Chapter 13

On the Connection Between the Stability of
Multidimensional Positive Systems and the
Stability of Switched Positive Systems

Hugo Alonso and Paula Rocha

Abstract In this work, we study the connection of the stability of multidimen-
sional positive systems with the stability of switched positive systems. In a previous
work, we showed that the stability of a multidimensional positive system implies the
stability of a related switched positive system. Here, we investigate the reciprocal
implication.

Keywords Stability - Switched positive systems + Multidimensional positive
systems

13.1 Introduction

The study of stability conditions for switched positive systems has attracted the
attention of several researchers (see, for instance, [4, 5, 8]). By relating a switched
positive system with a multidimensional positive system, in [1] we provided a simple
sufficient condition, that could be stated in terms of the spectral radius of a single
matrix. However, it turns out that this sufficient condition is not necessary. In order
to understand how far sufficiency is from necessity, here we search for additional
conditions under which the stability of a switched positive system implies the stability
of the related multidimensional positive system.

The remainder of this chapter is organized as follows. In the next section, we
make a brief introduction to multidimensional positive systems and their stability.
The connection between the stability of these systems and the stability of switched
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positive systems is studied in Sect. 13.3. Finally, the chapter ends with the conclusions
in Sect. 13.4.
13.2 Multidimensional Positive Systems and Their Stability

The k-dimensional (kD) positive linear discrete systems of order n considered here
are of the form

k
kD . : :
aioa s o= ZAJ'CO(I —ej), (13.1)
j=1
where w (i) € R” represents the non-negative local state at i = (i, ..., i) € VAR
Ay, ..., Ay € R™" are non-negative matrices, e; € 7ZF is the j-th unit vector and
soi—e;=(,...,ij—1,ij —1,ij41, ..., ix). Furthermore, letting i = Z’;Zl i,

the global state of XXP

- Lseees
2y ={w(i) : i = ¢}. Note that the notions of local and global state only coin-

cide in the particular case of k£ = 1, when (13.1) describes a 1D system X4 such
that w(¢) = Aw(¢ — 1). Now, it is obvious that, given a non-negative initial state
£2y, a sequence §2, §2,, ... is uniquely determined by (13.1). The behavior of the
global state sequences determines the stability properties of the system. In particular,

4, at time £ € Z¢ is defined as the set of local states

201 < 00, one has lim¢—, 1o [[$2¢|] = 0, where [[$2]| = sup {|lw()]]2 : i = £}
and || - ||, denotes the usual Euclidean norm. In the area of multidimensional sys-
tems, it is well known that the following condition (which does not explore the fact
that the system is positive) is necessary and sufficient for the asymptotic stability of

k
det(l, — > zjA;) #0 V(1. ... z) € D,
j=1

where DF = {(z1,...,zx) € C*: |z;] < 1, j = 1,..., k}isthe closed unit polydisc
in CF. This condition is unpractical and is not in general easy to check. However, if
we use the fact that the kD system is positive, then we get a simpler condition stated
in the proposition below. The result was presented for k = 2 in [10]. We presented
it for k > 2 in [1], but without a proof. We now prove it.

""" , is asymptotically stable if and
only if the 1D positive system X, with A = A + - - - + Ay is asymptotically stable.

Proof Let us assume that the kD positive system Eﬁ? .4, 1s asymptotically sta-

ble. Suppose that the local states in £2y are all equal to a non-negative wy € R”,
arbitrarily chosen. Then, it can be seen that the local states in §2, are all equal to
(A; + -+ + Ap)‘wo and hence that ||2,|| = ||(A1 + - - - + A) wo|2 forall £ € Z .
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The asymptotic stability of the kD positive system implies that limy_, oo ||£2¢|| = 0
and, therefore, limy_, 4o ||(A] + - - - + Ap) wop||2 = 0. Given that wy is arbitrary, it
follows that the 1D positive system X4 with A = A| + - -+ + Ay is asymptotically
stable.

Now, let us assume that the 1D positive system X4 with A = A +--- + A; is
asymptotically stable. Suppose that the global state §2 of the kD positive system
X /’gf ., 1s non-negative and such that |[£29|| < co. Then, there exists L € R* such
that, if w (i) with i = 0 is a local state in §20, then 0,, < (i) < L,,, where 0, and L,,
are vectors of length n with all components equal to 0 and L, respectively, and where
the inequalities should be understood component-wise. Now, let ¥ : (Zg)* > R""

be the map whose value ¥ (i) = ¥ (iy, ..., iy) corresponds to the matrix resulting
from the sum of all products in {Ay, ..., Ay} where A; appears i; times for j =
1,..., k,usually known as the Hurwitz product of Ay, ..., A, associated with i. For

instance, if k = 2, then ¥ (0, 0) = I,, ¥ (i}, 0) = A} when i; > 0, ¥ (0, i) = A?
wheni; > Qand ¥ (iy, ir) = All_Il(il —1,i) + AW (i1, i — 1) wheniy, i, > 0[3].
With this notation, if w (i) with i = £ is a local state in §2,, we have

lo®lb =112, ¥t = Dk
<12 DLl
=12, YD Lall
= I(A1 + - + AD Lull2

and 5o |[82¢|] < [[(A; + -4+ A)L,||, forall £ € Z(J{. The asymptotic stability of
the 1D positive system X'y with A = A| + - - - + Ay implies that lim,_, ;o |[(A] +
-4+ A L,|l2 = 0 and, therefore, limy_, o0 ||§2¢]| = O. Finally, minding that £2,
is arbitrary, it follows that the kD positive system Eﬁﬁ ...A, 1s asymptotically stable.

O

Remark 13.1 According to the proposition, checking the asymptotic stability of the
kD positive system Z‘f‘D 4, amounts to check the asymptotic stability of the 1D
positive system X4 with A = A + --- + Ay, but this is very easy, because X4 is
asymptotically stable if and only if the spectral radius of A is less than one, that is,
p(A) < 1.

13.3 On the Connection Between the Stability
of Multidimensional Positive Systems and the Stability
of Switched Positive Systems

A switched positive linear discrete-time system of order n composed of k subsystems
can be described by
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Zaoac:s X)) =Ac-yx(—1), Asu-1) € {A1, ..., Axh (13.2)
where x (£) € R” represents the non-negative state vector at time £ € Zg’ LAY .. A
€ R™*" are non-negative matrices associated with the k subsystems and o : ZJ +>
{1, ..., k} is the switching signal. It is clear that, given a non-negative initial state

x(0) = xo (13.3)

and a switching signal o, a sequence x (1), x(2), .. . is uniquely determined by (13.2).
The behavior of the state sequences determines the stability properties of the system.
In particular, X', 4, is said to be uniformly asymptotically stable if it is uniformly
stable (u.s.) and globally uniformly attractive (g.u.a.), i.e.:

e Ve>0,38>0:[|x(0)]2 <8=|x(O)]|, <eVL eZl, o (u.s.);
o Vr,e >0, cZ: ||x0)|], <7 = ||x()|l, < e V&> L% 0 (g.u.a.).

..... A, 1s uniformly asymptotically stable if there exists a common
quadratic Lyapunov function (CQLF) V (x) = x” Px such that

P>0 A P—AJTPAj>O j=1,...,k, (13.4)

where T denotes transposition and P > 0 means that P is positive definite [9].
Now, consider the kD positive system Z‘I’;D 4, described by (13.1) and whose

Lseees

global state 29 = {w (i) : i = 0} is determined by
w(0)=x0, w(@)=0 i=0Ai#0. (13.5)

Note that, in X4, 4,, the state is updated in each step in a single direction, corre-
sponding to the variable £. Moreover, X4, . 4, has k operation modes, and when the
J-th mode is active, the state update is made according to x(£) = A;jx(£ — 1). On
the other hand, in Eﬁﬁ ..A,» the local state is updated in each step in k directions,
corresponding to the variables iy, . .., i in i. In addition, the contribution of the j-th

update direction to the overall update, given by

Oty eensijyeeip) =A1oGr — 1o djy i)+ +
Ajw(il,...,ij—1,.-~,ik)+"'+
Ao iy, .ooij, .o i — 1),

isrepresented by A w(iy,...,i; — 1, ..., ix). Therefore, we can think of an update

,,,,,,,,,,

the sum of all possibilities for the state x(£) of the switching system X4, 4, after
¢ = i steps where the value of the switching signal is j for i jtimeswithj =1,... k.
Hence, the two systems have state evolutions that are closely related. This is illustrated
inFig. 13.1fork = 2. Note forinstance that the value of w (i) = w (i, i») along thei;-
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Fig. 13.1 State evolution of i

the 2D system 2/%?./42 frh=2 A
associated with the switching
system X4, 4, i+i=1 N >

axis evolves in the same manner as the value of x (¢) when the switching signal is such
that o (£) = j for all £. Also remark that the value of w(1, 1) = (A1A> + A2A )Xo
results from the sum of the possible values for x(2) after two steps where the value
of the switching signal is 1in one step and 2 in the other. Given the close relation
between the state evolutions of both systems, it is not surprising that their stability
properties are also related. This is clarified in the next proposition.

AAAAA

described by (13.1), (13.5) is asymptotically stable.

We presented this result in [1]. In the following, we study the reciprocal implication
and identify conditions under which the uniform asymptotic stability of the switched
_____ 4, implies the asymptotic stability of the associated kD positive

system 5P
Start by noting that, as explained in Remark 13.1, a kD positive system Ef‘?’ Ay
is asymptotically stable if and only if p(A; +---+ Ax) < 1. In [1], we showed
that, if p(A; + - -- + Ay) < 1, then it is possible to find a CQLF for the switched
positive system Xy, . 4,. Unfortunately, the converse is not true, as shown in the

next example.

yeees

Example 13.1 Consider the switched positive system X'y, 4, described by (13.2),
(13.3) with k = 2 and

07 0 04 0
A‘_(00.1) Az_(OO.l)'
Itis obvious that A and A, are such that p(A), p(A;) < 1 and commute. Therefore,

it is possible to find a CQLF for X4, 4, [7]. Moreover, it can be seen that p(A; +
Ay)=1.1<£1.

At this point, a natural question arises: is there a relation between the existence of a
CQLF for a switched positive system X4, . 4, and the value of p(A; + - - + Ay)?
If the CQLF has no special form, then the answer is given by the following:

Proposition 13.3 If the switched positive system X4, . a, described by (13.2),

(13.3) has a COLE, then p(Ay + --- + Ap) < k.

.....
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Proof Let us assume that V (x) = x” Px is a CQLF for Xa,....A, such that P >0
and

P—ATPA; >~ 0

P—AlPA;, > 0.

Then,
(P—A[PA) 4+ (P—A[PA) > 0%
k
kP—> ATPA; >~ 0«
j=1

k
kP =D ATPA; ~ 0 &
j=1
el =1\ (!
(kP =>" A ) PAgA ) - o

j=1

According to [6], the latter condition implies that the kD positive system Eljlj 1
k

,,,, A%
k
is asymptotically stable. This in turn implies that p(; A; + -+ - 4+ + A;) < 1 and so
P(A 4+ -4+ Ap) < k. O

In the proposition just presented, no special form was assumed for the CQLF. How-
ever, if the CQLF for the switched positive system X4, 4, is of a certain type, then
the bound on p(A; + - - - + Ay) can be tightened. This is clarified in the next result,
which is the main contribution of this chapter. It identifies conditions under which
the uniform asymptotic stability of the switched positive system X4, 4, implies
the asymptotic stability of the associated kD positive system Ef\D 4, The proof is

Lseees

omitted because it is based on arguments similar to those previously used.

Proposition 13.4 If the switched positive system Xy, . a, described by (13.2),
(13.3) is uniformly asymptotically stable and has a CQLF V (x) = xT Px such that
P > 0and

1 T
aP—ATPA = 0

1 T
o P = AlPA = 0O,
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then p(Ay + - - - + Ay) < landthe associated kD positive system X' k """ 4, described
by (13.1), (13. 5) is asymptotically stable.

Remark 13.2 Tt is easy to see that a matrix P in the conditions above also satisfies
P — ATPA > 0for j =1,..., k. This means that in the previous proposition we
are indeed askmg for the existence of a CQLF for X4, . 4, of a special form.

.....

The next example illustrates the application of Proposition 13.4.

Example 13.2 Consider the switched positive system X4, 4, described by (13.2),
(13.3) with non-negative diagonal matrices

Aj=diag(aj1,...,ajn) ]=1,,k

Assume that X4, 4, is uniformly asymptotically stable. Given that p(A;), ...,
p(Ar) < 1,since the system is stable only if each subsystemis stable,and Ay, ..., A
commute, X4, 4, hasa CQLF V (x) = x” Px with P of diagonal form [7]:

.....

P = diag (p1, ..., pa),

where pi, ..., p, > 0. Assume that ip— ATPA >0for j=1,...,k, that is,
that the CQLF is in the conditions of the prev10us proposmon Then,

1
FP A PA; -0 &

. 1 2 1 2
diag { p1 ﬁ_aﬂ ooy Dn k—z—ozjn >0<&

1
Ofocjl,...,ajn < z
for j =1, ..., k. Itis now simple to check that p(A| + - - - + Ay) < 1 and hence the
associated kD positive system 2" ..... 4, described by (13.1), (13.5) is asymptotically
stable.

13.4 Conclusions

In this chapter we studied the relation between the stability of multidimensional
positive systems and the stability of switched positive systems. Motivated by the fact
that the stability of the former implies the stability of the latter [1], but not vice-
versa, we searched for additional conditions under which the stability of a switched
positive system implies the stability of a related multidimensional positive system.
As apreliminary result, we showed that if the switched positive system has acommon
quadratic Lyapunov function of a certain type, then the associated multidimensional
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positive system is stable. In our opinion, this might be a step forward to obtain
necessary and sufficient conditions for the stability of a new class of switched positive
systems.
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