Chapter 6
HJB Equations Through Backward

Stochastic Differential Equations

Marco Fuhrman and Gianmario Tessitore

This last chapter of the book completes the picture of the main methods used to study
second-order HIB equations in Hilbert spaces and related optimal control problems
by presenting a survey of results that can be achieved with the techniques of Backward
SDE:s in infinite dimension.

The chapter has been written independently and autonomously. In order to main-
tain some coherence with the notation used in the Backward SDE literature, the
notation used in this chapter is not always identical to that in the rest of the book.
This is explained in Sects.6.1.1 and 6.1.2.

The chapter has the following structure.

e Section 6.1 explains the basic notation and collects some useful results about gen-
eralized gradients and SDEs which are needed in the rest of the chapter.

e Section 6.2 provides results about regular dependence of solutions of SDEs on the
data.

e Section 6.3 presents results about well-posedness and regular dependence on the
data for Backward SDEs (BSDEs from now on) and Forward—Backward systems
(FBSDES) in Hilbert spaces.

e In Sect. 6.4 existence and uniqueness of mild solutions of HIB equations through
FBSDEs are discussed.

e Section 6.5 gives applications of the results of Sect. 6.4 to optimal control problems.
An example of a control problem with delay is studied in Sect. 6.6.
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e Sections 6.7-6.10 develop the same program for elliptic HIB equations and infinite
horizon control problems. An application to an infinite horizon optimal control
problem driven by a heat equation with additive noise is discussed in Sect.6.11.

e Results for elliptic HIB equations with non-constant second-order coefficients and
some applications are collected in Sect. 6.12.

6.1 Complements on Forward Equations
with Multiplicative Noise

6.1.1 Notation on Vector Spaces and Stochastic Processes

The notation for Banach spaces and linear operators between them is the same as
that used in the other parts of the book, see, for instance, Appendix A.1.

In this chapter the letters E, H, K will always denote Hilbert spaces. The scalar
product is denoted, as usual, by (-, -), with a subscript to specify the space, if neces-
sary. All Hilbert spaces are assumed to be real and separable.

We only consider stochastic differential equations driven by cylindrical Wiener
processes W. By a cylindrical Wiener process with values in a Hilbert space E,
defined on a complete probability space (2, .%, P), we mean a family W (¢), ¢t > 0,
of linear mappings & — L?(Q) such that

(i) for every u € E, {W(t)u},>o is a real Wiener process (admitting a continuous
modification);
(ii) foreveryu,v € Eandt,s > 0, E (W(t)u - W(s)v) = min(t, s) (u, v)g-

Recall that, in this case, when the noise space E has finite dimension d the Wiener
process can be naturally identified with a d-dimensional standard Wiener process
(Bi, ..., Bq), where 3;(t) = W(t)e; and (ey, ..., e;) denotes an orthonormal basis
of E. In other parts of the book Q-Wiener processes and in particular cylindrical
Wiener processes are introduced in a slightly different (but equivalent) way, see
Sect. 1.2.4 and in particular Remark 1.89.

Unless stated otherwise, {-#, },>o will denote the natural filtration of W, augmented
by the family N of P-null sets of .7 :

Fr=c(WS)u : s €[0,t], ue 8) vVN.

The filtration .%, satisfies the usual conditions. All the concepts of measurability for
stochastic processes (e.g. adaptedness, predictability etc.) refer to this filtration. By
‘P we denote the predictable o-field on €2 x [0, co) or (by abuse of notation) its trace
on 2 x [0, T].

For [a, b] C [0, T'] we use the notation

Flapy=c(W(Su —W(a)u : s €la,b], ue B)VvN.
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To denote the value of a process X at time s, sometimes instead of X (s) the shortened
notation X; will be used, especially in proofs. The short-hand “a.a. (a.e.)” means
“almost all (almost everywhere) with respect to the Lebesgue measure”.

Next we define several classes of stochastic processes with values in a Hilbert
space K.

° L%(Q x [0, T]; K) denotes the space of equivalence classes of processes Y €
L*(Q % [0,T]; K), admitting a predictable version. L%)(SZ x [0, T]; K) is
endowed with the norm

T
Y |? :E/ 1Y (s)|%ds.
0

° L%(Q; L%([0, T]; K)) denotes the space of equivalence classes of processes Y
such that the norm
T p/2
Y|P =E (/ |Y(s)|2ds)
0

is finite, and Y admits a predictable version.

e Cp([0,T], L*(Q; K)) denotes the space of K-valued processes Y such that Y :
[0, T] — L*(Q:; K) is continuous and Y has a predictable modification, endowed
with the norm

Y] = sup E|Y(s)|.
s€[0,7T]

Elements of Cp ([0, T], L?>(2; K)) are identified up to modification.
° L%(Q; C([0, T], K)) denotes the space of predictable processes Y with continu-
ous paths in K, such that the norm

Y|? =E sup [Y(s)”
5s€[0,T]

is finite. Elements of L% (2; C([0, T, K)) areidentified up to indistinguishability.

Recall that, for a given element ¥ of L%(Q x [0, T]; L,(E8, K)), the Itd sto-
chastic integral fot W(s)dW(s), t € [0, T], is a K-valued martingale belonging to
L% (2; C([0, T1, K)).

If ¥ belongs to L%;(Q x [0, T]; B), the real-valued It stochastic integral fol
(W(s),dW(s))z is by definition the integral fot W(s)*dW(s), where V(w, s)* €
E* denotes the element corresponding to W (w, s) € E by the Riesz isometry (i.e.,
Y(w, s)*h = (V(w,s),h)g, h € E).

The previous definitions have obvious extensions to processes defined on subin-
tervals of [0, T'].
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6.1.2 The Class G

In this section we introduce a class of maps acting among Banach spaces, possessing
suitable continuity and differentiability properties. Many assumptions in the follow-
ing sections will be stated in terms of membership in this class.

The class we are going to introduce has several useful properties. First, member-
ship in this class is often easy to verify: see Lemmas 6.4 and 6.6 below. Next, it is a
well-behaved class as far as chain rules are concerned. Finally, it is sufficiently large
to include operators commonly arising in applications to stochastic partial differen-
tial equations, such as Nemytskii (evaluation) operators; it is well known that the
Nemytskii operators are not Fréchet differentiable except in trivial cases.

In this subsection, X, Y, Z, V denote Banach spaces. We recall that for a mapping
F : X — V the directional derivative at a point x € X in the direction & € X is
defined as
F(x +sh) — F(x)

N

VF(x;h) = liII(l)

whenever the limit exists in the topology of V. F is called Gateaux differentiable
at the point x if it has directional derivative in every direction at x and there exists
an element of £(X, V), denoted VF(x) and called Géteaux derivative, such that
VF(x;h) = VF(x)h for every h € X.

Remark 6.1 When V = R the Gateaux derivative V F (x) belongs to L(X, R) = X*,
the dual space of X. If, in addition, X is a Hilbert space then it can be identified
canonically with X* and the Gateaux derivative of F at x can be thought of as an
element of X that we denote by D F (x). Thus, D F (x) is the unique element of X such
that VF(x; h) = VF(x)h = (DF(x), h)x for every h € X. Similarly, in the same
circumstances, the second Gateaux derivative will be identified with a (symmetric)
element of £(X), denoted by D?F (x). This convention is a little different from the
rest of the book, where the notation D F'(x) is employed for the Fréchet derivative
of F at x. |

Definition 6.2 We say that a mapping F : X — V belongs to the class G' (X, V) if
it is continuous, Géteaux differentiable on X, and VF : X — L(X, V) is strongly
continuous.

The last requirement of the definition means thatforevery 7 € X themap VF(-)h :
X — V iscontinuous. Note that VF : X — L(X, V) is not continuous in general if
L(X, V) is endowed with the norm operator topology; clearly, if this happens then
F is Fréchet differentiable on X. Some features of the class G' (X, V) are collected
below.

Lemma 6.3 Suppose F € G'(X, V). Then

(i) (x,h)—VF(x)h is continuous from X x X to'V;
(ii) ifG € GN(V, Z) then G(F) € G'(X, Z) and V(G (F))(x) = VG(F (x))VF (x).
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Proof (i) Letx, — x and h,, — hin X. By the Banach—Steinhaus theorem we have
IVF(xp)|zx,vy < L for every n and for a suitable constant L. Therefore

|VF(xp)h, — VFx)h| < Llh — hy| + |VF(x,)h — VF(x)h|

and the claim follows immediately.

(ii) First we notice that for all x, y € H:

1
Fx+y) = F(x)+/ VF(x +ry)ydr. 6.1)
0

Therefore, given x, h € X, s € (0, 1], repeated application of (6.1) yields
G(F(x +sh)) — G(F(x))

1 1 1
= / [VG (F(x) + 0’/ VF(x + srh)shdr) / VF(x + srh)shdri| do.
0 0

0

Letg(s) = fol VF(x +srh)hdr,K ={VF(x +rh)h : r €0, 1]}and[€bethe
closed convex hull of K. Clearly K, and hence K , are compact subsets of V and
g(s) € K forall s € [0, 1]. Moreover,

1
{F(x) +Js/ VF(x +srh)dr: o €[0,1],s € [0, 1]}
0
C Ky = {F(x)+0ok:0e[0,1]k e K},

which is itself compact. By the dominated convergence theorem lim,_, o+ g(s) =
V F(x)h and since, by the continuity of VG, sup__¢ ;¢ IVG(2)k| < +00, applying
again the dominated convergence theorem we can conclude that

. G(F(x +sh)) — G(F(x))
lim

s—>0+ s

1
= / lir(r)l [VG(F(x)+ osg(s))g(s)]ldo = VG(F(x))VF(x)h.
0 S +

The proof that the map x— VG (F(x))V F(x) is strongly continuous is identical to
the proof of point (i). (]

In addition to the ordinary chain rule in point (ii) above, a chain rule for the Malli-
avin derivative operator holds: see Sect.6.2.2. Membership of a map in G' (X, V)
may be conveniently checked as shown in the following lemma.

Lemma 6.4 Amap F : X — V belongs to G'(X, V) provided the following condi-
tions hold:
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(i) the directional derivatives VF (x; h) exist at every point x € X and in every
direction h € X;
(ii) for every h, the mapping VF(-; h) : X — V is continuous;
(iii) for every x, the mapping h—V F (x; h) is continuous from X to V.

Proof We have to show that F is continuous and the map h—V F(x; h), where
V F (x; h) denotes the directional derivative of F' atafixed pointx € X inthedirection
h € X, is linear. To start, we notice that a version of formula (6.1) still holds under
the present assumptions, namely: F(x +y) = F(x) + fol VF(x +ry;y) dr forall
x,yeX.

First we show linearity. By definition of the directional derivative it is obvious that
forall p > 0Oandall x,h € X: VF(x, ph) = pVF(x, h). Since, for fixed h, k € X,

Fx+sth+k)—Fkx) Fx+sh+k)—Fx+sh) n F(x +sh) — F(x)
s s K ’

we have, by (6.1),

1
VF(x;h+k) = lim+ VF(x+sh+rsk;k)dr +VF(x;h),

s—0% Jo

provided the limit exists. The continuity of V F(-; k) implies that we can pass to the
limit under the integral, by a dominated convergence argument, obtaining V F (x; h +
k) = VF(x; k) + VF(x; h).Itfollows, in particular, that VF (x; —h) = —V F(x; h)
and so VF (x, ph) = pVF(x, h) forall p € Rand all x, 2 € X. Linearity is proved.
From now on, we denote the directional derivative V F (x; k) by VF (x)k.

Now we come to the continuity of F.Lety, — 0in X and fixx € X.By (6.1) we
have: F(x +y,) — F(x) = fol VF(x +ry,)y, dr. We see that the set {x + ry, :
r € [0, 1],n € N} is a compact subset of X. Therefore (using again the Banach—
Steinhaus theorem) sup, ¢ 17.nen |V F (X + 7ya)|cx,v) < +00 and we can apply the
dominated convergence theorem to conclude that F(x + y,) — F(x) — 0. (Il

We need to generalize these definitions to functions depending on several vari-
ables. For a function F : X x Y — V the partial directional and Gateaux derivatives
with respect to the first argument, at point (x, y) and in the direction & € X, are
denoted V, F'(x, y; h) and V. F (x, y), respectively, their definitions being obvious.

Definition 6.5 We say thatamapping F : X x ¥ — V belongstothe class G*°(X x
Y, V) if it is continuous, Gateaux differentiable with respect to x on X x Y, and
V.F : X xY — L(X, V) is strongly continuous.

As in Lemma 6.3 one can prove that for F € G'"%(X x Y, V) the mapping
(x,y,h)—V,F(x, y)h is continuous from X x Y x X to V, and analogues of the
previously stated chain rules hold. The following result is proved in the same way
as Lemma 6.4 (but note that continuity is explicitly required).

Lemma 6.6 A continuous map F : X x Y — V belongs to G"%(X x Y, V) pro-
vided the following conditions hold:
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(i) the directional derivatives V,F (x, y; h) exist at every point (x,y) € X XY
and in every direction h € X;
(ii) for every h, the mapping VF (-, -; h) : X x Y — V is continuous;
(iii) for every (x,y), the mapping h—V, F(x, y; h) is continuous from X to V.

The previous definitions and properties have obvious generalizations to slightly
different situations, provided obvious changes are made. For instance, the space Y
might be replaced by an interval [0, T'] or [0, 0o). Another situation occurs when
F depends on additional arguments: for instance, we say that F : X x Y x Z - V
belongs to G 1*l'fO(X x Y x Z, V) if it is continuous, Gateaux differentiable with
respectto x and yon X x Y x Z,and V, F : X x Y x Z — L(X,V) and V, F :
X xY x Z — L(Y, V) are strongly continuous.

We will make systematic use of a parameter-dependent contraction principle,
stated below as Proposition 6.7. It will be used to study regular dependence of solu-
tions to stochastic equations on their initial data, which is crucial to the investigation
of regularity properties of the nonlinear Kolmogorov equation which is the object of
this Chapter. The first part of the following proposition is proved in [582], Theorems
10.1, 10.2 (see also [106] Appendix C). The second part is an immediate corollary.

Proposition 6.7 (Parameter-dependent contraction principle) Let F' : X x ¥ — X
be a continuous mapping satisfying

[F(x1,y) — F(x2, y)| < alx) — xf,
for some o € [0, 1) and every x|, x, € X, y € Y. Let ¢(y) denote the unique fixed
point of the mapping F(-,y) : X — X. Then ¢ : Y — X is continuous. If, in addi-
tion, F € GW\ (X x Y, X), then ¢ € G' (Y, X) and
Vo(y) = ViF(9(y), WV P(y) + VyF(o(y), y),  yeY.
More generally, let F : X x Y x Z — X be a continuous mapping satisfying
|F(x1,y,2) — Fx2, y,2)| < alx; —xa,

forsomea € [0, 1)andeveryx,,x, € X,y € Y,z € Z. Let ¢(y, 7) denote the unique
fixed point of the mapping F(-,y,z) : X — X. Then ¢ : Y x Z — X is continuous.
If, in addition, F € G"0(X x Y x Z, X), then ¢ € G1O(Y x Z, X) and

Vyd(y,2) = Vx F(@(y, 2), ¥, DVyo(y, 2) + Vy F(9(y,2). y,2), y€Y, ze€Z
(6.2)
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6.1.3 The Forward Equation: Existence, Uniqueness
and Regularity

Let W(¢), t € [0, T], be a cylindrical Wiener process with values in a Hilbert space
E, defined on a probability space (2, %, P). We fix an interval [¢, T] C [0, T] and
we consider the Itd stochastic differential equation for an unknown process X (s),
s € [¢t, T], with values in a Hilbert space H:

{dX(S) = AX(s)ds+b(s,X(s))ds +0(s,X(s)) dW(s), se€[t,T], 6.3)

X(t)=x¢€ H.

The precise notion of solution will be given next. For the moment we emphasize the

fact that W will only denote a cylindrical Wiener process. Other cases can be reduced

to this one by standard reformulations; for instance, the case of a finite-dimensional

driving Brownian motion corresponds to the case where E has finite dimension.
We assume the following:

Hypothesis 6.8 (i) The operator A is the generator of a strongly continuous semi-
group e'4, t > 0, in the Hilbert space H.

(i) The mapping b : [0, T] x H — H is measurable and satisfies, for some con-
stant L > 0,

|b(l‘,x)_b(ta)’)|§L|x—Y|7 te[O,T], -xvyeH'
(iii) o is a mapping [0, T] x H — L(&, H) such that for every v € E the map
ov:[0,T] x H — H is measurable, e*4o(t, x) € L2(E, H) for every s > 0,

t € [0, T]and x € H. Moreover, forevery s > 0,t € [0, T],x,y € H,

4o (t, )l ey m < Ls™7 (14 x]),

_ 6.4
40t x) — At Y eaean < L s~ x — vl ©4

and
lo, X)eEnm < L1+ Ix]), (6.5)

for some constants L > 0 and v € [0, 1/2).
(iv) Foreverys > 0Oand? € [0, T],

b(t,) € GN(H, H), "ot e G (H, Ly(E, H)).

By a solution to Eq. (6.3) we mean an .%,-adapted process X (s), s € [¢, T], with
continuous paths in H, such that, P-a.s.

X(s) =S D4x + /S eSTAb(r, X (1)) dr +/S ST A X(r) dW(r), s €[t, T].
t t
(6.6)
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To shorten the notation slightly, we will often write X; and W instead of X (s),
W (s). We note that X is clearly a predictable process in H and that the measurability
assumption in Hypothesis 6.8-(iii) is needed to ensure that the integrand process
e“"IAG(r, X(r)), r € [s,t], is a predictable process with values in £,(E, H)
(endowed with the Borel o-field). To stress dependence on the initial data we denote
the solution by X (s; ¢, x). Note that X (s; 7, x) is .%|, r)-measurable, hence indepen-
dent of .%,.

The inequality (6.5) and Hypothesis 6.8-(iv) are needed to have additional reg-
ularity for the process X, but they are not used in Proposition 6.9 below. It is a
consequence of our assumptions that for every s > 0,# € [0, T],x,h € H,

IVeb(t, x)h] < L |hl, V(o x)hlcyem < LsThl. (6.7

Proposition 6.9 Under the assumptions of Hypothesis 6.8-(i)-(ii)-(iii), for every
p € [2, 00) there exists a unique process X € L%(Q; C([t, T], H)) which is a solu-
tion to (6.6). Moreover,

E sup [X(s;t,x)|” <C(+ [x]D?, (6.8)

selt,T]

Jor some constant C depending only on p,~, T, L and M := sup, les4].

Proof The result is well known, see e.g. [177], Theorem 5.3.1. We include the proof
for completeness and because it will be useful in the following. We often write X for
X (s) and similar conventions are used for other stochastic processes. The argument
is as follows: we define a mapping @ from L%(Q; C([t,T], H)) to itself by the
formula

N S
& (X)) = e(x*’>f‘x+/ eSTDAb(r, X)) dr +/ STAG(r, X,y AWy, s e[t T1,
t t

and show that it is a contraction, under an equivalent norm. The unique fixed point
is the required solution.

For simplicity, we set = 0 and we treat only the case b = 0, the general case being
handled in a similar way. Let us introduce the norm || X||? = E SUPef0.7] e e X, |7,
where 3 > 0 will be chosen later. In the space L?(2; C([0, T'], H)) this norm is
equivalent to the original one. We will use the so-called factorization method, see
[177], Theorem 5.2.5. Let us take p > 2 and @ € (0, 1) such that

1 1 3
S <a<z- and let ¢’ :/ (s —uw)*'(u—r)""du.
P r

Then, by the stochastic Fubini theorem,
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s s
D (X), = x + ca/ / (s —u)* N —r) ™S gy o (r, X,) AW,
0 r
5
=ex + CQ/ (s —u)* ey, du,
0

where .
Y, = / w—=r)"e“ A, X,) dW,.
0

By the Holder inequality, setting M = sup; (o 7 lesA, p' = p/(p — 1),

N >
< (/ e P BE=0 (¢ _ ey ds)] .
0
s 1
5
. (/ efp/3u|e(sfu)AYu|P du)
0
o CONE T L
<M (/ e P'Puye=Dp du) (/ e PPy, P du) , (6.9
0 0

e—ﬂs

s
/ (S _ u)(y—le(s—u)A Yu du
0

and we obtain

e N (g '
DX < M|x|+ Mc, (/ e PPy e=bp du) (E/ e Py, P du) .
0 0

By the Burkholder—Davis—Gundy inequalities, taking into account the assumption
(6.4), we have, for some constant ¢, depending only on p,

i

u 2
CPE (/ (u — r)—2a|e(u—r)A0-(r, Xr)|i2(E,H) dr)
0

P

u 2
LPc,E ( / (=) + X, ))? dr)
0
P

. “ ) 2
< LPc,E sup [(1+|X,|)Pe "] ( / (u —r) 2072020 dr) ,
0

E 1Y, ?

IA

IA

rel0,u)
which implies

)

p u ) 2
e—[?ihtE |Yu|p S L[)cp(l + ”X”p) (/0 (l/l _ r)—2(w—2we—2d(u—r) dr)

T 5
< LPc,(1+[IX|1") ( / poR0 R dr)
0

We conclude that
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[®X)|| < Mlx|+MLc, (Te,(1+ ||1X||">)7’ :

T vy T , 3
. (/ e P duu(a—l)p du) (/ r—2(1—27e—2ﬂr dl")
0 0

This shows that ® is a well defined mapping on L”(Q; C([0, T, H)). If X, X" are
processes belonging to this space, similar passages show that

1
[®(X) — DX < MLc, (Tc,)? I1X — X'||-

T Vo T 2
. (/ e P siuu(a—l)p du) (/ r—20,—2q'e—2;3r dr) ,
0 0

so that, for § sufficiently large, the mapping & is a contraction.
In particular, we obtain || X|| < C(1 + |x]), which proves the estimate (6.8). [

6.2 Regular Dependence on Data

6.2.1 Differentiability

For further developments we need to investigate the dependence of the solution
X (s; t, x) on the initial data x and 7. We first reformulate Eq. (6.6) as an equation on
[0, T]. We set

S(s) = e for s3>0, S(s)y=1 for s <0, (6.10)

and we consider the equation

X()=8SG—1t)x+ /X 1[,,T](r)S(s —r)b(r, X(r)) dr
0
+ / M ()SGs — Mol X () AW (), (6.11)
0

for the unknown process X (s), s € [0, T]. Under the assumptions of Hypothesis 6.8,
Eq.(6.11) has a unique solution X € L%(Q; C([0,T], H)) forevery p € [2,00). It
clearly satisfies X (s) = x for s € [0, 1), and its restriction to the time interval [¢, T']
is the unique solution to (6.6).

From now on we denote by X (s; ¢, x), s € [0, T], the solution to (6.11).

Proposition 6.10 Assume Hypothesis 6.8. Then, for every p € [2, 00), the following
hold.

(i) Themap (t,x)—X(-;t, x) belongstogo*l ([0, T x H, L%(Q; C(0, T], H))).
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(ii) Denoting by V. X the partial Gdteaux derivative, for every direction h € H
the directional derivative process V, X (s; t, x)h, s € [0, T, solves, P-a.s., the
equation:

S
VX (sit,x)h = eS™DAp +/ eSTIAG b(r, X (rit, X))V X (73 t, x)h dr
t

)
+/ V(@S A, X (ry 1, X)) Va X (7 1, )R dW(r), s €1, T,
13
ViX(s;t,x)h = h, s e€]|0,1).
(6.12)
(iii) Finally, |V, X (-; t, x)h|Lg)(Q;C([O‘T]’H)) < c |h| for some constant c.

Proof Letus consider again the map @ defined in the proof of Proposition 6.9. In our
present notation, ® can be seen as a mapping from L%(Q; C(0,T],H)) x[0,T] x
H to L%(Q; C([0, T1, H)):

O(X,t,x); =S(s —t)x +/ Lie.r1(r)S(s = r)b(r, X;) dr
0
+ / M ()SGs — o X,) dW,,
0

for s € [0, T]. By the arguments of the proof of Proposition 6.9, ®(-, ¢, x) is a con-
traction in Lf, (2; C([0, T1, H)), under an equivalent norm, uniformly with respect
to 7, x. The process X (-; ¢, x) is the unique fixed point of ®(-, ¢, x). So, by the
parameter-dependent contraction principle (Proposition 6.7), it suffices to show that

D e g”’"(Lg(Q; C([0, T1, H)) x [0, T] x H, L} (; C([0, T1, H))).

By an obvious extension of Lemma 6.6, the proof is concluded by the following
steps.

Step 1. @ is continuous. We have already noticed that ® (-, ¢, x) is a contraction,
uniformly with respect to x € H and ¢ € [0, T'], and so ®(-, ¢, x) is continuous,
uniformly in ¢, x. Moreover, for fixed X itis easy to verify that ® (X, -, -) is continuous
from [0, T'] x H to L1,(Q2; C([0, T1, H)).

Step 2. The directional derivative Vx ® (X, ¢, x; N) in the direction N € L%(Q;
C([0, T, H)) is the process given by

Vx®(X,t,x; N), = / e“ AV b(r, X,)N, dr

1
s

+ / Vi (e, X )IN, dW,, s € [1, T],
t
Ved(X, 1 x: N)y =0, s € [0, );

moreover, the mappings (X, ¢, x)—>Vx® (X, t,x; N)and N->Vxd(X, t, x; N) are
continuous.
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We limit ourselves to proving this claim in the special case b = 0, the general case
being a straightforward extension. For fixed r € [0, T]and x € H,foralls € [t, T]:

If = l<I>(X+5N ,x)s — lCD(X £, x)s —/Sv o (r, X,))N,dW,
= / (/ (Ve o (r, X, + (NN, — V("o (r, X,))N, )dg) dw,.
t 0

Proceeding as in the proof of Proposition 6.9 (with 3 = 0) we get for 1/p < a <
1/2 — v and for a suitable constant c:

T
1L co.rm = CPE/I Y, 1"du,
where
u 1
YE = / (u — r)a( / (vx(ew*’)f*a(r, X, + (eN,))N,
t 0
V(" A, X,))N,)dg)dw
Therefore

ElY,|” < cE(/ w—r)—
t

1
/ (vx “ o (r, X, + (eN,)N,
0

2 p/2
dr)
Ly(8,H)

— V("o (r, X,))N,)dc

for a suitable constant c. Since for all ¢

< L(u —r)""|N|cqo,m1,H)

1
/ Vo€ A, X, + CeN,)NydC
L>(E,H)

0

and V,(e*4o(t, x)v) is continuous in x then, by dominated convergence, we get
E ftT |YS|Pdu — 0 and the claim follows.

Continuity of the mappings (X, t,x)—>Vx®(X,1,x; N) and N—>Vyd(X, 1,
x; N) can be proved in a similar way.

Step 3. Finally, it is clear that the directional derivative V, ® (X, ¢, x; k) in the
direction & € H is the process given by

V,®(X,t,x; h)s = ", s elt, T,
Vi ®(X,t,x;h)g =h, sel0,1),
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and that the mappings (X, ¢, x)— V,®(X, t, x; h) and h—V, D (X, ¢, x; h) are con-
tinuous.

To complete the proof we observe that the Eq. (6.12) is just a re-writing of (6.2)
and that the estimate in (iii) is a trivial consequence of Eq.(6.12) and the fact
that |Vx @] is uniformly bounded by a constant <1, by the contraction property
of ®. (]

6.2.2 Differentiability in the Sense of Malliavin

In order to proceed further in the study of the properties of the solution to the forward
equation we need to introduce basic notions and tools of the Malliavin calculus. We
refer the reader to the book [468] for a detailed exposition; the paper [328] treats the
extensions to Hilbert space-valued random variables and processes. We will report
without proofs only the results that will be used in the sequel. This digression on
the Malliavin calculus ends after Lemma 6.12, when we come back to the forward
equation.

We also inform the reader that the aim of this entire section is just to prove
Proposition 6.17, whose statement can be understood after reading a few introductory
lines preceding it, and that no reference to the Malliavin calculus will be made in the
sections that follow.

Our starting point will be a cylindrical Wiener process { W, },>0 on a real separable
Hilbert space E. For every (deterministic) function i € L?([0, T1; E) the integral
fOT h(t)* dW, willbe denoted by W (h), where h(¢)* € E* denotes theimage of i () €

E under the Riesz isometry. We will also use the notation W (h) = fOT (h(t),dW,)z.
Given a Hilbert space K, let Sx be the set of K-valued random variables F of the
form

F=>" fi(Wh), ..., W(h))e;,

Jj=1

where hy, ..., h, € L*([0, T]; B), (e;) is a basis of K and f1, ... f,, are infinitely
differentiable functions R” — R bounded together with all their derivatives. The
Malliavin derivative DM F of F € Sk is defined as the process Df,\’l F,nel0,T],

DYF =" 0 fi(W(hp), ..., W(hi)e; ® hi (),

j=1 k=1

with values in £,(E, K); by 0, we denote the partial derivatives with respect to
the k-th variable and by e; ® hy(n) the operator u—e; (hi(n), u)g. It is known that
the operator DM Sk € L2 K) = L2(Q x [0, T]; £2(2, K)) is closable. We
denote by D'?(K) the domain of its closure, and use the same letter to denote D™
and its closure:
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DM DY (K) c L3(2; K) — L*(Q x [0, T1; £L2(E, K)).
The adjoint operator of DM,
§: dom (8) € L2(Q x [0, T1; L2(E, K)) — L*(Q; K),

is called the Skorohod integral. Thus, § acts on a certain subset of square-integrable
stochastic processes u,, n € [0, T'], with values in £,(E, K) (more precisely, on
equivalence classes up to the product measure P ® d7) and its value at u is a square-
integrable random variable with values in K (more precisely, a P-equivalence class),
that will be denoted & (u) or fOT uy d W,,, because of its close connections with the 1td
integral (see, for instance, Proposition 6.11 below). We also need to introduce the
space L12(L,(E, K)) of processes u € L>(Q x [0, T]; £,(E, K)) such that u, €
D“2(L,(E, K)) for a.e. r € [0, T], and there exists a measurable version of D;\’tu,.
satisfying

T T
2 _ 2 M 2
HMH]LLZ(EZ(E,K)) - HMHLZ(QX[O,T];ACZ(EAVK)) +E/0 A ”DW urHLZ(E,EZ(E,K)) dr d77 < OQ.

The definition of L"2(K) for an arbitrary Hilbert space K (instead of £,(E, K)) is
entirely analogous.

In the following proposition we summarize all the properties that we need in the
sequel concerning the objects introduced above. We omit the proofs, which can be
found in [328] or, after appropriate reformulation, in [468] or [469]. In particular,
point 4 is proved in [328], Proposition 3.4. Point 5 can be found in [469], Theorem
3.2, or [328], Proposition 2.11.

Proposition 6.11 With the previous notation, the following holds.

(1) If F € DV2(K) is .Z;-adapted then D' F = 0 a.s. on Q x (¢, T).
(2) Ifu is an (adapted) process belonging to L%,(Q x [0, T1; Lo(E8, K)) then u €
dom(6) and the Skorohod integral 6 (u) coincides with the Ité integral, i.e.,

T T
/ undWTI:/ uy dW,,.
0 0

(3) If u € L'"*(L2(E, K)) then u € dom () and |5@)|17xq.x) < 14l 122,z )
In particular, the Skorohod integral  is a continuous linear operator from
LY2(L5(8, K)) to L*(Q; K).

(4) If u € L"*(Ly(E, K)), and for a.a. 1 the process {D,/]Vlu,},.eloﬂ belongs to
dom(6), and the map 77—>§(D,/7Vlu) belongs to L*(Q x [0, T1; £L2(E, K)), then

§(u) € D"*(K) and D)6 (u) = u, + 6(D)w), ie.,

T T
DM [ u, dW, = u,,+/ DMu, dW,.
0 0
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(5) If F e D'2(R), u € L*(Q x [0, T]; £L(E,R)) ~ L2(Q x [0, T]; E*) belongs
to dom(d) and Fue L*(Qx[0,T];E*), then Fuedom(d) and
0(Fu) = Fé(u) — (DMF, u) which means

T T T
] _ 7 _ M
/0 Fu,]dW,,_F/O u, dw, /0 (D F ), o g, A,

provided the right-hand side belongs to L*(2; R).

In particular, if 0 <a <b < T, § € E, and upon taking u, = {*1j4,,1(n), we
have FE1(, ) € dom(0) and

b b b b
/ F & dw, = F/ & dw, —/ DM FE dn = F(Wp& — Wab) _/ DMF¢ dn,
a a a a (613)
provided F € D"“*(R) and the right-hand side of (6.13) belongs to L*(2; R).
Finally, we need to define the space D,ll;z(l(). If FeD'"2(K)and F=0o0na
measurable subset A C Q then 14DMF = 0; this follows immediately from the
corresponding result for K = R? ([469], Lemma 2.6). Therefore the following def-
inition is meaningful: we say that a random variable F : @ — K belongs to the
space IDZ](;?(K ) if there exists an increasing sequence of measurable subsets €2; C 2
and elements F; € D'?(K) such that Uy Q; = Q P-a.s.and 1o, F = 1o, F,. DMF :
Q x [0, T] — L,(E, K) is then defined by requiring 1ngMF = IQkDM F;. The
following chain rule holds; the proof consists in standard approximation arguments
and is left to the reader.

Lemma 6.12 Suppose K, H are Hilbert spaces, 1 € G' (K, H) and

sup [VY(X) |k, my <00, n=12,.... (6.14)

Jx|<n

(i) If F € D"*(K) then ¥(F) € D> (H).

loc loc

(ii) If F € DY“*(K) and sup, . |VUX) |2k, 1y < 00 then ¢Y(F) € DV2(H).
(iii) More generally, if F € DV2(K), (6.14) holds and

T
E [4(F)|3 < oo, E/O IV(F)D'F |7, . ydn < 00,

then (F) € D"“2(H).
In any of the cases (i)—(iii) we have DMa(F) = Viyp(F)DMF.
After this digression on general Malliavin calculus we come back to the properties

of the forward equation and consider again the solution X = {X(s; ¢, x)}ses, 7] tO
(6.6) with (¢, x) fixed, denoted simply by (X;). We set as before X; = x, s € [0, ).
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We will soon prove that X belongs to L''>(H). Then it is clear that the equality
Dé\/‘XS = 0 P-as. holds fora.a. n, ¢, s if s <t orn > s.

Proposition 6.13 Assume Hypothesis 6.8. Then the following properties hold.

(i) X e LY2(H).

(ii) There exists a version of DMX such that for every n € [0, T), {D,/]‘/l X)ses. 1
is a predictable process in L,(E, H) with continuous paths satisfying, for every
p € [2,00),

sup E( sup (s — 77)’”’|D7/]V‘X5|ZZ(E,H)) <c, (6.15)
nel0,T] se(n,T]

where ¢ > 0 depends only on p, L, T,y and M = SUDP;c(0.7] |es4|; moreover,
P-a.s.

DX, = e Mo(n, X,) + / eC b (r, X)) DM X, dr
s K (6.16)
+ / V(e o X)) D) X, dW,y, s € (1. T

n

Moreover, X, € DV2(H) for every s € [0, T1.
(iii) Given any element v of E, the process Qs = DT/IV‘XJU is a solution to the
equation:

0 = 5 Mo(n, X,)v + / S PAY b(r, X,) 0, dr
s L (6.17)
+ / Ve Mo (r, X)) Qyr dW,, P-as.

n

fora.a.n,switht <n <s < T.Itisunique in the sense that if {Qys,t <1 <
s < T} is another process with values in H such that { Qs }sery, 11 is predictable

foreveryn € [t, T] and E j;T fnT |Q,s|*dsdn < oo then, for a.a. 1, s, we have
Qs = D,jl\AXxv P-a.s.

In order to prove this proposition we need some preparation. We start with the
following lemma.

Lemma 6.14 If X € LY2(H) then the random processes

/ S Ab(r, X,) dr, / e 4o(r, X,) dW,, s e[0,T],
0 0

belong to L"2(H) and for a.a. n and s withn < s



702 M. Fuhman and G. Tessitore

N N
DY [ e Ab(r, X,) dr = / O b(r, X, ) D)X, dr,
0 n
) S
DM [ O, X)) dW, = O o (s, Xy) +/ Ve a(r, X)) DY X, AW
0 n
(6.18)

Proof We will prove only (6.18). Recall that, by Proposition 6.11-4, if u e L'2
(L2(E, H)), and for a.a. n) the process {D#‘/‘u,},g[o_r] belongs to dom(d), and the
map 77—>5(D,7Mu) belongs to L2(Q x [0, T]; £>(E, H)), then 6(u) € DV?(H) and
DMo(u) = uy + 6(DMw).

We fix s and we apply this result to the process u, = e“ 4o (r, X,) (we set
u, = 0 for r > s). First notice that

T s
B[ dr =B [ 1000 X0 dr
S

< L2]E/ (s =)0+ |X,.)? dr.
0

The right-hand side is finite for a.a. s; indeed, by exchanging the integrals we verify

that ,
/ (E/ (s — )20+ |X,)? dr) ds
0 0

T T
5/ r*%dr/ E(1+ |X,))? dr < oo,
0 0

since X € L2(H) C L*(Q x [0, T]; H). Next, for every r, by the chain rule for
the Malliavin derivative (Lemma 6.12-(i7)), D7/,V‘ur =V, (e® M a(r, X,))D{I‘/‘X,
for a.a. n < r, whereas D,,/]V’u, = 0 for a.a. n > r, by adaptedness. Next, recalling
6.7),

T s
E’/ |D7/]V[ur|2 dr = E/ |Vx(e(s_r)Ao'(r’ Xr))D;;Verﬁ:z(E.ﬁz(E,H)) dr
0 n
s

< LZ]E/ (s =) DM X, 7 dr
mn

so that

T T s s
B[ [ DM pdran <8 [ [ 6= IOy drdy
0 0 0 Jn

s r
=L2/0 (s—r)fh/o ]E|D,¢4x,|2£2(5ﬂ) dn dr.

The right-hand side is finite for a.a. s; indeed, by exchanging the integrals we verify
that
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/ (/ (s—r)” 27/ IE|DMX |2£2(:H) dndr) ds
_/ 2’dr/ /E|D X2, dn dr
0

T
—_ -2y
—/0 r=* dr|DM X|L2(Q><[O,T]x[().T];[,Z(E,H)) < 00,

since X € L'2(H). Now we recall that the Skorohod and the It6 integral coincide
for adapted integrands, so that

T T
/ E\é(D/]\”u)lzdn:/ E
0 0

So for a.a. s we can apply the result mentioned above and since

T
/0 Dg‘Au, dw,

T T
dn:IE/ / |D,j]\/lu,|2 dr dn < oo.
0 0

S N
5(u):/ SNAG X, dWy, 6(D,,/]\4u):/ Ve @ o, X ) DX, AW,
0 n

formula (6.18) is proved. The estimate

// ‘DM/ o (r, X,) dW,

< 2/ / Ele“™ o (n, X)) |7, 1) dn ds
0 0

2
dnds

T s K
+2/ / E/ V(e o (r, X ) DM X7 0oy dr d ds
OT 0 K T
§2L2/ r dr/ E(1+|X,])?dr
0 0

T
2 —2y My 2
+2L /0 r~=dr|D X172@x10,71%10,71: 222, H)) < OO

is a consequence of the previous passages, and shows that the process fos elsnA
o(r, X,) dW,,s € [0, T], belongs to L'“2(H). O

For n € [0, T') and for arbitrary predictable processes Xs, Qs, s € [, T], with
values in H and £,(E, H) respectively, we define, for s € [, T,

[L(X, Q) = / DAY b(r, X,) 0, dr.

n

L2(X, Qs = /S Vx(e(‘y_r)AJ(rv X)) O, dW,.

n

The same notation will be used when Qy, s € [, T'], is a process with values in H.
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Proof of Proposition 6.13. We fix t € [0, T). Let us consider the sequence X"
defined as follows: X° = 0,

s N
X = 6Dy +/ e p(r, X" dr +/ S AG(r, X" dW,, selt, T,

t t

and X! = x fors < t. It follows from the proof of Proposition 6.9 that X" converges
to the solution X of Eq. (6.6) in the space L%(Q; C([0, T1, H)) hence, in particular,
in the space L*(Q x [0, T]; H). By Lemma 6.14, X" € L'2(H) and, for a.a. n and
s withn < s,

DX =M (n, X + / O (r, XD X dr

s " (6.19)
+/ V(e Mo (r, X)) DM X dW, .
n

Setting I(X"),s = e Ag(n, X:;) for s > n and I(X"),; =0 for s <7, and
recalling the operators introduced above, we may write equality (6.19) as

DMX"™ = [(X") + (X", DMX") + Ta (X", DMX™).

We note that 7(X") is a bounded sequence in L*(Q x [0, T] x [0, T1; £,(E, H)),
since

T ps
IE/O /0 6= A G, XZ)|2£2(E,H> dn ds
T s
= LZE/ / (s =m0+ |X7r;|)2 dn ds
0 0
T T
=< LZ/ 5*27 ds/ EQ+ |XZ|)2 dn,
0 0

and X" is a bounded sequence in L*(Q x [0, T]; H). Next we show that there exists
an equivalent norm || - || in L2(2 x [0, T] x [0, T1; £,(E, H)) such that

Ty (X", DMX™)|| + [T2(X", DMX™)|| < o DM X", (6.20)

forsome @ € [0, 1) independent of n. For simplicity we only consider the operator I';.
For a process (Z,) € L*(2 x [0, T] x [0, T]; £L2(E, H)) we introduce the norm

T T
I1z|? =/ / E|Zys|7,z.me " "ds dn,
0 0

where 3 > 0 will be chosen later. We have
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T
2 —B(s—
/ EIT2 (X", DM X" 2z e "7 ds
A M
/ / E V("o (r, X)) DM X! 7 5 rommy dr €707 ds

<L2/ /(s—r) B IDM XN @ dr e " ds

= L2/ e PR |D,//\4Xf|LZ(EVH)/ (s =r)™ 2 e P ds dr
r

7
T T
< L2/ e PR |D$4Xf|2£2(E,H) dr{ sup / (s — r)’zv e P61 gs ).
n re[n,T1Jr

The supremum on the right-hand side can be estimated by fOT r=27 e P dr; so we
obtain ;
T2 (X", DMX™)|1? < L2/ r=2 e dr|| DM X" 2.
0
Now to prove (6.20) it suffices to take (3 sufficiently large.

From (6.20) and from the fact that I(X") is bounded in L?*(Q2 x [0, T] x
[0, T1; Lo(E, H)), it follows easily that the sequence DMX" is also bounded in
this space. Since, as mentioned before, X" converges to X in L2(Q2 x [0, T1; H), it
follows from the closedness of the operator D that X belongs to L' (H). Point
(i) of Proposition 6.13 is now proved.

By Lemma 6.14, we can compute the Malliavin derivative of both sides of (6.6)
and we obtain, for a.a. n and s with n < s,

D' Xy = 1(X)ys + T1(X, DMX)y + Ta(X, DM X)), Paas.,  (621)

where
1(X),s = " Ma(n, X,). (6.22)

Let us introduce the space K of processes Q,, 0 <7 < s < T, such that for every

nelt,T), {Qyslsew.r) is a predictable process in £,(E, H) with continuous paths,
and such that

sup E( sup e e (5 — n)P”f|Qm|§’;2(E,H)) < 0. (6.23)
nel0,T] sen,T]

Here p € [2, 00) is fixed and § > 0 is a parameter, to be chosen later. Let us consider
the equation: for every ) € [0, T), P-a.s.,

Qs = 1(X)ys +T1(X, Q) + To(X, Q). s € (. T] (6.24)
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We are going to prove that there exists a unique solution Q € K of this equation.
Assume this for a moment. Then, subtracting (6.24) from (6.21), we obtain for a.a.
nand s withn < s

DX, — Qe = Ti(X, DMX — Q) + To(X, DMX — 0),,  P-as.
Repeating the passages that led to (6.20) we obtain
IT1(X, DMX — Q)| + [IT2(X, DPMX — Q)| < | DM'X — QI

for some o € [0, 1). This proves that Q is a version of D™ X. Then equality (6.24)
coincides with (6.16), and this proves point (ii) of the Proposition, except for the
last assertion.

Now we prove unique solvability of (6.24) in the space /. It suffices to show that
I(X) € K and that '} (X, -) + I',(X, -) is a contraction in K. Since, for s > 7,

1“4, X,) | cazmy < Lis —m) 77 (1 +|X,1),
we have

sup B sup (s —m)”e" " a(n, X )|} e < L7 sup E(1+]X,])7,
nel0,T1  se.T] ' nel0,T]

which is finite, since X € L%(Q; C ([0, T1, H)). This shows that I (X) € K; the
contraction property for I'1 (X, -) + I'>2(X, -) requires a longer argument, and it is
postponed to Lemma 6.15 below.

The last assertion of point (i7) is clear for s € [0, 7], since Xy = x. Fors € (¢, T']
we take a sequence s, 1 s such that X; € D"?(H) and we note that by (6.15)
the sequence E fOT |D7/]"l X, |*dn is bounded by a constant independent of n; since
X,, — X, in L*(Q; H), it follows from the closedness of the operator DM that
X, € DV2(H).

Now we proceed to proving point (iii) of the Proposition. Let us fix v € E and
define the space S of processes {Q,, t <71 <s < T}, with values in H, such that
{Qus)sem, ) 1s predictable for every 1) € [¢, T'] and the norm

T T
loIP = / / E 10y Pye " ds dn
t n

is finite, where 5 > 0 is a parameter to be chosen later. Since I (X) (defined in (6.22))
belongs to the space K introduced above, I (X)v belongs to S and the equality (6.17)
is equivalent to the equality in the space S:

Q0 =I1X)v+TI'1(X, Q) +IN(X, Q). (6.25)
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It turns out that this equation has a unique solution in S: indeed, I'; (X, ) 4+ ' (X, -)
is a contraction in the space S if 3 is chosen sufficiently large, as it can be proved
by passages almost identical to those leading to (6.20). Finally, D Xv belongs
to S since DMX € L2(Q2 x [0, T] x [0, T]; £»(E, H)), and applying both sides
of (6.16) to v we check that DM Xv = I (X)v + I'| (X, DMXv) + I'>(X, DMXv).
Point (iii) of the proposition is now proved. (I

To complete the previous proof, it remains to state and prove the following lemma.

Lemma 6.15 Forn € [0,T), let Xy, s € [, T1, be a predictable process in H and
let Qs, s € (n, T, be an L,(E, H)-valued continuous adapted process.

For p € [2, 00) sufficiently large and for every 3 > 0, the following estimate
holds:

E( sup (S — n)ﬁfpe—ﬁp(f—ﬁ) (|F1(X: Q)"15|22(E,H) + |F2(X, Q)’V]S|ZZ(E’H)))

s€ln.T]

< cw)E( sup (s — n)“ﬂ’e3P<S">|QS|{22(E,H)),

s€[n,T]

where C(3) depends on 3, p, L, v, T and M = sup, o, le**|, and is such that
C(B) — 0as (B — 0.

Proof For simplicity, we only consider the operator I',. Fixing n € [0, T') we intro-
duce the space of £,(E, H)-valued continuous adapted processes Q;, s € (1), T']
such that the norm

. P ,—Bp(s—
I Q”g =E sup (s — 77)’”79 hré 7I)|QS|Z;(E,H)
se[n,T] -

is finite. We use the factorization method, see [177], Theorem 5.2.5. Let us take
p > 2and a € (0, 1) such that

1 1 $
—<a< 5~ ~, and let c;' = / (s —u)* "(u—r)%du.
p ;

Then, by the stochastic Fubini theorem,

N S
F2(X, Qs = ca / / (s = =)~ STV G, X)) O du AWy
Ui r

N
=co | (s —w)* leb—Ay gy
n

where .
V, = / w—r)" V(" o (r, X,))Q, dW,.
n

By the Holder inequality, setting M = sup,o lesAl, p' = p/(p — 1),
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s
}F2(Xv Q)'r;s‘ < C(xM (S - u)a_l|vu| du
U

1
< caM ( / e AL du)
Y

1
s -
. (/ ep/ﬁ(ufn)(u _ n)—q/p’(s _ u)(afl)p/ du) ! )
n

T
ITS(X, QI < P M” / PP (4 Y PE |V, [P du

n —
n
2

) s - o v
sup (s — n)ﬁ’ﬂe—ﬁp(d—fl) (/ eP /3(u—7/)(u _ n)—’w (s — u)(a—l)p du) )

se(n,T] n

Changing u into (u — n)/(s — n), it is easily seen that the supremum on the right-
hand side equals

P

7

1
sup (s — n)pu—le—ﬂp(s‘—v) (/ ep’ﬂu(s—n)u—w’(l _ u)(a—l)p’ du) ! <a(p)?,
0

se.T]

where we set

1 %
a(B) := sup X\ re P (/ eV Ay =P (1 — )= p du) .
0

Ae(0,T]

So we arrive at

1
T »
IT2(X, Q) < caMa(3) ( / e””<“">(u—n>wE|vu|Pdu) .
Y

By the Burkholder-Davis—Gundy inequalities, for some constant ¢, depending
only on p, we have

r
2

E|V,|” < c,E ( / = r) Ve o (r, X)) 0|72 021y dr)

n

»
" 5
< L’c,E (/ (u — F)_za_27|Qr|%:2(s,H) dr)
n

u
= L7, 1101 ( / U =)0 =)~ dr)
n

vl

Changing r into (r — 1)/(u — 1) and taking into accountthat 5 > Oand v + v < 1/2
we obtain
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(=) P PPUDE |V, P < LPep| QI (u — )P o712

1
(/ (1 — r)=20=27,27,~28(1=r)(r=1) dr)
Jo

1
LreplQIf TP~ (/ (1 =202, dr)
0

P
2

(SIS

IA

We conclude that

1

1 1 2
IT2(X. Q) < caMLcha(3)T 77 ( / (1 —r)~20 22 dr) 1ol
0

This inequality proves the lemma, since the property that a(3) — 0 as 3 — 400
follows easily from the definition of a((3). [l

The following result relates the Malliavin derivative of the process X with
VX (s; t, x), the partial Gateaux derivative with respect to x (compare Proposition
6.10).

Proposition 6.16 Assume Hypothesis 6.8. Then for a.a. n, s such thatt <n <s <
T we have

D{,\AX(S;LX) =V, X(s;m, X(n; t,x))o(n, X(n; 1, x)), P-as. (6.26)
Moreover, D,/7\4X(T; t,x) =V X(T;n, X(n; t,x)0(n, X(n; t,x)), P-as. for
a.a.n.

Proof Proposition 6.10 states that for every n € [0, T'] and every direction 7 € H the
directional derivative process V. X (s; n, x)h, s € [, T], solves the equation: P-a.s.,

V. X(s;m,x)h = ST —I—/ eSTIAY b(r, X (r; 7, X))V X (r;n, x)h dr

1

+/ V(@ (r, X(r;n, )V X (ryn, x)h dW,, s €[n, T].
7

Givenv € Eandt € [0, n], wecanreplace x by X (n; ¢, x) and hby o (n, X (; £, x))v
in this equation, since X (n; , x) is fn-measurable. Next we note the equality: P-a.s.,

X(r;n, X(n;t,x)) =X(r;t,x), relnTl]

which is a consequence of the uniqueness of the solution to (6.6), and we obtain:
P-a.s.,
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Vi X (s;m, X (s £, X))o, X 1, x)v = S ™D A, X (5 1, x))v

S
+ / eSTIAY b(r, X (rit, X))V X (r; n, X(n; t,x))o(n, X(; t, x)v dr
n

S
+/ V(@™ A0 (r, X (ry 1, )V X (751, X (; 1, ) (n, X (15 £, x))v dWy, s € [, T].
U

This shows that the process {V. X (s; t, X(n; ¢, x))o(n, X(m; t,x)v:t <n<s <
T} is a solution to Eq. (6.17). Then (6.26) follows from the uniqueness property.
To prove the last assertion, it suffices to take a sequence s, 1 T such that (6.26)
holds for s, and let n — oo. The conclusion follows from the regularity properties
of DM X and V, X stated above, as well as the closedness of the operator DM, O

Now, for £ € &, recall that W¢ = {W(7)€},>0 is a real Wiener process. Also
fixt € [0, T] and x € H and set X, = X(7;t, x), 7 € [¢t, T], for simplicity. Given
a function u : [0, T] x H — R, we investigate the existence of the joint quadratic
variation of the process {u(7, X;)} ¢, 7 with WE. As usual, this is defined for every
T € [t, T as the limit in probability of

D Wi, X)) —u@ion, Xo NW(EE— W(Tno),

i=I

where {7;},t =719 < T <--- < T, =T, is an arbitrary subdivision of [#, 7] whose
mesh tends to 0. The existence of the joint quadratic variation is not trivial. Indeed,
due to the occurrence of convolution type integrals in the definition of a mild solution,
it is not obvious that the process X is a semimartingale. Moreover, even in this case,
the process u(-, X.) might fail to be a semimartingale if u is not regular enough.
Nevertheless, the following result holds true. Its proof could be deduced from the
generalization of some results obtained in [469] to the infinite-dimensional case, but
we prefer to give a simpler direct proof.

Proposition 6.17 Assume Hypothesis 6.8, let u be a function in G110, T1 x H,R)
having polynomial growth together with its derivative Viu. Then the process
{u(T, X:)}repr. 1) admits a joint quadratic variation process V with W&, given by

V. = / Veu(s, Xy) o(s, X;)€ ds, Telt,T].
t

Proof Let us write u, = u(t, X,), 7 € [t, T], for simplicity. By Proposition 6.13
and the assumptions on # we can apply the chain rule for the Malliavin derivative
operator presented in Lemma 6.12 and conclude that, for every 7 € [¢, T'], we have
i, € DV2(R) and DMii, = Veu(r, X,;) DM X .. Taking into account (6.26), for a.e.
s € [0, 7] we obtain

DMii & = Vou(r, X,) ViX (755, X,) 0(s, X,) €&, P-as. 6.27)
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whereas DMii ¢ = 0 P-as., forae. s € (1, T].
Let us now compute the joint quadratic variation of i and W¢. Lett = 79 < 71 <
- < T, = Tbeasubdivisionof [¢, 7] C [0, T']. We use formula (6.13) in Proposition
6.11 with [a, b] = [1;_1, ;] and F = u,, — u,_, and obtain

(ir, = thr, )W (T)§ = W(Tim)) = / | (ity, — it )& AW,

+ / DM, — ii,, )€ ds,
Ti—1

where as usual we use the symbol dW to denote the Skorohod integral. We note
that DJML?TH = 0 fors > 7;,_1, so recalling (6.27) and setting U,,(s) = Z;’zl(ﬁﬂ. —
ur ) 1, ~1(s) we obtain

Z(ﬁﬂ' - I/_t‘f'i—])(WfI - Wf,f])
i=1
=/ Un(s)f*dAWs'i_Z/ qu(TisXT,) VXX(T,';S, XS)U(S»Xs)g ds.
t i=1 7 Ti-1

By (6.27) and the continuity properties asserted in Proposition 6.10, it is easily ver-
ified that the maps 7— i and 7— DMﬁTg are continuous on [0, T'] with values in
L*(Q;R) and L*(Q x [0, T]; R), respectively. In particular, U, — 0 in L'2(R),
which implies that the Skorohod integral in the last equation tends to zero in
L?(Q; R). Letting the mesh of the subdivision tend to 0 and using the continuity
properties of V,u, X, V, X, we obtain

n

D itn — it )W (T)E = W(Ti)E) — Vi,

i=1

in probability, which finishes the proof of the proposition. (]

6.3 Backward Stochastic Differential Equations (BSDEs)

6.3.1 Well-Posedness

Some of the basic results on backward equations rely on the following well-known
representation theorem (see e.g. [350]). Recall that (.7, ) is the filtration generated by
the cylindrical Wiener process W, augmented in the usual way. We denote by E7
the conditional expectation with respect to .%,.
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Proposition 6.18 Let K be a Hilbert space and T > 0. For arbitrary Fr-measurable
e L%(Q; K) there exists a 'V € L%D(Q x [0, T]; L2(E, K)) such that ¢ = E& +
fOT V(r) dW(r), P-a.s. Equivalently, for every s € [0, T],

T
E7:¢ =§—/ V(r)dW(r), P-as.

Lemma 6.19 Assumen € L*(Q; K) is Fr-measurable and f € L%, (2x[0,T]; K).
Then there exists a unique pair of processes Y (s), Z(s), s € [0, T, such that

(i) Y € L%(Q x[0,T]; K), Z € L%;(Q x [0, T1; Lo(E, K)),
(ii) fora.a.s €[0,T], P-a.s.,

T T
Y (s) +/ Z(r)dW(r) = / f@r)dr +n. (6.28)

Moreover, Y has a continuous version and for every (3 # 0,

T 4 L
E/ N\ Z ) Fdr < — IE/ N f(r)Pdr + 8*°TE |n|?,
o 6 Jo (6.29)

4 T
E sup 2*|Y(s)]> < —IE/ N f(r)Pdr + 8*°TE |n|>.
s€[0,T] ﬂ 0

In particular, Y € Cp([0, T1, L*(Q; K)).
If, in addition, there exists a p € [2, 00) such that

T p/2
E (/ |f(r)|2dr) <00, E|nP < oo,
0

then for every § such thatQ < T — § < T we have

T p/2 T r/2
E sup |Y(s)|” -HE(/ |Z(r)|2dr) < ¢, 0"k (/ |f(r)|2dr) + ¢,E|nl?,
T—6 T—06

se[T—6,T]
(6.30)
where c,, is a positive constant, depending only on p.

Proof We modify the argument in [350]. We write Y| instead of Y (s) etc. to shorten
notation.

Uniqueness. Assume that (6.28) holds. Then, taking conditional expectation with
respect to .%; we obtain, for a.e. s,

T
Y, =E% +/ EZ f, dr. (6.31)

N
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If =0 and f = 0 this equality implies that ¥ = 0; from (6.28) it follows that
" Z, dW, = 0, which implies Z = 0 as well.
s p

Existence. Define € = n + fOT f, dr. Since ¢ € L*(Q; K) is .#r-measurable, by
Proposition 6.18 there exists a Z € L%;(Q x [0, T]; L,(E, K)) such that

T
EZ¢ =¢ —/ Z, dW,,

for every s € [0, T]. Now it suffices to define Y; = E‘fo — f(; fr dr and Eq. (6.28)
is satisfied. The existence of a continuous version is immediate, since (6.28) implies

s N
YS—YO:/ z,dW,—/ £ dr.
0 0

Estimates (6.29). Since 7 € L*(Q; K) is Fr-measurable, by Proposition 6.18
there exists an L € L%)(Q x [0, T1; £L,(E, K)) such that

T
E%n=mn— / Lo dW,, (6.32)

for every s € [0, T]. Similarly, for a.a. r there exists a predictable process
{K (0, r)}oero,r in L%;(SZ x [0, r]; £,(E, K)) such that

E% f, = f, — / KO, r) dW,, (6.33)
for s € [0,r]. We set K(0,r) =0 for 6 € (r, T] and we can verify that the map
K:Qx[0,T] x[0,T]— L>(E, K)canbe takentobe P x B([0, T])-measurable,
where P is the predictable o-field on © x [0, 7] and B([0, T']) denotes the Borel
subsets of [0, T']; the existence of such a version of K can be proved by approximating
f by simple processes and by a monotone class argument (or one can argue as in
[350], proof of Lemma 2.1). Substituting into (6.31) and applying the stochastic
Fubini theorem gives

T T ,
Yszﬂ—/ LedW(H—/ (fr_/ K(Q,r)dWe) dr
T 7 o T
=7]+/ frdr_/ LﬁdW(i—/ (/9 K(@,r)dr) dW,.

Comparing with the backward equation, we conclude by uniqueness that for a.a. 6,

T
29:L§+/ K(@,r)dr.
0
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Now let 5 # 0.
From (6.32) we deduce that

T T 2
E / MLy d < TR | [ Ly dWs| =e*"E|n—E7n
0

0
< 2e*TE |n|* + 2e*"E|E7n)? < 4e*"TE .

Next note that

T 2
’/ K@, r)dr
[4

so that
T
/ K@,r)dr
)

T
E / o290
0

—230

T
/ 2K, r))? dr,
B Jo

T T e
< / e 20 dr/ 2K O, 1) dr <
0 0

0<—IE/ / 2\ K@, )| dr db

=— ez’*”]E/ |K (6, r)|> db dr.
2p /0 0

Since (6.33) yields

2

E/ K@, r))?do=F =E|f, —E% |
0

<2E|f,]? +2E|E” £,[* < 4E|f, P,

K@,r)dW,
0

the proof of the first inequality in (6.29) is finished. Now we prove the second one,
estimating separately the two terms on the right-hand side of (6.31). By the Doob
inequality for martingales,

E sup &**|EF > < eT4R |n.
s€[0,T]

Next, since

T 2 T T @72"% r
(/ |fr | dl") < / 672[31’ dr / e2/3r |fr |2 dr < ezﬂr |fr |2 dr,
N N N 26 N

we obtain
T 1/2
<% (eBS / |fr|dr) < =" ( | e dr)
s s

e s

T
/ EZ f. dr

and by the Doob inequality,
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T
/ E7 f, dr

N

2

E sup e**

4 r
< g / UL dr.
5€l0,T] 28 Jo

Estimates (6.30). Since, fors € [T — 9, T],

T T 1/2 - 12
/lfrldrs(/ |fr|2dr) (T—s)'/zi(/ frdr) 52,

it follows from (6.31) that

E sup |Y|” <c,E sup [ETpl?

se[T—6,T] se[T—6,T]
T 172
E* (/ AP dr)
N

T p/2
<c,Enl? +cp6”/2E (/T S | d”) ,

P

+¢,6PPE  sup
se[T—6,T)

which proves the desired inequality on the process Y. To obtain a similar estimate
on Z we first set Z) = [ K (6, r) dr,so that Zy = Ly + Z}.

From (6.32) it follows that E7ny—E77-in= [} .LydW,, so by the
Burkholder-Davis—Gundy and the Doob inequalities,

T g s
E (/ |L9|2d9) <c,E sup / Ly dWy
T—0 se[T—6,T11JT—6

=c,E sup [EFn—EFn? <c,Enl”.
s€[T—6,T]

P

In order to prove a similar estimate for Z' we first note that, setting ¥,! = [ "EZ
f, dr, the pair (Y', Z") is the solution corresponding to 7 = 0. Therefore

5 s
Y —-Y 5= / Z!aw, — f, ar.
T—5 T—5
So we obtain

T % K
E (/ |z,‘|2dr) <c,E sup / zZ! aw,
T-§ se[T—6,T]|JT-6

T p
<c¢,E sup |Y.J|”+cpE(/ |fr|dr).
-

se[T—4,T] —0

P

For Y'! we can use the estimate proved above with 7 = 0:
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T r/2
E sup [EZY!P <c,0"°E (/ FAK dr) )
Se[T—6.T] )

Finally, the required estimate follows from
T T 12
[ o= ([ ispar) s
T-5 T-5

Now we are concerned with the equation

T T
Ys+/ Z, dW, =/ £ Y, Z,)dr +1. (6.34)

In the following Proposition K is a Hilbert space, the mapping f : Q2 x [0, T'] x
K x L,(E, K) — K is assumed to be measurable with respect to P x B([0, T'] x
K x £,(E, K)) and B(K), respectively (we recall that by P we denote the pre-
dictable o-field on © x [0, T] and by B(A) the Borel o-field of any topological
space A). n : Q — K is assumed to be .%7-measurable.

Proposition 6.20 Assume that

(i) there exists an L > 0 such that

@y, z0) — f(t, y2,22)| < L(y1 — y2| + |z1 — 220),

P-a.s. for everyt € [0, T], y1, v» € K, 21,22 € L2(E, K);
(ii) ]E/OT |f(r,0,0)*dr <00, E|n* < o0.
Then there exists a unique pair of processes Y (s), Z(s), s € [0, T, such that
Y € Cp([0, T], L* (% K)), Z e Lx(Q2x[0,T]; L2(E, K))
and(6.34) holdsfors € [0, T]. Moreover, Y has a continuous versionand & sup (o |

Y (5)]* < oo.
If, in addition, there exists a p € [2, 00) such that

T r/2
E (/ | £(r,0, 0)|2dr) <00, E|n” < oo, (6.35)
0

then we have Y € L1,(Q2; C([0, T1, K)), Z € L%(Q x [0, T1; L2(8, K)) and
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T p/2 T p/2
E sup |Y($)P +E / |Z () 2dr <cE / |£(r,0,0)|%dr +cE|nl?,
5€[0,T] 0 0

(6.36)
for some constant ¢ > 0 depending only on p, L, T.
Finally assume that, for all \ in a metric space A, a function f) is given satisfying
(6.35) and assumption i) with L independent of \. Also assume that, as A — M\,

p/2

T
E (/ | Y, Z) — fo,(r, Y, Z)|2dr) — 0 (6.37)
0

forallY € L} (Q2; C([0, T1, K)), Z € L%(S; L%([0, T1; £2(E, K))).

Ifwe denote by (Y(\,n), Z(\, n)) the solutlon t0 (6.34) corresponding to f = fy
and to the final data n € LY (2, R) then the map (\,n) — (Y(\,n), Z(\,n))
is continuous from A x LP(2;R) to L%(Q C(0,T],K)) x LY (€25 L*([0, T7;
L>(E, K))).

Proof We let I = Cp([0, T, L*(2; K)) x L2 P x[0,T]; L,(E, K)) and we
define a mapping I' : £ — K by setting (Y, Z) = I'(U, V) if (Y, Z) is the pair sat-
isfying

T T
n+/jzwu= F U V) dr +, 638)

compare Lemma 6.19. The estimates (6.29) show that I' is well defined, and it is a
contraction if K is endowed with the norm

T
KKD&=E/ew0m%Hzmm
0

provided £ is sufficiently large. For simplicity, we only verify the contraction prop-
erty: if (U, v e, (Y, Z)—F(U1 VandweletY =Y — Y, Z =27 - 7',

U=U-U"V=V-V.7 =f@U.V,)— f(r, U, V], we have

T T
Y, +/ Z, dw, =/ f, dW,, (6.39)

so that by (6.29),

8 = 8(14+T r —
Y. 2% <TE sup *P[Y, +E/ 207, 2 gy < 30D E/ 20 F 1 2dr
sel0, T] B 0

8(1 + T) 12 oo 16(1+1)L>  — —
< % ]E/O (T |+ [V, 2dr < % [CABlS

Now we prove the estimate (6.36). We let X, s = L7 (Q; C(IT — 90, T],R)) x
LP(Q; LA([T — 5, T]; L2(2,R))) and define T : Kys = Kps, setting (Y, Z) =
(U, V) if (Y, Z) is the pair satisfying Eq.(6.38) for s € [T — 4, T]. It is easily
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verified that I" is well defined and it is a contraction in KC,, 5, provided 6 > 0 is cho-
sen sufficiently small; indeed, arguing as before, we deduce from (6.39) and from
(6.30) the inequalities

T
(Y, Z2)lx =E sup |?s|"+E(/ |Z|2dr)
se[T—3,T] T-5

T b
< c,0"?LP E (/T 6(|ﬁ,| + |V,|)2dr)

T 5
<, 2PPSPLPSE  sup  |Us|” + ¢, (28)P* L7 E ( / |V,|2dr>
se[T—4,T] T—6

< c,(28)PPLP(1 + 6777 |(U, V)Y,

and the contraction property holds provided c,, (26)P/2LP(1 4 §P/%) < 1. Repeating
this argument on intervals [T — 9§, T — 26], [T — 2, T — 34] etc. shows that ¥ €
LP(2; C([0, T],R)) and Z € LP(2; L*([0, T1; L2(E, R))).

Next note that it follows from our assumptions that

Lf(rox, M < [f(r,0,0)] + L(|x| + [y]).

Applying the estimate (6.30) to Eq. (6.34) we obtain

T p/
E sup |YS|”—HE(/ |z,|2dr)
se[T—0,T] -0

T r/2
< ¢,6"°E (/ ey, Zr)|2dr) +cEnl”

2

T p/2
< c,Enl” + c,377167*E (/ | f(r,0, 0)|2dr)
T

-0

T p/2 T p/2
+¢,37 7 LPOPPE (/ |Y,|2dr) +cp377 LP6PPR (/ |z,|2dr)
T—6 T—3

T r/2
< c,Enl” + c,377167*E (/ | f(r,0, 0)|2dr)
T

-0
T p/2

+ ¢, 377 'LPSPE  sup  |Yy|” + ¢, 377 LPSPPE (/ |Z,|2dr) )
T

se[T—6,T] -5
(6.40)

Choosing § > 0 so small that o := ¢,37 "1 LP (67 + 67/?) < 1 we obtain
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T p/
E sup |YS|"+E(/ |Z,|2dr)
se[T—0,T] -0

T p/2
< c,Enl” +c,377 167K (/ | £(r, 0, 0)|2dr)
s

—0

T r/2
+al|E sup |Ys|p+IE(/ |z,|2dr) ,
se[T—6,T] -5

(6.41)

2

and it follows that

T p/2 T p/2
E sup |Y”?+E / \Z, |2dr <cE P + cE / |£(r,0,0))%dr ,
s€[T—0,T] T—-6 T—9

with ¢ depending only on p and L. Next we note that fors < T — 4,

T-§ T-6
Y +/ Z, dWr:/ f(}", Y..Z,) dr + Yr_;,
s s

and proceeding as before we obtain

T-5 p/2 T-6 /2
E  sup \WHE/ 12, dr scIE|YT_5|”+cE/ (0. 0)Pdr )
s€[T—26,T—6)] T-26 T-26

with the same choice of § and the same value of c. After a finite number of steps we
arrive at (6.36).

Finally, the proof of the last assertion can be done in a straightforward way,
repeating the above argument. (I

Remark 6.21 The mapping I" defined in the previous proof was shown to be a con-
traction in the space K = Cp ([0, T, L*(2; K)) x L%D(Q x [0, T]; L,(E, K)). In
a similar way, the estimates (6.29) allow us to show that I" is well defined and it
is a contraction in the space L%,(Q; C(0,T], K)) x L%,(Q x [0, T]; L2(E, K)) as
well as in the space L%(Q x [0, T]; K) x L%;.(Q x [0, T]; L2(E, K)). In particular,
uniqueness holds for Eq. (6.34) in the latter space, too. |

6.3.2 Regular Dependence on Data

Now we are dealing with the backward equation

T T
Y(s) —I—/ Z(r)dW(r) = / F(r,X(r),Y(@),Z(r)) dr +n, (6.42)
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on the time interval [0, T'], where 7 is a given .%#r-measurable real random variable
and X (s), s € [0, T], is a given predictable process. The mapping F : [0, T] x H X
K x £,(E, K) — K isassumed to be Borel measurable. The solution we are looking
for is a pair of predictable processes Y (s), Z(s), s € [0, T'], with values in K and
L>(E, K), respectively.

We fix the following assumptions on F'.

Hypothesis 6.22 (i) There exists an L > 0 such that
[F(t, x, y1,21) — F (&, x, y2, 22)| < L(|y1 — y2| + |21 — 220),
foreveryt € [0, T],x € H, y1, ¥, € K, 21,22 € L2(E, K).

(ii) Foreveryt e [0,T], F(t,-,-,-) € G"VI(H x K x L5(E, K), K).
(iii) There exist L > 0 and m > 0 such that

IV F(t,x,y, 2)h| < LIR|(1 + 12D + |x] + [yD™,

foreveryt € [0, T],x,h e H,y € K,z € L5(E, K).
(iv) There exists an L > 0 such that |F(¢,0,0,0)| < L forevery ¢t € [0, T].

Conditions (i) and (i7) imply that the Gateaux derivatives of F with respect to
y and z are uniformly bounded: for every point (x, y, z) and all directions k € K,
S EZ(E, K ),

IVyF(t,x,y, 0kl <L k|, |V F(t,x,y,2)v| <L v
Moreover, conditions (i)—(iv) imply that
[F(t,x,y, )] < L(L+ [x "+ Jz] + ). (6.43)
Finally, conditions (i) (ii) and (ii7) imply

|F(t7xlv Y, Z) - F(tv-xZ’ Vs Z)I = L(l + |Z|)(1 + |x1|m + |x2|m + |)’|m)|x2 _xl|‘
(6.44)

Remark 6.23 Instead of condition (iii), in some of the statements below we will
assume that the stronger condition holds: there exists L > 0 such that

IV F(t,x,y,2)h| < L|h|, tel0,T], x,he H, ye K, z€ L,(E, K).
(6.45)
Whenever (6.45) is assumed to hold, this will be explicitly mentioned. |

To start we need the following general lemma that generalizes the classical result
on continuity of evaluation operators, see e.g. [10].
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Lemma 6.24 Let K|, K, and K3 be Banach spaces and £ : [0, T] x K| x Ky —
K3 be a measurable map such that, for all t € [0, T], £(t,-) : K1 x K — K3 is
continuous

(i) Suppose that for some ¢ > 0 and > 1,
[€(t, v1, v2) |k, < (14 vy /IJQI)(I + |nlk,), t€[0,T],v € Ki,v; € K>.

For all U € L3(2; C([0, T1, K1), V € LA (2; L*([0, T1; K»)) with ri, 1y >
1, let us define in the natural way the evaluation operator £(U, V)(t,w) =
L, U(t,w), V(t,w)).
If w/ri+1/ro =1/r3 and ry > p then the evaluation operator is continu-
ous from L7(2; C([0, T1, K1)) x L3(Q2; L*([0, T1; K»)) to L'3(S2; L*([0, T';
K3)).

(ii) Similarly, if

[(r, vi, vk, < (L4 |uilg, + valk,), 1 €[0,T], v € K1, v € K,

and ry = ur; then the evaluation operator is continuous from L;; (2; L*([0, T;
K3)) x LE(22; C([0, T1, Ky)) to L3 (Q; L*([0, T1; K3)).

Proof We prove only (i), the proof of (ii) being identical.

Step 1. Firstly we consider only dependence on ¢. Define the evaluation oper-
ator (denoted again by ¢ by abuse of language): £(U, V)(t) = £(t, U(t), V(1))
with U € C([0, T1, K1), V € L*([0, T];: K»). We claim that ¢ is continuous from
C(0,T1, Ky) x L3([0, T]; K») to L2([0, T]; K3). It is enough to prove that

T
/ €(2, Un (0), V() = £, U @), V) di — 0
0

for each pair of sequences U, V, with U, — U in C([0, T], K;) and V, — V in
L?([0, T1; K»). Extracting a subsequence, if necessary, we can always assume that
o0

> W = Vieqorix < +o0 and V,(t) — V() for aa. t € [0, T]. Let V*(t) =

n=1

Z [V, (t) — V(t)|k,. By construction V* € L*([0, T]; R) and V() |k, < V()]

ill—: i)* (t). Therefore
10, Un (1), V(1)) — 0, U@), V(D)

2
L 2
<L (1 + sup |un|’c([o,r],,(l)) (1+ VOl + V@),

for a suitable constant L. Since the right-hand term is a fixed summable function of
t € [0, T'] the claim follows from the dominated convergence theorem. Finally, we
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observe that
QU Wlizqo ik = L (1+ Mgy k) (1+ Vlizqo.rx0)

for a suitable constant L.
Step 2. Now we consider dependence on w. Let £ be acontinuous map Ky x Ky —
Kg,Wlth K Banach spaces, i = 1,2, 3, and Iﬁ(u vz, < L+ |u|“ YL+ vlg,).

ForU € L"(L2; Kl), V e L™ (Q; Kz) with p/ry 4+ 1/r, = 1/r3, we deﬁne the eval-
uation operator E(U ,Viw) = 0 (U(w), V(w)) and claim that it is continuous from
LM (2; 131) x L™ (R; 132) to L3 (Q2; 133). Before proving the claim we notice that
it completes the proof of Lemma 6.24: indeed, it suffices to apply it to K, =
Cc(0,T], Ky), K2 L?([0, T1; K»), K3 L?([0, T1; K3) and to the evaluation
operator introduced in Step 1.

The proof of the claim is similar to that of Step 1. It is enough to show that:

]E(A ri)—)O
K3

for each pair of sequences U, in L" (£2; I%l) and V, in L2 ($2; 162) with U, — U in
L"(Q2; Ky)and V, — V in L™ (2; K»). Extracting a subsequence, if necessary, we
can assume that U, — U and V,, — V P-a.ss., and

n» n

o0 o0
DU = Uiy <4000 D 1Va=Vipgi, < +00.
n=1 n=1
Let:
oo oo
U = Us=Ulg,. V=D V=Vl
n=1 n=1

By construction U* € L™ (2; R) and V* € L™ (2; R). Moreover:
Un@)lg, < lUW)g +U W),  [Valg, S IVWlg, + Vi (w), Pas.

Therefore

n

o =L@ ) ”)
: (1 +IV@IE + (v*(w))rz) . Pas,

for a suitable constant L. Since (ur3)/r; + r3/r, = 1 the left-hand term has finite
mean and the claim follows from the dominated convergence theorem. O

We are now in a position to show the existence and uniqueness and regular depen-
dence on data of the solution to Eq. (6.42). For p > 2 we define:



6 HIJB Equations Through Backward Stochastic ... 723
Kp = L3(Q: C([0, T1, K)) x L (@ L*([0, T1; £L2(E, K))),

endowed with the natural norm.

Proposition 6.25 Assume Hypotheses 6.8 and 6.22.
(i) If X € LpP(Q; C(0,T],H)), ne L"(2; K) with p=r(m+ 1), r > 2 then
there exists a unique solution in IKC, of Eq.(6.42), which we will denote by

(Y(’ X’ 77)1 Z(? Xs Tl))
(ii) The following estimate holds:

r/2

T
E sup |Y(s, X,m|" + (E/ |Z(s, X, 77)|2ds)
5€[0,T] 0

P r
<c (1 + |X|L,7;(Q;C([OILH») + cEjy|
(6.46)

for a suitable constant ¢ depending only on p, r and F.

(iii) The map (X,n) — (Y(, X,n), Z(-, X,n)) is continuous from L%(Q; C
([0, T],H)) x L"(2; K) to K,.

(iv) The map (X,n) — (Y, X,n), Z(-, X, n)) isin gl’l(L’;;(Q; C([0,T], H)) x
L"(2;R), K,) withr = (m +2)p, p > 2 (consequently p = p(m + 1)(m +
2)).
Moreover, for all X € L%(Q; C([0,T], H)), ne€ L"(2; K) the directional
derivative in the direction (N, () with N € L%(Q; C([0,T], H)) and C €
L"(2; K), which we will denote by (Vx,Y (-, X,n)(N, (), Vx,Z(-, X, n)
(N, Q)), is the unique solution in K, of:

T
Vi, (s, X. )N, ) + / VinZ(r. X, )N, OdW,
s
T
= / Vi F(r, X, Y. (X,n), Z.(X,n)N,dr
Soor
+/ VyF(rv er Yr(X7 77)’ Zr(Xa U))VXJ;Y(”, Xa n)(N7 C)dr

T
+/ VoF(r, X, Y (X, 1), Zo (X, ) Vx iy Z(r, X, (N, Qdr + .

(v) Finally, the following estimate holds:

r/2

T
E sup [Vy,Y(s, X, m(N, C)I”+1E(/ IVxyZ(s, X, (N, §)|2ds)
s€[0,T] 0

P (m+1)? mtl )P P
= ¢INzs, @icqo.r.m) (1 X1 @cqorm T |77|L"<9:K>) ekl
(6.47)
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(vi) If, in addition, there exists an L > 0 such that
|V F(t,x,y,2)h| < L|h|, tel0,T], x,he H, ye K, z€ L,(E, K),

then the following estimate (stronger than (6.47)) holds:

T p/2
E sup [Vx,Y(s, X, )N, Q" +E (/ |Vx . Z(s, X, n)(N, C)|2ds)
s€[0,T] 0
p p
= cINILp @icqo.riy + ClClr@ .

(6.48)

Proof Let A = L' (2; C([0, T1, H)) and, for every X € A,

fx(s,y,2) = F(s, Xy, 5, 2).

By (6.43) and Lemma 6.24-(ii) applied with K1 = H, K, = K x L,(E,K), U =
X,V = (Y, Z) we obtain that for all (Y, Z) € K, the map X — fx (Y, Z) is contin-
uous from A to L' (£2; L*([0, T1; K)) and

T r/2
E( / |fx(s,0,0>|2ds) 5c(1+1E( sup |Xs|f<'"+‘>>).
0 s€[0,T]

Therefore points (i)—(iii) of the claim follow immediately from Proposition 6.20.

To deal with point (iv) it is convenient now to introduce another backward sto-
chastic equation; we will eventually show that it is satisfied by the derivatives of
Y, Z2) WithrespecttoXangn. Forall ¢ € LP(2; K), X, N € L’p(2; C([0, T, H)),
(Y, Z2) € K, welook for (Y(X,N,Y,Z,(), Z(X,N,Y, Z, () € K, solving:

T T
Ys—i—/ Z,dw, =/ V. F(r, X,,Y,, Z,)N,dr
5 s R . R (6.49)
/ Vv, F(r, X,,Y,,Z,)Y,dr+/ V.F(r, X,,Y,, Z)Z,dr + C.

By Hypothesis 6.22-(iii) we have

r/2

T
E (/ V. F(r, X,,Y,, Z,)Nr|2dr)
0

P
P
< L|N|L;>(Q;C([0,TJ’H))(1 + |Z|L;,(Q;LZ([O,T]:Cz(EK))))

P
: (1 + 1XIL @:cqo.rn.my + |Y|’L"',‘,(Q:C([0,T],H>))
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for a suitable constant L. Since V, F and V_ F are bounded, by Proposition 6.20 the
Eq.(6.49) admits a unique solution in K,. Moreover, by Lemma 6.24-(i), the map
(X,N,Y,Z) = V,.F(-, X¢), Yy, Z(y)N(, is continuous from the space

K*:= L (Q; C([0, T1, H)) x Li»(Q; C([0, T1, H)) x K,

to L7p, (2; L2([0, T1; K)). Therefore, taking into account once more the boundedness
of V, F and V_ F, we can apply the final statement of Proposition 620 with A = K #
and Conclude that the map (X, N,Y, Z,() — (Y(X N,Y, Z, (), Z(X N,Y, Z, ()
is continuous from K# x LP(Q2; K) to K, and the estimate

. T /2
E( sup |Y;|P>+E(/ |zr|2dr)
0

s€[0,7T]
P
p 7
< C|N|L93(Q;C([(),T],H))(l + | |L'p(Q:LZ([O,T]Lﬁz(EvK))))

(1 + |X|U @:cqo,r,H) T Y7 1 (Q:C([0,T1, H))) + cE[¢I”
(6.50)

holds for some constant ¢ > 0.

It remains to prove that if X, N € L” (2, C([0,T], H)) and 7, ( € L"(2; K)
then the directional derivative of (¥ (X, n) Z(X,n)) in the direction (N, () is given
by

Y(X, N, Y(X,n), Z(X,n), ), Z(X, N, Y(X,n), Z(X,n), ().

Let us define

~
Il

1 -
E[Y(X+€N,TI+€O —YX, ] =YX, N, Y(X,n), Z(X,n), O,

1 ~
- [Z(X +eN.n+eQ) — Z(X,m] — Z(X, N, Y(X,n), Z(X,n), Q).

For ¢ — 0 we show that Y~ — 0 in L%(Q C([0,T], K)) and Z — 0in L p(§2;
L?*([0, T]; £2(E, K))). For short we let Y = Y(X,n), Z = Z(X,n), Y* = Y(X +
eN,n+e(), Z°=Z(X +eN,n+eQ), Y = ?(X, N,Y(X.n), Z(X,n),(), and
Z=ZX,N.Y(X.0), Z(X, ). 0.

The proof will be done by induction, dividing the interval [0, T] into subintervals
[T —6,T], [T —26, T — 4] and so on, for a suitable § depending only on F and p.
All the subintervals are treated in the same way (the proof for [T — §, T'] being even
easier), so we concentrate on the second one, namely [T — 25, T — §]. On such an

interval we have:
o T __ T—6 L
Y, +/ Z, dr = / vE(rydr +Y g,
N N
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where 1° = v{ + 15 and:

1 .
g [F(rv Xr +6Nr7 er, Zf) - F(rs Xra Yf? Z;)] - VXF(rv er Yr’ Zr)er

vi(r) =
. 1 .
vs(r) == [F(r, X, Y, Z;) — F(r, X, Y,, Z,)]
€

—VyF(r, X, Yo, Z)Y, = V.F(r, X,, Yy, Z,) Z,.

By Proposition 6.20 we have:

. T—6 p/2
E  sup |Yf|f’+JE(/ |zf|2dr)
se[T—-26,T—6] T-26

2
< cpé”/zzE(/
i=1 r

p/2

T—-90
|1/l-5(r)|2dr) + ¢, ElY ;47

—20

and by the inductive assumption E|7£T_ 517 — 0.
We start to evaluate the integral terms on the right. We can write

1 1
u;’(r)z/ V.F(r, X, +e7N,, Y?, Zf)N,dT—/ V. F(r, X, Y,, Z,)N,dr.
0 0

For all x,g,ne H, ye K, z€ L,(E,K) let x(x,g,n,y,2) = fol ViF(x +71
g, y,ndTt, sothat vj(r) = x(X,,eN,, N, Y7, Z7) — x(X,,0, N,, Y,, Z,). More-
over, [x(x, g, n,y,2)| < Lin|(1 + [z)(1 + [x[" + |g|" + |y|™) and x is a contin-
uous map. Applying Lemma 6.24-(i) with K| = H*3 x K K, = L,(E, K), r| =
rp =r, 4 = m + 1 and taking into account that (X,eN, N,Y®) — (X,0,N,Y) in
L%(Q2,C([T —2,T — 6], Ky)) and Z° — Zin L’5(%2, L2([T =26, T =61, K»))

. . . T—-6 2 p/2
we immediately obtain E (fT_% ZAGI dr) — 0.

Dealing now with v5 we can rewrite v5 = v5 | + 15 , where:
1 —~
v5,(r) = / (V),F(r, X Yo +7Y5 =Y, Z, +7(Z; — Z,))Y,
0
~VyF(r. X, Y, zo?,)dT
1 —~
+/ (VZF(I’, er Yr + T(Yf - Yr)v Zr + T(Zf - Zr))Zr
0

— V. F(r, X,, Yy, z,)Z)dT,
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1
V;z(r) = / VyF(r9 Xra Yr + T(YrE - Yr)v Zr + T(Zf - Zr))deT
0

1
+/ V.F(r,X,, Y, + 7S —Y.), Z, +7(Z; — Z,))Z,dT.
0

Since V, F and V., F are bounded, by the dominated convergence theorem we imme-

. . T—6 2 p/2
diately obtain E (fr—zo‘ [v5 (1)l dr) — 0. Moreover,

T—§ p/2 . T—6 p/2
E (/ |y;2(r)|2dr) <¢|E sup |V ’+E (/ |zf|2dr)
T-26 T€[T—26,T—0] T-20

for a suitable constant ¢ depending only on F, p T'. Choosing & such that ¢ ,c67/% < 1
the claim follows immediately.

Finally, (6.47) follows plugging (6.46) into (6.50), and (6.48) is proved in the
same way, taking into account the additional assumption. O

6.3.3 Forward-Backward Systems

In this subsection we consider the system of stochastic differential equations

s s
X(s):e(s_’)Ax—i—/ e b(r, X (r)) dr+/ e e (r, X (r) dW(r),
t t

T T
Y(s) ~|—/ Z(r)ydW(r) = / F(r,X(r),Y(r), Z(r))dr + g(X(T)),

(6.51)
for s varying on the time interval [z, T] C [0, T]. As in Sect.6.2 we extend the
domain of the solution setting X (s) = x for s € [0, t). We assume that F : [0, T'] x
H x R x £,(8,R) — R satisfies Hypothesis 6.22 with K = R. On the function
g : H — R we make the following assumptions:

Hypothesis 6.26 (i) g € G'(H,R);
(ii) There exist L > 0 and m > 0 such that, for every x, h € H,

IVg(x)h| = LAl (1 + |xD)™.

For simplicity, and without any real loss of generality, we suppose that m is the
same as in Hypothesis 6.22. Notice that Hypothesis 6.26 implies that

lg(x)] < c(1 + [x|™*1).
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In some of the statements below we will assume the stronger condition: |Vg(x)h| <
L|h|,forevery x, h € H. Whenever this is the case, this requirement will be explicitly
mentioned.

We note that the system (6.51) is decoupled, i.e., the first equation does not contain
the solution (Y, Z) of the second one. Therefore, under the assumptions of Hypothe-
ses 6.8, 6.22 and 6.26 by Propositions 6.9 and 6.25 there exists a unique solution to
(6.51). We remark that the process X is .%#|, rj-measurable, so that ¥, is measurable
both with respect to .#|, 7} and .%,; it follows that Y, is indeed deterministic (see also
[207]).

We denote the solution by (X (s; ¢, x), Y (s; t, x), Z(s; t,x)), s € [t, T], in order
to stress dependence on the parameters r € [0, T] and x € H.

For later use we notice two useful identities: for 1 < r < T the equality: P-a.s.,

X(Gs;r, X(r;t,x)) = X(s; ¢, x), selrT], (6.52)

is a consequence of the uniqueness of the solution to (6.6). Since the solution to the
backward equation is uniquely determined on an interval [r, T'] by the values of the
process X on the same interval, for ¢t <r < T we have, P-a.s.,

Y(s;r,X(r;t,x)) =Y(s;t,x), forselr,T],

(6.53)
Z(s;r,X(r;t,x)) = Z(s;t,x) fora.a.sel[r,T].
Next we proceed to investigate regularity properties of the dependence on ¢ and
x. To this end we first notice that with the notation of Propositions 6.10 and 6.25:

Y(s:t,x) =Y(s; X(-: 1, %), g(X(T; 1, x))),
Z(s;t,x)=Z(s; X(-;t,x), g(X(T; t, x))).

Moreover, as a consequence of Hypothesis 6.26, it can be easily proved that the map
n— g(n) belongs to the space G (L7 (Q; H), L1(2; R)), for every p € [2, 00) and
for all g sufficiently large (depending on p and m). The following Proposition is then
an immediate consequence of Propositions 6.9, 6.10 and 6.25, and the chain rule for
the class G, stated in Lemma 6.3.

Proposition 6.27 Assume Hypotheses 6.8, 6.22 and 6.26. Recall the notation:
Kp = L5(Q; C([0, T1, R)) x L (2 L*([0, T]; £L2(E, R))).

Then the map (t, x)— (Y (-, t, x), Z(-, t, x)) belongs to G*'([0, T] x H , KC,) for
all p € [2, 00).

Denoting by V.Y, V.Z the partial Gdteaux derivatives with respect to x, the
directional derivative process in the direction h € H, {(V, Y (s;t,x)h, V. Z(s; t,
X)) }seo.1), solves the equation: P-a.s.,
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T
V. Y(s;t,x)h +/ V. Z(r;t,x)h dW,

s

T
= / VeF(r, X(r;t,x),Y(r;t,x), Z(r; t,x))V X (r; t,x)h dr

T (6.54)
/ VyF(@r, X(r;t,x),Y(r;t,x), Z(r; t,x))V Y (r;t,x)h dr

T
/ V F(r, X (rit,x), Y(rit,x), Z(r; 1, X))V Z(r; t, x)h dr
V(X (T; 1, )V X(T5 1,0k, s €0, T].

Finally, the following estimate holds:

P

1
% T 7|7 )
E sup |[ViY(s;it, 0)h|P | + E(/ |vxz<r;r,x)h|2dr) < clh] (1 + |x] T,
s€[0,T] 0

(6.55)

If, in addition, there exists an L > 0 such that
Vi F(t, x,y, 2h| < Llh|, |Vg(x)h| < Llh|,

for every t € [0,T], x,he H, y e R, z € L,(E, R), then the following stronger
estimate holds:

1/p

1/p T p/2
|:IE sup |V, Y(s;t, x)h|”:| + |:E (/ IV Z(r; t,x)h|2dr) :| < clh|.
5€[0,T] 0

(6.56)

Proof We have already commented on the first two statements. The estimate (6.55)
follows from (6.47) applied with

X=X(;t,x), N=ViX(;t,x)h, n=g(X(T;t,x)), (=Vg(X(T;t,x)ViX(T;t,x)h,
taking into account that by Propositions 6.9 and 6.10 we have
INILe @:cqo.r.my = clhl, (X1 @:cqory.my < (X + [x]),

and, by Hypothesis 6.26, we also obtain |9, < c(1 + |x|)" !, [(|Lr@ < c|h]
(1 + |x|)™ for a suitable constant c.

The estimate (6.56) is proved in a similar way, applying (6.48) instead of (6.47)
and taking into account that under the additional assumption we have |7|.-(q) <
c(1 4+ |x]), [€lzr@) < clh] for a suitable constant c. O

Proposition 6.28 Assume Hypotheses 6.8, 6.22 and 6.26. Then the functionu(t, x) =
Y (t,t, x) has the following properties:
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(i) ueG%([0,T] x H,R);
(ii) there exists a C > 0 such that |V,u(t, x)h| < C|h|(1 + |x|(’"+1)2)f0r all t €
[0, T, xe H he H;
(iii) if, in addition,

sup |F(t,x,0,0)] < oo, sup |g(x)| < oo,
tel0,T],xeH xeH

then sup,c(o 71yepn [U(1, X)| < 00;
(iv) similarly, if there exists an L > O such that

IV F(t,x,y,z)h| < L|h|, [Ve(x)h| < L|h|,
foreveryt € [0,T], x,h € H,y e R, z € L,(E, R), then
[Viu(t, x)h| < c|hl

for a suitable constant c and all x,h € H.
Proof (i) Since Y (¢; t, x) is deterministic, we have u(z,x) = EY(¢; ¢, x). So the
map (¢, x) — u(t, x) can be written as a composition, letting u (¢, x) = I's(I'2(¢, '
(t, x))) with:

[0, TIx H— LE(2; C([0, T, R),  Ty(r,x) =Y(5t,x),
Ty 1[0, T] x Lp(2; C([0, T, R)) - LP(2; R), a(t,U) =U@),
I;:LP(2;R) — R, I';¢ = EC.

By Proposition 6.27, I'; € G%!. The inequality

[U@) — V() r@r <IU@ —U)|r@r + U — V|L§,(Q;C([0,T],R))

shows that I'; is continuous; moreover I'; is clearly linear in the second variable.
Finally, I'; is a bounded linear operator. Then the assertion follows from the chain
rule.

(77) is an immediate consequence of the estimate in Proposition 6.27-(ii7): indeed,

lu(t, ) =Y (t;, ) =E|Y (51, x)* < sup E|Y(s;t, %)%
selt,T]

(7i7) Since (Y, Z) is a solution to the backward equation, the estimate in Propo-
sition 6.20 yields

T
sup E|Y(s:t,x)% < cIE/ |F(r, X(r; £, %), 0,0)2dr + cE |g(X(T; t, x))|* < c.
selt,T] 0



6 HIJB Equations Through Backward Stochastic ... 731

(iv) follows immediately from (6.56). O

Corollary 6.29 Foreveryt € [0,T], x € H we have

Y(s;t,x) =u(s, X(s;t,x)), fors € [u, T], (6.57)
Z(s;t,x) = Vou(s, X(s;t,x))o(s, X(s;¢,x)), fora.a.s € [u, T]. (6.58)

Proof Setting s = r in the first equality of (6.53) we obtain (6.57).
To prove (6.58) we first write the backward equation in system (6.51) as

Ys:Yt"‘/ ZrdWr_/ F(V,X,-,Y,,Z,)d}’, SE[t,T]
t t
and by (6.57) this can be written

u(s, X(s;t,x)) =u(t,x) —I—/ Z,.dW, —/ Fr, X, Y., Z)dr, s et T].
' l (6.59)
Now we fix an arbitrary £ € E and take the joint quadratic variation of both sides

of (6.59) with the Wiener process W¢. The joint quadratic variation of the left-hand

side is s
/ Vou(r, X(r;t,x))o(r, X(r; t,x))Edr, s elt,T], (6.60)

t

by Proposition 6.17. Since the ordinary integral in (6.59) is a finite variation process,
the joint quadratic variation of W¢ and the right-hand side of (6.59) is

/‘ Z.&dr, selr, Tl 6.61)

Equating (6.60) and (6.61) we obtain (6.58). U

6.4 BSDEs and Mild Solutions to HJB

We denote by B,(H) the set of measurable functions ¢ : H — R with polynomial
growth, i.e., such that sup, .y [¢(x)|(1 + |x]*)~! < oo for some a > 0.
Let X (s;t,x), s € [t, T], denote the solution to the stochastic equation

X(s) ="y + / b (r, X (r)) dr + / e e (r, X (r) dW (r),
t t

where A, b, o, satisfy the assumptions in Hypothesis 6.8. The transition semigroup
P, ; is defined for arbitrary ¢ € B,(H) and for 0 <t <s < T by the formula
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P s[6)(x) = Eop(X(s;1,x)), x€H.

The estimate Esup,., 711X (s; 7, x)|” < C(1 + |x])?, see (6.8), shows that P
is well defined as a linear operator B,(H) — B,(H); the semigroup property
P Pys = Pis,t <u <s,is well known.

Let us denote by A(7) the (formal) generator of P, ;:

1
AM)[p](x) = ETr (o(t, x)o(t, x)*D*¢(x)) + (Ax + b(t, x), D(x)),

where D¢ and D? ¢ are first and second Gateaux derivatives of ¢ (here identified with
elements of H and L(H ), respectively). This definition is formal, since the domain
of A(¢) is not specified; however, if g : H — R s a sufficiently regular function, the
function v(t, x) = P, 7[g](x) is a classical solution to the backward Kolmogorov
equation:

+ A [v(z, )]l(x) =0, te[0,T], x e H,

ov(t, x)
|
u(T, x) = g(x).
We refer to [179, 180, 582] for a detailed exposition. When g is not regular, the
function v(t, x) = P; r[g](x) can be considered as a generalized solution to the
backward Kolmogorov equation.
Here we are interested in a generalization of this equation, written formally as

[ a”gl’ Y AO. ) + Fx. u(t.x). Veult. x)o(t.x) = 0. 1 €[0.T]. x € H,

u(T, x) = g(x).
(6.62)

We will refer to this equation as the nonlinear Kolmogorov equation. In the sequel
we will be mostly concerned with the case when F is a Hamiltonian function related
to an optimal control problem and in this case Eq.(6.62) is the Hamilton—Jacobi—
Bellman equation for the corresponding value function. However, the results given
in this section are more general, they do not rely on a control-theoretic interpretation
and may be of independent interest.

In (6.62) F :[0,T] x H x R x " — R s a given function satisfying Hypoth-
esis 6.22. Note that V,u(t, x), the Gateaux derivative of u(f, x) with respect
to x, is an element of H*, so that the composition V,u(t, x)o(t, x) belongs to
E* = L(E,R) = L,(E, R). Thus, we are in the framework of Hypothesis 6.22 with
K =R.

Remark 6.30 A different formulation of Eq.(6.62) is possible, which differs only
notationally. We could start with a real-valued function F defined on [0, T] x H X
R x E and write the first equality in (6.62) as
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ou(t, x)
ot

+ A [u(t, H)(x) + F(t, x,u(t,x), o(t, x)"Deu(t, x)) =0,

where o(t, x)* € L(H, E) denotes the Hilbert space adjoint of (¢, x) € L(E, H).
We recall that D, denotes the Gateaux derivative identified with an element of H,
so that V,u(t,x)h = (Dyu(t,x), h)y for every h € H. Of course, identifying E
with E* by the Riesz isometry, one checks immediately the equivalence of the two
formulations. |

Now we define the notion of solution to the nonlinear Kolmogorov equation. We
consider the variation of constants formula for (6.62):

T
u(t, x) =/ Prs[F (s, uls, ), Viuls, )o(s, )1x) ds + Prr[gl(x), (6.63)

for t € [0, T] and x € H, and we see that formula (6.63) is meaningful, provided
F(t,-, -, ), u(t,-) and V,u(t, -) have polynomial growth (and, of course, provided
they satisfy appropriate measurability assumptions). We use this formula as a defin-
ition for the solution to (6.62):

Definition 6.31 We say that a function u : [0, T] x H — R is a mild solution to
the nonlinear Kolmogorov equation (6.62) if the following conditions hold:

(i) u e G ([0,T] x H,R);
(i) there exist C > 0 and d € N such that |V, u(t, x)h| < C|h|(1 + |x|¢) for all
tel0, Tl,xe H he H;
(iii) equality (6.63) holds.

Note that the specific form of the operator .A(¢) plays no role in this definition.
We are now ready to state the main result of this section.

Theorem 6.32 Assume that Hypothesis 6.8 holds, and let F, g be functions satisfying
the assumptions in Hypotheses 6.22 (with K = R) and 6.26. Then there exists a
unique mild solution to the nonlinear Kolmogorov equation (6.62).

The solution u is given by the formula

u(t,x) =Y(t;t, x),

where (X, Y, Z) is the solution to the forward-backward system (6.51).

If; in addition, sup,cjo 71.xen | F (1, x,0,0)| < 0o and g is bounded then u is also
bounded.

Similarly, if |V, F| is uniformly bounded then |V, u| is also uniformly bounded.

Proof Existence. By Proposition 6.28, the proposed solution u# has the regularity
properties stated in Definition 6.31 and the last two statements of the claim hold. It
remains to verify that equality (6.63) holds. To this purpose we first fix ¢ € [0, T]
and x € H and write the backward equation of system (6.51) for s = ¢:
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T
Y(;t,x) +/ Z(s;t,x)dW;
t
T
=/ F(s, X(s:t, %), Y(s: 1, x), Z(s: t,x)) ds + g(X(T: 1, x)).
t

Taking the expectation we obtain

T
u(t,x) = E/ F(s, X(s;t,x),Y(s;t,x), Z(s; t, x)) ds + P, r[g](x).
By (6.57), (6.58) we have

T
u(t,x) = IE/ F(s, X(s;t,x),u(s, X(s; 1, x)), Veu(s, X(s;t,x)) o(s, X(s;t, X))) ds
t
+ P rlgl(x)

and equality (6.63) follows.

Uniqueness. Let u be a mild solution. We look for a convenient expression for
the process u(r, X (r; t, x)), r € [t, T]. By (6.63) and the definition of P, , for every
relt,Tlandx € H,

u(r,x) =E[g(X(T;r, x))]
T
+E |:/ F(s, X(@s;rx),u(s, X(s;r,x)), Veu(s, X(s;r,x)) o(s, X(s;r, x))) dsi| .
r

Since X (s; r, x) is .%,-independent, we can replace the expectation by the conditional
expectation given .Z,:

u(r,x) =E77 [g(X(T; r, x))]

T
+EZr [/ F(s, X(s:r,x),u(s, X(s;r,x)), Vau(s, X(s;r,x)) o (s, X(S;V’x))) ds} :

For the same reason, we can replace x by X (r; t, x) and use the equality: P-a.s.
X(s;r, X(r;t,x)) = X(s; 1, x), fors e [r, T].
We arrive at
u(r, X(r; 1,2)) = E77 [g(X (T3 1,%))]
+Er [T F(s, X(s;t,x),u(s, X(s;t,x)), Vyu(s, X(s; 1, x)o(s, X(s; ¢, x))) dsi|

=E7 [¢]
—/ F(s, X(s;t,x),u(s, X(s;t,x)), Veu(s, X(s;t,x))o(s, X(s; ¢, x)))ds,
t
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where we have defined
E=gX(T;t,x))

T
+/ F(S,X(s;t,x),u(s,X(s;t,x))qu(s,X(s;t,x))a(s,X(s;t,x))) ds.

We note that EZ [€] = u(t, x). Since & € L%(Q; R) is .Fr-measurable, by the
representation theorem recalled in Proposition 6.18, there exists a Ze L%,(Q X
[z, T1; L2(Z,R)) such that EZ [£]1 = f[r Z, dWy 4+ u(t, x). We conclude that the
processu(r, X (r; t, x)),r € [t, T],is a(real) continuous semimartingale with canon-
ical decomposition

u(r,X(r;t,x)) = /r ZS dWg
t
+u(t, x) —/ F(S,X(s;t,x),u(s, X (s; t,x)),qu(s,X(s;t,X))U(s,X(S;t,X))) ds
t

(6.64)
into its continuous martingale part and continuous finite variation part. Let ¢ € E. By
Proposition 6.17, the joint quadratic variation process of u(r, X (r; t, x)) and W (r)¢&,
relt,T],is

/r Veu(s, X(s;t,x))o(s, X(s;t,x))éds, relt,T]. (6.65)

Taking into account the canonical decomposition (6.64), we note that the process
(6.65) can also be obtained as the joint quadratic variation process between W (r)§,
r € [t, T], and the process flr Z; dW;. This yields the identity

/ Veu(s, X(s;t,x))o(s, X(s;t,x)E ds = / Zsfds. reltT].

Therefore, for a.a. s € [¢, T], we have P-a.s.
Vouls, X(s;1,x)) o(s, X (s; 1, x)) = Z,.

Substituting into (6.64) we obtain

u(r, X(r;t,x)) = / Veu(s, X(s;t,x))o(s, X(s;t,x)) dW, + u(t, x)

+/ F(s,X(s;t,x),u(s,X(s;t,x)),qu(s,X(s; t,x))o(s,X(s;t,x))) ds,

forr € [¢t, T]. Since u(T, X(T; t,x)) = g(X(T; t, x)), we also have
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T
u(r, X(r; t, x)) +/ Vyu(s, X(s;t,x))o(s, X(s;t,x)) dWsy = g(X(T; t, x))

r

T
—I—/ F(s, X(s;t,x),u(s, X(s;t,x)), Vyu(s, X(s;t,x))o(s, X(s; 1, x))) ds,

for r € [t, T]. Comparing with the backward equation in (6.51) we note that the
pairs

(Y(r; 1 x), Z(ri 1, x)) and (u(r, X(ri 1, %)), Veu(r, X (r: 1, x)) o(r, X (r: 1, x))),

for r € [t, T], solve the same equation. By uniqueness, we have in particular
Y(r;t,x) =u(r,X(r;t,x)), r €t,T]. Setting r =t we obtain Y(¢;t,x) =
u(t, x). U

6.5 Applications to Optimal Control Problems

We wish to apply the above results to perform the synthesis of the optimal control
for a general nonlinear control system. We will see that this approach allows great
generality, particularly with respect to degeneracy of the noise. To be able to use
non-smooth feedbacks we settle the problem in the framework of optimal control
problems formulated in the extended weak formulation, but we will present results
on the extended strong formulation as well.

Letagain H, E, denote real separable Hilbert spaces (the state space and the noise
space, respectively) and let A be a Polish space (the control space). For¢t € [0, T] a
generalized reference probability space is given by pn = (2, #, F!, P, W), where

e (2, .%,P)is acomplete probability space;
° {ﬁzs’ }S>l is a filtration in it, satisfying the usual conditions;
e (W(s))s>; is acylindrical P-Wiener process in 2, with respect to the filtration .7,

starting from W(¢) = 0.

Given such p, for every starting point x € H we will consider the following
controlled state equation

dX(5) = (AX(5) +b(s, X(5)) + (s, X(5)R(s, X (), a(s)) ds
+ (s, X(s)) dW(s), s €[, T],
X(t)=x e H.
(6.66)
In (6.66), and below in this section, the equation is understood in the mild sense.
a(-) : 2 x [t, T] = A is the control process, which is always assumed to be pro-
gressively measurable with respect to {95,’ }pt. On the coefficients A, b, o, R precise
assumptions will be formulated in Hypothesis 6.33 below. In particular, to allow more
generality, on the coefficient R we will only impose measurability and boundedness
assumptions, so that, in particular, we cannot guarantee the existence or uniqueness
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of the solution to the state equation for an arbitrary control process a(-). Therefore
the formulations of the control problems require some slight changes with respect to
the previous sections and is given as follows (the word extended is used to distinguish
such formulations, see Remark 2.6). We call (a(-), X (-)) an admissible control pair
if a(-) is an .#!-progressively measurable process with values in A and X(-) is a
mild solution to (6.66) corresponding to a(-). To every admissible control pair we
associate the cost:

T
JHt x a(), X() =E / L(s, X(s),a(s)) ds + Eg(X(T)),

where [, g are suitable real functions. The optimal control problem in the extended
strong formulation consists in minimizing the functional J*(¢, x; a(-), X (-)) over all
admissible control pairs (a(-), X (-)), and characterizing the value function

1 — : M . . .
Vil = (a(-lfl;(-))] ( x:.a(). XC)).

We will also address the optimal control problem in the extended weak formula-
tion, which consists in further minimizing with respect to all generalized reference
probability spaces, i.e., in characterizing the value function

V(t, x) = inf V/'(x).
2

Notice the occurrence of the operator o in the control term of (6.66): this special
structure of the state equation is imposed by our techniques and seems to be essential
in different contexts as well (see [298]). The corresponding Hamiltonian function is
defined for allt € [0, T], x € H, z € E* setting

Fo(t,x,z) = in/t;{l(t,x,a) + z R(t, x,a)}. (6.67)
ae

Note that this differs from the Hamiltonian as introduced in the previous chapters.
In particular, the third argument z ranges over £ instead of H.
We make the following assumptions:

Hypothesis 6.33 The following holds:

(1) A, b and o satisfy Hypothesis 6.8.

(2) R:[0,T] x Hx A — EisBorel measurable and |R(¢, x, a)|z < L for a suit-
able constant L > Oandallt € [0, T],x € H,a € A.

3) 1:[0,T] x Hx A — R is continuous and |/(¢, x,a)| < L(1 4 |x|™) for suit-
able constants L > 0, m > 0andallr € [0,T],x € H,a € A.

(4) g satisfies Hypothesis 6.26.

(5) Taking K = R (and noting that £, (&, R) = E*) the function Fy : [0, T] x H X
E* — R satisfies Hypothesis 6.22.
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(6) Forallt €[0,T], x € H and z € E* we denote by I'(¢, x,z) C A the set of
elements a € A such that the infimum in (6.67) is attained and we assume that
['(¢, x, z) is non-empty. We will denote by v a measurable selection of ', i.e., a

measurable functiony : [0, T] x H x E* — A suchthat~(t, x,z) € I'(¢, x, 2)
foreveryt € [0, T],x € Hand z € E*. 7y is not always assumed to exist.

The Hamilton—Jacobi—-Bellman equation relative to the above stated problem is
written formally:

M + A@®)[v(t, )](x) + Fo(t, x, Vxv(t, x)o(t, x)) =0, tel0,T], xe H,

(T, x) = g(x).
(6.68)
Notice the special form of this equation where the nonlinear term depends on V,v
only via the composition V,v o: this is consistent with the definition of Fj given
above.

The Hamilton—Jacobi—Bellman equation takes the form of a nonlinear Kol-
mogorov equation as considered in the previous sections. In particular, under our
assumptions, it admits a unique mild solution in the sense specified by Theorem
6.32.

In the proof of our main results, Theorems 6.35 and 6.36 below, we will make use
of a classical tool in stochastic analysis, namely the Girsanov Theorem. We recall
its statement, in a form suitable for our purposes. Its infinite-dimensional version,
which we are about to state, can be found, for example, in [180].

Theorem 6.34 Let = (Q, F, F!,P, W) be a generalized reference probability
space, let R(r), r € [t, T1, be an F!-progressively measurable process with values
in E such that ftT |R(r)|23dr < o0 P-a.s., and define

2 (s) = exp (— / (R(r), dW(r)) = — %/ IR dr) . selnTl

Then the following holds:

(1) p' () is a P-supermartingale;
(2) if
E[p"(T)] =1 (6.69)
then p' () is a P-martingale and we can define a probability P setting ﬁ(A) =

E[1.p" ()], A€ F;
(3) the process W defined by

W(s) = W(s) — W(r) —i—/s R(r)ydr, selt T], (6.70)

is a cylindrical Wiener process in E with respect to % and IP;
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(4) finally, if R is bounded in B then (6.69) holds and for every p € [1, 00) we have
E[(p"(T)"] < oo, E[(p'(T)) "] < o0, (6.71)

where E denotes expectation with respect to P.

Note that (6.70) does not make sense as it is written since W, being a cylindrical
Wiener process, is not a genuine stochastic process taking values in E. (6.70) should
be understood as the equality W (s)h = W(s)h — W(t)h + j;s (R(r), h)g dr for any
h € E. Nevertheless, in the following we will use a shortened notation as in (6.70).

We are in a position to prove the main results of this section:

Theorem 6.35 Assume Hypothesis 6.33 and lett € [0, T], x € H.

(1) For all generalized reference probability spaces p and all admissible control
pairs (a, X) we have J'(t, x;a(-), X(-)) > v(t, x).
It follows that V!'(x) > v(t, x) for every y, and so Vi, x) > vz, x).

(2) For all p and all admissible control pairs (a, X), the equality J"(t, x;a(-),
X (+)) = v(t, x) holds if and only if the following feedback law is satisfied:

a(s) e I'(s, X(s), Viu(s, X(s)) a(s, X(s))), P-as. foraa. s et T].
(6.72)
Therefore, (6.72) implies the optimality of an admissible control pair in the
extended strong formulation with respect to a given generalized reference prob-
ability space . If such a control pair exists then V/}'(x) = v(t, x).

Proof Forallp = (Q,.7, #!, P, W) and admissible control pairs (a(-), X (-)), using
the boundedness of R, the Girsanov theorem ensures that there exists a probability
measure P on Q such that

W, = Wy — W, +/ RG. X, a(r) dr. s €[t T),
t

is a P-Wiener process (note that P and W depend on (a, X), but we neglect this
dependence in the notation). Equation (6.66) can be rewritten as:

dX, = AX, ds + b(s, X,) ds + o(s, X;) dW,, s € [t,T],

(6.73)
X, =x€eH,

which, as usual, is to be understood in the mild sense. The process X turns out to be
adapted to the filtration, denoted (.%]);er.7), generated by W and completed in the
usual way by means of null sets. In the filtered probability space (€2, F, Z#/!, P) we
can consider the system of forward—backward equations on [¢, T]:
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o5 N
X(s;1,x) = e“™04x +/ b (r, X (ry 1, x)) dr +/ A, X (rit, x)) AWy,
t

t
Y(S:I,X)Jr/ Z(r; 1, x)dW, =/ Fo(r, X(r;1,x), Z(r; t,x))dr + g(X(T; 1, x)).

(6.74)
We notice that X (s; 7, x) = X;. Writing the backward equation in (6.74) for s = ¢
and with respect to the original process W we get:

T
?(r;t,x)+/ Z(rit,x)dW,
L (6.75)
:/ [For, X,, Z(r; t,x)) — Z(r; t, X)R(r, X,, a(r)] dr + g(X7).

We note that

T 1/2 T 1/2
E [(/ |Z<r;r,x>|2dr) } -k [(p’mrl(/ |Z<r;z,x>|2dr) }
Jt t

12 T 1/2
= (E1' ) ~1) (E / Z(r; 1, x)|2dr) <0
Jt

by (6.71). Therefore, by the Burkholder—Davis—Gundy inequalities, the stochastic
integral ftT Z(r; t, x) dW, has finite P-expectation, equal to zero. Now we recall the
equalities (6.57) and (6.58) which imply in the present notation that Y (z; ¢, x) =
v(t, x) and

Z(s;1,%) = Veuls, X(s:1,)) o (s, X551, %) = Vou(s, X;) o (s, X,).

Taking expectation with respect to the original probability P in (6.75) we obtain:

T
Eg(Xr) —v(t,x) = —E / Fo(r, X,, Vou(r, X,)o(r, X,)) dr

T
+E / Vou(r, X,)o(r, X,)R(r, X,, a(r)) dr.

T
Adding and subtracting E / I(r, X,,a(r)) dr we conclude that:
t

T
JH(E, x;a(), X)) = v(t, x) + E/ |:— Fo(r, X», Vxv(r, X))o (r, Xr))
! (6.76)
+Vyv(r, Xp)o(r, X;))R(r, Xy, a(r)) + 1(r, X, a(r))] dr.
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The above equality is known as the fundamental identity. By the definition of Fj and
I it implies immediately that v(¢, x) < J*(¢, x; a(-), X(-)) and that equality holds
if and only if (6.72) holds. This proves all the conclusions of the theorem. ]

Theorem 6.36 Assume Hypothesis 6.33, assume in addition that I" admits a measur-
able selection, and lett € [0, T], x € H. Then there exists at least one generalized
reference probability space Ti = (£, Z, ?Z P, W) and an admissible control pair
(@(-), X(-)) for which the analogue of (6.72) holds. In particular, it follows that
Vf(x) = v(t, x) and so V(t,x) = v(t, x). In the space Ti the process X is a mild
solution to the closed loop equation:

dX(s) = AX(s) ds + o (s, X(5)) R(s, X(s), (s, X(s), Vav(s, X(5)) o s, Y(s)))) ds
+b(s, X(s) ds +0(s, X(s)) dW(s), selt,T],
X(t)=x€H,
(6.77)
the feedback law takes the form

a(s) = (s, X(s), Vov(s, X(5)) o(s, X(s5))), P-as. fora.a. s e[t,T],

and the pair (a(-), X)) is optimal for the control problem in the extended weak
formulation.

Proof We start by showing the existence of a extended weak solution to Eq. (6.77),
again by an application of the Girsanov theorem. We take an arbitrary generalized
reference probability space (2, .7, ?2 PP, W) and denote by X the mild solution on
[¢, T] of the (uncontrolled) equation

[ dX, = AXdt + b(s, X,)ds + o (s, X;)d Wy,
X, = x.

Recalling the boundedness assumption on R, we see that the Girsanov Theorem
provides a probability P on  under which the process

N
W, = —/ R(r, Xy, y(r, X, Vov(r, Xp)o(r, X)) dr + Wy — Wy, selt,T],
t

is a Wiener process. Then X is the mild solution to Eq.(6.77) relative to the

generalized reference probability space u:= (2, #, 7 ;, P, W). Setting a(s):=
v(s, X5, Viv(s, X;) o(s, X;)), the feedback inclusion (6.72) holds by definition of
~ and all the required conclusions follow from Theorem 6.35. ([

Remark 6.37 Slight changes in the arguments of Theorem 6.35 allow us to prove an
existence result for the control problem in the extended strong formulation, under
additional assumptions. More precisely, assume Hypothesis 6.33 and, in addition,
that the following holds:
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(i) |V, Fy(t, x, z)h| < L|h| for a suitable constant L and allt € [0, T], x,h € H
and 7 € E*.

(i) sup;ejo,7)venm 101, Xz m) < 00.

(iii) T admits a measurable selection -y; in addition the functions R(¢, -, a) : H —
E,y(,-,): Hx E8"— AandV,v(t, ) : H— H areglobally Lipschitz, uni-
formly withrespecttot € [0, T],a € A (Lipschitzianity of -y is understood with
respect to the metric defined in A).

Notice that, by the last statement in Theorem 6.32, (i) implies that |V, v| is uniformly
bounded.

Now, given ¢ € [0, T] and x € H, fix an arbitrary generalized reference prob-
ability space u = (Q, Z, ?2, P, W). Then Eq.(6.77) admits a unique mild solu-
tion X, since it has globally Lipschitz coefficients. If we define the control process
a(s) = (s, X(s), Viv(s, X(s)) o(s, X(s))) we see that the pair (a(-), X (-)) is opti-
mal for the control problem in the extended strong formulation corresponding to 7z,
namely _

T x @), X () = V().

Also note that under the additional assumptions the state equation admits a unique
mild solution for an arbitrary control process, so the optimal control problem could
also be formulated in a more standard way as in the previous chapters, i.e., as a
minimization problem over a class of control processes. |

6.6 Application: Controlled Stochastic Equation with Delay

In this section we show how the previous results can be applied to perform the
synthesis of an optimal control for a stochastic differential equation in R” with unit
delay:

0
dx(s) = |:/ x(s 4+ 0) a(dd) + f(s,x(s)) + r(s, x(s), a(s))] ds
-1
+ oo(s, x(s)dW(s), selt,T],
x() =y, x(t+60)=p0), forde(-1,0),

(6.78)
and a cost functional of the form

T
JH v, i a(), x()) = E/ h(s, x(s), a(s)) ds + Ek(x(T)).

Here u = (2, .#, #!,P, W) denotes a generalized reference probability space as
defined at the beginning of Sect.6.5 and (a(-), x(-)) is an admissible control pair,
i.e., the control process a(-) is {JY’}P[ progressive with values in A C RY and x(-)
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is a corresponding solution to Eq. (6.78). We will address the optimal control prob-
lem in the extended weak formulation, which consists in minimizing the functional
JI(t, v, B a(), x(-)) over all triples (u, a(-), X(-)), and characterizing the value
function

VvV = 1 H . . .
Vi, y, B = (u,al(f}’fx(')) JH, y, Bra(), x().

We assume the following (other assumptions are needed and will be stated below):

y € R, B e L*((—1,0); R");

A is a Borel subset of RV;

«ais an L(R", R")-valued finite measure on [—1, 0];

f 110, T] x R* — R"ismeasurable, (s, -) € C'(R") and there exists a constant
C > 0 such that

|f(s’0)|§C7 |fo(s7x)|ic9 Se[()’ T]’ xeR”;

e 0p:[0,T] x R" — L(R", R")is measurable and, forz € [0, T],x € R", og(s, x)
is invertible, we have oy (s, -) € C'(R") and

loo(s,0)] < C,  |Veoo(s,x)| < C, oy (s, x)| <C;

e r:[0,T] x R" x A — R” is measurable, r(s, -, a) € C'(R") and, for some con-
stantm > O andevery s € [0, T],a € A, x e R",

lr(s,x,a)l <C, |Vir(s,x,a)| < C(1+[x)™.

e h:[0,T] x R" x A — R is continuous, h(s, -,a) € C'(R") and, for every s €
[0,T],a e A, x € R",

|h(s, x,a)| + |Vih(s, x,a)] < C(1 + [x])™.
e k:R" — R belongs to C'(R") and satisfies
IVik(x)| < C(1 +[xD™,  xeR".

We set H = R" x L?((—1,0); R"), 8 = R",

D(A) = l(g) € H:fBeW'(—1,0); R") and 3(0) = y] ,

A (y) _ (fi’l ﬁw)a(de))
s)=\" e )
do
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Then A generates a strongly continuous semigroup in H. Moreover, if we set, for
1€l0,T],y eR", 3 e L*((—1,0);R"),a € A,

S0 O)-C8) L 0)-5)
R (t, (Z) ,a) = 0'0_1(1‘, wr,y,a),
l(t, (2) ,a) =h(t,y,a), g (g) = k),

then Eq. (6.78) is reformulated as

dX(s) = (AX(s) T b(s. X(5)) + o(s. X (s))R(s. X (5), a(s))) ds

+o(s, X(s)) dW(s), s € [t,T],
X(t) =x.

Noting the product form of the state space H, we will write X(s) = (x(s),
x(s + -)) when we need to distinguish the two components of the solution process.
The functional to be minimized can be rewritten as

T
E/ I(s, X(s),a(s)) ds + Eg(X(T)).

Remark 6.38 We see that the special form of the infinite-dimensional controlled
equation (6.66) arises naturally from the finite-dimensional equation (6.78) of general
form. =

Taking into account that E is finite-dimensional, it is easy to check that the assump-
tions of Hypothesis 6.8 are satisfied. In particular, we may take v = 0 in Hypothesis
6.8-(iii).

Nextwe define, fors € [0, T],y e R",3 € L*((—1,0); R"), z € (R™")* (this nota-
tion means that z is considered as a row vector),

Foy (s, (g) , z) = Fo (s, y,2) »= inf {n(s.y.a) + 203 (s, Y)r(s. y. )},

(6.79)
r (s, (g,) ,z) =To(s,y,2)

={a e A: Fy(s,y,a) =h(s,y,a)+ zagl(s, yr(s,y,a)}.
(6.80)

We notice that Fjy and I" only depend on the finite-dimensional coordinate in H.
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The (linear) function z—zo 1(s, y)r(s, y, a) has a Lipschitz constant that only
depends on the uniform bounds imposed on r and o, ! 1t follows that Foo(s, -, a)is
Lipschitz on R" with a Lipschitz constant that does not depend on (s, a).

Moreover, taking into account the growth conditions on the gradients of 4, o, r,
it is easy to prove an estimate of the form

19, [ s . @) + 207 . )G v @) Pl < €A+ 2D+ 1yD™,

which implies a local Lipschitz estimate on the function in square parentheses and
hence on Fyy:

|Foo(s, v, 2) — Foo(s, ', )| < C(L+ [zD(L+ Iy[+ Y D"y =], (6.81)

fors € [0,T],z € R")*and y, ¥y’ € R".
To proceed further we also need the following assumptions.

e Fy is Borel measurable and, for every s € [0, T'], Fyo(s, -, -) is of class cl.

e We assume that I'y(s, y, z) # @ and that there exists a measurable selection
Yo of Iy, i.e., a measurable function 7 : [0, T] x R" x (R*)* — A such that
Yo(s, y,z) € ['o(s, y,z) for every s € [0, T], y € R" and z € (R")*. It follows
that (s, (v, 8), 2) := Y0(s, v, z),definedon [0, T] x H x (R")*, is a measurable
selection of T.

We note that the local Lipschitz estimate (6.81) implies
IVyFoo(s, y, )| < C(1+ [z + [yD™

fors € [0, T],z € (R")*and y € R". Now itis easy to see that the conditions required
in Hypothesis 6.22 (in the case K = R) are all satisfied by F and that Hypothesis
6.33 holds.

As a consequence of Theorem 6.36 we have the following result.

Theorem 6.39 Under the previous assumptions there exists at least one generalized
reference probability space i = (Q, F, F
(@), x()) for which

o P, W) and an admissible control pair

Vi, y, f) =J"t,y, 5;a(),x(), 1€[0,T],yeR",feL*((—1,0;R").

In particular, the triple (i, a(-), x(-)) is optimal.

The value function V (t, y, 3) = V(t, x) coincides with the function v(t, x) which
is the unique mild solution to the Hamilton—Jacobi—Bellman equation (6.68) in the
sense specified by Theorem 6.32.

In the space 11 the process X given by X(s) = (x(s), X(s + -)) is a mild solution
to the closed loop equation (6.77) and the optimal pair (@(-), X (-)) satisfies the
feedback law equality
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a(s) = (s, X(s), Vyv(s, X(s)) a(s, X(s)))
= Y0(s,X(s), V,V(s,X(5), X(s + ) 00(s,X(s5))) P-as. fora.a. s e[t,T].

6.7 Elliptic HJB Equation with Arbitrarily Growing
Hamiltonian

In this section we address the solvability of the nonlinear stationary Kolmogorov
equation:

Au(x) = Au(x) + F(x,u(x), Du(x) o) =0, x € H. (6.82)

We recall that, formally, the generator A of (P;) is the operator

Ap(x) = %Tr (00" D*¢(x)) + (Ax + b(x), Do (x)) .

Our purpose is to extend the probabilistic techniques and BSDE representation to
cover elliptic equations such as (6.82). We consider a general nonlinearity F' that will
only be assumed to be locally Lipschitz (with arbitrary growth) and no limitations
are made on the size of A\. On the other hand, we assume that F is bounded with
respect to x and that the noise is additive (that is, o is independent of x).

We add the following standard piece of notation. If K is a Hilbert space, by
L%, 10.(€2; L*([0, 00); K)) we denote the space of processes ¥ : Q x [0, 00) — K
such that Y restricted to [0, T is in L%, (Q2; L*([0, T1; K)), T > 0.

An analogous definition is given for L%,IOC(Q’ C ([0, 400), H)).

The standing assumptions will be (as far as the linear part of the HIB equation,
or, equivalently the forward equation, is concerned):

Hypothesis 6.40 (i) The operator A is the generator of a strongly continuous
semigroup e’ At > 0, in the Hilbert space H.

(ii) o does not depend on x (that is, o € L(E, H)). Moreover, |e'0|s, = 1) <
Lt=7e™, for a suitable v € [0, 1/2)).

(iii) b(-) € G'(H, H) and |Vb(x)|zm) < L.

(iv) The operators A 4+ Vb(x) are dissipative (that is, (Ay, y) + (Vb(x)y,y) <0
forallx € H and y € D(A)).

V) A>0,

and as far as the nonlinear part is concerned:

Hypothesis 6.41 (i) F is locally Lipschitz in z and y, that is, for all R > 0 there
exists a Ky such that |F(x,y,z) — F(x,y,2)| < Kgr(lz—=2Z'|+ |y = Y],
Vx € H,Vy,y € H,Vz,7 € B with |z] < R, |Z| <R, |y| < R, |y'| < R.
(i) The map x — F(x,y, z) is continuous for all z € E*, y € R.
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(iii) sup,cy |F(x,0,0)| := M < 4o0.

(v) F(,-,-) € G'(H xR x E*,R) and |V, F(x, y, 2)|n- < c, for a suitable con-
stantc > Oandallx € H,y e R, z € E*.

(v) F is dissipative with respect to y, that is, V, F(x,y,z) <0 for all x € H,
yeR,zeE"

We will also need to add the following Lipschitzianity assumption, which we will
eventually remove

Hypothesis 6.42 F is Lipschitz in z and y with constant «:

|F(x,y,2) — F(x, ¥, ) < wlz =2 |+ 1y —y.Vx € H,Vy,y € H,Vz,7 € B,

6.8 The Associated Forward-Backward System

We start from a known result on bounded solutions of Lipschitz BSDEs on an infinite
horizon, i.e., the following type of BSDE:

T T
Y(T)=Y(T)+/ (f(C,Y(C),Z(C))—)\Y(C))di—/ ZQdW(Q), 0=7=T <o0,

(6.83)
where f: Q2 x [0,00) x R x E* — R is such that the process (f (¢, z));>0 is pro-
gressively measurable for all z € E*. We suppose the following:

Hypothesis 6.43 (i) f is uniformly Lipschitz in z with Lipschitz constant K :
Vi >0,Vy e R,Vz,Z € B%, |f(t,y,2)— f(t,y.2)| < K|z —Z/|, P-as.
(i) f is uniformly Lipschitz in y with Lipschitz constant k:
Vi >0,Vy,y e R,Vz € E%, [f(t,y,2)— f(t,y 2| <kly—)|, P-as.
(iii) f is dissipative with respect to y that is
vt >0,Vy,y eR,Vz,7 € B, (f(t,y,2)— ft, Y, 20)(y—y) <0, P-as.

(iv) There exists a constant M such that V¢ > 0, | f(¢,0,0)| < M, P-as.
We denote sup,..q | f(z,0,0)| by M.

‘We now turn to the existence and uniqueness of solution to (6.83) under Hypothesis
6.43.

Lemma 6.44 Let us suppose that Hypothesis 6.43 holds. Then we have:

(i) There exists a solution (Y, Z) to the BSDE (6.83) such that Y is a continu-
ous process bounded by %, and Z € L%JJOC(Q; L?([0, 00); B)) withE fooo e
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|Z,|?ds < oo for all € > 0. Moreover, the solution is unique in the class of
processes (Y, Z) such that Y is continuous and uniformly bounded, and Z
belongs to L%’IOC(Q; L*([0, 00); B)).

(ii) Denoting by (Y", Z") the unique solution to the following finite horizon BSDE:

n n
Y'(r) =/ (f (¢, Y"(C),Z"(C))—/\Y”(C))dC—/ Z"M(OdW(Q), te€[0,T],

(6.84)
we have |Y"(T)| < % and the following convergence rate holds:
M
|[Y'"(1) = Y(7)| < Y exp(—A(n —171)). (6.85)
Moreover, Ve > 0
+00
E / e Z"(C) — Z(O)*d¢ — . (6.86)
0

Proof The result is contained in [79] and, under more general assumptions, in [518].
For the reader’s convenience we report the proof here.

We start from a priori estimates. Fixing T, suppose that (Y, Z) with Y €
L%(2;C([0,T],K))and Z € L%’(Q; L%([0, T]; E)) satisfy

T T
Y(r) =Y(T) +/ (f (6, Y(Q), Z(Q)) — AY ({)d( —/ Z(dW (), 0=7=T.

(6.87)
Applying Ito’s rule to e *6~)Y,, s > t, we get

—d, (eTY,) = e £ (s, ¥y, 0)ds — e TV Z(—b,ds + dW(s)),

where
0 = [f(s, Y5, Zy) — f(s, Yy, O1Zs| 22}

is abounded process. Thus by Girsanov’s Theorem there exists a probability PP (mean
value E) under which W(t) = — fts 0.dr 4+ W (s) is an E-valued Wiener process.

With respect to (W(t)) the above equation reads:
—d, (e7C7Y) = e f (s, Yy, 0)ds — e TV ZdW (s).

So applying It6’s rule to (5 + e’z’\(s’”lels)l/2 =), s > t, we obtain

dsys = yse—Z)\(s—t) [_ <YS» f(S, 09 0)> - <Y31 f(S, Yss 0) - f(S, O» O)>]dS
+ Ve Py, Z) AW (s)

1
+ 5yse*”“*” [1Z,]? = Y 2e 20y, Z,)?] . (6.88)
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Taking into account the dissipativity of f with respect to Y and the fact that, by
construction, Y, 1ee’)‘(“”)|1/5| < 1 weobtain, integrating in [#, T ] and then computing
the conditional expectation with respect to IP:

%)

T
VIYi2+e<E (\/e—ZA<T—r>|YT|2 +e ’ 347) +E (/ e 671 £(5,0,0)|ds

t

and by dominated convergence, recalling that | f (s, 0, 0)| < M:
¥l = e TR (1vr] | 7) + M/

In particular, if (Y", Z") is a solution to (6.84) then |Y'| < M /A forallt < n.
Moreover, if (¥, Z) is a solution in the whole [0, co) with Z € L3, (€2 L*([0,
00); &)) and Y bounded then, letting T — oo, we get again: |Y;| < M/\.
If now (Y®, Z®), i = 1,2, with YV € L,(2; C([0, T], K)) and Z¥ € L%, (;
L?([0, T]; E)) are both solutions to Eq.(6.87) then, by the above computations,
applied this time to (Y% — ¥V, Z® — Z() we get

YR v = TR (1P - vV 7). veelo,T).
Consequently, if m > n and (Y", Z") and (Y™, Z™) satisfy Eq.(6.84) then
Y — Y™ < e MR (|Y,;"| (ﬁ,) <eMOM/N Vi e |0, T). (6.89)

In the same way, if (Y, Z) is a solution of (6.83) on the whole [0, c0) with Z €
L% 10.(82: L*([0, 00); E)) and we know that (Y,) is bounded, we get

1Y, = Y"| < e MM/

We notice that the above relation immediately yields that if (Y, Z®), i =1, 2,
are both solutions to Eq. (6.83) on the whole [0, co) and we a priori know that both
(Yt(l)) and (Y,(2)) are bounded, then Yr(l) = Y,(Z), P-a.s., forallt € [0, T).

Concerning the estimate of the Z term we again fix 7. If (Y, Z) with ¥ €
L%(2; C([0, T, K)) and Z € L%, (22 L*([0, T]; E)) satisfy (6.87) then, applying
1td’s rule to e %] Y, |2, (with 0 < ¢ < \) and integrating between 0 and T, we get:
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T
/ e ZPds + |Yo|* = 2¢7 T Y|
0
T
- 2/ e [(f (s, Yy, Zy), Yy) — (A — )| Ys]*] ds
0
T
_/ e—Zay <Y31 stW(s)> .
0

. T _o 2 1/2 T ) 1/2
Since E(fo e (Y, Z,) ds) < E| (sup,c.py 1Y) (fo \Z,| ds) < 00,

the stochastic integral in the above formula is a martingale. Thus, computing the
expectation, taking into account the Lipschitzianity of f with respect to Z and its
dissipativity with respect to Y, we get

T T T
IE/ e 27, ds < ce > TE|Yy|? +C]E/ e*2“|n|2ds+cn~:/ e £ (s, 0, 0)|?ds,
0 0 0

where c is a constant depending only on f and €.
In particular, if (¥, Z) is a solution on the whole [0, co) with Z € L%),loc(Q; L?([0,
00); 8)) and Y is bounded, then:

o0
IE/ e 2| Z,Pds < +00.
0

Similarly, if (Y@, ZD), i =1,2, with Y? € L3(2; C([0,T], K)) and ZP €L},
(S2; L2([0, T; E)) are solutions to Eq. (6.87), then:

T T
/ 672ES|Z§2) _ Z§1)|2ds < C€726T]E|Y7(~2) _ Y]{I)'Z + C]E/ 67253|YS(2) _ YS(I)|2dS.
0 0

In particular, if m > n and (Y", Z") and (Y™, Z™) satisfy Eq. (6.84) then, exploiting
the estimates on Y” and Y, we get, forall T < n

T
]E/ e Z — Z"| < ce™ M),
0
and if (Y, Z) is a solution on the whole [0, o) with Y bounded, then
T
E / e ZM — Z,| < ce” M), (6.90)
0
Thus we have proved that, if a solution of Eq. (6.83) with (Y) bounded on the whole

[0, +00) exists, then it is unique and it satisfies estimates (6.85) and (6.86).

We now need to prove the existence of a bounded solution. By (6.89), fixing an
arbitrary T > 0, the sequence of continuous functions [0, T] > t+ — Y/ is, P almost
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surely, a Cauchy sequence in C ([0, T']). Thus there exists an adapted process with
continuous trajectories such that, for any 7 > 0:

sup |Y' —Y| — 0, P-a.s.
1e[0,T]

Notice that |Y;| < M/\.

Moreover, by (6.90), for any 7' > 0, the sequence (Z") is Cauchy in L%,(Q; L?
([0, T]; ), so there exists a Z € L, ,,.(2; L*([0, 00); E)) such that

T
E/ |Z, — Z"?dt — 0.
0

To prove that (Y, Z) is the desired solution to Eq. (6.83) it is enough to observe that,
for any fixed 0 <t < T < n, we have

T T
V0 =¥+ [0, 20 = Ao~ [ 2O
The claim then follows just by letting n — oo in the above formula. ]

Now we come to the actual (Markovian) forward backward system. As far as the
forward equation is concerned we consider the following special case of (6.6):

X(s;x) = ex + / U (X (¢ x))dC +/‘ B dW (), s = 0. (6.91)
0 0

We know that for every p € [2,00) and T > 0 there exists a unique process
X(;x) e L%(Q; C([0, T], H)) which is a solution to (6.91). Moreover, for all fixed
T > 0, the map x — X (-; x) is continuous from H to L%(Q; Cc(0,T], H)).

E sup |X(m;x)|P <C(1+ |x])?, (6.92)
7€[0,T]

for some constant C depending only on 7" and pm.

We then consider the infinite horizon BSDE under the extra assumption (which
will be removed later) that F is Lipschitz with respect to z. Namely, we deal with
the equation (for0 <7 < T < 00)

T
Y (7; x) =Y(T;x)+/ (F(X(Cx), Y(Cx), Z(C; x)) — AY (¢ x))d¢

T
- / 2(C AW (©). 6.93)

T

Here X (-; x) is the unique mild solution to (6.91) starting with X (0; x) = x.
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Applying Lemma 6.44, we obtain:
Proposition 6.45 Let us suppose that Hypotheses 6.40—6.42 hold. Then we have:
(i) Foranyx € H, there exists a solution (Y (-; x), Z(-; x)) to the BSDE (6.93) such

that Y (-; x) is a continuous process bounded by M /\, and Z € L%’IOC(Q; L?
([0, 00); E)) with E fooo e M| Z(s; x)|*ds < oo. The solution is unique in the
class of processes (Y, Z) such that Y is continuous and bounded, and Z belongs
10 L2 10 (2 L2([0, 00); E)).

(ii) Denoting by (Y"(-; x), Z"(+; x)) the unique solution of the following BSDE
(with finite horizon):

Y (s x) = / (FX(Cx), Y'(C 30, 27 %)) — A" (G 0))dC

- / Z" (G x)dW(C), (6.94)
we have |[Y"((; x)| < % and the following convergence rate holds:

|[Y'(1;x) = Y(T;x)| < % exp (—A(n —1)). (6.95)

Moreover,

+00
E/ e Z" (¢ x) = Z(G; 0)IPd¢ — 0. (6.96)
0

(iii) Forall T > 0and p > 1, the map x — (Y (; x)‘[0 ot Z (- x)‘[o T]) is continu-
ous from H to the space L%(Q; C([0,T],R)) x L%(Q; L%([0, T]; B)).

Proof Statements (i) and (ii) are immediate consequences of Lemma 6.44. Let us
prove (iii). If x, — x as m — +oo0 then

\Y(T; x,,) = Y(T;x)| < |Y(T;x,) = Y"(T; x,)| + |Y"(T: x,,) = Y"(T; x)|

m

HY'(T; %) — Y(T; 0|
< 2% exp (=A\(n — T)) + [Y"(T: x,) — Y"(T; x)|.

Moreover, for fixed n, Y"(-;x,) — Y"(-;x) in LP(Q2, %7, P;R) (see Proposi-
tion 6.27) and notice that we are now dealing with a finite horizon BSDE. Thus
Y(T;x,,) = Y(T;x)in LP(Q, 7, P; R).

Now we can see that (Y (+; x)|[0’TI, Z(-; x)|[07T]) is the unique solution of the
following BSDE (with finite horizon):
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T
Y(7;x) =Y(T;X)+/ (F(X (G x), Y(C:x), Z(C; x)) — AY(C; x))d¢

T
- / Z(C: 0dW Q).
and the same holds for (Y (-; x;n)‘[oﬂ, Z(x)) |[0,T]
the continuity result in Proposition 6.27 to conclude that (Y (+; x;n)ho o Z(:; x,,)
0.7 converges to (Y (5 x)| g 7ys ZC3 X)) in L5 (25 C (U0, T, R)) x L (<2
L2([0. T; ©)). H

). So it is enough to apply again

Remark 6.46 We stress the fact that the uniform bound of Y does not depend on the
Lipschitz constant  of F with respect to y and z (provided that F is dissipative with
respect to y). |

6.8.1 Differentiability of the BSDE and a Priori Estimate on
the Gradient

We need to study the regularity of Y (-, x). More precisely, we would like to show
that Y (0, x) belongs to G'(H, R). Moreover, we will obtain a crucial a priori bound
on the derivative VY (0; x) independent of the Lipschitz constant of F' with respect
to z.

Lemma 6.47 Under Hypothesis 6.40 the map x — X (-, x) is Gdteaux differentiable
(that is, it belongs to G(H, L;’, (2, C([0, T], H))). Moreover; denoting by VX (-, x)
the partial Gateaux derivative, for every direction h € H, the directional derivative
process VX (-, x)h, T € R, solves, P-a.s., the equation

X0k =t [ EOVBRGRTXGoRde, TR (69)
0

Finally, P-a.s., VX (1; x)h| < |h|, forall T > 0.

Proof The first assertion and relation (6.97) is a special case of Proposition 6.10. To
prove the last assertion we proceed by a classical approximation argument (notice
that the equation for VX has no stochastic integral term). Let J,, := n(nI — A)~' be
the Yosida approximation for n large enough. As is well known (see also Appendix
B.42)J, € L(H, D(A)), J,x — x forallx € H.Let L} = J,VX(t; x)h, then, for
allT > 0,L" L;’,(Q; C([0,T], D(A))) and satisfies

(L1 = AL" + J,Vb(X (t; x))VX (t; x)h.
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Computing % |L;l|2, by Hypothesis 6.40 (iv) we get:
d n|2 n X . . .
E'L’ = <2(L}, (J,,Vb(X, YWX(t; x)h — Vb(X (t; x))J, VX (t; x)h))
and
L} < [Jah P+
t
+2/ (LY, (L, Vb(X (55 x))VX(s;0)h — Vb(X (55 x))J, Vi X (s; x)h))ds
0

and the claim follows by passing to the limit as n — co. (]
The following is the main technical result of this section.

Theorem 6.48 Under Hypotheses 6.40—6.42 the map x — Y (0; x) belongsto G'(H, R).
Moreover, |Y (0; x)| + |VY(0; x)| < ¢, for a suitable constant c. We notice that the
constant ¢ does not depend on the Lipschitz constant r of F with respect to y and z

Proof The uniform bound on |Y (0; x)| is an immediate consequence of Proposition
6.45.

Coming now to differentiability, fix n > 1, and let us consider the solution
(Y" (5 x), Z"(+; x)) of (6.94). Then, see Proposition 6.27, the map x — (Y"(-; x),
Z"(; x)) is Gateaux differentiable from H to L% (25 C([0, T],R)) x L (S
L*([0, T1; %), Vp € [2, 00). Denoting by VY"(:; x)h, VZ"(-; x)h the partial
Gateaux derivatives with respect to x in the direction 7 € H, the processes

(VY7 Ohbreton, (V273 0)h)reion
solve the following equation, P-a.s.,
VY"(T;x)h = /n Ve F(X (G5 %), Y'(C x), Z"(C; x) VX (G x)hd(
+/Tn(—)\ + Vy F(X (G x), Y'(C x), Z"(C X)) VY™ (( x)h d¢
+/T” V. F(X((;x), Y" (¢ x), Z"($; x)VZ™(C; x)h d¢ (6.98)

_ / V2 h AW ().

We see that in the above formula, we are considering that Z”(-; x), VZ(-; x) have
values in E* and V_ F has values in E**. So if we identify E** and E we can assume

that V, F' has values in E and Eq. (6.98) can be rewritten as:
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n

VY (3 x)h :/ Ve F(X (G x), Y x), ZM(G X)) VX (G 0)hdC

+ / (A4 Vy (XG0, VG 00, (G 0) VY (G x)h dC
+ / (VZ7(C ) (V2 F(X(C ), Y7 (G ), ZC x0) dC — dW(O))

By Hypotheses 6.41 and Lemma 6.47, we have that for all x, h € H the following
holds P-a.s. foralln € N and all ¢ € [0, n]:

Vi F(X (G x), Y'(G; x), Z"(G x) Ve X (G x)h| < clhl,
VyF(X(G;x), Y"(Cx), Z" (G x)) <0, Ve F(X (G x), Y x), ZM(Gx)| | < ¢

Therefore, by Lemma 6.44, we obtain:

sup |VY"(7;x)| < C|h|, P-as., (6.99)
T€[0,n]

where C does not depend on ¢. Applying Itd’s formula to e =M |VY" (-; x),h|?, we
get:

[e.¢]
E / e NAVY (#5042 (5 0kt < Clhl, (6.100)
0

Let now M?* A be the Hilbert space of all pairs of {.%, },.-adapted and measurable
processes (y, z), where y has values in R and z in E*, such that

o0
0. Do = E / (P + [P < +oo.
0

Fix x, h € H, then there exists a subsequence of (VY”(~; xX)h,VZ"(-; x)h, VY"
(R x)h) u which we still denote by itself, such that (V. Y"(-; x)h, VZ"(-; x)h)

ne
converges weakly to (U (-; x, h), VI(-; x, h)) in M>~?* and V, Y" (0; x)h converges
to&(x,h) e R.
We define now

U(r;x, h) = E(x, ) —/T Vi F(X (G x), Y (G x), Z(C; x))VX(C x) hd(

0

- /0 (A + ¥, F(X (G ), Y (G ), Z(C DU (G x, h)dC

—/T VF(X (G x), Y(Cx), Z(G )V (G x, hyd¢ (6.101)

0

+/ V(G 2, AW (O,
0
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where (Y (-; x), Z(-; x)) is the unique bounded solution to the backward equation
(6.93), see Proposition 6.45. Moreover, we rewrite (6.98) as follows:

VY" (1 x)h = VY"(0; x)h —/OT Ve F(X (G x), Y x), Z"(C X)) VX (G x)hd(
+/OT(>\ = Vy F(X (G x), YU x), ZM(G X)) VY™ x)hd(
—/OT V. F(X(Gx), YU x), ZM(Gx)VZH (G x)hdC (6.102)
+/OTVZ”(C; X)hdW (C).

Since, in particular, (Y"(-; x), Z"(-; x)) = (Y (-; x), Z(-; x)) in measure P x dt;
Vi F, V,F, V.F are bounded and finally (VY"(:;x)h, VZ"(:; x)h) — (Y (:; x),
Z(-; x)) weakly in M2 itis easy to show that VY " (-; x)h converges to U?(-; x, h)
weakly in L%)(Q x [0, TT; R) for all T > 0. Thus U>(¢t; x, h) = U'(t; x, h), P-a.s.
for a.e. t € RY and |U%(t; x, h)| < c|h|, P-a.s. for all + € R (this last assertion
follows from continuity of the trajectories of U 2(-;x, h) and from the fact that
|[U'(t; x, h)| < c|h| P-a.s. for almost every t € R"). Therefore, coming back to
Eq.(6.101), we have that (U2(; x, h), VI(; x, h)) is the unique bounded solution in
R* of the equation

U(r,x,h)=U(0,x,h) - /T Ve F(X (G x), Y (G x), Z(G x)VX(C; x)hd(
0

- /O (=A + ¥, F(X(C: %), Y (G %), Z(C; ) U (7, x. h)dC
- /0 V.EX (G2, Y (G, Z@GO)VEn hdC (6.103)
+/ V(I x,h)ydW ().

0

Notice that in particular U (0, x, h) = £(x, h) is the limit of VY"(-; x)oh (along
the chosen subsequence). The uniqueness of the solution to (6.103) (see Lemma
6.44) implies that in reality U (0, x, k) = lim,, .o VY"(:; x)oh along the original
sequence.

Now letx), — x.By (6.85), proceeding as in the proof of point (ii7) in Proposition
6.45,

U0, x,h) — U0, x|

m>

h)|, (6.104)

m?>

2c —An ’
h| = 3 ||+ Un (0, x, h) — Un(0, x

where (U, (-, x, h), V,, (-, x, h)) € L% (2 C([0, T, R)) x L% (2 L%([0, T]; E))is
the unique solution of the finite horizon BSDE:
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Uyrox = [ VXG0, V(G ), 2 ) VX (G 0k
+f A VPG00, Y (G ), Z(C U, B
+/Tn V. F(X((;x), Y x), Z(C; x)V, (¢, x, h)dC (6.105)
-/ V(G WAWO),

and similarly for (U, (-, x,,, h), V,, (-, x,,, h)). We now see that V. F, V,F, V_F are,
by assumptions, Continuous and bounded. Moreover, the following statements on
continuous dependence on x hold:

the maps x — X*, x — VX*h are continuous from H to L%(Q; C(0,T], H))
(see Proposition 6.10);

the mapx — Y~ ’[O,T] is continuous from H to LPP(Q; C([0, T'], R)) (see Propo-
sition 6.45);

themapx — Z¥ |[O,T] is continuous from H to L;’D(Q; L?([0, T1; E)) (see Propo-
sition 6.45).

We can therefore apply to (6.105) the continuous dependence on data result
for finite horizon BSDEs (see Proposition 6.20) to obtain in particular that U, (0,

o) = Uy (0, x, h) for all fixed n as m — oo. And by (6.104) we can conclude
thatU(O, x,,,h) —> U, x,h) asm — oo.

Summarizing, U (0, x, h) = lim, .o VY"(:; x)oh exists, moreover it is clearly
linear in & and satisfies |U (0, x, k)| < C|h|. Finally, it is continuous in x for every
fixed h.

Lastly, for ¢ > 0,

1 1
lim —[Y(0; x +th) — Y(0; x)] = 11m — lim [Y"(0;x +th) — Y"(0; x)]
NGO ¢ NO 1 n—>+00 X

=1lim lim VY"™(0; x + th)hd6
t\OnﬁlJroo 0

- lim/ U0, x + thyhdf = U (0, x)h
t\0 0

and the claim is proved. (]

6.9 Mild Solution of the Elliptic PDE

Assuming that Hypothesis 6.40 holds, we define in the usual way the transition
semigroup (Pr);>¢ associated to the process X:

Piol(x) =E ¢(X(1;0, x), x € H, (6.106)
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for every bounded measurable function g : H — R. Formally, the generator A of
(P,) is the operator

Ap(x) = %Tr (00" D*¢(x)) + (Ax + b(x), Do (x)) .

In this section we address the solvability of the nonlinear stationary Kolmogorov
equation:

Au(x) = Au(x) + F(x,u(x), Vu(x) o) =0, x € H. (6.107)

Definition 6.49 We say thata functionu : H — Ris amild solution of the nonlinear
stationary Kolmogorov equation (6.107) if the following conditions hold:

(i) u € G'(H,R) and 3C > 0 such that |u(x)| < C, |Vu(x)h| < C ||, for all
x,heH,;
(ii) the following equality holds, for every x € H and T > 0:

T
u(x) = e Prlul(x) +/ e PT[F(-,M(~), Vu(~)0)](x) dr. (6.108)
0

Remark 6.50 In order to motivate this definition one may consider the equation
Au — Mu = —F, where u, F are elements of a Banach space and A is a generator
of a strongly continuous semigroup of bounded linear operators (P;);>o: if A is
sufficiently large, then

o0
u :/ e P, Fdr,
0
and, for arbitrary 7 > 0, by a change of variable,
00 T
e M Pru =/ e NP, Fdr=u —/ e MP.Fdr.
T 0

Theorem 6.51 Assume that Hypothesis 6.40 and 6.41 hold, then Eq.(6.107) has a
unique mild solution given by the formula

u(x) = Y(0; x). (6.109)
Moreover, the following holds:
Y(r;x) =u(X(1;x)), Z(1;x) =Vu(X(1T;x))o0. (6.110)

Proof We initially assume that in addition F is Lipschitz with respect to z, uniformly
in x and y.



6 HIJB Equations Through Backward Stochastic ... 759

We introduce the following equation, slightly more general than (6.91) since we
consider a general initial time ¢ > O:

X(1) =" 4% +/Te(T’OAb(X(C)) dc¢, +/Te<T*<>Aa dw (), (6.111)

t t

for 7 varying on an arbitrary time interval [z, o) C [0, c0). We set X (7) = x for
7 € [0, t) and we denote by {X (7; ¢, x)},>¢ the solution, to indicate dependence on
x and ¢. By an obvious extension of the results in the previous sections, we can solve
the backward equation (6.93) with X given by (6.111); we denote the corresponding
solution (Y, Z) by {(Y(7;t,x), Z(T; t, X)) }r>0-

Thus, {(X(7;0,x),Y(r;0,x), Z(7;0,x))};>0 coincides with the process
{X(1;x),Y(r;x), Z(7; x), T > 0} occurring in relations (6.91) and (6.93). Note
that, for bounded measurable ¢ : H — R, we have

P _[pl(x) =E ¢(X(15t,x)), xe€H, 0<t<T,

since the coefficients of Eq. (6.111) do not depend on time.
We first prove that u, given by (6.109), is a solution. The solutions of (6.111)
satisfy the well-known property: for 0 <t < s, P-a.s.,

X(7;8, X(s5t,x)) =X(7;1, x), for 7 € [s, 00).

Since the solution of the backward equation is uniquely determined on an interval
[s, 0o0) by the values of the process X on the same interval, for 0 < < s we have,
P-a.s.,

Y(1;8, X(s;¢t,x)) =Y(7;t,x), for 7 € [s, 00),

(6.112)
Z(t;8,X(s;t,x)) = Z(7;t,x) fora.a.T € [s, 00).
In particular, for every 7 > 0,
Y(r;7,X(1;0,x)) = Y(1;0, x), P-a.s. (6.113)

Since the coefficients of Eq.(6.111) do not depend on time, we have
. @ .
X(-,O,X)ZX(~+t,t,x), IZOs

where 2 denotes equality in distribution (both sides of the equality are viewed as
random elements with values in the space C(R*, H)). As a consequence we obtain

(V(50,2), Z(:0,0) L V(4 1:6,0), ZC+1:6,%), 120,
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where both sides of the equality are viewed as random elements with values in the

space C(R*,R) x L2 (R*; E*). In particular, Y (0; 0, x) @ Y(t; 1, x), and since

loc
they are both deterministic we have

u(x) =Y(0;0,x) =Y(;t, x), xeH, t>0.
Denoting for simplicity
(X(1),Y (1), Z(1)) = (X(1,0,x),Y(7,0,x), Z(7,0,x)), 7>0,
it follows from (6.113) and path continuity that, P-a.s.,
u(X(r)) =Y(r), 7>0.

It follows that, forall0 <t < T,

T T T
v =ux@) - [ 2 aw@ [ v©dcr [ Fa@. v,z d.
t t t
(6.114)
Thus by Corollary 6.29, considering the above equation as a BSDE on the finite
horizon [0, T'] with final condition, it follows that, P-a.s. for a.a. 7 > 0,
Z(1t) =Vu(X(1))o.
We see that by Theorem 6.48 Vu and consequently Z is bounded by a constant that

does not depend on the Lipschitz constant of F' with respect to z.
Applying the It6 formula to the equation solved by (Y, Z) we get

T
e MY () —e MY (T) + / e NZ() dW(0)
T
_ / XX, Y(Q. 2OV d, 0<7<T < oo,
and it follows that
T
e F(-, u), Vu( d
| e F (. vue) oo ar
T
=E/ e_)\TF(X(T),M(X(T)),VM(X(T)) o) dr
0

T
= IE/ e MF(X(7),Y(1), Z(1)) dT
0

T
=F [Y(O) —eMy(T) +/ e MZ(T) dW(T):|
0
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=u(x) —e M Eu(Xr)] = u(x) — e Priu](x).
This completes the proof of the existence part.

Now we prove the uniqueness of the solution. Assume that u is a solution. For
any y € H,0 <7 < T we have

T—7
u(y) = e N1 PT_T[u](y)—i—/ e M P,[F(.,u(.),vu(.)a)](y) dt.
0

Sety = X (7, 0, x), which we denote by X (7) for simplicity. By the Markov property
of X, denoting by EZ" the conditional expectation with respect to .%,, we obtain

u(X(1)) = 77 E7u(Xr)

T—1
+/ o E%F(X(t_1_7—),14(X(t+T)),Vu(X(t+T))U) dt
0

and, by a change of variable,

e uX (1) = e M EFu(Xr) + / BT (X(O. u(X (), Vu(X(©) 7) dC.

T

Now let T > 0 be fixed and let us define

Fe = F(X(Q), u(X(Q)), Vu(X () o), ¢€l0,T],
T
¢=eMu(Xr) +/ e M F. dC.
0
Then we obtain
e Mu(X (1) =E7 ¢+ E7 / e MF d¢ =BT ¢+ / e N F; d,
0 0

where the last equality holds since [ e " F d( is .#.-adapted. Notice that £ is
square-integrable. Since .7, is generated by the Wiener process W, it follows that
there exists a square-integrable, .%,-predictable process Z (1), 7 € [0, T], with values
in 2%, such that, P-a.s.,

E7¢=E¢ +/OT Z)dw(), T€l0,T].

An application of the It6 formula gives
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u(X(P) =E ¢ + /O X7 AW + A /0 u(X(0) dC + /0 F(O) dc.

(6.115)
This shows thatu (X (7)), 7 € [0, T],is a semimartingale. For £ € E, we denote again
by W¢ the real Wiener process W¢ (1) := (£, W(7)), 7 > 0. Let us consider the joint
quadratic variation process of W¢ with both sides of (6.115). Applying Proposition
6.17 (recall that u is by definition differentiable) we obtain, P-a.s.,

/T Vu(X(() ot d<=/TeA<Z<<>£ d¢, T€l0,T], €€&,
0 0

and we deduce that Vu(X (1)) ( = eATZ(T), P-a.s. for almost all 7 € [0, T]. Now
setting

Y' (1) = u(X(1)), Z'(1) = e Vu(X (7))o, >0,

it follows from (6.115) that, P-a.s.,
Y(0) = Y (7) + /0 Z/(0) dW(Q) + A /0 Y'(0) d¢ + /0 FX(O).Y'(0). Z/(0)) dC,

for 7 € [0, T]. Since T is arbitrary, we conclude that the process (Y’, Z’) is a solution
of the backward equation, so that, by uniqueness, it must coincide with (Y, Z). In
particular,

u(x) =u(Xgy) = Y'(0) = Y(0).

This concludes the proof of the theorem. (I

6.10 Application to Optimal Control in an Infinite Horizon

We wish to apply the above results to perform the synthesis of the optimal control
for a general nonlinear control system on an infinite time horizon. To be able to
use non-smooth feedbacks we settle the problem in the framework of weak control
problems.

As above, by H, E we denote separable real Hilbert spaces.

Moreover, a generalized reference probability space is given by p = (R, %,
F,, P, W), where
o (2,.%,P)is a complete probability space;
o {F},>0 is a filtration in it, satisfying the usual conditions;
e (W(s))s>0 is a cylindrical P-Wiener process in E, with respect to the filtration .%;

(notice that, since our problem is homogeneous in time, we always choose the initial
time t = 0).
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Given such u, we call an admissible control pair the pair (a(-), X(-)) of pro-
gressively measurable processes with respect to {.%;}- such that: a is defined on
Q x [0, 00) and takes its values in a fixed closed subset (not necessarily bounded)
A of a Banach space E. Moreover, a is uniformly bounded, that is belongs to
L>®(Q2 x [0, 00), P ® dt; E). Finally, X is the mild solution (on the whole [0, c0))
of the following state equation:

dX (1) = (AX(1) +b(X (1) +0oR(a(r))) dT + o dW (1), T >0,
X(0)=x€eH.
(6.116)
Notice that in the present case the assumptions on R will guarantee the existence and
uniqueness of the mild solution X given and control a satisfying the above, so we
work in the framework of the weak and strong formulations in the sense of Sect.2.1.
To each admissible control pair we associate the cost:

400
Jhxsa(), X() =E /0 e MIX () + la(O)lF1 d¢, (6.117)

where [ : H x A — R. As in the finite horizon case we minimize the functional
JH(x; a(-)) over all admissible controls a(-) and characterize the value function

Vi(x) = ir;f JH (x5 a(), X ().

We will also address the optimal control problem in the weak formulation, which
consists in further minimizing with respect to all generalized reference probability
spaces, i.e., in characterizing the value function

V(x) = inf V*(x).
Iz

Notice the occurrence of the operator ¢ in the control term: this special structure of
the state equation is imposed by our techniques. Also notice that in contrast to what
happens in the previous sections of this Chapter we now restrict ourselves to R that
does not depend on x. This also ensures that for all a(-) € U'andx € H Eq.(6.116)
admits a unique mild solution

We define in a classical way the Hamiltonian function relative to the above prob-
lem: forall x € H, z € B,

Fo(x,z) = I(x) +inf{lal% +zR(a) : a € A} .
@ ={aeA:lal} +2R@ = inf{lal} + zR@)}. (6.118)
We will work in the following general setting:

Hypothesis 6.52 The following holds:
(1) A, b, o and satisfy Hypothesis 6.40.
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(2) R: A — Eis Lipschitz.
(3) [ : H — Ris uniformly Lipschitz, bounded and of class G I(H,R).
(4) F,isofclass G'(E*, R).

Remark 6.53 Since R is Lipschitz inf{|a|% + zR(a) : a € A}is always areal num-
ber. Moreover, there exists a constant ¢ such that

inf{|a|3 + zR(a) : a € A} = inf{|a|; + zR(a) : a € AN Bg(0, c|z))}.

This immediately implies that I'(z) C B(O0, cg|z|) and that
inf{lal% +zR(a) : a € A} —inf{la|% +2'R(a) : a € A} < 1 (2] + 12/ DIz — ZI.
So Hypothesis 6.41 holds true. |

We see that forall A > 0 the cost functional is well defined and J# (x; a(-), X (+)) <
oo for all x € H, all admissible control systems p and all admissible control pairs
(a, X).

By Theorem 6.51, forall A > 0 the stationary Hamilton—Jacobi—Bellman equation
relative to the above stated problem, namely:

Av(x) = Av(x) — Fy(x, Vu(x)o), x € H, (6.119)
admits a unique mild solution, in the sense of Definition 6.49.
We are in a position to prove the main result of this section:

Theorem 6.54 Assume Hypothesis 6.52 and suppose that A\ > 0. Then the following
holds

(1) For all generalized reference probability spaces and admissible pairs (a, X) we
have J"(x; a(-), X (-)) = v(x). Therefore V"(x) < v(x).

(2) The equality J*(x; a(-), X (-)) = v(x) holds if and only if the following feedback
law is satisfied:

a(t) e '(Vv(X(71))o), P-a.s. fora.e 7> 0. (6.120)

Notice that since Vv is bounded, if (6.120) holds then the control a is uniformly
bounded.

Proof Choose any generalized reference probability space 1 and denote by p(T') the
Girsanov density

T 1 T
p(T) = exp (—/0 (R(a(),dW(Q)s — 5/0 IR@(O)% dC) , o (6.121)
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Let P7 be the probability measure on .%7 defined by Pr = p(T) P and let E; be

the corresponding expectation. By Girsanov’s Theorem (see Theorem 6.34) under
P; the process

W= [ Ra@yac+w. 0=t (6.122)
0
is a cylindrical Wiener process. Equation (6.116) can be written:

[ dX(r) = AX (1) dT + b(X (1)) dT + 0 dW,, T3>0, 6.123)

X0=x.

Let v be the unique mild solution of Eq. (6.119). Consider the following finite horizon
Markovian forward-backward system (with respect to probability P7 and to the
filtration generated by {W:},¢[0.7).

X(rix) = A + / " TOAR (G 1) dC + / " T0Ag aWe, 720,
0 G
_ _ T _ N B
Y(7;x) —v(X(T;x)) + / Z(C:x) dWe + A Y (¢ x) d¢
JT T T

=/ Fo(X((; %), Z(G; X)) d¢, 0 <7 < T,
" (6.124)
and let (X (x), Y (x), Z (x)) be its unique solution with the three processes predlctable
relative to the filtration generated by { W, }refo,71 and: Er SUP;c[0.7] 1X(t; x)|> < 400,

Y(x) bounded and continuous, ET fo |Z(t, X)|?dt < 4o0.
Moreover, Theorem 6.51 and uniqueness of the solution of system (6.124) together
with Theorem 6.32 yields

Y(r:x) = v(X(1:x), Z(r:x) = Vu(X(r; x))o. (6.125)

Comparing the forward equation in (6.124) with the state equation, rewritten
as (6.123), we get X(t:x) = X,, t € [0, T], P-as. Applying the Itd formula to
e MY (1; x), and restoring the original noise W, we get

T
7(0; ) + / NG x) dW,
0

T ~ ~
= /0 e [Fo(X (), Z(¢ %)) — Z(&G x)R@(Q)] d¢ + e M u(X(T)).

(6.126)
Using the identification in (6.125) and taking expectation with respect to P, (6.126)
yields
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T
TR (T: 1)) — v(x) = _E / e Fy(X (€), VU(X(O))0) dC
0

T
+E /O VUK (O)CR@(Q)) dC.

Recalling that v is bounded, letting 7 — oo, we conclude that

JH(x;a(), X() = v(x) —]E/O e Fy(X(€), V(X ({)o)d(
—]E/O e‘M[va(X(C))JR(a(C)) —l(X(C),a(C))} dg.

The above equality is known as the fundamental relation and immediately implies
that v(x) < J#(x; a(-)) and that equality holds if and only if (6.120) holds. U

Theorem 6.55 Assume Hypothesis 6.52 and that A\ > 0. If T'(x, z) is non-empty for
allx € Hand z € E* and~y : E* — A is a measurable selection of I" (which exists,
see Theorem 8.2.10, in [20]) then there exists a generalized reference probability
space [ in which the closed loop equation

dX (1) = AX(1) d7 + o R(Y(Vu(X(7))o) dT + b(X (7)) dT + 0 dW(7), T > 0,

Xo=x0 € H,
(6.127)
admits a solution. Moreover, setting a(t) = v(Vv(X (1))o), the pair (@(-), X (-)) is
admissible and optimal for the control problem in the sense that

Tz ac), X () = v(x).
Consequently, we have v(x) = V (x).

Proof The point here is to prove the existence of a weak (in the probabilistic sense)
solution to Eq. (6.127) in the whole [0, 4+-00), see also Sect.4 in [274]. In order to do
this we realize a “‘canonical’-E-valued Wiener process. We choose a larger Hilbert
space E D E insuch a way that Z is continuously and densely embedded in E" with
Hilbert-Schmidt inclusion operator 7. By  we denote the space C([0, 00), &) of

—~

continuous functions w : [0, c0) — &' endowed with the standard locally convex
topology and by B its Borel o-field. Since 7 7* is nuclear on & we know (see
[180]) that there exists a probability P on B such that Wr' W) :=w()isa JJ*-
Wiener process in = (that is, t — (W, , f): is a real-valued Wiener process for all
€ e 8 andE(W,, &) (Won) 1=(TT*¢ ) t As)forall,n € 1,5 €
[0, 00)). We denote by £ the P-completion of 5 and by .%,, t > 0, the P-completion
of B, =0 (W, : 5 €[0,1]).

The E-valued cylindrical Wiener process {Wf 1t >0, ¢ € E} cannow be defined
as follows. For ¢ in the image of J*J we take n such that ¢ = J*Jn and define

Wt = (w,, Tn) .. Then we observe that E| WS |2 = ¢|7n|%, = t|¢| and that 7*J E

= o
o) o)
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is dense in E to deduce that the linear continuous mapping £ — W¢ (with values

in L?(Q, .7, P; R)) can be extended by continuity to the whole E. An appropriate

modification of {Wf 1t >0, ¢ € B} gives the required cylindrical Wiener process.
Now let X € L, (22, C([0, +00), H)) be the mild solution of

[C;l()((g;):jAX(T) dT +b(X (7)) dT + 0 dW(7) (6.128)
and let, VT > 0
T 1 [T 2
o1y = exp /0 (RO(V(X (). dW(O)z — 5 /0 IRO(To(X (O dC ).
(6.129)

Recall that Vv is bounded. Thus let ]P’T be the probability on Zr admitting p(T) as
a density with respect to P. Since E is a Polish space and IP’T+h coincides with P
on Br, T, h > 0, by known results (see [508], Chap. VIIL Sect. 1, Proposition 1.13)
there exists a probability Pon B such that the restriction on By of ]PT and that of
P coincide, T > 0. Let € be the P-completlon of B and .Zr be the P- -completion of
Br. Moreover, let

W(t) = —/ R(y(Vu(X(()o) dC + W ().
0

Smce forall T > O, {W,}[e[o 71 1s a E-valued cyhndrlcal Wlener process under
IP’T (see agam Theorem 6.34) and the restrlctlon of IE”T and of P coincide on Br,
modlfymg {W,},>0 in a suitable way on a P-null probability set we can conclude that

= (Q, 5 {/,},>0, IP’ {W,}t>0) is a generalized reference probability space and that
1f we set a(1) = y(Vu(X (7))o) then (a(-), X(-)) is an admissible pair and (6.127)
is satisfied. Indeed, if we rewrite (6.128) in terms of {W,},Zo we get

[ dX(t) = AX (1) dT + b(X (7)) dT + G [R(Yy(Vv(X(1))0)) + dW(T)],
X() =X

and this concludes the proof. (]

6.11 Application: The Heat Equation with Additive Noise

We show here how the previous results can be applied to a stochastic heat equation
with additive white noise in dimension 1. Let, for > 0, £ € [0, 1]:
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82
g2
x(t,0) = x(¢t,1) =0,
x(0,8) = xp(&),

0 0

(6.130)
where %W is a space-time white noise on R* x [0, 1]. Moreover, we introduce the
cost functional:

[oe] 1
J(xo,a(-),x(-))zE/O /0e—”[eo(f,x<t,s)>+|a(t,£>|2]d£dt (6.131)

which we minimize over all progressive controls a : [0, co) x [0, 1] — R bounded
in L2([0, 1]). By this we mean that there exists a suitable constant ¢, (depending on
the control a) such that:

1
/ az(t, &dé <c,, P®dt-as.
0

To fit the assumptions of our abstract results we will suppose that the functions f,
00, I, Lo are all measurable and real-valued and moreover:

(1) fois defined on [0, 1] x Rand [ f2(£, 0)d€ < +o0.
Moreover, for a.a. £ € [0, 1], we require that f,(&, ) € C'(R) and

0

for a suitable constant Ly > 0, almost all § € [0, 1], and all € R.

(2) o0¢ and r are bounded measurable functions from [0, 1] to R.

(3) £pisdefinedon [0, 1] x Rand, fora.a.¢ € [0, 1],the map €y(&, -) isin C'(R, R).
Moreover:

9

1o (€. M < co(©). 3
Y

1
| <a©. win [ (@©+G©)de < +o.

(6.132)

@) xo € L([0, 1]).

To rewrite the above problem in the abstract way we set (with the notation of
Sect.6.10): H = 8 = A = L*([0, 1]). By {W(¢)};>0 we denote a cylindrical Wiener
process in L2([0, 1]). Moreover, we define the operator A with domain D(A) by:

32
D(A) = W>([0, 11) N W, ([0, 17), (A)(€) = a—gzy(@, Vy € D(A),

where W22([0, 1]) and Wol’z([O, 1]) are the usual Sobolev spaces, and we set
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PE©) = 6. X, ©DO = 20O, R@IE) = (Ra)(©) = r(©a ),
I, a) = /0 [a(©P + to(E. x(©)] de

forall x,z € L%([0, 1]) @ € L**([0, 1]) and a.a. £ € [0, 1].
Under the previous assumptions we know, see [177] Sect. 11.2.1, that A, b and o
satisfy Hypothesis 6.40. Moreover, R is a bounded linear operator on L>([0, 1]) and

1
0
V,l(r. a)h = / (& HEDREE.
o on

Hence points 2 and 3 in Hypothesis 6.52 are satisfied.
We also notice that

1
inf (lafy + 2(Ra)) = inf ol + (R'2)0) =~ 182l == [ P ©2©0de.

So Fy(x,z) =1(x) — }¢|R*z|2 and, taking into account the regularity of {, it
is immediate to see that point 4 in Hypothesis 6.40 is satisfied. In addition,
infaeLz([oyl])(mﬁ, + z(Ra)) is a minimum achieved for a = —%rz.

As a consequence of Theorems 6.54 and 6.55 we have the following result.

Theorem 6.56 Under the previous assumptions, fixing X > 0, there exists at least

one generalized reference probability space i = (2, 7, F s, P, W) and an admis-
sible control pair (a(-), x(-)) for which

V(xo) = J (xo;a(-), X(-)),  xo0 € L*([0, 1]).

In particular, the triple (i, a(-), x(-)) is optimal.

The value function V (xo) coincides with the function v(xo), which is the unique
mild solution to the Hamilton—Jacobi—Bellman equation (6.119) in the sense specified
by Definition 6.49 (see Theorem 6.51) where (with the standard identifications)

Fo(x, Vv(x)o) =1(x) — £|R*VU(X)O'|%_1*

1 1 1
= /O Lo€, x(€)dE - /0 r2 (€0} () (Vu(x)(6))2dE.

In the space 11 the process (X (s, -))s>0 is a mild solution to the closed loop equation

) 02 1 )
Ei(t,ﬁ) = @i(n O+ fo& x(t,9) — Eaé(f)rz(f)vxv(ni(t, NE) + 00§ EW(I’ 9B
7(t,0) = x(t, 1) =0,
x(0,8) = xo(9),

and the optimal pair (a(t, -), X(t, -)) satisfies the feedback law equality
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1
as,§) = —an(ﬁ)r(f)vxv(t, x(t,))(©).

6.12 Elliptic HJB Equations with Non-constant Diffusion

In this section we wish to briefly expose the results on the probabilistic represen-
tation of the solution to an elliptic HIB equation when the second-order operator
Tr (a (x)a(x)*quS(x)) depends on x. Namely, we will address the resolvability of
the following equation:

Au(x) = Au(x) = F(x, u(x), Vu(x) o(x)), x € H,

where {
Ap(x) = ETr (c(x)o(x)*D*$(x)) + (Ax + b(x), D (x)) .

The price to pay to allow o to depend on x is that we will have to assume A to be
large enough.

The detailed proofs of the results reported below can be founded in [285].

Our analysis here will be done on the weighted (in time) spaces that we introduce
below.

o L7(S L%(K)), defined for 3 € R and p, g € [1, 00), denotes the space of equiv-
alence classes of processes {Y (¢)},>0, with values in K, such that the norm

0o p/q
D
Y0 s = E ( [ emvon ds)

is finite, and Y admits a predictable version.

e Kf denotes the space L, (2; L3(K)) x L (2 L3(L2(E, K))). The norm of an
element (Y, Z) € K is [(Y, Z)|x» = Yl @2y + 121 @2z -

° L‘;D(Q; C,(K)),definedforn € Randg € [1, 00), denotes the space of predictable
processes {Y (¢)},>0 with continuous paths in K, such that the norm

q _ nqT q
V1 e, = B sup ™IV (DI

is finite. Elements of L‘;;(Q; C,(K)) are identified up to indistinguishability.
e Finally, for n € R and g € [1, 00), we define Hﬁ’/ as the space L;’D(Q; L;’](K)) N
L%,(2; C,(K)), endowed with the norm

|Y|’H‘,’, = |Y|L‘;,(Q;L?,(K)) + |Y|L‘;,(Q;C,,(K))~
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Clearly, similar definitions and notations also apply to processes with values in
other Hilbert spaces, different from K.

As in the previous sections, we denote by {W (1)}, a cylindrical Wiener process
with values in a Hilbert space E, defined on a complete probability space (22, %, P).
Now we consider the It6 stochastic differential equation for an unknown process
{X (7; x)};>0 with values in a Hilbert space H:

X(rix)=e4x +/

T T
T IAb(X (s x)) ds +/ T (X (s5x)) AW (s), T >0.
0 0

(6.133)

Hypothesis 6.57 (i) The operator A is the generator of a strongly continuous
semigroup e'4, t > 0, in the Hilbert space H. We denote by M and a two
constants such that |e’4| < Me® fort > 0.

(i) The mapping b : H — H satisfies, for some constant L > 0,

Ib(x) —b(M|I<Llx—yl, x,yeH

(iii) o is a mapping from H to L(E, H) such that for every £ € E the map o(-)¢ :
H — H is measurable, ¢'“o(x) € £,(8, H) for everyt > 0and x € H, and

le" () commy < L t77e" (1 + |x|),

le'o(x) — e o (Meyzm < Lt 77" |x —yl, t>0,x,y€H,
(6.134)
lo()|e@m <L (1+x)), xe€H, (6.135)

for some constants L > 0 and v € [0, 1/2).
(iv) Forevery t > 0, we have b(:) € G'(H, H) and e'* o (-) € G'(H, L,(E, H)).

Proposition 6.58 Assume that Hypothesis 6.57 holds. Then for all g € [1, 00) there
exists a constant 1(q), depending also on v, L, a, M, with the following properties:

(i) For all x € H the process X (-; x), a solution of (6.133), is in 'Hf](q) (here
K =H).
(ii) For a suitable constant C > 0 we have

o0
E sup e’ 7| X (1; x)|? + E / DI | X (s:x)|9 ds < C(1 + |x|)9.
0

7>0
(6.136)
(iii) The map x— X (-; x) belongs to G'(H, HZ(q)) and its derivative is uniformly
bounded:
IVX(; x)thZun <Clh|l, x,h€eH, (6.137)

for a suitable constant C.
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Let us now denote by .%; the natural filtration of {W(7)},>0 augmented in the
usual way. We again consider the system of stochastic differential equations: P-a.s.,
forO0<7<T <

X(T;x):eTAx—I-/ T (X (55 X)) ds+/ TG (X (55 %)) AW (s),
0 0

T T
Y(r; x)+/ Z(s;x) dW(s)—i—A/ Y(s;x)ds
T TT

=/ F(X(s;x),Y(s;x), Z(s; x)) ds.

(6.138)
Y isreal-valued and Z takes valuesin 8%, F : H x R x E* — R is a given measur-
able function, x is in H and ) is a real number.

For any ¢g € [1, 00) we choose 7(q) as in Proposition 6.58. Then, we know that
for every x € H, there exists a unique solution {X (7; x)};>0 in HZ( 2 of the forward
equation and the map x— X (-; x) belongs to G' (H, ’H,q](q)).

Then we fix p > 2 and choose g and (3 satisfying

g>pm+1im+2), B<nl@m+m+2), B<O0. (6.139)

On F we shall ask the following

Hypothesis 6.59 (i) There exist ;+ € R and nonnegative constants L, L, such
that
[F(x, y1,21) — F(x, y2,22)| < Ly|y1 — y2| + L¢|z1 — 22],

(F(x,y1,2) — F(x, ¥2,2), y1 — y2)x < —plyi — yal%

foreveryx € H, y;, v, € R, z,21,20 € E*.
(i) F eG'(H xR x B*, K).
(iii) There exist L > 0 and m > 0 such that

IV F(x, y, 2)h| < Lylh|(1 + 12D + x| + [yD™,

foreveryx,h € H,y e R,z € E*.

We have the following existence and uniqueness result (in the weighted spaces
introduced above).

Proposition 6.60 Assume that Hypothesis 6.57 holds and that F satisfies the con-
ditions in Hypothesis 6.59. For p > 2, 8 and q satisfying (6.139), and for every
A>A=—-0+p— L?/Z), the following holds.

(i) For every x € H there exists a unique solution (X (-; x), Y (-; x), Z(-; x)) of
the forward—backward system (6.138) such that X (-; x) € ’Hf](q) and (Y (-; x),
Z(;x)) € ICg (here K =R and consequently L,(E, K) is E*). Moreover,
Y(:;x) € L (2 C(R)).
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(ii) The maps x — X(-; x), x > (Y (-;x), Z(-; x)), x — Y(-; x) belong to the
spaces G'(H, Hz(q)), G(H, ICg) and G'(H, L%(Q; C3(R))), respectively.
(iii) Setting u(x) = Y (0; x), we haveu € G'(H, R), and u and Vu have polynomial

growth. More precisely, there exists a constant C > 0 such that
(Ol < € (L4 1) [VuGoh] < C hI(1+ oD, x,heH.

Remark 6.61 Notice that we have shown that the system (6.138) admits a unique
solution (in suitable spaces H? K z with parameters satisfying p > 2 and condition

P n(q)’
(6.139)) for all A > \ where

N = —p+L2/2 = sup{n(@)(m + D(m +2) A0 g > 2(m + 1)(m +2)).
(6.140)
|

Remark 6.62 If, in addition to Hypothesis 6.59, we suppose that F(-,0,0) is
bounded and satisfies Hypothesis 6.59 with m = 0, then the above results can be
improved in the following way. Instead of asking (6.139) it is enough to require:
qg > p>2and B <n(g) AO. Then the conclusions of Proposition 6.60 still hold
for A > —(0+p— L§/2). Thus instead of (6.140) we have

N=—p+L22—supn(g) AO:q > 2). (6.141)

Moreover, we have |u(x)| < C and |V,u(x)h| < C|h| forall x,h € H. |

Assuming that Hypothesis 6.57 holds and denoting by (X (7; x)),>0 the solution
of Eq. (6.133), we define in the usual way the transition semigroup (P, ),>0, associated
to the process X:

Pol(x) =E ¢(X(t;x)), xe€H, (6.142)

for every bounded measurable function ¢ : H — R. By Proposition 6.57, ¢ can be
taken unbounded, with polynomial growth. Formally, the generator A of (P,) is the
operator

1
Ap(x) = zTr (c(x)o(x)*D*$(x)) + (Ax + b(x), D (x)) .
We consider now the solvability of the nonlinear stationary Kolmogorov equation:
Au(x) — A u(x) = F(x,u(x), Vu(x) o(x)), x €H, (6.143)

where the function F : H x R x E* — R satisfies the conditions in Hypothesis 6.59
(with K = R) and X is a given number (that will eventually be assumed to be large
enough). Note that, for x € H, Vu(x) belongs to H*, so that Vu(x) o(x) is in E*.

The definition of a mild solution has to be slightly modified in order to take into
account the polynomial growth:



774 M. Fuhman and G. Tessitore

Definition 6.63 We say thata functionu : H — Ris amild solution of the nonlinear
stationary Kolmogorov equation (6.143) if the following conditions hold:

(i) ueG'(H,R);
(i1) forallx € H, h € H, we have

lu(x) < C (1+xD€,  [Veu(x)h| < C |h] (14 [x]E,

for some constant C > 0;
(iii) the following equality holds, for every x € H and T > 0:

T
u) = prtui) = [ e 2P (a0, V) o) [ ar.
0
(6.144)

Together with Eq. (6.133) we again consider the backward equation for 0 < 7 <
T < oo

T T
Y(r;x) = Y(T; x) +/ Z(s;x)) dW(s) + )\/ Y(s;x)ds

T
= —/ F(X(s;x),Y(s;x), Z(s; x)) ds,
’ (6.145)

where F : H x R x 8* — R and X are the same occurring in the nonlinear station-
ary Kolmogorov equation. Under the stated assumptions, Proposition 6.60 gives a
unique solution {(X (7; x), Y (7; x), Z(T; x))};>0 of the forward—backward system
(6.138).

We can now state one of our main results.

Theorem 6.64 Assume that Hypothesis 6.57 holds and that F satisfies the conditions
in Hypothesis 6.59.

Then there exists a X € R such that, for every \ > A, the nonlinear stationary
Kolmogorov equation (6.143) has a unique mild solution. The solution u is given by
the formula

u(x) = Y(@0; x), (6.146)

where {(X (7; x), Y(T; x), Z(T; x))} >0 is the solution of the backward-forward sys-
tem 6.138), and it satisfies

()] < C (1+ X", [Vu@)h| < C Jh|(1 + |x)le+D,

for some constant C and every x, h € H.

Remark 6.65 The constant \ in the statement of the theorem can be chosen equal to
(6.140). |
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Remark 6.66 From Remark 6.62 it follows immediately that if, in addition to
Hypothesis 6.57 and 6.59, we assume that F (-, 0, 0) is bounded and F satisfies
Hypothesis 6.59 withm = 0, then \ can be chosen equal to (6.141) instead of (6.140).
Moreover, in this case, we have |u(x)| < C, |[Vu(x)h| < C |h| for some constant C
and every x,h € H. |

Finally, we again apply the above results to a control problem. We mainly wish
to show here what frameworks can be covered.

Let again H and E denote real separable Hilbert spaces (the state space and
the noise space, respectively) and let A be a Polish space (the control space). For
t € [0, +00) a generalized reference probability space is given by u = (Q, #, 7,
P, W), where

e (R2,.7,P) is a complete probability space;
o (F;)s>0 is afiltration in it, satisfying the usual conditions;
e (W(s))s>0 is a cylindrical P-Wiener process in E, with respect to the filtration .%;.

Given such p, for every starting point x € H we will consider the following
controlled state equation

dX(s;x) = (AX(s;x) +b(X(s;x) + 0(X(s; X)) R(X (55 %), a(s))) ds
+ (X (s;x)) dW(s), s € [0, 00),
X0)=xeH.
(6.147)
In (6.147) and below the equation is understood in the mild sense. a(-) :  x
[0, 400) — A is the control process, which is always assumed to be progressively
measurable with respect to {.%};(. On the coefficients A, b, o, R precise assump-
tions will be formulated in Hypothesis 6.67 below. As in Sect.6.5 we will impose
on R only measurability and boundedness assumptions. As mentioned, this requires
some care in the formulation of the control problem. We again call (a(-), X(-)) an
admissible control pair if a(-) is an .Z;-progressively measurable process with values
in A and X (-) is amild solution to (6.147) corresponding to a(-). To every admissible
control pair we associate the cost:

Jixsa(), X() =E /oo e MU(X (53 x), a(s)) ds,
0

where [ is a suitable real function. As in the parabolic case, see Sect. 6.5, the optimal
control problem in the extended strong formulation consists in minimizing the func-
tional J*(x; a(-), X(-)) over all admissible control pairs (a, X), and characterizing
the value function

Vi(x) = inf J'(x;a(), X (5 x)).
@(.X()
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We will also address the optimal control problem in the extended weak formula-
tion, which consists in further minimizing with respect to all generalized reference
probability spaces, i.e., in characterizing the value function

V(x) = inf V" (x).
"

The corresponding Hamiltonian function is defined for all x € H, z € E* setting

Fo(x,z) = in/f\ (I(x,a)+zR(x,a)). (6.148)

We also define as usual
'x,z)={aeA:Fyx,z)=I1(x,a)+zR(x,a)}

We make the following assumption.
Hypothesis 6.67 The following holds:

(1) A, b and o satisfy Hypothesis 6.57.

(2) R: H x A — E is Borel measurable and |R(x, a)|z < Ly for a suitable con-
stant Lp > 0andallx € H,a € A.

(3) [ : H x A — Riscontinuous and satisfies |/ (x, u)| < K;(1 + |x|™) for suitable
constants K; > 0,m; > 0andallx € H,u € A.

(4) Fybelongsto G'(H x A*, R) and satisfies Hypothesis 6.59 (to avoid confusion
we denote by m ¢ the constant m introduced in Hypothesis 6.59) We also notice
that by its definition Fjy is Lipschitz with respect to z with Lipschitz constant
Lg.

(5) Finally, we fix here p > 2, g and [ satisfying (6.139) with m = mf, and such
thatg > mp.

In the following 7(q) is the constant introduced in Proposition 6.58.
Lemma 6.68 Assume that \ > 0 satisfies

Lrm

A> —M—
2(q —my)

—n(g) my. (6.149)

Then the cost functional is well defined and J(xg; a(-), X (-)) < oo for all xo € H
and all generalized reference probability spaces.

By Theorem 6.64, for all A > b (the constant X can be chosen equal to (6.140)
with L, = Lg) the stationary Hamilton—Jacobi—Bellman equation relative to the
above stated problem, written formally as

Av(x) = Av(x) + Fy(x, Vo(x)o(x)), X € H, (6.150)
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admits a unique mild solution, in the sense of Definition 6.63, which we will denote
by v.
We are in a position to solve the control problem:

Theorem 6.69 Assume Hypothesis 6.67 and suppose that X\ satisfies:

L% L Lgm
A= (‘5 * 7) v (‘5+ 2p — 1>) ! (2<q —m) ”(q)””) - OB

Then the following holds

(1) Forall generalized reference probability space 1w and all admissible control pairs
(a(-), X()) we have J"(x; a(-), X (-)) > v(x).
It follows that V*(x) > v(x) for every y, and so V(x) > v(x).

(2) Forall jand all admissible control pairs (a, X), the equality J" (x; a(-), X (+)) =
v(x) holds if and only if the following feedback law is satisfied:

a(s) e I'(X(s), Vau(X(s)) o(X(s))), P-as. foraa selt,T]. (6.152)

We again have existence of the optimal control in the extended weak formulation.

Theorem 6.70 If in addition to the assumptions of the above theorem we suppose
that T'(x, z) is non-empty for all x € H and z € E*. Let v: H X E* — A be a
measurable selection of T (which exists, see Theorem 8.2.10, in [20]). Then there
exists at least one generalized reference probability space [i and an admissible control
pair @), X)) for which (6.152) holds. In particular, it follows that V/'(x) =
v(t, x) and so V(t,x) = v(t, x). In the space i the process X is a mild solution to
the closed loop equation:

dX(s) = AX(s) ds + o(X(s)) R(Y(s), v(s, X (s), Viu(X(s)) a(Y(s)))) ds
+b(X(5)) ds +o(X(s)) dW(s), selt, Tl
X(0) =xeH,
(6.153)
the feedback law takes the form

a(s) = v(X(s), Viu(X(5)) 0(X(5))), P-as. forae s €[0,T],

and the pair (a(-), X)) is optimal for the control problem in the extended weak
formulation.

Remark 6.71 1f, in addition to points /—4 of Hypothesis 6.67, we also assume that
[ is bounded and Lipschitz in x uniformly in u € U, then it is easily verified that
Fy(-, 0) is bounded and Fj satisfies Hypothesis 6.59 with m = 0. Thus by Remark
6.62 the results of Theorem 6.69 can be improved in the following way.
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Instead of Hypothesis 6.67 point 5 itis enoughtotake g > p > 2and 3 < n(g) A
0. Moreover, instead of (6.151) it is enough to assume

L3 Lg
e (3t

6.12.1 The Heat Equation with Multiplicative Noise

Finally, we show how the assumptions on the controlled heat equation in Sect. 6.11
have to be adapted to fit this last framework. We again consider a stochastic heat
equation with additive white noise in dimension 1 (for r > 0, £ € [0, 1]):

0 ?
E-x(t’ 5) = a_gz-x(tv 5) + ﬁ)(g’x(t’ 5))
+00(&, x (1, E)r(©) at, §) + 0o(§) TW@. &),
x(t,0) = x(t,1) =0,
x(0,8) = xo(&),
(6.154)
and the cost functional:

[ee) 1
TG a().x()) = E /0 /0 N [tolE, x(1, ) + lat. OP]dedr. (6155

The assumptions and notations are the same as in Sect. 6.11 except that:

e 0( depends on x as well. We assume that it is bounded, differentiable with respect
to x and Lipschitz with respect to x, uniformly in €.

e We relax the assumptions on ¢y. Namely, we assume that £, is defined on [0, 1] x
R. Moreover, for a.a. ¢ € [0, 1], the map £y (&, -) is in C'(R,R) and

1
<@, with [ (co© +e}©) de <+

(6.156)
e We restrict our analysis to controls taking values in a ball of L([0, 1]). Namely,
we assume:

0
[£o(&, 0)] < (), ‘(,750(5,71)
y

1
/ a(t,6)dé <1, P®dt-as.
0

The problem can be rewritten in the abstract way exactly as in Sect.6.11 with the
difference that now:

inf (laly; +z(Ra)) = inf (lal}; + (R*2)a) = V(R*z),
acH:la|<1

acH:|al<1



6 HIJB Equations Through Backward Stochastic ... 779
where (with the standard identifications):

- /4)|P|Lz([0 i lpleegoan =2

, R*z =rz.
—Ipl+1 if [plezqoay > 2

Y(p) = [

In addition, infaeH(IaI%, + z(Ra)) is a minimum achieved for a = 1)(R*z) where

_ ) =/2)p if |plegoay <2,
wp) = [—P/|P| if |plr2qo1y > 2.
So Fy(x, z) = I(x) + W(R*z) belongsto G' (H x H*, R). As aconsequence of The-
orems 6.69 and 6.70 we have the following result.

~

3]

Theorem 6.72 Under the previous assumption we can find A such that, forall X > .
there exists at least one generalized reference probability space [ = (Q,.ZF, Z,,
P, W) and an admissible control pair (a(-), X (-)) for which

V(xo) = JF(xo;a(), X(-)),  xo € L*([0, 1]).

In particular, the triple (i, a(-), x(-)) is optimal.

The value function V(xo) coincides with the function v(x), which is the unique
mild solution to the Hamilton—Jacobi—Bellman equation (6.150) in the sense specified
by Definition 6.63 (see Theorem 6.64) where (with the standard identifications)

Fo(x, Voo) = 1(x) + W (R*Vu(x)a(x)) = £o(-, x()) + W (r()og (-, x(NVu(x) ().

Inthe space i the process (X (s, -))s>0 is amild solution to the closed loop equation

32
X, &) + fol€, X(1,8) + 00(&. x(€)) *W(f 3]

o¢?
+00(§, X))y (r()ao(, X(1, N VX, ))() ©)dt,
X(1,0) =x@,1)=0,
X(0,8) = x0 (&),

0 _
Ex(ts é)

and the optimal pair (a(t, -), X(t, -)) satisfies the feedback law equality

a(t,-) =y (r(ool, X, )Vox(, )) ().

6.13 Bibliographical Notes

The paper [475] by E. Pardoux and S. Peng is generally recognized as the starting
point of the theory of Backward Stochastic Differential Equations (BSDEs): there
the authors solved a general nonlinear BSDE under Lipschitz assumptions on the
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coefficients. Earlier results on the linear case were proved by several authors, in
particular by J--M. Bismut and A. Bensoussan, in connection with the so-called Sto-
chastic Maximum Principle (in the sense of Pontryagin). Since the appearance of
[475], the theory began to develop quickly, motivated by applications to stochas-
tic optimal control, partial differential equations and mathematical finance. Some
standard references are [211, 420, 477, 575].

Here we limit ourselves to a bibliographical account of the main achievements
related to BSDESs driven by a Brownian motion in an infinite-dimensional context,
i.e., when at least one of the unknown processes (Y, Z) takes values in an infinite-
dimensional space or when the BSDE is coupled with another (forward) stochastic
differential equation with infinite-dimensional solution process.

To our knowledge, the first result on BSDEs when the process Y evolves in an
infinite-dimensional space is that of Bensoussan [45] concerning the linear case. A
highly non-trivial extension of the nonlinear case originally addressed by Pardoux
and Peng in the infinite-dimensional context is in [350], followed by [558] and by
some results in [284, 285]. The case of dissipative coefficients is considered in [129,
130]. A special class of backward equations, called of Volterra type, are studied in
the Hilbert space case in [11, 12].

The Stochastic Maximum Principle, which is not treated in this chapter, remains
one of the main sources of interest for studying BSDEs with infinite-dimensional
process Y. Although the equation is linear in this case, the occurrence of unbounded
coefficients often makes the study technically challenging. After the reference [45]
already mentioned, the papers [196, 349] treat the maximum principle for a general
controlled evolution equation in a Hilbert space. Applications to concrete controlled
stochastic PDEs can be found in [598] for equations linear in the state, and in [280].
The case of a controlled stochastic PDE with additive noise and dissipative drift is
treated in [282]. The treatise [414] is entirely devoted to the Stochastic Maximum
Principle in infinite dimension.

A special mention is deserved for the study of the stochastic backward Hamilton—
Jacobi-Bellman equation, introduced in [481] and further studied in [85]. Represen-
tation formulae for equations of similar type are proved in [549].

Many other cases of concrete stochastic PDEs of backward type have been studied,
as objects of intrinsic interest and not necessarily related to stochastic optimal control
problems, see for instance [197-199, 348, 419, 421, 504, 505, 5521, and the subject
is developing quickly.

Very often a scalar BSDE (i.e., where the process Y is real-valued) is introduced,
coupled with a forward equation representing the dynamics of a controlled process
evolving in an infinite-dimensional case, driven by a finite- or infinite-dimensional
Brownian motion. This is the situation addressed in this chapter. As seen above,
the process Y is then related to the value function of the optimal control problem
and, in the Markovian case, it is used to represent or to construct a solution (in an
appropriate sense) to the corresponding Hamilton—Jacobi—Bellman (HJB) equation.
The first systematic study of this type for controlled stochastic equations in Hilbert
space is in [284-286]. More general coefficients (for instance, of dissipative type), or
more general growth conditions, were studied in [75-77, 351], see also [593-595].
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Often, better results are obtained by a combination of probabilistic arguments
on the BSDE and an analytic study of the HIB equation, as in [432, 433]. In [435,
438, 442] very general Hamiltonians are addressed. Smoothing effects of the HIB
equation, due to a nondegenerate diffusion coefficient of the controlled equation,
were studied in [283, 440].

The case of linear controlled evolution equations and quadratic cost also lead to
stochastic backward equations of Riccati type, when the coefficients are perturbed
by noise. In the infinite-dimensional framework we cite [333-335, 414, 415].

Applications to models with delay or memory effects can be found in several of
the previous references. Memory effects are explicitly studied by BSDE techniques
for the heat equation in [131] and for controlled stochastic Volterra equations in [63,
132]. Related results can be found in [600].

A special branch of the literature is devoted to the case when the controlled
equation is a stochastic PDE with Brownian noise acting on the boundary conditions,
often in combination with a control process on the boundary as well. We mention
[181, 332,437,591, 592]. We also cite [331] for a version of the Stochastic Maximum
Principle in this framework and [62] for the related case of dynamical boundary
conditions.

Although in the large majority of the mentioned papers the state space is a Hilbert
space, there are a few papers related to extensions to Banach space-valued processes:
see [281, 436, 596].

BSDEs can be used to address other stochastic optimization problems, even when
the controlled systems evolves in an infinite-dimensional space. In [182, 278] ergodic
optimal control problems are studied, whereas applications of BSDE:s to the theory
of stochastic differential games are given in [274, 275], where games with an infinite
number of players are considered.

More specific topics are treated in [273] (connections with conditioned processes
in Hilbert spaces) and [330] (strongly coupled infinite-dimensional forward—
backward systems, i.e., when the forward equations depends on the unknown pair
(Y, Z) solution to the backward equation).
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