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Abstract One significant feature of quantum theory is the existence of non-
local quantum correlations which have no classical counterpart. There are various
measures quantifying quantum correlations from different view points. Here, we
present some recent developments about the quantum correlation measures known
as measurement-induced nonlocality, in the sense that quantum measurement may
destroy the quantum correlations for quantum states resulting in measures of non-
locality. Quantum correlations remain invariant under local unitary operations, they
may decrease under general local operations, however, sometimes they can also
show increasing for some local operations. We will review the properties of quantum
correlations under local operations.

1 Introduction

Quantum mechanics is non-local. There exist non-local quantum correlations which
have no classical counterpart. The study of quantum correlations can trace back to
the well-known debate about whether quantummechanics is complete, known as the
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Einstein-Podolsky-Rosen paradox [1]. It was proposed that there may exist hidden
variables for quantum theory being complete. Later, various Bell-type inequalities
were proposed which are derived based on the local hidden variable theory, see, e.g.,
Ref. [2] for an overview. It was found that the violation of Bell inequalities implies
quantum entanglement in a system, while the opposite case is not always true [3, 4].
Entanglement also plays a critical role in many protocols of quantum information
processing. Great progress has been made in studying quantum entanglement, which
is one kind of quantum correlations showing non-locality of quantum mechanics.
Entanglement is also believed to be the key resource for the advantages of quantum
computation and protocols of quantum information processing. Very recently, it is
realized that entanglement is not the only quantum correlation which has no classical
counterpart. Other type of quantum correlations, such as the quantum discord and
measurement-induced nonlocality, may also be responsible for the speedups in some
quantum algorithms while entanglement may be vanishing or negligible, see review
[5].

In general, most of the quantum correlations for pure quantum states may coin-
cide, and sometimes may demonstrate similar behaviors for mixed states. However,
there are also subtle differences for those quantum correlations and their physical
interpretations are also different. All these indicate that the properties of quantum
correlations, or nonlocality, of a system are intricate, and the characterizations of
them from different aspects are in demanding. Here we will review some recent
results of measurement-induced nonlocality and quantum correlations under local
operations.

We would like to point out that measurement-induced nonlocality is one type of
quantum correlations. However, we remark that nonlocality, for example in form
of non-local correlation, which is non-classical from one side, may not always be
possessed by quantum states from other side, such as the PR box [6, 7]. Here the
measurement-inducednonlocalitymeans thequantumcorrelationpossessedbyquan-
tum states which is naturally quantum mechanical. For quantum correlations, we
mean that some non-classical correlations possessed by quantum states. One may
realize that there also exist classical correlation for quantum states. We remark that
quantum correlation, as valuable resource, cannot be cloned (broadcasted) because
of no-cloning theorem, in contrast with the classical correlation [8]. We know that
entanglement cannot be created by local quantum operations even assisted by clas-
sical communications. However, some other quantum correlations may increase by
local operations. Here, we will review results of quantum correlations under local
operations.

Before we proceed, let us first introduce some notations. Quantum states are
presented as the density operators ρ in the Hilbert space Hd , where d denotes the
dimension. A qubit is a two-dimension quantum system. Let �σ = {σ1,σ2,σ3} denote
the Pauli basis andσ0 = I be the single-qubit identity operator. Any single-qubit state
ρA can bewritten as ρA = 1

2

∑3
μ=0 aμσ

A
μ , where aμ = tr(ρAσA

μ ) and a ≡ (a1, a2, a3)T

is called the Bloch vector of the state ρA. We label ã ≡ (a0, a1, a2, a3)T for later
convenience. Similarly, a two-qubit state ρAB can be expanded in the Pauli basis as
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ρAB = 1
4

∑
μν �μνσ

A
μ ⊗ σB

ν , where the coefficient matrix �μν = tr(ρABσA
μ ⊗ σB

ν )

can be written in the block form � =
(
1 bT

a T

)

.

Here, a and b are the Bloch vectors of the reduced density matrices ρA and ρB

respectively, and the 3 × 3 matrix T represents the correlations.
The vonNeumann entropy of a quantum state is denoted as S(ρ) := −tr(ρ log2 ρ).

The relative entropy of two quantum states ρ and σ is S(ρ||σ) := −tr(ρ log2 σ) −
S(ρ). When we consider the bipartite quantum state ρAB , the conditional entropy is
SA|B(ρAB) := S(ρAB) − S(ρB).

A quantum channel is a trace-preserving completely positive (TPCP) linear map
� : D(Hd) → D(Hd ′). Here D(Hd) denotes the operator space defined on the
Hilbert space Hd . In the following context, we take d = d ′. Any quantum chan-
nel can be presented as the Kraus decomposition �(·) = ∑

j E j (·)E†
j , where E j are

called Kraus operators.

2 What are Quantum Correlations

A bipartite state ρAB is called quantum-classical (QC) if there exist a positive
operator-valued measure (POVM) on B which does not disturb the whole state.
The term “classical” is used to stress the nondisturbing property of classical mea-
surements. Mathematically, a QC state can be written as

ρQC =
∑

i

piρ
A
i ⊗ |φi 〉B〈φi |, (1)

where {|φi 〉B} consist of an orthogonal basis for the Hilbert space of subsystem B,
and ρA

i are density operators of A. The set of quantum-classical states are denoted
as QC. An equivalent expression for the QC states is

ρQC =
∑

i

piζ
A
i ⊗ ξB

i , (2)

where ζ A
i are linearly independent, and ξB

i commute with each other.
A state is said to have nonzero quantum correlation on B if and only if it does

not belong to QC. Like entanglement, the amount of quantum correlation can be
measured in various ways [5]. The measures of quantum correlation Q we discuss
here satisfy the following three conditions:

(C1) Q(ρ) = 0 if and only if ρ ∈ QC;
(C2) Q(UA ⊗UBρU †

A ⊗U †
B) = Q(ρ), whereUA andUB are arbitrary unitary oper-

ators on A and B;
(C3) Q(�A ⊗ 1B(ρ)) ≤ Q(ρ).
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Notice that the measures of quantum correlation are asymmetric for A and B, here
and hereafter, we discuss only the quantum correlation defined on B. In the following,
we list some quantum correlation measures which satisfy (C1–C3).

Quantum discord is defined as the minimum part of the mutual information
shared between A and B that cannot be obtained by the measurement on B [9]:

δA|B(ρ) := min
{MB

i }
SA|B

(
∑

i

IA ⊗ MB
i ρIA ⊗ MB†

i

)

− SA|B(ρ), (3)

where {MB
i } is a POVM on B. We point out here that the calculation of quantum

discord is a hard task in general. Even for the two-qubit states, the analytical solutions
of it exist only for certain special states [10].

Distance-based measure of quantum correlation is the minimum distance
between the state ρ and the set of QC states [11]

QD(ρ) := min
σ∈QC

D(ρ,σ), (4)

where the distance D does not increase under any quantum operation, such that
QD satisfies (C3). When the relative entropy S(ρ||σ) := tr[ρ(log2 ρ − log2 σ)] is
employed as the distance measure, we obtain the one-way quantum deficit

�A|B := min
{�B

i }
S

(
∑

i

IA ⊗ �B
i ρIA ⊗ �

B†
i

)

− S(ρ), (5)

where {�B
i } is a projective measurement on B. �A|B equals to the minimal distance

between ρ and ρQC, and its operational connection with quantum entanglement has
also been established [12, 13].

Measurement-induced disturbance is defined as the minimum disturbance
caused by local projective measurements that do not change the reduced state
ρB ≡ trAρ [14]

QM(ρ) := min
{EB

i }
D

(

ρ,
∑

i

IA ⊗ EB
i ρIA ⊗ EB†

i

)

, (6)

where {EB
i } is a projective measurement on B which satisfies

∑
i E

B
i ρBEB†

i = ρB .
This measure of quantum correlation is favored for its easy of calculation, and its
generalization to continuous-variable systems has also been established [15].
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3 Measurement-Induced Nonlocality

In the following, we recall the recently proposed measure of nonlocality which was
termed as measurement-induced nonlocality (MIN) [16], as well as various forms of
its extension [17–21]. They were all defined from the measurement perspective, and
were motivated by those of the discord-like correlation measures [5]. We shall focus
mainly on the bipartite systems described by the density operator ρ in the Hilbert
space HA ⊗ HB . But the related concepts and ideas can in fact be generalized to
multipartite systems straightforwardly.

Motivated by the idea that the distance from a given state ρ to the set of states
without the desired property is a measure of that property (e.g., the distance to the
closest separable state is a measure of entanglement, and to the closest classical state
is a measure of discord) [5], the MIN can be defined as the maximal distance that
the considered state ρ to the set L of local quantum states, namely

N (ρ) = max
δ∈L

D(ρ, δ), (7)

where D denotes an arbitrary distance measure that does not increase under the
action of TPCP map, while the maximum is taken over the full set of L, which
contains those of the quantum states δ obtained by the locally invariantmeasurements
�A, that is, δ = ∑

k �A
k ρ�A

k for all�A = {�A
k } satisfying∑

k �A
k ρA�A

k = ρA, with
pk = tr(�A

k ρ�A
k ), and ρA = trBρ being the reduced state of ρ.

This definition of nonlocality measure was motivated by the consideration that a
local state should not be disturbed by arbitrary locally invariant measurement �A

on party A (or �B on B), while a nonlocal state may be disturbed by �A, and the
maximal disturbance can be used to quantify the nonlocal property of it.

By adoptingdifferent distancemeasures D, one candefinedifferentMINmeasures
which possess distinct novel characteristics, and have been shown to play crucial role
in many fields of quantum technology.

3.1 MIN Quantified by the Hilbert–Schmidt Norm

The notion of MIN was first introduced by Luo and Fu by using the Hilbert–Schmidt
norm [16]. For a bipartite state ρ shared by two parties A and B, it was defined as

N2(ρ) = max
�A

||ρ − �A(ρ)||22, (8)

where �A denotes the locally invariant von Neumann measurements, and ||X ||2 =
[tr(X†X)]1/2 is the Hilbert–Schmidt norm.

Physically, N2(ρ) can be considered as the maximal global disturbance induced
by the locally invariant measurements �A, or the maximal square Hilbert–Schmidt
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distance that the postmeasurement state �A(ρ) departs from the premeasurement
state ρ. From an applicative point of view, it is also hoped to be useful in the related
field of quantum state steering, remote state control, superdense coding, and cryp-
tography [16].

The MIN measure N2(ρ) has the following basic properties: (i) N2(ρ) is non-
negative, and equals zero for any product state ρ = ρA ⊗ ρB . (ii) N2(ρ) is locally
unitary invariant, namely, N2((U A ⊗UB)ρ(U A ⊗UB)†) = N2(ρ) for any unitary
operatorsU A andUB . (iii) If the reduced state ρA is nondegenerate with the spectral
decomposition ρA = ∑

k λk |k〉〈k|, then the optimal �̃A for obtaining N2(ρ) is given
by �̃A(ρ) = ∑

k |k〉〈k|ρ|k〉〈k|.
For the (m × n)-dimensional bipartite states represented as

ρ =
∑

i j

ri j Xi ⊗ Y j , (9)

with {Xi : i = 0, 1, . . . ,m2 − 1} (X0 = Im/
√
m) is the orthonormal operator base

for subsystem A that satisfy tr(X†
i Xi ′) = δi i ′ (and likewise for Y j ), the MINmeasure

N2(ρ) has been shown to be upper bounded by

N2(ρ) ≤
m2−m∑

i=1

λi , (10)

where λi (i = 1, 2, . . . ,m2 − 1) denote the eigenvalues of RRT in nonincreasing
order, R = (ri j )with i, j ≥ 1 is a realmatrix, and the superscript T denotes transpose
of vectors or matrices.

The MIN measure N2(ρ) is favored for its ease of calculation for a wide range of
quantum states. First, for any bipartite pure state |ψ〉with the Schmidt decomposition
|ψ〉 = ∑

k λk |φA
k 〉 ⊗ |φB

k 〉, one has

N2(|ψ〉〈ψ|) = 1 −
∑

k

λ2
k, (11)

and for the (2 × n)-dimensional states represented as Eq. (9), one has

N2(ρ) =

⎧
⎪⎨

⎪⎩

||R||22 − 1

||�x ||22
�xT RRT �x if �x 
= 0,

||R||22 − λmin(RR
T ) if �x = 0.

(12)

where λmin(RRT ) is the smallest eigenvalue of RRT , and �x = (r10, r20, r30)T .
Moreover, for certain higher dimensional states with symmetry, N2(ρ) can also

be calculated analytically [22], e.g., for the (d × d)-dimensional Werner state ρW

and isotropic state ρI of the following form
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ρW = d − x

d3 − d
Id2 + dx − 1

d3 − d

∑

i j

|i j〉〈 j i |, x ∈ [−1, 1],

ρI = 1 − x

d2 − 1
Id2 + d2x − 1

d3 − d

∑

i j

|i i〉〈 j j |, x ∈ [0, 1],
(13)

one has

N2(ρW ) = (dx − 1)2

d(d + 1)(d2 − 1)
, N2(ρI ) = (d2x − 1)2

d(d + 1)(d2 − 1)
. (14)

The analytical solutions of N2(ρ) or its bound for certain bound entangled states
[23] and other special states with degenerate ρA [24] have also been reported in the
literature.

3.2 MIN Quantified by the Trace Norm

Although the MIN measure N2(ρ) is favored for its convenience of calculation, it
is problematic as it can increase or decrease under trivial local reversible operations
on the unmeasured subsystem B of ρ. For example, consider a map EB which gives
rise to EB(ρ) = ρ ⊗ ρC , (i.e., it introduces a local ancilla to B), then by making
use of the multiplicativity of the Hilbert–Schmidt norm under tensor products, we
obtain N2(ρ

A:BC) = N2(ρ)tr(ρC)2. As the purity of a state is no larger than one, this
equality means that the MIN is decreased by simply introducing an uncorrelated
local ancillary sytem.

To avoid the aforementioned problem, another geometric measure of MIN based
on the trace norm was introduced. It is given by [17]

N1(ρ) = max
�A

||ρ − �A(ρ)||1, (15)

where ||X ||1 = tr
√
X†X is the trace norm, and �A denotes still the locally non-

disturbing von Neumann measurements.
The new MIN measure can be interpreted as the maximal trace distance that the

premeasurement state ρ departs from those of the postmeasurement states �A(ρ)

caused by the locally invariant measurements. In particular, it is nonincreasing under
the action of any TPCP map EB on the unmeasured party B [17], namely,

N1(ρ) ≥ N1(EB(ρ)). (16)

The proof is as follows. Let �̄A the optimalmeasurement for obtaining N1(ρ), and �̃A

be the optimal measurement for obtaining N1(EB(ρ)), then as EB and �̃A commute,
we obtain �̃A(EB(ρ)) = EB(�̃A(ρ)), and therefore
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N1(ρ) = ||ρ − �̄A(ρ)||1
≥ ||ρ − �̃A(ρ)||1
≥ ||EB(ρ) − EB[�̃A(ρ)]||1
= N1[EB(ρ)], (17)

where the first inequality comes from the fact that �̃A 
= �̄A in general, and the
second inequality is due to the contractivity of the trace norm under TPCP map.
Therefore, N1(ρ) circumvents successfully the problem incurred for N2(ρ).

For certain quantum states, analytical solutions of N1(ρ) can be obtained, e.g.,
for the (2 × n)-dimensional pure state |ψ〉 with the Schmidt decomposition |ψ〉 =∑2

k=1 λk |φA
k 〉 ⊗ |φB

k 〉, the trace norm MIN is given by

N1(|ψ〉〈ψ|) = 2
√

λ1λ2, (18)

while for two-qubit state ρ of the form of Eq. (9) (i.e., m = 2) with the addition
ri j = 0 for i 
= j , we have

N1(ρ) =
⎧
⎨

⎩

√
χ+ + √

χ−
||�x ||1 if �x 
= 0,

2max{|r11|, |r22|, |r33|} if �x = 0,
(19)

whereχ± = α ± 4
√

β|�x |,withα = |�r |2|�x |2 − |�r · �x |2, �r = (r11, r22, r33),β = ∑
〈i jk〉

x2i r
2
j j r

2
kk , and the summation runs over all the cyclic permutations of {1, 2, 3}.

Moreover, for the Werner state ρW and isotropic state ρI of Eq. (13), solutions of
the the trace norm MIN are given, respectively, by

N1(ρW ) = |dx − 1|
d + 1

, N1(ρI ) = 2|d2x − 1|
d(d + 1)

, (20)

which show qualitatively the same x-dependence as those of the MIN measure
N2(ρW ) and N2(ρI ) with finite d. That is to say, for the symmetric states ρW and ρI ,
both the MIN measures N1 and N2 give the same descriptions of nonlocality.

3.3 MIN Quantified by the Bures Distance

The Bures distance dB(ρ,χ) = [2(1 − F1/2(ρ,χ)]1/2 between two states ρ and χ,
which is joint convexity, and is monotonous under the action of any TPCP map
[25], can also be used to give a well-defined measure of MIN [17]. Without loss of
generality, we define it as

NB(ρ) = max
�A

{1 −
√
F(ρ,�A(ρ)}, (21)
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where �A is the locally invariant measurements on party A, and F(ρ,σ) is the
Uhlmann fidelity that is defined as

F(ρ,σ) = [tr(√ρσ
√

ρ)1/2]2. (22)

For states ρwith nondegenerate ρA, NB(ρ) can be obtained directly, as the optimal
�A = {�A

i } are induced by the spectral resolutions of ρA = ∑
i p

A
i �A

i . If ρA is
degenerate, the calculation of NB(ρ) is difficult. But for the (2 × n)-dimensional
states ρ, the minimum Uhlmann fidelity Fmin(ρ,�A(ρ)) = min�A F(ρ,�A(ρ)) can
be calculated via

Fmin(ρ,�A(ρ)) = 1

2
min
‖�u‖=1

(

1 − tr� + 2
n∑

k=1

λk(�)

)

, (23)

with �u = (sin θ cosφ, sin θ sin φ, cos θ) being a unit vector in R
3, n the dimension

of subsystem B, and λk(�) eigenvalues of � arranged in non-increasing order. By
denoting �σ = (σ1,σ2,σ3) the vector of the usual Pauli operators, and In the n × n
identity matrix, we have

� = √
ρ(�u · �σ ⊗ In)

√
ρ. (24)

For the special case of the two-qubit Bell-diagonal states

ρBell = 1

4

(

I4 +
3∑

i=1

ciσi ⊗ σi

)

, (25)

as
√

ρBell can be derived explicitly, Fmin(ρ,�A(ρ)) takes the form

Fmin(ρ,�A(ρ)) = 1

2

(

1 + min
{θ,φ}

√
b23 + [b21 − b23 + (b22 − b21) sin

2 φ] sin2 θ

)

, (26)

where bi = 8(t20 + t2i ) − 1 (i = 1, 2, 3), and by writing csum = c1 + c2 + c3, we
have

t0 = 1

8

√
1 − csum + 1

8

3∑

k=1

√
1 + csum − 2ck,

ti = −1

8

√
1 − csum + 1

8

3∑

k=1

√
1 + csum − 2ck − 1

4

√
1 + csum − 2ci .

(27)

From Eq. (26) one can see that Fmin(ρ,�A(ρ)) = (1 + |b1|)/2 if |b1| ≤ min{|b2|,
|b3|}, Fmin(ρ,�A(ρ)) = (1 + |b2|)/2 if |b2| � min{|b1|, |b3|}, and Fmin(ρ,�A(ρ)) =
(1 + |b3|)/2 otherwise.



74 X. Hu et al.

3.4 MIN Quantified by the von Neumann Entropy

Apart from the geometric measures, theMIN can also be quantified from the entropic
perspective. In this respect, if we accept that the quantum mutual information (QMI)
is a good measure of total correlations in ρ, and the entropic measure of MIN, in
the spirit of its original definition [16], can be defined as the maximal discrepancy
between the QMI of the pre- and post-measurement states as [18]

NE (ρ) = I (ρ) − min
�A

I [�A(ρ)], (28)

where I (ρ) = S(ρA) + S(ρB) − S(ρ) is the QMI, and �A denotes still the locally
measurements which do not disturb the reduced state ρA.

This measure of MIN quantifies in fact, the maximal loss of total correlations
under locally non-disturbing measurements on party A. Moreover, as both ρ and
�A(ρ) have the same reduced states ρA and ρB , NE (ρ) defined above is equivalent
to

NE (ρ) = max
�A

S[�A(ρ)] − S(ρ), (29)

which indicates that NE (ρ) quantifies in fact themaximal increment of vonNeumann
entropy induced by the locally invariant measurements. Moreover, as the entropy of
a state measures howmuch uncertainty there is in it, NE (ρ) can also be interpreted as
the maximal increment of our uncertainty about that system induced by the locally
invariant measurements.

The entropic measure of MIN possesses the same basic properties (i), (ii), and
(iii) as that of the Hilbert–Schmidt norm MIN. Furthermore, it is monotonous under
the action of any TPCP map EB on the unmeasured party B, i.e., NE (EB(ρ)) ≤
NE (ρ) [18], which shows that it is a well-defined measure of MIN. Moreover, NE (ρ)

vanishes for the classical-quantumstateρCQ = ∑
i pi |i〉〈i | ⊗ ρB

i withnondegenerate
reduced ρA

CQ , or ρCQ with degenerate ρA
CQ and ρB

i = ρB
j for all i and j .

We point out here that NE (ρ) is also equivalent to theMINmeasure defined based
on the relative entropy, namely, NE (ρ) = NRE (ρ), with

NRE (ρ) = max
�A

S(ρ||�A(ρ)), (30)

where �A(ρ) = ∑
i �

A
i ρ�A

i , and {�A
i } is the set of von Neumann measurements

which do not disturb ρA locally. In fact, the relative entropy between two states can
also be considered as a measure of their distance, although technically it does has a
geometric interpretation.

For the state ρ with nondegenerate ρA, the optimal measurement operators
�̃A

k = |k〉〈k| for obtaining NE (ρ) are induced by the spectral resolutions of ρA =∑
k λk |k〉〈k|. For general cases, NE (ρ) can be obtained numerically. It is lower

bounded by −S(A|B) and upper bounded by min{I (ρ), S(ρA)}, with S(A|B) =
S(ρ) − S(ρB). As an example, we list here the analytical solution of NE (ρ) for the



Measurement-Induced Nonlocality and Quantum Correlations Under Local Operations 75

two-qubit Bell-diagonal state ρBell of Eq. (25), which is given by

NE (ρBell) = H

(
1 + cmin

2

)

+ 1 − csum
4

log2
1 − csum

4

+
3∑

k=1

1 + csum − 2ck
4

log2
1 + csum − 2ck

4
+ 1,

(31)

with cmin = min{|c1|, |c2|, |c3|}, and H(x) = −(1 + x) log2(1 + x) − (1 − x)
log2(1 − x) is the binary Shannon entropy.

The quantitative relation between NE (ρ) and N2(ρ) has also been established,
which is given by [19]

NE (ρ) ≥ 1

2 ln 2
N 2
2 (ρ), (32)

that is to say, the entropic MIN NE (ρ) is always greater than or equal to the square
of the geometric MIN N2(ρ) divided by 2 ln 2 for any state ρ. As the calculation of
N2(ρ) is somewhat easy, the above inequality can serve as a lower bound of NE (ρ).

3.5 MIN Quantified by the Wigner–Yanase Skew Information

The Wigner–Yanase skew information is given by I(ρ, K ) = −tr{[ρ1/2, K ]2}/2,
with K being an observable [26]. I(ρ, K ) is upper bounded by the variance of K ,
i.e.,I(ρ, K ) ≤ 〈K 2〉ρ − 〈K 〉2ρ, and vanishes iff the state and the observable commute.
It has also been employed to quantify local quantum uncertainty and coherence.

The MIN based on Wigner–Yanase skew information is defined as [20]

NSI (ρ) = max
{K̃ A

i }

m∑

i=1

I(ρ, K̃ A
i ⊗ IdB ), (33)

where the local observables K̃ A = {K̃ A
i } are restricted to rank-one projectors (i.e.,

K̃ A
i = |i A〉〈i A|) which do not disturb the local state ρA, and IdB is the identity operator

for subsystem B, with dB = dimHB . This MIN measure has been shown to be
invariant under locally unitary operations, to be contractive under any TPCP map
EB on party B, and vanishes for the product states ρ = ρA ⊗ ρB and the classical-
quantum states ρCQ with nondegenerate ρA.

If we decompose the bipartite state ρ as follows

√
ρ =

∑

i j

γi j Xi ⊗ Y j , (34)
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then it can be shown that NSI (ρ) is upper bounded by [20]

NSI (ρ) ≤ 1 −
m−1∑

i=1

μi , (35)

with μi (i = 1, 2, . . . ,m2) being the eigenvalues of ��T listed in decreasing order
(counting multiplicity), and � = (γi j ) is the (m2 × n2)-dimensional correlation
matrix.

For the pure states |ψ〉, NSI (|ψ〉〈ψ|) = N2(|ψ〉〈ψ|), while for the (2 × n)-
dimensional states ρ, one has

NSI (ρ) =

⎧
⎪⎨

⎪⎩

1 − μ1 if �u = 0,

1 − 1

2
tr

((
1 �u0
1 −�u0

)

��T

(
1 �u0
1 −�u0

)T
)

if �u 
= 0.
(36)

where �u = (u1, u2, u3) with ui = tr(ρAσi )/
√
2, and �u0 = �u/|�u|.

Similarly, for theWerner state ρW and the isotropic state ρI , the skew information
MIN are given, respectively, by

NSI (ρW ) = 1

2

(
d − x

d + 1
−

√
d − 1

d + 1
(1 − x2)

)

,

NSI (ρI ) = 1

d

(
√

(d − 1)x −
√
1 − x

d + 1

)2

.

(37)

The above measure of MIN is somewhat different from that of the MIN-like
nonlocality measure defined as [27]

USI (ρ) = max
K A

I(ρ, K A ⊗ IdB ), (38)

whichwasmotivated by the notion of local quantumuncertainty [28], andwas termed
as uncertainty-induced nonlocality (UIN), with K A being the Hermitian observable
on A with non-degenerate spectrum and commuting with ρA.

The UIN USI (ρ) is invariant under locally unitary operation UA ⊗UB , and is
contractive under TPCP map EB on subsystem B. It also equals to the maximal
squared Hellinger distance between ρ and K AρK A, namely, USI (ρ) = maxK A D2

H
(ρ, K AρK A), with D2

H (ρ,χ) = tr{(ρ1/2 − χ1/2)2}/2.
For the (2 × n)-dimensional state of Eq. (9), the UIN is obtained explicitly as

USI (ρ) =
⎧
⎨

⎩

1 − λmin(W ) if �x = 0,

1 − 1

|�x |2 �xTW �x if �x 
= 0,
(39)
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where �x = (r10, r20, r30)T , andλmin(W ) is the smallest eigenvalue of the 3 × 3matrix
W , the elements of which is given by

Wi j = tr{ρ1/2(σi ⊗ IdB )ρ
1/2(σ j ⊗ IdB )}, (40)

and from Eq. (39) one can also obtain that for the pure (2 × n)-dimensional state |ψ〉,
USI (|ψ〉〈ψ|) reduces to the linear entropy of entanglement 2[1 − tr(ρA)2].

3.6 Generalization of the MIN Measure to Multipartite States

The MIN measures presented above are all defined based on the one-sided locally
invariant measurements �A on party A. They characterize in fact only partial infor-
mation about the nonlocal properties of a state ρ. This is because a local state with
respect to the subsystem A may be nonlocal with respect to the subsystem B.

The MIN measures can be extended to the cases with two-sided locally invariant
measurements. Without loss of generality, we define it as

Ñ (ρ) = max
δ̃∈L

D(ρ, δ̃), (41)

with δ̃ being states that are obtained by the full set of locally invariant measurements
�A ⊗ �B , that is to say, (�A ⊗ �B)δ̃(�A ⊗ �B) = δ̃, and the measurement oper-
ators satisfy the equality

∑
k �A

k ρA�A
k = ρA and

∑
k �B

k ρB�B
k = ρB for arbitrary

ρ. This definition of MIN reveals the genuine nonlocal characteristic of a bipartite
state, and Ñ (ρ) = 0 implies locality with respect to both the subsystems of A and B.

An example of the MIN over two-sided measurements is as follows [21]

Ñ2(ρ) = max
�A⊗�B

||ρ − �A ⊗ �B(ρ)||22, (42)

which is locally unitary invariant, and vanishes for the product states ρ = ρA ⊗ ρB .
For pure state |ψ〉, solution of Ñ2(|ψ〉〈ψ|) is completely the same as N2(|ψ〉〈ψ|).

For the special case that both ρA and ρB are nondegenerate, the optimal measurement
operators are uniquely determined by the eigenvectors of ρA and ρB , while for more
general case, it can be calculated using the numerical method.

Other measures of MIN presented in the above sections can be redefined in a sim-
ilar way, namely, by replacing the original one-sided locally invariant measurements
�A with the two-sided locally invariant measurements �A ⊗ �B .

In fact, the MIN measure Ñ2(ρ) can also be extended to the more general case
of N -partite state ρ. The definition can be written in the same form of Eq. (41), with
however the set L of local quantum states being obtained by performing all possible
locally invariant measurements �A1 ⊗ �A2 ⊗ · · · ⊗ �AN , with

∑
k �

Ai
k ρAi �

Ai
k =
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ρAi for i = {1, 2, . . . , N }, and ρAi the reduced state of the subsystem Ai . But now
the evaluation of their analytical expression becomes a hard work.

Here we summarize briefly the MIN. The notion of MIN is a recently introduced
measure of nonlocality which is defined from a measurement perspective, and pro-
vides a better division between the local and nonlocal features of a system. In general,
the MIN can be defined as distance between the quantum states before and after the
measurement is performed.

Next, we consider the behaviors of quantum correlations under local operations.

4 Quantum Correlations Increased by Local Operations

The states that can be prepared by local operations and classical communications
(LOCC) are called the separable states. The set of bipartite separable states can be
written as S := {

ρ|ρ = ∑
i piρ

A
i ⊗ ρB

i

}
. By definition, QC is a strict subset of the

separable states S. There exist quantum correlated states which are separable and
hence can be prepared via LOCC. Actually, the local operations (LO) alone can
turn a QC state to a quantum correlated one. For example, consider a channel �

with Kraus decompositions K1 = |0〉〈0| and K2 = |+〉〈1|. When � is applied to B
of the two-qubit QC state ρ = 1

2 |00〉AB〈00| + 1
2 |11〉AB〈11|, the output state ρout =

1
2 |00〉AB〈00| + 1

2 |1+〉AB〈1 + | /∈ QC has nonvanishing quantum correlations.
Then questions naturally arises:

(a) What kind of local operations have the ability to create quantum correlations?
(b) What is the power of a given local operation to create quantum correlations?
(c) What kind of states whose quantum correlations are more likely to be increased

In this section, we will give answers to these three questions.

4.1 Condition for Local Creation of Quantum Correlations

The main purpose of this subsection is to characterize the whole set of quantum
operations satisfying

1A ⊗ �B(ρ) ∈ QC, ∀ ρ ∈ QC. (43)

Before solving the problem, let us first introduce a class of quantum channels, which
we call the commutativity-preserving channels.

Definition 1 (Commutativity-preserving channel) A commutativity-preserving
channel �CP is the channel that can preserve the commutativity of any input density
operators; i.e.

[�CP(ξ),�CP(ξ′)] = 0 (44)

holds for any density operators ξ and ξ′ satisfying [ξ, ξ′] = 0.
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When a commutativity-preserving channel acts on B of a QC state, the output
state ρout = ∑

i piρ
A
i ⊗ �CP(φB

i ) is still a QC state. This is because Bob’s states
�CP(φB

i ) commute with each other and a projective measurement on their common
eigenbasis does not change the state ρout .

Conversely, if Bob’s channel � satisfies Eq. (43), it must be a commutativity-
preserving channel. To see this, let us write the input state in the form of Eq. (2),
and the output state ρout = ∑

i piζ
A
i ⊗ �(ξB

i ) is still quantum-classical only when
[�(ξB

i ),�(ξB
j )] = 0, ∀ i, j . As in Eq. (43), we have considered the whole set of QC

states as input state, the channel � must preserves the commutativity of any two
commutable states. Hence we arrive at the following theorem.

Theorem 1 A local quantum channel� acting on a subsystem of a multipartite sys-
tem can create quantum correlation if and only if it is not a commutativity-preserving
channel.

This theorem characterize the set of quantum channels which does not create
quantum correlation in any QC states. The rest of this subsection will be devoted to
provide the explicit form of the commutativity-preserving channels. We will see that
when B is a qubit, the quantum correlations can never be created by a unital channel,
but when B is a higher-dimension system, even unital channels can create quantum
correlation.

Let us first consider the qubit case. In the Bloch presentation, any qubit state
ρ = I+r·σ

2 corresponds to a three-dimension real vector r , where σ = {σ1,σ2,σ3}
are Pauli matrices and the Bloch vector r lives inside or on the surface of a unit
ball, which is called the Bloch ball. The Bloch vectors of two commutative states
are of the same or opposite orientation, so the necessary and sufficient condition for
the commutativity-preserving channels is that they map radial segments onto radial
segments in the Bloch ball. The unital channels are defined as those preserve the
identity �u(I ) = I , i.e., the origin of the Bloch ball, and thus satisfies the above
condition. Another set of channels which are apparently commutativity-preserving
are the semiclassical channels, which map all input states onto states diagonal on the
same basis. It can be strictly proved that a commutativity-preserving qubit channel
is either a unital channel or a semiclassical channel. This leads to the following
theorem.

Theorem 2 A local quantum channel acting on a single qubit can create quantum
correlations in a multiqubit system if and only if it is neither semiclassical nor unital.

Now we turn to multipartite systems of higher-dimension. Apparently, the semi-
classical channels do not have the ability to create quantum correlations. Here we
propose another set of quantum channels, which we call the isotropic channels, that
never create quantum correlations.

Definition 2 (isotropic channel) An isotropic channel is a channel � : D(Hd) →
D(Hd) of the form

�iso(ρ) = p�(ρ) + (1 − p)
I

d
, (45)
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where � is any linear channel that preserves the eigenvalues of ρ, and the parameter
p is chosen to make sure that � is a completely positive channel.

According to Ref. [29], � is either a unitary operation or unitarily equivalent to
transpose. Direct calculations lead to−1/(d − 1) ≤ p ≤ 1 when� is a unitary oper-
ation, and−1/(d − 1) ≤ p ≤ 1/(d + 1)when� is unitarily equivalent to transpose.

Because the unitary operations and the transpose preserve the commutativity
and the identity commutes with any state, the isotropic channels are commutativity
preserving for arbitrary d. For d = 3, we have strictly proved that a commutativity
channel is either semiclassical or isotropic.

Theorem 3 A local quantum channel acting on a single qutrit of a multipartite
system can create quantum correlations if and only if it is neither semiclassical nor
isotropic.

Since isotropic channels are a strict subset of unital channels, there exist unital
channels that are able to locally create quantumcorrelations.Herewegive an example
to look more closely at why a unital channel can create quantum correlation in
multipartite states of higher dimensions. Let us consider the unital channel �(·) =∑

i E
(i)(·)E (i)† with

E (0) = |2〉〈2|, E (1) = |0〉〈0| + |1〉〈1|. (46)

It is not a commutativity-preserving channel, becausewhenwe choose the orthogonal
pure state |ψ〉 = 1√

3
(|0〉 + |1〉 + |2〉) and |φ〉 = 1√

2
(|0〉 − |2〉) as input states, the

output states do not commute. Two higher-dimension orthogonal states may become
nonorthogonal when projected to subspaces. This is just the reason for creating
quantum correlation using a local unital channel. Isotropic channels act on all of
the states equivalently, so they are likely the only subset of unital channels which
belongs to the set of commutativity-preserving channels. This observation leads to
the following conjecture.

Conjecture A local quantum channel acting on a single qubit with d > 3 can create
quantum correlations in a multipartite system if and only if it is neither semiclassical
nor isotropic.

4.2 Quantum Correlating Power of Local Operations

So far, we have discussed the problem of whether a quantum channel can create
quantum correlations. The problem of howmuch quantum correlations can be created
by a quantum channel is the theme of this subsection. The quantum-correlating power
of quantum channel is defined as the maximum amount of quantum correlations that
can be created when the channel is applied locally to a subsystem of a multipartite
system [31]. The formal definition is given as follows.
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Definition 3 (Quantum correlating power, QCP) The quantum correlating power of
a quantum channel � is defined as

Q(�) := max
ρ∈QC

Q(1 ⊗ �(ρ)). (47)

The QCP is an intrinsic attribute of a quantum channel, which quantifies the
channel’s ability to create quantum correlations. In the definition of QCP, the max-
imization is taken over the set of all quantum-classical states. The input states that
correspond to the maximization are called the optimal input states, which are proved
to be in the set of classical-classical (CC) states

CC =
{

ρ|ρ =
∑

i

pi |ψi 〉A〈ψi | ⊗ |φi 〉B〈φi |
}

. (48)

where {|ψi 〉A} and {|φi 〉B} are orthogonal basis ofHA andHB respectively. The proof
can be easily sketched. For any output state ρ′ that corresponds to a general QC input
state, we can find a CC state, whose corresponding output state ρ can be transformed
to ρ′ by a local channel on A, i.e., ρ′ = �A ⊗ 1ρ. From the condition (C3), we have
Q(ρ) ≥ Q(ρ′). Hence the definition of QCP can be optimized to

Q(�) := max
ρ∈CC

Q(1 ⊗ �(ρ)). (49)

A channel with larger amount of QCP is more quantum, in the sense of the
ability to create quantum correlation. Hence it is of interest to find out the quantum
channels with the most QCP. It can be proved that, the local single-qubit channel
which maximum QCP can be found in the set of measuring-preparing channels

MP =
{

�|�(·) =
1∑

i=1

|αi 〉〈φi | · |φi 〉〈αi |
}

, (50)

where |α0〉 and |α1〉 are two nonorthogonal pure states.
When two channels used paralleled, the QCP of the composed channel is no less

than the sumof theQCPsof the two channels.Wecall this property the superadditivity
of QCP [32]. We here give an example of phase-damping (PD) channel to show
exactly how this property works. The Kraus operators of PD channel are EPD

0 =
|0〉〈0| + √

1 − p|1〉〈1| and EPD
1 = √

p|1〉〈1|. Here we consider the nontrivial case
where 0 < p < 1. Clearly, PD channel is a unital channel and thus has vanishing
QCP.

Now consider a four-qubit initial state shared between Alice and Bob

ρAA′BB ′ = 1

4

∑

i, j

|i j〉AA′ 〈i j | ⊗ |ψi j 〉BB ′ 〈ψi j |, (51)
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where |ψ00〉 = 1√
2
(|00〉 + |11〉), |ψ11〉 = 1√

2
(|0+〉 + |1−〉), |ψ01〉 = 1√

2
(|01〉 −

|10〉), and |ψ10〉 = 1√
2
(|0−〉 − |1+〉). Here qubits AA′ belong to Alice and BB ′

belong to Bob. Since |ψi j 〉 are orthogonal to each other, the quantum correla-
tion on Bob is zero. Then qubits B and B ′ each transmits through a PD chan-
nel, and the output state becomes ρ′

AA′BB ′ = 1AA′ ⊗ �PD
B ⊗ �PD

B ′ (ρAA′BB ′). Because
[�PD ⊗ �PD(ψ00),�

PD ⊗ �PD(ψ11)] = 1
8 ĩ p

√
1 − p(σy ⊗ σz + σz ⊗ σy) 
= 0, the

output state ρ′
AA′BB ′ is not a QC state. Therefore, the quantum correlation on Bob’s

qubits BB ′ is created by the channel �PD
B ⊗ �PD

B ′ .
The super-activation of QCP is a collective effect. For both the input state ρAA′BB ′

and the output state ρ′
AA′BB ′ , any two-qubit marginal is a completely mixed state.

In other words, no correlation exists between any two qubits of the four-qubit state
ρ′
AA′BB ′ . Therefore, we suppose that the effect of super-additivity of QCP is due to

the genuine quantum correlation.

4.3 States Whose Quantum Correlations Can Be Increased

Our aim is now to characterize the quantum states whose quantum correlations can
be increased locally. This is a less studied subject than the condition on quantum
channels to locally create quantum correlations. Obviously, the quantum correla-
tion of all the QC state can be increased locally, by the quantum channels which
are not commutativity preserving. However, it is not obvious whether the quantum
correlation of a discordant state can be increased locally.

Before study the problem, we first introduce the quantum steering ellipsoids
(QSE), which provides a natural geometric presentation of two-qubit states. The
quantum steering ellipsoid of a two-qubit state ρAB is the whole set of Bloch vec-
tors that the qubit A can be collapsed to by a positive-operator valued measurement
(POVM) on qubit B. When the Bloch vector b of ρB satisfies b = 1, ρB is a pure
state which is not correlated to A; hence the QSE at A reduces to a single point a.

Now we consider the case with b ∈ [0, 1). Suppose the qubit B is projected to a
pure state ρx with Bloch vector x. The state of A is steered to ρS

A = trB[ρAB(I ⊗
ρx)]/tr[ρAB(I ⊗ ρx)], whose Bloch vector is aS = a+T x

1+b·x . Let x varies through the
Bloch ball, the set of corresponding aS forms an ellipsoid

EA =
{

a + T x
1 + b · x |x ≤ 1

}

. (52)

To obtain EB , one only need to make the substitution a → b, b → a, T → T T. It is
worth mentioning that the QSE EA and EB of state ρAB have the same dimension,
which equals to rank(�) − 1.

The state ρAB is a QC state if and only if EB is a radial line segment. Local
channels on qubit B can create B-side quantum discord from the above quantum-
classical state. The output discordant state can be written as
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ρ ≡ IA ⊗ �B(ρAB) = p0ρ
A
0 ⊗ ρB

0 + p1ρ
A
1 ⊗ ρB

1 . (53)

Here ρB
i ≡ �B(|φi 〉B〈φi |) (i = 0, 1) do not commute with each other [30] and thus

are linearly independent. The following statement builds the connection between
locally created discordant states and the states with needle-shape QSE. A B-side
discordant two-qubit state can be created from a classical state by a trace-preserving
local channel on B if and only if its QSE at qubit B EB is a non-radial line segment
[33]. It means that all of the quantum states with pancake-shape or obese-shape QSE,
even though not entangled, can not be prepared by local operations.

Next we focus on the Bell diagonal states and study the relation between the effect
of locally increased quantum discord and the shape and position of QSE. For a Bell
diagonal two-qubit state, the density matrix can be written as

ρ̃ = 1

4

(

σ0 ⊗ σ0 +
3∑

i=1

ciσi ⊗ σi

)

. (54)

For such a state, both EA and EB are unit spheres shrunk by c1, c2 and c3 in the x, y
and z direction, respectively. After the action of an amplitude damping channel on
B, the QSE at B becomes

EAD
B =

⎧
⎨

⎩

⎛

⎝
0
0
p

⎞

⎠ +
⎛

⎝

√
1 − pc1x1√
1 − pc2x2

(1 − p)c3x3

⎞

⎠
∣
∣
∣
∣x ≤ 1

⎫
⎬

⎭
. (55)

The effect of�AD
B on EB is to translate it by p in the z direction andmeanwhile shrink

the ellipsoid on three directions. Notice that when p > c3
1+c3

, the ellipsoid does not
contain the origin point any more.

Increase of quantum discord by local amplitude damping channel on B can occur
for all of the three cases when the initial QSE is a needle, a pancake and an obese.
For the last two cases, the local increase of discord occurs when |c1| � |c2|, |c3|,
which means that the shape of the plate or the ball is like a baguette perpendicular
to the z axis. It is worth noticing that, the local quantum operation can increase the
quantum discord of an entangled state.

5 Summary

A local quantum channel acting on a subsystem of a multipartite system can create
quantum correlation if and only if it is not a commutativity-preserving channel. A
qubit channel is commutativity-preserving if and only if it is unital or semiclassical.
For the high-dimension case, some unital channels have the ability to create quantum
correlations. In order to characterise the maximum quantum correlation that a quan-
tum channel can create, the quantum-correlating power is defined. It is an intrinsic
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property of quantum channels. The superactivity of QCP is proved. Concerning the
two-qubit states whose quantum correlation can be increased locally, it is observed
that the quantum correlation of those states possesses baguette-like quantum steering
ellipsoids.

We also presented that nonlocality of a quantum state can be described fromdiffer-
ent aspects. We provided a short review about the recently introduced quantification
of MIN by considering the distances for states before and after the measurement is
taken. The MIN in terms of distance can be defined based on the Hilbert–Schmidt
norm, the trace norm, the Bures distance, the von Neumann entropy, and theWigner–
Yanase skew information. The basic formulae for their respective definitions, the
analytical solutions of them for certain special states, and a comparison of their sim-
ilarities and differences, are given in detail. We have also provided a outlook for its
further development such as its generalization to multipartite systems.
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