k`/.x/d�

D 1p
pipi0

1p
pk

N�1X
`D0

Z
KN

�Z.i/.x/c
j;k
` �Z.i0k`/.x/d�

D 1p
pipi0pk

ıi;i0

N�1X
`D0

Z
KN

cj;k
` �Z.i0k`/.x/d�

D ıi;i0
1p

pipi0pk

N�1X
`D0

cj;k
` pi0 pkp`

D ıi;i0
1p

pipi0pk
pi0 pk

h N�1X
`D0

cj;k
` p`

i
:

In order for this value to have a chance of being nonzero we need i D i0. But even if
that happens we get:

h	i; Si. j;k/i D pk

h 1p
pk

N�1X
`D0

cj;k
` p`

i
D ppk � hcj;k; .1; 1; � � � ; 1/iCN ;

which is equal to 0 for j 2 ZNnf0g: Thus V0 is orthogonal to W1.
We now prove by induction that if for every n 	 0 we define

Wn D spanfSw. j;k/ W w is a word of length n; k 2 ZN and 1 � j � N � 1g;

then for all n 	 0;

WnC1 ?
h
V0 ˚

nM
kD0

Wk

i
:

We have proven this for n D 0 directly. We now assume it is true for ` D n and prove
it is true for ` D nC1; i.e. let us prove that WnC2 is orthogonal to ŒV0˚LnC1

kD0Wk�:

We first note that if w is a word of length nC 2 and w0 is a word of length s where
1 � s � n C 1; and if k; k0 2 ZN and 1 � j; j0 � N � 1; then there are unique
i; i0 2 ZN such that
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hSw. j;k/; Sw0. j0;k0/iL2.KN ;�/ D hSiSw1 . j;k/; Si0Sw0

1
. j0;k0/iL2.KN ;�/:

where w1 is a word of length nC1 and w01 is a word of length s�1 for 0 � s�1 � n:
This then is equal to

hSw1 . j;k/; S
�
i Si0Sw0

1
. j0;k0/iL2.KN ;�/I

since Si. /.w/ D �Z.i/.x/p
�1=2
i  .�.x//, one can check that

S�i . /.w/ D p1=2i  .iw/:

It follows that S�i Si0 D ıi;i0 I. If i D i0 so that S�i Si0 D I; we obtain:

hSw. j;k/; Sw0. j0;k0/iL2.KN ;�/ D hSw1 . j;k/; Sw0

1
. j0;k0/iL2.KN ;�/;

which is equal to 0 by the induction hypothesis.
Thus, in either case,

WnC2 ?
h nC1M

kD1
Wk

i
:

Now suppose  j;k 2W0, w is a word of length nC 2, k0 2 ZN and 1 � j0 � N � 1:
Then,

h j;k; Sw. j0;k0/iL2.KN ;�/ D h
1p
pk

N�1X
`D0

cj;k
` �Z.k`/; Sw. j0;k0/iL2.KN ;�/:

Write w D i1i2 � � � inC1inC2. Then

Sw.�Z.k0`0// D Si1Si2 : : : SinC2
.�Z.k0l0// D 1QnC2

vD1
p

piv

�Z.i1i2���inC1inC2k0`0/;

so that

h 1p
pk

N�1X
`D0

cj;k
` �Z.k`/; Sw. j0;k0/iL2.KN ;�/

D 1QnC2
vD1
p

piv

1p
pkpk0

N�1X
`D0

N�1X
`0D0
hcj;k
` �Z.k`/; cj0;k0

`0 �Z..i1i2���inC1inC2k0`0/iL2.KN ;�/



Wavelets and Graph C�-Algebras 59

D 1QnC2
vD1
p

piv

1p
pkpk0

N�1X
`D0

N�1X
`0D0

ık;i1ı`;i2hcj;k
` �Z.k`/; cj0;k0

`0 �Z..i1i2���inC1inC2k0`0/iL2.KN ;�/

D 1QnC2
vD1
p

piv

ık;i1
1p

pkpk0

N�1X
`0D0
hcj;k

i2
�Z.ki2/; cj0;k0

`0 �Z.i1i2���inC1inC2k0`0/iL2.KN ;�/:

This quantity will only be nonzero if k D i1; in this case we get:

h j;k; Sw. j0;k0/iL2.KN ;�/ D
1QnC2

vD1
p

piv

1p
pi1pk0

N�1X
`0D0
hcj;i1

i2
�Z.i1i2/; cj0;k0

`0 �Z..i1i2���inC1inC2k0`0/iL2.KN ;�/

D 1QnC2
vD1
p

piv

1p
pi1pk0

N�1X
`0D0

Z
KN

cj;i1
i2

cj0;k0

`0 �Z.i1i2/.x/�Z..i1i2���inC1inC2k0`0/.x/d�

D 1QnC2
vD1
p

piv

p
pk0

1p
pi1

� nC2Y
vD1

piv


cj;i1

i2

N�1X
`0D0

cj0;k0

`0 p`0

D
p

pk0

p
pi1

cj;i1
i2

� nC2Y
vD1

p
piv

 N�1X
`0D0

1 � cj0;k0

`0 p`0 D 0:

So in all cases, h j;k; Sw. j0;k0/iL2.KN ;�/ D 0, and we have WnC2 ?W0:

Finally, we want to show that WnC2 ? V0: Let 	k 2 V0 be fixed and let
Sw. j0;k0/ 2 WnC2 for w D i1i2 � � � inC2 a word of length n C 2 and k0 2 ZN ; j0 2
f1; 2; � � � ;N � 1g: Then

h	k; Sw. j0;k0/iL2.KN ;�/ D
1p
pk

Z
KN

�Z.k/

� nC2Y
vD1

1p
piv

 1p
pk0

N�1X
`D0

cj0;k0

` �Z.i1i2���inC1inC2k0`/d�

D 1p
pkpk0

� nC2Y
vD1

1p
piv


ık;i1

Z
KN

N�1X
`D0

cj0;k0

` �Z.i1i2���inC1inC2k0`/d�

D 1p
pkpk0

� nC2Y
vD1

1p
piv


ık;i1

h nC2Y
vD1

piv

i
pk0

N�1X
`D0

cj0;k0

` p`
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D ık;i1
1p
pk

p
pk0

h nC2Y
vD1

p
piv

i N�1X
`D0

1 � cj0;k0

` p` D 0:

It follows that WnC2 ? V0; and we have proved the desired result by induction. ut
Remark 3.9 Notice that the proof of Theorem 3.8 also extends to any other measure
with shift operators having constant Radon-Nykodym derivative on cylinder sets.

4 C�-Algebras Corresponding to Directed Graphs and
Higher-Rank Graphs

4.1 Directed Graphs, Higher-Rank Graphs, and C�-Algebras

A directed graph E consists of a countable collection of vertices E0 and edges E1

with range and source maps r; s W E1 ! E0. We view an edge e as being directed
from its source s.e/ to its range r.e/. A path is a string of edges e1e2 : : : en where
s.ei/ D r.eiC1/ for i D 1; 2; : : : ; n � 1. The length of a path is the number of edges
in the string. As mentioned in the introduction, the graph C�-algebra C�.E/ is the
universal C�-algebra generated by a set of projections fpv W v 2 E0g and a set of
partial isometries fse W e 2 E1g that satisfy the Cuntz-Krieger relations. (These are
relations (CK1)–(CK4) in (21) below).

Higher-rank graphs, also called k-graphs, are higher-dimensional analogues of
directed graphs. By definition, a higher-rank graph is a small category ƒ with a
functor d from the set ƒ of morphisms to N

k satisfying the factorization property
: if d.�/ D mC n, then there exist unique ˛; ˇ 2 ƒ such that d.˛/ D m, d.ˇ/ D n,
and � D ˛ˇ.2 Note that we write fe1; : : : ; ekg for the standard basis of Nk. We often
call a morphism � 2 ƒ a path (or an element) in ƒ, and call ƒ0 WD d�1.0/ the set
of vertices of ƒ; then the factorization property gives us range and source maps
r; s W ƒ! ƒ0. For v;w 2 ƒ0 and n 2 N

k, we write

vƒnw WD f� 2 ƒ W d.�/ D n; r.�/ D v; s.�/ D wg:

Thus � 2 vƒnw means that �, is a path that starts at w, ends at v, and has shape n.
Given two paths �; � 2 ƒ, we can think of � as a k-cube in a k-colored graph as in
the next example.

Example 4.1 Consider the following two 2-colored graphs �1 on the left and �2 on
the right. In both graphs, the dashed edges are red and the solid edges are blue. (The
sphere-like 2-graph picture below is taken from [36] and we would like to thank

2We think of N
k as a category with one object, namely 0, and with composition of morphisms

given by addition.
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them for sharing their picture). We will explain how �1; �2 give rise to 2-graphsƒi;
the degree functor d W ƒi ! N

2 will count the number of red and blue edges in a
path � 2 ƒi.

uv

w

x

y

z

a

e

b

f

g
h

c

d

vf1
f2 e

Depending on the choice of factorization rules, these 2-colored graphs can give
rise to several different 2-graphs.

There is only one 2-graphƒ1 with the 2-colored graph �1; the factorization rules
of ƒ1 are given by

hb D df ; ha D de; gb D cf ; and ga D ce:

Note that the path hb has degree e1 C e2 D .1; 1/ 2 N
2. The factorization rule

hb D df means that the element hb D df of ƒ1 can be understood as the following
square; the 2-graph ƒ1 has four such squares (paths, or elements).

z

w

x

v
b

d

h f

However, on �2, there are two 2-graphs ƒ2 and ƒ3 associated to the 2-colored
graph �2. The factorization rules for ƒ2 are given by

f1e D ef1 and f2e D ef2:

The factorization rules for ƒ3 are given by

f1e D ef2 and f2e D ef1:

We leave it to the reader to check that both choices of factorization rules give rise
to a well-defined functor d W ƒi ! N

2 satisfying the factorization property, where
d.�/ D .m; n/ implies that the path � contains m red edges and n blue edges.

We say that ƒ is finite if ƒn is finite for all n 2 N
k and is strongly connected

if vƒw ¤ ; for all v;w 2 ƒ0. We say that k-graph has no sources if vƒei ¤ ; for
all v 2 ƒ0 and for all 1 � i � k. Note that we only consider finite k-graphs with no
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sources in this section. Define an infinite path in ƒ to be a morphism from �k to
ƒ. To be more precise, consider the set

�k WD f.p; q/ 2 N
k � N

k W p � qg:

Then �k is a k-graph with �0
k D N

k; the range and source maps r; s W �k ! N
k

given by r.p; q/ WD p and s.p; q/ WD q; and the degree functor d given by d.p; q/ D
q � p. Note that the composition is given by .p; q/.q;m/ D .p;m/ and �k has no
sources. An infinite path in a k-graph ƒ is a k-graph morphism x W �k ! ƒ and
the infinite path space ƒ1 is the collection of all infinite paths. The space ƒ1 is
equipped with a compact open topology generated by the cylinder sets fZ.�/ W � 2
ƒg, where

Z.�/ D fx 2 ƒ1 W x.0; d.�// D �g:

For p 2 N
k, there is a shift map �p on ƒ1 given by �p.x/.m; n/ D x.mC p; nC p/

for x 2 ƒ1. For more details on the above constructions, see Section 2 of [35].
For each 1 � i � k, we write Ai for the vertex matrices for ƒ, where the

entries Ai.v;w/ are the number of paths from w to v with degree ei. Because of
the factorization property, the vertex matrices Ai commute, and if ƒ is strongly
connected, Lemma 4.1 of [26] establishes that there is a unique positive normalized
Perron-Frobenius eigenvector for the matrices Ai. The Perron-Frobenius eigenvector
xƒ is the unique vector xƒ 2 .0;1/jƒ0j with `1-norm 1 which is a common
eigenvector of the matrices Ai. It is well known now (see [26] Theorem 8.1) that for
a strongly connected finite k-graph ƒ, there is a unique Borel probability measure
M on ƒ1, called the Perron-Frobenius measure, such that

M.Z.�// D �.ƒ/�d.�/xƒs.�/ for all � 2 ƒ; (20)

where �.ƒ/ D .�.A1/; : : : ; �.Ak//. See [26] for the construction of the measure M.
For a finite k-graph with no sources, the Cuntz-Krieger C�-algebra C�.ƒ/, often

called a k-graph C�-algebra, is a universal C�-algebra generated by a collection of
partial isometries ft� W � 2 ƒg satisfying the following Cuntz-Krieger relations:

.CK1/ftv W v 2 ƒ0g is a family of mutually orthogonal projections;

.CK2/t�t� D t�� whenever s.�/ D r.�/;

.CK3/t��t� D ts.�/ for all �; and

.CK4/ for all v 2 ƒ0 and n 2 N
k;we have tv D

X
�2vƒn

t�t��:

(21)

Also we can show that

C�.ƒ/ D spanft�t�� W �; � 2 ƒ; s.�/ D s.�/g:
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4.2 ƒ-Semibranching Function Systems and Representations
of C�.ƒ/

We briefly review the definition of aƒ-semibranching function system given in [20],
then discuss the recent results in [20].

Compare the following definition with the definition of a semibranching function
system given in Definition 3.2.

Definition 4.2 Let ƒ be a finite k-graph and let .X; �/ be a measure space. A ƒ-
semibranching function system on .X; �/ is a collection fD�g�2ƒ of measurable
subsets of X, together with a family of prefixing maps f�� W D� ! Xg�2ƒ, and a
family of coding maps f�m W X ! Xgm2Nk , such that

(a) For each m 2 N
k, the family f�� W d.�/ D mg is a semibranching function

system, with coding map �m.
(b) If v 2 ƒ0, then �v D id, and �.Dv/ > 0.
(c) Let R� D ��D�. For each � 2 ƒ; � 2 s.�/ƒ, we have R� � D� (up to a set of

measure 0), and

���� D ���a:e:

(Note that this implies that up to a set of measure 0, D�� D D� whenever s.�/ D
r.�/).

(d) The coding maps satisfy �m ı �n D �mCn for any m; n 2 N
k. (Note that this

implies that the coding maps pairwise commute.)

Remark 4.3 (1) The key condition of a ƒ-semibranching function system is the
condition (c). The immediate consequence is that D� D Ds.�/ and R� � Rr.�/

for all � 2 ƒ. Also for �; � 2 ƒ, if s.�/ D r.�/, then x 2 R�� if and only if
x 2 R� and �d.�/.x/ 2 R� .

(2) When E is a finite directed graph, the definition of an E-semibranching function
system in Definition 4.2 is not equivalent to the semibranching function system
of E in Definition 3.2. First of all, the set of domains fDe W e 2 Eg in
Definition 3.2 neither have to be mutually disjoint nor the union to be the
whole space X up to a set of measure zero. But since Definition 4.2(b) requires
that Dv D Rv for v 2 E0, the condition (a) of Definition 4.2 implies that
�.Dv \ Dw/ D �.Rv \ Rw/ D 0 for v ¤ w, and �.X n Sv2E0 Rv/ D
�.X n Sv2E0 Dv/ D 0. As seen in Remark 4.3, De D Ds.e/ for any e 2 E,
and hence �.De \ Df / D 0 if s.e/ ¤ s.f /.

(3) It turned out that the conditions of Definition 4.2 are a lot stronger than what we
expected. In particular, when we have a finite directed graph E, the conditions
of Definition 4.2 imply what is called condition (C-K) in [6]:

Dv D
[

e2Em

R� for all v 2 E0 and m 2 N
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up to a measure zero set. The condition (C-K) was assumed in Theorem 2.22
in [6] to obtain a representation of C�.ƒ/ on L2.X; �/, where a semibranching
function system is given on the measure space .X; �/.

Example 4.4 Let ƒ be a strongly connected finite k-graph. As seen before, there is
a Borel probability measure M on ƒ1 given by the formula of (20). To construct
a ƒ-semibranching function system on .ƒ1;M/, we define, for � 2 ƒ, prefixing
maps �� W Z.s.�//! Z.�/ by

��.x/ D �x;

where we denote by y WD �x the unique infinite path y W �k ! ƒ such that
y..0; d.�/// D � and �d.�/.y/ D x.

For m 2 N
k we define the coding maps �m W ƒ1 ! ƒ1 by

�m.x/ D x.m;1/:

Then f��g�2ƒ with f�mgm2Nk form aƒ-semibranching function system on .ƒ1;M/
as shown in Proposition 3.4 of [20].

When a k-graphƒ is finite and has no sources, one of the main theorems of [20],
Theorem 3.5, says that the operators S� associated to a ƒ-semibranching function
system on a measure space .X; �/ given by

S�.x/ WD �R�.x/.ˆ��.�
d.�/.x///�1=2.�d.�/.x// (22)

generate a representation of C�.ƒ/ on L2.X; �/, where

ˆ�� D
d.� ı ��/

d�

is positive a.e. on D�.
In addition, if we have a strongly connected finite k-graph ƒ, then the ƒ-

semibranching function system of Example 4.4 on the Borel probability measure
space .ƒ1;M/ gives rise to a representation of C�.ƒ/ on L2.ƒ1;M/ which is
faithful if and only if ƒ is aperiodic. (See Theorem 3.6 of [20]).

Moreover, if the vertex matrices Ai associated to a strongly connected finite k-
graph ƒ are all f0; 1g-matrices, then we can construct ƒ-semibranching function
systems on a fractal subspace X of Œ0; 1�. In particular, let N D jƒ0j and label the
vertices of ƒ by the integers, 0; 1; : : : ;N � 1. Let �.A/ denote the spectral radius
of the product A WD A1 : : :Ak. Then consider the embedding ‰ W ƒ1 ! Œ0; 1�

given by interpreting the sequence of vertices of a given infinite path as an N-
adic decimal. Then X D ‰.ƒ1/ is a Cantor-type fractal subspace of Œ0; 1� and
the Hausdorff measure � on X is given by the Borel probability measure M on ƒ1
via‰. The prefixing maps f��g and coding maps f�d.�/g on .X; �/ are induced from
the prefixing maps f��g and coding maps f�mg on .ƒ1;M/ given in Example 4.4.
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Moreover, if s denotes the Hausdorff dimension of X, we have

Nks D �.A/; and s D 1

k

ln �.A/

ln N
:

See Section 3.2 of [20] for further details.

5 Wavelets on L2.ƒ1; M/

Let ƒ be a strongly connected finite k-graph. As seen in the previous section, there
is a Borel probability measure M on the infinite path spaceƒ1 given by, for � 2 ƒ,

M.Z.�// D �.ƒ/�d.�/xƒs.�/;

where �.ƒ/ D .�.Ai//1�i�k and xƒ is the unimodular Perron-Frobenius eigenvector
of ƒ. We now proceed to generalize the wavelet decomposition of L2.ƒ1;M/
that we constructed in Section 4 of [20]. In that paper, we built an orthonormal
decomposition of L2.ƒ1;M/, which we termed a wavelet decomposition, follow-
ing Section 3 of [41]. Here, our wavelet decomposition is constructed by applying
(some of) the operators S� of Example 4.4 and Equation (22) to a basic family
of functions in L2.ƒ1;M/. Instead of choosing the finite paths � whose degrees
are associated to k-cubes, we will construct them from isometries given by paths
whose degrees are given by k-rectangles. One way to interpret our main result below
(Theorem 5.2) is to say that for any rectangle .j1; j2; : : : ; jk/ 2 N

k with no zero
entries, the cofinal set fn � .j1; j2; : : : ; jk/ W n 2 Ng � N

k gives rise to an orthonormal
decomposition of L2.ƒ1;M/.

While we can use the same procedure to obtain a family of orthonormal functions
in L2.X; �/ whenever we have a ƒ-semibranching function system on .X; �/, we
cannot establish in general that this orthonormal decomposition densely spans
L2.X; �/ – we have no analogue of Lemma 5.1 for general ƒ-semibranching
function systems. Moreover, by Corollary 3.12 of [20], every ƒ-semibranching
function system on ƒ1 with constant Radon-Nikodym derivative is endowed with
the Perron-Frobenius measure M. Thus, in this section, we restrict ourselves to the
case of .ƒ1;M/. We also note that our proofs in this section follow the same ideas
found in the proof of Theorem 3.2 of [41].

For a path � 2 ƒ, let ‚� denote the characteristic function of Z.�/ � ƒ1.
Recall that M is the unique Borel probability measure onƒ1 satisfying our desired
properties. For the rest of this section, we fix a k-tuple

.j1; j2; � � � ; jk/ 2 N
k

all of whose coordinates are positive integers.
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Lemma 5.1 Let ƒ be a strongly connected k-graph and fix J D .j1; j2; : : : ; jk/ 2
.ZC/k. Then the span of the set

SJ WD f‚� W d.�/ D .n � j1; n � j2; : : : ; n � jk/ for some n 2 Ng

is dense in L2.ƒ1;M/.

Proof Let � 2 ƒ. We will show that we can write ‚� as a linear combination of
functions from SJ .

Suppose d.�/ D .m1; : : : ;mk/. Let m D minfN > 0 W N � ji � mi 	 0 for 1 �
i � kg; and let n D .m � j1;m � j2; : : : ;m � jk/ � d.�/. Let

C� D f� 2 ƒ W r.�/ D s.�/; d.�/ D ng:

In words, C� consists of the paths that we could append to � such that �� 2 SJ: if
� 2 C� then the product �� is defined and

d.��/ D d.�/C d.�/ D .m � j1;m � j2; : : : ;m � jk/:

Similarly, since d.��/ D d.��0/ D .m � j1; : : : ;m � jk/ D mJ, if x 2 Z.��/ \
Z.��0/ then the fact that x.0;mJ/ is well defined implies that

x.0;mJ/ D �� D ��0) � D �0:

It follows that if � ¤ �0 2 C�, then Z.��/ \ Z.��0/ D ;. Since every infinite path
x 2 Z.�/ has a well-defined “first segment” of shape .m � j1; : : : ;m � jk/ – namely
x.0;mJ/ – every x 2 Z.�/ must live in Z.��/ for precisely one � 2 C�. Thus, we
can write Z.�/ as a disjoint union,

Z.�/ D
G
�2C�

Z.��/:

It follows that ‚� D P
�2C�

‚��, so the span of functions in SJ includes the
characteristic functions of cylinder sets. Since the cylinder sets Z.�/ form a basis
for the topology on ƒ1 with respect to which M is a Borel measure, it follows that
the span of SJ is dense in L2.ƒ1;M/ as claimed. ut

Since the span of the functions in SJ is dense in L2.ƒ1;M/, we will show how
to decompose span SJ as an orthogonal direct sum,

span SJ D V0;ƒ ˚
1M

jD0
WJ

j;ƒ;
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where V0;ƒ will be equal to the subspace spanned by the functions f‚v W v 2 ƒ0g:
We then will construct WJ

j;ƒ for each j > 1 from the functions in WJ
0;ƒ and (some of)

the operators S� discussed in Section 3 of [20]. The construction of WJ
0;ƒ generalizes

that given in Section 4 of [20], which in turn was similar to that given in Section 3
of [41] for the case of a directed graph.

We recall from [20] that the functions f‚v W v 2 ƒ0g form an orthogonal set in
L2.ƒ1;M/; whose span includes those functions that are constant on ƒ1:

Z
ƒ1

‚v‚w dM D ıv;wM.Z.v// D ıv;wxƒv ;

and X
v2ƒ0

‚v.x/ � 1:

Thus, the set f 1p
xƒv
‚v W v 2 ƒ0g is an orthonormal set in SJ : We define

V0;ƒ WD spanf 1p
xƒv
‚v W v 2 ƒ0g:

To construct WJ
0;ƒ, let v 2 ƒ0 be arbitrary. Let

DJ
v D f� 2 ƒ W d.�/ D J and r.�/ D vg;

and write dJ
v for jDJ

vj (note that by our hypothesis that ƒ is a finite k-graph we have
dJ
v <1).

Define an inner product on C
dJ
v by

hEv; Ewi D
X
�2DJ

v

v�w��.ƒ/
.�j1;:::;�jk/xƒs.�/; (23)

and let fcm;vgdJ
v�1

mD1 be an orthonormal basis for the orthogonal complement of
.1; : : : ; 1/ 2 C

dJ
v with respect to this inner product. Let c0;v be the unique vector

of norm one with respect to this inner product with (equal) positive entries that is a
multiple of .1; : : : ; 1/ 2 C

dJ
v : Thus, fcm;vgdv�1mD0 is an orthonormal basis for CdJ

v :

We explain the importance of .1; : : : ; 1/ 2 C
dJ
v further. We index the �’s in DJ

v W

DJ
v D f�1; �2; � � ��dJ

v
g:

We need to stress here that

dJ
vX

jD1
‚�j D ‚v:
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In this way, we have identified ‚v with .1; 1; � � � ; 1/ 2 C
dJ
v : (When we do

this, we identify ‚�1 with .1; 0; 0; � � � ; 0/;‚�2 with .0; 1; 0; � � � ; 0/; and ‚�
dJ
v

with

.0; 0; 0; � � � ; 1/ 2 C
dJ
v :)

Now, for each pair .m; v/ with 0 � m � dJ
v � 1 and v a vertex in ƒ0, define

f m;v D
X
�2DJ

v

cm;v
� ‚�:

Note that by our definition of the measure M on ƒ1, since for 1 � m � dJ
v � 1; the

vectors cm;v are orthogonal to .1; : : : ; 1/ in the inner product (23), we have

Z
ƒ1

f m;v dM D
X
�2DJ

v

cm;v
� M.Z.�//

D
X
�2DJ

v

cm;v
� �.ƒ/.�j1;:::;jk/xƒs.�/

D 0

for each .m; v/ with m 	 1: On the other hand, if m D 0; it is easy to see that

f 0;v D
X
�2DJ

v

c0;v� ‚�

is a constant multiple of ‚v; since c0;v� D c0;v
�0 for �; �0 2 DJ

v; and
P

�2DJ
v
‚� D

‚v: Moreover, the arguments of Lemma 5.1 tell us that ‚�‚�0 D ı�;�0‚� for any
�; �0 with d.�/ D d.�0/ D .j1; : : : ; jk/. Consequently, if � 2 DJ

v; �
0 2 DJ

v0 for
v 6D v0, we have ‚�‚�0 D 0. It follows that

Z
ƒ1

f m;vf m0;v0 dM D ıv;v0

X
�2DJ

v

cm;v
� cm0;v

� M.Z.�//

D ıv;v0ım;m0

since the vectors fcm;vg form an orthonormal set with respect to the inner prod-
uct (23). Thus, the functions ff m;vg are an orthonormal set in L2.ƒ1;M/. We define

WJ
0;ƒ WD spanff m;v W v 2 ƒ0; 1 � m � dJ

v � 1g:

Note that V0;ƒ is orthogonal to WJ
0;ƒ. To see this, let g 2 V0;ƒ be arbitrary, so

g DPv2ƒ0 gv‚v with gv 2 C for all v. Then
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Z
ƒ1

f m;v0

.x/g.x/ dM D
X
v2V0

ıv0;v gv
X
�2DJ

v0

cm;v0

� M.Z.�//

D 0;

since
P

�2DJ
v

cm;v
� M.Z.�// D 0 for all fixed v; and 1 � m � dJ

v � 1. Thus, g is

orthogonal to every basis element f m;v of WJ
0;ƒ.

The basis ff m;v W v 2 ƒ0; 1 � m � dJ
v � 1g for WJ

0;ƒ generalizes the analogue
for k-graphs of the graph wavelets of [41], as described in Section 4 of [20]. As the
following Theorem shows, by shifting these functions using the operators

fS� W d.�/ D nJ for some n 2 Ng;

we obtain an orthonormal basis for L2.ƒ1;M/. Thus, each J 2 .ZC/k gives
a different family of k-graph wavelets associated to the representation of C�.ƒ/
described in Theorem 3.5 of [20].

Theorem 5.2 (Compare to Theorem 4.2 of [20]) Let ƒ be a strongly connected
finite k-graph and fix J 2 .ZC/k. For each fixed j 2 N

C and v 2 ƒ0; let

CJ
j;v WD f� 2 ƒ W s.�/ D v; d.�/ D jJg;

and let S� be the operator on L2.ƒ1;M/ described in Theorem 3.5 of [20]; for
 2 L2.ƒ1;M/,

S�.x/ D ‚�.x/�.ƒ/
d.�/=2.�d.�/.x//:

Then

fS�f m;v W v 2 ƒ0; � 2 CJ
j;v; 1 � m � dJ

v � 1g

is an orthonormal set. Moreover, if � 2 CJ
j;v; � 2 CJ

i;v0 for 0 < i < j; we have

Z
ƒ1

S�f m;vS�f m0;v0 dM D 0 for 1 � m;m0 � dJ
v � 1:

It follows that defining

WJ
j;ƒ WD spanfS�f m;v W v 2 ƒ0; � 2 CJ

j;v; 1 � m � dJ
v � 1g;

for j 	 1, we obtain an orthonormal decomposition

L2.ƒ1;M/ D span SJ D V0;ƒ ˚
1M

jD0
WJ

j;ƒ:
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Proof We first observe that if s.�/ D v, then

S�f m;v D
X
�2DJ

v

cm;v
� �.ƒ/d.�/=2‚��;

because the Radon-Nikodym derivatives ˆ�� are constant on Z.s.�// for each � 2
ƒ, thanks to Proposition 3.4 of [20]. In particular, if d.�/ D 0, then S�f m;v D f m;v .
Thus, if d.�/ D d.�0/ D .j � j1; : : : ; j � jk/, the factorization property and the fact that
d.��/ D d.�0�0/ D ..jC 1/ � j1; : : : ; .jC 1/ � jk/ for every � 2 DJ

s.�/; �
0 2 DJ

s.�0/

implies that

‚��‚�0�0 D ı�;�0ı�;�0 for all � 2 DJ
s.�/; �

0 2 DJ
s.�0/:

In particular, S�f m;vS�0 f m0;v0 D 0 unless � D �0 (and hence v D v0). Moreover,

Z
ƒ1

S�f m;vS�f m0;v dM D
X
�2DJ

v

cm;v
� cm0;v

� �.ƒ/d.�/M.Z.��//

D
X
�2DJ

v

cm;v
� cm0;v

� �.ƒ/�d.�/xƒs.�/

D ım;m0 ;

by the definition of the vectors cm;v
� , since d.�/ D .j1; j2; : : : ; jk/ for each � 2 DJ

v .

Now, suppose � 2 CJ
1;v . Observe that S�f m;vf m0;v0 is nonzero only when v0 D

r.�/, and also that

.S�f m;v/.x/f m0;v0

.x/ D
X
�2DJ

v

cm;v
� �.ƒ/d.�/=2‚��.x/

X
�02DJ

v0

cm0;v0

�0 ‚�0.x/:

Note that ‚��.x/‚�0.x/ ¤ 0 if x D ��y D �0y0 for some y; y0 2 ƒ1, and � 2 CJ
1;v

implies d.�/ D J D d.�0/. So the factorization property implies that �0 D �, and
hence we obtain

Z
ƒ1

S�f m;vf m0;v0 dM D
X
�2DJ

v

cm;v
� cm0;v0

� �.ƒ/d.�/=2M.Z.��//

D cm0;v0

� �.ƒ/�d.�/=2
X
�2DJ

v

cm;v
� �.ƒ/�d.�/xƒs.�/

D 0:

Thus, WJ
0;ƒ is orthogonal to WJ

1;ƒ.
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In more generality, suppose that � 2 CJ
j;v; �

0 2 CJ
i;v0 ; j > i 	 1. We observe that

S�f m;vS�0 f m0;v0 is nonzero only when � D �0� with � 2 CJ
j�i;v , so we have

S�f m;vS�0 f m0;v0 D S�0.S� f
m;v/S�0 f m0;v0

:

Consequently,

Z
ƒ1

S�f m;vS�0 f m0;v0 dM D
Z
ƒ1

S�0.S� f
m;v/S�0 f m0;v0 dM

D
Z
ƒ1

.S� f
m;v/S�

�0S�0 f m0;v0 dM

D
Z
ƒ1

.S� f
m;v/f m0;v0 dM

D
X
�2DJ

v

cm;v
� cm0;v0

� �.ƒ/d.�/=2M.Z.��//

D cm0;v0

� �.ƒ/�d.�/=2
X
�2DJ

v

cm;v
� �.ƒ/�d.�/xƒs.�/

D 0:

Thus, the sets WJ
j;ƒ are mutually orthogonal as claimed.

We now need to show that L2.ƒ1;M/ D V0;ƒ ˚L1jD0WJ
j;ƒ: We will do this by

showing that

SJ � V0;ƒ ˚
1M

jD0
WJ

j;ƒ:

We first note that if � 2 ƒ and d.�/ D .j1; j2; � � � ; jk/; then‚� 2 V0;ƒ˚L1jD0WJ
j;ƒ:

Let r.�/ D v; so that � 2 DJ
v: Write � D �i for some specific i 2 f1; 2; � � � ; dJ

vg:
We identify ‚�i with .0; 0; : : : ; 1.in ith spot/; 0; 0; : : : ; 0/ D ei 2 C

dJ
v :

As we observed above, identifying ‚�i with ei induces an isomorphism between
the (finite-dimensional) Hilbert spaces

spanf‚�1; ‚�2 ; � � � ; ‚�
dJ
v
g � L2.ƒ1;M/

and C
dJ
v equipped with the inner product (23). By using this isomorphism, we can

identify the function f m;v D PdJ
v

iD1 cm;v
�i
‚�i ; with the vector .cm;k

�i
/i 2 C

dJ
v . This

identification allows us to write
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‚�i D Ch‚�i ; c
0;vi‚v C

dJ
v�1X

mD1
h‚�i ; f

m;vif m;v

for some C 2 C, using the orthonormality of the basis fcm;vgdj
v�1

mD0 . In other words,
‚�i 2 V0;ƒ ˚WJ

0;ƒ. It follows that ‚� 2 V0;ƒ ˚WJ
0;ƒ for all � 2 ƒ such that

d.�/ D .j1; j2; � � � ; jk/:
We now assume that for 1 � j � m; if � 2 ƒ and d.�/ D jJ; then for any vertex

w 2 ƒ0,

S�.‚w/ 2 V0;ƒ ˚
m�1M
jD0

WJ
j;ƒI and (24)

‚� 2 V0;ƒ ˚
m�1M
jD0

WJ
j;ƒ: (25)

We have already established the base case m D 1:
Let us use induction to show that if �0 2 ƒ and d.�0/ D .mC 1/J; then

‚�0 2 V0;ƒ ˚
mM

jD0
WJ

j;ƒ; and S�0.‚w/ 2 V0;ƒ ˚
mM

jD0
WJ

j;ƒ:

Fix a vertex w 2 ƒ0: Let us calculate, using our standard formulas for our
representation of C�.ƒ/ on L2.ƒ1;M/;

S�0.‚w.x// D ‚�0.x/.�.ƒ/
d.�0/=2/‚w.�

d.�0/.x//:

We first note: for this to have any chance of being nonzero, we need x 2 Z.�0/ and
�d.�0/.x/ must be in Z.w/. In other words, s.�0/ D w. So we obtain: S�0.‚w/ is a
constant multiple of ‚�0 if w D s.�0/; and S�0.‚w/ D 0 if w 6D s.�0/:

So, assuming that w D s.�0/; we have that S�0.‚w/ is a constant multiple of
�Z.�0/ D ‚�0: Using the factorization property, now write �0 D �1�2 with s.�2/ D
s.�0/ D w and

d.�1/ D .j1; j2; � � � ; jk/

and

d.�2/ D .m � j1;m � j2; � � � ;m � jk/:

Recall

S�0 D S�1�2 D S�1S�2 :
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By our induction hypothesis,

S�2.‚w/ 2 V0;ƒ ˚
m�1M
jD0

WJ
j;ƒ:

Therefore we can write

S�2.‚w/ D g0 C
m�1X
jD0

hj;

where g0 2 V0;ƒ and hj 2WJ
j;ƒ for 0 � j � m � 1: So,

S�0.‚w/ D S�1
�

g0 C
m�1X
jD0

hj


D S�1.g0/C

m�1X
jD0

S�1.hj/:

We have proved directly that S�1.g0/ 2 V0;ƒ ˚W0;ƒ; and it follows from the
definition of WJ

j;ƒ that

S�1.hj/ 2WJ
jC1;ƒ for 0 � j � m � 1:

It follows that

S�0.‚w/ 2 V0;ƒ ˚
mM

jD0
WJ

j;ƒ:

Since S�0.‚s.�0// is a constant multiple of ‚�0; we have that

‚�0 2 V0;ƒ ˚
mM

jD0
WJ

j;ƒ;

as desired. It follows that the spanning set

SJ � V0;ƒ ˚
1M

jD0
WJ

j;ƒ;

and thus by Lemma 5.1,

L2.ƒ1;M/ D V0;ƒ ˚
1M

jD0
WJ

j;ƒ:

ut
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We now partially answer a question posed by A. Sims, who asked about the
importance of the shape .j; j; : : : ; j/ of the “cubical wavelets” introduced in [20]. As
we have now shown, we can construct wavelets of any non-trivial rectangular shape,
not only cubes. Sims also asked if there was a relationship between the dimension
of the spaces WJ

j;ƒ and the fixed rectangular shape J D .j1; : : : ; jk/. The answer is
“Not necessarily.” We recall that for v 2 ƒ0;

DJ
v D f� 2 ƒ W d.�/ D .j1; j2; � � � ; jk/ and r.�/ D vg;

and dJ
v D jDJ

vj: The dimension of the wavelet space WJ
j;ƒ is equal to

X
v2ƒ0

.dJ
v � 1/:

Since each dJ
v depends on both v 2 ƒ0 and .j1; j2; � � � ; jk/ 2 ŒNC�k, the dimensions

obviously could change with different choices of degrees. On the other hand, if you
take a degree that is ` times another degree .j1; j2; � � � ; jk/ , it would be interesting
to check whether or not the wavelet space of level 0 corresponding to `J, W`J

0;ƒ, is
equal to

`�1M
jD0

WJ
j;ƒ:

We also observe that, since ji 	 1 8 i, the factorization property implies that
every � 2 DJ

v is associated to �1 2 D.1;1;:::;1/
v , namely, � D �1�. In other words,

�1 D �.0; .1; : : : ; 1// is the initial segment of � of shape .1; : : : ; 1/. Thus, dJ
v 	

d.1;:::;1/v for all v: In fact, by mapping the basis vector ‚� 2 C
d
.1;:::;1/
v to the vector

‰� D
X

�W��2DJ
v

‚�� 2 C
dJ
v

we can transfer our orthonormal basis fcm;vgm for Cd
.1;:::;1/
v to an orthonormal set in

C
dJ
v ; then we can complete this orthonormal set to form the orthonormal basis for

C
dJ
v that we use to construct the wavelet functions f m;v .
In other words, whenever J 	 .1; 1; : : : ; 1/, not only can we form a wavelet basis

for L2.ƒ1;M/ by starting with paths of shape J, but we can use the data of the
.1; : : : ; 1/-wavelets as the foundation for the J-shape wavelets.

Example 5.3 Here we consider the example introduced in Example 4.1 (and
denoted by ƒ3 there) and compute some wavelets in this case. The corresponding
2-colored graph is given as the following;

vf1
f2 e
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and our factorization rules are:

f2e D ef1 and f1e D ef2

By these factorization rules, we see that any particular infinite path in x 2 ƒ1 can
be chosen to be of the form

efi1efi2efi3 � � � :
Setting “color 1” to be red and dashed, and “color 2” to be blue and solid, the two
incidence matrices of this 2-graph are 1 � 1 and we have .A1/ D .1/; .A2/ D .2/:

Therefore the Perron Frobenius-measure on cylinder sets is:

M.Z.e// D 1; M.Z.efi// D 1=2; M.Z.efie// D 1=2; M.Z.efiefj// D 1=4; etc;

where i; j 2 f1; 2g.
Using Theorem 3.5 of [20], we construct isometries Se; Sf1 ; and Sf2 on

L2.ƒ1;M/ satisfying

S�e Se D S�f1Sf1 D S�f2Sf2 D I;

SeS�e D Sf1S
�
f1 C Sf2S

�
f2 D I:

and finally

SeSf1 D Sf2Se and SeSf2 D Sf1Se:

Fix  2 L2.ƒ1;M/ and x � efi1efi2efi3 � � � , where ij 2 f1; 2g. Note that our
factorization rules imply that x D fi1C1efi2C1efi3C1 : : : , where the addition in the
subscript of f is taken modulo 2.

We define

Se./.x/ D �Z.e/.x/1
1=220=2.�.1;0/x/ D .efi1C1efi2C1efi3C1 � � � /I

Sf1 ./.x/ D �Z.f1/.x/1
0=221=2.�.0;1/x/ D 21=2�Z.f1/.x/.efi2C1efi3C1 � � � /I

Sf2 ./.x/ D �Z.f2/.x/1
0=221=2.�.0;1/x/ D 21=2�Z.f2/.x/.efi2C1efi3C1 � � � //:

We further calculate:

S�e ./.x/ D �Z.v/.x/1
�1=220=2.ex/ D .efi1C1efi2C1efi3C1 � � � /I

S�f1 ./.x/ D 2�1=2.f1x/ D 2�1=2.ef2efi1C1efi2C1efi3C1 � � � /I
S�f2 ./.x/ D 2�1=2.f2x/ D 2�1=2.ef1efi1C1efi2C1efi3C1 � � � /:

One can easily verify that the partial isometries satisfy the appropriate commu-
tation relations.
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We now construct wavelets for this example, using the method of Theorem 5.2.
Recall M is the Perron-Frobenius measure on ƒ1; and define 	 to be the constant
function 1 on ƒ1: Take

.j1; j2/ D .1; 1/;

and let

 D �Z.ef1/ � �Z.ef2/:

By using the main theorem of this section or direct calculation we verify that

f	g [
1[

jD0
fS�. / W � 2 ƒ; d.�/ D .j; j/g

is an orthonormal basis for L2.ƒ1;M/:

Example 5.4 In this example we describe how to construct the wavelets of this
section for the Ledrappier 2-graph introduced in [43].

The skeleton of this 2-graph is

4 3

21

h

i j

e

o

c

m

b

a

p

f

g

d

k

�

n

If we define “color 1” to be blue and solid, and “color 2” red and dashed, the
adjacency matrices are

A1 D

2
664
1 0 0 1

1 0 0 1

0 1 1 0

0 1 1 0

3
775 A2 D

2
664
1 0 1 0

1 0 1 0

0 1 0 1

0 1 0 1

3
775

Thus, there is a unique choice of factorization rules, since for each blue-red path
(of length 2) between vertices v and w, there is exactly one red-blue path of length
2 between v and w.
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For this 2-graph, one can check that �.A1/ D �.A2/ D 2 and that xƒ D
1
4
.1; 1; 1; 1/. Let J D .1; 2/I then

DJ
v1
D facc; ace; aej; aeh; dhm; dho; djb; djig:

Similarly, dJ
vi
D 8 for all i, and the inner product (19) is given by

hEx; Eyi D 1

32

8X
jD1

xjyj:

Thus, for each i, an orthonormal basis fcm;vig7mD1 for the orthogonal complement

of E1 2 C
dJ
vi is given by

c1;vi D .4;�4; 0; 0; 0; 0; 0; 0/ c2;vi D .0; 0; 4;�4; 0; 0; 0; 0/
c3;vi D .0; 0; 0; 0; 4;�4; 0; 0/ c4;vi D .0; 0; 0; 0; 0; 0; 4;�4/
c5;vi D p2.2; 2;�2;�2; 0; 0; 0; 0/ c6;vi D p2.0; 0; 0; 0; 2; 2;�2;�2/
c7;vi D .2; 2; 2; 2;�2;�2;�2;�2/:

We will not list all of the 28 functions in W0;J associated to the vectors fcm;vig;
however, we observe that

f 1;v1 D 4‚acc � 4‚aceI f 4;v1 D 4‚djb � 4‚djiI
f 5;v1 D 2p2.‚acc C‚ace �‚aeh �‚aej/:

6 Traffic Analysis Wavelets on `2.ƒ0/ for a Finite Strongly
Connected k-Graph ƒ, and Wavelets from Spectral Graph
Theory

Crovella and Kolaczyk argue in [11] that many crucial problems facing network
engineers can profitably be approached using wavelets that reflect the structure of
the underlying graph. They give axioms that such graph wavelets must satisfy and
provide some examples; Marcolli and Paolucci use semibranching function systems
to construct another example of graph wavelets in [41].

We begin this section by showing how to construct, from a ƒ-semibranching
function system, a family of wavelets on a higher-rank graph ƒ which meets the
specifications given in Section IV.A of [11]. In other words, our wavelets gm;J of
Section 6.1 are orthonormal functions supported on the vertices ƒ0 of the k-graph
ƒ, which have finite support and zero integral. We thus hope that these wavelets will
be of use for spatial traffic analysis on k-graphs, or, more generally, on networks
with k different types of links.
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In a complementary perspective to the graph wavelets discussed in [11], Ham-
mond, Vandergheynst, and Gribonval use the graph Laplacian in [22] to construct
wavelets on graphs. We show in Section 6.2 how to extend their construction to
higher-rank graphs, and we compare the wavelets thus constructed with the wavelets
from Section 5 and Section 6.1.

6.1 Wavelets for Spatial Traffic Analysis

Suppose that ƒ is a finite strongly connected k-graph. Fix v 2 ƒ0 once and for all;
for every vertex w 2 ƒ, fix a “preferred path” �w 2 vƒw. We will use the Perron-
Frobenius eigenvector xƒ ofƒ, and the vector �.ƒ/ 2 .0;1/k of eigenvalues of the
adjacency matrices Ai, to construct our traffic analysis wavelets.

For each J 2 N
k, let

DJ D f� 2 vƒ W d.�/ D J and � D �s.�/g:

Observe that DJ might be empty. We will assume that we can (and have) chosen our
preferred paths �w so that, for at least one J 2 N

k, jDJj 	 2.

If jDJj 	 2, define an inner product on C
DJ by

hEv; Ewi D
X
�2DJ

v�w��.ƒ/
�Jxƒs.�/ (26)

and let f.cm;J
� /�2DJ gjDJ j�1

mD1 be an orthonormal basis for the orthogonal complement of
.1; : : : ; 1/ 2 C

DJ with respect to this inner product.

Define a measure Q� on ƒ0 by a variation on counting measure: if E � ƒ0, set

Q�.E/ D
X
w2E

�.ƒ/�d.�w/xƒw :

For each .m; J/ with J 2 N
k, jDJj > 1, and m � jDJj � 1, define gm;J 2 L2.ƒ0; Q�/

by

gm;J.w/ D
(
0; d.�w/ 6D J

cm;J
�w
; d.�w/ D J

Since the vectors cm;J are orthogonal to .1; : : : ; 1/ in the inner product (26), we have

Z
ƒ0

gm;J d Q� D
X

w2ƒ0
gm;J.w/ Q�.w/
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D
X

wW�w2DJ

cm;J
�w
�.ƒ/�Jxƒw

D 0

for each .m; J/. Moreover, if gm;J.w/gm0;J0

.w/ 6D 0, we must have d.�w/ D J D J0;
it follows that

Z
ƒ0

gm;Jgm0;J0 d Q� D ıJ;J0

X
wW�w2DJ

cm;J
�w

cm0;J
�w
�.ƒ/�Jxƒw

D ıJ;J0ım;m0

since the vectors fcm;Jg form an orthonormal set with respect to the inner prod-
uct (26).

In other words, fgm;Jgm;J is an orthonormal set in L2.ƒ0; Q�/. However, we observe
that the wavelets gm;J will not span L2.ƒ0; Q�/; at most, we will have jƒ0j�1 vectors
gm;J , which occurs when all the preferred paths �w are in the same DJ . In this case,
fgm;Jgm[ff g is an orthonormal basis for L2.ƒ0; Q�/, where f is the constant function

f .w/ D 1p Q�.ƒ0/
D .�.ƒ/J/1=2:

As an example, we consider the Ledrappier 2-graph of Example 5.4. Define v WD
v1 and observe that every vertex vi admits two paths �i 2 vƒ.1;2/vi, so we can
choose one of these for our “preferred paths” �vi WD �i. In this case, gm;J D 0

unless J D .1; 2/; if we set

c1;.1;2/ D .4;�4; 0; 0/; c2;.1;2/ D .0; 0; 4;�4/; c3;.1;2/ D p2.2; 2;�2;�2/;

then the vectors fcm;.1;2/gm form an orthonormal basis for the orthogonal comple-
ment of .1; 1; 1; 1/ with respect to the inner product

hEx; Eyi D
4X

iD1
x�i y�i�.ƒ/

.�1;�2/xƒvi
D 1

32

4X
iD1

x�i y�i :

Thus, our wavelets gm;.1;2/ are given by

g1;.1;2/.w/ D
8<
:
4; w D v1
�4; w D v2
0; else:

g2;.1;2/.w/ D
8<
:
4; w D v3
�4; w D v4
0; else:

g3;.1;2/.w/ D
�
2
p
2; w D v1 or v2

�2p2; w D v3 or v4:
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Since jƒ0j D 4 and all of the functions gm;.1;2/ are orthogonal (in L2.ƒ0; Q�/) to each
other and to the constant function f .w/ D .�.ƒ/.1;2//1=2 D 2p2, the set fgm;.1;2/gm[
ff g is an orthonormal basis for L2.ƒ0; Q�/.

6.2 Wavelets on `2.ƒ0/ Coming from Spectral Graph Theory

In this section we extend the definition of the graph Laplacian given by Hammond,
Vandergheynst, and Gribonval in [22] to define a Laplacian for higher-rank graphs.
For a graph (or k-graph) on N vertices, the (higher-rank) graph Laplacian is an N�N
positive definite matrix. While the construction of the higher-rank graph Laplacian,
given in Definition 6.1 below, differs slightly from that of the graph Laplacian of
[22], the two matrices share many of the same structural properties. Consequently,
the majority of the results from [22] apply to the higher-rank graph Laplacian as
well, with nearly verbatim proofs. Thus, we include very few proofs in this section,
instead referring the reader to [22].

There are many definitions of the graph Laplacian in the literature (cf. [2, 10, 31]);
using the graph Laplacian to construct wavelets is also common.

Our definition of the k-graph Laplacian more closely parallels those of [2, 10]
than that of [22], because the latter requires that the vertex matrix of the graph be
symmetric. While this is always the case for an undirected graph, it is rarely the case
for a k-graph, so we have chosen to define the k-graph Laplacian following the lines
indicated in [2, 10]. We observe that in the case when the vertex matrices are indeed
symmetric, the definitions in [22] and [2] of the graph Laplacian coincide.

Definition 6.1 (see [2, Definition 4.2], [10]) Let ƒ be a finite k-graph with N D
jƒ0j vertices. For each 1 � s � k, let Ns

1 D jƒes j be the number of edges of color s.
Define the incidence matrix Ms D .ms

i;j/iD1;:::;NIjD1;:::;Ns
1
, where

ms
i;j WD

8<
:
C1 if r.ej/ 6D s.ej/ and r.ej/ D vi

�1 if r.ej/ 6D s.ej/ and s.ej/ D vi

0 otherwise

We then define the Laplacian �ƒ of ƒ to be

�ƒ WD
kX

sD1
MsM

T
s :

Remark 6.2 When k D 1 and both definitions apply, Proposition 4.8 of [2] tells us
that Definition 6.1 agrees with the definition of the graph Laplacian given in [22].

Furthermore, each summand MsMT
s is a positive definite symmetric matrix; it

follows (cf. [9]) that �ƒ has an orthonormal basis of eigenvectors and that the
eigenvalues of �ƒ are all nonnegative.
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Hammond, Vandergheynst, and Gribonval point out in [22] that the graph
wavelets they describe can be viewed as arising from the graph Laplacian in
the same way that continuous wavelets arise from the one-dimensional Laplacian
operator d2=dx2. By slightly modifying the normalizations and definitions to make
them consistent with our previous formulas for the Fourier transform, we obtain that
the set of functions fe2� i!x W ! 2 Rg used to define the Fourier transform on R are
also eigenfunctions of the Laplacian d2=dx2; thus, one could interpret the inverse
Fourier transform

f .x/ D
Z
Of .!/e2� i!xd!

as providing the coefficients of f with respect to the eigenfunctions of the Laplacian.
We define the higher-rank graph Fourier transform analogously.

To be precise, let fEvigNiD1 be a basis of eigenvectors for �ƒ.
Henceforth, we assume that we have ordered the eigenvalues �1; : : : ; �N such

that

�1 � �2 � �3 � � � � �N :

The higher-rank graph Fourier transform of a function f 2 C.ƒ0/ is the function
Of 2 C.ƒ0/ given by

Of .`/ D hEv`; f i D
N0X

nD1
Ev`.n/f .n/:

The motivation for the following definition comes from the calculations in
Section 5.2 of [22]. Specific choices for wavelet kernels, and motivations for these
choices, can be found in Section 8 of the same article.

Definition 6.3 Letƒ be a finite k-graph. A wavelet kernel is a function g W R! R

such that

1. g is .M C 1/-times continuously differentiable for some M 2 N, and g.M/.0/ DW
C 6D 0;

2. On a neighborhood of 0, g is “well approximated” (as in Lemma 5.4 of [22]) by
cxM , where c D C=MŠ;

3.
R1
0

g2.x/
x dx DW Cg <1.

Given a wavelet kernel g, the k-graph wavelet operator Tg D g.�ƒ/ acts on
f 2 C.ƒ0/ by

Tg.f /.m/ D
NX
`D1

g.�`/Of .`/Ev`.m/ D
NX

`;nD1
g.�`/ Ev`.n/Ev`.m/f .n/:
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For any t 2 R we also have a time scaling Tt
g given by

Tt
g.f / D g.t�ƒ/.f / D m 7!

NX
`D1

g.t�`/Of .`/Ev`.m/:

For each k-graph wavelet operator Tg and each t 2 R we obtain a family
f g;t;ng1�n�N of higher-rank graph wavelets: If ın 2 C.ƒ0/ is the indicator
function at the nth vertex of ƒ,

 g;t;n WD Tt
gın D m 7!

NX
`D1

g.t�`/ Ev`.n/ Ev`.m/:

Proposition 6.4 ([22, Lemma 5.1]) Suppose g W R ! R is a wavelet kernel and
g.0/ D 0. Then every function f 2 C.ƒ0/ can be reconstructed from f g;t;ngt;n:

f D 1

Cg

NX
nD1

Z 1
0

h g;t;n; f i
t

 g;t;n dt:

Proof Recall that

h g;t;n; f i D
NX
`D1

 g;t;n.`/f .`/ D
NX

`;mD1
g.t�m/ Evm.`/ Evm.n/f .`/

since the eigenvectors Evm are real-valued. Thus,

NX
nD1
h g;t;n; f i g;t;n.k/ D

NX
j;`;m;nD1

f .`/g.t�m/g.t�j/ Evm.`/ Evm.n/ Evj.n/ Evj.k/

D
NX

`;mD1
f .`/g.t�m/

2 Evm.`/ Evm.k/

since the orthonormality of the eigenvectors f Evmgm implies that

h Evm; Evji D
X

n

Evm.n/ Evj.n/ D ım;j:
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It follows that

NX
nD1

Z 1
0

h g;t;n; f i
t

 g;t;n.k/ dt D
NX

`;mD1
f .`/ Evm.`/ Evm.k/

Z 1
0

g.t�m/
2

t
dt

D
X

m

Of .m/ Evm.k/
Z 1
0

g.t�m/
2

t
dt

D
X

m

Of .m/ Evm.k/
Z 1
0

g.u/2

u
du D

X
m

Of .m/ Evm.k/Cg:

The symmetry of the Fourier transform implies that f .k/ D P
m
Of .m/ Evm.k/, which

finishes the proof. ut
Our hypothesis that the wavelet kernel g be well approximated by cxM for some

M 2 N ensures that the wavelet  g;t;n is nearly zero on vertices more than M steps
away from n. In other words, the wavelets  g;t;n are localized near the vertex n. The
proof of this result is identical to that given in [22] for the case k D 1.

Proposition 6.5 ([22, Theorem 5.5]) If d.m; n/ > M, and if there exists t0 2 R such
that jg.MC1/.x/j is uniformly bounded for x 2 Œ0; t0�M�, then there exist constants
D; t00 such that for all t < minft0; t00g;

 g;t;n.m/

k g;t;nk � Dt:

Example 6.6 We now construct spectral k-graph wavelets for the Ledrappier 2-
graph of Example 5.4. Ordering the edges alphabetically, and assigning “color 1” to
the blue, solid edges and “color 2” to the red, dashed edges, we obtain

M1 D

2
664
0 1 0 0 0 0 0 �1
0 �1 1 �1 1 0 0 0

0 0 0 0 �1 0 1 0

0 0 �1 1 0 0 �1 1

3
775 M2 D

2
664
�1 0 1 0 0 0 0 0

0 0 �1 1 �1 1 0 0

1 0 0 0 1 �1 �1 0
0 0 0 �1 0 0 1 0

3
775

Thus,

�ƒ D M1M
T
1 CM2M

T
2

D

2
664
2 �1 0 �1
�1 4 �1 �2
0 �1 2 �1
�1 �2 �1 4

3
775C

2
664
2 �1 �1 0

�1 4 �2 �1
�1 �2 4 �1
0 �1 �1 2

3
775 D

2
664
4 �2 �1 �1
�2 8 �3 �3
�1 �3 6 �2
�1 �3 �2 6

3
775 :
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Computing the eigenvalues and eigenvectors (to two decimal places of accuracy),
we obtain

�1 D 0; �2 D 5:17; �3 D 10:83; �4 D 8

and

Ev1 D .1; 1; 1; 1/; Ev2 D .�0:85; 0:15; 0:35; 0:35/;
Ev3 D .�:15; 0:85;�0:35;�0:35/; Ev4 D .0; 0;�0:71; 0:71/:

Then the wavelets  g;t;n in `2.ƒ0/ are given by

 g;t;n.m/ D
4X
`D1

g.t�`/ Ev`.n/ Ev`.m/:

As in [22], one possible wavelet kernel (with N D 2) is

g.x/ WD
8<
:

x2; 0 � x � 1
�5C 11x � 6x2 C x3; 1 < x < 2

4x�2; x 	 2

Observe that g.x/ > 0 8 x > 0.
To distinguish these wavelets  g;t;n from those of Section 6.1, we observe that

(for fixed t 2 R) each of the four wavelets  g;t;n is supported on all four vertices of
the Ledrappier 2-graph.
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Part XVIII
Image and Signal Processing

Harmonic analysis has always been among the most important tools of image and
signal processing. Despite all the recent developments in machine learning and
neural networks, this is still the case and well illustrated by the present chapter.

We begin this chapter with a beautiful application of harmonic spectral methods
to cancer research, as proposed by Mark Kon and Louise Raphael. In their paper,
they adapt novel machine learning methods to regularize noisy and incomplete
information. This is an important problem, studied widely in the area of supervised
learning. To obtain their major results, Kon and Raphael utilize two types of
techniques: local averaging of feature vectors on graphs, and support vector
regression. Results are stated in the form of four main theorems, which present
the pattern of bias-variance trade-off and the existence of a unique minimum for
the estimation error in the regularization parameter. The authors also analyze the
reconstruction accuracy for functions on graphs. They illustrate the strength of their
approach on a case study in cancer genetics, with the aim of obtaining a novel
prediction of cancer metastasis.

Robert S. Rand, Ronald G. Resmini, and David W. Allen present another
fundamental example of the importance of methods arising in the context of
harmonic analysis for applications in image and signal processing. In their paper,
they analyze the intimate mixing phenomenon, which is a non-linear combination
of endmember spectra. The traditional physics-based approach is augmented here by
the use of generalized kernel fully constrained least squares optimization problems.
The result of this approach is a novel algorithm which provides a way to adaptively
estimate the mixture model most appropriate to the degree of non-linearity occurring
at a given location in a given scene. The strength of this approach is validated with
a dedicated laboratory experiment on hypespectral microscope imagery data.

In the last paper in this chapter, David A. Schug, Glenn R. Easley, and Dianne
P. O’Leary present an important application of directional representations, such as
those arising in the context of curvelets and composite wavelets, to problems in
photogrammetry and tracking. In their work, they present a novel and promising
approach to solve these problems, based on the use of wavelet and shearlet inspired
edge detection algorithms for 3-dimensional imagery data formed. The edge
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detection is then employed in the tracking methodology proposed by the authors
and described in detail in this paper. The resulting techniques are well adapted to
particular applications involving rigid motions and flat backgrounds, and perform
well under such challenges as changing light conditions.



Precise State Tracking Using Three-Dimensional
Edge Detection

David A. Schug, Glenn R. Easley, and Dianne P. O’Leary

Abstract An important goal in applications such as photogrammetry is precise
kinematic state estimation (position, orientation, and velocity) of complex moving
objects, given a sequence of images. Currently, no method achieves the precision
and accuracy of manual tracking under difficult real-world conditions. In this work,
we describe a promising new direction of research that processes the 3D datacube
formed from the sequence of images and uses edge detectors to validate position
hypotheses. We propose a variety of new 3D edge/surface detectors, including
new variants of wavelet- and shearlet-based detectors and hybrid 3D detectors
that provide computational efficiency. The edge detectors tend to produce broad
edges, increasing the uncertainty in the state estimates. We overcome this limitation
by finding the best match of the edge image from the 3D data to edge images
derived from different state hypotheses. We demonstrate that our new 3D state
trackers outperform those that only use 2D information, even under the challenge of
changing lighting conditions.

Keywords State tracking • Edge detection • Kinematic state estimation from
video • Surface detectors • Wavelet edge detectors • Shearlet edge detectors

1 Introduction

When cameras record a sequence of observations of an object moving in the field
of view, we can try to track that object precisely. Complex object motion and
complicated shape increase the difficulty of this type of tracking. Multiple target
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Fig. 1 Circular and
bowtie-shaped features on
objects to be tracked.

features on the object can be selected, as shown in Figure 1, in order to accurately
fit the geometry and represent motion through space. It is important to have enough
features to reliably represent the object and the motion, which means, for example,
additional features if the object has fins or sharp curves. Other factors, including
noise, clutter, and illumination variations, also make tracking difficult, since these
change image intensities in complicated ways. In addition, low contrast image
intensities make it difficult to discern an image feature from the background.

Very precise tracking is needed in photogrammetry, where the goal is to estimate
the three-dimensional rigid-body kinematics of objects. With precision, we are
concerned with a deviation from the target center that is relatively constant from
frame to frame. A nearly constant deviation is more precise. Estimation accuracy
will refer to the particular magnitude of deviation from a chosen standard. For real-
world data, the chosen standard will depend on how well a human can estimate the
image feature’s center point. Typical tolerances require the object state parameters
to be measurable to within one inch for Cartesian position and within one degree for
Euler rotations. Tracking in 2D image space must therefore be accurate to within
2 pixels on average. Tracking accuracy will also depend on the camera’s resolution
influenced by the distance and orientation of the image feature with respect to the
camera’s field of view, and the camera’s specific performance characteristics.

1.1 Previous Work in Tracking

Most methods that aim to estimate the kinematic state are feature-based searches
that minimize a cost function that generates the sum of squared distances between
chosen projected points and their corresponding observations from a particular
image sequence (see [24] for more details). In practice, a two-dimensional feature
tracker such as the Kanade-Lucas tracker [16] or other correlation based methods
are used to collect observations while maintaining required correspondences with
the chosen locations on the three-dimensional object.
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Good techniques for general tracking include those provided by Lee et al. [14]
and subspace methods for face tracking such as those in [1, 4] and [28]. Video-based
tracking methods such as those provided in [11, 32] and [15] are also effective.
Despite substantial progress in tracking algorithms, however, no single method has
achieved the precision of manual tracking in photogrammetry. Most approaches to
this particular kind of tracking problem have made use of edge detectors. Meaning-
ful changes in edges are the fundamental criteria for distinguishing image features
from the background. This is because the tracker can use the boundary of the feature
to precisely register its orientation and position. At first glance, this may seem to
be a complete solution to this tracking problem, but edge detectors can produce
an estimated edge that is nonuniform in thickness, making it difficult to estimate
critical attributes of the feature, such as its center and its velocity. In this work we
use the edge detector to validate position estimates rather than to infer them.

1.2 Previous Work in Edge Detection

Traditional edge detection is performed with a single image I recorded at positions
P D f.i; j/; i D 1; : : : ;m; j D 1; : : : ; ng. Given a threshold h > 0, the output of
the edge detection process is a set of edge locations PE � P and an edge image IE

defined by

IE.i; j/ D
(
1 .i; j/ 2 PE;

0 .i; j/ 2 PnPE:
(1)

Mathematically, we define

PE D fp 2 P W jrI.p/j 	 hg : (2)

The image gradient rI.p/ cannot be computed exactly, and edge detection algo-
rithms differ in how they approximate this quantity.

There are many approaches to edge detection, including one based on computing
eigenvalues of an autocovariance matrix to discover when the power spectrum of a
function is slowly decreasing [5]. Perhaps the most widely used 2D edge detector
is that due to Canny [3]. It is based on approximating the image gradient through
convolution of the image with a filter formed from the derivative of a Gaussian. The
algorithm depends on a single parameter �c, the standard deviation of the Gaussian

g�c.x; y/ D exp .�.x2 C y2/=.2�2c //; (3)

which effectively sets the scale for the smoothing of the image. The Canny algorithm
is quite fast and is effective for simple shapes if �c is tuned to the image and the noise
conditions, but this is not always possible. Figure 2 shows the results of applying
MATLAB’s edge algorithm using the Canny edge detector with various choices of
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Fig. 2 Results of MATLAB’s edge algorithm using the Canny edge detector with various choices
of sigma. The pixel values in the true image are in the range Œ0; 1�, and the standard deviation of
the added noise is 0:4.

� , to the noisy image shown in the top center. Smoothing at a single scale, i.e., with
a single value of � , makes it difficult to balance noise suppression with feature loss.

A further complication comes from choosing the correct thresholds that separate
image features from the background or noise. Often one must manually adjust
parameters until the method produces helpful results. The end result can be
acceptable, but the level of human intervention is not satisfactory for automatic
tracking applications.

A 2D wavelet edge detector [18, 19] overcomes the single-scale smoothing limi-
tation of the Canny algorithm. The wavelet transform [29] provides a representation
of an image using a set of basis functions that resolve detail at multiple scales
and thus can reveal edge information at various levels of smoothing. Very efficient
numerical implementations of the wavelet transform [17] make it practical. It can be
much more effective than the Canny algorithm for complicated shapes, but because
the wavelets are isotropic, it still has difficulty distinguishing close edges, crossing
edges, and sharp changes in edge curvature. To resolve such cases, basis functions
that have a sharp directional orientation are needed. One solution is to replace the
scalable collection of isotropic Gaussian filters g�c used in the Canny algorithm with
a family of steerable and scalable anisotropic Gaussian filters [8]

Ga1;a2;
 .x1; x2/ D a�1=21 a�1=22 R
 G.a�11 x1; a
�1
2 x2/;



Precise State Tracking Using Three-Dimensional Edge Detection 93

where a1; a2 > 0, R
 is the rotation matrix for angle 
 , and G is a Gaussian
basis function parametrized by a�11 x1 and a�12 x2: The design and implementation of
such filters is computationally involved, and the justification is essentially intuitive,
lacking theory to prescribe parameters that best capture edges.

The shearlet transform provides this theory [13]. It provides a sparse directional
representation [13, 30] key to obtaining a good edge detector. It is an invertible
transform that relies on a set of analyzing functions (directionally oriented filters)
that partition the frequency space at different scales and orientations. Knowing from
mathematical analysis how the magnitudes at the edges change in this representation
with respect to scale and shear (see [12] and [10]), a method for detecting edges
and their orientation was given in [30]. The result is an improved capability to
successfully detect subtle intensity differences and complicated object shapes.

All of these 2D methods have 3D counterparts that can be used for movies,
sequences of images. Monga and Deriche [21] developed one of the first 3D Canny
detectors, using separable Gaussians for smoothing. They applied their method to
magnetic resonance and echographic volumetric data. Monga and Benayoun [20]
extended the state of the art mathematically by using partial derivatives to treat the
3D image as a hypersurface in 4-dimensional space. They computed the curvatures
at designated edge points using the partial derivatives of the image but did not obtain
directional information. Brejl and Sonka [2] designed a directional 3D edge detector.
Weiping and Hauzhong [27] used 3D wavelets to detect cerebral vessels in magnetic
resonance angiograms (MRA). In [25] and [23], we proposed using the 3D shearlet
transform for edge/surface detection and demonstrated its advantages over other
methods in distinguishing high-curvature edges in low SNR conditions. It should be
pointed out that this early 3D shearlet-based edge detector [25] is different from the
one proposed in this work, which makes more explicit use of the analytic properties
of the shearlet transform at surfaces and edges.

We believe that edge detection is much improved by including the time dimen-
sion, so we use 3D detectors. Previously, 3D detectors for tracking have been investi-
gated in [6] and [31]. However, these are only for point features and are not suitable
for our purpose. Another breakthrough in our approach is to make use of robust
sparse and directional filtering concepts such as those provided in [6, 24], and [31].

1.3 Outline and Contributions

In Section 2, we discuss the tracking problem and the data. We then make several
contributions.

• Section 3 focusses on new 3D edge detectors.

– We develop new variants of 3D wavelet- and shearlet-based edge detection
algorithms. We present a new 3D shearlet transform algorithm that is better
suited to edge/surface detection than the version developed in [22]. This new
algorithm exploits the theory provided in [9] and contains extensions as well
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as important improvements over the algorithms developed in [30] for the
purpose of feature tracking.

– With efficiency in mind, we devise inexpensive but effective hybrids, combin-
ing results of 2D wavelet, shearlet, or Canny edge detectors on x � y, y � t,
and x � t slices, where x and y are spacial dimensions and t denotes time.

– We demonstrate the effectiveness of these edge detection algorithms, but show
that they are not adequate for precise tracking.

• In Section 4 we propose a totally new approach to tracking, using edge detectors
to validate rather than generate state hypotheses, thus avoiding the uncertainty
imposed by broad estimates of edges, and in Section 5 we demonstrate the
effectiveness of our tracking ideas.

We draw conclusions in Section 6.
The edge detection algorithms described here were used by us in [26]. MATLAB

software implementing these algorithms is available at http://www.cs.umd.edu/
users/oleary/software.

2 The Data

The tracking problem starts with an observed image sequence (movie) that captures
2D snapshot information about 3D objects moving in the camera’s field of view. We
present two test problems that illustrate some of the difficulties in tracking a single
feature from Figure 1. Tracking of multiple features can be done in parallel.

For our first test problem, a camera records a movie of a 3D ball of radius r
whose position in the sequence of 2D images describes a circular orbit at radius R
about the center pixel. Each image frame in the movie looks like a white disk on a
black background, moved via translation, with the center .xj; yj/ of the disk at time
tj, relative to the center of the image, given by

xj D bR cos.˛.tj//c; (4)

yj D bR sin.˛.tj/c; (5)

where ˛.tj/ is the angle defining the position of the object at time t.
Three frames from the resulting orbiting ball movie are shown in Figure 3. We

chose the diameter of the disk to be an odd number of pixels so that in generating
the data we can center it on the nearest pixel. The movie QI is stored in an m�m� `
array, with m2 D 1572 pixels per frame and ` D 30 frames. We generate the frames

Fig. 3 Three frames from the
orbiting ball movie.

http://www.cs.umd.edu/users/oleary/software
http://www.cs.umd.edu/users/oleary/software
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Fig. 4 Patch containing the disk (left) is inserted into a black background to create a noise-free
frame of the movie (right).

Fig. 5 Three frames from an orbiting bow-tie movie with rotation and illumination changes.

Fig. 6 Patches containing a bow-tie (left), a rotated bow-tie (middle), and a shaded rotated bow-tie
(right).

of the movie by inserting a .2r C 3/ � .2r C 3/ patch of pixels containing the disk
into a black (zero) frame of size m � m, as shown in Figure 4.

Our second test problem, with sample frames shown in Figure 5, is generated in
a similar way, but uses a bow-tie patch, shown in Figure 6 (left), that orbits about
the center of the frame but also rotates about its own center point, as illustrated
in Figure 6 (middle). To perform rotation, we remap each pixel in the patch to its
rotated position using bilinear interpolation. We also use this example to investigate
changes in illumination. This is accomplished by generating a row vector g of
increasing values in the range Œ0:05; 2� with dimension equal to that of the patch.
The illumination matrix is then defined as L D gTg. The shaded object is obtained
by elementwise multiplication of the patch P by L:

S D P: 
 L : (6)

This is performed after rotation and produces a result like that shown on the right in
Figure 6.

We assume that we know the position of the object in the first frame of the
movie. To study the robustness of our algorithms, we add white noise (independent
normally distributed samples for each pixel) to the frames. We use our methods to
estimate the position of the center of the ball or bow-tie and, for the bow-tie, its
rotation angle, as a function of time. It is useful (but more difficult) to estimate the
velocity of the object, too. In the next section we introduce 3D edge detectors that
provide an important tool in making these estimates.
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3 3D Edge Detectors

In this section we provide a brief description of how the 3D Canny, 3D wavelet, new
3D shearlet, and the new hybrid edge detectors identify edges.

The edge estimates produced by any of these algorithms can be refined by two
well-known methods discussed in standard texts. Nonmaximal suppression labels
a voxel as an element of the edge surface if its estimated gradient magnitude
is at least h and if the magnitude is greater than at least one of its neighboring
pairs. This can be applied in 3D or, to save time, in 2D, comparing each pixel
to its neighboring pairs in the compass directions N-S, E-W, NE-SW, and NW-
SE. Hysteresis thresholding identifies a voxel as a strong edge voxel if its gradient
magnitude is greater than a threshold h. It is also identified as an edge voxel if it
is connected to a strong edge and its gradient magnitude is larger than a threshold
hlow and larger than the magnitude of each of its two neighbors in at least one of the
compass directions. This, too, can be applied in 2D or 3D.

3.1 3D Canny Edge Detection

The 3D Canny algorithm (Algorithm 1) makes use of the 3D Gaussian low pass
filter

g3D
� D exp .�.x2 C y2 C t2/=.2�2//; (7)

where � is the standard deviation for the Gaussian. After convolution with this filter,
it then uses convolution with a discretization of the partial derivatives dg3D

�;x, dg3D
�;y,

and dg3D
�;t to estimate derivatives of the smoothed image sequence. It operates at a

single scale, determined by the choice of � , and produces estimates of the derivatives
at the voxel centers.

Algorithm 1 The 3D Canny Edge Detection Algorithm.

1: Input: Raw image sequence QI and parameter � .
2: Output: .rQIx;rQIy;rQIt/, estimates of the gradient for each pixel in the input.
3: Compute the smoothed sequence QIs D QI � g3D

� .
4: Compute horizontal derivative estimate rQIx D QIs � dg3D

�;x.

5: Compute vertical derivative estimate rQIy D QIs � dg3D
�;y.

6: Compute time derivative estimate rQIt D QIs � dg3D
�;t .
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3.2 3D Wavelet Edge Detection

A wavelet representation is a multiscale representation that allows us to overcome
the problem of choosing an appropriate scale parameter � . Given a function f in
L2.R3/ and an appropriate well-localized mother wavelet function  2 L2.R3/, we
define the continuous wavelet transform of f to be

W f .a; t/ D a�1
Z
R3

f .x/  
�
a�1.x � t/

�
dx;

where a > 0 and t 2 R
3. The analysis functions (wavelets) are  a;t.x/ D

a�1 
�
a�1.x � t/

�
:

If f on R
3 is smooth except for a discontinuity at x0 2 R

3, the wavelet transform
W f .a; t/ decays rapidly as a ! 0 everywhere, except where t is near x0. Hence,
the wavelet transform is able to signal the location of the singularity of f through its
asymptotic decay at fine scales.

We discretize the wavelet transform and write Q a.x/ D a�1 .�x=a/, so that
the wavelet transform can be expressed as the convolution product W f .a; t/ D
f 
 Q a.t/. As a mother wavelet, we use a Sobel-like filter (instead of the Gaussian
derivative used in Canny) to estimate the gradient and repeatedly apply a smoothing
matrix to effectively dilate Q by an amount dependent on the number of iterations
`, obtaining Q `. This means we can concisely write the implementation as f 
 Q ` for
` D 1; 2; : : : ; n`:

Stacking each plane of the filter side-by-side reveals the contents for the
horizontal, vertical, and time filters:

G3D
x D

2
40 0 0 1 0 �1 0 0 0

1 0 �1 2 0 �2 1 0 �1
0 0 0 1 0 �1 0 0 0

3
5 ; (8)

G3D
y D

2
40 1 0 1 2 1 0 1 0

0 0 0 0 0 0 0 0 0

0 �1 0 �1 �2 �1 0 �1 0

3
5 ; (9)

G3D
t D

2
40 1 0 0 0 0 0 �1 0

1 2 1 0 0 0 �1 �2 �1
0 1 0 0 0 0 0 �1 0

3
5 : (10)

After the image gradient is estimated using these filters, the wavelet edge detection
algorithm repeatedly rescales by convolving the gradient components with a
weighted average filter
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G3D
a D

2
41 1 1 1 2 1 1 1 11 2 1 2 4 2 1 2 1

1 1 1 1 2 1 1 1 1

3
5 ; (11)

choosing to save either the previous estimate or the new one, depending on which
has smaller magnitude. This is summarized in Algorithm 2. Note that notation in
the description of the algorithm emphasizes the approximate gradient aspects rather
than the wavelet aspects.

The conditional re-enforcement in steps 7 and 8 emphasizes edge locations based
on the change between adjacent scales. For both wavelets and shearlets, the local
Lipschitz regularity of a point determines the decay of the magnitude of the response
as a function of scale [7, 17]. The coefficients are likely to increase slowly with `
when the Lipschitz regularity is positive (i.e., an edge point) and increase rapidly
when the Lipschitz regularity is negative (i.e., a noise point). Thus the choice is
meant to strengthen the influence of edges and weaken the influence of noise.

Algorithm 2 The 3D Wavelet Edge Detection Algorithm.

1: Input: Raw image sequence QI and number of levels n`.
2: Output: .rQI.n`/x ;rQI.n`/y ;rQI.n`/t /, estimates of the gradient for each pixel in the input.

3: Compute the basic horizontal derivative estimaterQI.0/x D QI�G3D
x , the basic vertical derivative

estimate rQI.0/y D QI �G3D
y and the time derivative estimate rQI.0/t D QI �G3D

t .
4: for level ` D 1; : : : ; n` do
5: Compute the horizontal derivative estimate rQI.`/x D rQI.`�1/x �G3D

a .

6: Similarly, compute the vertical and time derivative estimates rQI.`/y and rQI.`/t .

7: Modify the horizontal derivative estimate rQI.`/x by choosing (for each point in P) the
minimum magnitude component from either rQI.`�1/x or from the smoothed estimate rQI.`/x .

8: Similarly, compute the vertical and time derivative estimates rQI.`/y and rQI.`/t .
9: end for

3.3 3D Shearlet Edge Detector

In shearlet analysis, we refine the wavelet analysis by, at each level, identifying
components corresponding to different regions in frequency space.

The 3D shearlet transform implementation we have developed, like the 3D
wavelet transform developed here, repeatedly rescales the gradient components, but
at each scale it also partitions the frequency domain into a number of subdomains

�
.�1; �2; �3/ j �1 2

�
�2

a
;� 1
2a

	
[
�
1

2a
;
2

a

	
;

ˇ̌
ˇ̌�2
�1
� s1

ˇ̌
ˇ̌ �
p
2a

4
;

ˇ̌
ˇ̌�3
�1
� s2

ˇ̌
ˇ̌ �
p
2a

4

)
: (12)
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Fig. 7 The support of a 3D shearlet in the frequency domain with a D 1=4 and s1 D s2 D 0 (left)
and a D 1=16, s1 D 0:5, and s2 D 0:7 (right).

Each subdomain, illustrated in Figure 7, is a pair of hyper-trapezoids, symmetric
with respect to the origin, oriented according to the slope parameters s1 and s2, and
more elongated as a! 0.

Shearlet analyzing functions are defined as

 a;s1s;2;t.x/ D j det Mas1s2 j�
1
2  .M�1as1s2 .x � t//

where

Mas1s2 D
�

a �a1=2s1 �a�1=2s2
0 a1=2 0
0 0 a1=2

�
;

and the mapping

SH f .a; s1; s2; t/ D hf ;  a;s1s;2;ti

defines the continuous shearlet transform of f for a > 0 and t 2 R3. (See [9] for
a complete description as the technical issues in the construction are extensive.)
The matrix Mas1s2 is a product of a dilation matrix dependent on a and shearing
matrices. Creating filters w3D

d;` whose frequency response produces the appropriate
hyper-trapezoidal restrictions when combined with a wavelet filtering is done by
extending the corresponding 2D filters wd;` constructed in [30]. The subscript d is
an index used to replace the dependency of the window function on s1 and s2. The
integer d ranges between 1 and nd, where nd indicates the total number of directional
components for a scale we index by `. An additional weighting correction is applied
to each w3D

d;` to guarantee that the summation of all nd components is a delta function.
The continuous shearlet transform of f can then essentially be calculated as f 

. Q ` 
 w3D

d;`/ for ` D 1; : : : ; n` and d D 1; : : : ; nd. Thus, we can extend our wavelet
transform algorithm to be a shearlet transform algorithm by doing an additional loop
with a convolution dependent on w3D

d;`.
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Let˝ be a region in R
3 with boundary denoted by @˝ and let �j, j D 1; 2; : : : ;m

be the smooth boundary segments of @˝, assumed to have positive Gaussian
curvature at every point. If B is a function that is one for every point in ˝ and
zero elsewhere, then we know from [9] that:

• If t … @˝, then

lim
a!0C

a�NSH B.a; s1; s2; s2; t/ D 0 for all N > 0:

• If t 2 @˝n[m
jD1 �j and .s1; s2/ does not correspond to the normal direction of @˝

at t, then

lim
a!0C

a�NSH B.a; s1; s2; s2; t/ D 0 for all N > 0:

• If t 2 @˝n [m
jD1 �j and .s1; s2/ D .Ns1; Ns2/ corresponds to the normal direction of

@˝ at t or t 2 [m
jD1�j and .s1; s2/ corresponds to one of the two normal directions

of @˝ at t, then

lim
a!0C

a�1SH B.a; s1; s2; t/ ¤ 0:

• If p 2 �j and .s1; s2/ does not correspond to the normal directions of @˝ at t, then

jSH B.a; s1; s2; t/j � Ca3=2:

The above result essentially says that the continuous shearlet transform of a
bounded region with piecewise smooth boundary has rapid decay everywhere,
except when the location variable t is on the surface and the shearing variables
correspond to the normal orientation, in which case it decays like O.a/ as a! 0.

Our idea is that, at each level, for each shearlet region, we reinforce components
that seem to be decaying at the proper rate by checking if the magnitude at a given
position is between ˛ and ˛�1 times the previous value. This comparison method is
a significant improvement over the simple comparison concept originally conceived
in [30] as this reduces thickening of the nominated edge points and increases
efficiency.

Our shearlet edge detection algorithm, summarized in Algorithm 3, resembles
the wavelet algorithm, but there is an inner loop at each scale that enhances the
estimated derivative magnitude when an edge aligns with a shearlet filter w3D

d;`.

3.4 3D Hybrid Wavelet and Shearlet Edge Detectors

Our experimental results show that the 3D wavelet and 3D shearlet edge detectors
are quite effective but quite expensive. Therefore, we developed 3D hybrid wavelet-
Canny and 3D hybrid shearlet-Canny edge detectors. These methods use 2D wavelet
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or 2D shearlet methods to process each image, producing estimates of the x and y
derivatives. The time derivative estimate is then taken from the 3D Canny algorithm.
We summarize this process in Algorithm 4. There may be an advantage in averaging
the Canny estimate for each horizontal and vertical derivative with the wavelet or
shearlet estimate; if not, then the algorithm can be made more efficient by omitting
the horizontal and vertical computations in the 3D Canny step.

Similarly, we developed edge detectors based on repeated use of 2D wavelet (or
shearlet) edge detectors to compute 3D estimates as shown in Algorithm 5.

All of these algorithms are economical, and some proved quite effective.

Algorithm 3 The 3D Shearlet Edge Detection Algorithm.

1: Input: Raw image sequence QI and number of levels n` and parameter ˛ 2 Œ0; 1�.
2: Output: .rQIx;rQIy;rQIt/, estimates of the gradient for each pixel in the input.
3: Compute the basic horizontal derivative estimate rQIx D QI �G3D

x .
4: Similarly, compute the basic vertical and time derivative estimates rQIy D QI �G3D

y and rQIt D
QI �G3D

t .
5: Precompute the shearing filters w3D

d;`.
6: for level ` D 1; : : : ; n` do
7: Compute the horizontal derivative estimate rQI.C1/

x D rQIx �G3D
a .

8: Similarly, compute the vertical and time derivative estimates rQI.C1/
y and rQI.C1/

t .
9: Initialize �x D �y D �t D 0:

10: for direction d D 1; : : : ; nd do
11: Add into �x any element of rQIx � w3D

d;` whose magnitude is between ˛ and ˛�1 times

rQI.C1/
x � w3D

d;`.
12: Update �y and �t similarly.
13: end for
14: Add �x to rQIx.
15: Update rQIy and rQIt similarly.
16: end for

Algorithm 4 The 3D Hybrid Wavelet-Canny (or Shearlet-Canny) Edge Detection
Algorithm.

1: Input: Raw image sequence QI and number of levels n`.
2: Output: .rQIx;rQIy;rQIt/, estimates of the gradient for each pixel in the input.
3: Compute horizontal and vertical derivative estimates rQIx and rQIy by applying the 2D wavelet

(or 2D shearlet) edge detector to each frame in the sequence QI using n` levels.
4: Compute a time derivative estimate rQIt by applying the 3D Canny edge detection algorithm

to QI.
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C2

S2

HSC HWW HSS

S3 FbF HWC

C3 W2 W3

Fig. 8 Results of edge detectors on the rotating bow-tie movie, with standard deviation of noise
0:2. The methods are denoted as Canny (C), Wavelet (W), and Shearlet (S), 2D and 3D, the original
frame (FbF), and Hybrid (H).

3.5 Performance of the Edge Detectors

To illustrate the potential of these edge detectors for tracking moving objects, we
do a simple comparison of their performance. Figs. 8, 9, and 10 show results for the
fifth frame of the rotating bow-tie movie with various noise levels. The movie frame
is labeled FbF (frame-by-frame), and the results from Canny-2D (C2), Canny-3D
(C3), Wavelet (W2 and W3), Shearlet (S2 and S3), and the hybrid algorithms (HWC,
HSC, HWW, HSS) are also shown. We see that all of the algorithms are reliable
when the SNR is high, but for low SNR, the 3D wavelet and shearlet algorithms are
most reliable. Unfortunately, the algorithms can produce very broad edge estimates
and can lose detail at sharp corners. This makes it very difficult to determine the
precise location of a feature from the raw output of the edge detectors, so next we
consider how to use this output more effectively in tracking.
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C2

S2

HSC HWW HSS

S3 FbF HWC

C3 W2 W3

Fig. 9 Results of edge detectors on rotating the bow-tie movie, with standard deviation of noise
0:6.

Algorithm 5 The 3D Hybrid Wavelet-Wavelet (or Shearlet-Shearlet) Edge Detec-
tion Algorithm.

1: Input: Raw image sequence QI and number of levels n`.
2: Output: .rQIx;rQIy;rQIt/, estimates of the gradient for each pixel in the input.
3: Apply the 2D wavelet (or 2D shearlet) edge detector to each frame (xy slice) in the sequence QI

using n` levels to obtain horizontal and vertical derivative estimates h1x D rQIx and h1y D rQIy.
4: Similarly, apply the 2D wavelet (or 2D shearlet) edge detector to each xt slice in the sequence

to obtain horizontal and time derivative estimates h2x D rQIx and h2t D rQIt.
5: Apply the 2D wavelet (or 2D shearlet) edge detector to each yt slice in the sequence to obtain

vertical and time derivative estimates h3y D rQIy and h3t D rQIt.
6: Compute derivative estimates rQIx D 1

2
.h1xC h2x/, rQIy D 1

2
.h1yC h3y/, and rQIt D 1

2
.h2tC

h3t/.
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C2

S2

HSC HWW HSS

S3 FbF HWC

C3 W2 W3

Fig. 10 Results of edge detectors on the rotating bow-tie movie, with standard deviation of noise
1:0.

4 From Edge Detection to Tracking

A tracking algorithm must determine the trajectory of the track object as it moves
from frame to frame. For simplicity, we consider translation first and discuss object
rotation later.

We tailor our algorithm to our photogrammetric application; since we have an
image of the object to be tracked, we can make use of this information to avoid any
need to identify features, and this is a significant advantage.

Assume that we are trying to determine the movement of the object between two
particular frames, frame k � 1 and frame k. Assume that the center of the object in
frame k � 1 is .i; j/. We denote the displacement as �xk in the horizontal direction
and �yk in the vertical direction and drop the subscript k when it is clear from
context. Our first approach is to perform an exhaustive search for �x and �y by
considering all possible positions of the patch of pixels defining the object, and
testing to see which trial position best matches the data from the movie. In practice,
velocity bounds can be used to limit the search, and in this study we only test integer
displacement values between �2 and 2 for i and j, giving 25 possible positions.

For each trial position, we have two sets of data: D.QI/, which is the data from
the original movie QI, and D.QIp/, where QIp is the movie QI with the kth frame replaced
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by one with the patch in its trial position. To find the correct position of the feature,
we want to minimize the difference between the two sets of data, so we use a cost
function

f .QIp/ D kD.QI/ � D.QIp/k: (13)

A natural choice of norm is the square root of the sum of squares of the elements,
but other choices are possible.

We also have a choice of the function D. The most obvious choice is D.QI/ D QI. In
this case f measures how the pixel values change when we replace the kth frame by
the patched frame. Preservation of (noisy) pixel values is not our objective, however;
we want to preserve edges. We propose, therefore, that D denote the edge image
sequence produced by one of our edge detectors. In this case, f measures how much
the edges change between the original movie and the patched movie. We generate
the patched frame in the same way we generate our test examples, by overwriting
pixels in the kth frame by the patch positioned at .iC�x; jC�y/.

If the object is also rotating, then we need to measure the cost function at various
values of �
 , the change in rotation angle since the previous frame, as well as �x
and�y. In our experiments, we tested values�
 D �2;�1; 0; 1; 2 degrees, making
a total of 125 possible positions and rotations per frame. We found that our methods
worked better if we added noise to the patch, comparable to that in the original
movie, before inserting it into the kth frame of the movie.

We summarize our tracking method in Algorithm 6. There are two important
observations to be made concerning the cost of the algorithm.

First, increasing the number of possible values of the � quantities quickly
raises the expense of the exhaustive search algorithm. More sophisticated numerical
optimization algorithms (steepest descent, Newton-like methods) can be used, but
since our functions are non-differentiable and highly nonconvex, we did not have
much success with them. One advantage of our admittedly primitive optimization
approach is that it is quite easy to parallelize.

Second, there is a very important cost savings to be made. Rather than running
the edge detector on the full image sequence, we can use a smaller submovie formed
from a limited number of frames around frame k and a limited number of pixels
within each frame, those near .i; j/, since the effects on the edge detectors due
to introducing the patch are primarily local. Making use of the submovie greatly
reduces the cost of each trial.

From the computed � values, we can compute the magnitude of the planar
velocity of the object at frame k,
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Algorithm 6 Tracking Using Edge Detection.
1: D denotes the output of one of our edge detectors.
2: Input: Image sequence QI with ` frames, noise estimate, patch P, shading vector g, and initial

patch location.
3: Output: Estimates of patch motion �x, �y, and �
 for each frame.
4: Initialize �x1 D �y1 D �
1 D 0.
5: Add noise to the patch P.
6: for k D 2 W l do
7: Record �xk D �yk D �
k D 0 as the best guess so far.
8: for d
 D �2 W 1 W 2 do
9: Rotate the patch by angle d
 : Pr D imrotate.P; d
/.

10: Compute shaded patch S D Pr: � .gT g/.
11: for dx D �2 W 1 W 2 do
12: for dy D �2 W 1 W 2 do
13: The current trial location is the patch location at frame k � 1 plus .dx; dy/.
14: Replace frame k of the image sequence QI with a frame containing the patch S at

the trial location, obtaining QIp.
15: if kD.QI/ � D.QIp/k (calculated using the relevant subimage sequence) is smaller

than all previous values for frame k then
16: Set �xk D dx, �yk D dy, and �
k D d
 .
17: end if
18: end for
19: end for
20: end for
21: Replace the patch P by rotating it by �
k.
22: end for

jvkj D
q
�x2k C�y2k ; (14)

and the direction of the planar velocity,

	k D arctan

�
�yk

�xk

�
: (15)

However, 	k is quite sensitive to errors in �xk and �yk.

5 Experimental Results

Experiments were conducted to help understand and characterize how well our edge
detectors work in tracking.

We used the difficult case of a spiraling shaded bow-tie with various amounts of
noise added. For each standard deviation of the noise, we replicated the experiment
4 times, measuring the average error in single-frame tracking for frames 2 through
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Fig. 11 Average error in position estimate (unit = pixel) for tracking a spiraling, rotating, shaded
bowtie with noise. The dotted lines indicate the minimum error for each noise level.

26. The results are shown in Figs. 11, 12, and 13. If the standard deviation of
the noise is 0:0, all of the edge detectors yielded perfect tracking. As the noise
level increased, all algorithms except Canny-2D performed quite well, but the
most reliable algorithms were Canny-3D, Wavelet-3D, Hybrid Wavelet-Canny, and
Hybrid Wavelet-Wavelet for our particular set of experiments.

6 Conclusions

We have developed new variants of 3D wavelet- and shearlet-based edge detectors
and new hybrid detectors that provide 3D information using only 2D wavelet or
shearlet transforms. We demonstrated the effectiveness of these algorithms for
edge detection. Our wavelet edge detectors try to filter noise from the gradient
estimates, while our shearlet detectors reinforce gradients that change with scale
at the expected rate. A variety of other implementations are possible, and some
may perform better than these. All of these methods could be improved by
tuning parameters and by applying standard post-processing techniques such as
nonmaximal suppression or hysteresis thresholding.



108 D.A. Schug et al.
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Fig. 12 Average error in velocity estimate (unit = pixel / frame) for tracking a spiraling, rotating,
shaded bowtie with noise.

We then developed algorithms for tracking objects moving under translation and
rotation, using edge detectors to validate position estimates. All of the methods
tested, except Canny-2D, give low error in position, velocity, and rotation angle esti-
mates in moderate noise. These methods are well adapted to particular applications
involving rigid motion and flat backgrounds.

Transformations other than translation and rotation could be included in future
work. Expansions and contractions of the patch would account for movement toward
and away from the camera. We could also allow for roll and yaw of a 3D feature
with known shape. Also, by fitting the patch to the object, our assumption of flat
background could be removed.
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Fig. 13 Average error in rotation angle estimate (unit = degree) for tracking a spiraling, rotating,
shaded bowtie with noise.
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Approaches for Characterizing Nonlinear
Mixtures in Hyperspectral Imagery

Robert S. Rand, Ronald G. Resmini, and David W. Allen

Abstract This study considers a physics-based and a kernel-based approach for
characterizing pixels in a scene that may be linear (areal mixed) or nonlinear (inti-
mately mixed). The physics-based method is based on earlier studies that indicate
nonlinear mixtures in reflectance space are approximately linear in albedo space.
The approach converts reflectance to single scattering albedo (SSA) according to
Hapke theory assuming bidirectional scattering at nadir look angles and uses a
constrained linear model on the computed albedo values. The kernel-based method
is motivated by the same idea, but uses a kernel that seeks to capture the linear
behavior of albedo in nonlinear mixtures of materials. The behavior of the kernel
method is dependent on the value of a parameter, gamma. Validation of the two
approaches is performed using laboratory data.

Keywords Nonlinear mixtures • Kernel-based methods • Single scattering
albedo • Hapke theory • Hyperspectral

1 Introduction

Much consideration has been given in the past to linear mixing models, which are
appropriate in cases where materials are presumed to be non-overlapping (areal)
and can be mathematically expressed as a linear combination spectral endmembers,
where the weights in the combination are associated with the abundances of each
material. The endmembers are spectra (hopefully) representing unique materials in
a given image such as water, soil, and vegetation. Abundances are the percentage of
each endmember within a given pixel. However, there is no reason to presume that
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such a model is appropriate in the case of intimately mixed materials that are likely
to exhibit nonlinear spectral mixing behavior. For example, granular materials, such
as soils, are often intimate mixtures of numerous different inorganic and organic
substances, where the scattering of light and other nonlinear processes occur.

The linear model is constructed as linear combination of the spectra from mul-
tiple endmembers. It is basically a statistical linear regression model that has been
posed in a number of ways with variations that impose either physical or sparseness
constraints [1–7]. Image pixels are labeled as containing one, two, or perhaps
many endmembers. Many approaches begin with a full linear model containing all
possible variables (endmembers) and subsequently eliminate variables that do not
contribute to the statistical significance (e.g., using an F-statistic) of the model [8].
Other approaches are basically step-wise regression, where the process begins with
a pair of variables (endmembers) and adds variables if they contribute significantly
to the model [6, 8].

The intimate mixing phenomenon is nonlinear. In reflectance space it involves a
nonlinear combination of spectra from multiple endmembers. An intimate mixture
model can be described by nonlinear functions, which are justified by Hapke
scattering theory [9] and photometric phase functions [10]. This approach can be
used to convert reflectance to Single Scattering Albedo (SSA). Prior results have
shown up to 30% improvement in measurements over the linear mixing model when
intimate mixtures are present [11]. Success was also achieved in efforts using a
Constrained Energy Minimization (CEM) method and other linear methods applied
to SSA data [12–14].

Kernel functions have also been introduced as a way to generalize linear
algorithms to nonlinear data [15, 16]. In the case of detection and classification
applications, kernel functions can induce high dimensional feature spaces. In these
spaces, previously non-separable classes can be made linearly separable. Thus,
linear methods can be applied in this new feature space that provides nonlinear
boundaries back in the original data space. Another example is the kernel Principal
Component Analysis (PCA) method [17]. The kernel, in this case, is not used to
induce a high dimensional space, but is used to better match the data structure
through nonlinear mappings. It is in this mode that kernels can be used to produce
nonlinear mixing results while essentially using a linear mixture model. What is
more appealing is that the physics suggests that such a method is ideal if one can
model the kernel correctly.

The drawback with the earlier kernel algorithms for classification and detection
is that they produced abundance estimates that do not meet the non-negativity
and sum-to-one constraints. This was solved by the development of a Kernel
Fully Constrained Least Squares (KFCLS) which computes kernel based abundance
estimates to meet the physical abundance constraints [18]. Further investigation of
the KFCLS method has resulted in (1) the development of a generalized kernel for
areal (linear) and intimate (nonlinear) mixtures [19] and (2) an adaptive kernel-
based technique for mapping areal and intimate mixtures [20]. The generalized
kernel and adaptive technique provides a way to adaptively estimate a mixture model
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suitable to the degree of nonlinearity that may be occurring at each pixel in a scene.
This is important because a scene may contain both areal and intimate mixtures and
we don’t always know a priori which model is appropriate on a pixel-by-pixel basis.
This situation was investigated further by Broadwater and Banerjee [21]. Building
upon this work, a study investigating the behavior of the generalized KFCLS and
adaptive kernel-based techniques was performed using both user-defined and SVDD
automatically generated endmembers [22].

Research using laboratory data recently compared the performance of the
generalized KFCLS applied to reflectance spectra with the Fully Constrained Least
Squares (FCLS) method applied to spectra converted to SSA [23]. One of the
conclusions of this effort was that similar accuracy in abundance estimates can be
achieved using the SSA-based method, but with much faster computation time.

In the current study, we further this understanding by investigating both
phenomenology-based SSA and mathematical-based kernel methods focused on
laboratory data. The laboratory experiment is performed on highly controlled data
containing pre-determined nonlinear mixtures of two materials.

2 Methodology

2.1 Fully Constrained Least Squares

The Fully Constrained Least Squares (FCLS) [7] mixing model for spectral mixtures
can be written as

x D Ea; with two constraintsW ai 	 0 and
XN

iD1ai D 1 (1)

where x is an L � 1 vector containing the spectral signature of the current image
pixel, a is an N � 1 vector containing the estimated abundances (the ith entry
represents the abundance value ai), and E is an L � N matrix containing the
endmember signatures (the ith column contains the ith endmember spectrum). The
number of endmembers in the model is denoted by N and the number of bands in
the spectra is denoted by L.

The FCLS method has been quite successful in the past for modeling linear
mixing phenomenology. For our purposes, we will be using FCLS in two ways:
The method will be used as a benchmark to compare with the proposed nonlinear
methods; and the method will also be used in one of the nonlinear approaches, where
we will apply the FCLS to spectra that has been converted to SSA, as discussed
immediately, below.
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2.2 Proposed Method 1: Fully Constrained Least Squares
(FCLS) Applied to Single Scattering Albedo Spectra

As just mentioned, previous studies indicate that intimate (nonlinear) mixtures
in reflectance space are approximately linear in albedo space. Accordingly, we
investigate this behavior by applying a linear mixing method on albedo; specifically,
by applying the FCLS method on data that’s been converted to SSA. Conversion
to SSA is described in Resmini et al. (1996) [12] and Resmini (1997) [13] (both
studies following Hapke (1993) [9]; and Mustard and Pieters (1987) [10]) assuming
the reflectance spectra are bidirectional. SSA spectra were also generated assuming
the input reflectance spectra are hemispherical-directional. The expressions to
transform reflectance spectra to SSA are given by Eqs. (2) and (3) for bi-directional
(bd) reflectance and for hemispherical-directional (hd) reflectance, respectively. In
the derivation of both expressions, phase angle is large enough that the opposition
effect is assumed negligible.

! D 1:0 �

0
B@
h
.�0 C �/2�2 C .1:0C 4:0��0�/ .1:0 � �/

i 0:5 � .�0 C �/�
.1:0C 4:0��0�/
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CA
2

(2)

! D 1:0 �
�

1:0 � �
.1:0C 2:0��/

�2
(3)

In (2) and (3), « is the single scattering albedo; � is the reflectance factor
(see Section 2.1, Hapke [9]), �0 is the cosine of the angle of incidence of the
illumination, and � is the cosine of the viewing angle. Note that one reflectance
is calculated as described previously in Section 2.1 though two different equations
are used to generate the two sets of SSA spectra.

Subsequently, we refer to this approach as simply the “SSA method.” The
conversion of reflectance spectra to SSA using (2) and (3) is very fast as compared
to the Generalized Kernel Least Squares (GKLS) method.

2.3 Proposed Method 2: Generalized Kernel Fully Constrained
Least Squares

In previous work, a kernel-based mixing model was developed by Broadwater,
Chellappa, and Banerjee [18], where the method estimates the abundances of a
mixture using the expression

ba D arg min
a

1

2

�
K .x; x/ � 2ba tK .E; x/Cba tK .E;E/ ba� ; s:t: ai 	 0; 8i (4)



Approaches for Characterizing Nonlinear Mixtures in Hyperspectral Imagery 117

whereba is the estimator for the abundance vector and E is the matrix of endmembers
and, discussed above for (1). A quadratic programming method is used to calculate
the abundance estimates and enforce the non-negativity constraint. The choice of
kernel determines how well this method will respond to different types of mixing.
Choosing the linear kernel K(x, y)D xty is ideal for modeling linear mixtures;
however, it is not a suitable kernel for intimate mixtures. A physics-inspired kernel
has also been proposed and was shown to provide significantly improved behavior
to model nonlinear mixtures [21]. The study concluded that although each kernel
provides good results for the type of mixing intended, only one kernel or the other
could be used, for either areal mixtures or intimate mixtures, but not both.

Broadwater and Banerjee further developed this approach into a generalized
method for adaptive areal and intimate mixtures [19, 20]. They attempt to simulate
Hapke theory for SSA, making use of the kernel:

K� .x; y/ D .1 � e��x/
t
.1 � e��y/ (5)

The kernel in (5) can be used for either areal or intimate mixtures through use of
the appropriate � . K� (x, y) approximates linear mixing whenever � is very small. If
� is large, then K� (x, y) approximates intimate mixing in cases when the reflectance
occurring from intimate mixing is modeled as

r D w
4 .�C �0/ Œ H .w; �/ H .w; �0/� (6)

where r is the reflectance vector, H is Chandrasekhar’s function for isotropic
scattering, w is the average single-scattering albedo vector, �0 is the cosine of the
angle of incidence, and � is the cosine of the angle of emergence [10].

The computation is similar in form to (4) except the minimization is done
according to

b� D arg min
�

1

2

�
K� .x; x/ � 2ba� tK� .E; x/Cba� tK .E;E/ ba�� ; s:t: ai 	 0; 8i

(7)

where ba� is the abundance estimate and K� (x, y) is the kernel evaluated with the
parameter � value. A numerical optimization based on the golden search method
is used to minimize (7) [24]. An implementation of this generalized method is
investigated, which we refer to as Generalized Kernel Least Squares (GKLS).

The GKLS method described by (7) at least theoretically has the ability to
respond differently to differing degrees of nonlinearity. It attempts to automate the
selection of � , seeking to minimize the model’s Root Mean Square Error (RMSE)
to select the best gamma and compute more precise estimates of abundance.

The GKLS is also very compute intensive; therefore, as an alternative to automat-
ing the selection of � , we also investigate a fixed-gamma GKLS implementation,
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where the � in (5) is chosen manually. This approach is much faster to compute;
however, it comes at the disadvantage of losing flexibility to respond to different
degrees of nonlinearity on a pixel-by-pixel basis.

3 Description of Experiment

A laboratory experiment is performed in this study to validate the proposed
approach. Two granular materials were custom fabricated and mechanically mixed
to form intimate mixtures. The materials are spherical beads of didymium glass
and soda-lime glass, both ranging in particle size from 63 �m to 125 �m. The
mixtures, which exhibit largely nonlinear spectral mixing, were then observed
with a visible/near-infrared (VNIR; 400–900 nm) hyperspectral imaging (HSI)
microscope.

In a configuration as shown in Figure 1, the glass bead mixtures were measured
using the Resonon Pika II imaging spectrometer with a Xenoplan 1.4/23-0902
objective lens [26–28]. The device is a pushbroom sensor with a slit aperture, thus
the need for a translation table to move the sample to facilitate hyperspectral image
cube formation. Though capable of acquiring 240 bands from 400 to 900 nm,
the sensor was configured to acquire 80 bands by binning (spectrally by three)
resulting in a sampling interval of 6.25 nm and high signal-to-noise ratio spectra.
The instrument is mounted nadir-looking at a mechanical translation table on which
the sample to be imaged is placed. The height of the sensor above the table is
user selectable; a height was chosen such that all mixtures are captured in the
same scene thus the data have a ground sample distance of 75 �m/pixel. Four
quartz-tungsten-halogen (QTH) lamps are used for illumination approximating a
hemispherical-directional illumination/viewing geometry. Sensor and translation
table operation, data acquisition, and data calibration are achieved by software
that runs on a laptop computer. Calibration consists of a measurement of dark
frame data (i.e., acquiring a cube with the lens cap on) and a measurement of
a polytetrafluoroethylene (PTFE) reference plaque (large enough to entirely fill
the field-of-view). Then, for each HSI cube measured, the sensor’s software first
subtracts the dark data and then uses the PTFE data (also dark subtracted) to ratio
the spectral measurements to give relative reflectance (also known as reflectance
factor: Hapke, [9] Schott [29]).

The mixtures are prepared and measured according to volume. Three binary
mixtures (and the two endmembers) are constructed and emplaced in the wells
of a 96-well sample plate: 0/100%, 25/75%, 50/50%, 80/20%, and 100/0% of
didymium/soda-lime (percentages by volume). This was done as follows: Five cells
of a 96-well sample plate, spray-painted flat black, were filled with the various
glass bead mixtures; this is shown in Figure 2. The volume of each cell is 330 �L
(0.33 mL). This is a data set with only nonlinear spectral mixing; the glass beads,
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Fig. 1 Photograph of the
VNIR HSI microscope. The
Resonon Pika II is shown
with the Xenoplan
1.4/23-0902 objective
lens [25].

Fig. 2 (Left) 35 mm digital single-lens reflex (DSLR) camera photograph of the 96-well plate
containing the glass beads. (Right) A Pika II normal color composite image (2% linear stretch of
the bands used in the red-green-blue [RGB] image). All percentages are by volume of glass bead
type indicated. Spillage onto the plate is evident in the photo on the left but not in the image on the
right. Changing the stretch of the Pika II imagery will reveal the spillage [25].

didymium, and soda-lime are translucent. Their chemical composition, densities,
and particle size range are well known. Note that the glass bead particle size range
is much larger than the VNIR wavelengths used in this analysis. The glass beads and
their mixtures display subtle, though interesting, gonioapparent changes in color.
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Fig. 3 RGB composite images of the hypercube used in the experiment trials showing in (a) the
training regions and in (b) the test regions.

Fig. 4 Mean spectra for the three endmembers (DiDy, Lime, and Dark-Background) are shown.

Although many data cubes were acquired, we focus here on the analysis of one
cube comprised of 640 samples, 500 lines, and 75 bands ranging from 434.0 nm to
885.0 nm. Of the 80 bands acquired the first 5 were discarded due to noise content.

Training and test data were extracted from the selected hyperspectral cube.
Figure 3 shows polygons defining the training and test regions drawn on top of
a Red-Green-Blue (RGB) color composite of this cube. For training, three training
endmembers are defined: DiDy (100%), Lime (100%), and Background. The spectra
within the small training polygon regions were extracted. Averages of the spectra
in the regions were used as endmember spectra for the three methods under
investigation. For purposes of testing the performance of the algorithm, five regions
were extracted, corresponding to the five mixtures 100% DiDy, 75/25% DiDy/Lime,
50/50% DiDy/Lime, 25/75% DiDy/Lime, and 0/100% DiDy/Lime. Two additional
test regions of background spectra were extracted. The training regions are shown
in Figure 3a and the test regions are shown in Figure 3b. Note that none of these test
regions overlapped the training regions. The spectra of the training endmembers are
shown in Figure 4.
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The image-derived training endmembers, as just described, are used to inves-
tigate the three methods described in Section 2: (1) FCLS applied in reflectance
space; (2) GKLS applied in reflectance space; and (3) FCLS applied in SSA space.
For the purposes of conciseness in reporting results, these methods henceforth will
be referred to as the FCLS, GKLS, and SSA methods, respectively.

Numerous factors affect the performance of the methods. Three factors affecting
the performance of all the methods are (1) the number the endmembers used in a
model; (2) how well these endmembers span the space in which the mixing occurs;
and (3) the Root Mean Square Error (RMSE) threshold for eliminating bad fits
between the observed and model-estimated spectra. In addition, the GKLS method
uses a kernel parameter “G” for � that determines the nonlinear behavior introduced
by the model’s kernel. We test the GKLS method at fixed values of � : GD 0.1, 0.5,
1.0, 2.0, 3.0, 4.0, 5.0, and 6.0, as well as the automated GKLS. For the SSA method,
performance might be affected by the type SSA conversion: Hemispherical or Bi-
Directional. If Bi-Directional, the input and output angles are other factors. In our
case, we report on the results for an SSA conversion made assuming bi-directional
reflectance with nadir input and output angles. We also tried the SSA conversions at
other angles, but we didn’t notice any noteworthy difference.

The experiment trials were made on the entire scene. Both qualitative results
(shown by pictures of the entire scene) and quantitative results (applied in the test
regions) are given.

4 Results

The results for the experiment are shown in Figs. 5, 6, and 7, as well as Tables 1 and
2. Figure 5 shows RGB Color Abundance Maps for four of the trials (Red D DiDy,
Green D Lime, Blue D Background). Qualitatively, Figure 5a, b shows poor
correspondence to the known mixtures shown in Figure 2. Figure 5c, d shows much
better correspondence to the known mixtures shown in Figure 2. The variations in
color within the discs containing the three mixtures (75/25, 50/50/ and 25/75) is
noteworthy. These variations indicate the methods are detecting notable variance
in the abundance proportions. This is in spite of the experiment goals to prepare
mixture proportions that are as uniform as possible. There is little reason to doubt
that these variations are real and that the methods (particularly, GKLS and SSA) are
responding correctly. Static clinging and other inter-particle interactions can easily
account for the clumping and variations observed.

Table 1 lists the average estimated abundances for the FCLS, GKLS, and SSA
methods in the five test regions. Figure 6 shows these results graphically. The “truth”
(actual physically measured) percent by volume of DiDy for these regions varied
slightly from the goal of 100%, 75%, 50%, 25%, and 0%. In reality, these were
measured as 100%, 78.8%, 50.5%, 24.2%, and 0% for DiDy100, DiD075, DiDy050,
DiDy025, and DiDy000, respectively. Results for the GKLS method using a fixed �
parameter of GD 0.1, GD 0.5, GD 1.0, GD 2.0, GD 3.0, GD 4.0, GD 5.0, and
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Fig. 5 RGB composite images showing Color Abundance Maps for four of the trials
(Red D DiDy, Green D Lime, Blue D Background). (a) FCLS method (Linear) and (b) GKLS
at �-parameter G D 0.1 (Linear) show poor correspondence to the known mixtures shown in
Figure 2. (c) GKLS at ”-parameter G D 5.0 (Nonlinear) and (d) SSA method (Nonlinear) show
much better correspondence to the known mixtures.

Fig. 6 A graph of the results listed in Table 1 for the FCLS, GKLS, and SSA methods is displayed.

G D 6.0 are given. This table shows FCLS to be poor at predicting the abundances
for DiDy075 (93.11% vs. 78.8%) and DiDy050 (74.97% vs. 50.5%), as well as
very poor at predicting DiDy025 (63.88% vs. 24.2%). The results of GKLS for
small gamma agree with theoretical expectations of approximately a linear model.



Approaches for Characterizing Nonlinear Mixtures in Hyperspectral Imagery 123

Fig. 7 The observed and estimated mixture spectra (averaged) of the 50/50% region using the
FCLS, GKLS, and SSA methods. The y-axis of (a) FCLS method and (b) GKLS method with
”-parameter GD 5 is in reflectance units with a range 0.0–1.0; the y-axis of (c) SSA method is in
albedo units with a range 0.0–1.0.

Specifically, the prediction of GKLS at G D 0.1 is almost exactly the same as the
FCLS method. Out of the eight gamma values tested, GKLS at G D 5.0 provides
the closest prediction for DiDy50 (49.08% vs. 50.5%) and is only slightly worse at
predicting the correct abundance than GKLS at G D 6.0.
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Table 2 Model diagnostics: The Root Mean Square Error (RMSE) results of the fit between the
estimated and observed spectral mixtures are listed for selected points in the scene.

(x, y) DiDy% FCLS GKLS GD 5 GKLS GD 6 SSA

(585,248) 100% 0.0141 0.0293 0.0369 0.0315
(400,228) 75% 0.0245 0.0244 0.0248 0.0351
(418,239) 75% 0.0183 0.0177 0.0324 0.0262
(405,251) 75% 0.0179 0.0196 0.0205 0.0255
(324,049) 50% 0.0357 0.0225 0.0222 0.0129
(313, 062) 50% 0.0359 0.0318 0.0390 0.0118
(328, 067) 50% 0.0333 0.0294 0.0533 0.0223
(223,314) 25% 0.0526 0.0380 0.0379 0.0140
(224,327) 25% 0.0495 0.0383 0.0384 0.0186
(246,330) 25% 0.0420 0.0289 0.0636 0.0121

The first column lists the location and planned percentage mix of DiDy for these points. The actual
physically measured mixes were 100%, 78.8%, 50.5%, 24.2%, and 0.0%
Bold values indicate the minimum RMSE value for each of the designated pixel locations

Figure 7 shows the observed and estimated mixture (averaged) spectra of the
50/50% region using the FCLS, GKLS, and SSA methods. Visually, we can see
both the GKLS (G D 5) and SSA methods provide a better fit as compared to the
FCLS method.

Table 2 lists the Root Mean Square Error (RMSE) of the fit between the estimated
and observed spectral mixtures for selected points in the scene. Except for DiDy
at 25% (0.242), the RMSE errors for FCLS were not considerably larger than
the errors for the other methods. Yet we know FCLS is poorly predicting the
known abundances for these samples. We conclude RMSE is not necessarily a good
indicator of a method’s accuracy to predict abundance. As far as the GKLS method
is concerned, in most cases, a � -parameter of G D 5.0 provides a better fit than
G D 6.0. Noting that G D 5 provides a better prediction of abundance as compared
to GKLS at the other values of � and also provides a smaller RMSE as compared to
GKLS at GD 6.0, we henceforth consider GD 5.0 to provide the best GKLS result.

In Tables 1 and 2, the results also show (unfortunately) the automated implemen-
tation of the GKLS method, which attempts to select the most appropriate gamma
based on achieving a minimum of the model’s RMSE, was not as successful as the
fixed gamma GKLS (G D 3, 4, 5, or 6) for estimating the correct abundance. This
automated GKLS method attempts to select the most appropriate gamma based on
achieving a minimum of the model’s RMSE. We conclude the RMSE metric seems
to respond to a mixture being linear or nonlinear, but unfortunately, it is not a reliable
metric to determine the degree of nonlinear behavior. RMSE could not be used to
achieve the most accurate estimate of abundance. Consequently, RMSE cannot be
considered effective for implementing an automated GKLS.
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5 Concluding Remarks

This study has investigated the use of a Generalized Kernel Least Squares (GKLS)
method applied to reflectance data, and a Single Scattering Albedo (SSA) method
for nonlinear mixture analysis. In the case of the SSA method, a Fully Constrained
Least Squares (FCLS) method is applied to data that has been converted from
reflectance space to SSA space. Our baseline method was the FCLS method applied
to reflectance data. Our hypothesis is that, for intimate (nonlinear) mixtures, both
of these methods will provide improved modeling and abundance estimates as
compared to the baseline FCLS method.

Overall the results for our laboratory experiment indicate the FCLS method has
a poor capability for modeling intimate mixtures. In contrast, both the GKLS and
SSA methods do a much better job. Whether or not one is better than the other is not
conclusive. However, we conclude that our hypothesis is confirmed and that both
of these methods provide a better estimate of abundance for mixtures exhibiting
nonlinearity. For the laboratory experiment of known abundance quantities, the
SSA and GKLS methods responded well to the nonlinearity present in a mixture of
materials and provided better estimates of abundance than the linear FCLS method
for the DiDy and Lime materials.

The GKLS parameter “gamma” determines the degree of nonlinear behavior
exhibited by the GKLS method and affects its accuracy for estimating abundances.
The automated GKLS method attempts to select the most appropriate gamma based
on achieving a minimum of the model’s RMSE. We conclude the RMSE metric
seems to respond to a mixture being linear and nonlinear, but unfortunately it is not
a reliable metric to determine the degree of nonlinear behavior. It could not be used
to achieve the most accurate estimate of abundance and it is not recommended as a
metric to automate the GKLS method.

For mixtures known to be nonlinear: A fixed gamma implementation of GKLS
with G D 5 or 6 provides a good estimate of abundance. The fixed gamma GKLS
and the SSA methods can be computed in approximately the same amount of
time and provide approximately the same accuracy for estimating abundances. The
automated GKLS was much slower to compute and did not achieve better accuracy.
Further work has since been performed by the authors that elaborate on these results
in an expanded study with additional experiments [30].
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An Application of Spectral Regularization to
Machine Learning and Cancer Classification

Mark Kon and Louise A. Raphael

Abstract We adapt supervised statistical machine learning methods to regular-
ize noisy unsupervised feature vectors. Theorems on two graph-based denoising
approaches taken from numerical analysis and harmonic spectral methods are
discussed. A feature vector x D .x1; : : : ; xp/ D fxqgpqD1 is viewed as a function f .q/
on its index set. This function can be regularized or smoothed using a graph/metric
structure on the index set. This smoothing can involve a penalty functional on
feature vectors analogous to those in statistical learning. Our regularization of
feature vectors is independent of their role in subsequent supervised learning tasks.
An application is given to cancer prediction/classification in computational biology.

Keywords statistical learning • kernel methods • regularization • cancer classifi-
cation

1 Introduction

Regularization of noisy and partial information is an important problem in machine
learning, studied widely in the area of supervised learning. We will use methods
parallel to such supervised regularization, to denoise (unsupervised) input feature
(data) vectors x D .x1; : : : ; xp/ using prior information. We will illustrate this by
regularizing feature vectors, using adaptations of two standard function denoising
methods, local averaging (from numerical analysis) and support vector regression
(from the theory of Tikhonov regularization).

In general the set of indices f1; : : : ; pg (the index space) of a feature vector
x D .x1; : : : ; xp/ is an ordered set without additional structure. However, in high
dimension (p >> 1) there are often helpful prior structures. If the index space is
discrete with a notion of proximity (e.g., with a metric or a graph/network structure),
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feature vectors become functions on a graph or metric structure G, often satisfying
some notions of continuity. This viewpoint can improve denoising feature vectors
and thus their subsequent classification. We give an example in gene expression
analysis for cancer classification using the set of human genes (genome) as the index
space for feature vectors. There the network structure is based on prior knowledge
of interactions of genes via their protein products’ interactions.

1.1 Machine Learning

In machine learning (ML) classification, feature vectors x D .x1; : : : ; xp/ (numbers
characterizing an object, e.g. a cancer sample) are mapped by a classification
function f .x/ into appropriate classes y D 1; : : : ; k (e.g., cancer subtypes). The
function f is learned from a training set T D .xi; yi/

n
iD1 of sample feature vectors xi

and their (correct) classes yi. This function can ultimately be tested when it is applied
to new feature vectors x, and its reliability (e.g., percentage correct) in predicting
their classes y is ascertained.

Constructing a classification function y � f .x/ for noisy and partial information
is a central problem in ML. There are two major branches: supervised learning
involves learning a class predictor function f .x/ from the examples in T above. Reg-
ularization in supervised learning chooses better f .x/ by combining the information
in T with additional prior (supervised) knowledge (e.g., that f is smooth). When a
penalty for non-adherence to this prior information (e.g., smoothness) is involved,
this is known as Tikhonov regularization [26]. Local averaging methods to enforce
continuity/smoothness of functions include kernel smoothing and local averaging

Unsupervised learning finds structure in the (unclassified) training inputs fxigniD1
themselves, with no information on their classes yi. For high dimension p such
structures can be complicated. In computational biology it is not unusual for
p D 105 indices to exist, each index representing a gene, location in the genome, or
protein.

Feature data x (e.g., gene expression level vectors) are often unreliable and
noisy, and ML classification methods have often reached limiting accuracies on
some widely studied benchmark ML datasets. We propose the use of unsupervised
regularization, incorporation of prior structural information on feature vectors x
without reference to their classes y. Some potentially useful applications involve
denoising of feature vectors x using Tikhonov and other regularization methods,
kernel smoothing, and local averaging methods adapted from those used to regular-
ize functions f W Rp ! R in supervised machine learning [9].

This approach can be used to adapt Lagrangian optimization functionals and
other inference methods from supervised learning, as well as denoising methods
in functional/numerical analysis for functions on R

p. It treats feature vectors
fxqgnqD1 as functions of their indices q, and imposes continuity and other regularity
constraints with respect to graph or other proximity measures in q. Two standard
regularization methods on R

p, local averaging and support vector regression, are
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adapted here to unsupervised methods. This produces improved feature vectors
and consequently better classification/regression using these in supervised classi-
fication tasks. We finish with an example in gene expression analysis for cancer
classification with the genome as index space for feature vectors representing gene
expression. We view noise in data as a source of complexity – feature vector
regularization denoises by seeking less complex data forms.

1.2 Approach

Our approach to unsupervised regularization of noisy feature vectors x D
.x1; : : : ; xp/ typically assumes high data dimensionality p. We assume a prior
graph (network) structure G with nodes formed by the (fixed) feature index set
V D f1; : : : ; pg. The edge weights fwqrgq;r2V are based on prior information about
the objects (e.g., genes) representing the feature index values q 2 V , and their
mutual relations. Our unsupervised regularization is a pre-processing step preparing
feature vectors that are de-noised for training in subsequent ML classification tasks
(e.g., identifying/predicting cancer subtypes). The regularization quality can be
benchmarked by accuracy of such subsequent tasks.

1.3 Prior Work

Our theorems and application are motivated by the research of a number of
mathematicians and computational biologists.

Local averaging over adjacent data locations has often been used to maximally
quench noise (variance) and minimally add bias (systematic error) to data vectors.
It has been used by computational biologists Ideker et al. [2, 12, 15] and Kasif et al.
[13] on gene expression data – see also Section 3 below.

The approach of Ideker et al. [2, 12] uses supervised methods (with known cancer
classes y combined with measured gene expression patterns x) to identify groups
of genes over which it helps to average gene expression signals xq. This involves
inputting a full training dataset (including class information) rather than just feature
vectors. Local cluster averaging (i.e., combining and averaging gene expressions)
is done using the protein-protein interaction (PPI) network. This network is a
structure with the human genes as nodes, based on chemical interactions of
their protein products. This method shows effectiveness of imposing closeness
structures on feature indices (e.g., genes), here with supervised methods. The
supervised index clusters are based on knowing classifications of tumor samples
as metastatic/nonmetastatic so as to maximally differentiate feature vectors x in the
two classes for later testing. The methods of Kasif et al. [13] used averaging based
on biochemical pathway membership of genes.
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A spectral approach to denoising gene expression was used by Rapaport and Vert
[18, 29], and Belkin [1]. The approach of [18, 29] imposed structural constraints on
gene expression feature vectors using prior known similarities in expressions among
genes, to form a graph/network structure on them. This denoised the vectors based
on smoothness constraints using spectral projections of the graph Laplacian. We will
extend this type of smoothing to other adaptations of supervised function denoising
methods.

Regularization of noisy high dimensional data has been studied widely in
the functional and numerical analysis literature; see Tikhonov [26], Vapnik [28],
Hastie and Tibshirani [9]. Kernel smoothing is standard for estimating or denoising
real valued functions f , either fully or partially defined. The estimated function’s
required level of smoothness is usually determined by a single parameter. Support
vector regression and some types of Tikhonov regularization use kernel smoothing
in a principled optimization procedure, using the kernel function K.x; y/ of a
reproducing kernel Hilbert space.

Tikhonov regularization is important in supervised statistical machine learning.
When partial information about a function f .x/ is known, the ill-posed problem
of inverting this to a unique estimate of f is solved by adding a regularization
requirement minimizing an expression in f , usually involving a norm (Vapnik [28]).
The ideas of Tikhonov were extended by Krukovskii [11], who showed that if f .x/
is fully measured after it is perturbed into a noisy version f1.x/, then regularizing
f1 can largely recover f .x/, reducing error f1 � f . This was made precise as an
asymptotic statement illustrating the proper scaling of the regularization with the
size of the error.

Tikhonov’s work on regularizing ill-posed problems was seminal and related to
both of the above methods (averaging and support vector regression). More recent
work in regularization methods based on this includes work ranging from Nashed
and Wahba [16], Cuker and Smale [4], Vapnik [28], Hastie and Tibshirani [9, 25],
Scholkopf and Smola [22], Smola and Kondor [23] to DX Zhou [31].

Our work extends some of the above seminal ideas. We illustrate the methods on
the benchmark cancer metastasis data sets of Wang et al. [30] and van de Vijver et al.
[27]. These are widely studied in computational biology as a context for supervised
learning related to cancer prediction and classification. Our example of denoising
their gene expression is based on regularization using a protein-protein interaction
(PPI) network.

1.4 Paper Contents

In Section 2 we state four major theorems on two regularization approaches (local
averaging and support vector regularization). These indicate conditions where
regularization improves denoising accuracy. We show that as the regularization
parameter (say ˛) increases, accuracy generically improves and then decreases.
For the second (support vector regression) method we also give “smoothness”
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conditions on the underlying (pre-noisy) feature vector f for it to be amenable
to regularization when contaminated by noise �g.q/. The regularization process
effectively diminishes high frequency components of the true signal f (increasing
estimation bias error) in exchange for a reduction in noise (decrease in variance
error). Proofs of two theorems are sketched.

In Section 3 we show this method for pre-processing feature vectors improves
classification accuracy in subsequent supervised learning tasks. The task is predict-
ing cancer metastasis using gene expression feature vectors, with a graph structure
on genes based on PPI. The data are from the above breast cancer studies ([27, 30]).

2 Denoising Theorems

Within the larger class of regularization methods, we will discuss here two graph-
based adaptations of standard regularization approaches for denoising functions
f W Rp ! R.

A standard numerical analysis method for denoising a (fully or partially)
measured function f .x/ (x 2 R

p) is to average (smooth) f over adjacent loca-
tions. This is done, for example, in regularization of noisy photo images using
blurring (e.g., Gaussian convolution) or penalty functional (Tikhonov) regulariza-
tions. Convolution-based regularization of functions on R

p is standard in image
processing, where blurring (softening) an image improves visual information. See
S. Geman et al [7] for regularization of images and also Coifman and Donoho [3],
Coifman [24].

On a general graph G (analogous to definitions on R
p), let f .q/ be a function

on the graph G (i.e., on its vertices q 2 V), forming a feature vector xq D f .q/.
We assume the measured values f1.q/ D f .q/ C �.q/ of f are contaminated by
variability �.q/, which can represent noise or measurement inconsistencies. Thus
f .q/ is a underlying (true) signal, with f1.q/ a measured approximation. Our goal
is a regularization R˛.f1/ of the perturbed f1 (with regularization parameter ˛), to
optimally recover f .q/. Thus we want R˛.f1/ D R˛.f /CR˛.�/ to quench error � by
minimizing R˛.�/ (reducing variance) and minimally bias (systematically change)
the original f in the regularized signal R˛.f /.

In this type of bias-variance tradeoff, the error is often U-shaped in the regu-
larization parameter ˛. For small ˛, a learning algorithm learns too many nuances
from its data. It will typically overfit and be thrown off by noise (leading to high
variance error in estimates), interpreting noise as a function signal. However it will
typically have low systematic averaged error (low bias). With large regularization ˛
a learning algorithm imports high prior information on structure of the underlying
function f .x/, and is less sensitive to noise (thus low variance) but may impose
systematic error (high bias) on resulting estimates. A good supervised learning
method properly balances this tradeoff between bias and variance, on R

p or any
proximity structure. We will discuss theorems (analogous to those for supervised
denoising on R

p) on unsupervised feature vector regularization, here assuming
graph structures on indices.
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Our theorems will present the pattern of bias-variance tradeoff, and existence
of a unique minimum for L2 estimation error in the regularization parameter. This
is done for two denoising methods: local averaging and support vector regression
(SVR), assuming graph structures on feature vector indices. We also show that for
appropriate prior knowledge on f (here smoothness with respect to the prior graph
structure) both methods give good results.

We show that reconstruction accuracy for functions on graphs is non-monotonic,
first increasing and then decreasing in ˛, with best accuracy at an intermediate
regularization. Feature vector regularization inherits from Tikhonov denoising on
R

p, the same non-monotonicity of reconstruction accuracy - the best is at a finite
positive value ˛. We view noise as a source of complexity, and regularization
denoises by transforming feature vectors into more useful ones.

Local averaging of feature vector entries xq D f .q/ with their (graph) neigh-
boring entries cancels out noise, thereby reinforcing similarity of neighbors and
canceling individually high errors. When the feature vector forms a visual image this
can be done assuming adjacent pixels (feature indices) have close illumination levels
(feature values). The bias from blurring is more than offset by the variance reduction
(noise averaging). There is an optimal amount of blurring (too little or too much
will reduce recovery). On R

p this is the foundation of Haar wavelet methods for
piecewise constant function approximation (e.g. [14]). Our second method, support
vector regression (SVR) on feature vectors, uses a penalty functional like those in
statistical learning for supervised functions f W Rp ! R, based on the index set
graph structure. SVR in the graph case regularizes feature vectors using the same
Tikhonov-type regularization used for Rp functions.

Note the accuracy of SVR regularization/denoising of feature vectors cannot
be measured directly, since noise is unknown. One way to test effectiveness is
measuring performance of the regularized data when they are used in the training
and testing of subsequent supervised learning tasks (Section 3).

2.1 Statements of Theorems

We consider regularization of feature vectors x D .x1; : : : ; xp/ on finite graph struc-
tures G on (large) index sets V D f1; : : : ; pg. The L2.V/ norm will measure error
between the underlying f .q/ and recovery R˛.f1/ of its perturbation f1 D f C �. The
theorems below will assume noise �.q/ D �g.q/, where g.q/ are standard N.0; 1/
normal random variables that are independent and identically distributed (iid).

The graph structure on the index set represents prior expected similarity between
features (e.g., gene-gene similarity). We will show good graph structures yield
good regularized recoveries of feature vectors x D .x1; : : : ; xp/, with xq D f .q/.
As the regularization level increases, the error of recovering the underlying (pre-
noisy) feature vector f from regularizing the perturbed vector f1 first decreases,
as variance is reduced while bias remains controlled. The error then increases,
as bias increases beyond benefits of variance reduction. Our theorems show that
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regularization/denoising approaches can be applied just as well to unsupervised data
using prior graph structure data. The two regularization methods considered here
are local averaging and support vector regression, modified to accommodate graph
structures for feature vectors.

2.1.1 Method 1: Local averaging on a graph

We consider local averaging as a regularization approach. A graph G D .V;E/
consists of vertices v 2 V together with edges eij 2 E, with eij connecting
vertices i and j. The edges are associated with non-negative weights wij representing
vertex similarity. In some cases we denote the vertex set as G when there is no
ambiguity. We view feature vectors x D .x1; : : : ; xp/ that are indexed by the graph
G, i.e., by its vertices V D 1; : : : ; p, as functions ff .q/ D xqgq2G. The norm is
jjf jj2 D P

q2G f 2.q/ unless stated otherwise. We consider the underlying (noise-
free) feature vector f .q/ perturbed by noise or other effects, giving measured values
f .q/C �g.q/ D f1.q/, with noise �.q/ D �g.q/. We seek a regularization operation
R˛ (with ˛ the regularization parameter) such that the regularized feature vector
R˛f1.q/ approximately recovers f .

Thus f .q/ D xq is a real-valued function of q 2 G. The perturbation �g.q/ is
generated from an independent standard N.0; 1/ Gaussian g.q/ for each q 2 G. We
will cluster features xq (more properly the indices q) into a collection Clt D fatigkt

iD1
of clusters forming a partition

ktS
iD1

ati D G. The partitions are hierarchical, so that

each for each t0 < t, at0i is a union of sets of the form atj. Equivalently let Ft be the
finite � -field of sets generated by Clt above. Then for t0 > t, we have Ft � Ft0 .

Here the discrete parameter t D 1; : : : T is a regularization parameter, corre-
sponding to the (hierarchical) level of clustering. We will cluster-average f1.q/
to obtain the averaged function Rtf1 D f1t.q/ D E.f1.q/jFt/. The latter is the
(probabilistic) conditional expectation of f1 with respect to � -field Ft. We will
always assume that Clt is a (proper) subpartition of Clt�1. A sequence of � -fields
fFtgt in which Ft is a refinement of Ft�1 is known as a filtration.

We note that decreasing t represents fewer (larger) clusters and greater regular-
ization. The increasing number kt of clusters with t represents less regularization for
larger t. The highest regularization is at t D 1 (assumed to have k1 D 1 clusters).
The lowest regularization is at t D T (with kT D p clusters, i.e., one cluster per
feature).

We define ft D E.f jFt/, and gt D E.gjFt/. We form the regularization of the
noisy f1 D f .q/C �g.q/ by cluster-averaging it to obtain

Rt.f1/ D E.f1jFt/

Below and henceforth E represents ordinary expectation (with respect to the
random family g.q/) (note f is not random) while E.�jFt/ represents a conditional
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expectation (cluster-average) of the argument function, defined above. By conven-
tion Ek�k2 D E

�k � k2�, and the norm k�k D k�k2 denotes L2 norm unless otherwise
specified.

To study the relationship between cluster size and regularization, we need a basic

Lemma 1 The error e of regularization of the level t cluster approximation satisfies

e.Cl; t/ � kf1t � fk2 D E
�kE.f .q/C �g.q//jFt/ � fk2�

� E
�kft.q/C �gt.q/ � fk2� D kft � fk2 C �2E �kgt.q/k2

�
: (1)

This lemma separates expected error into bias error kft � fk2 and variance error
�2Ekgt.q/k2:Note here and below that when clustering level t is fixed we will denote
the clusters ati as ai.

Theorem 1 (Graph structures for feature vector averaging) Let xq D f1.q/ D
f .q/ C �g.q/ be a noisy feature vector associated with signal f .q/, with g.q/ �
N.0; 1/ independent standard Gaussian noise for each q in a graph G. For fixed
clustering level t and signal f , let Clt D faigkiD1 denote a clustering of G yielding a
regularization f1t � E.f1jFt/ of f1.

Then the estimation error is

E.jjf1t � f jj2/ D E.V.f jFt//C kt�
2; (2)

where the conditional variance V.f jFt/ is the size-averaged variance of f .q/ over
the family Clt of clusters faigkt

iD1:

V.f jFt/ D
ktX

iD1
V.ff .q/gq2ai/jaij (3)

with kt D jCltj the number of clusters.

The conditional variance is equivalent to the weighted sum of the variances xq D
f .q/ of features in the feature vector within each cluster ai of features, weighted by
the number jaij of features.

The corollaries below refer to a fixed feature vector f (thus a fixed index set), and
a fixed regularization level t (number of clusters kt).

Corollary 1 Assume a fixed feature vector f .q/ and regularization level t (i.e., fixed
number kt of feature clusters) on the index space G. The error E.jjf1t � f jj2/ is then
reduced by any clustering Clt that is improved, as measured by reduced conditional
variability V.f jFt/ of f (with respect to the corresponding finite � -field Ft.)
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Corollary 2 For fixed f and regularization level t, optimal (minimal) error cluster-
ing divides the features into kt groups such that the weighted variances Vfxqgq2ai of
individual groups (weighted by the cluster sizes jaij) sum to the smallest total.

Corollary 3 Assume a fixed underlying feature vector f .q/, regularization level t,
and a fixed mapping of graph structure G (weight matrix W D fwijg) to clustering
FG;t. As graph structure G varies, regularization error kf1t � fk2 is monotone
decreasing in V.f / � E.V.f jFG;t//, i.e., the relative regularity provided to the
underlying f by G, where V.f / D V.f jFG;T/ is the variance of f .q/.

(Recall final level T clustering has clusters all of size 1). We now focus on
variable sizes and numbers kt of clusters, or equivalently variable regularization
levels t. We will show that, for a variety of potential graph structures G imposed
on a feature vector f (with G not necessarily tuned to make f smooth), clustering
regularization can nevertheless help recover f from its noisy perturbation f1.
However this must be done with a level of regularization that will cancel enough
noise without introducing too much bias.

As the clustering parameter t decreases (smaller cluster count kt), regularization
increases, and at some point kt D ktmin is optimal. At this regularization level the bias
jjf � ftjj2 cancels the variance �2jjgtjj2 optimally. (Here ft D E.f jFt/ is the averaged
version of the underlying signal f , while gt is the locally averaged noise.) The level
tmin is the point where error is minimized. Decreasing t (so t < tmin and kt � ktmin ),
allows increased bias to take over, and error again begins to increase. Generically
then, in terms of increasing t, total error jjf1t � f jj decreases monotonically for t <
tmin, and increases for t > tmin. This is made precise in

Theorem 2 (Optimal regularization for feature vector averaging) Consider all
underlying feature vectors (feature functions) xq D f .q/ whose index values q form
finite graphs G, together with filtrations fFtgTtD1 on each graph. Assume also that
the filtrations Ft are chosen so that the conditional expectations ft D E.f jFt/

satisfy the uniformity condition

jjft � f jj � jjftC1 � f jj 	 K.t/ .t D 0; 1; : : : ;T/ (4)

on their errors jjft � f jj, with K.t/ a fixed positive function. Assume also that
the hierarchical clusterings fCltg0�t�T generating each filtration fFtg0�t�T have
cardinalities satisfying

jCltC1j 	 djCltj (5)

for some d > 1.
For such f , let f1 D f .q/C �g.q/ be perturbations (with g.q/ the above Gaussian

noise), and f1t D E.f1jFt/ be the cluster-averaged sequence (in regularization
parameter t) for recovering f .q/. If 1=� and T (and hence jGj) are sufficiently large,
then with probability p arbitrarily close to 1, the approximation error jjf1t � f jj of
the regularized feature vector decreases for small t and increases for large t.
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Thus the minimum error is achieved for a positive value of the regularization
parameter t, with the same probability p approaching 1.

Proof (Sketch)
Recall we define the noise �.q/ D �g.q/. The proof of this theorem requires a

Lemma 2 On any graph G, let fFtg1�t�T be a set filtration with corresponding
clustering Clt for each t, with jCltj the number of clusters at level t. Assume
jCltC1j 	 d jCltj for some fixed d > 1. Letting �t.q/ D E.�.q/jFt/, then uniformly
over all such graphs G and filtrations (and over jCltj)

1

�
E.k�tk/ D

p
jCltj C O

�
1=
p
jCltj


.jCltj ! 1/;

and

1

�2
V.k�tk/ D O.1/: (6)

Recall k�k D k�k2 is the L2 norm unless otherwise specified. The Lemma’s proof
uses properties of the chi squared distribution, probabilistic bounds on expectation
and variance, and some gamma function identities of Graham et al. [8].

A sketch of the remainder of the proof of Theorem 2 involves the following
identity. With the same definitions as in Lemma 2,

k�tC1k � k�tk � kftC1 � fk � kft � fk � kf1.tC1/ � fk � kf1t � fk
� kftC1 � fk � kft � fk C k�tC1k C k�tk; (7)

which follows by writing f1t � f D ft C �t � f .
We will use the first inequality in (7) to show that kf1.tC1/ � fk � kf1t � fk is

increasing for large t. By Lemma 2, it can be shown that (for d as in (5)),

1

�
ŒE .k�tC1k/ � E .k�tk/� D

�p
d � 1

p
jCltj C O

 
1pjCltj

!

and
1

�2
V.k�tC1k � k�tk/ � 2

�2
V.k�tC1k/C 2

�2
V.k�tk/ D O.1/ .jCltj ! 1/:

From this some calculations show

P.kf1.tC1/ � fk � kf1t � fk < 0/ � P.k�tC1k � k�tk � 2kfk < 0/ D P.Bt < 0/:

where

Bt � k�tC1k � k�tk � 2kfk:
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However, bounding P.Bt � 0/ shows that given a t1 sufficiently large,

P.Bt � 0 for some t 	 t1/ �
X
t�t1

P.Bt � 0/ �
X
t�t1

2L�p
d � 1

2 jCltj
; (8)

for a universal constant L uniform over all graphs G and cluster sizes kt. This is
sufficient to prove that the error increases for large t with high probability as desired.

For small t D 0; 1; 2; : : : we combine the bound (4) with the second inequality
in (7), giving

kf1.tC1/ � fk � kf1t � fk � kftC1 � fk � kft � fk C k�tC1k C k�tk
� k�tC1k C k�tk � K.t/; (9)

which can be used to prove that error is decreasing for sufficiently small t � t2,
if � is sufficiently small (recall � D �g). This together with the result for large t
completes a sketch of the proof.

2.1.2 Method 2: Support vector regression/regularization on a graph

Let f be a real-valued function on a domain D � R
p. Let the operator A sample f , so

that Af D y D .y1; : : : ; yN/ where yi D f .xi/C�i are perturbed values of f at a fixed
finite subset fxigNiD1 � D, with errors �i. The vector y is noisy partial information
about f , and the problem of recovering f from y is ill-posed. This can be solved
using Tikhonov regularization [26]. The given data f.xi; yi/gniD1 are fitted, typically
in the least squares sense by f , and at the same time solutions with large norms kfk2K
are penalized. The norm k � kK D k � kH is taken in a Hilbert space H of functions on
domain D. It is assumed H is a reproducing kernel Hilbert space (RKHS), i.e., that
there is a unique kernel function K.x; y/, .x; y 2 D/ with the reproducing property
that for all f 2 H and all fixed x 2 D,

f .x/ D hK.x; �/; f .�/iH:

Above the dot represents the active variable in the inner product. It is also required
that K be positive definite, i.e., that for any fixed finite set fxigi � D, Kij � K.xi; xj/

is a positive matrix. We denote the regular L2 norm as k � k D k � kL2 . Tikhonov
regularization solves the penalized minimization problem

Of D arg inf
f2H

L .f / D arg inf
f2H

 
NX

iD1
.yi � f .xi//

2 C �jjf jj2K
!
: (10)

The norm k � kK is an RKHS norm typically based on a Sobolev or Gaussian
kernel K (see below). The kernel can be selected to penalize large oscillations
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in f . The regularization in Of can serve to “fill in” missing information (the given
measurements yi D f .xi/ are not taken at all points x 2 D) or regularize against
additive noise �g.x/.

To develop an analogous regularization for feature vectors xq D f1.q/ (as
functions on a graph-structured index set G D f1; : : : ; pg) we adapt the above
Tikhonov functional. Again the feature vector x D .x1; : : : ; xp/ is a function
xq D f .q/. We want to incorporate prior information on which pairs of features
q and r are similar, i.e., when f .q/ and f .r/ should be close. With the same function
and noise model as earlier, the measured feature is xq D f1.q/ D f .q/C �g.q/.

The previously mentioned RKHS formulation carries over fully to functions like
f1.q/ on graphs. The regularization serves to diminish the noise in f1 on the graph.
Note f .q/ is known for all q (there are no missing values), which does not change
the problem in principle from that on R

p.
We “regularize out” noise �g.q/ by minimizing penalized error (10), obtaining a

support vector regression estimate Of , defined by

Of � R�f D arg min
h2H

L .h/ D arg min
h2H

8<
:
X
q2G

.f1.q/ � h.q//2 C �jjhjj2H

9=
;

D arg min
h2H

˚jjf1 � hjj2 C �jjhjj2H
�
: (11)

Define the canonical operator K with kernel K.q; r/ on G, so that for any function
h.q/ on G, .Kh/.q/ DPr2G K.q; r/h.r/. As an operator the reproducing kernel can
be K D e�t� (Gaussian kernel) or K D .1C�/�s=2 (Sobolev kernel) among others,
with � the graph Laplacian on G. Note the reproducing kernel K and inner product
h�; �iH � h�; �iK are chosen to have the same reproducing property as on R

p, namely
that for any graph function h.q/,

h.q/ D hK.q; �/; h.�/iH �
X
r2G

K.q; r/h.r/:

The graph Laplacian is defined as � D D�W. The adjacency matrix W D .wij/

has entries wij equal to the edge weight between indices i; j 2 G. Additionally D D
diag.di/ is the diagonal matrix with entry di equal to the weighted degree of vertex
i, i.e., di DPj wij. By assumption wii D 0.

Both of the above kernels K are smoothness-enforcing. Specifically the norms
(penalties) kfkH D kfkK they induce are large for “non-smooth” f on G. Since
graph size jGj is finite, H will include all real functions on G (as with any norm on
a space of finite cardinality); see [21]. For the following theorem we assume either
of the above (Gaussian or Sobolev) kernels K, and more generally any kernel of
the form K D �.�/, where � is a real-valued non-increasing function. The matrix
operator �.�/ is defined by the matrix operator calculus, so if � is defined by the
eigenvalue-eigenvector pairs � � f.�i; ui/gpiD1, then �.�/ � f.�.�i/; ui/gpiD1. Thus
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if �i are the eigenvalues of �, then �i D �.�i/ are the eigenvalues of K. We define
!i D 1=�i to be the eigenvalues of K�1 (so that !i increases with the frequency �i

of the Laplacian), and the operator

L� D .K C �/�1K: (12)

Below we will show that h D L�f1 minimizes (11) and thus is the recovery
approximation of the underlying feature vector f . We write L�;W D L� to make
dependence of the smoothing operator L� on the graph structure W explicit. We will
view the approximation error kL�;Wf1�fkL2 as a function of the prior graph structure
W for fixed feature vector f plus noise.

An optimized graph structure (weight matrix) W for graph G will connect node
pairs q; r such that xq D f .q/ and xr D f .r/ tend to have similar values. For example,
if q; r represent genes, this might be known because their expressions f .q/ and f .r/
are correlated based on prior measurements, or from tables of known interactions
between their protein products.

Equivalently, the graph structure W is optimized if f tends to be smooth with
respect to this structure on G. In this case f .q/ has primarily low Laplacian
frequencies (with respect to G), i.e. its primary eigenfunction components have low
eigenvalues. On the other hand, since the noise �g has no structure with respect to G,
it will have higher frequency components. Thus the signal f .q/ and the noise �g.q/,
being in primarily different frequency bands, can be teased apart using spectral
projections of the Laplacian.

In the theorem below note the underlying (true) feature vector f .q/ is fixed, since
it arises from a measurement. We wish to adjust the graph structure (weight matrix
W) on G so as to optimally recover f .

Since the operator L� on L2.G/ depends on the weight matrix, we will write
L� D LW;�: Below we will define a useful measure of the low frequency content
of the feature function f .q/ with respect to G to be kfk2 � k.1 � LW;�/fk2 (see (16)
and (17) and the discussion following). In the Theorem and a sketch of a proof
below we will need to distinguish this G-based low frequency content of f , against
the intrinsic low frequency content of G itself. The latter (see below) will be defined
as kL�;WU.q/k2, where U.q/ D P

i ui.q/ is the (finite) sum of all eigenfunctions
of �. The proof below defines the terminology of low and high frequency content
more carefully.

We have

Theorem 3 (Graph structures for SVR feature vector regularization) Con-
sider a noisy feature vector x having components xq D f1.q/ D f .q/ C �g.q/,
with the last two terms representing signal and noise, and the index values q
forming a graph G. Assume g.q/ are iid and N.0; 1/, and that f is fixed with
kfk2 D 1. On G, assume a fixed reproducing kernel Hilbert space H of real-
valued functions with kernel K D �.�/, with � a decreasing function such as
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K D e�ˇ� (Gaussian) or K D .1 C �/�s=2 (Sobolev). Let f1�.q/ be the support
vector regression approximation of f , minimizing (11), and assume � remains fixed.

As the selected weighted graph structure W on G varies, the approximation error
is a decreasing function of the smoothness (in terms of the variable W) of the fixed
underlying feature vector f . Specifically:

(a) for a measured x D f1.q/ on G, the expected feature vector regularization error

E

�
kL�;Wf1 � fk2


is decreasing in the smoothness kfk2 � k.1� L�;W/fk2 (i.e.,

low frequency content) of f , if we vary the graph structure W without changing
(intrinsic) graph low frequency content. The latter is defined as kL�;WU.q/k2,
where U.q/ D P

i ui.q/ is the (finite) sum of the orthonormal eigenfunctions
of �.

(b) the graph low frequency content is also given by the trace

jjL�Ujj2 D tr.1C �=�.�//�2 (13)

with K D �.�/ D e�t� for the Gaussian kernel and �.�/ D .1C �/�s=2 for
the Sobolev kernel of order s=2.

Note above we have defined �=�.�/ D ��.�/�1. Note also that the relationship
between the L2 and K norms can be summarized by kfkK D kK�1=2fkL2 . Hence
when K D �.�/ D .1 C �/�s=2, we have kfkK D k..1 C �/s=4fk, which is a
Sobolev norm of order s=2.

Proof (Sketch)
The proof of part (a) adapts methods from Tikhonov regularization on R

p to
functions on the index graph G, using the regularization functional (11).

Let f .q/ be the unperturbed (true) feature vector. We are assuming iid standard
Gaussian noise g.q/ for each q 2 G, with perturbed function f .q/ C �g.q/ D xq,
and � the noise intensity. The graph Tikhonov functional can be optimized using the
same methods as for functions on R

p (see [9], Section 5.8) yielding

Of D L�f1 D f1�.q/ D
X
r2V

a.r/K.q; r/;

with

a D .K C �/�1f1:

Putting these together gives

Of D Ka D .K C �/�1Kf1 � L�f1I (14)

see (12). As above K.q; r/ is the reproducing kernel defining the Hilbert norm
k � kH D k � kK as in the regularization functional (11) (see [21]). The expected error
(averaged over noise �g.q/) of the regularized noisy feature vector f1� D L�f1.q/ is
(see (1))
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E
�kf1� � fk22

� D E
�kL�f C �L�g � fk22

� D kf � L�fk2 C �2E �kL�gk2� : (15)

As above we abbreviate L� D L�;W when dependence on W is not important.
Assume that the eigenvalues and (orthonormal) eigenfunctions of K are �i D

1=!i and ui.q/, respectively. Let the coefficients fi be defined from the orthonormal
expansion f .q/ DPi fiui.q/.

Then

f1� D L�f D .K C �/�1Kf D
X

i

fi
�i

�C �i
ui.q/

and

.1 � L�/f D
X

i

fi
�

�C �i
ui.q/:

Note that in fact the error in (15) can be parsed as the sum of bias and variance

h.�; �/ � kf1� � fk22 D k.1 � L�/fk2 C �2E
�kL�gk2�

D
X

i

f 2i .!i�/
2

.!i�C 1/2
C �2

X
i

1

.�!i C 1/2
� EB C EV :

The bias error

EB D kf � L�fk2 D k.1 � L�/fk2

D
X

i

f 2i .!i�/
2

.!i�C 1/2
D
X

i

f 2i r.�!i/ (16)

with

r.!i�/ D .!i�/
2

.!i�C 1/2
�
(
1 if !i � 1=�

0 if !i � 1=�
: (17)

Thus according to (16) and (17), the regularization parameter 1=� is an approximate
(smoothed) spectral cut-off for the sum defining kf � L�;Wfk2.

Above EB is small if f is smooth with respect to G, i.e., if f has primarily low
frequency components, frequencies !i satisfying !i� � 1, or !i � 1=� for an
appropriate choice of � in (11). This occurs if the graph structure G (the weight
matrix W) is appropriately well-matched to prior knowledge about f , i.e., with high
edge weights wqr for index pairs q; r for which f .q/ � f .r/.
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In addition the second (variance error) term

EV D �2E
�kL�gk2� D �2X

i

1

.�!i C 1/2
� �2

X
i

s.�!i/ (18)

with

s.�!i/ D 1

.�!i C 1/2
D
(
1 if !i � 1=�

0 if !i � 1=�
: (19)

Note the noise g.q/ will be largely diminished by the regularization operator if f is
sufficiently smooth, so that 1=� can be made small without increasing bias error EB

in (16). This is because for such �, EV will have more higher frequency components
!i relative to the cut-off 1=� (!i � 1=�), which will then be cut off due to the soft
thresholding in (19). In fact the above-defined low frequency content jjL�Ujj2 of G
exactly equals the variance error term E

�kL�g.q/k2� D EV=�
2, the expected low

frequency component of g.q/.
The bias error term EB D kf � L�;Wfk2 also depends on the graph structure of

G, and it represents the high frequency content (!i � 1=�) of f with respect to this
structure. Thus the full error EB C EV is monotone decreasing in the smoothness
kfk2�kf �L�;Wfk2, if W varies without changing the graph low frequency content,
i.e., keeping EV constant.

Part (b) follows directly from the definition of the regularization operator L� in
terms of the kernel K in equation (12). Namely,

kL�Uk2 D k
X

i

L�ui.q/k2 D k
X

i

.�C �i/
�1�i ui.q/k2

D
X

i

�2i
.�C �i/2

D tr.1C �=�.�//�2 (20)

since �i are eigenvalues of �.�/. This completes a proof sketch.

The distinction between low frequency content of the graph G and of the function
f (on G) can be clarified through equations (16) and (17). First consider the low
frequency content of f , which by (16) is

kfk2 � kf � L�;Wfk2 D
X

i

f 2i .1 � r.�!i// : (21)
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Since

1 � r.�!i/ D
(
1 if !i � 1=�

0 if !i � 1=�
;

we see that only low frequency components of f (i.e. fi for !i small) are contained
in (21). On the other hand, the low frequency content of the graph G refers to the
the number of eigenvalues !i (frequencies) that are small. Specifically (Theorem 3
part (b)), this equals

kL�Uk2 D tr.1C �=�.�//�2 D
X

i

.1C �=�i/
�2 D

X
i

1

.�!i C 1/2
D
X

i

s.�!i/;

with s as in (19). Thus only small eigenvalues !i � 1=� are represented in the sum.
Theorem 3 thus states that among connection weight matrices W yielding a fixed

trace above in (13) the error is a monotone decreasing function of

jj.1 � L�;Wf jj2 D �2
X

i

f 2i
.�C �i/2

:

(recall kfk2 D 1). Since as shown above the regularizer L� is essentially a low
pass filter, the quality of recovering f from L�f1 requires the majority of the spectral
content !i of f to lie below the spectral cut-off 1=�, while the majority of the noise
g.q/ lies above this. This determines the optimal location of 1=�, i.e., so that bias
error EB is not too large, while variance error EV is also controlled. The optimal �
minimizes

EB C EV D jj.1 � L�/f jj2 C �E
�jjL�gjj2� :

Bias as measured by loss of high frequency content

jj.1 � L�/f jj2 D �jj.K C �/�1f jj2

in f should be minimized conditioned on the smallest surviving low frequency
content k�L�gk2 of the noise (variance).

Finally we address a question parallel to the one in Theorem 2, regarding when
a positive (nontrivial) regularization � > 0 improves the estimate L�f1 of f .

Theorem 4 (Optimal regularization for SVR feature vector regression) For a
fixed graph structure G and variable �, the error jj.1 � L�/f jj2
(a) attains a minimum at a positive value � D �0 of the regularization parameter

�;
(b) decreases for � > 0 sufficiently small and increases for � sufficiently large.

Proofs of above theorems will appear elsewhere [6].
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3 Application: Using Prior Information to Form Graphs

3.1 Gene Expression

Our application involves denoising gene expression feature vectors x D .x1; : : : ; xp/

subsequently used in (predictive) classification of tumors as metastatic or non-
metastatic. See Table 1 for a sample of Wang et al.’s [30] unnormalized gene
expression data. The quality of denoising is demonstrated by improvement of
subsequent prediction of the metastatic/non-metastatic classes y in a test set. We
exploit the underlying structure of the p > 5; 000 feature indices i (genes) in feature
vectors x. These genes (and thus indices) form a graph structure with weights wij

determined by whether the protein products of genes i and j interact chemically.
Genetics background. A strand of human DNA has 3 billion nucleotide bases

consisting of the nucleotides A, C, G, and T. Genes are made of DNA and code for
gene products, namely ribonucleic acid (RNA) and, downstream, proteins, which
have specific biological functions. The central dogma of biology [17] summarizes
the flow of information from DNA to RNA to proteins and their functions.

Humans have more than 20,000 protein-coding genes. Only about 1.5% of the
genome (full DNA letter sequence) codes for proteins, while the rest consists of
non-coding RNA genes, introns, and other DNA that we will not consider. Gene
expression is the process by which gene information is used to make proteins.
Expression levels for individual genes (measuring their RNA production) give their
activity level in their translation to proteins. RNASeq gene expression technology
is used to measure these levels; thousands of gene expression levels are taken at
once. These so-called high-throughput methods allow collection of large amounts of
data at relatively low cost. Protein-protein interaction (PPI) experiments measure
when pairs of proteins tend to bind together to carry out their biological functions.
This (prior) information is listed in a PPI database. This is used to produce a graph
(network) on the set of gene indices so that indices (genes) i; j are connected if their
protein products interact.

Cancer is a genetic disease caused primarily by DNA mutations. The purpose
of the present application is to study effectiveness of predicting cancer outcomes
(metastasis/no metastasis) based on gene expression feature vectors.

We have implemented the above models of feature vector regularization (denois-
ing) to gene expression feature vectors x D .x1; : : : ; xp/ taken from tumor samples
in two studies. The denoising quality was tested by importing the denoised data into
a training/testing algorithm for metastasis prediction and determining the quality
of the prediction. The graph structure on the genome (set of human genes) based
on PPI (see above) forms the index set graph for our feature vectors. Clustering
on the network was accomplished by the GraClus [5] software, a computational
graph clustering tool. This produced our increasing sequence of partitions of the
genome. There are limitations to grouping genes via PPI interactions in this manner,
as functionally related protein pairs sometimes correspond to gene pairs that do not
have strictly correlated expressions.
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One of the goals of the benchmark works of Wang et al. [30] and van de Vijver
et al [27] on breast cancer was to predict metastatic breast cancer recurrence within
a five year period, based on yes/no predictive classifications using gene expression.
Of the 286 breast cancer cases in the Wang dataset, 93 metastasized, while, of the
295 patients in van de Vijver dataset, 79 metastasized. The PPI network for the
genes we used was compiled from two databases, Reactome [10] and iRefIndex
[19] (also see [20]). Our experiment used 5,747 genes in the Wang dataset (with
70,353 documented PPI interactions), and 5,310 genes (with 67,342 interactions)
for the van de Vijver dataset.

We applied the local averaging and support vector regression denoising (pre-
processing) methods to these cancer datasets. The numbers of gene clusters m
in the local averaging study were 64, 128, 256, 512, 1024, and 2048 and max,
the latter denoting the total number of genes, i.e., such that each gene forms its
own cluster. The denoised datasets were subsequently used in training and testing
machine learning (support vector machine, SVM) predictions. The predictions were
of metastasis/no metastasis for both the Wang and the van de Vijver studies. We
compared our results on the denoised training and test set against predictions
obtained using the original data sets. The metric of prediction quality used was
the area under the receiver operating characteristic (AUROC) curve. AUROC is
a number between 0 and 1 measuring the accuracy of a binary classifier on a
dataset. This is done in terms of numbers of correct/incorrect positive and negative
predictions, as a function of a decision threshold and averaged over it. Our results
showed that prediction of metastasis was improved when compared with the same
methods using individual gene features (i.e., for which the number of clusters is
greater than 5000).

In the training and testing with both original and denoised data, we used 5-fold
cross-validation. Thus 1/5 of samples were randomly chosen and reserved as test
data, while 4/5 formed training data. The classifier was a support vector machine
(SVM), trained on the expression values as predictors of the known outcomes of
the training set. The trained classifier was then tested for correctness of metastasis
prediction on the remaining (test) samples. Standard deviations were calculated by
repeating this cross-validation 200 times with different random 4/5-1/5 splits to
produce separate training and test data.

Local averaging: The number of clusters m plays the role of a bandwidth
parameter in smoothing. As m increased, the performance on both datasets first
improved and then deteriorated. The optimal number of clusters was either 1024 or
2048. This means that the denoised (cluster-averaged) feature vectors represented
data more accurately than raw expression features (m D max). In general the area
under the ROC curve for classifiers predicting metastasis was improved by our
clustering-based smoothing method from 53.4% to 73.0% and from 66.0% to 71.2%
for the Wang and van de Vijver datasets, respectively. Details are listed in Table 2.

Support Vector Regression (SVR): For SVR we used the normalized diffusion
(Gaussian) kernel K with three parameters. The first is the diffusion parameter ˇ
(so that the graph kernel K D e�ˇ�). The regularization parameter C is defined
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Table 2 Cluster-based averaging on Wang and van de Vijver breast cancer datasets. First column
m is number of clusters. k0 is the average size of each cluster, obtained by dividing total number
of genes in each dataset by number of clusters. Numbers are mean values and those in parentheses
are standard deviations based on 200 tests using 5-fold cross validation.

m
Wang van de Vijver

k0 AUROC k0 AUROC

64 89.8 0.658 (0.014) 83.0 0.687 (0.014)

128 44.9 0.680 (0.015) 41.5 0.705 (0.013)

256 22.4 0.692 (0.019) 20.7 0.689 (0.016)

512 11.2 0.684 (0.019) 10.4 0.686 (0.021)

1024 5.6 0.708 (0.019) 5.2 0.712 (0.019)

2048 2.8 0.730 (0.017) 2.6 0.500 (0.038)

MAX 1.0 0.534 (0.044) 1.0 0.660 (0.027)

as 1
2�n , with n the sample size and � the Tikhonov regularization parameter.

Our implementation of SVR (used on gene data) replaced the squared error loss
V.f ; h/ DPq2G.f1.q/ � h.q//2 in the Tikhonov regularization functional (11). The
error measure used instead was the p-hinge loss function, given as

Vhin.f ; h/ D
X
q2G

.jf .q/ � h.q/j � p/C

where aC D
(

a if a 	 0
0 otherwise:

Here the parameter p controls the sensitivity of the

loss. This loss function guarantees that prediction errors f .q/�h.q/ between˙p are
fully tolerated.

Here both C and ˇ are smoothness parameters: as C decreases (so � increases)
and as ˇ increases, there is an added smoothness constraint on the optimizer Of of the
Tikhonov functional (11). In this simulation we have kept C (and thus �) constant,
and varied the bandwidth parameter ˇ. As a local minimum in error was achieved
when C D 1 and p D :05, we used these values in Table 3, where performance
versus the smoothness constraint of the diffusion kernel bandwidth ˇ is listed. The
best performing classifier can obtain 74.2% and 74.1% AUROC for the Wang and
van de Vijver datasets, respectively. Table 3 shows the performance of the SVR
method.

We note that the improved classification performance here is based on an
unsupervised method for processing (denoising) feature vectors x. This is distinct,
for example, from standard (supervised) feature selection methods, which depend
on knowing the classes yi of all feature vectors xi in machine training. Unsupervised
regularization of feature vectors is possible either before or after supervised feature
selection, and can also be used without it. The method does not depend on the
classes and is independent of the machine M later trained and used on the data.
Since the method is useful independently of any dimensional reductions, these
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Table 3 Performances of SVR smoothing on Wang and van de Vijver breast
cancer datasets. First column ˇ is the diffusion kernel bandwidth parameter.
We use the parameters C D 1 and p D 0:05. Numbers are mean values, and
numbers in parentheses are standard deviations using 200 tests with 5-fold cross
validation. When ˇ D 0, the diffusion kernel is the identity operator. As the
kernel standard deviation ˇ increases, the number of neighboring features in
the averaging increases. Similarly to cluster-based averaging, denoised feature
vectors then contain less noise but have a more biased signal.

ˇ
Wang van de Vijver
AUROC AUROC

0.01 0.735 (0.013) 0.738 (0.011)

0.05 0.736 (0.013)) 0.738 (0.010)

0.1 0.738 (0.014) 0.737 (0.010)

0.5 0.742 (0.014) 0.737 (0.010)

1.0 0.741 (0.014) 0.740 (0.010)

2.0 0.735 (0.014) 0.738 (0.010)

0 0.534 (0.044) 0.660 (0.027)

improvements will supplement those of standard dimensional reduction methods.
That is, our unsupervised regularization and subsequent feature selection are
independent and deal with different parts of of classifier construction.

4 Conclusion

We have studied unsupervised smoothing/regularization methods for feature vectors
in machine learning. These parallel the same methods in standard machine learning,
Tikhonov regularization, and in function denoising methods such as local averaging
using wavelets. This is done viewing feature vectors as functions on their indices,
and adapting methods from real function regularization. We have illustrated this
approach with two methods, using adaptations of local averaging and support vector
regression, to regularize feature vectors. We apply these methods to cancer data
regularization and their then to subsequent predictions of cancer metastasis/non-
metastasis on such data. The improvement from regularization is accomplished
entirely without knowing the cancer classes (metastatic/non-metastatic) of the
training or test data.
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Part XIX
Quantization

Analog-to-digital .A=D/ is the model in which signals are represented by bit streams
to provide effective storage, transmission, and processing. In the simplest terms
it is a two-step process: linear sampling along the lines of the classical sampling
theorem (Shannon’s name is invoked, but it goes back to Cauchy in the 1840s) and
quantization, a type of non-linear sampling, where the sampled data is assigned
a value from a fixed finite hard-wired alphabet. There is also post-processing
in the form of encoding and compression. In fact, the goal is reconstruction of
the given signal from the quantized and compressed available data. An important
quantization scheme, published in 1963 in the IEEE literature by Inose and Yasuda
and now called†� quantization, invokes feedback mechanisms in order to mitigate
various noises in many physical environments. One of the major influences, that
escalated the mathematical influence in modern quantization theory, was the paper
by Daubechies and DeVore in the Annals of Math. (2003).

The setting for Inose-Yasuda and Daubechies-DeVore was the space of band-
limited functions. Independently, and for more traditional A/D, Goyal, Kovacević,
and Vetterli introduced finite frame theory into the subject of quantization, because
of the intrinsic noise reduction capability of frames and the inherent user-friendly
computational advantage of finite tight frames. Then, it became natural to do †�
quantization in the setting of finite frames. Further, compressive sensing or sampling
became a staple in the subject for the several reasons, not the least of which was the
aforementioned non-linear sampling step.

There has been an explosion of activity in this area in the past 10 years, and some
of the leaders and deepest contributors are the authors of these three chapters in this
section.

The chapter by Boufounos, Rane, and Mansour takes quantization as a starting
point and generalizes the idea in the direction of embeddings of one signal space to
another. The goal is to go beyond the raison d’Oetre of approximating the actual signal
in the encoding stage by preserving underlying information in the signal as it may be
related to other signals affecting it. The technology is wonderful in that geometry
and compressive sensing interleave necessarily and naturally. The exposition is a
lucid presentation of what has been done and the starting point of their fascinating
new theory.
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The chapter by Chou and Güntürk is a sequel to the deep analysis and concept
of distributed noise-shaping of their previous work in Constructive Approximation
(2016). In this chapter they begin with a beautiful exposition of their published
theory in 2016, which itself has Güntürk’s profound work on beta encoding as
background. Then, they provide the all important performance evaluation for the
class of finite group frames, that includes finite Fourier frames and harmonic frames;
and they conclude with analysis of the infinite dimensional case of band-limited
functions. The interplay of topics is compelling and creative.

The chapter by Lee, Powell, and Whitehouse is a tour-de-force encompassing
brilliant analytic technology and addressing fundamental problems of consistent
reconstruction in quantization. The authors prove essential error bounds on error
moments arising in consistent reconstruction, going beyond the mean-square theory
they had already resolved. The proofs are not for the faint of heart, but the centrality
of the problem they have solved provides hope for actual implementation at a very
high level, as some of their implementations imply.



Embedding-Based Representation of Signal
Geometry

Petros T. Boufounos, Shantanu Rane, and Hassan Mansour

Abstract Low-dimensional embeddings have emerged as a key component in
modern signal processing theory and practice. In particular, embeddings transform
signals in a way that preserves their geometric relationship but makes processing
more convenient. The literature has, for the most part, focused on lowering the
dimensionality of the signal space while preserving distances between signals.
However, there has also been work exploring the effects of quantization, as well
as on transforming geometric quantities, such as distances and inner products, to
metrics easier to compute on modern computers, such as the Hamming distance.

Embeddings are particularly suited for modern signal processing applications, in
which the fidelity of information represented by the signals is of interest, instead
of the fidelity of the signal itself. Most typically, this information is encoded in
the relationship of the signal to other signals and templates, as encapsulated in the
geometry of the signal space. Thus, embeddings are very good tools to capture the
geometry, while reducing the processing burden.

In this chapter, we provide a concise overview of the area, including foundational
results and recent developments. Our goal is to expose the field to a wider
community, to provide, as much as possible, a unifying view of the literature, and
to demonstrate the usefulness and applicability of the results.

Keywords Dimensionality reduction • Distance-preserving embeddings • Near-
est neighbors

1 Introduction

Signal representation theory and practice has primarily focused on how to best
represent or approximate signals, while incurring the smallest possible distortion.
Advances such as frames, compressive sensing, and sparse approximations have all
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been applied in improving the representation accuracy or sampling complexity using
a fidelity metric as the principal figure of merit. On the other hand, as computation
becomes more prevalent, signal representations are increasingly important in infer-
ence and estimation applications. Such applications typically exploit the geometry
of the signal space, usually captured mathematically by norms and inner products. In
these cases, the representation should faithfully preserve the geometry of the signal
space, but not necessarily the signals themselves.

This chapter explores embeddings as a signal representation mechanism that pre-
serves the geometry of the signal space. Embeddings are transformations from one
signal space to another—the embedding space—which exactly or approximately
preserve signal geometry. The use of an embedding is beneficial if the transfor-
mation provides some convenience in its use. For example, the embedding space
might have significantly lower dimensionality than the signal space, might allow for
easier computation of certain quantities, or might enable efficient transmission by
quantizing in the embedding space.

In this chapter, we explore several aspects of embedding design. We start with
the foundational work by Johnson and Lindenstrauss [40], and continue with
more recent developments. We describe embeddings that preserve distances, inner
products, and angles between signals, while reducing the dimension and the bit-rate.
We also describe embedding design strategies, both data-agnostic and universal, as
well as learning-based and data-driven. Our discussion also explores the effect of
quantization, which becomes necessary when the embeddings are used to reduce
the bit-rate of the representation.

Our goal is to expose the field to a wide community and show that embeddings
are essential data processing tools. In our exposition, we attempt to provide, as
much as possible, a unifying view of the literature. However, we remark that recent
advances have reinvigorated research in this area, often making such unification
elusive.

1.1 Notation

In the remainder of the chapter, we use regular typeface, e.g., x and y, to denote
scalar quantities. Lowercase boldface such as x denotes vectors and uppercase
boldface such as A denotes matrices. The mth element of vector x is denoted using
xm. Functions are denoted using regular lowercase typefaces, e.g., g.�/. Unless
explicitly noted, all functions are scalar functions of one variable. In abuse of
notation, a vector input to such functions, e.g., g.x/ means that the function is
applied element-wise to all the elements of x. Sets and vector spaces are denoted
using calligraphic fonts, e.g., W ;S .

1.2 Outline

The next section describes distance-preserving embeddings. Starting with general
definitions and foundational results, the section explores embedding design
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strategies—both data-agnostic and data-driven—and discusses the nature of
distance-preserving guarantees. Section 3 examines embeddings that preserve
angles and inner products, including kernel inner products. Quantization strategies
and the effects of quantization on the embedding guarantees are discussed in Sec. 4.
Section 5 provides a higher-level discussion and concludes the chapter.

2 Preserving Distances

The best-known embeddings preserve the geometry of the space by preserving
the distance between signals. In this section, we examine distance-preserving
embeddings, and explore some ways to design their distance-preserving properties.

2.1 Randomized Linear Embeddings

An embedding is a transformation of a set of signals in a high-dimensional space to a
(typically) lower-dimensional one such that some aspects of the geometry of the set
are preserved, as depicted in Figure 1. Since the set geometry is preserved, distance
computations can be performed directly on the low-dimensional—and often low
bit-rate—embeddings, rather than the underlying signals. For the purposes of this
chapter, we define an embedding as follows.

Definition 1 A function f W S ! W is a .g; ı; �/ embedding of S into W if, for
all x; x0 2 S , it satisfies

.1 � ı/g �dS .x; x0/� � � � dW
�
f .x/; f .x0/

� � .1C ı/g �dS .x; x0/�C �: (1)

In this definition, g W R ! R is an invertible function mapping distances in
S to distances in W and ı and � quantify, respectively, the multiplicative and the
additive ambiguity of the mapping. We will often refer to g.�/ as the distance map
and to f .�/ as the embedding map. In most known embeddings, such as the ones

Lpoints

log L  
dimensions

x

y
f(y)

f(x)

d(x,y)  g(d( f(x), f(y)))

Fig. 1 Distance-preserving embeddings approximately preserve a function g.�/ of the distance,
allowing distances to be computed in a space that (typically) has fewer dimensions or has other
desirable properties.
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discussed in this section, the distance map is the identity g.d/ D d or a simple
scaling. The similarity metrics dS .�; �/ and dW .�; �/ are typically distances, but could
also be correlations, divergences, or other functions capturing signal geometry and
similarity1.

The best known embeddings are the Johnson-Lindenstrauss (JL) embed-
dings [40]. These are functions f W S ! R

M from a finite set of signals S � R
N

to an M-dimensional vector space such that, given two signals x and x0 in S , their
images satisfy:

.1 � ı/kx � x0k22 � kf .x/ � f .x0/k22 � .1C ı/kx � x0k22: (2)

In other words, these embeddings preserve Euclidean, i.e., `2, distances of point
clouds within a small factor, measured by ı, and using the identity as a distance
map.

In the context of Def. 1, a JL embedding is a .gI ; ı; 0/ embedding of squared
Euclidean distances—dS .x; x0/ D kx � x0k22 and dW .f .x/; f .x0// D kf .x/ �
f .x0/k22—with an identity distance map gI.d/ D d. In this context, the JL theorem
can be stated as:

Theorem 1 Given ı 2 .0; 1/ and a set S � R
N of #.S / D L points and M D

O.ı�2 ln L/, there exists a Lipschitz map f W RN ! R
M that is a .gI ; ı; 0/ embedding

of S , with gI.d/ D d, dS .x; x0/ D kx�x0k22 and dW .f .x/; f .x0// D kf .x/�f .x0/k22.
Johnson and Lindenstrauss demonstrated that a distance-preserving embedding,

as described above, exists in a space of dimension M D O.ı�2 log L/, where L
is the number of signals in S (its cardinality) and ı the desired tolerance in the
embedding. Remarkably, M is independent of N, the dimensionality of the signal set
S . Subsequent work showed that it is straightforward to compute such embeddings
using a linear mapping. In particular, the function f .x/ D Ax, where A is an M � N
matrix whose entries are drawn randomly from specific distributions, satisfies (2)
for all x; x0 2 S with probability 1 � c1elog L�c2ı2M , for some universal constants
c1; c2, where the probability is with respect to the measure of A. Commonly used
distributions for the entries of A are i.i.d. Gaussian, i.i.d. Rademacher, or i.i.d.
uniform [1, 25]. More recent work has shown that the embedding dimensionality
M D O.ı�2 log L/ is also necessary, making these constructions tight [38].

Most proofs involve constructing a randomized map such that (1) holds with very
high probability on a pair of points x; x0 2 S . Using a concentration of measure
argument, such as Hoeffding’s inequality or a Chernoff bound, it can typically be
shown that the guarantee fails with probability that decays exponentially with the
number of measurements, i.e., with the dimensionality of the embedding space M D

1Technically, we could incorporate g.�/ into dS .�; �/ and remove it from this definition. However,
we choose to make it explicit here and consider it a distortion to be explicitly analyzed. In an abuse
of nomenclature, we generally refer to d.�; �/ as distance, even if in some cases it is not strictly a
distance metric but might be an inner product, or another geometric quantity of interest.
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dim.W /. In other words, the embedding fails on a pair of points with probability
bounded by ˝.e�Mw.ı;�//, where w.ı; �/ is an increasing function of � and ı that
quantifies the concentration of measure exhibited by the randomized construction.

Once the embedding guarantee is established for a pair of signals, a union bound
or chaining argument can be used to extend it to a finite set of signals. If the set S
is finite, containing L points, then the probability that the embedding fails is upper
bounded by ˝.L2e�Mw.ı;�// D ˝.e2 log L�Mw.ı;�//, which decreases exponentially
with M, as long as M D O.log L/.

More recently, in the context of compressive sensing, such linear embeddings
have been shown to embed infinite sets of signals. For example, the restricted
isometry property (RIP) is an embedding of K-sparse signals and has been shown
to be achievable with M D O.K log N

K / [10, 23, 50]. A near equivalence of RIP with
the JL lemma has also been established: an RIP matrix with its columns randomly
multiplied with ˙1 will satisfy the JL lemma [41]. Similar properties have been
shown for other signal set models, such as more general unions of subspaces and
manifolds [9, 11, 12, 21, 28, 29, 50].

Typically, these generalizations are established by first proving that the embed-
ding holds in a sufficiently dense point cloud on the signal set and exploiting
linearity and smoothness to extend it to all the points of the set. The resulting
guarantee uses the covering number of the set, i.e., its Kolmogorov complexity—
instead of the number of points L—to measure the complexity of the set and
determine the dimensionality required of the projection. A fairly general exposition
of this approach, as well as generalizations for non-smooth embedding maps can be
found in [20].

An alternative characterization of the complexity of S is its Gaussian width.

Definition 2 Given a set S � R
N , the quantity

W.S / D E

�
sup
x2S

gTx
�
; (3)

where the expectation is taken over g � N .0; I/ is called the Gaussian width of S .

The Gaussian width of a set can sometimes be easier to characterize than its
Kolmogorov complexity, although the latter can be bounded by the former [28].

Beyond the discussion above, in the remainder of this chapter, we defer on the
rigorous development required to extend embedding guarantees to hold for infinite
signal sets. Nevertheless, in many cases we will mention if such generalizations are
possible or exist in the literature.

2.2 Embedding Map Design

One of the key elements in the embedding definition (1) is the embedding map g.�/.
The JL guarantee in (2) implies an embedding map g.d/ D d, that does not distort
the distance measure. However, it is often desirable to introduce such distortions
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and understand their effect. For example, if the interest is in preserving only local
distances, the distance map can be used to describe and characterize the distance
preserving properties of the embedding [17, 19, 20].

A general approach to embedding design would use g.�/ to derive an embedding
function f .�/, possibly randomized, that achieves (1) given sufficient dimensionality
of the embedding space W . Unfortunately, such a design is still an open problem.
Furthermore, an arbitrary g.�/ is not always possible. For example, any realizable
g.�/ satisfies a generalized subadditivity property [20].

Instead, [20] demonstrates a general probabilistic approach to designing the
embedding function f .�/ and deriving the embedding map. The mapping function
takes the form y D f .x/ D h.AxCw/, where the elements of A are randomly chosen
from an i.i.d. distribution and the elements of the dither w are chosen from an i.i.d.
distribution uniform in Œ0; 1/. The embedding is designed through h.t/, a bounded
periodic scalar function with period 1, applied element-wise to its argument. The
Fourier series coefficients of h.�/ are denoted using Hk and Nh D supt h.t/� inft h.t/.

Theorem 2 ([20], Thm. 4.1) Consider a set S of Q points in R
N, measured using

y D h.Ax C w/, with A;w, and h.t/ as above. With probability greater than 1 �
e2 log Q�2M �2

Nh4 the following holds

g.d/ � � � 1

M

��y � y0
��2
2
� g.d/C � (4)

for all pairs x; x0 2 S and their corresponding measurements y; y0, where

g.d/ D 2
X

k

jHkj2.1 � 	l.2�kjd// (5)

defines the distance map of the embedding.

In the theorem above, 	l.ljd/ is a characteristic function depending on the density
of A. For example, if the elements of A are drawn from an i.i.d. Normal distribution,
then the characteristic function is 	l.jd/ D 	N .0;�2d2/./ D e� 12 .�d/2 and the
distance map becomes

g.d/ D 2
X

k

jHkj2
�
1 � e�2.��dk/2


; (6)

with d measuring the `2 distance.
If, instead, elements of A are drawn from an i.i.d. Cauchy distribution with

zero location parameter and scale parameter � , then the characteristic function is
	l.jd/ D e��djj and the corresponding distance map is

g.d/ D 2
X

k

jHkj2.1 � e�2��dk/; (7)

with d in this case measuring the `1 distance.
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The guarantee in Thm. 2 is about embedding the `1 or `2 distance into `22. By
taking the square root, the guarantee can be provided for embedding into `2 instead.

Corollary 1 ([20], Cor. 4.1) Consider the signal set S , defined and measured as

in Thm. 2. With probability greater than 1 � e2 log Q�2M
�
�
Nh

4
the following holds

eg.d/ � � � 1p
M

��y � y0
��
2
�eg.d/C � (8)

for all pairs x; x0 2 S and their corresponding measurements y; y0, whereeg.d/ Dp
g.d/.

2.3 Distance-preserving properties of the map

Typically, when designing a distance map, it is desirable to understand how accurate
the embedding is in representing distances. In particular, embedding guarantees, as
stated above and in the literature, bound how much the distance in the embedding
space might deviate from the true distance between the signals.

However, in practice, embeddings are used as a proxy for the true distance of the
signals. Given two signals, x and x0, and their embedding distance, dW .f .x/; f .x0//,
a natural estimate of the true signal distance is [19, 20]

edS D g�1
�
dW

�
f .x/; f .x0/

��
; (9)

assuming g.�/ is differentiable. Thus, the approximation guarantee is often more
useful when stated with respect to the estimate,edS .

ˇ̌edS � dS .x; x0/
ˇ̌
� � C ıdW .f .x/; f .x0//

g0
�edS � : (10)

An important component of this guarantee is its dependence on the gradient of
the embedding map g0.�/ around the distance of the signals. In regions where the
embedding map is flatter, the ambiguity is higher. In hindsight, this is expected:
estimates of a variable observed through a non-linear map and observation ambigu-
ity are less accurate at regions of the map that are flatter.

Figure 2 demonstrates this effect using a .g; 0; �/ embedding as an example. The
solid line in the left figure depicts the distance map g.�/. The two dashed lines depict
the upper and lower bounds of the guarantee, separated by � above and below the
distance map. In other words, the vertical ambiguity is constant across the range of
dS . The figure also shows two example points on which the embedding distance is
computed, dW and d0W . The corresponding estimates of the true signal distance are
g�1.dW / and g�1.d0W /, respectively. However, the ambiguity of these estimates is
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Fig. 2 Effect of the gradient of the distance map on the distance ambiguity of the embedding.
(left) Even though the vertical ambiguity is constant across the distance map, the corresponding
horizontal ambiguity varies significantly, depending on the slope of the map. (right) Example
embedding exhibiting similar behavior as described by the map on the left.

significantly higher for dW than for d0W , because of the difference in slope of g.�/ at
the corresponding points. Simulations using an actual embedding design exhibiting
the same behavior are shown on the right-hand side.

Embedding maps designed using the approach in Sec. 2.2 eventually saturate and
become flat beyond a certain signal distance. Thus, the ambiguity becomes infinite;
the embedding does not preserve distances beyond a range. Given an embedding
map h.�/, this range can be controlled by the scaling parameters of the distribution
of A, such as � and � in (6) and (7), respectively. The same parameters also scale
the gradient of the embedding, thus controlling the ambiguity, as described in (10).
In other words, varying the scale parameters is equivalent to navigating a trade-
off between smaller ambiguity while representing a smaller range of distances, and
greater ambiguity while representing a larger range of distances. In fact, similar
trade-offs are possible with any embedding function, simply by scaling the argument
and replacing f .x/ with f .ax/ for any a > 0.

The distance preserving ambiguity described above characterizes distance preser-
vation through g.�/ along a full range of distances. However, it is often sufficient
to only guarantee the locality of the embedding, i.e., that small distances remain
small and larger distances do not become too small. Recent work has attempted
to define locality in the context of binary embeddings [46, Def. 2.3], as well as,
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implicitly, in the context of learning an embedding for classification [31, Eq. (6)].
In the same spirit, guarantees on using JL embeddings for classification have been
recently established, assuming specific signal models. In particular, in [7] it is shown
that separated convex ellipsoids remain separated when randomly projected to a
space with sufficiently high dimensionality. However, an appropriate and useful
characterization of locality is still a pending question.

One important property of the embeddings described so far is their universality.
Their randomized construction does not take the data into account. The guarantees
hold with very high probability on any set of points S to be embedded, as long as
the set complexity is known. Thus, there is no adversarial selection of the data for
which the embedding will fail, assuming the data set is generated independently of
the embedding. The next section explores embeddings designed while taking sample
data into account, their advantages, as well as their disadvantages.

2.4 Learning the Embedding Map

A key advantage of the embeddings described above is their universality and
the simplicity in computing them. However, it is often advantageous to tune the
embedding to an application using available training data. The main assumption is
that the training data is representative of the data to be observed by the application;
tuning the embedding to the data should provide an embedding that performs well
on all future data on which the embedding will be used.

Inspired by the JL lemma, recent work [31, 54] demonstrates that given a set of
L points S D fxi 2 R

N ; i D 1; : : : ;Lg as training data, it is possible to formulate
a convex optimization problem and determine a linear embedding map, f .x/ D Ax,
that preserves the squared Euclidean distance. The resulting map provides a .gI ; ı; 0/

embedding. The problem can be formulated to either minimize the dimensionality
of the embedding space under a fixed multiplicative distortion ı or minimize the
distortion given a fixed embedding dimensionality.

In formulating the problem, the objects of interest are not the signals xi but
their differences xi � xj. Thanks to the linearity of the map, to guarantee a 1 ˙ ı
multiplicative ambiguity it is sufficient to guarantee a ı distortion of the normalized
difference xi�xj

kxi�xjk2 . Thus, the formulation starts with the secant set

X D
�

vij D xi � xj

kxi � xjk2 ; xi; xj 2 S ; i ¤ j

�
(11)

The map f .x/ D Ax satisfies the guarantee for all vij 2X if

ˇ̌kAvijk22 � kvijk22
ˇ̌ � ı; (12)

where, by construction, kvijk22 D 1 for all i; j.
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The squared norm can be expressed as a quadratic form kAvijk22 D vT
ijA

TAvij

which is linear in P D ATA. Furthermore, if A 2 R
M�N , then P, which is positive

semidefinite, has rank.P/ D M. Thus, the P corresponding to the embedding that
satisfies (12) for all pairs i ¤ j with the minimum number of measurements can be
found using the following optimization [31]:

bP D arg min
PTDP	0

rank.P/ (13)

subject to jvT
ijPvij � 1j � ı for all i ¤ j:

This is a non-convex and combinatorially complex program. To solve it, [31]
proposes the relaxation of the rank using the nuclear norm, which results in the
following polynomial-time semidefinite program:

bP D arg min
PTDP	0

kPk� (14)

subject to jvT
ijPvij � 1j � ı for all i ¤ j:

Alternatively, [54] modifies the formulation to determine the optimal ı using
a fixed number of measurements M, also adding an energy constraint on the
coefficients of the matrix A. The resulting problem constrains both the rank and
the trace norm of P.

bP D arg min
PTDP	0

max
i¤j
jvT

ijPvij � 1j (15)

subject to rank.P/ � M and kPk� � b; (16)

where b is the energy constraint. Using a game-theoretic formulation, [54] also
derives an algorithm to solve (16) with performance guarantees. It is also shown
that the performance of the embedding can be guaranteed on new data, similar to
the training set, using a continuity argument similar to the one in [10].

As mentioned in Sec. 2.3, a notion of semantic locality is also introduced in [31],
in the context of classification. In particular, for elements i and j from the training
data that belong in the same class, the embedding should guarantee that their
distances do not increase significantly but does not need to limit how much they
may shrink. On the other hand, if elements i and j belong to different classes, the
embedding should guarantee that their distances do not shrink significantly but
may allow them to grow unconstrained. Under those conditions, the embedding
guarantees that each cluster stays together, even though two different clusters may
separate from each other. Thus, classification is still possible in the embedded data.
The resulting optimization is less constrained than (15).
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bP D arg min
PTDP	0

kPk� (17)

subject to vT
ijPvij 	 1 � ı for all i ¤ j in different classes:

vT
ijPvij � 1C ı for all i ¤ j in the same class:

In all the formulations above, A can be determined from bP using a simple
factorization. For example, the economy-sized singular value decomposition isbP D U˙ UT , where U 2 R

N�M has orthonormal columns and ˙ 2 R
M�M is

diagonal. The embedding can be computed using bA D ˙ 1=2UT .

3 Preserving Inner Products, Angles, and Correlations

The embeddings discussed in the previous section are designed to preserve distances
between signals in the embedding space. However, in a number of problems, inner
products and correlations should be preserved instead. In this section we consider
how distance embeddings can be used to preserve regular inner products and kernel
inner products, as well as how binary and phase embeddings can be used to preserve
normalized correlations, i.e., angles, without preserving distances.

3.1 Inner Product Embeddings

When the signal and the embedding spaces are inner product spaces, then the inner
product can be determined using the signal distances that are preserved. The inner
product of the measurements hy; y0i can be derived from the `22 difference of the
measurements, ky � y0k22. Specifically,

ky � y0k22 D kyk22 C ky0k22 � 2hy; y0i H) hy; y0i D
kyk22 C ky0k22 � ky � y0k22

2
:

(18)

When all these norms are preserved by the embedding, it is straightforward to show
that JL-type random projections satisfy [2]

ˇ̌hy; y0i � hx; x0iˇ̌ � ı.kxk22 C kx0k22/ (19)

With a little more care, exploiting the linearity of the embedding, a tighter bound
can be derived [27]

ˇ̌hy; y0i � hy; y0iˇ̌ � ıkxk2kx0k2 (20)
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In addition to standard inner products, appropriately designed embeddings
can also be used to approximate kernel inner products. Kernel inner product
embeddings were first introduced in [51] and significantly generalized in [17, 20].
Common kernels include the Gaussian K.x; x0/ D ekx�x0k22=�2 and the Laplacian
K.x; x0/ D e�kx�x0k1 . Since computing those kernels relies on computing distances,
the development in Sec. 1 could be used to directly estimate the distance and
compute the kernel. However, the resulting ambiguity would manifest itself in the
exponent, making it difficult to characterize and control.

Instead, guarantees based on computing the inner product in the embedding
domain can be derived, exploiting the design approach in Sec. 2.2. Similarly to
standard inner products, establishing the guarantees relies on (18). However, the
difficulty lies in bounding kyk22 which is necessary, in addition to the distance
between y and y0. When using the embedding design in Thm. 2, it is straightforward
to show that, in the embedding space,

X
k

jHkj2 � � � 1

M
kyk22 �

X
k

jHkj2 C �; (21)

with probability greater than 1 � 2elog Q�2M �2

Nh . Thus, if dW .y; y0/ D ky � y0k22 in
Def. 1, and substituting (4) and (21) in (18), we can show that the embedding can be
designed to approximate a kernel.

Theorem 3 (Thm. 4.4 in [20]) Consider a set S of Q points in R
N, measured

using y D h.Ax C w/, with A;w, and h.t/ as in Thm. 2. With probability greater

than 1 � e2 log Q� 89M �2

Nh4 the following holds

K.d/ � � � 1

M
hy; y0i � K.d/C � (22)

for all pairs x; x0 2 S and their corresponding measurements y; y0, where

K.d/ D
X

k

jHkj2	l.kjd/ (23)

defines the kernel of the embedding.

Thus, to embed a Gaussian kernel and linear combinations of it, it suffices to
draw the elements of A from an i.i.d. Gaussian distribution. Alternatively, to embed
a Laplacian kernel and linear combinations of it, the elements of A should be drawn
from a Cauchy distribution. The resulting kernels will be described by plugging the
corresponding 	.�jd/ in (23), in a similar manner as in (6) and (7):

K.d/ D
X

k

jHkj2e�2.��dk/2 (24)

K.d/ D
X

k

jHkj2e�2��dk (25)
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where A is generated using an i.i.d. zero-mean Gaussian distribution with variance
�2 or an i.i.d. Cauchy distribution with scale parameter � and d is the `2 or the `1
distance between signals, respectively.

3.2 Angle Embeddings

Another geometric quantity of interest in a number of applications is the angle
between signals.

d∠.x; x0/ D 1

�
arc cos

hx; x0i
kxk2kx0k2 (26)

The cosine of the angle is the correlation coefficient of the signals, i.e., their inner
product normalized by their respective norms.

Since JL-type embeddings preserve distances and inner products, it is expected
that they should preserve angles as well. A tighter bound than a naive application
of the definition and the bounds of the previous section was shown in [30] in the
context of sparse signals and the RIP. Specifically,

Theorem 4 (Adapted from Thm. 1 and Remark 1 in [30]) Consider an embed-
ding satisfying the RIP for K-sparse vectors with RIP constant ı � 1=3. For any
K-sparse x and x0 with the same support, such that d∠.x; x0/ � 1=2 then the angle
between the embedded vectors y, and y0 satisfies

�
p
3ı � d∠.x; x0/ � d∠.y; y0/ � 3ı (27)

H) ˇ̌
d∠.x; x0/ � d∠.y; y0/

ˇ̌ � p3ı: (28)

This result can be used to derive a generalized notion of the RIP, linking the inner
product of the embeddings with the geometry of the signals in the signal space [30,
Cor. 1].

More recently, an embedding was derived in the context of 1-bit CS, explicitly
preserving only angles of signals, not their inner products or magnitudes [37]. In
particular, the embedding map

y D f .x/ D sign.Ax/; (29)

where A has i.i.d. Normally distributed, entries maps the signals to an M-
dimensional binary space, denoted BM , in which the normalized Hamming
distance, defined as dH.y; y0/ D .Pm ym ˚ y0m/=M, is the natural metric.

In [37] it is shown that (29) preserves the angle between signals in the
normalized Hamming distance between the measurements, making it a Binary �-
stable embedding



168 P.T. Boufounos et al.

Definition 3 Let � 2 Œ0; 1/ a mapping f W S ! BM is a Binary �-stable embedding
(B�SE) of S if for all x; x0 2 S ,

d∠.x; x0/ � � � dH.y; y0/ � d∠.x; x0/C �: (30)

In other words, a B�SE is a .gI ; 0; �/ embedding according to Def. 1, with dS D d∠
and dW D dH . While the result has been developed for K-sparse vectors, it
is straightforward to show that it holds for finite sets of L points using M D
O.��2 log L/.

Theorem 5 (Adapted from Thm. 3 in [37]) Let A 2 R
M�N be a matrix generated

from an i.i.d. Normal distribution and S be a set of L points. The map (29) is a
B�SE of S with probability greater than 1 � 2e2.log P��2M/.

Subsequent work [3, 46–49] demonstrated variations of this result for infinite
signal sets, as a function of their mean width, with varying dependence on �.
Furthermore, with some constraints on the signals, it can also be shown for more
general matrix ensembles, with elements drawn from subgaussian distributions.

The generalization of the sign function to complex numbers is the phase. As
expected in hindsight, similar to sign measurements, phase measurements of the
form

y D ∠.Ax/ (31)

can also provide stable angle embeddings [14–16]. In particular, if two signals x; x0
in a finite set W of size L are measured with a complex random Gaussian matrix,
the expected value of the mth element of the measured phase difference is equal to

E
nˇ̌
ˇ∠
�

ei.ym�y0

m/
ˇ̌
ˇ
o
D �d∠.x; x0/; (32)

Note that this way of calculating the phase difference naturally takes phase wrapping
into account.

Similarly to the concentration of measure proofs so far, Hoeffding’s inequality
bounds the probability that the average of M random variables j∠.ei.ym�y0

m//j
deviates from (32). A natural distance metric in the embedding space is

dphase.y; y0/ D 1

M

X
m

ˇ̌
ˇ̌ 1
�
∠
�

ei.ym�y0

m/
ˇ̌ˇ̌ (33)

Using the union bound on L2 point pairs, a stable embedding guarantee follows

Theorem 6 ([16]) Consider a finite set S of L points measured using (31), with
A 2 C

M�N consisting of i.i.d elements drawn from the standard complex normal
distribution. With probability greater than 1 � 2e2 log L�2�2M the following holds for
all x; x0 2 S and corresponding measurements y; y0 2 R

M.
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Fig. 3 Comparison of B�SE
(red) with continuous angle
embedding (blue) for the
same number of
measurements. The
continuous embedding
becomes tighter as signals
become more similar. As
expected, the binary
embedding has higher
ambiguity for the same
number of measurements. 0 0.5 1
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dphase.y; y0/ � d∠.x; x0/

ˇ̌ � � (34)

A complex-valued measurement matrix A is necessary here. If A only contains
real elements, the information in y is essentially the sign of the measurement—0 and
� for positive and negative measurements, respectively. In that case, the embed-
ding becomes a B�SE. Furthermore, even though the embedding has an additive
ambiguity—i.e., is a .gI ; 0; �/ embedding—it is conjectured that a multiplicative
ambiguity guarantee should be possible to derive—i.e., that it is, in fact, a .gI ; ı; 0/

embedding [16].
Figure 3 compares the performance of this embedding with the B�SE, and

demonstrates that, as expected, it exhibits lower ambiguity for the same number of
measurements M. Furthermore, it shows that the becomes tighter as signals become
similar, supporting the conjecture that a multiplicative-only ambiguity exists.

4 Quantized Embeddings

Quite frequently, the embedding is performed not simply as a dimensionality
reduction, but as a compression method. In those cases, the quantity of interest is
not the embedding dimensionality, but the number of bits it uses. Therefore, it is
necessary to understand how quantization affects the embedding performance, and
what the quantizer design trade-offs are.

4.1 Quantization of Continuous Embeddings

Although quantization of some embeddings can be analyzed using the periodic
embedding framework we describe above, it is often more convenient, especially in
the case of high-rate quantization, to consider it separately, as an additional step after
the projection. The following development closely follows [20] and the references
within.
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In particular, consider a .g; ı; �/ embedding which is subsequently quantized
using an M-dimensional vector quantizer Q.�/. We assume the quantization error
is bounded, i.e., d.Q.x/; x/ � EQ. The triangle inequality, jdW .f .x/; f .w// �
dW .Q.f .x//;Q.f .w///j � 2EQ, implies that the quantized embedding guarantee
becomes a .g; ı; � C 2EQ/ embedding, with guarantee

.1 � ı/g .dS .x; y// � � � 2EQ

� dW .Q.f .x//;Q.f .y/// �
.1C ı/g .dS .x; y//C � C 2EQ: (35)

Theorem 7 (Thm. 3.3 in [20]) Consider a .g; ı; �/ embedding f .�/ and a quantizer
Q.�/ with worst case quantization error EQ, then the quantized embedding, Q.f .�//,
is a .g; ı; � C 2EQ/ embedding.

In the specific case of a uniform scalar quantizer with quantization interval �,
the M-dimensional quantization `2 error is bounded by EQ �

p
M�=2, assuming

the quantizer is designed such that it does not saturate or such that the saturation
error is negligible. The interval of the quantizer is a function of the number of bits
B used per coefficient � D 2�BC1S, where S is the saturation level of the quantizer.
Given a fixed rate to be used by the embedding, R D MB, the guarantee becomes

.1 � ı/g .dS .x; y// � � � 2� R
MC1
p

MS

� kQ.f .x// � Q.f .y//k2 �
.1C ı/g .dS .x; y//C � C 2� R

MC1
p

MS: (36)

Note that the
p

M factor can often be removed, depending on the normalization of
the embedding.

Of course, `2 is not always the appropriate fidelity metric. If the dS .�; �/
corresponds to the `1 distance, the quantization error is bounded by EQ � M�=2.
Again, with care in the normalization, the M factor can be removed. If, instead, the
`1 norm is desired, the quantization error is bounded by EQ � �=2.

One of the issues to consider in designing quantized embeddings using a uniform
scalar quantizer is the trade-off between the number of bits per dimension and the
total number of dimensions used. Since R D MB, increasing the number of bits
per dimension B under a fixed bit budget R requires decreasing the number of
dimensions M. While the former reduces the error due to quantization, the latter
will typically increase the uncertainty in the embedding by increasing ı and �.

In the case of randomized embeddings, this trade-off can be quantified through
the function w.�; ı/. Given a fixed probability lower bound to guarantee the
embedding, then M D ˝.1=w.�; ı//. Since w.�; �/ is an increasing function of �
and ı, which quantify the ambiguity of the embedding, reducing M increases this
ambiguity. On the other hand, the quantization ambiguity, given by 2� R

MC2S
p

M
decreases with M.
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Fig. 4 Illustration of the bits vs. measurements trade-off for quantized JL embeddings. (a) A
sketch of the trade-off between bits per coefficient and embedding dimension given a fixed bit-
rate for quantized JL embeddings. The error due to the JL ambiguity ı also depends on the norm of
the signals being compared, thus affecting the true optimum in practice. Constants were arbitrarily
selected for illustration purposes; the true optimum also depends on the true value of the constants.
(b) Three different simulation examples using the same M D 256, quantized at 2, 4, and 32 bits
per dimension, consuming R D 512; 1024; and 8192 bits, respectively. As expected, the 32 bit
embedding performs best, but at a significant rate penalty. (c) Three simulation examples using rate
R D 256, quantized at 2, 4, and 32 bits per dimension, requiring M D 128; 64; and 8 dimensions,
respectively. As evident, quantizing at 32 bits per coefficient is now suboptimal; the JL-type error
due to ı dominates. In this example, 4 bits per coefficient quantization seems to provide the best
trade-off overall.

This trade-off is explored, for example, in the context of quantized JL embed-
dings in [43, 53]. In particular, randomly generated JL embeddings exhibit ambigu-
ity ı � 1=

p
M. On the other hand, the quantization error scales as EQ � 2�B �

2�1=M . An illustrative example is shown in Figure 4(a): as more bits are used per
measurement the ambiguity due to quantization decreases; since fewer measure-
ments are used, the ambiguity due to the embedding’s ı increases. Figure 4(b)
and (c) further demonstrates this using a simulation experiment. In practice, the
optimum depends on assumptions on the signal distance and assumptions about the



172 P.T. Boufounos et al.

constants of proportionality. The same issue exists for non-uniform quantizers and
for vector quantizers, manifested with different constants but with the same order
of magnitude effects (e.g., see [36]), as well as other embeddings, such as phase
embeddings [14]. Unfortunately, other than experimentation with sample data, there
is no known principled way to determine the optimal point in the trade-off.

In addition to the generic guarantees above, it is often possible to provide more
explicit guarantees under certain conditions. For example, the 1-bit embedding
guarantees in Sec. 3.2 were explicitly established from the embedding map. More
recently, [34] draws similarities with the Buffon’s needle problem to provide
a tighter bound on the `1 embedding distance of quantized dithered JL-type
embeddings

Theorem 8 (Adapted from Prop. 2 in [34]) Let S � R
N be a set of L points.

Consider the map

y D f .x/ D Q�.AxC w/; (37)

where A 2 R
M�N has elements drawn from an i.i.d., standard Normal distribution,

the dither w 2 R
M has elements drawn from an i.i.d. distribution, uniform in Œ0; ��,

and Q�.�/ is an infinite uniform quantizer with interval �.
Given 0 < ı < 1, � > 0, and M > Cı�2L, then, with probability greater than

1 � ec00�2M, the map (37) satisfies

.1 � ı/kx � x0k2 � c�ı � c0

M
ky � y0k1 � .1C ı/kx � x0k2 C c�ı (38)

for all pairs of points x; x0 2 S .

A key insight in this result is the switch to the `1 norm in the embedding space,
instead of the `2 norm used by the JL lemma and earlier results.

4.2 Universal Quantization and Embeddings

In contrast to conventional quantization analysis, universal scalar quantization, first
introduced in [13], fundamentally revisits scalar quantization and redesigns the
quantizer to have non-contiguous quantization regions. Unfortunately the discontin-
uous quantization regions render some of the tools introduced in Sec. 4 impractical.
Fortunately, analysis based on the design described in Sec. 2.2 can be used instead.

A universal embedding also relies on a JL-style projection, followed by scaling,
dithering, and scalar quantization:

y D f .x/ D Q.��1.AxC w//; (39)
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Fig. 5 (a) This non-monotonic quantization function Q.�/ allows for universal rate-efficient
scalar quantization. This function is equivalent to using a classical multibit scalar quantizer, and
preserving only the least significant bits while discarding all other bits. 1-bit shown on top, multi-bit
shown on bottom (b) The embedding map g.d/ and its bounds produced by the 1-bit quantization
function in (a). (c) Experimental verification of the embedding for small and large � at high (left)
and low (right) bit-rates.

where A is a M�N random matrix with N .0; �2/-distributed, i.i.d. elements,��1 a
scaling factor, w a length-M dither vector with i.i.d. elements, uniformly distributed
in Œ0; 2B��, and Q.�/ a B-bit scalar quantizer operating element-wise on its input.

The key component is a modified B-bit scalar quantizer. Fitting the analysis of
Thm. 2, the quantizer is designed to be a periodic function with non-contiguous
quantization intervals, as shown in Figure 5(a) for B D 1 and 2. The quantizer can
be thought of as a regular uniform quantizer, computing a multi-bit representation
of a signal and preserving only the least significant bits (LSB) of the representation.
For example, for a 1-bit quantizer, scalar values in Œ2l; 2l C 1/ quantize to 1 and
scalar values in Œ2lC 1; 2.lC 1//, for any integer l, quantize to 0. If Q.�/ is a 1-bit
quantizer, this method encodes using as many bits as the rows of A, i.e., M bits.

This form of quantization, first proposed in [13] in the context of frame
expansions and first used in an embedding in [18] is extensively analyzed in [20].

Theorem 9 (Adapted from Thm. 3.2 in [18]) Consider a set S � R
N with L

points embedded using (39), as described above. For all x; x0 2 S , the embedding
satisfies

g .kx � yk2/ � � � dH
�
y; y0

� � g .kx � yk2/C �; (40)

with probability 1 � 2e2 log L�2�2M with respect to the measure of A and w. In (40),
dH.�; �/ is the Hamming distance of the embedded signals, the function f .�/ is as
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specified in (39), and g.d/ is the map

g.d/ D 1

2
�
C1X
iD0

e
�
�
�.2iC1/�d

p

2�

2

.�.iC 1=2//2 ; (41)

Furthermore, the distance map g.d/ can be bounded using

g.d/ 	 1

2
� 1
2

e
�
�
��d

p

2�

2
; (42)

g.d/ � 1

2
� 4

�2
e
�
�
��d

p

2�

2
; (43)

g.d/ � min

 r
2

�

�d

�
;
1

2

!
; (44)

as shown in Figure 5(b).
The upper bound (44) also provides a very good approximation of the embed-

ding, as also evident in the figure. The map is approximately linear for small d and
becomes constant, equal to 1=2, exponentially fast as d exceeds a threshold D0. The
slope of the linear section is determined by the parameter ratio �=�, thus specifying
the distance threshold D0 � �

p
�=2
p
2� . In other words, the embedding ensures

that the Hamming distance of the embedded signals is approximately proportional to
the `2 distance between the original signals, as long as that `2 distance was smaller
than D0. Distances greater than D0 are shrunk to Hamming distance� 1=2. In other
words, the embedding can only reveal that the distance is greater than approximately
D0 but not how much greater.

This embedding enables a trade-off between the threshold D0 and the slope of
the linear part, which determines its ambiguity through (10). Assuming the linear
approximation in (44), it is straightforward to show that the ratio of the range
of distances preserved, as measured through D0, to the ambiguity in preserving
distances in the linear part, as measured through (44) remains constant as the
embedding parameters � and � change keeping a fixed embedding dimension M,
and, therefore, a fixed rate R D M. In contrast to the trade-off depicted in Figure 4,
both D0 and the slope of the linear part are straightforward to compute and do not
depend on difficult-to-characterize constants.

Figure 5(c) illustrates how the embedding behaves in simulations for smaller
(red) and larger (blue) � and for higher (left) and lower (right) bit-rates. The figure
plots the embedding (Hamming) distance as a function of the signal distance for
randomly generated pairs of signals. The thickness of the curve is quantified by �,
whereas the slope of the upward sloping part is quantified by �.

In addition to 1-bit universal embedding for finite signal sets, [20] generalizes
the guarantees to infinite sets and to multi-bit embeddings. Of course, multibit
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embeddings re-introduce a similar trade-off as in Figure 4, which has not been
explored in the literature.

In addition to the embedding properties, information-theoretic arguments can be
used to guarantee that universal embeddings can preserve the query privacy [18, 39].
This can be a very useful property in implementing secure protocols for signal-based
querying and retrieval in privacy-sensitive applications [52].

5 Discussion

As evident from the discussion above, embeddings can play a significant role in
modern data processing systems. In this chapter, we have only presented a selective
overview of the area, some important results, and pointers for further reading.
However, increasing demand for efficient data processing has reinvigorated the field,
leading to a flurry of new results in a number of interesting directions.

While we have only discussed `p distance and angle embeddings in their
various forms, there exist embeddings for more exotic distance metrics, such as
the edit distance [6, 8, 42, 44]. Furthermore, while JL embeddings and the RIP
preserve `2 distances, there is a large body of work in preserving other similarity
measurements, such as `p distances for various p’s [32, 35, 36, 45, 46]. It should
be noted that in some cases, such as embedding the `1 distance into a smaller
`1 space, such embeddings have been proven impossible [22]. Still, even in such
cases, embeddings have been developed that hold with high, but not exponentially
decreasing, probability [32].

A principal motivation for dimensionality reduction is often a reduction in
computational complexity. However, the cost of storing and using a dense, fully
randomized, embedding matrix can often be prohibitive. Fast transforms have been
developed in a number of cases [4, 24, 57], enabling efficient computation of the
transform, often without explicitly storing the matrix but using an algorithm, such
as the fast Fourier transform (FFT). Still, even when the computation is efficient and
the cost of storing the matrix is mitigated, the complexity of using the embedding
for very large data retrieval can sometimes be daunting. While the dimensionality
reduction definitely helps, the amount of the data, i.e., the number of data points,
can be such that search is impossible even if the complexity is linear in the amount
of data.

In such cases, locality-sensitive hashing (LSH) methods—which significantly
reduce the computational complexity of near-neighbor computation—can be very
helpful [5, 26, 33]. These methods are intimately connected to randomized embed-
dings. The LSH literature shares a lot of the tools, especially with quantized
embeddings, such as randomized projections, dithering, and quantization. The goal,
however, is different. Given a query point, LSH will return its near neighbors very
efficiently, using O.1/ computation. This efficiency comes at a cost: no attempt is
made to represent the distances between neighbors. When LSH is used to compare
signals it only provides a binary decision, namely whether the distance between the
signals is smaller than a radius or not. There is no guarantee that further information
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will be preserved. Thus, LSH may not be suitable for applications that require more
accurate distance information. Still, the similarity of the methods suggests that some
of the quantized embedding designs can be used as LSH functions. While there are
examples of such use, [39], this is still an underdeveloped connection, especially
for recent embedding designs. Techniques that learn a hash, such as spectral
hashing [56] and LDAHash[55], also have strong similarities with embeddings and
embedding learning.

Of course, this is a rich topic and it is impossible to exhaustively cover in this
chapter. Our hope is that our development exposes the basic principles, some of the
foundational work, and some interesting recent developments. Our goal is to expose
embeddings to a wider community, establishing them as an important tool, essential
in the belt of any data scientist.
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Distributed Noise-Shaping Quantization:
II. Classical Frames

Evan Chou and C. Sinan Güntürk

Abstract This chapter constitutes the second part in a series of papers on dis-
tributed noise-shaping quantization. In the first part, the main concept of distributed
noise shaping was introduced and the performance of distributed beta encoding
coupled with reconstruction via beta duals was analyzed for random frames (Chou
and Güntürk, Constr Approx 44(1):1–22, 2016). In this second part, the performance
of the same method is analyzed for several classical examples of deterministic
frames. Particular consideration is given to Fourier frames and frames used in
analog-to-digital conversion. It is shown in all these examples that entropic rate-
distortion performance is achievable.

Keywords Finite frames • quantization • A/D conversion • noise shaping • beta
encoding • beta duals.

1 Introduction

The “analysis formulation” for the quantization problem (in short, the analysis
problem) associated to any given frame seeks to find out how well signals can be
approximated after quantizing signal measurements that are taken using this frame
(see, e.g., [9]). More concretely, let ˚ WD .'˛/˛2I be a (finite) frame in a real or
complex (finite dimensional) Hilbert space H with inner-product h�; �i and norm k �
k, and L 	 2 be a given integer representing the number of quantization levels to be
used. The analysis distortion Da.˚;L/ (see [6]) is formally defined by the quantity

inf

(
sup
kxk�1

inf
q2A I

�����x �
X
˛2I

q˛ ˛

����� W . ˛/ is any dual frame of ˚ and jA j D L
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Here A stands for the quantization alphabet, i.e. any subset of the underlying field
F (which equals R or C) of L elements.

As it was described in [6] (albeit with slightly differing notation), the analysis
distortion corresponds to a practical encoding-decoding scenario: The encoder
chooses A and quantizes the signal measurements .hx; '˛i/˛2I to generate the
discrete output .q˛/˛2I in A , knowing that the decoder will produce the approx-
imation

P
q˛ ˛ where � WD . ˛/˛2I is some dual frame of ˚ . In this sense, the

quantization alphabet A and the dual frame � are available to both the encoder and
the decoder. A and � should be seen as system parameters which can be optimized
but must remain fixed for all signals x in the unit ball of H . The analysis distortion
then measures the best achievable reconstruction error bound (over all A and � )
that is valid uniformly for all x.

It is easy to see that the analysis distortion is invariant under scaling and unitary
transformations. More precisely, given any frame ˚ WD .'˛/˛2I in H1, unitary
transformation U WH1 !H2, and nonzero scalar c 2 F, we have

Da.cU˚;L/ D Da.˚;L/

where cU˚ stands for the frame .cU'˛/˛2I in H2. Hence it is always possible to
reduce the discussion of the analysis distortion of frames to that of matrices (finite
or infinite) as it was done in [6] which focused on random matrices. In this paper it
will be more convenient for us to maintain the general framework of Hilbert spaces
to allow for the possibility of working with examples of frames that are not naturally
presented as matrices.

The rate-distortion performance of any quantization method is constrained by
universal entropic (or volumetric) bounds. For the analysis distortion, we have (see,
e.g., [6])

Da.˚;L/ 	 L�N=d (1)

for all frames ˚ in R
d of size jIj DW N, and all L. One of the main results of [6] is

that if the '˛ are chosen independently from the standard Gaussian distribution on
R

d, then for any � > 0, the event

n
Da.˚;L/ �

p
dL�.1��/N=d for all L 	 2

o
(2)

holds with probability at least 1� exp.�c�2N/, provided d and N=d are sufficiently
large (depending only on �). Of course, with the observation made in the previous
paragraph concerning unitary invariance, (1) and (2) continue to hold in any d-
dimensional real Hilbert space H where the standard Gaussian distribution may
be defined by means of any orthonormal basis of H .

Complex Hilbert spaces were not studied in [6] but can be handled with relatively
straightforward modifications which we will introduce in this paper (see Section 2
and the Appendix). Note, in particular, that the universal lower bound (1) needs to be
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replaced by L�N=2d for the complex case; this can be seen by porting the Lebesgue
measure on R

2d on to C
d and repeating the volume-covering argument given in [6].

1.1 Statement of the Main Results

This is the second part in an ongoing series of works on distributed noise-shaping
quantization. In the first paper [6], the analysis distortion bound in (2) was achieved
by means of a general algorithmic framework called distributed noise-shaping,
and in particular, using the method of distributed beta encoding coupled with
reconstruction via beta duals. In this second paper we will apply this method to
some classical examples of deterministic frames.

The frames that we will consider in this paper fall into a general category we call
unitarily generated frames. In essence, this means that the index set I can be chosen
as ZN or Z depending on the size of the frame, and there exists a unitary operator U
on H such that

'n D U'n�1 (3)

for all n 2 I. (See Section 4 for the technical definition.) Well-known examples that
fall into this category include Fourier frames, real harmonic frames, and frames of
(uniform) translates.

The main result of this paper in the case of unitarily generated frames of size
N in d dimensions, assuming N is a multiple of d and a certain technical condition
satisfied by Fourier frames, is that

Da.˚;L/ � c.'0/Nd�1 �
�

L�N=d; if F D R and L 	 2;
bpLc�N=d; if F D C and L 	 4; (4)

where c.'0/ is a constant that is independent of N and L (see Theorem 2).
Generically, c.'0/ is of order

p
d. Note that the bound in (4) behaves better than

the one in (2), and considering (1), it is essentially optimal.
The case of infinite dimensional Hilbert spaces requires some modifications

and we only consider the classical problem of analog-to-digital conversion of
bandlimited functions via uniform sampling and reconstruction by interpolation.
With the help of the beta dual machinery, first we establish a new sampling theorem,
and then we show that for uniform sampling of real-valued bandlimited functions
with oversampling ratio �, the analysis distortion can be bounded by C�L��C1
which is the infinite dimensional analog of (4) (see Section 5).
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2 Background and Review of Methodology

In this section we will review the general theory of noise-shaping quantizers as well
as the particular method of distributed beta encoding and beta duals. Further details
on the methodology can be found in [6].

2.1 Basics of Noise Shaping for Frames

The main principle of noise-shaping quantization is to arrange for the quantization
error (the quantization “noise”) to be close to the kernel of the reconstruction
operator. For concreteness we assume here that I is a finite index set, but the
principle extends to infinite dimensional cases with suitable modifications. Given
the measurements y˛ WD hx; '˛i, ˛ 2 I, of a signal x 2 H using a frame ˚ WD
.'˛/˛2I , a noise-shaping quantizer seeks to find a solution .u; q/ to the equation

y � q D Hu (5)

where y WD .y˛/ 2 F
I , q WD .q˛/ 2 A I , H W FI ! F

I is a linear operator
called the “noise transfer operator” of the noise-shaping quantizer, and u 2 F

I is
an auxiliary variable, often called the “state vector.” Sigma-delta (˙�) modulators
constitute the most important example of traditional noise-shaping quantizers (see
[10] for an engineering perspective, [7, 8] for mathematical expositions, and [2, 9]
for applications to finite frames).

Given any dual frame � WD . ˛/ of ˚ , we then have

x �
X
˛2I

q˛ ˛ D
X
˛2I

.Hu/˛ ˛ D
X
˛02I

u˛0 H
˛0 (6)

where

 H
˛0 WD

X
˛2I

H˛;˛0 ˛

and H has the matrix representation .H˛;˛0/. Noise-shaping quantizers are typically
designed to keep kuk1 small. Ideally kuk1 should be controlled independently of
jIj; such a scheme is called stable. With stability, the error representation (6) results
in the effective bound

�����x �
X
˛2I

q˛ ˛

����� � kuk1k�Hk`1.I/!H (7)
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where �H W `1.I/!H is the operator given by

�H.u/ WD
X
˛2I

u˛ 
H
˛ :

Picking an orthogonal basis for H , we may identify the frame � with a matrix
(which we may also denote by � ) whose columns consist of the coefficients of  ˛
in this basis. Then we have �H D �H and the operator norm k�Hk`1.I/!H equals
the matrix norm k�Hk1!2.

With the objective of minimizing the error bound (7), the main question is then
how to choose H and the dual frame � while ensuring stability of u. In the next
subsection we will review a particular choice of H and � that was proposed in
[6], namely the noise transfer operator of distributed beta encoding and the beta
dual of ˚ , respectively. To ensure stability, we will employ the common toolkit
known as the greedy quantizer, which was also used in [6]. The small but necessary
modifications for complex-valued measurements are explained in the Appendix
where a general form of the greedy quantizer which results in some additional
improvements is also given.

2.2 Distributed Beta Encoding and Beta Duals of Frames

For any given frame ˚ WD .'˛/˛2I in H , pick a partition ˘ WD .I0; : : : ; Ip�1/ of I
where N WD jIj 	 p 	 d WD dim.H /, and for each j in

Œp� WD f0; : : : ; p � 1g;

pick a scalar ˇj 2 F with magnitude at least 1 and a bijection �j W ŒNj� ! Ij where
Nj denotes jIjj. Define

�j WD
X

n2ŒNj�

Ň�n
j '�j.n/I j 2 Œp�:

Suppose .�j/
p�1
0 is itself a frame for H . Let .�j/

p�1
0 be any dual frame of .�j/

p�1
0

and define a new collection of vectors � WD . ˛/˛2I via

 �j.n/ WD ˇ�n
j �jI n 2 ŒNj�; j 2 Œp�:

Then � is a dual of ˚ because

X
˛2I

hx; '˛i ˛ D
X
j2Œp�

X
n2ŒNj�

hx; '�j.n/i �j.n/
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D
X
j2Œp�

X
n2ŒNj�

hx; Ň�n
j '�j.n/i�j

D
X
j2Œp�
hx; �ji�j

D x:

We assume that .�j/
p�1
0 is chosen to be the canonical dual of .�j/

p�1
0 , denoted

by .e�j/
p�1
0 . Suppressing the underlying partition ˘ , the bijections .�j/, and the

values .ˇj/, we then call � the beta dual of ˚ . We also say that .�j/
p�1
0 is the

beta condensation of ˚ . (See [6] for a more general definition of condensation of
frames.)

The concept of beta duals is inherently tied with what we call distributed beta
encoding. This is a noise-shaping quantization method which is carried out via the
system of difference equations

y�j.n/ � q�j.n/ D u�j.n/ � ˇju�j.n�1/; n 2 ŒNj�; j 2 Œp�; (8)

where for notational convenience we set u�j.�1/ WD 0. In other words, the noise-
transfer operator H has a block-diagonal matrix representation (see [6]).

The significance of distributed beta encoding coupled with beta duals for
reconstruction lies in the following calculation:

x �
X
˛2I

q˛ ˛ D
X
j2Œp�

X
n2ŒNj�

.y�j.n/ � q�j.n// �j.n/

D
X
j2Œp�

0
@X

n2ŒNj�

.u�j.n/ � ˇju�j.n�1//ˇ�n
j

1
Ae�j

D
X
j2Œp�

u�j.Nj�1/ˇ
�NjC1
j

e�j: (9)

Let A� be the lower frame bound of .�j/
p�1
0 , that is,

X
j2Œp�
jhx; �jij2 	 A�kxk2 for all x 2H :

Then, as is well known in frame theory, we have

������
X
j2Œp�

aj
e�j

������ � kak2=
p

A� for all a 2 F
p: (10)
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(In frame theory terminology, this result is a consequence of the fact that if T , T�,
and S WD T�T denote the analysis, the synthesis, and the frame operators for .�j/

p�1
0 ,

respectively, then S�1T� is the synthesis operator for .e�j/
p�1
0 with norm equal to

kS�1=2k D 1=pA� .) Combining (9) and (10), it follows that

�����x �
X
˛2I

q˛ ˛

����� �
1p
A�

����
�

u�j.Nj�1/ˇ
�NjC1
j

p�1
0

����
2

� kuk1ˇ�N�C1�
r

p

A�
; (11)

where ˇ� WD minj jˇjj, N� WD minj Nj. Note that N� � N=p but there always exists
a partition ˘ that achieves N� D bN=pc. As in [6] we will assume this is the case.
In fact, in all of the examples considered in this paper p will divide N and all the ˇj

will be equal to a common positive real number that we will call ˇ.
We show in the Appendix that

• for F D R, the condition ˇ C kyk1=ı � L is sufficient to guarantee that (8) is
solvable with kuk1 � ı and q 2 A I for some A � R, jA j D L, and

• for F D C, the condition ˇ C kyk1=ı � b
p

Lc is sufficient to guarantee that (8)
is solvable with kuk1 �

p
2ı and q 2 A I for some A � C, jA j D L.

Since ˇ 	 1, the above sufficient condition for the complex case can only be
invoked if L 	 4. However, L D 3 can also be employed using a different quantizer.
We show in the Appendix that (8) is solvable for any ˇ < 4=3. Note that ˇ � pL is
a necessary condition for the complex case due to the entropic lower bound L�N=2d

for the analysis distortion. Currently we do not know if the gap from 4=3 to
p
3 can

be closed for L D 3. Also see [1] where the case L D 3 appears for ˇ D 1.
In order to bound Da.˚;L/ via (11), a two-level strategy can be executed: At

the basic level, the system parameters ˇ and ı should be chosen optimally, i.e.
so as to minimize ıˇ�N�C1, subject to one of the sufficient stability conditions
above. At the more advanced level, the partition˘ and the bijections .�j/

p�1
0 should

also be seen as system parameters that can be chosen optimally so as to minimize
1=
p

A� . In other words, the beta condensation frame .�j/
p�1
0 should be made as

tight as possible. This second stage of optimization was not invoked for random
frames in [6] (except for the value of p) and it will not be invoked for the classical
examples considered in this paper either because natural partition choices will work
near optimally; however, in other specific examples there may be need to consider
it. Here note that A� implicitly depends on ˇ too, but for the examples we will study
in this paper this dependence will not play a critical role.

It is worth noting that the case ˇ D 1 with p D 1 corresponds to first-order
˙� quantization which has been studied in depth for finite frames [2]. The second
level of optimization that arises in this case has been found to relate to the traveling
salesman problem [11]. Higher-order ˙� schemes perform better but they remain
sub-optimal in the rate-distortion sense.
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3 Warm up: Beta Duals of Finite Fourier Frames

Let H WD C
d be equipped with the Euclidean inner-product. For any N 	 d,

the standard finite Fourier frame FN;d WD .'n/
N�1
0 of size N is given in Cartesian

coordinates by

'n;k WD 1p
d

e2� ink=N I n 2 ŒN�I k 2 Œd�:

For simplicity, we assume in this paper that N is a multiple of d. With this
assumption, we set p WD d, Nj WD N� WD N=d for all j 2 Œd�, and

�j.n/ WD jN� C nI j 2 Œd�I n 2 ŒN��:

Also we set ˇj D ˇ for all j 2 Œp�, where ˇ is a real number greater than 1 to be
determined later. Then the beta condensation of FN;d is computed explicitly to be

�j;k D
X

n2ŒN��

ˇ�n'�j.n/;k D
1p
d

wke2� ijk=dI j 2 Œd�I k 2 Œd�;

where

wk WD
X

n2ŒN��

�
ˇ�1e2� ik=N

�n I k 2 Œd�:

This formula shows that the beta condensation of a finite Fourier frame (with
the parameters we have used) is actually a weighted discrete Fourier system (which
is a basis if and only if all wk are nonzero). It is now straightforward to compute
the frame bounds. Indeed hx; �ji can be seen as the jth Discrete Fourier Transform
(DFT) coefficient of .xkwk/

d�1
0 so that (either by Parseval’s identity or by explicit

calculation) we have

X
j2Œd�
jhx; �jij2 D

X
k2Œd�
jxkj2jwkj2:

Note that for any complex number jzj < 1 and any m 	 1, we have

j1C zC � � � C zm�1j D
ˇ̌
ˇ̌1 � zm

1 � z

ˇ̌
ˇ̌ 	 1 � jzj

1C jzj (12)

so that

min
k2Œd� jwkj 	 1 � ˇ�1

1C ˇ�1 DW Cˇ: (13)
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Hence the lower frame bound A� of .�j/
d�1
0 satisfies

A� 	 C2
ˇ: (14)

In light of the discussion of the previous section, we can now proceed with the
optimization of system parameters. For all x 2 C

d such that kxk2 � 1, we have
kyk1 � 1 so that for any L 	 4 we can employ a quantization alphabet A � C

with at most L elements, guaranteeing kuk1 �
p
2ı, where ˇ and ı must satisfy

the condition ˇ C 1=ı � bpLc. For any such ˇ and ı, it follows from (11) that

Da.FN;d;L/ �
p
2dC�1ˇ ıˇ�

N
dC1: (15)

In order to choose the special values of ı and ˇ, we employ the following elementary
lemma whose proof we leave as an exercise (for a nearly identical version, see [6,
Lemma 3.2]):

Lemma 1 For any K 	 2 and ˛ 	 1, let ˇ WD K.˛ C 1/=.˛ C 2/ and ı WD
.˛ C 2/=K. Then ˇ 	 4=3, ˇ C 1=ı D K, and

ıˇ�˛C1 < e.˛ C 1/K�˛: (16)

Furthermore, Cˇ as defined by (13) satisfies C�1ˇ � 7.

We use this lemma for K WD bpLc and ˛ WD N=d. Injecting the resulting
bound (16) and the bound C�1ˇ � 7 in (15), we arrive at the following near-optimal
result:

Theorem 1 Suppose N is a multiple of d. Then for any number of quantization
levels L 	 4, the analysis distortion of the finite Fourier frame of N elements in C

d

satisfies

Da.FN;d;L/ < 7e
p
2d

�
N

d
C 1

�
bpLc�N=d:

Remark 1 The above theorem is actually still valid for L � 3 but it does not offer a
useful bound since then we have bpLc D 1. For L D 3 we may instead invoke
the triangular alphabet A and the associated quantization rule described in the
Appendix for which we may set ˇ WD �

4
3

�1�"
for any " 2 .0; 1/. It can then be

checked that

Da.FN;d; 3/ �"

p
d

�
4

3

��.1�"/N=d

:

We omit the details. This is the only upper bound we know for L D 3 that is
exponentially small in N=d; however, it does not match the entropic lower bound
of 3�N=2d.
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4 Generalization: Unitarily Generated Frames

A general method of constructing uniform tight frames based on frame paths was
introduced in [4] in connection with analyzing the performance of˙� quantization
for finite frames. In this section, first we will slightly extend this frame construction
method to include a larger class of frames, and then bound the analysis distortion of
these frames using distributed beta encoding.

4.1 Unitary frame paths

Let H WD C
d be equipped with the Euclidean inner-product and ˝ be a d � d Her-

mitian matrix. Consider the 1-parameter group of unitary operators on H given by

Ut WD e2� i˝tI t 2 R;

and for any '0 2 C
d of unit norm, let

'n WD U n
N
'0I n D 0; : : : ;N � 1:

The curve ft 7! Ut'0 W t 2 Œ0; 1�g is called a unitary frame path if ˚ WD .'n/
N�1
0

yields a frame for infinitely many N 	 d. We also say that ˚ is unitarily generated.
Assume˝ has d distinct integer eigenvalues �0; : : : ; �d�1 which are also distinct

modulo N. Let us denote the corresponding normalized eigenvectors of ˝ by
v0; : : : ; vd�1. This collection gives us an orthogonal basis of H . Now note that

hvk; 'ni D he�2� i˝n=Nvk; '0i D e�2� i�kn=Nhvk; '0iI n 2 ŒN�; k 2 Œd�;

so that

X
n2ŒN�
jhx; 'nij2 D

X
n2ŒN�

ˇ̌
ˇ̌
ˇ̌
X
k2Œd�
hx; vkihvk; 'ni

ˇ̌
ˇ̌
ˇ̌
2

D
X
k2Œd�

X
l2Œd�
hx; vkihvl; xihvk; '0ih'0; vli

X
n2ŒN�

e2� i.�l��k/n=N

D N
X
k2Œd�
jhx; vkij2jh'0; vkij2;

where in the last equality we have used the assumption that �0; : : : ; �d�1 are distinct
modulo N.
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With this identity, it now follows that

N

�
min
k2Œd� jh'0; vkij2

�
kxk2 �

X
n2ŒN�
jhx; 'nij2 � N

�
max
k2Œd� jh'0; vkij2

�
kxk2: (17)

Hence we see that .'n/
N�1
0 is a frame if and only if h'0; vki 6D 0 for all k 2 Œd�. We

also see (as in [4]) that .'n/
N�1
0 is a unit-norm tight frame if and only jh'0; vkij D

1=
p

d for all k. Note that the frame condition is generic, i.e. the set of '0 which
yield a frame is an open dense subset of H . In contrast, the condition for tightness
of the frame is quite strict, corresponding to a nowhere dense set of '0.

Remark 2 The above argument continues to hold under the weaker assumption that
all pairwise differences �l � �k are integers and are nonzero modulo N if l 6D k.
In other words, it is possible to shift all the eigenvalues by a common real value
without changing the frame property. Note that .Ut/ is 1-periodic in t if and only if
all the eigenvalues are integers in which case the frame path is a closed curve.

Remark 3 Note that the finite Fourier frame of the previous section corresponds to
the case when ˝ is the diagonal matrix with the diagonal entries 0; : : : ; d � 1 and
'0 D .1; : : : ; 1/=

p
d.

More generally, we may pick any J � ŒN� of cardinality d to form the diagonal
entries �0; : : : ; �d�1 (in increasing order) of a diagonal matrix˝. The resulting tight
frame can be characterized equivalently as the restriction of the finite Fourier basis
of CN to the space of timelimited vectors H WD fx 2 C

N W supp.x/ � Jg.
By duality we can also consider the space of discrete bandlimited vectors BJ WD

fx 2 L2.ZN/ W supp.bx/ � Jg. For any '0 such that supp.b'0/ D J, the system
.'n/n2ZN defined via translating '0, i.e. by setting 'n;k WD '0.k � n/, k; n 2 ZN ,
constitute a unitarily generated frame for BJ .

Unitarily generated frames in R
d. If the Hermitian˝ is such that all of its entries

are purely imaginary, i.e., i˝ is a real, skew-symmetric matrix, then .Ut/ reduces to
a group of real, orthogonal matrices. Then .'n/

N�1
0 is a unitarily generated frame in

R
d provided '0 2 R

d and h'0; vki 6D 0 for all k 2 Œd�. Note that the eigenvectors
.vk/ would still need to be considered as vectors in C

d.
The simplest nontrivial example is in R

2. Two examples are worth mentioning:
First, we may consider ˝ WD B WD � 0 i�i 0

�
. Here the eigenvalues 1 and �1 of ˝ are

distinct modulo N if only if N 	 3. We may also consider ˝ WD B=2 D
�

0 i=2
�i=2 0


for which the condition in Remark 2 is satisfied for all N 	 2. This frame is actually
the semicircle frame in R

2 (see [4, 6]).
The harmonic frames in R

d for d D 2m are obtained by setting˝ to be the block
diagonal matrix with the blocks B; 2B; : : : ;mB, and eigenvalues f˙1; : : : ;˙mg.
Again we require N 	 d C 1 as a frame condition. For d D 2m C 1, a 1 � 1 “0
block” is added resulting in the eigenvalues f0;˙1; : : : ;˙kg. See [4] for additional
information.
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4.2 Beta Duals of Unitarily Generated Frames

Let .'n/
N�1
0 be a unitarily generated frame in F

d as described in Section 4.1 where
˝, .�k/

d�1
0 , and .vk/

d�1
0 have the same meaning as before. Let d � p � N. For

simplicity, we assume that N is a multiple of p, and set N� WD Nj WD N=p for all
j 2 Œp�. As in Section 3, we set �j.n/ WD jN� C n, n 2 ŒN��, and ˇj D ˇ > 1 for all
j 2 Œp�. Then the beta condensation of the frame .'n/

N�1
0 is given by

�j WD
X

n2ŒN��

ˇ�n'�j.n/ D
X
k2Œd�

wke2� ij�k=ph'0; vkivkI j 2 Œp�;

where

wk WD
X
n2N�

�
ˇ�1e2� i�k=N

�n I k 2 Œd�:

Assuming the stronger hypothesis that �0; : : : ; �d�1 are distinct modulo p, or more
generally, that

�l � �k are integers and nonzero modulo p if l 6D k; (18)

we have

X
j2Œp�
jhx; �jij2 D

X
j2Œp�

ˇ̌
ˇ̌
ˇ̌
X
k2Œd�

wke2� ij�k=ph'0; vkihx; vki
ˇ̌
ˇ̌
ˇ̌
2

D p
X
k2Œd�
jhx; vkij2jh'0; vkij2jwkj2:

Using (12), we have jwkj 	 Cˇ D .1 � ˇ�1/=.1C ˇ�1/ as before, so we find that
the lower frame bound A� of .�j/

p�1
0 satisfies

A� 	 pC2
ˇ

�
min
k2Œd� jh'0; vkij2

�
:

The rest of the discussion where we bound the analysis distortion of ˚ is the
same as before. Namely, we invoke (11) and follow the same procedure as in the
case of finite Fourier frames of Section 3, starting from (14). In addition, for F D R

we may employ a quantizer in R for all L 	 2 where we can set K D L and the state
vector satisfies kuk1 � ı. The result is summarized in the following theorem:

Theorem 2 Suppose N is a multiple of p where p 	 d, and ˚ is a unitarily
generated frame in F

d such that (18) holds. Then we have
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Da.˚;L/ < 7e

�
N

p
C 1

�
c.'0/ �

� p
2bpLc�N=p; if F D C and L 	 4;

L�N=p; if F D R and L 	 2;

where

c.'0/ WD
�

min
1�k�d

jh'0; vkij
��1

:

Of course, a bound for the case L D 3 can also be given as in the previous section.

5 An Infinite-Dimensional Case: Bandlimited Functions on R

Discussing quantized frame representations in infinite dimensional Hilbert spaces
requires special care due to the fact that the coefficient sequence .q˛/˛2I is not in
`2.I/ (and therefore the reconstruction is not guaranteed to be of finite norm) unless
q˛ D 0 for all but finitely many ˛. Of course, for this to happen, 0 would need to be
a permissible quantization level in A in the first place. Then the problem becomes
similar to a finite dimensional one with one main difference: the finite dimensional
subspace from which a quantized approximation is sought would need to be either
specified a priori, or determined a posteriori by means of the quantization algorithm
itself.

Another approach is to relax the Hilbertian frame setting and consider frame-
like representations in other suitable normed spaces and with a different sense of
convergence, as well as the possibility of approximation by quantized represen-
tations from outside these spaces. Indeed this is the sense in which the classical
oversampled quantization problem of bandlimited functions on R has been studied
mathematically [7, 8]. A general (and highly nontrivial) theory for quantization for
frames in Banach spaces was also developed in [5]. In this short section we will only
be concerned with the case of uniform sampling of bandlimited functions where it
will be possible for us to work from scratch.

The analysis distortion of sampling. Let B˝ be the space of bounded continuous
functions x on R for which the (distributional) Fourier transform bx is supported
in Œ�˝;˝�. This space contains the classical Paley-Wiener space PW˝ which
comes with an additional square-integrability constraint. (PW˝ is therefore a Hilbert
space with respect to the standard inner-product on L2.R/.) We equip B˝ with
the L1-norm which is more suitable for quantization. The celebrated Shannon-
Nyquist sampling theorem (in the context of B˝) says that any x 2 B˝ can
be recovered perfectly from its samples .x.k�//k2Z via a pointwise absolutely
convergent expansion

x.t/ D �
X
k2Z

x.k�/ .t � k�/; (19)
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where � < �crit WD 1
2˝

and  is any function of rapid decay on R such that

b ./ D
�
1; jj � ˝;
0; jj 	 1

2�
:

(20)

We will say that such a  is .˝; �/-admissible. The value � WD 1=� is called the
sampling rate, and �crit WD 1=�crit D 2˝ is called the critical (or Nyquist) sampling
rate. The oversampling ratio given by

� WD �

�crit
D �crit

�
(21)

corresponds to the “redundancy” of the sampling operator ˚� W B˝ ! `1.Z/
where

.˚�x/k WD x.k�/; k 2 Z:

Let us say that a collection of bounded continuous functions � WD . k/k2Z on R

is quantization admissible if
P

ck k converges (pointwise absolutely) to a bounded
function whenever c 2 `1.Z/. Let us also say that � is dual to ˚� on B˝ if, in
addition, we have

x D
X
k2Z
.˚�x/k k D

X
k2Z

x.k�/ k for all x 2 B˝; (22)

where again the convergence is understood to be pointwise and absolute. This
equation generalizes the concept of frame and the classical sampling formula (19)
where the  k are �Z-translations of a fixed function. The analog of analysis
distortion associated to ˚� on B˝ for L levels of quantization, now denoted by
Da.˚� jB˝;L/ is then naturally defined to be

inf

(
sup
kxk1�1

inf
q2A Z

�����x �
X
k2Z

qk k

�����
1
W � is dual to ˚� on B˝ and jA j D L

)
:

Beta dual of the sampling operator. Note that in the context of PW˝ this sampling
operator can be realized in terms of the unitarily generated frame consisting of the
�Z-translations of a fixed sinc kernel. The following construction mimicks the beta
dual machinery of Sections 2 and 4. Since our setup is not Hilbertian, we will take
a direct approach in our construction.

Given � < �crit, let �� WD d�e � 1 D d�crit=�e � 1 and �� WD ��� . Note that
� > �� 	 1 and � � �� < �crit. For any given ˇ > 1, consider the operators

Tf WD
X

n2Œ���

ˇ�nf .� C n�/;
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Sf WD f � ˇ�1f .� C �/; and

Rf WD
1X

nD0
ˇ���nf .� C n��/

on L1.R/ where they are also clearly bounded. All three operators represent
convolution operators with distributional kernels and it is evident after inspecting
their Fourier multipliers that RS inverts T . Avoiding distributions, we can check this
fact directly. Indeed, for any f 2 L1.R/, we have

RSTf D R.f � ˇ��� f .� C ��// D f :

All three operators enjoy a crucial property which is stronger than their continuity
on L1.R/: Whenever a function series

P
fk converges pointwise absolutely (but not

necessarily uniformly) to a bounded function, we have

R
X

fk D
X

Rfk .similarly for S and T/; (23)

where the latter series also converges pointwise absolutely. To see this, simply note
that the iterated series

1X
nD0

ˇ���n
X

k

jfk.tC n��/j

is convergent for all t; hence, it is justified to change the order of summation that is
required to prove (23).

Let  � be .˝; ��/-admissible. Given any x 2 B˝ , it is clear that Tx 2 B˝ as
well, and we can apply Shannon’s sampling theorem to Tx with the reconstruction
filter  � on the sampling grid ��Z to obtain

Tx D ��
X
j2Z

0
@ X

n2Œ���

ˇ�nx.j�� C n�/

1
A �.� � j��/:

We apply RS to both sides of this equation. Using (23) and noting translation
invariance of RS, we obtain

x D
X
j2Z

X
n2Œ���

x ..��jC n/�/ ��ˇ�n.RS �/.� � j��/: (24)

We now set  WD RS �, and define � WD . k/k2Z by

 ��jCn WD ��ˇ�n .� � j��/I j 2 Z; n 2 Œ���:
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Then (24) says nothing but that � is dual to ˚� on B˝ . It is easy to see that  also
has rapid decay so that � is a quantization-admissible dual.

For the quantization process, we employ the same distributed beta encoding
approach as before, and this time, set yk WD x.k�/, �j.n/ WD ��jC n,

y�j.n/ � q�j.n/ D u�j.n/ � ˇu�j.n�1/I j 2 Z; n 2 Œ���;

with �j.�1/ WD 0 so that

x �
X
j2Z

X
n2Œ���

q��jCn��ˇ�n .t � j��/ D ˇ���C1X
j2Z

u�j.���1/�� .t � j��/;

and therefore
�����x �

X
k2Z

qk k

�����
1
� ˇ���C1kuk1C. /; (25)

where

C. / WD
������
X
j2Z

��j .� � j��/j
������1

�
������
X
j2Z

��RSj �.� � j��/j
������1

� kRSk1!1
������
X
j2Z

��j �.� � j��/j
������1

� ˇ C 1
ˇ � 1C. �/: (26)

Note that �� is near �crit in a uniform manner; for example, it is easy to show that
we have �� 2 Œ�crit=2; �crit/. This allows us to choose  � purely as a function of ˝
via  �.t/ WD ˝ �;0.˝t/ for a fixed  �;0. Consequently, we may replace C. �/ by
a universal constant independent of ˝.

Assuming we are only concerned with real-valued functions and employing a
quantization alphabet of L levels requiring ˇC 1=ı � L, we may set ˇ and ı in (25)
as indicated by Lemma 1. The end result now reads

Da.˚� jB˝;L/ � �L�d�eC1:

The modifications for complex-valued bandlimited functions would be the same as
before.
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6 Concluding Remarks

We have not touched upon many classical frames that are popular in theory and
practice, such as non-harmonic Fourier frames, frames of irregular sampling and
interleaved sampling, Gabor frames, and filter bank frames. Gabor frames are
generated by two unitary transformations, modulation and translation, which do
not commute. Sub-optimal results can be obtained in a straightforward manner by
focusing on only one of the generators and applying the basic beta dual machinery.
However, additional work (e.g., on the noise transfer operator) may be necessary in
order to exploit all of the redundancy present in a Gabor frame. Similar comments
are applicable for filter bank frames as well.

Appendix: Greedy Quantizer for Complex Measurements

In this section we will provide a generalization of the complex-valued ˙�

quantization algorithm given in [3, Proposition 3.1] and the greedy noise-shaping
quantization algorithm given in [6, Theorem 2.1]. The result, which is applicable to
both real and complex quantization alphabets, offers nontrivial improvements in the
complex case, thanks to the use of general semi-norms to measure closeness.

Lemma 2 Let A be a quantization alphabet in C, B� be the closed unit ball of a
semi-norm j � j� on C treated as a vector space over R, and H WD .Hn;m/n;m2ŒN� be an
N � N real-valued lower-triangular matrix with unit diagonal. Suppose there exist
positive real numbers �, ı, � such that

ıB� CA � �B� (27)

and

�C ımax
n2ŒN�

X
m<n

jHn;mj � �: (28)

Then for any y 2 C
N such that jynj� � � for all n 2 ŒN�, there exist q 2 A N and

u 2 C
N such that

y � q D Hu

where junj� � ı for all n 2 ŒN�.
Proof The proof of this result is yet another adaptation of a well-known induction
argument. By our assumption on H, we are seeking to satisfy the equations
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un D
 

yn �
X
m<n

Hn;mum

!
� qn (29)

for all n 2 ŒN�.
Since jy0j� � � � � , (27) implies that there exist q0 2 A and u0 2 ıB� such

that u0 C q0 D y0. Hence (29) is satisfied for n D 0 and ju0j� � ı.
For the induction step, assume that jumj� � ı for all m < n, and let

wn WD yn �
X
m<n

Hn;mum:

Using sub-additivity and homogeneity of j � j� followed by the condition given
in (28), we get

jwnj� � �C ı
X
m<n

jHn;mj � � I

hence, because of (27) again, there exist qn 2 A and un 2 ıB� such that un C qn D
wn, i.e. (29) holds. ut
Special known cases. There are certainly many ways to choose A and j�j�. We first
note two important special cases of practical importance. Here L denotes jA j.
.R/ Real arithmetic progression

This quantizer uses A WD AL;ı WD f.�LC 2l � 1/ı W 1 � l � Lg � R, i.e. the
origin-symmetric arithmetic progression of length L and spacing 2ı along with
jzj� WD j<.z/j. Then B� is the infinite vertical strip fz W j<.z/j � 1g and (27)
holds for � WD Lı. Using the algorithm in Lemma 2, y 2 R

N results in u 2 R
N ,

and kyk1 � � implies kuk1 � ı so that the setup becomes identical to that
of [6].

.C/ Complex square lattice quantizer
This quantizer assumes L D K2 for some positive integer K and sets A WD
AK;ıC iAK;ı � C along with jzj� WD max.j<.z/j; j=.z/j/. B� can be identified
with Œ�1; 1�2 (as a subset R2) so that (27) is valid for � WD Kı. Since jzj� �
jzj � p2jzj� for any z 2 C, kyk1 � � implies jynj� � � for all n and
Lemma 2 then yields kuk1 �

p
2ı.

When K is even, the resulting A has no real points and it may be desirable to
require that y 2 R

N always yields q 2 R
N . In this case, we may instead use the

slightly larger alphabet A WD AK;ı C iAKC1;ı for which L D K.K C 1/. This
choice indeed corresponds to the one made in [3]. Another natural possibility
in this case is to use the 1-norm in R

2 coupled with the diamond lattice as
shown in Figure 1 for K D 2.
Note that for the square (or diamond) lattice quantizer of K2 levels, using the
Euclidean norm j � j on C would be sub-optimal. Indeed, the largest value of �
that can be used in (27) is � D Kp

2
ı.
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Fig. 1 Lattice covering for
the 1-norm in R

2 where
L D 4 and � D 2ı.

γ

δ

Fig. 2 Three identical
hexagons at scale ı covering
a larger hexagon at scale
� D 4

3
ı compared to three

identical circular discs at
scale ı covering a larger
circular disc at scale
� D 2

p

3
ı.

ρ
γ

δ

Hexagonal norm for a tri-level complex alphabet. It is natural to ask if a complex
quantization alphabet A with fewer than 4 levels can be used in connection with the
noise-shaping quantization algorithm of Lemma 2. For L D 3, we may set A to be
the vertices of an equilateral triangle in C centered at the origin. If the Euclidean
norm is used, then it is not difficult to prove that the largest value of � that can be
used in (27) is � D 2p

3
ı (see Figure 2 for a demonstration of this covering). In this

case, kyk1 � � yields kuk1 � ı.
An alternative we have found useful is to employ the norm j � j� induced by

a regular hexagonal body whose sides are aligned with the sides of the triangle.
Then, as shown in Figure 2, we can attain � D 4

3
ı. By choosing the scale of the

hexagonal body suitably, we can ensure jzj� � jzj � 2p
3
jzj� so that kyk1 � �

implies jynj� � � for all n, and therefore Lemma 2 yields kuk1 � 2p
3
ı. Despite

the increase in the bound for kuk1, there is a sizable gain in the “expansion factor”
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�=ı from 2p
3

to 4
3
. This gain is crucial for beta encoding because any ˇ up to this

expansion factor is admissible for stability via Lemma 2 provided A , � , and ı are
suitably scaled to meet (27) and (28) simultaneously.
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Consistent Reconstruction: Error Moments and
Sampling Distributions

Chang-Hsin Lee, Alexander M. Powell, and J. Tyler Whitehouse

Abstract Consistent reconstruction is a method for estimating a signal from a
collection of linear measurements that have been corrupted by uniform noise. We
prove upper bounds on general error moments for consistent reconstruction, and
we establish general admissibility conditions on the sampling distributions used for
consistent reconstruction. This extends previous work in Powell and Whitehouse
(Found Comput Math 16:395–423, 2016) that addressed mean squared error in the
setting of unit-norm sampling distributions.

Keywords Consistent reconstruction • Estimation with uniform noise

1 Introduction

Consistent reconstruction is a method for estimating a signal x 2 R
d from a

collection of linear measurements that have been corrupted by uniform noise or,
more generally, bounded noise. Estimation with uniform noise arises naturally in
quantization problems in signal processing, especially in connection with dithering
and the uniform noise model [7, 11]. Consistent reconstruction has been used as a
signal recovery method for memoryless scalar quantization [1, 2, 4, 11, 13], Sigma-
Delta quantization [12], and compressed sensing [5, 6, 9]. See [10] for background
and motivation on consistent reconstruction and estimation with uniform noise.

Let x 2 R
d be an unknown signal and let f'ngNnD1 � R

d be a given spanning
set for Rd that is used to make linear measurements hx; 'ni of x. We consider the
problem of recovering an estimate for x from the noisy measurements

qn D hx; 'ni C �n; 1 � n � N; (1)
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where f�ngNnD1 are independent uniform random variables on Œ�ı; ı�. For the setting
of this chapter, the collection f'ngNnD1 is known but randomly generated, the noise
level ı > 0 is fixed and known, whereas x and the noise f�ngNnD1 are both unknown.
We focus on the situation when f'ngNnD1 are independent versions of a random vector
' 2 R

d whose distribution we refer to as the sampling distribution.
Consistent reconstruction seeks an estimateex for the unknown signal x that is

consistent with the knowledge that the noise is bounded in Œ�ı; ı�. Specifically,
consistent reconstruction produces an estimate ex 2 R

d for x by selecting any
solution of the linear feasibility problem

jhex; 'ni � qnj � ı; 1 � n � N: (2)

There are generally infinitely many solutions to this feasibility problem. In this
chapter, we mainly focus on the worst case error associated to consistent recon-
struction.

1.1 Worst case error

To describe the worst case error of consistent reconstruction, note that ifex is any
solution to (2), then the error .ex � x/ lies in each of the closed convex sets

En D
˚
u 2 R

d W jhu; 'ni � �nj � ı
�
: (3)

The intersection of the sets En forms the following error polytope:

PN D
N\

nD1
En; (4)

which is the set of all possible errors associated to consistent reconstruction (2). The
worst case error WN associated to consistent reconstruction is thus defined by

WN D max fkuk W u 2 PNg ; (5)

where k � k denotes the Euclidean norm on R
d.

1.2 Background

The main results in [10] proved error bounds for the expected worst case error
squared EŒ.WN/

2� of consistent reconstruction when the sampling vectors f'ngNnD1
are drawn at random from a suitable probability distribution on the unit sphere Sd�1.

The work in [10] considered sampling vectors f'ngNnD1 � S
d�1 that are

independently drawn instances of a unit-norm random vector ' that satisfies the
following admissibility condition:
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9˛ 	 1; 9 0 < s � 1; 8 0 � t � 1; 8x 2 S
d�1; PrŒ jhx; 'ij � t� � ˛ts: (6)

See Section 5 of [10] for further discussion of the admissibility condition (6). For
example, if ' is uniformly distributed on S

d�1, then ' satisfies (6) with s D 1 and

˛ D 2�. d
2 /p

��. d�1
2 /

. On the other hand, if ' has a point mass, then ' does not satisfy (6).

Suppose that f'ngNnD1 � S
d�1 are independently drawn at random according

to a distribution that satisfies the admissibility condition (6). Theorem 5.5 and
Corollary 5.6 in [10] prove that there exist absolute constants c1; c2 > 0 such that if

N 	 c2d ln.32.2˛/1=s/;

then the expected worst case error squared for consistent reconstruction satisfies

EŒ.WN/
2� � c1ı2d2.2˛/1=s ln2.16.2˛/1=s/

.N C 1/.N C 2/ :

Moreover, in the special case when f'NgNnD1 are drawn independently at random
according to the uniform distribution on S

d�1, Theorem 6.1 and Corollary 6.2 in
[10] proved a refined error bound with a constant that has cubic dependence on the
dimension

EŒ.WN/
2� � cı2d3

N2
:

For perspective, it is known that mean squared error rates of order 1=N2 are
generally optimal for estimation with uniform noise, see [11].

1.3 Overview and main results

The error bounds for consistent reconstruction in [10] only considered the mean
squared error EŒ.WN/

2� and only considered the admissibility condition (6) in the
setting of unit-norm random vectors (for example, this excludes the case of Gaussian
random vectors). The main contributions of this chapter are two-fold:

1. We prove bounds on general error moments EŒ.WN/
p� for consistent reconstruc-

tion. Our main results show that the error decreases like EŒ.WN/
p� � 1=Np; as

the number of measurements N increases.
2. We establish a general admissibility condition on the sampling distribution that

does not require ' to be unit-norm.

In Section 2, we prove our first main result, Theorem 1, which gives upper bounds
on EŒ.WN/

p� for unit-norm sampling distributions. Section 3 builds on Theorem 1
and proves our second main result, Theorem 2, for general sampling distributions
that need not be unit-norm.
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2 Error moments for consistent reconstruction: unit-norm
distributions

In this section we prove our first main result, Theorem 1. Theorem 1 extends
Theorem 5.5 in [10] to the setting of general error moments EŒ.WN/

p�. In this
section, we assume that the sampling vectors f'ngNnD1 are unit-norm and satisfy the
admissibility condition (6). We shall later remove the unit-norm requirement from
the admissibility condition in Section 3.

2.1 Consistent reconstruction and coverage problems

We begin by recalling a useful connection between consistent reconstruction and a
problem on covering the sphere by random sets.

Definition 1 Let f'ngNnD1 be a set of unit-norm vectors and let f�ngNnD1 � Œ�ı; ı�.
For each � > 0, define

Bn .�/ D B.'n; �n; �/ D
�

u 2 S
d�1 W hu; 'ni > �n C ı

�
or hu; 'ni < �n � ı

�

�

D ˚u 2 S
d�1 W j�hu; 'ni � �nj > ı

�
: (7)

In our setting, the sets Bn.�/ are random subsets of S
d�1 because f'ngNnD1 and

f�ngNnD1 are random.
Note that each Bn .�/ can be expressed as a union of two (possibly empty)

antipodal open spherical caps of different sizes

Bn .�/ D Cap
�
'n; 


C
n

� [ Cap
��'n; 


�
n

�
; (8)

where the angular radii 
Cn and 
�n are given by


Cn D
8<
:

arccos
�
ıC�n
�


; if ı C �n < �;

0; otherwise,

and


�n D
8<
:

arccos
�
ı��n
�


; if ı � �n < �;

0; otherwise.
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The following lemma shows a connection between consistent reconstruction and
the problem of covering the unit sphere by the random sets Bn.�/, see Lemma 4.1
in [10].

Lemma 1 For all � > 0, the worst case error satisfies

Pr ŒWN > �� � Pr

"
S

d�1 6�
N[

nD1
Bn .�/

#
: (9)

The following lemmas collect upper bounds on Pr
h
S

d�1 6�SN
nD1 Bn .�/

i
that

are spread out over various parts of [10].

Lemma 2 If � 	 4ı, then

Pr

"
S

d�1 6�
N[

nD1
Bn .�/

#
� 4d�1.4s˛/N

�
ı

�

�sN�dC1
: (10)

Lemma 2 was shown in equation (5.9) in [10].

Lemma 3 If 0 � � � 4.2˛/1=sı, then

Pr

"
S

d�1 6�
N[

nD1
Bn .�/

#

�
NX

kD0
q.k; d � 1; ˛; s/

 
N

k

!�
1 � �

4ı.2˛/1=s

�N�k �
�

4ı.2˛/1=s

�k

; (11)

where q.k; d � 1; ˛; s/ satisfies

q.k; d � 1; ˛; s/ � 1; (12)

and

k 	 2d ln.16.2˛/1=s/

ln.4=3/
H) q.k; d � 1; ˛; s/ �

�
3

4

�k=2

: (13)

The bound (11) appears in (5.12) in [10]. The bound (12) follows from (5.11) in
[10], and the bound (13) appears in Step VI in the proof of Theorem 5.5 in [10].
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2.2 Error moment bounds

We now prove our first main result that provides error moment bounds for consistent
reconstruction.

Theorem 1 Suppose that f'ngNnD1 � S
d�1 are independently drawn at random

according to a distribution that satisfies the admissibility condition (6) with
parameters ˛ 	 1 and 0 < s � 1. If p 2 N and N 	 .d C p/=s, then the pth
error moment for consistent reconstruction satisfies

EŒ.WN/
p� � C 0 ıp

0
@ pY

jD1
.N C j/

1
A
�1

C C 00 ıp

�
1

2

�N

; (14)

where

C 0 D C0p;˛;s D 2p.4.2˛/1=s/p
�
2d ln.16.2˛/1=s/

ln.4=3/
C p

�p
 1X

kD1
.kC 1/p�1.3=4/k=2

!
;

and

C 00 D C00p;˛;s;d D 2p.32.2˛/1=s/pCd�1:

Proof We proceed by directly building on the proof of Theorem 5.5 in [10].
Step 1. We need to compute

EŒ.WN/
p� D p

Z 1
0

�p�1 PrŒWN > ��d�: (15)

By Lemma 1, we have

EŒ.WN/
p� � p

Z 1
0

�p�1 Pr

"
S

d�1 6�
N[

nD1
Bn .�/

#
d�: (16)

Thus, it suffices to bound the integral on right side of (16).
Step 2. We shall bound the integral in (16) by breaking it up into three separate

integrals. We begin by estimating the integral in the range 0 � � � 4ı.2˛/1=s:
Using (11) and a change of variables gives

p
Z 4ı.2˛/1=s

0
�p�1 Pr

"
S

d�1 6�
N[

nD1
Bn .�/

#
d�



Consistent Reconstruction: Error Moments and Sampling Distributions 205

� p
NX

kD0
q.k; d�1; ˛; s/

 
N

k

!Z 4ı.2˛/1=s

0
�p�1

�
1� �

4ı.2˛/1=s

�N�k � �

4ı.2˛/1=s

�k

d�

D p
NX

kD0
q.k; d � 1; ˛; s/

 
N

k

!�
4ı.2˛/1=s

p
Z 1

0
vkCp�1.1 � v/N�kdv

D p
�
4ı.2˛/1=s

p NX
kD0

q.k; d � 1; ˛; s/
 

N

k

!
.N � k/Š.kC p � 1/Š

.N C p/Š

D p
�
4ı.2˛/1=s

p

0
@

pY
jD1
.N C j/

1
A
�1 "

NX
kD0

.kC p � 1/Š
kŠ

q.k; d � 1; ˛; s/
#
: (17)

Here, we used the property of the beta function that

Z 1

0

vkCp�1.1 � v/N�kdv D .N � k/Š.kC p � 1/Š
.N C p/Š

: (18)

It remains to bound the sum
PN

kD0
.kCp�1/Š

kŠ q.k; d�1; ˛; s/ in (17). We will bound
this sum by breaking it up into two separate sums, in an analogous manner to Step
VI in the proof of Theorem 5.5 in [10]. Let

K D
$
2d ln.16.2˛/1=s/

ln.4=3/

%
: (19)

Since q.k; d � 1; ˛; s/ � 1, we have

KX
kD0

.kC p � 1/Š
kŠ

q.k; d � 1; ˛; s/ �
KX

kD0
.K C p � 1/p�1 � .K C p/p: (20)

Using (13) we have

NX
kDKC1

.kC p � 1/Š
kŠ

q.k; d � 1; ˛; s/ �
1X

kDKC1

.kC p � 1/Š
kŠ

�
3

4

�k=2

�
1X

kDKC1
.kC p � 1/p�1

�
3

4

�k=2

D
1X

kD1
.kC K C p � 1/p�1

�
3

4

�.kCK/=2
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� .K C p/p�1
1X

kD0
.kC 1/p�1

�
3

4

�k=2

D .K C p/p�1Sp; (21)

where Sp DP1kD1.kC 1/p�1.3=4/k=2 satisfies 1 < Sp <1.

By (20) and (21) we have

NX
kD0

.kC p � 1/Š
kŠ

q.k; d � 1; ˛; s/ � .K C p/p.1C Sp/ � 2.K C p/p Sp: (22)

Combining (17) and (22) yields

p
Z 4ı.2˛/1=s

0

�p�1 Pr

"
S

d�1 6�
N[

nD1
Bn .�/

#
d�

� 2p.4ı.2˛/1=s/p.K C p/pSp

0
@ pY

jD1
.N C j/

1
A
�1

: (23)

Step 3. Next, we bound the integral (16) in the range 4ı.2˛/1=s � � � 8ı.2˛/1=s.
By Lemma 2 we know that in this range of �,

Pr

"
S

d�1 6�
N[

nD1
Bn .�/

#
� .16.2˛/1=s/d�1

�
1

2

�N

:

Thus

p
Z 8ı.2˛/1=s

4ı.2˛/1=s
�p�1 Pr

"
S

d�1 6�
N[

nD1
Bn .�/

#
d�

� p.16.2˛/1=s/d�1
�
1

2

�N Z 8ı.2˛/1=s

4ı.2˛/1=s
�p�1d�

� ıp.16.2˛/1=s/dCp�1
�
1

2

�N

: (24)

Step 4. We next bound the integral (16) in the range � 	 8ı.2˛/1=s. By Lemma 2
we know that in this range of �,
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Pr

"
S

d�1 6�
N[

nD1
Bn .�/

#
� 4d�1.4s˛/N

�
ı

�

�sN�dC1
:

It follows that when N 	 .dC p/=s,

p
Z 1
8ı.2˛/1=s

�p�1 Pr

"
S

d�1 6�
N[

nD1
Bn .�/

#
d�

� p � 4d�1.4s˛/NısN�dC1
Z 1
8ı.2˛/1=s

�p�sNCd�2d�

D p � 4d�1.4s˛/NısN�dC1
�
.8ı.2˛/1=s/p�sNCd�1

sN � p � dC 1
�

� p � ıp.32.2˛/1=s/pCd�1
�
1

2

�N

: (25)

Combining (16), (23), (24), and (25) completes the proof.

Theorem 1 yields the following corollary.

Corollary 1 Suppose that f'ngNnD1 � S
d�1 are independently drawn at random

according to a distribution that satisfies the admissibility condition (6) with
parameters ˛ 	 1 and 0 < s � 1. If p 2 N and

N 	 max

�
2

ln 2

�
ln

�
C00

C0

�
C 2p ln

�
4p

e ln 2

�	
;

dC p

s

�
; (26)

then

EŒ.WN/
p� � 2C0ıp

0
@ pY

jD1
.N C j/

1
A
�1

; (27)

where C0;C00 are as in Theorem 1.

Proof In view of Theorem 1, it suffices to show that if N satisfies (26) then

C00
�
1

2

�N

� C0
0
@ pY

jD1
.N C j/

1
A
�1

:
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Equivalently, it suffices to show

ln

�
C00

C0

�
C

pX
jD1

ln.N C j/ � N ln 2: (28)

To begin, note that

8x > 0; ln.x/ � x � 1;

gives

ln.N/ D ln

�
N ln 2

4p

�
C ln

�
4p

ln 2

�

� N ln 2

4p
� 1C ln

�
4p

ln 2

�

D N ln 2

4p
C ln

�
4p

e ln 2

�
: (29)

Next, use (29) and N 	 .dC p/=s 	 maxfp; 2g to obtain

pX
jD1

ln.N C j/ D
pX

jD1

�
ln.N/C ln

�
1C j

N

�	

� p ln.N/C p ln 2

� 2p ln.N/

� N ln 2

2
C 2p ln

�
4p

e ln 2

�
: (30)

In view of (30), to show (28) it suffices to have

ln

�
C00

C0

�
C N ln 2

2
C 2p ln

�
4p

e ln 2

�
� N ln 2: (31)

Since (31) holds by the assumption (26), this completes the proof.

We conclude this section with some perspective on the dimension dependence of
the constant C0 in Theorem 1 and Corollary 1. We consider the special case when
' is uniformly distributed on the unit-sphere S

d�1 with d 	 3. In this case, one
may take s D 1 and ˛ D 2�.d=2/p

��..d�1/=2/ in (6), see Example 5.1 in [10], and the

constant C0 is of order
�

d
3
2 ln d

p
. Here, the logarithmic factor ln d is an artifact of

the general setting of Theorem 1. In particular, for p D 2 the refined analysis in
Theorem 6.1 and Corollary 6.2 of [10] shows that the factor ln d can be removed
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when ' is uniformly distributed on the unit-sphere S
d�1. A similar analysis extends

to moments with general values of p 2 N and shows that the factor ln d can be
replaced by an absolute constant that is independent of d.

3 Error moments for consistent reconstruction: general
distributions

In Section 2 we proved bounds on the pth error moment for consistent reconstruction
when the measurements are made using i.i.d. copies of a unit-norm random vector
' 2 S

d�1. In this section, we relax the unit-norm constraint to accommodate more
general distributions.

3.1 General admissibility condition

Definition 2 We shall say that a random vector ' 2 R
d satisfies the general

admissibility condition if the following conditions hold:

• ' D a , where a is a non-negative random variable,  is a unit-norm random
vector, and a and  are independent.

•  satisfies the admissibility condition (6).
• 9C > 0 such that

8� > 0; �PrŒa� � 1� � C: (32)

• ra D PrŒa > 1� satisfies 0 < ra < 1.

Example 1 A sufficient condition for the small-ball inequality (32) to hold is when
a is an absolutely continuous random variable whose probability density function f
is in L1.R/. In this case, for each � > 0,

Pr Œa� � 1� D Pr

�
a � 1

�

	
D
Z 1=�

0

f .a/ da � kfk1
�

:

This shows that a large class of probability distributions satisfy the conditions in
Definition 2. For example, if ' is a random vector whose entries are i.i.d zero mean
Gaussian random variables, then ' satisfies the conditions in Definition 2.

In Definition 2, there would be no loss of generality if a were scaled differently
so that 0 < PrŒa > T� < 1 for some T > 0. In particular, suppose that 'n D an n

with 0 < PrŒan > T� < 1, and qn D hx; 'ni C �n with �n uniformly distributed on
Œ�ı; ı�. Thenex 2 R

d satisfies
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jhex; 'ni � qnj � ı if and only if jhex; '0ni � q0nj � ı0;

where '0n D 'n=T D a0n n and a0n D an=T and q0n D hx; '0ni C �0n, where �0n D �n=T
is uniformly distributed on Œ�ı0; ı0� with ı0 D ı=T .

3.2 Coverage problems revisited

Suppose that f'ngNnD1 are i.i.d. versions of a random vector ' that satisfies the
conditions of Definition 2. In particular, 'n D an n, where fangNnD1 i.i.d. versions of
a random variable a, and f ngNnD1 are i.i.d. versions of a random vector  . Similar to
Lemma 1, the worst case error WN for consistent reconstruction can be bounded by

PrŒWN > �� � Pr

"
S

d�1 6�
N[

nD1
B. n; �n; an�/

#
; (33)

where B. n; �n; an�/ is defined using (7).

3.2.1 Conditioning and a bound by caps with an D 1

The following lemma bounds (33) by coverage probabilities involving caps with
an D 1.

Lemma 4 Suppose f'ngNnD1, with 'n D an n, are i.i.d. versions of a random vector
' that satisfies the conditions of Definition 2. Then

Pr

"
S

d�1 6�
N[

nD1
B. n; �n; an�/

#

�
NX

jD1
Pr

"
S

d�1 6�
j[

nD1
B. n; �n; �/

#
bino.j;N; r/C .1 � r/N ; (34)

where

bino.j;N; r/ D
 

N

j

!
rj.1 � r/N�j;

and r D ra D PrŒa > 1� is as in Definition 2.
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Proof Let Jj;N denote the event that exactly j elements of fangNnD1 satisfy an > 1.
Since the fangNnD1 are independent versions of the random variable a,

PrŒJj;N � D
 

N

j

!
.PrŒa > 1�/j.1 � PrŒa > 1�/N�j

D
 

N

j

!
rj.1 � r/N�j D bino.j;N; r/:

Thus,

Pr

"
S

d�1 6�
N[

nD1
B. n; �n; an�/

#

D
NX

jD0
Pr

"
S

d�1 6�
N[

nD1
B. n; �n; an�/

ˇ̌
ˇ̌
ˇ Jj;N

#
Pr


Jj;N

�

D
NX

jD0
Pr

"
S

d�1 6�
N[

nD1
B. n; �n; an�/

ˇ̌
ˇ̌
ˇ Jj;N

#
bino.j;N; r/: (35)

By (7), when an > 1 we have B. n; �n; an�/ � B. n; �n; �/. Thus for 1 � j � N,

Pr

"
S

d�1 6�
N[

nD1
B. n; �n; an�/

ˇ̌
ˇ̌
ˇ Jj;N

#
� Pr

2
4Sd�1 6�

[
fnWan>1g

B. n; �n; an�/

ˇ̌
ˇ̌
ˇ̌ Jj;N

3
5

� Pr

2
4Sd�1 6�

[
fnWan>1g

B. n; �n; �/

ˇ̌
ˇ̌
ˇ̌ Jj;N

3
5

D Pr

2
4Sd�1 6�

j[
nD1

B. n; �n; �/

3
5 ; (36)

where the last equality holds because fangNnD1 are i.i.d. random variables that are
independent of the i.i.d. random vectors f ngNnD1. For j D 0, we use the trivial bound

Pr

2
4Sd�1 6�

[
fnWan>1g

B. n; �n; �/

ˇ̌
ˇ̌
ˇ̌ Jj;N

3
5 � 1:

Combining (35) and (36) completes the proof.
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To bound the binomial terms in Lemma 4 it will be useful to recall Hoeffding’s
inequality for Bernoulli random variables. If 0 < p < 1 and m � Np, then

mX
jD0

bino.j;N; p/ � exp
�
�2 .Np � m/2 =N


: (37)

3.2.2 Covering and discretization

A useful technique for bounding coverage probabilities such as (33) is to discretize
the problem by discretizing the sphere S

d�1 with an �-net, see [3]. In this section,
we briefly recall necessary aspects of this discretization method as used in [10].

Recall that a set N� � S
d�1 is a geodesic �-net for Sd�1 if

8x 2 S
d�1; 9 z 2 N�; such that arccos.hx; zi/ � �:

For the remainder of this section, let N� be a geodesic �- net of cardinality

# .N�/ �
�
8

�

�d�1
:

It is well known that geodesic �-nets of such cardinality exist, e.g., see
Lemma 13.1.1 in [8] or Section 2.2 in [10].

Recalling (8), define the shrunken bi-cap T� ŒB. n; �n; an�/� by

T� ŒB. n; �n; an�/� D Cap
�
 n;T�.


C
n /
� [ Cap

�� n;T�.

�
n /
�
;

where

T�.
/ D
(

 � �; if 
 	 �I
0; if 0 � 
 � �:

Similar to equations (5.4) and (5.5) in [10], the coverage probability (33) can be
discretized as follows:

Pr

"
S

d�1 6�
N[

nD1
B. n; �n; an�/

#
� Pr

"
N� 6�

N[
nD1

T� ŒB. n; �n; an�/�

#

�
�
8

�

�d�1  
sup

z2Sd�1

Pr
h
z 62 T� ŒB. n; �n; an�/�

i!N

: (38)
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Similar to equation (5.6) in [10], one has that

B. n; �n; an�/ �
�

u 2 S
d�1 W jhu;  nij > 2ı

an�

�

and

T� ŒB. n; �n; an�/� �
�

u 2 S
d�1 W jhu;  nij > 2ı

an�
C �

�
:

This gives

Pr

�
z 62 T� ŒB. n; �n; an�/�

	
� Pr

�
jhz;  nij � 2ı

an�
C �

	
: (39)

3.3 Moment bounds for general distributions

We now state our next main theorem.

Theorem 2 Suppose that f'ngNnD1 are i.i.d. versions of a random vector ' that
satisfies the conditions of Definition 2. Let r D ra D PrŒa > 1� be as in Definition 2.
If

N 	 2.dC p/

sr
; (40)

then the pth error moment for consistent reconstruction satisfies

E Œ.WN/
p� � pC0

�
2ı

Nr

�p

C pC00ıp

�
1

2

�Nr=2

C ıp$pe�Nr2=2 C ıpC000
�
1

2

�N

;

where C0;C00 are as in Theorem 1, $ is defined by (42) and (57), and C000 is defined
by (60) and (57).

Proof As in Theorem 1 we shall use (15). In view of (33), we need to estimate

EŒ.WN/
p� � p

Z 1
0

�p�1 Pr

"
S

d�1 6�
N[

nD1
B. n; �n; an�/

#
d�: (41)
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Step 1. We begin by estimating the integral in (41) over the range 0 � � � $ı,
where

$ D maxf$0;$1g; with $0 D 2sC3C
˛

and $1 D 4
�
2K00

� sC1
s ; (42)

and K00 is defined in (57).
By Lemma 4 we have

p
Z $ı

0

�p�1 Pr

"
S

d�1 6�
N[

nD1
B. n; �n; an�/

#
d�

� p
Z $ı

0

�p�1
NX

jD0
Pr

"
S

d�1 6�
j[

nD1
B. n; �n; �/

#
bino.j;N; r/d�

D p
Z $ı

0

�p�1
bNr=2cX

jD0
Pr

"
S

d�1 6�
j[

nD1
B. n; �n; �/

#
bino.j;N; r/d� (43)

C p
Z $ı

0

�p�1
NX

jDdNr=2e
Pr

"
S

d�1 6�
j[

nD1
B. n; �n; �/

#
bino.j;N; r/d�: (44)

Hoeffding’s inequality and the trivial bound Pr
h
S

d�1 6�Sj
nD1 B. n; �n; �/

i
� 1

can be used to bound (43) as follows:

p
Z $ı

0

�p�1
bNr=2cX

jD0
Pr

"
S

d�1 6�
j[

nD1
B. n; �n; �/

#
bino.j;N; r/d�

� p
Z $ı

0

�p�1
0
@
bNr=2cX

jD0
bino.j;N; r/

1
A d�

� p
�

e�Nr2=2
 Z $ı

0

�p�1d�

D ıp$pe�Nr2=2: (45)

To bound the integral in (44), recall (40) and note that if j satisfies .d C p/=s �
dNr=2e � j � N, then the bounds on (16) obtained in the proof of Theorem 1 give
that

p
Z $ı

0

�p�1 Pr

"
S

d�1 6�
j[

nD1
B. n; �n; �/

#
d�
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� p
Z 1
0

�p�1 Pr

"
S

d�1 6�
j[

nD1
B. n; �n; �/

#
d�

� C0ıp

 
pY

lD1
.jC l/

!�1
C C00ıp

�
1

2

�j

� C0ıp

jp
C C00ıp

�
1

2

�j

; (46)

where C0 and C00 are as in Theorem 1.

Using (46), along with
PN

jD0 bino.j;N; r/ D 1, one may bound (44) as follows:

p
NX

jDdNr=2e

Z $ı

0

�p�1 Pr

"
S

d�1 6�
j[

nD1
B. n; �n; �/

#
bino.j;N; r/d�

� p
NX

jDdNr=2e
bino.j;N; r/

"
C0ıp

jp
C C00ıp

�
1

2

�j
#

� pıp

"
2pC0

.Nr/p
C C00

�
1

2

�Nr=2
#

NX
jDdNr=2e

bino.j;N; r/

� pıp

"
C0
�
2

Nr

�p

C C00
�
1

2

�Nr=2
#
: (47)

Applying the bounds (45) and (47) to (43) and (44) gives

p
Z $ı

0

�p�1 Pr

"
S

d�1 6�
N[

nD1
B. n; �n; an�/

#
d�

� ıp$pe�Nr2=2 C pC0
�
2ı

Nr

�p

C pC00ıp

�
1

2

�Nr=2

: (48)

Step 2. We next estimate the integral in (41) over the range � 	 $ı. By (38)
and (39) we have

Pr


S

d�1 6�
N[

nD1
B. n; �n; an�/

#

�
�
8

�

�d�1  
sup

z2Sd�1

Pr

�
jhz;  nij � 2ı

an�
C �

	!N

: (49)
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We therefore need to bound PrŒjhz;  nij � 2ı
an�
C ��.

For the remainder of this step set

A D
�˛

C

 1
sC1

�
4ı

�

� s
sC1

and � D 2ı

A�
D
�
1

2

��
4ıC

�˛

� 1
sC1

; (50)

where C; ˛; s are the parameters in (6) and Definition (2). By (42), note that � 	
$ı 	 $0 ı implies that 0 < � � 1=4.

For any z 2 S
d�1 we have

Pr

�
jhz;  nij � 2ı

an�
C �

	
D Pr

�
jhz;  nij � 2ı

an�
C �

ˇ̌
ˇ̌ an > A

	
Pr Œan > A� (51)

C Pr

�
jhz;  nij � 2ı

an�
C �

ˇ̌
ˇ̌ an � A

	
Pr Œan � A� :

(52)

We now bound the terms appearing in (51). Recall that � 	 $ı implies that
4ı=.A�/ D 2� � 1=2. By our choice of � in (50), and using the admissibility
assumption (6), for each � 	 $ı one has

Pr

�
jhz;  nij � 2ı

an�
C �

ˇ̌
ˇ̌ an > A

	
Pr Œan > A�

� Pr

�
jhz;  nij � 2ı

A�
C �

ˇ̌
ˇ̌ an > A

	
Pr Œan > A�

D Pr

�
jhz;  nij � 4ı

A�

ˇ̌
ˇ̌ an > A

	
Pr Œan > A�

� Pr

�
jhz;  nij � 4ı

A�

	

� ˛
�
4ı

A�

�s

: (53)

To bound (52), note that by (32) one has Pr Œan � A� � CA, and thus

Pr

�
jhz;  nij � 2ı

an�
C �

ˇ̌
ˇ̌ an � A

	
Pr Œan � A� � Pr Œa � A� � CA: (54)

Using the bounds (53) and (54) in (51) and (52) gives

Pr

�
jhz;  nij � 2ı

an�
C �

	
� ˛

�
4ı

A�

�s

C CA: (55)
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Since our choice of A in (50) gives

˛

�
4ı

A�

�s

D CA;

we have

Pr

�
jhz;  nij � 2ı

an�
C �

	
� 2CA D 2C

�˛
C

 1
sC1

�
4ı

�

� s
sC1

: (56)

Thus, combining (49) and (56) gives

Pr

"
S

d�1 6�
N[

nD1
B. n; �n; an�/

#
�
�
8

�

�d�1 "
2C
�˛

C

 1
sC1

�
4ı

�

� s
sC1

#N

D
 
16

�
˛�

4ıC

� 1
sC1

!d�1 "
2C
�˛

C

 1
sC1

�
4ı

�

� s
sC1

#N

:

To simplify notation, let

K0 D
�
16
�˛

C

 1
sC1

�d�1
and K00 D 2C

�˛
C

 1
sC1

; (57)

so that

Pr

"
S

d�1 6�
N[

nD1
B. n; �n; an�/

#
� K0

�
�

4ı

� d�1
sC1

"
K00
�
4ı

�

� s
sC1

#N

D K0 .K00/N
�
4ı

�

�� sN�dC1
sC1



: (58)

Since 0 < s � 1 and 0 < r < 1, note that (40) implies
�

sN�dC1
sC1 � pC 1� 	 2.

By (58) we have

p
Z 1
$ı

�p�1 Pr

"
S

d�1 6�
N[

nD1
B. n; �n; an�/

#
d�

� pK0.K00/N
Z 1
$ı

�p�1
�
4ı

�

�� sN�dC1
sC1



d�

D pK0.K00/N.4ı/p�1
Z 1
$ı

�
4ı

�

�� sN�dC1
sC1 �pC1



d�
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D pK0.K00/N.4ı/p
Z 1
$=4

�
1

�

�� sN�dC1
sC1 �pC1



d�

D pK0.K00/N.4ı/p
�
$

4

�p� sN�dC1
sC1

�
sN � dC 1

sC 1 � p

��1
:

� pK0.K00/N.4ı/p
�
$

4

�p� sN�dC1
sC1

D pK0.4ı/p
�
$

4

�pC d�1
sC1

"
K00
�
4

$

� s
sC1

#N

:

Since (42) implies that K00
�
4
$

� s
sC1 � 1=2, it follows that

p
Z 1
$ı

�p�1 Pr

"
S

d�1 6�
N[

nD1
B. n; �n; an�/

#
d� � ıpC000

�
1

2

�N

; (59)

where

C000 D pK04p

�
$

4

�pC d�1
sC1

: (60)

Combining (41), (48) and (59) completes the proof.

Similar to Corollary 1, the following corollary of Theorem 2 shows that EŒ.WN/
p�

is at most of order 1=Np when N is sufficiently large.

Corollary 2 Let f'ngNnD1 be as in Theorem 2. There exist constants C1;C2 > 0 such
that

8N 	 C1; E Œ.WN/
p� � C2ıp

Np
: (61)

The constants C1;C2 depend on ˛; s;C; p; d.

3.4 Numerical experiment

This section illustrates Theorem 2 with a numerical experiment.
Let x D .2; �/ and ı D 1

10
. Given N 	 3; let fengNnD1 � R

2 be independent
random vectors with i.i.d. N.0; 1/ entries. Let fqngNnD1 be defined as in (1).
Since there infinitely many different solutions ex to the consistent reconstruction
condition (2), we select the minimal norm estimate by
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E(N,2)

3/N2

Fig. 1 Log-log plot of E.N; 2/ versus N, see Section 3.4.

ex D argmin z2R2kzk2 subject to jhz; 'ni � qnj � ı; 1 � n � N: (62)

We repeat this experiment 20 times and let E.N; p/ denote the average value of
kex � xkp. Figures 1 and 2 show log-log plots of E.N; p/ versus N for p D 2 and
p D 5. For comparison, these respective figures also show log-log plots of 3=N2

and 20=N5 versus N. In particular, E.N; p/ appears to decay like 1=Np, as predicted
by the worst case error bounds in Theorem 2.



220 C.-H. Lee et al.

100 101 102 103
10-18

10-16

10-14

10-12

10-10

10-8

10-6

10-4

10-2

100

E(N,5)

20/N5

Fig. 2 Log-log plot of E.N; 5/ versus N, see Section 3.4.
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Part XX
Algorithms and Representations

The chapters in this part cover the design and use of efficient representation methods
for signals. In addition, algorithms to obtain such representations are also proposed
in some of the following chapters. In particular, the topics covered in this part
include the application of frames in the processing of psychoacoustic signals, the
construction of a special class of wavelets filter banks, and a Fast Fourier Transform
for approximating fractal signals.

In the first chapter, Peter Balazs, Nicki Holihaus, Thibaud Necciari, and Diana
Steova give a survey of finite frame theory and filter banks. Subsequently, they
proceed to show how finite frames and filter banks provide a very flexible framework
for the processing of psychoacoustics signals. At the same time the chapter offers
applied harmonic analysts a brief introduction to psychoacoustics signal processing.

In the second chapter, Youngmi Hur gives an overview of an algebraic geometry
method for the construction of wavelet filter banks. In particular, she shows how the
Quillen-Suslin Theorem together with the polyphase representation of a filter bank
can be used to construct (redundant) wavelet filter banks. In the process, she also
offers some algorithms for the construction of these filter banks.

Chapter three by Jan Ernst proposes a generic scheme for constructing signal
representations that are quasi-invariant to perturbations of the domain. A motivation
for this construction can be found in the invariance of topological properties of
sets under homeomorphisms. The chapter also includes computational methods for
applications of this construction to problems in image processing and computer
vision.

In the final chapter of this part, Calvin Hotchkiss and Eric S. Weber consider
signals defined on finite approximations of a fractal generated by an iterated
functions system. Using appropriately chosen sets of frequencies from a second
iterated functions system, they obtain an orthonormal basis for signals defined on
the finite approximations of the underlying fractal. They show that this orthonormal
basis gives rise to a fractal analog of the classical Discrete Fourier Transform. As a
result they develop a theory of a Fast Fourier Transform for signals defined on these
finite approximations to the fractal set.



Frame Theory for Signal Processing in
Psychoacoustics

Peter Balazs, Nicki Holighaus, Thibaud Necciari, and Diana Stoeva

Abstract This review chapter aims to strengthen the link between frame theory and
signal processing tasks in psychoacoustics. On the one side, the basic concepts of
frame theory are presented and some proofs are provided to explain those concepts
in some detail. The goal is to reveal to hearing scientists how this mathematical
theory could be relevant for their research. In particular, we focus on frame theory
in a filter bank approach, which is probably the most relevant view point for audio
signal processing. On the other side, basic psychoacoustic concepts are presented to
stimulate mathematicians to apply their knowledge in this field.

Keywords ERB • Bark • Gammatone • Frame • Gabor frame • Masking
Pattern • Amount of masking • Frame Operator • Perfect reconstruction • Large
Time-Frequency Analysis Toolbox • (LTFAT) • Uniform filterbank • AUDlet •
Irrelevance Filter • Frame multipliers • Alias • Analysis • Synthesis • Dual •
Parseval frame • Z-transform • Impulse response

1 Introduction

In the fields of audio signal processing and hearing research, continuous research
efforts are dedicated to the development of optimal representations of sound signals,
suited for particular applications. However, each application and each of these two
disciplines has specific requirements with respect to optimality of the transform.

For researchers in audio signal processing, an optimal signal representation
should allow to extract, process, and re-synthesize relevant information, and avoid
any useless inflation of the data, while at the same time being easily interpretable.
In addition, although not a formal requirement, but being motivated by the fact that
most audio signals are targeted at humans, the representation should take human
auditory perception into account. Common tools used in signal processing are linear
time-frequency analysis methods that are mostly implemented as filter banks.
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For hearing scientists, an optimal signal representation should allow to extract the
perceptually relevant information in order to better understand sound perception. In
other terms, the representation should reflect the peripheral “internal” representation
of sounds in the human auditory system. The tools used in hearing research are com-
putational models of the auditory system. Those models come in various flavors but
their initial steps in the analysis process usually consist in several parallel bandpass
filters followed by one or more nonlinear and signal-dependent processing stages.
The first stage, implemented as a (linear) filter bank, aims to account for the spectro-
temporal analysis performed in the cochlea. The subsequent nonlinear stages aim
to account for the various nonlinearities that occur in the periphery (e.g., cochlear
compression) and at more central processing stages of the nervous system (e.g.,
neural adaptation). A popular auditory model, for instance, is the compressive gam-
machirp filter bank (see Sec. 2.2). In this model, a linear prototype filter is followed
by a nonlinear and level-dependent compensation filter to account for cochlear
compression. Because auditory models are mostly intended as perceptual analysis
tools, they do not feature a synthesis stage, i.e. they are not necessarily invertible.
Note that a few models do allow for an approximate reconstruction, though.

It becomes clear that filter banks play a central role in hearing research and audio
signal processing alike, although the requirements of the two disciplines differ. This
divergence of the requirements, in particular the need for signal-dependent nonlinear
processing in auditory models, may contrast with the needs of signal processing
applications. But even within each of those fields, demands for the properties of
transforms are diverse, as becoming evident by the many already existing methods.
Therefore, it can be expected that the perfect signal representation, i.e. one that
would have all desired properties for arbitrary applications in one or even both fields,
does not exist.

This manuscript demonstrates how frame theory can be considered a particularly
useful conceptual background for scientists in both hearing and audio processing,
and presents some first motivating applications. Frames provide the following
general properties: perfect reconstruction, stability, redundancy, and a signal-
independent, linear inversion procedure. In particular, frame theory can be used
to analyze any filter bank, thereby providing useful insight into its structure and
properties. In practice, if a filter bank construction (i.e., including both the analysis
and synthesis filter banks) satisfies the frame condition (see Sec. 4), it benefits from
all the frame properties mentioned above. Why are those properties essential to
researchers in audio signal processing and hearing science?

Perfect reconstruction property: With the possible exception of frequencies
outside the audible range, a non-adaptive analysis filter bank, i.e. one that is
general, not signal-dependent, has no means of determining and extracting exactly
the perceptually relevant information. For such an extraction, signal-dependent
information would be crucial. Therefore, the only way to ensure that a linear, signal-
independent analysis stage1, possibly followed by a nonlinear processing stage,

1As given by any fixed analysis filter bank.



Frame Theory for Signal Processing in Psychoacoustics 227

captures all perceptually relevant signal components is to ensure that it does not lose
any information at all. This, in fact, is equivalent to being perfectly invertible, i.e.
having a perfect reconstruction property. Thus, this property benefits the user even
when reconstruction is not intended per-se. Note that in general “being perfectly
invertible” need not necessarily imply that a concrete inversion procedure is known.
In the frame case, a constructive method exists, though.

Stability: For sound processing, stability is essential in the sense that, for the
analysis stage, when two signals are similar (i.e., their difference is small), the
difference between their corresponding analysis coefficients should also be small.
For the synthesis stage, a signal reconstructed from slightly distorted coefficients
should be relatively close to the original signal, that is the one reconstructed from
undistorted coefficients. From an energy point of view, signals which are similar
in energy should provide analysis coefficients whose energy is also similar. So
the respective energies remain roughly proportional. In particular, considering a
signal mixture, the combination of stability and linearity ensures that every signal
component is represented and weighted according to its original energy. In other
terms, individual signal components are represented proportional to their energy,
which is very important for, e.g., visualization. Even in a perceptual analysis, where
inaudible components should not be visualized equally to audible components
having the same energy, this stability property is important. To illustrate this, recall
that the nonlinear post-processing stages in auditory models are signal dependent.
That is, also the inaudible information can be essential to properly characterize the
nonlinearity. For instance, consider again the setup of the compressive gammachirp
model where an intermediate representation is obtained through the application of
a linear analysis filter bank to the input signal. The result of this linear transform
determines the shape of the subsequent nonlinear compensation filter. Note that the
whole intermediate representation is used. Consequently, the proper estimation of
the nonlinearity crucially relies on the signal representation being accurate, i.e. all
signal components being represented and appropriately weighted. This accurateness
comes for free if the analysis filter bank forms a frame.

Signal-independent, linear inversion: A consistent (i.e., signal-independent)
inversion procedure is of great benefit in signal processing applications. It implies
that a single algorithm/implementation can perform all the necessary synthesis
tasks. For nonlinear representations, finding a signal-independent procedure which
provides a stable reconstruction is a highly nontrivial affair, if it is at all possible.
With linear representations, such a procedure is easier to determine and this can be
seen as an advantage of the linearity. The linearity provided by the reconstruction
algorithm also significantly simplifies separation tasks. In a linear representation,
a separation in the coefficient (time-frequency) domain, i.e. before synthesis, is
equivalent to a separation in the signal domain. Such a property is highly relevant,
for instance, to computational auditory scene analysis systems that, to some extent,
are sound source separators (see Sec. 2.4).

Redundancy: Representations which are sampled at critical density are often
unsuitable for visualization, since they lead to a low resolution, which may lead
to many distinct signal components being integrated into a single coefficient of
the transform. Thus, the individual coefficients may contain information from a
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lot of different sources, which makes them hard to interpret. Still, the whole
set of coefficients captures all the desired signal information if (and only if) the
transform is invertible. Redundancy provides higher resolution and so components
that are separated in time or in frequency can be separated in the transform domain.
Furthermore, redundant representations are smoother and therefore easier to read
than their critically sampled counterparts.

Moreover, redundant representations provide some resistance against noise and
errors. This is in contrast to non-redundant systems, where distortions cannot be
compensated for. This is used for de-noising approaches. In particular, if a signal
is synthesized in a straightforward way from noisy (redundant) coefficients, the
synthesis process has the tendency to reduce the energy of the noise, i.e. there is
some noise cancellation.

Besides the above properties, which are direct consequences of the frame
inequalities, the generality of frame theory enables the consideration of additional
important properties. In the setting of perceptually motivated audio signal analysis
and processing, these include:

Perceptual relevance: We have stressed that the only way to ensure that all
perceptually relevant information is kept is to accurately capture all the information
by using a stable and perfectly invertible system for analysis. However, in an audi-
tory model or in perceptually motivated signal processing, perceptually irrelevant
components should be discarded at some point. If only a linear signal processing
framework is desired, this can be achieved by applying a perceptual weighting2 and
a masking model, see Sec. 2. If a nonlinear auditory model like the compressive
gammachirp filter bank is used, recall that the nonlinear stage is mostly determined
by the coefficients at the output of the linear stage. Therefore, all information should
be kept up to the nonlinear stage. In other words, discarding information already in
the analysis stage might falsify the estimation of the nonlinear stage, thereby result-
ing in an incorrect perceptual analysis. We want to stress here the importance of
being able to selectively discard unnecessary information, in contrast to information
being involuntarily lost during the analysis and/or synthesis procedures.

A flexible signal processing framework: All stable and invertible filter banks
form a frame and therefore benefit from the frame properties discussed above. In
addition, using filter banks that are frames allows for flexibility. For instance, one
can gradually tune the signal representation such as the time-frequency resolution,
analysis filters’ shape and bandwidth, frequency scale, sampling density etc., while
at the same time retaining the crucial frame properties. It can be tremendously useful
to provide a single and adaptable framework that allows to switch model parameters
and/or transition between them. By staying in the common general setting of filter
bank frames, the linear filter bank analysis in an auditory model or signal processing
scheme can be seen as an exchangeable, practically self-contained block in the
scheme. Thus, the filter bank parameters, e.g. those mentioned before, can be
tuned by scientists according to their preference, without the need to redesign the

2Different frequency ranges are given varying importance in the auditory system
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remainder of the model/scheme. Such a common background leads to results being
more comparable across research projects and thus benefits not only the individual
researcher, but also the whole field. Two main advantages of a common background
are the following: first, the properties and parameters of various models can be easily
interpreted and compared across contributions; second, by the adaption of a linear
model to obtain a nonlinear model the new model parameters remain interpretable.

Ease of integration: Filter banks are already a common tool in both hearing
science and signal processing. Integrating a filter bank frame into an existing
analysis/processing framework will often only require minor modifications of
existing approaches. Thus, frames provide a theoretically sound foundation without
the need to fundamentally re-design the remainder of your analysis (or processing)
framework.

In some cases, you might already implicitly use frames without knowing it. In
that case, we provide here the conceptual background necessary to unlock the full
potential of your method.

The rest of this chapter is organized as follows: In Section 2, we provide basic
information about the human auditory system and introduce some psychoacoustic
concepts. In Section 3 we present the basics of frame theory providing the main
definitions and a few crucial mathematical statements. In Section 4 we provide
some details on filter bank frames. The chapter concludes with Section 5 where
some examples are given for the application of frame theory to signal processing in
psychoacoustics.

2 The auditory analysis of sounds

This section provides a brief introduction to the human auditory system. Important
concepts that are relevant to the problems treated in this chapter are then introduced,
namely auditory filtering and auditory masking. For a more complete description of
the hearing organ, the interested reader is referred to, e.g., [32, 73].

2.1 Ear’s anatomy

The human ear is a very sensitive and complex organ whose function is to transform
pressure variations in the air into the percept of sound. To do so, sound waves must
be converted into a form interpretable by the brain, specifically into neural action
potentials. Figure 1 shows a simplified view of the ear’s anatomy. Incoming sound
waves are guided by the pinna into the ear canal and cause the eardrum to vibrate.
Eardrum vibrations are then transmitted to the cochlea by three tiny bones that
constitute the ossicular chain: the malleus, incus, and stapes. The ossicular chain
acts as an impedance matcher. Its function is to ensure efficient transmission of
pressure variations in the air into pressure variations in the fluids present in the
cochlea. The cochlea is the most important part of the auditory system because it is
where pressure variations are converted into neural action potentials.
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Fig. 1 Anatomy of the human ear with a schematic view of the unrolled cochlea. Adapted
from [52].

The cochlea is a rolled-up tube filled with fluids and divided along its length
by two membranes, the Reissner’s membrane and basilar membrane (BM). A
schematic view of the unrolled cochlea is shown in Figure 1 (the Reissner’s
membrane is not represented). It is the response of the BM to pressure variations
transmitted through the ossicular chain that is of primary importance. Because the
mechanical properties of the BM vary across its lengths (precisely, there is a grada-
tion of stiffness from base to apex), BM stimulation results in a complex movement
of the membrane. In case of a sinusoidal stimulation, this movement is described as
a traveling wave. The position of the peak in the pattern of vibration depends on the
frequency of the stimulation. High-frequency sounds produce maximum displace-
ment of the BM near the base with little movement on the rest of the membrane.
Low-frequency sounds rather produce a pattern of vibration which extends all the
way along the BM but reaches a maximum before the apex. The frequency that gives
the maximum response at a particular point on the BM is called the “characteristic
frequency” (CF) of that point. In case of a broadband stimulation (e.g., an impulsive
sound like a click), all points on the BM will oscillate. In short, the BM separates
out the spectral components of a sound similar to a Fourier analyzer.

The last step of peripheral processing is the conversion of BM vibrations into
neural action potentials. This is achieved by the inner hair cells that sit on top of the
BM. There are about 3500 inner hair cells along the length of the cochlea (�35 mm
in humans). The tip of each cell is covered with sensor hairs called stereocilia. The
base of each cell directly connects to auditory nerve fibers. When the BM vibrates,
the stereocilia are set in motion, which results in a bio-electrical process in the
inner hair cells and, finally, in the initiation of action potentials in auditory nerve
fibers. Those action potentials are then coded in the auditory nerve and conveyed to
the central system where they are further processed to end up in a sound percept.
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Because the response of auditory nerve fibers is also frequency specific and the
action potentials vary over time, the “internal representation” of a sound signal in
the auditory nerve can be likened to a time-frequency representation.

2.2 The auditory filters concept

Because of the frequency-to-place transformation (also called tonotopic organiza-
tion) in the cochlea, and the transmission of time-dependent neural signals, the BM
can be modeled in a first linear approximation as a bank of overlapping bandpass
filters, named “critical bands” or “auditory filters.” The center frequencies and
bandwidth of the auditory filters, respectively, approximate the CF and width of
excitation on the BM. Noteworthy, the width of excitation depends on level as well:
patterns become wider and asymmetric as sound level increases (e.g., [37]). Several
auditory filter models have been proposed based on the results from psychoacoustics
experiments on masking (see, e.g., [59] and Sec. 2.3). A popular auditory filter
model is the gammatone filter [71] (see Figure 2). Although gammatone filters
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Fig. 2 A popular auditory filter model: the gammatone filter bank. The magnitude responses
(in dB) of 16 gammatone filters in the frequency range 300–8000 Hz are represented on a linear
frequency scale.



232 P. Balazs et al.

do not capture the level dependency of the actual auditory filters, their ease of
implementation made them popular in audio signal processing (e.g., [90, 96]).
More realistic auditory filter models are, for instance, the roex and gammachirp
filters [37, 88]. Other level-dependent and more complex auditory filter banks
include, for example, the dual resonance nonlinear filter bank [58] or the dynamic
compressive gammachirp filter bank [49]. The two approaches in [49, 58] feature
a linear filter bank followed by a signal-dependent nonlinear stage. As mentioned
in the introduction, this is a particular way of describing a nonlinear system by
modifying a linear system. Finally, it is worth noting that besides psychoacoustic-
driven auditory models, mathematically founded models of the auditory periphery
have been proposed. Those include, for instance, the wavelet auditory model [12] or
the “EarWig” time-frequency distribution [67].

The bandwidth of the auditory filters has been determined based on psychoa-
coustic experiments. The estimation of bandwidth based on loudness perception
experiments gave rise to the concept of Bark bandwidth defined by [98]

BWBark D 25C 75
�
1C 1:4 � 10�62�0:69 (1)

where  denotes the frequency and BW denotes the bandwidth, both in Hz.
Another popular concept is the equivalent rectangular bandwidth (ERB), that is the
bandwidth of a rectangular filter having the same peak output and energy as the
auditory filter. The estimations of ERBs are based on masking experiments. The
ERB is given by [37]

BWERB D 24:7C 

9:265
: (2)

BWBark and BWERB are commonly used in psychoacoustics and signal processing
to approximate the auditory spectral resolution at low to moderate sound pressure
levels (i.e., 30–70 dB) where the auditory filters’ shape remains symmetric and
constant. See, for example, [37, 88] for the variation of BWERB with level.

Based on the concepts of Bark and ERB bandwidths, corresponding frequency
scales have been proposed to represent and analyze data on a scale related to
perception. To describe the different mappings between the linear frequency domain
and the nonlinear perceptual domain we introduce the function FAUD W  ! AUD
where AUD is an auditory unit that depends on the scale. The Bark scale is [98]

FBark./ D 13 arctan.0:00076/C 3:5 arctan.=7500/2 (3)

and the ERB scale is [37]

FERB./ D 9:265 ln

�
1C 

228:8455

�
: (4)
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Both auditory scales are connected to the ear’s anatomy. One AUD unit indeed
corresponds to a constant distance along the BM. 1 Bark corresponds to 1.3 mm
[32] while 1 ERB corresponds to 0.9 mm [37, 38].

2.3 Auditory masking

The phenomenon of masking is highly related to the spectro-temporal resolution
of the ear and has been the focus of many psychoacoustics studies over the last
70 years. Auditory masking refers to the increase in the detection threshold of a
sound signal (referred to as the “target”) due to the presence of another sound
(the “masker”). Masking is quantified by measuring the detection thresholds of
the target in presence and absence of the masker; the difference in thresholds
(in dB) thus corresponds to the amount of masking. In the literature, masking
has been extensively investigated in the spectral or temporal domain. The results
were used to develop models of spectral or temporal masking that are currently
implemented in audio applications like perceptual coding (e.g., [70, 76]) or sound
processing (e.g., [7, 41]. Only a few studies investigated masking in the joint
time-frequency domain. We present below some typical psychoacoustic results on
spectral, temporal, and spectro-temporal masking. For more results and discussion
on the origins of masking, the interested reader is referred to, e.g., [32, 62, 64].

In the following, we denote by fM;Tg, DfM;Tg, and LfM;Tg the frequency, duration,
and level, respectively, of masker or target. Those signal parameters are fixed by the
experimenter, i.e. they are known. The frequency shift between masker and target is
� D T � M and the time shift �T is defined as the onset delay between masker
and target. Finally, AM denotes the amount of masking in dB.

2.3.1 Spectral masking

To study spectral masking, masker and target are presented simultaneously (since
usually DM > DT , this is equivalent to saying that 0 � �T < DM � DT ) and
� is varied. There are two ways to vary � , either fix T and vary M or vice
versa. Similarly, one can fix LM and vary LT or vice versa. In short, various types
of masking curves can be obtained depending on the signal parameters. A common
spectral masking curve is a masking pattern that represents LT or AM as a function
of T or � (see Figure 3). To measure masking patterns, M and LM are fixed and
AM is measured for various � . Under the assumption that AM.T/ corresponds to
a certain ratio of masker-to-target energy at the output of the auditory filter centered
at T , masking patterns measure the responses of the auditory filters centered at
the individual Ts. Thus, masking patterns can be used as indicator of the spectral
spread of masking of the masker or, in other terms, the spread of excitation of the
masker on the BM. This spectral spread can in turn be used to derive a masking
threshold, as used, for example, in audio codecs [70]. See also Sec. 5.2.
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Fig. 3 Masking patterns for narrow-band noise maskers of different levels and frequencies. LT

(in dB SPL) is plotted as a function of T (in Hz) on a logarithmic scale. The gray dotted curve
indicates the threshold in quiet. The difference between any of the colored curves and the gray
curve thus corresponds to AM, as indicated by the arrow. Source: mean data for listeners JA and
AO in [63, Experiment 3, Figs. 5–6].

Figure 3 shows typical masking patterns measured for narrow-band noise
maskers of different levels (LM = 45, 65, and 85 dB SPL, as indicated by the different
lines) and frequencies (M = 0.25, 1, and 4 kHz, as indicated by the different vertical
dashed lines). In this study, DM D DT = 200 ms. The masker was a 80-Hz-wide band
of Gaussian noise centered at M . The target was also a 80-Hz band of noise centered
at T . The main properties to be observed here are:

(i) For a given masker (i.e., a pair of M and LM), AM is maximum for� = 0 and
decreases as j�j increases. This reflects the decay of masker excitation on the
BM.

(ii) Masking patterns broaden with increasing level. This reflects the broadening
of auditory filters with increasing level [37].

(iii) Masking patterns are broader at low than at high frequencies (see (1)–(2)). This
reflects the fact that the density of auditory filters is higher at low than at high
frequencies. Consequently, a masker with a given bandwidth will excite more
auditory filters at low frequencies.

2.3.2 Temporal masking

By analogy with spectral masking, temporal masking is measured by setting � =
0 and varying �T . Backward masking is observed for �T < 0, that is when the
target precedes the masker in time. Forward masking is observed for �T 	 DM ,
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that is when the target follows the masker. Backward masking is hardly observed
for �T < -20 ms and is mainly thought to result from attentional effects [32, 79].
In contrast, forward masking can be observed for �T 	 DM + 200 ms. Therefore,
in the following we focus on forward masking.

Typical forward masking curves are represented in Figure 4. The left panel shows
the effect of LM for M D T = 4 kHz (mean data from [51]). In this study, masker
and target were sinusoids (DM = 300 ms, DT = 20 ms). The main features to be
observed here are (i) the temporal decay of forward masking is a linear function
of log.�T/ and (ii) the rate of this decay strongly depends on LM . The right panel
shows the effect of DM for T = 2 kHz and LM = 60 dB SPL (mean data from [97]).
In this study, the masker was a pulse of uniformly masking noise (i.e., a broad-band
noise producing the same AM at all frequencies in the range 0–20 kHz, see [32]).
The target was a sinusoid with DT = 5 ms. It can be seen that the AM (i.e., the
difference between the connected symbols and the star) at a given �T increases
with increasing DM , at least for �T � DM < 100 ms. Finally, a comparison of
the two panels in Figure 4 for LM = 60 dB indicates that, for �T � DM � 50 ms,
the 300-ms sinusoidal masker (empty diamonds left) produces more masking than
the 200-ms broad-band noise masker (empty squares right). Despite the difference
in DM , increasing the duration of the noise masker to 300 ms is not expected to
account for the difference in AM of up to 20 dB observed here [32, 97].

2.3.3 Time-frequency masking

Only a few studies measured spectro-temporal masking patterns, that is �T and
� both systematically varied (e.g., [53, 79]). Those studies mostly involved long
(DM 	 100 ms) sinusoidal maskers. In other words, those studies provide data on the
time-frequency spread of masking for long and narrow-band maskers. In the context
of time-frequency decompositions, a set of elementary functions, or “atoms,” with
good localization in the time-frequency domain (i.e., short and narrow-band) is
usually chosen, see Sec. 3. To best predict masking in the time-frequency decom-
positions of sounds, it seems intuitive to have data on the time-frequency spread of
masking for such elementary atoms, as this will provide a good match between the
masking model and the sound decomposition. This has been investigated in [64].
Precisely, spectral, forward, and time-frequency masking have been measured using
Gabor atoms of the form si.t/ D sin.2�it C �=4/e��.�t/2 with � D 600 s�1 as
masker and target. According to the definition of Gabor atoms in (7), the masker
was defined by sM.t/ D =fei�=4gM ;0g, where = denotes the imaginary part, with
a Gaussian window �.t/ D e��.�t/2 and M = 4 kHz. The masker level was fixed
at LM = 80 dB. The target was defined by sT.t C �T/ D =fei.�=4C2�T�T/�T ;��Tg
with T D M C � . The set of time-frequency conditions measured in [64] is
illustrated in Figure 5a. Because in this particular case we have T�T 2 N, the
target term reduces to sT.t C �T/ D =fei.�=4/�T ;��Tg. The mean masking data
are summarized in Figure 5b. These data, together with those collected by Laback
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Fig. 4 Temporal (forward) masking curves for sinusoidal (left) and broadband noise maskers
(right). LT (in dB SPL) is plotted as a function of the temporal gap between masker offset and
target onset, i.e. �T � DM (in ms) on a logarithmic scale. Top panel: masking curves for various
LMs and DM = 300 ms (adapted from [51]). Bottom panel: masking curves for various DMs and LM

= 60 dB (adapted from [97]). Stars indicate the target thresholds in quiet.
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(a) Experimental conditions

Time

(b) Mean results

0
10

20

30
−6 −4 −2 0 2 4 6 8

−10

0

10

20

30

40

50

60

ΔT (ms)

Δξ(FERB )

A
M

(d
B

)

Fig. 5 (a) Conditions measured in [64] illustrated in the time-FERB plane. The gray circle
symbolizes the masker atom sM.t/. The blue circles symbolize the target atoms sT .tC �T/. The
values of � were -4, -2, -1, 0, +1, +2, +4, and +6 FERB. The values of �T were 0, 5, 10, 20, and
30 ms. (b) Mean data interpolated based on a cubic spline fit along the time-frequency plane. The
�T axis was sampled at a step of 1 ms and the � axis at a step of 0.25 FERB. For � coordinates
outside the range of measurements a value of AM = 0 was used.

et al on the additivity of spectral [56] and temporal masking [55] for the same
Gabor atoms, constitute a crucial basis for the development of an accurate time-
frequency masking model to be used in audio applications like audio coding or
audio processing (see Sec. 5).

2.4 Computational auditory scene analysis

The term auditory scene analysis (ASA), introduced by Bregman [16], refers to
the perceptual organization of auditory events into auditory streams. It is assumed
that this perceptual organization constitutes the basis for the remarkable ability of
the auditory system to separate sound sources, especially in noisy environments. A
demonstration of this ability is the so-called cocktail party effect, i.e. when one is
able to concentrate on and follow a single speaker in a highly competing background
(e.g., many concurring speakers combined with cutlery and glass sounds). The term
computational auditory scene analysis (CASA) thus refers to the study of ASA by
computational means [92]. The CASA problem is closely related to the problem of
source separation. Generally speaking, CASA systems can be considered as percep-
tually motivated sound source separators. The basic work flow of a CASA system
is to first compute an auditory-based time-frequency transform (most systems use
a gammatone filter bank, but any auditory representation that allows reconstruction
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can be used, see Sec. 5.1). Second, some acoustic features like periodicity, pitch,
amplitude, and frequency modulations are extracted so as to build the perceptive
organization (i.e. constitute the streams). Then, stream separation is achieved
using the so-called time-frequency masks. These masks are directly applied to the
perceptual representation; they retain the “target” regions (mask = 1) and suppress
the background (mask = 0). Those masks can be binary or real, see, e.g., [92, 96].
The target regions are then re-synthesized by applying the inverse transform to
obtain the signal of interest. Noteworthy, a perfect reconstruction transform is of
importance here. Furthermore, the linearity and stability of the transform allow a
separation of the audio streams directly in the transform domain. Most gammatone
filter banks implemented in CASA systems are only approximately invertible,
though. This is due to the fact that such systems implement gammatone filters in
the analysis stage and their time-reversed impulse responses in the synthesis stage.
This setting implies that the frequency response of the gammatone filter bank has an
all-pass characteristic and features no ripple (equivalently in the frame context, that
the system is tight, see 4.3). In practice, however, gammatone filter banks usually
consider only a limited range of frequencies (typically in the interval 0.1–4 kHz
for speech processing) and the frequency response features ripples if the filters’
density is not high enough. If a high density of filters is used, the audio quality of
the reconstruction is rather good [85, 96]. Still, the quality could be perfect by using
frame theory [66]. For instance, one could render the gammatone system tight (see
Proposition 2) or use its dual frame (see Sec. 3.1.2).

The use of binary masks in CASA is directly motivated by the phenomenon of
auditory masking explained above. However, time-frequency masking is hardly con-
sidered in CASA systems. As a final remark, an analogy can be established between
the (binary) masks used in CASA and the concept of frame multipliers defined in
Sec. 3.2. Specifically, the masks used in CASA systems correspond to the symbol
m in (15). This analogy is not considered in most CASA studies, though, and offers
the possibility for some future research connecting acoustics and frame multipliers.

3 Frame theory

What is an appropriate setting for the mathematical background of audio signal
processing? Since real-world signals are usually considered to have finite energy and
technically are represented as functions of some variable (e.g., time), it is natural to
think about them as elements of the space L2.R/. Roughly speaking, L2.R/ contains
all functions x.t/ with finite energy, i.e. with kxk2 D R C1

�1 jx.t/j2dt < 1. For
working with sampled signals, the analogue appropriate space is `2.K/ (K denoting
a countable index set) which consists of the sequences c D .ck/k2K with finite
energy, i.e. kck2 DPk2K jckj2 <1.

Both spaces L2.R/ and `2.K/ are Hilbert spaces and one may use the rich
theory ensured by the availability of an inner product, that serves as a measure of
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correlation, and is used to define orthogonality, of elements in the Hilbert space.
In particular, the inner product enables the representation of all functions in H in
terms of their inner products with a set of reference functions: A standard approach
for such representations uses orthonormal bases (ONBs), see, e.g., [42]. Every
separable Hilbert space H has an ONB .ek/k2K and every element x 2 H can
be written as

x D
X
k2K

hx; ekiek (5)

with uniqueness of the coefficients hx; eki, k 2 K. The convenience of this approach
is that there is a clear (and efficient) way for calculating the coefficients in the
representations using the same orthonormal sequence. Even more, the energy in
the coefficient domain (i.e., the square of the `2-norm) is exactly the energy of the
element x:

X
k2K

jhx; ekij2 D kxk2: (Parseval equality)

Furthermore, the representation (5) is stable: if the coefficients .hx; eki/k2K are
slightly changed to .ak/k2K 2 `2, one obtains an element ex D P

k2K akek close
to the original one x.

However, the use of ONBs has several disadvantages. Often the construction of
orthonormal bases with some given side constraints is difficult or even impossible
(see below). “Small perturbation” of the orthonormal basis’ elements may destroy
the orthonormal structure [95]. Finally, the uniqueness of the coefficients in (5) leads
to a lack of exact reconstruction when some of these coefficients are lost or disturbed
during transmission.

This naturally leads to the question how the concept of ONBs could be gener-
alized to overcome those disadvantages. As an extension of the above-mentioned
Parseval equality for ONBs, one could consider inequalities instead of an equality,
i.e. boundedness from above and below (see Def. 1). This leads to the concept
of frames, which was introduced by Duffin and Schaeffer [29] in 1952. It took
several decades for scientists to realize the importance and applicability of frames.
Popularized around the 90s in the wake of wavelet theory [26, 27, 43], frames
have seen increasing interest and extensive investigation by many researchers
ever since. Frame theory is both a beautiful abstract mathematical theory and
a concept applicable in many other disciplines, e.g., engineering, medicine, and
psychoacoustics, see Sec. 5.

Via frames, one can avoid the restrictions of ONBs while keeping their important
properties. Frames still allow perfect and stable reconstruction of all the elements
of the space, though the representation-formulas in general are not as simple as
the ones via an ONB (see Sec. 3.1.2). Compared to orthonormal bases, the frame
property itself is much more stable under perturbations (see, e.g., [22, Sec. 15]).
Also, in contrast to orthonormal bases, frames allow redundancy which is desirable,
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e.g., in signal transmission, for reconstructing signals when some coefficients are
lost, and for noise reduction. Via redundant frames one has multiple representations
and this allows to choose appropriate coefficients fulfilling particular constraints,
e.g. when aiming at sparse representations. Furthermore, frames can be easier and
faster to construct than ONBs. Some advantageous side constraints can only be
fulfilled for frames. For example, Gabor frames provide convenient and efficient
signal processing tools, but good localization in both time and frequency can never
be achieved if the Gabor frame is an ONB or even a Riesz basis (cf. Balian-Low The-
orem, see, e.g., [22, Theor. 4.1.1]), while redundant Gabor frames for this purpose
are easily constructed (for example, using the Gaussian function). See Sec. 2.3.3 on
how good localization in time and frequency is important in masking experiments.

Some of the main properties of frames were already obtained in the first paper
[29]. For extensive presentation on frame theory, we refer to [17, 22, 40, 42].

In this section we collect the basics of frame theory relevant to the topic of the
current paper. All the statements presented here are well known. Proofs are given
just to make the paper self-contained, for convenience of the readers, and to facilitate
a better understanding of the mathematical concepts. They are mostly based on [22,
29, 40]. Throughout the rest of the section, H denotes a separable Hilbert space
with inner product h�; �i, IdH - the identity operator on H , K - a countable index
set, and ˚ (resp. � ) - a sequence .	k/k2K (resp. . k/k2K) with elements from H .
The term operator is used for a linear mapping. Readers not familiar with Hilbert
space theory can simply assume H D L2.R/ for the remainder of this section.

3.1 Frames: A Mathematical viewpoint

The frame concept extends naturally the Parseval equality permitting inequalities,
i.e., the ratio of the energy in the coefficient domain to the energy of the signal may
be bounded from above and below instead of being necessarily one:

Definition 1 A countable sequence ˚ D .	k/k2K is called a frame for the Hilbert
space H if there exist positive constants A and B such that

A � kxk2H �
X
k2K

jhx; 	kij2 � B � kxk2H ; 8 x 2H : (6)

The constant A (resp. B) is called a lower (resp. upper) frame bound of ˚ . A frame
is called tight with frame bound A if A is both a lower and an upper frame bound. A
tight frame with bound 1 is called a Parseval frame.

Clearly, every ONB is a frame, but not vice versa. Frames can naturally be split
into two classes - the frames which still fulfill a basis-property, and the ones that do
not:
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(a) ONB (e1,e2) for R2 (b) unique representation of x via (e1,e2)
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Fig. 6 Examples in R
2: ONB (a,b), Riesz basis (c,d), frame (e,f)

Definition 2 A frame ˚ for H which is a Schauder basis3 for H is called a
Riesz basis for H . A frame for H which is not a Schauder basis for H is called
redundant (also called overcomplete).

Note that Riesz bases were introduced by Bari [11] in different but equivalent
ways. Riesz bases also extend ONBs, but contrary to frames, Riesz bases still
have the disadvantages resulting from the basis-property, as they do not allow
redundancy. For more on Riesz bases, see, e.g., [95]. As an illustration of the
concepts of ONBs, Riesz bases, and redundant frames in a simple setting, consider
examples in the Euclidean plane, see Figure 6.

3A sequence ˚ is called a Schauder basis for H if every element x 2 H can be written as
x DP

k2K ck	k with unique coefficients .ck/k2K .
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Note that in a finite dimensional Hilbert space, considering only finite sequences,
frames are precisely the complete sequences (see, e.g., [22, Sec. 1.1]), i.e., the
sequences which span the whole space. However, this is not the case in infinite-
dimensional Hilbert spaces - every frame is complete, but completeness is not
sufficient to establish the frame property [29]. For results focused on frames in finite
dimensional spaces, refer to [4, 19].

As non-trivial examples, let us mention a specific type of frames used often in
signal processing applications, namely Gabor frames. A Gabor system is comprised
of atoms of the form

g!;� .t/ D e2� i!tg.t � �/; (7)

with function g 2 L2.R/ called the (generating) window and with time- and
frequency-shift �; ! 2 R, respectively. To allow perfect and stable reconstruction,
the Gabor system .g!;� /.!;�/2K.
R2/ is assumed to have the frame-property and
in this case is called a Gabor frame. Note that the analysis operator of a Gabor
frame corresponds to a sampled Short-Time-Fourier transform (see, e.g., [40]) also
referred to as Gabor transform.

Most commonly, regular Gabor frames are used; these are frames of the form
.gk;l/k;l2Z D

�
e2� ikb�g.� � la/

�
k;l2Z for some positive a and b satisfying necessarily

(but in general not sufficiently ) ab � 1. To mention a concrete example - for the
Gaussian g.t/ D e�t2 , the respective regular Gabor system .gk;l/k;l2Z is a frame for
L2.R/ if and only if ab < 1 (see, e.g., [40, Sec. 7.5] and the references therein).

Other possibilities include using alternative sampling structures, on subgroups
[94] or irregular sets [18]. If the window is allowed to change with time (or
frequency) one obtains the non-stationary Gabor transform [9]. There it becomes
apparent that frames allow to create adaptive and adapted transforms [10], while
still guaranteeing perfect reconstruction.

If not continuous but sampled signals are considered, Gabor theory works
similarly. Discrete Gabor frames can be defined in an analogue way, namely, frames
of the form

�
e2� ik=M�hŒ� � la�

�
l2Z;kD0;1;:::;M�1 for h 2 `2.Z/ with a;M 2 N, where

a=M � 1 is necessary for the frame property. For readers interested in the theory of
Gabor frames on `2.Z/, see, e.g., [91]. For constructions of discrete Gabor frames
from Gabor frames for L2.R/ through sampling, refer to [50, 80].

3.1.1 Frame-related operators

Given a frame ˚ for H , consider the following linear mappings:

Analysis operator W C˚ WH ! l2.K/; C˚x WD .hx; 	ki/k2K I
Synthesis operator W D˚ W l2.K/!H ; D˚.ck/k2K WDPk2K ck	kI
Frame operator W S˚ WH !H ; S˚x WD D˚C˚x DPk2K hx; 	ki	k: (8)
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These operators are tremendously important for the theoretical investigation of
frames as well as for signal processing. As one can observe, the analysis (resp.
synthesis, frame) operator corresponds to analyzing (resp. synthesizing, analyzing
and re-synthesizing) a signal. In the following statement the main properties of the
frame-related operators are listed.

Theorem 1 (e.g., [22, Sec. 5]) Let ˚ be a frame for H with frame bounds A and
B (A � B). Then the following holds.

(a) C˚ is a bounded injective operator with bound kC˚k �
p

B.
(b) D˚ is a bounded surjective operator with bound kD˚k �

p
B and D˚ D C�̊ .

(c) S˚ is a bounded bijective positive self-adjoint operator with kS˚k � B.
(d) .S�1˚ 	k/k2K is a frame for H with frame bounds 1=B; 1=A.

Proof (a) By the frame inequalities (6) we have
p

AkxkH � kC˚xk`2 �
p

BkxkH
for every x 2H ; the upper inequality implies the boundedness and the lower one -
the injectivity, i.e. the operator is one-to-one.

(b) First show that D˚ is well defined, i.e., that
P

k2K ck	k converges for every
.ck/k2K 2 `2.K/. Without loss of generality, for simplicity of the writing, we may
denote K as N. Fix arbitrary .ck/k2N 2 `2. For every p; q 2 N, p > q,

k
pX

kD1
ck	k �

qX
kD1

ck	kkH D sup
x2H ;kxkH D1

jh
pX

kDqC1
ck	k; xij

� sup
x2H ;kxkH D1

.

pX
kDqC1

jckj2/1=2.
pX

kDqC1
jh	k; xij2/1=2

� pB .
pX

kDqC1
jckj2/1=2 �����!

p;q!1 0;

which implies that
Pp

kD1 ck	k converges in H as p!1. Using the adjoint of C˚ ,
for every .ck/

1
kD1 2 `2 and every y 2H , one has that

hC�̊ .ck/
1
kD1; yi D h.ck/

1
kD1;C˚yi D

1X
kD1

ckhy; 	ki D
1X

kD1
ckh	k; yi D h

1X
kD1

ck	k; yi:

Therefore D˚ D C�̊ , implying also the boundedness of D˚ .
For every x 2 H , we have kD�̊ xk`2 D kC˚xk`2 	

p
Akxk, which implies (see,

e.g., [78, Theorem 4.15]) that D˚ is surjective, i.e. it maps onto the whole space H .
(c) The boundedness and self-adjointness of S˚ follow from (a) and (b). Since

hS˚x; xi DPk2K jhx; 	kij2, S˚ is positive and the frame inequalities (6) mean that

Akxk2H � hS˚x; xi � Bkxk2H ;8x 2H ; (9)
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implying that 0 � h.IdH � 1
B S˚/x; xi � B�A

B kxk2H for all x 2 H . Then the norm
of the bounded self-adjoint operator IdH � 1

B S˚ satisfies

kIdH � 1
B

S˚k D sup
x2H ;kxkH D1

h.IdH � 1
B

S˚/x; xi � B � A

B
< 1;

which by the Neumann theorem (see, e.g., [45, Theor. 8.1]) implies that S˚ is
bijective.

(d) As a consequence of (c), S�1˚ is bounded, self-adjoint, and positive. In the
language of partial ordering of self-adjoint operators (see, e.g., [45, Sec. 68]), (9)
can be written as

A � IdH � S˚ � B � IdH : (10)

Since S�1˚ is positive and commutes with S˚ and IdH , one can multiply the
inequalities in (10) with S�1˚ (see, e.g., [45, Prop. 68.9]) and obtain

1

B
IdH � S�1˚ �

1

A
IdH ;

which means that

1

B
kxk2H � hS�1˚ x; xi � 1

A
kxk2H ; 8x 2H : (11)

For every x 2 H , denote yx D S�1˚ x and use the fact that S�1˚ is self-adjoint to
obtain

X
k2K

jhx;S�1˚ 	kij2 D
X
k2K

jhyx; 	kij2 D hyx;S˚yxi D hS�1˚ x; xi:

Now (11) completes the conclusion that .S�1˚ 	k/k2K is a frame for H with frame
bounds 1=B, 1=A. ut

3.1.2 Perfect reconstruction via frames

Here we consider one of the most important properties of frames, namely, the
possibility to have perfect reconstruction of all the elements in the space.

Theorem 2 (e.g., [40, Corol. 5.1.3]) Let ˚ be a frame for H . Then there exists a
frame � for H such that

x D
X
k2K

hx;  ki	k D
X
k2K

hx; 	ki k; 8x 2H : (12)
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Proof By Theorem 1(d), the sequence .S�1˚ 	k/k2K is a frame for H . Take � WD
.S�1˚ 	k/k2K . Using the boundedness and the self-adjointness of S˚ , for every
x 2 H ,

X
k2K

hx; 	ki k D
X
k2K

hx; 	kiS�1˚ 	k D S�1˚
X
k2K

hx; 	ki	k D S�1˚ S˚x D x;

X
k2K

hx;  ki	k D
X
k2K

hx; S�1˚ 	ki	k D
X
k2K

hS�1˚ x; 	ki	k D S˚S�1˚ x D x:

ut
Let ˚ be a frame for H . Any frame � for H , which satisfies (12), is called a

dual frame of ˚ . By the above theorem, every frame has at least one dual frame,
namely, the sequence

.S�1˚ 	k/k2K ; (13)

called the canonical dual of ˚ . When the frame is a Riesz basis, then the coefficient
representation is unique and thus there is only one dual frame, the canonical
dual. When the frame is redundant, then there are other dual frames different
from the canonical dual (see, e.g., [22, Lemma 5.6.1]), even infinitely many. This
provides multiple choices for the coefficients in the frame representations, which is
desirable in some applications (see, e.g., [10]). The canonical dual has a minimizing
property in the sense that the coefficients .hx; S�1˚ 	ki/k2K in the representation
x D P

k2Khx; S�1˚ 	ki	k have the minimal `2-norm compared to the coefficients
.ck/k2K in all other possible representations x D P

k2K ck	k. However, for certain
applications other constraints are of interest - e.g. sparsity, efficient algorithms for
representations or particular shape restrictions on the dual window [72, 93]. The
canonical dual is not always efficient to calculate nor does it always have the desired
structure; in such cases other dual frames are of interest [15, 23, 57]. The particular
case of tight frames is very convenient for efficient reconstructions, because the
canonical dual is simple and does not require operator-inversion:

Corollary 1 (e.g. [22, Sec. 5.7]) The canonical dual of a tight frame .	k/k2K with
frame bound A is the sequence . 1A	k/k2K.

Proof Let ˚ be a tight frame for H with frame bound A. It follows from (10) that
S˚ D A � IdH and thus the canonical dual of ˚ is .S�1˚ 	k/k2K D . 1A	k/k2K . ut

In acoustic applications, it can be of big advantage to not be forced to distinguish
between analysis and synthesis atoms. So, one may aim to do analysis and synthesis
with the same sequence as an analogue to the case with ONBs. However, such an
analysis-synthesis strategy would perfectly reconstruct all the elements of the space
if and only if this sequence is a Parseval frame:
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Proposition 1 (e.g., [22, Lemma 5.7.1]) The sequence ˚ satisfies

x D
X
k2K

hx; 	ki	k; 8x 2H ; (14)

if and only it is a Parseval frame for H .

Proof Let ˚ be a Parseval frame for H . By Corollary 1, the canonical dual of ˚ is
the same sequence ˚ , which implies that (14) holds. Now assume that (14) holds.
Then for every x 2H ,

kxk2 D h
X
k2K

hx; 	ki	k; xi D
X
k2K

hx; 	kih	k; xi D
X
k2K

jhx; 	kij2;

which means that ˚ is a Parseval frame for H . ut
The above statement characterizes the sequences which provide recon-

structions exactly like ONBs - these are precisely the Parseval frames. A
trivial example of such a frame which is not an ONB is the sequence
.e1; e2=

p
2; e2=

p
2; e3=

p
3; e3=

p
3; e3=

p
3; : : :/, where .ek/

1
kD1 denotes an ONB for

H . Clearly, any tight frame with frame bound A is easily converted into a Parseval
frame by dividing the frame elements by the square root of A. Given any frame, one
can always construct a Parseval frame as follows:

Proposition 2 (e.g. [22, Theor. 5.3.4]) Let ˚ be a frame for H . Then S�1˚ has a

positive square root and .S�1=2˚ 	k/k2K forms a Parseval frame for H .

Proof Since S�1˚ is a bounded positive self-adjoint operator, there is a unique

bounded positive self-adjoint operator, which is denoted by S�1=2˚ , with S�1˚ D
S�1=2˚ S�1=2˚ . Furthermore, S�1=2˚ commutes with S˚ . For every x 2H ,

X
k2K

hx;S�1=2˚ 	kiS�1=2˚ 	kDS�1=2˚

X
k2K

hS�1=2˚ x; 	ki	kDS�1=2˚ S˚S�1=2˚ xDS�1˚ S˚x D x:

By Proposition 1 this means that .S�1=2˚ 	k/k2K is a Parseval frame for H . ut
Finally, note that frames guarantee stability. Let ˚ be a frame for H with frame

bounds A;B. Then
p

Akx � yk � k.hx; 	ki/ � .hy; 	ki/k2Kk`2 �
p

Bkx � yk for
x; y 2 H , which implies that close signals lead to close analysis coefficients and
vice versa. Furthermore, the representations via ˚ and a dual frame � is stable. If
a signal x is transmitted via the coefficients .hx;  ki/k2K but, during transmission,
the coefficients are slightly disturbed (i.e., modified to a sequence .ak/k2K 2 `2 with
small `2-difference), then by Theorem 1(b), the reconstructed signal y DPk2K ak	k

will be close to x: kx�yk D kPk2K.hx;  ki�ak/k2K	kk �
p

Bk.hx;  ki�ak/k2Kk`2 .
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3.2 Frame multipliers

Multipliers have been used implicitly for quite some time in applications, as
time-variant filters, see, e.g., [60]. The first systematic theoretical development
of Gabor multipliers appeared in [33]. An extension of the multiplier concept to
general frames in Hilbert spaces was done in [3] and it can be derived as an easy
consequence of Theorem 1:

Proposition 3 [3] Let˚ and� be frames for H and let m D .mk/k2K be a complex
scalar sequence in `1.K/. Then the series

P
k2K mkhx;  ki	k converges for every

x 2H and determines a bounded operator on H .

Proof For every x 2 H , Theorem 1(a) implies that .hx;  ki/k2K 2 `2

and thus .mkhx;  ki/k2K 2 `2, which by Theorem 1(b) implies that the
series

P
k2K mkhx;  ki	k converges. Thus, the mapping Mm;˚;� determined by

Mm;˚;� x WD P
k2K mkhx;  ki	k is well defined on H and furthermore linear. For

every x 2H ,

kMm;˚;� xkH D kD˚.mkhx;  ki/k2KkH � kD˚k � k.mkhx;  ki/k2Kk`2
� kD˚k � kmk1 � kC�k � kxkH ;

implying the boundedness of Mm;˚;� . ut
Due to the above proposition, frame multipliers can be defined as follows:

Definition 3 Given frames ˚ and � for H and given complex scalar sequence
m D .mk/k2K 2 `1.K/, the operator Mm;˚;� determined by

Mm;˚;� x WD
X
k2K

mkhx;  ki	k; x 2H ; (15)

is called a frame multiplier with a symbol m.

Thus, frame multipliers extend the frame operator, allowing different frames for
the analysis and synthesis step, and modification in between (for an illustration, see
Figure 7). However, in contrast to frame operators, multipliers in general lose the
bijectivity (as well as self-adjointness and positivity). For some applications it might
be necessary to invert multipliers, which brings the interest to bijective multipliers
and formulas for their inverses - for interested readers, we refer to [5, 82–84] for
some investigation in this direction.

In the language of signal processing, Gabor filters [61] are a particular way to
do time-variant filtering. In fact, Gabor filters are nothing but frame multipliers
associated to a Gabor frame. A signal x is transformed to the time-frequency domain
(with a Gabor frame ˚), then modified there by point-wise multiplication with the
symbol m, followed by re-synthesis via some Gabor frame � providing amodified
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Fig. 7 An illustrative example to visualize a multiplier (taken from [5]). (TOP LEFT) The
time-frequency representation of the music signal f . (TOP RIGHT) The symbol m, found by
a (manual) estimation of the time-frequency region of the singer’s voice. (BOTTOM) Time-
frequency representation of Mm;e�;� f .

signal. If some elements mk of the symbol m are zero, the corresponding coefficients
are removed, as sometimes used in applications like CASA or perceptual sparsity,
see Secs. 2.4 and 5.2.

3.2.1 Implementation

In the finite-dimensional case, frames lend themselves easily to implementation in
computer codes [4]. The Large Time-Frequency Analysis Toolbox (LTFAT) [81],
see http://ltfat.github.io/, is an open-source Matlab/Octave toolbox intended for
time-frequency analysis, synthesis and processing, including multipliers. It provides
robust and efficient implementations for a variety of frame-related operators for
generic frames and several special types, e.g. Gabor and filter bank frames.

http://ltfat.github.io/
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In a recent release, reported in [74], a “frames framework” was implemented,
which models the abstract frame concept in an object-oriented approach. In this
setting any algorithm can be designed to use a general frame. If a structured frame,
e.g. of Gabor or wavelet type, is used, more efficient algorithms are automatically
selected.

4 Filter bank frames: a signal processing viewpoint

Linear time-invariant filter banks (FB) are a classical signal analysis and processing
tool. Their general, potentially non-uniform structure provides the natural setting
for the design of flexible, frequency-adaptive time-frequency signal representations
[10]. In this section, we recall some basics of FB theory and consider the relation of
perfect reconstruction FBs to certain frame systems.

4.1 Basics of filter banks

In the following, we consider discrete signals with finite energy (x 2 `2.Z/),
interpreted as samples of a continuous signal, sampled at sampling frequency s,
i.e. the signal was sampled every 1=s seconds. Bold italic letters indicate matrices
(upper case), e.g. G, and vectors (lower case), e.g. h. We denote by WN D e2i�=N the
Nth root of unity and by ık D ı0Œ� � k� the (discrete) Dirac symbol, with ıkŒn� D 1

for n D k and 0 otherwise. Observe that for q D D=d we have

q�1X
lD0

Wjld
D D

q�1X
lD0

e2� ijl=q D
�

q if j is a multiple of q
0 otherwise:

(16)

The z-transform maps a (discrete-)time domain signal x to its frequency domain
representation X by

Z W xŒn� 7! X.z/ D
X
n2Z

xŒn�zn, for all z 2 C:

By setting z D e2� i for  2 T, the z-transform equals the discrete-time Fourier
transform (DTFT). Note that the z-transform is uniquely determined by its values
on the complex unit circle [68]. It is easy to see that, Z .ık/ D zk, a property that
we will use later on.

The application of a filter to a signal x is given by the convolution of x with the
time domain representation, or impulse response h 2 `2.Z/ of the filter

yŒn� D x 
 hŒn� D
X
l2Z

xŒl�hŒn � l�; 8 n 2 Z; (17)
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or equivalently by multiplication in the frequency domain Y.z/ D X.z/H.z/, where
H.z/ is the transfer function, or frequency domain representation, of the filter.

Furthermore define the downsampling and upsampling operators #d; "d by

#d fxg Œn� D xŒd � n� and "d fxg Œn� D
(

xŒn=d� if n 2 dZ;

0 otherwise:
(18)

Here, d 2 N is called the downsampling or upsampling factor, respectively. In the
frequency domain, the effect of down- and upsampling is the following [69]:

Z .#d fxg/.z/ D d�1
d�1X
jD0

X.Wj
dz1=d/ and Z ."d fxg/.z/ D X.zd/: (19)

In words, downsampling a signal by d results in the dilation of its spectrum by
d and the addition of .d � 1/ copies of the dilated spectrum. These copies of the
spectrum (the terms X.Wj

dz1=d/ for j ¤ 0 in the sum above) are called aliasing terms.
Conversely, upsampling a signal by d results in the contraction of its spectrum by d.

An FB is a collection of analysis filters Hk.z/, synthesis filters Gk.z/, and
downsampling and upsampling factors dk, k 2 f0; : : : ;Kg, see Figure 8. An FB
is called uniform, if all filters have the same downsampling factor, i.e. dk D D for
all k.

The sub-band components ykŒn� of the system represented in Figure 8 are given
in the time domain by

ykŒn� D#dk fhk 
 xg Œn� (20)

The output signal is QxŒn� D PK
kD0 .gk
 "dk fykg/ Œn�. When analyzing the properties

of a filter (bank), it is often useful to transform the expression for Qx to the frequency
domain. First, apply the z-transform to the output of a single analysis/synthesis
branch, obtaining

Z .gk
 "dk fykg/ .z/ D d�1k ŒX.W0
dk

z/; : : : ;X.Wdk�1
dk

z/�

2
64

Hk.W0
dk

z/
:::

Hk.W
dk�1
dk

z/

3
75Gk.z/; (21)

Fig. 8 General structure of a
non-uniform
analysis-synthesis FB.

H0(z) ↓d0 y0[n] ↑d0 G0(z)

H1(z) ↓d1 y1[n] ↑d1 G1(z)

HK(z) ↓dK yK [n] ↑dK GK(z)

x[n] x̃[n]
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where the down- and upsampling properties of the z-transform were applied, see
Eq. (19). Now let D D lcm.d0; : : : ; dK/, i.e. the least common multiple of the
downsampling factors, and D=dk D qk. Then (21) gives

Z .gk
 "dk fykg/ .z/ D D�1ŒX.W0
Dz/; : : : ;X.WD�1

D z/�hk.z/Gk.z/; (22)

where,

hk.z/ D qk �
h
Hk.z/; 0; � � � ; 0„ ƒ‚ …

qk�1zeros

;Hk.W
qk
D z/; 0; � � � ; 0„ ƒ‚ …

qk�1zeros

; � � � ;Hk.W
.dk�1/qk
D z/; 0; � � � ; 0„ ƒ‚ …

qk�1zeros

iT
:

The relevance of this equality becomes clear if we use linearity of the z-transform to
obtain a frequency domain representation of the full FB output, also called the alias
domain representation [89]

QX.z/ D
KX

kD0
Z .gk
 "dk fykg/ .z/

D D�1ŒX.W0
Dz/; : : : ;X.WD�1

D z/� Œh0.z/; : : : ;hK.z/�

2
64

G0.z/
:::

GK.z/

3
75

D D�1ŒX.W0
Dz/; : : : ;X.WD�1

D z/�H.z/G.z/; (23)

where H.z/ D Œh0.z/; : : : ;hK.z/� is the D � .K C 1/ alias component matrix [89]
and G.z/ D ŒG0.z/; : : : ;GK.z/�.

An FB system is undersampled, critically sampled, or oversampled, if R DPK
kD0 d�1k is smaller than, equal to, or larger than 1, respectively. Consequently, a

uniform FB is critically sampled if it has exactly D subbands. For a deeper treatment
of FBs, see, e.g., [54, 89].

Perfect reconstruction FBs: An FB is said to provide perfect reconstruction if
QxŒn� D xŒn � l� for all x 2 `2.Z/ and some fixed l 2 Z. In the case when l ¤ 0,
the FB output is delayed by l. Using the alias domain representation of the FB, the
perfect reconstruction condition can be expressed as

H.z/G.z/ D zl ŒD 0 � � � 0 �T ; (24)

for some l 2 Z, as this condition is equivalent to QX.z/ D zlX.z/ D Z .x 
 ık/.z/.
From this vantage point the perfect reconstruction condition can be interpreted as
all the alias components (i.e., from the 2nd to D C 1-th) in H.z/ being uniformly
canceled over all z 2 C by the synthesis filters G.z/, while the first component
of H.z/ remains constant over all z 2 C (up to a fixed power of z). The perfect
reconstruction condition is of tremendous importance for determining whether an
FB, including both analysis and synthesis steps, provides perfect reconstruction.
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Fig. 9 The equivalent
uniform FB [1] corresponding
to the non-uniform FB in
Figure 8. The terms H.l/

k and

G.l/
k in (b) correspond to the

z-transforms of the terms h.l/k

and g.l/k defined in (25).

H(0)
0 (z) ↓D y(0)

0 [n] ↑D G(0)
0 (z)

H(1)
0 (z) ↓D y(1)

0 [n] ↑D G(1)
0 (z)

H(q0−1)
0 (z) ↓D y(q0−1)

K [n] ↑D G(q0−1)
0 (z)

∑k=K−1
k=1 qk = D

dk
channels

H(0)
K (z) ↓D y(0)

K [n] ↑D G(0)
K (z)

H(1)
K (z) ↓D y(1)

K [n] ↑D G(1)
K (z)

H(qK−1)
K (z) ↓D y(qK−1)

K [n] ↑D G(qK−1)
K (z)

x[n] x̃[n]

However, given a fixed analysis FB, the alias domain representation may fail
to provide straightforward or efficient ways to find suitable synthesis filters that
provide perfect reconstruction. It can sometimes be used to determine whether such
a system can exist, although the process is far from intuitive [46]. Consequently,
non-uniform perfect reconstruction FBs are still not completely investigated, and
thus frame theory may provide valuable new insights. However, for uniform FBs the
perfect reconstruction conditions have been largely treated in the literature [54, 89].
Therefore, before we indulge in the frame theory of FBs, we also show how a non-
uniform FB can be decomposed into its equivalent uniform FB. Such a uniform
equivalent of the FB always exists [1, 54] and can be obtained as shown in Figure 9
and described below.

4.2 The equivalent uniform filter bank

To construct the equivalent uniform FB to a general FB specified by analysis filters
Hk.z/, synthesis filters Gk.z/, and downsampling and upsampling factors dk, k 2
f0; : : : ;Kg, start by denoting again D D lcm.d0; : : : ; dK/. We first construct the
desired uniform FB, before showing that it is in fact equivalent to the given non-
uniform FB. For every filter hk; gk in the non-uniform FB, introduce qk D D=dk

filters, given by specific delayed versions of hk; gk:

h.l/k Œn� D hk 
 ıldk D hk Œn � ldk� and g.l/k Œn� D gk 
 ı�ldk D gk ŒnC ldk� ; (25)

for l D 0; : : : ; qk � 1. It is easily seen that convolution with ık equals translation
by k samples by just checking the definition of the convolution operation (17).
Consequently, the sub-band components are
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y.l/k Œn� D ykŒnqk � l� D#D fhk 
 ıldk„ ƒ‚ …
WDh

.l/
k


xgŒn�; (26)

where yk is the k-th sub-band component with respect to the non-uniform FB. Thus,
by grouping the corresponding qk sub-bands, we obtain

ykŒn� D
qk�1X
lD0
"qk

n
y.l/k

o
ŒnC l�:

In the frequency domain, the filters h.l/k ; g
.l/
k are given by

H.l/
k .z/ D zldk Hk.z/ and G.l/

k .z/ D z�ldk Gk.z/:

Similar to before, the output of the FB can be written as

eX.z/ D D�1
KX

kD0

D�1X
jD0

qk�1X
lD0

G.l/
k .z/H

.l/
k

�
Wj

Dz


X
�

Wj
Dz


D D�1
KX

kD0

D�1X
jD0

Gk.z/Hk

�
Wj

Dz


X
�

Wj
Dz
 qk�1X

lD0
Wjldk

D (27)

To obtain the second equality, we have used that G.l/
k .z/H

.l/
k

�
Wj

Dz

D

Wjldk
D Gk.z/Hk

�
Wjldk

D z


. Insert Eq. (16) into (27) to obtain

eX.z/ D D�1
KX

kD0

dk�1X
jD0

qkGk.z/Hk

�
Wjqk

D z


X
�

Wjqk
D z


D D�1
KX

kD0
ŒX.W0

Dz/; : : : ;X.WD1
D .z/�hk.z/Gk.z/

D D�1ŒX.W0
Dz/; : : : ;X.WD�1

D z/�H.z/G.z/; (28)

which is exactly the output of the non-uniform FB specified by the hk’s, gk’s, and
dk’s, see (23). Therefore, we see that an equivalent uniform FB for every non-
uniform FB is obtained by decomposing each k-th channel of the non-uniform
system into qk channels. The uniform system then features

PK
kD0 qk channels in

total with the downsampling factor D D lcm.d0; : : : ; dK/ in all channels.
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4.3 Connection to Frame Theory

We will now describe in detail the connection between non-uniform FBs and frame
theory. The main difference to previous work in this direction, cf. [14, 20, 25, 34],
is that we do not restrict to the case of uniform FBs. The results in this section
are not new, but this presentation is their first appearance in the context of non-
uniform FBs. Besides using the equivalent uniform FB representation, see Figure 9,
we transfer results previously obtained for generalized shift-invariant systems [44,
77] and nonstationary Gabor systems [9, 47, 48] to the non-uniform FB setting.
For that purpose, we consider frames over the Hilbert space H D `2.Z/ of finite
energy sequences. Moreover, we consider only FBs with a finite number KC 1 2 N

of channels, a setup naturally satisfied in every real-world application. The central
observation linking FBs to frames is that the convolution can be expressed as an
inner product:

ykŒn� D#dk fhk 
 xg Œn� D hx; hkŒndk � ��i

where the bar denotes the complex conjugate. Hence, the sub-band components with
respect to the filters hk and downsampling factors dk equal the frame coefficients

of the system ˚ D
�

hkŒndk � ��


k;n
. Note that the upper frame inequality, see

Eq. (6), is equivalent to the hk’s and dk’s defining a system where bounded energy
of the input implies bounded energy of the output. We will investigate the frame
properties of this system by transference to the Fourier domain [8]; we consider
b̊D �E�ndk

bhk


k;n

, where bhk./ D Hk.e2� i / denotes the Fourier transform of hkŒ���
and the operator E! denotes modulation, i.e. E�ndk

bhk./ D bhk./e�2� indk .
If ˚ satisfies at least the upper frame inequality in Eq. (6), then the frame

operators S˚ and S b̊ are related by the matrix Fourier transform [2]:

S b̊ D FDT S˚ F�1DT ;

where FDT denotes the discrete-time Fourier transform. Since the matrix Fourier
transform is a unitary operation, the study of the frame properties of˚ reduces to the
study of the operator S b̊. In the context of FBs, the frame operator can be expressed
as the action of an FB with analysis filters hk’s, downsampling and upsampling
factors dk’s, and synthesis filters hkŒ���. That is, the synthesis filters are given by
the time-reversed, conjugate impulse responses of the analysis filters. This is a very
common approach to FB synthesis. But note that it only gives perfect reconstruction
if the system constitutes a Parseval frame, see Prop. 1. The z-transform of a time-
reversed, conjugated signal is given by Z .hŒ���/.z/ D Z .h/.1=z/. Inserting this
into the alias domain representation of the FB (23) yields
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S b̊X.z/ D 1
D



X.W0

Dz/ � � �X.WD�1
D z/

�
H.z/

2
64

H0.1=z/
:::

HK.1=z/

3
75 (29)

or, restricted to the Fourier domain

S b̊X.e2� i / D ŒX.e2� i.C0=D// � � �X.e2� i.C.D�1/=D//�H ./; (30)

with

H ./ WD ŒH0./; : : : ;HD�1./�T WD 1

D
H.e2� i /

h
H0.e2� i /; : : : ;HK.e2� i /

iT
;

(31)
for  2 T D R=Z. Here, we used 1=e2� i! D e2� i! for all ! 2 R. We call H0 the
frequency response and Hn, n D 1; �D � 1 the alias components of the FB.

Another way to derive Eq. (30) is by using the Walnut representation of the frame

operator for the nonstationary Gabor frame b̊ D �
E�ndk

bhk


k;n

, first introduced in

[28] for the continuous case setting.

Proposition 4 Let b̊D �E�ndk
bhk


k2f0;:::;Kg;n2Z, with bhk 2 L2.T/ being (essentially)

bounded and dk 2 N. Then the frame operator S b̊ admits the Walnut representation

S b̊bx./ D
KX

kD0

dk�1X
nD0

d�1k
bhk./bhk. � nd�1k /bx. � nd�1k /; (32)

for almost every  2 T and allbx 2 L2.T/.

Proof By the definition of the frame operator, see Eq. (8), we have

S b̊bx./ D
X
k;n

Dbx; bhke�2� indk
E bhk./e

�2� indk :

Note that

X
n2Z
hbx; e�2� indkbhkie�2� indk D

X
n2Z

F�1DT .bxbhk/Œndk�e
�2� indk :

to get the result by applying Poisson’s summation formula, see, e.g., [40]. ut
The sums in (32) can be reordered to obtain

D�1X
nD0

bx. � nD�1/
X
k2Kn

d�1k
bhk./bhk. � nD�1/;
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where Kn D fk 2 f0; : : : ;Kg W nD�1 D jd�1k for some j 2 Ng. Inserting bhk./ D
Hk.e2� i / and comparing the definition of Hn in (31), we can see that

X
k2Kn

bhk./bhk. � nD�1/ D
X
k2Kn

Hk.e2� i /Hk.e
2� i.�n=D�1// DHn./

for almost every  2 T and all n D 0; : : : ;D � 1. Hence, we recover the repre-
sentation of the frame operator as per (30), as expected. What makes Proposition 4
so interesting is that it facilitates the derivation of some important sufficient frame
conditions. The first is a generalization of the theory of painless non-orthogonal
expansions by Daubechies et al. [27], see also [9] for a direct proof.

Corollary 2 Let b̊D �E�ndk
bhk


k2f0;:::;Kg;n2Z, with bhk 2 L2.T/ and dk 2 N. Assume

for all 0 � k � K, there is Ik � T with jIkj � d�1k and bhk./ D 0 for almost every
 2 T n Ik. Then b̊ is a frame if and only if there are A;B such that

0 < A �
KX

kD0
d�1k jbhkj2 DH0 � B <1; a:e: (33)

Moreover, a dual frame for b̊ is given by b� D .E�ndkbgk/k2f0;:::;Kg;n2Z, where

bgk./ D
bhk./

H0./
a:e: (34)

Proof First, note that the existence of the upper bound B is equivalent to bhk 2
L1.T/, for all k D 0; : : : ;K. It is easy to see that under the assumptions given,
Eq. (32) equals

S b̊bx./ Dbx./
KX

kD0
d�1k jbhkj2./ Dbx./ �H0./:

Hence, S b̊ is invertible if and only if H0 is bounded above and below, proving
the first part. Moreover, S�1b̊ is given by pointwise multiplication with 1=H0 and

therefore, the elements of the canonical dual frame for b̊, defined in Eq. (13), are
given by

S�1b̊ E�ndk
bhk D E�ndk

bhk

H0

D E�ndk

bhk

H0

D bgk:

ut
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In other words, recalling bhk./ D Hk.e2� i /, if the filters hk are strictly band-
limited, the downsampling factors dk are small and 0 < A � H0 � B < 0 almost
everywhere, then we obtain a perfect reconstruction system with synthesis filters gk

defined by

Gk.e
2� i / D Hk.e2� i /

H0./
:

The second, more general and more interesting condition can be likened to a
diagonal dominance result, i.e. if the main term H0 is stronger than the sum of the
magnitude of alias components Hn, n D 1; : : : ;D�1, then the FB analysis provided
by the filters hk and downsampling factors dk is invertible.

Proposition 5 Let b̊ D �
E�ndk

bhk


k2f0;:::;Kg;n2Z, with bhk 2 L2.T/ and dk 2 N. If

there are 0 < A � B <1 with

A �
KX

kD0
d�1k jbhkj2./˙

KX
kD0

dk�1X
nD1

d�1k

ˇ̌
ˇbhk./bhk. � nd�1k /

ˇ̌
ˇ � B; (35)

for almost every  2 T, then b̊ forms a frame with frame bounds A;B.

Note that (35) impliest bhk 2 L1.R/ for all k 2 f0; : : : ;Kg. Therefore,
Proposition 4 applies for any FB that satisfies (35). The proof of Proposition 5 is
somewhat lengthy and we omit it here. It is very similar to the proof of the analogous
conditions for Gabor and wavelet frames that can be found in [26] for the continuous
case. It can also be seen as a corollary of [24, Theorem 3.4], covering a more general
setting. A few things should be noted regarding Proposition 5.

(a) As mentioned before, this is a sort of diagonal dominance result. While the
sum

PK
kD0 d�1k jbhkj2./ corresponds to H0, we have

KX
kD0

dk�1X
nD1

d�1k

ˇ̌
ˇbhk./bhk. � nd�1k /

ˇ̌
ˇ D

D�1X
nD1
jHnj./:

Since, in fact, the finite number of channels guarantees the existence of B if and only
if bhk 2 L1.T/, for all k D 0; : : : ;K, the result implies that the FB analysis provided
by hk’s and dk’s is invertible, whenever

H0 �
D�1X
nD1
jHnj 	 A > 0; almost everywhere:

(b) No explicit dual frame is provided by Proposition 5. So, while we can
determine invertibility quite easily, provided the Fourier transforms of the filters
can be computed, the actual inversion process is still up in the air. In fact, it
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is unclear whether there are synthesis filters gk such that the hk’s and gk’s form
a perfect reconstruction system with down-/upsampling factors dk. We consider
here two possible means of recovering the original signal X from the sub-band
components Yk.

First, the equivalent unform FB, comprised of the filters h.l/k , for l 2 f0; : : : ; qk �
1g and all k 2 f0; � � � ;Kg, with downsampling factor D D lcm.dk W k 2 f0; : : : ;Kg/
can be constructed. Since the non-uniform FB forms a frame, so does its uniform
equivalent and hence the existence of a dual FB g.l/k , for l 2 f0; : : : ; qk � 1g and

all k 2 f0; � � � ;Kg, is guaranteed. Note that the g.l/k are not necessarily delayed

versions of g.0/k , as it is the case for h.l/k . Then, the structure of the alias domain
representation in (23) with gk D hkŒ��� can be exploited [14] to obtain perfect
reconstruction synthesis. In the finite, discrete setting, i.e. when considering signals
in R

L (CL), a dual FB can be computed explicitly and efficiently by a generalization
of the methods presented by Strohmer [86], see also [75]. In practice, both the
storage and time efficiency of computing the dual uniform FB rely crucially on
D D lcm.dk W k inf0; : : : ;Kg/ being small, i.e.

P
k qk not being much larger than

K C 1.
If that is not the case, the frame property of b̊ D �

E�ndk
bhk


k2f0;:::;Kg;n2Z

guarantees the convergence of the Neumann series

S�1b̊ D
2

A0 C B0

1X
lD0

�
I � 2

A0 C B0
S b̊
�l

; (36)

where 0 < A0 � B0 <1 are the optimal frame bounds of b̊. Instead of computing
the elements of any dual frame explicitly, we can apply the inverse frame operator
to the FB output

QX.z/ D S b̊X.z/ D
KX

kD0
Yk.z

dk/Hk.z/; (37)

obtaining S�1b̊ QX D X. This can be implemented with the frame algorithm [29, 39].
However, any frame operator is positive definite and self-adjoint, allowing for
extremely efficient implementation via the conjugate gradients (CG) [39, 87]
algorithm. In addition to a significant boost in efficiency compared to the frame
algorithm, the conjugate gradients algorithm does not require an estimate of the
optimal frame bounds A0;B0 and convergence speed depends solely on the condition
number of S b̊. It provides guaranteed, exact convergence in L steps for signals in
C

L, where every step essentially comprises one analysis and one synthesis step with
the filters hk and gk D hkŒ���, respectively. If furthermore, H0 � PD�1

nD1 jHnj,
then convergence speed can be further increased by preconditioning [6], considering
instead the operator defined by
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fS b̊X.e2� i / DH0./
�1S b̊X.e2� i /:

More specifically, the CG algorithm is employed to solve the system D˚c D S˚x
for x, given the coefficients c. Recall the analysis/synthesis operators C˚ ;D˚ (see
Sec. 3.1.1), associated to a frame ˚ , which are equivalent to the analysis/synthesis
stages of the FB. The preconditioned case can be implemented most efficiently by
precomputing an approximate dual FB, defined by Gk.e2� i / D H0./

�1Hk.e2� i /

and solving instead

D� c D F�1H0./
�1S b̊F x D D�C˚x; where� D fgkŒndk � ��gk;n;

for x, given the coefficients c. Algorithm 1 shows a pseudo-code implementation of
such a preconditioned CG scheme, available in the LTFAT Toolbox as the routine
ifilterbankiter.

5 Frame Theory: Psychoacoustics-motivated Applications

5.1 A perfectly invertible, perceptually motivated filter bank

The concept of auditory filters lends itself nicely to the implementation as an
FB. As motivated in Sec. 1, it can be expected that many audio signal processing
applications greatly benefit from an invertible FB representation adapted to the
auditory time-frequency resolution. Despite the auditory system showing significant
nonlinear behavior, the results obtained through a linear representation are desirable
for being much more predictable than when accounting for nonlinear effects. We

Algorithm 1 Iterative synthesis: Qx D FBSYNit.c; .hk; gk; dk/k; �/

1: Initialize x0 D 0, k D 0

2: b D� c
3: r0 b
4: h0; p0 r0
5: repeat
6: qk D D� .C˚p0/
7: ˛k  hrk ;hki

hpk ;qki

8: xkC1 xk C ˛kpk

9: rkC1 rk C ˛kqk

10: hkC1 rkC1

11: ˇk  hrkC1;hkC1i

hrk ;hki

12: pkC1 hkC1 C ˇkpk

13: k kC 1
14: until rk � �
15: Qx xk
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call such a system perceptually motivated FB, to distinguish from auditory FBs
that attempt to mimic the nonlinearities in the auditory system. Note that, as
mentioned in Section 2.2, the first step in many auditory FBs is the computation
of a perceptually motivated FB, see, e.g., [49]. The AUDlet FBs we present here
are a family of perceptually motivated FBs that satisfy a perfect reconstruction
property, offer flexible redundancy, and enable efficient implementation. They
were introduced in [65, 66] and an implementation is available in the LTFAT
Toolbox [81].

The AUDlet FB has a general non-uniform structure as presented in Figure 8 with
analysis filters Hk.z/, synthesis filters Gk.z/, and downsampling and upsampling
factors dk. Considering only real-valued signals allows us to deal with symmetric
FDTs and process only the positive-frequency range. Therefore let K denote the
number of filters in the frequency range Œfmin; fmax� \ Œ0; fs=2Œ, where fmin 	 0 to
fmax � fs=2 and fs=2 is the Nyquist frequency, i.e. half the sampling frequency. If
fmin > 0, this range includes an additional filter at the zero frequency. Furthermore,
another filter is always positioned at the Nyquist frequency to ensure that the full
frequency range is covered. Thus, all FBs below feature K C 1 filters in total and
their redundancy is given by R D d�10 C2

PK�1
kD1 d�1k Cd�1K , since coefficients in the

1st to K � 1-th subbands are complex-valued.
The AUDlet filters Hk’s, k 2 f0; : : : ;Kg are constructed in the frequency

domain by

Hk.e
2i�/ D �� 12k w

�
fs �  � fk
�k

�
(38)

where w./ is a prototype filter shape with bandwidth 1 and center frequency 0.
Here, the shape factor �k controls the effective bandwidth of Hk and fk determines
its center frequency. The factor ��1=2k ensures that all filters (i.e., for all k) have
the same energy. To obtain filters equidistantly spaced on a perceptual frequency
scale, the sets ffkg and f�kg are calculated using the corresponding FAUD and BWAUD

formulas, see Table 1 for more information on the AUDlet parameters and their

Table 1 Parameters of the perceptually motivated AUDlet FB

Parameter Role Information

fmin minimum frequency in Hz fmin 2 Œ0; fs=2Œ; fmin < fmax

fmax maximum frequency in Hz fmax 2�0; fs=2Œ; fmax > fmin

fk center frequencies in Hz F�1
AUD.FAUD.f0/C k=V/

K (essential) number of channels K D V .FAUD.max/� FAUD.fmin//C .1� ı0;fmin /

V channels per scale unit V D �
FAUD.fkC1/� FAUD.fk/

�
�1

, k 2 Œ1;K � 2�
w frequency domain filter prototype w 2 L2.T/

�k dilation factors rbwBWAUD.fk/, rbw > 0 (defaultD 1)

Hk filter transfer functions Hk.e2i� / D �
�

1
2

k w
�

fs��fk
�k


dk downsampling factors rdBW�1

AUD.k/, rd > 0 (default non-uniform = 1)

R redundancy R D d�1
0 C 2

PK�1
kD1 d�1

k C d�1
K
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Fig. 10 Analyses of a female speech signal taken from the TIMIT database [36] by (left) the
AUDlet FB and (right) the gammatone FB using V = 6 filters per ERB (K = 201). It can be seen
that the two signal representations are very similar over the whole time-frequency plane.

relations. Since we emphasize inversion, the default analysis parameters are chosen
such that the filters Hk and downsampling factors dk form a frame. As an example,
the AUDlet (a) and gammatone (b) analyses of a speech signal are represented in
Figure 10 using AUD = ERB and V = 6 filters per ERB. The filter prototype w for the
AUDlet was a Hann window. It can be seen that the two signal representations are
very similar over the whole time-frequency plane. Since the gammatone filter is an
acknowledged auditory filter model, this indicates that the time-frequency resolution
of the AUDlet approximates well the auditory resolution.

5.2 Perceptual Sparsity

As discussed in Sec. 2.3 not all components of a sound are perceived. This effect
can be described by masking models and naturally leads to the following question:
Given a time-frequency representation or any representation linked to audio, how
can we apply that knowledge to only include audible coefficients in the synthesis?
In an attempt to answer this question, efforts were made to combine frame theory
and masking models into a concept called the Irrelevance Filter. This concept is
somehow linked to the currently very prominent sparsity and compressed sensing
approach, see, e.g., [31, 35] for an overview. To reduce the amount of non-zero
coefficients, the irrelevance filter uses a perceptual measure of sparsity, hence
perceptual sparsity. Perceptual and compressed sparsity can certainly be combined,
see e.g. [21]. Similar to the methods used in compressed sensing, a redundant
representation offers an advantage for perceptual sparsity as well, since the same
signal can be reconstructed from several sets of coefficients.

The concept of the irrelevance filter was first introduced in [30] and fully devel-
oped in [7]. It consists in removing the inaudible atoms in a Gabor transform while
causing no audible difference to the original sound after re-synthesis. Precisely, an
adaptive threshold function is calculated for each spectrum (i.e., at each time slice)
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(a) Original Gabor transform
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(b) Binary mask
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(c) Masked Gabor transform
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(d) Irrelevance threshold
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Fig. 11 Example application of the irrelevance filter as implemented in [7] to a music signal
(excerpt from the song “Heart of Steel” from Manowar). (a) Squared magnitude of the Gabor
transform (in dB). (b) Binary mask estimated from the irrelevance threshold. White = 1, black =
0. (c) Squared magnitude (in dB) of the masked Gabor transform, i.e. the result of the point-wise
multiplication between the original transform and the binary mask. (d) Amplitudes (in dB) of the
irrelevance threshold (bold straight line) and original spectrum (dashed line) at a given time slice.

of the Gabor transform using a simple model of spectral masking (see Sec. 2.3.1),
resulting in the so-called irrelevance threshold. Then, the amplitudes of all atoms
falling below the irrelevance threshold are set to zero and the inverse transform is
applied to the set of modified Gabor coefficients. This corresponds to an adaptive
Gabor frame multiplier with coefficients in f0; 1g. The application of the irrelevance
filter to a musical signal sampled at 16 kHz is shown in Figure 11. A Matlab
implementation of the algorithm proposed in [7] was used. All Gabor transform and
filter parameters were identical to those mentioned in [7]. Noteworthy, the offset
parameter o was set to -2.59 dB. In this particular example, about 48% components
were removed without causing any audible difference to the original sound after re-
synthesis (as judged by informal listening by the authors). A formal listening test
performed in [7] with 36 normal-hearing listeners and various musical and speech
signals indicated that, on average, 36% coefficients can be removed without causing
any audible artifact in the re-synthesis.
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The irrelevance filter as depicted here has shown very promising results but the
approach could be improved. Specifically, the main limitations of the algorithm
are the fixed resolution in the Gabor transform and the use of a simple spectral
masking model to predict masking in the time-frequency domain. Combining an
invertible perceptually motivated transform like the AUDlet FB (Sec. 5.1) with a
model of time-frequency masking (Sec. 2.3.3) is expected to improve performance
of the filter. This is work in progress. Potential applications of perceptual sparsity
include, for instance:

1. Sound/Data Compression: For applications where perception is relevant, there is
no need to encode perceptually irrelevant information. Data that cannot be heard
should be simply omitted. A similar algorithm is, for example, used in the MP3
codec. If “over-masking” is used, i.e. the threshold is moved beyond the level of
relevance, a higher compression rate can be reached [70].

2. Sound Design: For the visualization of sounds the perceptually irrelevant part
can be disregarded. This is, for example, used for car sound design [13].

6 Conclusion

In this chapter, we have discussed some important concepts from hearing research
and perceptual audio signal processing, such as auditory masking and auditory
filter banks. Natural and important considerations served as a strong indicator that
frame theory provides a solid foundation for the design of robust representations for
perceptual signal analysis and processing. This connection was further reinforced by
exposing the similarity between some concepts arising naturally in frame theory and
signal processing, e.g. between frame multipliers and time-variant filters. Finally, we
have shown how frame theory can be used to analyze and implement invertible filter
banks, in a quite general setting where previous synthesis methods might fail or be
highly inefficient. The codes for Matlab/Octave to reproduce the results presented in
Secs. 3 and 5 in this chapter are available for download on the companion Webpage
https://www.kfs.oeaw.ac.at/frames_for_psychoacoustics.

It is likely that readers of this contribution who are researchers in psychoacoustics
or audio signal processing have already used frames without being aware of the
fact. We hope that such readers will, to some extent, grasp the basic principles
of the rich mathematical background provided by frame theory and its importance
to fundamental issues of signal analysis and processing. With that knowledge, we
believe, they will be able to better understand the signal analysis tools they use and
might even be able to design new techniques that further elevate their research.

On the other hand, researchers in applied mathematics or signal processing have
been supplied with basic knowledge of some central psychoacoustics concepts. We
hope that our short excursion piqued their interest and will serve as a starting point
for applying their knowledge in the rich and various fields of psychoacoustics or
perceptual signal processing.

https://www.kfs.oeaw.ac.at/frames_for_psychoacoustics
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91. M. Vetterli, J. Kovacević, Wavelets and Subband Coding (Prentice Hall, Englewood Cliffs, NJ,
1995)

92. D. Wang, G.J. Brown, Computational Auditory Scene Analysis: Principles, Algorithms, and
Applications (Wiley, Hoboken, 2006)

93. T. Werther, Y.C. Eldar, N.K. Subbana, Dual Gabor frames: theory and computational aspects.
IEEE Trans. Signal Process. 53(11), 4147–4158 (2005)

94. C. Wiesmeyr, N. Holighaus, P. Søndergaard, Efficient algorithms for discrete Gabor transforms
on a nonseparable lattice. IEEE Trans. Signal Process. 61(20), 5131–5142 (2013)

95. R.M. Young, An Introduction to Nonharmonic Fourier Series, Pure and Applied Mathematics,
vol. 93 (Academic, New York, 1980)



268 P. Balazs et al.

96. X. Zhao, Y. Shao, D. Wang, Casa-based robust speaker identification. IEEE Trans. Audio
Speech Language Process. 20(5), 1608–1616 (2012)

97. E. Zwicker, Dependence of post-masking on masker duration and its relation to temporal
effects in loudness. J. Acoust. Soc. Am. 75(1), 219–223 (1984)

98. E. Zwicker, E. Terhardt, Analytical expressions for critical-band rate and critical bandwidth as
a function of frequency. J. Acoust. Soc. Am. 68(5), 1523–1525 (1980)



A Flexible Scheme for Constructing
(Quasi-)Invariant Signal Representations

Jan Ernst

Abstract We describe a generic scheme for constructing signal representations
that are (quasi-)invariant to perturbations of the domain. It is motivated from first
principles and based on the preservation of topology under homeomorphisms. Under
certain assumptions the resulting models can be used as direct plug ins to render
an existing signal processing algorithm invariant. We show one concretization of
the general scheme and develop it into a computational procedure that leads to
applications in image processing and computer vision. The latter factorizes the
n�dimensional problem into an ensemble of one-dimensional problems, which in
turn can be reduced to proving the existence of paths in a graph. We show empirical
results on real-world data in two important problems in computer vision, template
matching and online tracking.

Keywords Invariance • Quasi-invariance • Shape matching • Template match-
ing • Tracking

1 Introduction

This work starts with a simple question:

“How do we get from A to B?”

Let us assume for now that A and B are geographical locations, for instance in a
city. Figure 1a shows a city map with two marked locations. Let us further assume
that we are a tourist who just newly arrived in the city and we are presently at
location A (e.g., the train station). We now would like to travel to location B (e.g.,
some attraction) and need directions. Asking bystanders, we may receive different
answers, such as: “To get to location B from here, you have to ”

1. “Move 3,142m towards bearing 193ı”
2. “Follow this road until you see a three-story office building to your left, then take

the third right, follow through until you see the roundabout, : : :”
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Fig. 1 Three answers to the question: “How does one get from A to B?”

3. “Walk to bus stop Erlangen South, take bus #30 to Thon, exit on Wetterkreuz,
change to line #42, : : :”

The resulting paths on the map are illustrated in figures 1a to 1c. Although all three
eventually lead to the same location B, they differ in the nature of their description.
The first answer is metric: it describes the relative location of A and B by their
Euclidean relation. The second answer has a topological aspect: it does not care
about lengths and angles, but the topology of the underlying space as expressed
by observable signal components such as street names and intersections. The
third answer may be considered functional: it is formulated in terms of functional
components on top of the signal space (e.g., bus and train routes). Signal processing
algorithms often relate points in the signal space via descriptions of the first kind
(e.g., the Euclidean or other metrics).

The central premise of this work is to model the relation of two points based
on the signal connectedness between them, as in descriptions of the second
kind. Under certain assumptions, these models can then replace metric point
relations in an algorithm as a plug in. We will show that if this is done
properly, one gains invariance to perturbations of the signal’s domain.
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The rest of the chapter is structured as follows: We will first informally study the
properties of the Euclidean and topological descriptions in the next sections 1.1
to 1.2, with a brief excursion into the importance of invariance. This is followed
in section 1.3 by a discussion of the role of pairwise relations in algorithms and
how perturbations of the domain are commonly addressed. Section 2 formalizes
the concepts of invariance, uniqueness, and completeness of a representation based
on pairwise set representations. It can be skipped on first reading. Section 3 then
introduces an example model for a restricted family of signals, while section 4
extends it to a significantly larger class of real-world signals. The resulting continu-
ous model is then plugged into an existing algorithm in section 5 to demonstrate
the plug-in characteristic, yielding an invariant version of the algorithm. As the
model is formulated in the continuous domain, effort needs to be made in making it
amenable to computation. One possible instantiation of a discrete implementation is
sketched in Section 6, followed by results on two challenging real-world problems
in section 7.

1.1 Path Descriptions under Deformations

One way to examine the difference in the above metric and topological repre-
sentations is to expose the signal space to perturbations and see what happens.
Figure 2 shows our example city map under various transformations, such as in-

Fig. 2 Homeomorphic perturbations of the signal domain (starting left, clockwise): Original, in-
plane rotation, generic local deformation, non-uniform scaling.
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Fig. 3 The Euclidean and topological path descriptions under a homeomorphism.

plane rotation, local deformation, and non-uniform scaling. Now let’s look at the
paths under these transformation. Figure 3 illustrates the city map under a combined
shear and non-uniform scaling (accelerated plate tectonics to stay with the example).
The Euclidean description in the transformed frame now certainly leads to the wrong
location, as following the instruction “move 3,142m towards bearing 193ı” is not
consistent with the new frame. The topological description, however, still leads
to the correct location in the transformed frame. All we are doing is to follow
landmarks according to a pre-defined sequence. If a particular road, for instance,
is now twice as long until we reach a “T”-intersection, we still can recognize that
we arrived at the intersection, although it takes twice as long. In other words, the
descriptions may be invariant to certain transformations of the domain.

1.2 The Importance of Invariants

Invariance plays a central role in computer vision and many other domains. An
invariant is a function of a signal that does not change its value when the signal
undergoes a particular transformation. The transformations are often considered to
be nuisance perturbations, i.e. they impede recovering the actual measurement of
interest. Common examples in computer vision of such perturbations are the per-
spectivity in the formation of images by pinhole cameras, the rotation and translation
of the domain of digital images and monotonic transforms of the image function due
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to illumination changes. Examples of corresponding invariants to these particular
perturbations are the cross ratio of points on the projective line under perspective
transforms, the Euclidean distance under translation of the domain and the pairwise
order relations of signal values under monotonic transforms of the signal’s range.
The importance of invariances amongst others lies in the fact that they provide a
basis for building higher-level algorithms from invariant low-level representations.
The idea is that the higher-level representation inherits the invariance properties
from the low-level representation if constructed properly. In practice it is often
challenging to find functions that are strictly invariant and practically useful at the
same time. The use of quasi-invariants has been introduced in computer vision by
[5, 6] to address this issue. While invariants have the strict requirement that they
are constant over the entire range of the perturbation parameter, quasi-invariants are
only expected to be close to constant for a limited range of the perturbation domain.
No strict mathematical model for quasi-invariants is available and the theoretical
characterization of quasi-invariants remains challenging [6, 24].

Examining the path descriptions, one notes that the Euclidean description is
invariant to translations of the domain, but not rotations or scaling. The topological
description is invariant at least to translations, rotations, scaling and shear (as illus-
trated in figure 3). As it is defined in terms of the topological structure of the signal
space, it is precisely invariant to transformations that do not change the space’s
topology. The largest set of such transformations is the set of homeomorphisms, i.e.
continuous bijections with continuous inverse.

1.3 Pairwise Relations in Signal Modeling

Pairwise point relations are at the heart of many algorithms that model properties
of signals, e.g. in detection or recognition tasks in optical images, image sequences,
or volumetric imaging. For instance in computer vision, one may want to model an
object by its visual appearance. Figure 4 shows an example image of an object under
a homeomorphism H. An algorithm now may depend on many pairs of locations
.A;B/ on the object to be modeled. Under the perturbation H, A and B are mapped
into A0 D H.A/ and B0 D H.B/, respectively. Here we assume that A, B, and A0 are
known. The exact H is usually unknown a priori however, making the determination
of B0 given A0 challenging. Two common strategies to address this are:

Accept the uncertainty The idea is to treat H as a random variable and assume
that there is prior knowledge, e.g. in the form of a probability distribution over
the space of all possible H. This prior is then used in defining a conditional
probability for the location of B0 of the form PH.B0jA0;A;B/ as shown in figure 5.
Naturally, this introduces uncertainty, as the estimation of the position of B0 now
can assume a range of values. Whether this uncertainty is acceptable or not depends
on many factors, e.g. if the uncertainty can be compensated in the later stages of the
algorithm.
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Fig. 4 An example object image under a homeomorphism H.

A

B

A′

B′

H PH(B′|A′,A,B)

Fig. 5 Conditional probability of B0 based on model assumptions.

Estimate H Another means of dealing with the perturbations introduced by H is
to estimate them and then compensate for them. For instance, the popular concept
of detecting key points in the scale space of a signal yields a local estimate for
H [17, 18]. Low-level representations such as feature descriptors then compensate
locally for the estimated H and compute the subsequent algorithmic steps in a
frame that is normalized with respect to the estimated H. This method supposes
that the perturbations can be estimated, at least locally. A common strategy is to
restrict H to a smaller class of parametric models, such as globally or locally affine
transformations. This limits the applicability of the approach to either H that are
globally affine (and thus ignoring the much larger class of homeomorphisms) or
modelling only small neighborhoods, where the locally affine assumption works
reasonably well. The latter effectively limits the scale at which models can be built
for solving signal problems if H is not affine over longer ranges.

An alternative that avoids uncertainty as well as the need to estimate H explicitly
is to relate A and B in a manner that is invariant to H. If one is able to find an
invariant way to get from B given A, then the impact of H is compensated by virtue
of the invariance. In the following we elaborate such invariant relations in general
and subsequently derive a specific example for common multi-dimensional signals.
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2 Invariance, Uniqueness, and Completeness

In the previous section we established that we may be able to relate locations
in an invariant manner. This section introduces and formalizes the properties of
invariance, completeness, and uniqueness of relations in the general case (i.e., with
or without a signal function). The following section 3 then introduces a limited class
of signals and studies invariant relations based on describing the space between
locations based on topological connectedness.

2.1 Definitions and Examples

Let the description be from the set $ in the sense that there are functions � 2 $ W
R

n ! fx W x 2 R
ng that map points into sets. Further let 
 2 & W Rn ! R

n be the
family of perturbations that are under consideration (e.g., the set of all affinities or
all homeomorphisms H) and two points A;B 2 R

n. In the following we will call
�.A/ the feasible set of A given �.

Definition 1 $ is forward invariant under & if

8.A;B; �; 
/ W B 2 �.A/) 
.B/ 2 �.
.A//:

Definition 2 If all 
 2 & have an inverse, $ is backward invariant under & if

8.A;B; �; 
/ W B 2 �.
.A//) 
�1.B/ 2 �.A/:

Definition 3 $ is invariant under & if it is forward invariant and backward
invariant or alternatively if the descriptions � and perturbations 
 commute:

8.A; �; 
/ W 
.�.A// D �.
.A//:

In order to avoid trivially invariant solutions such as �.x/ D fØg, we consider
completeness:

Definition 4 $is S�complete with respect to a set S � R
n if

8.A 2 S;B 2 S/; 9� W B 2 �.A/:

Definition 5 $ is complete if it S�complete for S D R
n.

In order to avoid trivially complete solutions such as �.x/ D R
n, we consider

uniqueness:
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Definition 6 $ is unique if

8A; � W j�.A/j � 1

Note that the properties of completeness and uniqueness are independent of the set
of perturbations &. Before we elaborate in more detail how$ may look in practice,
we have to realize that invariance comes at a cost: the properties of invariance,
uniqueness, and completeness may be jointly incompatible for some &. As an
example one can consider the Euclidean distance relation in this framework by
letting

$e W fx! xC ı W ı 2 R
ng

with the elements �e
ı.x/ WD xCı. This particular set$e is unique as any x is mapped

into xCı, a set of cardinality 1. It is also complete, which can be seen by considering
that there is a description �e

B�A for each point pair:

.A;B/! �e
B�A.x/ D xC B � A

When it comes to invariance, one has to choose a family of perturbations &. An
example is the family of translations in R

n:


 t 2 &t W fx! xC t W t 2 R
ng:

Then for any A; �e
ı; 


t, there is exactly one element in �e
ı.A/: AC ı. Furthermore,


 t.�e
ı.A// D 
 t.AC ı/ D AC tC ı

�e
ı.


t.A// D �e
ı.AC t/ D AC tC ı:

i.e., the condition in definition 1 is met and $e is invariant to translations. Another
example of perturbations is the family of uniform scalings:


 s 2 &s W fx! sx W s 2 Rg:

For any A; �e
ı; 


s, there is again exactly one element in �e
ı.A/: AC ı. Furthermore,


 s.�e
ı.A// D 
 s.AC ı/ D s.AC ı/

�e
ı.


s.A// D �e
ı.sA/ D sAC ı:

Thus 
 s and �e
ı do not commute, violating the condition in definition 1 and$e is not

invariant to scale (and thus to homeomorphisms in general). In order to gain more
insight, we can play around with$e and see what happens. Let’s modify$e as such:

$Ne W fx! fxC Nsı W Ns 2 Rg W ı 2 R
ng: (1)



A Flexible Scheme for Constructing (Quasi-)Invariant Signal Representations 277

0

A

B

sA

sB

s
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Fig. 6 Invariance of $Ne under uniform scaling &S. The feasible sets �Ne
ı.A/ and �Ne

ı.sA/ are shown
as gray lines.

In other words, instead of a single location as in the Euclidean distance relation, we
now allow the line through x along the direction ı in the feasible set. Now �Neı.A/ is
a set of cardinality larger than one, specifically

�Neı.A/ D fAC Nsı W Ns 2 Rg

Figure 6 illustrates this situation. Under the family of perturbations &s, the
invariance of $Ne can again be tested via


 s.�Neı.A// D 
 s.fAC Nsı W Ns 2 Rg/ D fsAC sNsı W Ns 2 Rg
�Neı.
 s.A// D �Neı.sA/ D fsAC Nsı W Ns 2 Rg

The resulting sets are equivalent and consequently the modified $Ne is now invariant
to scaling. $Ne is also complete as for any A;B there is a �Neı for which B 2 �Neı.A/,
specifically for ı D B � A. It is, however, not unique any more as j�Neıj > 1. In
summary, starting from the Euclidean distance relation under scalings, which is
complete and unique, but not invariant, we are able to derive a new relation that is
invariant and complete, but not unique. Is there a way to also make it unique? Let’s
start with the modified $Ne and select just one element Ps of the line, with Ps D jxj.
The new $Pe then becomes

$Pe W fx! xC jxjı W ı 2 R
ng



278 J. Ernst

Table 1 Characteristics of the four representations under perturbation

$e under &T $e under &S $Ne under &S $Pe under &S

Invariant yes no yes yes

Unique yes yes no yes

Complete yes yes yes no

S�Complete R
n n f0g

Then


 s.�Peı.A// D 
 s.AC jAjı/ D s.AC jAjı/
�Peı.
 s.A// D �Peı.sA/ D s.AC jAjı/:

Hence, $Pe is unique and invariant under &S. It is important to realize, however,
that it is not complete any more. To see this, consider that the representation for a
particular pair .A;B/ is the element �Pe

ı0 2 $Pe with

ı0 D .B � A/
jAj ; where jAj ¤ 0; (2)

as B then is in the feasible set of A:

B 2 �Peı0.A/ D AC jAj.B � A/=jAj D B:

Due to equation 2, any pair .0;B/ has no representation �Peı in $Pe and thus it is not
complete. It is, however, S�complete for Rn n f0g (and possibly subsets). Table 1
lists the properties for the various combinations of $ and perturbations & so far.

2.2 General Case

Are there always families of relations that are unique, complete, and invariant for
a given family of perturbations? Certainly not if &S has no inverse, as no $ could
be backward invariant and thus invariant. What about invertible perturbations? Let’s
look, for instance, at the set of all affinities with uniform scaling

&st W fx! sxC t W s 2 R; t 2 R
ng

and an example pair for n D 2: A D .0; 1/, B D .1=2;1 =2/ as illustrated in figure 7.
Without loss of generality we choose 
 st 2 &st that transform A into A0 D .0; 2/.
There are two such perturbations
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0
A

A′

B

B′
s

B′
t

x+(1,0)

2x

2x
x+(1,0)

Fig. 7 Counterexample to the existence of invariant, complete, and unique $ in the general case.
There are two 
 from the set of affinities with uniform scaling that transform A into the same A0,
but B into two different B0.

x! 2x

x! xC .0; 1/

and they transform B into B0 D .1; 1/ and B0 D .1=2; 1
1=2/ respectively. Now we

assume that there is a representation � for which B is in the feasible set of A, i.e.
B 2 �.A/. As the true perturbation is unknown, invariance of $ would require that
f.1; 1/; .1=2; 11=2/g is a subset of �.A0/. This violates uniqueness, as j�.A0/j 	 2.
One can certainly choose to make $ unique by removing all but one element, e.g.
�.A0/ WD f.1; 1/g. However, then it is not invariant any more, as forward invariance
for the tupel

.A;B; �; 
/ D ..0; 1/; .1=2;1 =2/; �; x! xC .0; 1//

is violated: the perturbed B0 D .1=2; 1
1=2/ is not an element of �.A0/ D f.1; 1/g.

This shows that there is no $ in general that is invariant, unique, and complete
without restricting the perturbations &, and in particular not for homeomorphisms
as a superset of affinities.

This section introduced the concepts of invariance, uniqueness, and completeness
for representations of pairwise point relations. The next section will consider the
case where there is a signal, or more precisely, a vector-valued function R

n ! R
m

on the domain and explore what that means for the representation $.

3 Invariant Relations in Line Drawings

The following will focus on a subset of all possible signals, the set of all
monochrome line drawings in R

2. Figure 8 shows an example line drawing under
a homeomorphism H 2 &h. There are two locations A and B marked with their
transformed counterparts A0 D H.A/ and B0 D H.B/.
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Fig. 8 Line drawing under
Homeomorphism H with
three locations A,B, and C
marked. The green
highlighted path relates A and
B in terms of a topological
description. A

B

C

H
A′

B′

C′

A

B

H
A ′

B ′

Fig. 9 Line drawing with two paths from A to B marked in green and blue. Both the green and blue
path description individually may lead to other locations (marked by colored circles). However, B
is the only location that can be reached by the blue and the green path description simultaneously.

One description � from A to B may be transliterated as (indicated as green path
in figure 8): “Start from A and traverse a line, there will be an intersection of order
four. Follow the third branch counterclockwise and then follow the leftmost branch
in the next two intersections. Take the second right and then again the second right.
The next intersection is an element of the feasible set (which contains B).” The
same holds for A0 and B0, i.e. the existence of the same path can be ascertained in
the perturbed image. It does not matter how distorted the domain is, as long as there
are no tears or rips that would interrupt the path. Consequently, this path description
example is invariant for the pair .A;B/ (figure 9). Is it also unique?

3.1 Uniqueness

Uniqueness would require that �.A/ n B D Ø. However, when one starts with a
different branch from A, one may end up in the location C instead, marked with
the red path in figure 8. There are no further paths consistent with the description,
thus the feasible set �.A/ D fB;Cg (and via invariance �.A0/ D fB0;C0g/. In
other words, this particular � is not unique. One may certainly aim to make �
unique. As an example the above transliteration could be modified as (modification
emphasized): “Start from A and traverse a line, [: : :] The next intersection is an
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Fig. 10 Counterexample for
existence of invariant,
complete, and unique $
under homeomorphisms.

A B

Fig. 11 From line drawings
to piecewise constant images.

AA

B

H
A′A′

B′

element of the feasible set if the order of the intersection is three.” Only the green
path in figure 8 is consistent with the modified �, and thus only B is in its feasible
set, making the modified � unique.

However, in the general case uniqueness, completeness, and invariance cannot
be achieved for this class of signals. Consider, for instance, the line drawing in
figure 10. Due to symmetry, there is no unique way to describe a path from A to
B that is invariant under arbitrary homeomorphisms. One can certainly always look
at a more complex signal class and hope that uniqueness can be achieved there.
One example may be the class of piecewise constant images, as shown in figure 11.
The path description now would be: “Starting from A and following a path that has a
gray patch on its left and a red patch on its right, follow paths with these consecutive
left/right color attributes: (blue, red), (blue, yellow), (blue, brown), (blue, gray),
(orange, gray), (orange, blue), (: : :, blue). The next intersection will be an element of
the feasible set.” Although this description is now unique in our example, uniqueness
is not guaranteed for the general case either (as the set of line drawings is a subset of
the set of piecewise constant images). However, once we start looking pragmatically
at the set of natural images, the situation may not be as bleak. In the following
section 4, we will derive a particular implementation of our representation based on
topological connectedness that works well with natural images in practice.

3.2 Intersection of feasible sets

A generic scheme to deal with the potential lack of uniqueness is to use a multitude
of descriptions for the same pair .A;B/. Figure 9 shows in addition to the first
description in green also the following description in blue: “Start from A and
traverse a line, there will be an intersection of order four. Take the second path
clockwise, then make a right, and three lefts. The next intersection is an element of
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the feasible set.” Both feasible sets contain two locations each, but their intersection
only contains B (and B0). More formally, based on individual path descriptions
�1; : : : ; �n, one can define the combined N� as

N� D
n\

iD1
�i

This scheme is motivated not so much from a principled perspective (as one could
always formally treat N� as an “individual” description from the start, albeit a more
complex one), but from considerations on computational implementations that will
be elaborated later: an independent set of shorter path descriptions may be more
computationally efficient than one long description.

3.3 Completeness

An interesting case is now the completeness of a hypothetical $. We choose to
consider only $ that are invariant under homeomorphisms. For completeness in
this example we need to consider R

2. The simplest example of f is the constant
function, f D c. Any homeomorphism on the domain of f will not change that f is
constant everywhere. That implies that we are not gaining anything by using f for
the definition of$ and we have no invariant, complete, and unique$ as discussed in
section 2.2. One can now appeal to practical considerations from a signal processing
perspective and argue that not all parts of the signal are of equal importance. For
instance, homogeneous regions of the signal may not carry much information (they
carry some, such as “I am homogeneous”). Conversely, a signal region with high
entropy may be considered interesting. In terms of our representation this implies
that the modeling should focus on these interesting regions. In practice it may be
sufficient to find a representation that is invariant, unique, but only S�complete,
where the set S contains the relevant information for a particular problem.

Due to the lack of invariant, complete, and unique representations in the general
case, one always has to find a trade-off between them, which may be specific to
an application. The next section introduces a generic scheme in the continuous
domain that allows to strike different such trade-offs and for which efficient discrete
approximations are possible.

4 A Continuous Trace Model

This section introduces a practical representation$ for common real-world signals.
Without loss of generality we look at natural images as a running example.
As alluded to earlier, we make a design choice at this point to factorize the
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Fig. 12 An image I is spatially deformed by a homeomorphism H into the image I0. The points
A and B are mapped into A0 and B0, and the spatial curve � is mapped into the curve � 0.

representation into a set of one-dimensional problems due to later computational
considerations. This is certainly not the only option and it is conceivable to pose the
model differently. The following sections introduce the model formally and discuss
its properties.

4.1 Definitions

Let I be a continuous image over the domain R
2, i.e. I W R2 7! R as shown in

figure 12. The image is perturbed by a spatial deformation, in the most general case
by a homeomorphism H W R2 7! R

2. H is a continuous function with continuous
inverse and maps the image I into its perturbed version I0 D I ı H�1, where the
symbol “ı” denotes function composition: .f ı g/.x/ WD f .g.x//. Continuity implies
that there are no tears, rips, or rifts in the mapping and that the local neighborhood
structure is preserved between I and I0: Furthermore, the locations A and B in the
image I are mapped into the locations A0 D H.A/ and B0 D H.B/ in the image I0.
The goal is to find a way to relate A and B (and thus A0 and B0 ) by a description of
the image information between them that is invariant to H.

As pointed out in section 3, any such description cannot in general be unique
and complete at the same time. The particular choice of the description determines
the trade-off between uniqueness and completeness. The chosen approach in the
next sections is based on the supposition that it is more useful in practice to have
a complete description, i.e. to be able to describe all locations, even if it is not
unique, or ambiguous. Spurious ambiguities may additionally be resolved in higher-
level representations built on the presented framework, whereas it may be more
difficult to recover from an inability to describe certain locations. Accordingly, the
goal is to find a description for all possible B0, i.e. a complete description which
is then necessarily ambiguous for general signals. The challenge of minimizing
ambiguity is then addressed by potentially using all available image information
in the description by the intersection of feasible sets introduced in section 3.2.
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Fig. 13 An example profile trace under reparametrization of r.

4.2 Profile Trace

The continuous spatial curve � W Œ0; 1� ! R
2 as depicted in figure 12 connects

the locations A and B, i.e. the endpoints of the curve coincide with the locations,
respectively: �.0/ D A; �.1/ D B. Its equivalent in the transformed image under
the homeography H is � 0 D H ı � . The spatially transformed curve � 0 connects A0
and B0, i.e. � 0.0/ D A0; � 0.1/ D B0. The images I and I0 as function of the curves
� and � 0, respectively, have the profiles �; � 0 W Œ0; 1� 7! R, where � D I ı � and
� 0 D I0ı� 0 which shall be termed profile trace (or simply trace for short, as opposed
to the curve � ). An example of a trace is shown in figure 13b and an example of a
curve is shown in figure 12. The traces have the property that �.r/ D � 0.r/ at every
point r because

� 0.r/ D .I0 ı � 0/.r/
D .I0 ıH ı �/.r/ (3)

D .I ı �/.r/
D �.r/

In other words, the profile traces � do not change under smooth deformations H.
This is not surprising however, as the perturbation H has been used explicitly in
the construction of the perturbed trace � 0. In general, certainly, the perturbation H is
not known a priori. Furthermore, equation 3 cannot immediately be used to construct
some invariant property that is measurable in the image, as the curve � 0 itself is not
directly observable. A weaker, but ultimately more useful statement, is that there
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exists some curve O� between A0 and B0 with the same trace O� D I0 ı O� D � . This
is strictly a weaker criterion as the curves O� and � 0 are not necessarily one and the
same. The critical realization is summarized in the following proposition:

Proposition 1 The existence property of O� (or � 0) is not a function of H and thus
invariant under H.

Now, the goal is to restrict the true location of B0 D H.B/ given the image I0, a
profile trace � , and the location A0 D H.A/. The following holds with regard to the
location of B0:

Proposition 2 A necessary condition for any C0 being the true location C0 D B0 is
the existence of a curve O� such that O�.0/ D A0, O�.1/ D C0 and that the resulting
trace O� is equivalent to the trace � .

Another way of stating proposition 2 is to find an equivalent trace O� up to some
reparametrization of the underlying curve � 0. This is now the structure of our$ and
its elements have the form

��.A/ D fx W s:t: 9� W �.0/ D A; �.1/ D x; I ı � D �g: (4)

While the considerations in this section are purely in terms of existence, i.e.
not in terms of a particular computational approach, the structure of possible
computational solutions can already be seen: Proposition 2 decomposes the problem
of modeling the location of B into two components. The first component is an
enumeration of paths between two locations and the second component is the
establishing of equivalence between traces along these paths. This decomposition
allows to consider the path identity and trace equivalence separately. An important
consequence of this decomposition is that the spatial perturbations can largely be
modeled independently from other signal perturbations. Furthermore, the trace can
be designed specifically to address a given perturbation prior and specific trade-offs
between accuracy and run-time performance. This is exemplified in section 6.

Figure 13b shows an illustrative example of a profile trace, i.e. the function
� D .I ı �/.r/ between two locations A D �.0/ and B D �.1/. The abscissa of
the graph is the curve parameter r 2 Œ0; 1� and the ordinate is the value of the image
function I at the location �.r/. The curve � itself is not shown, figure 12 serves as
an example. As shown above, the trace in the perturbed image I0, � 0 D .I0 ı � 0/.r/,
is equivalent to � and thus has the same graph. Let O� be the same curve as � 0
up to a reparametrization of r, i.e. it is the same curve, but its speed varies. An
example of a reparametrization is illustrated in figure 13a. O� also has the same
domain and range as � 0. The domain of � 0 is the interval Œ0; 1� and its range is
the set of locations in the image that it covers between A and B. The corresponding
traces � 0 D � and O� can then be understood as related by a dynamic time warp
[22]. Figure 13b shows the original trace � D I ı � , as well as the corresponding
warped trace O� D I0 ı O� . It can be seen that the overall evolution of both graphs
is the same with one curve trailing or leading the other. In order to make practical
use of the trace model, proposition 2 requires that the equivalence between two
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traces � and O� can be established. Naturally, this could be done by solving the
dynamic time warp problem for exact point-wise equivalence. However, this may
not be computationally favorable. An alternative is to relax the strict point-wise
equivalence between traces, preferably with a relaxation that is invariant to dynamic
time warps. The following section describes an example of such a relaxation based
on rank order consistency.

4.3 Invariance to Dynamic Warps

A countable set can be sorted according to a partial order relation. The rank of
each element after sorting is its ordered rank, or rank order. Under monotonic
transformation of the initial set, the rank order is retained, i.e. the rank order
is invariant to the transformation [23]. The transformation of interest here is
the dynamic time warp reparametrization of the curve O� , whose monotonicity is
illustrated in figure 13a. Figure 13b shows the original trace and its perturbed
counterpart with the minima and maxima between A and B labeled sequentially
from one to seven. The bottom lines depict the coordinates of the extremal points
for both traces as r1;:::;7 and r01;:::;7, respectively. The order of the extremal points with
respect to the coordinate r does not change between the original and the perturbed
trace. In other words, the sequence of extremal points is invariant to dynamic warps:

f.I ı �/.r1; : : : ; r7/g D f.I0 ı O�/.r01; : : : ; r07/g: (5)

More importantly the coordinates r and r0 do not need to be known explicitly, as
the extrema can readily be estimated from the image profile, and the equivalence in
equation 5 can be verified just from the extrema. Informally this relaxed equivalence
states that two traces are equivalent, if their extremal points are the same and in
the same order. Any signal property that has a similar topological nature such as
zero crossings can be used in this way to define trace equivalence while being
invariant to spatial perturbations. With respect to proposition 2 and strict point-
wise equivalence, equation 5 is a necessary but not sufficient condition, i.e. it is
an equivalence that is less strict and it may increase the ambiguity of the location of
B. This is a trade-off between computational complexity and uniqueness.

In practice, signals undergo extraneous perturbations such as illumination change
and image noise. The next sections extend the trace model to address these in
more detail. Although it is not pursued in this work, it is in principle possible to
statistically model the equivalence in equation 5 to incorporate the effects of noise,
e.g. the likelihood of two extrema matching each other or the likelihood of two
extrema changing rank orders.
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Fig. 14 An example profile trace under non-linear monotonic illumination change.

4.4 Invariance to Monotonic Illumination Change

The previous section demonstrated how to achieve an equivalence function that
is invariant to dynamic warps of the curve O� . This section shows how to achieve
invariance to non-linear monotonic illumination changes by a similar argument
based on order consistency. Such changes in illumination arise due to a variety of
reasons, such as a changing scene lighting or dynamic CCD camera effects [21] and
they can be instantaneous or gradual [23]. Figure 14a shows a non-linear monotonic
transfer function between I and I0, and figure 14b shows its effect on the original
trace I ı � as the perturbed trace I0 ı O� . For clarity of exposure in this example the
curve parametrization r is assumed to be the same, i.e. there is no dynamic warp.
As can be seen in the graphs, the values of the perturbed function change in a non-
linear fashion. On the left side of the graph, the values of the extremal points for
each trace are shown with the same ordering of the locations from left to right as
in the previous example. The order of the extremal values of the image function I,
when sorted from smallest to largest value for the original trace, is

.4; 2; 3; 6; 5; 1; 7/:

By virtue of the monotonicity of the illumination change, the same order holds for
the perturbed trace. Consequently the rank order of the extremal values can define
trace equivalence. This equivalence will be invariant to monotonic illumination
change. Specifically, two traces are considered equivalent if the order of their
extremal points is the same.
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4.5 Generalized Texture Trace

The profile trace is defined in terms of the profile of the image, i.e. the image
I as a function of a spatial one-dimensional curve � . This allows the derivation
of invariant properties under the assumption that the image is transformed by a
spatial process. Also, the previous section has shown how to include invariance
to non-linear monotonic illumination change into the model. However, up to
this point the model is based on the image function along � which has two
practically significant issues. Firstly, in certain applications the image function
may have higher variability along the same curve between signal instances due
to presently unmodeled perturbations. These may include sampling effects, intra-
class variation, non-monotonic illumination change, and so on. Secondly, it does
not use information in the immediate neighborhood of the profile curve which could
be used to decrease the ambiguities of the model. This section proposes a formal
extension of the profile trace to include neighborhoods along the spatial curve in
order to decrease the ambiguity of the representation and to allow the incorporation
of further invariances. Let

F.x0/ W f.x; I.x// W kx � x0k � sg 7! R
n (6)

be a function that assigns a vector to each location x0 on the curve � in the image
based on the image information in a neighborhood s. This definition of F includes
a wide variety of functions such as convolutions with finite support, edge detection,
feature computations such as SIFT [15], SURF [4], etc. Informally, the idea is to
use local characteristics or texture properties of the image instead of just the image
profile in order to reduce ambiguities of the representation. This also allows another
layer of abstraction above the image function. In the case that the function F itself
is invariant to homeomorphisms, it can be incorporated into the trace definition
while maintaining homeomorphic invariance of the trace model in a straightforward
manner: Proposition 2 has to be modified such that the profile trace definition

�.r/ D .I ı �/.r/

is augmented by the definition of the texture trace:

�.r/ D .F ı I ı �/.r/ (7)

A specific example of a homeomorphic invariant function F based on inflection
points is
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F W x0 7!

8̂
ˆ̂̂<
ˆ̂̂̂
:

0 if x0 is minimum along �?.x0/
1 if x0 is maximum along �?.x0/
2 if x0 is saddle point along �?.x0/
3 otherwise:

(8)

where �?.x0/ denotes the normal of the curve � at x0. This simple example
considers infinitesimally small neighborhoods around each location on the curve
along the normal of the tangent. Due to the differential definition, the inflection
point properties are invariant to homeomorphisms. Additionally, due to the choice
of order relations in equation 8 (essentially “greater than left and right,” “smaller
than left and right,” etc.), this particular F is also invariant to monotonic changes of
the illumination.

However, many practically interesting choices for local texture models such
as SIFT are not homeomorphic invariant. They can still be employed, although
the full invariance of the model is then relinquished, yielding a quasi-invariant
representation. For a given choice of local texture model, the resulting extent of
quasi-invariance is typically related to the neighborhood size, i.e. the smaller the
neighborhood, the closer the representation comes to full invariance. The idea of
the generalized texture trace to include further invariances as well as to decrease
ambiguity will be employed and made concrete in the discrete texture trace of
section 6.

5 Plugin for Metric Pairwise Relations

This section demonstrates how to plug in an invariant representation $ into an
existing algorithm in order to render it invariant to a selected set of transformations.
Candidate algorithms need to use the Euclidean (or a related) metric in a pairwise
fashion (this precludes, for instance, algorithms that inherently model tuples of
points with size larger than two). Extensions of the presented model to beyond
pairwise models are conceivable, but not explored here. In order to demonstrate the
plug-in concept, we chose the well-known Generalized Hough Transform [3] for
detecting shapes in images. Figure 15 illustrates the basic idea of the Generalized
Hough Transform and algorithm 1 is a baseline version of the Hough algorithm.
The objective is to detect a known object in the presence of distractor objects and
perturbations of the domain. Initially, the reference object is trained, resulting in a
reference model. The training consists of enumerating all points A on the boundary
of the reference shape, choosing an arbitrary reference location B and storing their
difference vectors ıi as the reference model. The ıi are also called votes. In the
subsequent detection phase there is a set of shapes including the reference shape
and it is not known which point belongs to which shape. The detection proceeds by
applying all votes ıi to all shape points Cj and storing the location CjC ıi for which
they vote.
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Fig. 15 Shape localization with the Hough transform. The foreground boundary points are marked
in green, the distractor points are marked in red, and the reference location is marked with a cross
in the reference shape. A selection of relations ıi and their corresponding voting locations Vij in
the target space are marked with blue arrows and black dots, respectively. The indices are omitted
for clarity of exposure.

Algorithm 1 Localization algorithm based on Euclidean distance
1: procedure GETPOINTRELATIONS(B;A1; : : : ;AN ) F Get reference relations for B
2: for i 1; : : : ;N do F Iterate over all data locations
3: ıi  B� Ai F Store difference vector between B and Ai

4: end for
5: end procedure
6:
7: procedure FINDLOCATION(ı1; : : : ; ıN ;C1; : : : ;CK) F Find location in target
8: for j 1; : : : ;K do F Iterate over locations
9: for i 1; : : : ;N do F Iterate over reference relations

10: Vij  �ıi .Cj/ D Cj C ıi F Gather vote for Cj and ıi

11: end for
12: end for
13: B AGGREGATEVOTES(

˚
Vij

�
) F Assign target location by aggregating votes

14: end procedure

Under mild assumptions on the nature of the reference shape and the distractor
shapes, there will be a concentration of votes in the vicinity of the true center
B0 of the reference shape. This concentration can be estimated by an aggregation
of the votes, for instance by a kernel density estimate or by discretizing the
voting domain. The basic voting scheme can be extended to include rotation,
scale, and other perturbations of the domain by modifying the voting space [3] or
extending to texture descriptors [11], but not easily to local perturbations such as
homeomorphisms. For the present discussion however, the basic algorithm suffices
to illustrate the analogy in the trace model.

Two steps of algorithm 1 need to be modified in order to plug in the new
representation. The first is in the training phase in line 3, the second in the detection
phase in line 10. For both steps, we interpret the Euclidean distance as a set relation
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Algorithm 2 Localization algorithm based on trace model
1: procedure GETPOINTRELATIONS(B;A1; : : : ;AN ) F Get reference relations for B
2: for i 1; : : : ;N do F Iterate over all data locations
3: Ti  f�.Ai;B/g F Store all traces between B and Ai

4: end for
5: end procedure
6:
7: procedure FINDLOCATION(T1; : : : ; TN ;C1; : : : ;CK) F Find location in target
8: for j 1; : : : ;K do F Iterate over locations
9: for i 1; : : : ;N do F Iterate over reference relations

10: Vij  �Ti .Cj/ DT
�� .Cj/; � 2 Ti F Gather vote for Cj and Ti as in eq. 4

11: end for
12: end for
13: B AGGREGATEVOTES(

˚
Vij

�
) F Assign target location by aggregating votes

14: end procedure

Table 2 Comparison of the initial Euclidean and the invariant algorithm as a result of
plugging in the trace relation

Euclidean algorithm Trace algorithm

Modeled entity Two-dimensional shape Textured image patch

Observable Points on the boundary Points on the image patch

Model Euclidean relation of points to center Trace relation of points to center

Localization All points vote for center
location with all model
relations

All points vote for center
location with all model
relations

Invariance Translations Homeomorphisms

as laid out earlier. In the Euclidean version, the first step in line 3 gathers the
parameters ıi  B � Ai as the representation of B given Ai and the second step
in line 10 determines the feasible sets �ıi.Cj/ D Cj C ıi of the estimated B given
each Cj as the votes. Based on this interpretation we now plug in a different choice
of pairwise relation, such as the profile trace as presented in section 4.2. Algorithm 2
lists the steps with the changes to algorithm 1 marked in blue. Instead of the feasible
set �ıi.Cj/ of the Euclidean relation, we use �Ti.Cj/ as the intersection of the
feasible sets

T
��.Cj/ of all traces. Table 2 summarizes the resulting properties

of the original Euclidean and the resulting invariant algorithm. This algorithm will
be used in the next section to represent an image patch as a basic signal component.

6 Discrete Approximation

In this section we derive a discrete approximation of the continuous texture trace
in eq. 7. In order to make the discrete solution computationally feasible, we have to
make trade-offs when it comes to invariance. Two different trade-offs are chosen,
one that results in full rotational invariance, one without full rotational invariance.
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After discretizing the continuous trace � into its discrete approximation t, we plug
it into algorithm 2. The resulting representation is then studied empirically in the
subsequent section 7 to validate its performance with real-world data.

Three obstacles need to be overcome to make the trace model practical:

Continuous Model All considerations so far have been under the assumption of a
continuous signal domain. Optical digital images are discretely sampled and under
the assumption of appropriate filtering, the original bandwidth-limited continuous
signal can be extracted. It is thus in principle possible to formulate a computational
approach to the trace model in the continuous domain (e.g., via spectral methods).
However, the approach taken in this work is rather to discretize the trace model
to achieve a practical computational approximation. The discretization is a coarse
approximation due to computational constraints and the performance may depend
on the discretization granularity. It is important to note that the proposed discretiza-
tion is not the only possible choice.

Lack of Completeness Not all point pairs can be described uniquely and invari-
antly, for instance in homogeneous signal regions. As pointed out earlier, homoge-
neous or otherwise ambiguous signal regions in practice often do not carry relevant
or discriminative information. For this reason we choose to pragmatically accept the
lack of completeness.

Lack of Uniqueness Path descriptions in real signals may be ambiguous. We
address this by enumerating all possible traces between two locations given pre-
defined bounds on the discrete representation length. This is in essence a complete
topological characterization of the space between the two locations and it minimizes
the ambiguity as much as possible within the bounds of the particular discretization
parameters.

We will only sketch the steps in the discretization as this section primarily serves
to demonstrate real-world implications of the overall scheme and the discretization
is an incidental necessity. More detail on the discretization, detailed empirical
evaluations on its effects on invariance and performance, and further applications
beyond the following can be found in [7].

6.1 Discretization of Curve �

The objective of the discretization is a computational procedure that, given two
locations A;B in the image, allows the extraction of the traces between them as well
as the determination of the feasible set of B0 given A and the trace. An example curve
for a trace is shown in figure 12. Figure 16a shows the first step, the discretization of
the domain into a regular set of discrete locations (marked in green). The curve then
is expressed in terms of only those locations, as shown in figures 16a–16d and the
relative spatial relations between two points on the curve are described by a discrete
set of local relations �i 2 ˝� W f.x; y/ ! f0; 1gg. The relations �i are binary, i.e.
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Fig. 16 Steps in the discretization of the continuous trace model.

for any ordered pair of points .x; y/ they either hold true or not. The last step of the
discretization of the curve � is to limit its discrete length to a finite number of steps
nd. The result is a discrete representation of � : A finite sequence of discrete relations
�i as illustrated in figure 16b.

6.2 Quantization of Image Function

Quantizing the image function in the discrete trace model implies that each location
needs to be assigned a discrete label l 2 ˝L based on the image function. According
to the generalization in section 4.5, any function may be used in a neighborhood
around � that is itself homeomorphic invariant or quasi-invariant. Functions with
larger support may be more robust to image noise due to averaging effects while
invariance to affine illumination changes may be achieved by using derivatives of
the image function. There is a rich set of processes that assign quantized labels
and also average over neighborhoods based on image derivatives, such as vector-
quantized SIFT features [16] or other texture features [17]. Care has to be taken
to account for the specific invariances of the texture features. In the following
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we experimented with two different local features based on SIFT: one, where we
compensate locally for orientation as estimated from the scale space, and one where
we don’t. These give rise to a rotation invariant and a rotation sensitive discrete
representation accordingly.

Given a particular texture descriptor, a label l is assigned to a location y in the
following manner. Firstly the texture feature is computed in a neighborhood around
y and optionally compensated for the locally estimated orientation or other variants
of the texture feature. Secondly, the resulting vector is quantized into

ˇ̌
˝ l
ˇ̌

values
by the use of a fixed code book. The code book can be generated, for instance, by a
vector quantization scheme. In the following experiments, this is done via multiple
repetitions of k �means [14] and choosing the instantiation with the least error in a
large data set of images unrelated to the data in the results section.

6.3 Discretized Textured Trace

Putting everything together, a discrete texture trace then is defined as:

Definition 7 A discrete texture trace is a finite sequence of label-relationship pairs

t D ..l; �/i W i D 1; : : : ; nd/ 2 ˝ t

of length nd. Given a starting location a it induces the feasible set of locations b
that are reachable from a via the trace t. A location b is reachable by t if there is a
sequence of intermediate locations .yk/ such that

�1.a; y1/ � �2.y1; y2/� : : : � �nd .yn�1; b/> 0

and the locations .a; y1; : : : ; ynd�1/ have labels .l1; l2; : : : ; lnd /, respectively.
For a given input image, the locations yk are sampled over the image domain

with a fixed density. The discrete neighborhood structure and labeled landmarks
y induce a graph G D .E;V/ with the relations � as edges E and the landmarks
as labeled nodes V . The problem of determining the feasible sets then can be
formulated as finding attributed paths in a graph. The set of attributed adjacency
matrices

˚
Wl� W l 2 ˝ l; � 2 ˝�

�
of the graph G is defined as: wl�

ij > 0 if the node i
of label l has node j of arbitrary label connected to it by relation �. Then, according
to definition 7, the trace t D .l; �/i of length nd relates the nodes a and b exactly if
there is an intermediate sequence Y D .y1; : : : ; ynd�1/ such that

R.a;Y; b/ D w.l�/1.a;y1/

 
nd�1Y
kD2

w.l�/k.yk�1;yk/

!
w
.l�/nd
.ynd�1;b/

> 0 (9)



A Flexible Scheme for Constructing (Quasi-)Invariant Signal Representations 295

Equation 9 yields a computational approach for determining the feasible set of a
trace t given a location a. Specifically, the feasible set �t.a/ is the set of all locations
b that a relates to via the trace t and the above equation 9:

b 2 �t.a/, 9Y W R.a;Y; b/ > 0: (10)

The
ˇ̌
˝ l
ˇ̌ � j˝�j matrices Wl� are large, but sparse and the existence of such

a sequence can be established efficiently via sparse matrix multiplication. This
concludes the derivation of a computable pairwise representation �t 2 $, which
will be used in the following experiments.

6.4 Patch Model

The remaining piece is how to model a part of an image or object given the trace
representation. We now plug the �t from the previous section into algorithm 2. As
discussed in section 5, we choose to represent an image region by one location on it
and its trace relation to other points in the sense of the Hough transform. As the set
of starting points A in algorithm 2 we simply choose all other locations in the image.
The traces between two locations already incorporate the entire space between
them, given the bounds on the representation length (in this case the maximum
number of steps nd taken). This amounts to a complete topological characterization
of the points’ neighborhood under a particular parametrization of the discretization
parameters.

More formally, let b be the central point of the image patch or object, and yk and
ai a set of locations sampled densely on the patch, as illustrated in figure 17. Then,
b is represented by the subset P � ˝ t of all traces that have b in their feasible set
for any location a on the patch with the locations yk as intermediate nodes:

t 2 P, 9a W b 2 �t.a/ (11)

The size of the subset P is the number of reference traces nref D jPj, which depends
on the actual patch texture as well as the choice of discretization and sampling
parameters. Given a center location b, the set P fully represents all information about
the patch that can be expressed in the trace model with a given parametrization. The
center location is contained in the feasible set of all traces P and via the construction
of the (discrete) trace, this property is (quasi-) invariant to homeomorphisms. This
implies that a perturbed version of the patch will also have its perturbed center
location b0 D H.b/ in the feasible set of every trace in P given at least one
starting location a0. Conversely, candidates for b0 in a new image can be found by
enumerating all feasible sets for all starting locations within the image (or a region
of interest). Under the previous assumptions, the true b0 then has to be contained in
their intersection. Due to violations of the continuous assumptions and the particular
discretization choices, only quasi-invariance is retained in practice. As a result there
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Fig. 17 An image patch is modeled as the set of all traces that end in its center location b, starting
from any other location ai on the patch. This example with nd D 3 shows the intermediate locations
yi (two of them labeled), six selected start locations a1:::6 as well as seven traces. Each start node
and intermediate location has a texture label assigned to it in a small neighborhood, illustrated by
gray rectangles.

may be traces which do not have b0 in their feasible set, implying that the correct
location for b0 is in the feasible set of less than nref of the reference traces. In
order to address this, the following experimental section will use as candidates for
b0 locations that coincide with as many feasible sets as possible.

With this model for an image patch, we build a simple visual tracking algorithm
based on template matching. It includes an optional incremental model updating
mechanism that allows to model gradual changes of the tracked object through
a video. The updating is performed by keeping a histogram of likely traces over
time. Details of the tracking algorithm go beyond the scope of this chapter and are
presented in depth in [7].

7 Results

We present results from two types of experiments:

1. Matching of image patches when the images undergo perturbations. This is a
relevant application, for instance, in wide-baseline stereo or as a basic component
in more complex algorithms.

2. Visual tracking of objects through videos.

For the first set of experiments we use the rotation invariant as well as the rotation
sensitive version of the discretized texture trace. The rotation invariant texture trace
was not included in the tracking results, as in-plane rotation is addressed by the
incremental updating process and the rotation invariant texture trace has shown to
perform slightly worse if there is no significant inter-frame rotation.



A Flexible Scheme for Constructing (Quasi-)Invariant Signal Representations 297

Fig. 18 Example synthetic
perturbations. Occlusions are
generated by randomly
replacing image blocks by
unrelated image blocks of
various sizes, smooth
deformations are generated
by multi-scale Perlin noise of
the domain with varying
magnitudes.

7.1 Matching Image Patches

Figure 19a to 19d shows the likelihood that a patch can be detected under
perturbations as the detection rate over a population of experiments. The per-
turbations were sampled over a range of different settings and synthetic data to
improve statistical validity. Figure 18 shows example images. We compare to
the Geodesic Intensity Histogram (GIH, [12]) as a representative for the state of
the art in homeomorphic invariance in patch matching. The discretized texture
trace representations outperform the GIH significantly under noise and occlusion.
The reason for the discrepancy in the performance under noise may lie in the
construction of the GIH. Both GIH and texture trace use the image function in a
topological manner to define the patch representation. However, where the texture
trace averages at each point over neighborhoods in the texture label quantization,
which makes it more insensitive to noise, the GIH uses the image pixels directly
to extract the geodesic contours. The latter may be very prone to image noise. In
the case of occlusion, an explanation lies in the way two patches are compared. In
the GIH, a patch is defined by the histogram of gray values at a set of geodesic
distances from a common center, and two patches are compared via the �2 distance
of their histograms. The �2 distance is not robust to occlusion of its dimensions, i.e.
partial randomization of histogram entries. In contrast, the Hough algorithm has an
independent voting-like structure, where occlusion is gracefully handled implicitly.

Under local perturbation, the texture trace outperforms the GIH for all but
large perturbation magnitudes. At larger perturbations, it may suffer from the fixed
neighborhood size for the texture quantization, where the labels cannot be assigned
robustly any more as the perturbations within the neighborhood become too large.
Except for the case of rotation, the rotation invariant texture trace performs slightly
worse than the rotation sensitive trace. This is intuitively expected due to the trade
off in the representation when additional invariance is added: one gains invariance
towards one nuisance parameter, but potentially loses discriminative power for
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Fig. 19 Performance of rotation invariant and rotation sensitive discrete texture trace and the
geodesic intensity histogram under various perturbations.

the others. The rotation invariant trace has near perfect performance in the case
of rotation, demonstrating that it is indeed fully rotation invariant as designed
(figure 19).

7.2 Tracking

Four video sequences from the literature were used for the visual tracking results
with a wide array of perturbations, including motion blur, in- and out-of-plane
rotation, occlusions, and illumination change. The protocol from [20] was used,
adding to their comparison. The sequences “board,” “box,” “lemming,” and “liquor”
of [20] are evaluated by the PASCAL score [8] against the recent SPT [13] as well as
PROST [20], MIL [2], FragTrack [1], ORF[19], and GRAD [10]. The GIH method
was not included as it is unclear how to extend this method to incremental tracking.
The PASCAL score measures the percentage of frames where the ground truth and
detection overlap sufficiently to imply a correct detection. The results are shown
in table 3, where rsDTT denotes the rotation sensitive discrete texture trace. The
trace method has a consistently high score and is on par with the SPT with an
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Table 3 PASCAL score for the four PROST sequences [20]. The best and
second best method are highlighted in bold and underlined, respectively.
The rotation sensitive texture trace is on par with the best compared
method.

Method Average “board” “box” “lemming” “liquor”

PROST 80:4 75:0 90:6 70:5 85.4

MIL 49:2 67:9 24:5 83:6 20.6

FragTrack 66:0 67:9 61:4 54:9 79.9

ORF 27:3 10:0 28:3 17:2 53.6

GRAD 88:9 94:3 91:8 78:0 91.4

SPT 95.2 97.9 94:8 88.1 100
rsDTT 95:5 99:3 93.1 91:4 98.0

rsDTT one-shot 86:6 96:4 77:3 81:3 91.4

overall PASCAL performance of 95.5%. It is important to realize that all of the high
performing compared methods such as SPT use machine learning as an integral part
of their representation.

7.3 One-Shot Tracking

In order to get a better empirical understanding of the quasi-invariance properties
of the texture trace representation, this section looks at the following question:
how far can one get in tracking with only using one frame for model building, i.e.
no continuous, incremental updating of the model? This one-shot tracking clearly
stresses the invariance properties of any representation as only the first frame of a
sequence is available during model building. The same tracking algorithm of the
previous section is used, just without model updating after the first frame.

The resulting performance for the four sequences is shown in table 3 as rsDTT
one-shot. When comparing the overall PASCAL performance of the one-shot
method to the compared methods, one can see that it already outperforms four
out of the six. In other words, with just using one initial frame and no elaborate
machine learning apparatus, the texture trace-based tracker already takes third place
out of seven, outperformed only by the GRAD and SPT methods. To illustrate the
performance of the one-shot tracking, we applied it to the “dudek” sequence [9].
Figure 20b shows the initial image with the reference location marked in green,
figure 20c the same image cropped to the given bounding box and several detections
of the algorithm throughout the sequence. As an observation, the detected center
point is always on the bridge of the nose between the eyes (as is the reference
location in the first frame). Figure 20b shows one frame within the sequence and
figure 20d the corresponding computed confidence map from the trace model. The
overall PASCAL performance on this sequence with the one shot tracking is 99.5%,
indicating that the detections are very precise.
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Fig. 20 Visualization of the detection result and the confidence map of the one-shot tracking for
one frame of the “dudek” sequence [9]: (a) the reference location in the first frame, (b) one frame
from the middle of the sequence, and (c) the rsDTT confidence map based only on the first frame.

8 Conclusion and Outlook

We described a generic scheme for constructing invariant and quasi-invariant
signal representations based on topological connectedness and the preservation of
neighborhood structure. The choice of defining it in terms of set relations allows
the one-to-one transformation of certain algorithms based on metric relations into
an invariant domain, effectively including the invariances without extra effort.
Furthermore, we derived a particular instantiation, the trace model, and employed
it in two applications. The underlying principle of the trace model is the relation
of two signal locations by a description of the space between them based on one-
dimensional paths, regardless of the signal’s dimension. While this is only one
possible derivation, it is motivated primarily by computational efficiency due to the
factorization into a set of one-dimensional problems. The invariances of the specific
instantiation of the model can be tuned to application-specific requirements. We
demonstrate two versions of the trace model: one is rotation invariant, one is rotation
sensitive. The computational backbone for both is matrix multiplication, for which
there are efficient parallel implementations. Based on the discrete trace model we
have shown results for two important problems in computer vision: patch-matching
and visual tracking.
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The main practical challenge of the trace implementation remains computa-
tional complexity. Empirical performance analysis not presented here shows that
the representation greatly benefits from improving the discretization granularity,
particularly the trace length. However, computation time increases significantly
with the number of discretization steps. The model itself is highly parallelizable
due to the independence of individual traces. On the other hand, many traces share
redundant sub-paths which can be computed more efficiently as it is done here.

The trace model can readily be extended to higher-dimensional signals, such as
videos or sequences of image volumes.Outside of image processing and computer
vision, it may be used to substitute metrics in the sense of set relations in domains
that can be attributed with a similar topological structure, where invariance to local
deformations and robustness to occlusion of the domain is sought.
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Use of Quillen-Suslin Theorem for Laurent
Polynomials in Wavelet Filter Bank Design

Youngmi Hur�

Abstract In this chapter we give an overview of a method recently developed
for designing wavelet filter banks via the Quillen-Suslin Theorem for Laurent
polynomials. In this method, the Quillen-Suslin Theorem is used to transform
vectors with Laurent polynomial entries to other vectors with Laurent polynomial
entries so that the matrix analysis tools that were not readily available for the vectors
before the transformation can now be employed. As a result, a powerful and general
method for designing non-redundant wavelet filter banks is obtained. In particular,
the vanishing moments of the resulting wavelet filter banks can be controlled in
a very simple way, which is especially advantageous compared to other existing
methods for the multi-dimensional cases.

Keywords Laurent polynomials • Multi-dimensional wavelets • Non-redundant
filter banks • Polyphase representation • Quillen-Suslin Theorem • Wavelet filter
banks

1 Introduction

In this chapter we provide an overview of a recent method in [15] for designing
non-redundant wavelet filter banks using the Quillen-Suslin Theorem for Laurent
polynomials, which is a well-known result in Algebraic Geometry. The method
works for any dimension but it would be the most useful for multi-dimensional
cases, where the problem of designing wavelet filter banks can be quite challenging.

Wavelet representation [18], along with Fourier representation, has been one of
the most commonly used data representations. Constructing 1-dimensional (1-D)
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wavelets is mostly well understood by now, but the situation is not the same for
the multi-dimensional (multi-D) case. Taking the tensor product of 1-D functions
is the most common approach, but the resulting separable wavelets have many
unavoidable limitations. In order to overcome these limitations, various non-tensor-
based approaches for constructing multi-D wavelets have been tried, but many of
these methods show limitations in various aspects as well. For example, some work
only for low spatial dimensions and cannot be easily extended to higher dimensions,
whereas others assume that the lowpass filters or refinable functions satisfy addi-
tional conditions such as the interpolatory condition (see, for example, [10, 12–14]
and the references therein). Therefore, the problem of constructing multi-D wavelets
is still very challenging and calls for new ideas and insights.

Constructing wavelet filter banks is often reduced to solving an associated
matrix problem with Laurent polynomial entries. Once the associated matrix
problem is obtained, the wavelet filter bank design problem can be solved by using
various techniques for the matrices with Laurent polynomial entries that have been
developed in many different branches of mathematics. The method we look at
in this chapter is based on a new way of applying the Quillen-Suslin Theorem
for Laurent polynomials to the matrix problem, and it presents some advantages
over the existing (both the tensor product and non-tensor-based) methods of multi-
D wavelet construction: it works for any spatial dimension and for any dilation
matrix, and it works without any additional assumptions, such as interpolatory
condition, on the initial lowpass filters. Furthermore, it provides a simple algorithm
for constructing wavelets with a prescribed number of vanishing moments.

2 Wavelet Filter Bank Design via Laurent Polynomial
Matrices

Filters f are (real-valued) functions defined on the integer grids Z
n. A filter bank

(FB) consists of the analysis bank, which is a collection of, say p, filters used to
analyze a given signal, and the synthesis bank, which is another (possibly different
but with the same cardinality) collection of filters used to synthesize the analyzed
coefficients or their modifications, depending on the application at hand, in order to
get back to the original signal or its variant. We consider a special kind of FB, where
one filter from each band is lowpass (i.e.,

P
k2Zn f .k/ D pq where q D j det$jwith

dilation matrix $), and all the other filters are highpass (i.e.,
P

k2Zn f .k/ D 0), and
we refer to such a FB as the wavelet FB. Only the FBs with finite impulse response
filters and with the perfect reconstruction property will be considered, and in such a
case we necessarily have p 	 q.
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2.1 Polyphase Representation and Wavelet FB Design

The connection between the wavelet FB design problem and the Laurent polynomial
matrix problem can be made via the polyphase decomposition [33]. Originally
introduced for computationally efficient implementation of various filtering oper-
ations, the polyphase decomposition provides a way to transform filters and signals
to vectors with Laurent polynomial entries, to which we refer as the polyphase
representation. In particular, for an analysis filter h and a synthesis filter g, and for
a dilation matrix$, the polyphase representation are given as the following Laurent
polynomial vectors of length q D j det$j 	 2:

H.z/ WD ŒH�0.z/; : : : ;H�q�1 .z/�;

G.z/ WD ŒG�0.z/; : : : ;G�q�1 .z/�
T ;

respectively, where T is used for the transpose, H�.z/ and G�.z/ for the z-transform
of the subfilters h�.k/ WD h.$k � �/ and g�.k/ WD g.$k C �/, respectively, and
f�0 WD 0; : : : ; �q�1g DW � for a complete set of coset representatives of Zn=$Zn

containing 0.
In this setting, designing a FB is equivalent to finding a p � q analysis matrix

A.z/ and a q � p synthesis matrix S.z/ with S.z/A.z/ D Iq. In this case, the FB is
non-redundant if p D q, that is, if A.z/ and S.z/ are square. It is a wavelet FB if
the first row of A.z/ and the first column of S.z/ are the polyphase representation
of lowpass filters and all other rows of A.z/ and all other columns of S.z/ are the
polyphase representation of highpass filters.

Understanding properties of a wavelet FB in terms of the polyphase representa-
tion is important. We recall that the filter f is lowpass (resp. highpass) if and only ifP

�2� F�.1/ D pq (resp.
P

�2� F�.1/ D 0), where 1 2 R
n is the vector of ones,

and the lowpass filter f has positive accuracy if and only if F�.1/ D 1=
p

q, for all
� 2 � (cf. [10]). For a filter f , the number of zeros of F.z/jzDei! at ! 2 ��nf0g,
where F.z/ is the z-transform of the filter f , is referred to as the accuracy number
[28]. It is well known that the number of vanishing moments of each highpass filter
in a non-redundant wavelet FB is at least the minimum of the accuracy numbers of
the lowpass filters [5]. The number of vanishing moments is one of the important
criteria in determining the approximation power of a wavelet system [19].

2.2 Quillen-Suslin Theorem and Wavelet FB Design

A row vector of length q with Laurent polynomial entries is called unimodular if
it has a right inverse, which is a column vector of length q. A unimodular column
vector is defined similarly.
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Example 1 A row vector

H.z/ D Œ 1
2
;
1

4
z�11 C

1

4
;
1

4
z�12 C

1

4
;
1

4
z�11 z�12 C

1

4
� (1)

is unimodular, because Œ2; 0; 0; 0�T is a right inverse of H.z/. In fact, there are
infinitely many right inverses of H.z/, and one of them is the column vector

Œ�1
8

z�11 �
1

8
z�12 �

1

8
z�11 z�12 C

5

4
� 1
8

z1� 1
8

z2� 1
8

z1z2;
1

4
C 1
4

z1;
1

4
C 1
4

z2;
1

4
C 1
4

z1z2�
T :

Clearly the former is simpler, but the latter may be preferred for a wavelet FB design
because the lowpass filter associated with it has larger accuracy number: it is 2,
whereas the one for the former is 0. ut

More generally, a matrix with Laurent polynomial entries is called a unimodular
matrix if its maximal minors generate 1. The Quillen-Suslin Theorem (also referred
to as the unimodular completion), originally conjectured by J. P. Serre [26] and
proved after about 20 years [24, 29], is a well-known result in Algebraic Geometry,
and it asserts that any unimodular matrix over a polynomial ring can be completed
to an invertible square matrix. This result, together with its generalization to Laurent
polynomial ring [30] and their constructive and algorithmic proofs [1, 17, 23], has
been used in various other disciplines including Signal Processing as well [3, 16].
The following special case of the unimodular completion over Laurent polynomial
rings is used for the wavelet FB design method we look at in this chapter.

Theorem 1 (Quillen-Suslin Theorem for Laurent polynomials [30]) Let D.z/
be a unimodular column vector of length q with Laurent polynomial entries. Then
there exists an invertible q�q matrix M.z/ with Laurent polynomial entries such that
M.z/D.z/ D Œ1; 0; : : : ; 0�T .

Although the above result can be useful in designing non-redundant wavelet FBs
(cf. [5]), there are still some important questions remained to be answered. For
example, obtaining a pair of lowpass filters with a prescribed number of accuracy
is a key step in such an approach, but this may not be straightforward to do so,
especially in multi-D cases, as we illustrate below for the 2-dimensional case.

Example 2 When n D 2, the lowpass filter associated with the linear box spline
has accuracy 2, and its polyphase representation is given as H.z/ in (1) and thus,
as we saw in Example 1, it has a right inverse Œ2; 0; 0; 0�T . But the lowpass filter
associated with Œ2; 0; 0; 0�T has 0 accuracy and, as a result, it cannot be a lowpass
filter for a wavelet FB. Gröbner bases techniques ([6, 20, 22]) can be used to give
the most general form of the right inverse for H.z/:

2
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(implemented via the Maple package QuillenSuslin by Anna Fabiańska), where
u1.z/; u2.z/; u3.z/ are any Laurent polynomials that are used as parameters. To find
a right inverse of H.z/ with positive accuracy, one can choose specific Laurent
polynomials for parameters u1.z/; u2.z/; u3.z/, which is usually done by fixing the
total degree of Laurent polynomials and then increasing the total degree if needed
[8, 21, 25]. However, this approach may not be the best strategy, especially if one
looks for a right inverse for which the associated lowpass filter is supported in a
non-rectangular region. ut

3 New Quillen-Suslin based Method for Designing Wavelet
FBs

In this section we discuss the main ingredients of the theory and algorithms in the
new Quillen-Suslin Theorem based method for designing wavelet FBs presented in
[15], and start our discussion by pointing out some motivation for the theory.

3.1 Motivation for the theory

For any lowpass filters h and g used for analysis and synthesis, respectively, their
polyphase representation H.z/ and G.z/ satisfy the following simple matrix identity:



G.z/ Iq

� � H.z/
Iq � G.z/H.z/

	
D Iq:

In fact, the above identity can be understood as a matrix-based interpretation of
Laplacian pyramid (LP) algorithms [4], which is widely used in Signal Processing
[9, 31, 32]. However, this matrix identity alone does not give a wavelet FB, because
the filters associated with the column vectors of the matrix Iq in the synthesis
matrix



G.z/ Iq

�
are not highpass, even if the lowpass filters h and g are chosen

to have positive accuracy. If the lowpass filters have positive accuracy and they are
biorthogonal, i.e. H.z/G.z/ D 1, then another synthesis matrix



G.z/ Iq � G.z/H.z/

�
is available, and its use leads to the construction of wavelet FBs, as studied in [7, 11].
Actually, the most general LP synthesis matrix is known and it is

SLP.z/ WD


G.z/C F.z/.1 � H.z/G.z// Iq � F.z/H.z/

�
;

where F.z/ is any column vector of length q [2].
Another approach to design wavelet FBs based on LP algorithms is studied in

[10] for the case including when the lowpass filter h satisfies the interpolatory
condition. A lowpass filter is interpolatory if the first component of its polyphase
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representation is constant, and in such a case the constant is necessarily 1=
p

q,
where q D j det$j for the dilation matrix $ (cf. [10]). Suppose that h is
interpolatory with positive accuracy. Since in this case, for any column vector G.z/

of length q, the second row of the analysis matrix ALP.z/ WD
�

H.z/
Iq � G.z/H.z/

	
can

be written in terms of the rest rows of the matrix, we have the following identity

2
4 1 0p

q.1 � H.z/G.z// �pqeH.z/
0 Iq�1

3
5
�
1 0 0

0 0 Iq�1

	
ALP.z/ D ALP.z/;

which in turn gives

Iq D SLP.z/ALP.z/

D
0
@SLP.z/

2
4 1 0p

q.1 � H.z/G.z// �pqeH.z/
0 Iq�1

3
5
1
A
��
1 0 0

0 0 Iq�1

	
ALP.z/

�

D
�

G�0.z/Cpq .1 � H.z/G.z// �pqeH.z/
eG.z/ Iq�1

	" 1p
q

eH.z/
� 1p

q
eG.z/ Iq�1 �eG.z/eH.z/

#

DW SECLP.z/AECLP.z/

whereeH.z/ (resp.eG.z/) is a subvector of H.z/ (resp. G.z/) obtained by removing the
first entry. Therefore, as long as the lowpass filter g associated with G.z/ has positive
accuracy, we obtain a non-redundant wavelet FB whose analysis matrix is AECLP.z/
and the synthesis matrix is SECLP.z/ (cf. [10] for more details). In particular, the first
column of SECLP.z/, which is G.z/C Œpq; 0; : : : ; 0�T.1�H.z/G.z//, is the polyphase
representation of the synthesis lowpass filter.

3.2 Main ingredients of the theory

In the approach outlined above, the fact that the vector H.z/ for the interpolatory
filter has a unit1 in the Laurent polynomial ring as one of its entry is used essentially,
and it is clear that this property does not hold true for the general lowpass filter.

Let H.z/ be any polyphase representation for an analysis lowpass filter h with
positive accuracy (that is not necessarily interpolatory). Suppose that we want to
design a non-redundant wavelet FB for which its analysis lowpass filter is h. Then
H.z/ is necessarily unimodular, because, being square matrices, the analysis matrix

1An element in a ring is called a unit if its multiplicative inverse lies in the ring.
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times the synthesis matrix equals to Iq as well, hence reading off .1; 1/-entry of both
sides in the identity guarantees the existence of a right inverse of H.z/. Therefore
we assume that the polyphase representation H.z/ we start with is unimodular. The
unimodularity of H.z/ for the interpolatory h is trivial since Œ

p
q; 0; � � � ; 0�T is a right

inverse of H.z/.
From the unimodularity of H.z/, we see that there exists a column vector F.z/

of length q with Laurent polynomial entries such that H.z/F.z/ D 1. Hence F.z/ is
unimodular as well. By Theorem 1, there exists an invertible q� q matrix M.z/ such
that M.z/F.z/ D Œ1; 0; : : : ; 0�T . Then ŒM.z/��1 is a q � q matrix with Laurent poly-
nomial entries, and H.z/ŒM.z/��1 is a left inverse of M.z/F.z/ D Œ1; 0; : : : ; 0�T , hence
its first entry is 1, which is a unit. By letting the transformed row vector HM.z/ WD
H.z/ŒM.z/��1 play the role of H.z/ in the interpolatory case as described in Sec-
tion 3.1, for any column vector G.z/ of length q, we get the following matrix identity:

Iq D


GM.z/C FM.z/.1 � HM.z/GM.z// Iq � FM.z/HM.z/

� � HM.z/
Iq � GM.z/HM.z/

	
;

(2)
where FM.z/ WD M.z/F.z/ and GM.z/ WD M.z/G.z/. The transformed polyphase
representation used here can be thought of a generalization of the valid polyphase
representation studied in [27].

Following the previous discussions when H.z/ is interpolatory, because the
second row of the transformed analysis matrix (the second matrix in the right-hand
side of (2)) can be written in terms of the rest rows of the matrix, by inserting

2
4 1 0

.1 � HM.z/GM.z// � eHM.z/
0 Iq�1

3
5
�
1 0 0

0 0 Iq�1

	

between the two matrices in the right-hand side of (2), we obtain the matrix identity

Iq D
�

GM
�0
.z/C .1 � HM.z/GM.z// �eHM.z/eGM.z/ Iq�1

	 �
1 eHM.z/

�eGM.z/ Iq�1 � eGM.z/eHM.z/
	

DW SMECLP.z/A
M
ECLP.z/;

hence we get a non-redundant wavelet FB with the analysis matrix AMECLP.z/M.z/ and
the synthesis matrix ŒM.z/��1SMECLP.z/, provided that the lowpass filter g associated
with G.z/ has positive accuracy. More precisely, in this wavelet FB, the polyphase
representation for the synthesis lowpass filter is

ŒM.z/��1
�
GM.z/C Œ1; 0; : : : ; 0�T.1 � HM.z/GM.z//� D G.z/C F.z/.1 � H.z/G.z//;

for the synthesis highpass filters are the 2nd through the last column vectors of
ŒIq�F.z/H.z/�ŒM.z/��1, and for the analysis highpass filters are the 2nd through the
last row vectors of M.z/ŒIq � G.z/H.z/�.
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Remark 1 Although the case when M.z/ satisfies M.z/F.z/ D Œ1; 0; : : : ; 0�T is
discussed above, all we need to run the above argument is for M.z/F.z/ to be a
unimodular column vector with a unit in at least one of its components.

Remark 2 Unlike the classical approach in searching for a right inverse of H.z/ for
a non-redundant wavelet FB design (cf. Example 2), in the above approach, we do
not need to look for a single right inverse of H.z/ that has positive accuracy. Rather,
one needs a pair of column vectors F.z/ and G.z/ such that F.z/ is any right inverse
of H.z/ (with possibly no accuracy) and that G.z/ has positive accuracy (but needs
not be a right inverse of H.z/), which is much easier to find.

3.3 Main ingredients of the algorithms

The theory in the previous subsection provides an immediate algorithm for design-
ing non-redundant wavelet FBs.

Algorithm 1 For a non-redundant wavelet FB from a lowpass filter.
Input: H.z/: unimodular polyphase representation of an analysis lowpass filter h with positive

accuracy.
Output: D.z/: polyphase representation of a synthesis lowpass filter,
Output: J1.z/; : : : ;Jq�1.z/: polyphase representation of analysis highpass filters,
Output: K1.z/; : : : ;Kq�1.z/: polyphase representation of synthesis highpass filters,
Output: such that, together with H.z/, they form a non-redundant wavelet FB.

Step 1: Choose a lowpass filter g with positive accuracy, and let G.z/ (as a column vector) be its
polyphase representation.

Step 2: Choose a right inverse F.z/ of H.z/.
Step 3: Set D.z/ WD G.z/C F.z/.1� H.z/G.z//.
Step 4: Choose an invertible q� q matrix M.z/ such that M.z/F.z/ D Œ1; 0; � � � ; 0�T .
Step 5: Set J1.z/; : : : ;Jq�1.z/ := 2nd through last rows of M.z/ŒIq � G.z/H.z/�.
Step 6: Set K1.z/; : : : ;Kq�1.z/ := 2nd through last columns of ŒIq � F.z/H.z/�ŒM.z/��1.

Given an analysis lowpass filter h, if one is interested in getting a synthesis
lowpass filter d with positive accuracy, one can stop the algorithm after Step 3
and use D.z/ there as its polyphase representation. In fact, it can be shown that
the accuracy of the lowpass filter d is at least minf˛h; ˛g; ˛f C ˇh; ˛f C ˇgg, where
f is the lowpass filter having F.z/ as its polyphase representation, and ˛x and ˇx are
the accuracy number and the flatness number of a lowpass filter x, respectively (see
[15] for details including the definition of the flatness number of a lowpass filter).

In general ˛f can be zero, and ˇh, ˇg can be as small as 1 (they have to be
positive because h and g are lowpass filters) even if h and g have large accuracy,
hence as a result, the accuracy of d can be much smaller than ˛h. This situation can
be improved by choosing g with large accuracy, and iterating a part of Algorithm 1
as shown in the next algorithm. Recalling the close relation between the number
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of vanishing moments and the accuracy numbers of the lowpass filters for a non-
redundant wavelet FB (cf. Section 2.1), the next algorithm provides a way to design
wavelet FBs with large vanishing moments from a lowpass filter with large accuracy.

Algorithm 2 For a non-redundant wavelet FB with 	 ˛h vanishing moments.
Input: H.z/: unimodular polyphase representation of an analysis lowpass filter h with accuracy

˛h.
Output: D.z/: polyphase representation of a synthesis lowpass filter,
Output: J1.z/; : : : ;Jq�1.z/: polyphase representation of analysis highpass filters,
Output: K1.z/; : : : ;Kq�1.z/: polyphase representation of synthesis highpass filters,
Output: such that, together with H.z/, they form a non-redundant wavelet FB with highpass filters

having at least ˛h vanishing moments.

Step 1: Set Ite WD 1.
Step 2: Choose a lowpass filter g with at least ˛h accuracy, and let G.z/ (as a column vector) be

its polyphase representation.
Step 3: Choose a right inverse F.z/ of H.z/.
Step 4: Set D.z/ WD G.z/C F.z/.1� H.z/G.z//.
Step 5: If ˛f C .Ite/ˇh � ˛h and ˛f C .Ite/ˇg � ˛h, then go to Step 6. Otherwise, let Ite WD

IteC 1 and F.z/ WD D.z/, and go to Step 4.
Step 6: Choose an invertible q� q matrix M.z/ such that M.z/F.z/ D Œ1; 0; � � � ; 0�T .
Step 7: Set J1.z/; : : : ;Jq�1.z/ := 2nd through last rows of M.z/ŒIq � G.z/H.z/�.
Step 8: Set K1.z/; : : : ;Kq�1.z/ := 2nd through last columns of ŒIq � F.z/H.z/�ŒM.z/��1.

Because ˇh and ˇg are positive, each time the algorithm goes back to Step 4 from
Step 5, ˛f C .Ite/ˇh and ˛f C .Ite/ˇg strictly increase and they eventually satisfy the
conditions ˛f C .Ite/ˇh 	 ˛h and ˛f C .Ite/ˇg 	 ˛h, even if they did not initially.
Therefore, by the time the algorithm reaches to Step 6, minf˛h; ˛g; ˛f C ˇh; ˛f C
ˇgg D ˛h, and the accuracy number of the lowpass filter associated with D.z/ is at
least ˛h.

In both algorithms, G.z/, F.z/, and M.z/ need to be chosen. One can always
choose H.z�1/T as G.z/. F.z/ is nothing but the first column of ŒM.z/��1, and F.z/
and M.z/ can be found by using Mathematical softwares such as Maple package
QuillenSuslin mentioned earlier.

4 Conclusion

We presented some important ingredients of a recent method in [15] for designing
non-redundant wavelet FBs, as well as some essential background material for the
method including the Quillen-Suslin Theorem. The main advantage of this method
compared to other existing wavelet FB design methods is the existence of a simple
algorithm for designing a non-redundant wavelet FB with a prescribed number of
vanishing moments.
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A Fast Fourier Transform for Fractal
Approximations

Calvin Hotchkiss and Eric S. Weber

Abstract We consider finite approximations of a fractal generated by an iterated
function system of affine transformations on R

d as a discrete set of data points.
Considering a signal supported on this finite approximation, we propose a Fast
(Fractal) Fourier Transform by choosing appropriately a second iterated function
system to generate a set of frequencies for a collection of exponential functions
supported on this finite approximation. Since both the data points of the fractal
approximation and the frequencies of the exponential functions are generated by
iterated function systems, the matrix representing the Discrete Fourier Transform
(DFT) satisfies certain recursion relations, which we describe in terms of Diţǎ’s
construction for large Hadamard matrices. These recursion relations allow for the
DFT matrix calculation to be reduced in complexity to O.N log N/, as in the case of
the classical FFT.

Keywords Fractal • Fast Fourier Transform • Hadamard matrix
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1 Introduction

The Fast Fourier Transform (FFT) is celebrated as a significant mathematical
achievement (see, for example, [1]). The FFT utilizes symmetries in the matrix
representation of the Discrete Fourier Transform (DFT) [3]. For 2N (equispaced)
data points on [0,1), the matrix representation of the DFT is given by
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2N /jk

C. Hotchkiss (�) • E.S. Weber
Department of Mathematics, Iowa State University, 396 Carver Hall, Ames, IA 50011, USA
e-mail: hotchkis@iastate.edu; esweber@iastate.edu

© Springer International Publishing AG 2017
R. Balan et al. (eds.), Excursions in Harmonic Analysis, Volume 5,
Applied and Numerical Harmonic Analysis, DOI 10.1007/978-3-319-54711-4_13

315

mailto:hotchkis@iastate.edu
mailto:esweber@iastate.edu


316 C. Hotchkiss and E.S. Weber

where 0 � j; k < 2N . The FFT is obtained from the DFT by a permutation of the
columns of FN :

FN D .e�2� i j�.k/
2N /jk

for 0 � j; k < 2N , where

�.k/ D
(
2k 0 � k < 2N�1;
2kC 1 2N�1 � k < 2N :

The significance of the permutation is that the permuted matrix can be written in the
following block form:

FNP D
�
FN�1 DFN�1
FN�1 �DFN�1

�
(1)

where D is a diagonal matrix. This block form reduces the computational complexity
of the associated matrix multiplication; recursively, FN�1 can be permuted and
written in block form as well. Repeated application of the column permutation
reduces the computational complexity further, and results in overall complexity
O.N � 2N/ .

We take the view in the present paper that the DFT arises naturally in the context
of iterated function systems, and the FFT arises as reordering of the iterated function
system. Indeed, consider the following set of generators:

�0.x/ D x

2
I �1.x/ D xC 1

2
:

The invariant set of this IFS is the interval Œ0; 1�, and the invariant measure is
Lebesgue measure restricted to Œ0; 1�. Consider the approximation for the invariant
set [10, 12] given by

SN WD f�jN�1 ı �jN�2 ı � � � ı �j1 ı �j0 .0/ W jk 2 f0; 1gg:

This is an approximation in the sense that Œ0; 1� D [NSN , but the significance for
our purposes is that SN consists of 2N equispaced-points:

SN D f k

2N
W k 2 Z; 0 � k < 2Ng:

Define a second iterated function system generated by

�0.x/ D 2xI �1.x/ D 2xC 1:
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Since these are not contractions, the IFS will not have a compact invariant set, but
we consider the finite orbits of 0 under this IFS just as before. Define

TN WD f�jN�1 ı �jN�2 ı � � � ı �j1 ı �j0 .0/ W jk 2 f0; 1gg:

Note that

TN D fk W k 2 Z; 0 � k < 2Ng:

With the inherited ordering on SN and TN from R, say SN D fs0; s1; : : : ; s2N�1g and
TN D ft0; t1; : : : ; t2N�1g, we obtain

FN D .e�2� itjsk/jk:

For 0 � k < 2N , we write k DPN�1
nD0 jn2n with jn 2 f0; 1g. Then

�jN�1 ı �jN�2 ı � � � ı �j0 .0/ D
k

2N
D sk: (2)

However,

�j0 ı �j1 ı � � � ı �jN�1 .0/ D k D tk: (3)

We define a new ordering on SN as follows:

Qsk D �j0 ı �j1 ı � � � ı �jN�1 .0/ (4)

where k is written in base 2. As we shall see in Theorem 9, this new ordering on SN

results in the following matrix equality:

.e�2� itjQsk/jk D FNP (5)

as in Equation (1).
We will call the compositions in Equations (3) and (4) the obverse ordering.

The composition in Equation (2) will be called the reverse ordering. As suggested
previously, and will be established in Theorem 9, if the elements of SN and TN

are both ordered with the obverse compositions, then the permuted DFT matrix
obtained is as in Equation (5). However, if both SN and TN are ordered using the
reverse compositions, then the matrix becomes

.e�2� iQtjsk/jk D PFN D
�

FN�1 FN�1
FN�1D �FN�1D

�
;

a block form that will allow the inverse F�1N to have a fast multiplication algorithm.
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Consider the measure �N D 1
2N

P
s2SN

ıs; this sequence of measures converges
weakly to Lebesgue measure restricted to Œ0; 1�, the invariant measure for the IFS
generated by f�0; �1g. Moreover, we consider the exponential functions fe2� it.�/ W t 2
TNg � L2.�N/; this set will be an orthonormal basis, and the DFT is the matrix
representation of this basis (up to a scaling factor). Thus, the IFS generated by
f�0; �1g gives rise to a fractal, and the IFS generated by f�0; �1g gives rise to the
frequencies of an orthonormal set of exponentials.

A probability measure � is spectral if there exists a set of frequencies ƒ � R

such that fe2� i�.�/ W � 2 ƒg � L2.�/ is an orthonormal basis [5, 6]. If the measure
is spectral, the set ƒ is called a spectrum for �. Jorgensen and Pederson [13] prove
that the uniform measure supported on the middle-thirds Cantor set is not spectral.
However, they prove that the invariant measure �4 for the iterated function system
generated by

�0.x/ D x

4
; �1.x/ D xC 2

4

is spectral, and moreover, the spectrum is obtained via the iterated function system
generated by

�0.x/ D 4x; �1.x/ D 4xC 1:

In fact, the orbit of 0 under the iterated function system generated by f�0; �1g is a
spectrum for �4.

For a generic iterated function system f 0; : : : ;  K�1g consisting of contractions
on R

d, we will consider an approximation SN to the invariant set given by

SN WD f jN�1 ı  jN�2 ı � � � ı  j1 ı  j0 .0/ W jk 2 f0; 1; : : : ;K � 1gg:

This collection of points we will consider as the locations of data points. We then
will choose a second iterated function system f�0; : : : ; �K�1g, and consider the finite
orbit of 0:

TN WD f�jN�1 ı �jN�2 ı � � � ı �j1 ı �j0 .0/ W jk 2 f0; 1; : : : ;K � 1gg:

These will be the frequencies for an exponential basis in L2.�N/, where �N D
1

KN

P
s2SN

ıs.
A necessary and sufficient condition to obtain an exponential basis for L2.�N/

from the frequencies in TN is that the matrix

HN D .e�2� isjtk/j;k

is invertible, where sj and tk range through SN and TN under any ordering,
respectively. Preferably, the matrix HN would be Hadamard [2, 7, 14], i.e. H�NHN D
KNIKN (since it automatically has entries of modulus 1), since this would correspond
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to an orthogonal exponential basis. As we will show, if H1 is invertible (Hadamard),
then all HN will be invertible (Hadamard, respectively).

Moreover, we will put an ordering (namely, the obverse ordering) on SN and
TN so that under this ordering the matrix HN has a block form in the manner of
Diţǎ’s construction for large Hadamard matrices. This block form will allow for the
computational complexity of the matrix multiplication to be reduced. Then, SN and
TN will be reordered (using the reverse ordering) so that the inverse of HN will have a
similar block form, again allowing for a fast algorithm for the matrix multiplication.

We note that for a generic IFS, the set SN will consist of irregularly spaced points.
We view the matrix HN as being a Fourier transform for a signal (or set of data
points) located at the points in SN , and thus HN (and its block form as shown in
Theorem 9) can be considered a non-equispaced FFT. We further note, however,
that this is not a full irregularly spaced FFT, since all of the data point locations in
SN are rationally related. Please see [8, 9, 11] for the irregularly spaced FFT.

1.1 Diţǎ’s Construction of Large Hadamard Matrices

Diţǎ’s construction for large Hadamard matrices is as follows [4, 15]. If A is a K�K
Hadamard matrix, B is an M � M Hadamard matrix, and E1; : : : ;EK�1 are M � M
unitary diagonal matrices, then the KM�KM block matrix H is a Hadamard matrix:

H D

0
BBB@

a00B a01E1B : : : a0.K�1/EK�1B
a10B a11E1B : : : a1.K�1/EK�1B
:::

:::
: : :

:::

a.K�1/0B a.K�1/1E1B : : : a.K�1/.K�1/EK�1B

1
CCCA : (6)

Since we will also consider invertible matrices, not just Hadamard matrices, we
show that for A, B, E1; : : : ;EK�1 invertible, H will also be invertible, and its inverse
has a similar block form.

Proposition 1 Suppose A and B are invertible, E1; : : : ;EK�1 are invertible and
diagonal. Let C D A�1. For the matrix H in Equation 6,

H�1 D

0
BBB@

c00B�1 c01B�1 : : : c0.K�1/B�1
c10B�1E�11 c11B�1E�11 : : : c1.K�1/B�1E�11

:::
:::

: : :
:::

c.K�1/0B�1E�1K�1 c1.K�1/B�1E�1K�1 : : : c.K�1/.K�1/B�1E�1K�1

1
CCCA : (7)

Proof Let G be the block matrix in Equation (7), and let E0 D IM . Note that the
product of H and G will have a block form. Multiplying the j-th row of H with the
`-th column of G, we obtain that the j; ` block of HG is:
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K�1X
kD0
.ajkEkB/.ck`B

�1E�1k / D
K�1X
kD0

ajkck`IM:

Since
PK�1

kD0 ajkck` D ıj;`, we obtain HG D IKM . ut
If A, B0; : : : ;BK�1, E1; : : : ;EK�1 are all unitary, then the construction for H�1

gives H�, so H is also unitary.

1.2 Complexity of Matrix Multiplication in Diţǎ’s Construction

Let Ev be a vector of length KM. Consider HEv where H is the block matrix as in
Equation (6). We divide the vector Ev into K vectors of length M as follows:

Ev D

0
BBB@

Ev0
Ev1
:::

EvK�1

1
CCCA :

Then the matrix multiplication HEv can be reduced in complexity, since

HEv D

0
BBBB@

PK�1
jD0 a0jEjBEv0PK�1
jD0 a1jEjBEv1

:::PK�1
jD0 a.K�1/jEjBEvK�1

1
CCCCA :

Let OM be the number of operations required to multiply the vector Ew of length
M by the matrix B. The total number of operations required for each component of
HEv is OM C M.K � 1/ C MK multiplications and M.K � 1/ additions. The total
number of operations for HEv is then KOMC3MK2�2MK. We have just established
the following proposition.

Proposition 2 The product HEv requires at most KOM C 3MK2 � 2MK operations.

Since OM D O.M2/, we obtain that the computational complexity of H is
O.M2K C MK2/, whereas for a generic KM � KM matrix, the computational
complexity is O.K2M2/. Thus, the block form of H reduces the computational
complexity of the matrix multiplication.
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2 A Fast Fourier Transform on SN

We consider an iterated function system generated by contractions f 0;  1; : : : ;  K�1g
on R

d of the following form:

 j.x/ D A.xC Ebj/

where A is a d � d invertible matrix with kAk < 1. We require A�1 to have integer
entries, the vectors Ebj 2 Z

d, and without loss of generality we suppose Eb0 D E0. We
then choose a second iterated function system generated by f�0; �1; : : : ; �K�1g of
the form

�j.x/ D BxC Ecj

where B D .AT/�1, with Ecj 2 Z
d, and Ec0 D E0. We require the matrix

M1 D .e�2� iEcj�AEbk/j;k

be invertible (or Hadamard). Note that depending on A and fEb0; Eb1; : : : ; EbK�1g, there
may not be any choice fEc0; Ec1; : : : ; EcK�1g so that M1 is invertible. However, for many
IFSs there is a choice:

Proposition 3 If the set fEb0; Eb1; : : : ; EbK�1g is such that for every pair (j ¤ k), AEbj�
AEbk … Z

d, then there exists fEc0; Ec1; : : : ; EcK�1g such that the matrix M1 is invertible.

Proof The mappings 	1 W Ex 7! e2� iEx�AEbj and 	2 W Ex 7! e2� iEx�AEbk are characters on
G D Z

d=BZd. Since AEbj � AEbk … Z
d, the characters are distinct. Thus, by Schur

orthogonality,
P

x2G 	1.x/	2.x/ D 0. Therefore, the matrix M D .e�2� iExk �AEbj/j;k,
where fExkg is any enumeration of G, has orthogonal columns. Thus, there is a choice
of a square submatrix of M which is invertible. ut

Even under the hypotheses of Proposition 3 there is not always a choice of Ec’s so
that M1 is Hadamard; this is the case for the middle-third Cantor set, which is the
attractor set for the IFS generated by  0.x/ D x

3
,  1.x/ D xC2

3
(and is a reflection

of the fact that �3 is not spectral).

Notation 1 We define our notation for compositions of the IFSs using two distinct
orderings. Let N 2 N. For j 2 f0; 1; : : : ;KN�1g, write j D j0Cj1KC� � �CjN�1KN�1
with j0; : : : ; jN�1 2 f0; 1; : : :K � 1g. We define

‰j;N WD  j0 ı  j1 ı � � � ı  jN�1

Rj;N WD �j0 ı �j1 ı � � � ı �jN�1 :
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These give rise to enumerations of SN and TN as follows:

SN D f‰j;N.0/ W j D 0; 1; : : :KN � 1g
TN D fRj;N.0/ W j D 0; 1; : : :KN � 1g:

We call these the “obverse” orderings of SN and TN .
Likewise, we define

e‰j;N WD  jN�1 ı  jN�2 ı � � � ı  j0

eRj;N WD �jN�1 ı �jN�2 ı � � � ı �j0

which also enumerate SN and TN . We call these the “reverse” orderings.

Remark 1 Note that for N D 1, ‰j;1 D e‰j;1 and Rj;1 D eRj;1.

We define the matrices MN and eMN as follows:

ŒMN �jk D e�2� iRj;N .0/�‰k;N .0/

and

ŒeMN �jk D e�2� ieRj;N .0/�e‰k;N .0/:

Both of these are the matrix representations of the exponential functions with
frequencies given by TN on the data points given by SN . The matrix MN corresponds
to the obverse ordering on both TN and SN , whereas the matrix eMN corresponds to
the reverse ordering on both. Since these matrices arise from different orderings of
the same sets, there exist permutation matrices P and Q such that

QeMNP D MN : (8)

Indeed, define for j 2 f0; : : : ;KN � 1g a conjugate as follows: if j D j0 C j1K C
� � � C jN�1KN�1, let Qj D jN�1 C jN�2K C � � � C j0KN�1. Note then that QQj D j, and

e‰k;N D ‰Qk;N eRk;N D RQk;N : (9)

Now, define a KN � KN permutation matrix P by ŒP�mn D 1 if n D Qm, and 0
otherwise.

Lemma 4 For P defined above,

PeMNP D MN :
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Proof We calculate

ŒPeMNP�mn D
X

k

ŒP�mk

X
`

ŒeMN �k`ŒP�`n

D ŒP�m QmŒeMN � QmQnŒP�Qnn

D e�2� ieR
Qm;N .0/�e‰Qn;N .0/

D e�2� iRm;N .0/�‰n;N .0/ D ŒMN �mn

by virtue of Equation (9). ut
Proposition 5 For scale N D 1,

M1 D eM1 D

0
BBB@

1 1 : : : 1

1 exp.2� iEc1 � AEb1/ : : : exp.2� iEc1 � AEbK�1/
:::

:::
:::
:::

:::

1 exp.2� iEcK�1 � AEb1/ : : : exp.2� iEcK�1 � AEbK�1/

1
CCCA :

Proof The proof follows from Remark 1. ut
Lemma 6 For N 2 N, 0 � j < KN, and Ex; Ey 2 R

d,

i) ‰j;N
�ExC Ey� D ‰j;N.Ex/C ANEy

ii) e‰j;N
�ExC Ey� D e‰j;N.Ex/C ANEy

iii) Rj;N
�ExC Ey� D Rj;N.Ex/C BNEy

vi) eRj;N
�ExC Ey� DeRj;N.Ex/C BNEy.

Proof We prove by induction on N. The base case is easily checked. Assume the
equality in Item i) holds for N � 1. For j D j0 C j1K C � � � C jN�1KN�1, let ` D
j � jN�1KN�1. We have

‰j;N
�ExC Ey� D ‰`;N�1. jN�1 .ExC Ey//

D ‰`;N�1. jN�1 .Ex/C AEy/
D ‰`;N�1. jN�1 .Ex//C AN�1AEy
D ‰j;N.Ex/C ANEy

The proofs for the other three identities are analogous. ut

Lemma 7 For N 2 N and 0 � j < KN,

i) ‰j;N.0/ D ANEz for some Ez 2 Z
d,

ii) e‰j;N.0/ D ANEz for some Ez 2 Z
d,

iii) Rj;N.0/ 2 Z
d,

vi) eRj;N.0/ 2 Z
d.
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Proof We prove by induction on N. The base case is easily checked. Assume the
equality in Item i) holds for N � 1. For j D j0 C j1K C � � � C jN�1KN�1, let qj D
j � jN�1KN�1. We have

‰j;N.0/ D  jN�1

�
‰qj;N�1.0/

�

D A
�

AN�1EzC Ebj



D AN.EzC A�.N�1/Ebj/

Since A�1 is an integer matrix, so is A�.N�1/ and thus EzC A�.N�1/Ebj 2 Z
d. Item ii)

is analogous. For Item iii), note first that �j.Z
d/ � Z

d, so by induction, �j0 ı � � � ı
�jN�1 .0/ 2 Z

d. Likewise for Item iv). ut
Lemma 8 Assume N 	 2, let ` be an integer between 0 and K � 1, and suppose
l � KN�1 � j < .lC 1/KN�1. Then,

i) ‰j;N.0/ D ‰j�l�KN�1;N�1.0/C ANEbl,

ii) e‰j;N.0/ D Ae‰j�l�KN�1;N�1.0/C AEbl,
iii) Rj;N.0/ D Rj�l�KN�1;N�1.0/C BN�1Ecl,
vi) eRj;N.0/ D BeRj�l�KN�1;N�1.0/C Ecl.

Proof For l � KN�1 � j < .lC 1/KN�1, jN�1 D l, so we have

‰j;N.0/ D  j0 ı  j1 ı � � � ı  jN�2 ı  l.0/

D  j0 ı  j1 ı � � � ı  jN�2

�
A.0C Ebl/



D ‰j�l�KN�1;N�1.0C AEbl/:

Applying Lemma 6 Item i) to ‰j�l�KN�1;N�1:

‰j�l�KN�1;N�1.0C AEbl/ D ‰j�l�KN�1;N�1.0/C AN�1AEbl:

The proof of Item iii) is similar to Item i) with one crucial distinction, so we include
the proof here. We have

Rj;N.0/ D �j0 ı �j1 ı � � � ı �jN�2 ı �l.0/

D �j0 ı �j1 ı � � � ı �jN�2

�
B0C Ecl

�
D Rj�l�KN�1;N�1.0C Ecl/:

Applying Lemma 6 Item iii) to Rj�l�KN�1;N�1:

Rj�l�KN�1;N�1.0C Ecl/ D Rj�l�KN�1;N�1.0/C BN�1Ecl:
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For Item ii), we have

e‰j;N.0/ D  `.e‰j�`�KN�1;N�1.0//

D Ae‰j�`�KN�1;N�1.0/C AEb`:
The proof of Item iv) is analogous. ut

Note that in Item i), the extra term involves AN , whereas in Item iii) the extra
term involves BN�1. We are now in a position to prove our main theorem.

Theorem 9 The matrix MN representing the exponentials with frequencies given
by TN on the fractal approximation SN, when both are endowed with the obverse
ordering, has the form

MN D

0
BBB@

m00MN�1 m01DN;1MN�1 : : : m0.K�1/DN;K�1MN�1
m10MN�1 m11DN;1MN�1 : : : m1.K�1/DN;K�1MN�1

:::
:::

:::
:::

:::

m.K�1/0MN�1 m.K�1/1DN;1MN�1 : : : m.K�1/.K�1/DN;K�1MN�1

1
CCCA : (10)

Here, DN;m are diagonal matrices with ŒDN;m�pp D e�2� iRp;N�1.0/�ANEbm , and mjk D
ŒM1�jk.

Proof Let us first subdivide MN into blocks B`m of size KN�1 � KN�1, so that

MN D

0
B@

B00 : : : B0.K�1/
:::

: : :
:::

B.K�1/0 : : : B.K�1/.K�1/

1
CA :

Fix 0 � j; k < KN and suppose `KN�1 � j < .` C 1/KN�1 and mKN�1 � k <
.mC1/KN�1 with 0 � `;m < K. Let qj D j�`KN�1 and qk D k�mKN�1. Observe
that

ŒMN �jk D ŒB`m�qjqk : (11)

Using Lemma 8 Items ii) and iv), we calculate

Rj;N.0/ �‰k;N.0/ D
�
Rqj;N�1.0/C BN�1Ec`

� � �‰qk ;N�1.0/C ANEbm


:

By Lemma 7 Item i), for some z 2 Z
d,

BN�1Ec` �‰qk ;N�1.0/ D BN�1Ec` � AN�1z D Ec` � z 2 Z:

Note that

BN�1Ec` � ANEbm D Ec` � AEbm:
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Therefore, combining the above, we obtain

ŒMN �jk D e�2� iRj;N .0/�‰k;N .0/

D e�2� iRqj ;N�1.0/�‰qk ;N�1.0/e�2� iRqj ;N�1.0/�ANEbm e�2� iEc`�AEbm

D ŒMN�1�qjqk e�2� iRqj ;N�1.0/�ANEbm ŒM1�`m: (12)

Letting j vary between `KN�1 and .` C 1/KN�1 and k vary between mKN�1 and
.mC 1/KN�1 corresponds to qj and qk varying between 0 and KN�1. Therefore, we
obtain from Equations (11) and (12) the matrix equation

B`m D ŒM1�`mDN;mMN�1

where ŒDN;m�pp D e�2� iRp;N�1.0/�ANEbm as claimed. ut
Corollary 10 The matrix MN is invertible. If M1 is Hadamard, then MN is also
Hadamard.

Proof If M1 is invertible, then by induction, MN is invertible via Proposition 1. If M1

is Hadamard, then again by induction, MN is Hadamard by Diţǎ’s construction. ut
Theorem 11 The matrix eMN representing the exponentials with frequencies given
by TN on the fractal approximation SN, when both are endowed with the reverse
ordering, has the form

eMN D

0
BBB@

m00
eMN�1 m01

eMN�1 : : : m0.K�1/eMN�1
m10

eMN�1eDN;1 m11
eMN�1eDN;1 : : : m1.K�1/eMN�1eDN;1

:::
:::

:::
:::

:::

m.K�1/0eMN�1eDN;K�1 m.K�1/1eMN�1eDN;K�1 : : : m.K�1/.K�1/eMN�1eDN;K�1

1
CCCA :

(13)

Here,eDN;q is a diagonal matrix with ŒeDN;`�pp D e�2� ic`�A.e‰p;N�1.0//, and mjk D ŒM1�jk.

Proof The proof proceeds similarly to the proof Theorem 9. Let us first subdivideeMN into KN�1 � KN�1 blockseB`m, so that

eMN D

0
B@

eB00 : : : eB0.K�1/
:::

: : :
:::eB.K�1/0 : : : eB.K�1/.K�1/

1
CA :

Fix 0 � j; k < KN and suppose `KN�1 � j < .` C 1/KN�1 and mKN�1 � k <
.mC1/KN�1 with 0 � `;m < K. Let qj D j�`KN�1 and qk D k�mKN�1. Observe
that

ŒeMN �jk D ŒeB`m�qjqk : (14)



A Fast Fourier Transform for Fractal Approximations 327

We calculate using Lemma 8 items ii) and iv):

eRj;N.0/ � e‰k;N.0/ D .BeRqj;N�1.0/C Ec`/ � .Ae‰qk ;N�1.0/C AEbm/

D eRqj;N�1.0/ � e‰qk ;N�1.0/C Ec` � Ae‰qk ;N�1.0/

C eRqj;N�1.0/ � Ebm C Ec` � AEbm:

By Lemma 7 Item iv), eRqj;N�1.0/ � Ebm 2 Z. Thus,

ŒeB`m�qjqk D ŒMN�1�qjqk e�2� iEc`�Ae‰qk ;N�1.0/ŒM1�`m

and as in the proof of Theorem 9, we have

eB`m D ŒM1�`meMN�1eDN;`:

ut

2.1 Computational Complexity of Theorems 9 and 11

As a consequence of Proposition 2, the matrix MN can be multiplied by a vector of
dimension KN in at most KPN�1C3KNC1�2KN operations, where PN�1 is the num-
ber of operations required by the matrix multiplication for MN�1. Since MN�1 has
the same block form as MN , PN�1 can be determined by PN�2, etc. The proof of the
following proposition is a standard induction argument, which we omit. Note that
this says that the computational complexity for MN is comparable to that for the FFT
(recognizing the difference in the number of generators for the respective IFS’s).

Proposition 12 The number of operations to calculate the matrix multiplication
MN Ev is PN D KN�1P1 C 3.N � 1/KNC1 � 2.N � 1/KN. Consequently, PN D
O.N � KN/.

The significance of Theorem 11 concerns the inverse of MN . If P is the
permutation matrix as in Lemma 4, then M�1N D PeM�1N P. By Proposition 1, eM�1N
has the form of Diţǎ’s construction, and so the computational complexity of eM�1N
is the same as MN . Thus, modulo multiplication by the permutation matrices P, the
computational complexity of multiplication by M�1N is the same as that for MN .

2.2 The Diagonal Matrices

The matrices MN and eMN have the form of Diţǎ’s construction as shown in
Theorems 9 and 11. The block form of Diţǎ’s construction involves diagonal
matrices, which in Equations (10) and (13) are determined by the IFSs used to
generate the matrices MN and eMN . As such, the diagonal matrices satisfy certain
recurrence relations.
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Theorem 13 The diagonal matrices which appear in the block form of MN

(Equation (10)) satisfy the recurrence relation DN;m D DN�1;m ˝ EN;m, where EN;m

is the K � K diagonal matrix with ŒEN;m�uu D e�2� icu�ANEbm . That is:

ŒDN;m�pp D ŒDN�1;m�bpbp e�2� i.cp0 �ANEbm/

wherebp D .p � p0/=K.
Likewise, the diagonal matrices which appear in the block form of eMN (Equa-

tion (13)) satisfy the recurrence relation eDN;` D eDN�1;` ˝eEN;`, where eEN;` is the

K � K diagonal matrix with ŒeEN;`�uu D e�2� iEc`�ANEbu . That is:

ŒeDN;`�pp D ŒDN�1;`�bpbp e�2� iEc`�ANEbp0 :

Proof As demonstrated in Theorem 9, for p D 0; 1; : : : ;KN�1, ŒDN;m�pp D
e�2� iRp;N�1.0/�ANEbm . Note that pN�1 D 0, and �0.0/ D 0. We want to cancel one
power of A in ANEbm, so we factor out a B from Rp;N�1.0/:

Rp;N�1.0/ D �p0 ı �p1 ı � � � ı �pN�2 .0/ D B
�
�p1 ı � � � ı �pN�2 .0/

�C Ecp0 :

Sincebp D p1 C p2K C � � � C pN�2KN�3, Rp;N�1.0/ D BRbp;N�2.0/C Ecp0 . Thus,

ŒDN;m�pp D e�2� iRp;N�1.0/�ANEbm

D e�2� i.BRbp;N�2.0/�A.AN�1Ebm//e�2� i.Ecp0 �ANEbm/

D e�2� i.Rbp;N�2.0/�.AN�1Ebm//e�2� i.Ecp0 �ANEbm/

D ŒDN�1;m�bpbp e�2� i.Ecp0 �ANEbm/:

Similarly, as demonstrated in Theorem 11, ŒeDN;`�pp D e�2� iEc`�A.e‰p;N�1.0//. We
write:

e‰p;N�1.0/ D  pN�2 ı  pN�3 ı � � � ı  p1 ı  p0 .0/

D  pN�2 ı  pN�3 ı � � � ı  p1 .0C AEbp0 /

D e‰bp;N�2.0C AEbp0 /

D e‰bp;N�2.0/C AN�1Ebp0 :
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where in the last equality we use Lemma 6 item ii). Therefore:

ŒeDN;`�pp D e�2� ic`�A.e‰p;N�1.0//

D e�2� iEc`�A.e‰bp;N�2.0/CAN�1Ebp0 /

D e�2� iEc`�A.e‰bp;N�2.0/CANEbp0 /

D e�2� iEc`�A.e‰bp;N�2.0//e�2� iEc`�ANEbp0

D ŒeDN�1;`�bpbp e�2� iEc`�ANEbp0 :

ut
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