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Abstract Let 0 and w be locally finite positive Borel measures on R", let T¢
be a standard o-fractional Calderén-Zygmund operator on R” with 0 < a <
n, and assume as side conditions the .A§ conditions, punctured A§ conditions,
and certain a-energy conditions. Then the weak boundedness property associated
with the operator 7% and the weight pair (0, ®), is ‘good-A’ controlled by the
testing conditions and the Muckenhoupt and energy conditions. As a consequence,
assuming the side conditions, we can eliminate the weak boundedness property
from Theorem 1 of Sawyer et al. (A two weight fractional singular integral theorem
with side conditions, energy and k-energy dispersed. arXiv:1603.04332v2) to obtain
that 7% is bounded from L? (0) to L? (w) if and only if the testing conditions hold
for T* and its dual. As a corollary we give a simple derivation of a two weight
accretive global Tb theorem from a related 7'1 theorem. The role of two different
parameterizations of the family of dyadic grids, by scale and by translation, is
highlighted in simultaneously exploiting both goodness and NTV surgery with
families of grids that are common to both measures.
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1 Introduction

The theory of weighted norm inequalities burst into the general mathematical con-
sciousness with the celebrated theorem of Hunt et al. [5] that extended boundedness
of the Hilbert transform to measures more general than Lebesgue’s, namely showing
that H was bounded on the weighted space L? (R"; w) if and only if the A, condition

of Muckenhoupt,
(1 /w()c)d)c)(1 / ! dx)<1
10| Jo 0] Jo w(x) ~

holds when taken uniformly over all cubes Q in R”. The ensuing thread of investi-
gation culminated in the theorem of Coifman and Fefferman [3] that characterized
those nonnegative weights w on R” for which all of the ‘nicest’ of the L* (R")
bounded singular integrals T above are bounded on weighted spaces L? (R"; w),
and does so in terms of the above A, condition of Muckenhoupt.

Attention then turned to the corresponding two weight inequalities for singular
integrals, which turned out to be considerably more complicated. For example,
Cotlar and Sadosky gave a beautiful function theoretic characterization of the
weight pairs (0, ) for which H is bounded from L? (R;0) to L? (R; w), namely
a two-weight extension of the Helson-Szegd theorem, which illuminated a deep
connection between two quite different function theoretic conditions, but failed
to shed much light on when either of them held.! On the other hand, the two
weight inequality for positive fractional integrals, Poisson integrals and maximal
functions were characterized using testing conditions by one of us in [24] (see
also [6] for the Poisson inequality with ‘holes’) and [23], but relying in a very
strong way on the positivity of the kernel, something the Hilbert kernel lacks. In
a groundbreaking series of papers including [16, 18] and [19], Nazarov, Treil and
Volberg used weighted Haar decompositions with random grids, introduced their
‘pivotal’ condition, and proved that the Hilbert transform is bounded from L? (R; ')
to L? (R; w) if and only if a variant of the A, condition ‘on steroids’ held, and the
norm inequality and its dual held when tested locally over indicators of cubes—but
only under the side assumption that their pivotal conditions held.

The last dozen years have seen a resurgence in the investigation of two weight
inequalities for singular integrals, beginning with the aforementioned work of NTV,
and due in part to applications of the two weight 71 theorem in operator theory,
such as in [14], where embedding measures are characterized for model spaces
Ky, where 6 is an inner function on the disk, and where norms of composition
operators are characterized that map Ky into Hardy and Bergman spaces. A
T1 theorem could also have implications for a number of problems that are
higher dimensional analogues of those connected to the Hilbert transform (rank

"However, the testing conditions in Theorem 1 are subject to the same criticism due to the highly
unstable nature of singular integrals acting on measures.
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one perturbations [20, 32]; products of two densely defined Toeplitz operators;
subspaces of the Hardy space invariant under the inverse shift operator [15, 32];
orthogonal polynomials [21, 22, 33]; and quasiconformal theory [1, 2, 8, 11]), and
we refer the reader to [28] for more detail on these applications.

Following the groundbreaking work of Nazarov, Treil and Volberg, two of us,
Sawyer and Uriarte-Tuero, together with Lacey in [12], showed that the pivotal
conditions were not necessary in general, and introduced instead a necessary
‘energy’ condition as a substitute, along with a hybrid merging of these two
conditions that was shown to be sufficient for use as a side condition. The resurgence
was then capped along the way with a resolution—involving the work of Nazarov,
Treil and Volberg in [19], the authors and M. Lacey in the two part paper [9, 13] and
T. Hytonen in [6]—of the two weight Hilbert transform conjecture of Nazarov, Treil
and Volberg [32]:

Theorem 1 The Hilbert transform is bounded from L> (R; o) to L* (R; w), i.e.
IH (fo) 2@ S I l2@s - f € L7 (R;0), (1)
if and only if the two weight A, condition with holes holds,

IQla(l y ) (1 y )|Q|w<1
01 Ul oo @) g1 fuo 07 @) 1o =1

uniformly over all cubes Q, and the two testing conditions hold,
||1QH (IQU) ||L2(]R;a)) < Mollp@e) = \/|Q|a ’
[10H* (100) | 250y S Mol 2@y = V1€ -

uniformly over all cubes Q.

Here Hf (x) = fR { (_}i dy is the Hilbert transform on the real line R, and o and
are locally finite positive Borel measures on R. The two weight A, condition with
holes is also a testing condition in disguise, in particular it follows from

”H(SQO') HLZ(]R;w) < ”sQ“LZ(R;a) ’

tested over all ‘indicators with tails’ s (x) = . (Q)f_(ﬁ) col of intervals Q in R. Below
—c
we discuss the precise interpretation of the above inequalities involving the singular

integral H.

At this juncture, attention naturally turned to the analogous two weight inequal-
ities for higher dimensional singular integrals, as well as «-fractional singular
integrals such as the Cauchy transform in the plane. A variety of results were
obtained, e.g. [10, 14, 26] and [27], in which a T'] theorem was proved under certain
side conditions that implied the energy conditions. However, in [28], the authors
have recently shown that the energy conditions are not in general necessary for
elliptic singular integrals.
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The aforementioned higher dimensional results require refinements of the various
one-dimensional conditions associated with the norm inequalities, namely the A,
conditions, the testing conditions, the weak boundedness property and energy
conditions. The purpose of this paper is to prove in higher dimensions that the
weak boundedness constant WBP7« (0, w) that is associated with an «-fractional
singular integral 7% and a weight pair (o, ) in R”, is ‘good-A’ controlled by the
usual testing conditions T7« (0, w), Tj« (0, ) and two side conditions on weight
pairs, namely the Muckenhoupt conditions 2 (0, w) and the energy conditions
ES™ (0, w), £ (0, w): more precisely, for every 0 < A < é, we have the
Good-A Lemma:

1
WBPr (0, 0) < Cq ( N VS + Tye + Tha + E10E 4 goone* 4 mea) .

The first instance of this type of conclusion appears in Lacey and Wick in [10])—see
Remark 1 in Sect. 2.1 below.

Applications of the Good-A Lemma are then given to obtain both 7'1 and Tb
theorems for two weights. We now turn to a description of the higher dimensional
conditions appearing in the above display. As the Good-A Lemma, along with its
corollaries, hold in the more general setting of quasicubes, we describe them first.
But the reader interested only in cubes can safely ignore this largely cosmetic
generalization (but crucial for our ‘measure on a curve’ 71 theorem in [26]) by
simply deleting the prefix ‘quasi’ wherever it appears.

1.1 Quasicubes

We begin by recalling the notion of quasicube used in [27]—a special case of the
classical notion used in quasiconformal theory.

Definition 1 We say that a homeomorphism €2 : R* — R” is a globally biLipschitz
map if

Q —Q
120, = sup 1EO =20 _ 2)

x,yER? ||)C - y”

and HQ_IHUP < c0.

Notation 1 We define P" to be the collection of half open, half closed cubes in
R™ with sides parallel to the coordinate axes. A half open, half closed cube Q

in R" has the form Q = Q(c,{) = l_[ [ck— S,ck + S) for some £ > 0 and
k=1

¢ = (¢1,...,¢cy) € R" The cube Q(c,?) is described as having center ¢ and

sidelength £.
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Definition 2 Suppose that Q2 : R” — R” is a globally biLipschitz map.

(1) If E is a measurable subset of R", we define QF = {Q (x) : x € E} to be the
image of E under the homeomorphism €2.

(a) In the special case that E = Q is a cube in R”, we will refer to QQ as a
quasicube (or 2-quasicube if €2 is not clear from the context).

(b) We define the center cqp = ¢ (20Q) of the quasicube ©2Q to be the point
Qcg where cg = ¢ (Q) is the center of Q.

(c) We define the side length £ (2Q) of the quasicube Q2Q to be the sidelength
£ (Q) of the cube Q.

(d) For r > 0 we define the ‘dilation’ rQ2Q of a quasicube QQ to be QrQ
where rQ is the usual ‘dilation’ of a cube in R” that is concentric with Q
and having side length ¢ (Q).

(2) If K is a collection of cubes in R", we define QK = {QQ : Q € K} to be the
collection of quasicubes 20 as Q ranges over K.
(3) If Fisa grid of cubes in R”, we define the inherited quasigrid structure on QF
by declaring that QQ is a child of QQ’ in QF if Q is a child of Q' in the grid
F.
Note that if QQ is a quasicube, then |§ZQ|:' ~ |Q|L = {L(Q) = £(R0).
For a quasicube / = QQ, we will generally use the expression |J| " in the
various estimates arising in the proofs below, but will often use £ (J) when defining

collections of quasicubes. Moreover, there are constants Rp;g and Ry,,q; such that we
have the comparability containments

0+ QXQ C Rb,'gQQ and Ry,,,.i20 C O + QXQ .

Example 1 Quasicubes can be wildly shaped, as illustrated by the standard example
of a logarithmic spiral in the plane f; (z) = z |z|*' = z¢*""@ Indeed, f, : C — C is
a globally biLipschitz map with Lipschitz constant 1 + Ce since f, ! (w) = w |w| %

and

aa aa el . el . ei

Vf,;:(f, f)=(|z|2 + ie|z)? ,18Z|z|2).
0z 0z z

On the other hand, f, behaves wildly at the origin since the image of the closed unit
interval on the real line under f; is an infinite logarithmic spiral.

1.2 Standard Fractional Singular Integrals and the Norm
Inequality

Let 0 < o < n. We define a standard a-fractional CZ kernel K“(x,y) to be a
real-valued function defined on R” x R” satisfying the following fractional size and
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smoothness conditions of order 1 4 § for some § > 0: For x # y,
[K* (6, 3)| < Cez e —y[*™" and |VK* (x,y)| < Cez |x —y* ",

x—x]\° e x—x| 1
VK 1) = VK ()] = Cer () st BT L
lx =yl be—yl — 2

and the last inequality also holds for the adjoint kernel in which x and y are
interchanged. We note that a more general definition of kernel has only order of
smoothness § > 0, rather than 1 4 §, but the use of the Monotonicity and Energy
Lemmas in arguments below, which involve first order Taylor approximations to
the kernel functions K* (-, y), requires order of smoothness more than 1 to handle
remainder terms.

1.2.1 Defining the Norm Inequality

We now turn to a precise definition of the weighted norm inequality
1T5f 2wy < Nz 1fllpoy . f €L (0). “4)

For this we introduce a family {n‘g R} ] of nonnegative functions on [0, co)
’ <J<R<o0

so that the truncated kernels K§', (x,y) = 1§, (|x — y[) K“ (x, y) are bounded with
compact support for fixed x or y. Then the truncated operators

T 0= [ Kipnf0do0), xR

are pointwise well-defined, and we will refer to the pair (K“, {ng’R}O<8<R<oo)

as an «-fractional singular integral operator, which we typically denote by 77,
suppressing the dependence on the truncations.

Definition 3 We say that an o«-fractional singular integral operator 7¢ =
(K“, {ng R} ) satisfies the norm inequality (4) provided
") 0<8<R<00

1785 4 |2y < e 1f 120y f€L7(0),0 <8 <R < oo,

It turns out that, in the presence of Muckenhoupt conditions, the norm
inequality (4) is essentially independent of the choice of truncations used, and
we now explain this in some detail. A smooth truncation of T* has kernel
ns.k (Jx —y|) K¥ (x,y) for a smooth function 55z compactly supported in (8, R),
0 < 8§ < R < o0, and satisfying standard CZ estimates. A typical example of an
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a-fractional transform is the a-fractional Riesz vector of operators
R”"”:{R‘Z’":lfﬁfn}, 0<a<n.

The Riesz transforms R, are convolution fractional singular integrals Ry“f =
K, * f with odd kernel defined by

¢
K" (w) = :V+1_a = 9651127
[wl [wl

However, in dealing with energy considerations, and in particular in the Mono-
tonicity Lemma below where first order Taylor approximations are made on the
truncated kernels, it is necessary to use the tangent line truncation of the Riesz
transform Ry whose kernel is defined to be Q¢ (w) ¥, (Iw]) where ¥, is
continuously differentiable on an interval (0,S) with 0 < § < R < S, and where
Vsg (r) = r*""if § < r < R, and has constant derivative on both (0, §) and (R, 5)
where ¥, (S) = 0. Here S is uniquely determined by R and «. Finally we set
wgf R (S) = 0 as well, so that the kernel vanishes on the diagonal and common point
masses do not ‘see” each other. Note also that the tangent line extension of a C'%
function on the line is again C'¥ with no increase in the C' norm.

It was shown in the one dimensional case with no common point masses in [13],
that boundedness of the Hilbert transform H with one set of appropriate truncations
together with the A condition without holes, is equivalent to boundedness of H
with any other set of appropriate truncations, and this was extended to R*" and
more general operators in higher dimensions, permitting common point masses as
well. Thus we are free to use the tangent line truncations throughout the proofs of
our results.

1.3 Quasicube Testing Conditions

The following ‘dual’ quasicube testing conditions are necessary for the boundedness
of T% from L? (o) to L?* (w),

T2, = sup ! /\T“ (1Q0)|2w<oo,
gear 10, Jo

1
T = s o [0 (o) o < oo

QeQP"

and where we interpret the right sides as holding uniformly over all tangent line
truncations of 7%. Equally necessary are the following ‘full’ testing conditions
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where the integrations are taken over the entire space R":

3352, = sup ! |T°‘ (1Q0)|2a) < 00,
geapr |0y Jre
(3‘1;,)2 = sup ! / [(T*)" (IQa))|20 < 00,
gearn |0|, Jr

1.4 Quasiweak Boundedness and Indicator/Touching Property

The quasiweak boundedness property for 7% with constant C is given by

<WBPr/10l, 10, (5)

‘/QT‘” (o) dow

1 14
for all quasicubes Q, Q" with c < ¢ ((g’)) <C,

and either Q € 30’ \ Q' or Q' C 30\ O,

and where we interpret the left side above as holding uniformly over all tangent
line trucations of T%. This condition is used in our 71 theorem with an energy
side condition in [27], but will be removed in our 7’1 theorem with an energy side
condition obtained here as a corollary of the Good-A Lemma.

We say that two quasicubes Q and Q' in QP" are fouching quasicubes if
the intersection of their closures is nonempty and contained in the boundary of
the larger quasicube. Finally, let J7« = J7e (0,w) be the best constant in the
indicator/touching inequality for the bilinear form corresponding to T

T (10, 1¢7)

< Jre (0, 0) [ Lol 12() o 1120 (6)
for all touching quasicubes Q, o P,
1 L
with < (Q) <C,
Cc ™ LQ)
and either Q C 30’ \ Q' or Q' C 30\ Q.

L5 Poisson Integrals and A5

Let u be a locally finite positive Borel measure on R”, and suppose Q is an 2-
quasicube in R”. Recall that |Q|; ~ £ (Q) for a quasicube Q. The two a-fractional
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Poisson integrals of ;& on a quasicube Q are given by:

Fow=[ 0w,
“ (101" + v — xol)
PO, ) = / ol di (v) .

\ (101" + 1~ xol)’

where we emphasize that |x — xp| denotes Euclidean distance between x and xp and
|Q| denotes the Lebesgue measure of the quasicube Q. We refer to P* as the standard
Poisson integral and to P“ as the reproducing Poisson integral.

We say that the pair K, K’ in P" are neighbours if K and K’ live in a common
dyadic grid and both K C 3K’ \ K’ and K’ C 3K \ K, and we denote by N/ the set
of pairs (K, K’) in P" x P" that are neighbours. Let

QN" = {(QK,QK') : (K.K') e N"}

be the corresponding collection of neighbour pairs of quasicubes. Let o0 and w be
locally finite positive Borel measures on R”, and suppose 0 < o < n. Then we
define the classical offset A constants by

191, 12,

Af (o,0) = e
.0heanm |Q T |Q]

(N

Since the cubes in P" are products of half open, half closed intervals [a, b), the
neighbouring quasicubes (Q, Q') € QAN are disjoint, and any common point
masses of 0 and w do not simultaneously appear in each factor.

We now define the one-tailed A5 constant using P*. The energy constants &,
introduced below will use the standard Poisson integral P*.

trong

Definition 4 The one-tailed constants A and A5™ for the weight pair (0, ) are
given by

101,

A3 = sup PY(Q.1g0) 7, <00
Qeq P |Q| n
A = o D (01 1Dl
,’ = sup (Q, Qca)) _a <00
QeqQpr Q]

Note that these definitions are the analogues of the corresponding conditions
with ‘holes’ introduced by Hytonen [6] in dimension n = 1—the supports of the
measures 1pco and lpw in the definition of A5 are disjoint, and so the common
point masses of 0 and w do not appear simultaneously in each factor. Note also that,
unlike in [29], where common point masses were not permitted, we can no longer
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assert the equivalence of AS with holes taken over quasicubes with A$§ with holes
taken over cubes.

1.5.1 Punctured A5 Conditions

101, 12lo
) o'"n JoI'"n . .
measures o and w have a common point mass—simply let Q in the sup above shrink

to a common mass point. But there is a substitute that is quite similar in character
that is motivated by the fact that for large quasicubes Q, the sup above is problematic
only if just one of the measures is mostly a point mass when restricted to Q.

Given an at most countable set B = {p;}r=, in R”, a quasicube Q € QP", and a
locally finite positive Borel measure p, define as in [27],

The classical A5 characteristic supyeq on | fails to be finite when the

w(Q.B) = |0|, —sup{u (pi) : pr € Q NP},

where the supremum is actually achieved sirvlce Zpkegrm ©(pr) <ooaspu is locally
finite. The quantity u (Q, *B3) is simply the & measure of Q where 7t is the measure p
with its largest point mass from B3 in Q removed. Given a locally finite measure pair
(0,0), let Brw) = {P}re; be the at most countable set of common point masses
of 0 and w. Then the weighted norm inequality (4) typically implies finiteness of
the following punctured Muckenhoupt conditions (see [27]):

@ (Qv m(a,w)) |Q|o

ATP"™ (0,0) = sup e s
gearr |Q]n [Q]
Ag,*,punct (O', a)) = IQIw o (Q7 (B(G,w)) '

su e e
oeap Q] |Q]" "

Now we turn to the definition of a quasiHaar basis of L? ().

1.6 A Weighted QuasiHaar Basis

We will use a construction of a quasiHaar basis in R” that is adapted to a measure
w (c.f. [18] for the nonquasi case). Given a dyadic quasicube Q € QD, where D is
a dyadic grid of cubes from P”, let Ag denote orthogonal projection onto the finite
dimensional subspace L2Q () of L? () that consists of linear combinations of the
indicators of the children € (Q) of Q that have y-mean zero over Q:

Lw={f= >, aQ/lQ,:aQ/eR,/fduzo

0'ee(0) ¢
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Then we have the important telescoping property for dyadic quasicubes Q; C Q>
that arises from the martingale differences associated with the projections A’é:

Lo,W| Y. ALf® ] =10 () (B f—Epf). Qo€€(Q).fel ().
0€[01.07] ®

We will at times find it convenient to use a fixed orthonormal basis {hg’“}aeF of
L2Q (w) where T,, = {0,1}" \ {1} is a convenient index set with 1 = (1,1,...,1).
Then {hg’a}aern and peqp 18 an orthonormal basis for L? (), with the understanding

that we add the constant function 1 if p is a finite measure. In particular we have for
an infinite measure

”f”Lz(p,) = Z & Qf”Lz(m Z Z ‘f(Q)’

QeQD D acl’y,

2
’

=2 |rm),
a€ly,

where the measure is suppressed in the notationf. Indeed, this follows from (8) and
Lebesgue’s differentiation theorem for quasicubes. We also record the following
useful estimate. If I is any of the 2" QD-children of I, and a € T, then

- W

|Ejh | < \/IE" [A0F 9

1.7 The Strong Quasienergy Conditions

Given a dyadic quasicube K € QD and a positive measure @ we define the
quasiHaar projection Py = Y~ Al on K by

JEQD: JCK

2
Pir= 2 DUr) i sothar [Piflny = D2 D |irar), [

JeQD: JCK a€Ty JeQD: JCK a€T,

and where a quasiHaar basis {h’f ’“}a €T, and /€D adapted to the measure pu was
defined in the subsection on a weighted quasiHaar basis above.

Now we define various notions for quasicubes which are inherited from the same
notions for cubes. The main objective here is to use the familiar notation that one
uses for cubes, but now extended to 2-quasicubes. We have already introduced
the notions of quasigrids QD, and center, sidelength and dyadic associated to
quasicubes Q € QD, as well as quasiHaar functions, and we will continue to extend
to quasicubes the additional familiar notions related to cubes as we come across
them. We begin with the notion of deeply embedded. Fix a quasigrid QD. We say
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that a dyadic quasicube J is (r, €)-deeply embedded in a (not necessarily dyadic)
quasicube K, which we write as J €, K, when J C K and both

L) =27 (K), (10)

1
qdist (J, 9K) > 2z (LK),

where we define the quasidistance qdist (E, F) between two sets E and F to be the
Euclidean distance dist (27'E, 27! F) between the preimages Q'E and Q7' F of

E and F under the map €2, and where we recall that £ (J) =~ |J| ». For the most part
we will consider J &, K when J and K belong to a common quasigrid 2D, but an
exception is made when defining the strong energy constants below.

Recall that in dimension n = 1, and for @ = 0, the energy condition constant
was defined by

1 & (P (1,1 2
& = sup Z( ( 10)) ”P?:X”;(w) ’

1=U1, |I|a =1 |Ir|

where I, I, and J are intervals in the real line. The extension to higher dimensions
we use here is that of ‘strong quasienergy condition’ defined in [27] and recalled
below.

We define a quasicube K (not necessarily in QD) to be an alternate QD-
quasicube if it is a union of 2" QD-quasicubes K’ with side length £ (K') = ;6 (K)
(such quasicubes were called shifted in [29], but that terminology conflicts with
the more familiar notion of shifted quasigrid). Thus for any Q2D-quasicube L there
are exactly 2" alternate Q2D-quasicubes of twice the side length that contain L, and
one of them is of course the Q2D-parent of L. We denote the collection of alternate
QD-quasicubes by AQD.

The extension of the energy conditions to higher dimensions in [29] used the
collection

Mr,s—deep (K) = {maximal dyadicJ Cre K}

of maximal (r,e)-deeply embedded dyadic subquasicubes of a quasicube K (a
subquasicube J of K is a dyadic subquasicube of K if J € QD when QD is a
dyadic quasigrid containing K). This collection of dyadic subquasicubes of K is of
course a pairwise disjoint decomposition of K. We also defined there a refinement
and extension of the collection M ¢)—deep (K) for certain K and each £ > 1. For an
alternate quasicube K € AQD, define M 5)—deep.op (K) to consist of the maximal
r-deeply embedded Q2D-dyadic subquasicubes J of K. (In the special case that K
itself belongs to QD’ then M(r,a)—deep,QD (K) = M(r,s)—deep (K)) Then in [29] for
£ > 1 we defined the refinement

Mfr’g)_deep@p (K) = {J € Mge)—deep.2D (rrZK’) for some K’ € Cqop (K) :

J C Lforsome L € My.z)—qgeep (K)} .
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where Cqop (K) is the obvious extension to alternate quasicubes of the set of 2D-
dyadic children. Thus ./\/lfr )—deep.2 (K) is the union, over all quasichildren K" of
: p.QD

K, of those quasicubes in M ¢ ¢)—deep (]T[K/ ) that happen to be contained in some
L € M g)—geep.op (K). We then define the strong quasienergy condition as follows.

Definition 5 Let 0 < o < n and fix ‘goodness’ parameters (r, €). Suppose o and
w are locally finite positive Borel measures on R". Then the strong quasienergy
constant £, "¢ is defined by

2
stron, 1 > Pa (J, 1 CT) a)
(E&Lr g)z = sup Z Z ( 11 ) ” PJX”iZ(w)

I=OI" IIIU r=1 JEMr.efdeep(Ir) |J|’7
| P (.10)\
, 110 2
+sup sup sup / Z | ” P;)X”LZ((U) :
QD 1eAQD >0 Uy . |J|
JeM(r.e)fdeep.QD (I)

Similarly we have a dual version of Ezlmng denoted E;trong‘*, and both depend
onr and ¢ as well as on n and @. An important point in this definition is that the
quasicube / in the second line is permitted to lie outside the quasigrid QD, but only
as an alternate dyadic quasicube I € AQD. In the setting of quasicubes we continue
to use the linear function x in the final factor H P?x”iz ©) of each line, and not the
pushforward of x by 2. The reason of course is that this condition is used to capture
the first order information in the Taylor expansion of a singular kernel.

2 The Good-A Lemma

The basic new result of this paper is the following ‘Good-A Lemma’ whose utility
will become evident when we pursue its corollaries below. Set fraktur AS to be the
sum of the four A conditions:

Lk o,punct o,* punct
$ = A + AT+ ATPE 4 AT

Lemma 1 (The Good-A Lemma) Suppose that T* is a standard a-fractional
singular integral in R", and that o and w are locally finite positive Borel measures
on R". For every A € (O, ;), we have

WBPre (0, ») (11)

<G, (i \/913‘ (0,0) + (Tre + Th) (0, ) + (£ + E572%) (5, ) + /AN (o, a))) .
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Thus the effect of the Good-A Lemma is to ‘good-A replace’ the quasiweak
boundedness property with just the usual testing conditions in the presence of
the side conditions of Muckenhoupt and energy on the weight pair. However, in
dimension n = 1 a much stronger inequality can be proved (see e.g. [19] and [12]):

WBPre < Cy (VS + T + Th).

2.1 Corollaries

Now we come to the corollaries of the Good-A Lemma. We first remove the
hypothesis of the quasiweak boundedness property from the conclusion of part (1)
of Theorem 1 in [27].

Remark 1 In [10], Lacey and Wick have removed the weak boundedness property
from their 7’1 theorem by using NTV surgery with two independent grids, one
for each function f and g in (T2f, g), in the course of their argument. The use of
independent grids for each of f and g greatly simplifies the NTV surgery, but does
not accommodate our control of functional energy by Muckenhoupt and energy
conditions.

Theorem 2 Suppose 0 < « < n, that T* is a standard o-fractional singular
integral operator on R", and that w and o are locally finite positive Borel measures
on R". Set TSf = T (fo) for any smooth truncation of Ty. Let Q : R" — R" be
a globally biLipschitz map. Then the operator T? is bounded from L? (o) to L* (w),
ie.

175/ 20y < Do (1 flli20) »

uniformly in smooth truncations of T*, and moreover
Ny < Co (VAL + Tre + Tho + EF8 4 £3008 )

provided that the two dual A5 conditions and the two dual punctured Muckenhoupt
conditions all hold, and the two dual quasitesting conditions for T* hold, and
provided that the two dual strong quasienergy conditions hold uniformly over all
dyadic quasigrids QD C QP", i.e. E5 " + 5" < 00, and where the goodness
parameters r and & implicit in the definition of the collections M ¢)—qgeep (K) and
Mfr’g)_deep’QD (K) appearing in the strong energy conditions, are fixed sufficiently
large and small respectively depending only on n and o.

Proof Let Ty, be a tangent line approximation to 7% as introduced above. Then
‘ﬁygk < 00, indeed ‘J?T?R < ChasR \/ 24 by an easy argument, and by part (1) of
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Theorem 1 in [27] applied to the a-fractional singular integral 7§, we have

Nye

8.R

< Co (VU + Try, + Ty, + EF + E + WPy, )

with C, independent of § and R. We obtain from the Good-A Lemma applied to

ng’R in place of 7%,

1
WBPre, < Cq (A VAL + Tpe + T+ gyrone 4 gatrone* 4 me%) ,
and then combining inequalities gives
1 4
/ * t i Jk
MNry, = Co (A \/ng + Ty, + TT?.R + & EFET + “/’\m?ix) ’

with C; independent of § and R. Since ‘)‘(ygk < 00, we can absorb the term

c JA O7¢ . on the right hand side above into the left hand side for A > O sufficiently
small. Since T§ is an arbitrary tangent line approximation to 7%, the proof of
Theorem 2 is complete. O

The first case of the following 7’1 theorem was proved in [26], and the second
case is a corollary of Theorem 2 above and Theorem 2 in [27].

Theorem 3 Suppose 0 < o < n, that T* is a standard a-fractional singular
integral operator on R", and that w and o are locally finite positive Borel measures
onR". Set T2f = T* (fo) for any smooth truncation of Ty. Let Q : R" — R" be a
globally biLipschitz map. Then

Nre ~ /A + Tpe + Th

in the following two cases:

(1) when T is a strongly elliptic standard «-fractional singular integral operator on
IR”, and one of the weights o or w is supported on a compact C'4 curve in R”,

(2) when T* = R is the vector of «-fractional Riesz transforms, and both weights
o and w are k-energy dispersed where 0 < k < n — 1 satisfies

n—k<oa<na#xn—1if 1 <k<n-2
O<a<naz#l,n—1 if k=n-—1

There is a further corollary that can be easily obtained, namely a two weight
accretive global 7b theorem whenever a two weight T'1 theorem holds for strictly
comparable weight pairs. We say that two weight pairs (o, w) and (G, ®) are strictly
comparable if @ = hjo and @ = hyw where each h; is a function bounded
between two positive constants. The simple proof of the following accretive global
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Tb theorem uses only the statement of a related T'1 theorem. We say that a complex-
valued function b is accretive on R" if

O0<cp<Reb(x)<|b(x)|<Cp<o0, xeR".
Theorem 4 Suppose 0 < « < n, that T* is a standard o-fractional singular

integral operator on R", and that w and o are locally finite positive Borel measures
on R" for which we have the ‘T'1 theorem’ for strictly comparable weight pairs, i.e.

Ny (5.3) ~ \/213‘ @.3) + % 3.3) + The (5. D). (12)

whenever (0, w) and (G, ®) are strictly comparable. Finally, let b and b* be two
accretive functions on R". Then the best constant Nre = Mg (0, ®) in the two
weight norm inequality

175/ 20y < De [ flli20) »

taken uniformly over tangent line truncations of T*, satisfies
*
Ny & /AL + Tha + Tha'™, (13)

where the two dual b-testing conditions for T* are given by
/ iTg (lQb)|2da) <%2. 10|, . forall cubes Q,
o
/ ’Tg* (lQb*)’de' < 13’:’* 0|, . forall cubes Q,
o

and where we interpret the left sides above as holding uniformly over all tangent
line truncations of T°.

Note that Theorem 4 applies in particular to both cases (1) and (2) of Theorem 3.

Proof We first note that since the kernel K* is real-valued,
/Q{Tg (1gReb)[* do = /Q IRe 7% (19b)|* dow < /Q |T¢ (10b) | do < The 10,
/Q{Tg’* (1oReb*)[* do = /Q|ReTg’* (106™)|* do 5/Q|Tg~* (106*)[* do < T * 101,

and if we now define measures

® = (Reb*)wand @ = (Reb)o ,
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we see that the operator 7% and the weight pair (¢, @) satisfy (12). But it follows that
T (0,@) < Thy (0,0) and Th, (7, @) < ‘II;Z'* (0, w), and since the Muckenhoupt
A, conditions are clearly comparable for strictly comparable weight pairs, we have
the equivalence

Nry (3.3) ~ /% (0.0) + The (0.0) + Tp™ (0.).
Finally, since 0 < ¢ < Reb,Reb* < C, we see that 7« (0, 0) ~ Nre (0, ), and

this completes the proof of (13). O

Note that the presence of a (b, b*)-variant of the weak boundedness property here
would complicate matters, since in general,

Re/ T* (1g'bo) b*dw # / T* (1 Rebo) Re b*dw.
Qo Qo

To remind the reader of the versatility of even a global Tbh theorem, we reproduce a
proof of the boundedness of the Cauchy integral on C'¥ curves.

2.1.1 Boundedness of the Cauchy Integral on C'-* Curves

Here we point out how the above 7b theorem can apply to obtain the boundedness
of the Cauchy integral on C'% curves in the plane (which can be obtained in many
other easy ways as well, see e.g. [31, Sect. 4 of Chap. VII]). Recall that the problem
reduces to boundedness on L? (R) of the singular integral operator C, with kernel

1
x=y+i(A®—AQ)

where the curve has graph {x 4+ iA (x) : x € R}. Now b (x) = 1 +iA’ (x) is accretive
and we have the b-testing condition

Ky (x,y) =

/, 1Ca (1) )P dx < T 1.

and its dual. Indeed, if I = [«, B], then

Ca (1;b) (x)

/ﬂ 1 +iA’ (y) iy

« X—y+i(AKx)—A®Y))

= —log(x—y+i(A@—-AM)) £

Og(x—ot+l:(A(x)—A(a)))’
x=B+i(Ax)—A(p))
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gives
X—U
|Ca (1;) (0)* ~ In gy € 1=[a A,

and it follows that

2 p—a
/|CA (1,6) (x)|? dx %/ dx%/
1 1 0

1
= (,B—a)/o lInw|?dw = C|I|.

—

In> 1
n n
B—x

Since the kernel K is C', the Th theorem above applies with T = C4 and 0 =
@ = dx Lebesgue measure, to show that C, is bounded on L? (R). Of course this
proof just misses the case of Lipschitz curves since our two weight 7b theorem does
not apply to kernels that fail to be C'*.

3 Proof of the Good-A Lemma

We will prove the Good-A Lemma by first replacing the quasiweak boundedness
constant on the left hand side of (11) with the indicator/touching constant introduced
in (6) above. To control the indicator/touching constant, we will need to tweak the
usual good/bad technology of NTV a bit in the following subsection.

3.1 Good/Bad Technology

First we recall the good/bad cube technology of Nazarov, Treil and Volberg [32] as
in [25], but with a small simplification introduced in the real line by Hytonen in [6].
This simplification does not impact the validity of the arguments in [30], but will
facilitate the use of NTV surgery in later subsections.

Following [6], we momentarily fix a large positive integer M € N, and consider
the tiling of R” by the family of cubes Dy, = {I}} _ , having side length 2~ and
given by I¥ = I} + 27 where I}! = [0,27)". A dyadic grid D built on Dy is
defined to be a family of cubes D satisfying:

(1) Each I € D has side length 2~¢ for some £ € Z with £ < M, and I is a union of
2"M=0 cyubes from the tiling Dy,

(2) For £ < M, the collection D, of cubes in D having side length 2-¢ forms a
pairwise disjoint decomposition of the space R",

(3) GivenI € D;andJ € D; withj < i < M, it is the case that either / N J = @ or
I1ClJ.
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We now momentarily fix a negative integer N € —N, and restrict the above grids
to cubes of side length at most 27V:

DY = {I € D : side length of ] is at most 27"} .

We refer to such grids DV as a (truncated) dyadic grid D built on Dy, of size
27N There are now two traditional means of constructing probability measures on
collections of such dyadic grids.

Construction #1: Consider first the special case of dimension n = 1. Then for
any

B ={Bikey € wfy = (0.1}

where Zj, = {£ € Z : N < { < M}, define the dyadic grid Dg built on Dy, of size
27N by

Dy=q27[0.)+k+ Y 27

i b<i<M N<l<M. keZ

Place the uniform probability measure p}, on the finite index space o} = {0, I}Z%,
namely that which charges each B € w}; equally. This construction is then extended
to Euclidean space R” by taking products in the usual way and using the product
index space Q) = (wj};)" and the uniform product probability measure uf, =
N N
Py X oo X Py
Construction #2: Momentarily fix a (truncated) dyadic grid D built on Dy, of
size 27V, For any

Y=oy €Ty = 27Y2 1yl <27V},
where Z = N U {0}, define the dyadic grid D? built on Dy, of size 27 by
DY =D+ y.

Place the uniform probability measure vy, on the finite index set 'y, namely that
which charges each multiindex y in T'j, equally.

The two probability spaces ({Dﬁ} peal ,u?’l) and ({DV}V er) » \;A’\,;) are isomor-
M
phic since both collections {Dﬂ} peal and {Dy}yerﬁ describe the set A% of all

(truncated) dyadic grids D” built on Dy, of size 27V, and since both measures 1},
and v} are the uniform measure on this space. Indeed, it suffices to verify this in
the case n = 1. The first construction may be thought of as being parameterized
by scales—each component §; in B = {ﬁi}ie% € o}, amounting to a choice

of the two possible tilings at level i that respect the choice of tiling at the level
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below—and since any grid in A% is determined by a choice of scales , we see
that {Dﬂ} peal = A%. The second construction may be thought of as being
M

parameterized by translation—each y € FAIZ amounting to a choice of translation of
the grid D fixed in construction #2—and since any grid in A% is determined by any
of the cubes at the top level, i.e. with side length 27V, we see that {Dy}yerﬁ = A%

as well, since every cube at the top level in A% has the form Q + y for some y € FAIZ
and Q € D at the top level in AAN,, (i.e. every cube at the top level in AAN,, is a union
of small cubes in Dy, and so must be a translate of some Q € D by an amount 2—M
times an element of Z', ). Note also that in all dimensions, #QV = #FAIZ = nM=N)
We will use EQ% to denote expectation with respect to this common probability

measure on A},.

The usual NTV probabilistic reduction to ‘good’ cubes will be implemented
below for each positive integer M and each negative integer N assuming that the
functions f and g are supported in a large cube L with |, Jdo =0 = /, 1 8dw, and
moreover assuming that —N is sufficiently large compared to £ (L) that the small
probability estimates claimed below hold (—N > £ (L) + r will work where r is the
goodness constant), and finally assuming that f and g are constant on each cube Q
in the tiling ;. Recall that we can always reduce to the case [, fdo = 0 = [, gdw
by simply subtracting off averages and controlling the resulting error terms by the
testing conditions (see e.g. [32]).

Notation 2 For purposes of notation and clarity, we often suppress all reference to
M and N in our families of grids, and in the notations 2 and T for the parameter
sets, and we will use Pq and Eq to denote probability and expectation, and instead
proceed as if all grids considered are unrestricted. The careful reader can supply
the modifications necessary to handle the assumptions made above on the grids D
and the functions f and g regarding M and N. In fact, we will exploit the integers M
and N explicitly in the subsubsections on NTV surgery below.

In the case of one independent family of grids, as is the case here, the main result
is the following conditional probability estimate: for every I € P",

Po{D:IisabadcubeinD |I € D} < C27*. (14)

Provided we obtain estimates independent of M and N, this will be sufficient for our
proof—this follows the procedure with rwo independent grids initiated by Hytdnen
for the Hilbert transform inequality in [6]. The key point of introducing the two
different parameterizations above of the same probability space, is that construction
#1 is well-adapted to the reduction to good cubes in a single independent family of
grids, as used in the proof of the main theorem in [30], which is in turn needed below,
while construction #2 facilitates the use of NTV surgery below when combined with
the construction of Q-good grids, to which we next turn.
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3.1.1 Q-Good Quasicubes and Q-Good Quasigrids

We first introduce these notions for usual cubes, and later pass to quasicubes. Let
Q € P" be an arbitrary cube in R" with sides parallel to the coordinate axes. For
technical reasons associated to our application below, we also want to consider the
‘siblings’ of Q, i.e. the ‘triadic children’ of 3Q.

Definition 6 We say that a cube I € P" is Q-good if either £ (I) > 27°€ (Q), or for
every sibling Q' of Q, we have

dist (1,00') > ;z I e(Q) ™

when £ (I) < 27°£(Q). We say I € P" is Q-bad if I is not Q-good.

Note that for a fixed cube Q € P", we do not have a conditional probability
estimate Po {D : 1 € Dand[lis Q-bad} < C27°" since the property of a cube
I being Q-bad is independent of which grids D it belongs to. To rectify this
complication we will introduce below a second independent family of grids—
but this second family will also be used to simultaneously Haar-decompose both
fel*(o)andg e L*(w).?

We next wish to capture the idea of a grid D being ‘Q-good’ with respect to this
fixed cube Q, and the idea will be to require that Q is I-good for all sufficiently
larger cubes / in the grid D. Here we will obtain a ‘goodness’ estimate in Lemma 2
below.

Definition 7 Let r and ¢ be goodness constants as in [25]. For Q € P" we declare
a grid D to be Q-good if for every sibling Q" of Q and for every I € D with £ (I) >
2%¢ (Q), the following holds: the distance from the cube Q' to the boundary of the
cube [ satisfies the ‘deeply embedded’ inequality,

dist (Q', 1) > éz @) em'—=.

We say the grid D is Q-bad if it is not Q-good.

Note that Q is fixed in this definition and it is easy to see, using the translation
parameterization in construction #2 above, that the collection of grids D that are Q-
bad occur with small probability. Indeed, if / D Q has side length at least 2" times
that of Q, then the translates of I satisfy Q &, I with probability near 1.

Lemma 2 Fix a cube Q € P". Then Po {D : D is Q-bad} < C27.

2Traditionally, two independent grids are applied to f and g separately, something we avoid since
the treatment of functional energy in the arguments of [27, 30] (which we use here) relies on using
a common grid for f and g.
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The following is our tweaking of the good/bad technology of NTV [32]. Fix a
cube Q € P" and let D be randomly selected. Define linear operators (depending
on the grid D),

pe f — ZIED: I'is r-good in D A(ITf if Dis Q_gOOd
Q;good/ = . . )
0 if D is Q-bad
Pg;badf = f - Pg;goodf ’

and likewise for Pg. . 4¢ and P{. 8.

Proposition 1 Fix a cube Q € P". Then we have the estimates
Eq | Poaa |20y = €272 1£ 26 -
Eq [Pt 2y = €277 lgli2w) -

Proof We have from (14) and Lemma 2 that

Euw@w;ﬂﬂ%(qmwwﬂ z:quM%J+wh(umwmuzmAwﬁmj

I€D is bad 1€D

< 27 Y [ A7) HEe (LD isoma) I [25F 120y S €27 117, -
1€D 1€D

O

From this we conclude that there is an absolute choice of r depending on 0 <
e < 1 so that the following holds. Let T : L*(0) — L*(w) be a bounded linear
operator, and let O € P" be a fixed cube. We then have

1Tl 20)>12) =2 sup sup IEQ|<TP‘é;g00df, Pg;goodg> l. (15)
17120 =1 gl 2 =1 o

Indeed, we can choose f € L2(c) of norm one, and g € L?(w) of norm one so that
||T||L2((7)—>L2(a)) =(Tf. 8w
= Bol(TPpgundf- Pionst) | + Eel(TPuuaf. Pgonas) |
+ Eg |<TP5;goodf ; P‘é;badg>w| + Eal(TPg.0f - Po:baa8),,|
< Eal( TPy pondf- Piigonas). | +3C 275 I Tl 2001 20

And this proves (15) for r sufficiently large depending on ¢ > 0.
Clearly, all of this extends automatically to the quasiworld.
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Implication: Given a quasicube Q € QP", it suffices to consider only Q-good
quasigrids and Q-good quasicubes in these quasigrids, and to prove an estimate
Jor | Ts || 12(6)—>12(w) that is independent of these assumptions.

3.2 Control of the Indicator/Touching Property

Recall the indicator/touching constant J7« defined in (6) above. Here we will prove
that

1 ‘
Jre < Cy ( : VA + Tre + Tha + £ + £ + é‘/k‘ﬁrw) , (16)

from which it easily follows that we have the same inequality for the weak
boundedness property constant WBPre defined in (5) above,

1 : ,
WBPr < G, (A VAL 4+ Tre + The + ESTONE - goonex 4 (‘/AmTu) V)

Indeed an elementary argument shows that WBPr« < Jre + \/ AS + Tyo. For the
proof of (16) we assume the reader is already familiar with the proof of the main
theorem in [30] or [27], and we now review the parts of this proof that are pertinent
here.

We first recall the basic setup in [30]. Let QD° = QD be a quasigrid on R”,

and let {h]“} and {hj)h} be corresponding quasiHaar bases,

JeQD®, beT,
sothatf € I? (0)and g € I? (w) can be written f = fyood +foad a0d & = gaood + Zbad
where

1€QDO, a€T,

f=) Offandg= Y AYg,

1€eQD° JeQDw
o w
fgood = § A7f and 8good = § ATg,
1eQDY. JeQDY

good good

and where QD3 4 = QDg, 4 is the (r, £)-good subgrid, and where the quasiHaar
projections A¥foood and A geooa vanish if the quasicubes I and J are not good in
QD = QD”. Note that we use a single independent family of grids QD° = QD®
and only include the different superscripts o and w to emphasize which measure the

grid is being used with in a given situation.

Remark 2 In [27] and [30], the quasiHaar projections Affgooa and A ggooa are
required to vanish if the quasicubes / and J are not 7-good in 2D’ = QD®, where
a quasicube / is 7-good in a quasigrid QD if I together with its children and its
ancestors up to order T are all good. This more restrictive condition doesn’t affect
what is done here.
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For future reference note that the argument in [30] applies just as well to the
smaller projections Pf,.,f and P¢., 48 in place of feooa and ggooa respectively. We
fiX f = foood and g = ggo0a- For now we continue to work with general functions
f and g and the projections fgooa and ggeod, but keeping in mind that in order to
prove (16), we will later specialize to the cases of indicator functions f = 1, and
g = 1, and we will then also include the restriction to Q-good grids 2D;e004 and
projections P, qf and Py, ¢ for a fixed quasicube Q - the quasicube Q in the
projection P, 4f is chosen to coincide with the quasicube Q in the indicator 1¢ in
order to achieve the three critical reductions in Sect. 3.2.1 below. Continuing with
[27, 30], we then proved there the bilinear inequality

1T (f,9)| = > T (Aff. AYg) (18)

Ie Q‘ngd and JEQDgimd

< Co (VS + Ty + Th + E 4 £ L WBP ) 20y g2

uniformly over grids D, and we now discuss the salient features of this proof for us.
Asin [27, 30] let

NTVO{ = \/ng + {STOI + (I*u + WBPTu s
Q[g = -Ag +‘A¢;,* +Ag,puncl+A¢;,*,punct’

and recall the following brief schematic diagram of the decompositions involved in
the proof given in [30], with bounds in

(T3S 8)o
i
Be,(f,e) + Bos(f.e9) + Bn(fie) + B (f.9)
1 dual NTV, NTV,
i
Tdiagonal (f7 g) + Tfarbelow (fv g) + Tfar above (fv g) + Tdisjoint (f7 g)
I V 0 0
V V
Bf}@p (f’ g) T}ar below (f’ g) + T%ar below (f’ g)
¢ NTV, + & NTV,
!
B?l‘()p (fv g) + B‘ﬁaraproduct (f’ g) + Bﬁeighh(mr (f’ g)
Ea " + JAS Ty VAS

With reference to this diagram, we now make a sweeping and crucial claim.
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The only two places in our proof of the main theorem in [30] where the weak
boundedness property WBPr« is used, is

(1) in proving the estimates for terms A; and A involving (T2 (AJf). AYg)  that
arise in estimating the form B - (f, g) at the top right of the schematic diagram,
and

(2) and in the estimates for the inner products (T% (A7f).A%g) —in the form

T%arbelow (f, g) for which I are J are close in both scale and position,

(3) and even then in these two cases, only for certain child quasicubes Iy and Jg
when they fouch, i.e. their interiors are disjoint but their closures intersect (even
in just a point). In all other instances where N'TV, appears in the schematic

diagram, the weak boundedness property is not used.

In order to make the application of the quasiweak boundedness property in these
arguments clear, we reproduce the relevant portions of the arguments from [30] that
deal with the forms B - (f, g) and T2, ..., (f>&). Recall also that the parameters
p, T,rin [30, Definition 12 on p. 40] were fixed to satisfy

T>randp >71+r.

1: Here is the beginning of the proof of (6.1) on page 28 dealing with B - (f, g)
in the statement of Lemma 9 in [30].

Extract from pages 28 and 29 of [30]:

Note that in (6.1) we have used the parameter p in the exponent rather than
r, and this is possible because the arguments we use here only require that there
are finitely many levels of scale separating I and J. To handle this term we first
decompose it into

> + > + > (72 (A91). A% g), |

(IN)EQDXQD: JC3I  (IJ)EQD°xQD?: IC3]  (IJ)€QD® xQD®
27P LD <E(J)=<2PL() 27PUD=L(I)=2PL(T) 27PN =e(J)=2PL(D)
JZ3and IZ3J

=A1 + Ay + As.

The proof of the bound for term Az is similar to that of the bound for the left side of
(6.2), and so we will defer the bound for Az until after (6.2) has been proved.

We now consider term Ay as term A, is symmetric. To handle this term we will
write the quasiHaar functions hj and h§ as linear combinations of the indicators
of the children of their supporting quasicubes, denoted Iy and Jy' respectively. Then
we use the quasitesting condition on Iy and Jo» when they overlap, i.e. their interiors
intersect; we use the quasiweak boundedness property on Iy and Jo when they
touch, i.e. their interiors are disjoint but their closures intersect (even in just a
point); and finally we use the A5 condition when Iy and Jo are separated, i.e. their
closures are disjoint. We will suppose initially that the side length of J is at most
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the side length 1, i.e. £ (J) < £ (I), the proof for J = nl being similar but for one
point mentioned below. So suppose that Iy is a child of I and that Jy is a child of J.
If Jor C Ig we have from (9) that,

72 (0 820) 1, 859, % s VTR e ), |’<g’hjy .

aa' €Ty \/l 9'0 \/|J9'|w

|<f,h?~“>|( 2 )é |
< M () o) o)
it ity \Jy, T T2 R,

’hﬁa
S Sup |(f 1 ) | |IG|(I < 7 > ‘
a.a' €T, \/|19|0 @
< sup T, |(£.00), <g,hj’-“’> ’
aad €T, @

The point referred to above is that when J = ml we write (Tg‘ (11@) 1y, )w =
(119, o (1]0/)>0_ and get the dual quasitesting constant T};. If Jor and Iy touch,
then £ (Jor) < £ (Iy) and we have Jy C 3lg \ Iy, and so

(.0, o),
(T (1, AT f) 1y, AY g),| S sup (T2 y).1,), | (19)
a,d €T, \/| 9|o \/l 9/|w
(.05 | (e
< s YWBP /I, o], ©
ey JIol, e/l Vo' N
= sup WBPr |(f.45), | |[e.h5) |
a,a €Ty w

The only place where the quasiweak boundedness property WBPr. was used
above was in the second line of the display (19) when we invoked

‘(Tg (119) ’ 1']9’ )a)| S WBPT” \/|19 |a |J0/|a)

for quasicubes Iy € € (I) and Jy- € € (J) that touch.

2: Here is the beginning of the proof on page 41 that controls the form
Tfarbelow (fv g) in [30]

Extract from page 41 of [30]:

The far below term Tty peiow (f, &) is bounded using the Intertwining Proposition
and the control of functional energy condition by the energy condition given in the
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next two sections. Indeed, assuming these two results, we have from t < p that

Tfarbelow (fv g) = Z Z (Tg (A(Irf) ’ (A;)g»w

ABEA [eC, and JGCl;*shifl
BGA J€pel

=2 X > (T2 (87%)),

BEAAEA: BGA [€C, and JeChshif
JEp .l

=2 X X (m).(a%)),

BEA Ac A: BGA [eCy and Jecl';—shiﬂ

-2 > Yoo (1A (M%),

BEAA€A: BGA [€Cy and JeCh—shilt
‘l¢psl

= T}ar below (f’ g) - T%arbelow (fv g) .

Now T2 eiow (f+ &) is bounded by NTV, by Lemma 9 since J is good if AYg # 0.
The only place where the quasiweak boundedness property WBPr. was used
above’ was in bounding the inner products (7% (Aff) . (A%g)), by Lemma 9 of
[30] when in addition / and J were close in both scale and position, and this reduces
to the previous extract from pages 28 and 29 of [30] treated above.
Thus we may split the sum in (18) as follows:

T(f.8) > T (ASf. AYg)

IGQD‘g’OOd and JGQDg’ood

2 + )y T (83f. 599)

(1) €QDG0qXQDygq: T3 (1))EQDG, X2 Dgeoq: JC3I

0

27PUD<L(I)=<2PL(D) 27PLID <L) =<2PL(D)

+R* (f.8)
={A1(f.9) +A2(f.9)} +R*(f.9).

where we are including in the terms A; (f, g) + Az (f, g) the corresponding inner
products from the form T%arbelow (f, g) to which Lemma 9 of [30] was applied. Then

30n page 41 of [30], there was a typo in that J €;,. I appeared in the fourth line of the display
instead of J &, . I as corrected here.
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the remainder form R* (f, g) satisfies the estimate

IR (.01 = Ca (VS + Tro o+ T + 6 ) o) Nz
(20)

The key point here is that the quasiweak boundedness constant WP« does not
appear on the right hand side of this estimate, and this is because the arguments
in [30] that are used to bound R* (f, g) do not use the quasiweak boundedness
property at all, as a patient reader can verify. This constitutes the deepest part of our
argument to prove (16).

We now turn to the ‘good-A’ argument that will substitute for the use of the
quasiweak boundedness property in (18) in order to prove (16). First we observe
that the constant C in (6) can be taken to be 2°, and then an application of the
inequality

(T (1) . 1,.), | < Trev/ 1Mol Vo,

to the display in (19) above, shows that

172 o a1t a3l < s VM o 01, 17
" awer il o,
(7. 57),| (7).

A

sup Ire/l6]y Vol
a,d €T, \/|19|0

= sup J7e |(f’ hiqa)ai ‘(g’h;)a/>w‘ '

a,d €T,

Vo le

From this we obtain the following crude estimate valid for any f € L? (o) and
gel?(w):

A1 (£) + 42 (9] = Co (VA + T+ Tho + T ) 120 181201 -
@

Definition 8 We say that two quasicubes K and L have n-comparable side lengths,
or simply that £ (K) and £ (L) are n-comparable, if
27" (K) < £ (L) <2"(K).

Furthermore, we say that K and L are n-close if they have n-comparable side
lengths, and if they belong to a common quasigrid 2D and are touching quasicubes
that satisfy either K C 3L or L C 3K.

Now consider the special indicator case f = 1p and g = 1x where Q and R are
p-close in some Q2D. For this case we will be able to do much better than (21). In
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fact, foreach0 < A < ; we claim that the following ‘good-A’ inequality holds:

1
A1 (1o, 1z) [ +]42 (10, 18)| < Ca (A VA 4+ Tre + T + ‘A/A’ﬁrd) 1ol 20y M&l2w) -
(22)

With (22) proved, we can use it and (20) to complete the proof of the estimate for
the indicator/touching property (16) by taking expectations Eq as usual:

Eo| ). T7(A710.471)

1€QDY and JEQD®
< Eq (|A1] + |A2]) + Eq [R* (10, 1#) |

< Cu () V2 T+ T+ VAR ) ol Dl
G, (\/mg + Tpo + Thy + Eilone 4 5;“0“&*) ol ) 11kl 20
<C, (i VAL + Tre + The + ESTOnE 4 goone* 4 f/lde) Lol 20y RN 2 (@) »
which gives (16) upon taking the supremum over such Q and R to get
Jre < C, (i VAL 4 Ty + Th, o ESrone . gstronzx mea) .

Notation 3 The remainder of this paper is devoted to proving (22) for touching and
p-close quasicubes Q and R. To simplify notation and geometric constructions, we
consider only the case of ordinary cubes in P", and note that the extension to the
quasiworld is then routine.

To prove the claim (22) we use the parameterization by translation introduced
above. Essentially this approach was used in the averaging technique employed in
[23], which in turn was borrowed from Fefferman and Stein [4], later refined in [6],
and further refined here in this paper. It suffices to prove that

1
7 ((10) g - (Wgon) | = Ci ( o VU T o T+ EE T \/mw)
X ||1Q||L2(g) ||1R||L2(w) ,

for all O, R € P" that are p-close, uniformly over Q-good grids, and where

T ((IQ)good ’ (IR)good) = Z T (A(;IQ, A?IR) .

IeDg;good and JGDZ;gOOd
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The grids D)0 = D.gooa are those arising in the projections P‘é;gmdf and
Pg.goodg above. Moreover, due to the key observation above regarding where the
weak boundedness property arises in the proof of the main theorem in [30], it
suffices to prove

Eq 3 + > (T3 (A710) . A1), |

(€D, 4000 X Dygooa’ 73 (1NED, 100aX Dl gooat 1C37

27P0(1) <C(J)<2PL(I) 27P0(1) <C(J)<2PL(I)

1
<G, ( VA T+ T+ Umw) 1ol &l 20) -

under the assumption that we sum over only Q-good cubes /I and J that belong
to Q-good grids in the above sums, and where we recall that we may realize the
underlying probability space as translations of any fixed grid, say the standard
dyadic grid. Note that R is contained in 3Q, and this accounts for our inclusion
of siblings in Definition 7 above.

By symmetry it suffices to prove forall 0 < A < é that

Eq > (T2 (A710) . A1), | 23)
(I,J)EDgzgoodegzgood: JC3I

27PN <LI)=<2PL(D)
I and J touch

1 ~
< C, ()L \/ng‘ + Tpe + Tre + {‘/AJTa) Lol 20y RN 2(w)

for all cubes Q,R € P" that are p-close (we are including the testing conditions
here because we are including children /s and Jg in the display (19) that coincide
as well).

3.2.1 Three Critical Reductions

Now we make three critical reductions that permit the application of NTV surgery,
and lie at the core of the much better estimate (22).

(1) We must have that I ‘cuts across the boundary’ of Q, i.e. I N Q| > 0 and
|1 N Q>0 (orelse A1y = 0),

(2) We must have that J ‘cuts across the boundary’ of R, i.e. [J N R| > 0 and
|[J N R| > 0 (orelse AY1g = 0),

(3) By the assumed ‘Q-goodness’ in Definition 7, together with reductions (1) and
(2) above, we cannot have either £ (I) > 2"¢ (Q) or £ (J) > 2"¢ (R).
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From these reductions, we are left to prove

Eq 2 (75 (8710) . £71),| 4
(I’J)Epajgoodxpg;good: JC3I
I'and J are p-close
£(I)<2"¢(Q) and £(J)<2"L(R)

1
<Gy (/\ VA + T + Tha + *A/AWT“) Lol 020y 1Rl 2(w) -

for all p-close Q,R € P".

The small pairs of cubes (I, J), i.e. those with both £ (I) < 27"¢ (Q) and £ (J) <
2"¢ (R), pose a difficulty and our next task is to further reduce matters to proving
the more restricted estimate:

Eq > (T2 (8710) . 2514, | (25)
(I,J)eDg;goodegzgood: JC31
I and J are p-close
£(I) and £(Q) are r-comparable
£(J) and £(R) are r-comparable

1
< Cq ()L VS + Tre 4+ Tha + {‘/mm) Mol 20 &l 2w -

for all Q,R € P" that are p-close. The difference between (25) and (24) is that
in (25), we do not permit small pairs of (1,J), i.e. those with £ (I) < 27£ (Q) or
L(J) <27 (RQ).

3.2.2 Elimination of Small Pairs

To eliminate the small pairs from (24), we apply for a second time our proof from
[30] as outlined above, but this time to each inner product (T(‘;‘ (A;TIQ) , A?IR)(U
appearing in the sum in (24) inside the expectation Eq,. In other words, for fixed 1/,

J,Qand R, we take f = A71p and g = A91g, and we obtain that

EqEq

(T3 (A710) . A71R), |

< Cu (VR + Tty 4 HE 4 £ 4 270 ) [ Aol [ A1
+EqEq > (T3 8% (A710) . AT (A718)), | -

(KLY €D: 500X D:good: LE3K

K and L are j-close
L(K)<2"(I) and £(L)<2"¢(JR)

where here the expectation Eq; is taken to be independent of Eg,.
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But now we may further assume that the pair of grids (D, D’), for which
(I,J) € DxDand (K,L) € D' x D', are mutually good.* Thus we cannot have
£(K) < 27°£ (I) because K is I-good, and this eliminates the inclusion of small
pairs (K, L), i.e. those with £ (K) < 27°£ (I). Note that the term 27"z« arises
from the bad Haar projections A% and AP of A71p and A1 respectively. Finally,

we note that f = A7 1y is constant on the children of / and that H A?IQ”iz © =

ZI’EC(I) fl’

Ef 1o — E}’lQ‘z do. Thus it suffices to prove the following estimate,

Eo > > 7 A% (B A7 10] 1) A7 ([ES A7 16]15)), |
(KL ED; g00a X Dpigooat LK I'EC(D)
K and L are p-close Jee)

£(K) and £() are r-comparable
£(L) and £(J) are r-comparable

1
< ca( Am%fwm;wymw) > [ED A7 o] [ES A 1e] 17l 10 D2 -

ree(
Jeel)

which we can write simply as

o ®
Eqr > (T A% (). A7 1),
(K.L)EDY. 4000 Dyrgooa’ LEIK
K and L are p-close
{(K) and £(I") are r-comparable
£(L) and £(J’) are r-comparable

1
< Cqy ()L \/91‘21 + T + T + (‘/Amro{) 1171 220y 117 | 22w0)

foreach I’ € €(I) and J' € € (J). Now relabel I’ and J' as Q and R respectively
(and then also K and L as I and J respectively) to obtain (25).

3.2.3 NTV Surgery

Now in order to prove (25), we invoke the technique of NTV surgery as used in
[7,17] and [10]. Given 0 < A < ,, define

Jy={xelJ: dist(x,d]) > AL (J)}.
Then we write

(75 (8710) . 87 1k),, | < (T3 (A710) 1y, 87 1r), [ + (T3 (A710) . 1y AT 1), |
=A| + A

“Both I and J belong to the common grid D, while K and L belong to the independent common
grid D’—in contrast to the traditional use of two independent grids where I € D and J € D’.
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Now we use first the fact that I and J, are separated by a distance at least A€ (J) > 0
in order to bound the first term A; by

Ay = (T3 (1 A7 1) 1y, AF 1g), | (26)

1 1
S VAT Lol ) |45kl 2y = ) VS ITelli2) MRl 2w -

We further dominate the square of the second term A, by

A3 = (T2 (A710) 1y, AY 1), | 27)
2
= <Tg A1 | Ay Y 1y AY 1R>
rece(l) Jec)

w

A

YooY T (1 A7 1g) 1y, AY 1g),|°

ree(n) yee()

DD DR NS VI | VAVAINS M
ree() Jee)

M ol D [l A7 lR“iz(w) =7 ||1Q||i2(a>/ |89 1] do
ree) T\

A

A

Then we note the fact that, using the translation parameterization of 2 indexed
by y € I', we have

Eq [RN[(U+ )\ T+ i]l, < CarIRI,. (28)

which follows upon taking the average over certain translates Dy + y where D is
a fixed grid containing J. This is of course equivalent to taking instead the average
over the same translates w + y of the measure w, and it is in this latter form that (28)
is evident.

Now we will apply (28), together with an argument to resolve the difficulty
associated with the appearance of J in both J'\ J; and A1, to obtain the following
key estimate for every 0 < A < é:

EQ/ |A91x|* do < CovV/A IR, (29)
J\Ix

for the expected value of the final integral on the right hand side of (27). With (29)
and (26) in hand, we will obtain that

Eq [(T2 (A71p). A71R)w|2

< Eq |(T2 (A71g) 15, AY 1g), |* + Eq Do T A7 1) 10y, A 1), |’
ree()Jecy)
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1
<C 52 A3 HIQHizm el 72 +Ee Z Z N7
reeJecy)

1y AY lQ”iz(o) H Ly, A7 1g Hiz(w)

1 _, 2 2
= Cﬁ 22 20 HIQHLZ(G) ”1R”i2(w) +“/’w@“ HIQHLZ(a) ”1R”iz(w) ’
as required. Thus the proof of (16), and hence also that of the Good-A Lemma, will
be complete once we have proved the estimate (29), to which we now turn.

Remark 3 In the third line above we have used the norm inequality [(T2f,g),| <
Nre || fll120) 181112y Withf = 1y A7 1g and g = 1,0, A 1g, and where g is a
constant multiple of an indicator of a ‘rectangle’ J'\ J;. This prevents us from using
the smaller bound AJ%, in place of A0,

In order to illuminate the main ideas in the proof of (29), we first prove the
simplest case of dimension n = 1. So let

I\ Jy = JEtu e

where Jief‘ =J_\J, and Jiigm = J4+ \ J), and write

EQ/ | A9 1-] dew =EQ/ |A;’1R|2dw+JEQ/_ |A91x)* dw = Lef+Right.
J/\J/1 J;eﬂ Jfllghl
(30)

Now we recall the parameterization of the expectation by translations y € FAIZ of
step size 2™, and let n = A2™ where A is the side length of the interval J' \ J;.
Then, by using the ‘average of an average’ principle, we can rewrite the expectation
in terms of the larger step size n2~™. We continue to use y to denote the new step
size 2™, Then we further decompose the expectation Left in (30) as

2
A% x| doo

Left = EQ/ | A9 k| dew = EQ/
J}leﬁ

i

2
A% x| doo

== EQI . left
o er) [

2
A£Gy 1| do

+Eql ( left 1.
:(J+y)y lies to the left of R
{V Y } Uyt

= A3+ Ay,

where because of our change of step size, we have that {(J + y)aefl} is a pairwise
14

disjoint covering of the top interval containing J that has side length 27V (see the
beginning of Sect. 3.1 above).
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For term Az we use the elementary estimate
‘A;)+}/IR) = [Eu4y)_1r —Egiple| < 1
together with the estimate in (28), to obtain

2
A%y 1| do

A3 == EQI . left
ru+yicry Uyl

< Eq )R N+ p)kt

< CyA|R|, -

For term A4 we proceed as follows. We suppose that (J + y)lAefl lies to the left of

R, since the case when (J + )/)I;ght lies to the right of R is similar. We have

/<J+y)lff‘

2
By 1g = Bty 1g| " do

2
AY IR‘dw::/i
+y Tt

/<J+y)‘f“

sﬂu+m?w

ROG+y)-l, RN +7,|

[J+v)_l, 4+ vl
CRmu+yLu)2
|+ ¥)_l,

(mnu+wuy
I+ s ’

+ﬂu+w?

We now estimate the sum of the first terms above since the sum of the second terms
can be estimated with the same argument.
For the sum of the first terms we write

> ‘(J + 9

y: U+t is left of R

CRmu+yLu)2
I+,

5 G5 RAG ),

IRl
J J
¥ UHp)" s left of R V+y)-l I +1)-L,

and let J 4 y; be the leftmost translate of J such that

left
\U+Vh\uRmu+yLu

3, 31
W+l T+l GD
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where § > 0 will be chosen later to be ~/A. We suppose the translations y are
ordered to be increasing. Note that we have both

>4
|(‘]+ yl)—|w

and

+pEtcU+y)_,

if both > yy and (J + )" is left of R.

Thus we compute that

A | do = L IS ) (32)

lefi
r<n y>y1: (J—i—y):‘ is left of R

EQ / left
(+);

2
/( e Y4 e do (33)
left
L s IRNG ), | g
< IR, + |+t
A T +n-P v A 2

left
y>y1: (J—i—y)};“ is left of R

A

1 1 11
o # R J <d|R RN
ASHY < PR+ U+, S8R+ (RN +7) ],

A
(5 + 5) IR|,, = 2vA|R|, .

IA

if we choose § = +/A. This completes the proof of (29) in dimension n = 1.

3.2.4 Higher Dimensions

In the case of n > 1 dimensions we decompose the ‘corner-like’ pieces J' \ J for
each child J' € € (J) into faces S + y of width A (when n = 1 there are only two
such faces S + y, namely the intervals (J + )5 and (J + y)}*"). Then we apply
the above argument for (J + )/)5@Cft to S + y for each face S of width A in J' \ J,, but
using only translations perpendicular to the face S, and finally apply the ‘average of
an average’ principle, to obtain (29). We illustrate the proof in the case n = 2 since
the general case n > 2 is no different.

For a square K in the plane, let K_ denote the lower left child of K. Now fix
squares J and R in the plane with p-comparable side lengths and such that J C 3R.
For y € H,, where H, is the set of horizontal translations y of step size A with
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ly| < CE(R), denote by (J + )YV '*" the L-shaped ‘corner’

U+ Pt = T +y)_\ i,

and by (J + y)§" the vertical portion of the L-shaped set (J + )" (this is one
of the faces S + y introduced above). We will show that
! Z/ 29, 1el do < V2 (34)
2T+ R‘ w3 )
#Hl ver, (]+y)£1eﬂ 14

where #H, =~ C[A(R), and then by the ‘average of an average’ principle we
obtain (29). To prove (34) we will apply the one-dimensional argument from
the previous subsubsection, but with modifications to accommodate the fact that
+ )’)lfﬁ can now spill out over the top of R as well as to the left of R (recall that in
the one-dimensional setting, (J + J/)llefl occurred to the left of the interval R if it was
not contained in R). As in dimension n = 1, let J + y; be the leftmost horizontal

translate of J such that

left
\(” )i L RN +7)_],

3, 35
Gyl 1T+, 39

so that we have

- RO +y)_],

> 6.
|+ v)_l,

Then with notation analogous to the case n = 1 we have a similar calculation to
that in (33):

2
YL x| doo

1
PIEEEDS S

e (J+y)lfnC(J+y1)_

1 ‘(] + )"

2
A= U +7)_L

@ Rl,+ 3 |+
y>n: (J+y)lfnC(J+y1),

w

IA

1 1 11
ASHY <VYIRL, + U+, S8IRL, + RN+,

A
(5 + 5) IR|,, = 2vVAIR], .

IA

if we choose § = +/A. Thus we have so far successfully estimated the sum over

translations y that satisfy either y < y; or (J + J/)lfﬁ CcC+y)_.
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Now we simply repeat the last step considering only the remaining horizontal
translations. Since the side lengths of J and R are comparable, there are at most a
fixed number of such steps left, and adding up the results, and using the ‘average of
an average’ principle, then gives

Eq /
U+y)t

This completes the proof of (29) in the case of dimension n = 2, and as mentioned
earlier, the above two-dimensional argument easily adapts to the case n > 3.

2
ALy x| do < Cuv2.
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Appendix

We assume notation as above. Define the bilinear form

B(f.g) = (T2f.8), . [€L*(0).g€l*(w),

restricted to functions f and g of compact support and mean zero. For each dyadic
grid D we then have

B(f.g)= > (T¢AJf.AYg), -

1JED

Now define the bilinear forms

Cp(f.8) = > (Te A7 F.Ag), . fel’(0).gel’(w).

1,J€D: I and J are r-close

Thus the form Cp (f, g) sums over those pairs of cubes in the grid D that are close
in both scale and position, these being the only pairs where the need for a weak
boundedness property traditionally arises. We also consider the subbilinear form

Sp(f.8) = > (T2 AT f.A0g),| . fel’(0).gel’ (o),

1,J€D: I and J are r-close

which dominates Cp (f,g), i.e. [Cp (f.g)| < Sp(f.g) forall f € L*(0).g €
L? (w). The main results above can be organized into the following two part
theorem.
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Theorem 5 With notation as above, we have:

(1) Forf and g of compact support and mean zero,

Eq |B(f,8) —Cp (f,8)|
<C, (\/mg + Tro + The + ESTONE - gotone* . 2‘“’ﬁrw) 11226y 11811 22w
+CaEQSD (f7 g) .

1

(2) Forf and g of compact support and mean zero, and for 0 < A < ,,

1 *
EoSp (f.8) < Ca ( LV T+ T+ wmw) 1/120) I8l 20) -

The reason for emphasizing the two estimates in this way, is that a different
proof strategy might produce a different bound for Eq |B (f, g) — Cp (f, g)|, which
can then be combined with the bound for EqSp (f, g) to control |B (f, g)|. Note
also that the term C,EqSp (f, g) is included in part (1) of the theorem, to allow for
some of the inner products in the definition of Cp (f, g) to be added back into the
form B (f, g) —Cp (f, g) during the course of the proof of estimate (1). Indeed, this
was done when controlling the form T3, ;... (/> &) above.
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