Chapter 1
Preliminaries on Stochastic Calculus
in Infinite Dimension

1.1 Basic Probability

We recall some basic notions of measure theory and give a short introduction to
random variables and the theory of the Bochner integral.

1.1.1 Probability Spaces, o-Fields

Definition 1.1 (7w-system, o-field) Consider a set 2 and denote by P(£2) the power
set of Q2.

(1) A non-empty class of subsets of Q, .% C P(R), is called a w-system if it is
closed under finite intersections.
(i1) A class of subsets of 2, . # C P(RQ), is called a o-field in Q if Q € ¥ and F
is closed under complements and countable unions.
(iii) A class of subsets of @, .# C P (), is called a A-system if:

e Qc ¥,
eifA,Be .7, AC B, then B\ A € .7,
oifA; e #,i=1,2,..,A; 1 A, then A € &.

If 4 and .F are two o-fields in Q and ¢ C .7, we say that ¢ is a sub-o-field of
% . Given a class € C P(L2), the smallest o-field containing % is called the o-field
generated by €. 1t is denoted by o(%). A o-field .% in Q is said to be countably
generated if there exists a countable class of subsets 4 C P(2) suchthato (%) = Z.

If%¢ Cc P(R) and A C Q2 we define N A:={BNA:B e %}. Wedenote by
o4(€ N A) the o-field of subsets of A generated by & N A. It is easy to see that
o4(€ NA) =o(€) N A (see, for instance, [18], p. 5).
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2 1 Preliminaries on Stochastic Calculus in Infinite Dimension

For A C @ we denote its complement by A° := Q\ A, and for A, B C 2 we
denote their symmetric difference by AAB := (A\ B) U (B \ A). We will write

R+ = [0, +00), R " = [0, +00) U {+00}, R = R U {£o0}.

Theorem 1.2 Let & be a w-system and % be a \-system in some set Q, such that
9 C.F. . Theno(9) C Z.

Proof See [370], Theorem 1.1, p. 2. |

Corollary 1.3 Let & be a w-system and .F be the smallest family of subsets of Q
such that:

e Y C.Z;
e ifA € .7 then A € F;
° ifAie,ﬁz,AiﬂAj=@f0ri,j=1,2,...,i;éj,thenU?ilAieﬁ.

Then o(9) = %.

Proof Since o(¥¢) satisfies the three conditions for .%, we obviously have .% C
o(%). For the opposite inclusion it remains to observe that .% is a A-system. (For a
self-contained proof, see also [180], Proposition 1.4, p. 17.) O

Definition 1.4 (Measurable space) If Q is a set and .% is a o-field in €2, the pair
(2, F) is called a measurable space.

Definition 1.5 (Probability measure, probability space) Consider a measurable
space (2, .%). Afunction s : # — [0, +00) U {+o0}iscalled ameasureon (2, F)
if u(¥) =0, and whenever A; € #, A;NA; =0 fori,j=1,2,..,i # j, then

u(U A,») =D (A
i=1 i=l1

The triplet (2, .7, u) is called a measure space. If () < 400 we say that i is a
bounded measure. If Q = Uflo:1 A,,where A, € F#, u(A,) < +oo,n=1,2,...,we
say that p is a o-finite measure. If ©(2) = 1 we say that p is a probability measure.
We will use the symbol P to denote probability measures. The triplet (2, %, P) is
called a probability space.

Thus a probability measure is a o-additive function P : % — [0, 1] such that
P(Q) =1.

Given ameasure space (2, .%, i), wedefine N :={F C Q : 3G € .Z, F C G,
1(G) = 0}. The elements of A\ are called p-null sets. If N' C .%, the measure space
(2, F, p)issaid tobe complete. The o-field F = o(F, N)iscalled the completion
of F (withrespectto p). Itiseasy toseethato(#,N) ={AUB: A e€.%,B e N}.
If 4 C % is another o-field then o (4, N) is called the augmentation of ¢4 by the
null sets of .%. The augmentation of ¢ may be different from its completion, as the
latter is just the augmentation of ¢ by the subsets of the sets of measure zero in 4.
We also have 0(4,N) ={A C Q: AAB € N for some B € ¥}.
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Let i, v be two measures on a measurable space (2,.%). We say that p is
absolutely continuous with respect to v (we write u << v) if for every A € .# such
that v(A) = 0 we have u(A) = 0. If p << v and v << p, we say that the measures
w and v are equivalent (we write p ~ v). If there exists a set A € % such that for
every B € .7 we have u(B) = (A N B), we say that p is concentrated on the set
A. If p and v are concentrated on disjoint sets we say that p and v are (mutually)
singular and we write ;1 1 v.

Lemma 1.6 Let 1, pp be two bounded measures on a measurable space (2, F),
and let G be a m-system in Q such that Q € 4 and 0(4) = F. Then 11, = uy if and
only if p1(A) = ua(A) forevery A € 9.

Proof See [370], Lemma 1.17, p. 9. O

Let @, € T be a family of sets. We will denote the Cartesian product of the
family @, by X,c7 ;. If 7 is finite (7 = {1, ..., n}) or countable (7 = N), we will
also write ) x ... x €2, respectively 2| x @, x .... If each , is a topological
space, we endow X7 2, with the product topology. If each 2, has a o-field .%;, we
define the product o-field ®,e1.%; in X7, as the o-field generated by the one-
dimensional cylinder sets A; x (XS#QX).If T ={1, ..., n} (respectively, 7 = N) we
will just write ®;c7F, = F1 ® ... ® F, (respectively, Qe = F1 Q Fr ® ...).

If S is a topological space, the o-field generated by the open sets of S is called
the Borel o-field. It will be denoted by B(S). If S is a metric space, unless stated
otherwise, its default o-field will always be B(S). It is not difficult to see that if
S1, Sy, ... are separable metric spaces, then

B(Sl X Sz X ) = B(Sl) ® B(SZ) ® ....

If (S, p) is a metric space, A C §, and we consider (A, p) as a metric space, then
B(A) = AN B(S). A complete separable metric space is called a Polish space. Also
BR ") = o(BR™), (+00}), BR) = 0(B(R), {—00}, {+00)).

A measurable space (2, %) is called countably determined (or % is called count-
ably determined) if there is a countable set %, C .% such that any two probability
measures on (€2, .%) that agree on .%, must be the same. It follows from Lemma 1.6
that if .% is countably generated then .% is countably determined. If S is a Polish
space then B(S) is countably generated.

If (2, %, i), i = 1, ..., n, are measure spaces, their product measure on (2; x

WX, F1®...Q F,) isdenoted by ) ® ... @ .
If S is a metric space, a bounded measure ;2 on (S, B(S)) is called regular if

w(A) = sup{u(C) : C C A, C closed} = inf{u(U) : A C U, U open} VA € B(S).

Every bounded measure on (S, 5(S)) is regular (see [478], Chap.II, Theorem 1.2).
A bounded measure p on (S, B(S)) is called fight if for every € > 0 there exists
a compact set K. C § such that u(S\ K.) < e. If § is a Polish space then every
bounded measure on (S, B(S)) is tight (see [478], Chap.II, Theorem 3.2).
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We refer to [58, 61, 267, 370, 478] for more on the general theory of measure
and probability.

1.1.2 Random Variables

Definition 1.7 (Random variable) A measurable map X between two measurable
spaces (2, .%) and (Q2,9) is a called a random variable. This means that X is a
random variable if X ~'(A) € .% for every A € . We write it shortly as X ~'(¥4) C
% . Sometimes we will just say that X is .% /%4 -measurable.

Q=R (resp. R™) and ¢ is the Borel o-field B(R) (resp. B(R1)) then X is said
to be a real random variable (resp. positive random variable).

If ©2, Q are topological spaces and .%, ¢ are the Borel o-fields then X is said to
be Borel measurable.

If (R, %, u) is a measure space and X, X;: Q — Q, we say that X is a version
of X if X = X p-a.e.

Given a random variable X : (R, .%) — (fZ, %) we denote by o(X) the smallest
sub-o-field of .# that makes X measurable, i.e. 0(X) := X~ 1(¥). It is called the
o-field generated by X. Given a set of indices / and a family of random variables
X (Q2,.7) > (Q,9),i el theo-fieldo (X; : i €l) generated by { X}, is the
smallest sub-o-field of .# that makes all the functions X;: (2,0 (X; : i € [)) —
(Q2, %) measurable,ie.oc (X; :iel)=o0 (X[_'(g) (i€ I).

Lemma 1.8 Let (2, .7) be a measurable space. Then:

(i) If (2, 9) is a measurable space, X : Q@ — 2, and € C 9 is such that o(€) =
G, then X is F |9-measurable if and only if X~ (€) C .. Moreover, o(X) =
(X~ HE)).

(ii) If X, : 2 — R,n=1,2, ..., are random variables, then sup, X,, inf, X,,,
limsup, X,, liminf, X, are random variables.

(iii) Let X,, : Q — S,n = 1,2, ..., be random variables, where S is a metric
space. Then:

e if S is complete then {w : X, (w) converges} € F;
e if X, = X on Q, then X is a random variable.

(iv) Let (i, %;),i = 1,2, be measurable spaces, and X : Q| x Q, — Q be
(F\ ® %)/ F -measurable. Then, for every wy € Q4, X, (-) = X (w1, ") is F»/.F -
measurable, and, for every w, € 0, X, (-) = X (-, wy) is F1/.F -measurable. [

Proof See, for instance, [370], Lemmas 1.4, 1.9, 1.10, and [520], Theorem 7.5,
p. 138. O

Theorem 1.9 Let (2, %) and (2, 4) be two measurable spaces and (S, d) a Pol-
ish space. Let X: (2, F) — (€, %) and ¢: (Q,.F) — (S, B(S)) be two random
variables. Then ¢ is measurable as a map from (2, 0(X)) to (S, B(S)) if and only
if there exists a measurable map n: (2,9) — (S, B(S)) such that $ = no X.
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Proof See [370], Lemma 1.13, p. 7, or [575] Theorem 1.7, p. 5. |

We refer to [58, 267, 370, 520] for more on measurability and for the general
theory of integration.

Definition 1.10 (Borel isomorphism) Let (2, %) and (Q, %) be two measurable
spaces. A bijection f from 2 onto  is called a Borel isomorphism if f is F |4-
measurable and f -lisw /7 -measurable. We then say that (2, .%) and (fz, 4) are
Borel isomorphic.

Definition 1.11 (Srandard measurable space) A measurable space (€2, .%) is called
standard if it is Borel isomorphic to one of the following spaces:

@ (1,...n}, BAL, ...n}),
(i) (N, B(N)),
(i) ({0, 1}, B0, 1}M),

where we have the discrete topologies in {1, .., n} and N, and the product topology
in {0, 1}V,

The following theorem collects results that can be found in [478] (Chap. I, Theorems
2.8 and 2.12).

Theorem 1.12 If S is a Polish space, then (S, B(S)) is standard. If a Borel subset of
S is uncountable, then it is Borel isomorphic to {0, 1}~. Two Borel subsets of S are
Borel isomorphic if and only if they have the same cardinality. If (2, F) is standard
and A € F, then (A, .7 N A) is standard.

In particular, we have the following result.

Theorem 1.13 If (2, %) is standard, then it is Borel isomorphic to a closed subset
of [0, 1] (with its induced Borel sigma field).

Definition 1.14 (Simple random variable) Let (2, %) be a measurable space, and
(S, d) be a metric space (endowed with the Borel o-field induced by the distance).
A random variable X : (R, .%) — (S, B(S)) is called simple (or a simple function)
if it has a finite number of values.

Lemma 1.15 Ler f: (2, .F) — S be a measurable function between a measur-
able space (2, F) and a separable metric space (S, d) (endowed with the Borel
o-field induced by the distance). Then there exists a sequence f, : 2 — S of simple,
F | B(S)-measurable functions, such that d ( f (w), f,(w)) is monotonically decreas-
ing to O for every w € Q.

Proof See [180], Lemma 1.3, p. 16. O

Lemma 1.16 Let S be a Polish space with metric d. Let (2, %, P) be a complete
probability space and let 9, % C .F be two o-fields with the following property:
for every A € 4, there exists a B € 4, such that P(AAB) = 0. Let [ : (R2,%) —
(S, B(S)) be a measurable function. Then there exists a function g : (2,4) —
(S, B(S)) such that f = g, P-a.e., and simple functions g, : (2, %) — (S, B(S))
such that d( f (w), g, (w)) monotonically decreases to 0, P-a.e.
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Proof The proof follows the lines of the proof of Lemma 1.25, p. 13, in [370].
Step 1: Let us assume first that f = x1, (14 denotes the characteristic function
of the set A) for some A € % and x € S. By hypothesis, we can find B € ¥, s.t.
P(AAB) = 0 and then the claim is proved if we choose g, = g = x15. The same
argument holds for a simple function f.

Step 2: For the case of a general f, thanks to Lemma 1.15 we can find a sequence
of simple, %-measurable functions f, such that d(f(w), f,(w)) monotonically
decreases to 0. By Step 1, we can find simple, ¢, -measurable functions g, such
that f, = g,, P-a.e. Thus the claim follows by taking g(w) := lim g, (w) if the limit
exists and g(w) = s (for some s € §) otherwise. [l

Lemma 1.17 Let (2, %) be a measurable space, and V C E be two real separable
Banach spaces such that the embedding of V into E is continuous. Then:

(i) B(E)YNV C B(V)and B(V) C B(E).
(ii) If X : Q — V is % /B(V)-measurable, then it is .% | B(E)-measurable.
(iii) If X:Q— E is % /B(E)-measurable, then X -lixeyy is F/B(V)-
measurable.
(iv) X : Q — E is & /B(E)-measurable if and only if for every f € E*, f o X is
F | B(R)-measurable.

Proof The embedding of V into E is continuous, so B(E) NV C B(V). Since the
embedding is also one-to-one, it follows from [478], Theorem 3.9, p. 21, that B(V) C
B(E), which completes the proof of (i). Parts (ii) and (iii) are direct consequences
of (i). f(S2) is separable because E is separable, so Part (iv) is a particular case of
the Pettis theorem, see [488] Theorem 1.1. U

Lemma 1.18 Let (2, .F) be ameasurable space and (Sy, p1), (S2, p2) be two metric
spaces with Sy separable. Let f: Q2 x Sy — S, be such that

(i) foreachx € Sy, the function f(-,x): Q — S, is F /B(S,)-measurable;
(ii) for each w € Q2 the function f(w,-): S| — S, is continuous.

Then f: Q x S; — Sy is F Q B(S1)/B(S,)-measurable.
Proof See Lemma 4.51, p. 153 of [8]. (I

Notation 1.19 If E is a Banach space we denote by | - | its norm. Given two Banach
spaces E and F, we denote by L(E, F) the Banach space of all continuous linear
operators from E to F. If E = F we will usually write L(E) instead of L(E, F). If
H is a Hilbert space we denote by (-, -) its inner product. We will always identify H
with its dual via Riesz representation theorem. If V, H are two real separable Hilbert
spaces, we denote by £,(V, H) the space of Hilbert-Schmidt operators from V to
H (see Appendix B.3). The space £,(V, H) is a real separable Hilbert space with
the inner product (-, -)», see Proposition B.25. |

Lemma 1.20 Let (2, %) be ameasurable space and V, H be real separable Hilbert
spaces. Suppose that F : Q — L,(V, H) is a map such that for everyv € V, F(-)v
is F |B(H)-measurable. Then F is % |IB(Ly(V, H))-measurable.
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Proof Since £,(V, H) is separable, by Lemma 1.17-(iv) it is enough to show that
forevery T € L,(V, H)

+00

w—(F), T)y = D _(Fwex, Tex)
k=1

is .7 /B(R)-measurable, where {e;} is any orthonormal basis of V. But this is clear
since for every w
(F), Th= lim F/w),

where
n

Fl (@) =D (FW)ex, Tex)

k=1

and FnT (w) is % /B(R)-measurable because it is a finite sum of functions that are
Z | B(R)-measurable. O

Let I be aninterval in R, E, F be two real Banach spaces, and let E be separable.
If f:1 x E — F is Borel measurable then for every ¢ € I the function f(¢,-) :
E — F is Borel measurable (by Lemma 1.8-(iv)).

Assume now that, forall r € I and forsomem > 0, f(¢, ) € B, (E, F) (the space
of Borel measurable functions with polynomial growth m, see Appendix A.2 for the
precise definition). It is not true in general that the function

I — B, (E, F), t—f(t,-)
is Borel measurable. As a counterexample! one can take the function
[0, 1] x L*(R) — L*(R),  (t,x)—>Sx,
where (S;),>0 is the semigroup of left translations. Indeed, the map
[0,11 = L(L*R)), =5,

is not measurable (see e.g. [180], Sect. 1.2). Since £(L*(R))CB;(L*(R), L*(R))
and the norm in £(L%(R)) is equivalent to the one induced by B; (L*(R), L*(R)),
the claim follows in a straightforward way.

On the other hand, we have the following useful result.

Lemma 1.21 Let I and A be two Polish spaces. Let i be a measure defined on the
Borel o-field B(I) and denote by B(I) the completion of B(I) with respect to .
Let f: 1 x A — R be Borel measurable and such that for every t € I, f(t, ") is
bounded from below (respectively, above). Then the function

IThis example has been suggested to us by Mauro Rosestolato.
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f:I—R, t— inlf\f(t,a) (1.1)

(respectively, ? 11— R, t—sup,c, f(t,a))is m/B(R)-measumble.2

In particular, if I is an interval in R, E, F are two real Banach spaces with E
separable, if p: 1 x E — F is Borel measurable and, for all t € 1 and for some
m >0, p(t,-) € B, (E, F), then the function

p1: I —R, t=|fE s, &F (1.2)

is Lebesgue measurable.

Proof The first part is Example 7.4.2 in Volume 2 of [61] (recall that Polish spaces
are Souslin spaces, see [61], Definition 6.6.1, and so I x A is a Souslin space).
For the second claim, observe that since f is Borel measurable, the function

lp(t, X)|F
I x E— R, X)) = ——
f S = T

is also Borel measurable (since it is the product of a continuous function with the
composition of a continuous function and a Borel measurable function). The result
thus follows from part one. ]

Definition 1.22 (Independence) Consider a probability space (2, #, P). Let I be
a set of indices, and 6; C .% for all i € 1. We say that the families ;,i € I, are
independent if, for every finite subset J of I and every choice of A; € €;, (i € J),

we have
]P’(ﬂ Ai) = HIP(Ai).

ieJ ieJ

If ¢, C F is, foralli € I, a w-system (resp. o-field), the definition above gives
in particular the notion of independent m-systems (resp. o-fields). Random variables
are said to be independent if they generate independent o-fields. A random variable
X is independent of some o-field ¢ if o(X) and ¢ are independent o-fields.

Lemma 1.23 Consider a probability space (2, %, P). Let 6; C % be a w-system
foreveryi € 1. If6;, i € I, are independent, then o (%;),i € I, are independent.

Proof See [370] Lemma 2.6, p. 27. O

2Note that Jf is not always Borel measurable, see [61] Volume 2, Exercise 6.10.42(ii), p. 59.
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1.1.3 The Bochner Integral

Throughout this section (€2, .%, ) is a measure space where 4 is o-finite, and E is a
separable Banach space with norm | - | ;. We endow E with the Borel o-field B(E).

Lemma 1.24 Ler X: (Q2,.%) — E be a random variable. Then the real-valued
function | X |g is measurable.

Proof See [180] Lemma 1.2, p. 16. (I

Let p > 1. We denote by L?(2, %, u; E) the quotient space of the set

EP(Q,KJ’,,u; E):=1X:(Q,.%)— (E, B(E)) measurable :/ |X(w)|gdu(w) < 400
Q

withrespect to the equivalence relation of equality p-a.e. L? (2, %, u; E)isaBanach
space when endowed with the norm

1/p
I X|Lr @708 = (/ | X (W)} du(w))
Q

(see e.g. [191] Theorem 7.17 p. 104). We will often write L? (€2, u; E) or L7 (2; E)
for L? (2, #, u; E) and denote the norm by | X|.» when the context is clear. If H is
a separable Hilbert space, then L>(Q2, .7, u; H) is a Hilbert space as well, equipped
with the scalar product (X, Y) ;2o 7 um) = fQ (X (w), Y(w)) gy dp(w).

The space L®(R2, %, u; E) is the quotient space of the space of bounded
7 /B(E)-measurable functions with respect to the relation of being equal a.e. It
is a Banach space equipped with the norm

[X|1~@,.2.u:8) = esssup | X (w)g .
Q

In the special case when €2 = [ is an interval with endpoints a and b witha < b
(which may be £00), .# is the Borel o-field of 7, and p is the Lebesgue measure on /,
we will simply write L?(I; E) or L?(a, b; E) for L? (1, %, u; E).Finally, we denote
by L{.(I; E) the set of measurable functions f: I — E such that [, | f(s)|pds is
finite for every compact subset K of I.

Lemma 1.25 [f.% is countably generated apart from null sets then L? (2, %, ji; E)
is a separable Banach space.

Proof See [194], p. 92. O

Definition 1.26 (Bochner integral) Let X: (2, %, u) — E be a simple random
variable X = Z,N:1 x;i14,, where x; € E, A; € F, u(A;) < 4+00. The Bochner inte-
gral of X is defined as
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N
[ X@du i= 3w,
Q X
i=1

Let X bein L' (Q2, .Z, u; E). The Bochner integral of X is defined as

/ X(@dpw) = lim / X, @) dp(w),
Q n—-+00 Q

where X,,: (R, %, u) — E are simple random variables such that

n——+o0o

lim | |XW)— X,(w)|pdpw) = 0. (1.3)
Q

Remark 1.27 1t follows easily from Lemma 1.15 that, for X € L'(Q, Z, u; E),
there always exists a sequence of simple random variables X,,: (2, .%, u) — E as
in Definition 1.26, satisfying (1.3). |

Proposition 1.28 Let X € L' (Q, Z, u; E). Then the Bochner integral of X is well
defined and does not depend on the choice of the sequence. Moreover,

/ X(w)dp(w)
Q

< / X (@) dp(w). (14)
Q

E

Proof See [180] Sect. 1.1 (in particular inequality (1.6), p. 19, and the part below
Lemma 1.5). The proof there is done for a probability measure x, but the general
case is identical. O

Proposition 1.29 Assume that (2, 7, 1) is a complete measure space, E and F are
separable Banach spaces and A : D(A) C E — F is a closed operator (see Defini-
tionB.3). If X € LY(Q, %, u; E) and X € D(A) a.s., then AX is an F-valued ran-
domyvariable, and X is a D(A)-valued randomvariable, where D (A) is endowed with
the graph norm of A (see Definition B.3). If, moreover, fQ [AX (w)|F du(w) < 400,
then

A/ X(w)du(w):/AX(w)du(w).
Q Q

Proof The facts that X is a D(A)-valued random variable and AX is an F-valued
random variable follow from Lemma 1.17-(ii). For the last part, see the proof of
Proposition 1.6, Chap. 1 of [180]. (]

Corollary 1.30 Assume that E and F are separable Banach spacesandT : E — F
is a continuous linear operator. If X € LY(Q, Z, w; E), then

T/ X(w)du(w):/ TX (w)du(w).
Q Q



1.1 Basic Probability 11

Proof This is a particular case of Proposition 1.29. (]

Remark 1.31 In this subsection we assumed that the space E is separable. This was
done for simplicity and since we will only need this case in the vast majority of the
book. However, the Bochner integral of a random variable X : (2, .#, u) — E can
also be defined when E is non-separable, see Sect.I1.2 of [190]. If E is non-separable
the definition of measurability is different. The random variable X is called measur-
able if there exists a sequence of simple random variables X,,: (2, .#, u) — E such
that lim,,_, 1 o0 | X (W) — X, (w)|g = 0 p-a.e. When E is separable this definition of
measurability is equivalent to ours. Most of the results on the Bochner integral still
hold in the non-separable case. In particular, Proposition 1.29 (hence also Corollary
1.30) still holds in the following form, which we will use later in Chap.4 (see, for
example, the proof of Corollary 4.14 and of Theorem 4.80).

Let (2, %, 1) be a complete measure space, E and F be Banach spaces
and A : D(A) C E — F be a closed operator. If X € L'(Q, F, u; E) and AX €
LY, F, u; F), then

A/ X(w)dﬂ(w):/ AX (w)dp(w).
Q Q

This is Theorem 6, p. 47 of [190]. [ |

Theorem 1.32 Let (21, %)) and (2, %2) be two measurable spaces and
(respectively (i) be a o-finite measure on (21, %) (respectively on (2, F3)). Then
there exists a unique measure |11 ® o on F| Q ¥, such that, for every A € %, and
B € %, with finite measure,

(11 ® p2)(A x B) = pi(A)pa(B).

The measure 1) ® Ly is o-finite.
Proof See Theorem 8.2, p. 160 in Chap. VI, Sect. 8 of [397]. ([

Theorem 1.33 (Fubini’s Theorem) Let (21, %) and (20, 5>) be two measurable
spaces and 1y (respectively i) be a o-finite measure on (21, %) (respectively on
(2, %,)). Let E be a separable Banach space with norm | - |g.

(i) Let X be in L'(2) X Qo, F1 @ Fa, i1 ® io; E). Then, for w-almost every
wy € Qy, the function X (wy, ) is in L' (S, F, jio; E), and the function given
by

wi— | X(wi, w)dps(ws)
Q2

for py-almost all w, (and defined arbitrarily for other w,) is in L'(Q,
F1, 1; E). Moreover, we have

/ X (w1, w)d (p1 ® p2)(wi, wo) =/ / X (wi, wa)dp(wr)dpa(wa).
QxS Q) J Q2
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(ii) Let X: Q| x Qp — E be an ¥\ @ F,-measurable map. Assume that, for -
almost every w; € 2y, the function X (wy, -) is in LY, %, w2; E) and that
the map given by

wi— | X (wi, wa)ld po(w2)
Q2

for py-almost all w, (and defined arbitrarily for other wy) is in L' (2, R). Then
Xisin L' x Q, .71 ® %), 11 @ ua; E) and part (i) of the theorem applies.

Proof See Theorems 8.4, p. 162, and 8.7, p. 165 in Chap. VI, Sect.8 of [397]. O

Theorem 1.34 Let E be a separable Banach space and p be a bounded measure on
(E, B(E)). Then the set of uniformly continuous and bounded functions U C,(E) is
dense in LP(E, B(E), u) for 1 < p < +o0.

Proof By Lemma 1.15 and the monotone convergence theorem it is enough to prove
that every characteristic function 1,4 for some A € B(E) can be approximated by
functions in UCy(E). Since u is regular, for every € > 0 we can find a closed set
C,C C A, and an open set U, A C U, such that u(U \ C) < €”. Moreover, con-
sidering sets U, = {x € U :dist(x : A) > 1/n} if necessary, we can assume that
dist(C, U) > 0. Then the function

_ dist(x, U)
fe(x) == dist(x, A) + dist(x, U)

belongs to UC,(E) and |14 — fo|pr < €. O

1.1.4 Expectation, Covariance and Correlation

Let (22, %, IP) be a probability space and E be a separable Banach space with norm
I e

Definition 1.35 (Expectation) Given X in LY(Q, Z,P; E), we denote by E[X] the
(Bochner) integral fQ X (w)dP(w). E[X] is said to be the expectation (or the mean)
of X.

To define the covariance operator, we recall first thatif x € E,y € F, where E, F
are Hilbert spaces, the operator x ® y : F — E is defined by

(x ® y)h = x(y, h)F.

Definition 1.36 (Covariance operator, correlation) Given a real, separable Hilbert
space H and X € L*(Q, .Z,P; H), the covariance operator of X is defined by
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Cov(X) := E[(X —E[X]) ® (X — E[X])].
For X,Y € L*(Q, .7, P; H), the correlation of X and Y is the operator defined by
Cor(X,Y) = ]E[(X —E[X) ® (Y — E[Y])].

Remark 1.37 ForX € L*(Q,.%,P; H), the operator Cov(X) is positive, symmetric
and nuclear (see [180], p. 26). |

1.1.5 Conditional Expectation and Conditional Probability

Theorem 1.38 Consider a separable Banach space E, a probability space
(R, #,P) and a sub- a -field 9 C .F. There exists a unique contractive linear oper-
atorE[-|9]: LY(Q, .Z,P; E) - L' (2,9, P; E) such that

/E[ﬂg](w)dp(w) = / EW)dP(w)  forall A e 9 and ¢ e LN, F,P; E).
A A

If E = H is a Hilbert space the restriction of E[-|9] to L>(Q, #,P; H) is the
orthogonal projection L>(, #,P; H) — L*(Q,9,P; H).

Proof See [180] Proposition 1.10, p. 26, and [458] Proposition V-2-5, pp. 102—
103. O

Definition 1.39 (Conditional expectation) Given X € LY(Q, .#,P; E), the random
variable E[X|¥4] € L' (2, ¥, P; E), defined by Theorem 1.38, is called the condi-
tional expectation of X given ¢.

Definition 1.40 Let (2, .7, P) be a probability space and let E be a separable
Banach space. A family H of integrable random variables X € L'(Q, %, P; E)
is called uniformly integrable if

lim sup/ | X (w)|gdP(w) = 0.
[X|e=R

R—o0 XeH

The following proposition collects various properties of conditional expectation
(see e.g. [487] Proposition 3.15, p. 25, see also [572] Sect.9.7, p. 88, for similar
properties for real-valued random variables).

Proposition 1.41 Let (2, .7, P) be a probability space and let E be a separable
Banach space. The conditional expectation has the following properties:

(i) If X € L"(Q, Z,P; E) is 9-measurable, then E[X|4] = X P-a.s.
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(iii)

(iv)
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(vi)

(vii)

(viii)
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Given X € L'(Q, F,P; E) and two o-fields %, and %, such that %, C % C
F
E[E[X1%]1%| =E[E[X|%:][% | =E[X|%] P-as

Let X € LY (Q, Z,P; E). If X is independent of 4, then E[X|¥4] = E[X] P-
a.s. Moreover, X is independent of 4 if and only if, for any bounded, Borel
measurable f : E — R, E[f(X)|¥9] = Ef(X) P-a.s.
IfXis9- measurable and ( is a real-valued integrable random variable such
that (X € LY(Q, F,P; E), then

E[mg] - XE[Q%] P-a.s.

If X e L'Q,.Z,P,E) and ( is an integrable real-valued, /-measurable
random variable such that (X € L' (Q, F,P; E), then

E[g)qg] - g]E[xL@] P-a.s.

If XelLY(Q,F# P, E) and f: R— R is a convex function such that
E[f(X|e)I] < +o0, then

f (‘E[X%]‘E) <E[f(XIpI1g] P-as

IfX, X, e L'NQ,.Z,P; E) for every n € N, the family (X,)nen is uniformly
integrable and X, n—_i'i X, P-a.s., then

[XHI%] == [Xl%] P -a.s.

Let X € LY(Q, .Z,P; E). Assume that 9, for n € N is an increasing family
of o-fields such that ¢ = o (¥, : n € N) is a sub-o-field of F. Then

IE[X|%,] ¥ ]E[X|§4] P-as.
Let Z be a separable Banach space and let T € L(E, Z). Then

E[TX|9] = TE[X|9] P -as.

Proposition 1.42 Ler (2, .7, P) be a probability space. Then:
(i) If X, Y e LY(Q, Z,P;R) and X > Y, then

E[X|¥] > E[Y|¥].
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(ii) (Conditional Fatou Lemma) If X,, € L' (Q, .7, P; R) and X,, > 0, then
E[lim inf X,|4] <lim inf E[X,|49] P-a.s.
n—oo n—oQ

Proof See [572], Sect.9.7, p. 88. ([

Proposition 1.43 Let (E,, &) and (E,, &) be two measurable spaces and ) : E| X
E, — R be a bounded measurable function. Let X, X, be two random variables in
a probability space (2, %, P) with values in (E1, &) and (E», &») respectively, and
let Y C F be ao-field. If X, is 4-measurable and X, is independent of 4, then

E[ (X1, X2)|9] = ¥(X)), P-as., (1.5)
where R

P(xy) = E[Y(x, X2)I,  x1 € Ey. (1.6)
Proof See Proposition 1.12, p. 28 of [180]. (I

Let (2, .%, IP) be a probability space, and ¢ be a sub-o-field of .% . The conditional
probability of A € .# given ¢ is defined by

P(A|9) (w) = E[14]9](w).

Definition 1.44 Let (2, .%, P) be a probability space, and ¢ be a sub-o-field of ..
A function p: Q x F — [0, 1] is called a regular conditional probability given 4
if it satisfies the following conditions:

(i) foreachw € Q, p(w, -) is a probability measure on (2, .%);
(ii) for each B € .7, the function p(-, B) is 4-measurable;
(iii) forevery A € #,P(A|9)(w) = p(w, A), P-a.s.

It thus follows that, if X € L'(Q2, .#, P; E), where E isa separable Banach space,
then

E[X|§¢](w)=/X(w/)p(w, dw) Pa.s.
Q

Theorem 1.45 Let (2, %, P) be a probability space, where (2, .F) is a standard
measurable space. Then, for every sub-o-field ¢ C .F, there exists a regular condi-
tional probability p(-, -) given 4. Moreover, if p’'(-, -) is another regular conditional
probability given ¢, then there exists a set N € 4, P(N) = 0, such that, if w ¢ N
then p(w, A) = p'(w, A) forall A € .F.

Moreover, if F is a countably determined sub-o-field of ¢, then there exists a
P-null set N € 4 such that, if w ¢ N then p(w, A) = 14(w) for every A € . In
particular, if (1, %) is a measurable space, 7| is countably determined, {x} €
F1 forall x € Qy and &: (2, F) — (1, F) is a 9/ F-random variable, then
p (w, {W @ fw) = f(w’)}) =1 for P-a.e. w.
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Proof See Theorem 8.1, p. 147 in [478], or Theorems 3.1, 3.2, and the corollary
following them in [356] (see also [575] Proposition 1.9, p. 11). (Il

Notation 1.46 If the regular conditional probability exists, we will often write
P(-|9)(w) or P, for p(w, -). [ ]

Definition 1.47 (Law of a random variable) Given a probability space (2, 7, P),
a measurable space (21, %), and a random variable X : (2, %) — (1, %), the
probability measure on (2, %) defined by

Lp(X)(A) =P{weQ : X(w) € A})

is called the law (or distribution)’ of X. We denote the law of X by Lp(X).

Proposition 1.48 (Change of variables) Given a probability space (2, %,P), a
measurable space (2, F1), a random variable X : (Q, ) — (21, %), and a
bounded Borel function ¢ : 21 — R we have

/Q P(X (@) dP(w) = /Q (W) Le(X)(W).

Definition 1.49 (Convergence of random variables) Consider a probability space
(2, %, P) and a Polish space (S, d) endowed with the Borel o-field. Let X,,: @ — S
and X: Q — S be random variables. We say that:

(i) X, converges to X P-a.s. (and we write X, - X P-a.s.) if lim,_od
Xy (w), X(w)) =0 P-as.
(i) X, converges to X in probability if, for every ¢ >0, lim,_ P
fwe : dX,(w), X(w)) >¢e}=0.
(iii)) X, converges to X in law if, for every bounded and continuous f: § — R,
[ f)dLp(X)(u) =lim, o [¢ f@)dLp(X,)(w) (e if E[f(X)]=
lim,,, oo E[f(X,)]).

Lemma 1.50 Consider a probability space (2, .%,P) and a Polish space (S, d)
endowed with the Borel o-field. Let X,,: Q — S and X: Q — S be random vari-
ables.

(i) If X, converges to X P-a.s. then X,, converges to X in probability.
(ii) If X,, converges to X in probability then X, converges to X in law.
(iii) If X, converges to X in probability then it contains a subsequence X,, such
that X, converges to X P-a.s.
(iv) (Egoroft’s theorem) If X, converges to X P-as. then for every € > 0, there
exists an Q € .F such that P(Q\ Q) < ¢, and X, converges uniformly to X
on Q.

3In measure theory it is more often called the push-forward of P and denoted by XyP.
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(v) Let X, X, € LP(Q, %#,P,E),neN, p>1, and E be a separable Banach
space. If X, converges to X in L?(Q2, #,P; E), then X, converges to X in
probability.

Proof For (i), (ii) and (ii7) see, for instance, [370] Lemmas 4.2, p. 63 and 4.7, p. 66.
Part (iv) can be found, for instance, in [73] Theorem 2, p. 170, Sect.4.5.4. Property
(v) is straightforward. U

Lemma 1.51 Let p > land X, X,, € L?(2, #,P; E),n € N, for some separable
Banach space E. Suppose that, for some M > 0, E [lX,,|’g] <M foralln e N. If
X, — X in probability, then E [|X - Xn|E] — 0.

Proof Since the sequence (X,,) is bounded in L? (2, %, P; E), it is uniformly inte-
grable (see e.g. [572], p. 127, Sect.13.3). The claim follows, for example, from
Theorem 13.7, p. 131 of [572]. O

1.1.6 Gaussian Measures on Hilbert Spaces and the Fourier
Transform

In this section we recall the notions of Gaussian measure and the Fourier transform
for Hilbert space-valued random variables. For an extensive treatment of the subject
we refer to [180], Chap. 2, [153], Chap. 1 or [154], Chap. 1.

For a real separable Hilbert space H we denote by £ (H ) the Banach space of the
trace class operators on H, by L (H) the subspace (of L(H)) of all bounded, linear,
self-adjoint, positive operators, and we set ET(H ) := L1(H) N LT (H) (see Appen-
dix B.3). We will denote by M;(H) the set of probability measures on (H, B(H)).

Proposition 1.52 Consider a real, separable Hilbert space H with the Borel o-field
B(H) and a probability measure P on (H, B(H)). IffH |y dP(y) < +o00, then we
can define

m :=/ ydP(y) € H.
H

IffH |y|2dP(y) < 400, then there exists a unique Q € ET(H) such that

(Qx,y) = /H (x,h —m) (y, h —m)dP(h).

Proof See [153], p. 7. O

Definition 1.53 (Mean and covariance of a measure on H) We call m and Q, defined
by Proposition 1.52, respectively the mean and the covariance of P. In other words,
the mean (respectively covariance) of IP is the mean (respectively covariance) of the
identity random variable /: (H, B(H),P) — (H, B(H)).
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Definition 1.54 (Fourier transform of a measure) Let H be a Hilbert space and
B(H) be its Borel o-field. Given a probability measure IP on (H, B(H)) we define,
forx € H,

P(x) = / eI dP(y).
H

We call P: H — C the Fourier transform of P.

Proposition 1.55 Let H be a real, separable Hilbert space, B(H) be its Borel o-
field, and Py and P, be two probability measures on (H, B(H)). If P;(x) = P,(x)
forall x € H, then P; = P,.

Proof See [153] Proposition 1.7, p. 6, or [180], Proposition 2.5, p. 35. O

Theorem 1.56 Let Xy, ..., X, be random variables in a real, separable Hilbert space
H. The random variables are independent if and only if for every yy, ..., v, € H

E [e[i Zi-‘:mxf,_m]] = [TE e, (1.7)
i=1

Proof Obviously if X, ..., X, are independent then (1.7) holds. Also, Theorem 1.56
is well known if H = R¥. Letnowk € Nandy/ € H,i =1,...,n,j =1, ..., k, and
consider random variables Xf‘ = ((X;, yl.l), e (X, yf)),i =1, ...,n in R*. There-
fore, if (1.7) holds then X,’.‘, i =1, ..., n,areindependent forevery k € Nand yl.j € H,
Jj=1,..., k. Since cylindrical sets of the form {x : ({x, yil), e (X, yf)) €Ae
B(R*)} generate B(H) and are a 7-system, the collection of sets {w : ((X;, yi1 Yy ey
(X;, y{‘)) € A € B(RY))} over all k € N and yij eH,i=1,..,nj=1,.,k A€
B(R*) is a w-system generating o(X;). Thus, by Lemma 1.23, the sigma algebras
o(Xy), ..., 0(X,) are independent. U

Theorem 1.57 Let H be a real, separable Hilbert space, B(H) be its Borel o-
field,a € H, and Q € ET(H ). Then there exists a unique probability measure IP on
(H, B(H)) such that

I@’(x) — pitax)—3(Qx.x)

The measure P has mean a and covariance Q.

Proof See [153] Theorem 1.12, p. 12. O

Definition 1.58 (Gaussian measure on H) Let H be areal, separable Hilbert space,
B(H) be its Borel o-field,a € H,and Q € £} (H). The unique probability measure
P identified by Theorem 1.57 is called the Gaussian measure with mean a and
covariance Q, and is denoted by NV'(a, Q). When a = 0 we will denote it by NV and
call it a centered Gaussian measure.

We now provide two useful results about Gaussian measures.
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Proposition 1.59 Let Q € L (H). Thenforall y,z € H
| ot Nt = (0.2 (18)
H

Define, for y € QV*(H), Q, € L*(H, Nyp) as
Q,(x) :==(Q %y, x), (1.9)

where Q~1/? is the pseudoinverse of Q'/? (see Definition B.1). The map (called the
“white noise function”, see e.g. [154] Sect.2.5)

ye QV*(H)— Q, € L*(H, Nyp)

can be extended to Hy = Q1/2(H) = (ker Q)* and it satisfies

/ Q,(1)Q.(MN(dx) = (v,2), v,z € Ho.
H

Moreover, for allm > 0 we have

/ [x[*" No(dx) < K (m)[Tr(Q)]" (1.10)
H

for some K (m) > 0, independent of Q.

Proof Formula (1.8) follows from Proposition 1.2.4 in [179].

The second statement is proved, when ker Q = {0}, in [154] Sect.2.5.2 (see also
Sect. 1.2.4 of [179]). Since here we do not assume ker Q = {0}, we provide a proof.
First we observe that ker Q = ker Q'/? and that Q'/2(H) is dense in (ker Q)* since
Q'/? is self-adjoint. Moreover, by Definition B.1, the pseudoinverse of Q'/? is the
operator Q=121 QY2(H) — (ker Q)*, hence the map y — Q, = (Q~ /2y, x) is
well defined for all y € Q'/?(H). Furthermore, thanks to formula (1.8), we have, for
yi.y2 € Q'2(H)

/H<Q—'/2y1,x><Q-‘/2yz,x>NQ<dx) =(0(Q "y, 072 y2) = (1, »2),

where we used that Q'/2Q~12y =y for all y € Q'/2(H). Hence, for y, y; €
Q'*(H),

/HQy, (1) Qy, (N (dx) = (y1, y2). (1.11)

In view of the above the map y — Q, = (Q~ /2y, x) is an isometry and can be
extended to Q1/2(H) = (ker Q)* (endowed with the inner product inherited from
H) and (1.11) extends to all y;, y, € (ker o)t
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We remark that as pointed out in [154] Sect.2.5.2, for a generic y € (ker Q)+ the
image Q, is an element of L*(H, N, 0), hence an equivalence class of random vari-
ables defined Np-a.e.; in particular, writing Q,(x) = (y, Q~"/%x), Np-a.e., would
be misleading since, as proved in [154] Proposition 2.22, N (Q'/?(H)) = 0.

Concerning the third claim, by Proposition 2.19, p. 50, of [180], it holds form € N.
Ifk—1<m<kfork=1,2, ..., weuse

m/k
/ |x|2m./\/Q(dx)§|: / |x|2k./\/'Q(dx)i| )
H H

Theorem 1.60 (Cameron—Martin formula) Let H be a real, separable Hilbert
space. Let ay,a, € H and Q € ET(H). Then:

(1) The Gaussian measures N (a,, Q) and N (a», Q) are either singular or equiva-
lent.
(2) They are equivalent if and only if ay — a, € Q'/*>(H) and in this case

dN (a1, Q)

1 2
WZ,Q)(X) = exp ((Q_l/z(a] —(12)’ Q_I/Z(x _a2)> _ E Q—I/Z(a] —(12)) )

for N(ay, Q)-a.e. x € H.
Proof See Theorem 2.23, p. 53 of [180]. O

We now recall some results concerning compactness of a family of measures in
M, (H) (see e.g. Sect.2.1 in [180] or [219, 478] for more on this).

Definition 1.61

(1) Asequence (P,) in M| (H) is said to be weakly convergent to some P € M, (H)
if, for every ¢ € C,(H),

lim gb(x)]P’n(dx):/ o(x)P(dx).
n—+oo H H

(i) A family ACM;(H) is said to be compact (respectively, relatively compact) if
an arbitrary sequence P, of elements of A contains a subsequence P, weakly
convergent to a measure P € A (respectively, to a measure P € M;(H)).

(iii) A family ACM,(H) is said to be tight if for any € > 0 there exists a compact
set K. such that, for every P € A,

P(K.) > 1 —e.

The following theorem (which also holds when H is a Polish space) is due to
Prokhorov.

Theorem 1.62 Let H be a real separable Hilbert space. A family ACM,(H) is
relatively compact if and only if it is tight.
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Proof See [180], the proof of Theorem 2.3. (]
The next theorem gives a useful sufficient condition for compactness.

Theorem 1.63 Let H be a real separable Hilbert space and let {e;};cn be an ortho-
normal basis in H. A family ACM,(H) is relatively compact if

N—>+400 pecp

+o0
lim sup/ > (x.e)*P(dx) = 0.
H,_n

Proof See [478], the proof of Theorem VI.2.2. (]

Concerning Gaussian measures, we have the following result (see Proposition
1.1.5 of [493]).

Proposition 1.64 Let Ny, (n € N) and N be centered Gaussian measures on H.
Iflimy,— 400 | Q0 — Ollz, )y = 0, then the measures N, converge weakly to N.

Proof Observe that if {e;}; is an orthonormal basis in H, it follows from (1.8) that
forany N € N,
+00 +oo
| St e, (@) = 3 (0,
Hi-n i=N
Since lim,,— 4o |Qn — Qllz, 1y = 0, the above formula implies in particular that
Theorem 1.63 applies and thus the sequence (N, ) is relatively compact.
Moreover, from Theorem 1.57 and Definition 1.58 it is immediate that, as n —

+m’ —
Ng, () = 7240 o300 — N (x),  Vx € H.

Take now a subsequence N 0,, Weakly convergent to a probability measure Py. By
Definition 1.54 we must have

N, () = By(x),  Vx € H.

This implies that ]I/”B = ./\//E and hence, by Proposition 1.55, that Py = Ny. Since
this is true for any convergent subsequence, the claim now follows by a standard
contradiction argument. (]

We conclude with a useful result about uniformity of weak convergence. The
result is also true if H is a Polish space, see [478], Theorem I1.6.8.

Theorem 1.65 Let P, be a sequence in M\(H) and P € M, (H). Then P, is weakly
convergent to P if and only if

lim sup =0

n——+o0o $eCo

/¢mmwm—/¢mmw>
H H
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for every family Cy C Cp(H) which is equicontinuous at all points x € H and uni-
formly bounded, i.e., for some constant M > 0, | f(x)| < M for all x € H and

fe Co.
Proof See [478], the proof of Theorem I1.6.8. ]

1.2 Stochastic Processes and Brownian Motion

1.2.1 Stochastic Processes

Definition 1.66 (Filtration, usual conditions) Lett > 0. A filtration {#[} _ ina

complete probability space (2, .#, P) is a family of o-fields such that .#! C .#] C
Z whenevert <s <r.

(i) We say that {Z!} _is right-continuous if, forall s > 1, F! = (.. Fl =
7.

(ii) We say that {7/}
F!. We say that {Z!} __is continuous if it is both left and right-continuous.

_, is left-continuous if, foralls > 1, .7} =0 (U,., #!) =
(i) We say that {ﬂj } satisfies the usual conditions if it is right-continuous and
s s>t

complete, i.e. if Z! contains all P-null sets of .7 for every s > 7.

We will often write .7/ instead of {7/} _ . Wealsoset. 7 =0 (U, o ZF)-

Since we will mostly deal with filtrations satisfying the usual conditions we will
assume from now on that this property holds unless explicitly stated otherwise. For
this reason we include the usual conditions in the definition of a filtered probability
space.

Definition 1.67 (Filtered probability space) Let .Z! be a filtration satisfying
the usual conditions on a complete probability space (2,.%#,P). The 4-tuple
(2, F, Z!,P) is called a filtered probability space.

Notation 1.68 We use the following convention in this section. When we write
s €[t,T]wemeanthats € ¢, T]if T e R,ands € [t, +00) if T = +00.So [t, T]
is understood to be [t, +00) if T = +00. |

Definition 1.69 (Stochastic process) Let T € (0, +oc], t € [0,T) and (22, .%)
and (2, %) be two measurable spaces. A family of random variables X (-) =
{X (s)}sepr,r), X(5): Q — Qy, is called a stochastic process in [t, T]. If (2, %) =
(R, B(R)) then X () is called a real stochastic process.

Definition 1.70 Let (9,35 , {ff }S> t,IP’) be a filtered probability space and

(21, %)) be a measurable space. A stochastic process {X (s)}sei.ry: [, T] X Q —
€2, is said to be:
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(1) Measurable, if the map (s, w)— X (s)(w) is B([t, T]) ® ¥ /% -measurable.

(i) Adapted, if, for each s € [1, T], X(s): Q@ — € is an %! /.Z|-measurable
random variable.

(iii) Progressively measurable,ifforalls € (¢, T], the restrictionof X (-) to [z, s] x
Qis B([z, s]) ® .Z!/.% -measurable.

(iv) Predictable, if the map (s, w)— X (s)(w) is Py r)/-#1-measurable, where
‘Pie.1 1is the o-field (the predictable o-field) in [¢, T] x Q2 generated by all
sets of the form (s, r] x A, t <s <r <T,A € Z!and {1t} x A, A € F/.

(v) If E is a separable Banach space (endowed with its Borel o-field), the
process {X (5)}serr.71: [t, T]1 x  — E is called stochastically continuous at
s € [t, T]if for every €, § > O there exists p > 0 such that

PX(r)— X(@s)| =¢e) <9, forallr e (s —p,s+p)N[t, T].

(vi) If (S,d) is a metric space (endowed with its Borel o-field), the process
{(X($)}serrry: 6, T1 x Q — § is called continuous (respectively, right-
continuous, left-continuous), if for P-a.e. w € 2, the function s— X (s5)(w)
is continuous (respectively, right-continuous, left-continuous).

(vii) If E is a separable Banach space (endowed with its Borel o-field), the process
{X($)}serry: [t, T1 x Q — E is called integrable (respectively square-
integrable) if E[|X(s)|] < oo (respectively E[|X (s)|*] < +o0) for all
s € [t, T]. The process is called uniformly integrable if it is integrable and
the family {X (s)}se[;, 7 1s uniformly integrable (see Definition 1.40).

(viii) If E is a separable Banach space (endowed with the Borel o-field induced
by the norm), the process {X (s)}sep,71: [f, T] X £ — E is said to be mean
square continuous if E[|X(s)|*] < 400 for all s €[t,T] and lim,_,
E[|X(r) — X(s)|*)] =0foralls € [t, T].

It is easy to see that if a process is mean square continuous then it is stochastically
continuous.

The concepts of adapted, progressively measurable, and predictable processes can
be defined for any filtration ¢. To emphasize the filtration used, we will refer to the
processes as ¢/ -adapted, ¢! -progressively measurable, and ¢/ -predictable.

Progressive measurability can also be defined using the concept of progressively
measurable sets, see e.g. [447],p. 4,0r [219],p. 71. We say thataset A C [t, T] x Q
is .#-progressively measurable if the function 1, is a progressively measurable
process. Equivalently this means that A N ([z, s] x Q) € B([z, s]) ® F#/ for every
s € [, T]. It can be proved that the .7/ -progressively measurable sets form a o-field
and that a process X (-) is progressively measurable if and only if it is measurable
with respect to the o-field of .%]-progressively measurable sets.

Definition 1.71 (Stochastic equivalence, modification) Let (2, .% , IP) be a probabil-
ity space, and (21, .%#) be a measurable space. Processes X (-), Y(-): [, T] x Q —
Q are called stochastically equivalent if for all s € [¢, T], P(X(s) = Y (s)) = 1. In
this case, Y (+) is said to be a modification or version of X (-). The processes X (-) and
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Y (-) are called indistinguishable if P(X (s) = Y (s) : Vs € [t, T]) = 1. We will also
say that Y (-) is an indistinguishable version of X (-).

Lemma 1.72 Let (Q, F, {5{"}9[ , ]P’) be a filtered probability space and let
{X (5)}s5, be a process with values in a Polish space (S, d), endowed with the Borel
o-field induced by the distance.

(i) If X(-) is B([t, T]) @ & /B(S)-measurable and F!-adapted, then X (-) has an
F!-progressively measurable modification.

(ii) If X(-) is F!-adapted and X (-) is left- (or right-) continuous for every w, then
X (+) itself is F!-progressively measurable.

Proof Part (i): Since S is Borel isomorphic to a Borel subset A of R, without loss
of generality we can consider X (-) to be an R-valued process with values in A.
By [449], Theorem T46, p. 68, X (-) has an R-valued, .#!-progressively measurable
modification X(-). Let a € A. We define a process Y (-) by Y (s) := X(S)IX(S)eA +
alg ) em\a)- The process Y (-) is F!-progressively measurable. Moreover, if X(s) =
X (s), then Y(s) = X (s), so Y(-) is a modification of X (-). Part (ii): See [449],
Theorem T47, p. 70, or [372], Proposition 1.13, p. 5. U

Lemma 1.73 Let (2, %, P) be a complete probability space and let {X (s)},>, be a
stochastic process with values in a separable Banach space E endowed with the Borel
o-field. If X (+) is stochastically continuous then it has a measurable modification.

Proof See [180], Proposition 3.2. (I

Lemma 1.74 Let (Q 7, {ﬁ;}s>t,IP’) be a filtered probability space and let

{X(s)}s>, be an adapted process with values in a separable Banach space E
endowed with the Borel o-field. If X(-) is stochastically continuous then it has an
F!-progressively measurable modification.

Proof See [180], Proposition 3.6. It is also a corollary of Lemmas 1.72-(i) and
1.73. |

1.2.2 Martingales

Notation 1.75 Unless specified otherwise, any Banach space E and any metric space
(S, d) will be understood to be endowed with the Borel o-field induced respectively
by the norm and by the distance. |

Definition 1.76 (Martingale) Let (Q F, FL, IP’) be a filtered probability space, and
let M (-) be an .#/-adapted and integrable process with values in a separable Banach
space E. Then M (-) is said to be a martingale if, for all r, s € [t, T],s <r,

E[M(r)L?Y’] =M(Gs) P-—a.s.
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If E =R, we say that M (s) is a submartingale (respectively, supermartingale) if
E[M)|F]] = M(s), (respectively, E[M(r)|.Z!] < M(s)) P—a.s.

Theorem 1.77 (Doob’s maximal inequalities) Ler T > 0, (Q, Z, F!,P) be a fil-
tered probability space, and H be a separable Hilbert space. Let M(-) be a
right-continuous H-valued martingale such that M(s) € L? (2, %, P, H) for all
s € [t,T]. Then:

(i) If p =1, P(sup,ep, 7y IM ()| > A) < -E[|M(T)|7], for all A > 0.
(i) If p > 1, E[supse 7y IM()IP] < (’—’)pE[IM(T)I"].

p—1
Proof We observe that, if M (-) is a right-continuous H -valued martingale such that
M(s) e L? (2, %#,P;, H), p > 1, for all s € [z, T], then by Proposition 1.41-(vi),
[M(-)|? is a right-continuous R-valued submartingale with |M(s)| € L?
(2, #,P;R) forall s € [t, T]. The claims now easily follow from [372] Theorem
3.8 (i) and (iii), pp. 13—14. O

In particular, we see that a right-continuous E-valued martingale M () is square-
integrable if and only if E|M (T)|> < +oc.

Notation 1.78 (Square-integrable martingales) Let T € (0, 400), t € [0, T), let
(Q, F, Fl, ]P’) be a filtered probability space, and E be a separable Banach space.
The class of all continuous square-integrable martingales M: [t, T] x 2 — E is
denoted by M7 ;. (E). [ ]

If H is a separable Hilbert space then M?’T (H) endowed with the scalar product
(M. N)pe, =E[MT), N(T))].
is a Hilbert space (see [294], p. 22).

Theorem 1.79 (Angle bracket process, Quadratic variation process) Let T > 0, t €
[0, T), H be a separable Hilbert space, and (Q, F, FL, P) be a filtered probability
space. For every M € M%T(H ) there exists a unique (real) increasing, adapted,
continuous process starting from 0 at t, called the angle bracket process, and denoted
by (M),, such that M| — (M )s is a continuous martingale. Moreover, there exists
a unique LT(H )-valued continuous adapted process starting from 0 at t, called the
quadratic variation of M, and denoted by ({(M)),, such that, for all x,y € H, the
process

(Mg, ) (Mo, ) = (M), (), y), s € 11,71

is a continuous martingale. Moreover, (M), = Tr(((M)),).

Proof See [294], Definition 2.9 and Lemma 2.1, p. 22. O
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Theorem 1.80 (Burkholder—Davis—Gundy inequality) LetT > 0,¢ € [0, T), H be
a separable Hilbert space, and (Q, F, T, IP) be a filtered probability space. For
every p > Othere exists ac, > 0 such that, for every M € M,Z’T (H) with M (0) = 0,

se(t,T]

;'E [(Mﬂ”] <E [ sup |M(s)|”:| <c,E [(M)i/z] .

Proof See [487], Theorem 3.49, p. 37. O

1.2.3 Stopping Times

Definition 1.81 (Stopping time) Consider a probability space (€2, %, P) and a fil-
tration {.#/} _, on Q. A random variable 7: (R, .%) — [z, +-00] is said to be an
Fl-stopping time if, for all s > ¢,

{r<st={weQ : 7(w) <s}e 7.
Given a stopping time 7 we denote by .%, the sub-o-field of .7 defined by
Fy = {Aeﬁz s AN{r <s} e Z! foralls zt}.

Proposition 1.82 Ler (2, .7, .Z], P) be a filtered probability space.

(i) If T and o are F!-stopping times, so are T Ao, TV o and T + 0.
(ii) If o, (forn =1, 2...) are F!-stopping times, then

sup o,, inf o,, limsupo,, liminf o,
n n n n

are F|-stopping times.

(iii) For any F!-stopping time T there exists a decreasing sequence of discrete-
valued F!-stopping times T,, such that lim,_, oo 7 = T.

(iv) Let (S, d) be a metric space (endowed with the Borel o-field induced by the
distance), and X : [t, +00) x  — S be a continuous and ¥ -adapted process.
Let A C S be an open or a closed set. Then the hitting time

Ta:=1inf{s >t : X(s) € A}

is a stopping time. (It is understood that inf{}} = +00.)

Proof (i) and (ii) see [372], Lemmas 2.9 and 2.11, p. 7. (iii) see [370], Lemma 7.4,
p- 122. (iv) see [575], Example 3.3, p. 24, or [452], Proposition 1.3.2, p. 12 (there
S = R”, but the proofs are the same). O
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Proposition 1.83 Let (Q, F AT, IP) be afiltered probability space, (2, F1)

be a measurable space, X : [t, +00) x Q@ — Q| be an F!-progressively measur-
able process, and T be an F!-stopping time. Then the random variable X (T),
(where X (7)(w) := X (1(w), w)), is F.-measurable and the process defined, for
any s € [t, +00), by X (s A T) is F]-progressively measurable.

Proof See [452], Proposition 1.3.5, p. 13, or [575], Proposition 3.5, p. 25. U

Theorem 1.84 (Doob’s optional sampling theorem) Let (Q F, {ﬁs’ }S> . ]P’) be
a filtered probability space, X: [t,4+00) x Q — R be a right-continuous F/-

submartingale, and T, o be two F!-stopping times with T bounded. Then X, is
integrable and

E[X |.Z1 > X:no. Pa.s.

If X (the positive part of the process) is uniformly integrable then the statement
extends to unbounded .

Proof See [370], Theorem 7.29, p. 135. O

Definition 1.85 (Local martingale) Let (2, 7, {71} _, . P) bea filtered probabil-

S
ity space. An {ﬁg }S> ,~adapted process {X (s)},~, with values in a separable Banach
space E is said to be a local martingale if there exists an increasing sequence of
stopping times (7;,),ey With P(7;, 1 400) = 1, such that the process {X (s A 7,)}s>+
is a martingale for every n € N.

1.2.4 (Q-Wiener Processes

Definition 1.86 (Real Brownian motion) Given t € R, a real stochastic process
B: [t,+00) x @ — R on a complete probability space (2, .%,P) is a standard
(one-dimensional) real Brownian motion on [t, +00) starting at 0, if

(1) pis continuous and 3(t) = 0;

2) for all t <t <t <...<t, the random variables (3(t;), ((t;) — B(t1), ...,
B(t,) — B(t,—1) are independent;

3) forall r <1t <t, B(t) — B(t;) has a Gaussian distribution with mean 0 and
covariance t, — f;.

~

Consider a real, separable Hilbert space E and Q € L1(E). Define E¢ :=
Q'?(8) and let Q~'/? be the pseudo-inverse of Q!/? (see Definition B.1). E
is a separable Hilbert space when endowed with the inner product (x, y)g, =
(07'2x, 07'/2y)_. Let E, be an arbitrary real, separable Hilbert space such that
E C E; with continuous embedding and Ey C E; with Hilbert-Schmidt embed-
ding J: Ep — &; (see Appendix B.3 on Hilbert—Schmidt operators). The operator
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Q, := JJ* belongs to LIT(EI) and E is identical with the space Q7 (E1) (see [180]
Proposition 4.7, p. 85).

Theorem 1.87 Consider the setting described above. Let { gy }; <y be an orthonormal
basis of Eg and (By)ren be a sequence of mutually independent, standard one-
dimensional Brownian motions B : [t, +00) x Q@ — R on [t, +00) starting at O.
Then for every s € [t, +00) the series

Wols) =D gefi(s) (1.12)

k=1

is convergent in L>(Q, F,P; B)).
Proof See [180] Propositions 4.3, p. 82, and 4.7, p. 85. O

Definition 1.88 (Q-Wiener process) The process Wy defined by (1.12) is called a
Q-Wiener process on [t, +00) starting at 0.

Remark 1.89 We will use the notation Wy to denote a Q-Wiener process. If Q is
trace-class, E; = E is a canonical choice and it will be understood that Wy is a
E-valued process. If Q is not trace-class, writing Wy and calling it a Q-Wiener
process is a slight abuse of notation as it would be more precise to write W, and call
it a Q1-Wiener process with values in Z;. However, even though the construction
we have described is not canonical if Tr(Q) = 400, and the choice of E; is not
unique, the class of the integrable processes is independent of the choice of E; (see
[180] Sect.4.1 and in particular Proposition 4.7). Moreover (see [180] Sect.4.1.2),
for arbitrary a € E the stochastic process

oo

<a,W(s) >= > (a, g)B(s), s =1,

k=1

is a real-valued Wiener process and
E<a W(s) ><b, W(s2) >=((s1 —t) A(so —1)){(Qa,b), a,b € E.

For these reasons, even when Tr(Q) = +o00, we will still use the notation Wy. When
Q is the identity on E we will call it a cylindrical Wiener process in E. |

Proposition 1.90 Let B be a real, separable Hilbert space, Q € L1 (E) and let B,
E1 and J be as described above. Let (2, % ,P) be a complete probability space
and B: [t,+00) X Q — E| be a stochastic process. Denote by ﬁﬂ”o the filtration
generated by B, i.e.

F'=0(B(r) : t <r <s),

and F! = o( 710 N), where N is the class of the P-null sets. Then B is a Q-Wiener

N
process on [t, 400) starting at 0 if and only if:
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(1) B(t) =0.

(2) B has continuous trajectories.

(3) Forallt <t; <t,the random variable B(t,) — B(t) is independent ofﬁt’l.
(4) Lp (B(ty) — B(t1)) = N (0, (t — 1) Q1), where Q1 = JJ*.

Proof The “only if” part follows from [180], Proposition 4.7, p. 85 (observe that
in [180] a Wiener process is in fact defined using the four properties (1)—(4)). The
“if”” part is proved in [180] Proposition 4.3-(ii), p. 81 (if Tr(Q) = +oo we apply the
proposition in the space E;). [

The existence of a process satisfying conditions (1)—(4) above can also be proved
using the Kolmogorov extension theorem (see [180], Proposition 4.4).

Remark 1.91 If Wo(s) = Z,‘fi] i P (s) for some orthonormal basis {gx }ren of Eg,
it is easy to see that regardless of the choice of B, F/' =a(Bi(r):t <r <,
k € N). Thus the filtration generated by W does not depend on the choice of Z;. l

Definition 1.92 (Translated 4!-Q-Wiener process) Let 0 <t < T < 4o00. Let &
be a real, separable Hilbert space, Q € LT (E) and let Ey, E; and J be as described
above. Let (Q, F., 9!, ]P’) be a filtered probability space. We say that a stochastic
process B: [t, T] x Q@ — &, is a translated 4! -Q-Wiener process on [t, T if:

(1) B has continuous trajectories.

(2) Bisadapted to ¥!.

(3) Forallt <ty <t <T, B(tz) — B(t;) is independent of &4, .
4) Lp (B(ty) — B(t1)) = N(0, (t, — 1) Q1), where Q) = JJ*.

If we also have B(r) = 0 then we call B a 47-Q-Wiener process on [t, T1.

We remark that if B is a translated ¢/ - O-Wiener process, then it is also a translated
F!-Q-Wiener process, where .7/ is the augmented filtration generated by B. More-
over, if Wy is a Q-Wiener process as in Definition 1.88 then itis also a .7 - Q-Wiener
process, where %/ is the augmented filtration generated by B.

Lemma 1.93 Let0 <t < T < +o00. Let E be a real, separable Hilbert space, Q €
LT(E) and let By and E| be as described above. Let (2, .7 ,P) be a complete
probability space. Let B: [t, T] x Q — & be a continuous stochastic process such
that B(t) = 0. Then B is a Q-Wiener process on [t, T] if and only if, for all a € E,
t<ti <th <T, wehave

(Q1aa)g

E [o/t@ BBz | gt ] = o= 7 -, (1.13)
1

Proof (The proof uses the same arguments as in the finite-dimensional case, see
Proposition 1.2.7 of [452].)

The “only if” part: if B is a Q-Wiener process then, by Proposition 1.90-(4),
Theorem 1.57 and Definition 1.58,
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(Qya.a)

E [¢f@B—B0)z ] = e G0

Moreover, since B(t;) — B(t;) is independent of .7/
E[ ila,B(t)—B(t))g ] E[ i{a,B(t)—B(t))zg, |§'f]

The “if” part: We have to prove the four conditions in Proposition 1.90: (1)
and (2) are already in the assumptions of the lemma. Condition (4) follows easily
from (1.13), Theorem 1.57 and Definition 1.58. To prove condition (3), i.e. that
Y := B(t;) — B(t)) is independent of .7/, observe that, for all Z: 2 — &; which
are 3?,’1 -measurable, one has, forall a, b € &,

E[e’ a, Y)— i(b,Z)g, ] _ [ [ i{a.Y)s, |yt]ei(b,2)51]

_ e—(Q @)y (th—11) E[ i(b,Z) _I] _ [ i(a,Y)EI]E[th,Z)EI]'

Since the above holds for all Z: Q — E; which are ﬁ ! _measurable, and for all
a,b € B1, we conclude that Y is independent of .7, ’l by Theorem 1.56. O

Lemma 1.94 Let !0 and F! be the filtrations defined in Proposition 1.90 for a
Q-Wiener process Wg. Then .F! is right-continuous. Moreover, for all T > t, FO
and consequently .FL., are countably generated up to sets of measure zero. If the
trajectories of W are everywhere continuous then

Fr’ =l =0 (Wols) 1i=1.2...), (1.14)

where (s;),i = 1,2, ... is any dense sequence in [t, T), and hence the filtration 373"0
is countably generated and left-continuous.

Proof The proof follows arguments from [513] and [372] (Sect.2.7- A) Consider
7> s and € > 0. Since Wy (7 + ) — Wy(s + ¢) is independent of .7, +, for every
Ae Zand f € Cy(E))

E (lAf(WQ(T +e)— Wo(s + 5))) =PAEf(Wo(T +¢) — Wo(s +¢)).
Letting € — 0 we thus have by the dominated convergence theorem that

E (1af(Wo(r) = Wo(s)) = P(HES (Wo(T) — Wo(s)). (1.15)

Now if B = B C &, then there exist functions fn € Cp(E1),0 < f, <1, such that
fa(x) = 1p(x) asn — 400 for every x € E;. Therefore (1.15) implies that

P(AN{Wo(T) — Wo(s) € B}) =P(AP({Wy(T) — Wp(s) € B})
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andsince the sets {{Wo (1) — Wp(s) € B} : B = B C E,}arean-system generating
o(Wo (1) — Wg(s)), it follows from Lemma 1.23 that ﬁﬂr and oc(Wo (1) — Wo(s))
are independent.

Now let s=1m<mni<..<7x<T. We have o(Wy(r;)— Wp(s):
i=1,..,k)=0Wo(r) = Wp(ric1):i=1,..,k). Let now A € ﬂ;f and B; €
o(Wo(1) — Wo(Ti—1)),i =1, ..., k. Since B; isindependentof AN B; N ... N B;_;
e Z10 i =1,...kand By, ..., B are independent

PANB N..NB)=PANB N...NB_NP(By) = ...
k k
=P(AN By) HIP’(Bi) =P(A) HIP’(Bi) =P(APB; N ...N By).
i=2 i=1

Therefore |J o(Wo(7:) — Wo(s) : i =1, ..., k) (where the union is taken over all
partitions s =79 < 7] < ... < 74 < T') is a w-system independent of ﬁg’f and thus
G, = a(Wo(r) — Wo(s) : s < 7 < T) is independent of 7.

Since ﬁ}o = U(ﬁ’o 4,), the family {A; N By : A, € 10, B, € %,} is a 7-
system generatmgﬁz .Letnow A € fﬁr andleté beaversionof 14, — E(14].Z1Y).
Since ¢ is F; +0 -measurable, it is independent of %, so if A; € !0, B; € ¥, then

E (€1a,08,) = E (§14,15,) = P(B)E (£14,)

—F(B,) / ¢dP = P(B,) [ / 14dP — / lE(lAIfJ’O)d]P’] ~0
Ay Ag Ay

by the definition of conditional expectation. This implies that [, {dP = 0 for every
D € 7} and thus & = 0, P-ae. Therefore 14 = E(14|.7!°), P-a.e., 1e if A=
E(14].719)~1(1) then Ae Z!10 and P(AAA) = 0. This shows that .Z, Fiy O c FL.
Now letA € F! > which means that foreveryn > 1, A € F! In and there exists
aB,c +1/ such that AAB, € N. Set

s+1

||
T Dg

Ny

Then B € .Z1 C Z! and

+0oo +00
B\AC(UB,,)\A:U(B,,\A)GN.

n=1 n=1

Moreover,
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A\ B = Aﬂ(ﬁoDOB)—Aﬂ(DOJﬁB;)

m=1n=m m=1n=m
+00 +00
—Uﬂ(AﬂB‘)CU(AﬂB‘)—U(A\Bm)e/\/'
m=1n=m m=1 m=1

Thus AAB € N, which implies that A € .%!, which completes the proof of the right
continuity.

To show that .7, }’0 is countably generated up to sets of measure zero we take a dense
sequence (s;),i = 1,2, ...,in[t, T).Since B(E;) is countably generated (for instance
by open balls with rational radii centered at points of a countable dense set), each
o(Wg(s;)) is countably generated and so (W (s;) : i > 1) is countably generated.
It remains to show that forevery s € (¢, T'], c(Wy(s)) C oW\, Wo(s;i) 1 si < s).Let
Qp C 2, P(R) = 1 be such that Wy, has continuous trajectories on [¢, 7] for w €
Q. Let A be an open subset of 2y and set A, = {x € A :dist(x, A°) > 1/n},n =
1,2,.... Then A, is open, A, C A,+;, and U 1A, = A. Let 5;, be a sequence
of s; such that s;, <s and s;, = s as k - 4o0. Then using the continuity of the
trajectories of Wy, it is easy to see that

+00 400

Qo N Wo) ' (A) = Qo N [J [ Wolsi) ' (An) € oWV, Wo(si) : s; < s).
n=1k=n

Therefore Wy (s)~'(A) € a(N, Wo(s;) : si < s) and since the sets {Wy(s)7!(A) :
A 1is an open subset of E;} generate o(Wy(s)), the result follows. If ¢ = Q2 then
we have above

+00 +00

Wo ()™ (A) = | () Wolsi) ™" (An) € a(Wo(si) : 5i < ).

n=1k=n

The argument that o(Wy(2)) C o(Wp(s;) :i = 1,2, ...) is similar (or we can just
assume that s; = 7). This yields (1.14). O

In fact the above argument shows that if S is a Polish space, T > ¢, and X :
[+, T] x 2 — Sisastochastic process with everywhere continuous trajectories, then
the filtration generated by X, ZX := o(X(7) : t <7 <s) is countably generated
and left-continuous.

1.2.5 Simple and Elementary Processes

Definition 1.95 (.%]-simple process) Let E be a Banach space (endowed with
the Borel o-field) and let (Q ZF, {55 ! }ge[t o P) be a filtered probability space.
A process X: [t, T] x (2, .#,P) — E is called .#!-simple if:
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(i) Case T = +o0: there exists a sequence of real numbers (¢,),cny With t = 1) <
fH <..<t, <..andlim,_t, = 400, aconstant C < 400, and a sequence
of random variables &,: Q — E with sup, |, (w)|g < C for every w € ,
such that &, is 347}" -measurable for every n > 0, and

N éw) ifs=t
X“””‘[@W) ifs € (6 1.
(ii) CaseT < 4oo:thereexistt =ty <t < ... < ty = T,aconstantC < +00,and
random variables §,: @ — E forn =0, ..., N — 1 withsupy_, .y [§x(W) [ <
C for every w € 2, such that &, is ﬁ,{l—measurable, and

] éw)  ifs=t
X“m”‘[@w) ifs € (6 1.
Definition 1.96 (.#!-elementary process) Let T € (0, +00),t € [0, T). Let (S, d)
be a complete metric space (endowed with the Borel o-field), and (92, .7,
{ﬁg}se[ﬂ] ,P) be a filtered probability space. We say that a process X : [t, T] x
(Q,.7,P) — Sis.Z!-elementary if there exist S-valued random variables o, &1, ..,
Env—1,and asequencet =ty < t; < .. <ty = T, such that

(1) & has a finite numbers of values for every i € {0,..N — 1}.
2) & is ﬁli-measurable forevery i € {0,..N — 1}.
B) X)) (w) =& (w)fors € (t, t;1] fori € {0,..N — 1}, and X (r) = &.

Finally, we say that a process X : [f, +00) x (R, .%,P) — S is #!-elementary if
there exists 7} > ¢ such that the restriction of X to [, T;] is .#/-elementary and
X(s) =0fors > Tj.

It is immediate from the definitions that simple and elementary processes are
progressively measurable and predictable.

Remark 1.97 In Definitions 1.14, 1.95 and 1.96 we introduced the concepts of a
simple random variable, %/ -simple process, and %/ -elementary process. The reader
should be aware that in the literature the use of these terms varies and the same word
is often used by different authors to mean different things. |

Lemma 1.98 Ler E be a separable Banach space endowed with the Borel o-
field, (2, .7, F!,P) be a filtered probability space and X: [t,T] x Q — E be
a bounded, measurable, F!-adapted process, where T € [t, +00) U {+00}. There
exists a sequence X" (-) of F!-elementary E-valued processes on [t, T] such that,
foreveryl < p < +ooand R > t,

RAT
lim E/ | X" (s) = X ()| ds = 0. (1.16)
t

m—+00
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The same claim holds if, instead of the Banach space, we consider E to be an interval
[a, b] C R or a countable closed subset of [a, b]. In these cases the norm | - |g in
(1.16) is replaced by | - |g.

Proof 1t is enough to prove the result for a single p > 1. To obtain a sequence of
F!-simple processes X" (-) with the required properties, the proof follows exactly
the proof of Lemma 3.2.4, p. 132, in [372] with obvious technical modifications
as we now have to deal with Bochner integrals in E. We then use Lemma 1.16 to
approximate the random variables &; defining X" (-) by simple random variables to
obtain .%#!-elementary approximating processes.

If E is a countable closed subset of [a, b], we first produce [a, b]-valued .Z!-
elementary approximating processes X™(-). We then construct an E-valued .%-
elementary process Y™ (-) from X™(-) as follows. Let X" (s) = &; for s € (¢, ti41]
for i € {0,..N — 1}, and X (1) = &. Let f, be defined in the following way. If
§i(w) € E,we Setgl (W) =& (W).If§(w) ¢ E,we setf, (w) = argmin,cg [§(w) — x|
if argmin,cg |£(w) — x| is a singleton. If argmin,cg [£(w) — x| has two points
X1 < Xxa, we set f,- (w) = x1. Obviously f, is a simple, ﬁé-measurable process. We
now define Y (s) = f: fors € (t;,t;y1] fori € {0,..N — 1}, and X(¢) = 50. Then,
since X (-) has values in E, it is easy to see that |[Y'(s) — X (s)| < 2| X" (s) — X (s)|
for any s € [t, +00) and w € Q2. Therefore the result follows. O

Lemma 1.99 Let Z!° and F! be as in Proposition 1.90, T € [t, +00) U {+00},
and let a(:) : [t, T]1 x Q — § be an F!-progressively measurable process, where
(S, d) is a Polish space endowed with the Borel o-field. Then there exists an F!-°-
progressively measurable and F!°-predictable process ai(-):[t,T]x Q — S,
such that a(:) = a,(-), dt @ P-a.e. on [t, T] x Q.

Proof In light of Theorems 1.12 and 1.13 we can assume that S = [0, 1] or S is a
countable closed subset of [0, 1]. Using Lemma 1.98, we can find approximating
F!-elementary processes a” () on [¢, T] of the form

cw) ifs=t

a'(t)(w) = [gin(w) ifs € (t;, ti41]

such that
RAT 2
sup lim E/ |a(s) — a”(s)’Rds =0.

R>t n— 00

Using Lemma 1.16, we can change every &' on a null-set to obtain a sequence of
F!:0-elementary processes a/ (-) that still satisfy

RAT 2
sup lim E/ |a(s) — a{’(s)|Rds =0.

R>t n—00

Obviously the processes aj () are 33;’0-progressively measurable. We can now
extract a subsequence (still denoted by aj(-)) such that aj(-) — a(-) dt ® PP-
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a.e. on [t,T] x , and define a;(-) := liminf,_, . aj(-). The process a;(-) is
ﬁf'o—progressively measurable, fg*o-predictable, and a(-) = a(-), dt ® P-a.e. on
[t, T] x Q. ]

1.3 The Stochastic Integral

Let T € (0, 400), and ¢ € [0, T). Throughout the whole section E and H will
be two real, separable Hilbert spaces, Q will be an operator in L1 (E), (Q, F,

{ Fl }SE[ ] ]P’) will be a filtered probability space, and W, will be a translated .7/ -
Q-Wiener process on €2 on [0, T']. The following concept will be used in Chap. 2.

Definition 1.100 A S-tuple 41 = (. 7. {7/}
called a generalized reference probability space.

see1* B> WQ) described above is

A process X (-) will always be assumed to be defined on €2, and the expressions
“adapted” and “progressively measurable” will always refer to the filtration .%#.

1.3.1 Definition of the Stochastic Integral

In this section we will assume that Tr(Q) < +oo. If Tr(Q) = +o0, the construc-
tion of the stochastic integral is the same, we just have to consider Wy as a &;-
valued Wiener process with nuclear covariance Q (see Sect. 1.2.4). This way Wy is
not uniquely determined but Q}/*(2) = B¢ = Q2(E), |x|g, = |Q; x|z, forall
possible extensions &; and the class of integrands and the value of the integrals are
independent of the choice of the space E (see [180], Proposition 4.7 and Sect.4.1.2).

We recall that we denote by £,(E¢, H) the space of Hilbert—Schmidt operators
from E¢ to H (see Appendix B.3). Itis equipped with its Borel o-field B(L,(Ey, H)).
L>(Ey, H) is a real, separable Hilbert space (see Proposition B.25), and L(E, H) is
dense in £, (8¢, H) (see e.g. [294], pp. 24-25).

Definition 1.101 (Thespace/\/g(t, T; H))Givenp > l,wedenotebyj\/g(t, T;H)
the space of all £,(E(, H)-valued, progressively measurable processes X (-), such

that
1/p

T
|X(')|N5(t,T;H) = (E[ ”X(S)”iz(ao,]-])ds) < OQ.

Ng(t, T; H) is a Banach space if it is endowed with the norm | - |N5(,_T;H).

We remark that, as always, two processes in N, Qp (t, T; H) are identified if they
are equal P ® dt-a.e.
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Remark 1.102 1In several classical references (see e.g. [180] or [491]), the theory of
stochastic integration is developed for predictable processes instead of progressively
measurable ones like in our case. However, it follows for instance from Lemma 1.99,
that for every £,(Eo, H)-valued progressively measurable process X there exists a
predictable process X; which is P ® dt-a.e. equal to X. Thus, since we are working
with stochastic integrals with respect to Wiener processes (which are continuous),
the two concepts coincide. |

For an L(E, H)-valued, .#!-simple process ® on [1, T], ®(s) = Poly(s) +
Ziig’ ! 1¢, 1.1(s)@;, the stochastic integral with respect to Wy, is defined by

N—1

T
/ D(s)dWp(s) == Z O;(Wo(tis1) — Wo(t) € L*(; H).

i=0

Note that if we take @ to be £, (&, H)-valued, we cannot guarantee that the expres-
sion above is well defined, since £,(E(, H) contains genuinely unbounded operators
in E (see e.g. [294], p. 25, Exercise 2.7).

We now extend the stochastic integral to all processes in Né (t, T; H) by the
following theorem.

Theorem 1.103 (It isometry) For every L(E, H)-valued, .F!-simple process ®

we have )

E

T T
/ D (s)dWo(s)| = E/ 1D ()17, cz,.m)dS-
t t

H

Thus the stochastic integral is an isometry between the set of L(E, H)-valued,
Fl-simple processes in ./\/'(22 (t, T; H) and its image in L*(2; H). Moreover, since
L(E, H)-valued, .F!-simple (and in fact elementary) processes are dense in N, é
(t, T; H), it can be uniquely extended to all processes in ./\fé(t, T; H). We denote
this unique extension by

T
/ D(s)dWy(s)

and call it the stochastic integral of ® with respect to W .

Proof See [294], Propositions 2.1, 2.2, and Definition 2.10. See also [180], Propo-
sition 4.22 in the context of predictable processes. (]

Proposition 1.104 For ® € N, é (t, T; H), consider the process

I1(®): [t,T]xQ—> H
1(@)(r) == [ ®()dWp(s) := ftT D ()11 dWo(s).

I1(®) is a continuous square-integrable martingale and I : ./\/é(t, T:H)— ./\/ltz,T
(H) is an isometry. Moreover,
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wem, = [ (e010) (ec10t) s

(1(®)), = / PO, g, 0)ds.

Proof See [294] Theorem 2.3, p. 34. (I

The definition of stochastic integral can be further extended to all £,(E, H)-
valued progressively measurable processes ®(-) such that

T
IP’(/ 1D,z ds < +oo) = 1. (1.17)
t

Lemma 1.105 Let {®(s)}scpr.7) be an Lo2(Eo, H)-valued progressively measurable
process satisfying (1.17). Then there exists a sequence ®, of L(E, H)-valued F!-
simple processes such that

T
n]irr;o/t I®(s) — Pu()IZ, 5, mds =0 P —as. (1.18)

Moreover, there exists an H-valued random variable, denoted by Z, such that
T

lim D,(s)dWqo(s) =71  inprobability.

n—00 ¢

I does not depend on the choice of approximating sequence, more precisely,
given @,ll and CD% satisfying (1.18), if ) := lim,— flT CD,IL(s)dWQ(s) and I, :=
lim,— o j;T D2(5)dWo(s), thenTy =T, P — a.s.

Proof See [294], Lemmas 2.3, p. 39, and 2.6, p. 41. O

The process Z defined by Lemma 1.105 is called the stochastic integral of ® with
respect to Wy, and is denoted by frT D (s)dWo(s). We also set [ ®(s)dWp(s) :=

[T o)1y dWo(s).

Proposition 1.106 Let {®(s)}ser. 71 be an Lo(Eo, H)-valued progressively measur-
able process satisfying (1.17). Then the process

[1(@): [t,T1xQ— H
1(@)(r) == [ ®()dWp(s)

is a continuous local martingale.

Proof See [294], pp. 42-44. O
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Finally, we may extend the definition of stochastic integral to all processes (not
necessarily progressively measurable) that are dt ® [P-equivalent to progressively
measurable processes satisfying (1.17) in the sense of the following definition (see
also [372], p. 130).

Definition 1.107 We say that two processes ®; and @, are dt ® P-equivalent if
D = Py, dr @ P-a.e. If O belongs to the equivalence class of a progressively mea-
surable process ®, satisfying (1.17),* we set

T T
/Cb(s)dWQ(s) :=/ D (s)dWq(s).

This definition is obviously independent of the choice of a representative process
®,. Thus a representative process defines the stochastic integral for the whole equiv-
alence class.

Example 1.108 Every L,(8¢, H)-valued, .#!-adapted, and B([t,T]) ® #-
measurable process & satisfying (1.17) is stochastically integrable, where
B([t, T]) ® % is the completion of B([z, T]) ® & with respect to dt ® P. To see
this we need to find a progressively measurable process @ which is equivalent to ®.
First, let &, be a B([#, T']) ® .#-measurable process equivalent to & (which exists by
Lemma 1.16). Then, for a.e. s € [t, T], we have ®,(s, -) = O(s, -) P-a.s. and, since
every .#! is complete, also ®;(s, -) is .#/-measurable for a.e. s. Thus there exists
an A € B([t, T1) of full measure such that ®,(s, -) is .%#!-measurable for s € A. We
then define @3 = ®,14. @3 is B([z, T]) ® #-measurable and .#/ -adapted, thanks
to Lemma 1.72 it has a progressively measurable modification ®; which is clearly
equivalent to ®. |

Theorem 1.109 Let (E,¥,u) be a measure space with bounded measure.
Let @ :[t,T]1 x Q x E — L2(Eo, H) be (B([t,T]) @ FF @ 9Y)/B(L2(E¢, H))-
measurable. Suppose that, for any x € E, {®(s, -, x)}sepr, 1) IS progressively mea-
surable and

/ [P, ) g7 mdp(x) < +00.
E

Then:
T
(i) / D(s, -, VdWo(s) has an FL @ 4 /B(H)-measurable version.
t
(ii) D(-, -, x)dpu(x) is progressively measurable.

E
(iii) The following equality holds P-a.s.:

T T
// CID(S,-,x)dWQ(s)du(x)z/ /CD(S,~,x)du(x)dWQ(s).
EJt t E

“Note that if a process X is progressively measurable and satisfies (1.17) and Y is dt ® P-equivalent
to X, then Y must also satisfy (1.17) since for P-a.s. w, X (-, w) = Y (-, w), a.e. on [t,T].
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Proof See Theorem 2.8, Sect.2.2.6, p. 57 of [294] and Theorem 4.33, Sect. 4.5, p.
110 of [180]. O
1.3.2 Basic Properties and Estimates

Lemma 1.110 LetT > Oandt € [0, T). Assume that ® is in ./\/é (¢, T; H) and that
T is an F-stopping time such that P(t < T) = 1. Then P-a.s.

T T
/ 1[,,7](r)®(r)dWQ(r)=/ D (r)dWo(r).

Proof See [294], Lemma 2.7, p. 43 (also [180], Lemma 4.24, p. 99). ([

As a consequence of Theorem 1.80 and Proposition 1.104 we obtain the following
theorem (see also e.g. [177], Theorem 5.2.4, p. 58).

Theorem 1.111 (Burkholder-Davis—Gundy inequality for stochastic integrals) Let
T > 0andt € [0, T). Forevery p > 2, there exists a constant c, such that, for every

@ in N, T; H),
» T p/2
} <c,E [ / ||¢(V)||252(50,H)d”i|
t

E| sup
selt,T]
P r
<c (T—1)"'E [/ ||<I>(r)||22(30,mdr] :
t

/S Pr)dWy(r)

Proposition 1.112 Let T > 0 and t € [0, T). Let A be the generator of a Cy-
semigroup {4, r > 0} on H such that |le™| < Me®" for every r > 0 for some
a€e€R M >0.Let p>2and ® € Ng(t, T; H). Let A, be the Yosida approxima-
tion of A. Then the stochastic convolution process

W(s) = / CTAD(rYdW(r), s elt, Tl (1.19)

has a continuous modification,

p T
E[ sup } <CE [/ ||c1>(r)||gz(30ﬂ)dr}, (1.20)
s€lt,T] t

where the constants ¢ and C depend onlyon T —t, p, M, o, and

/ D (AW ()

lim E|: sup

n—00 selt,T]

/ (e67A — 67 D (r)d W (r)
t

P
} =0. (1.21)
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If, moreover, A generates a Cy-pseudo-contraction semigroup (i.e. M = 1 above,
see Appendix B.4) then the claims are also true for p = 2.

Proof See[294], Lemma 3.3, p. 87. The claims for p=2 can be proved by repeating the
arguments of the proof of Proposition 3.3 of [543], which uses the Unitary Dilation
Theorem. O

Proposition 1.113 Let A be the generator of a Cy-semigroup on H, T > 0, and
t €[0,T). Assume that @ : [t, T] x Q — L;(Bg, H) is a progressively measurable
process such that ®(s) € L2(Ep, D(A)) P-a.s., for a.e. s € [t, T]. Assume that

T
P (/ ”q)(s)”zgz(sU,D(A))dS < +OO) =1.
t

Then ;
P (/ D(s)dWo(s) € D(A)) =1 (1.22)

and

T T
A/ CD(s)dWQ(s)z/ AD(s)dWy(s), P—a.s. (1.23)

Proof We can assume without loss of generality that Q € £ (E). The proof
follows the proof of Proposition 3.1 (p. 76) of [294], however we present it
here to clarify a measurability issue. Indeed, we first need to show that @ is an
L(Ep, D(A))-valued, progressively measurable process. To do this we take ¥, =
J,®, where J, =n(nl — A)~' (see Definition B.40). Since J, € L(H, D(A)),
W, is an L£,(Eo, D(A))-valued, progressively measurable process. Moreover, it
is easy to see that if, for some s € [t, T] and w € @, O (s)(w) € L2(Ep, D(A)),
then W, (s)(w) = O (s)(w) in L2(Ep, D(A)). Therefore, defining V := {(s,w) :
W, (s)(w) converges in L£,(Eg, D(A))}, it follows from Lemma 1.8-(iii) that ® is
equivalent to a progressively measurable process lim,,_, 1, 1y ¥,,. The proof is now
done in two steps.

Step I: The claim is true for .#!-simple L(Z, D(A))-valued processes.

Step 2: If @ is a L,(E(, D(A))-valued progressively measurable process satisfying
the hypotheses of this proposition, we take a sequence of .%!-simple L(&, D(A))-
valued processes @, approximating @ in the sense of (1.18) so that

T
nEIJIrloo/t D) = ®u() 12,z papds =0 P —a.s.

In particular we have

T T
/cbn(s)dWQ(s)m/ D (s)dWo(s),
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T T T
A/ CIDn(s)dWQ(s)z/ A<Dn(s)dWQ(s)m>/ AD(s)dWo(s)

in probability, so the claim follows since A is a closed operator. O

In the rest of this section we explain how the factorization method is used to prove
continuity of trajectories of stochastic convolution processes.

Lemma 1.114 (Factorization Lemma) Let T > 0,1 € [0,T), and 0 < a < 1. Let
A be the generator of a Cy-semigroup {e™*, r > 0} on H. Consider a linear,
densely defined, closed operator A,: D(A\)CH — H such that, for any r > 0,
€A HCD(A)), Aje™ is bounded and A’ = ¢ A, on D(A)). Let ® : [t, T] x
Q — L5(Eg, H) be progressively measurable and such that for every s € [t, T]

]E/ ”Ale(s_’)A(I)(r)HZ(EOYH) dr < +o00.
t
Assume that, for all s € [t, T],

/S(s — et (/r(r )R [HA,e(”h)ACD(h)’

Then

1/2
]dh) dr < +o00.

(1.24)

2
Lr(Eo, H)

sin(a)

/‘ A1 D (1 dWo(r) =

t ™

/ (s — r)”_le(s_’)A Yf(r)dr P—a.s.
t

foralls € [t, T], where Yf (isaB([t, T]) ® FL/B(H)-measurable process which
is dt @ P-equivalent to

/r(r —h) A" TMAD(h)d W (h).

Proof The statement is similar to [177], Theorem 5.2.5, p. 58, Sect.5.2.1. We give
the proof for completeness.
We use the identity

forallo <s <t, 0<a<1

/ (t— )" (s — o) %ds =

sin(ra)’
(which can be proved by a simple direct computation). Define
X(rh) = Ly () — )~ A" ().

Since (1.24) implies



42 1 Preliminaries on Stochastic Calculus in Infinite Dimension
172

T T
/ (E/ X (r, h)||2gz(go,H) dh) dr < +o0,
t t

by the stochastic Fubini Theorem 1.109 (see also Theorem 4.33, p. 110 of [180]
or Theorem 2.8, p. 57 of [294]) there exists a B([t, T']) ® F#}/B(H)-measurable
process Yf: [t, T] x 2 — H such that

T r
/ X, h)dWQ(h)=/ r =)~ YA1 "M awy (h) = YE(r), di ® P-ae.
t t

Then for every s € [t, T'] the process Zg’" (), defined for any r € [t, s] by Zg”s (r)=
(s — ) 1e¢ Ay ®(r), is jointly measurable and dt ® P-equivalent to

(S _ r)a—]e(s—r)A/ (r — h)_aA]e(r_h)AqD(h)dWQ(h)
t

on [t, s] x Q. Thus fixing any s € [¢, T'] and applying the stochastic Fubini Theorem
on [z, 5] x [t, s] x © (whose assumptions are satisfied by (1.24)) and noticing that
we can use the process Z2**(-) in place of a process provided by the stochastic Fubini
Theorem (since it will give [P-a.e. the same integrals) we obtain for P-a.e. w

™

: / A1 AD(h)d Wy (h)
sin(ma) J,

N s
= / / Ly (1) (s — ) e — h) ™ A" A (h)drd Wy (h)

t 1

= / (s —r)* ey 2 (r)ar.
t
O

Lemma 1.115 Let A be the generator of a Cy-semigroup {e"*, r > 0Yon H, T > 0,
tel0,T)and f € LP(t,T; H), p > 1. Then:

(i) Ifeither 1/p < a <1, or p = a = 1, then the function

Gof(s):= /S(s — )L (rydr

isinC([t,T], H).
(ii) If the semigroup e'* is analytic, \ € R is such that \ — A)™' € L(H), 3> 0
and o« > 3+ 1/ p, then the function

Gapf(s) = /s(s — )Y = AP £ (r)dr

isinC([t,T], H).
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Proof Part(i):Letl/p <a < 1.Lett <s; <sp, < T andputh = s, — s1. We have

/ (52— e A () — / (51 = PO TIA £ ()

t+h
<h+hL:= / [(s2 = )12 £ ()| dr
t

+

/ % (52 = 101D £ (1) — / " (51 = PO f ()

+h

Setq := % and let R > 0 be such that ||e“‘A H < Rforalls € [0, T]. Then

h 1/q T 1/p
I <R (/ (h — r)q@“dr) (/ |f(r)|pdr) —0ash—0
0 t

since 0 > g(aw — 1) > —1. As regards I,, after a change of variables we have

I < /S1 (51 =) eCDA £ ) — F(r)dr
t

1/p

T Vg ¢ r_p
< R(/ (T — r)q(”‘_l)dr) (/ Lf(r+h) — f(r)|f"dr) —0ash—0.
t t

The proof in the case p = a = 1 is straightforward.
Part (ii) follows from Proposition A.1.1 in Appendix A, p. 307 of [177]. (I

Proposition 1.116 Let T > 0 and t € [0, T). Let A, Ay, ® satisfy the assump-
tions of Lemma 1.114 except (1.24). Assume that there exist 0 < o < 1, C > 0 and
p > &, p > 2 such that

T r p/2
/ E (/ Ier — h)aA]e("”)ACD(h)Hzﬁz(EU’H)dh) dr < C. (1.25)
t t

Then s
W(s) :=/ A1) dW(r), s elt, T,
t

has a continuous modification.

Proof We follow the scheme of the proof of Theorem 5.2.6 in [177] (p. 59,
Sect.5.2.1). We give some details because our claim is slightly more general.
Observe that using Holder’s and Jensen’s inequalities we obtain
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s r 2 1/2
/(s—r)“_l (/ (r—h)_zaE[HAle(’_h)AdD(h) ]dh) dr
t t L2(Eo,H)
nS (a—Dp ’7’%1 nS or 2 r/2 117
5( (s—r) 71 ) / IE](/ r—h~ dh)
t t t L(Eo,H)

< 400,

Are" A (h)

where we used (1.25) and that (1;%1)” < 1, which follows from p > 1/a. Therefore

the hypotheses of Lemma 1.114 are satisfied and thus we have

sin(ar)

/‘ A D) d W (r) =

t ™

/ (s — r)“_le(“_’)AYf)(r)dr P—a.s.
t

foralls € [t, T], where Y(f’ (-) is defined in Lemma 1.114. The claim will follow from
Lemma 1.115-(i) applied to a.e. trajectory. Thus we need to know that the process
Y®() has p-integrable trajectories a.s. This is guaranteed if

T
IE/ |Yf(s)|pds < +00.
1

However, from Theorem 1.111, we have

r/2

T T s
/ E ([|Y§’(s)\”]) ds < cp/ E (/ s — r)f"A1e(“'")A<I>(r)||2£2(EOVH)dr) ds,
t t t

(1.26)
which is bounded thanks to (1.25). O

The factorization method can also be used to show the continuity of determin-
istic convolution integrals. The following lemma deals with a case which arises in
Sects. 1.5.2 and 1.5.3.

Lemma 1.117 Let T > 0,1 € [0,T), and 0 < o < 1. Let A be the generator of a
Co-semigroup {e"*, r > 0} on H. Let ¢ be a function defined on [t, T] such that,
foreverys € (0, T —t], e“‘gb :[t, T]1 — H is well defined, measurable and

e p(r)| < s7g(r) forr elt, Tl (1.27)

where0 <3 <1,9€ L9, T; H),q > 1+;3 Then the function

Ws) = / PG

belongsto C([t, T], H).

Proof Let0 < abesuchthata+ (3 < 1and g >
Theorem 1.33,

;- We have, by the Fubini
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/ LAy = ST / (s =AY (G,

t ™

where

Y(r) = / r(r — h) %" M A% (h)dh.

It remains to notice that, using (1.27) and Holder’s inequality, we have fort <r < T

Y ()] < / (r — )" “"Dgydh < Crlglioe.rm)-
t

Thus the result follows from Lemma 1.115-(i). O

1.4 Stochastic Differential Equations

In this section we consider 7 > 0 and take H, E, Q, and a generalized reference
probability space ;1 = (Q, F, {F}ser0,17. P. Wp) asin Sect. 1.3 (with r = 0). A is
the infinitesimal generator of a Cy-semigroup on H, and A is a Polish space. We
will look at stochastic differential equations (SDEs) on the interval [0, T'], however
all results would be the same if, instead of [0, T'], we took an interval [¢, T'], for
0<t<T.

1.4.1 Mild and Strong Solutions

Leth: [0, T]x Hx Q— Hando: [0, T] x H x Q — L,(Eo, H). We consider
the following general stochastic differential equation (SDE)

[dX(s) = (AX(s) +b(s, X(5))ds +o(s, X(5))dWp(s) se(0,T] (1.28)

X(0)=¢,
where ¢ is an H-valued .%,-measurable random variable. To simplify the notation we
dropped the w variable in (1.28) and we use this convention throughout the section.

Definition 1.118 (Strong solution of (1.28)) An H-valued progressively measurable
process X (-) is called a strong solution of (1.28) if:

(i) Fordr @ P-ae. (s,w) € [0, T] x 2, X(s)(w) € D(A).
T
(i) P (/ (X ()] + |AX ()| + |b(s, X (s)]) ds < +oo) — land
0

T
P(/ llo(s, X(s))||2£2(EU,H)ds < “FOO) =1.
0
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(iii) Forevery t € [0, T

X (1) =§+/ AX(s)+b(s,X(s))ds+/ o (s, X(5))dWy(s) P-ae.
0 0

Definition 1.119 (Mild solution of (1.28)) An H-valued progressively measurable
process X (-) is called a mild solution of (1.28) if:

(i) Foreveryt € [0, T]

IP’(/ (IX )|+ le"™Db(s, X (s))]) ds < +oo) =1
0

and

'
P (/ ”e(ffs)Ao'(S, X(S))HZLZ(EO.H)dS < +OO) =1.
o :

(i) Foreveryt € [0, T]

X (1) =e“‘§+/ e“"”f‘b(s,X(s))der/ e"I4a(s, X (5)dWp(s) P-ae.
0 0

In order for the above definitions to be meaningful, all the processes involved
must be well defined and have proper measurability properties so that the integrals
that appear in the definitions make sense. We do not want to analyze here the required
measurability properties in the most generality. Instead, we discuss one case which
will frequently appear in applications to optimal control in Remark 1.123 below.
Moreover, note that if A, is the Yosida approximation of A, since by Lemma 1.17-
(i) D(A) € B(H), it follows that the processes 1x(.)epa)A, X (-) are progressively
measurable and they converge asn — 400 to 1xyep)AX (-) forevery (s, w). Thus
the process AX (-) (understood as 1x()epa)AX (-)) is progressively measurable.

Remark 1.120 In the definition of a mild solution we assumed thatb: [0, T] x H x
Q— Hand 0: [0,T] x H x Q — L5(E¢, H). However, Definition 1.119 may
still make sense even if b and o do not have values in H and £,(Ey, H), provided
that the terms e“~4b(s, X (s)) and e?~9 45 (s, X (s)) have values in these spaces
when they are interpreted properly (see, for instance, Sect. 1.5.1 and also Remark
1.123). Therefore in the future when we are dealing with such cases, we will not
repeat the definition of a mild solution, instead we will just explain how to interpret
the above terms. |

Definition 1.121 (Weak mild solution of (1.28)) Assume that in (1.28) we have
b:[0,T]xH— Hand o:[0,T] x H— Ly(Eg, H). A weak mild solution of
(1.28) is defined to be any 6-tuple (2, .7, .7, Wy, P, X(*)), where (2, #, %, P)
is a filtered probability space, Wy, is a translated .%;- Q-Wiener process on 2, and
X (-) is a mild solution for (1.28) in the generalized reference probability space
(Q, .7, F, Wy, P).
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Notation 1.122 Inthe existing literature, different authors often give different names
to the same notion of solution, and the same name does not always correspond to
the same definition. For instance, the weak mild solution introduced above is often
called a weak solution and in [180] Chap. 8 it is called a martingale solution. |

Remark 1.123 Let A be a Polish space. Suppose that o : [0, T] x H x A —
L(Ep, H) is such that for every u € By, the map (¢,x,a) — o(t,x,a)u is
B0, T]) @ B(H) @ B(A)/B(H)-measurable, and e*“o (¢, x, a) € L,(E¢, H) for
every (¢, x,a) ands > 0. Itthen follows from Lemma 1.20 that, after possibly redefin-
ing it at s =0, the map (s,t,x,a) — eo(t, x,a) is B(0,T]) ® B(0,T) ®
B(H) @ B(A)/B(L,(Ey, H))-measurable. Now, if X(-) : [0,T] x Q - H,a() :
[0, T] x Q — A are .Z-progressively measurable, then for every ¢ € [0, T1,

(s, w) = e (s, X(s5), a(s))

is an L£,(Ey, H)-valued .%;-progressively measurable process on [0, 7] x €. If this
process is in N é (0, ¢; H) for every ¢ then the process

zm:/ "G (s, X (5), a(s)dWo(s), te€l[0,T]
0

is an H-valued .%,-adapted process. One way to argue that Z(-) has a progressively
measurable modification is the following.
Suppose that there is a constant K > 0 such that

E|Z(t)] < K forall t € [0, T]

andthatforall0 <t <h <T

h
— 2
E/ |e“= 40 (s, X (), a(s) | 1, g, gy 45 < pUR—1)
t

for some modulus p. We have for0 <t <h <T

h
Zh) —Z@t) = (""" = 1) Z@) +/ "G (s, X (5), a(s)dWy(s).

t
Let {e,} be an orthonormal basis of H. Then
h
(Z(h) = Z(1). e0) = (2(1), " PAe, ) + < [ o x 0 atonawo o) en>
t
and hence

E[Z(h) — Z(1), ea)] < K"V e, —eu| +/p(h — 1) < palh — 1)
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for some modulus p,. Therefore it is easy to see that the process (Z(¢), e,) is sto-
chastically continuous and thus, by Lemma 1.74, it has a progressively measurable
modification which we denote by Z, (-). The process Z(-) defined, for ¢ € [0, T'], by

n=1

. T Z. (e, if the limit exists,
70 =

0 otherwise

is a progressively measurable modification of Z(-). |

1.4.2 Existence and Uniqueness of Solutions

Definition 1.124 (The space M, T; E))In this definition T € (0, +00) U {400}.
Let p > 1and 0 <t < T. Given a Banach space E, we denote by Mlj’(t, T; E) the
space of all E-valued progressively measurable processes X (-) such that

T 1/p
X Olugrie = (E ( / |X(s)|Pds)) < fo0. (1.29)

Mz, T; E) is a Banach space endowed with the norm | - [yr( 7. ).

Note that in the notation M [j (t, T; E) we emphasize the dependence on the gener-
alized reference probability space p. Processes in M/ (¢, T'; E) are identified if they
are equal P ® dt-a.e.

Leta: [0, T] x Q2 — A be an .F,-progressively measurable process (a control
process), where A is, as before, a Polish space. We consider the controlled SDE

dX(s) = (AX(s) +b(s, X(s),a(s))ds +o(s, X(s),a(s))dWy(s)
(1.30)

X(0)=¢.

This equation falls into the category of equations (1.28) with b(s, x, w) := b(s, x, a

(s,w))ando(s, x,w) := o(s, x, a(s, w)). Thus strong, mild and weak mild solutions

of (1.30) are defined using the definitions for Eq. (1.28).

Hypothesis 1.125 The operator A is the generator of a strongly continuous semi-
group ¢4 on H. The function b: [0, T] x H x A — H is B([0,T]) @ B(H) ®
B(A)/B(H)-measurable, o: [0, T] x H x A — L;(80, H) is B([0, T]) ® B(H)
® B(A)/B(L(Eg, H))-measurable, and there exists a constant C > 0 such that
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|b(s, x,a) —b(s,y,a)| < Clx — y| Vx,ye H,s €[0,T],a € A,
(1.31)
||U(S,x, Cl) - J(Sv Y, a)”ﬁz(Eg,H) =< C|-x - )’| V-xv y € H,S € [0» T],a S Av
(1.32)
[b(s, x,a)] < C(1 + |x]) Vxe H,s €[0,T],a € A,
(1.33)
loGs, x, a)llz,cze. 1y < C(1 4+ |x]) Vxe H,s €[0,T],a € A.
(1.34)

Definition 1.126 (The space Hg(t, T;E)) Let p>1and 0 <t <T. Given a
Banach space E, we denote by H/, (¢, T; E) the set of all progressively measur-
able processes X : [#, T] x 2 — E such that

1/p
|X(')|H;§(1,T;E) :=( sup E|X(s)|”) < 4o00. (1.35)

selt,T]
It is a Banach space with the norm | - |y 7, g)-

Processes in Hfﬁ (t, T; E) are identified if they are equal P ® dr-a.e. Therefore
the sup in the definition of Hji(t, T; E) must be understood as esssup. However,
we will keep the notation sup here and in all subsequent uses of this space. If the
generalized reference probability space p is clear we will just write M7 (¢, T; E) and
H,(t, T; E) for simplicity.

Mild solutions in H},(0, T; E) (or M n (0, T; E)) of various versions of (1.30) will
be obtained as fixed points in these spaces of some maps. We point out that this will
not imply that every representative of the equivalence class is a mild solution. Since
a mild solution X (-) satisfies the integral equality in Definition 1.119-(ii) for every
t € [0, T], X (¢) is prescribed by the right-hand side of this equality, which does not
depend on the choice of a representative of the equivalence class. Thus there is a
unique (up to a modification) representative of the equivalence class which is a mild
solution. We will then always be able to evaluate [E| X (¢)|” for the mild solution X ()
foreveryt € [0, T] (and in fact compute the Hﬁ; (0, T; E) norm of this representative
by taking the sup over all ¢ € [0, T'] instead of the esssup).

Theorem 1.127 Let £ € LP (2, %y, P) for some p > 2, and let A, b and o sat-
isfy Hypothesis 1.125. Let a(-): [0, T] — A be an F-progressively measurable
process. Then the SDE (1.30) has a unique, up to a modification, mild solution
X(-) € Hp(0,T; H). The solution is in fact unique among all processes such that

P (fOT |X (s)|>ds < +oo) = 1, in particular among the processes in ME(O, T; H).

X (+) has a continuous m()fliﬁcation. Give~n two continuous versions X1(-), X»(-) of
the solutiqn, thereexistsa2 C QwithP(Q2) = 1s.t. X (s) = Xo(s) foralls € [0, T]
and w € , i.e. they are indistinguishable.
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Proof The proof can be found, for instance, in [180], Theorem 7.2, p. 188 or [294],
Theorems 3.3, p. 97, and 3.5, p. 105. For the last claim, we can take

Q= [ weQ: X)W =X W)
s€QN[0,7T]

Since X () is a modification of X,(-), we have P(€) = 1, and since X, (-) and X (-)
are continuous, it follows that X (s)(w) = X(s)(w) foralls € [0, T],w € 2. [

We will denote the solution of (1.30) by X (; &, a(-)) if we want to emphasize the
dependence on the initial datum and the control.

Corollary 1.128 Let £ € LP(Q2, %y, P) for some p > 2, let A, b and o satisfy
Hypothesis 1.125. If a1(-), ax(-): [0, T] x Q — A are two progressively measur-
able processes such that a;(-) = a»(-), dt @ P-a.e. on [0, T] x Q, then, P —a.e.,

X(s;&a1(:) =X (556 a2(-)) foralls € [0, T].
Proof Define X; () := X (+; £, a;(+)). Using Theorem 1.103, Jensen’s inequality, and

SUPscio.7] le*4|| < C for some C > 0, it follows that, for suitable positive C; and Cy:

E[IX1(s) — Xa2())’] < Cl(/‘ Elb(r, X1(r), ai(r)) — b(r, X2(r), ax(r))[*dr
0
+/‘ Ello(r, X1(r), ai1(r)) — o(r, Xa(r), az("))”i;z(ao,ﬂ)dr)
0
ECz/SE|X1(F)—X2(V)|2dF, s €0, 7],
0

and the claim follows by using Gronwall’s lemma and the continuity of the trajecto-
ries. (]

Remark 1.129 Above we assumed that the o always takes values in £,(E, H).
Existence and uniqueness results for SDEs with more general o can be found, for
instance, in [294] Theorem 3.15, p. 143, or in [180] Theorem 7.5, p. 197. To treat
some specific examples we will also prove more general results in Sect. 1.5. |

1.4.3 Properties of Solutions

Theorem 1.130 Let& € LP (2, Fy, P) forsomep > 2,a:[0,T] x Q — A be F-
progressively measurable, and let A, b and o satisfy Hypothesis 1.125.

(i) Let X(-) = X(; &, a(-)) be the unique mild solution of (1.30) (provided by
Theorem 1.127). Then, for any s € [0, T],
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sup E[IX(9)|”] < C,(T)(I +E[E) if p =2, (1.36)
s€[0,T]
]E|: sup IX(S)I”:| <C,(DYA+EKI") if p>2, (1.37)
s€[0,T]
and
E[ sup |X(r) — £|”} <we(s) ifp>2, (1.38)
rel0,s]

where C,(T) is a constant depending on p, T, C (from Hypothesis 1.125) and
M, o (where ||e"|| < Me" for r > 0), and we is a modulus depending on the
same constants and on & (in particular they are independent of the process a(-)
and of the generalized reference probability space).

(ii) If€,n € LP(Q, Fo, P)forp > 2,and X() = X (- €,a(-)), Y () = Y (5 1, a())
are the solutions of (1.30), then, for all s € [0, T],

E|: sup [X(s) — Y(S)Iz] <Cr(E[I1€ - TII”])% ; (1.39)

s€(0,T]

where Ct depends only on p, T, C, M, «.

Proof Part (i): For (1.36) and (1.37) we refer, for instance, to [180] Theorem 9.1,
p. 235, or [294], Lemma 3.6, p. 102, and Corollary 3.3, p. 104. Regarding (1.38), we
have that there is a constant ¢; depending only on p and sup, o 7y lle’|, such that

E[ sup |X(r) —§|”i| < C(E[ sup ]e’A§—£|pi|

rel0,s] rel0,s]

r p
+IE|: sup (/ |b(u, X (u), a(u))ldu) :|
rel0,s] 0

+E |: sup
ref0,s]

/,- "G (u, X (u), a(u)dWo(u)
0

)
Using Hypothesis 1.125, (1.37), Holder’s inequality, and Proposition 1.112, we see
that

E[ sup |X(r)—5|"} SCZ(E[ sup |e”‘£—5|”}+/s (1+E|5|P)dr).
0

rel0,s] rel0,s]

s—0F
Since sup,coy |¢4¢ —¢|” 2% 0 ae., and SUp, (0. €€ — €|" < C11€17, the
result follows by the Lebesgue dominated convergence theorem.
Part (ii): See [180] Theorem 9.1, p. 235. O
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Theorem 1.131 Let £ € LP(2, %y, P) for some p > 2, and let A, b and o satisfy
Hypothesis 1.125. Let a: [0, T] x Q2 — A be a progressively measurable process.
Let X (+) be the unique mild solution of (1.30). Consider the approximating equations

dX"(s) = (A, X"(s) + b(s, X"(s),a(s)))ds +o(s, X"(s),a(s)dWgo(s)

X"(0) =¢,
(1.40)
where A, is the Yosida approximation of A. Let X,,(-) be the solution of (1.40). Then
lim E |: sup |X"(s) — X(s)|”:| =0. (1.41)
n—00 s€l0,T]
Proof See [180] Proposition 7.4, p. 196, or [294], Proposition 3.2, p. 101. O

The next proposition is a simpler version of Theorem 1.131 which will be useful
in the proofs of the results of Sect. 1.7.

Proposition 1.132 Let§ € LP(Q, %, P), f € MJ(0,T; H),and ® € ./\/5(0, T; H)
for some p > 2. Let X (-) be the mild solution of

dX(s) = (AX(s)+ f(s))ds + P(s)dWy(s)
[X(O) _¢ (1.42)
and X" (-) be the solution of
[dX"(s) = (A, X"(s) + f(s)ds + D(s)dWp(s) (1.43)
X"(0) =¢, ’

where A generates a Cy-semigroup and A, is the Yosida approximation of A. Then,
ifp>2

lim E |: sup |X"(s) — X(s)|”i| =0. (1.44)
=00 5€[0,T]

Moreover, for p > 2, there exists an M > 0, independent of n, such that

sup E[|X”(s)|p] <M, sup ]E[|X(s)|1’] <M. (1.45)
s€[0,T] s€[0,T]

Proof Observe first that the mild solution of (1.42) is well defined thanks to the
assumptions on &, f and &, and

X(s) =+ /S ST f(ndr + / S TAD(r)dWo(r), s €0, TI.
0 0

The same is true for the mild solution of (1.43) (which is also a strong solution).
To prove (1.44), we write, for s € [0, T],
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X"(s) — X(s) = (e‘YA” — eSA) E+ /S (e(s_r)A" - e(‘v_r)A) f(rydr
0

+ / (e — A B (AW () = 11 (s) + 12 (s) + 12 (s).
0

It is enough to show that lim,_, o, E [supse[oﬂ |Ii”(s)|1’] =0 fori e {1,2,3}. For
i = 3 this follows from (1.21). To prove it for i = 2, we observe that (B.15) implies
that if

Y, (r) := sup |(e(3'—’)An _e(s—r)A) )

se[r,T]

’

then ), (r) 7% 0 ae. on . Moreover, thanks to (B.14), there exists a C; such
that, for all ¢ € [0, T'] and all n, |e’A" < Cy,s0 ¢, (r) <2Cy|f(r)| for all n. Since

ftT | f(r)|dr < 400 for almost every w € €2, by the Lebesgue dominated conver-
gence theorem we have

s p
sup / ’(e(x_’)A"—e(“_”A) f(r)’dr
5€[0,711J0
§ P T b n— o0
< sup / P, (rydr| < / P, (rydri —— 0
5€[0,711J0 0
for a.e. w € Q. Now observe that
K 14
sup / }(e(s—r)A,l _ e(s—r)A) f(r)’dr
se€[0,7] 1J0

K] T
< sup / QCO? LF (1P dr < / QCH? LF (1P dr,
0 0

s€[0,7T]

and the last expression is integrable (on 2), since f € M [j (0, T; H). Therefore
we can apply the Lebesgue dominated convergence theorem, obtaining lim,_, ., E
[supSe[O’T] |1} (s)|P] = 0. The claim for i = 1 follows again from (B.15) and the
Lebesgue dominated convergence theorem.

Estimates (1.45) are easy consequences of (B.14) and the assumptions on
& f, . O

1.4.4 Uniqueness in Law

Definition 1.133 (Finite-dimensional distributions) Let T > Oandt € [0, T). Con-
sider a measurable space (2, %), two probability spaces (Q2;, .%;, ;) fori = 1,2,
and two processes {X;(s)}scir7) 1 (i, Fi, P)) — (R, .F). We say that X(-) and
X>(-) have the same finite-dimensional distributions on D C [t, T] if for any
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t<ti<bh<..<t,<T.tieDandA e ¥R .F QR..R.F%, wehave

n times
Pi{wr © (Xi(t), . Xi(t)(wr) € A} =Po{ws © (Xa(t1), .. X2(1)) (w2) € A}.

In this case we write Lp, (X,(-)) = Lp,(X2(-)) on D. Often we will just write
Lp, (Xi(-)) = Lp,(X2(-)), which should be understood as meaning that the finite-
dimensional distributions are the same on some set of full measure.

Theorem 1.134 Let H be a separable Hilbert space. Let (2;, F;, ;) fori = 1,2 be
two complete probability spaces, and (2, F) be a measurable space. Let & Q; —
Q,i = 1,2 be two random variables, and f;: [t,T] x Q; — H,i = 1,2, be two
processes satisfying

T T
Py (/ |fi(s)lds < +OO) =P (/ | f2()lds < +oo) =1

and, for some subset D C [t, T] of full measure,

Lp, (f1(-), &) = Ly, (f2(:), &) on D.

Lp, (/ fi(s)ds, fl) = Lp, (/ fa(s)ds, fg) on[t, T]. (1.46)

Proof See [471] Theorem 8.3, where the theorem was proved for a more general
case of Banach space-valued processes. (]

Then

Theorem 1.135 Let (Ql, g], ﬁsl", Py, WQq]) and (Qz, 9*2, ﬁ?”, P, WQ’z) be
two generalized reference probability spaces. Let ®;: [t, T] x Q; — L2(Eg, H),
i = 1,2, be two F!"'-progressively measurable processes satisfying

T T
P, (/ D1 ()17, g1/ ds < —|—oo) =P, (/ D217, z,.1)d5 < —|—oo) =1.
t t

Let (fZ, j) be a measurable space and &; : Q2; — Q,i = 1,2, be two random vari-
ables. Assume that, for some subset D C [t, T] of full measure,

Lp, (P1(), Wo.1(), &1) = Lp, (P2(), Woa(-), &) on D.

Then
Lp, (/ ®1(S)dWQ,1(S),fl) = Lp, (/ <I>2(s)dWQ,2(s),£2) onlt,T]. (1.47)

Proof See [471] Theorem 8.6. (I
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Consider now an operator A and mappings b, o satisfying Hypothesis 1.125,
and x € H. Let (Q], ﬁ], g‘sl,t’ ]P)l, WQ,]) and (Qz, fz, ?Yz’[, Pz, WQ’z) be as in
Theorem 1.135. For i = 1,2 consider an .Z!-progressively measurable process
a;: [t, T] x Q2 — A. '

Let p > 2 and let (; € L7 (%2, 52,”, P;), i =1, 2. Denote by H,; the Banach

Z 1! _progressively measurable processes Z;: [t, T] x ; — H such

space of all F#}'-
that
1/p
sup E;|Z;(s)|” < +o00.
se(t,T]

Let K;: ‘Hpi — H,, be the continuous map (see [180], p. 189) defined as

Ki(Zi())(s) := ¥4 + / s S (r, Zi(r), a;(r))dr

+ / ST AG(r, Zi(r), ai (r)dWo i (r).
' (1.48)

Lemma 1.136 Consider the setting described above, and let 0; : [t, T] x Q; —
H,i = 1,2, be stochastic processes. If

Lp (Z1(),a1(), Wo,1 (), 01(), C1) = Lp,(Z2(-), a2(-), W 2(), 02(-), (2)

on some subset D C [t, T] of full measure, then

Lp,(K(Z1()(), a1 (), Wo 1), 01(-), C1)
= Lp,(K2(Z2()) (), a2(:), Wp 2 (), 02(-), &) on D.

Proof Observe that, since we only have to check the finite-dimensional distribu-
tions, the claims of Theorems 1.134 and 1.135 hold even if &; and &, are stochastic
processes, with (1.46) and (1.47) then being true on some set of full measure. Let us
choose a partition (t1, ..,1,), witht <tj <h <..<t, <T,ty € D,k =1, ..., n.
We need to show that

Lp, (K(Z1 () t), ar(te), Wo1(t), 1 (t), G k=1, ...,n)

= Lp, (Ko(Z2() 1), ar(te), W1 (), (1), (ot k=1, ..., n).
(1.49)

Define fi(r) := 1y.,,1(r)e " 2b(r, Zi(r), a;(r)) and ®'(r) := 1j;,,3(r)e 1774
o(r, Z;(r),a;(r)),i = 1, 2. We have
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Lp, (f1O), @100, Z1(). a1 (). Wo 1), 01(). C1)
= Lp,(f2(), ©2(), Z2(), az(), W 2(-), 62(), &) on D,

and thus, by Theorem 1.134 applied with
gl() = (fl()’ ch(')v Zl(')s aj ()7 WQ,I(')? 91(')7 Cl)v
£ = (f2(), P°(), Za(), az (), W2 (), 62(), ),

‘C]P’l (/ fl(S)dS, fl(')» (I)](-)’ Zl ()a al(')s WQ,l(')s 91(')9 Cl)
= Lp, ( / FAs)ds, f2(), @), Z2(), ax (), WQ,2<->,02<~>,<2) on D.

Now, applying Theorem 1.135 with

() = (/ FH)ds, 1), @), Z1(), ar(), WQ.I(’),QI(')vCI),

&() = ( / ) FA@)ds, f2(), D2(), Za(), (), Woa (), 62(-), Cz) :
we obtain
Lp, (/[” fl(s)ds, '/t” ' ()dWg.1(s), f1(), @), Zi(), a1 (), Wo. (), 01 (), Cl)
~ L, ( [ " Pws, /, " @ ($)dWoa(s), 200, 920), Z0), ar(), Wo20), 62, <z)

on D (we recall that the stochastic convolution terms in (1.48) and the stochastic
integrals above have continuous trajectories a.e.). In particular, this implies that

Lp, (Ki(Zi (D), £16), @), Zi(), a1 (), Wo (), 01(), Cr)
= Lp,(Ka(Zo())(t1), £2(), D), Za(), a2 (), Woa(+), 02(-), &) on D.

We now repeat the above procedure for 15, ..., #, which will yield (1.49) as its con-
sequence. O

Proposition 1.137 Let the operator A and the mappings b, o satisfy Hypothesis
1.125. Let (Ql, T, FL Py, WQ,l) and (Qz, T, FH Py, WQ,Z) be two gener-
alized reference probability spaces. Let a;: [t, T] x Q; — A,i = 1,2 be an Fi'-
progressively measurable process, and let (; € LP(2;, f,i", P),i=1,2,p>2
Let Lp, (ai(-), Wp1(), (1) = Lp,(a2(:), Wp,1(-), (2) on some subset D C [0, T] of

full measure. Denote by X;(-), i = 1, 2, the unique mild solution of
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[dXi(S) = (AX;(s) + b(s, Xi(s),a;(s)))ds + o(s, X;(s),a;(s))dWg,i(s)
Xit)=¢

(1.50)
on[t, T]. Then Lp (X((-), a(:)) = Lp,(X2(), a2(-)) on D.

Proof Ttis known (see [180], proof of Theorem 7.2, pp. 188—193) that the map X; is
acontractionin H, ; if [¢, T'] is small enough. Thus if we divide [#, T ] into such small
intervals [t, Tt ], ...[Tx, T'], X;(-) on [z, T{] is obtained as the limit in H, ; (restricted
to [¢, T1]) of the iterates (K7 (x))(-). Therefore, using Lemma 1.136 and passing to
the limit as n — +00 we obtain

Lo, Ay 1 1(OX1(), a1(), Wo1() = Lo, Ay 1,1 X2(4), a2(-), Wp1(-)) on D.

Without loss of generality we may assume that 77 € D. The solutions on [T}, T»] are
obtained as the limits in 7, ; (restricted to [T}, T>]) of the iterates (/C' (X; (71)))(-),
where now

Ki(Zi())(s) := e~ TAX(Ty) + / ST, Zi(r), i (r))dr

T

+ / A, Zu(r), @ () AW ().
T,

1

Thus, again using Lemma 1.136 and passing to the limit as n — 400, it follows that

Ly, Ay 11D X1(), a1(), W 1() = L, Ay 11 X2(-), a2(-), Wp.1(-)) on D.

We repeat the procedure to obtain the required claim. (]

1.5 Further Existence and Uniqueness Results in Special
Cases

Throughout this section 7 > 0 is a fixed constant, H, E, Q, and the generalized
reference probability space p = (2, %, {Z}sero. 11, P, Wo) are as in Sect. 1.3 (with
t = 0), A is the infinitesimal generator of a Cp-semigroup on H, and A is a Polish
space. As in previous sections we will only consider equations on the interval [0, T'],
however all results would be the same if instead of [0, T'] we took an interval [¢, T'],
forO<r<T.
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1.5.1 SDEs Coming from Boundary Control Problems

In this section we study SDEs that include equations coming from optimal control
problems with boundary control and noise. To see how they arise the reader can look
at the examples in Sects.2.6.2 and 2.6.3, and Appendix C. We consider the following
SDE in H:

dX(s) = (AX(S) + b(s, X(s),a(s)) + (N — A)ﬁGab(s)) ds
+o(s, X(s),a(s))dWo(s), s€(0,T] (1.51)

X(0) = €.

Hypothesis 1.138

(i) A generates an analytic semigroup e’ for t > 0 and ) is a real constant such
that (A — A)~! € L(H).

(i) a: [0,T] x 2 — A is progressively measurable, b(-, -, -) satisfies (1.31) and
(1.33).

(iii)) ApisaHilbertspaceanda,(-): [0, T] x € — Ay is progressively measurable.

(iv) G € L(Ay, H).

(v) Bel0, ).

(vi) ~y1is aconstant belonging to the interval [O, %), o is a mapping such that (A —
A) Vo [0, T] x H x A, — L,(Eo, H) iscontinuous. There exists a constant
C > 0 such that

AL = A) Vo(s, x,a) |l 2oz0.1) < C(L+ |x|)
foralls € [0, T], x € H, a € A and
[T — A) o(s, x1,a) — (s, x2, )]l oz, 1) < Clxi — x2

foralls € [0, T], x;,x2 € H, a € A.

Remark 1.139 Part (i) of Hypothesis 1.138 implies, thanks to (B.18), that for every
6 > 0 there exists an My > 0 such that

M
(M — A)e4x| < t—;lxl, foreveryt € (0,T], x € H. (1.52)

Following Remark 1.120, the definition of a mild solution of (1.51) is given by
Definition 1.119 in which the term

/ eCAN — A Gay(rdr
0
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is interpreted as
/ (AL — A) e 4 Gay(r)dr,
0

and the term s
/ ST G (r, X (r), a(r))dWo(r)
0

as )
/ A — A)YTeS AN — A Vo(r, X (r), a(r))dWo(r).
0

This is natural since (A — A)?e“~4 is an extension of ¢®"4(\ — A)? and
(AL — AYTeCDANT — A)™ = 04,

Remark 1.140 SDEs of type (1.51) appear most frequently in optimal control prob-
lems of parabolic equations on a domain @ C R” with boundary control/noise, see
Sect. 2.6.2. More precisely, the cases 3 € (% 1) and G € (}1 %) are related respec-
tively to the Dirichlet and Neumann boundary control problems when one takes
Ap = L*(DO) (or some subset of it) and H = L*(O). v € (1, 1) arises when one
treats problems with boundary noise of Neumann type where again A, = L?(00)
and H = L*(0). v, € (% — g, %) arise in some specific Dirichlet boundary con-
trol/noise problems when one considers A, = L?(00O) and a suitable weighted L>
space as H. |

Theorem 1.141 Assume that Hypothesis 1.138 holds, p > 2, and let o :== % -
Suppose that

p>— (1.53)
«

anday(-) € M{(0,T; Ap) forsomeq > p,q > ﬁ Then, for every initial condition
& e LX(Q, Zy, P), there exists a unique mild solution X (-) = X (-0, &, a(-), ap(-))
of (1.51) in H,(0, T; H) with continuous trajectories P-a.s. If there exists a constant
C > 0 such that

A —A) Vo (s, x, a)llyz.my < C (1.54)

foralls € [0,T], x € H,a € A, then the solution has continuous trajectories P-a.s.
without the restriction p > & If§ e LP(2, Fy,P) then X(-) € H,(0,T; H) and
there exists a constant Cr,, independent of § such that

sup E|X(s)]” < Cr (1 +E[E]P). (1.55)
s€[0,7T]

Proof Assume first that £ € L” (2, %y, P) where p > 2 without the restriction
(1.53). Similarly to the proof of Theorem 1.127, we will show that for some
Ty € (0, T'] the map
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K: Hp(0, To) - Hp(0, Tp),

KY)(s) = e + / S TAD G Y (1), a(r))dr + / W = A2 AGay (rydr
0 s 0
+/ A = A SN — Ao (r, Y (r), a(r))dWo (r)
JO
(1.56)

is well defined and is a contraction. The only difference between our case here and
that considered in Theorem 1.127 is the last two terms in (1.56).

First we prove that K maps H,(0, Tp) into H,(0, Tp). We only show how to
deal with the non-standard terms. For the third term in (1.56) we can argue as fol-
lows. If M is the constant from (1.52) for § = 3, using (1.52), Holder and Jensen’s

inequalities, and ¢ > p, ¢ > I_Lﬂ, we obtain
K ) P
sup E / M — AP AGay(r)dr
sel0,]  |Jo

K 1 p
< sup M§||G||pIE(/ —|ab(r)|dr)
0

€0, o] (s —r)
plg—=1

»
Ty 1 q Ty q
< MIG|” (/ —,zqdr) E [/ |ab(r)|"dr]
| 0 (Ty—ryiT 0
To 1
<(C (E |:/ |ab(r)|"dri|) < +o00.
0

(1.57)

As regards the stochastic integral term, using Theorem 1.111, (1.52), and Hypothesis
1.138-(vi), we estimate

s V4
sup E / M — A" AN — A)To(r, Y(r), a(r))dWo(r)
s€[0,Tp] 0
)
s 1 2
< sup CE / — M = A0, YY), at)| > = dr
SE[OB?)] : 0 (S - r)2’y £2(E0. 1)

2]

To 1 2 s 1
JE— - P
= ses[l()lgo] @ (/o (Ty — ) dr) /o (s — r)hE[(1 @D

=G (141 0ny) (1:58)

for some constant C3. Progressive measurability of all the terms appearing in the
definition of IC(Y)(-) can be proved by using estimates similar to (1.57) and (1.58)
and arguing as in Remark 1.123.

Regarding the proof that, for 7j small enough, K is a contraction, the only non-
standard term to check is the stochastic convolution term, since the third term in
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(1.56) does not depend on X. Arguing as before we have that for X, Y € H,(0, Tp),
thanks to Theorem 1.111, (1.52), Hypothesis 1.138-(vi), and Jensen’s inequality,

s p
sup E / AL = A)TeS AN — A7 [o(r, X(r), a(r)) — o (r, Y (r), a(r)1dWo (r)
0

s€[0,To]

r

2
gses[ngo] CiE (/ G )2’ [AT = A) 7 [o(r, X(r), a(r)) — o(r, Y (r), a(r))]||w 2o A7 )

P
< sup CzJE(/ ——— X () - Y(r)|2dr)z
5€[0,7p] (s —
< wp C (/T; ) / E[|X () — Y ()| ldr
= o o @w-rm = r)%
<w(TylX - Ylf}-(p(().TO)v (159)

where w(r) i) 0. So for T small enough (which is independent of the initial
condition) we can apply the Banach fixed point theorem in H, (0, Tp) as in the proof
of Theorem 1.127 (see also the proof of [180], Theorem 7.2, p. 188). The process can
now be reapplied on intervals [Ty, 2To], ..., [kTy, T], where k = [T/ Ty], to obtain the
existence of a unique mild solution in (0, T') in the sense of the integral equality
being satisfied for a.e. s € [0, T'].

Estimate (1.55) follows from similar arguments using the growth assumptions on
b, o in Hypothesis 1.138 and Gronwall’s lemma in the form given in Proposition
D.30.

We will now prove the continuity of the trajectories if condition (1.53) is satisfied.
We will only prove the continuity of the stochastic convolution term in (1.56) since
the continuity of the other terms is easier to show. In particular, the continuity of the
trajectories of the third term in (1.56) follows from Lemma 1.115-(ii).

Let now p > % Hence there is an 0 < o < « such that p > ai Then, for r €
[, T], using (1.52), (1.55), Hypothesis 1.138-(vi), and Jensen’s inequality

r , 2 5
E (/ r—h)~ dh)
Jo L2(Eo,H)

<E (/0 (r = 2NN = AT L = Aok, X (h). a(h))Hi;ﬂaO,m ds)

A — A)eU=MANT — A)~

r

(S

<CIE ( / = =y + |X<h)|)2dh)
0

p

T 2
<C (/ (T —h)~2(T — h)’z"/dh) sup E[(1 +|X(R)])P] =: C3 < +00. (1.60)
0

hel0,T]

Observe that C, does not depend on r € [0, T']. This proves (1.25) and thus the claim
follows from Proposition 1.116. When (1.54) holds, estimate (1.60) is easier and can
be done for any exponent p’ > 1/« in place of p, and thus (1.25) is always satisfied.

Finally, we need to discuss the continuity of the trajectories if £ € L*(Q, %, P).
We argue as in the proof of Theorem 7.2 of [180]. For n > 1 we define the random
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variables
¢ = § if [l <n
"0 if €] > n.

The solutions X (+; 0, &, a(-), ap(-)) and X (+; 0, &,, a(-), ap(-)) on [0, Tp] are obtained
as fixed points in H>(0, Tp) and H, (0, Tp), with p large enough, of the same con-
traction map (1.56) with the second map having the term e*4¢, in place of e*4¢.
Therefore both solutions can be obtained as limits of successive iterations start-
ing, say, from processes e*A¢ and eS4¢,, respectively. It is then easy to see that
we have X (;0,&,a(-),a,(-)) = X(50,&,,a(), ay(+)), P-as. on {w : [§(w)| < n}.
However, the solutions X (-; 0, &,, a(-), ap(-)) have continuous trajectories. Thus
X(+;0,&,a(), ap(-)) has continuous trajectories P-a.s. on [0, Tp] and we can then
continue the argument on intervals [Ty, 27], .... U

Proposition 1.142 Let the assumptions of Theorem 1.141 be satisfied. Denote the
unique mild solution of (1.51) in H,(0, T; H) by X(-) = X(:;0,&, a(-), ap(*)).

(i) If ¢' = € P-as., a'(-) = a*() dt ® P-a.s. ag(-) = a,%(-) dt ® P-a.s., then PP-

a5, X(0,6",a' (), a}()) = X (0,82, a>(), a}() on [0, T

(ii) Let (Ql, 91, 9}1, Py, WQq]) and (Qz, gz, ﬁf, P,, WQ’Q’) be two genemlized
reference probability spaces. Let (; € LP(2;, %, P:i),i = 1,2. Let (a', a,):
[0, T]x Q — A x Ap,i = 1,2 be F!-progressively measurable processes
satisfying the assumptions of Theorem 1.141. Suppose that Lp, (a'(-), abl(-),
Wo.1(), ¢1) = Lp, (@*(), aZ(~), Wo.1(-), ¢2) on some subset D C [t, T] of full
measure. Then Lp (X(+;0,¢,a'(),a)(),a'(),ay() = Lp,(X (0, ¢,
(). a} (), a>(), a()) on D.

(iii) The solution of (1.51) is unique in Ml’j(O, T; H) as well.

Proof WIfX;(-) =X (-; 0,&,d' (), a2(~)), arguing as in (1.59) and using Holder’s
inequality, we obtain, for s € [0, T],

E[X1(s) = Xo()|” = Cr/ E[X1(r) — Xo(r)|"dr,
0

and the claim follows by using Gronwall’s lemma (Proposition D.29), and the con-
tinuity of the trajectories.

(i) The argument is the same as the one used to prove Lemma 1.136 and
Proposition 1.137, since in the current case the solution is also found by iterating the
map K.

(iii) The uniqueness in M /Ij (0, Ty; H) follows from the estimate in Part (i) above
and Proposition D.29. ]
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1.5.2 Semilinear SDEs with Additive Noise

In this section we give more precise results for some semilinear SDEs with additive
noise, i.e. for Eq.(1.28) when the coefficient o is constant and we have possible
unboundedness in the drift.

Hypothesis 1.143

(1) The linear operator A is the generator of a strongly continuous semigroup
{e‘A L, > O} in H and, for suitable M > 1 and w € R,

le'“x| < Me“'|x|, Vit=>0, x € H. (1.61)

(i) Q € LT(B),0 € L(E, H)and e’ 0 Qc*e** e L1(H) forall s > 0. Moreover,
forallt > 0,

t
/ Tr [eSAJQa*esA*]ds < 400,
0
so the symmetric positive operator
t *
0,:H—H, 0O ::/ oottt ds, (1.62)
0

is of trace class for every t > 0, i.e.
Tr [Q;] < +o0. (1.63)

[

Let Wy be a O-Wiener process in & and consider the stochastic convolution
process defined, for s > 0, as follows:

WA(s) = / ' ST AGdWy(r). (1.64)
0

Proposition 1.144 Suppose that Hypothesis 1.143 is satisfied. Then the process
WA(.) defined in (1.64) is a Gaussian process with mean 0 and covariance oper-
ator Qy, is mean square continuous and WA(-) e Hg 0, T; H) for every p > 2.
Moreover, if there exists a vy > 0 such that

T
/ sTTr [e 4o Qo*e' | ds < oo, (1.65)
0

then WA (-) has continuous trajectories® and, for p > 0,

SWithout assuming (1.65) such continuity of trajectories may fail to hold, see e.g. [357].
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E[ sup |WA(s)|Pi| < 400.

0<s<T

Proof See[180] Chap. 5, Theorems 5.2 and 5.11. The factthat WA (-) € Hg 0,T; H)
for every p > 2 follows from Theorem 1.111. The last estimate can be found, for
example, as a particular case of Proposition 3.2 in [284]. (]

A completely analogous result holds for the stochastic convolution starting at a
point ¢ > 0, i.e.

W%n@::/né“W%deﬂ, s> 1. (1.66)
t
Let T > 0. We consider the SDE

de(s) = (AX(s) +b(s, X(s)))ds +cdWy(s), s>0 (1.67)

X(0) = &.

Hypothesis 1.145 p > 1 and b(s, x) = by(s, x, a;(s)) + ax(s), where:

(i) The process a;(-) : [0, T] x @ — A (where A is a given Polish space) is .%;-
progressively measurable. The map by : [0, 7] x H x A — H is Borel mea-
surable and there exists a non-negative function f € L'(0, T; R) such that

|bo(s, x,ap)| < fs)(1+1x]) Vsel0,T], xe€ H anda; € A.

[bo(s, x1,ar) — bo(s, x2, ap)| < f(s)|x; — x2]
Vs €0, T], x1,x, € H anda; € A.

(ii) The process a,(-) is such that for all ¢ > 0, the process (s, w)—e'4ax(s, w),
when interpreted properly, is .%-progressively measurable on [0, T] x € with
values in H, and

leay(s,w)| < t7Pg(s,w)  V(t,5,w) €[0,T] x [0, T] x Q, (1.68)

for some 5 € [0,1) and g € MZ(O, T;R), where ¢ > p and g > ﬁ

Hypothesis 1.145 covers some cases which are not standard and for which a
separate proof of existence and uniqueness of mild solutions of (1.67) is required.

Remark 1.146 Hypothesis 1.145-(ii) is satisfied, for example, when A is the gen-
erator of an analytic Cp-semigroup and the process a,(-) is of the form a,(s) =
(M — A)Pas(s), where A € Ris such that (\] — A) is invertible, 8 € (0, 1), a3(-) €
MZ O, T;H),q>p,q > 1+ In such cases the definition of a mild solution of
(1.67) is given by Definition 1.119 in which the formal term

/‘ S (Pdr = / SN — APasy(r)dr

0 0
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appearing in the definition of a mild solution is interpreted as
/ A — A) e as(rdr.
0

This is natural since (A\I — A)”e~"4 is an extension of e®~"4(\I — A)~.
Another more general case where Hypothesis 1.145-(ii) is satisfied is when a, () :
[0, T] x 2 — V* is progressively measurable, where V* denotes the topological
dual of V = D(A*). In such a case the semigroup ¢’4 may be extended, by a standard
construction (see e.g. [232]), to the space V*. Denoting this extension still by e'4,
the process e¢'“ay(-) : [0, T] x Q — V* is well defined. If we further assume that
e'“ay(-) takes values in H and satisfies (1.68) for some 3 € (0, 1), then Hypothesis
1.145-(ii) is satisfied. A similar and even slightly more general case has been studied
in [232] in a deterministic context. |

Proposition 1.147 Let £ € L? (2, %y, IP) and Hypotheses 1.143 and 1.145 be sat-
isfied. Then Eq.(1.67) has a unique mild solution X (-;0,&) € H»(0,T; H). The
solution satisfies, for some C,(T) > 0 independent of &,

S[%I;IE[IX(S;O, O17] < C,(T)(A +E[IE]. (1.69)

Moreover, if &1, & € LP (2, g, P), we have, P-a.s.,
1X(530,€1) — X (510, &)| < Me*T|gg — el IO g e [0, T). (1.70)

Finally, if (1.65) also holds for some ~y > 0, then the solution X (-; 0, ) has P-a.s.
continuous trajectories, and if € = x € H is deterministic we then have

E( sup [X(s)]") < Cp(T)(A + [x|7) (1.71)
s€[0,7T]

for a suitable constant C,(T) > 0 independent of x. In particular, if g in Hypothesis
1.145-(ii) is in M0, T; R) for every q > 1, then estimate (1.69) holds for every
p > 0 and the same is true for (1.71) if ¢ = x € H.

Proof The proof of existence and uniqueness uses the same techniques employed
in the Lipschitz case (Theorem 1.127) but contains a small additional difficulty due
the presence of the term a,(-) and possible singularities in s of the Lipschitz norm
of by(s, ). We will write H,(0, T) for H},(0, T; H). For Y € H,(0, T) we set

s N
K(Y)(s) = e“™04¢ 4 / ST Ao, Y (1), @y (r)dr + / e Aa (rdr + WAs).
0 0
(1.72)
WA belongs to H »(0, T) thanks to Proposition 1.144. Hypotheses 1.145-(i) and
1.145-(ii) ensure, respectively, that the second and third term in the definition of the
map K belong to H ,(0, T') as well (one can use the same arguments as these to obtain
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(1.57) when 3 € (0, 1) and Holder’s inequality if 8 = 0). So K maps H (0, T') into
itself. For Y1, Y, € H,(0,T),s € [0, T],

IK(Y1)(s) — K(Y2)(s)] < Me‘“T/ SOIY1(r) = Ya(r)ldr,
0
which yields, for Ty € (0, T'],

X p
(Y1) = K(Y)IEy oy < Me“T sup IE[ / FOIYI() - Y2<r>|dr]
s€[0,7p] 0

T P
5Me“’T[ f(r)d’] sup E[Y1(s) — Ya(s)|”
0 s€[0,Tp]
T P
= MeT [ f(r)dr] 1Y) — Y2|571,,<0,T0>‘
0

(1.73)

Therefore, if T is sufficiently small, we can apply the contraction mapping principle
to find the unique mild solution of (1.67) in H , (0, Tp). The existence and uniqueness
of a solution on the whole interval [0, T'] follows, as usual, by repeating the procedure
a finite number of times, since the estimate (1.73) does not depend on the initial data,
and the number of steps does not blow up since f is integrable. Estimate (1.69)
follows from (1.72) applied to the solution X if we perform estimates similar to
those above and use Gronwall’s Lemma.

To show (1.70) we observe that if Z(s) = X (s; 0, &;) — X (s; 0, &), then for s €
[0, T]

Z(s) =& - ) + /O eI X (1 0,€0), a1 () — bo(r, X (0, £2), a1 ()
By Hypothesis 1.145 we thus have

1Z(5) = Me“T|&1 — &l + Me" /0 FOIZ@ldr. s €10.7)
so that, by Gronwall’s inequality (see Proposition D.29),

1Z(s)| < Me*T|€, — &eMe" o F0ir,

which gives the claim. The continuity of trajectories follows from Proposition 1.144,
Hypothesis 1.145 and Lemma 1.115 for the second and fourth terms in (1.72), and
from Lemma 1.117 for the [; ¢“™4a,(r)dr term.

The last estimate (1.71) follows by standard arguments (see the proof of (1.37) in
Theorem 1.130) if we use Proposition 1.144. This implies that if g € M, T; R)
for any ¢ > 0, (1.71) holds for any p > 2. For p € (0, 2), defining Z,(s) :=
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Supscio.7y | X ()], we have
E(Z)(9) < [E(Zy()M]P? < (CA+ [xP)P? < Ci(1+ |x]7).

O

Proposition 1.148 Assume that Hypotheses 1.143, 1.145, together with (1.65), are
satisfied, and let a,(-) be as in Remark 1.146. Then:

(i) Let &1.6 € LQ, Fo, P), & = & Peas. Let (a} (), al()). (3. a3() be
two processes satisfying Hypothesis 1.145, together with Remark 1.146, such
that (a11(~), a3] ) = (a12(~), a32(-)), dt @ P-a.s. Then, denoting by X'(-;0, &)
the solution of (1.67) for b(s, x) = (A — A)‘ﬁaé(s) + bo(s, x, a’i(s)), we have
X' 0,6) = X2(:;0,&), P-a.s. on [0, T.

(ii) Let (Ql, F, 5‘}1, Py, WQ,l) and (522, P, f?, P,, WQ,Z) be two generalized
reference probability spaces. Let §; € L*(S, ﬁé, P),i =1,2. Leta’]'(-), a§(~),
i = 1,2, beprocesseson [0, T x Q; satisfying Hypothesis 1.145, together with
Remark 1.146. Suppose that Lp, (all(o), a3'(~), Woi(), &) = Lp, (a%(-), a§(~),
Woo().60). Then Lz(X'(;0.6).a}(),a}()) = Le,(X (50,8, a}(),
B ().

(iii) If f € L*(0, T; R) then the solution of (1.67) ensured by Proposition 1.147 is
unique in Mﬁ (0, T; H) as well.

Proof Parts (i) and (ii) are proved similarly as Proposition 1.142 (i)—(ii). Part (iii)
follows from (1.70), which is also true in this case. We also point out that if p =
2, f € L*(0, T; R) then C maps Mﬁ(O, T: H) into itself and is a contraction in
Mﬁ(O, Ty; H) for small Tj. O

1.5.3 Semilinear SDEs with Multiplicative Noise

This section contains a result for a class of semilinear SDEs with multiplicative
noise. Let 7 > 0, and let H, E, A and a generalized reference probability space
(Q, F AFYse0.r) > Ps W) be as in Sect. 1.3, where W(¢), t € [0, T], is a cylindri-
cal Wiener process (so here Eyp = E). We consider the following SDE in H for
se[0,T]

[dX(s) =AX(s)ds + b(s, X(s),a(s)) ds + o(s, X(5),a(s)) dW(s), (1.74)

X(0) = £.

Hypothesis 1.149

(i) The operator A generates a strongly continuous semigroup e’ for¢ > 0in H.
(i) a(-) is a A-valued progressively measurable process.
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(iii) b is a function such that, for all s € (0, T], ¢*4b:[0,T]x H x A — H is
measurable and there exist L > OQandy; € [0, 1) suchthat, with f;(s) = Ls™™,

b1, x, a)| < fi(s)(1 + |x]), (1.75)
e (b2, x, @) = b(t, y, a))| < fi(s)lx = yl, (1.76)

foranys € (0, 7], t € [0,T], x,y € H, a € A.

(iv) The function o : [0, T] x H x A — L(E, H) is such that, for every v € E,
themap o (-, -, )v : [0, T] x H x A — H is measurable and, for every s > 0,
t€[0,T],a € A and x € H, 2 o(t, x,a) belongs to £,(E, H). Moreover,
there exists a v, € [0, 1/2) such that, with f>(s) = Ls™ 7,

le*Aa(t, x, a)l ey < Fr()(A + |x]), (1.77)
le*Aa(t, x,a) — e o(t,y, a)| ez m < fo(8)|x =y, (1.78)

foreverys € (0, T], t € [0, T], x,y € H, a € A.

Remark 1.150 Hypothesis 1.149-(iii) covers some cases where the term b is
unbounded, which arise, for example, from a stochastic heat equation with a non-zero
boundary condition which may also depend on the state variable x (see the last part
of Example 4.222).

Moreover, Hypothesis 1.149-(iv) applies to cases, such as reaction-diffusion equa-
tions (see e.g. [177], Chap.11 or, in our Chap.2, Sect.2.6.1 and, in particular,
Egs.(2.79) and (2.83), where the operator ¢ is a nonlinear Nemytskii type oper-
ator. Indeed, in such cases it is known that, when the underlying space is L*(0)
(OCR", open), the operator o(t,-) : H— L(H) is never Lipschitz continuous
while e*4o(t,-) : H — L,(H) is so (see e.g. [177], proof of Theorem 11.2.4 and
Sect. 11.2.1, or [283], Remark 2.2). [ |

Remark 1.151 1f in Hypothesis 1.125 we set Wy = Q!/? W for a suitable cylindrical
Wiener process W in & = R(Q~"/?) and we substitute o with & = 0 Q'/2, it is
easy to see that Hypothesis 1.149 is more general. However, we need to replace
E by &. A cylindrical Wiener process W in & may not be adapted to the original
filtration. Similarly, Hypothesis 1.149 is more general than Hypotheses 1.143 and
1.145, together with (1.65), if we take f bounded and a,(-) = O there. |

The solution of Eq. (1.74) is defined in the mild sense of Definition 1.119, where
the convolution term

/S e, X(r), a(r)) dW(r), s e]0,T],
0

makes sense thanks to (1.77) and Remark 1.123. Moreover, since s— ¢*2b(z, x, a)
is continuous on (0, T'] for every ¢t € [0, T],x € H,a € A, we have from Lemma
1.18 that eb is B([0, T]) ® B([0, T]) ® B(H) ® B(A)/B(H)-measurable.
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Theorem 1.152 Let Hypothesis 1.149 hold and let a(-) be a A-valued, progres-
sively measurable process. Let p € [2,00). Then, for every initial condition £ €
L?(Q2, #¢,P), the SDE (1.74) has a unique mild solution X (-) in H,(0, T; H). The
solution satisfies

s[lng]E[lX(s)l”] < Co(1 + E[€]7]) (1.79)

for some constant Cy > 0 independent of £ and a(-). The mild solution X (-) has
continuous trajectories and, when £ = x € H, we have

IE|: sup |X(s)|”i| < C(1+|x|P), forall p >0, (1.80)
s€[0,T]

Jor some constant C depending only on p, 1,72, T, L and Mt := sup;¢(o 1 les4].
Finally, when b and o do not depend on a, mild solutions of (1.74) defined on
different generalized reference probability spaces have the same laws.

Proof Let p > 2. The existence of a unique solution is proved using the Banach
contraction mapping theorem in H , (0, Tp) for some Ty € (0, T') small enough. We
define K: H,(0, T) — H,(0, T) by

K)(s) == ¢ + /S STALG Y (), a(r))dr + /s ST AG(r Y (1), a(r)dW ().
0 0

(1.81)
We observe first that this expression belongs to H (0, T'). Thanks to (1.75), (1.77)
and Theorem 1.111, we have

P
E

/ S e, Y (r), a(r))dr + / S ST (r, Y (r), a(r)dW (r)
0 0
P

=< CP(E’/ LfiGs =r) A+ Y (r)D]ldr
0
p)

T p
=G [/ fi (r)dr} sup E(1+ (Y (r)])”
0

rel0,T]

+E

/S ST Y (), a(r)dW ()

0

T 5
+C)p [/ fzz(r)dr} sup E(1 + Y (r)D?,
0 rel0,T]
(1.82)

where the constant C), depends only on p. Therefore, forany ¥ € H,(0, T), IC(Y) €
H, (0, T). The estimates showing that IC is a contraction on H , (0, Ty) for Ty € (0, T']
small enough are essentially the same. Using (1.76) and (1.78) instead of (1.75) and
(1.77) we obtain, for all Yy, Y» € H,(0, Tp),
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Ty P
K = KODI, oy < Co ([ fi (r)dr]
0

T b

- [ ff(r)dr] ) sup E(|Y1(r) = Y2(r)|"),
0 rel0,To]
and thus K is a contraction in 7, (0, Tp) if Ty € (0, T']is small enough. The existence
and uniqueness of solution in 7/, (0, T') follows, as usual, by repeating the procedure
a finite number of times, since the estimate does not depend on the initial data, and
the number of steps does not blow up since f; and f22 are integrable. Estimate (1.79)
follows in a standard way by applying estimates like those in (1.82) to the fixed point
of the map X and using Gronwall’s lemma (see also the proof of Theorem 7.5 in
[180]).

The continuity of the trajectories and (1.80) are proved using the factorization
method similarly to the way it is done in the proof of Proposition 6.9 for p > 2. We
extend (1.80) to 0 < p < 2 in the same way as in the proof of Proposition 1.147.
Uniqueness in law is proved similarly as in Proposition 1.137. (]

Proposition 1.153 Assume that Hypothesis 1.149 holds. Let (t,x1), (f2,x2) €
[0, T] x H with t; < t,. Denote by X(-;t1,x1,a(-)), X(-; ta, X2, a(-)) the corre-
sponding mild solutions of (1.74) with the same progressively measurable process
a(-) and initial conditions X (t;) = x; € H, i = 1,2. Then, for all s € [t,, T] we
have, setting v3 := [2(1 —y)] A [1 —272],

E[IX (s; 11, x1, a() — X (53 12, %2, a(-)[*] <
(1.83)
< Cyflxi — w4+ (1 + D)l — nl” + e 4 — xi]?]

Jor some constant C, depending only on 1,72, T, L and M := sup, 1 les4].
Moreover, the term |e>~"4x, — x| can be replaced by |e>~"x; — x,|?.

Proof To simplify the notation we define X; (s) := X (s; t;, x;, a(-)), b(r, X;(r)) :=
b(r, X;(r),a(r)), o(r, X;(r)) :== o(r, X;(r),a(r)), i = 1,2. By the definition of a
mild solution we have, for s € [f;, T],

Xi(s) = ™Ay, 4 / eCTAD(r, X (r)dr + / A (r, Xy (r)dW (1),

4 14

hence
IX1(s) — Xa(s)] < [e¥™MAx; — e,

5]
| [ e e xier | +

I

/ TSI (b, X1 (1) — b, Xa(r))) dr

5]

- +

I
/ ’ ST X1(r)dW ()
4]

S
/ T (o (r, X1(r) — o (r, X2(r) dW (1) .
n
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Therefore

EIX|(s) — X2(5)[? < 5]~y — 7242
2

2
+5E +5E

4]
/ S Ap(r, X (r))dr
n

/ T pls=na (b(r, X1(r)) — b(r, X2(r))) dr
I

2

2
+5E

I
/ ’ SIAGG X1 (r)AW (r)
n

2
+5E

/ "6 (g, X1 (1) = 0, X (1)) W ()
n

(1.84)

To estimate the second and the third terms we use Jensen’s inequality applied to the
inner integral. Using Hypothesis 1.149-(ii) and (1.80) we then obtain

2
< L’E

2
E

/2 e“IAb(r, X, (r))dr /2(5‘ — )1 + | X, (r)))dr

<L (/ 2<s—r>%dr) / (s = ) EQ X ()] dr

L

t 2
<2L7[1 + C(1 + )] (/ (s — r)-“fldr)

<2L[1+C + |x )] (t1 — 1p)* .

L=
In the same way we estimate the third term obtaining, by Hypothesis 1.149-(ii),

2
E

/ T eIA (b, X1 (1)) — b, Xa(r))) dr
<12 (/S(s = r)"”d’) /s(s — P UEIX () — Xa2(r)2dr

L2 —t 11— s
< (Sl—Z)/ (s — 1) EIX,(r) — Xo(r)[2dr.
-7 5]

The fourth and the fifth term of (1.84) are estimated using the isometry formula. We
have

2 2
E/ e Aa(r, X1 (r)dW (r)

1

5]
:/t ]E|e(5_’)AJ(V,X1(V))|%;2(E,H)d’"
1

< L2/2(s — )R+ [ X ())Pdr <271+ C(1 + |x1|2)]/2(s —r)2dr

n 141
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<2L*14C(1+ |xH)] (t1 — 1)~

1 =27
and

s :
E / e (o (r, X1 () — o (r, X2(r) dW (1)

5]

= / Ele“™ (o(r, X1 (r)) — o(r, X2(”))|ZLZ(E,H) dr

)
< Lz/ (s — ) PPE|IX (r) — Xo(r)|dr.
5]
Using all these estimates in (1.84) we obtain, for a suitable constant C; > 0, for
Y= [2(1 =D A [1 =27 ] and y4 := 71 Vv [272],

E[X1(s) — X2(s)|* < 51e" ™% — e %2 + C1(1 + x|t — 6"+
+C / (s — 1) *E|X,(r) — Xo(r)|?dr.
n

Observing that

€y — 0T ] < Mxy — xo] + 10TV — ),
we can thus apply Gronwall’s lemma in the form of Proposition D.30. It gives us
EIX1(s) = X2’ < Ca [l — 22 + (L [Pz — 17 + |70 —xp ]

for some C, > 0 with the required properties. (I

Lemma 1.154 Assume that Hypothesis 1.149 holds. Fix a A-valued progressively
measurable process a(-). Let X be the unique mild solution of (1.74) described
in Theorem 1.152 with initial condition X(0) = x € H. Define, for s € [0, T],
P(s) = b(s, X(s),a(s)), D(s) = o(s, X(s),a(s)). Let {e;}ien be an orthonormal
basis of 8 and, for any k € N, let P¥: & — B be the orthogonal projection onto
span{ey, ..., ex}. Let X* be the unique mild solution of

[ dX*(s) = (AX¥(s) + et1h(s))ds + et Ad (s) Pk W (s), (155)

X*(0) = x.

Then, for any p > 0, there exists an M, > 0 such that

sup E| sup [X*(s)IP | < M,,. (1.86)
keN s€[0,T]
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Moreover, for every s € [0, T],

klirgoE [1X*(s) — X()I!] =0 (1.87)
and, for every p € C,,(H) (m > 0),

Jim E[p(X ()] =Elo(X($)], s €[0,T]. (1.88)

Proof 1t is easy to see, by using (1.80), that (1.86) is satisfied.
We now prove (1.87). We have, for s € [0, T],

2

E|X(s)— Xk(s)|2 <2RE ‘/ el (w(r) — e%w(r)) dr
’ 2
+4E

/X SAD (Y (T — PYYAW ()
0

2
+4E =L+ 5L+

/'(1 — eiMeTIAD (1) PR AW (r)
0

We have for any k,
‘e(s—r)A (¢(V) _ e%Aw(r))‘ <2L(s—r)""A+1X@)))

which is integrable on [0, s] for a.e. w. Moreover,

A (1/J(r) - e%Aw(r))‘ — 0 ask — +o0
dr ® P-a.s. Therefore it follows from the dominated convergence theorem that
/ enA (¢(r) — e%f‘;z)(r)) dr - 0 as k — +oo
0

P-a.s. Now by Holder’s inequality

2

/05 A (w(r) — e%Av,ZJ(r)) dr

<4L? (/S(S - r)”’"dr) ( S(S -+ IX(r)I)zdr)
0 0

which is integrable on 2. Thus, using the dominated convergence theorem again we
conclude that lim;_, », I; = 0.
Recall that Eg = E. To estimate I, we set QF := I — P*. We have
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2
L =4E

/S e (I — PYYAW (r)

0

S _r 2
s [ Bl 00

= 4/5 ED (D) 0 ei, e D (r) QFes)dr =1 (k).
0

ieN
Observe that

Z <e(s—r)Aq>(r) lei’ e(.v—r)Aq>(r) lei)
ieN
+00
= Z (e(s_r)ACD(r)ei, e(‘v_r)ACD(r)eﬁ
i=k+1

< D (D (e D (e = A0 | o -
ieN

Since the series above has nonnegative terms, we obtain

klirr;o ||e(57")A¢>(r) o* ||22(EqH) =0 dr®P-as.

Therefore, thanks to (1.80), Hypothesis 1.149 and the dominated convergence theo-
rem, we obtain

lim I, < lim n(k) =0.

k— 00 k—00

The term /3 is estimated similarly.

Thanks to (1.87), for any subsequence of X*(s) we can extract a sub-subsequence
converging to X (s) almost everywhere and then, thanks to (1.86), (1.80) and the
dominated convergence theorem, we obtain (1.88) along the sub-subsequence. This
implies (1.88) for the whole sequence X*(s). O

Remark 1.155 Observe that if b and o satisfy Hypothesis 1.149, the functions
et4b(s, x, a) and et o (s, x, a) Py satisfy Hypothesis 1.125. ]

The last lemma concerns the additive noise case of Sect.1.5.2, however we
included it here since its proof is similar to the proof of Lemma 1.154.

Let Wy be from Sect. 1.5.2. We know (see (1.12)) that Wy (s) = Z:zocl’ Gn 3 (),
s > 0, where {g,} is an orthonormal basis of Z¢. Define ¢, = Q~'/%g,, n € N. Then
{e,)} is an orthonormal basis of E. Let P* be the orthogonal projection in E( onto
span{gy, ..., gx} and P¥ be the orthogonal projection in E onto span{ey, ..., e;},k € N.
It is easy to see that PXQ'/2 = Q'/2 P as operators on E.

Lemma 1.156 Let Hypotheses 1.143 and 1.145 be satisfied and let ¢ > 2. Let X be
the unique mild solution of (1.67) described in Proposition 1.147 with initial condi-
tion X(0) = x € H. Define for k,m € N, By = {(s,w) : |bo(s, X (5), ai(s))| < k},
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D, = {(s,w) : |g(s, w)| < m}. There exists a sequence my. such that the sequence
X* of the solutions of the SDE

[ dX*(s) = (AX*(s) + () ds + aPXdWq(s), s > 0, (159

Xk(0) =x,
where i (s) = bo(s, X (s), a;(s))1p (s, w) + e%Aaz(s)IDMk (s, w), satisfies the fol-
lowing.

(i) Forany p € [2, q] there exists an M, > 0 such that

sup sup E[|X*)I”], sup E[IX()|”] < M,. (1.90)
k s€[0,T] s€[0,T]

(ii) Foreverys € [0, T]
Jim E[IX*(s) — X ()] =0.

Proof Part (i). The moment estimates are uniform in k (regardless of the choice
of my) thanks to the following facts:

(a) Define WA*(s) := [; e A PkdWy(r), s € [0, T]. Given an orthonormal
basis {w,} of H, for any k € Nand s € [0, T'], we have

0<Tr ((esAO,ISleﬂ) (esAO_ﬁle/Z)*)
- Tr ((esA0Q1/2Pk) (esAJQl/ZPk)*)
— Z |PkQ1/20,*eSA*wn|2 < Z |Q1/20,*6SA*wn|2 — ZTI. (eSAa_QO,*eSA*) .

neN neN neN
(1.91)

Thus, by Theorem 1.111, it follows that for any k € N and p > 1,

sup sup IE[|WA’k(s)|p] < 4o00.
kK sef0,T]

Using (1.91) we also have, by the Lebesgue dominated convergence theorem,

T T .
/ lef4o Pk — esAJ||2£2(EO 1)ds :/ D 1P = DY o%e A wy Pds — 0.
0 0 neN
(1.92)

(b) By the definition

|e’A1/)k(s)| < f(s)A+|X(s)]) + t’ﬂg(s, w) fort,s €e[0,T],w e Q.
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Part (ii). The scheme of the proof is similar to that of (1.87). We choose m; such

that
2
=<

T

1
E / kP g(r, w)|1 —1p, (r,w)ldr T (1.93)
0

We have for every s € [0, T],

2
E|X(s) — X*(s)|” < 4E

/‘ e Abo(r, X (r), a1 () (1 — 1, (r, w))dr
0

K 2
+4E ‘/ ST (ay(r) — e%Aaz(r))dr
0

2
+4E

/ A0, () (1 — 1p, (r.w))dr
0

FAR WA (s) — WA = Sy + o+ s + .

The term J; converges to 0 as k — 400 by Hypothesis 1.145, Holder’s inequality,
(1.69) for p = 2 and the dominated convergence theorem. The term J, converges to
0 by the same arguments as for the term /; in the proof of Lemma 1.154. The term
J3 converges to 0 by (1.93) and finally J4 — 0 by (1.92). ]

1.6 Transition Semigroups

Let T € (0, +o0] and recall that, as before, when T = +o0 the notation [0, T'] and
[#, T]means [0, 400) and [¢, +00).Let H, E, Q, and the generalized reference prob-
ability space i = (2, F, {F;}sepo,11, P, W) be the same as in Sect. 1.3. Consider
for ¢ € [0, T] the following SDE with non-random coefficients

[ dX(s) = (AX(s) + b(s, X(s))) ds + o(s, X(5))dWq(s) (1.94)

X(t)=x€eH,

whereb: [0, T] x H— Hando: [0,T] x H— L,(Ey, H). If Hypothesis 1.125,
where we drop the dependence on a in all conditions, (respectively, Hypothe-
ses 1.143 and 1.145 with a,(-) = 0 and with no dependence on a;, respectively,
Hypothesis 1.149 with no dependence on a) is satisfied, then Theorem 1.127 (respec-
tively, Proposition 1.147, respectively, Theorem 1.152) ensures that (1.94) has a
unique mild solution X (-; #, x). Moreover, we also have uniqueness in law of the
solutions.

We will be using the spaces B, (H) of bounded Borel measurable functions on H
and B,,(H), m > 0, of Borel measurable functions on H with at most polynomial
growth of order m, defined in Appendix A.2.

Forany ¢ € B,(H) andt > 0, s € [¢, T], we define
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(1.95)
Prs[@]: x—>E[p(X (55 1, x))].

| P lo]: H—> R
It is not obvious that P, ;[¢] € B,(H) and it has to be checked in each case. The
general argument is the following and we illustrate it in the case when Hypothesis
1.149 is satisfied. First, using (1.83) it is easy to see that P, ;[¢] € C,(H) if ¢ €
UC,(H). Then, using the functions constructed in the proof of Theorem 1.34 and
the dominated convergence theorem, we get that P; [¢] € B,(H) for every ¢ =
14, A=A C H. This, together with Corollary 1.3 and the dominated convergence
theorem, allows us to extend P; ;[¢] € B,(H) to every ¢ =14, A € B(H). We can
then use Lemma 1.15 to conclude that P; ;[¢] € B,(H) forevery ¢ € B,(H). Similar
arguments can be applied in the cases when Hypotheses 1.143 and 1.145 hold or if
Hypothesis 1.125 is satisfied. Moreover, thanks to estimates (1.36), (1.69) and (1.80),
P, ;[¢] is then also well defined for any ¢ € B,,(H), m > 0.

Theorem 1.157 (Markov property) Let T € (0, 4ocl. Let Hypothesis 1.149 be
satisfied with b and o independent of a. Then for every ¢ € B, (H) (m > 0) and
0 <t <s <r <T (with the last inequality strict when T = +00),

Ep(X (r; t, x)| %) = P [01(X(s;t,x)) P — almost surely,

and
Pt,r[¢](x) = Pt,s [Psr[(b]] (X) fOV allx € H. (196)

The same result is true if Hypotheses 1.143 and 1.145 hold without dependence on
ay and with a;(-) = 0 or if Hypothesis 1.125 holds without the dependence on a in
all conditions.

Proof See [180], Theorem 9.14, p. 248, and Corollary 9.15, p. 249. The hypothe-
ses are a little different from these in [180], however the same arguments can be
easily adapted using the proof of Proposition 1.153. The proof in [180] is given for
¢ € B,(H) but the argument is exactly the same when ¢ € B,,(H) (m > 0) simply
recalling that the operator P; ; is well defined on such functions thanks to estimate
(1.80). O

It follows from the uniqueness in law of the solutions of (1.94) that the operators
P; s do not depend on the choice of a generalized reference probability space p. As
a consequence of the uniqueness in law we also have the following corollary.

Corollary 1.158 Let Hypothesis 1.149 be satisfied with b and o independent of a
and of the time variable s. Equation(1.94) then reduces to

{dX(S) = (AX(s) +b(X(s)))ds + O'(X(S))dWQ(S)’ (1.97)

X(t) =x e H.

Denote by X (+; t, x) the unique mild solution of this equation (defined on [t, +00)).
In this case, for any ¢ € B,,(H) (m > 0)and 0 <t < s, we have
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P s[0](x) = Pos—i[o]. (1.98)

Hence, defining Ps[¢] as follows,

[ Pl#]: H—> R
(1.99)
Pi[¢]: x—>Ep(X (53 0, x)),
we have
P [ol(x) = P[P o]l (x) forallx € H,s,r > 0. (1.100)

The same result is true if Hypotheses 1.143 and 1.145 hold without dependence on
ay and with ay(-) = 0 or if Hypothesis 1.125 holds without the dependence on a in
all conditions.

Proof We only need to prove (1.98), which is an immediate consequence of the
uniqueness in law of the mild solutions of (1.97). Indeed, by the uniqueness in law,
foralls >t > Oand x € H, the random variables X (s; ¢, x) and X (s — ¢; 0, x) have
the same distributions, hence

P s[0](x) = E[op(X (s; t, x)] = E[¢(X (s —1; 0, x))] = Pos—[ol(x). O

Definition 1.159 (Transition semigroup, (strong) Feller property) If (1.96) (respec-
tively, (1.100)) is satisfied we call P, ; (respectively, P,) the two-parameter tran-
sition semigroup (respectively, one-parameter transition semigroup) associated to
Eq.(1.94).

We say that P, ; (respectively, P;) possesses the Feller property if

Py s(Cp(H))CCp(H) (respectively, P,(Cp(H))CCy(H))
and that P, ; (respectively, P;) possesses the strong Feller property if
Py (By(H))CCy(H) (respectively, P;(B,(H))CCy(H))

forall 0 <t <s < T (respectively t € (0, T]).

Lemma 1.160 Assume that (1.94) has unique mild solutions X (-; t, x) which satisfy,
for every m > 0, the estimate

E[|X(s; 1, 0)|"] < Cm)(1 + |x]|™), t>0,sel[t,T], xe€ H, (1.101)

for some constant C (m). If the Feller property holds for the associated two-parameter
transition semigroup P, s (1t > 0, s € [t, T]), then we also have
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P (Cn(H))CCp(H) Vm=>0

while, if the strong Feller property holds, we also have
P, s(By(H)CCy(H) YVYm=>0.

Proof Let ¢ € B,,(H) and define, for k € N,
X
Ok(x) = () x<k + @ (k—) | IS

x|

It is clear that ¢, € B,(H), it coincides with ¢ on {|x| < k} and if ¢ is continuous
so0 is ¢y. Moreover, when k — 400, ¢ converges to ¢ uniformly on bounded sets.
Assume now that the strong Feller property holds (the argument for the Feller property
is exactly the same). In this case P, [¢x] is continuous, hence, to get the claim, it
is enough to show that P; ;[¢y] converges to P, ;[¢x] uniformly on bounded sets.
Indeed,

Prs[dr — ¢1(x) = E[(¢x — ) (X (55, x))]

_ X(s;t,x) )
=E [(¢ (km) — O(X(s51, x))) 1|X(s;t,x)>ki|

< 2E[l¢llg, (1 + X (s5 £, O™ x5,k -

Hence, for any p > 1 we have by (1.101)

Prylox — 0100) < 201l [EA 41X (53 1, 0™ P]7 [Exorozi] "

. 1-1/p 1-1/p
<+ [x™) [—E'X(S’ t’x)'} <C( + ™) [1 * 'x']

k k

which converges to 0 uniformly on bounded sets. (]

Remark 1.161 Estimate (1.101) is satisfied in two important cases:

e when Hypothesis 1.149 is satisfied with b and o independent of a;

e when Hypotheses 1.143 and 1.145 hold without dependence on a; and with
a(-) =0.

This follows from the growth estimates of Theorem 1.152 and Proposition 1.147.1

Theorem 1.162 Assume that Hypothesis 1.149 is satisfied. Then for every ¢ €

Cn(H) (m > 0), the function P, {[¢]: H — R belongs to C,,(H). The same holds

if we assume that Hypotheses 1.143 and 1.145 hold without dependence on a; and
with az(-) = 0.

Proof The result is a consequence of the continuous dependence and growth esti-
mates of Theorem 1.152 and Propositions 1.153 and 1.147. ]
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1.7 1t6’s and Dynkin’s Formulae

In this section we assume that 7 > 0, H, E, O, and the generalized reference prob-
ability space u = (2, .F, {Zs}sepo.11, P, Wp) are the same as in Sect. 1.3. The oper-
ator A is the generator of a Cp-semigroup on H, and A is a Polish space. The various
1t6’s and Dynkin’s formulae presented in this section are used in proving existence
of viscosity solutions (Chap. 3) and verification theorems (Chaps. 4 and 5).

Given a function F': [0, T] x H — R, we denote by F; the derivative of F (¢, x)
with respect to ¢ and by DF and D?F the first and second-order Fréchet derivatives
with respect to x.

Theorem 1.163 (Itd’s Formula) Assume that ® is a process in N é 0, T; H), fisan
H -valued progressively measurable (P-a.s.) Bochner integrable process on [0, T],
and define, for s € [0, T,

N

X(s):=X(0) + f(rydr +/ Q(r)dWy(r),
0 0

where X (0) is an Fy-measurable H-valued random variable. Consider F : [0, T] x
H — R and assume that F and its derivatives F,, DF, D*F are continuous and
bounded on bounded subsets of [0, T] x H. Let T be an .%-stopping time. Then, for
P-a.e. w,

F(s AT, X(s AT)) = F(0, X(0)) +/° ’ Fi(r, X (r))dr
0

SAT

+ / (DF(r, X(r), f(r) dr + / (DF(r. X (). ®(r)dWo (1))
0 0

+s / Te[(00)0') (970" D2F ¢ X () |dr on (0.7,
0 (1.102)

Proof See [294], Theorems 2.9 and 2.10. See also, under the assumption of uniform
continuity on bounded sets of F' and its derivatives, [180] Theorem 4.32, p. 106. [J

Proposition 1.164 Let F: [0,T] x H — R and x € H. Assume that F and its
derivatives F,, DF, D*F are continuous and bounded on bounded subsets of
[0, T] x H. Suppose that DF: [0,T] x H — D(A*) and that A*DF is con-
tinuous and bounded on bounded subsets of [0, T] x H. Let f € Ml{’(O, T; H),
(ONS Ng (0, T; H) for some p > 2. Let X(-) be the unique mild solution of (1.42)
such that X (0) = x and T be an F-stopping time. Then, for P-a.e. w,
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F(sAT,X(s AT)) =F(O,x)+/l TF,(r,X(r))dr
0

+ [ WDEe XN X@)dr+ [ DFCXE). F0dr
0

0

+ %/W Tr [(Cb(r)Ql/z) (@) Q)" D*F(r, X(r))] dr
0

+/S T(DF(F,X(F)),CD(V)dWQ(r)) on [0, T1.
0
(1.103)

Proof Since both sides of (1.103) are continuous processes, it is enough to prove the
formula for a single s. We approximate X (-) by the sequence X" () introduced in
Proposition 1.132. By definition X" (-) solves the integral equation

s

X"(s) = / (A X"(r) + f(r)) dr +/ Q(r)dWo(r).
0 0
For any R > 0 such that |x| < R define the stopping times

R .= inf{s €[0,T] : |X(s)| > R}, R .—inf{s € [0, T] : | X, ()] > R+ 1}

n
and denote by 7% and 7R, respectively,

® = min(r, %), 7 :=min(r, 7%, £5).

Observe that, thanks to (1.44), up to extracting a subsequence gf X, (stilNI denoted
by X,), supscio.7 | X" (s) — X (s)|” converges to 0 on some set €2 with P(€2) = 1. It
is then easy to see that on Q we have

lim 78 = 7%
n—oo
‘We deduce that, for w € fz,
lim 1jo sar2] = Lo sarry,  pointwise on [0, T']. (1.104)

n—o00

We can apply It6’s formula (1.102) to the approximating problem (A} is the adjoint
of A,) obtaining, once we rewrite it using Lemma 1.110,

s

F(s A Tf, X*'(s A 'rf)) = F(0, x) +/ I[O,MT’{e](r)F,(r, X*(r))dr
0

+ / Lo snrk) (1) (AXDF (r, X" (r)), X" (r))dr
0
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+/0‘ Lo sn-51(r) (DF (r, X"(r)), f(r))dr
+ %/0 Lio,sarry (r)Tr [(‘I)(r)Ql/z) (CD(r)Ql/z)* D?*F(r, X"(r))] dr
+/0 1[0,sATn"'](V) (DF(r, X"(r)), q)(”)dWQ(r)). (1.105)

By the local boundedness of F and its derivatives, it follows that for P-a.e. w all the
integrands of the deterministic integrals in (1.105) are dominated for n € N by inte-
grable functions. Regarding the term containing A* D F' (r, X" (r)), recall from (B.11)
that A, = J, A are uniformly bounded as linear operators from D(A) (endowed with
the graph norm) to H. Moreover, thanks to (1.104), (1.44) and the continuity of F
and its derivatives, we know that these integrands converge to the corresponding ones
in (1.103) (with 7 instead of 7) on [0, s], P-a.s. We can thus conclude, by using the
Lebesgue dominated convergence theorem, that the deterministic integrals in (1.105)
converge to their counterparts in (1.103).
To justify the convergence of the stochastic integral we observe that, with

I = / N0sns () (D (r, X" (1), (r)dWo ().
0

I:= /0 Lo snre)(r) (DF(r, X (r)), @ (r)dWo(r)),

we have
E|L, — I

s 2
5/0 EI® ) 1,20 1) [Lo.sanm) (I DF (X" (1)) = 1o i) (VD F (r, X ()| dr — 0

asn — oo by the dominated convergence theorem. Therefore, up to a subsequence,
we have lim,,_, ;o I, = I, P-as.
It now remains to let R — +00 to obtain the claim. O

Proposition 1.165 Let b and o satisfy Hypothesis 1.125 and let a: [t, T] — A be
a progressively measurable process. Let X (-) be the unique mild solution of (1.30)
such that X(0) = x € H. Consider F: [0,T] x H — R. Assume that F and its
derivatives F,, DF, D*F are continuous on [0, T] x H. Suppose that DF : [0, T] x
H — D(A*) and that A*DF is continuous on [0, T] x H. Moreover, suppose that
there exist C > 0, N > 0 such that

|F(s,x)| + |DF (s, x)| + | Fi(s, x)| + | D*F (s, x)||
+|A*DF (s, x)| < C(1 + |x])" (1.106)

forallx € H, s € [0, T)]. Let T be an F,-stopping time. Then:
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(i) ForP-a.e. w,

F(s AT, X(s AT)) = F(0, x) + /S " F X ()dr
0

SAT

SAT
+/ (A*DF(r, X(r)), X(r))dr +/ (DF(r, X(r)),b(r, X(r),a(r)))dr
0 0
SAT %
+ %/0 Tr [(J(r, X(r), a(r))Ql/z) (o—(r, X(r), a(r))Q1/2) D*F(r, X(r))] dr
SAT
+/ (DF(r, X(r), o(r, X(r), a(r)dWo(r))  on [0, T]. (1.107)
0
(ii) Let n be a real process solving

[dn(s) = b(s)ds
n0) =no € R,

where b: [0, T] — R is bounded and progressively measurable. Then, for
P-a.e. w,

FsAnT,X(sAT)n(s AT)=F(@O,x)n + /S T(F, (r, X(r))n(r) + F(r, X(r))l;(r))dr
0

SAT

+ / (A*DF(r, X (r), X (r)) n(r)dr + / (DF(r, X (r)), b(r, X (r), a(r)) n(r)dr
JO 0
SAT *
+%/0 Tr[ (o X().a0) @) (o X(r).ar) Q) D2F (. X)) | ()
SAT
+ / (DF (. X)), o, X (1), ar)dWo()  on [0,T].  (1.108)
0

In particular, for s € [0, T],
SAT

E[F(s AT, X(s AT)n(s AT)] = F(0,x)ny + E/O (Fi(r, X(r))n(r) + F(r, X(r))E(r))dr

SAT SAT
+E / (A*DF(r, X(r)), X(r))n(r)dr +E / (DF(r, X(r)), b(r, X(r), a(r))) n(r)dr
JO JO
SAT *
+ %IE / Tr [(a(r, X(r), a(r))Q%) (cr(r, X(r), a(r))Q%) D2F(r, X(r)):| n(rydr.
JO

(1.109)

Proof Part (i) follows directly from Proposition 1.164 applied with f(s) :=
b(s,a(s), X(s)) and ®(s) := o(s, a(s), X(s)), s € [0, T], by noticing that, thanks
to (1.33), (1.34) and (1.37), we have f € M[j(O, T;H)and ® € ./\/5(0, T; H) for
every p > 1.

Part (ii) is a corollary of (i). We introduce the Hilbert space H:=HxR (with
the usual inner product), and set

=) -6) -6 )

Then the process
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is the mild solution of the SDE

dX(s) = (Af((s) +b(s, X (), a(s))) ds + 6(s, X (s), a(s))dWo(s)

S X
X(0) = (m) .

Therefore, (1.108) follows from (1.107) applied to the function F (s, X) = F(s, x)no,
where X = (x, 19). Taking expectation in (1.108) we obtain (1.109). ([l

Proposition 1.166 Let Hypothesis 1.125 be satisfied and A be maximal dissipative.
Let a: [t, T] — A be a progressively measurable process. Let X (-) be the unique
mild solution of (1.30) such that X(0) = x € H. Let F € C"%([0, T] x H) be of the
form F(t,x) = @(t, |x]|) for some p(t,r) € C'2([0, T] x R), where p(t,-) is even
and non-decreasing on [0, +00). Moreover, suppose that there exist C > 0, N > 0
such that

|F(s, )|+ |DF (s, x)| + |F,(s, x)| + | D*F (s, x)| < C(1 +|xDY  (1.110)

forallx € H, s € [0, T). Let T be an F-stopping time. Then:
(i) ForP-a.e. w,
"SAT

F(sAnT,X(sAT)) <F(0,x) —I—/ |:F;(r, X(r)) + (b(r, X(r),a(r)), DF(r, X(r)))
0
+ %Tr [(J(r, X(r), a(r))Q%) (a(r, X, a(r))Q%)* D2 F(r, X(r))] ]dr
+ /MT (DF(r, X(r)), b(r, X (r), a(r)dWo(r))  on[0,T]. (1.111)
0

(ii) If nis as in part (ii) of Proposition 1.165 and 0 is positive then, for P-a.e. w,

Fs AT, X(s AT)n(s AT) < F(0,x)10 + /MT(Ft (r, X(r)n(r) + F(r, X (r)b(r)dr

0
+/‘ (DF(r, X(r)), b(r, X(r), a(r))) n(r)dr
0
4 %/Ov " [(a(r, X(r), a(r))Q%) (U(r, X(r), a(r))Q%)* D*F(r, X(r))] n(r)dr

+/5 T(DF(r,X(r))n(r),a(r,X(r),a(r))de(r)) on [0, T). (1.112)
0

In particular, for s € [0, T,
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E[F(s AT, X AT))NE AT)] < F@O,x)no

SAT
+ 1E/ (Fi(r, X(M)n(r) + F(r, X(r)b(r))dr
0
SAT
+]E/ (DF(r, X(r)),b(r, X(r), a(r))) n(r)dr
0

rPSAT *
+ %E/O Tr [(J(r, X(r),a(r))Q%) (J(r, X(r),a(r))Q%) DF(r, X(r))} n(rydr.
(1.113)

Proof (i) We set, for s € [0, T, f(s) := b(s,a(s), X(s)) and ®(s) := o(s, a(s),
X(s)) and consider the approximation X"(-) of X(-) as in Proposition 1.132.
Observe that, thanks to (1.33), (1.34) and (1.37) we have f € M[f(O, T; H) and

e N 5(0, T; H) for every p > 1 so the assumptions of Proposition 1.132 are sat-
isfied.
We observe that D F (s, x) = %(s, |x |)‘§—| and, since (s, -) is non-decreasing on

[0, +00), ‘g—’f@, r) > 0. Therefore, since A, and thus A,, is dissipative,

O 1
A, X"(s), DF(r, X" = —(s, | X" — (A, X" (s), X" <0
{ (s) (r, X"(5))) or (s, | X"(s)D) X (s)] { (), X"(s)) <
(1.114)
for every s > 0.
Hence, defining for any R > |x| the stopping times 7* as in Proposition 1.164,

n

applying It6’s formula for X" (-) and using (1.114), we obtain
.VATf
F(s ATR, X"(s ATRY) = F(0, %) +/ [F,(r, X"(r)) + (A, X" (r), DF (r, X" (r)))
0

1 | 1y*
(00, DFC X" )+ 5T [ (2000 ) (2000F) D2F 6 X701 ]d’
+/‘ " DF( X" (). b(r. X" (), a(r)dWo (1))
0

R

SF(O,X)-F/l K [Fx(r, X"(r)) +(f(r), DF(r, X" (r)))
0
1 1 1\* 2 n
" 5Tr[(cp(r)Qz) (<I>(r)Q2) DXF(r, X (r))]]dr
+/MT” (DF(r, X"(r)), b(r, X" (r), a(r)dWo (r)). (1.115)
0

It remains to pass to the limit as n — +00 and R — +o0 in (1.115). This is done
following the same arguments as in the proof of Proposition 1.164.

(i7) The proof combines the proof of (i) with the arguments used in the proof of
Proposition 1.165-(ii). U

Remark 1.167 Propositions 1.165 and 1.166 are used to work with viscosity solution
test functions in Chap. 3. In particular, parts (ii) of them are useful when discount
factors are present (see e.g. Lemma3.65). |
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The next two non-standard versions of Dynkin’s formula will be used to prove
verification theorems in Chaps.4 and 5.

Proposition 1.168 Let Q = 1. Assume that Hypothesis 1.149 is satisfied. Assume
that there exists A € R, A € o(A) such that A\ — A)~'b: [0, T1 x H x A — H is
measurable. Suppose moreover that there exists a C > 0 such that, forall (t, x,a) €
[0, T] x H x A,

[ M — A)~'b(t, x,a)| < C(1 + |x])
(1.116)

lo(t, x,a)llcEm < CA+ |x]).
Fix a A-valued progressively measurable process a(-). Let X be the unique mild solu-
tion of (1.74) described in Theorem 1.152 such that X(0) = x € H. Let F: [0, T] x
H — R be such that F and its derivatives F,, DF, D*F are continuous in [0, T] x
H. Suppose that DF: [0,T] x H— D(A*), that A*DF is continuous in

[0, T] x H, that D*F : [0, T] x H — L;(H) is continuous, and that there exist
C > 0and N > 1 such that

|F (s, )| + [DF (s, )| + | Fy(s, )| + ID*F (s, )l £, )
+|A*DF (s, x)] < C(+xD™. (1.117)

Then, for any s € [0, T],
E[F(s, X(s))] = F(0. x) +E/S Fo(r, X(r))dr + [E/S (A*DF(r, X (r)), X () dr
0 0
+ E/S <(/\I — AYDF(r, X(r)), M — A)~'b(r, X(r), a(r)))dr
0

+ %E/x Tr [a(r, X(r), a(r)o(r, X (r), a(r)* D2 F(r, X(r))} dr. (1.118)
0

Proof We approximate the process X (-) by the processes X*(-) from Lemma 1.154.

Observe that, thanks to Hypothesis 1.149 and to (1.80), the processes r—w%Ab(r,
X(r),a(r)) and r—>e%Aa(r, X(r), a(r)) belong respectively to M[f(O, T; H) and
NT(0,T; H) for all p > 1. Thus we can apply Proposition 1.164 obtaining, for
s €[0,T],

E[F(s, X*(s))] = F(0,x) + / E F,(r, X*(r))dr
0

N

+/XIE(A*DF(r, Xk(r)),Xk(r))dr—i—/ E<DF(r, xk(r)),e%/*b(r)>dr
0 0

w3 [ B (etonrt) (o r) D2 xten]an
(1.119)
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where we use the notation b(r) := b(r, X(r), a(r)), o(r) .= o(r, X(r),a(r)). The
claim will follow if we can pass to the limit as k — 400 in each term of this expres-
sion. We will only show how to prove the convergence of the last two terms since
the arguments for the other terms are similar and simpler.
Using (1.80), (1.86), (1.87) and the dominated convergence theorem it is easy to

see that

lim X () = X*O)laz.r:m) = 0.

k—o00 "

Therefore we can find a subsequence, still denoted by X*(-), that converges to X (-)
dt ® P-ae.
Using the assumptions it is obvious that

<DF(r, X4 (r)), e%Ab(r)> = ((/\1 — ADF(r, X*(r)), et AT — A)’lb(r)>
— (M — A")DF(r, X(r)), M — A)7'b(r)) dt ®@P —a.e.

as k — 4o00. Moreover, thanks to (1.80), (1.86), (1.116) and (1.117),
/OS E[(\1 = 49DF @, X5(). et a1 - A)_'b(r)>‘2dr
<c /0 E[(1+ X)) (141X ()P)]dr < G
for some C; and C, independent of k. Similarly we obtain
/OS E [((\M — A*)DF(r, X(r)), (\I — A)’lb(r))|2dr < Cs

for some Cz. Therefore it follows from Lemma 1.51 that

s

lim JE(DF(r,Xk(r)),e%Ab(r)>dr
0

k—+00

s
= / E((AI — A)DF(r, X(r)), (A — A)~'b(r))dr.
0
Regarding the last term in (1.119),

Tr [e%Aa(r)Pk(e%Aa(r)P")*DZF(r, Xk(r))] — Tr [0 (r)* D2 F(r, X (r))]
— L4+ bL:=Tr [e%Aa(r)Pk(e%Aa(r)Pk)* (D2F(r, X*(r)) — D*F(r, X(r)))]

+Tr [(e%Ao—(r)Pk(e%Aa(r)P")* - o(r)a(r)*) D*F(r, X(r))] -



88 1 Preliminaries on Stochastic Calculus in Infinite Dimension

By Proposition B.26, (1.116) and the assumptions for D> F we have

11| < Ca(1 4+ IX (D2 ID*F(r, XX (r)) — D*F(r, X(")ll gy — 0 as k — 400

dt @ P-a.e. Let {ey, ey, ...} be an orthonormal basis of eigenvectors of D?*F(r, X(r))
and A\, \,, ... be the corresponding eigenvalues. Then

Tr [e%Aa(r)P"(e%Ao—(r)P")*DzF(r, X(r))]

N

n=1

P"a(r)*e%A*en)i = > Ao e
= n=1
=Tr[o(r)o(r)* D*F(r, X(r))] as k — +o0

dt @ P-a.e. Therefore limy_, 1 (I} + ) = 0 dt @ P-a.e. Since, by (1.80), (1.86),
(1.116) and (1.117), we also have

/ E |l + L|*dr < Cs
0

for some constant C5 independent of k, the convergence of the last term in (1.119)
now follows from Lemma 1.51. (I

Proposition 1.169 Let Hypotheses 1.143 and 1.145 be satisfied and let g > 2.
Consider \ € R such that (\I — A) is invertible and A\ — A)~' € L(H). Assume
that M — A) " 'ax (1) € M;E,(()’ T; H). Let X be the unique mild solution of (1.67)
described in Proposition 1.147 such that X(0) =x € H. Let F: [0,T] x H - R
be such that F and its derivatives F,, DF, D*F are continuous in [0, T] x H.
Suppose that DF: [0, T] x H — D(A*), A*DF is continuous in [0,T] x H,
D*F :[0,T] x H— L£,(H) is continuous and there exists a C > 0 such that
(1.117) holds with N = 0. Then, for any s € [0, T],

E[F(s, X(s))] = F(0, x) ~I-1E/X Fi(r, X(r))dr
0
+E/S (A*DF(r, X (r)), X (r))dr JrIE/Y (DF(r, X(r)), bo(r, X (1), a;(r))) dr
0 0
+ E/é (A = AYDF(r, X (r)), M — A) ' ay(r)) dr
0

+ %E/ Tr [0 Qo*D*F(r, X (r))] dr.
0

Proof We approximate X using the processes g(" defined in Lemma 1.156. It is
immediate to see that ¢, € M/ (0, T; H) and oPk e NS(O, T; H)forall p>1so
we can apply Proposition 1.164 obtaining for every s € [0, T],
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E [F(s, Xk(s))} = F(0,x) + IE/S Fo(r, X (r))dr —HE/S <A*DF(r, x5 (r)), Xk(r)>dr
0 0
+5 [ 10 (D6 X 0150 X0, a1 )
0
+ E/S 1, (n) (M = ANDF(, X* (), eF4 A = )~ ax(r)) dr
0

+ %E/S Tr [(UQl/sz)(o—Ql/sz)*DzF(r, X"(r))} dr, (1.120)
0

where By, D,,, and P* are introduced in Lemma 1.156 and in the paragraph before
it.

We need to check the convergence of each term of this expression. Using parts (i)
and (ii) of Lemma 1.156 we have

lim [X() = X*O)lmo,r:m = 0.
k—o0 !

Therefore we can find a subsequence of X*, still denoted by X*, that converges
dt @ P-a.e. to X. The proof proceeds using the same arguments (and even simpler)
as those in the proof of Proposition 1.169. We only look at the two middle terms of
the right-hand side of (1.120) that are a little different. We observe that

my

’E/S <()\I — AYDF(r, X (r)), (1 “1, w)e%A) M — A)_]az(r)>dr
0

converges to zero thanks to the dominated convergence (recall that, by assumption,
(1.117) holds with N = 0). Regarding the fourth term observe that

15, (r,w) (DF (r, X*(r)), bo(r, X (r), a1 (r)))

converges to
(DF(r, X(r)), bo(r, X(r), ai(r)))

dt @ P-a.e. as k — +00. Moreover, since DF is bounded, Hypothesis 1.145-(i)
implies

115, (r, ) (DF (r, X* (1)), bo(r, X (r), a1 (r))| < CF(r)(1 + | X (r)])

for all kK € N. Thus the result follows by the dominated convergence theorem.  [J

1.8 Bibliographical Notes

Section 1.1 contains elements of basic probability and measure theory. Classical ref-
erences include, for example, [18, 58, 61, 267, 370, 478, 520]. We refer in particular
to [58, 61, 267, 370] for the general theory of measure and probability (Sect. 1.1.1)
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and to [58, 61, 267, 520] for results on measurability (Sects.1.1.2 and 1.1.3). For
the Bochner integral and the integration of Banach-valued functions (Sect.1.1.3),
the reader can consult [190, 191, 194, 397]; some results, useful from the stochastic
calculus perspective are contained in [180]. For Sects.1.1.4 and 1.1.5 conditional
expectation for Banach-valued random variables the reader can refer to [180, 356,
370, 478, 572]. Gaussian measure in Hilbert spaces (Sect. 1.1.6) and Fourier trans-
form are nicely introduced in [153, 180] and a more extended study of the subject is
contained in [391].

Generalities about stochastic processes, martingales and stopping times in Sect. 1.2
can be found in many different books, e.g. [356, 372, 384, 447449, 503, 508, 572],
while for Hilbert-valued martingales (Sect. 1.2.2) the reader may consult [180, 294,
487]. For standard Wiener and Q-Wiener processes and related results we refer to
[124, 180, 294, 372, 447, 448, 452]. The material of Sect. 1.2.4 is based on [180].
Definition 1.92, which not contained in the standard literature, is introduced here
because it is useful to study stochastic control problems. The presentation of Lemma
1.94 is based on [372, 513]. The material of Sect.1.2.5 is loosely based on [180,
294, 372].

The material of Sect. 1.3 is based on [177, 180, 294] (see also [124, 491]). These
books present the theory in Hilbert spaces while [447, 448] (see also [192]) present
the Banach space case.

The presentation of Sect. 1.4 on solutions of stochastic differential equations in
Hilbert spaces is also based on [180, 294]. In particular, [180] is a standard reference
in the theory. Other references on strong and mild solutions are, for example, in [124,
177, 413] while a good introduction to variational solutions is in [124, 387, 413,
491, 519]. The reader is also referred to [180] for more on weak mild solutions.
Section 1.4.4, containing some results about uniqueness in law, uses the approach
of [471]. For a different approach to weak uniqueness based on the theorem of
Yamada—Watanabe, we refer the reader to [491], Appendix E.

Section 1.5 contains existence and uniqueness results for stochastic differential
equations with special unbounded terms and cylindrical additive noise. They are
more or less common knowledge, however we presented proofs since no complete
references seem to be available in the literature.

Classical results on transition semigroups (Sect. 1.6) can be found in [180]. The
statements here are a little modified and extended so that they may be used in our
applications to optimal control, mainly in Chap. 4.

Section 1.7 contains various versions of Itd’s and Dynkin’s formulae (Propositions
1.164-1.166) in connection with mild solutions for functions that have properties of
test functions used in the definition of a viscosity solution (Definition3.32). Such
results have been known and used in the viscosity solution literature, however com-
plete proofs are available only in [374]. The statements here are slightly more general
than those in [374] and we presented proofs for the reader’s convenience. The last two
results of Sect. 1.7 (Propositions 1.168 and 1.169) are used to prove the verification
theorems of Sects.4.8 and 5.5. They have been used in the literature (e.g. in [306])
but without complete proofs, hence we provide them for completeness. We finally
recall that [t6’s formula related to variational solutions of linear stochastic parabolic
equations is proved in [467].
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