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Preface

This volume of the series Advances in Delays and Dynamics collects contributions
related to selected presentations from the 12th IFAC Workshop on Time Delay
Systems, Ann Arbor, June 28-30, 2015. The great success of the workshop is
reflected by the high number of presented papers (81), which is the highest number
recorded to date in the history of IFAC TDS. This collection contains 23 papers,
all of them presenting novel techniques and new results in the field of delayed
dynamical systems. The topics cover different fields of control theory, numerical
analysis, engineering and biological applications, and experiments.

We thank the authors for their high-quality contributions to this volume. We also
acknowledge the encouragement of Prof. Silviu-Iulian Niculescu, the editor of the
series Advances in Delays and Dynamics.

Budapest, Hungary Tamés Insperger
Ann Arbor, USA Tulga Ersal
Ann Arbor, USA Gabor Orosz
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Sampled-Data Stabilization of Nonlinear
Delay Systems with a Compact Absorbing
Set and State Measurement

Iasson Karafyllis and Miroslav Krstic

Abstract We present a methodology for the global sampled-data stabilization of
systems with a compact absorbing set and input/measurement delays. The
methodology is based on a numerical prediction scheme, which is combined with a
projection of the state measurement on an appropriate sphere. The stabilization is
robust to perturbations of the sampling schedule and is robust with respect to
measurement noise. The obtained results are novel even for the delay-free case.

1 Introduction

Achieving global stabilization by Sampled-Data Feedback (SDF) and ensuring
robustness to measurement noise and perturbations in the sampling schedule are
challenges in nonlinear control over networks. In real networks, the presence of
asynchrony and delays creates problems (see [7-9, 21, 22]). Almost all results rely
on delay-dependent conditions for the existence of stabilizing feedback and the
stability domain depends on the sampling interval/delay. Predictive feedback seems
to be the only systematic way for handling large delays (see [3-5, 11-16, 18, 19,
23]). However, global stabilization of control systems with large delays by means
of SDF remains a challenging problem. In general, global results for SDF control of
delayed systems are limited; see [2, 6, 11, 12, 20].

The recent works [13, 16] provided global stabilization results for nonlinear
delay systems with a compact absorbing set (see also [1, 10]). More specifically, the
Inter-Sample-Predictor, Observer, Predictor, Delay-Free Controller (ISP-O-P-DFC)
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2 I. Karafyllis and M. Kirstic

control scheme was utilized in [13, 16] for the robust global stabilization of the
nonlinear delay system. The recent work [16] used the numerical prediction scheme
proposed in [14, 15] which can be easily implemented in computer software (since
it was proved that the applied time step is constant). The present work extends the
results in [16] for the case of state measurement. We consider systems of the form

x(0)=f(x(t),u(t-7)), xeR" uelU (1.1)

where U CR™ is a nonempty compact set with 0 € U, 7 >0 is the input delay and
FRTXR™ > NR" is a smooth vector field with £(0,0) =0. The measurements are
sampled and the output is given by

y(ri)zx(r[—r)+§(1i) (12)

where 7;, i=0,1,2, ... are the sampling times, £ € R is the measurement noise
and r >0 is the measurement delay. In this case, we apply the numerical prediction
scheme proposed in [14] with an important difference: the measurement is projected
on specific set. The projection guarantees robustness with respect to measurement
errors (not guaranteed by the results in [14]) and stabilization for sampling
schedules of arbitrary sampling period (not guaranteed by the results in [16]).
Therefore, the results in this work cannot be guaranteed by other results in the
literature. Moreover, it should be emphasized that the proof of the main results in
the present work differs from the proofs of the main results in [16], due to the
projection operator.

Our main result (Theorem 2.2) provides explicit formulas for global stabilizers,
which are robust with respect to perturbations of the sampling schedule. Moreover,
Theorem 2.2 can be also applied to the case where the sampling times do not
necessarily coincide with the times that the input changes. This feature is important
for network systems and is rare in the sampled-data control literature. The state is
driven to the equilibrium at an exponential rate in the absence of measurement
noise. The result of Theorem 2.2 is novel even for the delay-free case r=7=0.
Corollary 2.3 presents a specialization of the result to the delay-free case.

Notation. Throughout this paper, we adopt the following notation.

e R,.:=[0, +00). A partition of R, is an increasing sequence {z;};-, with
79=0, lim 7;= +o0o. For x&€R", x is its transpose and |x| is its Euclidean
norm.

o Let ICR,:=[0, +0) be an interval. By B(I;U), we denote the space of
locally bounded functions u( - ) defined on I and taking values in U CR™. By
L*(I; U), we denote the space of measurable and essentially bounded functions
u( - ) defined on 7 and taking values in U CR™. Let A CR" be an open set. By
o (A ; £), we denote the class of continuous functions on A, which take values
in QCR". By Ck(A ; ), where k>1 is an integer, we denote the class of
functions on A C R" with continuous derivatives of order k, which take values in
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QCR". For a function VE€C!(A; R), the gradient of V at x€ ACR" is
denoted by VV(x).

e V:R">R, is positive definite if V(0)=0 and V(x)>0 for all x#0.
V:R" > R, is radially unbounded if the sets {xeR": V(x) <M} are either
empty or bounded for all M>0. K, is the class of increasing, continuous,
unbounded functions a: R — R, with a(0) =0. [x] denotes the integer part of
xeR.

e For u:la—r,b)—> U, where UCR", b>a and r>0, u,;:[—r,0]—> U for
t € [a,b) denotes the function defined by (u,)(6) =u(z+0) for 6 € [—r,0] and
u;:[—r,0)— U for t € [a, b] denotes the function defined by (u,)(8) = u(t +0)
for @ €[ —r,0). For a bounded function u: [—r,0] = U (or u: [—r,0) = U), ||u]|

denotes the norm |[ul|= sup (Ju(8)|) (or |lu]|= sup (|u(9)])).
-r<6<0 -r<0<0

2 Problem Description and Main Result

Our first assumption for system (1.1) guarantees that there exists a compact set
which is robustly globally asymptotically stable. We call the compact set “ab-
sorbing” because the solution “is absorbed” in the set after an initial transient
period.

(H1) There exist a radially unbounded (but not necessarily positive definite)
function V€ C*(R";R ), a positive definite function We C'(R";R ) and a
constant R >0 such that the following inequality holds for all (x,u) € R" X U with
V(x)>R

VV(x)f(x,u) < —W(x) (2.1)
Moreover, the set
Si={xeR": V(x) <R} (2.2)

contains a neighborhood of 0 € R".

Assumption (H1) guarantees that for every x(0) € R" and for every u: R, - U
the solution x(¢) of (1.1) enters the compact set S} ={x€R": V(x) <R} after a
finite transient period. This fact is guaranteed by the following lemma, which is an
extension of Theorem 5.1 in [17]. The proof of Lemma 2.1 can be found in [10].

Lemma 2.1 Consider system (1.1) under assumption (HI). There exists
TeC'(R";R,) such that for every xo€R" and for every measurable and
essentially bounded input u:[—7, + ) - U the solution x(t) €R" of (1.1) with
initial condition x(0) =x¢ and corresponding to input u:|[—z, + 00) > U satisfies
V(x(7)) <max(V(xp),R) for all t>0 and V(x(t)) <R for all t>T(xo).
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The second assumption guarantees the existence of an appropriate local stabi-
lizer u = k(x) for the delay-free version of system (1.1), i.e., system (1.1) with z=0.
(H2) There exist a positive definite function P€ C*(R"; R ), constants u,K; >0

with K, |)c\2 < P(x) for all x€ Sy and a locally Lipschitz mapping k: R" — U with
k(0) =0 such that the following inequality holds

VP(x)f (x, k(x)) < —2u|x|*, for allxe S, (2.3)
Let p >max{ |x|: x€S, } be a constant and define 0: R" — R" by the formula:

O(x): =xif |x| <p, O(x) =px/|x|if |x|>p (2.4)

Clearly, Q: R" — R" is the projection on the closed ball of radius p centered at
0eR". Since O: R" — R" is a projection on a closed convex set, it follows that

10(x) = O(y)[ < [x —y| for allx,y € R" (2.5)

Next, the reader is introduced to the approximate predictor mapping, which uses
a numerical scheme for the prediction of the state value r + 7 time units ahead. Let
N >0 be an integer and define the mapping:

Oy R"XL®([—r—1,0); U) > R" (2.6)
which maps (xg, u) €R" X L®([—r—1,0); U) to the vector @y (xo,u): =xy € R",
where x; eR" i=1, ..., N are vectors given by the recursive formula:

(i+1)h
xi+1=xi+/ f(xi,u(s—r—1))ds, fori=0,...,N—1 (2.7)
ih

and h: =(r+r)/N. The prediction is performed by the auxiliary variables
z(t) € R", which approximate x(z +7) and satisfy the following equations:

z(t) =f(z(t), u(t)), fort €[z, 7;+1) and for all integersi>0 (2.8)
2(z) = By (Q(x(fi — )+ &), E) , for all integersi>0 (2.9)
u(t) =k(z(jTy)), for allt € [jTy, (j+ 1)Ty) and for all integersj>0  (2.10)

We are now in a position to state the main result of this work.

Theorem 2.2 Consider system (1.1), (1.2) under assumptions (HI-2). Then for

every T >0, there exist a sufficiently small constant Ty >0, a sufficiently large

integer N >0, a locally Lipschitz function C € K, and constants o,y >0 such that

for every partition {z;};2, of R4 with sup(zi1 —7;) < Ty, xo € CO([—1,0]; R")
i>0

ug€L®([—=r—1,0);U), E€B(R 4 RY), the solution of (1.1), (1.2) with (2.8),
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(2.9), (2.10), initial condition x(0)=x,(0) for O€[—r,0], u(0)=uo() for
0€[—r—1,0) corresponding to input E€B(R ;R"), exists for all t>0 and
satisfies the following estimate:

It + | < expt=onc (o] + s (D) 7 sup (o)), ¥r20

0<s<t 0<s<t
(2.11)

The result of Theorem 2.2 is novel even for the delay-free case r =7=0. Indeed,
one can repeat the proof of Theorem 2.2 and obtain the following corollary (its
proof is omitted due to the similarity with the proof of Theorem 2.2).

Corollary 2.3 Consider system (1.1), (1.2) under assumptions (HI-2) with
r=1=0. Then for every T, >0 and for sufficiently small constant Ty > 0 there exist
a locally Lipschitz function C € Ky, and constants o,y >0 such that for every
partition {t;}:2, of Ry with sup(ri41—17;) <Ts, xo€R",EEB(R ERk) the

i>20
solution of (1.1), (1.2) with
z(t) =f(z(t), u(t)), fort €[z, 7;4+1) and for all integersi>0 (2.12)
2(7;) = 0(x(z;) + &(7:)), for all integersi>0 (2.13)

u(t) =k(z(jTy)), for all, t € [Ty, (j+1)Ty) and for all integersj>0  (2.14)

initial condition x(0) = xo corresponding to input £ € B(R 4 ; RY), exists for all t >0
and satisfies the following estimate:

(1) < exp(—ar>c(|xo|+ sup (|¢<s>|>)+y sup (E(s))), V20 (2.15)

0<s<t 0<s<t

Remark 2.4 (a) The approximate predictor mapping given in (2.6), (2.7) is the
repeated explicit Euler numerical scheme for the control system (1.1). The integer
N >0 is the grid size of the numerical scheme and in contrast to the results in [14,
15] (where the grid size was state-dependent), Theorem 2.2 guarantees that the grid
size can be selected to be constant. This is an important feature of Theorem 2.2,
because the implementation of the prediction scheme is simplified considerably.
However, there is a major difference between the proposed scheme used in [14, 15]
and the present prediction scheme: notice that (2.9) does not provide a prediction
based on the current measurement but rather provides a prediction based on the
projection of the measurement on the closed ball of radius p centered at 0 € R".
(b) Estimate (2.11) guarantees robustness with respect to measurement noise.
Indeed, using estimate (2.11), we are in a position to prove an Input-to-State
Stability (ISS) estimate with respect to the measurement noise &€ R; here we are
referring to a direct extension of the well-known ISS notions introduced by E.
D. Sontag for systems described by ODEs (see [24-26]). However, estimate (2.11)



6 I. Karafyllis and M. Kirstic

shows an additional property: the fact that for every initial condition and for every
bounded input & € B(R , ; R¥) the corresponding solution of the closed-loop system

(1.1), (1.2) with (2.8), (2.9), (2.10) satisfies lim sup<||x,||+\z(t)|+ )

f— 400

<y sup(|£(s)]). This inequality shows that the asymptotic gain property holds for
0<s

Uy

the closed-loop system (1.1), (1.2) with (2.8), (2.9), (2.10) with linear gain. The
asymptotic gain property was first introduced in [25] for systems described by
Ordinary Differential Equations (ODEs), where it was shown that a system is ISS if
and only if 0€R" is Globally Asymptotically Stable for the input-free system and
satisfies the asymptotic gain property (see also [26]).

3 Proof of Main Result

Define the set:

Sy ={xeR":V(x)<b} (3.1)
where b >0 is an arbitrary constant that satisfies

b>max{V(x): |x|<p} (3.2)

with p >max{ |x|: x€S; } being the constant involved in definition (2.4). Notice
that since V € C2(9{”; R . ) is radially unbounded, it follows that the sets defined in
(2.2) and (3.1) are compact sets. The following technical lemmas are proved in [16]
and provide estimates for the state and the prediction error.

Lemma 3.1 Let 6>0, Ty >0 be sufficiently small constants. Then there exist
constants My, M3 > 0 such that every solution of (1.1) corresponding to (arbitrary)
input u € L™ ([— 17, + 0); U) and satisfying x(t) €S) for all t > 7+ jTy, where j >0
is an integer, also satisfies the following inequality for all t > jTy:

sup (|x(s+7)|exp(os)) <M, exp(ojTw)|x(jTu +7)]

o o (b 1)

+M3  sup (
JTh <s<t
Lemma 3.2 There exists an integer N >0 and a constant My >0 such that for
every N> N" for every xo €S, and for every measurable and essentially bounded
input u€ L™ ([—r—1,0); U) the following estimates hold for the solution x(t) of
(1.1) with initial condition x(—r)=xy, corresponding to (arbitrary) input
UueL®([-r—10);U):

(3.3)

i)
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1x(2) — (30, )| < M (o + ]} /N (3.4)

X €Sy, for alli=0,1, ... N (3.3)

where |lul|=  sup  (Ju(s)|) and x; eR" (i=1, ...,N) are vectors given by the
—r—71<s5<0

recursive formula (2.7).

The following technical lemma uses the two previous lemmas and provides an
estimate for the norm of the solution of the closed-loop system (1.1), (1.2), (2.8),
(2.9), (2.10). Its proof is provided at the Appendix.

Lemma 3.3 For every Ty > 0 there exist sufficiently small constants 6 >0, Ty >0 a

sufficiently large integer N > 1 and constants G, y, > 0 with the following property:

for every partition of R, {t}io, with sup(ti41—1;)<T,, for every
i>0

EeB(R,; ERk) and for every solution of (1.1), (1.2), (2.8), (2.9), (2.10) defined for
all t>0 and satisfying x(t) €Sy for all t>T for some T >0, the following
inequality holds for all t>0:

(2

(3.6)
+GeXp(6jTH)< sup  (Ju(s)])+  sup (Ix(S)I)>

+ll) exp(or) <2 exp(on) sup (1(5))

<s<t

—r—1<s<jTy —r<s<jTy+7

where j >0 is any integer with jTy >r+T + Ts.
We are now ready to provide the proof of Theorem 2.2

Proof of Theorem 2.2 Let 7, >0 be given and let 6 >0, Ty >0 be sufficiently

small constants and let N >1 be a sufficiently large integer so that Lemma 3.4

holds. Let {7;};2, be a partition of R, with sup(z;41—7;) <7, and let
i0

x0 €CO([=r,0[;R"), 20 €R", ug€L®([—r—1,0);U), EEB(R 4 ; R") be given.
We will show first that the solution of (1.1), (1.2), (2.11), (2.12), (2.13), (2.14), with
initial condition x(8) = xo(6) for @ € [—r,0], u(0) = u,(6) for €[ —r—17,0) cor-
responding to input & € B(R , ; R¥), exists for all #> 0 and is unique. This is a direct
consequence of the following claim and an application of the method of steps.

Claim 1: u,, x,, z(t) are uniquely determined for all ¢ € [0, jTy], where jE€Z., .

Claim 1 is proved by induction. First we notice that the claim holds for j=0.
Next, we show that if the claim holds for some j € Z then the claim holds for j + 1.
Indeed, (2.10) guarantees that u, is uniquely determined for all £ € (jTy, (j+ 1)Ty].
It follows from Lemma 2.1 that x, is uniquely determined for all z € (jTy, (j+ 1)Ty].
Since the set (jTx, (j+ 1)Tu] N {z;};2 , is either empty or finite, we are in a position
to determine uniquely z(¢) for all z € (jTy, (j+ 1)Ty]. Thus u,, x;, z(¢) are uniquely
determined for all z€ [0, (j+ 1)Ty], where j€Z, .
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Lemma 2.1 implies there exists T € C°(R";R ;) such that
V(x(t)) <max(V(x0(0)),R), for allt >0 (3.7)
V(x(#)) <R, for allt>T(x0(0)) (3.8)

Indeed, the above conclusions for V(x(¢)) are direct consequences of Lemma
2.1. Inequality (3.8) and definition (2.2) show that

x(r) €S, for allt > T(x(0)) (3.9)

Let j>0 be the smallest integer so that jTy >r+ T, + T(x0(0)). Then (3.9) in
conjunction with Lemma 3.3 implies the existence of constants G, y, >0 such that
(3.6) holds. Since f:R"XR" > R", k:R" > U are locally Lipschitz mappings
with £(0,0) =0, k(0) =0 and since U C R" is compact, there exists a continuous,
nondecreasing function L: R 4 — [1, + o) such that:

[f (e, )| + |k(x)| <L(|x|)(|x| + |u|), for allxeR", ue U (3.10)

Furthermore, using induction, (3.10), definitions (2.6), (2.7) and the fact that
U CR™ is compact, we are in a position to guarantee that there exists a continuous,
nondecreasing function L: R, — [1, + o0) such that:

Dy (x, )| <L(|x)) (|| + [|ee])), for all (x,u) € R" X L=([—r—17,0);U)  (3.11)

Using (2.4), (2.5), (2.9) and (3.11) we obtain for all integers i > 0:

) (3.12)

Us,

Je(e)| <Z(p) (J(zi = )] + ez + |

Applying Lemma 2.1 to (2.8) we can guarantee that
V(z(#)) <max(V(z(z;)),R), for allt € [z;,7;41) i > 0and for all integers (3.13)
Next, define the following family of sets for all p >0:

S(p): ={xeR": V(x) <max(max{ V(£): £eR",

(<pt.R)} (3.14)

Notice that by virtue of assumption (H1) the above sets are compact for each
p >0 and that S(p;) CS(p2) for every p1,p» >0 with p; <p,. Define the nonde-
creasing function for all p >0:

$(p): = max (Jx)). (3.15)

x€S(p)

It follows from (3.7), (3.10), (3.13) and definitions (3.14), (3.15) that the fol-
lowing inequalities hold:
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If (x(2), u(r = 2))[ < L((|x0(0) ) (|x(2)] + [u(r = 7)
If (2(2), u(0))] < L(¢(|2(z)])) (|2(0)] + |u(2)]), fort € [z, 7i41) (3.17)

We next show the following claim.

Claim 2: There exists a sequence of nondecreasing functions I';; R, - R,
with I';(s) <T';41(s) for all s>0 and for all integers i >0 such that the following
inequality holds for every integer i > 0:

), fort>0 (3.16)

#llal +01) < (o] + oll+sup et ) ri(loll+ sup_ (o))

0<t<iTy 0<t<iTy

sup U

OSISiTH(

(3.18)

We prove Claim 2 by constructing the sequence I';: R, — R, inductively.
Inequality (3.18) for i = 0 with the function I'y(s) = 1 + L(p) is a direct consequence
of (3.12). In order to show Claim 2, we assume that there exists an integer i > 0 and
a nondecreasing function I';: R , — R, such that (3.18) holds. We next show that
there exists a nondecreasing function I';+1: R — R, with I';(s) < T4 1(s) for all
s >0 such that (3.18) holds with i >0 replaced by i+ 1.

Using (2.10), (3.10), and (3.18), we get for ¢ € [iTy, (i+1)Ty):

()] < L(|2(iT))|2(iTw)| SL((HEOH +R) T4(R)) T(R) (HEOH +R)

where R: =||xo||+ sup (]&(7)]). Using (3.18), the above inequality and the fact

0<t<iTy
that U CR™ is compact, we obtain the existence of a nondecreasing function
Zi: R, —» R, such that:

)S<H50H+leoll+ sup (|.§(r)|)) (||x0||+ sup (g(t)|)>
0< )T,

0<r<(i+ )Ty <(i+1
(3.19)

U

sup (’
0<1<(i+1)TH

Using (3 16), (3.19) and (1.1) we obtain the inequality |x(¢)|<|x(iTw)|+
#(10(0)))) [, W(s)lds + Lo Tu  sup  (
0<s<(i+1)Ty

(i+1)Ty]. A direct application of the Gronwall-Bellman Lemma in conjunction
with the fact that |x(0)|< implies that |x(¢)| < exp(L(¢(||xo]]))TH)

<|x<iTH>|+L<¢<||xo||>>TH sup  (

0<s<(i+1)Ty

U for all € [iTy,

Us

)) for all r&|[iTy, (i+1)Ty]. The

previous inequality in conjunction with (3.18), (3.19) implies the existence of a
nondecreasing function Z;: R — [1, + o) such that:
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U

sup (‘
0<t<(i+1)Ty

+|x,||)s<Hﬁo\+||xo||+ sup (|f(r>|>>z-(nxo+ sup (é(t)l)>
0<t<(i+1)Ty 0<1<(i+1)Ty
(3.20)

Using (3.12), (3.18), (3.20) and the fact that Zi(s) >1 for all s>0, we obtain that

|Z<T,.)ygz<p><H;0H+|x0||+ sup <|5<r>|>) 22,-<|xo||+ s <|»:<r>|>>

0<1<(i+1)Tu 0<1<(i+1)TH
for all integers j >0 with [iTy, (i+1)Tx| N [, 7j51). Using (2.8), (3.17), (3.20) and the
previous inequality we get |z(¢)| <Q+|z(iTw) |+ L(¢ fTH |z(s)|ds+L(¢p(Q))TyB

ol + s <|5<r>|>>

0<t<(i+1)Ty

Uo

for all t€[iTy,(i+1)Ty], where Q:=L(p)

ZZ<IXOII+ sup (lé()l)) B = (
0<t<(i+1)T,

IIxoll+  sup . We next apply the Gronwall-Bellman Lemma
0<r<(i+1 TH

(although the function 7— |z(¢)| is piecewise continuous and not continuous —in
general- on the interval [iTy, (i + 1)Ty], the reader should realize that the Gronwall-
Bellman Lemma holds for piecewise continuous functions as well) and obtain the
inequality |z(7)| < exp(L(¢(Q))Tw) (Q+|z(iTy)| +L(¢(Q))TuB) for all t€[iT,
(i+1)Ty]. Using (3.18), (3.20), the previous inequality and the fact that U CR™ is
compact, we obtain the existence of a nondecreasing function I';1: R, — R, with
T'i(s) <41 (s) for all s>0 such that (3.18) holds with i>0 replaced by i+ 1.

Since 7€ C°(R"; R ;) is continuous, there exists a constant £ and a function
k € K, such that T'(x) <2+ x(|x|) for all x€R". Since j >0 is the smallest integer
so that jTyg>r+T,+T(x0(0)), it follows that iTy>7+jTy for

=w(|lxol) =1+ [’“”H”;*Q“(”x““)]. Combining (3.6) with (3.18) and using a

H

Uo

lhol+sup <|:<r>|>>

0<r<(i+1)Ty

standard causality argument, we obtain the following estimate for all 7 > 0:

el + |

<7 sup (60D + exp(=a0) (ol + [+ sop (1600 )€l + sop (165D )
(3.21)

where C(s) =Gl (s) exp(cTyw(s)) for all s>0. Since C: R, — R, is a non-
decreasing function, there exists a C' nondecreasing function C: R, — R, such
that C(s) > C(s) for all s > 0. Inequality (2.11) is a direct consequence of (3.21) and
the definition C(s): =sC(s) for all s>0. The proof is complete. <
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Appendix: Proof of Lemma 3.3

Let 6>0, Ty >0 be sufficiently small constants so that Lemma 3.1 holds. Let

N >N" be an integer, where N” is the integer constant in Lemma 3.2. Let a partition

of Ry {z}72, with sup(z;41 —7;) < Ty, £€ B(R 4 ; R¥) and consider a solution of
i0

(1.1), (1.2), (2.8), (2.9), (2.10) defined for all > 0 and satisfying x(¢) € Sy for r>T
for some 7 >0. Since {7;}- , is a partition of R, there exists an integer / >0 such
that 7; > r+T. It follows that x(¢) €S for t>7,—r.

Definition (3.1) and inequality (3.2) in conjunction with (2.9) imply that
z(z;) €S, for all integers i >0. Therefore, Lemma 2.1 in conjunction with (2.8)
implies that z(¢) €S, for all ¢ € [z, 7;4+1). Define:

Lx: = sup{|f(x,u) —f(z,u)|/|x—z|: x,z€ 82, x#z, u€ U} (A1)
Equations (1.1), (2.8), the fact that x(t+7) € S} for all t>7; with i >/, in con-

junction with definition (A.1) imply that the following inequality holds for all
t € [z, 7i+1) and for all integers i > I:

|z(t) —x(t+7)| <|z(7;) —x(z; +7)| + Lx /l |z(s) —x(s +17)|ds (A2)

A direct application of the Gronwall-Bellman inequality to (A.2) gives the
following inequality for all ¢ € [z;,7;41) and for all integers i > [:

|z(7) = x(t+7)| < exp(LxTy)|z(zi) —x(7i + )| (A.3)

Let %(t) denote the solution of (1.1) with initial condition X(z;—r)=
O(x(r;—r) +&(z;)) corresponding to the same input . Lemma 3.2 implies the
existence of a constant M4 > 0 such that:

() = (s +0)| <M (1Q0x(r =)+ £(m))| + |,

)/N (A.4)

By virtue of the fact that x(¢) € S; for all ¢ >7; — r with i >/, in conjunction with
definition (A.1), Eq. (1.1), inequality (2.5) and Lemma 2.1 (which implies that
X(r) €S, for all t>7;—r with i>1), we obtain the following inequality for all
t>t,—r with i > [

t

() ()| < e(e)| + L [ [5(6) =x(0)ls (A5)

Ti—r

A direct application of the Gronwall-Bellman inequality to (A.2) gives the
following inequality for all integers i > /:
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|%(z; +7) —x(7; +7)| < exp(Lx(r+1))|&(z;)] (A.6)

Using (A.4), (A.6), (2.5) and the triangle inequality, we obtain the following
inequality for all integers i >I:
e(e3) = x(ei+ DIN <My (100x(rr =) + &) + ||| ) + N explLx(r+2))le()

<M (elr =)+ | ) + OV explix(r+0) + My)l ()

(A7)
Using (A.3), (A.7) we get for ¢t € [r;,7;41) and for all integers i > [:
Nz(t) —x(t+7)| < exp(LXTs)M4( |x(z; —r)| + H;T‘ ) (A3)
+ exp(LxTy)(N exp(Lx(r+7)) +M4)|E(z))]
Define:
= sup{|k(x) —k(2)|/|x—z|: x,zE€S>, x#2z} (A.9)

Definition (A.9) combined with (A.8), the fact that sup(z;41 —7;) <7, and the
i>0
fact x(t+17) €S for all t >z; with i > 1, directly implies the following estimate for
all 1 € [z;,7;41) and for all integers i > [:

|k(z(2)) —k(x(t+7))| exp(c )N <K exp(LxTy) (N exp(Lx(r +7)) + My)
exp(at) sup (|&(s)|) +KMaexp(LxTy) exp(o (Ty+7r+7))

7 <s<t

sup (|x(s+7)|exp(cs)) + KMy exp(LxTy) (A.10)

T—r—t<s<t

exp(o (Ty+r+7)) sup  (lu(s)|exp(os))

Ti—r—1<s<t

Since the above inequality is independent of the integer i>/, it follows that
inequality (A.10) holds for ¢ >7;. Define for all > 0:

q(t)=[t/Tu|Tn (A.11)

Combining (A.10) with definition (A.10) and definition (2.10), we obtain the
following estimate for all # > jTy, where j is any integer with jTy > 7;:

iTHSngq(\M(S) —k(x(q(s) +7))|exp(o's))N
< KMyexp(LxT;) exp(o (Ty + T +r+r))1 _rsurp<v< (|x(s+7)|exp(os))
+ KMy exp(LxTy) exp(o (Ty + T +r+1)) . s_up<‘<t(\u(s)\exp(as))
+K exp(LaTy)(V exp(Ly(r+7)) +Ms)explor) sup (1£(5))

T]S

(A.12)
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Using (A.11), (A.12), the triangle inequality, (A.9) and the fact x(z +7) € S; for
all > r;, we obtain for ¢ > Ty, where j is any integer with jTy > 7;:

sup (|u(s) —k(x(g(s) +7))[exp(os))N

JTu <s<t

< KMy exp(LxTy) exp(o (Ty + Ty +r+71)) sup (lu(s)| exp(os))

Ti—r—1<s<jTy

+ KMy exp(LxTy) exp(o (Ty +Ty+r+7)) sup (|Ju(s) —k(x(g(s)+7))|exp(cs))
)

JjTu <s<t
+ KMy exp(LxTy) exp(o (Tg+ Ts+r+7))(1 + K exp(o Ty) sup  (Jx(s+7)exp(os))
7 —r—t<s<t

+ K exp(LxTs)(N exp(Lx(r+7)) + M) exp(ot) s<up<t(\5(s)\)

Selecting N > K exp(LxT,)M4 exp(c (Ty+ T, +r+7)), we obtain from the
above estimate for all ¢ > jTy, where j is any integer with jTy > 7;:

(N=K) sup (Ju(s) —k(x(q(s) +7))|exp(cs)) <K sup (Ju(s)|exp(cs))

JTu<s<i ti—r-1<s<jTy

+K(1+K exp(6Ty)) sup  (Jx(s+7)|exp(cs))

T —r—1<s<t

+ K exp(LxTy)(N exp(Lx(r+7))+My) exp(ct) sup (|E(s)|)

7 <s<t

(A.13)

where K: =K exp(LxTs)My exp(o (Ty + Ty +r+17)). Using (A.13) and (3.3), we
get the above estimate for all > jTy, where j is any integer with jTy > 7;:

(N-K) sup (]x(s+7)|exp(os)) <Ms(N - K)exp(ojTy)x(iTy +7)|

T <s<t
+M;K sup (Ju(s)|exp(os)) + M3K(1+K exp(aTy))  sup  (|x(s+7)|exp(as))
Ti—r—t<s<jTy 7 —r—1t<s<t

+ M3K exp(LxTs)(N exp(Lx(r+17)) + M) exp(ot) T§<uAp<t(|§(s)|)

(A.14)

Using (A.13) and selecting N > K +KM;(1+K exp(c Ty)), we get the above
estimate for all ¢ > Ty, where j is any integer with jTy > 7;:

(N-K—-KM5(1+K exp(cTy))) sup (|x(s+7)|exp(os)) <M3K  sup  (|u(s)|exp(os))

JTh<s<t —1<s<jTu

My(N-K)+KM5(1+K exp(cTy)) sup (|x(s+7)|exp(os))

—1<5<jTn

+M;K exp(LxT,)(N exp(Lx(r+7)) +Mi)exp(ot) riligt(\f(s) )

(A.15)

Inequality (A.15) implies the existence of A; > 1 (constant independent of j) for
which the following inequality holds for # >0 and for all integers j with jTy > 7;:
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sup  (Jx(s+7)|exp(os)) <A sup (|x(s+7)|exp(os))
—r—t<s<t —r—t<s<jTy

£Aswp ()] explos)) +Arexp(at) sup (1E(s))

—r—t<s<jTy

(A.16)

The definition of the norms ||x;|| and ‘ u,|| give for all £>0:

sup (||xs]| exp(os)) < exp(o(r+7)) sup (|x(z+s)|exp(os)) (A.17)

0<s<t —r-t<s<t
sup ( I exp(as)) < exp(o(r+7)) sup (lu(s)|exp(os)) (A.18)
0<s<t —r—t<s<t
When (<jTy we have from (A.18) that sup (‘Es exp(as)) <

0<s<t

exp(o(r+7))  sup  (lu(s)|exp(os)). When t>jTy, we obtain from (A.9),

—r—1t<s<jTy
(A.11), (A.13), (A.16), the facts that k(0) =0, 0<s—q(s) < Ty, x(¢) €S, for all
t > jTy, the existence of a constant A, >1 (independent of j) for which the fol-
lowing inequalities hold for ¢ >jTy:

sup ( s exp(as)) <Asexp(at) sup (|&(s)|)
0<s<t 0<s<t
+A;  sup  (|u(s)|exp(os))+Ax  sup  (Jx(z+5)|exp(os))

—r—=1t<s<jTy —r—1<s<jTy

Combining the two cases (t<jTy and t>jTy) and using (A.17), (A.18), we
obtain the existence of a constant A3 > 1 (independent of j) for which the following
inequality holds for all #>0 and for all integers j with jTy > 17;:

]| explos) + sup (lxlexp(es)) <A sup_ (ju(s)| exp(os))
<s<t —r—t<s<jTu
+Asexp(ot) sup (|E))+As  sup_ (ja(r+s)|exp(os)

—r—1<s<jTy

sup (
0<s<t

(A.19)

We notice that since sup(z;41 —7;) <7, the smallest the integer />0 with
i>0

71>r+T also satisfies 7;<r+ 7T +T,. Therefore, we conclude that inequality

(A.19) holds for all £ > 0 and for all integers j with jTy > r + T + T. Inequality (3.6)

is a direct consequence of estimate (A.19). The proof is complete. <
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Parametric Transfer Matrices

for Sampled-Data Control Systems

with Linear Continuous Periodic Process
and Control Delay

Bernhard P. Lampe and Efim N. Rosenwasser

Abstract For the class of multi-input multi-output systems being composed of a
linear continuous periodic (LCP) process, pure delay, and a digital controller, the
paper provides closed expressions for the parametric transfer matrix (PTM), even
for the difficult, but practically important case, when the external excitations act on
continuous system parts. In the same way as ordinary transfer matrices in the linear
time-invariant (LTT) case, the PTM for LCP systems is a fundamental concept for
analysis and design of those systems. The properties of the constructed parametric
transfer matrices as functions of the real parameter and the complex variable are
investigated. These properties are similar to those from ordinary transfer matrices, so
that the PTM after some modifications, can be applied with similar tools. Moreover,
formulae are derived that are appropriate for the practical computation of the PTM.
An example demonstrates, how the formulae can be handled.

1 Introduction

The classical approach for analysis and design of sampled-data (SD) systems con-
taining continuous LTI processes consists of the transfer to a discrete (-time) model
[1, 2, 6, 28]. This approach only provides exact solutions in the case, when all contin-
uous input signals are sampled before acting on the continuous system parts. Then
it is sufficient to consider the problems from the viewpoint of the computer, i.e.,
computer-oriented models are adequate [2]. However, in most practical situations,
this condition does not hold, because, e.g., continuous disturbances directly act on
the continuous plant. In those cases, a rigorous solution needs the application of
process-oriented models of the system, which are more complicated, because the
closed loop establishes itself as linear continuous periodic (LCP) nonstationary sys-
tem.
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Hence the traditional approach by ordinary (continuous or discrete) transfer func-
tions or state-space descriptions with matrices of finite size cannot be used. The exact
description is ordinarily in the focus, when the concept of sampled-data (SD) sys-
tems (in a stricter sense) is addressed. As in the LTI case, two principle approaches
have been established for the description of SD systems—one works in time domain
and uses state-space representations, the other one works in frequency domain and
applies input—output representations. The lifting method [4, 27] in state space and
two methods in frequency domain, namely the frequency response (FR) operator [5],
and the parametric transfer matrix (PTM) [23, 24] are most common. The PTM com-
pletely bases on a frequency domain description, so transformation to state space is
not required. This fact makes PTM interesting for the solution of design problems
for SD systems with delay [10, 11].

In the monographs [21, 22], it was already shown that the PTM W(A4, ¢) is useful
for analysis and design of linear continuous periodic (LCP) systems. In contrast to
the ordinary transfer matrix W(4) for continuous LTI systems, the PTM does not
only depend on the complex frequency variable A, but also on real parameter time
t. In numerous works, see, e.g., [7, 9, 16—18, 20, 25], the PTM was used to solve
various kinds of control problems mainly for single-input single-output (SISO) SD
systems with arbitrary delay, including stability and stabilization, modal control,
advanced statistical analysis, .74, 77, or .Z, optimization, see [12—15]. In [24], the
PTM method was generalized for multi-input multi-output (MIMO) SD systems.

In [11] the PTM is constructed for SD systems containing an LCP process and
delay, under the assumption that the input signal acts to the sampler. The present
paper constructs the PTM in the practically more important case, when the input
signal acts directly to the LCP element. Moreover, the properties of the PTM as
function of the complex variable A are investigated. The results open possibilities
to solve for this class of systems important kinds of control problems, e.g., stability
and stabilization, modal control, advanced statistical analysis, 7%, 7. or ., opti-
mization with the help of methods and tools, which are elaborated by the authors
and co-workers [3, 19].

2 Mathematical Description of LCP Processes

Below, it is supposed that the LCP process is described by the state equation

SO _ Ao + B (1)

and the output equation
y(@) = COv(). 2)

Here, v(t), r(f), y(¢) are vectors of dimensions y X 1, m X 1, n X 1, respectively, and
At)=At+T), Bt) =B(t+T), C(t)=C(t+T) are real periodic matrices of
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appropriate size. Furthermore, we suppose that these matrices are continuous and
of bounded variation in [0, T'].
Assume the matrix equation

dv(r)
—= = A()v(p), 3
" Ov() 3
where v(7) is a y X y matrix. Under the initial condition v(0) =1 v where 1 P is the
¥ X y identity matrix, we obtain the solution H(¢). As is known, [26], the matrix
H(t) allows a representation of the form

H() = L(H)e™, €]

where L(t) = L(¢t + T) is a nonsingular continuously differentiable y X y matrix, and
N is a constant y X y matrix. Hereby, without loss of generality, the matrices L(¢)
and N can be assumed to be real.

With the help of the Lyapunov transformation

V(1) = L, (D), 4)
state equation (1) appears as
dv,(?) .
Pl Nv, (1) + L~ ()B(Or(1), 6)
and the output equation as
y(0) = COL)v, (1) (N
Indeed, differentiating (5) yields
dv(r) _ dL(n) dv, (¥)
w @ v () + L(1) TR )
Moreover, from (4) we find
L) = Hne™, ©))

and after differentiation

? = #e_’v’ —H®e™N = AOH@e™ = L(HN

= A(¢)L(t) — L()N. (10)
Inserting (10) into (8), we achieve

d dv, (1)
\é(tt) = A@t)L(t)v,(t) — L(ONv, (1) + L(t)%

Y
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Formula (1) with the help of (5) can be written in the form

dv(r)
dr

= A@)L(t)v, (1) + B(t)u(t) (12)

Comparing (11) and (12), we achieve

dv, (1)
dr

L(t)Nv () + L(¢) = B(H)u(t). (13)
Since the matrix L(¢) for all ¢ is nonsingular, so from (13) we directly derive (6).
Moreover, inserting (5) into (2) yields (7).

Further on, the totality of equations (6), (7) is called the .Z-equivalent LCP
process.

The matrix
M=eM (14)

commonly is named the monodromy matrix of state equation (1), and the roots of
equation
det(l, —¢{M) =0 (15)

are its inverse multipliers.

3 PTM of Open SD System with LCP Process and Delay

In this section, we consider the open SD system with delay, as presented in Fig. 1.

In Fig. 1, DC stands for the digital controller, containing the analogue to digital
converter (ADC), the control program (CP), and the digital to analogue converter
(DAC), respectively described by the equations

& =x(kT), (k=0,%1,...)

a(Oyy = PO (16)
u(t) =ht—kTy,, kT+0<t<(k+1)T-0.

Here x(1), y;, u(t) are n X 1, g X 1, m X 1 vectors, and ¢ is the shift operator for one
step backward, [2]. Further, a({), () are polynomial matrices of size g X g and

_____________________________

Fig.1 Open SD system | i
with LCP process and delay x(t) ! u(t)

_____________________________
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_______________________________________

_______________________________________

Fig.2 Open SD system after Lyapunov transformation

q X n, respectively, satisfying the causality condition det a(0) # 0. Moreover, A(?) is
an m X g matrix, where its elements are of bounded variation at the interval 0 < 7 <
T. Finally, in Fig. 1 7 is a real constant, for which we use the two decompositions

T=ulT+60 =W+ HT -y, (17)

where p is a nonnegative integer,and0 <0 < 7,0 <y <T.

Below, we will always suppose that the LCP process is given by its .Z-equivalent
model (6), (7). The open chain under investigation can be configured to the structure
of Fig. 2, containing a dynamic time-invariant continuous element.

In Fig.2 the block DC(6) is the conventional digital controller, described by the
equations

& =x(kT), (k=0,%l1,..),

a(Oyy = BE)S (18)
up(t) = hy(t — kT)y,, kT +0<t<(k+1)T -0,

where
hy(t) = LYt + 0)B(@ + O)h(r). (19)

Moreover, in Fig. 2 Wy (4) is the rational matrix

Wy(A) = (A, =N\ (20)
As is seen from Fig. 2, a conventional DC and a continuous LTI block are acting
between the input x(¢) and output v, (¢). Therefore, formulae from [24] can be applied
for the calculation of the PTM W, (4, t) from the input x(¢) to the output v, (f) with
the result

W, (4, 1) = e Me WtDAT 7 (4 W, (A). Q1)

Here

T
I(A,1) 2 / Dy(T, At + 7 = Vhy(v)dv,
0

W= o« OPO)| __,- (22)
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where

D\(T, A,0) = % Z Wy (A + kjo)eHThior (23)

k=—c0

which is determined for —co < t < oo by the formulae [24]

DT, A1) = Dy(T., A1) = V(I — e TM)™!
=, -, 0<i<T, (24)
Dy(T, At +T) = D\(T, A, e

Using (24), (17) and (4), from (22), we obtain
I(t) =eMF(A,0) [, — e "M P() — R(1,0))] . (25)

where we denoted

- M, 0<t<0,
F4,0n = {e’lTIZ,0<t<T,

T
PO) = / H™'(v + 0)B(v + 0)h(v) dv, (26)
0

R(1,0) = /tzy H™'(v+0)B(v +)h(v)dv, 0 <1 <0,
o /:0 H'(v+0)B(v +0h(v)dv, 8 <t <T.

Formula (25) is extended onto the whole axis —co < t < co with the help of the
relation

It +T) = Iy(A, 1)e'. 27)

Regarding (21)—(27), it can be shown that the PTM W, (4,¢) is continuous with
respect to ¢ for all 7.

Now, from Fig. 2, we easily derive an expression for the PTM W, (4, 7) from the
input x(¢) to the output y(r)

W (A, 1) = COLOW, (4, 1)
= e Me WD (O L(1). Iy (A, W, (A). (28)

Under the taken propositions, the PTM W, (4, 1) is continuous with respect to 7.
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4 PTM of Closed SD System with LCP Process and Delay

Consider the closed SD system .7, shown in Fig. 3 described by the equations

? — AU(D) + B, (0g(1) + BOu(t — 7),

y0) = COv@),
& =ykT), (k=0,%1,..), (29)

a(Qyy = P(O)Sys
u(t) = h(t —kT)y,, kT+0<i1<(k+1)T -0,

where all propositions of the last section should still hold, and in addition B,(¢) =
B,(t+ T)isa y X £ matrix, where its elements are continuous functions of bounded
variation inside the period. When we apply in (29) Lyapunov transformation (5),
then we achieve the equivalent system of equations, which is the starting point of the
further investigations

dv, () o
e Nvi(t) + L7 (OB, (1)g(t) + uy(t — 1),

Y@ = COL(v (D),
& =COWw, (kT), (k=0,%1,...), (30)

a(Qy, = ﬂ(é’)@c
up(t) = hy(t —kTy,, kT+0<t<(k+1)T -0,

where we used that L(0) = 7,,.

Observing the structure of the open system in Fig. 2, the closed system ., can
be configured to the structure shown in Fig. 4.
According to the general approach, [23, 24], for the determination of the PTM
for the system .7, we assume
g(t) = eI, 31)

and find the solution of equation (30), where

Fig. 3 Closed SD g()
system .7,

DC e AT LCP
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ug (1) oL (t) y(t)
DC(6) e At —O— Wn(1) C(1)L(r)

Fig. 4 Closed SD system ., after Lyapunov transformation

V(A0 = Wy (A0, Wi () = Wy (A1+T),
YA = W (D, Wy(An) = Wy(At+T), (32)

where WLg(ﬂ, t) and Wyg(/l, t) are the PTM from the input g(#) to the outputs v, (¢)
and y(r), respectively.

Theorem 1 [f(17) is valid, then the PTM Wy ,(4,1) and W, (4,1) are determined by
the formulae

W (A1) = e Me WD 7 (4, DR(A)C(0)g,(4,0) + g, (4, 1),
W, (A, 1) = COLYW,, (A, ), (33)

where, in addition to the above notations
R(D) = Wy(A) [I, — e WD C(0).7y (4, O)VVd(A)]_l,
T
g (A, =eH / Dy(T, A, t = V)L™ (v)B, (v)e™ dv. (34)
0
Proof Assume in system .7, the regime (31), (32). Then the closed system in Fig. 4,

respecting the stroboscopic property of the digital controller [23], can be configured
to the open system in Fig. 5.

M Wyg(2,0) bcio) 1 e l _ et Wig(A,1) COLE) et Wig(A.1)

Fig.5 Open loop equivalent of Fig. 4
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Applying the formulae of Sect. 2, after reduction by e*, we find
COLOW, (3 OW, (4, 0) + COLD)E, (A, 1) = W, (A, 1), (35)

where g,(4,?) is the matrix in (34). Since the left and right side of the last equation
are continuous according to ¢, so for ¢ = 0, we obtain

Wyo(4,0) = [I, = COIW, (4, 0)]_l C(0)g,(4,0)
= [1, — "™ C(0).9, (A, O)Wd(/l)]_l C(0)g,(4,0). (36)

Substituting this expression on the left side of (35), we achieve the second formula
in (33). The first formula in (33) directly follows from (36) and Fig. 5. O

S PTM of System .7, as Function of the Argument A

As was stated before, the PTM W, (4, 1) and W, (4, 1) depend continuously on 7 for all
4, excluding a certain set of singular points. In this section we will show that these
singular points are poles, and therefore, for all ¢ the matrices WLg(/l, 1), Wyg(ﬂ, 1),
W, (4, 1) are meromorphic functions of the argument 4.

Denote

ad)=1,-e¢"M,
b(A) = M [e*"MA;(0) + A,(0)] , 37)

where the matrices A,(0) and A5(6) are defined by the relations
Y
A (0) = / H™'(v + 0)B(v + 0)h(v)dv,
0
T
As(0) = / H™'(v+ 0)B(v + 0)h(v)dv. (38)
Y

Further assume
(A = aQleeir. B =BE& )P (39)
Then, by using (37)—(39), we can construct the block matrix

IL,—e* M 0, -—e®DiTp )
Or(hapy=| -CO I, Ong : (40)
0, —BH  aw

where 0,;, stands for the i X k zero matrix.
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Theorem 2 The PTM W, (4, 1) and Wy, (4, 1) for all t are meromorphic functions of
the argument A, and they permit representations of the form

W = —TihD
det O, (4, &, )
Py(/l, 1)
Wi (4,1) = 41)

det Oy (A, @, )’

where the matrices Py (4,t) and P (A,1) for all t are integral functions of the
argument A.

Proof Enhancing the first equation in (29) to matrix input, under (31), we obtain
with the notation v(4, kT) = v, (1)

v(A,t) = HOM ™ v,(A) + [ HOH'(V)B,(v)e" dv
kT

+ [ H@OH'(WBWh(v - 7)dv. (42)
kT

When (17) is fulfilled, we find, as in [2]

u(— ) = {h(t—kT+y)u/k_ﬂ_1(/1), kKT <t<kT 40, 43)

h(t = kT = Oy, (D), kT +0 <1< (k+DT.

With the help of this equation, taking in (42) ¢ = (k + 1)T, we obtain a discrete model
of the vector state for input (31), which after substituting k by k — 1, takes the form

Vi(A) = Mv_ 1 (A) + MPAs (O, o(A) + MA, Oy, + DTG, (44)

where the y X £ matrix
T
GAH=M / H'(v)B,(v)e*" dv (45)
0

is an integral function of the argument 4. Combining (44) with the discrete model for
the output y(#) and the equations of the digital control program, we obtain a discrete
model of the closed system ., for the input (31)

Vi(A) = Mv_ 1 (A) + MPA3 (0w, (A) + MA, (0w, _,_ (D) + DT G(R),
& () = CO)v (D), (46)
Qyi(A) + -+ ayy_ () = P& (A) + -+ + B,6_,(A),
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where L(kT) = I, has been used. In analogy to Theorem 7.4 in [24], it can be shown
that matrix (42) takes the form

V(A1) = W (A1), W (A1) = W, (A1 +T) A7)

if and only if the sequences v, (4) and y; (1) are chosen as solution of system of linear
matrix equations (46), satisfying the conditions

vi(4) = eHVk_l(ﬂ), v (4) = CATqu(/l),
&) =e'TE_ (D). (43)

Due to these conditions, from (46), we find the linear system of matrix equations
according to the matrices vy(4), yy(4), &(4)

(I, = MW (A) = e DT B(Ayry(A) = e G(a),
£y(A) = COW(D), (49)

a(Dyo(A) = AE(A).

Introduce the block matrices

vo(A) ) G(A)
Z(A) = &) |, G =| 0, | (50)
WO(’D Oqf

Then Eq. (48) can be written in the form

0:1(4,@ PZ(A) = e G(A), (D
from which we directly find

Z(A) = 07\ (4 & HG(he ™. (52)

Since G(4) is an integral function of the argument A, from (52) we obtain the expres-
sions

M, (2) M:(4) M, (A)
— fo(ﬂ) = > lllo(ﬂ) = ~W—~~,
det Or(4,a, p) det Or(4, @, p) det Or(4, @, p)
(53)
in which the numerators are integral functions (matrices) of the argument A. Further
on, like in the proof of Theorem 7.4 in [24], it can be shown that the expression

vo(4) =

W, (4. 1) = e *'vo(4, ), (54)
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where the matrix v (4, ) is determined by formulae (42), (43), (52) yields the PTM
Wvg(/l, t) in form (41). Analogously, the representation of the PTM Wyg(/l, t) takes
the form

W, (4,0 = e MC(OL(1vy(4, 1), (55)

so the proof is complete. O

Remark 1 A direct solution of equations (49) yields the relations

vo(d) = [, — e "M — e “DTB(HW,(H)C(0)] ' Ga)e T,
So(A) = CO0)vy(A), (56)
wo(A) = Wy(DEy(A),

which can be used for the practical construction of the PTM for the system .7,.

6 Numerical Example

Construct the PTM W/, (4, 1) for the system ., with the LCP process of first order

dv(n) sin ¢
I - (a— y— t)V(t) + 8(@t) + u(t — n),
(1) = ),
& =ykT), (k=0,%1,...), 57)

a@yy = By,
u(t) =y, kT <t<(k+ 1T,

where a # 0 is a real constant. In the actual case, we have

An=a-=—2L_ " Boy=B,0)=C=1,
2 —cost
h(t) = 1. (58)
Moreover,
T=2zx, O0=y=xn, u=0, (59)

and a($), () are the polynomials of the digital controller. For analysis, the con-
troller is assumed to be given, in case of controller design, these polynomials will be
determined later, using expressions with them as parameters.
It is easy to verify that in the actual case

e 1

Ht)= ———, L0®= N = M = ¥
@ 2 —cost’ @ 2 —cost’ @ e (60)
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and, hence
H'(t)=e (2 —cost), L'(t)=2-cost. (61)

Therefore, formulae (38) and (45) yield
AQ)=e" / e (2 +cosv)dy,
0
2
Ay (0) =e™™ / e (2 +cosv)dv, (62)

2r
G(A) = &> / e (2 — cos v)e*” dv
0

and from (37), we find

1 - e—2ﬂAM =1= e—27r/1627w,

X
b(4) = ¥ [e 2 e A5(0) + A, (0)] - (63)

With the help of (57)—(62), from (55) we obtain

e 2 @(A)G(A) e 2 B(A)G(A)
)= — = A) = — = 64
VO( ) det QT(A’ &9 ﬂ) WO( ) det QT(&’ ﬁ) ( )
where
det O7(4, & f) = (1 — e ™ e*™)a(A) — e *H(A)B(A). (65)

Using (42), (43) and (63), we find from the equations of the LCP process, that for
0 <7 <T, the representation of W,,(4,7) in form (41) apppears as

W (/{ ) e(a—A)te—ZﬂA G(ﬁ)l:l (l )+ e(a—/l)t /l‘(2 ) Gmary d
' L) = — — St —
. (2 — cos ) det O, (4, &, f) . 2—cost /o conve Y
(66)
where
( B t
@A) + f(Ae 2" / e ™2 —-cosv)dv, 0<t<um,
0
Hy (A, 1)=1 @&(h)+f(A) [e—m / e (2 — cos v)dv (67)
0
t
+/ e (2 —cosv) dv] n<r<2nm.
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7 Conclusions

The contribution provides closed expressions for the parametric transfer matrices
(PTM) of sampled-data (SD) systems containing a periodic continuous process and
delay, where the external excitation acts on the input to the process. It is shown that
the PTM W, (4, 1) for all 7 is a meromorphic function of the complex variable 4, the
poles of it are among the set of eigenvalues of certain matrices, depending on 4, but
not depending on the parameter #. An example is given. The achieved results open
possibilities to solve, in analogy to that of previous works of the authors, various
control problems, including stability and stabilzation, advanced statistical analysis,
I, £, and £, optimization for systems of the considered class. The development
of computational tools for analysis and design of digital filters and controllers inter-
acting with RLCP processes, will be a main task in future work.
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An SL/QP Algorithm for Minimizing
the Spectral Abscissa of Time Delay Systems

Vyacheslav Kungurtsev, Wim Michiels and Moritz Diehl

Abstract We consider a problem of eigenvalue optimization, in particular finding a
local minimizer of the spectral abscissa—the value of a parameter that results in the
smallest value of the largest real part of the spectrum of a system. This is an important
problem for the stabilization of control systems, but it is difficult to solve because the
underlying objective function is typically nonconvex, nonsmooth, and non-Lipschitz.
We present an expanded sequential linear and quadratic programming algorithm that
solves a series of linear or quadratic subproblems formed by linearizing, with respect
to the parameters, a set of right-most eigenvalues at each point as well as historical
information at nearby points. We present a comparison of the performance of this

algorithm with the state of the art in the field.
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1 Introduction

We are interested in optimizing the spectrum of continuous time systems. Recall that
finding the spectrum of a time-delay system of the form,

V()= ) AV = 7).
=0

presents a nonlinear eigenvalue problem. We will assume that 7, = 0. To solve for
the eigenvalues, we find the solutions A(x) of,

det(A(4;x)) = 0,

with,

A x) = A = Ag(x) = ) A(x)e™5,

j=1

The number of eigenvalues in this case is generally infinite, but within any right
half-plane the number of eigenvalues is finite [17]. We let F(x) be the infinitesimal
generator corresponding to the solution operator of the delay system, and the spec-
trum as o(F(x)).

As an illustrative special case, consider a simpler problem of optimizing the spec-
trum of a linear system controlled with static, undelayed output feedback, where the
operator F(x) reduces to the matrix,

F(x) = A + BXC,

where A is the open-loop matrix for the system, B the input matrix and C the output

matrix, and X is formed by arranging the components of x into a matrix of the appro-

priate dimensions. This presents a linear eigenvalue problem, with a finite spectrum.
The problem of interest can be written in the form,

minf(x) = min a(F(x)), 6]

xeR”

where the spectral abscissa a is defined to be,

a(F(x)) = Aer?(z})&)) Rel.

The spectral abscissa corresponds to the largest real part of the eigenvalues of F(x).

The properties of the spectrum of a matrix subject to parameters is an involved
topic, for an early work, see [1]. A more thorough analysis with respect to the spectral
abscissa in particular was presented in [4]. For recent work see, for instance [5, 14].
An important fact that permits a lot of the subsequent analysis is that the spectrum
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Fig.1 a(F(x)) for a two-dimensional eigenvalue optimization problem

{A0(x), A;(x), ..., Ay_;(x)} of a matrix F(x) is a continuous function of x. Typically,
local minimizers correspond to points x at which some of the eigenvalues coalesce,
ie., Re(Ay(x)) = Re(4,(x)) = .... In [22] it was shown, however, that although for

symmetric F(x), f(x) is convex, in the nonsymmetric case f (x) is not even Lipschitz. If
for all x, all of the active eigenvalues (i.e., 4; such that Re(4,(x)) = Re(4,;(x)) were
simple, then f(x) would correspond to the maximum of a set of smooth surfaces.
However, this is typically not the case. Thus, the optimization problem is difficult to
solve because it is nonconvex, nonsmooth, and typically non-Lipschitz.

It can be observed, however, that the extensive variational analysis of the spectral
abscissa has been performed for matrix eigenvalue optimization, rather than time
delays. The main difference lies in the fact that in the generic case there are infinitely
many eigenvalues. Thus, at this point, we can expect that optimizing the spectrum
of a nonlinear eigenvalue problem should be at least as difficult as for matrices, and
so all of the variational properties presenting challenges extend appropriately.

We present the plot of a two-dimensional problem in Fig. 1. In this example, first
given in [23], F(x) = A + BK, with,

0.1 -0.03 0.2 ! X
A=[02 005001 B==]-2 , KT = x,
-0.06 0.2 0.07 1 1.4

Notice that all of the features of a(F(x)) we describe above, nonconvexity, non-
smoothness, and non-Lipchitz behavior are evident in the figure.
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2 Algorithms for Eigenvalue Optimization

2.1 State of the Art

In sampling methods, a set of gradients is generated by sampling around the current
point, which serves to approximate the Clarke subdifferential. At each iteration, a
step in the convex hull of the sampled gradients is taken [2, 3]. The authors test the
algorithm for non-delayed problems in eigenvalue optimization. In addition, variable
metric methods, in particular of the Broyden-Fletcher-Goldfarb-Shanno (BFGS)
form, have been shown to exhibit good convergence properties for nonsmooth prob-
lems, albeit without convergence theory [15]. A variant BFGS-gradient sampling
hybrid, in which sampling is performed within the quasi-newton updates, has also
been shown to globally converge [7] using a dual set of QPs to generate the step from
a sample of gradients. It should be noted, however, that the proven convergence of
gradient sampling relies on the objective function being locally Lipschitz, which is
not the case for the spectral abscissa in particular.

In bundle methods, originally developed for convex nonsmooth optimization
build gradient information by maintaining historically calculated subgradients dur-
ing the course of the iterations, and at each point solve cutting-plane underapproxi-
mations of the function [11, 13]. In the case of non-convex problems, the formulation
and analysis of bundle methods is more complicated, but various variations of bundle
algorithms exist (see, e.g., [9], and a nice survey in the beginning of [8]).

In application to eigenvalue optimization, for non-delayed matrices, variations of
the bundle method in [18, 19] consider a method wherein the € Clarke-subdifferential
is approximated by incorporating eigenvalues in the spectrum that are within e of
the abscissa and including their derivatives with respect to x in the subproblem.
This includes thorough and interesting convergence theory, however, only symmetric
matrices are considered.

In [24] gradient sampling is applied for optimizing the spectral abscissa of a time-
delay system. The procedure was found to be robust in terms of generating a sequence
of directions of decrease until a stationary point of the spectral abscissa function is
found.

2.2 Sequential Linear and Quadratic Methods

2.2.1 Basic Algorithm

It is possible to formulate a sequential quadratic programming (SQP) method, as
well as a more simplified Sequential Linear Programming (SLP) method for min-
imizing the spectral abscissa. First presented for symmetric matrices in [20, 21],
this approach is based on the realization that the problem min, g, a(F(x)) can be
rewritten as,
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min,cp vern 7> 2
subject to y > Re(4;(F(x))) for all i.

This is a standard formulation for max-min programming. However, if we are to
consider this problem in its entirety, we would have a semi-infinite programming
problem, because in general a time-delay system will have an infinite number of
eigenvalues. However, in any right half plane, the number of eigenvalues is finite,
and so since we are interested in minimizing the rightmost eigenvalue, it is natural
to consider the problem, instead,

minyeR,xeR't Vs
subject to y > Re(4,;(F(x))) for all i such that Red,(F(x)) > 4,

where A, separated the plane that we restrict our attention to, and will depend on
the number of eigenvalue surfaces we want/are able to incorporate and the location
of these eigenvalues. We will order the spectrum as Re(4y(F(x))) > Re(4,(F(x))) >
Re(A,(F(x))) > - > Re(Ay (F(x))) where N, + 1 is the number of eigenvalues that
fall to the right of A,. [

In the case that the eigenvalues of F(x) are isolated and simple, the gradient and
Hessian of A,(F(x)) with respect to x is well defined for all 4;(F(x)) € o(F(x)). In
this case, the objective function is the maximum of a set of smooth surfaces, and is
thus piece-wise smooth. Solving the problem by successive approximation of each
surface is standard, and the associated convergence theory in [20, 21] proves that
the procedure outlined below converges to the solution.

Of course, in the general setting, eigenvalues need not be simple and isolated.
The number of points at which the objective function a(F(x)) in (1) is nonsmooth is
of measure zero in the Lebesgue space R”. This implies that for a.e. x, the function
a(F(x)) is a locally smooth surface. This surface corresponds to the value of A,(F(x))
as a function of x. This implies that the algorithm (and computing linearizations) is
well-defined at every point. However, as minimizers tend to be points of nonsmooth
and non-Lipschitz behavior, such a scheme is no longer certifiably convergent. In
practice, however, following some modifications, we will see that it still performs
well.

For now, consider the simple case that all eigenvalues A;(F(x)) are simple and
isolated. It can be shown that, in the case where each A;(x) depends smoothly onx and
where the eigenvalue has multiplicity 1, the derivative of the surface corresponding
to each eigenvalue as well as Vix/li(F (x)) can be calculated from the formulas [12,
16, 17].

« [ 0Ag m 04 i
u: | — L —e )V,
i < ox + ZJ=1 ox t

\
ur (I +20 fje_'“iAj) v;

X7

b}
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where u; and v; are the left and right eigenvectors of F(x) corresponding to eigenvalue
i, u* corresponds to the conjugate of u and the second-derivatives may be calculated
explicitly by

U (V2 A 0@V A V2 A0+ V2, AL 0BV, ANV, 2));

uTVAvA(A,-,x)v,»
4 B CVAGDA2YAGIBY AV,

u; vV, A(4;:)v; ’

V2 A(x) =

XX

where V,v; can be calculated (along with V 4,) by,

A(A,x) VA4, 0N (Vo (Ve
AN 0 v.A) L0 )
where the second set of equations comes from differentiating viv; = 1.
The Lagrangian function for the problem (2) is defined as,

N,

Laoxy) =7 = ) yily = Re (A4 (F())), (3)

i=0

where y is the vector of Lagrange multipliers.

This naturally suggests the SQP method wherein a sequence of iterations x;,; =
X + tAx is calculated, with ¢ a line-search scalar and Ax is determined by solving
subproblems of the form,

ming, 4, Ay + 3 Ax" H, Ax,
subject to Ay + a(F(x)) > Re(4,(F(x))) + Re(V, A,(Fx,) Ax, €]
Vi€ {0,....N,},

for Ax and Ay, where H, is a Lagrangian Hessian term at x;.

The nonconvexity of the problem implies that at any local quadratic approxima-
tion of an eigenvalue surface, the Hessian could be indefinite or even negative defi-
nite. This implies that the approximating quadratic program (4) could be unbounded
below. We constrain the problem with a trust-region to prevent this. Since we have
linear constraints, making an /> norm constraint impractical, we use an infinity norm
trust-region, which acts as a “box” limiting the magnitude of the maximal component
of Ax.

ming, 4, 4y + %AxTHkAx,
subject to Ay + a(F(x;)) = Re(4,(F(x)) + Re(V, A,(F(x))) Ax, Vi, (5)
Vie {0,...,N.},
NAx|le < 4y

Since the Hessian could be indefinite, the solution Ax could be a direction of ascent
for the objective function. Hence, after computing Ax we first test if,
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a(F(x, + Ax)) < a(F(xy)), 6)

in which case we set x;,; = x; + Ax and continue to the next iteration. Otherwise,
we test for descent,
Re(V, 4,(F(x)) Ax < 0, 7

and if this does not hold we set 4, ., = y,4,, where y, is a constant satisfying y, €
(0, 1), and resolve the subproblem.

If (7) holds, we follow the mixed trust-region/line-search procedure presented by
Gertz [10], in which a backtracking line search reduces the size of the step ¢ until
decrease is achieved (a(F(x, + tAx)) < a(F(x;))), and the next trust-region radius
corresponds to f||Ax]|].

A= { va4,  if a(F((x + Ax)) < a(F(x;)) ®
ket t||Ax]| otherwise,

where y, is a constant satisfying y > 1.

We update the trust-region simply by increasing it if we achieve descent, and
decreasing it otherwise. For consistency with convergence theory [6], we would
enforce sufficient decrease conditions with respect to predicted (from the quadratic
approximation) and actual decrease. However, since lax criteria of acceptance (e.g.,
with a small constant multiplying the predicted-actual decrease ratio) of the step is
practically equivalent to this condition, we proceed as in the line-search criteria for
the gradient sampling method [3] to just enforce descent.

If we omit the second order term H,, then the algorithm becomes a sequential
linear programming (SLP) method. With the trust-region, the solution is always
bounded.

2.2.2 Incorporating Historical Gradients

We found that in the nonsymmetric case, the basic SL/QP algorithm would fre-
quently stall at nonoptimal points. Recall that the reliability of the algorithm
depended on some strong assumptions on the problem. To give a generic geometric
picture of the situation for which this occurs, consider a “valley,” or n — 1 dimen-
sional hypersurface in R” at which V 4;(F(x)) is undefined. It can happen that across
the n — 1 dimensional manifold of x on which this occurs, the derivatives of 4;(F(x))
jump discontinuously.

Locally, the directional derivative of a(F(x)) is steeper toward the valley than
parallel along it, so a local approximation that regards only the eigenvalue surfaces
at a point on one side of the valley will result in the step of steepest decrease being in
this direction. Since the surface on the other side of the valley is not accounted for on
the original side, this is not incorporated directly into the subproblem. We illustrate
this scenario in Fig. 2.
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Fig. 2 Possible set of
iterations of SQP without
memory along a surface of
a(F(x))

To remedy this, we added “memory” to the SQP method with a set M. Essen-
tially this behaves as a bundle, whose elements (eigenvalue and derivative with
respect to x) are included alongside the linearizations of the rightmost eigenvalues
at the current point. When it occurs that a(F(x, + 4x)) > a(F(x,)), which we expect
in the “jamming” scenario described above, the procedure stores the tuple {x; +
Axy, Re(Ag(F(xy, + Axy))), V. Re(Ay(F(x, + Axy)))} in M. Then, if in a future iter-
ation K, the current point xj satisfies ||xgx —x?|| < 4, forany i € {1,...,|M]},
then we include this linearized surface in the QP subproblem. Thus at each iteration,
subproblem (9) is solved to generate the trial point for the linar search.

ming, 4, Ay + %AxTHkAx,
subject to Ay + a(F(x,)) > Re(4;(F(x))) + Re(V A (F(x )T Ax, Vi
Ay + a(F(x) > Re(Ao (FGO))
+ me(Vx/l(i)(F(x(i))))T(xk + Ax —xD), i e M,
l14x]l, < 4
©))
where M, C M represents the points x satisfying |[x® — x,|| < 4,.

We found in our experiments that this way of incorporating historical informa-
tion proved to be the most effective. In genereal, on the smooth portions of the spec-
tral abscissa function, the standard SLP/SQP produces iterates that quickly converge
toward a region with a lower objective, then memory is needed to refine the solution
to find a more precise local minimizer.
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2.2.3 Algorithm Summary

We present a summary of the procedure, the SLP variation, in Algorithm 1. Note
that we can select a subset of the eigenvalues N, at each iteration k to evaluate and
linearize. The stopping criterion corresponds to the step becoming small, without
any new information (memory) being added at the current iteration.

Algorithm 1 SLP Algorithm for Eigenvalue Optimization

1: Define constants 0 < y; < 1,7, > 1,6, >0,and S € N.
2: Determine N, or 4.
3: for S times do

4: Randomly select starting point x;,.

5: Set M, =f. Setk = 1.

6: Calculate initial {4,(F(x,))} and {V,4;(F(xy))} fori € {0,...,N,y}.

7 while (||Ax|| > 6,, or M, # M,_,) do

8: Solve

minAv,Ay A}/,
subject to Ay + a(F(xy)) > Re(4,;(F(x;)))
+Re(V, L,(Fx )T Ax, i € {0, ..., N}
Ay + a(F(x)) > me(l(i)(F(x(i))))
+ Re(V, A FCON (o + Ax —xD), i € M,
llAx|,, < 4.
(10)
for Ax.

9: Calculate {4,(F(x; + 4Ax,))} and {V, A,(F(x; + Ax,))} fori € {0, ... ,N;}

10: if a(F(x; + Axp)) < a(F(x;)) then

11: Setx;,; < x;

12: Set A, < v4;.

13: else

14: Store {x;, + Ax;, Re(Ay(F(x, + Axp))), V. Re(Ao(F(x; + Axp)))}

15: in M.

16: Find ¢ such that a(F(x; + tAx,)) < a(F(xy)).

17: Set x,; < x; + tdx;.

18: Set A, < t]]4Ax]|.

19: end if
20: Setk < k+ 1.
21: Determine N,. Typically, set N, = N, the size of F(x).
22: Calculate all {4,(F(x;))} and {V 4;(F(x}))} fori € {0,...,Ny}.

23: end while
24 Add the last point (xf, a(F (xf))) to F.
25: end for
return {xf, a(F (xf))} corresponding to the lowest value of a(F' (xf)) in F.

Finally, we note that since this problem is nonconvex, there can be multiple local
minima, possibly necessitating the use of global optimization strategies. In our exper-
iments we have found this to be problem dependent, i.e., for some systems there are
many local minima, but not others. Given that the objective function is not a closed
form function, determinstic strategies for global optimization would be impossible to
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implement. In our implementation, we use ten random starting points, initialized as a
random normal variable centered at zero, and select the lowest minimizer out of the
ten runs. In practice, for many problems, it is expected that the parameters should lie
in some bounded region, permitting the use of more probabilistically sophisticated
strategies [25]. In addition, in many applications, only a point at which the system
is stable, e.g., the spectral abscissa is below zero, is needed rather than the absolute
global minimizer, and so there would be some laxity in the treatment of the existence
of multiple local minimizers.

3 Numerical Results

For all solvers, we used a stopping tolerance of le-4, indicating that the algorithms
terminate when the (inf) norm of the previous step was smaller than 1e-4. The SL/QP
algorithms were coded in MATLAB, with all tests run using MATLAB version
2013a and were performed on an Intel Core 2.2 GHz X 8 running Ubuntu 14.04.
For all algorithms we use the same procedure of using ten random starting points,
specifically initializing a point by a normal distribution centered at zero, and then
picking the best solution (the one with the lowest objective value) of ten runs.

We list the parameter and initial values we use in our implementations of SL/QP
inTablel0<y, <1,9,>1,4,,>0,6, >0,and S € N. We denote k,,, the max-
imum number of iterations, LSk, the maximum number of line-search steps, and
n the backtracking contraction parameter.

We analyze the performance on two time-delay systems described in [24]. The
first example is a third-order feedback controller system of the form,

V(1) = Av(t) + BO)v(t = 5),
with A and B(x) defined to be,
-0.08 —0.03 0.2

A=| 0.2 -0.04 -0.005
-0.06 -0.2 -0.07

Table 1 Control parameters and initial values required by algorithm 1

Parameter Value Parameter Value Parameter Value
7 0.1 s 10 Koo 20

7 2.0 N, N LSk, 20

O 1.0e-r 4, 1.0 n 0.5
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Table 2 Mean (standard deviation) for values and times for SLP and SQP (out of 500 sample
runs). Value for each solver for each run is taken as the best of 10 random starting points. Time is
the total clock time taken to perform the ten runs

Value Time
SLP —0.081 (0.053) 4.6 (1.1)
SQP —0.088 (0.055) 5.3(1.6)
and
-0.1
B(x)=1-0.2 (xl Xy x3) .
0.1

We present the sum of the results of the values and times in Table 2.

The best value was found to be —0.239, at x = (—0.21,0.074, 1.38) and —0.129
at x = (—0.036, 0.67,0.94) for SLP and SQP, respectively. For SLP, 16% of the ini-
tial random starting points corresponded to a stable (negative) value of the spectral
abscissa, and 25% of the final iterations did, among all of the trials. For SQP these
numbers were 10% and 23%, respectively.

The next example is given below,

Thxh(t) = —xh(t - nh) + Kbxa(t - Tb) + Kuxh"m(l‘ - Tu),

T i, () = —x,(1) + x.(t — 7,) + K, (x,(1) — I—erqxa(t) - %xc(; —1,),
T () = —x (1) + K x,(t — 7)),

Tx () =—x,(t—n)+Kx,(t—1,),

xe([) = —)Cc(t) + xc,set(t)’

with,
Ko@) = (K; Ky Ky Ky Ks) (50) x,(0) x,00) x,(8) x,(1))" .

The results comparing SLP and SQP, which are qualitatively similar as in the first
example, are given in Table 3.

The best value was found to be —0.015, at k = (2.2, —-12,-7.5,-6.9,0.35) and
—0.016 atk = (-0.77,-3.0, —3.6, —4.2, 1.4) for SLP and SQP, respectively. For SLP,
2% of the initial random starting points corresponded to a stable (negative) value of

Table 3 Mean (standard deviation) for values and times for BEGS with and without an additional
gradient sampling phase, SLP, and SQP (out of 500 sample runs)

Value Time
SLP —0.083 (0.0062) 83.5 (140)
SQP —0.088 (0.0103) 75.5 (76)
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the spectral abscissa, and 19% of the final iterations did, among all of the trials. For
SQP these numbers were 5% and 11%, respectively.

It appears as though SQP and SLP perform similarly, both in terms of final objec-
tive value and time. In general it appears that, given enough random starting points,
the algorithms are successful for a fair number of trials in obtaining a stable con-
troller.

4 Conclusion

In this chapter we studied the eigenvalue optimization problem of minimizing the
spectral abscissa for time delay systems. This problem is important for designing sta-
bilizing controllers. We presented an algorithm that incorporated linear and quadratic
models of eigenvalue surfaces corresponding to different eigenvalues in a sequential
linear and sequential quadratic programming framework.

Our numerical results demonstrated the efficacy of the presented approach for
minimizing the spectral abscissa of time-delay models, indicating that it appears to
be competitive with the state of the art in terms of both finding a good local mini-
mizer as well as in terms of computational speed. As such, the SL/QP algorithm is
a promising approach for solving this class of problems.
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The Principle of “Borrowed Feedback”

and Application to Control and Observation
for Systems with Implicit State

Dependent Delay

Erik I. Verriest

Abstract This chapter develops a general principle of “borrowed feedback™ for
linear systems with input delay, and in its dual form of observation with delayed
measurements. This is of interest in problems where the external interaction with
the system incurs a delay. We first focus on the simplest case of constant delay. This
is then extended to the case where the delay may be varying. One application is the
control of systems over a network. However, in this case the delay cannot be consid-
ered constant, but depends on a congestion state of the network. It is shown that if
the causality constraint, which imposes an upper bound on the rate of change of the
delay, does not hold the design method may fail to give consistent results.

1 Introduction

Recently, control strategies have been suggested for systems with delay in the con-
trol. We show that invariably these methods can be reduced to a notion of “borrowed
state feedback,” a kind of model reference control which is specific for systems with
delay as for instance shown in [3, 5] among other. The dual problem involves obser-
vation from delayed information on outputs and perhaps inputs. One example of the
latter that we analyzed before was the “soft landing” problem, first posed in [11].
The problem is one where the dynamics is linear and finite dimensional, but the
observed quantity (either directly or indirectly) is a delay, which is itself dependent
on the present and the delayed state.

A preliminary version of this paper was presented at the 12-th IFAC TDS workshop
[10], where also the dual observation problem was explored. The paper is organized
as follows: First we illustrate the problem for systems with a constant delay in the
control in Sect. 2. In Sect. 3, we establish the stability of the system in closed loop
when external inputs are present. Then we approach the dual problem of the observer
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design for systems with delayed output in Sect. 4. Finally, Sect. 5 sketches problems
that may exists if the delays are time varying, either with a known or predictable
behavior, or when such delays depend on the system state.

2 The Control Problem

Let the dynamics be given by the finite dimensional

X =Ax+ Bu @))
y==Cx 2

where x € R” is the state and u and y are, respectively, a vector input and output
signal. We shall assume that the system (A, B, C) is minimal. At time ¢, the actual
input is u(t) = u,,,(t) + v (t). Here u,,,(¢) is an external influence to the system, and
v(t) = u(t — 7), for some fixed = > 0. Here, u,(¢) is the synthesized feedback input,
computed based on state information at time 7. The delay may either originate from a
slow computation time, or physical transmission delay if the feedback signal is con-
nected to the plant via a link, which incurs coding/decoding delay or simple com-
munication delay as in the deep space network.

Let us assume that the goal of the feedback was to assign the spectrum of the
closed loop system, and that our design led the delay-free system to have a state
feedback gain K, so that the delay-free closed loop system has characteristic equation
det(s/ — A + BK) = a(s). However, implementing the gain K in the presence of the
delay 7 yields instead the characteristic equation

det(sI — A + BKe™") = 0.
This equation has infinitely many roots, none of which equal the roots of the desired
polynomial a(s) in general.

The design methodology of “borrowed feedback™ starts by assuming that the
closed loop behavior of the controlled delay system, for which now a gain K is
used, is such that the solution of the closed loop system

x(t) = Ax(t) + B(u,,,(t) — K x(t — 7))
has the same behavior as the delay-free closed loop system with gain K.

X(t) = Ax(t) + B(u,, () — Kx(1)).

The explicit solution of the latter is
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t
x(r) = e PR 4+ / e PR=0 By, (6)d6.
0

In view of the delay in applying the control, let us keep the feedback signal u(¢)
initially at O during the interval [0, 7), so that solution to the controlled delay system
is found by solving the Cauchy problem from time 0 with initial value x(0) = x,,
and zero initial data in the interval [—z, 0]. Of course, this assumes that the delay is
known to the controller. In the interval [0, 7], the controlled system has solution

t
x(f) = eMxy + / e By, (6)d6. (3)
0

After that initial interval, the closed loop system solution is the solution to the
Cauchy problem
Xx(t) = Ax(t) + B(u,,,(t) — K x(t — 7)), 4

started at ¢t = 7, with initial condition x(z) given by (3) for t = 7,
x(7) = e xy + / "By, (0)d6, (3)
0
and initial data in the interval [0, z]:

t
@) = exy + / e =0 Bu, (6)d6. (6)
0

The solution to this Cauchy problem cannot be written explicitly in a simple analytic
form (except using a series based on the method of steps). The “borrowed feedback”
method postulates that a gain, K, exists, so that the solution x(¢) for ¢ > 7 is “close
to” the desired feedback controlled system with state x,(¢) given by

t
x,(t) = eABRIx (1) 4 / eW-BK=0py (6)de. @)

Note that we assume that the applied control in this reference model is also zero
before time 7 in order to match the initial data for the delayed system, and initial
condition x,(7) = x(z). Substituting (7) in Eq. (4), it was shown in [10] that if we set

K, = K80, 8)

then for all initial conditions, x(z), and therefore all x, and u
equation error

. 10 (0, 7), we get an

t
e(t) = BK / eA=BK=0py, (6)db. )
t

-T
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Borrowing the feedback is in the sense that we assumed that a control exists achieving
the goal, and then we use (borrow) that result to compute the necessary feedback
signal. Note that this principle differs from the Smith-predictor in classical control
theory.

2.1 Measure of Goodness

We note that in the absence of u,,,, the equation error is zero. Moreover, since the
initial condition is also satisfied, the uniqueness theorem for the solution of the linear
equation can be invoked to assert that x(r) = x,(t) = e“=BK0=")x(z), with x(r) from
(5) is indeed the solution for > 7. This was the solution given by [5].

The problem is that x = x,; only holds for a system without external input (i.e.,
the entire input to the plant consists only of the feedback signal.). This is unrealistic
from a practical point of view. Even if deterministic disturbances or set point changes
are absent, there always is the ubiquitous noise entering the system. Obviously, one
does have a system with delay, but the modeled end result of the controlled system is
finite dimensional. This implies that the majority of the modes are not excited, and
these modes may contain unstable modes.

The equation error (9) may be expressed as e(f) = Bueq(t), where ueq(t) is an
equivalent input driving the system. In [10] we computed the maximal equation error
norm, ||e(#)|| as a measure of goodness. Here we compute an achievable upper bound
on the L,-norm of the equivalent input. Let &, denote the energy in a signal u over
an interval of length 7. Thus,

det [!
& = llull?> = / llu(s)1? ds.
I

-7

Let A,,,,(M) denote the maximal eigenvalue of a symmetric matrix M.

max

Lemma 1 The ratio between the energies in the equivalent input to the actual exter-
nal input satisfies

Ueq

<7 Ay (KZ.KT),

max
u

where X, is the finite interval reachability Gramian of the desired closed loop system
(A - BK,B).

%A~ BK.,B) = / BN BT B0 g
0

Proof See Appendix. O
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Gy -
This ratio, ¢4 = (@”", is a measure of the goodness of the method of control by

5

borrowed feedback.

3 Stability of the Closed Loop

Let us assume that the plant is unstable, i.e., the system matrix A is not Hurwitz.
Stabilization with “borrowed feedback™ with gain (8) yields for > 7 the closed loop
system

x(t) = Ax(t) — BK, x(t — t) + Bu,,(1). (10)

The well-known Riccati-stability condition is not helpful since a necessary condition
for the Riccati-stability of (10) is the Hurwitz-ness of A (See [7]). Here we propose
a different method. Rewrite (10) as

X(t) = (A — BK)x(t) + B[Kx(t) — K x(t — )] + Bu,,(1). (11)

and note that with the choice of gain (8), it is of the form
() = Hx(?) + Glx(t) — e""x(t — 7)] + Bu,,, (1), (12)
where H = A — BK is Hurwitz, and (H, B) reachable by the minimality assumption

on (A, B, C). It follows that also (H, G), with G = BK, is reachable. To illustrate the
ideas, consider first the scalar case.

Theorem 1 The state of the scalar system of form (12),
i(t) = hx(t) + g(x(t) — " x(t — 7)) + bu,,, (1),

with h < 0 and initial condition x, and zero initial data has a bounded solution if
is bounded and |g| < LA}

1—e-lhlz "

uext

Proof Obviously, for t < z, the solution x(r) = e@*Mx, + fot e&t=0py, (0)do is
bounded.

Let U be the bound on u,,,. Suppose that for z >

ext*

max |x(0) - " x(0 — 7)| < W. (13)

oe(t—r,

Then the solution to the scalar system satisfies

t

x() — e x(r— 1) = / " =D[g(x(0) — " x(t — 0)) + bu, ()] dO

-7
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and it follows that

(hr

-1 _ _
o) = exta = ) < S (1glW + 61T ). (14)

Hence, the assumption (13) is consistent for the autonomous system (ﬁ =0)if

e’ —1

gl <L (15)

This implies in turn that
e"x(t — 1) = W < x(t) < e x(t — 1) + W.

From this .
Ix(0)] < e |x(t — )| + W.

Thus, if in addition 4 < 0, the solution to the autonomous system must remain
bounded. Note that we may set W = x, if h + g < 0,and W = e"*+87x, if h + g > 0.
For the system with external input, let

x(f) — " x(t — ) = w(r) (16)
and note the bound (14) gives now

(CAlR))

Wl < —

lgl max |w(®)| + b|U|.
0e(t—.1)
which implies that the bound on w(¢) is consistent if the right hand side of the above

_ hr_q . .. . .
inequality is in turn bounded by W. Since the factor % is always positive, in view
of (15), we may set

_ _ oht\TT
W= |b|(1—e)U. (17)
h+1gl(1 = ehv)
Finally, it follows from (16) that if w is bounded, then
—1 = Nhr
Ix(1)] < eM|x(t — N7)| + W —,
— el
or
—1 - eNhr
|x(t + N7)| < M |x(n)| + W o (18)

system is BIBO stable if 4 < 0 in addition to (14) O
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Remark 1 In view of (17), it follows that if the consistency condition (15) holds for
some & < 0 (the pre-stability condition), the autonomous system is actually asymp-
totically stable.

Remark 2 We emphasize that the stability conditions are of the controlled finite
dimensional system and not the actual delay system loaded with arbitrary initial data.

Similar results are obtained for higher order systems, (12). See [10].

Theorem 2 Let H be Hurwitz. If u,,, is bounded, then the solution of (12) remains
bounded if ||ef*|| < 1 and /OT le*G|| ds < y, wherey is the decay rate of the Hurwitz
matrix, i.e., for all t > 0: ||| < Ce ",

Theorem 2 can be proven with Halanay’s inequality. See for instance [6]. In [10], the
contraction methodology reviewed in [2] was used.

The structure of the proof of Theorems 1 and 2 relates essentially to an implicit
function inequality. Starting from an inequality of the form |x(?)| < f(|x(s)|, ¢), which
depends on parameters c the existence of w such that

fwie)<w
is shown using the implicit function theorem to establish

fW;0)=W = W =F().

Then find C = {c| F(c) > 0}. It follows that the bound w < W holds under the con-
dition c € C.

3.1 New Sufficient Conditions for Lyapunov and BIBO
Stability

At once the stability proof sketched above leads to new conditions for stability of a
general delay system with fixed delay.

Theorem 3 Given the general delay system
X(t) = Ax(t) + Bx(t — 7).
If a Hurwitz matrix H can be found solving the matrix equation

A=H-Be " (19)
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and the pair (G = A — H, H) characterizing (11) satisfies the conditions of Theorem
2, then the given system is asymptotically stable.

Proof Rewrite the given system in the form
#(f) = Hx(t) + (A — H)x(t) — (Be TM)ef"x(t — 7).
Then if A — H = —Be~"* = G, the new equation is of the form
#(f) = Hx(t) + G[x(t) — e x(t — 7)).
Now invoke the sufficient condition of Theorem 2. O
We present the explicit result for the scalar case. The transcendental equation (19)

is
a=h—be™.

If it has a solution hy(a, b) < 0, set g = —be~7. We consider two cases:

(i) If b > 0, the function h — be™"" is monotonically increasing, and evaluates for
h=0to —b < 0. This implies that » < 0 iff a < —b.

(i) If b < 0, the function h — be™"* has a minimum at h,, = % Note that &, > 0

if |b|z > 1, and h,, <0 else. The minimum value is a,,(b) = L lblr - Conse-

. . T
quently, if a < a,,(b), the transcendental equation does not possess a real solu-
tion. Consider now a > a,,(b). If h is restricted to be negative, we have

Ll i L <ph<0
min(h — be™"*) = L ) (20)
h<0 —b if b<—-.

We conclude then that a unique 4 < O exists if 0 < b < —a. If b < 0, then if a > —b,
a unique solution exists, but for % < a < —b two negative valued /’s exist. By
7]
1—e-llz”

Theorem 1, the scalar delay system will then be stable if also |g| = |b|e!"* <
For instance, for a = 0,7 = 1, we solve first

h—be™=0.

This only has a real solution for /2 if b > —é, and is expressible in terms of the (real)
Lambert W-function.
he' = b= h=W(®).

Note that 7 < 0 only if b < 0. Thus we limit —é < b < 0. The additional stability
condition is
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|| |
pr=Tiad

|ble!l <

Thus we require b> < W(b)?, but that is always satisfied in the given region. Thus
x(t) =bx(t—1)

is asymptotically stable for —% < b < 0. The exact stability condition is known to be
—-r/2<b<0.

The following theorem on BIBO stability of the delayed closed loop complements
the previous results:

Theorem 4 Let H = A — BK be Hurwitz. The closed loop system with t-delayed
control and gain K, = Ke“=BK)* js BIBO stable.

Proof Represent the closed loop system by
X = (A —BK)x+ By(t) (21)

where
n(t) = u,, + K(x(t) — e B0t — 7). (22)

Integrate (21)

1
x(1) = eW Bt — 1) + / eA=BRY=9 By (s) ds,

-7
from which in turn
t
n(t) = u,, () + K / eA=BR=9 By (s) ds.

-7

Taking norms
t
IO < Nt D1l + / IKe 4B B In(s)]] ds.
-7
Application of the Gronwall-Bellman inequality leads to

t
7@l < llue D1l exp [/ IKe“PR=B] ds| .
t

-7

If fJu,, |l < U, the right hand side is bounded. Since (A — BK) is Hurwitz, and the
input of (21) is bounded, the state of the system remains bounded. Hence the delayed
feedback system is BIBO stable. [
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4 The Observation Problem

In [10], the dual problem of determining the initial condition for a system
X(t) = Ax(t) + Bu(t), y() = Cx(t) (23)

but such that the observation available at time 7 is actually z(r) = y(f — =), was con-
sidered. Guided by the first principle that the observer needs an internal model with
a correction based on the discrepancy between the measured and simulated quantity,
an observer that gives at time ¢ an approximation for x(¢ — 7), was derived:

Theorem 5 If (A, C) is an observable pair, the observer—predictor design can be
“borrowed” from the delay-free case, with L associated with a given desired charac-
teristic observer polynomial given by the Bass—Gura formula for a delay-free system.
The estimator is given by

2(t) = AR(D) + eV Lz(H)— Ce ™" 3(1)] + e Bu(t—7) — 6% (24)

where .
T =e'A - LC)e ™" / A= Bu(0) do. (25)

-7

5 Time-Varying Delay

The proposed method of “borrowing” the state feedback™ can also be adapted for
systems with time-varying delays as shown in [4, 5]. A simple observation problem
with a state dependent delay is discussed in [1]. However, there are restrictions to its
feasibility. In [8, 9] we elaborated on possible inconsistencies when the derivative
of the time delay exceeds one. Essentially ¢ > 1 imparts noncausal behavior to the
time-delay system.

We provide a simple illustration of the problem: Denote by ¢ — z(¢) the “back-
ward” time, #,(¢). If the delay-rate constraint is not satisfied, the function #,(¢) no
longer is a monotone function of time ¢. Consequently, more than one value of ¢
may yield the same value of f,,. This implies that x(#,) and hence x for all # should
be kept in memory indefinitely, as it may have to be reused at a future instant. See
Fig. 1. This may be alleviated if the entire delay function z(-) (not only the past but
also the future) is known at any instant. As the design of the controller essentially
synthesizes the control signal at time #,, a multi-valued u(z,) results, if for instance
t,=t—1({)=1 —7'(f) for t # . Indeed, in this case u(t,) = —Ke“BK7x(z,) can-
not be uniquely defined as 7 needs to assume two different values at the same time.

Let us do the analysis in more detail. There are two viewpoints depending on the
information structure [9].
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Fig. 1 Nonuniqueness
problem

5.1 Backward Selection

At time ¢, the delay 7(t) is known and the state x(t — 7(¢)) is selected out of the past
history to generate the feedback signal over a gain K. In principle, this scheme
allows 7 > 1, however the problem then becomes unrealistic as an infinitely long
delay line may be required in order to generate the feedback signal for each time .

5.2 Forwarding

This is a physically more appropriate model. At time ¢, let it be known that whatever
control signal is generated, it will not arrive at the system input until time ¢ + 7(¢).
Thus the forwarding' time or advance #(¢) must be anticipated at time ¢. This means
that the feedback system is modeled as

X1+ 2(1) = Ax(t + 2(0)) + Blu,, (t + £(1)) — Ky x(0)].

Let 7+ £(1) = T;(¢) be the “advanced” time. If 7;(z) = ' > 0 is monotone its inverse
t = 0(¢") exists and is also monotone. The corresponding delay at time ¢’ is 7(¢') =
¢ — 6(t"). The causality conditions 7 > 0 and 7 < 1 imply then # > 0 and 7 > —1.
This guarantees that the synthesized feedback will only be used once, so that a unique
applied gain can be assigned. This gain is

Ky = Ke@ B0, (26)

I'This notion of forwarding is different from the concept introduced by Praly for nonlinear control
systems.



58 E.L Verriest

Fig.2 Determining Tr(1) f
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The implications are clear. In order to be able to implement this gain, at time z,
the knowledge of the delay 7(z + 7'(¢)) at a future time is necessary. If the delay is
independent of the state, this means that the entire delay function needs to be known
to the controller. In some cases, such as a periodic cases this may be realistic. It
should also be clear again from the analysis that the method must fail if 7(r) > 1, as
the time inversion of #(¢) does not exist. In Fig. 2 we illustrate how T(T}(t)) may be
obtained graphically from the known future behavior of z(¢). At the present time £,
indicated by point A, draw the vertical AB, with B on the #-graph. The horizontal
line BC intersects 7,(1) = 1 — 7(#) at C, with coordinates (Ty(1), T(1y) = ©(T;(1y)).
The segment CE has length 7(7;()).

5.3 State Dependent Delay

Here the problem is more complex. We sketch the simple case in the absence of an
external input as illustration. First how is the deviating argument defined? Does it
depend on the forward state or the backward state? Consider a closed loop model

X(t) = Ax(¢) + Bv(t — 7(x(1))
v(t) = =K x(1).

If it is to behave as
%y = (A = BK)x,(1),

then at time #, = t — 7(x,(#)) the generated feedback signal should be
v(t,) = —Kx,(t, + 7(x,(1)). (27)

which is a noncausal structure (¢, < f). Assuming x; = x in the absence of an external
input, this yields the anticipating form
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v(ty) = —Kx,(t, + (€757 x (1,))).
Denoting #(x,(t,)) = t(e4=887x (1,)) this yields the implicit relation
2(x,(t)) = (e BRIy (1)), (28)

In some problems with state dependent delay, the delay and the state may be
implicitly related, due to the physical structure of the problem. See for instance [1],
where state and delay satisfy ¢z = x(f) + x(f — 7) as a result of signal propagation
with speed c. This may be “solved” by Lagrange inversion, but convergence is an
issue.

6 Conclusions

A unified framework for the design of a controller and observer for finite dimen-
sional systems with delayed information was developed. The main principle is that
one assumes that the goal can be reached, and then this information is “borrowed”
to adjust the feedback signal. It was established that under certain conditions, this
design leads to stable closed loop systems and/or observers. In particular, it was also
pointed out that the causality condition 7 < 1 played again a major role for the fea-
sibility of the methodology if the gains are time varying or state dependent. Things
can go very wrong if the causality is not satisfied.

Acknowledgements The author is indebted to the anonymous reviewers of the IFAC-TDS man-
uscript for their suggestions that substantially improved the original version of this paper and to
Mr. A. Ahmed for correcting some erroneous formulas.

Appendix

Proof of Lemma 1.
Consider

t
Uy, (1) = K / W= BRI By(9) do,
t

-7

and assume that u(-) has bounded energy, &,

u’

in the interval (¢ — 7, 1). Letting

t
7= / W89 By(9) do, (29)
I3

-7
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it is required to maximize &, = 7' KT Kz with constraint (29). Using Lagrangean
methods, adjoin the constraints with Lagrange multipliers A € R” and y € R

1 1
¥ %ZTKTKZ T (Z _ / e(A—BK)(t—S)Bu(S) ds) - g </ uT(S)u(S) ds — éi,) .
t t

-7 -7

The first order variation is
t
62 = (K'K—AT)5z+ / (ATeA BRI — T (s)) Su(s) ds.

=7

Stationarity requires, with the Du Bois-Reymond lemma,

A=K"Kz (30)
uu(0) = BTeW-BKTa=0) ) 31
together with constraint (29) and
t
/ u' (Hu(s)ds = &,. (32)
-7
Equations (30) and (31) yield
W) = LBTel-BR -0 KT (33)
H

since y = 0 surely is not maximizing. Substituting (33) in (29) yields

z= l%’TKTKz,
U

from which in turn
u(Kz) = K%TKT(KZ), (34)

expressing that Kz is an eigenvector of K% K with eigenvalue .
If K has full rank, any vector in R™ can be written as Kz with z € R” for m < n. For
instance take z = KT (KK T)~'v where v is an eigenvector of K%_K T with eigenvalue
u. Equations (31) and (34) yield

VTK%TKTV = 5u/42. (35)
and (34) with (35) u||v||?> = u>&,. Finally, the norm of U, follows

&, = K2l = IVIP = ué,.
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Hence é"uw is maximal if the largest eigenvalue of K%, K is chosen.

max &, = Ay (KZ.K") &, (36)

thus proving the lemma.

References

10.

11.

. Ahmed, A., Verriest, E.I.: Estimator design for a subsonic rocket car (soft landing) based on

state-dependent delay measurement. In: Proceedings of the 52-nd IEEE Conference on Deci-
sion and Control, Florence, Italy (2013)

. Aminzare, Z., Sontag, E.: Contraction methods for nonlinear systems: a brief introduction and

some open problems. In: Proceedings of the 53-d IEE Conference Decision and Control, pp.
3835-3847, Los Angeles, CA (2014)

. Bekiaris-Liberis, N., Krstic, M.: Compensation of state-dependent input delay for nonsingular

systems. IEEE Trans. Autom. Control 58(2), 275-289 (2013)

. Cacace, F., Germani, A., Manes, C.: An observer for a class of nonlinear systems with time

varying observation delay. Syst. Control Lett. 59(5), 305-312 (2010)

. Cacace, F., Germani, A.: Manes C (2014) Exponential stabilization of linear systems with

time-varying delayed state feedback via partial spectrum assignment. Syst. Control Lett. 69(1),
47-52 (2014)

. Ivanov, A,, Liz, E., Trofimchuk, S.: Halanay inequality, Yorke 3/2 stability criterion and dif-

ferential equations with maxima. Tohoku Math. J. 54, 277-295 (2002)

. Verriest, E.I: Riccati stability. In: Blondel, V., Megretski, A. (eds.) Unsolved Problems in Math-

ematical Systems and Control Theory, pp. 49-53. Princeton University Press (2004)

. Verriest, E.I.: Well-posedness of problems involving time-varying delays. In: Proceedings of

the MTNS-2010, pp. 1203-1210, Budapest, Hungary (2010)

. Verriest, E.L: Inconsistencies in systems with time-varying delays and their resolution. IMA

J. Math. Control Inform. 28, 147-162 (2011)

Verriest, E.I.: The principle of “borrowed feedback” and application to control and observation
for systems with varying delay. In: Proceedings of the 12-th Workshop on Time-Delay Systems,
Ann Arbor, MI (2015)

Walther, H.O.: On a model for soft landing with state-dependent delay. J. Dyn. Diff. Equ. 19(3),
593-622 (2007)



A New Delay-Independent Stability Test
for LTI Systems with Single Delay

Baran Aliko¢ and Ali Fuat Ergeng

Abstract A new method complying necessary and sufficient conditions to test
delay-independent stability of the general linear time invariant (LTT) dynamics with
single delay is presented. The method is based on investigating the location of zeros
of an auxiliary characteristic polynomial obtained via Kronecker summation. The
proposed approach enables to determine the exact regions of the unknown parame-
ters, e.g., system and controller parameters, ensuring delay-independent stability.

1 Introduction

Stability and control design of time-delay systems are widely studied due to the
effect of delay phenomena on system dynamics [1, 2]. The challenge in handling
the characteristics of time-delayed systems arise from their nature of being infi-
nite dimensional and yielding nonlinear eigenvalue problems. This paper deals with
delay-independent stability (DIS), formally defined in [3] first, which indicates the
stability of the system for all nonnegative values of delays whereas delay-dependent
stability specifies the stability for a nonnegative subset of delays. Our main goal is
to test DIS of a single delay LTI system and also to determine the region of system
and/or controller parameters stabilizing the system independent of delay, in other
words regardless of the delay value. This class of controllers is particularly important
with the systems where the delayed feedback may cause critical and dangerous insta-
bilities such as motion control, tank level control, high temperature furnace control.
In these applications, controller has to drive the system to a stable operating point
regardless of the delay where delay may occur due to a malfunction in the sensory
system.
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The research on stability and stabilization of time-delay systems can be
classified according to the approach for the solution of the problem roughly speak-
ing. One of the main approaches is the time domain approach based on Lyapunov—
Razumikhin and Lyapunov—Krasovskii functionals [4, 5]. Another one is the fre-
quency domain approach including frequency sweeping and matrix-pencil tech-
niques, e.g., [1, 6-8] considering both delay-independent and dependent stability.
Frequency domain techniques are mainly motivated by the characteristic root cross-
ings on the imaginary axis where the delay-free system is stable. Practical algebraic
tools in frequency domain to test DIS are being studied in recent years. [9] concerns
DIS of single delay systems and investigates the roots of an improved rational func-
tion. [10] is presenting a new DIS test for multiple delay systems based on resultant
theory and discriminant polynomials associated with infinite dimensional charac-
teristic polynomial. Both papers are utilizing the features of Rekasius Transforma-
tion [11] and are useful in real arithmetics, however, are not convenient for literal
parameters. Furthermore there are some algebraic methods to determine controller
parameters guaranteeing DIS. A conservative method based on resultant theory and
Descartes rule of signs for determining the boundaries of delay-independent stabi-
lizing parameters is presented in [12] for multiple time-delay systems. A noncon-
servative method for single delay case is presented in [13] also based on resultant
theory. Then the method is extended to multiple delay case using Sturm Sequences
[14], however, it is required to test a set of real values in unknown parameter space
in each region to determine if the region is delay-independent stable or not in both
methods. This paper can be considered as a continuous work of the previous studies
[15, 16] presenting a conservative methodology for multiple delay case. Although
this paper is for single delay case, the approach is convenient to be extended to mul-
tiple delay case.

In this study, we consider general time-delay systems of retarded type with single
uncertain constant delay. A nonconservative method to determine analytical bound-
aries of delay-independent stabilizing unknown parameters is improved. The method
is based on the results of [17] utilizing Kronecker Summation and obtained auxil-
iary characteristic polynomial (ACP) which is self-inversive to explore the imaginary
axis crossing roots of the characteristic equation of the system. The infinite dimen-
sional delayed system is represented in terms of a finite dimensional polynomial with
interspersed zeros among the unit circle. The problem of determining the region of
unknown parameters for DIS is transformed into assigning a certain number of the
zeros of the derivative of ACP inside the unit circle. For this purpose, an efficient zero
location test with respect to the unit circle [18, 19] is utilized. Since the test is com-
plying to necessary and sufficient conditions, the proposed method yields the exact
boundaries of region of unknown parameter space for DIS. The key novelty of this
method is that the method is not conservative, is practically implementable for literal
parameters, and does not require parameter sweeping. Also there are no restrictions
on the order of the system and the number of the parametric uncertainties.

The paper is organized as follows: In Sect.2 preliminary definitions and state-
ments of the study are given. Section3 presents the main results for delay-
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independent stability for LTI system with single delay. Section 4 contains example
case studies. In the last section, conclusive remarks about the methodology are given.

2 Preliminaries

In the text, we use boldface notation for vector and matrix quantities. R, R, represent
the set of real numbers and the set of nonnegative real numbers, respectively. Open
left half, open right half, and the entire complex plane are represented as C_, C_,
C, respectively. Open unit disc, unit circle, and outside of unit circle are referred as
D, T, and S, respectively. Also, note that the “over-line” is used to represent being
closed for the planes, e.g., C 4 for the closed right half complex plane.

2.1 Kronecker Sum and Delay-Independent Stability

We consider LTI single time-delay systems of retarded type. The general state space
form is given as,

X(1) = A(Qx(1) + B(q)x(1 — 7) (1

where x € R", A(q) € R™", B(q) € R™", q € R" is a vector of unknown parame-
ters and  is the time delay.
The characteristic equation of the system (1) is derived as

CE(s,7,q) = det [sI — A(q) — B(qQ)e™™| = ay(s,q) + Z a(s, Qe ¥ =0 (2)
k=1

where a,(s, q) is a polynomial of n degree in s and a, (s, q) are polynomials of degree
lower than n. In characteristic quasipolynomial CE(s, q, ), there is no transcendental
term (e %) multiplied by s" because the delay system is retarded type. There are
infinite number of characteristic roots since (2) is a transcendental equation. It is
obvious that all the roots of characteristic equation (2) must lie on C_ for asymptotic
stability for certain values of = and q. In other words, if no roots of (2) exist in C o
the system is stable.

The frequency domain approach focuses on the characteristic roots that cross the
imaginary axis rather than determining the location of infinitely many roots of (2) to
determine stability. It has to be noted that this approach is valid when the delay-free
system (7 = 0) is stable. In [17], the problem of examining imaginary axis crossing
of infinitely many characteristic roots is transformed into determination of the root
locations of the auxiliary characteristic equation of which represents the system at
the stability switching points for multiple delay systems. The Extended Kronecker
Summation method is used to convert the infinite imaginary axis crossing problem
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into finite unit circle crossing as in the following theorem. The theorem is given for
single delay case in the interest of this study for simplicity.

Theorem 1 Let the Auxiliary Characteristic Equation (ACE) of the system (1), with
z = e~ " be as follows:

_ AlQRI+IR®A(q)+ _
ACEG @) =det | gy Tyz+I@B@)z | = ° 3

where @ denotes the Kronecker Product. Then, for the system (1) for a certain value
set of q, i.e., q*, the following findings are equivalent:

(i) A unitary complex number z € T satisfies ACE given in (3).
(ii) There exists at least one pair of imaginary characteristic roots, +., of (2).
(iii) There exists a corresponding delay © € R, which satisfies |z| = |eX™*| = 1.

Proof Proof of the theorem is given in [17].

Theorem 1 states that one pair of imaginary characteristic roots, +w,i, of (2) for a
certain value of 7 and q* correspond to a unitary root of (3) necessarily and suffi-
ciently.

DIS of a time-delay system represents that the delay system is stable regardless
of the delay. For a system (1) ensuring DIS, none of the roots of the characteristic
equation (2) must be on C 4+ for all nonnegative values of the delay. Formal definition
can be given as follows:

Definition 1 The system in (1) is said to be stable if
CE(s,7)#0, VseC, 4)

where CE(s, 7) is given in (2). It is said that the system is delay-independent stable
(DIS) if (4) holds for all = > 0.

Then the following theorem can be written with the perspective of Theorem 1 and
Definition 1.

Theorem 2 An LTI system (1) is delay-independent stable for a certain parameter
set q* if and only if the following conditions are satisfied simultaneously:

(i) R (4 [AW@)+B(@")]) <0, i=1,....,n
(ii) Z={z€T|ACE(z) =0} = 0.

Proof In the first condition, the stability of the non-delayed system is guaranteed for
the certain set of unknown parameters q* by declaring the matrix A(q*) + B(q*) is
Hurwitz. In the second one, stating ACE has no roots on T assures that characteristic
equation (2) has no +iw,. roots on the imaginary axis for Vz € R, Thus, the system
is delay-independent stable and this condition is the result of root continuity property.
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2.2 Bistritz Tabulation Method

In the literature, there are several methods to determine the location of zeros with
respect to the unit circle for a given polynomial based on Schur—Chon matrices and
Jury—Marden tables [20]. In this study, we present and utilize a different approach,
Bistritz Tabulation, to determine the location of zeros with respect to the unit cir-
cle. The method is computationally efficient and easily implementable for unknown
parameters. After giving the necessary definitions, the algorithm, and the theorems
for the method are represented in this subsection. Then, the method is utilized on an
auxiliary characteristic polynomial in the main results section.

Definition 2 Consider the polynomial with complex coefficients
P,(2)= ) dz" . (5)
i=0

Then the reciprocal of P,(z) is

Pi@)= Y d, 7 =2"P,(1/37) (6)

i=0
where (-) denotes the complex conjugate.

Definition 3 If P,(z) = Pﬁ (z) then the polynomial is called as symmetric or self-
inversive.

Definition 4 P,(z) in (5) is called normal if d, # 0. Otherwise it is called abnormal.
In other words, being normal is the equivalence of formal degree (n) and the exact
degree of the polynomial.

Definition 5 The deficiency parameter, A;, is the difference between the formal (i.e.,
expected) degree and the exact degree of a polynomial P,(z) where k denotes the
degree of the polynomial. P;(z) is normal if 4, = 0 and abnormal if 4, > 0.

Bistritz Tabulation is a tabular method to determine the number of the zeros of
a polynomial inside, on, and outside the unit circle (D, T, S). It is presented in [18]
for polynomials with real coefficients and then the study is extended for polynomials
with complex coefficients in [21]. It is a Routh like tabulation method based on a
three-term recursion of symmetric polynomials and the number of sign variations
of these polynomials at z = 1. There are two kinds of singularities in the early men-
tioned papers. The method is improved to overcome one of the singularity types and
a more compact form is given in [19].
For a polynomial P,(z) defined in (5), such that P,(1) # 0 € R and d,, # 0, the reg-
ular recursion algorithm [19] is as follows:
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T2 = ) 1,7 =P, +Pi) (7)
i=0
n—1
i Pn(Z) - Pﬁ(Z)
Tn—l(Z) = z t(,l_l)[Zl = Z——l (8)
i=0
Fork=n-1,...,0
s, if 7,(2) # 0
kA
B =40, if £y = 0

not required,  if 7y, #0 & Ti(2) =0

T () =z [<6k+lz’1k + SkHzW) Tu(2) - Tk+1(z)] . )

The following theorem is for counting the number of zeros inside and outside the
unit circle in regular (i.e., nonsingular) case.

Theorem 3 (Zero Location for Nonsingular Case) Consider P,(z) with the assump-
tions P,(1) # 0 € R and d,, # 0. Assume that the procedure is regular. Then,

(i) number of zeros inD: a, =n—v,,

(ii) number of zeros in S: y, = v,

where v, = Var {o-n, Cplsees 60} suchthat o, := T,(1) and Var {-} denotes number
of sign variations.

The only singularity situation which interrupts the regular recursion occurs if
and only if a normal polynomial 7,(z) (4, = 0) is followed by an identically zero
polynomial, i.e., 7,_;(z) = 0, in the given recursion algorithm. This occurs when
a polynomial has unit circle and/or reciprocal zeros, i.e., conjugate pairs of zeros
symmetrical to unit circle. Note that ACE in (3) has such roots. One can find the
method to overcome singularities for proceeding the algorithm in [19]. We prefer
not giving details since the singularity is handled for the polynomial of which the
zeros are identical to the roots of ACE by means of a theorem. On the other hand, it
is useful to present the following theorem to understand the effect of singularities on
the zero distribution of the polynomial with respect to T.

Theorem 4 (Zero Location for Singular Case) Assume the algorithm in (7), (8),
(9) is applied to a polynomial P,(z) in (5), such that P,(1) #0 € R and d, # 0,
and a sequence of polynomials {Tk(z); k=n,..., 0} is produced after handling the
singularities. Let “n" denote the degree after which a singularity occurred for the
first time (with n = 0 denoting a nonsingular case). Then,

(i) number of zeros in D: a, =n —v,,
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(ii) number of zeros on T: B, =2v, —n,
(iii) number of zeros in S:y, =n—a, — p,

where v, = Var {o-n, Cplseees 0'0} and v, = Var {aﬂ, Cyts - ,o-o} such that o}, 1=
T, (1). Also, there are n — v, pairs of reciprocal zeros.

Proof The detailed proofs of Theorems 3 and 4 can be found in [19].

One can utilize Theorem 4 to show none of the roots of the ACE is on the unit
circle for DIS as stated in Theorem 2. However, firstly the singularity occurred in the
ACE has to be treated. We prefer to present a corollary for DIS in the next section
which removes the necessity of handling the singularity in the first step of recursion
algorithm in Bistritz Tabulation.

3 Main Results

The two conditions given in Theorem 2 are the framework of DIS. Briefly, the delay-
free system must be Hurwitz stable and ACE must have no unitary roots. Firstly, we
would like to focus on the distinctive property of (3) which is also indicated in [15]
for multiple delay case. Note that this function has a special form:

ACEG, q) = ”(%’ @ + (@) + p( Q) (10)

where p(z, q) is a polynomial in terms of z. One can easily check the above observa-
tion by calculating the given determinant in (3) for system matrices A(q) and B(q) of
any dimension “n” with literal parameters q. Then, it is obvious that the roots of the
ACE are identical to the zeros of the following Auxiliary Characteristic Polynomial
(ACP)

ACP(z,q) = ZACE(z, q) (11)

where [ is the degree of p(z, q). Due to the structure indicated in (10), the ACP is a
self-inversive polynomial of even degree m = 21, as in Definition 3 and its reciprocal
coefficients are equal. The zeros of self-inversive polynomials lie either on the unit
circle T and/or occur in complex pairs which are symmetrical (reciprocal) to T. This
causes a singularity in recursion algorithm since the symmetrical polynomial pro-
duced by Eq. (8) is identically zero. Instead of trying to overcome the singularity in
the first step, we employ the remarkable relationship of the critical points of the self-
inversive polynomial (zeros of its derivative wrt z) and the zeros of the polynomial
itself. It is stated as in the theorem below.

Theorem S [24] Let P be a self-inversive polynomial of degree p. Suppose that P
has exactly f zeros on the unit circle T (multiplicity included) and exactly u critical
points in the closed unit disc D (counted according to multiplicity). Then,
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B=2u+1)-p. (12)

Proof The proof of the theorem can be found in [24] in detail.

Theorem 5 has a crucial role for establishing the criterion for DIS. In Theorem 2 it
is stated that system (1) is delay-independent stable if its ACE has no roots on T,
i.e., ACP has no unitary zeros. It is cumbersome to check whether zeros are unitary,
especially when unknown parameters are present. Notice that the number of the uni-
tary roots of ACP is related to the number of its critical points in D. We then present
the following theorem.

Theorem 6 Consider an LTI system with single time-delay given in (1) with a cer-
tain parameter set . Defining the derivative of its auxiliary characteristic polyno-

mial as
dACP(z)

D(z) := Z

13)

of degree m — 1 where the degree-m polynomial ACP(z) is described in (3) and (11),
the system (1) is delay-independent stable if and only if

(i) R (4 [AW@)+B(@)]) <0, i=1,...,n
(ii) v=m/2

where v = Var {am_l, Cpps o-- ,0'0} such that o, = T,(1) are obtained by the recur-
sion equations in (7), (8), (9) from D(z) and Var {-} denotes the number of sign
variations in a sequence.

Proof For a Hurwitz stable delay-free system as declared in first condition above to
be delay-independent stable, its ACE must have no roots on T (see Theorem 2). This
also yields that self-inversive ACP must have no unitary zeros, i.e., f = 01in Eq. (12).
Considering Theorem 5, the number of zeros of D(z) in D must be u=m-=2)/2
to satisfy # = 0. From Theorems 3 and 4, the number of zeros of D(z) in unit circle
is 4 = (m — 1) — v. Combining two equations for u, we get v = m/2 indicating that
the ACP and ACE have no roots on T yielding DIS.

Remark 1 The assumption P,(1) # 0 € R, i.e., a zero of P,(z) at z = 1, to generate
recursive polynomials given by (7), (8), (9), does not lead to a restriction in the
theorem above for DIS. To have D(1) = 0, the ACP must have a zero at z = 1 with
a multiplicity of at least two and since z = €7, this can occur when there is an
imaginary crossing +iw for = = 0 or when there is an imaginary crossing at @ = 0
for some 7. So, D(1) = 0 corrupts DIS and the assumption can be considered as a
“weak” necessary condition.

In Theorem 6, necessary and sufficient conditions are given for DIS of LTI systems
with single delay. Notice that it does not require any numerical calculation beyond
simple algebraic operations, unlike other methods, e.g., [1, 22, 23] which include
cumbersome numerical calculations such as frequency sweeping, finding spectral
radius, or solving LMIs. As a result of Theorem 6, the following corollary can be
written in case of the existence of unknown parameters.
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Corollary 1 Consider the system (1) and define the partial derivative of its auxiliary
characteristic polynomial as

_ 0ACP(z,q)

D(z,q) : oz

(14)
of degree m — 1 where the degree-m polynomial ACP(z,q) is described by (3) and
(11). Then, the exact parameter set stabilizing the system independent of delay is

¥={qeR| R(4[A@+B(q)]) <Oandv(q)=m/2}, i=1,....n (15)

where v(q) = Var{c,,_;(q),0,_,(Q), ...,00(qQ)} such that o/(q) :=T,(1,q) are
obtained by the recursion equations in (7, 8, 9) from D(z,q) and Var{-} denotes
the number of sign variations.

The Corollary above can be used as a tool for delay-independent stabilizing con-
troller design when B(q) is the matrix of state-feedback controller where q is the
vector of gain parameters. The region of controller gain parameters which stabilize
the system independent of delay is determined without conservativeness and para-
meter sweeping.

Remark 2 The ACP for the singe delay case is a polynomial with real coefficients so
that 6, = gk in (9) due to nonexistence of imaginary parts and the recursion equation
(9) becomes

T4 = 77" 81 @+ DT = Ty (2)] (16)

allowing for effective computation in the recursion algorithm.

4 Case Studies

Example I Consider the time-delay system with single delay in [10] governed by

0 1 0 0 0 005
0= 0 0 1 |x®+[026 0 0 [x¢-1). (17)
20 —13 4.1 0 074 0

The eigenvalues of the delay-free system (7 = 0) are —2.167 and —0.967 + i2.807
which have negative real parts satisfying the first condition of Theorem 6. The aux-
iliary characteristic polynomial of the system (17) is
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ACP(z) = 8.903 x 1077 —4.692 x 1075z + 1.120 x 107322

—1.936 X 107223 + 0.270 z* = 2.777 25 + 8.867 2° + 103.7 7’

—1031. 28 — 1.769 x 105z° — 1031. 7' + 103.7 z'! + 8.867 7'2 (18)
—2.777 23 +0.270 2'* — 1.936 x 1072215 + 1.120 x 10~37!°

—4.692 x 107717 4+ 8.903 x 10777'3.

The degree of the ACP in (18) is m = 18 and it s trivial to find its derivative (13), i.e.,
D(z). After constructing the polynomials 7,(z) by applying the recursion algorithm
given in Egs. (7), (8), (9) to D(z), the sequence {o}, such that 6, := T, (1) for k =
17,...,0, is obtained as follows:

{o,} = {1.572 x 10°%,-1.479 x 10%, —1.672 x 107, 1.513 x 10°,
2.533 x 10°,-2.168 x 10, —2.511 x 10, 1.405 x 10°, 1.969 x 107,
—1.393 x 10°, —2.065 x 10%,1.212 x 10°,2.082 x 10%, —1.659 x 10°,
—1.698 x 107, 1.640 x 10°,1.606 x 10%, —3.217 x 10°}.

19)

The sign variation in the list (19) is v =9 and it is exactly m/2 = 18/2 as stated
condition (ii) of Theorem 6 indicating the system is delay-independent stable. The
result coincides with the result of the original study [10]. Note that, a polynomial
D(w) of degree 18 also obtained and the nonexistence of real  roots is checked for
DIS in [10].

Example 2 Consider the system below from [15]:

0 1 0 0 0O
x)= 0 0 1 [x(»+] 0 0 O [|x(*—r1). (20)
-25-18-4 —2a0-1

The characteristic equation of the system (20) is
CE(s,a,7) = 5° +45° + 5%¢°" 4+ 1.85 4+ 2.5 + 2a¢~*" = 0. (1)

The delay-free system (z = 0) is stable when —1.25 < @ < 1.45, see Theorem 6. The
partial derivative (14) of the corresponding ACP of degree m = 6 obtained by (3) and
(11)is

D(z, @) = 22(=37.5 + 201.1a — 297.6a2% — 48a?)

+74(=331 + 1441.a — 2284a?) + z(—=651.8 — 192.6a + 428.8a> — 96a>
+72(=1122. — 2110.a + 3403.0%) + 2(—325.9 — 96.32a + 214.4a> — 48«
—66.2 + 288.3a — 456.8a>.

We get the sequence of variance coefficients {o,(@)}, such that 6, (@) := T,(1, @)
for k =5,...,0, applying the regular recursion algorithm in (7), (8), (9) to (22) as
follows:
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05 = —6(13 — 4a)* (5 + 4a)
o, =599 — %a(—7619 + 4a(3023 + 60a))
_ —4(5 = 160)%(5.319 X 10* + 8a(—=2.99 X 10° + 70a(6227 + 600a)))

% 25(—-287 + 8a(109 + a(—199 + 60a)))
—6(7.107 X 107+ a(6.789 x 108 + 8a(—1.347 x 10° 4 50a(7.644 x 107
+4a(=1.514 x 107 + 40a(1241 + 1950a))))))
2= 5(1.679 x 105 + 10a(—1.572 x 105 + 40a(6031 + 150a)))
100(5 — 16a)*(4.251 x 107+ 32a(8.056 x 10° 4 5a(—2.757 x 10°
+200a(1106 + 135a))))
0]

T 3(1.614 % 1054+ 8a(5.412 X 108 + 5a(=9.469 x 10% + 20a(1.232 X 108
+100a(=9.941 x 10° + 4(5013 + 1400a))))))

0y = —23—5(—5 + 4a)(29 + 20a)?

Note that the delay-free stability condition is —1.25 < a < 1.45 and it enforces o5 <
0 and 6, > 0. Thus, there may be ten possible sign variations in the sequence {o;}
which satisfy v(a) = m/2 = 3 for DIS. The union of the regions for the unknown
parameter satisfying v = 3 is found as —0.134 < a < 0.762 by reducing the inequal-
ities. The found range of a for DIS coincides with the numerical calculation where
ACE has no unitary zeros as indicated in [15]. The DIS range for a found by the
method complying sufficient condition in the mentioned paper is 0.135 < a < 0.508
and this result is highly conservative comparing to the proposed nonconservative
result.

Example 3 A case for PD-controller design for a second order system is borrowed
from [13] with the state space representation,

0 1 0 0
x(1) = l ) ] x(?) + l ] X(t—1) (23)
-, 20w, —k, —k,

where w, = 1 and { = 0.95. The characteristic equation of the system is
CE(s,ky kgo7) = 8>+ 1.95 + kyse™" + k,e™" + 1 =0. (24)

The delay-free system where 7 = 0 is Hurwitz stable for k, > —1 and k; > —1.9. The
partial derivative (14) of the related ACP of degree m = 4 is

DAz, ko k) = 7.6k, +7.22k, + 2k3k, + (28.88 + 4k2 + 22.8k k, — 4k2)z

25
+ (228K, + 2166k, + 62K, ) 2 + (443 + 7.6k k, + 4k2 ) 2. *)

We obtain the elements of the sequence {o,(k,, k;)}, k =3, ...,0, such that o, :=
T (1, k,. k,) as follows:
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Fig. 1 Hurwitz stable B
region for the delay-free [
system (light gray) and
delay-independent
stabilizing region (dark gray)
in PD-controller gain plane

(3]

k d

o, = _%(19 — 10k (=1 + k)

4K (1.408 X 10 + 20042 (161 - 502) — 4 x 10%2 )

0y, =

25 (20(19 — 10k )k, + (19 — 10k,)2k, — ZOOk[%)

722 5 5
(o3} =—2—5+8kd+16kp

6y = 24_5(19 + 10k)2(1 + k)

Note that v(k,, k;) = 2 must be satisfied for DIS as in Corollary 1. The stability con-
dition for delay-free system enforces o, > 0 and this also yields o5 > 0 since v =2
is not possible for any combination of sign variations when o5 < 0. Consequently,
there are three possible variations for {o,,0,} as {+, -}, {—, +}, and {—, —} which
satisfies v = 2. The union of the regions of the PD-controller parameters satisfying
v = 2,1.e., delay-independent stabilizing region of the parameters k, and &, is shown
in Fig. 1. The obtained region coincides with the results of the original paper [13].

5 Conclusion

A methodology preserving necessary and sufficient conditions, based on an auxil-
iary characteristic equation obtained via Kronecker summation is presented to test
delay-independent stability of LTI systems with single delay. The method works for
determining regions of DIS of systems with unknown parameters and for determin-
ing suitable state-feedback controllers ensuring DIS. The self-inversive property of
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the auxiliary characteristic polynomial, and the Bistritz Tabulation method are uti-
lized for efficient computation. The method does not require either parameter or fre-
quency sweeping. Also, checking the roots of an obtained polynomial and point-wise
testing in candidate DIS regions of parameter space is not needed like in alternative
methods. On the other hand, finding the parameter regions for DIS may computa-

@ 99

tionally be cumbersome when the system order “n” and correspondingly the degree
of the auxiliary characteristic polynomial get higher. Because the possible combina-
tions of sign variations in the sequence, { o, }, increases. To remedy this problem the
condition for the number of zeros on the unit circle should be simplified in future
work. Also, we plan to extend the obtained results for single delay case to multiple
time-delay systems. In multiple delay case, the auxiliary characteristic polynomial
should turn into a multivariable polynomial. The Bistritz method will be utilized for
this multivariable polynomial problem.
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Numerical Stability Test of Linear
Time-Delay Systems of Neutral Type

Qi Xu, Gabor Stepan and Zaihua Wang

Abstract This paper begins with a brief discussion on the root location of linear
time-delay systems of neutral type, to show its peculiar properties compared with
time-delay systems of retarded type. Then it introduces a numerical stability test that
can be carried out using a rough integral evaluation. The upper limit of the testing
integral is estimated in two ways: parameter dependent or parameter independent. As
an application of the testing method, the paper shows how to calculate the rightmost
characteristic root(s) of a neutral delay differential equation with multiple delays.

1 Introduction

Time-delay systems of neutral type are described mathematically by neutral delay
differential equations (NDDEzs, for short) that involve at least one time delay in the
derivative terms of the highest order, and they occur in many different engineering
problems, such as in sway reduction on container cranes [1], traffic jam dynamics
[2], self-balancing of a two-wheeled inverted pendulum [3], circuit dynamics [4],
and so on. Compared with delay differential equations of retarded type (RDDEs, for
short) that have no delayed derivative terms of the highest order, NDDEs exhibit
some peculiar properties from the view point of stability. For example, a RDDE
always has a finite number of characteristic roots in the right-half complex plane,
but a NDDE may have infinite many characteristic roots in the right-half complex
plane. The asymptotic stability of a RDDE is guaranteed if all the characteristic roots
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have negative real parts, but a NDDE may not be asymptotically stable when such
a condition holds, because the infinitely many roots may have accumulation points
on the imaginary axis. In addition, for NDDEs, these accumulation points’ locations
are not continuous with respect to time delays, hence an arbitrary small perturbation
of time delays may destroy the stability of NDDEs [5-7].

Lots of methods, criteria, or algorithms are proposed for the stability analysis of
DDE:s [6, 8, 10, 11]. Lyapunov functionals and Lyapunov—Krasovskii functionals
provide sufficient stability conditions for RDDEs and NDDEs, they work also for
global stability analysis [12—14]. The semi-discretization method for RDDEs [15]
has been generalized to NDDEs [16], which discretizes the delayed terms while the
actual time dependencies are unchanged, and can be used also to study periodic con-
tinuous RDDEs and NDDE:s.

Methods based on the analysis of characteristic functions of RDDEs can go back
to 1942 [17]. The method of stability switch is effective in finding the exact sta-
ble intervals of a given parameter [11]. A different version of the stability switch
method is based on introducing Rekasius’s substitution, with which the critical con-
ditions can be studied by means of polynomials without transcendentality [18-20].
The Argument Principle-based Nyquist criterion is developed to judge stability, by
checking whether the number of unstable roots (characteristic roots in the right-half
complex plane) is zero [21, 22]. The method proposed and developed in [10, 23]
enables one to further calculate the exact number of unstable roots for RDDEs and
most of NDDE:s.

The definite integral method, see for example [24], is particularly effective in
stability test of RDDE:s. It has been extended to NDDEs [25]. This method calculates
the number of unstable roots through an integral over a finite interval, whose upper
limit can be roughly chosen as long as it is larger than certain value [26], hence
the system stability can be easily determined. This chapter focuses on some issues
about this method, such as why the stability analysis of a NDDE is more difficult
than that of a RDDE, how the definite integral method can be applied effectively in
judging the asymptotic stability, in plotting the stability domains and in calculating
the rightmost characteristic root of NDDE:s.

2 The Location of the Characteristic Roots of DDEs
The linear time-delay system under study is described by
m m
M)+ ) Nt — 1) = Ax(0) + )| Byx(t — 7,) (1)
k=1 k=1

wherex € R”, A, By, N, € R™", and 7;, > 0 are the time delays. The corresponding
characteristic function is
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)= 2"+ Y e, . ety 2)
k=0
where @ (z, ..., 2,), k =0, 1, ...,n, are real polynomials with respect to z, = ™71,

sy = e~ An, Equation (1) is a RDDE when N, =0 for all k =1,2,...,m, that
is, ay(zy, ... »2,) =0, while it is a NDDE when at least one N, # 0 for some k =
1,2,...,m,thatis, ay(z,, ...,2,) # 0. In case of NDDEs, the infinite number of char-
acteristic roots may have accumulation points on the imaginary axis [11], sox =0
is asymptotically stable if and only if the characteristic roots stay in the open left
half complex plane and are uniformly bounded away from the imaginary axis. The
second condition holds if

sup ao(e_hl, ety <1, 3)
R()>0, | A|>o0
where R(z) stands for the real part of z. When a,(z, ..., z,) = 0, condition (3) is

definitely true. Hence, the trivial solution x = 0 of a RDDE is asymptotically stable
if and only if all the characteristic roots satisfy R(4) < 0. [11].

For a better understanding of condition (3) and the root location, let us recall first
that because the function f(4) is analytic in the whole complex plane, the roots of /(1)
must be isolated. That is to say, any given point in the complex plane cannot be an
accumulation point of the characteristic roots. For simplicity, consider the simplest
NDDE in the form of

@)+ px(t—7)+ax(®)+bx(t—1)=0. @
The corresponding characteristic function is
fA =0 +pe™™)A+a+be ™™

where 7 > 0 is the time delay, and at least one of p and b is not zero. The DDE is of
retarded type if p = 0, and it is of neutral type if p # 0. The root location of RDDEs
is different from the one of NDDEs.

When p = 0, there must be a real number f such that all the roots of f(A))
satisfy R(4) < . In fact, for p = 0, if f(4) has a series of roots 4, = o} + w, 1,
(k=1,2,...),with 6, = 400 as k = 400, then f(4;) = 0 gives

Ok

oy +a=—be %" cosw, T (5

sin (7 w) (6)

—T0

and, o = be

which cannot be true because as k — 400, the left-hand side of Eq. (5) goes to +oo,
while the right-hand side tends to 0. Thus, all roots of f(A) must be smaller than a
finite number. Further calculation from Eq. (5) shows R(4) < |b| + |a].
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Moreover, if R(4) < 0 holds for all roots of f(4) and (A1) has a series of roots
M=o+, (k=1,2,...), with 6y - 0as k - +oo, then w; — oo as k — +oo,
because any given point in the complex plane cannot be an accumulation point of
the characteristic roots. Thus, as k — +oo0, the left-hand side of Eq. (6) goes to +oo0,
while the right-hand side tends to |b|. Thus, if all roots of f(4) have negative real
parts, then there must be a positive number & such that all the roots of f(4) satisfies

R < =¢.
When p # 0, f(4) = 0 leads to
A +a - e At
pA+b

If f(A) has a series of roots 4, =6, + w1, (k=1, 2, ...), with 6, = 400 as k =
+00, one has

Oy + a)k i +a _

kT T e, )

Then as k — +o0, the left-hand side and the right-hand side tend to 1/|p| and 0,

respectively. This contradiction implies that there is a real number f such that R(4) <

f holds for all roots of f(4). Similarly, if f(4) has a series of roots 4, = o} + w1,
(k=1,2,...), with 6, > —o0 as k - +o0, one has

p(o, + a)k.i) +b _ oo @)
oy tw1+a

Then as k — +o0, the left-hand side and the right-hand side tend to |p| and 0, respec-

tively. The contradiction implies that there is a real number a such that R(4) > «

holds for all roots of f(4). Thus, there exist two real numbers @, f such that all the

roots of f(A) satisfy a < R(4) < p.

If R(A) < 0holds for all roots of f(A4) and f(A) has a series of roots 4, = 6, + @, 1,
(k=1,2,...), with o, - 0 as k - +o0, then w;, - +o0 as k - +o0, thus Eq. (7)
results in |p| = 1. This means that for p = +1, the infinite many characteristic roots
of f(4) may have accumulation point on the imaginary axis, even if all the roots have
negative real parts only.

In fact, as shown in [29], with the help of multi-valued Lambert W function W(z),
the infinite many roots of f(1) = (1 + pe **)A + a can be figured out with the help
of auxiliary functions

Fk(ﬂ)=/1+a—ka(—rAe‘”), k=0, +1, +2, ..) )
T

where W, (z) is the k-th branch of the Lambert W function. When 7 =0.3, a =
0.5, b =0, some characteristic roots are presented in Table 1, calculated by using
Newton—Raphson iteration method for F,(4) with proper initial values. As k — +oo,
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Table 1 Some roots of f(4), calculated with the help of auxiliary functions F,(4) [29]

Branch Characteristic root Branch | Characteristic root

—200 —0.2572 x 107 — 0.4178 x 10*i 1 —0.3631 x 1072 4 0.1063 x 10%i
—100 —0.9644 x 10~ — 0.2084 x 10*i 2 —0.4200 x 1073 + 0.3147 x 10?1
-20 —0.2498 x 107> — 0.4084 x 10%i 3 —0.1517 x 1073 + 0.5239 x 10%i
-10 —0.1052 x 107* = 0.1990 x 10 i 4 —0.7747 x 10~* 4+ 0.7333 x 10%i
=5 —0.1052 x 107* = 0.1990 x 10 i 5 —0.4688 x 107* 4 0.9427 x 10%i
—4 —0.7747 x 10~ — 0.7333 x 10%i 10 —0.1052 x 107* +0.1990 x 1031
-3 —0.1517 x 1073 — 0.5239 x 10%i 20 —0.2498 x 1075 + 0.4084 x 10%i
-2 —0.4200 x 1073 = 0.3147 x 10% i 100 —0.9644 x 107 4 0.2084 x 10*i
-1 —0.3631 x 1072 — 0.1063 x 10%i 200 —0.2572 % 10~ + 0.4178 x 10*i
0 —0.2410 500 —0.1386 x 10710 +0.1046 x 10°i

the real and imaginary parts of the characteristic roots calculated from F,(A) tend to
0 and oo, respectively. That is to say, though all the roots of f(4) have negative real
parts only, the infinite many characteristic roots have an accumulation point on the
imaginary axis at the infinity.

Equation (8) implies also that when |p| > 1, there is at least one characteristic root
with positive real part. In fact, for any roots 4, = o, + @, i of f(4), withall 5, < O and
[A;] = o0 as k = 400, the right-hand side of Eq. (8) must be smaller than 1, while
the left-hand side of Eq. (8) must be larger than 1 for sufficiently large k, because
the limit of the left-hand side is |p| > 1 as k — +o00. As a result, in order that all the
characteristic roots of f(1) of the Eq. (4) have negative real parts only and have no
accumulation points on the imaginary axis, it is required that |p| < 1.

For NDDEs with multiple delays, the stability condition becomes more compli-
cated: condition (3) is only a sufficient one which ensures that the characteristic roots’
accumulation points locate in the open left complex plane (away from the imaginary
axis). In some rare cases when condition (3) does not hold, the accumulation points
can locate in the open left complex plane, and the corresponding NDDEs can be
asymptotically stable. However, because the locations of the accumulation points
are not continuous with respect to time delays, the accumulation points may show
up discontinuously in the right-half complex plane if time delays are perturbed a
little bit, the systems lose stability consequently [5]. In what follows, the stability
analysis of the linear time-delay system (1) is studied under assumption (3), which
guarantees that an asymptotically stable NDDE remains asymptotically stable when
subjected to a very small perturbation.
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Fig.1 The contour C of the
line integral in Eq. (10) iR
¢
G
0 R
¢
—iR)|

3 Stability Test of NDDEs

3.1 Stability Criteria

The characteristic function f(A) is a meromorphic function in the right-half complex
plane. If f(A) has no roots on the imaginary axis by assumption, then the Argument
Principle can be used to represent the number .4~ of all the unstable roots of f(4) that
are located in the right-half complex plane, in terms of a limit of the total change in
the argument A,arg(f(4) over a contour C = (C, + C,) shown in Fig. 1, namely

W = lim Acrel@)

R—+c0 2r

(10)

The trivial solution x = 0 is asymptotically stable if and only if .4#” = 0. Equation
(10) cannot be used directly for the calculation of .4, further effort is required to
find a formula that is tractable for stability test. One way is to introduce an auxiliary
function W(4) defined by

[ S "
W) = ="+ ) &z sz (11)
L+ ay(z, ..., 2,) k:z] e

where z; = e™*1, ...z, = e *™, and each &z, ... ,z,) is analytic with respect to

215 -+ %y Straightforward calculation shows that
Aqarg(W(4

W = Jim AcreW(A) (12)

R—+00 2

As proved in [25], one has
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|+ _n_ l teo W/(a)l)
wevon| " =3-1 [Tw (T w, 0y

where R(z) stands for the real part of complex number z. Hence, the evaluation of

A can be carried out exactly by using a rough estimation of the improper integral
with a sufficiently large upper limit.

Theorem 1 Assume that f(1) has no roots on the imaginary axis and condition (3)
holds. The trivial solution x = 0 is asymptotically stable if and only if for sufficiently

large 2 > 0, one has
1 2 (Wi (n—-Drx
—/ R — ) dw > ——. (14)
7 Jo W(wi) 2

Moreover, as discussed in [25], for any £ > 0, the argument rule gives

L (W (wi) 2 f(wi) B =0 je=e
/O R ( VT ) doo — /0 R <f(wi) > do = arg(W(w 1))|w=0 - arg(f(an))(w=0

=—arg (1 + ay(e™®, ... el .

Unlike for the case with W(A) where the improper integral

+o0 ! :
/ R <W (w.1)> doo
0 W(wi)

is convergent, the improper integral

/mmcﬁﬁﬁw

0 Sflwi)

is not convergent because lim, _, , , arg (1 + ao(e‘gflf, ...,e~m)) does not exist.
Actually, the complex number 1 + a,(e™"", ..., e”*"™") is continuous and periodic
with respect to @ when all the delays are commensurate, or continuous and quasi-

periodic with respect to @ when the delays are incommensurate, thus, there must be
aconstant 0 < y < z/2 such that

’arg (14 ap(e™, ...,e""’mi))’ <Z-y.

r
2

It follows that there is a number £2, > 0 such that for all £ > £2,, one has [25]

no 1 (% (f(o)
LM_<5_EA‘m<ﬂwD>®O

Considering that .4 is an integer, it can be derived from Eq. (15) that

< (15)

1
>




84 Q. Xuet al.

Q ! .
A =round [ Z - l/ R f(w,l) dw ). (16)
2 ) floi)
Therefore, the following theorem that uses the characteristic function f(4) is true, and

the application of this theorem reduces the computational complexity in the stability
test significantly.

Theorem 2 Assume that f(A) has no roots on the imaginary axis and condition (3)
holds. The trivial solution x = 0 is asymptotically stable if and only if for sufficiently
large 2 > 0, one has

B W12 (fle) _

3.2 Numerical Test

A successful application of Theorem 2 depends on the suitable selection of the upper
limit in the testing integral. To this end, let

R(w) + S(w)i =i"f(wi), (18)
then R(w) and S(w) take the following form

R(®) = (1 + by(@))@" + by (@) + -,

S(w) =Co(a))a)" + Cl(a))a)”_1 + -

where b;(w), c;(w), i =0,1, ..., n are functions with respect to cos(a)fj), sin(an'j),
j=1,...,m. Under condition (3), the leading coefficient of R(w) is positive, thus
R(w) > 0 for sufficiently large w. Thus, the number of positive roots of R(w) must
be finite (if positive roots exist). Straightforward calculation shows that

d S(w) fl(wi)
o arctan R@) = R <f—(coi) ) . (19)

Theorem 3 Assume that assumption (3) holds, and f(A) has no roots on the imag-
inary axis. Let Qy(ty,...,1,,) be the maximal positive root of R(w), then for all
Q> Qy(ry, ..., 7,) (if positive root does not exist, choose 2 =0), the integer N
satisfies Eq. (16). In particular, the trivial solution x = 0 is asymptotically stable,
namely N =0, if Eq. (17) is true for any Q > Q(z,, ..., T,,).

The critical upper limit used in Theorem 3 depends on the delays and other system
parameters. However, parameter-independent upper limit is preferable when some
parameters, like the delays, are not fixed. Due to the harmonic periodicity of sin(wr;)
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and sin(an'j) in the coefficients of R(w) in Eq. (18), each coefficient b,(w) has its
infimum inf b;(e) with respect to 7, 75, ..., 7,,, which becomes independent of all
delay parameters. Thus for w > 0,

R() > Ry (@) = (1 + inf by(@))a" + inf by (@)a"! + - (20)

where R; () is a lower bound of R(w). Let £, be the maximal positive root of R} (w),
then £, is independent of the delays and not less than the maximal positive root of
R(w). From Theorem 3, the following theorem holds.

Theorem 4 Assume that assumption (3) holds and the characteristic function f(A)
has no roots on the imaginary axis, then there exists a constant §2, independent of the
delays t,, ... ,t, suchthat N satisfies Eq. (16) for all Q > €, and all delays. In par-
ticular, the trivial solution x = 0 is asymptotically stable, namely N =0, if Eq. (17)
holds for any 2 > .

3.3 Illustrative Examples

Example 1 Consider the following neutral differential equation with single delay
|20 0 05 02 0 |.
x(1) = [ 0 —1 ] x(1) + [0.5 0 ] x(t—h) + [ 0 0.2] x(t—h). 21

In [27], itis found using LMI method that the interval of / for the asymptotic stability
is h € [0,0.7516).
Following Theorem 4, the characteristic function of system (21) reads

f(A) = (1-04e™"*+0.04e7"4) 2 + (3-0.6e7"%) 1 —025¢™"* +2. (22
The two functions defined by Eqgs. (18) and (20) read

R(w) = (0.96 — 0.4 cos(hw) + 0.08 cos*(hw)) w* + 0.6 sin(hw)w
+0.50 cos*(hw) — 2.25 ,
R, (@) = 0.560” — 0.6 —2.25 . (23)

Thus the largest positive root of R () is £, = 2.611, so we can take £2 = 2.7 for
calculating .4 using Eq. (16).

The result shown in Fig. 2 indicates that the system is always stable for a given
range of & € [0, 100], which is much larger than & € [0, 0.7516) derived in [27] and
indicates the high possibility that the system is delay-independent stable. Actually,
further analytical analysis using the method of stability switch [11] shows that the
system is asymptotically stable for all 2 € [0, +00).
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Fig. 2 The number of 17
unstable roots ./ of system
(21) with respect to

h € [0,100] 0.5 1
N 0
10 20 30 40 50 60 70 80 90 100
h
-0.5

Example 2 Consider a more complicated example described by the following neu-
tral delay differential equation

20 +28z2(t) + z(t) + pi(t — 7)) + 28,2t — 7,) = 0. (24)

A detailed stability analysis is made in [28] for the case of 7; = 7, = 7. Below will
be focused on the stability chart on (7}, 7,)-plane, using the method of integral eval-
uation. First the characteristic function of system (21) takes the form of

F = (1+pe™™) A7 +2(& +&e™™) A+ 1. (25)

With fixed coefficients p = 0.4, &, = 0.25,&, = 0.24, one can find R; () by follow-
ing the same procedure used in Example 1:

R, (@) = 0.60* — 0.48w — 1, (26)

whose largest positive root is £2, ~ 1.752. Hence one can choose £2 = 1.8 for cal-
culating .#” using Eq. (16), for each meshed point in the parameter plane (z;, 7,).
Figure 3 shows the result of .4~ with respect to {(r,, 7,)|7; € [0,20], 7, € [0,24]},
where the gray parts stand for the stable regions of .4 = 0. It is worth mention-
ing that on the boundaries of the stable regions, the testing integral may become
improper over the integral interval. However, in practice, with the well developed
numerical integration methods such as the adaptive Gaussian quadrature one used
for Fig. 3, the results shows both accuracy and efficiency.

4 Calculation of the Rightmost Characteristic Root

Consider a NDDE with f(1) defined in (2) as its characteristic function correspond-
ing to the trivial solution. Let ¢ be the abscissa of f(4), defined by
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Fig. 3 The stable regions
(gray) of system (24) with
respect to the parameter
plane {(z).7,)|7, €

[0,20], 7, € [0, 24]}, where
p=04,¢ =025,¢6 =024

o =max{R) : f(A)=0}.

If all the roots are simple, then the rightmost characteristic root is a real number o,
or a pair of conjugate complex numbers with ¢ as the real part. Under condition (3),
the NDDE is asymptotically stable (unstable) if and only if 6 < 0 (¢ > 0). The larger
the negative o in absolute is, the more robustly stable the system is, and the faster
the system response converges. Obviously, f(4) = 0 has no roots on R(4) = ¢ if and
only if f(c + 1) = 0 has no roots on the imaginary axis. For the asymptotic stability,
all the roots of f(¢ + A) = 0 have to be bounded away from the imaginary axis, so it
is required that

sup |a(e™ @t e Tyl < (27)

R(A) >0
14l = o

Due to the continuous dependence of the above supreme on o, for all a that is close
enough to o, one has

ao(e—(a+l)rl yen, e—(a+i)1m)

sup <l1. (28)

R4 >0
|4l = o

Assume that there is a real number a, such that for sufficiently large £2 > 0 one has

B n 1 @ fa; + wi)
/-round(z 71'/0 m(f—(a1+coi)>dw> >0. (29)
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def.
Hence the abscissa of g(4) i f(a, + A) must be positive. Thus, a; < ¢. On the other
hand, if there is a real number a, such that for sufficiently large £ > 0 one has

Q / :
W:round(ﬂ—l/ 2R<fw2—+w.l)>da)>:0. (30)
2 m ) fla, + w1)
Then the abscissa of g(4) must be negative. Thus, a, > ¢. For such two numbers
a,, a,, when a, — a, is small enough, the abscissa o of f(4) can be estimated to be
oy = (a; + a,)/2. Also, the real parts of the characteristic roots besides the rightmost
root(s) can be estimated using the same procedure.

The real parts of the characteristic roots can be identified as follows: (i) Calculate
the real part R(w) of i™"f(a + w1i). (ii) Find an uniform upper limit £2 valid for a
given interval of the value a using the lower bound R| (w) of R(w), where all the
values of a should all satisfy Eq. (28). (iii) Figure out the number of unstable roots
of f(a+ 1) = 0 for each meshed point a = g; using

Q ! :
JI/=round<E—l/ %(JM)da)) . 31

2 7y fla; + wi)
(iv) Estimate the real parts of the characteristic roots of f(1) by identifying the coor-
dinates of @ where 4" jumps from one integer to another. In particular, the rightmost
root(s) corresponds to the coordinate(s) of @ where 4" jumps from a positive inte-
ger directly to 0, while the other roots correspond to the coordinates of a where .4

jumps from one positive integer to another (smaller) positive one.

In order to calculate the rightmost root (or a pair of conjugate rightmost char-
acteristic roots), an estimation @, of the imaginary part  of the rightmost charac-
teristic root(s) can be found numerically from f(c, + i) = 0. Each real root w of
f(oy +iw) = 0 corresponds to a possible characteristic root (finite and isolated) on
the line R(4) = 0. Then the exact rightmost characteristic root(s) can be obtained
with the estimation o, + i, using the Newton—Raphson iteration method with a few
number of iterations:

W
TRy

Ay = i=0,1,2,... . (32)

For a given tolerance € > 0, the iteration is stopped if |4, — 4| < &, see [25].

Example 3 Consider again the system (24) in Example 2 for demonstration. For
fixed coefficients p = 0.4, &, = 0.25,&, = 0.24, as shown in Fig. 3, this system is sta-
ble when 7; = 8, 7, = 10. The real part R(w) of (i™")f(a + A) takes the form of

R(@) = (1+0.4e7% cos (8w)) w* — (0.8¢* sin (8w) a + 0.48¢™'% sin (10w)) w
— (1 +0.4e73 cos (8w)) a* — (0.48¢™'% cos (10w) + 0.5) a — 1.
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Fig. 4 The number of g 16 1
unstable roots of -
f(a+ A) = 0 with respect to 141
a € [-0.1,0], for system Jr— 12 -
(24) with
p=04,¢ =025¢ = . 10 1
0.24,7, =8,7, =10
SHRMSHEINED 6
OSSR 4
- 2
-0.10 -0.08 -0.06 -0.04 -0.02 0
a

For a given range of a € [-0.1, 0], one has

Ry (@) = (1 —0.4e"®)w? — (0.8¢"® - 0.1 + 0.48e)w
— (1+0.4¢"%) - 0.01 - (0.48¢ + 0.5)- 0.1 — 1,

whose largest positive root is about £2, ~ 14.272. Thus, one can choose £2 = 14.3 as
the upper limit of Eq. (31) for a € [-0.1,0].

The results of .4 with respect to a in a given interval [—0.01, 0] is shown in Fig. 4
using adaptive Gaussian quadrature method, from which we can see that .4” jumps 8
times, from 16 to 0, hence for system (24) withp = 0.4,&, = 0.25,&, =0.24, 7, =8,
and 7, = 10, there are 8 pairs of conjugate characteristic roots whose real parts are
larger than —0.01. The pair of rightmost roots corresponds to a value of a close to
—0.033, where .4/ jumps from 2 to 0, thus the abscissa ¢, namely the real part of
the rightmost roots, is close to —0.033. Further estimation of the imaginary part
and refinement using iteration method find that the pair of rightmost roots is 4 =
—0.0336 + 1.3725i.

5 Conclusions

Unlike that the real parts of the RDDESs’ infinitely many characteristic roots go to
negative infinity, the real parts of the NDDEs’ infinitely many characteristic roots are
bounded, which adds more complexity to the asymptotic stability of NDDEs. Under a
special condition, the definite integral method is very effective in judging the stability
of NDDE:s by calculating the number of the unstable roots through a testing integral
over a roughly chosen interval. It works not only in testing whether the NDDE is
asymptotically stable or not, but also in finding the rightmost characteristic roots.
In addition, with a properly chosen upper limit of the testing integral for calculating
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the number of unstable roots, the stability domain can be easily determined in the
parameter space. The proposed method is particularly useful for the stability test of
NDDEs with multiple time delays.
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Utilizing Topological Data Analysis
for Studying Signals of Time-Delay Systems

Firas A. Khasawneh and Elizabeth Munch

Abstract This chapter describes a new approach for studying the stability of sto-
chastic delay equations by investigating their time series using topological data
analysis (TDA). The approach is illustrated utilizing two stochastic delay equa-
tions. The first model equation is the stochastic version of Hayes equation—a scalar
autonomous delay equation—where the noise is an additive term. The second model
equation is the stochastic version of Mathieu’s equation—a time-periodic delay equa-
tion. In the latter, noise is added via a multiplicative term in the time-periodic coef-
ficient. The time series is generated using Euler-Maruyama method and a corre-
sponding point cloud is obtained using the Takens’ embedding. The point cloud is
then analyzed using a tool from TDA known as persistent homology. The results of
this study show that the described approach can be used for analyzing datasets of
delay dynamical systems that are described using constant as well as time-periodic
coefficients. The presented approach can be used for signals generated from both
numerical simulation and experiments. It can be used as a tool to study the stabil-
ity of stochastic delay equations for which there are currently a limited number of
analysis tools.

1 Introduction

Delay differential equations are used widely in science and engineering to model sys-
tems whose evolution depends on their past history. Although the majority of delay
equation models in the literature are assumed to be deterministic, their analysis is
still not trivial due to their infinite-dimensional nature [1-3]. While the assump-
tion of determinism is commonplace when investigating the evolution of natural and

F.A. Khasawneh (&)
Mechanical Engineering, SUNY Polytechnic Institute, Utica, NY 13502, USA
e-mail: firas.khasawneh @sunyit.edu

E. Munch

Department of Mathematics and Statistics, University at Albany — SUNY,
Albany, NY 12222, USA

e-mail: emunch@albany.edu

© Springer International Publishing AG 2017 93
T. Insperger et al. (eds.), Time Delay Systems,
Advances in Delays and Dynamics 7, DOI 10.1007/978-3-319-53426-8_7



94 F.A. Khasawneh and E. Munch

engineered systems, all processes are in fact inherently stochastic with many possi-
ble noise sources. For example, machining processes, which are often modeled using
delay equations, can include stochasticity due to the variation of the material para-
meters [4, 5], external noise sources [6], and variations of the delay [7]. In addition to
machining dynamics, stochastic delay differential equations (SDDESs) arise in many
applications such as chemical kinetics [8] and genetic networks [9].

The analysis methods for the stability of stochastic delay systems are few or non-
existent in comparison to the available tools for deterministic DDEs. For some spe-
cial SDDEs, stochastic calculus can be used to study the stability in moments [10].
When the delay is small, the SDDE can sometimes be approximated using a sto-
chastic, non-delayed differential equation [11]. Alternatively, the moment stability
of linear SDDEs with delays in the diffusion term only can be studied using semi-
discretization [12]. The stability of the latter class of SDDEs can also be investigated
using a Lyapunov approach [13].

Fourier transform and the power spectrum have also been used for data analysis
especially when the signal is periodic. However, when the signal is non-periodic, the
discrete Fourier transform (DFT) will result in errors unless when the signal meets a
specific set of criteria [14]. Further, Fourier transform and other frequency-domain
methods do not account for the signal evolution in time, e.g., trending, and are lim-
ited when analyzing time series with quasi-periodic motion [15]. Some of these lim-
itations have been addressed successfully using time—frequency methods [16] and
wavelets [17]. However, the topic of analyzing stochastic delay models remains an
active and open research topic, and numerical simulation remains the most general
approach for studying these models.

Simulation methods for stochastic differential equations such as Euler—Maruyama
and Milstein were extended to SDDEs in [18-21] and [22], respectively. The simu-
lated path-wise solutions can be easier to investigate than the original SDDE. Specif-
ically, the paths generated by numerical simulation can be used for studying the
mean square (or more generally, the pth mean) stability of the original SDDE [23—
25]. Developing data analysis tools for the resulting data provides a benchmark for
testing new analysis methods for SDDE, and allows the analysis of experimental
data from real-world processes. One tool that has been successfully used recently
for SDDE:s is based on topological data analysis [26-28].

The idea behind this method is to use the Takens embedding [29] to turn a signal
into a point cloud in high-dimensional space and analyze the resulting point cloud
using persistence. In [30], it was shown that this method provides a framework to
parameterize dynamics; the procedure is also amenable to combination with machine
learning for automation [31]. Variations of this idea along with broader applications
of topology have been used to study signals from human speech [32], wheezing in
breathing signals [33], gene expression data [34-37], computer architecture [38, 39],
and character animation [40]. See also Chap. 6 of [41] or [42] for the formulation of
the procedure using cohomology.

In this study, we show that a TDA-based approach also applies to time-periodic
stochastic delay equations with multiplicative noise. The model equation we use is
the stochastic delayed damped Mathieu equation where the stochastic component is
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introduced in the coefficient of the time-periodic term. In particular, we will use per-
sistent homology [43—-46] to automatically detect when changes in the system behav-
ior indicative of instability occur near the stability boundary of the model equations.

2 Background

2.1 Takens Embedding

In order to study the time series, we use Takens embedding, a standard tool from
time series analysis [15]. Given a time series X(¢), fix a lag parameter # > 0 and
dimension m € Z,. Then the Takens embedding of the time series is a lift of the
time series to the map

te> (X@), Xt +n),X@+2n),...,X@¢+ (m— Dn)).

Via Takens theorem [29], we know that for most choices of m and 7, the Takens
embedding represents the underlying dynamics of the dynamical system. When we
are provided with a discrete time series X(z,), the resulting embedding is a point
cloud, which we investigate using persistent homology.

2.2 Persistent Homology

Persistent homology is a tool arising from the field of topological data analysis which
gives a quantitative signature representing the shape of a data set. In the case of data
coming from a Takens embedding, we are initially provided with a point cloud, a
discrete set of points &7, in R™. Consider the example of Fig. 1. Initially, this data
is simply a discrete set of points and thus, while we have an intuition for structure,
none is directly seen in the data. To approximate this structure, we can place a disk
of radius r centered at each point, and use the union of the disks as a proxy for
the structure. Of course, choosing a radius which is too small yields no additional
information as r may not be big enough for disks to intersect with neighboring disks.
On the other hand, choosing a radius which is too large means that the union of
disks sees no structure beyond one giant component, and thus still does not provide
a useful representation of the shape. However, there is a collection of intermediate
radii which do show that the structure of the point cloud is two circles. Thus, rather
than requiring a single fixed radius to represent the structure, we look at the range of
radii for which we have interesting structure.

To determine this range of radii, we adopt the following method. Starting from
r = 0, let the radius grow and watch as features, in particular circles, appear and
disappear. We say a circle is born at the radius at which it appears, and dies at the
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radius at which it is filled in. Thus, for each circular structure, we get a point in R2,
(birth radius, death radius). This data is stored in a persistence diagram as shown in
the bottom right of Fig. 1.

The next question is how these features are determined. This is done using per-
sistent homology, an emergent tool from the field of topological data analysis; see
e.g.,[47, 48] for a full introduction to homology and [43, 45] for an introduction to
persistent homology. For any given topological space X, which is the union of disks
in our example above, homology' provides a vector space H,(X) for each dimension
k=0,1,2,.... Lower dimensions are the most useful for our computational purposes
here; in particular, the rank of the zero-dimensional homology group H,(X) gives
the number of connected components, while the rank of the one-dimensional homol-
ogy group H,(X) gives the number of loops in the space. To deal with the changing
radius, let X, be the union of disks of radius r for a given point cloud &2. Because we
have inclusions X, C X, for r < s, homology theory provides us with linear maps
H,(X,) = H,(X,) between the homology groups. Let us restrict our attention to just
one-dimensional homology, and to the radii for which there is a topological change
in the union of disks 0 = ry, < r; <r, < --- < r,; note that this is a subset of the col-
lection of distances {%Hp —qll | p,q € £} since these are exactly the times when
some pair of disks first touch. Then a generator y € H,;(X, ) represents a circle which
is born at radius r; if it is not in the image of H,(X,. ) > H,(X,.). This circle dies
at radius r; if the image of y in Hl(er) is not contained in the image of H\(X, ) in
HI(X,_H ), but is contained in the image of Hl(Xriil) in Hl(er).

The persistence diagram is then drawn to show the birth/death pairs (r;, r;) for
all generators representing circular structures. An example persistence diagram is
given in the bottom left of Fig. 1. We often represent this persistence diagram as its
collection of off-diagonal points in R.

The persistence diagram is a particularly useful representation of the shape of
the data since it is stable with respect to noise in the following sense. The space of
persistence diagrams admits a metric, called the bottleneck distance dy (see, e.g.,
[45] for a full definition). Say we have two point clouds &2 and 2, giving rise to
two filtrations {X, } and {Y, }, and thus two persistence diagrams Dgm(Z?) and
Dgm(2). Then the diagrams lsatisfy the stability inequality

dp(Dgm(2), Dgm(2)) < dy (7, 2),

where dj; is the standard Hausdorff distance [49]. This, in particular, implies that if
the point clouds are close, the diagrams will be close, thus making the persistence
diagram a reasonable choice of representation for the shape even in the presence of
noise. In addition, the persistence diagram can be computed in matrix multiplica-
tion time [50], thus making it a very useful computational tool. See also [51] for a
comparison of available software packages.

'We are using homology with Z, coefficients, hence H,(X) is always a vector space.
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Fig. 1 Persistent homology is used to give a representation for the structure of the point cloud
by growing disks around each point and using the union of the disks as an approximation of the
structure. Each circular structure in the union of disks which is born at radius r and dies at radius s
is represented by a point at (r, s) in the persistence diagram. Points far from the diagonal represent
circular structures which lived the longest, and thus are considered to be representative of the true
structure

2.3 Maximum Persistence

The points in the persistence diagram are all above the diagonal 4 = {(x,x) € R?}
since classes can only die after they are born. Note that points that are far from
the diagonal represent circular structures which persist for a longer time; that is,
they are present in the union of disks for a large collection of radii. Thus, these are
often treated as representing inherent features of the point cloud . Points that are
close to the diagonal appeared and disappeared almost immediately; thus, they are
often treated as noise. For this project, we are particularly interested in differentiating
between circular and non-circular point clouds. Thus, we will focus on the maximum
persistence of a persistence diagram, defined as maxPers(D) = max, yep s — -

Consider the example of Fig. 2. The three signals on the top row come from the
Hayes equation, discussed in Sect. 3.1 with 6 = 0.03 and parameters as listed in the
top row. The second row gives the Takens embedding in two dimensions for each,
and the last row gives the persistence diagrams for each. Note that as the Takens
embedding becomes more circular, the persistence diagram has a more prominent
off-diagonal point. The maximum persistence of each diagram is the distance from
this point to the diagonal.
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Fig. 2 Three signals, their associated Takens embeddings, and the resulting persistence diagrams
for the stochastic Hayes equation (2). Note that as the signal becomes more periodic, the Takens
embedding becomes more circular, and the persistence diagram has a more prominent off-diagonal
point

3 Stochastic Model Equations

This section describes the equations that are used to generate the time series for the
TDA approach. Two fundamental model equations are used [52]: Sect. 3.1 describes
the stochastic Hayes equation, a scalar SDDE, while Sect. 3.2 shows the stochastic
Mathieu equation as a model for an SDDE with time-periodic coefficients. In this
study, all stochastic equations are interpreted in the Ito sense [53].

3.1 Scalar Autonomous SDDE: Stochastic Hayes Equation

The model equation for scalar autonomous DDEs is Hayes equation [52]. The deter-
ministic version of Hayes equation is given by

X = ax(t) + px(t — 7), (D
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where a and f are scalars while 7 is the positive delay. The stability boundaries to
this simple problem can be charted analytically [2], although in this study we use the
spectral element method to find the stability boundaries the deterministic version of
the model equations [54]. The stability diagram in the (a, 7) parameter space for the
noise-free Hayes equation with § = —\/5 is shown in Fig. 3a.

The scalar autonomous SDDE model is obtained by introducing noise to Hayes
equation through additive terms according to

dx = (ax(t) + px(t — 7))dt + 5dB, )

where 7 is a constant delay, @ and f are constants, 6 is a parameter that represents
the noise intensity, and B is a standard Brownian motion. This equation was used to
illustrate stochastic resonance in [55]. Including noise in the model triggers stochas-
tic resonance where the system behavior becomes oscillatory for values of 7 near the
boundary but still within the stable region for the deterministic system.

3.2 Time-Periodic SDDE: Stochastic Mathieu Equation

The model equation that will be used for time-periodic SDDE is Mathieu’s equation
[52, 56, 57] whose deterministic version is given by

X(t) + kx(t) + (a + e cosr /T)t)x(t) = bx(t — 1), 3)

where «, a, € and b are scalars, the time period is 7, and the constant positive delay
is 7. The stability diagram in the (a, b) parameter space is shown in Fig. 3b.
Now, if the coefficient of the time-periodic term becomes stochastic according to

dB
=+6%2, 4
e=é+o )

where £ = 1 is the nominal value of € while B is the standard Brownian motion, then
the stochastic version of Eq. (3) can be written as
dX, = X,dt, (5a)
dX, = (—xX, — (a + écos )X, ) dt — & cos tX,dB, (5b)
where the term multiplying dt is the drift term, while the term multiplying dB is

the diffusion term. Notice that in this case we have multiplicative noise in the time-
periodic term.
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4 Results

This section starts by describing the simulation parameters in Sect. 4.1, and the per-
sistence computation is discussed in Sect. 4.2. The results of the simulation for the
stochastic Hayes SDDE described by Eq. (2) are shown in Sect. 4.3, and the results
for Mathieu’s SDDE, Eq. (5b), are shown in Sect. 4.4.

4.1 Numerical Simulation

Stochastic Hayes Equation (2) and stochastic Mathieu equation (5b) were simulated
using the Euler—Maruyama method described in [18]. The resulting datasets were
generated for each point on the grid used for generating the stability diagrams of
Fig. 3. The simulation parameters used for each example are shown in Table 1. For
irrational values of the delay 7, the delay term requires intermediate values of x that
lie between any two Brownian increments. In this case, we picked the value of x at
the left end of the increment, similar to the procedure used in [12].

The Brownian path was created using Python and the approach described in [58].
For each point in the parameter space grid, 5 realizations were generated. For each
realization, Python’s function numpy.random.randn(seed = None) was used to seed
the random number generator using the system’s clock in order to produce a different
path in each run.

15
2.4
2.2 1r
unstable
2
05}
1.8 unstable
T 16 b o
1.4 -05
1.2
At
1
15
0 0.5 1 1.5 0 1 2 3 4 5
« a

Fig.3 On the [eft, the stability diagram corresponding to Eq. (2) with g = —\/E. A grid of 50 x 50
in the (a, 7) was used. The spectral element method with one temporal element and an interpolating
polynomial of order 20 was utilized to calculate the stability diagram [54]. On the right, the sta-
bility diagram corresponding to Eq. (3) with parameter values k = 0.2, e = 1,and T = 7 = 2z. An
80 x 80 grid was used in the (a, b) parameter space. One temporal element with an interpolating
polynomial of order 20 was used
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Table 1 The parameters used in the Euler-Maruyama simulation

Stochastic Hayes Stochastic Mathieu
Brownian path time step St=7x271 St=nx27
Euler-Maruyama time step At =1x27° At=6t=ngx27°
Simulation end time 7 x 2% zx27
History function for t € [—7,0] x=0.1 x(t) = 0.001 for ¢t =0,
x(t)=0fort <0

4.2  Persistence Computation

For each time series, the last K points were chosen, where K is 5,000 and 10,000
for the Hayes and Mathieu simulations, respectively. To further sparsify the data,
every ¢ point was retained, where £ is 50 and 100, respectively. The resulting time
series was embedded in R3 using the Takens embedding. The lag parameter 1 was
chosen for each time series using the first zero of the autocorrelation function [15].
Persistence was computed using the M 12 package [59] up to radius 100,000. For the
purposes of drawing Figs. 4 and 5, only the maximum persistence for each diagram
was retained. For each pair of parameter values, the five realizations yielded five
persistence diagrams, and thus five values for maximum persistence. The heat maps
in Figs. 4 and 5 show the average of these five values at each parameter pair.

Avg of Max Pers, Hayes, § = 0.01, Additive Avg of Max Pers, Hayes, § = 0.03, Additive

10? 107
10° 10°
10-2 10-2
104 10-4
10-6 10-6

o v g v N oo R T St

a a

Fig. 4 Stability diagrams obtained using the described topological data analysis approach. The
results represent the average maximum persistence of five realizations at every grid point for the
stochastic Hayes equation with additive noise, Eq. (2). The left and right figures show the results
for 6 = 0.01 and 6 = 0.03, respectively. For both cases, the stability diagram for the noise-free case
shown in Fig. 3a is overlaid using a black line
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Avg of Max Pers, Mathieu, § = 0.01 Avg of Max Pers, Mathieu, § = 0.03

Fig. 5 Stability diagrams obtained using the described topological data analysis approach. The
results represent the average maximum persistence of five realizations at every grid point. The left
and the right figures show the results for the stochastic Mathieu equation, Eq. (5b), at noise levels
6 = 0.01 and 6 = 0.03, respectively. The stability diagram for the noise-free case shown in Fig. 3ais
overlaid using a white line. Notice how the approach was capable of detecting the separate stability
island to the left of the main stability lobe

4.3 Stocahstic Hayes Equation Results

The results of applying the described TDA approach to the stochastic Hayes equation
are shown in Fig. 4. Two levels of noise were investigated: 6 = 0.01 (left figure) and
6 = 0.03 (right figure). The black line shows the stability boundary for the noise-free
Hayes equation which was shown in Fig. 3. For this example, oscillatory behavior
occurs as the parameter combination in the stable area below the shown boundary
approaches the stability boundary [55]. The regions farthest from the boundary are
characterized by a low average maximum persistence (107%), while maximum per-
sistence increases closer to the boundary. Note how across the deterministic stability
boundary the average persistence is two orders of magnitude higher. Farther above
the stability boundary, the value of the average persistence keeps increasing up to
10? in the shown range.

4.4 Stochastic Mathieu Equation Results

Figure 5 shows the average maximum persistence for 5 iterations of the stochastic
Mathieu equation (5b). Noise levels 6 = 0.01 and 6 = 0.03 are shown in the left and
right panels of the figure, respectively. The overlaid white line represents the stabil-
ity boundary for the noise-free Mathieu equation, which was shown in Fig. 3. Notice
the jump in the magnitude of the average maximum persistence near the determin-
istic stability boundary. It is also interesting to see that the described TDA approach
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was able to identify the separate stability island which is approximately centered at
(a,b) = (1,0) to the left of the main stability lobe.

One observation to make here is that now there are white regions away from the
colored stability boundaries. These white regions correspond to cases where the
resulting persistence diagram was empty, thus leading to a maximum persistence
value of NaN (not a number). The explanation for these regions and how stable and
unstable regions can be delineated is included in Sect. 5.

5 Discussion

Stochastic Hayes equation: Figure4 shows that persistence was able to provide
a threshold for the stability of the stochastic Hayes equation for both noise levels:
6 = 0.01 and 6 = 0.03. Another observation is that the region around the boundary
contains mixed values for maximum persistence. This reflects the phenomenon of
stochastic resonance where noise can cause transitions between the stable and unsta-
ble attractors of the system [55].

Increasing the noise value from 0.01 in the left figure to 0.03 in the right figure
caused the value of maximum persistence to increase far into the stable region. Nev-
ertheless, the results still show the stability structure of the system and the stability
threshold can still be distinguished. This figure shows that the average of the maxi-
mum persistence for the five iterations retained the stability information of the sys-
tem. This contrasts the loss of information associated with pointwise averaging of
the time series, as was shown in [28].

Stochastic Mathieu’s equation: The stability results shown in Fig. 5 show that
TDA can be used to ascertain the stability of SDDEs with time-periodic coefficients.
However, the stability diagrams for the stochastic Mathieu’s equation showed white
regions away from the stability boundaries where the persistence diagram was empty.
There are two main reasons why a persistence diagram might be empty as in the white
regions of Fig. 5:

1. This occurred in the stable regions (the inside of the deterministic stability bound-
ary) because the period at the end contained a stable solution, and therefore, the
constructed point cloud was too clustered to pick up any classes in the persis-
tence computation. To elaborate, if the point cloud is simply a mass, no one-
dimensional features (loops) will be present, thus the diagram will be empty. This
is likely what is occurring in the interior white regions bounded by blue (small)
maximum persistence values.

2. On the other hand, unstable regions, which are the areas in the direction of the
increasing gradient of the average maximum persistence, led to empty diagrams
because the features were so far apart that they never died before the computation
was finished, i.e., the code’s upper limit of the maximum radius surrounding each
point in the point cloud was reached.
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It is easy to distinguish empty diagrams due to stable regions from their unstable
counterparts. This can be achieved by observing the gradient of the maximum persis-
tence. In Fig. 5, for example, it can be seen that the inner stable region is surrounded
by low values of maximum persistence, while the unstable outer white region is
consistent with the direction of the increasing gradient that corresponds to the value
of the average maximum persistence. In practice, however, we expect this issue to
be rarely encountered because with physical systems there often exist constraints
or nonlinearities that prevent the system response from growing unboundedly. For
example, in the literature of machining processes the oscillations of the tool dur-
ing chatter will eventually cause the tool to jump out of the cut and experience
free, damped oscillations. This means that the tool oscillations in reality will always
remain bounded and will not grow indefinitely even when the system is in the chatter
regime. This observation is true for other dynamical systems as well.

The presented results show that the described approach can be a viable tool for
studying the stability of SDDEs using their time series. This is useful since the the-
ory of stochastic differential equations in general and the theory of stochastic delay
equations in particular are not nearly as developed as their deterministic counter-
parts. Therefore, the presented work can act as both an analysis and a benchmark
tool as new methods and algorithms emerge.

Acknowledgements The authors would like to acknowledge financial support from the U.S.
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Stability and Control of Fractional Periodic
Time-Delayed Systems

Eric A. Butcher, Arman Dabiri and Morad Nazari

Abstract In this chapter, two new methods are proposed to study the stability of
linear fractional periodic time-delayed (FPTD) systems. First, the explicit harmonic
balance (EHB) method is proposed to find necessary and sufficient conditions for
fold, flip, and secondary Hopf transition curves in linear FPTD systems, from which
the stability boundaries are obtained as a subset. Transition curves of the fractional
damped delayed Mathieu equation are obtained by using the EHB method. Next, an
approximated monodromy operator in a Banach space is defined for FPTD systems,
which gives the linear map between two solutions. The fractional Chebyshev collo-
cation (FCC) method is proposed to approximate this monodromy operator. The FCC
method is outlined and illustrated with three practical problems including obtaining
the parametric stability charts of the fractional Hayes equation and the fractional
second-order system with delay, and designing an optimal linear periodic gain frac-
tional delayed state feedback control for the damped delayed Mathieu equation.

1 Introduction

Delay differential equations occupy a place of central importance in all areas of sci-
ence with a multitude of practical applications, see e.g. [1, 2]. The stability analy-
sis of LTI delayed systems is more complicated than that of non-delayed systems
because their characteristic equations (CEs) are in the form of exponential polyno-
mials with infinite number of complex roots. Different stability criteria have been
developed to approximate a subset of the infinite roots [3]. In LTI control systems
with discrete delays, the stabilization problem in the frequency domain is that the
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control law should be designed such that all of the closed-loop poles (eigenvalues)
lie in the left-half plane, or at specific desired locations to ensure a specified response.
One may consider a control law to only assign a value for the spectral abscissa [4].
Another strategy is to define a feedback control law with a large number of gains in
order to obtain a desired closed-loop response with a large number of desired stable
modes. This can be accomplished with either distributed delayed feedback and/or
periodic control gains with an arbitrary number of Fourier coefficients [5]. The use
of time-periodic control gains results in the closed-loop system having the form of a
periodic system of DDEs.

The stability of time-periodic systems has been studied by using techniques such
as perturbation and harmonic balance (HB) methods which employ Floquet theory
to some degree [6—8]. The state transition matrix evaluated at the principal period
is called the monodromy matrix, and its eigenvalues or Floquet multipliers indicate
the stability of the system. Specifically, linear periodic ODEs are asymptotically sta-
ble when the eigenvalues of the monodromy matrix lie inside the unit circle [7].
On the other hand, the HB method is used to approximate periodic solutions and
thus obtain transition curves for linear periodic systems or limit cycles for nonlin-
ear systems [9]. The HB method works by expanding possible periodic solutions in
a truncated Fourier series and balancing the coefficients of the individual harmon-
ics, which requires extensive symbolic manipulations such as combining, extracting,
and simplifying. The main drawback of using this method is computational ineffi-
ciency in large order periodic systems. Stability analysis of linear periodic DDEs is
based on an infinite-dimensional extension of Floquet theory in which the eigenval-
ues of an infinite-dimensional monodromy operator determine the stability. Several
methods have been proposed to approximate this monodromy operator. For instance,
Chebyshev polynomial expansion and the Chebyshev collocation method are used
to analyze the stability of periodic DDEs in [10, 11].

The idea of extending the order of the differential operator from an integer num-
ber to any fractional numbers was introduced by Leibniz [12]. Subsequently, a new
field known as fractional calculus was founded. Fractional order models (FOMs)
have been used in modeling a variety of different physical systems, and their advan-
tages compared to those of integer order models have been demonstrated, e.g. [12—
17]. Their ability to model physical processes with hereditary or memory properties
(similar to time delay) has been demonstrated in [15]. For instance, the behavior of
a viscoelastic material can be correctly described by a fractional model with a small
number of model parameters compared to using a conventional integer order model
with large number of model parameters [18]. Thus, a fractional operator is suffi-
cient to describe the viscoelastic behavior of mechanical elements, e.g. viscoelastic
dampers, which have been used in vibration control. On the other hand, in control of
integer order plants, fractional order feedback controllers can be used. This strategy
can provide extra design parameters and thus is capable of better meeting desired
response specifications compared with conventional controllers such as PID con-
trol [16, 19]. The same general strategies for obtaining stability conditions for ODEs
or DDE:s are also extended for fractional differential equations (FDEs), but in excep-
tionally limited versions, e.g. [14, 20-23]. While numerical methods based on finite
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differences or the spectral method have been proposed, e.g. [13, 24, 25], the nonlo-
cal properties of the fractional operators usually result in slow convergence. Since
the spectral method typically exhibits exponential convergence properties for inte-
ger order systems (in contrast to finite differences), the development of a spectral
method based on Chebyshev collocation for stability analysis of fractional periodic
time-delayed systems is one aim of this chapter.

Consequently, the purpose of this work is to study the stability of linear systems
obtained from including these three phenomena (i.e., fractional order derivatives,
periodic coefficients, and time delays). First, the explicit harmonic balance (EHB)
method is introduced to obtain the Hill matrix in a computationally efficient manner,
which yields the transition curves in the parametric stability chart. The efficiency of
this method is demonstrated with the fractional damped delayed Mathieu equation.
Next, a spectral method for periodic FDDEs is proposed, in which the approximate
monodromy operator, whose eigenvalues yield the stability properties, is obtained
using Chebyshev collocation and by invoking the short memory principle. The effi-
ciency of the method is shown with the fractional Hayes equation, fractional second
order system with delay, and the fractional delayed Mathieu equation. Finally, a tech-
nique is proposed to control periodic FDDEs with fractional delayed state feedback
control. The control gains are optimized for minimum spectral radius of the closed-
loop finite-time response. The proposed control strategy is applied to the unstable
damped delayed Mathieu equation.

2 Caputo Fractional Derivative

Caputo’s definition is the most popular definition of the fractional derivative among
several proposed definitions for fractional operators because: (1) FDEs with Caputo
fractional derivatives have integer order initial conditions, (2) a fractional derivative
of a constant is zero, (3) FDEs give the same solution when the order is integer [12].
The left-sided fractional integral is defined based on the Cauchy nth fold integral
as [12]

@ — 1 _ a—1
a/xf(x)——r(a) /f(é)(x &) de (1)

wherea € R, a € [0, 1], and I" (-) denotes the Gamma function. The left side Caputo
derivative follows by using the left side fractional integral and integer derivative
operator D as

C9°f (x) =, 711 DI*If (x) )

in which [x] is the ceiling function.
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3 Transition Curves Using Explicit Harmonic
Balance Method

3.1 Formulation

As shown in [26], a linear periodic FDDE of the form
Ax() + B(t) 77 x(t) + C(t) @fx(t —-7)=0 3)

where x is an n X 1 vector, and A (¢), B (¢) and C (¢) are n X n time-periodic matri-
ces with period T = 27 /€2, can be expressed in algebraic form by using operational
matrices. In [27], it is shown that, as in the case of Floquet theory for time-periodic
ODEs and DDE:zs, the steady-state solution of (3) is the product of a periodic matrix
and a function of an exponential matrix multiplied by time. Specifically, to obtain
cyclic fold and flip instability the solution is assumed to be T- or 2T -periodic, respec-
tively. Thus, the solution can be expanded in a Fourier series and represented by a
decomposed representation as

.Q
X(1) = Py Lot O i3 )

where py is the Fourier coefficient vector defined as py = [c_y, C_(y_1)s ---» Cy—1)»
cN]T, wherec; (i = =N, ...,N), N € Zis the ith coefficient of the Fourier series, and
I, is the n X n identity matrix. The operator @;"(')(z) is defined on the scalar function
g(-) as

O (2) := [g(=N2), g(—(N = 1)2), ..., g((N = 1)), g(N2)]" )

This method decomposes the solution into harmonic terms (@g p(_)(i%t)),

unknown coefficients (pﬁ), and a core Hill matrix (.Sij) as

.Q
Py Sp, Oy (i3 =0 (6)

in which the Hill matrix of the system is defined by linear operational matrices
(Op, () with respect to p,, as

By, 1= O, (AKO) + 0, (BO 7x0) + 6, (CO) Zxt =) (D)

Moreover, the operational matrices corresponding to when the state is multiplied
by a scalar function f(¢), time-delayed by fixed delay z, and operated on by a frac-
tional derivative of order a are obtained as
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f@Op@) = py G, (fFOP®) OF,(£21) (8a)
O, (p(t = 7)) = diag <@]er p(_)(—im)) (8b)
Op, (77p()) = diag (00, () "% 80)

in which ﬁPN (f(®p()) is given by

Jo fi fr o favea foner fon
fo fo fi o Ives Tvea fane
ffz fjl fo f1\.u4 fz\./73 sz_Lz

Fovn Feavy Fraxe = fo fi
f-(2N—1>f—(2N—2) f—(ZN—3) f-1 fo fl
Sfoon f—(zN—l)f—(zN—Z) SRR AU ST ()

This is discussed in detail in [27] for the general case of multi-degree-of-freedom
linear periodic FDDE:s.

The necessary and sufficient condition to have a solution of the assumed form is
that the Hill matrix should be singular, which gives the flip and fold transition curves.
Moreover, for secondary Hopf instability, the Floquet multipliers are not +1 but lie
on the unit circle as a complex conjugate pair. Floquet theory implies that to have a
Floquet steady-state solution, x(¢) should be expanded as

Gy, (FOp(0) 1= F {fy} = ©

x(0) = py (Lvpre™) 04,0 (10

All characteristic exponents should be in [0, i£2) € C. Note that the exponential
term, ¢(i@ = 1), is multiplied by the periodic solution in Eq. (4). In general, adding
this terms does not change the OMs, and only effects the operational matrices of time
delayed and derivative terms (see Egs. (82)—(8c)) as

O, Op(t = 1), = diag (O 4= %)) § {1y} an
Oy, (f 0 72p(0)), = ding (OG5 & {8} (12)

where for secondary Hopf instability the operational matrix by considering the expo-
nential term of Hopf instability is indicated by 0, (-),, and N is changed to N + ¢
in @é\_’)(-).
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3.2 Example: Fractional Damped Delayed Mathieu Equation

Consider the fractional damped delayed Mathieu equation of the form

¥+ (a+bcos(QN)x () =c {Px(t - 1)
x(H=¢@), —1<t<0, (13)

where 2 =27 and 7 = 1. In this problem, the delayed term is combined with the
fractional derivative. The Hill matrix is obtained by summation of all operational
matrices as

Dy, 1= 0y (27X 1) + O, (ax(1) + O, (bcos Rzt x (1)) — O, (cZix(t— 1)) (14)

in which
Oy, (Z7x(1)) = 9?_’)2(1') = diag ([ -N? —(N = 1)* -+ —(N = 1)* =N?]) (15a)

Oy, (ax (D) = alyy,, (15b)

0, (beos 2xt) x (1) = toeplitz ([0 0 b5 00 - 0].[00 5500 - 0])  (15¢)
0, (c7°x(t - ) = c diag (@f)(,(1)> % diag (@g{p«)(—ir)) (15d)

Py
where toeplitz (u, v) returns a nonsymmetric Toeplitz matrix, in which each descend-
ing diagonal from left to right is constant, with u as its first column and v as its first
TOW.

Figure 1 shows the flip and fold transition curves of system (13) in different para-
metric stability charts. In the a — b parametric stability chart, Fig. 1a, increasing the
coefficient ¢ of the delay term moves the transition curves on the g-axis. Figure 1b
shows that the effect of increasing the fractional order is similar to adding damping
to the system and separates the transition curves from the a-axis. Figure 1¢ shows
the b — ¢ parametric stability chart when @ = 0. These transition curves are analo-
gous to the Hsu—Bhatt—Vyshnegradskii stability chart when b = 0. By increasing b
the first transition curve separates into two transition curves, which is indicated by
the red box in this plot. Figure 1d demonstrates that the transition curves become in
the form of closed contours when a = 0.5.

4 Stability and Control Using the Fractional Chebyshev
Collocation Method

4.1 Fractional Chebyshev Differentiation Matrix

The derivative of a function approximated by finite differences is obtained by inter-
polation of a local mth degree polynomial on m local points of an equispaced
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Fig. 1 Flip and fold transition curves for Eq. (13) in different parametric stability charts. a a = 0
bc=05ca=0da=0.5

grid [28]. This results in a maximum accuracy O(h™). On the other hand, the main
idea of spectral methods is the use of a global Nth degree polynomial that employs
all N points inside the domain and achieves maximum accuracy [28, 29]. However,
the accuracy of the result does not necessarily increase by increasing the degree of
the polynomial. Moreover, if finite difference methods with equispaced collocation
points are used, then the error of the interpolation increases when constructing a
high degree polynomial interpolant. This error can be minimized by using nodes
that are distributed more densely toward the edges of the interval. This is analogous
to finding a basis with faster oscillation at the edges of the interval. It is shown in [28,
29] that interpolation at the Chebyshev—Gauss—Lobatto (CGL) points gives the min-
imum error out of all sets of polynomial bases, so the Chebyshev polynomials are
ideal to be used in spectral methods.

The fractional Chebyshev differentiation matrix in the sense of Caputo, D, isa
linear map that maps the discretized function at the CGL points onto the discretized
fractional derivative of the function at those points, i.e.,

T
DX = [£27 () £ 7 () - £ 7 (1) | (16)

N+17
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The fractional differentiation operational matrix in the sense of Caputo is obtained
by using the discrete orthogonality relationship for the Chebyshev polynomials
in [16-19].

4.2 Fractional Chebyshev Collocation Method

Consider a linear periodic fractional time-delayed system in the standard state-space
form of

g@t("““z """ “Dx () = A (D) x () + F () x (1 — 7) (0<a; <Li=12..n)
x()=¢@), —1<t<0 (17

where x (f) € R" is the state of the system, A(t+ 7)) =A(f)and F (¢t + T) = F (¢) are
n X n matrices with period T, = = T is the delay, ¢ (¢) is the initial vector function in
[—7,0], and

g@t(alsaz ..... an) Ediag (g@tal’g@taz’ ~.-»59?") (18)
Note that a different result is obtained if the lower terminal of the fractional opera-

tor is changed since the fixed lower terminal O in operator g@l(a"az"“’a") indicates the

nonlocal property, which requires a variable memory that enlarges over time, and
hence it defines the degree of memory of the fractional operator. That is, the past
states of the system are retained and used for the computations in the next step. This
problem has been addressed in the literature and different solutions, such as the use
of the short memory principle, have been proposed to overcome this limitation [13].
The short memory principle states that the solution of a fractional derivative can be
approximated only by storing the most recent history of the function. In other words,
the length of the memory is fixed. This principle is used to obtain an approximate
monodromy operator for fractional periodic DDEs. For this purpose, the error bound
from the short memory principle, E(n, T, @), is obtained by using Egs. (1) and (2)
with the fixed length memory T as

T

En,T,a) =52 (nT) =5, 2°x (nT) = ﬁ / X (@& - &)*'de,  (19)
0

in which for M = sup,g ,—1yr) [X (0], the error is bounded as ||E(T,n, )l
< MT'=* (n'=* = 1) /T (2 - @). It should be noted that for values of a close to 1 this
error is insignificant, and by decreasing the fractional order from unity the approxi-
mation error from using the short memory principle increases. It is shown in different
examples that this method works efficiently, specifically for fractional orders close
to one.



Stability and Control of Fractional Periodic Time-Delayed Systems 115

The initial function ¢ (¢) of system (17) in Banach space X = % ([—7,0], R")
is denoted by 2, € X, ie., Z; = ¢(0), 0 € [-7,0]. Similarly, x (r) in the time
interval ¢ € [(j -1, jr] is represented by Z; € X. In Sect.3, it is shown that
the steady-state solution of linear periodic FDDEs is a periodic function times an
exponential function of time. Since the monodromy matrix B of a system of peri-
odic ODEs can be defined in terms of the fundamental solution matrix @ (¢) as
B= tllrg @~ (f) @ (¢ + T), the steady-state monodromy operator of the linear peri-

odic FDDE in Eq. (17) in Banach space X satisfies

lim 2,, = lim %(%,,_,) (20)

By using the short memory principle, Eq. (20) can be rewritten in terms of an
approximation for this monodromy operator & : X — X as

2~ B () 1)
i
—
where /() 1= B(B(--- B())).

In general, the monodromy operator does not have a closed form and it should be
approximated using a suitable approximation technique. This can be accomplished
by the discretization of the approximated monodromy operator at the CGL collo-
cation points represented by the projections of the equispaced points on the lower
halves of the semicircles in Fig. 2. If the number of CGL collocation points goes to
infinity, then the approximations of the differentiation operator and any functions in
Banach space X converge to their exact solution.

Let X, and X, be the discretized vectors of 2| and %, respectively. Then, sub-
stituting these finite dimensional vectors into Eq. (17), the discretized version B of
the operator 4 can be obtained as

B
—
Ao = @(t)

Fig. 2 Schematic representation of using the approximated monodromy operator to find the solu-
tion of linear periodic FDDEs (17) in Banach space X
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_ I
B~ (D’ - A) ¥ 22)

where A and F are the discretized finite dimensional matrices in the discretized
Banach space corresponding to matrices A(¢) and F(¢) in Eq. (17), (.)’ is an oper-
ator that modifies the first row of a matrix as [1 0 0 --- 0], ()" is an operator that
modifies the first row of a matrix as [0 0 --- 0 1], and () is an operator that sets the
first row of a matrix to a zero row. Methods for calculating the discretized matrices
A and F from the matrices A(¢) and F(¢) in Eq. (17) are found in [16]. The operator
D% in Eq. (22) is defined as

D = blkdiag (Dy, , Dy, ;> Dy, ) (23)
where blkdiag (Al A, ...,An) constructs a block diagonal matrix from input matri-
ces A;, i=1,2,...,n and D;’;H, i=1,2,...,n is the fractional order differentiation
matrix at the CGL collocation points in [0, T7].

Since B is a discretized matrix approximation of operator %, applying the induced
norm [|(-)|| on the finite-dimensional discretization of Eq. (21), one can write

%] < 1B 1%l < o/ %, 4

where p is the spectral radius of the discretized monodromy matrix B. In reality the
argument for the stability of the discretized operator being the same as that for the
operator itself (assuming N is large enough) is due to the compactness of the mon-
odromy operator; hence all (infinitely many) neglected eigenvalues are guaranteed
to be clustered about the origin. Therefore, in the case of ¢; € N, i = 1,2, ... ,n, and
for large enough values of N, the necessary and sufficient condition for the origin of
system (17) to be asymptotically stable is that all the eigenvalues of B lie inside the
unit circle. In the case of fractional orders, if the approximation error of using the
short memory principle is insignificant, then asymptotically stability of the origin is
guaranteed for large enough values of N.

4.3 Example: Stability of the Fractional Hayes Equation

Consider the fractional Hayes equation, defined here as the fractional order
autonomous DDE with a single discrete delay given by

Cox)=ax(+bx(t—17) (0<a<2)
x=¢p@®, -1t<t<L0 (25)

where a and b are real constants. The characteristic equation of system (25) is

CA=A"—a—-be " =0 (26)
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Fig.3 Transition curves of 13
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when @ = 0, Eq. (25) is a linear map of the form x,, = ﬁxn_l ,

totically stable if |b / 1- a)| < 1.If a = 1, then Eq. (25) is a first-order DDE known
as the Hayes equation, which is used in different biological models. The stability of
the Hayes equation has been examined by different methods in the literature [3]. The
stability boundary of the fractional Hayes equation is obtained if 1 = iw, w € R,
and o is the solution of

which is asymp-

(i0)* — a — be ™ = @3 —a—be™ " =0 27)

Figure 3 shows the numerical solution of Eq. (27) on the first Riemann sheet for
different values of @ when 7 = 2z. When « > 0, the line ¢ = —b is an invariant transi-
tion curve for the system as it is independent of the fractional order. Figure 3 demon-
strates that as the fractional order is varied from 1 to 2, the transition curves evolve
from those of the Hayes equation to those of the second order system with delay
with its recognizable triangular stability regions in the Hsu—Bhatt—Vyshnegradskii
stability chart [3].

Studying the intersection point of the stability boundaries with b-axis is one
way to evaluate the accuracy of the obtained boundaries. This intersection point is
obtained by resolving Eq. (27) into real and imaginary parts when a = 0. That is,

Re : w* cos <a£> = b cos (wt)
2
,r (28)
Im : @” sin (a5> = —bsin (w1)

which yields —b|,_, = o* = (%’7/2) dfa— 0, then —b|,_y — 1, and if @ = 1,

then —b|,_, = % Figure 4 shows the intersection point —b|,_, for different frac-
tional orders and delays. In the case of the fractional Hayes equation, for 0 < @ < 1,
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Fig.4 The analytical solution of the stability boundary intersection —b|,_, with the b-axis for the
fractional Hayes equation for different fractional orders and time-delays. The line with solid circle
symbols is obtained when = = 7 /2 , which is approximately 0.25 in the color bar, and shows the
minimum variation in the intersectionas 0 < @ < 1
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Fig. 5 The stability region of the fractional Hayes equation by using 20 CGL points for different
values of the fractional order. The shaded regions indicate the stable boundaries for & = 0.1, and
the filled circles show the analytical solution of the b-axis stability boundary intersections. a 7 =
1/10 X2z bt =2x

the light blue line with solid circle symbols shows the minimum variation obtained
when 7 = /2. Moreover, this line is the margin of two different behaviors for
the intersection point —b|,_,. It monotonically decreases when 0 < 7 < %, while
it monotonically increases if 7 < 7 < 2x.

In the fractional Hayes equation when b = 0, Eq. (25) reduces to an FDE with-
out time delay, whose stability can be analytically expressed by studying the loca-
tion of its roots on the first Riemann sheet, i.e., |arg (a)| > a%. Figure 5 shows the
approximated stability boundaries of the fractional Hayes equation by analyzing its
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approximated monodromy matrix. The shaded regions are the stability boundaries
for @ = 0.1, and the filled circles show the analytical solution of the b-axis stabil-
ity boundary intersections. For small values of the fractional orders, the intersection
points do not exactly overlap with the analytical results due to error associated with
the short memory principle. However, by increasing the fractional order, the approx-
imation improves and becomes closer to the analytical solution.

4.4 Example: Stability of the Fractional Second Order
Equation with Delay

The fractional second order equation with delay can be expressed as
g.@tz’x ®O=ax@®)+bx(t—7) 0S5<y<1 (29)

If y =1, then the equation changes to a second order system with delay with
its accompanying Hsu—Bhatt—Vyshnegradskii stability chart [3]. Since the CE of
Eq. (29) is identical to Eq. (26) with a = 2y, the solution of its transition curves is
easily obtained and is shown in Fig. 6. The FCC method with 25 CGL collocation
points is used to find its stability regions as shown in Fig. 6. Figure 6a shows the
effect on the stability boundaries by increasing y from 0.5 to 1, in which at y = 1
the stability boundaries are obtained from the Hsu—Bhatt—Vyshnegradskii stability
chart. It should be noted that the stability boundaries given by the FCC method are
analogous to the transition curves given in Fig. 3. If y = 1 then Eq. (29) becomes the
second order system with delay, to which a fractional damper can be added as

CPTx)=ax()+bx(t—1)+c$PPx(®) 05<y <) (30)

where ¢ € R. The stability plot of this system for the integer order damper and pos-
itive and negative damping coefficients is given in [3]. Figure 6b shows that adding
a positive damping coefficient and increasing the order of the fractional damper
enlarges the stable regions. Figure 6¢c demonstrates that increasing the fractional
order of the damper shrinks the stable regions when the damping coefficient is
negative. Figure 6d displays the influence of the damper coefficient for a first-order
damper, where using a positive/negative damping coefficient enlarges/shrinks the
stability domains.
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Fig. 6 The stability regions of system (30) with 7 = 2z where the shaded regions indicate stable
parameter sets for a specific value of the parameter in the color bar: a varying y when ¢ =0, b f
varying from 0 to 1 and ¢ = —0.1, ¢ § varying from O to 1 and ¢ = 0.1, d ¢ varying from —0.5 to
0.5and § =0.5

4.5 Example: Control of the Fractional Damped Delayed
Mathieu Equation

In Sect. 3.2, the transition curves of the damped delayed Mathieu equation were
obtained by the EHB method. Let 7 = 1, « = 0, 2 = 2z, and ¢ = 0.5 in Eq. (13),
and add a fractional delayed feedback control u(z, 7) (evaluated at 7 = 1 s) as

%)+ (a+beos Qut)) x () = 0.5x (t = 1) + u(r)
x@®,x@®))=(1,0), -1<t<0 31)

The stability regions of this system are shown in Fig. 7 in the a — b parameter plane
are obtained by using the FCC method when u(f) = 0. Comparing this figure with
Fig. lareveals that the stability boundaries are a subset of the transition curves. Note
that the @ = 0.2 and b = 0.1 parameter set for the uncontrolled system corresponds
to the unstable point denoted by a red solid circle in Fig. 7.
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Fig.7 Stability chart for uncontrolled system (31). The red circle point at (a, b) = (0.2,0.1) shows
that the system is unstable at this set point. The shaded regions are stable
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Fig. 8 a Stability chart for controlled system in Eq. (31) when the feedback control is chosen as
Eq. (32) for a range of fractional order . S and U denote the stable and unstable regions, respec-
tively. The shaded region indicates the stable parameter sets for § = 1. b The responses of the
system for the integer delayed feedback control (red) and the fractional delayed feedback control
(blue, with f = 0.01), respectively, for (k,;, k,;) = (0.35,1.75) corresponding to the black dot in a

The fractional delayed feedback control is chosen to be of the form
u(t)=ky x(t=1) +ky $2Pxt - 1) (32)

where k|, k,; € R, and 0 < f < 1. The stability chart of the closed-loop system
is shown in Fig. 8a for different fractional orders. The system is stable inside the
contours and unstable outside them. Figure 8a demonstrates how the stability bound-
aries enlarge horizontally and shrink vertically as the fractional order is decreased.
According to this property, the use of fractional control is advantageous when
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there are constraints in the selection of the control gains. For instance, for the case
of |k;; < 1| and k,; > 1.5, the feedback control can be chosen as (k;,k,;, f) =
(0.35,1.75,0.01) which is shown by a black solid circle in Fig. 8a. The responses
of the closed-loop system for # = 1 and f = 0.01 are shown in Fig. 8b. According
to the figure, the closed-loop response is stable, for the choice of the control gains
above, when the fractional order of the delayed feedback control is less than 0.5.
Because of the closed stability region, it is feasible to find an optimal set k', k5"
for every fractional order for which the spectral radius p of the approximated mon-
odromy matrix £ is minimum. Consider changing the constant gains of the feedback

control in Eq. (32) to periodic gains with two harmonics as

u(t) = (kyy + kyp cos 2zt) + kyz sin 2z)) x (1 — 1) +
(kay + kyy sin 271) + ky cos 2z0)) E2Px (1 = 1) (33)

where kij eR,i=1,2,j=1,2,3. The six control gain coefficients kij are obtained
by using an optimization algorithm where the optimization problem is defined by
minimizing the spectral radius of the approximated monodromy matrix. To accom-
plish this, the fmincon function in the MATLAB Optimization Toolbox is used
to minimize the spectral radius. The boundedness of the control gains are chosen as
k; < 2 and the initial guess is chosen to be zero. Table 1 shows the optimal values of
the periodic gains and the spectral radius for different values of the fractional order
p. Note for the case of f = 0.01 that the fractional feedback term is approximately
just the delayed position coordinate and hence adding control gain harmonics does
not reduce the spectral radius significantly. As is illustrated in Fig. 9, however, for
higher values of f it is seen that adding more gain harmonics results in a lower spec-
tral radius and hence a faster convergence of the response. This benefit using periodic
gains with optimization of the gain coefficients was also observed in the control of
(integer order) periodic DDEs in [10].

Table 1 The optimal values of the periodic gains and the spectral radius of the discretized mon-
odromy matrix for different values of the fractional order

b LD, |G R K.
0.01 (0.37,0.48),0.59 (0.37,-0.23,0.58,0.23),0.58 (0.37,-0.35,0.26,0.88,0.99, 0.50), 0.58
0.34 (0.38,0.39),0.58 (0.37,-0.42,0.53,0.42),0.57 (0.35,-0.89,0.56,0.71,0.72,0.71),0.54
0.67 (0.39,0.35),0.56 (0.38,-0.60, 0.44,0.40), 0.55 (0.34,-1.51,0.82,0.74,0.56,0.97),0.46

1.00 (0.40,0.35),0.52 (0.38,-0.70,0.52, 1.23),0.39 (0.34,-1.67,0.89,0.64,0.65,0.14),0.35
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Fig. 9 The response of system (31) using the feedback control in (33). a Constant gains, see the
second column of Table 1, b periodic gains with one harmonic included, see the third column of
Table 1, ¢ periodic gains with two harmonics included, see the fourth column of Table 1

5 Conclusions

In this chapter, two techniques were introduced to examine the transition curves
and stability of linear periodic fractional delay differential equations (FDDEs). The
explicit harmonic balance (EHB) method was first introduced to find the transition
curves by employing operational matrices associated with a Fourier basis. It was
shown that steady-state solutions of a linear periodic FDDE are of the form of a
Floquet solution, i.e., a periodic function multiplied by an exponential function of
time. Conditions for the existence of nontrivial solution in this form were obtained
by setting the determinant of an infinite-dimensional matrix, i.e. the Hill’s matrix,
to zero. The approximation result was given by truncating the Hill’s matrix. The
efficiency of the EHB method was shown in finding transition curves of the frac-
tional damped delayed Mathieu equation. Next, the fractional Chebyshev collocation
(FCC) method was introduced to examine the stability of linear periodic FDDEs. By
employing the abstract description of the solution’s evolution in a Banach space and
the short memory principle for fractional derivatives, the approximation of the mon-
odromy operator was defined based on the state transition operator evaluated in the
first period. The approximate solution was then obtained by discretizing the solu-
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tion at Chebyshev—Gauss—Lobatto points. The advantages of the FCC method were
illustrated in three different examples. In the first example, the fractional Hayes equa-
tion was introduced and its transition curves obtained analytically were compared to
those obtained by the FCC method. In the second example, the stability of a second
order differential equation with a fractional damper was discussed and the results
were compared to the well-known Hsu—-Bhatt—Vyshnegradskii stability chart. In the
last example, the damped delayed Mathieu equation was considered and an optimal
fractional delayed feedback control with periodic gains was proposed to stabilize the
system. It was shown that using fractional feedback control is advantageous when
there are constraints in the control gains and that using periodic control gains with
optimization of the gain coefficients results in faster convergence of the response as
compared to the constant gain feedback control.
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Design of Imaginary Spectrum of LTI
Systems with Delays to Manipulate Stability
Regions

Rifat Sipahi

Abstract This chapter is on the design problem of linear time-invariant (LTT)
systems with delays. Our recent studies on the use of algebraic techniques, namely
resultant and iterated discriminants operations, in connection with the well-known
Rekasius transformation implemented on the system characteristic equation already
revealed that it is indeed possible to compute the exact range of the imaginary spec-
trum of such systems. This know-how, which is the key toward understanding the
stabilty/instability decomposition of the system, is utilized here to craft the imag-
inary spectrum of LTI systems with multiple delays, specifically with the aim to
manipulate stability regions in a systematic manner in the delay parameter space.

1 Introduction

Many dynamical systems are affected by time delays, mainly because these systems
may not obtain sensor measurements instantaneously and may require time to com-
pute and/or prepare decisions to react to certain stimuli. Applications in this context
are numerous from mechatronics, network control systems, and vibration control, to
system dynamics and operations research, systems biology, and human-in-the-loop
control [31].

The presence of delays can be detrimental to the behavior of dynamical systems,
especially when such delays appear in a feedback loop setting. Delays may cause
low performance and lead to instability if the controller in the loop is not properly
designed. In the context of linear time-invariant (LTI) systems, this can be explained
by delays unfavorably affecting system eigenvalues. Delay parameter can configure
stable system eigenvalues in close proximity to the imaginary axis of the complex
plane; a low performance indicator. It may also migrate these eigenvalues into the
right-half complex plane, causing instability [32].
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While delays have been largely considered to be detrimental to dynamic behavior,
careful engineering of the feedback loop dynamics in the presence of delays can be
beneficial for the system at hand. In this direction many studies have been published
reporting how in some cases larger delays can stabilize an otherwise unstable system
with smaller delays [1, 19, 21, 32]. Similarly, disturbance rejection capability of a
feedback control system may be relatively satisfactory despite the presence of delays
[21]. In some sense, all these phenomena can be considered analogous to the classical
root locus problem whereby the delay parameter manipulates system eigenvalues on
the complex plane, in certain ways that may lead to either detrimental or beneficial
outcomes.

One of the most studied problems in the area of dynamical systems with time
delays is the stability analysis of LTI systems with constant delays [4, 11, 12, 22].
These studies date back to early 1960s, and still today many problems remain open.
A largely studied topic in the literature is regarding the stability decomposition of
the system, either in the delay parameter space or in system parameter space [12,
30-32]. The objective is to reveal for what parameter ranges the system is sta-
ble/unstable, which in general requires the solution of a transcendental, hence infi-
nite dimensional, eigenvalue problem. Along these lines many advancements have
been reported, including those based on single and multiple delays, see [31] and the
references therein. Irrespective of approach taken, all these results respect two fun-
damental and universal theorems, one regarding the continuity property of the real
part of the system eigenvalues with respect to the parameter space [4], and the other
regarding the stability/instability decomposition in the parameter space based on the
well-known D-/tau-decomposition theorems [11, 15].

As per the above-mentioned theorems, it is known that stability/instability decom-
position of a LTI system with L number of delays is made of countably many L-
dimensional regions in the delay parameter space, where in each region the system
is either stable or unstable. Moreover, these regions are separated by some “bound-
aries”, i.e., L-dimensional hypersurfaces .7#, where delays on these hypersurfaces
yield at least one system eigenvalue that lies on the imaginary axis of the complex
plane. In other words, these boundaries are strongly affected by the imaginary spec-
trum €2 of the LTI system [24].

Stability maps have been extremely valuable in visually presenting key informa-
tion about the stability of an LTI system [12, 24, 31, 32]. These maps simply lay
out which combinations of delays and/or system parameters would render the sys-
tem stable. Moreover, parametric studies can be performed to investigate how stable
regions change in favor of stability and/or certain design requirements. As expected,
these regions will distort, shrink, and expand based on the aforementioned bound-
aries separating the stable regions from unstable ones. Therefore, understanding the
mechanisms under which these boundaries are affected would be extremely valu-
able not only for the use of stability maps for analysis purposes, but more impor-
tantly manipulating these maps strategically in order to render a more desirable sta-
bility/instability decomposition.
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While many studies published in the literature are for the “analysis” of time delay
systems and revealing the corresponding stability maps, there is little information
as to how to systematically influence stability maps. Currently, one option is to
utilize the published tools, scan the parameter space of interest, produce a set of
stability maps, and decide which parameter setting renders a more desirable stabil-
ity/instability decomposition. Other than the trial-error nature of this approach, its
one other main limitation is that it does not utilize the key information regarding how
the stability boundaries are formed; specifically how these boundaries in the delay
parameter space are dictated by the imaginary spectrum £2 of the dynamics.

Recent studies on frequency sweeping techniques [2] offer insight into the above
formulated problem. For instance, in [10] authors utilized frequency sweeping tech-
niques to demonstrate various shapes of stability maps being formed based on certain
properties of £2. In [8, 9, 14], these ideas were implemented in 3D stability maps
whereby the authors systematically laid out those properties for the formation of
different 3D stability volumes. In [25] authors computed 2/3D stability surfaces for
problems with multiple fixed delays. In [6, 7, 26], our group tailored together alge-
braic techniques, namely resultant and iterated discriminants operations, in connec-
tion with the well-known Rekasius transformation [23] to compute the “exact range”
of the imaginary spectrum (2 of LTI systems with multiple fixed and/or unknown
delays. Moreover, this range may be a union of multiple distinct ranges, lower and
upper bound of each of which can be computed precisely [5]. In this chapter, this
know-how forms the basis to craft the imaginary spectrum of an LTI system with
multiple delays, with the aim to influence the stability/instability decomposition of
the system to ultimately expand or shrink stability regions systematically.

The chapter is organized as follows. In Sect. 2, preliminaries regarding the com-
putation of the exact ranges of €2 are presented from our previous work. This is
followed by Sect. 3 where an approach is presented to manipulate the spectrum in a
strategic manner to be able to expand/shrink stability regions of stability maps. The
chapter ends with discussions and future work in Sect. 4.

Notations are standard. The set of real and complex numbers are respectively
denoted by R and C, and n-dimensional real-valued vectors are in R”. The com-
plex plane is a union of three disjoint sets, namely, the left-half complex plane C_,
imaginary axis jR, and right-half complex plane C,. The resultant of two poly-
nomials p(x) and g(x) by eliminating x is denoted by Z (p(x), g(x)). Similarly, the
discriminant of p(x) eliminating x is expressed as Z,(p(x)), which is equivalent to
Z.(p(x), dp(x)/dx). For functions with more than one variable, the variable of inter-
est for the parametric study is listed as the first argument separated from the remain-
ing variables by a semi-column, e.g., f(x;y,z). The real and imaginary parts of a
complex number z are denoted respectively by R(z) and F(2).
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2 Preliminaries

The class of LTI systems with multiple delays considered in this chapter is repre-
sented in the following state space form,

L
d
() = ; Ax(t—1,), (1)

where delay 7, is nonnegative, x(1) € R" is the state vector, delayed state vector x_
is given by x(t + 6) with 8 € [-7,,0], A, are n X n square matrices, L is a nonzero
integer, and without loss of generality we have 0 = 7, < 7, ... < 7;. The dynamics
in (1) is known as retarded class systems since the highest derivative of the state is
not influenced by any delay terms [32].

The characteristic function of the dynamics in (1) reads

L
f(s;e™™) 1= det lsl - ZAve_”"] , 2

v=0

where I is the n X n identity matrix and s € C is the Laplace variable. The zeros s of
(2), given 7, = 77 and A, = A, determine the stability of system (1). The system is
stable if and only if all these zeros have negative real parts; otherwise it is unstable.
Notice however that solving for s from (2) is challenging, if not impossible, mainly
because (2) has infinitely many solutions due to the transcendental nature of expo-
nential terms.

Although solving all the zeros of (2) is impossible, what is more critical is to com-
pute the most relevant zeros, which are the dominant/rightmost roots of the dynam-
ics. These roots are defined in the traditional sense as those with the largest real
parts. Importantly, computing the dominant roots of (2) is nontrivial, and a number
of elegant techniques addressing this technical problem was published, see a review
in [31].

In terms of system’s transition from stability to instability, or vice versa, one fun-
damental principle needed is the root continuity argument [4]. For retarded class
systems, such as the one in (1), the spectral abscissa function defined as

o = sup{R(s)|s is a zero of (2) given 7, > 0,v =1, ...,L} 3)

is continuous in the parameter space of delays, including in the vicinity of the ori-
gin of the delay parameter. This property is key to establishing a stability analysis
framework. It implies that the stability of the system is preserved under sufficiently
small perturbations on the delay parameter, and stability can be lost only if one of
the eigenvalues of (1) touches the imaginary axis jR of the complex plane at s = jo*
for some fj >0, 1.e., when o = 0.
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Notice that, when an eigenvalue crosses over the imaginary axis at s = jow™ as the
delay parameter is perturbed from 7 to 77 + ||, [¢| < 1, this does not necessarily
mean that the system transitions from stable to unstable behavior, for two reasons.
First of all, the system may already have unstable eigenvalues for 7. Second, the
transition may not be necessarily toward the right-half complex plane C, . In other
words, having an eigenvalue on the imaginary axis is only a necessary condition for
a system to transition from stability to instability.

In light of the above rationale, stability analysis of (1) requires detecting all its
imaginary eigenvalues, which is equivalent to solving the occurrence of s = jw in
the entire domain of the delay parameter space 7, > 0. This solution satisfies

L
Fjoo; e7%) 1= det |jol = ), A,e 7| =0, 4)
v=0

where @ > 0 without loss of generality.

2.1 Rekasius Transformation

Among many techniques published in the literature, one direction that can be taken
to compute the roots of F in (4) is to utilize the well-known Rekasius transformation,
which suggests replacing the exponential functions in (4) by a bilinear transforma-
tion. The single delay version of this transformation, L = 1, was proposed in [23], see
also [20]; and especially its multiple delay versions lead to a large body of literature,
starting with [28], see details in [24]. To simplify the presentation and notations,
consider first the Rekasius transformation for the single delay case 7, = 7,

—jwr . _ 1 —joT

e =
1 +joT

®)

where T € R is also known as the “pseudo-delay” [18]. It is extremely critical to
note that the above transformation is not a Pade approximation, since the right-hand
side term does not have z but a new parameter 7. Moreover, the transformation (5)
is exact so long as both sides of the equation agree in modulus and phase. Since the
modulus is unity on both sides, the only requirement for the transformation to be
exact is the following condition derived from the phase condition,

T, = %(arctan(wT) F kr), (6)

where k > 0 is an integer arising due to trigonometric identities.
Notice that from (6), it becomes apparent that an imaginary axis crossing at s = jo
will be created by infinitely many delay values 7 = 7. Moreover, the system dynam-

ics may have multiple crossings, 22 = {w,, ..., @y ooy wp}. In this case, the delay
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values causing these crossings are given by 7 = r,i”), p=1,...,P, k=1,...,00.
Detailed discussions on these principles can be found in [20, 24].

To give an example for the single delay case, let the characteristic equation in (4)
on the imaginary axis s = jw be

F(jow;e7) = joo + a + fe 77 =0, (7)
which, after Rekasius transformation (5), becomes

1 —joT

F(jw;T) = jo + a + =
VorT) =jot+a+ fr s

0, ®)

where the term 1 + jowT # 0 since T and w are real quantities. In light of this, the
above equation can be expanded by this term to obtain,

F(jco; T) = (jo+ a)(1 +joT) + p(1 — joT) = 0. ©)]

The interpretation of the system crossings in relationship to 7 and 7T is as follows.
The parametric equation in (9) has aroot at s = jew for some 7* € R if and only if the
original equation (7) has a root at s = jw for some z* > 0. The relationship between
T* and 7* is established through (6). That is, for the root at s = jw of (9) with T = T*,
the original equation (7) has a root also at s = jw, but for infinitely many delay values
7, as formulated in (6) with one of those delays being ™.

With the above discussions, it is clear that one can study the algebraic polynomial
(9) for its imaginary roots, as an alternative to studying the same roots from the tran-
scendental equation (7), see the above cited studies. Once all (w, T) pairs satisfying
(9) are found, it is then straightforward to compute the delay values 7, of the original
system using (6).

In the case of multiple delays the approach requires one to deal with multiple T,
parameters [24, 29] where one applies the Rekasius transformation for each delay
term independently,

. 1 —joT,
e = (10)
1 +joT,
with the inverse mapping condition
2 _
Tk, = ;(arctan(a)Tv) F k), (11)

considering a single crossing at s = jw. Notice however that in the case of multiple
delays, the crossing set £2 does not have discrete crossing points, rather it is in general
a continuous function of the delay parameters.! That is, the delays 7, lie on L-
dimensional hypersurfaces .77 ‘

'Here we assume that the system indeed exhibits crossings. Otherwise £ is an empty set, and the
system is delay-independent stable, or unstable.
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2.2 Stability Switchings and Their Relation to Q

Let us now demonstrate how 7 in stability maps are obtained, and how the imag-
inary spectrum £2 of the LTI system plays a critical role in determining the stabil-
ity/instability decomposition of the system.

Take the following scalar characteristic equation with two delays, L = 2,

F(jow;e™™) = jo + a + fie 7™ + e 7™ = 0. (12)
The equation corresponding to F' then becomes,

F = (jo+ a)(1 + joT))(1 + joT,) + pi(1 — joT,)(1 + joT,)
+h,(1 = joT,)(1 + joT;) =0, (13)

which holds if and only if its real and imaginary parts are zero, that is, the following
equations must be satisfied,

Fo=((—a+ B +p)T\ Ty - T\ - T)) 0 +a+p +p, =0, (14)
Fi=[-T/Tyo + ((@ =B+ )T, + (=B +a+ p) T, + 1) @ =0. (15)

Given a, f,, and f,, the above polynomials can be solved in many different ways.
One elegant implementation, which would work without a theoretical limitation on
the order of polynomials, is to utilize the elimination theory. This process reduces
these two polynomials into a single polynomial with one less variable of choice. The
process starts with building a Sylvester matrix using the coefficients of the choice of
variable for elimination. The necessary condition for (14) and (15) to hold is that this
matrix is singular, i.e., its determinant is zero. The determinant of Sylvester matrix
is also known as the “resultant” [33].

The resultant %m(lj" (), F /(w)) obtained by eliminating @ from (14) and (15) is
calculated as a fourth order multinomial only in terms of 7, and T,. Zeros of Z,, are
“candidates” satisfying (14) and (15). At this point, one can scan 7, € R in a certain
range and solve for T; € R from Z,, = 0, and next use these T, T, pairs in (14) and
(15) to check whether or not a common @ > 0 solution exists. If it does, then the
pairs (w, T}) and (w, T5) are used in (11) to compute the delay pairs 7, ; , 7, .

Another approach that can be utilized is to construct a Routh’s array using (13)
but with the Laplace variable s in place of jo [24, 29]. In this case, one obtains
a parametric array in terms of 7', 7,, and can take advantage of some of the key
features of the array to obtain the necessary and sufficient conditions for an imaginary
crossing at s = jo to occur. These conditions can indeed be extracted from the s' row
element of the array being zero R, = 0, and the s row elements R, and R,, forming
an auxiliary equation R,;s> + Ry, = 0 with a root at s = jew [24, 29]. For example,
let @ =1, and f; = f, = 2, then the conditions are given by
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(1 =3T,)T? + (6T, + 1 =3THT, + T, + T?
R, = S — Sk S (16)
21

R21 = T2 + Tl - 3T1T2, and R22 = 5 (17)

A scanning of, e.g., T, can be performed to solve for the candidate 7; from R, = 0,
which can then be used in R,;s> + Ry, = 0 to check if a root at s = jw exists. If
it does, a similar procedure is followed as explained above to compute the delay
values 7 , 7, . Notice that w is upper bounded for retarded class systems and it is
known that R, is in general a constant term. Hence R, # 0, and zeros of R, can be
checked only from its numerator.” Application of the above logic leads to the delay
pairs 7, ;. , 7, , where for each delay pair, the system has eigenvalues at s = Fjo on
the imaginary axis. These delay values lie on .7 which in the case of two delays
L = 2 are known as the “potential stability switching curves” (PSSC) of the system.

Furthermore, each delay pair on PSSC corresponds to at least one crossing fre-
quency o, that is, w(z,, 7,), with (7, 7,) € PSSC. Post processing of our compu-
tations for the above problem shows that ® € Q = [0, 3.8728], with the extrema at
w =0 and @ = 3.8728. Observe that for a fixed w, w € €2, the distance between
delay points along any delay axis is given by 2z /@, see (11) and also the concepts of
kernel and offspring in [24, 29]. This corresponds, in the example at hand, respec-
tively to delay points separated from each other by the maximal distance of infinite
and the minimal distance of 2z /3.8728 = 1.6224. Notice that the range of (2 arises
as an “end result” of the above-described approaches, which unfortunately do not
permit revealing the extrema of €2 in an analytical and systematic way.

3 Main Results: Manipulating the Stability Decomposition

3.1 Rekasius Substitution with Frequency Sweeping

Frequency sweeping has been utilized in solving many stability problems [2], and
more recently was used to reveal 3D stability surfaces and/or characterize their
geometries [8—10, 14, 25, 26]. In the context of the above example, the common
roots of (14) and (15) can indeed be computed by scanning the @ variable instead
of scanning the T, variables. Interestingly, this is not a naive choice® as it offers
new opportunities for multiple delay problems L > 3, revealed recently by our group
[6, 26]. First, frequency sweeping helps extracting the “cross-sectional” views of

2These observations lead to a general proof that, except for possibly some special points in T, for
a feasible s = jw solution to exist the hypersurfaces formed by R,, and the numerator of R; do not
intersect in the L-dimensional 7, parameter space [27].

3Notice that sweeping the frequency w is not equivalent to sweeping T, @t,, or T, due to the
intricate nonlinear relationships between (10) and (11), see also [5, 26].
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PSSC in lower dimensions especially for problems with more than three delays and
where some delays must be fixed “a priori”. Since visualization of stability maps in
dimensions larger than three is impossible, this approach is attractive. Second, it per-
mits computing the exact upper/lower bounds of the set 2, which as demonstrated
in the next subsection will allow manipulating the concentration of PSSC, thereby
the stability regions, in the delay parameter space.

With regard to obtaining cross-sectional views of PSSC, fix 7, =z for all v =
3,...,Lin (4). Then the exponential terms with v = 3, ..., L must “not” undergo any
transformations since transformations are valid only for uncertain delays [5, 26].
For this reason, it makes perfect sense to sweep @ and set these exponential terms to
complex numbers. One is then left with only two variables (7'}, T,) for each fixed @
sampled from a range [0, @], where w is known to be upper bounded. Using then
the real and imaginary parts of the characteristic equation, one can compute the
common (7}, T,) € R? roots, if they exist. Having (7|, @) and (T, @) pairs at hand,
the delay values 7, , 7, can be easily calculated, corresponding to the a priori fixed
77, v=3,...,L, delay values [5, 6, 26, 27].

3.2 Computing sup(£2) Using Iterated Discriminant
Operations

The maximal value @ = sup(£2) that the frequency w will take is critical for two
reasons. First of all, it determines the range of frequency sweeping and thus can help
prevent unnecessary sweeping to much larger values than needed [5, 26]. Second,
it determines the minimal distance between the delay points corresponding to this
maximal frequency—the main focus of this chapter. This distance, which is 2z /@,
determines how densely/sparsely the PSSC are packed in the delay parameter space.
In some sense, larger w will cause the delay points to be produced more densely, and
this will render many PSSC of the system per area. Conversely, smaller @ will cause
sparsely distributed PSSC on the delay plane, which will ultimately affect the size
of stability regions.

On the other hand, the mechanisms of how w influences the concentration of sta-
bility/instability regions have so far not been investigated, mainly because it was not
known until recently for the general problem how one would compute @ analyti-
cally and systematically [6, 26, 27] without brute force computations and parameter
scanning. The main idea in computing w lies in an optimization scheme developed
by our group starting with [6]; later extended in [26] including delay-independent
stability problems [5, 7, 16, 17], where one seeks for the extrema of @ from the com-
mon solutions of the surfaces Fr(w; T,....,7T;)=0and I:",»(co; T,...,T;)=0. Since
these surfaces are explicit functions of w, a simple explicit solution of o(T, ..., T;)
is impossible to obtain yet the elimination technique and resultants can be used to
simplify the problem.
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First of all, if F, = 0 and F; = 0 have common roots, then it is necessary that
0,(@: Ty, ... T}) 1= Ry (F@: Ty, ... T,). F@: Ty, ..., T))), (18)

is also zero. If an extremum of w exists, then this extremum can be computed from
0,. Note that the necessary condition for this extremum to exist is that the follow-
ing partial differential equations vanish, dw/dT, =0,v =2,...,L, so long as w is
a smooth function of T, see proofs and discussions on smoothness in [27]. Let us
first study v = 2 using the constraint equation (18). Notice that in view of implicit
function theorem, in a small neighborhood in 7, parameter space, we can express

o = w(T,,...,T,). Considering smoothness properties hold, we can write,
9 o+ 220t 0 (19)
a0 T o, T

from which we have the following discussions. Since dw/dT, = 0 must hold, whether
the extremum of w is a regular or a singular point, it is necessary but not sufficient that
00, /0T, = 0 obtained from (19) holds. In other words, for e to exhibit an extremum,
itis necessary that both @, = 0 and its partial derivative with respect to 7', must van-
ish. To find the common solutions between these two polynomials, we can once again
utilize the resultant; this time by eliminating 7,

00,(:T,.....T,)
62(co;T3,...,TL):=<%’T2<91(w;T2,...,TL), L2 L), (20)

oT,
which is nothing but the discriminant of ©, with eliminating 7,,
Oy T, ..., Ty) 1= Dy (0,(0; T, ..., Ty)) . (1)

With a similar logic as above, one can now focus on 75 and solve the common roots
between @, and 06, /dT;, which leads to an “iterated discriminant” formulation,

O3 Ty, ..., Ty) 1= D (Pr, (01(@; Ty, ..., Ty))) - (22)

Application of the above process successively on all T, yields a single variable poly-
nomial @;(w) := D(w) only in terms of w. For w to exhibit an extremum, it is nec-
essary that this polynomial is zero for some 7, € R [5, 26].

In the above process, what we have done is to project the tangent lines of the (L +
1)—dimensional surface to lower dimensions, where tangent lines touch the surface
at points that are candidates for the extrema points. Now that D(w) is obtained, its
finite number of roots can be easily computed, w,, ¢ =1, ..., g, and then one plugs
in each candidate solution into @;_; to solve for candidate 7; € R solutions. These
solutions are then plugged into ©;_, to solve for candidate 7;_; € R solutions. If
at the end of this process a candidate w, corresponds to T = (T, ..., T;) € R" then
this w is in the set of extremum points.
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For the example presented in (12), since we have only two 7, variables, one needs
a resultant and a discriminant. The MAPLE code for this operation is,

> restart: a:=1: bl:=2: b2:=bl:

> f:=s+a+bl*exp(-taul*s)+b2*exp(-tau2*s) :

> Rkl:=(1-T1l*s)/(1+Tl*s): Rk2:=(1-T2*g)/(1+T2*s):

> h:=simplify(eval (f, {exp(-taul*s)=Rkl, exp(-tau2*s)=Rk2})
*(1+T2*s)* (1+T1l*s)) : assume(Tl,real,T2,real,omega,real):

> h:=eval (sort(collect(h,s),s),s=I*omega): fre:=Re(h):

> fim:=Im(h): with(LinearAlgebra): with(linalg) :

> Thetal[l]:=sort (simplify (det(SylvesterMatrix (fre, fim,T1)))
,omega) : Theta[2]:=sort(simplify (det (SylvesterMatrix (

Thetal[l], diff(Thetal[l],T2),T2))), omega);
which yields
0y(@) 1= Dy (%y (F(@;T,,Ty), Fi(; T, Ty))) (23)
= 40" + 68w'! — 1080’ — 180w’ (24)

nonnegative real zeros of which {0, 1.732050808, 3.872983346} are candidates for
extrema points of €2, ignoring repeated roots for a compact presentation.

It can be confirmed that only O and 3.872983346 correspond to (7},T,) € R2,
hence @ = 3.872983346, which validates the computational results at the end of
Sect. 2.2. Moreover, we can conclude that Q2 = [0, 3.872983346]. This is the only
range in which @ must be scanned to compute all the PSSC. Needless to say, the
above approach can be implemented on problems with any number of delays only
limited by available computational power, and will become handy especially when
L > 2 [26]. Furthermore, several trivial manipulations can be considered in this uni-
versal approach. For instance, the resultant can be expanded in different ways, e.g.,
using a homomorphism algorithm [3] as was done in [26]. Needless to say, resultant
is unique, and regardless of how it is obtained, results in [26] stand.

3.3 Case Study

Now that an analytical technique to compute @ is established, it becomes possible
to consider parametric variations in the system characteristic equation, to investigate
the changes in @ which are inversely related to enlarged spacings between PSSC.
Notice that it is impossible to estimate all possible intricate geometries of PSSC that
may arise from the problem, and moreover £ may be a union of multiple disjoint
sets, each corresponding to different curve patterns. Nevertheless, “controlling” @ =
sup(£2) will eventually allow for larger spacing between some segments of the PSSC,
increasing the likelihood of larger stable regions.
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Fig. 1 a Positive real roots of O,(¢; f,) = 0 with respect to f, are candidates for @ = sup(£2).
For p, = 2 for instance, w ~ 3.8730. b Potential stability switching curves (PSSC) computed with
frequency sweeping with f, = 2 (thick curves) and p, = 3.5 (thin curves). With increase in @ as f,
is increased, PSSC per area is much denser

To study this idea, let us consider the first order system in (12) with f, as the tun-
ing parameter. In this case, ignoring @ = 0 root as it cannot be the maxima, ©,(w) in
(23) becomes a cubic polynomial in terms of ¢ := w?, that is, ©,(w) := O,(¢; ).
On this polynomial, we can perform sensitivity analysis to study how @ tends to
change with respect to an increase in f,. For example, take f, =2 withw = o =
3.8730 from the previous subsection. At this numerical setting, sensitivity func-
tion reads dw/0p, ~ 1.0327 > 0, indicating that increasing g, with sufficiently small
amount while respecting the conditions of the implicit function theorem will cause
 to increase, which will ultimately lead to some delay points to be much closer to
each other in the stability map.

Moreover, ¢ can be easily solved* from the cubic polynomial ©,(¢; f,) for a
given f,, and feasible candidate solutions must satisfy ¢ = @* > 0. Solutions of
candidate @ are displayed in Fig.2a for a range of f,. As expected, for g, = 2,
we have that w ~ 3.8730, and w = 1.7320 is not a feasible solution hence must
be ignored. Using this figure, we can interpret how the spacings amongst PSSC
are affected. For example, choice of f, = 3.5 corresponds to w = 5.408, which
is larger than that for f, =2 and hence PSSC should be more tightly packed in
the stability maps. Furthermore, the lower bound of @, which is zero for f, =2
becomes 1.119 for g, = 3.5. In light of these, the minimal and maximal spacings
between delay points for f, = 2 are 27/3.872 = 1.622 and lim_ . 27/ — +o0,
while these spacings are respectively 2z /5.408 = 1.162 and 27 /1.119 = 5.615 for
p, = 3.5. All these results can be easily checked by drawing PSSC; see Fig. 1b where
we superimpose PSSC to compare the spacings. Upon request of an anonymous

“The number of positive real roots of polynomials can be assessed following algebraic tools. If this
number is zero and w # 0, then £ is an empty set hence the system maintains its stable/unstable
characteristic irrespective of delays [13]. See also [5, 7, 17] for multiple delay treatments.
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(a\)S (bg

Fig. 2 a Stability map (stability regions shaded); g, = 2 case (PSSC: thick curves in Fig. 1b).
b Stability map (stability regions shaded); , = 3.5 case (PSSC: thin curves in Fig. 1b)

reviewer, next we separately present the stability regions (shaded) in Fig.2; see
[10, 24, 29, 31, 32] on the principles of systematically identifying stable regions.

4 Conclusions

Our recent results in computing the exact upper/lower bound of the imaginary cross-
ing set of LTI multiple time delay systems are utilized here to “design” the imag-
inary spectrum of such systems to effectively manipulate the spacings in the delay
parameter space where stability/instability is preserved. “Control” of the spectrum
offers opportunities to design systems with certain stability properties, and certain
vibration characteristics. Future work is to extend the presented work for more com-
plicated problems of higher order and with multiple design parameters.
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Algorithm for Robust Stability of Delayed
Multi-Degree-of-Freedom Systems

Daniel Bachrathy, Marta Janka Reith and Gabor Stepan

Abstract Computation of the stability limits of systems with time delay is essential
in many research and industrial applications. Most of the computational methods
consider the exact model of the system, and do not take into account the uncertain-
ties. However, the stability charts are highly sensitive to the change of some input
parameters, especially to time delays. An algorithm has been developed to determine
the robust stability limits of delayed dynamical systems, which is not sensitive to the
fluctuations of selected parameters in the dynamic system. The algorithm is com-
bined with the efficient Multi-Dimensional Bisection Method. The single-degree-
of-freedom delayed oscillator is investigated first and the resultant robust stability
limits are compared to the derived analytical results. For multi-degree-of-freedom
systems, the system of equations of the robust stability limits are modified with the
aim to reduce the computational complexity. The method is tested for the 2-cutter
turning system with process damping.

1 Introduction

The determination of the stability of dynamical systems with time delay is of high
importance for numerous industrial and research applications. Some of the most rep-
resentative examples are cutting processes [12, 23, 25, 26], wheel shimmy [24],
traffic jams [19] and human balancing [11].

One of the most important qualitative properties of dynamical systems is the sta-
bility of the equilibrium or the periodic motion. Stability is usually visualized in
the form of so-called stability charts, which show the stability boundaries separating
those parameter domains for which the system is stable or unstable.
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There often exist problems, especially in the field of machining operations at low
spindle speeds, where the computation of the stability boundaries requires very high
computational effort and unnecessarily high resolution. This is caused by the dense
and sharp line segments of the stability boundaries (so-called lobe structure), as it
is visible for example in Fig. 1 [27]. In case of time-domain computations [12, 13,
27], a high degree of discretization is required for being able to obtain appropri-
ate results. For instance, in frequency domain computations [1, 5, 6] for cutting
processes, the lobe structure becomes dense for low spindle speed values (see Fig. 1),
which requires high resolution of the stability chart and a continuously growing reso-
lution in the chatter frequency parameter. However, these accurate boundaries are of
no interest from practical point of view, thus the computation of the lower envelope
of the lobe curves only might be sufficient.

Traditional computational methods consider exact models of the corresponding
system and they do not take into account the uncertainties of the input parameters, in
spite of the fact, that the results of these computations are highly sensitive to changes
of some input parameters like the natural frequencies and time delays. In practice,
these system parameters can only be determined with a limited accuracy.

The parameter uncertainty can be analysed based on the stability radius [17],
which considers the perturbation of the elements of the system matrix. In [9] complex
perturbation is applied, while [20] considers real valued perturbation. This stability
radius method was also applied for time delayed systems in [16, 18].

In the present study, a different perturbation method is introduced in order to
determine the robust stability limit. The presented algorithm is based on the direct
perturbation of the time-delay parameter only. The main steps are presented based on
the well-known mathematical model of the delayed oscillator. The resultant robust
stability limit is obtained in the form of the lower envelope of the lobe structure.
In order to decrease the computational time even further, the method is combined
with an efficient numerical root-finding algorithm, the so-called Multi-Dimensional
Bisection Method (MDBM) [2, 4]. These robust stability curves are given in analytical
form too. Finally, the presented robust stability computation method is generalized
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for multi-degree-of-freedom systems. The system of equations of the robust stability
limits are reformulated to create a more efficient numerical scheme, which is applied
to the 2-cutter turning model with process damping [22].

2 Robust Stability of Single-Degree-of-Freedom Systems

In this section, linear time-invariant systems are analysed, which can be described by
the higher order delay differential equation with a single point delay in the following
form:

N-1

dx(0)
de

dx(t — 1)
H———" =

+
drk

™M

N
I 0, 1)
=0

J k=0

where x is the scalar state variable, N is the order of the highest derivative, lj and
r, are constant parameters and 7 is the point delay. Note, that we do not deal with
neutral equations, hence the highest order derivative term is not delayed.

The robust stability computation algorithm is presented along the model of the
second order delayed oscillator (see [10]) given by the governing equation:

X(1) + kx(t) + 6x(t) = bx(t — 1) =0, 2)

where the time delay is 7 = 2z. Equation (2) is obtained from Eq. (1) with N = 2,
1=1[6,x,1]and r = [b,0].

The corresponding stability charts are computed with the help of the
D-subdivision method (for detailed description see [23])—main steps are summa-
rized below. The characteristic function D of Eq. (1) can be found by substituting
the trial function x(f) = Ae* into Eq. (1):

N N-1
D= Y13+ nate, 3)
=0 k=0

which yields the following characteristic function for the delayed oscillator:
D=A+kA+6—be . 4)

The stability boundaries can be determined by substituting the critical value of the
characteristic root A = iw,. The co-dimension 2 problem is defined by the real and
imaginary parts of the characteristic equation in the parameter space of (I, r, w.):

R (DA r,w)) =0 o)
S (DAr,®,)) =0. (6)
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Fig. 2 Resulting curves for the delayed oscillator in the space of 6, b and w, (left panel) and its
top view (right panel), where the stable area is shaded for k = 0.2

The Multi-Dimensional Bisection Method (MDBM) [2, 4] is designed specifically
for these types of root-finding problems, since it is able to find the submanifolds of
the roots of a system of nonlinear equations in arbitrary parameter dimension and
co-dimension. This robust technique can be used for the determination of multiple
boundary curves and it can even find closed curves of stable and unstable islands in
the stability chart automatically.

For Eq. (2) the free parameters are 6, b and ., while « is usually considered to be
a constant representing damping. The roots of (5) and (6) are determined by MDBM
for the test case and are presented in Fig. 2 for k = 0.2. In the top view (right panel
of Fig. 2) the resultant boundary curves form the border of the shaded stable area.

2.1 Parameter Uncertainty

Equation (2) can be considered as a dimensionless form of the governing equation of
a mass-spring system with delayed control. The above computation method consid-
ers the exact model of this mechanical system and it does not take into account the
uncertainty of the input parameters, like eigenfrequency and feedback delay. These
parameters influence the dimensionless time delay, which is the main source of insta-
bility. To represent the effect of uncertainty in the delay parameter =, numerous sta-
bility boundary curves were calculated for a set of time delays in the range [0, 4x].
These curves are plotted in Fig. 3. The intersection of the stable areas can be used as
an approximation of the robust stability region (grey area in the right panel of Fig. 3).
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Fig.3 Resulting curves for the delayed oscillator in the space of 6, b and w,, (left panel) for different
discrete 7 values in the range [0, 4] (black lines) where the boundary curves from Fig. 2 are denoted
by red thick lines. In the top view (right panel), the approximated robust stable area is shaded for
k=02

2.2 Robust Stability Limit

The exact robust stability limit has to be computed for continuous time delay vari-
ation, however, the computation of the resultant boundaries presented in Fig. 3 was
already time consuming, even for only 30 different = values. To overcome this prob-
lem, a new idea was shown in [3], according to which the set of boundary curves can
be connected to a surface by means of an additional parameter, which is defined as
the regenerative phase shift parameter

@ :=mod(tw,, 2r). 7
This parameter has to be treated as an independent extra (time-delay perturbation)

parameter in the exponential terms only. Consequently, the set of parameters for the
characteristic function is extended by one and it yields:

N N-1
D= 1N+ nate™®. ®)
j=0 k=0

For the delayed oscillator, at the stability limit, the characteristic function is given in
the form:
D= —a)z +ikw, + 6 — be ©)]

The application of MDBM is essential to solve the resultant co-dimension 2 prob-
lem in the extended parameter space. The resultant surface for Eq. (9) is plotted in
Fig.4.

The robust stability limit is defined by the envelope of this surface, where the
surface is parallel to the w, axis in the 3D-representation in Fig.4. It was found,
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Fig.4 Surface of the connected stability boundaries of the delayed oscillator in the space of 6, b, @,
and @ (left panel) and its top view (right panel). The envelope of the surface forms the robust
stability limit given with thick black lines for k = 0.2

that in the vicinity of the parameter points along the envelope, the real part of the
critical roots 4 of the characteristic equation (4) does not change as a function of the
perturbation parameter. This condition can be described as follows:

m(%):o. (10)

The left hand side of Eq. (10) can be determined by the implicit derivation of the
characteristic equation [23], which results:

dD(A)

" _0 11

1o 11
oD 04 | oD
@&edr L 12
axaqfra@ (12)

The extra condition (10) necessary for the computation of the robust stability limit
can be written with the help of (12) as follows:

oD

AN _mf @)

m(ﬁ)_m( @>_o. (13)
oA

In order to eliminate the division during the numerical implementation of Eq. (13),
it is favourable to use the following rearranged form

oD 3D
S} 9D o, 14
"(awc aq>> (14
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3

Fig. 5 Stability boundaries of the exact model of the delayed oscillator (red lines—see Fig. 2) and
the corresponding robust stability limit given with black lines in the space of 6, b, . and @ (left
panel). In the top view (right panel) the robust stable area is shaded for k = 0.2

in which the critical value A = iw, is considered and the bar denotes complex con-
jugate. This extra equation leads to:

N N-1 N-1
R (Z Ljitio ™ + ) rkki(ia)c)k‘le‘id’> <Z rk(iwc)ke—@) =0. (15
j=1 k=1 k=0
Note, that the last term in Eq. (15) was already computed during the evaluation of
Eq. (8), which can be reused to decrease the computational time. For the delayed
oscillator, the extra condition yields

R ((—20, +ix)(be™®)) = 0. (16)

Figure 5 shows the traditional stability chart and the robust stability limit of the
delayed oscillator, which is determined by MDBM as a co-dimension 3 problem
formed by (5), (6) and (16) in the 4-dimensional parameter space (6, b, o, D).

For 153 grid points along each parameter dimension, the computational time
of the traditional stability limit curves was 3.5s (Matlab 2014b; Intel Core i7-
4710HQM CPU 2.50 GHz, 16 GB Memory). Thus, the set of stability curves in Fig. 3
was computed in approximately 105 s, while the robust stability limit in Fig. 5 was
computed in 4.1 s, only. The computational effort for the robust stability limit is com-
parable with the time consumed for the computation of the traditional stability limit.
Furthermore, the robust stability computation scheme is not only orders of magni-
tude faster than the approximating method applied for a discrete set of time delays,
but it also delivers qualitatively better results in the form of continuous boundary
lines, while the results in Fig. 3 present only segmented boundaries.
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2.3 Analytical Results for Robust Stability of Delayed
Oscillator

For the delayed oscillator, the system of equations (5), (6) and (13) defining the
robust stability limit leads to:

—? + 6 — beos(®) =0, (17)
K@, + bsin(®) = 0, (18)
— bksin(®@) — 2bw cos(P) = 0. (19)

This system can be solved analytically. The first set of results is
b=d 0.=0 ®=0, (20)

which are straight robust stability lines corresponding to fold-type bifurcations,
while the second set of solutions is:

b=+xkVé—-x2/4, (22)
0, =+V6—-«%/2, (23)

) 24)

which represent the robust stability curves for Hopf-type bifurcations in case of 6 >
K2 /2.
3 Robust Stability of Multi-degree-of-Freedom Systems

Let us generalize Eq. (1) for multi-degree-of-freedom systems, which yields the fol-
lowing matrix equation:

N : N—1
&x(1) dkx(t — 1)

L. — + R——==0, 25

j=0 T v g ¢ drt @

where x € R", N is the order of the highest derivative, Lj and R, are coefficient
matrices and 7 is the point delay. The characteristic equation of Eq. (25) is deter-
mined based on the determinant
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N N-1
D :=det <Z LA+ sz"e—“> =0 (26)
j=0 k=0

using the trial solution x(f) = Ae*. Since Eq. (26) defines the characteristic equation,
all steps described in Sect. 2 can be performed in order to obtain the robust stability
limit. First, the regenerative phase shift parameter is introduced in the exponential
terms based on Eq. (7), then the system of equations Eqs. (5) and (6) together with
the extra condition Eq. (14) are solved by means of MDBM.

The derivative terms in Eq.(14) can be approximated by a finite difference
method. This approximation is generally appropriate for numerical schemes. How-
ever, it can be determined in closed form, too. Based on this closed form equation,
a rearranged form of Eq.(14) is created in order to make the computations more
efficient.

3.1 Optimized Numerical Solution

In the extra condition for the robust stability computation given with Eq. (14), the
derivative of a determinant must be computed. The closed form solution is provided
by Jacobi’s formula [14]:

dix det (G) = tr <adj (©) %) : 27)

where tr() denotes the trace and adj() is the adjugate matrix (the transpose of the
cofactor matrix). Let us define the argument of the determinant of Eq. (26) as

N N-1
G= ) LA+ ) Raer. (28)
=0 k=0

The computational effort for the adjugate matrix can be high, however, in our
case, special conditions can be applied. Matrix G is singular due to Eq. (26), hence
rank (G) = n — 1. If this holds, the rank (adj (G)) = 1, because the image of adj (G)
is contained in the kernel of G that has dimension 1 by rank—nullity [15]. This means
that the adjugate matrix can be expressed by

adj (G) = Ceyoe; (29)

where o denotes the vector direct product or dyadic product and e, is the eigenvector
belonging to the singular eigenvalue (4 = 0) of matrix G. Note, that the constant
C depends on the non-singular eigenvalues of G, however, it is not relevant in the
further steps of the derivation since it will be cancelled. Equation (29) is valid if the
multiplicity of the critical characteristic root is equal to one, otherwise adj (G) = 0
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holds. The probability of this situation is very low, especially during the numerical
analysis, thus these special cases are not treated here.

The computation of the only eigenvector e, can be performed efficiently, e.g. with
the inbuilt function eigs in Matlab. Alternatively, the simple textbook calculation
can be used directly if we set the first element of e, equal to 1, which leads to

_ -1 T
e =1, G i Gaxain] - (30)

For very special parameter sets (¢, ; ~ 0), this could result a poorly conditioned prob-
lem. If we consider the special form of the adjugate matrix as in Eq. (29) and the fact
that the trace of a dyadic product is the same as the dot product, then Eq. (27) can be
reformulated as: 4 G
— T
adet (G) = eO aeo. (31)

The final form of Eq. (14) for multi-degree-of-freedom systems is

3 <<eg£eo> <egg%e0>> =0, (32)
C

which leads to the following equation after the substitution of Eq.(28) and after
performing the derivations:

N N-1
R ((eg <Z} L;ji(io,y~" + sz Rkki(iwc)k—le—i"’) e0>
J= =

N-1
(eg (Z Rk(iwc)ke—@) e0> =0. (33)
k=0

Note, that this formula is only valid at the boundary of the robust stability area.
If we are off the robust stability curve, then this equation is an approximation only,
because G is not singular. For these off-boundary points e, can be approximated by
Eq. (30) or by the eigenvector belonging to the eigenvalue with the smallest magni-
tude.

If we decide to compute the eigenvector e, by solving the eigenvalue—eigenvector
problem, then the corresponding eigenvalue p,, with the smallest magnitude is also
obtained as a side result, which can be used instead of the determinant in Eq. (26),
because det (G) = []"_, u,, = 0if and only if y, = 0.

The above-presented robust stability computation method is applied for a two-
cutter turning system with process damping.
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3.2 Robust Stability Limit of the Two-Cutter Turning with
Process Damping

In order to present the efficiency of the above presented robust stability computation
method, it is applied for the test case of the two-cutter turning process with process
damping. The model and the corresponding equation of motion of a two-cutter turn-
ing system is given in [21, 22] where the dynamics of the turret is also modelled. The
simplified mechanical model is shown in Fig. 6. If the effect of process damping [7,
8, 26] is taken into account, too, then an extra damping coefficient appears, which
is proportional to the time delay 7 and thus the governing equation can be written in
the form:

Mi(1) + (C + ¢,7E) x(1) + Kx(1) = k,, (Lx(r — 7) — Ex(1)) . (34)

Here, x is the vector of the position coordinates of the tools and the turret (see Fig. 6),
¢, denotes the process damping coefficient, ,, is the cutting coefficient. The coeffi-
cient matrices in Eq. (34) are given in Table 1.

Fig. 6 Schematic X
representation of the ——
two-cutter turning model. Ve

Tool 1 and tool 2 are coupled — ®
via the cutting force ]
function, too, due to the
surface regeneration effect Q

VI a4

VA S G S 4

7

Table 1 The coefficient matrices in the governing equation of the two-cutter turning model

Mass matrix | Damping matrix Stiffness matrix Self coupling | Cross
matrix coupling

matrix
[ M ||| ¢ '] K '] | [ L |
m 0 0 ¢ 0 —c ki 0 —k, 100 010
0m, O 0 o —cy 0 k —k, 010 100
10 0 my || |- —cqeyteytes |||~k =k kj+k+k || 000 1000 |
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% 1
' Q

Fig.7 Stability boundaries of the two-cutter turning system (red lines) and its robust stability limits
(black lines) for the dimensionless parameters: m; =m, = 1, my = 10, ¢; = ¢, = 0.02, ¢c; = 0.2,
ki =1,k, =4, k3 =40, cp = 0.03. Note the logarithmic scale of £2

The corresponding characteristic equation for A = iw_ with the regenerative phase
shift parameter @ is given by:

det (—w?M +iw,C + ic,ro E+ K -k, (Le™® —E)) =0, 35)

Note, that the term 7w, is replaced by @ in the exponential term only, while in the
damping term it is left as it is.

The resulting stability boundary curves (red) and the robust stability limit (black)
are shown in Fig. 7 in the plane of the spindle speed 2 = 2z /7 and the cutting coef-
ficient k.

In spite of the high resolution of the computed stability chart, the dense stability
lobe structure (red curves) becomes more and more inaccurate in the lower spindle
speed range. It can be observed in Fig. 7 that the robust stability lines (black) are
smooth in the whole spindle speed range for the same resolution, while the compu-
tational time is in the same range as for the stability computation.

4 Conclusion

In the present study, we have developed a method based on parameter perturbation
for calculating the robust stability limits of systems of differential equations with
point delay. One of the main benefits of the presented method is that it eliminates the
sensitivity of the stability charts to the time delay parameter. Thus it can be efficiently
used in cases where some of the input parameters are inaccurate.

In the proposed computation method, an additional perturbation parameter has to
be introduced in order to find the resultant robust stability curves, which form the
envelopes of the stability boundary lines. This increases the dimension of the para-
meter space by one, which requires the formulation of an additional condition for the
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robust stability limit curve. Although the set of parameters and the system of equa-
tions are extended, the applied Multi-Dimensional Bisection Method can efficiently
solve the equations without significant increase of computational time.

Future research is planned to extend this method to dynamical systems with mul-
tiple and/or distributed delays.
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Stability and Robustness Analysis of a Class
of Cyclic Biological Systems

Mehmet Eren Ahsen, Hitay Ozbay and Silviu-Iulian Niculescu

Abstract In the first part of this chapter, we do a local stability and robustness analy-
sis of a model of cyclic biological network representing GRNs (Gene Regulatory
Networks) under positive feedback. We present conditions leading to bistable behav-
ior. In the second part, we analyze the GRN under negative feedback. Our analysis
depends on an extension of the so-called secant condition, which gives a local sta-
bility condition. We deduce conditions leading to global stability of the network.

1 Introduction

One of the well-studied biochemical models is the Gene Regulatory Network (GRN)
model, which is a cyclic nonlinear time-delayed feedback system described by n
cascaded subsystems. A mathematical model for the GRN is given as

X0 = =4x,(0) + 8, (x,(0)
X (1) = =Xy (1) + g5 (x3(1))

) (1)
2,(1) = = %,(0) + 8,6, (1 — 1),
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where 4; > 0, i =1,...,n and each g;(x) : R, — R, isa Hill function of the form

: ji if i+1 represses i,

X

g'(x) = 2, . . : 1 &
i baif—x’”' if i+ 1 activates |,

where a; > 0, b; > 0, and m; € N with m; > 1, represent the parameters of the non-
linearities. If all the nonlinearities in (1) involve time delays with appropriate change
of variables the system can be reduced to (1), see, e.g., [1].

The linearization of (1) around any of its equilibrium points leads to the following
characteristic equation:

=] (% + 1) — ke, 3)

i=1 l

where 7 > 0 represents the delay in the system, and k € R is the DC gain of the
linearized feedback system. The small-gain result, which can be found in [2] among
others, provides a sufficient result for the stability of the characteristic function given
in (3). A less conservative condition for the delay free system is the secant condition
introduced in [3]. Accordingly, any characteristic equation of the form (3) withk < 0
is stable if the following condition (a.k.a. secant condition)

k| < (sec Zy"
n

holds. In this paper, we use an extended version of the secant condition which
includes time delays to analyze the characteristic function (3). We apply this new
result to a time-delayed cyclic dynamical network under negative feedback analyzed
in [4] and provide conditions for stability or existence of oscillations that depends
only on the coefficients a;, b;, m; of the Hill functions. We also do a robustness analy-
sis of the network, and provide bounds on the perturbations in the parameters of the
Hill functions of the GRN for it to stay locally asymptotically stable.

We also study the time-delayed cyclic dynamical network under positive feed-
back given in [5], where the authors prove that the system has always an equilibrium
point x,, such that the system is locally stable around x,,, independent of delay. This
is consistent with the earlier result of [6], which states that a monotone dynamical
system converges to one of its equilibrium. Here, we analyze the same GRN and
show that the system can have at most two equilibrium points which are locally sta-
ble independent of delay. Moreover, when the GRN has exactly three equilibrium
points, we show that two of the equilibrium points are stable independent of delay
and the third equilibrium point is locally unstable independent delay. Hence, for any
value of the delay the GRN exhibits bistable behavior.
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2 Notation and Preliminary Results

This section contains some notation and preliminary results that are used throughout
the chapter. For a given function f, f™ is used to denote the function obtained by
m compositions of f. For a function f : R to R,, any point x is a fixed point if
f(x) = x. Let a function f be defined from R, to R, . Suppose it is at least three
times continuously differentiable. Then, the Schwarzian derivative of the function
f, denoted as Sf(x), is given by the following expression (see [7]):

— iff/(x)=0
SF =370 3 (" ®\ ..., 4)
Fo 2 (f’(X)> 7 #0.

Hill functions, which are the main type of nonlinearity considered in the chapter,
have negative Schwarzian derivatives. Next, we define a new function which is fun-
damental to the rest of the analysis.

1 1 1
g= (Zgl)O(Zgz)O-..O(Zgn). )

Definition 1 The gene regulatory network is said to be under positive feedback if
g@>0 Vx € (0, ).

Conversely, the gene regulatory network is said to be under negative feedback if the
above inequality is reversed. We finish this section by citing a theorem which will
be used for the analysis of the GRN under positive feedback.

Theorem 1 ([6]) Consider the system (1) under positive feedback. Any solution of
(1) with any nonnegative initial condition converges to one of its equilibrium points.

3 The Secant Condition for Systems with Time Delays

Consider a linear plant with the following state space representation:

(1) = Apx(t) + Bu(z), (6)
(1) = Cx(1) (7
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where
-1, b, 0 0
O _Az b 0 b :
Ay=1 0 0 -~ - 0
S ". ". bn—l
0 e e 0 -4,
B=[0 - 0 1]
CcC=1[10 - 0]

It is assumed that 4, >0 fori=1,...,n,and b, R fori=1,...,n — 1. Suppose
now we apply a delayed static output feedback control in the form

u(t) = byt — 1),

where b, is the constant controller gain. Then, the feedback system is described by
state space equation
X() = Agx(t) + A x(t — 1), ®)

where A; = b, BC. The characteristic function of the feedback system, det(s] — A, —
A e™™), is of the following form

2(5) = (H(s/z,» + 1)> — pe™ ©)
i=1
p= —1 (10)

If § > 0O then the small gain condition, § < 1, is both necessary and sufficient for the
characteristic equation to be stable. Therefore, the system is unstable independent of
delay if g > 1, see, e.g., [1]. The more interesting case is when f < 0. To analyze
B < 0 case, define

ki=—p,

which is positive. When k£ > 0 and 7 = 0, i.e., there is no time delay, the secant con-

dition states that if |

k< <sec %)n = (cos %)"’ (11)

then, the characteristic function y(s) is stable. A recent result of [8] extends the
secant condition for systems with a time delay, i.e., = > 0. A similar result can be
found in [9].
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Proposition 1 ([8]) Consider the system given by (8), with A, > 0 fori=1,...,n,
and assume that k > 0. Clearly, if k < 1, then the feedback system is stable for all
7 > 0. Suppose now k > 1 and v is fixed. Let A = max; A;. Then, if

k < (sec f) , (12)
n
and
T — narccos ( \ 1/k>
T < =:71,, (13)
a)m
where w,, = A\/ \"/IZ — 1, then the system (8) is stable.
Proof See [8] and its references for the proof. O

Let x,, = (x;,...,x,) be an equilibrium point of the GRN system (1). It can be
shown that the linearized system around the equilibrium is in the form (6)—(7), whose
transfer function from input u to output y can be written as

-1
REs) = |1- B0 | (14)

e (5 1)

When g’(x;) < 0, the GRN is said to be under negative feedback. On the other hand,
when g’(x;) > 0 the GRN is said to be under positive feedback. In the next two sec-
tions, we analyze these two cases separately.

4 GRN Under Positive Feedback

In this section, we analyze the GRN (1) under positive feedback, i.e., g’'(x) > 0.
Moreover, we assume the network is homogeneous, i.e., g;,(x) = f(x) and 4; = 1. In
the first part of this subsection, we will assume that

') <0, Vxe(,c0).

Then the system is under positive feedback if and only if n is even. Moreover, since
f is strictly decreasing, it has a unique fixed point x,. To continue, we borrow the
following two results from [1].

Proposition 2 ([1]) Consider the homogenous gene regulatory network (1) under
positive feedback with f'(x) < 0. Moreover, suppose that f has negative Schwarzian
derivative. Let x, > O denote the unique fixed point of f. Then,
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o Iflf'(xp)| < 1, then the system has a unique equilibrium point which is stable inde-
pendent of delay.

o If|f'(xp)| > 1, then the system has three equilibrium points such that for any value
of delay the system shows bistable behavior.

Proposition 3 ([1]) Consider the homogeneous network under positive feedback

such that
a

ab>0, me{l, 2 3,...).

If m =1 or a, b, m satisfy
m b m:
()" < ()", (15)
m m—1

then the system has a unique equilibrium point which is globally attractive.
Otherwise, the system exhibits bistable behavior for any value of delay.

Biological systems are inherently noisy or uncertain; to model the uncertainty in the
above system we assume that the nonlinearity function f is defined as follows:

a

T = e

’

where € > 0 can be different than 1. Then, we can show the following result.

Proposition 4 Consider the homogeneous network under positive feedback such
that

a
m

T =eps

, a,b>0, me{l, 2, 3,...}.
Moreover, assume that Eq. (15) is satisfied and the network has a unique equilib-
rium. If
1/m
€< _bm <L> i (16)
am—-1) \m—1

then the system has a unique equilibrium point which is globally attractive.
Otherwise, the system exhibits bistable behavior for any value of delay.

Proof This result follows from Proposition 3, by letting a = €a in Eq. (15). O
Next, let us assume that each f;(x;) satisfies

a

T =€

Next, result provides a sufficient condition for the system to converge to its unique
equilibrium point. It is a generalization of Proposition (4).
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Proposition 5 Consider the homogeneous network under positive feedback such
that

a
f;-(x)=£ib+—xm, a,b>0, mE{l, 2, 3,}

If for each i we have

ag; <bq L, (17)
m—1

then the system has a unique equilibrium point which is globally attractive.

Proof We will show that (17) implies |g’(x,)| < 1, where x, is the first component
of the equilibrium point which is also the unique fixed point of the function g. Then
the result follows from Proposition 2. Note that the following equalities hold at the

equilibrium point
a

n=e—  i=l...n (18)
b+,
with x,,, :=x,. We can calculate |g’'(x,)| as
n -1
|g,(x1)| = H%
2
m O+
xpmy ™, xma!
T b+xy b+xm b+t
n mx:n 19
_Hb+x’.“ 19
i=1 i

Now, if the following inequality holds for each i

e
b + x;n

<1 (20)

then |g'(x;)| < 1. So, it is sufficient to check that (20) is satisfied for each i. Note that
the function f(x) = ﬁzm is monotonically increasing for all x > 0. Also, from (18)
we have

x; <eg afb.

Therefore, if mf(e,a/b) < 1 then (20) holds. In other words,

(g; a/D)"

ST 1 Wi=1,.., 21
"+ (e, afby” ’ " eD

implies |g'(x;)| < 1. By re-arranging the terms in the above inequality, it is easy to
see that (21) is equivalent to having
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eia<b\m/L, Vi=1,...,n,
m—1

which completes the proof. O

Next, we analyze the same homogeneous GRN when each nonlinearity has the
following form:
ax™

50 =) = 75—

Note that this time g/(x) > 0.

Proposition 6 Consider the GRN (1) under positive feedback where for each i, the
nonlinearity function g; has the following form

ax™
g0 =f0) =
Then, x, = (0, ...,0) € R" is a locally stable equilibrium point of the system. More-
over, if
<£> < L, (22)
m (m — 1yn-1
then there exists another locally stable equilibrium point x,, = (xy, ..., x)) € R’

Otherwise, x, is the unique equilibrium point of (1) and all the solutions with positive
initial conditions converge to Xx,,.

Proof Note that g;(0) = 0 for each i, so x, is a equilibrium point of the GRN. Let

Xoq = (xy5...,x)) € IR'J’r be another equilibrium point of the GRN. Then,
_ax’]” 23
X = e = ), 3

1
and the GRN is locally stable around x,,, if and only if
flxp) <1,
Let us define a new function
g(x) = x" —ax" ' + b,
and it is easy to verify that g(x,;) = 0. Moreover, for any x such that g(x) = 0 the point
x, = (x,...,x) is an equilibrium point of the GRN. Observe that g(0) = g(a) = b,

g(o0) = o0, and
g (x) = mxX™" —a(m — DHx" 2,
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which implies that g(x) is decreasing for x < a(m — 1)/m and increasing for x >
a(m — 1)/m. This implies that g(a(m — 1)/m) < g(x) for all x € R,.. Then,

Gy L — glatn-1)/m <0
(m )m
= Ix; > a(m —1)/ms.t.q(x;) = 0. 24)
Then b
_ m
f'e) = b+ ’”_b+am(m—1/m)mSl

Therefore, x,, = (x;, ..., x;) is a locally stable equilibrium point of the GRN. Other-
wise, if

Eyrs L
m (m _ l)m—l
then the GRN has no other equilibrium point. O

Example 1 In this example, we consider the homogenous network under positive
feedback. The dynamical model of the network is given as

x,(1) = —x,(0) + f(x;y, (1), fori=1,2,3
Xy (1) = =xy(1) +f(x, (1 = 7)), (25)

where the function f is given as follows:

fx) = (26)

Applying the inequality in (15), it is easily observed that

m b m+1
(ﬁ) 1> (—) = 0.0625.
m m—1

Hence, the system shows bistable behavior for any value of delay. Now, the unique
fixed point of the function f can be calculated as x, = 1.164. Moreover, the three
equilibrium points of the system are found as

x; = (1.164,1.164,1.164,1.164),
x, = (0.1075,2.9963,0.1075,2.9963),
x3 = (2.9963,0.1075,2.9963,0.1075).

Hence, from Proposition 3 we expect bistable behavior. In Fig. 1 the solution con-
verges to x,, and in Fig.2 the solution converges to x;, which is in line with our
theoretical expectations.
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10 15
Time

Fig. 1 Simulation of the system in Example 1 with initial conditions x;, = (0.1,0.2,0.3,0.4) and
=0

25} = — 0]

15+ B

0 1 1 1 1 1
0 2 4 6 8 10 12

Time

Fig. 2 Simulation of the system in Example 1 with initial conditions x;, = (2,1,2,1)and 7 =0

5 GRN Under Negative Feedback

In this section, we will be analyzing the GRN model (1) network under negative
feedback. Therefore, the following condition holds

gx) <0, Vxe(0,c0).

Note that each g;(x) > 0 for x > 0, so in order to have an equilibrium in the positive
cone [R{’jr, we need g(0) > 0. Moreover, since g’(x) < 0 for all x > 0; the GRN has a
unique equilibrium point. This comes from the fact that a decreasing function has a
unique fixed point, see [1]. For the rest of this subsection, let Xog = x5 .. xn]T be the
unique equilibrium point of the GRN. Then, the linearization of the GRN around x,,,
results in a system in the form (8), with

by =g\(xp), ..., b,_y =g (x,), b, =g (x)).

Thus, the characteristic equation of the linearized system is of the form (9) where
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g0 gl () g x)

H?:] /li

It is a simple exercise to check that
k=—p=—g(x).

By the negative feedback assumption, g’'(x;) < 0, we have k > 0, and thus the result
of Proposition 1 is applicable for this system. More precisely, (1) is locally stable
around its equilibrium x,, = [x,, ...,x,]" independent of delay, if |g'(x,)| < 1. Fur-
thermore, (1) is locally stable around its equilibrium if

kK =1/1g'(x)| < sec% 27

and 1
T<7r—narccos( /K)::rm 28)
AVik2—1
where A = max{4,, ..., 4,}. Itis easy to verify that (27) is equivalent to

cos£<1/1c,
n

so arccos(l/x) < z/n.

Note that we only provide a local stability result around the unique equilibrium
point of the GRN (1). Our results are inconclusive about the global behavior of the
system. Nevertheless, in [4] it is shown that if |g’(x,)| < 1 then the system is globally
stable around its unique equilibrium point. The small gain condition |g'(x,)| < 1
also implies delay independent stability of the linearized network. However, when
|g’(x;)| > 1, we cannot make any conclusions regarding the global stability of the
system. Our extensive simulations suggest that the local stability of the system also
implies the global stability of the network. The proof of such a result would most
likely require a modified version of the Poincaré—Bendixson type of result obtained
in [10]. A result to such direction with some additional assumptions is given in [9],
where authors use integral quadratic constraints to show local stability implies global
stability of the network.

Example 2 Consider the cyclic system:

X)) = =41, (1) + 8, (x, (1) (29)
6

where 4, =2 and 4, = 0.5, g,(x) = T g (x) = lif; and 7 > 0. The unique equi-

librium point of (29)—-(30) is x, = [0.55, 1.86]7, so we define x; =0.55 and x, =
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1.86. It is easy to verify that the fixed point of g = (il]gl)o(tgz) is x; = 0.55 and
g (x) < Oforallx > 0, 1i.e., the cyclic system is under negative feedback. In particular,

g1 (xy) - gh(x))
k=2 27V 19447 = —g(x,) .
il * 12

Hence k = 1/1.9447 = 1.3945. Since sec(x/2) = oo, the inequality (27) is automat-
ically satisfied. By using (28) we compute 7,, = 0.8227; whereas the exact delay
bound 7, for local stability around x, is calculated numerically from the delay margin
of the feedback system whose open loop transfer function is G(s) = m by
using the Bode plots and allmargin command of Matlab: 7, = 2.3585. The con-
servatism introduced here is due to the fact that A, and A, differ by a factor of 4;
in this case 7./7,, = 2.87. We expect that as A, and A, get closer to each other, 7,

increases to 7,.

Recall from the proof of Proposition 1 that the system is locally stable if

< z —narccos(1/x) 31)

where k = \/l; and w, is the solution of the equation

2 @ ;
k = 1 + /1—% A 1 + ? . (32)

As mentioned before, analytical computation of , is typically impossible especially
when n > 3 and A;’s are distinct. However, it is possible to determine another bound

by re-writing (32) as
w2n

K—1= e < = + R(w,)

1 n

where R(w,) > 0 for all . € R, and R(w,) is an increasing function of w,. This
motivates the definition of @,, as the solution of

kK-l= 2. )2
1 n

that is

~ 2n

@,=A Vk2—1 where A=</A 4,

Clearly, w, < ®,,. Thus another estimate of 7, is

< zr—narccos(l/\"/%) L
= 7T,,
Ik -1

(33)
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and we have 7,, < 7... In conclusion, for finding an estimate of w_, rather than taking
the maximum of 4,’s, it may be preferable to use their geometric mean. See [11, 12]
where similar analyses are conducted.

Returning to the numerical example, we see that A=1,and @,, = 1.2915; these
give 7,, = 1.2383. This represents an improvement in the estimate of z.: we now
have 7,/7,, = 1.9.

However, we should point out that it is not always possible to compare 7,, and
7,, as illustrated by the following example. In (29)—(30) let us now take 4, = 2 and
A, = 1. Then, the equilibrium point shifts to x; = 0.7441, x, = 1.4254; linearization
around this point gives the gain k = 1.2975. Then, we compute 7, = 3.1035, with
o, = 0.7052; the estimates are 7,, = 1.9646 and 7,, = 1.666. In conclusion, these
two analytical bounds should be computed side by side and the larger one should be
used as a lower bound of ..

Next, we focus on the homogeneous network under negative feedback as such we
assume each g;(x) is given as

a

163) _Eib+x’"’ (34)

where a > 0, b > 0, and m € N with m > 2, are constants for each of the nonlineari-

ties; the variables ¢; can be seen as perturbations from homogeneity of the network.

Note that in order to have negative feedback n should be an odd number. The depen-

dence of the global stability of the network on the parameters ¢, is determined by the
following.

Proposition 7 Consider the homogeneous GRN model given in (1) where each g;
is in the form (34). Let x,, = [x,, <. X, |7 denote the unique equilibrium point of the
system. If for each i we have

ag; <bA L, (35)
m—1

then the system is globally stable around its unique equilibrium point x,,,.

Proof The proof is similar to Proposition 5. O

6 Conclusions

We have studied homogenous GRN (1) under negative and positive feedback. For
the positive feedback case, we derived sufficient conditions for the bistability of
the GRN that depends only on the coefficients of the nonlinearity functions. More-
over, we did a robustness analysis and found necessary conditions that conserves
the global asymptotic stability of the GRN. In the second part, we did a robustness
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analysis the GRN under delayed negative feedback using an extended version of the
secant condition. Similar to positive feedback case, we derived necessary conditions
that conserves the local stability of the GRN.
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Transformations from Variable Delays
to Constant Delays with Applications
in Engineering and Biology

Andreas Otto and Giinter Radons

Abstract The transformation from systems with time-varying delays or
state-dependent delays to systems with constant delays is studied. The transformation
exists if the delay is defined by a transport with a variable velocity over a constant dis-
tance. In fact, time-varying or state-dependent delays, which are generated by such
a mechanism, are common in engineering and biology. We study two paradigmatic
time delay systems in more detail. For metal cutting processes, or more precisely
turning with spindle speed variation, we show that the analysis of the machine tool
vibrations via constant delays in terms of the spindle rotation angle is more advanta-
geous than the conventional analysis of the vibrations with time-varying delays in the
time domain. In a second example, motivated by the McKendrick equation modeling
structured populations, we show that systems with variable delays and the equiva-
lent systems with constant delays are, in addition, equivalent to partial differential
equations with moving and constant boundaries.

1 Introduction

In many cases, the effects of time delays cannot be neglected for an accurate descrip-
tion of a dynamical system. For example, in control theory there can be time delays
between the input, the output, and the internal state of the system [28]. In time-
delayed feedback control schemes, a delayed feedback of the internal state is used for
the stabilization of unstable periodic orbits in chaotic systems [31]. Delayed feed-
back and delay coupling is also intensively studied in biology [22, 24] and in the
dynamics of semiconductor lasers [36], where especially synchronization phenom-
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ena are studied [18]. In addition, there are systems with an intrinsic time delay, which
does not appear due to an external feedback or coupling term. They can be found, for
example, in climate dynamics [8], mechanical engineering [12, 17], or population
dynamics [16, 35]. In general, a system with constant delay » > 0 can be described
by a delay differential equation (DDE)

Y (@) = f(y(@). (@ — 1), 9), D

where prime denotes differentiation with respect to ¢ and the vector field f depends
not only on the instantaneous configuration y(¢) but also on the delayed configura-
tion y(@ — r). In Eq. (1), the independent variable is specified by the unusual symbol
@. This is due to the fact that we use nonlinear time scale transformations in this paper
for studying the relationship between DDEs with constant delays Eq. (1) and DDEs
with variable delays

X(r) = g(x(0), x(r — 7(x;, 1)), 1), 2

where dot denotes the derivative with respect to ¢. In Eq. (2), the function x, =
X(t 4+ 0), 6 € [—7,,,, 0] denotes the infinite dimensional state of the DDE, z(x,, )
is the variable delay which may depend on the state and explicitly also on time and
Trmax 1S @ threshold for the maximum delay. Examples for systems with time-varying
delays 7(x,,f) = 7(¢) can be found in time-delayed feedback control [14, 37], syn-
chronization [3], population dynamics [30], and machining [25, 38, 42]. Similarly,
systems with state-dependent delays 7(x,, f) = 7(X,) are studied motivated by adap-
tive time-delayed feedback control [27], laser dynamics [21], synchronization [29],
population dynamics [16, 19, 34], and machine tool vibrations [13, 26, 40].

Whereas the mathematical theory for the analysis of DDEs with constant delay
Eq. (1) is well-developed [9], there are open problems in the analysis of DDEs with
state-dependent delay Eq. (2) [10, 33]. For example, in Eq. (2) the size of the state
space, i.e., the interval size for the function x,, is not clear a priori. Typically, not even
a threshold 7, for the maximum delay can be given in advance, which is associated
with inconsistencies in the causal behavior of the DDE [39]. The problems with state-
dependent delays can be avoided if the variable delay 7(x,, ) can be transformed to
a constant delay r. The transformation from a system with variable delay Eq. (2) to a
system with constant delay Eq. (1) goes back to the analysis of variable delay systems
with analog and digital computers [4, 20, 32]. We show that variable delays, which
can be transformed to constant delays, are equivalent to the delays, which are known
as variable transport delays [44]." Even though, the transformation is known since
more than 50 years, it has been used only rarely in applications. A few examples can
be found in the control of flow processes [43], population dynamics [16, 34] and
machine tool vibrations [26, 38, 40].

In this paper, the transformation from Eq. (2) with state-dependent delay to Eq. (1)
with constant delay is studied systematically in Sect. 2. It turns out that the condition

There is a specific variable transport delay block in the MATLAB/Simulink software environment
for such type of delays.
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for the existence of such a transformation is practically relevant in many real-world
examples. As a paradigmatic example, the transformation from variable to constant
delay is used in Sect. 3 for the analysis of machine tool vibrations, where the delay is
time-varying due to an explicit variation of the spindle speed. In addition, in Sect. 4,
we consider systems with a variable transport delay in structured population models,
which are typically described by partial differential equations. We show the equiv-
alence between the DDEs with variable and constant delays and partial differential
equations (PDEs) with constant and moving boundaries.

2 Transformation from Variable Delay to Constant Delay

We apply a nonlinear time scale transformation ¢ = @(x(¢), ) to the DDE with state-
dependent delay Eq. (2) with the aim of changing the variable delay 7(x,,?) to a
constant delay r. The function @ can depend explicitly on time ¢ and on the con-
figuration x(#), which itself depends on time ¢. For the sake of brevity, we define
the function @, (f) := @(x(¢), ), where the subscript x refers to the dependence on
the configuration. The time scale transformation @ = @, (t), —7(x;,0) <t < o0, is
assumed to be bijective to guarantee a one-to-one mapping between the time ¢ and
the new variable @. The inverse time scale transformation is denoted by 7 = (D;l((p)
with —r < @ < . The instantaneous and delayed configuration of Eq. (2) can be
given in terms of the new independent variable ¢ by

X() = y(@,()) = y(@), X(t—1(x,,1) =y (D4t — 7(x,, 1)) . 3)

We are interested in a transformation to a constant delay r in the new representation,
y (@,(t — 7(x,,1))) = y(¢ — r). This yields the condition

D (1—1(x,.0) =D () —r < r= / @ (0)do. 4)

1—=7(X,,t)

Note that @, (#) depends on time ¢ and on the instantaneous configuration x(#) at time
t, whereas the associated delay 7(x,, ) in Eq. (4) depends also on the history of the
configuration, and therefore, on the state x, of the DDE. An equivalent representation
of the system with variable delay Eq. (2) in terms of the new variables can be obtained
by applying the time scale transformation to Eq. (2)

Y() = (07") (@) (y(@). (@ - ). 07 (9)) . ®)

Equation (5) is similar to Eq. (1), which means that a system Eq. (2) with time-
varying delay or state-dependent delay 7(x,, t) is equivalent to a DDE Eq. (1) with
constant delay r if the condition Eq. (4) is fulfilled. The initial condition for the
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transformed system Eq. (5) can be obtained from the initial condition of the orig-
inal system Eq. (2) with the relationship Eq. (3). For state-dependent delays, the
additional varying coefficient (@;1), (@) in Eq. (5) is state-dependent as well, and
uncovers the necessarily nonlinear behavior of systems with state-dependent delays.

The condition Eq. (4) for the existence of a transformation to constant delays
is not only a purely mathematical condition. In fact, Eq. (4) describes a transport
over the constant distance r with the variable velocity @, (¢) and the corresponding
delays are called variable transport delays [44] or threshold-type delays [16, 19, 34].
A time delay system with a state-dependent variable transport delay is illustrated
in Fig. 1a. The configuration x(#) of the system is read at location zero on the left-
hand side and imprinted on the square-shaped particles, which are transported by the
conveyor belt. In a time delay system, the instantaneous configuration x(¢) depends
also on the imprinted configuration on the particles at the right-hand side of the
conveyor belt at the location r, which is a delayed form x(z — 7(X,, t)) of the systems
configuration. The time delay 7(x,, ¢) is equal to the traveling time for the transport
of the particles over the distance r. The time- and state-dependence of the delay
originates from the fact that the velocity @,(¢) is time-varying and depends on the
configuration x(#) of the system. In particular, the time delay is implicitly defined by
Eq. (4), which is illustrated in Fig. 1b. The absolute distance covered by the particles
is given by the function @,(¢), which defines a one-to-one mapping between time ¢
(horizontal axis) and space ¢ (vertical axis). A vertical shift of the function @(¢) by
the constant distance r leads to a variable horizontal displacement between the two
curves, which is equal to the variable transport delay 7(x,, ) (red lines). The system
can be described either in the time domain by Eq. (2) with the variable transport
delay 7(x,, t) or in the spatial domain by Eq. (1) with the constant delay r.

Typical examples for the existence of variable transport delays in engineering and
biology are metal cutting processes and population dynamics, which are studied in

(a) ® gpace
,—I_ Dynamical system <—| D(t)
4

x(t) x(1) x(t-t(x,1) ®

M 9-r o)) PO
Variable transport
( \ delay e
Dy(1)

0 r space t-t(x,t) t time

Fig. 1 alf the delay in a time delay system is defined by a transport with a variable velocity @, ()
over a constant distance r similar to the conveyor belt, the system can be described either by the
DDE Eq. (2) with the variable delay z(x,, ) or by the DDE Eq. (1) with the constant delay r. b
Illustration of the relationship Eq. (4) between the variable delay 7(x,, #) and the constant delay r
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detail in Sect. 3 and Sect. 4, respectively. In addition, variable transport delays can
be found in automotive engineering [7]. In particular, such a delay appears in the
modern electronic control of the air fuel ratio in spark ignition engines [6]. In this
case, the constant delay r is a constant distance between the fuel injector and the
oxygen sensor in the exhaust stream and the variable velocity @,(7) is given by the
exhaust gas flow rate, which varies with the injected fuel flow rate. Another example
are FIFO buffers, where FIFO is an acronym for first-in first-out. In this example, the
buffer size represents the constant transport distance r and a variable velocity @ ()
of the transport can be realized by a modulation of the clock frequency [14].

Nevertheless, it should be made clear that not all variable delays are equivalent to
constant delays. A counterexample, where a variable delay appears but the delay does
not necessarily fulfill Eq. (4), is given by the state-dependent delay in the automatic
soft landing problem [1, 41]. In this example, a finite propagation delay z(x,) is
assumed for the signal propagation between the space vehicle and the ground. In
particular, such a delay can be implicitly defined by

vr(x,) = x(t — 7(x,)) + x(1), (6)

where v denotes the constant speed of the signal and x(¢) specifies the moving dis-
tance of the vehicle to the ground. From the definition of the delay in Eq. (6), it is
not clear whether Eq. (4) is satisfied and consequently a transformation to a constant
delay r is possible. In fact, in this case it depends on the specific solution x(¢) whether
a transformation to constant delay is possible or not.

2.1 Analysis of Systems with State-Dependent Variable
Transport Delays

There are several difficulties in systems with state-dependent delays. Here we give
some remarks that can be useful for the analysis of DDEs with state-dependent vari-
able transport delays. One problem is that the delays are often only specified by an
implicit relation similar to Egs. (4) and (6). However, for the calculation of the solu-
tion of nonlinear DDEs with state-dependent delays with numerical solvers such as
the MATLAB function ddesd, the state-dependent delay 7(x,, f) must be explicitly
defined as a function of ¢ and the configuration x(¢). For DDEs with state-dependent
delays as defined in Eq. (4) there are three ways to overcome this.

The first method is the interpretation of the state-dependent delay z(x,,) as an
additional component x_(¢) of the configuration x(¢) of the delay system (cf. [7, 44]).
In this case the state-dependent delay is equivalent to the corresponding component
of the configuration, x,(f) := 7(x,, ), and the dimension of the state space of the
time delay system is increased by one. The differential equation for the additional
component x_(¢) can be obtained by differentiation of Eq. (4) with respect to time
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D (1)

P (=1 —X2
x40 D (1 — x,(1))

)

Note that the DDE Eq. (7) does only yield the correct state-dependent delay if the
initial condition x_(0) for the delay component is chosen consistent with Eq. (4).2
The second method uses the inverse time scale transformation ¢ = (D;]((p) for the
calculation of the state-dependent time delay

(X, 1) =1 - @] (D (1) —r). (8)

Equation (8) can be obtained directly by rearranging Eq. (4). The function @, can
be determined from the history of the configurations x(#) and its inverse @;1 can be
calculated numerically, for example, with Newton’s method. In [44] the calculation
of the delay via Eqgs. (7) and (8) are compared, with the result that the performance of
the second method with Eq. (8) was better. In this paper, a third method is proposed.
It is based on the solution of the equivalent system with constant delay Eq. (1). The
performance of this method is much better than the other two methods because a
numerical solver for DDEs with constant delays can be used, which is faster than
solvers for DDEs with varying delay. In this case the only extra effort is the numeri-
cal calculation of the inverse function @;I(qo) for the additional variable coefficient.
Nevertheless, this is roughly the same effort compared to the calculation of the vari-
able delay 7(x,, #) with Eq. (8). In fact, in many applications an explicit analytical
expression can be derived for the additional state-dependent coefficient (@;1 )’ (),
which means that the analysis of the equivalent system Eq. (5) with constant delay is
much simpler than the analysis of the original system Eq. (2) with state-dependent
delay [26].

Another difficulty appears in the linearization of DDEs with state-dependent
delay, which is not straightforward because the delayed argument x(¢t — 7(X,,?))
depends itself on the state x, of the DDE [10, 13, 33]. This difficulty vanishes if the
system is analyzed in the spatial domain where no state-dependent delay appears.
In this case, the linearization can be done in the conventional way. For the inter-
ested reader, the linearization of a system with state-dependent delay as a model for
a turning process is provided in [13]. In comparison, the linearization and the sta-
bility analysis for the equivalent system with constant delay and variable coefficient
can be found in [26]. Of course, the results of both methods are completely equiva-
lent. However, not only the linearization but also the resulting linearized dynamics is
more complex for the representation with variable delay. For example, if a periodic
solution appears in the DDE Eq. (2) with state-dependent delay, the coefficients in
the linearized dynamics and similarly the time delay becomes time-periodic. In con-
trast, if the system is at first transformed to a DDE with constant delay, the linearized
dynamics can be characterized by a system with periodic coefficients but constant
delay. Typically, the methods and software packages for the linear stability analysis

2No delayed values of x_(¢) appear in the DDE system, and therefore, only an initial value x,(0) and
no initial function must be specified for the additional component x(%).
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of DDESs with periodic coefficients are only applicable or at least optimized for sys-
tems with constant delays. A comparison of two numerical methods for the linear
stability analysis of a DDE with variable delay and the analysis of the equivalent
system with constant delays is given in the next Sect. 3.

3 Variable Transport Delays in Metal Cutting Dynamics

Machine tool dynamics is one of the above-mentioned fields, where time delay sys-
tems are studied intensively since more than 50 years. In Fig. 2a, a typical metal cut-
ting process is illustrated schematically. Small variations of the chip thickness cause
variations of the cutting force F that acts on the cutting tool and leads to structural
displacements x(#) of the tool. The chip thickness, however, is not only determined
by the instantaneous displacements x(#) of the tool but depends also on delayed dis-
placements x(¢ — 7), which characterize the outer surface of the chip. This is called
regenerative effect and is the main reason for instabilities in metal cutting processes
such as turning, boring, milling, drilling or grinding [2]. The time delay in machining
is a variable transport delay as defined in Eq. (4), where @, (?) is the angular velocity
of the workpiece spindle. The constant delay r is either the full angle 2z or a con-
stant fraction of the full angle of rotation of the spindle. For an ideal conventional
process, the spindle speed is constant @_(¢) = £, and consequently a constant delay
7(x,,1) = 7, appears. However, in practice the process is not ideal and small varia-
tions of the relative spindle speed occur due torsional displacements of the workpiece
or tangential displacements of the tool. These so-called passive spindle speed varia-
tions lead to a state-dependent delay [13, 26, 40]. On the other hand, an active vari-
ation of the spindle speed (iix(t) = Q(¢) is used to stabilize the process by the effect
of the resulting time-varying delay z(¢). Metal cutting processes including variable
delays are treated in [25, 38, 42].

—— constant delay
— variable delay

40 60 80 100 120 140
Discretization steps i

Fig. 2 a Regenerative effect in turning with spindle speed variation £(¢). b Comparison of the
error of the stability exponent A(i) between the semidiscretization method for constant delay and
the semidiscretization method for time-varying delay
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In this paper, we consider the turning process of Fig. 2a as a paradigmatic example
for a more detailed investigation of the transformation. In this example, the spindle
rotation angle ¢ in case of a spindle speed modulation can be characterized by

p=0@1) = / QO)do, Q1) = 2 (1+A,, cosxf,1)). )
0

where €2 is the nominal spindle speed and A,, and f,, are the amplitude and the
frequency of the spindle speed variation. The variable delay can be calculated from
Eq. (8), where the constant delay r in the angular domain can be given by r = 2.
In this example, it is assumed that the spindle angle @, (f) = @(¢) does not depend
on the configuration x(¢) of the DDE but, in general, the spindle angle may also
dependent on the displacements x(¢) [26]. The main reason for dynamic variations
of the cutting force in metal cutting are dynamic variations of the chip thickness A(?).
The modulus of the cutting force F(¢) on the tool can be determined from

F(t) = Kbh(t) = Kb (x,(t — 7(t)) — x,(1)) , (10)

where K is the cutting force coefficient, b is the chip width, and x (¢) specifies relative
displacements between the tool and the workpiece in normal direction (see Fig. 2a).
The cutting force acts on the machine tool structure. For simplicity, here it is assumed
that the structural dynamics can be described by a single harmonic oscillator. After
converting the system to dimensionless variables, the dynamics can be described in
state space representation with the tool velocity x,(¢) = X, (¢) by the first order linear
DDE

x(t) = Ax(t) + Bx(¢ — 7(2)), (11)

where the coefficient matrices are specified by

0 1 00
A= <—(1 +w) —24)’ B= <w o>' (12)

In Eq. (12) ¢ is the damping ratio of the harmonic oscillator and w is the dimen-
sionless chip width, which is proportional to the real chip width b. The coefficient
relating the dimensionless chip width w and the corresponding real chip width b at
the lathe is determined by the cutting force coefficient K, the orientation, the modal
mass and the eigenfrequency of the dominant eigenmode of the structure (see [11]).
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3.1 Stability Analysis of Machine Tool Vibrations

Typically, the stability of machine tool vibrations is calculated from the time domain
model Eq. (11). For example, the stability of Eq. (11) with periodic delay has been
analyzed in [11] with the so-called semidiscretization method. On the other hand, it
was shown in Sect. 2 that the system can be also described by a DDE with constant
delay r and variable coefficient. According to Eq. (5), the equivalent system in the
angular domain can be given by

ooy — 1 _
Y(qo)—Q@_l((p)) (Ay(@) + By(p — 27)). 13)

The condition of a one-to-one mapping between the time domain model Eq. (11) and
the angular domain model Eq. (13) means a strictly positive spindle speed £2(¢) > 0.
In principle, there is no guarantee that this condition is fulfilled. However, if it is not
fulfilled the cutting force model Eq. (10) does no longer hold, and therefore, Eq. (11)
also does not adequately describe the process. Hence, we assume typical cutting con-
ditions, where the turning process with spindle speed variation can be well described
by Eq. (11) with variable delay = and by the periodic system Eq. (13) with constant
delay. In this case the semidiscretization for DDEs with periodic coefficients can
be used for the stability analysis [12], where the inverse time scale transformation
@~ (@) for the determination of the variable coefficient was calculated numerically
with Newton’s method. Note that in many applications with state-dependent delay
an explicit expression can be given for the inverse transformation = @~ ().

In our previous work, we have shown that the results for the stability chart of both
methods coincide very well [26]. In this paper, we compare the numerical accuracy
and the convergence of the two numerical methods. In the semidiscretization method,
the state of a time delay system X, is approximated by the vector

z(t) = cols (x(2), x(t — h), ..., x(t — ih)), (14)

where £ is the step size and i is the number of discretization steps. For the system
with time-varying delay Eq. (11), the number of steps is chosen in such a way that
(i — Dh < 7., < ih. For the system with constant delay Eq. (13), the discretization
is chosen such that the condition (i — 1)k < r < ih is fulfilled. This means, that for
the system with variable delay a redundant state space is used. In other words, the
state space is only completely used for 7(¢) = 7,,,,,, whereas for other time steps with
smaller delays 7(¢) essential parts of the state are not used. In contrast, the state space
for the system with constant delay is minimal (cf. [39]). With the variation of constant
formula and a specific semidiscretization technique a finite dimensional monodromy
matrix M can be constructed, which specifies the evolution of the discretized state

z(t) of the DDE over one principle period T as

2(T) = Mz(0). (15)



178 A. Otto and G. Radons

Details on the specific construction of the matrix M can be found in [12]. We remark
that the step size of the discretization must be chosen in such a way that the principle
period 7 is a multiple of the step size & with kh = T and k € Z. The eigenvalues of
the matrix M are the Floquet multipliers e#” of the system. For time delay systems,
the matrix M approximates only a finite number of dominant Floquet multipliers,
whereas the original continuous time delay system has, in general, infinitely many
Floquet multipliers. The exponents u are called characteristic or Floquet exponents
and the maximum real part 4 of the characteristic exponents can be used to determine
the stability of the system. For a stability exponent A > 0 the system is unstable,
whereas the system is stable if the stability exponent A < 0.

We have calculated the stability exponent A with the semidiscretization method
from Eq. (11) with time-varying delay and from Eq. (13) with periodic coefficients
but constant delay. For both methods, the exponent A is calculated as a function
of the number of discretization steps i, thus A = A({). The computing time for the
exponents A(7) is roughly the same for both methods because in both cases a 2(i + 1)-
dimensional matrix is constructed nearly by the same technique. For the analysis of
Eq. (11), the variable delay must be calculated with a numerical solver from Eq. (8),
whereas for Eq. (13) the inverse function @~!(¢) must be calculated numerically
for the variable coefficient. In Fig. 2b, the error between the exponents A(i) and the
accurate exponent 4, = A(500) is displayed. The parameters are { = 0.03, w = 0.24
and a sinusoidal spindle speed variation with A,, = 0.25, f,, = 1 Hz and £2, = 1200
rpm is used. The error for the system with constant delay (black) is smaller than
the error for the system with variable delay (red) and decreases uniformly, whereas
fluctuations can be seen for the error of the exponent from the system with variable
delay. The larger error for the method with variable delay can be explained by the
fact that in this case the state space can not be completely used by the numerical
method. Moreover, for the variable delay there are specific values for i, where the
variable delay is approximated very accurately. In contrast, in some situations an
increase of the number of steps deteriorate the approximation, which explains the
fluctuations in the error for the system with variable delay. In general, for large i the
error decreases quadratically with an increasing number of steps i for both methods,
|A(i) — Ay| o i~2. This is in agreement with theoretical estimations [12].

4 State-Dependent Delays in Structured Populations

In this section, we present partial differential equations with moving and constant
boundaries as models for structured populations and show how they are related to
DDEs with variable transport delays. We start with the PDE

0,0(t,a) + 0,0(t, a) = —pii(t, a) (16)
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with boundary and initial condition

u(,0) = /ﬂ(a)ﬁ(t, ayda, (0,a) = uy(a). 17)
0

This model is known as McKendrick equation, Sharpe-Lotka—McKendrick equa-
tion or von Foerster equation and is widely used for the description of populations @
structured by the age a [5, 15, 23]. We consider a constant mortality rate y, which
leads to an exponential decrease of the population i for increasing age a. With the
scaling @(¢, a) = e™*" u(t, a) the PDE Eq. (16) simplifies to d,u + d,u = 0. It is com-
mon to distinguish between the immature and the mature population separated by
the boundary @ = 7. We assume that the birth rate of the immature and mature pop-
ulation is zero f(a < 7) = 0 and constant f(a > 7) = fj,, respectively. By defining
the scaled total number of adults

(o9

x(t) = / u(t, a)da, (18)

T

the population model Eq. (16) with boundary and initial condition Eq. (17) can be
written as

du(t,a) +du(t,a) =0, u(t,0)=fx(), u(0,a)=uya). (19)

The system Eq. (19) is an advection equation that describes, for example, the
transport over the conveyor belt similar to Fig. 1a but with a constant velocity. The
population u(z,a) can vary with time ¢ and age a but remains constant along the
characteristics of the PDE, that is u(¢, @) = u(¢ — a, 0). In many applications there is
a state-dependent boundary 7 = 7(x,) between the immature and the mature popula-
tion defined by a threshold condition that is completely equivalent to the condition
Eq. (4) [10, 16, 19, 34]. In the biological context, the threshold r, i.e., the associated
constant delay, is a constant amount of food or a constant size that must be reached
for maturity and @_(¢) is the velocity of maturation that depends on the configura-
tion x(#) of the system. This means that the model Eq. (19) is a PDE with moving
boundary Eq. (18) with the state-dependent variable transport delay z(x,).

In the following, we present a sequence of transformations, which relates the PDE
Eqg. (19) with moving boundary to a DDE with state-dependent delay, a DDE with
constant delay and a PDE with constant boundaries. The transformations are sum-
marized in Fig. 3. The time derivative of the boundary condition in Eq. (19) yields

ou(t,0) = pox(t) = B, (1 — #(x)) u(t, 7(x,)), (20)

where the right-hand side is obtained from the differentiation of Eq. (18) with
u(t, 00) = (¢, o) = 0. Equation (20) is similar to the interconnected boundary con-
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PDE—age a DDE - time
moving boundary u(t,a) = fox(t —a) state-dependent delay
du+d,u=0 x(t) = g(x(t — 1(x,))
_ - Variable transport delay : _
u(t,a) =v(t,m) @, (t —a) = d,(t) —m x(t) =y(Px(D)

PDE — maturity level m DDE - threshold

constant boundary v(t,m) = Boy(Pe(t) —m) constant delay
0,v + & (£)0,,v =0 Y(p)=fly(p—1)

Fig. 3 Four equivalent representations of the same structured population model with a variable
transport delay and the relationship between their configurations

ditions that can be found in typical PDE representations of DDEs [9]. If we use the
property of constant solutions along the characteristics of Eq. (19), we get the DDE

X(t) = f &x(t -1(x,), x(-0)= iu ),60 >0 21
Yo (1 - T(x,)) e po T

where we have substituted Eq. (7) for the delay derivative. The velocity of maturation
@ (1) is strictly positive because, for example, no adults will become juveniles again.
Thus, the time scale transformation from Sect. 2 can be applied to Eq. (21), which
leads to the DDE with constant delay

Y @) =f (97") (@ = nyl@—n).  y(-0) = ﬁiuo (@.'©).0>0.  (22)
0

Equation (22) describes the structured population in terms of the physiological time
@ [34]. From Eq. (22) we can again construct a PDE by defining

V(t,m) = Boy(@(1) = m) = fox (@ (D(1) —m)) , (23)

where m can be interpreted as the maturation level. The PDE that is associated to
Eq. (23) can be written as

9,v(t,m) + @ (1)d,,v(t,m) = 0. 24)
Equation (24) is an advection equation with variable velocity @, (t), which describes

exactly the transport in Fig. 1a. The properties of the time delay system is given by
the boundary condition and the initial condition

a,,v(t,0) = f, (@;1)’ (@) — VL, r),  V(0,m) = uy(-D,' (—m)), (25)
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where we have assumed that @,(0) = 0. The description in terms of the maturation
level m by Eq. (24) is, apart from an additional transformation v(¢, m) = v(t,m) e,
equivalent to the representations in [19, 34]. The exact relationship between the con-
figurations of the different representations of the population is presented in Fig. 3.
The basis for the transformations is the relationship between age a and maturation
level m of the population, which is presented in the center of Fig. 3 and is equivalent
to the condition of a variable transport delay Eq. (4).

5 Conclusion

We have shown that the condition for the existence of a transformation from time-
varying delays to constant delays is equivalent to the physical process of a transport
with variable velocity over a constant distance. As a consequence, DDEs with these
so-called variable transport delays are equivalent to DDEs with constant delays. In
the same way, systems with state-dependent delays are equivalent to constant time
delay systems if the delay originates from a transport with a state-dependent veloc-
ity over a constant distance. Indeed, we have found many examples in the literature,
where the existence for a transformation to constant delay is fulfilled by the defini-
tion of the delay. One example, are the time delays in machining. For machine tool
vibrations in a turning process with spindle speed variation, we have shown that the
numerical analysis of the system with constant delay is advantageous in comparison
to the analysis of the system with time-varying delay. Another example can be found
in structured population models. In particular, for the McKendrick equation with
a moving boundary originating from a threshold condition we have presented the
equivalence between a PDE with a moving boundary, a DDE with a state-dependent
delay, a DDE with a variable coefficient but constant delay and a PDE with a variable
coefficient and constant boundaries.
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Coupling Design for Consensus in Switching
Topologies with Time-Varying Delays

Heitor J. Savino, Fernando O. Souza and Luciano C.A. Pimenta

Abstract This chapter presents a method to design the coupling strengths between
the agents in a network of multi-agent systems in order to enable the group to
achieve consensus on a given variable of interest while subject to time-varying delays
and switching topologies. The multiple time-varying delays are considered to be
nonuniform and nondifferentiable acting in the agents’ control laws, and the topol-
ogy switches are governed according to a continuous time Markov chain. The main
result, formulated as conditions in the form of linear matrix inequalities, is obtained
by analyzing the stability of an associated Markov jump linear system. The results
are illustrated by a numerical example.

1 Introduction

In recent years, studies involving multi-agent systems have attracted the interest of
researchers from several fields. Certainly, this comprehensiveness is due to advances
in communication systems and its diversity of applications, such as multivehicle
coordination [14], formation flight [5], swarm coordination [11], spacecraft forma-
tion [1], etc. An overview of multi-agent systems can be found in [2].
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One of the major concerns related to multi-agent systems is the one of determining
a control law that allows a group of agents to achieve consensus on the value of a
given magnitude, e.g., velocity and position. This is known as consensus problem.

The dynamics of interaction between neighbors for the coordination of a particle
system moving in a plane was introduced in [21], showing that a distributed control
law is able to govern all agents into a common direction. Concepts of algebraic graph
theory were early introduced in [3, 7] to represent the relations between neighbors.
In [10], the control law that dictates the interaction between agents and many par-
ticularities of the consensus problem were treated, such as directed and undirected
networks, fixed or variable topologies, the time-delay effects, etc.

In practical applications, there always exist time-delays in the agents interactions.
This is due to information processing, physical limitations in communication chan-
nels, time-response of actuators, etc. Based on this situation, many works have dealt
with the consensus problem subject to time-delays. Some results in robust control-
based approach considered constant delays for all the agents’ interactions [8], others
considered the analysis of the upper bound of multiple delays in high-order integrator
dynamics [22], and yet there were other studies considering nonuniform nondiffer-
entiable time-varying delays with upper and lower bounds for single-order integrator
[16] and also high-order integrator [17]. An analytical result [18] shows the impor-
tance of studying consensus by time-intervals, showing how time-delays can improve
or degrade the behavior of the system to achieve consensus.

Some works in the literature consider multi-agent systems subject to switching
topology. In real environments, these switches are due to temporary communication
losses or agents’ failure, and/or changes in the arrangement of agents. A description
of this problem can be seen in [10], whereas the switching topology is not stochastic.
Currently, the switching topology has also been treated as a Markov process. In [23],
analysis conditions for mean square consensus for second-order multi-agent system,
with Markov switching topology, are formulated as linear matrix inequalities (LMIs).
In [23], the authors also considered cases where the transition probability rates are
not precisely known and the system is subject to constant time-delays. Switching
topology as a Markov process was considered for the analysis of consensus with
time-varying delays in [15]. In [19], these results were extended to the analysis of
agents with high-order dynamics and uncertain probability rates.

The problem of designing the weights of the coupling strengths associated to the
network communication links has also been considered. These weights are related to
the information exchange topology and control gains. An analytical study and design
of the coupling strengths considering time-delays is shown in [12] for fully connected
networks, with a concept based on the placement of the rightmost eigenvalue of the
Laplacian. An adaptive approach, aware of the instantaneous value of time-delay, is
used in [13] to deal with time-varying delays. The design of the coupling strengths
enable the multi-agent system to achieve consensus faster or in regions of time-delay
where the system was previously unable to achieve consensus.

In this work, as an extension of [15], we present new LMI conditions to design the
weights of the links between the agents in switching directed networks of multi-agent
systems subject to time-varying delays in their control inputs, which are assumed to
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belong to the intervals 0 < rlf}”" < rij(t) < r;’“”‘ The delays are considered to be non-
differentiable and nonuniform, i.e., varying differently on each communication link.
The proposed results are provided by using a transformation of the multi-agent sys-
tem, so that the development here is based on the stability analysis of the transformed
system. A numerical example is given to illustrate the effectiveness of the proposed
method.

Throughout the paper, the following notation is used: I, is the identity matrix of
order n; 0, and 1, are column-vectors of zeros and ones, respectively, with dimension
n; 0, is a null matrix of order n; M > 0 (< 0) means that M is a positive (negative)
definite matrix; M7 means the transpose matrix of M; * denotes the symmetric block

in a matrix; M = [my] for all i,j € [1,2, ..., n] denotes a matrix
ml’l ml’z cee ml’n
M=|"21 M2 2|
mn’] mn,z e mn’n

and M = diag{m,, m,,, ... ,m,,} denotes a diagonal matrix M composed of the ele-
ments m; |, Myy, ..., M, in 1ts main diagonal.

2 Background

2.1 Algebraic Graph Theory

A weighted directed graph is a representation of a set of nodes (or vertices), and a
set of directed edges with assigned weights (or coupling strengths), indicating the
information flow. Mathematically, a weighted directed graph is described by ¥ =
(V,&, %), with ¥ representing the set of n nodes labeled as v, v,, ..., v,; & the set
of edges, denoted by e; = (v;,v;), where the first element v is said t0 be the parent
node (tail) and the other v; to be the child node (head); and W the set of weights
associated to the edges, denoted by w,;, that assign real nonnegative values to each
e;.

! Throughout the text, we consider switching topologies. Thus, let 6, be the rep-
resentation of the topology of the multi-agent system at the instant of time ¢, and
¢ =1,2,...,sthe image of 6,, where s is the total number of topologies. Each topol-
ogy is associated with a weighted directed graph 4(¢) = (¥, & (), #'), with same
set of vertices ¥ and weights %, but different sets of edges & (7).

ij»

Remark 1 Same edges e in different graphs ¢(£) are associated to the same weights
Wi An element w;; may ex1st in # even if e does not exist in &(%).

Consider the set & = U;zl &(¢), the union of all the edges in each graph ¥(¢), for
allz =1,2,...,s. Thus, we define the Joint Graph %
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Definition 1 The Joint Graph ¥ = (¥, &, #) is the graph composed of the union of
the edges in the subgraphs 4(¢), forall# = 1,2,...,s. The vertices ¥ and weights
W are the same for all 4(¢) and ¥.

In order to simplify the subscript notation, we assume a new ordered index k
related to each edge, instead of the pair (i, j), such that e, (f) = e j,»(t), letting r represent
total the number of directed edges in the Joint Graph & suchthatk=1, ... ,r. The
assignment of index k is outlined in Algorithm 1 with some other useful additional
variables.

Algorithm 1: New indices k

Initialize: k < 0;

foralli=1,2,...,ndo

forallj=1,2,...,ndo

if 3e;; € &, for & € G then

k—k+1;

Wi < Wi € < €

forall# =1,2,...,sdo
h(£) < zero column-vector of size n;
l_1k(f ) « zero column-vector of size n;
if Je; € £(¢) for & € ¢4 then

h(€)i-thentry « 1; h(?)j-thentry « —1;
L h(¢) i-th entry « 1;

From Algorithm 1, we will define the Laplacian matrices L(¢) for each 4(¢) in
an alternative form, inspired by [6] and extended to directed networks, in which the
weights of the edges can be conveniently displayed in the main diagonal of a matrix.
This form plays an important role in the design method. Consider the index of each
directed edge ¢; € & rewritten according to Algorithm 1, such that the edges are
ordered as ¢, = e;;, with associated weights wy, and vectors h(¢) and h(¢) for each
9(¢). Also k = 1, ..., r where r is the number of edges in the Joint Graph 4. Thus,
we define the Incidence matrix of each graph ¥(¢) as H(¢) = [h,(€) ... h(£)],
and also the associated Heading matrix H(¢) = [h,(£) ... h,(¢)], both matrices of
dimension n X r. Additionally, write the coupling strengths, related to the weights
wy = w;; according to Algorithm 1, in a weight diagonal matrix W € R"™" in the
ascending order of k. Then, the Laplacian matrix of each graph ¢(¢) can be written
according to the following Lemma.

Lemma 1 Let H(¢) = [h(£) ... h(£)] be the nx r Incidence matrix, H(¢) =
[ﬁl(f) i_z,(f)] be the n X r associated Heading matrix, and W be the r X r Weight
diagonal matrix associated with a weighted directed graph 4 (¢). Thus, the Lapla-
cian matrix L(€) can be written as
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L&) = HZ) WH(©). (1)

Remark 2 The weights w; = w;; are given in the main diagonal of W, i.e., W =
diag{w,wy, ..., w,}.

3 Problem Formulation

3.1 Consensus Problem

A multi-agent system can be represented by a graph where the nodes represent
agents, and the edges represent communication channels. Thus, consider a multi-
agent system composed of 7 agents arranged in a directed network and the dynamics
of each agent given by

() =u0,1—7;), i=12..n, 2)

where x; € R and u; € R represent the state and the control input of the i-th agent,
respectively, 6, represents the topology of the multi-agent system at the instant of
time 7 and is not subject to time-delays, and 7;() the time-varying delay of agent i
related to j. The considered consensus protocol is given by

n

(0, 1) = = Y a;(0)(x,0) - x,(0)), 3)
=1
with
_fowy, ifde; € £(6)
a;(0) = {O,j otheéwise. “)

We represent the delays by Tii(t) =7+ ulj(t), where 7 is a constant value and
p;;(t) are time-varying perturbations that satisfy |u;(t)] < i <7 V (i, ), such that
Tij(l) €t — g, 7+ jl

Moreover, we assume that 6, is given by a continuous time Markov chain with
discrete states given by . = {1, 2, ..., s} (s being the number of different topologies
of the system), and a probability transition matrix ¥ = [y, ] defined by

m,,A+ 0(4) PFq,

Wy =P{0.,4=ql|0,=p}= { l+7x,,A+0(4) p=q,

®)

in which vy, represents the probability of switching from topology p to ¢ in an

interval A > 0 at given time ¢, for p, g € .%, and where lim,_,, % = 0. Also, Tpg

represent the estimated rates in the transition rate matrix I1 = [npq] where Ty 2 0
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for g # p, x,, = — 2;=1,q 2y Tpg» @nd consequently 22:1 7,, = 0. Finally, denote
v = (v, ..., V,) the initial distribution of the Markov chain.

We represent the multi-agent system using the Algebraic Graph Theory in
Sect.2.1. Thus, each state of the Markov chain is related to a network topology
described by a graph ¢(¢). Additionally, 7;(r), which is related to edge e;;, has the
index changed to 7,(f) following Algorithm 1 to indicate the delay related to edge
€ = € with k = 1,2, ..., r, where r is the number of edges in the Joint Graph g,
i.e., the total number of different communication links in all the topologies.

Therefore, considering the agents’ dynamics given by (2) with the consensus pro-

tocol in (3) and Algorithm 1, the multi-agent system is represented by
X(t) = = Y Li0)X(t — 7, (1)), ©6)
k=1

where X(-) = [x,(-) x,(-) ... xn(')]T and L,(0,) is the Laplacian matrix of the sub-
graph connections associated only with the delay 7, (¢) on the topology 6,. Note that
Yo L) = L(6,), with L(6,) the Laplacian matrix of all edge connections on the
topology 0,. Also, L,(,) is simply a zero matrix whenever e, & &£(0,).

Before progressing further, in order to formalize the problem of consensus analy-
sis with stochastic switching topology, we assume the following definition.

Definition 2 [9] Under stochastic switching topology, the multi-agent system (6)
reaches mean-square consensus if, for all i # j, lim,_, , E||x,(r) — x;()]| — 0 hold in
the mean square sense for any initial distribution v = (v, ..., v,) of 8, and initial state
conditions.

3.2 Auxiliary Results

In this section, we recall some results from the literature, especially from [15, 19],
presenting how to construct a transformed multi-agent system, such that its stabil-
ity dictates if the multi-agent system in (6) achieves consensus. Thus consider the
following lemma.

Lemma 2 Under stochastic switching topology, the multi-agent system (6) reaches
mean-square consensus if its associated transformed system given by

20 == ) L)zt — (1)), (7)
k=1

where Li(6,) € R"=DX0=1 gpq

Li(6,) = UL(0)U, withU =11, , —1,_,1andU" =10,_, —1,_,1", (8)
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is stochastically stable in the mean-square sense, i.e., lim,_,  E [ZT(t)z(t)] — 0 holds
in the mean-square sense for any initial distribution v = (v,, ..., Vv,) of 0, and initial
state conditions.

The previous lemma follows directly from [15, 19], combining [15] [Proposi-
tion 2] and [19] [Definition 1]. The transformed system presented in the previous
lemma is obtained based on the disagreement of the state variables of the multi-
agent system, see also [20], by defining the new variable:

7;(1) = x( (1) — x;1, (D),

such that for the consensus to be achieved, it is necessary that lim z;(#) = O with
=00

i=1,2,...,n— 1. Therefore, based on the stability of the transformed system (7)
we can assess consensus of (6).
Finally, before presenting the main result of this chapter, consider the definition.

Definition 3 [4] Consider a stochastic process defined by {6,, ¢ € [0, +00)}. Then,
the infinitesimal generator .# applied in a function £(6,) is given by

J(Or0) = f(6)
— |

Zf(0) = lim E ©9)

Hereinafter, for a more compact notation of the stochastic variables, 6, is replaced
by the subscript index Z, if no confusion occurs; e.g., Y(6,) is replaced by Y,. Note
that the infinitesimal generator .Z of a stochastic function is the natural stochastic
analog of the deterministic derivative.

4 Consensus Design of Coupling Strengths

In the following, we state and prove the main result in this chapter in the form of
a theorem. The theorem presents conditions based on linear matrix inequalities that
are computationally solved. The feasibility of the LMI conditions is able to design
the proper coupling strengths of the communication links to enable consensus.

Theorem 1 Consider the multi-agent system in (6) witht > 0,7 > ji > 0, and Il =
[7,,], whose =, are the transition rates from topologies p to g, Vp,q € ./, &/ =
{1,2,...,s} where s is the number of different topologies, and multiple time-delays
T, €[t —j, 7+ fl, for k=1,2,....r according to Algorithm 1. Then, the multi-
agent system (6) achieves consensus in the mean-square sense with the designed
coupling strengths w, given as in Remark 2, if there exist: (n — 1) X (n — 1) matrices
P, =PL, Qs R =R],Ry, Ry =R}, S, =S], and Z = Z"; a r X r diagonal matrix
W,; and a scalar f; such that the following LMIs hold V¢ = 1,2, ..., s:
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P, Q, - [R R
2
[ . %Sf >0, R, R, >0, (10)
and
@, Iy
[ . —ﬁZ] <0, (11)
with
o b0 -0+ %R§ - UH,W,HU —%Rz + 2t TemQm
® ¥ PP —-UH,W,H]U 0,
= 1 1 5
‘ * * —R; =5, R,
* * % —%Rl + % an:l oS

12)
where ¢ = Qp + QL + TR, — 1Ry + S, + X0 s Py by = Py +7RL —fl,_),
¢*? = TRy +2iZ — 2fI,_,, and FT (@UH,WHEOY (1, 1, 0,-, 0, ].

Thus, the designed weights w, E W of the couplmg strengths related to the edges
e, € &, are given in the diagonal of W = —Wd

Proof Due to Lemma 2, stochastic stability in the mean-square sense of system (7)
implies mean-square consensus for the system (6). Thus, the proof of this theorem
relies on the fact that if the conditions presented here are satisfied, the system (7)
will be stochastically stable in the mean-square sense.

First, we show that if the proposed LMIs are satisfied, then V(z(¢),¢) > 0 and
ZLV(z(t), ) < 0 hold, where £ is the infinitesimal generator operator given in
Definition 3, and V(z(¢), ¢) is the Lyapunov—Krasovskii stochastic functional [15]:

V(z,, €)=V, (z(1), ) + V5 (2,, €) + V3(z2) + Vyu(z,, €) + Vs(z,), (13)

where z, corresponds to z(c) for o € [t — 7 — fi, ],

V,(2(0), €) = ' (OP,2(0), (14)
Vy(z,,6) = 22" ()0, / 2(&)dé, (15)
0 1
Vi(z,) = / / ZH(&Rz(E)dEdS, (16)
-7 J1+¢
0
Vi(z,0) = / 't + &Szt + E)dE, (17)
a ot
Vs(z,) = / / (&) Zx(&)dEd], (18)
—ji =1+
2 _ = -+ |R R B _
given z(§) = [Z(f)]’ P, = P, 0, R= RT = [Ri Ri], S, = ST andZ =Z".
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Next, we present the condition for V(z,, ) > 0 to be satisfied. Applying the Jensen
Inequality in (13), we have

0 t i t
V(z,0) 2 nT[}:f % ] n+ / / 2 (OR(E)dEde + / / F(&Zx(&)déds.
i -t J1+¢ —ji Jt-t+¢

with 4T = [ZT(t) SO+ §)d§].

Note that, if LMIs in (10) hold, then the first and the second terms of the right
side of the inequality (19) are positive. Also, if the LMI (11) holds, then the term
—Z in the main diagonal is definite negative, which implies that the third term on
the right side of inequality (19) is positive. Thus, a sufficient condition to check if
V(z,,¢) > 0, is to verify if LMIs (10) and (11) are satisfied.

Now, we prove the LMI condition to guarantee that £’V (z,, ¢) < 0. Initially, con-
sider the following null term:

0=27z" (1) + " (1] l—z — ) Lzt - rk(t))] , 19)
k=1
=2f[2' () + " (0] l—z— YL, <z(r— 7) — / e+ f)a%)l . (20)
k=1 -0
= 211" (1) + 2" O] [-2(0) = Lyz(t — )] + (@), 1

where f is a scalar variable, L, = ZZ:]LM’ and

v =y / AL+ ode, with A=[T@f +E 0Nl QD)
k=1~

7.(1)

Then, applying the inequality 2a”b < a’ Xa + b"X~'b in (22), where a” and b are
vectors chosen as AL, and z(t + &), respectively, and X is a positive definite matrix

_ Z
chosen X! = £, we have
r

— -7

ZT(t+§)%Z(t+§)d§ @3

Msi/
k=1~

We take upper limits for the integrals in (23) to obtain

(AL )Z (ALY de + )
k=1

Tk(l) _Tk(t)

r =T+
v(t) S Y (AL AZ ™ (AL + / F(OZu&)de. (24)

k=1 —T—}
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From Eq. (8) and Lemma 1 we have that
fL, = UfL,U = UH,W,H.U (25)

making fW = W,, where W, is a diagonal matrix defined similarly to W in Remark
2. Thus, the null term (21) with the upper bound (24) of v(¢), can be rewritten as

0 < 2[" (1) + 2" (O] [~f2() — UH,W,HLUz(t — 7))

k=1 “TTH

r t—71+ji
+ S AL Rz AL + / (O ZAE)dE, 26)

Moreover, invoking the operator of the infinitesimal generator in (13), we have

LV(z,,0) =LV (1), )+ LVy(z,,0) + LV;32(0) + LVu(z,, €) + L Vs(2(2)),

(27)
where

LVy = OP2() + 2 (OP,2(1) + 2 (1) (Z nf,,,Pm) 2(0),
m=1

t t N

«&de+ ) 74,0, / z(f)dé] :
T m=1 -7

-7 —

2LV, =210, / 2&)dé + 27 (1) le /

t

2V, = 7 (trRz(t) — / 2 (&RZ(&)dé,

-7

0 N
LV, =08,z =" (1 = T)Spzt — ) + / (1 +8) <Z nfmsm> 21+ &)dé,
T m=1

t—=T+fi

LVs = 1 (O2aZ4(1) — / F(&ZzE)de.

t—t—ji

Expanding R and Z, adding the upper bound of the null term (26), and applying
Jensen Inequality in (28), Eq. (27) becomes

LV ) YD + Y (AL arZ (AL, (28)
k=1

where YT = [7(t) z7(t) 7 (t — 7) /_OT ZI(t + €)dE] and @, is given in (12). Writing
AL, = YTyfL,, withy" =[I,_, I,_, 0,_, 0,_,], we can write (28) as

r

LV O) <Y | Y (@ + G L)RZ G L)) | Y, (29)
k=1
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Then, the negativeness of the right side of the inequality in (29) is a sufficient
condition to guarantee that Z’V(z,,¢) < 0. Thus, the term in the brackets is imposed
negative definite. Using Schur’s complement we obtain

~®@, ayfLy, &, jyfL,
e

which, replacing fL, by (25) leads to the LMI condition in (11). Thus, if LMI (11)
holds, then £ V(z,,¢) < 0.

Finally, it is shown that if LMIs in (10) and (11) hold, then the system in (7) is sto-
chastically stable in the mean-square sense. Assume that the LMIs in the theorem are
satisfied then V(z,,¢) > 0 and £ V(z,,¢) < —az  (t)z(f) is true for some sufficiently
small « > 0. Then, as in [19], applying the expectancy we obtain E [V(zt, f)] >0
and E [f V(z, 0 )] < —aE [zT(t)z(t)], which applying the generalized Itd’s formula
yields

E [V, 0)] - VE0),£,) = / ELLVEE), O)dE < —a / E [/ (0)20)] dé,
0 0

t
where 7 is the arbitrary initial topology at ¢ = 0. Thus, / E [ZT(f)Z(é)] dé <

V(z(0),7
M, which implies lim,_,  E [ZT(t)z(t)] — 0. Therefore, if the LMIs pro-

posed hold, the system (7) is stochastically stable in the mean-square sense. Con-
sequently, the system (6) achieves consensus according to Lemma 2. |

5 Numerical Example

In order to illustrate the applicability of the method, we consider a team of four
agents that must achieve consensus on a given variable x;, fori = 1, ... , 4, assuming
time-varying delayed control inputs and intermittent communication.

We model the intermittent communication with a network topology switching
between the graphs ¢(1) and ¢(2). These two topologies are illustrated in Fig. 1,
also showing the representation of the time-delays 7; = 7;, fork = 1, ..., 6 the edge
index according to Algorithm 1.

In this example, it is worth noting that when the system is on the topology ¥¢(2),
the agents 3 and 4 do not receive information from the other agents, therefore if the
system never leaves this topology it will not reach consensus, unless the agents 3 and
4 are in consensus occasionally.

Initially, to represent the multi-agent system as in (6) we have that » = 6, which
is the total number of links in the Joint graph &, i.e., subject to six delays. Also,
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Fig.1 Graphs ¥(1) and T1(t) =13(t)
% (2) representing the two
possible topologies of the
multi-agent system

T5 (t)
T (l‘)

(Hn Q
(ra @

T371(l‘)
T1>3(l‘)
()=

9(1) 4(2)

the subgraphs ¥ (7) are associated with the following Incidence matrix H(¢') and
Heading matrix H(¢):

1 0=l 0-1 0 100000
1 0100-] - 001000
HD=t"g 0001 0l AV=lo0oo00 1 of OV
00000 1] (00000 1]
and -~ ~ ~ ~
1 14100 0 110000
1o01100| - 001100
HD=l o5 0000 #®=lo0000 0o ©?
| 00 0-10 0] (00000 0]

where the indices £ = 1 and ¢ = 2 are associated to the topologies ¢4(1) and ¢ (2).
Thus, we have s = 2 the number of topologies and n = 4 the number of agents.

Moreover, assume that the switching topology dynamics is described by a contin-
uous time Markov chain with the transition rate matrix I1 = _i _ i] Besides,
consider that the system is subject to nondifferentiable and nonuniform time-varying
delays 7,(t) € [t — ji,t + ji],fork =1, ...,6.

In order to illustrate the applicability of the main result proposed in this work,
we run a numerical simulation considering the multi-agent system (6) with data pre-
sented in this section and choosing 7 = 0.7 and i = 0.3, such that the time-delays
can vary in the interval 7,(f) € [0.40, 1.00], for all k. Figure 2 shows an example for
the variation of 7,(¢) in this interval.

Initially, we consider the systems without any design for the coupling strengths,
i.e., all the weights of the coupling strengths w, = 1 and simulate the system for 50
s. During this simulation, consensus could not be achieved. Figure 3 shows the state
trajectories of the multi-agent system and the disagreement of the agents. In Fig. 4,
the switches of the topology are shown.

Next, we use Theorem 1 to design proper weights. So, fort = 0.7, i = 0.3, Il =

[_} _} ], and the topologies described by H(1), H(1) in (31), and H(2), H(2) in
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Fig.2 Illustration of behavior of delay 7, (7). The illustration of the others delays are omitted since
they present similar behavior

Time (sec)

Fig. 3 State trajectories of the multi-agent system in the numerical example without any design
of the coupling strengths. The initial states of the agents are X(0) = [4 2 1 —2]"

3 T T T T T T T T T

Topology(¢)
—_ o

1
0 5 10 15 20 25 30 35 40 45 50
Time (sec)

Fig. 4 Switches of the topology for one simulation, where [ = 1,2 are the Markov chain states

(32), we run the LMI conditions obtaining feasible solution for W = le, where
f and W, are LMI variables with values returned by the LMI solver, which results
W = diag{0.1392, 0.1244, 0.2880, 0.0900, 0.4825, 0.3751} such that w, are given
in its main diagonal, from w, to wg, respectively.

With the designed coupling strengths, we simulate the system for 20 s to show
that consensus is achieved, as illustrated in Fig. 5.
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Fig.
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States (X)

Time (sec)

5 State trajectories of the multi-agent system in the numerical example with the designed

coupling strengths

6

Conclusion

In this chapter, it is studied the consensus problem of multi-agent systems, consid-
ering nondifferentiable and nonuniform time-varying delays and switching topology
according to a continuous time Markov chain. The main result provides LMI condi-
tions to design proper weights for the coupling strengths between the agents, such
that the system can achieve consensus in regions of time-delay that were previously

not

enabling consensus.
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Analysis of a Model-Free Predictor
for Delay Compensation in Networked
Systems

Xinyi Ge, Yingshi Zheng, Mark J. Brudnak, Paramsothy Jayakumar,
Jeffrey L. Stein and Tulga Ersal

Abstract One important challenge with networked systems is that communica-
tion delays can significantly deteriorate system performance. This chapter proposes
a model-free predictor framework to compensate for communication delays and
improve networked system performance, where the term “model-free” indicates that
the predictor does not need to know the dynamic equations governing the system.
The motivation to pursue a model-free approach lies in its robustness, ease of design,
and implementation. The proposed predictor has a first-order time delay system
structure with only one design parameter. Stability of the predictor is analyzed for
constant delays and the range of the design parameter to guarantee a stable pre-
dictor is established as a function of the network time delay. Since ensuring sta-
bility does not necessarily guarantee a good performance, understanding when the
predictor can perform well and what its limitations are also critical. To this end, a
frequency-domain analysis is given, through which the relationship between the pre-
dictor design parameter, time delay, and steady-state performance is revealed. Fun-
damental limitations of the predictor at higher frequencies are laid out. Finally, this
analysis is confirmed on a case study. The case study further allows for testing the
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transient performance of the predictor in closed loop with the networked system, and
shows that the predictor holds significant potential to alleviate the negative impact
of communication delays, even if its high frequency performance may be limited.

1 Introduction

Networked systems are systems that are coupled through information exchange over
a communication channel. Example applications include tele-operation, network
control, and networked hardware-in-the-loop simulation systems.

Typically, the communication channel introduces delays, which could deteriorate
the system performance significantly and could even destabilize the system. The lit-
erature presents many techniques to address this challenge. Some of these techniques
leverage the system models. For example, in the tele-operation literature, model pre-
dictive control has been applied to time delay systems to predict future commands
with maximized tracking performance [1]. Methods to predict operator inputs have
been developed [2]. The network control system literature describes many techniques
to handle both deterministic [3, 4] and stochastic network delays [5—8]. When sys-
tem models are not available, other methods can be used. For example, researchers
from the tele-operation field designed a PD-type predictor in the form of prediction
of observation [9] and extended it to a state predictor based on solution trajectories
of the dynamics [10]. The passivity approach guarantees stability without requir-
ing knowledge about system dynamics [11]; however, this guarantee comes at the
expense of performance [12]. Networked hardware-in-the-loop simulation literature
presents learning-based methods to ensure a high-fidelity integration with no or min-
imal knowledge about the system [13—15]. However, these methods are more suit-
able in an experimental setting, where experiments can be repeated under controlled
environments.

In this work, the predictor-based idea is pursued further, but with the specific
unique goal of achieving a robust, easy-to-design, and easy-to-implement solution
by eliminating the need for a dynamic model of the system. In particular, this work
first leverages the principles of sliding mode control to derive the dynamics of a
model-free predictor. This approach avoids the need to know the dynamic equations
of the system and requires only the knowledge of the output equations that pertain to
the coupling variables. The result is a predictor that is a first-order time delay system
with a single design parameter. The relationship between the design parameter of
this predictor and time delay is established to ensure a stable predictor for constant
delays. Then, the performance characteristics of the predictor is analyzed through a
frequency-domain study. Specifically, this analysis reveals the relationship between
the design parameter of the predictor, time delay, and predictor’s steady-state perfor-
mance. This helps establish the fundamental performance limitations of the predictor
beyond a certain frequency determined by the time delay. Finally, a case study is per-
formed to validate this analysis and further study the transient performance of the
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predictor. The case study demonstrates that the predictor can perform well in tran-
sient even when its high-frequency steady-state performance can be very limited.

The rest of the chapter is organized as follows. Section?2 presents the prob-
lem formulation using a generic networked system framework, introduces the pro-
posed model-free predictor, including the stability analysis result, and performs
the frequency-domain analysis on the steady-state performance of the predictor. In
Sect. 3, the predictor is applied to a networked motor-gear-shaft system to evaluate
the transient performance of the predictor. Conclusions are given in Sect. 4.

2 Predictor-Based Framework

2.1 General Framework

Consider the generic networked system with communication delay as shown in
Fig. 1a. System 1 and System 2 are the two remote systems that are coupled over
the network, where the network is considered as a pure, constant delay. If the delays
from System 1 to System 2 and from System 2 to System 1 are denoted as 7; and 7,,
respectively, then there is a total delay of 7, + 7, between System 1 sending out a
signal to and receiving the response from System 2. This delay distorts the networked
system dynamics and reduces performance. It may even cause instability.

To alleviate the negative impact of communication delay, a predictor-based frame-
work as illustrated in Fig. 1b is considered. The site of System 1 contains a predictor
for System 2 that aims to predict the non-delayed response of System 2. Instead of
interacting with System 2 directly over the network, System 1 interacts with Sys-
tem 2 indirectly through its predictor and without delay. The vectors x,,(¢) and x,,.(¢)
contain only the states related to the calculation of the coupling signals; i.e., the sig-
nals y,(¢) and y,(?) that are communicated over the network to establish the coupling
between the remote systems. Note that when the predictors are introduced as shown

(@) (b) A

[ System 1 j [ System 1 j b10) System 2 Predictor )
EG | %, 00,5, ) t

Delay 7, Delay 7, Delay 7, Delay 7,
l | »(0) l X, (), %,,(1) |

P (¢
[ System 2 j ( System 1 Predictor y‘—()> System 2

Fig.1 A generic networked system with (a) direct coupling over the delayed communication chan-
nel and (b) coupling through the predictor-based framework
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in Fig. 1b, x,(¢) and its derivative ,(f) are communicated over the network instead
of the original coupling signal y(¢) in Fig. la.

The System 2 Predictor receives the information about System 2 with the delay z,.
Ensuring that the System 2 Predictor can track the outputs of System 2 satisfactorily
despite the delay is the problem of interest. A similar predictor structure applies to
the site of System 2, as well.

The literature has previously addressed this control problem by explicitly express-
ing the dynamics of System 1 and System 2 within the predictors for System 1 and
System 2, respectively [16]. In this chapter, an alternative method is considered,
which is inspired by the notion of sliding surface in sliding mode control and is
described next.

2.2 Predictor Design

Sliding mode control is a nonlinear control technique that reduces the problem of
controlling a higher order system to controlling a first-order system [17]. This is
achieved by defining a sliding surface in the phase plane and applying a switching
control input that forces the system to slide along that surface. The advantages of this
method include robustness to disturbances, parameter variations, and un-modeled
dynamics.

Consider a nonlinear system of the form

50 = (x0) + g (3(0) () ()

where xf(t) and uf(t) are the states and inputs of the system, and f(-) and g(-) are
nonlinear functions. The subscript f is introduced to distinguish the full state vector
xf(t) from the state vector x,(t), x, C X7, which contains only the states related to the
calculation of the coupling signals.

A sliding surface is defined in the phase plane as

S = <%+/l)xf(t)=0 @)
where A determines the slope of the surface. A controller can then be designed to
transform the original dynamics (1) to the first-order dynamics of the sliding surface
() [17].

The sliding mode control approach has been utilized in the literature to create a
model-based observer by employing in the local site a model of the remote system
and using a sliding mode controller to ensure that the states of the model track the
states of the remote system closely [16]. In contrast, the key idea of this chapter
is to use the sliding surface concept to derive a dynamic equation for a model-free
predictor.
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To this end, define the error between the state of the predictor X(¢) and the actual
state of the remote system x,.(f) as:

e(?) 1= x,.(t) — () 3)
Define a sliding surface for the error system as

y:(%w)ea):o @)

Without any communication delays, keeping the error system on this surface could
be achieved with the following dynamic equation for the predictor state

§(0) = 5,0 + 4 (x,(1) = 2(1)) (5)

In reality, however, the remote signals x, and x, are available only with a delay. Thus,
(5) becomes: .
(1) = 5,0t — 1)+ A (x,(t — T) — (1)) (6)

where the second term on the right-hand side now involves a difference between
the delayed remote state x,.(f — 7) and the current predictor state X(¢). That would
cause the predictor to track the delayed remote state x,.(f — 7) instead of the current
remote state x,.(f) and render the predictor obsolete. Furthermore, x,.(f — 7) — X(¢)
cannot be meaningfully referred to as state error when states from different time
instances are compared. Hence, for a more useful and meaningful definition of error,
(6) is modified to also delay the predictor state, resulting in the following predictor
design:
Xt) = x,(t — 1) + Ax,(t — 1) — X(t — 1))

. . (N

3() = hE()
where A(-) is the output function of the predictor, which gives an estimate of the
non-delayed response of the remote system, i.e., $(¢). The resulting predictor is a
first-order time delay system with A being the only design parameter. Assuming 4(-)
is perfectly known, the goal of the predictor is to drive its states, (¢), as close as possi-
ble to the coupling-related states of the remote system, x,.(¢). Note that no knowledge
about the system dynamics is used in the predictor; i.e., neither f(-), nor g(-) appears
in (7). The delay 7 can be measured by synchronizing the clocks on both sides of the
communication channel and time-stamping the packets.

2.3 Stability Analysis

When (7) is used as the predictor, the error system will stay on the sliding surface
defined by (4) only when the time delay 7 is zero. Hence, it is critical to establish the
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stability of the error system for nonzero time delay. Towards this end, substituting
(7) into the time derivative of (3), the following results can be derived:

e(r) = x,(1) = X(1)
= &,(1) = £,(t — ) = Ax,(t = 7) = }(t — 7))
=x.(t) —x.(t—1)— Ae(t — 1)
= —Ae(t — 1) + (1)

®)

where u(?) is the coupling error over the communication channel and is an external
input to the error system. It is defined as:

u(t) :=x,(t) —x,(t — 1) )
The stability of (8) is given by the roots of the following characteristic equation:
s+ =0 (10)

where s is the complex frequency variable. Hence, the asymptotically stability of
predictor is guaranteed for constant delays if and only if the following relationship
holds [18]:

0<i<Z (11)
2t

2.4 Frequency-Domain Analysis

The stability criterion (11) is useful to choose a 4 for a given time delay , such that
the predictor is stable. However, it does not provide any insight into the performance
of the predictor. Therefore, this section provides a frequency-domain analysis for a
steady-state performance evaluation of the predictor.

Consider the communication channel and predictor as shown in Fig. 2, where the
state tracking error e(#) and the coupling error over the communication channel u(?)
are shown explicitly. The following transfer function from the input u(¢) to the output
e(t) is then obtained from (8):

Predictor

Fig. 2 Visual representation of the variables used in the performance analysis of the predictor
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Eo _ s

U(s) s+ de ™ (12)

Ideally, the state tracking error should be zero to completely eliminate the delay
effect. Hence, a good choice of the design parameter A should not only guarantee
the predictor’s stability, but also minimize e(f). From a frequency-domain perspec-
tive, the gain of the transfer function (12) should be less than one at all frequencies
such that the coupling error u is attenuated at each frequency. If the magnitude of
E(jw)/U(jw) is larger than one at a given frequency w, then the coupling error at that
frequency is amplified, which could lead to a bad predictor performance even if the
predictor is stable.

The Bode plots of (12) for various values of = and A are shown in Figs. 3 and 4.
All {A, 7} pairs shown satisfy the stability criterion (11). A number of observations
can be made in these figures regarding the performance characteristics of the predic-
tor. First, Fig. 3 illustrates that the steady state tracking performance is better at low
frequencies for larger A values. However, it is not always the case that larger A gives
better steady state tracking. Namely, within the range of about 90-200 rad/s, small A
values may be a better choice for this example delay value, since larger A values lead
to an overshoot above 0 dB in the magnitude plot. Furthermore, at higher frequen-
cies, the predictor is less effective in terms of attenuating the state tracking error,
since the magnitude remains close to O dB regardless of the 4 value chosen, i.e., the
magnitude of E(jw)/U(jw) is approximately one for large @ values. Finally, Fig. 4
shows that it is more difficult for the proposed predictor to be effective as the delay
7 becomes larger, since the frequency range corresponding to a magnitude smaller
than O dB becomes smaller as delay increases.

Bode Diagram with 7 = 12ms

40 . . , .
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Fig. 3 Bode plot of (12) with 7 = 12 ms for various 4 values
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Bode Diagram with 4 =60
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Fig. 4 Bode plot of (12) with 4 = 60 for various 7 values

Thus, (12) establishes the relationship between the steady-state performance of
the predictor, its design parameter A, and the time delay z. Hence, this analysis is
important to understand some fundamental, frequency-domain performance charac-
teristics of the predictor. It is still unknown, however, how the predictor will perform
in transient when introduced into a system as shown in Fig. 1b. This motivates the
case study in the next section.

3 Case Study

A case study is performed in this section to validate the analysis above and also gain
some insight into the transient performance of the predictor.

Consider the example system shown in Fig.5. This example simulates a net-
worked motor-shaft-gear system, where System 1 includes a DC motor, a pair of
gears, two shafts, and two bearings. A motor voltage V is given to drive the DC
motor, which rotates the motor shaft connected to a gear pair. The output shaft gives
a shaft torque. Bearings are mounted on both shafts; therefore, viscous dampings
R, and R, are introduced for the motor shaft and the output shaft, respectively. The
compliance of the motor shaft is neglected, whereas the compliance of the output
shaft is taken into account. System 2 consists of a gear pair, a shaft, a fly wheel and
two bearings. The input is the shaft torque from System 1, which drives the gear
pair. The gear pair drives the shaft, which is connected to a fly wheel. There are
two bearings, with viscous frictions R, and R, ,, at both ends of this shaft. There is
viscous damping R ; along with the gear pair. For a closed-loop coupling, System 1
needs the shaft speed w; from the remote site and System 2 needs the shaft torque
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SYSTEM 1 covveeiiimeiis
R,
4
: shaft speed -~ 7 7T
<«<——— | SYSTEM 2 PREDICTOR
’ ! [} USSR
: DC  Motor
. Motor  shaft
| 5, ()5, (1)
i Delay
x, ()4, (1) |
""""" SYSTEM 2
_ Gear Pair
X
S . shaft torque » R,
| SYSTEM 1 PREDICTOR | —— R R'T R X Fly
SRR T 3 = = Wheel
R

Fig. 5 Networked motor-shaft-gear system with constant communication delay

T, from the remote site. The one-way communication delay between the systems is
7 = 12 ms. The output of interest of the entire system is the difference of the angular
displacement of the two ends of the output shaft in System 1, 46. The dynamics of
the individual systems are given as:

System 1:
[l = [0 5 ] fowons 312
Yo =0.56 —1.5] | xy 0.00074 0 | | w, (13)
= Ts = 10‘xlr
System 2:
X3, = =0.13x3, + 0.287, (14)

Yy = Wy = 20x3r

The Bode plots of the two systems are shown in Fig. 6. The coupling-related states
for System 1 and System 2 are x;, and x5,., respectively. With the coupling signal out-
put equations for System 1 and System 2 known, the equations for the two predictors
are given by:

System 1 Predictor:

1) =x,(t — 1)+ Ax,, (t — T) — %,(t — T))

)
1) =d, = 10%,(9) as)
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System 2 Predictor:

330 = Tt = 7) + M, (t = 7) — &3(1 — 7)) (16)
$2(0) =T, = 20%5(r)

Note that the same A is used in this case study in both predictors only for sim-
plicity. In general, different values can be used. To characterize the time-domain
performance of the predictors, the 2-norm of the differences between the simulation
results with predictors and the simulation results for the ideal case (i.e., when there
is no communication delay) is used. To characterize the performance improvement
relative to the case when predictors are not used, a normalized version of the per-
formance metric is also considered, where normalization is done with respect to the
2-norm of the simulation results for the delayed case without predictors. Mathemat-
ically, the performance metric p and its normalized version p,, are given as:

_lir=rll,

= (17
||rd—r,-||2

p=||r_ri||2’ pn

where r is the simulation output trajectory vector (in this case, r is 40) with subscripts
i and d standing for the ideal and delayed cases without predictors, respectively. Best
performance is achieved when p = p, = 0; i.e., when the impact of delay is com-
pletely attenuated. p, > 1 would mean that the predictors worsen the performance,
and p, < 1 would mean that the predictors improve the performance compared to
the case when predictors are not used.

40 ; ; ;
. : : === System:1

s==ee System 2

Magnitude (dB)
=)

Phase (deg)

102 10°

Frequency (rad/s)

Fig. 6 Bode plot of System 1 (from w, to y,) and System 2 (from 7 to y,)
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The simulation is run for 80 s using a sinusoidal voltage input V = 50sin(wt) + 50
volts and zero initial conditions. Performance metrics p, and p for various w and
A values are summarized in Table 1. Note that all A values yield stable predictors
according to (11). A = 0 corresponds to the case when predictors are not used. The
predictors are effective at all excitation frequencies tested and, in general, a larger A
value corresponds to better predictor performance in terms of attenuating the effect
of delay as can be seen by the smaller p, values. Two specific w values will be
discussed further to aid with the comparison between the frequency-domain analysis
of Sect. 2.4 and the time-domain simulation results.

When w is 1 rad/s, the output of interest 46 for the ideal case (no delay), delayed
case, and delayed case with predictors (4 = 15 and A = 120) is shown in Fig. 7 for
the first 9 s. With delay introduced into the system, the output of interest deviates
significantly from the ideal case. When predictors are added into the system, the
delay effect is reduced, with a larger A value leading to a better performance.

The state tracking error for the System 2 Predictor is shown in Fig. 8 for two A
values. Note that for different A values, the coupling errors may be different. Figure 8
shows that with the larger A value, the predictor gives a faster state tracking response,
and the ratio of the magnitude of state tracking error to the magnitude of coupling

Table 1 Performance metrics for different A values and excitation frequencies over a simulation
time window of 80 s; a smaller metric value indicates better performance

w (rad/s) 1 10 30 100 400
P A=0 8.2 10.5 11.3 8.3 8.2
Dn A=15 26.6 % 26.6 % 27.7 % 26.7 % 26.6 %
A= 30 7.8% 8.1% 9.0% 7.8% 7.8%
A= 60 33% 3.6% 42 % 33% 33%
A=120 1.6 % 1.7% 2.0% 1.6% 1.6%

Fig.7 Output of interest for
w = 1rad/s 0.15}

A 0 (rad)
S
3

Delayed
—0.05} -nnun A=15

A=120
0 1 2 3 4 5 6 7 8 9
Time (s)
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Fig. 8 System 2 predictor performance for @ = 1 rad/s
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Fig. 9 System 2 predictor performance for w = 100 rad/s

error becomes smaller in steady state, which is consistent with the frequency-domain
analysis in Sect. 2.4.

The same analysis also showed, however, that at higher frequencies the predic-
tors would be less effective in terms of reducing the coupling error. Nevertheless, in
this case study, p, is reduced as effectively even when w is larger. Here, the results
obtained with @ = 100 rad/s will be used as an example to explain the reason behind
this observation.

For this particular frequency, according to Fig. 3, using A = 15 does not make
much difference in the coupling error, whereas A = 120 yields a steady-state perfor-
mance that is even worse than the case without any predictors. Indeed, the coupling
and state tracking errors shown in Fig. 9 confirm this analysis. In steady state, the
amplitude of the coupling and state tracking errors are almost the same for A = 15,
and state tracking error is worse than the coupling error for A = 120. The reason
why the predictors are still effective in terms of p, is because of the combination
of two facts. The first fact is that p, captures the transient response, as well. The
transient response does not only include the excitation frequency itself, but also the
lower frequencies, where the predictors are effective. The second fact is the low-
pass-filter nature of the systems, which places more emphasis on the lower frequency
performance and attenuates the higher frequency signals. Thus, even though the per-
formance of the predictors is very limited at higher frequencies, even amplifying
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the coupling errors for certain A values, this reduced performance does not have a
significant impact on the system response. Figure 10 shows the output of interest for
@ = 100 rad/s for the first 9 s of the simulation to highlight the transient performance
of the predictors.

Figure 11 shows the coupling error trajectory for @ = 100 rad/s when the pre-
dictors are not used. Note that without the predictors the convergence speed to
steady state is much slower compared to Fig. 9. Figure 9 also shows that a higher
A value gives a faster response, even though it leads to a higher steady-state error.
Hence, depending on the frequency, there may be a trade-off between faster transient
response and lower steady-state error.

This case study illustrates that even though the frequency-domain analysis in
Sect. 2.4 points out a limited steady-state performance of the predictors at higher
frequencies, the predictors may still be helpful, especially if those higher frequen-
cies are beyond the system’s bandwidth and the transient response is of interest.

Fig. 10 Output of interest i i i T 010 — i i
for @ = 100 rad/s 015l e [deal # 1|
: Delayed 005 7 r
""" A=15 0 \¢ v
0.10 A=1200 ool L L. 1
s 20 2.1 22 23 24 25
g
D
< 0.05
0 :
-0.05 s
0 1 2 3 4 5 6 7 8 9
Time (s)
Fig. 11 Coupling error for %107

w = 100 rad/s when
predictors are not used

Error (Nms)

o 20 40 60 80
Time (s)
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4 Conclusion

A model-free predictor framework is proposed to compensate for communication
delays in networked systems. The predictor is a first-order time delay system with
a single design parameter A. After the relationship between A and the predictor’s
stability is established, a frequency-domain analysis is provided to gain insight into
the relationship between the steady-state performance of the predictor, its design
parameter, and time delays. The frequency-domain analysis thus lays out the fun-
damental steady-state performance characteristics of the predictor. The case study
confirms this analysis, but also illustrates the time-domain, transient performance of
the predictor. The main conclusion is that the predictor has significant potential to
attenuate the negative impact of delays, especially if the systems exhibit a low-pass-
filter type behavior that puts more emphasis on the performance at lower frequencies
and thus makes the performance limitations of the predictor at higher frequencies
less consequential.

These results encourage further research to fully develop and understand this
predictor framework. Performance under stochastic delays is of particular interest.
Future work also needs to focus on closed-loop stability, as the stability of the pre-
dictor does not automatically guarantee closed-loop stability.
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Predictor Feedback for Extremum Seeking
with Delays

Tiago Roux Oliveira and Miroslav Krstic

Abstract In this paper, we derive the design and analysis for scalar gradient
extremum seeking (ES) subject to arbitrarily long input—output delays, by employing
a predictor with a perturbation-based estimate of the Hessian. Exponential stability
and convergence to a small neighborhood of the unknown extremum point can be
guaranteed. This result is carried out using backstepping transformation and averag-
ing in infinite dimensions. Generalization of the results for Newton-based ES is also
indicated. Some simulation examples are presented to illustrate the performance of
the delay-compensated ES control scheme.

1 Introduction

Despite of the large number of publications on extremum seeking (ES) [1-7], there
is no work which rigorously deals with ES in the presence of delays. Indeed, this
is a very challenging problem, because ES is all about convergence, with a good
convergence rate, whereas a delay, when it is simply ignored, directly restricts the
convergence rate or destabilizes the closed-loop system.

In the present paper, we give an answer to this question by considering scalar gra-
dient ES and Newton-based ES [5, 7] under input—output delays. Predictor feedback
[8-11] is the most effective methodology to deal with arbitrary delays.
However, it requires a known model. In our problem, the nonlinear map to be opti-
mized is unknown. Thus, we present a new approach for prediction feedback based
on perturbation-based estimates of the model. The stability analysis is rigorously
obtained via backstepping transformation [11] and averaging in infinite dimensions
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[12, 13]. The perturbation-based (averaging-based) scheme rises due to the neces-
sity of estimating the unknown second derivative (Hessian) of the nonlinear convex-
concave map, or its inverse [3, 5].

We start in Sect.2 formulating the real-time ES control problem under time
delays. In Sect.3, it is introduced the predictor design for delay compensation
in scalar gradient ES as well as the exponential stability analysis with explicit
Lyapunov—Krasovskii functionals. Section 4 briefly discusses the generalization of
the perturbation-based predictor design for Newton-based ES [5, 7]. Section5
presents a numerical example to illustrate the convergence of the proposed extremum
seeking with delay compensation to a small neighborhood of the desired extremum.
Finally, Sect.6 concludes the paper identifying some open problems for future
research directions.

Notation and Norms: The 2—norm of a finite-dimensional (ODE) state vector
X(t) is denoted by single bars, |X(#)|. In contrast, norms of functions (of x) are
denoted by double bars. By default, || - || denotes the spatial L,[0, D] norm, i.e.,
H-1=1-1 L{0.0]- Since the PDE state variable u(x, ) is a function of two argu-
ments, taking a norm in one of the variables makes the norm a function of the
other variable. For example, the L,[0, D] norm of u(x,?) in x € [0, D] is [|u(®)| =

1/2
< fOD u*(x, t)dx) , see [11]. The partial derivatives of u(x, t) are denoted by u,(x, 1)
and u,(x, ¢) or, occasionally, by 0,u,,(x,?) and 0 u,,(x, t) to refer the operator for its
average signal u,,(x, 7). As defined in [14], big O'(¢) notation is used to quantity
approximations or order of magnitude relation of vector functions, valid for “e suf-
ficiently small”.

2 Problem Statement

Scalar ES considers applications in which the goal is to maximize (or minimize) the
output yeR of an unknown nonlinear static map Q() by varying the input 6 € R.
Here, we additionally assume that there is a constant and known delay D > 0 in the
actuation path or measurement system such that the measured output is given by

y() =00 - D)). 6]

For notation clarity, we assume that our system is output-delayed in the following
presentation and block diagrams. However, the results in this paper can be straight-
forwardly extended to the input—delay case since any input delay can be moved to
the output of the static map. The case when input delays D;, and output delays D,
occur simultaneously could also be handled, by assuming that the total delay to be
counteract would be D = D, + D, with D;, D, > 0. Without loss of generality,
let us consider the maximum seeking problem such that the maximizing value of €
is denoted by 6*. For the sake of simplicity, we also assume that the nonlinear map

is at least locally quadratic, i.e.,



Predictor Feedback for Extremum Seeking with Delays 219
. H "

00) =y"+ 3(0 - 0%, 2

in some neighborhood of the extremum point (6%, y*), where besides the constants

0* R and y* €R being unknown, the scalar H <0 is the unknown Hessian of the

static map. By plugging (2) into (1), we obtain the quadratic static map with delay
of interest

W) =y + %(90 —D)- 6" 3)

3 Gradient Extremum Seeking with Delays

Let  be the estimate of 6* and
o) = 6(@t) — 0" 4)
be the estimation error. From Fig. 1, the error dynamics can be written as
0(t—D) = U(t - D). 5)
Moreover, one has
G(t) = M(t)y(r),  6(1) = 6(1) + S(), (6)

where the dither signals are given by

Predictor | N (t)

Fig. 1 Block diagram of the basic prediction scheme for output-delay compensation in gradient
ES. The predictor feedback with a perturbation-based estimate of the Hessian obeys Eq. (18), the
dither signals are given by S(¢) = asin(w(t + D)) and M(¢) = 5 sin(wt) and the demodulating signal
is N(t) = —(% cos(Qwt)
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. 2 .
S(1) = asin(w(t + D)), M) = - sin(wrt), (7
a

with nonzero perturbation amplitude a and frequency w. The sinusoid feature of the
signals in (7) is only one possible choice—many other perturbations, from square
waves to stochastic noise, can be used in lieu of it, provided they are of zero mean
[6, 15]. The same is valid for N(¢) in the signal

H(t) = Ny (@), ®)
applied to obtain an estimate of the unknown Hessian H, where the demodulating
signal N(¢) is given by

N@) = —% cosRwt) . 9
a

In [5], it was proved that
| m
—/ N(o)yde =H, Il =2r/w, (10)
11 J,

if a quadratic map as in (2) is considered. In other words, the average version I:Iav =
(Ny),, = H.

3.1 Predictor Feedback with an Estimate of the Hessian

By using the averaging analysis, we can verify that the average version of the signal
G(¢) in (6) is given by
G, () =H0,,(t—-D). (11)

From (5), the following average models can be obtained:

0,,(t—D)=U,(t—D), G,(t=HU,(t—D), (12)

where U,, € R is the resulting average control for U € R.

In order to motivate the predictor feedback design, the idea here is to compensate
for the delay by feeding back the future state G(¢ + D), or G, (¢ + D) in the equivalent
average system. Given any stabilizing gain k > 0 for the undelayed system, our wish
is to have a control that achieves

Uy, =kG,,(t+D), Vt>0, (13)
and it appears to be non-implementable since it requires future values of the state.

However, by applying the variation of constants formula to (12) we can express the
future state as
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G,(t+D)=G,0) + H/ U,(o)do, (14)
t—D

which gives the future state G,, (¢t + D) in terms of the average control signal U,, (o)
from the past window [t — D, ¢]. It yields the following feedback law:

U, () =k [Gav(t)+H / Uav(a)da] . (15)
t—D

Hence, from (14) and (15), the average feedback law (13) can be obtained indeed
as desired. Consequently,

0,,() =kG,(t+D), Vi>0. (16)
Therefore, from (11), one has

NG

=kHO (1), VYt>D, 17
dt av() —_— ( )

with an exponentially attractive equilibrium égv =0, since k>0 in the control design
and H < 0 by assumption.

In the next section, we show that the control objectives can still be achieved if a
simple modification of the above basic predictor-based controller, which employs a
low-pass filter, is applied. In this case, we propose the following infinite-dimensional
and averaging-based predictor feedback in order to compensate the delay [16]

U(t) = ic {k

N

G@) + H() / U(T)dT]} , (18)
t—D

where ¢ > 0 is sufficiently large, i.e., the predictor feedback is of the form of a
low-pass filtered non-average version of (15). This low-pass filtering is particularly
required in the stability analysis when the averaging theorem in infinite dimensions
[12, 13] is invoked. The predictor feedback (18) is averaging-base (perturbation-
based) because H is updated according to the estimate (8) of the unknown Hessian
H, satisfying the averaging property (10).

3.2 Stability Analysis

The main stability results are stated in the next theorem.

Theorem 1 Consider the closed-loop system in Fig. 1 with delayed output (3). There
exists ¢* > 0 such that, Yc > ¢*, 3 @*(c) > 0 such that, Vo > w*, the closed-loop
delayed system (5) and (18), with G(t) in (6), H(t) in (8) and state 6(t = D), U(o),
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Vo € [t — D, t], has a unique exponentially stable periodic solution in t of period
II = 27/, denoted by 8" (t — D), U" (6), Yo € [t — D, 1], satisfying, ¥t > 0:

t 1/2
<|é”(z - D)|2+[U”(t)] 2+/ (U™ @) dr) <0(1/w) (19)
=D
Furthermore,

limsup |6(r) — 6%] = O(a + 1/w), (20)

t—+00
limsup |y(t) — y*| = O(a® + 1/w?). 21

t—+00

Proof The demonstration follows the Steps 1 to 8 below.

Step 1: Transport PDE for Delay Representation

According to [11], the delay in (5) can be represented using a transport PDE as

0(t — D) = u(0,1), (22)
u(x,t) = u,(x,t), xe€l[0,D], 23)
uD,t) = U, (24)

where the solution of (23) and (24) is

ulx,t)=U(t+x—-D). 25)

Step 2: Equations of the Closed-Loop System

First, substituting S(¢) given in (7) into 6(¢) in (6), we obtain
0(t) = 6(t) + asin(w(t + D)). (26)
Now, plug (4) and (26) into (3) so that the output is given in terms of f:
WD) =y + g(é(r — D)+ asin(@0)? . @7)

By plugging M(¢) given in (7) into G(¢) in (6), (9) into (8) and representing the inte-
grand in (18) using the transport PDE state, one has
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D
Ul = —< {k [G(t) +H@) / u(o, t)do-] } , (28)
s+c 0
G@t) = %sin(wt)y(t), (29)
H() = —% cosawn)y(r). (30)
a

Plug (27) into (29) and (30), and then the resulting (29) and (30) into (28). By extract-
ing the common factor y in the resulting version of (28), one has

— c * E A _ . 2
U(t)—s+c{k[y + 2(t9(t D)+asm(a)t))]
2 8 b
X [— sin(wt) — = cos(2a)t)/ u(o, t)dcr] } . 31D
a a 0

By expanding the binome in (31), we obtain
c H 5
v = == {k[y+ F8c- D3+
0 =< il L M ( )
. ~ azH .2
+Ha ssin(wt)0(t — D) + - sin“(wt) (32)

[Zsinon - &reocon ]}
X | = sin(wt) — - cos(2wt) u(o,tdo .
a a 0

Finally, substituting (32) into (24), we can rewrite (22)—(24) as

0(t = D) = u(0,1), (33)
u(x, 1) = u,(x,0), x€1[0,D], (34)
uD, 1) = —— {k y* + E92(z — D) + Hasin(wt)f(t — D) + @H sinz(cot)] (35)

s+c ] 2 2

X

2 . 8 / b ] }
= sin(wt) — - cos(2wt) u(o, t)do
a a 0

s+c

¢ [ .2 8 b H
= {k y* = sin(wr) — y* = cos(2wt) / u(o, Hdo + =6%(t — D) sin(wr)
" a a 0 a
4H b T
——0°(t = D) cos2ar) u(c, )do + 2H sin“(w1)0(t — D)
a 0
8H . P -
—— sin(w?t)0(t — D) cosRwt) u(o, t)do + aH sin’ (wt)
a 0

D
—4H sin*(wf) coswt) / u(o, t)da] }
0

c
s+c

2 8 b H ~
{k [y* = sin(wt) — y* — cosRwr) / u(o, H)do + =6%(t — D) sin(wr)
a a? 0 a
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4H b ~ -
——20 (t — D) cos(Qwt) u(o,t)do + HO(t — D) — H cosQwt)f(t — D)
a 0
D
Jﬁmwm—m@m%—m/zwﬁw+¥#m@n
a 0

D D
—% sin(3wt)—2H cos(2wt) /u(a, t)do+[H + H cos(4wt)] / u(o, t)da] } .
0 0

Step 3: Average Model of the Closed-Loop System

Now denoting
(t)=0(t-D), (36)

the average version of system (33)—(35) is

9,(0) = U, (0., (37)
Oty (X, 1) = Oyt (x, 1), x € [0,D], (38)
D
dituav(D, 1)=—cu,, (D, t)+ckH [9av(t)+ / Uy, (o, t)da] (39)
0

where in the last line we have simply set all the averages of the sine and cosine
functions of w, 2w, 3w and 4w to zero. Moreover, the filter ¢/s + c is also represented
in the state-space form. The solution of the transport PDE (38) and (39) is given by

Uy (x, 1) = U, (t+x—D). 40)

Step 4: Backstepping transformation, its inverse and the target system

Consider the infinite-dimensional backstepping transformation of the delay state

w(x, ) = u,,(x,t) — kH [9av(t) + / U, (o, t)da] s 41)
0

which maps the system (37)—(39) into the target system
90(1) = kHI (1) + w(0,1) 42)
w,(x,0) =w,(x,0), x€[0,D], (43)
w(D,t) = —latuaV(D, 1). (44)
c
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Using (41) for x = D and the fact that u,,(D, t) = U, (t), from (44) we get (39), i.e.,

D
C =
U, = o {kH [Sav(t) + /0 u,, (o, t)da] } . (45)
Let us now consider w(D, 7). It is easily seen that
w,(D, 1) = 0,u,,(D,t) — kHu,,(D,1), (46)
where 0,u,,(D, t)=U,,(¢). The inverse of (41) is given by
u,, (x, 1) = wix, ) + kH [ekagav(t) + / M= yy(g, t)do-] . 47)
0

Plugging (44) and (47) into (46), we get

D
w,(D, 1) = —ew(D, t) — kHw(D, t) — (kH)? [ekHDﬁav(tH / N t)da] (48)
0

Step 5: Lyapunov—Krasovskii Functional

Now consider the following Lyapunov functional

92 D
V()= L(t) +4 / (1 + X)W (x, Hdx + 1W2(D, 0, (49)
2 2 Jo 2

where the parameter a > 0 is to be chosen later. We have
. ~ y D
V() = kHSiv(t) + 39, (Ow,1) +a / (1 +x)w(x, Hyw, (x, t)dx + w(D, t)w,(D, t)
0
~ ~ 1+D
= kHO? (1) + B, ()w(0. 1) + %WZ(D, )

D
—ng(O, f— ‘5‘ / w(x, )dx + w(D, tyw,(D, 1)
0

3 9? D
< kH92 (D+ 2‘2—:) - % / w2 (x, Ddx+w(D, 1) [wt(D, D+ @ww, r)] .
0

Reminding that £ > 0 and H < 0, let us choose a = —1/(kH). Then,

(1+ D)

D
V() 571615;(0—5 / w?(x, Ndx+w(D, 1) [w,(D, +- w(D, r)]. (50)
0
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Now we consider (50) along with (48). With a completion of squares, we obtain
) 1 - a [P 2
Vo < -8 03 / w2 (x, 0 + a | (kH)2HP | w2(D, 1) (51)
a 0

2 1+D
_'_l ||(kH)26kH(D—O') a( ; ) _
a

w?(D, )+ [ kH] w2 (D, 1) —cw*(D, 1).

To obtain (51), we have used

- WD, z)((kH)ZekH@-") W, z)) < w(D. 0] |[(kH)* = o)

< S Iw@IP + L oz | w2 ., (52)

where the first inequality is the Cauchy—Schwarz and the second is Young’s, the
notation (-, -) denotes the inner product in the spatial variable ¢ € [0, D], on which
both ek#P=) and w(c, t) depend, and || - || denotes the L, norm in . Then, from
(51), we arrive at

V() < ——&2 (1) — D) / (1 + X)W (x, dx — (c — WD, 1),  (53)
where
ot = @ —kH+a ‘(kH)ze"HD‘Z + é | rn2ettie-o ’ (54)

From (54), it is clear that an upper bound for ¢* can be obtained from known lower
and upper bounds of the unknown Hessian H. Hence, from (53), if ¢ is chosen such
that ¢ > ¢*, we obtain

V() < —puV(@), (55)

for some u > 0. Thus, the closed-loop system is exponentially stable in the sense of
the full state norm

D 1/2
<|1§av(t)|2 + / w?(x, Hdx + w(D, t)) , (56)
0

i.e., in the transformed variable (Sav L W).

Step 6: Exponential Stability Estimate (in L, norm) for the Average System
(37)-(39)



Predictor Feedback for Extremum Seeking with Delays 227

To obtain exponential stability in the sense of the norm

D 1/2
<|1§w(r)|2+ / u (x, dx + uZ (D, t)) , (57)
0

we need to show there exist positive numbers a; and a, such that a; ¥ (¢) < V(¢) <
a,'P(t) where P(1) 1= |9,,(t)|*> + foD u?,(x,0)dx + u2, (D, 1), or equivalently,

1

¥() :=10,,(t—D)|* + / U2 (t)dt + U2,(1), (58)

t—=D

using (36) and (40). This is straightforward to establish using (41), (47), (49) and
employing the Cauchy—Schwarz inequality and other calculations, as in the proof of
Theorem 2.1 in [11]. Hence, with (55), we get

Y(r) < %e-f“'{f«», (59)
1

which completes the proof of exponential stability.
Step 7: Invoking Averaging Theorem

First, note that the closed-loop system (5) and (18) can be rewritten as

0(t—D) = U(t — D), (60)
Ut) = —cU(t) + ¢ {k [G(t) + H@) / U(T)dr] } , 1)
t—D

where z(¢) = [6(t — D), U®)]" is the state vector. Equation (61) is simply the differ-
ential equation of (18). Moreover, from G(¢) in (6) and H() in (8), one has

20 = flwt,z,), (62)

where z,(0) = z(t + ©) for —D < © < 0 and f is an appropriate continuous func-
tional, such that the averaging theorem by [12] and [13] can be directly applied con-
sidering w = 1/¢.

From (59), the origin of the average closed-loop system (37)—(39) with transport
PDE for delay representation is exponentially stable. Then, according to the averag-
ing theorem [12, 13], for w sufficiently large, (33)—(35) has a unique exponentially
stable periodic solution around its equilibrium (origin) satisfying (19).
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Step 8: Asymptotic Convergence to a Neighborhood of the Extremum (6%, y*)

By using the change of variables (36) and then integrating both sides of (22)

within the interval [z, ¢ + D], we have
5 B oc+D
o+ D)= + / u(0, s)ds .
t

From (25), we can rewrite (63) in terms of U, namely
I +D)=J0) + / U(z)dr .

=D
Now, note that §(c) = (o + D), Vo € [t — D, 1]. Hence,
0(c) = 6(t — D) +/ U(t)dr, Yo €[t—D,1].
=D
By applying the supremum norm in both sides of (65), we have
sup |0(c)| = sup |0(t—D)|+ sup / U(r)dr
t—D<o<t t—D<o<t t=D<o<t|Jt-D

< sup |0(t-D)|+ sup / |U(7)| dr

t—D<o<t t—D<o<t —D

t
< |0 -D)| + / |U(z)|dr  (Cauchy-Schwarz)
t—D
1/2

' t 1/2
<|it-D)|+ </df> x(/w(f)PdT)
t—D t—D

' 1/2
<|0¢-D)| + \/5(/ Uz(r)d1> .

-D

Now, it is easy to check

' 1/2
|6(:—D)| < <|§(I—D)|2+/U2(1)d1> ,
t=D

t 1/2 ' 1/2
< / Uz(r)dr> < <|5(1—D)|2+ / UZ(T)dT> .
t-D =D

(63)

(64)

(65)

(66)

(67)

(68)
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Using (67) and (68), one has

t 1/2 ' 1/2
|5(t—D)|+\/l_)</U2(r)dr> < (1+VD) <|§(I—D)|2+/U2(r)d‘r> (69)
=D =D

From (66), it is straightforward to conclude that

1/2
sup |6(o)| <(1+\/_)<|0(t—D)| +/U2(T)dr) (70)

t—D<oc<t

and, consequently,

t 1/2
0] < (1 + VD) <|é(t—D)|2+/U2(T)dT> ) (71)
t—D

Inequality (71) can be given in terms of the periodic solution 6"t - D), U (o),
Vo € [t — D, 1] as follows

60| < (1 + VD) <|é(r — D)= 0"t - D)+ (1 - D)|2

t 1/2
+ / [U() - U™ (2) + UH(T)]2d1'> . (72)
t—D

By applying Young’s inequality and some algebra, the right-hand side of (72) and
|6(1)| can be majorized by

6] < V2 + VD) ((5(:-1)) - é”(t—D)|2 + 'é”(z—D))z

t t 1/2
+ / (UG - U™ (o) dr + / [UH(T)]2d7> . (73)
=D =D

From the averaging theorem [12, 13], we have 6(t — D)—0"(t — D)—0 and
/lt_ D [U (r)y=U" (T)] : dr — 0, exponentially. Hence,

1/2
11msup|0(t)|—\/_(1+\/_)x<|0"(t—D)| / Un(’l')]2d’l'> . (74)

=+

From (19) and (74), we can write lim sup,_, , ., |0(t)| = O(1 /w). From (4) and remind-
ing that 6(¢) = 9(t) + S(r) with S(r) = a sin(w(r + D)), one has that 8(7) — 6* = 8(r) +
S(?). Since the first term in the right-hand side is ultimately of order &'(1 /w) and the
second term is of order &'(a), then (20) is achieved. Finally, from (3) and (20), we
get (21). O
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4 Newton-Based Extremum Seeking with Delays

The advantages of Newton-based over gradient ES in the absence of delays were
deeply studied in [5, 7] and the discussion can be summarized in the fact that the
former removes the dependence of the convergence rate on the unknown second
derivative (Hessian) of the nonlinear map to be optimized. The guarantee of this
property even in the presence of delays was proved in a companion paper [17], where
we estimate the Hessian’s inverse rather than only the Hessian. In this new predictor
design, the delay compensation can be achieved with an arbitrarily assigned conver-
gence rate, thus, improving the controller performance.

In the next theorem, we present the control law for the delay-compensated
Newton-based ES illustrated in Fig. 2.

Theorem 2 The same stability results of Theorem I are guaranteed for the maxi-
mum seeking Newton algorithm under delays, where the nonlinear map is at least
locally quadratic y(t) = y* + g(l?(t — D) — 02, with y(t), 6(t) € R and 6* ,y* and
H < 0 being unknown scalars. The additive dither is S(t)=asin(w(t + D)) and the
predictor feedback with perturbation-based estimate of the Hessian’s inverse is

U(t) = HLC {—k [z(t) + / U(r)dr] } , (75)
t—D

2(t) = TG, G@) = % sin(wt)y(1), (76)

I'=wI-wHI*, H@= —% cosQwt)y(t), (77)
a

Jor scalars: k, o, > 0 arbitrary, a > 0 arbitrarily small and c, o > 0 sufficiently
large. For more details, see [17, Theorem 1].
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Fig. 2 Block diagram of the basic prediction scheme for output-delay compensation in Newton-
based ES. The dither signals are given by S(¢) = asin(w(f + D)) and M(¢) = % sin(wt) and the

demodulating signal is N(7) = —{% cos(Qwt)
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5 Simulation Example

In order to evaluate the proposed extremum seeking with delay compensation, the
following static quadratic map is considered

00)=5-(0-2)7, (78)

subject to an output delay of D =5s. According to (78), the extremum point is
(0%, y*) = (2, 5) and the Hessian of the map is H = —2. We present numerical sim-
ulations of the predictor (18), where H is given by (8) and ¢ = 20. We perform our
tests with the following parameters: a = 0.2, = 10, k = 0.2, and 6(0) = 0.

Figure 3 shows the system output y(7) in 3 situations: (a) free of output delays,
(b) in the presence of output delay but without any delay compensation and (c) with
output-delay and predictor-based compensation.

Figure4 presents relevant variables for ES. The red curves are shown when
the proposed predictor is applied in comparison to the free of delays case (with
blue curves). It is clear that the remarkable evolution of our prediction scheme in

(@ ©
4 A
=
=N
2
Delay free
— -y =5
o I I I 1
0 10 20 30 40 50
(b) [ e S R s PRy e N e R 4L U R
=
> -50
Uncompensated D = 5
—— —y* =
-100 : : ;
0 10 20 30 40 50
(©) ¢
_________ Vv W
4+ A
=
B
2F |
D Compensated D = 5
€<—> —— -y =5
O I I 1
0 10 20 30 40 50

t[s]

Fig. 3 Gradient-based ES plus output delay (time response of y()): a basic ES works well
without delays; b ES goes unstable in the presence of delays; ¢ predictor fixes this
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Fig. 4 Gradient-based ES plus output delay: a time response of the parameter 6(¢); b control
signal U(¢); ¢ Hessian’s estimate H(¢)

searching the maximizer 8* = 2 and the perturbation-based Hessian’s estimation of
H=-2

The issue of robustness to the approximation of the integral terms for prediction
was raised by Mondié and Michiels in [10]. It was subsequently showed by Mirkin
[18] that it is simply the result of a poor choice of the approximation scheme for
the integral. Furthermore, numerical approximation schemes that are robust have
been provided recently in [19]. In our simulation results, the safe implementation of
Eq. (18) could be verified and the proposed perturbation-based predictor has shown
robustness to numerical approximations.

6 Conclusions

Two new predictor feedback strategies with perturbation-based estimate of the
Hessian and its inverse are introduced to cope with input—output delays in gradient
and Newton-based extremum seeking controllers. The resulting approaches preserve



Predictor Feedback for Extremum Seeking with Delays 233

exponential stability and convergence of the system output to a small neighborhood
of the extremum point, despite the presence of actuator and sensor delays. A rigor-
ous demonstration is given by exploring backstepping transformation and averaging
theory in infinite dimensions. While the convergence rate of the gradient method
is dictated by the unknown Hessian, the Newton-based scheme is independent of it
and thus the delay compensation can be achieved with an arbitrarily assigned con-
vergence rate, improving the controller performance. The results presented here are
given for scalar plants, but the extension to the multivariable maps with output delays
or multiple and distinct input delays can be found in [20] and [21], respectively.
Robustness of the predictor feedback to small perturbations in the delay is proved in
[22]. Thus, generalization to include uncertain and time-varying delays are possible
directions for future research.

Acknowledgements The first author thanks the Brazilian funding agencies CAPES, CNPq, and
FAPER]J for the financial support.
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Improving Stability Margins
via Time-Delayed Vibration Control

A. Galip Ulsoy

Abstract Time-delayed vibration control of a two degree-of-freedom mechanical
system approximates state-derivative feedback and reduces sensitivity and
improves the stability margins. Additional sensors are not required since state
derivatives are approximated using available measurements and time delays.
A Lambert W method based design approach is used to solve the resulting delay
differential equations. Simulation results demonstrate excellent performance with
improved stability margins over state feedback control only.

1 Introduction

Control systems are designed based on nominal plant models, but variations in
parameters often occur. Thus, research in robust control design explicitly considers
such uncertainties in the design process. For example, use of state-derivative
feedback, in addition to state feedback (SF), can reduce closed-loop system sen-
sitivity to plant parameter variations and disturbance inputs Haraldsdottir et al. [7,
8]. However, state plus state-derivative feedback (SSD) is difficult to implement
because sensors are needed to measure the state derivatives in addition to the states.
Even measuring all the states is too restrictive in many engineering applications.
Thus, measuring state derivatives as well as states is often impractical.

Recent research has proposed the use of time delays in the controller to
approximate the state derivatives to improve stability margins [11-13]. In this paper
that proposed time-delay control (TDC) approach is applied to the vibration control
of a two degree-of-freedom (DOF) mechanical system. The simulation results
demonstrate significant improvements in stability margins for TDC over SF control
only, without requiring any additional sensors.
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2 Theory

A single-input single-output (SISO) linear time invariant (LTI) plant in state
equation form can be represented as

x=Ax+Bu; y=Cx (1)
Assuming all states, x(t), are measurable a SF controller,
u(t)= —Kx(t) (2)
yields the closed-loop system equations
x=Ax+Bu=(A-BK)x; y=Cx (3)

If (A, B) is controllable, then K can be selected (e.g., via optimal control or
eigenvalue assignment) to achieve desired closed-loop performance. If all states are
not measured, but (A, C) is observable, then one can also design a state estimator,
or observer, to estimate the states from the output Anderson and Moore [1]. Fur-
thermore, SF controllers achieve not only the desired closed-loop performance, but
also excellent robustness as measured by stability margins. However, the use of a
state estimator will reduce the stability margins Safonov [10].

2.1 Sensitivity Reduction via State Derivative Feedback

Consider SSD feedback control Haraldsdottir et al. [7] of the system in (1):
u(t)= —Fx(r) — Gx(r) (4)
The closed-loop system then becomes
x(1)=Ax(t) = (I+BG~")(A - BF)x(¢) (5)

One can first select K in (2) to obtain the desired A, in (3), then select G based
on sensitivity considerations and to ensure invertibility of (I + BG), and finally
determine F from (5) given A, G, A, and B. The SSD feedback gives exactly the
same closed-loop eigenstructure as SF control, but, for appropriate values of G,
SSD can reduce eigenvalue sensitivity to variations in the parameters of A and B,
improve the stability margins, and also reduce the effects of any external distur-
bances acting on the system. The benefits of SSD feedback over SF control can be
significant Haraldsdottir et al. [7] and Ulsoy [12, 13], however, state derivatives
must now be measured in addition to the states.
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2.2 Approximation via Time Delay

In practice, it is difficult to measure the state derivatives to implement SSD feed-
back. Thus, one can implement the following TDC:

u(t) = —Kpx(t) — Kax(z — h), (6)
where 4 is a constant time delay. The closed-loop system becomes
x(1)=(A-BK,)x(t) - BKyx(t —h) = A:x(t) + Ayx(¢t — h) (7)

The system in (7) is a retarded delay differential equation (DDE) and has an
infinite eigenspectrum. However, as 4 — 0 (7) can be viewed as an approximation to
the closed-loop system in (5) with SSD feedback. Consider the backward difference
approximation, for small &

X(t) = ———= 8
(1) . (8)
Then the SSD feedback control can be approximated as

u(t) = —Fx(r) — Gx(1)
~—Fx(1) = (1h)G(x(1) —x(t = h)) ©)
— (F+(1/m)G)x(t) + (1/1)Gx(t = h)

Comparing (6) and (9) one obtains
K,=(F+(1MG); Ki=—(1MG (10)

If one selects & to be sufficiently small, and G to reduce sensitivity, the
closed-loop system in (7) will have the specified closed-loop eigenstructure and
desired performance, as with SF control only, plus reduced sensitivity, as with SSD
feedback control. However, (7) is a DDE and its analysis, to select the appropriate
value of 4 and to confirm closed-loop performance and robustness, is challenging.

2.3 Solution of Delay Differential Equations

One would like to see the performance of the closed-loop system in (7) be close to
that specified by A, in (3) or (5). The system of DDEs in (7) possesses an infinite
number of eigenvalues due to the presence of the delay 4. However, the overall
system response, as in higher order linear systems without delay, will be dominated
by the system eigenvalues closest to the imaginary axis; that is the rightmost
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eigenvalues in the s-plane. These rightmost eigenvalues will determine stability as
well as transient response characteristics, such as settling time and overshoot Yi
et al. [19]. A method, based on the Lambert W function, has been developed that
enables the analysis of LTI time-delay systems as in (7) to obtain rightmost
eigenvalues and the time response Yi et al. [18]. Other DDE analysis tools, e.g.,
Breda et al. [3], could also be utilized. However, only the Lambert W approach is
considered here and is found to be convenient and efficient for the problem at hand.
This method, which will be utilized here to establish the performance of the
closed-loop system in (7) by computing the rightmost eigenvalues and time
response, is briefly summarized below.

The solution to an autonomous system of DDEs, as in (7), can be represented by
an infinite series Yi et al. [18]

x()= 3 e, (11)

k= —o0

where the coefficients Ci depend on a pre-shape function ¢(f), —h < t < 0, and

1
Sk = Ewk(Athk) +A, (12)
are the solution matrices, where the matrix Qy satisfies

Wi (AghQy)e™r(AahQ)+Ach — A (13)

An iterative numerical solution of (13) yields the matrix Qy, which is then
substituted into (12) to obtain Sy. The rightmost eigenvalues of (7) can then be
obtained from the eigenvalues of Sy, for k =0, = 1, ..., + m, where m = nullity
(Aq). The series solution in (11) converges as k is increased.

Software routines available in the LambertW_DDE Toolbox can be utilized to
compute both the rightmost eigenvalues and the time response Yi et al. [16]. The
methods and software have been successfully applied to a variety of engineering
problems Yi et al. [17-19] and Ulsoy [12]. However, in some cases convergence
problems can occur in numerically solving (13) for Qy Wei et al. [14]. This con-
vergence issue has also been discussed, for a second-order DDE example, in
Cepeda-Gomez and Michiels [4, 5] where it is shown that the initialization of Qy
has an important influence on which eigenvalues the method converges to. In this
paper an initial value of Q, =e "< has been used throughout without any sig-
nificant convergence problems. All the cases considered for the two DOF
mechanical system in Sect. 3 converged to the rightmost eigenvalues, but some
cases were found to converge more rapidly than others.
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2.4 Stability Margins

A standard measure of robustness for control of SISO systems are the gain margin
(GM) and phase margin (PM). For a closed-loop unity feedback system, as in
Fig. 1, these stability margins are determined from a frequency response (i.e., Bode
or Nyquist) plot of the loop transfer function C(s)G(s). A typical control design
rule-of-thumb is to specify GM > 6 dB and PM > 30 — 40°. The time-delay
margin is characterized by the minimum time delay 4 > O such that the closed-loop
system becomes unstable. For example, a pure time delay of 4 seconds has the
transfer function Gp(s) =e~*", which in the frequency domain has a constant gain
of one (i.e., 0 dB) and a phase of — wh. When wh = x radians the delay introduces a
phase lag of 180°. Thus, if the desired closed-loop bandwidth is wp,,, then delays of
h < 7 fwp,, are desired Franklin et al. [6]. Published research on stability margins for
systems with time delays is limited Bergmans [2] and Lee et al. [9].

3 Two DOF Mechanical Vibration Control

Consider a two DOF mechanical vibration control problem, similar to the robust
control benchmark problem in Wie and Bernstein [15]. The system is shown in
Fig. 2, and the sensor (on mass m;) and actuator (on mass m;) are noncolocated.
Such noncolocated systems are known to be sensitive to model uncertainty, and
have been the subject of numerous robust control studies. The system can be
described by the state equations

Fig. 1 Block diagram of

SISO unity feedback control R (5) + E (5) (V) ( S} Y(SJ
system with controller C(s) C(S) » G(S) »
and plant G(s) B

Fig. 2 Schematic of a two X, Y =X,
degree-of-freedom mass— ’_) k, ’_)

spring—damper system

m,

Tl

by PR s Q00
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jC] 0 0 1 0 X1 0
562 0 0 0 1 X2 0
. = + ! u
X3 asy  dsz  dzz  asz X3 (,,T,)
X4 ay Ay asz dga] \ Xxs 0
ki + ko _ ko . _ b1+ b, .
az1 = —( p ); 32—(m]), 3= —( )
by ko ko
=\) ={—); =—\—) 14
ax=(—"); aaq (m2> as (mz) (14)
by by
a3 = (mz), g4 = (mz)
X1
X
y=[0 1 0 0]{™
X3
X4

and the transfer function of the system is given by

Y(s)
G(s)= 0
_ (1/my)((b2fmp)s + (kp fm2))
s*+azs +arst+ais+ag (15)
_ b1+ by b, . _ ki + ks ko b1by
a=(CE)+ (D) a=(Co)+( )+ (2
g = bk + koby C an= kiky
' minip ’ 0" mpnip

where y =x; and u =f With parameter values m; = m, = k; =k, =1 and
b; = b, = 0.1, the open-loop system response is lightly damped (i.e., open-loop
poles at —0.1309 + 1.6127; and —0.0191 + 0.6177i), with a 2% settling time of
t; = 210 s. The goal is to design a controller to achieve a closed-loop settling time
of t; % 4 s with no overshoot (i.e., dominant closed-loop damping ratio = 1).

The SF controller, u= —Kx= — Kjx; — K>x» — K3x3 — K4x4, which requires
measurement of the position and velocity of both masses, gives the closed-loop
system equations as in (14) but with u = 0 and

ki +k + K ko — K>
an= - (R o= (25
1
b1 +b, + K3 b, — K4 ( 6)
as3 = — (T), asq =( m

The SF controller can also be represented in transfer function form (Fig. 1) as
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s*+ (bzﬁ’ﬂz)s + (kz/h’lz)
C(s)=(K +K:
(5)=(Ka (b2 /m2)s + (ka my) )+ K2 (17)
5%+ (bamy)s + (ko /ima)
+K3s + Kas
as( (b2 ma)s + (ko fms) )+ Kas)
Selecting the desired closed-loop eigenvalues at s; = s, = — 2, and s3 = 54 =

— 2.5, gives the gains K=[23 1 8.7 33.7]. The closed-loop response, with
t; ® 4 s and no overshoot as desired, is shown in Fig. 3. The stability margins can
be determined from the Bode plot of C(s)G(s) in Fig. 4 to be GM = co and
PM = 71.8°, so this system has the desired performance as well as excellent sta-
bility margins. The SF controller requires measurement of all of the four states (i.e.,
position and velocity of both masses) to implement.

3.1 SSD Control of Two DOF Mechanical System

For the same two DOF system next consider the SSD feedback controller

u=—-Fx—-Gx
= —lel—szQ—F3X3—F4X4 (18)
—Gl)'Cl —G2.5C2 —G3X3 —G4jC4

09+ : A i H 3 -

States, x(1)
o o o (=] o o
w B W ® w
T T T T T
1 1 1 1 1 1

(=]
X
T
1

% 05 1 15 2 25 3 35 4 45 5

Time, t (sec)

Fig. 3 Response x(t) of two DOF system with SF control (K; =23, K, =1, K; =38.7,
K, = 33.7) to initial condition x(0) = (0 1 0 0)". Solid red line: x,, dashed blue line: x,
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Bode Diagram: SF
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4 Loop transfer function Bode plot for SF control (K; = 23, K, = 1, K3 = 8.7, K, = 33.7)

of a two DOF system. GM = o and PM = 71.8°

The SSD controller requires measurement of positions, velocities, and acceler-

ations of both masses and its transfer function is

52+ (by my)s + (ko )

Cls)=(F i
(s)=(F1( (bafmy)s + (ky fmy) )+
s> + (ba/ima)s + (ko fmo)
G 19
+ (F3+G1)s( (bafmy)s + (ky fmy) ) "
2
28"+ (ba/ma)s + (ko fima) 2
+ (F4+G2)s+ Gss™( (b2 /ma)s + (ka fms) S+
The closed-loop system becomes as in (14), with u = 0, and
az1 = — [ki + ko + F1 + ko (Gy o) ] my + G3);
ax = ky — F2 + ko (Gy ma)]| m1 + G3); (20)

azz = — [Gl +b1 +h2 +F3 +h2(G4/h12)}/(m1 +G3);
azg= —[Ga — by + F4 — by (Ga/mz)] my + G3);

To achieve the same closed-loop eigenvalues (i.e., —2, —2, —2.5, and —2.5) as

with SF, select G, then determine F from
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Fig. 5 Loop transfer function Bode plot for SSD control of a two DOF system. GM = oo and
PM = 180°. (improvement in PM of 108.2°. over SF control)

Fi=—a(m +G3) —ky(Gyfma) —ky — ks

= —b(m +G3) + k(Gamp) + ka
Fy= —c(m +G3) — Gy —by(Gyfmy) —by — by
Fi=— (m1 +G3) —G2+b2(G4/h12) + by

(21)

Selecting G; = G, = G, =0 and G; = 1.0, one obtains F; =48, F, =1,
F; =17.6,and F, = 67.3 to achieve the same closed-loop A as for SF control, and
exactly the same response as in Fig. 3, but with stability margins of GM = oo and
PM = 180° (Fig. 5). So the system with SSD control has a 108.2° increase in the
PM compared to state feedback only. The disadvantage is that now one needs to
measure not only positions and velocities of the two masses, but also their accel-
erations to implement SSD control. In the next section, the use of the approximation
in (8) is considered to achieve improved stability margins compared to state
feedback only, but using only measurement of positions and velocities.

3.2 Approximate SSD Control of Two DOF System

Consider the SSD controller in the previous section, but approximate the state
derivative term using (8). The resulting TDC (i.e., approximate SSD control) is
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u(t) = — Kpx(t) — Kax(t — h) =
— Kp1x1 (1) — Kpoxa (1) — Kpax (1) — Kpaxa(t) (22)
- Knx, (l - h) —Kpx (l - h) — K ;3x3 (l - h) - Kd4)C4(l - h)

This controller only requires measurement of positions and velocities of the two
masses (i.e., same as SF control) and has the transfer function

S2 + (bz/ﬁlz)s + (kz/}’}’lz)
C(s)=[(Ky + Kge™*"
( ) [( pl dl )( (bzﬁ’l’lz)S‘F (kZﬁnZ)
+ (sz +Kd26_‘vh) (23)
§2 + (bzﬁ’nz)S-i- (kz/f’}’lz)
+ (K3 + Kgize™M)s
( p3 d3 ) ( (bg/ﬁ’)’lz)s+(k2/ﬂ’l2)
+ (Kp4 +Kd4€_Sh)S]
The closed-loop system is given by
x(1) =Ax(1) + Agx(r —h) (24)
where all elements of A, and Ay are zero, except for
ki +k +K
aciz=aca=1; agz1=— (M)
my
k—K bi+b,+K
o = (2282 = (TR
m m
b, +K k k
Q= (2 e =( ") den==( ) (25)
by by _ Ka
acs3 —(mz), Acqs = (mz), ags = (m1
_ Ka,. _ Ka, . __ Ka
Aqz = (m1 ), aqs3 = (ml ) ag3s = (m1

The controller gains K, and K4 are determined from (10). For example, using
the same SSD gains F and G as in the previous subsection, one obtains the gains
Kyt =Kipp =Ky =0, K3 =-Gs/h =-1/h, K,; = F), K,, =F,, K,y=F,, and
K3 = F3+ Gs/h = F5 + 1/h.

Table 1 presents results for selected values of delay 4. The closed-loop response
of the system with approximate SSD control for 2 = 0.1 is almost identical to the
response with SF control in Fig. 3. The loop transfer function Bode plot for 4 = 0.1
is shown in Fig. 6. Note that for # = 0.1 s the PM = 80°, which is 8.2° larger than
the SF control. This improvement in PM increases as i becomes smaller (Table 1),

and the gain margin is infinite.
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Bode Diagram (TDC approx. 350)
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Fig. 6 Loop transfer function Bode plot for TDC (i.e., approximate SSD control, # = 0.1) of two
DOF system. GM = oo, PM = 80°. (improvement in PM of 8.2°. over SF control)

4 Summary and Conclusions

This simulation study has demonstrated that time delays can be used to reduce
sensitivity and improve robustness by approximating the state derivatives in a SSD
feedback controller. First an ideal SSD controller, assuming measurement of state
derivatives, is designed Haraldsdottir et al. [7]. Then the state derivatives are
approximated with a time delay using backward differencing. Recently developed
methods and software, based on the Lambert W function approach for analysis of
time-delay systems, are used to help select a suitable delay time, A, for a specific
SSD gain, G Yi et al. [16]. The proposed method is demonstrated by application to
the SISO vibration control of a two DOF mechanical system, with only measure-
ment of positions and velocities of both masses. Simulations show that the specified
performance can be achieved with improved stability margins for TDC when
compared to SF control only.

The key topic for future research is to consider the effects of output measurement
noise. The extension of the results presented here to multi-input multi-output LTI
systems, and to observer-based controllers, appears to be relatively straightforward
but is also a topic for future research. As is the “design problem” where given a
desired PM and/or GM one can determine the gains for the TDC and the appropriate
delay time 4. One could also consider other (e.g., higher order) approximations in
place of Eq. (8).
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A Delay-Based Spacing Policy for Vehicle
Platooning: Analysis and Control

B. Besselink and K.H. Johansson

Abstract Reducing inter-vehicular distances and the formation of groups of closely
spaced vehicles have the potential to increase traffic flow, reduce congestion, and
reduce fuel consumption. In this chapter, such vehicle platoons subject to a delay-
based spacing policy are considered and the design of distributed controllers is pur-
sued. Specifically, it is shown that the use of the delay-based spacing policy ensures
that all vehicles in the platoon track the same velocity profile in the spatial domain,
which offers advantages as road properties such as hills, bends, or road speed limits
are specified in this domain. The proposed controller exploits delayed information
about the preceding vehicle to achieve string-stable platoon behavior. In addition, a
relaxation of the delay-based spacing policy is presented that exploits more informa-
tion about the preceding vehicle. This extended delay-based spacing policy is shown
to lead to improved platoon behavior. The results are illustrated by means of simu-
lations.

1 Introduction

Platooning amounts to the formation of automatically controlled groups of closely
spaced vehicles, which has the potential to increase traffic flow and reduce congestion
[1]. Moreover, platooning offers a reduced aerodynamic drag and therefore reduces
fuel consumption and emissions, particularly for heavy-duty vehicles [2]. These clear
economical and ecological advantages have led to a large interest in the efficient con-
trol of vehicle platoons, with an early work given by [3]. Many results have followed
since, e.g., [4, 5].
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The so-called spacing policy, which specifies the desired inter-vehicular distance
as a function of the velocity of two neighboring vehicles, largely determines the
dynamics of a platoon and is therefore of crucial importance. The most common
examples are the constant spacing [6] and constant headway [7, 8] policies. How-
ever, experiments with heavy-duty vehicles driving over hilly terrain in [2] have
shown that these spacing policies might lead to undesirable platoon behaviors as
they might require follower vehicles to accelerate while climbing a hill in an attempt
to maintain the desired gap to their predecessor. Due to limited engine power, this
might be infeasible. Fundamentally, these undesired dynamics are due to the fact
that the constant spacing and constant headway policies do not guarantee that all
vehicles in a platoon track the same velocity profile in the spatial domain. As the
required velocity profile of a platoon is constrained by the spatial domain (due to,
e.g., hills, bends, or road speed limits), this provides a fundamental limitation for the
use of these spacing policies in practice.

These aspects have led to the analysis of the so-called delay-based spacing policy
in [9] (see also [10] for an early discussion on spacing policies). In this policy, a
vehicle tracks a time-delayed version of the trajectory of its predecessor, which can
be shown to lead to velocity profiles that are equal in the spatial domain. In fact, the
analysis and control design in [9] is performed using space (rather than time) as the
independent variable.

This chapter builds on the work of [9], but takes a time-domain perspective. This
leads to the following contributions.

First, distributed controller design for vehicle platooning in the time domain is
presented, which leads to a controller that is easier to interpret and implement. To this
end, an alternative characterization of the delay-based spacing policy is exploited. In
addition, it is shown that a relaxation of the delay-based spacing policy on the basis
of the velocity tracking error leads to string-stable platoon behavior, implying that
perturbations do not amplify as they propagate through the platoon. Here, it is also
observed that tracking of the delay-based spacing policy only requires time-delayed
information about the preceding vehicle, making this approach inherently robust to
(small) delays in wireless communication between vehicles.

Second, a further relaxation of the delay-based spacing policy is introduced that
exploits more information about the preceding vehicle in the control design. In par-
ticular, rather than only using delayed information, a distributed-delay approach is
taken in which also the current state of the predecessor is included. It is shown that
the use of this additional information can lead to improved platoon performance in
the sense that the propagation of perturbations through the platoon can be further
suppressed.

Before developing the points introduced above, it is stressed that the role of delays
is different than in other works on delays in vehicle systems. Namely, in these works,
the delay is generally regarded as a detrimental effect as a result of wireless inter-
vehicle communication (see, e.g., [11, 12]), whereas, in the current work, the delay
specifies the desired inter-vehicle spacing.

The remainder of this chapter is organized as follows. Section 2 introduces the
delay-based spacing policy that is used throughout this chapter, whereas control



A Delay-Based Spacing Policy for Vehicle Platooning ... 251

design and analysis for this spacing policy is presented in Sect. 3. A distributed-delay
approach to improve platoon performance is presented in Sect. 4. Sections 5 and 6
present a numerical evaluation of the proposed control strategies and the conclusions,
respectively.

2 A Delay-Based Spacing Policy for Platooning

The dynamics of a platoon of vehicles is largely determined by the spacing policy,
which specifies the desired inter-vehicular distance within a platoon, as illustrated
in Fig. 1. With s; and s, ; the actual and desired position, respectively, of the i-th
vehicle in the platoon, the delay-based spacing policy

Srer (1) = 8,1 (1 — A1), (D

is considered, with delay 4¢ > 0. In this spacing policy, which is discussed in [9] (see
also [10]), a vehicle tracks a time-delayed version of the trajectory of its predecessor.
When this spacing policy is perfectly tracked, each vehicle in the platoon achieves
the same velocity on the same point on the road. This is formalized as follows [9].

Lemma 1 Consider the kinematics $;(t) = v;(t) and assume s;(t) = s..¢;(t) and
vi(t) > 0 for all t € R. Then, (1) holds if and only if,! for all s,
vi(s) = v, (). @)

Lemma 1 provides the main motivation for the use of the delay-based spacing
policy (1). Namely, the desired velocity of a vehicle is generally determined by spa-
tial properties such as the road speed limit, but also bends and hills. It is therefore
important to reflect this in the spacing policy, especially for large platoons. Existing
spacing policies as the constant spacing [6] and constant headway [7, 8] policies do
not share the property (2) and, as a result, might result in undesirable or even infea-
sible platoon behavior. An example is given by heavy-duty vehicles driving over a
hilly road, where the last vehicle in a platoon does not always experience the same
road grade as the first vehicle in the platoon. As a result, the last vehicle might not
have sufficient engine power to maintain the platoon formation when, for example,
a constant inter-vehicle spacing is required. This effect is observed in experiments
in [2], whereas a more thorough motivation for the use of the delay-based spacing
policy (1) can be found in [9].

In this work, the synthesis of distributed controllers for a platoon formation is
pursued according to the delay-based spacing policy. Specifically, motivated by the
above discussion, the control objectives are twofold. Namely, a control strategy is
sought that, first, ensures that each vehicle in the platoon tracks a desired reference

I'The slight abuse of notation v;(¢) and v;(s) is used to indicate the velocity of vehicle i as a function
of time and space, respectively.
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Fig. 1 Desired spacing vehicle i — 1 vehicle i
policy s ; (1) — 5;_1 (1)
between vehicles in a platoon

velocity profile v,¢(-) specified in the spatial domain, and, second, maintains a pla-
toon formation by tracking the desired delay-based spacing policy (1).

Here, it is noted that these two objectives are aligned due to Lemma 1. Finally,
the following assumption is made on the reference velocity profile.

Assumption 1 The reference velocity profile v, (+) satisfies (for some v,;,) v, (5) >
Vimin > 0 for all s > 0 and is twice continuously differentiable.

3 Platoon Control Design and Stability Analysis

A platoon of N + 1 vehicles is considered, where the index set ., := {0, 1,...,N}
represents the lead vehicle with index 0 and the follower vehicles with indices in the
set & :={1,2,...,N}. Following, e.g., [5, 13], each vehicle is modeled as

§,(1) = vi(1),
() = a;(1), 3)
Ta;(t) = —a,(t) + u,(1).

Here, s;(1) € R, v,(¢) € R, and g,(f) € R denote the position, velocity, and accel-
eration of vehicle i € .#,, respectively. The control input u,(f) € R represents the
desired acceleration, whereas the final equation in (3) can be regarded as the actua-
tor dynamics of the vehicle with time constant z > 0. The dynamics (3) can be the
result of applying feedback linearization to a more complex nonlinear vehicle model,
see [5].

As stated in Sect. 2, the design of a controller is pursued that tracks, first, the
desired velocity profile v,.¢(-) specified in the spatial domain, and, second, the delay-
based spacing policy (1). In order to achieve the first objective, the relative velocity
error ¢; is introduced as

vi(1)

Vet (1)

et 1= @)

for each i € .#,. It will be shown later that this choice for the velocity tracking error
allows for obtaining relevant (string stability) properties of the controlled platoon.
Next, it can be shown that choosing the input «; in (3) as
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u;(t) = a;(t) + Tv, (5;()it;

d 1

— TV (8;(1)) (3 — ¢ 1

vi(Da(t) + —
s=s;(1) d’s Vref (S)

3
viin) )
ds Vref (S) s=s;(1) ! >
achieves feedback linearization of the final two equations in (3) with respect to the
output (4). Namely, after applying the feedback linearizing control (5), the dynamics
(3) can be written as

50 = Ve (5,0) (1 + €,(0)),
&,(t) = ii,(1), (6)

for i € .%,. Here, the definition (4) is exploited and i;(r) € R.

Whereas e; in (4) provides a characterization of the velocity tracking error corre-
sponding to the first control objective, a measure for the tracking error related to the
desired spacing policy (1) is introduced next to target the second control objective.
Specifically, the spacing tracking error 4;, i € .Z, is defined as

5;(0) 1
AQ) = / ds, ™
s;_1(t—=A41) vref(s)

where it is noted that the property v,.;(s) > v, (see Assumption 1) guarantees that
A,(t) = 0 if and only if s5,(¢) = s5;,_; (¢t — 4¢), which corresponds to the desired spacing
policy. The time-differentiation of 4, in (7) yields

oo v;(1) Vi (t — A
AD =060 i (= 40)

=e() —e,_(t — A1), ®)

such that the definition of the spacing tracking error 4; is in agreement with the
definition of the velocity tracking error e; in (4).

However, rather than directly using 4; as in (7) in the control design, controllers
will be synthesized that aim at asymptotically achieving 6,(t) = 0, where &; is defined
as

0,(2) 1= A, () + hey(t), €)

for i € & and with & > 0. It is recalled that the two terms in (9) correspond to
the spacing tracking error (7) and velocity tracking error (4), such that (9) can be
regarded as a relaxation of the desired spacing policy. In particular, it allows the
spacing between vehicles to increase if the follower vehicle drives at higher speed
than the reference velocity. This will be shown to lead to a suppression of perturba-
tions as they propagate through the string of vehicles, as is generally referred to as
string stability. Even though the desired spacing is given by (1), the definition in (9)
will be referred to as the delay-based spacing policy.
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In order to obtain a controller that asymptotically achieves 6,(t) = 0, (9) is differ-
entiated (three times) with respect to time to yield

6:(1) = i, (t) — it;_y (t — Af) + hii(?). (10)

Here, (8) as well as the dynamics in velocity tracking error coordinates (6) are
exploited. Next, by regarding i; as a controller state, a virtual input &; € R can be
introduced as

E(1) 1= hig(0) + i,(2), 11
for i € .#. After choosing the virtual input &; as
§i(0) = = (koB,(1) + Ky 8,(0) + kyi(1)) + ity (7 = Ar), (12)
it is readily seen that the following closed-loop dynamics is obtained
8:(t) + ky0,(1) + Ky 6,(1) + koS,(t) = 0 (13)

for i € .#. Consequently, the controller parameters kj, j€1{0,1,2} can be chosen
(e.g., by the Routh—Hurwitz criterion or pole placement techniques) to achieve
asymptotic stability of the dynamics (13), which asymptotically achieves §;(t) = 0
for 6; as in (9). The subspace for which 6; = 0 plays a similar role as the sliding sur-
face in sliding mode control. In the final part of this section, it will be shown that
asymptotically achieving 6, = 0 indeed reaches the objectives of tracking the desired
reference velocity and delay-based spacing policy, characterized through e; in (4) and
4; in (7), respectively.

At this point, it is worth noting that the total controller for the follower vehicles
i € . is given by the feedback linearizing part (5), the controller dynamics (11), and
the feedback (12). This latter part relies on measurements of §; (obtained through (9))
and its time derivatives as well as the controller state of the preceding vehicle i;_;,
see (12).

Remark 1 The controller state i;_; in (12) can be obtained through (wireless) com-
munication between vehicles. As only a delayed version of #;_, is required for the
control of vehicle i, this control approach is inherently robust to (small) time delays
in this communication. In Sect. 4, an approach will be discussed that also exploits
information about the preceding vehicle in the interval (# — A¢,¢] in an attempt to
improve platoon performance.

Remark 2 The controller presented above targets tracking of the desired delay-based
spacing policy and only applies to the follower vehicles with indices in .#. The lead
vehicle (with index i = 0) can be controlled to track the desired reference velocity
profile v,; by exploiting the same feedback linearizing controller (5) and choosing
fig as

ref
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iig(t) = —lyeo(t) — 1,2 (0). (14)

It follows immediately from (6) with i, in (14) that the velocity error dynamics is
asymptotically stable whenever /; > 0 for j € {0, 1}.

In the remainder of this section, stability properties of the controlled platoon are
analyzed. Here, it is noted that asymptotic stability of the dynamics for §; in (13)
does not directly imply that the desired delay-based spacing policy is achieved. This
can be observed by considering the definition of §; in (9). Namely, after applying (8),
it follows that (9) can be written as

hA(H) = —A(t) + 5.(t) — he,_,(t — AD), (15)

fori € .#, such that the specific choice of §; in (9) induces the dynamics (15). Conse-
quently, the total dynamics of the follower vehicles are given by the dynamics (13)
and (15). Note that this dynamics follows from the vehicle dynamics (6) with the
dynamic controller (11) and feedback (12) using the coordinates (7) and (9).

When the lead vehicle employs the controller discussed in Remark 2, the total
platoon asymptotically achieves tracking of the desired velocity profile and the delay-
based spacing policy. This is formalized as follows.

Theorem 1 Consider the closed-loop platoon dynamics (13), (15) for i € % and
the lead vehicle controller (14). Then, the origin A, = 8;=6;=6,=0, i € .% and
ey = &y = 0 is asymptotically stable if and only if the controller parameters satisfy
ko >0, k; > 0, ky > 0 such that k| ky > kg and [, > 0, [; > 0.

Proof The proof will be based on induction on the index of the follower vehicles,
where the first vehicle is considered in the first step.

It is clear from the controller (14) and the dynamics &, = i, (see (6)) that the
equilibrium e, = &, = 0 is asymptotically stable under the conditions in the state-
ment of the theorem. Consequently, the lead vehicle achieves tracking of the desired
reference velocity v,.¢(+), as follows from the definition of e; in (4).

A follower vehicle with index i satisfying the dynamics (9), (7) is considered in
order to establish the inductive step. First, it is noted that the dynamics for 6, in (9)
is independent of the state 4; and is asymptotically stable under the conditions of
the theorem. This follows from the Routh-Hurwitz criterion, e.g., [14]. Next, con-
sider the dynamics for 4; in (7). Introduction of the function V(4,) = %hAl2 and time-
differentiation of V along the trajectories of (15) yields

SVAO) <=1 -@|AOP,  Val4®] > 16,0~ hei_y(t - an],  (16)

for any @ such that 0 < @ < 1. This implies that the dynamics (15) is input-to-state
stable (see [15]) with respect to the input 6,(¢) — he;_, (t — At).

Taking i = 1, it is recalled that the relative velocity error dynamics of the lead
vehicle is asymptotically stable, such that e;_; vanishes (as it is generated by an
asymptotically stable system). Similarly, §; vanishes due to asymptotic stability of
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(13). Consequently, the dynamics of the first follower vehicle and the lead vehicle
form a cascade interconnection of the input-to-state stable dynamics for 4;, whose
total inputs result from the asymptotically stable dynamics for 6, and the asymptoti-
cally stable dynamics for e;,. Due to the input-to-state stability property, this cascade
it itself asymptotically stable (see [16]). Moreover, e; can be regarded as an output of
this asymptotically stable cascaded system (through (9)), which therefore vanishes
as well. Induction on the vehicle index i then leads to the desired result. |

The result of Theorem 1 ensures the closed-loop stability of the desired delay-
based spacing policy, regardless of the value of the delay At (At > 0). However, this
does not guarantee that any disturbances caused by velocity tracking errors of the
lead vehicle do not amplify through the platoon. The following result provides a
bound on the amplification of velocity tracking errors.

Theorem 2 Consider the spacing policy (9), let 6,(t) = 0 for all t, and assume that
A4,0)=0, i € F. Let the velocity tracking error of the lead vehicle be such that
ey() =0 for all t < 0. Then, the velocity tracking errors e; of the follower vehicles

satisfy

lleilla < llei-ill2 a7
foralli e J. Here ||e,||, denotes the £, signal norm, i.e., ||ei||§ = f0°° le;,(1)]? dt.
Proof In order to prove the theorem, consider the dynamics (15) induced by the

spacing policy (9). Setting 6, = 0, the transfer function from e;_, to e, can be obtained
as

| g
Hi(s) = s 18
5(5) hs + le (18)
where the relation he; = A; (see (9) for §; = 0) is used. It then follows that the
S -norm of Hy, defined as ||H;||, = sup,epr |Hs(jo)|, satisfies ||H;]|,, = 1. This
proves the result (17) through the Parseval identity. O

The result in Theorem 2 provides a so-called string-stability property, which
ensures that velocity tracking errors do not amplify as they propagate through the
platoon. An early reference on string stability is [17], whereas a recent overview is
given in [13]. It is noted that the dynamics for 6; in (13) is independent of the velocity
tracking error, such that the assumption ¢; = 0 is not restrictive. In fact, (17) holds for
any controller that renders §; = 0 in (9) invariant. As such, it is clear that the string-
stability property in Theorem 2 is a direct result of the choice of the spacing policy
(9) rather than the details of the controller design. Note that the controller parameters
determine the speed of convergence towards the subspace on which 6; = 0, see (13).

Remark 3 The design of controllers achieving the delay-based spacing policy (1)
was first pursued in [9]. However, rather than directly addressing the time delay Az
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in the time domain as pursued in the current work, the results in [9] rely on a for-
mulation in which space (rather than time) is taken as the independent variable. By
taking a time-domain approach, the results in this chapter allow for a more insight-
ful interpretation. Moreover, this approach allows for considering more advanced
spacing policies, as will be discussed in the next section.

4 Platoon Control Performance

In the previous section, control design on the basis of the delay-based spacing policy
(9) was shown to achieve desirable string-stability properties (see Theorem 2). Here,
it is recalled that the controller of a given vehicle relies on delayed information on
its preceding vehicle, where the size of the delay corresponds to the desired time gap
At in the spacing policy (1). This is particularly apparent from the definition of the
spacing tracking error (7) and the feedback control part (12).

Consequently, information about the preceding vehicle in the time interval
(t — 4At, t], although available, is not exploited in the controller. In the current section,
it will be shown that this additional information can be employed to improve the per-
formance of the controlled platoon.

In particular, the delay-based spacing policy (9) is extended as

n,(t) = A,(t) + he,(t) — kp;_, (D), (19)

withi € .Z, h > 0, k > 0, and where p,_, is defined as

0
pis () = / e e (1 +0) do. (20)

At

The influence of this additional term (20), with @ > 0, can be understood by con-
sidering the case #; = 0 in (19) (this will be, similar to before, the control objec-
tive). Namely, the term p;_, provides an additional relaxation of the desired delay-
based spacing policy (7) by allowing a momentarily shorter inter-vehicular distance
(4;(¢) > 0) when the preceding vehicle drives faster than desired in the time interval
(t — At, t] (p;_,(¢) > 0). Note that the delay-based spacing policy (1) requires tracking
of the trajectory of the preceding vehicle subject to the delay Az. As such, informa-
tion on e;_; in the interval (¢ — At,¢], as characterized through p,_; in (20), can be
regarded as preview information of “future” behavior of the velocity of the preceding
vehicle. This information is weighted using the kernel e~*+9_ which ensures (for
a > 0) that data in the near “future” (for 6 close to —A¢) has the highest importance.

A controller on the basis of the extended delay-based spacing policy #; in (19) can
be synthesized using a similar approach as discussed in Sect. 3 for the spacing policy
0; in (9). Therefore, in the remainder of this section, it will be assumed that #;(t) = 0
in (19) and the performance of this extended spacing policy will be analyzed by
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Fig. 2 Comparison of the 10°
frequency response functions
H;(jw) in (18) and H, (jw) in
(21), corresponding to the
spacing policies (9) (for

6; = 0) and (19) (for n, = 0),
respectively. The parameter
values are At =1, h = 0.8,
k=0.6,and @ = 0.9

Hs

|Hs |, [Hn| [-]
>

g

10
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J [Hz]

considering its transfer function, in analogy to (18) in Theorem 2. Specifically, the
transfer function from e;_; to e; is obtained as

1 s ks e—aAt _ e—SAt
hs + 1 hs + 1 s—a

H,(s) = (21)
Here, the expression (8) is used, whereas the right-most term in (21) is the result of
the distributed delay in (20).

In order to compare the behavior of the extended spacing policy (19) with transfer
function (21) to that of the spacing policy (9) with transfer function (18), the magni-
tude of their frequency response functions is depicted in Fig. 2. From this figure it is
clear that the extended delay-based spacing policy characterized by H, also ensures
that perturbations in the velocity tracking error do not amplify to the string of vehi-
cles, as was proven for the delay-based spacing policy §; in (9) in Theorem 2. In fact,
the extended spacing policy #; in (19) achieves a better suppression of disturbances,
in particular for higher frequencies. Consequently, the use of the extended spacing
policy (19) is expected to lead to increased performance of the controlled platoon.
This will be verified through simulations in Sect. 5.

Remark 4 The implementation of the extended delay-based spacing policy (19)
requires the evaluation of the integral in (20). However, the computation of this
term cannot be obtained as the solution of a differential equation, as this involves
an unstable pole-zero cancelation (at s = «, see (21)). Instead, an online numeri-
cal computation of the integral term in p,_,(¢) is required. It is remarked that these
issues are also encountered in the finite spectrum assignment problem, which fea-
tures a similar integral term. For an overview and computational approaches in this
framework, see [18] and the references therein.
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Table 1 Parameter values for the vehicle dynamics (3), spacing policy (9) and controller (5), (11)
and (12). The lead vehicle is controlled through (14)

T 1(s) Iy 2.00 (s72) ko 7.92 (s73)
At 1(s) I, 2.82 (s k, 11.96 (s~2)
h 0.8 (5) k, 6.00 (s™1)

5 Evaluation

The performance of the controller designed in Sect. 3 as well as the spacing policies
6; in (9) and #; in (19) is evaluated by means of simulations.

First, a platoon of eleven vehicles (i.e., N = 10 follower vehicles) is considered
using the controller given by (5), (11), and (12). For the parameter values in Table 1,
the tracking of the reference velocity profile v,.¢(-) and delay-based spacing policy
(9) is considered in Fig. 3. Herein, the initial conditions for the velocity profiles are
randomly chosen and deviate from the equilibrium point. From this figure, it is clear
that the equilibrium e,(¥) = 0, which corresponds to v;(¢) = v,;(s;(¢)), is asymptot-
ically stable. The same holds for the spacing tracking error 4,, indicating that the
desired inter-vehicular spacing is obtained. To further illustrate the first point, the
velocities v; are depicted as a function of s; in Fig.4, from which it can be seen

Fig. 3 Velocity tracking 005 |
error e; (top) and control
input u; (middle) for the lead -
vehicle (in black) and o 0
N = 10 follower vehicles (in
gray) for non-equilibrium ~0.05 | 1
initial conditions and 0 16 26 36 46 50
velocity reference
Veer(8) =20 — 1.75(1 — 5
c0s(0.027(s — 500))) for
500 < s <700 and = 0 —
Veer(8) = 20 otherwise. S
Spacing errors 4; (bottom) -5
are shown for the first ) ) ) )
follower vehicle (in black) 0 10 20 30 40 50
and remaining follower

. . 0.05
vehicles (in gray)

= o N
<1
-0.05 | ‘
0 10 20 30 40 50
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Fig. 4 Velocity v; in the 21 T T -
spatial domain for the lead
vehicle (in black) and 20
follower vehicles (in gray)
corresponding to the — 19}
simulation in Fig. 3 K

= 18t

171
16 ‘ ‘ ‘
0 200 400 600 800
s [m]

Fig. 5 Velocity tracking 0.2f -
error e; for the spacing H Hs
policies (9) (in gray) and —Hy
(19) (in black) for a platoon 0.15¢ ]
of N = 20 follower vehicles. —
The initial perturbation e as = 0.1}
well as the trajectories of ©
vehicles 5, 10, 15, and 20 are 0.05
shown in thicker lines for '
easy comparison. The
parameter values correspond 0
to those in Fig. 2 0

that all vehicles achieve the same velocity profile in the spatial domain as stated in
Lemma 1.

Second, the spacing policy ¢; in (9) and extended spacing policy #; in (19) are
considered. Here, it is assumed that the spacing policies are tracked perfectly, i.e.,
6;(t) = 0 and #;(r) = O for all r and i € .#, such that the design of controllers is not
explicitly addressed. This case corresponds to the frequency response functions in
Fig.2. Figure 5 shows the velocity tracking errors of a platoon of N = 20 follower
vehicles in case the lead vehicle experiences a perturbation e, which is considered as
an input to the total platoon. It is clear that, for both spacing policies, the influence of
this perturbation is decreased as it propagates through the platoon. In addition, as can
also be seen in the frequency response function in Fig. 2, the extended delay-based
spacing policy #; in (19) achieves a larger suppression of disturbances and therefore
a better performance. In fact, the disturbances are also handled earlier in time due to
the distributed-delay term in (20). Here, it is recalled that the repeated application
of (18) always leads to a delay of At seconds before a disturbance is propagated
from a vehicle to its immediate follower. Finally, Fig. 6 shows the corresponding
spacing tracking error, which confirms these observations and indicates an even more
apparent benefit of the extended spacing policy (19).



A Delay-Based Spacing Policy for Vehicle Platooning ... 261

Fig. 6 Spacing tracking 0.02f
error 4; for the spacing

policies (9) (in gray) and 0
(19) (in black) for a platoon —0.02}
of N = 20 follower vehicles,

[s]

corresponding to the velocity — —0.041
tracki in Fig. 5 N
racking errors in Fig.
-0.06}
-0.08f H; i
-0.1 ‘ ‘ — Hy ||
0 10 20 30 40 50

t [s]

6 Conclusions

The design of distributed platoon controllers for a delay-based spacing policy is
discussed in this work, leading to platoon behavior in which all vehicles track the
same velocity profile in the spatial domain. It is shown that a relaxation of this spac-
ing policy leads to string-stable platoon behavior. Contrary to earlier results in [9],
control design and analysis were done in the time domain (rather than the spatial
domain), leading to a controller that is easier to interpret and implement. In addition,
the time-domain approach allows for an extension of the delay-based policy. Herein,
more information about the preceding vehicle is used by taking a distributed-delay
approach, which is shown to lead to improved platoon behavior.

Future work will focus on further developing this distributed-delay approach, with
particular emphasis on the implementation of this extended delay-based spacing pol-
icy and the resulting controller.
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Abstract The dynamics of connected vehicle systems are investigated where vehi-
cles exchange information via wireless vehicle-to-vehicle (V2V) communication.
In particular, connected cruise control (CCC) strategies are considered when using
different delay configurations. Disturbance attenuation (string stability) along open
chains is compared to the linear stability results using ring configuration. The results
are summarized using stability diagrams that allow one to design the control gains
for different delay values. Critical delay values are calculated and trade-offs between

the different strategies are pointed out.
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1 Introduction

Vehicular traffic has been fascinating researchers for decades and most of the early
work has been focused on understanding how humans drive, in particular, how they
control the longitudinal motion of vehicles [4, 7, 8]. In the last few decades, the
so-called optimal velocity model [2, 10] gained popularity since this can reproduce
a plethora of different large-scale traffic patterns observed empirically [20]. It also
became evident that human drivers often trigger traffic jams due to their large reac-
tion times and limited perception range [15].

In order to bypass this problem, the concept of adaptive cruise control (ACC) was
created where the distance to the vehicle ahead is monitored by range sensors (e.g.,
radar, lidar) and the vehicle is actuated accordingly [11, 19]. By appropriate control
design, one may guarantee attenuation of velocity perturbations between consecutive
vehicles that is called string stability in the literature [18]. However, a relatively large
penetration of ACC vehicles is required to change the behavior of the overall traffic
flow [3], which may be difficult to reach due to the relatively high cost. Also, while
the sensing delay of an ACC vehicle is significantly smaller than the human reaction
time, it is still only able to monitor the motion of the vehicle immediately ahead.

Wireless vehicle-to-vehicle (V2V) communication can be used to obtain infor-
mation from beyond the line of sight. Initial attempts focused on constructing pla-
toons of ACC vehicles where the information broadcast by a designated platoon
leader is utilized by the following vehicles. This strategy, called cooperative adap-
tive cruise control (CACC) [12, 21], can significantly improve the performance of
the system but it requires all vehicles to be equipped with sensors and communica-
tion devices, and the number of vehicles involved is limited by the communication
range. To eliminate such limitations the concept of connected cruise control (CCC)
has been put forward that allows the inclusion of human-driven vehicles that may or
may not broadcast information [1, 5, 13, 16, 22]. CCC utilizes all available infor-
mation from multiple vehicles ahead and may be used to assist the human drivers,
to complement sensor-based algorithms, or to automatically control the longitudi-
nal motion of the vehicle. This increased flexibility makes CCC scalable for large
connected vehicle systems.

However, intermittencies and packet drops lead to time delays in CCC. Such com-
munication delays are typically larger than the sensing delays in ACC, though they
are still smaller than human reaction time. Typically, one may expect that larger
delays lead to degraded performance but time-delay systems may present counter-
intuitive behavior in terms of stability [9, 17]. In this paper, we investigate the sim-
plest CCC scenario when each CCC vehicle utilizes information from the vehicle
immediately ahead. While the received V2V information is delayed by the commu-
nication delay, information measured by on-board sensors may be available (almost)
instantaneously. In this paper, we are asking the question whether one shall use these
instantaneous values or shall delay them with the communication delay. We compare
the different control strategies using stability charts where we identify gain com-
binations ensuring plant stability (stability in the lack of disturbances) and string
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stability (attenuation of velocity disturbances arising ahead). We also identify trade-
offs between the different strategies.

2 Modeling and Control Design with Delays

We consider connected cruise control strategies where each vehicle receives motion
information from the vehicle immediately ahead via wireless V2V communication
and uses this information to control its longitudinal motion. In particular, we consider
control strategies of the form

50 =),

1
v(t) = F(s(), (1), s(t = 7),v(t — &), s.(t — 6), v (t — 0)), )
where the dot stands for differentiation with respect to time z. Also, s, and s; denote
the position of the front bumpers of the vehicle and its immediate predecessor (called
the leader), while v and v; denote the corresponding velocities; see Fig. 1. The com-
munication delay ¢ is caused by intermittencies and packet drops while the delays
7 and & can be set when designing the controller. More precisely, we assume that
the quantities s and v are available instantaneously through on-board sensors of
high sampling rate but one may still use the delayed values in the control design
as explained below. Indeed, v and £ may be set to zero or to be equal to o.

In this paper, we base our control design on the optimal velocity model and
consider three different delay scenarios, but all results can be generalized to car-
following models of the general form (1); see [6, 15]. The first scenario is given
by

Fig.1 Connected vehicles system where each vehicle receives information from the vehicle imme-
diately ahead with the communication delay o as indicated by the red-dashed arrows. The system
can be constructed as the concatenation of leader—follower pairs shown below where the positions,
the velocities, the headway, and the vehicle length are highlighted
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5(n) =v(@),
v(t) =a(Vis (t—0) —s(t—0) =€) —v(t — 0)) + f(W( (t — 6)) = v(t — 0)) ,
2
which corresponds to matching all delays in the controller to the communication
delay. Here, £ represents the length of the vehicle ahead (see Fig. 1) while the delayed
value of the headway i = s; — s — £ appears in the monotonously increasing range
policy function

0 if h<hy,
V(h)y=3F(h) if hy <h<hy, 3)
Vi 1 > By

That is, for small headways the vehicle intends to stop for safety reasons while for
large headways it intends to travel with a chosen maximum speed. Between these we
assume F'(h) to be strictly monotonously increasing such that F(hy) = O and F(hy,) =
Vimax- Lhe simplest choice may be

h - th
S — 4
max hgo h ( )

st

F(h)y=v

that is depicted in Fig. 2a where the time gap T, = (g, — hy)/Vinay is highlighted.
Notice that T, is constant for headway range hy < h < h,,. However, the corre-
sponding range policy is non-smooth at h and h,, which may lead to a “jerky ride”.

Thus, in this paper we use

(@
v,

|
|
|
|
|
|
|
0 he ho h 0 hg hgo

>
>
0 Umax UL

Fig. 2 a, b Range policies (3) with the middle sections given by (4) and (5). ¢ Saturation function
(6)
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F(h)=‘%<1—cos (ﬂ%)), %)
st

£go

that makes the range policy smooth as shown in Fig. 2b. Indeed, one may design
range policies with higher level of smoothness as shown in [13].
The second term on the right-hand side of (2) contains the saturation function

R
W) = {VL L ©)

Vmax if VL > Vmax »

shown in Fig. 2c, that is introduced to avoid the situation that the vehicle follows
a leader whose velocity is larger than v, . Notice that when the leader’s velocity
is smaller than v, ., the delayed value of the derivative of the headway /1 = v; —v
appears on the right-hand side. Thus, in model (2) all quantities on the right hand
side have clear physical meaning and we only compare quantities at the same
time moment. When presenting the results below we use the numbers i, =5 m,
hy, = 35m,and v,,, = 30 m/s that corresponds to traffic data for human drivers [15].

Let us assume that the leader is traveling with a constant speed, that is, s (f) =
vt + 5. and v, () = v¥, where 0 < v* < v, and 5 is given by the initial condition.
Then the follower admits the equilibrium

s(t)y=vit+s, v =V, 5 -5-¢=VI'0H=F'0):=r. ()

In the vicinity of the equilibrium we define the time gap as T, = 1/V'(h*) =
1/F'(h*) which indeed changes with the equilibrium headway A* (or equivalently
with the equilibrium velocity v*). Note that for v* = 0 any constant headway smaller
than hg is possible while for v* = v, any constant headway larger than /,, may
occur; see (3). For v* > v no equilibrium exists and the headway between the
leader and follower increases in time.

Since time delays often lead to instabilities and undesired oscillations in dynamic
systems, one may try to eliminate some delays on the right hand side of (2). For
example, the model

5(0) = (1),

v(t) = a(V(s (t —0) = st —0) =€) = v(1)) + B(W( (t — 0)) — v(t — 0))
(®)
still contains the delayed values of the headway h = s; — s — £ and its derivative i =
vy — v(whenv; <v,..), but we consider the instantaneous value of the velocity v (as
it may be measured by on-board sensors). The model (8) still satisfies the equilibrium
(7) but in the first term on the right-hand side we compare a delayed value with an
instantaneous value.



268 J.I. Geetal.

To further eliminate delays one may consider

5 =),

W) = a(V(s(t — 0) = st — 0) = £) = v(1)) + B(W((t — 0)) — v(1)) , 2
where both terms on the right-hand side compare delayed values to instantaneous
values. In fact, the velocity difference in the second term can be created since the
leader’s velocity is received via wireless communication while the vehicle’s own
velocity is measured on board. This is not accessible when using range sensors to
measure the headway and its derivative. The model (9) also satisfies the equilibrium
).

One may argue that the delay in the position s may be neglected as well. How-
ever, in this case the desired equilibrium (7) cannot be achieved by the system. In
particular, the equilibrium headway becomes 5, — 5 — # = V-!(v*) + v*o that may
lead to safety hazards.

In the next section, we will compare the three models (2), (8) and (9) in terms
of the stability and disturbance attenuation in the vicinity of the equilibrium (7) by
plotting stability charts for different values of the communication delay o.

3 Linear Stability Analysis

In order to analyze the behavior of the models proposed above, we consider two
different configurations. In the open chain configuration, N + 1 vehicles are placed
on a straight road such that the motion of the head vehicle is prescribed. Then the
system is viewed as an input—output system, such that the speed of the head vehicle
V41 serves as the input and the speed of the tail vehicle v, serves as an output. In the
ring-road configuration, N vehicles are placed on a circular road of length L + NZ
(yielding h* = L/N and the periodic boundary conditions sy, = s, Vy, = V).

When considering vehicles with identical range policies, there exists a uniform
flow equilibrium where all vehicles travel with the same velocity while keeping the
same headway; see (7). Our goal is to choose the gain parameters @ and f such
that the velocity perturbations are attenuated as they propagate backward along the
vehicle chain, and the system is able to maintain the uniform flow equilibrium [13].

In order to analyze the dynamics in the vicinity of the equilibrium (7) one
may define the perturbations 3; (f) = sy (f) — vt — 5., V.(f) = v (1) — V¥, 5(¢) = (1) —
v*t — 5, 9(t) = v(t) — v* and linearize the above models about the equilibrium. In par-
ticular, model (2) results in

5(r) = ¥(1),

. 10
W) =af* GL(t—0)—3(t—0)+ py .t —0)—(a+ Pt —0), (1%
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where we introduced the notation f* = V'(h*) = F'(h*). In this paper, we consider
the equilibrium v* = 15 m/s, that is, #* = 20 m yielding the maximum f* = z /2 1/s;
see (3, 5). This corresponds to the minimum value of the time gap T, = 1/f*, which
gives the worst case scenario in terms of stability.

Taking the Laplace transform with zero initial conditions one may derive the
transfer function

ap

rs)= 29 _ bsto : (1)

Vi(s) e“9s?+ (a+ f)s+ af*
where V(s) and VL(s) denote the Laplace transform of 7(¢) and ¥y (), respectively.
The transfer function allows us to evaluate stability and the amplitude ratio between
the input and the output in steady state when applying sinusoidal input.

In order to ensure plant stability (thatis, 5(t) — 0, 7(#) - Oast — O when 5 (¢) =
0 and 7, () = 0) one needs to make sure that the infinitely many poles of the transfer
function (11) are located in the left half complex plane. In order to determine the
stability boundary in the parameter plane of @ and g, we consider two different types
of stability loss. When a real pole crosses the imaginary axis, substituting s = 0 into
the characteristic equation e*°s*> + (a + f)s + af* = 0 yields the stability boundary

a=0. (12)

On the other hand, when a complex conjugate pair of poles crosses the imaginary
axis, substituting s = i£2 with £2 > 0 into the characteristic equation and separating
the real and imaginary parts result in the stability boundary

Q2% cos(Qo)

a=—"7"
f*

f = Qsin(Q0)—a,

s

13)

that is parameterized by the angular frequency .

In the special case of ¢ = 0, (12) remains the same while (13) simplifies to f§ = —a
as shown by the thick black lines in Fig. 3a. One may use the Routh—Hurwitz criteria
to show that plant stability is achieved above the lines in the top right corner. For
different values of o > 0 the curves (12) and (13) are shown as thick black curves in
the (#, a)-plane in Fig. 4a, ¢, e. One may apply Stépéan’s formulae [17] and show that
stability is maintained inside the lobe-shaped domain. As the delay is increased, the
plant stable domain shrinks and the size of the domain tends to zero as the delay is
increased to infinity.

To ensure string stability, that is, attenuation of velocity perturbations between
the leader and the follower, we consider sinusoidal excitation ¥ (f) = v sin(w?),

L

which (assuming plant stability) leads to the steady state response 7*(f) = v*™P sin
(ot + ), where v¥™P / vimp = |I'(iw)| and v = 2T (iw). Requiring |I'(iw)| < 1 for

all @ > 0 ensures attenuation of sinusoidal signals and, as superposition holds for
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(a) open chain (b) ring

o b

-10 —5 0 5 ﬂ[%] 10 : —I.O -5 0 5 IBE] 10

Fig. 3 Stability diagrams for the system (10) for o = 0 using the open chain configuration (left)
and the ring configuration (right). The system is plant stable above the thick black lines. The gray-
shaded region indicates string stability while coloring refers to the oscillation frequencies as indi-
cated by the color bar

linear systems, for the linear combination of those signals. This condition may be
rewritten as w?P(w) > 0 where
P(w) = @ + 2ap + a* — 2(a + pwsin(we) — 2af* cos(wo) . (14)

The stability boundaries can be identified corresponding to the minima of P
becoming negative at w,,. > 0 that is defined by

P(w,) =0,
1
9P 0. =0, (15
ow

while satisfying Z%:(wcr) > (. Solving this for « and f one may obtain the string
stability boundaries parameterized by w,, as

a=a+\Va2+b,
o, + af*o sin(w,,0) (16)

bl

" sin(w,,0) + @, 6 cos(w., o)

where '
0y (ffo = 1)+ f* sin(@,0) cos(@,,0)

"~ (2f*o — 1)sin(w,,0) — w0 cos(w.,0)’

a7

@2, (sin(w,0) — ©,0 cos(w,0))

T 2f* 0 — D sin(@y0) — w0 cos(@y0)
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For w, = 0, the equalities | I'(0)| = 1 and %(0) = 0 always hold. Thus for string

stability we need %(0) < 0 which is equivalent to P(0) = a(a + 28 — 2f*) > 0.
That is, one of the boundaries is equivalent to the plant stability boundary (12) while
the other is given by

a=2"-p). (18)

Notice that this zero-frequency boundary does not depend on the delay o.

In the special case of o = 0, only the string stability boundaries (12) and (18)
appear as shown by the straight lines bounding the gray string stable domain in
Fig.3a. The coloring outside the string stable area corresponds to the solution of
P(®) = 0* + a(a + 2 — 2f*) = 0 for the frequency w. The coloring indicates that
string stability is lost for low frequencies. For different values of ¢ > 0 the stabil-
ity boundaries (12, 16-18) enclose the gray-shaded string stability domain in the
(f, a)-plane as depicted in Fig. 4a, c, e. The coloring outside the string stable area
corresponds to the solution of P(w) = 0 for the frequency w (cf. (14)). When there
exist multiple solutions we use the largest @ value. The coloring indicates that when
leaving the string stable area toward the left, string stability is still lost at low frequen-
cies. On the other hand, leaving the area to the right, high-frequency string instability
occurs. To demonstrate this behavior we marked the points A, B, C on Fig. 4a and
plot the corresponding amplification ratios as a function of the frequencies in Fig. Sa.
Indeed, for case B the amplification ratio stays below 1 for all frequencies. For cases
A and C it exceeds 1 for low and high frequencies, respectively.

One may observe that as the delay ¢ increases the string stable domain shrinks
and for ¢ = 0.3 s it almost disappears. In fact, there exists a critical value of the
delay such that for ¢ > o, there exist no gain combinations that can ensure string
stability. To calculate the critical delay one may use the L’Hospital rule to show that
for w., — 0 formulae (16, 17) yield the points

e o [ 2A0—1 Aol —dfo+]
(a’ﬂ)_<a(f*a—1)’ 26(fro— 1) )

e (o L
(a,ﬁ)—<0, 26>,

which are located along the stability boundary around the yellow shading in Fig. 4a.
These points move closer to each other when the delay increases and coincide when
the delay takes the value

19)

1 1 gap
— — ) )
Oy = o == (20)

Finally notice that for an open chain of N + 1 vehicles, one may derive the head-
to-tail transfer function (I'(s))¥ = V,(s)/Vy,,(s) between the head vehicle N + 1 and
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(a) open chain
. . 10

[
[

410 5 0 5 g[L] 10 ! .10 5 0 5 g[1) 10
s s

AN,

410 5 0 5 B[4 10 .10 5 0 S;ﬂ[\i] 0
S S

Fig. 4 Stability diagrams for the system (10) for different delay values as indicated using the open
chain configuration (/eft) and the ring configuration (right). The system is plant stable within the
lobe-shaped domain enclosed by the thick black curve. The gray-shaded region indicates string
stability while coloring refers to the oscillation frequencies as indicated by the color bar

the tail vehicle 1. Thus, the string stability condition still remains the same indepen-
dent of N.

When having N vehicles on a ring-road, one may define the state X = [§,,¥,, ...,
Sn» T/N]T where T denotes the transpose. Then (10) can be written into the compact
form
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Fig. 5 a Amplification ratios for the points marked A, B, C in Fig.4a, b when considering two
consecutive cars in an open chain. b, ¢, d Corresponding characteristic roots in case of the ring
configuration

XH=0IaX®H)+(Ib+R®c)X(—o0)
a b c
1)
= X() + b ¢ X(t-o0),
a [ b

where ® denotes the Kronecker product and I is the N-dimensional identity matrix.
Also, the N-dimensional matrix R is given by

010 -0
001 = :
R=|: - - 0|, (22)
00--01
10--- 00

while the two-dimensional nonzero blocks are
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01 0 0 00
S R RN IS LY R

Then one can block-diagonalize the matrices in (21) using the coordinate trans-
formation
X=(T®NZ, (24)

where the N-dimensional matrix T is constructed from the eigenvectors of R while
I is the two-dimensional identity matrix. This yields

a b+c .
= " |zw+ breve Z(t-0), (25
) ) iZ(N—l)zr
a b+e v ¢

where eiZkTJ, fork=0,1,...,N — 1 are the eigenvalues of the matrix R in (22). The
corresponding eigenvectors, that constitute the columns of T in (24), are given by

- 2kn : 2kn - 2kn
[1,ev, e ..., "™ DT for k=0,1,...,N — 1. Thus, the physical meaning

of kis a discrete wave number of the appearing traveling waves and the corresponding
spatial wavelengths are A = (L + N¢)/kfork < N/2and A = (L + N¢)/(N — k) for
k> N/2. In other words, the same spatial pattern arises for wave numbers k and
N — k.

The block-diagonal matrices in (25) allow us to analyze the stability of the trav-
eling waves separately for each wave number k. In particular, using the trial solution
Z(t) ~ €% one may obtain the characteristic equation

N-1 .
H det [sI —a—(b+ e‘Tc)e'”] =0. (26)
k=0

Using the definitions (23), this yields

752 + (a+ f)s + af* — (s + af*)e ¥ =0 7)

fork=0,1,...,N — 1. Notice that using the transfer function (11) and the periodic
boundary conditions imply (I'(s))¥ = 1 and taking the N-th root results in the char-
acteristic equation (27).

The system is stable if the characteristic roots are located in the left half com-
plex plane for all k. To determine the corresponding stability boundaries we con-
sider the critical scenarios when characteristic roots cross the imaginary axis. For
wavenumber k = 0, one may notice s = 0 satisfies (27) for all values of « and f.
This corresponds to the translational symmetry of the ring configuration: the system
is invariant when shifting all vehicles with the same distance along the road [14]. For
wavenumbers k > 0, substituting s = 0 into (27) yields the stability boundary (12).
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On the other hand, when considering that a pair of complex conjugate roots crosses
the imaginary axis, substituting s = +iw into (27) results in the stability boundaries

@ ( cos(wo) — cos(wo — 22))

N
o=
o 2km » 2km~\
- sm(T) +2f (1 - COS(T )

28
—? cos(wo) + f*o( sin(wos) — sin(wo — 2I{T’T)) 9

- sin(ZkT”) +2f*(1 - cos(zl‘T”))

fork=0,1,...,N — 1 as depicted in Fig. 3b and in Fig. 4b, d, f for different values
of the delay o while considering N = 100 vehicles. Each curve is parameterized by
the frequency @ as highlighted by the color code. Notice the remarkable similarity
between the stability charts shown in the left and the right of Fig. 4 despite the fact
that panels (a, c, e) correspond to the steady state response of the open chain while
panels (b, d, f) correspond to the transient response of the ring configuration. To
further emphasize this similarity we plot the characteristic roots (the solutions of
(27)) in the complex plane in Fig. 5b, ¢, d for the points marked A, B, C in Fig. 4b.
For cases A and C the crossing frequencies in Fig. 5Sa and in Fig. 5b, d show a good
correspondence.
Linearizing the model (8) about the equilibrium (7) yields

§(0) =), 29
v(t) = af* Gt — 6) = 5(t — 6)) + fy.(t — 6) — a¥(t) — p¥(t —0).
Taking the Laplace transform with zero initial conditions we obtain the transfer func-
tion .
V(s) fs + af*

T = V.(s) - eso(s2 + as) + fs + af* (30)

The corresponding plant stability boundaries are given by (12) and

. Q2 cos(Qo)
© - Qsin(Qo) 31
f = 2sin(Q20) — acos(Lo),

that are shown as thick black curves in the (f, a)-plane in Fig. 6a, c, e. Applying
Stépan’s formulae [17] shows that the system is plant stable when parameters are
chosen from the region above the black curves. Again, increasing the delay leads to
smaller plant stable domains.

In this case, the string stability condition can be rewritten as wQ(w) > 0 where

0(w) = & + a*w — 2(@*f* + p?) sin(wo) + 2(af — af Hwcos(ws).  (32)
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For w,,. > 0 the string stability boundaries can be obtained by substituting P with
Q in (15) which yields

3

Z apap =0,

= (33)
0} + oy — 2af* (a sin(w,0) + ®, CO8(w,0))

g = or cr cr cr cr

20 (0 sin(w,0) — @ cos(®,,0))

where

ay = w}, cos(0,0)( — sin(@,0) + @0 cos(w,0))

@, cos(w,.0) (w2, 0 sin(w,6) — 2f* sin(w,,6) cos(w,,.0) + 20, cos(®,,0) — 2f *®.0) ,

a
ay = 0, c0S(0,,0) (@, sin(w,,6) — 4f* sin* (@, 6) + @6 cos(w,,0)) ,

ay = cos(a)cra)(a)ira sin(w,,0) + 2f* sin(w_,0) cos(w,, o) — 2f*wcra) .

(34)

For w., = 0, the inequality 2 (0) < O1is equivalent to %(0) = a((l - 2f*o)a +

ow?

20 = 2f ") > 0, that yields the boundaries (12) and

_2r-p
“= T 3rg (35)

That is, in this case, the gradient of the zero-frequency boundary is influenced by
the delay as shown by the boundary on the left of the gray string stable region in
Figs. 3a and 6a, c, e. Here the coloring corresponds to the solution of Q(w) = 0 for
the frequency w (cf.( 32)). Again, on the left string stability is lost at low frequencies
while on the right high-frequency string instability occurs. The string stable domain
is not closed from above but it still shrinks as the delay increases and it disappears
when the delay exceeds

~ 9785 o785t

Ocr f* gap? (36)
but this value cannot be calculated analytically.

When comparing Figs. 4a, c, e and 6a, c, e one may notice a trade-off. While the
critical delay is significantly larger in the latter case, it also requires larger gains to
make the systems string stable as the delay is increased. This may be difficult to
achieve in practice due to the saturation of the actuators.

In case of the ring configuration we may still write the system into the form (21)
where R is still given by (22), but the blocks are given by

01 0 0 00
ol B A P VA 7
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(a) open chain (b) ring

o =0.15[s]

-0 -5 IIJ 5 B[l] 1]

0.2[s]

o=

[

410 5 n 5 g[i] 0

© __ ")

o =0.4]s]

[

.10 5 u 5 gL 10

Fig. 6 Stability diagrams for the system (29) using the open chain configuration (ef) and the ring
configuration (right). The same notation is used as in Fig. 4

After obtaining the block-diagonal form (25) we can obtain the characteristic
equation in the form (26) that yields

e”(s2+as) +pBs+af — (ﬁs+af*)ei2k7” =0 (38)
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fork=0,1,...,N — 1. The corresponding stability boundaries are given by

. @? ( cos(wo) — cos(wo — 2]‘7”))

—o( sin(wo) — sin(wo — 2ICT”)) +2f%(1 - COS(MTE)) ’ 39
—w? +f*w( sin(wo) — sin(wo — 2](7”)) &

p= —a)( sin(wo) — sin(woe — 2"7”)) + 2f*(1 _ COS(Zan))

fork=0,1,...,N — 1 as depicted in Fig. 6b, d, f for different values of the delay ¢
while considering N = 100 vehicles. Again, comparing panels (a, c, e) to panels (b,
d, f) shows very good correspondence with each other.

Finally, the linearization of (9) about the equilibrium (7) takes the form

HOESIGR 40)

W) = af* GL(t — 6) = 35(t — 6)) + py (t — 6) — (a + P)V(),

and the corresponding transfer function is given by
I'(s)= Y(S) = bs+of . 41
Vi(s) e (s2+ (a+ P)s) +af*
Then the plant stability boundaries are given by (12) and
QZ
a=—

f*cos(20) (42)

p=Qtan(Q0) — «,

that are displayed as thick black curves in Fig. 7a, c, e. According to Stépan’s for-
mulae [17] the system is plant stable above the curves and increasing the delay still
deteriorates plant stability (though this effect is not so pronounced when comparing
to the other two cases discussed above).

Again the string stability condition can be written as wR(w) > 0 where

R(w) = @ + &’w + 2apw — 2af *(a + p) sin(wo) — 2af *w cos(wo) (43)
and substituting P with R in (15) results in the string stability boundaries

a=a+Va2+b,

5o W} + dw,, — 2af* (@ sin(w,0) + @ cos(w ) (44

2a(f* sin(w.,.0) — o )




To Delay or Not to Delay—Stability of Connected Cruise Control 279

open chain

=10 -5 II} 5 /B[%] 1Y) =10 -;5 o 5 ﬂ[%] [1}]

Fig.7 Stability diagrams for the system (40) using the open chain configuration (/eft) and the ring
configuration (right). The same notation is used as in Fig. 4

where
_ —wlosin(e,0) - f* sin(w,6) cos(,6) + [F w0
a = . 9
sin(w,,0) — w0 cos(@,,.0) 45)
. 2 (3" Sin(wy0) — [* 0, 0 cOS(w,, 0) — 200, )

[*(sin(@40) — w0 cos(®.,0))

However, we remark that these do not give stability boundaries in the physically
realistic parameter ranges.
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For w,, =0, we obtain %(0) =a((1 =2f*c)a +2(1 - f*o)p — 2f*) > 0, that
yields the boundaries (12) and

2(f* = (1 —f*0)B)
*= 1-2f'c (46)

That is, both the gradient and the position of the zero-frequency boundary is influ-
enced by the delay which can be observed when looking at the left boundary in
Figs. 3a and 6a, c, e. As shown by the coloring, only low-frequency string instability
occurs and the gray string stable domain is open from above and from the right. By
investigating when the gradient of (46) becomes zero one can calculate the critical

delay

1
O = f_* = Tgap > 47

above which the string stable domain disappears.
Again comparing Figs. 4a, c, e, 6a, ¢, e, and 7a, c, e one may notice that the critical
delay increases but larger gains are required to make the system string stable which

may not be possible due to the limitation of the actuators.
In case of the ring configuration (25) contains

0 1 0 0 00
a= [o —(a+ p)] » b= [—af* 0] 7 [af* ﬂ] : (“48)
while (26) yields

e (2 + (@ + f)s) + s + af* — af'e v =0, (49)

resulting in the stability boundaries

2 2kn
. @? (1 — cos(wo — T))
wsin(wo — 2](7”) +f4(1 - 008(2](7”) + cos(we) — cos(wo — 2"7” ) '
(50
—w? +f*a)( sin(wo) — sin(woe — 21‘7”))
ﬂ - : 2km ” 2k kr
wsin(wo — =F) +f*(1 = cos(57) + cos(wo) — cos(ws — =7))

for k=0,1,...,N—1 as shown in Fig.7b, d, f for different ¢ values and N =
100 vehicles. Indeed, panels (a, c, e) show very good correspondence with panels

(b, d, D).
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4 Conclusion

The effect of time delays has been investigated in connected cruise control scenarios
where each vehicle controls its longitudinal motion based on the V2V information
received from the vehicles immediately ahead. In order to evaluate the stability of
uniform traffic flow we considered open chain and ring configurations and our results
show that these configurations give the same results when the number of vehicles
is large enough. We also demonstrated that as the delay increases the stable areas
shrink, and that when the delay exceeds a critical value no gain combinations can
stabilize the uniform flow. Moreover, using the instantaneous values of quantities
measured on board may not necessarily improve the performance. On one hand, one
may increase the critical value of the delay, but on the other hand it requires larger
gains to stabilize the system (that may not be available due to actuator limitations).
Thus, it may in fact be beneficial to delay the values of the on-board quantities to
achieve high-performance CCC design.
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H-infinity Filtering for Cloud-Aided
Semi-active Suspension with Delayed
Information

Zhaojian Li, Ilya Kolmanovsky, Ella Atkins, Jianbo Lu and Dimitar Filev

Abstract This chapter presents an H_ filtering framework for cloud-aided semi-
active suspension system with time-varying delays. In this system, road profile infor-
mation is downloaded from a cloud database to facilitate onboard estimation of sus-
pension states. Time-varying data transmission delays are considered and assumed
to be bounded. A quarter-car linear suspension model is used and an H_ filter is
designed with both onboard sensor measurements and delayed road profile informa-
tion from the cloud. The filter design procedure is designed based on linear matrix
inequalities (LMIs). Numerical simulation results are reported that illustrate the
fusion of cloud-based and onboard information that can be achieved in Vehicle-to-
Cloud-to-Vehicle (V2C2V) implementation.

1 Introduction

The interest in employing cloud computing for automotive applications is growing
to support computation and data intensive tasks [1-3]. The cloud can provide access
to “big data” as well as real-time crowd-sourced information. Smart utilization of
on-demand cloud resources can increase situation awareness and provide additional
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functionality. In addition, computation and data intensive tasks can be outsourced
to the cloud, enabling advanced and computation intensive algorithms to be imple-
mented in real time. While embedded vehicle processors remain essential for time-
critical applications, cloud computing can extend current control functionalities with
additional functions to enhance performance [1].

Numerous automotive functions have been identified as candidates for Vehicle-to-
Cloud-to-Vehicle (V2C2V) implementations [2]. In particular, a cloud-aided safety-
based route planning system has been proposed that exploits road risk index data-
base and real-time factors like traffic and weather, and generates a “safe” route [4,
5]. A cloud-based road anomaly detection and crowd-sourcing framework has been
proposed in [6-8]. The cloud-aided vehicle semi-active suspension control system
is another potential application [9], in which road profile data from the cloud is
exploited. In this chapter, we consider the state estimation problem for the cloud-
aided semi-active suspension system.

While cloud database can provide large quantity of information, its use for vehi-
cle control is hindered by inevitable time delays in information transmission. While
there are proposed mechanisms (e.g., exploiting multiple communication channels
[10]) to alleviate the effects of time delays, it is well acknowledged that delays can
cause system instability and performance degradation and thus have to be considered
in control and filter design. The architecture of V2C2V system with time delays is
illustrated in Fig. 1. When needed, the vehicle can send a data request together with
its GPS coordinates to the cloud. Then the cloud will send the requested data to the
vehicle. The messages are exchanged with a wireless communication channel where
vehicle-to-cloud delay (7,,.) and cloud-to-vehicle delay (z,,) occur.

In this chapter, we consider the design of an observer for a V2C2V semi-active
suspension system. Unlike traditional white noise road disturbance treatment [11—
13], in our system road profile information is downloaded from the cloud to facilitate
the suspension state estimation. There are two main approaches in filter design for
linear systems. One is H, filtering which minimizes estimation error variance. The
other is H_, filtering which is based on H_, performance criterion. H_, techniques



H-infinity Filtering for Cloud-Aided Semi-active Suspension ... 285

are popular in stability analysis and filter design, even in cases with time delays [14,
15]. In this chapter, we develop a H_, filtering approach for V2C2V semi-active sus-
pension with time-varying information delays. The filter design is reduced to linear
matrix inequalities (LMIs), which can be solved by standard LMI solvers.

This chapter is an extension of our previous conference paper [16]. The main
contribution of this chapter is the illustration of the potential to fuse cloud-based
and onboard measurements in V2C2V systems to facilitate state estimation and the
developments of H-infinity filtering framework for handling communication delays.

The rest of this chapter is organized as follows. In Sect. 2, we present the pre-
liminaries and problem formulation of the A, filtering for info-based V2C2V semi-
active suspension system. In Sect. 3, stability and H_ filter performance analysis
results are presented and derived in terms of LMISs. Section 4 presents the design pro-
cedure for the H filter. Numerical simulations are developed in Sect. 5. Section 6
concludes the chapter.

2 Problem Formulation

In this chapter, we consider the filtering problem for cloud-aided semi-active sus-
pension. Quarter-car models are often used for suspension control design [11-13],
because they are simple yet capture many important characteristics of the full-car
model. A quarter-car model, with 2 degrees of freedom (DOF) as shown in Fig. 2,
is used. M, and M, represent the car body (sprung) mass and the tire and axles
(unsprung mass), respectively. The spring and shock absorber with adjustable damp-
ing ratio constitute the suspension system, connecting sprung (body) and unsprung
(wheel assembly) masses. The tire is modeled as a spring with stiffness &, and its
damping ratio is assumed to be negligible in the suspension formulation. From Fig. 2,
we have the following equations of motion:

Fig. 2 .Sernl—actlv.e xe
suspension dynamics M; 1

X3

X7 kus
y T To +wy

B
D
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X =x,—aw—r,,

M, g, = —k,x; + koxy + c(x, —x,) + 1,

M
X3 =Xy — X5
M, = —kxy —c(xy —xy) — u,
where x, is the tire deflection from equilibrium; x, is the unsprung mass velocity;
x5 is the suspension deflection from equilibrium; x, is the sprung mass velocity; 7,
represents the deterministic velocity disturbance due to the known road profile; w
represents the unknown road disturbance and « is a scaling factor; c; is the constant
damping and u is adjustable damper force; k, and k,; are suspension and tire stiffness,
respectively.

Definingx = [x; x, x; x4]7, the suspension system model can be written as

X =Ax+Bu+B,i,+ B,w, )
where
0 1 0 0 0
_ kg o kg 1
A MM.\' Mll.x‘ MM.\' us B MM.\' 3
o -1t 0o 1 """ ]oY) ®)
[ kg _ & _L
O % T TwmP M

B.=[-1 0 0 0]", B,=[-a 0 0O 0]".
For vehicles equipped with semi-active suspension, measurements of vertical wheel
velocity (x,), suspension deflection (x5) and body velocity (x,) are typically avail-
able, while tire deflection is hard to measure. Let y, denote the measurements and z
denote the objective signal to be estimated, we augment (2) as follows,

X=Ax+Bu+B,i,+ B,w,
Yo =[x x3 x4]T = Cyx + Dyw, (@)

Z:‘x’

where Cy = [03,, L].

Figure 3 illustrates the developed cloud-based vehicle software agent that has
access to stored vehicle parameters (M, M, k,q, k., R, c,;), receives vehicle state
estimate, %, vehicle longitudinal velocity, v,,,, wheel speed, @, and GPS coordinates,
and sends road profile information, i, for use by onboard vehicle state estimator. The
received road profile will be delayed in the wireless communication channel. Thus,

we will have a delayed measurement of the road profile onboard, that is,

1) = it = 7(1) + Dyw(n), 3)
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where 7(t) is the time-varying delay.

Assumption 1 The time delay z(¢) is time varying and 7,, < 7(¢) < 7,,, where 7,
and 7,, are the lower and upper bound of the delay. In the sequel, we use 7 to represent
7(¢) when there is no confusion.

For the filter design, we assume that the road profile is modeled as ¥, = D,w,
and we let u(f) = 0. Then combining (4) and defining the augmented state as x, =

T

) T
[x"  #]" and augmented measurement output y, = [yl yT| ", we have

i, () = Ax, (1) + B,w(?),
y,(1) = Coox, (1) + Cyx,(1 — T(t)) + D,w(2), (6)
2(t) = E x (1),

_[aB, _[B, _[c,0 _[oo _[Dy
L N e

E,=[1 O]
A linear time invariant filter for system (6) has the following form:

i(t) = K &(0) + Ky, (1),
2(t) = Ko&(0), (7)
%(0) = x,(0), &(s) = 0,Vs € [-7,0].

x, ()

Letn() = | denote the extended state. Then we have the following dynamics
x(1)

0(t) = An(t) + Ayx,(t — ©) + Bw(?),

A 5 = ®)
e(r) = z(1) — (1) = Cn(0),
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where

- | A, O - 0 = | B, = B
A= [KBCa() KA] ’ Ad a [KBCal] ' b= [KBDa] ’ €= [Ea KC]

The desired H, filter problem addressed in this chapter can be formulated as
follows: given system (6) and a prescribed level of noise attenuation y > 0, determine
a linear filter in the form (7) such that the filtering error system is asymptotically
stable and

le(o)112

sup
weLy[0c0) [[wll3

<y (€))

Before ending this section, we present the following lemmas which will be used
in the proofs of subsequent sections.

Lemma 1 ([17]) The linear matrix inequalities

S, S
g= [°1 12]<0’
[5{2 S22

where Sy, = ST, and Sy, = S}, are equivalent to
-1
811 <0, 8,—-80878,<0

or
Sy, <0, S, =8,55,8T, <O0.

Lemma 1 is the well-known Schur complement lemma.

Lemma 2 ([18]) Let X, Y be real constant matrices of compatible dimensions. Then

1

XY +Y"™X <eX™X+ =YTY
E

holds for any € > 0.

Lemma 3 ([19]) Iff, g:[a b] — R”" are similarly ordered, that is,

(f@) =fO) (g0 —g()) 20, Vx,y € [a, b], (10)

then,

1/ 1/ 1/
— / Fg)dx > [—b_a / f(x)dx] [—b_a / g(x)dx]. 11

Lemma 3 is a Chebyshev’s inequality under similarly ordered conditions.
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3 H_ Performance Analysis

In this section, sufficient conditions of existence of the H, filter are derived as LMIs.

Theorem 1 Let K, K, K be given matrices and y be a given positive scalar. If
there exist symmetric matrices P > 0, Q; > 0, Q, > 0, satisfying

' 4 PB cT r
2
% =y + 1,0, 0 0
) . _J 0 <0 (12)
" * " —idiag{Q,,Qz}

where
Y =PA+A ) +[A+AJP+1,Il01, I =[PAA, PAB,), I,=I[I 0],

then the error system (8) is asymptotically stable and satisfies (9).
Proof Note:

x,(t—71)=x,0t) — / X, (s)ds
- (13)

=x,(t) — / [A, x,(s) + B,w(s)]ds.

Substituting (13) into (8) leads to

() = [A+Ad,In(t) — A, / [A,x,(s) + B,w(s)]ds + Bw(?). (14)

-7

We next show the stability of the error system (8). Let us consider the following
Lyapunov functional candidate

V(n(®) = Vo) + Vi(n(®) + Vo (n(), 15)

where
Von(0) = n" (©)Py(1),

0 t
V,1(e)) = / / X()0,x, ($)dsdo,
—1y J 140

0 t
Va(n(0) = / / BWT(S)Q2W(S)dsd9.
=Ty J 1+
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In view of (14), we have

Von(0) =n"(0)[PIA + Ayly] + [A + A L] P|n (D)

t t 16
= 27" (PA,[A, / x,(s)ds + B, / w(s)ds| + 2" ())PBw(?). (16

-7 -7
Let X" = —n"()PA,A,0,

1 1
Le=1, Y=0; ftt_fxa(s)ds. Using Lemma 2, we
obtain

t

2" (HPA A, / x,(8)ds < " (N[PA,A, Q7' ATATPIn(D)

-7

1 t t (17)
+—/ xgdsQl/ x,(s)ds.
T Jt— -1
Using Lemma 3, we have
t t t
/ x'(5)dsQ, / x,(s)ds <t / X ()0, x,(s)ds. (18)
t—1 -7 =7
From (17) and (18), it follows that
- t - -
21" (HPA A, / x,(8)ds < " ()[PA,A, Q7' ATATPIn(D)
=7 . (19)
+/ nglxa(s)ds.
-7
Similarly,
- l - -
—2n"()PA,B, / w(s)ds < =" (t)PA,B,Q, " B} AT Pn(t)
-7
(20)

t
+ / wT(s)Q2w(s)ds.
-7
Combining (16)—(20) yields

Vo) < n" ()[PIA + Aly) + [A + A 1] Pln(r)
+ 70" (O[PA,A, Q7 ALA] Pln(r)
+ /I_T xZ(s)lea(s)ds @1
+ 70" ()PA,B,Q, ' BT A] Pn(t)
+ / wT()Q,w(s)ds + 21T ()PBw(%).

-7
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Simple computations yield

V(@) = - / X1 (5)Q,x,(8)ds + )X} ()0, x, (D)

—Ty

Also,

t

Va(n(0) = 7w (DQ;w(0) — / Wi ()0, w(s)ds.

=Ty
Combining (21), (22) and (23), we obtain
V(n(®) < n" 0)[PIA + Ay + [A + Ayl 1" Pln(o)
+ 1y’ (OIPAA, Q7 ATA Pln(r)
+ 1y ()PA,B,Q; ' BI A P(1)

+ 71X (D02, (1) + Ty W (0, w(1) + 21" (HPBw(?)

=Wmﬂw¢ﬁﬂ,

w(t)

where ~
@ = Y PB + TMFdiag{Ql_l, Q;'}FTO '
B'P 1,0, 0 0

291

(22)

(23)

(24)

Using Lemma 1, it is straightforward to check that (12) implies @ < 0, which

concludes the proof of stability.
Now let us define an H_, performance J; as follows:

T
Jy = / [eT(De(®) — Y wr (H)w(D)]dt.
0

Then we have

T
Jr= / leT(De(r) — Y wT (Ow(D)]dt
0

T
= / [e"(De(t) — YWl (W) + V(n(t)) — V(n()ldt
0

T
= / [e"(De(t) — y*wT(t)w(t) + V(n(t)ldt — V(n(T))
0

< / T[nT(t) wT ()]0 ["’(t)] dr
~Jo w®)|

(25)
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where

(26)

o= ¥ +C'C PB N ty Fdiag{Q7", 07"} 0 .
B'P -y + 1,0, 0 0

Using Schur complement as in Lemma 1, it is straight to check that (12) implies
O < 0 and consequently
Jr<0 VT >0,

and it follows that
Jo = / [e"(t)e(r) — y*wT (HwW(D)]dt < 0,
0

that is ||e||, < y||wl|,. This concludes the proof of Theorem 1.

4 Filter Design

In this section, we present the design of filter gains K, K and K- in (7).
We note that using Schur complement, it can be shown that (12) is equivalent to

7, PB ct 1
x —y2l+1,0, 0 0
* * -1 0
* * * —1/71,2

<0, 27

where
¥, =PA+AJ) +[A+A"P, I =[PAA, PA;B,I]],

2 = diag{Q,,0,, ;")

Assume that P and P~! can be decomposed as follows,

Y N _ X M
) -
Then PP~ = I implies
YX+NMT =1,
YM + NW, =0, (29)

NTX + w,M" = 0.
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Define
®, = [A)} (1)] . @y = [é ]\I,VT] - (30)
It can be shown that
PO, = @, 31)
and
D PD, = [)1( II/] > 0. (32)

Define the following matrices <7, &, ¢:

o =YA,X + NKg(C, + C,)X + NK,MT,
% = NKy, (33)
€ =KM".

With direct matrix calculation, pre- and post-multiplying (27) by diag{®T,1,1,1}
and diag{®,,1,1,1}, respectively, yields

T, T, T, T,
* =y +1,0, 0 0
* * -1 0
* * x —1/7,2

<0, (34)

where
A X + XAT A+ T
YA, +ATY + B(C.,+C,)
T a a a0 al ’
Ag+ ( (o +C, )T

T, =

B, XET — 4T
S P I ke

s_| 0 0 X
4= |%Cc,A, BC,B, 1|

Thus, if there exist symmetric matrices X > 0, ¥ > 0 and matrices <7, 4, € that
satisfy (34), then the H_, criterion is satisfied and filter gains can be obtained by
solving (33). We next give the following Lemma which can be used to design the
filter.

Theorem 2 [f there exist symmetric matrices X > 0, Y > 0 and matrices </, B, €
that satisfy (34) and (32) with a given positive constant y, then there exist matrices
K,, Kg, K such that the error system (8) is stable and (9) is satisfied. The filter gains
are
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K, =N"'[o/ = YA, X — B(C,y+ C, )XIM")™",
Ky=N"'%, K.=¢M")"

Proof (32) guarantees that there is a positive definite matrix P that can be decom-
posed as in (28). Then it is easy to check that defined K, K, K- and P satisfies (12).

Remark: To implement the algorithm, first solve LMIs (32) and (34) to get X, Y, <7,
% and €. Then using MNT = I — XY asin (29), M and N can be obtained by singular
value decomposition. Then define @, and @, as in (30), P can be solved using (31).
Then the filter gains can be computed as in Theorem 2.

5 Simulations

In this section, we present numerical simulations to illustrate the effectiveness of our
designed filter. The simulation parameters are illustrated in Table 1. For simulations,
aroad segment over a 10 s horizon is modeled as follows,

0.15-sinz(t—1) 1s<t<3s,
7,(t) =50.2 -sinx /2t 4s <t < 8s,
0 otherwise.

See Fig. 4. Let y = 0.5 and 7, = 0.5 s, we aim at a filter in form of (7) such that
(9) is satisfied. Applying Theorem 1 with MATLAB LMI toolbox, filter gains K,
Kj and K- in (7) are obtained.

With the obtained filter, estimates of x; and x, are shown in Figs. 5 and 6, respec-
tively. Plots of estimates of x; and x, are not shown due to space limit. The H_, filter
performance is compared with a Kalman filter assuming no knowledge of the road
profile information. It can be seen that by using road profile from the cloud with
small delays (e.g., 0.2s), our designed H_, filtering has better performances than
the traditional Kalman filter. However, with larger time delays, the estimation per-
formance can be worse than the Kalman filter. Note that from practical standpoint,
the delays in V2C2V system can be reduced if sufficient communication bandwidth
and onboard memory storage is available so that the road profile information can be
transmitted in advance.

Table 1 Simulation parameters

mg My ks kus Cy

290 kg 60 kg 16800 N/m 19000 N/m 200N -s/m |0.1
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6 Conclusions

In this chapter we studied an H_ filtering problem for cloud-aided semi-active sus-
pension where road profile information was sent from the cloud to the vehicle to
compliment onboard measurements. We have studied this problem under the assump-
tion that there are delays in transmitting the information from the cloud to the vehi-
cle. Sufficient conditions of existence of the H_ filter were given in terms of linear
matrix inequalities. The explicit expressions of the filter parameters were derived.
A numerical example illustrated that the proposed filter framework has a potential
for performance than traditional Kalman filter when the communication delay is not
very large.
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Analysis of Time Delays in Quadrotor
Systems and Design of Control

Stephen K. Armah and Sun Yi

Abstract In analyzing and designing control for unmanned aerial vehicles (UAVSs),
existence of transmission delays caused by wireless communication is one of the
critical challenges. Estimation of the delays and analysis of their effects are not
straightforward. A delay estimation method is introduced using transient responses
of a quadrotor type of UAVs and analytical solutions of delay differential equations
(DDEs). Experimental data sets in the time domain are compared to the predicted
ones based on the analytical solutions of DDEs. The Lambert W function-based
approach for first-order DDEs is used for the analysis. The dominant characteristic
roots among an infinite number of roots are obtained in terms of coefficients and the
delay. The effects of the time delay on the responses are analyzed via root locations.
Based on the estimation result, proportional- plus-velocity controllers are proposed
to improve transient altitude responses.

1 Introduction

Time delays exist in autonomous dynamic systems when signals are transmitted
wirelessly. Estimation of the delays and understanding of their effects on the per-
formance of dynamic systems is an important topic in many applications [1]. Esti-
mating delays is a challenging problem and has attracted great research interests [2]
[3]. Although considerable efforts have been made on parameter estimation, as for
time-delay identification there are still many open problems and there is no common
approach due to the lack of analytical solutions to delay equations and difficulty in
formulation [4-6].

Autonomous control of quadrotor types of unmanned aerial vehicles (UAVs) has
been the focus of active research during the past decades. One of the challenges in
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designing effective control systems for UAVs is the existence of signal transmission
delay, which has nonlinear effects on the flight performance. A controller designed
using a non-delayed system model may result in disappointingly slow and oscillating
responses due to the delays. For autonomous aerial robots, typical values of the time
delay have been known to be around 0.4 + 0.2s[7] or 0.2 s [8]. For large delays (e.g.,
larger than 0.2 s), the system response might not be stabilized or converged due to
the dramatic increase in torque. This poses a significant challenge [9]. Since its effect
is not trivial the delay need be estimated and considered in designing controllers.

In this chapter, an estimation method introduced in [6] is studied further and
applied to a quadrotor type of UAV, Parrot AR.Drone 2.0. The UAV is controlled with
MATLAB/Simulink through WiFi, which introduces a time delay to its dynamics as
shown in Sect. 3. The overall time delay is attributed to: (1) the processing capabil-
ity of the host computer, (2) the electronic devices processing the motion signals,
e.g., actuation, (3) the measurement reading devices, e.g., the distance between the
ultrasonic sensor, for reading the altitude, and the surface can affect the delay, and
(4) the software, on the host computer, being used to implement the controllers. For
UAVs wireless communication delays may not be critical when all the controllers
are on board. However, delays have significant effects when the control software is
run on an external computer and signals are transmitted wirelessly. For example, the
experiments on the drone in this chapter were conducted using MATLAB/Simulink
on an external computer, and decoding process of navigation data (yaw, pitch, roll,
altitude, etc.) contributes to the delay. Also, the numerical solvers in the software
introduce additional delay.

Most methods for transfer function identification assume that the delay is already
known or just ignore the delays and their effects [10]. Several approaches to estima-
tion of delay have been introduced in the literature. Those include finite dimensional
Chebyshev spectral continuous time approximation (CTA) [11]. The finite dimen-
sional CTA was used to approximately solve delay differential equations (DDEs)
for the estimation of constant and time-varying delays. In addition, cross-correlation
method [12], graphical methods [13, 14], a cost function for a set of time delays in a
certain range [15], and frequency-domain maximum likelihood [16] have been used
for delay estimation. This chapter presents a method to estimate the time delay in
the altitude control system of quadrotor types of UAVs using the approach based on
the analytical solutions to DDEs [6]. The altitude dynamics is assumed to be linear
time-invariant (LTI) first order and the time delay is incorporated into the model as
an explicit parameter. In real applications, drones fly around and the time delay may
vary. Here, the delay is not restricted to be a multiple of the sampling interval. Exper-
imental data and analytical solutions of infinite dimensional continuous DDEs are
used for estimation. The approach in this chapter is inspired by the well-known time-
domain description of step responses of LTI ordinary differential equations (ODEs).
Measured transient responses are compared to time-domain descriptions obtained by
using the dominant characteristic roots based on the Lambert W function written in
terms of system parameters including the delay. Proportional (P) controllers are used
to generate the responses for estimation. The effects of the time delay on the transient
responses and stability are analyzed. Then, proportional-plus-velocity (PV) control
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is designed to obtain better transient responses. This chapter continues with intro-
duction of the approach used for estimating the system’s time delay in Sect. 2 with
an example. A description of quadrotor’s altitude model and the AR.Drone 2.0 con-
trol system are provided in Sect. 3. In Sect. 4 the estimation results are summarized.
Concluding remarks and future work are presented in Sect. 5.

2 Time-Delay Estimation Using Characteristic Roots

The estimation problem can be formulated using an analytical solution form to
DDEs in terms of the scalar Lambert W function [6]. Consider the first-order scalar
homogenous DDE:

«0) — a,2(t) — ayz(t = T,) =0, (1)

The characteristic equation of (1) is given by
s—a,— ale(_’Td) =0. 2)

Then, the characteristic equation in (2) is solved as [17]

Tl W(T,a,e"%")) +a,. 3)

§= —
d
The Lambert W function is defined as W(x)e"™ = x [18]. As seen in (3), the char-
acteristic root, s, is expressed analytically in terms of parameters, a,, a;, and the
time delay, 7,;. The solution form in (3) enables one to determine how the time delay
is involved in the solution and, thus, response. Furthermore, how each parameter
affects each characteristic root. Thus, it is possible to formulate estimation of time
delays in an analytic way. The Lambert W function is already embedded as lambertw
in MATLAB [17]. The equation in (2) has an infinite number of roots. Each root is
distinguished using branches, k = —c0, ..., —1,0, 1, ..., o0, of the Lambert W func-
tion. For first-order scalar DDEs, it has been proved that the rightmost characteristic
roots are always obtained by using the principal branch, k = 0, and/or k = —1 [19].
For the DDE in (1), one has to consider two possible cases for rightmost characteris-
tic roots: characteristic equations of DDE:s as in (2) can have one real dominant root
or two complex conjugate dominant roots. Thus, when estimating time delays using
characteristic roots, it is required to decide whether it is the former or the latter [6].
For ODEs, an estimation technique using the logarithmic decrement provides an
effective way to estimate the damping ratio. The technique makes use of the charac-
teristic roots in terms of ¢ and w,,:

s =—Cw, +jw,\/(1-¢?) “4)
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of second-order ODEs. The variables { and w, are obtained from the transient
response of the system, and different approaches can be applied depending on the
nature of the response: oscillatory and non-oscillatory. Here, the transient proper-
ties for oscillatory responses (0 < ¢ < 1) are used. Property such as the maximum
overshoot in percentile, M (%), is related to ¢, as

.
M(%) = 100e< m) ®)

For a stable system, the dominant roots, s, lie in the left-hand complex plane. Then,
¢ is computed as

|Re(s)|

= (6)
V(Re(5))? + (Im(s))>?

Then, the drone control system with the unknown T is estimated by the following
steps:

Step 1: Measure the maximum overshoot from the experimental transient data,

Step 2: Calculate ¢ based on the system altitude response using (5),

Step 3: Solve the nonlinear equation (6) with s = TidW(Tdale(_“ﬂTd)) +a, for T,.
Equation (6) has only one unknown, which is the time delay, 7 ,.

The equation in Step 3 can be solved using a nonlinear solver (e.g., fsolve in MAT-
LAB). The above method using the dominant characteristic roots assumes that the
dominant ones are substantially closer to the imaginary axis than subdominant ones
[6]. If not, estimation results may be inaccurate.

2.1 Example: Internet-Based Control

An example for a simple Internet-based feedback control is presented to illustrate
how to use the above estimation technique. When tele-operating systems are run
through private media variation of the transmission delay value is very small. Thus,
the delay can be assumed to be constant and can be well modeled. The Internet, on the
other hand, is a public and shared resource in which many end users transmit data
through the network simultaneously. The route for transmission between two end
points is not fixed and varies dynamically. Also, traffic jams may be caused when
too many users use the same route simultaneously. The transmission latency of such
public network is difficult to estimate and predict. Time delay is one of the critical
obstacles in realizing reliable Internet-based process control systems [20].

The system in Fig. 1 has a plant of an integrator with proportional feedback con-
trol. The error, e(?), is calculated in the first PC (PC 1) and sent to the second PC
(PC 2). Then, the control input, u(f) = Ke(t), is sent back to the PC1, where K is the
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Fig. 1 A plant of an integrator is stabilized with proportional feedback control. The signals are
transmitted through Internet using the ‘UDP’ block of Simulink
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Fig. 2 Outputs for various control gain, K, with Internet delay (left) and artificial delay using
estimated values in Table 1 (right)

control gain. The signals are transmitted through Internet using the ‘UDP’ blocks of
Simulink.

Figure 2 (left) shows response, y(), of the system. If there is no time delay, the
system has one real characteristic root, —K. Increases in the values of the control
gain, K, do not yield overshoots (the closed-loop system is first order). But when K
is greater than 5, overshoots are observed. The observed overshoots are summarized
in Table 1.

Table 1 The results in Fig. 2 (left) are summarized

K 1-4 5 6 7 8 9 10
M, (%) none 1.7% 7% 22% 31.5% 46% 75%
Estimated | n/a 0.09 0.09 0.104 0.104 0.11 0.13
T, (s)
Rightmost | n/a -9.2 -8.1 =52 —-4.4 -3.0 -1.0
roots

+7.2i +9.6i +10.8i +11.8i +12.1i +11.4i
Damping | n/a 0.7898 0.6454 0.4315 0.3431 0.2373 0.0902
ratio (&)
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Fig. 3 Internet-based feedback control: when the gain is greater than 19, the output diverge and
the controlled system become unstable (/eft). On the other hand, from the position of the rightmost
characteristic roots, when the gain is greater than 15 the system is unstable (7; = 0.1 s)

Using the three steps explained above using Eqs (4)—(6), the time delay caused by
communication was estimated as summarized in Table 1. All the estimated values,
T,, are not exactly same and they vary from 0.09 to 0.13 s. This variation may happen
partly due to Internet delays varying with time and sampling of signals. Also, it may
be caused by ignoring other subdominant characteristic roots.

The estimation result can be used for stability analysis. When the value 7, = 0.1
s is used for simulation the gain, K, greater than 19 makes the system unstable. Refer
to Fig. 3 (left). If the delay is assumed to be zero, no gain value larger than zero makes
the system unstable in theory. When the gain is greater than 19 the output diverges
over time and the controlled system become unstable. When the rightmost roots are
obtained using the Lambert W function the gain greater than 16 makes the system
unstable (Fig. 3 (right)). Although the two values (19 and 16) are not exactly same
the stability analysis with the estimated time delay provides an approximate stability
boundary. Note that using the estimation technique using ‘Maximum overhoot’ gives
relatively good predictions of overshoots (Fig.2) and stability (Fig.3). But when
the time scales of the simulation and experiment results are compared, there is a
difference. Refer to the responses in Fig. 2. This difference is observed in the Internet-
based control example above and drone control results to be shown later as well. This
needs be studied further.

3 Altitude Model and Control System

This method is applied to control of quadrotors. Quadrotors are typically modeled
based on three coordinate systems attached to it; the body-fixed frame, vehicle frame,
and global inertial frame. They have six degrees of freedom in terms of position and
attitude defined using the Euler angles. The quadrotor has four rotors, labeled 1 to
4, mounted at the end of each cross arm. The rotors are driven by electric motors
having electronic speed controllers. The vehicle’s total mass is m and total upward
thrust, 7°(¢), on the vehicle given by [21]
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Fig. 4 The drone’s navigation data is sent to the PC though WiFi. Then, the altitude error and
control signal are calculated and sent back to the drone

i=4

T() = Y, Ti(0) (7)
i=1

and T;(¢) = awiz(t), i =1,2,3, and 4, where w,(?) is the rotor angular speed and a > 0
is the thrust constant. The equation of motion in the z-direction can be obtained as
follows (refer to Fig. 4)

_ 4aw?(1)

0 )
where w(?) is the rotor’s average angular speed necessary to generate 7(¢). Thus, only
the speed w(f) needs be controlled to regulate the altitude, z(¢), of the quadrotor, since
m, a, and g are constants.

According to the AR.Drone 2.0 SDK documentation, z(#) is controlled by apply-
ing a reference vertical speed, Z,,.(?), as control input. The speed, z,,/(?), has to be
constrained to be between —1 and 1 m/s, to prevent damage. The drone’s flight man-
agement system sampling time, T, is 0.065 s, which is also the sampling time at
which the control law is executed and the navigation data received.

The control block diagram for the drone’s altitude motion regulation is shown in
Fig. 5. The altitude motion dynamics in (8) is used to determine w(¢) from z(¢). The
rotors rotate at the equal speed, w(?), which will generate 7'(¢) to make z(¢) reach the
reference (z,,, = 1m). These computations take place in the onboard control system
programmed in C. In this chapter, the motor dynamics is assumed to be very fast
such that the altitude control system can be represented by a first-order system using
an integrator. Under such assumption, the control input, Zapp(t), to the first-order
system is approximated to be equal to the actual vertical speed, z(¢), of the drone.
Thus, a first-order model is used for the analytical determination of the time delay
and for obtaining the simulation altitude responses. This simplification for control
of quadrotor types of UAVs has been used and experimentally verified in the liter-
ature [22, 23]. The drone navigation data (from the sensors, cameras, and battery)
is received and the control signals are sent using AT commands by UDP protocols.
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Approximated as an integrator with delay

AR.Drone 2.0 with onboard controller 1

Controller

feedback control for altitude regulation

Fig. 5 Diagram for altitude control of the AR. Drone 2.0

AT commands are the combination of short text strings sent to the drone to control
its actuation. The drone has ultrasound sensors for ground altitude measurement (at
the bottom of the quadrotor). It has 1 GHz 32 bit ARM Cortex A8 processor, 1GB
DDR2 RAM at 200 MHz, and USB 2.0 high speed for extensions.

3.1 P and PV Control

The system has an integrator, 1/s, in the closed-loop transfer function as shown in
Fig.5. Thus, only P and PV feedback controllers are used to regulate vertical speed
signal. PV control, unlike proportional-plus-derivative (PD) control, does not induce
numerator dynamics. The P-feedback controller is used to create transient responses
to be used for estimation of the time delay. Based on the estimation, the PV feedback
controller is designed to improve the transient response. The transfer function of the
time-delay closed-loop system with the P controller is given by

Z(s)  Kpe?l ©
Zdes(s) B s+ KPe_STd

This time-delay system is a retarded type. The characteristic equation is transcen-
dental and the number of the characteristic roots is infinite. The characteristic roots
have imaginary parts, which introduce oscillations in outputs, z(f). Comparing the
characteristic equation of the closed-loop system in (9) to the first-order system in
(2), the coefficients are found as a, = 0 and a; = =K.

The effect of T, on the drone’s altitude response is studied using analytical, simu-
lation, and experimental approaches with the P controller. Then, suitable PV con-
troller gains, K, and K,, are obtained to improve on the transient response per-
formance. A high pass filter (HPF) with damping ratio, {; = 1.0 was used for the
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derivative controller. A natural frequency value, wy, for the filter was selected by
tuning and the use of the Bode plot. The transfer function of the time-delay closed-
loop system for the PV controller, neutral type, is given by

Z(s) Kpe™Ts
Zues(s) s+ (Kp + K, s)e=Ts

(10)

The characteristic equations of the neutral types of delay systems cannot be solved
by using the Lambert W function [17]. Instead, a numerical method is used to obtain
the roots [24].

4 Results and Discussion

4.1 Estimation of Time Delay

First, the drone’s altitude responses were collected for several values of Kp, as shown
in Fig. 6. Note that if there is no delay in the system (7; = 0), the characteristic root
is =K, (refer to Eq. (9)), which is a real number. Thus, there should be no overshoot
in the response. Also, increase in K, moves the root more to the left in the complex
plane and does not destabilize the system. However, as seen in Fig. 6, when the gain,
K, is higher than 1.0, the output has a nonzero overshoot due to delay in the control
loop. Therefore, the delay does have nontrivial effects on response and need to be
precisely estimated and considered in designing effective control. Note that for ease
of analyzing the responses are shifted to start at (0 s, 0 m).

It was also observed that the saturation applied to the control input has a non-
linear effect on the system’s response, especially as K, increases. After comparing

‘ ‘ ‘ ‘ ‘
Mimum overshoot increases as Kp increases
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Time, t (sec)

Fig. 6 Measured altitude responses with the gain, K, varying from 0.5 to 3
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simulation results to experimental data, it was found that the value K, = 1.31 gives
a response with a sufficient overshoot for delay estimation with a minimum effect of
saturation.

4.2 Numerical Method

Table 2 shows a summary of the simulation altitude responses transient properties
by varying 7, at K, = 1.31, where N is a real constant tuning parameter. The drone
altitude responses from navigation data of 5 tests (Flights 1-5) with K, = 1.31 are
shown in Fig. 7. The measured M, values are 2.30,2.29, 2.30,2.27, and 0.60%. When
the values M, = 2.30% from the first four flights excluding the last are used to esti-
mate the time delay, as shown in the simulation results in Table 2 the delay 7, is
estimated as 5.66467,, which is 0.3682 s.

1.2 T T T T
/Reference Altitude
1 _
~ 08F il
h~
S 06 1
5 —Flight 1*
= 04l —Flight 2 ]
< * —Flight 3*
02 —Flight 4 |
’ —Flight 5
0 Il Il Il Il Il Il Il Il Il
0 0.5 1 15 2 25 3 35 4 45 5

Time, t (sec)

Fig. 7 Experimented altitude responses: K, = 1.31. The measured M, values are 2.30,2.29,
2.30,2.27, and 0.60 %

Table 2 The maximum overshoots of the simulated altitude responses with K, = 1.31

N T, = NT, M, (%)
4.0000 0.2600 0.000
5.0000 0.3250 0.419
5.6000 0.3640 2.067
5.6640 0.3682 2.298
5.6646 0.3682 2.300
5.6660 0.3683 2.305
5.7000 0.3705 2.429
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4.3 Use of Characteristic Roots

The drone altitude responses oscillate and have overshoots as shown in Figs. 6 and
7. Thus, it is assumed that the system has two complex conjugate dominant roots.
The maximum overshoot values are used to determine the damping ratio, {. When
M, =2.30% is used ¢ is computed as 0.7684 using Eq. (5). Applying the steps
described in Sect. 2, the delay 7, is determined as 0.3598 s. This value is close to the
numerical method result (0.3682 s) but the two values are not exactly same. This dis-
crepancy can come from simulation errors and noise in measuring altitudes. Then,
the estimated result is used for stability analysis. Again, when stability is predicted
assuming no delay any K, value larger than zero does not destabilize the system.
However, as shown in Fig. 8, if Kp is greater than 5, the amplitude of the altitude
response grows over time and the system is unstable. The estimated delay value can
explain this result. When the value (T; = 0.36 s) is used, the simulated responses
obtained by using Simulink agree with the experimental stability result (Fig. 9 (left)).
Also, the roots calculated using the Lambert W function-based method shows that
when K, is greater than 5, the rightmost roots are placed in the right half plane (RHP)
and, thus, unstable (Fig. 9 (right)).

12 14
- 1 12
‘E’ 038 E
Y 0.6 g 0%
e 2 06
= 04 5
Z Z 04

0.2 0.2

0 0

5 10 15 20 25 5 10 15 20 25
Time,  (seconds) Time, # (seconds)

Fig. 8 The altitude responses with K, is 4 (left) and 5 (right). If the control gain is greater than 5,
the system becomes unstable
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Fig.9 Simulation also confirms that when K, is larger than 5, the system becomes unstable (left).
The rightmost roots crosses the imaginary axis when K, > 5
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4.4 PV Control

The PV control used to control altitude of the drone system is designed based on
the time delay, 0.36 s, estimated using the analytical method. A MATLAB-based
software package [24] was used to study the stability of the neutral type time-delay
system, by solving the characteristic equation from the transfer function in Eq. (10).
The closed-loop system characteristic roots within a specified region are then plotted
for various K|, values. Figure 10 shows the spectrum distribution of the characteristic
roots. When the rightmost (i.e., dominant) roots for each case are considered the
value K, = 0.3 yields the most stable rightmost roots (s = —3.32). For PV control,
addition of K, reduces the maximum overshoot for the same gain value, Kp =2,
while maintaining fast response time. But when K is greater than 0.97 the roots
cross the imaginary axis, and the system becomes unstable. Thus, the estimated time
delay value enables stability analysis before implementing.

The corresponding simulation altitude responses for the system were also obtained
for the various K, values, which are not shown in this chapter. It can be seen that as
K, increases at K, = 2.0 and T, = 0.36 s, M,, decreases but the rise time becomes
longer. At higher values of K, the response oscillates and the system becomes unsta-
ble. This is also observed in Fig. 10, that as K, increases (higher than 0.5) the roots
moves back to the right increasing the instability in the system.

Based on these analyses, a controller gain set of K, =2.0 and K, = 0.3 was
selected for the most stable closed-loop system response with transient properties

Fig. 10 The characteristic 100
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of M, < 1% and t; < 2 s after simulations using Simulink. Using these controller
gains, the HPF was included in the simulation control system, and its effects on
the altitude transient response, at different Wy, were studied. It is observed that at
lower @, values the response oscillates, and at higher values the response distorts
[25]. The oscillations and the distortions effects were reduced by using the high-
order solver, ode§ (Dormand-Prince). After trial-and-errors HPF with w, = 38 rad/s
and ¢ = 1.0 were selected, with poles of —38 repeated. Now, looking at the poles
distribution of the system in Fig. 10, it is observed that the poles of this filter are
located much farther to the left than the poles of the PV feedback closed-loop sys-
tem. Thus, this filter will respond faster, therefore, it has only a minor effect on the
drone’s altitude transient response. The filter’s cutoff frequency was determined as
5.68 rad/s (0.90 Hz).

Figure 11 shows the experimented altitude responses and their corresponding
transient properties, with the HPF and Kp = 2.0, for different K, values. It was
observed that as the K, value increases M, decreases but the responses become
slower. The PV controller with K, = 0.3 and Kp = 2.0, which has the most stable
root (s = —3.32) in Fig. 10, gives the best performance in terms of the 2% settling
time (1.86 s). As K, increases, the maximum overshoot decreases but the settling
time becomes longer. For example, the PV controller with K, = 0.7 and Kp =2.0,
which has the rightmost roots as (s = —0.93 £ 7.71i) and yields 2.47 s for the 2%
settling time.

5 Conclusion

This study demonstrated how to use analytical solutions for ODEs and DDEs to
estimate the time delay in Internet-based feedback control and quadrotor types of
UAVs. Through numerical and analytical approaches, the time delay was estimated
as 0.37 s and 0.36 s for the quadrotor, respectively. In the estimation of the time
delay, an appropriate P controller was used and the gain that minimizes the effect of
the applied control signal saturation on the system’s response was selected. The effect
of the time delay on the drone’s altitude response was analyzed including system sta-
bility conditions. The PV controller was designed for improved transient responses
based on the rightmost roots calculated using the estimated delay value.

The simulations and experiments were conducted using a high-order solver of
MATLAB/Simulink, ode8 (Dormand-Prince). Investigation through trials revealed
that selection of the solver had significant effects on the drone’s altitude response.
The HPF performance was constrained by the type of solver used and the filter per-
formed better with the high-order solvers. Also, discretization of continuous systems
can cause additional errors [26]. These are being investigated further by the authors.

In future, multiaxis dynamics of the drone system considering attitude (pitch, roll,
and yaw) and lateral motions (x and y) can be considered for estimating and incorpo-
rating the time delay in designing control systems. This problem is significantly more
challenging, since the equation of motions are coupled and more complex than that



312 S.K. Armah and S. Yi

of the altitude motion. Furthermore, the presented time-delay estimating methods
can be extended to general systems of DDEs (higher than first order). Also adaptive
control that is updated based on the real-time estimation of delays can be studied.
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Experimental Validation of Robust Chatter
Control for High-Speed Milling Processes

N. van de Wouw, N.J.M. van Dijk, A. Schiffler, H. Nijmeijer and E. Abele

Abstract This chapter presents results on the design and experimental implemen-
tation and testing of robust controllers for the high-speed milling process for the
purpose of avoiding chatter vibrations. Chatter vibrations are intimately related to
the delay nature of the cutting process inherent to milling and should be avoided
to ensure a high product quality. A design approach based on pu-synthesis is used
to synthesize a controller that avoids chatter vibrations in the presence of model
uncertainties and while respecting key performance specifications. The experimen-
tal validation of this controller on a benchmark setup, involving a spindle system
including an active magnetic bearing, shows that chatter can be robustly avoided
while significantly increasing the material removal rate, i.e., the productivity.
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1 Introduction

Chatter is an instability phenomenon in machining processes. The occurrence of
(regenerative) chatter results in an inferior workpiece quality due to heavy vibrations
of the cutter. Moreover, a high noise level is produced, the tool wears out rapidly and
damage to the spindle unit may be caused, inducing high manufacturing costs. The
occurrence of chatter can be visualized in so-called stability lobes diagrams (SLD).
In a SLD, the chatter stability boundary between a stable cut (i.e. without chatter)
and an unstable cut (i.e. with chatter) is visualized in terms of spindle speed and
depth of cut (two key parameters characterizing the productivity).

The present day manufacturing industry demands high-precision products manu-
factured at a high productivity rate. This feeds the desire for the design of dedicated
control strategies, which are able to actively alter the chatter stability boundary such
that a higher productivity becomes feasible while avoiding chatter.

Three distinct approaches exist in literature to control chatter. The first method
involves adjusting process parameters (i.e. spindle speed, feed per tooth or chip load)
such that a stable working point is chosen [7, 25]. Although chatter can be eliminated
by adaptation of process parameters, this methodology does not enlarge the domain
of stable operation points toward those of higher productivity. A second method is
to disturb the regenerative (delay) effect by continuous spindle speed modulation,
see [26, 30]. Although the stability boundary is altered by spindle speed modula-
tion, see [15], the method cannot be used in the case of high-speed milling since
the modulation speed is limited by the inertia and actuation power of the spindle.
The third method is to passively or actively alter the machine dynamics to favorably
shape the chatter boundary. There are passive chatter suppression techniques that use
dampers ([20]) or vibration absorbers ([28]). Active chatter control in milling has
mainly been focused on the active damping of machine dynamics, see [11, 19], or
workpiece, see [31]. Damping the machine or workpiece dynamics, either passively
or actively, results in a uniform increase of the stability boundary for all spindle
speeds. To enable more dedicated shaping of the stability boundary (e.g. lifting the
SLD locally around a specific spindle speed), the regenerative (delay) effect should
be taken into account during chatter controller design. In [23], an optimal state feed-
back observer-controller combination with integral control in the case of turning was
designed. Recently, Chen and Knospe [5] developed three different chatter control
strategies in the case of turning: speed-independent control, speed-specified control,
and speed interval control.

Recently, in [8, 9] an active chatter control strategy based p-synthesis has been
proposed with the following benefits. First, using this approach, controllers can be
designed that guarantee chatter-free cutting operations in an a priori defined range of
process parameters, such as the spindle speed and depth of cut. Second, the approach
explicitly takes the regenerative (delay) effect, responsible for chatter, into account in
the milling models serving as basis for controller design. Third, robust stabilization
of high-speed milling operations is achieved in the presence of model uncertainties
(regarding the spindle-tool dynamics), while minimizing the control effort needed.
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In this chapter, we experimentally validate controllers designed using the approach
in [8, 9] on an experimental benchmark setup equipped with Active Magnetic Bear-
ings (AMB) in the spindle, also used in [18] for chatter control using active damping
techniques. Section 2 presents the dynamic model of the milling process in the form
of a nonlinear time-varying delay differential equation (DDE) and a simplified DDE
model used in the scope of controller design is introduced. In Sect. 3, the experimen-
tal setup is described and the experimental identification of the model for the setup
is discussed. Section 4 presents the controller design approach used and the result-
ing controller design for the experimental setup. Finally, experimental results are
presented that illustrate the effectiveness of this chatter control approach to improve
the material removal rate of the milling process while guaranteeing the avoidance of
chatter. Section 5 concludes this chapter.

2 High-Speed Milling Process

2.1 Comprehensive Milling Model

A model of the milling process will be described below, see e.g., [3, 13, 17, 27] for
more details. In Fig. 1, a schematic representation of the milling process is depicted.
The predefined motion of the tool with respect to the workpiece is characterized
in terms of the static chip thickness ;. (t) = f; sin ¢;(¢), where f is the feed per
tooth and ¢;(7) the rotation angle of the j-th tooth of the tool with respect to the y
(normal) axis. However, the total chip thickness /;(7) also depends on the interac-
tion between the cutter and the workpiece. This interaction causes cutter vibrations
resulting in a dynamic displacement v (1) = [v, (?) vt’y(t)]T of the tool, see Fig. 1,
which is superimposed on the predefined tool motion and results in a wavy work-
piece surface. The next tooth encounters this wavy surface, generated by the previ-
ous tooth, and, in turn, generates its own waviness. This is called the regenerative
effect. The difference between the current and previous wavy surface generates the
dynamic chip thickness, denoted by h; 4,,(1) = [sin ¢;(t) cos ¢,(1)] (v, (1) — v,(t — 7))
with 7 = 60/(zn) the delay, z the number of teeth and n the spindle speed in revo-
Iutions per minute (rpm). Hence, the total chip thickness removed by tooth j at time
t equals h(1) = h; g (1) + hj 4.0 (). Here, a circular tooth path is assumed, while in
reality the tooth path is trochoidal, see [14]. For high radial immersion cuts (such as
the full immersion cuts considered here), the circular tool path model forms a good
approximation, also in terms of the prediction of the chatter stability boundary, see
[14].

The cutting force model relates the total chip thickness to the forces acting at the
tool tip. The tangential and radial forces, F, and F, in Fig. 1, for a single tooth j, are
described by the following exponential cutting force model:

F,(0) = g,(6,0)K, a, b1y, F, (1) = g(¢;(0)K, a, b1y, ()
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Fig. 1 Schematic
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where 0 < x; < 1 and K,, K, > 0 are cutting parameters which depend on the work-

piece material. Moreover, a, is the axial depth of cut. The function gj(qﬁj(t)) in (1)

describes whether a tooth is in or out of cut:

L & < bi6) < b AR > 0,
g,(qu(t)):{ b; < &) < b AIs(D) > o

0, else,

where ¢, and ¢, are the entry and exit angles of the cut, respectively. The total

cutting forces in the x- and y-directions, F t(t) = [F (D F, [’y(t)] T, can be obtained by
summing over all z teeth:

z—1
F,() = a, Z gj(d)j(t)) <<hj,stat(t)
=0 3)

+[sin ¢,(0) cos ¢, (x,(0-v,t = ) ) 8,0 [?] )

. _|—cos d)j(t) —sin gbj(t)
with 8,(1) = [ sin (1) —cos b,(1)]
The cutting force interacts with the machine (spindle and tool) dynamics, which
are modeled with a linear multi-input-multi-output (MIMO) state-space model,

X(®) = Ax() + B,F (1) + B,F (1),

4
v() =Cx®, v, (1)=Cx®),
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where x(1) is the state. F (1) = [F,.(0) Fa’y(t)]T denote the control forces, where
F, (1) and F, ,(2) are the control forces acting in the x- and y-direction, respectively.
Moreover, v, (#) represents the measured displacements available for feedback (see
Sect. 4).

Substitution of (3) into (4) results in the nonlinear, nonautonomous delay differ-
ential equations (DDE) describing the dynamics of the milling process:

=1

i(t) =Ax(1) + B,F (1) +B,a Z g (0 <<hj,stat(t)

| v K )
+ [sin ,(0) cos (0] C, (x()-x(t = ) ) "S() [K,] )
v (1) =C x(1).
2.2 Stability of the Milling Process and Its Relation
to Chatter
The static chip thickness A, ,,(7) is periodic with period time 7 = —. In general,

the uncontrolled (i.e. £ _(#) = 0) milling model (5) has a periodic solutlon x*(t) with
period time z, see [14] In the absence of chatter, this periodic solution is (locally)
asymptotically stable and when chatter occurs it is unstable. Hence, the chatter sta-
bility boundary can be analyzed by studying the (local) stability properties of the
periodic solution x*(¢). Hereto, the milling model is linearized about the periodic
solution x*(¢) for zero control input (i.e. F_(¢) = 0) yielding the following linearized
dynamics in terms of perturbations X(¢) (x(f) = x*(f) + X()):

z—1
50 =AY +a.B, FH@GOICE0 S0 - +BEO,
J=0

7 () = C,i(0),
where

. T
H(4,(0) = 8(94(0)x¢(f, sin 1)) sm[ ] [j;‘;‘g o ™
The linearized model (6), (7) is a delayed, periodically time-varying system. As
described in [3], for full immersion cuts it is sufficient to average the dynamic cutting
forces ij:—(; H;(¢;(1)) over the tool path such that the milling model becomes time-
invariant. Since the cutter is only cutting when ¢; < ¢; < ¢, the averaged cutting
forces are given by
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o, z—1

1

= /¢ 2 Hi@)de. 8)
s j=0

Then, a linear time-invariant model of the milling process is obtained by combining

(6) with Z]:é Hj(q’Jj(t)) replaced by H and H given in (8). The characteristic equation

of the linear DDE (6), with Ef;é H;(¢,(1)) replaced by H and H given in (8), is then
given as '
det(I - a,G,(i0)H(1 — e7%)) =0, )

where G, (iw) = C,(iol — A)‘IB, represents the frequency response function (FRF)
from cutting forces at the tooltip to tooltip displacements. The chatter stability
boundary can be obtained by solving (9) for depth of cut a, and delay 7 as e.g.
discussed in [3], see also [16].

2.3 Model Simplification for Control

In support of the usage of robust control synthesis techniques as in [8, 9], we con-
struct a finite-dimensional model approximation using a Padé approximation (see
also [5]). Hereto, the delayed (perturbation) tool vibrations A 7) =C, gt —7)
are approximated by Padé approximation denoted by v,(7), such that p (1 —7) =
Cagtt—1)=~ Ep(l). The milling model in (6) with cutting force averaging, defined
in (8), and Padé approximation is given as,

[;,(;)] _ [A+athﬁ(C,—DpC,) —athﬁCz] [Ez(t)] N [Ba] F
a0 B,C, A, an] ~[0] =

v, = Cq(), (10)

where A ,B,,,C, and D, denote matrices of the state-space description of the
Padé approximation (with state g,#). The order of the Padé approximation will be
based on a desired level of accuracy regarding the predicted chatter stability bound-
ary using the model with Padé approximation, see [9].

In the next section, the experimental identification of the milling model intro-
duced above will be discussed. Subsequently, the following steps in model iden-
tification will be pursued: (1) the identification of the cutting model the spindle-
tool dynamics, i.e., the parameters K,, K, and X in (7), (2) the identification of the
spindle-tool dynamics, i.e., the matrices A, B,, B, C, and C,, in (4) and (3) the iden-
tification of uncertainties in these spindle-tool dynamics (needed in support of the
design of chatter controllers that are robust in the presence of such uncertainties that
are unavoidable in practice).
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Magnetic bearing Stator/Rotor
Motor Stator/Rotor

Bearing cooling

Toolholder

connection
Eddy current sensors

(a) Photo. (b) Schematic representation.

Front bearing

Fig. 2 The experimental setup. An active magnetic bearing (AMB) is integrated into a machine
spindle between the front bearings and toolholder connection. Source Institut fiir Produktionsman-
agement, Technologie und Werkzeugmaschinen (PTW), Technische Universitit Darmstadt, Ger-
many

3 Experimental Setup and Model Identification

3.1 Experimental Setup

The experimental setup, used in this chapter, is designed and realized at the Insti-
tut fiir Produktionsmanagement, Technologie und Werkzeugmaschinen (PTW) of
the Technische Universitidt Darmstadt, Germany. In Fig. 2, a photo and schematic
overview of the spindle with integrated Active Magnetic Bearing (AMB) can be
found. It can be seen that the active magnetic bearing, to be used as actuator, is
integrated in the spindle and is placed between the front bearings and the tool-
holder. Moreover, two eddy current sensors are employed to measure the spindle
shaft motion relative to the spindle housing. In this way, the setup can serve as a
testbed for a proof of principle in order to test the active chatter control strategy in
practice. The specifications of the spindle and AMB, taken from [18], are listed in
Table 1. The same spindle with integrated AMB has been used in [18] for chatter
control using active damping techniques.

3.2 Identification of the Experimental Setup

In this section, we first concisely describe the result of experiments aiming at the
identification of (1) the parameters of the cutting force model, (2) a parametric model
of the spindle and actuator dynamics and (3) uncertainties in the spindle dynam-
ics, see [6] for details. Next, the SLD of the experimental setup will be determined
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Table 1 Specifications of the experimental setup

Spindle AMB

max. Power 80 kW Number of poles 8

max. spindle speed 24,000 rpm Nominal airgap 0.4 mm
Pre-magnetizing SA
current
max. input current 10A
max. static force 600 N
Bandwidth current 1000 Hz
controller

through dedicated milling experiments as well as using the obtained model for the
purpose of model validation.

Identification of the cutting force model parameters. Cutting tests have been per-
formed to experimentally identify the parameters, K,, K, and x; of the cutting force
model (3). Hereto, full immersion cuts in aluminum 7075 have been performed while
measuring the cutting forces using a dynamometer. The parameters are obtained
by fitting the model on the experimentally obtained cutting forces in feed and nor-
mal direction using least squares optimization as outlined in [12]. The correspond-
ing parameters are given by K, = 585.00 N/mm'™, K, =210.04 N/mm!* and
xp = 0.7654.

Identification of the spindle-actuator dynamics. Next, the nominal model of the
spindle and actuator dynamics is determined experimentally. The model consists
of four inputs (the input voltage to the current controller which drives the AMB
and the force acting at the tooltip in feed (x)- and normal (y)-direction) and four
outputs (displacements in feed (x)- and normal (y)-direction measured at the AMB
location and the tooltip). In order to determine the frequency response functions
(FRF), corresponding to this input/output set, the tooltip is excited using an impulse
hammer while the accelerations at the tooltip are measured using an accelerometer
and AMB displacements are measured using the eddy current sensors. The FRF
matrix G of the spindle dynamics is defined as follows:

.y |Gl 0 . . _ | Gualio) Gy, (i)
G(iw) = [ 0 G, (ia))] , with G, (iw) = Gy (i) G (i) (11)

and a € {x,y}. Herein, Gy, (iw) (and Gy, ,(iw)) denote the FRF with output k €
{a,t} and input [ € {a,t}, where ¢ and a indicate tooltip and bearing excitation/
response, respectively. All the experiments are conducted at standstill. It is well-
known that the spindle dynamics is generally dependent on the spindle speed [1,
21]. Such spindle speed dependency of the dynamics of experimental setup will
be modeled by including uncertainty in the spindle-actuator dynamics model, see
below. Based on the measured data, a parametric model is fitted to the obtained
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Fig.3 Frequency response measurements (black) and fitted parametric model (gray) in normal (y)
direction

frequency response functions. The multivariable model is described using polyno-
mial matrix fraction descriptions ([4]). The parameters of the model are determined
using Sanathanan—Koerner (SK) iteration, see [22].

In Fig. 3, the amplitude of the measured frequency response functions (FRFS) and
corresponding parametric models in normal (y)-direction is given (information on
the FRFS in the feed (x)-direction can be found in [6]). Especially near resonances,
the fitted frequency response data and experimental data are quite comparable. The
presented parametric model has a total of 30 states (14 in feed direction and 16 states
in normal direction).

Identification of spindle-actuator dynamics uncertainties. To support the design
of controllers that are robust for uncertainties in the milling machine dynamics, such
uncertainties are identified here for the experimental setup under study. [12] con-
cludes that the sensitivity of the SLD with respect to the spindle dynamics is consid-
erably larger than the sensitivity to the parameters of the cutting force model. Conse-
quently, during the controller design, uncertainties in the spindle-actuator model will
be included. The following key sources of uncertainties in the model of the spindle-
actuator dynamics are recognized: (1) uncertainty due to spindle speed dependent
dynamics, (2) uncertainty due to unmodeled dynamics.

First, the uncertainty due to spindle speed dependent dynamics arises due to gyro-
scopic effects in the rotor and the spindle speed dependent bearing stiffness, see [21],
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which results in a change of the low-frequent stiffness and a change in the eigenfre-
quencies of the spindle-actuator dynamics. The change in the low-frequency stiffness
is compensated for by scaling the nominal model of the spindle-actuator dynamics.
The associated scaling factor is determined by dividing the average value of the mag-
nitude of the measured FRF G, , (which is the only FRF from (11) that can be
measured for a rotating spindle) from input voltage of the current controller to mea-
sured displacements v (7) at spindle speed n by the average value of magnitude of
the FRF G, ; o measured at standstill over a certain frequency range.

Second, in order to deal with changing eigenfrequencies due to spindle speed
induced uncertainty (mainly due to changing bearing stiftness [1, 2, 21]), paramet-
ric uncertainties will be used to consider uncertain spindle modes. Here, uncertainty
in the resonances is modeled as a parametric uncertainty in the eigenfrequencies
of the associated resonances, see [6, 18]. Moreover, the uncertainty due to unmod-
eled dynamics is mainly due to the limited order of the parametric model which
results in a deviation between the measured and modeled FRFS at higher frequen-
cies. Moreover, at high frequencies the signal-to-noise ratio of the eddy current sen-
sors becomes small, as can be seen from the measured FRFS in Fig. 3. Therewith,
the structure of the model at high frequencies is unknown and the uncertainty is
modeled using a (frequency-dependent) dynamic additive uncertainty.

In order to determine the uncertainties in the spindle-actuator dynamics of the
experimental setup, FRFS from AMB input voltage to eddy current displacements
v, (#) have been measured for several spindle speeds. In this case, only the response
at the bearing location can be measured. In Fig. 4, the amplitudes of the measured
FRFS in feed and normal direction are given for several spindle speeds. This figure
shows that there indeed is a significant change in the stiffness due to the spindle
speed dependent dynamics. From now on, when a reference to the nominal model is
made, it implies the model in which the scaling is absorbed. Figure 4 also shows that
the first bending mode (which lies around 550 Hz) shifts as a function of the spindle
speed. The gray area in this figure shows the uncertainty model for uncertainties on
the resonances. Moreover, it can be seen that especially at frequencies above approx-
imately 800 Hz the structure of the model (which is determined using measured data

Uncertainty

— n=0 krpm

-- n=9 krpm
n= 18 krpm

Add. unc. bound

‘Gaa.x(iw) ‘ [m/V]
‘Gaa‘y (lﬂ)) ‘ [m/V]

-10 -10
10 10
200 400 600 800 1000 1200 1400 200 400 600 800 1000 1200 1400

Frequency [Hz] Frequency [Hz]
(a) feed direction. (b) normal direction.

Fig. 4 Frequency response data for bearing excitation experiments for several spindle speeds and
uncertainty modeling
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at standstill) does not match the measured FRFS. Based on these results, we model
the uncertainties on the eigenfrequencies around 550 Hz by parametric uncertainties
and add an additive uncertainty, see Fig. 4, to cope with the differences observed at
higher frequencies. The measured spindle speed dependent spindle-actuator dynam-
ics clearly lie inside the uncertainty set of the uncertain model of the spindle-actuator
model.

3.2.1 Stability Lobes Diagram

First, stability lobes diagrams (SLD) are calculated using the open-loop linearized
non autonomous model of the milling process (6) for the obtained parameters for the
cutting force model and the nominal scaled parametric models of the spindle-actuator
dynamics as presented above. The SLD is also determined experimentally. Hereto,
cuts in aluminum 7075 have been made with the experimental setup as described in
Sect. 3.1 for several spindle speeds and depth of cuts. Based on a visible inspection
of the workpiece and the observed sound during the cut, a cut is marked with or
without chatter. The resulting experimentally obtained SLD and the model-based
SLD, calculated using the semi-discretization method ([16]), are presented in Fig. 5.
It can be seen that the calculated SLD fits sufficiently well to the experimentally
obtained SLD.

4 Control Approach and Validation

In this section, first a high-level description of the adopted chatter control approach
will be given and next experimental results obtained with this approach will be pre-
sented.
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4.1 Chatter Control Approach

We employ the approach described in [8, 9] to design robust chatter controllers; for
the sake of brevity only a high-level description of the approach is provided here.

In support of controller synthesis, a generalized plant framework as depicted in
Fig. 6 is used. The main goal of the controller to be designed is to stabilize the dynam-
ics (10), which implies that absence of chatter vibrations (at least locally). Figure 6
expresses that the controller used measured outputs v , being the perturbation dis-
placements in the active magnetic bearing. As the perturbation variants of these dis-
placements cannot be directly measured, an online estimation algorithm for p as
presented in [7] is used. The controller produces the forces F applied in the AMB.
The uncertainty block consists of three parts: (1) 4,4, reflects the model uncer-
tainty as identified in Sect. 3.2, (2) Aawn reflects an uncertainty in the depth of cut
a, and the spindle speed n, which ensures that the controller stabilizes the milling
process for an entire range of these parameters, and (3) A formance €Mbeds perfor-
mance specifications for the controller, see [24], mainly related to limiting the control
sensitivity, which in turn guarantees the limitation of the required control action. p
and g represent an input—output pair needed in the interconnection between the plan_t
dynamics and the uncertainty models. Finally, r reflects disturbances and measure-
ment noise, while the performance output z represents the (weighted) control action.
Now, a u-synthesis approach, as proposed in [8, 9], is used to design linear, dynamic
controllers that guarantee robustness with respect to these uncertainties.
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Fig.7 Magnitude of the FRF for the full-order (black) and reduced-order (gray) controllers along
with the inverse of the performance weighting function (dashed)

4.2 Chatter Controller Design

The SLD of the uncontrolled system in Fig.5 shows that the productivity of the
system measured in terms of the material removal rate (MMR) can be signifi-
cantly increased when the critical depth of cut a, is increased in the spindle speed
range above 20,000 rpm. To this end, a controller for a single spindle speed of
n = 23,000 rpm has been designed. The controller is designed by employing D-K-
iteration with a bisection scheme to find the largest depth of cut a,, such that robust
stability and performance is guaranteed. This yields a 98-th order controller that
guarantees robust stability up to a depth of cuta,, = 2 mm. Closed-loop model reduc-
tion yields a 19-th order controller for which robust stability and performance is still
guaranteed up to a, = 2 mm. Magnitude plots of the high-order and reduced-order
controllers are given in Fig.7. It can be seen that the resulting controllers exhibit
highly dynamical characteristics.

Next, closed-loop SLD diagrams are determined using the nominal linearized
nonautonomous model of the milling model in (5) and the controller obtained
above. The resulting closed-loop model-based SLDs along with the open-loop and
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experimentally obtained SLD, as already presented in Sect. 3.2.1, are given in Fig. 8.
The domain of stable operating points (in terms of the depth of cut) as guaranteed by
the p-synthesis is (for the model) given by the vertical dashed line: @, = 2 mm. The
maximum achievable depth of cut (as obtained through computation of the SLD is
given by a,, ., = 2.23 mm, as opposed to a,, ,,,, = 1.3 mm for the open-loop case,
which implies an increase of more than 70% in depth of cut.

4.3 Experimental Results

The robust controller, presented above, has been implemented and tested on the
experimental setup. Before the results from a milling test are presented, first mea-
surements are performed to determine the process sensitivity FRF of the closed-
loop system in both feed and normal direction. The obtained FRFS are compared to
measurements of the open-loop plant. Hereto, the AMB is excited using a ‘pseudo-
random binary sequence’ signal, for a rotating spindle at n = 23,000 rpm while mea-
suring the response using the eddy current sensors. The resulting magnitudes of the
FRFSs in feed and normal direction are given in Fig.9." From these figures, it can
be concluded that the controller alters the spindle dynamics, where the first bending
mode of the spindle is damped (especially in the normal direction) and a resonance
is created at approximately 1510 Hz which is close to the second harmonic of the
tooth passing excitation frequency (2f,,, =2 - 2'223)00 ~ 1533 Hz). As shown in [9],
this characteristic of the closed-loop dynamics induces the raising of the SLD at the
desired spindle speed (in this case 23,000 rpm), see Fig. 8.

Next, a full immersion cutting test has been performed at 23,000 rpm for a depth
of cut of 2.5 mm using the controller with spindle-actuator uncertainty included in
the controller design. Notice that chatter occurs for the open-loop at this depth of

Note that in this case the tooltip dynamics, which are of interest for calculating the SLD, cannot
be measured since the spindle is rotating.
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Fig. 9 Magnitude and coherence of the measured closed-loop process sensitivity and open-loop
FRF from current controller input voltage to measured bearing displacements for n = 23,000 rpm
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Fig. 10 Photo of the workpiece for an experiment at n = 23,000 rpm for a depth of cut of a, =
2.5 mm, where in the first part of the cut the controller is on and is switched off after approximately
100 mm

cut, see Fig. 5. At the start of the cut, the controller is switched on. When the cut-
ter is approximately 100 mm inside the material (in feed direction), the controller
is switched off. After switching the controller off, chatter marks become visible on
the workpiece. A picture of a part of the resulting workpiece is given in Fig. 10. It
can be seen that, at the start of the cut, no chatter marks are visible on the work-
piece, whereas chatter marks appear on the workpiece when the controller has been
switched off.

Summarizing, it can be said that the working principle of the active chatter con-
trol design methodology has been illustrated in practice. With active chatter control
for a single spindle speed, the depth of cut could be increased to 2.5 mm which is
an increase of approximately 66% as compared to the experimentally uncontrolled
obtained SLD in Fig. 5 at the same spindle speed.
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5 Conclusions

This chapter has presented results on the experimental validation of an active control
strategy for the avoidance of chatter vibrations in the high-speed milling process. In
particular, a recently proposed robust control strategy [8, 9] has been tested on an
experimental setup of a spindle with integrated Active Magnetic Bearing (AMB).
The experimental results illustrate the effectiveness of the controller to robustly sta-
bilize the milling process (i.e., avoid chatter) in the presence of significant model
uncertainty and to achieve a significantly higher material removal rate while avoid-
ing chatter.

Further research is needed on the following topics to promote the adoption of
these techniques in industrial practice: (1) the development of robust online estima-
tion techniques for chatter or alternatively the development of output feedback con-
trol techniques that do not need the estimation of the chatter (perturbation) vibrations,
but can function with full vibrational measurements in the spindle, see e.g., [10, 29],
and (2) further industrial development of active spindle systems including sensing
and actuation techniques supporting the control techniques validated here.
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Time-Delay Identification for Linear
Systems: A Practical Method Using
the Frequency Response Function

Xiaoxu Zhang and Jian Xu

Abstract The present paper gives a comprehensive study on delay parameter
identification in linear system with time-delayed control. For the cases when the
state matrix is prior known and is prior unknown, identification algorithms are
provided. For the former case, delay identifiability depends on the measurability of
the outputs that serve as the delayed feedback; while for the latter case, the external
input information, including the positions where the delayed control acts, is also a
necessity. The algorithms are stated in a unified programming scheme because the
main steps for the two cases are basically the same. To verify the algorithm, an
experiment on an active vibration absorber and a simulation on an active truss are
performed. The results show a good convergence and preciseness of the proposed
algorithm.

1 Introduction

Extensive studies [1, 2] show that time delay not only determines the controller’s
precision, but also affects the stability of the closed-loop system. From the demand
of accurate parameter tuning, time-delay calibration has become an indispensable
work in control strategy design.

The delay identification study starts from the case with single time delay. Such
system is identifiable [3] if the solution of the model system is identical to the object
system over a time period that is larger than the maximum delay. For systems with
multiple time delays, the identifiability [4, 5] is ensured if the system is weakly
controllable, and the input is sufficiently rich. Several adaptive algorithms [6—8] for
time-delay parameter identification have been proposed, in which time-domain
samples are utilized. Such algorithms require prior information about the initial
conditions over a time period that is larger than the maximum time delay, which is
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challenging because the time delay is undetermined. To overcome the drawbacks in
time-domain algorithms, frequency-domain algorithms [9, 10], based on frequency
response function (FRF), have been developed. In a proportional input—output
signal with single time delay, the FRF is a complex exponential function whose
phase lag slope directly indicates the signal’s time delay. In this sense, the FRF
becomes a valuable data source for delay identification and therefore calls for
further investigations.

For instance, the parameter identifiability in condition of incomplete measure-
ments, a common case in unlimited degree-of-freedom (DOF) systems, has not yet
been discussed. Meanwhile, corresponding identification algorithm, using FRF
samples, also needs further development.

Focusing on these issues, the study of this paper is organized as follows. In Sect. 2,
the FRF of the time-delayed linear system is given first. The delay parameter’s
identifiability is discussed on cases when the state matrix is prior known and prior
unknown, and corresponding parameter identification algorithms are constructed. In
Sect. 3, an experiment of an active vibration absorber is applied for algorithm veri-
fication to the former case, and a numerical simulation of an active planar truss is
designed for algorithm verification to the latter case. As for the last section, some
comments on the proposed parameter identification algorithm are given.

2 Problem Statement and Algorithm Construction

The differential equation of linear time-delayed systems is given by

x(t) = Ax(1r) + é}l Dix(t—1;) +g(t), (1)

where x € RM is the output state, g € R is the input state, A € RM*M is the state

matrix, L is the number of distinct time delays, M is the dimension of x, D; € RM*M
and 7; are unknown time-delay parameters that need to be identified. Applying
Fourier transform to Eq. (1) yields its FRF representation, which is given by

(jwE — A)X(jo) — G(jo) = (é:l De —J‘wr/> X(jo), (2)

where j is the pure imaginary unit, @ is the frequency, X(jw) is the Fourier
transform of x(7), G(jw) is the Fourier transform of g(¢), and E is a unit matrix.
When X(jw) and G(jw) are partly measurable, they can be rewritten as

X(]a)) = UOXO (jw) + UuoXuo (](U)7 (3)
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and
G(j®) = V.G, (jo) + V.G (jo), (4)

respectively, where X, (jw) € C¥ is the sub-state of the measurable output, and
X, (jo) €CM =M. is the complementary state of the unmeasurable output,
U, € RM*Mo and U, € RM*M=Mo) are elementary matrices that map X,, (jw) and
X, (jo) into the full state space; besides, G, € CM: is the measurable external state
input, G, (jo) € CM~M. s the unmeasurable external state input, V, € RMXMe apd
Ve € RMXM=M.) are elementary matrices that map G, (jw) and G,.(jo) into full

state. For example, suppose X(jw) € C* and the measurable points are X, (jw) and
X3 (jw), then

1

. 00

Furthermore, we may put exciters only at the excitation measurable points so
that G,.(jw) can be conveniently set as 0. Hence, Eq. (4) can be conveniently
written as

G(jo) = V.G, (jo). (5)

Substituting Egs. (3) and (5) into Eq. (2) yields
L .
(0B = A)(UX, i) + VX 0) = ( D )UK, i) + V.Gl
=1

L .
+ ( > e‘-"‘”’D,) U X (jo),

=1

(6)

where we can find that if we want to identify D; and 7; from this equation, the
unmeasurable state X,,(jw) should be eliminated first. To do so, different identi-
fiability conditions should be discussed according to the deterministic of A.

2.1 Parameter Ildentification with Prior Known State Matrix

Theorem 1 If the system’s state matrix A is prior known, and the outputs that
serve as delayed control are measurable, then the time delay t; and the delay
governing matrix D; are identifiable.
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Proof Since A is prior known, the impedance matrix jwEy —A is invertible.
Accordingly Eq. (6) can be written as

U, X, (]w) + U X0 (Jw) = H(]CU) <[§1 e_jamD[) U, X, (]0)) + H(]a))VeGe (]a))

+H(jw) (él e ‘j“”’Dl> UioXoo (j).
(7

where H(jw) = (jwEy —A) ™" is the complete transfer matrix. Left multiplying U7
to both sides of Eq. (7), and taking into account that UZU,, =Ey, and UZUW, =0
yield

X, (jo) = U H(jw) (Zi e ‘f“’T‘DZ) U, X, (jo) + U H(jw) V.G, (jo)
. (8)
+UlH(jw) (El e ‘f“’”D,> U, Xy (jo).

Furthermore, since the delayed control only uses signal that belongs to the
measurable output, we alternatively rewrite D; as

D, =K,U’, )

where K; € RMY*M. 5 the compact delay governing matrix. Substituting Eq. (9) into
Eq. (8) yields

X, (jo) — UTH(jo)V.G, (jo) = U'H(jw) (él ¢ o KI) X,(jw),  (10)

where the unmeasured state X,,(jw) is eliminated. Hence, to prove the delay
parameters’ identifiability, we just need to further verify that Eq. (10) promises the
unique solution of K; and 7.

Suppose that the parameters satisfying Eq. (10) are not unique, which means
there are other parameters like K, and 7, satisfying the same FRF, namely,

L .
X, (jo) = UTH(jw) V.G, (jo) = U H(jw) ( ¥ e_f””’Kr> X,(jw).  (11)
r=1
Subtracting Eq. (11) from Eq. (10) yields
L

L . o~ ~
ULHGo)( £ K = 3 e R, )X, o) =0 (12)
=1 1

r=
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Because H(jw) and X, (jw) are not always zero when the frequency @ varies, we
further get

L . L o~ ~
Y e MK — Zl e K, =0 (13)

=1 r=

from Eq. (12). Applying the inverse Fourier transform on Eq. (13) yields

m (TE Lo i )i
lim [ — Y e K - Y e /MK, |eMdw
n—oo\ 271 Jo =1 r=1

L ~
:Kl— Z 5(‘[1—%r)Kr:0,

r=1

(14)

where 5(z; —%,) is the Kronecker delta function, which gives §(z;—%,)=1 for
7,=%, and 5(r;—7%,) =0 for the other values. Therefore, Eq. (14) indicates that
=%, and K;=K,, and consequently the uniqueness of delay parameters are
certified. #

The next step, after the analysis of the parameter identifiability, is the identifi-
cation of K; and 7; from Eq. (10). Note that the right-hand side of Eq. (10) is
strongly nonlinear with respect to z;, the closed-form solution cannot be derived in
general. We can, however, use the Newton-Raphson method to solve Eq. (10) in an
iterative way, for instance.

Suppose that the real parameters are the sum of the initial parameters and their
increments, i.e.

K;=K!+AK!
{ler?+AT? ) (15)

Substituting Eq. (15) into Eq. (10) and eliminating higher order terms yield

L . .
R®(jo) = U/ H(jo) (,21 (77 AKY - jowe = K] A ) X, (o), (16)

where
R’(jo): =X, (jo) - U'H(jo)V,.G,(jo) — UTH(jw) (él e =i K?) X, (jo)

is called the residue term. If z¥ and K{ are exact parameters of the system, then it
can be verified that R (jw) = 0. Equation (16) is a matrix equation about AK?, and
it can be vectorized to
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0

R’(jo) =X] (jo)® (UJH(jw)) ( Q% (jo) QS(jw))(AAKTVO“)eCM“, (17)

where
(I)((]w) — (e_ij?EMMU e—jwngMMU . e_ij?-EMM” ) c CMM() XMM,;L’
Qjw) = —jo (e IV(KY) e BV(KY) .. e V(KD ...) eChx,

V(AK)) A7

0 0
AK? = | VAKY) | cpmmii  ang ag0= | A2 | ege

V(AKY) A7)
Here ® is the Kronecker product [11] of two matrices, V(s) is the vectorization

[12] of a matrix, and Epys, is an MM, X MM, unit matrix. To make Eq. (17)
invertible, we consider different FRF samples. Suppose that the frequency series is

wy, wheren =1, 2, ..., N, Eq. (17) can be augmented to
w0 =0 AK. (18)
A )’

where

R’ (jw,)

g | RGe) | comm

R’ (joy)

and

XZUG)1)®H(70)1)E % (jo1) QY (jw:)
@° — X} (jar) ® H(jar) Q(I)((iwz) Q; (jwz) < CNMo X (MM,L+1)
X! o) @ Hjow) (Q ) Qo))

When N> (MM,L+L)/M,, ®° is full column rank. Thus the solution of
increments can be given from Eq. (18) as

(45 ) = (@0 @)w (19)

and the iteration equation can be consequently given as
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Klv:cl - iec + AKfzec - iec + ((I)i ) T(I)i - ((I,l> T\I;i (20)
P I B AT =\ & .

2.2 Parameter Identification with Prior Unknown State
Matrix

Theorem 2 [f the system’s transfer matrix, which is derived from the measurable
external inputs and the measurable outputs, can be acquired before delayed control
activating; and the delayed control only acts measurable outputs onto positions
where external input can be measured, then the time delay t; and the delay gov-
erning matrix D, are identifiable.

Proof As for the first condition, the transfer matrix derived from measurable inputs
and measurable outputs can be mathematically written as

H(jw) = U (joEy —A)~'V,, (21)
where U, and V, are the same as that shown in Egs. (3) and (4). As for the second
condition, the specified delay governing matrix can be mathematically written as

D, =V KU, (22)

where K; € RM<*M> denotes the compacted delay governing matrix. Substituting
Egs. (21) and (22) into Eq. (6), and taking into account that UZU(,:EMU and
U’u,, =0 yield

X, (o) = H(0)G. o) = HGo) ( £ K )X, (o) (23

where the undetermined elements like A and X, (jw) are all eliminated.

Similarly, we can also verify the delay parameters’ uniqueness by the
reduction-to-absurdity procedure. Note that the difference of parameter identifia-
bility between prior known A and prior unknown A is that the former only follows
output observing rule, whereas the latter needs to follow both input observing and
output observing rules.

Using the same Newton-Raphson procedure, the increment equation of Eq. (23)
is given by

R (o) =X o) @ HG) (Q4G) QUG (A4ei ). 29
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where

L .
Ro(ja)): =X, (jo) — H(jw)G.(jo) — H(jo) ( D e_’“’T?K?) X, (jw),
. . . =1 .
Qx(jo) = (e By, e %Eyn, ... e "By, )

and the other terms are in the same form as in Eq. (17). Considering different FRF
samples, we can construct the same increment solution as the one shown by Eq. (20).

2.3 Algorithm Programing

It is obvious that except for some matrix constructions, the procedures of delay
identification with prior known A and prior unknown A are basically identical, and
thus they can be combined into a unified algorithm scheme.

Furthermore, when initial parameters are set improperly, the iteration given by
Eqg. (20) may act as an intensive numerical oscillation, which affects the conver-
gence of the iteration significantly. In order to fix this issue, we add a relaxation
factor into this equation to get

(51%11 ) = (K,Efc> +(1—e™¢) (((I)i)T(I)i) _l(q)i)T\pi’ (25)

where ( is called the artificial damping ratio. In practice, let { be small if the initial
condition is at low confidence level, otherwise it can be set larger to accelerate the
iteration. The recommended damping ratio is from 3% to 10%.

In applications, the active control may connect only a few nodes, which means
that the delay governing vector K, is sparse. In this case, the calculation related to
the zero elements can be saved by a linear compacting transformation, i.e.,

Kyee = TKveca (26)
where T is a linear mapping and K, is the compacted vector that only contains

distinct elements. For example, suppose that there are two different delays in the
control system and their delay governing matrices are

0 d d 0
K1:<O 01) and Kzz(di 0),

respectively, then

Kee=(0 0 dy 0 dy do 0 0).
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It has only two distinct elements, i.e., d; and d,, thus the compacted vector and
the linear mapping can be written as

T
-~ (d (0 0 1 0 0 0 0 O
K"“‘(@)’ and T‘<0 000110 0>'

Hence, the iteration Eq. (25) is adapted to

~it1 ~ ~ ~

K: _(K . AK _(K ( iTi)_l i\ i

vec | = vec | + vec | = vec | + | (D) P @) ¥, 27
(F)=(%)+ (%)= (%) + (@) @) @

where

ngwl)@)H(iwl)EQZ(fwl)T Qi(]'wl)g
X (jo) @ H(jar) QlK(i(Uz)T Q. (jwz)

X! (jwox) ® H(jow) (Q o) T Q' (jeoy) )

@ =

Finally, the programing flow chart of the combined delay identification proce-
dure can be drawn as shown in Fig. 1.

3 Experimental and Numerical Verification

In the above section, parameter identifiability and corresponding algorithms are
discussed for different cases. To verify their practicability, the experiment on a
simple active vibration absorber and the simulation on an active truss with multiple
degree-of-freedoms are applied.

3.1 Experiment Verification for Prior Known State Matrix

The vibration absorber, shown in Fig. 2, generally consists of six parts. The first
part is a steel block (mark 1) acting as the payload on the absorber. The blue bar
under the payload (mark 2) is the aluminum holder hanged on the ceiling of the
yellow frame (mark 6) by two pairs of sheet springs (mark 5a). The lower blue bar
(mark 3) is the absorber holder that connects the payload holder by sheet springs
(mark 5b) and links the linear actuator (mark 4) by carbon fiber coupler, where the
actuator’s stator is fixed on the yellow frame. The yellow frame is made of hard
aluminum alloy so that it can be treated as a rigid body.
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Input X, (j®), G.(jo), and initial parameters K., 1°.
Specify M, , M. , L , T, ¢ ,andlet i=1
I
v v
( N\ (
Case 1: Prior known A Case 2: Prior unknown A
Check that the delayed signal is Check that the delayed signal is meas-
measured from X, (jo) ured from X,(jw) and is acted on
Specify U, and V, . points that the excitation can be ap-
< plied.
H(jo,)=(jo,Ey -A)" Input the measured transfer matrix
J/ . - .

4 N\ [ N\
R’ (jo,)=X,(jo,) R’(jw,)=X,(jm,)
~U'H(jo,)V.G. (jo,) -H(jw,)G.(jo,)

L L L0
g -UlH(j, )(Z e oK jX” (jo,) -H(jo, )[2 e K] jxo (jo,)
I=1 I=1
Q(l)( (]wn ) = (eilwmoEm/l,, 5T eijMJEEMM,, ) Q(/)( (]wn) = (eijm'JPEM(M(, PA eijw"TEEM(M(, )
o | N\ | J
v
Q! (jm,)=—jo, (e (K}) e 7 (KS) o eI (K))
R (j) X] (jor)®H(jo)(Q% (j )T QY(jar))
g | R'U@) and @ X (jo)®H(jo,)(Q% (j)T Q! (je))
. :
R (joy) X! (joy) ®H(joy )(Q% (jo)T Q(joy))
~ ~ -1 ~
A:(((I)U)T 0) ((I)O)T\[l 0
Yes N
Output K¢, and t° ]
No
K. ) (Kl i
( 0 J:[ 0 j+(1—e “)A and i=i+1
Yes No
Prior known A

Fig. 1 The flow chart of delay parameter identification
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m;

Sheet spring|

m;

: " Actuator

() Controller

Fig. 2 Vibration absorber. a Real device; b Schematic view

The controller measures the lower holder’s displacement, i.e., x;, delays it in
RAM for a period 7, and then proportionally outputs it to the linear actuator. Note
that the controller costs time in signal transmitting and calculating, the reference
signal that is actually exported is x,(f — 7 —17;,), where 7 is the delay given in the
programmer and z;, is the controller’s inherent delay. Besides, the power amplifier
in linear actuator has its gain factor, although it should be tuned to 1, so that the
actual output of the actuator is gkx,(t—7—7;,), where g is the gain factor of
the power amplifier and k is the proportion set in the programmer. The task of this
experiment is identifying the gain factor g and the inherent time delay 7;, in the
actuator. 7 is set as 0 ms in the programmer and k is set as —400 N/m, —350 N/m,
..., =100 N/m, 100 N/m, 150 N/m, ..., 400 N/m, respectively, so that the identi-
fication’s accuracy can be evaluated comprehensively.

The equation of motion of the device can be written as

{ mx,+cix; + 62(561 —)'62) + kix; +k2(x1 —x2) =f(t) (28)
mpXy + Cg(jCz —)'61) + 3% +k2()C2 —xl) +k3)62 ng)CQ(t — Tin) ’

Let (x; x x3 x4)T=(x1 Xy X1 xz)T, Eq. (28) can be rewritten into
the standard form as Eq. (1) shows, where

0 0 1 0 0O 0 0 O
0 0 0 1 0O 0 0 O
A= ki +k k citc c , D, = ,
—lm—lz m_Z, —lm—lz m—zl 1 0O 0 0 O
k. _ etk o _ata 0 22 0 0
my my ny my my
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and 7; =7;. Using modal analysis method, the system’s structural parameters are
calibrated as m; =0.8027kg, mp; =0.3827kg, ¢; =2.5238Ns/m, ¢, = —0.4728
Ns/m, ¢3=8.7934Ns/m, k; =2271.2284N/m, k;=1469.8869N/m, and
k3 =185.6448 N /m.

Since the state matrix A is prior known, Theorem 1 can be applied to determine
the identifiability of the delay parameters. Note that the delayed control only uses x,
as its reference signal, we just need to measure X,(jw) to identify g and 7.
According to the algorithm shown in Fig. 1, the specifications should be given as

M,=1,M,=1,L=1, K} =g° =2, X,(jo) =X, (jo), G. = F(jw),

in®

T=(0 0 0 k/my)",U,=(0 1 0 0),V,=(0 0 1 0).

Substituting these parameters into the algorithm, the gain factor g and inherent
delay z;, are identified and shown in Fig. 3, where their mean values are calibrated
to be 1.1626 and 7.7986 ms, respectively.

In order to verify the identification’s accuracy, these mean values are substituted
into Eq. (28) to predict the system’s FRF, where £ is set as 200 N/m and 7 is set as
70 ms. The comparison of the predicted FRF and the experimental FRF is shown in
Fig. 4. As can be seen, the predicted FRF considering the inherent delay fits the
experimental FRF precisely, whereas the FRF neglecting the internal delay biases a
lot.

(a) (b)
14 T r T T T T T 10
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Fig. 4 The frequency response with 70 ms programmer delay
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3.2 Numerical Verification for Prior Unknown State Matrix

Truss structure is usually used in the environment that requires large span but light
weight, e.g., the solar panel skeleton or the antenna holder on the spacecraft. The
payload is often mounted at the tip of the structure. To stabilize the payload, active
control is introduced into the structure. Figure 5 shows a simple truss structure with
tip mass. For this kind of mechanism, the monitoring of all nodes is impossible,
otherwise it would cost too much space or resource from the carrier. Thus, laying
out as few sensors and monitors as possible is a practical problem for dynamic
monitoring and parameter identification.

The structure shown in Fig. 5 has 11 nodes, which means 22 degrees of free-
doms in the horizontal and vertical directions. Suppose that the feedback point is
node 11 and the delayed control is embedded in active elements 0'—2 and 0°~1 with
different time delays. Besides, suppose that the truss structure is made of aluminum,
i.e., the mass density is 2700 kg/m® and the Young’s modulus is 69 GPa; the
distance between nodes is 0.8 m; the cross-sectional area is 5 cm” and the tip mass

is 10 kg. In system model, let
X2i—1 ) _ [ Ui
X2i vi )’

where i=1, 2, ..., 11 is the node number. As can be seen, there are so many
degree-of-freedoms that the calibration of A is a difficult task. For this case, The-
orem 2 can be applied for delay parameter identification.

Theorem 2 implies that if we want to identify delay parameters connecting the
reference node 11 and the active nodes 1 and 2, the output measurement should
contain node 11 and the input measurement should contain nodes 1 and 2. To
simplify the identification, we just set the output measurement as u;; and vy, i.e.,

X,(jw) = (X21(jo) Xn(jw))", and set the input measurement as
G.(jw)=(G,(jw) Gs(jw))". Thus the transfer matrix estimated before control
activating can be specified as

Tip»qass

2
»[v L N 4 5 8 9 11
AAY
Y
u Linear Actuator

Fig. 5 The planar truss structure with a tip mass
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ngo)= (o)t ),

which is much easier to be acquired compared with the entire transfer function in
22 freedoms.

As for the concrete control plan, suppose that the horizontal displacement of
node 11 is proportionally acted on the active elements with one time delay, and the
vertical displacement of node 11 is proportionally acted on the active elements with
another time delay, thus the delay coupling matrix could be written as

_(di O _ (0 d;
K, = <d2 O> and K,= (O d4>’
where d; = —7.70N/pm, d, = —4.20N/pm, d3 = —3.30 N/pm, dy =3.90 N/pm,
71 =17.00ms, 75 =34.00ms. Accordingly, the vectorized form can be written as

Kec=(di d 0 0 0 0 ds d4)T, which can be compacted to
Kvecz(dl dy dz dy )T with the linear transformation

SO O~
[=Ne o)
S o oo
(=N el
SO OO
(=N el
o= O O
- o O O

In parameter identification, the specifications are set as M, =2, M,=2, and
L=2. The initial parameters are set as d’= —9.63N/um, dJ= —5.25N/um,
dg = —4.13N/pm, dg =4.88 N/pm, T(l) =14.45ms, and 1‘2) =39.10 ms. The iteration
processes of different parameters are shown in Fig. 6.

It can be seen that the iteration converges to the set parameters very fast. Fur-
Wy | is calculated to verify
the algorithm’s accuracy. The result is shown in Fig. 7. It can be seen that the error
converges to zero within 30 steps.

thermore, the residue error of every iteration step, i.e.,
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Fig. 6 Iteration process of delay parameter identification
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Fig. 7 Iteration process of 104 . . : .
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4 Conclusions

The delay parameter identifiabilities and corresponding estimation algorithms for
different cases are systematically studied in this paper. From comprehensive anal-
ysis, some highlights of this paper can be drawn as follows.

a.

This algorithm is very friendly in experimental application. The source data
used for parameter identification is the frequency response function, which is a
common function embedded in most general data analyzers.

This algorithm is versatile on delay identification problems in linear system. It
considers cases that the state matrix is prior known and prior unknown. It has no
limitations in the number of degree-of-freedoms or the number of time delays.
This algorithm ensures rapid convergence. The Newton-Raphson method is
proved to be convergent in the neighborhood of the fixed point, while the
relaxation factor prevents numerical oscillation so that the convergence speed is
accelerated.
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Analysis of Thermoacoustic Instability:
A Time-Delay System Approach

Umut Zalluhoglu and Nejat Olgac

Abstract This study is on the analysis of thermoacoustic instability on a Rijke
tube. This phenomenon results from a coupling between the heat release rate
fluctuations and acoustic pressure. The simplified dynamics is modeled as a linear
time-invariant multiple time-delayed system of neutral type. The conditions leading
to unstable operation are identified using the Cluster Treatment of Characteristic
Roots (CTCR) paradigm. This method assesses the stability of time-delay systems
exhaustively and non-conservatively in the space of system parameters. Several
experimental tests are conducted on a laboratory scale Rijke tube setup, and their
results are used to verify the analytical findings.

1 Introduction

A major problem in the modern-day gas turbines is the thermoacoustic instability
(TAI). Although it is a one-and-half century old problem, especially last two
decades have seen numerous scientific advances in its prediction and control [2, 3,
17, 25-27]. Its complexity emanates from the dynamic coupling between acoustic
and thermal events in an enclosure. A regionally confined unsteady heat release
drives a series of acoustic waves within the combustor. These waves return and
influence their own source (the heat release) after some acoustic reflections and time
delays. Such a regenerative mechanism may ultimately cause instability, which is
reflected in the form of pressure fluctuations with growing amplitudes within the
combustion chamber.

In order to better understand the TAI phenomenon, many researchers focus on
simple thermoacoustic devices, such as the Rijke tube [21]. First discovered in
1859, it consists of a cylindrical tube with a heat source placed inside, as shown in
Fig. 1.
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It is commonly accepted in the literature [3] that the thermoacoustic dynamics
remains within linear realm until instabilities set in. When it becomes unstable,
however, the pressure fluctuations grow exponentially, which is a typical linear
system property. After they reach to certain levels which invite nonlinearities, they
eventually settle into a limit cycle behavior.

To detect the “onset” of instability, we focus on the linearized dynamics, fol-
lowing the procedure in Dowling [2]. This leads to a linear time-invariant, multiple
time-delay system of neutral type. Earlier investigations utilize the Nyquist method
to tackle its stability analysis [2, 3]. It is, however, not practical if one aims to
analyze stability over a broad range of the system parameters [18].

The systems and mathematics literature has a strong evidence of advances in the
time-delay systems (TDS) in the last two decades [20]. Numerical stability analysis
algorithms are also developed such as semi-discretization method by Insperger and
Stépan [10], DDE-BIFTOOL by Engelborghs et al. [4], TRACE-DDE by Breda
et al. [1], and quasi-polynomial mapping-based rootfinder (QPmR) by Vyhlidal and
Zitek [23]. They approximate the characteristic root distribution of TDS for given
delay compositions. Nevertheless, a high computational demand arises when sta-
bility is of concern in a broader parametric space, since they are determine stability
in a pointwise fashion. Lyapunov—Krasovskii approaches are also developed for the
stability determination of TDS [8]. However, they provide only conservative results
and are strongly dependent on the selection of the Lyapunov—Krasovskii func-
tionals. Alternatively, cluster treatment of characteristic roots (CTCR) paradigm is
deployed here to remedy such shortfalls [14, 15]. CTCR creates exhaustive and
non-conservative “stability maps” in the domain of the system parameters.

The text consists of the following segments: Sect. 2 contains the mathematical
model of the Rijke tube dynamics. Section 3 reviews the highlights of the CTCR
paradigm. Section 4 is devoted to theoretical findings and their experimental
validation.
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An abbreviated version of this book chapter can be found in [24], which is
presented by the authors at the 12th IFAC Workshop on Time Delay systems.
Sections 2 and 4 are expanded in this study with the inclusion of new figures and
additional discussions.

2 The Mathematical Model

The mathematical model of the thermoacoustic dynamics in the Rijke tube is
derived under some commonly applied assumptions [2, 3, 16]: (i) the airflow is
induced by natural buoyancy, therefore has low velocity and negligibly small Mach
number; (ii) the heating zone is narrow compared to the tube length; (iii) the
average (mean) flow quantities such as density p and the speed of sound ¢ are
assumed as constant along the tube; and (iv) the acoustic waves are considered as
one dimensional.

Here, we reformulate the model from a control systems perspective. The ther-
moacoustic dynamics is governed by the first principles of conservation of mass,
momentum, and energy [2]. When linearized under the aforementioned assump-
tions, the pressure and velocity fluctuations in the tube obey the following linear
wave equation:

hall A —~=O, (1)

where overscript + denotes the nonsteady (i.e., fluctuating) component, whereas =
represents the steady (mean) component of the quantity . Following the d’Alem-
bert’s solution of the linear wave equation [3] and the linearized momentum
equation
o op

p— + — =0, 2

Por T ox @)
the pressure and velocity fluctuations can be expressed as superposition of forward
and backward traveling acoustic waves, f(x,¢) and g(x, ), respectively:

plx,t)=f(t—x/c)+g(t+x/c) 3)
i(x,t)=[f(t—x/c)—g(t+x/¢)]/pec. (4)

As shown in Fig. 1, x is the position along the tube, where x =0 corresponds to
location of the heater. At the tube ends x= — x,, and x = x;, where x,, and x; denote
the distances between (D-®@ and @-@ (the upstream and downstream sides from
the heating zone), respectively.
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Fig. 2 Block diagram

representation of Rijke tube Heat
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The block diagram of the overall dynamics is given in Fig. 2. In this representation,
the system variables are the forward and backward progressing acoustic waves f;(¢)
and g;(¢). They form the main flow variables, pressure, and velocity fluctuations at
any cross section as per (3) and (4). The subscript i=1,2, 3,4 denotes the cross
sections in Fig. 1, where these functions are evaluated. The time delays 7z, = x,, £ and
T4 =x4/c correspond to the travel times of acoustic waves moving at the speed of
sound. In order to derive causal relationships between each variable, we start with

expressing (f»(7) g3(¢))" as the delayed version of (f; (1) g4(¢))" as

(5)-(342),
In Laplace domain, (5) transforms into
(&0)=r(al) =" 5) o

Next, we identify the dynamics representing the thermoacoustic coupling. The
conservation of mass, momentum, and energy equations, when used with (3) and
(4) across the heating zone results in

(3 D4 e @) o

where y is the heat capacity ratio, A is the cross-sectional area of the tube, and Q(t)
is the unsteady heat release rate [2]. Q(t) is influenced by the velocity fluctuations at
the heating zone, ii;(¢) [7]. In Laplace domain this relation is represented by

0(s) /i (s)=a/(bs+1), (8)

where a and b act as gain and time constant, affected by mean heat release (Q),
mean flow velocity (i, ), and the heater geometry. Evaluating (4) at cross section (2
and taking its Laplace transform gives

ity (s) = [F2(s) — Ga(s)] /pe. 9)
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Substituting (8) and (9) in Laplace transform of (7), one obtains

Ga(s)\ _ F(s) _ 1 Z s+ W

(F3(s) > _Z(s)(G3(s)>’Z(S) CS+Z+W [s+2Z+W -z

where Z=a(y—1)/2Abc*p) and W=14. Next, we express the relationship
between (g2(1) f3(1))" and (g1(t) fi(¢))" similar to (5) and (6) as

gi(t) Y _ (&0t—7) ) _ (Gils)) _ Ga(s)
(56)=(502m) - (50)=mo(28) v
The boundary conditions at cross sections (D and @ can be characterized by the

reflection coefficients R, and R;, which account for the acoustic losses at the tube
ends. This leads to the following expression:

Fl (S) G] (S)) <R,, 0 )
=R , R= . 12
<G4(S)> <F4(S) 0 Rq (12)
Now that all the transfer matrices are obtained, (6), (10), (11), and (12) can be
combined to close the loop in Fig. 2 as

(60))=rrzemo (6. 12

Which can be rewritten as

, (10)

M(s) ( g(&)) ) —0, M(s)=I—RT(s)Z(s)T(s). (14)

In (14), M(s) represents the overall system matrix, determinant of which gives
the characteristic equation of the system as

CE(s, .74, 74) = det[M(s)] =O0. (15)

To simplify the notation, we introduce a delay vector (zy,7;) = (27,,27,) and
express the characteristic equation as

CE(s,11,72) =2Ab3%p (RuRde‘ (m+n)s _ 1)s +Rea(l—p)e™™
+ Ra(y —1)e™™ —2A8°p + R,Ry (2AT*p +ay —a)e™ (75 4 g(1-y) =0.
(16)
It is a quasi-polynomial involving two independent delays (zi,7,), which are

related to (x,,x;) by 7=2x/¢ and vary with the tube length and heater location.
The rest of the parameters in (16) are taken as constants.
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3 Stability Analysis Methodology

The Rijke tube dynamics falls into the class of linear time-invariant multiple
time-delay systems with two delays, as discussed in the previous section. Its
exponential stability is completely determined by the roots of its characteristic
polynomial in (16). In general form, it can be written as

n

CE(s,71,72)= Y.

i=0j

l . .
T Pye U+, (17)
k=0

L

where n is the order of the characteristic polynomial, m and [ are the highest order
of commensurate of delays 7; and 7,, respectively. The highest order term in (17)
involves delays, and thus it is representative of a neutral time-delay system. Next,
we give two theorems that determine the stability of this class of systems.

Theorem 1 The exponential stability of a neutral time-delay system with some
given delays requires the dynamics governed by its associated difference equation
to be stable. Therefore, as a necessary condition, all the zeros of

! .
D(S, 11’72) — Z Z Pnjke—(/r]+krz)s=0 (18)
j=0k=0

have to lie in the left half of the complex plane [13].

Theorem 2 The necessary and sufficient condition for the exponential stability of
(17) is that all its infinitely many zeros should (i) lie in the open left half plane and
(ii) be bounded away from the imaginary axis [9]. The proof is suppressed here.

Theorem 1 guarantees the condition (ii) in Theorem 2. Once it is satisfied,
delay-dependent stability posture of the system can be determined by CTCR.
Leaving the details on the paradigm to Olgac et al. [14, 15], a brief review is
presented next.

For a linear time-invariant TDS characterized by (17) to switch the stability
posture, the characteristic roots should cross the imaginary axis, say at +wi for
some delays T€R>". We use (T, ) notation to indicate their causal correspon-
dence. In order to assess the stability of the system exhaustively, all delay com-
positions for which (17) has an imaginary root should be determined. We denote the
complete set of such imaginary root frequencies with Q, and the corresponding root
set with Sq as

Q= {w|CE(s=+w0i,1) =O,tem2+,wem}

So ={s=+wilow € Q}. (19)

It is trivial to observe from (17) that an imaginary root s = +® i corresponding to
t € R** will be repeated infinitely many times as
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2 2
(le,Tgk):(Tl+§j,72+gk>, j=0,1,..., k=0,1,... (20)

These trajectories divide the delay domain into encapsulated regions in which
the number of unstable roots, NU, is fixed (see D-Subdivision method by Kol-
manovskii and Nosov [11]). Consequently, any stability reversal can only occur at
the boundaries of these regions. The system is declared stable when NU =0. One
needs to determine the boundaries of these infinitely many regions exhaustively for
a complete stability declaration. The following two propositions bring a discipline
to this chaotic looking picture.

Proposition 1 There are only a manageably small number of trajectories in
(r1,72) space called the kernel hypercurves [22]

2 2
@oz{ﬂ(r,a)),tEER“,a)eQ,OSﬁs —”,OSTQS —ﬂ} (21)
()] [0)]

Here, g, represents the loci of the smallest 7; and 7, combinations for which the
characteristic equation has an imaginary root at s € Sq. The remaining hypercurves
are created from this set, g, using the pointwise translation property in (20) for
J> k> 0. They are called the offspring hypercurves, and denoted by g, where j and
k identify the jth and kth generation offspring in 7; and 7,, respectively. Conse-
quently, the complete set of hypercurves, go, becomes

P=poU (U U 104 ). (22)

Any point on the trajectories of kernel, g, imposes its @ € Q signature iden-
tically onto its offspring, g;. Thus, the imaginary root set S remains invariant
from kernel to offspring. The set g constitutes the complete distribution of (z;, 77)
where the characteristic Eq. (17) has root sets containing at least one pair of
imaginary roots, Sq.

The root tendency (RT) for an imaginary characteristic root s € Sq, along a
delay axis (say 7;), is defined by

0
()
X ()T]

This property indicates the evolution direction of the imaginary root +wi (to the
left or the right half of the complex plane) as we pass through a hypercurve in
(71,72) space by increasing one delay (z)) infinitesimally.

szj . (23)

Proposition 2 At s€Sq as 1) (or 12) increases at a point on a kernel and its
corresponding offspring, the root tendency RT|;' (or RT|;? ) remains invariant so long
as the other delay v, (or 11) is kept fixed. This feature, in essence, declares the
stabilizing (or destabilizing) transitions across the regional boundaries defined by .
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In light of these propositions, one can establish the stability outlook of the
system by generating its stability map in (z;, 7,) domain. Among various methods
to determine the complete set of kernel and offspring hypercurves, we use the
spectral delay space (SDS) method [5, 6]. In this approach, a new coordinate set,
(v1, 12) = (710, T2@), is defined that confines the kernel and offspring hypercurves
in two-dimensional blocks of 2z length. The building block (BB) contains the
building hypercurves, which later transform to kernel hypercurves in (71, 7,)
domain. By stacking the BB in (vy, v;) domain, reflection hypercurves are
obtained. They transform to the offspring hypercurves in (71, 7;) domain. Once the
complete set of kernel and offspring hypersurfaces, o, is obtained, RT is evaluated
and the complete stability map of the system is revealed.

4 Main Results

In this section, stability of the Rijke tube is assessed using the CTCR paradigm and
these analytical findings are then compared with the results from several experi-
mental tests. Three cylindrical glass tubes of different lengths are heated with an
electrical coil, which is powered through a variac. The temperatures below and
above the heater are measured via two thermocouples. A piezoelectric microphone
is utilized to record the sound pressure close to the downstream end. The data
acquisition of the measured pressure is performed at 8000 Hz sampling rate.

The operational parameters that represent our experiment are measured and
taken as R,=R;=-093, y=14, A=175 cm?, p=12 kg/in3, c=340m4,
a=200, and »=0.002. Substituting these parameters in the characteristic equation
given in (16), we obtain the following normalized form:

CE(s,71,72) = (1 —0.865¢ = (" *7)%)5 4 178.78¢ ~7'*

(24)
—178.78e =™ — 598.71e = (" +72) 1 692,23 =0.

The coefficient of the highest order s term in (24) that corresponds to the
associated difference equation is

D(s,71,75)=1-0.865¢ = (M *7)5 =, (25)

which implies |e = ("' *#)$| =1.156 > 1, meaning that all the infinitely many roots of
(25) have Re(s) < 0. Thus the associated difference equation for this dynamics is
stable for all delay values (i.e., it is “strongly” stable [9]). Next, the CTCR pro-
cedure is implemented to generate the stability map of the Rijke tube in (71, 77)
domain. The SDS representation of (24) with the respective building (red) and
reflection (blue) hypercurves is obtained in Fig. 3a. Again, they carry the kernel and
offspring signature respectively. The frequency variation is color coded on the
building block in Fig. 3b.
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Fig. 3 a SDS representation
of the system. Building block
(BB) is in black solid frame.
b Frequency variation on the

building block
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The CTCR-generated stability map is given in Fig. 4a. To facilitate visualization
it is displayed in (x,,x;) space rather than delay space (z;,72). The kernel and
offspring hypercurves are colored in red and blue, respectively. The stable regions
are shaded in gray. A series of experimental tests are conducted on three different
tube lengths (L = x,, + x; = 0.51 m, 1.02 m, and 1.22 m), which are represented
by black parallel lines. Any point on these lines depicts a certain heater location
determined by x,, and x,. To test the structure at any heater location, we energize the
heating element, and wait until the temperature difference below and above the
heater reaches steady state. If the recorded pressure perturbations attain a noticeable
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Fig. 4 a CTCR stability map of the Rijke tube in (x,,x;) space, and experimental validation.
b Frequency distribution on the kernel and offspring hypercurves in (x,,L) space

level, the system is declared unstable. The unstable declared operating points are
marked with green, while the stable ones are marked with black circles.

The agreement between experimental TAI detection overlaid on the stability
chart of CTCR is remarkable, especially for the intervals A;B;, A;B,, and A3B;.
These intervals correspond to the case when the heater is located at the lower half of
the tubes (x, < x4). In accordance with Matveev [12] and Raun et al. [19], it is not
possible to destabilize the Rijke tube when the heater is located at the midpoint
(xy=x4) or when it is close to tube ends.

Some minor disagreements are observed when the heater is located at the upper
half of the tube (x, >x4), such as C,D, (for 1.02 m tube) and C3D5 (for 1.22 m)
intervals. At such locations, instability is driven by higher modes of the dynamics,
instead of the fundamental (first) mode [19]. In Fig. 4b, the stability map is redrawn
in (x,,L) domain, where L is the tube length. The frequencies at the stability
boundaries near A,B, and A;B; contain higher frequencies as in C,D, and C3D3 as
well as lower frequencies (of blue tone). It is well known that higher power input is
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required to excite the higher frequency modes of the dynamics than those of lower
frequencies. As we do not have high enough power at the present test setting, these
investigations are left for future studies. The stability disagreements at higher fre-
quencies might also be attributed to the lack of nonlinear damping features that
were unaccounted for in the mathematical model. For instance, Matveev [12]
reports that the reflections of the acoustic waves at the tube ends are in fact weaker
for the secondary (higher) modes. In addition, the pressure oscillations at higher
frequencies tend to have lower signal-to-noise ratio, which are more difficult to
record. Our experimental equipment might have also failed to capture such sound
levels.

The modal characteristics of the Rijke tube are studied during an unstable
operation, next. In Fig. 4a it is declared that TAI occurs for the 1.22-m-length tube
when the heater is located at (x,, x;) = (0.20 m, 1.02 m). At this operating point, the
recorded sound pressure is shown in Fig. 5a, where the instability and nonlinear
limit cycle can be observed. As the zoomed-in figure in Fig. 5b shows, the pressure
oscillations grow exponentially at the onset of instability. This is linear system
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Fig. 5 a Time trace of the recorded sound pressure; b zoomed-in view of the onset of instability;
¢ power spectral density of the interval in (b); d QPmR-generated dominant poles; all for
1.22-m-length tube with the heater located at (x,,xs)=(0.20m, 1.02m)
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Fig. 6 a The distribution of Real Part
the real part of the system’s i
dominant characteristic root at
various operating points over
the (x,,x,) space

x4 [m]

xy [m]

behavior, and thus it can be claimed that the linearized mathematical model
described in Sect. 2 is sufficient to predict TAI. A fast Fourier transformation is
performed at the onset of instability and corresponding spectral power density is
obtained as shown in Fig. 5c. In Fig. 5d, the approximate characteristic root
locations of (24) are shown, generated with the QPmR algorithm. The imaginary
parts of the unstable roots match well with the detected frequencies in Fig. Sc,
supporting the accuracy of the mathematical model and stability analysis.

The real parts of the dominant roots are next examined from the system stability
and dominant impulse response perspectives. We deploy QPmR algorithm to
approximate the characteristic roots of Eq. (24) on a dense enough grid within the
time-delay space (71,7,). In Fig. 6, the real part of the dominant characteristic root
of (24) is color coded in (x,,x;) space. To keep the color distribution uniform
across the map, the operating points at which Re(sgom) < — 17 are plotted with dark
blue, the same color with Re(sgom) = — 17 (especially at the grid points close to the
origin). In general, it can be observed that the growth rates for (x, < x,) are larger
than the growth rates for (x,>x,;). Therefore, instability is expected to be more
violent when the heater is placed at the lower half of the tube. This might be a
reason why we could experimentally observe TAI within the intervals A;B;, A,B,,
and A;B; in Fig. 4a, but not in the intervals C,D, and C;D3. As mentioned earlier,
higher power input may be required to destabilize the system for the latter intervals.

5 Conclusions

In this chapter, thermoacoustic instability phenomenon in a Rijke tube is studied.
First, it is shown that the mathematical model of the Rijke tube falls under the linear
time-invariant neutral-type multiple time-delay systems class. Then utilizing the
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cluster treatment of characteristic roots (CTCR) paradigm, operating conditions
leading to thermoacoustic instability are determined exhaustively and precisely.
The results are then verified on an experimental Rijke tube setup. The analytical
development in this study is expected to contribute to futuristic designs of gas turbine
combustors, where thermoacoustic instability is avoided.
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