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Preface

Differential equations play a substantial role in various research fields in mathe-
matics and its applications, and as such they play a substantial role in a variety of
aspects. Experience shows that finding and understanding the relationships between
these aspects lead to new developments to the theory of differential equations
and also to other research fields. With this in mind, we organized the school and
conference Analytic, Algebraic and Geometric Aspects of Differential Equations.
The overall goal of the school and the conference was to bring together leading
experts in the theory of differential and difference equations in the complex domain
from different countries, to tackle and find approaches to various open problems,
present recent research results, learn new methods in the related areas (which is
invaluable especially for younger researchers), and identify new topics for future
research.

During the school and the conference the participants discussed various aspects
of analysis of differential equations concerning irregular singular points, and
summability of formal solutions, and topics from representation theory, mathemat-
ical physics, theory of singularities, differential Galois theory, difference algebra,
theory of integrable systems, theory of hypergeometric functions and Painlevé
transcendental functions, theory of orthogonal polynomials, and so on.

In this volume we collected all lecture notes from the school, where five
lectures on exact WKB analysis, sub-Riemannian geometry, summability, holo-
nomic systems and Dunkl theory were delivered, and also several research papers
corresponding to the talks at the conference. We hope that this volume will be
useful for studying the particular topics as well for understanding the variety of
relationships among diverse research fields in mathematics.

The school and conference Analytic, Algebraic and Geometric Aspects of Differ-
ential Equations (bcc.impan.pl/15AAGA) was held from September 6 to September
19, 2015, at the Mathematical Research and Conference Center in Bedlewo,
Poland. The conference was co-financed by the Institute of Mathematics of the
Polish Academy of Sciences (IMPAN) and the Warsaw Center of Mathematics
and Computer Science. The Organizing Committee consisted of Galina Filipuk,
Yoshishige Haraoka, Grzegorz Lysik, and Stawomir Michalik. The Scientific

v
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Committee included Werner Balser, Moulay Barkatou, Stefan Hilger, Masatake
Miyake, Hidetoshi Tahara, Masafumi Yoshino, and Henryk Zolgdek.

The editors would like to express their deep gratitude to Alexander Vasiliev for
his invaluable help with publishing this volume, and to Grzegorz Lysik, who was
the head of the Organizing Committee of the school and the conference.

Warsaw, Poland Galina Filipuk
Kumamoto, Japan Yoshishige Haraoka
Warsaw, Poland Stawomir Michalik
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An Introduction to Dunkl Theory
and Its Analytic Aspects

Jean-Philippe Anker

Abstract The aims of these lecture notes are twofold. On the one hand, they are
meant as an introduction to rational and trigonometric Dunkl theory, starting with
the historical examples of special functions associated with radial Fourier analysis
on rank one symmetric spaces. On the other hand, we have tried to give an up-to-date
account of the main results and problems, with an emphasis on analytic aspects.

Keywords Dunkl theory ¢ Special functions associated with root systems e
Spherical Fourier analysis

Mathematics Subject Classification (2000). Primary 33C67; Secondary 05EQ5,
20F55, 22E30, 33C80, 33D67, 39A70, 42B10, 43A32, 43A90

1 Introduction

Dunkl theory is a far reaching generalization of Fourier analysis and special
function theory related to root systems. During the sixties and seventies, it became
gradually clear that radial Fourier analysis on rank one symmetric spaces was
closely connected with certain classes of special functions in one variable:

* Bessel functions in connection with radial Fourier analysis on Euclidean spaces,

* Jacobi polynomials in connection with radial Fourier analysis on spheres,

» Jacobi functions (i.e. the Gauss hypergeometric function , F;) in connection with
radial Fourier analysis on hyperbolic spaces.

See [51] for a survey. During the eighties, several attempts were made, mainly by
the Dutch school (Koornwinder, Heckman, Opdam), to extend these results in higher
rank (i.e. in several variables), until the discovery of Dunkl operators in the rational
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case and Cherednik operators in the trigonometric case. Together with g-special
functions introduced by Macdonald, this has led to a beautiful theory, developed
by several authors which encompasses in a unified way harmonic analysis on all
Riemannian symmetric spaces and spherical functions thereon:

generalized Bessel functions on flat symmetric spaces, and their asymmetric
version, known as the Dunkl kernel,

Heckman—Opdam hypergeometric functions on Riemannian symmetric spaces
of compact or noncompact type, and their asymmetric version, due to Opdam,
Macdonald polynomials on affine buildings.

Beside Fourier analysis and special functions, this theory has also deep and fruitful
interactions with

algebra (double affine Hecke algebras),

mathematical physics (Calogero-Moser-Sutherland models, quantum many body
problems),

probability theory (Feller processes with jumps).

There are already several surveys about Dunkl theory available in the literature:

[67] (see also [29]) about rational Dunkl theory (state of the art in 2002),
[64] about trigonometric Dunkl theory (state of the art in 1998),

[31] about integrable systems related to Dunkl theory,

[54] and [17] about g-Dunkl theory and affine Hecke algebras,

[42] about probabilistic aspects of Dunkl theory (state of the art in 2006).

These lectures are intended to give an overview of some analytic aspects of Dunkl
theory. The topics are indicated in italic in Fig. 1, where we have tried to summarize
relations between several theories of special functions, which were alluded to above,

DAHA

double affine
Hecke algebras

— b T

trigonometric
. Dunkl theory Macdonald
rational
Dunkl theory _ bolynomials
<— hyperbolic circular < 47poly
p G/K U/K affine buildings
higher rank generalized § / T ) / . Macdonald
g Feneralized spherical functions spherical functions spherien] functions
— <
ank 1 R™ hyperbolic spaces spheres homogeneous trees
ram Bessel functions Jacobi functions Jacobi polynomials spherical functions
Euclidean non compact compact p—adic

Fig. 1 Relation between various special function theories
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and where arrows mean limits. Let us describe the content of our notes. In Sect. 2, we
consider several geometric settings (Euclidean spaces, spheres, hyperbolic spaces,
homogeneous trees, ...) where radial Fourier analysis is available and can be
applied successfully, for instance to study evolutions equations (heat equation, wave
equation, Schrodinger equation, ...). Section 3 is devoted to the rational Dunkl
theory and Sect. 4 to the trigonometric Dunkl theory. In both cases, we first review
the basics and next address some important analytic issues. We conclude with an
appendix about root systems and with a comprehensive bibliography. For lack of
time and competence, we haven’t touched upon other aforementioned aspects of
Dunkl theory, for which we refer to the bibliography.

2 Spherical Fourier Analysis in Rank 1

Cosine Transform

Let us start with an elementary example. Within the framework of even functions
on the real line R, the Fourier transform is given by

A

fh) :/Rdxf(x) cos Ax

and the inverse Fourier transform by

flx)y =" /R dAf(A) cos Ax.

The cosine functions ¢; (x) = cos Ax (A € C) occurring in these expressions can be
characterized in various ways. Let us mention

* Power series expansion:

+o00 ¢

— (=D 2¢

0@ =), G () V A.xeC.

* Differential equation: the functions ¢ = @, are the smooth eigenfunctions of
( 3‘1)2, which are even and normalized by ¢(0)=1.

* Functional equation: the functions ¢ = @, are the nonzero continuous functions
on R which satisfy

x+y)+ox—y
ol y)z p(x—y) — (p(x) (p(y) Vx,yER.



Hankel Transform on Euclidean Spaces

The Fourier transform on R” and its inverse are given by

76 = [ asfeo e

and

70 = @n [ aj@ et

J.-P. Anker

ey

@)

Notice that the Fourier transform of a radial function f =f (r) on R" is again a radial
function f =f (A). In this case, (1) and (2) become

n +o00
f) =10 / dr r"= f(r) ju2 (id7)
0

and

+o00 R
f(r) = ! / A AV FA) juea (PAT) .
2 0 2

hatra)

3)

“)

Instead of the exponential function or the cosine function, (3) and (4) involve now
the modified Bessel function jn;Z, which can be characterized again in various
ways:

Relation with classical special functions and power series expansion.
. ny (iz 271 .
Jrs2 () =T() (2) Jn;Z (iz)
_ Z+OO r(3) (z)”
- (=0 CIT(4+10) \2
2 — —
=oFi(5:%) = e R ("%, in—1:27)  VzeC,
where J, denotes the classical Bessel function of the first kind and

+o0
. N (a)¢...(ap)e 7*
JFy(an .. .apiby,... byi7) = ZH e

the generalized hypergeometric function.
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* Differential equations. The function ¢, (r) = jn;l (iAr) is the unique smooth
solution to the differential equation

2 —
(Bar) 2 + r1 (Bar) (2 + A'Z Yr = O’
which is normalized by ¢, (0) = 1. Equivalently, the function
x = @a(|x[) = jn2 (iA]x]) ®)

is the unique smooth radial normalized eigenfunction of the Euclidean Laplacian

n 2 2 _
B = Zj=l (aij) = (3) + "7 (5) + 2 A

corresponding to the eigenvalue —A2.

Remark 2.1 The function (5) is a matrix coefficient of a continuous unitary
representation of the Euclidean motion group R x O(n).

The function (5) is a spherical average of plane waves. Specifically,

@A(|x|) :/ dk eiA(u’k'” = F(Zn)/ dv eiA(v,x) ,
O(n) gn—1

22

where u is any unit vector in R”. Hence the integral representation

" b . _ .
0 (r) = (2)71 / d6 (sin §)"~2 gi*reos?
«/77 F(nz ) 0
2T g ©
n n—3
= (iil rz_"/ ds (r*—s*)"2" cosAs.
«/77 I'( 5) 0

Spherical Fourier Analysis on Real Spheres

Real spheres
§"={x= (0 x1,....5) R [P =g+ ... +x =1}

of dimension n > 2 are the simplest examples of Riemannian symmetric spaces
of compact type. They are simply connected Riemannian manifolds, with constant
positive sectional curvature. The Riemannian structure on S” is induced by the
Euclidean metric in R!*", restricted to the tangent bundle of S”, and the Laplacian

on S" is given by Af = Af n» Where A= Zn O(ai,)2 denotes the Euclidean
j= j
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Laplacian in R'*" and f (x) = f( \il) the homogeneous extension of f to R't"~{0}.
In spherical coordinates

Xo = cosby,

x1 = sin6f cosb,,

Xp—1=sin@;sin6, ... sinf,_; cosb,,

X, =sinf;sind, ... sinb,_;sin0b,,
the Riemannian metric, the Riemannian volume and the Laplacian read respectively
2 " 2 : 2 2
ds® = ijl (sin6;)* ... (sin 6_1)* (d6))*,
dvol = (sin )" ... (sinB,_,)db, ...d0,

and

_ n 1 9 \2 . N
A= Zj=l (sin91)2...(sin9j_1)2 {(39,) + (n J)(COt ej) E)Oj} :
Let G = O(n+1) be the isometry group of S” and let K ~ O(n) be the stabilizer
of eg = (1,0,...,0). Then S" can be realized as the homogeneous space G/K (see
Fig. 2). As usual, we identify right-K-invariant functions on G with functions on S”,

and bi-K-invariant functions on G with radial functions on S” i.e. functions on S”
which depend only on xo = cos 6. For such functions,

/ dvol f = 2r( )/ db, (sin ;)" f(cos 0))
and

The spherical functions on S” are the smooth normalized radial eigenfunctions of
the Laplacian on S”. Specifically,

Agg=—L({L+n—1)g,
pe(eo) =1,

where £ € N. They can be expressed in terms of classical special functions, namely

0m=2)! A~("3H 0! —15-1)
@e(xo) = (g_|(_nn 2))1 C, 2 N(xo) = (”)l 2 2 (x0)
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Xy

K-orbit

]
'
'
)
N ' .
T
)
'
'
)

Fig. 2 Real sphere S”

or

@i(cosBy) = zFl(— €,€+n—l;;;sin291),

where C?) are the Gegenbauer or ultraspherical polynomials, P(;’ﬁ ) the Jacobi
polynomials and , F; the Gauss hypergeometric function.

Remark 2.2 'We have emphasized the characterization of spherical functions on S”
by a differential equation. Here are other characterizations:

» The spherical functions are the continuous bi-K-invariant functions ¢ on G which
satisfy the functional equation

/K dk p(xky) = p() () ¥ x.y€G. ™

» The spherical functions are the continuous bi-K-invariant functions ¢ on G such
that

£ /G dxf () p(x) ®)

defines a character of the (commutative) convolution algebra C.(K\G/K).
* The spherical functions are the matrix coefficients

p(x) = (v, v),
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where 7 is a continuous unitary representation of G, which has nonzero K-fixed
vectors and which is irreducible, and v is a K-fixed vector, which is normalized
by |v|=1.

* Integral representation:

@ (cos 6y)
_ T('z’n)_l /”dgz(sinez)”_z[cos91+i(sin91)(cosez)](
vrr3h J, ©)
- e (sin91)2—"/Smelds(sinzel—sz)”z3(cos01+is)‘.
WZINEo) —sin6;

The spherical Fourier expansion of radial functions on S” reads

f) = Z(ENdz (free) pe(x),

where
d[ = n(n+2£;1!)£(!n+(_2)!
and
l—v(n-;-l)
(fop) = "G | dxf) e
27 2 §n
F(n-;-l) T ) -
= e J, do (sin )" f(cos 01) p¢(cos 0y) .
2

Spherical Fourier Analysis on Real Hyperbolic Spaces

Real hyperbolic spaces H”" are the simplest examples of Riemannian symmetric
spaces of noncompact type. They are simply connected Riemannian manifolds, with
constant negative sectional curvature. Let us recall the following three models of
H".

e Model 1: Hyperboloid (Fig. 3)
In this model, H" consists of the hyperboloid sheed

{x=(x0,X1,....%) ERIT"=RXR" | L(x,x) =—1, x> 1}

defined by the Lorentz quadratic form L(x, x) = — x3+x}+ .. .-+x2. The Riemannian
structure is given by the metric ds? = L(dx, dx), restricted to the tangent bundle of
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H", and the Laplacian by
3 8\
Af = L(Bx’ Bx)f ‘ H~»?
where f(x) = f ( a Z(x " ) denotes the homogeneous extension of f to the light cone
{xeR"™" | L(x,x)<0, x>0}
¢ Model 2: Upper half-space (Fig. 4)

In this model, H" consists of the upper half-space R}, = {y € R"[|y, > 0}
equipped with the Riemannian metric ds?> = y,2|dy|>. The volume is given by
dvol =y, "dy; ...dy, and the Laplacian by

- yn Z =1 3} (l’l 2))’n 3y

¢ Model 3: Ball (Fig.5)

In this model, H" consists of the unit ball B" = {z€ R" | |z| < 1}. The Riemannian

.. . —z]2\—2 —1712\—
metric is given by ds?> = (" z‘z‘ )" |dz|?, the volume by dvol = (' ZIZI )"
Fig. 3 Hyperboloid model of N-orbit A—orbit
Hi‘l

Fig. 4 Upper half-space Yn
model of H”"

K—orbit

N-orbit

A—orbit

Rn—l
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Fig. 5 Ball model of H"

dzy ... dz,, the distance to the origin by r = 2 artanh |z] = log if“j“ , and the
Laplacian by

_ (11— 22" 92 _ 1P Z o
A= (") j=13Z}+(n 2)'7, 1 G

Remark 2.3 Model 1 and Model 3 are mapped onto each other by the stereographic
projection with respect to —eq, while Model 2 and Model 3 are mapped onto each
other by the inversion with respect to the sphere S(—e,,~/2). This leads to the
following formulae

L+ > _ 14z

0 = 2y, 1—z?
— Y 2z . _
A P (j=1,....,n=1)
1=yl 2zn
n 2y, T 172

=Y _ 2z . _

y/_,\to-l—x,, T I+ |2+ 2z, (J—l,,n 1)
_ 1 1P
Yn = xo+xn 14172 +2z,

- 2yj . _
Y= 14w L+ [y[2+ 2y, (]—1,...,n 1)
n = Xn — 1—|y\2
n 1+x0 1+|}'\2+2yn .
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Let G be the isometry group of H" and let K be the stabilizer of a base point in H".
Then H"” can be realized as the homogeneous space G/K. In Model 1, G is made up
of two among the four connected components of the Lorentz group O(1, n), and the
stabilizer of ¢( is K = O(n). Consider the subgroup A ~ R in G consisting of

¢ the matrices

coshr O sinh r
a, = 0 I O (reR)
sinhr 0 coshr

in Model 1,
* the dilations a,:y +— ¢~y in Model 2,

and the subgroup N ~ R"~! consisting of horizontal translations 7, : y —> y+v
(v eR™ 1) in Model 2. Then we have

* the Cartan decomposition G = K AT K, which corresponds to polar coordinates
in Model 3,

» the Iwasawa decomposition G = NAK, which corresponds to Cartesian
coordinates in Model 2.

We shall denote by a,(,) and ap(,) the A* and A components of g € G in the Cartan
and Iwasawa decompositions.

Remark 2.4 In small dimensions, H> ~ SL(2,RR)/SO(2) and H* ~ SL(2,C)/
SU(2).

As usual, we identify right-K-invariant functions on G with functions on H", and bi-
K-invariant functions on G with radial functions on H" i.e. functions on H" which
depend only on the distance r to the origin. For radial functions f = f(r),

”g +o0
/ dvolf = 2 / dr (sinh )" (r)
n re4) Jo

and

Af = grz]; + (n—1)(cothr) g’;

The spherical functions ¢, are the smooth normalized radial eigenfunctions of the
Laplacian on H". Specifically,

Ay =—{A2+p*} s,
wr(0) =1,

where p ="'

Remark 2.5 The spherical functions on H” can be characterized again in several
other ways. Notably,



14 J.-P. Anker

¢ Differential equation: the function @, (r) is the unique smooth solution to the
differential equation

(;’,)Zm + (n—1)(cothr) (1) o + (A*+p?) o2 =0,

which is normalized by ¢, (0)=1.
» Relation with classical special functions:

n—2 1
- A p—ik .
() =@, () = F (P P —sinh?r)

where qoi[‘ﬂ are the Jacobi functions and ,F; is the Gauss hypergeometric
function.

* Same functional equations as (7) and (8).

* The spherical functions are the matrix coefficients

re)
Pr(x) = , 2,2, (ma(x)1,1),

b

of the spherical principal series representations of G on L?(S"™ ).
* According to the Harish—Chandra formula

(1) = / dk ¢ P
K

the function ¢, is a spherical average of horocyclic waves. Let us make this
integral representation more explicit:

or(r) = 21"(2;/ 1dv (coshr— (sinhr) v, e, ) *~°

g S§n—

_ F(g) ﬂ 9 . 9 n—2 . 9 l'/l—p

= jere J, df (sin§)"~> [ cosh r — (sinh r) (cos 6) | (10)
n—1 r
272 TN . 2—n n—=3

= h d hr—coshs) 2 As.
Jr TS (sinh r) /0 s (coshr—coshs) 2 cosAs

Remark 2.6 The asymptotic behavior of the spherical functions is given by the
Harish—Chandra expansion

@a(r) = e(d) Pi(r) + e(=4) P (1) .

where

_ T@2p T(id)
¢(A) =t raite
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and
®; (r) = (2coshr)* ™, F, (p_zi)k , p+12_M ;1—i);cosh™r)
— oA=p)r Z:Z Te(h) e 2"

with I =1.

The spherical Fourier transform (or Harish—Chandra transform) of radial functions
on H" is defined by

HFG) = / df () ga(x) = ") /0 dr (sinh 7)™ F(r) 2" (1

and the inversion formula reads

+o00
fe)=2" g2t F(Z)/ dA e[ Hf() ¢a(0) - (12)
0

Remark 2.7

* The Plancherel density reads

n—3
eI = [0, 2+
in odd dimension, and

le()| 2 = Atanh A ]_[ A2+(J+2)2]

221:—4 F( n )2

in even dimension. Notice the different behaviors

—2 n—1
€D~ g I
at infinity, and
- . Iv(n;l )2
|C(A)| 221:—4 F(;)Z

at the origin.
* Observe that (11) and (12) are not symmetric, unlike (1) and (2), or (3) and (4).
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The spherical Fourier transform (11), which is somewhat abstract, can be bypassed
by considering the Abel transform, which is essentially the horocyclic Radon
transform restricted to radial functions. Specifically,

Af(r)

e_pr/ dnf(na,)
N

am'2t [F° —
= reeh / ds sinhs (coshs—coshr) 2 f(s).
2 Irl

Then the following commutative diagram holds, let say in the Schwartz space
setting:

S even (R)

H/ NF
Srad (Hn) 7 Seven (R)

Here S;.q(H") denotes the L? radial Schwartz space on H", which can be identified
with (cosh 7)™ Seven(R), F the Euclidean Fourier transform on R and each arrow
is an isomorphism. Thus the inversion of the spherical Fourier transform H boils
down to the inversion of the Abel transform .A. In odd dimension,

_ _n—1 n—l1
Al = Q@m)72 (= g ) 7 80
while, in even dimension,

+o00
-1 _ 1 ds Y2 N R Y
A g(r) - 2n517r3 A /coshs—coshr ( 85)( sinhs 3&) g(S) :

|

Consider finally the transform

Arg(x) = /K dk ¢?" g(h(kx))

which is dual to the Abel transform, i.e.,

+o00

/ dx f() A*g(x) = / dr Af( g(r.
H" -

o0

and which is an isomorphism between CZ, (R) and C23(IH"). It is given explicitly
by

* 2”
Arg() =

2 r

. (sinh r)>™" / ds (cosh r —cosh s)”z3 g(s)
T 5 0
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and its inverse by

_ Jr n-3 . —
AN f =] aar (ginh sir?hr) * {(sinh )" f (1)}
2"2 (1)
in odd dimension and by
-1 _ 1 3 ooyt 7 ds : n—1
A7) = 2"2 oy (onhr a7 )’ /0 cosh r— coshs (sinh )" f(s)
in even dimension.

Remark 2.8 Notice that the spherical function ¢, (r) is the dual Abel transform of
the cosine function cos A s.

Applications Spherical Fourier analysis is an efficient tool for solving invariant
PDEs on H". Here are some examples of evolution equations.

* The heat equation
dru(x, 1) = Ayu(x,t)
u(x,0) = f(x)

can be solved explicitly by means of the inverse Abel transform. Specifically,

u(x,t) =f*h,(x),

where the heat kernel is given by

1 1 _ .2 1 9 — _,42
hr(’)zzﬂJ{ln%t e pt(_sinhr(’)r) Pew

in odd dimension and by

+o00 " 5

_ntl 1 _ 2 ) —1 _s

_ pot ds _ 9 _ 1 9Yy2

ht(r) - (27t) 2t oze / | /coshs —coshr ( E)x)( sinh s E)x) e &
r

in even dimension. Moreover, the following global estimate holds:

13)

3

2 72 (1 if t>1

hr(r) = e_pzte_pre_éh X z( +r)n_l =1+,
4N if0<r<l4r

* Similarly for the Schrodinger equation

{ i0,u(x, 1) = Acu(x, 1),
u(x,0) = f(x).
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In this case u(x, ) =f* h_;,(x), where

1 ST _1 _. 2 - i
h—il‘(r) = 211';1 n e'd sen() |t| 2P ' ( - sinlhr Bar) Petw
b4

in odd dimension,

hoin(r) = @)~ H T =4 o

+oo n 2
T s (= b e
| /coshs —coshr ds sinhs ds

|

in even dimension, and

1172 (1+7) if [1|>1+r

[h—it(r)] < e *" x n et
(|72 (14+7r) 2 f0<|t|<1+7r

in all dimensions.
The shifted wave equation

g 02u(x, 1) = (A p2)ulx, 1)
u(x,0) = f(x), 9;]1=0 ulx, 1) = g(x)

can be solved explicitly by means of the inverse dual Abel transform. Specifi-
cally,

_ 1 a1 9y
wt.) = i g Conneor) {sinhr/ de()’)}
Sy

22 g 2
+ 1 ( 1 9 )”;3 1 d (y)
ntt n—1 \sinhz 97 sinh7 Y8
2272 S(x, le)
in odd dimension and
_ 1 3 3 3—1/ o)
u(t,x) = ) d
(. %) 2 erlng ale| (3(C05hf)) B i) Yy +/cosht—coshd (y,x)
1 : 3 3—1/ )
+ . sign(t ) d
) 11 . gn(®) (3(C05ht)) Bex.li) Yy /cosht—coshd (y,x)

in even dimension.
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Fig. 6 Ball picture of T;

Spherical Fourier Analysis on Homogeneous Trees

A homogeneous tree is a connected graph, with no loop and with the same number
of edges at each vertex. Let us denote by T, the set of vertices of the homogeneous
tree with g +1 > 2 edges (Fig. 6). It is equipped with the counting measure and
with the geodesic distance, given by the number of edges between two points. The
volume of any sphere S(x, r) of radius re N is given by

if r=0,

8(r) =
(g+1) g™ ! if reN*,
Once we have chosen an origin 0 € T, and an oriented geodesic w : Z — T, through
0, let us denote by |x| € N the distance of a vertex x € T, to the origin and by h(x) €Z
its horocyclic height (see Fig. 7). Let G be the isometry group of T, and let K be the
stabilizer of 0. Then G is a locally compact group, K is a compact open subgroup,
and T, ~ G/K.

Remark 2.9 If q is a prime number, then T, ~ PGL(2,Q,)/ PGL(2, Z,).

The combinatorial Laplacian A on T is defined by A f = A f —f, where A denotes
the average operator

AF® = 11 2 o fO)
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--> 2

geodesic

horocycle

Fig. 7 Upper half-space picture of T

Remark 2.10 Notice that f is harmonic, i.e., A f = 0 if and only if f has the mean
value property, i.e., f =Af.

The spherical functions ¢, on T, are the normalized radial eigenfunctions of A, or
equivalently A. Specifically,

Avy=y(M) oy,
. (0) =1,

in + q—iA

where y() = G124 q=12

Remark 2.11 The spherical functions on T, can be characterized again in several
other ways. Notably,

* Explicit expression:

c(/\)q(—l/2+i/\)r+c(_/\)q(—l/Z—il)r if /\E(C\ZZ,

@r(r) = . 1/2_ —1/)2 . . . (14)
(G (1 + ;11/24_271/2 r) q r/2 if A= ;]7
/24ik_ —1/2—i) . .
where ¢(1) = ql/z_:q—l/z a'? qM_Z_,.lAZ and 7 = lggq . Notice that (14) is even

and t-periodic in A.

* Same functional equations as (7) and (8).

» The spherical functions are the bi-K-invariant matrix coefficients of the spherical
principal series representations of G on L?(3 T,).



An Introduction to Dunkl Theory and Its Analytic Aspects 21
The spherical Fourier transform of radial functions on T is defined by
_ _ q1/2+q—1/2 +o0 ,
HO) =) o F@ @@ =fO+ 10T @ fOer)  d9)
and the inversion formula reads
. 12 X /2 .
FO) = e [ dh e HFQ) (). (16)
0

Consider the Abel transform

D)

h(x)=h

Af(h)

Al g—1 +oo |l +j X
g S+ 70" 3 e TR +2)),
which is essentially the horocyclic Radon transform restricted to radial functions.
Then the following commutative diagram holds, let say in the Schwartz space

setting:

CoenlR/TZ)

H NF
Srad (Tq) 7 Seven (Z)

Here Seven(Z) denotes the space of even functions on Z such that
sup,en+ " | f(r)] < 400 V meN,

Srad(Ty) the space of radial functions on T,, whose radial part coincides with
g2 8(N),

Fray =y a*fh

is a variant of the Fourier transform on Z, and each arrow is an isomorphism. The
inverse Abel transform is given by

AT0) = 32 G 2) — 27 +2)

Consider finally the transform

h(x;
A7) = 44y D oy 0 8(h)).

lx|="r
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which is dual to the Abel transform, i.e.,

D JOAT D =D Af() 8B,

and which is an isomorphism between the space of all even functions on Z and the
space of all radial functions on T,. It is given explicitly by A*g(0) = 0, and

Arg(ry= 2 g 0+ a Y [

h has same parity as r

if re N*. Its inverse is given by (A*)~'f(0) = £(0),

h

2 f(h)
- q—Z ZO<rodd<h q°f(r)

(A7) =1 g

if heNis odd, and

Ay = 9 G = T " 0)

—1 h

_49—9q - r
2 q: ZO<reven<hq f(r)

if he N* is even.

Applications Let us use spherical Fourier analysis to study discrete evolution
equations on T, as we did in the differential setting on H".

Consider the heat equation with discrete time € N

u(x, t4+1) —u(x, 1) = Acu(x, 1)
u(x,0) = f(x)

or, equivalently, the simple random walk
u(x,t) = Alf(x) = fxh,(x).

Its density /,(x) vanishes unless |x| < ¢ have the same parity. In this case,

’

_ U+ oo ()
hi(x) = (14— Y04 €

where ¥ (z) = lJz” log(14+2z) — 1; log(1—z) and yo = y(0) =
the spectral radius of A.

2
q'2+¢

7)

_ip <lis
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* The shifted wave equation with discrete time t € Z

yo AZu(x,1) = (A 41— yo)ulx, 1)
u(x,0) = £(x), {u(x, 1) —u(x,—1)}/2 = g(x)

can be solved explicitly by using the inverse dual Abel transform. Specifically,

u(x, 1) = Cif (x) + Sig(x) ,

where
C, = M|z|—2M\H
S = sign(t) My—
and

Mfx)=q2) f)

d(y.x)<t
t—d(y,x) even

if >0, while M, =0 if t <O0.

Comments, References and Further Results

* Our main reference for classical special functions is [25].

* The spherical Fourier analysis presented in this section takes place on homoge-
neous spaces G/K associated with Gelfand pairs (G, K).

¢ The sphere S” and the hyperbolic space H" are dual symmetric spaces. By letting
their curvature tend to 0, the Euclidean space R” is obtained as a limit. At the level
of spherical functions, the duality is reflected by the relation

9% (cos 0)) = ¢i'(r)

between (9) and (10), when we specialize A = +i(p+ £) (£ € N) and take
r==i0;. And (6) is a limit of (10) and (9):

n . n . n A
(p% (r) = lim . gogﬂ (er) = lim - 400 <p§ (cos’)]

Homogeneous trees may be considered as discrete analogs of hyperbolic
spaces. This may be justified by the structural similarity between H? =~
PSL(2,R)/PSO(2) and T, ~ PGL(2,Q,)/PGL(2,Z,) when ¢ is a prime
number. At the analytic level, an actual relation is provided by the meta-theory
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developed by Cherednik [17], which includes as limit cases spherical Fourier
analysis on T, and on H", as well as on R" or on S".

The material in subsection “Spherical Fourier Analysis on Real Hyperbolic
Spaces” generalizes to the class of Riemannian symmetric spaces of noncompact
type and of rank 1, which consist of all hyperbolic spaces

H" = H*(R), H"(C), H"(H), H*(0),

and further to the class of Damek—Ricci spaces. One obtains this way a group

theoretical interpretation of Jacobi functions (pi"ﬁ for infinitely many discrete
parameters

my—1
2

m1+mz—l’ :3

o = 2

Our main references are [9, 33, 51, 75] and [12].

Our main references for subsection “Spherical Fourier Analysis on Homoge-
neous Trees” are [19, 34], and [12]. Evolution equations (heat, Schrodinger,
wave) with continuous time were also considered on homogeneous trees (see
[20, 57, 82] and [49]).

Spherical Fourier analysis generalizes to higher rank (see [41,47] for Riemannian
symmetric spaces and [53, 55, 65] for affine buildings).

Classification
Type Constant curvature Rank 1 General case
Euclidean NG pxK/K
Compact S = S(R**1) S(F™) U/K
Non compact H"= H"(R) H"(F) G/K
p-adic Homogeneous trees Affine buildings
Notation
o gc is a complex semisimple Lie algebra,
o g is a noncompact real form of gc and g = € @ p a Cartan decomposition of g,
o u==Et@ip is the compact dual form of g,
o ais a Cartan subspace of p,
o g=a®mée ( Boer ga) is the root space decomposition of (g, a),
o R isapositive root subsystem and a™ the corresponding positive Weyl chamber

[¢]

in a,
n = @, cr+ O is the corresponding nilpotent Lie subalgebra,

o my=dim g, is the multiplicity of the root c,

_ 1 E
p_z lXERJ’_ma’
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o Gc is a complex Lie group with finite center and Lie algebra gc,
o G, U, K and N are the Lie subgroups of G¢ corresponding to the Lie subalgebras
g, u, tand n.

Special Functions

o Bessel functions on p:

0P :/dee’“'mdk)f) V Aepe, Y xepe. (18)
o Spherical functions on G/K:

P(x) = /dee<ik+p’°(k")) V Aeac, V x€G, (19)

where a(y) denotes the a-component of y € G in the Iwasawa decomposition
G = N(expa)K.

o Spherical functions on affine buildings are classical Macdonald polynomials (i.e.
Hall-Littlewood polynomials for the type A).

* The global heat kernel estimate (13) generalizes as follows to G/K:

me +moy }

he(x) < 172 14 (o, x)) (14 £ 4 (a,xh)
(T (0 ) o0
+)_ Ix:\z

x e~ lplP1=(p.x ’
where R is the set of positive indivisible roots in R and x* denotes the a™-
component of x € G in the Cartan decomposition G = K(expa™)K (see [8] and
the references therein).

* Random walks are harder to analyze on affine buildings. A global estimate
similar to (17) and (20) was established in [10] for the simple random walk on
affine buildings of type A,.In general, the main asymptotics of random walks
were obtained in [91].

Epilogue

This section outlines spherical Fourier analysis around 1980 (except for the later
applications to evolution equations). In the 1980s, Heckman and Opdam addressed
the following problem (which goes back to Koornwinder for the root system BC»):
for any root system R, construct a continuous family of special functions on a
generalizing spherical functions on the corresponding symmetric spaces G/K, as
Jacobi functions (or equivalently the Gauss hypergeometric function) generalize
spherical functions on hyperbolic spaces. This problem was solved during the 1990s,
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mainly by Cherednik, Dunkl, Heckman, Macdonald, and Opdam, and has actually
given rise to a large theory of special functions associated to root system, which is
nowadays often referred to as Dunkl theory.

Remark 2.12 A different generalization of hypergeometric functions to Grassman-
nians was developed by Aomoto and Gelfand at the end of the twentieth century.

3 Rational Dunkl Theory

Rational Dunkl theory originates from the seminal paper [26]. This theory of special
functions in several variables encompasses

* Euclidean Fourier analysis (which corresponds to the multiplicity £ = 0),

¢ classical Bessel functions in dimension 1,

» generalized Bessel functions associated with Riemannian symmetric spaces of
Euclidean type (which correspond to a discrete set of multiplicities k).

In this subsection, we use [67] (or alternately [42, pp. 1-69]) as our primary
reference and quote only later works. Our notation goes as follows (see the
Appendix for more details):

* ais a Euclidean vector space of dimension n, which we identify with its dual
space,

* Risaroot system, which is reduced but not necessarily crystallographic,

* W is the associated reflection group,

+ atisapositive Weyl chamberin a, a™ its closure, R the corresponding positive
root subsystem, and S the subset of simple roots,

* a4 denotes the closed cone generated by R™T, which is the dual cone of at,

» foreveryxea, x1 denotes the element of the orbit Wx which lies in a™,

* wo denotes the longest element in W, which interchanges a* and —a™, respec-
tively RT and R~ = —R™,

ek is a multiplicity, which will remain implicit in most formulae and which will
be assumed to be nonnegative after a while,

tr= Za€R+ka’

e Sx)= l—[ crt | (o, x)|*« is the reference density in the case k > 0.
o
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Dunkl Operators

Definition 3.1 The rational Dunkl operators, which are often simply called Dunkl
operators, are the differential-difference operators defined by

Def(0) = 3 /() + D ke (5] {F () —f ()} 1)

for every £ ea.
Remark 3.2

* Notice that Dunkl operators D¢ reduce to partial derivatives ¢ when k = 0.
* The choice of R™ plays no role in Definition 3.1, as

Do fay @ —=f G} =30 5 (05 U@ =)}

* Dividing by (o, x) produces no actual singularity in (21), as
e == by [ e na e

\a\z/ dt 0y fx—t{a",x) ).

Commutativity is a remarkable property of Dunkl operators.

Theorem 3.3 Fix a multiplicity k. Then

D¢ o Dy = Dy o D¢ Vé&nea.
This result leads to the notion of Dunkl operators D), for every polynomial p € P(a),
and of their symmetric part D, on symmetric ( i.e. W-invariant) functions.

Examples

e The Dunkl Laplacian is given by

differential part Af(x)

-

Af0) = Z/LleZf(X) - Zjn=18jf(x) + Za€R+ (ik; da f(x)

D AR ) f(rax)}

aer+t (o, x)?
~ —_

difference part
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where Dj, respectively d; denote the Dunkl operators, respectively the partial
derivatives with respect to an orthonormal basis of a.
* In dimension 1, the Dunkl operator is given by

Df(x) = (1) f(x) + * {f0)—f(—x)}
and the Dunkl Laplacian by
LI = ()@ + 2 (D) f0) = 5 {f@—f(=)} .

Here are some other properties of Dunkl operators.
Proposition 3.4
» The Dunkl operators map the following function spaces into themselves:
P(a). C*(a). C2(a), S(a), ...
More precisely, the Dunkl operators Dg, with £ € a, are homogeneous operators
of degree —1 on polynomials.
e W-equivariance: For every we W and p € P(a), we have
WODPOW_I =D,,.
Hence bpq = Dp o Dq, for all symmetric (i.e. W-invariant) polynomials p,q €

PV
» Skew-adjointness: Assume that k > 0. Then, for every £ €q,

/ dx 8(x) Def(x) g(x) = — / dx () () Deg ()

Dunkl Kernel

Theorem 3.5 For generic multiplicities k and for every A € ac, the system

D:E, = (A E)E, Véea,
Ey0) =1,

has a unique smooth solution on a, which is called the Dunkl kernel.

Remark 3.6 In this statement, generic means that k belongs to a dense open subset
Keg of K, whose complement is a countable union of algebraic sets. The set Kieg is
known explicitly and it contains in particular { k€K | Rek >0}.
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Definition 3.7 The generalized Bessel function is the average

N = |vlvw Zwew Ex(wx) = \vlw ZwewEW*(x)‘ (22)

Remark 3.8

e Mind the possible formal confusion between (22) and the classical Bessel
function of the first kind J,,.

* Conversely, the Dunkl kernel E) (x) can be recovered by applying to the gener-
alized Bessel function J) (x) a linear differential operator in x whose coefficients
are rational functions of A (see [62, proposition 6.8.(4)]).

* In dimension 1, Ky, is the complement of —N — é in C. The generalized

Bessel function (22) reduces to the modified Bessel function encountered in

section “Hankel Transform on Euclidean Spaces™:
B = jiy ().
The Dunkl kernel is a combination of two such functions:

Ep(x) = jk—% (Ax) + 22_?_1 jk+% (Ax)
~_—— - = - -
even odd

It can be also expressed in terms of the confluent hypergeometric function:

+1
T'k+1) - xu
Ex0) = 1 /—1 du (1— )" (1+ u)ke?

Tk T(k+1)

-

1
_ i TCE+D /dvvk—l(l_v)ke—uxv_
0 -

1F1(k;2k+1;—2)kx)

* When k = 0, the Dunkl kernel E; (x) reduces to the exponential e‘**) and the
generalized Bessel function J; (x) to

Coshy (y) = Ié’\ Zwewe(wx,y) ) (23)

* As far as we know, the non-symmetric Dunkl kernel had not occurred previously
in special functions, group theory or geometric analysis.

* Bessel functions (18) on Riemannian symmetric spaces of Euclidean type p x
K/K are special cases of (22), corresponding to crystallographic root systems
and to certain discrete sets of multiplicities. More precisely, if

o g=p @ tis the associated semisimple Lie algebra,
o ais a Cartan subspace of p,
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o R is the root system of (g, a),
o myg is the multiplicity of @ € R,

and

o R is the subsystem of indivisible roots in R,
o ky="t"* VaeR,

then
(pf(x):]ix(x) VAeac, Vxea.

In next proposition, we collect some properties of the Dunkl kernel.
Proposition 3.9

* Regularity: E) (x) extends to a holomorphic functionin A €ac, x€ ac and k €Kie,.
e Symmetries:

Ej(x) = Ex(}),

Ey(wx) =E;(x) VY weW,
E)(tx) =E;p(x) VieC,
Ey(x) =E, (x) when k> 0.

* Positivity: Assume that k > 0. Then,

0<Ek(x)§e(l+’x+) VA€a, Vxea.
¢ Global estimate: Assume that k > 0. Then, for every &,...,Ey €0,
|9, ... Bey Ex@)| < &1 ... [En| [A]V e (RATRDT) Yy ) cqre ¥ xeac.
Dunkl Transform

From now on, we assume that £ > 0.

Definition 3.10 The Dunkl transform is defined by

HFG) = / dx 5() () E—p (3) 24)

In next theorem, we collect the main properties of the Dunkl transform.
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Theorem 3.11

The Dunkl transform is an automorphism of the Schwartz space S(a).
We have

H(Def)A) = i(§. 1) Hf(X) Véea,
H((E..)f) = iDHf Y £ea,
HW)(A) = Hf(wA) YweWw,

H[F )] = 1772 (MO V1R,

Inversion formula:

f) = / A2 S0 HF Q) En (@) 25)
where
c= / dx §(x)e” |X2|2 (26)

is the so-called Mehta—Macdonald integral.
Plancherel identity: The Dunkl transform extends to an isometric automorphism
of L*(a,8(x)dx), up to a positive constant. Specifically,

/ A 80 [HFO) = / dx 805) | £

Riemann—Lebesgue Lemma: The Dunkl transform maps L' (a,8(x) dx) into Co(a).
Paley—Wiener Theorem: The Dunkl transform is an isomorphism between C 2°(a)
and the Paley—Wiener space PW(ac), which consists of all holomorphic func-
tions h:ac —> C such that

IR>0, VNeN, sup, ¢, (1+ADYe XM 1aQ) | < +o0. (27)

More precisely, the support of f € C2°(a) is contained in the closed ball B(0,R)
if and only if h = Hf satisfies (27).

Remark 3.12

Notice that (24) and (25) are symmetric, as the Euclidean Fourier transform (1)
and its inverse (2), or the Hankel transform (3) and its inverse (4).

In the W-invariant case, E+ ;) (x) is replaced by J4;, (x) in (24) and (25).

The Dunkl transform of a radial function is again a radial function.

The following sharper version of the Paley—Wiener Theorem was proved in [6],
as a consequence of the corresponding result in the trigonometric setting ( see
Theorem 4.9) and thus under the assumption that R is crystallographic. Given
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a W-invariant convex compact neighborhood C of the origin in a, consider the
gauge y(A) = max,ec (A, x). Then the support of f € C2°(a) is contained in C if
and only if its Dunkl transform & = Hf satisfies the condition

VNeN, sup,cq. (1+]|A)Y e H™Y [h(Q)| < +o00. (28)

Problem Extend the latter result to the non-crystallographic case.

Heat Kernel

The heat equation

g dou(x,f) = Au(x, 1)
u(x,0) = f(x)

can be solved via the Dunkl transform (under suitable assumptions). This way, one
obtains

ey = [ dy50)70) ).
a
where the heat kernel is given by
hi(x,y) = c_z/ dr8() e "W EL () E_n(y)  VYit>0,VYxyea.
a

In next proposition, we collect some properties of the heat kernel established by
Rosler.

Proposition 3.13
e h(x,y) is an smooth symmetric probability density. More precisely,

o h;(x,y) is an analytic function in (t, x,y) € (0, +00) xaxa,
o hi(x,y) =hi(y,x),
o h(x,y)>0and [ dys(y)h(x,y) =1

* Semigroup property:

hsts(x,y) = /dz 8(2) hs(x,2) hy(z,Y) .
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» Expression by means of the Dunkl kernel:

Iyl

n )32
hi(x,y) = ¢! (2t)_2_”e_‘ = E : V>0, Vx,yea. (29

\/21 ( V2t )
» Upper estimate:

hwx—y|?

h(x,y) < ¢! (2t)_g_” max,ewe 4

Remark 3.14

e In [13], the following sharp heat kernel estimates were obtained in dimension 1
(and also in the product case):

24,2
1 _xty .
e w if |xy|<t,

hi(x,y) < 1 2 (xy)~* e ‘) if xy>r, (30)

Hn?
t2( xy) e~ s if —xy>t.

Notice the lack of Gaussian behavior when —xy > ¢, in particular when y = —x
tends to infinity faster then /.

* The Dunkl Laplacian is the infinitesimal generator of a Feller—Markov process on
a, which has remarkable features (Brownian motion with jumps) and which has
drawn a lot of attention in the 2000s. We refer to [42] and [24] for probabilistic
aspects of Dunkl theory.

Problem Prove in general heat kernel estimates similar to (30).

Intertwining Operator and (Dual) Abel Transform

Consider the Abel transform
A=F'lon,

which is obtained by composing the Dunkl transform H with the inverse Euclidean
Fourier transform F~! on a, and the dual Abel transform .4*, which satisfies

/ dx () f(x) A*g(x) = / dy AFO) 503 .

Theorem 3.15

* The dual Abel transform A* coincides with the intertwining operator V defined
on polynomials by Dunkl and extended to smooth functions by Triméche.
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¢ Intertwining property: for every £ € a,
AoDg=10:0A and Vods =DgoV. 3D
* Symmetries:

AWwf) = w(Af) and Y(wg) =w(Vg) YweW,
A[f(2.)]0) = 111727 (Af)(ty) and V[g(t.)](x) = (Vg)(1x) ¥ 1eR*.

» For every x € a, there is a unique Borel probability measure |1, on a such that

wmszmmm. (32)

The support of |4y is contained in the convex hull of Wx. Moreover; if k> 0, the
support of Ly is W-invariant and contains Wx.
» A is an automorphism of the spaces C>°(a) and S(a), while V is an automor-
phism of C*°(a), with
|Vg(-x)| < MaXyeco(Wx) |g(y)| Vxea.

The following integral representations, which follow from (22), (31) and (32),
generalize (6) and (18) in the present setting.

Corollary 3.16 For every A € ac, we have
£ = [ diat) et
a
and
120 = [ di) Cosha ),
where Cosh, is defined in (23) and

V=
P = w2 ew Pvxe

Remark 3.17

* The first three items in Theorem 3.15 hold for all multiplicities k € Kyeg.
* The following symmetries hold :

dipwx(wy) =du(y) VY wew,
dn(ty) = dps(y) v teR™.
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* In[22],itis conjectured that the measure p, is absolutely continuous with respect
to the Lebesgue measure under the following two assumptions:

o xisregular (which means that (o, x) # 0, for every @ €R),
o ais spanned by the roots o with multiplicity k, > 0.

* These conjectures hold in dimension 1 (hence in the product case), where

T(k+})

Jr T (|x]+ sign(x) y) (=) T ppy ) 0) dy

d:ux(y) =

if x # 0, while ¢ is the Dirac measure at the origin.

Generalized Translations, Convolution and Product Formula

Definition 3.18

* The generalized convolution corresponds, via the Dunkl transform, to pointwise
multiplication:

(Frg) (@) = ¢ / A2 80 () He (M) En(x). (33)

* The generalized translations are defined by

N0 = [ QSO UDEAWED) = 0NHO). G
The key objects here are the tempered distributions
fr—={veyS), (35)
which are defined by (34) and which enter the product formula
Ey(x) Ex(y) = (vxy. Ev). (36)

Remark 3.19

* When k = 0, then (33) reduces to the usual convolution on a, (34) to (z,f)(x) =

fx+y),and vy y = Sy
¢ In the W- invariant case, (33) becomes

(f*g) () =c? / dA 8(A) Hf (A) Hg(A) Jia(x)
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and (36)
L)L) = (vl ), 37
where
vy = |v1/| Zwew Vivxwy *

Lemma 3.20 The distributions (35) are compactly supported.

* Specifically, v, , is supported in the spherical shell
{zeal [Ixl=Iyl| < ol < [x+Iyl } -
* Assume that W is crystallographic. Then v, , is actually supported in

{zea|zF=<xT+yt, 27 = yT+woxt and xt+woy™ }, (38)

where X denotes the partial order on a associated with the cone a4 (Fig. 8).

'
1

1

1

a
|

2+Y

7
N,

Fig. 8 Picture of the set (38) for the root system B,
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Example In dimension 1, v, , is a bounded signed measure. Specifically,

v(x,y,2) |z|**dz if x,y € R*,

dvyy(2) = § dy(2) if x=0,
dé:(z) if y=0,
where
Tk+3) tx+y) @+x—y) @—x+y) {zlP—(xl=lyD2 T {(xl+Iy)2— |23
v(x,y,2) =

7 T(k) 2xyz {20l Iyl 2] 324t

if x,y,z€R* satisfy the triangular inequality \|x| =y | <|z| <|x|+|y| and
v(ix,y,2) =0

otherwise. Moreover, let

[ra+H]

M = supyyer /R‘”v”'@ =2 PU+DTk+3)

ThenM>1and M 7 /2 as k /' +oo.

In general there is a lack information about (35) and the following facts are
conjectured [68].

Problems

(a) The distributions v, , are bounded signed Borel measures.
(b) They are uniformly bounded in x and y.
(c) The measures v ;’Vy are positive.

If v%) is a measure, notice that it is normalized by

/dvgf;)(z) =1.
a

These problems and especially (b) are important for harmonic analysis. They imply
indeed the following facts, for the reference measure §(x)dx on a.

Problems

(d) The generalized translations (34) are uniformly bounded on L' and hence on
L?, forevery 1 <p <oo.

(e) Young'’s inequality: For all 1 <p,q,r < oo satisfying [l)—i- {l] - i =1, there exists a
constant C > 0 such that

If*gller < ClIfllr 18 lles - (39)
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Beside the trivial L? setting and the one-dimensional case (hence the product
case), here are two more situations where these problems have been solved.

» Radial case [68]. Translations of radial functions are positive. Specifically, for
radial functions f(z) = f(|z|) and nonzero y € a, we have

(w1 = [ diey @ F(V P+ P+ 22 bl) (40)

Hence (39) holds if f or g is radial.

* Symmetric space case. Assume that the multiplicity k corresponds to a Rieman-
nian symmetric space of Euclidean type. Then vﬂ’y is a positive measure and (39)
holds for W-invariant functions.

Comments, References and Further Results

e The computation of the integral (26) has a long history. A closed form was
conjectured by Mehta for the root systems of type A and by Macdonald for
general root systems. For the four infinite families of classical root systems, it
can be actually deduced from an earlier integral formula of Selberg. In general,
the Mehta—Macdonald formula was proved by Opdam, first for crystallographic
root systems [61] and next for all root systems [62]. His proof was simplified by
Etingof [32], who removed in particular the computer-assisted calculations used
in the last cases.

* We have not discussed the shift operators, which move the multiplicity k£ by
integers and which have proven useful in the W-invariant setting (see [62]).

* The following asymptotics hold for the Dunkl kernel, under the assumption that
k > 0 (see [22]): there exists v : W —> C such that, for every w € W and for

every A, xea™,

1My 400 (i2)” e ") By (wx) = v(w) S(A) ™2 8(x) 2 . A1)

If w=1, we have v(l) = (27)~2 ¢, where ¢ is defined by (26), and (41) holds
more generally when 7 = if tends to infinity in the half complex space {7 € C|
Re7 > 0}. If w # 1, the Dunkl kernel is expected to have a different asymptotic
behavior, when Re 7 becomes positive. In dimension 1, we have indeed

lim ?—>+oo;k-H e_rleFA(_-x) =
larg?| <7 —e

2Ty k1 k1
NS ’

for any 0 <& < 7. This discrepancy plays an important role in [13].
* In the fourth item of Theorem 3.15, the sharper results about the support of 1,
when k>0 were obtained in [38].
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Specific information is available in the W-invariant setting for the root systems
A,. In this case, an integral recurrence formula over n was obtained in [1]
and [77] for J,, by taking rational limits of corresponding formulae in the
trigonometric case (see the 11th item in subsection “Comments, References and
Further Results”). Moreover, an explicit expression of u" is deduced in [77]. As
a consequence, the support of i, is shown to be equal to the convex hull of Wx,
when k> 0.

The asymmetric setting is harder. Beyond the one-dimensional case (and the
product case), explicit expressions of the measure w, are presently available
in some two-dimensional cases. For the root system A,, two closely related
expressions were obtained, first in [27] and recently in [2]. For the root system
B, a complicated formula was obtained in [28] and a simpler one recently in [3].
The case of dihedral root systems I, (m) is currently investigated (see [18, 23] and
the references therein).

In Lemma 3.20, the sharper result in the crystallographic case was obtained in
[6].

An explicit product formula was obtained in [69] for generalized Bessel functions
associated with root systems of type B and for three one-dimensional families of
multiplicities (which are two-dimensional in this case). The method consists in
computing a product formula in the symmetric space case, which corresponds to
a discrete set of multiplicities k, and in extending it holomorphically in k. The
resulting measure lives in a matrix cone, which projects continuously onto a™,
and its image |W/| vXVy is a probability measure if k£ > 0.

Potential theory in the rational Dunkl setting has been studied in [35-38, 40, 43,
56, 58] (see also [66] and the references therein).

Many current works deal with generalizations of results in Euclidean harmonic
analysis to the rational Dunkl setting. Among others, let us mention

o [84] about the Hardy—Littlewood and the Poisson maximal functions,
o [4] and [5] about singular integrals and Calderon—Zygmund theory,
o [13] and [30] about the Hardy space H'.

A further interesting deformation of Euclidean Fourier analysis, encompassing
rational Dunkl theory and the Laguerre semigroup, was introduced and studied
in [16].

4 Trigonometric Dunkl Theory

Trigonometric Dunkl theory was developed in the symmetric case by Heckman and
Opdam in the 1980s, and in the non-symmetric case by Opdam and Cherednik in
the 1990s. This theory of special functions in several variables encompasses

* Euclidean Fourier analysis (which corresponds to the multiplicity & = 0),

Jacobi functions in dimension 1,
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 spherical functions associated with Riemannian symmetric spaces of noncom-
pact type (which correspond to a discrete set of multiplicities k).

In this section, we use [64] as our primary reference and quote only later works. We
resume the notation of Sect. 3, with some modifications:

 the root system R is now assumed to be crystallographic but not necessarily
reduced,

* R denotes the subsystem of non-multipliable roots,

. S . _ 1 {a,x) [ 2ke
the reference density in the case k>0 is now §(x) = l_[aeR N | 2 sinh *%; R

and some addenda:

* O denotes the root lattice, Q" the coroot lattice and P the weight lattice,

ko
° = .
P =D et s

Cherednik Operators

Definition 4.1 The trigonometric Dunkl operators, which are often called Chered-
nik operators, are the differential-difference operators defined by

Def(0) = 3ef () + D ka5, 0 —f(u0)} = (. E)f ) (42)

forevery £ €a.

Notice that the counterpart of Remark 3.2 holds in the present setting. In next
theorem, we collect properties of Cherednik operators. The main one is again
commutativity, which leads to Cherednik operators D), for every polynomial p €
P(a), and to their symmetric parts Dp on W-invariant functions.

Theorem 4.2

» For any fixed multiplicity k, the Cherednik operators (42) commute pairwise.
* The Cherednik operators map the following function spaces into themselves:

Cle”], P(a), C=(a), C=(a), S*(a)=(Cosh,) 'S(a), ...
where (C[eP] denotes the algebra of polynomials in e* (A € P) and Cosh,, is

defined in (23).
* W-equivariance: For every we W and & € a, we have

(woDgow™) f(0) =Duef(0) + D\ ka (o wE) f(r).

Hence qu = ﬁp ) quor all symmetric polynomials p,q € P(a)".
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* Adjointness: Assume that k > 0. Then, for every £ €,

/ dx 8(5) D f(x) g(—) = / dx 8(x) f(x) Deg(~)..

Examples

¢ The Heckman—Opdam Laplacian is given by

Af) =) D)

differential part A f(x)

-~

=D @+ Y kacoth 57 807 () + [off ()

lo|?
B ZaeR+ ka 4 sinh? (& ) —fx)},
difference part
where D, respectively Bj denote the Cherednik operators, respectively the partial

derivatives with respect to an orthonormal basis of a.
* In dimension 1, the Cherednik operator is given by

Df) = (2)f@ +{, M+ 22 {f@—f (=)} — pf ()
= (1)) + (¥ coth + ks cothx} { F(x)—F(—x) } — pf(—x)
and the Heckman—Opdam Laplacian by
Af() = (2)f@) + {kicoth 3 +2k cothx} (1) f(x) + p*f (x)
e PR R P E CT

fah2 X
4 sinh” 5

where p = kZ‘ + k.

Hypergeometric Functions

Theorem 4.3 Assume that k > 0. Then, for every A € ac, the system

DEGA = (/\,E)GA A4 EEU.,
G, (0) = 1.
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has a unique smooth solution on a, which is called the Opdam hypergeometric
function.

Definition 4.4 The Heckman—Opdam hypergeometric function is the average

Fi(x) = wlw Zwew Gr(wx). (43)

Remark 4.5

* Conversely, G, (x) can be recovered by applying to F,(x) a linear differential
operator in x whose coefficients are rational functions of A.

¢ The expression G (x) extends to a holomorphic function of A € ac, x€a+iU
and k € V, where U is a W-invariant open neighborhood of 0 in a and V is a
W-invariant open neighborhood of {k€K |k > 0}.

e The Heckman—Opdam hypergeometric function (43) is characterized by the
system

D, Fy=pAM)F, YpeP@Y,
Fi(0) = 1.

e In dimension 1, the Heckman—Opdam hypergeometric function reduces to the
Gauss hypergeometric function , F or, equivalently, to the Jacobi functions (pf’ﬁ :

11
Fi(x) = sF 1 (p+ 4, p—Aski+ho+ L —sinh? 1) = 1t 72072 ()

and the Opdam hypergeometric function to a combination of two such functions:

kitko—3 ko= +1 . kit ko) kot ]
Gi(x) =@, 7 TG+ 2k1i2k2+1 (sinhx) @5, = * (3

« When k = 0, Gy (x) reduces to the exponential e (**) and F; (x) to the function
Cosh; (x).

* The functions G—, and F—, are equal to 1.

* Spherical functions qof on Riemannian symmetric space G/K of noncompact
type are Heckman—Opdam hypergeometric functions. Specifically, if

§ R is the root system of (g, a),

my = dim g,
set

{R:ZR,

kza = Zma.
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Then
G
@, (expx) = Fi%(2x).

We collect in the next two propositions asymptotics and estimates of the hypergeo-
metric functions.

Proposition 4.6 The following Harish—Chandra type expansions hold.
Fi() =) . ewd) ).
1
Gi(x) = D ey €V Wa ().

[T, i+ ((ha¥) =S ken—k)

Here

T((AaV)+ ) kap2)
¢() = co l_[aeR+ F({(AaY) + ) kajathe)

where ¢ is a positive constant such that ¢(p) = 1, and
— (A—p—2L.x)
®0 =, i tWe :

W, (x) = ZZGQJr Ty (w, ) o (wA—p—t.x)

are converging series, for generic A € ac and for every xea™.
Proposition 4.7 Assume that k > 0.

* All functions G, with A € a are strictly positive.
e The ground function Gy has the following behavior:

Go(x) =< { l_[ e§+(1+ (oz,x))} e~ (Pt V xea.

(a,x) =0

In particular,

Go(x) =< { l_[aeie+ (1+ (ot,x))} e~ (pa®)
ifx € a™t, while
Go(x) < e (pa®)

ifxe—at.
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o Forevery Aeac, weaandxea, we have
+
|Gagp ()] < !B G ().
In particular, the following estimates hold, for every Acac andx€a :

1G1(x)] < Gres(x) < Go(x) e ®ReDTA)

Cherednik Transform

From now on, we assume that £ > 0.

Definition 4.8 The Cherednik transform is defined by

HFG) = / dx () () G (—). (44)

In next theorem, we collect the main properties of the Cherednik transform.
Theorem 4.9

s The Cherednik transform is an isomorphism between the L* Schwartz space
S%(a) = (Cosh, )™ S(a)

and the Euclidean Schwartz space S(a).

* Paley—Wiener Theorem: The Cherednik transform is an isomorphism between
C2(a) and the Paley—Wiener space PW(ac). More precisely, let C be a W-
invariant convex compact neighborhood of the origin in a and let x(A) =
max,ec (A, x) be the associated gauge. Then the support of f € C(a) is
contained in C if and only if h = Hf satisfies (28).

* Inversion formula:

) = e / dAF)HFR) G () 45)

where

5 . V3 1

5 3 —i{X.aY) 45 kgjrtke

S0 = e Tlaerr —itnan e (46)
=11 T(i{Aa¥) 41 kajatke) T(=i{ha¥) 41 kej2+ka+1)

a€RT T(i{AaV)+)ke) D(=i(A.av)+ ) kajp+1)

and c is a positive constant.



An Introduction to Dunkl Theory and Its Analytic Aspects 45

Remark 4.10

¢ In the W-invariant case, the Cherednik transform (44) reduces to

) = [ x50 P 7)

and its inverse (45) to
f(x) = c; cé /;dl |c(ik)|_2 H(A) Fip(x). (48)
It is an isomorphism between S2(a)” = (Cosh,)” S(@)" and S(a)V,

which extends to an isometric isomorphism, up to a positive constant, between
L?(a,8(x)dx)" and L*(a,|c(id)|"2dL)".

* Formulae (47) and (48) are not symmetric, as the spherical Fourier transform (11)
and its inverse (12) on hyperbolic spaces H", or their counterparts (15) and (16)
on homogeneous trees T,. The asymmetry is even greater between (44) and (45),
where the density (46) is complex-valued.

e There is no straightforward Plancherel identity for the full Cherednik trans-
form (44). Opdam has defined in [63] a vector-valued transform leading to a
Plancherel identity in the non-W-invariant case.

Rational Limit

Rational Dunk theory (in the crystallographic case) is a suitable limit of trigono-
metric Dunk theory, as Hankel analysis on R” is a limit of spherical Fourier analysis
on H". More precisely, assume that the root system R is both crystallographic and
reduced. Then,

¢ the Dunkl kernel is the following limit of Opdam hypergeometric functions:
Ej(x) = lim,—0 Go—1(ex),
* the Dunkl transform H , is a limit case of the Cherednik transform H ye:
(Heaf)A) = lim, 0 672 {Hue[f(e7' )]} ('R,
¢ likewise for the inversion formulae (25) and (45):

(Hatf)(@) = const. lim, o &2 {H 1 [f(e )]} (ex) .
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Intertwining Operator and (Dual) Abel Transform

In the trigonometric setting, consider again the Abel transform
A=Flon,

which is obtained by composing the Cherednik transform #H with the inverse
Euclidean Fourier transform F~! on a, and the dual Abel transform .4*, which
satisfies

/ﬂ&WMAMﬂ=/@AMM@-

Remark 4.11 In [85], A* = V is called the trigonometric Dunkl intertwining
operator and .4 =V* the dual operator.

Proposition 4.12

o Forevery& ea,
Ang:E)goA and VOaEZDEOV.
» For every x € a, there is a unique tempered distribution |4, on a such that

Ve() = (1 8) -
Moreover; the support of |4 is contained in the convex hull of Wx.

Corollary 4.13 For every A € ac, we have

Gi(x) = (jx.e*) and Fy(x) = (uV, Coshy ), (49)

. . w_ 1
where Coshy, is defined in (23) and ) = W] Zwew Moy -
Remark 4.14
* The distribution p, is most likely a probability measure, as in the rational setting.

¢ This is true in dimension 1 (hence in the product case), where

ds.(y)  ifx=0orif ki=k,=0.

dux(y) =
u(x,y)dy otherwise.
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As far as it is concerned, the density w(x,y) vanishes unless |y| < |x|. In the
generic case, where k; > 0 and k, > 0, it is given explicitly by

_y Ta+hk+)) | . _ . _
= ohith=2 2’ |sinh % |72k | sinh x| ~2k2
V7 T(ki) T (ko) 2

||
X / dz (sinh 5) (cosh § —cosh é)k‘_l (coshx —cosh z)*~! (50)
Iyl

p(x,y)

X (sign x) {eg (2cosh ) — e (2 cosh ;)} .

In the limit case, where k; =0 and k; >0,

— 2k2—l F(k2+é)

Jr Tta) |sinh x| 2% (cosh x — coshy) ™! (signx) (e*—e ™).
7[ 2

(51

w(x,y)

In the other limit case, where k| > 0 and k, = 0, the density is half of (51), with

ka, x, y replaced respectively by ki, 3, 5.

Generalized Translations, Convolution and Product Formula

Definition 4.15

* The generalized convolution corresponds, via the Cherednik transform, to point-
wise multiplication:

(f*8)x) = ¢ /dlg(l) Hf(A) Hg(A) Gia(x) -

* The generalized translations are defined by

(500 = e1 [ dA BOIHF) G Gu(). (52)
a
The key objects are again the tempered distributions

fr— (Vx.,y )

defined by (52) and their averages

5= w2
Vxr T wl Layew Py

which enter the product formulae

Gr(x) G2 (y) = (viy. G1)
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and

Fi(x) Fa(y) = (v, F1). (53)

Example In dimension 1, the distributions v, , are signed measures, which are
uniformly bounded in x and y. Explicitly [11],

v(x,y,z)dz if x,y € R*,
dv,y(z) = § déy(2) if x=0,
déi(2) if y=0,

where the density v(x,y,z) is given by the following formulae, when x,y,z € R*
satisfy the triangular inequality

|l = Iyl| < Izl < |xl + 11 .
and vanishes otherwise.

¢ Assume that k; > 0 and k, > 0. Then

5 Tlit+k+))
N7 T (k) T (k2)

x/ dy (sin y)*2~!
0

v(x,y,z) =287 sign(xyz) | sinhJ sinh ) |72k172k2 (cosh ;)2]‘2

14 coshx + coshy 4+ coshz ]kl—l

x y z _

X [ cosh 7 cosh, cosh J cos y . "

x+y+z
2

X [ sinh —2cosh} coshé sinh

ki+2ky X y Z (o 2
+ G cosh cosh ) cosh (sin y)

sinhz — sinhx — sinh y

+ ) cosy |.

e Assume that k; = 0 and k, > 0. Then

_q Tla+)) . . . _
v(x,y,2) = 2271 T0FD Gon (2 | (sinhox) (sinh y) | 2%
7 T(k)
. x+y+z . —x+y+z . x—y+z . X+y—2z 1k
x [ sinh S Csinh ) sinh™ 0" " sinh " ]
—z 17— x+y—z
x[sinhx+; Z] Le > .

* In the other limit case, where k; > 0 and k, = 0, the density is again half of the
previous one, with k,, x, y replaced respectively by ki, ’2‘, ;
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In higher dimension, we have the trigonometric counterparts of Problems (a), (b),
(c), (d), (e) in section “Generalized Translations, Convolution and Product Formula”
but fewer results than in the rational case. In particular, there is no formula like (40)
for radial functions. A new property is the following Kunze—Stein phenomenon,
which is typical of the semisimple setting and which was proved in [11] (see also
[14]) and [86].

Proposition 4.16 Ler 1 < p < 2. Then there exists a constant C > 0 such that

If*gllz = Clfllerligle

for every f € LP(a,8(x)dx) and g € L*(a,§(x)dx).

Comments, References and Further Results

* The joint action of the Cherednik operators D, with p € P(a), and of the Weyl
group W may look intricate. It corresponds actually to a faithful representation
of a graded affine Hecke algebra [63].

* Heckman [45] considered initially the following trigonometric version

Def() = 9ef0) + ) K (0§ coth 57 {00 —f(rax)}

of rational Dunkl operators, which are closely connected to (42):

Def(@) =Def(0) =D 5 (. E)f(ra).
These operators are W-equivariant:
wo Dy ow I = Dy,

and skew-invariant:
[ 686 (0e) ) 56 = = [ 80000 (Drg) .
but they don’t commute:

[DeD1f0) =D 5 (e &) (Bon) = (B.€) ()} f(rarp)

Bert 4

¢ The hypergeometric functions x —> G (x) and x — F (x) extend holomorphi-
cally to a tube a+iU in ac. The optimal width for F, was investigated in
[52].
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Proposition 4.6 was obtained in [63]. The asymptotic behavior of F, was fully
determined in [59]. This paper contains in particular a proof of the estimate

Fi(x) < {naek+(l+(a,x))}e“_p”‘> VA,xeat,
(@, A) #0

which was stated in [80] (see also [78]), and the following generalization of a
celebrated result of Helgason & Johnson in the symmetric space case:

F, is bounded if and only if A belongs to the convex hull of Wp.

The sharp estimates in Proposition 4.7 were obtained in [80] (see also [78]) and
[74].

As in the rational case, we have not discussed the shift operators, which move
the multiplicity k by integers and which have proven useful in the W-invariant
setting (see [46, Part I, Chap. 3], [64, Sect. 5]).

Rational limits in subsection ‘“Rational Limit” have a long prehistory. In the
Dunkl setting, they have been used for instance in [1, 6, 15, 21, 71, 77],
... (seemingly first and independently in preprint versions of [15] and [21]).
There are other interesting limits between special functions occurring in Dunkl
theory. For instance, in [74] and [73], Heckman—Opdam hypergeometric func-
tions associated with the root system A,_; are obtained as limits of Heckman—
Opdam hypergeometric functions associated with the root system BC,, when
some multiplicities tend to infinity. See [72] for a similar result about generalized
Bessel functions.

The expressions (49) are substitutes for the integral representations (10) and (19).
A different integral representation of F is established in [83].

Formula (50) was obtained in [7] and used there to prove the positivity of p,
when k;> 0 and k, > 0. A more complicated expression was obtained previously
in [39] and in [14]. It was used in [39] to disprove mistakenly the positivity of 1.
Another approach, which consists in proving the positivity of a heat type kernel,
was followed in [87-90]. But, as pointed out in [7] (see Remark 3.4), the same
flaw occurs in [87-89].

It is natural to look for recurrence formulae over » for the five families of classical
crystallographic root systems A,, B,, C,, BC,, D, (see the Appendix). In the
case of A,, an integral recurrence formula for F (or for Jack polynomials) was
discovered independently by several authors (see for instance [44, 60, 76]). An
explicit expression of p,g/ is deduced in [76] and [77], first for x € a* and next
for any x € a*. In particular, if k > 0, then " is a probability measure, whose
support is equal to the convex hull of Wx and which is absolutely continuous with
respect to the Lebesgue measure, except for x =0 where u"'=§,.

As in the rational case (see the eighth item in subsection “Comments, References
and Further Results”), an explicit product formula was obtained in [70] and [92]
for Heckman—Opdam hypergeometric functions associated with root systems of
type BC and for certain continuous families of multiplicities.
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* Probabilistic aspects of trigonometric Dunkl theory were studied in [80] and [79]
(see also [78]). Regarding the heat kernel /,(x, y), the estimate (20) was shown
to hold for 4,(x, 0) and some asymptotics were obtained for /4,(x, y). But there is
no trigonometric counterpart of the expression (29), neither precise information
like (30) about the full behavior of A,(x, y).

e The bounded harmonic functions for the Heckman—Opdam Laplacian were
determined in [81].
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Appendix: Root Systems

In this appendix, we collect some information about root systems and reflection
groups. More details can be found in classical textbooks such as [48] or [50].

Definition A.1 Let a ~ R" be a Euclidean space.

* A (crystallographic) root system in a is a finite set R of nonzero vectors satisfying
the following conditions:

(a) forevery o €R, the reflection ry(x) = x — 2 (“Z; Yo maps R onto itself,
®) 2 %ﬁ’ €Z foralla, BE€R.

* Arootsystem R is reducible if it can be splitted into two orthogonal root systems,
and irreducible otherwise.

Remark A.2

» Unless specified, we shall assume that R spans a.

e ¥ = ‘;‘2 a denotes the coroot corresponding to a root ¢. If R is a root system,

then RY is again a root system.
* Most root systems are reduced, which means that

(c) the roots proportional to any root « are reduced to .
Otherwise the only possible alignment of roots is

—2a,—a,+o, +20.

A root « is called

o indivisible if ] is not a root,
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o non-multipliable if 2« is not a root.

e We shall also consider non-crystallographic reduced root systems R, which
satisfy (a) and (c), but not necessarily (b).

Definition A.3

* The connected components of
{xea|{o,x) #0 YaeR}

are called Weyl chambers. We choose any of them, which is called positive and
denoted by a™. RT denotes the set of roots which are positive on a™.

» The Weyl or Coxeter group W associated with R is the finite subgroup of the
orthogonal group O(a) generated by the root reflections { 7, | €R }.

Remark A.4

* The group W acts simply transitively on the set of Weyl chambers.
* The longest element wg in W interchanges a® and —a™.
 Every x €a belongs to the W-orbit of a single xTea™.

There are six classical families of irreducible root systems:

e A,(n>1): a={xeR" |xo+x+ ... +x,=0}
R={ei—¢|0<i#j<n}
at={xealxo>x1>...>x,}

W= S,

e B,(n>2): a=1R"
R={xe|l<i<njU{fete|l<i<j<n}
at={xeR"|x;>...>x,>0}

W= {+1xS,

e C,(n>2): a=R"
R={X2¢|1<i<njU{xeLe|l<i<j<n}
at={xeR"|x;>...>x,>0}

W= {+1xS,

e BC,(n>1): a=R"
R={xe,£2¢|1<i<n}U{fexel|l<i<j=<n}
at={xeR"|x;>...>x,>0}

W= {+1xS,

e D,(n=3): a=R"

R={xefe|l<i<j<n}
at={xeR"|x;> ... > |x,|}
W={eec{xl1}"|e...,=1}xS,

* Limy(m>3):a=C
R={ei™n|0<j<2m}
at={zeC*|(}—))m <argz< 7}

W= (Z/mZ)x(Z/27Z) (dihedral group)
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The full list of irreducible root systems (crystallographic or reduced) includes in
addition a finite number of exceptional cases:

E67 E7s ES? F4s G27 H37 H4-

Remark A.5 In the list above,

* the non crystallographic root systems are

=35,
H;,H,4 and Iz(m) with n
m>1,

* all root systems are reduced, with the exception of BC,,
¢ there are some redundancies in low dimension:

A1 XA1 %Dz = 12(2)

By~ C,~1,(4) (up to the root length)
A2 A 12(3)
G, ~1,(6) (up to the root length)

The 2-dimensional root systems (crystallographic or reduced) are depicted in Fig. 9.
Definition A.6 A multiplicity is a W-invariant function k : R —> C.
Remark A.7

* In Dunkl theory, one assumes most of the time that k > 0.

* Assume that R is crystallographic and irreducible. Then two roots belong to the
same W-orbit if and only if they have the same length. Thus k takes at most
three values. In the non crystallographic case, there are one or two W-orbits in R.
Specifically, by resuming the classification of root systems, k takes

o 1 value in the following cases :
Ay, Dy, Eg, E7, Eg, H3, Hy, I,(m) with m odd,
o 2 values in the following cases :
B,, C,, Ei, Gy, I(m) with m even,

o 3 values in the case of BC,,.
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Abstract New understanding of Fuchsian ordinary differential equations due to
Katz and Oshima is presented. We extend it to regular holonomic systems, and
proceed to global analysis by using the extended notions. Problem of constructing
regular holonomic systems is also discussed.
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1 Introduction

Holonomic systems are natural extensions of ordinary differential equations, and
appear in physics, representation theory, theory of automorphic functions, and
so on. The deformation theory of linear differential equations is in a sense a
study of holonomic systems. Thus holonomic systems concern various branches
of physics and mathematics, and then seem to be a substantial object. There are
many similarities between holonomic systems and ordinary differential equations,
and also several differences. Recently, in the theory of Fuchsian ordinary differential
equations, a big progress is caused by Katz [12] and Oshima [14]. These results can
be applied to the study of holonomic systems, and will bring a new development.
In this lecture, we first explain the new understanding of Fuchsian ordinary
differential equations given by Katz and Oshima. Fuchsian ordinary differential
equations are classified by using the spectral types, and in each class equations are
connected by two operations—addition and middle convolution. Analytic properties
of solutions are transmitted by these operations. Next we apply these results to
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the study of regular holonomic systems. We can define the spectral type and the
middle convolution in this case similarly as in ODE case. These notions will
become powerful tools. We use them to construct regular holonomic systems. We
also focus on the difference between Fuchsian ordinary differential equations and
regular holonomic systems. For the global analysis of regular holonomic systems,
geometry of the singular locus plays a decisive role. We explain how to compute the
fundamental group of the complement of the singular locus, and how the topology
determines the analytic nature of solutions.

2 Basics of the Theory of Linear ODE in the Complex
Domain

In this section, we briefly review basic results for linear ordinary differential
equations in the complex domain bearing the extension to holonomic case in mind.

Let D be a domain in C (or in P! = C U {oco}). We consider a system of
differential equations

dy
=AY (D
dx
of the first order, where Y = ‘(y{,y2,...,¥,) is a vector of unknowns and A =

(ajx(x)) an n x n-matrix with entries a;(x) holomorphic in D. Let a be any point
in D.
The following is the most fundamental theorem.

Theorem 2.1 For any vector Yy € C", there exists a unique solution Y (x) of (1)
satisfying the initial condition

Y(a) = Yo,

and Y (x) is holomorphic in any disc centered at a contained in D.

To prove the theorem, we first show that there exists a unique formal solution at
a, and then prove the convergence of the formal solution by using a majorant series
method.

The following is also a fundamental result, which is almost a direct consequence
of the above theorem.

Theorem 2.2 Let Y(x) be the solution in the previous theorem. For any curve y in
D with starting point a, the solution Y (x) can be analytically continued along y.

We roughly sketch the proof. We can take a chain of discs each of which is
contained in D with center on the curve y, and which cover y. We may assume that
each disc contains the center of the next disc. Let B(a; r) be the first disc, where
the solution Y(x) converges. The center a; of the next disc B(a;;r;) is contained
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in B(a; r). Thanks to Theorem 2.1, there exists a unique solution Y (x) in B(a,; ;)
satisfying the initial condition Y;(a;) = Y(a). By the uniqueness of the solution at
x = ay, we have Y| (x) = Y(x) on a disc contained in B(a; r) N B(a;; r) centered at
ay, which implies that Y(x) can be continued analytically to the next disc B(ay; ry).
Continuing this process, we come to the conclusion.

Theorem 2.2 implies that any solution of (1) is defined on the universal covering
D of D. In other words, any solution of (1) is a multi-valued function on D. Let
U be a simply connected subdomain of D or the universal covering D. By the
above theorems, we can show that the set of solutions on U makes a linear space of
dimension n. A basis of the linear space is called a fundamental system of solutions,
and the matrix consisting of a basis is called a fundamental matrix solution (FMS in
short).

Exercise 1 Show that, if a tuple of solutions of (1) is linearly independent at a point,
then it is linearly independent at any point of a common domain of definition.

Regular Singularity

Definition Let f(x) be a (multi-valued) holomorphic functionin 0 < |x —a| < r
which is not holomorphic at x = a. f(x) is said to be regular singular at x = a if
there exists a positive constant N such that, for any 6; < 6,

x—al¥|f(x)| = 0 (x— a, 0 < arg(x —a) < 6)

holds.

For example, f(x) = log(x—a) and f(x) = (x—a)* with A € C\ Zx are regular
singular at x = a.

Lemma 2.3 If f(x) is regular singular at x = a and single valued in a neighbor-
hood of x = a, then x = a is a pole of f (x).

Exercise 2 Show this lemma.

Now we consider Eq. (1), where A(x) is meromorphic in some domain D. A
singular point of A(x) is called a singular point of Eq. (1).

Definition A singular point x = a of Eq. (1) is called a regular singular point if
any solution of (1) is at most regular singular at x = a.

For a scalar higher order differential equation, there is a simple criterion for
regular singularity (Fuchs’s theorem). We have only to look at the order of the poles
of the coefficients. There is no such simple criterion for the system (1) of the first
order, however, if x = a is a simple pole of A(x), then x = a is a regular singular
point of Eq. (1).
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Let x = a be a simple pole of A(x), and
A o0
AW = """+ 3 Au—a)”
x—a =

the Laurent expansion. A square matrix is said to be non-resonant if difference of
any two distinct eigenvalues is not an integer.

Theorem 2.4 Assume that the residue matrix A—; is non-resonant. Then there exists
a unique fundamental matrix solution of (1) of the form

V() = Fx)(x—a)*",
where
Fx) =14 Fulx—a)"
m=1

is a convergent series.

Corollary 2.5 Under the same assumption as Theorem 2.4, there exists a funda-
mental matrix solution of (1) of the form

V@) = Fx)(x—a)’,
where J is the Jordan canonical form of A_j,
o0
F) =P+ ) Fulx—a)"
m=1

a convergent series, and P a matrix satisfying P~'A_|P = J. The coefficients F,,
are uniquely determined by P.

To prove Theorem 2.4, we show that F),’s are uniquely determined, and then that
the series F(x) is convergent. We can do this in a similar manner as the proof of
Theorem 2.1. The series F(x) in Corollary 2.5 is obtained by F(x) = F(x)P.

Monodromy Representations

Let b be any point in D, and )(x) a fundamental matrix solution of (1) on a simply
connected neighborhood of b in D. For any loop y in D with base point b, there
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exists M, € GL(n, C) such that

Y=Y (x) = Y()M,

holds, where y. denotes the analytic continuation along y. It is shown that M,
depends only on the homotopy class [y] € 71(D, b). Then we have a map

p : m(D,b) - GL(n,C)
14 = M,

where we identified y with [y]. It is easily shown that p is an anti-homomorphism.
We call p the monodromy representation of (1) with respect to )(x). The image of
p is said to be a monodromy group.

Two anti-homomorphisms

0,0 : m(D,b) — GL(n, C)

are said to be equivalent, if there exists C € GL(n, C) such that p(y) = Cp'(y)C™!
holds for any y € m;(D, b). Itis easy to show that, if we take another FMS, then we
get an equivalent monodromy representation.

Now we consider the domain

D:PI\{aC‘?alv'-'vap}v

where ag, ay, . .., a, are distinct points in P!. Take b € D. For each aj, we take a
circle K with center a; such that the other g;’s are in the outside of K. We choose
a point ¢ on K as a base point, and give K a positive direction. Take any path L in
D from b to c. We call the loop LKL™! or the element in 71 (D, b) represented by
LKL™" a (+1)-loop (or monodromy) for a;. By the definition, we see that any two
(+1)-loops for a; are conjugate in 1 (D, b). Then, for any (+1)-loop y for g;, the
conjugacy class [p(y)] is uniquely determined by a;. We call the conjugacy class
[p(y)] the local monodromy at a;.

3 Fuchsian Ordinary Differential Equations on P!

We consider the case where A(x) is a rational function in x, and let {ag, ay, ..., a,}
be the set of singular points of (1). In this case, Eq. (1) is said to be Fuchsian if
any singular point g; is a regular singular point. Without loss of generality we may
assume that ag = oo.
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A typical example of Fuchsian differential equation is given by

dy "4

= : Y, 2
dx Z X —aj 2)

Jj=1
where Ay, A,, ..., A, are constant n x n-matrices. We set
p
Ay ==Y A,
j=1

In this note we call (2) a Fuchsian system. A Fuchsian system (2) is called non-
resonant if every A; (0 < j < p) is non-resonant, and semi-simple if every A; is
semi-simple.

Theorem 3.1 We consider two Fuchsian equations (1) and

az

L =Bz 3)

of the same size and with the same set of singular points. Let p and p' be monodromy
representations of (1) and (3), respectively. Two monodromy representations p and
o are equivalent if and only if there exists P(x) € GL(n, C(x)) such that the gauge
transformation Y = P(x)Z sends (1) to (3).

Proof Suppose that p and p’ are equivalent. We can choose FMSs ) (x) and Z(x)
of (1) and (3), respectively, so that p = p’. Then, if we define P(x) = V(x)Z(x)"!,
it is single valued, and the entries of P(x) has at most regular singularity. By
Lemma 2.3, we have P(x) € M(n, C(x)), and hence P(x) € GL(n, C(x)).

The converse assertion is easy. O

The assertion of this theorem is a fundamental piece of the equivalence of
categories between Fuchsian ordinary differential equations and monodromy rep-
resentations. There are many other relations between Fuchsian equations and
monodromy representations.

Theorem 3.2 The monodromy representation p of (1) is reducible if and only if
there exists P(x) € GL(n, C(x)) such that the gauge transformation Y = P(x)Z
sends (1) to (3) with a coefficient of block triangular form

B(x)=<;:).

Theorem 3.3 The monodromy group of (1) is finite if and only if any solution of (1)
is an algebraic function.

Exercise 3 Prove Theorem 3.2.
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To prove the theorem, we note that the number of the values of any entry of any
solution at any point is at most the order of the monodromy group. We can prove
the assertion by considering elementary symmetric polynomials of the branches.

These theorems show that it substantial to study monodromy representations for
the study of Fuchsian ordinary differential equations.

Rigidity of Monodromy and Spectral Types

Note that we are considering the domain D = P!\ {ay, ay,...,a,} and b € D. Then
we have a presentation of the fundamental group given by

T1(D, D) = (Yo, Vs s ¥Vp | Yov1---p = 1), “4)

where each y; is a (41)-loop for a;. For 0 < j < p, we set
p(yj) = M;.

By the presentation, p is determined by the tuple (Mo, My, ..., M,). Then we denote
p = (My, M, ..., Mp). Also by the presentation, we have

M,---MMy =1,
(%)

[M;] is the local monodromy at x = a; (0 < j < p).
Note that, if we can apply Theorem 2.4 at a regular singular point x = a;, we have
(M) = [7A-1],
where A_ is the residue matrix of A(x) at x = a;. Even for general case, the local
monodromy [M;] can be explicitly obtained from the differential equation (1).

Question Are the conditions (5) enough to determine the equivalence class [p]?

To consider this Question, we now look at several examples. We call p semi-
simple if all local monodromies are semi-simple.

Example
(i) n =2,p = 2, p: irreducible and semi-simple.

We can set

p=(A,B,C)
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with

CBA =1,

AN(0“052)’BN(IB1 ,32)’ Cw(yl Vz)’

where Ollolz,Bl,Bz)/l]/z = 1and oy 7é 052,,31 7é ,32,)/1 7é y». The last three
conditions come from the irreducibility. Since C = (BA)™!, it is enough to
determine the equivalence class [A, B]. We have

na=[(,)(0)]

By the irreducibility, we see bc # 0. Then we have

() Cal=102)- ()]

where we set b’ = bc. From

(1) ~(")

we obtain

a+d= B+ B2,

ad—b" = B .
From

yo!
BA:C—1~( ! _1)
V2

we obtain

a1a+a2d=yl_l+y2_1.

These three equations determine a, b’, d uniquely. Thus the equivalence class
[p] is uniquely determined.
(i) n=2,p > 2, p: irreducible and semi-simple.
We set p = (A, B, C1, (s, ...). Similarly to (i), we may set

/
[A,B,C\,Cs,...] = [(“‘ ),(“b),(’” yl),(xz yz)}
o 1d 71 W1 22 W2
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(iii)

(iv)

where we have

(xj Yj) -~ ()’jl )

5 Wi Y2

forj = 1,2,.... Compared with the first case, we have 4(p — 2) more
unknowns, while the number of conditions increases by 2( p—2), which implies
that the solution contains 2(p — 2) parameters. Thus the equivalence class [p]
is not unique.

n = 3,p = 2, p: irreducible and semi-simple. For p = (A, B, C) with CBA =
1, we assume

with @ # &’ and B, C do not have multiple eigenvalues. We may set

B
[A.B] = | A, B2
B3
Since rank(A — «f) = 1, we have
X
A=oal+ |y (lpq),
Z

and we may send (p,q) to (1,1) by a similar transformation which leaves
diagonal matrices invariant. Now calculating the trace of A, we get

3o+ x+y+z=20+d.

Then we can reduce the unknowns to y and z, while we have two conditions
coming from the eigenvalues of AB = C~!. Thus [p] is uniquely determined in
this case.

n = 3,p = 2, p: irreducible and semi-simple, and we assume that the local
monodromies do not have multiple eigenvalues. After a similar normalization,
A depends on four parameters, while we have still two conditions. Then in this
case [p] is not unique.

Looking at these examples, we notice that the multiplicities of the eigenvalues of
the local monodromies play a substantial role. Then we define the following notion.
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For a semi-simple matrix A, we define the spectral type by the multiplicities of
the eigenvalues. Namely, if

my my mq
—_~ = == = P S

A~ diag{Ar, ... 20 Ao A g ]
with A; # Ay (j # k), we set
An = (ml, ny, ... .mq)
and call it the spectral type of A. In general, we denote by e;(A, A) the number of
the Jordan cells in the Jordan canonical form of A of eigenvalue A and of size > k.
Let A1, A2, ... be the eigenvalues of A. Then the spectral type of A is defined by

Aﬂ = ((el(A,)kl),eg(A, /\1), NN ), (el(A,Az),ez(A, /\2), NN ), .. )

For example, if

Al
Al
A
A~ ,
A
unl
n
we have
AP = ((211). (11)).
For a monodromy representation p = (Mo, My, ..., M,), we define its spectral
type by

f
Pl = (M, M;.... . MD).
Now we return to the Question. We have seen that the equivalence class [p] is
sometimes uniquely determined by the local monodromies and sometimes is not.

Definition A monodromy representation p is called rigid if its equivalence class [p]
is uniquely determined by the local monodromies.

There is a very simple criterion for the rigidity.
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Definition For a monodromy representation p = (Mo, My, ..., M,) of rank n, we
define the index of rigidity . by

P
v=(1—pn*+ Y dimZ(M).
j=0
where Z(M) denotes the centralizer of M.

Theorem 3.4 (Katz [12]) If p is irreducible, t < 2 holds. In this case, p is rigid if
and only if 1 = 2.

Thus to know the rigidity, we have only to compute the index of rigidity. The
dimension of the centralizer can be calculated as follows.

Proposition 3.5 Let the spectral type of M be given by
M= (e, ), @D, ). ).

Then we have
N2
dimzpn) =Y (e,ﬁ’)) .
ik

Exercise 4 Prove Proposition 3.5.
Exercise 5 Show that the index of rigidity is an even number.
Hence, the rigidity is determined by the rank 7, the number of the singular points
p + 1 and the spectral type p. We have a natural question. Does there exist a rigid
monodromy representation for any (n, p, p") with 1 = 2?
We give a table of (n, p') with ¢ = 2 forn < 4:
n=2: (1,11, AD),
n=3: ((21),(111),(111)),((21).(2D).(21), (21)),
n=4: (31),(1%,(1%),((22), 211), (1%), (211), (211), 211)),
((31),(31),(22), (211)).((31). (22), (22), (22)).

((31), (31), 31). (1%)). ((31), (31), (31). (31), (31)).

We shall see later that, in the above table, there is a spectral type which cannot be
realized by any monodromy representation.

Notational Remark In the above table, each inner parenthesis in each p represents
a spectral type of a local monodromy, and in particular it represents a semi-simple
one. However, thanks to Proposition 3.5, the index of rigidity does not change if we
put parentheses further in the inner parenthesis to denote a non semi-simple spectral



70 Y. Haraoka

type: e.g. (111),((11)1) and ((111)) give the same dimension of the centralizer.
Then we can understand that the above table also gives non semi-simple spectral

types.

As mentioned above, in the above table there is a spectral type which cannot be
realized by any monodromy representation. Thus we notice another problem. It is
Kostov [13] who formulated and solved the problem below.

Problem (Deligne-Simpson Problem, DSP for Short) For an irreducible rep-
resentation p, the spectral type p! is called irreducibly realizable. DSP asks a
numerical criterion for irreducibly realizable spectral types.

DSP is solved by Kostov and also by Crawley-Boevey [1]. We combine the
solution by the latter with the operation middle convolution to get an algorithm
for the irreducibly realizability. Now we explain the middle convolution.

Middle Convolution

Riemann-Liouville integral is defined by

1 X
I = Nx—0*dr,
O = 1 [ FOG=0
where A € C. It is regarded as a “complex time” differentiation, since we have

I ) =" (x)

for n € Zso. (This equality can be shown by using the method of finite part of
divergent integrals by Hadamard.)

We consider a Fuchsian system (2). Let Y(x) be any solution of (2), and
construct a differential equation satisfied by (I})(Y)(x). The obtained equation may
be reducible. If so, take the irreducible part. It turns out that the resulting equation is
again a Fuchsian system with the same set of singular points. We call this operation
the middle convolution with parameter A, and denote by mc;:

me, dZ " B
2) 55 T = 7z
) dx ;x—aj

We also denote this correspondence by

mei (Ao, Ay, ... A)) = (Bo.Bi.....B,),
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where By = — Z;:l B;. Explicit description of the middle convolution is given in
[3].

Middle convolution mc) induces a transformation of the monodromies. For a
monodromy representation p of the system (2), we get a monodromy representation
p’ of the system mc; (2). We denote by MC), the operation p — p’.

Middle convolution possesses the following basic properties. We assume some
generic condition on the system (2). Then we have

mcy = id.,
mMcy, © MCy, = MCj 4y,
mc) keeps the index of rigidity,
mc) keeps the irreducibility,
mc,, keeps the deformation equation.
(Refer to [3, 4, 8, 9, 12].) Corresponding properties also hold for MC).

Now we introduce another operation. Let @ = (o1, @2, . .., o) be a point in C7.
The operation

(Al,Az,...,Ap) — (A +a11,A; —‘rOlzI,...,Ap +Olp1)

is called the addition with parameter «. This operation corresponds to the gauge
transformation

p
Y(r) > [[6—a) - Y

j=1
of the system (2).
The following is one of the main results in [12].

Theorem 3.6 (Katz [12]) Any irreducible rigid Fuchsian system can be obtained
from a differential equation of rank 1 by a finite iteration of additions and middle
convolutions.

A differential equation of rank 1 is given by

dy " Q;
dx Z I Y

X — aj
=1 !

which is explicitly solved by

P
y@) = [ [ —ap@.
=1
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As a consequence of Theorem 3.6, many quantities for rigid equations can be
computed by the iteration of additions and middle convolutions: Monodromy
representations, connection coefficients, integral representations of solutions, power
series expansions of solutions, irreducibility conditions, and so on [4, 10, 14].

We can describe the change of the spectral type by middle convolution. Assume
that the Fuchsian system (2) is non-resonant. This is an essential assumption
because, under this assumption, we have M; ~ 274 and Mu = An Moreover,
for simplicity, we assume that the system (2) is semi-simple. Set

mcl(Ao,Al, e ,Ap) = (B(),Bl, e ,Bp).
For each j, we set

A (m(/) . (1))

Here mlj) denotes the multiplicity of the eigenvalue O (resp. A) for 1 <j < p (resp.

j = 0). Then, by this convention, m(l’) can be 0. We set

P
g= Z m(lJ).
j=0
Then, if mc) (2) is also semi-simple, we obtain

Bl = (m — (g = (p—Dm.mf,...m0) ©=j=p)

where n denotes the rank of (2). Thus the rank of mc) (2) becomes pn — g. We set

d=g—(p—Dn

Example

(i) (A5,A1,A)) = ((21).(111),(111)). We have g = 2+ 1 + 1 = 4, and then
d =4 —(2—1) x 3 = 1. Then the spectral type changes to

((11), (011), (011)) = ((11), (11), (11)).

(i) ((31),(31),(31),(1111)). We have g = 10 and d = 2. Then the spectral type
changes to

(A1), (A1), (A1), (=1 111)),

which is impossible by the existence of —1. This implies that the spectral type
((31),(31),(31),(1111)) is not realizable.
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Algorithm for Irreducibly Realizable Spectral Types

We give an algorithm which gives a solution to DSP. Here we explain only in semi-
simple case. For the general case, refer to [8].
We start from a spectral type

©) _ (0) @ (1) (»  (p)
(ml my,...,), (m ,m2,...),...,(mlp,mzp,...))
with

YomP=n (0<j<p).
k

Step 1.  Calculate the index of rigidity t.

t>2 — Notirreducibly realizable

t=0& g.c.d{m,ij) } > 2 — Not irreducibly realizable
1<2 — Ik

otherwise — Go to Step 2

Step 2.  Assume that, for each j, m(lj) is the maximum among m,ij) k=1,2,...).

Set
p -
d= Zm(l/) —(p—Dn.
j=0

d <0 — TIrreducibly realizable
m(lj ) <d (3j) — Not irreducibly realizable
d>0 — _
m(lj) >d (Vj) = Goto Step 3
Step 3. Make a new spectral type
<(m§0) —d, m(zo), e, (m(ll) —d, m(zl), RV T (m(lp) —d, m(zp), ... ))

withn' =n—d.

/

n =1 — Irreducibly realizable & Rigid
n>1 — Goback to Step 2
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Thus the spectral type is irreducibly realizable if d < 0 in Step 2 or if n’ = 1
in Step 3. You will see that the spectral type made in Step 3 is the result of
middle convolution. If n” = 1, the corresponding equation is of rank 1, which
evidently exists. In this case, our algorithm gives a proof of Theorem 3.6. Irreducibly
realizability for the case d < 0 in Step 2 is a consequence of the result of Crawley-
Boevey [1].

An irreducibly realizable spectral type is called basic if it is an output of this
algorithm.

Theorem 3.7 (Oshima [14]) For every value of (< 2), the number of the basic
spectral types is finite.

We give a list of basic spectral types for ¢ = 0 and —2.
t=0:

((11), (11), (11), (11)), ((111), (111), (111)),
(22), (1%). (1%). ((33).(222).(19)

((11), (11), (11), (11), (11)), ((21), (21), (111), (111)),
(22),(22), (22), 211)), (31),(22),(22), (1%)),
(@11), (1%, (1Y), (32), (1°), (1%)),

((221), (221), (1)), ((33), (2211), (19),

((222), (222), (2211)), ((44). (2%, 2°11)),
((44),(332), (1)), ((55). (3°1), (2%)),
((66), (4%), (2°11))

Since the above algorithm is based on the middle convolution (and addition),
any irreducibly realizable spectral type is connected to a basic spectral type by a
finite iteration of middle convolutions and additions. Then as in rigid case, many
quantities of an irreducible Fuchsian system can be obtained from ones of the
corresponding Fuchsian system with basic spectral type. Thus the study of Fuchsian
differential equations is reduced to the study of basic ones.

4 Regular Holonomic Systems

In this section, we consider linear Pfaffian systems. A Pfaffian system is a useful
normal form of holonomic systems. In the theory of holonomic systems, one usually
consider the behavior of solutions in a regular domain together with the behavior
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at singular locus. In this lecture, we study only the behavior in a regular domain;
namely, we consider only an “open part” of holonomic systems. For detailed proofs
of the assertions in this section, please refer to [8]. For readers who are interested in
purely algebraic descriptions, we recommend [2].

Let X be a domainin C", and x = (x1, X3, ..., X,) a coordinate of C". We consider
a linear Pfaffian system

du = (ZAk(x) dxk) u, (6)
k=1

where u = "(uy,uy,...,uy) is a vector of unknowns and, for each k, Ax(x) is an
N x N-matrix function holomorphic on X. Note that (6) is a collection of partial
differential equations

ou _ A (1 <k < n).
8xk

Definition Integrability condition (1.C.) means the system of differential equations

9A 9A
Crada =AM (L <kI<n).
axl axk

Theorem 4.1 Suppose that the Pfaffian system (6) satisfies the integrability condi-
tion. Then, for any a € X and uy € CV, there exists a unique solution u(x) satisfying

u(a) = up.

u(x) is holomorphic in any polydisc with center a which is contained in X.

Theorem 4.2 Assume the integrability condition. Then any solution of (6) can be
analytically continued along any curve in X.

Theorems 4.1 and 4.2 can be shown in analogous ways as the proofs of
Theorems 2.1 and 2.1, respectively. Thanks to Theorem 4.2, we can define the
monodromy representation for (6) in a completely similar way as in one variable
case.

Regular Singularity

Let U be a domain in C", and ¢(x) a holomorphic function on U. We set

E={xeU]gx =0}
E° = {x € E | gradg(x) # 0}.
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We consider a Pfaffian system with logarithmic singularity along E:
du = (A(x)dlog p(x) + Q1) u,

where A(x) is an N x N-matrix function holomorphic on U and €2; an N x N-matrix
1-form holomorphic on U. We study this Pfaffian system locally in a neighborhood
of a point a € E°. By a coordinate change, we can send E to x; = 0 locally and a to
0. Then we have

Bl (x’) "
du = +Ci1() ) dxy + ) A dxi | u, (7)
X =2
where we set X' = (xa,...,x,), and By, C1, A; are holomorphic at 0.

The following is a particular assertion of a basic fact which holds for regular
holonomic systems in general.

Theorem 4.3 Suppose that the Pfaffian system (7) satisfies the integrability condi-
tion. Then the Jordan canonical form of B, (x’) does not depend on x'.

Proof From the integrability condition, we obtain

d Bl Bl aAk Bl
+Ci |+ + C A = + Ag + C
ox \ x1 X1 0x; X1

for k > 2. We set Di(x') = A(0,x'). Then comparing the coefficients of 1/x; in
both sides of the above equation, we get

0B
] "= [Di.Bi] (k= 2).
Xk

We also obtain

oDy, aD;
+ DD, = + DDy 2=<kl=<n)
axz 8xk

from the integrability condition. The latter equalities are the integrability condition
for the Pfaffian system

dp = (Z Di(x') dxk) p. ®)

k=2
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Thanks to Theorem 4.1, we have a fundamental matrix solution P(x') of the Pfaffian
system. Now we have

R o 0B, . op
(P~'BiP) = —P P'BiP+ P P+ P'B
0x 0xy, 0xy, 0xy,
= —P~'DB\P + P"'[Dy, B|]P + P~'B\D;P

= 0.

This completes the proof. O

Theorem 4.4 Suppose that the Pfaffian system (7) satisfies the integrability condi-
tion, and that the Jordan canonical form J of B1(x') is non-resonant. Then we have
a fundamental matrix solution

Ux) = F(x)x/’,

where F(x) is holomorphic and invertible at x = 0.

Proof We can take a fundamental matrix solution P(x’) of (8) such that P~'B,P
becomes the Jordan canonical form J. Look at the x;-equation of the Pfaffian
system (7):

0x X

ou _ (Bl(x/) n Cl(x)) "

Applying Corollary 2.5, we get a fundamental matrix solution
Ui, x) = Fxy, x)xy’,
where
o0
F(x.xX') = P() + Y Ful@)x"
m=1
F,,’s are uniquely determined by P. We shall show that I/ (x;, x’) satisfies the Pfaffian

system (7). Put this solution to the x;-equation of (7):

0u = Ar(X)u.
8xk

Then we have

oF

xi” = Ar(x)Fxy’,
axk
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which induces

oF

e Ar(x)F. )
Xk

To show Eq. (9), we consider the function

oF
o(x) = xi’ — AcFx,’.
Bxk

By the integrability condition, we see that ¢ satisfies the x;-equation, and ¢(x)x; ™’
takes 0 at x = 0. Then uniqueness of solution implies ¢ = 0. Thus /(x) becomes a
solution of the Pfaffian system (7). |

Monodromy Representations

We proceed to the global analysis. Let ¢(x) = @(x1,x2,...,x,) be a reduced
polynomial, and

@ =] o
J

its irreducible decomposition. We set
S={uxelC" pkx) =0}, S;={xeC"|gx =0}

We denote the hyperplane at infinity in P by Hoo, and set S = SUHyo. As a domain
of definition, we take

X=C"\S=P"\S.
We consider a regular holonomic system singular along S. Let
p 1 (X,b) - GLWV,C)

be its monodromy representation. For each irreducible component §;, take a point
p € S; which is a regular point of S (i.e. grad¢(p) # 0). Take a complex line H
passing through p in general position with respect to S. Let K be a (+1)-loop for p
on H, and take a path L in X from b to the base point of K. We call the loop LKL ™!
a (+1)-loop (or monodromy) for S;. The following proposition is fundamental.

Proposition 4.5 Take any irreducible component S;. Any two (41)-loops for S; are
conjugate in 7w (X, b).
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Thanks to Proposition 4.5, for any (+1)-loop y for S;, [p(y)] is uniquely
determined by S;. We call it the local monodromy at S;. Thus we notice that
irreducible components S; of S play a similar role as singular points in ordinary
differential equations.

In the case of Fuchsian ordinary differential equations, we have fundamental
conditions (5) for the generators of the monodromy. The first one comes from the
presentation of the fundamental group. Then also in regular holonomic case, the
condition coming from a presentation of the fundamental group will play a basic
role. For the presentation, Zariski gave very effective ways. First, he showed that

P\ §) ~ m (P S)

for n > 2, where P"~! denotes a hyperplane in IP" in general position with respect to
S,and §' = P"~! N §. This result is called Zariski’s hyperplane section theorem (cf.
[6, 15]). Then we have only to study the case n = 2. Next he gave an effective way
to get a presentation of 77; (P2 \ S), which is called Zariski-van Kampen theorem (cf.
[16]). Let S be a curve in C? which is defined by a polynomial of total degree d.
Take a line H which meets with S at d points. Then Zariski-van Kampen theorem
asserts that

T(CN\S) = (yi,....val vy =y (1 <j<d 1<k<e),

where y1, ..., y4 are generators of 77 (H \ (H N S)). We shall not explain ngk here.
We give several examples of fundamental groups whose presentations are
obtained by applying Zariski-van Kampen theorem.

Example
i) S={xy=0}C C2.
m(C\S) = (y.72 | yiva = yap) > Z2.
(i) § = {xy(x—y) =0} c C~
m(C*\S) = (y1.v2.73 | Y1v2ys = v2v3n1 = vaniya) .
(iii) § = {x(x — )y(y— (x —y) = 0} C C2.

YiV2 = V21, V4V5 = V5V4,
m(C*\ ) = <J/1, Y2, V3, Va5 Y5 | V1V3Vs = VaVsV1 = VsV1V3,
V2Y3Y4 = Y3VaY2 = Y4Y2V3
We find that, compared with the one dimensional case (4), there appear various

relations among the generators. This makes the global study of regular holonomic
systems very different from ODE case, and also interesting.
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As in ODE case, we can see global natures of solutions of regular holonomic
systems by studying monodromy representations. The following theorem is funda-
mental.

Theorem 4.6 Consider a holonomic system with logarithmic singularity along a
hypersurface S C P". Let f(x) be a rational function (i.e. a ratio of two polynomials
with constant coefficients) in the entries of solutions of the holonomic system. If f (x)
is holomorphic and single valued on P" \S', it is a rational function in x1, xa, . . . , Xp.

To show the theorem, we first take a complex line which go through a regular
point a of S. We apply Lemma 2.3 to show that a is at most a pole on the line. By
varying the complex line, we see that ¢(x)”f(x) is holomorphic in a neighborhood
of a, where ¢(x) is a defining polynomial of S and m is some non-negative integer.
Since the set of the singular points of S is of codimension at least 2, by Hartogs’s
theorem, we see that ¢(x)"f(x) is globally holomorphic. Since H is also at most
regular singular, it is at most a pole. Then ¢(x)"f(x) is a polynomial, which implies
the conclusion.

By using this theorem, we obtain several results. The first one is a similar
assertion to ODE case.

Theorem 4.7 Two regular holonomic systems of the same rank singular along a
common hypersurface S C P" have isomorphic monodromy representations if and
only if they can be transformed from one to the other by a gauge transformation
with coefficients in rational functions in C".

The second one is a proper phenomenon for higher dimensional case.

Theorem 4.8 If the fundamental group wi(P" \ S) is commutative, then, for any
completely integrable linear Pfaffian system with logarithmic singularity along S,
all solutions are elementary.

Proof For each j, let y; be a (41)-loop for the irreducible component S;. Since
71 (P \ S) is commutative, by the help of Zariski’s hyperplane section theorem and
Zariski-van Kampen theorem, we see that 771 (P"\S) is an abelian group generated by
y;’s. Take any FMS U/ (x), and consider the monodromy representation p with respect
to U(x). Set p(y;) = M;. Note that M;’s are commutative. We can take A; such that
¥ = Mj; and that A;’s are commutative each other. Define ®(x) = [, ¢;(x)".
Then we see that 2/ (x)®(x)™! is single valued, which implies that it is rational by
Theorem 4.6. O

This assertion is first obtained by Gérard-Levelt [5]. Our proof can be regarded
as a multiplicative version of their proof.

The rigidity of monodromy representations can be defined in a completely similar
manner.

Definition A monodromy representation p is called rigid if its equivalence class
[p] is uniquely determined by the local monodromies. p is called almost rigid if
there are only a finite number of equivalence classes which have the same local
monodromies as p.
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In general, there are many more relations among the generators of 7; compared
with one dimensional case. Then monodromy representations are prone to be
(almost) rigid.

Example Appell’s hypergeometric series F, F, F3 and F, satisfy regular holo-
nomic systems, and the holonomic systems can be transformed to linear Pfaffian
systems with the same singular locus

S= {x1(x1 — Dxa(rz — D (x; —x2) = 0} U Heo.

We can show that the monodromy representations of these Pfaffian systems are
almost rigid [11].

We explain F;’s case. We set §1 = {x; = 0}, S» = {x, = 1}, S5 = {x1 = x2},
Sy = {x; = 1} and S5 = {x, = 0}. The Pfaffian system is of rank 3, and the spectral
types of local monodromies at Sy, S, S3, S4, S5; Hoo are (21,21,21,21,21;21). Let

p:m(P*\§) - GL(3,C)

be an anti-homomorphism. We take the generators of the fundamental group in the
previous example (iii), and set p(y;) = M; (1 < j < 5). We assume that the spectral
types of M; are (21). Without loss of generality, we may assume

1
mi~| 1
€j

with ¢; # 0,1 (1 < j < 5). We look for an irreducible tuple (M, M>, ..., Ms)
with the above Jordan canonical form satisfying [M;, M;] = O, [My,Ms5] = O,
M5M3M1 = M3M1M5 = M1M5M3 and M4M3M2 = M3M2M4 = M2M4M3. We
find that such tuple exists only when eje, = e4es holds. Under this condition, there
are two equivalence classes of irreducible p. Thus the monodromy representation
of F| is almost rigid. Note that these two equivalence classes have distinct local
monodromy at x = oo and y = oo in the compactification P! x P! of C2. Namely,
the monodromy representation of F is rigid if we consider it in P! x P!

For the details of this argument and for the results in the case of F,, F3, Fy4, please
refer to [11].

Middle Convolution

Middle convolution plays a substantial role in the Katz theory for Fuchsian ordinary
differential equations. We expect it also important in the study of regular holonomic
systems. In this section, we try to extend the definition of middle convolution
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to a class of Pfaffian systems with logarithmic singularities along hyperplane
arrangements, and apply it to the study of constructing regular holonomic systems.
Let

Hj={xeClhx) =0 (I=j=<g)
be hyperplanes in C", where h;(x) is a polynomial of degree 1. Let A1, A, ... A,
be constant N x N-matrices. We consider a Pfaffian system

8
du= | Adlogh; | u. (10)
j=1

We assume that the system (10) is completely integrable. This condition can be
explicitly described [7].

We define the middle convolution of (10) in x;-direction. Without loss of
generality, we take k = 1. We set J; = {j | dh;/dx; # O}, and for j € J;, we

write hj(x) = ¢j(x; — a;) with ¢; € C* and g; € Clxa, ..., x,]. Then the x;-equation
of (10) is
ad A
= D (11)
axl e X1 — aj

We take a middle convolution of (11) with parameter A as an ODE, and denote it by
mc) (11).

Theorem 4.9 The differential equation mc)(11) can be prolonged to a Pfaffian
system in xi,xy, ..., Xn, which is completely integrable.

We call the prolonged Pfaffian system the middle convolution of (10) with
parameter A in x;-direction, and denote it by mc)' (10). As we have explained in
section “Middle Convolution” in section 3, solutions of the equation mc, (11) can be
expressed by Riemann-Liouville integrals of solutions of (11), which are functions
in xi,x2,...,x, and satisfy a completely integrable system. In this way, we can
prove Theorem 4.9. For the detailed proof, please refer to [7]. In the same paper, we
show the following fundamental properties of the middle convolution:

mcy = id.,

Xk Xk — Xk
I’i’lC)k omcﬂ —mcH_M,

mc)* keeps the irreducibility.
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Example LetAj,A,,...,As be constant N x N-matrices. We consider a completely
integrable Pfaffian system

dx d d(x — dx d
du = (A1 + A, Y + Aj ( 2 + Ay + As y) u.
by y—1 xX—y x—1 y

Take A € C. By making a Riemann-Liouville integral of a solution of the x-equation
of this system with parameter A, we find that the integral satisfies the Pfaffian system

dx d d(x — dx d
=B+ ¥V 4T g, F LD,
X y—1 xX—y x—1 y

of rank 3N, where By, B;, . .., Bs are defined by

A+ AL Az Ay 0] 0] 0]

B, = 0] O 0|, Bs=|A1A3+ATAs ),
0] 0O 0 (0] 0] 0

0 0O (0]
Bi=|0 O (0] )

AL A3 Ay + AT

A o o A3 +As —A; O
B,=10A+A, —A, , Bs = A Al+A5 O

0 —-A; A+ Az 0 (0] As

It is shown that this system is also completely integrable. The system may be
reducible, and in such case, we can get the maximal invariant subspace W with
respect to the action of By, By, .. ., Bs. Explicitly, we have W = K 4 L, where

K= {r(vlsv3s U4) | U] € KerAj (] = 1’374)},
L = Ker (B| + B3 + By).

By taking the action on the quotient space C*V /W, we get an irreducible completely
integrable Pfaffian system, which is the middle convolution with parameter A in x-
direction.

By combining Theorem 3.6 and middle convolution for Pfaffian systems, we have
a way of constructing completely integrable Pfaffian systems from rigid Fuchsian
ordinary differential equations.

Let (E) be a rigid Fuchsian ordinary differential equation with (m + 1) singular
points (m > 3). We may assume that three singular points are normalized to 0, 1, oo,
and denote the singular pointby y; = 0,y = 1,y3,...,Vm, Ym+1 = o0o. Thanks to
Theorem 3.6, we have a chain of additions and middle convolutions which connects
(E) to a differential equation (F) of rank 1. Set yo = x, where x denotes the
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independent variable of the equation (E). We have a Pfaffian system

dv; —
dl,t = Z aik (y‘l ))k)
YT Yk

0<j<k<m
of rank 1 such that the yy-equation coincides with (F). We can take any value of a; €
C for 1 <j < k < m, and for these any values, the system is completely integrable
because it is of rank 1. Now apply the chain of additions and middle convolutions in
the converse way, in which the middle convolutions are ones in y-direction. Then
we obtain a completely integrable Pfaffian system whose yy-equation coincides with
(E).

In this way, we can prolong rigid equations with at least four singular points to
completely integrable Pfaffian systems in the original independent variable together
with the positions of singular points as new variables. In other words, we can deform
(E) in this way.

Example In section “Rigidity of Monodromy and Spectral Types” we give a table
of rigid spectral types. There we find three spectral types with four components:

(21, 2D, 2D, (21)), (B1). (31).(22). (211)), ((31).(22). (22). (22)).

We shall construct Pfaffian systems by using these spectral types.
We have the following chains of additions and middle convolutions connecting
the above spectral types to the spectral type ((1), (1), (1), (1)) of rank 1:

d=3+3+42+1-2x4=1

(31, (31).(22), (211)) (D). 21, (12), 21)),

d=3+2+2+2-2x4=1

((31).(22).(22).(22)) ((21).(12), (12), (12)),

d=2+2+2+2-2%x3=2

(2D, 2. (21), (21)) (D). (1), (1), (1)).

According to the manner explained just before, we can construct completely
integrable Pfaffian systems from a rank 1 system by using these chains. First we
take a Pfaffian system

dx d d(x — dx d
du=|a; +a Y + aj (x=3) + ay + as 4 u (12)
X y—1 xX—y x—1 y
of rank 1, where aj, ay,...,as € C are almost arbitrarily chosen. Apply a middle

convolution rmc; to the system (12). Then we get

dx dy dx—y) dx dy
dv=1[A +A + A3 + Ay + As v, (13)
X y—1 xX—y x—1 y
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where
a;+ Aasay 0 0 0 00 0
Al = 0 00|, A3=]arazs+Aras]l.As=100 0 ,
0 00 0 0 0 ayazas+ A
a 0 0 az+as —az O
Ay=|0a+as —ay , As = —a; ay;+as 0
0 —a3; ar+as 0 0 as

The spectral type of the x-equation of (13) is ((21), (21), (21), (21)). The spectral
type of (13) as a Pfaffian system will be given at the end of this example.

At this moment, we apply addition and middle convolution to the system (13) in
two ways. As the first case, we apply the addition

Al =A;— (a1 + VI, A]’-:Aj 2<j<5)

to the system (13), and then apply middle convolution mcy,. Since dim KerA| =
1,dimKerA}; = dimKerA, = 2, we have dimW = 5, where W = K + L is
the maximal invariant subspace. Then we obtain a completely integrable Pfaffian
system

d d d(x — d d
aw= (8,48 ¥ 15T g P gD, (14)
X y—1 xX—y x—1 y

of rank 3 x3—5 = 4. The spectral type of the x-equation of (14) is [(22), (31), (31),
(211)].
As the second case, we apply the addition

A=A — (a1 + M), A] = Ay — (as + VI, Aj/.’ =4A; (j=2,3,9),
to the system (13), and then apply the middle convolution mc)_, . In this case, we

have dimKer A = dimKerA] = 1,dimKerA} = 2 and dim £ = 1, which induces
dimW = 1414241 = 5. Then we obtain a completely integrable Pfaffian system

dx d d(x— dx d
dz = (C1 +o P oY Lo L y)z (15)
by y—1 xX—y x—1 y

ofrank 3 x3 -5 = 4.
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We give a table of spectral types of the above systems as Pfaffian systems.

Systemx=0y=1x=yx=1y=0 Hyx x=00y=00
2 @ @O O @O @OH @GO @GO @D
(13 @n @n @n @n @n @en o @2Hn @y
(14) (22) (22) (31) (31) (31) (31) (211) (211)
(15 (22) (22) (3D (22) (22) (211) (22) (22

We see that the system (13) is essentially a Pfaffian system corresponding to a
system of partial differential equations satisfied by Appell’s hypergeometric series
Fy, (14) is that by F, and F3, and (15) is essentially a Pfaffian system corresponding
to a pull-back of a system of partial differential equations satisfied by F.

Exercise 6 Obtain explicit forms of the matrices B;, Cj (1 <j < 5)in(14) and (15).

Thus, we can obtain a completely integrable Pfaffian system whose one dimen-
sional section is a rigid Fuchsian equation. However, for a completely integrable
Pfaffian system, its one dimensional sections can be non-rigid. In such case, we
understand that the Pfaffian system is obtained from an algebraic solution of the
deformation equation of the non-rigid one dimensional section.

Acknowledgements This work is supported by the JSPS grants-in-aid for scientific research B,
No. 15H03628.
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Sub-Riemannian Geometry and Hypoelliptic
Operators

Irina Markina

Abstract In this course we carefully define the notion of a non-holonomic man-
ifold, which is a manifold with a certain non-integrable smooth sub-bundle of the
tangent bundle, also called a distribution. We define such concepts as horizontal
distributions, bracket generating condition for distributions, a sub-Riemannian
structure, hypoelliptic and subelliptic operators and others. We connect the geom-
etry of a manifold, defined by non-holonomic constraints, with properties of
hypoelliptic operators on that manifold.

Keywords CR manifolds ¢ Differential complexes ¢ Hormander condition e
Hypoelliptic operators * Sub-Riemannian geometry * d,-Neumann problem

Mathematics Subject Classification (2000). Primary 35H10, 35H20, 53C17;
Secondary 32W10, 32V05, 35N15

1 Introduction

These lecture notes were prepared for the school “Analytic, Algebraic and Geo-
metric Aspects of Differential Equations” that took place in Bedlewo, Poland,
September 6-12, 2015. The presented material is well known in the literature,
except for the last part, which contains recent results. More than 140 years ago,
in 1867, Eugenio Beltrami [15] introduced the Laplace operator for a Riemannian
metric, which is also referred to as the Laplace-Beltrami operator. The Laplace
operator is a core example of partial differential operators possessing the marvellous
regularity property, called the hypoellipticity: the distribution solutions are actually
C®° smooth. In the last two centuries the geometric analysis on smooth manifolds,
with imposed non-holonomic constraints was intensively developed. Geometrically,
non-holonomic constraints are described by the presence of the distinguished sub-
bundle of the tangent bundle of the manifold. If the manifold is endowed with
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a Riemannian metric, measuring the sections of the sub-bundle, then the non-
holonomic manifold with the metric received the name sub-Riemannian manifold.
The theory of regularity of solutions to elliptic and parabolic equations, defined by
differential operators, related to the sub-bundle, attracted a lot of attention. It turned
out that the hypoellipticity property is closely related to the geometry of the non-
holonomic manifold.

The main aim of the notes is to connect the sub-Riemannian geometry with
completely non-holonomic distributions and the hypoellipticity property of the
related differential operators. After the introduction of sub-Riemannian manifolds
and necessary analytic tools we sketch the proof of the Hormander theorem and
show the appearance of both notions in the analysis and PDE in several complex
variables. The last part of the notes is the extension of some presented ideas for the
construction of solutions of a boundary value problem in domains of the space of
quaternions.

2 Main Definitions

Smooth Manifolds, Vector Fields, Tangent Map

It is supposed that the reader is familiar with the notion of smooth or C*°
manifolds [37, 84, 92]. We set up main definitions and notations. A smooth manifold
is a Hausdorff, second countable topological space, where a smooth complete atlas
is defined. We write M for a smooth manifold, or rather M" if we want to emphasize
the dimension » of the manifold. Let C°° (M) denote the space of smooth real valued
functions defined on M.

The tangent space at a point g € M is denoted by T,M. Recall that any element
vy € TyM is a function v,: C*°(M) — R satisfying two properties

1. R-linearity: vy(af + bg) = av,(f) + bv,(g),
2. Leibnizian property: v,(fg) = v,(f)g(q) + f(q)vy(g)

forall a,b € R, f,g € C*°(M), q € M. The space T;M, q € M, is a real vector
space and therefore v, is called tangent vector.

The notion of a tangent vector v, is the generalisation of the derivative of C*°
smooth functions along the direction v,. If the chart (U, ¢ = (x',... ,x")): U C M,
¢:U — R", is chosen, then the standard notation for the basis for T,M at g € M

is ( ORI, ) or shortly (91, ...,d,). Any vector v, € T,M will be written in

axt? > ox
coordinates as v, = Y7 v/;.

The dual space to T,M is denoted by T;‘M and the pairing is written as (., .),,
where we usually omit the subscript “g”. Recall that a pairing between the tangent
and the co-tangent space is a map (., .): T,M x T;M — R, which is bi-linear, non-
degenerate, and smoothly varying with respect to ¢ € M. It is non-degenerate in the
sense that if (v, A) = 0 for all v € T,M, then A = 0. The dual basis to (d,...,d,)
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with respect to the pairing is denoted by (dx!, ..., dx") and, by definition, it satisfies
(dx',d;) = &, where & is the Kronecker symbol. Then any co-vector A € TyM is
written in coordinates as A = Y ;_ Axdx*. The elements of T; M are usually called
co-vectors.

The tangent and co-tangent bundles are denoted by TM and T*M, respectively.
Both vector bundles are C*° smooth manifolds [37, 84]. The reader can find more
information about fiber bundles, for instance, in [59]. The notations

pry: TM — M and pry: T"M — M
(g.v) = ¢ (¢:2) = q

will be fixed for the canonical projections from the tangent and co-tangent bundles
to the underlying manifold.

A vector field X on a manifold M is a function that assigns to each pointg € M a
tangent vector X, € T,M. If f € C°°(M), then Xf denotes a real valued function on
M given by

XN (q) = X4 f, forall ¢ge M.

A vector field X is called smooth if for any f € C*°(M) the function Xf:M — R
belongs to C®(M). If (U,¢ = (x',...,x")) is a coordinate chart, then any vector
field X can be written in terms of coordinates as X, = 27=1 X/(q)d;. Then the C*°
smoothness condition of the vector field X in a neighbourhood U C M is equivalent
to the requirement that all functions X: U — R, j = 1,...,n, are of class C*®(U).
If the functions X/, j = 1,...,n, are analytic in U, then the corresponding vector
field X is called an analytic vector field. Thus, the vector fields are the differential
operators of the first order.

Another way to define a vector field X is to use the definition of a local section.
Namely, a vector field X is a smooth map X: U — TM, such that pr;, oX = idy for
any open set U C M. The section is global if U can be taken as the entire M. We
write Vect M (Vect U) for the collection of smooth vector fields or smooth sections,
defined on M (U, U C M). Algebraically, Vect M is a module over the ring C*°(M)
and a vector space over the field R (or C if the manifold M is modelled over C").
Moreover, a multiplication of two vector fields can be defined. The multiplication
[,]: VectM x VectM — Vect M, which received the name commutator or the Lie
product is defined by

[X. Y]f = X(¥f) = Y(X). (1)

The Lie product satisfies three axioms given in the following definition.
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Definition 2.1 A Lie algebraover R (C) is areal (complex) vector space V together
with an operation [-, -]: V x V — V (called the bracket, commutator, or Lie product)
satisfying the following three axioms:

1. skew symmetry: [X, Y] = —[Y, X],

2. bi-linearity: [aX + bY,Z] = a[X,Z] + b[Y,Z], a,b € R(C) (and the same with
respect to the second term in [., .]),

3. Jacobi identity: [[X, Y], Z] + [[Z,X], Y] + [[Y,Z],X] =0

forany X,Y,Z e V.

The set of smooth vector fields Vect M, considered as a real vector space endowed
with the Lie multiplication, forms a Lie algebra.

Definition 2.2 Let M and N be two smooth manifolds and F: M — N be a map.
The map F is smooth if for any ¢ € M and for any local charts (U, ¢) of ¢ € M and
(V. ¥) of F(q) € N, the composition ¥ o F o ¢~ ': @(U) — (V) is a smooth map
in the sense of smoothness defined in the Euclidean space R”".

Definition 2.3 Let F: M — N be a smooth map. The differential of F at ¢ € M is
the linear map d,F: TyM — Tp)N defined by

(dyF(X))f := Xy(f o F)

for any f € C*°(N) and X, € T,M.

If the local charts (U, ¢ = (x',...,x")) of g € Mand (V.y = (',....)")) of
F(g) € N are chosen, then

n

d
aF@) =Y (HF@))oulrg, =1...m

k=1

The matrix { aif (y" (F (q))) }k is called the Jacobi matrix of the map F with respect
J

to the given coordinate charts.

Distributions and Non-holonomic Constraints

Definition 2.4 A sub-bundle D of the tangent bundle 7M is called smooth on M, if
for any ¢ € M there is a neighborhood U(g) and smooth linearly independent vector
fields X1, ..., Xy, such that D, = span{Xy, ..., X;}|., forallx € U(qg).

A sub-bundle D is called analytic if the vector fields Xi, . .., Xj in Definition 2.4
are analytic. From now on, we will work only with smooth sub-bundles and smooth
manifolds and therefore we omit the word “smooth”. The notion of a sub-bundle
naturally leads to the following question. When does a sub-bundle D of TM define
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a submanifold N inside of the original manifold M? The answer was given by
Frobenius [44].

Definition 2.5 A smooth sub-bundle D on M is called involutive or integrable if
[X, Y] is a smooth section of D for any choice of smooth sections X and Y of D.

Definition 2.6 A smooth submanifold N of a manifold M is the integral manifold
of a sub-bundle D of TM if for any point ¢ € N there is an open neighbourhood
U(g) C N such that T.\N = D, for any x € U(g).

Theorem 2.7 ([44,113]) A submanifold N of a manifold M is the integral manifold
of a sub-bundle D of TM, if and only if, D is involutive.

In this case a foliation of the manifold M by integral manifolds N passing through
different points g € M is produced. Somehow, one cannot leave a chosen leaf N of
the foliation while being tangent to the sub-bundle D.

A smooth or, more generally, absolutely continuous curve c:I — M, I C R, can
be considered as a smooth map between two manifolds. In this case the image of
the tangent vector jr € T,I under the tangent map d;c: T;] — T.;M is denoted by
é(t), ie. die( @) = é(1), and is called the velocity vector of the curve c at t € 1.

Definition 2.8 We say that an absolutely continuous curve c:/ — M is tangent
to the sub-bundle D of TM (or the curve c is horizontal) if the tangent vector ¢()
(where it exists) belongs to the vector space D for any t € I, whenever ¢(t) is
defined.

If a sub-bundle D of TM is involutive, then starting from a point g € M and being
tangent to D one can reach only the points inside the integral manifold N passing
through g. If the sub-bundle D is not involutive, then under some conditions we
can reach any point on the original manifold M. To describe those conditions we
introduce the notion of a bracket generating sub-bundle. Let I'(D) be all smooth
sections X: M — D of the sub-bundle D of TM. Define

Lie(D) = {D‘ =I(D).....D'*' = D" +[D,D].... }
If
Lie,(D) = T,M forevery qe€M,

then we say that the sub-bundle D is bracket generating, or non-integrable, or
completely non-holonomic. A sub-bundle D is said to be k-step bracket generating
if D/ = {0} for all j > k. We say that a sub-bundle D is strongly bracket generating
if D**! = D*4[X, D¥] for all non-vanishing X € I'(D). If a sub-bundle D is bracket
generating and the rank of D* does not depend on the point ¢ € M for any k, then
the sub-bundle D is called regular.
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Example Consider vector fields in R* written in coordinates (x,y,z, w):

P R B I
P o 2Ty P T T aw

The sub-bundle D = span{X1, X», X3} is smooth (k + 1)-step bracket generating but
not strongly bracket generating.

Now we are ready to formulate a sufficient condition for the connectivity prob-
lem. This condition was independently proved by Rashevskii [89] and Chow [31].

Theorem 2.9 ([31, 89]) If a manifold M is topologically connected and if a sub-
bundle D on M is bracket generating, then any two points on M can be connected
by a piecewise smooth curve tangent to D.

Necessary and sufficient conditions for the connectivity problem in the case of
C*° manifolds and C° smooth sub-bundles can be found in [99] and references
therein.

Example In the following example we show that the Chow-Rashevskii condition is
not necessary for connectivity. Let M = R2, X, = aax’ X, = ¢p(x) Bay’ where the C*
function ¢ satisfies

¢x) >0, ifx>0,
¢(x) =0, ifx=<0.

It is clear that one can not move vertically in the left half-plane, but one can move
horizontally to the right half-plane, displace arbitrarily in the right half-plane and
proceed to the left half-plane, see Fig. 1. Thus, one can connect any points in the
plane being tangent to the sub-bundle D = span{Xj, X}, but the vector fields
definitely do not span the entire plane at points g = (x,y) with x < 0.

Fig. 1 (Rz, D) is N Y
horizontally connected, but D B
is not bracket generating &
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Example Another example of a bracket generating sub-bundle is the Grusin sub-
bundle spanned by vector fields

X =

!
&
I
=

in R? studied by Baouendi in his PhD thesis in the early 1970s, and later by
numerous authors, see for instance, [6, 28, 38, 45, 51, 103]. The sub-bundle is not
smooth, since along the line x = 0 it degenerates from two dimensional sub-bundle
to one dimensional.

Example Historically the integrability condition was given in terms of one-forms,
not in terms of vector fields. Let M be a manifold of dimension n and we want to
describe a sub-bundle D of TM of rank k, k < n. To achieve this we need to find
n—k one-forms ®1, ..., ®,_, such that the sub-bundle D belongs to their common
kernel. The forms ®;, j = 1,...,n — k, are called annihilators of D. It is equivalent
to solving the system

that received the name Pfaffian system. This system is integrable if the one-forms
®q,...,0,_ are exact forms:

............... (2)
O, (X', . X)) =db, (..., x) =0.

After integrating the latter system we get n — k functions describing a k-dimensional
integral submanifold of M, defined by the integrable system (2) or by the involutive
sub-bundle D.

The Chow-Rashevskii Theorem 2.9 for an analytic co-rank one sub-bundle D,
or for one Pfaffian equation was proved by C. Carathéodory. The result states the
following. Let M be a connected manifold endowed with an analytic co-rank one
sub-bundle D. If there exist two points A and B € M that cannot be connected
by a horizontal curve, then the sub-bundle D is integrable. Or, formulating the
negation of the above statement: If for any points A, B € M there is a horizontal
curve connecting these points, then the sub-bundle D is non-integrable (completely
non-holonomic, bracket generating).

C. Carathéodory developed this theory due to the question posted by M. Born to
derive the second law of thermodynamics and the existence of the entropy function.
Translating the problem into the geometric language we work with a manifold M
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that is the set of all possible thermodynamical states of some isolated system. The
admissible or horizontal curves are adiabatic curves, such curves that correspond to
slow processes in time and such that during these processes no heat ® is exchanged.
C. Carathéodory wrote the condition of an adiabatic process as a Pfaffian equation
® = 0 on M. It was known at that moment from works by S. Carnot, J.P. Joule and
others, that there are thermodynamical states A, B € M, which cannot be connected
by an adiabatic process (by a horizontal curve). Carathéodory’s theorem states in this
case that the sub-bundle defined by the Pfaffian equation ® = 0 is integrable, which
leads to the existence of two functions 7 (temperature) and S (entropy) that locally
satisfy the relation ® = TdS. This proves the existence of the entropy function
S, as well as proving that the adiabatic process remains in a leaf (hypersurface) of
the state space M corresponding to the entropy function. The entropy function S
tends not to decrease, being constant or increasing, according to the second law of
thermodynamics.

Due to the names of S. Carnot and C. Carathéodory involved in this discov-
ery, M. Gromov called the geometry of manifolds with non-integrable sub-bundles
as the Carnot-Carathéodory geometry.

Exercises Decide whether the following sub-bundles D = span{X;,X,} in R? are
bracket generating and regular.

1. Heisenberg sub-bundle: X; = E)ax’ X, = 3?) +x aaz'
2. Martinet sub-bundle: X; = BBX,XZ = aay +x2 3az'

Riemannian and Sub-Riemannian Manifolds

One of the first works that gave the name sub-Riemannian geometry and established
the subject as a part of geometry was the paper of Strichartz [97], published in
1986. We recall some notions from the Riemannian geometry and compare basic
definitions in the Riemannian and sub-Riemannian settings.

Definition 2.10 A Riemannian metric is a map g:7,M x T,M — R, which is
symmetric, bilinear, positively definite for any ¢ € M, and smoothly varying with
respect to q.

If the coordinate chart (U, o = (' ... ,x”)) is chosen and (d1,...,d,) is the
local basis for T,M, g € U, then g; = g(0;, 9;) is the associated matrix to the
metric g. Smoothness of g means that the matrix g;;(q) = g;(x', ..., x") is a smooth
function of (x',...,x") in (V).

The couple (M, g) is called a Riemannian manifold. It would be more correct to
say that the triplet (M, TM, g) is called a Riemannian manifold.
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Definition 2.11 The distance d(qo, q1) between two points go,q; € M related to
the Riemannian metric g is defined by the equality

v =] [ (s6e.e0)) " ar).

where the infimum is taken over all curves c:[0,1] — M differentiable almost
everywhere in [0, 1], and such that c¢(0) = go, ¢(1) = qi.

We are now ready to define a sub-Riemannian manifold. Let M be a smooth
manifold and let D be a smooth sub-bundle of the tangent bundle 7M.

Definition 2.12 A map gp: D, x D, — R which is symmetric, bilinear, positively
definite for any ¢ € M and smoothly varying with respect to ¢ is called a sub-
Riemannian metric.

Definition 2.13 The couple (D, gp) is called a sub-Riemannian structure and the
triplet (M, D, gp) is called a sub-Riemannian manifold.

If D = TM, then Definition 2.13 is reduced to the definition of a Riemannian
manifold. In this sense the sub-Riemannian geometry is a generalization of the
Riemannian geometry. The distance function related to a sub-Riemannian metric
gp is defined by

edqoay = int | [ (sole.e0)) " ar.

where the infimum is taken over all horizontal curves c: [0, 1] — M differentiable
almost everywhere in [0, 1] and such that ¢(0) = ¢o, c¢(1) = ¢;. Thus, we have added
the horizontality condition, ¢(f) € D, in the definition of the sub-Riemannian
metric. The set of admissible curves is smaller, therefore, the d.—.-distance is, in
general, bigger than the Riemannian distance if both metrics are defined on the
manifold and coincide on D;, ¢ € M. Theorem 2.9 guarantees that the set of
horizontal curves is not empty and therefore, the function d._. takes only finite
values. The distance d.—. is called the Carnot-Carathéodory distance due to the
impact by S. Carnot and C. Carathéodory described in the last example of the
previous section. Let us suppose that a Riemannian metric g and a sub-Riemannian
metric gp are defined on a smooth manifold M, and the Riemannian distance d and
the Carnot-Carathéodory distance d.—. on M are produced by them, respectively.
As a result, two metric spaces (M, d) and (M,d.—.) and two topological spaces
(M, ty) and (M, t.—.) are defined, where the topology 7, is generated by open
balls in the d-metric and t.—. is generated by d._.-balls. It is established that the
topological spaces (M, t;) and (M, 7.—.) are equivalent, but the metric spaces (M, d)
and (M, d.—.) are not in general Lipschitz equivalent, see [76, p. 27], [14, 46, 50, 80].
The example in section “Heisenberg Sub-Riemannian Manifold as a Lie Group”
shows non-equivalence of the metric spaces (M,d) and (M,d.—.) in a particular
case.
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Riemannian and Sub-Riemannian Gradient

At the end of the subsection we would like to say some words about the gradient
vector field in sub-Riemannian geometry. Let us recall that the gradient on the
Riemannian manifold (M, g) is a vector field “grad” such that it is detected by its
action on smooth functions by

g(gradf,X) = Xf, forany X € VectM and f e C®(M).

If a coordinate chart is chosen, then the gradient can be written as

N oF
radf = U R 3
gradf Z 8 axi 3)
ij=1
where {gif}ffj=1 is the inverse matrix to g; = g(0;, 9;), i,j = 1,...,n. A reader can

find more details about differential operators on Riemannian manifolds in [84].
In the case of a sub-Riemannian manifold (M, D, gp) the definition is analogous.
A sub-Riemannian gradient grad, is a horizontal vector field, such that

gp(grad,f,X) = Xf, for any smooth section X of D and f € C*°(M).

Short Introduction to Lie Groups

A Lie group is an object that nicely combines algebraic, geometric, and analytic
properties. Namely, a Lie group G is a pair (M, p), where

1. M is a C*° smooth finite dimensional manifold,

2. the map p: M x M — M satisfies the axioms of the group product,

3. the map p is compatible with the smooth manifold structure in the sense that the
map p: M x M — M is C*°-smooth.

As usual in mathematics, we will write only G instead of (M, p) to denote the Lie
group and the underlying manifold M.

Recall, that a Lie algebra is a pair (V, [, ]), where V is a vector space over the
fields R or C and [-, -] is the Lie product introduced in Definition 2.1.

There is a close relation between Lie groups and Lie algebras. To define the Lie
algebra g of a Lie group G we consider special vector fields on G. We call the
mappings

I:(q) == p(t,q) =1q, t€G fixed, ¢q e G is arbitrary,
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the left translation on G and
ri(q) ;= p(g,t) = qt, TG fixed, ¢ e G is arbitrary,

the right translation on G. Since the group multiplication and the inversion are
smooth, the maps [;, r;: G — G are smooth diffeomorphisms of G. The differentials
dyl::T,G — T;,(»G and d;r;:T,G — T, (G are linear maps of the respective
tangent spaces.

Definition 2.14 A vector field X on G satisfying
dyl: (Xg) = Xi.(g) = Xzq (dqr,(Xq) =Xri@ = th)v V1.q9eG

is called left- (right-) invariant vector field.

The set of left invariant vector fields considered as a vector space over the field
R with the Lie product defined by the commutator of vector fields (1) forms a real
Lie algebra L. Of course, one needs to verify that the commutator of left invariant
vector fields is a left invariant vector field. Since any left invariant vector field is
defined by its value at the identity of the group e € G, there is an isomorphism ¢
between the vector space 7,G and £ defined by

L>X+—X, €T,G, T.G > v, — dl(v,) € L.

This isomorphism ¢: 7,G — L can be extended to an isomorphism of Lie algebras
if we define Lie brackets in T,G as [X,, Y.] := [X, Y].. The Lie algebra (7.G, [-, -])
is usually denoted by g and is called the Lie algebra of the Lie group G. The Lie
algebra R of right invariant vector fields is isomorphic to g if we set R 3 [X, Y] <
—[X.Y]. € g.

The next step is to find a map between a given Lie group G and its Lie algebra g.
The answer is given in terms of the exponential map exp:g — G, that uses
properties of solutions of ordinary differential equations [39].

Let G be a Lie group, g be its Lie algebra, and let X € g be an arbitrary left
invariant vector field. Then the theory of ordinary differential equations guarantees
that the solution of the Cauchy problem

w0 = X(ex, (1)
cx,(0) =e

is unique, possesses the properties of a one parameter subgroup of G, and ¢x, (0) =
Xe, [39].
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Definition 2.15 The map g > X — cx,(1) € G is called the group exponential map
and is denoted by exp. Thus

exp:g > G
X = cx,(1).

We will call the curve cx, (1), t € R, the exponential curve and it is customary
to use also the notation exp(zX.) instead of cx,(¢). The main properties of the
exponential map are listed in the following theorem:

Theorem 2.16 ([65, 113]) Let X belong to the Lie algebra g of a Lie group G.
Then the following properties hold.

1. The exponential curve exp(tX,) = cx,(t) for each t € R satisfies

d d .
dt ‘t=0 eXp(lXe) - dt )t=0CXe (t) = Cx, (O) - Xe-

(exp(t1 + tz)Xe) = (exp(the))(exp(the)),for allt;, t, € R.

. exp(—tX,) = (exp(tXe))_lfor eacht € R.

. The map exp: g — G is a C* map between two manifolds.

. The differential at the zero vector of the exponential map dyexp:Tog — T.G
is the identity map g — @, where we identify elements of g with Tyg for the
domain of definition and g with T,G for the target space. An important corollary
is that exp gives a diffeomorphism between a neighbourhood of 0 € g and a
neighborhood of e € G.

6. The left translation of cx, by T € G given by ¢ = I (cx, (1)) = tcx, (1) is the
unique integral curve of the left invariant vector field X (X, = X,) such that it
starts at the point T = ¢(0). As a particular consequence, left invariant vector
fields are always complete.

7. In the neighbourhoods of 0 € g and e € G, where exp is a diffeomorphism, the

inverse map is defined and is called the logarithm. It expresses the product of

two exponents through the Baker-Campbell-Hausdorff formula [90], whose first
terms are given as follows

exp(X) exp(¥) =
1 1 1 4
exp(x+ Y XY+ XY VY] )

Let us assume now that the Lie algebra g of a Lie group G is endowed with an
inner product (-, -). Then, by making use of left translations we can define a metric g
on the group. Namely, let v,, w, € T,G, then dl,—1(vy), dl;~1(wy) € T.G. We define

g(vg wy) = (dl~1(vy). dl,~1(w,)) forany gqeG. (5)

Using right translations we can also define a metric.
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Conversely, if there is a Riemannian metric g defined on a Lie group G
considered as a smooth manifold, then it is compatible with the Lie structure if
it is left (or right) invariant under the action of the group on itself.

Definition 2.17 A Riemannian metric g on a group G is called left invariant, if

g(Xqv Yq) = g(dqlT(Xq), dqlr(Yq)) = g(th, Ytq)

for the left invariant vector fields X, Y € g.

Exercises

1. Show that (M, -), where M is the set of (3 x 3) upper triangular real matrices
1x¢t

01y, x,yteR
001

and “-” stands for the matrix product, is a Lie group. Find the Lie algebra.

2. Show that if X, Y are left invariant (right invariant) vector fields on G, then the
commutator [X, Y] is also a left (right) invariant vector field.

3. Show that the metric from (5) is a left invariant metric on the group.

Heisenberg Group

We start from the simplest example of a sub-Riemannian manifold that is called the
Heisenberg group.

The Heisenberg Sub-Riemannian Manifold
Consider the smooth manifold R* with coordinates ¢ = (x,y, f). Then the tangent
and cotangent spaces are T,R> = span{dy, dy, 9}, T; R? = span{dx, dy, dt}, and

both are isomorphic to R*. We define the smooth 2-dimensional sub-bundle D of
T,]]R3 as the span of two vector fields

1 1
X = Bx — 2y3,, Y = ay + 2x3t. (6)

Let us find a Riemannian metric g in coordinates (x, y,#) making X,Y and T =
[X,Y] = 0, orthonormal. Then we have g(X,X) = g(X,Y) = g(T,T) = 1 and
other values vanish. We express the basis (dy, dy, d;) in the form

1 1
0y =X+ zyT, 0y = Y—ZxT, 0 =T.
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By making use of the bi-linearity of g, we obtain

2

g1 =g(0x,0y) =1+ i‘_ » 812 = g(3x,3y) = Y

_ Y
g 8= 8(0y,0,) = 5

The matrix {g;} takes the form

42 2
gGi=1 = 1+ = 7
y _x 1
2 2

Notice that detg = 1. It implies that the volume form in (R3, g) is given by the
standard Lebesgue measure: dx A dy A dt.

The sub-bundle D is bracket generating of step 2 since [X,Y] = 9, := T and
T,R® = span{X, Y, T}. The dual basis to X, Y, T is

1 1
dx, dy, w =dt— _xdy+ _ydx.
2 2
(Verify it!) The form w is the annihilator of the sub-bundle D. We can also define
the sub-bundle D as D = ker(w) = {v = (x,y,7) € R* | w(v) = 0}. Define the

sub-Riemannian metric gp as the restriction of the metric g on the planes D, for all
g € R3. Then (R?, D, gp) is the Heisenberg sub-Riemannian manifold.

Heisenberg Sub-Riemannian Manifold as a Lie Group

Let us consider the following non-commutative group on the smooth manifold R3.
Define the product for t = (x,y,t) and ¢ = (x1,y1,1) by

1
g = (X, 3, )(x1,y1. 1) = x+x,y+yLt+ 40+ 2(xyl - Xx1y)). (8)

As a motivation for this law one can consider the product of (4 x 4) real matrices

lxy ¢ lxiy1 h

010; ) 010 yz‘

001 —3 001 —7%

000 1 000 1
Lx4x y+y t+t+ LGy —x)

0 1 0 y‘ZYl

“ 1o o 1 —xtx

2
0 0 0 1
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that leads to formula (8). It is an easy exercise to verify that the product (8) satisfies
the group axioms. The identity e of the obtained group has coordinates (0, 0, 0)
with respect to this multiplication and the inverse element to (x, y, t) is (—x, —y, —1).
The pair, consisting of the smooth manifold R* and the introduced group law, is
called the Heisenberg group and is denoted by H!. This group law defines the left
translation: /. (q) = tq. The left translation /;, by 7 = (x,y,z) has the differential
dl; written in coordinates (x, y, f) as

1

dl, = 0
1

T2

The action of d.l; on the basis (d,0,,9,) = (X.,Y.,T.) at e, gives the basis
(X,Y,T) at 7. We conclude that the basis (X, Y, T) is the basis of left invariant
vector fields on the group H'. They form the Heisenberg algebra h' which is
by definition a 3-dimensional Lie algebra with only one non-trivial commutator:
[X,Y] = T and all other commutators vanish. We use the identification of the Lie
algebra of left-invariant vector fields with 7,H!. The exponential map is a global
diffeomorphism [42] in this case. The coordinates on the group H' can be given by

H' 3¢9 =(xy1) =exp(xX +yY +1T), xX+yY+1T eh'.
These coordinates are called of the first kind. The inverse map of the exponential
restores the group multiplication law from the commutation relations of the
Heisenberg algebra in the following way. Let V = xX + yY + (T € p!, V| =

x1X +y1Y + 4T € bl and © = exp(V), ¢ = exp(V1), then by the Baker-Campbell-
Hausdorff formula (4) (BCH-formula for short) we obtain

1
g = exp(V) exp(Vy) = exp(V + V| + 2[V, Vil+..))

= exp ((x +x)X+O0+y) Y+ @+ 1)T + ;(xyl —x1y)T)

1
(x+xLy+yLt+n+ 2(Xy1 —x1y)),
that coincides with (8).

There is anorm ||- || on the group H' which is a direct analogue of the Euclidean
norm in R3. It is defined by

1/4
el = (24527 +7)

If we stretch the basis vectors X and Y of the Heisenberg algebra by a number s > 0,
then the bi-linearity of the commutator implies [sX, sY] = s>T. Making use of the
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BCH-formula we get the dilatation &, on the group:
85(1) = 8,(x,y,1) = (sx, sy, 5°1). ®

This dilatation, which is called the homogeneous dilatation is compatible with the
norm in the sense that the norm becomes a homogeneous of order one function:

185z = Nl sx. 5y, 8°D g = szllgar-

Compare this situation with the Euclidean norm and the usual dilatation in R3!

The Heisenberg distance function d1 is dgi (1, ¢) = ||z~ q|| . The Heisenberg
distance dj;1 and the Carnot-Carathéodory distance d.—. are equivalent, since both
are homogeneous functions.

Example Let us show that the Heisenberg distance and the Euclidean distance dg
are not Lipschitz equivalent, even locally in R?, see the definition of Lipschitz
equivalent in Exercise 2 at the end of section “Heisenberg Group and Isoperimetric
Problem”. Take two points ¢ = (0,0, 0) and ¢ = (0, 0,1). Then

dii(e.q) = V/ltl,  di(e.q) = 1],

which shows non-equivalence of the distance functions. This also proves that
the metric spaces (R3,dg) and (R?,dy1) are not equivalent. But the topological
spaces (R*, 7z) and (R?, 7y ) are equivalent since any Heisenberg ball contains an
Euclidean ball and vice versa.

The metric with the matrix (7) is a left invariant metric on H!. The sub-bundle
D with D, = span{X., Y.}, where X, Y are defined in (6), itself can be called left
invariant since it is completely defined by X(e) = 9, Y(e) = 9,, and D, = di.D.,.
The differential operator
02 02 1 02 ad d\ d
Lo=X>+4Y? = 242 —( _ ) 10
0 =X =t g T ) g g ) (10)

is called sub-Laplacian. It is an analogue of the Laplace-Beltrami operator A =

2 2 2 . . . . . . .
512 + ;yz + 5’[2 in R? with respect to the Euclidean metric. We will show in section

“Fundamental Solution for [J,” that the homogeneous function N(7) = ((x2 +
)2+ 16t2)1/ “fort = (x,y,1) € H' is connected to the fundamental solution E(7)
to the subelliptic operator (10) as follows E(7) = N(CT()%),Z. The constant ¢(Q) < 0
can be calculated explicitly and Q = 4 is the Hausdorff dimension of the metric
space (H', dy1), see [41].
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Let us present the exact formulas for the gradient on H'. In order to use
formula (3), we calculate the inverse matrix to (7):

10 —}
gj - 01 22+ 2
—i )26 1+ 4y
Then
axf axf_ %alf Xf
g 0 | = 3 f—yd o + ’2‘8{ > - Y
o) VM (T )as ) \syr—xr ey
Thus
NG
gradf =g’ of |- |0 | =XNX+ XY+ (INT.
o f o

The horizontal gradient “grad;,” is the projection of “grad” onto the space D, =
span{X,, Y, } at each point g € H' and it is written as grad,, f = (Xf, Yf) in the left
invariant basis X, Y for D.

Heisenberg Group and Isoperimetric Problem

Let us recall the ancient story of Dido, or Elissa in the Greek version, the founder
and the first Queen of Carthage (in modern-day Tunisia). She was daughter of the
king of Tyre and after the life-threatening intrigues of her brother Pygmalion she
had to leave her land. Eventually Elissa and her followers arrived at the coast of
North Africa where Elissa asked the local inhabitants for a small piece of land for
a temporary refuge until she could continue her journey. She was allowed to have
only as much land as could be encompassed by an oxhide. Elissa cut the oxhide
into thin strips so that she had enough to encircle an entire nearby hill. According
to this legend, Elissa was the first person who solved the isoperimetric problem of
enclosing the maximum area within a boundary of a fixed length.

The dual problem is to find a minimal length curve enclosing the fixed area. Let
us formulate this problem mathematically. Introduce the coordinates (x,y) on the
plane R? and let c¢(s) = (x(s), (y(s)), s € I, be a closed curve in R? that encloses a
bounded domain 2. Then the area A of Q2 can be calculated as fQ dA = fC é(xdy -
ydx) by the Stokes theorem. Here the area form dA = dx A dy is the differential of
the one form é(xdy — ydx). The variational problem with constraint is formulated as

follows: Find a closed curve c: 1 — R* of minimal length |, Vi2(s) + ¥2(s)ds, such
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that the area A = é fc (xdy — ydx) enclosed by this curve is fixed. Let us introduce
the third coordinate ¢ that will reflect the change of the area swept by the curve

c(s) = (x(s),y(s)), s € I, i.e.,
i(s) = ;(x(s)y(s) —y(s)x(s)) forall sel. (11)

We associate the family of curves y:I — R y(s) = (x(s),y(s).%(s)) to a
single planar curve c(s) = (x(s),y(s)), s € I, in such a way that they obey the
constraint (11). Integrating condition (11), we get

=, / ()3() — ¥(5)3(s)) d.

which means that the area enclosed by the planar curve ¢ and the straight line
connecting the end of ¢ with the origin, is equal to the change of the vertical
coordinate of y (here we assumed 7y = 0).

Another desirable condition is to find a Riemannian metric g in R3 such that the
length of y: 1 — R? is equal to the length of the planar curve c. In order to satisfy
it, we find a sub-bundle D of planes in R3 such that y will be tangent to D and the
length of the vector ¢(s) = (i(s), y(s)) in R? coincides with the length of the vector
y(s) = (x(s).¥(s),7(s)) € Dy(5) C R3. In this case we only need the restriction gp
of the Riemannian metric g to planes D, that will be the sub-Riemannian metric.
Thus the sub-bundle D has to be annihilated by the form dual to the additional
velocity coordinate of the spatial curve y. So

1
D(x,y,t) = ker(w) = ker(dt — 2(xdy — ydx)),

and the sub-Riemannian metric gp is just the Euclidean metric on D making the
basis for D orthonormal. The reader may recognize the Heisenberg manifold in
the space (R3,D, gp) described in the first part of section “Heisenberg Group”.
More information about the relation between the isoperimetric problems and the
Heisenberg groups the reader can find in [6, 24].

Exercises

1. Show that the Carnot-Carathéodory distance function on the Heisenberg sub-
Riemannian manifold is homogeneous with respect to the dilatation (9).

2. Show that any two homogeneous with respect to the dilatation (9) distance
functions d; and d, are equivalent on the Heisenberg group; that is, there are
constants C,a > (0, such that

Cd(t,q) < dy(t,q) < zdl(t, q), T,q€ H'.
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Action of the Heisenberg Group on the Siegel Upper Half Space

Let C"™! be the (n + 1)-dimensional complex space. We use the notation z =
(7, zp+1), where 7 = (z1,...,2,) € C". The set

Uy =41, 2041) € C" 1 Im(z0y) > |7 = Z |lz7]*}
=1

defines the Siegel upper half space in C"*!. Let B¢ denote the unit ball in C"*!:

n+1

Be={wi.....wip1) €C" Y w2 < 1.
=1

Then the Cayley transformation

i—Z,,_H 2iZ1
Wp+1 = . R wp = | R l=1,...,n,
I+ Zn+1 U+ Zn+1
and its inverse
1= wpg wy

in+1 =1 , Q= s
I+ wptr I+ Wyt

show that the unit ball B¢ and the Siegel upper half space U, are biholomorphically
equivalent.

Dilatation Letp = (7, z) € U,. For every positive number s we define a dilatation
8s(p) by
8,(p) = 8,(2.2) = (s7,5%2).

The non-isotropy of the dilatation comes from the definition of I4,.
Rotation For every unitary linear transformation from U(n,C) we define the
rotation Rot( p) on U, by

Rot(p) = Rot(7,2) = (U(Z), 2).

Both the dilatation and the rotation are extended to mappings on the boundary 0l4,.

Translation We introduce the n-dimensional analogue H" of the Heisenberg group
H'. Topologically the Heisenberg group is the space H" = C" x R, endowed with
the Lie group product

LAl 1=+ 0+ +2ImY 5. (12)
k=1
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We change the constant ; to 2 in the last term of the multiplication law (12) in
comparison to (8) for the convenience of calculations in sections “[J;, Operator on
Heisenberg Group” and “Fundamental Solution for [J,”. To every element [z, ] €
H" we associate the following affine self-map of U4, that is the action on the left of
the group H" on U,. Notice, that we write [z, f] for the element of the Heisenberg
group and p = (¢, g) for the point in the Siegel upper half space U,,.

[2.].(4,q) = (¢ + 2,9+t +ilz|* + 2izd). (13)

This mapping preserves the level sets, given by the function r(p) = Im (q) — |¢'|*.
In fact, since |¢' + z|> = |¢'|* + |z|* + 2Re (Z¢1), we obtain

Im (g + ilzl* +2i2¢) = |¢' + 2 = Im (g) — |4'|".
Hence, the transformation (13) maps U, onto itself and preserves the boundary 0l4,,.
Moreover, the constructed map is holomorphic in the domain U4,.

One will only have to check that the mapping (13) defines an action of the group
H" on the space U,,:

.51 (Iz. ¢, @) = (b sllz. 1) (4.9,
Thus, (13) presents a realisation of H" as a group of affine holomorphic bijections
of U,,. We can identify the elements of H" with the boundary di4, via its action at the

origin [z,7].(0,0) > (z,t + i|z|*). Thus, H" 5 [z, 7] is identified with (z, ¢ + i|z|*) €
olU,. We may use the following coordinates (¢, z, r) on U,,:

U3 (q.q) = (q.1.r). r=r(g.q)=Im(g) —|q]>, 1=Regq.
If Im (¢) = |¢’|?, then we get the coordinate representation of the boundary dl4,,
Uy >(qd'.q9)=(g.0. t=Req. r=r(qd.q =0.

In Sect.5 we give the quaternion analogue of the Heisenberg group and its
relation to quaternion Siegel upper half space and partial differential equations.

Carnot Groups

The following example includes connected simply connected Lie groups G whose
Lie algebras are the direct sum of their subspaces

g=VieV,®d...V,,
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such that [V, V] = Vig1, k = 1,2,...,m — 1, and [V{,V,] = 0. Since the
commutators have finite length, the algebras and the groups are nilpotent. Define
the sub-bundle D by left translations of V; and endow G by a left invariant metric
gp:Dy x D, — Dg, g € G. The sub-bundle will be bracket generating since the
space V) generates the entire Lie algebra. The sub-Riemannian manifold (G, D, gp)
received the name Carnot groups in literature.

2-Step Carnot Groups
2-step Carnot groups G have the Lie algebras g satisfying
g=Vi®dV Vi, Vil = Vo, [V1, V2] = [V2, V2] = {0}.

The underlying manifold is R**# o = dimV,, B = dimV,. The group
multiplication law can be written by making use of a Rf-valued skew symmetric
form Q:R* x R* — RA. Namely, if we write (v;, v2), (vi,v5) € Vi @ V, for the
Lie algebra elements, then

[(Ula v2)7 (Ui, U;)] = (07 Q(Ul, Ui))

If we use the coordinates of the first kind and write T = (x,1) € G,q = (x1, 1) € G,
then

1
g = (x,)(x1, 1) := (x +x, 0+ 1 + ZQ(X’XI))

by the BCH-formula (4).

H-Type Groups

H(eisenberg)-type groups are natural generalisations of the Heisenberg group. First
of all, they are 2-step Carnot groups and their Lie algebras h possess an inner product
(.,.)p making the decomposition V| @ V, orthogonal. Moreover, by making use
of the inner product and the given commutator we define a linear map J:V, —
End(Vl) by

(Jiv1, v2)p = (8, [v1, v2])p-

Under the above condition we say that G is an H-type algebra if the map J satisfies
the condition J>v = —(t,7)y Idy, for any ¢ € V, and any v € V;. The H-type
groups were introduced by Kaplan [63] in the study of fundamental solutions of the
associated sub-Laplace operator. Equivalent definitions of H-type groups and their
geometric properties can be found in [34, 64, 72, 73].
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EXERCISE Show that the Heisenberg group is of H-type.

Engel Group
The Engel group is an example of a 3-step Carnot group. The underlying manifold

is R*. We use coordinates ¢ = (x, y,z, w). The Lie group multiplication law is given
by the BCH-formula for a nilpotent group of step 3:

exp(F) exp(F,) =

(14)

P Bl = [, ),

1 1
F F Fi,F
exp(F + 2+2[1 2]+1 )

2

The Lie algebra for the Engel group has to satisfy the relations
X.Y]=2, [X,Z]|=aW, [Y,Z]=bW, a,beR.
For example, if we choose a slight modification of the Heisenberg vector fields
1 1
X=0,—_y0;,+2z0,, Y=0,+ _x0,—20,,
2 2
then we get
X, Y]=0,:=2, X, Z]=—-0,=W, [Y,Z]=0,=—-W. (15)

If we write F; = x;X + y;Y 4+ zZ + w;W, i = 1, 2 then the BCH-formula (14) and
the commutation relations (15) lead to the group law

1
(v 2w (2, 2,22, w2) = (X1 +x2, yi +y2 21 + 22 + 2(x1y2 — X2)1),
1 1 1
w1+ wy — 2(X1Zz + x021) + 2(ylZz —na) + 12()’1 — y2) (x1y2 — X231)).

Another coordinate representation of the Engel group can be found in [36].

3 Hypoellipticity for Linear Equations

Functional Spaces and Differential Operators

Let ©2 be an open connected set (domain) in the space R". We use the notation
o = (ar,...,o,), o € N, for multi-index and |o| = )", o, for its order. If f is a
real function defined in €2, then 9% denotes its derivative of order || if it exists.
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The vector space C"(£2), m € N, consists of all functions f: 2 — R which,
together with all their derivatives 0°f of order |¢| < m are continuous in £2. We
write C*°(2) = N> ,C"(£2). The space C§°(£2) is the subspace of C*°(£2) of
functions, having a compact support in the domain £2.

The vector space LP(£2), p > 0, is the set of equivalence classes of measurable
real or complex valued functions in 2 having the finite norm [|lul|» = [, |u(x)|? dx.
A class of equivalence consists of functions that coincide almost everywhere in 2.
The spaces L”(£2) are Banach spaces for p > 1 and for p = 2 it is a Hilbert space
endowed with the inner product

i )i = /Q A @B dx.

The space C{°(R2) is dense in L7 (£2) in the topology defined by the norm || - ||z».
The space of test functions D(£2) is the set C;° endowed with the following
topology: a sequence ¢ converges to ¢ as k — oo in D(L2) if

1. there is a compact K C €2 such that the support of ¢, —¢ belongs to K for every k;
2. klim 0% r(x) = 0%@(x) uniformly on the compact K for each multi-index .
—00

With this definition of the convergence the space D(£2) is a complete locally convex
topological vector space, where a set is compact if and only if it is closed and
bounded. The dual space D'(R2) of D(R2) (space of linear functionals on D(2))
is called the space of (Schwartz) distributions on Q. Functions u € L| _(£2) can be
identified with distributions T, (¢) = [, u(x)¢(x) dx.

The space of test functions G(2) (rapidly decreasing functions) consists of
functions ¢ € C*°(£2) having the following property: forany N = 1,2, , ... there is
a constant My such that

lo(@)| < My|x|™ as x — oo.
The space G(£2) can be endowed with countable family of seminorms

sup [x?3%p(x)| < co, @, B are multi-indices,
XEQ

and thus it is a Fréchet space. The dual space G'(2) of G(R2) is called the space of
tempered distributions on 2.

The last space of test functions £(2) is the space C*°(2), endowed with the
topology induced by semi-norms

lole = Y sup [0%¢] < o0, k=1.2,...,
Q

|| <k
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where the supremum is taken over all compacts K in the domain €2. The dual
space £'(R2) to the Fréchet space £(2) is the space of distributions having compact
support.

Observe that since D(2) C G(2) C £(R) as topological spaces and sets, we
obtain that £'(Q) C G'(Q) C D' ().

The space of distributions is endowed with the weak* topology and the sequence
{uy} from D'(2) converges to u € D'(2) in the weak* topology if it converges
pointwise

u(p) - u(p) as k—>oo forall ¢ € D(Q).

Analogously, the weak* topology is defined for the spaces G(£2) and £(£2). More
information about distributions can be found in [1, 98].
If f € I”(R"), p > 1, then the Fourier transform F(f) = f of f is defined by

7 = A O dy, § R

Here (x, &) = >, _, xx& is the Euclidean inner product in R”. If? e ’(R"),p>1,
then we can define the inverse Fourier transform by

Fo) = @m)~" A FODF(E) dE. x € RV,

n

The space G(R") is closed under the Fourier transform and moreover the map

F: G(R") — G(R")
¢ = @

is continuous. The Fourier transform u of a distribution u € G’(R") is defined by

u(p) = u@), ¢<GR.

The map F:G'(R") — G'(R") is an isomorphism of vector spaces with weak*
topology. The map F restricted to functions from to L>(R”") is an isometry, according
to the Parseval equality.

Let €2 be an open set in R". For s € Rand 1 < p < oo the space H?(L2) is
defined by

sp /
= lued @] July = (@0 [ |a(s)|P(1+|s|2)zds)l”<oo},

where for p = oo we consider the norm [Jul|yee = ess. sup |(1 + |§]%)*/%i(€)|. The
space (H?(£2), || - ||z2) is the Banach space possessing the properties.
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(H1) OnehasG C H? C G in the topological sense: the topology in G is stronger
than that induced there by H? and the topology in H? is stronger than one induced
from G'.

(H2) C§°is dense in H? for p < oo.

(H3) 1If —o0 <51 < s2 < 00, then HY, C HY . It follows from

(LM = A +[EH2. EeR"
If K is a compact in §2, then the inclusion map «: H? NE'(K) — HP is completely
continuous. Conversely, if there is a non empty open set V C €2, such that HY, N

SI(V) C Hfl then s; < s5.
(H4) 1If —oo < 51,5 < 0o, then H? N HY = H!

s1+s2 and

P (4
ma g < July, < lullg, + g, for e B, A,

(H5) Let ¢ € CP(R") be such that [, pdx = 1. Set ¢s(x) = §7"¢(3). If
u € H?, p < oo, then the convolution Ssu = u * ¢ is a smooth function for any
§ > 0 and it converges to u in H as § — 0.

(H6) Lety € Cg°(R") be such that ¥ (0) = 1. Set Yo (x) = Y(8x). If u € H?,
p < 0o, then ¥®u converges to u in HP as § — 0.

We say that a function u belongs to Hi 10c(82) if u € H?(V) for any open set
VcQwithV C Q.
Space H;

The space H;(2) is a special case of H?(€2) when p = 2. The Banach structure is
defined by the inner product and therefore it is a Hilbert space. Thus

’ —n -~ 2 2\s 12
Hy= e @ | July = (@07 | @EOPQ +[gPydg) " < oof
When s > 0 is integer, we have
Hy(Q) ={uel’(Q)] “ueLl’(Q), for |a|<s}.
Also, since ”“”12‘1x+1 = ||u||12q? + 2;7:1 ”31'“”1%1.9 we conclude that
Ho11(R) ={ue H(Q) | djueH(RQ), for j=12,...,n}.
Ifu e Hy,a e G(2)and ¢ € C;°(2), then

aSsu — Ss(au) = a(u * ¢s) — (au) * ps > 0 in Hgq as § — 0.
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Now we define the space H; (M) on a C*° smooth manifold M. We say that a
distribution u belongs to H j,.(M) if for any chart (U, ¢), the function u o ¢ is in the
space H;(¢(U)).

Let 21 and €2, be two open sets in R” and f: Q| — 2, be a diffeomorphism.
Let Q) C Q) and u € £'(2}). Then it follows that u o f € H(2,) if and only if
u € Hy(}) and we have

o flla@n = Cllullagy for ue H(Q5) NE(R))

and the constant C does not depend on u.
Let now M be a C*° smooth compact manifold with a boundary.

1. For integer positive s the natural inclusion map Hyy (M) — H,(M) is completely
continuous.

2. Let P be a differential operator of order less than or equal to m with C*
coefficients defined on M. Then the mapping u — Pu defines a continuous
mapplng of Hm,loc (M) into HO,Zoc (M)

Differential Operators

Recall that a,- = 3‘1_ is the differentiation with respect to x; in R". Denote D; = —iBj,
J

where i is the imaginary unit. Then we write D* = D{'... D% for a multi-index
a = (a1,...,0,). Let P(§) be a polynomial in n variables &, . .., §,, with complex
coefficients. Denote by P(D) the differential operator obtained if &; is replaced by
D;. This gives a one-to-one correspondence between polynomials and differential
operators with constant coefficients. Recall the classical du Bois Reymond lemma: if
u and f are continuous functions in a domain  C R" and D;u = f in the distribution
sense, then Dju = f in the classical sense also. Now we give a formal definition of
the differential operator.

Definition 3.1 A linear map u +— P(D)u = )_,a*D"u, where a* are complex
valued functions defined in some domain 2 C R” is called a differential operator.
Here it is also assumed that all but a finite number of coefficients a* vanish
identically on any compact subset of 2, thus the sum ), a*D%u is always finite.

To emphasise that the coefficients a* depend on x € 2, we write P(x, D). If
a* € CK(R), 0 < k < oo for every a, we say that P has C* coefficients. Thus we
interpret P as a linear map from C*®(2) to C¥(R2).

We need to define a differential operator with C¥ coefficients on a C* smooth
manifold M. We define the linear map P: C*° (M) — C*(M) by choosing an arbitrary
chart (U, ¢) and setting

(Puyo g := Y a*(p)D"(uo @) = P(uo @) = Pu, for ueC®(M).
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Observe that a linear map L: C*° (M) — C*(M) is a differential operator if and only
if supp(Lv) C supp v for every v € C*°(M), see [85].

The next steps are to define distributions on a manifold and then differential
operators acting on the distributions. Let (U, ¢) and (U’, ¢’) be two arbitrary charts
on M. If there is a distribution u, = u o ¢ € D’'(p(U)) such that

Uy =uo@ =u,o(@e"") isadistributionon ¢'(UNU"), (16)

then we call the system {u,} a distribution u on M. The set of all distributions on
M is denoted by D'(M). Let u € D'(M) then u,, is a distribution on ¢(U) and then
P?u, satisfies (16). Thus we call the system {P%u, } the distribution Pu € D’'(M).
If P is a differential operator on a domain 2 C R”, then the order m of P in 2 is
defined by m = sup{|e| | a® # 0}. The order can be +o0. If P is of finite order m
in 2, the principal part (or the characteristic form) of P is the following polynomial

in &
Pu(x.£) = ) a"(0E". xeQ, EeC"

loe|=m

The order of a differential operator on a manifold can also be defined.

Fundamental Solutions

Definition 3.2 A distribution E € D’(R") is called a fundamental solution for the
differential operator P(D) with constant coefficients if

P(D)E = &,

where § is the Dirac distribution at 0 € R”.

Notice that to every differential operator P(D) with constant coefficients there
exists a fundamental solution E in a certain functional class F, which depends on P.
The details can be found in [54, Theorem 3.1.1].

Let us assume that we are given a differential equation P(D)u = f with f €
&'(R") and let E be a fundamental solution: P(D)E = §. Then

PDYE*f)=f, Ex*(PD)u)=u, u, f € &'R").

The properties of the convolution lead to the following two facts

1. If P(D)u = f with f € &'(R") N HY(R") and E € H% (R"), then the solution u

s.,loc

is given by the formula u = E « f and it belongs to H} , .(R").

s,loc



116 1. Markina

2. Letu € &(R") and —0o < s < 00, 1 < p < oo are given. Then u € H" (R") if
and only if f = P(D)u € H?(R"), where the function K depends on the properties
of the operator P.

We now will discuss the existence of solutions and the geometric properties of
domain 2 C R". A solution of the differential equation P(D)u = 0 in R" is called
an exponential solution if it can be written in the form

u(x) = p(x)e’™®  forsome ¢ e C"

and polynomial function p. It is known [54] that the closed linear hull in C*°(R") of
exponential solutions consists of all solutions of P(D)u = 0 in C*°(R"). If @ C R”
is an open convex set, then the exponential solutions are dense in the set of all
solutions of P(D)u = 0 in C*°(2).

Consider the differential equation P(D)u = f, f € D'(RQ) N Hi loc- Then the
solution exists if and only if the open set €2 satisfy the following definition of P-
convexity: If for every compact set K C 2 there is another compact set K/ C Q

such that for any chosen ¢ € C{°(2) the following is true:
supp(P(—D)¢) C K implies supp(¢) C K.

As a consequence we obtain that if €2 is P-convex, then the equation P(D)u = f has
a solution u € C*°(R2) for every f € C*°.

Hypoelliptic Operators with Constant and Variable Coefficients

We start from the historical observations. Hermann Weyl in [115] has shown that
weak solutions of the Laplace equation are actually smooth functions. The fact that
weak solutions are C* solutions are very important for applications and particularly
for variational methods to the solutions of differential equations. A generalisation of
the Weyl result can be obtained by two ways. One of them is based on the properties
of fundamental solutions, see [91]. Another way, using only a priori estimates, was
developedin [43,61, 81]. If we are given a partial differential equation with constant
coefficients, then the classical solution is analytic if and only if the equation is
elliptic, see [86]. In the same work it was shown that a solution of a non-linear
elliptic partial differential equation with analytic coefficients is an analytic function,
that extends the result in [17]. If we change the category of solutions from analytic
to C*° smooth and ask the analogous questions, then the complete answer can be
found in works of Hormander [52], see also [54, 56, 57, 102]. We briefly explain
the main idea to study the following problem. Consider the equation Pu = f, where
u and f are given distributions. We ask how smooth is the solution u if f is C*
smooth? In the first step the analytic properties of the homogeneous solutions are
transferred to the algebra-geometric properties of the polynomial P(£) defining the
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differential operator. Let us consider the following subspace of the Fréchet space
H!,,.(R2), where Q is an open subset of R":

N={ueH

s,loc

() | P(D)u = 03}.

The space N, that is the kernel of the linear operator P(D), is a Fréchet subspace
with respect to the topology induced from HQ 1oc (82).

Definition 3.3 A Fréchet topological space is called a Montel space if any bounded
sequence contains a convergent subsequence.

With the functional space A/ we associate the algebraic hypersurface in C"
defined by the polynomial P(§) associated with the differential operator P(D):

A={LeC"|P(X) =0

Theorem 3.4 Let us assume that N is a Montel space, then the following condi-
tions are equivalent.

Hl. Im(A) = coas A — o0 on the surface A.
H2. We define the distance function from & € R” to the hypersurface A by

d(€) = dist(¢. A) = inf {dist(¢. ).

Then d(§) — oo as & — oo in R™.
H3. There are positive constants ¢ > 0 and C > 0 such that |£|° < Cd(§) for
sufficiently large |£|, £ € R".

Proof We present a very rough draft of the proof that condition H1 is fulfilled. For
the details we refer the reader to [54, Chap. IV]. We assume that there is a sequence
Aj =& +inj = ooon A as j — oo, but n; = Im(4;) is bounded. The rest of the
proof is based on the two side estimate

/R 10 — P m(@) 1 dg < llpujlly g =< /1; o —mrMEr s (7

i)

(g € N> and

where ¢ € C5°(£2) is an arbitrary function, u;(x) =

1+ Iélz)s/z < M.

m(§) = (1 +ER

The boundedness of 7; implies the boundedness of the right hand side of (17) and,
therefore, the boundedness of u; in Hi 1oc(§2). Since the sequence u; — 0 in D’ (2)
P(=4)

(this follows from the fact that /(puj = (1 + |E12)72
|2

— 0 as /\j—>oo),
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the point 0 is the only limit point of the bounded sequence {u;} in H”, (2). But if
||g0uj||£1§(m tends to zero, then the left hand side of (17) implies that ¢ (& — i) = 0,
where 7 is a limit point of the sequence 7;. Thus ¢ = 0, that contradicts to the
arbitrary choice of ¢ € C{°(2).

The condition H2 is a reformulation of H1 and the H3 is equivalent to H2 from
estimation on the distance function. O

L. Hormander called the operators P(D) satisfying to equivalent conditions H1 —
H3 hypoelliptic differential operators.

Definition 3.5 A differential operator P(D) of order m is called elliptic if its
principal part P, (D) (that is the homogeneous part of P(D) of order m exactly)
satisfies the condition

P.()#0, forall 0#§&eR"

As a consequence, we immediately obtain that the elliptic operator is hypoellip-
tic.

We list consequences of Theorem 3.4, showing the advantages of the hypoelliptic
operators. We assume that the equation P(D)u = f is given for the distributions u
and f, and that the operator P(D) is hypoelliptic. Then

L. Ifu € D'(Q) and f € Hy,,.(Q), then u € Hy, p),,.(R2), where the function
®(s, P) depends on the properties of the operator P(D). Particularly, if P(D) is
an elliptic operator of order m, thenu € H" | ().

2. Ifu € D'(Q) andf € C®(Q), then u € C*®(Q).

3. Wehave N = {u € D'(Q) | P(D)u = 0} C C*°(£2) and the topology induced
in N by C* (L) coincides with the topology induced by HY ,(€2). Particularly,
N is the Montel space.

In virtue of the above theorems we can give the now classical definition of the
hypoellipticity.

Definition 3.6 Let u,f € D'(R2) and Pu = f. If for any open set V C € the
condition f € C*°(V) implies that u € C*°(V), then the differential operator P is
called hypoelliptic.

Hypoelliptic Operators with Variable Coefficients

Now we turn to consider the differential operators with coefficients depending on the
pointx € 2 C R” and study generalisations of the hypoellipticity property. We need
to compare the differential operators with constant coefficients and the arbitrary
differential operators. It can be achieved by freezing coefficients of an arbitrary
differential operator at one point and considering it as a differential operator with
constant coefficients. Let P(¢) be a polynomial of £ = (&1, ...,&,) € R". We need
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an auxiliary notation to proceed with the following definitions. We write

oelP(E)

() _
PO = g, g,

= ilpepPE),  P(r.£) = ( > |P(a)(g)|2)l/2'

|ee|>0

Definition 3.7 Let P;(D) and P,(D) be two differential operators (with constant
coefficients). We say that P (D) is weaker than P, (D) and write P; < P, if

Pi)
Pa(&)

Definition 3.8 A differential operator (with variable coefficients) P(x, D) defined
for x € Q2 is said to have constant strength in a domain €2 of R” if for arbitrary fixed
v,y € Q the differential operators (with constant coefficients) P(y, D) and P(y', D)
are equally strong, that is

<C, £eR-.

P.6) _
P(y.§) ~

We list the properties of operators of constant strength.

Cyy, »)y €Q, £cR".

1. Let P(x, D) have constant strength and x; € 2 be a fixed point. Set Py(D) =
P(xp,D) and let Py, ..., P, be a basis for a finite dimensional vector space of
operators with constant coefficients weaker than Py. Then we have

P(x.D) = Po(D) + Y _ ¢;(x)P;(D),
j=0

where the coefficients ¢; are uniquely determined, vanish at xo, and have the same
continuity and differentiability properties as the coefficients of P(x, D).

2. Let P(x,D) be a differential operator of order m with coefficients in C"(£2)
and let it have constant strength in €2. Then it follows that the adjoint operator
'P(x, D) is also of constant strength and is as strong as P(x, —D), for every x € Q.

3. Let P(x,D) and Q(x, D) be of constant strength in 2. Assume that Q(x, D)
is of order m and the coefficients of P(x,D) is in C"(€2). Then the operator
R(x,D) = P(x,D)Q(x, D) is of constant strength. Moreover, R(x, £) is as strong
as P(x,£)Q0(x, &), for every x € Q.

4. Let P(x,D) be a differential operator of constant strength having continuous
coefficients in a neighbourhood of xyp € R" If @ is a sufficiently small
neighbourhood of xy, then we can find a linear operator E € L?(2) such that

P(x,D)Ef =f, feL*Q), EP(x,D)u=u, u€CP(Q). (18)
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If we assume that the coefficients of P(x, D) are C*° smooth, then there is a linear
operator E: £'(2) — £'(2), such that (18) holds for f, u € £'(R2).

The last property of the operators with constant strength is the hypoellipticity.

Theorem 3.9 ([54, 57]) Let P(x, D) be a differential operator of constant strength
with C*° smooth coefficients and P(x, D)u = f. Assume that the operator Py(D) =
P(xo, D) is hypoelliptic for some xo € Q. Ifu € D'(Q) and f € HQIOC(Q), then
it follows that u € Hg(PN)JOC(Q), where ®(Py, s) depends on the operator Py(D).
Particularly, if f € C®(R2), then u € C*°(2) and therefore the operator P(x, D) is
hypoelliptic.

Hormander Theorem

We agree to denote all constants by the letter C and use the inequality for the
equivalence. For example, the inequality |u| < C|Xu| simply means that |u| =
O(|Xul).

Let 2 be a domain in R” and consider a special type of the second order
differential operator

k n
ad
=Y e =Yaw )
j=1 m=1

where the real valued functions a;" are of class C*°(L2). Define the sub-bundle
D of T2, generated by the vector fields X;, j = 0,1,...,k, by setting D, =
span{Xo, ..., Xi}|, for p € Q. We aim to sketch the proof of Theorem 3.10,
following [68].

Theorem 3.10 ([53]) If the sub-bundle D generated by the vector fields X;, j =
0,1,...,k is bracket generating at each point of an n-dimensional manifold M,
then the operator (19) is hypoelliptic.

Recall that the bracket generating property of vector fields Xp,...,X; on a
connected manifold M implies that any two points can be connected by a curve
tangent to the sub-bundle D of TM, D, = span{Xy, ..., Xi}|,, p € M.

We restrict the consideration of Theorem 3.10 to a domain 2 C R”" to avoid
the additional technicalities. The main idea of the proof is to show that the bracket
generating condition implies the subelliptic estimate:

”u“zg-IE(Q) = C<||P”||22(Q) + ”u”iqg)) forany u e CSO(Q)v (20)
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for some ¢ > 0, and C > 0. In general, subelliptic estimates imply the
hypoellipticity property, see [70]. The main arguments in [70] are the following. An
arbitrary distribution can be made into a smooth function by means of convolution.
Then the nature of the differential operator P allows to localise an obtained smooth
function for which the subelliptic estimate holds. In the last step the subelliptic
estimate makes it possible to use the iteration process, showing that the solution
actually belongs to H; for any real s that implies C°° smoothness of the solution.
Here we present the proof based on the theory of pseudo differential operators,
which can be found in [68]. The original proof of Hormander [53] is based on
analytic tools and gives more precise estimates on how the value of € depends on
the number of steps of commutators in order to generate the tangent space at each
point of the domain €2 C R". The reader can find different approaches to the proof
of subelliptic estimates, for instance in [67, 69, 83, 88].
We first formulate auxiliary technical lemmas and then prove Theorem 3.10.

Auxiliary Material for Hormander Theorem
Some Useful Inequalities

Cauchy-Schwartz inequality:

1
() = ey < [Ixlliyll < 2(IIXII2 + 1. 1)
Generalised Schwartz inequality:

)2 =[Gyl < [xll, 1yllz-,

< small const||x||%,x + large const||y||12%.

We have
4+ y2 <x*+ y2 +2xy = (x + y)z, (22)
1
s (4 y?), (23)

for positive real x and y.
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Localization Lemma and Energy Estimate

Lemma 3.11 Assume that estimate (20) is true. Then, for any ,{; € C°(S2) with
Cilsuppey = 1, there is a constant C > 0 such that

”CMH%-IE(Q) = C(”é‘lP”t”iZ(Q) + ”Clu”é(g)) for any ue€ COO(Q)

Proof We substitute u by {u in (20) and obtain

16l iy = C(IEPuIE ) + NP, Sl gy + 15l )- (24)
Then
||§u||i2(9) 5 ( Sup Ig(x)l)/ |“(x)|2dx 5 C”Cl“”%}(g) (25)
x€supp(§) supp(¢)

and, analogously, ||§Pu||§2(9) < C||§1Pu||§2(m. To estimate ||[P, §]u||§2(g) we write

k k
[P.8Ju =2 [X;. X + Y _[X;. [X;. £l + [Xo. ¢Ju. (26)
=1 =1

which follows from

[X*, 8] = X(X0) — (CX)X = X(X¢ — {X + §X) — (6X — X¢ + XX
= X([X. ¢l + ¢X) = (=X, ] + XOX = X[X. {] = [X. {]X + 2[X. {]X
= [X. [X. Z]] + 2[X. {)X.

Since [Xo, {Ju = Xo(Cu) — L (Xou) = uXo, we estimate

||[X(), C]M”%}(Q) = / ® |MX()C|2dX =< C”él””%}(g) (27)
supp

as in (25). Analogously, by making use of the observation
1, X, M = XG(1, $lu) — [X;. S1Xu = X;(uX;0) — XjuX;$ = uX;t
and the Schwartz inequality, we deduce
k

k
Jj=1

J=1
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Now, foranyj = 1, ..., k, we estimate

1§12 g = /

pexuPar=C [ jgxuias
supp(¢)

supp(¢)
—c WP
supp(¢)
= C(|Pgtu G| + 16l q)) (29)
= ([P, . G|
+ |@Pu G| + 163l g, ).

where in the fourth step we used the “energy estimate”, see Proposition 3.12. By the
Cauchy-Schwartz inequality (21) the last two terms can be estimated as follows

Now we turn to estimate |([P, ¢Hu, qu)Lz(Q)| by making use of (26). We obtain

k k
[P, &3, Gz = 2| DGR, G| + | D @XPEE oo
j=1 j=1

+ (MX()QIZ, é'lzu)Lz(Q)) =K, + K, + Kj.
We have
Ks = | (X3}, G| = [ G XoZ? | dx < CllGul2g)-
supp($1)
Analogously,

k k
K, = ‘Z(MX,?{? C?M)Lzm)‘ < Z/ P 1X23 dx < CllGull?ayg,.
j=1 j=1 supp(&1)
Then we write

1
XuX;S?, u) o) = 4/ X’ X;¢ dx.
supp(&1)
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Using integration by parts, we finish the estimation as we did for K, and obtain

k
K1 = | Y (uxict ¢t
j=1

2
= C|I§1"‘||L2(Q)'

Now we sum up the estimations for K, K, K3 and insert them into (29). In the last
step we join the inequalities (27), (28), and (29) to obtain

1P, Sl ey = C(I61Pull iy + Nl )
We estimated all three terms in the right hand side of (24). That finishes the proof.
O
We prove the “energy estimate”.

Proposition 3.12 There is a constant C > 0 such that for the operator (19) we have

k
DIl gy = C(1Pu )y + Nl ) for any ue CR(@). (30)
j=1

Observe that (30) implies

k
S 1Kl gy = C(IPuls gy + Il o)) (31)
j=1
for any u € C§°(R2).
Proof We start from finding the form of the adjoint Xjf" for the operator X; =
Do G 33,,,. Since for any ¢ € C§°(€2) we have

m=1

n

/ququ dx =) dl'uplwe —/

m=1 v

" 0a’

Xjuqbdx—/gu(z axin)gbdx,
m=1

. . 8 V_V'I
the adjoint operator has the form Xu = —Xju + Aju, where A; = — - 3?,,,.
Thus
(iju, W) = Xu, X u)2q) = _”Xj“”iZ(Q) + (Xju, Aju) 2

IA

—||Xju||i2(9) + small const||Xju||i2(Q) + large const||u||§2(9),
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and we obtain
k
S Il 0y = (= (P )@ + Kot )2y + [l ) (32)
j=1

from the definition of the operator P. Observe that because of (Xou,u);2q) =
—(Xou, u)12(q) + (u,Aout) 12(q) We can estimate

2
I(XOuv"‘)LZ(Q)I = C”“”LZ(Q)‘

We substitute the last inequality into (32) and finish the proof. O

Properties of Pseudo Differential Operators

Consider the following three linear operators from C§°(£2) to C*°(£2):

(¥;) multiplication by a € C*(R"),
(¥,) differentiation 0% = ale! || = Z;'l=1 Qj,

3‘1"...33” >
(W3)  (A*w)(E) = (1 +[E7)%a).

Let P be the algebra of operators generated by the operators of type (W, — W3)
by composition, summation, and taking formal adjoints. Notice that A‘u is not
necessarily in C§°(£2) but this difficulty could be overcome carefully, see [55].
Elements of P are called pseudo differential operators.

Definition 3.13 A linear operator P: C{°(2) — C*°(£2) has the order m, m € R, if
for any r € R, there is a constant C, > 0 such that

1Pull @) < Crllulla,g @ forall ue CF(Q).

The following properties of pseudo differential operators are true. Let P, P’ € P
be of order m and m’, respectively, then

. the product PP’ is of order m + n/,

. the commutator [P, P'] = PP’ — P'Pis of orderm + m' — 1,
. the adjoint operator P* is of order m,

. the operators of type (V) are of order m = 0,

. the operators of type (W;) are of order m = |«|,

. the operators A* of type (W3) are of order m = s.

AN AW
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Sketch of the Proof of Theorem 3.10
Step 1: Subelliptic Estimates Implies Iteration “Inequality”

We need some auxiliary facts.
I. Lete > 0,s € Rand N > 0 be given. Then for any § > 0 there is a constant
C(s, N, d) such that
lullr@) < Sllulla o) + Cls.N. &) lullu_y@ forall ueCP(R). (33)
II. We will also use the subelliptic estimate in the form
ICullte@) < CUIEIPull2(@) + I51ull2(@)  forany ue CP(RQ),

that is obtained from (20) and (22).

We aim to show an iteration “inequality”. Let Pu = f and € be chosen arbitrarily.
Given s € R and N > O there is a constant Cy y such that

Il < Con(IPuln@ + lulnyey) forall ueCP@. (34

Let u € C§°(R2) and s € R be given. We apply (20) to A‘u (we actually have to
justify that A*u € C3°(€2) but we omit it.) We obtain

el = 18Ul < C(IPAUl ) + 1A Ul 2 )
= (1P, Aullze) + A Pull 2@y + AUl 20 )-

Now the second term in the last expression is exactly what we need in (34). The
third term can be estimated by (33) with small enough § in order to bring the term
8||ulla, . () into the left hand side of (34). Thus we need to estimate [|[P, A*]ul|;2(q)
by C(||Pu|| Hy(@) + |lull HS(Q)). The operator P includes the terms of order two, one

and zero. The term of order O gives the vanishing part in the commutator, therefore
we can write the operator [P, A*] in the form

k
[P, A] = Z T'X; + T, (35)

J=1
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where 7} and 7" are some pseudo differential operators of order s. Then

k

1P, ATl 2oy < D IT Xull 2oy + 1Tl 20
Jj=1

= ¢(

J

IXiull e + el ).

k
=1

Thus we need to obtain Z,]'(=1 1 Xiuel| ) < C(”PM”HX(Q) + ”u”HS(Q)). Let us first

estimate

k k
2 K 2
D IXjulli @ < D IA Xl g,
j=1 j=1

k k
< D IXA UG gy + DA Xilul o g
j=1

J=1

(36)

< C(l(PA‘YM, A'u)pp o)l + “u”i{?(Q))v

where we used Proposition 3.12 to obtain the first term and the fact that the operator
[A®,Xj] is of order s to estimate the second term. We continue the estimation

[(PAu, N'u) 2 )| < [([P, A'Tu, A'u) 2| + [(A°Pu, A'u) gl 37
< C(I(0P. AT, w2y | + 1Pl @) + el e )

where in the last step we used the Cauchy-Schwartz inequality and (23). Now, to
estimate the first term in the right hand side of (37), we involve (35) and (21). We
calculate

k
[([P, A%lu, A'u) 2| < Z |(T; Xju, N'w)2@)| + [(Tu, A'u) 20|

j=1
k

<Y T Xull 2oy | Al 2 + (1T ull 20y | A2l 20
j=1

< small constant||Xju||12%(Q) + C||u||12%(9). (38)
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Setting (38) into the estimate (37), then into (36) and moving the first term
(small constant||Xju||§1X(Q)) into the left hand side, we deduce the inequality

k

2

> IXul @ = C(IPul @) + @) = C(IPulm@ + lullne)
=1

that leads to

k k ) 12
> Xl 1= (kY Xulhe) = C(IPulne + lullnm)-
j=1

j=1

We use the auxiliary fact (33) and then we move the term &|u|x, . (@) to the left
hand side. With this we finish the proof of Step 1.

Step 2: Smoothing and Iteration Procedures

Let Pu = f, where u and f are distributions. We now show that if |, € C*° (V) for
any open set V C €2, then also u|y € C*°(V), or in other words the operator P is
hypoelliptic.

First of all we apply the arguments of the localisation lemma to (34) to get

6ullgi@) = C(I61Pullnga) + IGiulnye) forall ue C®().

For the beginning we substitute {u into (34) and then almost literally follow the
proof of Lemma 3.11.
The second observation is about the smoothness process. Let u € D’ (or any

other function in Llloc), then we write

) = [ ute+sneoray= ¢ [ uel’ Ty

for ¢ € C°(R") with [p, ¢(y)dy = 1. Then Ssu € C* for any § > 0.
Let us present some well known facts that we will use.

I. Letxy € € and Wy, be a neighbourhood of xp in an openset V C Q. Ifu € D,
then u € H,(W,,) if and only if there is {1 € C3°(V), {ilw,, = 1 such that
SsCiu € Hy(V) and the bound of ||S5¢u||,(v) does not depend on § > 0.

II. If u € Hjjp(Wy,) and T! is a pseudo differential operator of order 1, then
1(Ss, T"]ullzr, vy < Cllulls,(v), where C does not depend on §.
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For u € D' we have Ssu € C*(V). Now we take inequality (34) and apply
Lemma 3.11 to the function Ssu. We write

1€ Ssulla, @) = C(|I€1P55ullm<9> + |I€1Sau||H_N<sz>) forall Ssu € C*(Q).

Since ||{Ssulln, = O(||Ss¢ulln,) for any s € R and the operator [{;, P] is the first
order pseudo differential operator we apply fact II and obtain

ISsgull s = C(ISs61 Py + ISs8illayn + IGilmn). (39

if we know that {;u € Hy(V). Here ¢, ¢, € C5°(V) and & |suppe) = 1.

Now we start to apply the iteration arguments: If u € D’, then there is N > 0
such that {;u € H_y(V) (and we choose supports of ¢ and {; small enough, that
t1Pu = §if € C3°(V)). Since {iu € H_y(V), then Ss¢iu € H_n(V) by fact I. We
set s = —N in (39) and obtain

ISs¢ull_yycv) < C(||58§1(PM)||H7N(V) + ISsS1ulla_yvy + ||§1M||H7N(V))-

Thus Ss¢u € H-y+c(V) = SsCiu € H-y+(V) <= u,lu € H_yt(V) by
fact I. Applying the iteration arguments, we conclude that there is a neighbourhood
W,, of the point xo € V such that for any { € C{°(W,,) we have that {u € Hy(W,y,).
Therefore u € (\Hy(W,,) = C®°(W,,). Thus for any xp € V we obtain u €

C*°(W,,) which fmplies u € C*°(V) and the proof is finished.

Step 3: Bracket Generating Condition Implies the Subelliptic Estimates

We need to extract from the algebraic bracket generating condition of the Hor-
mander theorem the subelliptic estimate (20) for any u € C{°(2). Denote by D;,
j=1,...,n, linear independent vector fields in 2. Then

ez @) = 1A Alull 2 ) < Ci 1Djull b1, 22)-
j=1
By hypothesis of the Hormander theorem any D; can be expressed as follows
Dj = Zail“'i"Fil...ip, 0 <in <k,
where

X;

P

Ldp — [Xl

ip >

if -1
Fi tp
Fi1~~~ip—1]v if p > 1.
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Thus in order to prove the subelliptic estimate (20) we only need to bound the
norm ||Fy, i, ullu,_ (@) by C(||Pu||Lz(Q) + ||u||Lz(Q)). For simplicity, we write FP =
[X, F’~1]. Then

IFPull, _, = (A FPu, A FPuy o) = (F!’u,ézijju)Lz(m

,\,TZefl

= XF"'u, T 'u) 2y — (FP ' Xu, T* 'u) 20y = I — Do,

where we used the notation 72¢~! = A~2FP for a pseudo differential operator of
order 2¢€ — 1. Thus we need to estimate /; and I, by C(||Pu||i2 + ||u||iz) The vector

field X can be one of the vector fields X;, j = 1,...,k that form the second order
term of P and can be estimated by the “energy estimate”. We also need to consider
X = Xo, that is the first order part of the differential operator P. Thus we consider
two cases.

CASE 1: X = X;. Using the expression X* = —X + f for the dual operator we
obtain

I = XFP 7, T ) = (FPhu, X3 T2 )
= —(F" ', XT* Yy + (FP lu, f T ) 2
( L L
= —(F"'u, T "Xu) o — (FP " u, [X, T w2
- _— =
NTZe—l

+ (FPlu, f T2 '),

= (1P~ uly, , + I1Puls + Jull2).

where we used the equality ||FP~'ullm, , = [[(T?~")*FP~'ul|2, the Cauchy-
Schwartz inequality, (23), and (31).
Before we start to estimate /,, we note that (FP~)* = —Fr~! + f with f €

C*°(R2). Therefore, we apply similar arguments as above and obtain

L= F 7 Xu, T* \u) = —(Xu, FPIT% ) o 4+ (X, f T ) 2
= —(Xu, T*'FP~ ) + Xu, [FP~Y, TN w),
- _— -

,\,TZefl
+ Xu, fT* 'u),2

< (1P uly, ., + Xl + Nl )

= (1P~ uly,_, + 1Pul + ull ).
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In the last step we used (31) and the fact that ”””12726—1(9) < C||u||iz(9) foru €

CS°, since the function (1 + |£|?)* is bounded on the support of u and the Fourier
transform is an L2-isometry.
Summing up the estimations for /; and I, we deduce

1Ful,_, < C(IF ™l + NPullZ + lul:)- (40)
Before turning to the Case 2, we observe that changing € by 2¢ in (40) we obtain
1F7ul,, < (1P uly, , + 1PulZ + ull, ). (1)

CASE 2: X = Xj. The adjoint operator for P has the form

k k
PN YKo d
j=1 j=1

where b;, d € C*°(£2). It is obtained by careful integration by parts. We estimate

KoFP'u, T ') = —(P*FP~u, T w1
k
+ Z(ijFp_lu, T2 '),

J=1

k
+ Z(ijjF”_lu, T w2
j=1

+ @FP u, T* ) = 0y + Jr + 3 +
Thus we need to estimate each of the integrals Ji, k = 1, 2, 3, 4. We have

Jy = (de_lu, Tze_lu)Lz

IA

c( W TP ) 4 [P T ) (u fT )

IA

=112 2 2
C(IF ™l + Nl _, + )

by arguments similar to those in Case 1 above. Then

k
I =Y X F ™ T ) 2 < C(IIF”_lullfng,1 + |Pull}, + IIMIIiz)
=1
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as we did for estimation of /;. Before estimating J; we note that
DG 7271 = 20X, T2 + X X, 727 1]).

where [X;, T>71] and [X;, [X;, T*"!]] are pseudo differential operators of order
2e — 1. Thus we can write

k
P17 u =Y T2 X+ T (42)
j=1

Now we estimate J;:

Ji= PP, T Wy = (FP 7 hu, T Puy 2 4+ (FPu, [P, T2 ) 2
k
< (1P~ ulf,_, + 1Pl + D7 Xl + Jul:)
j=1

—1,12 2 2
= (Il _, + 1Pul: + Jull ).
Now we turn to estimate J,. We fixj = 1,..., k and write

(XiZFP—lu, TZG—IM)LZ = _()(jFP—lu’)(jTZG—lu)LZ + &}(jFp—lu’ Ze—lu)Lj

as Iy

(%

—(XF" " u, T Xju) 2
+ Gy, X, T wyp + .. (43)

~T2¢—land as I

—(XG (T P~ u. Xju) o

(%

~T26e—1
- ([(ng_l)*sxj] FP_IM,X,'M)LZ + ...,
e

where we denoted by . .. the terms which we already know how to estimate. So,

D= C(IGT Pl + 1Pl + NPl + Jull, ).
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We need to estimate the first term in the right hand side:

k k
Z ||)(jT2€_1FP_1M|I§2 [ Z(Xl-szg_le_lu, TZE_IFP_IM)LZ
j=1 j=1

k
+ Y X P T P ) . (44)
Jj=1

The second term in (44) is estimated by

k
< small constantz ||X,~T2€_1F"_lu||iz + large constant ||T2€_1F”_1u||i2
j=1

and the part “small constant Z;(:l ||XjT2€_1F1’_1u||iz” can be moved to the left
hand side of (44). The first term in the right hand side of (44) is estimated by
Proposition 3.12. Finally, we obtain

k
Z ||XjT2€_1F”_1u||iz < —(PTZG_IFP_IM, T2€—1Fp—1M)L2 + ”Fp_l”t”%-]ze_l
=1

and we only have to estimate the first term in the right hand side of the last
expression:

(P sz—lFf’j w, T VPP ) (PT*u, T VPP~ )
~T2¢

= (Pu, T* '"FP~ )2 + ([P, T%Ju, T>* 7' FP~'u)

= C(IF ™ 1, + I1Puls + il ).

where in the last step we used
k
[P.T>] =) T7X; + T},

Jj=1

analogous to (42). Thus

B = (1Pl + NPl + NPl + il ).
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Observe that
IF~ ullg,, ., < CIF" ™ ullg,
since the function (1 + [£]*) 7% is bounded on the support of u € C{°(2). Summing
up the estimations for J;, j = 1,2,3,4, we arrive to the inequality for /; when
X = X()Z
I = XoFP"'u, T* '), < C(IIF”_lulliue_1 + |Pull?, + IIMIIiz).

It is left to estimate I, for X = X,. We substitute Xou = Pu — Z;‘Zl iju — cu and
obtain ‘

L = (FP'Xou, T* 'u),2
k
= (F7'Pu, T 'w)e — Y (PP XFu, T2 ue — (P (cw), T u) o
j=1

The first term is estimated by applying (FP~!)* and then reasoning as in the proof
of the estimation of J4. We get

E P 12w < C(IFull,, + [1Puls + ul ).

We use the Cauchy-Schwartz inequality and (23) to bound the third term. We only
have to estimate the second term in /. We write

(F'Xu. T 'wype = P u, 7wy + (F X, T ).
The first term was estimated in (43) and to estimate the second one we use
[P~ X7) = [P XX + X[ X)) = —FP X — XY, (45)

where F? is a commutator of the same type as we used before. Thus substituting (45)
and using the same arguments as in Case 1, we obtain

(P X, 7wy < C(IFPullhy, , + I1Puls + ull ).
Analogously to (41), we deduce

Fruln—, = C(IFulf, + I1Pul: + ul.):
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Now, summing up the estimations for Cases 1 and 2, we conclude that
2 —1)2 2 2
1Ful,_, = COP ™ I3, + IPul: + ul2:).

Applying the iteration process, we arrive to the conclusion

k
2 2 2 2 2
VPl = O( 3 1wl ., + WXouly,_, _ + I1Pul: + ull, ).
j=1

Finally, if we could show that

2
1Xuly_,, <

< C(IPull; + Jul:). j=0.1..... (46)

then we could finish the proof setting € = 4%, forany p > 0 (orevene < 42,,). Let us
show (46). We have

IXGull, = (A™2XGu, AT2XGu) 2 = G, A X002
~T0

forj =0,1,...,k. If j = 1,...,k, then we use the Cauchy-Schwartz inequality,
(23), and (31) to finish the proof. For j = 0 we write Xo = P — Zf:l ij — cu and
obtain

k
||X0u||12LLl/2 = Xou, T’u);2 < (Pu, Tu);> — Z(XIZM’ Tu);2 — (cu, T°u);»
j=1
= C(IIPuls + ul:).

since

|OCu, TOu) 2| < |Xju, TOXgu) 12| + |(Xu, (X, T ) 2| + | (XK fTOu) 2.
N —

~T0

Thus || FPullf, _ < C(||Pu||i2 + ||u||iz). It proves the subelliptic estimate (20).

4 Heisenberg Group and Hypoellipticity

We have already defined an elliptic operator. A subelliptic operator, roughly
speaking, is an operator that satisfies the subelliptic estimate.
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Definition 4.1 A self-adjoint differential operator P (of order 2) with C* smooth
coefficients defined on a Riemannian manifold M is said to be subelliptic of order
g,0 < e < 1,at x € M, if there exist a neighbourhood U C M of x and a constant
C > 0 such that

Il 0y = C(Pt w2y + Nl = C(IPuIE ) + Nl o)

forall u € C3°(U).

The elliptic and subelliptic operators appear very naturally in the theory of
complex variables. In the following subsections, after a necessary introduction, we
explain how the geometry of the domain in C" is related to subelliptic and therefore
also to hypoelliptic operators.

Complexifications

Here we present definitions of complexifications of real vector spaces, real mani-
folds and Lie groups, see, for instance [21].

Complexification of a Real Vector Space

A complexification of a real vector space V is the tensor product V ® C over R,
where the generatorsare v ® 1 and v ® i, v € V. So, V ® C are all possible linear
combinationsof v®1 and v®i, v € V with real coefficients, modulo the equivalence
relations

WM+ z~11Q®7+1,Q2,
V® (z1+22) ~v®z1 +V® 2,

av®z~v®az, aclk.

The real dimension of V ® C is 2 dim V. The multiplication by complex numbers on
V ® C is defined by

cv®z)=v®az, for a,zeC, and vevV.

It makes the space V ® C into a complex vector space of complex dimension dim V.
The generators for the complex vector space V ® C are v ® 1 and v ® i. The real
space V is naturally imbedded into V ® C by identifying V with the space V ® 1.
The conjugation for V. ® C is definedby v ® z := v ® Z.

As an application we consider a complexification of a smooth real manifold M
of real dimension n. For any ¢ € M, the complex vector space T,M ® C is called



Geometry and Differential Operators 137

the complexified tangent space and T; M ® C is called the complexified co-tangent
space. The complex space T;‘ M ® C can also be regarded as the complex dual space
of T,M ® C by defining the pairing

(v@z,E@w) = (v.&)zw, for veTM, £ e T;M, z,w e C,

for any point ¢ € M. The complexified tangent bundle is T°M = quM(TqM ®
(C) and the complexified co-tangent bundle is T*M = UqEM(T;M ® (C). A
complexified vector field L on M is a smooth section of TCM, which means that
L assigns to each ¢ € M a vector L, € T;M ® C. In any smooth coordinate
system (U, = (x',...,x")) we can express L as L, = Y i, I/(q)dy, where I/,
j=1,...,n are smooth, complex valued functions defined on U C M.

If M is a complex manifold of complex dimension n, then it is important to
distinguish between the real tangent bundle and the complexified tangent bundle.
The real tangent bundle TM corresponds to a smooth manifold M of real dimension
2n. Its fiber T,M is areal vector space and has real dimension 2n. The fiber T,M @ C
of the complexified tangent bundle is a complex space of complex dimension 2n.

Complex Structures

If the real vector space V is of even dimension, then it is possible to define an almost
complex structure J, that is, a map J: V — V, such that J? = —1dy.

Example LetV = Tq]RZ" =~ (C". Take the coordinates ¢ = (xi,y1,...,Xn, Yn). The
standard almost complex structure for Tq]RZ" is defined by setting

J(ax,-) = 8},,-, J(ay_/) = —ax_/, j= 1, R (8 (47)

on the standard basis. Then J extends by linearity to all 7,R*". This almost complex
structure is designed to simulate the multiplication by i = +/—1.

The standard almost complex structure J* on the co-tangent space T;‘ R?" is the
following

J*(dx') = dy’, J*(dy’) = —dx/, j=1,...,n.

An almost complex structure can be defined on a real tangent space of a complex
manifold M by pushing forward the complex structure from C” to M via a coordinate
chart. For ¢ € M and a holomorphic chart (U, ¢), {: U — C", we define J,;: T,M —
T,M by

Jo(Lg) :=dep¢ 7" I(dL(Ly), Ly € T,M, (48)
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where J in the right hand side is the standard almost complex structure in C”".
The definition implies that if { = (z1.....24), 3 = ¥ + iy/, then J,(3,;) = 0,/
and Jq(ay_/) = —ax_/.

If J is an almost complex structure on a real vector space V, then we can extend
it to an almost complex structure J¢ on the complexification V ® C by setting

Jc(v®z):=Jv)®z, veV, zeC.
Then
Jc(w) =Jcw, for weVR®C. (49)

The linear map J¢ has two eigenvalues i and —i, since J2 = — Id. The corresponding
eigenspaces are denoted by V(19 and V(1. Thus we have

Ve C=v"9gyOD

from linear algebra. The property (49) implies V(-0 = V(D Let us construct bases
for V(-0 and VD, First we observe that v and Jv are linearly independent over R
in V, since J has no real eigenvalues. Then

{vl—iJvl,...,vn—iJvn} (50)
is a basis for the complex n-dimensional vector space V19 and
vy +iJvy, ..., v, + iJv,) (51

is a basis for the complex n-dimensional vector space V®D. Recall, that real
dimV = 2n.

We apply this for a complex n-dimensional manifold M. Let (z1,...,z,) with
zj = ¥ + iy/ be a set of local holomorphic coordinates and the almost complex
structure on T,M, g € M, is given by (48). Define the vector fields

1 1
321/. = 2(3xj — iay,-) 33/ = 2(3xj + iByj), j=1,...,n

Then in view of the above discussions, a basis for T;l’o) M is given by {0,,...,0;,}
and a basis for T;O’I)M is given by {93,, ..., 0z, }. Due to the form of the bases, the

spaces Tél’o) M and Téo’l) M received the names holomorphic and antiholomorphic
tangent vector spaces. The Hermitian inner product on T,M ® C is defined by
declaring that {d,,...,9,, 0z, ..., 0z} is an orthonormal basis.

Let M now be a real manifold, such that at each ¢ € M the tangent space T,M
admits an almost complex structure J,: T,M — T,M. Then it leads to the splitting
T°M = T"OM @ TD M into the holomorphic and antiholomorphic bundles with
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respect to extension (J,)c. Each of TOM and T“DM considered as real vector
spaces is isomorphic to the real tangent bundle TM. If T('O M is integrable, that
is, [T0OM, TOOM] ¢ TUOM, then the pair (M, T"OM) is called a complex
manifold.

Complexification of Lie Algebras

Let us impose a Lie algebra structure on V and see how one can define a
complexification g ® C of the Lie algebra g = (V,[,-]). All that we need is to
define the Lie bracket

[VRa,u® B]:=[v,u]l ® af, v,ueg, o, pfeC. (52)

Next we consider the relation between the almost complex structure and the Lie
algebra structure. Let G be a Lie group and g be its Lie algebra. Let J: T,G — T,G
be an almost complex structure. It determines the splitting 7.G @ C = g ® C =
g9 @ gD If the subspace g1 is a Lie subalgebra of g ® C, then the pair
(G, g'19) is called a left invariant complex structure.

Exercises

1. Show that the standard almost complex structure (47) in Tqu” is an isometry in
R?",

2. Show that the description of J, given in (48) does not depend on the choice of
coordinate chart. Conclude that the push forward of the standard almost complex
structure J from C" to a complex manifold is well defined.

. Prove (49).

. Show that v — iJv € V19 and v + iJv € VOD forany v € V.

. Prove that (50) and (51) are linearly independent systems.

. Find the dual basis for {d,,,...,d,,,03,,...,0d;,} with respect to the standard
Hermitian product.

7. Verify that the Lie bracket defined by (52) is C-linear, skew symmetric and

satisfies the Jacobi identity.

AN N b~ W

Inhomogeneous Cauchy-Riemann Equation

Let Q C C”" be a domain, where we want to solve a (non-homogeneous) Cauchy-
Riemann equation

du =T, (53)
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a _ (9 3 S I A -9 _ ik —
where 0 = (321""’ azn) with 2 = 2(axk + layk) forzx = XX+ Hf Iff =
0, the solution u is called a holomorphic function. Generally, given f: Q2 — C”
satisfying some smoothness requirements, we want to find a function u: 2 — C also

. . . 2 2 .
possessing some smoothness properties. Since agké‘z = BZB-BMZk , the function f cannot
J ]
be chosen arbitrarily, but it has to satisfy the necessary compatibility conditions
af; )
{7: f" kj=1.2,...n. (54)
0z 0%

Observe that if u is a solution to (53), then u + h, where A is a holomorphic
function, is also a solution. To find a unique solution, we impose the “orthogonality
condition”, by making use of L2-inner product in the domain 2. Denoting the space
of holomorphic functions by H(£2), we will look for a solution to (53), satisfying

(u.h)2) = /Qu(z)}_z(z) dz =0 foreach he H(RQ). (55)

Stated in this way, the problem can be reduced to the solution of the boundary-value
problem for the Laplace equation in €2. To explain this method, also called “the
method of orthogonal projections”, we start from the construction of the solution

to (53) in the domain 2 C C with smooth boundary 2. Observe that A = 33):2 +

aayzz = 499. Let us assume that the Dirichlet boundary-value problem

AU(z) =f(z), z€,
U(z) =0, 7€ b,

has a solution for f. Then, since f = AU = 4('_98U, we can set u = 49U in order to
find the solution to (53). Checking (55), we obtain

/uizdz=4/ aw‘zdz=4w‘zlm—4/ Udhdz = 0,
Q Q Q

since & is harmonic in Q and U|pq = 0.

Observe that for a domain in C we did not use the condition (54), but for the
several complex variables it becomes essential and we need to reformulate the
problem in the language of differential forms.

3-Complex

Let M be an n-dimensional complex manifold, that for the first reading can be
thought of as a domain in C". For 0 < r < 2n, we denote by A"(T* CM) the vector
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bundle of the complexified r-forms on M and by £" (M) the space of smooth sections
of A"(T*M). The vector space A”’q(TZ*CM) = A"(TZ*(I’O)M) N AT ©ODppy,
z € M, is the span over C of the set

{d NdZ =dziy A Ndz, AT A LAz,

where I = {iy,...,i,} andJ = {ji, ..., j,} run over the set of all increasing multi-
indices of length p and ¢, respectively. The bundle A”’q(T*CM) is a sub-bundle
of Ar(T*CM) for r = p + q. The space of smooth sections of the vector bundle
A"’q(T*CM) is denoted by £P9(M) and is called the space of differential (p, g)-
forms on M. An element ¢ € £79(M) can be expressed in local coordinates as

o= Y  u@d! nd.

[11=p.lV|=¢
where ¢;; are smooth complex-valued functions on M. We let
7P AN(T*CM) — AP9T*C M)

be the projection, forany 0 < p,q <n,p+qg=r.

Definition 4.2 The Cauchy-Riemann operator 9: EPa (M) — EP4T1(M) and the
operator 0: E74(M) — EP14(M) are defined by

d=n""od, §=na"tod

For example, if f: M — C is a smooth function, or, in other words, f € £09 (M),
then

N " of
df = ; N ayjdy —;azjdz,+;azjdz,,

where 37, §§ dg € E0(M) and Y, 5’5/ dz; € E%1(M). Therefore

Ny N -
of =Y fdzj, f =Y. fdzj, df = of + of.
= BZj = BZj

Since for higher degree forms we have
Ny d ANdZ') = dpy N ANdZ, By dd AdZ) = dpy A de A de,

for ¢y € E%(M), we conclude that dp = d¢p + ¢ for ¢ € EP1(M).
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Since 3% = 0, the operator d has the associated cohomology, related to the 9-
complex, also called the Dolbeault complex:

0 —> EOM) > 1 (M) > ... 5 P (M) —> 0.
We define the cohomology

{fe&rt| of =0}

H{(M,C) = - .
{feéra| f=0y, ¢y eErih)}

We define now the adjoint map with respect to L?>-metric. Assume that the
complex manifold is endowed with an Hermitian inner product that will induce the
inner product (.,.) on AP(T} (CM), z € M. Let £)7(M) be the space of compactly
supported elements of £7(M). We endow &/ (M) with the metric

@ Vs = /M G V() dVol (). (56)

where dVol is the volume form on M. The adjoint operator ('_9*:86”‘1(M) —
EMN (M) to 3: EP4~1 (M) — EP4(M) is defined by

(0*¢. Y2 = (9. 9Y) 2. (57)

We defined the adjoint operator * for compactly supported forms. Sometimes
it is defined more formally, requiring that the formula (57) is true for all smooth
Y € £r471(Q), that in its turn implies that the boundary terms arising from the
integration by parts must vanish, which is equivalent to saying that a particular
linear relation among the coefficients of ¢ € £4(£2) must vanish on the boundary
b2. We abbreviate it by writing ¢ € Dom(a;"q). Now we would like to reduce the
problem of solving (53) for several complex variables to one that is analogous of
the boundary value problem for the Laplace operator. The correct analogue of the
Laplace operator is the box operator

O = 9%0 + 09*: EM9(Q) — EP4(RQ).

By making use of this formalism, equation (53) is understood for u € £°°(2) and
fe&dN(Q).f= 27:1 fidz;. The compatibility condition (54) is written in the form
éf = 0, due to the skew symmetry dzix A dzj = —dz; A dzi. The Dirichlet boundary
value problem is substituted by the d-Neumann problem: for a given f € £7'(Q)
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we want to find U € P! (Q) satisfying

OU@@) =f(2), z€L,
Ue Dom(é;l), (53)
U € Dom(f_);"z).

Let us show that if there exists a solution of (58) with E_if = 0, then the solution
of (53), satisfying (54) and (55) exists and is equal to u = 0*U. Indeed for any
harmonic ( p, 1)-form & we obtain

(f.h)2 = (AU, h)2 = ((3%0 4 00*)U, h) ;2 = (U, 0h) 2 + (30* U, h) 2

since AU € Dom(f_);’z). Now (éU, éh)Lz = 0 since & is a harmonic (p,1)-
form and therefore if we denote 3*U = u we get u = f. Observe that we
restricted ourselves to harmonic (p, 1)-forms #4, since f is also harmonic (p, 1)-
form. Therefore (f,¥);2 = O for any ¥ from the orthogonal complement to
harmonic ( p, 1)-forms. We only need to check (55). We see that

(,h) = (0*U, h)p = (U, dh) 20y = O

for any (p, 0)-form A.

At the end we emphasise that (58) is decoupled into two boundary value
problems for the Laplacian [1. One is the usual Dirichlet problem, determined by
U e Dom(B;’l). The other one dU € Dom(a;z) is “non-elliptic” boundary value
problem for the Laplacian [, which shows a difference between the theory of one
complex variable and the theory of several complex variables.

Exercises

1. By making use of d¢p = 0d¢ + d¢p for ¢ € EP4(M), show the following
properties:

1. =0,0>=0,09 = —9d0;
2. and
W AY) =0p AY + (=1)"p A 0y,
WP AY) =03 AY + (1) A Dy,
for any ¢ € EM9(M) and ¢ € £™°(M).

2. Suppose M and N are complex manifolds and F: M — N is a holomorphic map,
that is a smooth map such that dF: T19 (M) — TU-O(N). Show that if ¢ €
EP4(N), then F*¢ € EP1(M). Moreover

F*0d=0oF*, F*od=0o0F*.
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3. Letf € £%°(M), and J be a complex structure on M. In this case, the adjoint map
J* is the complex structure map on the space of 1-forms. Show that

o= (ar—irar). = (ar+ira).

4. The adjoint operator d* can be calculated by making use of the contraction
operator |. Show that for ¢ = fdz! AdZ',f € 58 (M) we have

. T i
0*d = — dl d",
¢ j;az,»azj““ Z)

where the contraction operator | is defined by

0 _ 0, if jé&J,

" J(dd Ay = e

9z (=P H=lad ad7” if jed

for |I| = p, |J| = g. Hereif j € J = (j1,....jk.--.Jq), then j = j; and
J = (jl,...,/ﬂ,...,jq) is the multi-index of the length g— 1, where ji is omitted.

The Boundary 9,-Complex

First we give the rough idea and then the precise definitions. The significant
difference that occurs in several complex variables is the presence of tangential
Cauchy-Riemann operators. The tangential Cauchy-Riemann operators are complex
vector fields on the boundary bQ2 of a domain  C C"*! that are characterised by
the following two properties:

1. The vector field on b2 is the restriction of a vector field defined in €2, such that

in coordinates z = (21, ..., Zot1) of C**1 it can be written in the form
n+1 9
Z=Y a()., ., zeC"!, (59
i; () e )

with complex valued functions a;. This is precisely the first order differential
operators that annihilate holomorphic functions in €.

2. The vector field (59) is tangential in the following sense. If r is a defining function
of the boundary, that is r: Q — R, dr # 0, and r(z) = 0 for z € b2, then

n+1

70 =Y a4’

j=1

@ o Lepn.
BZj
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An easy counting argument shows that, at each point of b2, the vector space of
tangential Cauchy-Riemann operators has complex dimension n.

Bochner, Lewy and others discovered that a function u on the boundary b2 of a
suitable regular domain €2 is the restriction of some holomorphic function F on €2
if and only if u satisfies the tangential Cauchy-Riemann equations. It gives rise to
an analogue of 9- complex, but on the boundary €2, and therefore can be called the
boundary dj,-complex. The idea behind the definition of dp is as follows. Suppose
that u is a smooth function defined on the boundary b$2. To define dpu, we first
extend u to a smooth function F on all of  and calculate dF. We then restrict dF to
b2 and focus on the part Fla |pq2- Of course, the restriction OF |»e should not depend
on the particular extension. Namely, let r be a defining function of the boundary. If
Fy and F; are two extensions of u, then dF | and 0F;|pq differ by a multiple of
dr. Thus the boundary (0, 1)-forms can be defined as restrictions to »$2 of ordinary
(0, 1)-forms in €2, modulo multiples of dr.

Boundary (p, g)-forms can be defined similarly for p > 0, g > 0, as well as the
operators d, d. In the presence of a suitable inner product on 5<2, we can also define
the formal adjoint d; and pass to the corresponding boundary Laplacian

Inverting O, is closely related to solving the d-Neumann problem, but is not
identical to it, first of all, because there are no boundary conditions like U €
Dom(dg,) or U € Dom(dg,). However the “nonellipticity” of d;-Neumann
problem is reflected here in the fact that the operator OJ,, itself is not elliptic: it
involves second order differentiation only in the directions of the real and imaginary
parts of the tangential Cauchy-Riemann operators, so there is always one “missing”
direction. B

Let us now present the abstract analogue of d, operator. The boundary of a
domain in C"*! is replaced by a Cauchy-Riemann manifold (shortly CR-manifold).
A CR-manifold M is a real oriented C*°-manifold of real dimension 2n + 1,
n = 1,2,..., together with a sub-bundle H"9)(M) of the complexified tangent
bundle TCM, satisfying:

1. dim¢ HYO (M) = n,

2. HYO (M) n HOY (M) = {0}, where HOD (M) = HIO (M),

3. the sub-bundle H(1?) (M) is integrable in the sense that if Z;, Z, are sections of
H1-0 (M), then the commutator [Z;, Z,] is also the section of H(19 (M),

4. the complementary line bundle K such that H19 (M) @ HOD (M) @ K = T*M
has a global section (that is always satisfied in practise).

For instance, if M is realised as a real hypersurface in C"*! or, more general, in a
complex (n + 1)-dimensional manifold N, as a zero set of defining function »: N —
R, dr # 0, then the canonical CR-structure on M is given by taking H'(M) =
TCM N TO-O(N). Then, if we denote by 1: M — N the inclusion map, then ¢* (i(d —
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d)r) is a global section for the sub-bundle K. Nirenberg [82] showed that an abstract
CR-manifold cannot always be imbedded in a complex manifold, even locally.

We denote A?4(M) = AP(H*PO(M)) A A4(H*OD(M)) for the CR-manifold
M, and by EP9(M) the set of smooth sections of A”9(M). Then the operator
Ap: EPIM) — EP4tI(M) is defined by 9,9 = 779! o dp for ¢ € EP4(M),
where 747! is the projection of the form d¢ onto the subspace £791!(M). The
operator o possess the analogous properties, listed in the previous exercises. We
just mention one more: If f € £%°(M) and Z is a smooth section of H*! (M) which
is analogue of tangential Cauchy-Riemann operators, then ébf 2) =7f.

We assume that on the CR-manifold M is given an Hermitian metric g, such that
the decomposition H:9 (M) @& H "D (M) @K is orthogonal and the Hermitian metric
induces the Riemannian metric on M (we denote the Riemannian metric also by g).
Define the L?-metric as in (56). Now we are ready to define the formal adjoint as it
was done in (57) and the “Laplace” operator (60). The operator [, is never elliptic,
since it degenerates along the direction K orthogonal to H:9 (M) @ HOD (M). We
say in this case that the direction K is characteristic. Nevertheless, the operator [,
is subelliptic under certain geometric conditions on M.

Let @ be a non-vanishing real one form which annihilates the distribution
HYO(M)aHOD (M). In the case when M is a hypersurface in the complex manifold
N given by the equation M = {z € N | r(z) = 0, dr # 0}, then we can take
w = L*i(f_) — a)r) as was mentioned above.

Definition 4.3 The Levi form (., .)z.y; is an Hermitian form defined for sections of
HY9(M) by

(Z1, Z2) 1ovi = —idw(Zy A Z5). (61)

The Levi form is a quadratic form on the sub-bundle H'%)(M). Since the one
form w is a conformal class (it is a real one form defined up to a nonvanishing real
factor), the Levi form is also. We say that the CR-manifold M is nondegenerate if the
Levi form is non-degenerate for each section Z of H'O(M). We call M k-strongly
pseudoconvex if the Levi form has k, k > ’2’ positive eigenvalues. In the case k = n
the CR-manifold is called strongly pseudoconvex.

What is the relation between the Levi form and the characteristic direction? The

definition (61) implies that
. . i . .
21 D)o = =idoZi N D) = = (21 0(22) <2 0(21) (21, 2)
N—— N——
=0 =0

= ollz. 7).

Thus when (Z;,Z>)revi # 0, we can obtain some control over the characteristic
direction by using the commutator [Z;,Z,]. This is an essential point in the
result obtained by Kohn, see section “Hypoellipticity of [J, on Pseudoconvex CR
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Manifolds”. Before turning to this point we consider the particular example of a
CR-manifold, the Heisenberg group or the boundary of the Siegel upper half space.

Oy Operator on Heisenberg Group

We recall the identification of the Heisenberg group H" with the boundary of the
Siegel upper half space /" C C"*! in section “Action of the Heisenberg Group on
the Siegel Upper Half Space”. Let us present the connection between the tangential
Cauchy-Riemann operators and the Lie algebra " of the Heisenberg group. We
write the basis for the Heisenberg Lie algebra as real left invariant vector fields:

= wop? oy = P gg? g0
T T e YT e e T T

The basis satisfies the commutation relations [Y;, X;] = 483 T and others vanish. We
define the complex vector fields in C"*!:

- 1 ) g .0 1 ) a -0
7 = 2()(,-+1Y,-) = it 7= 2()(,—11/,-) =ty
j=1,...,n, where 884: = é(aij + iai,-) and aa{ = é(aij —iai,-).The commutation
relations change to
[Z;, Z] = 2i$pT (63)

and others remain vanishing. The vector fields defined in (62) are tangential Cauchy-
Riemann operators on bl{, and form the basis for the space of such operators. It can
be checked by definition or we can argue as follows: At the identity element of the
Heisenberg group H", which corresponds to the origin of bl{, we have Zj = 3%,
agreeing with the form (59). Next, the vector fields Zj are left invariant, since the
vector fields Xj, Y; are left invariant. This left action on the group H" is induced by
translation on I, given by (13), that is a holomorphic self mapping of C"*!. Since
holomorphic mappings preserve the vector fields (59), we conclude that item 1 of
the definition of tangential CR operators is true for Zj Moreover, at each point of the
boundary bl{,, there are n linearly independent restrictions of Zj showing that {Zj}j';1
form a basis for the tangential Cauchy-Riemann operators on bl4,. Now recall the

change of coordinates: §; = z;,j = 1,...,n,t = Rezpq1, r = Imz,q1 — |Z/|?. Then
ad 0 J . 1 ad 1 (3 ny 0 )
= _ —z.,j=1,...,n, _ = [ .
oz, oL, or’ ot 2\ " or
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ar
¥
Cauchy-Riemann operator and

Observe that since ;= — 2iz; 35311 = 0, the operator 3% — 2izj 3+1 is a tangential
n i ‘n

0 Y 0 0 ¢ 0 5
_ = 2iz . _ = _ —ifi. =2Z.
3z "0z 0g o
Using the coordinates (z, ) on H", we write z; = x/ + iy/, dZi, ..., dZ,+ for the

basis of (0, 1)-forms, and dz/ = dzj, A... Adgzj, for the basis of (0, g)-forms. For the
moment, we restrict to (0, ¢)-forms and call them simply g-forms, nevertheless the
considerations are valid for any p > 0. In general, any f € £%9(H") can be written

asf = Z‘ Jl=q f1d7’, where f; are smooth complex valued functions on H". For the

left invariant Cauchy-Riemann operators Zj = a‘; — iz 37 on H" we have
]

of =) Z(Ndy.  fe &M, and

j=1

0f =0( Y fd) =3 3 Z(dm AdE.  fe ). (64)

|71=¢ =1 =g

By making use of definition of the dual 5; and Exercise 4, we obtain

n

(Y ) == (X 7zt aZdez’), (65)

|J]=¢q =1 =g

and, particularly, for 1-form f = Y _, fidZ;, we obtain 3}f = — Y_, Zi(f;). We
now show that the operator [J, is an analogous of the Laplace operator, i.e. it can be
expressed as a sum of operators of the second order.

Theorem 4.4 ([94]) We have the identity

Op()_ frdz') = > La(f)d?.

/=g /=g
where ¢ = n —2q and

| N ,
Lo=—, > (ZZ + ZZ) + iaT.

J=1
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Proof Recall the formulas (64) and (65) that we apply to the g-form f = f;dz’. We
obtain

0(f) =Y Zi(fr)dz ndZ. (66)
=1
_ n 9
G == %) 5. 12" 67)
=1 Lk

Applying again formulas (64)—(67), we deduce

Ouf = (350 + 007 )f = — Z ZZkZZ(fJ) asz(de AdZ)

k=1 I=1

= " ZZi(f) dz A ( aszdz’ ). (68)

=1 k=1

CASE k # I. We have ZkZI = ZIZk due to (63). Moreover
d a _ _ .,
_ldand?y=—dzn(,_ Jd7).

BZk BZk

It is easy to remember the last formula, since the operation “A” adds the element
to the wedge product, while the operation “|” removes the element from the

wedge product and then permuting dz; and dz; we gain a sign “—”. Thus, if
k # 1, then the corresponding terms give zero impact into [Jj, as it is easy to see
from (68).
CASE k = [. We have
0 _ _ 0, if kel
_J@and?y=4"
0Zk a7/, if ké¢J,
_ a 0, if k¢J,
dan(,. Jdy=3" #
07 a7/, if kelJ.
Thus formula (68) is written as
Of = (Y. 22+ Y 22) (f) a2 (69)

kJ keJ
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We use (63) and write
. 1 - o N N\
22 = G+ 22) +iT. ZZ= (zkzk + Zka) _iT.
Substituting last formulas to (69) we obtain

Ouf = (5 Y02+ 220 — (0~ )il
kéJ

_|_

1 o ]
o O (BZi+ 23z + 4iT fs a7’
keJ

(-1 5 (1 +22) sy

k=1

fora =n—2gq. O

Observe that the operator £, possesses the symmetry properties analogous to the

. . 2
classical Laplacian A = > }_, 8‘12.
k

1.

The operator L, is left invariant, i.e. does not depend on the left translation on
the Heisenberg group. It is a counterpart of the property of the Laplacian A to
have constant coefficients or to be invariant in R” with respect to the Euclidean
translation.

. Recall that we defined the dilation on the Heisenberg group by 8)(z,7) =

(Az, A%t), that corresponds to the automorphism of the Heisenberg algebra:
48,12, 2)) = 08,2, d8,Z))) = N2 AZ) = 2’12, 2] = 2iA°T.
Under this dilation the differential operator £, is a homogeneous of order 2,

which is analogous to that the Laplace operator A is a homogeneous operator of
order 2 with respect to the classical dilatation in R”".

. Let U € U(n) be a unitary transformation, then we define the rotation on the

Heisenberg group H" by Rot(z,f) = (Uz,t). The differential operator L, is
invariant under this type of rotations. It corresponds to the rotation invariance
of the Laplace operator A with respect to the orthogonal transformation in R”.

Analogously to the Laplace operator in R”, any operator on the Heisenberg group,
possessing these three symmetry properties, equals the differential operator £, up
to the constant multiple.
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Hypoellipticity of Op, on Pseudoconvex CR Manifolds

Let M be a CR-manifold. Then we have the tangential Cauchy-Riemann complex

0 —> E0M) > €71 (M) > . s £ (M) — 0,

where £P4(M) is the space of smooth sections of (p, g)-forms AP4(M) as was
defined in section “The Boundary d,-Complex”. More about d,-cohomology see
in [71]. The operator [J;, is not elliptic, however Kohn [66] showed, that if M is
strongly pseudoconvex, then the operator [, is subelliptic and satisfies a priori
estimates

1713y, = CIOWIE, +171%). fe&@n. s=0.1.2,....

As it was shown in [70], this leads to the hypoellipticity of [,. Notice that
strong pseudoconvexity in this case is equivalent to bracket generating condition
in the Hormander sense. But there is more behind the properties of the differential
operator [;,. Namely, if the pseudoconvex CR manifold M is compact, then there is
an operator G defined on forms from £77 satisfying

IGf gy = Cllfllm, and GO, = 0,G =1 -1,

where IT is the orthogonal projection onto the kernel of the operator ;. The
Kohn method did not give any hint on how to find a solution. We discuss the
construction of the solution of it in section “Fundamental Solution for [J,” and
now we concentrate on the Kohn proof of the hypoellipticity of ;. In the rest of
this section we give a rough scheme of the hypoellipticity of the operator ;. For
the complete proof we refer to [66].

The 3;-Cohomology

Since the CR manifold M is assumed to be integrable, the following éb-cohomology
of EP1(M), denoted by H},?(M, C), can be defined:

{f € EP9(M) | 3uf = 0}

H)'(M,C) = z B :
{fe&raM) | f =0y, ¥ € &P (M)}

Note that, under certain circumstances, each cohomology class in H,?(M, C)
has a unique representative which minimises the L?>-norm. From the other side,
if £ minimises the Z?-norm in a cohomology class H, (M, C), then the kernel
of d: EP9(M) — EP9t1(M) is orthogonal to the image of ég’q_lzc‘f‘”q_l(M) —
EP4(M), that is a counterpart of (55). Indeed, let f € EP9(M) with df = 0, or in
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other words f € ker(dy), 0,: EP9(M) — EP9+1(M). Assume also that f minimises
the L?-norm in a cohomology class H,?(M, C), i.e.

1Al < If + 8y ll2 forall ¢ € €77 (M).

Then, replacing ¥ by ayy with any a € C, we obtain
117 < If + adp¥r (172 = 172 + 2Rea(f. )iz + laP|p¥l7.  (70)

There are two options: Either (f, ébW) 12 = 0, in which case we finish the proof,
or (f,dp¥)2 # 0. In the latter case we choose an arbitrary ¢ > 0 and set a =
(f.0p¥) 2

~E Al E_Wlliz . Substituting a in (70), we obtain

|(f, 0p¥) 2| < e.

and we conclude that (f, 5hW)L2_ = 0 for all Y € £79~!. Now by making use of the
definition of the formal dual to d,, we write

(f, 0¥z = (Oif,¥)2  forallyr € P71 (M)

and conclude that if f minimises the L?-norm in a cohomology class H, (M, C),
then d;f = 0.

Definition 4.5 A form f € (M) is called 9,-harmonic if
df=0 and 3if = 0.

The set of all d,-harmonic forms in £74(M) is denoted by Hy4(M).

Note that since (1, = 5; 5;, + 5;,2_)*, then éb-harmonic forms, which can now be
written as Hy /(M) = {f € £ | Opf = 0}, form the kernel of the operator [Jj,.
This is an analogous definition of the harmonic function as a solution of the Laplace
equation Af = 0.

The Riemannian metric on M induces in a standard way an inner product (., .)
on £79(M). We define another inner product (., .), on E/9(M) by setting

(f. @) = (uf . dp) + O3f. 5 9) + (. ¢).

We write | f|2 = (f,f)» and say that the norm | - |, in the space (E74(M), | - |p) is
completely continuous if any sequence {¢;} from E74(M) which is bounded in the
norm | - |, contains a subsequence convergent in L2-norm || - ||,2. Recall also that
a bounded linear operator 7: X — Y between Banach spaces is called completely
continuous if, for every weakly convergent sequence {x,}°2, from X, the sequence
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{Tx,} is norm-convergentin Y. If the norm | - |, is completely continuous, then the
space Hy?(M) of d,-harmonic forms is finite dimensional.

Basic Estimates

LetZ!, ..., " be a basis for E'0(U) and let n be a smooth one form on an open set
U C M. Then¢',...,{" is a basis for £%!(U) and any one form on U C M can
be expressed as a linear combination of &/, &/, 5. If x, ..., x?"~! is a system of local
coordinateson U C M and ¥ = ), aj’.‘dx", n = Y, b*dx*, then for any function
u € C*®(U) we write

du du du
— k o —k _ k
“f’_zajaxk’ ”;“f_zajaxk’ ”"_Zb Ik
k k k
Letf € EM9(U). Then in the basis &/, ¢/, 5, j = 1,...,n— 1 we have

f= 3 it I=(i.i). T= ()

[71=p.l71=q

l<i<..<ip=<n—-11<j <...<j, <n—1,withfy € C®°(U) and
V= ALEPANDV AL AT
Theorem 4.6 ([66]) Ifxo € M and if the Levi form at xo has m = max{n—q, g+ 1}

non-zero eigenvalues of the same sign, then there is a neighbourhood U of xo and a
constant C such that

n—1
S (3 [P + 1Py dvol + Re. [ (o) avot) < i

l=p.ll1=q Jj=1

forall f € EP1(M) whose support lies in U. Here dVol is the volume form on the
CR-manifold M.

Theorem 4.6 implies that Re [(fiy), (1) dVol < c(| I+ |w|,§) for all

f.¥ € &P whose support lies in U. If we define the Sobolev norm by || f ”12% =
Z\1|=p.,\1\=q ||f11||§{3, then Theorem 4.6 also implies that for any open set V C U
such that V. C U there is a constant Cy such that ||f||1%1,l/2 < GColf|? for all
f € EP9(M) whose support lies in V. All in all, summarising all of the above and
applying the partition of the unity, we obtain the following result: If M is m-strongly

pseudoconvex with m = max{n —q, q + 1}, then there is a constant C > 0 such that

”f”Hl/z = C|f|h forall f € (c/'p,q(M)' (71)
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Main Result
The estimate (71) implies that for any integer s > 0 there is a constant C such that

110 < CslIOwf + flli—y ), forall f e EP9(M).

First of all we note that given § € £EP4(M), a form f € £4(M) satisfies

Op+Df =0, +f=p ifandonlyif (f,¥), = (B,¥) forany v € EPI(M).

Indeed

(£ 0 = (Ouf, W) + O3f, 05 9) + (F.9) = (Ouf +£.9) = (B, V).

In the next step, by some standard arguments we deduce the following: If (71)
holds, then the norm |- |, is completely continuous and so the operator (CJ, +1) " is
completely continuous. The kernel 7}/ (M) of the operator [J,, is finite dimensional
and we have the orthogonal decomposition into the image and the kernel of the
operator [y:

EPI(M) = T,EP1 (M) & HLI(M).

Thus the equation Lp¢p = B has a solution ¢ € EP4(M), whenever 8 belongs to
the image of the operator Oy, and B L H}(M). Let us denote by I1,: EP9(M) —
H7 (M) the orthogonal projection to the kernel of the operator [J,. Then for any
a € EP9(M) the form o — I is in the image of [J;, and the solution of the equation
Op¢p = o — I, always exists by the discussions above. It allows us to define the
operator

Ny: EPU(M) — EPI(M)

by setting Nyoo = ¢, where Op¢p = o — [, and [1,¢p = 0. Thus to a form
a € EP4(M) the operator Nj, associates a unique solution of the equation (¢ =
o — 1o that is orthogonal to d,-harmonic forms. Now we formulate the final result.

Theorem 4.7 ([66]) Let M be m-strongly pseudoconvex CR-manifold with m =
max{n — q,q + 1}. Then there is an operator Ny:EP1(M) — EP9(M) with the
following properties:

1. Iff € E79(M), then f = O,Nyf + TLyf,

2. 8;,Nb = Nbab, 8Z‘Nb = Nbaz, OpN, = NpOp,,  IIpNp, = NpIIy.

3. The operator N:EPI(M) — EPI(M) is completely continuous and for each
s > 0 we have |Nof |41/, < ClfllE,—y)o-
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‘We list some corollaries of Theorem 4.7.

e FEach éb-cohomology class H,"(M,C) has a unique representative belonging
Hy(M). Indeed if f € H, (M, C), then d,f = 0 by definition. Substituting 9,
into the decomposition for f from item 1 of Theorem 4.7 and using commutativity
from item 2, we obtain that

f = 0p0; Nof + TLif.

In this case I1,f € Hj,?(M) is the unique representative from H, (M, C).

 In the previous corollary we found the solution of the equation E_)hf = 0. Now let
o € EP4(M) and we want to find the solution f € £7971 (M) such that d,f = «.
Theorem 4.7 implies that

df =« ifandonlyif TIye = dpo = 0.

We may choose the solution f = 9} N,a.

Fundamental Solution for OJ,

We will not present all the details of calculations for the construction of the
fundamental solution, but only give a hint regarding what one can expect. The full
calculations can be found in [41, 94].

We are looking for the distribution E, such that L,E, = &y. The first question
that could be asked is: for which values of « is the operator £, invertible? Using
the representation theory for the Heisenberg Lie algebra h” one associates to the
left invariant vector fields X;, Y;, T linear operators acting on functions from [? (R™).
Namely, for any A € R and X, Y;, T we associate the operators

af Ami

= 2midx; f (%), f— by’ [ 5 /s

respectively. Then the operator £, can be written as

oA

Zf'

I « , 1 b
Lo=—, Y (G +¥) +iaT = = (Af —4’N|xf) -
j=1

Making the rescaling x — |27|'/2x, we obtain the n-dimensional analogue of the

: 2 d.
Hermite operator x* — / ,:

Al

; (A B sign(x))f. (72)
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It is known from the spectrum, that the operator (72) is invertible if « sign(d) #
—n,—n — 2,.... Thus, we conclude that the operator L, is invertible if o #
+n,£(n + 2),.... The values ¢ = +n, +(n + 2),... are often called forbidden
values for L, .

We concentrate on the non forbidden values and observe that the fundamental
solution has to respect the symmetries of the domain bl{, mentioned in sec-
tion “Action of the Heisenberg Group on the Siegel Upper Half Space”. Thus, we
expect that the fundamental solution E, has to be homogeneous of degree —2n, since
the operator £, is homogeneous of order 2, it will give us the correct homogeneity
of the delta function §y which is —2n — 2 with respect to the Heisenberg dilatation.
Another observation is that E, is invariant under the rotations on the Heisenberg
group and therefore it has to be expressible in terms of the function ¢ % i|z|?. Finally,
one comes to the theorem:

Theorem 4.8 ([94]) The function Ey(z,t) = ylw Pa(z, 1), where

oz ) = (2 — ity "2 (22 + i~

and
22—nnn+1

= 73
r e "

Yo

is the fundamental solution of L, on the Heisenberg group H".

To prove the theorem we need to check that £y,¢, = y480. For the beginning, we
observe that ¢,(z, ) is homogeneous of order —2n with respect to the Heisenberg
dilatation and therefore Ly, is a distribution homogeneous of order —2n — 2.
Moreover, since LyPq(z, 1) = 0 for all (z,1) # (0, 0) the distribution Ly¢, differs
from 8y on a constant and one needs to calculate this constant that finally is given
by (73). Notice that since I'(s) = oo fors = 0, —1,—2, .. ., the constant y, vanishes
exactly for the forbidden values « = n £ 0,2, 4, .. ., that again justifies the form of
the fundamental solution.

In the particular case of « = 0 the operator £y = —i ]’.l: l(ij + sz) can
be called nowadays the classical sub-Laplacian. It is the homogeneous operator of
order 2 given by the sum of squares of vector fields, generating the tangent space of
H" at each point. The fundamental solution is given by

Y0 Y0 22—nnn+l

B e ops T leoler T (F(S))Z.
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Here QO = 2n + 2 is the Hausdorff dimension, also called the homogeneous
dimension, of the Heisenberg group. Recall that the fundamental solution of the
Laplace equation AE = §p in R" is givenby E = |

flxfln—2"

Further Development

As we saw the Heisenberg group is identified with the boundary Im(z;) = |z;]?
of the Siegel upper half space in C? and the subelliptic operators £, are related to
the boundary Laplacian. The question of finding fundamental solutions for more
general domains was considered, for instance, in [10]. The authors found an explicit
fundamental solution for sub-Laplacians associated to the hypersurface Im(z;) =
|z1** € C? and developed new methods for constructing the fundamental solutions
for subelliptic operators, written as a sum of the squares of vector fields satisfying
the Hormander condition plus the lower order terms, see also [11-13]. Fundamental
solutions for some anisotropic domains in C" and for H-type groups were studies
in [27, 60]. Generalisations and fundamental solutions to powers of sub-Laplacians,
twisted sub-Laplacians, translation and rotation invariant sub-Laplacians, and some
other modifications can be found in [16, 26, 47, 74, 77,78, 101].

Recall the GruSin sub-bundle from one of the examples of section “Distributions
and Non-holonomic Constraints”. The authors of [104—106] studied properties for
operators of a specific form degenerating on a submanifold but still satisfying the
hypoellipticity conditions. Nowadays, operators in this class are called GruSin type
operators. Note that such kind of operators can be obtained as a certain projection of
sub-Laplacians from higher step nilpotent Lie groups admitting so-called compact
lattices. The fundamental solutions for GruSin type operators were constructed, for
instance, in [8, 9, 18-20, 49, 58].

S The Quaternion Cauchy-Szego Kernel and Related PDE

In this section we will show how the ideas developed for the Euclidean space and
the Heisenberg group, and, respectively, upper half space in R”, the Siegel upper
half space in C", see, for instance [96, Chap. 3] and [93, Chap. 2], can be extended
to the quaternion Heisenberg group and analogous of the Siegel upper half space in
the multidimensional quaternion space. Recently, the interest in developing a theory
for the regular functions of several quaternion variables, as the counterpart of the
theory of several complex variables for holomorphic functions increases, see [2—
4,22, 32,33, 108, 109, 111], and references therein. The material of the present
section is based on [29, 30].
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Right Quaternion Vector Space

The space Q of quaternion numbers forms a division algebra with respect to the
coordinate addition and the quaternion multiplication

qo =(x1 + ixy + jx3 + kxy) (01 +ioy + jos + koy)
= O01X] — 02Xy — 03X3 — O4X4 + (szl + 01X + O4x3 — G3X4)i

+ (03x1 — 04x2 + 01x3 + 02x4)j + (04x1 + 03x2 — 02x3 + O1x4)K,

for gq,0 € Q. Denote by Re ¢ = x; the real part of ¢, and by Im ¢ the imaginary part
of ¢, which is the three dimensional vector 7 = (x2, X3, X4).

The conjugate g of a quaternion g = x; + x2i + x3j + x4k is defined by g =
X1 —Xoi —x3j — x4k and the norm is |g|?> = ¢q. The conjugation inverses the product
of quaternion numbers in the following sense 0g = ¢ - o for any o, g € Q.

Since the quaternion algebra Q is associative, although it is not commutative,
there is a natural notion of a vector space over Q, and many definitions and
propositions for real or complex linear algebra also hold for quaternion linear
spaces, see [5, 87, 110]. A right quaternion vector space is a set V with addition
+:V x V — V and right scalar multiplication V. x Q — V : (v,0) + vo. The
space V is an abelian group with respect to addition, and satisfies the axioms of
associativity and distributivity.

A hyperhermitian semilinear form on a right quaternion vector space V is a map
a:V x V — Q satisfying the following properties:

1. a is additive with respect to each argument,
2. a(q,q'0) = alq,q)o forany q,q' € V and any o € Q,
3. alq.q") = alq'. ).

Properties (2) and (3) imply a(qo, q¢') = oa(q, q').

A quaternion (nxn)-matrix A is called hyperhermitianif A* = A, where (A* )y =
Ay;. For instance, for ¢ = (q1,...,q4), p = (p1,....pn) € Q", set a(q,p) =
> ;9iAip;- Then a(-, -) defines a hyperhermitian semilinear form on Q". A positive
definite hyperhermitian semilinear form a(-, -) on a right quaternion vector space is
called an inner product and will be denoted from now on by (v, w) = a(v,w). We
use the notations

lv|| = (v,v)é, and p(v,w) = |lv—w|, v,wev,

for the norm and distance on V in the rest of Sect. 5. If p(-, -) is a complete distance,
we call (V,{(.,.)) a right quaternion Hilbert space. The quaternion version of
Riesz’s representation theorem is true. Namely, suppose that (V,(.,.)) is a right
quaternion Hilbert space and h:V — @ is a bounded right quaternion linear
functional: % is additive and h(vo) = h(v)o for any v € V and 0 € Q. Then
there exists a unique element v, € V such that 2(v) = (v, v) for any v € V. The
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proof can be found in [29]. Particularly, the space Q" is a right quaternion Hilbert
space endowed with the inner product

n
(p.ay=> g, p=(pi....p)s a=1(q1.....q:) € Q"
=1

The Quaternion Siegel Upper Half-Space and the Quaternion
Heisenberg Group

We present transformations acting on the quaternion Siegel upper half-space. A
quaternion (n X n)-matrix a = (a;) acts on Q" on the left as follows:

q — aq, (ag); = Y _ apqu (74)
k=1

for g = (q1, . ..qn)", where the upper index * denotes the transposition of the vector.
Note that the transformation in (74) commutes with right multiplication by ig (i; =
1,i; =1,i3 = j,is = k), i.e. (ag)ig = a(gig). The group GL(n, Q) is isomorphic to
the group of all linear transformations of R*" commuting with ig, while the compact
Lie group Sp(n) consists of orthogonal transformations of R*' commuting with ig.
The quaternion Siegel upper half space is defined by

Up={q=1(q1.....q) €Q": Req1 = Y _|qul’}.
k=2

For shortness we write ¢ = (g2,...,¢,) € Q"' and |¢'|> = Y}, lqx|>. The
boundary bl, is a quadratic hypersurface given by the equation Re ¢; = |¢'|*.

Proposition 5.1 The Siegel upper half space U, is invariant under the following
transformations.

(1) Translations:
. / / / / /
5 (q1.4) — (@1 +p1 +200".4). 4 + 7). (75)

forp=(p1,p) = (p1,...,pn) € bUy.
(2) Rotations:

Ra:(q1.9") — (q1.aq)), for aeSpn—1), (76)
R, : (q1.4") — (0gqi0,4'0), for c€Q, |o|=1. 77)
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(3) Dilations:

8t (q1.q) > (Pqirg), >0
All the maps are extended to the boundary bl4,, and transform the boundary bld,, to

itself. Moreover, all the maps transform the hypersurface bl,, + e to itself for each
&> 0.

Proof The formula (75) follows from

Re (g1 +p1 +2(0.q¢) —|d + P
=Reqi + Rep; +2Re (p'.q') — (14> + IP'|* + 2Re (p'. ¢')) (78)

=Req —|¢>>0

by Rep; = |p/|>. The rotations (76) obviously map U, to itself. To show it for
rotations (77), we note that

¢ =—1 ifandonlyif x; =0andx}+x2+x =1 (79)
for a quaternion number ¢; = x; + ix; + jxsz + kx4. This is because of
g1 = X7 + 2x1 (i + s + k) + (b2 + o + ko)’
and
(b2 + jos + kog)® = —[iva + s + kual® = =) — ] — (80)
Since
0q10 = x1 + o (ix2 + jx3 + kxg)o, (81)
and o (ixa + jx3 + kxg)oo (ixa + jxs + kxg)o = —x3 — x5 — x2, by (80), we see
that the second term in the right hand side of (81) is pure imaginary by using (79).
Consequently, Re (0g10) = Re g; and so
Re (0410) — |¢'o|* = Req1 — |q'|*. (82)

The invariance of the hypersurface b4, + e under the maps 7, and R, follows from
(78) and (82). The other statements are obvious. ]

The total group of rotations for U, is Sp(n — 1)Sp(1) with Sp(1) = {0 €
Q: |o|=1}.
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The quaternion Heisenberg group gH"~" is the space R¥"~! = R3 x R*"=D  that
is isomorphic to Im Q x Q"~!, furnished with the non-commutative product

pg=wp) -qg)=w+v+2Im(p.q).p +4).

where p = (w,p'),q = (v,¢)) € ImQ x Q*!, and (.,.) is the inner product
defined in Eq. (5) on Q"~'. Translation 7, on U, can be viewed as an action of the
quaternion Heisenberg group ¢gH"~! on the quaternion Siegel upper half space U,,.
Letp = (v,p’) € gH"™', then the translation (75) can be written as

0 (q1.q) — (@ + PP +v+2(p.q). 4 +p).

It is obviously extended to the boundary bl4,. It is easy to see that the action on
bU, is transitive, for calculation see also [23]. Therefore, we can identify points in
gH"~! with points in bl4, by the result of the translation 1, of the origin (0, 0).

Regular Functions on the Quaternion Siegel Upper Half-Space

In the present section we show the invariance of the regularity under linear transfor-
mations in Proposition 5.1. For the /th coordinate of a point ¢ = (g1,-+* ,q,) € Q"
we write

qr = X41-3 + Xy2i + x4-1j + x4k, I=1,...,n

For a domain  C Q", a C'-smooth functionf = fi +ifs +jfs + kfi: Q2 — Qis
called (left-) regular on Q if it satisfies the Cauchy-Fueter equations

aq/f(Q) = ax4/—3f(‘1) + iaxu—zf(Q) + jaxu_lf(Q) + kax4/,f(q} =0,

wherel=1,...,n,q € Q.

Proposition 5.2 Let f:Q — Q be a C'-smooth function, where Q is a domain

in Q".

(1) Define the pull-backﬂmctionf of f under the mapping ¢ — Q = aq fora =
(ajr) € GL(n, Q) by f(q) := f(aq). Then we have

0@ = Y adaf @) _ .
k=1
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(2) Define the pull-back functionf of f under the mapping ¢ — Q = qo foro € Q
byf(q) :=f(q10,...,4,0). Then

1S (@ = dylof(@)] _ . I=1..n

The proof of the first statement can be found in [110, Proposition 3.1]. The
second statement is analogous to the formula of one quaternion variable and the
proof is left for the reader, or can be found in [29]. We obtain the following
corollaries:

1. If f is regular, then f = f(aq) for some a € GL(n, Q) and]7 = f(qo) for some
o € Q are both regular.

2. The space of all regular functions on 4, is invariant under the transformations
defined in Proposition 5.1. Namely, if f is regular on the Siegel upper half-space
U, then the functions f(7,(q)), p € bldy; f(Ra(q)), a € Sp(n — 1); of (R (gq)) for
some o € Q with || = 1; and f(6,(g)) are all regular on U,,.

To prove the corollaries we argue as follows. The translation 7, in (75) can be
represented as a composition of the linear transformation given by the quaternion

matrix
12p
0 In—l '

and the Euclidean translation (g1, ¢') — (g1 + p1,¢ + p’). The first transformation
preserves the regularity of a function by Proposition 5.2, while the later one
obviously preserves the regularity of a function since the Cauchy-Fueter operators
have constant coefficients.

The equation d,,[0f(q0)] = 3,[00f(Q)]o=ge = 10704/ (Q)]o=ge = 0 follows
from Proposition 5.2 (2) and shows that of (0g10, ¢'0) is regular.

Hardy Space H*(U,)

The identification of the quaternion Heisenberg group and the boundary of the
quaternion Siegel upper half-space allows us to define the Lebesgue measure B(-)
on bl, by pulling back the Haar measure from gH"~!. The latter measure, in its
turn, is a pull back of the Lebesgue measure duu(-) = dxdg’ from R3 x R*=D,
Let L*(bU,) denote the space of all Q-valued functions which are square integrable
with respect to the measure B. It follows from the definition that L?(bl,) is a right
quaternion Hilbert space with the following inner product:

(f. g = /,,  F@e@)dp@).
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For any function F:U,, — Q, we write F, for its “vertical translate”. We mean
that the vertical direction is given by the positive direction of Re q;: F¢(q) = F(q +
ce), where e = (1,0,0,...,0). If ¢ > 0, then F, is defined in a neighbourhood of
0U,. In particular, F, is defined on dl,. The Hardy space H*(U,) consists of all
regular functions F on U, for which

sup /a |Fe(q)*dB(q) < . (83)

>0

The norm ||F| 2, of F is the square root of the left-hand side of (83). A function
F € H?*(U,) has boundary value F” that belongs to L?(bl,,) in the following sense.

Theorem 5.3 Suppose that F € H*(U,). Then

1. There exists a function F® € L*(bU,) such that F(q + &€)|wy, — F’(q) as e — 0
in L*(bU,) norm.

2. 1P 2,y = I F 2,
3. The space of all boundary values is a closed subspace of the space L*(bU,,).

This theorem was proven in [25, Theorem 4.2] for n = 2. The arguments work
for an arbitrary n if we consider the following slice functions. Let Hz(Ri) be the
classical Hardy space, that is the set of all harmonic functions u: Ri — R such that
sup;-.q [lu(t, )|l 2(r3) < 0. Assume that F' = Fy +iF> + jF3 + KkFy € H?(U,). Then
the slice function f;(¢1) := Fj(q1 + |4'|*. ¢') is harmonic and belongs to H*(R?, ) for
eachj=1,...,4 and any fixed ¢ € Q"'. We omit further details.

Proposition 5.4 The Hardy space H*(U,) is a right quaternion Hilbert space under
the inner product (F,G) = (F”, Gb)Lz(W").

Proof Since the Cauchy-Fueter operator d,, is right quaternion linear, i.e., for a fixed

o one has d,,(f(g)0) = (0, (g))o, we see that f(g)o is regular if f(g) is. Thus, the
Hardy space H?(U,) is a right quaternion vector space.
Set

aqz+1f = a<11+1f = aX41+1f - ax4z+zfi - ax4z+zfj - aX41+4fk'

It is straightforward to see that

— _ (92 2 2 2
0= a611+1 aql+1f - (3x41+1 + a)641+2 + 3X41+3 + ax41+4)f'
Consequently, the functions fi, ..., f; are harmonic on the line {(0,...q;,...,0)}

and so they are harmonic on Q". Thus

1

filg) = B

/ F()dVol(p), = 1,2,3.4,
B
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for g € U,, where B is a small ball centred at g and contained in U{,,. We see that

1 1 , :
@l =y [relavee < ([ 1rekaom)

There exist a, b > 0 such that B C Uy, := {q € U,| a < Req1 —|¢'|* < b}, and so

1
(@ < |f Qe xan) [Pelxy - - dxay
|B| un:a.h
2
1 4n
< flx+ |x»|2,x2--- , X4, dxidxy -+ - dxy
IB| J(a.pyxren—1 ; ! " "
Lot 2 2
< o [ [ 1 nOPdB) < el (84)
1Bl Ja by "
where ¢ = (b — a)/|B| is a positive constant depending on ¢, and independent
of the functions f € H?(U,). Here we have used the coordinates transformation
(X1, 00, x40) = (x1 + Zjis |xj|2,x2 .-+, X4,), whose Jacobian is the identity.

To prove the completeness, we suppose that a Cauchy sequence {f®} in the
Hardy space H?(U,) is given. We need to show that some subsequence converges to
an element in H>(U,). Apply the estimate (84) to regular functions f® — @ to get
that for any compact subset K C U, and g € K,

1FP@ =P @I = ekl O =Py,

where ck is a positive constant only depending on K. It means that the sequence
{f®1 converges uniformly on any compact subset of U,. Denote by f the limit.
Recall the well known estimate

lullcr s < Crllullcosg2r) (85)

for any harmonic function u defined on the ball B(g,2r), where C, is a positive
constant only depending on r and the dimension, and independent of the function ,
see [95, pp. 307-312]. Now apply the estimate (85) to each component of regular
function f = fi + ifs + jf3 + Kkfs, which is harmonic. By the argument of finite
covering and estimate (84), we easily see that

Ifllcrxy < Cll fllmzas

for some constant Cy only depending on the compact K. It follows that

105 fP (@) = 35 @ < CiIFY =Py,
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for ¢ € K,j = 1,...4n. Consequently, the limit function f is also C' and
limg— o0 ijf(k)(q) = 0y,f(q). Thus, 3, f(q) = limeo 3,f®(g) = 0 and the
limit function f is regular.

Since on the compact subset K . := b, N B(0, R) + ce for fixed R, & > 0, the
sequence { f®} is uniformly convergent, we find that

/ (@ PdB(g) = / @ PdB(@)
b, NB(O,R) Kre
= fin [ 1Y@ PAB@) = 5017V s < .
00 KR.E k

Consequently, f; is square integrable on bl4, for any & > 0, and |, | f:(@)*dB(g) <
sup || f“llp2y,)- Thus f € HAU,). o

As a corollary we note that the Hardy space H?(U,) is invariant under the
transformations of Proposition 5.1. The proof is obvious.

The Quaternion Cauchy-Szego Kernel

In this section we introduce the notion of the Cauchy-Szeg6 kernel for the projection
operator from the space L?(bl4,) to the space of the boundary values of a function
from the Hardy space H?(U,). The main result of the section is the following
theorem.

Theorem 5.5 The quaternion Cauchy-Szego kernel is given by

S(g.p) =s <q1 +p - 221’?26]2) ;
k=2

forp = (p1.p") = (p1,....pn) €Un, = (q1.9") = (q1. ..., qn) € Uy, where

aZ(n—l) o

, 0 = x1 + xi 4+ x35 + x4k € Q. 86
320D [ 1+ X0l + xj + uk € Q (86)

5(0) = cp1

Here

4n—->5 1

CVl—l - £
2237 20=1 (20— 2)1)2(n + 1)(2n + 1) Ko
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where the constant

22 k !
Cn—1—-kQ2n—k)(dn—1+k) R
Kn = Z 6 ch%l Z(_l)k+ C[
k=0 =0 m=0
"‘f’ C (1) (2(k —2m — s + 1))!
e 2kt (k=2m—s + D!(An+ 1+ k—2m—s)!

depends only on n.
The quaternion Cauchy-Szego kernel satisfies the reproducing property in the
following sense

Flg) = /h S@OFQIFQ.  q<l,

whenever F € H*(U,) and F” its boundary value on blU,.

Existence and Characterization of the Cauchy-Szego Kernel

Theorem 5.6 The Cauchy-Szego kernel S(q,p) is a unique Q-valued function,
defined on U, x U, satisfying the following conditions.

1. For each p € U,, the function q — S(q, p) is regular for g € U,, and belongs to
the Hardy space H*(U,,). This allows us to define the boundary value S*(q, p) for
each p € U, and for almost all g € bl,,.

2. The kernel S is symmetric: S(q,p) = S(p,q) for each (q,p) € U, X U,. The
symmetry permits us to extend the definition of S(q, p) so that for each q € U,, the
Sfunction Sy(q, p) is defined for almost every p € bl, (here we use the subscript
b to indicate the boundary value with respect to the second argument).

3. The kernel S satisfies the reproducing property in the following sense

Flg) = /b  S(a.OFQUB©O. gl 87)

whenever F € H*(U,).

Proof First we need to show that the Hardy space H? (14, is nontrivial, otherwise the
Cauchy-Szegd kernel vanishes. We claim that s (¢ + p; — 2 Y _, P,q}) for fixed
(P1.....pn) € Uy, with s(-) given by (86), is in the Hardy space H>(U,).

We use the notation g; = x; + x2i 4 x3j + x4k and apply the Laplace operator

8418‘11 = a)zcl + ayzrz + 8)2(3 + a)254



Geometry and Differential Operators 167

to the harmonic function ‘qhz on Q \ {0} to see that 9, |q11|2 = — |;’1]|‘4 = h(qy) is
. . . . 2(n—1
a regular function on Q \ {0}, which is homogeneous of degree —3. Since aa 2(”_1))
X1

R20—D g
a2 [
{0}. Consequently, s(g; + y;) for fixed y; > 0 is also regular on Q \ {—y;}, and
s05(q1, - ... qn) := s(q1 + y1) is regular on (Q \ {—y}) x Q"'. In particular, 5(-)
is regular on the quaternion Siegel upper half-space U4,. Now by the invariance, we
see that 5(z,-1(g)) is also regular for fixed p = (v2i + y3j + y4k,p’) € bU,. So
s (g1 4Py — 2 X jes Pidy) =3(t,-1(q)) with pr = yi + yai + y3j + yak is regular.

Note that there exists a constant C > 0, only depending on the dimension n, such
that

commutes with d,,, the function s(¢q1) = ¢, in (86) is regular on Q \

o c c
ISe(@I” = 2 = /2 2 2\2n+1
lg1 + y1 + &l ((I¢g'|* + y1)* + [Imq, |?)

for g € bl,, which is obviously integrable with respect to the measure df3. Namely,
5(-) is in the Hardy space H?(U,), and so is’s(z,-1(q)) by the invariance of the Hardy

space under the translation. The claim is proved.
Define a quaternion-valued right linear functional

lyH*(Uy) — Q.
F+— F(q)

for each g € U,. The linear functional is bounded by (84). We apply the quaternion
version of Riesz’s representation theorem to see that there exists an element, denoted
by K(-, q) € H*(U,), such that

1(F) = (K(.q). F) = {K"(.4). F*) 12 4us,)-

Here K (-, ) is nontrivial and the boundary value K”(p, g) exists for almost all p €
bld,. We have

Fo = [ KQaF©apQ) (88)
Applying (88) to K(-, p) and K (-, g), we see that

K(qvp) = (Kb('v Q)va(vp)) = /bu Kb(Qs q)Kb(Qsp)dﬂ(Q)

_ /b KP(Q. p)KP(Q. )dB(Q) = K(p. )
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for a fixed p € U,. Denote S(q,p) := K(p, q) for (q,p) € U, x U,. Then S(q, p)
is regular in ¢, and S(¢,p) = K(p,q) = S(p, q). The function S has the boundary
values as in Theorem 5.3. Moreover, we have

Sp(g.p) = Sb(p.q) (89)

for g € U,, p € bl4,,, which follows from the symmetry S(q,p + ce) = S(p + e, q)
by taking ¢ — 0+. "

To show the uniqueness, suppose that S(-,-) is another function satisfying
Theorem 5.6. By definition S(-,q) € H*(U,) for any fixed ¢ € U,. Choose an
arbitrary p € U, and apply the reproducing formula (87) to obtain

S(p.q) = /W 50(p. O30, q)dB(Q) = / (0. 9)Sy(p. 0)dB(Q)

bty

- /h 56,005 pB(Q) = 5(q.0) = S(p.0).

In the third identity, we used Eq. (89) for S(:, -) and §( 2. O

The function S(g, p) is conjugate right regular in variables p = (p1,...,pn):

9pS(q,p) = 9, K(p.q) = 0.

Invariance of the Cauchy-Szego Kernel

Since the Siegel upper half-space possesses some invariance properties, it is
expected that the Cauchy-Szego kernel also inherits them. Namely, the following
proposition is true.

Proposition 5.7 The Cauchy—Szegd kernel has the following invariance properties.

S(1p(q). 7p(Q)) = S(q. Q).
S(Ra(9). Ra(Q)) = S(q. Q).
0S(Rs (). Rs(Q))o = S(q. Q).
S(8:(q), 80" = S(q, 0),

for q,0 €U, 90)

where p € b, a € Sp(n—1), 0 € Qwith || = 1andr > 0.
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Proof Note that the measure B(Q) is invariant under the translation 7,. If F €
H*(U,), then F(t—,(q)) € H*(U,). We get

F(r_p(q) = /,, 9. OF (-, (@)B(Q) = /,, (. 7@ (QWB(©),

and by substituting _,(q) > g, we obtain

Flg) = /b  Si(5(0)- (@) Q).

We conclude that the function S(z,(q),7,(Q)) is also regular in g, belongs to
H?(U,), and it is symmetric. The first identity in (90) follows by the uniqueness
in Theorem 5.6.

It follows from |0 | = |0&| = |&]| for any quaternion numbers § € Qand o € Q,
lo| = 1, that (q1,4") — (q10,q'0) and (q1,q’) + (0q1,q’) are both orthogonal
maps, so is their composition R,: (g1.q") +— (0qi0.q'0). If F € H*U,), then
0 'F(R,~1(q)) is regular and is in H?(14,) by definition. Therefore,

o7 F(Ry -1 (q)) = /,, 4. 000" R, @)dB(Q)
_ /b S0, Ry(Q)0™'F QB ().

since B is invariant under the orthogonal transformation R,. Substituting R,—1(q)
— ¢ and multiplying by o on both sides, we get

Flg) = /h 055(Ra (@), R (Q))o F*(Q)dB(Q).

The function 6S(R,(g), R, (Q))o is also regular in g, belongs to H>(14,), and it is
symmetric. The third identity in (90) follows by the uniqueness in Theorem 5.6.
The second and the fourth identities are proved by similar arguments. O

Determination of the Cauchy-Szego Kernel

It is sufficient to show that S;(g, 0) = s(g;) with s given by (86). This is because of

k=2

S5(q,p) = Sp(T(p.—p)(9), 0) = s (fh +pi—2 Zﬁ;ﬁq;) (20
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forp = (p1.p’) € by, g € U,. Here (p;, —p’) € bl and 7, —p)(p) = 0 by (75).
Taking conjugation of both sides of (91), we see that

$"(q.p) = (fh +p—2 Zi’ifﬁ)

k=2

holds for p € U, and g € bli, by the symmetry of the Cauchy—Szegd kernel S(q, p)
in Theorem 5.6. Now we fix a point (py,...,p,) € U,. We have seen that s(q; +
p1 =231 _,Piq}) € H*(U,) in the proof of Theorem 5.6. As elements of the Hardy
space H?(U,), the functions S(-, p) and s(q1 + p; — 2Y 1_,Piq}) coincide on the
boundary bl4,, therefore they must coincide on the whole U, by the reproducing
property (87).

Fix g; with Re g; > 0. The equality

0= ddgulqr.qg) =D (@2, , + &, ,+ &  +&)ula.q).
=2 =2

where u(q) = Sp(g,0), implies that each component of u(q;,-) is a harmonic
function on the ball {¢’ € Q"': |¢’| < Regi}. On the other hand,

Sp((q1.a4'),0) = Sp((q1.4').0) for g €U,

by Proposition 5.7. Since Sp(n — 1) acts on the sphere {¢’ € Q""': || = R, R <
Re g} transitively, we see that S,((¢1, ¢'), 0) is constant on the sphere. Applying the
maximum principle to each component of S;((g1,¢’),0) as a harmonic function in
g', we conclude that S,((g1, ¢’), 0) is constant on the ball {¢g’ € Q"' |¢'| < Req;},
and so S,((¢1,¢'),0) = S,((g1,0),0). Denote s(q1) := Sp((g1.0),0) a Q-valued
function defined on the half-space Ri = {q1 € Q: Regq; > 0}.

We have 0S,((0¢10,0),0)0 = Sp((¢1,0), 0) by the third identity in (90). More
precisely,

s(cqi0) = os(q1)0. 92)
for any o € Q with |o| = 1, and similarly
s(rq1) = r " s(q1), 93)
by the fourth identity in (90) and §,: (g1, 0) — (r%q1.0).
Take g = x; € Rin (92) to get s(x) = os(x;)o. Write s(x1) = & + &Ei+Ej+
&1k and choose 0 = i. Then & + &i + &j + &k = i(§) + &i + &) + &K)i =

& + &i— & — &4k, and so & = & = 0. Similarly, & = 0 by choosing o0 = j.
Thus, (92) implies that s(x;) must be real.
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Note that
o(x1 +i0)o = x1 + x[(2y3 — Di + 2y2y3j + 2y2y4K], %94)

if 0 = yoi + y3j + ysk with || = 1. It easily follows from (94) that the orbit of
X1 + ixp under the adjoint action of unit quaternions is the 2-dimensional sphere

i+ Ei+&j+Ek]| & +E+E& =x)

Hence s(q1) is determined by its values on Rﬁ_ = {(x1,x2) € R% x; > 0} by (92).
The homogeneous degree of s in (93) implies that the function s as a function of
the variable ¢ is determined by its values in the semicircle {(x;,x;) € R x; >
0 x% + x% = 1}. At last, the Cauchy—Fueter equations for s gives four ordinary
differential equations for four components of s along the semicircle. These ODEs
together with the value s(1) uniquely determine the function s.

Proposition 5.8 On the half-space Ri = {q1 € Q: Req, > 0}, there exists a
unique regular function up to a real constant satisfying (92) and (93).

Proof Since the conjugation action of unit quaternions leaves the function s
invariant, see (92), its infinitesimal action coincides. From one side, choose o, =
cost + sin #j for small ¢. Then

0:10; = q1 — 1j(x1 + x2i + x3§ + x4K) + 1(x1 + 00 + 13§ + 0,K)j + O()
= g1 + 2t(—x4i + 0K) + O(F),

where g1 = x; 4 x1 4 x3j + x4K, from which we get

5(0:q107) = —2x40x,5(q1) + 2x20x,5(q1).
dt|,—o

From the other side, taking derivatives of 0,s(g;)o; with respect to ¢ at 0 we get
—2x405,5(q1) + 2x20,5(q1) = —js(q1) + s(q1)J-

Similarly, choosing 0, = cost + sin tk, we find that
2x30y,5(q1) — 2x20x,5(q1) = —ks(q1) + s(g)k.

The homogeneity of degree —2n — 1 of the function s in (93) implies the Euler
equation for s:

X10x,5(q1) + X205,5(q1) + X305,5(q1) + x404,5(q1) = —(2n + )s(q1). 95)
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Restricting to g; = x; + x,i € Ri, i.e. x3 = x4 = 0, we obtain

2x20x,8(q1) = —js(q1) + s(q1)j. —2x20,,5(q1) = —ks(q1) + s(q)k.

Substitute it into the Cauchy-Fueter equation

axls(QI) + iaxzs(QI) +jax3s(QI) + kams(QI) =0

to deduce

2x20x,5(q1) + 2x2105,5(q1) = —2is(q1) + js(g1)k — ks(q1)j. (96)

Write s(x; + ix2) = fi + /21 + f3j + fak on Ri. Then, Eq. (96) is equivalent to

xZ(axlfl - axzf2) = ZfZa x2(ax1f2 + axzfl) = Oa (97)

00y fs—=0uf) =fi,  00xfi+0uf) = —f.
Euler’s equation (95) implies

X10x, fio + X205, fi = —2n + Df, k=1,2,3,4, (98)
on Rﬁ_. Now we have four real functions fi, />, f3,f4 on the upper half-plane Rﬁ_
satisfying eight equations in (97)-(98) with conditions f>(x;,0) = f3(x;,0) =
fa(x1,0) = 0 and f;(x1, 0) is real.

Taking the sum of the first identity in (97), multiplied by x,, and the second one
multiplied by —x;, we obtain

X2(x20x, —x105,)f1 = %222 + X104, fo + X205, 2) = —(2n — D)xa fo. (99)

Set x; = cosf, x, = sinf, § € (—m, ), and g;j(0) := fi(cosB,sinb,0,0).
Equality (99) implies

g1(0) = 2n—1)g,. (100)
Similarly, we have

X2(x20x, — X105,)f2 = 2x1 /2 + (2n + Dxa fi,
X2(x20x, —X10y,)f3 = x1 3 — 2nx2 fy,
X2(X20x, — X10x,)fa = X1 f3 + 2nx2 f3,
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and so
sin 0g5(0) = —2gxcos — (2n + 1)g; sin 6,
sin 0g5(0) = —g3 cos + 2ngysin 0, (101)
sin 0g,(0) = —ga cos 6 — 2ngssin 6.

We obtain four real functions g, g2, g3, g4 on (—m, ) satisfying four ordinary
differential equations (100)—(101) under the condition

£1(0) R, £(0) = g3(0) = g4(0) = 0.

To see that g3 and g4 vanish, note that s is real analytic since it is harmonic.
So the functions g;, j = 3,4, are real analytic in 6. Inductively, we can assume
gi(0) =Y al?6m, j = 3,4. Compare the coefficients of term 6" in the third
and fourth equations in (101), we see that

Nas) = —ag), Nal(é) = —agé),
and so a](\?) = a](é) = 0. Therefore, g3 = g4 = 0. The uniqueness of g; and g

follows from the vanishing of the solutions g, g2 to (100) and the first equation
in (101) with the initial conditions g;(0) = g»(0) = 0 by the same arguments as
above. The result follows. O

Corollary 5.9 The function s is given by

92(n=1) @

(102)
20—1) |, |4
ox; lq1

g1 = Cu—1

for some real constant c,—;.

Indeed, in the proof of Theorem 5.6, we have seen that h(q;) = 9, \qTIZ =

2q,
Tl
function (102). The conjugation action 0 ¢, 0, fixing x; for any o € Q with |o| = 1,

implies

is a regular function on @ \ {0}, which obviously satisfies (92), and so is the

- (0410) - [h(oq10)] 82(H)[ (q1)0]
. h)(ogqio0) = . [h(oqi0)] = . [oh(q1)o
D D D
§2(n=1) o
=0 2(n—l)h q1)0,
ox)
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i.e., (102) satisfies the invariance (92). The function, defined by (102), is homoge-
neous of degree —2n — 1. So, the function s is given by expression (102) due to the
uniqueness in Proposition 5.8.

We verify now that s(x; +1ix;) satisfies (97). Write s(x; +ix;) = fi +Hi+/f3j+/1k
onR?. Then, 3 = 0,f; = 0 and

Pen g P
_ ’ 2 = _ ,
20D (4 P 20 (5 + 3

fi=

up to a constant ¢,. Functions f;’s satisfy (97)—(98). Note that

—X2 X1
0y + 0, = 0. 103
L3+ x3)? 2 (3 4+ x3)2 (103)

Taking derivatives 8322(;;__11) , and multiplying by x; both sides of (103), one obtains the
X

second equation in (97). Note that

9, M g, TR 2 (104)
Tolta? e +g)? o+

Taking derivatives 8322(::1)) and multiplying by x, on both sides of (104), we get the
X

first equation in (97).

In the last step we need to calculate the constant (5.5) in the quaternion Cauchy-
Szego kernel. The calculation of the constant is very tedious, using special functions
and can be found in detail in [29].

k-Cauchy-Fueter Complex and Related Partial Differential
Equations

On the one dimensional quaternionic space, the k-Cauchy-Fueter operators are the
Euclidean version of helicity ’5 massless field operators [40, 114] on the Minkowski
space (corresponding to the Dirac-Weyl equation for k = 1, Maxwell’s equation
for k = 2, the linearized Einstein’s equation for k = 3, etc.). They are the
quaternionic counterpart of the Cauchy-Riemann operator in complex analysis.
The k-Cauchy-Fueter complexes on multidimensional quaternionic space QQ", which
play the role of Dolbeault complex in several complex variables, are now explicitly
known [109], see also [7, 22, 32, 33]. It is quite interesting to develop a theory
of several quaternionic variables by analyzing these complexes, as it was done
for the d-complex in the theory of several complex variables. We saw that a non-
homogeneous d-equation (cf., e.g., [48]), leads to the study of d-Neumann problem.
The non-homogeneous k-Cauchy-Fueter equation on the whole quaternionic space
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Q" was solved in [109]. See [62, 75, 109, 112] (also [4, 25, 29, 32, 110] for
k = 1) and references therein for results about k-regular functions. Note that the
non-homogeneous d-equation on a smooth domain in the complex plane is always
solvable. The non-homogeneous 1-Cauchy-Fueter equation on a smooth domain in
Q is also always solvable since it is exactly the Dirac operator on R*. But even
on one dimensional quaternionic space Q, the k-Cauchy-Fueter operator for k > 2
is overdetermined. The non-homogeneous k-Cauchy-Fueter equation can only be
solved under the compatibility condition given by the k-Cauchy-Fueter complex.
The k-Cauchy-Fueter complex over a smooth domain Q2 € Q is

(k) (k)

D, D
0 — C®(Q,CY) =2 0(Q, C*) - ¢ (Q,CF 1) — 0, (105)

k = 2,3,..., where D](.k) ,J = 0,1 are the k-Cauchy-Fueter operators, which are

analogous to the d operators in the several complex variables. In this section, we
will investigate the non-homogeneous k-Cauchy-Fueter equation

pPu =1, (106)
on a smooth domain €2 in QQ under the compatibility condition
pr =o. (107)

We define the first and the second cohomology groups of the k-Cauchy-Fueter
complex as

1 {r e c=@:c): Dir = of
H,,(2,Q) = ®
{DO U € coo(sz;cw)}

COO(Q.(Ck—l)
2 5
Hi,(R2,Q) = { ® .
DWu: e COO(Q;CZk)}

The Oth cohomology group is H?k)(Q,@) = ker Df)k) and it is an infinite dimen-
sional space of k-regular functions [62]. The first cohomology group can be also
represented by Hodge-type elements:

Hip(@) = {f € c=(@,C%): DIf = 0.00"f =0},

where Df)k) * is the formal adjoint of Df)k). The set H(lk)(Q) is an analogue of the
space of harmonic functions. Denote by H,(€2,C") the Sobolev space of all C"-
valued functions, whose components are in Hy(2) = H (€2, C). We formulate two
main results.
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Theorem 5.10 Suppose Q2 is a domain in Q with a smooth boundary. Then

(1) the isomorphic spaces H(lk)(Q ,Q) = H(lk)(Q) are finite dimensional;

() if f € H(Q,C*), s = 1,2,..., then the non-homogeneous k-Cauchy-
Fueter equation (106) is solvable by some u € Hgy1(2,C*TY) if and only
if f is orthogonal to H(lk)(Q) in L*(Q,C*) and satisfies the compatibility
condition (107). When it is solvable, it has a solution u satisfying the estimate

lull, .41y = Cllfllag@.c2 (108)

for some constant C depending only on the domain <2, k and s;
(3) the equation D(lk)w = W is uniquely solved by a ¥ € Hyy1(Q2, C*) for any
W e H(Q, C*) with estimate analogue (108).

To prove Theorem 5.10, we consider the associated Laplacian of the k-Cauchy-
Fuete complex (105)

I:|(ll<) — Dék)DE)k)* + D(lk)*D(lk)v

where Df)k) * and D(lk) * are the formal adjoints of Df)k) and D(lk) , respectively, and a
natural boundary value problem

ng)u =f, on €2,
(k)
D ) =0,
o (Mu . (109)

©% . n®
DP*()\D ’ — 0,
v WDy “Ira

where v is the unit vector of outer normal to the boundary b2, u € H, (2, C*)
and f € H (2, C?*). We prove that this boundary value problem is regular and
obtain the following result.

Theorem 5.11 Suppose 2 is a domain in Q with a smooth boundary. If f €
H(Q,C*), s = 0,1,2,..., is orthogonal to ’H(lk)(Q) relative to the L? product,

the boundary value problem (109) has a solution u = Nik) f such that

lulla, @0 =< Cllflay@.co
Sfor some constant C only depending on the domain 2, k and s.
Moreover, we have the Hodge-type orthogonal decomposition for any function
W € H&‘(Qv (C2/() :
v = DPDY*NOy + DV* DNV Yy + Ty = PNy + Ty, (110)

where I1 is the orthonormal projection to ’H(lk)(Q) under the L*(Q, C*) product.
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Although for a smooth domain in the complex plane, its é-cohomology always
vanishes, its De Rham cohomology groups, which are isomorphic to its simplicial
cohomology groups, may be nontrivial. We conjecture that the cohomology groups
H(lk)(Q,@) may be nontrivial for some domains 2 with smooth boundaries in
Q. It is quite interesting to characterize the class of domains in Q on which the
non-homogeneous k-Cauchy—Fueter equation is always solvable. On the higher
dimensional quaternionic space Q", there is no reason to expect the corresponding
boundary value problem of the non-homogeneous k-Cauchy—Fueter equation to be
regular, as in the case of several complex variables.

The k-Cauchy-Fueter Complexes on a Domain in Q

We identify the one dimensional quaternion space Q with the Euclidean space R*,

setting
VOO/ VOI/ — axo + iaxl _axz - iax3
VIO/ Vl 14 axz - iaxg axo - iaxl |
where (xo, X1, X2,x3) € R*. The matrix

€= (eap) = (_01 (1))

is used to raise or lower indices, e.g. VQ/GA/B/ = Vup. The k-Cauchy-Fueter
complex [109] on a domain €2 in R* for k > 2 is given by

(k) (k)
0

D, D
0 — C®(Q, 0" C?) = c®(Q, 0 'C? @ C?) - C™°(Q, 0" 2C? @ AXC?) — 0,
where

k ’
(D(() )¢)AB/.-.C/ = Z VQ ¢A’B’~~~C/7
A'=0",1"

(D(lk)W)ABB/---c’ = Z (VQ/WBA/B’--C/ - VQ/IPAA’B’---C’) .

A'=01"

(111)

Sections ¢ € C®(Q, ©*C?) have (k + 1) components @/, P17+ - P11/
while Dék) ¢ € C®(Q, OF'C? ® C?) have 2k components

DY P)a0..or. (DY Pav.or. ... (DY P)av...



178 1. Markina

where A = 0, 1. Note that ¢4/ ¢ is invariant under the permutation of subscripts,
A" B',---,C' = (0, 1. Here by “OF” we denote the symmetric tensor product.

There is a family of equations in physics, called the helicity ’2‘ massless field
equations [40, 114]. The first one is the Dirac—Weyl equation for an electron of mass
zero whose solutions correspond to neutrinos. The second one is the Maxwell’s
equation whose solutions correspond to photons. The third one is the linearized
Einstein’s equation whose solutions correspond to weak gravitational fields, and so
on. The k-Cauchy—Fueter equations are the Euclidean version of these equations.
The affine Minkowski space can be embedded into the space of (2 x 2)-matrices
with complex entries C**? by the map

X X] X X .
(XO,xl,xz,x3)l—>(°+ Pt 3), i=+—1,

X — IX3 Xo — X
while the quaternionic algebra Q can be embedded into C>*? by

. . Xo + ix; —xp —ix
Xo + x11 + xj + 13k — 0 ,l 2 . 7).
X2 —IX3 Xo — IX]

The helicity l; massless field equation [40, 109] is Dg‘) ¢ = 0, where the D(()k) is also
given by (111) with Vg replaced by

(VOO’ VOl’) — (axo + axl axz + iaX3)
VIO/ Vl 1 axz - iaxg axo - axl .
In the sequel we concentrate on the 2-Cauchy—Fueter complex.

The 2-Cauchy-Fueter Complex

We write
VO VY (Voo Vo) (0 =1) (Vor —Voo
vY V) T \Vie Vi J 1 0 ) \Viy =V
[0k, — 00y, —0y, — 00y,
0y — 00y, —0y, +idy )

In the case k = 2, we use the notation Dy = D(()z) and D; = D(lz). The 2-Cauchy-
Fueter complex on a domain € in R* is

0— C®(Q,02C) 2 c*@,C? 0 C?) 25 c=(@, A2C?) — 0, (112)
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with

(Do) ap = Z V¥ bwp = VY dow + V) dus,

A'=0"1"

(D1y)or = Z VAU — VW0 = VYo + Vv — VY Wy — Vll/%l/,
A=0 1"

where A = 0,1,B = 0,1, ¢ € C®(Q,0>C?) has three components
dow, pry = ¢or and ¢/, while Do € C* (Q.C® (CZ) has four components
(D0¢)00/,(D0¢)10/, (D0¢)01/, (D0¢)11/, and ¥ = \I"OI S COO(Q, Az(Cz) is a scalar
function.

It is known that (112) is a complex: D1Dy = 0, see [109]. Indeed, we calculate,
for any ¢ € C*®(Q, ©*C?)

(DiDop)or = Y Vi (Do) 14 — Vi (Dogp)ow
A=01

A C’ A’
= E Vo Vi ¢ca — Vi Vg ¢oar =0
ALC=0,1

by pcrar = darer and the commutativity V4 VE = VE'VA of scalar differential
operators with constant coefficients.
The operator Dy in (112) can be written as a (4 x 3)-matrix operator

(Dod)ov Vo Vo O\
Do = | oo | _ [V V0| (B
(Dog)orr 0 Vo Vo b ’
(Do) v 0 vy v
and the operator D; takes the form
Voo
Dy = (V0 9 =9} v [V
Vorr
Vi

We define
aZ() = axo - iaxl > azo = axo + iaxl s 811 = axz - iaxss 811 = axz + iaxs
for zo = xp + ix;, and z; = x, + ix3. Using these notations, and the isomorphisms

OXC* ~ C3, C?®C? ~C*, AXC? =~ C!,
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we rewrite Dy: C*(Q2, C3) — C®(Q,C*) as

_311 _azo 0 ¢O
azo _811 0
Dy = 1],
0 _811 _azo ¢2
0 azo _811
Yo
and Dy: C(Q,CY) — C(Q.C) with Dy = (— sy — 3 8 — 0a) 51
2
V3

The Laplacian Associated to 2-Cauchy-Fueter Complex

It is easy to see that

t
(_811 _azo) (_am _810) — (_811 aZ() ) (_811 _810) — (A O)
azo _811 azo _aZl _azo _811 azo _aZl 0A
where ’ is the transpose, and A = 9,,0;, 4 0,0, = 92 + 97 + 03, + 92, is the
Laplacian on R*,

Let®: C'(R,C") — C%(22, C™) be a differential operator of the first order with
constant coefficients. Recall that an operator ©* is a formal adjoint of © if

/(@u,v)dVol = / (u,D*v)dVol, forany ue Cy(2,C"), ve Cy(RQ,C™),
Q Q

where (., .) is the Hermitian inner product in C%, j = 1, 2. It is easy to see that the
formal adjoints of Dy and D, are D} = —Dot and D} = —Dlt, respectively. Then,

_aam :gzo 8 _811 azo 0 0
DOD; = N . =0z —0; —0 0
0 _am _azo 0 0 —9. —9
O ta s (113)
A 0 9,0, —330
—— * A 351 _azoam
* % A 0 ’

* % % A
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where *-entries in the matrix are known by Hermitian symmetry of DDy, and

_azo
* _BZI

DlDl = - 9 (_azo _311 311 _BZO)
21
_BZ

0 (114)
azoaa) aZ() 21 _azoall ago

_ * aZlaZI —331 aZOaZI

* * 07,0z, —0z0;

* * * 0z 0z

The sum of (113) and (114) gives the operator

A + az() az() aZ() aZl O O
9,0, A +3,0 0 0
Oy = DD} + DDy = —| %% o
1 oDy + DD 0 0 A+ 311321 _azoazl
O O _azo azl A + BZO 8ZO
A+A L 0 0
_ L A+A, O 0
- 0 0 A+4+A, -L ’
0 0 L A+ A

where

Ay = 0,0, = 0> + 07

X0 Xy’

L= 0,,0;, = (0x, + i0x,)(0x, + i0y;).

Ay = 0,0, = 8% + 0

X3

The operator [; is obviously elliptic, i.e., its symbol for any § # 0 is positive
definite.

Domains of the Adjoint Operators Dy and D}

For the first order operator with constant coefficients ®: C'(Q, C") — C%(Q, C™),
and functions u € C'(,C") and v € C' (R, C™), we have

/ (Du, v)dVol = / {(u, D*v)dVol + / (u, D*(v)v)dS (115)
Q Q bQ
by Green’s formula, where v = (vy, . .., v4) is the unit vector of outer normal to the

boundary, and ©*(v) is obtained by replacing d,, in ®* by v;.
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By abuse of notations, we also denote by ©* the adjoint operator of the extended
operator ©:L*(2,C") — L*(2,C™). Now let @ be R} = {x = (x0....,x3) €
R*: xo > 0}. Then the unit inner normal vector is v = (1,0, 0, 0). By definition of
the adjoint operator, a function ¥ = (Yo, ¥1, Y2, ¥3)' € Dom(D}) N CH(Q, C*) if
and only if the integral over the boundary in (115) vanishes for any u, i.e., D§(v)¥ =
0 on the boundary. Then,

3., 0, 0 0 0100
0=|—-0, -0, =0, 0, | V¥la=]-100 1]¥a.
0 0 —d,—0, 00-10

from which we get
Y1 =1y =0, Yo— Y3 =0 on bS2. (116)

Similarly, ¥ € Dom(D7) N C'(2, C) if and only if D} (v)¥ = 0 on the boundary,
i.e.,

_azo -1
—d 0

0= “ Ulpo = Ylsq,
., (V)W pe 0 lo
—0z —1

which leads to ¥|,q = 0. Now Dy € Dom(D}) N C'(2, C) implies that

_aZ()wO - azlwl + azl WZ - aZ()w3 =0 on bS2.

Note that ., = d;,%» = 0 since 9d;, and 9;, are tangential derivatives, and v,
Y, both vanish on the boundary by (116). Therefore,

BZOW() + 3Z01//3 = BXO(W() + v3) =0, on bQ (117)

by using (116) again. So we need to solve the system D(lz)l// = f in Q under the
boundary conditions (116) and (117).
We need to define more operators. We obtain that

—d;, —0; O
. _azl azo 0 0 9 ! -9 ’ 0
0o = DgDy = — | —d,, —0., —0;, 0, 60 —am 4
_ _ 21 20
0 0 azo az1 0 azo _811 (1 1 8)
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and

L = DlDT = —(—0g, =0z, 05, —0y) L = —2A,

with the boundary condition ¥ € Dom(D}) N C'(2,C), i.e., ¥|po = 0.

Corollary 5.12 Suppose thatu € H (2,C"), v € H|(R2,C™), and D(v)u|pa =0
or D*(W)v|pq = 0. Then

@u,v) = (w,D*v), (v, Du) = (D*v, u). (119)

Proof The operator of restriction to the boundary H,(2,C") — H,_ ! (b2, C") for

s > ; is a bounded operator by the trace theorem [100, Proposition 4.5, Chap.
4]. Moreover, C*°(£2,C") is dense in H;(2,C") for s > 0. Approximating u €
H(2,C"),v € H (2, C™), by functions from C*°(£2, C"%), we see that integration
by parts (115) holds for u € H;(2,C"), v € H(R2,C™), [100, (7.2) in Chap. 5]).
The boundary term vanishes by the assumption. O

Shapiro-Lopatinskii Condition
Assume that the differential operator
P(x,D): C*® (2, Ey) — C®(R,E))

is elliptic of order m, and that the operators B;(x, D): C*°(£2, Ey) — C*(b2, Gj),
j = 1,...,1, are differential operators of order m; < m — 1, where Ey, E1, G}, j =
1,...,1, are finite dimensional complex vector spaces. Let 2 be a domain in R” with
smooth boundary »2. Consider the boundary value problem

P(x,D)u = f, on £,

(120)
Bi(x,D)ju=g;, on bQ, j=1,...,L
For fixed x € b2, define the half space V, := {y € R"; (y, v,) > 0}, where v, is
the unit vector of inner normal to b2 at point x. By a rotation if necessary, we can
assume v, = (1,0,...,0) and P(x, D) can be written as

m m—1

9 - 3
Px.D) =, + ZAa(x,Dx/)axa,
1 a=0 1
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up to the multiple of an invertible matrix, where the order of A, (x, Dy) is equal
tom— o, X = (x,...,x,). For the elliptic operator P(x, D), the boundary value
problem (109) is called regular if for any § € R"~! and n; € G;j, there is a unique
bounded solution on Ry = [0, 00) to the Cauchy problem

m—1
d"o ~ . d*® ~ d

EAa =0, Bjl¢, ®0)=n, j=1,...,L
dim +a_0 é) dr /(S dt) ©)y=mn;. J

Here @ is a Ey-valued function over R, A, (&) is the homogeneous part of A, (x, §)
of degree m — «, and A (x, £) is obtained by replacing dys in A (x, dy/) by i€ (this
condition is the same if it is replaced by %g). The operator 73',-(5, d/dt) is defined
similarly. The regularity property is equivalent to the fact that there is no nonzero
bounded solution on R to the Cauchy problem

e T e ~( d
A, -0, B(& "o =0 j=1,....1L 121
i +;O ® ., ,(s d;) 0)=0, j (121)

Furthermore, it is equivalent to the fact that there is no nonzero rapidly decreasing
solution on R4 to the Cauchy problem (121), see also [100, (i') in p. 454]. This
condition is usually called the Lopatinski-Shapiro condition.

The latter condition can also be stated without using rotations, see, for
instance [55, §20.1.1]. The map

Mg > u—> (Bi(x. i + vid)u(0), ... Bi(x, it + ved,)u(0))

for x € b2, and £ L vy, is bijective. Here M, is the set of all solutions u €
C*® (R4, Ey) satisfying

P(x, i + v 0)u(t) =0 (122)
and which are bounded on R. Here for a differential operator P(x, D), the notation
P(§ + vd,) means that d,; is replaced by i§; + v;d;, j = 1,...,n. Equivalently, there
is no nonzero rapidly decreasing solution on R to the ODE (122) under the initial
condition

Bi(x.if 4+ ved)u(0) =0,  j=1,....1

Let us check the Shapiro-Lopatinskii condition for k = 2.
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Proposition 5.13 Suppose Q is a smooth domain in R*. The boundary value
problem

(DoDE + D*Dy)y =0, on .
Di()Ype = 0,
DY (v)D1¥|pe = 0,

is regular.

Proof Here we check the Lopatinski-Shapiro condition by generalizing the method
proposed by Dain in [35], which was also used in [107]. Originally, this method
works for operator of type K*K for some differential operator K of first order, while
here our operator has the form DyDj + D D;.

Fix a point in the boundary b<2. Without loss of generality, we assume this point
to be the origin. Denote by v € R* the unit vector of inner normal to the boundary
at the origin. Let 0, = {x € R* x-v > 0} be a half space. For any fixed vector
& L v, suppose that u(¢) is a rapidly decreasing solution on [0, co) to the following
ODE under the initial condition:

(DoDg + DYD1) (i€ + vo)u(r) = 0,
Dy(v)u(0) =0, (123)
DY (v)D, (i§ + v9,)u(0) = 0.

Let us prove that « vanishes. Define a function U: 0, — C* by U(x) = e™€u(x - v)
for x € *U,.. Note that for a differential operator Q = Z?:o Q;0,;, where the Q;’s are
(4 x 3)-matrices, we have ‘

3
QU) = Z 9; (igi”(x' v) + Vju/(x~ v)) et

J=0

Then it is easy to see that (123) implies

(DoDg + DiD)U(x) =0, on Ty,
Dy(WU®)|pu, = 0, (124)
DT(V)Dl U(x)|bs13v =0.

It is sufficient to show that U vanishes. Consider the interval Iy = {s§ € b0, ; [s| <
Igl }, the ball Be = {y’ € bU,;y" L £ |y'| < r} for any fixed r > 0, and the domain
De =1t x B xRyv, where Ry v = {rv;r e Ry}
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Ryv

/ /
1
/s b3,

By

Since U = ¢™§u(x - v) rapidly decays in direction v, we have

/@ (DuD} +DIDIU.U) = /

(D;U,D;U) +/ (D1U, D1 U)
D¢

Ds

(D3U, D (v)U) (125)

/I;XBs X{O}Ublg XBg XR 4 vUIg XbBe XR 4 v

— (DT (v)D\U, U))dS.,

by Green’s formula (115), where (., .) is the standard Hermitian inner product in
C*. We observe the following:

(1) The integral fIsX Bex{0} in Eq.(125) vanishes by the boundary condition
Dj(v)U = 0 and D} (v)DU = 0 on b2, in (124);

(2) The integral f bl X B xR vanishes since U, DjU and DU are periodic in
direction £, and on the oppos.1te surface, the identity Dj’." () |ty xr v
—D;" (”)l{—é}ngxRJrv holds forj = 0, 1;

(3) Similarly, the integral kastxRJrv vanishes since U, Dj U and D, U are constant
in any direction in By, and as well on the opposite direction. We have the identity
D;'k (V) |1§X{U}XR+\1 = _Dj* (V) |1§X{—U}X]R+ v for any v € BE

Obviously, the integral in the left hand side of (125) vanishes by the first equation
in (124). Consequently,

/ (DEU.DXU) + (DU, D1U) = 0,
De

i.e.,

DiU=0, DU=0, on 9, (126)
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By applying Proposition 5.14 to the convex domain U,, we see that there exists
a function U € C*>(23,, C3) such that DOU = U on*Y,, and so D*DOU = 0 by
the first identity in (126). By the explicit form of Dy Dy in (118), we see that each
component of U is harmonic on . Consequently, each component of U = DoU is
also harmonic on *U,, since AU = ADOU DOAU = 0 by Dy being a differential
operator with constant coefficients and A being a scalar differential operator with
constant coefficients. This implies that

AU():AUl :AUQZAU3:0, on %U,
Dy(V)Ulpy, =0, (127)
DT(V)DlUle]“ =0.

In particular, when v = (1,0, 0, 0), we have

AUy = AU, = AU, = AU; =0, on R,
Uilgs = Uzlps =0,

(Uo — Us)|r: = 0,

0y (Uo + U3)|rs = 0,

by the boundary conditions (116)—(117) for the upper half space. Note that a
harmonic function on Ri with vanishing boundary value must vanish. We see that
U = U, = Uy— Us = 0 and 9,,(Up + Us) = 0. Consequently, Uy + Us is
independent of xp, and so vanishes since it is rapidly decreasing in xo. Therefore,
U=0.

For the general case of v, we set {; = vy — ivy, {; = vo — iv3. Then

=& —&o
by =| 5 g S| oo =ttt a2
0 % —&

It is direct to check that Dy (v)Dy(v) = 0, that follows from DDy = 0. Note that

et (T8 ) = o+ 6P, (129)

S =&
and therefore Dy (v) in (128) has rank 3. The vector D;(v) in (128) does not vanish
for non zero v, i.e., D;(v) has rank 1. Hence, Image Dy(v) = kerD;(v) and

Image D (v)* is a 1-dimensional space orthogonal to ker D;(v). Namely we have
the orthogonal decomposition C* = Image Dy(v) @ Image D;(v)*. We rewrite U
as U = Dy(v)U’ 4 D;(v)*U”, for some C3-valued function U’ and scalar function
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U”. Then,
Dy (V)U = Dy (v)(Do(v)U' + D1 (v)*U") = D§(v)Do(v)U'. (130)

Here Dj (v)Dy(v) is an invertible (3 x3)-matrix because Dy(v) has rank 3. It follows

from Df(v)Do(vV)AU' = Dj(v)AU = 0 that U’ is harmonic. So is U” if we

choose U”(x) orthogonal to ker D; (v)* at each point x. The second equation in (127)

together with (130) implies that U’ = 0 on the boundary 20, and so it vanishes as

a harmonic function on the whole half space 2J,. Now we have U = D;(v)*U".
The third equation in (127) implies that D U|;y, = 0. Then,

DlU = DlDl(V)*U// = (—810, —811 s 811 s —810) Dl(V)*U//

—(vo + ivy)

—(v2 _.iVS) U’
Vy + 13

—(vo —ivy)

= (_ (aXo - ia)ﬂ)v _(aJrz + ia)@)s aJrz - iax3, _(aXO + ia)q))

= 2(anx() + Ulaxl + vz8x2 + V3ax3)U// =20, U'=0

on the boundary »0,. As U” is a harmonic function, we must have d,U” = 0 on
the whole half space 2,. So U” is constant in the direction v. But it is also rapidly
decreasing along this direction. Hence U” = 0 on ®J,,. Thus U vanishes on ¥,. 0O

The Solvability of the Non-homogeneous k-Cauchy-Fueter Equations on
Convex Domains Without Estimate

The following proposition is proved in [109] for any dimension by using twistor
transformations. Here we give an elementary proof.

Proposition 5.14 The sequence
00 3y Do oo 4 D 00 1
C?(Q,C) — C*(R2,C") — C7(Q,C),

is exact for any convex domain Q. Namely, for any ¥ € C®(Q,C*) satisfying
D1y = 0, there exists ¢ € C®(2, C) such that Dy¢ =  on Q.

Let &(£2) be the set of C* functions on €2 and let R be the ring of polynomials
Cléo, &1, ... ,&,]. For a positive integer p, S3” denotes the space of all vectors
(fi,....fp) with fi,....f, € R, and €(R) is defined similarly. The following
result is essentially due to Ehrenpreis-Malgrange-Palamodov.

Theorem 5.15 ([79, Theorem A]) Let A(§), B(§) be respectively (¢ x p) and
(r x q) matrices of polynomials, and let A(D) and B(D) be differential operators
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obtained by substituting 0y, to 1 & to A(§) and B(§), respectively. Then the following
statements are equivalent:

AE) B(&) .
(1) the sequence RP <— R «—— R’ is exact,

AD B(D
(2) the sequence €P(L2) L) E1(Q2) L) &"(R2) is exact for any convex and non

empty domain Q C R"F1,

We also claim that the sequence

0 2Lt 28 1 (131)

is exact for any nonzero £ € C*. To show it we set ng = & — i£j, N1 = & — i3.
Then

—To
t 1 ~mo 00 t 1 -
Do(§)' = | =no—m —m no |, Di(§)' = . . (132)
i l m
0 0 —no—m
—To

The proof of Image D (£§)" = ker Do(£)" is similar to the paragraph below (129).

. 3 Do®" 4 Di®" .
Proposition 5.16 The sequence R° <—— R* «—— R’ is exact.

p1§)
Proof Tt is obvious that Dy(£)'D;(§)" = 0 by (132). Suppose Dy (§)’ =0,
pa(§)

where p; are polynomials. Since the sequence (131) is exact, for each £ # 0, there
exists an element of C!, say f¢, such that

P1(®) —So+if)
SOV I
4(§) —&0 — ik

It follows from the first two equations that (§ + i&)p1(€§) + (& — i&3)p2(§) =
i(E} + ...+ £2)f; on R* \ {0}. Then f; is a rational function Q(§)/(§7 + ... + &7
for some polynomial Q(§). The first equation above implies the following identity
of polynomials:

ip1)(E + ... + ) = (=& + E)Q().

This equation also holds on C* by natural extension of polynomials. By com-
parison of zero loci, we see that —&, + i&; must be a factor of p;(§). Namely,
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p1(§) = (=& + i&1)q(§) for some polynomial g(£). Consequently, fi = ig(§) is
a polynomial on R*. O

Applying Theorem 5.15 to the exact sequence in Proposition 5.16, we get the
Proposition 5.14. Analogous considerations can be done for the case k > 2, see
details in [30].

The Fredholm Property and the Proof of the Main Theorem

Theorem 5.17 ([100, Propositions 11.14 and 11.16], [55, Theorem 20.1.8]) Sup-
pose that the boundary value problem (120) is regular. Then the operator

!
T:Hyp (. Eo) — Hu(QE) @ D H, iy 1 (09, G)),

J=1

s=0,1,..., defined by Tu = (P(x, D)u, Bi(x,D)u, ..., B;(x, D)u) is Fredholm, and
satisfies the estimate

l

2 2 2 2
k0 = C | WPuliyiey + D0 1Bl ooy + Il e | (139
Jj=1

for some positive constant C. Moreover, the kernel and the space orthogonal to the
range consist of smooth functions.

By adding the boundary value condition (109), we consider the closed subspace
H, (2, C?*) of Sobolev spaces H, (2, C?*) defined by

Hyp(Q, C) = {u e Hy(2.C%): DO* (vyu = 0, DP*(1)DPu = 0 on bsz} ,

for s > Z The boundary value conditions above are well defined for s > g by the
trace theorem.

We know that the associated Laplacian D(lk) is an elliptic operator. We already
showed that boundary value problem (109) is regular. So we can apply Theorem 5.17

to obtain the Fredholm operator
T:Hp4s(2,C%) — H (Q.C*) @ H 3 (02.C) @ H 1 (b2.C)

defined by

Tu = (0P, D(()k)*(v)u‘ . D(lk)*(v)D(lk)u‘ ) (134)
b b
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Restricted to the closed subspace Has5(S2, (CZI‘) C Hyy (2, C%*), the operator T

gets the form Tu = (D(lk)u, 0, O) for u € Hay, (2, C*). Let us prove that the
operator

O Hyy.p(Q.C*) — Hy(Q.C¥) (135)

is Fredholm. Suppose that 0% in (135) is not Fredholm. Identifying H,(£2, C%*)
with the subspace {(f.0,0);f € H,(Q,C*)} of

W, = H, (2.C*) @ H,yy (bQ.CT) @ H,y ) (b2.C),

3
2

we see that the kernel of D(lk) is contained in the kernel of the operator T in (134),

and so its dimension must be finite. Thus the cokernel of D(lk) should be infinite
dimensional. To show that it is not true, we denote by M, the subspace of the Hilbert
space H,(S2, C?*) orthogonal to the range of 0%, and denote by M the subspace of
the Hilbert space 20, orthogonal to the range of T. Note that H,($2, C*) is a closed
subspace of the Hilbert space 20 by the above identification, and the range of 7 in
20 is closed because it is Fredholm. So as the intersection of H (2, C*) and the
range of T, the range of D(lk) is also closed. The space M is of finite dimension. Let
{v1,...v,} be a basis for M. Vectors vy, ... v, define linear functionals on 20, in
particular on M, by the inner product of 2J,. Because M, is infinite dimensional,
there must be some nonzero vector v € M, in the kernel of these functionals,
i.e., orthogonal to M. Consequently, (v, 0,0) belongs to the range of 7. Namely,
there exists u € Ha44(2,C%*) such that Tu = (v,0,0). This also implies that
u e H2+X,;,(§Z,(C2") and D(lk)u = v, i.e., v is in the range of D(lk). This contradicts
to v € M. Thus D(lk) has finite dimensional cokernel. The result follows.
We are ready now to prove the main theorems.

Proof of Theorem 5.11 1t is sufficient to prove the theorem for s = 0. We showed
that the map D(lk) THy (€2, C*) — LZ(Q ,C%) is Fredholm. So its kernel, denoted
by £, is finite dimensional. Denote by £+ the orthogonal complement to £ in
Hj (2, C?) under the inner product of H, (2, C?). Denote by R the range of
O in L2(Q,C%). It is a closed subspace since the cokernel of O s also finite
dimensional. Then D(lk) : &1 — M is bijective, and so there exists an inverse linear
operator N(lk) ‘R — AL, As the Fredholm operator, D(lk) (Hypy(2,C%*) — Ris
bounded, so is its inverse N(lk) by the inverse operator theorem. Moreover, N (lk) can
be extended to a bounded operator ka):Lz(Q,(Cz") — #&1 C Hy,(R,C%*) by
setting

NYroif fem,

(k)
S
! 0, if femnt.

(136)
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Moreover, there exists a positive constant C such that
k
INCflmse.co < Cllflliz ey forany f e L2(2.C%). (137)

Now we can establish the Hodge-type orthogonal decomposition following the
ideas in [100, Chap. 5 §9]. By using the identity (119) twice, we see that if ¢, ¢’ €
H; 5 (L2, (CZk), then

k k k k k
= (00" 0.0{""¢') + (D0, D"¢') (138)
= (0. (b0 + D" D) ¢') = (0. 01%').

by DI (1)¢'lse = DI )D gl = 0, DI )¢l = DI (D¢ lse = 0.
We show that N (lk) is a self adjoint operator on fR. For any u, v € %R, we can write
u= D(lk)q), v = [](lk)go’ € R for some ¢, ¢’ € H,,(2, C?*). Then,

(ﬁ(lk)”’ v) _ (N(lk)D(lk)(p’D(lk)(p/) _ ((p’ng)(p/) _ (D(lk)(p’(p/) _ (M’N(lk)v)

by using (138). Consequently, N}k) , as a trivial extension of N(lk) , is also a self

adjoint operator on L2(2, C%). Because of the estimate (137), N\ is compact on
L*(2,C*) by Rellich’s theorem. Hence there is an orthonormal basis {u;}%2, for

R C L*(R,C%*) consisting of eigenfunctions of ka) such that ka)uj = Ajuj,
Aj \( 0. Here A; # O since N{k) is the inverse of D(lk):ﬁl — R. We have
u; € Hy (2, C*) for each j by (136). Obviously, E](lk)uj = Alj u;. Then any element
of &% can be written as 32, Ajaju; for some a’s with 32, |a;|* < oo. Denote by
u) € Hy;,(,C%*),1 =1,...,dim &, a basis for & Then {u;} U {u} is a basis for
H, (2, C*). Because C°(22,C%*) C H, (2, C*) and C3°(22, C*) is dense in
L*(2,C?), we see that H, ,(Q2, C*) is dense in L?(2, C*). So {u;} U {u} is also
a basis for L>(2, C?*). Consequently,

LX(Q,C*) = ge R (139)

If ¢ € R, then

0= ((Df)k)Df)k)* +D(1k)*D(1k)) v, 1//) = (Dék)*l//’ Dék)*w) + (D(lk)l//, D(lk)lﬂ)
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by using the identity (119) since ¥ € H,,(,C%*). Thus D*y = 0,0y = 0.
Note that since functions are £ is C°°-smooth functions on 2, we conclude that
R= H(lk)(Q) by applying the elliptic estimate (133).

By the construction of the operator N ik) above and the decomposition (139), any
Y € Hy(S2, C?*) admits the Hodge-type decomposition:

y = 0Ny + Ty = DYDY NPy + D" DNy + Ty, (140)

where I1 is the orthonormal projection to 8 = ’H(lk) (2) with respect to the L? inner
product.
It is sufficient to prove the orthogonality of the first two terms in (140) for smooth

functions, since C* (2, C*) is dense in L*($2, C*) and operators Dék) D(()k)*N fk) and
DY*DPNY are both bounded in L2(S2, C2). The orthogonality follows from

(D(()k)D(()k) *N{k) Y, D(lk) *ng)N{k)l//) = (D(lk)Df)k)Dg‘) *ka) Y, D(lk)N{k)l//) =0,
where we used the definition of duality applied for the functions
u=DYDY*NOy e H|(2,C*) and v =DYNYy e Hy(Q,C%)

when ¢ € H(Q2,C?), and we also used the equality D(lk) =k(v)D(lk) ka)WbQ =0
and D(lk)Dék) = 0. The theorem is proved.

Proof of Theorem 5.10 We claim that if D(lk) ¥ = 0 and ¥ is orthogonal to H(lk)(Q),

then ¢ = Df)k) *ka) Y satisfies Dg‘) ¢ = Y. Under the condition D(lk) Y = 0, the
second term in the decomposition (110) vanishes because

H D(l )* D(l )N§ )wHLZ (D(l )*D(l )Ni )w’ D(l )*D(l )Ni )w)
k)* ~(k k k k k
— (w, D(1 ) D(1 )Nf )Iﬁ) = (D(1 )Iﬁ, D(1 )Nf )Iﬁ) =0,

by using identity (119). Here ¥, D'N¥y e H(Q,C%*), s > 1, and NPy €
Hy (2, C*) implies that D(lk) *(U)D(lk) N{k)lﬂbﬂ = 0. The second identity comes
from the orthogonality in the Hodge-type decomposition (140). The claim follows
by [Ty = 0.

The estimate (108) follows from the estimate for the solution operator ka) in
Theorem 5.11.

Conversely, if ¥ = Dg‘)q& for some ¢ € Hy (2, CFY). Then v L H(lk)(Q)
because of

(W, u) = (Dg%,u) - (¢>,D§)")*u) —0 forany u e Hyy(Q),
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by using the identity (119), since Dék)*(v)u = 0 on the boundary and u and ¢ are
both from H, (2, Ck*1). The proof is finished.
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1 Introduction

The study of the existence and meaning of formal power series solutions to
differential or difference equations has a long history, going back at least to the
works of L. Euler in the eighteenth century. Although these solutions are frequently
divergent, under fairly general conditions the rate of growth of their coefficients is
not arbitrary. Indeed, a remarkable result of Maillet [35] in 1903 states the following:

LetG(x, Y,Y1,...,Y,) be an analytic function at the origin in n + 2 variables and
f = szo a,?’ be a formal power series solution of the differential equation

Gx,y,y,....y™")=0.

Then, there exist C, A, k > 0 such that |a,| < CAP(p!)"/* for every p > 0.

The series subject to these kind of estimates are named of Gevrey type of order
1/k. In order to give an analytical meaning to these formal solutions, appearing
in this and many different contexts, a whole theory of asymptotic expansions has
been developed during the past century, both in the general and in the Gevrey sense,
and these series turn out to be asymptotic representations (in a sense to be made
precise) of actual solutions defined in suitable domains. Moreover, generically there
is the possibility of reconstructing such analytic solutions from the formal ones by
a process known as multisummability, developed in the 1980s by J.-P. Ramis, J.
Ecalle, W. Balser, et al. The following result by Braaksma [9] in 1992 is certainly
one of the major achievements in this body of knowledge:

Every formal power series solution to a nonlinear meromorphic system of
ordinary differential equations at an irregular singular point is multisummable.

A fundamental tool in this respect is that of k-summability, and the main
aim of this survey is to provide an introduction to a slight generalization of this
concept, whose applicability is currently under study. The extension concerns the
consideration of series, respectively asymptotic expansions, whose coefficients,
resp. remainders, are governed by a sequence more general than, but sharing its
fundamental properties with, the powers of the factorial.

The Carleman ultraholomorphic classes A (S) in a sector S of the Riemann
surface of the logarithm consist of those holomorphic functions f in S whose
derivatives of order p > 0 are uniformly bounded there by, essentially, the values
p'M,, where Ml = (M,,),en, is a sequence of positive real numbers. In case bounds
are not uniform on S but are valid and depend on every proper subsector of S to
which the function is restricted, we obtain the class flM(S) of functions with a
(non-uniform) M-asymptotic expansion at 0 in S, given by a formal power series
A Zp>0 apZ ? /p! whose coefficients are again suitably bounded in terms of M (we
write [~y f and (a,)pen, € Am). The map sending f to (a,)pen, is the asymptotic
Borel map B, and f is said to be flat if B( f) is the null sequence. See Sect. 3 for the
precise definitions of all these classes and concepts.

In order to obtain good properties for these classes, the sequence M is usually
subject to some standard conditions; in particular, we will mainly consider strongly
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regular sequences as defined by Thilliez [57], see Sect. 2. The best known example
is that of Gevrey classes, appearing when the sequence is chosen to be M, =
(P!")peng, @ > 0, and for which we use the notations A, (S), Au(S), Mg f ~a f‘ and
so on, for simplicity. Let us denote by S, the sector bisected by the directiond = 0
and with opening ry. It is well known that B: .ALI(S),) — A is surjective if, and
only if, y < o (Borel-Ritt—Gevrey theorem, see [41, 50, 51], [1, Theorem 2.2.1]). It
is natural to call this an extension result, and to think then about the possibility
of obtaining linear and continuous right inverses for B in suitably topologized
classes. On the other hand, Bis injective (i.e., .ALI(S),) does not contain nontrivial
flat functions, and then the class Aa (S,) is said to be quasianalytic) if, and only if,
y > o (Watson’s lemma, see for example [2, Proposition 11]). Our main aim in the
first part of this exposition is to provide generalizations of this kind of results in the
framework of Carleman ultraholomorphic classes associated with strongly regular
sequences inducing a proximate order. We will mainly follow the work [54]. Let us
start with an overview of the existing literature in this respect.

In 1995 Thilliez [56] obtained right inverses in the Gevrey case when y < «
by applying techniques from the ultradifferentiable setting (i.e. regarding extension
results for classes of smooth functions on open subsets of R”, determined by
imposing a suitable growth of the derivatives), and the same was done by the author
in [53] by adapting the truncated Laplace transform procedure already used by
J.P. Ramis in Borel-Ritt—Gevrey theorem [50]. Regarding general classes, Schmets
and Valdivia [55] extended some results of Petzsche [49] for ultradifferentiable
classes, and applied them in order to provide the first powerful results in the
present framework. Subsequently, Thilliez [57] improved the results in [55] in
several respects (see Sect. 3.1 in his paper for the details) by relying on a double
application of suitable Whitney’s extension results for Whitney ultradifferentiable
jets on compact sets with Lipschitz boundary appearing in [8, 14, 49]. In particular,
he introduced a growth index y(M) € (0, co) for every strongly regular sequence
M (which for M, equals «), and proved the following facts: if y < y(M), then
A (S, ) is not quasianalytic, and there exist right inverses for BB, which are obtained
due to the explicit construction of nontrivial flat functions in the class Awm(S, ).
Indeed, these flat functions allowed Lastra et al. [29] to define suitable kernels and
moment sequences by means of which to obtain again right inverses by the classical
truncated Laplace transform technique. Because of the integral form of the solution,
this procedure admits an easy generalization to the several variable case, and does
not rest on any result from the ultradifferentiable setting.

However, the preceding results for general classes are not fully satisfactory.
Firstly, the equivalences stated in Borel-Ritt—Gevrey theorem and Watson’s lemma
for the Gevrey case are now only one-side implications. Secondly, and strongly
related to the previous remark, the need to restrict the opening of the sector S, to
y < y(M) in order to obtain flat functions in A (S, ) does not allow one to treat
the apparently limit situation in which y = y(M). Note that, in the Gevrey case, the
function e " is flat in the class Ay (S«), and of course in every A, (S,) fory < a.
So, our main objective will be to obtain flat functions in sectors of optimal opening.
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In this sense, we first introduce for every strongly regular sequence M a new
constant w(M), measuring the rate of growth of the sequence M, in terms of
which quasianalyticity in the classes Aw(S,) may be properly characterized due
to a classical result of Korenbljum ([25]; see Theorem 4.3). This constant is easily
computed in concrete situations [see (14)], and indeed it is the inverse of the
order of growth of the classical function M() associated with M, namely M(7) =
sup,en, 10g(#7/M,), t > 0 [see (15)]. Regarding the construction of flat functions,
Thilliez [58] had characterized flatness in Ay (Sy) in terms of the existence of non-
uniform estimates governed by the function e (/1) much in the same way as
the function e=% expresses flatness in the Gevrey case. So, it became clear to
us the need to construct functions in sectors whose growth is accurately specified
by the function M(r). The classical theory of growth for holomorphic functions
defined in sectorial regions, based on the notion of (constant) exponential order,
showed itself not profound enough to deal with the general case. Luckily, the
theory of proximate orders, allowing to change the constant order p > 0 into a
function p(r) more closely specifying the desired rate of growth, is available since
the 1920s, with results by E. Lindelof, G. Valiron, V. Bernstein, M.M. Dzhrbashyan,
M.A. Evgrafov, A.A. Gol’dberg, I.V. Ostrovskii (see [17, 33]) and, in our regards,
mainly Maergoiz [34], which have been the key for our success. The problem of
characterizing those sequences M associated with a proximate order has been solved
(Proposition 4.28), and it turns out that all the interesting examples of strongly
regular sequences appearing in the literature belong to this class. Whenever this
is the case, the results of L.S. Maergoiz allow us to obtain the desired flat functions
in flM(Sw(M)) (see Theorem 4.26) and, immediately, we may generalize Watson’s
lemma, see Corollary 4.30. Subsequently, in Sect. 5 suitable kernels and moment
sequences are introduced, by means of which we may prove that Bis surjective in
Ay (8y) if, and only if, y < w(M), so generalizing Borel-Ritt—Gevrey theorem (see
Theorem 5.11).

It should be mentioned that for the standard strongly regular sequences appearing
in the literature, the value of the constants y (M) and w(M) agree, and the equality
remains true as long as M induces a proximate order, as it has been recently obtained
by J. Jiménez-Garrido and the author (see Proposition 4.28, and [22] for its proof).
We have y(M) < w(M) in general, and y(M) < w(M) can actually occur, as it
has been proved in [23], so for some sequences our results definitely improve those
of V. Thilliez by enlarging the sectors for which non-quasianalyticity holds. In any
case, the equivalences stated in Theorem 5.11 and Corollary 4.30 are new. To end
this topic, in Theorem 5.13 we gather the information concerning the existence of
right inverses for B in Ay (Sy) as long as M induces a proximate order: they exist
whenever y < w(M), and their existence, under some specific condition (satisfied,
for instance, in the Gevrey case), implies that y < w(M).

The aim of the second part of this survey is to put forward a concept of
summability of formal (i.e. divergent in general) power series in the framework
of general Carleman ultraholomorphic classes in sectors, so generalizing the by-
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now classical and powerful tool of k-summability of formal Gevrey power series,
introduced by Ramis [50, 51]. We will follow a paper of Lastra et al. [31].

Observe that the injectivity of the asymptotic Borel map B in Ay(G), for a
sectorial region G, means that every function f in such a class is determined by
its asymptotic expansion f and it makes sense to call f the sum of f this is the idea
behind summability methods in this context.

The classical Watson’s Lemma is the departure point for the definition of 1/a-
summability in a direction. The paradigmatic example of flat function in Au(Sy) is
fu(z) = exp(—z~/%), and it gives rise to kernels in terms of which one may define
formal and analytic Laplace and Borel transforms permitting the reconstruction of
the sum of a given Gevrey formal power series belonging to B(A, (Sy)) for some
y > «. The technique of multisummability (in a sense, an iteration of a finite number
of 1/a-summability procedures) has been proven to apply successfully to a plethora
of situations concerning the study of formal power series solutions at a singular point
for linear and nonlinear (systems of) meromorphic ordinary differential equations
in the complex domain (see, to cite but a few, the works [1, 2, 7, 9, 42, 52]), for
partial differential equations (for example, [3, 4, 18, 38, 48]), as well as for singular
perturbation problems (see [5, 12, 30], among others).

However, it is known that non-Gevrey formal power series solutions may
appear for different kinds of equations. For example, Thilliez has proven some
results on solutions within these general classes for algebraic equations in [58].
Also, Immink in [20, 21] has obtained some results on summability for solutions
of difference equations whose coefficients grow at an intermediate rate between
Gevrey classes, called of 17 level, that is governed by a strongly regular sequence.
Very recently, Malek [39] has studied some singularly perturbed small step size
difference-differential nonlinear equations whose formal solutions with respect to
the perturbation parameter can be decomposed as sums of two formal series, one
with Gevrey order 1, the other of 17 level, a phenomenon already observed for
difference equations [10].

All these results invite one to try to extend summability tools so that they are
able to deal with formal power series whose coefficients’ growth is controlled
by a general strongly regular sequence, so including Gevrey, 17 level and other
interesting examples. Our approach will be inspired by the study of moment
summability methods, equivalent in a sense to 1/a-summability, developed by
W. Balser in [2, Sect. 5.5] and which relies on the determination of a pair of kernel
functions with suitable asymptotic and growth properties, in terms of which to define
formal and analytic Laplace- and Borel-like transforms. These summability methods
have already found its application to the analysis of formal power series solutions of
different classes of partial differential equations (for example, by Malek [36, 37] and
by Michalik [43, 44]), and also for so-called moment-partial differential equations,
introduced by Balser and Yoshino [6] and subsequently studied by Michalik [45—
47].

Thanks to the results in the first sections, a definition of M-summability in a
direction d may be easily put forward, see Definition 6.1.
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Since the existence of flat functions in S, is known whenever M induces a
proximate order, we devote Sect. 6 to the introduction of kernels of M-summability
(see Definition 6.2), and the associated formal and analytic transforms, in terms of
which to reconstruct the sums of M-summable formal power series in a direction,
as stated in Theorem 6.18. Once our tool has been designed, it is necessary to
test its applicability to the study of formal solutions of different types of algebraic
and differential equations in the complex domain. Our first attempt is contained
in the last section. The notion of formal moment-differential operator was firstly
introduced by Balser and Yoshino in [6]. Generally speaking, given the sequence of
moments m, = (m.(p))pen, of a kernel function e of order k > 0 (in other words
and according to Remark 6.19(i), a kernel for M /x-summability), one can define
Om, ; as an operator from C[[z]] into itself given by

amg,z Z fp P :pr_H Zp

Z 9
Zom(p) ) T Smep)

in much the same way as, for the usual derivative d, one has 9 (ZPOQ’!ZP) =

szo f";r!‘ Z¥. For two sequences of moments m; = (m;(p))pen,, of Gevrey order
ki, and my = (ma(p))pen,, of Gevrey order ko, they study the Gevrey order of
the formal power series solutions of an inhomogeneous moment-partial differential
equation with constant coefficients in two variables,

P(amlst’ amz,z)’:‘(tv 2) :.f(ﬁ 2),

where p(A, &) is a given polynomial. Subsequently, Michalik [45] considers the
corresponding initial value problem

PO, 1, Omy u(t, z) = 0, 3, u(0,2) = ¢i(z) forj=0,....n—1,

where P(A, &) is a polynomial of degree n with respect to A and the Cauchy data
are analytic in a neighborhood of 0 € C. A formal solution i is constructed, and
a detailed study is made of the relationship between the summability properties
of & and the analytic continuation properties and growth estimates for the Cauchy
data. We will generalize his results for strongly regular moment sequences of a
general kernel of summability. A significant part of the statements are given without
proof, since the arguments do not greatly differ from those in [45]. On the other
hand, complete details are provided when the differences between both situations
are worth stressing.

The interested reader may find in [32] a recent application of the tools described
here to the asymptotic study of the solutions of a class of singularly perturbed partial
differential equations in whose coefficients there appear sums of formal power series
in this generalized sense.
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Notation

We set N := {1,2,...}, Ny := N U {0}. R stands for the Riemann surface of
the logarithm, and CJ[z]] is the space of formal power series in z with complex
coefficients.

For y > 0, we consider unbounded sectors

™

Sy :={ze R :|arg(z)| < )/2

or, in general, bounded or unbounded sectors
o
Sd,a,r):={ze R :|arg(z) —d| < 5 |z| < r},

S(d,a) = {z e R : |arg(z) —d| < “2”}

with bisecting direction d € R, opening « 7 and (in the first case) radius r € (0, o).

A sectorial region G(d, ) with bisecting direction d € R and opening o 7w will
be a domain in R such that G(d, @) C S(d, &), and for every € (0, @) there exists
p = p(B) > 0with S(d, B, p) C G(d, o). In particular, sectors are sectorial regions.

A sector T is a bounded proper subsector of a sectorial region G (denoted by
T <« G) whenever the radius of 7 is finite and T \ {0} C G. Given two unbounded
sectors T and S, we say T is an unbounded proper subsector of S, and we write
T <S8,if T\ {0} CS.

D(z, r) stands for the disk centered at zo with radius r > 0.

For an open set U C R, O(U) denotes the set of holomorphic functions defined
inU.

9 (z) stands for the real part of a complex number z, and we write |x| for the
integer part of x € R, i.e. the greatest integer not exceeding x.

2 Strongly Regular Sequences: Associated Functions
and Growth Index

Most of the information in this subsection is taken from the works of Chaumat and
Chollet [14], Goldberg and Ostrovskii [17], Komatsu [24] and Thilliez [57], which
we refer to for further details. In what follows, M = (M,),en, Will stand for a
sequence of positive real numbers, and we will always assume that My = 1.

Definition 2.1 We say:
(i) M is logarithmically convex (for short, (Ic)) if

M,% <M, 1M1, p€N.
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(i1) M is derivation closed (for short, (dc)) if there exists A > O such that
M+ <A"'M,,  peN,.
(iii)) M is of moderate growth (briefly, (mg)) if there exists B > 0 such that
Myyy < B qMM P, q € No.

(iv) M satisfies the non-quasianalyticity condition (briefly, (nq)) if

M,
Z <
(g + 1)Mq+1

=0

(v) M satisfies the strong non-quasianalyticity condition [for short, (snq)] if there
exists C > 0 such that

> =C, My peN,
pr (g + 1)Mq+1 Myt

The terminology will be explained by some of the following comments or results.
Obviously, (mg) implies (dc), and (snq) implies (nq).

Definition 2.2 (Thilliez [57]) We say M is strongly regular if it verifies (Ic), (mg)
and (snq).

Remark 2.3 In the literature a different set of conditions appears frequently when
dealing with ultraholomorphic or ultradifferentiable classes of functions. Let us
clarify the relationship between these two approaches. H. Komatsu (see [24, 40])
uses the following terminology: for him, (lc) is (M.1); (dc) is (M.2)’; (mg) is (M.2);
and he introduces:

(i) M verifies (M.3)” if

¢>0 Mq+l

(ii) M satisfies (M.3) if there exists C > 0 such that

M, <c? ", p e N.
Mq+1 Mp+1

qzp
Again it is clear that (M.3) implies (M.3)’. Moreover, if M is strongly regular, then
M* := (p!M,),en, verifies the conditions (M.1), (M.2) and (M.3) of H. Komatsu.
On the other hand, if a sequence of positive real numbers M* = (M; )peNy, With
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Mj =1, verifies (M.2) and (M.3), and moreover M := (M;‘/p!)peNo is (Ic), then Ml
is strongly regular.

Definition 2.4 For every sequence M = (M,),en, the associated sequence of
quotients m = (m,)pen, is defined by

Mp+1
= , € Ny.
mp M, p 0
Remark 2.5 The properties (Ic), (dc), (nq) and (snq) can be easily stated in terms
of the sequence of quotients, and we will see in Proposition 2.6(ii.3) that the same
holds for (mg) as long as the given sequence M is (lc). Moreover, observe that for
every p € N one has

Mp Mp—l M2 Ml

M, = .
P My My T My M

= Mp—1Mp— ... Mmy. (1)

So, one may recover the sequence M (with My = 1) once m is known, and so
the knowledge of one of the sequences amounts to that of the other. Sequences of
quotients of sequences M, L, etc. will be denoted by lowercase letters m, £ and so
on. Whenever some statement refers to a sequence denoted by a lowercase letter
such as m, it will be understood that we are dealing with a sequence of quotients [of
the sequence M given by (1)].

Proposition 2.6 Let Ml = (M) ,en, be a sequence. Then, we have:

(1) Mis (Ic) if, and only if, m is nondecreasing. If, moreover, M satisfies (nq) then
m tends to infinity.
(ii) Suppose from now on that M is (Ic). Then

>i1.1) (M,i/p)peN is nondecreasing, and M,i/p < my_1 for every p € N (hence,
M, < mj for every p € No). Moreover, lim,,_, oo m, = 00 if, and only if,
: 1/p
limy 00 M,'" = 0.

(ii.2) MM, < M, for every p,q € Ny.

(i1.3) The following statements are equivalent

(ii.3.2) M is (mg),
(ii3.0) supey 1, < oo,

map
ny

Y
(ii.3.d) sup,ey (Aﬁé’) " < .

Indeed, if B > 0 is the constant involved in (mg), then

(ii.3.c) SUPp,eny, < 00,

mb < B¥M,, p € N,. 2
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Proof We only prove the last statement in (ii.3) (and, in particular, that (ii.3.a)
implies (ii.3.b)). From (Ic), for p € N we have that

MZp 1up+p
=TT 17 m, M,
and applying (mg) we deduce that m)) < B¥M,,. O

In the next definitions and results we take into account the conventions adopted
in Remark 2.5(ii).

Definition 2.7 Let M = (M),),en, and L = (L,),en, be sequences, we say that M
is bounded from above by 1., and we write Ml < L, if there exists C > 0 such that

M, <CL,,  peN,.

Equivalently,
( M, ) 1/p
sup < 00.
PENy Lp

Definition 2.8 Let m = (m,),en, and £ = (£,),en, be sequences of positive real
numbers, we say that m is bounded from above by £, and we write m < £, if there
exists ¢ > 0 such that

my, < clp, peNy
or, equivalently, if
mp
sup < 00.
P€Ny E[’

Proposition 2.9 Let M and L be sequences.

(1) Ifm <€ then M < L.
(ii) If M and L are (Ic) and M is (mg), then Ml < L impliesm < £.

Proof The proof of (i) follows immediately from (1). By Proposition 2.6 we see that
L,l,/P < {,, and there exists A > 0 such that m, < Alel/p, for every p € N. If one
has Ml « L, then there exists C > 0 such that M,, < CPL, for every p € Ny, and
SO

m, < AM,/P < A’CL/? < A’Ct,

for every p € N, as desired. O
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Definition 2.10 ([14, 49]) Let M and LL be sequences, we say that M is equivalent
to L, and we write M ~ L, if Ml < L and L << M.

Definition 2.11 Let m and £ be sequences, we say that m is equivalent to £, and
we writem ~ £,ifm < £ and £ < m.

Using the previous result we easily obtain
Proposition 2.12 Let M and L be sequences.

(1) Ifm ~ £ then M ~ L.
>ii) IfM and L are (Ic) and (mg), then M ~ L amounts tom >~ £.

Remark 2.13 In particular, if M and L are strongly regular sequences we have that
m < £ is equivalent to Ml < L, and m =~ £ is equivalent to M ~ L.

The next proposition is easily proved from the very definitions of (mg) and (snq).

Proposition 2.14 Property (mg) is preserved by the relation ~, and property (snq)
is preserved by the relation ~~.

Remark 2.15 From the previous proposition we see that if a sequence M is (mg) and
(snq), and another sequence LL is (Ic) and such that £ =~ m, then L is strongly regular.
In particular, whenever M is (mg) and (snq), and m is eventually nondecreasing, it
is easy to construct a strongly regular sequence L such that £ ~ m and, in fact,
L, = my,, for every p greater than or equal to some suitable py.

Example 2.16

(i) Given o > 0, the best known example of strongly regular sequence is M, =
(P!)peny, called the Gevrey sequence of order .

(ii) The sequences My g = (p!"‘ F o log (e +m))peN0, wherea > Oand 8 € R,
are strongly regular (in case B < 0, the sequence has to be suitably modified
according to Remark 2.15).

(iii) Forg > 1,M = (qu)pENo is (Ic) and (snq), but not (mg).

The following result of H.-J. Petzsche will be useful in the sequel.

Corollary 2.17 (Petzsche [49], Corollary 1.3(a)) Let M be (Ic) and (snq). Then
there exists ¢ > 0 and a sequence IL. such that £ >~ m and the sequence (L,p!™)pen,
is (Ic) and (snq).

For the sake of completeness we include the following result.

Proposition 2.18 Given two strongly regular sequences Ml = (M),)pen, and L. =
(Lp)peny, the product sequence M - L := (M,,L,)pen, is also strongly regular.

Proof Properties (Ic) and (mg) are easily checked for M - L. Regarding (snq), we
will use that, according to Lemma 1.3.4 in Thilliez [57], M := (M})en, is strongly
regular for every s > 0 (properties (Ic) and (mg) are obvious, and (snq) is obtained
thanks to Corollary 2.17). Hence, M? and IL? are (snq). Now, Cauchy-Schwarz
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inequality gives that, for every p > 0,

3 M,L, - (Z Mm; )1/2<Z L )1/2
>p (g + 1)Z‘/161+1Lq+1 - a=p (g + 1)M§+1 a=p (g + 1)L[21+1
~veg M b
Mp+1 Lp+1

where the positive constants B and B’ are the ones appearing in (snq) for M? and
IL?, respectively. O

Many of the properties of the sequences M (or m) may be better studied, or
expressed, by means of any of the two following auxiliary functions associated with
M. We assume that M is (Ic) and that lim,,_,, m, = oo [this happens, for example,
if M satisfies (nq)].

The map /iy : [0, 00) — R is defined by

hyi(t) == pieano My, t>0; hyi(0) =0, 3)

and it turns out to be a non-decreasing continuous map in [0, co) onto [0, 1]. In fact

D : 1 1 —
ng(®) = M, if t € [mp,.mpfl), p=12,...,
1 ift > 1/my.
One may also consider the function
r
M(r) == sup log (. ) = —log (lu(1/1)), > 0; M(0) =0, 4)
PENy Mp
which is a non-decreasing continuous map in [0, c0) with lim,—,oc M(f) = oo.

Indeed,

M) = plogt —log(M,) ift € [m,—1,my), p=1,2,...,
B 0 if £ € [0, mp),
and one can easily check that M is convex in log ¢, i.e., the map ¢ — M(e") is convex
in R. For every p € Ny, the continuity of M at m, amounts to the trivial equality
mﬁj /M, = mﬁj*’l M, 1 1. Moreover, since the sequence m = (m,),en, (respectively,
the function M(r)) increases to infinity as p (resp. f) tends to infinity, the sequence
(M(mp))pen, = (log(mﬁj /Mp))[7 Ny’ and consequently also (mﬁj /M) pen,, increase
to infinity, starting at the value 0 and 1, respectively. Note also that the p-th and
(p+ 1)-th terms of any of these two sequences are equal if, and only if, m, = m, 4.
The condition of moderate growth plays a fundamental role in the proof of (5),
which will in turn be crucial in many of our arguments.
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Lemma 2.19 ([14, 57]) Let Ml = (M),)pen, be (Ic), (mg) and such that m tends to
infinity. Let s be a real number with s > 1. There exists p(s) > 1 (only depending
on s and M) such that

hu(®) < (hu(p(s)n))’  fort=0. &)

Proof If B > 0 is the constant appearing in (mg), it is clear that My, < BZI‘M,% for
every k € Ny, and so for every t > 0 one has

2k B2k 2K
2M(f) = suplo < suplo < M(Br).
kzlg & M} kzlg g My

Inductively, one obtains that 29M(#) < M(B?t) for every ¢ € Ny and ¢ > 0, or
equivalently, M(¢/B?) < M(r)/2%. Now, given s > 1 there exists a unique g € Ny
such that s € [29,29%1) (indeed, ¢ = |log, s]), and if we put p(s) := B4*! we have
that

t

1 1
M(p(s)) < 2q+1M(t) < sM(t), t> 0.

This is precisely the inequality (5). O

Remark 2.20 1f the sequences Ml = (M))yen, and . = (L,),en, are equivalent,
there exist C, D > 0 such that

C’'M, <L, < D'M,, p € No.
It is straightforward to check that
hui(Ct) < hi(1) < hu(D1), 1>0, (6)
or, equivalently,
M(@t/C) = L) = M(t/D),  1=0. ©)
We now recall the following definitions and facts, mainly taken from the book of

Goldberg and Ostrovskii [17], which will allow us to determine the rate of growth
(resp. decrease) of the function M () (resp. Ani(?)) as ¢ tends to infinity (resp. to 0).

Definition 2.21 ([17], p. 43) Let «(¢) be a nonnegative and nondecreasing function
in (c, oo) for some ¢ > 0 (we write @ € A). The order of « is defined as

) log® a(r)
p = plo] ;= limsup

t—00 log?

€ [0, <],

where logt = max(log, 0). (¢) is said to have finite order if p < co.
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Remark 2.22 'We note that this concept already appears in the definition of expo-
nential order of a non constant entire function f. If My (r) := max =, |f(2)|, r > 0,
then we know that the function My is nondecreasing and tends to infinity as r — oo,
and so log(My) € A. The exponential order of f is defined precisely as p[log(My)].

We are firstly interested in determining the order of the function M(f) € A
defined in (4) and associated with a sequence M which is (Ic) and such that
lim, o m, = oo. To this end, we need to recall now the definition of exponent
of convergence of a sequence and how it may be computed.

Proposition 2.23 ([19], p. 65) Let (cp)pen, be a nondecreasing sequence of posi-
tive real numbers tending to infinity. The exponent of convergence of (cp), is defined
as

Afey) = inf{u >0 Z o converges}
p=0 P

(if the previous set is empty, we put A(.,) = 00). Then, one has

Ay = hm sup log(p) (8)

00 log(c,,)

We will also need the following fact, which can be found in [40, p. 21]: if we
consider the counting function for the sequence of quotients m, v : (0,00) — Ny
given by

v(1) == #{p:m, <1}, )]

then one has that
t
M) = / YO s >0, (10)
0 N

We may now compute the order of M(¢) in terms of the sequence m.

Theorem 2.24 ([54]) Let M be (Ic) and such that lim, oo m, = o0o. Then, the
order of M(t) is given by

p[M] = lim sup log(p)
p—00 log(mp)

Y

Proof We take into account the link given in (10) between M(¢) and the counting
function v(¢) for m [as defined in (9)], which also belongs to A. The following
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inequalities are evident for every ¢ > my:
et et 1
M(et) z/ O v(t)/ ds = v (1),
t s t S

M) = / O < [ ids — (1) log(1/mo).

0 mg

Then, from the very definition we may deduce that the order of M(¢) equals that of
v(r). Now, it is a general fact for functions « in A that

oo
t
ple] =inf{pn > 0: / :1{-(%;)1 dt converges}

(the lower endpoint in the integral is inessential; when the set in the right hand side

is empty it is understood that p[ez] = 00). On the other hand, for every t > 0 it is
straightforward to prove that

1 () " u(s)
2ou= i +“/mosu+1ds’

mp <t mp

from where one may deduce that the series

i 1

n
p=0 """
converges if, and only if, the integral
()
L e dt
does. These two last facts together lead to the conclusion that p[M] = p[v] = A¢m,),
which is given by the formula in (8). O

Remark 2.25

(i) Let M, be the Gevrey sequence of order « > 0, and M,(¢) its associated
function. By means of (11), it is obvious that p[M,] = 1/«.

(i) Let M and L satisfy the assumptions in the previous result, and suppose first
that M < L, ie. M, < CPL, for some C > 0 and every p € Ny. By the
very definition, one has that M(¢t) > L(¢/C) for every t > 0, and consequently
p[M] > plL]. Observe that this fact is not clear from formula (11), unless we
admit that M is (mg) (and so m < £ by Proposition 2.9).



214 J. Sanz

If we suppose that Ml & I, then we conclude that p[M] = p[L]. Again, only
if M and LL are (mg) we may be sure that also m ~ £, and then formula (11)
makes the equality of the respective orders evident.
(iii) Given a strongly regular sequence M, from Corollary 2.17 it is plain to see that
there exist €, a; > 0 such that

aip!® < M,, p € Ny.

On the other hand, choose § > 0 such that ¢® > B2, where B is the constant in
(mg). Using (2) and the estimate

( p )p+1 < 1

p+1 e
one can prove by induction that M, < M/ p for every p € N. Stirling’s
formula implies that there exists a; > 0 such that

M, < apzp!‘S, p € Np.

From the two previous remarks we deduce that 1/§ < p[M] < 1/e, and, in
particular, p[M] € (0, 00).

(iv) If we put M = (qu)peNo, with ¢ > 1, then M is (Ic) and (nq) but (mg) is not
satisfied, and we easily obtain from (11) that p[M] = 0, which is not possible
for strongly regular sequences.

In case Ml = (]_[’,z=0 log(e + k))pen,, M is (Ic), (mg) and m tends to infinity,
but (nq) is not satisfied. From (11) we see that p[M] = oco.

3 Asymptotic Expansions and Ultraholomorphic Classes

Given a sequence of positive real numbers Ml = (M,),en,, a constant A > 0 and a
sector S in the Riemann surface of the logarithm, we define

(p)
Ana(S) = {f € O) : |Ifllyga := :upN Kppl(ja)l =
ZES,peNy Hp

(Ana(S). || llna) is a Banach space, and Awi(S) := Uas0Awma(S) is called a
Carleman ultraholomorphic class in the sector S.
One may accordingly define classes of sequences

|/'Lp|
A = { = e CMo . =5 < }
MLA n (/’LP)PGN() “LIMA p;lI\IT)O APP!Mp oo
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(Ama, | Inga) is again a Banach space, and we put Ay := UgsoAn4, Which we
call a Carleman class of sequences.

Since the derivatives of f € Anr4(S) are Lipschitzian, for every p € Ny one may
define

FP0) := lim fP(z) eC,
z€8,z—>0
and it is clear that the sequence

B(f) :== (fP(0)peny € Awas  f € Ama(S).

The map B: An(S) — Aw so defined is called the asymptotic Borel map. It has
nice properties under suitable assumptions on the sequence M.

Proposition 3.1 Let M be a sequence.

(1) If M is (Ic) (respectively, (dc)), then An(S) is closed under products (resp.
under derivatives). So, if M is (Ic) and (dc), Awm(S) is a differential algebra.

(ii) Let us endow Ay with the operations induced by derivation and product in
A (S) through the map B (i.e. those which make the operations to commute
with l;’). If M is (Ic) and (dc), Awv is a differential algebra, and Bisa
homomorphism of differential algebras.

Proof Regarding products, (i) is a consequence of Leibniz’s formula and the
property in Proposition 2.6.(ii.1). On the other hand, if we have (dc) with a constant
B > 0 and take f € Apma(S), it is immediate to prove that ' € Awa5(S), and so
Awi(S) is derivation closed.

The operations in Ay are the left shift operator (corresponding to derivation) and
the product induced by Leibniz’s rule: if A = (A,)en, and p = (1, )pen, belong to
Am, we put

p
A= (Vp)peno. where v, := Z (i)lkup—k, p € No.
k=0

The rest of the statements is straightforward. O

Although it will not be used in our approach, from the topological viewpoint the
spaces An(S) and Ay have a natural structure of (LB)-spaces, that is, they are
inductive limits of Banach spaces.

Next, we will recall the relationship between these classes and the concept of
asymptotic expansion.

Definition 3.2 We say a holomorphic function f in a sectorial region G admits the
formal power series f = Z;’o:o apz’ € Cl[z]] as its M-asymptotic expansion in G
(when the variable tends to 0) if for every T < G there exist Cr,Ar > 0 such that
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for every p € Ny, one has
p—1
V(z) -~ Zakzk’ < CrAiM,lzl’,  zeT. (12)
k=0

We will write f ~ ;’ozo ayz’ in G. flM(G) stands for the space of functions
admitting M-asymptotic expansion in G.

Definition 3.3 Given a sector S, we say f € O(S) admits f‘ as its uniform M-
asymptotic expansion in S of type A > 0 if there exists C > 0 such that for every
p € Ny, one has

p—1
f@ - ad| = carmlap,  zes. (13)
k=0
We have the following result relating the spaces with uniform, or not, bounds for
the remainders or the derivatives (see [2, 15]).

Proposition 3.4 Let S be a sector and G a sectorial region.

() Iff € Awia(S), then f admits the series f = p pl! FP(0)2 as its uniform
M-asymptotic expansion in S of type A.

(i) f € Aw(G) if. and only if. for every T <& G there exists Ay > 0 such
that fl7 € Awa, (T). Hence, the map B : Ay(G) — Ay is also well
defined.

Proof (i) is a consequence of Taylor’s formula. (ii) Emanates from Cauchy’s
integral formula for the derivatives, and the fact that, given T < G, there exist a
sector U < G and r > 0 such that for every z € T one has D(z,r|z]) C U. O

The map B: Ay (G) — A is again a homomorphism of differential algebras,
as long as Ml is (Ic) and (dc).

Remark 3.5 Consider a pair of equivalent sequences M and L. It is obvious that
Am = Ay, the spaces Ay (S) and AL(S) coincide for a sector S, and also Au(G)
and Ar(G) agree for a sectorial region G.

Remark 3.6 As a consequence of Cauchy’s integral formula for the derivatives,
given a sector S one can prove that whenever T < S, there exists a constant
¢ = ¢(T,S) > 0 such that the restriction to 7, fr, of functions f defined on §
and admitting uniform M-asymptotic expansion in S of type A > 0, belongs to
Anrca(T), and moreover, if one has (13) then ||fr||pea < C.
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4 Injectivity of the Borel Map: Korenbljum’s Result
and Watson’s Lemma

In the definition of general asymptotic expansions in a sectorial region G, the form
of the bounds for the remainders given in (12) is just Cr,|z|", i.e., no precision is
made about the way in which the constants Cr, depend on T < G or p € N. In this
case, the classical Borel-Ritt theorem states the surjectivity of the asymptotic Borel
map for whatever region G, while it is well known that this map is never injective
(observe that the function exp(—1/z) is flat in the right half plane, and one may
reason by ramification in any other situation). So, given a sectorial region it is not
possible to assign to a given formal power series a natural, unambiguous sum (i.e. an
analytic function in the region asymptotically represented by the series). However,
the situation changes drastically when M-asymptotic expansions are considered, as
we will see in this section.

Quasianalyticity and Korenbljum’s Result

We are interested in characterizing those classes in which the asymptotic Borel map
is injective; these will be called quasianalytic Carleman classes.

Definition 4.1 A functionf in any of the classes Ay (G)or Anr.a(S) is said to be flat
if B( /) is the null sequence or, in other words, f ~ 0 (uniformly or not, depending
on the class), where 0 denotes the null power series.

Definition 4.2 Let S be a sector and M = (M,),en, be a sequence of positive
numbers. We say that Ay (S) (or Ay (G)) is quasianalytic if it does not contain
nontrivial flat functions.

Characterizations of quasianalyticity for general sequences M, in one and several
variables, and for the case Ap(S), are available in [27], generalizing the work of
Korenbljum [25]. In this paper, we restrict our attention to the one-variable case.

Note that a suitable rotation allows one to consider only sectors (or sectorial
regions) bisected by the direction d = 0. As shown in the next result, concerning
classes of functions with uniform bounds for the derivatives throughout the sector
Sy, quasianalyticity is governed by the opening of the sector, i.e. by y. Moreover,
one easily observes that if A (S, ) is quasianalytic (respectively, non quasianalytic),
then A (Sg) will also be for every 8 > y (resp. for every B < y). So, one expects
to find a value of the opening that separates both situations, and this will indeed
happen.

Although we mainly focus on strongly regular sequences, in many of the results
in this section weaker assumptions on M suffice, as it will be indicated. Moreover,
we remark that the condition (Ic) is not necessary in the next statement, but its
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inclusion eludes the consideration of technically cumbersome regularizations of the
sequence involved (the minorant of Faber or the log-convex regularization).

Theorem 4.3 ([25]) Let M be (Ic) andlet y > 0 be given. The following statements
are equivalent:

(i) The class Am(Sy) is quasianalytic.
— M,

(i) !
PZZ; ((P + DMp+1

Remark 4.4 The previous result is a consequence of a version of Watson’s Lemma
due to Mandelbrojt [40, Sect. 2.4.1II]. Note that the result is easy if the sequence
m does not tend to infinity. In this case, there would exist C > 0 such that M[l,/ r <
m, < C for every p € N. So, on one hand the series in Theorem 4.3.(ii) would
be divergent for every y > 0. On the other hand, by Proposition 3.4.(i) and the
estimates in (13), for a flat function f € A (S,) we would have

/(y+D
)

)] = CoA’M,|z” < Co(AC)Y |2
forevery z € S, every p € N and some Cy, A > 0. We deduce that f(z) vanishes for
every z € S, N D(0, 1/(AC)), and so the class is quasianalytic for every y > 0.

In view of this last remark, we will consider in the following sequences M which
are (Ic) and with m tending to infinity.
Accordingly, we introduce a new quantity regarding quasianalyticity.

Definition 4.5 For a sequence M, we put
Om = {y > 0: Am(S,) is quasianalytic}.

The order of quasianalyticity of M is defined as w(M) := inf Q.
We can obtain its value due to the following result.

Theorem 4.6 ([54]) Let M be an (Ic) sequence such that m tends to infinity. Then,

log(m,) 1

o(M) = liminf = . 14)
r=>oo log(p)  Amy)
Consequently, we have that
= . (1s)
1) = ,
p[M]

and if ML is strongly regular, then w(M) € (0, co).

Proof Since M is (Ic), the sequence (p!Mp)yen, also is. So, the sequence of
its quotients, ((p + 1)m,)yen,, is nondecreasing and, moreover, tends to infinity
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because m does. In view of (8), the exponent of convergence of the sequence
((p + 1)my)pen, and that of the sequence (m,),¢n, are related as follows:

Ap+1ymy) = limsup oe(7) 1 = 1
) = e og(p 4+ Dmy) 1 4 liminf, 5op 2 14 1/Am,)

P30 o, ()

(with the usual conventions regarding division by 0 or co). On the other hand, from
Theorem 4.3 and the definition of w(M) it is clear that

! =
a)(M) +1 ((p+1Dmyp)»

hence
1 1
M) = liminf 08 _ 1
p—>oo log(p) A(mp)
Comparing this to (11), and by Remark 2.25.(iii), we conclude. O

Remark 4.7 Observe that mw(M) is the optimal opening for quasianalyticity, in
the sense that the class A (S) is (respectively, is not) quasianalytic whenever the
opening of S exceeds (resp. is less than) this quantity. When the opening of the sector
equals 7w (M) both cases are possible, as shown in the forthcoming Example 4.9.

Remark 4.8 1f the sequences M and L are such that Ml <« L, then Ay (S) C AL(S)
for any sector S, and so Qp, C QOum and w(M) < w(LL). Note that, if M and L
are (Ic) and m and £ tend to infinity, this last inequality is not at all clear from the
formula (14), unless conditions are verified by M and L. which imply m < £ (for
example, if Ml and L are strongly regular).

If M and L are equivalent we obviously have w(M) = w(L), what may be
deduced from (14), whenever applicable, if we also know that m ~ £.

Example 4.9 Consider the sequences My, « > 0, B € R, introduced in
Examples 2.16.(ii). Applying Theorem 4.3, it is easy to check that

[@,00) ifa>pg-—1,

Owm,; =
T l(@oo) ifa<B—1,

so that w(My g) = « (in particular, for Gevrey sequences, appearing when 8 = 0).

We next recall the notion of growth index defined and studied by Thilliez in [57,
Sect. 1.3].

Definition 4.10 Let Ml = (M),),en, be a strongly regular sequence and y > 0.
We say M satisfies property ( ) if there exists a sequence of real numbers M =
(Mp)peNo such that m’ ~ m and (Mpp! V)pen, is (Ic).
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The growth index of M is
y(M) := sup{y € R: (P,) is fulfilled}.

Remark 4.11 According to Corollary 2.17, for every strongly regular M there exists
& > 0 such that (P,) holds. On the other hand, as indicated in Remark 2.25(iii) there
exist §,a > 0 such that M, < a’p!® for every p € Ny. It is easy to conclude that
y (M) is always a positive real number.

Example

(i) For the Gevrey sequence of order & > 0, one has y(M,) = «.
(ii) For the sequences M, g in Example 2.16.(ii) one can check that y (M g) = o.

Regarding the relationship between w(M) and y(M), we have the following
result.

Proposition 4.12 For every strongly regular sequence M one has w(M) > y(M).

Proof Suppose M verifies (P,) for some y > 0. This easily implies the existence
of a constant a > 0 such that a’p!” < M, for every p € Ny. Hence, by Remark 4.8
we have y = o((@”p!)pen,) < w(M), and the definition of y(M) is enough to
conclude. O

According to the very definition of w(M), the previous result is indeed equivalent
to the following one, proved by Thilliez [57] and, subsequently, by A. Lastra and
the author [27]. However, the present argument seems to be simpler than the ones
involved in the previous proofs of this theorem.

Theorem 4.13 ([27, 57]) Let 0 < y < y(M). Then, the class Aw(S,) is not
quasianalytic.

Flat Functions via Proximate Orders and Watson’s Lemma

In the previous subsection quasianalyticity for the classes Ay (S) (those defined by
imposing uniform bounds for the derivatives) has been completely characterized,
thanks to Korenbljum’s result. Regarding the classes AM(G) of functions with
M-asymptotic expansion in a sectorial region G (with non-uniform bounds), the
aforementioned result by Mandelbrojt [40, Sect. 2.4.I1I] makes it easy to obtain the
following statement (for more details, the reader may consult [22]).

Theorem 4.14 (Generalized Watson’s Lemma, Partial Version) If the opening
of G is larger (respectively, smaller) than ww(M), then B : Ay(G) —> Ay is
(resp. is not) injective.
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So, the case when the opening equals ww(M) remains unsolved. In order to
treat this situation, we will make use of the following result of V. Thilliez which
characterizes flatness in the non-uniform case.

Theorem 4.15 ([58], Proposition 4) Let M be (Ic) and such that m tends to
infinity, and let S be a sector. For f € O(S), the following are equivalent:

() f € Au(S) and f ~u 0.
(ii) For every bounded proper subsector T of S there exist ci,cy > 0 with

[F(2)] < cihu(ealz]) = ere /D), zeT.

Looking at the condition in (ii), if we find a holomorphic function V(z) in §
whose real part’s growth is suitably governed by the auxiliary function M (), then
exp(—V(1/z)) is expected to be flat. Indeed, this may be easily achieved in the
Gevrey case, as we now show. Consider the Gevrey sequence of order 1/k > 0, i.e.
My = (p!"V*)peny; we write Ay (S), Avjp, f ~1/k f and so on for simplicity. It
turns out (see, for example, [16]) that there exist c;, ¢, > 0 such that for small ¢,

et < hij(t) < et
and so, for large ¢, off < M) w() < cit*. Accordingly, flat functions are those

exponentially decreasing of order k.

Theorem 4.16 (Gevrey Null Asymptotics) Let S be a sector and f € O(S). The
following are equivalent:

(i) f € Auu(S) and f ~1. 0.
(ii) For every bounded proper subsector T of S there exist ci,cy > 0 with

f@)) <cre@ ™, zeT

If we choose V(z) = Z,z€8 /k» then for every subsector T of S|/ there exists
by, b, > 0 such that

R(V(2) = bilzl* = baMy i (|z]), zeT,

where ) stands for the real part. So, exp(—V(1/z)) = exp(—z %) is a nontrivial flat
function in A /¢ (S1,4), and we can state the classical Watson’s Lemma.

Theorem 4.17 (Watson’s Lemma) The class A, k(Sy) is quasianalytic if, and
only if, y > 1/k.

In this subsection we show how one can construct, in a similar way, nontrivial
flat functions in the classes Ay (Swn)), for a strongly regular sequence M and for
optimal unbounded sectors (and consequently for any sectorial region with the same
opening), by relying on the notion of analytic proximate orders, appearing in the
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theory of growth of entire functions and developed, among others, by E. Lindelof,
G. Valiron, B. Ja. Levin, A.A. Goldberg, I.V. Ostrovskii and L.S. Maergoiz (see the
references [17, 33, 34, 60]).

The main idea is to study the growth of a holomorphic function f in a sector by
comparing log |f(z)|, for |z| = r, to an expression of the form 7*") for some suitably
chosen function p(r) in (0, o) (instead of comparing to 7%, k > 0, what corresponds
to the functions of finite exponential order). The admissible functions p(r) are called
proximate orders.

Definition 4.18 ([60]) We say a real function p(r), defined on (¢, co) for some ¢ >
0, is a proximate order if the following hold:

(i) p(r) is continuous and piecewise continuously differentiable in (¢, co) (mean-
ing that it is differentiable except at a sequence of points, tending to infinity, at
any of which it is continuous and has distinct finite lateral derivatives),

(i) p(r) = O forevery r > c,
(i) lim,—eo p(r) = p < 00,
(iv) lim, e ro’(r) log(r) = 0.

Observe that positive constant functions are proximate orders.

Definition 4.19 Two proximate orders p; (r) and p,(r) are said to be equivalent if
Tim (p1(r) = p2(r)) log(r) = 0.

Remark 4.20 1If pi(r) and py(r) are equivalent and lim, - p;(r) = p, then
lim, 00 2(r) = p and lim, o0 771 /2 = 1.

Definition 4.21 Let p(r) be a proximate order and f be an entire function. The type
of f associated with p(r) is

. log max,|—, |f(2)]
or(p(r)) = oy := limsup rLZ(lr) ‘
r—>00

We say p(r) is a proximate order of f if 0 < oy < oo.
Remark 4.22

(1) If p(r) — p > 0 is a proximate order of f, then f is of exponential order p and
there exists K > 0 such that for every z € C with |z| large enough one has

[f(2)] < exp(K|z|*"D).

Moreover, and according to Remark 4.20, the type of f does not change if we
substitute a proximate order of f by an equivalent one.

(i) Every entire function of finite exponential order admits a proximate order, and
so this notion allows one to forget about functions of minimal or maximal
type. As an example, we note that the function (z) = 1/T(z), where I'(z)
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is Euler’s Gamma function, is entire of order 1 and maximal type, and p(r) =
1 + log,(r)/ log(r) is a proximate order for & (where log,(r) = log(log(r))).

The following result of Maergoiz [34] will be the key for our construction.
For an arbitrary sector bisected by the positive real axis, it provides holomorphic
functions whose restriction to (0, co) is real and has a growth at infinity specified
by a prescribed proximate order.

Theorem 4.23 ([34], Theorem 2.4) Let p(r) be a proximate order with p(r) —
p > 0asr — oo. For every y > 0 there exists an analytic function V(z) in S, such
that:

(i) Foreveryz €S,

V(zr)

— P
oo V() C

)

uniformly in the compact sets of S, (in other words, V is of regular variation).
(ii) V(z) = V(z) for every z € S, (where, for z = (|z|,arg(z)), we put z =
(Iz]. —arg(2)))-

(iii) V(r) is positive in (0, 00), monotone increasing and lim,—o V(r) = 0.
(iv) The functiont € R — V(e') is strictly convex (i.e. V is strictly convex relative

to log(r)).
(v) The function log(V(r)) is strictly concave in (0, 00).
(vi) The function po(r) := log(V(r))/log(r), r > 0, is a proximate order

equivalent to p(r).

We denote by B(y, p(r)) the class of such functions V. They share a property
that will be crucial in the construction of flat functions.

Proposition 4.24 ([34], Property 2.9) Let p > 0, p(r) be a proximate order with
p(r) = p,y =2/pand V € B(y, p(r)). Then, for every a € (0, 1/p) there exist
constants b > 0 and Ry > 0 such that

R(V(@) =bV(zl), z€Sa lz] = Ro.

Note that, given V € B(y, p(r)) and according to Theorem 4.23(vi), the rate
of growth of V(r) at infinity is the same as that of "), So, coming back to the
comments following Theorem 4.15, we are very close to our objective of obtaining
flat functions in case the auxiliary function M(r) may be written as 7/(), d(r) being
a proximate order. It is then natural to introduce the following function.

Definition 4.25 Given an (Ic) sequence M with lim, oo m, = oo and with
associated function M(r), we define the function d(r), for r > max{1, my}, by

 log(M(r)
A= g
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In the next result we obtain the desired flat functions in case w(M) < 2 and
d(r) is a proximate order. Subsequently, we will indicate how to deal with the case
(M) > 2. Finally, we will determine conditions on M amounting to d(r) being a
proximate order.

Theorem 4.26 ([54]) Suppose M is a strongly regular sequence with (M) < 2
and such that d(r) is a proximate order. Then, for every V. € BQRw(M), d(r)) the
function G defined in S,y by

G(z) = exp(=V(1/2))

belongs to Ay (Swy) and it is a (nontrivial) flat function.

Proof 1t is enough to reason with sectors S(0, w, 1)) <K S,m), where 0 < o <
oM) and g > 0.If z € S(0, w, ry), we have 1/z € S,,. By our assumptions, d(r) is
a proximate order, and by (11) and (15), we have that

1
lim d(r) = p[M] = .
lim d(r) = p[M] (M)
We are in a position to apply Proposition 4.24 with p = 1/w(M), p(r) = d(r), y =
2w(M) and @ = w, and deduce the existence of constants Ry > 0 and » > 0 such
that N(V(¢)) = bV(|¢]) whenever ¢ € S, with || > Ry. Then, forz € S(0, w, 1/Ry)
we obtain

|G(z)| = e~ R/ < e—bV(l/\z\)’

and for a suitable C > 0 we will have |G(z)] < Ce™?V/kD for z € $(0,w, ro).
Now observe that, by the definition of B (2w (M), d(r)), we know that the function
log(V(r))/ log(r) is a proximate order equivalent to d(r) = log(M(r))/log(r), so
that, as a consequence of Remark 4.20, we have that there exists ¢ > 0 such that for
r > 1/ry one has V(r) > cM(r), and

|G(2)| < Ce™PMVED = C(hy(|2)))* < Chua(Dlz]),  z € S(0,w, o),

where D > 0 is a positive constant, suitably chosen according to whether bc > 1
or not [see property (5)]. It suffices to take into account Theorem 4.15 in order to
conclude. O

Remark 4.27 In case w(M) > 2, we may also construct nontrivial flat functions by
taking into account the following facts:

(i) Given a strongly regular sequence M = (M,),en, and a positive real number
s > 0, the sequence of s-powers M) := (M})peny, is strongly regular (see
Lemma 1.3.4 in [57]) and one easily checks that, with self-explaining notation,
m® = (m}),en,, MO (1) = sM(t'/%) for every t > 0, o(M®) = sw(M),
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d¥(r) = d(r'/*)/s + log(s)/ log(r) for r large enough, and

log(s)

A () log) = 1 lox() - log()

whenever both sides are defined. So, it is clear that d(r) is a proximate order if,
and only if, d¥(r) is.

(ii) If M is strongly regular, (M) > 2 and d(r) is a proximate order, choose s > 0
such that sw(M) < 2. By (i), we may apply Theorem 4.26 to M and obtain
Go € Ay (Spwy) which is flat. Now, the function G, given in S,am by
G(z) = Go(2°), is well-defined and it is plain to see that it is a nontrivial flat
element in Ay (Soay)-

Our next objective is to characterize those M such that d(r) is a proximate order.
The function d(r) is clearly continuous and piecewise continuously differentiable in
its domain. By Theorem 2.24, it is clear that we need to show that

pIM] = lim d(r) (instead of limsup)
r—00

r—>00

and that rd'(r)log(r) — 0 as r — oo. The following result provides us with
statements equivalent to these facts.

Proposition 4.28 Let M be a strongly regular sequence, and d(r) its associated
function. Consider the following conditions:

(i) d(r) is a proximate order,
(i) lim d(r) = p[M],
r—>00
1 p
(i) tim 108"%) _
r—co log(p)
L m, \
@iv) pl_l)nolo log (M;/P) = w(M).

w(M),

Then, (i) and (iv) are equivalent, and any of them implies (ii) and (iii), which are
themselves equivalent. Moreover, in case (i) holds we have that (M) = y(M).

The proof being lengthy, we omit it and refer the reader to a work by J. Jiménez-
Garrido and the author [22] and to its correction and continuation in [23].

Remark 4.29

(i) The previous condition (iv) holds for every sequence M, g, so that in any of
these cases d(r) is a proximate order and it is possible to construct flat functions
in the corresponding classes. Nevertheless, in [23] we have been able to provide
examples of strongly regular sequences for which d(r) is not a proximate order.

(ii) Inthe Gevrey case, M/ = (p!"/*)en,, let us put M, i (r), di /i (r), and so on, to
denote the corresponding associated functions. Since for large r we have corf <
My(r) < cir* for suitable constants c¢j,c; > 0, then log(cy) < (dyji(r) —
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k)log(r) < log(c;) eventually. This shows one can work with the constant
proximate order p(r) = k, and any V € B(2/k, p(r)) will provide us (due to
Theorem 4.26, and since V(r) will be bounded above and below by 7* times
some suitable constants) with a flat function in the class Al /k(S1/k). It is easy
to see that V(z) = z* belongs to B(2/k, p(r)), and we obtain in this way the
classical flat function in this situation, namely G(z) = exp(—z ).

We are in a position to characterize quasianalyticity in the classes Ay (Sy).

Corollary 4.30 (Watson’s Lemma) Suppose M is strongly regular and such that
d(r) is a proximate order, and let y > 0 be given. Then, Aw(S,) is quasianalytic if,
and only if, y > o(M).

Remark 4.31 One may observe the difference with respect to the classes A (Sy),
which could be quasianalytic for y = w(M) (see Example 4.9).

5 Surjectivity and Right Inverses for the Borel Map

As a next step in our study, we now devote ourselves to extend to general Carleman
classes Anm(Sy) the following well-known result, characterizing the surjectivity of
the Borel map in Gevrey classes.

’[:heorem 5.1 (Borel-Ritt-Gevrey, Ramis [50]) For « > 0 and y > 0, B :
Ay (Sy) — Aq is surjective if, and only if, y < a.

Our proof will be constructive, and will rest on the use of truncated Laplace-
like transforms whose kernels are intimately related to the nontrivial flat functions
obtained in Theorem 4.26. With any such kernel we will associate a sequence of
moments which, in turn, will be equivalent to the sequence M we departed from.
The results in this section which have not been endorsed to any author come from
the paper [54].

Definition 5.2 Let M = (M,),en, be a strongly regular sequence such that d(r)
is a proximate order, and consider V € B(2w(M),d(r)). We define the kernel
associated with V as ey : S,ar) — C given by

V(z)

ev(z) == ze™ Z € Su)-

Remark 5.3

(i) Inapaper by Lastra et al. [29], similar kernels were obtained from flat functions
constructed by Thilliez in [57]. The main difference with respect to the present
one, which will be extremely important in forthcoming applications of these
ideas to summability theory of formal power series, is that Thilliez needed to
slightly restrict the opening of the optimal sector in order to construct such flat
functions, while here we have been able to do it in the whole of S, ).
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(ii) The factor z appearing in ey takes care of the integrability of z~'ey(z) at the
origin (see (i) in the next lemma). Indeed, it could be changed into any power
z* for positive o, where the principal branch of the power is to be considered.
Our choice aims at simplicity.

Lemma 5.4 The function ey enjoys the following properties:

(i) 7 'ey(z) is integrable at the origin, it is to say, for any ty > 0 and t € R with
It] < ”wéM) the integral foto ey (te'™)|dt is finite.
(ii) Forevery T < S,y there exist C,K > 0 such that

K
lev(z)| < Chy (IZI) , zeT. (16)

(iii) Foreveryx € R, x > 0, the value ey (x) is positive real.
Proof

(1) Letty > 0 and t € R with |t] < ”");M). Since the function exp(—V(1/z)) is
flat, from Theorem 4.15 we obtain ¢y, ¢; > 0 (depending on 7 and #y) such that

to 1 it fo
/ lev 1) dt < / crhy(ca/t)dt.
0 0

t

As hyy is continuous and Ay(s) = 1 when s > WL , this integral converges.
(i1) As before, given T' < S,v) and R > 0 there exist ¢, ¢ > 0 (depending on T’
and R) such that

lev()| < cilzlhm(c2/lz]),  z€T, |zl =R
If |z| > R, we may apply (5) for s = 2 and the definition of Ay to deduce that

,0(2)02))2

lev(z)]| < Cl|Z|<hM( 2

0(2)02)M (P(Z)Cz)z < P(2)2C1€§M2h (P(z)cz)'

< cilzlh
< c1lzlhm( 2l 2l R 2l

On the other hand, since V is bounded at the origin (because of property (iii)
in Theorem 4.23), for z € T with |z| < R we deduce that ey(z) = ze™ @ is
bounded, and, in order to conclude, it suffices to observe that i (p(2)c2/1z])
is bounded below by some positive constant for |z| < R.

(iii) V(x) is real if x > 0, so ey(x) = xe™ "™ > 0.
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Remark 5.5 As suggested in Remarks 4.29.(ii) and 5.3.(ii), in the Gevrey case M s,
k > 0, it is natural and standard to consider the kernel

ex(z) = kZ* exp(=2"), Z € Sijk.

Definition 5.6 Let V € ‘BQ2w(M),d(r)). We define the moment function associ-
ated with V (or to ey) as

o0 o0
my(A) ::/ t*“ev(t)dt:/ eV Ods.
0 0

From Lemma 5.4 we see that my, well defined in {z € C : %(A) > 0}, is
continuous in its domain, and holomorphic in {z € C : (1) > 0}. Moreover,
my(x) > 0 for every x > 0. So, the following definition makes sense.

Definition 5.7 The sequence of positive real numbers my = (my(p))pen, is the
sequence of moments associated with V (or to ey).

Proposition 5.8 Let ey be a kernel associated with the strongly regular sequence
M, and my = (my(p))pen, the sequence of moments associated with V. Then M
and wmy are equivalent.

Proof It suffices to work with p > 1. From (16) we have C, K > 0 such that

my(p) < C / P (K /t)dt = C / ptp_th(K/t)dt—i- C (K /1)dt.
0 0

mp

In the first integral of the right-hand side we take into account that /yy is bounded
by 1, while in the second one we use the definition of Ay to obtain that Ay (K /1) <
KPHIM, /Pt t > my,. This yields

m CmP
mV(P) =< Ctp ' - CKP+1MP+1 Iee = mp + CKP+1MP+1 )
plo t \my p my,

We have M, | = m,M,, and we may apply (ii.3) in Proposition 2.6 to obtain that

my(p) < C(A* + K**" )M, < 2Cmax{l, K}(max{A®, K})"M,,
what concludes the first part of the proof.

On the other hand, Maergoiz [34, Theorem 3.3] has shown that the function
log(V(r))/ log(r) is a proximate order of the entire function

oo

Fo=Y% ° zeC. (17

= mv(p)
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By Remark 4.22(i) there exist constants Cy, K; > 0 such that for every z € C one
has

|Fv(2)| = Crexp(KiV([z]).

Now, recall from Theorem 4.23(vi) that log(V(r))/log(r) is a proximate order
equivalent to d(r) = log(M(r))/ log(r). Consequently, by Remark 4.20 there exists
K> > 0 such that V(r) < K,M(r) for large r, and so we have

|Fy(z)| < Cexp(KM(|z])) (18)

for every z € C and suitably large constants C.K > 0. Finally, we take into account
the following result by H. Komatsu.

Proposition 5.9 ([24], Proposition 4.5) Let M(r) be the function associated with
a sequence M verifying (Ic) and lim, o m, = co. Given an entire function F(z) =

Z;io ay?, z € C, the following statements are equivalent:

(1) There exist C,K > 0 such that |F(z)| < cMKD z e C.
(ii) There exist ¢,k > 0 such that for every p € Ny, |a,| < ck? /M,,.

It suffices to apply this equivalence to the function Fy, by virtue of (18) and of
Lemma 2.19, and we end the second part of the proof. O

Remark 5.10

(1) We record for the future that, as a consequence of the first part of the previous
proof, given K > 0 there exist C, D > 0 such that for every p € N one has

/ (K /t)dt < CDPM,,. (19)
0

(ii) In the Gevrey case M/ and with the kernel ¢; introduced in Remark 5.5, we
obtain the moment function m;/(A) = I'(1 + A/k) for %(A) > 0, and we
immediately check that M x and my/x = (m1x(p))pen, are equivalent.

The proof of the next result, a generalization of the classical Borel-Ritt—
Gevrey theorem, will only be sketched, since it is similar to the original one
in the Gevrey case (see [2, 13, 50, 59]; in the several variables case, see [53]).
Indeed, in a previous work by Lastra et al. [29, Theorem 4.1], this same technique
was applied by using kernels derived from the flat functions of Thilliez [57],
what obliged us to work in sectors of non-optimal opening. This drawback is
now overcome under the additional assumption that the sequence M defines
a proximate order d(r), which is the case for all the examples appearing in
applications.
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Theorem 5.11 (Generalized Borel-Ritt—Gevrey Theorem) Let M be a strongly
regular sequence such that d(r) is a proximate order, and let y > 0 be given. The
following statements are equivalent:

@) v < o(M), 5
(ii) For everya = (ap)pen, € Am there exists a function f € Aw(S,) such that

'\’Mf Z [’p

pEN()

i.e., B(f) = a. In other words, the Borel map BB flM(S),) —> A is surjective.

Proof (1) = (ii) It is enough to treat the case y = w(M). Choose a function
V € BQRw(M), d(r)), and consider the associated kernel ey (see Definition 5.2) and
sequence of moments my = (my(p))pen, (see Definition 5.7). Given (ap)yen, €
A, there exist Cy, D; > 0 such that

lay| < CiD{p'M,, p €Ny,

so that, by Proposition 5.8, the series

>

20
N 'mV(P) 0

converges in a disc D(0, R) for some R > 0, to a holomorphic function g. Choose
0 < Ry < R, and define

Ro d
£ :=/ ev(”)g(u) Y e S, 1)
0 Z u

which turns out to be a holomorphic function in S,mr). Given T < Sy, N € N
and z € T, by standard arguments we have

N—1

f@- Za,, =) - Z "() V(P)
p=0 !
3 Ro u\ & ai uk du N—1 a, oo - 7P
-] ev(z)k;omv(k) u T el fy e

Ro u\ X ap ukdu ©© W\ =2 4, wdu
AT DO I (D D
0 2 ) = my(k) k! u Ro z my(p) p! u

p=0
= fi(z) + f2(2).
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By Proposition 5.8 there exist C», D, > 0 such that

|Clk| < ClDlIk!Mk

< C,Dk 22
my(Ok! = my(k! — 22 22)

for all k € Ny, and so, taking Ry < (1 — €)/D; for some € > 0 if necessary, we get

Ro e’} d 1 Ro
i) = Cz/ ev (”) > D) < CZDQ'/ ev (”) N1
0 Z =N u € 0 z
(23)

On the other hand, we have v’ < R{u"/RY foru > Ryand 0 < p < N — 1. So,
according to (22), we may write

N—1 N—1 p N—1
|ay|u? C1D/p'M,u”
> bl DI
oy mv(ppt T = my(pp! T =
MN N—1
< v > CiD{CDARY < CDY WY
0 p=0

for some positive constants C3, D3, and deduce that

o (2)

In view of (23) and (24), we are done if we prove that

[l ()
ev

0 <

for every z € T and for suitable C4,D4 > 0. But this is a straightforward

consequence of Lemma 5.4.(ii) and the estimates in (19).

(il)) = (1) We will not provide all the details, but the argument could be
completed easily with some of the results in the next sections. Anyway, the idea
is similar to the one in the Gevrey case, see [2, p. 99]. For y > w(M), consider
a path 8, in S, like the ones used in the classical Borel transform (see Sect. 6,
just before Proposition 6.13), consisting of a segment from the origin to a point
70 with arg(zo) = o(M)(w + ¢)/2 (for some ¢ € (0, 7)), then the circular arc
|z| = |zo0| from z¢ to the point z; on the ray arg(z) = —w(M)(r + €)/2, and finally
the segment from z; to the origin. Choose any lacunary series g = Z;io b,2" /p!
convergent in the unit disc to a function g that has no analytic continuation beyond
that disc (for example, g = Z;io 7). Then, the equivalence of M and my
implies that a = (my(p)b,)pen, belongs to App. If there would exist a function

I5(z)| < C3DY ” WM du. (24)

Ro

uVdu < C4DYmy (N)|z|Y
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f e AM(S},) such that f ~ f‘ = ZpeNo my(p)byz’ /p!, one may check that the
function

-1 dz

Gwi= [ R ues.
270 Js, z

where Fy is the function introduced in (17), is an analytic continuation of g into the

unbounded sector S.. Since this is not possible, we deduce B is not surjective in this

case. O

Finally, we will state a result concerning the surjectivity of the asymptotic Borel
map B in the classes Ay (Sy), and the existence of suitably defined linear continuous
right inverses for B.

We mention that V. Thilliez obtained the following result.

Theorem 5.12 (Thilliez [57]) Let M be a strongly regular sequence and y a real
number with 0 < y < y(M). Then there exist ¢ > 1, depending only on M and vy,
such that for every A > 0 there exists a linear continuous map Uy, @ Ava —
Antea(Sy) with Bo Unay = ldp,,,.

In particular, B : Am(Sy) = Awm is surjective.

His proofis based on the works of Bruna [11], Petzsche [49], Bonet et al. [8], and
Chaumat and Chollet [14], on the existence of linear continuous versions of Whit-
ney’s extension theorem for Whitney ultradifferentiable jets. We will reprove this
result (see the implication (i) = (ii) in Theorem 5.13) with a completely different
technique, resting on the truncated Laplace transform with kernel generated by a flat
function, as before. The integral expression for the operators obtained is well suited
for their extension to the several variable case. The interested reader may compare
this and other approaches in [28, 29, 53].

Although y(M) < w(M) in general, our result does not mean an improvement in
this respect, since under our assumption that d(r) is a proximate order one always
has y(M) = w(M) (see Proposition 4.28).

Theorem 5.13 Let M be strongly regular and such that d(r) is a proximate order,
and let y > 0 be given.

(a) Each of the following assertions implies the next one:

@ ¥ < oM).
(ii) There exists d > 1 such that for every A > 0 there is a linear continuous
operator

Tviay : Ava = Avaa(Sy)

such that B o Tvia,y = Iday,,, the identity map in Aya.
(iii) The Borel map B : Awm(Sy) = Awm is surjective.
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(iv) There exists a function f € Awm(Sy) such that for every m € Ny we have
F™(0) = 8y,, (Where 8y, stands for Kronecker’s delta).

(b) If one has

i ( 1 )1/<w<M)+1) ~ . @5)

=0 (p+ Dm,

then (i) is equivalent to:

(V) The Borel map B : Ay(S,) — Aw is not injective, i.e., Aw(S,) is not
quasianalytic.

(c) If one has

01\ e
Z:O(mp) = 0, (26)

then all the conditions (i)—(v) are equivalent to each other.
Proof

(a) i) = (i) Fix A > 0. For every @ = (a,)pen, € Ama, the series g given
in (20) converges in a disc D(0, R) not depending on a. We define T 4., (@) as
the restriction to S, of the function defined in (21), which was shown to belong
to flM(Sw(M)) with uniform estimates in every T < S,). By combining the
information in Proposition 3.4 with that in Remark 3.6, we conclude that there
exists d > 1 such that Ty 4, sends App4 into Awg g4 (S, ) and solves the problem.

(il) = (iii) and (iii)) = (iv) are immediate.

(b) By the definition of w(M), we always have that (i) implies (v), and that (v)
implies y < w(M). But condition (25) excludes equality by Theorem 4.3.

(c) Under condition (26), the fact that (iv) implies (i) may be obtained in the same
way as Proposition 3.3 in [26]. So, (i)—(iv) are all equivalent to each other.
According to (b), in order to conclude it suffices to prove that condition (26)
implies condition (25), but this was obtained in Proposition 4.8.(i) in [27].

O

Remark 5.14 For Gevrey sequences, condition (26) holds, since it amounts to the
divergence of the harmonic series. In general, condition (25) does not imply (26).
For instance, as stated in Example 4.9, the sequence M, g satisfies (25) if, and only
if, « > B — 1. One easily checks that it satisfies (26) if, and only if, « > B. So,
if B —1 < a < B we have that M, g satisfies (25) and not (26). Whenever this
is the case, it is an open problem to decide whether (iv) in the previous theorem
implies (i).
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6 Summability in a Direction

If the opening of a sectorial region G is greater than 7w(M), then B : Ay (G) —>
Ap is injective. So, we are ready for the introduction of a new concept of
summability of formal power series in a direction.

Definition 6.1 Let d € R. We say f = 2 50 fp'z” is M-summable in direction
0 51

d if there exist a sectorial region G = G(d, y), with y > »(M), and a function
f € Aum(G) such that f ~y f.

In this case, by virtue of Proposition 3.4(ii) we have (f,)yen, € Am. According
to Theorem 4.6, f is unique with the property stated, and will be denoted

f= SM,df , the M — sum of f in direction d.

Our next aim in this section will be to develop suitable tools in order to recover
f from f‘ by means of formal and analytic transforms, in the same vein as in the
classical theory for the Gevrey case and the so-called k-summability. We will follow
the ideas in the theory of general moment summability methods put forward by W.
Balser [2]. The case w(M) < 2 is mainly treated, and indications will be given on
how to work in the opposite situation.

Definition 6.2 Let M be strongly regular with (M) < 2. A pair of complex
functions e, E are said to be kernel functions for M-summability if:

(1) e is holomorphic in S, .

(11) 7z 'e(z) is locally uniformly integrable at the origin, i.e., there exists f; > 0,
and for every zo € S, there exists a neighborhood U of zg, U C S, such
that the integral [;’ 1~" sup,y |e(t/2)|dt is finite.

(1) For every ¢ > 0 there exist ¢, k > 0 such that

k _
|e(Z)| < chy (|Z|) =ce M(‘Z\/k)7 z€ Sa)(M)—ga (27)

where Ay and M are the functions associated with M, defined in (3) and (4),
respectively.

(1v) Forx € R, x > 0, the values of e(x) are positive real.

(v) If we define the moment function associated with e,

o0
me(A) := /O A le(t)dt, R(A) >0,
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(VD)

then the function E given by

00 p
E(z) := E , z€C,
o me(p)

is entire, and there exist C, K > 0 such that

c
E@z)| < = CMER) C. 28
EON= iy = € ¢ @

7 'E(1/z) is locally uniformly integrable at the origin in the sector S(m,2 —

®(M)), in the sense that there exists 7y > 0, and for every zp € S(7, 2 — w(M))

there exists a neighborhood U of 79, U C S(ir, 2—w(M)), such that the integral
o 17V sup,ey |E(z/1)|dt is finite.

From (1)-(1v) we see that the function m, is continuous in {A € C : R(1) > 0},
holomorphicin {A € C: R(A) > 0}, and m,.(x) > 0 for every x > 0.

Remark 6.3

@

(i)

(iii)

The existence of such kernels may be deduced, as we will show, by taking
into account the construction of flat functions in flM (Swr)) whenever d(r) is
a proximate order.

According to Definition 6.2(V), the knowledge of e is enough to determine the
pair of kernel functions. So, in the sequel we will frequently omit the function
E in our statements.

In case (M) > 2, condition (VI) in Definition 6.2 does not make sense.
However, we note that for a positive real number s > 0 the sequence of 1/s-

powers M(/9) := (M)/") e, is also strongly regular and, as it is easy to check,

I (@) = (a()'", 120, (29)

and o(MU/9) = w(M)/s. So, following the ideas of Sect. 5.6 in [2], we will
say that a complex function e is a kernel for M-summability if there exists > 0
with o(M)/s < 2, and a kernel & : S,au)/s — C for M(/9)-summability such
that

e(z) = e(z'*) /s, Z € Su)-

If one defines the moment function m, as before, it is plain to see that m,(1) =
mgz(sA), N(A) > 0. The properties verified by e and m; are easily translated
into similar ones for e, but in this case the function

oo D oo

E(z) = Z mez(p) = Z .

p=0 p=0 e (Sp)
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does not have the same properties as before, and one rather pays attention to
the kernel associated with e,

o0

Ep=) °

p=0

Z

30
A me<p/s) G0

mz(p)

which will behave as indicated in (V) and (VI) of Definition 6.2 for such a
kernel for M(1/*)-summability.

It is worth remarking that, once such an s as in the definition exists, one
easily checks that for any real number ¢+ > w(M)/2 a kernel & for M/9-
summability exists with e(z) = &(z!/") /1.

Definition 6.4 Let e be a kernel for M-summability and m, its associated moment
function. The sequence of positive real numbers m, = (m.(p))pen, is known as the
sequence of moments associated with e.

The following result is a consequence of the estimates, for the kernels e and E,
appearing in (27) and (28) respectively. We omit its proof, since it may be easily
adapted from the proof of Proposition 5.8.

Proposition 6.5 Let Ml = (M,),en, be a strongly regular sequence, e be a kernel
Sfunction for M-summability, and m, = (m.(p))pen, the sequence of moments
associated with e. Then M and m, are equivalent.

Remark 6.6 For any kernel e for M-summability one may prove that the sequence
of moments m, = (m,.(p))yen, is also strongly regular: Firstly, up to multiplication
by a constant scaling factor, one may always suppose that m,(0) = 1. Property (Ic)
is a consequence of Holder’s inequality, since for every p € N one has

me(p)* = |7 e} < 1" 2e@) 2311 e) 25 = me(p — Dme(p + 1)

(where || -||; and || - ||, are the standard L' and L? norms). Regarding conditions (mg)
and (snq), they are preserved as we know that m, ~ M. Note that the statement
for (snq) has not been proved, but may be found in the work of Petzsche [49,
Corollary 3.2].

Bearing this fact in mind, in Definition 6.2 one could depart not from a strongly
regular sequence M, but from a kernel e, initially defined and positive in direction
d = 0, whose moment function m, (1) is supposed to be well-defined for A > 0,
and such that the sequence m, is strongly regular. This allows one to consider
the constant w(m,), which would equal w(M) according to Proposition 5.8 and
Remark 4.8, and also the function A, in terms of which one may rephrase all
the items in Definition 6.2, specially the estimates in (27) and (28), with exactly the
same meaning, according to the relationship between hy,, and Ay indicated in (6).
This insight will be fruitful in Sect. 7, when dealing with so called moment-partial
differential equations.

We are ready for the construction of kernels.
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Theorem 6.7 Suppose M is a strongly regular sequence with (M) < 2 and such
that the function d(r) is a proximate order. Then, for every V € BQw(M), d(r)),
the function ey defined in Sy, by

ey(z) = zexp(=V(z))

is a kernel of M-summability.

Proof The properties (I) to (IV) in Definition 6.2 are clear or have been obtained,
with some slight modification, in Lemma 5.4. Now, reasoning as in the proof of
Proposition 5.8 we see that, if (my(p))yen, is the sequence of moments of ey, the
function

[e.]

Ey(z) = Z

p=0

Vet
, ze€C,
my(p)

is entire and we have
|Ey(2)| < Cexp(KM(|z]))

for every z € C and suitably large constants C.K > 0, and so condition (V) in
Definition 6.2 is satisfied. Finally, we take into account the following result.

Proposition 6.8 ([34], (3.25)) Let p(r) be a proximate order with p > 1/2, y >
2/pandV € B(y, p(r)). Then, for every ¢ > 0 such that ¢ < (1 —1/(2p)) we
have, uniformly as |z| — oo, that (in Landau’s notation)

1 T
Ey(z) =0 , +¢& <|argz| < m.
Izl 2p

This information easily implies that also condition (V1) in Definition 6.2 is fulfilled,
what concludes the proof. O

Remark 6.9 In case (M) > 2, we consider s > 0 and M) = (M,i/s)neNo as in
Remark 6.3(iii), in such a way that o(M/9) = w(M)/s < 2. By Remark 4.27(i),
d(r) is a proximate order if, and only if, d/%)(r) is. Were this the case, by the
previous result we would have kernels & for M('/*)-summability, and the function
e(z) = &(z'/%) /s will be a kernel for M-summability.

The next definition resembles that of functions of exponential growth, playing
a fundamental role when dealing with Laplace and Borel transforms in the theory
of k-summability for Gevrey classes. For convenience, we will say a holomorphic
function f in a sector S is continuous at the origin if lim,—,¢ .e7f(2) exists for every
T LS.

Definition 6.10 Let Ml = (M,,),cn, be a sequence of positive real numbers which
is (Ic) and such that m tends to infinity, and consider an unbounded sector S in R.



238 J. Sanz

The set O™(S) consists of the holomorphic functions f in S, continuous at 0 and
having M-growth in S, i.e. such that for every unbounded proper subsector T of S
there exist r, ¢, k > 0 such that for every z € T with |z| > r one has

@) = = cexp(M(|z|/k)). €19

c
ha(k/z])

Remark 6.11 Since continuity at 0 has been asked for, f € O™(S) implies that for
every T < S there exist ¢, k > 0 such that for every z € T one has (31).

We are ready for the introduction of the M-Laplace transform.

Given a kernel e for M-summability, a sector § = S(d, @) and f € OM(S), for
any direction t in § we define the operator 7, ; sending f to its e-Laplace transform
in direction t, defined as

oo(1)
(Teof)(2) = / e(u/2)f (u) c;u, |arg(z) — 7| < @(M)m/2, |z| small enough,
0
(32)

where the integral is taken along the half-line parameterized by ¢ € (0, 00) > te.
We have the following result.

Proposition 6.12 For a sector S = S(d, &) and f € OM(S), the family {T, .f}. iy, s
defines a holomorphic function T,f in a sectorial region G(d, @ + w(M)).

Proof Let t € R be a direction in S, i.e., such that |t — d| < ax/2.
We will show that for every 8 with 0 < B < (M), there exists r =
r(f,t,B) > 0 such that T,.f is holomorphic in S(z, 8,r). Hence, T,.f will
be holomorphic in G; := Uj<g<o@anS(t,B,r), which is a sectorial region
G, = G(t,0o(M)).

For every u,z € R with arg(u) = 7 and |arg(z) — 7| < o(M)7z/2 we have that
u/z € Sy, so that the expression under the integral sign in (32) makes sense. We
fix a > 0, and write

00(7) d ae'’ d 00(7) d
/ ew/f )™ = / ew/2f ™ + / ew/2f ) ™.
0 u 0 u u

ae't

Since f is continuous at the origin, and because of Definition 6.2(11), it is straightfor-
ward to apply Leibniz’s rule for parametric integrals and deduce that the first integral
in the right-hand side defines a holomorphic function in S(z, w(M)). Regarding the
second integral, for u as before and by Definition 6.10 there exist ¢, k; > 0 such
that

@) < er(hnatkr/lu) ™.
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Also, for z such that |arg(z) — 7| < Bm/2 we have that u/z € Sg, and the
property 6.2(111) provides us with constants c;, k, > 0 such that

le(u/z)| < colna(kalz/|ul),
so that

12 hyi(ka |zl /|ul)

1
| ew/af )] < | ke /lul)

Let p(2) > 0 be the constant appearing in (5) for s = 2, and consider r :=
k1/(p(2)ky) > 0. For any z € S(z, B, r) we have that p(2)k;|z| < k;, and from (5)
and the monotonicity of Ay we deduce that

162 hiy(p(Dkalzl/|ul) _ e
lul Ak /ul) 7 ful

By the very definition of Ay we have that hyg(ky/|u|) < Miki/|u|, so the right-
hand side of the last inequality is an integrable function of |u| in (a, 00), and again
Leibniz’s rule allows us to conclude the desired analyticity for the second integral.

Let 0 € R with |0 — d| < an/2. The map T, ,f is a holomorphic function in a
sectorial region G, = G(o, w(M)) which will overlap with G, whenever 7 and o
are close enough. Since we know that

1
| ew/af @] = hya(ki/ul).

lim thy(1/t) =0,
—>00

by Cauchy’s residue theorem we easily deduce that 7, .f(z) = T..f(z) whenever
both maps are defined. Thus the family {7, .f}, i, s defines a holomorphic function
T,f in the union of the sectorial regions G, which is indeed again a sectorial region
G = G(d,a + o(M)). O

We now define the generalized Borel transforms.

Suppose w(M) < 2, and let G = G(d, o) be a sectorial region with ¢ > w(M),
and f : G — C be holomorphic in G and continuous at 0. For 7 € R such that
|t —d| < (¢ — w(M))7/2 we may consider a path §,m)(7) in G like the ones used
in the classical Borel transform, consisting of a segment from the origin to a point
70 with arg(zp) = 7+ w(M) (7 + &) /2 (for some suitably small & € (0, 7)), then the
circular arc |z| = |zo| from zy to the point z; on the ray arg(z) = t —w(M) (7w +¢)/2
(traversed clockwise), and finally the segment from z; to the origin.

Given kernels e, E for M-summability, we define the operator T, sending f* to
its e-Borel transform in direction t, defined as

(T, .f)u) = 2_7111/ E(u/2)f (2) dzz’ u € S(t,e0), ¢&osmall enough.

Sy (1)
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In case (M) > 2, choose s > 0 and a kernel & for M(!/9-summability as in
Remark 6.3(iii), and let Tg . be defined as before, where the kernel under the integral

sign is the function E given in (30). Then, if ¢; is the operator sending a function f
to the function f(z*), we define T, by the identity

$oT,, =Ts, o, (33)

in the same way as in [2, p. 90].

Proposition 6.13 For G = G(d,a) and f : G — C as above, the family

{Te_,ff}f ’

where T is a real number such that |t —d| < (¢ —w(M))/2, defines a holomorphic
SJunction T, f in the sector S = S(d, o« — w(M)). Moreover, T, f is of Ml-growth in S.

Proof Due to the identity (33), it is clearly sufficient to prove our claim in the case
o(M) < 2. Since f is holomorphic in G and continuous at 0, for every T € R
such that |t — d| < (¢ — w(M))7/2 the condition in Definition 6.2(VI) implies
that 7, f is holomorphic in the sector S(z, ew(M)/m), where ¢ > 0 is the one
entering in the definition of 8, (7), and it is small enough so that u/z stays in the
sector S(7,2 — w(M)) as u € S(r,ew(M)/7) and z runs over the two segments in
8wy (7). Cauchy’s theorem easily implies that the family {7, f}, when 7 € R and
|t —d| < (@ — w(M))m/2, defines a holomorphic function Te_f in the sector S =
S(d, —w(M)). Let us finally check that 7, f is of M-growth in S. By compactness,
it suffices to work on a proper unbounded subsector T of S(z, ew(M)/x), for T and
¢ as before. Put 8, (t) = 81 + 62 + &3, where §; and 43 are the aforementioned
segments in directions, say, 6, and 603, and §; is the circular arc with radius r, > 0.
As f is continuous at the origin, there exists M’ > 0 such that |f(z)| < M’ for every
z in the trace of 6, (7). So, forevery u € T and j = 1, 3 we have

M/

n ] )
E(ue™ /1)|dt
o | B 0]

o ] Frr0 | =

M/
2

ra/lul | )
/ |[E(@e0=%) /s5)|ds,
0 N

after the change of variable t+ = |u|s. According to the condition in Defini-
tion 6.2(V1), these expressions uniformly tend to O as u tends to infinity in 7. On
the other hand, the estimates for E in (28) allow us to write

_ M6 - 63) CM'(6; — 63)

-1 dz
’2ni/ng(u/Z)f(Z)z S an RIS ety

So, this integral has the desired growth and the conclusion follows. O
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In the next paragraph we follow the same ideas in [2, p. 87-88] in order to justify
the forthcoming definition of formal Laplace and Borel transforms.

Let M = (M,),en, be a strongly regular sequence, S = S, and e a kernel for M-
summability. It is clear that for every A € C with (1) > 0, the function f; (z) = z*
belongs to the space O™ (S). From Proposition 6.12, one can define 7,f; (z) for every
z in an appropriate sectorial region G. Moreover, for z € G and an adequate choice

of T € R one has
o0o(1) u
T.fi(z) = / e( )ux_ldu.
0 Z

In particular, for z € R with arg(z) = t, the change of variable u#/z = ¢ turns the
preceding integral into

T.fi(z) = /0 - e zdt = mo(M) 2. (34)

Suppose we are given now an entire function F(z) = szo a,?’ of M-growth
in C. Taking Proposition 5.9 into account, one may justify termwise integration to
obtain that

TeF(Z) = Zapme(p)zp
p=0

whenever |z| is small enough. In case w(M) < 2, and particularizing this result for
F = E (the kernel function corresponding to e), we deduce that for every z # 0 and
w # 0 such that |z/w| < 1 one has

oo(7)
vo= / e/ EGu/w) ™" (35)
w—2z 0 u
a formula which remains valid as long as both sides are defined. Suppose now that f
is holomorphic in a sectorial region G(d, @), with @ > w(M), and continuous at the
origin. By Propositions 6.13 and 6.12, T, T, f is well defined; a change in the order
of integration and the use of (35) prove that

LT, f=f (36)

Finally, since f; (defined above) is continuous at the origin, it makes sense to
compute

—1
Tohw = / E(u/2)7dz.
2700 Js 0 (x)
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Putting u/z = t, the integral is changed into

A

u
T = [ B
Yz

for a corresponding path y,. However, Cauchy’s theorem allows one to choose one
and the same path of integration as long as z runs in a suitably small disk, and
we deduce, by the identity principle, that 7, f;(u) is a constant multiple of u* in
S(d, @ — w(M)). According to (34) and (36), we conclude that

A

u
me(A)’ 37

T, filu) =

Observe that, taking into account (33), the same will be true if (M) > 2. Therefore,
it is adequate to make the following definitions.

Definition 6.14 Given a strongly regular sequence M, consider a kernel e for M-
summability. The formal e-Laplace transform 7, : C[[z]] — C[[z]] is given by

fe( Z apr) = Z me(p)apzps Z apzp € (C[[Z]]
p=0

p=0 p=0

Accordingly, we define the formal e-Borel transform fe_ - C[[z]] = C[[z]] by

A ad i a >
T a?) =2,y Lo <CE
p=0 p=0 "¢ p=0

The operators 7, and f"; are inverse to each other.

The next result lets us know how these analytic and formal transforms interact
with general asymptotic expansions. Given two sequences of positive real numbers
M = (M)),en, and M’ = (M}),en,, we consider the sequences M-M’ and M'/M =
(M; /M) pen,. We note that if both sequences are strongly regular, Ml - M is again
strongly regular (see Proposition 2.18), but M’ /M might not be.

Theorem 6.15 Suppose M is strongly regular and e is a kernel for M-summability.
For any sequence M of positive real numbers the following hold:

Q) If f € OM(S(d,)) and f ~wr f, then T,f ~ywr YA}f in a sectorial region
G(d, o + w(M)).

ai) Iff ~w f in a sectorial region G(d, o) with o > w(M), then T, f ~w/m f‘e_fA
in the sector S(d, o — w(M)).
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Proof
(i) From Proposition 6.12 we know that g := T,f € O(G(d,a + w(M))) for a

sectorial region G = G(d,a + w(M)). Putf = Z;iofpup. Given § € (0, ),
there exist ¢, k > 0 such that for every u € S(d, §, 1) and every n € N one has

n—1

[f(u) — kauk| < ck"M |u|".

k=0

Then, we deduce that |f,| < ck"M, for every n. Also, since f is of M-growth,
for every u € S(d, §) we have, by suitably enlarging the constants,

n—1
KIM |u|”
w) =S fuk] < SRl (38)
AR B EPA AN
Observe that, by (34), for every z € G we have
n—1 n—1
8@ = > _m(fidt = T.(f(w) = > ful) (2).

k=0 k=0

So, given 7 € R with [t —d| < an/2 and z € S(z, B) with § € (0, w(M)) and
|z| small enough, we have

n—1 00(T) n—1 ) du
6@ = Yomhid = [ e/ - Y ful) .
k=0 0 k=0

Since u/z € Sg, by Definition 6.2(11I) there exist 3, k» > 0 such that

le(u/2)| < cohm(kalz|/|ul),

and so, taking into account (38) and (5),

e(u/2) — . R A
[T w0 = 2 fud)| < cueskimna T
2
< C1C2kr11M:,|u|n_1 hmz\/(;l):jl&l()l“l)

For z € S(z,B,ki/(p(2)ks)) we have p(2)ka|z|/|u| < ki/|u| and, Ay being
increasing, we obtain that

n—1
D ()~ 3 fal)| = exesiM o @l ).
k=0
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what implies that

n—1 00
’g(Z) - Zme(k)sz’" = Clczkny;,/O " Ty (p(2)ka |z] /5)ds.
k=0

Making the change of variable s = |z|¢r and applying (19) leads to the
conclusion.

(ii) From Proposition 6.13, g := T, f belongs to O(S(d, @ — w(M))). As in the
proof of that Proposition, we limit ourselves to the case w(M) < 2. It suffices
to obtain estimates on a bounded subsector T = S(z, ew(M) /7, p) K S(d, o —
w(M)), for 7 and ¢ entering in the definition of the path ., (7) = 81 + 82+ 83
within G(d, &) (8; and 83 are segments in directions #; and 63, respectively, and
8, is a circular arc with radius r > 0). Iff = Y22 Juu", there exist ¢,k > 0
such that for every z in the trace of 8, () and every n € N one has

n—1

f(@) = DA < ck'Mya)". (39)

k=0

By (37), for every u € T we have

n—1 n—1
s - T =T (0 - A
k=0 me (k) k=0

—1
2mi

n—1
[ Ewote- Y ad)®
Sw(M)(T) k=0 <

1 = N4
D> /5 B0 - Sa) T
By applying (39) and (28), we see that

n—1
| /5 E(u/z)(f(z)—kazk)f\ < c(6y = 6)K"M," max |E(u/2)
7 =0 z|=r

_ cC(6r — Ok M,
hna (Kr/ |ul)

So, for n large enough we may choose r = |u|/(Km,) and, since hy(1/m,) =
M, /m, we deduce that

A nda cC(6y — 63)k"M|u)
‘/52 E(u/2)(f() —;szk) . ‘ < KM, . (41)
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On the other hand, again (39) implies that forj = 1, 3,

0 ;[ Ee™%/1)]
‘/SJE(u/z)(f(z)—;ﬁ(zk) . ‘ < ck”Mn/O 4 , dt

| p(piare—6) /g
= ck”M;|u|"/ s"| ( / )|ds,
0 N

after the change of variable ¢ = |u|s. The same choice of r as before leads to

n—1 1 . »
d Kimn E ez(arg(u)—ﬁj) s
| [ B - o) | < cemur | gl E¢ /9 4
8/' k=0 < 0 y
1 1/(Kmy) |E(ei(arg(u)—0j)/s)|
/ ds.
0

n n
K"m?

< ck"M,,|u|" (42)

N

Since lim,, o m, = 00, the last integral admits an upper bound independent
of u and n because of condition (VI) in Definition 6.2. According to (40), (41)
and (42), and as M and (mg)peNo are equivalent, the conclusion is reached. 0O

Remark 6.16 1If in the previous statement we assume that M = M’ - I, where L is
(Ic) and lim, o €, = o0, then for f as in part (ii) one can show T, f is entire and
of L-growth, according to Proposition 5.9.

We are ready for giving a definition of summability in a direction with respect
to a kernel e of M-summability. Let 7, be the corresponding Laplace operator, and
recall that m, is strongly regular and equivalent to M, so that, on one hand, Ay =
Ay, and, on the other hand, it makes sense to consider the space O™¢(S) for any
unbounded sector S and, moreover, O™ (S) = OY(S) [see (6)].

Definition 6.17 We say f => fp'z” is T,-summable in direction d € R if:
p

p=0

. = T—F = f})
() (phperiy € Ame,sothat g := T7F = Fpog /'

(ii) g admits analytic continuation in a sector S = S(d, ¢) for some ¢ > 0, and
g € O7(S).

7’ converges in a disc, and

We state next the equivalence between M-summability and T,-summability
in a direction, and provide a way to recover the M-sum in a direction of a
summable power series by means of the formal and analytic transforms previously
introduced.
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Theorem 6.18 Given a strongly regular sequence M, a direction d and a formal

power series f = Zp>0 p' ZF, the following are equivalent:
20 1

i) f is Ml-summable in direction d.

(i)
(iii)

For every kernel e of Ml-summability, ]:‘ is T,-summable in direction d.
For some kernel e of Ml-summability, f is T,-summable in direction d.

In case any of the previous holds, we have (after analytic continuation)

Sudf = TAT;f)

for any kernel e of M-summability.
Proof

®

(i)
(iii)

= (ii) Let f = SM,d)A‘, the M-sum of f in direction d. Then f ~ f ina
sectorial region G(d, o) with o > w (M), and moreover (f,)pen, € Am. If we
put M’ = (1),en, (the constant sequence whose terms are all equal to 1), item
(i1) in Theorem 6.15 states that g := T, f ~w f‘e_ f, what implies that f‘e_ f
converges to g in a disk, and g is, by Proposition 6.13, of M-growth in a small
unbounded sector around d, as we intended to prove.

= (iii) Trivial.

= (i) Since g := f‘e_ f converges in a disc and admits analytic continuation in
a sector § = S(d, ¢) for some ¢ > 0, we have that g ~pp t_f‘ in S with M’ =
(1)pen,. Moreover, g € O™(S) = OM(S), and due to (i) in Theorem 6.15,
we obtain that the function f := T,g is holomorphic in a sectorial region of
opening greater than 7w (M) and f ~ f there, so we are done. O

Remark 6.19

®

(i)

(iii)

In case Ml = M/, the summability methods described are just the classical
k-summability and T,-summability (in a direction) for kernels e of order k > 0,
as defined by W. Balser.

If M and M’ are equivalent strongly regular sequences, the respective fam-
ilies of kernels of summability coincide, as it is easily deduced from (6),
hence the summability methods just introduced for M and M’ are all the
same, as well as the sums provided for every M- (or equivalently, M’'-
) summable series in a direction. Note that, by Remark 4.8, one also has
o(M) = w(M'); however, it is important to note that for general (non-
Gevrey) kernels the value w(M) does not determine the equivalence class
of strongly regular sequences, nor the summability methods, we are dealing
with. This fact will be taken into account throughout the last section of this
survey.

In particular, consider a kernel e, its moment function m, and the
strongly regular sequence of moments m,, as in Remark 6.6. According to
Definition 6.2, Remark 6.3(iii) and Remark 6.6, for every s > 0 one may
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deduce that ) (z) := e(z'/*)/s is a kernel for mgs)-summability (recall that

m = (m}(n))nen,) wWith moment function m, (1) = m,.(sA) and sequence of
moments M, = (m,(s1))nen,, and consequently, m&‘) and m,) are equivalent
(Proposition 5.8) and

((Me(sn))nery) = 0(mP) = so(m,) = so((me(n))nen,)- (43)

Moreover, by (6) and (29), there exist A, B > 0 such that for every # > 0 one
has

(hm, (A1)’ = hoo(A'F) < hn ) () < b 0 (B'F) = (I, (Br))'. (44)

The following properties are straightforward consequences of the results in this
section. We will denote by C{z}n 4 the set of formal power series which are M-
summable in a direction d € R, where M is a strongly regular sequence such that
d(r) is a proximate order. A kernel for M-summability will be denoted by e. As
indicated before, the M-sum in direction d of a formal power series f will be named

f=Sud
Proposition 6.20

(1) C{z}ma is a differential algebra, and the sum operator Sy respects the
operations of addition, multiplication, derivation and inversion (whenever the
latter is well defined).

G If f is convergent, then it is M-summable in every direction d and the sum
coincides with f in the intersection of the corresponding domains.

(i) Iff € C{z}mq and & > 0 is small enough, then f € C{z}w.a for every d' with
|d—d'| < e and (Sm,d/fA) (2) = (Suwaf)(2) for every z where both functions are
defined.

(iv) Iff € C{zha € > 0 is small enough and M/ is strongly regular, M < M/
and o(M') < (M) + €, then f € C{zhwrq and (S af )(2) = (Swaf) (@) for
every z where both functions are defined.

(v) Suppose M « M, both inducing a proximate order, andf e C{ztma N
Cl{z}wr a. If either o(M) < w(M'), or o(M) = o(M'), M % M’ and M'/M
is (lc), then (SMdf)(z) = (SM/,df)(z) for every z where both functions are
defined.

Example Consider M;; = (n! [T,=o log(e + m))n Ny’ which is strongly regular
and induces a proximate order. So, we may take a kernel e for M ;-summability
and the sequence of moments (m,(n)),en,- Then, for any k > 0 the series f =
Yoo o me(n)z" is not k-summable in infinitely many directions. Indeed, for k > 1 it
suffices to observe that the formal Borel transform of order k,

(o]

me(n)
2 r(l+n/k)°

n=0
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does not converge. In case k € (0, 1), the formal Borel transform of order £ is entire
and of exponential order k/(1 — k) > k, and it has maximal type, what excludes
infinitely many directions for k-summability.

However, note thatf is M j-summable in every direction except d = 0 (mod
27).

7 Applications

Following the idea of Balser and Yoshino [6], given a sequence of moments m :=
(m(p))pen, let us consider the operator 0y, -, from C[[z]] into itself, given by

fp+1
Z (p) Z

= = m(p)

Michalik [45] has studied the initial value problem for linear moment-partial
differential equations of the form

P(aml,ta amz,z)u(ta Z) = O’ (45)
with given initial conditions
I, 1(0,2) = 9i(z) € OD), j=0,....n—1, (46)

for some n € N, and some neighborhood of the origin D, say D(0, r) for some r > 0.
Here, P(A, &) € C[[A, £]] is a polynomial of degree n in the variable A, and m; =
(m1(p))pen, and my = (m2(p))pen, are given moment sequences corresponding
to kernels e; and e; of orders k; > 0 and k, > 0, respectively, as defined by W.
Balser in [2]. In this last section we aim at stating analogous results to those in [45],
now in the case when these kernels are associated with general strongly regular
sequences (which might not be equivalent to Gevrey ones). So, our setting is as
described in Remark 6.6. Although the class of linear moment-partial differential
equations under study has been enlarged, the main ideas do not greatly differ from
the ones in [45], so we will omit some proofs requiring only minor modifications
with respect to the ones provided in that work.

The approach in [45] is based on the reduction of the initial problem (45),(46)
into a finite number of problems which are easier to handle. For this purpose, we
put

P(X.§) = Po(§)(A — A1(E))™ --- (A — Ae(§))™, (47)

where ny,...,ny € N with ny + --- 4+ ng = n. For every j = 1,...,¢, the
function A;(£) is an algebraic function, holomorphic for |£| > Ry, for some Ry > 0,
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and with polynomial growth at infinity. The existence is proven of a normalized
formal solution # to the main problem (45), (46), chosen so as to satisfy also the
equation

(aml,r - Al(amz,z))nl e (aml,r - A@(amz,z))néﬁ =0 (48)
(the meaning of A;(0m, ;) to be specified). Indeed, Theorem 1 in [45] states that one

can recover it as

Ny

¢
=" i (49)
a=1p=1
liqp being the formal solution of

(amlst - ADt(amz,z))ﬂ’:\lozﬂ =0
yml,tﬁdﬁ(ovz):()v ]:0,,ﬁ—2 (50)
Ol (0.2) = 247" Oy ) (2),

where ¢ug(z) 1= Z]’.l:_é dopi(0m,.2)9i(z) € O(D(0, r)), and dyg;j(£) are holomorphic
functions of polynomial growth at infinity for every & and . One may easily check
that the formal solution of (50) is given by

) Lo (T MeOmp)as (@)

We do not enter into details about this point, for the proof of this result is entirely
analogous in our situation. We will focus our attention on the convergence of the
formal solution, and also on the growth rate of its coefficients when it has null
radius of convergence, but firstly we recall the meaning of the pseudodifferential
operators A(dm, ;) [like the ones appearing in (48), (50) and (51)], where A (&) is an
elementin the set {A; : j = 1,..., £} and m, = (m.(p))pen, is the strongly regular
sequence of moments of a kernel e with moment function m,.(1). Given r > 0,
one can check (see Proposition 3 in [45]) that the differential operator 0y, ; is well-
defined for any ¢ € O(D(0,r)), and for 0 < ¢ < r and every z € D(0,¢) one
has

PPN O e08)
@ = B s [ eEen N .

for every n € Ny, where 6 € (—arg(w) — w(";”)” , —arg(w) + w(n;”)”) and E is the
second kernel in Definition 6.2.
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The previous expression inspires the definition of the pseudodifferential operator
A(Om, 2) as

oo(0)
Mm@ =, B g0 [T aoEe ] dsan,

Tl J|w|=¢

for every ¢ € O(D(0,r)), where & = Roe” with suitably large Ry > 0 and 6 as
before (see Definition 8 in [45]).

Next we study the growth rate of the formal solution of (50), given in (51). To
this end, we need the following definition and lemmas.

Definition 7.1 Let U C C be a neighborhood of oo, and W € O(U). The pole
order g € Q and the leading term v € C \ {0} associated with W are the elements
satisfying

if they exist.

Lemma 7.2 Let e, m, and m, be as before, A(§) have pole order q and leading term
Ao, and let ¢ € O(D(0, r)). There exist ry,A, B > 0 such that

sup [A(9m,2)p ()] = |Ao|lABm.(q).

|zl<ro

Proof One may choose Ry > 0 such that |A(§)| < 2|A¢]||£]? for every & with |&| >

Ro. Letw € C with 0 < |w| = & < r, and put § = —arg(w) and & = Rpe””. One
has
oo(9) e(Ew e(se'?
[ rerea e <2l [ speesal O s s
&o Ew Ro se

The properties of the kernel functions e and E stated in Definition 6.2, rephrased
according to Remark 6.6, allow us to write

C1

ey ()

slel

|E(se?z)e(se®w)| <

for some ¢y, ¢z, ¢3 > 0 and for every s € [Ry, 00). From (5) one has

c hZ P(?)CS
ClC2 hmg(CS)f 1 e( se )

K (53)
hmt’(x\z\) s€ hmc’(slzl)
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Let ro > 0 be such that ry < c2¢e/(p(2)c3), so that p(2)c3/(se) < c2/(s|z|) for
every z € D(0, rp). For such z, the expression in the right-hand side of (53) is upper
bounded by ¢/, (,0(2)03 / (ss)), and one obtains that the last expression in (52) can
be upper bounded by

0o g—1 2
seiliol [ (PP as.
Ro & SsE

In turn, by the very definition of A, the previous quantity is less than

1 ]
lal+2
2e1ldol(p@)es) 77 |y sme(lal +2) /R ! gtlal—

The last integral is easily seen to be bounded above by some constant independent
of g. Moreover, the moderate growth property of m, leads to an estimate of the form

2olAoBE m.(lq)).

Finally, we observe that the function x € [0, 00) — m,(x) is continuous, strictly
convex (since m (x) > 0 for every x > 0) and lim,—, o m.(x) = 00, so it reaches its
absolute minimum m,(xp) > 0 at a point xo > 0, and it is decreasing in [0, x) (if
xo > 0) and increasing in (xg, 00). So, we deduce that whenever xy < x < y we have
me(x) < m(y), while if 0 < x < xp and x <y, then m,(x)/m.(y) < m.(0)/m.(xp).
In conclusion, there exists a constant A; > 0 such that m,(x) < Aym.(y) whenever
0 < x <y, and in particular, m,(|x|) < Aym,(x) for every x > 0, what leads to the
final estimate. O

For j € N, the function A/(£) has pole order jg and leading term %. So, an
argument similar to the previous one provides the proof for the following result.

Corollary 7.3 Letj € N. Under the assumptions of Lemma 7.2, one has

sup | (9m,..)¢ ()| < Aol AB'm,(qj)

|zl<ro

for some ry, A, B > 0.

Remark 7.4 The previous estimates, according to Remark 6.19(iii), could also be
expressed as |AoVAB/ (m,(j))? for suitable B; > 0.

As indicated before [see (50) and (51)], a problem of the form
(aml,t - A(amz,z))ﬁi\t =0

O, 1(0,2) =0, j=0,....,-2 (54)
5 10(0,2) = AP (9, )9 2),
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where § € Nand ¢ € O(D(0,r)), has

X - O\ MOm)P@) :
u(t,z)=j=;l(13]_1) ) 7 =.;uj(z)t’ (55)

as its formal solution, and Corollary 7.3 allows us to claim that

sup |u;(z)| < CD/ m(3)

Izl <ro mi(j)’

for some ry, C,D > 0 and for every j € Ny. Hence, convergence or divergence of
it in some neighborhood of the origin is a consequence of the growth rate of the

sequence ('fnzl((‘g)) )j=0- More precisely, one has

Corollary 7.5 If
mi(j)

~ N 1/)
1imjs 0 (mZ(‘”)) < o0

(in other words, m(zq) & my), then i in (55) defines a holomorphic function u(t, 7)

on D1 x D(0, ry) for some neighborhood of the origin D1 C C, and u solves (54).

We now turn our attention to the determination of sufficient conditions for u(z, z)
to admit analytic continuation in an unbounded sector with respect to the variable ¢
and with adequate growth. We first need some notation, starting with O™« (S) (see
Definition 6.10), where § is an unbounded sector in R and m, is a strongly regular
sequence of moments for a kernel e.

Definition 7.6 We write f € O™ (S’) if f € O™(S) N O(S U D) for some disc
D = D(0,r).

Let D = D(0, r). We say f(t, z), holomorphic in S x D, belongs to O™¢(S x D) if
forevery T < S and r; € (0, r) there exist ¢, k > 0 such that

sup [f(t,2)] < teT

c
2€D(0.r1) e, (k/|2])

Analogously, we write f € O™ (3‘ x D) if f € O(S UDy) x D) NO™(S x D)
for some disc D; around the origin. We also write O™¢(S(d)) and O™¢(S(d) x D)
whenever the sector S is of the form S(d, ) for some inessential &€ > 0.

From Proposition 5.9 we deduce the following result.
Corollary 7.7 Suppose that there exists a strongly regular sequence of moments,

m, = (me(j))jen,, and C, D > 0 such that

ma(qj)m.(j) < CD'my (j)
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forevery j > 0. Then, itin (55) defines a function u € O(C x D(0, ry)), and one has

sup |u(z,2)| <
|zl<ro hmg(k/ltl)

for some c,k > 0 and for everyt € C.

Remark 7.8 In the particular case that m; = M, and my = M, for some
ki,ky > 0 with 1/k; > g/kp, we would have that u € O(C x D(0, rp)), with
exponential growth in the variable ¢ of order ( kll —q klz )~!, namely

kiky
sup |u(t,z)| < cePl LT e
lz]<ro

for some C, D > 0, as stated in Proposition 5 of [45].

In order to go further in our study, by an argument entirely analogous to that in
Lemma 4 in [45] one can prove that, under the assumptions of Corollary 7.5, the
actual solution of (54) can be written in a neighborhood of (0, 0) in the form

e oot exEn)
= o b e [ E@enEE 7 dedn
(56)

with 6 € (—arg(w) — Jw(my), —arg(w) + Jw(m,)), and where E; and E; are the
kernels corresponding to e; and e;, respectively.

We are ready to relate the properties of analytic continuation and growth of the
initial data with those of the solution. In these last results we assume the kernels
e1, E| have been constructed following the procedure in section “Flat Functions via
Proximate Orders and Watson’s Lemma”.

Lemma 7.9 Let g = p/v € Q, with ged(u,v) = 1 and B > 1. We assume the
moment functions my(A) and my(A) are such that

ma(aj) < CoAlymi(j), j € No, (57)
and

m(j/q) < CLAma(j).  j € No. (58)
for suitable Cy, C1,Ap,A; > 0. Let u(t, z) be a solution of

(aml,t - A(amz,z))ﬁu =0

3, 1(0.2) = §() € ODO.7), j=0,.... 51, (59)
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for some r > 0. If there exists a strongly regular sequence of moments m =
(m()))jen, such that:

(i) there exist C,A > 0 with
m(j) < CAmy(j), je€ Ny, (60)

(i) ¢; € O™"(S((d + arg(L))/q + 2km/w)) for every k = 0,....;n — 1 and
j=0,...,8—1,and some d € R,

then u(t, z) € (’)m(S‘(d + 2nw/v) x D(0,r)) forn=0,...,v—1.

Remark 7.10 According to Remark 6.19(iii), the sequence (m2(gj))jen, (respec-

tively, (m1(j/q))jen,) is equivalent to m(q) (resp. to m; (1/9)y Together with this fact,

(g)

the inequalities (57) and (58) amount to the equivalence of m,” and my, and so, we

deduce by (43) that
qo(my) = w(my). (61)

Proof With the help of Lemma 3 in [45], which may be reproduced in our setting
without modification, one can show that the general situation may always be taken
into the case w(m;) < 2, which will be the only one we consider. The principle
of superposition of solutions allows us to reduce the study of (59) to that of some
problems of the form (54), where A~ (8y,..)¢ in (54) turns out to be a function
belonging to om!? (S(d + arg(A))/q + 2km/p)) forevery k = 0,...,u — 1 and
j=0,...,8 — 1. Moreover, Corollary 7.5 and (57) guarantee the existence of a
holomorphic solution u(#, z) of (59), defined on some neighborhood of the origin in
C2, which can be written in the form (56). Next, we claim that the function

00 (0)
t> / E\(1A(£))Ex (£2) Zg ") g, (62)

which is holomorphicin {¢r € C : || < C,|w|} for some C, > 0, can be analytically
continued to the set

Q = {t € R:arg(t) + 2km + arg(A) # (arg(w) + 2nm)q forevery k,n € Z}.

Indeed, the equality (61) entails that, as long as ¢ € €2, one can replace 6 in (62) by
a direction 6 such that

arg(r) + 2km + arg(A) + qé € (na)(ml)/Z, 21 — Jra)(ml)/Z) for some k € Z
and

arg(w) + 2n7w + 0 € (— nrw(my)/2, tw(my)/2)  for some n € Z,
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what makes the continuation possible by ensuring the adequate asymptotic behavior
of the integrand as § — oo, arg(§) = 6. The rest of the proof, intended to estimate u,
also follows the arguments in [45, Lemma 5], but estimates will be carefully given in
order to highlight the techniques in this general situation. Suppose z is small relative
to w. We deform the integration path |w| = ¢ in order to write

B
u(t,z) = ! 'aﬂ ! (u1(t,2) + uz(t,2)) ,

B -1
with
— 1 °o(0) ex(Ew)
=3 9§§¢(w> / )67, dav.
and
— 1 oo (0) erEw)
=3 9§Zk+l¢(w> / B @), ded

Here, the path yy;4 is parameterized by

fe Ty e (d+ ag(h) | 2w 8 d+arg() 2kt D i) i

q nwo 3 g 0

for some small enough § > 0. On the other hand, for large enough R > 0 the path
yay is )’55_ + V;;l - V§;+, where

i@t | ok,

)/5{’*(5) = se( q " 3) = seio"’

*e{—,+}, seleR],

and

yRl(s) = Re®, se(d+arg()_ w8 dtarg(d) 71+8)‘

q w3 g T
We now give growth estimates for u; and u, in order to conclude the result. We
first give bounds for u,(7,z). We take k € {0,...,u — 1}. Let ¢ be as above with

|t| = 1, and consider £ and w in the trace of the corresponding path defined by the
path integrals in the definition of u,. From the properties of the kernel functions in

Definition 6.2, one has that
I Ci2
13
2N 1E @) - (i)

E1(tA(§))Ex(§2)
fw hin (\sua) e
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for some Clls C12, C13 > 0.
Taking into account (5) we have

o0o(6)
h :=§£ () /E E\ (0 (6)Ex(£2) fw) ddw
V2k+1 0
is p(z) C12 i0 2 (p(‘?‘glz )
<C E(th ds.
< “/m plee)] [ ima(" P NEGAGE D, o 11

We assume z satisfies |z] < Ci3¢/(p(2)C)2). This entails

0(2)C12) ( Ci3 )

h <h .

mz( |§|e N[

By the careful choice of the direction 8 above and because of Proposition 6.8 applied
to E;, we deduce there exists § > 0 such that the function (z, |£]) — |E; (tA(|€]e?))]
admits a maximum at a point, say (¢1, |£1|), as (¢, |£]) runs over (S(d+2nm /v, §)N{t :

[t] > 1}) x [|&], 00). Then, for every such r and || > |&|, one easily obtains
constants Ci4, C15 > 0 such that

Cus

Cis)’
mEA

o p(2)C12
/m ""“2( e )|§| dfg] < eo,

EV(A(€1e)] < [E1 (A (& )] <

Moreover,

SO

Cis

I < / B (ge™)| ds.
1 I, (Chllg) s€hg+1 | i

Taking into account that

sup [¢(w)| < oo,

[w|=¢

one concludes that u, € O™! (S'(d + 2nx/v) x D(0,r)) for some r > 0 and for
n=20,...,v—1.
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We now give estimates on u(¢,z). The inner integral in the definition of each
term in the sum of #; can be upper bounded as before. We arrive at

ea(§w)

Jr = dédw
Ew

o0o(6)
b o0 [ EG©EC

Yok

R 0.
<y / (9™ )|+ IpGe™ ) ds . +Cn / f BRe"d0

m (57) m ()

for some positive constants Cy;, Caz, Ca3. Since ¢ € om S(d + arg(A))/q +
2km/u)), it is straightforward to check that the previous expression can be upper
bounded by

Coy

i () (57)

for some Cs4, C5 > 0. Cauchy’s theorem allow us to choose R to be R = |t|1/q. In
addition to this, from property (29) one has

L C25 _(n C;]S 1/q
m/9) |l‘|1/q - m Itl .

If 0 < g < 1, one can apply property (5) to obtain

c;fs))”‘g ( Cis )
(h‘“(m AT

andif ¢ > 1, hn(s) < 1 forall s € (0, 00), so that

1
(5= (50):
" "

These facts entail, for some Cyg > 0,

Coy

o () s (55)

=
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From the hypothesis (60) we have, by (6), that iy, (v) < Chy, (Av) for every v > 0,
and so, putting Co7 = min{Cy /A, Cas}, one gets that

Jy < CCx < CCx < CCxy ’
o () 5 (55) (ko (7)) e (o650)

where (5) has been used in the last inequality. So, one obtains that u; € O™ (S(d +
2nm/v) x D(0,r)) for some r > 0 and forn = 0,...,v — 1, and the conclusion is
immediate. O

Lemmas 6 and 7 in [45] can be easily rewritten in our context, and they lead us
straightforward to the next result, an analogue of Theorem 3 in [45].

Theorem 7.11 Let g = /v € Q, with ged(u,v) = 1. Let my (L), ma(A) and m be
as in Lemma 7.9. If u(t, z) is the solution of (54), then for every d € R the following
statements are equivalent:

1. ¢ € O™ (8((d + arg(A)) /q + 2k /) for every k =0,... . — 1.
2. u e O™(S(d + 2nm/v) x D(0,r)), forn=10,1,...,v—1.

Although all the treatment of summability in this paper has been limited to
complex valued functions, it can be extended without any difficulty to functions
taking their values in a general complex Banach algebra. In particular, we may
take this algebra to consist of the bounded holomorphic functions in a fixed
neighborhood of the origin in the z plane with the norm of the supremum, and
consider summability of formal power series in the ¢ variable with such coefficients.
The following definition is natural under this point of view.

Definition 7.12 Let u(7,z) = Z]ﬁo uj(z)# be a formal series with coefficients in
O(D(0,r)) for some r > 0 (independent of j), and let m, = (m.(j))jen, be the
strongly regular moment sequence of a kernel e. We say & is m,-summable in

direction d € R if

oo

.0 = 3 9 4 ¢ ome 31y x DO
T, (t.2) j:zome(j) € O™ (S(d) x D(0,r)),

where S(d) is an unbounded (small) sector bisected by d.

We are now able to establish a characterization of summability for the formal
solutions of (54) and also for the initial problem (45), (46), under appropriate
conditions regarding the moment functions involved.

Proposition 7.13 Ler it be a formal solution of (54). Let ¢ = /v € Q, with
ged(p,v) = 1, and d € R. We assume a strongly regular sequence of moments
m = (m(p))pen, exists with

ma(qj) < CoAym(jymi(j), Jj € No, (63)
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and

m(j/q@ymi(j/q) < CiA my(j), j € N, (64)

or suitable Cy, C1,Ayp,A; > 0. en, u is m-summable in direction d + 2nw/v
itable Cy, Cy,A¢,A; > 0. Then, it i ble in direction d + 2
forn =0,....,v—1if and only if. ¢ € O™""(S((d + argA)/q + 2kn /L)) for
k=0,...,u0—1

Remark 7.14 As in the previous Remark 7.10, the inequalities (63) and (64) amount
to the equivalence of m(zq) and m - m; for some strongly regular sequence of
moments m. The existence of such a sequence m, in turn, is equivalent to the
fact that gw(my) > w(m;), as it may be proved by following the ideas in the
work of Balser [2, Theorem 32]. One may note that in the Gevrey case treated by
Michalik [45], in which the order (in the sense of W. Balser) of a kernel completely
determines the summability method under consideration, one just imposes [instead
of (63) and (64)] suitable conditions on the orders of the kernels ¢; and ¢,. Moreover,
in that situation the summability of i is characterized by the analytic continuation
of ¢ with a (constant) order of exponential growth. As explained before [see
Remark 6.19(ii)], this is not enough now, since these constants do not completely
determine the summability method whose application is to be justified.

Proof Let n € {0,...,v — 1}. By Definition 7.12, & is m-summable in direction
d + 2nm /v if, and only if,

v P Y VNOm)d@ ;e
e '_/#;1(,3—1) m(m(y © €O S+ 2m/v) X DO.1).

If we put m = (m(p))p=0, With m(p) = m;(p)m(p), then m turns out to be a
sequence of moments, as it may be deduced along the same lines as in the Gevrey
case (see [2, Sect. 5.8]). One can observe that v turns out to be the solution of (54)
when substituting m; by . From Theorem 7.11, we know that v € O™(S(d +
2nm/v) x D(0,7)) if, and only if, ¢ € O™ (S((d + arg)r)/q + 2kn/p)) for
k=0,...,u—1, as desired. O

Finally, we consider the normalized formal solution for (45) given in (49). We
make the following:

Assumption (A): There exists ¢ = u/v € Q with ged(, v) = 1 such that P(A, §)
in (47) satisfies that

lim
z—>00

M e
z4

forevery « = 1,...,4, i.e., g € Q is the common order pole of A, for every
a=1,...4.
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The previous results lead to the main result of this last section.

Theorem 7.15 Let d € R. Suppose a strongly regular sequence of moments m =
(m(p))pen, exists such that (63) and (64) hold. Let i be the normalized formal
solution of (45), (46). Then, under Assumption (A), it is m-summable in any direction
of the form d + 2nm/v forn = 0,...,v — 1 if, and only if, ¢ € (’)“‘(l/q)(g((d +
arg(Aap))/q + 2km /1)) foreveryk = 0,...,u— 1, everya = 1,...,£ and every
B=1,... 14
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WKB Analysis and Stokes Geometry
of Differential Equations

Yoshitsugu Takei

Abstract In this article we survey the fundamental theory of the exact WKB
analysis, that is, the WKB analysis based on the Borel resummation method.
Starting with the exact WKB analysis for second order linear ordinary differential
equations, we explain its application to the computation of monodromy groups
of Fuchsian equations and its generalization to higher order equations. Some
recent developments of the theory such as the exact WKB analysis for completely
integrable systems are also briefly discussed.

Keywords Borel resummation * Completely integrable system ¢ Connection for-
mula * Exact WKB analysis * Monodromy group ¢ New Stokes curve * Stokes
geometry ¢ Virtual turning point * Wall crossing formula ¢ WKB solution
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1 Introduction

Since the very beginning of the quantum mechanics, the WKB (Wentzel-Kramers-
Brillouin) approximation has been employed to obtain approximate eigenfunctions
and solve the eigenvalue problems for Schrddinger equations. The (full-order) WKB
approximations provide formal solutions (with respect to the Planck constant) of
Schrodinger equations but, as they are divergent in almost all cases, they were not
so often used in rigorous mathematical analysis. Around 1980, using the Borel
resummed WKB solutions, Voros [36] successfully studied spectral functions of
quartic oscillators and also Silverstone [33] discussed the WKB-type connection
problem more rigorously. After their pioneering works, Pham, Delabaere and others
(cf.,e.g., [9, 11-13, 30]) have developed this new kind of WKB analysis (sometimes
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called “exact WKB analysis” or “complex WKB analysis”) based on the Borel
resummation technique with the aid of Ecalle’s theory of resurgent functions ([14—
16], see also [32]). At present it turns out that the exact WKB analysis is very
efficient not only for eigenvalue problems of Schrodinger equations but also for
the global study of differential equations in the complex domain.

In this article, mainly using some concrete and illuminating examples, we explain
the fundamental theory of the exact WKB analysis, its application to the global study
of differential equations in the complex domain, and some recent developments of
the theory.

The explanation will be done basically by following our monographs [27] and
[25]. To be more specific, the article is organized as follows. We first discuss
the exact WKB analysis for second order linear ordinary differential equations of
Schrodinger type

2
( < n2Q<x)) ¥ =0, (1

dx?

where Q(x) is a polynomial or a rational function and 5 denotes the inverse of
the Planck constant (and hence a large parameter). Starting with the definition of
WKB solutions, we introduce the Stokes geometry and explain the fundamental
theorems of the exact WKB analysis, in particular, Voros’ connection formula for
Borel resummed WKB solutions, the most important result in the theory, in Sect. 2.
Then, after illustrating an outline of the proof of the fundamental theorems in Sect. 3,
we discuss its application to the computation of monodromy groups of Fuchsian
equations (Sect.4) and wall crossing formulas for WKB solutions with respect to
the change of parameters contained in the equation (Sect. 5). In the latter part of the
article, we consider generalizations of the exact WKB analysis to higher order linear
ordinary differential equations of the form

m m—1
(G #1010 s 4 12000 ) ¥ = 0 @
x dx

In Sect.6 we discuss the problem of new Stokes curves pointed out by Berk-
Nevins-Roberts [8], which is peculiar to higher order equations, and introduce the
notion of virtual turning points with the help of the theory of microlocal analysis
to treat new Stokes curves in a more intrinsic manner. Finally, in Sect.7, we
explain some recent developments of the theory such as the exact WKB analysis for
completely integrable systems. These recent developments are also closely related
to the problem of new Stokes curves and virtual turning points for higher order
equations.
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2 Exact WKB Analysis for Second Order Linear ODEs
of Schrodinger Type

WKB Solutions

Let us first discuss the exact WKB analysis for second order linear ordinary
differential equations of Schrédinger type

d2
( .- an(X)) v =0, @

X

where Q(x) is a polynomial or a rational function. Throughout this article 1 denotes
a large parameter and is often assumed to be real and positive.

Definition 2.1 A WKB solution of (3) is a formal solution of the following form:

Y (x ) = exp(yo()) Y Yux)n "+, )

n=0

where yo(x) and ¥, (x) are suitable analytic functions of x and & > 0 is a constant.

In the case of (3) WKB solutions can be readily constructed in the following way:
Assume that a solution of (3) has the form

wwm=mjsmwm ®)
then S(x, n) should satisfy
2 dS 2 (13 M M M 2
S°+ J =n"0(x) (“Riccati equation”). (6)
X

We further suppose that S = S(x, 1) can be expanded as S = nS_;(x) + So(x) +
n~'S1(x) + - --. It then follows from (6) that

(S-1)* = 0(x), (7)

ds,

25181+ Y SiSuit ]

k=0

0 (=-101,...). (8)

That is, once S_; = :i:\/ QO(x) is fixed, we obtain two solutions S+ (x, 77) of (6) in a
recursive manner.



266 Y. Takei

Remark 2.2 Letus denote S+ as S+ = £Sodd + Seven, then the following relation is
readily confirmed.

ds, . 1d
280ddSeven + odd = 0, 1e., Seyen=— 10g Sodd- 9)
dx 2 dx

Thus for Eq. (3) we obtain the following WKB solutions:

1 X
Va(x,n) = exp (i/ Sodddx)
V/Sodd X0

= exp (%7 / VOWx) 3 Y (12, (10)
X0 n=0

where xj is an arbitrarily chosen reference point.
Unfortunately WKB solutions are, in general, divergent. Concerning the behavior
of S,(x) and ¥4, (x) for large n, the following holds.

Proposition 2.3
(1) Each S, (x) and Y+ ,(x) are holomorphic on

U := {x € C| Q(x) is holomorphic near x and Q(x) # 0}. an
(ii) For any compact set K in U, there exist positive constants Ax and Ck satisfying
|Sa(x)| < AxCin!l, |Y+.(x)] <AxCgn! (x € K) (12)

for any n.

To give an analytic meaning to WKB solutions, we employ the Borel resumma-
tion technique (or the Borel-Laplace method) with respect to a large parameter 7 in
the exact WKB analysis.

Definition 2.4 Let > 0 be a large parameter. For an infinite series f = exp(nyo)
Ym0 fult " (> 0, yo, f, : constants), we define

- ﬁl n+a—1
Q) = (v + y0) : Borel transform of f, (13)
’; 'n+ o)
F(p) = /OO e g (y)dy : Borel sum of f, (14)
-0

provided that they are well-defined. Here I'(s) denotes Euler’s I"-function and the
integration path of (14) is taken to be parallel to the positive real axis.

See, e.g., [7, 10] for the details of the Borel-Laplace method. Here we only refer
the following very fundamental properties of the Borel transform and the Borel sum.
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Proposition 2.5

(i) Iff is convergent, then (y+yo) ' ~*fz(y) is an entire function of exponential type.
In this case the Borel sum F(n) of f is well-defined for a sufficiently large n > 0
and coincides with the original f.

(i) Iff is Borel summable, that is,

(@ > I (y + yo)" is convergent in a neighborhood of y = —yy,
I'n+ o)
(b) fs(y) can be analytically continued along the integration path of the Borel
sum, and
o0
() e g (y)dy exists for a sufficiently large n > 0,

=0
then the following asymptotic formula holds :

exp(—myo)I"F(n) ~ Y _fin™ (1> 0, n— o0). (15)
n=0

Proposition 2.6 For ¥ (x,n) = exp(nyo(x)) Y= ¥u(X)n "t (@ > 0,0 & Z)
the following formulas hold :

. T9 0
® I:wa]B N B%wB'
@[], = () v =120
—m _ 1 Y N , , . 0 \—m
(iii) [n w]B = -1 _yo(x)(y y)" Y (x, y)dy ( =: (3y) wg).
Furthermore, for y = Y ¥,()n~ " and ¢ = 3 0,(x)n~"+H) (a, B > 0) we

have

.
@iv) [wﬁ]B = gp*Yp = /0 @ (x,y —Y)¥p(x,y)dy'.

WKB Solutions of the Airy Equation and Their Borel
Transforms

To investigate properties of the Borel transform of WKB solutions, we consider
WKB solutions of the Airy equation in this subsection.

Example (Airy Equation) Let us consider the Airy equation

2
(d —nzx)lﬁ:O (16)

dx?
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and its WKB solutions normalized at x = 0

I : o y
wi - \/Sodd xp (i/(; SOdddx) = exp(in)’o(x)) Z Wi,n(X)n ( +l/2)’ (17)

n=0

where yo(x) = [ /xdx = (2/3)x*2. We compute the Borel transform of (17)
explicitly.

By the recursion formulas (7)—(8) we easily find that each coefficient S,(x) of
the formal power series solution of the Riccati equation associated with (16) has
the form S, = c,x~'~/2" with some constant ¢, (n = —1,0, 1,...). This implies
that each coefficient ¥+ ,,(x) of (17) also has the form ¥+ ,, = d ,x~'/4=3/2" with
another constant d+ , (n = 0,1,2,...). Hence the Borel transform 4 g(x, y) can
be written as

o

eo='3 L (e2) s e as
Vesny) = £ T(n+1/2) (x3/2 3) = (feln )

with ¢+ (f) being an analytic function of one variable t = yx~/2. On the other hand,
since ¥+ is a solution of (16), it follows from Proposition 2.6, (ii) that ¥+ p(x,y)
should satisfy

2 d?
( . Byz) Vi p(xy) = 0, (19)
Consequently we obtain the following ODE for ¢4 (7):
9 Nd> 27 d
1— 7 ) =0, 20
(( 4 )dﬂ 4 dt )‘Pi 20)
or, employing a change of variable s = 37/4 4+ 1/2,
d? 3 d 8
(s(l -9 o+ (2 — 3s) - 9) ¢r = 0. Q1)

Equation (21) is nothing but Gauss’ hypergeometric equation (with the parameter
(a, B,y) = (4/3,2/3,3/2)). Thus we have the following expression for ¥+ g(x, y):

visten = V2 Ve e 176172 9. 22)
2/ x
V3l —1/2

w—,B(xJ’) = (1 _S) F(5/67 1/65 1/25 1 _S) ) (23)
2/ x

where F(a, B, y:z) denotes Gauss’ hypergeometric function and s = 3yx~3/2/4 +
1/2.
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Using this expression (22)—(23), we can deduce the following important proper-
ties of WKB solutions of the Airy equation.

Property (A) In addition to the reference point (singularity) y = —yp(x) =
—(2/3)x%2, Yy p(x,y) has a singularity also at y = yo(x) = (2/3)x*2. This
singularity is sometimes called a ‘“movable singularity”, since its relative location
with respect to the reference point moves according as x varies.

Property (B) The Borel sum W, (x,7) is well-defined as long as J (—yg(x)) #
3 yo(x), that is, provided that x does not belong to the set { Ix/> = 0}, whereas
it is not defined on { Ix*/? = 0} where the movable singularity is located on the
integration path of the Borel sum.

Property (C) The set {Ix*? = 0} defined above consists of three half-lines
emanating from the origin in x-plane. If we consider the analytic continuation of the
Borel sum W (x, 1) across one of them, say, the positive real axis, then W4 (x, )
becomes the sum of the two Laplace integrals of ¥4 z(x,y) along I'; j = 0,1)
described in Fig. 1.

Property (D) After the analytic continuation across the positive real axis, the Borel
sum W4 (x, n) becomes the following

\I‘+ > \I‘+ —+ i\p_, (24)

that is, a Stokes phenomenon occurs for W (x, 17) on the positive real axis. Formula
(24) is often called the “‘connection formula” for W (x, n).

The connection formula (24) is a direct consequence of Property (C) and the
following discontinuity formula for the Borel transform ¥ p(x, y):

Dy=yo(0) V4805, y) = iY—p(x,y), (25)

y Y+ (path of analytic continuation from above)

RN
Y N (0’\/ AYAVAVA VA VAVAVAVAVAVE
§x3/ 2 P

I

y— (path of analytic continuation from below)

[ 4 7

_%xs/z Iy

Fig. 1 Integration paths Iy and I'} (wiggly lines designate cuts to define a multi-valued analytic
function ¥4 g(x,y))
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where the discontinuity (or the ‘“alien derivative’ in the sense of Ecalle) of
Y4 p(x,y) is defined as follows:

Aymyo) Y86, Y) 1= (r4)« ¥4 8(x,y) — (v« ¥y 5(x,y), (26)

where (y4+)« ¥+ p denotes the analytic continuation of 4 g along y4, that is, the
discontinuity is the difference between the analytic continuations of ¥4 g(x,y)
above the cut and below the cut (cf. Fig. 1). Note that in the case of the Airy equation
the discontinuity formula (25) immediately follows from the expression (22)—(23)
and Gauss’ formula for hypergeometric functions:

sTV2F(5/6,1/6,1/2; 5) = ;(1 —5)7V2F(5/6,1/6,1/2;1—y5)

1
F(4/3,2/3,3/2; 1— 27
* (4/3,2/3,3/ 5) @27

(cf. [17, p. 105, 2.9(1)-2.9(24) and p. 108, 2.10(1)]).

Stokes Geometry and Connection Formula

Taking into account Properties (A)—(D) for the Airy equation observed in the
preceding subsection, we introduce the notion of turning points and Stokes curves
for (3) as follows:

Definition 2.7

(1) A zero of Q(x) is called a turning point of (3). In particular, a simple zero of
Q(x) is called a simple turning point of (3).

(i1) A Stokes curve of (3) is, by definition, an integral curve of the vector field (or,
more precisely, the direction field) J \/ Q(x)dx = 0 emanating from a turning
point, that is, a curve defined by

3 / ' VOx)dx =0, (28)

where a is a turning point of (3).

In the case of the Airy Eq.(16) the origin is the unique turning point (which is
simple) and the Stokes curves are given by { Ix*? = 0}. Examples of the Stokes
geometry for more complicated Q(x) are shown in (Fig. 2).

In what follows we usually assume the following non-degenerate condition:

Condition (ND) There is no Stokes curve of (3) which connects two turning points.
In other words, every Stokes curve of (3) emanating from a turning point flows into
a singular point of Q(x).
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Fig. 2 Several examples of
the Stokes geometry

Qz) =22 -1 Q(z) =1—2?

z(z—1)

Qr)=2*+1 Qz) = (+ ) +2)(x—3)2

Then, in parallel with the case of the Airy equation, the following fundamental
theorems do hold for a second order Eq. (3) under Condition (ND).

Theorem 2.8 Assume Condition (ND). Then WKB solutions ¥+ (x,n) are Borel
summable except on Stokes curves.

Theorem 2.9 (Voros [36]) Let x = a be a simple turning point of (3). Then, for
WKB solutions

1 X
Vi(x,n) = exp (i / N dddx) (29)
\/Sodd a ’
of (3) normalized at x = a, the following properties hold in a neighborhood of
(x.y) = (a.0):
(1) ¥+ p(x,y) have singularities at y = £yo(x) = + f; \/Q(x)dx (cf. Fig. 3).
(i)

Dy=yo) V+8(x,Y) = iY—p(x,y),  Dy=—yx) Y-8, y) = V4 5(x, ).
(30)

(iii) On a Stokes curve I emanating from x = a the following connection formula
holds for the Borel sums Wy of 4.
Type (+): When N fj \/Q(x)dx > 0 holds on T, that is, ¥+ is dominant over
W_ there, then

Wpow Wy 0, W W, (31)
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¥ =yo(x)

y=—yo)

Fig. 3 Singularity locus of ¥4 z(x, y) near a simple turning point x = a

Type (—): When N f: \/Q(x)dx < 0 holds on T, that is, Y_ is dominant over
V4 there, then

Wyove Uy, W U 40y (32)

Here the sign £ depends on which direction one crosses the Stokes curve I'. To
be more precise, when one crosses I in an anticlockwise (resp., clockwise) manner
viewed from x = a, we adopt the sign + (resp., —).

3 Proof of the Fundamental Theorems

In this section we explain an outline of the proof of Theorems 2.8 and 2.9.

Outline of the Proof of Theorem 2.8

First, following the argument of Koike-Schifke [28] and using in part an idea of
Costin [10], we explain the proof of Theorem 2.8.

The central step is to verify the Borel summability of formal power series
solutions of the Riccati equation

ds

52
+ dx

= 11 0(). (33)
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For the sake of simplicity we assume Q(x) is a polynomial and consider the Borel
summability of S(x, n) = Sy (x, n) only. We now write S(x, n) as

S, n) = nS—1(x) + So() + T(x,m),  TCe,m) =Y Sa(n™. (34)

Then T'(x, n) satisfies

T
ot 28_1(nT — Sy) + 25T + T* = 0. (35)
X

In view of Proposition 2.6, the Borel transform 7p of T satisfies

a + 2\/Q(x) B o 2Sy() T+ Ts T =0, Tp(x,0)=S(x).  (36)

Since holomorphic solutions of (36) are unique near y = O, it suffices to show
the existence of a global holomorphic solution of (36) near the positive real axis
Ry ={y=0}.

Definition 3.1 Let K be a compact subset of U = {x € C| Q(x) # 0 }. For a point
xo € K we define

Fyi={reC|3 /\/Q(x)dx—O}
e . —{xerxom/ JOWdx 2 0} U {xo}.

K:= U r, K% .= U .

x€K x€K

Theorem 3.2 Let Q(x) be a _polynomial of degree d and K be a compact subset of
U= {xeC|Qx) # 0} IfK7 does not contain a turning point in its closure, the
following hold :

(1) Tg(x,y) is holomorphic in Q = KO x {y|dist(y,R4) < 8§} for a sufficiently
small number § > 0.
(i) There exist positive constants Cy and C, that satisfy

G .
‘TB(x, y)‘ < |4 22 O inQ. (37)
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The proof of Theorem 3.2 consists of four steps.

Step 1. 'We employ the so-called Liouville transformation defined by

= [ Vowax (39)
Writing Ts(x,y) = u(z,y), we find that u(z, y) satisfies
Ou +2 Ou +2A1(u + Ars(QQu*u =0, u(z,0) = Ao(2), (39
0z ay
where
Aoe(®) = $1(0), Ar(ew) = j‘g’(‘; As(e) = \/; R

Step 2. By using a linear change of variables s = 2z —y,t = y and integrating
(39) once with respect to the variable ¢, we can convert (39) into the following
integral equation:

u(z,y) =Ao(z— ;) —/OyAl(Z— y;y/)u(z_ y_zy/’y/) ay/
/ ’

_;/OyAz(z—y_zy )(u*u)(z—y_zy,y’)dy’. 41)

Step 3. To discuss the existence of solutions of (41), we introduce the following
domains:

Q7(K,8) := {z € C|dist(z, 2(KT)) <8}, (42)

R = {(z,y) € C*|dist(y,R}) < § and the segment [z,z — y/2]
is contained in 27 (K, §) }. (43)

Note that R is star-shaped with respect to the variable y (i.e., (z,y) € R implies
(z,0y) € R for any 6 € [0, 1]) and that

ZKD) x {yeC|dist(y,Ry) <8} CR
holds. Furthermore, if § > 0 is sufficiently small, we may assume that A;(z)

(j = 0, 1,2) are holomorphic and bounded in the closure of 27 (K, §).
In what follows we solve the integral Eq. (41) in R.
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Step 4.  Let
0, = {u(z,y) u is holomorphic in R and
y W
= sup [ Gl dly] <oof
(zy)ER J0O

where A > 0 is a parameter. Then we can prove

Proposition 3.3 O, is a Banach algebra with respect to the convolution %, that is,
O, is a Banach space and the following holds -

Ifu,v € Oy, thenuxv € Oy and ||u* vl < |lu|rlv]x. (45)

Proposition 3.4 Let F(u) denote the right-hand side of (41), that is,

Fn) =ao(e=3) = [(ai(e=" 3 Y= )

_1/OyAz(z—y_y/)(u*u)(z—y_zy/,y/)dy/. (46)

Then F(u) defines a contractive mapping from {u € Oy | ||u|lx < 1} to itself when
A > 0 is sufficiently large.

Therefore the contractive mapping principle provides us with a (unique) holo-
morphic solution of (41) in R D z(I?(_)) x {y € C|dist(y,R4+) < 8}. The
exponential estimate (37) for its solution can be obtained by repeating the above
argument after replacing T by T = (x — x1)¥2*2T (x; € K©) and further by
using the boundedness of the norm |ju||; of the solution. Note that the use of the
Banach algebra O, and the contractive mapping principle is essentially due to
Costin [10], while successive approximation method is used in Koike-Schéfke
[28].

Theorem 3.2 assures the Borel summability of formal power series solutions
S+(x,n) of the Riccati equation. Once the Borel summability of S4(x,n) is
established, then the Borel summability of WKB solutions

1 X
Ya(x,n) = exp (:t / S dx)
\/Sodd X0 odd

of (3) can be confirmed by the following argument:

1. When the integration path from x( to x does not cross any Stokes curve, then the
Borel summability of 1+ immediately follows from Theorem 3.2.
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2. Even when the integration path crosses several Stokes curves, if we deform the
integration path in such a way that

at every crossing point X of the integration path with a Stokes curve T,
we avoid the crossing with I" and go to x = oo along one side of I" and
then return to x = X along the other side of T,

then the Borel summability of v+ is ensured by Theorem 3.2 also in this case.
Note that Condition (ND) guarantees that such a deformation of the integration
path is always possible.

This is an outline of the proof of Theorem 2.8. See [28] for more details of the
discussion.

Outline of the Proof of Theorem 2.9

To prove Theorem 2.9, we make use of the transformation theory to the Airy
equation developed in [1], [27, Chap. 2].
Let us consider

d? - - _
( - nZQGc)) Y =0 (47)

dx?

and apply a change of variable x = x(X) to (17). If we further employ a change of
unknown function ¥/ (¥) = (dx/dx)~"/?>y (x(X)), then (47) is transformed to

d? 5
(e~ o) v =0 @
with
- dx\2 1
06 = () ot — 0. (48)

Here {x; X} stands for the Schwarzian derivative:

dx/dv® 3 (dzx/d)?z)2
dx/dx 2\ dx/dx /

{x;x} =

Taking this relation into account, we introduce the following terminology.

Definition 3.5 We say that (4?7 ) is transformed (in the sense of exact WKB analysis)
to (47) at X = X, if there exists an infinite series x(X,7) = Y .,X.(Xx)n~" that
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satisfies the following conditions:

(i) x,(%) is holomorphic in a fixed neighborhood U of ¥ = % (i.e., U is independent
of n).
(ii) The following relation holds (as formal power series of n!):

~ ox 1
06) = (yr Gom) Qi ) — 7 x(E 1) 3. (49)

Under this terminology we can prove the following

Theorem 3.6 Let X = a be a simple turning point of

d? = ~ ~
( g2 nZQ(Sc)) V=0, (47)

X

that is, @ is a simple zero of Q(X). Then at X = a (17) can be transformed (in the
sense of exact WKB analysis) to the Airy equation

2
( d _ nzx) ¥ =0. (50)

dx?

Theorem 3.6 is proved by constructing x(x,n) = xo(¥) + x;(X)n~" + --- that
satisfies

~ 0
0 = () () — i P ) &)

in a recursive manner. For example, the top order part xy(X) is given by

< 2/3
x(® = (; | Vew dfc) (52

and the higher order part x,(X) is determined by solving a first order ODE of the
form

2x(dx0)_ld+l x, = (given), i.e 2 d—i—l x, = (given)
0 d_} d)? n—g ) ey Zdz Vl_g

degree by degree. Here, for the sake of simplicity of notations, we use z to denote a

new independent variable 7 = xo(x). Note that x,,(X) identically vanishes for an odd
integer n and also that x,(x) satisfies the estimate

[x,(¥)| < AC"n! (53)

for some positive constants A, C > 0 in a fixed neighborhood Uof % = a.
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Thus Eq. (4?7 ) is transformed to the Airy equation (50) near a simple turning point
a by the formal coordinate transformation x = x(x, n). Furthermore, in the current
situation we can verify the following relation between WKB solutions of (4?7) and
those of (50) in all orders of n~':

- ox\ —1/2
aEn = (1) G .. (54)

where 1/}:|: and ¥+ are WKB solutions of (éﬁ) and (50) normalized at the turning
points in question, respectively:

- 1 X
Ye(x,n) =, exp (i/ Sodddjc) , (55
VSous a

1 X
Yi(x,n) = o exp (:t /0 Sodddx) . (56)

Theorem 2.9 is proved by considering the Borel transform of both sides of (54). As
a matter of fact, the multiplication operator ! turns out to be an integral operator
(3/dy)™! via the Borel transformation in view of Proposition 2.6. Thus, using the
Taylor expansion, we find that the Borel transform of (54) is expressed as

Vi p(%,y) =
( ?}2 ay ) Z (ij(ic)(ai)_j)n(ai wi,g)(xo(sc),y). (57)
="z

As [6, Appendix C] shows, if we use (x,y) = (x(X),y) as new independent
variables instead of (X, y), the right-hand side of (57) can be expressed also as

J 0 a ,0
[ K= s =1 () sty )
-0

with some integro-differential operator L = L(x, d/dx, (3/dy)~"). Here yy is an
arbitrarily chosen point (sufficiently close to 0) that fixes the action of (3/dy)~" as
an integral operator.

Remark 3.7 For the sake of readers’ reference we provide an explicit formula for
the kernel K (x,y — y', 9/0dx) of the operator L(x, d/0x, (3/3y)~"). Replacing 9/dx
and d/dy by & and 1, respectively, we first write the (total) symbol of L (i.e., the
right-hand side of (57)) as

> (Z ajk(x)@n—l)k) 7

j=0 \k=0
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that is,

ao(x) = (). @) = Y he@fiarp) (k= 1),

a+p=j

where h;(x) and f; ;(x) are defined by

—1/2 »
= Zhj(x)n j,

Jj=0

(@)

>0 ~
= X=xg 1(x)

(i :!(ij(fc)n—j)"sn) N ka,l(x)gkn—l'

n=0 j>1 =100 1<k<l

Then K (x,y — Y/, £) is explicitly given by

(o]

Kxy—y.6) =Y ax®

k=0

o=yYtr
(G+k—1) £

Thanks to the estimate (53), we find that the operator L defines what is
called a “microdifferential operator” in the theory of microlocal analysis in a
neighborhood of (x,y) = (0,0) (cf. [31]). As its consequence, it turns out that L
does not change the location of singularities of the operand near (0, 0). Hence, since
the singular points of ¥+ p(x,y) are

. 2
y = :i:/ xdx = :l:3)c3/2
0

(cf. Property (A) in section “WKB Solutions of the Airy Equation and Their Borel
Transforms”), the singular points of ¥+ z(X, y) are also confined to

y = :i:§x3/2 = i[ \/Q(sc) dx = £y, (¥).

x=xo(¥)

Furthermore, the discontinuity formula (30) of &i,B (x,y) is also confirmed as

Dy V8(EY) = Dymyo (L4 5)

x=x0(X)

=LAy 50323 V48

x=x0 (%)

= L(iy—p) = iy_p(F,y). (59)

x=x0(X)
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Thus we have verified Theorem 2.9, (i), (ii). For more details we refer the reader to
[27, Chap. 2]. Finally, to verify Theorem 2.9, (iii), we need the Borel summability
of the transformation series x = x(%, ), which has been proved more recently by
Kamimoto and Koike [26]. Thus the connection formula (31)—(32) for the WKB
solutions (29) of (3) is also derived from that of the Airy equation. This completes
the proof of Theorem 2.9.

4 Application: Computation of Monodromy Representations
of Fuchsian Equations

In this section, as an application of the exact WKB analysis, let us compute the
monodromy representations of second order equations of the form

d2
( 2 n2Q(x)) ¥ =0 (60)
with
o) = é’((xx))z (F(x), G(x) : polynomials). (61)

In what follows we assume that

degFF=2g+2, F(x) = (x —aop) -+ (x — az+1),
degG = g +2. G(x) = (x—bo) -+~ (x — bes1)

for some non-negative integer ¢ > 0 and that all a; and b; are mutually distinct.
Then the set of singular points of (60) is given by

S={b0,...,bg+1,bg+2=OO}

and all singular points become regular singular. Thus Eq.(60) is the so-called
Fuchsian equation.

Remark 4.1 When g = 0 and g = 1, (60) is equivalent to Gauss’ hypergeometric
equation and Heun’s equation, respectively.

For such a Fuchsian equation the monodromy representation is naturally defined:
Take a base point xo € P'(C) \ S and a fundamental system of solutions (o, Y1)
around xo. For any closed path y in P'(C) \ S emanating from xo we consider
analytic continuation of (v, ¥;) along y:

(Y0, Y1) near xo > (ys¥o, v« ¥1) = (Yo, ¥1) Ay, (62)

analytic continuation
along y
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where A, is an invertible 2 x 2 constant matrix. Then the monodromy representation
of (60) is, by definition, the algebraic homomorphism

m(PY(C)\ S, x) 3 [y] — A, € GL,(C), (63)

where m; designates the fundamental group.

From now on we compute the monodromy representation of (60) by making use
of WKB solutions. Before doing the computation, we prepare one proposition which
is concerned with the behavior of WKB solutions at a regular singular point.

Proposition 4.2 At each regular singular point x = by, Seada(x,n) has a pole of
order 1 and its residue there is explicitly given by

1
Res Soqa(x, ) = ckn\/l + ,n (64)
x=by 4c;

where

Ci =§=fi75 \/Q(x) (k=0,....,g+1), cop2= 1;23 (_ \/Q(l/f)) ' 65)

£2
We explain the computation by using the following example discussed in [27,

Chap. 3].

Example Let us consider

(d2 2(x2—9)(x2—1/9))w20'

ae " (x® — exp(imr/8))? (66)

In this case ¢ = 1 and we number turning points and regular singular points as
follows:

a=-3, a=-1/3, aa=1/3, a;=3,

by = exp(33in/24), by = exp(in/24), b, = exp(17inm/24), b3 = oo.
The Stokes geometry of (66) is described in Fig. 4. As is shown in Fig. 4, we take a
base point xo between ay and a; and use (the Borel sums of) WKB solutions

1 X
Yt = exp (i / Sodddx) (67)
V/Sodd o

as a fundamental system of solutions around xy. In Fig. 4, for the later use, we draw
(in blue) a path C (0 < k < g + 2) of analytic continuation which starts from xg
and returns to xo after encircling a regular singular point b; once in an anticlockwise
manner, and also (in red) a path y; (0 < j < 2g + 1) which starts from xo and
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Fig. 4 Stokes geometry of Eq. (66) (wiggly lines designate cuts to define +/Q(x))

ends at a turning point a;. Note that the branch of \/ Q(x) is chosen here so that
\/ Q(x) ~ 1/x holds near x = oo. This choice of the branch of \/ QO(x) assures

N Cl,m Cy > 0, N C(),m c3 < 0

and hence it follows from Proposition 4.2 that on a Stokes curve flowing into b; or
b, (resp., by or b3) the connection formula (32) of type (—) (resp., (31) of type (+))
holds. In what follows we also use the following notations:

vE = exp (in(l + \/4c,§n2 n 1)) (k=0.....g+2), (68)

uj = exp (2/ Sodddx), wip = uwe (ok=0,....2¢+1). (69)
.

Computation of monodromy matrices A; along Cy

Since 1 (P!(C) \ S, xo) is generated by Cy, it suffices to compute a monodromy
matrix Ay = Ac, along C; (k = 0,1, 2, 3). Let us first consider the computation of
A, along C.

As is shown in Fig. 4, C; crosses three Stokes curves and at each crossing point
a Stokes phenomenon described by Theorem 2.9 occurs. For example, at the first
crossing point C, crosses a Stokes curve emanating from a turning point a;. Note
that on this Stokes curve the connection formula (32) of type (—) holds, as was noted
before. Since (32) is described in terms of the WKB solutions

m_ 1 ( / !
o, = exp |+ S dddx) (70)
* \/Sodd ay ’
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normalized at the turning point a; where the Stokes curve in question emanates, we
factorize the WKB solutions (67) as

Vi = <p$>exp (i/ Sodddx)- (71)
71

For the WKB solutions qoil) normalized at a; we have the connection formula (32).
Hence for ¥4 the following holds:

Wy v Wy, W W —jexp (—2 / Sodddx) Uy =V —iu "Wy, (72)
Y1

that is,

1 —iul_l
(W4, W) w (P, W) o 1 ) (73)
The Stokes phenomenon at the second crossing point can be similarly computed by
using the WKB solutions

1 X

3)

oy = exp (:i: / S dddx) (74)
= «/Sodd as °

normalized at as and the factorization

as
va = oY exp (:t / Sodddx). (75)

X0

However, in this case the integration path yy, ., from xo to a3 is not homotopic
to y3; the closed path .4, (y3)~" encircles two turning points by, by and the cut
connecting a; and a,. Thus the factorization formula (75) reads as

Yy = (pﬁ) exp (:i:/ Sodddx) (vgt)_l(vli)_l(un)il (76)
v

and the Stokes phenomenon at the second crossing point is described by

v+v+
1 —iuz uy? 0!
Uy, W) v (W, W) P 7

0 1
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It is now clear how to compute the Stokes phenomenon at the third crossing point
and consequently we obtain

VS +.,+

+ 1 —ius! 2 _.—1.2 YoV -l

A = (v2 0_) 0 1 —iuz 'uy, v (1 ] ) (78)
o)\, . | 0 1

Note that after the analytic continuation along C; WKB solutions ¥4+ given by (67)
changes to

1 X
— exp (:I: / Sodddx) exp (:I: / Sodddx) = vét Y4,
V/Sodd C x0

as Sodq has a simple pole at x = b, and its residue there is given by (64) in view
of Proposition 4.2; this is the reason why the left-most diagonal matrix in the right-
hand side of (78) appears.

The computation of the other matrices Ay is the same as that of A,. The result is
as follows:

vt 0 1 0 1 0 1 0
Ag = [0 + + +,+
0 (O vo_) —iu 0_ 1 —iuzvo_ 1 —iuzvo_vl_ 1
Yo Vo Vo Vi
1 0
1 0 1 0
+,+
) 79
x —iulu%Z ‘;O_:jl_ 1 (—iu3 1) (—iuo l) (79)
oY1
1 0 1 0
+
A= (vl O_) vt A
0 v —iu; 1 —iup, 1
Y vy
1 —igt 1 1
x 2t ( O) ( O), (80)
0 1 iuy 1 iug 1
V3 1 0
+ 1 —iug' 3
A3 = (VS O_) 0 U;— . V;_ 1
V3 0 1 movs_
1 0 .1
- 1iu
. VoV V 0 . 81
—zusuilvg_v:_ 2+ 1 (0 1 ) @81)

o V1 V2
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Finally, if we change a fundamental system of solutions as

1 * -
Yy = exp (:i:/ Sodddx) — Y+ =exp (:F/ Sodddx) Y, (82)
\/Sodd X0 Yo

then we find that every Ay can be described solely by {v,fc} and {u;} (or {v,;" } and
{uo1, u12} thanks to Remark 4.3 below).

Remark 4.3 Among {vki} and {u;;} we have the following relations:

+ - _ _

vy, =1 (k=0,1,2,3),
+ 4+t

vy Vv, v3 upuzy = 1.

In conclusion we have

Theorem 4.4 Every monodromy matrix can be described in terms of the following
two kinds of quantities :

(1) Characteristic exponents {v,ﬁ':} at regular singular points {b;}.
(ii) Contour integrals {uj} of Soad on the Riemann surface of \/Q(x).

Remark 4.5 In the case of g = 0 Theorem 4.4 implies that the monodromy matrices
of Gauss’ hypergeometric equation are described solely in terms of characteristic
exponents at its regular singular points. This is classically well-known result.
Theorem 4.4 is its generalization to the case of g > 1. It shows the efficiency of
the exact WKB analysis and, thanks to it, the role of the Riemann surface of \/ 0(x)
in the description of monodromic structure of (60) is clarified.

S Voros Coefficients and Wall-Crossing Formulas

As we have seen so far, the connection formula (or Theorems 2.8 and 2.9) is
very powerful to study the global behavior of solutions of second order ODEs.
The most important analytic ingredient of the connection formula is the movable
singular points y = Z£yo(x) = =+ f; \/ Q(x)dx of the Borel transform of WKB
solutions. Here we should recall that, in applying the connection formula, we
have assumed Condition (ND), that is, non-existence of Stokes curves connecting
two turning points. In this section we consider the situation where this non-
degeneracy condition (Condition (ND)) is violated. In such a degenerate situation
another kind of singularities of the Borel transform of WKB solutions may play
an important role. The study of this degenerate situation is also related to the so-
called “wall-crossing formula” discussed by Gaiotto-Moore-Neitzke [18]. The
discussion below can be regarded as a WKB-theoretic derivation of the wall-
crossing formula.
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Let us consider the problem by using a simple example.

Example (Weber Equation) We consider the Weber equation

2 x2
(;Cz—f(c— 4))1,0:0 (c > 0) (83)

and its WKB solutions

1 / x
= eX + SO dx . (84’)
Ve V/Sodd P ( 2/c . )

Equation (83) has two simple turning points x = +2,/c and they are connected by
a Stokes curve (““Stokes segment’), as is shown in Fig. 2. In what follows we study
the effect of this Stokes segment.

As x = 2./c is a simple turning point, we can apply Theorem 2.9 to find that the
singularity locus of ¥4 g(x, y) form a cusp and have two branches y = £y (x) near

x = 2.4/c, where
x 2
yo(x):/ \/C—x dx
2./¢c 4

(cf. Fig. 3). These two branches of the singularity locus can be prolonged to x =
—2./c and they form again a cusp near x = —2.,/c. Repeating this process, we thus
obtain Fig. 5 for the singularity locus of ¥4 g(x, y). They become a “ladder-like” set
and, as

24/c 2
2 c— dx=2mc
—2\/c 4

holds, the singularities of ¥4 p(x,y) for fixed x have the periodic structure with
period 2wc. Among them the singularities —yo(x) + 27nc (n € Z) are often
called “fixed singularities”, as their relative location with respect to the reference
singularity —yo(x) does not depend on x.

The existence of fixed singularities can be rigorously confirmed by the following
arguments.

First Approach We can verify the existence of fixed singularities by using the
differential equation that ¥4 g(x, y) satisfy:

02 2\ 9?2
( (C B ); ) 3y2) V+plxy) = 0. (85)

Fra
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y = yo(x) +2me

y ==y + 2me

f f x

y = —yo(x) 2/e

_2ﬁ

y = yo(x) —§2ﬂC

Fig. 5 Singularity locus of ¥+ g(x, y) for Eq. (83)

According to the general result for the propagation of singularities of solutions for
linear partial differential equations established by the theory of microlocal analysis
(cf. [31]), the singularities of solutions of (85) propagate along a bicharacteristic
flow, that is, a Hamiltonian flow of the principal symbol of (85):

. dps
= =2
X 96 &, 2
. op X
= 8B =—2(c— 4),7’
1 (86)
f= P o
ox 2"
. dps
= — = 0’
n dy
where X = dx/dt etc. and pp(x,y,£,n) = &> — (c — x*/4)n* denotes

the principal symbol of (85). A solution of (86) with the initial condition
(x(0), ¥(0), £(0), n(0)) = (24/¢,0,0, 1) is explicitly given by

x =24/ccost, y=—c(t—sintcost), § = —+/csint, n=1 (87)
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2

() 1€

and its projection to the base space C
x =24/ccost, y= —c(t—sintcost) (88)

precisely describes the singularity locus of ¥4 g(x, y).
In this way the singularities of ¥4 p(x,y) can be analyzed by tracing the
bicharacteristic flow of the Borel transformed Eq. (85).

Second Approach The second approach is more WKB-theoretic and provides us
with more detailed information about the fixed singularities.
We start with the following factorization of ¥+ (x, n).

Y () = Y7 (v m) exp (i /2 o =nS-0) dx) , (89)

where
1 X X
v, = expx [ 7 / S_ydx + / (Sodd — NS—1)dx (90)
V/Soad 2/c 00

is a WKB solution normalized at x = oo. Thanks to Theorem 3.2, we find that
w;oo) (x,n) is Borel summable near {x € R|x > 2./c} and hence its Borel

transform wfg (x,y) has no singularities near

{yeCly=Fyx)+p, p>0}

for a fixed x > 2./c. On the other hand, the second factor or its exponent
o0
V= (Soda — nS—1) dx, On
24/c

which is often called the “Voros coefficient”, has fixed singularities on the positive
real axis. As a matter of fact, V has the following expression in terms of the Bernoulli
numbers.

Proposition 5.1
o 21=2n _ -
2V = By, (icn) ™", 92
; an(an — 1y B2 92)
where By, stands for the Bernoulli numbers defined by

B>,
S e D e (93)
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Proposition 5.1 is related to the shift operator with respect to the parameter ¢ and
the explicit form (92) of V is derived from the following difference equation for the
solution S+ = S (x, ¢, n) of the Riccati equation associated with (83). (To clarify
the dependence on the parameter ¢ we here use the notation S+ (x, ¢, n).)

1. d _ X
Setre—n i =Seten = | log(n7'Setmem—il). O
Eq. (94) is an immediate consequence of the following commutation relation.
d . x d? 5 x2 d? 5 1. x? d . x
(dx_l2n) (dx2 —rle- 4)) N (dx2 —(e—ni- 4)) (dx_l2n)'
95)

Using (94), we can verify that 2V satisfies a difference equation

¢(o+1)—¢(a)=1+log(1+ 1)—(cr+1)log(1+1), (96)
20 o

where o0 = icn. Since the right-hand side of (92) is the unique formal solution of
the difference equation (96), we obtain Proposition 5.1.
It follows from Proposition 5.1 that

Ve() = 1 1 1 2ic 97
50) = 4y \ /i) 1 + /i) 1y ) 7

which tells us that V(y) has simple poles at y = 2mmc (m € Z \ {0}) with residues
(=1)"='/(4mim). This verifies Vp, and hence v+ p as well, has fixed singularities.
Furthermore, as the Borel sum of the Voros coefficient can be computed explicitly
by using (97) (in fact, Binet’s formula implies the Borel sum of 2V is given by

I'(ien +1/2)
log

S icn (log(icn) — 1)) (98)
for argc < 0 (cf. [17, Sect. 1.9]) and
—log F(=ien +1/2) —icn (log(icn) — 1)) — men (99)
V2

for arg c > 0, respectively), we obtain

Theorem 5.2 Let W, (x,n) (vesp., '\17+ (x, n)) denote the Borel sum of ¥4 (x,n) for
x> 2./c when argc < 0 (resp., argc > 0). Then the following relation holds.

W, = (14 exp(—2mcn) V2 Uy (x, 7). (100)
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Thus a kind of Stokes phenomena occurs with WKB solutions of the Weber
equation (83) even when the parameter ¢ varies (“parametric Stokes phenom-
ena”). Formula (100) exactly coincides with the wall-crossing formula discussed
by Gaiotto-Moore-Neitzke [18]. It has been analyzed from the viewpoint of the
resurgent analysis by Pham and his collaborators (cf. [11, 13]). Note that, from the
viewpoint of the resurgent analysis, (100) is equivalent to the following formula for
the alien derivative (in the sense of Ecalle) of ¥ p at the fixed singularities:

m

Yy p(x,y —2mmc). (101)

Ay——yo)+2mre VX, y) = m

For more details we refer the reader to [35].

6 Exact WKB Analysis for Higher Order ODEs
In this section we discuss generalization of the exact WKB analysis to higher order
linear ordinary differential equations

m m—1

d
Py = (d e NGO n’”pm(X)) ¥ =0. (102)
X dx’

Here m > 3 is an integer and 7 denotes a large parameter.

WKB Solutions, Stokes Geometry

Similarly to the case of second order equations, we can construct a WKB solution
of (102) of the form

¥i(x,m) = exp (n / é,-(x)dx) D Yoy, (103)

n=0

where {;(x) is a root of the characteristic equation of (102):
"+ P e pa0) = 0. (104)

For details of the construction of WKB solutions we refer the reader to [3, 4].
Definition 6.1

(i) A pointx = a is said to be a turning point of (102) if (104) has a multiple root
at x = a. In other words, a turning point is a zero of the discriminant of (104)
in £. In particular, a simple zero of the discriminant is called a simple turning
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point of (102). When {;(a) = i(a) (j # k) holds at x = a, the turning point
x = a is said to be of type (j, k).
(i1) A Stokes curve of type (j, k) of (102) is, by definition, a curve defined by

3 [ @ -t =o. (105)

where x = a is a turning point of type (j, k). Furthermore, if % | “(gG(x) —
Ck(x))dx > 0 holds in addition to (105), the Stokes curve is said to be of type
Jj> k.

In parallel with Theorem 2.9 the following theorem holds also for WKB solutions

of higher order equations.

Theorem 6.2 Let x = a be a simple turning point of (102) of type (j, k). Then,
Sor suitably normalized WKB solutions ; and Yy of (102), the following properties
hold in a neighborhood of (x,y) = (a,0) :

() ¥;jp(x,y) and Y g(x,y) are singular only along I'; U 'y, where

F,-={<x,y>|y=—[ §(x) d ). rk={<x,y)|y=—/ £(o) ).
‘ ‘ (106)
(i)

Dye P pwae ViB(y) = Wi (x,y), A= prega Yes(x,y) = iVp (261 gg)

Theorem 6.2 is proved in the following manner: We first consider the factoriza-
tion of the differential operator P to reduce the problem to that for second order
equations, and then use transformation theory similar to Theorem 3.6. To be more
specific, we prove the following two assertions.

Proposition 6.3 In a neighborhood of a simple turning point x = a, we can find
differential operators Q and R of order (m — 2) and 2, respectively, that satisfy

P = QR. (108)
Here Q and R have the form
m—2 dm—3 ,
Q= jna TNOED) oyt 0" ), (109)

d? d
R= +nri(x,n) , +nrxn), (110)
dx dx
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where gj(x,n) = ano qin(xX)n™" and rj(x,n) = ano Fin(xX)n™" are formal power
series in n~" with holomorphic coefficients. Furthermore, the following conditions
are also satisfied.

m—2 m—3
—+ X + -t G X ‘ O’ ti
(¢ q10(x)¢ Gn—20(x)) £={;(x) or & (x) 7 (b

&+ ro@E + r20(0 = (€ = G = &()). (112)

Proposition 6.4 [n a neighborhood of x = a, after the employment of the gauge

transformation
1 X
v — (exp(— 277/ ri(x, n)dx)) Y,

a

the second order differential equation Ry = 0 in Proposition 6.3 can be
transformed (in the sense of exact WKB analysis) to the Airy equation.

For more detailed explanation see [3, 4, 25].

BNR Equation: Appearance of New Stokes Curves

Theorem 6.2 asserts that, as far as the local theory near a simple turning point
is concerned, the behavior of Borel resummed WKB solutions of higher order
equations is the same as that of second order equations. However, the global
behavior is completely different, as Berk et al. [8] pointed out by using the following
example.

Example (BNR Equation)

& X .3
I + 37 dr + 2ixnp’ | = 0. (113)

The characteristic equation of (113) is {3 + 3¢ + 2ix = 0. Considering its
discriminant, we find that (113) has two turning points x = =£1. Figure 6 indicates
the configuration of Stokes curves of (113).

As Fig. 6 shows, there exist crossing points of Stokes curves for (113). Such
crossing points cause the following serious difficulty: We consider the analytic
continuation of the Borel sum of a WKB solution W3(x, ) near a crossing point
xx of Stokes curves. Assuming the Borel summability, we can expect that a Stokes
phenomenon of the form

Wy v W3 4 oW, (resp., Wr v U, + BU))
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Fig. 6 Stokes curves of the . type 2 < 3 type 1 <2
BNR equation (113)

Fig. 7 Paths of analytic type 2 <3 type 1 <2
continuation near x

\113 X

with some suitable constant @ (resp., ) occurs on a Stokes curve of type 2 < 3
(resp., of type 1 < 2), in view of Theorem 6.2. Hence, by the analytic continuation
along y4+ (cf. Fig. 7) W3 should be changed to W3 + o (¥, + BW), whereas by the
analytic continuation along y_ W3 should become W3 + o\W;. This is a contradiction
if af # 0, since Eq. (113) does not have any singularity near x.!

To resolve this paradoxical problem Berk et al. [8] proposed to introduce a “new
Stokes curve” of type 1 < 3 that emanates from x, and tends to oo (cf. Fig. 8). As
a matter of fact, if a Stokes phenomenon of the form

\IJ3 > \1—’3 — Ol,B ‘-I—’l
occurs on it, the contradiction disappears. Berk et al. confirmed the existence of a

new Stokes curve by investigating an integral representation of solutions of (113)
through the steepest descent method ([8], see also [34]).
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If we consider the structure of singularities of Y3 g(x, y) in y-plane (the so-called
Borel plane) near x4, we find that at x, three relevant singular points —y;(x) :=
—fx {i(x)dx (j = 1,2,3) of ¥3(x,y) have the same imaginary part. From the
singularity structure the new Stokes curve is characterized as a curve where the
two distant singular points —y3(x) and —y; (x) have the same imaginary part. Note
that on the upper portion of the new Stokes curve —y;(x) is visible from —y;(x),
whereas it is not visible on the lower portion, as is indicated in Fig.8. In this
way a new Stokes curve is also related to the singularities of the Borel transform
Y¥;8(x,y) of WKB solutions. Since the sheet structure of the Riemann surface of
Y;p(x,y) is complicated, a new Stokes curve may become inert on some portion
of it.

Virtual Turning Points

The Borel transform v; z(x, y) of WKB solutions of the BNR equation (113) satisfies

» P »
(8x3 + 33X3y2 + 2lx3y3) is(x.y) = 0. (114)

Since the new Stokes curve of the BNR equation is related to the singularities
of ¥;g(x,), let us investigate the bicharacteristic flow of (114) to understand the
singularity structure of ¥; z(x, y) and a new Stokes curve more thoroughly.

]

e —m——> o

visible
X “new Stokes curve” ( )
—————— - - -@-------@------
X X
— [ Ldx —[ &idx
e ———————— O
(invisible)

Fig. 8 New Stokes curve passing through x, and singularities of 3 z(x,y) in the Borel plane
near Xxs
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The bicharacteristic flow of (114) is defined by

. aPB 2 2
= = 3 3 s
x 9 £+ 3n
y= 3(;73 = 6&n + 6ix1)’,
g (115)
E=-"0 = —2in’
X
) aps
7]:— :07
dy

where pg(x,y, &, 1) = £ +3&n? +2ixn? is the principal symbol of (114). A solution
of (115) with the initial condition (x(0), y(0), £(0),n(0)) = (1,0, —i, 1) (note that
£(0) = —i is a double root of £* + 3¢ + 2ix = 0 at x = 1) is given by

x=—-4 -6 +1=—Q2t+ 1) +2t—1),

y = —6it* — 12i — 6i> = —6i?(t + 1)?, (116)

E=-2it—i, n=1.
Hence its projection to the base space (C(zx’y), which describes the singularities of
V;.8(x,y), becomes as is visualized in Fig. 9. Near the simple turning points x = £1
two branches of singularities coalesce and form a cuspidal singularity. We also
observe that, in addition to these turning points, the singularities make a self-
intersection point at (x,y) = (0, —3i/2) and two branches intersect there. In fact, if
we regard this self-intersection point (to be more precise, its x-component x = 0) as
a new kind of turning points and add a Stokes curve

3 [[@w - ) as=o

Fig. 9 Bicharacteristic curve Sy
of (114)

Rx

(r=-1D (t=0)

—3/2 (1= (=1£+3)/2)
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x 2<3 1<3 <2

“virtual turning point”

3<2 3<1 2<1

Fig. 10 Complete Stokes geometry of the BNR equation (113). (A dotted line indicates the inert
portion of a new Stokes curve)

emanating from this point to Fig. 6 (i.e., the original configuration of Stokes curves
of (113)), we obtain Fig. 10. Thus we can re-obtain a new Stokes curve of the BNR
equation.

This consideration naturally leads to the following

Definition 6.5 Let

Ppyp = am—i— (%) " + - ()am Yp=20 (117)
BYB = G plxaxm—lay meaym B =

be the Borel transformed equation of (102) and

pe(.y. E.n) = " + p1()E" T N+ - + pu()n” (118)

its principal symbol. Then we call the x-component of a self-intersection point
of a bicharacteristic curve of (117) a virtual turning point of (102). Here a
bicharacteristic curve of (117) means the projection of a bicharacteristic flow of

(117) onto the base space (C%x’y).

We can verify that each singularity of v;5(x,y) (or, equivalently, a bicharac-
teristic curve) is locally described by y = — f *¢r(x)dx and at a virtual turning
point two branches of singularities of ¥; z(x, y) (for example,y = — [ * £ (x)dx and
y=—/[ * ¢)(x)dx with k # ) cross by its definition. Thus we can naturally define
a Stokes curve emanating from a virtual turning point (concretely by ¥ [ (C(x) —
£i(x))dx = 0 in the above situation).
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Remark 6.6 A virtual turning point was first introduced in [2] under the name of
“new turning point”.

Remark 6.7 A crossing point of Stokes curves is highly dependent on the way how
the Borel resummation is performed (for example, it heavily depends on argn),
whereas the definition of a virtual turning point is independent of the way of
resummation. In this sense a virtual turning point is related to the operator P in
(102) more intrinsically than a new Stokes curve.

Once the definition of virtual turning points is provided, we obtain the following
recipe for finding the proper Stokes geometry of a higher order equation (102).

Recipe 6.8

(a) Draw all Stokes curves that emanate from turning points defined in Defini-
tion 6.1.

(b) Draw the new Stokes curve that emanates from a virtual turning point.

(c) As the portion of a new Stokes curve near a virtual turning point is inert, we
draw the new Stokes curve in (b) by a dotted line until it hits a crossing point of
(new) Stokes curves.

(d) When the new Stokes curve in (b) is of type j > [ and it hits a crossing point of
a (new) Stokes curve of type j > k and that of type k > I, we use a solid line to
draw the portion of the new Stokes curve in (b) after passing over the crossing
point.

Practically speaking, Recipe 6.8 is powerful enough to discuss the Stokes
geometry (including new Stokes curves) of a higher order equation (102). However,
itis not complete: As there exist in general infinitely many virtual turning points due
to the existence of fixed singularities, it is necessary to exclude redundant virtual
turning points.

Example

& 2, d N3
( , —6(x+ Dn + (4x + 2i)n )1#:0. (119)
dx’ dx

As discussed in [2, Example 2.5], (119) has infinitely many virtual turning points.
Among them at most three are non-redundant and Fig. 11 describes the complete
Stokes geometry of (119). (In Fig.11 wiggly lines designate cuts to define a
root {;(x) of the characteristic equation associated with (119) as a single-valued
function.)

At present no complete criterion is available for the determination of redundant
virtual turning points. This problem is also related to the Borel summability of WKB
solutions of a higher order equation (102). To establish the Borel summability of
WKB solutions of a higher order equation is still an open problem.

For more detailed explanation of virtual turning points and new Stokes curves
including the connection formula on it, we refer the reader to [25].
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Fig. 11 Complete Stokes geometry of Eq. (119)

Remark 6.9 Honda made a detailed study on the efficiency of Recipe 6.8 and gave
a satisfactory answer to the finiteness of non-redundant virtual turning points. See
[23] and [24] for his study.

Remark 6.10 Recently the Stokes geometry of higher order equations including
new Stokes curves (but no virtual turning points) is investigated under the name
of “spectral networks” also by Gaiotto-Moore-Neitzke [19, 20].

7 Some Recent Developments

In the final section we briefly discuss two recent developments of the exact WKB
analysis, both of which are related to the problem of new Stokes curves and virtual
turning points for higher order ODEs.

Borel Summability of Formal Solutions of Inhomogeneous
Second Order Equations

Let us first discuss the Borel summability of formal solutions of the following
inhomogeneous second order equations:

&2 d
Py = ( g2 TP, F nzq(x)) Y = F(x), (120)
X dx
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where p(x), g(x), F(x) are assumed to be polynomials for the sake of simplicity. As
one can easily confirm, Eq. (120) has a unique formal power series solution of the
form

V=029 + 1Y) + e (121)

whose coefficients ¥, (x) (n = 2, 3, ...) are determined by the recursive relation
a2 =F, qys+pyy =0, q¥u+py,_ +¥,,=0 (1= 4).

In [29] we showed the following result for the Borel summability of fh\:

Theorem 7.1 Let {1 (x) be the roots of {* + p(x)¢ + g(x) = 0, ie, (+(x) =
(—p £ VP> —49)/2.

Case I (The Case Where p(x) = 0) Assume p(x) = 0. Then, if a curve
R} f;; \/—q(x) dx = 0 passing through xo does not flow into a turning point (i.e.,
Xo is not located on any Stokes curve of PYy = 0), then  is Borel summable at
X = Xp.

Case II (The Case Where p(x) £ 0) Suppose that the following three conditions
are satisfied:

(i) xo is not located on any Stokes curve of Py = 0, that is, a curve J j::; &y -

()dx =3 f;; \/p2 —4q(x) dx = 0 passing through xy does not flow into a
turning point.
(i) A curve F?t defined by

) dx = 0, (122)

X X :i: 2_4
S/(—mdxﬁ/ PE VP4
X0 X

0

that is, a steepest descent path of R j;; (—C%) dx passing through xo, can be
extended to x = oo.

(iii)) When Fi crosses a Stokes curve of PYy = 0 of type = > F at x = x|, thena
bifurcated path Fle emanating from x = x; defined by

3 /X(—é‘i)dx =0 (123)

is also extensible to x = o0.
If these three conditions (1)—(iii) are satisfied, then 1///\ is Borel summable at x = x.

Remark 7.2 In Case II, if Fi and/or l"qlE cross other Stokes curves of Py = 0,
we further consider additional bifurcated paths emanating from crossing points
similarly defined as in (iii) and impose their extensibility to x = co.
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An inhomogeneous second order equation can be thought of as a special case
of a third order homogeneous equation. (As a matter of fact, (120) can be written
as (d/dx)(F(x)"'Py) = 0.) Hence, Theorem 7.1 suggests the difficulty for
characterizing the Borel summability of formal solutions of higher order equations.

WKB Analysis for Completely Integrable Systems

The following equation is a variant of the BNR equation.
d3+czd+)63 Y =0 (124)
a2l ax T4 )V

where a parameter c is introduced into the coefficient of the first order term. Note
that the Pearcey integral

/exp(n(t4 +c + xt)) dt

gives a particular solution of (124) (for an appropriate choice of the integration
path). If we regard the parameter ¢ as a new independent variable, we find the
Pearcey integral satisfies the following system of differential equations in two
variables (x1,x2) = (x,¢):

33 x223 x13
=0,
(ax§+2"axl+4n)w

( a0 82)1//_0
"axz Bx% e

Equation (125) can be written also in the form of completely integrable systems of
first order equations as follows:

(125)

3 0 1 0
n! axlqj = P(x)¥, P= 0 0 1],
—x1/4 —x»/2 0
1/4 —x2/ (126)
5 g 000
”_la V=0WW, Q=P+ — 000],
X2 3 4 100

where W is an unknown 3-vector. Here the complete integrability condition of (126)
means

90

-7 ' ¥ 4+ (PO-0QP) =0. (127)
8x1
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Equation (126) (or, equivalently, (125)) is called the ‘“Pearcey system” as the
Pearcey integral gives a particular solution of it. In what follows, as the first step
toward the exact WKB theory for completely integrable systems (or holonomic
systems in more recent terminologies), we discuss the exact WKB analysis of the
Pearcey system.

For such a holonomic system with a large parameter 7, making use of the
complete integrability condition (127), we can construct a WKB solution of the
form

v = exp / ) (128)

(j = 1,2, 3 in the case of the Pearcey system), where /) = SWdx; + TUdkx; is an
infinite series of the closed 1-form:

As a matter of fact, the top order part a)(_’f = S(_’i dx; + T(_/f dx; is determined by
some algebraic equations (for example, (S(_")l, T(_Jl) ) satisfies

X1

, =0 TH =)

- x -
SV + 22 s+

in the case of the Pearcey system) and, once a)(_Jl)

» r(lj)

is fixed, the higher order parts

= Sflj) dx; + T,(,j ) dx; (n > 0) are uniquely determined in a recursive manner.
Turning points and Stokes surfaces are defined in parallel with Definition 6.1.

Definition 7.3
(i) A pointa = (a;,ay) € C? is said to be a turning point of type (j, k) if
(@Y — “’(—kl))‘x:a =0, ie. $2a) =5 and T9(a) = 7% ()
(130)
hold for some (j, k) with j # k.
(i) A Stokes surface of type (j, k) is, by definition, a real hypersurface defined by
3 / @Y - =0, (131)

where a = (a;, a;) is a turning point of type (J, k).

For example, by straightforward computations we find that the set of turning
points of the Pearcey system is explicitly given by

A ={(x1,x) € C*|27x 4+ 8x3 =0}. (132)
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Note also that, by the definition, the section of the Stokes surfaces of the Pearcey
system (125) with x, = ¢ contains the Stokes curves of the BNR equation (124).

The following result of Hirose impressively shows an advantage of considering
the Pearcey system instead of considering the BNR equation.

Theorem 7.4 (Hirose [21]) The Stokes surface of the Pearcey system (125)
contains not only the Stokes curves of the BNR equation (124) but also its new
Stokes curves in their section with x, = c.

The reason why the Stokes surface of (125) contains the new Stokes curves of
(124) is the following: If we change the parameter c (or x,) in (124), we encounter
the degenerate configuration where a Stokes curve emanating from a turning point
hits another turning point with different type at some value of c. As was discussed
in [5], the role of a new Stokes curve and that of an ordinary Stokes curve are
interchanged through such a degenerate configuration. Otherwise stated, by the
change of the parameter ¢ a new Stokes curve of (124) is continuously deformed
to an ordinary Stokes curve. Thus, in (C( 1.0y NEW Stokes curves and ordinary Stokes
curves are connected and hence the Stokes surface of (125) inevitably contains the
new Stokes curves of (124).

Theorem 7.4 strongly suggests that the exact WKB analysis for holonomic
systems or completely integrable systems may play an important role also in the
analysis of new Stokes curves for higher order ODE:s.

Another peculiar feature of the Pearcey system is that the set A of its turning
points has a unique cuspidal singularity at the origin (x1,x) = (0,0). At this
cuspidal singularity two turning points with different types coalesce. Furthermore,
the virtual turning point of the BNR equation (124) also coalesces there.

For this cuspidal singular point of the Pearcey system Hirose proves the following
intriguing result.

Theorem 7.5 (Hirose [22]) Under some genericity condition every completely
integrable system of two independent variables can be transformed (in the sense
of exact WKB analysis) to the Pearcey system at a cuspidal singularity of the set of
turning points.

For the proof of Theorem 7.5 see [22].
To clarify the implication of Theorem 7.5, let us consider, for example, the
following holonomic system:

P2 P o
(a3+ x27732+ xmal—3n)1/f—0,

0 _82 v=0
anz 8x% o

Equation (133) is the so-called “(1,4)-hypergeometric system”, an example of
(confluent) hypergeometric systems of two variables. Note that, when x; is fixed,
(133) is equivalent to (119) discussed in section “6”.

(133)
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By a straightforward computation we confirm that the set of turning points of
(133) has three cuspidal singular points. Then Theorem 7.5 tells us that at each
cuspidal singular point the (1, 4)-hypergeometric system (133) can be transformed
to the Pearcey system. In particular, there exists a virtual turning point that coalesces
with two ordinary turning points with different types at each cuspidal singularity.
These three virtual turning points are all non-redundant and play an important role in
describing the complete Stokes geometry of the higher order ODE (119) discussed
in section “Virtual Turning Points”. In this way the cuspidal singularity of the set of
turning points of a completely integrable system is closely related to the problem of
(non-)redundant virtual turning points of a higher order ODE.

These two results of Hirose brings a new insight to the problem of new Stokes
curves and virtual turning points for higher order ODEs. It is the future problem to
develop the exact WKB analysis for completely integrable systems in a systematic
manner.
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Abstract The equation P34 is closely related to the well-known second Painlevé
equation P, and some properties of its meromorphic solutions are similar to those
of the solutions of P,. We discuss various value distribution properties of solutions
of P34, including growth, the second main theorem and behaviour towards small
target functions.
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1 Preliminaries

Let us start with the basic definitions and results of the Nevanlinna theory. We apply
the following standard notations (see: [9, 12, 14]). Let

g d
Ve = [0 =000 0. 107

be the integrated counting function, where n(r,f) counts the number of poles,
including multiplicity, in the disk of radius r, and let

" dt
NG = [ e =00 + 0. 107
count poles of f ignoring multiplicity. Then

N(r,a,f) := N(r, ! ), N(r,a,f) := N(r, ! ) (ae©)
f—a f—a

count a-points with and without multiplicity respectively. We also put
Ni(r,a,f) := N(r,a,f) —N(r,a,f).

Next,

1 2 .
m(r.f) = m(r,00,f) 1= . /o log™ | f(re®)|d¢, logt x = max(0, logx),

is the mean proximity function and

m(r,a,f) := m(r,fia)

denotes the mean proximity to a € C. Then T(r,f) := m(r,f) + N(r,f) is called
the characteristic function of f.

The following theorems are known as the first and the second main theorems of
Nevanlinna theory.

Theorem 1.1 ([14]) For any function f meromorphic in the disc |z| < R < oo the
equality

m(r.a.f) + N(r.a.f) = T(r.f) + ¢(r.a)

holds for each a € C, where |¢(r,a)| < log* |a| + |log |c|| +log 2 and c is the first
non-vanishing coefficient of the Laurent expansion of f — a at zero.
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Theorem 1.2 ([14]) Let {Clk}lé:l be a finite set of pairwise distinct complex
numbers and let f be a meromorphic function. The inequality

k
1
m(r.f) + Y m(r.a,.f) < 2T(r.f) — (N(r. ) HNC) = NS

+O0(log T(r,f) + logr)

v=1

holds true for all r — 00, possibly except for r in a set E of finite linear measure.

In the standard way we define §(a, f), the defect of f at a value a € C,

m(r, a.f) N(r,a.f)

= 1 — lim sup

8(a.f) = lim inf T f) oo T(r.f)

If 8(a,f) > O we say that the value a is defective (in the sense of Nevanlinna). As
a result of the first and the second main theorems of Nevanlinna, the set Ey(f) of
defective values of a meromorphic function f is at most countable and the following
relations are true:

0<8af) <1, Y Sa.f) <2

aeC

The order of a meromorphic function f is defined by

o(f) i= limsup &7 ")

r—00 1 gr

We say that ¢ : (0, +00) — Ris S(r,f) if

¢(r) = o(I(r.f)) (r— o0, r¢E),

where E is a set of finite linear measure. For meromorphic functions a, f, we say
that a is small with respect to f if T(r,a) = S(r,f). Meromorphic functions small
with respect to a meromorphic function f are sometimes called small targets of f.
The Nevanlinna functions for small targets are defined similarly as for constants.
Namely, if f is a meromorphic function and a is a meromorphic small target of f,
then we put

N(r,a,f) = N(r,fia), m(r,a,f) = m(r,fia), 8(a,f) = S(Oo’fia)'

Attempts to prove the second main theorem for small target functions were
initiated by Nevanlinna and his theorem on three small functions. The most
important results belong to Yang, who applied the notion of spread [30], Chuang,
with the estimate for entire functions [1], Osgood, who applied algebraic methods
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[16], Frank and Weissenborn, who applied a Wronskian to obtain the result for
rational small targets [4], and Steinmetz with his result for small targets in general
[25]. The exact analogue of the second main theorem was finally obtained by
Yamanoi in 2004.

Theorem 1.3 ([29]) Let f be a nonconstant meromorphic function on C and let
ai, ..., aq be distinct small meromorphic functions of f. Then we have the second
main theorem,

k
(k=2)T(r.f) < Y N(r,av.f) + S(r.f),

v=1

and the defect relation,

> (a.f) + 0a.f) <2,

a€S(f)

1/(f=a))

T h) and S(f) denotes the set of all small meromor-

where 8(a.f) = liminf™"
r—>00

phic functions of f.

2 Main Results

The second Painlevé equation is given by
=2+ +a, (P2)

where o is an arbitrary complex parameter and f = f(z). The solutions of this
equation are meromorphic functions in the sense that every local solution has a
continuation to a function meromorphic in C. For recent proofs see: Hinkkanen
and Laine [10], Steinmetz [26] and Shimomura [23]. The solutions are also known
to be of finite order [20, 22, 27]. The deficiencies and ramification indices of
transcendental solutions have been estimated both in case of P, and other Painlevé
equations. The estimates of deficiencies for P, are due to Schubart [17] and
Schubart and Wittich [18]. In case of transcendental meromorphic solutions of P,
the inequality in the second main theorem becomes an asymptotic equality (see:
[7, 12]). There are also estimates concerning defects from small target functions
[19, 21].

In general, the Nevanlinna theory has wide applications in the theory of both
linear and nonlinear ordinary differential equations in the complex plane [12]. There
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are also attempts to study the global behaviour of solutions of nonlinear differential
equations (e.g., [8]).

In this paper we are particularly interested in equation P34, also called equation
XXXIV in [11, Chap. 14]. Equation P34 is the second order nonlinear ordinary
differential equation of the form

7\2 A
= s B2 - m

f 2f

where A and B are fixed complex parameters. We shall omit the case B = 0 due to
the integrability of the equation (the solution is polynomial).

Equation (1) is related to the second Painlevé equation P, in the following way
(see: [5]). Equation P, admits a Hamiltonian formulation [15]. If

H=1/2f~ (g +2/2f — (@ +1/2)g
is a Hamiltonian of the system

dg OH df _ OH

dz — of dz  dg’
then by eliminating the function

f=@+28"+2¢)/2, 2)

the function g satisfies P,. By eliminating

g§=(2f =20 —1)/(4f) 3)

between these equations, it is easy to show that the function f satisfies Eq. (1) with
A = Qa+1)%/4, B = 1. Clearly, since solutions of P, are meromorphic in C, then
the solutions of P34(A, 1) are also meromorphic.

Equation P34 has a scaling symmetry: if f(z) is a solution of P3; with the
parameters A, 1, then B~1/3 'f (Bl/ 3z) is a solution of P34 with the parameters A and B.
Thus it follows from the relationship with P, that for any choice of the parameters
A, B the solutions of P34(A, B) are meromorphic and of finite order of growth.

Theorem 2.1 The solutions of the equation P34 are meromorphic functions of finite
order of growth.

The order of a solution of the second Painlevé equation is less or equal to 3 (see:
[20, 22, 27]). Thus we may formulate the following statement.

Corollary 2.2 Iff is a solution of P34, then o(f) < 3.
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Let us now present some value distribution properties of the solutions of P3s.
First, we reformulate the results concerning the distribution of a-points (a € C) of
a transcendental solution of (1) which we proved in [2]. Here, by Theorem 2.1, we
take into account the finiteness of order of meromorphic solutions of the equation.

Theorem 2.3 ([2]) Transcendental meromorphic solutions of P34(A, B) satisfy the
following conditions:

1. m(r,f) = O(logr) and §(c0,f) = 0;

2. m(r,1/(f —a)) = O(logr) and §(a,f) = 0 forall a € C\ {0};
3. ifA #0, thenm(r,1/f) = O(logr) and §(0,f) = 0;

4. ifA =0, thenm(r, 1/f) < JT(r.f) + O(logr) and §(0.f) < ).

From point 1 of Theorem 2.3 we easily get the following corollary.
Corollary 2.4 The equation P34 does not admit transcendental entire solutions.

We remark that an arbitrary solution of Ps4(A,B), B # 0, has double poles.
Around a pole z = zp we have the following Laurent series expansion with § =
Z—20:

2

3 Bzo€3

20 2
= e 4
f@ B$2+3+2+az§+ 18 + 4)
where a, is arbitrary. Around a zero z = zp we have
flz) = 5«/A(z —20)+az—z0)+..., &€=1, (5)

where a; is an arbitrary constant.

The second main theorem for transcendental meromorphic solutions of Ps4,
similarly to the second and fourth Painlevé equations, has the form of an asymptotic
equality.

Theorem 2.5 Let f be an arbitrary transcendental meromorphic solution of P34 (A,
B),A,B € C. Then

m(r,1/f) + N(r, 1/f') + Ni(r.f) = 2T(r.f) + O(logr) ~ (r — 00).
If, in addition, A # 0, then
N(@r, 1/f) + Ni(r.f) = 2T(r.f) + Ologr) ~ (r — ).

The following result gives estimates of defects of a transcendental meromorphic
solution of P34 with respect to small target functions.



Transcendental Meromorphic Solutions of P34 and Small Targets 313

Theorem 2.6 Let a and [ be arbitrary transcendental meromorphic solutions of
P34(A, B), A,B € C, such that T(r,a) = S(r,f). Then

m(r, ! ) < 1T(r,f) + O(logr + T(r,a)) and 8(a.f) < 1.
f—a 2 2

If a does not solve P34 and T(r,a) = S(r,f), where f is an arbitrary transcendental
meromorphic solutions of P34(A, B), then

m(r,f i a) = O(logr + T(r,a)) and 8(a,f) = 0.

3 Auxiliary Results

Before proving the main results, we formulate several necessary well-known
theorems. The lemma on the logarithmic derivative is as follows.

Lemma 3.1 ([6, Chap. 3]) Iff is a meromorphic function, then

m(r, j:) = O(log rT(r,f)) (r = 00)

possibly apart from r in a set E C (0, 00) of finite linear measure. For functions of
finite order the following equality holds:

m(r,J;) = O(logr) (r — 00).

Lemma 3.2 ([28]) Let f be a meromorphic function in C of order o. Then its
derivative f' is also of order 0.

In the proofs of the main results we shall use the following version of the original
lemma by Clunie (see: [3]).

Lemma 3.3 ([7, App. B], [12, Chap. 2]) Let f be a transcendental meromorphic
Jfunction of finite order such that

Y =0@f). peN,

where Q(z, u) is a polynomial in u and its derivatives with meromorphic coefficients
by (w € M). If the total degree of Q(z,u) as a polynomial in u and its derivatives
does not exceed p, then

m(r.f) = O()_ m(r,b,)) + Ologr)  (r — o).

HEM
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Let us now recall the well-known result of A.Z. Mohon’ko and V.D. Mohon’ko.

Lemma 3.4 ([13],[7, App. B]) Let F(z, u) be a polynomial in u and its derivatives
with meromorphic coefficients b, (u € M). Suppose that f is a transcendental
meromorphic function of finite order such that F(z,f) = 0 and let ¢ € C. If
F(z,¢) # 0, then

m(r, . )= 0¥ T(r.b,)) + Ollogr) (= o0).
f-d T2

Lemma 3.5 ([6, Chap. 1]) Let f be a meromorphic function and f1(z) = f(Az),
where A # 0. Then

m(r.fi) = m(|A[r.f),
N(r.fi) = N(|A|r.f) = n(r,0.f) In|A],
T(r.fi) = T(|Alr.f) —n(r,0.f) In|A],

where n(r,0,f) is the multiplicity of a pole at zero.

Lemma 3.6 ([7, Chap. 3]) Let f be an arbitrary transcendental meromorphic
function satisfying

m(r,.f’) = O(logr) (r — o0) and m(r,;/) = O(logr) (r— o0).

Then

m(r. 1/f) + N(r, 1/f) = N(r.f") + O(logr).

4 Proofs of the Main Results

Proof of Theorem 2.1

Let g be a transcendental meromorphic solution of P>(«) (@ € C). By (2), the
function

z
f=8+¢+
2
is then a transcendental meromorphic solution of P34(A, 1), where

Qo+ 1)?
= .

A
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Applying elementary properties of the characteristic function of the sum and product
of functions, properties of the counting function, and the estimate of growth of
rational functions, we get

T(rnf) < T(r.8") + T(r.g) + T(r ) + O(1)
< 27T(r.g) +m(r.g) + N(r.g) + O(logr)

<2T(r,g) + m(r,g) + m(r, ‘Z) + 2N(r, g) + O(logr).

Now, as g is of finite order, by Lemma 3.1 we obtain
T(r.f) =4T(r,g) + O(logr)  (r — 00).
It follows that the order of f is also finite and fulfills the inequality

o(f) < o(g). ©)

By (3) and (2), each solution f of the equation P34(A, 1) is of the form

z
f=g2+g/+2,

with g being a solution of P,. Thus all solutions of P34(A, 1) fulfill the inequality (6)
for a certain solution g of P;.

Let us now consider the equation P34(A, B). If f(z) is a solution of this equation,
then, by the scaling symmetry, f (z) = B'/3f(B~'/3z) is a solution of P34(A, 1). Thus
/i is of finite order. By Lemma 3.5

o(f) = o(fi)

and the function f is also of finite order.

Proof of Theorem 2.5

For the sake of completeness we begin with showing the points 1 and 3 of
Theorem 2.3.

1. Let f be a transcendental meromorphic solution of the equation P34(A, B). We
write the equation in the form

/=061,
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where p = 2 and

A
0. f) = 231?‘” (f)2 zf2+4B.

We can see that the coefficients of Q(z.f) are constant or polynomial and the
degree of Q(z,f) with respect to f and its derivatives equals 2. Thus, since f is of
finite order, the conditions of Theorem 3.3 are fulfilled, so we obtain

m(r,f) = O(logr) (r — 00).
3. We put
F(z.f) := 2" — (f')* —4Bf> + 2Bzf* + A. 0)

The equality F(z,0) = 0is possible only if A = 0. The coefficients of F(z,f) are
constant or polynomial. Thus, if A # 0, then by Lemma 3.4 we get

m(r, }) = O(logr) (r — 00).

The proof of Theorem 2.5 now follows similar lines as the proof of Theorem 11.3
in [7]. Let A,B € C be fixed and let us put the equation P34(A, B) in the form
F(z.f) =0, where F(z,f) is as defined in (7).

Computmg o We obtain

f lf///
i :6f_Bf’ -2z
Applying the properties of the mean proximity function we get
f f‘///
m(r, f’) < m(r.f) + m(r, f ) + O(logr)
f/// f//
<m(r,f) + m(r, Iz ) + m(r, 7 ) + O(logr).

As f is of finite order, it follows from Lemma 3.2 that f* and f”" are of finite order as
well. Applying point 1 of Theorem 2.3 to f and Lemma 3.1 to f/” and /" we get,

m(r ;/) = O(logr) (r — 00).
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Moreover, by point 1 of Theorem 2.3 and Lemma 3.1 again,
f/
m(r.f") < m(r, f) + m(r.f) = O(logr).

Thus, if f is a transcendental meromorphic solution of P34(A, B), the conditions
of Lemma 3.6 are fulfilled, so we have

m(r, 1/f) + N(r. 1/f') = N(r.f") + O(logr).

By the expansion (4) a solution f of P34 has only double poles, so

1
N](}’,f) =N(}’,f)—N(}’,f) = 2N(}’,f),

3
N(f) = [N G..
This way we obtain the equality

m(r, 1/f) + N(r, 1/f)) + Ni(r.f) = N(r.f') + Ni(r.f) + O(log )
= 2T(r,f) + O(logr) (r > 00).

It remains to notice that, if A # 0, by point 3 of Theorem 2.3 for a transcendental
solution of P34(A, B)

m(r,}) = O(logr) (r - o).

Proof of Theorem 2.6

The proof follows similar lines as in [21] (see also [24]). Let f be a transcendental
meromorphic solution of P34(A, B) and let a be a meromorphic function such that
T(r,a) = S(r,f). We put g(z) := f(z) — a(z). Then, as the equality (1) holds for f,
we have for g

1
gz’ = 4526 +a@)g" @) — §'(2)* —2d'(2)g' () + (2Bz — 12Ba(2))g(2)*

+ (24" (2) — 12Ba*(z) + 4Bza(2))g(z) + F(z. @)},
3
where F is defined as in (7).
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By elementary properties of the mean proximity function and the fact that a is of
finite order,

m(r,a") = O(m(r, a)), m(r, a(")) = O(m(r,a)) + O(logr) (r = 00).

If we put

0(z.8) = 413{2(g(2) +a(2)g"(2) — £'(2)* = 2d'(2)¢'(2) + (2Bz — 12Ba(2))g(2)*
+(2d"(2) — 12Ba*(z) + 4Bza(2))g(2) + F(z, a)},
then by Lemma 3.3 we obtain
m(r.f —a) = m(r,g) = O(logr + m(r, a)). ©)

Let us now assume that F(z, a) # 0. Then if we put a constant ¢ = 0 in place of
g(z) we can see that ¢ does not solve Eq. (8). Thus, by Lemma 3.4, we get

1 1
m(r,f )y=m(r, )=O0(ogr+ T(r,a)) (r > 00). (10)
—a g

Let now F(z,a) = 0. It means that a(z) is a solution of P34. In this case we
consider an auxiliary function

_ @ +d@)y

/()2
G = 2Bg 4 2B 2a@s+ AT O

(g(2) + a(z)) a(2)(g(2) +ax)  a)

Then we differentiate and apply the fact that both g(z) 4+ a(z) and a(z) are solutions
of (1) to obtain

G (z) = 2Bg(2). (11)
We put
H(z) = 99 (12)
8(2)

Then we replace (g'(z) + a(z))?/(g(z) + a(z)) and a” (z) using (1) and get

H(z) = zg”(z) — 6Bg(z) — 12Ba(z) + 4Bz.

2(2)
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By elementary properties of the mean proximity function,
"

m(r. H) < m(r, i, ) + m(r, g) + m(r,a) + O(log 7).

As f is of finite order and a is small with respect to f, also g is of finite order. It
follows from Lemma 3.1, that

g// g// g/
m(r,” ) <m(r,” ) +m(r,” ) = O(logr) (r = 00).
§ 8 §

Moreover, by (9) m(r, g) = O(log r + m(r, a)). This way we obtain
m(r,H) = O(logr + m(r,a)) (r —» 00). (13)
From the expansion (4) we know that all the poles of f and a, as the solutions of
P14, are double, so all the poles of g are also double. Also the expansion (4) shows,

the points where both f and a have poles are not the poles of g. Thus we have poles
of g belonging to two sets:

P={z: f(z) =00, alz) #oo} or P ={z: f(z) # o0, a(z) = oo}.

We put

r d
No(r.g) = /0 Ine(t.8) ~ np(0.9)]) -+ np(0.)logr.

where np(t, g) is the number of poles of g in {z : |z| < 7} N P, counted with
multiplicity and np(0, g) is the multiplicity of a pole of g at zero, if 0 € P. We also
put

" dt
Np:(r,g8) := / [np:(t, ) —np(0, g)] , +np/(0,g)logr,
0

where np/(t, g) is the number of poles of g in {z : |z| < 1} N P, counted with
multiplicity and np(0,f) is the multiplicity of a pole at zero, if 0 € P’. It follows
that

N(r,g) = Np(r,g) + Np/(r,g) < Np(r,g) + T(r,a). (14)

Moreover,

g HG) + H () = G _

4 o0 P
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Thus, if zg is a pole of g and zg € P, then H is analytic at zp with the expansion

H(z) = —2B(z —20) + »_ bz = 20)" (bn € O).

n=2

Notice that, by definition (12), if H(z) = 0, then also G(z) = 0. Thus, by (11),
it means that g(z) = 0, which contradicts the assumption that g is transcendental.
Then, as the zeros of H at the poles of g are simple,

1 1
By definition (12), the poles of H may appear only at the poles of G or the zeros of g.
From (11) we can see that the poles of G may appear only at the poles of g. As H has
zeros at the poles of g, we need only to take into account the poles of H at the zeros
of g. The function g has a zero at a point zy in three cases: if f(z0) = a(zo) # 0, 0o,
if f(z0) = a(zo) = 0 or, by the expansion (4), if both f and a have a pole at zop. We
put
S:={zeC: f(z) =a(zx) =c, ce C\ {0}},
§':={zeC: f(z) = alz) =0},
S":={zeC: f(z) = a(z) = co}.

We also put
1 4 1 1 dt 1
Nt o= [oste, ) =m0, )1 4500, togr
8 0 8 gt 8
where np(t, i}) is the number of zeros of g in {z : |z| < #} N S, counted with

multiplicity and ngs(0, i}) is the multiplicity of a zero of g at zero, if 0 € S. Similarly,
we define Ny (r, ;) and Ny~ (r, ; ). This way we have

1 1 1 1
N(r, ) =Ns(r, )+ Ng(r, )+ Ng(r, ).
8 8 8 8
It is easy to notice that by (4) and (5),

Ny (r, ;) = O0(T(r,a)) and Ny (r, ;) = O(T(r,a)).
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Thus we have
1 1
N(r, )=Ns(r, )+ O(T(r,a)).
8 8

As f and a are solutions of P34, by simple computations we get that unless f = a,
which cannot be as T'(r,a) = S(r,f), the zeros of f —a in S must be simple. Indeed,
assuming that f(zo) = a(zp) = ¢ # 0 and f'(z9) = d’(20), by (1) we get

2¢f"(z0) = (f'(z0))*> + 4Bc® — 2Bzoc® — A
and

2cd"(z0) = (d'(z0))” + 4Bc® — 2Bzoc — A.
Subtracting the equations we get

2¢(f"(20) = a"(20)) = (f'(0))* = (@ (20))*,

which means that, by our assumption, also f”(zo) = a”(zo). Next, we differentiate
(1) to get

26" = 12Bf>*f' — 4Bzff’ — 2Bf>.

By assumption, at zop we have

2¢f" (z0) = 12Bc*f'(z0) — 4Bzocf’(z0) — 2Bc?
and

2¢d" (z0) = 12Bc*d’ (z0) — 4Bzocd (z0) — 2Bc?,
which, after subtracting the equations, shows that /" (zo) = a”’(z0). The equality of
the higher order derivatives of f and a at zo follows in a similar way. Thus f = a,
which is a contradiction. Hence the zeros of f — a in S are indeed simple.

By the definition of G and (11), if zyp € S, then G is analytic at zy. Then the pole
of H at zp must be simple. Thus, applying the first main theorem, we have

N(r,H) < Ng(r, ;) 4+ O(T(r,a)) < T(r,g) — m(r, ;) + O(T(r,a)). (16)
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It follows from (15) and then (16) that
;Np(r, g) <m(r,H)+ N(r,H) + 0(1)
<m(r,H) + T(r,g) — m(r, ;) + O(T(r, a)).
By (14) we have

1 1 1
ZN(rvg) ZNP(rsg)Jf_ ZT(rsa)

IA

IA

m(r,H) + T(r,g) — m(r, ;) + O(T(r,a)).

Thus, we get

IA

m(r. ;) T(r8) ~ V() + mlr. H) + O(T(r, )

;T(r, g+ ;m(r, g) +m(r,H) + O(T(r, a)).

Applying (9), (13) and the fact that g = f — a leads to

m(r, ! ) < 1T(r,f) + O(logr + T(r,a)).
f—a 2

Together with (10) this completes the proof.
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Abstract The aim of this work is to provide another proof of the sufficient
condition of the convergence of a generalized power series (with complex power
exponents) formally satisfying an algebraic (polynomial) ordinary differential
equation. This proof is based on the implicit mapping theorem for Banach spaces
rather than on the majorant method used in our previous proof. We also discuss
some examples of a such type formal solutions of Painlevé equations.
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1 Introduction

Let us consider an ordinary differential equation (ODE)
F(z,u,éu,...,8"u) =0 (D)

of order m with respect to the unknown u, where F(z,ugp, uj, ..., uy,) % 0is a
polynomial of m + 2 variables, § = zjz.
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In the paper we study generalized power series solutions of (1) of the form
o0
9= 7", eC. s €C @)
n=0

with the power exponents satisfying conditions

0<Resy)<Res <..., lim Res, = 400
n—o0

(the latter, in particular, implies that a set of exponents having a fixed real part is
finite).

Note that substituting the series (2) into Eq. (1) makes sense, as only a finite
number of terms in ¢ contribute to any term of the form cz*® in the expansion of
F(z,®) = F(z,¢,8¢,...,8"¢) in powers of z. Indeed, 8¢ = Y2 ¢,5,z", and an
equation s = s, + Sp, + . . . + Sy, has a finite number of solutions (Su,, Sn; s - - - » Sn)>
since 0 < Res, — +oo. Furthermore, for any integer N an inequality Re(s,, +
Sy + ...+ s,,) < N has also a finite number of solutions, so that powers of z
in the expansion of F(z, @) can be ordered by the increasing of real parts. Thus,
one may correctly define the notion of a formal solution of (1) in the form of a
generalized power series. In particular, the Painlevé III, V, VI equations are known
to have such formal solutions (see [2, 5, 7, 8, 10—13]). Their convergence in sectorial
domains near zero is also proved in some of those papers. Here we are interested in
convergence for an equation of the general form (1).

There is the following sufficient condition [4] of the convergence of a generalized
power series solution of (1).

Theorem 1.1 Let the generalized power series (2) formally satisfy Eq.(1),
33,2 (z,®) # 0, and for each i = 0,1, ..., m one have

OF
5 (z.®) = A + B + ..., Red; > Red, A, #0. (3)
Ui

Then for any sector S of sufficiently small radius with the vertex at the origin and of
the opening less than 27, the series ¢ converges uniformly in S.

In this paper we propose a shorter proof of Theorem 1.1 based on the implicit
mapping theorem, whereas in the original proof in [4] we used the majorant method.
In the case of integer powers s, = n € Z, Theorem 1.1 was obtained by Malgrange
[9], and in the case of real powers s, € R this theorem was formulated in a somewhat
different form in [1, Theorem 3.4].
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2 Auxiliary Lemmas

The proof of Theorem 1.1 is preceded by some auxiliary lemmas which have been
proved in [4].

Lemma 2.1 Under the assumptions of Theorem 1.1, there exists an integer (' = 0
such that for any integer 1 = W' satisfying Re(s,+1 — s,.) > 0, a transformation

"
w=y " + 2% (4)
n=0

reduces Eq. (1) to an equation of the form
L()v + N(z,v,68v,...,8M"v) =0, 5)

where

— L is a polynomial of degree m,
— L(s) # 0 for any s with Re s > 0, and
— N is a finite linear combination of monomials of the form

Poo@Ev)n .. ("), BeC,Ref >0, g € Zy.

As follows from the form of the transformation (4), the reduced Eq. (5) has a
generalized power series solution ¢ = thiu 4162 . The second auxiliary
lemma describes a structure of the set of power exponents s, — s, € C of this
series.

Let us define an additive semi-group I' generated by a (finite) set of power
exponents of the variable z containing in N(z, v, dv,...,8"v), and let r{, ..., r be
generators of this semi-group, that is,

i
F'={mnrn+...+mr|meZy, Zm,->0}, Rer; > 0.

i=1
Lemma 2.2 All the numbers s, — s, n = |4 + 1, belong to the semi-group T.

We may assume that the generators ry, ..., r; of I' are linearly independent over
Z. This is provided by the following lemma.

Lemma 2.3 There are complex numbers py, ..., p; linearly independent over Z,
such that all Re p; > 0, and an additive semi-group T generated by them contains
the above semi-group I generated by ry, ..., 1.
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3 Proof of Theorem 1.1

For the simplicity of exposition we assume that the semi-group I' is generated by
two numbers:

T = {mry +myry | my,my € Zy, my + my > 0}, Rery, Rer, > 0.
In the case of an arbitrary number / of generators all constructions are analogous,

only multivariate Taylor series in / rather than in two variables are involved.
We should establish the convergence of the generalized power series

o0
Y= Z cnZ" Ok,
n=p+1
which satisfies the equality
L&Y + N(z, ¥, 8¢, ...,8"y) = 0. (6)

According to Lemma 2.2, all the exponents s, — s, belong to the semi-group I':

Sy — 8y = myry + mapra, (my,my) € M C 73 \ {0},
for some set M such that the map n + (m,my) is a bijection from N \ {1,..., u}
to M. Hence,
v = Z Comm Zm +myry _ Z Comm Zmn +myry
1,m2 1,m2
(m1,m2)EM (ml,mz)EZ%,’_\{O}

(in the last series one puts ¢y, m, = 0, if (m;,my) ¢ M).

Now we define a natural linear map o : C[[z']] — C[[z1, z2]]« from the C-algebra
of generalized power series with exponents in I' to the C-algebra of Taylor series in
two variables without a constant term,

. y my _mj
o: E ay7’ = E ayzy Zp -

y=miri+mar€l’ y=miri+mar €l

As follows from the linear independence of the generators ry, r, over Z,

o(mmn) = o(m)o(n2) Vi, m € CllZ"]],
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hence o is an isomorphism. The differentiation § : C[[z']] — CJ[[z"]] naturally
induces a linear bijective map A of C[[z1, z2]]« to itself,

. my _mp my _my
A 2 :a)’zl L= E :7’“1/21 2%
yer yer

which clearly satisfies A o 6 = ¢ 0§, so that the following commutative diagram
holds:

ClE') -5 ]
lo o
Cllz1, 220l —> Cllz1, 22]]s

Thus we have the representation

V=0() =) ¢

yer

of the formal solution ¥ of (5) by a multivariate Taylor series, where ¢, = ¢y m,
for every y = miri + mar,. Now we apply the map o to the both sides of the
equality (6) and obtain a relation for /:

LAY + NGz, 2, W, AV, ..., A"%) =0, (7

where N(zl,@, uo, . . . , Uy) is a polynomial such that N(O, 0,ug,...,uy) =0.

We conclude the proof of Theorem 1.1 establishing the convergence of the
bivariate Taylor series v/, which represents the generalized power series v and
satisfies the relation (7). We use the dilatation method based on the implicit mapping
theorem for Banach spaces. This was originally used by Malgrange [9] for proving
Theorem 1.1 in the case of integer powers s, = n € Z.

Let us define the following Banach spaces i/ of (formal) Taylor series in two
variables without a constant term:

W={n=3 a2 | Y Irblal < +oof,  j=01,....m,
yer yer

with the norm

Il =Y 1y lay| = | Anllo.

yer

(The completeness of each H/ is checked in a way similar to that how one checks
the completeness of the space [»; see, for example, [3, Chap. 6, Sect. 4].) One clearly
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has H" ¢ H™'... c H® and
A:H — ™ j=1,....m,

are continuous linear mappings.

We recall below the implicit mapping theorem for Banach spaces (see [3,
Theorem 10.2.1]).

Let £, F, G be Banach spaces, A an open subset of the direct product € X F, and
h : A — G a continuously differentiable mapping. Consider a point (xo,yo) € A
such that h(xo, yo) = 0 and g;’ (x0, y0) is a bijective linear mapping from F to G.

Then there are a neighbourhood Uy C € of the point xo and a unique continuous
mapping g : Uy — F such that g(xo) = yo, (x,g(x)) € A, and h(x,g(x)) = 0 for
any x € Uy.

We will apply this theorem to the Banach spaces C, H™, H°, and to the mapping
h:C x H" — H° defined by

h:(A,n) — L(A))+ Nz, Az, 0. An, ..., A"n),

with L and N coming from (7). This mapping is continuously differentiable,
moreover 7(0,0) = 0, and gz (0,0) = L(A) is a bijective linear mapping from
H™ to H®. Indeed,

L(A) : ayZ" 5% = a, L(y)Z}" 2% (= 0 <= a, = 0),

therefore ker L(A) = {0} (recall that L(y) # O for any y with Rey > 0). In the
same time, if 3° . a,2]" 2" € HO, then > yer(ay/L(y)) 2" 2% € H™, that is, the
image of L(A) coincides with H°.

Hence, by the implicit mapping theorem, there are a real number p > 0 and
np, € H™ such that

L(A)np + N(pzlv pZZs r’ps Aﬂp ceey Amnp) = O

Making the change of variables (z;, z2) (Zp‘ , Z;), which induces an automorphism
n(z1,22) = 7;(7; , sz) of C[[z1, z2]]« commuting with A, one can easily see that the
above relation implies that the power series 1 p(z/: , Z;) satisfies the same equality (7)

asy =3 cr¢y7)' 2" does. Hence, these two series coincide (the coefficients of a

series satisfying (7) are determined uniquely by this equality) and 1} has a non-zero
radius of convergence. This implies (substitute z; = 7', zo = z’? remembering that
Rery, Rer, > 0) the convergence of the series

o0
E Cyzy — E CnZS”_SM

yer n=p+1
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for any z from a sector S of sufficiently small radius with the vertex at the origin and
of the opening less than 27, whence Theorem 1.1 follows.

4 Examples

As was mentioned in Introduction, for the Painlevé III, V, VI equations, their
generalized power series solutions of the form (2) converge in some sectorial
domains near the origin. This is proved in each case mainly by using a kind of
majorant series. Here we give examples of such formal solutions and illustrate how
Theorem 1.1 can be applied to prove their convergence.

Let us consider the Painlevé III equation with the parametersa = b = 0, ¢ =
d=1:

zdz u

d*u 1 (du\* 1du Lt 1
fr— u
dz2  u\dz

Rewritten in the form (1), this becomes
uu— Bu)? —2u*—22=0 or F(z. u u, 8u) =0, (8)
where
F(z,ug, uy, uy) = upup — u% — zz(ué + 1).

As known [5, 12], Eq. (8) has a two-parametric family of formal solutions

Y = CrZr + Z CSZS7 (9)

s€eK

where ¢, # 0 is an arbitrary complex number and r is any complex number with
—1 < Rer < 1. The other coefficients ¢, are determined uniquely by c¢,, and the set
K of power exponents is of the form

K={r+md-=r)+m(+r)|m,my € Zs,m + m > 0}

Denote r = p 4 io. There are two essentially different types of formal solutions in
the family above.

1) Solutions with p € (—1, 1). For any solution of such type there is only a finite
number of exponents s = r + m;(1 — r) + my(1 4+ r) with a fixed real part
Res = p+m;(1—p)+my(1l+ p),since 1l —p and 1 + p are positive. Therefore,
such solutions are of the form (2), and we will apply Theorem 1.1 to prove their
convergence.
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2) Solutions with p = =£1. For any solution of such type there are infinitely many
exponents s = r+mj (1 —r)+my(1+r) with a fixed real part Res = p+m;(1—
p) + my(1 + p), since the latter depends only on one of the two indexes my, m,.
Therefore, such solutions are not generalized power series of the form (2), and
Theorem 1.1 cannot be used for studying their convergence. In fact, such series
diverge along some rays coming to the origin, which will be explained below.

Let us consider a formal solution ¢ of the first type. To prove the convergence

of ¢ in sectors of small radius, it is sufficient to find the partial derivatives 33;) s 3851 s

E‘;’Z along ¢ and verify the assumption (3). Note that in this case Res > p for any
s € K. One has

= uy — 472} aF——Zu aF—u
= U 7 Uy, uy I» y 0-

oF
auo

Hence,

oF
(2P =¢p=ci + Zc‘yzs, ¢, #0, Res>p Vsek,
8142

seK

oF
(z,®) = —28¢p = 2rc,7 — Z2scszs, Res > p Vs €K,
aul s€K

oF
(z. ) = 8¢ — 4%¢’.
auo

To prove the convergence of ¢, it is remaining to find first terms of the expansion of
glz (z, @). Since

82<p = e + Zszcszs, Res > p Vs e K,

s€K
2P =7+ 3p+2>p(as —1<p<1),
one finally has
oF
a (Zv q>) = VZCrZr + BOZAO =+ ... . ReA.() > IO’
Uo

whence the convergence follows.
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Now we consider a formal solution ¢ of the second type. Let p = —1. Then ¢
can be written in the form
@ = Z lemzzi*-l—ml(1—r)+mz(1+r) —
(m1,m2) €72
o0 o0 o0
— Z Z2m1—l Z le,mzzla(l_ml+m2) — ZZZHM(Z), (10)
m;=0 my=0 =0
where

o0
@ =0 e =01,

m=0

Applying the technique of the Newton—Bruno polygon (see [1]), one can check
that the first term z~!y,(z) of the series (10) is a solution of the truncated equation

u8u — (Su)® — 2u* = 0. (11
A general solution of (11) has the form

2
1 dcy

YT (/) — 4@ o)

where ¢1,c; € C, ¢; # 0, are arbitrary constants. This solution coincides with the
first term 7~ !yo(z) of the series (10) only if Rec; = 0. Let ¢; = iu, u € R\ {0}.
Then

—4,u2

_ 1
T (e + 42T )

which has expansions
7 (— 4M2) " i(—l)m (Zu)zm 2 < le/2ul, (12)
) = l6)
7N (—e)s ™ i(—l)’” (;;)Zm g 2imm IZ*| > |c2/2p). (13)
m=0
These expansions coincide with

o0

-1 —1i i

() =272 Z comz ", o0 =cr # 0,
=0
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ifoneputs u = o, ¢y = —402/00,0 for (12), and u = —o, ¢ = —cp for (13).
Thus, the first term z~'yy(z) of the formal solution (10) converges to the function

2
u=g1 4 . (14)
€002 + (402 /co0)z®

in sectors contained in the domain {|z"’ | < |20/co |} with the boundary ray
{127 = [20/cool} = {argz = (=1/0) In|20/col}-

The poles of the function (14) accumulate to the origin along this ray. For example,
if cop = 20, then

1 20 —1 o
u=2z =z
70 4 7o cos(olnz)’

whose poles z; = " T27K/20 accumulate to the origin along the positive real axis.
In this case the series z~'yo(z) cannot converge in a whole sector containing this ray.

Concerning the formal solution ¢, in general the points where it diverges do not
coincide with the poles of the solution (14) of the truncated equation, but we guess
that they are asymptotically distributed near those poles (something similar holds
for the pole distribution of some Painlevé VI transcendents near its critical point,
see [6]). This means that the formal solution ¢ (of the second type) converges not in
any sector of sufficiently small radius and opening less than 27, but convergence
depends on the bisecting direction of a sector. Such solutions are “of measure
null”, as they form a (real) three-parametric subfamily in the (real) four-parametric
family (9) of formal solutions of (8), whereas “most” solutions (9) converge in any
sector near the origin (which could correspond to the accumulation of poles along
spirals around the origin).
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Connection Problem for Regular Holonomic
Systems in Several Variables

Yoshishige Haraoka

Abstract We formulate the connection problem for regular holonomic systems in
several variables on the basis of local monodromies. As examples, we solve the
connection problem for Appell’s hypergeometric functions F; and F5.

Keywords Appell’s hypergeometric functions ¢ Local monodromy ¢ Singular
locus
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1 Introduction

Connection problem for differential equations is a part of the global analysis, and
has decisive meanings both for theories and for applications. In this paper, we study
an intrinsic formulation of the connection problem for regular holonomic systems
in several variables.

So far, connection problem for ordinary differential equations has been inten-
sively studied, and there are many works. On the other hand, as far as I know, con-
nection problem for holonomic systems in several variables has not yet been studied
so intensively even in regular holonomic case. In my knowledge, for Appell’s
hypergeometric functions, connection problem for F5 is studied by Takayama [10],
Sekiguchi [9] and Kato [5], and connection problem for F; is studied by Kato [4].
For Heckman-Opdam hypergeometric function, Opdam [7] first solved a connection
problem, and then Oshima-Shimeno [8] solved it in a different way.

In extending the Katz theory of Fuchsian ordinary differential equations to
regular holonomic systems, we noticed that the definition of the local monodromy
is basic, and that the local monodromy is attached to each irreducible component of
the singular locus, not to a point [3]. Then it is natural to formulate the connection
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problem as a connection between irreducible components of the singular locus. We
shall proceed in this way.

On this formulation, we solve connection problems for Appell’s hypergeometric
functions F'; and F, by using integral representations of solutions.

2 Connection Problem for Fuchsian Ordinary Differential
Equations

We formulate the connection problem for Fuchsian ordinary differential equations
in order to clarify the idea of the formulation for regular holonomic case. The con-
nection problem for Fuchsian ordinary differential equations is usually formulated
as a problem of obtaining linear relations among the sets of solutions each of which
is specialized by characteristic exponents at a regular singular point. Note that the
characteristic exponents correspond to the eigenvalues of the local monodromies.
Then in order to formulate the connection problem, we first recall the definition of
the local monodromy.

Let S = {ao.ai,...,a,} be a finite subset of the projective line P!, and set X =
P! \ S. Take any point b € X as a base point. Take a point a; € S. Let K be a
circle centered at a; with so small radius that the other points in § are in outside
K. We regard K as a loop with positive direction and with a base point ¢ € K.
Take any curve L in X from b to c¢. We call the loop LKL™' a monodromy or a
(+1)-loop for a;. In this article we use the latter in order to avoid the confusion
with monodromy representations. By the definition, any two (4-1)-loops for a; are
conjugate in 71 (X, b). Let

p: mi(X,b) — GL(V)

be an anti-representation on a vector space V. Then, for a (+1)-loop y for aj, the
conjugacy class [p(y)] is independent of the choice of a (41)-loop, and hence is
uniquely determined by a;. We call the conjugacy class the local monodromy at a;.
Now we proceed to formulate the connection problem. We consider a Fuchsian
ordinary differential equation (E) of rank n with the set of the regular singular points
S ={aop,a1,...,a,}. Foreach g;, we choose a simply connected domain U; in X near
aj and a point b; € U;. Let V; be the vector space of the solutions of (E) on U;. Take
a (41)-loop y; for a; with base point ;. Then we have the local monodromy action

Vie - Vi =V},

which is given by the analytic continuation along y;. By this action, we can
decompose V; into a direct sum

=@V
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where o denotes an eigenvalue of y;, and VY the generalized eigenspace for the
eigenvalue «. For each j, o, we denote by

a .y o
T V=Y

the projection onto the direct sum component V;*. Note that, if y;, is semi-simple,
all Vi* are eigenspaces. In general, we have a filtration

a,0 a,l o
Vj C V] Cc---C V/ ,
where each V" is stable under the action of y;,. Each V;*" consists of solutions

containing (log(x — @;))* with k < r. We call this filtration logarithmic filtration.

For each pair (j, k) of indices, we take a path pj in X from b; to by. Analytic
continuations of solutions in V; along w;x are contained in V. Then, for any o and
for any solution u € V¥, we have the decomposition

Wit = Zﬁf(ﬂjk*“)
B

according to the direct sum decomposition of V;. The connection problem is to
describe this decomposition. If dim V;" = 1, this decomposition is intrinsic because
u is unique up to scalar multiplication. When dim V" > 1, we are interested in

dim 7f’ (e, (V1))

which does not depend on the choice of a basis of V}*. More precise version of

the connection problem is to describe the subspace nf (Mik*Vf‘”) N Vf PO we

fix a basis for every V;* compatible with the logarithmic filtration, the connection
problem is reduced to describing the connection coefficients.

3 Formulation of the Connection Problem

Let ¢(x) be a reduced polynomial in n variables. We consider a hypersurface S =
{x € C" | p(x) = 0} C C". We may take any compactification of C", and in this
article we take P" for simplicity. Let Ho, be the hyperplane at infinity in P". We set

S =SUHy, and
X=C"\S=P"\S.

We consider a completely integrable system (H) on X with logarithmic singularities
along S.
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Compared with the formulation of the connection problem for Fuchsian ordinary
differential equations, which we have recalled in the previous section, we should
solve the following two questions to formulate the connection problem for the
present case.

(i) What is a local monodromy action?
(ii)) How can we take a path corresponding to fjx?

We consider the first question. Let
s=Js
J

be the irreducible decomposition of S. Take an irreducible component S;. Let p € §;
be a point which is regular in S, i.e. gradg(p) # 0. We take a complex line H
passing through p in general position with respect to S. We fix a base point b € X.
Take a (+1)-loop K for p in H, and a path L in X from b to the base point of K. We
call the loop LKL™" a (+1)-loop for S;. The following fact is basic.

Proposition 3.1 Any two (41)-loops for S; are conjugate in 7 (X, b).

This proposition can be shown by noting S; N S° is path connected, where S°
denotes the set of regular points in S. Thanks to this proposition, we can define local
monodromies in a similar way as in the ODE case. Let

o m(X,b) = GL(V)

be an anti-representation on a vector space V. For a (+1)-loop y for §j, the
conjugacy class [p(y)] is uniquely determined by S;. We call the conjugacy class the
local monodromy at §;. Thus, each irreducible component of the singular locus plays
a similar role as a singular point of an ordinary differential equation. Accordingly,
it is natural to formulate the connection problem as to describe a linear relation
between solution spaces at two irreducible components, not at two points. The local
monodromy action is given by a (+1)-loop for each irreducible component S;.

Now we find that the question (ii) has a simple solution after solving the question
(i). Since we understand that the problem is between two irreducible components,
and since two irreducible components intersect, there is no need to take a new path
which connect two irreducible components.

Thus we can formulate the connection problem in the following way. Let S;, Sk
be two irreducible components. We take a simply connected domain Uy in X near
an intersection point of S; and S;. We denote by Vj; the vector space of the solutions
of (H) on Uj. Take (4-1)-loops y; and y; for S; and Sy, respectively, with a common
base point " in Uj. Then we decompose Vj; into direct sums in two ways. By the
local monodromy action y;,, we have

Vi =DV}
o
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and by the local monodromy action yy,, we have
Vi =BV
B

where V¥ (resp. Vf ) denotes the generalized eigenspace of y;, (resp. yx,) for the
eigenvalue a (resp. B). According to these decompositions, we have two sets of
projections

7 Vg — VY

7l v — vE

If y;, or yi, is not semi-simple, we may consider logarithmic filtrations as well.
Then the connection problem is to describe the decomposition

u= Zn}f(n)
B

for each o and each u € Vf‘. When dim Vf‘ > 1, we are interested in the intrinsic
quantity
dimz (V2)
k \"j

for each « and each f.
To consider our connection problem, the following result is fundamental.

Theorem 3.2 (Gérard [2], Yoshida-Takano [11]) Let p € S be an intersection
point of irreducible components of S at which the intersecting irreducible compo-
nents are normal crossing. By a local coordinate change, we can send p to the origin
and the irreducible components passing through p to x; = 0,x, = 0,...,x, = 0
with 2 < v < n. Then there exists a local fundamental matrix solution

U =F [ x5 T
j=1 j=1

where F(x) is a matrix function invertible and holomorphic atx = 0, L1, L,, ... ,L,
diagonal matrices with non-negative integers in the diagonal entries, and
B1, B>, ..., B, mutually commutative constant matrices.

The fundamental matrix solution Z/(x) in the theorem gives bases of generalized
eigenspaces of the local monodromy actions at x; = 0,x, = 0,...,x, = 0
in common. Thus, for a normally crossing point p of S, the connection problem
between the irreducible components passing through p is reduced to the problem of
choosing bases of generalized eigenspaces for each irreducible component from a
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common set of solutions. We call this problem trivialization. Note that, in this case,
we have

m (Vi) = Vi n vy,

On the other hand, if two irreducible components intersect at a non-normally
crossing point of S, we should solve a “usual” connection problem.

4 Connection Problem for Appell’s Hypergeometric Series
Appell’s Fy

As an easiest and illustrative example, we consider the connection problem for
Appell’s hypergeometric series Fi. Appell’s Fi(a,b,b’,c;x,y) is a power series
in two variables x,y with parameters a, b,?’, ¢, and satisfies a system of partial
differential equations. We can transform the system to a Pfaffian system

dx d d d(x —
+ By y+Bl Y +C( y))lft,

1
-1 y y—1 xX—y M

dx
du= Ay +A;
X X
where Ao, A1, By, By, C are 3 x 3 constant matrices satisfying

Ao ~ diag[0,0,b" —c + 1], A| ~ diag[0,0,c —a—b— 1],
Bo ~ diag[0,0,b — ¢ + 1], By ~ diag[0,0,c —a— b — 1],
C ~ diag[0,0, —b — b'], —Ag — A1 — By — By — C ~ diagla, a, b + b'].

For simplicity, in this paper we assume that there is no linear relation with coefficient
in Z among a, b, b, c and 1.

We consider the connection problem of the Pfaffian system (1). We see that the
singular locus is {x = 0}U{x = 1}U{y = 0}U{y = 1}U{x = y} UH«, and that the
eigenvalues of each residue matrix given above are characteristic exponents at the
corresponding irreducible component of the singular locus. We see that (0, 1) and
(1, 0) are normally crossing points, and (0, 0) and (1, 1) are non-normally crossing
points (Fig. 1).

It is known that any solution of the system (1) can be given by an integral

u(r.y) = /A (L= 12 (1 = x) (1 =y 7.
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xX=y
Y1
M P
Yo C
Y2
y=20
x=0 x=1
Fig. 1 Singular locus for F
A] Az A3 A4 AS
0 1 1/y 1/x

Fig. 2 Twisted cycles for F

where

o dr be b't
n= , dt, dr),
t 1 —xt 1 —yt

and Ay = a,Ay, = c—a—1,A3 = —b,Ay = —b'. The path A of integration
is understood as a twisted cycle on the space C; \ {0, 1, 1/x, 1/y}. We denote the
solution given by the integral over A also by A.

We shall consider the connection problems between {x = 0} and {y = 1}, and
between {x = 0} and {x = y}.

1. Trivialization at (0, 1).

Since the irreducible components {x = 0} and {y = 1} intersect at the normally
crossing point (0, 1), the connection problem between them is trivialization. We
consider in a simply connected region U = {(x,y) € R> | 0 < x <y < 1} in
R2. Then the branch points in the integrand are located on the real axis in #-plane
as described in Fig.2. We define twisted cycles A; (1 < j < 5) by simple chains
connecting two adjacent branch points (Fig. 2).

Let V be the vector space of solutions of (1) on U. Since the characteristic
exponents at x = 0 is 0 of multiplicity 2 and o' — ¢ + 1 of multiplicity free,
the eigenvalues of the local monodromy at {x = 0} are 1 of multiplicity 2 and
2=+ —. g of multiplicity free. Similarly, the eigenvalues of the local
monodromy at {y = 1} are 1 of multiplicity 2 and e*"c=¢=¥'-D —: g of
multiplicity free. We take a base point ¢ = (xo,y0) in U. We take a (+1)-loop
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yo for {x = 0} by a simple circle in the complex line y = y, with the base point ¢
which encircles x = 0 in the positive direction, and a (41)-loop y; for {y = 1} by a
simple circle in the complex line x = x( with the same base point ¢ which encircles
y = 1 in the positive direction (Fig. 1). We shall decompose V into direct sums by
the actions of yy, and yy,.

By a usual argument, we obtain eigenfunctions for the local monodromy actions
Yo% and y1, by choosing appropriate twisted cycles. Then we have the direct sum
decompositions

V=V_,® VL = (A, A3) & (As),

2
V=V @ VL = (AL As) @ (As).

Thanks to Theorem 3.2, we can choose a basis of V which constitutes the
eigenspaces for yy, and the eigenspaces for y,. In (2), A3z and As are common,
while A, and A; are not. Then we want to find another eigenfunction contained
in both V;:=0 and V;=1. We consider the projective line P! in ¢ such that the real
axis is the equator. Then the twisted cycles Ay, ..., As are on the equator. We take
as another twisted cycle a circle on P! with base point 0 such that 1 and 1/y are
in the inside and 1/x is in the outside. We denote it by Ag. Then as illustrated in
Fig. 3, A can be written as a linear combination of A, and A3, and also as a linear
combination of A and As. Thus we can replace A; in V)}:o and Ay in V}l,=1 by Ay
to obtain

V=V_y® Vi = (Ao A3) & (As),

1 B1 )
V == Vy=l @ Vy=l = (A()s AS) 69 (A’&)

This completes the trivialization.

Fig. 3 Twisted cycle Ay
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2. Connection between {x = 0} and {x = y}.

The irreducible components {x = 0} and {x = y} intersect at non-normally
crossing point (0, 0). We take the same region U, and consider the vector space V
of solutions on U. V is decomposed into a direct sum of the eigenspaces for the
action of yy,. We use bases of the eigenspaces as in (2). Take a (41)-loop y, for
x = y as in Fig. 1. The eigenvalues of the action of y,, are 1 of multiplicity 2 and
ArIh=) y of multiplicity free. Then we have the direct sum decomposition

V= V):=y G VI_, = (A1, Az) & (Ad).
Hence the connection problem between x = 0 and x = y is to obtain linear relations
among two sets {A,, Az, As}and {A}, Ay, Ay}

We determine the branches on A; by the standard loading, which is a way of
assigning branches by using a real structure [6]. By using Cauchy’s theorem, we
have the following two relations among the twisted cycles:

A1+ f1Ar + f12A3 + fi124 A4 + f1234A5 = 0,

4)
Ay + T A+ £ Ay + foiAs + s As = 0,

where f; = ek (1 <j <4)andfy.. = fifi---. Solving the relations (4), we get

- 1 1
iz — [ J234 — fozs =1

Ay=""" A+ Ay + 77 Ay,
f341 — 3 f341 — 3 f341 — 3
1 e e
As =2 fl_zl A+ fz_l Ay =T f4_1 As.
fa—Iy S —fy fHa—fa

By using the equality f; — ]3_1 = 2isinwA;, the above relations are written as

sinzg(b+ b —c) sint(@a+b+b —c) sinzb
Ay= S AL+ . , 2= . PYAVE
sinm(b 4 b') sinm(b+ b') sinz(b+ 1)
sinc sinm(c —a) sin b’

sinw(b+b) " sinm(b+b) ° sinz(b+b)
%)

Owing to the assumption on a, b, b’, ¢, we see that no coefficient vanishes.
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Appell’s F

Appell’s Fa(a, b, b', c,c’;x,y) is also a power series in two variables, and satisfies
a system of partial differential equations, which can be transformed to a Pfaffian
system

d d d d d
du:(A R SN S I (x+y))u, ©)
X

0 x —1 y y—1 x+y—1
where Ay, A1, By, By, C are 4 x 4 constant matrices satisfying

Ay ~ diag[0,0,1 —¢,1—c], A} ~ diag[0,0,0,c—a—b + b —1],
By ~ diag[0,0,1—¢,1 -], B| ~ diag[0,0,0,c' —a+b—b" —1],
C ~ diag[0,0,0,c + ¢ —a—b—b —2),
—Ag—A; — By — B, — C ~ diag[a,a,a,b + b'].

We assume that there is no linear relation with coefficients in Z among a, b, b’, ¢, ¢’
and 1. The irreducible components of the singular locus are {x = 0}, {x = 1}, {y =
0L, {y=1},{x+y—1 =0} and Hy.

It is known that any solution of the system (6) can be given by an integral

u(x,y) = / 12 (1= )3 (1 — (1 — x5 — y)5F,
A

where 7] is a 4-vector of twisted cocycles and Ay = b— 1,1, = b — 1,13 =
c—b—1,A4 = — b — 1, ;5 = —a. By using this integral representation, we shall
consider connection problems between {x = 0} and {y = 0}, between {x = 1} and
{y = 1}, and between {x = 0} and {y = 1}.

1. Trivialization at (0, 0).

The intersection point of the irreducible components {x = 0} and {y = O} is a
normal crossing point of the singular locus, and hence we consider a trivialization.
Let U, be the simply connected region {(x,y) € R> |0 <x < 1—y < 1} in R?, and
V; the vector space of solutions of (6) on U;. For (x,y) € U, the configuration of

twisted cycles for the integral representation is as in Fig. 4.
In a similar way as in F’s case, we have

Vi_y = (A4, Ag), V2 = (Ao, A1),

Vy1-=o = (Ag, Ajp)., Vyﬂio = (A2, Ay),

where we set ¢27170 = g 2(1=¢) = B, We need to find a twisted cycle
which is a common element of V2, and Vfio. For p > 1, we have the sections
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Ay
Ay
Ay A; A
As
t=1
A7 Ag Ag A10
t=20
Ay
A Ap A I — xSy =0
s=10 s=1
Fig. 4 Configuration of twisted cycles for F, on U,
A, Ay Ag Ay Ay
s=10 s=1 \t =1 t=0
[AV)

Fig. 5 Twisted cycles on the line £,

of Ay, A4, Ag, A1g, A1 on the line €, : xs + yt = p as in Fig. 5. Define a twisted
cycle Ay whose section by £, is given by Fig. 5. Then Ay is a linear combination of
Ao and A4, and also a linear combination of A, and Ay.

By using Ay, we obtain the trivialization

Vi=V,® Ve, = (A4, Ag) ® (Ao, Ag)

(7N
= V;=O ® Vfio = (Asg, A1) @ (Ao, Ayg).

2. Trivialization at (1, 1).

To consider the connection between {x = 1} and {y = 1}, we take a simply
connected region U = {(x,y) € R? | 0 < 1 —y < x < 1}, and the vector space V,
of solutions of (6) on U,. For (x,y) € U,, the configuration of twisted cycles is as
in Fig. 6. Set e2milc—a=b+'=1) — o and ¢27i(¢'—a+b=b'=1) — B, Then we have the
trivialization

Vo=V, @ VL = (A% A AL @ (A)
1 B1 / / / / ®)
= Vo @ VL, = (4G, Ag, Ay) @ (A3).
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A ,
Al
A
A
A/
~a =1
A A} A Al
=0
’ 7 ’ Aqb‘
Ay Al Al
l—xs—yt=0
s=0 s=1

Fig. 6 Configuration of twisted cycles for F, on U,

3. Connection between {x = 0} and {y = 1}.

We combine the above two results to get the connection between {x = 0} and
{y = 1}. For the purpose, we need a path from U, to U,. Take a point (xo, yo) € U},
and define a path pu starting from (xo, y) by

x(0) =1—yo—re™, y(@) =y (6 €[0,7)),

where r = 1—yy—xp > 0. Note that the end point (x(r7), y(;r)) is in U,. The branch
on each Aj, A} is assumed to be defined by the standard loading. Then we have
ey = N+ f AL
by = B+ £,
pxAig = Al + £ 1AL,
pxArg = Ay,
where f; = ™™ (1 < j < 5). We can express A}, AL, A}, A, Al, in terms of
A%, Ag, Ay and A, by the way given in [1]. We finally obtain the solution of the
connection problem:
UsxAg = ca3 Ay + casAf + caoAy + cann A,
UxAg = cs3A) + cs6Ag + cs9Ay + cs 1A, ©
Ux Ao = cr03A5 + cro60g + c100AG + cro11AY,
UxAo = co3 A + cosAg + co9Ay + cor1 Ay,
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where the connection coefficients c;; are given as follows:

fisinm(c' —b') sind’
c43 = — . C49=—_ . .
+3 sint(c’—a+b—1"b") +9 fasinm(c—a—>b+ D)
_ fisinma _ frsinma
83 = sint(c’ —a+b—"b)’ €89 sint(c—a—b+1b)’ 10)
sin b frsinm(c—b)
c = - ) c = . )
103 fasinm(c" —a+b—10") 97 in alc—a+b-10")
2ify sinmwhsinm(c’ — ') 2if> sin b sinw(c — b)
Ci = 5 & = . )
03 fasinm(c" —a+b—b") 09 sint(c—a—b+b)
and
— (f42 - ba _f325 _f12345 +f123455 _f1223455 +f12233455)
AEE =D (s — D(Ufas — D
Catl = S(E = DU =7+ [y = fias — Fiasas +fiozass)
’ Jra(fF = D(f3ss = D(ffas — D
Cag = 1= 12345 _fzz345 _f1223455 +f12233455 +/i 12234455
’ fuas(fs = D(ffys — 1)
- T2+ 13 = fio = fiass = Fiaas + fioosaass
’ fl2(f2235 - 1)(flz45 - 1)
2 2 _ 42 2 2 2 an
Clog = (fs = D = fis = fraas +Soaass —Siazass +fi2344s5)
' 32f4(f52 - 1)(f2235 - 1)(flz45 - 1)
Clon = _fS(fl2 — D =13 + 135 = fi55 — fiazas + fiansass)

Sis(f2 = D (555 = D(ffys = D
Cos = LU = DUF = D = f5 = fis + flaass T fsass —asass)
’ Ffa(ff = D(f53s = D(ffs = )
U =D = DU = f7 = f§ + flsas + Fas — Fiasass)
fis(Ff =D (s = D(fias = 1) '

Co,11 =

By using the explicit expression (10), we obtain ¢4 3¢g3¢103¢03 7 0 from the
assumption, which implies

dim ﬂyﬂ;l (H* V):=0) = dim ”5;1 (/’L*VaiO) =1

X



350 Y. Haraoka

Although the expression (11) is complicated, we can also derive a similar conclu-
sion. In fact, we have

_ sinw¢'sin(c+ ¢ —a—10')
~ fussinm(c—a—b+b)sinn(c —a+b-0)’

C46 C49
C8,6 €89

which does not vanish by the assumption. This implies

C4,6 C4,9 C4.11
rank( ' ' ) =2,
C8,6 €89 C8,11

and hence
dim 7y, (s Vyzg) = 2.

Since we have the trivializations (7) and (8) at (0,0) and (1, 1), the connection
formula (9) can be also regarded as a connection between {x = 0} and {x = 1}, or
between {y = 0} and {x = 1}, or between {y = 0} and {y = 1}.
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On k-Summability of Formal Solutions for
Certain Higher Order Partial Differential
Operators with Polynomial Coefficients

Kunio Ichinobe

Abstract We study the k-summability of divergent formal solutions to the Cauchy
problem for a class of linear partial differential operators of higher order with respect
to ¢t which have polynomial coefficients in t. We obtain a sufficient condition for
the k-summability of formal solutions in terms of a global analyticity and a proper
exponential growth estimate of the Cauchy data.

Keywords Cauchy problem ¢ k-summability * Power series solutions
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1 Result

Let us consider the following linear partial differential operator L with polynomial
coefficients of ¢

L == 3?’1 _PM(ty arvax)s PM(tv al‘vax) = Z aa](t)aiw_laf:’ (1)

l=j=M.
a : finite

where f,x € C, M > 2 and a,;(t) € C[f] for all « and j.
We consider the following Cauchy problem

LU(t,x) =0,
PUO,x)=0(0<n<M=-2), (CP)
H'U0.x) = p(x) € Oy,
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where O, denotes the set of holomorphic functions at x = 0. This Cauchy problem
has a unique formal power series solution of the form

060 = Y U0, Una) = o0 @

n>M—1
Throughout this paper, we assume
ox —M = max{a — j;aq(t) # 0} > 0. (A-1)

Since this formal solution is divergent in general under this assumption, we shall

study k-summability of the divergent solution under some conditions. We shall

explain the conditions by using the Newton polygon, which is defined as follows.
We define a domain N(«, j) by

N(@,j) i= {(x,y); x <M —j+a,y>ilaj)—M+j CR?

for aq;(t) # 0, where i(a, j) = O(aq;()) which denotes the order of zero of a,;() at
t = 0,and N(«, j) := ¢ for a,;(t) = 0. Then the Newton polygon N(L) is defined by

N(L) := Ch{N@©0.0)U | ] N(a.j)¢. (3)

o j:finite

where Ch{: - - } denotes the convex hull of the set N(0, 0) U U, ;N(«, ) in R?. Here
N(0,0) := {(x,y); x =M, y > —M}.
We assume that
N(L) has only one side of a positive slope with (M, —M) and (o, i(«, M)).
(A-2)

N(Z)
(o, i(as, M)

We put iy 1= i(ox, M). Then, we assume that for any (o, j) with ag;(f) # 0 we
have

=Y

O o

> . A-3
ix +M ~ i(a,)) +j (A-3)
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We put i*‘:fM = Z , which is called the modified order of the operator L, where p and
q are relatively prime numbers.

Moreover, forany o (0 < o < &) andj (1 <j < M), we assume that

aw® =3 (A4)
i(@.)) < i < [ixj/M].

i+j€qN

where [£] denotes the integer part of £ € R and N denotes the set of non-negative
integers. Especially, we have

o (1) = al"ix. “

*

In order to state our result, we define a characteristic equation for L with respect
to z by

@kj - .
> a1 =, )
J

M

where J = {j e N;1 <j <M, i,j/M,a+j/M € N}. Letz, (n = 1,2,--- ,0x) be
the roots of the characteristic equation.

Finally, we prepare the notation S(d, 8, p). Ford e R, 8 > 0and p (0 < p < 00),
we define a sector S = S(d, B, p) by

S, B,p) = te(C;|d—argt|<'§,0<|t|<p , (6)

where d, B and p are called the direction, the opening angle and the radius of S,
respectively. We write S(d, 8, 00) = S(d, B) for short.
Under these preparations, our result is stated as follows.

Theorem 1.1 Let

] M
k=Y )
ax—M
Let d € R be fixed and d,, := qd/p — argz, for | < n < ax. We assume that the
Cauchy data ¢(x) can be analytically continued in U;,-, S(d,, €) for some ¢ > 0, and
has the exponential growth estimate of order at most o /(0. — M) there, that is,

lp(x)| < Cexp (8|x|a*/(0t*—M)) "

by some positive constants C and 8. Then under the assumptions (A-1)—(A-4), the
Sformal solution U(t,x) of (CP) is k-summable in d direction.
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We may assume that £ > 1 without loss of generality by a change of variable,
e.g. t'/@=M) — ¢ This assumption is only needed for the analysis of convolution
equations (see section “Proof of Proposition 7.2”).

The k-summability of divergent formal solutions of non-Kowalevskian equations
like heat equation has been developed by many mathematicians. Especially there are
many studies for partial differential equation with constant coefficients (e.g. [8] for
the heat equation, [11] for the operator 3] — 3%, (p < q), [2] for general equations,
[9] for moment partial differential equations). But, there are not many study for
equations with variable coefficients yet. In the papers [4] and [5], we treated the
equations whose coefficients are monomial of 7. In the paper [7], we treated the
first order equations with respect to ¢, whose coefficients are polynomials of # and
modified order is equal to 1. In this paper, we consider the higher order equations
with respect to ¢, whose coefficients are polynomials of ¢ and modified order is
general. The paper [6] treated the first order equations with respect to ¢ whose
coefficients are polynomials of #+ and modified order is general. Our theorem is a
generalization of results in [4-7].

The paper consists of the following contents. We give a review of k-summability
in Sect.2. In Sect.3, we give a construction of formal solutions of Cauchy
problem (CP) by employing the method of successive approximation. We give a
result of Gevrey order of formal solutions and its simple proof in Sect. 4. In Sect. 5,
we introduce the moment series associated with formal solutions and the important
result for k-summability of moment series is given and in Sect.6 we will give a
simple proof of Theorem 1.1. Section 7 is devoted to a proof of the result for k-
summability of moment series given in Sect. 5.

2 Review of k-Summability

In this section, we give some notation and definitions in the way of Ramis or Balser
(cf. Balser [1] for detail).

Letk > 0,8 = S(d,B) and B(o) := {x € C;|x| < g}. Let v(t,x) € O(S x
B(o)) which means that v(¢, x) is holomorphic in S x B(c). Then we define that
v(t,x) € Expf(S x B(0)) if, for any closed subsector S’ of S, there exist some
positive constants C and § such that

max |v(t,x)| < ce", res. )

[x|<o

For k > 0, we define that 6(f,x) = > oo, Ua(x)f" € Ox[[]]1/x (We say (1, x) is
a formal power series of Gevrey order 1/k) if v,(x) are holomorphic on a common
closed disk B(o) for some o > 0 and there exist some positive constants C and K
such that for any n,

n
n <CK'T (1 . 10
E}g;&h} )] < ( + k) (10)
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Here when v, (x) = v, (constants) for all n, we use the notation C[[f]];/x instead of
O«[[1]]1/- In the following, we use the similar notation.

Letk > 0,0(t,x) = Y o, va(x)1" € O.[[1]]1x and v(z, x) be an analytic function
on S(d, B, p) x B(0). Then we define that

v(t,x) 2 O(t,x) inS =SB, p), (11)

if for any closed subsector S’ of S, there exist some positive constants C and K such
that for any N > 1, we have

N—1

v(t,x) — Z v (x)1"

n=0

max
[x[<o

N
< CKM"T (1 + k) , tefs. (12)

Fork > 0,d € R and 0(t,x) € O[[f]]1/x, we say that 0(z, x) is k-summable in d
direction, and denote it by 0(z,x) € O,{t}rq, if there exist a sector S = S(d, B, p)
with 8 > 7/k and an analytic function v(¢, x) on Sx B(0) such that v(¢, x) = 0(z, x)
inS.

We remark that the function v (¢, x) above for a k-summable 0(t, x) is unique if it
exists. Therefore such a function v(z, x) is called the k-sum of 0(¢, x) in d direction.

3 Construction of a Formal Solution
Decomposition of PM

We give a decomposition of operator PY (¢, d;, ;).
For £ > 0, we define

Ko = {(i,j,a); = ’;<z'+j)—a, a #0

and we put

PY(r.0,.0) == Y a*)io) 7o

(ij.)€K,

In this case, we have

y
Ki=1Gja)l <j<M, i(a,j) <i< M’ itjeqN, 0<a="a+j—d!,
q
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and

P59, 00) = ) PY (1,8, 9) (13)

£=0

because of £ = g(i+j)—01 =< Z(i* + M) = o

The Successive Approximation Solutions

By employing the decomposition of PY, we consider the following Cauchy
problems for v > 0

min{ox,v}

Muy(t.x) = Y Pluyy(t.x),
(=0
n (Ev)
u,(0,x) =0(0<n<M-2),
M1y, (0,x) = p(x) (v =0), =0 >1).

For each v, the Cauchy problem (E,) has a unique formal solution of the form

"
ﬁv(tsx) = Zuv,n(x)n!- (14)

n>0

Then U (t,x) = Z i, (2, x) is the formal solution of the Cauchy problem (CP).

v=>0

Construction of a Formal Solution 1,

We give a exact construction of the formal solution i, (¢, x).

Lemma 3.1 For each v, we have

Uy n(x) = Av(n)(p(ﬁ("—MH)—V)(x) (1; n—M+1)—ve N)
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and u,,(x) = 0 (p(n —M + 1)/q — v € N). Here {A,(n)} satisfy the following
recurrence formula

min{os,v}
A+ = Y Y a A+ M—i=j) (a=0).
= K (R,)

Ayn)=0 (n<M-1),
AM-1)=1@w=0, =0@=1),

where the notation [n]; is defined by

nmn—1)---(n—i+1)i>1,

i = 1 i=0.

4 Gevrey Order of Formal Solution U

We give the Gevrey order of formal solution U (,x) by employing a result of Gevrey
order of formal solutions 1, (¢, x) without proof (cf. [4, 5, 7] for detail).

Proposition 4.1 We assume ¢ € O,. Then for each v, we have i, (t, x) € Oy[[f]]1/x,
k = (ix + M)/ (s« — M). More exactly, we have

uv,n(x)
n!

ABv+n
<

max
[x[<o

()

with some positive constants A, B and o.

By Proposition 4.1 we see that U (t,x) € O«[[1]]1x. In fact, we put

U(t,x) = Zuu(t x) = ZZ M”(X) Z 2 u”(X) Z U:z(!X)tn

n

Then we have

Uy (x)

n!

max
[x|<o

ABv+n n
max < r (1 + )
> x| <o - Xv: ! k

— AB'T (1 + Z) Z Ij‘ < AB'T (1 + Z) .

n!
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5 Preliminaries for Proof of Theorem 1.1

We prepare some results which are employed for proving Theorem 1.1.
First, we give an important lemma for the summability theory (cf. [1, 8]).

Lemma 5.1 Letk > 0,d € Rand 0(t,x) = Y o2 va(x)t" € Oy[[t]])1/k. Then the
following statements are equivalent:

i) f)(t,x) € Ox{t}k,d-
ii) We put

— v, ()

vs(s,x) = (Bid)(s,x) := Z

n=0

rA+n/k (16)

which is called a formal k-Borel transform of ¥(t,x), that is convergent in a
neighborhood of (s, x) = (0,0). Then vg(s,x) € Exp’s‘(S(d, €) X B(0)) for some
e>0ando > 0.

Now, we introduce three formal series. For v > 0, we define

Rty = > awr=Y" A (17)

nzO,Z(n—M+1)—uEN

which are the generating functions of {A,(n)}, and

(Z(n—M—i— 1)—v)!

n!

: o (e—m+)
b =Y A ¢ y ! Clidli (19)

a =Y A reClidlp.  (8)

which are called moment series of fu. Here, Z(”) denotes the sum over n > 0
satisfying p(n — M + 1)/q — v € N. We note that we can find g, (¢) in 4, (¢, x) by the
formal use of the Cauchy integral formula.

. ) P (n—M+1)— "
a0 = 3 A "

1 P — 1A
==%n¢wa+;xw””ﬂl&(y;)d;
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Moreover, we have a formal relationship between g, and izv. Forv > 1,
. 1 ! P (M=1)—v -1% (. p/
&) = T4 (1= h,("t)dz (20
r'w) Jo

and 8o(f) = ho(r) when v = 0. A
Next, we prepare a lemma for the summability of 4,(f), whose proof will be

givenin Sect. 7. Lets, (n = 1,2, ..., ix + M) be the roots of the following equation
k] x*+

Za(,*j N Z1 =o0. 1)

This equation is obtained by substituting z = s%? into the characteristic equa-

tion (5). Then we have the following lemma.
Lemma 5.2 Letk = (ix + M)/(0x — M) and h, g(s) = ([;’kizu)(s) Then we obtain
hy5(s) € ExpE(S(0, &0)), where 0 satisfies

0 # args, (mod2w) (m=1,2,...,ix+M) (22)
and gy > 0. Exactly, we obtain the following estimates for v > 0

|hug(s)| < CK" exp(8]s]*), s € S(B. &), (23)

where positive constants C, K and § are independent of v.

We remark that Lemma 5.2 means that &, (1) € C{t}1s.

6 Proof of Theorem 1.1

By employing Lemmas 5.1 and 5.2, we obtain the following result which means that
i, (t,x) € Oy {t}r.q whose proof is omitted (cf. [7-11] for detail).

Proposition 6.1 Let d € R be a fixed and put u,p(s, x) = (Bkﬁv)(s, x). Then if the
Cauchy data ¢(x) satisfies the same assumptions as in Theorem 1.1, for all v, we
have

v

K
max luvg(s,0)| < C exp (SIsl*). seSd.e) (24)
x| <o V.

by some positive constants C,K, 8 and o.

We can prove Theorem 1.1 by using this proposition.



360 K. Ichinobe

Proof Let U(t, X) = > ,-oly(t,x) be the formal solution of original Cauchy
problem (CP). We finish the proof of Theorem 1.1 by showing that Ug(s,x) =
(BkU)(s, xX) =Yoo tp(s.x) € Expf(S(d, &) X B(0)). In fact, we obtain the desired
estimate of Ug(s, X)

KU
max [Up(s. )| = 3 max ua(s. 9] < Cexp@ls/) 3" = Ce¥ exp(8lsl").
o V!

x| < x|<o
| i

v=>0

7 Proof of Lemma 5.2

We shall give a proof of Lemma 5.2. For the purpose, we will obtain the
differential equations of h, and their convolution equations. After that, we will
prove Lemma 5.2 by employing the method of successive approximation for the
convolution equations.

Differential Equations of isz

We recall that

(g(n—MJr 1))!

n!

’

=" A

where Z(") denotes the sum over n > 0 satisfying p(n — M + 1)/qg — v € N. For
n > 0 satisfying p(n — M + 1) /g € N, we put

(g(n—M+1))!

(25)
n!

m(n) =

Forn+ 1,n+ 1 —i—j € ¢N, we have by using formula n! = [n];(n — i)!

P
m(n + M) _ [q(n * 1)]Z(iﬂ)
mn+M—i—j)  [n+ My,
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By multiplying both sides of (R,) by [ + M]ym(n + M)?"*™ and taking sum ),
over n > 0 satisfying p(n + 1)/g — v € N, we get

/ min{os,v} .
Sl Ml (n+ My + My = FTETN e

/ [g(n + 1)][,(._’_,)

i+j
XE n + M]y(nl; T A+ M —i— )min+ M —i— )i,
nZO[ Im[n] [+ M)y, v—e( Hm( b))

Here we have [n + M]y[nli/[n + M]iy; = [n + M — i — jlu—; and by noticing
L=pi+))/qg—c,Ay—¢(n) =0ifpn—M+1)/g—(v—L) dNorn<M—1, we
have Zn>0 A—in+M—i—j)= Z§,>_o[) A,_¢(n). Finally, we obtain a differential
equation of h\, (t). For v > 0, we have

813 (o (1) — ¢, #71) (20)
min{os,v} « . . 7
Z Z ( D+l . [p S —M+i+j+ 1)} hy—e(2),
q i+

where §; = t(d/dt) denotes the Euler operatorandco = 1/(M—1)!,c, = 0(v > 1),
and Ky = {(i,j,);1 <j <M,i(a,j) <i < ’*’ Ji+jegN,0 <o =p(i+))/q—1}.

A Canonical Form for Differential Equation of il,,

We shall reduce the differential equation of h, (¢) to a certain canonical form.

Lemma 7.1 Leta,b € Randk > 0. Then for n € N, we have

n

[ad, + b+ nl, =Y el (s, 27)
m=0

where d([)a0 =1, and forn > 1

d,ﬁ’f;f,’] = adL“_’bl],m_1 +b+n— akm)d[“ 4l 0<m<n

n—1,m’

la, b] la, h]

= 0. Then we have dL = a" and d[a bl = [b + nj,.

withd,”| | =d,”
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By multiplying both sides of (26) by #™ and using this lemma, we can
rewrite (26) into the following form for each v > 0

Sl (0 (1) — )

min{os v} Z(H'/) +M—j

= D DN Dyt ) e (1),
{=0 Ky m=0

pq_l’ M—1 _ _ P
where D= ) d%"(i +;)(,n1 T dz[‘;_lk;;‘ M+ In fact, we calculate as follows;
ny+ny=m
o (7.~ m-1)
[8ilm—i [” (5,—M+i+j+1)} =y d skl (8"
q p(H_ i g\t
gV =0

Since we have

2 X =X X >

Ke 0sm<h(+)+M—j  1SISMO0=m<f jfHM—j mxtiep. =M+ -3 <i< i
a=hit+p—t

weputfor,jand mwith0 < £ <oy, 1 <j<Mand0 <m < asj/M + M —j

¢ ; (M-
A[/n]z(t) = Z al(a‘}),Dm,i‘jtl-H_'—k(M m)'

max{i(. ). j (m —MEp-jtsis Wi
a="ha+p—t

Then we notice for any £ and j that when 0 < m < «axj/M + M — j, we have
O(A[fy]n(t)) > 0 and when m = a«j/M + M —j =: m; € N, we have

axj

[ _ ety (P\M
A = a0 (1) <l

M
Because by noticing k = (ix + M)/(ax — M) and q/p = (ix + M)/a«, we have
i+j+kM—m)=2(m—M+j)+kM—m)="Tj+M-m)k—"1)

=gj+(M—m)ga*f‘jM =ga*f‘jM{‘;;j+M—j—m} > 0.
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Therefore we can obtain the following canonical differential equation of hy

[(rkat)M - ZA[O] (rka,)m/} hy () = ¢ M1 (28)

J

min{os.v} min{os,v}

+ 3 Y Aldsy o+ Y > AOES) ().
(=1 J

(=0 O0<m<oax

where m; = aﬁjj+M—j,J ={jeN:l1<j<M"™* e€N}andc, =

MM
Z%=o dj[tll’,;M]km[m -1+ Mk_l]m. Here for0 < m < a4 and 1 < £ < a,, we put
[€e Al
Al@) =" iz A (D),

and when £ = 0, we put

[0] [1 M]
Al = Za* 4 m<jzmjen Ajm (D) = (0 <m < M — 1),
Oy =

0
m—M M<j<MJ€NA[ ](t) M < m < ax).

ok

Convolution Equations

We shall obtain the convolution equations by operating the Borel transform to the
canonical differential equations which are obtained in the previous subsection.

After operating the formal k-Borel transform to Eq. (28) and differentiating the
both sides, we put w,(s) = D;h,p(s) or hyp(s) = D;lwu (s) for each v, where
D, = d/dsand D;' = [;. Then by noticing Bi(i*6,) = kD 's*Dy, the convolution
equation for w, (s) is given by the following expression

min{os,v}
[kM s — ZAF/)]] k’”fskmj] wi(s) =Y ZA[l]km]skmjw"_‘i () 29)
7 =1
min{os,v} 0
+ g MM Z Z k"D, (A[B(s) *, D 1 My Z(S))
0<m<ax

where &, = ¢/ k/T(M + (M — 1)/k) and AL (s) = (B AL (s) for 0 < m < .
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Here the k-convolution a(s) *; b(s) with a(0) = b(0) = 0 is defined by the
following integral

(a i b)(s) = /O ' a((sk — uk)l/k) :ub(u)du. (30)

We remark that if a(0) = b(0) = 0, the convolution is commutative. Note that this
formula is same with that in [1, Sect. 5.3] although the expression is a little different
from it.

We put

Ol 7 mj _km; 0], @xi _; ix+M;
Ax(s) 1= KM — " Al gk = M 5 [I—ZAHkM ig™ f}
J J
and

T,(wy)(s) := A ! ®) (the right hand side of (29)).

Then we remark that for all v, 7, : C][[s]] — C[[s]], where C][[s]] denotes
the set of formal power series. Therefore for each v, the function w,(s) =
Dsh,p(s) = DSZL‘QOAV(n)m(n)s” /(1 + n/k) is a unique holomorphic solution
of the convolution Equation (29) in |s| < o« for some positive o, (cf. [5] and [6]
for detail). We have to remark that s = 0 is a removable singularity for solutions of
the convolution equations w = T, (w). Moreover, we have to remark that for each
v, the solution w, may be continued analytically on S(6, g9) with 6 £ args, (mod
2r)withn = 1,2,...,ix + M and gy > 0, because the roots of A.(s) are the only
singular points of the analytic convolution equations w = T, (w).

Proof of Lemma 5.2

We shall show that w, (s) has the exponential growth estimate of order at most k
in a sector with infinite radius. This is same as h,5(s)’s having the exponential
growth estimate of order at most k in the sector. For obtaining the estimate of w,, we
consider the convolution equation w = T,,(w) on Sy := {s € S(6, &¢); |s| = 0x/2}
(cf. [3]). y

Letsy € S; with |so| = 0x/2. We modify the operator T, by T, on S by replacing
inw = T, (w) the convolutions b *; a by b * a, where

(bFa)(s) = /Sb((sk—uk)l/k) Lia(u)du, s€S.

50
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Then we have the convolution equation w, = T, (wy) on Sy, where

min{os,v}

T,w) = Fu) + Z ZA{f}k’"fsk’"jwv_z(s)

min{as,v} ax—1

A (s) Z kaD( Ky giAEfl]B)(s),

min{as,v}as—1

F, (S) — s l(s) ¢y kM+M 2+ Z ka A[K]( ) )uk”’wv_g(u)du

We assume that for s € Sy,

1 B, %) M+k(M—m)—1
L DAl )| = Bofspirrom-
‘A*(S) (1 4 |s]ixtM)|s|kM "B 31
o], |Axm | < B st g
v A =72 94 |s|ixtM = 3

with some positive constants B, B, and Bj satisfying B := B;B;B3 > 1 and u <
ix +MforO <m < o4,0<{ <ayxv>0andjeJ.

Let Sy :={s € C;0—¢9/24+y < arg(sk—slé)i <O+4+e0/2—y.|s| = 0x/2} C Sy
for y > 0. Then we notice that F,(s) are bounded above by By in Sx for some
By > 0, because w,_¢(s) are bounded on |s| = |so|«.

By employing the method of successive approximation for the convolution
equation w = TV (w) on S}, we obtain the desired exponential estimate for w,,.

The case v = 0. We define the functions {wy ,(s)} by the following

wo0(s) = FO(S)

Woul) = () > KDy (D75 w1 FALL) (5) (12 1).

0<m<ax

The case v > 1. We define the functions {w, ,(s)} by the following

min{os,v}
o) = Fu() + ( ) > ;A{f}kmfskmfwu_z,o(sx
1 min{os,v} = " o
Wv,n(s):A*(s) ; ZA[,]k’"’s "Wy—tn(5) (32)
min{os,v} -
+ Z Y kD, (D ! kmwv_g,n_@AEﬂ?) G)| =1).
0<m<a
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We remark that from the above construction for each v, W, (s) = > wy.(s) is a
convergent power series solution of the convolution equation wy,(s) = T,(w,)(s)
in a neighborhood of the origin, and therefore W, (s) coincides with w,(s) =

DY A (mym(n)s"/ T (1 + n/k).
Now, under the assumptions (31), the following proposition holds.

Proposition 7.2 For each v, we have for all n

Is["

r(e)

[wya(s)| < C,K" s € S, (33)

where Cy = Bo'(1/k) C, = BC,—1 with B > 2(1 + BM) and K is a positive
constant such that

4BT(1+ 1/0)T ()Y K" <K. (34)

0<m<ax -

This proposition means that w, (s) = Y w,,,(s) has the exponential growth estimate
of order at most k in S(6, &9) by changing the position of 5. Therefore the estimate
of h,(s) in Lemma 5.2 follows from this proposition immediately.

Proof of Proposition 7.2

We shall prove Proposition 7.2 by induction on v and 7.

The Case v = 0 When n = 0, it is trivial from the estimate |Fy(s)| < By for
s € Sk.
When n > 1, we have for s € Sx

ax—1

> KM

m=0

ox—1

> R |Dy (D7 w0 2 AL ) )] =
m=0

o (5)] < ‘ : ‘ s

Ax(s)

Since

Im = ‘Dé/ Dg_l(skaO,n—l(s))l _ IDLI'A%]B(M)CZM

k— kY k
o )

’

s / Won—1 ((sk — uk)i) (s* — uk)mﬂ_lDuAEﬂg(u)du

50
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we get from (31) and the assumption of induction

K1 § n—1 1 :
I, < Bzco Islk_l / Isk _ ukl  tmt -1 |u|t*+M+k(M—m)—1|du|
" L'(n/k) 5

0

Kn—l ) . 1 R L o
< BZCO |S|n+(1*+M l)+kM/ (1 _ [k)k+m ltl* +M-+k(M—m) ldl.
0

[(n/k)
Here, we use the following formulas.
Lemma 7.3 Letp,q > 0, k > 1. Then we have

! e 1 T(p)T(q/k) 1 "T'(1/k)
_ Lyg=1 7, — < k
[a-pyrema= 0T o

Then we have

P |s]" L'(1/k)
[won(s)| < CoK F((n+1)/k)B . D) >k

0<m<as

Therefore from the condition (34) of K, we obtain the desired estimate of wy ,(s).

The Case v > 1 We assume that the estimates (33) holdupto v — 1.
When n = 0, by noticing km; = ix + M + kM, we have for s € S,

- 1 1 1 >
[wy0(s)| < By +B;XJ:CV_ZF(1/I¢) < COI‘(I/k) +BMF(1/k) ;Cu—z.

From C, = 8C,—1, 8 > 2(1 + BM) > 4 and BM/B < 1/2, we have

¢, G, . "G O 1 2
Co= "<"", BMS C,_y = BM = <“c,.
g MO L L =56

Therefore we obtain the desired estimate of w, o(s).
When n > 1, from the expression (32) we put wy, ,(s) =: J1(s) + Ja(s).
Similarly with the estimate of w,, ¢(s), we have

Is["

2 n
N= 30K Nt
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Similarly with the estimates of wy,(s) and wy, o(s), we have

v ax—1

- Kn—l|s|n "
Jr < ZCHF((H N 1)/k)BI‘(1 + /BT () Y K

=0 m=0

1 K"s| - 1 K"|s|"
= v—t = Cy .
= 4T((n+ 1)/k) Dot 37 T((n + 1)/k)

=0

Therefore we obtain the desired estimate of w, ,(s).

Under the above observations, the proof of Proposition 7.2 is completed.
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On Stokes Phenomena for the Alternate Discrete
PI Equation

Nalini Joshi and Yoshitsugu Takei

Abstract The alternate discrete PI equation (or alt-dPI) arises from the continuous
second Painlevé equation (PII) through Bécklund transformations. In this announce-
ment paper we consider Stokes phenomena for (alt-dPI) from the viewpoint of
exact WKB analysis. After constructing transseries solutions and defining the Stokes
geometry of (alt-dPI), we derive explicit connection formulas that describe Stokes
phenomena for transseries solutions of (alt-dPI) on its Stokes curves. The derivation
is based on the computation of Stokes multipliers of the Lax pair associated with
(PII) and (alt-dPI). The detailed proof and computations will be discussed in our
forthcoming paper.

Keywords Connection formula ¢ Discrete Painlevé equation ¢ Exact WKB anal-
ysis ¢ Lax pair ¢ Stokes geometry * Stokes phenomenon ¢ Transseries solution
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1 Introduction

As is well-known, solutions of the second Painlevé equation

d*u 3
42 =2u +zu+c (PII)
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admit a Béacklund transformation, that is, if u is a solution of (PII), then u (resp., u)
defined by

c+1/2 res c—1/2 0
Uu—=—u— U= —U—
u* +du/dz + z/2 P u? —du/dz + z/2

satisfies the same Eq. (PII) with the parameter ¢ being shifted by 1 (resp., —1).

Hence, regarding u (resp., u) as a shift of u by 1 (resp., —1) with respect to the
parameter ¢

u=1u

ect) ®

and eliminating du/dz from the defining Eq. (1) of u and u, we obtain a discrete
Painlevé equation known as (alt-dPI):

(resp., u=u

c—>c+1

c+1/2 c¢—1/2
/Jr /

+2u” +7=0. (alt-dPI)
u+u u-+u

Note that the roles of the variables z and ¢ are interchanged here from the
original Eq. (PII), that is, the independent variable of (alt-dPI) is ¢ and z is just
a parameter there. Now the purpose of this paper is to make an asymptotic study
of solutions of (alt-dPI) for an (arbitrarily) fixed z, in particular, to discuss Stokes
phenomena for (alt-dPI) for fixed z from the viewpoint of exact WKB analysis; To
be more specific, we will present explicit connection formulas that describe Stokes
phenomena for formal transseries solutions of (alt-dPI).

The discrete Painlevé equation (alt-dPI) first appeared in [10] as a contiguity
relation of (PII). Then Fokas et al. [7] discussed (alt-dPI) and (alt-dPII) together
with their continuum limits. Later Ramani et al. [17] considered coalescence limits
of contiguity relations of the sixth Painlevé equation (PVI) and showed how (alt-dPI)
arises from this approach. However, as far as the authors know, studies of solutions
of discrete Painlevé equations are focused mainly on their special solutions and
there are not so many known results about Stokes phenomena for discrete Painlevé
equations. One exception is a joint paper [12] of the first author with Lustri. In [12]
Stokes phenomena for the discrete PI equation were investigated from the viewpoint
of exponential asymptotics or the hyperasymptotic analysis (cf. [4]).

In this paper we employ the exact WKB analysis to analyze Stokes phenomena
for (alt-dPI). To this aim we first introduce a large parameter 7 (i.e., inverse of the
semi-classical parameter) into the equations by scaling of variables

u=n""r, 2= c=nt 3)
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This scaling of variables transforms (PII), (1), (2) and (alt-dPI) into

o)

n2 = 23 A+ e, (PII)

t+n7'/2
A= =—)- , 4
‘c»wl 22+ o (dAJdi) + 1)2 “)

¢—n7"/2
JA=2 =-A- , 5
(resp ‘;H;_nﬂ 22—y (dA/di) +1/2 ) ®)

C+nt/2  t—nt)2

A Py +2A2 4+t =0. (alt-dPI)

(To the scaled equations, for the sake of simplicity, we attach the same symbols (PII)
and (alt-dPI) as to the original ones. We hope there will be no fear of confusions.)
The exact WKB analysis, i.e., WKB analysis based on the Borel resummation
technique, was initiated by Silverstone [18] and Voros [22] for one-dimensional
stationary Schrodinger equations and later developed by the French school and the
Japanese school ([5, 6, 15] and references cited therein). The exact WKB analysis
was generalized also to the continuous Painlevé equations with a large parameter in
a series of papers [2, 13, 14, 19] of the second author with Aoki and Kawai and, as its
consequence, the connection formula for Ablowitz-Segur’s connection problem for
the second Painlevé equation (PII) was reobtained by the exact WKB approach [20].
We should also mention that, by using the exact WKB analysis, Iwaki studied in [9],
which is closely related to this paper, some Stokes phenomena (called “parametric
Stokes phenomena”) for solutions of (PII) that are observed when the parameter ¢
(or ¢) changes. In this paper, extending the exact WKB analysis to discrete equations
with a large parameter, we explicitly discuss Stokes phenomena for (alt-dPI). Here
we only make an announcement of our results. The details will be discussed in our
forthcoming paper.

The plan of the paper is as follows: In Sect.2 we construct formal transseries
solutions of (alt-dPI) that will be used for the description of Stokes phenomena.
Then we define the Stokes geometry, that is, turning points and Stokes curves
of (alt-dPI) in Sect. 3. Finally, in Sect. 4, we present explicit connection formulas
describing Stokes phenomena for the transseries solutions of (alt-dPI) constructed
in Sect. 2.

2 Formal Solutions of (alt-dPI)

The most important ingredients of the exact WKB analysis for differential equations
are formal solutions (e.g., WKB solutions in the case of one-dimensional stationary
Schrodinger equations), Stokes geometry (i.e., turning points and Stokes curves)
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and connection formulas that describe Stokes phenomena on Stokes curves. The
situation is the same also for the discrete Painlevé equation (alt-dPI). Let us start
with the construction of formal solutions of (alt-dPI).

Formal Power Series Solution

A
We first note that, replacing the shift operators A and A by >_,.., 7 | o and
= n! n

Y oso(=D)" | o respectively, we can regard (alt-dPI) as an co-order differential
- n! n

equation of WKB type. Then, in parallel to the case of continuous Painlevé
equations (cf. [13]), we can readily construct the following formal power series
solution of (alt-dPI):

2O =20(0) + 07 A + 0P Aa () + - (©)
where the top order term A ({) satisfies
A0 +tho+C =0 (7)

and the lower order terms A;(¢) (j > 1) are uniquely determined in a recursive
manner. Here, although each A;({) depends also on #, we do not specify the
dependence of A;({) on f as we are considering (alt-dPI) with keeping ¢ fixed.

For the formal power series solution the following holds.

Proposition 2.1 The formal power series solution A of (alt-dPI) coincides with
the formal power series solution of (PII).

Proposition 2.1 suggests that we should consider not only (alt-dPI) but also (PII)
simultaneously or, equivalently, we should consider a system of differential equa-
tions
d*
dr

def "ot t+n7t)2
( Z:: n! agn) _A_A2+n—1(dk/dt)+t/2'

In what follows we deal with this system (8) to construct formal solutions
of (alt-dPI).

n2 D =223+ + ¢

®)
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Transseries Solution

It is not possible to describe Stokes phenomena solely in terms of formal power

series solutions as they are almost unique. To describe Stokes phenomena we need

more general solutions, called transseries solutions, which contain free parameters.
Transseries solutions of (8) are solutions of the following form:

A=104A0 4. 9)

where A(9) is a formal power series solution and A()) 4 ... are assumed to be
exponentially small compared to A(?). Then the subleading term A(! should satisfy
the Fréchet derivative (i.e., variational equation) of (8) along A© that is, AV
satisfies

2
N2 jﬂw = (6(A@)2 + 1) A,

10
“Iy 22000 4 @AM /ar) (19)

YO 7
AN = A 4 (C + 2 ) (A2 4 n=1(dAO /dr) +1/2)?"

In particular, A is a WKB solution of this linear system (10). Furthermore, the
remainder part (i.e., lower order terms A® (k > 2) of A@ 4+ A1) + 1@ ...y are
recursively determined. Thus we obtain

Proposition 2.2 For a given infinite series « specified by (14) below the system (8)
has the following transseries solution:

A gma) =20 407 2a 2O 4 (7 Pa)? A - (11
where A% is a formal power series solution and A® (k > 1) is of the form
((}9) e
exp (kn [ om1) Y20 0). (12)
(20.80)

n=0

Here w_y = S_1(t,{)dt + Z_,(¢,{) d¢ is a closed 1-form explicitly given by

82 —
S, = \/6xg +1 7, = cosh_l( 0@ 5), (13)
and « is an infinite series of the form
o0
o= z:ozzeM””é (o € C). (14)

=0
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Remark 2.3 (i) @ = (o, 001, 02, . . .) gives a set of free parameters of a transseries
solution of (8).

(ii) If we fix ¢ and regard A(z, ¢, n; ) as a formal series depending on the variable
¢, then we obtain a formal solution of (alt-dPI).

3 Stokes Geometry of (alt-dPI)

We next consider the Stokes geometry of (alt-dPI). In what follows, as we are
interested in the analysis of (alt-dPI), we let ¢ be fixed.

The transseries solution of (alt-dPI) is provided by (11) (with ¢ being fixed).
There the phase factor of A1) (in the ¢-direction) is given by

3
Z_ 1)) = Cosh_l(gkog C) + 27l

8A3—C  4Al
= Log( 0 + 0. J6A2 + t) + 27il. (15)
¢ ¢ \/ 0

Here we use the suffix (£, /) (I € Zso) to specify the branch of Z_; (). The Stokes
geometry, that is, turning points and Stokes curves of (alt-dPI) are defined by this
phase factor Z_ (+ 5 () as follows:

Definition 3.1

(1) Apoint¢ = ? is said to be a turning point of (alt-dPI) if there exist two suffices
(x,1) # (%', 1') for which

Z_1,(x) © = Z_yxr) © (16)

holds.
(i) A Stokes curve of (alt-dPI) is defined by

¢
R /A (Z-1.ey = Z—1,w 11)dE = 0, (17)
¢

where /{'\ is a turning point at which (16) is satisfied.

Example Let t be fixed at ¢t = ¢™/°. Then the Stokes geometry of (alt-dPI) (for
t = €™/) is given by Fig. 1. Note that, as turning points and Stokes curves are
defined through the top order term A of the formal power series solution and A
is an algebraic function satisfying (7), Fig. 1 is drawn on the Riemann surface of
Ao. To be more precise, Fig. 1 is drawn on A¢-plane since A itself gives a global
coordinate of the Riemann surface.

When t = ¢/°, there exist seven turning points. Among them p; and p, are
turning points where the relation Z_; (4 5 (px) = Z—1,—;(pr) holds. Such a turning
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Fig. 1 Stokes geometry of (alt-dPI) for r = ¢™//°

point is said to be of type ((+, [), (—, [)). Similarly, ¢, (k = 0, 1, 2) is a turning point
of type ((+,1), (+,7)) and ry (k = 1,2) is a turning point of type ((+, I), (—, [+2)).

Remark 3.2 As is easily seen in Fig. 1, there are several crossing points of Stokes
curves for (alt-dPI). This is because (alt-dPI) is considered to be an oo-order
differential equation. As a matter of fact, such crossing points of Stokes curves
often appear for higher order ordinary differential equations with a large parameter.
Thus some Stokes curves of Fig. 1 can be regarded as nonlinear analogue of “new
Stokes curves” emanating from “virtual turning points” introduced by Berk et al. [3]
and Aoki et al. [1], respectively. We refer the reader to [8] for more details of new
Stokes curves and virtual turning points.

4 Stokes Phenomena for (alt-dPI)

In the preceding section we defined and presented an example (Fig. 1) of the Stokes
geometry of (alt-dPI). On each Stokes curve a Stokes phenomenon is expected to
occur with transseries solutions of (alt-dPI). In this section, using linear differential-
difference equations (‘“Lax pair”) associated with (PII) and (alt-dPI), we analyze
such Stokes phenomena and seek for connection formulas describing them in an
explicit manner.
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Lax Pair Associated with (PII) and (alt-dPI) and Its Stokes
Geometry

The following system of linear differential-difference equations are associated
with (PII) and (alt-dPI), that is, (PII) and (alt-dPI) describe its compatibility
condition [11, 16]. The system (18)—(20) is often called the “Lax pair”.

32
(n‘2 a2~ QH) ¥ =0, (18)
0y 0¥ ' oA
1 _ 1 .
n Py =Ann 9 2 ax Y, (19)
0
v =gun Bf - (20)

Here the explicit form of the coefficient functions Qy, Ay, fir and gp is given as
follows:

_ 4 2 2_ (4 2 gt - ’
Qu=' 0+ 2x+ v =W+ W) =y T
(21
a 1 (22)
T o=y
—1/2

gH:<(2V+2’\2+t)(x_’\)(x_k)) ’ 29
_ 2 92 —1 !
fH_(x AM—v+n 2(x—x))gn' (24)

We use this system (18)—(20), especially the first Eq.(18) in the x-variable, to
analyze the Stokes phenomena for (alt-dPI).
The following properties of the Lax pair play an important role in our discussion:

Fundamental properties of the Lax pair

(i) Suppose that analytic solutions of (10), i.e., solutions of the simultaneous
equations (PII) and (alt-dPI) are substituted into the coefficients of the Lax
pair (18)—(20). Then the Stokes multipliers of (18) become analytic functions
of (t,¢). In particular, they are independent of t thanks to the isomonodromic
property.

(ii) Stokes multipliers of (18) can be explicitly computed by applying the exact
WKB analysis to (18). The computation is based (hence heavily depends) on
the Stokes geometry of (18).
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(iii) On each Stokes curve of (alt-dPI) some degenerate configuration is observed
for the Stokes geometry of (18). That is, if ¢, or more precisely a point Ay({)
on the Riemann surface of Ao corresponding to {, is located on a Stokes curve
of (alt-dPI), there exist two turning points of (18) that are connected by a
Stokes curve of (18).

Among these three properties the third one is crucially important. To see the
relationship between the Stokes geometry of (alt-dPI) and that of (18) more
concretely, let us take three regions (I), (II) and (III) on the Riemann surface of
Ao specified in Fig. 1 and observe the configuration of Stokes curves of (18) when
Ao(¢) belongs to each Region (J) (/ = I, 11, II). In what follows we take a turning
point as an endpoint (7, {o) of the integral in the definition of a transseries solution
A(t, ¢, n; ) and substitute A(z, £, n; o) thus normalized into the coefficients of the
Lax pair (18)—(20).

Example Figure 2 shows the Stokes geometry of (18) when A¢({) belongs to each
Region (J) (J = I 1I,1II). Equation (18) has one double turning point at x = Ag
and two simple turning points at @; and a,. As is easily surmised from comparison
between (I) and (I) of Fig. 2, two simple turning points a; and a, are connected by
a Stokes curve in the transition from Region (I) to Region (II). This degenerate
configuration is observed exactly on a Stokes curve of (alt-dPI) separating two
Regions (I) and (II) in Fig. 1. Similarly, in the transition from Region (II) to Region

s3
(1) )&% (111 \\ //
\\ ai S92 ai //
\ 7/
S4 I\ S1 /[
\ / ,‘/ \
f&—; \ = _— N
)xo/ﬁ \\\\*&; % )\O\/‘r\\ ‘«‘ag
/ \\ / \
/ \ / \
S5 / A\ \
74‘ 56)( // \

Fig. 2 Stokes geometry of (18) in Region (J) (/ = I, 1, IIT)
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(IIT) a double turning point Ao and a simple turning point a; are connected on a
Stokes curve of (alt-dPI) separating Regions (II) and (III).

Stokes Multipliers of (18)

Applying the exact WKB analysis to the linear equation (18) or, more specifically,
using the connection formulas for second order linear ordinary differential equations
in view of the configuration of Stokes curves given by Fig. 2, we can compute the
Stokes multipliers of (18). Such computation of Stokes multipliers through the exact
WKB analysis was done in [19] for the linear equation associated with the first
Painlevé equation and in [9] for that associated with the second Painlevé equation.
Adjusting the computations in [19] and [9] to the current situation, we obtain the
following explicit formulas for Stokes multipliers of (18). Note that in the case
of (18) there exist six Stokes multipliers s (k = 1,...,6) corresponding to six
Stokes directions along which Stokes curves asymptotically tend to an irregular
singular point x = oo (cf. Fig. 2, (I)). Since the computations depend on the Stokes
geometry, the expressions for s; differ according as A¢({) belongs to Region (I),

(IT) or (IIT). Thus in the following formulas we use the notation s,(f) k=1,...,6,
J = L1, 1II) to denote the Stokes multipliers when A4({) belongs to Region (J).

Stokes multipliers of (18) when A(¢) belongs to Region (I)
S(II) — ieV(l + e2m‘n§)’
S;I) — ie—ve—znmg’

Sgl) — ieV(l 4 e—27rin;“)7

sgl) = 2 /mage”V, 29
sgl) =0,
s(él) = Q2may + eV,
Stokes multipliers of (18) when A(¢) belongs to Region (II)

sgn) =ie",

séH) = ie7 V(1 4 72T,

O »

Sgn) = -2 /mape™",

s(SH) =0,

s(ﬁn) = 2J/may + i(1 + ¥ M))eV.
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Stokes multipliers of (18) when A((¢) belongs to Region (I1I)

I .
5(1 ) — i,V

ie”,
(HI) — ie_V(l + e—zmnz)’
(HI) = eV e—2m‘n§’
(HI) — (—2\/Jwtm + l-ezm‘ng)e—v 27
S(SIII) -0,
s(6m) = 2/may + e

In these formulas «; (J = L II,III) denotes the free parameter of a transseries

solution given by (14) when A¢(¢) belongs to Region (J), and V designates the
following formal series:

21 2n_

1-2n
V= Z 2n(2 an(ﬂf) ’ (28)

n=1
where B,, stands for the Bernoulli number defined by

oo

w w By, ,
—1- ", 29
1 2 +n§ " 29

The formal series V is called the “Voros coefficient”, which appears from the
comparison between WKB solutions of (18) normalized at a simple turning point
and those normalized at x = oo. For more details see [9]. (See also [21].)

Connection Formula for (alt-dPI)

Let us assume that the two transseries solutions A(z, ¢, 7;ay) in Region (J)
and A(t, ¢, n;541) in Region (J + 1) should define the same analytic solution
of (alt-dPI). Then, thanks to the fundamental property (i), s(J) = s,(cj) (cty) and
,((H_l) = I((J+l)(a1+1) should be the same analytic function of ¢. This gives a
constraint on oy and oy :

sP) = sV ) (k=1,2,....6). (30)

The relation (30) describes the Stokes phenomena for transseries solutions
of (alt-dPI). Making use of the explicit formulas (25)-(27) for s,(cj) , we thus obtain
the following connection formula for (alt-dPI).
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Connection formula for (alt-dPI)
Suppose that the transseries solutions A(z, ¢, ;) in Region (J)(J = I, 1I,1I)
should define the same analytic solution of (alt-dPI). Then the following relations
hold among the free parameters ;.

an = ag(1 4 ), @31

1 .
o = og + ¥t (32)

2/

Remark 4.1 1In terms of o) = (aéj),aij),aéj), ...) (cf. Remark 2.3), the formu-
las (31) and (32) can be expressed also as

o = e + o). (33)
() an i

o =a  + 8 34
1 1 2\/7_[ 11 ( )

(!=0,1,2,...), where 63 denotes Kronecker’s delta and ag)l =0.

Remark 4.2 The formula (32) immediately follows from comparison between (26)
and (27). On the other hand, derivation of (31) is not so straightforward, since
a Stokes phenomenon for the Voros coefficient V also occurs on a Stokes curve
in question. Making comparison between (25) and (26) and taking the effect of a
Stokes phenomenon of V into account, we obtain (31).

We finally remark that the relation (32) between oy and oy is the same as the
connection formula for Stokes phenomena of the continuous first Painlevé equation
(PI) discussed in [19]. Similarly, the relation (31) between ag and oy is the same as
the connection formula for parametric Stokes phenomena of the continuous second
Painlevé equation (PII) studied by Iwaki [9]. Thus both Stokes phenomena of (PI)
type and those of (PII) type occur with the discrete Painlevé equation (alt-dPI).
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Flat Structures and Algebraic Solutions
to Painlevé VI Equation
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Abstract The aim of this paper is first to formulate the definition of Frobenius
manifolds and its generalization. Then we study the algebraic solutions to Painlevé
VI obtained by Dubrovin-Mazzocco related with the reflection group of type Hj.

Keywords Flat structure * Painlevé VI equation * Potential vector field
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1 Introduction

In this paper, we mainly treat the three algebraic solutions to Painlevé VI obtained
by Dubrovin-Mazzocco [4] and related topics. In the first half, we explain the
definition of potentials of Frobenius manifolds and that of potential vector fields
of flat structure which is a generalization of Frobenius manifold. In our formulation
of flat structure, systems of differential equations of Okubo type play an important
role. In the second half, we construct examples of systems of Okubo type related
with algebraic solutions to Painlevé VI called the icosahedron, great icosahedron
and great dodecahedron solutions in [4].
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2 Free Divisors

Let h(x) = h(x},x2, . ..,x,) be a holomorphic function defined in a neighbourhood
U of the origin 0 in C". Assume that A(x) is reduced.

Definition 2.1 (cf. K. Saito [11]) Ah(x) = 0 is a free divisor if there is an n X n
matrix (v;(x)) whose entries are holomorphic functions satisfying the following
conditions (1), (ii).

(i) PutV; = Z;'l=1 v;j(x)9; (i = 1,2, ...,n). Then (V;h)/h is holomorphic.
(i) det(vij(x)) = g(x)h(x) for a holomorphic function g(x) such that g(x) # 0
onU.

Example 1 Let V be a real vector space and let W be an irreducible reflection
group generated by reflections of V. Put V., = V ®g C and S = C[V,] is the
polynomial ring over V.. Then W acts on S. Put R = S" which consists of W-
invariant polynomials. Then it is known that R is also a polynomial ring. Taking
generators xi, xa, . .., X, of R, we have R = C[xy,x2, ..., x,]. We may take each x;
as a homogeneous polynomial. Let d; be the degree of x;. We may also assume that
0<d <dy <---<d, Thenitis known that d; = 2 < d,, d,—1 < d, and that
dj + d,—j+1 = di + d, for all j. A basic anti-invariant is a non-zero homogeneous
polynomial D € § such that D' = —D for any reflection s € W and that its degree
is minimal among such polynomials. Then there exists a basic anti-invariant D up
to a non-zero constant and D? is W-invariant. As a consequence, D? is regarded
as a polynomial of xj,xy,...,x,. We denote by Ay (x1,xz,...,x,) the polynomial
obtained in this manner.
Basic results obtained by K. Saito [11, 12] are

(1) As apolynomial of x,,
Aw = cox), + cl(x’)xﬁ_l + e ()X + (X)),
where each ¢; is a polynomial of X' = (xj,...,x,—1) and ¢ is a non-zero

constant.
(2) Aw = 0is free.

3 Potentials of Frobenius Manifolds

Let F(x) = F(xy,x2,...,x,) be a function of the form

F= VX D X X1 3%y %+ Fo(¥) (n = 2m + 1),
;xlxﬁ + Zlmz_ll XjH1X2m—jXn + F()(x/) (I’l = 2m),
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where X' = (x1,...,x,—1). Assume that F(x) is weighted homogeneous. This means
that there are non-zero numbers wy, ws, ..., w,, d such that Z,n= L\ wixj0;F = dF. We
putE = Z]’.’:l wjx;0;. E is called an Euler vector field. We also assume that each w;
is a rational number and that' 0 < w; < wy < --- < w, = 1. Using F, we define
g =01 F(j=1,2,...,n) and put P = (g1, &2, ..., gx). By differentiating P,
we obtain n-vectors d;P and construct a matrix C = (Cj;) by

0P

d0,P
C= . . (1)

0,P
In particular C;; = 9;g; and 9,P = (x1.x2,....X,). Moreover we put B(")~: 9, C.
It follows from the definition that (B¥); = 9,0,g;. As a consequence, (B¥); =

(B(i))~kj. It is clear from the definition that C —x,, 1, is independent of x,,. This implies
that B™ = I,. We need the matrix T = EC for later consideration.

Definition 3.1 The function F is a potential if B B@ = B@B®) for all p, ¢ and
x = (x1,x2,...,X,) is called a flat coordinate.

Remark 3.2 The matrix entries of B?B@ = B@BP are expressed as non-linear
differential equations for F. The collection of such differential equations is called a
WDV V(=Witten-Dijkgraaf-Verlinde- Verlinde) equation. For this reason, a potential
is a solution of WDVV equation.

We put & = det T. It follows from the definition that
h=x, + Cl(xl))"ﬂn_1 et Cn—l(x/)xn + Cn(x/)a

where each ¢;(x’) is a function of X' = (x1,...,X,—1). An important property of & is
shown by C. Sabbah:

Proposition 3.3 ([10]) The hypersurface of C" defined by det(T) = 0 is free.

Example 2 (Continuation of Example 1) The following result is due to Dubrovin
[3]. (See also [14], which treated a prototype of Frobenius manifold.)

(3) Taking the basic invariants xj, X2, .. ., X, appropriately, we find that there is
a potential F = F(x,xy,...,x,) such that the polynomial Ay is identified with
det(T) up to a non-zero constant and basic logarithmic vector fields defined in
Definition 2.1 are obtained by 7.

We explain the statement (3) more precisely. In the definition of a potential
one needs the numbers wy,...,w,. We start with taking these numbers so that

! Sometimes we treat the case where some of wy, . . ., w,, are equal. In this paper we use the notation
d; = 0, for the sake of simplicity.
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w; = dj/d,, where d; are degrees of basic invariants. The next step is to find a
polynomial solution F(x) of the WDVV equation corresponding to these numbers.
The third step is to define matrices C and T as before. Finally we obtain Ay = detT.

Relating with real reflection groups of rank three (cf. [3]), there are three kinds
of polynomial potentials:

x1x§ + x§x3 n x%x% " xf

Ajcase: F = ’
2 4 60

Bjcase: F = G+ oy | xng + X .
2 6 6 ' 210

Hjcase: F = g tax  xn oy ox! )
2 6 20 ' 3960

Remark 3.4 The three polynomials above were already obtained by K. Saito and T.
Yano at the end of 1970s (unpublished).

Remark 3.5 Dubrovin [3] classified polynomial potentials of three variables. It is
interesting to construct potentials defined by algebraic function in three variables.
We will discuss a topic related with this question later.

4 Flat Structures Without Potentials

Some of the arguments so far go well without the existence of potentials. We are
going to explain the idea based on [6, 7].

We start with introducing weighted homogeneous polynomials g;(x), g2(x), ...,
gn(x) such that Eg; = (w; + wp)g; (j=1,2,...,n) and that

x,xn+ g (j=1.2.....n—1),

YT R G=m
2
with polynomials g(o)(x’) of X' = (x1,...,x,—1). Using gi(x) (j = 1.2,. )
we define an n x n matrix C such that Cu = 0;g;. It is easy to see that Cn =

x; (j = 1,2,...,n). We define matrices B = ,C(p=12,...,n)and T =
2=t Wj)?iajc =2 wixiBY). We denote by b{!” the (i, j)-entry of B“’) and collect
basic properties of B (p = 1,2,...,n):

. 0,B9 = 9,B"  (Vp, q).

. b(:} = b(p) (Yp, q, 1),

. bffq” =38 (Yp, 9),

B™W =1,

L0.BP =0 (p=1,2,....n—1),

where 8, is Kronecker’s delta and 1, is the identity matrix.
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Definition4.1 If BWB@® = B@BWP (Vp, q = 1,2,....n), then 3 =
(g1,82,--.,8n) is called a potential vector field and (x1,x2,...,x,) is a flat
coordinate.

Remark 4.2 The potential vector field in Definition 4.1 is same as the local vector
potential introduced in Manin [9]. The authors thank P. Lorenzoni for informing
them of the paper [9].

Remark 4.3 Similar to the case of the existence of potentials, the potential vector
field is a solution of a certain system of non-linear differential equations arising
from the commutativity of matrices B”) (p = 1,2, --- , n). In this sense, B B@ =
BYWBW) (Vp, g) is called an extended WDVV equation.

5 A Generalization of Ordinary Differential Equations
of Okubo Type

In this section we freely use the notation in previous sections without any comment.
The matrix T is defined by C and E. We always assume in this section that
(g1,82,--.,8n) is a potential vector field. Then by definition, BWB@ = B@p»
for all p, q.

We introduce a diagonal matrix ng by ng = diag(r + wi, r +wa,...,.r+wy)
for some constant € C and define n x n matrices B’”) (p = 1,2,...,n) by
B — _T—lé(P)B(org (2)

and a system of differential equations
3Y=BPY (p=1,2,...,n), (3)
where Y = (y1, -+, y,). The system (3) is rewritten by
dy = QY, “

where Q is the 1-form defined by 2 = ZZ=1 B dx,,
Theorem 5.1 The system (4) is integrable.

1
Remark 5.2 We put Ty = x,I, — T.Since T — wyx,I, does not depend on x,, and

n
since B = —T‘lBg'o), the differential equation

9,Y = By (5)
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turns out to be

1
(tul, — T9)0,Y = —  BYY. (6)

n

Regarding (6) as an ordinary differential equation with respect to the variable x,,
(6) is an ordinary differential equation of Okubo type. In this sense, the system (4)
[or (3)] is one of generalizations of Okubo type ordinary differential equation to
several variables case.

6 Algebraic Solutions of Painlevé VI and Differential
Equations of Okubo Type

In this section we mention a relationship between the system of differential
equations (4) and algebraic solutions of Painlevé VI. Algebraic solutions of Painlevé
VI are studied by many authors. For our purpose we assume that n = 3. Since
h = detT is a cubic polynomial of x3, let zj(x') (j = 1,2,3) be defined by
h(x) = [T, (x3 — z(x')) where ¥’ = (x1,x2). We consider B®) = —T71B®BY
as before. It follows from the definition that if i # j, the (i,j)-entry of hB® is a
linear function of x3. Noting this, we define z;(x") (i # j) by the condition that
x3 = z;;(x') is the zero of the (i, j)-entry of hB®. If each of the diagonal entries of
Bgo) is not zero, that is, r # —wy (k = 1,2, 3), then by an easy computation, we

det(T)(T™1);

T . This formula holds for j # k in the case r = —wy. It

have z; = .
xX3=

can be shown that if the (k, k)-entry of the diagonal matrix Bffo) is zero, namely, if

(=21 (x) .

r = —wi and j # k, then wy; = )=z () 18 AN algebraic solution of Painlevé VI as

a function of = @) )
2 )—z1(x')

We stop here the arguments on the relationship between the system of differential
equations (4) and algebraic solutions of Painlevé VI because of space restriction
and we focus our attention to the case treated by Dubrovin and Mazzocco [4] in
the subsequent sections. Dubrovin [3] proved that three dimensional semisimple
Frobenius manifolds correspond to one parameter family of the Painlevé VI
equation. Algebraic solutions by Dubrovin and Mazzocco are included in this one
parameter family. We shall give many examples of potential vector fields related
with algebraic solutions to Painlevé VI equation elsewhere.

7 Frobenius Manifolds Treated by Dubrovin-Mazzocco [4]

We treat in this section three algebraic solutions of Painlevé VI related with the
reflection group of type Hi; obtained by Dubrovin-Mazzocco [4]. The first one
is called icosahedron solution. This solution is constructed from the polynomial
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potential introduced in Sect.3. The second one and third one are called great
icosahedron solution and great dodecahedron solution, respectively. We construct
these two solutions by introducing potentials of algebraic functions. The argument
in this section is mostly owing to [4] and [1]. Our contribution is, if exists, the
construction of potentials of algebraic functions. In the last subsection, we discuss
the relationship between these three solutions and free divisors in C3.

The Case Corresponding to Icosahedron Solution (H3) in [4]

In this case, we start with the potential

4" BB B8 B n53
3960 20 6 0 2 2

The weights of the variables #1, 1, t3 are given by

w(n) = |

3
5’ W(l‘z) = 5’ W(l3) =1.

The concrete form of the matrix C [cf. (1)] is then

1.4 2 1.9 3.2 1.3
Iz Lhh + 1t 3671 + 1ty + 35

= 1 1
c b B +dn+n ldn+nd
5] 1) 13

In this case the Euler vector field E is given by

1 3
E == Stla[l + 5[281‘2 + t3a[3
and T = EC is given by

' 56 TGt +08) 9H + 685+ 18)
T= 1356 +8n+n) 1Qdn+nd)
5] 3t 5t3

Putting 3(030) = diag [—r — g, —r,—r+ g], we define 3 x 3 matrices

B — _T—lg(p)Bgo) (p=1,2,3)
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and a system of differential equations
3,Y =BPY (p=1.2.3). (7

The singularities of this system is contained in the hypersurface defined by
det(7) = 0. In this case

1 5 1,12 2,90, 1,63, 2334 , 27,5
det(T) = — 150011 = 10071 12 + 251113 + 51113 + 55015 + 5505

3
1 .10 6.4.2 9, 3 1,52 2, 2 3
_IOOtl 13 — 5t1t2t3 — 5t1t2t3 + 10t1t3 + 1ty + 13

Remark 7.1 The polynomial (8) is regarded as the discriminant of the reflection
group of type Hs.

o _ (1-23524915*—55%)

Substituting #, = (14352)3

det(T) = (13 — z1) (13 — 22) (13 — 23),

#;, we find that

where

_ (25—58552 435305 —66905°—395558 +507510) 1}

10(1+3s2)3 ’
(721552419105 +40965° —51505°—204805” —61255% +3575'0) 7
2= 10(14352)3 ’
(72155 +19105*—40965° —51505° 42048057 —61255° +3575'0) 7
3= 10(143s2) :

By direct computation, the (3, 2)-entry of the matrix det(7)T ! is

1
o= 0t2(7tf + 1473t — 3013)
Regard ¢3; = 0 as an equation of #3. Then

7(3 — 375% 4 2095* + 17565

7 5 2
= t 26h) =
Wiz = g (0 F 2012) 30(1 + 352)3

is its solution. Then

-z (1451435 (-1 +4s +57)
22— 21 (14 9)5(=1+35)3(=1 — 45 + s2)°

o WRTU (=1 +9%(1 + 3923 + 5?)
22— 3(1+5)3(=1 +3s)(—1 —4s + 52)

As is explained in the previous section, we conclude that w is an algebraic solution
to Painleve VI with respect to the variable ¢. The solution (¢, w) is equivalent to the
icosahedron solution obtained by Dubrovin-Mazzocco [4].
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The Case Corresponding to Great Icosahedron Solution (H3)’
in [4]

In this case, we start with introducing an algebraic function z of #;, #, defined by
h+nhz+zt=0. 9)

The weights of the variables #1, f», #3 and the algebraic function z are given by

w(t)) = 2, w(ty) = :, w(ts) =1, w(z) = ;

Let

7 ., 17

2 10 64 13
l‘ —
72" 7 105

nzo — b4
9

.
1 585

1 1
F = 2(t§t3 +18) - . £}z —

8

be an algebraic function of 71, 15, t3. In this case, the matrix C of (1) is given by

ot =22 +2°) —g,2(286 + 3512° + 162°)
C=1|n 110(10l3 — 5l122 — SZS) é(ll — 2Z3)(l‘1 + Z3)
h 5] I3

Noting that z is an algebraic function of #;, t,, we obtain

0 é(tl + 23) —1122(41‘1 + 23)

Bi(=d0,00=[0 12 m+) .
1 0 0
y 0 éZz ;(ll +ZS)
By(=9,00=|12z 12 :
01 0
B3(: 3t3C) = 13.
Then a direct computation implies that Eléz = BZBI, which means that F is a

potential. 5 ; 5
Since T = gtlBl + 21‘232 + t3B3, it follows that

WECNGE 223) (1 +2°) — L2(288 + 35112% + 162°)
T = 4n, 1 (106 — 5122 — 82°) (th —22) (11 + )
5
31‘1 4t2 5t3
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1

5o =T =T+ é], we define 3 x 3 matrices

Putting BS) = diag [—r —
—17 3
B?P = —17'BPBY) (p=1,2,3)
and a system of differential equations
3,Y=B"Y (p=1.273). (10)

Then the singularities of this system is contained in the hypersurface defined by
det(T) = 0. In this case

35, 3,323 1,002 7343, 702, 4 425
det(T) = 5507 + 3 + sz — ,h3Z" — 127 + , 11137 — 132 (11
a6 42,7 31020 16, 10 56, 12 6% 15
120012 = sh132" — 551177 — 55132 75012 375%

Remark 7.2 By a certain weight preserving change of variables, the polynomial
above coincides with the det(7) in the case of icosahedron given in (8).

_ 4(1—1552 47554 35%)3

As in the previous case, by the substitution #; = , we find

(14352)3
that
det(T) = (15 — z21)(t3 — 22)(t3 — 23),
where
_ 6(5—12552 493054 —20905° —19755% 4+183510) 5
a = 5(14352)5 ’
_ _ 6(3—75574430s*+10245°—87055—5120s7 —545s8 +33510)2
2= 5(14352)5 ’
_ 6(3—755>+430s*—10245° —8705°+512057 54558 +33510)
3= 5(14352)5 :

By direct computation, the (3, 2)-entry of the matrix det(7)T ! is
Q32 = 3t? — 20tt3 — 3t%z3 —612°.
Regard ¢3; = 0 as an equation of #3 and 3 = w3, is its solution. Then

36 — 223 —2012%) 18(1 — 1552 + 755* 4 35%)(1 — 752 4 59s* + 1159)2°
w3y = = — .
32 201, 5(1 + 3s2)6

We define 7, w by

23— 21 (=1 450 +35)3 (=1 + 45+ 5%)

w—2 (14951 +35)3(—1 —4s + 52)’

o WRTU (=1 4+ $)*(1 + 35)?
22— 21 (14 5)(=1 4+ 3s) (=1 — 4s + s2)(1 + 352)
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Then w is an algebraic solution to Painlevé VI of the variable ¢ equivalent to the
great dodecahedron solution in [4].

To compare with the case (H3), we rewrite the system (10) by using the variable
(z.1,13). Using the relation (9), we define Cyy = Cl,,=—;,,—p¢, Ty = T|py=—y -
Then

3 b =22) (1 + %) —g,2(2813 4 3512 + 162°)
Cu = | —2(t1 +2°) ,(1053 — 51,2 — 82°) =22+ )
h —Z(ll + Z3) 13
5t (1 —22) (1 +2°) — ,2(288 + 3502° + 162°)
Ty = é —4z(t + 2%) ;(10t3 — 517 — 82°) (h —22)(t + )
3t —4z(t1 + ) 5t3

As a consequence, we obtain a system of differential equations

0.Y = —T;;'(0.Cy)BYY.

Z
3, ¥ = —T;; (3, Cu)BRY, (12)
at3Y = _Tlal (3t3 CM)B(O:;)Y

on the (z, 1, t3)-space.

Remark 7.3 The singularities of the system (12) is contained in the free divisor
defined by det(7) = 0, where det(7T) is given by (11). It is underlined here
that det(T) is regarded as the discriminant of the reflection group of type Hj [cf.
Remark 7.2].

Remark 7.4 B. Dubrovin informed the authors that his student Alejo Keuroghlanian
computed the algebraic Frobenius manifold for the case of the great icosahedron in
his master thesis “Varieta di Frobenius algebriche di dimensione 3” (2008).

The Case Corresponding to Great Dodecahedron Solution (H3)"”
in [4]

In this case, we start with introducing an algebraic function z of #;, #, defined by
—fi+n+22=0. (13)

The weights of the variables #1, f», #3 and the algebraic function z are given by

W(l‘l) = ;, W(l‘z) = i, W(l‘3) = 1, W(Z) = ;
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Let

4063

fH+ 1o
1701t

6
t — .
9 1< 352

9 5, T3, 1

1 1
Btz +1,83) + 7+
2

135'1% 7 27

be an algebraic function of 1, 15, t3. In this case, the matrix C of (1) is given by

13 Cip C13
C=116CnCxy]|,
Hh th 13

where

Cia = Co3 = (11 +2)(918 — 913z + 105122 — 332%),
Ci3 = .05 (82817 — 4410672 — 162037> + 585112 — 3247°),
Cy = ,,(—1468 + 2713 + 1981122 — 1082°).

Then by direct computation, we conclude that B, = 9;, C, B, = 9;,C, By = 0,C =
I are commutative and therefore F is a potential.

Since T = ;tlél + gtzéz + 13B3, it follows that

3t 4C1p 5C3
T = 3 2t) 3Cy 4Cy3
nh 2t 38

Putting B}, = diag [—r — ;. —r, —r + }], we define 3 x 3 matrices
B?P) = —17'BPBY (p=1,2,3)
and a system of differential equations
3,Y=B"Y (p=1.273). (14)

Then the singularities of this system are contained in the hypersurface defined by
det(7) = 0. In this case

det(T) = 8 + K113 + Kotz + K3, (15)
where

K,

— 5 (736 — 991,22 4 542%),

K> = — 3, (115576 — 7182¢{z% 4+ 972623 — 1107£3z* — 29161,2° + 11882°),

Koo 8 9026291] — 14733811]z* + 53562615z° + 6930631,z*
3719683 \ 126361475 — 1691558328 — 393661227 4 12636128 — 58327° )
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We introduce u by the relation
2= 5(8 — 11s + 85%). (16)

(—1—125+1252—4s5%)z

S(—14.25)2 , we find that

Then substituting #; =

det(T) = (5 — 21) (13 — 22) (13 — 23),
where

32 724 — 63365 + 1670452 — 272765 + 17514s* + 10026s°
_ —214895° + 1299657 — 39245 + 436s°
a = 3375(—1425)6 )

3 76 — 864s + 3096s> — 5424s> + 1161s* + 8649s° — 112115°
1680457 — 327658 + 3645° + 675(—1 + s)su
2 == 3375(— 1+2v)6 )
. (76—864€+3096v — 542453 + 1161s* + 8649s° — 112115° )
1680457 — 32765 + 3645° — 675(—1 + s)su®
B3 == 3375(—1425)6

By direct computation, the (3, 2)-entry of the matrix det(7)T ™! is
2 5 3 2 4 2
o= ¢ (1441 + 10411, — 661185 — 271215 + 14417z — 1441112).

Regard ¢3; = 0 as an equation of #3 and 3 = w3, is its solution. Then

2(728 + 52631, — 330153 + T2}z — 726312)

S 271
We define ¢, w by

71— 22 W3 — 22
= , W= .
3—22 73— 22

Then
" + (145)(32—3205+111252—242053 +3167s* —24205° +11125°—320s7 +32s%)
- 54(—1+S‘)YIA ’ (17)
W= 1 _ (8—285+7552+3153—2695* +31855—166s +56v7)
— 2 18(—1+4s)s(3—ds+4s2+253)u

The transformation (s, u) — (1/s1, —u1/s?) leaves Eq. (16) invariant and write 7, w
by s1, u;, we find that 7, w defined in (17) coincide with ¢,y of Theorem C in [1]. As
a consequence, (f, w) is equivalent to the great dodecahedron solution of [4].

Remark 7.5 Historically, the great dodecahedron solution given in [4] was defined
by a solution curve F(¢,y) = 0 which took about ten pages to write down. Later
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Boalch [1] obtained the solution (¢, w) given in (17) which is equivalent to the one
by Dubrovin-Mazzocco and is quite simple. Our interest is to construct a system of
linear differential equations of three variables related with an algebraic solution to
Painlevé VI. Starting from the solution given in Theorem C in [1], we accomplished
this purpose and finally reached at the position of finding the algebraic potential
given at the first place of this subsection.

Remarks on Fundamental Groups

In this section, we constructed three holonomic systems of (linear) differential
equations (7), (10), (14) on C* which correspond to icosahedron solution, great
icosahedron solution and great dodecahedron solution, respectively. In particular
we rewrite (10) to (12).

We now discuss a relationship between the monodromy groups of the systems
(7), (12), (14) and the reflection group W(H3).

It is known that W(H3) is generated by three reflections on R>. One choice of
generating reflections is

—-100 a 1 —a 100
Ri=] 010],R = 1l a —-al,Rz=]010 |,
001 —a —a 1 00 -1
where a = 1+;/5 ,a= 1_2“/ > Ttis easy to show that

R =5(j=123). (RR)’ =L (RyR3)’ = I, (RiR3)* = .

Then G4 = (R, Rz, R3) is a realization of W(H3) as a subgroup of O(3). To
show a relationship between G4 and the realization of W(H3) as the quotient
group of a binary icosahedral group defined by F. Klein [8], we introduce a matrix
¢-1¢ 0 - =D 3
M=| ¢+¢* V2 —¢—¢* |anddefineR; = M~'RM(j=1,2,3)
R 2 (S
where { = ¢2Y=17/5_ Then the group Gx = (R, R, R3) is a realization as the
quotient group of the binary icosahedral group introduced by F. Klein [8, p. 41] (see
also [5, p. 197]). It is underlined here that G has an action ¢ — ¢2.

We return to the systems (7), (12). Each of the systems has a parameter r. The
monodromy groups of (7), (12) depend on the parameter r. Consider the case r =
1/2.In this case, it can be shown that monodromy groups of the systems (7), (12) are
finite. In particular, the monodromy group of (7) is isomorphic to the group Gg and
the monodromy group of (12) is realized by changing Rj to the matrix RJ’ = Rj| t—o
(j=1,2,3).
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The treatment of the remaining case (14) is different from (7), (12). We first note
the relationship between the algebraic solution given in (17) and the solution 27 in
[1]. Since the solution 27 case was discussed in [6, Sect. 8.1] in detail, we start with
reviewing the argument there. In the solution 27 case, the weights of flat coordinates
(11, 1, t3) are given by

W) = i) = 3wl = 1

15°
and a potential vector field is defined by (g1, g2, g3), Where
g1 = — 5 11(311°n + 118 — 3313),

82 = 5o(=56" + 11415 + 1915 + T6113),
83 = 470 (100" + 17404°3 — 52206%1} + 11615 + 43583).

From g1, g2, g3, we can introduce the matrices C, T. In this case we write Csy7, Ts7,
respectively. Then det(7y»7) = 0 defines a free divisor in C?3 related with the solution
27. For our purpose, we change t; = 511/10, 1, = &, 13 = & and write det(Ty,7) by
& = (&1, &, &) which we denote by Fy7(§). The result is

Fir(§) = 1. (300&1E, + 5608783 + 83288785 — 4560%,E] — 2083
+758E3 + 1395676363 — 445561£56; + 10585 (18)
—27051525_% — 9053532 — 1355;’).

We note here that the polynomial F»7(§) coincides with Fj ¢ introduced in [15] by
a certain coordinate change and that the fundamental group 7;(C? — {Fps = 0})
is computed by Saito and Ishibe [13]. In fact, 7;(C® — {Fp¢ = 0}) is generated by
three generators a, b, ¢ with the relations

aba = bab, aca = bac, acaca = cacac.

On the other hand, by the substitution

52 = —2.312/3 (Stl — 32),
£ = ) (=198 + 91 — 1582 + 271,22 — 92)

the polynomial det(7’) in (15) coincides with Fy7(£). This suggests that there is a
relationship between 7 (C? —{Fp ¢ = 0}) and 7r; (C* —{det(T) = 0}). We now treat
the system (14). It is a conjecture that in the case r = 1/2, the monodromy group
of this system is finite and is isomorphic to W(H3). This implies, in particular, that
there is a group homomorphism of 71 (C* —{det(T) = 0}) to W(H3), which matches
the argument in [2, Sect. 6.1].
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Remark 7.6 The system (7) is obtained in [5]. But it is not expressed in a flat
coordinate system.

After the work was done, one of the authors of this chapter (Mitsuo Kato) proved

the

conjecture in page 397 affirmatively.
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Relation of Semi-Classical Orthogonal
Polynomials to General Schlesinger Systems via
Twistor Theory

Hironobu Kimura

Abstract We study the relation between semi-classical orthogonal polynomials and
nonlinear differential equations coming from the isomonodromic deformation of
linear system of differential equations on P'. There are many works establishing this
kind of relations between the Painlevé equations and semi-orthogonal polynomials
with the weight functions taking from the integrands for hypergeometric, Kummer,
Bessel, Hermite, Airy integrals. Some extension of these results is obtained for
the semi-classical orthogonal polynomials with the weight functions coming from
the general hypergeometric integrals on the Grassmannian G, y. To establish the
desired relations, we make use of the Atiyah-Ward Ansatz construction of particular
solutions for the 2 x 2 Schlesinger system and its degenerated ones.

Keywords Isomonodromic deformation ¢ Semi-classical orthogonal polynomial *
Twistor theory

Mathematics Subject Classification (2000). Primary 34M56; Secondary 33C45

1 Introduction

In this note we discuss a relation of semi-classical orthogonal polynomials to the
nonlinear systems of partial differential equations obtained from the theory of
isomonodromic deformation of linear differential equations on the projective line
P!

First we explain our motivation. Let w(#) be a positive weight function on some
subset / C Randlet (f,g) = [, f(1)g(t)w(t)dt be the inner product for polynomials
with respect to the measure w(f)dr. By the process of orthogonalization we have
a series of monic orthogonal polynomials p,(7) of degree n € Zs(. One of the
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important features of orthogonal polynomials is the three-term recurrence relations

(1) = Put1(t) + cupn(t) + Bupu—1(1).

It is important to know the coefficients «,, B,. These quantities can be expressed

using the determinants
) n—1
D, = det ( / t’+kw(t)dt)
1 k=0

of the Hankel matrix whose (i,j) entry is the i 4+ j th moment of w(z). It is known
that §, can be expressed as

Dy—1Dyt1
Bn = D%
and o, is also computable in terms of {D, }. For the classical orthogonal polynomi-
als, namely, Jacobi, Laguerre and Hermite polynomials, we take w() = 1#(1—¢)fon
[0, 1], #“¢™"on [0, 00) and e on (—o0, 00) as the weight function, respectively. Evi-
dently, we impose the condition &, § > —1 so that the inner product can be defined
for polynomials. In these cases, D,, are constants depending on the parameters o, §
contained in the weight function. It should be noted here that, these weight functions
are integrands of Beta, Gamma and Gaussian integrals, respectively:

1 00 00
Bla+1,8+1)= / “(1—nfdr, Ta+1) = / e ldt, Jm = / e"dt.
0 0 —00
Several semi-classical orthogonal polynomials are defined using the weight
functions w(t, x) depending on a parameter x. In these cases the Hankel determinants
D,, depend on x, so we denote them as D,(x). A numerous works are devoted to
clarify how D, (x) are related to the Painlevé equations P2,... ,P6. For example, Dai
and Zhang [3] considered the semi-classical orthogonal polynomials attached to the
weight function w(z, x) = *(1 — )# (t — x)? and showed that the function

d
H,(x) := x(x — l)d log D, (x) + dix + d»
X

with

2
dlz—n(n+a+,3+)/)—(a—2'3) ;

1
dy=—, DRnnt+oa+p+y)+platph)—ye-p)I

satisfies the Okamoto’s o-form equation for the sixth Painlevé equation P6. This
result indicates that D, (x) is the t-function for some particular solution of P6.
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Similar connection of semi-classical orthogonal polynomials of other type to the
Painlevé equations was also discussed [1, 2, 4, 9]. The form of weight functions and
the related Painlevé equations are listed in the following table.

w(t, x) Painlevé Special function
(1 —=nf@r—x)7 P6 Gauss

(1 —pbe/t P5 Kummer

1+ 041 —r)fe ” ”

|t — x|%e™" P4 Hermite-Weber
*© e—[z ~+xt ”» ”»

|t2a+1 |e—t4 +-x? » -

e/ P3 Bessel

el /3 P2 Airy

In the third column of the above table, we listed the name of special functions,
where the weight function, or rather the measure w(t,x)dt, is essentially the
integrand of the integral representation of the corresponding special function.

It is natural to ask if it is possible to extend the above story by taking an appropri-
ate class of weight functions and a class of nonlinear differential equations. Here we
take, as a weight function w, the integrand of integral representation of the general
hypergeometric function (GHGF) on the Grassmannian manifold G, y consisting of
2-dimensional subspaces in CV, see [6]. As is explained in Sect. 2, GHGF is defined
as a Radon transform of a character of the universal covering group of a maximal
abelian subgroup H), C GLy(C) indexed by a partition A of N. We observe that
the Beta, Gamma and Gaussian integral are regarded as GHGF on G, 3 for the
partitions A = (1,1,1),(2,1), (3), respectively, and the special functions listed
above, namely, Gauss, Kummer, Bessel, Hermite-Weber and Airy are GHGF on
G, 4 for the partitions A = (1, 1,1,1),(2,1,1),(2,2),(3,1) and (4), respectively.

The nonlinear differential equations which we consider are those obtained from
the isomonodromic deformation of systems of linear differential equations on P!
with regular and irregular singular points for 2 x 2 unknowns, so the nonlinear
equations are equivalent to the Garnier system [5] and the systems of its confluent
type. We call these systems as general Schlesinger system (GSS). The twistor
theoretic approach is used to describe the isomonodromic deformation, where the
deformation parameters live in the subspace Zjof Mat, 5 (C) whose quotient space
GL,(C) \ Z, is a Zariski open subset of G, y, and the infinitesimal action of the
group H) on Z, plays an important role.

A connection of the Hankel determinants to GSS is a consequence of the result
due entirely to Shah and Woodhouse [10] on the construction of particular solutions,
so called Ward ansatz solutions, for GSS.

This note is of expository nature and serves as a remark on the recognition of a
possible extension of the connection between the theory of semi-classical orthogo-
nal polynomials and nonlinear systems coming from isomonodromic deformation.
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This note is organized as follows. In Sect. 2, we recall the definition of general
hypergeometric functions (GHGF) on the Grassmannian manifold G, y. Then we
review the twistor theoretic treatment of isomonodromic deformation in Sect.3
following [10] and [8]. In Sect.4, we explain the construction of Ward ansatz
solution of the generalized anti-self-dual Yang-Mills equation (GYM) and of
the related GSS in terms of general hypergeometric functions, which say that
the determinant of the Hankel matrix, whose entries are moments of integrand
of general hypergeometric integral on the Grassmannian, describes a particular
solution of GSS. This establishes an extension of the results on the relation of semi-
classical orthogonal polynomial theory to Painlevé equations.

2 Hypergeometric Function on G; v

Maximal Abelian Subgroup

We shall recall the definition of general hypergeometric functions (GHGF). Let N
be a positive integer and A = (ny, ..., ng) be a partition of N. For A, we associate a
maximal abelian subgroup of complex general linear group GLy(C) defined by

Hy :=J(n) x - x J(ng),

where J(n) C GL,(C) is the abelian subgroup obtained as a centralizer of the shift
matrix A = (8i+1,)o<ij<n and is called the Jordan group of size n. Explicitly we
have

J(n) = {h = hol + A +---+ h,_ A"~ | by # 0} C GL,(C),

from which we can know the isomorphism J(n) ~ C[X]/(X") as multiplicative
groups, where C[X] is the ring of polynomials in X and (X") is the ideal generated
by X". The Lie algebras for H) and J(n) will be denoted by b, and j(n), respectively.

Character

Let H), be the universal covering group of H) and consider a character of H), namely
a group homomorphism y : H, — C*. Explicit description is as follows. Let
0,,(x) (m > 0) be the functions of x = (xg, x1, ... ) defined by

D 0T =logxo + 1T + 17 +--). (1)
0<m<oo
o0 —
—1)m 1 m
zlogxo—i-z( ) (xlT+x2T2+...) , 2)
m X0 X0

m=1
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Then we see that 6y(x) = logxo and

01 (x) =
X0

X2 1 (x 1 2
bo(x) = = — ( )
X0 2 X0

X X1 X 1)
%) = X (Xo) (Xo) i (Xo)

Since the correspondence J(n) — j(n), given by i > (6o(h), 61(h), ..., 6,_1(h)),
defines the identification of J(n) with its Lie algebra j(n), exponentiating a character
of j(n) and using this correspondence, we have a character y, : J(n) — C* as
Xn(h; o) = exp (Yoo, @ibi(h)) with a weight o = (g, vy, ..., 0t,—1) € C". Since
H; is a direct product of J(n), the characters y of H; are given by

Aoy = T n@®.a®)y= T exp| > oP6:0®)

1<k<t 1<k<t 0<i<ny

for h = (h(l) Lh®y e Hy, h® e J(ny). Here @ = (V,...,a®) e CV,
a® =@, ... (k) ' ) € C" is a weight.

General Hypergeometric Function

The general hypergeometric function (GHGF) is defined as a Radon transform of the
characters y of H, as follows. Let Z, be the open subset of Mat, y(C) consisting of

matrices z = (z(,...,z9),z0 = (zék) Y ) € Mat; ,, (C) satisfying

nkl

det(z0.2¥) £ 0, (f e > 2)
det(zg”,20)) # 0, (k # ).

Definition 2.1 Assume that the weight of a character y of H; satisfies the condition

3 o = 3)

1<k<t
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Then the general hypergeometric function of type A is defined by

Fea) = [ xEad ez )
c
where 7 = (1,1), iz = (fzf)l),...,fzilll)_l,...,fsz),...,fzx)_l) and C is a one

dimensional cycle in C of the homology group defined by the integrand. We do
not enter in detailed explanation for the homology group.

On the space Z,, the groups GL,(C) and H) act from left and right, respectively, by
the matrix multiplication GL,(C) x Zy x Hy > (g, z, h) — gzh € Z,. Then we know
the following results.

Proposition 2.2 F(z, @) satisfies

F(gz,) = (detg) 'F(z.) (g € GLy(0)),
F(zh,a) = y(h,a)F(z,a) (he I:IA) (5)
(00i01; — 91,00 F(z, ) = 0 (Vi,)) (6)

Roughly speaking, the last equation (6) comes from the fact that GHGF is defined
as a Radon transform of a function on H}.

Relation to the Classical Special Functions

We explain how the integral representation for the classical special functions is
obtained as GHGF on the Grassmannian manifold G, 4. We list up the following
data:

1. the character of H 1

2. GHGEF of type A,

3. asubspace X of Z, which is a realization of GL,(C)\Z, /H,,
4. restriction of GHGF to X; with a normalization of parameters.

Gauss HGF(A = (1,1,1,1))

L. y(h) = h{"---hy* withoy + o2 + a3 + g = =2,
2. F(z,a) = [ (zo1 + zuit)™ -+ (204 + z1a0)*dt,
10 1 —x
3. X == = Os 1 )
(1.1.1,1) {X (01_1 1 )|X7‘é }
4. F(x.0) = [2(1 — % (1 — x)%dk.
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Kummer’s Confluent HGF(A = (2,1, 1))

1. x(h) = h}" exp(aZZf)hg“‘hf(“ withoy + a3 + oy = =2, ap = —1
2. Fz.@) = [c(zor + znt)™ exp (Ol2 ZOZ+Z12[) [ i34 (z0i + zit)*dt,

zo01t+z11t

100 1
X = (x=
3. Xean {X (Oxl_l) IX#O},
4 F(x,) = [.e™ (1 — 1)*dt.

Hermite-Weber(A = (3,1))

L x(h) = hexp (az’,g +as(p} — ;(’,g)z)) Bt with o + oy = =2, o =
O, o3 = 1,
2. Fz.a) = [e(zo1 + z11t)™" exp (ig:::; - ;(;gf:f;)z) (204 + z141)*dlt,

1000
3.X(3’1)—{X—(01x1)|XE(C},

4. F(x,0) = [.exp(xt — J )t dL.

Bessel(A = (2,2))

1. x(h) = h}' exp (aZZf) 3 exp(omﬁ;‘) withoy +a3=-2, an =1, a3 =1,

— 4 z02+z12t « 204 +z141
2 F(L Ol) - fC(ZOI + let) exp (101+111t) (Z03 + Zl3t) texp (103+113t) ar,

100 —x
Xoo =lx=
3. X2 {X (0110)|x7é0}’

4. F(x,0) = [.exp(t — T)r*dt.

Airy(A = (4))

3
ot = e (onfs + sl = 2 +ancl = (2) () + 1 (2)))
WithO{l = —2, o) =3 = ()’ oy = 1,

2. F(z,a) = fC(ZOI + z111)™ exp (ZO4+114t _ otzif ztast é(102+112t)3) dt,

z01+2z11t z01+znt  zo1+zit 201 +2z11t

1000
3.X(4)—{X—(010x)|x6(:},

4. F(x,0) = [.exp(xt + }1)dL.
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3 General Schlesinger System and the Result

Schlesinger System

Consider a family of linear differential equations on P!

ZA(X) v, A0 € sh(©) ™

é_xj

where A;(x) depends holomorphically on x in some open subset of (P1)¥~!. Assume
that Ay := — ijv=—11 Aj(x) = diag(a, —a).
Definition 3.1 The Eq. (7) gives an isomonodromic family if there exists a funda-

mental system of solutions Y (¢, x) such that the associated monodromy representa-
tion is invariant under the variation of x;s.

Assume here that, for each j, 2 eigenvalues of A; do not differ by an integer. Then
we know the following result.

Proposition 3.2 The family of Egs.(7) gives an isomonodromic family with
a fundamental system of solutions Y({,x) which has the form Y({,x) =
(ano:() Y {7 diag(¢, ¢7%) at L = oo with Yo = L, if and only if (7) together
with

dy Aj(x)

S (I<j<N)

form an integrable system. This condition can be written as the Schlesinger system:

dA; = Z[Ai,Aj]dlog(xi — X)) (I <j<N). ®)
i(#))

General Schlesinger System

For a given partition A = (nj,...,ng) of N, let us consider the system of linear
differential equations of the form

L m—1

ZZA<k>()d9(§Z )) y )

k=1 j=0
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where 6; are those defined in (1), z = (z(l), ... ,z“)) varies in some open subset
U C Z), and A(k)(z) € sh(C) depends holomorphically on z € U and satisfy
Zk OA(k) (z) = 0. The equation has the singular points {xi,...,x;}, where x; =

Z?Q) (1 <k <¥).Since 4 @Z " hasa pole of order ny, the Eq. (9) has in general an
210
irregular singular point at x; when ny > 2. Roughly speaking, the family (9) gives

an isomonodromic family if there is a fundamental system of solutions such that
the associated monodromy representation is independent of z and the connection
matrices among canonical solutions at irregular singular points(including Stokes
matrices) are also independent of z. We refer Sect.4 of [10] for the detailed
explanation for it. The nonlinear system for A](-k) (z) governing the isomonodromic
deformation is called the general Schlesinger system (GSS). We remark that when
the partition of Nis A = (1, ..., 1), the GSS coincides with the Schlesinger system.
Note also that the Schlesinger system is known to be completely integrable, but the
integrability of GSS is checked in a particular case [7].

Result

Here we present a particular solution of GSS given in terms of the Hankel
determinants of moments associated with the general hypergeometric function of
type A.

As above, take a partition A = (ny,...,n) of N, a character y(h, o) of I:IA. For
any fixed ng € Z, consider moments of y(iz, &):

6u(2) = / P (7, ), (10)
C

where C is a cycle and the Hankel determinant t2(z) = det(itj-4p—m+1(2))"_! =00
where m is a size of matrix and p denotes the index of moment which is arrayed in
the main anti-diagonal entries. For example when p = 0,

¢1—m ¢2—m ... ¢O
hr—m ®o
@)= o E
¢0 ¢m—2
¢0 ce. ¢m—2 ¢m—l

where ¢ is arrayed along the main anti-diagonal line.
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Put
D" (T
— m m 11
fO(Z) f,?, fy?,_l TyZI (11

We know that fy(z) belongs to SL,(C) by virtue of Sylvester’s formula of determi-
nants.

Theorem 3.3 For any positive integer m, we have an isomonodromic family (9) of
the form

*) 1 “;k) w o .
A; (@) Tl W + E :Zli *) “fo (I1<k=<l0=<j<m)
¢ o<i 9214y

and hence a particular solution to GSS expressed in terms of Hankel determinants
associated with GHGF of type A.

This theorem is just a rephrase of the result due to Shah and Woodhouse [10].
It relies on the description of isomonodromic deformation via twistor theory and
on the construction of particular solution of generalized anti-self-dual Yang-Mills
equation on G,y using Ward ansatz. It is not yet known that ¥ is so called the 7-
function for the isomonodromy problem. In the following sections, we explain how
the above solution can be obtained.

4 Twistor Theory and Isomonodromic Deformation

In this section, we explain how the Schlesinger system and its confluent type systems
can be obtained from the twistor theoretic point of view following [8, 10].

Generalized Yang-Mills Equation

Let Z = {z € Mat, 5(C) | rkz = 2} with the coordinates z = (z;j)o<i<1.1<j<N-
Let U C Z be an open set and consider a holomorphic connection D on the trivial
bundle U x C? with connection matrices in si»(C). Then D can be written as

D=d-+ Z D;i(z)dz;; = ZDijdzij,
ij ij

where

a“ +®;(2),  Dy(2) € shr(C),

D; =
y BZU
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Definition 4.1 A holomorphic connection D is called the generalized (anti-self-
dual) Yang-Mills (GYM) connection, if we have

[(Doj — Dij, EDo — D] =0 (j # k, § € C). (12)
Equivalently, we have the nonlinear equations for ®;(z):
[Doj, Dot] = 0,  [Dyj, D] =0,  [Doj, Dii] + [Dyj, Do] = 0, (13)

1 <j,k < N, which we call the generalized Yang-Mills equation.

Ward-Penrose Transform

The important feature in treating GYM equation is to encode its solutions in terms of
some class of vector bundles on the twistor space PV ~!. Consider a double fibration

PC

i O\ M
PN-! Z

where PC := {([to.11].2) € P! x Z | (to.t1) # (0,0)} with the homogeneous
coordinates (fy, t;) of P! and the maps m; and 7, are defined by

> - Z
mi([to. 1], 2) = [to20 + hz], 2= (z'?)
1
o ([to, t1],2) = z.

IPC is called the correspondence space and PV ™! the twistor space. The above double
fibration gives the correspondence from Z to the twistor space P¥~! by

Z3zm2i=m(m; ' (2) = {0 + 1] | (to.n) # (0,0)} C PV

Here 7 is a projective line in PN ~! joining two points [Zy], [Z1] and is called the twistor
line determined by z. On the other hand, it gives a correspondence from PV~! to Z
by

P sp=rpi=m () ={z€Z|W A2 Ax =0},

where p is a plane in Z of dim = N — 1 called the twistor surface.
It is known that a connection D on U x C? is GYM if and only if D| 5 s integrable

forVp e U = m (' (U)) Cc PV7L
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The Ward-Penrose transform is the correspondence between the following two
sets

holomorphic SL;(C)-vector bundles solutions D of
E — U, trivial on twistor lines g(g € U) GYMon U

We call an element of the left-hand side a twistor bundle. We shall explain the Ward-
Penrose transform from a twistor bundle to a solution of GYM. R

LetE— Ubea SL;(C)-twistor bundle, and 7;"E be the lift of E to nl_l ) =
P' x U. If F € SL,(C) is a patching function for E, then that for 7['E is F* =
F(Z + £Z1), where ¢ = 1, /1y is the affine coordinates of P'. Let {V, V} be an open
covering of 717" (U) defined by

V=A{ll|<rtxU, V={|>FxU, F<r

We may assume that F* is defined on the intersection V N V. Since E is trivial on
twistor lines, there is a Birkhoff decomposition F* = f~! . f , where f, f € SL,(C)
are holomorphic respectively on V and V such that f(co,z) = Is. Combining this
with the fact that F* is a lift of F, we have ({dg; — 91j)F* = (£doj— 1) (F~ ) =0
for any j. It implies

Cogf -f ' —0uf-f ' =Cogf - f T —auff (14)

The left-hand side and the right-hand side are defined on V and V, respectively. By
Liouville Theorem, both sides define a polynomial function in ¢ with a simple pole
at ¢ = co. From f(00,z) = 15, we see that { = oo is not a pole of both sides, and
hence (14) defines a sl,(C) valued function depending only on z, which we denote
as ®;(z) € sl»(C). Then we have

[£(B0; + 0) — By + Py =0, [£(3g; + 0) — 3y + Py())]f = 0.
This implies that the connection V. = d + Zj ®;(z)dzy; is a solution to GYM
equation.

Note that, if f = fy(z) + fi(z)¢ + - -+ , then ®y; can be determined only from fy;

D) =—dyfo-fy ' (1<j=<N). (15)

Isomonodromic Deformation

First we introduce some notation. Let x = (xi,...,xy) be the homogeneous
coordinates of PY~!. We denote by [x] (or sometimes by x) a point of PV~!. For
£ € b, define a vector field X; on PV~! and Y; on PC by

d d
Xeg = dsg([xexpsé])|s=o, Yeh = dsh(([lo,l1],zexpS$))|s=o-
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Sometimes we use also the notation x = (x(V, ..., x0), x® = (xék) . ,xg;)_ )€

C" for the homogeneous coordinates of PV~

Definition 4.2 SL,(C)-twistor bundle £ — U is said to be symmetric with respect
to Hy, if the infinitesimal action of Hy, on U C PV~! can be lifted to E, in other
terms, if there is a Lie derivation £; for any £ € h;, which acts on local sections of
E, such that § — L is a Lie algebra homomorphism.

Note that the Lie derivation L¢ can be written locally as £ = Xg¢ + Bg(x) with
Bg(x) € sh(C). Since X; spans a tangent space 7,[PV~'at any points x such that
xék) # 0 for any k, symmetry of the twistor bundle implies the integrable connection
V on U whose connection form can be written locally as

£ np—1

> BPw)ag,(V), (16)

k=1 j=0

B € si(C)is B for§ = EY == 0@ @ (AVY @ - @ 0) € by, where
AW = (8i11,) € j(ny) is the shift matrix of size ny.

We want to get an isomonodromic family of linear differential equations on P!
by restricting the connection V on twistor lines, or V* on the lines P! x {z} C PC. To
get a such family, we trivialize the twistor bundle, which is symmetric with respect
to Hj, on twistor lines. Let V* be the lift of V to the pullback bundle 7E —
;! (U) C IPC whose connection form on V, V are of the forms

L m—1 L m—1
o= Y B do:®), =Y BY(.2d6E")
k=1 j=0 k=1 j=0

and let F* be the patching function for the bundle 7"E on V N V. Then it is known
that the symmetry is assured if F* satisfies the condition

YiF* = F*B; — B:F* (V£ € by), (17

where Bt and B} are holomorphic on V and 1% respectively which comes from the
local form of L¢ on V and V. Since 7} E is trivial on P! x {z} for any z € U, we can
find f,f € SL,(C), holomorphic respectively on V and V, such that F* = f~'f with
f (00,7) = 1,. Then the integrable connection V* on the product bundle:

V*=d+ Q:=d+fof ' —df -f' =d+fof ' —df -f! (18)

gives an isomonodromic deformation and the integrability condition (V*)? = 0 is
a nonlinear system of differential equations. This nonlinear equation is the general
Schlesinger system(GSS) of type A. We want to express 2 more explicitly. Put

O¢(2) 1= fBef ' — Yef -f ' = fBef 7' — Yef - f~'. Then we can show the following.
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Proposition 4.3 The connection form S for the connection V* is given by

L m—1

Q=->3 AP)a6t®) + @, (19)

k=1 j=0

where A(k) (z) ' =0 £ (z) — iy o D, iy o being the interior product with respect to

the vector field Y £ and ® = Z q)l/(z)dzlj is a solution of GYM given by (15)
corresponding to the twistor bundle E.

The integrability of the connection V* = d + Q describes the isomonodromic
deformation of the linear differential equation (9).

5 Ward Ansatz Solution of GYM

We explain the construction of particular solutions of GSS of type A following the
description of [10], which gives Theorem 3.3.

Ward Ansatz Solution

Let U C Z be an open set as in the previous section, and put U=m (m;1(U)). We
set the following Ansatz:

(i) SL,(C)-twistor bundle E on U corresponds to a solution of GYM equation,
(ii) the patching function F* of 7{E has the form

F* = (ém ¢§(§’m Z)) onvnv. (20)

Let ¢(£,2) = Y oo $u(z)¢" be the Laurent expansion with respect to ¢. Then
we follow the process of Ward-Penrose transform explained above. We can construct
the Birkhoff decomposition

Fr=fs @

uniquely under the condition f (00,z) = 1, using linear algebra. Especially the
constant term fp in the Taylor expansion of f at { = 0 can be given by (11). Hence
if we can find the twistor bundle E such that the lifted patching function F* satisfies
the ansatz (i), (ii) and the condition (17) of symmetry with respect to H,, we can get
a particular solution of GSS by the process of previous section.
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First we consider the condition for ¢ (¢, z) so that F* has the form (20). Since F*
is a lift of a transition F of E, we have ({dg; — 01;)F* = 0, equivalently, ({dg; —
d1j)¢ = 0 for any j. Substituting the Laurent expansion of ¢ (, z) with respect to £,
we get

dojpn = 01jpp—1 (1 <j<N.,n€Z). (22)
Notice that (22) implies
(00;01x — 00k 01j)pn =0 (j # k,n € Z), (23)

which are just the Egs. (6) used in characterizing the image of Radon transform.

Particular Solutions for GSS

In the construction of Ward ansatz solution described in the previous subsection,
let us determine ¢,(z) so that the resulting twistor bundle becomes symmetric with
respect to H) and as a result, it gives a particular solution to GSS of type A.

Let y : H; — C* be a character with a weight o € CV. Take a fixed ny € Z and
define

n(2) =/t”+”°)((fz, o)dt, (24)
c

where C is a cycle of the homology group associated with y(#z, «). This choice of
C assure the exchange of differentiation with respect to z and integration. We can
check easily that ¢, (z) satisfies contiguous relation (22) and ¢,,(zh) = ¢, (2) x (h, @).
The last identity implies

i) = ) = S8R <)

Jk

where (£, a) = Zj,k Sj(k) oz;k) . It follows that F*, given by (20) and (24), satisfies the
condition (17) for the symmetry of the twistor bundle with

B = B = (@’“) e a>). @)

Finally, putting in O¢(z) the expression (25) for BE (z) and @ = — > 3y - fy ! with
Jfo given by (11) with (24), Proposition 4.3 produces a particular solution of GSS in
terms of GHGF given in Theorem 3.3.
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Some Notes on the Multi-Level Gevrey Solutions
of Singularly Perturbed Linear Partial
Differential Equations

Alberto Lastra and Stéphane Malek

Abstract This paper is a slightly modified, abridged version of the work (Lastra
and Malek, Adv Differ Equ 21:767-800, 2016). It deals with some questions made
to the authors during the conference Analytic, Algebraic and Geometric Aspects
of Differential Equations, held in Bedlewo (Poland) during the second week of
September, 2015.

We study analytic and formal solutions related to a singularly perturbed partial
differential equation and relate them by means of a multi-level Gevrey order
asymptotic behavior, with respect to the perturbation parameter.

Keywords Borel-Laplace transform ¢ Borel summability * Formal power series ®
Gevrey asymptotic expansion ¢ Linear partial differential equations ¢ Singular
perturbation
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1 Introduction

The main aim of the present work is to give answer to certain questions and fruitful
mathematical discussions held with some participants of the conference Analytic,
Algebraic and Geometric Aspects of Differential Equations (AAGADE), held in
Bedlewo (Poland) during the second week of September, 2015, where we presented
the work [7]. For the sake of completeness and clarity, we provide an sketch of the
results in that work.
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The main purpose in [7] is to study a family of singularly perturbed linear partial
differential equations of the form

(€219 + ar) (" (1) + @) 33X (1,2, €)

= Y b OF@IX) (2. €), (1)
(s,k0,k1)ES
for given initial conditions
(3/X)(1.0,€) = ¢j(t.e), 0=<j=<S—1, 2)

where r; stands for a nonnegative integer (i. e. it belongs to N = {0, 1,...}), and
ry, 81, $7 are positive integers. We also fix a, ay € C*. S consists of a finite subset of
elements (s, kg, K1) € N3. We assume that S > k; for every (s, ko, k1) € S, and also
that by, «, (z. €) belongs to the space of holomorphic functions in a neighborhood
of the origin in C2, denoted by O{z, €}.

The initial data consist of holomorphic functions defined in a product of finite
sectors with vertex at the origin.

The case for complex perturbation parameter € has also been studied when
solving partial differential equations; in particular, when dealing with solutions
belonging to spaces of analytic functions for singularly perturbed partial differential
equations which exhibit several singularities of different nature. On this direction,
one can cite the work by Canalis-Durand, Mozo-Ferndndez and Schifke [2],
Kamimoto [4], the second author [8, 9], and the first and the second author
and Sanz [5]. In this last work, the appearance of both, irregular and fuchsian
singularities in the problem causes that the Gevrey type concerning the asymptotic
representation of the formal solution varies with respect to a problem in which only
one type of such singularities appears.

The asymptotic behavior of the solution in the problem (1), (2) distinguish both
singularly perturbed irregular operators located at the head of the main equation,
in the sense that different Gevrey orders would appear relating asymptotically the
analytic and the formal solution in the perturbation parameter €. The main purpose
of this work is to exhibit this interesting behavior of the asymptotics related. For this
reason, we do not consider an Eq. (1) in which nonlinear terms have been taken into
consideration. In our opinion, the relevant asymptotic phenomenon coming from the
problem would not change, but computations would become tedious and unclear.

We construct actual holomorphic solutions X(#,z,€) of (1), (2) which are
represented by the formal solution

X B
Xz = Y Hy(t.2)y € Blel) 3)

B=0
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where E is an adequate complex Banach space. The solution is holomorphic in a
domain of the form 7 xU x £, where T and & are sectors of finite radius and vertex
at the origin, and { is a neighborhood of the origin. In the asymptotic representation
several Gevrey orders will appear.

In these notes, we also present some improvements with respect to the restrictions
made on the coefficients appearing in the equation, and the geometry in which the
problem rests. Moreover, we provide some details on the appearance of a higher
number of operators appearing at the head of the equation and the asymptotic
dependence on this data.

2 Summary of the Strategy Followed and Main Results

In this section, we present the main results in [7] giving only some detail on the
crucial points for this notes. We refer to [7] for the complete details.

Let S > 1 be an integer. We also consider a nonnegative integer r; and positive
integers ry, 51,52, k. Let r 1= X’;k. We fix a;,a, € C* and a finite subset S of N°.
For every (s, ko, k1) € S, let by, (z, €) be a holomorphic and bounded function in a
product of discs centered at the origin.

The problem (1) is studied for € in each of the elements in a good covering in C*.

Definition 2.1 Let (&;)o<i<v—1 be a finite family of open sectors such that &; has its
vertex at the origin and common finite radius rg, := rg > Oforevery0 <i <v—1.
We say this family conforms a good coveringin C* if NE;41 # Bfor0 <i <v-—1
(weputé&, := &) and Up<i<y—1& = U\ {0} for some neighborhood of the origin I4.

Definition 2.2 Let (&;)p<i<y—1 be a good covering in C*. Forevery 0 <i <v —1,
we assume

gi = {6 eC*: |6| <rg, 91’51. < arg(e) < 92’51.},

forsome rg > 0and 0 < 0, ¢, < 0, ¢, < 27w. We write dg, for the bisecting direction
of &, (Big, + brs)/2. Let T be an open sector with vertex at 0 and finite radius,
say rr > 0. We also fix a family of open sectors

* I 0

Suorerr = 1€ €5l < e Jd— a0 <

with d; € [0,27) for0 <i <v—1,and 6 > 7/k, under the following properties:
1. Assumption (A): one has d; # ”(2i+llzgarg("2), foreveryj=0,... ks, — 1.

2. Assumption (B): one has s1r» — sory > s> > 0 and |d; — dg,j| > 6y, forj =

0,...,ks; — 1, where 8; := “Zﬁ;i” (bre;, — b1¢,), and dg,j = kil (T@2j+1)+

—s O1.e;+02.¢;
arg(al) + Slrzx;zrl ( &, ) g ))
3. forevery0 <i<v-—1,r€T ande € &, one has €'t € Sy, 9.7/
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Under the previous settings, we say the family {(Sy, 6.4, )o<i<v—1. T} is associated
to the good covering (&;)o<i<v—1-

Assumption (A) in the previous definition is concerned with the existence of
d; € [0, 27) such that the argument of every root of the polynomial t > (kt*)*2 +a,
has positive distance to d;, forevery 0 <i <v — 1.

The first part in Assumption (B) is motivated by the next

Assumption (C):

27y
92,5,‘ - 01,5,‘ < )
S1r2 — 8§21

which guarantees the existence of possible choices for directions d; € [0,2m)
compatible with Assumption (B), in the sense that

g o |70+ e + 7 o).
ksy $2
forevery T € Sy 05175 =0,...,ks1 —1,€ € Eand0 <i<v-—1.

The second part in Assumption (B) is related to the existence of d; € [0,2x)
such that the argument of every root of the polynomial 7 + €1~ (kt¥)*' + a; has
positive distance to d;, for every 0 < i < v — 1, independently of € € &;.

We also make the further assumption that for every (s, kg, k1) € S, one has k¢ >
1, S > ki, and there exists an integer 8, > k such that s = ko(k + 1) + &, and

that § > Lb <8K£.x + Ko)J + 1, for some b > 1. Observe that S > k.

This last assumption allows to write the operators 7%97" in such a way that the
initial problem is transformed into an auxiliary equation via a slightly modified
formal Borel transform (see [10] for the source of this idea and [6] for the properties
held by this transformation).

Let (£)o<i<v—1 be a good covering, and let {(S4, 6.4+ )o<i<v—1, T} be a family
associated to that good covering. For every 0 < i < v — 1, we study the Cauchy
problem

(€219 + ar) (" (19" + an)dXit,z,€)

= > by @OF@0X) (12, €). )
(s,k0,k1)ES
for given initial conditions
(01X)(1.0,€) = gij(r.€). 0=<j=<S—1, ©)

where the functions ¢;; are constructed as follows: for every 0 < i < v — 1 and all
0<j=<S-11letW;j(r,e) € O((SqUD) x&;), for some neighborhood of the origin
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D,and Sy, = {t € C* : |d; — arg(r)| < 6/2}. Moreover, we make the assumption
that

T
|Wij(z,€)| < Mo

k
o EXP (G ) s (‘C’ 6) € (SdiUD)Xgia (6)
€’ €’

1+

T
r

for some My, o > 0. Also, we assume W;; = W,y in the domain (Sy, U D) x (&N
&), forall0 <i<v—1andevery0 <j<S—1.Let L, = [0,00)e¥ ™%, For

every0 <i<v-—landall0 <j<S—1, wedefine

kdu
sy
u

¢i.j(t7 €) = k/L Ww‘(u, 6)8_(

for (t,€) € T x &;. ¢ turns out to be a holomorphic function in 7 x &;.

Under these settings, one is able to construct the solution of (4) with initial
conditions (5). We have X;(t,z,¢) € O(T x D' x &), for some neighborhood of
the origin D’ in the form

B
Z
Xi(t,z,e) = ZXi,ﬂ(t, E)IB!, @)
B=0
where
u kd
Xi.ﬂ(t, 6) =k Wi.ﬂ(u, e)e_(s’r) u‘ 8)
Ly; u

The elements (W;g(, €))g>0 are constructed by a recurrence relation provided
that the formal power series W;(z,z,€) = > =0 Wip (t,€) %ﬁ, is a formal solution of

((kT")2 + az) (€51 (kT + a1)dSWi(z, 7, €) 9)

= Z bicgi (2, €)eT5H0) |:

k 7k Segs dh
oy [ s wat oz e )
r(y)

(s,k0.61)ES
n ok . Sg.sHhlo=p) _ P ak1 1/k dh
+ Z Axop 8 s FHk(kko—p) S k - az e al
- r(te)
<p=<ko—1 k

for given initial data

(d!W)(1,0,€) = Wj(r,e), 0<j<S—1. (10)
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Here, A,,, € C. The previous equation is the result of applying formal Borel
transform to both sides in (4), bearing in mind its properties, and taking into account
Assumption (C) in order to rewrite the right-hand side of the main equation. More
precisely, the form of formal Borel transform under use in this work is given by

o0

BX) @ =Y U e R[],
T nz=:1 F (k)‘l,' T T

for any X(T) = > > a,T" € TE[[T]], where E is a complex Banach space. The
concrete properties satisfied by this transformation are the following: let f 1 =
Y =1 /uf" € E[[f], where (E, |-||g) is a Banach algebra. Let k,m > 1 be integers.
One has

BEH9,£(0)(x) = kt*B(f(1)(x),

k x s
BEF® = ) [ 91BN
k

One can observe from Eq. (9) that a small denominator phenomenon appears
when calculating the coefficients W;g(t, €). The domain of definition depends on €
and has to avoid the roots of the two polynomials at the head of the equation. This
implies the domain of definition of the function t — W;g(7, €) depends on € € &;.
Indeed, it is defined for t € Q(€) = Sy, U (D \ Q(¢€)), where 2 (¢) turns out to
be a finite collection of sets of the form {t € C : |t| > p(|¢€]), | arg(r) — d;| < 82},
where x € (0,rg) — p(x) is a monotone increasing function with p(x) — 0 when
x — 0 (see Fig. 1).

A fixed point technique allow us to conclude the existence of M,Z; > 0 such
that

Wip(z.0)| < MZ} B!

T
e’

o X (orb )

k) s (tr,€) € (S4; UD) x &,
(11)

T
er 14+

T
e’

Fig. 1 Roots of the polynomials at the head of (9) and domain 2(€)
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with r,(8) = Zf:o 1/(n + 1)°. The estimates in (11) yield (8) is well-defined for
(t,e) e T x &,

Theorem 2.3 Under Assumptions (A)—(C), the hypotheses made on the elements
involved in (1), and the construction of the initial conditions described through this
section, there exist K, M > 0 (not depending on €), such that

M
sup  |Xi+1(t,2,€) — Xi(1,z,€)| < Kexp (— ) ,
1€T zeD’ |e]"

for every € € & N E;1, and some positive real number ¥; which depends on i.

Proof This result corresponds to Theorem 2 in [7]. We give some detail at certain
steps of the proof. There are three different situations when estimating the difference
of two solutions defined in consecutive elements in the good covering (Fig. 2).

1. If there are no singular directions ”QHIIZ:;“g(“Z) forj =0,...,ks; — 1 (we will
refer to such directions as singular directions of first kind) nor d with I;ii—dgi Jl =<
8y forj = 0,..., ks; (we will say these are singular directions of second kind) in
between d; and d;+ 1, then one can deform the path d,, | —d,, to a point by means
of Cauchy theorem so that the difference X;+; — X; is null. In this case, one can
reformulate the problem by considering a new good covering combining &; and
&i+1 in a unique sector.

2. If there exists at least a singular direction of first kind but no singular directions
of second kind in between d; and d;4 1, then the movable singularities depending
on € do not affect the geometry of the problem, whereas the path can only be
deformed taking into account those singularities which do not depend on €. In
this case 7; := rp/ss.

3. If there is at least a singular direction of second kind in between d; and d;4 1, then
the movable singularities depend on €, and tend to zero. As a consequence, this
affects the geometry of the problem, and the path deformation has to be made
accordingly. In this case, 7; := r/s].

Fig. 2 First case (left), second case (center) and third case (right) to be considered in Theorem 2.3
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Regarding the situation in which only singular directions of first kind appear, one
can deform the integration path for the integrals along direction d; and d;; in (8).
Foreverye € £ N &4+ andr € T one has

_( uk du
Xip14(t.€) — Xip(t.€) = k/ Wit1 5@, e)e(er)
Log/2.d;4 u

w Ve du u
—k/ Wi (u, €)= () +/ Wi, e (e
Log/2.d; u C(po/2.d;.di1)

. [PO —1d; I
i+1 T [2’+OO)9J '+1’LP0/2,di =

[ +oo)e‘/_1df and C(po/2,d;, di+1) is an arc of circle with radius py/2 connecting

)"du
=

Here, pp > 0 such that pg € D', Ly 24

po/2e¥~14+1 and py/2¢¥~1% with a well chosen orientation. Moreover, Wiit1,p
denotes the function W;g in an open domain which contains the closed path
(Laiey \ Lpgj2.dip) — C(po/2,div dit1) — (La; \ Lpg/2.4;)> in which W; g and Wiy g
coincide. This is a consequence of the construction of the initial data in our problem.
In the third situation, an analogous argument can be followed. One has to
substitute py by the function € > p(|€|).
The result follows from here after usual estimates. O

The classical definition of Gevrey asymptotics on functions with values in
complex Banach space are considered to describe the asymptotic behavior relating
the analytic and the formal solution of the main problem under study.

Definition 2.4 Let (E, ||-||z) be a complex Banach space and £ be an open and
bounded sector with vertex at 0. We also consider a positive real number .

We say that a function f : £ — E, holomorphic on &£, admits a formal power
series f(€) = > o0 axed € E[[€]] as its Gevrey asymptotic expansion with the order
« if, for any closed proper subsector YW C £ with vertex at the origin, there exist
C,M > 0 such that

N—1
Hf(e) — Zakek < CMVN1"“ e[V,
k=0

E

forevery N > l,and alle e W.

For the existence of a formal power series in € and the asymptotic relation to
the analytic solutions, we make use of a novel version of Ramis-Sibuya theorem in
two levels and Theorem 2.3, in order to conclude with the main result in [7]. For a
classical reference on this result, we provide [3] as a reference.

Theorem 2.5 Under the previous assumptions, there exists a formal power series

R g
X(t.z.e) = Y Hy, Z);! e Efe]]. (12)

B=0
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where [E stands for the Banach space of holomorphic and bounded functions on the
set T x D' equipped with the supremum norm, which formally solves the equation

(€232 + a) (€ (T )" + a)dX (1, z,€)

= Y b @OF@P0X) (2 €). (13)

(J,K(),Kl)ES
Moreover, X can be written in the form
Xtz e) = alt,z,€) + X' (1.2, €) + X2(1, . €), (14)

where a(t, z, 6) € E{e} is a convergent series on some neighborhood of ¢ = 0 and
X',z €), X(t, 2. €) are elements in E[[€]]. Moreover, for every 0 < i < v — 1, the
E-valued function € — X;(t, z, €) constructed in (7) is of the form

Xi(t.z.€) = alt.z.€) + X} (t.z,€) + X7 (.2, €). (15)
where € — X{(t, z, €) is a E-valued function which admits }A({(t, z,€) as its 1;-Gevrey
asymptotic expansion on &, forj = 1,2.

Corollary 2.6 Observe that ri/s1 < ry/sy. If one assumes the existence of iy €
{0, ..., v—1} such that &;, has opening larger than 7ws, /r», such that every index in
the set Is, ;5, = {io— 01, ..., 1d0, ..., i + 82} satisfies 2. in the proof of Theorem 2.3,
for some 81,8, > 0 and also

gl() - ST[S]/V] = Uhelgl ,gzghs

where Sy, stands for a sector with vertex at 0 and opening larger than s, /1,
then the decomposition in (14) and (15) is unique. In terms of [1], )A((t, Z,€), as a
Sformal power series in €, with coefficients in E is (r2/s, r1/s1)-summable on &,
and its (r/s2, r1, s1)-sum is the function X;,(t, z, €) on &,.

A practical situation has been considered in [7].

3 Some Additional Comments and Further Work

We focus our attention on Assumption (B), which is considered for geometric
reasons, as we pointed out before. We now provide an alternative approach to avoid
the assumption sy, — 5,1 > s, following different strategies.

Case 1: Assumption (B.1) sir, — spr] < —s7.

Under Assumption (B.1), one can interchange the roles of the operators involved
at the head of the main equation in (4), namely "2 (#*719,)*> +a, and " (#*719,)*' +
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A
ks
the equation obtained bly means of the idea in [10], as before. The operators T*9;°
can be rewritten so that the properties of formal Borel transform applied at both sides
of the transformed equation lead to an auxiliary problem within the Borel plane. We
omit all the details here because they follow analogous arguments as in the former
construction. After this procedure, one gets the next problem, instead of (9):

a;. We consider r := ;! and put T := €"t. After this change of variable, one rewrites

(€72 (k)2 + @) (kT*)*T + a)) Wiz, z,€) (16)

k

—r(s—ko) Tk ’ k SKO"T—I Ko 9K 1/k dh
= Z bk, (z, €)e T80 s f (" —h)y & 1 (kR0 Wih ,z,e)h
r( 2) 0

(s.k0,k1)ES

k ok 8 “+k(kg—p)
T k 0sTOTP o Spakt v 1 /k dh
+ Z AK()P (5K[).s+k(K0—p))/(; (‘L’ —h) k (kh) 3ZIW1(h s 3y 6) h .
k

1=<p=ko—1

Regarding Assumption (B.1), parallel results to Lemmas 1 and 2 in [7] can be
proved. More precisely, Lemma 2 in [7] reads as follows:

Lemma 3.1 Let0 <i < v —1ande € &;. Under Assumption (B.1), there exists a
constant C, > 0, not depending on €, such that

1

<C
Erz—xzrk(ktk)sg +a| ~ 2

for every T € Q(¢).

Indeed, this lemma holds under the less restrictive condition s;7, — 5,11 < 0. By
means of a fixed point argument (analogous to that in Sect. 3 in [7]) we guarantee
a formal solution of (16) under initial conditions (10) in the form W;(t,z,€) =
Zﬂzo Wig(z,€) Z;, , and such that (11) holds.

In Theorem 2.3, the situations to handle differ. Indeed, the singularities of first

kind and of second kind interchange their roles: singular directions ™% H):'arg(“‘)

forj=0,... ks; — 1 become fixed singular directions not depending on € € &; for
any fixed i, i.e. of first kind; whilst directions d; € [0, 27) with |d; — dg,j| < 85 for
j =0,..., ks, turn into movable singular directions with respect to € € &;. If there

exist a singular direction of first kind but no singular directions of second kind in
between d; and d;y, we define 7; := ry/s;. If there is at least a singular direction of
second kind in between d; and d;4 1, then we put 7; := rp/s5.

Then, Theorem 2.5 holds under Assumption (B.1) with the same enunciate.

Case 2: Assumption (B.2) s;r, — sprp = 0.

It is worth mentioning this particular case because under Assumption (B.2),
the geometry of the problem changes. There is no longer a distinction between
singularities depending on the perturbation parameter and fixed singularities, only
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remaining the fixed ones. Indeed, r := 2 = "

. The same procedure leads to the
. . 52k sik
auxiliary equation

((kT*)2 + ax) ((kT*)*' + a1)Wi(r,z.€) (17)

-k
§

o Sieg .5 dh
D b (i €)e T /O (5 —h) * —l(kh)Koaglwi(hl/k,z,e)h

(5.k0.k1)ES r ( xl((),x)

k o Sicn.s k(o —p)
T k K(Q) .S 0P —1 1/k dh
D A s ko) fo (G (kP Wih' 2 )"
1=<p=ko—1 r ( k )

which can be solved by a fixed point theorem, leading to a unique Gevrey order
appearing in the asymptotic representation of the solution of (4). More precisely,
one has

Theorem 3.2 There exists a formal power series X (t,z, €) in the form of (12) which
formally solves (13). Moreover, for every 0 < i < v — 1, the E-valued function
€ — Xi(t,z,€) constructed in (7) admits X (t,z,€) as its r1/s1-Gevrey asymptotic
expansion on &;.

Corollary 2.6 is reduced to the existence of an index 0 < iy < v — 1 such that
the opening of the sector &, is larger than 7s; /7. In this case, X, as a formal power
series in € with coefficients in E is 7| /s;-summable in &;, by Watson’s lemma.

Case 3: Assumption (B.3) 0 < s;ry — sor) < 5.

As it has been pointed out, the condition s, < s;r, — 5,7 in Assumption (B) is
of geometric nature. It is imposed to guarantee the existence of rays from the origin
which do not cross the movable singularities appearing at the head of the equation.
One may substitute the good covering by any other consisting of sectors with small
enough openings.

Case 4: Assumption (B.4) —s; < sy, — spr1 < 0. Can be studied in the same
way as Case 3.

Regarding the geometry of the problem involved, one can consider a more
general problem under study, which can be solved analogously. A first approach
could be to study the equation

(Erz (tk+1 at)sz + az)mz (6” (l.k+lat)s1 + al)ml an(l‘, Z E)

= Z b, (2, )2 (300 X) (1, 7, €),

(s,k0.k1)ES

for any positive integers my, mj.
This more general consideration does not change the configuration of the
problem. Indeed, one can follow the same arguments to arrive at the auxiliary
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equation (9) in which the head of the equation has been substituted by
((krk)xz + ap)™ (" —Slrk(krk)m +a)™ 8fW,(r, Z,€).

It is straight to check that no additional assumptions have to be added, because the
roots of the polynomials ((kt¥)*> 4+ a,)™ coincide for any positive integer n1,. Also,
the same holds for the polynomial (¢" 1" (kt¥)* + a;)™ for any positive integer
my. The direction d; at positive distance to the roots of both polynomials can be
chosen independently of m; nor m,. The problem can be solved following the same
arguments as in [7]. The main result can be rewritten word by word.

A more general approach to this one could be to consider more than two
singularly perturbed terms at the head of the equation. More precisely, one may
consider the equation

(€ (@10 4 ap)™ (€ (@ H0) T H ap—)™ (€0 4 )™M BEXi(t 2, €)

= Y bua@Or@ X)Lz €,

(s.k0.k1)ES

for some integer & > 2, a; € C*, and where r; stands for a nonnegative integer
whilst s;, m; are positive integers for every j = 1,...,h. Under this situation, one
chooses the indices {hy,...,h} C {1,...,h} such that Th, /sh# coincide for every
w=1,....8and ry, /sy, > rp/s, forevery p € {1,... h} \ {h1, ..., he}. We write
r/s:=rn,/sn, forany p € {1,... £}.

An analogous procedure can be followed in this situation. We do not enter into
details for the sake of clarity, but it is worth mentioning that, under an appropriate
geometry for the problem, several Gevrey orders appear in the asymptotic study of
the equation. More precisely, the analytic solution can be split in several terms, in the
shape of (15) and the formal solution can be written in the form of a sum of the same
number of terms as the formal one. One of the terms in the analytic solution admits
the corresponding one in the formal solution, as its Gevrey asymptotic expansion
of order r/s in each of the domains of definition of the perturbation parameter. The
asymptotic expansions have to be considered as in Theorem 2.5, with coefficients of
the formal power series, and functions with values in the Banach space E. This term
corresponds to the fixed singularity appearing in the auxiliary equation, in the Borel
plane. The roots to be avoided are all the roots of the polynomials (kt¥)" +a, = 0,
foru=1,...,L

Regarding the remaining terms at the head of the equation, corresponding
to (e (t*t19,)% + a,)™, for p € {1,...,h} \ {h1,..., ¢}, one observes the
phenomenon of movable singularities described in Theorem 2.5 at each term. The
geometry becomes more complicated and one has to choose the direction d; so that
it avoids all singularities.

More precisely, Assumption (A) and Assumption (B) are substituted by the
following ones.
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Assumption (A): Forevery 0 < i <v—1and u € {1,...,£} one has d; #

it 1)t
7(2j+1)+arg(an, ) foreveryj=0,... ,kshu -1

kShM
Assumption (B): Forevery p € {1,...,h} \ {h1,...,iy}and u = 1,..., ¢, one
has spry, — sp,1rp > s, > 0and |d; — dg,;, | > S2ipp forj =0,... ks, — 1,
where 8, 1= xpr;l,;h:z: » (0re,—01¢),and dg,;, , = ki,, (w(2j+1) +arg(a,) +
Sprhy—ShuTp [ 01.6;+02.¢;
Shy 2 ))
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Reducibility of Hypergeometric Equations

Toshio Oshima

Abstract We study a necessary and sufficient condition so that hypergeometric
equations are reducible. Here the hypergeometric equations with one variable mean
the rigid Fuchsian linear ordinary differential equations. If the equations with one
variable have more than four singular points, they naturally define hypergeometric
equations with several variables including Appell’s hypergeometric equations. We
also study the reducibility of such equations with several variables and we find a new
kind of reducibility, which appears, for example, in a decomposition of Appell’s F.

Keywords Hypergeometric function * Middle convolution * Monodromy repre-
sentations ¢ Pfaffian system

Mathematics Subject Classification (2000). Primary 34MO03; Secondary 34A30,
34M35, 33C65

1 Introduction and Preliminary Results

The Gauss hypergeometric equation
x(1=x)u”" + (c—(a+ b+ )x)u’ —abu =0 (1)
is reducible if and only if at least one of the numbers
a, b,a—c, b—rc (2)

is an integer. An elementary proof of this result using neither an integral representa-
tion nor a connection formula of the solution is given in [9]. Here the linear ordinary
differential equation with coefficients in rational functions is said to be reducible
if and only if the equation has a non-zero solution satisfying a linear ordinary
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differential equation with coefficients in rational functions whose order is lower

than the original equation. Note that the reducibility of the equation is equivalent to

the reducibility of the monodromy group of the solutions if the equation is Fuchsian.
The Riemann scheme of the Gauss hypergeometric equation is

x=00 0 1
a 0 0 , 3
b l—cc—a->b

which is a table of singular points of (1) and the characteristic exponents at each
singular point. The characteristic exponents 0 and 1 — ¢ at x = 0 mean that (1) has
solutions u(x) satisfying u(x) ~ x° and u(x) ~ x'~¢, respectively, when x — 0. If
the parameters a, b and c are generic, the differential equation with this Riemann
scheme is (1). Since the coefficients of the equation are polynomial functions of the
parameters a, b and ¢, Eq. (1) is naturally and uniquely defined by this Riemann
scheme for any values of parameters.
In [8] we define a (generalized) Riemann scheme

A} = (Aj0]om.) 0=j=p
1=v=n;
X =cCy =0 C1 cee Cp

MO,I](mo.l) [Alql](ml,l) MP,I](mp.l) @)

[Aomodmong) [Atadomiay) =+ [Apm,Jompny)

for a general Fuchsian ordinary differential equation Pu = O of order n. Here
co, C1,...,Cp are singular points of the equation and the sets of characteristic
exponents of the equation at x = ¢; are

Qv +ili=01,....m,—1,v=1,...n}, (5)

respectively, and moreover the local monodromies of the solutions of the equation
at x = x; are semisimple if A;, — A;,» ¢ Zfor1 < v < V< njandj =0,...,p.
We say that {1, } is the Riemann scheme of P and the (p + 1) tuples of partitions

m = (m1,...,My)=o..p (6)

of n is called the spectral type of the equation Pu = 0 or the operator P and we put
ordm = n which equals m;; + --- + m; ;- If there is no confusion, m is shortly
expressed by mo1 +++mo g, My - -my,, and for example, the spectral type of
Gauss hypergeometric equationis 11, 11, 11.
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The existence of such equation implies the Fuchs relation

p
[{Am}l =D > mjyA;y —ordm + }idxm = 0. (7)

j=0 v=1

Here the index of rigidity of m is defined by Katz [7] as follows.

p
idxm:=Y"Y "m}, — (p— 1)(ordm)”. (8)

j=0 v=1

On the other hand, we say that m is irreducibly realizable if there exists an
irreducible Fuchsian equation Pu = 0 with the Riemann scheme (4) for generic
parameters A;, under the Fuchs relation. A characterization of irreducibly realizable
spectral types m is given in [8]. Moreover if m is irreducibly realizable, then the
equation Pu = 0 with the Riemann scheme (4) satisfying (7) has (1 — éidx m)
accessory parameters and the differential operator P is polynomial functions of the
parameters A;, and the accessory parameters, which is the universal operator in [8,
Theorem 6.14]. If an irreducibly realizable spectral type m satisfies

idxm = 2, €)

then m is called rigid. In this case the Fuchsian differential equation with the
Riemann scheme (4) has no accessory parameters and hence the equation is uniquely
determined by local structure, namely, by characteristic exponents and conjugacy
classes of local monodromies at the singular points.

The middle convolution for a Fuchsian system

P
-y A (10)

P c/
with constant square matrices Ay, ...,A, of size n is introduced by Katz [7] and
Dettweiler and Reiter [2] to analyze the rigid local system (cf. Sect. 3). Denoting

Jd= and ¥ = x0, we define in [8] the middle convolution mc,, (P) with a complex
number U by

me, (P) = 07 ) " cippd (8 — Y, (a1
ij

Np = Z cijd'! (12)
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for an element P of the ring W[x] of linear ordinary differential operators with
polynomial coefficients. Here N is a sufficiently large integer so that VP is of the
form (12) with ¢;; € C and then k is the maximal integer so that mc,, (P) € W(x].

Theorem 1.1 ([8]) Suppose that the equation Pu = 0 with the Riemann scheme (4)
is irreducible and the coefficients of P are polynomials without a common zero and
moreover suppose

Aj’l—kj,ugéZormj,lzmj,v (v:l,...,nj,ij,...,p) (13)

and

Ai=0 (j=1,...,p). (14)
If A;, are generic (see [8, Theorem 5.2] for the precise condition) or the number
P
dy(m) :=moy + -+ +mpy—(p—Dordm =2ordm—» "> "m;,  (I5)

j=0 v=2

is positive, the Riemann scheme {A! ,} of P' = mc;,,—1(P) is determined by

2— Aot (j=0, v=1),

vo= ]9 (Gj=1,....p.v=1),

v Aiv—2Ao1+1 (j=0, v=2,...,n), 6
Aiv+Aroi—1 (j=1,....p.v=2,....m),

, _)ympa—dim)  (j=0,....p,v=1),

m, = .
mj.y (]:0,...,p,u:2,"',ni’)

and P = mc|_y,, o mc),,—1(P). Moreover mc,, ,—1(P) is irreducible if d;(m) > 0.
Here we allow that some mj; are 0.

Remark 1.2

i) Ifdi(m) > 0, thenm;; > 0forj=0,...,p in the theorem.

i) Suppose P = mcy,,—1(P) is defined when the values of the parameters A;,
are generic. Then we define P’ for other values of the parameters by the analytic
continuation of the parameters. In this case P and P’ may be reducible for certain
values of the parameters.

We define

91 (m) := m’ A7)
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by (15) and (16). Since

P
di(m) -ordm = idxm + Z Z(mf’l — mjy)mj,, (18)

j=0 v=1
we have d;(m) > 0 if idx m = 2 and moreover m is monotone, namely
mijy>mp, @W=1I1,...,n,j=0,...,p). (19)

The equation Pu = 0 is called rigid if it is irreducible and it has rigid spectral type.
By the gauge transformation u(x) +— v(x) = [/, (x — ¢;)*u(x), the characteristic
exponents of the Riemann scheme are changed from A;, to Ao, — > i, ; and
Ajv + ujaccording to j = O and j = 1,...,p, respectively. The corresponding
transformation of P is called addition and we denote the transformation of P by

RAd

14 14
RAdy, ..., (P) € Wl N W) [ [ = - P- T [Gx— ™

j=1 Jj=1

,,,,, 1 (P) has no common zero.
_.0(P). The addition keeps the order of P € W]x].

Hence if the equation Py = 0 is rigid and ord P > 1, then we have ord(mc, o
RAdy, ..., (P)) < ordP with suitable numbers w, u1,..., 1,. By a successive
application of suitable additions and middle convolutions, the rigid equation Pu = 0
is transformed into the equation fb"( = 0. Since additions and middle convolutions
are invertible, we can construct any rigid Fuchsian equation Pu = 0 by a successive
application of suitable additions and middle convolutions to the equation Zz =0.

The combinatorial aspect of additions and middle convolutions are well inter-
preted by a star-shaped Kac-Moody root system (W, IT) as follows, which was
introduced by Crawley-Boevey [1] to analyze irreducible Fuchsian systems. The

set of simple roots is

I ={w,,|j=01,...,v=12..0={o|icl} (20)
with

[:=1{0,(jv)|j=0,1,....,v=12,..} 1)
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and the inner product of the roots are given by

(aolao) = 2, (o | 0jy) = =61,
2 U=jv=), 22)
(aj,vlaj’,v/) = —(sz,'/ (lV — U/| = 1),

0 (j#£jor|v=2|>1).
The Weyl group W is generated by the simple reflection

So(x) = si(x) = x — (a|x)x (a=ao;€ll, i€l xe ZRO{). (23)

a€ll

The set of positive real roots XY and the set of negative real roots X’ are

S = koo € Wog | ky >0}, 5% ={—a|ae X} 24)

a€ll

and then WIT = XY U X, For a tuple of partition m, [1] attached an element oy
of the root lattice ) oy Zo by

oo w
O = ordm - + Z Z/: Zj: M 50t . (25)

j=0 v=1s=v+1

Then idxm = (m|®m), So, (m) corresponds to the middle convolution because
(ao|lam) = di(m) and sy, (om) corresponds to the transposition between m;,, and
mj+1. Moreover we have

Theorem 1.3 ([1, 8]) The spectral type m is rigid if and only if oy € T'Y.
Remark 1.4

1) This theorem is given by Oshima [8, Chap. 7] and the corresponding theorem
for the first order system of Schlesinger canonical form is proved by Crawley-
Boevey [1].

ii) There exist positive real roots which do not correspond to the rigid spectral type.
In fact we have

X% = {am | m are rigid spectral types}
(26)
U{ogy + Qo1+ 4o [ 1<v <V, j=0,1,...}.

We will examine the condition of irreducibility of the rigid equation Pu = 0 with
the Riemann scheme (4). For an element w € W, the expression w = sg,5g, - - 5,
with the reflections sg; with respect to simple roots B; € II is called minimal if ¢
is smallest among this product expression and in this case the number £ is called
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the length of w and denoted by L(w). For a positive real root ¢ € X’7, an element
wy € W is uniquely determined by the conditions wyo¢ = oty and L(wy ) is minimal.
Moreover we put

Aw) =3¢ Nw 'E% and A(m) := A(wg,) 27)

for a rigid spectral type m. Note that the number | A(w)| of elements of A(w) equals
L(w) and if w = 5,58, - - - 58, is a minimal expression, we have

A(W) = {ﬁLssﬁLIBL—lv---vsﬂL"'sﬁzﬂl}v (28)
Alusy) = [#(BOIBY (B e A0 N, 09
spAw) U LB} (B & Alw) NII).
For a rigid spectral type m, the set of positive integers
[Am)] := {(e|om) [ @ € A(m)} (30)

is a partition of the non-negative integer 4(oy, ) — 1 which is called the type of A(m),
where

h@) ==ko+ Y kv for o =kooto + Y Y ki (31)

j=0 v>1 j=0 v=>1

Suppose m is rigid and monotone and ordm > 1. Let v; be the maximal integers
satisfying m; 1 — dy(m) < m; 4 forj =0, 1,.... Then [8, Proposition 7.9] shows

Am) = so [ sia 570, ) Alsdim) U fero}
>0
\1j>0

P
UU{Ol0+Oéj,1 +otoy [ L=y <y,
= (32)

[A(m)] = [A(sdim)] U {d (m)}

p
U U{mj,u+1 —mj1 +di(m) € Zso [ 1 =v = v
=1

Here Z.¢ is a set of positive integers and sm’ is a monotone spectral type obtained by

ermutations of the sequences (7, ,,...,m’ ,) of integers. The transformation s is
j.1 i

N J
realized by an element of a subgroup W’ of W generated by {s;,, | j =0,1,..., v =
1,2,...}
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Theorem 1.5 ([8, Theorem 10.14]) A rigid Fuchsian differential equation Pu = 0
with the Riemann scheme (4) is reducible if and only if at least one of the numbers

P
Yo mB)akiy (B € Am) (33)
j=0 v=1
is an integer. Here
m(,B),V = kj,v—l — kj,v (V = 1, ey I’lj, ] = 0, e ,p) (34)
by putting
nji—1
ﬂ = k()a() + ZJP=0 ZVJ=1 kjsvajv‘}’ (35)
kio = ko and k;, =0 if v > n,.
For example, suppose m = 11,11, 11, namely, the spectral type of Gauss

hypergeometric equation. Then o = 209 + a1 + 1,1 + @21 and we have

2000 + o1 + 11 + 02 = oo+ oo o+ a2 = oo+ o+ o)
51,1 521
—> Qo + 21 —> o,
Wam = 52,151,150,150,
A(m) := {og, 50,1, S050,101,1, S050,151,1062,1}
= {ao, o + a1, ap + a1, @ + a1}

We rewrite the above in terms of tuples of partitions as follows.

L1 S oronor 2 10,0100 25 10,1001 25 10,10, 10
10,10,10 <  *

01,10,10 < —11,00,00 < *

10,01,10 < 00, —11,00 < 00,—11,00 <« *

10,10,01 < 00,00, —11 < 00,00, —11 < 00,00,—11 <«  *

and
{10, 10,10, 01,10,10, 10,01,10, 10,10,01} = {m(B) | B € A(11,11,11)}.
Then for the Riemann scheme (3) we have
(Yo Xioim(B)inhiv | B € Am)} = {a.b.1+a—c.c—b}

and the condition for the reducibility of (1) by Theorem 1.5 [cf. (3)].
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For a rigid spectral type m let w,,, = s;Si, -+ -5;, be a minimal expression with
respect to simple reflections. Put w(j) = s s;, ---s; and a(j) = w( /) e for
j=1,...,L. Then we have the expressions of () inductively as follows.

a(j) =kpBGv)+y(Gv) (=1....)),
:3(.]7 V) = S,],B(]— 15 V)s y(]s V) = S,]]/(]— 17 V)v (V = 1525 cee vj_ 1)7
ﬂ(]s]) = i, y(.]v]) = Ol(]— l)s
ki = —(a(j — Dle)) = («()le;) € Zo,

Aw() = {8, v)[v=1,...,j}.
(36)
Then we have

A(m) = {B, :=B(L.v)|v=1,...,L. 37)

A successive application of 59, to a rigid monotone spectral type m, we have a
sequence

d d 50 50
m-—2m® L m@ 2y ® = 10... 104,104+ ... (38)

with a non-negative integer k. Then rewriting each transformation s as a product
of transpositions defined by s;,, we have a diagram as above to get A(m). In the
diagram each arrow corresponds to an element of A(m), which is expressed by

me=m®— o mUD L o G- (39)
kzn(LJ) e — kzn(/+ll) <« k[n(ll) <« *
forj =1,...,|A(m)| and we have
kjn(jJ) =mY — m(j—l)’ o € I, k;j = (otmlapes),
Cpt+1) = Sipy, Qi) (40)

A(m) = {O{n(L.j) |J =1,..., IA(m)I}U

and k; is a greatest common divisor of m(j);, —m(j —1);, withi > Oandv > 1.

2 Condition for Reducibility

In this section we will further examine the condition of reducibility of Fuchsian
ordinary differential equations with a rigid spectral type. First we show a general
lemma assuring that if the rank of the equation does not depend on the parameter,
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the condition for the reducibility does not depend on the realization of the equation
nor an integral shift of the parameter. Then we will classify the numbers (33) giving
the condition for the reducibility into three types, which is related to the reducibility
of a Pfaffian system studied in Sect. 3. In particular we show that we may omit some
numbers among them. Lastly in Theorem 2.7 we give a condition that a reducible
equation has a non-trivial quotient without an apparent singularity, which is a ground
state for the reducibility in view of a shift operator.

Put x = (x1,...,x,) and denote the ring of differential operators of x with
polynomial coefficients by Wix], which is called a Weyl algebra. The ring of
differential operators with coefficients in the field C(x) of rational functions of x
is denoted by W (x). We identify a system of linear differential equation

N
MY Puy=0 (i=1,....M) 41)
j=1
with a left W(x)-module. Here P;; € W(x) and uy,...,uy are generators of the

left W(x)-module and (41) defines fundamental relations among the generators. The
rank of M is the dimension of the vector space of M over the field W(x) and we
denote it by rank M. If n = 1, the rank of the equation Pu = 0 with P € W(x)
equals ord P, the order of P. Suppose rank M < oco. Then M is said to be reducible
if M has a quotient left W(x)-module M’ satisfying 0 < rank M’ < rank M.

Lemma 2.1 Let M, and N, are systems of linear differential equations with
holomorphic parametert € D := {t € C | |t| < 1}. Suppose there exist a positive
integer K such that rank M, = rank N; = K for any t € D and a homomorphism ¢,
of M, to N,. Here it means a homomorphism between left W (x)-modules. Assume
that ¢, is holomorphically depend on t and ¢, is an isomorphism if t # 0. Then M,
is reducible if and only if Ny is reducible.

Proof Replacing ¢, by "¢, with a suitable integer m, we may assume ¢ 7# 0. Then
¢o is also a non-zero homomorphism of M, to Ny by analytic continuation. If ¢y
is an isomorphism, the claim of the theorem is clear. If ¢ is not bijective, then the
kernel and the image of ¢ is non-trivial proper invariant W(x)-submodules of M
and N, respectively, and hence we have the lemma. O

Hereafter in this section we examine the reducible condition for a Fuchsian
ordinary differential equations with a rigid spectral type. Let

Pu=0 (42)

be a differential equation with the Riemann scheme (4) satisfying (7). We assume
that the spectral type m of the equation is rigid. Then we have the following remark,
which also follows from Theorem 1.5.

Remark 2.2 Let €;, be integers satisfying Zj’u mjy€j, = 0. Then [8, Theo-
rem 11.2] shows that there exists a homomorphism ¢, of the equation P(1)u = 0 to
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the equation P(A + €)v = 0. Since ¢, is holomorphically depend on A, the theorem
implies that P(A)u = 0 is reducible if and only if P(A + €)v = 0 is reducible.

Lemma 2.3 Let P(L) be the universal operator with a rigid Riemann scheme {Am}.
Suppose that the characteristic exponents A;, holomorphically depend on t € D.
Assume that P(A(t))u = 0 is irreducible if t # 0 and

dy(m) :=mjo+mj; +---+mjp, — (p—1)ordm > 0.
Put

w(t) = Ao (@) + A1 1(0) + -+ A, 10,
P(A(1)) = RAdy, ,...1,, () P(A(2)),
QA1) = mei—pu e P(A(2))

and let m' be the spectral type of Q(A(1)).

il) Let d’ be a positive integer satisfying 1 < d' < diy(m). If u(0) = 1 —d,
P(A(0))u = O has solutions r(x) ]_[f:l(x - cj)k-/?‘, where r(x) are arbitrary
polynomials of degree < d' and in particular ]_[f:l (x— cj)k-f?‘ is a solution.

Proof We may assume Q(A(t))u = 0 is irreducible if 7 # 0. Putn = ordm.

Note that ord Q(A(#)) = n — d;(m) and the Riemann scheme of P(A(?)) is

X=cy=00 cj(jzl,...,p)
[Z‘?:O /\i,l](mo.l) [0](Wtj.u)
Pow + 2t Aitlomy (v = 1.0 m0) g = Aitlomy (0 =1, m)

If 14(0) = 1, the definition of mc;_ () implies that Q(4(0)) is a quotient of P(1(0)),
which proves 1).
Put f(x) = ]_[le(x — ¢j)" "1, Then the Riemann scheme of P¥u = 0 with

PV = (f(x)"'P)* equals

X=cy=00 cj(jzl,...,p)
2 —n—moy — 3T Aitm) [ — mjJ ;)
2—n— moy,y — A0,1} - Z?:l Ai,l](mo,\,) [n— mj, — Aj,v + Aj,l](mj_u)

as was given in [8, Theorem 4.19 ii)] and that of Pru=0 equals

X =cy= 00 Cj(jzl ..... p)
[2 - dl - ZI,:O A'i.l](mg_]) [O](mj-_v) .
2—di —mo, 4+ mo1 — Aoy = 2t Aitlomoy) M1 = My = i + At loms)-
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Here di = d;(m). Note that P(A(r))* is the universal operator with the above
Riemann scheme and 2 —d; — Y %_4;,1(0) = 1 + d’ — d;. Then in the case
d'" = d;(m), the claim ii) follows from the definition of PV and mc;—_).

We may split the characteristic exponent [A¢,1]m ) tO

[Aoa + di — d' g —ar+ary and [Ao1](@—a)-
Then myg 1, di(m) and ny changed into mg; — di(m) + d', d’, no + 1, respectively,
and the same argument as above proves ii). O

Definition 2.4 The elements 8 € A(m) are classified into three types

(Type 1) ord sgarm > 0,
(Type 2) ord sgay = 0,
(Type 3) ord sgay < 0.

Putting y := sgom, we have y = oy — kg with kg = (0| 8) and therefore
om = kg + . (43)

Here weputordy = ngif y = ) ., nic;.
Proposition 2.5
i) We have ord B > 0 for any B € A(m).
ii) Ifkg =1, then B is of Type 1.
iii) The numbers (33) for B € A(m) of Type 3 may be omitted for Theorem 1.5.

Proof Under the notation in the preceding section, we have 8 = S(L,v,) with a
certain v, in (36).

i) Since m is monotone, if @ € X7 satisfies (a|oy) > 0, then orda > 0.

ii) The claim is given in [8, Proposition 7.9 iv)].

iii) Note that the condition ), m(B);,A;, € Z implies }; m(y);vh;y € Z
because of the Fuchs relation. Since y(v,,v,) € X, there exists j > v,
satisfying B(j,j) = a; = y(j — 1,v,) = —y(j,v,) € II. Then B(L,j) =
—y(L,v,) € A(m). Hence the condition for the number (33) with 8(L, v,) can
be omitted for Theorem 1.5.

Put B, = B(L,v), y» = y(L,v) and k, = kg, for simplicity. Then

am = ky, By, + v, With k,, = (am|B,)

and

ki = (aml|B)) = (@mlky, B, — otm) =k, —2 > 1.
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If B(L,j) is of Type 3, we repeat the same way and this procedure ends in finite
steps because v, < j < L.

Remark 2.6

i) There always exists 8 € A(m) of Type 1 and kg = 1 in (43) if ordm > 1
(cf. [8, Proposition 10.7]). In this case we have

{Am@) | + HAme) ] =1

and the condition )" m(p);,A;, € Z is equivalentto Y m(y);,A;, € Z.

ii) Type 2 appears only in the case when there exist j, and 1 < v, < v/ < n such
that m, ,, 4 m;, .,y and m;,, with (j,v) & {(jo. Vo). (jo.v,)} are divisible by a
common integer k larger than 1. There is an example of Type 2 in Sect. 3.

iii) There is an example of Type 3 in Sect. 3.

Theorem 2.7 Let P(A) be the universal operator with the Riemann scheme (4) with
rigid spectral type m. Let B € A(m). Then if

P
1<d :=ordf — Z Zm(ﬂ)j,ukj,u < (amlB), (44)

j=0 v=1

P(X) € W(x)Q(A). Here Q(A) is the universal operator with the spectral type m(f)
and if ' = 1, the Riemann scheme of Q(A) equals {Amg)}. Here 0 < ord Q(A) =
ord 8 < ordP.

If (am|B) = 1, then replacing B by y = am — B, the above statement also holds.

Proof First note that the condition d’ = 1 for § is the Fuchs relation of Q(4) written
by [{Am¢g)}| = 0 and hence this number d’ is invariant under the action of W.

We will prove the theorem by the induction with respect to the number & in (38).
Suppose 8 = «p or g + ;1 + ++- + «;, in (32). Applying Lemma 2.3 ii) with
d’ = 1 to P after the transposition of the indices (j, v + 1) and (j, 1) if necessary,
we have the claim of the theorem for 8. We have also the claim of the theorem for
y by Lemma 2.3 i).

Put w = (] 20 81 “Sj)S0 in (32) and let B € w'~'A(sd;m). Then B

corresponds to an element 8’ € A(sdym) with 8/ = w/8 and w € W corresponds
to the map sd;, which corresponds to ¥ = RAdy, ..., omc,, the combination of a
middle convolution and an addition.

Here we note that 8, ' € X', ord > 0 and ord 8’ > 0.

Then the statement for 3 is obtained by applying ¥ ! to the operator v (P) and
the operator corresponding to 8’ € A(sd;m) whose existence is assured by the
hypothesis of the induction.

If B is of Type 1, then y’ := w'y € X% and ordy’ > 0, we have also the last
claim. O
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3 Hypergeometric Equations with Several Variables

Any four points fy, #|, o, f; in the Riemann sphere IP’(%: can be transformed to
0, 1, oo, x by the fractional transformation defined by

oo = 10)(teo — 1)
(1 — 10) (foo — 1)

Hence Gauss hypergeometric function F(a, b, c;x) is naturally considered as a
hypergeometric function on the configuration space of four points in P(lC by

. Iy—lo oo~
F(a,b,c; o o)

Then the Riemann scheme of this function is

=1y t,=10 I=locly=1 th=1cc 1 =1l
0 0 a a 0 0
l—c 1l—a—-b b b l1l—a—b 1—c

The solutions of the universal rigid Fuchsian equations Py = 0 with a rigid
spectral type m have natural integral representations (cf. [8]). When m is a
(p + 1) tuples of partitions, P has (p + 1) singular points. We may specialize
the points as 0, 1, 0o, yi, ..., ¥p—2 and then the solutions u(x,yi,...,yp,—2) has
(p — 1) variables by the integral representation. These functions are a kind of
hypergeometric functions with several variables and also they can be considered
hypergeometric functions on the configuration space of (p + 2) points in ]P’é:.

For these hypergeometric functions with several variables, it will be convenient
to use the differential equations of Pfaffian form satisfied by the functions. They
have been studied by Dettweiler and Reiter [2] for the case of single variable and
by Haraoka [3] for several variables. We will shortly explain it in the case of two
variables x and y as an example. Then the Pfaffian system is

dix—1 d diy—1
+ A; (x )+A4y+A5 O ))M

dx dx—y)
A
x—y x—1 y y—1

M :du= (A1 . +
(45)

Here A; are square matrices of size n. They are called the residue matrices along
the corresponding hypersurfaces. If the eigenvalues of A; are A;, with multiplicity
mj, forv = 1,...,n; and A; are semisimple, the set of characteristic exponents
corresponding to A; is defined by {[A;1]u;,, - -, [/\i,nj]mj_nj}, and we can define the
generalized Riemann scheme for this Pfaffian system. For example, the set of
characteristic exponents at x = 0, x = y and x = 1 are these sets for j = 1,
j = 2 and j = 3, respectively, and the set of characteristic exponents at x = oo is
define by the matrix Ag = —(A; + Az + A3).
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The addition with parameters A1, A, A3 (for x-variable) is defined by
Ady, 2,05 (A1, A2, A3, Al As) > (A + A1, Ag + A, Az + A3, A4, As).

The middle convolution mc,, to these matrices is defined by

~ ker A ~ ~ ~
mc,(4;) :=A; mod K, := (E:ﬁé) @ ker(A; + Ay + A3) (46)

Al + 1 Ay As 0 0 0 00 0
A = 0 00].A=[AA+pA], 45=|00 o0 ,
0 00 0 0 0 AL Ay A+

Ag+A, —Ay 0 As 0 0
A4 = _Al A4 +A1 0 and AS = 0 A5 +A3 —A3 .

0 0 A 0 -4, As+A

with

Here A ; are considered to be linear maps on the vector space C3" and the space
KC,. are invariant by these maps and then we represent A; as square matrices of size
3n—dimK,.

Considering y as a parameter and forgetting A4 and As, the above definition is
due to [2]. In this case, x = 0, 1, y, oo are regular singular points of the differential
equation with the variable x. The above operation for A4 and As is defined and
studied by Haraoka [3], where x and y are equally considered as variables.

When we regard y as a parameter, the structure of operations of additions and
middle convolutions are compatible to the corresponding operations of Fuchsian
ordinary differential equations, which are briefly explained in the previous sections.
Moreover any rigid monodromy group is equally realized by solutions of both
type of equations. Assume that the spectral type m is rigid. Then there is a
homomorphism ) of the universal Fuchsian differential equation P(1)u = 0 to the
rigid Pfaffian system M, where ¥, is meromorphically depend on A and it defines
an onto isomorphism between two equations for generic A, which follows from the
fact that they are constructed from the trivial equation by successive applications of
additions and middle convolutions.

Table 1 is the number of rigid spectral types of order at most 15 whose numbers
of singular points are smaller than 7.

It is well-known that the integral representation of the solution of Jordan-
Pochhammer equation, which is characterized by rigid spectral type 21, 21, 21, 21,
gives a solution of Appell’s F; (in general, Lauricella’s Fp with more variables).
As is given in the table, the rigid Pfaffian system corresponding to the spectral
type 31,31,22,211 corresponds to Appell’s F, and F3 and that to 31,22,22,22
corresponds to Appell’s F4 as was shown in [3]. Hence we have a plenty of
generalizations of Appell’s hypergeometric functions.
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Table 1 Hypergeometric equations with less than six variables

Order 23 456 7 8 9 10 11 12 13 14 15

One variable 1 1 3 5 13 20 45 74 142 212 421 588 1004 1481
Two variables 1 2 4 11 16 35 58 109 156 299 402 685 924
Three variables 11 3 5 12 17 43 52 104 135 263 327
Four variables 1 3 5 8 14 24 39 60 79

Five variables 1 0 0 2 3 4 6 6 14 20

Table 2 Hierarchy of rigid quartets (cf. [8])

Hy
31,1111, 1111
Hy H3 L EOy4
T, T 1T e 20, T, TTT e 22,211, 1111 51,222,33,411
“A 211,211,211
- 33,42,33,411
411,42,411,411

I

ﬂilégléllLégl 42,33,411,411
I

41,41,221,221 51,33,411,3111

F, F3
Lo 31,22,31,211
. R
N21,21,21,21 <::: B 41,32,32,221 21’51’222’2211
: 4
31,22,22,22

51,42,321,321
\ Pys
32,32,32,32 51,42,33,2211

51,33,33,222

42,42,42,321

Pag

o ,
31,31,31,31,31 42,33,33,33

Remark 3.1

i) The number of parameters of the equation with a rigid spectral type after a
suitable addition is given by

P
#parameters = Z (# blocks at singular points — 1) = Z(nj -1 @
=0

as in the case of the Gauss hypergeometric function.

ii) In Table 2, the arrow shows that two spectral types are connected by an addition
and a middle convolution. Moreover in Table 2 we see that F, and F5 are
obtained by restrictions of a Pfaffian system to different complex lines and the
pair of /5 and J5 has the same property.

iii) It follows from [8, Theorem 11.2] that there exists a non-zero homomorphism
realizing any integral shift of characteristic exponents in the Pfaffian system
corresponding to a rigid Fuchsian ordinary differential equation. Lemma 2.1
assures that the irreducibility of the system is invariant under the integral shift.
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iv) There exists a universal Fuchsian equation with a rigid spectral type as is stated

in Sect. 1. But in the case of a Pfaffian system the extension to a special value of

A which corresponds to a reducible monodromy group is not unique. Consider

Aog Al Az }

Aop A1 Az
for generic values of parameters under the condition A9 j+11j+A,; = O forj =
1 and 2. Then the Riemann scheme of its irreducible quotient is {191 A11 A2.1}
or {92 A12 A22}. But there is no natural way to determine it and it depends on
its construction using additions and middle convolutions.

the Gauss hypergeometric system with the Riemann scheme {

Theorem 3.2 Let

n q )
du—( ZALk i + Z BU y,)) (48)
1 k=1

i= 1<i<j<n ]
be a completely integrable Pfaffian system with variables yi, ... ,y,, where A and
B;; are constant N x N matrices and ci,...,c, are mutually different complex

numbers. Suppose

dl/l 1 A]k . Bl]
= ¥ 49
" (Zx_c,sz ) 49)

k=1 X

is an irreducible rigid Fuchsian system with mutually different complex numbers
Cly. v sCqs Y2, -+, Y Then (48) is irreducible and it is obtained by a successive
application of additions and middle convolutions extended by Haraoka for the
variable x =y to a Pfaffian differential equation

dv_(zzazk _ic + Z ,31\/ '_yj))v (50)

=2 k=1 Vi 2<i<j<n Yi—j

of the first order. Here oy and B;j are complex numbers. Note that the solution
of (50) is a constant multiple of T]'_, [17_, (i — cx)%* - [locici<n i — yj)Pii.

Proof This theorem is not clearly stated in [3] but it is essentially obtained in or
easily obtained by Haraoka [3].

Since (49) is rigid, it is reduced to the trivial equation du = 0 by a successive
application of additions and middle convolutions. Then we get an equation of the
form (50) by the successive application of the corresponding operations for y,
variable to (48). Since these operations are invertible, we obtain (48) from (50) by
these operations.

Since (49) is irreducible, the monodromy group of the solutions of (48) is
irreducible even if y,, ..., y, are fixed. Hence Eq. (48) is irreducible. O
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Theorem 3.3 Let m be a rigid spectral type and let (49) be the Fuchsian system
with the rigid spectral type m. Let {[)quv]mj_“} 0<j<p be the Riemann scheme of the

1<v<n;
Fuchsian system (49) withp = q+n— 1. Let (48) I;e the corresponding completely
integrable Pfaffian system of rank N = ord m.

1) Suppose any one of the numbers (33) is not an integer, the Pfaffian system (48)
is irreducible.
il) Suppose there exists § € A(m) such that

p

> m(B)ui. € Z. (51)

j=0 v=1

If B is of Type 1 or Type 3 (cf. Definition 2.4), then (48) is reducible.
Suppose (48) is irreducible. Fix a suitable base of local solutions of (48) in a
neighborhood of a generic point y° = (1), .., ¥9) of C". Then

A=A ®I (1<v=<p) (52)

are the corresponding monodromy matrices along the closed loops vy, starting from
¥° in the yi-plane and r is an integer larger than 1. Here putting c41—1 = y; for
2 < j < n, we denote by vy, the closed loops starting from y° in the y,-plane which
satisfy 27“1/_1 fyu yld_yi_v/ =68, withv, vV € {1,2,...,p}

Proof The claim i) follows from Theorem 3.2.

Fix B € A(m). We may fix generic A;, satisfying (51) and the Fuchs relation.
Then (49) is reducible. Let u(y) be a local solution of (48) in a neighborhood of y°
such that a component of u(x,y,,...,y,) is a solution of an irreducible Fuchsian
ordinary differential equation with the variable x so that the order R of the equation
is smaller than N. Since the coefficients of the equation are rational functions of
(x,y), the analytic continuations of the component satisfy the same equation.

Suppose (48) is irreducible. Then the dimension of the linear span V of the local
solutions obtained by analytic continuations of u(y) with respect to the variables
Yi....,yn equals N. Hence there exist ug (y),...,uer(y) in V for 1 < £ < r with
N = rR such that the spaces spanned by u; 1(y), ..., usr(y) are stable under the
analytic continuation along the loops ¥, and moreover the dimension of the space
Y= Zf: 1 Cug i(y) equals N. We may moreover assume that the monodromies
along y, with respect to the base {uy 1 (y), ..., u¢r(y)} do not depend on £. Then the
multiplicity of the eigenvalues of local monodromy matrices at each singular points
of (49) is divisible by r. This never happens if 8 is of Type 1 nor Type 3 because of
the genericity condition for the values A;,. Hence § is of Type 2 and we have the
theorem. O

Remark 3.4 Under the notation in Theorems 1.5, 3.2 and 3.3 the ordinary differ-
ential equation (49) is reducible if and only if at least one of the numbers (33) for
B € A(m) of Type 1 or Type 2 is an integer. But it seems that the system (48) is
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reducible if and only if at least one of the numbers (33) for § € A(m) of Type 1
is an integer (cf. Sect. 3). We note that for most rigid spectral types m there is no
B € A(m) of Type 2 [cf. Remark 2.6 ii)] and in this case the system (48) is reducible
if and only if so is Eq. (49).

We will examine all of our Pfaffian systems with two variables corresponding to
a rigid spectral type m whose ranks are at most 5 (cf. [10]). The Pfaffian systems
satisfied by Appell’s hypergeometric functions are described in [4].

Computer Algebra

A computer algebra Risa/Asir with the library [11] calculates A(m) and mc,
in (11) and (46) and in particular the examples given in this section.

Appell’s Fy

m = 21,21,21,21 : rank = 3 with four parameters and [A(m)] = 1*. 2!

21,21,21,21 — 01,01,01,01 H,:11,11,11,20 (by a middle convolution)
=10,10,10,01 & 11,11,11,20 (reducibility: 4 cases by the symmetry)
= 2(10,10,10,10) & 01,01,01,01 (1 case)

The generalized Riemann scheme for the two variables (x, y) is

x=0x=1lx=yx=00 y=0 y=1 y=00
[0 [0l [0 [el2 [0]> 0, [-c—e]
a b c d a+c+2eb+c+2e d

with the following Fuchs relation.

a+b+c+d+2e=2,0 (Fuchsrel.) foo fo &y h o ddx
10,10,10,01 : d € Z (irred. cond.) foo 21 21 21 21 2
10,10,01,10: c+ e ¢ Z o 21 21 21 21 2
10,01,10,10: b+ e ¢ Z 21 21 21 21 2
01,10,10,10:a+ e ¢ Z o 21 21 21 21 2
10,10,10,10: e € Z o 21 21 21 21 2
In the Fuchs relation, “= 2” is valid for a single Fuchsian differential equation

and “= 07 is valid for the corresponding Pfaffian system.

The set of five points {fy, 1, oo, ty, ty} i ]P’é: is transformed into {0, 1, oo, x, y}.
Hence a Pfaffian system with five variables o, 1, foo, tx, t, is defined through this
map and the spectral type at each singular hypersurface is given in the above.
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The above five conditions for the irreducibility are obtained by the following
procedure, which is explained in Sect. 1.

-2
21,21,21,21 =2> 01,01,01,01 —1> 10,01, 01,01 —l> 10, 10, 01, 01 —1> 10, 10, 10,01 Ny

1
+2
2(10,10,10,10)< * 10, 10, 10, 10

01,10, 10, 10 <+=1—11,00,00,00<— *

10,01, 10, 10 <+=100,—11,00,00<—00,—11,00,00<— *

10, 10,01, 10 <+=100,00,—11,00<—00,00,—11,00<—OO,OO,—11,OO<— *

10, 10, 10, 01 <+——1 00, 00, 00, —11 <= 00, 00, 00, —11 <= 00, 00, 00, —11 <= 00, 00, 00, —11 <—*

The Pfaffian system corresponds to the hypergeometric function

Fi(e: B, B yixy) = ) (a)(';:“;"iﬂz;’l’!?! I g

mn=0
with
a=p—-y+1, b=y—a—p—-1, c=—P—p, d=a, e=p
and then the necessary and sufficient condition for the irreducibility is

{O[,,B,ﬂ/,(x—y,ﬂ—‘rﬂ/—y}ﬂZ:ﬂ. (53)

Appell’s F», F3

211,22,31, 31 : rank = 4, 5 parameters, (1° - 22)

— F;:201,21,21,21 H,:011,02,11,11 oo fo fy h fp ddx
=010,01,10,10 @ 201,21,21,21 (4) foo 211 211 211 211 -8
=101,11,11,20 4 110,11,20,11 (2) fo 211 31 31 22 2
=2(100,01,10,10) ¢ 011,20,11,11 (2) f, 211 31 22 31 2
These are of Type 1. no 211 31 22 31 2
2a+b+c+2d+e+f=3,0 o 211 22 31 31 2

x=0x=yx=lx=00 y=0 y=1 y = 00 X=y=00

0L [0]s [0; [d [0]3 0 [Fa—b—e—d> [fl5

[a, b ¢ e a+b+2d[e—f f —a—b—e

f a+f

-2
211,22,31,31 =2> 011,02,11,11 —- 101,02, 11,11—110,02,11,11— 110,20, 11, 11 =

+2
2(100, 10, 10, 10)<= *
—+1
010,10,10,10 <= —110,00,00,00 <
—+1
001,10,10,10 <= —101,00,00,00 <— 0—11,00,00,00 <
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2(100, 01, 10, 10)<=2(000, —11. 00, 00) < 2(000, —11, 00, 00) < 2(000, —11. 00, 00)

010,01,10,10 < 010,01, 10,10 < 100,01, 10,10 < 100,01, 10,10 < 100,10, 10, 10

001,01,10,10 < 001,01, 10,10 < 001,01, 10,10 < 110,01, 10,10 < 010, 10, 10, 10

110,11, 11,20 <= 010,01,01,10 < 100,01,01,10 < 100,01,01, 10 < 100, 10,01, 10
<«

+1
110,11,20,11 <= 010,01,10,01 <« 100,01, 10,01
The condition for the irreducibility is

100,01, 10,01 < 100, 10, 10,01

{d,e,a+d,a+e,a+b+d+e,at+c+d+e, f,a+fINZ=40. (54)

This system corresponds to the equation satisfied by F»(«; 8, 8'; v, y'; x, 1 —y) with

) mtn (B)m (B)n
xm n
(V)m (" )nm!n!

’

Fz(a;ﬁ,ﬁ/;y,yl;x,y): Z (

m,n=0

a=1-y, b=y+y —-a—-f-f -2, c=y—a-p+p -1,

d =8, e=a—y +1, f=«a
and (54) equals

fo. B BLa—ya—y. B—y. B =y . a—y—y}NL=0. (55)
Appell’s F 4
22,22,31,22: rank = 4, 4 parameters, loo fo &y i L idx

(18.2Y) = F,:12,12,21,12 foo 211 22 211 22 —4
=01,01,10,01 & 21,21,21,21 (8) fo 211 22 211 22 —4
=2(11,11,20,11) & 00,00, (=1)1,00 (1) 7, 22 22 2 31 2
The last one is of Type 2. o 211 211 22 22 —4
a+2b+2c+2d+2e=3,0 22 22 31 22 2

x=0x=1x=yy=0y=1x=00 y=00 x=y=0

0> [0 [0 [0 [0]> [d. [b+c+dhb+c+2d

bl [ a [=bla [l el [b+cH+elr b+cH+2e
(0]
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The addition corresponding to u — y”(1 — y)°u changes the above into

x=0x=1lx=yy=0y=1x=0c0y=00x=y=00
[0 [0 [0]s [0 [0 [d. [d 2d
bl [ a [Pl [cla [ela el 2e
[=b—c]

—1
31,22,22,22 = 21,12,12,12 — 21,21,12,12 — 21,21,21,12 — 21,21,21,21 =
1

—+1
10,10,10,10 < *
10,01,10,10 <= 00,—11,00,00 <
10,10,01,10 < 00,00, —11,00 < 00,00, —11,00 < *
10,10,10,01 <= 00,00,00,—11 < 00,00,00,—11 < 00,00,00,—11 < *
2(20, 11, 11, 1) <= 2(10, 01,01, 01) <2(10, 10,01, 01) < 2(10, 10, 10, 01) <2(10, 10, 10, 10)
21,21,21,21 4 01,01,01,01 < 01,01,01,01 < 01,01,10,01 < 0L, 10,10, 10
10,10,01,01 < 10,10,01,01 < 10,01,01,01 < 10,01,10,01 < 10,01, 10,10
10,01,10,01 < 10,01,10,01 < 10,10,10,01 < 10,10,01,01 < 10,10,01,10

—+0
10,01,01,10 < 10,01,01,10 <« 10,10,01,10 <« 10,01,10,10 <« 10,10,10,01
Kato [5, 6] gives the equation

0%u ou —1/ ou du
x(1 —x) 2+()/—(O(+,3+1)x)ax—Oéﬂu-l-ez_y(x -y )=0,

B%C ox dy
7u u x—1/ du u
1 - - 1 - — =

Y=o+ (=@t B )y —abute T vy o) =0
satisfied by u(x,y) = F4(a, By, ¥"sxy, (1 —x)(1 — y)) with

- (@) mtn (B)mtn

F as s ) /;-xs = 'x’n n7
e By m§=0 P it ™
e=y+y -—a—p-L (56)

We note that when € = 0, the above equation has the solution

u(e, B,y;x,y) = F(a, B,y;x) - Fa, B, y:y). (57)
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Hence the monodromy group defined by the space of solutions is irreducible when
€ = 0 (generally 2¢ € Z by Lemma 2.1 or by the Riemann scheme) and «, # and y
are generic. The corresponding Pfaffian system (45) is given by

01 0 0 00 1 0 00 00
_101—=y0 0 _ 100 € 1 _ 10 e —€0
M=y oo AT 001—y O =10 ¢ o
0 0 01—y 00 0 1—y 00 00
0 0 0 0 0 0 0 0
| =B =y € 0 0 0 0 0
LA=10 o 0 o |4 —af € -y 0
0 0 —(@4+eB+e) —y 0 —(@+e)(B+e) 0 —

with
a=2, b=1-y, c=—y, d=a, e=8.
Then the condition for the irreducibility is
{die,b+d, b+e,c+d,c+e,b+c+d b+c+etNZ=0 (58)
or equivalently
o, Ba—y. p—yv.a=y. =y . a—y—y. . B—y—yINZ=0. (59

Note that Theorem 1.5 says that under the condition (58) the differential equation

= (“l‘ + x“‘_zy + xAjl)u is irreducible if and only if a ¢ Z.

Rank 5 with Six Parameters

Is 41,32,311,311, Js 41,41,221,221: (1°-2%

41,41,221,221 — Fy:21,21,021,021 o ot & 1 idx

4132311311 — Hy:11,02,01L011 311 311 221 221 —10
4171‘(‘)1’1%)21)’()2121)10@31 3.20211 (4 o 32311 41 2
== 5 ) 5 s ) ’ ty 11 2 11 41 2
S it ooty ;21 3?1 311 3 221 —10

= 2(10, 10, 100, 100) @ 21,21,021,021 (4) '
o 221 41 41 221 2
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Rank 5 with Five Parameters

41,32,32,221: (17-23) lo fo &y N I ddx
— 31,22,22,220 F,:31,22,31,121 foo 311 322111 32 —6
Fp:21,12,12,021 311 322111 32 —6
=10, 10, 10,001 @ 31,22,22,220 (1) o 32 32 221 41 2
=10,01,10,010  31,31,22,211 (4) f 21112111 221 221 —18
=20,11,11,101 & 21,21,21,120 (2) fy 32 32 41 221 2

=2(10,10,10,100) & 21,12,12,021 (2)
=2(20,11,11,110) & 01, 10, 10,001 (1)

Rank 5 with Four Parameters

Pss 32,32,32,32:(18-22) o fo f, h 1 idx
— F4:22,22,22.31 F;:12,12,12,12 foo 221 221 211 32 =10
=10,10,10,01 ©22,22,22,31 (4) fo 221 221 221 32 —10
=21,21,21,12@ 11,11,11,20 (4) 1, 221 221 221 33 -10
=2(10,10,10,10) & 12,12,12,12 (1) n 221 221 221 32 —10
=2(21,21,21,21) & —(10,10,10,10) (1) ¢ 32 32 32 32 2

The last one is of Type 3 and then 10,10, 10,10 appears in the preceding
decomposition [cf. Proposition 2.5 iii)].
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Parametric Borel Summability of Partial
Differential Equations of Irregular Singular

Type
Masafumi Yoshino

Abstract The parametric Borel summability of formal series solutions of a system
of ordinary differential equations is fairly well understood due to Balser, Schifke,
Mozo-Ferndndez and so on. In this paper, we shall study the parametric Borel
summability of formal solutions of a semilinear system of partial differential
equations of irregular singular type.

Keywords Irregular singular * Parametric Borel summability ¢ Semilinear sys-
tem
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1 Introduction

In [1, 2] and [3], the parametric Borel summability of a formal power series solution
of a system of ordinary differential equations was extensively studied. In our
preceding paper [4], we showed the parametric Borel summability for a semilinear
system of partial differential equations of Fuchsian type. In this chapter, we extend
the result in [4] to the equations containing irregular singular and Fuchsian variables.

We first construct two different formal power series solutions expanded in the
independent variable x or in the perturbative parameter . We then observe that
they coincide with each other as a formal power series of x and 1. After having
shown the Gevrey estimate of the formal power series, we discuss the parametric
Borel summability. When proving the summability, we make use of the method
of characteristics in order to show the analytic continuation of the formal Borel
transform of the formal series. Finally we remark that no Diophantine phenomena
enter in the present situation because we assume Poincaré condition in our argument.
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This paper is organized as follows. In Sect.2, we state the main theorem,
Theorem 2.1. In Sect. 3, we construct two different types of formal series solutions
and show the Gevrey estimate. In Sect. 4, we prepare lemmas of the convolution. In
Sect. 5, we give the proof of our main result, Theorem 2.1 after the preparation of
lemmas.

2 Statement of Results

Let x = (x1,...,x,) € C", n > 1 be the variable in C". For an integer m with
1 <m<mnlets; € Z (1 <j=<n)beintegers such thats; > 2if 1 < j < m, and
si=1ifj>m.Letd; e C,A; #0(j=1,2,...,n) and N > | be an integer.

We shall study the solution u of the equation

nlu = f(x,u,n), )]

such that u(0) = 0, where n € C is a complex parameter,

n . 9
L= Aix;! 2
/; " @

and u = W®,....,u™). Here f(x,u,n) = (fVx,u,n),.... fM(x,u,n)is a
holomorphic vector function in some neighborhood of the origin of x € C", n € C
andu € CV.

We write x = (&, x"), X' = (x1,..., %), X = (ut1s....%), @ = (&, "),
o = (a1,...,0m), " = (Wutt1,...,0,). We assume
f(x,0,n)| =0 =0, forallx',n, det(V,f(0,0,0)) # 0 3)

where V,,f(0,0,0) denotes the Jacobi matrix of f(x, u, n) with respect to u at the
point x = 0,u = 0, n = 0. Moreover, we assume

V.f(0,0,n7) = V,f(0,0,0), foralln, “)

V.f(x,0,0) is a diagonal matrix. &)

Hence one may assume that V, f(0,0,0) is the diagonal matrix with diagonal
components given by i, ..., iy in this order. Moreover, we assume

Ai>0 Rue >0, (j=m+1,....n, k=1,...,N), 6)

where i 1, means the real part of .
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First we construct a formal power series solution of (1) in the space variable. We
consider

u®(x,n) = Z u® (n)x* = Z uka,),(x’, ne&", k=1,2,....N.
anﬂ,a;ﬁO a”eZ”Jr_’”,aaéO
7N

If we assume the nonresonance condition

n Z Ajey — g # 0, forall o = (pt1,...,0,) €Z,™", 1 <k<N, (8)
Jj=m+1

then we can determine the formal series solution u(x, 7). Moreover, every coefficient
u,(xk) () in u® (x, n) is analytic at n = 0. By inserting the expansion of u,(xk) (n) into (7)
we obtain the formal power series expansion of u(x, 1) in x and 7. For simplicity we
denote it with u(x, n) if there is no fear of confusion.

Next, we construct the solution v(x, n) of (1) in the form

o0

v ) =Y ') = vo(x) + i) + -+ . )

v=0

where the series is a formal power series of n with coefficients v,(x)’s being
holomorphic vector functions of x in some open set independent of v. We set
vx) = v, = (vél), R vl(,N)). We denote by ¢ the neighborhood of the origin
on which every coefficient v, (x) is defined. (cf. Sect.3). Expand v,(x) into the
power series of x and insert it into v(x, 7). Then we obtain the formal power series
expansion of v(x, n) in x and 7. For simplicity we denote the formal expansion with
the same v(x, 7). By Lemma 3.2 which follows we see that u(x,n) = v(x,n) as a
formal power series of x and 7.

Therefore, we shall consider the Borel summability of v(x, ) with respect to 7.
In order to state our results we recall some definitions from the summability theory.
(cf. [1]). The formal Borel transform of v(x, 1) is defined by

B)(x.y) 1= > v,(x)y"/T(v + 1), (10)
v=0

where I"(z) is the Gamma function. For an opening 8 > 0 and the bisecting direction
&, define the sector Sy ¢ by

Ser ={z€C; |argz—§| < 0/2}. (11)
We say that v(x, 1) is 1-summable in the direction & with respect to n if B(v)(x,y)

converges in some neighborhood of (x,y) = (0, 0), and there exist a neighborhood
Uofx =0anda6 > 0 such that B(v)(x, y) can be analytically continued to the set
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{(x,y) € Ux Sp¢} and of exponential growth of order 1 with respect to y in Sq ¢. For
the sake of simplicity we denote the analytic continuation with the same notation
B(v)(x,y). The Borel sum V(x, n) of v(x, n) is, then, given by the Laplace transform

ooelt
Vo) =gt / 7 B(v) (x.y)dy. (12)
0

Let Cy be the convex closed positive cone with vertex at the origin containing
e (k=1,...,N). Write

Co=1{z€C;—0, <argz< 6y} (13)

for some 0 < 0; < n/2and 0 < 6, < /2. Define £ = 7 + 0‘;92 and 6 =
7w — 6y — 0,. We observe that S, 14 is equal to C \ Cy. Then we have

Theorem 2.1 Suppose (3)—(6). Then there exists a neighborhood U of x = 0
such that v(x,n) is 1-summable in the direction argn with n € Sp¢ when x € U.
Moreover, there exists a neighborhood W of n = 0 in C such that V(x,n) is
holomorphic and satisfies (1) when (x,n) € U x (W N (C\ Cyp)).

Remark 2.2 'We briefly state the similar results in the case sy > 2fork =1,2,...,n
in (2). The following theorem can be proved by the similar argument as in the proof
of Theorem 2.1.

Let w = (w1,...,w,) € R" be given and assume 0 < wy < 7. We define
the multi-sector X, , by Xpp0 = ]_[]'.‘=1 Swo.wj» Where Sy 0, 1s given by (11).
We assume (6) except for the condition A; > 0. Let £ and 6 be the ones given
in Theorem 2.1. Then we have

Theorem 2.3 Suppose (3)—(6). Then there exist a neighborhood U of x = 0 and
wo > 0 such that v(x, n) is 1-summable in the direction arg n with 1) € S¢ ¢ when x €
UN Xy .0- Moreover, there exists a neighborhood W of n = 0 in C such that V(x, n)
is holomorphic and it satisfies (1) when (x,1) € (U N Zyy0) X (W N (C\ Cp)).

3 Formal Power Series Solution and Gevrey Estimates

As we stated in Sect. 2 there are two formal solutions u(x, n) and v(x, ) of (1). In
this section we study their properties and relations.

Expansion in the space variable. By substituting (7) into (1) we obtain
recurrence relations for u%)’s. First we consider the relation for u(()k) witha” =0

O[//

n YA @/ 0x)ug’ — s = FOC o) = . (14)
j=1
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where f® = f®|. o and f® is the k-th component of f. We can see that the

solution of (14) such that uék) (0,n7) = 0 vanishes identically. Indeed, we have
f®,0,1) = 0by (3). Recalling that u;, = V,f® (0,0, n) we have

7 20
FOC w0 ) = e = (Va7 0m) = Vi@ 0,0, + O(uol?).

We expand u(()k) in the power series of x’. In the right-hand side of (14) there appears

no term containing the linear term of the expansion of u(()k) . On the other hand, the

first term of the right-hand side of (14) consists of higher order terms because s; > 2.

Hence the linear term in the expansion of u, vanishes because p; # 0 by (8). In the

same way, by calculating higher order terms recurrently one can show that uy = 0.
Next, we consider the recurrence relation for u®) (@” #0)

a// ’

W TN (P R
=l Jj=m+1

= R(x.u)): [yl <l¢.1<v<N), 1<k<N.

Here the term in the right-hand side of (15) is a known term when we determine
u) inductively in &”. Every coefficient u$ () in u® (x, ) is analytic at y = 0.
By inserting the expansion of u&k)(n) into (7) we obtain the formal power series
expansion of u(x, n) in x and 7.

Expansion in the parameter n. We substitute (9) into (1) with u = v. The left-

hand side is given by
o0
nLv = Zﬁvv(x)n”“. (16)
v=0
By the partial Taylor expansion of f with respect to 1, f(x,u, n) = Yoo fe(x, u)nt,

the right-hand side of (1) is written as

o0
fCv.m) =Y n'felx.vo + vin + van® +-+) (17)
(=0

= fo(x, v0) + n(Vufo)(x, vo)vi + nfi (x, vo) + O(n?).

By comparing the coefficients of 7, we obtain for n° = 1

Jolx,vo(x)) =0 (18)
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and for n

Lvg — f1(x, v0) = (Vi fo)(x, vo)vy. (19)

We can solve (18) with the condition vy(0) = 0 on some neighborhood €2 in terms
of the implicit function theorem by the assumption (3) and f,(0,0) = £(0,0,0).
Next we solve v, from (19) on €y where we may assume det(V,, fo(x, vo(x))) # 0
on 2 since det(V, f(0,0,0)) # 0 by shrinking 2 if necessary.

In order to determine v, (x) (v > 2) we compare the coefficients of " in both
sides of (1). Indeed, we differentiate (17) (v — 1)-times with respect to 7 and we put
n = 0. Then we obtain

Lv,—1 = (V. fo)(x, vo)v, + (terms consisting of v, k < v). (20)

We observe that the second term in the right-hand side appear from the terms
nfi(x, vo + vin + van? + ---) for £ > 0 in (17), which are products of terms
of the form vijnif and n* such that

h+i+--+ix+L€=v, ile,...,ikzO,iiyéO

for some k > 2 and j < k. It follows that all terms in the second term have the form
v; for some j < v. Therefore one can write (20) in the following way

V.fo(x,vo)v, = H,(x, vg, V1,...,0,—;) forallv > 2.

Since det(V, f(x, vo(x),0)) # 0 on ¢, one can inductively determine v,,. The next
theorem gives the existence of a formal solution.

Proposition 3.1 Assume (3). Then there exists a neighborhood of the origin x = 0
such that every coefficient of (9) is uniquely determined as a holomorphic function
on Q.

We shall study the relation between u(x, ) and v(x, ).

Lemma 3.2 Assume that (8) holds. Then we have u(x,n) = v(x,n) as a formal
power series of x and 1.

Proof Because every u,(n) is analytic at n = 0, the limit lim, ¢ u, (1) exists for
every . We define lim, o u(x, n) := Y_, lim,—¢ ue(n)x*. The right-hand side is a
well-defined formal power series of x. Set u(x) := lim, o u(x, ). By letting n — 0
in (1) we have f(x, up,0) = 0, which is identical with (18). Because the solution
of (18) such that vy(0) = O is unique, it follows that uy = vo. Hence we have
u(x,0) = v(x,0). Next we define u; = lim,0(9/0n)u(x, n)|,=o. The right-hand
side exists as a formal power series. Differentiate (1) by 1 and set n = 0. One can
verify that u; satisfies (19) with v; = u;. By the uniqueness of the analytic solution
of (19) we see that u; = v;. In the same way, by differentiating (1) appropriately
many times in 7 and by setting 7 = 0 we have the assertion of the lemma. O



Parametric Borel Summability 461

Gevrey estimate of formal series solutions. Let o; (j = 0,1,2,...,n) be
nonnegative numbers. Set ¢ := (0y,0],...,0,). We define the formal Borel
transform B, (v) (¢, y) of a power series v := Zu,azo,a7é0 vy o' X% by

e
Z Uv'al"(l—}—(fov—l—(flal—i—-u—}—oa)’
v,a>0,a7#0 e

where I' denotes the Gamma function and y and ¢ are dual variables of 1 and x,
respectively. Similarly we define the partial Borel transform by putting some o; to
be zero. Then we have

Proposition 3.3 Let o9 = 1 and o; = 0 forj = 1,2,...,n. Then, there exist a
neighborhood U of x = 0 and a neighborhood W of y = 0 in C such that the partial
Borel transform B, (v)(x,y) converges in (x,y) € U x W.

This proposition is proved by the same argument as the proof of Proposition 3.2 in
[4]. As for the estimate of the series containing space variables we have

Proposition 3.4 Suppose thats; > 2 forj =1,2,...,n. Letog = 1,07 = 1/(s;—1)
forj=1,2,...,n. Then, there exist a neighborhood U of { = 0 and a neighborhood
W ofy = 0in C such that B, (v)({,y) converges in ({,y) € U x W.

4 Convolution Estimate

For0 < 6 < 7 and ry > 0 let 2 be an open set containing the sector Sy, and the
disk {|z] < ro} such thatif z € @, then Nz < ry, z—t € Q for every t > 0 and
z0 € Q forevery 0 < ¢ < 1. For ¢ > 0, we define the space H.(2) as the set of
those & € H(S2) such that there exists K > 0 for which

|h(z)| < Ke™ (1 + |2))7> forallz € Q, Q1)

where H(2) is the set of holomorphic functions in 2. Obviously, H.(2) is the
Banach space with the norm

Inllg.c := sup |h(2)| (1 + |z])%e™=. (22)
ZE
The convolution f * g (f, g € H.(2)) is defined by
d [* d [*
(F*9@ = / =i = / F@)8( — 23)
Z Jo dz 0

Write f'(z) = (df/dz)(z). Then we have the next proposition. (cf. Proposition 4.2 of
[4]).
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Proposition 4.1 For every f, g € H () such that f(0) = g(0) = 0andf', g €
Ho(R2) we have f * g € H.(2) with the estimate

I1f*glloc <81/ Naclgloe [If*glac<8lflaclgla. (24)

For f € H.(2) we define D] 'f(z) := [, f(1)dt, where the integration is taken on
the straight line connecting the origin and z. Then we have

Lemma 4.2 DZ_1 is a continuous linear operator defined on H.(2) into H.(L2).

Proof Letf € H.(2). By definition we have
Z
N DTS = [ FOIN Dl es)

z 2

—c% (1—2) 1+ 1z
< c e dt|.
<171 /0 A

If Rt > (1 —e)NRz then we have R (1 — z) > —eN z. Hence we have e=H =9 (1 +
lz])? < e“®2(1 + |z])%. Because Mz < ry for z € Q we see that the right-hand
side is bounded by some constant K, independent of z and f. Moreover, the integral

I i=(—om-(1+ |t])~2|dt| is bounded by [°°_(1+ |¢|)~2|dt|. Hence it is bounded by
some constant K. It follows that

1 2
/ et (L |Z|)2 |dt| < KoKj. (26)
R>(1—e)R (1 +t)

Next we shall estimate

. 1 2
/ e—cm (r—z)( + |Z|)2 |dl| (27)
Rz<Ri<(1—e)Rz (1 + Itl)

Because (27) is bounded if z moves in a bounded set in 2, we may assume that
7z lies in the left-half plane and |z| is sufficiently large. It follows that there exists
0 < co < 1 such that | z| > ¢plz| for such z. Because |R ¢| > (1 — €)|N z|, we have

I+ = A+ Re)? = (1 + (1 —e)colz)? = (1 —e)*cF(1 + |z)*

Therefore (27) is bounded by

1- e)_zcaz/ N gr = (1 - e)_zcazf N3\ ds|,
Rz<Ri<(1—e)R z 0<Rs<—eRz

where we set s = ¢ —z. Therefore, by (26) there exists K3 > 0 independent of f such
that the right-hand side of (25) is bounded by K3|| f|.- O
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5 Proof of Theorem 2.1

First we define a function space. Let D and €2 be the open connected set in a
neighborhood of the origin of C" and the set given in (21), respectively. Let H(D, 2)
be the set of holomorphic functions in (x,y) € D x Q. Then we define H.(D, ) as
the set of those 1 = h(x,y) € H(D, 2) such that there exists Ky > 0 for which

sup |h(x,y)| < Koe™ ™Y (1 + |y))™2 forally € Q. (28)
xX€D

The space H.(D, 2) is a Banach space with the norm |||, = inf Ky where Kj is
given in (28).

Proof of Theorem 2.1. We first show the summability of v(x,n) in the direction
arg n = m when x € U, where U is given in Proposition 3.3. One may assume
A» = 1 without loss of generality by dividing the equation with A,, # 0. In terms of
(1) with u replaced by vg + u, fo(x, v9) = 0 and

fe(x,v) = fe(x,v0) + Vi fe(x, v9) - u + Z rg.e(x, vouf, £=0,1,2,...
|B1=2
we obtain
Lu=—Lvo+ 1" Vufole.vou+n7" Y rpolx. vo)u (29)
|B1=2

+ 30 fewvo) + Vufieovo) ut Y rpe (e vy

=1 [B]=2

Let it(y) := B(u) be the Borel transform of u with respect to 7, where y is the dual

variable of 7. By the Borel transform of (29) and by recalling that n~! corresponds
to d/dy, we obtain
Li = —Lvo + Vufolx. v0) (01/3y) + (3/3y) Y rpox.v)@**  (30)

1Bl1=2

+ D D Sl o) + Vife (e vo) -4 Y rpe(rvo) (@ |

(=1 [Bl=2

where ()*f = (a)*P'---@)*™, B = (B1,....Bxn), and (@)*P is the B;-
convolution product, (it;)*# = i; % -+ % it;. Here D}~ = (D)~ and D} is
the integration, D' ¢(y) = [; g(t)dt.
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Let v be the formal solution given by Proposition 3.1 and let B(v) be the formal
Borel transform of v. Define i(x,y) := B(v) — vo. Then #(x, y) is analytic when
(x,¥) € U x W, and is the solution of (30) in some neighborhood of y = 0 such
that 7(x,0) = 0 in x. We see that every solution of (30) being analytic at y = 0
and satisfying 7i(x,0) = 0 is uniquely determined from the recurrence relation in
the expansion of y because V,, fy(x, vo) is invertible. Therefore, if we can show the
existence of the solution of (30) being analytic in (x,y) € U x W and of exponential
growth with respect to y in €2, then we have the analytic continuation of the formal
Borel transform of v which is of exponential growth in y € 2. Hence we have the
summability of v. Therefore, it is sufficient to prove the following theorem.

Theorem 5.1 There exist ¢ > 0, a neighborhood D of the origin x = 0, and Q as
in (22) such that (30) has a solution it in H.(D, ).

For the proof of Theorem 5.1 we prepare six lemmas. Let ¢ > 0, D and 2 be
given. We may assume that D is contained in an open ball centered at the origin. In
order to prove the solvability of (30) when x is in a neighborhood of the origin and
y € Q we first solve

Lw — (Vi fo)(x,0)(0w/dy) = g(x,y), (31)

where w = (wy,...,wy) and g = g(x,y) = (g1,...,8n), & € Hc(D, ) is a given
vector function and fo (x, u) = f(x, u, n)|y=0.

In view of the assumption (5), for every j, 1 <j < N we denote the j-th diagonal
component of (V, fo)(x, 0) by (V, fo);(x, 0). We use the method of characteristics in
order to solve (31). Namely, we consider

d¢ dxy, dy
= L = — , k=1,2,...,n—1. (32
¢ Ayt (Vufo)j(x,0) )

Let b € C, b # 0 be sufficiently small and yy € Q2 be given. By integrating (32) we
have

xe = xc(0) = (s — Dex — A log O™ (k = 1,2,--- ,m)  (33)
=x) =at*(k=m+1....n—1).y=y — (D),

where

¢
,(0.b) = /b (Vufo) (), s Xt (5), 5, 0)s™ s, (34)

and the integral is taken along the non self-intersecting curve which does not
encircle the origin. Then we make analytic continuation around the origin. Here
Yo := y(b) € Q is the initial value of y = y({) at { = b and ¢;’s are chosen so
that the initial point x¥ := (x;(b), ..., x,—1(b),b) lies in D and N (c;/A) > 0O if
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1 < k < m. The last condition implies that ¢; — A log ¢ # 0 when ¢ is in a small
neighborhood of the origin. Define ®(¢,b) := (P((¢, D), ..., Py(L, b)). Then we
have

Lemma 5.2 Let {y € D\ {0}. Then, for every j, 1 < j < N there exists a curve y,
which passes (o and tends to the origin such that I ®;(¢, b) = I ®;(¢o, b) for every
€ yg,j» where I @; denotes the imaginary part of ®;.

Proof The condition I ®;({, b) = I ®;({o, b) is equivalent to I @;({, o) = 0. We
shall look for the curve yg, ; satisfying the latter condition. By the assumption (5)
there exists a neighborhood of the origin x = 0, Q¢ such that (V, fo);(x,0) = u; +
O(]x|) when x € (. Then we have

¢
®;(£.%0) = / 57 (Vifo)j(x, 0)ds = p;log (£/80) + R(0). (35)

%o

where x = x(s) is given by (33) and R({) corresponds to the O(|x|) term. Clearly,
R(¢) is a multi-valued analytic function of ¢ in some neighborhood of the origin
except for { = 0. We shall study the behavior of R(¢) modulo bounded functions
when { — 0 because R({) is not bounded in general. In view of (33) with { = s,
R(¢) is given by the sum of constant times of the integral

é‘ m n
/ s 16 = Ajlogsy@/ 0= T s%ds (36)
%o j=1 Jj=m+1
where A, = 1 and o;j > 0 is an integer. If we assume that s tends to the origin

from some sector with vertex at the origin, then we may assume that i log s —
—oo and 3 log s is bounded as s tends to the origin. Because we take c; such that
N (cj/Aj) > 0, it follows that ¢; — A;log s does not vanish and tends to infinity when
s — 0 from some sector. It follows from the assumption on A; that, if «; > 0 holds
for some j > m, then the integral (36) is bounded when ¢ — 0. Therefore, in order
to estimate the growth of R({) when { — 0 we assume that o;j = 0 for j > m.
If there exists j,1 < j < msuch that p = o;/(s; — 1) > 1, then we consider the

integral |, ;} (c; — Ajlogs)~Ps~'ds, because the other factors in the integrand of (36)
are bounded by some constant. By setting ¢ = log s, we may consider the integral

fli)ogg;) (¢j — Ajo)~Pdo. Clearly the term is bounded when { — 0 because p > 1.
Therefore we find that unbounded terms in R({) could appear from

é- m
L 57! ]_[(c,- — Ajlog s)%/ 175 ds (37)
0 j_l

where

1fl,ajeZ+1§j§m,oc1+---+a,,,7é0. (38)
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We see that there exist only finite number of pairs (a1, - - , ot,) Which satisfy (38).
Because we will use the estimate in the later argument, we shall calculate the integral

I= [ ‘ (¢j — Ajo0)~Pdo. By simple computations it is equal to

og o
1 - _ f(1) —£(0)
Ai(p—1) (6= Ajlog )7 = (¢ = Aylog £0)™") = Ailp—1) " (39
where
F@) == (c;— Ai(tlog ¢ + (1 —1)log &))" (40)
The right-hand side of (39) is equal to
(log & —log &) / — Ai(tlog ¢ + (1 —1)log &o)) " at. (41)

If ¢ and {y, move in some sector at the origin, then there exists p > 0 such that the
growth of I when { — O from a sector is bounded by

log (£/80)O((|log ¢| + |log &o|)™"). (42)

Therefore (36) and R(¢) also have the same estimate like (42).
We shall prove the existence of the curve y, ;. By (35) the relation I ®;(¢, £o)
= 0 is written as

3 (ylog §) + IR(E) — 3 (ylog &) = 0. 43)
By setting E = pjlog ¢, EO := pjlog &y, and I~€(§~‘) = R(eg/“f) (43) is written as
SC+IREG) -5 =0. (44)

Set Z = X + iy and ZO = Xo + iyo. We shall determine y = y(X) from (44) such
that y(Xo) = yo. We remark that (44) holds if é‘ = §0 On the other hand, we have
R(C) 0(§1_p) by (39). Hence, if |X| is sufficiently large and X < Xy < 0, then the
derivative with respect to y of (44) does not vanish. Hence, by the implicit function
theorem one can determine y = y(X) as an analytic function of X, if |X| is sufficiently
large and X < Xo < 0. We denote the curve by 3750‘1"

We transform )720 j in the E -space to y,; in the {-space by expressing E in terms
of { . Set y; = o + ipj1 with jo > 0. Then we have

tut = 1wl o + S + i — ¥1)) - (45)
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We recall that y(X) is a bounded function of X and its derivative tends to zero as x —
—oo by definition. Because j;o > 0 andx — —oo, we see that { = exp({/u;) — 0.
O

Lemma 5.3 Let ¢ # 0 and {y # 0 be in some neighborhood of the origin. Then,
foreveryj 1 <j <N, R ®(, c) is monotone decreasing when ¢ approaches to the
origin along the curve yy, ;.

Proof Because the curves yg,; and 3720‘1' have a one-to-one correspondence by

the relation { = exp(f /) it is sufficient to show that ) ®;(¢, {p) is monotone
decreasing when § tends to —oo along y Vioj: . In terms of (35) we have

R D;(¢, o) + N (wlog &) = RE+ RRE) =%+ RREQ). (46)

By virtue of (39) we have R(§) = R(¢) = O(é‘l ?) for some p > 0. Thus, with
§ = X+iyandy = y(X), we see that }(d/dx)i)? R(é)} is arbitrarily small if X <Xy <0
for sufficiently small Xo.Therefore we have (d/dx)0%t ®;(¢, &o) > 0.

Lemma 54 Let g = g(x,y) = (g1,....8n), & € Hc(D, Q). Then the solution
of (31) is given by

w = Pog = (P(),]gl, ey PO,NgN)‘ (47)

Here, for everyj, 1 <j < N and ¢ # 0 in a neighborhood of the origin we take {
such that § € yg, j and Py is given by

¢
Pyjgj = / gi(x1(s), -+, x0—1(5), 8550 — D;i(s, b))s_lds, (48)
%o

where the integral is taken along the curve y, j from {o to § € yy,; and x;(s) is given
by (33) with ¢ = s. The independent variables x; and y in (48) are related to c; and
yo via (33).

Proof We show that the integrand in (48) is well defined. By (33) and (34) we have
yo — ®i(s,b) =y — @j(s,0) + ®;(¢.b) =y + ;(8. ). (49)

By Lemma 5.2 we see that I®;({,s) = 0if s € y;,; because { € y;, ;. On the other
hand, by Lemma 5.3 we see that it ®;({, s) is a monotone decreasing function of
¢ € vy, when ¢ approaches the origin. Hence we have it ®;({,s) < 0 on yg,;. In
view of the assumption on £ we have y + 9% ®;({,s) € Q forevery y € Q.

Next we take the neighborhood Uy of the origin such that the formal solution is
holomorphic in Uy. Consider the substitution x; = xi(s) into the integrand of (48)
where x;(s) is given by (33) with { = 5. We want to show that this is possible for s
which is on the segment of y;, ; between { and {. Indeed, we first observe that sy
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can be made arbitrarily small if ¢ is taken sufficiently small. We observe
% = exp (A;(log |s| + iarg s)) . (50)

Because A; > 0, the absolute value of the right-hand side of (50) is monotone
decreasing when r = |[s| tends to zero, namely s tends to the origin along yq, .
This proves the assertion. Next we consider the case xx(s) = ((sx — 1)(ck —
A log 5))//=9) Clearly, the right-hand side is small if s tends to zero because
N (cx/Ax) > 0 by assumption. Hence the right-hand side of (48) is well defined.

Next we shall show that w; := Pyjg; (j = 1,2,...,N) satisfies Eq. (31). Indeed,
by (32) and (33) we have

_ dxy, ow; 8y ow;
1 J j
(x, 51
8j(x, y)x, Z 2 i 35 By (51
Z /ka aWj _ (Vuﬁ))j(x, O) aWj
& Oxy ¢ dy
Multiplying both sides with ¢ and setting { = x,, we have the assertion. O

Let o satisfy |{o| = ro > 0. Let &g > 0 be a given small constant. In the following
we take D such that |£|/|Co| > o for ¢ and ¢, in D, where ¢ and ¢, are related by

S Yo+

Lemma 5.5 There exists a constant ¢y such that, for every 1 < j < N, g; €
H(D, R2), we have

1Pojgjlle < eillgilles [ (3/3y)(Pojgp . < eillgille- (52)

The constant c, is independent of o, |{o| = ro > 0.

Proof We shall prove the estimate of Py ;g; in (52). The latter one can be proved
similarly. Let { € yg,; and consider the integral (48). Noting that yo — ®;(s,b) =
v+ ®;(¢, s) we make the change of the variable 0 = y+ ®;(¢, s) in (48) from s to 0.
We have do = —(V, f);s~'ds. Observe that the right-hand side is independent of y.
We haveo = yfors =C(ando =y + fo for s = ¢y, where fo = ®;(, §o). Clearly,
5 € Y, is expressed as 0 € y + yg,;, where yg, ; is the straight line connecting 0
and fo. Then (48) is written as

do
0 [ O @) g >

where (V, fo); is bounded from the below by the assumption (3).
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We next estimate the growth of yo — ®;(s, ). In terms of (49) we have

exp (—CER (o — D;(s, b))) = exp (—CER v+ ;L. s))) . (54)

By Lemma 5.3 i ®;(¢, s) is decreasing in { as { tends to the origin along y, ;. It
follows that % ®;(¢,5) < N P;(s,s) = 0. Hence we need to estimate e~ N &;(Ls)
namely we shall estimate ) ®;(¢, s) from the below.

Because R({) in (35) has the estimate (42) ®;(¢, s) has the behavior

®;(C.5) = pjlog(Z/s) (1 + O((|log {| + |log &)™) . (55)

for every s € yy,; if |log {o| is sufficiently large. Set log({/s) = x + iy and u; =
o +if with o > 0. Then we have it (u;log({/s)) = ax— By and I (u;log(¢/s)) =
ay + Bx. It follows that 0 > 0 ®;(L, s) > yo(ax — By) for some yy > 0if | log {o| is
sufficiently large. The condition holds if ¢ and { are in a sector in a neighborhood
of the origin. Thus we have e~ %) < g=cvolwx—Fy)

By (55) there exist y; > 0 and y, > 0 such that

yi(ay + Bx) = I P;(L,5) < ya(ay + Bx), (56)
if [log {o| is sufficiently large. Because I ®;(¢, s) is constant when ¢ € yy, ;, there

exist 71 > 0 and p, > O such that y» < ay + Bx < y1,if { € yg,;. Suppose that
B > 0. Then, by (56) we have —By > B%a~'x — Ba~'J;. we have

ax— By = (@ + fra"Hx—pipa”".
Noting that x = log(|¢|/|s]) > log(|¢|/|¢o]) > log &o, we have

exp(—cyo(ax — B)) < exp(—cyo(@ + e~ )x + cyoyifa)
< exp (cyola + fPa™ ) logey' + cpopifa’) =: Ko.
This proves
exp (—CER (vo — ®;(s, b))) < Kpexp (—chy). 67

We have the same estimate (57) in case 8 < 0 by (56).

We shall estimate |y — ®;(s,b)| = |y + ®;({,s)| from the below. Because
S @;(¢,s) = 0and R P;(,s) < 0 on yg, there exists C; > 0 independent of {
and s such that

(1 + |yo = @i(s.5)D ™2 < Ci(1 + |y~ forally € Q. (58)
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Therefore, by (57) and (58) there exist C, > 0 and C3 > 0 such that
[wille = (59)

mﬂﬂm%—@@mmwo

smm<a+wﬂfemwd%0/”&W (1+ [yo — @(s.b)])?

s@mm/wﬂsakm.

|
We shall solve (30) in H.(D, 2). First we note
o o o
Viufo(x,vo) . = Vufo(x,0) . + (Vufolx,v0) — Vufo(x,0)) . . (60)
dy dy dy
We note ||V, fo(x,v0) — Vufo(x,0)| = O(]lvo]|) when |lvg]] — 0. We denote

by R(x,u) the fourth term of the right-hand side of (30). Then we define the
approximate sequence iy (k =0,1,2,...) by ity = 0 and

I:ll = —P(),CU() (61)

. J . .

i, = Py Z rﬁ(x, V) By (ul)’f — PoLvy + PoR(x, i) (62)
|B1=2

+PM%ﬂuww—%m@ﬁ»z}

. J . .
i1 = Py Z rg(x, vo) dy (i)’ — PoLvo + PoR(x, i) (63)
|B1=2

+P«%ﬂ@w@—%ﬁ@ﬂ»2ﬂ

where k = 1,2,... We note that the term PoR(x, ;) can be estimated by
Lemmas 4.2 and 5.5. Then we have

Lemma 5.6 Let D be as in Lemma 5.5. Then there exists a constant K3 > 0
independent of k such that

lall < CeKs, |[()yllc < CeKs, k=0,1,2,... (64)

Lemma 5.7 Under the same assumptions as in Lemma 5.6 u, (k = 1,2,...)
converges in H.(D, Q).
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Lemmas 5.6 and 5.7 are proved by exactly the same argument as in the proofs of
Lemmas 5.6 and 5.7 of [4], respectively. We observe that Lemma 5.7 implies the
solvability of (30) in H.(D, ).

Proof of Theorem 5.1. If one proves Lemmas 5.2, 5.3, 5.4, 5.5, 5.6 and 5.7 in the
above, then one can prove Theorem 5.1 by the argument as in the proof of Theorem
5.11in [4].

End of the Proof of Theorem 2.1. We shall prove the summability in the direction
n € Sp¢. By multiplying (1) with e we see that 7, Ay, p; are replaced by ne™",
A and pLje_“’, respectively. Since (6) holds for 0 < 6 < w/2 — 6,, the summability
follows for n = /™% with 0 < # < /2 — #,. Hence the summability holds for

T <argn<3m/2—06;.

Next we set u = ve', and consider the equation of v. Clearly, n and p; are
replaced by ne® and pe', respectively. A, does not change. On the other hand, we
see that (6) is satisfied for the new equation when 0 < 6 < /2 — 6,. Hence the
summability holds for 7/2 + 6, < arg n < m. Therefore, the summability follows
forw/2 + 6, < arg n < 37 /2 — 6,. In view of the definition of Borel sum we have
the latter half of the assertion. This ends the proof of Theorem 2.1.
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