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Preface

Nowadays, for both business operations and engineering applications, there are huge
amounts of data that can overwhelm computing resources of large-scale systems.
These “big data” provide new opportunities to improve decision making and address
risk for individuals as well as organizations. For example, the presence of market
and sales data will yield better inventory planning for retail companies; massive
and timely financial data will help improve portfolio management; the security
holes of the Internet and the availability of data affect cryptography and privacy.
Undoubtedly, utilizing big data smartly can enhance decision making. However,
how to use and incorporate data into the decision making framework to yield a
scientifically sound optimal decision is a challenging topic.

Motivated by the importance of big data and the respective challenges in
optimization and control, we have compiled and developed this edited volume
on scientific innovations and reviews in optimization, control, and resilience
management in the big data era.

This book includes several important parts, namely, (1) Reviews on Optimization
and Control Theories, (2) Reviews on Optimization and Control Applications,
(3) Financial Optimization Analysis, (4) Operations Analysis, and (5) Concluding
Remarks. All the featured papers are peer-refereed, and the specific topics covered
include the following:

– Optimization and control for systems in the big data era: an introduction
– Dual control in big data era
– Time inconsistency and self-control optimization
– Quadratic convex reformulations for integer and mixed-integer quadratic pro-

grams
– Measurements of financial contagion
– Asset-liability management in continuous time
– Modern cryptography from the World War II era to the big data era
– Supply risk in the new business era
– A parameterized method for optimal multi-period portfolio selection

v
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– Sparse and multiple risk measures approach for data-driven portfolio optimiza-
tion

– Multistage optioned portfolio selection
– Multi-period portfolio selection with stochastic investment horizon
– A new model and method for order selection problems in flow-shop production
– Quick response fashion supply chains in the big data era
– Optimization and control for systems in the big data era: concluding remarks and

future research.

We would like to take this opportunity to express our hearty thanks to Matthew
Amboy and John Wolfe of Springer for their kindest support. We are indebted to
all the reviewers who have provided timely review reports on the manuscripts. We
are grateful for all the authors who have contributed their important and interesting
research to this book.

This book is dedicated to our mentor Professor Duan Li, the Patrick Huen
Wing Ming Professor of Systems Engineering and Engineering Management at The
Chinese University of Hong Kong, to honor his great achievements in both systems
control and optimization and celebrate his 65th birthday in July 2017. In the bottom
of our hearts, he is always a distinguished scholar, a kind gentleman, an excellent
professor, and an outstanding teacher. We are very proud of being his students. As
a remark, the royalty received by the editorial team from this book project is 100%
fully donated to Department of Systems Engineering and Engineering Management,
The Chinese University of Hong Kong.

Hung Hom, Kowloon, Hong Kong Tsan-Ming Choi, PhD
Shanghai, People’s Republic of China Jianjun Gao, PhD
Charlottesville, VA, USA James H. Lambert, PhD
Shatin, N.T., Hong Kong Chi-Kong Ng, PhD
Shandong, People’s Republic of China Jun Wang, PhD
November 2016
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Chapter 1
Optimization and Control for Systems in the Big
Data Era: An Introduction

Tsan-Ming Choi, Jianjun Gao, James H. Lambert, Chi-Kong Ng,
and Jun Wang

Abstract The big data era is characterized by the presence of many Vs in terms of
data and data usage. In this introductory chapter, we first discuss some challenges
in optimization and control for systems in the presence of massive amount of data.
We then introduce the papers featured in this book.

Keywords Introduction • Big data • Optimization • Control
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2 T.-M. Choi et al.

1.1 Optimization and Control in Big Data Era

We are now in the big data era. The popularity of social media, mobile devices,
cloud storage and application services, etc., all means that the amount of data which
can be collected and used by organizations and companies is increasing everyday
(Chan et al. 2016; Wang et al. 2016).

Traditionally, the term “big data” is associated with many Vs (Choi et al.
2016), such as volume (the amount of data), velocity (speed of data collection and
processing), variety (the structured and unstructured data; complex data), veracity
(the data accuracy and uncertainty) and value (the value associated with data).
Undoubtedly, the presence of a massive amount of data means that we have to
rethink about the strengths and weaknesses of the existing optimization and control
methods.

In the recent literature, big data related optimization and control problems have
been examined. For instance, Facchinei and Scutari (2015) propose a decomposition
framework for achieving parallel optimization for a class of nonconvex problems
with a massive amount of data. The authors demonstrate that their proposed method
outperforms other existing methods. Daneshmand et al. (2015) develop a novel
hybrid and parallel decomposition scheme for solving convex and nonconvex big
data optimization problems. For very big problems, the authors show that their
proposed decomposition scheme works well compared to other random or determin-
istic schemes. Bhattacharya et al. (2016) explore how an evolutionary optimization
based algorithm can handle optimization problems with a high volume dataset. The
authors claim that they have successfully applied the proposed algorithm in real
world financial portfolio management. Richtarik and Takac (2016) explore how
parallel randomized block coordinate descent methods can be used for developing
a big data optimization algorithm. The authors show that their proposed algorithm
can solve a class of large scale problems efficiently. Most recently, Boone et al.
(2016) develop a framework for exploring service parts performance optimization
problems with big data. They propose how, where and why big data applications
can be applied in their proposed framework. For more recent developments of big
data optimization, refer to the books by Emrouznejad (2016) and Japkowicz and
Stefanowski (2016).

In this introductory chapter, we briefly review the papers featured in this book.
According to the sectioning of the book, we present the papers in four sections: Sect.
1.2 reports the papers in the “Reviews on Theories” section, Sect. 1.3 examines the
papers in the “Reviews on Applications” section, Sect. 1.4 introduces the “Financial
Optimization Analysis” papers and Sect. 1.5 describes the papers in “Operations
Analysis”.
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1.2 Reviews on Theories

For the review on optimization and control theories, this book features three
papers. First, Fu examines the dual control theory in the big data era. The author
first presents an overview of dual control and its probable applications. She
explores different dual and non-dual controllers and highlights their complexity and
limitations. In particular, she focuses on a class of discrete-time LQG problems
with unknown parameters. She shows the optimal dual control, active open-loop
feedback control via variance minimization (Li et al. 2002) and optimal nominal
dual control for this class of problems. Finally, the author also discusses the
probable usage of dual control in economic systems, information retrieval as well
as mechanical engineering.

Shi and Cui review the time inconsistency and self control optimization prob-
lems, which are commonly found in financial optimization and conflict decision
making (Cui et al. 2012). The authors examine different approaches which can
effectively deal with the time inconsistency challenge in decision making. More-
over, they report the recent progress in the area and mention the challenges of time
inconsistency optimization in the big data era.

Wu and Jiang examine the recent developments in the quadratic convex refor-
mulation method. In fact, the quadratic convex reformulation method is commonly
used to derive efficient equivalent reformulations for mixed-integer quadratically
constrained quadratic optimization problems. The authors comment that even
though the proposed problems can be solved by a standard mixed-integer quadratic
solver using the branch-and-bound method, the solver’s performance is far from
satisfactory. They thus argue that the quadratic convex reformulation approach
provides a systematic way to solve the above-mentioned challenging optimization
problems. The authors also review some recent extensions of the quadratic con-
vex reformulation method for problems such as the challenging semi-continuous
quadratic optimization problems.

1.3 Reviews on Applications

For the review on applications of optimization and control methods in the big data
era, there are four related papers in this book.

Pei and Zhu explore measurements of financial contagion. The authors propose
that the financial contagion is a timely issue which is closely related to financial
systemic risk. In their paper, they first clarify and summarize various critical
concepts and measurements of financial contagion and then highlight their common
features and differences. Since the structural break is known to be especially crucial,
the authors review and discuss the respective financial contagion measurements. The
authors conclude that the big data technology may be helpful for advancing risk
management relevant to financial contagion in, e.g., information acquisition as well
as model specification.
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Dynamic portfolio optimization is a critical application area of advanced opti-
mization models and methods. Chiu reports the summary of recent advances in the
optimal asset-liability management system, which employs the dynamic portfolio
optimization technique, in a continuous-time domain. From the stochastic optimal
control perspective, the author derives a new asset-liability management solution for
the case with insurers possessing a constant absolute risk averse utility function and
Poisson-type insurance liabilities.

Cryptography is a very interesting area for secret communication. Traditionally,
cryptography focuses on confidentiality, integrity and authentication of information.
Lu reports in her paper a review of modern cryptography. The author chooses
two important systems in cryptography, namely the Merkle–Hellman knapsack
cryptography system and the subset-sum problem based cryptography system in
the review. She examines the encryption and decryption processes of the above two
systems.

In supply risk analysis, Li et al. conduct a systematic review on supply risk
modeling. From the operations management perspective, the authors present various
recent developments in supply risk modeling which include vertical supply chain
interaction, horizontal supply chain competition and network competition problems.
The authors present analytical models for each scenario. They also discuss future
research directions in the big data era.

1.4 Financial Optimization Analysis

In addition to reviews on optimization and control theories and applications, this
book also features many technical papers with novel insights and new findings. In
the area of financial optimization, there are four related papers.

First, Li et al. develop a parameterized method for achieving optimal multi-
period mean-variance portfolio selection with liability considerations. The authors
note that the financial market generates a massive amount of data which are related
to portfolio management. To effectively select the optimal portfolio requires very
careful planning and the use of an efficient method. The authors hence propose a
new method to help derive the analytical optimal portfolio strategies and efficient
frontiers accurately. The authors demonstrate the applicability of their work by
presenting a numerical example.

Gao and Wu explore the data driven mean-CVaR (DDMC) portfolio optimization
problem. The authors consider the case when the out of sample performance of the
DDMC portfolio optimization model is unstable, which occurs in practice owing to
the availability of historical data. To deal with this challenge, the authors propose
a novel method by adding a penalty on the sparsity of the portfolio weight and
combine the variance term in the DDMC model. The authors run a numerical
analysis and confirm that the out-of-sample performance fragility is being well
mitigated using the new method.



1 Optimization and Control for Systems in the Big Data Era: An Introduction 5

Options are critical in the financial market. Liang conducts an analysis on the
multi-stage optioned portfolio selection problem. The author introduces the mean-
variance models first and then establishes the target tracking model for the optioned
portfolio selection problem in both dynamic and static settings. She proposes
two different solution schemes, namely the stochastic programming approach with
optimality condition scheme, and the stochastic control with dynamic programming
scheme. She also reveals the closed form relationship between the mean-variance
model and the target tracking model.

Yi studies the multi-period portfolio selection problem with a stochastic invest-
ment horizon. She argues that the problem is commonly seen in the real world as
an investor may suddenly terminate an investment (which leads to the stochastic
investment horizon) owing to various factors. The author finds that the formulated
problem is non-separable in the sense of dynamic programming. She thus employs
an embedding technique to derive the optimal policy.

1.5 Operations Analysis

Finally, in this book, two papers on operations analysis are featured. First, Wang
et al. present a new model and a novel method to solve the order selection
problems in flow-shop operations. The authors notice that traditional order selection
models separate the production scheduling process and the order selection problem,
and the performance of order selection solely depends on production scheduling.
The authors hence propose a new model which simultaneously considers both
production scheduling and order selection. By computational experiments, the
authors demonstrate that the proposed new model is much better than the traditional
ones.

Quick response is a well-established strategy in supply chain management (Choi
et al. 2003, 2004, 2006). Under quick response, companies can better utilize market
information to improve their forecasts. In the big data era, it is easier for companies
to collect and use a large amount of data. Motivated by the presence of massive
amount of data and the importance of quick response in supply chain operations,
Choi explores quick response in fashion supply chains. He focuses his attention on
how the number of observations affects the expected values of quick response for
the centralized supply chain system as well as the individual supply chain agents in
the decentralized setting. He proves that quick response is a beneficial practice for
the centralized supply chain system as well as the fashion retailer, and the benefit
is increasing in the number of observations. If the number of observations goes
to infinity, resembling the presence of “big data”, the expected values of quick
response will go to the steady states and the analytical expressions are found.
However, there exist cases in which the fashion supplier suffers from a loss after
adopting quick response. As such, the author derives a wholesale pricing markdown
contract to achieve win–win coordination, which means both the supplier and the
fashion retailer are better off (i.e. “win–win”) and the supply chain is simultaneously
globally optimized (i.e. “coordinated”).
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Chapter 2
Dual Control in Big Data Era: An Overview

Peilin Fu

Abstract This paper provides an overview of dual control and its applications
in the big data era. Different non-dual and dual controllers as well as their
attributes, complexity, and limitations are analyzed. As an example, dual control
of a class of discrete-time LQG problems with unknown parameters in both the
state and observation equations is discussed in depth. Optimal dual control, open-
loop feedback control, active open-loop feedback control via variance minimization
approach, and optimal nominal dual control are demonstrated for this type of
problems. The optimal nominal dual control, taking into account the effect of
future learning, is the best possible (partial) closed-loop feedback control that can
be achieved. Applications of dual control in economic systems, manufacturing
processes, information retrieval, robotics, etc. are also introduced.

Keywords Dual control • Stochastic control • Dynamic programming • LQG
control problem

2.1 Introduction

Most real-world processes are very complex and are not well understood. As such,
the control of systems whose dynamics are not completely known is a problem of
major theoretical and practical importance. Feldbaum, in his seminal work in 1960s
(Feldbaum 1965), pointed out that, when implementing the optimal control strategy
for stochastic systems with parameter uncertainty, the controller usually pursues
two often conflicting objectives: to drive the system toward a desired state, and to
perform active learning to reduce the system’s uncertainty. Such a control scheme,
which affects not only the states of the system but also the quality of estimation,
is known as dual control. In 2000, IEEE Control Systems Society listed the dual
control as one of the 25 most prominent subjects in the last century which had
significantly impacted the development of control theory.

P. Fu (�)
Department of Applied Engineering, School of Engineering and Computing,
National University, San Diego, CA, USA

© Springer International Publishing AG 2017
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Except for a few ideal situations, the optimal dual control cannot be achieved
both analytically and numerically. Feldbaum showed that the optimal dual control is
the solution to a functional equation known as Bellman equation based on dynamic
programming. Solving this functional equation is intractable due to the “curse
of dimensionality” inherent in dynamic programming. The two subproblems of
stochastic control, estimation and control in most situations are intercoupled. The
future uncertainties of the parameters are functions of the control signals applied
to the system. The loss function, which has to be minimized with respect to the
control signal, thus contains some information of the future observations through
the statistics of the observations given the present information (Bar-Shalom and
Tse 1974). The efforts in dual control have thus mainly been devoted to developing
certain suboptimal solution schemes, such as the certainty equivalence scheme and
open-loop feedback control, by bypassing this essential feature of coupling between
estimation and control.

The control policies were categorized into the following classes in Bar-Shalom
and Tse (1974) according to their information patterns—the availability of past
observation and the possible usage of information about the future observation:

(1) The Open-loop Policy. In this case no measurement knowledge is available for
the controller.

(2) The Feedback Policy. At every time the current information set is available for
the computation of the control but no knowledge about the future measurements
is available. The open-loop optimal feedback (OLOF) control belongs to the
feedback class. It assumes that no observations will be made in the future, the
control law is obtained by using the observations already acquired.

(3) The Closed-Loop Policy. This policy incorporates with the remaining observa-
tion program, i.e. the knowledge that the loop will stay closed through the end
of the process is fully utilized.

There are two aspects in which the closed-loop policy differs from the feedback
policy (Bar-Shalom and Tse 1974).

(1) Caution: In a stochastic control problem, due to the inherent uncertainties,
the controller has to be “cautious” not to increase the effect of the existing
uncertainties on the cost. However, the closed-loop controller, since it “knows”
that future observations will be available and corrective actions based upon
them will be taken, will exercise less “caution.”

(2) Probing or Active Learning: When the dual effect is present, the control
can “help” in learning (estimation) by decreasing the uncertainty about the
state. Therefore, the closed-loop control, which takes into account the future
observation program and statistics, has the capability of active learning when
the dual effect exists. A feedback controller, even though it “learns” by using
the measurements, does not actively “help” the learning. This learning can be
called, therefore, passive, or accidental, and the corresponding control policy
is passively adaptive, as opposed to the closed-loop control which is actively
adaptive.
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Most resulting suboptimal control laws are of a nature of passive learning, since
the function of future active probing of the control is purposely deprived in order
to achieve analytical attainability in the solution process. A central problem in dual
control, and indeed a key barrier to its development, is to power a control law with
the property of active learning.

Prominent features and fundamental properties of dual control have been exten-
sively studied in the literature (Bar-Shalom 1981; Bar-Shalom and Tse 1974; Tse
et al. 1973). An analysis of various approximations in dual control was given
by Lindoff et al. (1999). Filatov and Unbehauen (2000) developed a bi-criteria
approach to cope with the two conflicting goals in dual control. Surveys on dual
control can be found in Wittenmark (1975c) and Filatov and Unbehauen (2000).

Li, Qian, and Fu in a series of papers studied the dual control of discrete-
time LQG problems with unknown parameters. A variance minimization approach
was proposed for discrete-time LQG problems with parameters uncertainty in the
observation equation (Li et al. 2002). Minimizing a covariance term at the final
stage introduced a feature of active learning for the derived control law. The optimal
degree of active learning was determined for achieving an optimality. Fu et al.
(2002) further applied the variance minimization approach to discrete-time LQG
problems with parameters uncertainty in both the state and observation equations,
an optimal open-loop feedback control law with active learning property was
developed. The same problem was revisited in Li et al. (2008), in which the optimal
nominal dual control was proposed. By exploring the future nominal posterior
probabilities, the control law takes into account the function of future learning, thus
is the best possible closed-loop feedback control that can be achieved. Some of these
results are summarized in Sect. 2.3 as an example of dual control problems.

In Sect. 2.2, classification of controllers is introduced. Different non-dual and
dual controllers as well as their attributes, complexity, and limitations are analyzed.
As an example, dual control of a class of discrete-time LQG problems with
unknown parameters in both the state and observation equations is discussed
in depth in Sect. 2.3. Optimal dual control, open-loop feedback control, active
open-loop feedback control, and optimal nominal dual control are demonstrated.
Section 2.4 provides successful applications of dual control in economic systems,
manufacturing processes, information retrieval etc. in the big data era. The paper
concludes in Sect. 2.5.

2.2 Classification of Controllers

2.2.1 Non-dual Controller

If the performance index only takes into account the previous measurements
and does not assume that future information will be available, then the resulting
controller will be called non-dual in Feldbaum’s terminology. In this situation
the control law does not facilitate the identification. The non-dual controllers can
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be divided into three classes: certainty equivalence controller, one-step cautious
controller, and open-loop optimal feedback controller.

2.2.1.1 Certainty Equivalence Controller

One widely used non-dual approach is developed using the concept of certainty
equivalence. The certainty equivalence holds if it is possible to first solve the
deterministic problem with known parameters and then obtain the optimal controller
for unknown parameters by substituting the true parameter values with the estimated
values (Wittenmark 1975c). One well-known class of problems for which the cer-
tainty equivalence principle holds is the linear-quadratic-gaussian control problems.
In adaptive control there are very few cases where the certainty equivalence prin-
ciple is applicable. The controller obtained by enforcing the certainty equivalence
principle does not take into consideration the fact that the estimated parameters
are not equal to the true ones and are inaccurate. Although the simplicity of the
control law, it ignores the confidence level of the parameter estimates in deriving
the adaptive control scheme. Such a control scheme would result in a control system
that is extremely sensitive to stochastic variations.

A method based on process parameter estimation was first described by Kalman
(1958) using least squares to determine the unknown parameters in the model.
This type of method works well for constant or slow time-varying parameters.
Different approximation methods (Hasting-James and Sage 1969; Panuska 1968;
Young 1968) have been suggested for the models of maximum likelihood type.
Methods using state space models were given in Jenkins and Roy (1966) and Luxat
and Lees (1973).

2.2.1.2 One-Step Cautious Controller

Minimizing over a single time period leads to the one-step cautious controller. This
controller takes the parameter uncertainties into account, in contrast to the certainty
equivalence controller. However, the controller of this type may generate the turn-
off phenomenon. If the estimates are very poor, the magnitude of the control signal
will become very small. The control is thus unintentionally turned off for some
period of time until the noise excites the system in such a way that better estimates
are achieved. This makes the one-step cautious controller unsuitable for control of
systems with quickly varying parameters.

A one-step minimization where the unknown parameters are modeled by a
stochastic process was discussed in Aoki (1967) and Astrom and Wittenmark
(1971). The unknown parameters can be first estimated using a Kalman filter,
which then give the one-step ahead estimates and covariance matrix based on
the current information set. Using a fundamental lemma in stochastic optimal
control (Astrom 1970), it is possible to find the control law to solve the one-
step minimization problem. The control law clearly shows the influence of the
uncertainties of the estimates. Examples with turn-off were given, for instance, by
Astrom and Wittenmark (1971).
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2.2.1.3 The Open-Loop Feedback Optimal Controller

The open-loop optimal feedback (OLOF) control is derived at distinct time instants
under the assumption that no future measurements will be available. Thus an
open-loop control sequence is determined. The first step in the control sequence
is then used and the performance of the system is measured. Based on the new
information (feedback), a new minimization is performed again. In this open-
loop feedback approach, the fact that the estimated parameter may not be exact
is therefore taken into consideration, but the knowledge of the future observation
program is completely ignored. According to the theory of dual control, introduced
by Feldbaum (1965), the open-loop feedback control is, from the estimation point
of view, passive, since it does not take into account that learning is possible in the
future.

Many suboptimal controllers achieved in the current literature are open-loop
optimal feedback controllers (Florentine 1962; Tse and Athans 1972; Aoki 1967).
Lainiotis, Deshpande, and Upadhyay wrote a series of papers (Deshpande et al.
1973; Lainiotis et al. 1972) on an open-loop feedback optimal approach to the
stochastic control of linear systems with unknown parameters. The controller is
designed to minimize the average performance-to-go conditioned on the present
measurements and past control actions and without any active anticipation of new
measurements. The result is a feedback control law similar to the optimal LQG
one, but averaged over the space of the unknown parameters. The algorithm is
straightforward and easy to implement. It may be generated by computing the
average of the specific controllers for some value of the parameters weighted by
the a posteriori probability densities which are Gaussian (Deshpande et al. 1973).
Casiello and Loparo proved in Casiello and Loparo (1989) that these types of passive
control laws are optimal for certain quadratic functionals.

The OLOF controller might be overly cautious because of the assumption that no
further measurements will be available to correct for erroneous control actions. The
properties of the OLOF controller were further discussed by Bar-Shalom and Sivan
(1969) and Tse and Athans (1972).

2.2.2 Dual Controller

If besides the previous measurements the performance index is also considered to be
dependent on the future observations, a dual controller will be constructed. In this
case, the future uncertainties of the parameters are functions of the control applied
to the system. The control law must compromise between the two conflicting tasks:
control and identification. The dual controllers can be classified as optimal dual
controller and suboptimal dual controller.



14 P. Fu

2.2.2.1 Optimal Dual Controller

There are very few cases where it is possible to obtain an analytical representation
of the optimal dual control law. The imposed assumptions are usually unrealistic. In
Gorman and Zaborszky (1968) and Grammaticos and Horowitz (1970), the problem
of controller synthesis was considered under the assumption that the entire state is
measurable. Moreover, it was assumed that the poles of the system are known while
the zeros are unknown. In both cases, it is possible to find the optimal dual control
by solving a set of differential or difference equations corresponding to the Riccati
equation in the standard linear quadratic case. Sternby (1978) discussed a Markov
chain with four states. The transition probabilities are functions of the control. In
that particular example it is possible to find the analytical expression of the optimal
dual controller.

Some results can be seen in the literature to achieve the optimal dual controller
numerically. Florentine (1962) considered a first-order system where the gain is
fixed but unknown with a given a priori distribution. The problem was solved by
discretizing the state and control. Another numerically solved problem was given by
Jacobs and Langdon (1970). The absolute value of the state can be measured through
the observation while the sign is unknown. Introducing the probability for the state
to be positive, it is possible to derive the corresponding functional equation. A zero-
order system with an unknown gain was considered in Astrom and Wittenmark
(1971) where the gain was assumed to be described by a known stochastic process.
A more general treatment of the problem was given by Griffiths and Loparo (1985).

A variance minimization approach for dual control of discrete-time LQG prob-
lems with parameter uncertainty in the observation equation was proposed by
Li et al. (2002). Minimizing a covariance term at the final stage introduced a feature
of active learning for the derived control low. The optimal degree of active learning
was derived for achieving the optimality.

2.2.2.2 Suboptimal Dual Controller

Since it is difficult to determine the optimal dual controllers, much effort has been
devoted to finding suboptimal solutions with dual properties. The approaches can
be classified as follows (Wittenmark 1975c; Astrom and Wittenmark 1989):

(1) Perturbation signals
Employing a cautious controller can give rise to “turn-off” of the control

if the unknown parameters are strongly time-varying. Several ways have been
suggested to avoid the turn-off phenomenon. The turn-off is due to a lack of
excitement. The perturbation signal, which can be a square-wave or pseudo
random signal, etc., can be used to excite the system in order to get good
estimation (Wieslander and Wittenmark 1971). The addition of the extra signal
will naturally increase the probing loss, but may make it possible to improve
the total performance.
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(2) Constrained one-step-ahead minimization
Another way to avoid turn-off is to minimize the loss function one-step ahead

under certain constraints. The constraints such as limiting the minimum value of
the control signal or limiting the variance of the parameter estimates can prevent
the control signal from being too small and impose extra probing (Hughes and
Jacobs 1974; Alster and Belanger 1974). These controllers have the advantage
that the control signal can be easily computed, but the algorithm will contain
application-dependent parameters that have to be chosen by the user.

(3) Approximations of the loss function
Suboptimal dual controls can also be obtained by extending the loss function

in order to prevent the shortsightedness of the cautious controller (Astrom and
Wittenmark 1989). For state space models, one approach is to make a serial
expansion of the loss function in the Bellman equation (Gorman and Zaborszky
1968). Such an expansion can be done around the certainty equivalence or the
cautious controllers. But due to its computational complexity, this approach has
been limited to situations where the control horizon is rather short, usually less
than 10.

Another way is to try to solve the two-step minimization problem. The
derived suboptimal control has correction terms which depend on the sensitivity
functions of the expected future cost, which can avoid the turn-off. But in most
cases, it is not possible to get an analytical solution.

(4) Modifications of the loss function
Adding terms that are reflecting quality of the parameter estimate in the loss

function can prevent the cautious controller from turning off. Solution proposals
(Alster and Langer 1974; Wittenmark 1975b; Milito et al. 1982) have been
seen in the literature to incorporate certain variance terms of the state or the
innovation process into the objective function in order to force the control to
perform active learning. These solution schemes, however, truncate the time
horizon into shorter time periods of one stage, prompting a concern of possible
myopic behaviors.

2.2.2.3 Optimal Nominal Dual Controller

Although the optimal nominal dual controller is also suboptimal, the author would
like to list it as a separate category to distinguish it from other suboptimal dual
controllers. The reason is that it is the best possible closed-loop dual control if
the optimal dual control cannot be achieved. The optimal nominal dual control
was first proposed by Li, Qian and Fu in Li et al. (2008). They pointed out
that a major difficulty in solving dual control for discrete-time LQG problems
with unknown parameters is that the optimal control cannot be determined when
the future posterior probabilities are unknown, while at the same time the future
posterior probabilities depend on the control applied at the early stages. In order
to break this loop, a possible solution scheme is to derive the relationship between
the posterior probability and the control. A control which satisfies a deterministic
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version of this relationship is defined as the nominal control. The expected posterior
probabilities when applying the nominal control are called nominal future posterior
probabilities. Applying the nominal future posterior probabilities generated by the
nominal control in the Bellman equation, the effect of future learning can be taken
into account. Since in this situation, all the achievable future information is used in
terms of its expected value, the control law obtained can be considered to be the best
possible closed-loop control law in this sense.

2.3 An Example: LQG Problems with Unknown Parameters

Consider the following class of linear-quadratic stochastic optimal control problems
where there exist parameter uncertainties in both the state and the observation
equations,

.P/ min E

(
x0.N/Q.N/x.N/C

N�1X
kD0
Œx0.k/Q.k/x.k/C u0.k/R.k/u.k/� j I0

)

s:t: x.kC 1/ D A.k; �/x.k/C B.k; �/u.k/C w.k/; k D 0; 1; � � � ;N � 1
y.k/ D C.k; �/x.k/C v.k/; k D 1; 2; � � � ;N;

where x .k/ 2 Rn is the state, u .k/ 2 Rp is the control, y .k/ 2 Rm is the
measured output, and I0 is the initial information set that includes information
about the probability distribution of the initial state x.0/, the statistics of the random
sequences fw.k/g and fv.k/g, and the initial probability distribution of the unknown
parameter � . fw .k/g 2 Rn and fv .k/g 2 Rm are the two independent Gaussian white
noise sequences with zero mean, and variances �2w and �2v , respectively. The random
initial state x .0/ is assumed to be of Gaussian distribution N .Ox .0/ ;P .0// and is
assumed to be independent of the process and observation noises: The quantities
A .k; �/ ;B .k; �/, and C .k; �/ are matrices of appropriate dimensions whose values
depend on an unknown parameter � . It is assumed that � belongs to a finite set
‚ = f�1; �2; : : : ; �sg and is a constant over the entire time horizon. The a priori
probabilities of the parameter � are

qi.0; I
0/ D P.� D �i j I0/; i D 1; 2; : : : ; s:

Furthermore, fQ .k/g and fR .k/g are sequences of positive semidefinite and positive
definite symmetric matrices of appropriate dimensions, respectively. Define the
information set at stage k, k = 0, 1, : : :, N, to be Ik,

Ik D ˚u .0/ ; : : : ; u .k � 1/ ; y .1/ ; : : : ; y .k/ ; I0� :
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The dual control problem for (P) is to find a closed-loop control law,

u .k/ D fk
�
Ik
�
; k D 0; 1; : : : ;N � 1;

such that the expected performance index in (P) is minimized.
Notice that two kinds of uncertainty are involved in (p): irreducible uncertainty

caused by Gaussian white noise sequences fw.k/g and fv.k/g, and reducible
uncertainty caused by an unknown parameter � . If there is no parameter uncertainty
about � , the above problem reduces to the conventional linear-quadratic Gaussian
stochastic control problem which is not a dual control problem since the control does
not have an effect on the system’s uncertainty. The certainty equivalence principle
then can be applied to determine the optimal control. Note that the certainty
equivalence principle may not hold even for some stochastic control problems
with only irreducible uncertainty, for example, linear Gaussian systems with an
exponential performance criterion (Jacobson 1973).

2.3.1 Optimal Dual Control

Define Oxi.kjk/ to be the state estimate at stage k when assuming � = �i:

Oxi.kjk/ D E
˚
x.k/j� D �i; I

k
�
:

Oxi.kjk/ can be obtained using the Kalman filters as stated in Casiello and Loparo
(1989):

Oxi.kjk/ D Oxi.kjk � 1/C Fi.k/ Œy.k/ � C.k; �i/Oxi.kjk � 1/� (2.1)

Oxi.kjk � 1/ D A.k � 1; �i/Oxi.k � 1jk � 1/C B.k � 1; �i/u.k � 1/ (2.2)

Fi.k/ D Pi.kjk � 1/C0.k; �i/ŒC.k; �i/Pi.kjk � 1/C0.k; �i/C �2v .k/��1 (2.3)

Pi.kjk � 1/ D A.k � 1; �i/Pi.k � 1jk � 1/A0.k � 1; �i/C �2w (2.4)

Pi.kjk/ D ŒI � Fi.k/C.k; �i/�Pi.kjk � 1/; (2.5)

with the initial condition of Oxi.0j0/ = Ox.0/ and Pi.0j0/ = P.0/.
Define qi.k; Ik/ to be the posterior probability of model i at stage k,

qi.k; I
k/ D P.� D �i j Ik/; k D 0; 1; : : : ;N � 1:

The posterior probabilities, qi.k; Ik/, i = 1; 2; : : : ; s, can be calculated recursively
based on the observation (Casiello and Loparo 1989) as follows:

qi.k; I
k/ D Li.k/Ps

jD1 qj.k � 1; Ik�1/Lj.k/
qi.k � 1; Ik�1/; k D 1; 2; : : : ;N; (2.6)
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with the initial condition qi.0; I0/, where

Li.k/ D jPy.kjk � 1; �i/j� 1
2 expŒ�1

2
Qy.kjk � 1; �i/

0Py.kjk � 1; �i/
�1

�Qy.kjk � 1; �i/� (2.7)

Qy.kjk � 1; �i/ D y.k/ � C.k; �i/Oxi.kjk � 1/ (2.8)

Py.kjk � 1; �i/ D C.k; �i/Pi.kjk � 1/C0.k; �i/C �2v .k/: (2.9)

Define for i = 1, 2, : : :, s,

Ji.k; I
k/ D E

˚
x0.k/Q.k/x.k/C u0.k/R.k/u.k/ j �i; I

k
�
; k D 0; : : : ;N � 1

Ji.N; I
N/ D E

˚
x0.N/Q.N/x.N/ j �i; I

N
�
:

Then the following is obvious,

J.k; Ik/ D Efx0.k/Q.k/x.k/C u0.k/R.k/u.k/ j Ikg

D
sX

iD1
qi.k; I

k/Ji.k; I
k/ k D 0; 1; : : : ;N � 1

J.N; IN/ D Efx0.N/Q.N/x.N/ j INg

D
sX

iD1
qi.N; I

N/Ji.N; I
N/:

By the principle of stochastic dynamic programming, the closed-loop control
that minimizes the performance index in problem .P/ can be obtained by solving
the following recursive relation,

min
u.0/

E

(
sX

iD1
qi.0; I

0/Ji.0; I
0/

Cmin
u.1/

E

� sX
iD1

qi.1; I
1/Ji.1; I

1/C : : :

Cmin
u.k/

E
n sX

iD1
qi.k; I

k/Ji.k; I
k/C : : :

C min
u.N�1/E

h sX
iD1

qi.N � 1; IN�1/Ji.N � 1; IN�1/

C
sX

iD1
qi.N; I

N/Ji.N; I
N/jIN�1i : : : jIk

o
: : : jI1

�
jI0
)
: (2.10)
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In principle, the optimal dual control problem .P/ can be solved via (2.10).
However, the difficulty and complexity in solving .P/ hide deeply behind these
seemingly straightforward equations. In fact, in dual control problems, all of the
posterior probabilities at later stages are affected by previous controls. The curse of
uncertainty of the posterior probabilities in later stages is further compounded by
the required expectation operations. Therefore, to derive the cost-to-go functions in
stochastic dynamic programming from (2.10) is a formidable task, as long as the
posterior probabilities at later stages are previously control-dependent.

2.3.2 Open-Loop Feedback Control

Suppose that future learning will not be performed, the open-loop feedback control
can be obtained by fixing all the posterior probabilities in the later stages at
qi.k; Ik/; i D 1; 2; : : : ; s. As a result, the following optimal open-loop feedback
control problem is considered at stage k,

min
u.k/

E

(
sX

iD1
qi.k; I

k/Ji.k; I
k/C : : :

C min
u.N�2/E

(
sX

iD1
qi.k; I

k/Ji.N � 2; IN�2/

C min
u.N�1/E

� sX
iD1

qi.k; I
k/Ji.N � 1; IN�1/

C
sX

iD1
qi.k; I

k/Ji.N; I
N/jIN�1

�
jIN�2

)
: : : jIk

)
: (2.11)

A controller that uses observations to update online the estimation of the
uncertain parameter is said to have a learning feature. The learning policies can
be further classified into two types—active learning and passive learning. We can
always expect an improving knowledge about the system’s uncertainty when future
observations are utilized. A controller that takes the future uncertainty reduction
is said to have a property of active learning. In return, a controller with an active
learning property affects the degree of future uncertainty reduction. To power a
control law with a property of active learning is, in general, needed to achieve
an optimality in dual control (Griffiths and Loparo 1985). The open-loop feedback
control law is a passive scheme that does not possess an active learning feature (as it
does not take into account any impact from the future learning) and thus can never
be optimal.
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2.3.3 Active Open-Loop Feedback Control: Variance
Minimization Approach

A degree of success of active learning can be measured by the variance of the final
state. Therefore minimizing a variance term of the final state will add a feature of
active learning to the derived control law. In this section, we consider a modified
problem .Ma.�// in which a variance term at the final stage is attached to the
performance index of .P/,

.Ma.�// min E
n
x0.N/Q.N/x.N/C

N�1X
kD0

	
x0.k/Q.k/x.k/C u0.k/R.k/u.k/


 j I0o

C�TrŒCov.x.N/ j I0/�
s:t: x.kC 1/ D A.k; �/x.k/C B.k; �/u.k/C w.k/ k D 0; 1; � � � ;N � 1

y.k/ D C.k; �/x.k/C v.k/; k D 1; 2; � � � ;N

Parameter � 2 Œ0;1/ is a weighting coefficient of active learning. A larger �
implies that more importance has been placed on active learning.

Problem .Ma.�// is difficult to be solved directly, since the recursive equations
of dynamic programming involve certain nonlinear terms of the state estimates that
introduces a nonseparability in the sense of dynamic programming. In order to
overcome this difficulty, problem .Ma.�// is embedded into a tractable auxiliary
problem in which the optimal open-loop feedback control can be found. Solving
the auxiliary problem and investigating the relationship between the solution sets
of problem .Ma.�// and the auxiliary problem, the optimal control of problem
.Ma.�// can be identified.

Define S.N/ D Q.N/C �I, the performance index of .Ma.�// can be written as

J D E
n
x0.N/S.N/x.N/C

N�1X
kD0
Œx0.k/Q.k/x.k/C u0.k/R.k/u.k/� j I0

o

��E.x.N/ j I0/0E.x.N/ j I0/: (2.12)

Let

JI D E
n
x0.N/S.N/x.N/C

N�1X
kD0
Œx0.k/Q.k/x.k/C u0.k/R.k/u.k/� j I0

o

JII D E.x.N/ j I0/:

It is easy to see that the performance index in .Ma.�//, J, is a concave function of
JI and JII ,

J.JI; JII/ D JI � � �JII
�0

JII: (2.13)
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The following auxiliary parametric problem is now constructed for the problem
.Ma.�// with a fixed multiplier vector r 2 Rn,

.A.r; �// min E
n
x0.N/S.N/x.N/C

N�1X
kD0
Œx0.k/Q.k/x.k/C u0.k/R.k/u.k/�

�2r0x.N/ j I0
o

s:t: x.kC 1/ D A.k; �/x.k/C B.k; �/u.k/C w.k/ k D 0; 1; � � � ;N � 1
y.k/ D C.k; �/x.k/C v.k/; k D 1; 2; � � � ;N:

Theorem 1 Suppose that fu�.k/g is an optimal open-loop feedback control of
problem .Ma.�//, then fu�.k/g is also an optimal open-loop feedback control of
the auxiliary parametric problem .A.r�; �// where r� satisfies

r� D �E.x.N/ j I0/ jfu�.k/g : (2.14)

The implication of Theorem 1 is that any optimal open-loop feedback solution to
problem .Ma.�// is in the set of optimal open-loop feedback solutions to auxiliary
problem .A.r; �//. Note that the auxiliary problem is strictly convex with respect to
fu.k/g. Thus the optimal open-loop feedback solution to problem .A.r; �// is unique
for a given r. As a result, if r satisfies the optimality condition in (2.14), then the
optimal open-loop feedback control to .A.r�; �// becomes a possible candidate for
the optimal open-loop feedback control to .Ma.�//.

Define for i = 1, 2, : : :, s,

Ji.k; I
k/ D E

˚
x0.k/Q.k/x.k/C u0.k/R.k/u.k/ j �i; I

k
�
; (2.15)

k D 0; : : : ;N � 1;
Ji.N; I

N/ D E
˚
x0.N/S.N/x.N/ � 2r0x.N/ j �i; I

N
�
: (2.16)

Then the following is obvious,

J.k; Ik/ D Efx0.k/Q.k/x.k/C u0.k/R.k/u.k/ j Ikg

D
sX

iD1
qi.k; I

k/Ji.k; I
k/ k D 0; 1; : : : ;N � 1 (2.17)

J.N; IN/ D Efx0.N/S.N/x.N/� 2r0x.N/ j INg

D
sX

iD1
qi.N; I

N/Ji.N; I
N/: (2.18)

Since at stage k, all the posterior probabilities at later stages are unknown, a
closed-loop optimal control cannot be computed analytically. Suppose that future
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learning is suspended, then the open-loop feedback control can be obtained by fixing
all the posterior probabilities at later stages at qi.k; Ik/; i D 1; 2; : : : ; s. As a result,
the following optimal open-loop feedback control problem is considered at stage k,

min
u.k/

sX
iD1

qi.k; I
k/

�
E
n
Ji.k; I

k/C : : :

C min
u.N�2/EfJi.N � 2; IN�2/

C min
u.N�1/E

	
Ji.N � 1; IN�1/C Ji.N; I

N/jIN�1
 jIN�2g : : : jIk
o�
: (2.19)

Define � = Œ�1; : : : ; �s�
0 = Œq1.0; I0/; : : : ; qs.0; I0/�0. Thus the open-loop feedback

control problem for .A.r; �// at stage 0 is as follows:

.OFC.�// min E

(
NX

kD0
.

sX
iD1

�iJi.k//

)

s:t: xi.kC 1/ D Ai.k/xi.k/C Bi.k/u.k/C w.k/;

k D 0; 1; � � � ;N � 1; i D 1; 2; � � � ; s
yi.k/ D Ci.k/xi.k/C v.k/;

k D 1; 2; � � � ;N; i D 1; 2; � � � ; s;

where Ai.k/ D A.k; �i/, Bi.k/ D B.k; �i/, Ci.k/ D C.k; �i/, and xi.k/ and yi.k/ are
the state and observation of the ith fictitious system, respectively, when assuming
� = �i. Note that as all the posterior probabilities in the later stages are fixed at
qi.0; I0/, the optimal control to .OFC.�// is the optimal open-loop feedback control
to problem .A.r; �// at stage 0.

Problem .OFC.�// is a multiple-model formulation with �i.D qi.0; I0//; i D
1; 2; : : : ; s serving as the weighting coefficients. Let

X.k/ D Œx0
1.k/; x

0
2.k/; : : : ; x

0
s.k/�

0

Y.k/ D Œy0
1.k/; y

0
2.k/; : : : ; y

0
s.k/�

0

NA.k/ D diag.A1.k/;A2.k/; : : : ;As.k//

NB.k/ D ŒB0
1.k/;B

0
2.k/; : : : ;B

0
s.k/�

0

NC.k/ D diag.C1.k/;C2.k/; : : : ;Cs.k//

NQ.k/ D diag.�1Q.k/; �2Q.k/; : : : ; �sQ.k//

NS.N/ D diag.�1S.N/; �2S.N/; : : : ; �sS.N//

Nr D Œ�1r0; �2r0; : : : ; �sr
0�0



2 Dual Control in Big Data Era: An Overview 23

D1 D ŒIn; In; : : : ; In�
0

D2 D ŒIp; Ip; : : : ; Ip�
0;

where diag denotes a block diagonal matrix. We thus obtain a compact form for the
multi-model formulation,

min E
n
X0.N/NS.N/X.N/C

N�1X
kD0
ŒX0.k/ NQ.k/X.k/C u0.k/R.k/u.k/�

�2Nr0X.N/ j I0
o

(2.20)

s:t: X.kC 1/ D NA.k/X.k/C NB.k/u.k/C D1w.k/ (2.21)

k D 0; 1; � � � ;N � 1
Y.k/ D NC.k/X.k/C D2v.k/; k D 1; 2; � � � ;N: (2.22)

Define

OX.k/ D ŒOx0
1.kjk/; Ox0

2.kjk/; : : : ; Ox0
s.kjk/�0:

The solution to .OFC.�// can be obtained by using dynamic programming. We give
the results in the following theorem.

Theorem 2 For a given r, the optimal control of the auxiliary problem .OFC.�// is

u�.k/ D ��1.k/ OX.k/C �2.k/Nr (2.23)

where for k D N � 1;N � 2; : : : ; 1; 0,

NS.k/ D NA0.k/ŒNS.kC 1/� T.kC 1/� NA.k/C NQ.k/ (2.24)

T.k/ D � 0
1.k/ NB0.k/ŒNS.kC 1/� T.k C 1/� NA.k/ (2.25)

G.k/ D NB0.k/ŒNS.kC 1/� T.kC 1/� NB.k/C R.k/ (2.26)

�1.k/ D G.k/�1 NB0.k/ŒNS.kC 1/� T.kC 1/� NA.k/ (2.27)

�2.k/ D G.k/�1 NB0.k/L0.kC 1/ (2.28)

L.k/ D L.kC 1/ 	 NA.k/� NB.k/�1.k/
 (2.29)

with the boundary conditions T.N/ D 0 and L.N/ D I.

Recall from Theorem 1 that the optimal open-loop feedback control to problem
.A.r; �// may also be the optimal open-loop feedback control to problem .Ma.�//
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only when condition (2.14) is satisfied. The following theorem is given to show how
to determine parameter r� at stage 0. Define

ˆ.k/ D I � �H.k/

� N�1X
sDkC1

N�1Y
iDs

Œ NA.i/� NB.i/�1.i/� NB.s � 1/�2.s � 1/

CNB.N � 1/�2.N � 1/
�

HT.k/; (2.30)

‰.k/ D �H.k/
N�1Y
iDk

Œ NA.i/� NB.i/�1.i/�: (2.31)

where H.k/ D 	q1.k; Ik/In; q2.k; Ik/In; : : : ; qs.k; Ik/In


.

Theorem 3 Assume thatˆ is invertible. Then the optimal r� with which the optimal
open-loop feedback solution to .A.r�; �// also solves .Ma.�// is equal to

r� D ˆ�1.0/‰.0/ OX.0/: (2.32)

Substitute (2.32) into the control law in (2.23), then the optimal open-loop
feedback control of problem .Ma.�// at stage 0, u�.0/, can be obtained.

Proceeding to stage k, we can view stage k as the initial stage and Ox.k/ as an
estimate of the initial state when we consider a truncated dual control problem from
stage k to stage N. Based on the principle of optimality and the concept of a rolling
horizon, the optimal value of r should be equal to the following using the same
derivation scheme as in Theorem 3,

r� D ˆ�1.k/‰.k/ OX.k/: (2.33)

Substitute (2.33) into the control law (2.23), an optimal open-loop feedback control
of problem .Ma.�// at stage k, u�.k/, can be obtained.

We have derived in the above discussion an optimal open-loop feedback control
for problem .Ma.�// with a fixed value of �. The next natural question to
be answered is how to determine the value of � which represents a degree of
importance of active learning. Entropy is a measure of uncertainty. Saridis (1988)
and Tsai et al. (1992) studied the entropy formulation of optimal and adaptive
control problems. We propose in our solution algorithm to assign the value of �
on-line at stage k to be proportional to the entropy of the probability distribution of
� at stage k, i.e.,

� / �
sX

iD1
qi.k/ ln qi.k/: (2.34)
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Conceptually, at the first few stages, since there exist parameter uncertainties, more
effort will be put in active learning. As time involves, the value of � will decrease.
When the true parameter is identified, the entropy will be equal to zero such that
the optimal solution of .Ma.�// will converge to the optimal control of problem
.P/. The proportional constant that relates the entropy to � can be determined
numerically. Notice that a too large proportional constant may result in a poor
control performance due to too much effort was devoted to learning.

2.3.4 Optimal Nominal Dual Control

Minimizing a covariance term at the final stage provides a feature of active learning
for the derived control law. The control law obtained, however, is not a closed-loop
law but an optimal open-loop feedback control. Under this framework, the impact
from the future learning has not been considered.

The key research issues are: (1) what is the best possible (partial) closed-loop
control for (2.10), and (2) what is the active learning strategy to achieve this best
possible outcome. A major difficulty in solving (2.10) is that the optimal control
cannot be determined when the future posterior probabilities are unknown, while
at the same time the future posterior probabilities depend on the control applied
at the early stages. In order to break this loop, a possible solution scheme is to
derive the relationship between the posterior probability and the control. A control
which satisfies a deterministic version of this relationship is defined as the nominal
control. The expected posterior probabilities when applying the nominal control are
called nominal future posterior probabilities. Applying the nominal future posterior
probabilities generated by the nominal control instead in (2.10), the effect of future
learning can be taken into account. Since in this situation, all the achievable future
information is used in terms of its expected value, the control law obtained can be
considered to be the best possible closed-loop control law in this sense.

Assume that the current time is k and consider the truncated control problem
from stage k to the end of the time horizon. For given �t D Œ�t

1; : : : ; �
t
s�

0 2 RsC, t D
k; kC1; : : : ;N, with �k D Œq1.k; Ik/; q2.k; Ik/; : : : ; qs.k; Ik/�0, consider the following
optimal control problem,

.ONC.�// min E

(
NX

tDk

.

sX
iD1

�t
iJi.t; I

t//

)

s:t: xi.tC 1/ D Ai.t/xi.t/C Bi.t/u.t/C w.t/;

t D k; kC 1; � � � ;N � 1; i D 1; 2; � � � ; s
yi.t/ D Ci.t/xi.t/C v.t/;

t D kC 1; kC 2; � � � ;N; i D 1; 2; � � � ; s;
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where Ai.t/ D A.t; �i/, Bi.t/ D B.t; �i/, Ci.t/ D C.t; �i/, and xi.t/ and yi.t/ are
the state and observation of the ith fictitious system, respectively, when assuming
� = �i.

Let

X.t/ D Œx0
1.t/; x

0
2.t/; : : : ; x

0
s.t/�

0

Y.t/ D Œy0
1.t/; y

0
2.t/; : : : ; y

0
s.t/�

0

NA.t/ D diag.A1.t/;A2.t/; : : : ;As.t//

NB.t/ D ŒB0
1.t/;B

0
2.t/; : : : ;B

0
s.t/�

0

NC.t/ D diag.C1.t/;C2.t/; : : : ;Cs.t//

NQ.t; �/ D diag.�t
1Q.t/; �

t
2Q.t/; : : : ; �

t
sQ.t//

D1 D ŒIn; In; : : : ; In�
0

D2 D ŒIm; Im; : : : ; Im�
0;

where diag denotes a block diagonal matrix. We can obtain a compact form for the
above multi-model formulation of .ONC.�// as follows:

min E

(
X0.N/ NQ.N; �/X.N/C

N�1X
tDk

ŒX0.t/ NQ.t; �/X.t/C u0.t/R.t/u.t/� j Ik

)

s:t: X.tC 1/ D NA.t/X.t/C NB.t/u.t/C D1w.t/; t D k; kC 1; � � � ;N � 1
Y.t/ D NC.t/X.t/C D2v.t/; t D kC 1; kC 2; � � � ;N:

Define

OX.t/ D ŒOx0
1.tjt/; Ox0

2.tjt/; : : : ; Ox0
s.tjt/�0:

The optimal solution to .ONC.�// can be derived by using dynamic programming,

u�.t/ D ��.t; �/ OX.t/; (2.35)

where for t D k; kC 1; : : : ;N � 1

�.t; �/ D �G�1.t; �/ NB0.t/S.tC 1; �/ NA.t/ (2.36)

G.t; �/ D NB0.t/S.tC 1; �/ NB.t/C R.t/ (2.37)

S.t; �/ D NA0.t/S.tC 1; �/ NA.t/C NQ.t; �/ � � 0.t; �/G.t; �/�.t; �/; (2.38)
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with the boundary condition S.N; �/ D NQ.N; �/. Note that the optimal control,
fu�.t/gN�1

tDk , is linear in the augmented state estimation OX.t/ and the feedback gain
matrix � is nonlinear in �.

At stage k, the true observation y.k/ is known, therefore Oxi.kjk/ can be obtained
by the Kalman filter (1) to (5). Since future observations cannot be known in
advance, a predicted nominal state trajectory fOx�

i .t/gNtDkC1 and a predicted nominal
observation trajectory fOy�

i .t/gNtDkC1, can be calculated by setting all random vari-
ables at their expected values, i.e.

Ox�
i .tC 1/ D Ai.t/Ox�

i .t/C Bi.t/u
�.t/; t D k; kC 1; : : : ;N � 1; (2.39)

Oy�
i .t/ D Ci.t/Ox�

i .t/; t D kC 1; kC 2; : : : ;N; (2.40)

with the initial condition Ox�
i .k/ D Oxi.kjk/. For t D kC 1; kC 2; : : : ;N, let

OX.t/ D ŒOx�
1 .t/

0; Ox�
2 .t/

0; : : : ; Ox�
s .t/

0�0:

Substituting OX.t/ back into Eq. (2.35), we can close the loop and obtain a predicted
nominal control.

Comparing problem .ONC.�// with the closed-loop control problem (2.10) at
stage k, it is easy to recognize that if �t

i plays the same role as the posterior
probabilities qi.t; It/ at every stage, the optimal control of problem .ONC.�// is
also optimal to problem .P/ at stage k. However, those posterior probabilities at
the later stages are unattainable. A feasible way is to use the nominal posterior
probabilities generated by the nominal control instead. The control law achieved
under this framework is referred to as the optimal nominal control to the original
problem.

Define for t D kC 1; kC 2; : : : ;N

Oy�.t/ D
sX

iD1
�t

i Oy�
i .t/: (2.41)

Using the Bayes formula, the predicted nominal posterior probability of mode i at
stage k, i D 1; 2; : : : ; s, satisfies the following recursive equation:

Qqi.t/ D Li.t/Ps
jD1 Qqj.t � 1/Lj.t/

Qqi.t � 1/; t D kC 1; kC 2; : : : ;N; (2.42)

with the initial condition qi.k; Ik/, where Li.t/ is still the same as given in (7) except

Qy.tjt � 1; �i/ D Oy�.t/ � Oy�
i .t/: (2.43)

It is clear that Qqi.t/ is a function of �k; �kC1; : : : �N .
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In order to force the weighting coefficients �t
i to be equal to the nominal posterior

probability Qqi.t/ for all t D k C 1; k C 2; : : : ;N, we construct the following
optimization problem at stage k

min
NX

tDkC1

sX
iD1
.�t

i � Qqi.t//
2 (2.44)

s:t:
sX

iD1
�t

i D 1; and all �t
i > 0; t D kC 1; : : : ;N:

This is a nonlinear programming problem and can be solved by using general
nonlinear programming solvers.

2.4 Dual Control in Big Data Era

In the Big Data era, massive amounts of information are generated every day. The
high volume, high velocity, and high variety features of Big Data make capturing,
managing, analyzing, storing, and retrieving information extremely challenging.
In addition, the large-scale interconnected systems such as economic systems,
power systems, manufacturing systems, health systems, water distribution systems,
biological systems, etc. are complex and rapidly changing. It is not realistic and
possible to develop mathematical models precisely to describe the system dynamics.
Dual controls with probing features are advantageous in regulating these stochastic
systems, especially in two situations: (1) when the time horizon is short and
the initial estimates are poor, it is essential to stimulate the systems and rapidly
find good estimates before reaching the end of the control horizon; (2) when the
parameters of the process are changing very rapidly (Wittenmark 1975a). Some
successful applications of dual control are summarized as below.

2.4.1 Economic Systems

Most economic problems are stochastic. There is uncertainty about the present state
of the system, uncertainty about the response of the system to policy measures, and
uncertainty about future events. For example, in macroeconomics some time series
are known to contain more noise than others. Also, policy makers are uncertain
about the magnitude and timing of responses to changes in tax rates, government
spending, and interest rates. In international commodity stabilization, there is
uncertainty about the effects of price changes on consumption (Kendrick 1981).
Because of the short time horizon and highly stochastic nature of the parameters in
the economic processes, dual controls have been seen in solving economic systems
(Bar-Shalom and Wall 1980; Kendrick 1981). Kendrick demonstrated examples of
using dual control to solve MacRae problem and a macroeconometric model with
measurement error (Kendrick 1981).
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2.4.2 Manufacturing Processes

Dual control is also successfully applied in manufacturing processes. The grinding
processes in the pulp industry (Allison 1994), where the parameters are changing
fairly rapidly and the gain is also changing sign, is probably the first application of
dual control to process control. The controller is an active adaptive controller, which
consists of a constrained certainty equivalence approach coupled with an extended
output horizon and a cost function modification to get probing (Wittenmark 1975a).

Another application of dual control in capital intensive semiconductor manufac-
turing processes has been seen in Arda Vanli et al. (2011). In such processes, it is
often impractical to run large designed experiments and the amount of experimental
data available is often not adequate to build sufficiently accurate statistical models or
reliably estimating optimal conditions. A dual control approach that simultaneously
considers model estimation and optimization objectives is adopted and an adaptive
Bayesian response surface model is used. It is shown that by employing the proposed
adaptive Bayesian approach one can simultaneously learn the process while not
requiring excessive perturbations away from the target level and can achieve faster
model estimation than central composite experimental designs.

2.4.3 Automobile Systems

A driver assistance system with a dual control scheme was developed in Saito et al.
(2016), which can effectively identify drivers’ drowsiness and prevent sleep-related
vehicle accidents. The dual control has two purposes: (1) to effect the partial control
initiated by the assistance system, preventing lane departure, and (2) enabling the
assistance system to judge, through the interaction between the driver and the
assistance system, whether the driver recognizes that the vehicle is going to deviate
from the lane. The assistance system implements partial control in the event of lane
departure and gives the driver the chance to voluntarily take the action needed. If
the driver fails to implement the steering action needed within a limited time, the
assistance system judges that “the driver’s understanding of the given situation is
incorrect” and executes the remaining control.

2.4.4 Robotics

Adaptive dual control using neural networks has also been extensively investigated.
Neural networks have been used to approximate the unknown functions in the
system dynamics of the nonlinear stochastic systems. Such dual control was suc-
cessfully applied to kinematic control of nonholonomic mobile robots in which the
robot dynamic functions are nonlinear with varying uncertain/unknown parameters
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(Bugeja et al. 2009). Two schemes are developed in discrete time, and the robot’s
nonlinear dynamic functions are assumed to be unknown. The Gaussian radial basis
function and sigmoidal multilayer perception neural networks are used for function
approximation. In each scheme, the unknown network parameters are estimated
stochastically in real time, and no preliminary offline neural network training is
used. In contrast to other adaptive techniques hitherto proposed in the literature
on mobile robots, the dual control laws do not rely on the heuristic certainty
equivalence property but account for the uncertainty in the estimates. This results
in a major improvement in tracking performance, despite the plant uncertainty and
unmodeled dynamics.

2.4.5 Information Retrieval

An Information Retrieval (IR) system consists of a collection of documents and
an engine that retrieves documents described by user queries. In large systems,
such as the Web, queries are typically too vague, hence an iterative process in
which the users refine their queries gradually has to take place. An active learning
approach was proposed in Jaakkola and Siegelmann (2001) to reduce the IR users
dissatisfactions due to long, tedious repetitive search sessions. The system responds
to the initial user’s query by successively probing the user for distinctions at
multiple levels of abstraction. The system’s initiated queries are optimized for
speedy recovery and the user is permitted to respond with multiple selections or
may reject the query. The information is in each case unambiguously incorporated
by the system and the subsequent queries are adjusted to minimize the need for
further exchanges. More applications in information retrieval and image retrieval
can be seen in Zhang and Chen (2002) and Dagli et al. (2005).

2.5 Conclusions

This overview presents the dual control methods, elaborated from the Feldbaum’s
seminal work in the 1960s until present. The author and collaborators’ research on
dual control for a class of discrete-time linear quadratic Gaussian problems with
parameter uncertainty in both state and observation equations is summarized to
demonstrate different control laws. It is shown that minimizing a covariance term
at the final stage introduces a feature of active learning for the derived control law.
By exploring the future nominal posterior probabilities, the control law takes into
account the function of future learning, thus the best possible closed-loop feedback
control can be achieved. Successful applications of dual controls in various areas
indicate although cautious, the controller with the probing/active learning feature
can help reduce system uncertainties and hence it performs better than the controller
with passive or without learning ability.
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Chapter 3
Time Inconsistency and Self-Control
Optimization Problems: Progress
and Challenges

Yun Shi and Xiangyu Cui

Abstract Time inconsistency has been an important issue in many stochastic
decision problems arisen in real life and financial decision making, especially in the
dynamic investment area. When a stochastic decision problem is time inconsistent,
the decision maker would be puzzled by his/her conflicting decisions “optimally”
derived from his/her time-varying preferences at different time instants. In the
literature, the time inconsistent problem is also called the self-control problem, as
the decision maker needs to exert proper self-control to resist present temptation
and then achieve a better long-term performance. Different approaches dealing with
time inconsistency in the literature are reviewed in this paper. After that, the open
questions and challenges are also discussed.

Keywords Time inconsistency • Self-control • Present bias • Non-separable
problem • Quasi-hyperbolic discounting function • Dynamic portfolio
optimization

3.1 Introduction

Time inconsistency, also called dynamic inconsistency, refers to the phenomena that
the long-term optimal decision policy determined at time 0 is no longer optimal
when reconsidering the truncated decision problem at time t. Many real-life decision
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problems are time inconsistent problems, such as whether to abstain from smoking.1

Apparently, the long-term optimal decision is to insist abstaining from smoking.
However, when coming into action, the smoker may prefer to smoke today and
abstain tomorrow. The reason behind is that comparing to the present temptation (the
pleasure of smoking), the decision maker evaluates the bad consequences received in
the future (bad health) with a large discount factor, which is also called the present
bias (see Thaler 1981; Loewenstein and Prelec 1992). In the literature, the time
inconsistent problem is also called the self-control problem, as the decision maker
needs to exert proper self-control in order to achieve a good long-term performance.

Essentially, when a decision maker faces a dynamic decision-making problem,
his/her preferences at different time instants for the corresponding tail parts of the
time horizon could be time-varying and/or state dependent. Actually, we all have
faced occasions in which we change our minds, but usually we do not go to extraor-
dinary steps to prevent ourselves from deviating from the original plan. The only
circumstances in which we would want to commit ourselves to our planned course
of action is when we have a good reason to believe that if we change our preferences
later, this change of preferences will be a mistake. In the smoking case, the smoker
definitely believes that abstaining from smoking is good for health. Thus, the crucial
question is this: if I know I am going to change my mind about my preferences, when
and how would I take some actions to restrict my future behaviour?

In this article, we start by summarizing some progress in dealing with the time
inconsistency and self-control issue, especially in the dynamic investment area. We
then describe some major open questions in this area.

3.2 Progress

3.2.1 Separable Problem Versus Non-separable Problem

The time inconsistent problems can be classified into two categories: separable
ones and non-separable ones, which are caused by the present bias and the non-
separable preference, respectively. Dynamic investment and consumption problems
with quasi-hyperbolic discounting and dynamic mean-variance portfolio selection
problems are two salient time inconsistent decision problems in the literature. The
past few years have seen substantial progress in our understanding of the time
consistency issue. Much of the progress concerns these two problems.

For the dynamic investment and consumption problem with quasi-hyperbolic
discounting, the decision maker’s time preference, which represents the value at
time t of $1 received at future time s, is described by

Dt.s/ D
�
1; if s D t;
ˇı.s�t/; if s > t;

1More time inconsistency examples can be found in Gul and Pesendorfer (2001), Grenadier and
Wang (2007), Björk and Murgoci (2010), Basak and Chabakauri (2010) and Cui et al. (2012).
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where 0 < ˇ < 1 is the quasi-hyperbolic discounting parameter and represents
the short-run discounting, and ı represents the long-run discounting (see Laibson
1997; O’Donoghue and Rabin 1999). The quasi-hyperbolic discounting is a typical
and well-documented time preference with present bias, under which the decision
maker tends to underestimate the value of payoff in the future. The decision maker’s
investment objective at time t is the expected sum of discounted utilities of the future
consumptions and the terminal wealth,

Et

"
T�1X
sDt

Dt.s/U.c.s//

#
C Dt.T/EtŒU.X.T//�:

Due to the existence of the short-run discounting parameter ˇ, the preferences at
different time instants are inconsistent. The decision maker may switch his/her
mind at a later time t and prefer to consume more than his/her original plan to
maximize his/her short-term preference (see Thaler and Shefrin 1981). The smaller
the parameter ˇ, the larger the conflict between the long-term optimal consumption
plan and the short-term optimal consumption plan.

For dynamic mean-variance portfolio selection problem, the decision maker’s
preference at time t is the weighted sum of the conditional expected value and the
conditional variance of the terminal wealth,

EtŒX.T/� � �Vart.X.T//;

where � > 0 is the risk aversion parameter. As the variance term does not satisfy
the smooth property, i.e., Vart.X.T// ¤ Vart.Vars.X.T/// for s > t, the preferences
at different time instants would be definitely inconsistent. After a mean-variance
investor derives his/her long-term optimal investment strategy at time 0, he/she
could be tempted to adopt a different strategy at a later time t in order to achieve
a short-term mean-variance efficiency (see Basak and Chabakauri 2010; Cui et al.
2012).

One significant difference between the above two problems is that the objectives
of the dynamic investment and consumption problem with quasi-hyperbolic dis-
counting at different time instants only involve the separable expectation operator
(which can be represented as the expected sum of the future discounted performance
measures), while the objectives of the dynamic mean-variance portfolio selection
problem at different time instants involve a non-separable operator: variance.
In addition, almost all widely adopted risk measures in static portfolio selection,
including variance, semi-variance, value-at-risk (VaR) and conditional value-at-risk
(CVaR), become time inconsistent in dynamic mean-risk framework (see Boda and
Filar 2006). Moreover, all those risk measures are of a non-separable nature.
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3.2.2 Approaches Dealing with Time Inconsistency

Before summarizing the approaches, we need to know the mathematical meaning of
time inconsistency. When a decision maker faces a time inconsistent dynamic deci-
sion problem, the overall objective for the entire time horizon under consideration
does not conform with the local objective for a tail part of the entire time horizon.
In the language of dynamic programming, Bellman’s principle of optimality is not
applicable in such situations, as the global and local interests derived from their
respective objectives are not consistent (see Artzner et al. 2007).

Apparently, one direct approach to overcome the time inconsistency issue is
to construct a time consistent decision model. This approach is widely studied
in the field of dynamic risk measures and dynamic risk management. As a basic
requirement, all the suitable dynamic risk measures should necessarily possess
certain functional structure, such as

�t.XT/ D �t.��s.XT//; t < s < T;

in order to satisfy time consistency (see Rosazza Gianin 2006; Artzner et al. 2007;
Jobert and Rogers 2008). When a dynamic risk measure is time consistent, it not
only justifies the mathematical formulation for risk management, but also facilitates
the solution process in finding the optimal decision (see Cherny 2010). However,
this approach cannot be applied to the time inconsistent decision problems caused
by present bias or non-separable preferences.

In the literature, there are mainly three different solution schemes in dealing with
the time inconsistency issue for the general dynamic decision problem. The first
solution scheme is the so-called pre-committed policy approach. In this approach,
the decision maker strictly adheres to the global long-term optimal decision policy
over the entire time horizon. In other words, the decision maker only cares about
the global objective and fully ignores local objectives. Such policy is called the
pre-committed policy.2 To adopt the pre-committed policy, the decision maker can
make the pre-committed policy the only feasible policy or the only economically
reasonable policy via a strict self-control commitment or external contractual
commitment, which is not easy in reality. Investment plan 401(k) is one such
example in reality that forces employees not to withdraw pensions before retirement
through a contractual penalty scheme (see Madrian and Shea 2001).3

2This policy is also termed “strategy of pre commitment” in Strotz (1956).
3In the United States, a 401(k) plan is the tax-qualified, defined-contribution pension account
defined in section 401(k) of the Internal Revenue Code. The Internal Revenue Code imposes severe
restrictions on withdrawals of pre-tax or Roth contributions while a person remains in service with
the company and is under the age of 59.5. Any withdrawal that is permitted before the age of 59.5
is subject to an excise tax equal to ten percent of the amount distributed (on top of the ordinary
income tax that has to be paid).
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The second solution scheme is the time consistent policy approach. In this
approach, the decision maker is aware of the inconsistency between the global
objective and local objectives, but is unable to adhere to the pre-committed policy.
Thus, the decision maker totally bows to local objectives (i.e., local temptations). As
the decision maker at current time instant has a decision advantage with respect to
the ones at future time instants, the decision maker’s problem can be modelled as an
intrapersonal sequential game. In the game, the decision maker at any time instant
acts as a Stackelberg leader and makes his/her “best” decision by taking into account
his/her decisions in future periods. The corresponding subgame perfect Nash
equilibrium decision policy is called the time consistent policy.4 This approach is
widely applied to separable and non-separable time inconsistent decision problems.
Laibson (1997), O’Donoghue and Rabin (1999, 2001), and Grenadier and Wang
(2007) studied the time consistent policies for different financial decision problems
with quasi-hyperbolic discounting. Basak and Chabakauri (2010), Hu et al. (2012),
Lioui (2013), Chen et al. (2014b), Björk et al. (2014) and Cui et al. (2016) studied
time consistent policies for the mean-variance preference under different market
settings.

The third solution scheme is the self-control policy approach developed in the
literature recently. In this approach, the decision maker intends to resolve conflicts
between the long-term and short-term interests by reconciling the global objective
and local objectives. To achieve this goal, the decision maker is required to possess
a degree of willpower to exert self-control and resist the local temptation in the
future time instants (see Rachlin 2004). Several theoretical models with a self-
control feature have been developed to guide decision makers in achieving such
a balance. For example, O’Donoghue and Rabin (1999, 2001) proposed the partial
naive decision maker assumption, which assumes that the decision maker can exert
self-control to have a larger quasi-hyperbolic discounting parameter, i.e.,

ODt.s/ D
(
1; if s D t;
Ǒı.s�t/; if s > t;

where ˇ < Ǒ � 1. With the larger quasi-hyperbolic discounting parameter Ǒ,
the decision maker decreases the conflict between the long-term and short-term
preferences, and thus achieves a better balance between the long-term and short-
term interests. Gul and Pesendorfer (2001, 2004) proposed the axiomatic theory
of self-control, under which the decision maker integrates the opportunity costs of
deviating from the local optimal policies into the global objective. By doing so, a
policy taking into account both the long-term and short-term interests is obtained.
Thaler and Shefrin (1981) and Bénabou and Pycia (2002) proposed the planner-
doer model, and Fudenberg and Levine (2006, 2012) proposed the dual-self model,

4This policy is also termed the “strategy of consistent planning” in Strotz (1956), and the decision
maker who adopts this policy is called the sophisticated decision maker in O’Donoghue and Rabin
(1999, 2001) and Grenadier and Wang (2007).
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which both assume that the global self can influence the myopic preferences of
local selves through different self-control schemes and then derive the equilibrium
policy between global self and local selves. We call this type of policies the self-
control policy in this review.5 These models with self-control features have been
successfully applied to decision problems, whose time inconsistency is caused by
present bias (see O’Donoghue and Rabin 1999, 2001; Grenadier and Wang 2007;
Chen et al. 2014a; Tian 2016). However, these models are not applicable for non-
separable time inconsistent decision problems.

Besides the above approaches, Cui et al. (2012) and Cui et al. (2015a) proposed
a new angle for dealing with the time inconsistency of dynamic mean-variance
portfolio problem. As mean-variance problem is a multi-objective optimization
problem, a multi-objective version of principle of optimality is applied. In other
words, any tail part of an efficient policy is also efficient for any realizable state
at an intermediate period (see Li and Haimes 1987; Li 1990). In spirit of this
logic, Cui et al. (2012) extended the concept of time consistency to a relaxed
version to incorporate efficiency, namely, time consistency in efficiency. Through
showing that the dynamic mean-variance formulation is not time consistent in
efficiency, they demonstrated that the investor may have irrational local preferences
of minimizing the risk and the return at the same time. Cui et al. (2012) relaxed
the self-financing restriction and allow withdrawal of positive dollar amounts out
of the market during the investment process. Furthermore, they proposed a better
revised policy which can achieve the original mean-variance pair but obtain some
extra (positive) dollar amounts with a strictly positive probability under certain
probability distribution assumptions. Moreover, Cui et al. (2015a) studied the effect
of portfolio constraints on the time consistency in efficiency of convex cone-
constrained markets and established a general procedure for constructing time
consistent in efficiency dynamic mean-variance portfolio selection problems by
introducing suitable portfolio constraints.

3.3 Challenges

3.3.1 Dynamic Mean-Risk Portfolio Optimization Problems

Mean-risk portfolio selection models are widely used in portfolio management prac-
tices. Although most of these models suffered the problem of time inconsistency,
only the dynamic mean-variance model attracts enough attentions in the literature.

5In Gul and Pesendorfer (2001, 2004), the preference of such a type of decision maker is called
“preference with self-control”. In O’Donoghue and Rabin (1999, 2001) and DellaVigna and
Malmendier (2004, 2006), the decision maker who takes this type of policy is classified as partially
naive. In Fudenberg and Levine (2006, 2012), this policy is termed “SR-Perfect equilibrium
strategy”.
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Moreover, the published works on time inconsistency issue of dynamic mean-
variance models mainly concentrate on the time consistent policy and the revised
policy. Thus, there are several open questions in this field.

The first question is how to derive the time consistent policies for the mean-risk
models beyond mean-variance. As these models are non-separable, there does not
exist analytical or semi-analytical form policy. Thus, suitable numerical methods
can be developed. Furthermore, the properties of the time consistent polices under
different risk aversion parameter settings are worth investigation. Cui and Shi (2014)
made an attempt to analyse the time consistent policy for multi-period mean-CVaR
model with finite states.

The second question is whether the mean-risk models beyond mean-variance
satisfy time consistency in efficiency. If not, the decision maker may devote
himself/herself to constructing the revised policies, which is better than the pre-
committed policy.

The third question is how to construct the self-control policies for the mean-
risk models. Although the existing theoretical models with a self-control feature
are not directly applicable to the non-separable mean-risk models, the idea is very
useful in constructing some new theoretical models under non-separable mean-
risk framework. To our best knowledge, there are some preliminary work in this
direction. By extending the planner-doer model of Thaler and Shefrin (1981) and
Bénabou and Pycia (2002), Cui et al. (2017) developed a two-tier planner-doer game
framework with self-coordination, which is theoretically applicable to discrete-
time non-separable decision problems. They successfully applied the proposed
framework to deal with dynamic mean-variance portfolio selection problem and
a two-period mean-CVaR portfolio selection problem. Similarly, Cui et al. (2015b)
extended the dual-self model of Fudenberg and Levine (2006, 2012) and proposed
a two-tier dual-self game model, which is theoretically applicable to continuous-
time non-separable decision problems. Although the above two new frameworks
have an important theoretical value, how to apply them to construct suitable self-
coordination schemes and compute the corresponding self-control policies for the
mean-risk models beyond mean-variance are still unclear.

3.3.2 Time Inconsistency Generated by Probability Weighting

The probability weighting function, proposed by Tversky and Kahneman (1992),
transforms objective probabilities into decision weights. The original motivation for
this transformation function was the simultaneous demand many people had for
both lotteries and insurance. Typically, people prefer a 0.001 chance of $50,000
to a certain $50 but meanwhile prefer to pay $50 rather than face a 0.001 chance
of a $50,000 loss. This combination of behaviours is difficult to explain under the
expected utility theory. However, under the probability weighting framework, the
unlikely events—gaining or losing $50,000—are overweighted, thereby explaining
these choices. The probability weighting is a key feature of many behaviour
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portfolio selection models, such as the rank-dependent utility model (see Schmeidler
1989; Abdellaoui 2002) and the cumulative prospect theory model (see Tversky and
Kahneman 1992; He and Zhou 2011).

In a dynamic setting, probability weighting also generates time inconsistency
(see Barberis 2012), which, once again, lies in the domain of non-separability. This
inconsistency may be useful for understanding some real trading behaviours, for
example, people sometimes hold on to losing investments longer than they were
planning to, known as the disposition effect in the literature (see Odean 1998).
However, there is relatively little research on it, especially when compared to the
large literature on the inconsistency generated by present bias. Shi et al. (2015)
suggested one possible approach to analyze the time inconsistency generated by
probability weighting in dynamic setting, but other approaches are surely also
possible and deserved more studies.

3.3.3 Data Challenge

As long as the data becomes more and more easy to collect, the decision makers
begin to formulate their decision problems based on rich data. On the one hand,
they can use the rich data to describe the dynamics of the uncertainties, which makes
the constructions of dynamic decision problems possible. On the other hand, they
may build data-driven decision problems by fully using the rich data (see Bertsimas
and Thiele 2006; Delage and Ye 2010; Hou and Wang 2013; Huh et al. 2011 for
data-driven decision-making examples). Based on these two developing directions,
there will be more and more data-driven dynamic decision problems in research and
practices.

In general, these data-driven dynamic decision problems are time inconsistent.
Comparing to the dynamic decision problems with explicit assumptions on the
uncertainties, the data-driven dynamic decision problems may introduce great
computation challenges.
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Chapter 4
Quadratic Convex Reformulations for Integer
and Mixed-Integer Quadratic Programs

Baiyi Wu and Rujun Jiang

Abstract We review recent advances in the quadratic convex reformulation (QCR)
approach that is employed to derive efficient equivalent reformulations for mixed-
integer quadratically constrained quadratic programming (MIQCQP) problems.
Although MIQCQP problems can be directly plugged into and solved by standard
MIQP solvers that are based on branch-and-bound algorithms, it is not efficient
because the continuous relaxation of the standard MIQCQP reformulation is
very loose. The QCR approach is a systematic way to derive tight equivalent
reformulations. We will explore the QCR technique on subclasses of MIQCQP
problems with simpler structures first and then generalize it step by step such that it
can be applied to general MIQCQP problems. We also cover the recent extension of
QCR on semi-continuous quadratic programming problems.

Keywords Quadratic programming • Quadratic convex reformulation • Recent
advances • Semi-continuous quadratic programming

4.1 Introduction

Mixed-integer quadratically constrained quadratic programming (MIQCQP) prob-
lems are mathematical programming problems with continuous and discrete vari-
ables and quadratic functions in the objective function and constraints. The use
of MIQCQP is a natural approach of formulating nonlinear problems where it is
necessary to simultaneously optimize the system structure (discrete) and parameters
(continuous).
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MIQCQPs have been used in various applications, including the process industry
and the financial, engineering, management science and operations research sectors.
It includes problems such as the unit commitment problem (Frangioni and Gentile
2006; Frangioni et al. 2011), the Markowitz mean-variance mode with practical
constraints (Mitra et al. 2007), the chaotic mapping of complete multipartite graphs
(Fu et al. 2001), the material cutting problem (Cui 2005), the capacity planning
problem (Hua and Banerjee 2000). More MIQCQP applications can be found in
Grossmann and Sahinidis (2002). The MIQCQP problem is in general NP-hard.
It also nests many NP-hard problems as its special cases, such as the binary
quadratic programming problem, the integer quadratic programming problem, the
semi-continuous quadratic programming problem, etc. All these problems are very
difficult to solve and yet have many useful real-life applications such as the max-cut
problem (Rendl et al. 2010), the portfolio lot sizing problem (Li et al. 2006), the
cardinality constrained portfolio selection and control problems (Gao and Li 2011,
2013b; Zheng et al. 2014; Gao and Li 2013a). The needs in such diverse areas have
motivated research and development in solving MIQCQP problems, as they become
more and more challenging with larger problem sizes along with the “big data” era.
Various methods to find local or global optimal solutions and good lower bounds for
different classes of MIQCQP problems can be found in Li and Sun (2006), which is
also an excellent survey for nonlinear integer programming.

The general form of an MIQCQP problem is:

.P/ min xT Q0xC cT
0 x

s:t: xT QixC cT
i x � bi; i D 1; : : : ;m;

x 2 R
n;

xi 2 Z; 0 � xi � ui; i 2 I � f1; : : : ; ng;

where we assume that, after fixing the values of xi; i 2 I, the remaining problem is
convex. The standard continuous relaxation of problem (P) resulting from removing
the integral constraint xi 2 Z is a convex problem. Thus, problem (P) can be directly
plugged into and solved by many off-the-shelf solvers such as CPLEX and Gurobi,
which use branch-and-bound schemes. The major issue is that the bound from the
standard continuous relaxation is usually very loose, resulting in a large search tree
in the branch-and-bound process.

One remedy is to find equivalent reformulations that have a tighter continuous
relaxation. In this chapter, we review a general technique, the quadratic convex
reformulation (QCR), that is used to find good equivalent reformulations for
problem (P). When a better reformulation is solved by CPLEX or Gurobi, the
computation time needed can be significantly reduced.

The QCR approach focuses on finding a tighter MIQCQP formulation that is
equivalent to the original problem (P). It has the following characteristics:



4 Quadratic Convex Reformulations for Integer and Mixed-Integer Quadratic... 45

Fig. 4.1 Equivalent
reformulation that has a
tighter lower bound

(a) Quadratic functions that vanish in the feasible region can be added to the
objective function and the constraints.

(b) These added quadratic functions can be characterized by a set of parameters.
(c) A convex problem is solved to get the best parameters such that the continuous

relaxation of the reformulation is convex and at the same time it provides a
lower bound that is as tight as possible.

The process of QCR can be demonstrated by a simple example. The solid curve
of Fig. 4.1 is the original objective function and the two dots are the feasible
solutions. We can find a new objective curve, the dashed curve, that passes through
the corresponding objective points of the feasible solutions and at the same time
provides a better lower bound from its continuous relaxation. It is essential that the
two curves coincide on the feasible region. The curvature of the dashed curve is
smaller than that of the solid curve. That is why the QCR process is also called a
“flattening” process in Plateau (2006) and Ahlatçıoğlu et al. (2012).

We will explore the QCR technique on subclasses of problem (P) with simpler
structures first and then generalize it step by step such that it can be applied to
the general form of problem (P). In Sect. 4.2, we review QCR for binary quadratic
programming problems. Two schemes are covered, with or without additional
variables. In Sect. 4.3, we review QCR for linear equality constrained binary
quadratic programming problems. In Sect. 4.4, we show step by step how we can
apply QCR on the general from of problem (P). In Sect. 4.5, we extend the QCR
on semi-continuous quadratic programming problems. We conclude the review in
Sect. 4.6.

Notation In remaining sections, we denote by v.�/ the optimal value of problem .�/,
and R

nC the nonnegative orthant of Rn. For any a 2 R
n, we denote by Diag.a/ D

Diag.a1; : : : ; an/ the diagonal matrix with ai being its ith diagonal element. We
denote by e the all-one vector. We denote by S

n the set of n � n symmetric real
matrix..
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4.2 QCR for Binary Quadratic Programming

QCR is firstly applied on the following binary quadratic programming problem,

.BQP/ min xTQ0xC cT
0x

s:t: x 2 f0; 1gn:

There are two main schemes, one with no additional variables and the other with
additional variables.

4.2.1 QCR with No Additional Variables

The QCR scheme with no additional variables was pioneered by Hammer and Rubin
(1970) and later improved by Plateau (2006) and Billionnet et al. (2008, 2009). Li
et al. (2012) explored the geometry of QCR from another angle.

For any d 2 R
n, the following problem is equivalent to problem (BQP):

.BQP.d// min xT.Q0 �Diag.d//xC .c0 C d/Tx

s:t: x 2 f0; 1gn:

By relaxing the binary constraint as continuous constraint and noting 0 � xi � 1 is
equivalent to x2i � xi � 0, we can represent problem .BQP.d// as

.BQP.d// min
x2Rn

xT.Q0 � Diag.d//xC .c0 C d/Tx

s:t: x2i � xi � 0; i D 1; : : : ; n:

We want to choose d such that the continuous relaxation of .BQP.d// is a convex
problem and the lower bound from this relaxation is as tight as possible. This can
be done by solving the following problem,

.BQP_MAX_d/ maxfv.BQP.d// j d 2 R
n; Q0 � Diag.d/ � 0g:

Note that problem .BQP.d// is convex if and only if Q0 � Diag.d/ � 0.

Theorem 1 (Billionnet et al. 2009) Problem .BQP_MAX_d/ is equivalent to the
following semi-definite programming (SDP) problem,

.BQP_DSDP_d/ max 	

s:t:

� �	 0:5.c0 C d/T

0:5.c0 C d/ Q0 �Diag.d/

�
� 0; d 2 R

n:
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Proof The Lagrangian dual of .BQP.d// is

.LBQP.d// max
˛�0 min

x2Rn
xT.Q0 �Diag.d//xC .c0 C d/TxC xTDiag.˛/x � ˛Tx;

which is equivalent to

max
˛�0 min

x2Rn
	 C .1 xT/

� �	 0:5.c0 C d � ˛/T
0:5.c0 C d � ˛/ Q0 �Diag.d/C Diag.˛/

��
1

x

�
;

for any 	 2 R. By noting

min
x2Rn

	 C .1 xT/

� �	 0:5.c0 C d � ˛/T
0:5.c0 C d � ˛/ Q0 �Diag.d/C Diag.˛/

��
1

x

�

D

8̂̂<
ˆ̂:
	 if

 
�	 0:5.c0 C d � ˛/T

0:5.c0 C d � ˛/ Q0 �Diag.d/C Diag.˛/

!
� 0;

�1 otherwise;

we obtain that .LBQP.d// is equivalent to

max 	

s:t:

� �	 0:5.c0 C d � ˛/T
0:5.c0 C d � ˛/ Q0 � Diag.d/CDiag.˛/

�
� 0; ˛ � 0:

Note that the constraints of .BQP.d// satisfy the Slater condition since
.0:5; : : : ; 0:5/T is an interior point. If Q0 � diag.d/ � 0; then problem .BQP.d//
is convex and from the no duality gap theory of convex programming (see, e.g.,
Proposition 6.5.6 in Bertsekas et al. 2003), we have v.BQP.d// D v.LBQP.d//.
Thus .BQP_MAX_d/ is equivalent to

.LBQP_MAX_d/ maxfv.LBQP.d// j d 2 R
n; Q0 � Diag.d/ � 0g;

which is further equivalent to problem .BQP_DSDP_d/ by eliminating the vari-
able ˛. ut

In fact, by rewriting the binary constraint x 2 f0; 1gn as x2i �xi D 0; i D 1; : : : ; n,
one can check that problem .BQP_DSDP_d/ is the Lagrangian dual of problem
.BQP/.

Convex optimization shows that the conic dual of problem .BQP_DSDP_d/ is
equivalent to the following SDP relaxation of problem .BQP/, which is well known
as Shor’s relaxation (Shor 1987),
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.BQP_PSDP_d/ min Q0 	 X C cT
0x

s:t: Xii D xi; i D 1; : : : ; n;�
1 x
xT X

�
� 0:

4.2.2 QCR with Additional Variables

The QCR scheme with additional variables for binary quadratic programming
problems can be found in Billionnet et al. (2012, 2013, 2015).

If we introduce new variables, the reformulation can be further strengthened. For
any S 2 S

n, the following problem is equivalent to (BQP),

.BQP.S// min xT.Q0 � S/xC cT
0xC S 	 Y

s:t: Yij � xi; Yij � xj; Yij � xi C xj � 1; Yij � 0; 8 0 � i < j � n;

Yii D xi; i D 1; : : : ; n;
x 2 f0; 1gn; Y 2 Œ0; 1�n�n; Y 2 S

n:

By relaxing x 2 f0; 1gn, as 0 � xi � 1; i D 1 : : : ; n , we obtain the continuous
relaxation of .BQP.S// as follows:

min xT.Q0 � S/xC cT
0 xC S 	 Y

s:t: Yij � xi; Yij � xj; Yij � xi C xj � 1; Yij � 0; 8 0 � i < j � n;

Yii D xi; i D 1; : : : ; n;
x 2 Œ0; 1�n; Y 2 Œ0; 1�n�n; Y 2 S

n;

which is equivalent to

.BQP.S// min xT.Q0 � S/xC cT
0xC S 	 Y

s:t: Yij � xi; Yij � xj; Yij � xi C xj � 1; Yij � 0; 8 0 � i � j � n;
(4.1)

Yii D xi; i D 1; : : : ; n;
x 2 R

n; Y 2 S
n;

where the constraint (4.1) includes the case of i D j. Note that the constraint Y � 1
is implicit in the above problem since Yii D xi and Yii � xi C xi � 1 together imply
Yii � 1, thus Yij � xi D Yii � 1. The constraint 0 � xi � 1 is also implicit in the
above problem since xi D Yii.
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We want to choose S such that .BQP.S// is a convex problem and the lower
bound from this relaxation is as tight as possible. This can be done by solving the
following problem:

.BQP_MAX_S/ maxfv.BQP.S// j S 2 S
n; Q0 � S � 0g:

Theorem 2 (Billionnet et al. 2013) Problem .BQP_MAX_S/ is equivalent to the
following semi-definite programming (SDP) problem,

.BQP_DSDP_S/ max � 	 C Y3 	 .eeT/

s:t:

�
	 0:5yT

0:5y Q0 � Y

�
� 0;

y D c � Y1e � Y2eC 2Y3e � d;

Y D SC Y1 C Y2 � Y3 � Y4 C Diag.d/;

Y1;Y2;Y3;Y4 2 N
n \ S

n; d 2 R
n;Y 2 S

n;

S 2 S
n; y 2 R

n; 	 2 R;

where e is a column vector with all entries being 1, and N
n represents the set of n�n

nonnegative matrices.

Proof The Lagrangian dual of .BQP.S// is as follows:

.LBQP.S// max 	 C Y3 	 .eeT/

s:t:

� �	 0:5yT

0:5y Q0 � Y

�
� 0

y D c0 � Y1e � Y2eC 2Y3e � d;

Y D SC Y1 C Y2 � Y3 � Y4 CDiag.d/;

Y1;Y2;Y3;Y4 2 N
n \ S

n; d 2 R
n;Y 2 S

n;

y 2 R
n; 	 2 R:

Note that the constraints of .BQP.S// satisfy the Slater condition. If Q0 � S � 0;

then problem .BQP.S// is convex and from the no duality gap theory of convex
programming, we have v.BQP.S// D v.LBQP.S//. Thus .BQP_MAX_S/ is
equivalent to

.LBQP_MAX_S/ maxfv.LBQP.S// j S 2 S
n; Q0 � S � 0g:

It is obvious that the above problem is further equivalent to .BQP_DSDP_S/. ut
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The conic dual of problem .BQP_DSDP_S/ is given as follows:

.BQP_PSDP_S/ min Q0 	 X C cT
0 x

s:t: Xij � xi; Xij � xj; Xij � xi C xj � 1;Xij � 0;8 0 � i � j � n;

Xii D xi; i D 1; : : : ; n;�
1 xT

x X

�
� 0;

which is an SDP relaxation for problem (BQP) that is tighter than the Shor’s
relaxation.

4.3 QCR for Linear Equality Constrained Binary Quadratic
Programming

In this section, we extend the QCR to the following binary quadratic programming
problems with linear equability constraints,

.EBQP/ min xTQ0xC cT
0 x

s:t: Ax D b; x 2 f0; 1gn;

where A is an m � n matrix and b 2 R
n. We consider only the scheme with no

additional variables, which was proposed by Plateau (2006) and Billionnet et al.
(2008, 2009).

For any d 2 R
n; s 2 R

.mC1/�m=2, the following problem is equivalent to problem
(EBQP):

.EBQP.d; s// min xT.Q0 �Diag.d//xC .c0 C d/Tx

C
X

1�i�j�m

sij.Aix � bi/
T.Ajx � bj/

s:t: Ax D b; x 2 f0; 1gn:

By relaxing the binary constraint as continuous constraint and noting 0 � xi � 1

is equivalent to x2i � xi � 0, we can represent the continuous relaxation of
.EBQP.d; s// as

.EBQP.d// min xT.Q0 � Diag.d//xC .c0 C d/Tx

C
X

1�i�j�m

sij.Aix � bi/
T.Ajx � bj/

s:t: Ax D b; x2i � xi � 0:
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We want to choose d and s such that .EBQP.d; s// is a convex problem and the low
bound from this relaxation is as tight as possible. This can be done by solving the
following problem:

.EBQP_MAX_ds/ maxfv.EBQP.d; s// j d 2 R
n; s 2 R

.mC1/�m=2;

Q0 �Diag.d/C
X

1�i�j�m

sijA
T
i Aj � 0g:

Using similar proofs as in Sect. 4.2, we can show that .EBQP_MAXds/ is
equivalent to the following SDP problem,

.EBQP_PSDP_ds/ min Q0 	 X C cT
0x

s:t: Ax D b;

X 	 AT
i Aj � .bT

i Aj C bT
j Ai/xC bT

i bj D 0; 1 � i � j � n;

Xii D xi; i D 1; : : : ; n;�
1 xT

x X

�
� 0:

The formulation .EBQP.d; s// is parameterized by d and s. The dimension of s is
.mC 1/ 
m=2. As the number of linear equalities grows, the number of parameters
increases quadratically. In fact, we can achieve the same good reformulation with
only one parameter.

For any d 2 R
n; w 2 R, the following problem is equivalent to (EBQP):

.EBQP.d;w// min xT.Q0 �Diag.d//xC .c0 C d/TxC w.Ax � b/T.Ax � b/

s:t: Ax D b;

x 2 f0; 1gn:

We want to choose d and w such that the continuous relaxation of .EBQP.d;w// is a
convex problem and the low bound from this relaxation is as tight as possible. This
can be done by solving the following problem:

.EBQP_MAX_dw/ maxfv.EBQP.d;w// j d 2 R
n; w 2 R

Q0 �Diag.d/C wATA � 0g:

Similar to the last section, we have the following theorem.
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Theorem 3 (Billionnet et al. 2012) Problem .EBQP_MAX_dw/ is equivalent to
the following SDP problem:

.EBQP_DSDP_dw/ max � 	 C wbTb

s:t:

�
	 0:5.c0 C d � 2bTA/T

0:5.c0 C d � 2bTA/ Q0 � Diag.d/C wATA

�
� 0;

d 2 R
n;w 2 R:

The conic dual of problem .EBQP_DSDP_dw/ is given as follows:

.EBQP_PSDP_dw/ min Q0 	 X C cT
0x

s:t: Ax D b;

X 	 .ATA/� 2bTAxC bTb D 0;
Xii D xi; i D 1; : : : ; n;�
1 xT

x X

�
� 0:

which is also an SDP relaxation of .EBQP/.
It is shown in Faye and Roupin (2007) that problem .EBQP_PSDP_dw/ has

the same optimal value with the SDP problem .EBQP_PSDP_ds/. Thus the
reformulation .EBQP.d;w// with less parameters is as good as the reformulation
.EBQP.d; s//.

4.4 Generalization of QCR to MIQCQP

In this section we extend QCR to general MIQCQP problems step by step using the
techniques derived in Sects. 4.2 and 4.3.

4.4.1 QCR for Binary Quadratically Constrained Quadratic
Programming

We first consider binary quadratic programming problems with quadratic con-
straints:

.BQCQP/ min xTQ0xC cT
0 x

s:t: xTQixC cT
i x � bi; i D 1; : : : ;m;

x 2 f0; 1gn:
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For any d0; d1; : : : ; dm 2 R
n, the following problem is equivalent to problem

(BQCQP):

.BQCQP.d// min xT.Q0 �Diag.d0//xC .c0 C d0/
Tx

s:t: xT.Qi � Diag.di//xC .ci C di/
Tx � bi; i D 1; : : : ;m;

x 2 f0; 1gn:

For any S0; S1; : : : ; Sm 2 S
n, the following problem is equivalent to (BQCQP),

.BQCQP.S// min xT.Q0�S0/xCcT
0xC S0 	 Y

s:t: Yij � xi; Yij � xj; Yij � xiCxj � 1; YijDYji; 8 0 � i < j � n;

YiiDxi; iD1; : : : ; n;
xT.Qi � Si/xCcT

i xCSi 	 Y � bi; i D 1; : : : ;m;
x 2 f0; 1gn; Y 2 f0; 1gn�n:

Using the same methods as in Sects. 4.2 and 4.3, one can derive SDP problems
to solve for the best parameters d for problem .BQCQP.d// and S for problem
.BQCQP.S//. Note that in this case we also need to maintain the convexity in the
constraints.

4.4.2 QCR for Mixed-Binary Quadratic Programming

In this section we consider the following problem with continuous and binary
variables,

.MBQP/ min xTQ0xC cT
0 x

s:t: x 2 R
n; xi 2 f0; 1g; i 2 I � f1; : : : ; ng;

where we assume that, after fixing the values of xi; i 2 I, the remaining problem is
convex.

For any sij 2 R; .i; j/ 2 I � f1; : : : ; ng, the following problem is equivalent to
(MBQP),

.BQP.s// min xTQ0xC cT
0 x �

X
.i;j/2I�f1;:::;ng

sij.xixj � yij/

s:t: yij � xi; yij � xj; yij � xi C xj � 1; yij � 0; .i; j/ 2 I � f1; : : : ; ng;
yii D xi; i D 1; : : : ; n;
x 2 f0; 1gn; yij 2 R; .i; j/ 2 I � f1; : : : ; ng:
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Using the same methods as in Sects. 4.2 and 4.3, one can derive SDP problems to
solve for the best parameters s for problem .MBQP.s//.

4.4.3 QCR for MIQCQP

The final step in extending QCR to the general form of problem (P) is to employ
binary expansion of the integer variables. Each variable xi 2 Z; 0 � xi � ui; can be
replaced by its unique binary decomposition:

xi D
blog.ui/cX

kD0
2ktik;

tik 2 f0; 1g; k D 1; : : : ; blog.ui/c:
Then we can apply all the results in previous sections to the “binarized” problem.

4.4.4 Compact QCR for MIQCQP

Using simple binary expansion as in Sect. 4.4.3 could blow up the problem size
very quickly. This is especially true for problems driven by a massive amount
of “big data”. Billionnet et al. (2012, 2013, 2015) proposed a relatively compact
formulation. Consider the following integer quadratically constrained quadratic
programming problem,

.IQCQP/ min xTQ0xC cT
0 x

s:t: xTQixC cT
i x � bi; i D 1; : : : ;m;

xi 2 Z; 0 � xi � ui; i D 1; : : : ; n:
For any S0; S1; : : : ; Sm 2 S

n, the following problem is equivalent to (IQCQP),

.IQCQP.S// min xT.Q0 � S0/xC cT
0 xC S0 	 Y

s:t: xT.Qi � Si/xC cT
i xC Si 	 Y � bi; i D 1; : : : ;m;

0 � xi � ui: i D 1; : : : ; n;

xi D
blog.ui/cX

kD0
2ktik; tik 2 f0; 1g; k D 1; : : : ; blog.ui/c;

i D 1; : : : ;m;

Yij D
blog.ui/cX

kD0
2kzijk; i; j D 1; : : : ; n;
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zijk � ujtjk; i; j D 1; : : : ; n; k D 1; : : : ; blog.ui/c;
zijk � xj; i; j D 1; : : : ; n; k D 1; : : : ; blog.ui/c;
zijk � xj � uj.1 � tik/; i; j D 1; : : : ; n; k D 1; : : : ; blog.ui/c;
zijk � 0; i; j D 1; : : : ; n; k D 1; : : : ; blog.ui/c;
Yii D xi; i D 1; : : : ; n;
Yij D Yji; i; j D 1; : : : ; n; i < j

Yij � ujxi C uixj � uiuj; i; j D 1; : : : ; n; i � j;

Yij � 0; i; j D 1; : : : ; n; i � j;

The method for extending this formulation to mixed-integer problems can be found
in Billionnet et al. (2015).

4.4.5 With or Without Additional Variables

In Sect. 4.2, we presented two schemes, one with additional variables and the other
without additional variables. In fact, all the reformulations we considered can have
the corresponding two schemes. A natural question is: which scheme is better?
The scheme with additional variables has tighter reformulations but involves more
variables. The trade-off could be problem-specific. Billionnet et al. (2013) showed
that the scheme without additional variables could be more efficient in terms of
overall computation time for general problem (P).

4.5 QCR for Semi-Continuous Quadratic Programming

The QCR in previous sections exploits the structures of binary variables and linear
equality constraints to derive tighter reformulations. In this section, we look at
another structure involving semi-continuous variables.

When modeling real-world optimization problems, due to some managerial and
technological consideration, the decision variables are often required to exceed
certain threshold if they are set to be nonzero. Such variables are termed semi-
continuous variables. Mathematically, semi-continuous variables can be defined
as xi 2 f0g [ Œai; bi�, where ai < bi for i D 1; : : : ; n. Using binary variables,
semi-continuous variables can be expressed by a set of mixed-integer 0-1 linear
constraints:

aiyi � xi � biyi; yi 2 f0; 1g; i D 1; : : : ; n:
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Let us consider the following semi-continuous quadratic programming problem,

.SQP/ min xTQ0xC cT
0 xC hT

0 y

s:t: AxC By � d;

aiyi � xi � biyi; yi 2 f0; 1g; i D 1; : : : ; n;

Wu et al. (2016) proposed the following equivalent reformulation,

.SQP.u; v// min fu;v.x; y/ , xT Q0xC cT
0 xC hT

0 yC
nX

iD1
.uixiyi C viy

2
i � uixi � viyi/

s:t: AxC By � d;

aiyi � xi � biyi; yi 2 f0; 1g; i D 1; : : : ; n;

for any u; v 2 R
n. They showed that the quadratic function

nX
iD1
.uixiyi C viy

2
i � uixi � viyi/

is the most general quadratic function that can be added to the objective function.
We want to choose u; v such that .SQP.u; v// is a convex problem and the lower

bound from this relaxation is as tight as possible. This can be done by solving the
following problem:

.SQP_MAX_uv/ maxfv.SQP.u; v// j u; v 2 R
n; fu;v.x; y/ is convexg:

Following the approaches in Sects. 4.2 and 4.3, we can derive an SDP problem
to solve for the best parameters u; v for problem .SQP.u; v//.

Theorem 4 (Wu et al. 2016) Problem .SQP_MAX_uv/ is equivalent to the
following SDP problem:

.SDPq/ max 	

s:t:

0
@ Q 1

2
diag.u/ 1

2
˛.u; 
; �; �/

1
2
diag.u/ diag.v/ 1

2
ˇ.v; 
; �; �; �; �/

1
2
˛.u; 
; �; �/T 1

2
ˇ.v; 
; �; �; �; �/T �
Td � eT� � 	

1
A � 0;

(4.2)

.
; �; �; �; �/ 2 <mC � <nC � <nC � <nC �<nC; (4.3)

.u; v; 	/ 2 <n � <n � <;
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where

˛.u; 
; �; �/ D c � uC AT
 � �C �; (4.4)

ˇ.v; 
; �; �; �; �/ D h � v C BT
C diag.a/� � diag.b/� � �C �: (4.5)

4.6 Concluding Remark

The quadratic convex reformulation (QCR) approach for solving mixed-integer
quadratically constrained quadratic programming (MIQCQP) problems is very
effective. Its goal is to find a tight and efficient equivalent reformulation, by adding
quadratic functions that vanish in the feasible region to the objective function
and the constraints. We have reviewed recent advances in the QCR approach. By
exploring the QCR technique on subclasses of MIQCQP problems with simpler
structures first, we are able to generalize the approach step by step such that it can be
applied to general MIQCQP problems. We have also covered the recent extension of
QCR on semi-continuous quadratic programming problems. In a broad picture, the
QCR approach provides a very effective solution framework for solving MIQCQP
problems.

As the problem size of the NP-hard MIQCQP problems increases along with
the “big data” era, the QCR approach would be more and more important. This
is because finding the best reformulation in the QCR approach reduces to an
SDP problem, which is a convex problem that can be solved in polynomial time.
Armed with the optimized reformulation, better approximation and heuristics can
be developed.

In the coming future, the QCR approach can be further generalized according
to different practical structures in the objective function and the constraints. Also,
the integration of the QCR approach with other solution techniques for MIQCQP
problems is also an interesting research direction.
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Chapter 5
Measurements of Financial Contagion:
A Primary Review from the Perspective
of Structural Break

Xi Pei and Shushang Zhu

Abstract Financial contagion is an attractive topic in recent years, since it is one
of the most important issues closely related to the financial systemic risk that could
seriously hurt the economy. This review aims to summarize and clarify the different
concepts and measurements of financial contagion investigated in the literatures and
try to highlight their common feature and differences. Noting that “structural break”
is the essential feature used to define financial contagion, most of the measurements
of financial contagion proposed in the literature are along the line of modeling
structural break according to different mechanisms. Although, a few measurements
could be used to investigate financial contagion, there remain hardships in real
applications. The emerging “Big Data” technology might be helpful to refine both
the research and the practice of risk management relevant to financial contagion in
model specification and information acquisition.

Keywords Financial contagion • Financial market • Interbank system •
Structural break

5.1 Introduction

Financial contagion is the most typical manifestation and characteristic of financial
systemic risk, which always exhibits as the spread of financial distress from one
market, asset class, or geographical region to others continued unabatedly (see, e.g.,
Kolb 2011). For instance, the financial crisis of 2007–2009 initially originated in the
USA in the subprime mortgage market, then it rapidly spread across real economic
sectors, and to other both advanced and emerging countries. As a consequence, there
were even many countries suffered sharper crashes than the USA.
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As compared to the early representative theoretical literatures on financial
contagion, such as Allen and Gale (2000), Calvo and Mendoza (2000), and Kodres
and Pritsker (2002), the literatures on empirical tests of financial contagion occurred
almost 10 years earlier, such as Engle et al. (1990), King and Wadhwani (1990),
and Bekaert and Hodrick (1992), and the interest in empirically testing financial
contagion continued to more recent days, for example, Bekaert et al. (2014) and
Sahalia et al. (2015). Although, there are several measurements to analyze financial
contagion, the common logic in testing contagion is by first setting benchmark
model (diverse styles and names in different papers) to reflect the relationship of
asset returns (or price) in non-crisis environment or tranquility time, and then to
verify if there exists significant structural break (regarded as contagion after a shock)
or not. Our paper is from the perspective of structural break and aims to unify a
framework to highlight the similarities and differences of various approaches used in
testing and measuring financial contagion of financial markets and interbank system.
We hope this primary review can help people who are new to financial contagion to
quickly capture the essence of it.

By revisiting the literature, we suggest three aspects that need more attentions
before testing/measuring financial contagion. First, the essences of different def-
initions in literatures used to test contagion are almost consistent, although each
definition may represent one aspect of financial contagion. Researchers usually
chose the definition that can match their research objectives better. Second, we find
that early studies (most papers before Forbes and Rigobon 2002) do not distinguish
comovement and contagion well, as they mainly focused on the channels through
which negative shocks propagate. After the work of Forbes and Rigobon (2002),
researchers became to emphasis the differences between comovement caused by
normal interdependence and contagion caused by structural change. Thus specifying
a benchmark model to measure the normal interdependence in the tranquil period
is the first key step to test contagion characterized by excessive comovement after a
shock. Hence, tests for contagion should be based on the identification of structural
breaks either in the data-generating process or in some of its statistics, such as
volatility and correlation of asset returns. Third, in practical tests of contagion
usually require a clearly recognizable initial shock in one market or a group of
markets. Given the first shock, one can apply different methodologies to verify
whether the spread of instability is just the “business as usual”, or reflects something
more than normal interdependence. However, splitting the samples between crisis
periods and tranquil periods is often arbitrary. In the empirical literature, such a
split depends on an arbitrary cutoff value for the crisis indicator. Notice that those
arbitrary choices may result different, or even conflicting results.

Based on the perspective of structural break, the paper proceeds as follows. In
Sect. 5.2, we reclassify the concepts of financial contagion as the foundations for
further study. In Sect. 5.3, we present the key steps of most popular measurements
used in financial markets contagion by comparing setting benchmark model with
testing structure break. Along the same framework, we further review the methods
to model the financial contagion in an interbank system in Sect. 5.4. Finally, we
discuss the potential applications of Big Data technology in financial contagion in
Sect. 5.5.
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5.2 Concepts of Financial Contagion

Intuitively, financial contagion is a phenomenon usually happened during financial
distress and in turn accelerates the distress or even gives rise to a financial crisis.
While there is no consensus on what financial contagion is, a few definitions are used
to ascertain financial contagion in the literature. For example, Pericoli and Sbracia
(2003) proposed five definitions of financial contagion and argued that the empirical
results of testing contagion by different definitions are similar and concluded that
the discrepancies mainly stem from the differences among the data sets used to
detect the contagion. Noting that there would be no uniform definition on financial
contagion, we summarize in this paper the following three typical definitions of
financial contagion in a broad sense.

I. Volatility spillover. A stylized fact in international financial markets is the
rise in volatility of asset return during periods of financial turmoil (Pericoli
and Sbracia 2003). This definition exploits a volatility spillover from one
market to another as empirical evidence of financial contagion, where the
volatilities are usually estimated by GARCH models (see, e.g., Connolly and
Wang 2003; Beirne et al. 2013; Karmann 2014). Volatility of asset return is
generally regarded as a good approximation of market uncertainty. Hence,
an interpretation of this definition of contagion also refers to the spread of
uncertainty across international financial markets.

Note that a simultaneous rise in volatility in different markets might be due
to the unchanged normal interdependence between these markets or a structural
change of cross-market linkages. But this distinction was neglected by early
works, which merely focused on the occurrence of a volatility spillover but
not on its causes. As a remedy, some researchers suggested to measure the
contagion by the excessive volatilities of asset returns caused by structural
change of cross-market linkages (see, e.g., Corsetti et al. 2001; Rigobon 2003;
Bekaert et al. 2005). We refer to the definition of financial contagion as
volatility spillover in this sense.

II. Extra comovements of asset returns conditional on a crisis/events. This
definition is characterized by the significantly increased comovements of asset
returns during the spread of financial distress after a crisis event (see, e.g.,
Dungey and Zhumabekova 2001; Romero-Meza et al. 2015), such as the
subprime crisis from the USA to global markets in 2008 (see, e.g., Longstaff
2010), the Russian crisis in the summer of 1998 (see, e.g., Forbes and
Rigobon 2002), the Hong Kong stock market crash in October 1997 (see,
e.g., Basu 2002). By emphasizing on “significant increase”, this definition
conveys the notion of contagion as “excessive comovements” relative to some
benchmark. The essence of this definition is thus to draw a distinction between
normal comovements in return due to normal interdependence and excessive
comovements in return due to some kind of structural break.

III. Severe systemic instability induced by domino effect of a shock. In the
complex financial market, the crisis of one individual participant, especially



64 X. Pei and S. Zhu

the bankruptcy of a big company (usually commercial bank, investment bank,
or other systemic important financial institution) would rapidly affect others
through their close linkages and release danger signal to market, which will
trigger domino effect of default in the whole system (see, e.g., Eisenberg and
Noe 2001; Elsinger et al. 2006a; Caccioli et al. 2014). Take interbank system as
an example, banks hold assets of other banks and engage in interbank lending.
If one bank defaults, it will increase bad debts of its cooperative banks, which
may worsen their operations and even causes others to bankruptcies (Elsinger
et al. 2006a). In order to deal with their problem rapidly, banks in distress
have to fire sale their assets that always held by multi-banks, which will lead to
further defaults (Caccioli et al. 2014) and rise instability of the whole interbank
system.

It deserves mention that the above three definitions emphasize the same point,
“structural break”, although it may be measured in different ways in different
definitions.

5.3 Contagion of Financial Markets

In this section we review the literature on contagion of financial market, more
specifically, stock market, bond market, and currency market. Since the methods
applied to different markets are similar, we just try to introduce the commonly used
typical methods, without reviewing each paper in details.

For an overview of the literature on measuring financial contagion, we classify
relevant papers into three broad types. Figure 5.1 showed the representative
researches according to this classification.

The first type is to measure the extra increase of volatility of asset returns via
GARCH type models, since extra increase of volatility is regarded as the evidence
of contagion during the crisis period (see, e.g., Connolly and Wang 2003; Beirne
et al. 2013).

The second type is to measure the significant changes in the dependence of asset
returns, where Pearson correlation (see, e.g., Forbes and Rigobon 2002) or tail
dependence modeled by copula (see, e.g., Rodriguez 2007; Durante and Jaworski
2010) are used as the indicators.

The third type employs typical factor model (see, e.g., Rigobon 2003; Bekaert
et al. 2014, etc.) to test structural break in crisis period. Another merit of factor
model is that it can help to verify which factor is significantly changed to represent
the contagion source (see, e.g., Corsetti et al. (2001), Bekaert et al. (2005), Corsetti
et al. (2005), etc.).

In addition to the above three type methods, there are some other methods used
to measure financial contagion. For example, Probit/Logit models used to detect
the probability change on occurrence of crisis (see, e.g., Bae et al. 2003; Caramazza
et al. 2004; Markwat et al. 2009). Since we are unable to produce a complete review,
we omit these literature in this paper, which does not mean that they are unimportant.
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Fig. 5.2 Volatility of US financial market
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Fig. 5.3 Volatility of China financial market

5.3.1 Volatility Analysis

The first definition of financial contagion is according to the typical feature that
financial returns during crises exhibit high volatility. Figures 5.2 and 5.3 show the
S&P 500 Index and its volatility, and Shanghai Composite Index and its volatility,
respectively. Intuitively, we can see both volatilities of US market and China market
increase significantly in crash time as compared to the normal time.

To depict the volatility in crisis time, GARCH type models might be the
most popular model used in calculating the conditional variances to test volatility
spillovers. As a work relatively easy to understand, Beirne et al. (2013) applied
GARCH-BEKK models to study volatility spillovers from mature stock market to
emerging stock market.

Setting Benchmark Model
Beirne et al. (2013) set a tri-variate VAR-GARCH(1,1) process as the benchmark

model that takes the following form:

rt D ˛C ˇrt�1 C "t (5.1)
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where rt D .r1;t; r2;t; r3;t/0 denote returns of the local emerging market, regional
emerging market, and mature market at time t, respectively, ˛ and ˇ are autoregres-
sion coefficients, and "t D ."1;t; "2;t; "3;t/

0 is the residual vector following a normal
distribution "tjIt�1 � N.0;Ht/ with its conditional covariance matrix:

Ht D
0
@h11;t h12;t h13;t

h21;t h22;t h23;t
h31;t h32;t h33;t

1
A : (5.2)

According to the multivariate GARCH(1,1)-BEKK representation proposed by
Engle and Kroner (1995), Ht can be decomposed as:

Ht D C0CC A0

0
B@ "21;t�1 "1;t1"2;t�1 "1;t�1"3;t�1
"2;t�1"1;t�1 "22;t�1 "2;t�1"3;t�1
"3;t�1"1;t�1 "3;t�1"2;t�1 "23;t�1

1
CAAC G0Ht�1G (5.3)

with parameters

C D
0
@ c11 0 0

c21 c22 0

c31 c32 c33

1
A ; A D

0
@a11 0 0

a21 a22 0

a31 a32 a33

1
A and G D

0
@g11 0 0

g21 g22 0

g31 g32 g33

1
A :

Equation (5.3) models the dynamic process of Ht as a linear function of its own
past values Ht�1 and past values of innovations ."1;t�1; "2;t�1; "3;t�1/, allowing for
own-market and cross-market influences in the conditional variances.

Testing Structure Break
Beirne et al. (2013) defined volatility contagion as a shift in the transmission

of volatility from mature stock market to emerging stock market during episodes
of turbulence occurred in the former. In order to test for such shifts, they include
a dummy d in Eq. (5.3) that allows the parameters governing volatility spillovers
from mature market to change in these episodes. In such a case, the equation for the
conditional variance of return of local emerging market becomes:

h11;t D c211 C a211"
2
1;t�1 C a222"

2
2;t�1 C .a33 C a33dd/2"23;t�1 C 2a11a21"1;t�1"2;t�1

C 2a11.a31 C a31dd/"1;t�1"3;t�1 C 2a21.a32 C a32dd/"2;t�1"3;t�1
C g211h11;t�1 C g222h22;t�1 C .g33 C g33dd/2h33;t�1 C 2g11g21h12;t�1
C 2g11.g31 C g31dd/h13;t�1 C 2g21.g32 C g32dd/h23;t�1: (5.4)

In (5.4), parameters a31, a32, a33 and g31, g32, g33 can reflect the volatility spillover
from mature stock market to local emerging market caused by a normal relationship,
and a31d, a32d, a33d and g31d, g32d, g33d can capture shifts in these parameters,
which imply contagion. Thus contagion can be detected by testing whether those
parameters are equal to zero or not.
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While GARCH model allows to incorporate volatility spillovers in the model,
it is hard to estimate the model involving multiway simultaneous spillovers due to
the issue of endogeneity. Karmann (2014) suggested the SVAR model as a remedy
when encountering such a difficulty.

5.3.2 Correlation Analysis

The comovements of asset prices rise abruptly in crisis period and contagion can
be characterized as the excessive increase in correlation between two asset returns
during a crisis period. Figure 5.4 shows the correlation of daily returns of S&P 500
index and Hang Seng Composite Index during different time periods. One can see
that correlation during crash becomes larger.

The correlation based approach for analyzing contagion is popularized by Forbes
and Rigobon (2002), although their test based on the conditional correlation is
biased upwards and might result in evidence of spurious contagion (Boyer et al.
1997; Loretan and English 2000; Corsetti et al. 2005). Here, we introduce the
approach proposed by Corsetti et al. (2001), which can be regarded as an extension
of correlation analysis framework of Forbes and Rigobon (2002). The way to
implement test of contagion is to perform a regression on scaled asset return
samples.

Setting Benchmark Model
Consider an example with two assets. Firstly, define the following regression

equation during the non-crisis period where the returns are scaled by their respective
standard deviations: �

r2;x;t
�2;x

�
D ˛0 C ˛1

�
r1;x;t
�1;x

�
C "x;t (5.5)
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where, ri;x;t and �i;x, i D 1; 2 denote the returns (at time t) and the standard deviations
of returns during non-crisis period, respectively, and "x;t is the residual term. Then
the regression parameter ˛1 is exactly the correlation coefficient of assets 1 and 2
during the non-crisis period.

Secondly, the regression equation for the crisis period is given as follows:

�
r2;y;t
�2;x

�
D ˇ0 C ˇ1

�
r1;y;t
�1;x

�
C "y;t (5.6)

where y means samples are from crisis period, and the scaling of asset returns is
still by the respective standard deviations of the non-crisis period. The regression
parameter ˇ1 is exactly the adjusted correlation coefficient given by Forbes and
Rigobon (2002).

Testing Structural Break
By (5.5) and (5.6), we see that verifying the contagion can be transformed to test

the equality of the regression slope parameters estimated by ordinary least squares
(OLS). This test is equivalent to a Chow test for a structural break of the regression
slope. Implementation of the test can be based on the following pooled regression
equation over the entire sample.

�
r2;z;t
�2;x

�
D �0 C �1dt C �2

�
r1;z;t
�1;x

�
C �3

�
r1;z;t
�1;x

�
dt C "z;t (5.7)

where rz;i D .ri;x;1; ri;x;2; : : : ; ri;x;Tx ; ri;y;1; ri;y;2 : : : ; ri;y;Ty / represents the .TxCTy/�1
pooled data set by stacking the non-crisis and crisis data. The slope dummy, dt, is
defined as

dt D
(
1 W t > Tx;

0 W else
(5.8)

The parameter �3 D ˇ1 � ˛1 in (5.7) captures the effect of contagion. If the
dummy variable provides no new additional information during the crisis period,
then �3 D 0. Forbes and Rigobon (2002) test of contagion can be implemented by
estimating (5.7) by OLS and performing a one-sided t-test of H0 W �3 D 0, which is
equivalent to testing H0 W ˛1 D ˇ1.

The difference between the regression approach to correlation testing for conta-
gion based on (5.7) and the approach implemented by Forbes and Rigobon (2002)
is that the standard errors used in the test statistics are different with small samples.

The approaches proposed by Corsetti et al. (2001) and Forbes and Rigobon
(2002) are bi-variate analysis. Rigobon (2003) suggested an alternative multivariate
test of contagion. This test is based on comparing the covariance matrices estimated
with two different data samples (non-crisis and crisis).
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Tail dependence is another special type of correlation. Structural breaks in tail
dependence also implies financial contagions. For example, Rodriguez (2007) uses
copula (Nelsen 2007) based tail dependence measure to test the financial contagions
of stock markets during the Asian crisis and the Mexican crisis.

5.3.3 Factor Model Based Approaches

Factor model is commonly used to model asset returns in pricing and investment
(see, e.g., Sharpe 1963; Sun et al. 2009; Zhu et al. 2011). In a factor model, asset
returns are determined by a set of common factors and an idiosyncratic factor.

The measurements reviewed in previous sections can only used to check the
existence of phenomenon of financial contagion, but cannot be adopted to model
and explain its reason and mechanism. Factor model is a natural choice to remedy
these weaknesses since contagion can be regarded as the structure change of the
factor model (see, e.g., Masson 1998, 1999a,b; Corsetti et al. 2001; Forbes and
Rigobon 2002; Bekaert et al. 2005; Dungey and Zhumabekova 2001; Dungey et al.
2002, 2005).

5.3.3.1 Contagion of Individual Shocks

In this part, we consider the contagion of individual shocks among markets using
factor models. In the next part, we will further introduce the contagion of common
shocks and the transmission channels modeled by factor models. Figure 5.5 shows
the mechanism of contagion of individual shocks between two markets. By factor
model, the return of each market is driven by some common factors and an idiosyn-
cratic factor in tranquility time. In the crisis time, we can test individual contagion by
verifying whether or not the idiosyncratic event of a market significantly influences
another market.

Fig. 5.5 Mechanism
contagion of individual
shocks

Return of
market 2

Return of
market 1

Common factors

f1
f2

fn

Idiosyncratic
factor

of market 1

Idiosyncratic
factor

of market 2

Contagion of 
individual shock 
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Setting Benchmark Model
Following Dungey et al. (2002), assuming the following factor model summa-

rizes the dynamics of the demeaned return processes during a tranquility period:

ri;x;t D �ift C ıi"i;x;t; i D 1; 2 (5.9)

satisfying

E."1;x;t"2;x;t/ D 0 and E."i;x;tft/ D 0; i D 1; 2

where ft � .0; 1/ is common factor representing market fundamentals which
determine the average level of asset returns across international markets during
normal times.1 "i;x;t � .0; 1/; i D 1; 2 are idiosyncratic factors with respect to
different markets.

The interrelationship between these two market returns in (5.9) during a non-
crisis period can be characterized by their covariance

EŒr1;x;tr2;x;t� D �1�2 (5.10)

and variances

EŒr2i;x;t� D �2i C ı2i ; i D 1; 2: (5.11)

Testing Structural Break
Consider the case of contagion from market 1 to market 2. The factor model

in (5.9) is now augmented as follows:

r1;y;t D �1ft C ı1"1;y;t;
r2;y;t D �2ft C ı2"2;y;t C �"1;y;t

where the ri;x;t in (5.9) are replaced by ri;y;t to signify demeaned asset returns during
the crisis period. The expression for r2;y;t now contains a contagious transmission
channel as represented by local shocks from the market 1, with its impact measured
by the parameter � . The fundamental aim of all empirical models of contagion is to
test the statistical significance of parameter � .

The volatility of r2;y;t is now become

EŒr22;y;t� D �22 C ı22 C �2 (5.12)

1The model can be extended to allow for a richer set of factors, including observed fundamentals
(Eichengreen et al. 1996), trade linkages (Glick and Rose 1999; Pesaran and Pick 2007), financial
flows (Van-Rijckeghem and Weder 2001), geographical distance (Bayoumi et al. 2003), and Fama–
French factors (Flood and Rose 2004)
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and the covariance of r1;y;t and r2;y;t is

EŒr1;y;tr2;y;t� D �1�2 C �ı1 (5.13)

Dungey et al. (2005) suggested to decompose the effects of shocks into common,
idiosyncratic, and contagion, respectively, as follows:

�22
�22 C ı22 C �22

;
ı22

�22 C ı22 C �22
;

�22
�22 C ı22 C �22

: (5.14)

This decomposition provides a descriptive measure of the relative strength of
contagion in contributing to the volatility of returns during a crisis period. When
extending model (5.9) to test contagion among multiple markets, generalized
method of moments (GMM) can be used to estimate the unknown parameters (See
Dungey et al. 2005).

The above method can be generalized to allow for time varying volatility.
Suppose ft is governed by the following GARCH process:

ft � .0; ht/ (5.15)

with conditional volatility ht, given by the following GARCH structure (Diebold
and Nerlove 1989):

ht D .1 � m � n/C mf 2t�1 C nht�1: (5.16)

The choice of the normalization, .1�m�n/, constrains the unconditional volatility to
equal unity and is adopted for identification. Now, the volatility of return of market
2 during the crisis period is

Et�1.r22;y;t/ D Et�1.�2ft C ı2"2;y;t C �"1;y;t/
D �22ht C ı22 C �2; (5.17)

and the conditional covariance between r1;y;t and r2;y;t is

Et�1.r1;y;t; r2;y;t/ D Et�1Œ.�1ft C ı1"1;y;t/.�2ft C ı2"1;y;t C �"1;y;t/�
D �1�2ht C �ı1: (5.18)

For both constant volatility model and time varying volatility model, contagion
has the same effect of causing a structural shift during the crisis period in the
covariance by �ı1 and the variance by �2, although the variance and the covariance
change from �22 C ı22 and �1�2 under the constant volatility model to �22ht C ı22 and
�1�2ht under the time varying volatility model.

Clearly, with a factor model, we see how a financial contagion can be exhibited
as increase of volatility and comovement of returns.
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5.3.3.2 Contagion of Common Shocks and Transmission Channels

Although, contagions exhibit some common phenomena, such as volatility
spillovers and extra comovements of asset returns, there is no consensus on the
transmission mechanisms and channels. Crises may be triggered by shock via
international transmission through trade links, competitive devaluations, financial
links, or policy game among national governments (see, e.g., Schinasi and Smith
2001; Dungey and Tambakis 2003). For domestic contagion, fragile real economy
and irregular financial market might be the main reasons of contagion (see, e.g.,
Lucas 1982; Dornbusch et al. 2000; Pritsker 2001). More recently, researchers
pay more attention to market reaction mechanism of financial contagion, including
investor behavior affected sentiment (see, e.g., Masson 1999a; Karolyi 2004),
information asymmetry (see, e.g., Kodres and Pritsker 2002; Trevino 2014), and
liquidity shortage (see, e.g., Brunnermeier and Pedersen 2009; Gai and Kapadia
2010). All these phenomena have been labeled as channels of contagion.

Bekaert et al. (2014) developed a factor model to set a benchmark for what the
global equity market comovements should be, and define the unexplained increases
in factor loadings and residual correlations as indicator of contagion in 2007–2009
financial crisis. They further disentangled the channels of contagion, and explained
the heterogeneity in contagion across portfolios by testing whether and how the
dependence of factor exposures on various instruments changed during the crisis.

Setting Benchmark Model
As in Bekaert et al. (2014), during non-crisis period, the excess return of portfolio

i at time t denoted by ri;t is modeled as follows:

ri;t D ˛i;0 C ˛i;1ri;t�1 C ˛i;2dyi;t�1 C ˇ0
i;tf t C "i;t; i D 1; � � � ;m (5.19)

where dyt is the dividend yield of the portfolio, f t is the vector of three common
factors that drive the returns.

Testing Structural Break
To test contagion and identify channels of contagion, Bekaert et al. (2014)

extended (5.19) to the full model as follows:

ri;t D ˛i;0 C ˛i;1ri;t�1 C ˛i;2dyi;t�1 C ˇ0
i;tf t C 
i;tCRt C "i;t; (5.20)

ˇ
j
i;t D ˇ

j
i;0 C


ˇ

j
i;1

�0
zt�k C � j

i;tCRt; (5.21)

�
j
i;t D �

j
i;0 C


�

j
i;1

�0
zt�k; j D U;G;D (5.22)


i;t D 
i;0 C �0
i;1zt�k (5.23)

where CRt is a crisis dummy (the model is referred to as the “interdependence
model” when it is eliminated) and zt is a vector of control variables designed to
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capture time and cross-sectional variation in factor exposures. When the model
includes control variables z, the expected return also depends automatically on these
lagged z0s.

Equations (5.20) and (5.21) allow to uncover the sources of contagion through
coefficients � or 
 if they are significant unequal to zero. � in Eq. (5.21) measures
contagion via the factors f t, that is, changes in interdependence during the crisis,
while 
 in Eq. (5.20) captures contagion unrelated to the observable factors f t of the
model.

Further to explore possible channels of contagion, Bekaert et al. (2014) rec-
ommended a series of instruments to model time variation in exposures. Equa-
tions (5.21), (5.22), and (5.23) contain a set of lagged instruments, zt�k, which are
used to model the time variation in the exposures ˇ, � , and 
.

By choosing various instruments for z, they mainly examined six groups channels
of contagion, more specifically, interbank linkage, financial policies to protect the
domestic financial sector during the crisis, globalization, information asymmetries,
and herding behavior (See Bekaert et al. 2014 for details).

In addition to volatility, correlation, and factor model based methods, there exist
some other methods used in measuring financial contagion along the perspectives
other than increase of volatility and correlation. Based on the fact that shock in
one market may increase the probability of occurrence of crisis in other markets,
Eichengreen et al. (1996) and Bae et al. (2003) used multinomial logistic regression
models to evaluate contagion in financial markets.

5.4 Contagion of Interbank System

The recent literature on interbank system tried to find whether there exist optimal
financial networks that can promote financial stability. Most papers find that
contagion is not only a purely random phenomenon, but also depends on the
structure of the financial system. More and more literatures on financial networks
and contagion are contributing to analyze contagion between financial intuitions
and/or real economy sectors.

5.4.1 Network Model of Interbank Contagion

Network model is widely applied to many different areas, which can be described
by a set of nodes and a set of links between them. The complex financial linkages
(interbank exposures) among many financial institutions can be modeled as a
network which can be further used to address issues of system stability and risk
contagion according to the third definition of financial contagion. Although there is
not yet a unified framework that is able to fully embed the literature on financial
networks into the wider field of economic theory, there seem to be some important
economic intuitions.
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Allen and Gale (2000) claimed that financial contagion could be modeled as
an equilibrium phenomenon. Because liquidity preference shocks are imperfectly
correlated across regions, banks hold interregional claims on other banks to provide
insurance against liquidity preference shocks. When uncertainties in a fragile
financial system aggregate to certain degree, a small liquidity preference shock in
one region can spread by contagion throughout the economy. They also argued that
the possibility of contagion depends strongly on the completeness of the structure of
interregional claims, and concluded that complete claim structures seem to be more
robust than incomplete structures. Eisenberg and Noe (2001), Elsinger et al. (2006a),
Elsinger et al. (2006b), Upper (2011), and Summer (2013) set network model
to simulate the exposure linkages of a given banking system, and explained how
shocks are potentially amplified through the network of exposures. Hasman (2013)
compared the existing theoretical and empirical literature on contagion through
the banking system, and concluded that the structure of the interbank market, the
bank size, the linkages among them, the level of correlation of investments, and
the transparency of the regulator are main five factors in determining the possibility
of contagion. The author also claimed that financial linkages promote stability for
small shocks, but increase instability for big shocks.

Setting Benchmark Model
Notice that it is popular that banks hold assets of each other and engage

in interbank lending. Following Eisenberg and Noe (2001) and Summer (2013),
suppose there exist n banks in the interbank system, which have for each institution
i non-interbank-related asset aNIB

i and interbank asset aIB
i on their balance sheet.

On the liability side, there are interbank liability dIB
i , as well as liability to creditors

outside the network dNIB
i . The equity is denoted by ei. The value of the non-interbank

assets aNIB
i can be interpreted as an exogenous random variable. The values of all

the other parts of the balance sheet are determined endogenously within the network
conditional on a particular draw of aNIB D .aNIB

1 ; � � � ; aNIB
n /. The structure of the

interbank liabilities is represented by a matrix L D .lij/n�n, where lij represents the
nominal obligation of bank i to bank j. These liabilities are nonnegative, and the
diagonal elements of L are zero as banks are not allowed to hold liabilities against
themselves.

Figure 5.6 illustrates the simplified network model of interbank system in normal
time. In this model, the relationships between interbank assets and liabilities can be
modeled by some linear equations. Take bank1 as instance, the interbank asset of
bank1 aIB

i equals to the sum of its liabilities to other three banks, mathematically,
aIB
1 D l21 C l31 C l41, and interbank liability dIB

i equals to the sum of its obligations
to other three banks, i.e., dIB

1 D l12 C l13 C l14.
In the case of default, the nominal values of assets and liabilities of banks are

usually different to their market value. Denote

NdIB
i D

nX
jD1

lij and NaIB
i D

nX
jD1

lji (5.24)
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Fig. 5.6 Network of interbank system

the nominal values of the total interbank liability of bank i and claim of bank j in
contrast to the market values dIB

i and aIB
j determined endogenously by the interbank

system.
In the case of default, three rules have to be respected for clearing: Limited

liability, Priority of debt claims, and Proportionality paid off (See Summer 2013
for details). To operationalize proportionality, let NdI

i be the total nominal obligations
of node i, i.e.,

NdI
i D NdIB

i C NdNIB
i D

nX
jD1

lij C NdNIB
i (5.25)

and define the proportionality matrix … D .�ij/ as

�ij D

8̂<
:̂

lij
Ndi
W if Ndi > 0;

0 W otherwise

(5.26)

The amount available for bank i to pay off its debt equals aNIB
i CPn

jD1 �jidj. Thus,
the interbank system will remain stable if the actual payments made by all the banks
can be able to completely pay off their debts, i.e.,
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Fig. 5.7 Mechanism of contagion of interbank system

aNIB
i C

nX
jD1

�jidj � Ndi; i D 1; � � � ; n: (5.27)

Testing Structural Break
In the case when a individual bank encountering default event, it cannot

completely pay off its debts to other banks, thus may cause a “domino effect” of
contagion in the interbank system. Figure 5.7 illustrates the contagion mechanism
of interbank system. In the first situation, there is a big shock directly to Bank1 that
induces default of Bank1 to other banks. For the bank holding large amount assets
of Bank1, the bad debt rises suddenly and further results in bankruptcy that may
start a new round defaults in this interbank system. In the second situation, there is
a big shock to other bank, like Bank2, which defaults to other banks connected to
it. If Bank1 is affected so much by the default of Bank2, then the system is going to
run the same as the first situation.

Now we discuss the conditions which will lead to network structure break that
causes contagion in system. More specifically, for bank i, there are two different
situations considering the payment rules described in previous, i.e., “pay nothing” if

aNIB
i C

nX
jD1

�jidj < 0 (5.28)
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and “proportionally pay off” characterized by

Ndi > aNIB
i C

nX
jD1

�jidj � 0: (5.29)

Noting that (5.27), (5.28), and (5.29), the clearing payment vector d� satisfying
0 � d� � Nd is a payment vector determined by the following system:

d� D fŒaNIB C…0d�� _ 0g ^ Nd
where

x _ y D .minfx1; y1g; � � � ;minfxn; yng/
x ^ y D .maxfx1; y1g; � � � ;maxfxn; yng/

Clearing vectors can be calculated in different ways using relatively simple and
fast algorithms. One can refer to Elsinger et al. (2013) for technical details. Notice
that Elsinger et al. (2006a) further distinguished default of bank as fundamental
default (if aNIB

i CPn
jD1 �jidj < Ndi) and contagious default (if aNIB

i CPn
jD1 �ji Ndj �

Ndi; but aNIB
i CPn

jD1 �jid�
j � Ndi).

5.4.2 Contagion via Portfolio Overlapping

In the previous subsection, we focus on the endogenous contagion within interbank
system. Generally, banks hold not only assets of other banks, but also non-interbank-
related assets aNIB

i . Now, we further address how the overlapping of non-interbank-
related assets induces contagion of interbank system.

Caccioli et al. (2014) developed a network approach to measure the amplification
of financial contagion of interbank system due to portfolio overlapping and leverage.

Setting Benchmark Model
First, they set a basic model of financial system with links in the network

connecting banks to assets. Suppose there are two groups of nodes, n banks and
k assets, of a financial network. The number of assets in the portfolio of bank i, i.e.,
the number of links of the corresponding node, is its degree ki. Figure 5.8 shows
the simplified network of portfolio overlapping among interbank system, including
three assets and four banks. It deserves mention that the spirit implied by Fig. 5.8
goes beyond the essential idea of Caccioli et al. (2014) itself, which was partly
investigated by Caccioli et al. (2015).

The average diversification, i.e., the average degree of banks in the network,
is then:

�b D 1

n

nX
iD1

ki (5.30)
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Fig. 5.8 Network of interbank system with portfolio overlapping

where the sum runs over all n banks. Conversely, the number of banks that hold
asset j in their portfolio is its degree lj, and the average degree of the assets is

�a D 1

m

mX
jD1

li: (5.31)

Since each link connects a bank to an asset, the total degree of the banks must equal
the total degree of the assets, �bn D �am. Thus, a rough characterization of the
network topology can be given in terms of two parameters �b and  D n=m.

Second, they model the solvency condition. Denote the portfolio value of bank i
at time t as

ai;t D
mX

jD1
qijpj;t (5.32)

where qij is the number of shares of asset j held by bank i and pj;t is the price of
asset j at time t. Suppose bank i holds cash ci, and denote its liability as li, neither of
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them are time dependent. ai;0 is the initial portfolio value of bank i, its initial equity
(or capital) is therefore ei;0 D ai;0C ci � li: The condition for bank i to be solvent at
time t is

mX
jD1

qijpj;t C ci � li: (5.33)

Finally, they set up a model for market impact. Whenever a bank does not satisfy
the solvency condition, portfolio undergoes a fire sale which causes the price of
assets in the bank portfolios to drop. If xj;t is the fraction of asset j that has been
liquidated till time t, the price is updated as

pj ! pjfj.xj;t/ (5.34)

where fj.xj;t/ is a market impact function set as e�˛xj;t in Caccioli et al. (2014).

Testing Structural Break
Suppose that the initial shock occurred at time t D 0. Then at each time

t D 1; 2; : : :, the solvency condition is checked for every bank, the portfolios of
newly insolvent or bankrupted banks are liquidated, and new prices are computed
for each asset according to (5.34). The dynamics stops when no new bankruptcies
occur between two consecutive time steps. This can be summarized as the following
iteration:

(1) Introduce the initial shock in the system;
(2) Liquidate the portfolio of insolvent banks;
(3) Recompute prices of assets;
(4) If new banks are insolvent go to step (2), otherwise end.

Caccioli et al. (2014) further investigated the circumstances under which sys-
temic instability is likely to occur as a function of parameters that representing
leverage, market crowding, diversification, and market impact. By comprehensive
simulation analysis, they concluded that (1) There is a critical threshold for leverage;
below it financial networks are always stable, and above it the unstable region
grows as leverage increases; (2) Although diversification may be good for individual
institutions, it can create dangerous systemic effects; (3) Dynamic deleveraging
during a crisis can amplify instabilities. The financial system exhibits “robust yet
fragile” behavior, where contagion is rare but catastrophic whenever it occurs.

As illustrated in Fig. 5.9, suppose a bank default, then the financial distress
spreads not only through network of interbank assets in the manner that we
discussed in previous part, but also via the overlapping of non-interbank assets.
Caccioli et al. (2015) claimed that neither channel of contagion results in large
effects on its own, but bankruptcies are much more common and have large systemic
effects when both channels are active at the same time. We guess that this framework
might deserve further investigation.



5 Measurements of Financial Contagion: A Primary Review... 81

Fig. 5.9 Mechanism of contagion of interbank system with overlapping portfolios

5.5 Potential Applications of Big Data to Financial Contagion

Financial system is an uncertain and complex system interacting with human
behavior. Up to date, there is no consensus on “what financial contagion is”, “why
it happens”, and “how to cope with it”. Although some typical methods and models
are developed to simulate financial contagion, there remain many difficulties in
measuring and coping with it.

First, it is a hard work to understand multiple financial contagion mechanisms.
Many researchers had contributed their wisdoms to analyze contagion through
various perspectives. However, more measurements and information are needed
to disentangle internal relations of all contagion mechanisms and to develop a
generalized way to comprehensively and properly measure multi-channel contagion.

Second, lack of information often forces researchers to alter their most suitable
research scheme. For instance, to simplify model specification, investor behav-
iors are always supposed to be homogeneous. However, there exist significant
differences in investor behaviors due to the difference in their capabilities in
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information acquisition and risk attitudes. By allowing for information asymmetry
and inhomogeneous investor behaviors, the researches may become more close to
vivid financial contagion in reality.

Third, sufficient and timely information is needed to make better financial risk
managements in practice. However, the cost is too much for ordinary individual
investors to get information and deal with it properly with the traditional method-
ologies. Furthermore, in order to gain competitiveness and keep business secrets,
the needed data for financial risk management are often unavailable publicly. Most
of individual investors in the financial system have to adopt “following strategy”
that often manifests as “herd behavior” in the financial market and in turn amplifies
financial contagion.

No matter for regulation, forecasting, or forewarning, the methodologies that
can timely and frequently collect, update, and integrate information emerged in the
market through different forms are necessary. Big data characterized by “4V”, i.e.,
Volume, Variety, Value, and Velocity, might be exactly the right thing to improve and
conquer these hardships in measuring financial contagion by providing diversiform
information in cheaper, faster, and more efficient way.
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Chapter 6
Asset-Liability Management
in Continuous-Time: Cointegration
and Exponential Utility

Mei Choi Chiu

Abstract Using the technique of dynamic portfolio optimization, Chiu and Li
(Insur. Math. Econ. 39:330–355, 2006) pioneered the optimal asset-liability man-
agement (ALM) framework for investors and insurers in a continuous-time econ-
omy. Their approach has been generalized to different objective functions under
different stochastic models for the assets and the liabilities. This paper briefly sum-
marizes recent advances along this research direction based on the author’s personal
interest and the required quantitative tools from stochastic optimal control theory.
A new ALM solution is then derived for constant absolute risk averse insurers
subject to cointegrated assets and compound Poisson-type insurance liabilities.

Keywords Asset-liability management • Cointegration • Utility theory

6.1 Introduction

The use of optimization techniques in portfolio management originated in the
seminal work of Markowitz (1952), in which the mean-variance (MV) criterion
is proposed. Although the static MV portfolio approach was important enough
for Markowitz to receive the Nobel prize in Economics in 1990, its extension
to dynamic portfolio choice was solved until the works by Li and Ng (2000)
and Zhou and Li (2000) were published. Chiu and Wong (2011) generalize it
to the cointegration economy. Cui et al. (2012) are among the first to study the
MV portfolio in a time-consistency manner. Their work not only stimulates active
research in time-consistent MV portfolio problems but is also extended to the
concept of time-consistency in efficiency using cone constrained approach (Cui et al.
2015) and a unified framework using mean-field formulation (Cui et al. 2014). To
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address practical concerns, Gao et al. (2015a) investigate the optimal market timing
via the time cardinality constrained MV portfolio selection.

The success of the dynamic portfolio choice stimulates the application of a
stochastic optimal control framework to finance problems. Among many applica-
tions associated with the dynamic MV criteria, the present paper concentrates on
the use of the optimal portfolio technique for asset-liability management (ALM)
problems in continuous time proposed by Chiu and Li (2006). The major difficulty
in an optimal ALM problem is that it contains an uncontrollable stochastic variable:
liability. After subtracting liability from the investor’s wealth, the objective function
is based on the surplus process in place of the wealth process in the classical
portfolio problems. Therefore, the ALM problem is inevitably formulated in an
incomplete market. In the case of insurance liability or insurance claims, the
surplus process becomes a jump-diffusion model in which the Poisson shock is
uncontrollable. Therefore, the ALM problem requires further treatment to remove
the difficulty generated by the uncontrollable liability. Chiu and Li (2006) lay the
theoretical ground to overcome such a difficulty through a series of transformation
of variables. An alternative way to look at ALM problem considers the asset-to-
liability ratio or the funding ratio. Chiu et al. (2012) discover that the practical
constraint on the bounded funding ratio removes the ill-posedness of some ALM
problems. Recently, Gao et al. (2015b) use the bounded funding ratio constraint to
solve mean-LPM and mean-CVaR portfolio optimization problems.

In fact, the optimal ALM approach has been further generalized to many practical
stochastic models. Yi et al. (2008) extend this approach to discrete-time framework
with uncertain investment horizon. Using the MV criteria, Chiu and Wong (2012,
2013a) consider the cointegrated assets with a compound Poisson liability and a
diffusive liability, respectively. Chiu and Wong (2014) study the ALM problem in
which risky assets have a stochastic variance–covariance matrix and the liability
follows a compound Poisson process. Wong et al. (2014) derive optimal longevity
risk management solutions for time-consistent and pre-commitment MV problems.

An alternative generalization considers other objective functions. Chiu and Li
(2009) investigate the connection between the ALM problems under the MV
criterion and the surrogate safety-first principle. Chiu et al. (2012) investigate
the genuine safety-first ALM problems. Chiu and Wong (2013b) solve the ALM
problem for constant relative risk aversion (CRRA) insurers.

This paper has two objectives. The first is to briefly review the dynamic ALM
problem. The presentation is based on a rather general class of objective functions
and a general stochastic differential equation (SDE) for the risky assets. The purpose
is to highlight the major difference between the classical portfolio optimization and
ALM problems.

The second is to offer a new research result. Using the established framework, I
derive a closed-form solution to the optimal ALM strategy for a constant absolute
risk averse (CARA) insurer subject to a high-dimensional cointegration system
of risky assets and a compound Poisson insurance liability. This new finding
not only generalizes the pair-trading strategy of Tourin and Yan (2013) from the
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two cointegrated risky assets case to a high-dimensional cointegration system but
also from the portfolio management perspective to ALMs with a Poisson shock
associated with the insurance claims. In addition, the model setting here also
supplements that of Chiu and Wong (2013b) because their liability process is
specially constructed to ensure a positive surplus. My consideration includes the
possibility of ruin.

The theoretical optimal strategy in a financial market with a huge number of risky
assets is useful for big data analysis as well. When the underlying financial problem
involves many risky assets, traditional parameter estimation becomes unstable and
degeneracy occurs by using the “optimized” strategy (Pun and Wong 2016). Existing
big data methods can improve the implementation for static optimization problems
but not for stochastic optimal control problems. The challenge is twofold. The first
challenge is to estimate model parameters effectively under a big data environment.
Even although the huge number of parameters are estimated satisfactorily, the error
could be magnified exponentially when the parameters are plugged into the optimal
portfolio policy. Therefore, the second challenge is to stabilize the aggregated
estimation error through some additional big data techniques.

The cointegration model is closely related to the vector autoregression. When the
vector autoregression system is stationary, Han et al. (2015) propose a high dimen-
sional estimation scheme. Unfortunately, their method is not directly applicable for
cointegration model because cointegration system contains a stationary sub-system
but the whole system itself could be non-stationary.

The analytical solution obtained from the present paper is useful for the second
step. Chiu et al. (2017) show that the analytical solution can serve as the base
to construct a big data method to improve dynamic portfolio strategy. Therefore,
the result presented in this paper has a great potential to correct estimation errors
from high dimensionality. Potential candidate methods include shrinkage estimates
and the constrained `1�minimization considered in Chiu et al. (2017). However, I
leave this for a separate future research. An alternative approach considers robust
optimization to reduce the effect from estimation errors. Corresponding references
include Zhu et al. (2014, 2015). However, the extension of these latter approaches
to incorporate cointegration is a very challenging mathematical task.

I concentrate on the cointegration system of risky assets because it is probably
the most well-known, sufficiently general and empirically testable stochastic model
in finance so far. Granger (1981) discover that a linear combination of two or
more non-stationary time series can be stationary. Engle and Granger (1987) further
formalize the idea of integrated variables sharing an equilibrium relation that turns
out to be either stationary or to have a lower degree of integration than the original
series. They denote this property as cointegration, signifying co-movements among
trending variables that can be exploited to test for the existence of equilibrium
relationships within a fully dynamic specification framework. Granger was thus
awarded the Nobel Prize in Economics in 2003.
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The remainder of this paper is organized as follows. Section 6.2 reviews the
notion of ALM, cointegration, insurance liability and the problem formulation.
Section 6.3 derives the optimal solution for CARA insurers within a cointegration
system of risky assets and draws economic inferences from it. Section 6.4 concludes
the paper.

6.2 Optimal ALM Formulation

Let fX.t/ 2 R
ngt�0 be a stochastic vector process which is the strong solution of the

following (SDE):

dX.t/ D �.t;X.t// dtC �.t/ dWt; (6.1)

where �.t; �/ 2 R
n is a deterministic vector-valued function, �.t/ 2 R

n�n is a
deterministic matrix-valued function, and fWt 2 R

ngt�0 is the vector of independent
Weiner processes. Let Si.t/ D eXi.t/ be the price of risky asset i in the economy.
Then, fX.t/gt�0 represents the vector of log-asset value processes. Consider the
economy with one risk-free asset that

S0.t/ D S0.0/e
R t
0 r.	/ d	 ;

where r.t/ is the time-deterministic interest rate.
In classical dynamic portfolio problems, the investor determines the optimal

allocation of her wealth, A.t/; to all of the available assets. Therefore,

A.t/ D
nX

jD0
Nj.t/Sj.t/ D

nX
jD0

uj.t/; (6.2)

where Nj.t/ is the number of holdings of asset j at time t, and uj.t/ is the investment
amount in asset j at time t. An application of Itô’s lemma shows that

dA.t/ D Œr.t/A.t/C u.t/0ˇ.t/� dtC u.t/0�.t/ dWt; (6.3)

where u.t/ D Œu1.t/ � � � un.t/�0 is the vector of risky asset investment amounts and

ˇ.t/ D �.t;X.t//C 1

2
D1 � r.t/1;

with D being the diagonal matrix sharing the same diagonal with �.t/�.t/0 , and
1 2 R

n being the vector of all elements equal to 1.
The classical portfolio problem can be expressed as

sup
u.t/2…

EŒU.A.T//jFt�; s.t. (6.1) and (6.3); (6.4)



6 Asset-Liability Management in Continuous-Time: Cointegration... 89

where U.�/ is a non-decreasing utility function, Ft is the information available to
the investor at time t, and … is the admissible set such that

… D
�

u.t/ 2 R
n

ˇ̌̌
ˇE
�Z T

0

ku.t/k2 dt

�
<1

�
:

When the number of risky assets equals the number of driving processes, the market
is called a complete market. Then, there exists a unique equivalent martingale
measure so that the martingale approach, a kind of duality approach, can be applied.
Otherwise, the solvability of the martingale approach could be a challenging
technical problem.

6.2.1 Asset-Liability Management

The major difference between the portfolio problem and ALM is that the latter
contains the uncontrollable liability. Hence, the investor’s utility is based on the
surplus rather than the wealth. The surplus is defined as

Y.t/ D A.t/ � L.t/; (6.5)

where A.t/ is defined in (6.2), and L.t/ is a stochastic liability. For instance, Chiu
and Li (2006) consider a diffusive liability such that

dL.t/ D �L dtC �L dWL.t/;

where �L and �L are constant values, and fWL.t/gt�0 is the real-valued Wiener
process possibly correlated with the Wiener vector fWtgt�0. For an insurer’s ALM
problem, Chiu and Wong (2012) use a compound Poisson process for the liability,

L.t/ D
N .t/X
iD1

zi; (6.6)

where fN .t/gt�0 is a Poisson process with intensity �, and zi for i D 1; 2; : : : ;

are independent identically distributed random variables with a bounded moment-
generating function.

Hence, the optimal ALM problem becomes

sup
u.t/2…

EŒU.Y.T//jFt�; s.t. (6.1); (6.3); and (6.5): (6.7)

In ALM problems, the utility is evaluated at the terminal surplus, and the optimal
strategy u.t/ only affects the asset allocation. In practice, the payment schedule
and amount of the liability can seldom be intervened by the investor. This is the
situation of uncontrollable liability. Take the diffusive liability model as an example.
The number of Weiner processes driving the surplus process is n C 1 while the
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number of controls is n so that the ALM problem falls into an incomplete market sit-
uation. The market incompleteness requires additional conditions for the solvability
of the martingale approach (Chiu et al. 2012). When the liability is associated with
jumps like (6.6), Chiu and Wong (2012) demonstrate the sophistication required
to prove the existence and uniqueness of the optimal ALM strategy for a linear-
quadratic objective function. More specifically, the duality approach requires the
study of the existence and uniqueness of the corresponding forward–backward SDE
(Chiu and Wong 2012).

When the martingale approach is too complicated to apply, the Hamilton–Jacobi–
Bellman (HJB) framework is a useful alternative as shown in Chiu and Li (2006).
For example, Chiu and Wong (2013b) adopt the HJB approach to the ALM problem
with cointegrated assets and insurance liability for a CRRA insurer. Although (6.6)
is the most popular model in the insurance literature, it makes the surplus possibly go
negative, and hence, the CRRA utility becomes undefined. Chiu and Wong (2013b)
then postulate the liability to be

L.t/ D
Z t

0

.1 � ez	 /Y.	/ dN .	/

so that the surplus always stays positive. However, insurers are primarily concerned
with the probability of ruin or a negative surplus.

Nothing is better than giving a concrete example to demonstrate the solution
process. This paper considers the cointegration system of risky assets and the
liability of form (6.6). I demonstrate the solution process with the HJB framework
below.

6.2.2 The Financial Market with Cointegration

Assumption 2.1 The vector of log prices of risky assets, X.t/, satisfies the SDE:

dX.t/ D Œ�.t/ �AX.t/� dtC �.t/dWt; t 2 Œ0;T�; (6.8)

where Wt D .W1
t ; : : : ;W

n
t /

0 is a standard Ft�0-adapted n-dimensional Wiener
process on a fixed filtered complete probability space .�;F ;P ;Ft�0/, Wi

t and Wj
t

are mutually independent for all i ¤ j, F WD fFtgt�0 is the filtration generated
by Wt augmented by the null sets of P , A 2 R

m�m is a constant matrix, and
†.t/ D �.t/�.t/0 is the variance–covariance matrix of assets defined in the Banach
space of the Rn�n-valued continuous function on Œ0;T� such that the non-degeneracy
condition of †.t/ � ıIn holds for all t 2 Œ0;T� and for some ı > 0. Here, �.t/ and
�.t/ are time-deterministic functions. In addition, the real part of each eigenvalue of
A is non-negative and A is non-zero. Note that A can be singular.
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In other words, Assumption 2.1 postulates that �.t;X/ D � �AX in (6.1), and it
refers to the cointegration system of risky assets. Economically, there exist common
equilibria among the risky assets in this financial market. Let us begin with the
single risky asset case:

dX1.t/ D Œ�1 � a X1.t/� dtC �1 dW1.t/:

By Itô’s lemma, it is clear that

X1.t/ D X1.0/e
�at C �1 1 � e�at

a
C �1

Z t

0

ea.	�t/ dW	

) X1.t/ � N

�
X1.0/e

�at C �1 1 � e�at

a
;
�21
2a

	
1� e�2at


�
:

If a > 0, then X1.t/ has a known distribution for all t > 0. In particular, its invariant
distribution exists by taking t tends to infinity. In economic terms, the long-term
equilibrium of X1 exists and X1.1/ � N.�1=a; �21 =.2a//. The parameter �1=a
is hence called the long-term mean of the equilibrium, and fX1.t/gt�0 is called a
(weakly) stationary process.

For n > 1, suppose A has k positive eigenvalues and the remainings are zero,
where k < n. Suppose further that A is diagonalizable. Hence, A D PDP�1, where
D is a diagonal matrix with the first k diagonal elements being positive. The system
of SDE (6.8) is transformed into the following system of SDE:

dX�.t/ D .�� � DX�.t// dtC �� dWt; (6.9)

where X�.t/ D P�1X.t/, �� D P�1� , and �� D P�1� . Let Z.t/ D ŒX�
1 .t/ � � �X�

k .t/�
0.

Then, there exist �z 2 R
k and invertible Dz; �z 2 R

k�k such that

dZ.t/ D .�z � DzZ.t// dtC �z dWt: (6.10)

It is then easy to show that

Z.1/ � N

�
D�1�z;

1

2
D�1�z�

0
z

�
:

In other words, there exists a linear transformation of log-asset prices that admits a
stationary subsystem.

6.2.3 The Surplus Process

After specifying the risky asset dynamics, I consider the surplus of (6.5) subject to
Assumption 2.1 and the liability process of (6.6). Notice that the ALM strategy is
not a self-financing ones because the uncontrollable insurance liability is a random
payment of cash outflow. This makes this ALM problem different from classical
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portfolio selection problems. Applying Itô’s lemma to Y.t/ with respect to the
cointegration system (6.8), the wealth process is given by

dY.t/ D 	
r.t/Y.t/ C u.t/0ˇ.t/



dtC u.t/0�.t/dWt � zdNt; (6.11)

Y.0/ D Y0;

where z has the same distribution with zj, and

ˇ.t/ D �.t/� AX.t/C 1

2
D1 � r.t/1; (6.12)

in which D is the diagonal matrix with all diagonal elements equal to those of †.t/;
1 is the column vector with all elements being 1; Nt is a doubly stochastic Poisson
process with F-predictable non-negative intensity �.t/; and the parameters �ij.t/, � ,
r, z and �.t/ are uniformly bounded and F-predictable on Œ0;T�, for i D 1; � � � ;m
and j D 1; � � � ; n. Define H WD fHtgt�0, which is the filtration generated by N .t/
augmented by the P-null sets. Let G be the filtration fGtgt�0, where Gt WD Ft _Ht,
the smallest filtration containing F and H. Note that Gt can be regarded as the
information available to the investor at time t. Define the compensated Poisson
process Mt WD Nt �

R t
0
�.s/ds; which is a G-martingale.

6.2.4 The Optimization Problem

In economics, one school of thought on optimal investment decisions suggests
maximizing the expected utility of an investor’s future wealth, EŒU.YT /�. The
standard approach assumes the utility to be positive, strictly increasing and concave.
If the utility function is twice differentiable, then U0.y/ > 0 and U00.y/ < 0 for all
y. One classical utility is an exponential utility:

U.y/ D 1 � e�ay; a > 0: (6.13)

The exponential utility implies CARA, with the coefficient of absolute risk aversion
equal to a constant:

� U00.y/
U0.y/

D a: (6.14)

Given this background, I formally lay down the research problem.

Research Problem sup
u.�/

E
	
1 � e�aY.T/



s:t: (6.8); (6.11) and u.�/ 2 …:

(6.15)

If ˇ.t/ is a time-deterministic function and the Poisson process is absent in (6.11),
then the corresponding utility portfolio problem is reduced to the standard utility
portfolio optimization problem. Unfortunately,ˇ.t/ is essentially a stochastic vector
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depending on X.t/ through (6.12), and the insurance liability follows a compound
Poisson process. Therefore, the wealth process (6.11) resembles a jump-diffusion
model with a random drift.

Remarks

• When insurance liability is absent, i.e., z � 0, Chiu and Wong (2015) used
the dynamic time-consistent MV optimization to show that cointegration, i.e.,
Assumption 2.1, implies statistical arbitrage in the sense of Hogan et al. (2004).
Although their results are useful for a trader, the present research problem
is specifically useful for insurers. The major differences are as follows. 1. I
permit different levels of risk aversion by selecting the constant risk aversion
coefficient a; 2. I incorporate insurance liabilities into the optimization problem
so that the insurer’s wealth contains Poisson shocks; and 3. The investment
strategy observes different budget equations because I use non-self-financing-
type strategies.

• When n D 2 and z � 0, the expected CARA utility maximization problem has
been solved by Tourin and Yan (2013). Mine extends theirs by allowing a general
n > 1 and by including an uncontrollable liability of the compound Poisson type.

6.3 The Optimal ALM Strategy

In the research problem of interest, the optimal decision is not affected by adding
or subtracting a constant to the objective function. The CARA utility maximization
problem can then be reduced to

inf E
	
e�aY.T/



; (6.16)

where the insurer’s wealth follows the SDE in (6.11).

Theorem 3.1 Under Assumption 2.1, the research problem (6.15) with the expo-
nential utility (6.16) has the optimal solution (investment policy)

u�.t; ˇ.t// D 1

ae
R T

t r.s/ds

	�
†.t/�1 �A0K.t;T/

�
ˇ.t/ �A0N.t;T/



(6.17)

and the optimal value of the objective function

E
	
1 � e�aY.T/

ˇ̌
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ˇ̌
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n
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R T
0 r.s/ds
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E
h
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R T
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o
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�
�
i

ds

�

� exp

�
1

2
ˇ.0/0K.0;T/ˇ.0/CN0.0;T/ˇ.0/CM.0;T/

�
;

(6.18)
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where ˇ.t/ is defined in (6.12);

K.t;T/ D �
Z T

t
†�1.s/dsI (6.19)

N0.t;T/ D
Z T

t
‚0.s/K.s;T/dsI (6.20)

M.t;T/ D
Z T

t
N0.s;T/‚.s/C 1

2
tr
�
K.s;T/A†.s/A0� dsI (6.21)

and

‚.t/ D P�.t/C
�
1

2

� PD.t/CAD.t/
� � Pr.t/Im �Ar.t/

�
1: (6.22)

Proof The proof is based on the classic HJB framework. The dynamic of ˇ can
be obtained by applying Itô’s lemma to (6.12) with respect to the dynamic of X.t/.
Hence, we have

dˇ.t/ D Œ‚.t/ �Aˇ.t/� dt �A�.t/dWt; (6.23)

where

‚ D P� C
�
1

2

� PD CAD
� � PrIm �Ar

�
1:

Let

V.t; y; ˇ/ D inf
u2…E

	
e�aYu.T/

ˇ̌
Gt


:

Hence, the optimal function value of the research problem (6.15) with the exponen-
tial utility (6.16) is 1 � V.0; y; ˇ/. For a fixed terminal time T, the corresponding
HJB equation is

Vt C V 0̌ .‚ �Aˇ/C 1

2
tr
�
VˇˇA†A0�C E Œ.V.t; y � z; ˇ/ � V.t; y; ˇ// ��

C inf
u

�
Vy
�
ryC u0ˇ

�C 1

2
Vyyu†u� u0†A0Vˇy

�
D 0; (6.24)

with V.T; y; ˇ/ D e�ay. Thus, the optimal feedback control, u�, minimizes

Vy
�
ryC u0ˇ

�C 1

2
Vyyu†u� u0†A0Vˇy: (6.25)
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If Vyy > 0, differentiating (6.25) with respect to u and setting the differential to zero
results in

u� D �†�1 Vy

Vyy
ˇ CA0 Vˇy

Vyy
:

Otherwise, if Vyy � 0, then the optimization has no solution. Substituting the u�
into the HJB equation (6.24), the partial integral differential equation (PIDE) of V
becomes

Vt C V 0̌ .‚ �Aˇ/C 1

2
tr
�
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D 0; (6.26)

with terminal condition V.T; y; ˇ/ D e�ay. As V.T; y; ˇ/ D e�ay, consider an
exponential affine form for V:
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(6.27)

where K, N are M deterministic (matrix) functions of t and are defined
as (6.19), (6.20) and (6.21) in order. Note that K.t/ is a symmetric matrix function
of t. Clearly, the terminal value of the function in (6.27) satisfies the terminal
condition in (6.26) and Vyy > 0. Taking partial derivatives to the affine form V with
respect to t, y and ˇ, we have
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After substituting these expressions into the left-hand side of (6.26), simple but
tedious calculations easily verify that the proposed solution form satisfies the PIDE
in (6.26). Thus, the solution form in (6.27) is actually a solution of the PIDE
in (6.26). As the value function is twice continuously differentiable and all of
the parameters are uniformly bounded and predictable, the classical verification
theorems of Fleming and Soner (1993) (III, Theorem 8.1) confirm that the proposed
affine form of the value function in (6.27) and the control in (6.17) are the optimal
value function and optimal feedback control, respectively.

6.3.1 Effect of Mean Reversion

An interesting question is whether or not the statistical arbitrage index increases
with the mean-reverting speed of the cointegrating factor. Is it beneficial for an
insurance company to search for highly mean-reverting pairs? I investigate this
by perturbing the cointegration coefficient matrix A� D �A and consider constant
parameter settings.

Lemma 3.1 Suppose that all parameters are constant values and the cointegration
coefficient matrix is perturbed by A� D �A. The research problem (6.15) with the
exponential utility (6.16) has the optimal solution (investment policy)

u�.t; ˇ.t// D 1

ae
R T

t r.s/ds

	�
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(6.28)

and the optimal value of the objective function
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where

K�.t;T/ D K.t;T/ D �†�1.T � t/I (6.30)

N�
0.t;T/ D �N0.t;T/ D ��.T � t/2

2
‚0†�1I (6.31)
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�D
2
� rIm

�
1: (6.33)

Proof The proof is similar to Theorem 3.1. ut
From the above expression, we can conclude that the values 1

2
ˇ0K�.t;T/ˇ C

N� 0.t;T/ˇ CM�.t;T/ and M�.t;T/ are not positive for all t 2 Œ0;T�, ˇ and � � 0.
The details are as follows. Consider,
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Besides, the smaller the value of “ 1
2
ˇ0K�.t;T/ˇ C N� 0.t;T/ˇ C M�.t;T/” the

greater the expected utility value. Hence, I would like to investigate the range of
values of mean-reverting speed, �, which can maximize the expected utility value.
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6.3.2 Optimal � to Maximize the Expected Utility

For the convenience, define

Q.�/ D 1

2
ˇ0K�.t;T/ˇ C N�

0.t;T/ˇ CM�.t;T/ D 1

2
ˇ0K.t;T/ˇ

C�N0.t;T/ˇ C �2M.t;T/;

under constant parameters settings. Hence, V�.t; y; ˇ/, which is the optimal function
value of the research problem (6.15) with specific mean-reverting speed �, can be
written as
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Taking partial derivatives to V� with respect to �, we have
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D 2MV� < 0:

Therefore, �� is the local maximum of V� and the local minimum of EŒU�.Y�.T//�,
which is the optimal expected utility value with the mean-reverting speed �.

The calculation above answers the question if it is beneficial for an insurer to
search for highly mean-reverting pairs. It is shown that there exists the best target
mean-reverting rate ��. In other words, it is not necessarily optimal for insurers
to search for an extremely high mean-reverting pairs, not to mention the possible
cost. An appropriate amount of mean reversion is beneficial to insurers. This is
consistent with the conclusion of Chiu and Wong (2013b) that insurers better
concentrate on their own insurance business rather than looking for additional profit
by participating into risky arbitrage opportunities.
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6.4 Conclusion

This paper gives a brief overview of asset-liability management with an optimal
control framework. Then, I derive the optimal ALM strategy for a cointegration
system of risky assets and an insurance liability that follows a compound Poisson
process for a CARA insurer.

Acknowledgements The authors thank the Editor and an anonymous referee for their constructive
comments. MC Chiu acknowledges the support by Research Grant Council of Hong Kong with
ECS Project Number: 809913 and GRF Project Number: 18200114.

References

M.C. Chiu, D. Li, Continuous-time mean-variance optimization of assets and liabilities. Insur.
Math. Econ. 39, 330–355 (2006)

M.C. Chiu, D. Li, Asset-liability management under the safety-first principle. J. Optim. Theory
Appl. 143, 455–478 (2009)

M.C. Chiu, H.Y. Wong, Mean-variance portfolio selection of cointegrated assets. J. Econ. Dyn.
Control 25, 1369–1385 (2011)

M.C. Chiu, H.Y. Wong, Mean-variance asset-liability management: cointegrated assets and
insurance liabilities. Eur. J. Oper. Res. 223, 785–793 (2012)

M.C. Chiu, H.Y. Wong, Mean-variance principle of managing cointegrated risky assets and random
liabilities. Oper. Res. Lett. 41, 98–106 (2013a)

M.C. Chiu, H.Y. Wong, Optimal investment for an insurer with cointegrated assets: CRRA utility.
Insur. Math. Econ. 52, 52–64 (2013b)

M.C. Chiu, H.Y. Wong, Mean-variance asset-liability management with asset correlation risk and
insurance liabilities. Insur. Math. Econ. 59, 300–310 (2014)

M.C. Chiu, H.Y. Wong, Dynamic cointegrated pairs trading: Mean-variance time-consistent
strategies. J. Comput. Appl. Math. 290, 516–534 (2015)

M.C. Chiu, H.Y. Wong, D. Li, Roy’s safety-first portfolio principle in financial risk management
of disastrous events. Risk Anal. 32, 1856–1872 (2012)

M.C. Chiu, C.S. Pun, H.Y. Wong, Big data challenges of high-dimensional continuous-time mean-
variance portfolio selection and a remedy. Risk Anal. DOI: 10.1111/risa.12801, (2017)

X. Cui, D. Li, S.Y. Wang, S.S. Zhu, Better than dynamic mean-variance: time inconsistency and
free cash flow stream. Math. Financ. 22, 346–378 (2012)

X. Cui, D. Li, X. Li, Unified framework of mean-field formulations for optimal multi-period mean-
variance portfolio selection. IEEE Trans. Autom. Control 59, 1833–1844 (2014)

X. Cui, D. Li, X. Li, Mean-variance policy for discrete-time cone-constrained markets: time
consistency in efficiency and the minimum-variance signed supermartingale measure. Math.
Financ.. doi: 10.1111/mafi.12093 (2015)

R. Engle, C. Granger, Co-integration and error correction: representation, estimation and testing.
Econometrica 55, 251–276 (1987)

W.H. Fleming, H.M. Soner, Controlled Markov Processes and Viscosity Solutions (Springer,
New York, 1993)

J.J. Gao, D. Li, X.Y. Cui, S.Y. Wang, Time cardinality constrained mean-variance dynamic
portfolio selection and market timing: a stochastic control approach. Automatica 54, 91–99
(2015a)

http://dx.doi.org/10.1111/risa.12801


100 M.C. Chiu

J.J. Gao, K. Zhou, D. Li, X.R. Cao, Dynamic mean-LPM and mean-CVaR portfolio optimization
in continuous-time. SIAM J. Control Optim. (to appear) (2015b). Available at: http://arxiv.org/
abs/1402.3464

C. Granger, Some properties of time series data and their use in econometric model specification.
J. Econ. 23, 121–130 (1981)

F. Han, H. Lu, H, Liu, A direct estimation of high dimensional stationary vector autoregressions.
J. Mach. Learn. Res. 16, 3115–3150 (2015)

S. Hogan, R. Jarrow, M. Teo, M. Warachkac, Testing market efficiency using statistical arbitrage
with applications to momentum and value strategies. J. Financ. Econ. 73, 525–565 (2004)

D. Li, W.L. Ng, Optimal dynamic portfolio selection: multiperiod mean-variance formulation.
Math. Financ. 10, 387–406 (2000)

H. Markowitz, Portfolio selection. J. Financ. 7, 77–91 (1952)
C.S. Pun, H.Y. Wong, Resolution of degeneracy in Merton’s portfolio problem. SIAM J. Financial

Math. 7, 786–811, (2016)
A. Tourin, R. Yan, Dynamic pairs trading using the stochastic control approach. J. Econ. Dyn.

Control 37, 1972–1981 (2013)
T.W. Wong, M.C. Chiu, H.Y. Wong, Time-consistent mean-variance hedging of longevity risk:

effect of cointegration. Insur. Math. Econ. 56, 56–67 (2014)
L. Yi, Z.F. Li, D. Li, Multi-period portfolio selection for asset-liability management with uncertain

investment horizon. J. Ind. Manag. Optim. 4, 535–552 (2008)
X.Y. Zhou, D. Li, Continuous time mean-variance portfolio selection: a stochastic LQ framework.

Appl. Math. Optim. 42, 19–33 (2000)
S.S. Zhu, M.J. Fan, D. Li, Portfolio management with robustness in both prediction and decision:

a mixture model based learning approach. J. Econ. Dyn. Control 48, 1–25 (2014)
S.S. Zhu, X.D. Ji, D. Li, A robust set-valued scenario approach for handling modeling risk in

portfolio optimization. J. Comput. Financ. 19, 11–40 (2015)

http://arxiv.org/abs/1402.3464
http://arxiv.org/abs/1402.3464


Chapter 7
A Review of Modern Cryptography:
From the World War II Era to the Big-Data Era

Bojun Lu

Abstract This chapter briefly surveys the rapid development of Modern Cryptog-
raphy from World War II (WW-II) to the prevailing Big-Data Era. Cryptography
is the art and science of secret communication, which concerns about C.I.A., i.e.,
Confidentiality, Integrity, and Authentication of information, so as to guarantee the
safety during information transmission. Meanwhile Authentication is the key step in
information security, where an excellent example is online payment systems, which
belongs to the field of Financial Technology (Fin-Tech) and is booming on multiple
markets in recent years. The concept “Quantum” is popular in the recent decade,
and the possibilities of inventing Quantum Cryptosystems are also raised in the
literature, which is a promising direction in Modern Cryptosystem. We also select
two classical cryptosystems, i.e., the Merkle–Hellman knapsack cryptosystem, and
the subset sum problem (SSP)-based cryptosystem to present the mechanisms in
encryption and decryption processes. Apart from being a brief survey, this chapter
is also intended as an entry point to guide readers to this interesting and important
field.

Keywords Big-Data • Cryptography • Cryptosystem • Information Security •
Optimization • Financial Technology (Fin-Tech) • Quantitative Finance

7.1 Introduction

Cryptography is the art and science of secret communication (Singh 1999). In the
recent decade, several brilliant research works in the field of Modern Cryptogra-
phy, have successfully attracted the attention of Turing Award, which represents
the highest honor to reward the achievements in the computing community,
and is also stipulated that “The contributions should be of lasting and major
technical importance to the computer field.” For example, in 2015, winners are
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Martin E. Hellman and Whitfield Diffie, who described and predicted the new
directions of cryptography in their celebrated paper (Diffie and Hellman 1976)
published in 1976, and the citation from Turing Award is shown as follows:

“For fundamental contributions to modern cryptography. Diffie and Hellman’s
groundbreaking 1976 paper, ‘New Directions in Cryptography’ (Diffie and Hellman
1976) introduced the ideas of public-key cryptography and digital signatures, which
are the foundation for most regularly-used security protocols on the internet today.”

In 2002, winners are Ronald L. Rivest, Adi Shamir, and Leonard M. Adleman
(please refer to Rivest et al. (1978) for their paper published in 1978), and the
citation from Turing Award is: “For their ingenious contribution for making public-
key cryptography useful in practice.” In 2000, winner is Andrew Chi-Chih Yao with
citation from Turing Award as: “In recognition of his fundamental contributions to
the theory of computation, including the complexity-based theory of pseudorandom
number generation, cryptography, and communication complexity.”

There is no doubt about the importance of cryptography in its nature, and if
we try to explain the importance of cryptography in more detail, we would like to
emphasize that cryptography concerns about C.I.A., i.e., Confidentiality, Integrity,
and Authentication of information, so as to guarantee the safety during information
transmission. Please notice that the C.I.A. we defined in this review paper does not
refer to the Central Intelligence Agency (CIA) of the United States, although the
CIA of the United States does also have close relationship with highly confidential
information.

If we try to seek the starting point of Modern Cryptography Era, we could trace
back to the dates of World War II (WW-II), and several important and interesting
questions could also be proposed, for instance,

1. What invention/technique invented/proposed by whom demonstrates that Vintage
Cryptography Era begins to migrate to Modern Cryptography Era?

2. What event could be counted as the blasting fuse that boosts this migration?

To answer the first question, please let us use the electromechanical rotor based
cipher system Enigma Machine invented by Arthur Scherbius at the end of World
War I (WW-I), around 1918 [please refer to Jennifer (2006)], to be the representative
invention/technique that represents the beginning of Modern Cryptography Era.
Actually, before WW-II, mechanical and electromechanical cryptographic cipher
machines were already in wide use, although almost all were impractical manual
systems. Later, during WW-II, great advances on practical and theoretical cryptog-
raphy were developed all in secrecy. Moreover, before and during WW-II, several
models were developed based on Enigma Machine, and these models were specially
adopted by military and government services of some countries, such as Germany,
Japan, Russia, France, and Italy. during WW-II. In recent years, some of the WW-II
cryptography related information has begun to be declassified, which partly owes to
(1) the official 50-year (British) secrecy period has come to an end, (2) relevant US
archives have been opened gradually, and (3) assorted memoirs and articles have
been published, etc. Besides Enigma Machine, Purple Machine also deserves our
attention, which was invented and improved by the Japanese during WW-II with
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Fig. 7.1 Enigma in use 1943

Fig. 7.2 Electronic
implementation of an Enigma
machine

inspiration from the mechanism of Enigma Machine used by Nazis; and which was
used to transform the top level military secrets of Japanese Navy in the Pearl Harbor
War (Figs. 7.1 and 7.2).

To answer the second question, one possible answer that we conjecture is that
WW-II plays an important role as the blasting fuse that boosts the practical and
theoretical development of modern cryptography. Meanwhile, because techniques
become more mature, especially because the first computer has been invented
around WW-II compared with scientific techniques in WW-I. All these enable
cryptography to be used more widely in modern wars, for instance, in WW-II.

When we discuss cryptography, there are two angles of views, just like a coin has
two sides, i.e., encryption technology and decryption technology. A good example
is that by WW-II, there were unbreakable codes and then by the end, there was
technology to break them. For example, Japan’s Purple Machine was broken by US
Army cryptographers (cryptologists) William F. Friedman, Frank Rowlett, and their
subordinates in 1940, which enables America to hold a vantage position in the Pearl
Harbor War during WW-II. It’s worth to note that William F. Friedman is identified
as the “Dean of American Cryptology” by the U.S. National Cryptologic Museum,
and also the godfather of cryptology of the USA.
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In the Big-Data Era now, cryptography continues to play an important role both in
practical and theoretical aspects. Before listing the applications and emphasizing the
importance of cryptography systems in Big-Data Era, we first briefly go through the
evolvement of the concept of “big data.” In 2001, Doug Laney, from META Group
which is now re-named Gartner, defined big data in 3 dimensions, i.e., Volume,
Velocity, and Variety with abbreviation “3Vs” [please see Gartner (2011)], which
has been expanded to the following 5 dimensions in 2016 by Martin Hilbert (please
refer to Hillbert (2015) and Wikipedia (https://en.wikipedia.org/wiki/Big_data) for
more information):

• Volume: big data doesn’t sample, but it observes and tracks what happens;
• Velocity: big data is often available in real time;
• Variety: big data draws from text, images, audio, video; plus it completes the

missing pieces through data fusion;
• Machine Learning: big data often doesn’t ask why and simply detects patterns;
• Digital footprint: big data is often a cost-free by-product of digital interaction.

Actually, based on our understanding, Big-Data Era precisely captures the trend
of information explosion, since people interact so actively and share information
so frequently through the internet, thus a huge amount of data is generated as
“by-product.” At the ACM Turing Centenary Celebration in 2012, Cerf et al.
(2012) discussed the topic on “information, data, security in a networked future”
to emphasize the importance of security of information and data in the modern
real world. Then referring to our definition of C.I.A., in which the 3-dimensions
depiction of information is provided, and as information is exploding, thus the
importance of C.I.A. of information is manifested. Consequently, techniques and
theories in cryptography, developed to protect information becomes even more
vital nowadays. Real-world applications of cryptography can be evidenced in many
industrial fields, such as modern financial systems, telecommunications, the newly
emerging field called “Financial Technology (Fin-Tech),” etc.

In this paragraph, we would like to mention that the online payment systems
is a good example to illustrate the crucial role that cryptography plays in modern
finance with “big data.” An online payment system called WeChat Pay, invented
and run by Tencent Holdings, and another online payment system called Alipay,
invented and run by Alibaba Group, are now the two biggest and most popular
online payment platforms in Mainland China. Also as evidenced in the report from
Credit Suisse, the online payment market grows rapidly, and the total value of
online transactions in China grows from an insignificant size in 2008 to around
RMB 4 trillion (US$660 billion) in 2012 (see Watling 2014). We also would like
to mention that on February 18, 2016, the online payment platform called Apply
pay developed by Apply Inc., lands in the market of Mainland China to show its
interests in China’s booming market. Meanwhile, Tencent Holdings and Alibaba
Group also both have announced their plans to expand their mobile payment service
to regions/countries outside Mainland China. To show that cryptography plays a
crucial role in online payment systems, please notice that Authentication, i.e., the A.
in C.I.A. is a crucial step during the completion of online payment, and to guarantee

https://en.wikipedia.org/wiki/Big_data
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Fig. 7.3 WeChat Pay v.s.
Alipay

Fig. 7.4 Apply Pay

authentication of each party involved, digital signature or other private-key plus
public-key crypto-techniques must be applied. For instances, the MD5 invented and
designed by Ronald Rivest [see Rivest (1992) and Wang and Yu (2005)], and the
SHA-1 (Secure Hash Algorithm 1) designed by National Institute of Standards and
Technology (NIST) and National Security Agency (NSA) (see Wikipedia https://
en.wikipedia.org/wiki/SHA-1) are two classical crypto-techniques that have been
adopted in digital signatures for many years. Crypto-currencies known as Bitcoin
with block-chain technique embedded is also an interesting case in modern finance
which adopts modern cryptography as one of the key parts in its realization. Besides
these Fin-Tech cases, actually we would like to say that modern cryptography is
everywhere in our daily life now (Figs. 7.3 and 7.4).

When we talk about Fin-Tech which is a field booming in the recent years, other
than online payment systems, we would also like to mention Fin-Tech companies
that focus on quantitatively managing capitals for their customers, with Betterment
(www.betterment.com) and Wealthfront (www.wealthfront.com) be the bench-
marking enterprises (see http://fintechinnovators.com/). As we know in practice,
Black–Litterman model (see Black and Litterman 1992) is a classical model adopted
in the basket of quantitative strategies of these enterprises; and in academia,
theoretically, Black–Litterman model is an extension of Markowitz’s mean-variance
model (see Markowitz 1952) which could blend information collected from real
market to mend the weights on each asset and thus to improve the performance of
portfolios. We would like very much to draw your attention to the brilliant research
works that Professor Duan Li and his collaborators have done in the field of portfolio
selection theory, and for details please refer to their papers (Zhu et al. 2014; Gao
et al. 2015), etc.

https://en.wikipedia.org/wiki/SHA-1
https://en.wikipedia.org/wiki/SHA-1
www.betterment.com
www.wealthfront.com
http://fintechinnovators.com/
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The concept “Quantum” is popular in the recent decade, and the possibilities
of inventing Quantum Cryptosystems are also raised in the literature, which is a
promising direction in the field of Modern Cryptosystem (please see Okamoto et al.
(2000) and the literature therein).

The remainder of this book chapter is organized as follows. Section 7.2.1 briefly
describes the Merkle–Hellman knapsack cryptosystem, and Shamir’s attack in 1984,
where a hands-on numerical example is given for illustration. Section 7.2.2 presents
the hardest subset sum problem based cryptosystem, and shows a decryption method
which adopts the lattice theory and the distinguished LLL algorithm (see Lenstra
et al. 1982). By the end, Sect. 7.3 includes the conclusion and further discussion.

7.2 Two Classical Cryptosystems

In Sects. 7.2.1 and 7.2.2, Merkle–Hellman knapsack cryptosystem and hardest
subset sum problem (SSP)-based cryptosystem will be introduced which have
both been well studied in the literature. (Note that in the literature, the SSP-
based cryptosystem is also sometimes called the knapsack cryptosystem.) The
Merkle–Hellman knapsack cryptosystem is one of the classical public-key knapsack
cryptosystems, and is invented by Merkle and Hellman in 1978 (see Merkle and
Hellman 1978) which has been broken by Shamir in 1984 (see Shamir 1984).
Meanwhile, since the subset sum problem belongs to NP-class in its nature
theoretically (see Garey and Johnson 1979), and it has been proven that the subset
sum problem with a density approximately equals 1 is hardest (see Lagarias and
Odlyzko 1985), it could be adopted to construct a trapdoor cryptosystem. Whereas
in order to break the trapdoor cryptosystem, a hard subset sum problem must be
solved.

7.2.1 The Merkle–Hellman Knapsack Cryptosystem

In 1978, Merkle and Hellman published their seminal paper (Merkle and Hellman
1978) which discovered a public-key cryptosystem. Although compared with an
RSA cryptosystem (see Rivest et al. 1978) which is two-way system and can be
adopted for Authentication in cryptographic signing, Merkle–Hellman cryptosystem
is one-way, i.e., the public key is used only for encryption and the private key
is used only for decryption. But Merkle–Hellman cryptosystem is the first so-
called knapsack cryptosystem. In their paper, Merkle and Hellman proposed a singly
iterated cryptosystem together with a multiply iterated cryptosystem. Later in 1984,
Shamir (1984) found a polynomial time algorithm to break the singly iterated
cryptosystem.
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In Sect. 7.2.1.1, we present a description of the basic singly iterated knapsack
cryptosystem proposed by Merkle and Hellman. In Sect. 7.2.1.2, Shamir’s attack on
the singly iterated knapsack cryptosystem is studied in detail.

7.2.1.1 Singly Iterated Merkle–Hellman Knapsack Cryptosystem

Suppose that the sender Bob wants to send a secret message to the receiver Anna,
the message is represented as a binary vector x D .x1; x2; : : : ; xn/ 2 f0; 1gn in the
binary system. The question is: How could Bob send this message to Anna in a
secure way? In Merkle–Hellman cryptosystem, a strategy is designed so that Bob
can send this message to Anna against the potential eavesdropper. This strategy is
described as follows:

1. Anna chooses a positive superincreasing integer sequence a D .a1; a2; : : : ; an/
T .

Superincreasing is in the sense that

ai >

i�1X
jD1

aj; i D 2; 3; : : : ; n:

2. Anna chooses two relatively prime integers m and w, such that

m >

nX
jD1

aj; and gcd.m;w/ D 1:

3. Sequence c D .c1; c2; : : : ; cn/
T is calculated as follows:

ci D aiw mod m:

4. The public key is sequence c D .c1; c2; : : : ; cn/
T .

5. The private key consists of an integer pair .w;m/.

Now, if Bob wants to send message x to Anna, he sends the number d instead of
sending x directly, where d D cTx. Anna receives d, and conducts the following
calculation:

1. Calculates b, where b D dw�1 mod m, and w�1 is the modular multiplicative
inverse of w modulo m.

2. Solves the equation aTx D b, where x 2 f0; 1gn. Then the solution x is the
message Bob sent. Actually, since a is superincreasing, the equation aTx D b
can be solved in linear time.

While Anna could get the message easily, the eavesdropper needs to solve the
equation cTx D d in order to get the message, which is much harder.

One thing should be noticed is that, actually, ai D ciw�1 mod m, i D 1; 2; : : : ; n.
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7.2.1.2 Analysis of Shamir’s Attack on Singly Iterated Knapsack
Cryptosystem

Basic Deductions

The public key c D .c1; : : : ; cn/
T is known for everyone, what Shamir wanted to

do is to find a positive and relatively prime integer pair . Qw; Qm/, such that a D c Qw
mod Qm is super-increasing. Actually .w�1;m/ is such a qualified pair, where w�1
is the modular multiplicative inverse of w modulo m and .w;m/ is the private key.
Notice that there may be qualified integer pairs other than .w�1;m/.

Let Qw D w�1 and Qm D m, we do the following analysis. The super-increasing
sequence a chosen by Anna is

ai D ciw
�1 mod m; i D 1; 2; : : : ; n:

Divide both sides by m, an equivalent equation is obtained as follows:

ai

m
D ci

w�1

m
mod 1 (7.1)

D ci
w�1

m
�
�

ci
w�1

m

�
; i D 1; 2; : : : ; n:

Since ai D ciw�1 mod m, i D 1; 2; : : : ; n, there must exist positive integer qi’s
such that

ai D ciw
�1 � qim; i D 1; 2; : : : ; n:

Divide both sides by m, we get the following equation,

ai

m
D ci

w�1

m
� qi; i D 1; 2; : : : ; n: (7.2)

Relate Eqs. (7.1) and (7.2), we see that

qi D
�

ci
w�1

m

�
; i D 1; 2; : : : ; n:

Moreover, qi
ci

is the closest minimum of the ci-curve to the left of w�1

m (Fig. 7.5).

Observe the ci-curve, or from Eq. (7.2), we see that the distance between w�1

m and
qi
ci

is

w�1

m
� qi

ci
D ai

mci
; i D 1; 2; : : : ; n: (7.3)
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Fig. 7.5 ci-curve: the relationship between ci
Qw
Qm mod 1 and Qw

Qm

Then based on Eq. (7.3), we have

q1
c1
� qi

ci
D ai

mci
� a1

mc1
; i D 2; 3; : : : ; n; (7.4)

and

q1ci � qic1 D aic1
m
� a1ci

m
; i D 2; 3; : : : ; n: (7.5)

How Many ci-Curves Do We Need

According to Shamir’s assumption, ai is chosen to be a dn � nC i � 1 bit number,
i D 1; 2; : : : ; n and m is chosen to be a dn bit number. Here we just simply treat d as
a parameter, and in Shamir’s attack, 1 < d < 2. (Actually d has much to do with the
density of a subset sum problem, which will not be studied here. We just point out
the relationship between them, which is: The lower of d the higher of the density of
the subset sum problem, vice versa.)

Based on the assumption on the sizes of ai and m, we choose ai and m in the
following way:

1. a1 is a random integer number between 1 and 2dn�n, with a uniform probability
distribution.

2. ai is a random integer number between
Pi�1

jD1 aj and 2dn�nCi�1, with a uniform

probability distribution. Notice that there always has
Pi�1

jD1 aj < 2
dn�nCi�1.

3. m is a random integer number between
Pn

jD1 aj and 2dn, with a uniform
probability distribution.
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From Eq. (7.3), we have

w�1

m
� qi

ci
D ai

mci

<
2dn�nCi�1

mci

 2dn�nCi�1

2dnci
.* m  2dn/

D 2�nCi�1

ci
:

Hence,

qi

ci
2
�

w�1

m
� 2

�nCi�1

ci
;

w�1

m

�
; i D 1; 2; : : : ; n:

For an arbitrary Qw
Qm , there must be a minimum of ci-curve, such that the minimum

belongs to the interval of, � Qw
Qm �

1

ci
;
Qw
Qm
�
:

Roughly, suppose that the minimum follows a uniform probability distribution in
the above interval, then the probability that the minimum belongs to interval� Qw

Qm �
2�nCi�1

ci
;
Qw
Qm
�
;

is

2�nCi�1

ci
=
1

ci
D 2�nCi�1:

For an arbitrary c1-curve’s minimum p
c1

, choose Qw
Qm and let it be in the following

interval �
p

c1
;

p

c1
C 2�n

c1

�
:

Suppose other c2; : : : ; cl-curves are chosen, then for the Qw
Qm , the probability that there

exists one ci-curve’s minimum which belongs to the following interval� Qw
Qm �

2�nCi�1

ci
;
Qw
Qm
�
;
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at the same time for i D 2; : : : ; l is

2�nC1 � 2�nC2 � � � � � 2�nCl�1 D 2l2=2�nl�l=2Cn:

Let p run from 0 to c1 � 1, then the expected number of p
c1

’s which satisfies the
above condition is

c1 � 2l2=2�nl�l=2Cn D ˛1 � m � 2l2=2�nl�l=2Cn

 ˛1 � 2dnCl2=2�nl�l=2Cn;

where 0 < ˛1 < 1. When 2dnCl2=2�nl�l=2Cn < 1, we have ˛1 � 2dnCl2=2�nl�l=2Cn < 1.
Simple mathematical deduction yields

2dnCl2=2�nl�l=2Cn < 1;

which is equivalent to

l 2
 

nC 1

2
�
r

n.n � 1 � 2d/C 1

4
; nC 1

2
C
r

n.n� 1 � 2d/C 1

4

!
:

Since l � n and nC 1
2
C
q

n.n� 1 � 2d/C 1
4
> n, we have

l 2
 

nC 1

2
�
r

n.n � 1 � 2d/C 1

4
; n

#
:

It can be checked that n C 1
2
�
q

n.n � 1 � 2d/C 1
4

is a convex and decreasing

function with respect to n. When n D 10 and d D 2, nC 1
2
�
q

n.n � 1 � 2d/C 1
4
D

3:4113. In this sense, 4 or 5 ci-curves are enough for the analysis.

An Illustrative Example

Next we illustrate Shamir’s attack based on the following concrete example.

Example 1 We generate a super-increasing sequence a D .a1; : : : ; an/, n D 10,

a D .42; 64; 115; 263; 545; 1083; 2122; 4278; 8555; 17100/

where ai < 2
dn�nCi�1, i D 1; 2; : : : ; n.

m D 29193006 is chosen such that
Pn

iD1 ai < m < 2dn.
w D 11198095 is randomly chosen such that gcd.w;m/ D 1.
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c is calculated as follows,

c D aw mod m

D .3231894; 16045936; 3288661; 25798385; 1623521;
12439395; 28443712; 28920570; 17450039; 10498146/:

We have w�1 D 1152457, and

c=m D .0:1107; 0:5497; 0:1127; 0:8837; 0:0556; 0:4261; 0:9743; 0:9907; 0:5977; 0:3596/:

ut

7.2.2 Hardest Subset Sum Problem (SSP)-Based Cryptosystem

A subset sum problem is defined as follows:

axT D a1x1 C a2x2 C � � � C anxn D b; (7.6)

with a D .a1; a2; : : : ; an/ 2 R
nC, b 2 R

nC be known, and x D .x1; x2; : : : ; xn/ 2
f0; 1gn be unknown.

The concept density of a subset sum problem is defined as

density D n

max1�i�n.log2 ai/
: (7.7)

It has been revealed in the literature that subset sum problems in (7.6) with their
density close to 1 constitute the hardest subclass of subset sum problems [see
Lagarias and Odlyzko (1985), Coster et al. (1991) and Schnorr and Shevchenko
(2012)]. Besides the density defined in (7.7), some other factors have also been
proposed in the literature to describe the difficulty level of subset sum problems
[see Jen et al. (2012b) and Jen et al. (2012a)].

Next we will review two decryption methods [see Lagarias and Odlyzko (1985),
Coster et al. (1992), Schnorr and Euchner (1994)] which are designed based on
the lattice theory and the distinguished LLL algorithm [see Lenstra et al. (1982),
Nguyen and Vallée (2010)]. Lagarias and Odlyzko (1985) claimed that they could
break “almost all” problems with a density < 0:645, and Coster et al. (1992)
claimed that they could break “almost all” problems with a density < 0:941. It is
worth mentioning that in Lu and Li’s working paper (see Lu and Li 2016), and Lu’s
Ph.D. thesis (see Lu 2014), an algorithm that combines disaggregation techniques
and LLL algorithm could break “almost all” problems with a density  1, compared
with Lagarias and Odlyzko (1985) and Coster et al. (1992), for problems of the same
dimension.
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Here we spend a concise paragraph to elaborate the initial intuition of disag-
gregation techniques related work proposed in Lu’s Ph.D. thesis (see Lu 2014)
which aims to propose efficient algorithms equipped with disaggregation techniques
together with LLL algorithm, for solving the following problem, i.e., a system of
linear Diophantine equations:

Ax D b; with x be unknown integer vectors and be bounded; (7.8)

which belongs to NP-class and where subset sum problems are special cases of
Problem (7.8). The intuitions which stimulate us to conduct research work on
disaggregation techniques are:

1. We are inspired by the time complexity of the cell enumeration method
proposed by Prof. Duan Li and et al. in Li et al. (2011), which is bounded
by O..n maxfu1; : : : ; ung/n�m/ and thus depends on the magnitude of n � m,
where n is the number of unknown variables, m is the number of equations
in the system Ax D b, and .u1; : : : ; un/ are the upper bounds of the unknown
variables. Obviously, reducing the magnitude of n�m directly benefits us in the
computing. Aiming to reduce the magnitude of n � m, we thus study possible
solution schemes for disaggregation.

2. Glover and Woolsey formulated for the first time the inverse problem of aggre-
gation, i.e., the disaggregation problem, in their paper (Glover and Woolsey
1972) in 1972. After presenting rich work on aggregation in Glover and Woolsey
(1972), in their conclusion remarks, they strongly encouraged research on disag-
gregation: “The development of effective ways to do this (disaggregation) would
be especially worthwhile.” However, although Glover and Woolsey proposed
this disaggregation problem, they actually didn’t provide available and effective
techniques to handle this problem, as evidenced by a sentence in their conclusion
remarks in Glover and Woolsey (1972), “The theorems of this paper . . . , but
do not give an immediate clue about what multiples should be examined to
effect the disaggregation.” Though disaggregation problem is of importance, we
discovered that the literature on proposing solutions to disaggregation problem
is pretty limited. This fact encouraged us to study possible solution schemes for
disaggregation.

For details of our research work on disaggregation techniques, please refer to
Chap. 4 of Lu (2014).

Next we continue to spend our efforts to explain the two algorithms proposed by
Lagarias and Odlyzko (1985) and Coster et al. (1992), respectively.

The .nC 1/� .nC 1/ lattice proposed by Lagarias and Odlyzko (1985) is of the
following form:

BLO D
�

I 0n�1
�a b

�
: (7.9)
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We denote the column-wise LLL reduced matrix of BLO by QBLO. The algorithm
checks whether any column of QBLO has the form of Qbi;j 2 f0; �g, i D 1; 2; : : : ; n, for
some fixed value � and QbnC1;j D 0, where 1 � j � nC 1. If it fails, the algorithm
repeats with b replaced by

Pn
iD1 ai � b. If such a column appears, then we divide

Qbi;j 2 f0; �g, i D 1; 2; : : : ; n by �, and check whether the binary vector is a solution.
We denote the method proposed in Lagarias and Odlyzko (1985) as LO-Alg. An
analysis for LO-Alg method is presented in Frieze (1986) in 1986.

The .nC 1/� .nC 1/ lattice proposed by Coster et al. (1992) is of the following
form:

BCJOS D
�

I 1
2
� 1n�1

aN bN

�
; (7.10)

with N > 1
2

p
n. We denote the column-wise LLL reduced matrix of BCJOS by QBCJOS.

The algorithm checks whether any column of QBCJOS has the form of Qbi;j 2 f� 12 ; 12g,
i D 1; 2; : : : ; n, and QbnC1;j D 0, where 1 � j � nC 1. If yes, then we add back 1

2

to Qbi;j 2 f� 12 ; 12g, i D 1; 2; : : : ; n, and check whether the binary vector is a solution.
We denote the method proposed in Coster et al. (1992) as CJOS-Alg.

7.2.2.1 Review of the LLL Algorithm

In this part, we briefly introduce the mechanics behind LLL basis reduction algo-
rithm and show how it works. We abbreviate LLL basis reduction algorithm to LLL
algorithm and name the basis obtained by LLL algorithm as the LLL-reduced basis.
Algebraically speaking, to obtain the LLL-reduced basis, a series of unimodular
row operations need to be conducted on one ordered basis. Geometrically speaking,
vectors in an LLL-reduced basis are relatively short and nearly orthogonal to
one another. LLL algorithm has been proved to be very powerful as evidenced
by its remarkable achievements in both theoretical advancement and successful
applications, which is also an algorithm of polynomial time and arithmetic operation
steps [see Sect. 4.3 of Bremner (2011)]. In theory, Lenstra (1983) proved that
integer programming with a fixed dimension is polynomially solvable with the aid
of the lattice basis reduction algorithm. In applications, many efficient algorithms
have been developed in the last 30 years with LLL algorithm being their essential
parts, including numerous cryptography-purpose algorithms for breaking knapsack
public-key cryptosystems. By adopting LLL-based algorithms, e.g., the generalized
LLL and the BKZ process (Lovász and Scarf 1992; Schnorr and Euchner 1994),
efficient algorithms are designed in Brickell (1983), Lagarias and Odlyzko (1983),
Lagarias and Odlyzko (1985), Coster et al. (1991), Coster et al. (1992), Schnorr
and Euchner (1991) for breaking low density knapsack public-key cryptosystems.
Among them, the algorithms in Lagarias and Odlyzko (1985) and Coster et al.
(1992) represent two cornerstones of the development.
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Definition 1 (Lattice) Given row vectors b1; b2; : : : ; bm 2 R
n with m � n. The set

L defined as below

L D Zb1 C Zb2 C � � � C Zbm D
(

mX
iD1

zibi j zi 2 Z; i D 1; 2; : : : ;m
)
;

is called a lattice of dimension m. Moreover, fb1; b2; : : : ; bmg is called a basis for
lattice L.

Theorem 1 Given a lattice L, row vectors of B and row vectors of QB are two bases
for L, if and only if there exists a unimodular matrix U, such that B D U QB.

Lemma 1 If fb1; b2; : : : ; bng is an ˛-reduced basis of the lattice ƒ 2 R
Qn with

Qn � n, and y1, y2, : : :, yt 2 ƒ are any t linearly independent lattice vectors, then
for 1 � j � t we have

jjbjjj2 � ˇn�1 maxfjjy1jj2; jjy2jj2; : : : ; jjytjj2g:

The major steps of the LLL algorithm can be described as follows (Fig. 7.6).

• First, we conduct the Gram–Schmidt Orthogonalization (GSO) process on the
input basis bi, i D 1; 2; : : : ;m,

b�
1 D b1;

b�
2 D b2 � �2;1b�

1 ; �2;1 D b2�b�

1

b�

1 �b�

1

� � �
b�

i D bi � �i;i�1b�
i�1 � �i;i�2b�

i�2 � � � � � �i;1b�
1 ; �i;j D bi�b�

j

b�

j �b�

j
; 1 � j < i;

� � �
b�

m D bm � �m;m�1b�
m�1 � �m;m�2b�

m�2 � � � � � �m;1b�
1 :

• Second, we conduct the following two main operations on basis vectors
b1; : : : ; bm, which are called “Reduce” and “Exchange,” respectively,

– (Reduce) If j�i;jj > 1
2
, then bi  bi � d�i;jcbj,

– (Exchange) If jjb�
i C �i;i�1b�

i�1jj2 < ˛jjb�
i�1jj2, then exchange bi and bi�1,

where 1
4
< ˛ < 1 is a parameter with the pre-given value.

Fig. 7.6 Illustration of the
LLL-reduced basis
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As for the output, the LLL algorithm returns an ˛-reduced basis which satisfies
the following conditions,

• j�i;jj � 1
2
, 1 � j < i � m,

• jjb�
i C �i;i�1b�

i�1jj2 � ˛jjb�
i�1jj2, 1 < i � m.

The pseudocode for the LLL algorithm is presented in Algorithm 5 in Lu (2014).
For a more detailed description of the LLL basis reduction algorithm, please refer
to Chap. 4 of Bremner’s book (Bremner 2011). As a remark, the book edited by
Nguyen and Vallée (2010) is a more advanced introduction and survey for the theory
and applications of the LLL basis reduction algorithm.

7.2.2.2 Illustrative Examples

Next we present a hands-on numerical example to illustrate how algorithms LO-Alg
and CJOS-Alg work.

Example 2 Let’s consider the following subset sum problem with n D 3,

3x1 C 5x2 C 7x3 D 8;

where x D .x1; x2; x3/ 2 f0; 1g3, and density D 3
log2 7
D 1:0686.

The BLO matrix defined in (7.9) is as follows:

BLO D
�

I 0n�1
�a b

�
D

0
BB@
1 0 0 0

0 1 0 0

0 0 1 0

�3 �5 �7 8

1
CCA :

Conducting GSO process yields the following decomposition,

0
BB@

d1
d2
d3
d4

1
CCA D

0
BB@

1 0 0 0

�2;1 1 0 0

�3;1 �3;2 1 0

�4;1 �4;2 �4;3 1

1
CCA
0
BB@

d�
1

d�
2

d�
3

d�
4

1
CCA

D

0
BB@

1 0 0 0

1:5 1 0 0

2:1 1:9310 1 0

�2:4 �2:2069 1:6467 1

1
CCA
0
BB@

d�
1

d�
2

d�
3

d�
4

1
CCA ;

where dT
i with i D 1; 2; 3; 4 is the ith column of matrix BLO.

Setting ˛ D 3=4 in LLL algorithm yields the column-wise LLL reduced matrix
as follows:
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QBLO D

0
BB@
1 0 �2 �1
1 0 1 1

0 1 0 1

0 1 1 �1

1
CCA :

where we could identify the following binary solution from the first column of
matrix QBLO,

.x1; x2; x3/ D .1; 1; 0/:

Remarks Recall that the LO-Alg algorithm identifies the binary solution in the
following way,

“The algorithm checks whether any column of QBLO has the form of Qbi;j 2 f0; �g,
i D 1; 2; : : : ; n, for some fixed value � and QbnC1;j D 0, where 1 � j � n C 1.
If it fails, the algorithm repeats with b replaced by

Pn
iD1 ai � b. If such a column

appears, then we divide Qbi;j 2 f0; �g, i D 1; 2; : : : ; n by �, and check whether the
binary vector is a solution. ” ut
Example 3 Let’s reconsider the problem in Example 2. The BCJOS matrix defined
in (7.10) is as follows:

BCJOS D
�

I 1
2
� 1n�1

aN bN

�
:

We substitute the values of a and b into BCJOS, choose N D 102, and set ˛ D 3=4 in
LLL algorithm, then calculate the column-wise LLL reduced matrix as follows:

QBCJOS D

0
BB@
� 1
2
� 1
2

1
2

0
1
2
� 1
2

1
2

0

� 1
2
� 1
2
� 1
2
0

0 0 0 �N

1
CCA :

where we could identify the following binary solution from the third column of
matrix QBCJOS,

.x1; x2; x3/ D .1; 1; 0/:
Note Although the first and second column of QBCJOS also satisfy the following
condition,

“ Qbi;j 2 f� 12 ; 12g, i D 1; 2; : : : ; n, and QbnC1;j D 0.”
But after checking we discover that when we add back 1

2
, .0; 1; 0/ and .0; 0; 0/

are not binary solutions to the original problem.

Remarks Recall that the CJOS-Alg algorithm identifies the binary solution in the
following way,
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“The algorithm checks whether any column of QBCJOS has the form of Qbi;j 2 f� 12 ; 12g,
i D 1; 2; : : : ; n, and QbnC1;j D 0, where 1 � j � nC 1. If yes, then we add back 1

2
to

Qbi;j 2 f� 12 ; 12g, i D 1; 2; : : : ; n, and check whether the binary vector is a solution.”
ut

7.3 Conclusion and Further Discussion

In this book chapter, we first go through, in introduction part, the development of
Modern Cryptography from the era of World War II, to the prevailing Big Data Era
now. The invention of “computer” empowers human computing ability, and together
with wars between developed countries around 1930s, boost the development of
theory and techniques of Modern Cryptography. Nowadays, applications of cryptog-
raphy can be found everywhere in our daily life and multiple channels of industrial
businesses, such as applications in Financial Technology (Fin-Tech), and Electric
Power Industry, etc. We also use the “Authentication” step in online payment
systems as an illustrative case to demonstrate the importance of cryptosystems in
the newly emerging field Fin-Tech.

Later in Sect. 7.2, we review the classical knapsack cryptosystem designed by
Merkle and Hellman in their seminal paper published in 1978 (Merkle and Hellman
1978) and also study the decryption technique proposed by Shamir (1984) in 1984.
It’s worth mentioning that Hellman is one of the winners of Turing Award in 2015
for his brilliant work together with Diffie in 1976 (Diffie and Hellman 1976).
Besides, we also review and present the lattice theory based decryption technique
proposed (Lagarias and Odlyzko 1985; Coster et al. 1992) to break the hardest
subset sum problem (SSP)-based cryptosystem.

Cryptography existing as a science and art of secrecy communication has
developed from Vintage Cryptography Era and Caesar’s code adopted in Gallic
Wars being one typical representative, to Enigma and Purple machines used
in modern war, i.e., WW-II, to the MD5 and the SHA-1 techniques used in
modern internet communication nowadays. We conjecture that one promising
future development direction of cryptography theory and technique could be the
quantum cryptosystems, equipped with the rapid development of quantum theory
and quantum computer, which involves some notions from quantum mechanics
explaining how objects behave at the microscopic level, and in the presence of a
massive amount of “big data.”

Last but not least, we would like to emphasize that this book chapter only serves
as a modest spur to induce more valuable discussions, and is a starting point for
readers to delve deeper into this promising field. We would like to thank all readers
for their patience to go through this book chapter, and we would be more than happy
to know that readers also find and believe modern cryptography is an interesting field
with huge importance in the prevailing Big-Data Era.
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Chapter 8
Modeling Supply Risk in the New Business Era:
Supply Chain Competition and Cooperation

Xiang Li, Yongjian Li, and Linghua Zhao

Abstract In the current globalized supply chains, firms are more likely to suffer
from supply risks caused by various sources, including internal production default
and external disasters. This chapter focuses on the operational management problem
related to the supply risk within the supply chain scope. We introduce a number of
recent and important research developments, including problems in vertical supply
chain interaction, horizontal supply chain competition, and supply chain network
with both horizontal and vertical competitions. Analytical models are presented
for each problem, and the main results are elucidated. Moreover, further research
directions along with big data trends are emphasized as well.

Keywords Supply risk • Supply chain model • Competition and cooperation •
Reliability improvement

8.1 Introduction

Owing to the rapid information technology development and increasingly intense
global competition, the traditional perspective on firm operation management has
given way to a new paradigm of supply chain management in consideration of the
close multi-firm relations and interactions in the modern market place. Along with
this trend, the world has become increasingly variant with inherent and exogenous
uncertainties. Among them, supply uncertainty has become a major concern in
global supply chain management. In traditional manufacturing processes, stochastic
capacity, random yield, and uncertain transportation delay are the main causes
of supply uncertainty. Unexpected disruption is another type of uncertainty that
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commonly leads to a total supply default, which severely damages several supply
chain operations. A well-known industrial example is Ericsson losing 400 million
Euros after a fire on the semiconductor plant of their supplier in 2000, as well as
Apple losing numerous customer orders during a supply shortage of DRAM chips
after an earthquake hit Taiwan in 1999. A more recent incident occurred during the
March 2011 earthquake in Japan triggering a massive 23-foot tsunami and a nuclear
crisis, further leading to a global supply disruption. An industrial survey conducted
by Protiviti and the American Production and Inventory Control Society (APICS)
showed that 66% of the respondents considered supply uncertainty as one of their
most significant concern among all supply chain-related risks (O’Keeffe 2006).

Conversely, the generated supply chain field data contains highly rich infor-
mation caused by technological changes. Statistics and forecasts have long been
recognized as useful tools in supply chain risk analysis, as well as in the corre-
sponding decision making (Choi et al. 2003, 2006, 2008a); whereas other powerful
methodologies are being developed in this area as technologies, such as data mining,
machine learning, and cloud computing, are updated (Lee et al. 2014; Fan et al.
2015). Supply chain risk management can particularly, largely benefit from new
data technologies and analytic methods for collecting, analyzing, and monitoring
both supply chain internal and environmental data. The increasing complexity calls
for increasing the attention paid to data processing and analysis, as well as in the
development of new optimization models to analyze supply chain competition and
cooperation and to especially enhance the robustness of the supply chain in the
presence of supply risk. Such task can be realized by sufficiently using the data
derived from these advanced information programs and systems.

To achieve this goal, many researchers have developed optimization models that
aim at mitigating the respective supply uncertainty and the associated risk. This
chapter focuses on the related supply chain problems in the complex business
environment of firm competition and cooperation to provide recent research models
and results. The selected papers are not comprehensive; however, they are typical
and representative to instigate contemplation and illuminate future study directions.
The following studies are incorporated:

• We consider three streams of research from the supply chain structure
perspective.

– The first stream is on the vertical supply chain interaction modeled by a
Stackelberg leader–follower game. Different from the traditional supply chain
channel game in which the upstream supplier is the Stackelberg leader, the
buyer is commonly the leader under an unreliable supply, and the supplier is
the follower, as shown in Keren (2009), Li et al. (2012, 2013), and Tang et al.
(2014), which will be discussed in our chapter.

– The second stream is on the horizontal supply chain competition modeled
from a Nash game in which multiple firms simultaneously act under supply
uncertainty. The Nash equilibrium solution derivation and analysis is the main
point of this type of problems, as shown in Qin et al. (2014), Tang and
Kouvelis (2011), Chen and Guo (2013), Huang and Xie (2015), and Lee and
Lu (2015).
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– The third stream is of a more complex structure, with a semblance to supply
chain networks. Babich et al. (2007) and Qi et al. (2015) investigated multiple
suppliers competing with one another while simultaneously interacting with
a downstream buyer, whereas Fang and Shou (2015) explored a chain-to-
chain competition with two suppliers and two buyers. In these models,
vertical channel game is explored combined with horizontal competition
game, thereby creating a generally and relatively tedious solving procedure.

• We consider three major types of supply risks widely adopted in literature from
the supply risk model perspective.

– The first type, random yield, refers to an uncertain production loss that
actually delivers only part of the planned production size. Hence, for input
quantity q, the output quantity S(q) conforms to one of the two following
forms: S(e)D e � � or S(e)D eC �, where � is a random variable with a known
distribution. The former form is called proportional random yield, which
depicts the situation of finally delivering a random fraction of input; the latter
is called additive random yield, which demonstrates the situation of a random
disturbance fluctuating around the input quantity. This random yield model is
adopted in Keren (2009), Li et al. (2012, 2013), Tang and Kouvelis (2011),
and Fang and Shou (2015).

– The second type, random capacity, implies that an uncertain upper bound on
actual delivery is independent of the planned production size. Hence, for input
quantity q, the output quantity becomes S(q)D min [q, K], in which K is the
random capacity. This random capacity model is adopted by Qin et al. (2014)
and Chen and Guo (2013). Furthermore, Wang et al. (2010) considered both
random yield and random capacity risks.

– The third type is the “all-or-nothing” random disruption, wherein the supply
process is of an “on” or “off” state that includes some probabilities, with a
100% output of a planned production under the “on” state but with nothing
delivered under the “off” state. Specifically, for input quantity q, the output

quantity becomes S.q/ D
(

q probability a
0 probability1� a:

Mathematically, this is a special case of random yield or capacity, with
the actual delivery limited by an all-or-nothing Bernoulli trial. This supply
disruption model is adopted by Tang et al. (2014), Babich et al. (2007), and
Qi et al. (2015). Furthermore, Lee and Lu (2015) considered a generalized
random yield model while also making the all-or-nothing random disruption
a special and important case.

• We should also note that the supply risk can be divided into two categories from
the maneuverability perspective.

– The supply risk is traditionally regarded as an exogenous factor that can only
be statistically counted but not controlled. For example, the supply process
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is interrupted by irresistible forces, such as natural disasters, labor strikes,
terrorist attacks, and government regulation changes. Thus, the random factor
assumes a given probability distribution.

– Both industrial and academic fields recently regard the internal supply process
to be possibly enhanced, such that, by exerting production/technology/labor
efforts, the supply reliability can be improved (of course at a certain expense).
Correspondingly, the probability distribution of random supply disturbance is
then affected by the reliability effort, which poses new research questions.
The endogenous supply effort model first used by Wang et al. (2010) is then
employed by a number of recent studies, such as those of Tang et al. (2014),
Huang and Xie (2015), Lee and Lu (2015), and Qi et al. (2015).

Table 8.1 presents the model features of the main papers discussed in our chapter.
The vast literature on the optimization models and techniques for the centralized

production system with random supply is notable. However, few research has
considered supply chain models, and much of this has been recently conducted.
This chapter aims to classify and to describe the research to date regarding supply
chain models under supply risk. Hence, we exclude the stream of research focusing
on the centralized operations management model for facility location design,
production planning, and inventory optimization. Most studies included in this
paper incorporate the multi-firm interactions, with the exception of Wang et al.
(2010). Nevertheless, Wang et al. (2010) considered a problem under the supply
chain environment; furthermore, they are the first to explore the endogenous supply
reliability improvement effort, hence, their study is incorporated into our chapter. In
addition, apart from the uncertainty in supply quantity, other uncertain factors are
notably observed within the area of supply risk. These factors include procurement
cost (Babich 2006; Alexandrov 2015) and lead time risks (Lin 2016), as well as
procurement product quality uncertainty (Cai et al. 2010). However, these studies
are excluded given the required limit in scope on the quantity risk of the supply side
in this chapter.

8.2 Vertical Supply Chain Interaction

8.2.1 Exogenous Supply Risk

This section investigates how the supply risk affects the downside order and the
profits of firms within a vertical supply chain channel. We first consider the scenario
in which the supply risk is of a random yield type and the market side is of a
deterministic demand. The supply chain specifically consists of a buyer facing the
known demand d and a supplier with the random production yield model introduced
in the previous section. The supplier’s output quantity S(e) particularly conforms to
either S(e)D eC � or S(e)D e � �, for the planned production quantity e.
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The sequence of events is described as follows: The buyer first submits an
order quantity q to the supplier at an exogenous wholesale price w; afterwards, the
producer responsively determines the planned production quantity e. After realizing
the random yield, the producer delivers the minimum output production quantity
and the order, with the wholesale price w paid for each delivery. Other parameters
include selling price p for the distributor and production cost c for the producer
(incurred by each planned unit even when not converted to the final yield), as well
as leftover holding costs h1 and h2 for the distributor and the producer (these can be
negative if the leftover earns a salvage value).

The problem can be handled in accordance with the classical procedure employed
for the Stackelberg game, in which the supplier’s maximizing problem is initially
solved as follows:

�p.e/ D E
˚
w min Œq; S.e/�� h2ŒS.e/� q�C � ce

�
;

and then optimizing the buyer’s objective as

�d.q/DE fp min Œd; q; S .e 
 .q//��w min Œq; S .e 
 .q//�
�h1Œmin Œq; S .e 
 .q//��d�C

�
;

where e � (q) is the optimal response from the supplier for order quantity q.
Keren (2009) analyzed this problem and derived analytical solutions to

the Buyer’s ordering decision, assuming that the supply random yield follows
the uniform distribution. The numerical examples provided showed that under the
uniform distribution assumption, the optimal ordering quantity is shown as possibly
beyond the known demand. However, Keren (2009) failed to address the questions
whether ordering more is consistently optimal for the distributor or when to order
more. Furthermore, the scenarios of other distributions for the random yield are
neglected.

Li et al. (2012) revisited this problem and further examined supply chain
decisions and profits under the generalized distribution of yield randomness. They
derived analytical solutions to the optimal decisions for supply chain members
and provided explicit conditions under which the buyer should order beyond
the demand. These conditions are found relevant in different means to the yield
distribution of additive and multiplicative risks, which indicate the importance of
recognizing the production yield risk type. Furthermore, analytical solutions of the
profit losses caused by the random production yield are derived for the supply chain
members. The performances of the buyer and the entire supply chain are shown to be
constantly worse off. However, the supplier can benefit from this random yield under
certain conditions, which indicates the importance of deriving a more effective risk-
sharing mechanism rather than a simple wholesale price scheme.

Hence, the next question is how to design such a coordination mechanism under
the random yield of the supplier’s side. Note that demand is deterministic in the
above model. Under this situation, Li et al. (2013) showed that a shortage penalty
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contract enables the supply chain coordination and the arbitrary profit allocation
between buyer and supplier. In this contract, the supplier is paid with the wholesale
price for each delivered unit within the deterministic demand, as well as charged a
penalty for each order shortage for the demand. However, under the random demand
situation, Li et al. (2013) found that an “accept-all” type of contract is required
to coordinate the supply chain, which is a much more complicated situation than
that with the deterministic demand. The coordination contract specifically requires
the buyer to accept all yielded units from the supplier in response to the random
disturbance on the demand side. The derived coordination contracts are notably
applicable to extremely generalized settings, such as the nonlinear production cost
C(e) rather than that in the above model, ce. Hence, they can be adopted in
some other specific industrial cases, such as random yield, uncertain capacity, and
stochastic used product collection. Moreover, they can easily be extended into a
multiple-supplier scenario, such as decentralized assembly systems with suppliers
subject to random component yields.

8.2.2 Endogenous Supply Effort

The previous subsection discusses the vertical supply chain with a primary focus on
using coordination mechanism to cope with supply risk. The underlying assumption
under this scenario is that the supply risk is exogenous and inherent within the
production system. Conversely, the supply risk can be affected by endogenous
effort in some real practical scenarios. Consequently, the buyer has an incentive
to invest in improving the suppliers’ processes to lessen costs, enhance quality,
and improve reliability. For example, companies in the automotive industry, such
as Honda, Toyota, BMW, and Hyundai commonly, work with their suppliers to
improve performance (Handfield et al. 2000; Krause et al. 2007).

Wang et al. (2010) explored a model in which a buyer can source from two
suppliers and/or exert effort to improve supplier reliability. For both random
capacity and random yield types of supply uncertainty, a modeling framework of
process improvement is established in which improvement efforts (if successful)
increase supplier reliability by demonstrating that the delivered quantity (for any
given order quantity) is stochastically large after the improvement. The specific
model is presented as follows:

A buyer faces a newsvendor style random demand X for a product over a single
selling season. Let r, v, and p denote the product’s per unit revenue, salvage value,
and penalty cost (for unfilled demand), respectively. The firm can source from
two suppliers, iD 1 , 2. Suppliers are unreliable in that the quantity yi delivered by
supplier i is less than or equal to the quantity qi ordered by the buyer. The incurred
procurement cost is (
iqiC (1� 
i)yi)ci, where ci is the supplier i’s unit cost, and
0� 
i� 1 is the supplier i’s committed cost. The supply risk is the random capacity
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model introduced in Sect. 8.1. Thus, for a given order quantity qi, supplier i’s
delivery quantity is then given by yiD min fqi, (Ki� � i)Cg, where Ki is the supplier
i’s design capacity, and � i is the supplier i’s random capacity loss.

The model also incorporates a reliability index ai with supplier i. A higher ai

implies a lower � i, which increases reliability relative to the stochastic order. Let
supplier i’s initial reliability index be given by a0i . A feature of this problem lies
in the buyer’s capacity to exert effort to increase supplier i’s reliability index.
However, improvement efforts can and do fail. If the firm exerts an effort level
zi� 0, then supplier i’s capability improves to ai .zi/ � a0i with probability � i and
remains at a0i with probability 1 - � i. The reliability improvement cost is linear in its
effort and denoted as mizi for improving supplier i. The core problem for the buyer
is deciding its improvement efforts zD (z1, z2) first followed by determining the
order quantities,qD (q1, q2) after observing the success or failure of these efforts.
Therefore, the process can be formulated as the following two-stage stochastic
programming:

Q
1.a/ D

P2
iD1�mizi .ai/C �1�2Q�

2 .a1; a2/C �1 .1 � �2/
Q�
2

�
a1; a02

�
C .1 � �1/ �2Q�

2

�
a01; a2

�C .1 � �1/ .1 � �2/Q�
2

�
a01; a

0
2

�
;

where
Q�
2 .a

r/ D maxq�0
˚
EŸ.ar/;X Œ�.q/�

�
and

�.q/ D �Pi .
iqi C .1 � 
i/ yi/ ci C r min
˚
x;
P

i yi
�

C v�Pi yi � x
�C � p

�
x �Pi yi

�C
:

The above modeling framework facilitates the examination of two typical supply
risk mitigation strategies, namely single sourcing with process improvement or dual
sourcing without improvement. A number of typical supplier attributes, such as
cost and reliability, are considered as factors influencing the strategy preference
of the buyer. The benefits of both strategies are more pronounced with the growth
of the heterogeneity of the cost or of the reliability between the two suppliers.
However, comparison results indicate that improvement is increasingly favored
over dual sourcing as the supplier cost heterogeneity increases; however, dual
sourcing is favored over improvement if the supplier reliability heterogeneity is
high. Furthermore, if both improvement and dual-sourcing strategies can be jointly
used, then its value is more significant if the suppliers are extremely unreliable or if
they have low capacities relative to demand.

A similar model can also be proposed to analyze the random yield model
situation, which is consistent with the modeling approach discussed in Sect. 8.1. The
result is quite interesting. In the random yield model, increasing cost heterogeneity
can reduce the attractiveness of improvement. Furthermore, improvement can be
favored over dual sourcing if the reliability heterogeneity is high, which sharply
contrasts with the situation of random capacity.
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The above model guides when the dual-sourcing approach is favored relative to
the process improvement approach. This comparison assumes that the buyer has
developed a close relationship with the supplier, thereby enabling the adoption of a
particular production process in the production facility of the supplier. In reality,
such close partnership between supply chain members may not constantly be
easily achieved. In some cases, each member has autonomy over its operational
decisions, such as process and technology choices, as well as production and order
quantities. Tang et al. (2014) investigated such a problem in which the buyer may
provide incentives to influence supply reliability; however, the supplier firm makes
process/technology choices and production decisions. The study by Tang et al.
(2014) differed from that of Wang et al. (2010) in the adoption of the random
disruption model instead of random capacity or random yield of the former along
with the assumption of a deterministic demand in the base model. The sequence of
event is as follows: the supplier first proposes an incentive contract consisting of the
order quantity and the sharing fraction of reliability improvement cost incurred by
the supplier; then, the supplier exerts the reliability improvement effort accordingly.

For the all-or-nothing disruption model, the buyer is shown to prefer using the
subsidy option only, which removes the need to inflate order quantity. However,
both incentives, namely subsidy and order inflations, may be simultaneously used
in the partial disruption model. Another central issue is the comparison between
the effectiveness of process improvement and dual-sourcing strategies, which is
also the core research question in Wang et al. (2010). However, in this case, the
improvement effort is undertaken by the supplier and can only be indirectly induced
by the buyer, such that, it is exerted anyway even under the dual-sourcing strategy.
Hence, the basic tradeoff for the buyer is different with that in Wang et al. (2010).
If the buyer places the entire order in a single supplier and possibly offers subsidy
to reduce supply risk, the buyer ensures great supplier effort, high reliability, and
a good chance of meeting the demand. In contrast, if the buyer diversifies, it
lowers supply risk because both suppliers have no tendency to experience disruption
simultaneously. However, a potential downside of supply diversification exists in
endogenous reliability choice; this implies that a lower order allocation to each
supplier may reduce the incentive of the supplier to invest in the reliability-
improving effort. The results indicate that despite the benefit of a large order in
the single-sourcing mode, dual sourcing may lead to higher expected profit for the
buyer under the same wholesale price. This phenomenon can be accounted to the
benefit of risk diversification together with the savings from the lower overage cost
that can outweigh the loss resulting from less supplier reliability in some cases.
Conversely, cases in which dual sourcing is attractive only if wholesale price is
low are observed when sourcing from two suppliers. The above insights are also
verified to be valid in the newsvendor type random demand situation. In conclusion,
although single sourcing provides great indirect incentive to the selected supplier
because order splitting is avoided, the buyer may prefer the diversification strategy
under certain circumstances.
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8.3 Horizontal Supply Chain Competition

8.3.1 Exogenous Supply Risk

8.3.1.1 Supplier Competition

In this section, we turn our attention to the horizontal competition within the supply
chains. A supplier competition issue is investigated by Qin et al. (2014) using a
model with the following features: first, suppliers are competing on the wholesale
price w in the supply chain, which sharply contrasts with the previous models in
which the wholesale price(s) is assumed exogenous; second, the supply risk is a
random capacity type, that is, supplier i has a stochastic delivery capacity Ki with
a known distribution; third, the market price is endogenous and determined by the
buyer, which influences market demand. Specifically, the price-dependent market
demand is assumed as a linear function of price p, i.e., D(p)D˛�ˇp.

The sequence of events is as follows: first, supplier i sets the unit wholesale price
wi; second, the buyer sets the order quantity qi; third, the supplier i plans to produce
quantity qi. Supply capacity ki is realized at value ki, and the supplier produces and
ships ziD min (qi, ki) to the buyer; finally, the buyer receives shipments and sets
retail price p, with demand materialized and all revenues and costs incurred.

A basic model of single supplier and single buyer can be first analyzed as a
benchmark for the supplier competition problem, which should be solved in a
chronologically reverse order. Thus, the first optimization problem determines price
p to maximize the expected revenue of the buyer as follows:

Max
p

Re D E.ps/; s:t: s D min .D.p/; z/ :

The second problem is deciding the order quantity q to maximize the expected
profit of the buyer as follows:

Max
q

Y
B

� E
�
Re� � wz

�
; s:t: z D min .k; q/ :

Finally, the (single) supplier’s problem is determining an optimal wholesale price
to maximize the profit as follows:

Max
w

Y
s

� E Œ.w� c/ z� ; s:t: z D min
�
k; q�� ;w > c:

Solving the above problems yields the result that the introduction of risk to a
decentralized supply chain does not alter the relationship between the buyer’s order
size and wholesale price; instead, it leads to the supplier charging a high wholesale
price, sequentially decreasing the order quantity of the buyer. Consequently, both
the supplier and the buyer suffer from low profits under the supply capacity risk.
Consumer surplus and welfare are also low because of the increased retail price.
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Consistent with the above modeling framework, the dual-sourcing case can be
analyzed under supplier competition. Two cases of dual sourcing can be considered.
One case suggests that one supplier is perfectly reliable, whereas the other is
unreliable. The other case indicates that both suppliers are subject to random
capacities. In the dual-sourcing case, random capacity risk clearly affects wholesale
pricing differently than in the single sourcing because of the suppliers’ competition
for the buyer’s order. Reducing capacity uncertainty may not constantly benefit a
supplier competing for a monopolistic buyer’s orders; the benefit of the reduction
fundamentally depends on the cost heterogeneity between the suppliers.

Moreover, a supplier-duopoly case, in which both suppliers directly sell to the
market without the monopolistic buyer, is explored. In this case, the unreliable
supplier is proven to constantly benefit from reduced capacity variability, which
deviates from the result under the two suppliers selling through a buyer. These find-
ings highlight the role of the buyer’s diversification strategy in distorting a supplier’s
incentive for reducing capacity uncertainty under supplier price competition.

8.3.1.2 Buyer Competition

The above work investigates unreliable suppliers competing in wholesale prices.
Another issue on horizontal competition is the competition between downstream
buyers given an uncertain supply. The strategic sourcing decision of a firm can
initiate the chain effect to the demand-side competitor under supply risk. Conse-
quently, the effect of supply uncertainty on firm profitability should be evaluated
in the context of the vertical buyer–supplier relationship and the horizontal buyer
market competition.

Tang and Kouvelis (2011) investigated this issue by adopting the supply risk
model as random yield type. Thus, for an order of size q received by supplier i,
the actual quantity delivered is Yi � q, where Yi is a random variable with support
on [0, 1]. The supply chain structure forms a two-echelon configuration, where
competing buyers order a critical component from outside suppliers and use it to
produce substitutable products for the end market. A buyer’s procurement cost for
an order of size q includes a fixed ordering cost f and a variable cost proportional
to the quantity of the item being ordered at an agreed wholesale price w. The
assumption that the buyer pays for the ordered item is slightly different from
the previously introduced model; however, it is plausible and possibly observed
in actual practices, such as agricultural industries. The buyer also incurs unit
production cost c to produce one unit final product to satisfy demand.

The market demand is price sensitive. For a monopolist buyer, the inverse
demand function is given by P(Q)D a� bQ, where P is the market price determined
by the total available-to-sell quantity Q. In the duopoly model, the competition
between buyers is modeled as the Cournot quantity competition. The inverse
demand function faced by firm i is assumed to be Pi(Qi, Qj)D a� b(QiCQj),
where Qi and Qj are the available-to-sell quantities by buyers i and j, respectively.
This downside demand competition model particularly fits a limited end-market
situation, where the market prices for buyers are highly influenced by their output.
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Industrial examples include the electronic chip manufacturers of Xilinx and Alter,
who use different sourcing strategies and the personal computer firms HP and Dell,
who utilize various sourcing channels.

A benchmark is the monopoly model, in which a single-sourcing buyer deter-
mines the order q to maximize the expected profit as follows:

�ms D EY Œ.a � bq�/� cq� � wq� � f :

If the buyer adopts dual sourcing, the quantities q1 and q2 from Suppliers 1 and
2 should be determined, respectively, to maximize the expected profit as follows:

 md .q1; q2/ DE�1;�2
˚
Œa� b .q1�1 C q2�2/� .q1�1 C q2�2/

� c .q1�1 C q2�2/� w .q1 C q2/
�� 2f :

Solving the above two problems and comparing their results indicate that dual
sourcing can bring value to the monopolist buyer by reducing the variability in
market output, thereby diminishing the market output inefficiency caused by the
random yield. This benefit is defined as the diversification effect. Furthermore, a
more diverse supply base leads to a larger diversification benefit.

Under the duopoly model of buyer competition, the buyers simultaneously
choose the order quantity to be placed with their supplier(s). The end-market price
is determined by the total quantity delivered by suppliers after yield realization.
Three cases are under consideration, namely, Case 1: both buyers with a sole source;
Case 2: both buyers with dual sources; Case 3: one buyer with a sole source and the
other with dual sources. The Nash equilibrium solutions of order quantities can be
derived for the competing buyers. Dual sourcing is proven to improve the expected
profit over sole sourcing when the fixed ordering cost and the supplier correlation
are relatively low. Therefore, buyer competition does not change the logic of choice
between sole versus dual sourcing. However, the variability reduction in market
output is an inconsistent desirable target in terms of supplier selection and order
allocation caused by its occasional failure to increase expected buyer profit, which
differs from the monopoly case. For example, the buyer equally splits the order
between two identical suppliers regardless of their supply process correlation in the
monopoly model, which is not the optimal response for a buyer competing with a
sole-sourcing opponent using a common supplier.

The above work mainly focuses on the benefits of supplier diversification in
the context of dual-sourcing duopolies, as well as the related effects of supplier
correlation. Chen and Guo (2013) studied competing buyers under supply risk
from another angle, i.e., considering the incentives of firms in choosing a dual-
sourcing strategy from both risk mitigation and strategic-sourcing perspectives.
They examined how different sourcing strategies affect firm performance given
both supply uncertainty and retail competition. Their model assumed that the yield
uncertainty interdependently affects the order fulfillment of competing firms, which
is also different from the findings by Tang and Kouvelis (2011).
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We specifically consider a supply chain model consisting of a common supplier
selling an essential input at unit wholesale price w to two buyers, labeled as Firms
A and B; these firms transform the essential input into differentiated retail products
and sell them at unit retail price pi, for iDA , B, at the end of the consumer market.
The two firms differ in their sourcing options. Although Firm A relies solely on
the common supplier for the essential input, Firm B has an alternative supplier that
can provide unlimited supply at unit price S. Thus, Firm A adopts a single-sourcing
strategy, whereas Firm B uses a dual-sourcing strategy. This representative supply
chain structure captures a class of real-world scenarios in which competing firms
adopt distinct sourcing strategies (in relation to a common supplier), similar to the
case of Nokia and Ericsson in the famous fire event that occurred in early 2000
at the Philips Electronics plant, a major microchip supplier for the two cell phone
producers.

This model has two issues that require clarification. First is on the demand side.
The two buyer’s competition is supposed to be a Hotelling’s horizontal product
differentiation model, which yields simple linear demand functions with a pricing
competition for both firms. On the supply side, the common supplier is subject to
a random yield, which causes uncertain supply to the two firms. More specifically,
the supplier has high (infinite) capacity with the probability ˛ , ˛ 2 (0, 1), as well
as a realized finite capacity Q with the probability 1�˛. In the latter, the common
supplier adopts a uniform allocation rule because of its desirable properties, such as
fair and strategy-proof.

The sequence of events is as follows: (1) Given the price pair (w; s), both firms
decide on their retail prices (pA; pB) and place orders (qA; qB) to the common
supplier. (2) The common supplier fully fulfills the orders of both firms under
the situation of high capacity, whereas the supplier rations the orders from the
two firms in accordance with the uniform allocation rule under the situation when
capacity Q is realized, and firm B can temporarily acquire additional supply from its
alternative source. (3) The market clears based on the realized delivery of products
from the two firms. The firms are risk neutral, and the supply chain structure is
common knowledge. Each firm optimally chooses its retail price and order quantity,
anticipating the action of its rival. A Nash game is consequently induced, with the
objective functions of the two firms as

max
pA;qA

E�A D Œ˛qA C .1 � ˛/ gA� .pA � w/ ;

and

max
pB;qB

E�B D Œ˛qB C .1 � ˛/ gB� .pB � w/C Œ˛ .DB � qB/C .1 � ˛/ .1 � gA � gB/�

.pB � s/ :

Chen and Guo (2013) solved the above model by considering two scenarios. One
scenario is w� s, i.e., the wholesale price is lower than the alternative supply price
for Firm B. In this scenario, the price of Firm B is shown to be higher than that
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of Firm A, which in turn is priced higher when both firms adopt a single-sourcing
strategy. This finding is accounted for by the following: with the option of dual
sourcing, Firm B obtains a “monopoly” of power over the residual demand and
induces it to raise its retail price. Consequently, this price increase by Firm B reduces
the pressure on Firm A’s pricing. Firm A then raises its retail price as well, but not
to the extent that Firm B does because of Firm B’s competitive advantage over the
residual demand. Furthermore, by comparing the firm’s expected profits with the
single-sourcing benchmark, Firm B’s dual-sourcing strategy is shown to probably
benefit itself, as well as Firm A. This result is expected for Firm B, given that an
alternative supply secures more for its order fulfillment. However, such result is
relatively interesting for Firm A because under Firm B’s dual-sourcing strategy, Firm
A charges a relatively lower price than Firm B, which yields higher demands and
expected sales, compared with the single-source benchmark case. The increased
price and sales lead to a higher expected profit for Firm A. Thus, the alternative
sourcing of one firm creates a positive externality for its rival.

Another scenario under consideration is w� s, i.e., when the wholesale price is
lower than the alternative supply price for Firm B. In this scenario, as long as the
wholesale price is within a certain interval, Firm B has an incentive to order from
the common supplier even at a relatively higher cost compared with the alternative
supply. Accordingly, Firm B limits its rival’s supply to the market in the event of
a supply shortage, the benefit of which can outweigh the extra cost paid to the
common supplier. This finding indicates a strategic sourcing incentive for other
effective retail completion. Under this scenario, both firms charge higher prices and
earn higher expected profits in the dual-sourcing environment than in the single-
sourcing benchmark, and Firm B still charges a higher price than Firm A does. These
insights are similar to that in the former scenario.

8.3.2 Endogenous Supply Effort

8.3.2.1 Cournot Quantity Competition

The previous subsection discusses vertical competition under supply uncertainty;
however, the random factors in the supply side are exogenous. We currently
investigate the problems through which the supply reliability can be improved with
endogenous effort. In this aspect, Huang and Xie (2015) considered two unreliable
firms who endogenously exert effort to improve their reliability through a Cournot
quantity game competition.

Consider two symmetric firms, i and j, who produce identical products in a
market characterized by Cournot competition. The production process is unreliable
in terms of the quantity of qualified output for either firm i(j). Suppose the input
quantity is qi(qj) for manufacture i(j); then, the output quantity is qiyi(qjyj), where
yi and yj are random yield rates independent and identically distributed over support
[0, 1]. Dropping the subscripts because of symmetry, the yield rate for each firm
is assumed to be a uniform distributed random variable y U(0, a(e)). Here, a(e)
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is a concave function that increases in e with a(0)D a0 and lime ! 1a(e)D 1. a
measures the reliability after improvement over (0, 1), and a0 is the initial reliability
without improvement. Furthermore, the disutility of effort e is denoted by an
increasing convex function z(e). On the demand side, the inverse demand function
is pD d� bQ(b > 0), where Q is the total quantity supplied to the market, d is the
market potential, and b is the sensitivity parameter. The total production cost is given
by ciD (1� (1� 
i)(1� yi))qiw, where w is the unit production cost, and 
2 (0 , 1]
measures the loss associated with the defective product.

The sequence of the events is as follows: (1) The two firms simultaneously
determine the reliability improvement efforts; (2) The firms decide the input
quantities after observing the realized reliabilities; (3) The firms engage in quantity
competition on the market with output quantities. Suppose that the firm is unaware
of the opponent’s realized yield when making input quantity decision, hence, a two-
stage dynamic game is established.

The game can be solved using a backward approach, such that, the second-stage
game should be considered first. For firm i, given qj, the second-stage profit can be
maximized by inputting qi as follows:

Y
d2

�
qiI qj; a

r
i ; a

r
j

�
D E

yi.ar
i /;yj


ar

j

� 	�d � b
�
qiyi C qjyj

��
qiyi � .1 � .1 � 
i/ .1 � yi// qiw



:

The problem can be solved with analytical solutions of Nash equilibriums for
the firms’ input quantities under the following four possible scenarios after firms
exert efforts: both firms succeed, both firms fail, firm i succeeds, but j fails, and firm
i fails whereas j succeeds. The comparison results of firm input quantities under
two scenarios (firm success versus failure) are closely related to market potential.
When the market potential is low, the successful firm inputs additional quantities
than the failed firm; however, when the market potential is high, the successful
firm inputs less quantities. On the relationship between optimal input and realized
reliability, the firm’s optimal input quantity decreases in the competitor’s realized
reliability. Furthermore, the firm’s optimal input quantity increases in its own
realized reliability when the market potential is low, although its realized reliability
decreases when the market potential is high. This phenomenon is explained by the
possible two contradictory effects when the realized reliability of the firm increased,
namely the price reduction (negative effect) and cost reductions (positive effect).
Under low market potential, the firm prefers to exploit the cost reduction effect and
inputs additional quantity expecting to lower average cost. In contrast, under large
market potential, the firm inputs less quantity to diminish the price reduction effect
and to maintain high margins on products sold.

For the first-stage problem, the problem of choosing an optimal effort is
converted into that of choosing an optimal reliability. Thus, the firm determines
reliability a to maximize the first-stage profit function as follows:
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Y
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.a/ D�2
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� � z .ed.a//

Two aspects of results can be obtained by analyzing the Nash equilibrium
solution for this problem. First, on the effect of quantity competition on reliability
improvement, the optimal effort the firm exerts in the duopoly case is less than
that in the monopoly case, and the difference between the optimal efforts under the
two cases increases with the probability of improvement success. Second, on the
effect of reliability improvement on quantity competition, the endogenous behavior
of reliability improvement intensifies competition by making firms increase inputs
under the low market potential in terms of expectation, while weakening compe-
tition under the high market potential. This insight is similar to the relationship
presented in the second stage as follows: when the market potential is small, firms
tend to use the cost reduction effect from reliability improvement by increasing the
input quantity; when the market potential is large, firms depend more on the price
reduction effect than saving costs, and thus input a smaller quantity.

8.3.2.2 Newsvendor Inventory Competition

Inventory competition, also commonly referred to as newsvendor game, is a
commonly observed phenomenon in a competitive market initially studied by Parlar
(1988). Lee and Lu (2015) investigated this horizontal inventory competition under
yield uncertainty, in which two firms with random yields compete for a substitutable
demand as follows: If one firm suffers a stock-out, which can be caused by yield
failure, its unsatisfied customers may switch to its competitor. On the supply side,
each firm is subject to a random yield, with the modeling similar to that in the
Cournot competition problem. The stochastic yield rate yi of firm iD (1, 2) is related
to the yield reliability ai, which can be endogenously enhanced by the firm. Let qi

denote the input ordering quantity of firm i; then, the output stocking quantity is
qiyi. On the demand side, let Di denote the initial demand share of firm i. If firm
i suffers a stock-out, that is, qiyi turns out to be less than Di, then a fixed fraction
of the excess demand will switch to its competitor, firm j (j¤ i). Let Ds

i denote the

effective demand of firm i; and it can be expressed as Ds
i D Di C �ji

�
Dj � qj

�C
,

where � ij (0� � ij� 1) is the switching rate of the unsatisfied customers of firm i
going to purchase from firm j.

The sequence of event is also similar to the Cournot competition as follows: first,
the firms select reliability levels (a1, a2) to improve and to incur the improvement
costs. Afterwards, these reliability levels are observed, and the firms decide the
initial order quantities (q1, q2). The actual output is then realized, and unsatisfied
customers switch to the other firm. A two-stage game is hence established and can
be solved in a reverse order.
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Given a fixed pair of reliability index, aD (a1, a2), the expected profit of firm i in
the quantity game can be written as

�
q
i

�
qijqj; a

� D E
	
pi min

�
Ds

i ; qiyi
�C siyi � Ds

i


C � ciqi C ıiciqi .1 � yi/
i
:

This stage of game is proven to be a submodular game, which means that a
firm will reduce its order quantity if its competitor increases the order. Random
supply yield noticeably gives rise to multiple equilibria, which differs from the
traditional result of unique equilibrium without yield uncertainty (shown in Parlar
1988). Nevertheless, a unique equilibrium does exist if the random yield follows a
Bernoulli distribution. Quantity and yield reliability also serve as complementary
instruments for the competing firms. The firm can increase its expected profit with
a higher reliability level, through which its competitor’s profit is simultaneously
reduced.

Let
�
q�
1 .a/; q

�
2 .a/

�
be the equilibrium quantities in the second stage, then, firm

imaximizes the first-stage profit by choosing a reliability level ai. The first-stage
optimization problem of firm i can be written as

max
ai�a0i

�r
i

�
aijaj

� D �q
i

�
q�

i .a/jq�
j .a/; a

�� zi .ai/ ;

where zi(ai) is an increasing convex cost function of exerting effort to raise the
reliability level to ai. This first-stage reliability game can be analyzed if the firm’s
initial demand is deterministic and if the random yield follows a Bernoulli distri-
bution. Under this situation, this reliability game is also submodular. Furthermore,
competing firms are found to be possibly reluctant to pursue a high-reliability level
as a monopoly does. This result indicates that the competition weakens the incentive
to improve yield reliability. This finding is explained by the fact that the potential
market share of a competitive firm is smaller than that of a monopoly; thus, the
marginal gain from improving reliability is relatively small for the competitive firm.
Furthermore, the equilibrium reliability levels are also sensitive to the customer-
switching rate. The firm would exert a higher reliability level if more customers can
switch to this firm from its competitor and vice versa. Hence, raising the reliability
level is preferred if more of its competitor’s customers regard itself as a backup
vendor.

8.4 Supply Chain Networks

8.4.1 Supplier Competition C Buyer Diversification
(N Suppliers C One Buyer)

The previous sections have provided preliminary models on one buyer dealing with
multiple-competing suppliers, who may fail to deliver order quantities because
of supply disruptions. However, those models exclusively focus on horizontal
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supplier competition. In this subsection, we incorporate both horizontal supplier
competition and vertical channel competition between suppliers and their down-
stream buyer. Consider a simple supply chain model with one buyer and N
suppliers perfectly producing substitutable products. The suppliers are unreliable
because they are subject to random defaults modeled as “all-or-nothing” disruptions.
Let ıi be a binary random variable denoting the disruption of supplier i with
a joint distribution of ı1 , . . . , ıN determined by the probabilities pd1d2:::dN D
P Œı1 D d1; :::; ıN D dN � ; di 2 f0; 1g ; i D 1; :::;N: This modeling approach is
adopted because it highlights the correlation among the disruptions of these risky
suppliers.

Demand D can be deterministic or random, with unit retail sales price s as the
predetermined parameter. The event sequence is similar to the typical supplier–
buyer interaction within a supply chain channel as follows: The suppliers first
determine their wholesale prices wi, and then, the buyer responds by choosing order
quantities qi. Thus, the suppliers compete with one another for the buyer’s business,
and collectively, they serve as the Stackelberg leaders in a game where the buyer is
the Stackelberg follower. The per unit production cost for supplier i is ci.

The optimization problem of the buyer placing orders with N suppliers is

max
q1�0;q2�0;:::qN�0

 
sE

(
min

"
D;

NX
iD1

.1 � ıi/ qi

#)
�

NX
iD1

ciqi

!
;

whereas the suppliers compete with one another for the buyer’s business and solve
the following optimization problems:

sup
wi�0

.wi � ci/ zi .qi; :::; qN/ ; i D 1; 2; :::;N:

Babich et al. (2007) analyzed the above model by considering the codependence
among the suppliers’ random disruptions. For the two-supplier problem with
deterministic demand (ND 2 and D is deterministic), the buyer is shown to prefer
suppliers with highly positive correlated disruptions. This result contradicts the
intuition that negative correlation generates a diversification advantage to the buyer.
With competition, the positive correlation between supplier disruptions leads to
lower wholesale prices, thereby compensating the buyer for losing diversification
benefits. Conversely, all things being equal, each supplier prefers a highly negative
correlation between their own default processes and those of their competitors,
leading to less competition and more profits extracted from the buyer. Alternately,
simultaneously obtaining diversification benefits and low wholesale prices with over
two suppliers (N� 3) is possible for the buyer. For example, if two competing
suppliers are highly correlated and the third supplier being negatively correlated
with the others, the buyer can benefit from the low wholesale price induced by the
competition between the two highly codependent suppliers and use the third supplier
to hedge against disruption risk.
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The analysis increases in difficulty when considering models of random demand
(D is a random variable); however, the overall direction of the results remains
unchanged. Thus, contrary to the initial intuition regarding the advantages of diver-
sification, positive default correlation can benefit the buyer, which outweighs the
losses from a weak diversification. Simultaneously, a negative disruption correlation
benefits the suppliers and the channel in general. Therefore, the preferences of the
buyer and the channel for default correlation are misaligned.

The above model assumes that the supplier competition is on wholesale pricing
under exogenous supply disruption risks. Qi et al. (2015) considered the situation
in which the suppliers’ reliabilities are endogenous and can be enhanced at some
expenses. Thus, a buyer procures a product from two suppliers competing not
only through pricing strategy but also through reliability improvement efforts. The
framework is approximately similar to Babich et al. (2007), with some differences
on supply and demand modeling. For example, the demand is assumed to be a
newsvendor random one, D. The reliability of supplier i is assumed to be qi when the
market is on and ai qi when the market is off, in which qi is the reliability decision
of supplier i, and the market state is shared by both suppliers with either “on” or
“off,” with given respective probabilities. The sequence of events is as follows:
(1) The suppliers simultaneously decide on their reliabilities; (2) The suppliers
observe the reliability decisions made by their competitors, respectively, and then
determine the wholesale prices; (3) Based on the suppliers’ wholesale prices and
reliabilities, the buying firm places orders to the suppliers; (4) All uncertainties are
resolved, and the transactions are completed.

Studies have shown that the reliability of suppliers, as an endogenous decision
variable, frequently plays a more important role than the wholesale price in supplier
competition. In fact, maintaining the reliability and wholesale price both high is
the ideal strategy for suppliers with multiple options. Noticeably, when the demand
uncertainty is relatively high or when the supply reliability is low, the competition
among suppliers on both price and reliability may render the sole-sourcing strategy
optimal in some cases, depending on the format of suppliers’ cost functions.
This phenomenon is a counterintuitive result opposed to the conventional wisdom
that low supply reliability and high demand uncertainty motivate dual sourcing.
Moreover, a supplier’s profit and that of the buyer may unnecessarily decrease under
supplier competition as the cost or vulnerability of this supplier increases.

8.4.2 Chain-to-Chain Competition (Two Suppliers C Two
Buyers)

Chain-to-chain competition is regarded as the current business conception replacing
the traditional model of firm-to-firm competition. Combined with supply uncer-
tainty, this problem may require a more complex analysis. Fang and Shou (2015)
systematically examined how to design and operate supply chains to deal with
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supply uncertainty effectively by considering the interaction between two compet-
ing supply chains. Each chain consists of one buyer and an exclusive supplier. Both
chains are subject to supply uncertainty, which is modeled by a random yield ai

between 0 and 1. On the demand side, the market demand of chain i is determined
by pi(Qi, Qj)DA� aiQi� �ajQj, where A is the market base, and � 2 (0, 1) is the
competition intensity, whereas Qi and Qj are the buyers’ order quantities in chains i
and j, where i , j2 f1, 2g , i¤ j.

Three types of competition games are explored, namely centralized, hybrid,
and decentralized games. In the centralized game, central planners for both supply
chains simultaneously determine the order quantities Qi and Qj to maximize their
own expected profits. In the decentralized game, each supplier announces its
contract term consisting of a wholesale price per unit of successful delivery and
a penalty paid to the buyer per unit of unfilled order, and then, the respective
buyer accordingly chooses the production quantity. The hybrid game is a mix of the
centralized and decentralized chains, with the supplier in the decentralized chain
making contract term before the quantity competition commences.

The obtained equilibrium solutions for the above three games provide the
following observations: first, the expected order quantity and profit of a supply chain
increase if its competing supply chain becomes less reliable or if its own supply
becomes more reliable. Thus, a supply chain with a reliable supply can significantly
maximize the high supply risk of its competing chain. Second, higher competition
intensity results in lower equilibrium order quantities and expected profits for both
supply chains. Third, order quantities are upper-bounded by those in the standard
monopoly game without uncertainty.

Another question of interest on the strategic level is whether supply chain
centralization provides a competitive advantage when dealing with competition
and supply uncertainty. The answer is not necessarily. In fact, a supply chain is
consistently better off by choosing to centralize, which implies that centralization is
a dominant strategy. However, if the supply risk is low and the chain competition
is intensive, centralization can actually decrease the supply chain profit compared
with the case of the decentralized game. This phenomenon leads to a prisoner’s
dilemma. Alternatively, if the supply risk is high and/or the competition level is low,
centralization constantly increases the supply chain profit. Hence, the desirability
of supply chain centralization is enhanced by high supply uncertainty or low chain
competition.

8.5 Potential Research Directions

Supply risk management has grown in importance because of the need for designing,
coordinating, and operating extended supply chains. The risk can be the conse-
quence of a host of random factors; it can also severely damage the supply chain
firms. This chapter discusses supply chain models under supply risks, followed by
these three classes of problems:
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• First, a wholesale price contracts the risk allocation imbalance among supply
chain members; thus, the channel coordination contract design under supply
uncertainty is an important yet complicated problem. The strategic choice of
dual-sourcing or reliability improvement is also vital for the firms within a supply
chain, given that the supplier’s process reliability can be endogenously improved.

• Second, the effect of supply uncertainty on firm profitability should be evaluated
in the context of the horizontal market competition. With supplier competition,
supply uncertainty affects the retailer’s diversification strategy for replenishment
and changes the suppliers’ wholesale price competition and the incentive to
reduce capacity uncertainty. With buyer competition, the strategic choice of
single or dual sourcing is crucial for both the buyer under consideration and
its competitor. The effect of reliability competition and its relation with pricing
competition is also a hot topic when the supply effort is endogenous.

• Third, under a more complex system of N suppliers plus one buyer, the
diversification and the price competition effects should be carefully weighed as
they are closely related to the number of the supplier and the correlations among
their disruptions. For a chain-to-chain network system, channel centralization
inconsistently offers a competitive advantage. Thus, the choice of channel
centralization also depends on system parameter.

A number of other issues require further exploration for future research
directions:

• Information asymmetry: A common assumption in the above research is the
existence of information symmetry within the supply chain system, i.e., both
supplier and buyer share common knowledge. However, this finding may not
apply in reality. For example, the suppliers may be vaguely aware of the market
state, whereas the buyers may have incomplete information of the suppliers’
attributes, such as costs and reliabilities. Hence, incentive theory, including
adverse section and moral hazard, can be adopted to establish and analyze such
models. Some studies such as those of Yang et al. (2012) and Huang et al.
(2016) have looked into this research domain, which suggests a promising future
direction.

• Firms’ behavior: Behavior operations management has recently been in the
spotlight. Hence, incorporating the features of supply chain firm behavior is
another interesting topic. A major subject concerns the risk attitude of firms
toward supply uncertainty. In this aspect, possible modeling tools include
expected utility theory, mean-variance theory, VaR and CVaR, and prospect
theory (Choi et al. 2008b; Choi and Ruszczynski 2011; Choi and Chiu 2012;
Liu et al. 2013). For example, Li and Li (2016) studied a lot-sizing problem
in the presence of random yield supply under loss aversion, whereas Madadi
et al. (2014) investigated a centralized supply network design problem with an
unreliable supply under both risk neutrality and aversion. On the supply chain
interaction, other behavior characteristics can be adopted. For example, Chen
et al. (2015) studied a supply chain-contracting problem with yield uncertainty
and horizontal fairness concerns. We believe the study of supply chain model is
potentially great by considering firms’ behavior toward supply uncertainty.
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• Channel power and cooperation: The above research fails to investigate specif-
ically the issue of channel power. In fact, the effect of channel member
power on the supply chain decisions and profits are interesting problems worth
investigating. For example, Hwang et al. (2016) showed that the simple wholesale
price contract leads to different performances under different channel power
structures. Another future research issue, the supply chain cooperation and profit
allocation in the presence of supply risk, is linked to the channel power problem.

• Supply risk assessment in the big data era: In our present supply chain modeling
papers, the probability information of supply risk should be provided. In the
real industry, such information comes from the risk assessment process, which
integrates all identified knowledge of experts’ opinion, historical data, and
supply chain structure. Thus, measuring and quantifying supply chain risk has
proven to be an enormous challenge in both the industry and the academe.
According to a literature survey by Tang and Musa (2011), of the 138 papers
they identified within this research domain, less than a quarter are empirical
or quantitative. This finding corresponds with the comment by Wagner and
Neshat (2012), “ways of measuring and quantifying supply chain risk are just
beginning to emerge.” Along with today’s big data trend, the current process of
maximizing more transparent information and revolutionary big data approach
to more accurately identify and evaluate the likelihood of supply risk becomes a
problem of substantial significance and interest. Innovative supply risk modeling
frameworks using big data analytics are regarded extremely valuable, considering
that integrating big data in operations and supply chains aids firms in improving
intra- and inter-firm efficiency and effectively manages risks as well (Sanders and
Ganeshan 2015).
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Chapter 9
A Parameterized Method for Optimal
Multi-Period Mean-Variance Portfolio Selection
with Liability

Xun Li, Zhongfei Li, Xianping Wu, and Haixiang Yao

Abstract Big data is being generated by everything around us at all times.
The massive amount and corresponding data of assets in the financial market
naturally form a big data set. In this paper, we tackle the multi-period mean-
variance portfolio of asset-liability management using the parameterized method
addressed in Li et al. (SIAM J. Control Optim. 40:1540–1555, 2002) and the state
variable transformation technique. By this simple yet efficient method, we derive
the analytical optimal strategies and efficient frontiers accurately. A numerical
example is presented to shed light on the results established in this work.

Keywords Multi-period portfolio • Mean-variance formulation • Asset-liability
management

9.1 Introduction

Portfolio selection is concerned with finding the most desirable group of funds
to hold. The mean-variance model proposed by Markowitz (1952) aims to seek
a balance between the gain and the risk, which are expressed by expectation and
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variance of the investment return, respectively. In order to trace out the efficient
frontier for this bi-objective optimization problem, one typically puts weights on
the two criteria and transforms the problem into a single-objective optimization
problem.

After Markowitz’s vanward work in a single-period setting, the mean-variance
portfolio selection framework was extended to multi-period setting by Li and
Ng (2000) using an embedding technique. Zhou and Li (2000) considered a
continuous-time mean-variance problem while Li et al. (2002) investigated the
problem with no short setting. As any nonlinear term of expectation operator, the
term .EŒxT �/

2 in the mean-variance case, induces nonseparability, the spirit of both
the embedding scheme proposed by Li and Ng (2000) and Zhou and Li (2000) and
the parameterized method developed by Li et al. (2002) is to embed .EŒxT �/

2 into
an auxiliary function or to replace EŒxT � by an auxiliary variable in mean-variance
models to deal with mean-variance problems in dynamic programming. Besides
the above, Cui et al. (2014) presented another powerful tool named mean-field
formulation to tackle the nonseparability of multi-period mean-variance portfolio
selection problem and derived analytical optimal strategies and efficient frontiers.
Yi et al. (2014) developed the mean-field formulation method to solve the multi-
period mean-variance portfolio selection problem with an uncertain exit horizon.

Big data is being generated by everything around us at all times. The number
of assets in the financial market and the corresponding data constitute a typical big
data. Big data is also changing the way people investing. Insights from big data
and extracting meaningful value from big data can enable all investors to make
better profit. It is well known that the stability of financial institutions depends
crucially on the matching of assets, and liabilities. Liability is being brought more
and more into the limelight when investors establish their portfolios. The mean-
variance framework of asset-liability management was first investigated by Sharp
and Tint (1990) in a single-period setting. For the multi-period setting and by
the embedding technique, Leippold et al. (2004) derived the closed form optimal
policies and mean-variance frontiers under exogenous and endogenous liabilities
using a geometric approach; Chiu and Li (2006) employed the stochastic optimal
control theory to analytically solve the asset-liability management in a continuous
time setting; Yi et al. (2008) considered the situation of uncertain investment
horizon; Chen and Yang (2011) studied the case with regime switching; Zeng and
Li (2011) investigated the model under benchmark and mean-variance criteria in a
jump diffusion market; Li and Li (2012) took the risk control over bankruptcy into
account; Yao et al. (2013) re-considered the uncertain time-horizon model of Yi
et al. (2008) by adding an uncontrolled cash flow.

Most of the papers for multi-period mean-variance portfolio selection of asset-
liability management mentioned above are based on the embedding technique. The
embedding scheme is indeed an efficient way to deal with problems having the
nonseparable property. However, it is prone to involve inefficient and complicated
calculation during the derivation of the optimal strategies and efficient frontiers
by embedding. Therefore, research is naturally required on developing a simple
yet accurate method. In this paper, we study asset-liability management under a
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multi-period mean-variance portfolio selection framework using the parameterized
method addressed in Li et al. (2002). We first deduce the case when the returns of
assets and liability are correlated. Then we reduce it to the uncorrelated setting. One
prominent feature of the dynamic mean-variance formulations is that the optimal
portfolio policy is always linear with respect to the current wealth and liability.
According to this feature, we derive the analytical optimal policies and efficient
frontiers. The analytical form of the Lagrange multiplier is also given in expression
of the expectation of the final surplus.

The rest of the paper is organized as follows. In Sect. 9.2, we present the mean-
variance formulation of the multi-period portfolio selection model for asset-liability
management. The optimal strategies and efficient frontiers are derived in Sect. 9.3.
Section 9.4 provides some numerical examples to illustrate the results developed in
this paper. Section 9.5 concludes this paper.

9.2 Mean-Variance Formulation

Assume that an investor joining the market at the beginning of period 0 with an
initial wealth x0 and initial liability l0, plans to invest his/her wealth within a
time horizon T. He/she can reallocate his/her portfolio at the beginning of each of
the following T�1 consecutive periods. The capital market consists of one risk-free
asset, n risky assets and one liability. At time period t, the given deterministic return
of the risk-free asset, the random returns of the n risky assets, and the random return
of the liability are denoted by st .> 1/, vector et D Œe1t ; � � � ; en

t �
0 and qt, respectively.

The random vector et D Œe1t ; � � � ; en
t �

0 and the random variable qt are defined over
the probability space .�;F ;P/ and are supposed to be statistically independent at
different time periods.

Suppose that M and N are symmetric matrices with the same order. We denote
M � N (M < N) if and only if M�N is positive definite (semidefinite). We assume
that the only information known about et and qt are their first two unconditional
moments, EŒet� D

�
EŒe1t �; � � � ;EŒen

t �
�0

, EŒqt� and .nC 1/ � .nC 1/ positive definite
covariance

Cov

��
et

qt

��
D E

��
et

qt

� �
e0

t qt

�� � E

��
et

qt

��
E
	�

e0
t qt

�

:

From the above assumptions, we have

0
@ s2t stEŒe0

t� stEŒqt�

stEŒet� EŒete0
t� EŒetqt�

stEŒqt� EŒqte0
t� EŒq2t �

1
A � 0:
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We further define the excess return vector of risky assets Pt D .P1t ; � � � ;Pn
t /

0 as
.e1t � st; � � � ; en

t � st/
0. The following is then true for t D 0; 1; � � � ;T � 1:

0
@ s2t stEŒP0

t� stEŒqt�

stEŒPt� EŒPtP0
t� EŒPtqt�

stEŒqt� EŒqtP0
t� EŒq2t �

1
A D

0
@ 1 00 0
�1 I 0
0 00 1

1
A
0
@ s2t stEŒe0

t� stEŒqt�

stEŒet� EŒete0
t� EŒetqt�

stEŒqt� EŒqte0
t� EŒq2t �

1
A
0
@1 �10 0

0 I 0
0 00 1

1
A � 0;

where 1 and 0 are the n-dimensional all-one and all-zero vectors, respectively, and
I is the n � n identity matrix, which further implies, for t D 0; 1; � � � ;T � 1,

�
EŒPtP0

t� EŒPtqt�

EŒqtP0
t� EŒq2t �

�
� 0;

and s2t .1 � Bt/ > 0, where Bt
�DEŒP0

t�E
�1ŒPtP0

t�EŒPt�. This implies that 0 < Bt < 1

for t D 0; 1; � � � ;T � 1.
Let xt and lt be the wealth and liability of the investor at the beginning of period

t, respectively, then xt � lt is the net wealth. At period t, if � i
t , i D 1; 2; � � � ; n

is the amount invested in the ith risky asset, then xt � Pn
iD1 � i

t is the amount
invested in the risk-free asset. We assume in this paper that the liability is exogenous,
which means it is uncontrollable and cannot be affected by the investor’s strategies.
Denote the information set at the beginning of period t, t D 1; 2; � � � ;T � 1,
as Ft = �.P0;P1; � � � ;Pt�1; q0; q1; � � � ; qt�1/ and the trivial �-algebra over �
as F0. Therefore, EŒ�jF0� is just the unconditional expectation EŒ��. We confine
all admissible investment strategies to be the Ft-adapted Markov controls, i.e.,
�t D .�1t ; �

2
t ; � � � ; �n

t /
0 2 Ft. Then, Pt and �t are independent, fxt; ltg is an

adapted Markovian process and Ft D �.xt; lt/.
The multi-period mean-variance model of asset-liability management is to seek

the best strategy, ��
t D Œ.�1t /�, .�2t /

�, � � � , .�n
t /

��0, t D 0; 1; � � � ;T � 1, which is the
solution of the following dynamic stochastic optimization problem,

8̂̂̂
ˆ̂̂̂̂<
ˆ̂̂̂̂̂
ˆ̂:

min Var.xT � lT/ � EŒ.xT � lT � d/2�;

s.t. EŒxT � lT � D d;

xtC1 D st

�
xt �Pn

iD1 � i
t

�
CPn

iD1 ei
t�

i
t

D stxt C P0
t�t;

ltC1 D qtlt; t D 0; 1; � � � ;T � 1:

(9.1)

Introducing a Lagrange multiplier 2! > 0 yields

(
min EŒ.xT � lT � d/2� � 2!.EŒxT � lT � � d/;

s.t. fxt; lt; �tg satisfies the dynamic system of problem (9.1);
(9.2)



9 A Parameterized Method for Optimal Multi-Period Mean-Variance... 151

which is equivalent to the following problem,

(
min EŒ.xT � lT � d � !/2�;
s.t. fxt; lt; �tg satisfies the dynamic system of problem (9.1);

(9.3)

in the sense that the two problems have the same optimal strategy. It can be
rewritten as(

min EŒ.xT � � � lT /2�;

s.t. fxt; lt; �tg satisfies the dynamic system of problem (9.1);
(9.4)

where � D dC !. Set

yt WD xt � �
T�1Y
kDt

s�1
k ; (9.5)

and denote
QT�1

kDT s�1
k WD 1. Then the dynamic system of problem (9.1) turns to

�
ytC1D styt C P0

t�t;

ltC1D qtlt; t D 0; 1; � � � ;T � 1; (9.6)

where y0 D x0 � �QT�1
kD0 s�1

k . Problem (9.4) can be reformulated as

(
min EŒ.yT � lT/2�;

s.t. fyt; lt; �tg satisfies Eq. (9.6);
(9.7)

and it is the ‘same’ as the following problem:

(
min EŒy2T � 2lTyT �;

s.t. fyt; lt; �tg satisfies Eq. (9.6);
(9.8)

The ‘same’ here means that they have the same optimal strategy. By studying
problem (9.8), we can obtain the optimal strategy of the original problem (9.1).
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9.3 The Optimal Strategies

9.3.1 The Optimal Strategy with Correlation of Assets and
Liability

In this subsection, assume that the returns of assets and liability are correlated at
every period, i.e., Pt and qt are dependent on each other at period t D 0; 1; � � � ;T�1.
Before we derive the optimal strategy, we denote

bBt
�DEŒqtP0

t�E
�1ŒPtP0

t�EŒPt�;

eBt
�DEŒqtP0

t�E
�1ŒPtP0

t�EŒqtPt�;

for t D 0; 1; 2; � � � ;T � 1.

Theorem 1 Assume that the returns of assets and liability are correlated at every
period. Then the optimal strategy of problem (9.1) is given by

��
t D �E�1ŒPtP0

t�EŒPt�st

�
xt � ��

T�1Y
kDt

s�1
k

�
C
� T�1Y

kDtC1

EŒqk� �bBk

.1� Bk/sk

�
E

�1ŒPtP0
t�EŒqtPt�lt;

(9.9)

where

�� D
x0

T�1Y
kD0
.1 � Bk/sk � d � l0

T�1Y
kD0

�
EŒqk� �bBk

�
T�1Y
kD0
.1� Bk/� 1

: (9.10)

Proof We prove it by making use of the dynamic programming approach. For the
information set Ft, the cost-to-go functional of problem (9.8) at period t is

Jt.yt; lt/ D min
�t

E
	
JtC1.ytC1; ltC1/

ˇ̌
Ft


;

where the terminal condition JT.yT ; lT/ D y2T � 2lTyT . �

We start from the last stage T � 1. While t D T � 1, we have

E
	
JT.yT ; lT /

ˇ̌
FT�1



D E

	
y2T � 2lTyT

ˇ̌
FT�1



D s2T�1y2T�1 C 2sT�1yT�1EŒP0

T�1��T�1 C � 0
T�1EŒPT�1P0

T�1��T�1
� 2EŒqT�1�sT�1lT�1yT�1 � 2EŒqT�1P0

T�1�lT�1�T�1:
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Minimizing it with respect to �T�1 yields the optimal decision at period T � 1 as
follows:

��
T�1 D� E

�1ŒPT�1P0
T�1�EŒPT�1�sT�1yT�1 C E

�1ŒPT�1P0
T�1�EŒqT�1PT�1�lT�1:

Substituting ��
T�1 to E

	
JT.yT ; lT /

ˇ̌
FT�1



, we obtain

JT�1.yT�1; lT�1/ D min
�T�1

E
	
JT.yT ; lT/

ˇ̌
FT�1



D .1 � BT�1/s2T�1y2T�1 � 2

�
EŒqT�1� �bBT�1

�
sT�1lT�1yT�1 �eBT�1l2T�1:

In order to derive the cost-to-go functional and the optimal decision at period t
clearly, we patiently repeat the procedure at time T � 2. While t D T � 2, we have

E
	
JT�1.yT�1; lT�1/

ˇ̌
FT�2



D E

	
.1 � BT�1/s2T�1y2T�1 � 2

�
EŒqT�1� �bBT�1

�
sT�1lT�1yT�1 �eBT�1l2T�1

ˇ̌
FT�2



D .1 � BT�1/s2T�1


s2T�2y2T�2 C 2sT�2yT�2EŒP0

T�2��T�2 C � 0
T�2EŒPT�2P0

T�2��T�2
�

� 2�EŒqT�1� �bBT�1
�
E
	
qT�2�sT�1sT�2lT�2yT�2

� 2�EŒqT�1� �bBT�1
�
EŒqT�2P0

T�2�sT�1lT�2�T�2

�eBT�1EŒq2T�2�l2T�2:

We derive the following optimal decision at period T � 2 by minimizing the above
functional with respect to �T�2

��
T�2 D� E

�1ŒPT�2P0
T�2�EŒPT�2�sT�2yT�2

C EŒqT�1� �bBT�1
.1 � BT�1/sT�1

E
�1ŒPT�2P0

T�2�EŒqT�2PT�2�lT�2:

Then the cost-to-go functional at period T � 2 is

JT�2.yT�2; lT�2/ D min
�T�2

E
	
JT�1.yT�1; lT�1/

ˇ̌
FT�2



D .1 � BT�1/.1� BT�2/s2T�1s2T�2y2T�2

� 2�EŒqT�1� �bBT�1
��
E
	
qT�2� �bBT�2

�
sT�1sT�2lT�2yT�2

�
��

EŒqT�1� �bBT�1
�2

1 � BT�1
eBT�2 CeBT�1EŒq2T�2�

�
l2T�2:
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While t D T � 3, we can similarly get

E
	
JT�2.yT�2; lT�2/

ˇ̌
FT�3



D E

	
.1 � BT�1/.1 � BT�2/s2T�1s2T�2y2T�2

� 2�EŒqT�1� �bBT�1
��
E
	
qT�2��bBT�2

�
sT�1sT�2lT�2yT�2

�
��

EŒqT�1� �bBT�1
�2

1 � BT�1
eBT�2 CeBT�1EŒq2T�2�

�
l2T�2

ˇ̌̌
ˇFT�3

�

D .1 � BT�1/.1 � BT�2/s2T�1s2T�2

�


s2T�3y2T�3 C 2sT�3yT�3EŒP0
T�3��T�3 C � 0

T�3EŒPT�3P0
T�3��T�3

�
� 2�EŒqT�1� �bBT�1

��
E
	
qT�2��bBT�2

�
EŒqT�3�sT�1sT�2sT�3lT�3yT�3

� 2�EŒqT�1� �bBT�1
��
E
	
qT�2��bBT�2

�
EŒqT�3P0

T�3�sT�1sT�2lT�3�T�3

�
��

EŒqT�1� �bBT�1
�2

1 � BT�1
eBT�2 CeBT�1EŒq2T�2�

�
EŒq2T�3�l2T�3:

Thus the optimal decision at period T � 3 is

��
T�3 D� E

�1ŒPT�3P0
T�3�EŒPT�3�sT�3yT�3

C EŒqT�1� �bBT�1
.1 � BT�1/sT�1

EŒqT�2� �bBT�2
.1 � BT�2/sT�2

E
�1ŒPT�3P0

T�3�EŒqT�3PT�3�lT�3;

and the cost-to-go functional at period T � 3 is

JT�3.yT�3; lT�3/ D min
�T�3

E
	
JT�2.yT�2; lT�2/

ˇ̌
FT�3



D .1 � BT�1/.1 � BT�2/.1 � BT�3/s2T�1s2T�2s2T�3y2T�3

� 2�EŒqT�1� �bBT�1
��
E
	
qT�2� �bBT�2

��
EŒqT�3� �bBT�3

�
sT�1sT�2sT�3lT�3yT�3

�
��

EŒqT�1� �bBT�1
�2

1 � BT�1

�
EŒqT�2� �bBT�2

�2
1� BT�2

eBT�3

C
��

EŒqT�1� �bBT�1
�2

1 � BT�1
eBT�2 CeBT�1EŒq2T�2�

�
EŒq2T�3�

�
l2T�3:
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Inspired by the above three stages, we conjecture that the cost-to-go functional at
period t can be expressed in the following form:

Jt.yt; lt/ D
� T�1Y

kDt

.1 � Bk/s
2
k

�
y2t � 2

� T�1Y
kDt

.EŒqk� �bBk/sk

�
ltyt

�
T�1X
jDt

� T�1Y
kDjC1

.EŒqk� �bBk/
2

1 � Bk

�eBj

� j�1Y
mDt

EŒq2m�

�
l2t :

(9.11)

Next, we prove it in mathematical induction. Assume that the cost-to-go func-
tional (9.11) holds at period t C 1. Then we shall prove that it still holds at time
t. For the given information set Ft, we have

E
	
JtC1.ytC1; ltC1/

ˇ̌
Ft



D E

�� T�1Y
kDtC1

.1 � Bk/s
2
k

�
y2tC1 � 2

� T�1Y
kDtC1

�
EŒqk� �bBk

�
sk

�
ltC1ytC1

�
T�1X

jDtC1

� T�1Y
kDjC1

�
EŒqk� �bBk

�2
1 � Bk

�eBj

� j�1Y
mDtC1

EŒq2m�

�
l2tC1

ˇ̌̌
ˇFt

�

D
� T�1Y

kDtC1
.1 � Bk/s

2
k

��
s2t y2t C 2stytEŒP0

t��t C � 0
tEŒPtP0

t��t
�

� 2
� T�1Y

kDtC1

�
EŒqk� �bBk

�
sk

��
EŒqt�stltyt C EŒqtP0

t�lt�t
�

�
T�1X

jDtC1

� T�1Y
kDjC1

�
EŒqk� �bBk

�2
1 � Bk

�eBj

� j�1Y
mDtC1

EŒq2m�

�
EŒq2t �l

2
t :

Minimizing the above functional with respect to �t, we get the optimal strategy
decision at time t as follows:

��
t D �E�1ŒPtP0

t�EŒPt�styt C
� T�1Y

kDtC1

EŒqk� �bBk

.1 � Bk/sk

�
E

�1ŒPtP0
t�EŒqtPt�lt:

Substituting it to E
	
JtC1.ytC1; ltC1/

ˇ̌
Ft



yields

Jt.yt; lt/ D min
�t

E
	
JtC1.ytC1; ltC1/

ˇ̌
Ft



D
� T�1Y

kDtC1
.1 � Bk/s

2
k

�
s2t y2t � 2

� T�1Y
kDtC1

�
EŒqk� �bBk

�
sk

�
EŒqt�stltyt
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�
� T�1Y

kDtC1
.1 � Bk/s

2
k

�
EŒP0

t�E
�1ŒPtP0

t�EŒPt�s
2
t y2t

C 2
� T�1Y

kDtC1

�
EŒqk� �bBk

�
sk

�
EŒqtP0

t�E
�1ŒPtP0

t�EŒPt�stltyt

�
� T�1Y

kDtC1

�
EŒqk� �bBk

�2
1 � Bk

�
EŒqtP0

t�E
�1ŒPtP0

t�EŒqtPt�l
2
t

�
T�1X

jDtC1

� T�1Y
kDjC1

�
EŒqk� �bBk

�2
1 � Bk

�eBj

� j�1Y
mDtC1

EŒq2m�

�
EŒq2t �l

2
t

D
� T�1Y

kDt

.1 � Bk/s
2
k

�
y2t � 2

� T�1Y
kDt

�
EŒqk� �bBk

�
sk

�
ltyt

�
T�1X
jDt

� T�1Y
kDjC1

�
EŒqk� �bBk

�2
1 � Bk

�eBj

� j�1Y
mDt

EŒq2m�

�
l2t ;

which proves (9.11).
To derive the expression (9.10) of � , we first consider the value of the optimal

objective function in (9.8). In fact,

E
	
y2T � 2lTyT


 D E
	
y2T � 2lTyT

ˇ̌
F0

 D J0.y0; l0/

D y20

T�1Y
kD0
.1 � Bk/s

2
k � 2l0y0

T�1Y
kD0

�
EŒqk� �bBk

�
sk

� l20

T�1X
jD0

� T�1Y
kDjC1

�
EŒqk� �bBk

�2
1 � Bk

�eBj

� j�1Y
mD0

EŒq2m�

�
:

Then

Var.xT � lT/ D EŒ.xT � lT � d/2�

D EŒ.xT � lT � d/2�� 2!.EŒxT � lT � � d/C !2 � !2

D EŒ.xT � lT � d/2 � 2!.xT � lT � d/C !2� � !2

D EŒ.xT � lT � d � !/2� � !2

D EŒ.yT � lT/
2� � !2

D EŒy2T � 2lTyT �C EŒl2T � � !2
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D y20

T�1Y
kD0
.1 � Bk/s

2
k � 2l0y0

T�1Y
kD0

�
EŒqk��bBk

�
sk

� l20

T�1X
jD0

� T�1Y
kDjC1

�
EŒqk� �bBk

�2
1 � Bk

�eBj

� j�1Y
mD0

EŒq2m�

�

C l20

T�1Y
kD0

EŒq2k � � !2:

Since

y0 D x0 � �
T�1Y
kD0

s�1
k D x0 � .dC !/

T�1Y
kD0

s�1
k ;

we have

y20

T�1Y
kD0
.1 � Bk/s

2
k D

�
x0 � .dC !/

T�1Y
kD0

s�1
k

�2 T�1Y
kD0
.1 � Bk/s

2
k

D
�

x0

T�1Y
kD0

sk � .dC !/
�2 T�1Y

kD0
.1� Bk/

and

y0

T�1Y
kD0
.EŒqk� �bBk/sk D

�
x0 � .dC !/

T�1Y
kD0

s�1
k

� T�1Y
kD0

�
EŒqk� �bBk

�
sk

D
�

x0

T�1Y
kD0

sk � .dC !/
� T�1Y

kD0

�
EŒqk� �bBk

�
:

Hence,

Var.xT � lT/

D
�

x0

T�1Y
kD0

sk � .d C !/

�2 T�1Y
kD0

.1� Bk/� 2l0

�
x0

T�1Y
kD0

sk � .d C !/

�T�1Y
kD0

�
EŒqk ��bBk

�

�l20

T�1X
jD0

� T�1Y
kDjC1

�
EŒqk��bBk

�2
1� Bk

�eBj

� j�1Y
mD0

EŒq2m�

�
C l20

T�1Y
kD0

EŒq2k �� !2

D
� T�1Y

kD0

.1� Bk/� 1

� 
! �

�
x0
QT�1

kD0 sk � d
�QT�1

kD0.1� Bk/� l0
QT�1

kD0

�
EŒqk��bBk

�
QT�1

kD0.1� Bk/� 1

!2

C
QT�1

kD0.1� Bk/

1�QT�1
kD0.1� Bk/

�
d � x0

T�1Y
kD0

sk C l0

T�1Y
kD0

EŒqk��bBk

1� Bk

�2
C l20C0;

(9.12)
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where

C0 D �
T�1Y
kD0

�
EŒqk��bBk

�2
1 � Bk

�
T�1X
jD0

� T�1Y
kDjC1

.EŒqk� �bBk/
2

1 � Bk

�eBj

� j�1Y
mD0

EŒq2m�

�
C

T�1Y
kD0

EŒq2k �:

(9.13)

Since 0 < Bt < 1 for t D 0; 1; � � � ;T � 1,

0 <

T�1Y
kD0
.1 � Bk/ < 1:

This implies that the variance term Var.xT � lT / in (9.12) is concave in !. To obtain
the minimum variance Var.xT�lT/ and the optimal strategy for the original portfolio
selection problem (9.1), one needs to maximize the value in (9.12) over ! 2 R

according to the Lagrange duality theorem in Luenberger (1968). Taking the first
order derivative for (9.12) with respect to ! yields

!� D

�
x0

T�1Y
kD0

sk � d

� T�1Y
kD0
.1 � Bk/� l0

T�1Y
kD0

�
EŒqk� �bBk

�
T�1Y
kD0
.1 � Bk/ � 1

:

A simple calculation of �� D d C !� implies the desired result (9.10). �

9.3.2 Efficient Frontier

For any matrix M, we denote by MC the Moore-Penrose pseudoinverse of M
satisfying

MMCM D M;MCMMC D MC; .MMC/0 D MMC; .MCM/0 D MCM:

It can be proved that MC is unique for any matrix M and if the inverse M�1 of M
exists, then MC D M�1.

Let M be a square matrix partitioned as

M D
�

M11 M12

M21 M22

�
: (9.14)

Then we have
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Lemma 1 If M22 is invertible, then jMj D jM22j
ˇ̌
M11 �M12M�1

22 M21

ˇ̌
.

Suppose that the square matrix M is symmetrical and partitioned as (9.14), where
M11 and M22 are also symmetrical square matrices, then the following two lemmas
hold.

Lemma 2 The matrix M < 0 is equivalent to M22 < 0;M22M
C
22M21 D M21 and

M11 �M12M
C
22M21 < 0, where M21 D M0

12.

Lemma 3 If M < N < 0, then jMj � jNj.
The proof of Lemmas 1 and 3 can be found in Zhang (2011). And the proof of
Lemma 2 can be found in Albert (1969).

Before we analyze the efficient frontier, we prove the following important result.

Lemma 4 If E

��
Pk

qk

��
P0

k qk

��
is positive definite for k D 0; 1; � � � ;T � 1, then

C0 � 0: (9.15)

Proof Let Lk D
�

Pk

1

�
and Qk D

�
Pk

qk

�
; then

�
EŒPkP0

k� EŒPk�

EŒP0
k� 1

�
D E

��
Pk

1

� �
P0

k 1
�� D EŒLkL0

k�; (9.16)

�
EŒPkP0

k� EŒqkPk�

EŒqkP0
k� EŒq2k �

�
D E

��
Pk

qk

� �
P0

k qk

�� D EŒQkQ0
k�; (9.17)

�
EŒPkP0

k� EŒPk�

EŒqkP0
k� EŒqk�

�
D E

��
Pk

qk

� �
P0

k 1
�� D EŒQkL0

k�: (9.18)

Taking determinant on both sides for (9.16)–(9.18) and according to Lemma 1,
we get

ˇ̌̌
ˇEŒPkP0

k� EŒPk�

EŒP0
k� 1

ˇ̌̌
ˇ D �1 � EŒP0

k�E
�1ŒPkP0

k�EŒPk�
� ˇ̌
EŒPkP0

k�
ˇ̌ D ˇ̌EŒLkL0

k�
ˇ̌
; (9.19)

ˇ̌̌
ˇEŒPkP0

k� EŒqkPk�

EŒqkP0
k� EŒq2k �

ˇ̌̌
ˇ D �EŒq2k � � EŒqkP0

k�E
�1ŒPkP0

k�EŒqkPk�
� ˇ̌
EŒPkP0

k�
ˇ̌ D ˇ̌EŒQkQ0

k�
ˇ̌
;

(9.20)ˇ̌̌
ˇEŒPkP0

k� EŒPk�

EŒqkP0
k� EŒqk�

ˇ̌̌
ˇ D �EŒqk� � EŒqkP0

k�E
�1ŒPkP0

k�EŒPk�
� ˇ̌
EŒPkP0

k�
ˇ̌ D ˇ̌EŒQkL0

k�
ˇ̌
:

(9.21)
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By the assumption of EŒQkQ0
k� � 0, the inverse E�1ŒQkQ0

k� of EŒQkQ0
k� exists. Then

E
CŒQkQ0

k� D E
�1ŒQkQ0

k�. Since

E

��
Lk

Qk

� �
L0

k Q0
k

�� D �EŒLkL0
k� EŒLkQ0

k�

EŒQkL0
k� EŒQkQ0

k�

�
< 0; (9.22)

it follows from Lemma 2 that

EŒLkL0
k�� EŒLkQ0

k�E
�1ŒQkQ0

k�EŒQkL0
k� < 0:

Obviously,

EŒLkQ0
k�EŒQkQ0

k�
�1
EŒQkL0

k� D EŒLkQ0
k�E

�1ŒQkQ0
k�
�
EŒLkQ0

k�
�0 < 0:

Consequently,

EŒLkL0
k� < EŒLkQ0

k�E
�1ŒQkQ0

k�EŒQkL0
k�: (9.23)

Then according to (9.23) and Lemma 3, it follows that

ˇ̌
EŒLkL0

k�
ˇ̌ � ˇ̌EŒLkQ0

k�E
�1ŒQkQ0

k�EŒQkL0
k�
ˇ̌ D ˇ̌EŒLkQ0

k�
ˇ̌ ˇ̌
E

�1ŒQkQ0
k�
ˇ̌ ˇ̌
EŒQkL0

k�
ˇ̌
:

(9.24)

Notice that
ˇ̌
EŒQkL0

k�
ˇ̌ D ˇ̌

EŒLkQ0
k�
ˇ̌

and
ˇ̌
E

�1ŒQkQ0
k�
ˇ̌ D ˇ̌

EŒQkQ0
k�
ˇ̌�1

, then (9.24)
implies

ˇ̌
EŒQkL0

k�
ˇ̌2 � ˇ̌EŒQkQ0

k�
ˇ̌ ˇ̌
EŒLkL0

k�
ˇ̌
: (9.25)

By (9.19)–(9.21) and (9.25), we obtain

�
1 � EŒP0

k�E
�1ŒPkP0

k�EŒPk�
� �
EŒq2k � � EŒqkP0

k�E
�1ŒPkP0

k�EŒqkPk�
�

� �EŒqk�� EŒqkP0
k�E

�1ŒPkP0
k�EŒPk�

�2
:

Namely,

�
EŒqk� �bBk

�2 � �EŒq2k � �eBk
�
.1 � Bk/:

Then

eBk � EŒq2k � �
�
EŒqk� �bBk

�2
1 � Bk

:
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Therefore,

T�1X
jD0

� T�1Y
kDjC1

�
EŒqk ��bBk

�2
1� Bk

�eBj

� j�1Y
mD0

EŒq2m�

�

�
T�1X
jD0

� T�1Y
kDjC1

�
EŒqk��bBk

�2
1� Bk

��
EŒq2j ��

.EŒqj��bBj/
2

1� Bj

�� j�1Y
mD0

EŒq2m�

�

D
T�1X
jD0

� T�1Y
kDjC1

�
EŒqk��bBk

�2
1� Bk

�
EŒq2j �

� j�1Y
mD0

EŒq2m�

�

�
T�1X
jD0

� T�1Y
kDjC1

�
EŒqk��bBk

�2
1� Bk

�
.EŒqj��bBj/

2

1� Bj

� j�1Y
mD0

EŒq2m�

�

D
T�1X
jD0

� T�1Y
kDjC1

�
EŒqk��bBk

�2
1� Bk

�� jY
mD0

EŒq2m�

�
�

T�1X
jD0

� T�1Y
kDj

�
EŒqk ��bBk

�2
1� Bk

�� j�1Y
mD0

EŒq2m�

�

D
� T�1Y

kDT

�
EŒqk��bBk

�2
1� Bk

�� T�1Y
mD0

EŒq2m�

�
�
� T�1Y

kD0

�
EŒqk��bBk

�2
1� Bk

�� �1Y
mD0

EŒq2m�

�

D
� T�1Y

mD0

EŒq2m�

�
�
� T�1Y

kD0

�
EŒqk��bBk

�2
1� Bk

�

D
� T�1Y

kD0

EŒq2k �

�
�
� T�1Y

kD0

�
EŒqk��bBk

�2
1� Bk

�
:

As a result, it follows from the above inequality that

C0 D �
T�1Y
kD0

�
EŒqk� �bBk

�2
1 � Bk

�
T�1X
jD0

� T�1Y
kDjC1

�
EŒqk� �bBk

�2
1 � Bk

�eBj

� j�1Y
mD0

EŒq2m�

�

C
T�1Y
kD0

EŒq2k � � 0:

This completes the proof of Lemma 4. �

It follows from Eq. (9.12) with !� that we have the following minimum variance
theorem.

Theorem 2 Assume that the returns of assets and liability are correlated at every
period. Then the efficient frontier is given by

Var.xT � lT/ D
QT�1

kD0.1 � Bk/

1 �QT�1
kD0.1� Bk/

�
d � x0

T�1Y
kD0

sk C l0

T�1Y
kD0

EŒqk� �bBk

1 � Bk

�2
C l20C0:
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Setting the expected terminal surplus d D x0
T�1Q
kD0

sk � l0
T�1Q
kD0

EŒqk� , we obtain the

global minimum variance as

Varmin.xT � lT/ WD C0l0
2: (9.26)

By Lemma 4, it follows that the global minimum variance Varmin.xT � lT/ � 0.

9.3.3 The Optimal Strategy with Uncorrelation of Assets
and Liability

Assume that the returns of asset and liability are uncorrelated at every period. Then

bBt D EŒqt�Bt and eBt D .EŒqt�/
2Bt:

Hence, we have the following results:

T�1Y
kDt

EŒqk��bBk

.1 � Bk/sk
D

T�1Y
kDt

EŒqk�s
�1
k ;

T�1Y
kDt

�
EŒqk� �bBk

� D T�1Y
kDt

EŒqk�
�
1 � Bk

�
;

T�1Y
kDt

EŒqk��bBk

1 � Bk
D

T�1Y
kDt

EŒqk�;

T�1Y
kDt

�
EŒqk� �bBk

�2
1 � Bk

D
T�1Y
kDt

�
EŒqk�

�2
.1 � Bk/

and

C0 D�
T�1Y
kD0

�
EŒqk�

�2�
1 � Bk

� � l20

T�1X
jD0

� T�1Y
kDjC1

�
EŒqk�

�2�
1 � Bk

���
EŒqj�

�2

� Bj

� j�1Y
mD0

EŒq2m�

�
C

T�1Y
kD0

EŒq2k �:
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Therefore, we have the following two theorems.

Theorem 3 Assume that the returns of assets and liability are uncorrelated at every
period. Then the optimal strategy of problem (9.1) is given by

��
t D �E�1ŒPtP0

t�EŒPt�st

�
xt � ��

T�1Y
kDt

s�1
k � lt

T�1Y
kDt

EŒqk�s
�1
k

�
; (9.27)

where

�� D
x0

T�1Y
kD0
.1 � Bk/sk � d � l0

T�1Y
kD0

EŒqk�
�
1 � Bk

�
T�1Y
kD0
.1� Bk/� 1

: (9.28)

Theorem 4 Assume that the returns of assets and liability are uncorrelated at every
period. Then the efficient frontier is given by

Var.xT � lT/ D
QT�1

kD0.1 � Bk/

1 �QT�1
kD0.1 � Bk/

�
d � x0

T�1Y
kD0

sk C l0

T�1Y
kD0

EŒqk�

�2
C l20C0:

9.4 Numerical Examples

We consider an example of constructing a pension fund consisting of S&P 500 (SP),
the index of Emerging Market (EM), Small Stock (MS) of the US market, and a
bank account. Based on the data provided in Elton et al. (2007), Table 9.1 presents
the expected values, variances, and correlation coefficients of the annual return rates
of these indices.

Table 9.1 Data for the asset allocation example

SP EM (%) MS (%) Liability (%)

Expected return 14 16 17 10

Standard deviation 18.5 30 24 20

Correlation coefficient

SP 1 0.64 0.79 �1

EM 0.64 1 0.75 �2

MS 0.79 0.75 1 �3

Liability �1 �2 �3 1
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Thus, for any time t, we have

EŒPt� D
0
@0:090:11

0:12

1
A ; Cov.Pt/ D

0
@0:0342 0:0355 0:03510:0355 0:0900 0:0540

0:0351 0:0540 0:0576

1
A ;

EŒPtP0
t� D

0
@0:0423 0:0454 0:04590:0454 0:1021 0:0672

0:0459 0:0672 0:0720

1
A :

We consider five time periods and an annual risk free rate 5% (st D 1:05). Assume
that the investor has an initial wealth x0 D 3 and an initial liability l0 D 1.
Furthermore, for t D 0; 1; 2; 3; 4; the correlation of assets and the liability is
� D .�1; �2; �3/, where

�i D Cov.qt;Pi
t/p

Var.qt/
p

Var.Pi
t/

is the correlation coefficient of the ith asset and the liability. This means

EŒqtP
i
t� D EŒqt�EŒP

i
t�C �i

p
Var.qt/

q
Var.Pi

t/:

9.4.1 Correlation

In this subsection, assume that the returns of the assets and liability are correlated
with � D .�1; �2; �3/ D .�0:25; 0:5; 0:25/. Hence,

Cov

  
Pt

qt

!!
D
 

Cov.Pt/ Cov.qt;Pt/

Cov.qt;P0
t/ Var.qt/

!
D

0
BBB@
0:0342 0:0355 0:0351 �0:0092
0:0355 0:0900 0:0540 0:0300

0:0351 0:0540 0:0576 0:0120

�0:0092 0:0300 0:0120 0:0400

1
CCCA � 0:

Using the above formula of EŒqtPi
t�, we have EŒqtPt� D .0:0898; 0:1510; 0:1440/0.

We seek for the expected terminal target with d D 3:5. According to Theorem 1,
we can derive �� D 4:0470 and the optimal strategy of problem (9.1) is specified
as follows:

��
0 D �1:05.x0 � 3:1710/K1C 1:2053K2l0;

��
1 D �1:05.x1 � 3:3295/K1C 1:1503K2l1;

��
2 D �1:05.x2 � 3:4960/K1C 1:0979K2l2;

��
3 D �1:05.x3 � 3:6708/K1C 1:0478K2l3;

��
4 D �1:05.x4 � 3:8543/K1C 1:0000K2l4;
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where

K1 D E
�1ŒPtP0

t�EŒPt� D
2
4 1:0580

�0:1207
1:1052

3
5 ; K2 D E

�1ŒPtP0
t�EŒqtPt� D

2
4�0:23980:4374

1:7446

3
5 :

The variance of the final optimal surplus is Var.x5 � l5/ D 0:7289.

9.4.2 Uncorrelation

In this subsection, assume that the returns of the assets and liability are uncorrelated.
Hence,

Cov

��
Pt

qt

��
D
�

Cov.Pt/ Cov.qt;Pt/

Cov.qt;P0
t/ Var.qt/

�
D

0
BB@
0:0342 0:0355 0:0351 0

0:0355 0:0900 0:0540 0

0:0351 0:0540 0:0576 0

0 0 0 0:04

1
CCA � 0:

We still seek to attain the same expected terminal target with d D 3:5. According to
Theorem 3, we can derive �� D 4:0464 and the optimal strategy of problem (9.1)
is specified as follows:

��
0 D �1:05.x0 � 3:1705C 1:1472l0/K1;

��
1 D �1:05.x1 � 3:3290C 1:0950l1/K1;

��
2 D �1:05.x2 � 3:4955C 1:0452l2/K1;

��
3 D �1:05.x3 � 3:6702C 0:9977l3/K1;

��
4 D �1:05.x4 � 3:8538C 0:9524l4/K1;

where K1 is the same as in Sect. 9.4.1, and the variance of the final optimal surplus
is Var.x5 � l5/ D 1:0043.

9.5 Conclusion

Using the parameterized method, the state variable transformation technique, and
the dynamic programming approach, we obtain in this paper the closed-form
expressions for the optimal investment strategy and the efficient frontier of our
multi-period mean-variance asset-liability management problem. Compared with
previous studies in the literature, our method is simpler yet more efficient, and the
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result is more concise and powerful since we do not need to solve an auxiliary
problem and investigating the relationship of the auxiliary problem and the original
one. Our method is hence especially useful in the big data era. In the future, we will
try to use the parameterized method to solve the portfolio selection problem when
the returns are correlated in every period, with probability constraint, with uncertain
exit time and with Markov jumps.
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Chapter 10
Sparse and Multiple Risk Measures Approach
for Data Driven Mean-CVaR Portfolio
Optimization Model

Jianjun Gao and Weiping Wu

Abstract This paper studies the out-of-sample performance of the data driven
Mean-CVaR portfolio optimization(DDMC) model, in which the historical data
of the stock returns are regarded as the realized returns and used directly in the
mean-CVaR portfolio optimization formulation. However, in practical portfolio
management, due to a limited number of monthly or weekly based historical data,
the out-of-sample performance of the DDMC model is quite unstable. To overcome
such a difficulty, we propose to add the penalty on the sparsity of the portfolio
weight and combine the variance term in the DDMC formulation. Our experiments
demonstrate that the proposed method mitigates the fragility of out-of-sample
performance of the DDMC model significantly.

Keywords Conditional value-at-risk • Portfolio optimization • Multiple risk mea-
sures • Sparse portfolio • Out-of-sample stability

10.1 Introduction

The mean-variance(MV) portfolio selection model proposed by Markowitz (1952)
laid the foundation of the modern investment theory. It suggests to balance the profit
and the risk in portfolio decision. Following the spirit of Markowtiz’s MV model, the
framework of mean-risk portfolio analysis has been extended in various directions,
e.g., see Li et al. (2006), Kolm et al. (2014), Gao and Li (2013) and the references
therein. However, using variance as the risk measure has some drawbacks, i.e., it
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penalizes both profit and loss of the random return symmetrically. Realizing the
variance is not a perfect term for risk measure, a large amount of new risk measures
have been proposed since the development of the MV portfolio selection model.
Among these risk measures, the Value-at-Risk (VaR), defined as the quantile of
a specified exceeding probability of the loss, becomes popular in the financial
industry since the mid-90s. However, the VaR fails to satisfy the axiomatic system
of coherent risk measures proposed by Artzner et al. (1999), and it suffers from the
non-convexity property in the corresponding portfolio optimization problems. On
the other hand, the conditional Value-at-Risk (CVaR), defined as the expected value
of the loss exceeding the VaR (Rockafellar and Uryasev 2000, 2002), possesses
several good properties, such as convexity, monotonicity and homogeneity, which
also proved to be in the class of coherent risk measures (Pflug 2000; Artzner et al.
1999). Rockafellar and Uryasev (2000, 2002) developed an equivalent formulation
to compute the CVaR which leads to a convex optimization problem. Due to these
nice properties, CVaR has been widely applied in various applications of portfolio
selection and risk management, e.g., derivative portfolio (Alexander et al. 2006),
credit risk optimization (Andersson et al. 2001), and robust portfolio management
(Zhu and Fukushima 2009).

Although the mean-risk portfolio optimization model has been studied exten-
sively in the academic society, translating these models as some useful tools in the
real world financial practice is not a trivial task. Even for the classical MV portfolio
selection model, it is well known that estimating the expected return and covariance
matrix are not an easy task, especially when the size of the portfolio is large (e.g.,
see Merton 1980; Demiguel et al. 2009a,b). Highly related to the estimation problem
of the stock return statistics, the stableness of the out-of-sample performance of
the portfolio optimization model is another issue. Demiguel et al. (2009b) checked
several portfolio construction methods rooted from the MV portfolio selection
formulation. However, these models cannot significantly or consistently outperform
the naive portfolio strategy which allocates wealth evenly in all assets. As for the
mean-CVaR portfolio optimization model, since CVaR measures just a small portion
of the whole distribution, a large number of samples is needed to guarantee the
statistical stability. Takeda and Kanamori (2009) and Kondor et al. (2007) showed
that the mean-CVaR portfolio optimization model has more serious problems of
instability regarding the out-of-sample performance than the MV model. Recently,
Lim et al. (2011) reported the similar results that the correspondent portfolio of the
mean-CVaR portfolio decision model is extremely unreliable due to the estimation
errors. Furthermore, Lim et al. (2011) showed that this problem is even worse when
the distribution of the return has a heavy tail. To deal with unstable out-of-sample
performance of the mean-CVaR portfolio optimization model, several methods have
been proposed. Gotoh and Takeda (2011) introduced the norm-regularity in the
mean-risk portfolio decision model to reduce the sparsity of the portfolio decision.
Gotoh et al. (2013) further adopted the robust mean-CVaR portfolio optimization
technique to overcome such an instability problem.

Motivated by the above research (Lim et al. 2011; Gotoh and Takeda 2011; Gotoh
et al. 2013), we propose to use the sparse portfolio and multiple risk measures to
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mitigate the fragility of the CVaR based data driven portfolio selection model. More
specifically, we add the l1-norm penalty of the portfolio decision vector and the
variance of the portfolio return in the mean-CVaR portfolio selection model. To
enhance the sparsity of the solution, we also adopt the reweighted-l1 norm method
by computing the weights iteratively. Our numerical experiments show that the
resulted out-of-sample performance is significantly enhanced comparing with the
traditional DDMC portfolio optimization model.

This paper is organized as follows. The alternative formulations of the DDMC
portfolio optimization problems are proposed in Sect. 10.2. The out-of-sample
performance of these different models is evaluated by using the simulation approach
in Sect. 10.3. The paper is concluded in Sect. 10.4.

10.2 The Data Driven Mean-Risk Portfolio Optimization

We consider a portfolio constructed by n candidate risky assets, whose random
returns are denoted as R 2 R

n. Let x D .x1; � � � ; xn/
0 2 R

n be the portfolio decision
vector, which represents the weight of the allocation of the wealth in each securities.
Let f .x;R/ be the portfolio loss associated with x and R, e.g., we can simply set
f .x;R/ D b � R0x, where b is the benchmark return. To define the CVaR of the
loss f .x;R/ for a given confidence level ˇ(i.e., ˇ D 95%), we need the cumulative
distribution function of f .x;R/,

‰.y/ D P.f .x;R/ � y/;

for some number y 2 R, the correspondingˇ-tail distribution for a given confidence
level ˇ is

‰ˇ.y/ D
(
0; if y < VaRˇ;
‰.y/�ˇ
1�ˇ ; if y � VaRˇ;

(10.1)

where VaRˇ D inffz j ‰.y/ � ˇg. The CVaR of the loss function f .x;R/ is then
given by

CVaRŒf .x;R/� WD
Z

f .x;R/�VaRˇ

f .x;R/d‰ˇ.y/; (10.2)

where the integration should be understood as a summation when R is a discrete
random vector. Note that the above definition of CVaR is for the general distribution
function of the loss function f .x;R/, see, e.g., Rockafellar and Uryasev (2002)
for some subtle difference on the definition of the CVaR between the cases of
discrete random variable and continuous random variable. Rockafellar and Uryasev
(2000) and Rockafellar and Uryasev (2002) showed that the CVaRŒf .x;R/� can be
computed by solving a simple convex optimization problem.
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Lemma 2.1 The CVaR of the loss f .x;R/ of the terminal wealth can be computed
as follows:

CVaRŒf .x;R/� D min
˛

n
˛ C 1

1 � ˇE
	
.f .x;R/� ˛/C
o;

where ˛ is an auxiliary variable and .y/C WD max y; 0.

Let D D fr1; r2; � � � ; rmg be the data set of the historical returns, where ri 2 R
n

is the i-th sample of the returns and m is the number of the samples we can observe.
Without loss of generality, we assume ri and rj to be independent for any i; j 2
f1; � � � ;mg. The data set D can also be regarded as m realizations of the random
return R. From Lemma 2.1, if we fix the loss function as f .R; x/ D b�R0x, the data
driven mean-CVaR portfolio optimization model is given as follows:

.P1/ min
x

˛ C 1

m.1 � ˇ/
mX

iD1
.b � r0

ix/
C (10.3)

Subject to W
nX

iD1
xi D 1; (10.4)

1

m

mX
iD1

r0
ix � d; (10.5)

where d is a pre-given target return level. By introducing some auxiliary variables,
problem .P1/ can be reformulated as a linear programming problem. To overcome
the instability of the out-of-sample performance of the DDMC model .P1/, we
propose to use the following model .P2.!// with some given weighting vector
! 2 R

n,

.P2.!// W min
x

˛ C 1

m.1 � ˇ/
mX

iD1
.b � r0

ix/
C C kxk!1 ; (10.6)

Subject to W x satisfies .10.4/ and .10.5/;

where ! D .!1; � � � ; !n/
0 with !i � 0, for i D 1; � � � ; n and

kxk!1 WD
nX

iD1
!ijxij:

When ! is a unit vector with all elements being 1, the weighted l1-norm formulation
becomes the l1-norm formulation, which is denoted by kxk1. Using the l1 norm as
the penalty for the sparsity of the solution is a standard routine in data analysis.
The ideal penalty of the sparsity of the solution is l0 norm, which is defined as
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kxk0 D Pn
iD1 jSign.xi/j with Sign.a/ D 1 if a > 0, Sign.a/ D �1 if a < 0 and

Sign.a/ D 0 if a D 0. However, the l0 norm is highly nonconvex and hard to be
optimized directly. It has been proved that the l1 norm of x, kxk1, is the convex
hull of kxk0(see Zhao and Li 2012). Thus, it is reasonable to use l1 norm as the
surrogate of l0 norm to penalize the sparsity. In model .P2.!//, we prefer to use the
formulation of weighted-l1 norm, which further enhances the sparsity by varying
the choice of vector !. Note that problem (P2.!/) can be reformulated as a linear
programming problem,

. NP2.!// W min
x;	;�

˛ C 1

m.1 � ˇ/
mX

iD1
	i C

nX
jD1

�j;

Subject to W 	i � 0; i D 1; � � � ;m;
b � r0

ix � 	i; i D 1; � � � ;m;
!jxj � �j; j D 1; � � � ; n;
!jxj � ��j; j D 1; � � � ; n;

nX
j

xj D 1;

1

m

nX
j

r0
jx � d;

where 	i for i D 1; � � � ;m and �j for j D 1; � � � ; n are auxiliary decision variables.
In this work, we also consider to integrate the variance term of the portfolio

return in model .P2.!// to further enhance the stability of the out-of-sample
performance, i.e.,

.P3.!// W min
x

˛ C 1

m.1� ˇ/
mX

iD1
.b � r0

ix/
C C kxk!1 C �x0Fx (10.7)

Subject to W x satisfies .10.4/ and .10.5/;

where F 2 R
n�n is the sample covariance matrix of the asset returns. Note

that, similar to problem .P2.!//, problem .P3.!// can be reformulated as a
convex quadratic programming formulation, which can be solved efficiently by a
commercial solver like IBM CPLEX (IBM 2015).
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10.3 Evaluation and Discussion

10.3.1 Evaluation Methods

To evaluate the out-of-sample performance of the three portfolio optimization
models .P1/, .P2.!// and .P3.!//, we mainly adopt the simulation approach with
all parameters being estimated from the real historical price data of some stock
index. The main reason of using this approach is as follows. The number of the
historical data of the monthly return is very limited in real portfolio management.
Thus, it is hard to carry on various tests by solely using the true market historical
data. On the other hand, by using the simulation approach, different types of test data
sets can be generated, which provides us more freedom to evaluate the performances
of the three models under different situations. More specifically, we adopt the
following procedures.

(a) Data Generation: Generate a data set of returns Dsample D fr1; � � � ; rmg with
a sample size being m according to some distributions of the returns.1 For
example, if we assume the random returns follow a mixed distribution of
multivariate normal distribution and exponential distribution with given mean
vector and covariance matrix, we then generate m samples of the returns
according to this distribution.

(b) Optimization: Solve all three problems .P1/, .P2.!// and .P3.!// according
to the data set Dsample to generate the portfolio decisions x1, x2 and x3,
respectively. If it is necessary, we can vary the target return level d in three
models to achieve the portfolio policy xi.d/, i D 1; 2; 3, for different level of d.

(c) Evaluation: Generate 50 data set D.i/
test, i D 1; � � � ; 50 according to the similar

distribution used in step Data Generation with the size of the each data set
D.i/

test being m. For each test set D.i/
test, we implement the portfolio policy xi.d/,

i D 1; 2; 3 and compute the corresponding empirical expected return and CVaR.

In step Evaluation, we actually perform 50 trials of out-of-sample tests and the
resulted empirical sample expected return and CVaR are recorded. In each iteration,
we use the IBM CPLEX (IBM 2015) as the solver to solve the corespondent linear
programming and convex quadratic programming problems of .P1/, .P2.!// and
.P3.!//.

1The detailed discussion of the distribution is given in Sect. 10.3.2.
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10.3.2 Data Generation

In this paper, we use the 48 industry portfolios constructed by Fama and Frech as
the basic data set for our test.2 We estimate the mean return vector and covariance
matrix of monthly return by using the historical monthly returns from Jan 1998 to
Dec 2015. Note that there are only 216 samples of the returns, however, we need
to estimate 1176 unknown parameters in the covariance matrix,3 which implies
that using the sample covariance matrix method may generate a singular matrix.
To overcome this difficulty, we adopt the shrinkage estimation method for the
covariance matrix proposed by Ledoit and Wolf (2003) by setting the shrinkage
coefficient to 0:1. After we have achieved the sample mean vector of the returns,
OR WD . OR1; � � � ; ORn/

0 and the estimation of the covariance matrix O† WD f†i;jgn;niD1;jD1,
we then use the following method to generate the samples. Adopting a similar
setting given by Lim et al. (2011), we construct a hybrid distribution combining
the multivariate normal distribution and the exponential distribution. Let B.
/ be
the Bernoulli random variable with parameter 
, i.e., B.
/ D 1 with probability 

and B.
/ D 0 with probability 1� 
. Let z be the exponential random variable with
the probability distribution function being

P.z < a/ D
Z a

0

�e�sds:

In this paper, we simply fix � D 10. Suppose the random vector Y 2 R
n follows the

multivariate normal distribution with mean and covariance matrix being OR and O†,
respectively. We assume the random return is captured by the hybrid distribution as
follows:

R � �B.
/
�
z1C l/C �1 � B.
/

�
Y;

where c WD .c1; � � � ; cn/
0 with ci WD ORi �

p
†ii for i D 1; � � � ; n and †ii is the

i-th diagonal element of †. Note that the parameter 
 controls the tail-loss of the
distribution, i.e., the larger the 
 is, the heavier tail of the distribution will be.
Figure 10.1 gives the distribution of one entry of R for different 
.

2The data of 48 industry portfolio can be found in http://mba.tuck.dartmouth.edu/pages/faculty/
ken.french/data.
3Since the covariance matrix is symmetrical, we only need to estimate the upper triangle of the
matrix. Thus, the total number of unknown parameters is .48C 1/ � 48=2 D 1176.

http://mba.tuck.dartmouth.edu/pages/faculty/ken.french/data
http://mba.tuck.dartmouth.edu/pages/faculty/ken.french/data
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Fig. 10.1 The empirical distribution of hybrid random returns R1 with different value of 


10.3.3 Re-Weighted Method for Sparse Solution

In portfolio optimization models .P2.!// and .P3.!//, we use the weighted-l1
norm to penalize the sparsity of the solution. However, since the objective function
is a weighted summation of the CVaR and the weighted-l1 norm of the portfolio
weight, we need to choose the weighting parameter ! carefully. If k!k is too
large, the optimality of the CVaR will be jeopardized. On the other hand, if k!k
is too small, then the resulted solution will be not sparse enough. To overcome this
difficulty, we adopt the iterative reweighted method of the l1 norm to enhance the
sparsity of the solution(see, e.g., Zhao and Li 2012). More specifically, we apply the
following iterative procedure to change the weighting parameter ! dynamically and
adaptively. Let !.k/ 2 R

n and x.k/ be the weighting vector and portfolio decision
vector in k-th iteration, respectively. We repeat the following steps.

(1) For any given !.k/, solve the problem P2.!.k//(or problem .P3.!.k///), which
gives the solution x.k/. If the stopping criteria is satisfied, e.g., the sparsity of xk

does not change any more, we stop the iteration. Otherwise, go to step II.
(2) Use x.k/ to construct the new weighting parameter !.kC1/ and let k D kC 1. Go

to step 1.

There are several ways to construct the new weighting vector !.kC1/ D �
!
.kC1/
1 ,

!
.kC1/
2 ,� � � , !.kC1/

n
�0

by using the information of x.k/ D �
x.k/1 ; � � � ; x.k/n

�0
. Motivated

by Zhao and Li (2012) and based on our numerical experiments, we select the
following three methods which perform relatively better than the others. Let � > 0

be a small positive number.

(a) Method I: Let !.kC1/
j D 1=.jx.k/j j C �/ for j D 1; � � � ; n.

(b) Method II: Let !.kC1/
j D 1=.jx.k/j j C �/.1�p/, for j D 1; � � � ; n and p 2 .0; 1/.

(c) Method III: Let !.kC1/
j D .pC.jxk

i jC�/1�p/=
�
.jx.k/i jC�/1�p

	jx.k/i jC�C.jxk
j jC

�/p

�

for j D 1; � � � ; n with p 2 .0; 1/.
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It is not hard to see that when xk
i is a small number then the corresponding weighting

coefficient !kC1
i will be large, which will drive xkC1

i to be even smaller in the next
round of optimization.

10.3.4 Comparison of the Global Mean-CVaR Portfolio

In this section, we compare the out-of-sample performance of the three models
.P1/, .P2.!// and .P3.!// for the special case of finding the global minimum
CVaR portfolio. More specifically, we consider the problems with ignoring the
constraint (10.5) in all three models .P1/, .P2.!// and .P3.!//. Following the
evaluation procedure illustrated in Sect. 10.3.1, we generate one data set Dsample to
compute the correspondent portfolio weights and apply such portfolio decision in
50 testing data sets D.j/

test for j D 1; � � � ; 50 as the out-of-sample tests. We check three
different types of size of Dsample and D.j/

test as m D 200, m D 300 and m D 400.
Figures 10.2, 10.3 and 10.4 plot the empirical mean value and CVaR of the global

minimum CVaR portfolio return generated from 50 out-of-sample tests. We can
observe that the empirical mean and CVaR pair spread in a quite large range for
model .P1/. However, by using our proposed models .P2.!// and .P3.!//, we can
see that the range of the resulted empirical mean and CVaR pair are significantly
reduced. Table 10.1 records the detail of the above experiments. The column ‘min’,
‘max’ and ‘range’ show the minimum value, the maximum value and the range(i.e.,
‘max’-‘min’) of the corresponding data set, respectively. For the case m D 200, the
minimum and maximum value of resulted mean and CVaR of model .P1/ is from
�0:0037 to 0:541 and 0:2634 to 0:5943, respectively. That is to say, the relative
difference of the out-of-sample CVaR and mean value are 0:33 and 0:0578 for
model .P1/. In the same row of m D 200, we can observe that this range is reduced
to 0:1756 and 0:0343, respectively, for model .P2.!// and reduce to 0:1394 and
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Fig. 10.2 The out-of-sample performance of three models with sample size m D 200 and � D 0:1
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Table 10.1 The empirical mean value and CVaR of portfolio returns for global minimum CVaR
problem generated by different models with 
 D 0:1

(P1) P2.!/ P3.!/
m Min Max Range Min Max Range Min Max Range

CVaR (�10�2)

m D 200 26:34 59:43 33:09 20:61 38:17 17:56 19:30 33:24 13:94

m D 300 25:25 38:00 12:75 21:80 30:43 8:63 20:63 28:85 8:22

m D 400 23:70 34:03 10:33 22:30 32:09 9:79 20:75 30:24 9:48

Exp return (�10�2)

m D 200 �0:37 5:41 5:78 �1:09 2:34 3:43 �1:13 1:79 2:92

m D 300 �0:32 3:93 4:26 �0:57 1:80 2:37 �0:55 1:45 2:00

m D 400 �0:35 2:56 2:91 �0:55 1:38 1:93 �0:50 1:05 1:55
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Table 10.2 The empirical mean value and CVaR of portfolio returns for global minimum CVaR
problem generated by different models with 
 D 0:2

.P1/ P2.!/ P3.!/
m Mean Max Range Min Max Range Min Max Range

CVaR .�10�2/

m D 200 33:57 118:67 85:10 25:67 46:31 20:65 24:23 40:95 16:72

m D 300 30:64 48:43 17:79 27:20 36:74 9:54 23:78 34:89 11:11

m D 400 26:99 39:05 12:05 25:62 33:03 7:41 23:89 30:88 6:99

Exp return .�10�2/

m D 200 �0:79 14:62 15:41 �0:50 3:56 4:06 �0:49 3:07 3:56

m D 300 0:24 5:22 4:99 �0:54 3:19 3:73 �0:68 2:43 3:11

m D 400 0:19 5:10 4:90 �0:27 2:01 2:27 �0:42 1:75 2:18
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Fig. 10.5 The out-of-sample performance of three models with sample size m D 200 and � D 0:2

0:0292, respectively, for model .P3.!//. From Table 10.1, we can see that, as the
size of the sample increases, e.g., the case of m D 300 and m D 400, the variation
of the resulted empirical mean and CVaR of model .P1/, .P2.!// and .P3.!// are
reduced. However, the performance of the models .P2.!// and .P3.!// is better
than model .P1/.

Table 10.2 and Figs. 10.5, 10.6 and 10.7 show the detailed results of the
comparison between the three models when 
 D 0:2. As we have illustrated in
Sect. 10.3.2, the parameter 
 controls the shape of the tail distribution of the random
returns. Under this case, the stock returns have heavier tails comparing with the
previous case with 
 D 0:1. However, a similar pattern can be observed that the
formulation (P2.!/) and (P3.!/) can better control the variation of the empirical
mean return and CVaR.
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Fig. 10.6 The out-of-sample performance of three models with sample size m D 300 and � D 0:2
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Fig. 10.7 The out-of-sample performance of three models with sample size m D 400 and � D 0:2

10.3.5 Comparison of the Empirical Efficient Frontiers

In this section, we compare the mean-CVaR efficient frontiers generated by three
models (P1), (P2.!/) and .P3.!//. The efficient frontiers are generated by varying
the target return d from 0:01 to 0:1 in all these models. Figures 10.8, 10.9 and
10.10 plot the out-of-sample empirical mean-CVaR efficient frontier for 50 trials
of simulations with 
 D 0:1. Table 10.3 shows the detailed statistics of the
comparison. In Table 10.3, the columns ‘min dev’, ‘max dev’ and ‘mean dev’
represent the minimum deviation, maximum deviation and average deviation of the
out-of-sample CVaR and expected return.4 Note that the minimum, maximum and
average deviation is computed for all different value of d in 50 trials of simulation.

4Given some random samples a1, � � � , am, the maximum, minimum and average deviation is defined
as maxfjai � Najˇ̌ i D 1; � � � ;mg, minfjai � Najˇ̌ i D 1; � � � ;mg and 1

m

Pm
iD1.jai � Naj/, where

Na D 1
m

Pm
iD1 ai.
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For all of these tests, we can observe that the proposed formulations (P2.!/) and
.P3.!// perform better than the traditional model .P1/. For example, in the row of
m D 200 in Table 10.3, the maximum deviation of three models are 19:98%, 17:35%
and 12:54%, respectively. The average deviation of three models are 5:04%, 2:99%,
and 2:68%, respectively. Similar pattern can be observed when we increase the tail
part of the distribution of the random return. Figures 10.11, 10.12, and 10.13 and
Table 10.4 provide the detail of the improvement under this case.

10.4 Conclusion

In this work, we proposed some methods to reduce the instability issue of the
out-of-sample performance for mean-CVaR portfolio optimization model. More
specifically, we suggest to add the weighted l1 norm as a penalty of the sparsity
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Fig. 10.10 The out-of-sample performance of three models with sample size m D 400

and � D 0:2

Table 10.3 Comparison of mean-CVaR efficient frontiers for different models with 
 D 0:1

.P1/ P2.!/ P3.!/
Min Max Mean Min Max Mean Min Max Mean

m dev dev dev dev dev dev dev dev dev

CVaR .�10�2/

m D 200 0:04 19:98 5:04 0:01 17:35 2:99 0:00 12:54 2:68

m D 300 0:01 16:14 3:52 0:01 19:15 2:82 0:00 15:68 2:48

m D 400 0:01 13:95 2:30 0:00 13:33 2:12 0:00 12:49 2:04

Exp return .�10�2/

m D 200 0:00 4:56 1:11 0:00 3:21 0:83 0:00 2:87 0:80

m D 300 0:00 3:72 0:85 0:00 2:94 0:67 0:00 3:12 0:64

m D 400 0:00 3:36 0:67 0:00 4:04 0:55 0:00 3:68 0:51
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and � D 0:2

of the portfolio decision and add the variance term in the objective function to
control the total variation in mean-CVaR portfolio formulation. In order to balance
the sparsity and optimality of the solution, the reweighted l1 norm method is adopted
to adjust the weighting coefficients. Our simulation based experiments show that the
proposed methods reduce the variation of the empirical mean value and the CVaR
of the portfolio return in out-of-sample test significantly. However, observing from
our experiment, the proposed methods still have some limitations. When the size of
the portfolio is large, e.g., when n D 500, solely using our methods may not control
the variation of the out-of-sample test to a desired level. A possible solution for this
case is to increase the number of the samples by using some statistical sampling
methods like bootstrap. Another important issue is the computational burden of the
proposed methods when n and m are large. For example, for problem .P2.!//, the
linear programming formulation (given in Sect. 10.2) has almost m C 2n decision
variables and 2.m C n/ constraints. In the literature, Kunzi-Bay and Janos (2006)
have showed that using the dual formulation and decomposition approach may
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Table 10.4 Comparison of mean-CVaR efficient frontiers for different models with 
 D 0:2

.P1/ P2.!/ P3.!/
Min Max Mean Min Max Mean Min Max Mean

m dev dev dev dev dev dev dev dev dev

CVaR .�10�2/

m D 200 0:01 58:24 9:41 0:01 12:73 3:90 0:00 9:46 3:00

m D 300 0:01 17:88 4:06 0:00 11:02 2:66 0:01 9:67 2:42

m D 400 0:01 10:49 2:68 0:00 10:32 2:54 0:01 8:71 2:31

Exp return .�10�2/

m D 200 0:00 10:63 1:83 0:00 3:03 0:91 0:00 2:98 0:81

m D 300 0:00 3:13 0:93 0:00 2:97 0:71 0:00 2:31 0:68

m D 400 0:00 3:25 0:73 0:00 2:96 0:69 0:00 2:30 0:66

enhance the efficiency of the solution procedure. All the models considered in this
work belong to the static portfolio optimization formulation, which gives the buy-
and-hold type of portfolio policy. Studying the stability issue of the out-of-sample
test for multiperiod mean-CVaR portfolio optimization problem is an interesting and
challenging topic.
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Chapter 11
Multistage Optioned Portfolio Selection:
Mean-Variance Model and Target Tracking
Model

Jianfeng Liang

Abstract Options form an indispensable part of the modern financial markets. One
reason for this phenomenon is the versatile payoff structures of options, which
can serve to form investment portfolios with desirable risk profiles. This chapter
introduces mean-variance models and develops target tracking model for optioned
portfolio selection problem in both static and dynamic formulations. We focus on
the rich properties of the payoff functions and the solution methodologies. Two
different solution techniques for multistage mean-variance model are discussed: one
is based on stochastic programming and optimality conditions, and the other one is
based on stochastic control and dynamic programming. In addition, tracking-error-
variance optimization models are proposed and solved by dynamic programming. It
turns out that the optimal tracking portfolio holds mean-variance efficiency. Close
form relationships between the mean-variance model and the tracking model are
proved, which bring new insights to dynamically solve the classical multistage
mean-variance model. Throughout the chapter, numerical examples with real life
data are used to illustrate and validate the results.

Keywords Portfolio selection • Index options • Multistage mean-variance
model • Multistage tracking model • Scenario tree • Dynamic programming •
Stochastic control

11.1 Literature Review

Options on stocks were first traded on an organized exchange in 1973. Since
then there has been a dramatic growth in the options markets. Options are now
traded on many exchanges throughout the world. Huge volumes of options are also
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traded over the counter by banks and other financial institutions. Options form an
indispensable part of the modern financial markets. One reason for this phenomenon
is the versatile payoff structures of options, which can serve to form investment
portfolios with desirable risk profiles (Hull 1999; Mcmillan 2002). It makes sense
to investigate how an individual investor should select his/her derivative optioned
portfolios in a multistage investment framework, and to study the payoff patterns as
a result of different market environments.

The mean-variance analysis of Markowitz (1952, 1959) plays a key role in the
theory of portfolio selection, which quantifies the return and the risk in computable
terms. In the presence of short-selling, the model is analytically solvable (Merton
1972). The mean-variance model was later extended to the multistage dynamic case.
Research on dynamic portfolio selection problem had been dominated by maxi-
mizing expected utility function of the terminal wealth (Mossion 1968; Samuleson
1969; Hakansson 1971; Merton 1971; Elton and Gruber 1974a,b; Dumas and
Luciano 1991; Grauer and Hakansson 1993). However, it was only until 2000 when
an analytical formulations of the optimal portfolio for the multistage mean-variance
model along with an expression of the mean-variance efficient frontier were derived,
due to Li and Ng (2000), by means of an embedding scheme and a stochastic control
strategy. The multistage mean-variance analysis is further developed with more
considerations, such as bankruptcy consideration, uncertain investment horizon, and
cardinality constraints (see Zhu et al. 2004; Yi et al. 2008; Chiu and Li 2006; Li
et al. 2006). A generalized mean-variance model involving options is proposed by
Morard and Naciri (1990), which aims to optimize the hedging ratios. The hedging
is implemented with the covered call writing strategy. The empirical results showed
that the use of covered calls improved the performance of stock portfolios. Isakov
and Morard (2001) point out that in the case of incomplete hedging, the mean-
variance formula could be applied for the optioned portfolio selection problems,
since the hedged return does not necessarily have a non-symmetric distribution. It
turns out that the mean-variance criteria is a reasonable choice for the optioned
portfolio selection problem.

Parallel to this development, stochastic programming has found wide range of
applications in financial planning. It is agreed that the discrete decision framework
is more prone to numerical implementations than the continuous setting. Scenario
tree constitutes a generic, relatively simple approach to represent future states of
the world in stochastic optimization problems. In finance, such trees have been
used in numerous modes, both in computational and in theoretical frameworks
(Koskosidis and Duarte 1997; Odenkamp 1999; Rockafellar and Uryasev 2000;
Berkelaar et al. 2002; King 2002; Kallio and Ziemba 2007). Naturally, stochastic
linear programming models for optioned portfolio selection have been proposed in
the literature. The models are mostly proposed to maximize the expected return
under some desired constraints (Dert and Oldenkamp 2000; Berkelaar et al. 2002,
2005). Carr and Madan (2001) discuss the optimal payoffs of optioned portfolio
in a single-stage setting by adopting expected utility-maximization model. Liang
et al. (2008) studies mean-variance optioned portfolio selection models based on
multistage scenario tree structure. It studies the individual investor’s payoff patterns
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analytically, which lends more insights on the relationship between the optioned
portfolio payoffs and that of the portfolios in the security market. This paper also
empowers the decision-maker by offering an alternative solution method, based on
stochastic programming. Schyns et al. (2010) present a multistage optioned portfolio
selection model under VaR (Value-at-Risk) constraints. The model contains several
features, like the consideration of transaction costs, bid-ask spreads, and the
possibility to rebalance the portfolio with options introduced at the start of each
period. The resulting mixed integer programming model can be near-optimized by
a standard branch-and-cut solver or by a specialized heuristic.

Target tracking models have been widely used in recent years in the investment
industry. It enables the investor to follow a performance benchmark closely by
holding a portfolio involving a few assets, including derivatives. Minimization of
tracking error has become an important criterion for assessing overall manager
performance. The classical tracking problem focuses on minimizing the tracking
error from a benchmark portfolio under some restrictions. There are many different
definitions of tracking error and as a consequence different models. Roll (1992)
makes a mean-variance analysis of tracking error, and defines the tracking error
variance (TEV) criterion, where the tracking error is measured by the square of
the difference between the performance of the portfolio and a benchmark. Solution
methods of the portfolio selection under TEV criterion are investigated in literatures
(see Ammann and Zimmermann 2001; Clarke et al. 1994; Fang and Zhang 2006;
Jorion 2003; Ma and Tang 2001), which almost concentrate on static framework.
Rohweder (1998) offers portfolio segmentation as an alternative to tracking error
optimization, and discusses the problem with transaction cost by simulation method.
Wang (1999) considers the problem of tracking multiple targets with multiple
portfolios. For a relation between tracking error models and tactical asset allocation,
see Ammann and Zimmermann (2001) and Clarke et al. (1994).

Static models usually assume a backward perspective, which allows to find the
portfolio that best tracks the performance of given benchmark during a past period
and then keep it for a subsequent period. Introducing scenarios in a static model
improves this approach since the optimal portfolio is composed at the beginning
of the period considering different possible future realizations (scenarios) and not
only past history. For a scenario approach in static models, Dembo and Rosen
(1999), Dempster and Thompson (2002), and Ziemba (2003). This approach is an
improvement on the static models based on past history since it allows forecasts
of future realizations and blending of forecasts and subjective views. This also
allows use of some more general distributions and non-linear instruments such
as options. Cesari and Cremonini (2003) propose a comparison of benchmark
with other asset allocation strategies in Monte Carlo simulation framework. Barror
and Canestrelli (2009) formulate and solve a multistage tracking error model
in stochastic programming framework based on scenario tree. They consider an
increasing number of scenarios and assets and show the superior performance
of the dynamically optimization tracking portfolio over static strategies. Liang
(2009) and Liang and Liu (2009) investigate the tracking problems by applying
portfolio of options under TEV measure, and analyze the efficiency of the optimal
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portfolio of the tracking model. A double tracking error portfolio model is proposed
by Barror and Canestrelli (2009), which combines the goals of replicating the
performance of a benchmark and controlling downside risk. The choice of a
proper measure for downside risk leads to different problem formulations and
investment strategies that reflect different attitudes towards risk. The proposed
model is test through a set of out-of-sample rolling simulation in different market
conditions.

This chapter introduces the recent developments in multistage optioned portfolio
selection problems derived in the literature, and also proposes new insights in
solving methods. Specifically, we discuss the mean-variance model and the target
tracking model of optioned portfolio selection, in both problem formulations and
solving methods. The rest part of this chapter is organized as follows. Section 11.2
reviews the static optioned portfolio selection problems, in mean-variance and track-
ing formulations. It focuses on characterizations of optioned portfolio payoff and the
efficiency of optimal tracking portfolio. Section 11.3 describes the dynamic mean-
variance formulations and the solving methods from both quadratic optimization
and stochastic control viewpoints. Multistage tracking model analysis is presented
in Sect. 11.4, which brings in new insights in solving the mean-variance model.
Summary follows.

11.2 The Static Models

We first consider the static mean-variance model and tracking model for portfolio
selection of a portfolio of options in this section. Holding portfolio involving options
allows traders to shape the future payoff of their portfolios, thanks to the intrinsic
properties of options. We restrict our portfolio to the case of options linked to a
same financial index. Models with several underlying securities and their options
could also be handled by a similar approach but they require more parameters. With
one underlying index, clear conclusions are easier to draw. The static models and
solving methods are straightforward. The main purpose to discuss this case is to
deliver the rich properties of the optimal optioned portfolio payoff, and also analyze
the relations between two types of models.

11.2.1 Statement and Notations

Consider the investment problem based on a single-stage scenario tree structure.
There is a stock index, a set of m European call options on the stock index, and
a risk-free asset. The options have the same expiration, and their strike prices are
K1 < K2 < � � � < Km. The decision horizon is the same as the options’ expiration,
and r is the gross risk-free return rate in this period. The decision variables are thus
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denoted to be X and x, where X is the number of shares of stock index and its options
to hold (X D .x0; x1; � � � ; xm/ 2 <mC1), and x is the dollar invested in the risk-free
asset (x 2 <).

As for the decision tree. There are n scenarios, with pi the probability of the ith
scenario occurring, i D 1; 2; � � � ; n, and so

Pn
iD1 pi D 1. Other data includes the

price vector of risky assets (stock index and its options) in the beginning, u, and the
per-share payoff vector of the risky assets at the ith scenario, vi. We denote Nv DPn

iD1 pivi as the average per-share payoff vector, and A DPn
iD1 pi.vi � Nv/.vi � Nv/0

as the covariance matrix of risky assets.

Assumption 2.1 Assume that the scenario tree is well generated in the following
sense. There are in total at least m C 2 scenarios, and for each given interval,
I0 D .0; K1/, Ii D .Ki; KiC1/, i D 1; 2; � � � ;m � 1, and Im D .Km; C1/, there
is at least one scenario. Moreover, the prices of the options are generated so as to
ensure that there is no arbitrage opportunity on the scenario tree.

As a consequence of the above assumption, this structure makes sure that the
estimated covariance matrix A is positive definite. Remark that in practice Assump-
tion 2.1 can be easily verified, for instance, by solving a linear programming model.
In numerical experience, the theoretical Black–Scholes option prices automatically
satisfy the no arbitrage property if the scenario tree is generated in the way as
described in Assumption 2.1.

Furthermore, let us introduce the following quantities which are helpful to
present the models in clear formulations.

eA D AC Nv Nv0;
˛ D u0A�1u;
ˇ D Nv0A�1u;
� D Nv0A�1 Nv;
ı D r2˛ � 2rˇ C � D . Nv � r � u/0A�1. Nv � r � u/;
� D r

ıC1 :

Following, we will introduce the static mean-variance model and tracking model of
optioned portfolio selection problem.

11.2.2 The Mean-Variance Model

Given the initial wealth B, the terminal wealth W, and the expected return R, the
objective is to construct a optioned portfolio with minimum final payoff volatility.
The single-stage mean-variance model is to minimize the variance Var .W/, subject
to the constraints on expected return E.W/ and budget. Based on the scenario tree
just introduced, we have
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E.W/ D
nX

iD1
piv

0
i X C rx D Nv0X C rx (11.1)

Var .W/ D E
	
.v0

i X C rx � R/2

 D �X

x

�0 � eA r Nv
r Nv0 r2

��
X
x

�
� R2 (11.2)

So the deterministic equivalent of the single-stage mean-variance model is

.M1/ min
1

2

�
X
x

�0 � eA r Nv
r Nv0 r2

��
X
x

�
� 1
2

R2 (11.3)

s.t. u0X C x D B (11.4)

Nv0X C rx D R: (11.5)

Under Assumption 2.1, .M1/ is a strictly convex quadratic optimization problem,
and its solution is given in the following theorem.

Theorem 2.1 The single-stage mean-variance model .M1/ has the following
unique primal-dual solutions:

X D ��
r

A�1. Nv � ru/;

x D 1

r

�
�

r
.� � rˇ C 1/C �

�
;

� D r

ı C 1.rB � �/ � �.rB � �/;

� D r
R � �B

r � � ;

where � and � are the Lagrangian multipliers related to the constraints (11.4)
and (11.5), respectively, and the associated risk is

Var .W/ D �

r � � .R � rB/2:

The proof of the theorem is straightforward, by using the optimality condition,
and is thus omitted here. The main purpose of discussing this special case is to
highlight the properties of the payoff structures of the optimal optioned portfolio.

Proposition 2.1 The optimal payoff curve is piecewise linear with respect to the
underlying index value. The slopes of the line segments are steeper for a larger
target R value for all R > rB. At any breakpoint where the slope of the curve
changes, the index value must equal to one of the strike prices of the options.
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Furthermore, by defining WD �r
r�� and � WD  

r A�1. Nv� ru/, a scenario S D Kj is a

local maximum point for the payoff function iff
Pj�1

iD0 �i > 0, and
Pj

iD0 �i < 0, and

it is a local minimum point iff
Pj�1

iD0 �i < 0, and
Pj

iD0 �i > 0.

Proof Denote  WD �r
r�� and � WD  

r A�1. Nv � ru/, and rewrite the optimal solutions
of .M1/ to be

� D  .rB � R/;
X D �.R� rB/;
x D B � u0�.R � rB/ � BC a.R � rB/;

where � D .�0; �1; � � � ; �m/
0, and a WD �u0� . For convenience, scenario S represents

a fact that the index value is S in this scenario. Denote the payoff at scenario S to
be P.S/. Since the m European call options have strike prices K1 < K2 < � � � < Km,
for Kj < S < KjC1,

P.S/ D x0SC
jX

iD1
xi.S � Ki/C rx:

Let two scenarios S1 and S2 be between Kj and KjC1, i.e., Kj < S1 < S2 < KjC1, then

P.S2/ � P.S1/ D .S2 � S1/x0 C
jX

iD1
xi.S2 � S1/ D .S2 � S1/

jX
iD0

xi:

Since xi D �i.R � rB/, i D 0; 1; : : : ;m, the slope of the payoff function between Kj

and KjC1 is

P.S2/ � P.S1/

S2 � S1
D .R � rB/

jX
iD0

�i: (11.6)

Therefore, for a fixed R this slope is constant, and the payoff is linear between two
neighboring strike prices. Also because �i is independent of R, for any R � rB,
the value of

Pj
iD0 �i is fixed and so the payoff function is linear in R. Moreover,

for a larger R value with R > rB, the slopes of line segments between any two
neighboring strike prices will become steeper.

Equation (11.6) further leads that a scenario S D Kj is a local maximum point
for the payoff function iff

Pj�1
iD0 �i > 0, and

Pj
iD0 �i < 0, and it is a local minimum

point iff
Pj�1

iD0 �i < 0, and
Pj

iD0 �i > 0. ut
Corollary 2.1 There are scenarios where the payoffs of the optimal portfolio are
constantly rB, regardless the value of R. In any scenario S, for all R > rB, if
P.S/ > rB, then the payoff of a higher R dominates that of a lower R; else, if
P.S/ < rB, then the payoff of a higher R is dominated by that of a lower R.
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The above corollary depicts an essential structure of the optimal payoff curve.
For different target expected return R, the optimal payoff curves form piecewise
line segments with an invariant set of breakpoints and varying degree of slopes. The
following specific example helps to visualize the picture.

Example 1 We consider the model using the market data of call options on the S and
P 500 index, which are listed on the CBOE. The prices are drawn from the CBOE
web page in the morning of Aug. 9, 2006. The horizon is equal to the expiration
date of the options, which is Sep. 16, 2006. The investment horizon is 38 days.
In this example, we simply use the mid prices as the short/long option prices. The
scenario tree is generated under the assumption that the index value at the horizon is
lognormally distributed with an expected annualized growth rate � D 13:24% and
annualized standard deviation of � D 16:25%, which are listed in the webpage of
the Standard and Poor’s. The risk-free return rate for the investment horizon is set
to be r D 1C 0:5%. The initial wealth is B D $10; 000. We assume three different
target expected payoffs R1 D rB D $10;050, R2 D $10;100, and R3 D $10;200.
The information of the assets and the optimal solutions is shown in Table 11.1.
The third column shows the � value in the optimal portfolio, which is independent
of the target R value. We have shown in Proposition 2.1 that the slope of the .iC1/th
line segment of the payoff curve is .R�rB/

Pi
jD0 �j. Therefore from the values given

in the fourth column, we can tell if a breakpoint is a local maximum or minimum
point of the payoff curve, which is shown in the fifth column. Figure 11.1 shows the
optimal payoff curves for R1, R2, and R3 by the flat red solid line, the more fluctuate
blue dash line, and the most fluctuate green dash-dot line, respectively.

Table 11.1 The assets and the optimal solutions of Example 1

Mid Local max/min of the breakpoint
price The variable ��

i

Pi
jD0 �

�

j on the strike price

S and P 500 1265:95 x0 0:0043 0:0043

Call 1230 50:30 x1 0:1728 0:1771 Neither

Call 1240 42:60 x2 �0:7919 �0:6148 Max

Call 1245 38:80 x3 0:2316 �0:3832 Neither

Call 1250 35:20 x4 1:2239 0:8407 Min

Call 1260 28:65 x5 �2:9942 �2:1535 Max

Call 1265 25:30 x6 3:4876 1:3341 Min

Call 1270 22:30 x7 �1:6472 �0:3131 Max

Call 1280 16:80 x8 0:6515 0:3384 Min

Call 1285 14:40 x9 �0:4816 �0:1432 Max

Call 1290 11:40 x10 0:3079 0:1647 Min

Call 1295 10:20 x11 �0:7173 0:5526 Neither

Call 1300 8:40 x12 1:1943 0:6417 Neither

Call 1305 6:90 x13 �0:7389 �0:0972 Max 7.40

Call 1315 4:35 x14 0:1204 0:0232 Min 4.70
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Fig. 11.1 The optimal payoff curves of Example 1

11.2.3 The Target Tracking Model

The classical tracking error problem focuses on minimizing the deviations from
a benchmark under some restrictions. Let W be the final investment payoff, and
denote R as a given target payoff, then the tracking error variance .TEV / is defined
as the expectation of the square of the difference between W and R, that is, TEV D
EŒ.W �R/2�. Given initial wealth B, the investment object is to construct a portfolio
with minimum TEV . Applying the same assets and notation in the previous section,
the static tracking problem is presented as follows:

min
1

2
EŒ.W � R/2�

s.t. u0X C xf D B;

In the given scenario tree structure, we deliver the explicit formulation of the
tracking error variance EŒ.W � R/2�:

EŒ.W � R/2� D EŒ.v0X C rxf � R/2�

D EŒX0vv0X C r2x2f C R2 C 2rxf u
0X � 2Rv0X � 2Rrxf �

D X0.AC Nv Nv0/X C r2x2f C 2rxf Nv0X � 2R Nv0X � 2Rrxf C R2
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D
�

X
xf

�0 � eA r Nv
r Nv0 r2

��
X
xf

�
� 2R

� Nv
r

�0 �
X
xf

�
C R2 (11.7)

The deterministic equivalent form of the static tacking model is

.M2/

min
1

2

�
X
xf

�0 � eA r Nv
r Nv0 r2

��
X
xf

�
� R

� Nv
r

�0 �
X
xf

�

C1
2

R2 (11.8)

s.t. u0X C xf D B (11.9)

Theorem 2.2 The static target tracking model .M2/ has a unique primal-dual
solution

X D ��
r

A�1. Nv � ru/

xf D 1

r

�
�

r
.� � rˇ C 1/C R

�

� D r

ı C 1.rB � R/ � �.rB � R/;

with the associated optimal tracking error variance TEV �:

TEV � D �

r
.R � rB/2;

where � is the Lagrangian multiplier associated with the budget constraint (11.9).

Review Theorems 2.1 and 2.2, it shows that the solution formulations in both
models are close to each other. Especially, the solutions for tracking model are a
special case of those for the mean-variance model with assigning � D R. Now it
is interesting to further investigate the efficiency of the optimal tracking portfolio,
given by the following proposition.

Proposition 2.2 The optimal portfolio of a tracking model holds mean-variance
efficiency under the same scenario tree structure and same set of constraints.

Proof We discuss the models in general case, and both models hold the same set of
budget constraints and other given constraints.
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The mean-variance problem with expected payoff RM can be shown as:

.MV/

min
1

2
Var

s.t. Expected payoff constraints

Budget constraints

Other given constraints:

Review (11.2) and (11.7) leads the following relations between the tracking error
variance TEV and the variance Var

TEV D Var C .Mean � RT/2 (11.10)

where Mean represents the expectation of the portfolio payoff, and RT is the tracking
target payoff. Therefore the general tracking model is reformulated as:

.TEV/

min
1

2
Var C 1

2
.Mean � RT/2

s.t. Budget constraints

Other given constraints:

Suppose that .X; xf / is an optimal portfolio for (TEV) with given tracking target RT .
Denote Mean.X; xf / as the expected payoff of this portfolio. If .X; xf / is not optimal
for the model (MV) with a given RM D Mean.X; xf /, then there must exist another
portfolio, .Y; yf / ¤ .X; xf /, which is on the efficient frontier with the same mean
RM, that is,

�
Mean.Y; yf / D Mean.X; xf / D RM

Var .Y/ < Var .X/:

Therefore

TEV .Y; yf / D 1

2
Var .Y/C 1

2
ŒMean.Y; yf /� RT �2

<
1

2
Var .X/C 1

2
ŒMean.X; xf / � RT �2 D TEV .X; xf /

this contradicts to the optimality of .X; xf / for .TEV/. Thus, the optimal tracking
portfolio must be mean-variance efficient. ut
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Proposition 2.2 tells that the optimal tracking portfolio is on the MV efficient
frontier. It is a natural question to fix the optimal portfolio point on the efficient
frontier for the tracking problem. This is realized by deriving the relations between
the tracking target RT and the expected payoff RM , with which both models hold the
same optimal portfolio. Now we present Proposition 2.3 for details.

Proposition 2.3 Given both mean-variance model and target tracking model based
on a same static scenario tree, they share the same set of optimal solutions iff RT �
rB D h.RM � rB/, where RT is the tracking target, RM is the expected return, and
h WD r

r�� .

Proof For the given two models on a same scenario tree, when they share the same
optimal portfolio, Eq. (11.10) shows that the following relations must be realized,

TEV � D Var � C .RM � RT/2

where the optimal objective values are proposed in Theorems 2.1 and 2.2 as:

TEV � D �

r
.RT � rB/2;

Var � D �

r � � .R
M � rB/2

Therefore,

TEV � D Var � C .RM � RT/2

) �

r
.RT � rB/2 D �

r � � .R
M � rB/2 C .RM � RT/2

) � � r

r
.RT � rB/2 D r

r � �.R
M � rB/2 � 2.RT � rB/.RM � rB/

) Œ.RT � rB/ � r

r � � .R
M � rB/�2 D 0

) .RT � rB/ D h.RM � rB/

where the last equation is delivered with h WD r
r�� . ut

This section introduces the static mean-variance model of optioned portfolio
selection, shows the properties of the optimal optioned portfolio. A static target
tracking model is also proposed, and proved for its mean-variance efficiency. We
derive a deterministic transformation between these two models in static case,
by which they share the same optimal portfolio. In the following context, we
will discuss the models in multistage case and further specify the relationships in
between.
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11.3 The Multistage Mean-Variance Model

Consider the multistage mean-variance model for optioned portfolio selection. We
focus on the problem formulations and the solution methods in both mathematical
programming and stochastic control perspectives. Explicit solutions are proved
in both cases, and the transformations between two sets of optimal solutions are
delivered.

11.3.1 A Mathematical Programming Resolution

There are T C 1 stages denoted from stage 0 to T in the multistage scenario tree.
Denote Nt to be the index set of the scenarios at stage t, and Snt as the nth scenario at
stage t, for n 2 Nt; t D 0; 1; � � � ;T. For those data at this scenario, the price vector
of the risky assets is denoted by unt, and the payoff vector of the risky assets (scaled
to be the rates of returns) is denoted by vnt. We denote the wealth at this scenario
to be Wnt. The decision variables at this scenario are Xnt and xnt. Xnt is the vector of
number of shares for risky assets to hold on Snt, and xnt is the dollar invested in the
risk-free asset. Moreover, let Sa.n/;t�1 be the ancestor of Snt, and Sc.n/;tC1 be the set
of immediate children of Snt. The conditional probability distribution of Snt, given
Sa.n/;t�1, is pnt. Finally, the gross risk-free return rate is rt for stage t.

For other notations, B is the initial wealth, WT is the wealth at the end of the last
stage, and R is the given level of the expected final payoff.

The multistage mean-variance model is in the following formulation:

min 1
2
Var .WT/

s.t. u0
0X0 C x0 D B
v0

ntXa.n/;t�1 C rt�1xa.n/;t�1 D u0
ntXnt C xnt; t D 1; 2; � � � ;T; n 2 Nt;

E.WT/ D R;

Now define some constants in order to get an explicit formulation of the model:

˛nt D u0
ntA

�1
nt unt;

ˇnt D Nv0
ntA

�1
nt unt;

�nt D Nv0
ntA

�1
nt Nvnt;

ınt D . Nvnt � rtunt/
0A�1

nt . Nvnt � rtunt/;

qnt DP
i2c.n/

qi;tC1

1Cıi;tC1
; t D 0; 1; � � � ;T � 1

wnt D qnt=.1Cınt/

qa.n/;t�1
;

fvnt D qnt Nvnt;fAnt D qnt.Ant C Nvnt Nv0
nt/;ernt D qntrtrtC1 � � � rT ;

r D r0r1 � � � rT ;

Qr D q0r;
� D Qr

ı0C1 �
q0r
ı0C1 :
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Review the definitions of wnt and qnt, wnt represents a modified conditional
probability distribution, and for the last stage there are

wn;TC1 D pn;TC1
qnT D pnT � pa.n/;T�1 � � � � � pa.���a.n//;1

In the above formulas, Nvnt is defined as the expected per-share payoff of
the single-stage subtree derived from scenario Snt with the modified probability
distribution, and Ant is the conditional covariance matrix of this subtree with the
modified probability distribution. In this multistage case, we also assume that the
scenario tree is well generated as proposed in Assumption 2.1, that is, all of these
covariance matrixes are positive definite, and no arbitrage opportunity exists.

Denoting XT and xT as the solutions at the beginning of the final stage, E.WT /

and Var .WT / are expressed as follows:

E.WT / DP
n2NT

.fvnT
0XnT CfrnT xnT/

Var .WT/ DP
n2NT

�
XnT

xnT

�0  
eAnT rT fvnT

rT fvnT
0 rTfrnT

!�
XnT

xnT

�
� R2

Thus, the deterministic equivalent mathematical programming formulation for
the multistage mean-variance model shows in .M3/:

.M3/ min
1

2

X
n2NT

�
XnT

xnT

�0  
eAnT rT fvnT

rT fvnT
0 rTfrnT

!�
XnT

xnT

�
� 1
2

R2 (11.11)

s.t. u0
0X0 C x0 D B (11.12)

v0
ntXa.n/;t�1 C rt�1xa.n/;t�1 D u0

ntXnt C xnt;

n 2 Nt; t D 1; 2; � � � ;T (11.13)X
n2NT

�fvnT
0XnT CfrnTxnT

� D R (11.14)

Assume that the multistage scenario tree is well generated, that is, all of these
covariance matrixes are positive definite, and no arbitrage opportunity exists. The
multistage model .M3/ is a strictly convex quadratic programming problem. It can
be solved analytically as shown in Theorem 3.1. An important feature of .M3/ is
that it is flexible. If other complicating constraints are added, then the model may
not admit an explicit solution as stipulated in Theorem 3.1; however, the model
can still be solved very efficiently in the numerical sense (see, e.g., Berkelaar et al.
2005).
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Theorem 3.1 The multistage mean-variance model .M3/ has the following unique
primal-dual solutions:

Xnt D � �nt

rtC1rtC2 � � � rT ernt
A�1

nt . Nvnt � rtunt/;

xnt D 1

rtrtC1 � � � rT

�
�nternt
.�nt � rtˇnt C 1/C �

�
;

�nt D ernt

ınt C 1 ŒrtrtC1 � � � rT .Wnt/ � �� ;

� D r

r � � .R � �B/;

where �0; �nt, and � are the Lagrangian multipliers of the model. The associated
risk is

Var .WT/ D �

r � �.R � rB/2:

Proof The Lagrangian function for .M3/ is

L D 1

2

X
n2NT

�
XnT

xnT

�0  
eAnT rT fvnT

rT fvnT
0 rTfrnT

!�
XnT

xnT

�
� 1
2

R2

��0.u0
0X0 C x0 � B/

�
TX

tD1

8<
:
X
n2Nt

�ntŒu
0
ntXnt C xnt � v0

ntXa.n/;t�1 � rt�1xa.n/;t�1�

9=
;

��
"X

n2NT

�fvnT
0XnT CfrnTxnT

� � R

#
: (11.15)

We prove the theorem by induction. First check the last-stage solutions.
As @L

@xnT
D 0, we have

rT fvnT
0XnT C rTfrnTxnT � �nT � �frnT D 0

leading to

xnT D 1

rT

�
�Nv0

nT XnT C �nTfrnT
C �

�
: (11.16)

Substituting (11.16) into @L
@XnT
D 0 yields

eAnTXnT C rT fvnTxnT � �nTunT � �fvnT D 0:
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Therefore,

pnT � pa.n/;T�1 � � � pa.���a.n//;1 � AnTXnT C �nT

rT
. NvnT � rTunT/ D 0:

Solving the above for XnT , and substituting it back to (11.16) gives an expression
for xnT ,

XnT D ��nTfrnT
A�1

nT . NvnT � rTunT/ (11.17)

xnT D 1

rT

�
�nTfrnT

.�nT � rTˇnT C 1/C �
�
: (11.18)

The condition @L
@�nT
D 0 is equivalent to

WnT D u0
nTXnT C xnT D �nT

rT
� ınT C 1frnT

C �

rT

yielding

�nT D frnT

ınT C 1 ŒrT.WnT/ � �� :

Therefore, the last-stage solutions satisfy the KKT conditions. Next we shall
apply induction to the stage index t. Suppose that the following formulas hold true
for the solutions at the tth stage, that is,

Xnt D � �nt

rtC1rtC2���rTernt
A�1

nt . Nvnt � rtunt/;

xnt D 1
rtrtC1���rT

h
�nternt
.�nt � rtˇnt C 1/C �

i
;

�nt D ernt
ıntC1 ŒrtrtC1 � � � rT.Wnt/� �� :

We shall now prove that they also hold for stage t � 1. By @L
@xn;t�1

D 0, we have

��n;t�1 C
X

l2c.n/

�ltrt�1 D 0

implying

��n;t�1 C
X

l2c.n/

rt�1erlt

ılt C 1
	
rtrtC1 � � � rT.v

0
ltXn;t�1 C rt�1xn;t�1/ � �


 D 0
i.e.,

��n;t�1 C rt�1.rt � � � rT /
2
Avn;t�10Xn;t�1 C rt�1 � � � rTArn;t�1xn;t�1 � �Arn;t�1 D 0:
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Finally,

xn;t�1 D 1

rt�1 � � � rn

�
�rt � � � rT Nv0

n;t�1Xn;t�1 C �n;t�1
Arn;t�1

C �
�
: (11.19)

Substituting (11.19) into @L
@Xn;t�1

D 0 yields

��n;t�1un;t�1 C
X

l2c.n/

�ltvlt D 0:

Thus,

��n;t�1un;t�1C.rt � � � rT /
2
AAn;t�1Xn;t�1Crt�1.rt � � � rT /

2
Avn;t�1xn;t�1��.rt � � � rT /Avn;t�1 D 0

and so,

.rt � � � rT /
2qn;t�1An;t�1Xn;t�1 C �n;t�1

rt�1
. Nvn;t�1 � rt�1un;t�1/ D 0;

which gives rise to Xn;t�1, as shown below,

Xn;t�1 D � �n;t�1
rt � � � rTArn;t�1

A�1
n;t�1. Nvn;t�1 � rt�1un;t�1/; (11.20)

and substituting this back into (11.19) gives

xn;t�1 D 1

rt�1 � � � rT

�
�n;t�1
Arn;t�1

.�n;t�1 � rt�1ˇn;t�1 C 1/C �
�
: (11.21)

Thus, the condition @L
@�n;t�1

D 0 is equivalent to

Wn;t�1 D u0
n;t�1Xn;t�1 C xn;t�1

D �n;t�1
rt�1 � � � rT

� ın;t�1 C 1
Arn;t�1

C �

rt�1 � � � rT

and so

�n;t�1 D Arn;t�1
ın;t�1 C 1 Œrt�1 � � � rn.Wn;t�1/� �� : (11.22)

Therefore, if the expressions in Theorem 3.1 are correct for the tth stage, then
they are also correct for stage t � 1. By induction, we have proven the theorem on
the part of the primal solutions. Next we shall show that the expression for the dual
variable � and the objective function are also correct.
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It follows from the solution forms of X, x, and � just derived, in the single-stage
subtree at stage t� 1 with the root node Sn;t�1, we have the following two recursive
equations:

Equation 1

X
l2c.n/

�
�lt

rt � � � rT
C plt � pn;t�1 � pa.n/;t�2 � � � pa.���a.n//;1 � �

�
D �n;t�1

rt�1 � � � rT
C pn;t�1 � pa.n/;t�2 � � � pa.���a.n//;1 � �

Equation 2

X
l2c.n/

qlt

"�
�lterlt

�2
.ılt C 1/C 2��lterlt

#
D qn;t�1

"�
�n;t�1
ern;t�1

�2
.ın;t�1 C 1/C 2��n;t�1

ern;t�1

#
:

Then, based on Eq. (1), and the condition @L
@�
D 0, we have

R DP
n2NT

.fvnT
0XnT CfrnTxnT/

DP
n2NT

pnT � pa.n/;T�1 � � � pa.���a.n//;1
h
�nTernT
C �

i
DP

n2NT

h
�nT
rT
C pnT � pa.n/;T�1 � � � pa.���a.n//;1 � �

i
DP

n2NT�1

h
�n;T�1

rT�1rT
C pn;T�1 � pa.n/;T�2 � � � pa.���a.n//;1 � �

i
:::

D �0
r C �

D �

r .rB � �/C �:

This implies

� D r

r � � .R � �B/:

The expression for � is thus proven.
By Eq. (2), we derive the optimal variance as

Var .WT/C R2 DP
n2NT

�
XnT

xnT

�0  
eAnT rT fvnT

rT fvnT
0 rTfrnT

!�
XnT

xnT

�

DP
n2NT

qnT

�
�nTernT

�2
.ınT C 1/C 2��nTernT

�
C �2

DP
n2NT�1

qn;T�1

"�
�n;T�1

ern;T�1

�2
.ın;T�1 C 1/C 2��n;T�1

ern;T�1

#
C �2

:::

D q0

�
�0er
�2
.ı0 C 1/C 2��0er

�
C �2

D r�B2 C �2 �1 � �

r

�
:

Hence, Var .WT/ D �

r�� .R � rB/2, as desired. ut
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Theorem 3.1 tells a way to solve the multistage mean-variance model explicitly.
One can first compute all the quantities in a backwards fashion, and then get the
explicit solutions forwards. Starting from the last stage T, the modified conditional
probabilities can be firstly calculated (for the last stage they are equal to the
real probabilities). Applying these modified probabilities in the last stage, the
conditional expected per-share payoffs and the covariance matrices for each single-
stage subtrees and also ˛, ˇ, � , ı at each decision node are computed. The following
job is to go backward and carry out similar computations on stage T � 1. This
process is repeated until stage 0, and � could be calculated to finish the backward
process. The backward process gathers all the required parameters and information.
Then we start from the first stage to reap the solution. Applying the formulations in
Theorem 3.1, optimal solutions for each decision node can be computed in a forward
fashion using the data and quantities that have already been computed.

Example 2 We solve a two-stage problem with options on the S and P 500 index,
which are listed on the CBOE. The prices are drawn from the CBOE web page in the
morning of March 27, 2015, shown in Table 11.2. The portfolios can be constructed
in the beginning of the investment and can also be reorganized on April 17, 2015.
The investment horizon is May 15, 2015, on which the options can be exercised. The
whole investment horizon is 48 days, with the first stage 20 days, and the second
stage 28 days. The scenario tree is generated under the assumption that the index
value at the horizon is lognormally distributed with an expected annualized growth
rate � D 14:43% and an annualized standard deviation of � D 13:02%, which are
listed in the Standard and Poor’s company’s web page. The annual risk-free return
rates for both stages are r1 D r2 D 1C 0:02%. In this example, we simply use the
mid prices as the initial prices for both buying and selling. The options prices at the
end of first stage are calculated using the Black–Scholes formula with the volatility
value � given above. The initial wealth is $10;000, and we assign an expected final
payoffs R D $10;600.

Figure 11.2 shows the optimal payoff surface. We observe that the payoff curves
for any one subtree in the second stage are piecewise linear and hold the properties
described in Propositions 2.2–2.3.

Table 11.2 The data of the S
and P 500 index and the
options of Example 2

Expiration Last Bid Ask

S and P 500 2056:15 2056:15 2056:15

Call 2010 May 15 76:20 72:30 75:70

Call 2050 May 15 45:70 44:90 47:90

Call 2070 May 15 32:50 34:00 34:70

Call 2090 May 15 24:40 23:60 24:30

Call 2110 May 15 15:05 15:10 15:70

Call 2130 May 15 8:95 8:70 9:10
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Fig. 11.2 The optimal payoff surfaces of Example 2

11.3.2 A Stochastic Control Perspective

The preceding section presents an easy computable procedure for solving the
discrete multistage mean-variance model. In this section, we introduce an alternative
approach. These two methods have distinctive features, and complement each
other in many ways. The method in question lends itself from stochastic control.
For a pure mean-variance model without derivatives, the first such analysis was
due to Li and Ng (2000). We shall adopt that approach to accommodate options
portfolio selection in an discrete problem statement. An important advantage of the
stochastic control approach is its strength in dealing with extensions of the model
to the continuous case (in time and in the space of scenarios), while it renders
computational difficulties if inequality constraints are included in the model. In
contrast to this, the stochastic programming approach can easily handle inequality
constraints in the numerical sense, while it cannot work with the continuous
extension of the model.

Let us briefly review the main points in Li and Ng (2000). In order to enable the
stochastic control approach, we reformulate the multistage model as follows:

.M.!// max E.WT/ � !Var .WT/ (11.23)

s.t. u0
0X0 C x0 D B (11.24)

v0
ntXa.n/;t�1 C rt�1xa.n/;t�1 D u0

ntXnt C xnt

n 2 Nt; t D 1; 2; � � � ;T; (11.25)

where ! 2 Œ0; 1/ is a tradeoff factor between the variance and expected payoff,
given by the decision-maker. Let It be an information set available at time t and
It�1 � It, 8t. While the expectation operator satisfies the smoothing property:
EŒE.�jIj/jIk� D E.�jIk/, 8j > k, the variance operator does not: Var ŒVar .�jIj/jIk� ¤
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Var .�jIk/, 8j > k. Thus dynamic programming is not directly applicable to solve
.M.!//. So we need an auxiliary problem as follows:

.M.!; �// max �!E.W2
T/C �E.WT/ (11.26)

s.t. u0
0X0 C x0 D B (11.27)

v0
ntXa.n/;t�1 C rt�1xa.n/;t�1 D u0

ntXnt C xnt

n 2 Nt; t D 1; 2; � � � ;T: (11.28)

The auxiliary problem is of a separable structure suitable for dynamic program-
ming. The objective function of .M.!; �// is in a quadratic form while the system
dynamic is in a linear form. The following theorem points out the relationship
between these two problems, which was established by Li and Ng (2000).

Theorem 3.2 (Li and Ng 2000) Let .X�; x�/ be an optimal solution of
.M.!; ��//. If .X�; x�/ is optimal for .M.!// when �� D 1C 2!E.WT/j.X�; x�/.

Since our model on a well-generated scenario tree is strictly convex, it has a
unique optimal solution. Therefore the necessary condition established in Theo-
rem 3.2 is also sufficient for our model. The exact implementation to apply this
result is as follows. First, solve the optimal solution of the auxiliary problem as
functions of �. Then, we shall find the optimal �� by using the condition established
in Theorem 3.2. Finally, we substitute this �� back to the optimal solutions of the
auxiliary problem to get the solution for the original problem.

In order to simplify the notations in the multistage framework, we introduce the
modified probabilities:

qnt DP
l2c.n/

pl;tC1�ql;tC1

ıl;tC1C1 ; t D 0; 1; : : : ;T;
wnt D pnt �qnt=.ıntC1/

qa.n/;t�1
;

where wnt can be understood as a modified conditional probability distribution in
each subtree. We have wn;TC1 D pn;TC1, and qnT D 1. Comparing the current
method with the previous one in Sect. 11.3.1, and observe that wnt are the same for
both cases, therefore the basic quantities derived from these modified probability
distributions are the same in both cases.

We now apply the stochastic control approach to solve our problem with the
discrete scenario structure. Using the same notations as Sect. 11.3.1, we first solve
the auxiliary problem .M.!; �// using dynamic programming.

Lemma 3.1 The auxiliary problem .M.!; �// can be solved analytically. In
particular, at stage t, the objective value is

Jnt D �!
n
qnt.rtC1 � � � rT /

2ŒX0
ntAntXnt C . Nv0

ntXnt C rtxnt/
2�C �2

4!2
.1 � qnt/

o
C� ˚qnt.rtC1 � � � rT/. Nv0

ntXnt C rntxnt/C �
2!
.1 � qnt/

�
;
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and the optimal primal-dual solution is

Xnt D � �nt

2!.rtC1rtC2���rn/ernt
A�1

nt . Nvnt � rtunt/;

xnt D 1
2!.rtrtC1���rT /

h
�nternt
.�nt � rtˇnt C 1/C �

i
;

�nt D ernt
ıntC1 Œ2!.rtrtC1 � � � rT /.Wnt/ � �� :

The proof of the lemma is similar with that of Theorem 3.1.
Now we have obtained the analytical solutions of the auxiliary problem. After

that we can apply Theorem 3.2 to get the solutions for our original problem. Before
that, we introduce one more lemma.

Lemma 3.2 Let  D r��
2r , and 
 D �

!
. For the multistage auxiliary problem

.M.!; �//, we have E.WT/ D �BC 
 and E.W2
T/ D r�B2C 

2

2, where WT is the

final payoff of the optimal portfolio for .M.!; �//. Further, Problem .M.!; ��// and
.M.!// have the same optimal solutions if and only if �� D 1C2!�B

1�2 D 2!rBC r
�
.

The lemma can be easily proved using Theorem 3.2 with �� D 1C 2!E.WT/.
Using these lemmas, we substitute �� in the optimal solutions of the auxiliary

problem to get the optimal solution for the original problem .M.!//, leading to the
expression of the efficient frontier. The results are given as follows.

Theorem 3.3 The original multistage problem .M.!// has the optimal solutions
given as follows:

Xnt D � �nt

2!.rtC1rtC2���rT /ernt
A�1

nt . Nvnt � rtunt/;

xnt D 1
2!.rtrtC1���rT /

h
�nternt
.�nt � rtˇnt C 1/C �

i
;

�nt D ernt
ıntC1 Œ2!.rtrtC1 � � � rT /.Wnt/ � �� ;

� D 2!rBC r
�
:

The associated expected payoff and the variance are, respectively,

E.WT/ D r � �
2!�

C rB

Var .WT/ D �

r � � ŒE.WT / � rB�2:

Theorem 3.3 presents solutions for a tradeoff factor !. The theorem also displays
the relationship between the tradeoff factor ! and the expected return E.WT / of
the optimal portfolio. Finally, the mean-variance efficient frontier is computed.
Comparing Theorem 3.3 with Theorem 3.1, we see that these two methods end up
with the same mean-variance efficient frontier. If we express ! in terms of R using
the formulas in Theorem 3.3, then we can get an expression of the efficient frontier.
As expected, one can see that the solutions of .M3/ and .M.!// are indeed identical.
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So far we introduced two different approaches to solve the portfolio selection
problem for a multistage scenario tree structure. These two approaches need
almost the same amount of computational efforts, and eventually reach the same
efficient frontier. However, they shed lights on the problem from two very different
angles, both are important for different reasons. On the one hand, the stochastic
programming approach is confined itself in discrete time for a finite scenario
structure, while the stochastic control approach can be applied for the problems
with continuous scenario or in a continuous time setting (as shown in Zhou and
Li 2000). On the other hand, the stochastic programming approach can be used to
deal with almost any complicating constraints, which cannot be dealt with by the
stochastic control approach.

11.4 The Multistage Target Tracking Model

11.4.1 The Model and Solutions

Consider the tracking model in a multistage case. With final payoff denoting as W
and a given target payoff R, the tracking strategy is to minimize the tracking error
variance (TEV), EŒ.W�R/2�, on the investment horizon. We apply the same scenario
tree as in Sect. 11.3. The general multistage tracking model is

.M4/ min EŒ.W � R/2� (11.29)

s.t. u0

0X0 C x0 D B (11.30)

v0

ntXa.n/;t�1 C rt�1xa.n/;t�1 D u0

ntXnt C xnt; t D 1; 2; � � � ; T; n 2 Nt; (11.31)

Now define constants on the scenario Snt in order to get an explicit formulation
of the model:

˛nt D u0
ntA

�1
nt unt;

ˇnt D Nv0
ntA

�1
nt unt;

�nt D Nv0
ntA

�1
nt Nvnt;

ınt D . Nvnt � rtunt/
0A�1

nt . Nvnt � rtunt/;

�nt D rt
ıntC1 ;

Cnt DP
i2c.n/;tC1 pi;tC1�i;tC1Ci;tC1; CnT D 1;

Qpc.n/;tC1 D pc.n/;tC1�c.n/;tC1Cc.n/;tC1P
i2c.n/;tC1 pi;tC1�i;tC1Cc.n/;tC1

; Qpn;TC1 D pn;TC1;
r D r0r1 � � � rT ;

where Qp can be understood as a modified conditional probability distribution. Nvnt

is the expected per-share payoff of the single-stage subtree derived from scenario
Snt with the modified probability distribution Qpc.n/;tC1, and Ant is the conditional
covariance matrix of this subtree with the modified probability distribution Qpc.n/;tC1.
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Different from the mean-variance model, the multistage tracking model .M4/ is
separable and can be solved dynamically. The analytical solutions are presented in
the following Theorem 4.1.

Theorem 4.1 The multistage target tracking model .M4/ can be solved dynami-
cally, and on the scenario Snt, the optimal solution is

X�
nt D �

�n;t

rt
A�1

n;t . Nvn;t � rtun;t/ (11.32)

x�
nt D

1

rt

�
�n;t

rt
.�n;t � rtˇn;t C 1/C RtC1

�
(11.33)

�nt D rt

ın;t C 1.rtWnt � RtC1/ � rt�nt .Wnt � Rt/ (11.34)

with the associated optimal TEV on this scenario:

TEV �
nt D rtC1 � � � rT Cnt

�nt

rt
.RtC1 � rtWn;t/

2 D rt � � � rT Cn;t�n;t.Wn;t � Rt/
2 (11.35)

where

Rt WD RtC1
rt
D R

rt � � � rT
; and RT WD R

rT

and for the overall optimal TEV �, we have

TEV � D rC0�0.B � R0/
2 D C0�0

r
.R � rB/2

Proof We prove by induction. Firstly derive the expressions of TEV, i.e., EŒ.W �
R/2�. Denoting XT and xT as the solutions at the beginning of the final stage, we have
the final tracking error variance as

TEV D EŒEŒ.W � R/2jS�;1��

D EŒEŒEŒ.W � R/2jfS�;1; S�;2g���
:::

D E
˚
EŒ� � �EŒEŒ.W � R/2jfS�;1; � � � ; S�;Tg���

�
(11.36)

Start from the scenario SnT in the last stage T, for the single-stage subtree with
root node SnT , we have the tracking model in a static formulation:

min EŒ.W � R/2�

s.t. u0XnT C xnT D WnT ;
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Theorem 2.2 presents the optimal solutions for this static problem as:

X�
nT D �

�nT

rT
A�1

nT . NvnT � rT unT/

x�
nT D

1

rT

�
�nT

rT
.�nT � rTˇnT C 1/C R

�

�nT D rT

ınT C 1.rTWnT � R/ � rT�nT .WnT � RT/

and the optimal tracking error variance (TEV �
nT )

TEV �
nT D

�nT

rT
.R � rTWnT/

2 D rT�nT.WnT � RT/
2

where RT WD R
rT

. Solutions (11.32)–(11.35) hold true for the last stage.
Next we apply induction to the stage index t. Suppose that the solutions (11.32)–

(11.35) hold true at the tth stage on the scenario Snt. Now prove that they also
hold for stage t � 1. Firstly, Substitute (11.35) into (11.36) leads the tracking error
variance on scenario Sn;t�1:

TEV n;t�1 D EŒTEV �
i;tji 2 fc.n/; tg�

D EŒrt � � � rT Ci;t�i;t.Wi;t � Rt/
2ji 2 fc.n/; tg�

The problem on the scenario Sn;t�1 shows

min EŒrt � � � rT Ci;t�i;t.Wi;t � Rt/
2ji 2 fc.n/; tg�

s.t. u0
n;t�1Xn;t�1 C xn;t�1 D Wn;t�1
v0

i;tXn;t�1 C rt�1xn;t�1 D Wi;t; i 2 fc.n/; tg
Define the modified conditional probability

Qpc.n/;t D pc.n/;t�c.n/;tCc.n/;tP
i2c.n/;t pi;t�i;tCc.n/;t

and the constant Cn;t�1,

Cn;t�1 D
X

i2c.n/;t

pi;t�i;tCi;t

Than the problem on Sn;t�1 is reformulated as

min rt � � � rTCn;t�1EŒ.Wi;t � Rt/
2�

s.t. u0
n;t�1Xn;t�1 C xn;t�1 D Wn;t�1
v0

i;tXn;t�1 C rt�1xn;t�1 D Wi;t; i 2 fc.n/; tg
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where the EŒ�� is the expectation under the modified probability Qp. Therefore the
problem is once again presented as a static tracking problem, the only difference
is that the distribution probabilities are modified. So for this problem on scenario
Sn;t�1, the optimal solutions are

Xn;t�1 D ��n;t�1
rt�1

A�1
n;t�1. Nvn;t�1 � rt�1un;t�1/

xn;t�1 D 1

rt�1

�
�n;t�1
rt�1

.�n;t�1 � rt�1ˇn;t�1 C 1/C Rt

�

�n;t�1 D rt�1
ın;t�1 C 1.rt�1Wn;t�1 � Rt/ � rt�1�n;t�1 .Wn;t�1 � Rt�1/

with the associated tracking error variance .TEV �
n;t�1/

TEV �
n;t�1 D rt � � � rTCn;t�1

�n;t�1
rt�1

.Rt � rt�1Wn;t�1/2

D rt�1 � � � rTCn;t�1�n;t�1.Wn;t�1 � Rt�1/2

Therefore, the solutions (11.32)–(11.35) are also correct for stage t � 1. ut
Theorem 4.1 presents a way to dynamically solve the multistage tracking model

explicitly. Start from the last stage, the modified conditional probabilities can be
firstly calculated (for the last stage they are equal to the real probabilities). Applying
these modified probabilities, the constants of ˛, ˇ, � , ı, and � are computed. And
based on Theorem 4.1, the optimal solutions are delivered on each decision node in
the last stage. Then, one can go backward to the previous stage and carry out the
same process to get optimal solutions. This process is repeated until back to the root
of the whole tree, and the overall .TEV �/ is finally obtained.

11.4.2 Relations Between Models

In the previous context, we have established the mean-variance efficiency of the
optimal tracking portfolio. Review .M3/ and solutions in Theorem 3.1, we find
that the solutions of both multistage models (i.e., the tracking model and the
mean-variance model) hold similar formulas, expected for the definitions of a few
quantities. What’s more, we have derived out the condition on which the static model
shares the same set of optimal portfolio in Proposition 4.1. It makes sense to verify
whether this holds for the multistage case.

We now consider both models based on the same multistage scenario tree, and
for the same sets of assets. Comparing solutions of both models in Theorems 3.1
and 4.1, they are presented in quite similar formulas, expected for the expressions
of the modified probabilities.
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Review the modified probability distributions Qp and w. For the tracking model
.M4/ we have

Cn;t D
X

i2c.n/;tC1
pi;tC1�i;tC1Ci;tC1; CnT D 1 (11.37)

Qpn;t D pnt�ntCntP
i2n;t pit�i;tCi;t

; Qpn;TC1 D pn;TC1 (11.38)

and for the mean-variance model .M3/,

qnt D
X

i2c.n/

qi;tC1
1C ıi;tC1

; qnT D pnT � pa.n/;T�1 � � � � � pa.���a.n//;1I (11.39)

wnt D qnt=.1C ınt/

qa.n/;t�1
; wn;TC1 D pn;TC1 (11.40)

We state the relations between the modified probabilities in both models in the
following lemma.

Lemma 4.1 For both problems .M3/ and .M4/ based on a same scenario tree, the
probability distributions are modified in a same way during solving processes. That
is, on any given scenario Snt, we have wnt D Qpnt, and qnt D pnt � � � pa.���a.n//;1 � Cnt

rtC1���rT
.

Proof Start from the last stage T on a given scenario SnT , with the definitions of
�nT D rT

1CınT
and CnT D 1, (11.38)–(11.40) give

wnT D qnT=.1C ınT/P
ŒqiT=.1C ıiT/�

D pnT�nTP
piT�iT

D QpnT

qnT D pnT � � � pa.���a.n//;1 � CnT

Lemma 4.1 holds true in stage T. Next we prove by induction. Suppose the
following relations hold for stage t, we now prove they hold for stage t � 1 and
finish the proof by induction.

qnt D pnt � � � pa.���a.n//;1 � Cnt

rtC1 � � � rT
(11.41)

wnt D Qpnt (11.42)

Substitute (11.41) to (11.39) for stage t � 1 gives

qn;t�1 D
X

i2c.n/

qit

1C ıit

D pn;t�1 � � � pa.���a.n//;1 �
X

i2c.n/

pit
Cit

rtC1 � � � rT

�it

rt

D pn;t�1; � � � ; pa.���a.n//;1 � Cn;t�1
rt; � � � rT

(11.43)
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further substitute (11.43) to (11.40) for stage t � 1, together with (11.38) we get

wn;t�1 D qn;t�1=.1C ın;t�1/P
Œqi;t�1=.1C ıi;t�1/�

D pn;t�1Cn;t�1�n;t�1P
Œpi;t�1Ci;t�1�i;t�1�

D Qpn;t�1

ut
Lemma 4.1 states that the modified distributions are same for both multistage

models in the solving process. This is helpful to verify Proposition 4.1 in the
multistage case. We modify the Proposition 4.1 as follows.

Proposition 4.1 Given both mean-variance model and target tracking model based
on a same multistage scenario tree, they share the same set of optimal solutions iff
RT�rB D h.RM�rB/, where RT is the final tracking target, RM is the final expected
return, and h WD r

r�� .

Proof The only different from this Proposition 4.1 is the multistage case. In the
multistage case, the optimal objective values for both problems .M4/ and .M3/ are
proposed in Theorems 4.1 and 3.1 as:

TEV � D C0�0
r
.RT � rB/2;

Var � D �

r � � .R
M � rB/2

and Lemma 4.1 gives

q0 D C0
r1; � � � rT

;

leading

C0�0 D rq0
r0

r0
1C ı0 D

rq0
1C ı0 D �

therefore we reformulate the optimal objectives in multistage as:

TEV � D �

r
.RT � rB/2;

Var � D �

r � � .R
M � rB/2

which are same as the forms in static case. Thus we can follow the same proof as
that for Proposition 2.3 in Sect. 11.2. ut
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It brings us a new insight to solve a multistage mean-variance model. A classical
mean-variance problem could be transformed to a target tracking problem, and
further be separated and dynamically solved. The necessary work is to modify
the expected final payoff RM to a final tracking target RT , by applying the rule of
RT � rB D h.RM � rB/ in Proposition 4.1, where h is a constant defined based on
the scenario tree structure.

Let’s compare with Theorem 3.2, where a relationship between RM and the
tradeoff factor ! is proposed. And the classical mean-variance model is solved by
applying an auxiliary problem in optimal control perspective. We now find out that
these two methodologies are different approaches but equally satisfactory results in
solving the multistage mean-variance model.

Finally, consider the equations stated in Theorem 3.2 and Proposition 2.3,

RM D r � �
2!�

C rB; (11.44)

RT � rB D h.RM � rB/: (11.45)

Combine (11.44) and (11.45) together, and it is straightforward to get:

RT D r

2!�
C rB (11.46)

Equation (11.46) presents a relationship between the tradeoff factor ! in model
.M.!// and the tracking target RT in model .M4/, which guarantees both models
achieve optimality by same optimal portfolio.

We have discussed three methods in solving the multistage mean-variance model,
described in Theorems 3.1, 3.2, and 4.1, and Proposition 2.3, respectively. These
methods are closely linked to each other by the key factors, i.e., the expected return
RM for .M3/, the tradeoff factor ! for .M.!//, and the target return RT for .M4/. It
is proved that with the transformations presented in (11.44)–(11.46), the problems
in these three formulations share the same optimal portfolio.

We notice that these three approaches need almost the same amount of com-
putational efforts, and eventually reach the same efficient frontier. In this problem,
estimating the covariance and inverse covariance matrices of the returns of the assets
in the portfolio plays an important role. As the number of assets or the investment
stages grows, those parameters to be estimated quickly become massive. Even if
we could estimate each individual parameter accurately, the cumulated error of
the whole estimation can be large under matrix norms. Big data size brings new
challenges to the mode, and this requires new statistical procedures on estimating
large covariance matrices and their inverse.
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11.5 Conclusions

This chapter introduces the optioned portfolio selection models on discrete scenario
tree framework. We present the models and derive the analytical optimal solutions.
Attentions are paid to the properties of the optimal payoff in static case and
the solution methods in multistage case. Two different solution techniques for
multistage mean-variance model are firstly proposed, which are, respectively,
based on stochastic programming and stochastic control. We also develop a target
tracking models. It turns out that the optimal tracking portfolio holds mean-variance
efficiency, which further provides an alternative method to dynamically solve the
classical multistage mean-variance problem. Future research can be carried out
on the model statements and analysis. Solution methods for models with random
tracking target and uncertainty investment horizon are under research. And new
estimation methods for large size of parameters will be applied to improve the
accuracy and efficiency of models.
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Chapter 12
Multi-Period Portfolio Selection with Stochastic
Investment Horizon

Lan Yi

Abstract It is often the case that some unexpected events may force an investor
to terminate her investment and exit the financial market. In this work, the
mean-variance formulation of multi-period portfolio optimization with stochastic
investment horizon is considered. Given the distribution of the uncertain investment
horizon, the problem under investigation can be formulated as a nonseparable
dynamic problem. By making use of the embedding technique of Li and Ng
(Math Financ 4(2):387–406, 2000), an analytical optimal strategy and an analytical
expression of the mean-variance efficient frontier for the mean-variance formulation
of the problem are achieved. Two special cases are also discussed in this work.

Keywords Multi-period • Mean-variance portfolio optimization • Stochastic
investment horizon • Embedding technique • Dynamic programming

12.1 Introduction

Portfolio theory deals with the question of how to find an optimal distribution
of the wealth among various assets. Mean-variance analysis and expected utility
formulation are two different tools for dealing with portfolio selections. The
mean-variance formulation proposed by Markowitz (1959) provides a fundamental
basis for portfolio allocation in a single period. Analytical expression of the
mean-variance efficient frontier in single-period portfolio selection was derived by
Merton (1972). Extending the single-period portfolio selection problem to multi-
period one is an important development of this research area. However, multi-period
portfolio selection model has been dominated by the results of maximizing expected
utility functions of the terminal wealth for years, because of the nonseparability
of the mean-variance objective function in the sense of dynamic programming.
Recently, by using the embedding techniques, Li and Ng (2000) solved analytically
the multi-period portfolio selection problem under the mean-variance framework.
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The embedding technique introduced by Li and Ng (2000) overcomes the bottleneck
of research on multi-period mean-variance portfolio selection problems, and a lot of
interesting research have done based on Li and Ng (2000)’s work (see Çelikyurt
and özekici 2007; Chiu and Li 2006; Costa and Araujo 2008; Cui et al. 2012,
2013, 2012; Guo and Hu 2005; Josa-fombellida and Rincón-zapatero 2008; Li et al.
2010; Liang et al. 2008; Yi et al. 2008; Zhou and Li 2000; Zhu et al. 2011). Mean-
field framework is another method to tackle the issue of nonseparability which was
recently introduced by Cui et al. (2013). It offers an efficient modeling tool and a
tractable solution scheme in deriving the optimal policies analytically of the multi-
period mean-variance-type portfolio selection problems (see Cui et al. 2013; Yi et al.
2014).

An assumption often taken for granted in general portfolio selection models
is that the investment horizon is deterministic, which implies that an investor
knows with certainty the exit time at the beginning of her investment. However,
an investment horizon, in the real world, is always unknown when an investor
starts her investment. There are many exogenous and endogenous factors that can
drive the exit strategy of an investor. Sudden huge consumption, serious illness,
retirement, etc. are market-unrelated exogenous reasons to force an investor to
exit the financial market. At the same time, there also exit some market-related
exogenous reasons, e.g., an anticipation for long-turn depression of financial market
could make some investors to exit market earlier. While the exogenous reasons
are independent of the investor’s investment policy, endogenous factors are policy-
dependent. For example, the investor may decide to exit the market once her wealth
hits her investment target, or the investor carefully searches for a stopping time to
maximize the expected utility of her terminal wealth. In such situations, the exit
time is determined endogenously.

Recognizing a clear gap between theory and practice, it seems sympathetic
to relax the restrictive assumption that the investment horizon is pre-fixed with
certainty. Research on this subject was actually pioneered by Yaari (1965), who
deals with the problem of optimal consumption for an individual with uncertain
date of death, under a pure deterministic investment environment. Other related
works include (Hakansson 1969; Merton 1971; Karatzas and Wang 2000; Browne
2000; Guo and Hu 2005; Martellini and Urosevic 2006). Karatzas and Wang (2000)
address the optimal dynamic investment problem in a complete market with an
assumption that the uncertain investment horizon is a stopping time of asset price
filtration. A different problem of minimizing the expected time to beat a benchmark
is addressed in Browne (2000), where the exit time is a random variable related to
the portfolio. The uncertain exit time concerned in these two works is endogenous.
Martellini and Urosevic (2006) analyze a static mean-variance portfolio selection
problem for both the situations where exit time is independent and dependent of
asset returns. Exogenous and endogenous exit times are considered, respectively,
in these two different cases. Multi-period mean-variance portfolio optimization
problem with uncertain exit time is studied in Guo and Hu (2005), where the
uncertain exit time is exogenous. Yi et al. (2008) also considered an exogenous
uncertain exit time in a multi-period mean-variance asset-liabilities optimiza-
tion problem, and derived the analytical solution by using embedding technique.
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Yi et al. (2014) reconsidered the exogenous uncertain exit time in multi-period
mean-variance portfolio selection problem by using the mean-field framework.
Although the exogenous exit time has been investigated in the investment literature
since (Yaari 1965), the only case concerned about is market-independent exit
time. That means, the probability of the exit time is independent of the financial
market. Market-dependent exogenous exit time is considered in Blanchet-Scaillet
et al. (2005), which applies the uncertain time horizon into dynamic asset pricing
theory. Blanchet-Scalliet et al. (2008) incorporate an uncertain time horizon into a
continuous-time optimal portfolio selection problem.

In this work, a market-dependent exogenous exit time is introduced into the
multi-period mean-variance portfolio selection problem. By introducing the uncer-
tain exit time, there are two kinds of uncertainties in this portfolio model, return risk
and exit risk. Both analytical optimal policy and the efficient frontier of the mean-
variance portfolio selection problem can be derived by adopting the embedding
technique in Li and Ng (2000). Furthermore, this work will illustrate that the
state-independent exit time (Li and Ng (2000)’s work) is a special case of the state-
dependent one. By comparing this case with cases with certain exit time, it is found
that the condition of uncertain exit time increases the investment risk.

This work is organized as follows. After an introduction of the time uncertainty,
the mean-variance portfolio selection model with uncertain exit time is described
in Sect. 12.3. In Sect. 12.4 the analytical solution is derived by using dynamic
programming, and the efficient frontier is obtained. Section 12.5 discusses a special
case when the uncertain exit time is state-independent, and also compares cases
with uncertain or certain exit time by means of examples. Finally, Sect. 12.6 gives
the conclusion.

12.2 Exit-Time Uncertainty

Assume that the investor’s investment time horizon is a positive discrete random
variable 	 2 N , rather than a positive constant T.

Denote by F D fF0;F1; � � � ;Ft � � � g the filtration reflecting financial market
information, T D fT1; � � � ; Tt � � � g, with Tt WD �.	 ^ t/ the information about
whether the exit has occurred or not. Let the filtration G D .G0;G1; � � � ;Gt; � � � /
represent the total information (may not completely available to investor), which is
generated by filtrations F and T . Denote A WD fAtg as an enlargement filtration
of F , and Ft � At � Gt. Filtration A presents all the available information to
investors.

Notice that the assets’ prices at time t are Ft-measurable, hence At-measurable
and Gt-measurable. The event f	 > tg is G-measurable, but may not be
A-measurable. If 	 is an F -stopping time, we have Gt D At D Ft. However,
in this study, we suppose that At � Gt, that is, the random variable 	 is not an
A -stopping time, so the event f	 > tg is not At-measurable, which means we
cannot imply whether or not the exit has occurred by time t under the �-algebra At.
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Suppose that the probability of the event ft < 	g is At-measurable, which is
pre-given. Denote the conditional probability of f	 � tg as Pt D P.	 � tjAt/.
Assume that Pt D P.	 � tjAt/ is an increasing process with respect to t. A sufficient
condition for this assumption is that P.	 � tjAt/ D P.	 � tjA1/.

Assumption 2.1

P.	 > tjAt/ D P.	 > tjA1/: (12.1)

To understand the above definitions, let us consider the following example. While
an investor invests her money in the financial market, she is waiting at the same
time for a gold mining opportunity. Once the opportunity is available and is more
profitable than the market portfolio, she will exit the market and invest all her
money on the gold mining project. However, whether the gold mining opportunity
will be available at time t is unknown under the information Ft. Assume that
the availability of gold mining is described as a Poisson process with density b�t,
which is At-measurable random variable. Let fMtg be the return process of market
portfolio, which is Ft-measurable. So the probability that f	 � tg happens can be
determined by

Pt D P.	 � t j At/ D 1 � expf�
tX

sD1
�sg; (12.2)

where �t WD f .b�t;Mt/ is determined byb�t and the return of market portfolio at time
t. Actually, �t can be thought as the average failure rate (exit occurrence) during the
interval .t� 1; t�. Notice that �t is At-measurable, so is Pt. A more specific example
will be given in Example 2.1.

Assumption 2.2 The random time 	 is finite almost surely, i.e., P.	 <1/ D 1.

Given a constant T, we define a stochastic process �t as follows,

�t WD P.	 D tjAt/ D
8<
:

P1 t D 1I
Pt � Pt�1 t D 2; � � � ;T � 1I
1 � PT�1 t D T:

(12.3)

It is easy to check that
PT

tD1 �t D 1 and �t is At-measurable.

Remark 2.1 In the above example, if the densityb�t is constant, then

Pt D P.	 � t j Ft/ D 1 � expf�
tX

sD1
�sg:

�t is Ft-measurable, so is Pt and �t. Specifically, if the investor draw her money out
of financial market once the gold mining project is available, no matter it is more
profitable than the market portfolio or not, �t will be Ft-independent, and �t Db�t.
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Remark 2.2 To model the probability of uncertain exit time, we could use the
historical data of financial market and the related information which will influence
investor’s exit time. To estimate �t in previous example, we could use historical data
of the S and P 500 index to estimate fMtg, and use the published statistical data of
gold mining industries to estimate b�t.

12.3 Problem Formulation

Consider a financial market with T trading dates (indexed by 0; 1; � � � ;T � 1), and a
finite time horizon T. Uncertainty of the economy is described through a probability
space .�;A ;P/. Without lose of generality, let us suppose A D F . The obtained
results can be easily generalized to situations where A � F . There are .n C 1/
risky securities S1; � � � ; SnC1. An investor enters the financial market with an initial
wealth v0. The investor can allocate her wealth among the .nC1/ assets. The wealth
can be reallocated among the .nC1/ assets at the beginning of each of the following
T consecutive time periods until she exits the market. The investor plans to invest
her wealth at most for T periods. However, she will exit the market at some random
time 	 by some reasons related to the financial market. Hence the exiting time is
T ^ 	 .

The rate of return of the risky security SnC1 between time periods t and t C 1
within the planning horizon is denoted by r0t , and those of the other risky assets are
denoted by a vector rt D .r1t ; � � � ; rn

t /
0, where ri

t is the random return for security i
between time periods t and tC1. It is assumed in this work that vectorsert D Œr0t ; r0

t �
0,

t D 0; 1; � � � ;T � 1, are statistically independent and returnert has a know mean
E.ert/ D ŒE.r0t /;E.r1t /; � � � ;E.rn

t /�
0 and a known covariance

Cov.ert/ D

2
64
�t;00 � � � �t;0n
:::
: : :

:::

�t;0n � � � �t;nn

3
75 :

Denote Rt WD rt � r0t e where e D .1; 1; � � � ; 1/0. It is reasonable to assume that
E.erter0

t/ is positive definite for all time periods, i.e.,

E.erter0
t/ D

2
664

E..r0t /
2/ E..r1t r0t // � � � E..rn

t r0t //
E..r0t r1t // E..r1t /

2/ � � � E..rn
t r1t //

� � � � � � � � � � � �
E..r0t rn

t // E..r1t rn
t // � � � E..rn

t /
2/

3
775 > 0; 8 t D 0; 1; � � � ;T � 1:

Suppose that 	 is a discrete random processes defined in Sect. 12.2. Hence, the exit
probability is �t.t D 1; 2; � � � ;T/, where �t and Rt�1 can be dependent.
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Let Vt be the wealth of the investor at the beginning of the tth period, and let � i
t

be the amount of wealth invested in the ith risky asset at the beginning of the tth
period. Let the vector �t D .�1t ; � � � ; �n

t /
0. So Vt �Pn

iD1 � t
i is the amount of wealth

invested in the asset SnC1. The relationship between wealth of periods t and tC 1 is

VtC1 D Vtr
0
t C � 0

t Rt; t D 0; 1; � � � ;T � 1: (12.4)

The investor is seeking a best investment strategy �t D .�1t ; � � � ; �n
t /

0 for t D
0; 1; � � � ;T � 1, such that (1) the expected value of the uncertain terminal wealth
VT^	 is maximized while the variance of the terminal wealth is not greater than a
preselected risk level,

.P1.�//

(
max
�

E.VT^	 /
s:t: Var.VT^	 / � � and .12.4/;

for � � 0, or (2) the variance of the uncertain terminal wealth VT^	 is minimized
while the expected terminal wealth is not smaller than a preselected level,

.P2.�//

(
min
�

Var.VT^	 /
s:t: E.VT^	 / � � and .12.4/;

for � �0.
By varying the value of � in .P1.�// or the value of � in .P2.�//, the set of

efficient multi-period portfolio policies can be generated, which are the same for
both problem .P1.�// and .P2.�//.

Using the Lagrangian approach, either problem .P1.�// or .P2.�// can be
expressed equivalently as

.P3.!//

(
max
�

E.VT^	 /� !Var.VT^	 /
s:t: .12.4/;

where ! 2 Œ0;1/, which represents a trade-off between the expected terminal
wealth and the associated risk. Actually, .P3.!// generates the same set of multi-
period portfolio policies as problem .P1.�// and .P2.�//. If �� solves .P3.!//,
then �� solves .P1.�// with � D Var.VT^	 /j�� and �� solves .P2.�// with
� D E.VT^	 /j�� In this work, we concentrate on problem .P3.!//.

12.4 Analytical Solution to Multi-Period Mean-Variance
Formulation with Exit-Time Uncertainty

12.4.1 Construction of Auxiliary Problem

Since the mean-variance formulation is nonseparable in the sense of dynamic
programming, we use the embedding technique of Li and Ng (2000) to analyze
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our problem. It will be proved in the following that the embedding technique still
works when the exit time is uncertain. Let us introduce an alternative optimization
problem .P4.�; !//:

.P4.�; !//

(
max
�

E.�VT^	 � !V2
T^	 /

s:t: .12.4/;

DefineˆA.�; !/ to be the set of optimal solutions of problem .P4.�; !// andˆP.!/

to be the set of optimal solutions of problem .P3.!//, i.e.,
ˆA.�; !/ D f� j � is an optimal solution to .P4.�; !//g;
ˆP.!/ D f� j � is an optimal solution to .P3.!//g:
Denote a new variable d.�; !/ as a function of � and !, i.e.,

d.�; !/ D 1C 2!E.VT^	 / j� : (12.5)

The following two theorems will show the relationship between the original problem
.P3.!// and the auxiliary problem .P4.�; !//.

Theorem 1 For any �� 2 ˆP.!/, �� 2 ˆA.d.��; !/; !/:

Proof If �� is a solution of .P3.!//, but not a solution to .P4.d.��; �/; !//, there
exists a � such that

�!E.V2
T^	 .�//Cd.��; !/E.VT^	 .�// > �!E.V2

T^	 .��//Cd.��; !/E.VT^	 .��//;

that is

.�!; d.��; !//
�

E.V2
T^	 .�//

E.VT^	 .�//

�
> .�!; d.��; !//

�
E.V2

T^	 .��//
E.VT^	 .��//

�
: (12.6)

Let

U D E.VT^	 .�//� !Var.VT^	 .�//
D E.VT^	 .�//� !ŒE.V2

T^	 .�// � E2.VT^	 .�//�:
(12.7)

As U is convex with respect to E.VT^	 .�// and E.V2
T^	 .�//, we have

UŒE.V2
T^	 .�//;E.VT^	 .�//� �UŒE.V2

T^	 .��//;E.VT^	 .��//�

� . @U

@E.V2
T^	 .�//

;
@U

@E.VT^	 .�//
/j��

�
E.V2

T^	 .�//� E.V2
T^	 .��//

E.VT^	 .�//� E.VT^	 .��//

�

D .�!; d.��; !//
�

E.V2
T^	 .�//� E.V2

T^	 .��//
E.VT^	 .�//� E.VT^	 .��//

�
> 0;

which is a contradiction.
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Theorem 2 Assume �� 2 ˆA.�
�; !/. A necessary condition for �� 2 ˆP.!/ is

�� D 1C 2!E.VT^	 / j�� .

Proof For fixed !, the set of all solutions to (.P4.�; !// can be parameterized by �.
If �� is an optimal solution of .P3.!//, then �� 2S� ˆA.�; !/. Hence .P3.!// is
equivalent to the following problem:

max� UŒE.V2
T^	 .�; !//;E2.VT^	 .�; !/�

D max�fE.VT^	 .�; !// � !ŒE.V2
T^	 .�; !// � E2.VT^	 .�; !//�g; (12.8)

The necessary condition for optimal �� is @U
@�
j��D 0, that is

@E.VT^	 .��; !//
@�

Œ1C 2!E.VT^	 .��; !//� � ! @E.V2
T^	 .��; !/
@�

D 0: (12.9)

On the other hand, because �� 2 ˆA.�; !/, the optimality condition for (.P4.�; !//
gives rise,

�� @E.VT^	 .��; !//
@�

� ! @E.V2
T^	 .��; !//
@�

D 0: (12.10)

These two conditions, (12.9) and (12.10), yield

�� D 1C 2!E.VT^	 .��; !// D Œ1C 2!E.VT^	 .�; !//� j�� :

Based on these two theorems, we can get the optimal solution to the original problem
by solving the auxiliary problem (.P4.�; !//. The objective function of (.P4.�; !//
can be reformulated by using the definition of exit probability �t.

Proposition 4.1 The auxiliary problem .P4.�; !// is equivalent to

(
max
�

EŒ
PT

tD1.�Vt � !V2
t /�t�

s:t: VtC1 D Vtr0t C � 0
t Rt for t D 0; 1; � � � ;T � 1: (12.11)

Proof Using the property of conditional probability, we can derive the following:

E.�VT^	 � !V2
T^	 /

D EŒEŒ.�VT^	 � !V2
T^	 /1f	D1g j F1��C EŒEŒ.�VT^	 � !V2

T^	 /1f	>1g j F1��
D EŒ.�V1 � !V2

1 /EŒ1f	D1g j F1��C EŒ.�VT^	 � !V2
T^	 /1f	>1g�

D EŒ.�V1 � !V2
1 /�1�C EŒEŒ.�VT^	 � !V2

T^	 /1f	>1g j F2��
D EŒ.�V1 � !V2

1 /�1�C EŒEŒ.�VT^	 � !V2
T^	 /1f	D2g j F2��

CEŒEŒ.�VT^	 � !V2
T^	 /1f	>2g j F2��
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D EŒ.�V1 � !V2
1 /�1�C EŒ.�V2 � !V2

2 /�2�C EŒ.�VT^	 � !V2
T^	 /1f	>2g�

:::

D
TX

iD1
EŒ.Vt � �V2

t /�t�;

which proves the equivalence between (12.11) and .P4.�; !//.

12.4.2 Analytical Form of the Optimal Dynamic
Portfolio Policy

The optimal solution to the auxiliary problem can be derived analytically by using
dynamic programming. In the following, we denote Et.�/ WD E.� j Ft/ for our
convenience.

Theorem 3 The optimal solution of the auxiliary problem .P4.�; !// at each time
period t is of the following form:

��
t .Vt; �/ D �

2
ut.�/� KtVt; (12.12)

where

� D �

!
; (12.13)

ut D EtŒRtR
0
t.�tC1 C BtC1/��1EtŒRt.�tC1 C AtC1/�; (12.14)

Kt D EtŒRtR
0
t.�tC1 C BtC1/��1EtŒr

0
tC1Rt.�tC1 C BtC1/�; (12.15)

At D EtŒr
0
t .�tC1 C AtC1/�

� EtŒRt.�tC1 C AtC1/�0Et.RtR
0
t.�tC1 C BtC1//�1EtŒr

0
t Rt.�tC1 C BtC1/�;

(12.16)

Bt D EtŒ.r
0
t /
2.�tC1 C BtC1/�

� EtŒr
0
t Rt.�tC1 C BtC1/�0EtŒRtR

0
t.�tC1 C BtC1/��1EtŒr

0
t Rt.�tC1 C BtC1/�;

(12.17)

Ct D CtC1C
�2

4!
EtŒRt.�tC1 C AtC1/�0EtŒRtR

0
t.�tC1 C BtC1/��1EtŒRt.�tC1 C AtC1/�;

(12.18)
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with the following boundary conditions:

uT�1 DET�1.RT�1R0
T�1�T/

�1ET�1.RT�1�T /;

KT�1 DET�1.RT�1R0
T�1�T/

�1ET�1.r0T�1RT�1�T/;

AT�1 DET�1.r0T�1�T /

� ET�1.RT�1�T/
0ET�1.RT�1R0

T�1�T /
�1ET�1.r0T�1RT�1�T/;

BT�1 DET�1Œ.r0T�1/2�T �

� ET�1.r0T�1RT�1�T /
0ET�1.RT�1R0

T�1�T/
�1ET�1.r0T�1RT�1�T/;

CT�1 D �
2

4!
ET�1.RT�1�T/

0ET�1.RT�1R0
T�1�T /

�1ET�1.RT�1�T/:

Proof Denote the benefit-to-go at stage t by

ft.Vt/ D max
�t�1;��� ;�T�1

EŒ
TX

sDt

.�Vs � !V2
s /�s j Ft�1�;

for t D 1; 2; � � � ;T. Note that ft.Vt/ can be further expressed as

ft.Vt/ D max
�t�1;��� ;�T�1

Ef.�Vt � !V2
t /�t C EŒ

TX
sDtC1

.�Vs � !V2
s /�s j Ft� j Ft�1g

Dmax
�t�1

EŒ.�Vt � !V2
t /�t C ftC1.VtC1/ j Ft�1�;

for t D 1; 2; � � � ;T � 1, and the boundary condition is

fT.VT/ D max
�T�1

EŒ.�VT � !V2
T/�T j FT�1�:

The dynamic programming algorithm starts from stage T. For given FT�1, the
optimization problem is as follows:

fT.VT/

Dmax
�T�1

ET�1Œ.�VT � !V2
T/�T �

Dmax
�T�1

ET�1fŒ�.VT�1r0T�1 C R0
T�1�T�1/�T � � !.VT�1r0T�1 C R0

T�1�T�1/2�Tg

Dmax
�T�1

ET�1fŒ�VT�1r0T�1�T � !V2
T�1.r0T�1/2�T �

C Œ��T R0
T�1�T�1 � 2!VT�1r0T�1�T R0

T�1�T�1 � !�T�
0
T�1RT�1R0

T�1�T�1�g:
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Maximization of the above function with respect to �T�1 yields,

��
T�1 D ET�1.RT�1R0

T�1�T/
�1Œ

�

2!
ET�1.RT�1�T/ � VT�1ET�1.r0T�1RT�1�T/�:

Substituting ��
T�1 back to fT.VT/ yields to optimal benefit-to-go at given FT�1,

f �
T .VT/ D �AT�1VT�1 � !BT�1V2

T�1 C CT�1;

where

AT�1 DET�1.r0T�1�T /

� ET�1.r0T�1RT�1�T /
0ET�1.RT�1R0

T�1�T/
�1ET�1.RT�1�T/;

BT�1 DET�1

� ET�1.r0T�1RT�1�T /
0ET�1.RT�1R0

T�1�T/
�1ET�1.r0T�1RT�1�T/;

CT�1 D �
2

4!
ET�1.RT�1�T/

0ET�1.RT�1R0
T�1�T /

�1ET�1.RT�1�T/:

Therefore, the benefit-to-go at stage T � 1 is

fT�1.VT�1/

Dmax
�T�2

ET�2Œ.�VT�1 � !V2
T�1/�T�1 C f �

T .VT/�

Dmax
�T�2

ET�2f�.�T�1 C AT�1/VT�1 � !.�T�1 C BT�1/V2
T�1 C CT�1g

Dmax
�T�2

ET�2fŒ�VT�2r0T�2.�T�1 C AT�1/� !V2
T�2.r0T�2/2.�T�1 C BT�1/�

C CT�1 C Œ�.�T�1 C AT�1/R0
T�2�T�2 � 2!VT�2r0T�2.�T�1 C BT�1/R0

T�2�T�2
� !.�T�1 C BT�1/� 0

T�2RT�2R0
T�2�T�2�g;

which has a similar structure as the original utility function at stage T.
Assume that the derived utility function has a similar form at stage t, 1 � t �

T � 2, to the original utility function at stage T. The benefit-to-go at stage t is

ft.Vt/ Dmax
�t�1

Et�1Œ.�Vt � !V2
t /�t C ftC1.VtC1/�

Dmax
�t�1

Et�1f�.�t C At/Vt � !.�t C Bt/V
2
t C Ctg

Dmax
�t�1

Et�1fŒ�Vt�1r0t�1.�t C At/ � !V2
t�1.r0t�1/2.�t C Bt/�

C Ct C Œ�.�t C At/R
0
t�1�t�1 � 2!Vt�1r0t�1.�t C Bt/R

0
t�1�t�1

� !.�t C Bt/�
0
t�1Rt�1R0

t�1�t�1�g:
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Maximizing the above function derives the optimal policy at given Ft�1,

��
t�1 DEt�1.Rt�1R0

t�1.�t C Bt//
�1

� Œ �
2!

Et�1.Rt�1.�t C At//� Vt�1Et�1.r0t�1Rt�1.�t C Bt//�;

and the cost-to-go ft�1.Vt�1/ is

ft�1.Vt�1/ Dmax
�t�1

Et�1Œ.�Vt�1 � !V2
t�1/�t�1 C �At�1Vt�1 � !Bt�1V2

t�1 C Ct�1�

Dmax
�t�2

Et�2fŒ�Vt�2r0t�2.�t�1 C At�1/ � !V2
t�2.r0t�2/2.�t�1 C Bt�1/�

CCt�1CŒ�.�t�1CAt�1/R0
t�1�t�2 � 2!Vt�2r0t�2.�t�1 C Bt�1/R0

t�2�t�2
� !.�t�1 C Bt�1/� 0

t�2Rt�2R0
t�2�t�2�g;

where

At�1 DEt�1Œr0t�1.�t C At/�

�Et�1ŒRt�1.�t C At/�
0Et�1ŒRt�1R0

t�1.�t C Bt/�
�1Et�1Œr0t�1Rt�1.�t C Bt/�;

Bt�1 DEt�1Œ.r0t�1/2.�t C Bt/�

�Et�1Œr0t�1Rt�1.�t C Bt/�
0Et�1.Rt�1R0

t�1.�t C Bt//
�1Et�1Œr0t�1Rt�1.�t C Bt/�;

Ct�1 DCtC
�2

4!
Et�1.Rt�1.�t C At//

0Et�1.Rt�1R0
t�1.�t C Bt//

�1Et�1.Rt�1.�t C At//:

It is obvious that the second term in ��
t .Vt; �/ is linear with respect to the

wealth Vt and is independent of � , and the first term is a linear function of � .
Substituting (12.12) into the equation of wealth dynamics yields the dynamics of
the wealth under policy ��

t .Vt; �/,

VtC1.�/ D .r0t � K0
t Rt/Vt.�/C �

2
R0

tut: (12.19)

Vt (t D 1; 2; � � � ;T ) can be derived by solving the above dynamics as follows:

Vt D Mtv0 C �

2
Nt; t D 1; 2; � � � ;T; (12.20)

where

Mt D
t�1Y
iD0
.r0i � K0

i Ri/; (12.21)

Nt D
t�1X
iD0
Œ

t�1Y
jDiC1

.r0j � K0
j Rj/�u

0
iRi: (12.22)
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Squaring both sides of(12.19) yields

V2
tC1.�/ D .r0t � K0

t Rt/
2V2

t .�/

C�.r0t � K0
t Rt/Vt.�/R

0
tut C �2

4
u0

tRtR
0
tut: (12.23)

Similarly, we derive V2
t .�/ for t D 1; 2; � � � ;T as follows by solving the above

dynamics:

V2
t .�/ D Itv

2
0 C �Jtv0 C �2

4
Lt; (12.24)

where

It D
t�1Y
iD0
.r0i � K0

i Ri/
2; (12.25)

Jt D
t�1X
iD0

t�1Y
jDiC1

.r0j � K0
j Rj/

2u0
iRi

iY
sD0
.r0s � K0

sRs/; (12.26)

Lt D
t�1X
iD0

t�1Y
jDiC1

.r0j � K0
j Rj/

2.u0
iRi/

2

C2
t�1X
iD1

t�1Y
jDiC1

.r0j � K0
j Rj/

2u0
iRiŒ

i�1X
sD0

iY
lDsC1

t.r0l � K0
l Rl/u

0
sRs�: (12.27)

Notice that E.VT^	 / D E.
PT

tD1 Vt�t/ and E.V2
T^	 / D E.

PT
tD1 V2

t �t/, the expecta-
tion of terminal wealth VT^	 and V2

T^	 are

E.VT^	 / D v0E.
TX

tD1
Mt�t/C �

2
E.

TX
tD1

Nt�t/; (12.28)

E.V2
T^	 / D v20E.

TX
tD1

It�t/C �v0E.
TX

tD1
Jt�t/C �2

4
E.

TX
tD1

Lt�t/: (12.29)

The variance of the uncertain terminal wealth under portfolio policy ��
t .Vt; �/ can

be expressed in the terms of � by using (12.28) and (12.29),

Var.VT^	 .�// D E.V2
T^	 / � E2.VT^	 /

D v20I C v0�J C �2

4
L; (12.30)
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where

I D E.
TX

tD1
It�t/ � .E.

TX
tD1

Mt�t//
2; (12.31)

J D E.
TX

tD1
Jt�t/� E.

TX
tD1

Mt�t/E.
TX

tD1
Nt�t/; (12.32)

L D E.
TX

tD1
Lt�t/� .E.

TX
tD1

Nt�t//
2: (12.33)

Rewrite E.VT^	 / as follows:

E.VT^	 / D v0M C �

2
N; (12.34)

where

M D E.
TX

tD1
Mt�t/; (12.35)

N D E.
TX

tD1
Nt�t/: (12.36)

Note that the expected uncertain terminal wealth E.VT^	 .�// is an increasing linear
function of � while the variance Var.VT^	 .�// is a quadratic function of � . We
express U.E.VT^	 /;Var.VT^	 // as a function of � ,

U.E.VT^	 /;Var.VT^	 //

D v0M C �

2
N � !.v20I C v0�J C �2

4
L/: (12.37)

It can be seen that U is a concave function of � . Differentiating (12.37) with respect
to � yields

@U

@�
D N=2� !.v0J C L�=2/: (12.38)

The optimal � must satisfy the optimality condition of @U
@�
D 0, that is,

�� D �2J

L
v0 C N

L!
: (12.39)
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Notice that �� D !�� satisfies the condition that �� D 1 C 2!E.VT^	 / j�� .
Actually, the necessary condition for optimal �� is @U

@�
j�� D 0: Since � D �

!
and !

is given, the necessary condition is equivalent to @U
@�
j�� D 0.

Substituting the optimal �� in (12.39) into Eq. (12.12) yields the optimal multi-
period portfolio policy for .P3.!//.

Theorem 4 The optimal multi-period portfolio policy for .P3.!// is specified by
the following analytical form:

��
t D �Et.RtR

0
t.�tC1 C BtC1//�1Et.r

0
t Rt.�tC1 C BtC1//Vt

C.� J

L
v0 C N

2L!
/Et.RtR

0
t.�tC1 C BtC1//�1Et.Rt.�tC1 C AtC1//;

and the mean-variance efficient frontier can be specified by the following analytical
form:

Var.VT^	 / D L.
E.VT^	 /� v0M

N
C v0J

L
/2 C v20I � v

2
0J
2

L
;

where At;Bt;L; J;M;N are defined in (12.16), (12.17), (12.33), (12.32), (12.35),
and (12.36).

12.5 Special Cases of Stochastic Investment Horizon

12.5.1 State-Independent Uncertain Exit Time

When the uncertain exit time is state-independent, the stochastic process �t defined
in (12.3) satisfies

�t WD P.	 D tjAt/ D P.	 D tjA1/ D P.	 D t/;

which is A-independent. Hence �t and Rt�1 are independent for any t.
In this case, the parameters defined in Eqs. (12.14)–(12.17) now take the

following forms:

ut�1 D �t C At

�t C Bt
E.Rt�1R0

t�1/�1E.Rt�1/;

Kt�1 D E.Rt�1R0
t�1/�1E.r0t�1Rt�1/;

At�1 D .�t C At/ŒE.r
0
t�1/ � E.r0t�1Rt�1/0E.Rt�1R0

t�1/�1E.Rt�1/�;

Bt�1 D .�t C Bt/ŒE..r
0
t�1/2/ � E.r0t�1Rt�1/0E.Rt�1R0

t�1/�1E.r0t�1Rt�1/�:
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The expectation and variance of the uncertain terminal wealth under portfolio
policy ��

t can be expressed as follows:

E.VT^	 / D v0M C �

2
N;

Var.VT^	 .�// D v20I C v0�J C �2

4
L;

and the expressions for M;N; I; J, and L in (12.35)–(12.36) and (12.31)–(12.33) can
be simplified to the following forms:

M D
TX

tD1
�t

t�1Y
iD0

Y1t ;

N D
TX

tD1
�t

t�1X
iD0

t�1Y
jDiC1

Y1j Y0i
�iC1 C AiC1
�iC1 C BiC1

;

I D
TX

tD1
�t

t�1Y
iD0

Y2i � .
TX

tD1
�t

t�1Y
iD0

Y1i /
2;

J D�
TX

tD1
�t

t�1Y
iD0

Y1i �
TX

tD1
�t

t�1X
iD0

t�1Y
jDiC1

Y1j Y0i
�iC1 C AiC1
�iC1 C BiC1

;

L D
TX

tD1
�t

t�1X
iD0

t�1Y
jDiC1

Y2j Y0i .
�iC1 C AiC1
�iC1 C BiC1

/2

� Œ
TX

tD1
�t

t�1X
iD0

t�1Y
jDiC1

Y1j Y0i
�iC1 C AiC1
�iC1 C BiC1

�2;

with

Y0t D E.Rt/
0E.RtR

0
t/

�1E.Rt/;

Y1t D E.r0t / � E.r0t Rt/
0E.RtR

0
t/

�1E.Rt/;

Y2t D EŒ.r0t /
2� � E.r0t Rt/

0E.RtR
0
t/

�1E.r0t Rt/:

The optimal multi-period mean-variance portfolio policy when uncertain exit
time is state-independent can be formulated in the following forms:

��
t D �E.RtR

0
t/

�1E.r0t Rt/Vt

C.� J

L
v0 C N

2L!
/
�tC1 C AtC1
�tC1 C BtC1

E.RtR
0
t/

�1E.Rt/:

This result is consistent with the result of Guo and Hu (2005).
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12.5.2 Deterministic Exit Time

If we define the stochastic process �t as

�t WD
�
0 0 � t � T � 1;
1 t D T;

then the multi-period portfolio selection model with stochastic investment horizon
reduces to the case with a deterministic investment horizon. The result we derived
in the last section can be simplified with this specific �t.

When the exit time is certain, the parameters defined in Eqs. (12.14)–(12.17) now
take the following forms:

ut�1 D At

Bt
E.Rt�1R0

t�1/�1E.Rt�1/;

Kt�1 D E.Rt�1R0
t�1/�1E.r0t�1Rt�1/;

At�1 D AtŒE.r
0
t�1/� E.Rt�1/0E.Rt�1R0

t�1/�1E.r0t�1Rt�1/�;

Bt�1 D BtŒE..r
0
t�1/2/� E.r0t�1Rt�1/0E.Rt�1R0

t�1/�1E.r0t�1Rt�1/�:

The expectation and variance of the uncertain terminal wealth under portfolio
policy ��

t can be expressed as follows:

E.VT/ D v0M C �

2
N;

Var.VT/ D v20I C v0�J C �2

4
L;

and the expressions for M, N, I, J, and L in (12.35)–(12.36) and (12.31)–(12.33) can
be simplified to the following forms:

M DE.
T�1Y
iD0
.r0i � K0

i Ri// D
T�1Y
iD0

Y1t ;

N D
T�1X
iD0
.

T�1Y
jDiC1

Y1j /Y
0
i

QT�1
jDiC1 Y1jQT�1
jDiC1 Y2j

;

I D
T�1Y
iD0

Y2i � .
T�1Y
iD0

Y1i /
2;

J D�
T�1Y
iD0

Y1t �
T�1X
iD0
.

T�1Y
jDiC1

Y1j /Y
0
i

QT�1
jDiC1 Y1jQT�1
jDiC1 Y2j

;

L D
T�1X
iD0
.

T�1Y
jDiC1

Y2j /Y
0
i .

QT�1
jDiC1 Y1jQT�1
jDiC1 Y2j

/2 � Œ
T�1X
iD0
.

T�1Y
jDiC1

Y1j /Y
0
i

QT�1
jDiC1 Y1jQT�1
jDiC1 Y2j

�2;
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with

Y0t D E.Rt/
0E.RtR

0
t/

�1E.Rt/;

Y1t D E.r0t / � E.r0t Rt/
0E.RtR

0
t/

�1E.Rt/;

Y2t D EŒ.r0t /
2� � E.r0t Rt/

0E.RtR
0
t/

�1E.r0t Rt/:

The optimal multi-period mean-variance portfolio policy is given in the following
forms:

��
t D �E.RtR

0
t/

�1E.r0t Rt/Vt

C.�2J

L
v0 C N

L!
/

QT�1
iDtC1 Y1iQT�1
iDtC1 Y2i

E.RtR
0
t/

�1E.Rt/:

The above result is just consistent with the result of Li and Ng (2000).

12.5.3 Illustrative Examples

The following examples illustrate the effect of time risk on the mean-variance
efficient frontier.

Example 2.1 Consider a financial market with investment horizon T D 3. There
are one risk free asset and two risky assets in the market. Suppose that the economy
has a discrete sample space � (totally 54 samples). The riskless return is 1:08 and
risk returns are listed in Table 12.1. An investor enters the financial market and
invests her money among these three assets. At the same time, she is waiting for a
gold mining opportunity. If this opportunity is available and is more profitable than
market portfolio (a portfolio with half on each asset), she will exit the market. The
failure rate of gold mining opportunityb�t is also listed in Table 12.1.

The failure rate �t is pre-determined for given b�t (the failure rate increases
as the market portfolio return decreases). The corresponding failure rate �t are
showed in Table 12.2. So the cumulative probability Pt can be calculated by using
formulation (12.2). Therefore, the probability of stochastic investment horizon can
be determined by using (12.3), and they are also listed in Table 12.2.

Example 2.2 Consider the same economy as in Example 2.1 except that b�1 �
0:18;b�2 � 0:24. So that the sample space becomes� D f!1; � � � ; !27g. An investor
enters the financial market with one unit of wealth. She is trying to find the best
allocation of her wealth among these three assets. At the same time, she is waiting
for a gold mining opportunity. If this opportunity is available and is more profitable
than market portfolio (a portfolio with half on each asset), she will exit the market.
Hence the probability of exit time is listed in Table 12.2. The investor would like to
maximize E.x3^	 / � 2Var.x3^	 /, where x3^	 is the wealth at the exit time.
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Table 12.1 Risky returns r1; r2; r3 and failure rateb�1;b�2 in Example 2.1

! r1.1/ r2.1/ r3.1/ r1.2/ r2.2/ r3.2/ b�1 b�2
!1 1.1697 1.2258 0.8997 1.2776 0.9934 1.0292 0.18 0.24

!2 1.1697 1.2258 1.1548 1.2776 0.9934 1.5623 0.18 0.24

!3 1.1697 1.2258 1.0399 1.2776 0.9934 1.2076 0.18 0.24

!4 1.1697 0.8409 1.2362 1.2776 1.6678 1.3599 0.18 0.24

!5 1.1697 0.8409 1.2234 1.2776 1.6678 1.2717 0.18 0.24

!6 1.1697 0.8409 1.3665 1.2776 1.6678 1.0603 0.18 0.24

!7 1.1697 1.1455 1.2334 1.2776 1.4281 1.0825 0.18 0.24

!8 1.1697 1.1455 1.0842 1.2776 1.4281 1.3757 0.18 0.24

!9 1.1697 1.1455 1.2080 1.2776 1.4281 0.9684 0.18 0.24

!10 1.2771 1.3005 1.0401 1.2406 1.4795 1.4743 0.18 0.24

!11 1.2771 1.3005 1.1596 1.2406 1.4795 1.4123 0.18 0.24

!12 1.2771 1.3005 1.1562 1.2406 1.4795 1.0059 0.18 0.24

!13 1.2771 1.1058 1.1620 1.2406 1.4110 1.1684 0.18 0.24

!14 1.2771 1.1058 1.1236 1.2406 1.4110 0.8989 0.18 0.24

!15 1.2771 1.1058 1.2943 1.2406 1.4110 0.6024 0.18 0.24

!16 1.2771 1.3692 0.9356 1.2406 1.1561 1.5342 0.18 0.24

!17 1.2771 1.3692 1.2137 1.2406 1.1561 1.0944 0.18 0.24

!18 1.2771 1.3692 1.2702 1.2406 1.1561 1.3417 0.18 0.24

!19 0.9607 0.8504 1.2503 1.3380 1.6880 1.3144 0.18 0.24

!20 0.9607 0.8504 1.2318 1.3380 1.6880 1.2523 0.18 0.24

!21 0.9607 0.8504 1.1669 1.3380 1.6880 0.9526 0.18 0.24

!22 0.9607 1.2514 1.2438 1.3380 1.3195 0.9692 0.18 0.24

!23 0.9607 1.2514 1.2307 1.3380 1.3195 1.1366 0.18 0.24

!24 0.9607 1.2514 1.1311 1.3380 1.3195 0.8994 0.18 0.24

!25 0.9607 1.2176 1.1164 1.3380 1.2615 0.9374 0.18 0.24

!26 0.9607 1.2176 1.1262 1.3380 1.2615 1.6763 0.18 0.24

!27 0.9607 1.2176 0.9838 1.3380 1.2615 1.2623 0.18 0.24

!28 1.1697 1.2258 0.8997 1.2776 0.9934 1.0292 0.21 0.26

!29 1.1697 1.2258 1.1548 1.2776 0.9934 1.5623 0.21 0.26

!30 1.1697 1.2258 1.0399 1.2776 0.9934 1.2076 0.21 0.26

!31 1.1697 0.8409 1.2362 1.2776 1.6678 1.3599 0.21 0.26

!32 1.1697 0.8409 1.2234 1.2776 1.6678 1.2717 0.21 0.26

!33 1.1697 0.8409 1.3665 1.2776 1.6678 1.0603 0.21 0.26

!34 1.1697 1.1455 1.2334 1.2776 1.4281 1.0825 0.21 0.26

!35 1.1697 1.1455 1.0842 1.2776 1.4281 1.3757 0.21 0.26

!36 1.1697 1.1455 1.2080 1.2776 1.4281 0.9684 0.21 0.26

!37 1.2771 1.3005 1.0401 1.2406 1.4795 1.4743 0.21 0.26

!38 1.2771 1.3005 1.1596 1.2406 1.4795 1.4123 0.21 0.26

!39 1.2771 1.3005 1.1562 1.2406 1.4795 1.0059 0.21 0.26

!40 1.2771 1.1058 1.1620 1.2406 1.4110 1.1684 0.21 0.26

!41 1.2771 1.1058 1.1236 1.2406 1.4110 0.8989 0.21 0.26

(continued)
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Table 12.1 (continued)

! r1.1/ r2.1/ r3.1/ r1.2/ r2.2/ r3.2/ b�1 b�2
!42 1.2771 1.1058 1.2943 1.2406 1.4110 0.6024 0.21 0.26

!43 1.2771 1.3692 0.9356 1.2406 1.1561 1.5342 0.21 0.26

!44 1.2771 1.3692 1.2137 1.2406 1.1561 1.0944 0.21 0.26

!45 1.2771 1.3692 1.2702 1.2406 1.1561 1.3417 0.21 0.26

!46 0.9607 0.8504 1.2503 1.3380 1.6880 1.3144 0.21 0.26

!47 0.9607 0.8504 1.2318 1.3380 1.6880 1.2523 0.21 0.26

!48 0.9607 0.8504 1.1669 1.3380 1.6880 0.9526 0.21 0.26

!49 0.9607 1.2514 1.2438 1.3380 1.3195 0.9692 0.21 0.26

!50 0.9607 1.2514 1.2307 1.3380 1.3195 1.1366 0.21 0.26

!51 0.9607 1.2514 1.1311 1.3380 1.3195 0.8994 0.21 0.26

!52 0.9607 1.2176 1.1164 1.3380 1.2615 0.9374 0.21 0.26

!53 0.9607 1.2176 1.1262 1.3380 1.2615 1.6763 0.21 0.26

!54 0.9607 1.2176 0.9838 1.3380 1.2615 1.2623 0.21 0.26

Using the result derived in Sect. 12.4.2, we can get the efficient frontiers of
wealth at t D 1; 2; 3, which are showed in Fig. 12.1. It is obvious that the longer
the investment horizon is, the higher the efficient frontier is. We also compare
the efficient frontier of terminal wealth in the certain-exit-time case to that of the
uncertain investment horizon case in Fig. 12.2. We can see that the efficient frontier
under the certain-exit-time case is above that of the uncertain case. Uncertain
investment horizon actually adds more risk in the investment.

Example 2.3 Consider an investor enters the financial market with one unit of
wealth at the very beginning. She plan to stay in the financial market at most T D 4
period. However, she will be forced to exit the market for some market-independent
exogenous reason. Suppose the uncertain exit time 	 has pre-given exit probability
P.	 D i/ D 0:1i for i D 1; 2; 3; 4. We use the same market data as Example 2 in
Li and Ng (2000). The investor is trying to find the best allocation of her wealth
among three risky securities, A, B, C and a risk free security D. The expected
returns for risky securities, A, B, and C are E.rA

t / D 1; 162, E.rB
t / D 1:246; and

E.rC
t / D 1:228, t D 1; 2; 3; 4, and the return for risk free asset D is 1:04. The

covariance of r D ŒrA
t ; r

B
t ; r

C
t �

0 is

Cov.r/ D
2
40:0146 0:0187 0:01450:0187 0:0854 0:0104

0:0145 0:0104 0:0289

3
5 ; t D 1; 2; 3; 4:

The investor would like to maximize E.x4^	 / � 2Var.x4^	/. We can calculate

M D 0; 1088; N D 0; 8917;
I D 0:1229; J D �0:097; L D 0:0879:
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Table 12.2 Failure rate �, cumulative probability P, and exit probability � in Example 2.2

! �1 �2 P1 P2 �1 �2 �3

!1 0.20 0.20 0.1813 0.3297 0.1813 0.1484 0.6703

!2 0.20 0.20 0.1813 0.3297 0.1813 0.1484 0.6703

!3 0.20 0.20 0.1813 0.3297 0.1813 0.1484 0.6703

!4 0.20 0.15 0.1813 0.2953 0.1813 0.1140 0.7047

!5 0.20 0.15 0.1813 0.2953 0.1813 0.1140 0.7047

!6 0.20 0.15 0.1813 0.2953 0.1813 0.1140 0.7047

!7 0.20 0.10 0.1813 0.2592 0.1813 0.0779 0.7408

!8 0.20 0.10 0.1813 0.2592 0.1813 0.0779 0.7408

!9 0.20 0.10 0.1813 0.2592 0.1813 0.0779 0.7408

!10 0.15 0.05 0.1393 0.1813 0.1393 0.0420 0.8187

!11 0.15 0.05 0.1393 0.1813 0.1393 0.0420 0.8187

!12 0.15 0.05 0.1393 0.1813 0.1393 0.0420 0.8187

!13 0.15 0.15 0.1393 0.2592 0.1393 0.1199 0.7408

!14 0.15 0.15 0.1393 0.2592 0.1393 0.1199 0.7408

!15 0.15 0.15 0.1393 0.2592 0.1393 0.1199 0.7408

!16 0.15 0.12 0.1393 0.2366 0.1393 0.0973 0.7634

!17 0.15 0.12 0.1393 0.2366 0.1393 0.0973 0.7634

!18 0.15 0.12 0.1393 0.2366 0.1393 0.0973 0.7634

!19 0.30 0.10 0.2592 0.3297 0.2592 0.0705 0.6703

!20 0.30 0.10 0.2592 0.3297 0.2592 0.0705 0.6703

!21 0.30 0.10 0.2592 0.3297 0.2592 0.0705 0.6703

!22 0.30 0.20 0.2592 0.3935 0.2592 0.1343 0.6065

!23 0.30 0.20 0.2592 0.3935 0.2592 0.1343 0.6065

!24 0.30 0.20 0.2592 0.3935 0.2592 0.1343 0.6065

!25 0.30 0.16 0.2592 0.3687 0.2592 0.1095 0.6313

!26 0.30 0.16 0.2592 0.3687 0.2592 0.1095 0.6313

!27 0.30 0.16 0.2592 0.3687 0.2592 0.1095 0.6313

!28 0.25 0.25 0.2212 0.3935 0.2212 0.1723 0.6065

!29 0.25 0.25 0.2212 0.3935 0.2212 0.1723 0.6065

!30 0.25 0.25 0.2212 0.3935 0.2212 0.1723 0.6065

!31 0.25 0.18 0.2212 0.3495 0.2212 0.1283 0.6505

!32 0.25 0.18 0.2212 0.3495 0.2212 0.1283 0.6505

!33 0.25 0.18 0.2212 0.3495 0.2212 0.1283 0.6505

!34 0.25 0.14 0.2212 0.3229 0.2212 0.1017 0.6771

!35 0.25 0.14 0.2212 0.3229 0.2212 0.1017 0.6771

!36 0.25 0.14 0.2212 0.3229 0.2212 0.1017 0.6771

!37 0.18 0.1 0.1647 0.2442 0.1647 0.0795 0.7558

!38 0.18 0.1 0.1647 0.2442 0.1647 0.0795 0.7558

!39 0.18 0.1 0.1647 0.2442 0.1647 0.0795 0.7558

!40 0.18 0.18 0.1647 0.3023 0.1647 0.1376 0.6977

!41 0.18 0.18 0.1647 0.3023 0.1647 0.1376 0.6977

(continued)
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Table 12.2 (continued)

! �1 �2 P1 P2 �1 �2 �3

!42 0.18 0.18 0.1647 0.3023 0.1647 0.1376 0.6977

!43 0.18 0.16 0.1647 0.2882 0.1647 0.1235 0.7118

!44 0.18 0.16 0.1647 0.2882 0.1647 0.1235 0.7118

!45 0.18 0.16 0.1647 0.2882 0.1647 0.1235 0.7118

!46 0.32 0.14 0.2739 0.3687 0.2739 0.0948 0.6313

!47 0.32 0.14 0.2739 0.3687 0.2739 0.0948 0.6313

!48 0.32 0.14 0.2739 0.3687 0.2739 0.0948 0.6313

!49 0.32 0.22 0.2739 0.4123 0.2739 0.1384 0.5877

!50 0.32 0.22 0.2739 0.4123 0.2739 0.1384 0.5877

!51 0.32 0.22 0.2739 0.4123 0.2739 0.1384 0.5877

!52 0.32 0.2 0.2739 0.4055 0.2739 0.1316 0.5945

!53 0.32 0.2 0.2739 0.4055 0.2739 0.1316 0.5945

!54 0.32 0.2 0.2739 0.4055 0.2739 0.1316 0.5945
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Fig. 12.1 Efficient frontiers when exit time is uncertain in Example 2.2

The mean-variance efficient frontier in this case is given as follows:

Var.x4^	 / D 0:1105E2.x4^	 / � 0:239E.x4^	/C 0:1479:
The associated optimal portfolio policy is given as follows:

��
t D xt � KtVt;
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Fig. 12.2 Efficient frontiers with and without uncertain investment horizon in Example 2.2

where

Kt D
2
40:40040:6496

2:3133

3
5 ; t D 1; 2; 3; 4:

x1 D
2
41:34102:1755

7:7477

3
5 ; x2 D

2
41:35882:2044

7:8505

3
5 ; x3 D

2
41:37132:2247

7:9227

3
5 ; x4 D

2
41:40132:2733

8:0960

3
5 :

We compare the result with that of the certain-exit-time case in Example 2 of Li and
Ng (2000),

��
t D xt � KtVt;

where

Kt D
2
40:40040:6496

2:3133

3
5 ; t D 1; 2; 3; 4:

x1 D
2
4 3:54405:7494

20:4751

3
5 ; x2 D

2
4 3:68585:9794

21:2941

3
5 ; x3 D

2
4 3:83326:2185

22:1459

3
5 ; x4 D

2
4 3:98656:4673

23:0317

3
5 :
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Fig. 12.3 Efficient frontiers with and without uncertain exit time in Example 2.3

It is obvious that the second part Kt of the optimal policy are the same for the
two different cases. When the exit time is uncertain, the investor invests few wealth
on risky assets than that of the certain-exit-time case. The mean-variance efficient
frontiers of the two different cases are showed in Fig. 12.3.

12.6 Conclusion

In this work, multi-period mean-variance portfolio selection problem with a state-
dependent uncertain exit time is introduced. This formulation is practically mean-
ingful since most investors do not know exactly when they will exit the financial
market at the beginning of their investment. Introducing state-dependent uncertain
investment horizon is actually presenting a market-dependent exit strategy. How-
ever, this market-dependent exit strategy does not relate to investment policy.

The optimal policy of the original inseparable problem has been derived by
solving a separable auxiliary problem, based on the embedding technique of Li and
Ng (2000). The mean-variance efficient frontier under the optimal policy has also
been derived. This work has also analyzed the special case where the exit time is
state-independent, and has compared the result to the certain-exit-time case. It is
found that introducing uncertain exit time adds extra risk to the investment.
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Chapter 13
A New Model and Method for Order Selection
Problems in Flow-Shop Production

Jun Wang, Xiaoxia Zhuang, and Baiyi Wu

Abstract As the economic growth of China gradually slows down in recent years,
the flow-shop production enterprises pay more and more attention to the production
capacity planning problem. The order selection problem plays a central role in
the production capacity planning of flow-shop production enterprises. Traditional
order selection models separate the processes of production scheduling and order
selection. The performance of the order selection depends entirely on production
scheduling. In this paper we study the relationship between the processes of order
selection and production scheduling, and propose a new nonlinear 0–1 programming
model aiming at profit maximization. Our new model considers simultaneously
order selection and production scheduling and we will demonstrate that our new
model generates a production schedule that is much better than that from traditional
models. We solved the new model using Lingo 11.0 and numerical results show that
the optimal solution can be obtained within an hour on a personal computer when
the order size is less than 16.

Keywords Flow-shop production • Order selection • Production scheduling •
Nonlinear 0–1 programming

13.1 Introduction

As the economic growth of China gradually slows down in recent years, the
economy of China has entered a “new normal” era, where the economy has shifted
gear from the previous high speed to a medium-to-high speed growth and the
economic structure is constantly improved and upgraded. Along with the new
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economic condition, production enterprises, especially the flow-shop production
enterprises, pay more and more attention to the process of production capacity
planning, to which the order selection problem is most crucial.

Many flow-shop production enterprises, such as those from the chemical indus-
try, the metallurgical industry, and the feed industry, have a very high transition cost
from one order to another due to their special production specification. This means
that once an order is put on production, it will be finished before another order is
put on production. Also, under the capacity planning framework, a limited capacity
is assumed. Delaying an order fulfillment entails additional costs or penalties, while
finishing an order too early can lead to an excess inventory cost. Because of these
complications, the processes of order selection and production scheduling are of
great importance.

The order selection problem has been actively studied for the last 20 years.
In the usually conventional approach, before the order selection, all the orders
are sorted according to a certain ranking scheme, such as first-come-first-serve
(FCFS), earliest-due-date (EDD), shortest-processing-time (SPT), or just sorted by
profits from different orders. Then order selection is conducted on the sorted order
list. In the literature, Wester et al. (1992) proposed an order acceptance strategy
under a single-machine environment with setup times. Slotnick and Morton (2007)
considered the situation with a limited capacity and delay cost and studied how
the orders such that can be selected the overall profit is maximized. Song and
Ma (2007) studied the inter relationship of the flow line balancing, production
scheduling, and the makespan of flow line. They proposed a co-optimizing genetic
algorithm to optimize the makespan of the mixed-model assembly flow line. Liao
et al. (2011) studied the order selection strategy by the analytic hierarchy process
(AHP) and fuzzy comprehensive evaluation approaches. They chose indicators from
the aspects of delivery time, order size, the importance of customer, etc., and then
used AHP to determine the weights. With a comment rating scale, they defined the
fuzzy evaluation matrix. Finally the scores of each grading level are summed up
to form the basis for order priority. Li and Wang (2014) incorporated the factors
of out-sourcing and reputation cost into their order selection model and studied the
order acceptance problem with an aim of maximizing overall profit of the production
enterprise.

Traditional order selection models separate the processes of production schedul-
ing and order selection. The performance of the order selection depends entirely on
production scheduling. However, in flow-shop production, production scheduling
has a direct impact on the decision of order selection. On the other hand, the
outcome of order selection can also change the final production schedule. Xu et al.
(2014) studied the order selection problem in a flow-shop environment and proposed
a mixed-integer programming model to simultaneously optimize the production
scheduling and order selection. Their model would allocate those orders that are
not selected into a delayed group, and the delay cost and the machine idle cost are
incorporated into the objective of the model.

In this paper we study the relationship between the processes of order selection
and production scheduling and propose a new nonlinear 0–1 programming model
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aiming at profit maximization. Our new model is a generalization and improvement
of Slotnick-and-Morton’s model (Slotnick and Morton 2007) as we consider
simultaneously the optimal order selection and production scheduling.

13.2 Slotnick’s Order Selection Model

The model proposed by Slotnick and Morton (2007) has the following assump-
tions:

• The production capacity is limited.
• Only a part of the orders to fulfill is selected in order to maximize the overall

profit.
• The set of orders to be selected from is given at time zero, with the complete

specification such as processing time, delivery due date, delay cost, and profit for
each order.

• Linear delay cost.

For the i-th order, let qi be its profit if it is finished on time; pi be the processing time;
di be the delivery due date; wi be the delay cost for the i-th order. Then Slotnick-
and-Morton’s order selection model is formulated as follows:

max
nX

iD1
xi
	
qi � wi.ci � di/

C


s:t: ci D
iX

jD1
xjpj; xi 2 f0; 1g; i D 1; : : : ; n;

where the decision variable ci is the actual delivery date of the i-th order and the
decision variable xi is binary: xi D 1 or 0 means i-th order is accepted or not. This
model aims at maximizing the overall profit and if a selected order is finished earlier
than the delivery due date, there would be no additional profit to the production
enterprise, i.e., it is of no use finishing an order too early.

One key issue in Slotnick-and-Morton’s model is how to rank the n orders
before the order selection. Given different ranking schemes, the optimal solutions
for the order selection problem would be different. This fact is demonstrated in the
following example.

Example 1 In this example, there are four orders to be selected from. Their
specifications are in Table 13.1. If the orders are ranked using the FCFS scheme,
the ranking would be .1; 2; 3; 4/ and the optimal solution of Slotnick-and-Morton’s
model is to select orders 1; 2; 3 and forego order 4, resulting a profit of 60. If
the orders are ranked using the SPT scheme, the ranking would be .2; 3; 1; 4/ and
the optimal solution of Slotnick-and-Morton’s model is to select orders 2; 3; 1 and
forego order 4, resulting a profit of 64.
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Table 13.1 The data of Example 1

Order i Processing time pi Due date di Delay cost coefficient wi Profit qi

1 8 22 5 19

2 5 20 3 28

3 7 19 4 17

4 9 15 6 32

Slotnick-and-Morton’s order selection model separates the processes of produc-
tion scheduling and order selection. Under different order ranking schemes, the
optimal solutions could be different. This has been shown in Example 1. Thus
the true global optimal solution cannot be guaranteed by solving this model. This
motivates us to find a global optimization model that integrates the processes of
production scheduling and order selection together.

13.3 New Order Selection Model

In flow-shop production, production scheduling has a direct impact on the decision
of order selection. On the other hand, the outcome of order selection can also
change the final production schedule. In this section, to generalize and improve
Slotnick-and-Morton’s model, we study the relationship between the processes of
order selection and production scheduling and propose a new order selection model
that integrates these two processes.

13.3.1 Basic Assumptions

Our new model takes the following additional assumptions except for those of
Slotnick-and-Morton’s model:

• The order selection is conducted for a single planning period.
• The n orders to be selected have been ranked from 1 to n so that the i-th order

must be fulfilled before the .iC 1/-th order.
• No inventory cost.

13.3.2 Model Description

Index the orders from j D 1; : : : ; n, where n is the total number of orders to be
selected from. For order j, let qj be its profit if it is finished on time; pj be the
processing time; dj be the delivery due date; wj be the delay cost coefficient for the
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i-th order. Index the position in production schedule from i D 1 � � � ; n. Then our
new order selection model is formulated as follows:

max
nX

jD1

nX
iD1

xij
	
qj � wj.cj � dj/

C


s:t:
nX

iD1
xij � 1; j D 1; : : : ; n; (3.1)

nX
jD1

xij � 1; i D 1; : : : ; n; (3.2)

s0 D 0; si D si�1 C
nX

jD1
pjxij; i D 1; : : : ; n; (3.3)

cj D
nX

iD1
sixij; j D 1; : : : ; n; (3.4)

xij 2 f0; 1g; i; j D 1; : : : ; n; (3.5)

where the decision variables are explained as follows:

• When xij is set to 1, then order j is selected and it is the i-th order to be fulfilled.
When xij is set to 0, then order j is given up.

• si is the finished time for the i-th order to be fulfilled.
• cj is the actual delivery date of order j.

Constraint (3.1) ensures that each order is fulfilled at most once. When it is
not binding, some order is not selected and thus given up. Since the production
enterprise has a limited capacity, in order to maximize the profit, some of the orders
will be foregone. Constraint (3.2) ensures that the i-th order to be fulfilled is unique,
because we do not allow for fulfilling two orders at the same time. Constraint (3.3)
ensures that si is the finished time for the i-th order to be fulfilled. Constraint (3.4)
ensures that cj is the actual delivery date of order j.

Our new model still aims at maximizing the overall profit. But we have integrated
the processes of order selection and production scheduling, and thus no prior
ranking scheme is needed. In the following example, we continue to use the problem
in Example 1 to demonstrate the effectiveness of our new model.

Example 2 To tackle the problem in Example 1, we use Lingo 11.0 to solve our new
model. The resulting optimal solution is displayed in Table 13.2, This table shows
that the optimal solution for our new model is to fulfill orders 4; 2; 1 sequentially.
And the overall profit for this optimal solution is 79. We can show that this is indeed
the globally optimal solution by enumerating all the combinations.
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Table 13.2 The optimal
solution of Example 2

j

xij 1 2 3 4

i

1 0 0 0 1

2 0 1 0 0

3 1 0 0 0

4 0 0 0 0

Table 13.3 The computational results of the new model

Number of orders Worse case Best case Average computational time

4 14 1 8:6

8 385 9 178:2

12 2154 47 900:6

16 3593 232 1842:8

13.3.3 Model Complexity

Because our new model is a nonlinear mixed-integer programming problem, its
computational complexity grows exponentially as the number of orders increases.
To test the computational effectiveness of our model, we randomly generate four
group instances with n D 4; 8; 12; 16: Each group contains 10 instances. Each
instance is solved by Lingo 11.0 on a 2.20 Ghz thread with 2G memory. The
computational time (in seconds) is summarized in Table 13.3. The above table shows
that when the number of orders is less than 16, the order selection problem can be
solved to optimality within an hour by our new model.

13.4 Conclusion

Traditional order selection models separate the processes of production scheduling
and order selection. The performance of the order selection depends entirely
on production scheduling. In this paper we have proposed a new nonlinear 0–1
programming model that integrates the processes of order selection and production
scheduling. Our new model can find better solutions than traditional models in
terms of profit maximization. We have solved the new model using Lingo 11.0 and
numerical results show that the optimal solution can be obtained within an hour on
a personal computer when the order size is less than 16. Because the problem is NP-
hard in general, when the number of orders increases, the computational complexity
grows exponentially. In future research, we will apply the exact methods (Wang
et al. 2007; Duan Li et al. 2007) or develop heuristics for our new model targeting
larger problem sizes, which would be critical to effectively solve the problem in the
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big data era when the amounts of orders are massive. On the other hand, the big
data technology could provide a possible way to deal with the estimation errors of
parameter in the new model.
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Chapter 14
Quick Response Fashion Supply Chains
in the Big Data Era

Tsan-Ming Choi

Abstract The quick response strategy has been widely adopted in the fashion
industry. With a shortened lead time, quick response allows fashion supply chain
members to conduct forecast information updating which helps to reduce demand
uncertainty. In the big data era, forecast information updating is even more effective
as more data points can be collected easily to improve forecasting. In this paper,
after reviewing the related literature, we explore how the quick response strategy
with n observations can improve the whole fashion supply chain’s performance. We
study how the number of observations affects the expected values of quick response
for the fashion supply chain, the fashion retailer, and the fashion manufacturer.
Then, we analytically how the robust win–win coordination can be achieved in the
quick response fashion supply chain using the commonly seen wholesale pricing
markdown contract. Insights are generated.

Keywords Bayesian information updating • Quick response • Supply chain coor-
dination • Supply chain optimization • Use of information

14.1 Introduction and Related Literature

Quick response is a well-established strategy in fashion supply chain management.
The first proposal on the implementation of quick response started in the USA in
the 1980s by the fashion manufacturers (Fisher and Raman 1996; Iyer and Bergen
1997; Choi et al. 2003; Choi and Chow 2008). After decades of evolution, quick
response is now a critical measure to achieve business models such as fast fashion
(Cachon and Swinney 2011).

One basic element of all quick response programs is the reduction of lead
time (Choi et al. 2004, 2006). As a matter of fact, by reducing lead time, more
market signals (Shaltayev and Sox 2010) can be observed and incorporated into
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the demand forecasting process. This leads to a more accurate forecast1. Based on a
more accurate forecast, inventory planning becomes more precise and the respective
supply chain system is more efficient. This is an especially important measure for
industries which face highly volatile demand, such as fashion apparel.

In the big data era, a massive amount of data is available (Chan et al. 2016). Data
collection is also made easier (Choi et al. 2016a). As a result, in quick response,
fashion companies can easily make use of the large amount of related data to
improve forecast. This would make quick response an even more significant mea-
sure to improve the supply chain system’s performance. However, two challenges
exist: (1) Even though quick response can significantly enhance the supply chain’s
profitability, the supply chain system itself will not be optimal by itself owing to the
double marginalization problem (Donohue 2000; Chiu et al. 2011; Choi 2016c); (2)
it is a well-known fact that quick response implementation need not be win–win to
the supplier and the buyer (Iyer and Bergen 1997).

In light of these two challenges and the convenience of having a lot of market
observations (i.e., n observations) under quick response2, this paper is developed.
The focal points of this paper include: (1) Examining how the number of observa-
tions affects the expected values of quick response for the fashion supply chain, the
fashion retailer, and the fashion manufacturer; (2) uncovering analytically how the
win–win coordination outcome can be achieved after implementing quick response
by the wholesale pricing markdown contract. Both academic and managerial
insights are developed.

For the related literature, as quick response in supply chain management is a
big topic, we examine some recently published related papers as follows and refer
readers to the review by Choi and Sethi (2010) for the other older studies. First,
in the operations-marketing interface, Cachon and Swinney (2011) explore how the
quick response strategy supports the fast fashion business model in the presence
of forward looking consumers. Yang et al. (2011) explore the supply chain with
a single retailer and two suppliers with different lead times. Forecast updating is
feasible before the retailer orders from the short lead time (i.e., quick response)
supplier. The authors reveal how the supply chain with forecast updating can be
coordinated. Then, in a competitive environment, Lin and Parlakturk (2012) study
via a game-theoretic model how competition affects the performance of quick
response. Choi (2013) studies the impacts of imposing carbon emission tax on
fashion quick response systems and argues that carbon emission tax is an effective
means to entice retailers to source locally. Liu and Nagurney (2013) explore a global
sourcing problem. The authors consider both demand and cost uncertainties and
discuss how quick response performs. Other recent studies related to quick response
include: a study on the quick response system in the presence of loss-averse strategic

1This concept is in line with the “advance booking scheme” (see, e.g., McCardle et al. 2004).
2Notice that different from Choi (2007), this paper considers the situation when n observations
can be collected all within the same period of time whereas Choi (2007) considers multiple
observations at different time durations.
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consumers (Lee et al. 2015), an exploration on the coordination challenge in supply
chains with multiple shipments during the season (Chen et al. 2016b), an analysis of
the risk averse behaviors on quick response systems (Choi 2016a), an investigation
on how social media information affects the performance of quick response system
in the presence of boundedly rational retailers (Choi 2016b), and a case study
on how quick response manufacturing complements lean supply chain operations
(Fernando J. Gómez and Filho 2016).

Notice that similar to all the above papers, this paper focuses on quick response.
Similar to most reviewed papers, such as Iyer and Bergen (1997), Choi et al.
(2003, 2004), Kim (2003), Choi (2007, 2016a, b, c), this paper also employs the
Bayesian normal conjugate pair model in the analysis. However, different from
all of them, this paper considers the case when n observations can be collected
for the forecast updating and investigates how the large number of observations
affects the performance of quick response. In this regard, this paper is closest to the
paper by Chan et al. (2015) which also considers the problem of having multiple
observations. However, in Chan et al. (2015), observations are expensive and hence
the authors discuss the optimal number of sampling whereas in this paper, the
number of observations “n” is taken as a parameter and we examine the performance
of quick response when n increases and when it goes to infinity (and hence follows
the trend in the “big data” era).

This paper is organized as follows. First, we present the basic inventory model
and the Bayesian information updating model in Sect. 14.2. Then, we explore
the performance of the centralized supply chain system under quick response in
Sect. 14.3. After that, we investigate the impacts brought by quick response in the
decentralized supply chain in Sect. 14.4. We report how the win–win coordination
scenario can be achieved by using the wholesale pricing markdown contract in Sect.
14.5. Finally, we conclude the paper with a discussion of future research in Sect.
14.6.

14.2 Basic Model

14.2.1 Inventory Model

We employ the newsvendor problem (Chen et al. 2016a) to model the inventory
model for the fashion product. To be specific, before the selling season starts, we
consider the case where a fashion retailer needs to order a certain quantity q of a
seasonal fashion product (e.g., a colorful tee) from its supplier, which is a fashion
manufacturer, with a unit product ordering cost c. The fashion supplier operates
as a follower and it will start production only after receiving the order from the
fashion retailer. The fashion retailer sells the product in the market with a unit
retail selling price r, and the supplier produces the product at a unit cost p. For the
unsold product, for the sake of simplicity, we assume that the holding cost and the
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salvage value together would lead to a net salvage value v. To avoid trivial cases, we
have r > c > p > v. The seasonal fashion product’s demand is uncertain and follows a
distribution which is described in the next sub-section.

14.2.2 Bayesian Information Updating

In this sub-section, we present the demand distribution. As we consider the quick
response strategy in this paper, we would consider two time points. To be specific,
suppose that the fashion retailer used to order from the supplier with a long lead time
at Time 0. In this ordering time point, as the fashion retailer possesses relatively
rough forecast regarding the real seasonal demand for the product, the respective
demand uncertainty is high. Now, if the supplier allows the fashion retailer to order
at a time point with a shorter lead time, called Time 1, the fashion retailer can make
use of market observations to improve its forecast. In this paper, we consider the
case when the fashion retailer can collect and use a sufficient amount of market
information so that the demand uncertainty is much reduced.

Following the standard definition of quick response (see Choi and Chow 2008;
Choi 2016a, b, c), we refer the ordering at Time 1 as the one under quick response
(QR) whereas the ordering at Time 0 is under slow response (SR).

To model the above relationship, we employ the Bayesian theory (Iyer and
Bergen 1997; Kim 2003) with the normal conjugate pair. First, we denote the
predicted demand of the product at Time 0 by x0. Following the basic demand
uncertainty structure as shown in the literature (see Iyer and Bergen 1997; Choi
and Chow 2008; Choi 2016a, b, c) we model the distribution of x0 as a normal
distribution with mean � and variance ı in the following: x0 N(� , ı). Notice that
ı represents the inherent demand volatility of the seasonal fashion product and it
is not reducible by market observation. For � , the mean of demand at Time 0, we
model it as a random variable which also follows a normal distribution, with mean
�0 and variance d0:

� � N .�0; d0/ :

At Time 0, with the above formulation, it is known that the unconditional
distribution of x0 is a normal distribution with mean �0 and variance (d0C ı),

x0 � N .�0; d0 C ı/ :

The above demand model captures the demand distribution of the seasonal
fashion product if the fashion retailer orders at Time 0, i.e., under SR.

We now explore QR and denote the predicted demand at Time 1 by x1. In the
big data era, collecting data is easy and we assume that the fashion retailer can
quickly and conveniently collect a massive amount of related market observations
of products following the same normal process (P.S.: we represent the number of
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observations as n) between Time 0 and Time 1. Using the Bayesian conjugate pair
theory, this leads to the following unconditional distribution for x1 as follows (e.g.,
see Chan et al. 2015):

x1 � N .�1.n/; d1.n/C ı/ ;

where

�1.n/ D
�
ı�0 C nd0o

nd0 C ı
�
;

d1.n/ D d0ı

nd0 C ı ;

and o is the mean of the n observations.
Notice that the Bayesian conjugate pair demand model proposed above is not

new and it is a standard result in the literature. This paper simply follows and uses
it for further analysis. From the above model, we have Lemma 2.1.

Lemma 2.1. (a) Comparing the levels of demand uncertainty (measured by demand
variance) under QR and SR, with n-observation based information updating, the
demand uncertainty under QR is smaller and the reduction is increasing in n.

(b) When n!1, demand uncertainty under QR (measured by demand variance)
becomes ı.

Proof of Lemma 2.1. All proofs are placed in the appendix.

Lemma 2.1 shows that the market observation can improve forecasting via
the Bayesian information updating process. In addition, when we take more
observations and incorporate them into the forecast revision, the significance of QR
is higher. At the extreme, when the number of observations goes to infinity, all the
reducible demand uncertainty vanishes and the remaining demand uncertainty is
simply equal to the inherent demand uncertainty ı which cannot be reduced further.

For a notational purpose: We employ ®(�),ˆ(�), and ‰.x/ D R 1
x .y � x/ '.y/dy

to represent the standardized normal density function, standardized normal cumu-
lative distribution function, and linear loss function with the standard normal
distribution, respectively. The inverse function of ˆ(�) is represented by ˆ�1(�).
Table 14.1 shows a summary of the major notation employed in this paper.

14.3 Centralized Supply Chain

From Sect. 14.2, we have already reviewed and presented the model with the
consideration of Bayesian information updating. In the following, we conduct
analysis on the performance of QR focusing on the centralized supply chain system.
The analysis result will be used as a benchmark for the further exploration in Sect.
14.4.
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Table 14.1 Notation Notation Meaning

QR Quick response
SR Slow response
R Fashion retailer
S Fashion supplier
SC Fashion supply chain
EP Expected profit
q Quantity
EVQR Expected value of QR
r Unit retail price
c Unit wholesale price
p Unit production cost
v Unit net salvage value
n Number of observations
WPM Wholesale pricing markdown
� WPM contractbc Unit wholesale price in �bm Unit markdown sponsor in�

First of all, adopting the same approach as in Iyer and Bergen (1997), we can
easily derive the fashion supply chain (SC)’s optimal ordering quantity if ordering
is placed at Time 0 (i.e., under SR) as follows:

q0;SC� D �0 C
p

d0 C ıˆ�1 Œ.r � p/ = .r � v/� : (14.1)

Notice that (14.1) follows the standard “critical fractile” expression as in the
standard newsvendor problem.

Denote sSCD (r� p)/(r� v). With (14.1), the corresponding optimal fashion
supply chain’s expected profit when the ordering is placed at Time 0 (i.e., under
SR) can be found to be the following:

EP0;SC� D .r � p/�0 �
p

d0 C ıTSC .sSC/ ; (14.2)

where

TSC .sSC/ D .p � v/ˆ�1 .sSC/C .r � v/‰
	
ˆ�1 .sSC/



: (14.3)

If the ordering is placed at Time 1 with the updated mean of demand �1(n), the
optimal fashion supply chain quantity and the corresponding optimal fashion supply
chain expected profit are shown below:

q1;SC�
ˇ̌̌
�1.n/ D �1.n/C

p
d1.n/C ıˆ�1 Œ.r � p/ = .r � v/� : (14.4)

EP1;SC�
ˇ̌̌
�1.n/ D .r � p/�1.n/�

p
d1.n/C ıTSC .sSC/ ; (14.5)
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Un-conditioning (14.4) and (14.5) with respect to �1(n) yields the following
expected optimal fashion supply chain quantity and optimal fashion supply chain
expected profit at Time 0:

q1;SC� D �0 C
p

d1.n/C ıˆ�1 Œ.r � p/ = .r � v/� ; (14.6)

EP1;SC� D .r � p/ �0 �
p

d1.n/C ıTSC .sSC/ : (14.7)

Define the expected value of quick response for the fashion supply chain system
as follows: EVQRSC(n)DEP1 , SC�

�EP0 , SC�
. We have the following expression for

EVQRSC(n) and Lemma 3.1:

EVQRSC.n/ D
p

d0 C ı �
p

d1.n/C ı
�

TSC .sSC/ : (14.8)

Lemma 3.1. (a) From the centralized supply chain perspective, adopting QR is
always beneficial because EVQRSC(n) > 0.

(b) EVQRSC(n) is increasing in n.

(c) When n!1, EVQRSC(n!1)D
p

d0 C ı �
p
ı
�

TSC .sSC/.

Lemma 3.1 shows that in the centralized fashion supply chain, QR is always a
beneficial measure and it gives a positive expected gain in profit to the supply chain.
In addition, when the number of observations increases, the expected gain by using
QR for the fashion supply chain is even higher. When the number of observations
goes to infinity, the maximum amount of expected gain for the supply chain by using
QR is shown in Lemma 3.1c.

14.4 Decentralized Supply Chain

In Sect. 14.3, we have examined the centralized case and revealed that QR is always
beneficial to the supply chain system. In this section, we explore the expected profits
for the fashion retailer and the fashion manufacturer under a decentralized setting.

First, it is straightforward to find the fashion retailer (R)’s optimal ordering
quantity if the order is placed at Time 0 (i.e., under SR):

q0;R� D �0 C
p

d0 C ıˆ�1 Œ.r � c/ = .r � v/� : (14.9)

Denote sRD (r� c)/(r� v). With (14.9), if the order is placed at Time 0, the
corresponding optimal fashion retailer’s expected profit can be derived to be the
following:

EP0;R� D .r � c/�0 �
p

d0 C ıTR .sR/ ; (14.10)
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where

TR .sR/ D .c � v/ˆ�1 .sR/C .r � v/‰
	
ˆ�1 .sR/



: (14.11)

The fashion supplier’s expected profit is listed as follows if the fashion retailer
orders at Time 0:

EP0;S� D .c � p/

�0 C

p
d0 C ıˆ�1 .sR/

�
: (14.12)

If the ordering is placed at Time 1 with the updated mean of demand �1(n), the
optimal fashion retailer’s ordering quantity, and the corresponding optimal fashion
retailer’s expected profit and the fashion supplier’s expected profit are listed below:

q1;R�
ˇ̌̌
�1.n/ D �1.n/C

p
d1.n/C ıˆ�1 .sR/ ; (14.13)

EP1;R�
ˇ̌̌
�1.n/ D .r � c/ �1.n/�

p
d1.n/C ıTR .sR/ ; (14.14)

EP1;S�
ˇ̌̌
�1.n/ D .c � p/


�1.n/C

p
d1.n/C ıˆ�1 .sR/

�
: (14.15)

Un-conditioning (14.13)–(14.15) with respect to �1(n) yields the following:

q1;R� D �0 C
p

d1.n/C ıˆ�1 .sR/ ; (14.16)

EP1;R� D .r � c/ �0 �
p

d1.n/C ıTR .sR/ ; (14.17)

EP1;S� D .c � p/

�0 C

p
d1.n/C ıˆ�1 .sR/

�
: (14.18)

Define the expected values of quick response for the fashion retailer and the
fashion supplier as follows:

EVQRR.n/ D EP1;R� � EP0;R�;

EVQRS.n/ D EP1;S� � EP0;S�:

After simplification, we have:

EVQRR.n/ D
p

d0 C ı �
p

d1.n/C ı
�

TR .sR/ ; (14.19)

EVQRS.n/ D � .c � p/
p

d0 C ı �
p

d1.n/C ı
�
ˆ�1 .sR/ : (14.20)
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The properties of EVQRR(n) and EVQRS(n) are summarized in Lemmas 4.1
and 4.2.

Lemma 4.1. (a) In the decentralized supply chain, adopting QR is always benefi-
cial for the fashion retailer because EVQRR(n) > 0.

(b) EVQRR(n) is increasing in n.

(c) When n!1, EVQRR(n!1)D
p

d0 C ı �
p
ı
�

TR .sR/.

Lemma 4.2. (a) In the decentralized supply chain, adopting QR is NOT always
beneficial for the fashion supplier because EVQRS(n) > 0 if and only if sR < 0.5, and
EVQRS(n)� 0 if and only if sR� 0.5.

(b) EVQRS(n) is increasing in n if and only if sR < 0.5, and EVQRS(n) is
decreasing in n if and only if sR� 0.5.

(c) When n!1, EVQRS(n!1)D� .c � m/
p

d0 C ı �
p
ı
�
ˆ�1 .sR/.

Lemmas 4.1 and 4.2 show that in the decentralized supply chain, QR is always a
beneficial measure to the fashion retailer but it may not be good for the fashion
supplier. For the fashion retailer, the case is similar to the centralized supply
chain case: when the number of observations increases, the expected value of
QR for the fashion retailer becomes higher and the maximum value is equal top

d0 C ı �
p
ı
�

TR .sR/. For the fashion supplier, whether QR is beneficial or not

depends on the inventory service level sR (which is the same as what the literature
shows (see, e.g., Iyer and Bergen (1997); Choi (2016c)). When the inventory service
level is very low (i.e., sR < 0.5), QR is beneficial to the fashion supplier; otherwise,
QR hurts the fashion supplier’s expected profit. Depending on the value of inventory
service level, the effect brought by the number of observations n varies. To be
specific, as shown by Lemma 4.2b, QR is a more beneficial measure when n
increases if the inventory service level is very low (i.e., sR < 0.5); otherwise, QR
is less beneficial when n increases. Moreover, when the number of observations
goes to infinity, Lemma 4.2c shows that the expected value of QR for the fashion

supplier is finite and it becomes � .c �m/
p

d0 C ı �
p
ı
�
ˆ�1 .sR/.

Furthermore, by checking the quantity decisions in (14.1), (14.6), (14.9), and
(14.16), we have Lemma 4.3.

Lemma 4.3. When c > p, we have: q0 , R�
<q0 , SC�

and q1 , R�
j�1(n)<q1 , SC�

j�1(n).

Lemma 4.3 indicates that for every time point, the fashion retailer’s optimal
ordering quantity (under the decentralized setting) is different from the fashion
supply chain’s optimal ordering quantity (under the centralized setting). This is
an intuitive result because the fashion retailer faces a different and lower profit
margin compared to the fashion supply chain system. As a result, it is natural for
the existence of different optimal quantities in which the fashion retailer will order a
smaller amount compared to the supply chain system counterpart. This follows the
classic double marginalization theory (Spengler 1950) in the literature.
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14.5 Win–Win Coordination

In Sects. 14.3 and 14.4, we have found that QR is a good strategy to improve the
fashion supply chain’s performance. However, in a decentralized setting, not only
does the supply chain fail to be optimal, but the fashion supplier may also suffer a
loss after adopting QR. In this section, we propose how a commonly seen wholesale
pricing markdown (WPM) contract can be applied to achieve win–win coordination
for the fashion supply chain upon its implementation of QR.

Under the WPM contract, we consider the case when the fashion supplier offers
a unit wholesale price bc and a unit markdown sponsor bm to the fashion retailer
at Time 1 under QR. We denote this WPM contract by: �.bc;bm/. To be specific,
in the presence of the WPM contract, when the fashion retailer has leftover, the
fashion supplier is willing to provide a unit sponsor ofbm for all the product leftover.
This sponsor directly reduces the risk faced by overstocking and can entice the
fashion retailer to order more. Notice that the WPM contract is commonly seen
in the fashion industry (see Shen et al. 2016).

In the presence of �.bc;bm/, the unconditional expected profit of the fashion
retailer, the fashion retailer’s optimal ordering quantity under QR, and the uncondi-
tional expected profit of the fashion supplier are given as follows:

EP�1;R� D .r �bc/ �0 �pd1.n/C ıT�R
�
s�R
�
; (14.21)

where

s�R D .r �bc/ = .r �bm � v/ ; and, and T�R
�
s�R
� D.bc �bm � v/ˆ�1 �s�R � C

.r �bm � v/‰ 	ˆ�1 �s�R �
,
q�1;R�

ˇ̌̌
�1.n/ D �0 C

p
d1.n/C ıˆ�1 �s�R � ;

EP�1;S� D .bc � p/
h
�0 C

p
d1.n/C ıˆ�1 �s�R �i

�bmpd1.n/C ı
	
ˆ�1 �s�R �C‰ ˚ˆ�1 �s�R ��
 :

Define the following:

EVQR�R .n/ D EP�1;R� � EP0;R�;

EVQR�S .n/ D EP�1;S� � EP0;S�:

After simplification, we have:

EVQR�R .n/ D .c �bc/ �0 Cpd0 C ıTR .sR/ �
p

d1.n/C ıT�R
�
s�R
�
; (14.22)
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EVQR�S .n/ D .bc�c/ �0C .bc�p/
p

d1.n/Cıˆ�1 �s�R �� .c � p/
p

d0Cıˆ�1 .sR/

�bmpd1.n/Cı
	
ˆ�1 �s�R �C‰ ˚ˆ�1 �s�R ��
 :

(14.23)

To achieve win–win coordination in the supply chain after adopting QR, we have
to ensure the following three conditions are met:

EVQR�R .n/ > 0; (14.24)

EVQR�S .n/ > 0; (14.25)

q�1;R� j�1.n/ D q1;SC�j�1.n/: (14.26)

Observe that the conditions in (14.24) and (14.25) guarantee that the win–win
outcome appears because both the fashion retailer and the fashion supplier are
benefited under QR. The condition of (14.26) ensures the fashion retailer will order
the quantity which is the best for the whole supply chain system.

In order to derive the win–win coordinating WPM contract, we define the
following and present Lemma 5.1:

m
 D .bc � p/ .r � v/ = .r � p/ ; (14.27)

cupper D argbc
˚
EVQR�R .njbm D m
/ D 0� ; (14.28)

clower D argbc
˚
EVQR�S .njbm D m
/ D 0� : (14.29)

Lemma 5.1. (a) bm D m
 if and only if q�1;R�
ˇ̌̌
�1.n/ Dq1 , SC�

j�1(n).

(b) EVQR�R .njbm D m
/ is a decreasing function of bc, and EVQR�S .njbm D m
/
is an increasing function of bc.

Lemma 5.1 gives the important result and structural properties for deriving the
coordinating WPM contract. First, Lemma 5.1a shows that by setting bm D m

under QR, supply chain coordination is achieved in which the fashion retailer will
order a quantity the same as the optimal quantity for the whole supply chain system.
Thus, by substituting bm D m
 into EVQR�R .n/ and EVQR�S .n/ helps to reduce
the dimension of setting the coordinating WPM contract from two dimensions
.bc;bm/to one dimension .bc/. Second, Lemma 5.1b shows the monotonic structural
properties of EVQR�R .njbm D m
/ and EVQR�S .njbm D m
/. From them, we know
that cupperand clower give the upper and lower bound for setting the wholesale price
.bc/of the win–win coordinating WPM contract (and the corresponding bm can be
found by using (14.28)).
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Based on Lemma 5.1, we present Lemma 5.2 on the setting of contract
parameters to achieve win–win coordination for QR implementation by using the
WPM contract.

Lemma 5.2. After the QR implementation, win–win coordination can be achieved
by setting bm D m
 and clower <bc < cupper.

From Lemma 5.2, we can see that: (1) there exist an infinite number of the WPM
contracts which can achieve win–win coordination (because anybc in the range of
clower <bc < cupper, together with the correspondingbm D m
 will do). The specific
setting depends on the bargaining power of the fashion retailer and the fashion
supplier. When bc is set closer to cupper, the fashion retailer’s expected gain from
QR drops whereas the fashion supplier’s expected gain from QR increases. Whenbc is set closer to clower, the opposite happens. Thus, we see that the proposed WPM
contract is rather robust which can divide the expected gain from QR in the supply
chain system flexibly between the fashion retailer and the fashion supplier.

14.6 Conclusion

QR is a well-established and important industrial practice in the fashion industry.
Motivated by the importance of QR and the availability of a huge amount of
data, we have examined in this paper the value of QR (with forecast information
updating) in fashion supply chains in the big data era. We have proven how the
quick response strategy with n observations can help improve the whole fashion
supply chain’s performance. We have shown how the number of observations affects
the expected values of QR for the fashion supply chain, the fashion retailer, and the
fashion manufacturer. To be specific, we have demonstrated analytically that under
QR, if the number of observations increases, the expected values of QR for the
fashion supply chain (under the centralized model) and the fashion retailer (under
the decentralized model) will both increase and reach the finite maximum when
the number of observations goes to infinity. For the fashion supplier, the situation
depends on the inventory service level and a larger number of observations can lead
to an increase or a reduction of the expected value of QR (see Table 14.2).

After that, we have discussed how the win–win coordination after implementing
QR can be achieved using the WPM contract. The proper setting of the contract

Table 14.2 Impacts of n on EVQRs

Centralized Decentralized
EVQRSC(n) EVQRR(n) EVQRS(n)

n" " " " iff sR < 0.5 # iff sR � 0.5

n ! 1
p

d0 C ı � p
ı
� p

d0 C ı � p
ı
�

� .c � m/
p

d0 C ı � p
ı
�

TSC .sSC/ TR .sR/ ˆ�1 .sR/
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parameters as well as the analytical bounds has been derived. We have revealed that
the win–win coordinating WPM contract is quite robust as it not only can guarantee
the achievability of win–win coordination, but it also can divide the expected gain
from QR of the supply chain system flexibly between the seller (i.e., the fashion
supplier) and the buyer (i.e., the fashion retailer).

For future research, one can extend the model to cover the case when there
are multiple products and explore the corresponding coordination challenges. In
addition, the consideration of social media data for QR is also interesting and
Choi (2016b) provides a good reference for further investigation. Finally, one may
conduct a multi-methodological research (Choi et al. 2016b) on QR supply chain
systems with real data analyses. This provides further insights into the real world
applicability of QR and some probable extensions of the analytical model.

Acknowledgments The author thanks the reviewers for their comments on the earlier draft of this
paper. This paper is partially supported by The Hong Kong Polytechnic University’s funding (grant
number: G-YBGR).

A.1 Appendix: All Proofs

Proof of Lemma 2.1. (a) By directly comparing between the cases of QR and SR,
the demand uncertainty under QR (with n-observation based information updating)
is always smaller than the demand uncertainty under SR. By differentiation, we can
find that d1(n) is decreasing in n, which implies the demand uncertainty reduction
((d0C ı)� (d1(n)C ı)) is increasing in n. (b) When n!1, lim

n!1d1.n/ D d0ı
nd0Cı D

0 and hence the demand uncertainty under QR (d1(n)C ı) becomes ı. (Q.E.D.)

Proof of Lemma 3.1. (a) First of all, from (14.8), we have EVQRSC(n)Dp
d0 C ı �

p
d1.n/C ı

�
TSC .sSC/. From (14.3), we have:

TSC .sSC/ D .p � v/ˆ�1 .sSC/C .r � v/‰
	
ˆ�1 .sSC/



D .p � v/ˆ�1 .sSC/C .p � v/‰

h
ˆ�1 .sSC/

i
C .r � p/‰

	
ˆ�1 .sSC/



: (14.30)

At Time 0, since the expected product leftover by the end of the season can be
expressed as

p
d0 C ı

˚
ˆ�1 .sSC/C‰

	
ˆ�1 .sSC/


�
, which must be non-zero in the

model we considered in this paper, we thus have:

	
ˆ�1 .sSC/C‰

	
ˆ�1 .sSC/



 � 0: (14.31)

Put (14.31) into (14.30) implies that TSC(sSC) > 0. Since
p

d0Cı�
p

d1.n/Cı
�
>

0, from (14.31), we have: EVQRSC(n)D
p

d0 C ı �
p

d1.n/C ı
�

TSC .sSC/ > 0.
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(b) Differentiate EVQRSC(n)D
p

d0 C ı �
p

d1.n/C ı
�

TSC .sSC/ with respect

to n reveals that dEVQRSC(n)/dn > 0.
(c) When n!1, from Lemma 2.1, we have: d1(n)D 0, and hence

EVQRSC(n!1)D
p

d0 C ı �
p
ı
�

TSC .sSC/. (Q.E.D.)

Proof of Lemma 4.1. Similar to the Proof of Lemma 3.1. (Q.E.D.)

Proof of Lemma 4.2. Notice thatˆ�1(sR) < 0 if and only if sR < 0.5 andˆ�1(sR)� 0
if and only if sR� 0.5. Then, Lemma 4.2 can be proven by following the same
approach as in the proofs of Lemmas 3.1 and 4.1. (Q.E.D.)

Proof of Lemma 4.3. When c > p, by direct observations from the analytical
expressions, we have:q0 , R�

<q0 , SC�
and q1 , R�

j�1(n)<q1 , SC�
j�1(n). (Q.E.D.)

Proof of Lemma 5.1. (a) By equating q�1;R�
ˇ̌̌
�1.n/ and q1 , SC�

j�1(n), we know

that q�1;R�
ˇ̌̌
�1.n/ Dq1 , SC�

j�1(n) if and only if bm D m
. (b) Checking the first

order derivative reveals that EVQR�R .njbm D m
/ is a decreasing function ofbc, and
EVQR�S .njbm D m
/ is an increasing function ofbc. (Q.E.D.)

Proof of Lemma 5.2. Directly implied by using Lemma 5.1. (Q.E.D.)
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Abstract In the big data era, new research opportunities and challenges exist for
systems optimization and control problems. In this concluding chapter, we share
several probable related areas which may lead to fruitful research in the future. We
also summarize the future research directions proposed by papers featured in this
book.
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15.1 Optimization and Control: Challenges
and Opportunities in the Big Data Era

Big data optimization and control is an important topic. It is influential to not only
business operations but also the society and science (Stefanowski and Japowicz
2016). One underlying principle of big data analysis is that: Having the big data,
more useful information can be found than when we separate the big data into
smaller datasets. This means we simply cannot separate the datasets and solve
the big data problems properly in many cases (Sparks et al. 2016). In addition,
in the presence of big data, we can explore more complex systems with a goal of
improving their performance or even achieving optimization (Chan et al. 2016; Choi
et al. 2016a, b). However, this goal is easier said than done because it involves
a lot of technical challenges. In light of the challenging issues around big data
optimization and control problems, based on the various Vs associated with big
data, we propose a few areas for future research as shown below.

Volume The most basic element of big data is the huge volume of data. This
is also related to high dimensionality of the datasets. This means the traditional
optimization and control methods which work well for small datasets may not
function well anymore. To cope with this challenge, the first proposal is to see
if the big data problem can be solved by decomposing it. Even though not all
big data problems can be solved by decomposition, some problems probably can.
This approach is usually called the divide-and-conquer (Wang and He 2016).
Moreover, new methods based on the parallelization approach (Daneshmand et al.
2015; Facchinei and Scutari 2015) can also be developed so that the smaller sized
problems from the big problem can be processed in parallel. These provide rich
opportunities for future research.

Velocity In optimization and control problems associated with big data, the
emergence of data is quick and we also need to solve the problem in a timely manner.
This creates challenges such as how we can achieve real time (or almost real time)
optimization. New research on novel heuristics is probably needed to address this
issue.

Variety The data available can be complex and not all of them are given in
numbers. For example, in studying financial markets (Yao and Li 2013), on one
hand, we have data such as historical records of indices and stock prices (Gao and
Li 2013; Shi et al. 2015). On the other hand, we also have some expert advice,
news, reports which are not directly expressed in numbers. How to combine them to
formulate the optimal portfolio is a challenge and deserves deeper future research.

Veracity The big dataset may include missing information which means the
data quality is not good. This creates uncertainty in the dataset and makes the
respective optimization and control problem incomplete. New techniques (includ-
ing dual control (Li et al. 2002), evolutionary optimization (Bhattacharya et al.
2016)) and even research methodologies (e.g., the multi-methodological approach
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(Choi et al. 2016b), new framework (Boone et al. 2016)) need to be developed so
that the optimization and control method can learn from “uncertainty” in the big
data. Wang and He (2016) provide a recent discussion on the related research
opportunities.

Value Big data potentially can yield a high or low value to the decision makers. It
is hence important to measure the performance by conducting a proper performance
analysis. Li et al. (2016) provide a review on the topic with a discussion on various
performance tools for big data analytics. New research can be conducted to examine
the proper performance tools and to help quantify the value of big data and the
corresponding optimization methods.

15.2 Summary of Future Research Directions Highlighted
in this Book

From the papers featured in this paper, various future research directions have been
proposed. We summarize them in Table 15.1.

15.3 Concluding Remarks

In this concluding chapter, we have first discussed various challenges and research
opportunities on optimization and control for systems in the big data era. We have
already reviewed and reported the research opportunities proposed by the technical
papers of this book. We hope the discussions can spark and inspire new research in
optimization and control in the presence of big data.

Last but not least, we dedicate this book to our mentor Professor Duan Li, a
true and distinguished scholar, a kind gentleman, an excellent professor, and an
outstanding teacher who has made huge contribution to the advance of optimization
and control theories. His theoretical works are also very influential and have been
widely applied in financial engineering, industrial engineering, systems engineering,
as well as many operations research related areas such as biomedical studies,
production scheduling, and supply chain management, to name a few. We are very
proud of being his students.
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