Chapter 5
Mild Solutions in L? Spaces

This chapter is devoted to the presentation of the L? theory for the existence and
uniqueness of mild solutions for a class of second-order infinite-dimensional HIB
equations in Hilbert spaces through a perturbation approach. As in the previous
chapter, the concept of mild solution concerns the HIB equation in an integral form
that uses the transition semigroup associated to the linear part of the equation.

In the previous chapter the perturbation approach was used in Banach spaces
of regular (at least differentiable in the x variable, in a suitable sense) real-valued
functions defined on a Hilbert space H. The space where we seek the solutions here
is a space of functions which are square-integrable (with their x derivative defined
in a suitable sense) with respect to a suitable reference measure m on H.

One of the main reasons for the development of the L? theory is the need to
study HIB equations without the smoothing Hypothesis4.76 about the behavior of
the transition semigroup, which was used in the previous chapter (see Sect.4.1 for
a discussion). Indeed, once the existence of the reference measure is postulated, the
estimates that allow us to ensure, in the L? framework, the applicability of a fixed
point argument, can be proved under weaker assumptions (see Sect. 5.1 for details).

As for the mild solutions in spaces of continuous functions, the L? theory can
be applied to obtain optimal synthesis. The class of applicable infinite-dimensional
stochastic optimal control problems includes cases which cannot be treated in the
context presented in Chap. 4, like the stochastic delay differential equations and first-
order SPDEs. On the other hand, specific hypotheses ensuring the existence of the
reference measure m and the compatibility of the Hamiltonian with it, need to be
satisfied. Moreover, the synthesis provided by the L? theory is less regular.

The approach we describe was mostly developed in [3, 4, 125, 298]. We will
mainly follow [298].

The chapter is organized as follows:

e In Sect.5.1 we describe the main ideas of the L2 method.
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606 5 Mild Solutions in L? Spaces

e In Sect.5.2 we recall some classical results about invariant measures and other
preliminary facts.

e Sections 5.3 and 5.4 are devoted to parabolic HIB equations. Section 5.3 contains
existence and uniqueness results, while in Sect. 5.4 a result on approximation of
mild solutions by classical solutions is provided.

e In Sect.5.5 we apply the results of Sects. 5.3 and 5.4 to perform the optimal synthe-
sis for stochastic optimal control problems, while in Sect. 5.6 we provide specific
examples related to those of Chap. 2.

e In Sect.5.7 we describe complementary results, mainly from [3, 4], which cover
an additional class of problems. This section also contains existence and unique-
ness results for a family of elliptic HIB equations without applications to control
problems.

e Section 5.8 contains bibliographical notes.

5.1 Introduction to the Methods

We briefly sketch the main ideas of the method developed in the next sections. We
consider a class of second-order infinite-dimensional HIB equations of the form

v+ % Tr [QD*v] + (Ax + b(x), Dv) + F (t,x, Dv) +1(t, x) =0,
tel0,T), x e D(A) (5.1

(T, x) = g(x), x € H,

and
1
v — 3 Tr [QD*v] — (Ax, Dv) — F(x,Dv) =g, x € H, (5.2)

where T > 0 is fixed, A is the generator of a Cy-semigroup on a real separable
Hilbert space H, Q € LT(H),and b: H - R, [: [0,T] x H - R, g: H - R,
F:[0,T]x Hx H— R (or F: H x H — R) are measurable functions. Further
hypotheses on b, [, g and F will be introduced later.

Since the results available in the literature up to now are mainly oriented towards
the evolutionary HIB equation (5.1), we devote most of the chapter to the theory in
this case, limiting the treatment of the stationary equation (5.2) to Sect.5.7.3.

Given a reference measure on H, the basic idea is to introduce mild and strong
solutions of (5.1) and (5.2) in the space of real square-integrable functions on [0, T'] X
H (oron H). If H were a finite-dimensional space, the Lebesgue measure would be
the natural choice for the reference measure but in infinite dimension the situation is
more delicate. We consider the following stochastic evolution equation
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dX(s) = (AX(s) + b(X(s))) ds +dWy(s), s>0,
(5.3)
X(0)=x € H,

we suppose it admits a mild solution and an invariant measure m and we work in
the space L2(H, B, m) where B is the completion of the Borel o-field B(H) with
respect to m.

Under suitable assumptions on the operators A and Q and on the function b (see,
e.g., [180] Chap.9), the solution w of the following Kolmogorov equation

w, = l Tr [QD*w] + (Ax + b(x), Dw),
2 (5.4)

w(0, x) = @(x)

can be associated to the transition semigroup P, of the solution X (-; x) of (5.3) as
follows:

w(t, x) = P[o]l(x) = Eo(X (1, x)) (5.5)

for any bounded continuous ¢.
The semigroup P; extends to a strongly continuous semigroup of contractions on
L%(H, B, m) with generator .4, whose explicit expression on regular functions is

Ap(x) = % Tr [QD?*¢] + (Ax + b(x), D) ; (5.6)

this fact is recalled in Lemma5.37.

The original HIB equation (5.1) can be seen as a perturbation of (5.4) and, by for-
mally applying the variation of parameters formula, it can be written in the following
integral (mild) form

T
u(t,x) = Pr—gl(-) +/ P [I(s, ) + F (s, -, Du(s, )] (x)ds. (5.7

To prove the existence and uniqueness of mild solutions in spaces of continuous
functions we needed, as a key assumption, a smoothing property for the transition
semigroup P; of the following form': there exist C > 0 and @ € (0, 1) such that for
every ¢ € By(X),s >t,x € H,

IDP [0 < CA Vv (s =Dl

(or a similar hypothesis which uses an operator G and an integrable function ~,
see Sect.4.1.1 for details). This assumption was needed to prove the existence and

ISee Hypothesis4.76.
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uniqueness of the solution using a fixed point theorem in a Banach space of continuous
and differentiable functions (see e.g. Theorem 4.80).

In the L? setting, an important role is played by the space Wé’z (H, m) which
is, formally, the Sobolev space of functions which admit a weak derivative in
L*(H, B, m), endowed with the norm

66y = [ 1oPam+ [ |0"2Dof dm.
0 H H

In fact, the definition of such a space is more complicated (see Definition5.11) due
to the fact that the operator 0'2D is not assumed to be closable in L? (H , B, m)
We work in this framework because Q'/2D is not closable in some relevant cases,
such as, for example, in the case of delay equations (see Sect.5.6). The existence
and uniqueness result is found by applying a fixed point argument in the space

L? (O, T; Wé’z (H, m)) (see Theorem5.35). In this new context a milder smooth-

ing property is required (see estimate (5.36) in Proposition5.20) and, thanks to the
properties of the invariant measure m, it can be verified without strong requirements
on the data A, b and Q. This is the main reason why the L? theory developed in the
present chapter allows us to deal with equations and control problems which cannot
be treated by the techniques of Chap. 4.

More precisely:

(i) We do not need any smoothing properties of the Ornstein—Uhlenbeck semi-
group associated with (A, Q) (see Remark5.21). Therefore we do not impose
any restrictions on Q: it is possible, for example, to take Q a one-dimensional
projection.

(i) g, € L*(H, B, m): they are not necessarily continuous, bounded or with poly-
nomial growth.

This generality comes at a price. Similarly to Chap. 6 and differently from Chap. 4, we
can only deal with a class of Hamiltonians of the form F (¢, x, p) = Fy (t, x, Q 172 p) .
If we look at this restriction in terms of the optimal control problems we can study,
it means that we are only able to deal with problems where the control appears in the
state equation via a term of the form Q2R (¢, x, a(t)) (see (5.78)). This assumption
may seem restrictive, but in fact it is quite natural in many control problems when
the operator Q is degenerate. It implies that the system should be controlled by
feedback taking values in the same space in which the noise disturbing the system
is concentrated. Let us note that if Q'/2 = 0 then both the control and the noise
disappear. A natural interpretation of this fact is that the uncontrolled system is in
fact deterministic and the noise is brought into the system only by the control.
Another drawback is the fact that mild solutions found in the setting of this chapter
possess weaker regularity properties due to the choice of the spaces. In particular, if
Q is very degenerate (e.g. a finite-dimensional projection) the measure substantially
ignores most of the space H. However, despite this weak regularity, when (5.7) is the
HJB equation related to a stochastic optimal control problem, one can characterize
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its solution as the value function of the problem and use it to perform the optimal
synthesis.

5.2 Preliminaries and the Linear Problem

5.2.1 Notation

As usual we denote by H a real separable Hilbert space with the norm | - | and the
inner product (-, -) and by Q an element of L1 (H). B(H) is the Borel o-field of H.
The function spaces C(H), UC(H), C,(H), UCy(H), Cy(H, H), C(H), Ck (R"),
... are defined in Appendix A.

5.2.2 The Reference Measure m and the Main Assumptions
on the Linear Part

We will work under the following set of assumptions.

Hypothesis 5.1 (A) A is the generator of a strongly continuous semigroup
{e’ A > O} on a real separable Hilbert space H. M > 1 and w € R are two
real constants such that

e < me, Vi =o0.
(B) Q € LT(H),and ug = (Q, F AF )0, P, WQ) is every generalized reference

probability space (see Definition 1.100).
(C) e’ Qe*"" e Li(H) forall s > 0. Moreover, for every ¢ > 0,

t
/ Tr [eSAQeSA*]ds < +00,
0

so the symmetric positive operator

t
Q,:H— H, 0, ::/ e 0e N ds,
0

is of trace class for every t > 0.
(D) The function b : H — H is continuous and Gateaux differentiable, its Gateaux
differential Vb is strongly continuous and

[Vbllo = sup [VbMX)]| < K < +00.
xeH
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Proposition 5.2 Let Hypothesis 5.1 be satisfied. Then:
(i) The equation
dX(s) = (AX(s) +b(X(s))ds +dWy(s), sel0,T],

(5.8)
X(0)=xeH

has a unique mild solution X (-; x) € ’H/Iﬁ" (0, T; H) (see Definition 1.126) for all
p > 1. We also have
1ir1(1)E|X(s,x) —x>*=0. (5.9)

(ii) There exists a B([0, T]) ® B(H) ® .% /B(H)-measurable function

[0, T] x HxQ— H
(s,x,w)—>)~((s;x)(w)

such that, for every x € H, )~((~; X) is a version of the soluti0n~X(~; x). Thus in
the future we will not make a distinction between X (-; x) and X (-; x).

Proof Part (i), except (5.9), is proved in Theorem 1.147 (observe that b is globally
Lipschitz continuous thanks to Hypothesis 5.1-(D) and Theorem D.18). To prove
(5.9) we can observe that, using Hypotheses 5.1-(A) and (D),

IE|X(s,x)—x|2 <3

Ax —x‘z +3c /SIE (1 + |X(r)|2) dr
0
+ 3IE‘WA(S)‘2, sel0, 7],

where C is a constant depending only on b. The first term converges to zero when
s — 0, the second goes to zero because X (; x) € H’z"o (0, T; H) while the term
concerning the stochastic convolution converges to zero thanks to its mean square

continuity ensured by Proposition 1.144.
Part (ii) is proved in Proposition 5.44 for a more general controlled version of the
equation (even though Proposition 5.44 is in a later section, its proof is independent).
O

The transition semigroup Ps,s > 0, associated to (5.8) is defined for every ¢ €
Cp(H) as?
Pil¢]: H— R

2In Sect. 1.6 we define the semigroup directly on all the functions of B, (H). The arguments of the
present chapter are more transparent if we start by defining the semigroup only on Cp, (H). Since it
will be extended (Proposition5.9) to L?(H, B, m), and (Lemma5.10), for any ¢ € L?(H, B, m),
P[¢l(x) = Ep(X (t; x)), the two approaches are equivalent.
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where X (s; x) is the solution of (5.8) at time s. It follows from Proposition 1.147
that P;(Cp(H)) C C»(H) (see Theorem 1.162) and Py has the semigroup property
in Cp(H) as was remarked in Corollary 1.158. Moreover, P does not depend on
so the theory developed in this chapter is independent of the choice of .

In the setting described by Hypothesis5.1, we can introduce the notion of an
invariant measure.

Definition 5.3 (Invariant measure) Let P, be the transition semigroup introduced
in (5.10). A probability measure m on (H, B(H)) is said to be an invariant measure
for (5.8) if, forany ¢ € C,(H) and ¢ > 0,

/ PLO1C0dm (x) = / S(x)dm(x). 5.11)
H H

If Hypothesis 5.1 holds, we formulate the following assumption.

Hypothesis 5.4 There exists an invariant measure m for Eq. (5.8). Moreover,
/ Ix|>dm(x) < oo. (5.12)
H

We denote by B the completion (see Sect.1.1.1) of the Borel o-field B(H) with
respect to the measure m.

Notation 5.5 L7 spaces have been introduced in Sect. 1.1.3. In order to distinguish
the norms in L” (H, B, m) and L?(H, B, m; H) (i.e., the L” norms computed using
the measure m) from other L”-norms that appear in this chapter, we will denote them
by |- |, and by | - |LZ.H'

We first recall some density results that we will use frequently.

Lemma 5.6 Suppose that A satisfies Hypothesis 5.1 (A). Denote by E4(H) the lin-
ear subspace of UC,(H) given by the linear span of the set of all real parts of
the functions ¢'*") for some h € D(A*). Then, for any f € UCy(H) there exists a
multi-sequence (f,,I ,,12,,13) in E4(H) such that

ny,na,n3eN

| fuymamsllo < Nl fllo, foranyny,ny, n3 € N

and
lim lim lim f o0& = f(x), foranyx e H.
ny—~400 np— 400 n3—+00 -
Proof See Lemma 6.2.3, p. 112 in [179]. ]

Lemma 5.7 Given any bounded measure m defined on the Borel o-field B(H) of
H, denoting by B, the completion of B(H ) with respect to m, we have the following
density results:
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(i) UCy(H) and UC,’j(H),for any integer k > 0, are dense in L2(H, By, m).
(ii) Let A be the generator of a Cy-semigroup on H and let A* be its adjoint. Then
FCEY(H), defined in (A.4), is dense in L*(H, By, m) for any integer k > 0.
(iii) For every v € L*(0, T; L*(H, By, m)) there exists a sequence ¥, : [0, T] —
]—'C(%’A* (H) such that

Y, € C(0,T],UCy(H)),
D*, € C ([0, T, UC,(H, L1 (H))) ,

and
n—+00

Yy —> ¥ in L*(0,T; L* (H, B;.m)).

Proof Part (i): UC,(H) is dense in L*(H, B, m) thanks to Theorem 1.34. The
density of UC;‘(H) in L2(H, By, m) for k > 0 will be proved below.

Part (ii): Given f € L*(H, By, 1) andanyn € Nweneedto ﬁndfn € ]:CS‘A*(H)
with | f — ﬂle(H‘gﬁ‘ﬁL) < % Thanks to the already recalled density of UCy(H)
in L2(H, By, m) we can suppose that f € UC,(H) and we can then consider an
approximating multi-sequence fy, »,.n, € E4a(H) from Lemma5.6. We define, for
anyx € H,forn; e N, f, (x) := lim,,_ 400 liMy, s 100 f3).1y.0, (x) and, forny, ny €
N, fo 0, (X) = 1iMy, 100 fr,.n0.n,(X) SO that, pointwise, f = lim,, —, 40 f5,. Using
Egoroff’s Theorem (Lemma 1.50-(iv)) we can find ny suchthat | f — fu (124 8, 5y <
6ln, then n, such that |f, — fnlqnzle(H!gW;l) < bln and n3 such that
[ forn — Fovnons| 2w Byomy = &. We denote such an f;, », », by fn. and we have
Lf = fal 2 Bym = ﬁ.The function f, is alinear combination of real parts of func-
tions e ") for some h; € D(A*),i =1, ..., k,, soitdoes not belong to ng’A*(H)
and we need to modify it.

Let A\: R — [0, 1] be a C* function compactly supported in (—2, 2) and identi-
cally equal to 1 in the interval [—1, 1]. We choose § > 0 and we replace the real part
of each term ¢ ™) in the linear combination by the real part of e/ ™) X (§ (x, h;)).
We call the new function f,,. It belongs to FC S’A*(H ) and if we choose  small enough
we have | f,, — f,,|L2(H,EW;l) < ﬁ It then follows that | f — fnle(H,gWh) < %

The density of UC f; (H) claimed in Part (i) now follows from Part (ii).

The proof of Part (iii) follows by applying the results of Part (ii) to the Hilbert

space H:=RxH , with the operator A= (having domain R x D(A))

10
0A
and the measure /m := 1jp rjdt ® m, where dt is the Lebesgue measure on R. [

Lemma 5.8 The following results hold:

(i) Ifb satisfies Hypothesis 5.1-(D), there exists a sequence (b,) CC*(H, H) such
that
sup || Db,llp < K < +o0, (5.13)
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and for all h, x € H and for any sequence x, of elements of H converging to x,

lim b, (x,) = b(x), Lm Dby, (x,)(h) = Vb(x)(h).

(ii) If b satisfies Hypothesis 5.1-(D) and ||b|lo < +00, then the sequence in Part (i)
can be chosen such that

sup [|byllg <1 < +o00. (5.14)

(iii) Given ¢ € Cg (H), there exists a sequence (¢,) C UCE(H) such that

sup |[nllg <1 < +o00, sup|[Dp,llg <! < 400, (5.15)

and, forall x € H,
lim ¢,(x) = ¢(x), lim D¢,(x) = Do(x).

Proof We only prove (i) since the proofs of (ii) and (iii) use the same arguments.
The proof is based on a standard procedure of mollification over finite-dimensional
subspaces (see e.g. the proof of Lemma 1.2, p. 164 of [486]). Take an orthonormal
basis {e,} of H and, for z € H, let z = Zf’il z;e;. For every n € N let P, be the
orthogonal projection onto the n-dimensional subspace of H spanned by {ey, ...e,}.
Define

I, : H—> R", M,z =(21,---»2n)s

QnﬂRn_}H’ Qn(zl»“"zn):ZIel+"'+Znem

and recall that P, = Q,, o I1,.. Given a family of C* mollifiers 7, : R" — R with
support in B(0, 1/n), we define

b,(2) = /]Rn b(Qny)nn(HnZ - }’)dy = /]Rn b(P,z — Qn)’)ﬁn()’)dy

From the first equality above, we easily conclude that b, € C*°(H, H). We have, in
particular,

bn(-xn) = /’l b(Pn-xn - Qny)nn(y)dy

From this equation, the fact that P,x, — x and the continuity of » we can conclude
that

lim b,(x,) = b(x).

n—0oQ

Fix z € H. For any h € H with || = 1 and 7 > 0 we have
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by h) — b, 1
(Z +7 ) (Z) P [b(Pn(Z + 7—]1) — Q”y) — b(PnZ - Qny)] nn(y)dy

T T JRn

1
_ / ,, [ /0 Vb(Py(z + rrh) — Qny)(h)dr] )y,
(5.16)

where in last equality we used Theorem D.18. In particular,

bn (X” + Th)
T

— by (xn) !
-/ [/0 V(P (o + r7h) = Qny)(h)dr] mm()dy.

(5.17)

Since b, € C*°(H, H) the left-hand side of the previous equality converges, when

7 — 0, to Db, (x,)(h) while, thanks to the strong continuity of Vb, the right-hand

side converges to fR,, Vb(P,x, — Q,y)(h)n,(y)dy. Taking the limits of the two
expressions when n — oo we get (again thanks to the strong continuity of Vb)

lim Db, (x,)(h) = Vb(x)(h).

Thanks to the last equality in (5.16), for any z € H, we also have |2&tT=b:© (“'Tﬁ)_h"(” <
IVb|lp and then, letting 7 — 0, we obtain
sup | Dbyllo = [IVb]lo-
O

Proposition 5.9 Let p € [1, +00). Assume that Hypotheses 5.1 and 5.4 hold. Then
Py, defined on C,(H) by (5.10), extends to a strongly continuous semigroup of con-
tractions on LP (H, B, m). Moreover, for any ¢ € LP(H, B, m) andt > 0, the rela-
tion (5.11) holds.

Proof We follow the proof of Theorem 10.1.5, p. 209 of [179], where the statement is
proved for the Ornstein—Uhlenbeck case. Given ¢ € C,(H), forany x € H, thanks to
Jensen’s inequality we have | P;[¢](x)|? < | P; [|¢|”] (x)|. Thus, since m is invariant,

/|P,[<z>](x)|"dm<x)s/ |P; [1917] <x>|dm(x>=/ |p1” (x)dm (x),
H H H

where the last expression is finite since ¢ is bounded and m is a finite measure.
Thanks to the density of C,(H) in L?(H, B, m) (Theorem 1.34), P, extends to a
contraction on L”(H, E, m) for any t > 0.

To prove the strong continuity we observe first that it follows easily from the
Lebesgue dominated convergence theorem and (5.9) that for every ¢ € C,(H) and
x € H, we have lim;_ o+ P,[¢](x) = ¢(x). Moreover, since || P[¢]llo < ||¢llo, we
then obtain, again using the Lebesgue dominated convergence theorem,

111(1)1 Pl¢l=¢ in LP(H, B, m).
—0t
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Since P, is a semigroup of contractions on L” (H, BB, m) this implies strong continuity
for every ¢ € L (H, B, m).

To show the last claim, let ¢ € L?(H, B, m) and let ¢, € C,(H) be a sequence
such that ¢, — ¢ in LP(H,B,m). We have, in particular, [, ¢,(x)dm(x) —
fH o@(x) dm(x). Moreover, since for any r > 0, P, € L(L?(H, B, m)), Pi[¢.] —
P,[¢]in L?(H, B, m) and, in particular, fH P o] (x)dm(x) — fH P [o)(x)dm(x),
so (5.11) follows letting n — oo because it holds for the elements of Cp,(H). O

In the previous proposition we extended, for any ¢ > 0, the operator P, to the
whole space L”(H, B, m) by continuity. In other words, given ¢ € L?(H, B, m),
P,[¢] is defined as the limit in L” (H, B, m) of P;[¢,], where ¢, is a (any) sequence
of elements of Cj,(H) converging to ¢ in L?(H, B, m). In the following lemma we
show that this limit is indeed equal to E¢(X (¢; x)) (which will be proved to be a
well-defined expression) even for non-bounded and non-Borel measurable elements

of LP(H, B, m).

Lemma 5.10 Let p € [1, +00). Assume that Hypotheses 5.1 and 5.4 hold. Consider
¢ € LP(H,B,m)andt € [0, T). Then the function

HxQ—>R
(x, W)= o (X (t; x)(w))

is B(H) ® 7 /B(R)-measurable, where B(H) ® 7 is the completion of the o-field
B(H) ® .% w.rt. the measure m @ P. Moreover, x—E¢d(X (t; x)) is a B/B(R)-
measurable function and

P[¢l(x) = Ep(X (t; x))  form-ae x € H. (5.18)

Proof Suppose first that ¢ is Borel-measurable and ¢ > 0. By Proposition5.44
we can assume that (7, x,w)—> (X (#; x)(w)) is a B[O, T]® B(H) ® .% /B(H)-
measurable function and then (see Lemma 1.8(iv)), for any ¢ € [0, T'], (x, w)—
(X (t; x)(w)) is B(H) ® .# /B(H)-measurable so that the function (x,w)—¢
(X (t; x)(w)), being the composition of a B(H) ® .% /B(H)-measurable function
and a B(H)/B(R)-measurable function, is B(H) ® .% /B(R)-measurable. The
(Borel) measurability of x—E@(X (¢; x)) then follows (see e.g. Lemma 1.26, p. 14 of
[370]). Moreover, if we consider ¢, := ¢ A n, thanks to the monotone convergence
theorem, we have

E¢(X (1;x)) = lim E¢, (X (r; x)) = lim P[¢,](x), xe€H

(the limit can also be +oo for certagl x). Since (again by monotone convergence)
we have lim,, o, ¢, := ¢ in LP(H, BB, m), we also have

lim P;[¢,] = Pi[¢]

n—o0
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in L?(H, B, m) and then, extracting if necessary a subsequence, m-a.e. Thus we
obtain (5.18).

As a second step we consider a positive ¢ € L”(H, B, m). By Lemma .16 we
canfind ¢ € L?(H, B(H), m)and V € B(H), m(V) = 0 such that ¢(x) = ¢(x) for
any x € H \ V. Denoting by 1y the characteristic function of V we have

/P{X(t;X)(W) € Vidm(x) =/ E [Ty (X (5 x))]dm(x)
H H

=/ P,[lv](x)dm(x)=/ 1y (x)dm(x) = 0. (5.19)
H H

So the functions (x, w)—@(X(¢; x)(w) and (x, w)—><;~S(X (t; x)(w) disagree only
on a subset of H x € which has m ® P-measure 0 and thus, since we have already
observed that (x,w)—>@(X(#;x)(w) is F ® B/B(R)-measurable, (x,w)—>¢
(X (t; x)(w) is F ® B/B(R)-measurable.

Therefore (see e.g. Theorem 2.39, p. 68 of [267]) E [6(X (1; x))] = E [J)(X(t; x))]

is well defined for m-a.e. x € H and the function x—E [QE(X (t; x))] is B/B(R)-

measurable. However, for m-a.e. x € H, P,[¢](x) = Pi[$](x) = E [&(X(t; x))] -
E [¢(X (t; x))], which establishes (5.18).

The proof for a non-positive function follows by the previous arguments after
decomposing the function into the sum of its positive and negative parts. ([

5.2.3 The Operator A

From now on we fix the constant p of Proposition5.9 and Lemma5.10 equal to 2
and work in the space L>(H, B, m).

Let Hypotheses5.1 and 5.4 be satisfied and let P, be defined as in (5.10). We
denote by A the generator of P, as a strongly continuous semigroup on L*(H, B, m)
(see Proposition 5.9). Its domain is denoted by D(A)CL?*(H, B, m).

We will often use the elements of the space FC g A (H)to approximate less regular
functions and it will be useful to know how to calculate explicitly the operator A
on them. Indeed, as proved in Lemma5.37, F Cé’A*(H )CD (A) and for any ¢ €
ng’A* (H) we have

1
Ap(x) = 3 Tr[QD*¢(x)] + (x, A*Dp(x)) + (b(x), Do(x)) . (5.20)
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5.2.4 The Gradient Operator D ¢ and the Space Wé’z(H , M)

Let Q be an operator satisfying Hypothesis 5.1-(B). We then introduce the following
operator Dg.

Definition 5.11 (The operator D¢ and the space Wé‘Z(H , m)) We define the oper-
ator
Do¢ = Q'?D¢, ¢ e CL(H), (5.21)

where D¢ denotes the Fréchet derivative of ¢.
For¢ € C bl (H) we define the norm

2 2 2
(Bl =161 +[Dodly; -

The completion of C}(H) with respect to the norm |~|Wé.2 will be denoted by
Wy (H, m).

The space Wé‘z(H ,m) may be identified with the subspace of L*(H, B, m) x
L2(H, B, m: H) which consists of all pairs

(Y, W) e L*(H,B,m) x L*(H, B, m; H)
such that there exists a sequence (¢,) C Cj(H) with the property
¢n — ¢, in L*(H,B,m)

and .
Do¢y — V¥, in L*(H,B,m; H).

In the cases where the operator Dy is closable (as an unbounded operator
from its domain C}(H) C L*(H, B, m) to L>*(H, B, m; H)), for any two pairs
(Y1, W), (¢, W) € Wy (H, m) such that vy = 1, in L*(H, B, m) we also have
U, = U,, so that Wé’z(H, m) is naturally embedded in L?(H, B, m).

If Dy, is not closable then we can find a sequence (¢,) C C, bl (H) such that

¢p — 0 in L*(H,B,m) and Dg¢, — ® #0, in L*(H,B,m; H).

Therefore, elements of Wé’z(H , m) cannot be identified, in general, with functions
of L2(H, B, m) (e.g., the above element (0, ®)).> This means that the structure of

3For this reason, since we are interested in a definition that also works when the operator Dy is
non-closable, we do not work in the space Wlf(H, m) defined (see e.g. Chap.9, p. 196 of [179])
as the linear space of all functions ¢ € LZ(H, B, m) such that D¢ € LZ(H, B,m; H).
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the Sobolev space changes significantly when we want to take into account the case
of non-closable Dy,.

Observe that, in any case, even when Dy is not closable, it can be extended
to a well-defined continuous operator from Wé’z(H ,m) (endowed with the norm

described in Definition5.11) to L*(H, B, m; H). Indeed, if |<;Sn|€vl_2 — 0 then
)

2 . .
|DQ On | 2, — 0. We denote the continuous extension of Dy from Wé’z(H ,m) to

L*(H, B,m: H ) again by Dy. When Dy, is not closable, considering the charac-
terization of Wé’z(H, m) as a subspace of L>(H, B,m) x L*(H, B, m; H) and the
notation described above, we have Do (v, W) = W.

The notation we use here is a little different from the one used in Chap. 4. Indeed,
to be consistent with the notation of Chap.4, we should write D2 instead of Dy.
We choose to use this notation for two reasons: it is simpler and, even if not very
intuitive, it is fairly standard in the literature.

Sometimes in the literature the notation Dy is used for different operators. We
want to underline in particular the difference with respect to Chap. 9 of [179] where
Dy is used for the Malliavin derivative, which is again an operator of the form
Q% D for some Q € ET(H ). The difference is that, in our case Q is the covariance
operator of the Wiener process, while in [179] it is the covariance operator of the
(Gaussian) reference measure. When b = 0 and w < 0, the operator used in [179] is
Qoo = 0+O° e Qe ds.

Remark 5.12 When (5.8) is linear (if » = 0) and w < 0, the problem of closability
of D can be approached using some characterizations that can be found in the liter-
ature. A negative result ensuring the non-closability of the operator is, for example,
Theorem 3.5 of [299], which allows us to prove that D, is not closable, for example,
in the two cases recalled in Sect.5.6.

When the operator Q is injective, a characterization of closability is given by The-
orem 6.1 of [299], which shows that the closability of the operator D is equivalent
to the closability of the operator Z: D(Z)CH — H given by

D(Z) = Q¥ (H)
Z( éézx> = Q%x.

In the particular case considered, for example, in [3, 4, 125] (see also Exam-
ple 4.46 and Sect.4.8.3.1) the generator of the semigroup is

+o0
Ax = Z—an (en, X) ey, x € D(A),
n=1

for some orthonormal basis {e,} and 0 < a1 < ap < a3 .... Moreover Q is given
by
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+00
Qx = qulen.x)e,, x€H,

for a se uence of positive eigenvalues g,. The expression for Z is given, for any
y= oo x, by

Zy_Q 0 l/zy_Z\/q_n (en, y) e,

n=1

+00
=S B ey en = VE- A
n=1

Thus, since Q2> (H)c D ((—A)'/?) and since (—A)'/? is closed (see Theorem B.53-
(1)), Z admits a closed extension and so (see Theorem 5.4(a), p. 91 of [569])
it is closable. Therefore, thanks to Theorem 6.1 of [299], the operator Dy is
closable. [ |

5.2.5 The Operator R

Let Q be an operator satisfying Hypothesis5.1-(B) and let Dy be defined as in
Definition5.11. We introduce and study here the properties of the operator R defined
below (Definition 5.19).

We begin by studying the regularity of the solution X (-; x) of (5.8) with respect
to the initial datum. We use Proposition 6.7. The following lemma specifies it in the
particular case we are interested in.

Lemma 5.13 Let'H5°(0, T; H) be the space defined in Definition 1.126. LetK: H x
H5°(0, T; H) — H5°(0, T; H) be a continuous mapping satisfying, for some o €
[0, 1),

K(x, X) — K(x, Y)|H‘2‘0(0,T;H) <allx, X) - K(x, Y)|H‘2‘0(0,T;H) (5.22)

orallx € Hand X,Y € HY° (0, T; H). Then:
2
(i) There exists a unique mapping p: H — H5°(0, T; H) such that

ox) = K(x, o(x)), foreveryx € H,

and it is continuous.

(ii) Suppose that, for any (x, X) € H x H,°(0, T; H) and for any h € H there
exists the directional derivative of K with respect to x in the direction h and
that, for any fixed h, the mapping
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H x HL(0, T; H) — HY (0, T; H)
(x, X)—=> V. K(x, X; h)

is continuous. Assume that, for any (x, X), h— V., K(x, X; h) is continuous from
H to H°(0, T; H). Suppose also that for any (x, X) € H x H5°(0, T; H) and
foranyY € H5°(0, T; H) there exists the directional derivative of K with respect
to X in the direction Y and that, for any fixed Y, the mapping

H x H5°(0,T; H) — HY(0, T; H)
(x, X)—VxK(x, X;Y)

is continuous. Assume that, for any (x, X), Y—=VxK(x, X; Y) is continuous
from H’z"o(O, T;H) to H’;"(O, T; H). Then, for any x € H, there exists the
Gdteaux derivative V(x). Moreover, (x, h)—Vp(x)(h) is continuous as a
mapping from H x H to H5°(0, T; H) and it satisfies the equation

Vo(x)(h) = ViK(x, o(x); h) + VxK(x, p(x); Vo(x)(h)),  x,h € H.

Proof This is a particular case of Proposition6.7. In the claim of part (ii) we also
made use of Lemma6.4 (in a two-variable version) to verify the hypothesis “F €
GY(X x Y; X)” of Proposition 6.7 for our spaces and of Lemma6.3 to derive the
continuity properties of V. (I

Lemma 5.14 Let Hypothesis 5.1 be satisfied and let x, h € H. Denote by X (-; x)
the solution of (5.8). Then:

(i) X(;x) is Gateaux differentiable as a mapping from H to H5°(0, T; H) and
x— VX (+; x) is strongly continuous. For any h € H the (directional derivative)
process (*"'(-) := VX (-; x)h is the unique mild solution in H’2"° (0, T; H) of the
following equation

[ AT = (A + VB(X (5:2)) ¢ (s) (5.23)

¢y = h

on [0, T). The process C"h(-) has P-a.s. continuous trajectories.
(ii) There exist universal constants o, a > 0, o also depends on K, such that

|¢5"(9)| < ae™ |l

for any s > 0. Therefore the solution to (5.23) defines, for any x € H, w € Q
and s > 0, a bounded operator (*(s) : H — H, (*(s)h = (¥ (s).

(iii) For any h € H there exists a B([0, T]) ® B(H) ® .% /B(H)-measurable func-
tion

[[O,T]XHXQ—>H (5.24)

(s, %, W)= O () (W)
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such that, for every x € H, Q:x’h(~) is a version of ¢*" (). Thus in the future we
will not make a distinction between ("' (-), (*"(-), and VX (-; x)h.

Proof Since other similar results appearing in the book are proved for slightly dif-
ferent sets of hypotheses,* we provide the proofs.

To prove part (i), except for the P-a.s. continuity of the trajectories of (*"(-), we
use Proposition 6.7 in the particular case stated in Lemma5.13. The mapping K is
defined as

K(x, X)(s) = ex + / ' eSTIARX (r)dr + WA(s), s €[0,T],
0

where W4 is defined in (1.64). It is shown in the proof of Proposition 1.147 that if T
is small enough then (5.22) is satisfied. The joint continuity of K is straightforward.

To verify the hypotheses of part (ii) of Lemma5.13, we follow the arguments used
in Sect.9.1.1 of [180] (we repeat them because our hypotheses are a little different).
The directional derivatives with respect to x are not a problem since one can easily
see that V, C(x, X; h) = e’*h which is jointly continuous in all three variables.

As regards the directional derivative Vx/C(x, X; Y), we begin by showing that
forany X,Y € H4°(0, T; H) and any x € H,

VxK(x, X; Y)(s) =/S eCTIAYB(X (r)Y (r)dr, s € [0, T).
0

Indeed, we have

2

sup E Kx, X +eY) — K(x, X)) (s) — / eCTIAL(X (R)Y (r)dr
s€[0,T] 0

2

= sup E
5€l0,T]

/S A E X ) +eY ) —b(X(r)) — Vb(X(r))Y(r))] dr
0

Using Theorem D.18 the last expression above becomes

2

K 1
/e“—’“ [/ Vb(X(r)+95Y(r))Y(r)be(X(r))Y(r)dH]dr
0 0

sup E
s€[0,T]

2 T gt
<T (M max{e“? 1}) IE‘,/ [/ IVB(X () + Y ()Y (r) — Vb(X(r))Y(r)|2d9i| dr
o LJo
which, thanks to the boundedness of Vb and its strong continuity, converges to 0

when € — 0 by the Lebesgue dominated convergence theorem. We now prove the
continuity properties of Vx/C(x, X; Y). We first fix (x, X) and we consider ¥, — Y

4In particular, in Propositions4.61 and 6.10 we work in L%(Q; C([0,T], H)), while here we use
H’ZL“ (0, T'; H). Indeed, in the mentioned propositions it is assumed that Tr [e"'A Qe"A*} <C 53‘46
for some 3 € [0, 1/2) and C > 0.
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in H5° (0, T; H). We have, using Hypothesis 5.1 and Holder’s inequality,

. _ . 2
VXK, X5 ¥n) = VXK XD 0 gy

2

— sup E‘ / TS TDAYB(X (1) (V) — Y (P))dr
s€[0,T] 0

2 s
< K2 (Mmax{e‘“T, 1}) sup sE/ [Yn(r) — Y()|2dr < C|Yy — Y|
sef0,71 Jo

2
HOO T H) 0

as n — +o00. To prove the strong continuity property we fix ¥ and suppose, to
the contrary, that there are § > 0 and a sequence (x,, X,) such that x, — x in H,
X, — XinHY*(0, T; H)but [VxK(x,, Xp: ¥) — VxK(x, X: V)I5 0 > ¢ for
any n € N. We have ’

0.7:H)

VXK, X ¥) = VK@ X3 V)30 7.

2
= sup E
5€[0,T]

/S O VDX, (r) = VB(X (r)]Y (r)dr
0

T
= CE/ [[VB(X,(r)) = VB(X (r)]Y () dr,
0

where C is a constant depending only on M, w, T and K. For every n € N the inte-
grand in the last line above is dominated by 4K?|Y (r)|?, moreover, since X, — X
in H§° (0, T; H) we can extract a subsequence X,, which converges to X, dr @ P-
a.e., and we can conclude using the Lebesgue dominated convergence theorem
that |Vx K (., X5 ¥) — VxK(x, X; Y)|§120(07T;H) — 0 as k — 400, which con-
tradicts our hypothesis.

Thus part (i) follows from Lemma 5.13. The continuity of the trajectories of ¥ ()
is a consequence of Lemma1.115.

To prove part (ii) we observe that, thanks to Hypothesis 5.1 (A) and (D), we have,
foralls € [0, T,

|¢0"(9)| < |M max{e®”, 1}] |h] + M max{e“T, 1}/; K¢ (r)|dr

and hence the conclusion follows from Gronwall’s lemma (Proposition D.29).

To prove the claim of part (iii), we use the result of Proposition 5.44 (even though
Proposition 5.44 is in a later section, its proof is independent). Let (s, x, w)— X (s; x)
(w) be the B([t, T]) ® B(H) ® .# /B(H)-measurable function found in Proposi-
tion 5.44 (we consider here the case when ¢ = 0 and R = 0). Observe that, by con-
struction, X satisfies (1.70) for any s € [0, T'], any x, y € H and any w € €2 and in
particular it is continuous in the variable x for any choice of (s, w) € [0, T] x Q.

We denote by C¥ () the unique solution of
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CM(s) = eMh + / CTIAVD(X (r x) ¢ (r)dr, s €10, T
0

We remark that f"’h(s) is defined for every (s, w) € [0, T] x 2. Since X(;x)isa
version of X (-; x), f"*h(-) is a version of (*"(-). Moreover, we claim that, for any
choice of (s, w) € [0, T] x €, fx’h(s) is continuous in the variable x. To prove this
we fix w € Q and consider x € H and any sequence x, in H converging to x. We
have

E ) @) = M @) = 116 + B

/ et (VBE 0 1) @) = VBE (7 1)) @) & () @) dr
0

+ , sel[0,T]

/ AR (r: 1) (@) (c“*h(r)(w) — 5*"’h<r>(w>) dr

0

I7'(s) converges to zero, uniformly for s € [0, T'], thanks to the Lebesgue domi-
nated convergence theorem as Hypothesis 5.1 (A) and (D) and part (ii) give the uni-
form bound and the continuity of x— X (r; x)(w) gives the pointwise convergence.
Thus the convergence (which is indeed uniform in s and thus even stronger than

Ch(s)(w) — ¥l (s)(w)| — 0 follows from Gronwall’s Lemma

(using again Hypothesis5.1 (A) and (D) which gives [e“ " AVh(X (r; x,))(w)| <
K (M v Me*") independently of s, r, n, w).

Since C~"'h (-) has continuous trajectories and is a version of (*"(-) eHY 0, T; H),
ititself belongs to H’;" (0, T; H).Inparticular, forevery x € H,fx’hc) isB(0, T) ®
Z |B(H)-measurable as function of the variables s and w. Moreover, we proved
that, for any fixed (s, w) € [0, T'] x €, f"’h (s)(w) is a continuous function of the
variable x. It then follows from Lemma 1.18, that fx’h ) (w)isB([t, T])  B(H) ®
% |B(H)-measurable. |

what we need) of

Lemma 5.15 Assume that Hypotheses 5.1 and 5.4 hold. Fix t € [0, T]. Given ¢ €
Cg(H), P[¢] € Cp(H), Pi[¢] is Gdteaux differentiable at any x € H and

(VP [$](x), h) =E (((¢"())" DX (t; x)), b)), he H. (5.25)
Moreover, V P,[¢] is strongly continuous and

sup |V P [¢](x)| < +o0. (5.26)

xeH

Proof The continuity of P,[¢] follows from Theorem 1.162. Differentiating P;[¢]
and using its definition we obtain

(VP[9](x), h) = E(DH(X(t; x)), V(X (15 x))h)
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so (5.25) follows from Lemma5.14. The strong continuity of the differential can be
proved as follows. Given & € H and ¢ > 0, consider a sequence x, of elements of
H converging to x € H. We have

(VP[o1(x), h) — (VP [$](x), h)
=E ((Do(X(t; x)), V" (1)) — E ((Do(X (15 x4)), ¢ (1))
<E|(Dé(X (t: x)) — DX (t; x)), " (1))
+E [(Do(X (t; x,)), ¢ (1) — ¢ (1))
< Ii(n) + L(n) := ae® || E|DG(X (t; x)) — DH(X (t; X))
+IDllo E [¢" (1) — ¢ (1)

)

where ae® |h| is introduced in Lemma5.14.

I, (n) converges to 0 when n — +o00 thanks to the dominated convergence the-
orem, the boundedness and the continuity of D¢ and (1.70). Observe that, since
{x,}nen 1S countable, we can find a subset of €2 of measure 1 where (1.70) holds for
any n (with x,, and x as & and &, respectively, moreover f(r) appearing in (1.70)
is, in our case, just a positive constant independent of r).

For I,(n) observe that

E|¢™" (@) — ¢V ()]

=FE

/ eI (VB(X (s, %)) (5) — VB(X (s, x)) (" (5)) ds
0

< ]E[C /Ot [(VB(X (s, x) — VD(X (5, x4))) ™" (5)| ds
+C /0 t [VB(X (s, %)) (CH"(5) = c*"’h<s>)}ds}
<E [C /0 t [(VB(X (5, x) = VB(X (5, x))) ¢ (5)| ds}
+CK/OZ E|(¢™"(s)) — (¢*"(s))|ds  (5.27)

for some positive constant C coming from Hypothesis5.1-(A) and with K from
Hypothesis 5.1-(D). Thanks to the strong continuity of Vb, the boundedness of || Vb ||y
and of |¢*"(s)| (Hypothesis 5.1-(D) and Lemma5.14), (1.70) (recall again that we
can find a subset of 2 of measure 1 where (1.70) holds for any n) and the dominated
convergence theorem, the term

E |:C /t |(VB(X (5, x) — VB(X (5, %)) (" ()| ds}
0
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converges to 0 when n — oo. Thus we can apply Gronwall’s Lemma to (5.27) and
conclude that I, (n) converges to 0 when n — +o00. This concludes the proof of the
strong continuity of D P;[¢].

The bound (5.26) follows from the bound for the Gateaux differential of X proved
in Lemma5.14 and the hypotheses on ¢. (]

Corollary 5.16 Assume that Hypotheses5.1 and 5.4 hold. For any ¢ € C;(H ),
P¢] € Wél(H, m). In particular, DgP[¢] is well defined and it equals
Q'?VP[¢].

Proof Thanksto Lemma5.15, P;[¢] satisfies Hypothesis 5.1-(D) and itis bounded so

we can apply to it Lemma 5.8-(i)(ii). The conclusion follows by the characterization
of Wé‘z(H , m) given after Definition5.11. O

Lemma 5.17 Let Hypothesis 5.1 be satisfied, let b, be as in Part (i) of Lemma.8,
let x € H and X (-) = X (+; x) be the solution of (5.8). The following hold:

(i) If, for some sequence x, converging to x in H, we denote by X,,(-) = X,,(-; xp)
the unique solution of the equation

dX,(s) = (AX, () + by (X (5))) dt +dWg(s),
[ O (5.28)
then, for any p > 1,
lim sup E|X,(#; x,) — X(; x)|” =0. (5.29)

=00 410, 7]
(ii) Let X,(-), x, be as in Part (i) above. Denote by Cr’l‘”'h() the solution of (5.23),
where X (-) is replaced by X, (-), b by b, and x by x,. Then, for any p > 1,
P
lim sup E{ sup |[¢*"(1) — " @)] ) =0. (5.30)
n=>00 [0, T] [h]<1
Proof For Part (i) we observe that for any ¢ € [0, T]

X, (t; x,) — X (5 %) = " (x, —x) + / eI (b, (X, (55 %)) — b(X (55 x)))ds
0

= e (x, — x) + / eI ([by (X (55 %0)) — bu(X (53 2))]
0
+[b, (X (53 x)) — b(X (s: x))])ds

and thus
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E|X,(t; x,) — X (t; x)|7
t
< Crlxy — xI” + CT/ IPEIX, (5: x,) — X (53 0)|Pds
0

T
+Cr / E|by (X (5: x)) — b(X (s: x))|"ds
0

for a constant C7 dependingon T'. Forany s € [0, T'] the expression E|b,, (X (s; x)) —
b(X (s; x))|” converges to 0 thanks to Lemma 1.51 if we use Lemma5.8 and the
uniform moment estimates of (1.69). The claim thus follows by applying Gronwall’s
Lemma.

The argument for Part (ii) is similar. Indeed, for any ¢ € [0, T],

t
Gty — ) = /O A Dby (X (53 X)) (5) — V(X (55 )¢5 (5)1ds

t
- / A Dby (X (53 1) (G (5) = ¢ (5))
0

(Db (Xn (s X)) — VH(X (53 )N (5)]ds.

So,

sup |G (1) — ¢ ()| < Cr / [||Dbn(Xn(s; x) |l sup |Gt (s) — ¢ (s)|
0 h|<

|h|=1

+(Dby (X, (53 x2)) — VB(X (55 X)) (5)|ds.

By taking the p-th powers and the expectations of the two sides and then using (5.13)
we obtain, for a different constant Cr,

hi<1

P ; r
E(sup Ic,’:'“h(r>—<”’<t)|) <Cr / KPE(sup \c;‘"*”<s>—<*’h(s)|) ds + 1,
| 0 [h]=1

where
T
I, = CT/ E|:|(Dbn(xn(s; Xn)) — Vb(X (s; X)))Cx’h(S)l”}dS-
0

All we need to do now is to prove that 7, converges to 0. Then the claim will be a
direct consequence of Gronwall’s Lemma. To show this it is enough to show that for
any subsequence /,, there exists a sub-subsequence converging to 0.

Let us then consider a subsequence of X, (denoted again by X,,). Thanks to (5.29),

T
/ E[1X,(s, %) — X (5, 0)|7] ds === 0
0
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and then we can extract a subsequence (denoted again by X,,) such that X,, (-, x,,)(-)
converges (ds @ P)-a.e. to X (-, x)(-) (ds denotes the Lebesgue measure on R).
So, using Lemma 5.8-(i), | (Db, (X, (; x,)) — Vb(X (; x)))(*" (-)|? converges to 0,
(ds ® P)-a.e. Since, by (5.13) and the bound on |(*"| given by Lemma5.14, these
functions are bounded uniformly in n, we can thus conclude using the dominated
convergence theorem that 7,, — 0. U

Lemma 5.18 Assume that Hypotheses 5.1 and 5.4 hold and ¢ € C;(H). Then, for
anyt €0, T],

¢(X(t;x))=Pz[¢](X)+/o (VP [81(X (55 x)),dWq(s))  Pae. (531

Proof Step 1. The claim is proved for b € UCZ% (H,H)and ¢ € UCbz(H) in [582],
Lemma 6.11, p. 181.

To extend the result to the general case, in the next step we will consider ¢ €
U C,%(H ) and b which satisfies Hypothesis5.1-(D), and in the third step we will
prove the result in full generality.

Step 2. Consider ¢ € UCZ(H) and b satisfying Hypothesis5.1-(D). Let b, be
the sequence found in Part (i) of Lemma5.8, X, (#; x) be the solution of (5.28)
with x,, = x, and P/'[¢](x) = E¢ (X, (¢; x)), t > 0, be the corresponding transition
semigroup.

Thanks to (5.29) (with x,, = x), up to extracting a subsequence,

liril X, (s;x) = X(s;x) fords @ P-almost any (s, w) € [0, T] x 2. (5.32)
n— 400

Observe now that, for any x € H,
lim PP[P](x) = P[¢](x). (5.33)
Indeed, we have
|PPg1(x) — Pildl(0)] = E|¢(Xu (15 %)) — (X (15 x))| < CE[X, (15 x) — X (5 %)
so the claim follows from (5.29). Observe also that by Lemma5.15 we have
VPIgl(x) =E ((¢C*()" DH(X(t: %)), VPBlx) = E ((Gr ()" DAH(Xn(t; x))) .

Thus, using (5.29), (5.30), and a universal bound on ||} (¢)]| given by Lemma5.14,
we easily obtain that

sup(IVP/[¢](x)| + VP [ol(x)]) = C (5.34)

n,x,t
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for some constant C. We can then conclude using the dominated convergence the-
orem if we can show that for almost every s € [0, 7], lim, o VP [¢](X,,(s; x)
(w)) = VP _[0](X (s; x)(w)) for P-a.e. w. In fact, we prove this convergence for
any (s, w) where (5.32) holds.

Given (s, w) € [0, t] x Q2 where the convergence (5.32) holds, we rewrite it as

Yo 1= X (5, X) (W), Yy —> y := X (s, x)(w) in H. By Lemma5.15,

|VP" [61(va) — VP_[81()]
= sup |(VP",[61(y) — VP—s[61(»). h)|

heH, |h|<1
<H = s [EDO0D. GG =)~ )
+ sup  [E(Do(y) — Do(y), (Mt — )|
heH, |h|<1

We have
If < 1Dollo (IE sup 1 |Gt —s) — ¢ — s)l),

heH, |h|<

which converges to 0 by (5.30). Moreover, [; — 0 thanks to the boundedness of
¢¥(t — s) given by Lemma5.14 and the continuity of D¢.
The result is thus true for any ¢ € U Cf(H ) and b satisfying Hypothesis 5.1-(D).
Step 3. Assume now that b satisfies Hypothesis5.1-(D) and ¢ € C,} (H). Let ¢,
be the approximating sequence described in Part (iii) of Lemma5.8. We have, for
any x € H,
lim Pi¢,]1(x) = Pr[](x). (5.35)

Indeed,
| Pi[@n](x) — P[o)(x)] = E ¢, (X (15 x)) — &(X (5 x))I,

which converges to 0 thanks to Lemma5.8-(iii) and the dominated convergence
theorem. Moreover, for any x € H, by Lemma5.15,

IVP_s[fn](x) — VP _[¢](x)]
= sup (VP [¢u](x) = VP_s[9](x), h)]

heH, [h|<1
= sup [E(D¢,(x) — Do(x), ("t — 9))|
heH, [h|<1
< D¢, (x) = Dp(x)| sup E[C(r —s)],
heH, |h|<l
which converges to 0 thanks to Lemmas 5.8-(iii) and 5.14. O

We define the operator R as follows.
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Definition 5.19 (The operator R) Given ¢ € C ,} (H), we define for any ¢ € [0, T'],
(Re)(1) := Do P[]

The operator R is well defined thanks to Corollary5.16.

The next proposition provides an identity which allows us to extend the operator
‘R to the whole space L*(H, B, m).

Proposition 5.20 Assume that Hypotheses 5.1 and 5.4 hold. For every ¢ € C}(H)

T
2
/ Do PAGIP, df = 1612 — IPrIGIR: . (5.36)
0 m m m
Moreover, the operator R has a unique extension to a bounded operator
R:L*(H,B,m)— L*(0,T; L*(H, B, m)),

with
T
(RO 07,120 B.my) = /0 (RO)®)72 di = 1617 — IPrlgll7.  (5.37)

forany ¢ € L*(H, B, m).

Proof Let ¢ € Cb1 (H). Then (5.31) yields

T
E[¢*(X (T, x))] = (Pr[¢](x))* + /0 E|Q"2V Pr_ [¢1(X (t, x)| dt.

Recall that, by Corollary 5.16, since ¢ € C}(H), we have Do P,[¢] = Q'/?V P[]
Thus, integrating the previous identity with respect to m and rearranging the terms
we get

T
/)/E|DQPt[ng](X(t,x))|2dm(x)dt
( H
T T
- / / E[¢* (X (T, x))dm(x)]— / / (PrI61(0))* dm (x),
0 H 0 H

so, by using the invariant measure property (5.11), we obtain (5.36) for all ¢ €
C}(H). The result follows thanks to the density of C}(H) in L>(H,B,m)
(Lemma5.7-(1)). U

Remark 5.21 In the particular case where b = 0, the operator A reduces to the
Ornstein—Uhlenbeck operator and the semigroup P; is called the Ornstein—Uhlenbeck
semigroup. In particular, if |e4’|| < Me™*" with M € R and w > 0 (the condition
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assumed in the whole remark), the invariant measure for P; is the Gaussian measure
N (0, Q), where
+00
O ::/ e Qe ds.
0

In this case there are links between the closability of the operator D, the smooth-
ing properties of the semigroup P; and the characteristics of certain controllability
problems:

(1) If we consider the following linear controlled system,

dX (1)
dt

= AX (1) + 0"?a(r), X(©0)=0, (5.38)

the set of points of H that can be reached by the s;/stem in an infinite time using
a control in the set L(0, +-00; H) is equal to Q;é (H) (see [584], Theorem 2.3,
page 210) and it can be proved (see [299], Theorem 6.1) that the closability of
the operator D, is equivalent to the density of the set

{xe H:0"?x e QP (H)}

in H.
(2) Fixt > 0. The null-controllability in time ¢ of the system

dx ()

" = AX(1)+ 0"Y%a(r), X(0)=ux,

is defined as the capability, by choosing a suitable control in L?(0, ¢; H), of
reaching at time ¢ the point 0, given any initial condition x € H. The null-
controllability of the described system (see [584], Theorem 2.3, p. 210) is equiv-
alent to the condition

e (H)c,”” (H).

This condition is equivalent (see Theorem 2.23, p. 53 of [180]) to the fact that all
the transition probabilities are mutually absolutely continuous and (see Theorem
9.26, p. 260 and Remark 9.29, p. 265 of [180]) to the fact that the semigroup P,
is strong Feller (see Definition 1.159).
By the results of Sect.4.3.1, given ¢ € L2(H, B, m), it can be seen that V P[]
is well defined for ¢ > 0 if and only if (5.39) is satisfied (see Hypothesis4.29,
Remark 4.30 and Theorem 4.37). In this case (see Proposition 10.3.1, page
218 of [179]) the singularity of |VP’[¢]|L3M at t = 0%, similarly to the one
of |V P[]l is estimated from above by IT (r) ||, where as in (4.59), " (¢) :=
Q:l/ze’A. Similarly, Do P,[¢] is well defined for ¢ € L*(H, B, m) and ¢t > 0if
and only if

¢hQ' (H) o (H), (5.39)
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i.e. if and only if every point of Q'/? (H) is null controllable in time ¢ (see again
Hypothesis 4.29, Remark 4.30 and Theorem4.41 when G = Q'/?). In this case
the singularity of |DQ P[¢] o oat 0™ has the same behavior as the norm of the

operator

FQI/Z(I) = Q,_l/ze’AQl/z.

More on this subject can be found in [120], Sect. 10.3 of [179], Sect. 5.3 of [431,
432].

The observations of part (2) are useful to provide examples where the approach
of the previous chapter cannot be applied while the theory of this chapter works.
This is the case when the hypotheses of this chapter hold but (5.39) does not hold or
when it holds but || g12(¢)|| is not integrable at 0. Such examples are, for instance,
delay equations (see Sect.5.6.1), where the semigroup can never be strong Feller for
t smaller than the delay appearing in the equation (r in Sect.5.6.1) or certain classes
of second-order SPDEs in the whole space, see Sect.5.6.3. |

Remark 5.22 1If Dy is closable in L?*(H, B, m) then R(¢)(t) = D_QPI [¢](2) for all
t>0and¢ € L>(H, B, m). In this case (5.36) is easier to obtain and the whole study
of the HJB equation (5.1) is simpler. This is true, in particular, when Q is boundedly
invertible. |

5.2.6 Two Key Lemmas
Here we use Proposition5.20 to provide two estimates that will be essential in the

following. We begin with an estimate regarding the convolution of P;.

Lemma 5.23 Assume that Hypotheses 5.1 and 5.4 hold and let P, be defined as in
(5.10). Given f € L* (0, T; L*(H, B, m)) we define

T
Gif() 2=/ P [f()lds, t€][0,T],

and

T
G f (1) :=/ R(f(s)) (s —t)ds, tel0,T]

Then , .
|G ar =1 [ irwkar (5.40)
0 m 0 m

Gyf(t) e L*(H, B, m; H) for almost every t € [0, T] and

T T
/ Gof ()2, di <T / (O, dt. (5.41)
0 mH 0 "
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Proof For the first estimate, observe that

T T
/ GV F ()2, di =/
0 m 0
2

T T T T
=/ (/ IPs—z[f(S)]IL,zndS) ar< | (/ If(S)IL;nds) dr
0 t 0 0

T T ) 5 T 5
5/0 T/O |f(s)|L%stdt=T/O FO)17 ds.

We prove the second inequality. Assume first that f € C é([O, T]x H) and f(t) €
]—'C& (H) (defined in Sect. A.2) for all t > 0. Then D¢ Py—[ f (s)] is well defined for
s > tandsois DoG(t) for t > 0. Moreover,

2

dt
L%l

T
/ Ps_i[f(s)lds
t

2

2

T T T
/ 1G2f (D)7, dt < / (/ |Do Pe_i[f(9)]], ds) dt
0 mH 0 ! mH

T T T K
< [ 1] Iporitsol, dsai=1 [ [ Dorisel;, , drds
0 t mH o Jo mH
T T 2
5/ T/ |Do P f()]|,. drdt.
0 0 mH

Hence by (5.36),
T T
/ 1G> ()2, i < T/ |f ()3, dt.
0 m, m

0

If f € L? (0, T; L*(H, B, m)) is arbitrary, then, thanks to Lemma5.7 applied to
the space [0, T] x H, there exists a sequence f, € Cbl([O, T] x H), with f,(t) €
FCJ(H) for any ¢ € [0, T], which converges to f in L? (0, T; L*(H, B, m)).
Repeating the above arguments for

T
G (1) = / PoiLf(5)lds
we find that
r 2 r 2
/0 Do (G1(0) — Gr ), dr < T/o n0) = FuDI2, dr.

Hence the sequence Dy G7 is convergent in L? (O, T; L*(H, B,m: H )). Moreover,
by the Fubini Theorem,
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T
/ |DoGi(1) — Ga ()3 i
0 m,

2

T
/ [DoPyiLfu(s)lds — R (F()) s — 0]ds|  dt

2
Lm,H

=/0T

T T
< T/O ds/o |DQPt[fn(s)] —R(f(s)) (t)|i§l,ﬁ di

T T
_7 / ds / R (fu(s) — £() (O dr,
0 0 "

which gives, by Proposition 5.20,

T
/0 |DoGY (1) — Gz(f)|igmH dt
T
<7 [ [0 = 0 = 1P UG = FOIE; Jds

T
=7 [ 16,6 - FOR, ds (5.42)
0

so that Do G/ is convergent in L* (0, T; L*(H, B, m; H)) to G, and (5.41) holds.
O

The following corollary can be deduced from the proof of Lemma5.23.

Corollary 5.24 Assume that Hypotheses5.1 and 5.4 hold. Let f, — f be in
L? (O, T;L*(H, B, m)). Then, by (5.42), there exists a subsequence f,, such that
forae. (s,t) €[0,T] x[0,T]and s <'t,

Do Pl fu ()] = R(f() (t —s) in L*(H,B,m; H).

This fact will be useful in Sect. 5.5.

‘We now extend the operator D to all functions u that are mild solutions to suitable
Cauchy problems.

Consider g € L*> (H,B,m) and f e L?(0,T;L? (H, B, m)). Consider the
Cauchy problem:

u () + Au(t)+ ft) =0t €[0,T),
(5.43)
u(T, x) = g(x)
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and define the mild solution of (5.43) as
T
u(t) = Pr_ilg]+ / P Lf()lds, 1€[0.T] (5.44)
t

We denote by Y 4(0, T) the set of all the functions in L? (O, T:L? (H, B, m)) that
can be written in the form (5.44) for some f, g as above. The functions in Y4 (0, T)
belong to C ([0, T1, L? (H, B, m)).

For the functions in Y4 (0, 7') we define the operator BQ by

T
(BQu)(t) =R@(T —1) +/ R(f(s)(s—1t)ds, te][0,T] (5.45)

Observe that DQ is well defined on Y 4(0, 7). Indeed, if we have Pr_;[g;] +
[T P fids = Prog) + [| Poi[ f2(5))ds then, taking 1 =T we obtain
g1 = gaandthen, [[" P [ fi(9)lds = [[" P [ fa(s)lds sothat [ R (fi () (s — 1)
ds = [T R(f2(5)) (s — 1) ds.

The following proposition gives a continuity result for ﬁQ.

Proposition 5.25 Suppose that Hypotheses 5.1 and 5.4 hold. Consider two sequences
gnCL* (H, m) and f,CL? (0, T;L*(H,B, m)) such that

G —> ¢ in L> (H,B,m),
fu— f in L?(0,T; L (H,B,m)).

Then, setting

T
un(t)zPT_,[gnH/ Py [ fu())ds, 1 €]0,T], (5.46)
and ;
Douy(t) = R(ga)(T — 1) +/ R(fu(s) (s —t)ds, t€[0,T],
we have
uy, — u in C([0,T1,L*(H, B, m)), (5.47)
Dou, — Dou in L*(0,T; L* (H, B, m; H)). (5.48)

Proof We start with the first claim. Subtracting (5.44) from (5.46) we get

T
up (t) —u (t) = Pr—; [gn — 9] +/ Py [fu(s) = f (s)]ds
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so that, by the strong continuity of P,

T
lun (1) =u (D7, < Cr [an ~ 9l +/ () = f ()17 ds} ,

which gives (5.47) by taking the supremum over [0, T']. To prove (5.48) we observe
that we have

T
Do (Mn(t)—M(t))=R(gn—9)(T—t)+/ R (fuls) = f(5)) (s —1)ds

so that, by (5.37) and (5.41),

T, - 2 T
/O}Dgunm—DQu(r) p s|gn—g|ign+T/0 () = [ (9)I; ds.

m.H
which shows (5.48). U

Remark 5.26 1f g and f are differentiable functions, the operator Dy is well
defined on the functions u of the form (5.44). In (5.45) we define the oper-
ator EQ on all the functions of the form (5.44), where g € L? (H , E, m) and
f € L?(0,T; L> (H, B, m)). Thus Proposition5.25 asserts that the operator D¢
extends Dy on Y4(0, T) “without closability problems” if the functions in the
approximating sequence have the form (5.46). |

5.3 The HJB Equation

In this section we study the existence and uniqueness of solutions to the HIB equation’

[u,—f-Au—f-Fo (t.x, Dou) +1(t,x) =0, (5.49)

u(T, x) = g(x)

with g € L2(H, B, m). Observe that this corresponds to F in (5.1) having the form
F (t,x, p) = Fy (t, x, Q"% p). We assume that the following conditions are satisfied.

Hypothesis 527 (A) Fy:[0,T1x HxH —R is Leb® B® B/B(R)-
measurable (where Leb is the o-field of Lebesgue measurable sets in R) and
there exists an L € R such that

SFollowing the notation we use for HIB equations throughout the book, in the first line of (5.49)
we only explicitly mention the dependence on ¢ and x of the functions Fy and / while we do not do
so for u;, Dou and Au.
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|Fo(t, x, p) — Fo(t,x,q)| = LIp—q| and  |Fo(t,x, p)| < L(1 +|pl)
(5.50)
forallt € [0, T]and x, p,q € H.
(B) 1€ L?*(0,T; L*(H,B,m)) and g € L*(H, B, m).

Using the semigroup P, defined in (5.10) and the variation of constants formula,
as was done in Chap.4, we can formally rewrite Eq.(5.49) in the following mild
form:

T T
u(t) = Pr_,[g]+/ Ps— [Fo (s,-,DQu(s))]dH/ Py_[l(s)lds, 0<t<T,
t t

(5.51)
where for simplicity we have written Dou(s), I(s) for Dou(s, -), I(s, -) and a similar
convention is used later for other functions. We use this integral form to define a
solution.

We will prove the existence of the solution of the HIB equation using a fixed

point argument in the space L2 (O, T; Wé’z(H , m)). We can identify any element
of L? (O, T: Wé’z(H, m)) with an element (v, V) in L? (O, T; L*(H, E,m)) X
L?(0,T; L*(H, B, m; H)).Ifv(t) € C}(H) foralmostevery,then V(t) = Dov(t)

for almost every ¢ and the norm of (v, V) = (v, Dov) in L? (O, T; Wé‘Z(H, m)) can
be written explicitly as follows

T
2
|(v’ DQv)liﬂ(O,T;WIQ'Z) - ~/0 (|v(t)|i3n + |DQv(t)|L/2n.H) d.

To avoid any confusion in the notation we will always denote the elements of
L? (O, T; Wé’Z(H, m)) as pairs.

Definition 5.28 By a solution of Eq.(5.51) (or mild solution of Eq. (5.49)), we mean
a pair of functions

u,U) e L2 (0, T: Wh(H, m))

C L?(0,7; L*(H, B,m)) x L* (0, T; L*(H, B, m; H))
such that, for a.e. t € [0, T] and m-a.e.
T T
u(t) = Pr_ilgl + / Poy Lo (5. -, U(s) ] ds + / P li(s)lds,  (5.52)
t t

and

T T
U@t)=RT —1) +/ R (Fo(s, -, U(s))) (s — t)ds +/ R ((s)) (s — t)ds.
’ ' (5.53)
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Remark 5.29 By the definition of DQ u in (5.45) and Definition 5.28 we immediately
getU = Dou. |

Remark 5.30 1f Dy were closable, then it would be natural to define the solution of
Eq.(5.51) as an element of L? (O, T; Wé’z(H, m)) such that (5.51) is satisfied for

a.e.t € [0, T] and m-a.e. But Dy may not be closable, so elements of Wé’z(H, m)
are not functions in general, but pairs of functions belonging to the product space
L*(H,B,m) x L*(H, B, m; H).

Note that the second equation (5.53) is an obvious consequence of (5.52) if the
operator D is closable and, in this case, U = Dou. |

We will introduce a suitable nonlinear operator M which will allow us to use
the fixed point argument. It will be defined in terms of a certain operator M and
its derivative. Both of these operators will be initially defined on a subspace of

L2 (0, T; L2(H, B, m)) and then extended to L (0, T; Wy (H, m)). To make the

distinction we will denote the extensions using the “overline”: M and Dy M. As

emphasized before, since the elements of L? (0, T; Wé’z(H , m)) can be identified

with a subspace of L? (0, T; L*(H, B, m)) x L? (0, T; L*(H, E, m; H)), we will
use a one-argument notation for the non-extended operators (e.g. M;(u)) and a
two-argument notation for the extended ones (e.g. M, (u, U)).

Given g, [ and Fj satisfying Hypothesis 5.27, we define the operator M as fol-
lows:

DM,) = {v e 12 (0, T: L2(H, B, m))
: v(r) € C}(H) forae.tand |(v,DQv)|L2(0 rw”) < oo},
%o

T T
Myu(t) = Pr—[g] +/ Ps—¢ [Fo (s, Dou(s))] ds +/ Ps_[l(s)]ds, t<T.
t t

Remark 5.31 1f g, [ and F are regular enough, then we can directly define Dy M.

If gelL*H,B,m), 1€L*0,T;L*(H,B,m) and Fy(s,x, Dov(s)) €
L%(0,T;L*(H,B,m)) we can use Lemma5.23 to define ﬁQMlv €
L?(0,T; L* (H, B, m: H))) and it can be written as follows:

T T
DQMlv(t) =R(GNT —1) —l—/ R (Fo(s, . DQv(s))) (s —t)ds +/ R (I(s)) (s —t)ds
' '

on [0, T']. In the following lemma we extend by continuity the operator DyM,
to L? (O, T, Wé’z(H,m)) obtaining Do M. Since the definitions of DQMlv
and Do M, coincide on D(M,), they coincide once DpM, is extended to L?
(0, T; W (H, m)). n
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Lemma 5.32 Assume that Hypotheses 5.1, 5.4 and 5.27 hold. Then M extends to
a Lipschitz mapping

My 12 (0. WgP(H,m)) — L? (0,75 L*(H, B.m)

with Lipschitz constant LT. The mapping DoM,; : D(M;) — L? (O, T; L?
(H, B, m; H))) extends to a Lipschitz mapping

Do My : L2 (0.73 Wi (H.m)) — L* (0, T; L* (H, B, m: H)

with Lipschitz constant LT /2.

Proof Since |Fy(t, x, p)| < L(1 + |p|) for all 7 € [0, T] and x, p € H, it follows
from Lemma5.23 that Mv € L* (0, T; L*(H, B, m)) and Do M,v € L* (0, T;
L? (H,B, m)) for every v € D(M,).

Given v; and v, in D(M,), we have

T
M (v —v) (0) =/ Ps—i[Fo (s, Doui(s)) — Fo (s, Doua(s))]ds, 1€][0,T],
t

and therefore, since || P|| < 1 and by Hypothesis 5.27-(A),

T
My @1 =) Ol <L [ |Doui(s) = Dovs(o)|,  ds. 11071
t m,H

Hence,
T T )
/0 IMi (v = v2) ()7, di < L2T2/0 |Doui(t) = Doua(0)[> dr.

It follows that M; may be extended to the whole space L2 (0, T; Wé’z(H , m))

by continuity and the resulting mapping is Lipschitz continuous with constant LT .
Similarly, for v; and v, in D(M/) and ¢t € [0, T],

T
DoM;i (vi —v2) (1) =/ Do Py [Fy (5., Doui(s)) — Fo (s, -, Doua(s))] ds.
t
Using the notation introduced in Lemma5.23 we obtain
’ 2
/ | Do M (v — v2) (f)|Lz dt
0 m,H

T
= /0 |G2 (F() (t, . DQUl(t)) — F (t, . DQUZ(t)))|2L;2n,H dt
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T
< T/ |Fo (1. Doui(®) = Fo (1. - Dova() | dt
0 2
T
< L2T/ Do (wi(t) — v2(1))] .4t
0 m,

and therefore DoM,; extends to a Lipschitz continuous mapping on
L2 (o, T Wy (H, m)) with constant LT /2, O

Remark 5.33 The operators M and Do M, depend only on the second component
of the elements of L2 (O, T; Wé"z(H , m)) but it is convenient for us to define them

on L? (O, T; Wé’z(H , m)) to apply the fixed point argument below. |

Taking into account the extensions of the operators M, and Dy M, provided by
Lemma5.32 we can define the operator

’/\_/l 12 (0.7 Wy (Hom)) — 12 (0,75 Wi (H.m)
M(u,U) = (M,(u, U), Do M, (u, U)).

Remark 5.34 Using Proposition 5.20 and Lemma 5.23 we find thatfora.e.t € [0, T],

T T
M, (u, U)(t) = Pr_lg] +/ P [Fo(s, -, U(s))]ds +/ Ps_[I(s)]ds
t t (5.54)
and

Do M, (u, U)(1)

T T
=R(gN(T —1) +/ R (Fo(s, -, U(s))) (s —t)ds +/ R (1(s)) (s —t)ds.
(5.55)

Theorem 5.35 Assume that Hypotheses 5.1, 5.4 and 5.27 hold. Then for every g €
L*(H, B, m) there exists a unique mild solution (u, U) 10 Eq.(5.49) in the sense of
Definition 5.28. Moreover, u € C ([O, T1, L*(H, B, m)) and U = Dgu.

Proof We apply the Banach Fixed Point Theorem to the mapping M in the space

L2 (o, T; WS (H, m)) endowed with the norm | - | ) when 7 is sufficiently

12(0.1:wg?

small. By Lemma5.32, for any (v1, V), (v, V3) € L2 (0, T; WS (H, m)),
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T
/ M, (01(1), Vi) = My (ua(0), Vo)), d
; 2

< LT?|(vr, Vi) — (2. V2)I7, orwz) G50
and
r__ —_— 2
/ |Do M, (v (1), Vi) — Do M, (v2(t), Va(t)) Lo dt
0 m.H
< L*T|(vi, V1) — (2, Vz)liz(O’T;Wéz). (5.57)
From (5.56) and (5.57) we have
M, Vi) = M(vz, VD)lpa (o3
< LyT(T + D|(v1, V1) — (v2, V2)|L2(0,T;Wé'2)’
(5.58)

thus M is a strict contraction for 7' sufficiently small. Thus we obtain a unique
solution on a small time interval. The rest follows by standard iteration. Finally,
denoting the solution by (u, U), since Fy (s, -, U(s)) € L (0, T; L*(H, B, m)) and
P, is a Co-semigroup, we find that u € C ([0, T, L>(H, B, m)) thanks to (5.54).
The last statement is an immediate consequence of the definitions (see
Remark 5.29). O

Remark 5.36 Observe that the uniqueness of the solution stated in Theorem 5.35
has to be understood with respect to the reference measure m whose support can
also be very thin. This is one of the drawbacks of the method. For results about
existence of non-degenerate invariant measures, see Sect.5.6 and the comments in
the bibliographical notes. n

5.4 Approximation of Mild Solutions

We now show, following the approach of Chap.4, that the mild solution of the HIB
equation can be obtained as a limit of classical solutions. Thus we need to introduce
the concept of a classical solution.

We introduce the operator .4; which is defined similarly to the operator A; in
(4.141):
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D(A) = [d) € UC%(H) : A*D¢ € UCy(H, H) and D2¢ e UCy(H, L1(H))

A1¢ = 3 TIIOD?¢] + (x, A*D¢) + (b(x), Do) .
(5.59)
It is easy to see that D(A;) endowed with the norm

1¢llpeay = I6llo + 1DPllo + 1A* Dllo + sup 1D ()l c, iy (5.60)

xeH

is a Banach space.

In Sect.5.2.3 we introduced the operator A as the generator of the Cp-semigroup
P, on L>(H, B, m) (see Proposition 5.9). In the following lemma we study its rela-
tions with the operator Aj.

Lemma 5.37 Let Hypotheses 5.1 and 5.4 hold. Then:

(i) FCI™ (H) C D(A)).
(ii) D(A,) is embedded in D(A). Moreover, for any ¢ € D(A)),

1
Ap(x) = JTe [QD*6()] + [x. A" Do) + (b(x). Do) . (5.61)

(iii) If we consider the Banach space structure on D(A;) described above and the
graph norm on D(A), the embedding D(A,) C D(A) is continuous.

Proof Part (i) follows straightforwardly from the definitions of F Cg’A* (H) and
D(A)).
Part (ii): We choose ¢ € D(A;) and we start by showing that, for any x € H,
P, x) — o(x 1
lim M =5 Tr[QD*¢(x)] + (x, A*Dé(x)) + (b(x), Dp(x)) .
(5.62)
Indeed, applying Dynkin’s formula (Proposition 1.169), we have

Pio1() — ¢(x) _ EQ(X(13%)) — ¢(x)
t t

1 ['T1
= ;E/O [5 Tr[QD*¢(X (s; x))] + (X (s: x), A*DH(X (55 x)))

+(b(X (s;x)), DP(X (55 x))) }ds.
(5.63)

We need to show that every term in the right-hand side of (5.63) converges to the
corresponding one in (5.62). Let us look at the middle term. We define

1 R l ' . * . _ *
I (x) = : [(X(s:x), A*DP(X (s x))) — (x, A*Dp(x))] ds.
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Let o be a modulus of continuity of A* D¢ which we can assume to be concave. We
have

1 t
/o) < ?/0 E[[{X (s: %) = x, A*Do(X (5: 1))
+fx, A*DO(X (53 x)) — A" Dg())| ]ds

1 t
< ;/ (IIA*DloE |X (s; x) — x| + |x|Eo (| X (s; x) — x])) ds
0
1 t
< ;/O (IA*D@lloE |X (s; x) — x| + |x|o (B X (s; x) — x|)) ds,

where we used Jensen’s inequality to obtain the last inequality. The last line above
converges to 0 as ¢t — 0 by (5.9). The convergence of other terms in (5.62) is proved
similarly.

We now need to show that the convergence takes place in L?>(H, B, m). We see
that, thanks to (1.69) and since || A*D¢||o is finite, we have sup, g 1 (IE[It1 ()c)])2 <
g(x) = C; + C,|x|? for some positive constants C;, C». Since g € L'(H, B, m)
by (5.12), we can thus use the dominated convergence theorem to conclude that
lim,_,¢ E[It1(~)] =0in L*(H, B, m). We argue similarly to get the convergence of
the other terms. Therefore ¢ € D(A) and (5.61) holds.

Part (iii): Given ¢ € D(A;) we have

2 2 2
19IDay = |¢|L§1 + |A¢|L?n
2

1
<1gl}: +3 ‘— Tr[QD?¢] (- A*Dqﬁ(-))ﬁgl +31b(), DEO)72

2

+3
L,

3
< lIplI3 + ZIIQIIZL(H) sup | D*¢ ()2,
xeH
+3||A*D¢||%/ x| dm(x) +3||D¢||é/ (16O)] + K|x])? dm(x).
H H

Thanks to (5.12) there exists a constant C, depending only on m, b and Q such that
the last expression is smaller than C ||<b||%)( A This concludes the proof. O

The concept of a classical solution of (5.49) is also similar to the one introduced
in Definition4.129, however here we limit our interest to functions belonging to
Y 4(0, T) to be able to define Dy,.

Definition 5.38 A function u € Y4(0, T) is a classical solution of (5.49) if u has
the following regularity properties
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u(-,x) € C'([0, T]), Vx € H and u, € Cp([0, T] x H),

u(t,-) € D(Ay), Vvt €[0,T] and sup, 7 lu(t, )lpa,) < +oo,
u, Aju € Cp([0, T] x H),

Du, A*Du, Dou € C,([0, T] x H, H),

D>u € C,([0, T] x H, L, (H)),

(where DQ is defined in (5.45)) and satisfies

u, + Au+ Fy (t,x, DQu) +1(t,x)=0, t€[0,T), form—a.e.x € H,
u(T,x) =g(x), form—a.e.x € H.
(5.64)

Definition 5.39 A function u € Y4(0,7T) is a strong solution of Eq.(5.49) if
(u, ﬁQu) elL? (0, T; Wé’z(H,m)) and there exist sequences (u,),(l,) C

L2 (O, T: Wé’z(H, m)) and g, C fCS’A* (H) such that for every n € N, u,, is the
classical solution of the Cauchy problem

w, + Aw + Fy(t, x, Dow) + 1,(t, x) =0,
(5.65)
w(T, x) = ga(x),

and the following limits hold as n — +o0:

g —> ¢ in L2 (H, B, m)

L, —1 in L? (0, T; L? (H, B, m))

Uy —> U in C([0,T],L*(H,B,m))
DQun — DQu in L? (O, T; L? (H, B, m: H)) .

In principle we can have several strong solutions of Eq. (5.49), depending on the
choice of the approximating sequences. Nevertheless we will see that in our case,
if a strong solution exists, it is unique. See the discussion that follows the proof of
Theorem 5.41 for more on this.

Theorem 5.40 Assume that Hypotheses 5.1, 5.4 and 5.27 hold. If u is a strong
solution of (5.49) then the pair (u, U) := (u, Dou) is a mild solution of Eq. (5.49).

Proof Letu,,l,, g, be its approximating sequences as in Definition 5.39. Recalling
that P, is a strongly continuous semigroup on L2(H, B, m) (see Proposition 5.9),
using Lemma5.37 and the properties of classical solutions demanded in Defini-
tion5.38, we can compute, for a fixed ¢ € [0, T'], the derivative in the variable s of
Ps_[u,(s)] (as a mapping from [¢, T'] to L*(H, B, m)). We get
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d d
Px—t[un(s)] = Ps—t[Aun(s)] + Px—t |: un(s)i|
ds ds

= Pl Aun )]+ Py [ (= Aitn() = Fo (5. Dotn(®)) = 1n(#)) |
=Py [(=Fo (5.5 Poitn®)) = 1)) ] s €10, T,

Integrating both sides of this expression over [¢, T'], using that u,(T) = g, and
reordering the terms we obtain for every n

T
0 = Proylgal+ [ P [Fots.n Doun(5) +1,(5) ds.
t
Setting 1, (s) = Fy(s, -, Bgun(S)) + 1,(s), the last expression becomes
T
un(t) = PT—t [gn]+/ Ps—t [wn(S)]dS,
t

where g, € FC;* (H), ¢, € L*(0,T; L* (H, B, m)),

n—+oo

In —> in LZ(H,B,m),

and, thanks to Hypothesis 5.27-(A),

n—-+o00

Uy —> Fo(,-,Dou)+1 in L*(0,T;L*(H,B.m)).

‘We can now apply Proposition 5.25 and pass to the limit as n — 400 to get the claim.
O

Theorem 5.41 Assume that Hypotheses 5.1, 5.4 and 5.27 hold and suppose b = 0.
If the pair (u,U) € L? (0, T; Wé‘z(H, m)) is a mild solution of Eq.(5.49) then
U= l~)Qu and u is a strong solution of (5.49).

Proof In the particular case b = 0 the semigroup P; simplifies to the Ornstein—
Uhlenbeck semigroup studied in Sect. B.7.2. The notation used in other parts of the
book in this case is R, but here, to be consistent with the general notation used in
the chapter, we continue to denote the semigroup by P;. Hypotheses5.1-(A)-(B)-
(C) imply Hypothesis B.79, needed in all the results of Sect.B.7 used in this proof.
Observe that, if b = 0, the operator 4, defined in (5.59) reduces to the operator A4
defined in (B.36).
As argued in Remark5.29 we immediately get U = DQu. Let g,, ¥, be two
sequences such that
gn € FC3™ (H), (5.66)
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Ui [0, T] — FCo™ (H), (5.67)
¥, and A1, belongto C ([0, T], UC,(H)), (5.68)
g "5 g in LA(H, B, m) (5.69)
and . _
bn "5 Fo(ey -, Douy +1 in L*(0,T; L* (H, B, m)) . (5.70)

These sequences exist thanks to Lemma5.7.
Since (4, U) = (u, Dou) is a mild solution of (5.49) we have

T
u(t) = Pr_ilg] + / Py [Fols. - Douts)) +1(9)] ds.

If we set

T
n(t,%) = Pr_ilga] + / Po_ [tha(s)] ds, (5.71)

by Proposition5.25 we obtain that

w,"=5"u  inC([0,T], L% (H, B, m)), (5.72)
Dou, "=5° Dou  in L*(0,T; L* (H, B, m; H)). (5.73)

The latter, thanks to Hypotheses 5.27-(A), implies in particular that
FoC, -, Douy) "=5° Fo(-, -, Dou)y  in L2 (0,T; L* (H, B, m)).
So, thanks to (5.70), if we set
ln = n = [Fo(-, -, Doun)], (5.74)

we get
n—+oo

l,"=—"1 in L*(0,T;L*(H,B,m)). (5.75)

We can now apply Proposition B.91-(ii). Observe that the existence of the function
go demanded in the hypotheses of this proposition can be easily found thanks to (5.68)
and the constant C in (B.33) and (B.35) is here equal to zero. The time is reversed
(¢ in Proposition B.91 corresponds to our 7 — ¢ for any ¢ € [0, T]). It thus follows
that u,, satisfies in the classical sense the approximating HIB equation
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(un); + Au, + Fo(t,x, Douy) +1,(t,x) =0
(5.76)
u(T, x) = gn(x).

Given the regularity of u,,, g, and ¢, 5Qun = Dou, and then the fact that 5Qun €
Cy([0,T] x H, H), not directly stated in Proposition B.91, follows from Du, €
Cy([0, T] x H, H) and the continuity of Q.

This, together with the convergences (5.69), (5.72), (5.73) and (5.75), shows that
u is a strong solution in the sense of Definition 5.39. O

Theorem 5.35 shows that, under Hypotheses5.1, 5.4 and 5.27, there exists a
unique mild solution (u, U) of Eq. (5.49). Theorem 5.40 ensures that, under the same
hypotheses, any strong solution is also a mild solution so, in particular there exists at
most one strong solution of (5.49) and, whenever it exists, it can be identified with
the mild solution. Theorem5.41 proves, under the additional assumption b = 0, the
reverse implication, ensuring in particular the existence of a (unique) strong solution
in this case. This result was stated in [298] (see in particular Proposition 4.3) without
the assumption » = 0 but the proof of the regularity of the u,, in the general case was
not complete.

In Sect. 5.5, we work again under Hypotheses 5.1, 5.4 and 5.27 but we also suppose
that a strong solution exists or, equivalently, that the mild solution of the equation is
also strong. This is always the case if b = 0.

5.5 Application to Stochastic Optimal Control

We apply the results on abstract HIB equations from previous sections to study a
family of optimal control problems.

5.5.1 The State Equation

We work, as usual, in a real separable Hilbert space H which will be both the state
space and the noise space (see Sect. 1.2.4), that is we have E = H. The control space
A is a closed ball in a real separable Banach space E:

A = B,(0). (5.77)

The linear operators A, Q and the function b satisfy Hypothesis5.1. As in Chap. 2,
the notation 11 := (Q”, T AT Y ey P Wg) (or without the index s if the
context is clear) will be used to denote a generalized reference probability space (see

Definition 1.100). We limit our attention here to the case where the o-fields of the

filtration .7} | are countably generated up to sets of measure zero. This holds, for
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example, for filtrations generated by Wiener processes, see Lemma 1.94. We recall
that the generalized reference probability spaces p used in Sect. 5.5 may be different
from g in Hypothesis5.1.

We consider a stochastic controlled system governed by the state equation

’dX(s)z (AX(s) +b(X () + Q2 R(s, X(s). a(S>)) ds+dWo(s), (5 g,

X(t)=x, xeH,
where R and a satisfy the following hypothesis.

Hypothesis 5.42 We assume that:

(i) R:[0,T] x H x A — H is Borel measurable and there exists an My > 0 such
that

sup |R(s, x,a)| < Mg < 400,
(s,x,a)€[0,T]x HxA

and, foralls € [0,T],a € A, x,y € H,
|R(S7-xva) - R(Sa Yy, a)l S MR|)C - y|

(i) Forevery t € [0, T] and a generalized reference probability space w on [t, T],
the o-fields of the filtration {.# ﬁ,s}sE[r,T] are countably generated up to sets of
measure zero. A is as in (5.77) and the control processes a(-) : [t, T] x 2 — A
belong to the set

U'={a(): [t,T1 x Q > A : a(-) is F! — progressively measurable} .
(5.79)

We recall that the control processes in U" depend on the choice of the general-
ized reference probability space (Definition 1.100) i because they are progressively
measurable with respect to the filtration {.% }s¢[;, 1 that depends on the choice of 1.
See Sect.2.1.1 for more on this.

Remark 5.43 The boundedness of R is imposed to be able to solve later, in
Theorem 5.55, the closed loop equation using Girsanov’s theorem. A similar approach
is also used in Sect. 6.5. |

Proposition 5.44 Let Hypotheses 5.1 and 5.42 be satisfied. Then, foranyt € [0, T],
x € H, a(-) e U, the state equation (5.78) has a unique solution X (-; t, x,a(-)) €
Hly(t, T; H) (see Definition1.126) for all p > 1. In particular, X (-; 1, x,a(-)) €
Mﬁ(t, T; H) (defined in (1.29)) for all p > 1.

Moreover, there exists a B([t, T]) ® B(H) ® % /B(H)-measurable function

[[t,T]xHxQ—>H

(s, x,w)—>X(s: 1, x,a(-) (W) (5.80)
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such that, for everyx € H, )~((~; t, x,a(-)) isaversion of the solution X (-; t, x, a(-)).
YJhus in the future we will not make a distinction between X(-;t,x,a(-)) and
X(;t,x,a()).

Proof The result, except for the last claim, follows from Proposition 1.147. The
whole term [Ql/zb(X(s)) + O'2R(s, X (s), a(s))] corresponds to the term by in
Hypothesis 1.145, a(-) plays the role of a;(-) and we have no a,(-).

To prove the last claim, we consider a countable dense subset S := {x,},en of
H . Thanks to (1.70) we can find 2, C2 with P(£2,) = 1 such that (1.70) holds with
& =xand & = xp forany s € [¢, T] and w € ;. Similarly, for every N > 2 we
can find a subset Qy CQ2 with P(Q2y) = 1 such that (1.70) is satisfied for any choice
Si=x,6%=x;,i,j=1,...,N,foralls € [t, T]andw € Q. If we define Qo =
ﬂn>] 2, we have again P(Q2,) = 1. Given s € [r, T] and w € Q4,, we define, for
any x € H,

X(s;t,x,a() (W) := nlirrolo X(s; t, yn, a(-))(w), (5.81)

where y, is a sequence of elements of S such that y, — x (the limit exists and it
does not depend on the chosen sequence y,, again thanks to (1.70) and the choice
of Q4). We define )~((s; t,x,a(-))(w)=0for (s,x,w) e[t, T] x H x (2\ Qo).
The pointwise convergence (5.81) and the progressive measurability (and thus the
B([t, T]) ® .% /B(H)-measurability) of X ensures that (see Lemma 1.8(iii)), for
any x € H, the restriction of XC:t,x,a(-)() 0 [t, T] % Qe is B(7, T @ (ZF N
Qoo)/B(H)-measurable. This fact, the completeness of .% and the fact that X is con-
stanton [z, T] X H x (R \ Q) give easily the B([¢, T]) ® % /B(H)-measurability
0f)~((~; t,x,a(-))(-)on[t, T] x Q. Moreover, by construction, for any s € [¢, T] and
w e Q, x—>X(s:t,x,a(-))(w) is continuous so that (see Lemma 1.18) the function
defined in (5.80) is B([7, T]) ® B(H) ® .% /B(H)-measurable. O

5.5.2 The Optimal Control Problem and the HJB Equation

Let Hypotheses 5.1, 5.4 and 5.42 be satisfied. We study an optimal control problem
in its strong formulation (see Sect.2.1.1 for details) so that the generalized reference
probability space 1 is fixed. We consider the following cost functional

T
JHt xa() =E [/ I(s, X(s:1,x,a()) + ha(a($))ds + g(X(T: 1, x, a(")))

(5.82)
which we want to minimize over the control setZ//". In this expression X (s; 7, x, a(-))
represents the mild solution of (5.78) at time s which, as always, we will often denote
by X (s). The functions I, h, and g satisfy the following hypothesis.

Hypothesis 5.45 [ :[0,T] x H — R and g : H — R satisfy Hypothesis 5.27-(B)
while i, : A — R is Borel measurable and bounded.
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The value function of the problem depends on 4 and it is defined as in (2.4):

VIAx) = inf JM(t, x;a(). (5.83)
a()euy'

The HJB equation corresponding to the described optimal control problem is

v, + Av + Fy(t, x, Dov) +1(t,x) =0
(5.84)
u(T, x) = g(x),

where the operator A is defined in Sect.5.2.3 and the Hamiltonian Fj is given by
Fo(t, x, p) = inf {(R(1,x,a), p) + h2(@)} = inf Focy(t,x, p.a).  (5.85)
ae ae

We will suppose that Fj satisfies Hypothesis 5.27-(A). Indeed, thanks to Hypothe-
ses5.42 and 5.45, the Lipschitz continuity and growth conditions (5.50) are always
satisfied but the Leb ® B ® B/B(R) measurability may not always be ensured. How-
ever, when R does not depend on ¢ and x, the Hamiltonian Fj is just a function
from H to R and Lemma 1.21 then guarantees that it is B/B(R)-measurable, so that
Hypothesis 5.27-(A) is satisfied. Hypothesis 5.27-(A) is also always true if R(z, x, -)
is continuous for every ¢ and x due to the separability of A.

5.5.3 The Verification Theorem

We now show how to obtain a verification theorem and an explicit expression for
optimal controls in feedback form.

Lemma 546 Lett €[0,T], x € H, 1 = (Q Z, {ﬁ;}xe[r _ WQ) be a gen-

eralized reference probability space on [t,T] and let a(-) € U". Assume that
Hypotheses 5.1, 5.4, 5.42 and 5.45 hold. Define

T
pa(.)zexp(—/ (R(r,X(r;t,x,a(~)),a(r)),dWQ(r))
1 T
_E/ |R(r,X(r;t,x,a(-)),a(r))lzdr).

Then:

(i) The measure P on (2, F) defined by setting d@’(A) = paey(T)dP(w), that is,
forany A € F,

BA) = /A paty @) dP(W),
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is a probability measure on 2, in particular E[p,,] = 1.
(ii) There exists a positive constant ¢ < +00 such that

E [(pa(.))_l] <c¢, foranyx € H (5.86)

and we have L
dP(A) == (pa())  dPw). (5.87)

(iii) Denote by X (-; t, x) the solution of

dX(s) = (AX(s) +b(X(s))ds +dWu(s), sel0,T],
(5.88)
X(t)=x€eH.

Foranys € [t,T], Lp(X(s;1,x)) = Lp(X (53¢, x,a(-))).
(iv) For any nonnegative w € LZ(H, B(H), m), forany s € [t, T],

1/2
/ Ew(X (s; 1, x, a()))dm(x) < V¢ (/ Ew? (X (s; t,x))dm(x)) = ﬁlwle,
H H m
(5.89)
where ¢ is the constant introduced in (5.86).

Proof Most of the statements of the lemma are corollaries of the Girsanov Theorem.
Part (i): Given the boundedness of R the claim follows from Proposition 10.17
and Theorem 10.14 of [180].
Part (ii): Observe first that if we replace R(s, X (s; t, x, a(-)), a(s)) by —R(s, X
(s;t,x,a(-)), a(s)) we have again a bounded function so that the results of Part (i)
hold: we get

T
E exp (/ (R(s, X (s: 2, x,a(-), a(s)), Q™' 2dWy(s))

T
—%/ |R(S,X(S;l,x,a(')),a(s))lzds) =1.

(5.90)

Since by Hypothesis5.42 there exists an M € R such that |R(s, X (s; ¢, x, a(-)),
a(s))| < Mg for any choice of s € [¢, T], x € H and any a(-),

T
E [(pao)*l] =Eexp (/t (R(r, X (r: 1, x, a()), a(r)), dWo (r))
T
+%/ |R(r, X (r; t,x,a(~)),a(r))|2dr) <

T
e(T—t)M,%EeXp(/ (R(r.X(r;t,x,a(-),a(r)), dWo(r))
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1 [T )
—5/ |R(r,X<r;t,x,a<~)),a<r)>|2dr) = TM = ¢,
t

where in the last step we used (5.90).
The second claim follows by the strict positivity of p,(., as a corollary of the

Radon-Nikodym Theorem (see [18], p. 64).
Part (iii): Thanks to Theorem 10.14 of [180] we know that the process defined by

Wo(s) = Wo(s) — Wo(1) +/ QIR(r, X(rit,x,a(-),a(r)dr, s elt,T],
t
is a Q-Wiener process in H with respect to {.#/ };>, and the probability measure P.
We have
X(s; 1, x,a() =" D% + / eSTIAX (ri 1, x, a()))dr

t
) S
+/ SO R, X (r; l,x,a(-)),a(r))dr+/ AW ()
t t
N N
=Ny +/ e(“’)Ab(X(r;t,x,a(-)))dr+/ TIAQIR(, X (s 1, x, a()), a(r)dr
t t
s s
+/ e“—’)AdWQ(r)—/ SN R X (r 1, x, a(-)), a(r))dr
t t

s s
:e<S*’>Ax+/ e“‘*’)Ab(X(r;z,x,a(-)))dr+/ ST AW (r), s elt, T,
Jt Jt

so X (-3¢, x,a(-)) solves the same equation as X (+; ¢, x). The claim thus follows

thanks to Proposition 1.148-(ii).
Part (iv): For any s € [¢, T], the joint measurability of the function (x,w)—

w(X (s; t, x,a(-))(w)) follows by the Borel measurability of w and by the measura-

bility of X stated in Proposition 5.44.
Using first (5.87) and then the Cauchy—Schwarz inequality we have, fors € [z, T'],

/Ew(X(s;t,x,a(~)))dm(x):/ / w(X(s;t, x,a())(w))dP(w)dm(x)
H HJQ

- /Q WX (53 1, 3, aO)@)) (Pay @)~ dBW)dm(x)

B 172 _ 1/2
< (/ / (Pa(-)(w)r2 dIF’(w)dm(X)) (/ / wZ(X(s;t,x,a(-))(w))d[P’(w)dm(x))
HJa HJa

. 1/2 1/2
= (/ / (Pa(A)(W))il d]P’(uJ)dm(x)) (/ / w2 (X (s; 1, x)(w))d]P’(w)dm(x)) ,
H/2 HJ)2

where in the last step we used, in the two terms, respectively Part (i) and Part (iii).
Therefore, by (5.86) and then using the definition of the transition semigroup, the
fact that it does not depend on a generalized reference probability space, and the
property of the invariant measure (observe that w? belongs to L'(H, B(H), m) so

we refer to Proposition 5.9 for p = 1), we obtain
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172
/ Ew(X(s;t,x,a(-))dm(x) < NE (/ sz(X(s; t,x))dm(x))
H H

1/2

1/2
= Ve (/ Pt [lwO)P] (x)dm(x)) = Ve (/ |w(x)|2dm(x)) = Ve,
H H

which gives the claim. ([

The result of Part (iv) of Lemma5.46 will be extended to a general w €
L?*(H, B, m) in Corollary 5.48.
Lemma 5.47 Let t € [0,T], p= (Q, Z, {f;}se[r " P, WQ) be a generalized
reference probability space on [t, T] and a(-) € U!. Assume that Hypotheses 5.1,
5.4, 5.42 and 5.45 hold. _
Consider a B/B(R)-measurable function ¢: H — R (respectively, a B/B(H)-
measurable function ¢: H — H)and s € [t, T]. Then the function

[ HxQ—R
(x,w)—=d(X(s;t,x,a()(w)

is B(H)® % /B(R)-measurable (respectively, B(H) ® % /B(H)-measurable),
where B(H) ® % is the completion of the o-field B(H) ® .% w.rt. the measure
mQ P
Similarly, givena B([t, T1) ® B/B(R)-measurable function¢: [t, T] x H — R,
the function
[t,T]x Hx Q > R
(s, x,w)—=>P(s, X (531, x,a(-))(w)

is B([t, T]) ® B(H) ® % /B(R)-measurable, where B([t, T]) @ B(H) ® % is the
completion of the o-field B([t, T]) ® B(H) ® ¥ w.r.t. the measure ds @ m Q IP.

Proof The proof follows the same arguments as those used in the proof of
Lemma5.10. We give it for completeness.

If ¢: H — R is Borel-measurable the statement follows from the measurabil-
ity of the solutions of (5.78) stated in Proposition5.44. If ¢: H — R is B/B(R)-
measurable, let ¢: H — R be a B/B(IR)-measurable function and V € B(H),
m(V) = 0 be such that ¢(x) = ¢(x) forall x € H \ V. Then

0= [ PIXGitra()@) € Vidm)
H
12
-/ E[lv(X(s;r,x,a(-»)]dm(x)sﬁ(/ E[12V<X(s;;,x>)]dm(x>)
H H

12
=JE(/ |1V(x)|2dm(x)) =NEmV)? =0, (591)
H
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where we used (5.89) and then the property of the invariant measure. This fact shows
that the functions (x, w)— @ (X (¢, x)(w) and (x, w)—)c;;(X(t, x)(w) are m ® P-e.e.
equal on H x Q. Thus, since (x, w)—)gg(X (t, x)(w) is Z ® B/B(R)-measurable,
(x, w)—d(X (¢, x)(w) is F ® B/B(R)-measurable.

The same proof applies if ¢: H — H is a B/B(H)-measurable function.

Similarly, if ¢: [t, T] x H — Ris B([t, T]) ® B/B(R)-measurable we can find
(again by Lemma 1.16, recalling that B([¢, T]) ® BCB([t, T]) ® B)) a B([t, T]) ®
B/B(R)-measurable function gg: [t,T]x H— Rand V € B([t, T]) ® B(H) such
that (ds @ m)(V) = 0 and ¢(s, x) = (;;(S, x) forall (s,x) €[t,T] x H\V.If we
define Vy :={x € H : (s,x) € V}thenV; € B(H)andm(V;) = 0foralmostevery
s € [0, T']. Instead of (5.91) we now have

T
05/ /P{(&X(s;z,x,a(.))(w))eV}dm<x>ds
t JH
T
=/ /P{X(s; t,x,a())(w) € Vi}dm(x)ds
t JH

T
- / / E [y, (X (5; 1. x, a()))] dm (x)
t H

T 12
< ﬁ/ (/ ilvs(x)|2dm(x)> ds =0
t H

and the proof ends as before. (I

Corollary 5.48 Lett € (0,7, x € H, p= (2. 7. {F!} ). P. Wo) beagen-

eralized reference probability space on [t,T] and let a(-) € Z/l,“_ Assume that
Hypotheses 5.1, 5.4, 5.42 and 5.45 hold. Thﬁn, for any w € LZ(H, B, m), the map
x—Ew (X (s; 1, x,a(-))) belongs to L! (H, B, m) and for almost every s € [t, T],

1/2
/Ew(X(s;z,x,ac)))dm(x) < Ve (/ Ew2<X<s;t,x>>dm(x)) = Vewliz,
H H

where ¢ is the constant introduced in (5.86).

Proof The statements about the joint measurability proved in Lemma 5.47 allow us,
in particular, to ensure the measurability in s and x of integrals with respect to w and
then to extend Lemma5.46-(iv) to any w € L? (H , B, m) O

Lemma 5.49 Assume that Hypotheses 5.1, 5.4, 5.42, 5.45 hold and let a(-) € ur.
Then, for every sel[t,T] and w € L? (H, B, m) (respectively, L?
(H, B, m; H)), the map x—Ew (X (s; t, x, a(-))) belongs to L! (H, B, m) (respec-
tively, L! (H, E, m; H)). Moreover, given a sequence w, converging to w in
L? (H, B, m) (respectively in L* (H, B, m; H)), the sequence Ew, (X (s;t, x, a(-)))
converges to BEw (X (s; t, x, a())) in L' (H, B, m) (respectively, L' (H, B, m; H)).
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Similarly, given w € L2 (t, T; L? (H, B, m)) (respectively, L2 (t, T; L? (H, B,
m; H))), the map (s,x)—>Ew (s, X(s;¢,x,a(-))) belongs to Ll((t, T) x
HB(.T) @B, ds ® m) (respectively, L ((t, T) x H, B([, T)®B, ds@m: H)),

where ds is the Lebesgue measure on [t, T1and B([t, T1]) ® B is the completion of the
o-field B([t, T]) ® Bw.r.t. ds ® m. Moreover, given a sequence w,, converging to w

in L? (t, T; L? (H, B, m)) (respectively, L? (t, T: L? (H, B, m; H))), the sequence
Ew, (s, X (s; ¢, x,a(-))) converges to Ew (s, X(s; t, x,a(-)) in L' ( (t,T) x H,
B, T) @ B,ds ® m) (respectively, L' ((t, T)x H,B([t,T]) ® B, ds
Qm; H)).

Proof The statements about joint measurability of the various functions involved fol-

low from Lemma5.47, Corollary 5.48 or can be proved by similar arguments. Recall,
for the case when w € L (¢, T; L* (H, B, m)), that there exists (see Theorem 11.47,

p.427of [8])aw € L? ([t, T x H,B(t, T) ® B,ds ® m), uniquely determined
up to a ds ® m-null set, such that, fora.e. s € [r, T], w(s, -) = w(s)(-) m-a.e.

We only prove the remaining statements related to w € L? (¢, T; L? (H, B, m)),
the others being similar. Invoking Corollary 5.48 and Holder’s inequality, we obtain

T
/ /E|w(s,X<s;r,x,a<~>>>|dm(x) ds
t H

T
<Cr (/ / E|w (s, X(s; 1, x))|> dm(x) ds)
t H

T 1/2
=Cr (/ / lw (s, )| (x) dm(x) ds) < 400
t H

and the first claim follows. The statements about the convergence follow using the
same arguments as indeed we have

1/2

T
/ / [Ew, (s, X(s:t,x,a(-)) —Ew (s, X(s;1,x,a(-)| dm(x) ds
+ JH

T 172
= (/ / |wa (5,) = w (s, )I” () dm(x) ds) —>0.
t JH

Similar estimates give the other claims. ([
We are now ready to prove the fundamental identity.

Lemma 5.50 Let t € [0,T], p= (Q F, {ﬂ’s’}se[t '’ P, WQ) be a generalized

reference probability space on [t, T] and let a(-) € U!". Assume that Hypotheses 5.1,
5.4, 527, 542, 545 hold. Suppose that the mild solution (u,U) €

L? (O, T, Wé’z(H, m)) of (5.84) is also a strong solution. Then the following identity
holds for m-a.e. x € H:
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T ~ ~
u(t,x)+ IE/ Fo,cv (s, X(s), Dou(s, X(s)), a(s)) — Fy (s, X(s), Dgu(s, X(s))) ds
t
T
=E {/ [I(s, X(s)) + ha(a(s))lds + g(X(T))} = JH(t, x;a(), (5.92)
t

where X (-) :== X (-; t, x, a(-)) denotes the mild solution of (5.78).

Proof We denote by g, and 1), the approximating sequences of g and Fj + [ char-
acterized in (5.66), (5.67), (5.68), (5.69) and (5.70). We set

T
00 = Proidgn) + [ Pl ©)lds,
t
We know that u, satisfies in the classical sense the approximating HIB equation

(un)e + Au, + Fo(t, x, Douy,) +1,(t, x) =0
(5.93)
I/tn(T,.x) = gl‘l(x)9 X e H9

where

Li(t, %) =, (t, x) — Fo(t, x, Dou,) "=5°1 in L>(0,T; L*(H, B, m; H)).
By Dynkin’s formula (see Proposition 1.169) and (5.78) we obtain
Eun (T, X(T)) — un(t, x)
T
:E/ |:(un)s(s, X(8)) + (X(s), A*Du, (s, X (5))) + %Tr[QDzun(s, X(s))]]ds
t ; |
+IE/ [(Dun(s, X(5)), b(X(5)) + Q2 R(s, X (5), a(s))>] ds.  (5.94)
t

Then, using (5.93) and the notation Fy ¢y introduced in (5.85), we get

T
Bg,(X(T) = u,t.2) =E [ [Fo,cv (5 X ), Douns, X (1), a(5))

—Fo(s, X(5), Dotn(s, X(5))) — L, (s, X (5)) — hz(a(S))}ds.

(5.95)

We now pass to the limit as n — +o0 in (5.95). We use (5.69), (5.70) and the
convergences of the sequences u,, and DQu,, prescribed by Definition 5.39 (indeed
they are proved explicitly in our context in (5.72) and (5.73)). Thanks to Lemma 5.49
it thus follows that, for m-a.e. x € H,
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T
Eg(X(T)) —u(t, x) = E/ [Fo,cv(s, X(s), Dou(s, X(5)), a(s))
—Fo(s, X (s), Dou(s, X(5))) — (s, X (5)) — hz(a(S))}ds,

which gives (5.92) after rearranging the terms. ]

Lemma 551 Let 1 € [0, 7], = (2. 7. {Z!}, 1.

reference probability space on [t, T] satisfying Hypothesis5.42 and let A be as
in (5.77). For any p > 1 there exists a countable subset NU}" of U!" dense in U!'
endowed with the Mﬁ (t, T; E) norm.

P, WQ) be a generalized

Proof A possible choice for NU!" is a set of elementary processes (see Defini-
tion 1.96). Indeed, in the construction of Lemma 1.98 we can clearly limit the choice
of the times #; appearing in Definition 1.96 to those of a dense and countable subset
of [¢, T'] and the choice of the ,Zi -random variables to those of a dense and countable

subset {f;f }jen of LP(Q, F/, P; E) (this subset exists thanks to Lemma 1.25). Since

we look for processes belonging to ¢/, (and thus having images in B,(0)), instead of
’ -1

{€7} jen we consider the random variables f’l = (max {@, 1}) &7 They create

a required dense set of B,(0)-valued processes. This can be seen by observing that

—1
ifx,ye E,|x|g <oand |y|g > o,if y := (max {%‘, 1}) y, we have

Ix =¥l = |x =yle +1y =yl = 2lx — yle,

where the last inequality follows from the fact that y is among the elements of B,(0)
nearestto y,so |[x — y|g > |y — y|k. O

In the following lemma we give a sufficient condition to ensure that the functional
J#(¢t, x; -) is continuous with respect to the M 5 (¢, T; E) norm.

Lemma 5.52 Suppose that Hypotheses 5.42-(i) and 5.45 hold and that R, I, g and
hy satisfy the following additional conditions:

(i) There exists an Mg > 0 such that
[R(s, x,a1) — R(s, y,a2)| < Mr(lx — y[+|ar —a2)Vs € [0,T], x,y € H,ai,a2 € A.
(ii) For some C,q > 0,
[1(t,x)| < C( +|x|?), forallt €[0,T],x € H,
lg(x)| < C( + |x|?), forallx € H.

(iii) hy : A — R is continuous.
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Then for every t € [0, T, x € H and every generalized reference probability space
won [t, T), the functional J"(t, x; -) is continuous with respect to the lel’ (t,T; E)
norm, for any p > q. In other words, for any sequence of controls a,(-) in U"
converging to a(-) € U!" such that

T
lim |a, () — a(-)|1’:4p = lim IE/ la,(s) — a(s)|§ds =0, (5.96)
n—o00 Iz n—oo t
we have
lim J(t, x;a,(-) = J(,x;a(")). 5.97)
n—0o0
Moreover,
lim sup [IEIX(s; t,x,a,(-)) — X(s;t, x, a(~))|”] =0. (5.98)

=0 se[t,T]
Proof We denote, for s € [t, T], X(s; ¢, x,a,(-)) by X, (s) and X(s; ¢, x,a(-)) by

X (s) and also denote by N a positive constant such that ||e’4|| < N forany ¢ € [0, T
and sup, .y IVb(x)| < N. We have, for any s € [¢, T1],

1Xn(s) — X ()] =

/ S e"TAD(X,(r) — DX (r)))dr

t

+

/S "R, X, (r), an(r)) — R(r, X (r), a(r)))dr

< Nz/ [Xn(r) = X(r)ldr + NMR/ (lan(r) —a(r)| +1X,(r) — X (r)Ddr
and then, for s € [¢, T],

E[1Xn(s) = X (5)|"]

s
<3P YN+ NPM,’;)TVI’/ E|X,(7) — X(D)|Pdr + 37T |a, () —aO)]? ,
I

t

and we obtain (5.98) using (5.96) and Gronwall’s Lemma (Proposition D.29).
It follows from (5.96) and an easy application of the Lebesgue dominated con-

vergence theorem that [E ffT hs(a,(s))ds converges to E j;T ha(a(s))ds.
So to show (5.97) it remains to prove the convergence of the term

E {ftT I(s, X,,(s))ds + g(X,, (T))}. We define the following linear operators:

Syt L2(H,E, m) x L*>(t, T: L*(H, B, m)) - R
$1(9.0) = E | [ 165, X, (5))ds + 9%, (T)
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and
{ S: L*(H,B,m) x L2>(t,T; L*(H, B, m)) —> R

S(g, 1) = {ff I(s, X (s))ds + g(X(T))} .

Since the constant ¢ appearing in (5.89) only depends on My (introduced in Hypoth-
esis 5.42(i)) we know from (5.89) that the family {S,} is equi-continuous. Using

the Lebesgue dominated convergence theorem and (5.98) it is easy to see that,
for any (g,1) € Co(H) x Cy([t, T]1 x H), we have S,(g,1) ~—=> S(g,1). Since
Cp(H) x Cp([t, T1 x H) is dense in L2(H,B,m) x L2(t, T; L*(H, B, m)) and
{S.} is equi-continuous, we can conclude that S(g,!) = lim,_ S,(g,!) for any
(g,1) € L*(H, B, m) x L*(t, T; L*(H, B, m)), which completes the proof of (5.97).

O

Theorem 5.53 (Verification Theorem, Sufficient Condition) Let p > 1 and let
Hypotheses 5.1, 5.4, 5.27, 5.42, 5.45 hold. Suppose that the mild solution (u, U) €
L? (O, T, Wé’z(H, m)) of (5.84) is also a strong solution. Then the following are
true:

(i) For any t € [0, T] and any generalized reference probability space p =
(Q”, T, {ﬁt”’s }se[t,T] , ]P’“) satisfying Hypothesis 5.42, if J(t, x; ) is con-
tinuous with respect to the M ;[; (t, T; E) norm, then there exists a set Z!" with
m(Z!"y = 1 such that, for all x € Z!" and all a(-) € U" we have

u(t,x) < V»'(x) < J*t, x; a(")). (5.99)

(ii) Choose t € [0, T]. Let [i be a generalized reference probability space satis-
fying Hypothesis 5.42 such that J"(t, x;-) is continuous with respect to the
M/fj(t, T; E) norm. Let x be in Z{". Let a*(-) € U,f' be such that, denoting by
X*(-) the corresponding state, we have

a*(s) € argmilt\l Fo.cv(s, X*(s), ﬁQu(s, X*(s)), a), (5.100)
ae

for almost every s € [t, T] and P-almost surely. Then, the pair (a*(-), X*(-)) is
fi-optimal at (¢, x) and u(t, x) = V}'(x) = JiE, x; a* ().

Proof Part (i): We fix ¢ € [0, T]. By definition, for every a € A, Fycv (-, a) —

Fy(-) > Oeverywhere so forany a(-) € U",by (5.92), v(t, x) < J*(t, x; a(-)) for m-

a.e.x € H.ThankstoLemma5.51 we can then choose a countable subset N U/ dense

inU!" in the M [/ norm containing minimizing sequences for any x € H (observe that

the set of the controls depends on ¢ but it does not depend on the initial datum x). By

taking the infimum over a(-) in NU/!" in the right-hand side of (5.92) we obtain (i).
Part (ii): Since
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]E/ZT [FO,CV (s, X*(s), Dou(s, X*(s)), a*(s))

—Fp (s, X*(s), Douls, X*(s))) ]ds =0,

by (5.92) we thus get .
u(t,x) = J"(t, x;a*(+)). (5.101)

Since (5.99) is satisfied at (¢, x) bgcause X € Z,‘A‘, it follows that (a*(-), X*(-)) is
fi-optimal at (¢, x) and u(t, x) = V/'(x). O

5.5.4 Optimal Feedbacks

Similarly to what we observed in Sect.2.5.1 for the regular case and in Sect. 4.8 for
mild solutions in spaces of continuous functions, we use the fundamental identity
and the verification theorem to characterize optimal feedbacks in the L? framework.

We consider the hypotheses of Theorem 5.53 and we look at the, possibly multi-
valued (and not always defined), function

{ ®:(0.T) x H— P(A) (5.102)

®: (s, x)— argminges Fo.cv (s, x, Dou(s, x), a),

where (u, U) € L? (O, T; Wé’z(H, m)) is the mild solution of (5.84). The corre-
sponding Closed Loop Equation is

IdX(s) c (AX(s) + b(X(5)) + O R(s, X(s), D(s, X(s)))) ds+dWo(s),

X({t)=x, xeH.
(5.103)
Similarly to Sect. 4.8 we have the following corollary of Theorem 5.53.

Corollary 5.54 Let p > 1 and let Hypotheses 5.1, 5.4, 5.27, 5.42, 5.45 hold. Sup-
pose that the mild solution (u, U) € L? (0, T; Wé’z(H, m)) of (5.84) is also a strong
solution.

Choose t € [0, T] and x € H. Assume that, on [t, T) x H, the feedback map ®
defined in (5.103) admits a measurable selection ¢, : [t, T) x H — A. Then:

(i) The Closed Loop Equation

{ dX (s)= (AX(s) £ b(X(s)) + OFR(s, X(5), b, (s, X(s)))) ds+dWo(s),
X(t) = x,

(5.104)
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has a weak mild solution (see Definition1.121) X4 (-; t, x) in a suitable gener-
alized reference probability space [1 (and unique in such a space); the elements
of the filtration 9 ! are countably generated up to sets of measure zero.

(ii) Suppose that the genemllzed reference probability space [ from part (i) is
such that J(t, x; -) is continuous with respect to the Mﬂ (t, T; E) norm and
that x in Z'. Define, for s € [t,T), as (s) = ¢:(s, Xy, (551, x)). Then the
pair (ag, (-), Xy, (3 £, x)) is @-optimal at (t, x) and u(t, x) = V/}'(x). If, finally,
D (s, x) is a singleton for any (s, x) € (t,T) x H, then ay, (-) is the unique [i-
optimal control.

Proof Part (i) follows from Theorem 6.36. We can always take the filtration to be the
one generated by the Wiener process to ensure that the elements of the filtration are
countably generated up to sets of measure zero.

All the statements of part (ii) follow immediately from Theorem 5.53-(ii) except
for the uniqueness of optimal controls. If (a(-), X (+)) is another optimal pair at (z, x)
with generalized reference probability space 1z, we immediately have, by Lemma 5.50
and the fact that u(¢, x) = V' (x),

E/tT [Fo,cv (s, X(s), Dou(s, X(s)), &(s)) —F (s, R(s), Douls. f((s)))] ds = 0.

This implies that, for a.e. s € [#, T]and IP-a.s., we have a(s) = ¢, (s, X(s)). Unique-
ness of solutions of (5.104) in 1z gives the claim. ([l

We conclude with a result in a specific case.

Theorem 5.55 Let p > 1andlet Hypotheses 5.1,5.4,5.27,5.42, 5.45 hold. Suppose
that the mild solution (u,U) € L? (0, T; W (H, m)) of (5.84) is also a strong
solution. Suppose also that:
(i) E=H and R(t, x,a) = a, hence Fy cy does not depend on t and x and it is
given by
Fo.cv(p,a) = (a, p) + ha(a).

(ii) hy: A — Ris strictly convex and lower semicontinuous.
(iii) Fo(p) :=inf,cp ((a, p) + ha(a)) is differentiable.

Then, for any t € [0, T] and x € H, there exists a generalized reference prob-
ability space . (where the elements of the filtration .F [M are countably generated
up to sets of measure zero) and a control a*(-) € U" which satisfies, together with
the corresponding trajectory X*(-) :== X (-; t, x, a*(+)), the relation

a*(s) = D, Fy(Dou(s, X*(s))), s elt, Tl (5.105)

Ifx € Zf' and J*(t, x; -) is continuous with respect to the M}f (t, T; H) norm, then
the control a*(-) is p-optimal.
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Proof We extend the function #,: A — R to a function hy: H— RU {+o0} by
defining hz(a) +oo forany a ¢ BQ(O) One can easily see that a—>h2(a) is strictly
convex and lower semicontinuous on H. Moreover (see e.g. Proposition 2.19, p. 77
of [39]), the function

ﬁ;: H — R, ﬁ;(p) = sup ((a, p) — ilz(a))
aeH

is convex and lower semicontinuous on H. Thanks to the way we extended h,, we
necessarily have sup, .y ((a, —p) — ha(a)) = sup,., ((a, —p) — h2(a)) and thus
ﬁ’z‘(—p) = —Fy(p) forany p € H.

Let now p € H. It follows from the lower semi-continuity of h, its convexity
and the fact that its value is +0o on H \ m, that arg min,c ((a, p)+ fzz(a)) is

non-empty (Theorem 2.11 page 72 of [39]). Since hy is strictly convex it is single-
valued (see p. 84 of [39]). Thanks to the way we extended £, this unique point a*
where the minimum is attained belongs to A so it is also the unique minimizer of the
problem

32}0\ ({a, p) + ha(a)) .

Moreover (see [39], Proposition 2.33, p. 84), a* must be in the sub-differential
(Definition 2.30, p. 82 of [39]) of ﬁ; (-) at — p which is equal to the super-differential
of Fp(-) at p. Since by hypothesis Fj is differentiable, we must have a* = D, Fo(p)
(see Proposition 2.40, p. 87 of [39]).

We now define the feedback control by

a(t) = D, Fy(Dou(t, X (1))). (5.106)

Consider, for s € [¢, T], the closed loop equation in the mild form

X(s) = e D4y + / B4 [b(X(r)) + QD Fo(Dou(s, X(s)))] dr
! s (5.107)
+/ e"TIAAW(r).

There exists (Theorem 6.36, where the selection is given by (5.106)) a generalized
reference probability space p where this equation has a mild solution X*(-). We then
take

a*(s) = D,Fo(Dou(s, X*(s))), s €lt,Tl,

and we conclude thanks to Theorem 5.53. O
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5.5.5 Continuity of the Value Function and Non-degeneracy
of the Invariant Measure

The results we have described so far show one of the intrinsic limitations of the L2
approach. Indeed, they can only describe the behavior of the value function in the
support of the invariant measure. Such a support can be, in principle, very small.
Also the verification theorem and construction of optimal feedbacks hold only on
sets of full measure which may change with the generalized reference probability
space. To remedy this we are going to introduce a non-degeneracy hypothesis. The
non-degeneracy hypothesis, coupled with some continuity assumptions, will help
us refine previous results and prove a number of propositions concerning the weak
formulation of the optimal control problem (see Sect.2.1.2).

Hypothesis 5.56 The invariant measure in Hypothesis5.4 is non-degenerate. In
other words, for any non-void open set OCH, m(O) > 0.

Recall that in the weak formulation of the optimal control problem the generalized
reference probability space p varies with the controls so that the set of admissible

controls becomes
u, = Jut".
m

where U!" is the set of admissible controls for a given generalized reference proba-
bility space p defined in (5.79). The value function for the optimal control problem
in the weak formulation is then

V(t,x) = inf JMt, x;a(-)).
a(-)el,

Corollary 5.57 Let the hypotheses of Lemma 5.50 and Hypothesis 5.56 be satisfied.
Suppose moreover that, for any choice of t, ;v and a(-), the functions u(t, x) and
JH(t, x,a(-)) are continuous in the x variable. Then, for every (t,x) € [0, T] x H
and any generalized reference probability space 11 on [t, T, we have

ut,x) <V, x) < V'x).

Proof Lemma5.50 ensures that, for any choice of ¢, p and a(-), u(t, x) < J*(t, x,
a(-)) for m-almost every x € H. For any y € H we consider the sequence of balls
By/n(y), where n € N. Given the non-degeneracy of m, m (Bj/,(y)) > 0 and then
u(t, -) cannot be strictly bigger than J#(t, -, a(-)) on By, (y). We can thus obtain a
sequence y, converging to y such that u(¢, y,) < J*(¢t, y,, a(-)). By continuity we
getu(t,y) < JH(t,y,a(-)). Taking the infimum over a(-) and © we have the claim.

O

More precise results can be obtained under stronger continuity assumptions.
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Corollary 5.58 Let the assumptions of Corollary5.57 be satisfied. Suppose that,
for any choice of t, p and a € A, the functions DQu(t, ), R(t,-,a), l(t, ) and
Fy(t, -, ) are continuous. Suppose that there exist C > 0 and N € N such that, for
all (¢, x), |DQu(t, X)), [1(t, x)| < C(1 + |x|N). Then the fundamental identity (5.92)
holds forany (t, x) € [0, T] x H, any generalized reference probability space . and
any a(-) € U!".

Proof Lemma5.50 ensures that, for any choice of ¢, 1 and a(-), we have, for m-a.e.
x € H,

T
u(t,x)—i—E/ Fo.cv (s,X(s),DQu(s,X(s)),a(s))

—Fy (s, X(s), Dous, X(s))) ds = J*(t, x: a()),
(5.108)

where X (s) := X(s; ¢, x,a(-)), for s € [t, T], is the mild solution of (5.78). Thus,
as we did in the proof of Lemma5.57, thanks to the non-degeneracy of m, for every
x € H we can find a sequence y, converging to x in H such that

T
M(t, )’n) + E/ FO,CV (Sv X(S1 tv Vns a('))s DQM(S, X(S, t9 Yn, Cl())), Cl(s))

—Fy (s, X(sit, ya,a(-)), Douls, X (s; 1, yn,a(-)))) ds = J"(t, yu; a(-)).
(5.109)

We need to show that, taking the limitn — oo, every term of (5.109) converges to the
respective term in (5.108). The convergence of J*(¢, y,; a(-)) and u(z, y,) follows
from their continuity in the x variable.

The terms inside the integral converge pointwise to the respective terms in (5.108)
P-a.s. and for almost any s thanks to (1.70) and the various continuity hypotheses.
The convergence of the integral thus follows from Lemma 1.51, the uniform moment
bounds from (1.69), the polynomial growth of | BQ u(t,-)|andl(z, -), the boundedness
of R and the bounds on the growth of b and Fj. (]

Using this result we find the counterparts of Theorem5.53, Corollary 5.54 and
Theorem 5.55 as follows.

Theorem 5.59 (Verification Theorem, Sufficient Condition) Let the assumptions of
Corollary 5.58 be satisfied. Choose (t, x) € [0, T] x H and denote by [i a general-
ized reference probability space. Let a*(-) € U,f' be such that, denoting by X*(-) the
corresponding state, we have

a*(s) € argmijle Fo.cv(s, X*(s), DQu(s, X*(s)),a) (5.110)
ae

for almost every s € [t, T and P-almost surely. Then the pair (a*(-), X*(-)) is opti-
mal at (t, x) for the weak formulation (and so in the fi-strong formulation) and
u(t,x) = V(t,x) = V/'(x) = I, x;a%().
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Proof The proof is identical to the proof of Theorem 4.197 if we use Corollary 5.58.
O

Corollary 5.60 Let the assumptions of Corollary 5.58 be satisfied. Choose (t, x) €
[0, T] x H. Assume, moreover, that on [t, T) x H the feedback map ® defined in
(5.102) admits a measurable selection ¢, : [t, T) x H — A. Then:

(i) The Closed Loop Equation

[ dX(9)=(AX () + bX () + O R(s, X(5), &1(s, X(5))) ds+dWo (),

X(@) = x,

(5.111)
has a weak mild solution (see Definition1.121) X, (-; t, x) in a suitable gener-
alized reference probability space Tu and it is unique in this space if (5.111) is
considered as an equation with the control process ay, (s) := ¢(s, X4, (s; 1, x)),
selt,T).

(ii) The pair (ay,(-), Xy, (-; t, x)) is optimal for the weak formulation (and a for-
tiori pi-optimal) at (t, x) and u(t, x) = Vi, x) = VIix) = Ji, x; ag (). If,
finally, ®(s, x) a singleton for any (s, x) € (t,T) x H, then ay, is the unique
n-optimal control.

Proof The proof is the same as that of Corollary 5.54 but we have to use Corol-
lary 5.58 instead of Lemma 5.50. O

Observe that, in the above corollary, if the uniqueness of solutions of (5.111) is
not guaranteed, the optimality of the pair (ag, (), X4, (+; £, x)) needs to be understood
in terms of the extended weak formulation introduced in Remark 2.6.

Theorem 5.61 Let the assumptions of Corollary 5.58 be satisfied.
Suppose also that:

(i) E=HandR(t,x,a) = a, hence Fy cy does not depend on t and x and it is
given by
Focv(p,a) = {(a, p) + ha(a).

(ii) hy: A — R is strictly convex and lower semicontinuous.
(iii) Fo(p) :=inf,cpn ({a, p) + ha(a)) is differentiable.

Then, for any t € [0, T] and x € H, there exists a generalized reference prob-
ability space i (where the elements of the filtration Zﬂ , are countably generated

up to sets of measure zero) and a control a*(-) € U which satisfies, together with
the corresponding trajectory X*(-) :== X (-; t, x, a*(-)), the relation

a*(s) = D, Fo(Dou(s, X*(s))), s elt, Tl
a*(-) is an optimal control for the weak formulation at (t, x) and the unique -

optimal c_ontrol at (t,x). For any t € [0, T] and x € H, u(t, x) equals the value
function V (¢, x).
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Proof The proof follows the same arguments as these used in the proof of Theo-
rem 5.55. In the very last step we use Corollary 5.60 instead of Theorem5.53. [

5.6 Examples

We show how the L2-theory we have developed so far can be used to treat some
specific optimal control problems.

5.6.1 Optimal Control of Delay Equations

Let us consider a simple controlled one-dimensional linear stochastic differential
equation with a delay r > O:

dy(s) = (Boy(s) + Biy(s —r) + a(s)) ds + cdWy(s),
y(#) = xo, (5.112)
vyt +6)=x,00), 0 €[-r0),

where o > 0, 3y, 1 € R are given constants; W, is a one-dimensional standard
Brownian motion defined on a complete probability space (2, ., P); and {.%! }SE[ . 7]
is the augmented filtration generated by W;. The control a(+) is an .#/-progressively
measurable process with values in the interval A = [0, R] for some R > 0. We
assume that x;(-) € L>(—r, 0).

As recalled in Sect.2.6.8, Eq. (5.112) can be rewritten as a linear evolution equa-
tion in the Hilbert space H = R x L? (—r, 0) of the following form:

dX(s) = (A1 X (s) + Bia(s))dt + GdWy(s),

X(t)Z(i?):z (i?)eH, (5.113)

where a(-) = a(-), A is a suitable generator of a Cyp-semigroupon H; B; : R — H

and G R — H are continuous operatorS B]w() = (8)0) and GU)() = (gwo)

(further details can be found in Sect.2.6.8). Finally, considering Q € L1 (H) =
2
LY(R x L*(—7,0)) defined as Q := (

g . .
0 0), we can rewrite the equation once

more obtaining

dX(s) = (AlX(s) + Ql/zéBla(s)) ds +dWy(s),
X(t) = (fl’) = (i‘l’) € H,

(5.114)

which is the form required by (5.78).



666 5 Mild Solutions in L? Spaces

Proposition 5.62 Assume that o # 0, that By < 1 and denote by vy a real number
in (0, ) such that v cothy = Jy. Assume that

Bo < =P < \/v2+—ﬁ§ (5.115)

Then Eq.(5.113) and (5.114) have a unique invariant measure m which is non-
degenerate.

Proof See Remark 10.2.6(i), Chap. 10 of [177]. ([l

Proposition 5.63 Consider the operator Dy := Q'?D defined on Cl! (H)cL?
(H, B, m). Then:

(i) Dy is not closable in L*(H, B, m).
(ii) Hypothesis 5.1 holds.

Proof Part (i) is proved in [299], Sect.7.2, pp. 15-16. The second statement can
easily be verified. ]

Thanks to Part (ii) of Proposition 5.63, the whole theory developed so far in this
chapter can be applied even if the operator D is not closable in the classical sense.

Remark 5.64 We considered a simple one-dimensional case of controlled stochas-
tic delay equations for simplicity of presentation. In fact, this framework can be
applied to more general cases like semilinear d-dimensional equations presented in
Sect.2.6.8. Conditions to guarantee the existence of a nontrivial invariant measure
for the multidimensional case can be found in Sect. 10.3 of [177] (see, in particular,
Theorem 10.2.5(i)). Using the same methodology, problems with cost functions f;
and gy depending also on the history of the state y can be treated as well. |

5.6.2 Control of Stochastic PDEs of First Order

The second example is an optimal control problem driven by a first-order stochastic
PDE similar to the one considered in Sect.2.6.7. This kind of equation is important
in financial modeling since it provides a description of the time evolution of forward
rates under the non-arbitrage assumption; we refer the reader to Sect.2.6.7 and [303].

Fix k > 0. The state space H we consider here is given by the following weighted
L? space of real-valued functions defined on [0, +00):

400
H:= [f: [0, +00) — R measurable : FA©e g < +OO] ’

0

In particular, if & = 0, H = L? (R). The inner product on H is given by
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+00

(fo9)y = | f(©)g©)e " d¢

and the induced norm will be denoted by | - | 4.
The following result can be easily proved.

Proposition 5.65 The semigroup S(t) defined as

SOfE = fe+8, £=0
is a Co-semigroup on H. Its generator is given by

A=4

[D(A):H;(o,oo) - {feLg : %eL%}
a

(where % denotes the distribution derivative of f here). Moreover,

ISONl oy < e ™.
We consider the following equation, studied for instance in [303],
dX () = (AX({t)+b(X () + Bhi(a(t)))dt + 1dWy(1), (5.116)

where W, is a one-dimensional Brownian motion; 7 € H N B, ([0, +00),R); B €
L(H)and hy: A — R; a(t) = a(t,-) € H is a control process and b is an operator
defined on H as follows

£ 1o, ¢
b)(©) = =) | o = SO P © [ o

In order to apply the L? theory we need to ensure the existence of an invariant
measure for the uncontrolled version of (5.116). This is the content of the following
lemma.

Lemma 5.66 If
ITllo + I7lg 7€ |0 < &,

then there exists a non-degenerate invariant measure m for
dX(t) = (AX (@) +b(X@)))dt + T7dWy(t).

Proof See Proposition 3.2 in [303]. (I

Observe that 7d Wy (¢) is of the form d W () prescribed by Hypothesis 5.1-(B)
if we consider, for instance, the operator Qx = 7 (7, x). In this case one can easily
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see that Hypothesis 5.1-(C) is satisfied as well. To verify Hypothesis5.42 we need
Bh(a(t)) to be of the form Q'/?R for some R satisfying Hypothesis 5.42-(i). This
is the case if we take B = Q% and h;: A — H some bounded Borel measurable
function. A needs to be specified, as in (5.77), as a closed ball of a real separable
Banach space.

Remark 5.67 The operator (Dg, C, (H))is notalways closablein L*(H, B, m) (see,
e.g., Paragraph 7.1, pp. 13—14 of [299]). |

5.6.3 Second-Order SPDEs in the Whole Space

The third example regards a stochastic controlled parabolic equation in the whole
space (see Sects.2.6.1 and 2.6.2 for stochastic controlled parabolic equations in
bounded domains). We consider the problem using a weighted L? space as the under-
lying Hilbert space. For simplicity we limit our observations to the one-dimensional
case.

We denote by H the weighted L>(R) space L? (R, p,.(€)dz), where the weight
pi(€) = e with k > 0.

The inner product and the norm in H are denoted by (-, -); and | - |, respectively.
Fix A > 0 and define A® = A — AI, where A: D(A)CL?> (R) — L? (R) is the
Laplacian with domain D(A), which is the Sobolev space H?(R). Let S (¢) denote
the Cy-semigroup on L? (R) generated by A . The semigroup S (¢) is self-adjoint
on L? (R) and

SO < e . (5.117)

Proposition 5.68 {S O, t > 0} can be uniquely extended to a Co-semigroup
{S®(1), 1 = 0} on H. Moreover,

1S 2oy < PIC L P} (5.118)

Proof See Proposition 9.4.1, p. 187 of [177]. [l

We denote by A™ the generator of {S™)(¢), 1 > 0}.
Consider the controlled equation

dX (1) = (AXW (1) + JR(X (1)) — Ja(1)) dt + JdW (1), (5.119)

where W is a standard cylindrical Wiener process on L? (R); J is the embedding
L? (R) — H and a(-) is a control process taking values in L? (R). Assume that the
Lipschitz continuous map R : L? (R) — L? (R) extends to a map H — H which
satisfies Hypothesis 5.42-(1).

The following equation is the uncontrolled counterpart of (5.119)

dX(1) = AWX(t)dt + JdW(1). (5.120)
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Proposition 5.69 For any k > 0 and A > 0 the solution of (5.120) is well defined
in H and it admits a non-degenerate invariant measure m.

Proof For the existence of the invariant measure, see Proposition 9.4.6, page 191 of
[177]. In [119], Sect. 4.3, it is proved that the invariant measure can be chosen to be
non-degenerate. 0

It can be shown that the transition semigroup for this process is not strongly Feller,
hence it violates the smoothing property required, for example, in Hypothesis 4.76.
Thus the theory of the HIB equations developed in Chap.4 does not apply in this
case. Nevertheless, we can study the problem using the results of this chapter.

Remark 5.70 We observe that the family of optimal controls described by the state
equation (5.78) needs to satisfy the structural condition described in Chap.2: the
image of the drift is always contained in the image of Q'/?. The same kind of
structure is also present in the state equation of the parabolic problem studied in
[225] and described in (2.104). In that case the same operator B acts on the drift and
on the diffusion but it is unbounded, so the theory described in this chapter cannot be
used. Still, such a similarity in the structure suggests that some further development
of the theory will probably be able to treat such a case. |

5.7 Results in Special Cases

In this section we present further results about existence and uniqueness of solutions
of HIB equations when a certain “commutative assumption” for the operators A and
Q is satisfied. We will indeed suppose (see Hypothesis 5.71-(D) for a more precise
statement) that there exists an orthonormal basis of H made of eigenvectors of both
A and Q.

The problem was studied in [3, 4, 123, 125] in this case. In this section we recall
some results, mainly from [4, 123]. We omit the proofs. An element of interest of
the approaches developed in [4, 125] is the use of variational solutions of the HIB
equations. In this kind of approach the solution is defined via the duality pairing
of the candidate solution with regular functions. Since the duality is obtained by
extending an L? inner product on H, the use of this scheme is strictly linked to the
identification of a reference measure on H.

5.7.1 Parabolic H]JB Equations

We consider the following set of assumptions (similar to Hypothesis5.1).

Hypothesis 5.71 (A) A is the generator of a strongly continuous semigroup
{e’ At> O} on a real separable Hilbert space H and there exist constants
M > 1 and w > 0 such that
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e < Me™",  vr=o.

(B) Qe LY(H), T > 0and yi := (sz#, FrAZ

" L B _
u,s}se[o_ﬂ P, WQ) is a general

ized reference probability space.
(C) e Qe e £1(H) forall s > 0. Moreover, for all # > 0,

t
/ Tr [eSAQesA*]ds < +o0,
0

so the symmetric positive operator

t
Q,:H — H, 0, ::/ A Qe ds,
0

is of trace class for every ¢ > 0.
(D) There exists an orthonormal basis {e], e;, ...} of H made of elements of D(A)

such that
+00

Ax = —ay (e x)en, x € D(A),

n=I1

for some eigenvalues 0 < o < ap < 3 ... and

+00
Qx = qulenx)e, xeH,

i=n
for a sequence of nonnegative eigenvalues g,,.

If Hypothesis 5.71 holds, the existence of an invariant measure m associated with
the following Ornstein—Uhlenbeck process

dX(s) = AX(s)ds +dWy(s), 0<s<T,
(5.121)
X0)=xeH

is proved, for example, in [180], Theorem 11.30, page 325. Observe that, differently
from what we did in previous sections, here the reference measure is the invariant
measure of the homogeneous Cauchy problem (which coincides with that of previous
sections if b = 0 in (5.3)). For any ¢ € C,(H), the notation® P,[¢](x) will be used

Tn Chap. 4 and in Appendix B, when the transition semigroup reduces to the Ornstein—Uhlenbeck
case, the notation R; is used. In this section, and in the proof of Theorem 5.41, we keep the notation
Py even for the Ornstein—Uhlenbeck case because the semigroup plays exactly the same role, from
the perspective of the L? approach to the HIB equation, as the semigroup P, in Sect.5.3 and,
differently from Chap.4 and Appendix B, the two semigroups never appear at the same time, so
there is no possibility of confusion.
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to denote the transition semigroup P, for (5.121):

Pi[9](x) = Eg(X (2, x)).

Denoting by B the completion of the Borel o-field B(H) with respect to m, P,
extends to a strongly continuous semigroup of contractions on L>(H, B, m) with the
generator

A: D(A)CL*(H, B, m) — L*(H, B, m)

A: o— Ag,

whose explicit expression on regular functions is

Ap(x) = % Tr [QD*¢] + (Ax, Do) . (5.122)

When Hypothesis5.71, and in particular its part (D), is satisfied, Remark5.12
ensures that the operator Dy introduced in Definition5.11 is closable so that the
closability problem we mentioned in Sect.5.2.4 is no longer an issue. Therefore we
work here with more conventional Sobolev spaces. We introduce them now together
with some notations that will be useful in the variational approach to the solution
of the HJB equation described below. Denote by H the space L>(H, B, m), by V
the Sobolev space W'2(H, m) made of all functions f of L>(H, B, m) such that
Df € L*(H, B, m), and by V* its dual. Identifying { with its dual, one gets the
following Gelfand triple

V CHCV.

Given T > 0 we introduce
2 d 2 *
Wr:=1{f: feL*0,T;V), EfeL 0. 7:V1.

It follows, for instance, from Theorem 1.2.15 of [5] that Wy CC([0, T], H). In
particular, given f € Wy, f(T) is a well-defined element of H and thus an m-a.e.
defined function from H to R. We will use this fact in the following, in particular in
the statements of Theorems5.78 and 5.79.

Lemma 5.72 Let Hypothesis5.71 be ~satisﬁed. The operator A: D(A)CH — H
extends uniquely to a linear operator A € L(V, V*) such that, for any ¢, €V,

<A¢’ 7’/}><v*,v> - <¢’ th/)><v,w> - %/H <\/§D¢’ @Dd})H dm(x).

Finally, A satisfies the following coercivity estimate: there exist a,, § > 0 such that,
forany ¢ €V,
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—(Ao.6) = alol - Bioh 5.123
(A6.9) ., = alsl — BIof, (5.123)

and (5.123) holds in particular if one considers o = 1/2 and 3 = 1/2.
Proof See [3], Lemma 4.2, p. 111. For the last statement, see [4], p. 503. U

Given a measurable map G: V — V*, a function f € L*(0, T; V*) and geH
we consider the equation

[u,—i—Au-i-G(M)‘f‘f(tvx):O’ (5.124)

u(T,x) = g(x).

Definition 5.73 A function u € Wr is a solution of (5.124) in the variational sense,
if forany 1) € V and any ¢ € [0, T],

T, T
wo v =g+ [ Auw.w) | ds [ (GG b, ds

v

T
+/ (£(5), ©) .y ds. (5.125)

Theorem 5.74 Assume that Hypothesis5.71 is satisfied. Assume that G : V — V*
and there exists a positive constant K < « (where « is the constant from (5.123))
such that:

(G1) 1GOly = K(1+[Elv) forall § €V,
(G2) 1G©) — Gy = K|E—nly forall §,n € V.

Then, for every g € H and f € L*(0, T; V*) the evolution equation (5.124) has a
unique solution in Wr in the sense of Definition 5.73.

Proof See Theorem 5.2 in [3]. O

One can remove the restriction K < « assuming a stronger regularity of the func-
tion G.

Theorem 5.75 Assume that Hypothesis5.71 is satisfied. Assume that G :V — H
and there exists a positive constant K such that:

(G1) 1G(Oln = KA+ [€ly) forall§ €V,
(G2) 1G(&) =Gn = KIE=nly forall§,n e V.

Then, for every g € H and f € L*(0, T; V*) the evolution equation (5.124) has a
unique solution in Wr in the sense of Definition 5.73.

Proof See Theorem 5.3 in [3]. O
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5.7.2 Applications to Finite Horizon Optimal Control
Problems

Let Hypothesis 5.71 be satisfied. We denote by A the closed ball B,(0) of radius o
in H. Given some generalized reference probability space u := (QH, F",

{'%lvs}se[o,r] , PH, Wg) we consider the class of admissible controls given by

Uy = {a(~): [0,T1— A : a(-) is #,, — progressively measurable}. (5.126)

We consider the optimal control problem, in the weak formulation, characterized
by the state equation

dX(s) = (AX(s) +b(X(s)) + B(X(s))a(s))ds + dWS(s), 0<s<T
X0)=x, xe€H,
(5.127)

and the target functional

T
JH(x;a()) =B (/0 Lf(s, X(5:0,x,a(-))) + h(a(s))lds + g(X(T; Oax,a(~)))] .

(5.128)

The hypotheses on the functions b: H — H, B: H — L(H), f, h and g are spec-
ified below.

Since we are interested in the weak formulation of the problem, we let the gener-

alized reference probability space y vary and we consider the set of controls given by

Uy = JUj. (5.129)
w

where Z/{(’)" is defined in (5.126). The value function of the problem is

Vo(x) = inf J*(x;a()). (5.130)
a(-)ely

The corresponding HIB equation is

v, + Av + (b(x), Dv) + F(x, Dv) + f(¢t,x) =0,

(5.131)

v(T,x) =g(x), x € H,

where the Hamiltonian F' is given by
F(x, p) = inf {{B(x)a, p) + h(a)}. (5.132)

If we introduce
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G(v)(x) := (b(x), Dv(x)) + F(x, Dv(x)),

equation (5.131) can be rewritten in the form (5.124),

(5.133)

[vt—i-.Av—i—G(v)—i—f(t,x) =0,
(T, x) =g(x)

and Theorems 5.74 and 5.75 can be applied. One gets the following propositions, as
corollaries.

Proposition 5.76 Assume that Hypothesis5.71 is satisfied. Suppose that b and
x— B(x)a, for any a € A, are Borel measurable maps from H to H, have images
in / Q(H) and there exist two positive constants ky and k, such that

1Q72b W < k(1 +Ix])  forallx € H (5134

and
I1B*(x)Q ™| ey < ko(1+ |x])  forallx € H, (5.135)

where Q™12 denotes the pseudoinverse of Q'/?. Moreover, assume thath : A — R
is measurable and bounded. Then, for any g € H and f € L*(0, T; V*), (5.133) has
a unique solution v € Wr, provided that k| and k, are sufficiently small.

Proof See Corollary 4.3 in [4]. O
One can remove the restrictions on k| and k; if the regularity of b and B is stronger.

Proposition 5.77 Assume that Hypothesis5.71 is satisfied. Suppose that b and
x— B(x)a, for any a € A, are Borel measurable maps from H to H, have images

in /O(H), and that

sup |Q™'2b(x)| < +00 (5.136)
xeH
and
sup | B*(x) 0~ "2l ccmy < +o0, (5.137)
xeH

where Q™12 denotes the pseudoinverse of Q'/?. Moreover, assume thath : A — R
is measurable and bounded. Then, for any g € H and f € L*(0, T; V*), (5.133) has
a unique solution v € Wr.

Proof See Corollary 4.4 in [4]. O

We now state two results that ensure the existence of an optimal control and
characterize the value function as the unique variational solution of the HIB equation.

Theorem 5.78 Assume that the hypotheses of Proposition 5.76 are satisfied. More-
over, assume that:
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(i) feL*0,T;V.
(ii) b: H— Hand B: H — L(H) are Lipschitz-continuous.
(iii) h : A — R is lower semicontinuous.

Then, for each initial datum x € H, there exists an optimal control for the optimal
control problem (5.127)—(5.129). Moreover, if v e WrCC([0, T1, H) is the unique
solution of (5.133) and V y is the value function defined in (5.130), we have v(0, x) =
Vo(x)for m-a.e. x € H.

Proof See Theorem 5.4 in [4]. O

Theorem 5.79 Assume that the hypotheses of Proposition 5.77 are satisfied. More-
over, assume that:

(i) feL*0,T;H).
(ii) b: H— H and B: H — L(H) are Lipschitz-continuous.
(iii) h : A — R is lower semicontinuous.

Then, for each initial datum x € H, there exists an optimal control for the optimal
control problem (5.127)—(5.129) and the unique solution of (5.133) is given by the
value function defined in (5.130). Moreover, if v € Wy CC([0, T1, H) is the unique
solution of (5.133) and V  the value function defined in (5.130), we have v(0, x) =
Vo(x)for m-a.e. x € H.

Proof See Theorem 5.2 in [4]. O

Remark 5.80 We can compare the results and the assumptions of this last section
with those obtained in the previous parts of the chapter. We observe that:

(i) In this section, differently from Sects.5.2-5.4, the “commutative” Hypothe-
sis5.71-(D) is needed.

(i) The Gateaux differentiability of b, which was demanded in part (D) of Hypoth-
esis 5.1 and then required in Sects.5.2-5.4, is not needed here.

(iii) In the formulation of the state equation (5.78) we find Q'/? in front of the
coefficient B. Even if in this respect the state equation (5.127) seems more
general, the situation is not much different since Hypotheses (5.134)—(5.135)
or (5.136)—(5.137) are needed.

(iv) While in Sect.5.2 we consider the invariant measure m related to the non-
homogeneous Cauchy problem (5.3) (see Hypothesis 5.4), here m represents
the invariant measure associated with the homogeneous stochastic equation
(5.121). Still, as discussed after Theorem 5.41, in Sect. 5.4 the mild solution of
the HIB equation can be characterized as a strong solution only if » = 0 and the
properties of strong solutions are needed (see Sect.5.5) to identify the solution
of the HJB equation and the value function of the optimal control problem.

(v) Theresults in Sects. 5.2-5.4 refer to the case where the operator D can be non-
closable. Conversely, as observed in Remark 5.12, Hypothesis 5.71, in particular
Hypothesis 5.71-(D), implies the closability of the operator D,,.
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5.7.3 Elliptic HJB Equations

In this section we present some results regarding the use of L? theory for the elliptic
equation (5.2). They are mainly taken from [125] which, to the best of our knowledge,
is the only article where an L?-approach for HIB equations arising from optimal
control problems with infinite horizon is developed. A variational solution of the HIB
equation, different from the one given in Definition5.73, is used. The identification
of the solution with the value function is not provided.

We introduce the following set of assumptions.

Hypothesis 5.81 (A) A is the generator of a strongly continuous semigroup
{e’A, t > O} on a real separable Hilbert space H and there exist constants
M > 1 and w > 0 such that

e < Me™", vt =o.

Moreover, A is self-adjoint and A~' € L(H).

(B) Q € LT(H)and Tr[A~' Q] < +o0.

(C) Thereexists areflexive Banach space V with D(A)CV C H having the following
property: A extends to a continuous operator A: V — V* (where V* is the dual

of V).

D) p:= (2, ZAF)sc0.100) - P Wp) is a generalized reference probability
space.

(E) There exists an orthonormal basis {e, e;, ...} of H made of elements of D(A)
such that

+00

Ax = Z—an (en, x) en, x € D(A)

n=I1

for some eigenvalues 0 < o) < ap < «3... and

+00
Qx = gulenx)e,, x€H,

i=n
for a sequence of nonnegative eigenvalues ¢,,.

We consider the following SDE

dX(s) = AX(s)ds +dWy(s), s >0,
(5.138)
X(0)=xeH

and denote by X (-; x) its mild solution at time ¢ (the existence and the uniqueness
of the solution are provided, for instance, by Theorem 1.147).
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Proposition 5.82 Suppose that Hypothesis5.81 is satisfied. Then there exists a
unique invariant measure m for (5.138). The measure m is a centered Gaussian
measure supported in V with covariance operator T" := —%A’l 0.

Proof See Theorem 6.2.1, p. 97 of [177]. ]

We denote by B the completion of the Borel o-field B(H) with respect to m
and by H the Hilbert space L*(H, B, m). We also denote by P;, t > 0, the transition
semigroup (indeed the Ornstein—Uhlenbeck semigroup) associated to (5.138). For
any ¢ € C,(H) itis given by

Pi[o](x) = Eo(X (1, x)).

Proposition 5.83 Suppose that Hypothesis5.81 is satisfied. Then P, extends to
a strongly continuous semigroup of contractions on L?*(H, B, m). Its generator
A: D(A)CL*(H, B,m) — L*(H, B, m) is self-adjoint.

Proof The first part of the proposition is a particular case of Proposition 5.9. The last
claim is part of Lemma 2.4 of [125]. O

Notation 5.84 Denote by Z the set of all sequences £ = (€1, €5, ...) € NY such that
£; = 0, except for a finite number of indices. |

Definition 5.85 Let {e,} be the orthonormal basis of H introduced in Hypothe-
sis5.81-(E). For j =0,1,2..., denote by &; the standard j-th one-dimensional
Hermite polynomials

1y e (eF)
JalCdg

hi(€) = ¢eR.

Given £ € 7 we define

Ki(x) = Hhei ((x F_l/ze,-)H), x € H,
ieN

the Hermite polynomial on H of index £.

Proposition 5.86 Suppose that Hypothesis 5.81 is satisfied. The set of the Hermite
polynomials K, is an orthonormal basis in L*(H, B, m). Moreover, for any £ € T,
K, € D(A) and

A(Ky) = MKy,

where Ay := — >, L« (it is a finite sum), and the o; are from Hypothesis 5.81-(E).

Proof See Theorem 9.1.5, p. 191 of [179] and Lemma 2.2 of [125]. O
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Definition 5.87 We define the following function spaces:

(i) The Gauss—Sobolev space of order k,for k =1, 2, .. ., is the space H; defined
by

172
Hy={peH : (Z(l — A (o, Ke>%1) = (I — A"?¢lp < +oo

el

(observe that the expression is well defined since all o; and ¢; are nonnegative
and then A, < 0).

(ii) We denote by H; the dual of Hj.

(iii) Given the weight p, (x) := (l + |x|2)n for x € H, we denote by H , the space

Ho, = [feH : /H F2(x) pa(x)dm(x)

endowed with the usual L?-weighted Hilbert space structure.
(iv) Givenk=1,2,...andn =0, 1, ..., we denote by H;_, the space

Hk,n = Hk N Ho,n»
and by H} , its dual.
Observe that, for any ¢ € D(A), we have

DAL (B, Ko)iy = D (Ad, KoYy = |ASl5 < +00

el el

so one can easily see that D(A) C H;. A can be extended to the whole space H, as
is shown in the next lemma.

Lemma 5.88 Suppose that Hypothesis 5.81 is satisfied. Then A extends to a contin-
uous linear operator from 'H; to 'H.

Proof See Lemma 2.4 of [125]. O

Hypothesis 5.89 (i) A is a Polish space.
(ii) R: V x A — H is Borel measurable and such that, for some n > 0 and Ry >
09
|R(x,a)| < Ro(1 + [x[)"?* forall (x,a) € V x A.

We denote by R: V x A — Q'/?(H) the function R := Q%Ié.
(iii) A\: H — R™ is Borel measurable and there exist two real constants \g, A\; > 0

such that

Mo(1+ [x])" < Ax) < M1+ |x]>)"  forallx € H.
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(iv) I: V x A — R is Borel measurable and there exists a ¢y > 0 such that
[(x,a)| < co(l + [x|»)"?  forall (x,a) € V x A.
We are interested in studying the HIB equation
AX)I —Av—F() =0, (5.139)

where
F)(x) := ;rg\ {{R(x,a), Dv(x))+1(x,a)}.

Remark 5.90 The HJB equation (5.139) is associated with the optimal control prob-
lem characterized by:

(i) The state equation

dX(s) = (AX(s) + R(X(s),a(s)))ds +dWy(s), s >0,
X0)=x, xeH.

(i) The cost functional

oo
/ els SAXOMs (X (1) a(t))dt.

0

(iii) The set of admissible controls
Uy = {a(-): [0, 400) = A : a(-) is F-progressively measurable} .
|

In order to define and study the solution of (5.139) we introduce the nonlinear
operator

M) = (Ax)] — A)v— F()

which, thanks to Lemma 5.88, can be defined forany v € H; ,. We have the following
regularity result for .Z.

Lemma 5.91 Under Hypotheses5.81 and 5.89 the operator .# is locally bounded
and Lipschitz continuous from Hy , to 'HY .. Moreover, if Ao > Rg /2, then there exists
a 0 > 0 such that, for any f, g € Hi

(M) = MG, [ = 9)rs 10,,) = O — gl -

Proof See Lemmas 4.1 and 4.2 of [125].
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Definition 5.92 The function v € H; , is a solution of (5.139) if

(M), f) i 70,y =0

forany f € Hj,.

Theorem 5.93 If Hypotheses5.81 and 5.89 are satisfied and \g > R(%/Z then
Eq.(5.139) has a unique solution v in the sense of the Definition 5.92. Moreover,
S Hz’n.

Proof See Theorem 4.3 of [125]. [l

5.8 Bibliographical Notes

In this chapter we focused our attention on HIB equations in L? spaces with respect
to the invariant measure of an SDE with addictive noise and globally Lipschitz
continuous drift independent of time. A number of existence results for various
abstract classes of SDEs of this form can be found in the literature, for instance:
for linear systems in [164, 354, 355], Sect.6.2 of [177] and Sect. 11.5 of [180]; for
the dissipative case in [164, 174, 426, 427, 533], Sects.6.3 and 6.4 of [177] and
Sect. 11.6 of [180]; for the case of a compact semigroup in [56, 164] and Sect. 11.7
of [180]; for equations with additive noise and weakly continuous drift in [120].7

Some approximation lemmas are presented in Sect.5.2.2. Lemma 5.6 is a standard
approximation result for uniformly continuous functions. Observe that in fact we do
no need the approximating sequence to be in £4(H), a weaker regularity would
be enough for our purposes. The technique of mollification over finite-dimensional
subspaces used to prove the pointwise convergences of Lemma 5.8 is well known
(see e.g. Lemma 1.2, page 164 of [486] or [410]); we also use this kind of approach
in the proof of LemmaB.78. The approximation result of Lemma5.7 (especially its
part (iii)) is ad hoc for the approximation of HJB equations in L? spaces. Even if we
are not able to quote directly a specific published result, the proof uses completely
standard arguments. Observe that the claim holds for any L? space on H w.r.t. any
bounded measure, so the fact that we are working with an invariant measure of
(5.8) plays no role. Obviously this specific measure is essential in Proposition 5.9.
The claim of Proposition 5.9 is proved for the Ornstein—Uhlenbeck case (the proof is
exactly the same), together with some characterization of the domain of the generator
(the operator .4 defined at the beginning of Sect.5.2.3), in [148, 149, 176], see also
[121, 122, 152, 153, 184, 270, 297], Chap.7 of [294] and Chap. 10 of [179]. We
also mention, respectively, [417, 446] and [ 19] for the finite-dimensional and Banach
space cases.

Lemma5.37 provides a way to approximate elements of D(A) even when its
explicit characterization is missing. The space F Cé’A* (H) is used because we can

TFor uniqueness results the reader is referred to the review [443] and the references there.
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explicitly compute the operator A in it (as well as other operators that will be defined
later) and it is dense in L?(H, B, m). Other possible choices can be found in the
literature, for example in Chap. 9 of [179] or in Chap. 8 of [153], the authors use, for
the Gaussian case, a space of exponential functions. Using F Cé’A* (H) is consistent
with other similar approximations employed in the book, in particular in Chap. 4, see
e.g. Hypotheses4.133 and 4.141.

In Definition5.11 we introduce a notion of Sobolev space for the case when the
derivative operator Q'/? D is non-closable. Sobolev spaces in infinite dimension with
respect to Gaussian measures are studied, for example, in [153, 484], Chap. 10 and
[179], Chaps.9 and 10. Sobolev spaces with respect to Gibbs measures are studied
in [150, 151, 171, 172], Chap. 11 of [153] and Chap. 12 of [179]. In all of these
cases the derivative operator is closable. Regarding the non-closable case needed
here (see, in particular, Sect.5.2.4) there is much less in the literature, the readers
may consult [298, 299]. The closability of D is related to the closability of the
associated Dirichlet form, see [270, 509] for more on this and [422] for a general
introduction to Dirichlet forms.

For some comments about the results of Lemma 5.14 and a discussion of the related
literature, the readers may check the proof of Proposition4.61 and Remark4.62.
The proofs of Lemmas5.15 and 5.17 are standard but we could not find precise
references. Results similar to Lemma 5.18 are often used in the literature as a step to
prove Bismut—Elworthy—Li formulae, see for instance [486, 582] or [180], Sect. 9.4
(original results for the finite-dimensional case are, for example, in [60, 216]). In its
proof, which expands the ideas contained in Step 1 of the proof of Proposition 2.4 of
[298], the claim of Lemma 6.11 of [582], originally proved there for b € UC,f (H, H)
and ¢ € UC}(H), is extended. Results similar to Proposition 5.20 are given in [179]
(they follow as corollaries of the proofs of Propositions 10.5.2 and 11.2.17) or in
[184] (see p.241); we follow here the arguments of [298]. More details and references
about the claims of Remarks 5.21 are given in Sect.4.3.1.3 and in the bibliographical
notes of Chap. 4.

Sections 5.3 and 5.4 contain the main results of the chapter. We generalize the
theorems contained in [298] to take into account Hamiltonians dependent on x € H
andt € [0, T]. In [298] only Hamiltonians of the form Fy(Dou) were studied. Apart
from this the setting is the same, beginning with Definition 5.28 of a mild solution.
The main arguments used to prove the key result of Sect.5.3, i.e. Theorem 5.35, are
the same as those used in the proof of Theorem 3.7 of [298]. The proofs of Theorems
5.40 and 5.41 follow the lines of the proof of Proposition 4.3 of [298]. The literature
on solutions of HIB equations in L? spaces is not very extensive and this chapter
contains most of the published results (in Sects. 5.3, 5.4 and then in Sect.5.7), so we
cannot present a long genealogy of the results. However, many ideas and techniques
have been used before to study HIB equations in spaces of regular functions discussed
in Chap.4. Thus we refer the reader to Sects. 4.4 and 4.5 and to the bibliographical
notes of Chap. 4 for more.

The structure of Sect. 5.5 follows the structure of Sect. 4.8, starting from the proof
of the fundamental identity (Lemma5.50) and its use to obtain a verification the-
orem and optimal feedbacks (Theorem 5.53, Corollary 5.54, Theorem 5.55); the
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counterparts in Sect. 4.8 are Lemma4.196, Theorem4.197, Corollary 4.198 and The-
orem4.201. We refer the reader to the bibliographical notes of Chap. 4 for references
on the subject. Compared to [298], the generalization of the Hamiltonian studied in
Sects.5.3 and 5.4 allows us to consider in Sect.5.5 a more general optimal control
problem, where the function R appearing in (5.78) also depends on s and X (s) in
addition to a(s). Lemmas 5.46 and 5.49 are similar to results in [298], other proofs
of the section are new. Proposition 5.44 is a standard existence and uniqueness result
for solutions of stochastic evolution equations in Hilbert spaces, see the references
mentioned in Chap. 1. Lemma5.46 is a corollary of Girsanov’s Theorem, the reader
is referred, for example, to [44, 180, 382, 383, 448, 483, 580] for more on its
Hilbert space formulations and various consequences. Because of the L? context,
the result of Lemma5.50 holds only m-almost everywhere. This is the main rea-
son for introducing additional hypotheses (namely the boundedness of A used in
Lemma5.51 and the continuity of J#(z, x; -)) that we need in the proofs of Theo-
rems 5.53 and 5.55. The formulations of the results of Sect.5.5.5 are new even if the
use of the non-degeneracy hypothesis, together with some continuity assumptions,
was already suggested in Remark 3.10 of [298].

In Sect. 5.6 we show how some of the examples from Sect. 2.6 can be treated using
the approach introduced in this chapter. We focus in particular on the existence of
a (possibly non-degenerate) invariant measure, which is the key assumption needed
here. For material on invariant measures for stochastic delay differential equations,
besides Chap. 10 of [177, 299] which were already mentioned in Sect.5.6.1, we
refer the reader to [56, 338, 562]; for first-order stochastic equations, especially
those connected to financial problems, results can be found in [299, 303, 430, 522,
553, 565] and Chap. 20 of [487].

The material of Sect.5.7 essentially comes from [3, 4, 125]. More precisely, the
results described in Sect.5.7.1 (in particular Theorems 5.74 and 5.75) are proved in
[3] (the two mentioned theorems correspond to Theorems 5.2 and 5.3 of [3]) while
the content of Sect.5.7.2 comes from [4]. Theorems 5.78 and 5.79 are Theorems 5.4
and 5.2, respectively, in [4]. Section 5.7.3 is based on the results obtained in [125] and
the main theorem (Theorem 5.93) is Theorem 4.3 of [125]. In [123] the author uses
a similar technique to deal with the Kolmogorov equation while in [125], Sect. 3, the
authors study the related unbounded case. Even if we use in various parts of the book
the variational solution of the state equation, this is the only section where we use the
notion of a variational solution of the HIB equation (see Definitions 5.73 and 5.92).
Indeed, it naturally needs some reference measure on the Hilbert state space and it
is then linked to the study of HJB equations in the L? space. As far as we know, the
above mentioned papers are the only ones that use this kind of notion of solution in
the context of optimal control but, in the same spirit, a characterization of the value
function for optimal stopping time problems, in terms of variational inequalities, is
given in [38, 116], see also [125, 581, 583].

We also mention the recent paper [574] where the L? theory for HIB equations in
Hilbert spaces, employing the ideas discussed in Sects.5.1-5.5, is used to study an
infinite horizon optimal control problem with boundary noise and boundary control.
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The key prerequisite for the approach developed in this chapter is clearly the the-
ory of invariant measures for infinite-dimensional PDEs. The results we use in this
chapter concern invariant measures for SDEs with addictive noise, but the existing
generalizations can be employed to develop applications to optimal control theory
for other classes of stochastic partial differential equations in the spirit of the the-
ory described here. In particular, the existence results for invariant measures for
SPDEs with multiplicative noise (see, e.g., [218], Chap. 6 and Sect. 11.2 of [177] and
Sect. 11.4 of [180]) and extensions to stochastic Burgers, Euler and Navier—Stokes
equations (e.g. [7, 59, 81, 82, 159, 161, 253, 256, 336, 337, 389, 390, 515, 570,
571] and Chaps. 14 and 15 of [177]), stochastic reaction-diffusion equations (see
for instance [109, 110]), stochastic porous media equations (as in [32, 169]) and
stochastic nonlinear damped wave equations [31] can be a starting point in the study
of optimal control problems driven by such state equations.

Results about invariant measures for transition semigroups for stochastic evolution
equations in Banach spaces (such as those contained in [83, 292]) can be exploited to
extend the techniques presented in this chapter to the Banach space case. Similarly
the studies of SPDEs in domains/half-spaces and related invariant measures (see,
e.g., [19, 165, 166, 494, 495, 497, 498, 546]) can be used as a first step to try to
apply the methods to problems with state constraints. Another possible extension of
the results presented here is the case of locally Lipschitz continuous Hamiltonians,
following the results and the techniques introduced in [105, 307, 438].
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