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Richard L. Wheeden



Preface

It is a pleasure to bring out this volume of contributed papers on the occasion of
the retirement of Richard Wheeden. Dick Wheeden as he is known to his many
friends and collaborators spent almost all his professional life at Rutgers University
since 1967, other than sabbatical periods at the Institute for Advanced Study,
Princeton, Purdue University, and the University of Buenos Aires, Argentina. He
has made many original contributions to Potential Theory, Harmonic Analysis, and
Partial Differential equations. Many of his papers have profoundly influenced these
fields and have had long lasting effects, stimulating research and shedding light.
In addition many colleagues and especially young people have benefitted from the
generosity of his spirit, where he has shared mathematical insight and provided
encouragement. We hope this volume showcases some of the research directions
Dick Wheeden was instrumental in pioneering.

1 Potential Theory and Weighted Norm Inequalities
for Singular Integrals

Dick Wheeden’s work in Analysis can be broken into two periods. The first period
consists of his work in Potential Theory, the theory of singular integrals with a deep
emphasis on weighted norm inequalities, and a second period from the late 1980s
where he and his collaborators successfully applied weighted norm inequalities to
the study of degenerate elliptic equations, subelliptic operators, and Monge-Ampere
equations.

Wheeden obtained his Ph.D. in 1965 from the University of Chicago under the
supervision of Antoni Zygmund. One very productive outcome of this association
with Zygmund is the beautiful graduate textbook Measure and Integral [36].

vii



viii Preface

Wheeden'’s thesis dealt with hypersingular integrals. These are singular integrals
of the form

W= [ G- SN ﬂ v, O<a<2,

where € (y) is homogeneous of degree zero, integrable on S"~! and satisfies
| vemdo =0 1=izn
sn—1

Since the singularity of the kernel " Jm is more than that of a standard Calder6n-

Zygmund kernel, one needs some smoothness on f to ensure boundedness. A typical
result found in [34] is

1Tf I p ey < C I lwawgmy» 1 <p <oo,

where W*? (R") is the fractional Sobolev space of order «. These results are
developed further in [35].

Another important result that Wheeden obtained at Chicago and in his early
time at Rutgers was with Richard Hunt. This work may be viewed as a deep
generalization of a classic theorem of Fatou which states that nonnegative harmonic
functions in the unit disk in the complex plane have nontangential limits a.e. on the
boundary, that is on the unit circle. The theorem of Fatou was generalized to higher
dimensions and other domains by Calderén and Carleson. The works [17, 18] extend
the Fatou theorem to Lipschitz domains, where now one is dealing with harmonic
measure on the boundary. The main result is

Theorem 1 Let @ C R" be a bounded domain with Lipschitz boundary. Let
o’ (Q), Q € IR, denote harmonic measure with respect to a fixed point Py € Q.
Then any nonnegative harmonic function u (P)in Q has nontangential limits a.e.
with respect to harmonic measure ¥ on 9.

The proof relies on constructing clever barriers and in particular on a penetrating
analysis using Harnack’s inequality on the kernel function K (P,Q), P € @, Q €
42, which is the Radon-Nikodym derivative

do” (Q)

KEOD= om0y

1.1 Singular Integrals and Weighted Inequalities

In 1967, Wheeden moved to Rutgers University and began a long and fruitful
collaboration with his colleague B. Muckenhoupt. Two examples of many seminal
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results proved by Muckenhoupt and Wheeden are the theorems on weighted norm
inequalities for the Hilbert transform and the fractional integral operator. To state
these results we recall a definition.

Definition 1 Let 1 < p < oo, and let w € L} . (R") be a positive function on R”.
Then w € A, if and only if for all cubes Q,

1 1 1 r—l
S?Gmlf)ﬂmlf”:) =

The A, condition had already appeared in Muckenhoupt’s pioneering work on
the Hardy-Littlewood maximal function [51]. But now Wheeden along with Hunt
and Muckenhoupt [19] carried it further. They considered the prototypical one-
dimensional singular integral, the Hilbert transform,

<0y,

—0 XY

Hf (x) = p.v.

and established the following trailblazing theorem.

Theorem 2 A nonnegative w € L}OC (R) satisfies the P weighted norm inequality
for the Hilbert transform,

(AWWWYSQ(AVWO{

Their key difficulty in establishing this result was to prove it when p = 2. Then
one can adapt the Calderén-Zygmund scheme for singular integrals and finish with
an interpolation. The case p = 2 had been studied earlier by Helson and Szegd
[47] using a completely different function theoretic approach, where they obtained
the equivalence of the weighted norm inequality with a subtle decomposition of the
weight involving the conjugate function. Theorem 2 finally characterized these two
equivalent properties in terms of a remarkably simple and checkable criterion, the
A, condition. Theorem 2 was the forerunner to a deluge of results by Wheeden in
the decades since, to multiplier operators by Kurtz and Wheeden [20], to the Lusin
square function by Gundy and Wheeden [16] (preceded by Segovia and Wheeden
[33]), and the Littlewood-Paley gI function by Muckenhoupt and Wheeden [24],
to name just a few. With Muckenhoupt, Wheeden also initiated a study of the two
weight theory for the Hardy-Littlewood maximal operator and Hilbert transform
[25] and with Chanillo a study of the two weight theory for the square function [6].
That is one now seeks conditions on nonnegative functions v, w so that one has

(RJUVU)”sc;(AQVWW)ﬂ

ifand only ifw € A,
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where T could be a singular integral operator, a square function, or the Hardy-
Littlewood maximal operator. The papers [25] and [6] stimulated much research in a
search for an appropriate two weight theory for singular integrals. In the early 1990s
Wheeden returned to this question and undertook a study of two weight problems
for the fractional integral. These results are described later in this preface.

The later “one weight” results mentioned above relied on the so-called good-
A inequalities [37], [40], a beautiful stratagem with which Wheeden was wholly
won over. We cite two instances of results proved by Wheeden, where good-A
inequalities play a key step in the proofs. The first example is joint work with
Chanillo [1] where he investigated a complete theory of differentiation based on
the Marcinkiewicz integral

Mf (X) = ( - |t|n+2

1

f (et ) +f(x—t)—2f(x)lzdt)z
This work viewed Mf as a rough square function and the aim was to treat it in the
spirit of the work of Burkholder and Gundy [37] for the Lusin square function and
establish control via a good-A inequality and maximal functions.

The second work with Muckenhoupt, destined to play a major role in Wheeden’s
interest in degenerate elliptic PDE in the late 1980s onward, was the paper [23] on
fractional integral operators /. Define for 0 < o < n,

fo)
ww=[ T
Rre X =y
Theorem 3 Let v be a positive function on R". Then for 31 = ; —sl<p<]

and 11) + ;, = 1, the weighted norm inequality for I,

(L I(Iaf)vl"); <o ([ lfvl”);,

holds if and only if for all cubes Q,

1 0 /1 N
q -P
SZP(|Q|/Q”) (|Q|/Q” ) =0

The corresponding inequality for the fractional maximal operator

1
Mof (x) = . dy,
f (x) S 1ot /Qlf(y)l y

which is dominated by the fractional integral I, |f| (x) = [g. le_f;i)r?‘fa dy, can be

established by a variety of techniques, and from this, the inequality for the larger
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(at least when f > 0) fractional integral /, can be obtained as a consequence of the
good-A inequality:

[{x € R" : Mof (x) < A and |Iof (¥)] > 2X}
= CBlix e R 1 |Iof ()] > A}y s

valid for nonnegative functions f, and for all A > 0 and 0 < 8 < 1 and where we
have used the notation:

|E|ye = / v (x)dx.
E

This striking inequality says, loosely speaking, that the conditional probability of
doubling the size of I,f, given a fixed lower threshold, is small unless the maximal
function M,f exceeds a smaller threshold—in other words, I,f cannot increase by
much at a given location unless M,f is already large there.

The fractional integral operator I,f plays a major role in the proofs of Sobolev
inequalities and localized versions of Sobolev inequalities called Poincaré inequali-
ties. These inequalities, together with the energy inequalities of Cacciopoli, are used
to derive via an iteration scheme due to Moser, a fundamental inequality for elliptic
PDE, called the Harnack inequality. The Harnack inequality can be then used to
obtain regularity in Holder classes of weak solutions of second order elliptic PDE.
Thus Wheeden was now led in a second period to the study of degenerate elliptic
PDE and the particular problem of regularity of weak solutions to degenerate elliptic
PDE. One of the earliest Poincaré-Sobolev inequalities he obtained was a natural
outcome of earlier work for the Peano maximal function [2] and is contained in his
paper with Chanillo [3]. To state the main theorem in [3], we need some notation.
We consider v, w locally integrable positive functions on R". Fix a ball B. We now
consider balls B, (xo) C B, centered at xo with radius » > 0. We assume that v is

doubling, i.e.,
/ v < C/ v,
Bar(x0) B (xo)

and we also assume the balance condition (which turns out to be necessary)

1 1
FETOLAS -c (fBruo) w\’
< , (1)
h fB v fB v
where h = |B|'ll .

For f € C' (B), we set fuye = \119| [af
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Theorem 4 Let1 < p < g < 0o0. Assume that w € A, that v is doubling, and that
the balance condition (1) holds. Then

(1) Forf € C, (B) we have the Sobolev inequality,

(f;v/ﬁ'q”)le = Ch(f:w/g'vf'pw);'

(2) Forf € C' (B) we have the Poincaré inequality,

(o [rsme) zan(! frsms)

The results in [3] when combined with energy estimates like Cacciopolli’s
inequality and an appropriate Moser iteration scheme lead to Harnack inequalities
[5] and estimates for Green’s function for elliptic operators in divergence form [7].

2 Degenerate Elliptic Equations, Subelliptic Operators,
and Monge-Ampére Equations

In the early 1990s, Wheeden’s interests turned to the study of Sobolev-Poincaré
inequalities in the setting of metric spaces, focusing in particular on Carnot-
Carathéodory metrics generated by a family of vector fields and on the associated
degenerate elliptic equations. Let X = {Xi,...,X,} be a family of Lipschitz
continuous vector fields in an open set 2 C R”, m < n. We can associate with
X a metric in Q2—the Carnot-Carathéodory (CC) metric d. = d.(x, y) or the control
metric—by taking the minimum time we need to go from a point x to a point
y along piecewise integral curves of £Xj,...,£X, (if such curves exist). The
generating vector fields of the Lie algebra of connected and simply connected,
stratified nilpotent Lie groups, also called Carnot groups, as well as vector fields
of the form A0, ...,A4,0,, where the A;’s are Lipschitz continuous nonnegative
functions, provide basic examples of vector fields for which the CC distance is
always finite. The latter vector fields are said to be of Grushin type in [10].
A (p, g)-Sobolev-Poincaré inequality in this setting is an estimate of the form

P
1 2

1 q 1
Ig—gBI"dx) <Cr Xjgl* | dx
(IB(xo,r)l B(xo.r) IB(x0,7)| o) Zj: 7

2
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for all metric balls B(xp,r) := {x; d.(xo,x) < r} and for all smooth functions
g with average gg on B(xg, r). Moreover, Lebesgue measure on both sides of (2)
can be replaced by two different measures which may arise from weight functions.
This case gives rise to what is called a weighted (or two-weight) Sobolev-Poincaré
inequality. The weight functions are chosen to satisfy conditions akin to [3] and [5].

Wheeden in 1994, in collaboration with Franchi and Gutiérrez [10], proved a
two-weight Sobolev-Poincaré inequality for a class of Grushin type vector fields
that best illustrates this circle of ideas.

In the Poincaré-Sobolev inequality that follows, the weight function u is assumed
doubling. The vector fields are given by, V,g(z) = (ng @),A(x) Vg (z)) for

z = (x,y) € R"™, A(x) is assumed continuous. The continuity of A(x) allows
the notion of a metric d.(:,-) which is naturally associated with the vector fields
3)3(1 S, ai A (x) 82_1 s A () ag by means of subunit curves to be defined [42].

To this metric one may now associate balls B (zo, r) which are balls in R"*" with
center 7o and radius r defined by B(zo,7) := {z; d.(20,2) < r}. With some further
stipulation on the weight v that will be stated later, one has the Poincaré-Sobolev
inequality displayed below:

1

1 o !
(lB (Zo, r)|u /B(zo,r) |g (Z) gB| (Z) dz)

1
1 / P
<Cr [Vig @I v (2) dZ)
( |B (ZO’ r)lv B(z0.r)

Further assumptions on the coefficients of the vector fields are A(x) lies in some
Reverse Holder class, i.e., A € RHy and A" € strong Ao, in the sense of David and
Semmes [41] suitably adapted to the Carnot-Caratheodory metric situation. The key
assumption on the weight v above is that there exists w € strong A, for which we
have

pw ! €A, (wl_llvdz) s, N=n+m.

The following “balance condition” which is by now well known to be necessary
[3] is also assumed:

r(B) { u(B) é< v(B) \”
7 (Bo) (M(Bo)) _C(U(Bo)) » Bc+ab.

A typical example of a function A is A (x) = |x|* for « > 0. The results allow
weights v that vanish to high order and include new classes of weight functions
even in the case A (x) = 1. Other important examples arise from weight functions v
that are Jacobians of Quasiconformal maps.

The paper [10] contains two remarkable technical results: first of all, it is proved
that metric balls for the CC distance satisfy the so-called Boman condition, that by



Xiv Preface

now has been proved to be equivalent to several other geometric conditions. This
allows one to apply the Boman chain technique (as studied by Chua and Bojarski)
to suitable metric spaces equipped with doubling measures. This makes it possible
to obtain (2) from a “weak” type Sobolev-Poincaré inequality, where in the right-
hand side of (2) we replace the ball B(x, r) by an “homothetic” ball B(x, tr), T > 1.
The second important idea in this paper consists in the clever use of a technique
inspired by Long and Nie [50], and that will become more or less standard in the
future. To illustrate this idea, consider a fractional integral I and let u — |Xu| be a
local operator, where |Xu| denotes the norm of the Euclidean gradient or of some
generalized gradient (Xju, ..., X,u). This technique makes it possible to obtain
strong type inequalities from weak type inequalities of the form:

T>1,

1
e Bi= B fut) — > 2y = ¢ (O
In particular one obtains (1, g)-Sobolev-Poincaré inequalities in situations where
one has no recourse to the Marcinkiewicz interpolation theorem. This is achieved
by slicing the graph of u(x) — ug in strips [27%T!, 27*]. The local character of |Xu|
yields that |Xu| vanishes on constants, so that it is possible to reconstruct |Xu| from
these slices.

This technique enabled Wheeden in [9] (in collaboration with Franchi and Gallot)
and in [11] (in collaboration with Franchi and Lu) to prove Sobolev type inequalities
and Sobolev-Poincaré type inequalities on Carnot groups in the geometric case p =
1, starting from a subrepresentation formula of a compactly supported function (or
of a function of zero average on a ball) which expressed the function in terms of a
suitable fractional integral of its generalized gradient. In particular, this argument
yields forms of Sobolev inequalities which are related to isoperimetric inequalities
on Carnot groups.

More generally, on a metric space (S, p, m) endowed with a doubling measure
m, we say that a (p, g)-Sobolev-Poincaré inequality holds (1 < p < ¢ < o0) if for
any Lipschitz continuous function u there exists g € L (S) such that

loc

p

qd )111 c ( 1 el d )ﬁ
m <Cr _ g m s
[BCx, )| JBcr

(3)

1

- _ udm
[B(x, )| JBcr

1
- u
(|B(X, N JaGn

where g depends on u but is independent of B(x, r) (notice again we could look
for similar inequalities where we replace the measure m by two measures u, v).
We recall that the metric space (S, p, m) endowed with a measure m is said to be
locally doubling, if for the measure m there exists A > 0 such that the measure
m satisfies the doubling condition m(B(x,2r)) < Am(x,r) for all x € S and
r < ro. That is the doubling condition holds for all balls with small enough radii.
The central point in the proof in [12] (see also [8]) consists in establishing the
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equivalence between (p, g)-Sobolev-Poincaré inequalities in metric measure spaces
and subrepresentation formulae. The following result is typical:

Theorem 5 Let (S, p,m) be a complete metric space endowed with a locally
doubling measure m and satisfying the segment property (i.e., for each pair of
points x,y € S, there exists a continuous curve y connecting x and y such that
p(y(®),y(s)) = |t —s|.) Let u, v be locally doubling measures on (S, p, m). Let
By = B(xo, ro) be a ball, let t > 1 be a fixed constant, and let f, g € L'(tBy) be
given functions. Assume there exists C > 0 such that, for all balls B C tB,,

1 B r(B)
U(B)/Blf fB,U|duscM(B)/B|g|du, 4

where~f3,\, = V(IB) Jzfdv. If there is a constant 6(ro) > 0 such that for all balls B, B
with B C B C 1B,

u(B) (B)
>0 o,
wd =" b
then for (dv)-a.e. x € By,
p(x,y)
- v f d . 5
10 sl = [ 15 050 ©

We notice that, by Fubini-Tonelli Theorem, clearly (5) implies (4).

The proof of the above result relies on the construction of a suitable chain of balls
with controlled overlaps, starting from a ball B and shrinking around a point x € B.
Repeated use of the Poincaré inequality (4) yields the subrepresentation formula (5)
for any Lebesgue point of u.

Applying results on I” — L? continuity for fractional integrals, like for example
in [3, 29], from (5) one obtains (two-weight) Sobolev-Poincaré inequalities. In [22]
Lu and Wheeden were able to get rid of the constant T > 1 in the subrepresentation
formula (5).

A (po, 1)-Poincaré-inequality with po > 1 yielding a (p, ¢)-Sobolev-Poincaré
inequalities (and possibly with weights) is referred to as the self-improving property
of the Poincaré inequality. This notion had been introduced by Saloff-Coste in [53]
in the Riemannian or sub-Riemannian setting. The result in [53] states that the
(o, 1)-Poincaré inequality plus the doubling property of the measure yields (p, g)-
Sobolev-Poincaré inequalities. The arguments of [12] can be carried out only in the
case po = 1, basically since a(B) defined by

1 1/po
a(B) = r(B) (|B| / |glP° dx) (g and p fixed)
B

is not easy to sum, even over a class of disjoint balls B if py > 1.
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In particular, in [15], this difficulty was overcome by considering a sum operator
T (x) which is formed by summing a(B) over an appropriate chain of balls associated
with a point x:

Tx)= Y  aB).

B in a chain for x

Incase py = 1, the sum operator becomes an integral operator. The L” to LY mapping
properties of the sum operator can be derived in much the same way as those for
fractional integral operators, and these norm estimates for 7" lead to correspondingly
more general Poincaré estimates. These results by Wheeden and collaborators for
the weighted self-improving property of the Poincaré inequality on general metric
spaces may be found in [13-15].

In [21], the authors proved a counterpart of the equivalence between subrep-
resentation formulae and Sobolev-Poincaré inequality for higher order differential
operators. These results are counterparts of earlier results for the gradient derived
in [12]. In the higher order case, on the left-hand side of the Poincaré inequality,
instead of subtracting a constant given by the average of the function, one subtracts
appropriate polynomials, related to the Taylor polynomial on Euclidean spaces, and
related Folland-Stein polynomials [43] for the situation on stratified groups.

2.1 Two Weight Norm Inequalities for Fractional Integrals

Beginning in 1992, Wheeden returned to the study of the two weight inequality for
fractional integrals,

([anrs) zc([r) . sz0

and showed with Sawyer [29] that for ]| < p < ¢ < cocand 0 < a <
n, this inequality could be characterized by a simple two weight analogue of
Muckenhoupt’s condition:

1 1
o q / 12 p’
Azsq = Sup|Q|1_n (/ S[éw) (/ %U_P )1 < o0,
Q Q Q

where sp (x) = |Q| Ty |x — xp|*" is a “tailed” version of the scaled indicator
10| o 1¢ (x). This work built on the weak type work of Kokilashvili and Gabidza-

shvili. Unfortunately, this simple solution fails when p = g, but there it was shown
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that a “bumped-up” version of A; , suffices for the fractional integral inequality:
there is r > 1 such that

1 1
o 1_1 1 ar 1 N\ P
sup Q" Fa7r ( /w’) ( /v_’p) < o0.
0 10| Jo 0] Jo

A forerunner to the situation when p = ¢ is the paper by Chanillo and Wheeden [4],
where weighted fractional integral inequalities when p = ¢ are derived and then
applied to obtain Weyl type eigenvalue estimates for the Schrédinger operator with
appropriate potential.

The results on weighted norm inequalities for two weights for fractional integrals
and other similar results were then extended in [29] to spaces of homogeneous type.
Along the way two discoveries were made which we list:

e The failure of the Besicovitch covering lemma for the Heisenberg group
equipped with the usual left invariant metric and where all balls are chosen
using this metric (also obtained independently by Koranyi and Reimann).

* A construction of a dyadic grid for spaces of homogeneous type (a variant was
also obtained independently and a bit earlier by M. Christ [38], and a precursor
of this by G. David even earlier).

2.2 Fefferman-Phong and Hormander Regularity

The 2006 Memoir of Wheeden with Sawyer [30] is concerned with regularity of
solutions to rough subelliptic equations. Previously, regularity had been reasonably
well understood in two cases:

1. when the equation is subelliptic, and the coefficients are restricted to being
smooth,
2. when the equation is elliptic, and the coefficients are quite rough.

In the subelliptic case, there were two main types of result. First, there was the
algebraic commutator criterion of Hérmander for sums of squares of smooth vector
fields [48]. These operators had a special “sum of squares” form for the second order
terms, but no additional restriction on the smooth first order term. Second, there
was the geometric “control ball” criterion of Fefferman and Phong that applies to
operators with general smooth subelliptic second order terms, but the operators were
restricted to be self-adjoint. They obtained the following analogue of the Fefferman-
Phong theorem for rough coefficients, namely a quadratic form Q (x, §) = £Q (x) &
is subelliptic (which means that in a quantitative sense we leave unspecified, all
weak solutions u to the equation V'Q (x) Vu = ¢ are Holder continuous, i.e., u €
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C* for o > 0), if the control balls K (x, r) relative to Q satisfy

—

. |K(x,2r)| < CIK (x, r) | (doubling),

N

. D(x,r) C K (x,Cr®) (containment),

1 20 ZIJ 1 5 ) é
o] el (e

1 2 : 1 ) >
{|K|/K|W—WK|} SCF(K){IK*I/K* ||Vw||Q} ,

where w € Wé’z (K) in the Sobolev inequality and w € W'? (K*) in the Poincaré
inequality, where K* is the double of K.

The containment condition 2. is necessary. The Sobolev inequality 3. is necessary
for a related notion of subellipticity for the homogeneous Dirichlet problem for
L = V'Q (x) V: for all balls B there exists a weak solution u satisfying

2
Lu=f inB q\ 4
d < 2 ).
% u=00ndB Sl;plulw (/Blf| )

The Poincare inequality 4. is necessary for a related notion of hypoellipticity for the
homogeneous Neumann problem for nyp = n’Q (x) V: for all balls B there exists a
weak solution u satisfying

w

b

Lu = inB
{ f and [|ull;2p) < r(B)? I ll2s) -

nou = 0 on 0B

The doubling condition 1. is not needed and has been replaced more recently with
the theory of nondoubling measures pioneered by Nazarov, Treil, and Volberg.

They also obtained an analogue of the Hérmander theorem for diagonal vector
fields with rough coefficients. As a starting point, they showed that if the vector
fields X; = a; (x) ai,- were analytic, then the X; satisfied a “flag condition” if and
only if they satisfied the Hormander commutation condition. They then extended the
flag condition to rough vector fields and obtained regularity theorems for solutions
to the corresponding sums of squares operators.

2.3 The Monge-Ampére Equation

Using the regularity theorems in their 2006 Memoir [30] (see also [28], [31] and
[32]), Wheeden with Rios and Sawyer [26, 27] obtained the following geometric
result: A C? convex function # whose graph has smooth Gaussian curvature k ~ |x|?
is itself smooth if and only if the sub-Gaussian curvature k,—; of u is positive in 2.
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The question remains open for C*! convex solutions today—this much regularity
is assured for solutions to the Dirichlet problem with smooth data and nonnegative
Gaussian curvature k (Guan et al. [46]), but cannot in general be improved to c?
by the example of Sibony in which the tops and sides of the unit disk are curled up
to form a smooth boundary but with second order discontinuities at the start of the
curls.

The proof of the regularity theorem for C? solutions draws from a broad spectrum
of results—an n-dimensional extension of the partial Legendre transform due to the
authors [26], Calabi’s identity for ) u’o;;, the Campanato method of Xu and Zuily
[54], the Rothschild-Stein lifting theorem for vector fields [52], Citti’s idea (see, e.g.,
[39]) of approximating vector fields by first order Taylor expansions, and earlier
work of the authors in [26] generalizing Guan’s subelliptic methods in [44, 45].
The proof of the geometric consequence uses the Morse lemma to obtain the sum
of squares representation of k. The necessity of k,—; > 0 follows an idea of Iaia
[49]: the inequality k < (k,—1) »“1 shows that for a smooth convex solution u with
k (x) ~ |x|> we must have k,—; > 0 at the origin.
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On Some Pointwise Inequalities Involving
Nonlocal Operators

Luis A. Caffarelli and Yannick Sire

To Dick Wheeden, with admiration and affection

Abstract The purpose of this paper is threefold: first, we survey on several
known pointwise identities involving fractional operators; second, we propose a
unified way to deal with those identities; third, we prove some new pointwise
identities in different frameworks in particular geometric and infinite-dimensional
ones.

1 Introduction

The present paper is devoted to several pointwise inequalities involving several
nonlocal operators. We focus on two types of pointwise inequalities: the Cérdoba-
Coérdoba inequality and the Kato inequality. In order to keep the presentation
simple, we state the inequalities in question in the case of the fractional lapla-
cian, i.e. (—A)* in R”. Actually, in subsequent sections, we will generalize
these inequalities to a lot of different contexts. Furthermore, we will present a
unified proof for both inequalities based on some extension properties of some
nonlocal operators. Our proofs are elementary and simplify the original argu-
ments.
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2 L.A. Caffarelli and Y. Sire

The fractional Laplacian can be defined in various ways, which we review now.
It can be defined using Fourier transform by

F((=A)v) = &% F(v),

for v € H*(R"). It can also be defined through the kernel representation (see the
book by Landkof [12])

v(x) —v(x)

" |X _ x|n+23

(=A)*v(x) = C,, PV. / dx, (1)
R

for instance for v € S(R"), the Schwartz space of rapidly decaying functions. Here
we will only consider s € (0, 1).
The inequalities considered in the present paper are the following

Theorem 1.1 (Cérdoba-Cérdoba Inequality) Let ¢ be a C*(R") convex function.
Assume that u and ¢(u) are such that (—A)*u and (—A)’¢(u) exist. Then the
following holds

(=A)'o() < ¢’ W) (=A)"u. 2

The next theorem is the Kato inequality.

Theorem 1.2 (Kato Inequality) The following inequality holds in the distribu-
tional sense

(=A)|ul < sgn(u)(—=A)" u. 3)

The previous two theorems are already known: Theorem 1.1 is due to Cérdoba
and Cordoba (see [8, 9]). Theorem 1.2 is due to Chen and Véron (see [6]). Both
original proofs are based on the representation formula given in (1). This formula
holds only when the fractional laplacian is defined on R". The Cérdoba-Cérdoba
inequality is a very useful result in the study of the quasi-geostrophic equation (see
[9]). This inequality has been generalized in several contexts in [10] for instance or
[7]. In this line of research we propose a unified way of proving these inequalities
based on some extension properties for nonlocal operators.

2 Some New Inequalities

In this section, we derive by a very simple argument several inequalities at the
nonlocal level, i.e. without using any extensions, which are not available in these
frameworks.
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2.1 A Pointwise Inequality for Nonlocal Operators
in Non-divergence Form

Nonlocal operators in non-divergence form are defined by

Zu() = = [ (@t 9) + =) = 20)KO) dy
for a kernel K > 0. Denote
Syu(x) = —(u(x +y) +ux—y) — 2u(x)).

Then, considering a C? convex function ¢, one has by the fact that a convex function
is above its tangent line

8,0 ()(x) = —(p(ux + ) + gl =) = 20(u(x)) ) =
—(w(u(x + ) — o) + @ulx—y)) — qo(u(X)))
< @' )8 u(x).

Hence for the operator Z one has also an analogue of the original Cérdoba-Cérdoba
estimate.
2.2 The Case of Translation Invariant Kernels

Consider the operator

Lux) = [ (ulx) —u(y)K(x—y)dy

R~

where K is symmetric. Hence one can write

Lu(x) = /Rn (u(x) —u(x — h))K(h) dh

or in other words, by a standard change of variables

Lu(x) = ;/Rn Spu(x)K (h) dh
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We start with the following lemma, which is a direct consequence of the symmetry
of the kernel

Lemma 2.1

Lu(x) =0.
RVI

The following lemma is consequence of straightforward computations
Lemma 2.2
Spuv(x) = udpv + véu+
(x4 h) —v)ux +h) —u@x) + ((x = h) — V) (ulx — h) — u(x)).

Hence by the two previous lemma one has the useful identity

— Lu? = L — 2 —y) dxdy.
0 u 2/nu u+2/” Rn(u(x) u(y))°K(x —y) dxdy

Rn

2.3 Some Integral Operators on Geometric Spaces

In this section, we describe new operators involving curvature terms. These
operators appear naturally in harmonic analysis, as described below. They are of
the form

Lu(x) = / () — u()K (x. ) dy

where the non-negative kernel K is symmetric and has some geometric meaning.
The integral sign runs either over a Lie group or over a Riemannian manifold. By
exactly the same argument as in the previous section, one deduces trivially Cérdoba-
Coérdoba estimates for these operators. We now describe these new operators.

2.3.1 The Case of Lie Groups
Let G be a unimodular connected Lie group endowed with the Haar measure dx.
By “unimodular”, we mean that the Haar measure is left and right-invariant. If we

denote by G the Lie algebra of G, we consider a family

X={X,..., X}
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of left-invariant vector fields on G satisfying the Hérmander condition, i.e. G is
the Lie algebra generated by the X/s. A standard metric on G , called the Carnot-
Caratheodory metric, is naturally associated with X and is defined as follows: let
£ :[0,1] — G be an absolutely continuous path. We say that £ is admissible if
there exist measurable functions ay, ..., a; : [0, 1] — C such that, for almost every
t € [0, 1], one has

k
@) =) aXi(L@).

i=1

If £ is admissible, its length is defined by

1 k ;
IH=A<2]MMM§-
i=1

For all x,y € G, define d(x,y) as the infimum of the lengths of all admissible
paths joining x to y (such a curve exists by the Hormander condition). This distance
is left-invariant. For short, we denote by |x| the distance between e, the neutral
element of the group and x, so that the distance from x to y is equal to [y~ 'x].

For all > 0, denote by B(x, r) the open ball in G with respect to the Carnot-
Caratheodory distance and by V(r) the Haar measure of any ball. There exists d €
N* (called the local dimension of (G, X)) and 0 < ¢ < C such that, forall r € (0, 1),

cr? < V(r) < cr,

see [14]. When r > 1, two situations may occur (see [11]):

¢ Either there exist ¢, C, D > 0 such that, forall » > 1,
c? <vir)y<cr®
where D is called the dimension at infinity of the group (note that, contrary to d,
D does not depend on X). The group is said to have polynomial volume growth.
¢ Or there exist ¢, ¢z, C1, C, > 0O such that, forall » > 1,

c1e? <V(r) < Ce“”

and the group is said to have exponential volume growth.

When G has polynomial volume growth, it is plain to see that there exists C > 0
such that, for all » > 0,

V(2r) < CV(r), @)
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which implies that there exist C > 0 and x > 0 such that, for all » > 0 and all
6 >1,

V(Or) < COFV(r). ®)]

On a Lie group as previously described, one introduces the Kohn sub-laplacian

k
A=) X;.
i=1

On any Lie group G, it is natural by functional calculus to define the fractional
powers (—Ag)*, s € (0, 1) of the Kohn sub-laplacian —A. It has been proved in
[13, 15] (see also [16]) that for Lie groups with polynomial volume

Ju(x) — u(y)|?

1(=Ae)ulPag, < C / D=0 gy,
26 =€ [ vy x

It is therefore natural to consider the operator which is the Euler-Lagrange
operator of the Dirichlet form in the R.H.S. of the previous equation given by

() — )
Lulx) = /G vy y-a @

It defines a new Gagliardo-type norm, suitably designed for Lie groups (of any
volume growth). By the structure itself of this norm, one can prove as before a
Coérdoba-Cérdoba inequality.

2.3.2 The Case of Manifolds

Let M be a complete Riemannian manifold of dimension n. Denote d(x,y) the
geodesic distance from x to y. Similarly to the previous case it is natural to introduce
the new operators, Euler-Lagrange of suitable Gagliardo norms, given by

() —u(y)
Lu(x) = /M L;();’ y):t+2s dy

These new operators also satisfy Coérdoba-Coérdoba estimates (see [15] for an
account in harmonic analysis where these quantities pop up).
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3 A Review of the Extension Property

3.1 The Extension Property in R"

We first introduce the spaces
H'®R") ={ve ’(R") : [ (Fu)) e PR},

where s € (0,1) and F denotes Fourier transform. For Q C ]R’fl a Lipschitz
domain (bounded or unbounded) and a € (—1, 1), we denote

H' (Q.,y") = {u e LX(Q,y*dxdy) : |Vu| e LZ(Q,y“dxdy)}.

Leta = 1 — 2s. It is well known that the space H*(R") coincides with the trace
on 8R'_‘:’1 of H' (R'_‘:’l ,¥"). In particular, every v € H*(R") is the trace of a function

u € L} (R, y?) such that Vu € L*(Rt', y*). In addition, the function u which
minimizes
: a 2 . _
mm{/mjly |Vu|® dxdy : ulaRTl =v (6)

solves the Dirichlet problem

{ Lou := div (*Vu) = 0 in R’
@)

u=v on BR’fl.
By standard elliptic regularity, u is smooth in R’fl. It turns out that —y“u,(-,y)

converges in H—*(R") to a distribution # € H*(R") as y | 0. That is, u weakly
solves

div (y*Vu) =0 in R+
®)

—yoyu=nh on BRZ_‘H.
Consider the Dirichlet to Neumann operator

I,:H H@®R"Y > H*(R")
du

vi>Ty(v) =h:=— lim y*0,u = ,
() y—>0+y }u 81)“
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where u is the solution of (7). Then, we have:

Theorem 3.1 ([4]) For every v € H*(R"),

(—A)*v = d,T,(v) = —d, lim y*3,u.
y—>0t

where a = 1 — 2s, d; is a positive constant depending only on s, and the equality
holds in the distributional sense.

3.2 The Extension Property in Bounded Domains

We consider now the case of bounded domains. In this case, two different operators
can be defined.

The spectral Laplacian: If one considers the classical Dirichlet Laplacian Ag on
the domain €2, then the spectral definition of the fractional power of Ag relies
on the following formulas:

o] 1 () d
(—Ag)'g() = Y A3 ¢i(x) = Fes) /0 (e™g(x) — g(x)) " +t )

j=1

Here A; > 0,j = 1,2, .. are the eigenvalues of the Dirichlet Laplacian on 2 with
zero boundary conditions, written in increasing order and repeated according
to their multiplicity and ¢; are the corresponding normalized eigenfunctions,
namely

8= /Qg(X)fﬁj(X) dx,  with gl =1.

The first part of the formula is therefore an interpolation definition. The second
part gives an equivalent definition in terms of the semigroup associated to the
Laplacian. We will denote the operator defined in such a way as A, ; = (—Ag)*,
and call it the spectral fractional Laplacian.

The restricted fractional laplacian: On the other hand, one can define a fractional
Laplacian operator by using the integral representation in terms of hypersingular
kernels already mentioned

gx) —g(@)

u |_x_Z|n+2s dZ, (10)

(—Aga)'g(x) = Ca, PV, /R

In this case we materialize the zero Dirichlet condition by restricting the operator
to act only on functions that are zero outside 2. We will call the operator defined
in such a way the restricted fractional Laplacian and use the specific notation
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Ay = (=Ajp)* when needed. As defined, A is a self-adjoint operator on
L*(Q2), with a discrete spectrum: we will denote by A;; > 0, = 1,2,...
its eigenvalues written in increasing order and repeated according to their
multiplicity and we will denote by {¢,;}; the corresponding set of eigenfunctions,
normalized in L*(R2).

* Common notation. In the sequel we use A to refer to any of the two types of
operators A ; or Ay, 0 < s < 1. Each one is defined on a Hilbert space

H(Q) ={u= wpsr € Q) : [lullf; =Y Asale < 00} C L2(Q)
k=1 k=1

Y

with values in its dual H*. The notation in the formula copies the one just used
for the second operator. When applied to the first one we put here ¢, = ¢, and
Asx = A}. Note that H(S2) depends in principle on the type of operator and on
the exponent s. Moreover, the operator .4 is an isomorphism between H and H*,
given by its action on the eigen-functions. It has been proved in [1] (see also [5])
that

H?(R2) if s € (0,1/2),
HQ) = {HX Q)  ifs=1/2,
Hy(2) ifse(1/2,1),
We now introduce the Caffarelli-Silvestre extension for these operators. In the
case of the restricted fractional laplacian, the extension is precisely the one described

in Sect. 3.1. We now concentrate on the case of the spectral fractional laplacian. Let
us define

C = Q X (0, +OO)7
d.C = 0Q x [0, +00).
We write points in the cylinder using the notation (x,y) € C = Q x (0, +00). Given
s € (0, 1), it has been proved in [5] (see also [3]) that the following holds.
Lemma 3.1 Consider a weak solution of

div(y!™2Vw) = 0in C = Q x (0, +00),

w=20, on 92 x (0, +00) (12)

1-2s

Then —limy oy~ 0w = Aw(-, 0). where A is the spectral fractional laplacian.
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3.3 The Extension Property in General Frameworks

To generalize the inequalities under consideration, one has to invoke a rather general
version of the Caffarelli-Silvestre extension proved by Stinga and Torrea [17]. Their
approach, based on semi-group theory, allows to prove the previous results in quite
general ambient spaces, like Riemannian manifolds or Lie groups.

In the following theorem, we will consider three cases later for the object M:

(1) The case of complete Riemannian manifolds and the Laplace-Beltrami operator
(2) The case of Lie groups and the Kohn laplacian
(3) The case of the Wiener space and the Ornstein-Uhlenbeck operator

Let £ be a positive and self-adjoint operator in L?>(M). One can define its
fractional powers by means of the standard formula in spectral theory

1 &0 dt
L5 = Lo Id ,
F@@A(E ) e

where s € (0, 1) and ¢'* denotes the heat semi-group on M. Then one has

Theorem 3.2 Let u € dom(L). A solution of the extension problem

1-2
Lv + S8yv+3§v =0 on M xR*
y

v(x,0) =u on M,
is given by
1 © oL 2 dt
_ s —y=/4t
ven = Lo [ eewnme L
and furthermore, one has at least in the distributional sense
) _ 25T (—s)
— lim y"9,v(x,y) = Lu(x). 13
Jim, y W (x,y) ST(s) u(x) (13)

4 Proofs of Theorems 1.1 and 1.2

4.1 Proof of Theorem 1.1

We now come to the proof of Theorem 1.1. We introduce the function

w=ggWw)—v
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where w is the Caffarelli-Silvestre extension of u and v the Caffarelli-Silvestre
extension of ¢(u). Then w satisfies

Law = y*¢"(w)|[Vw|* = 0, in R}
w=0 on BRTI

since ¢ is convex. Hence by the Hopf lemma in [2] (see also the Appendix) ( notice

w > 0 by the weak maximum principle) , one has 5’5&1 > 0, hence the result.

4.2 Proof of Theorem 1.2

We now turn to the proof of the Kato inequality in Theorem 1.2. This is a conse-
quence of the Cordoba-Cordoba inequality. Indeed consider the convex function

0c(x) = Va2 + €.

Then the result follows by Theorem 1.1 and a standard approximation argument.

4.3 The Results in Bounded Domains

In the case of the spectral laplacian, the Cérdoba-Cérdoba estimate has been proved
by Constantin and Ignatova [7] by a rather involved use of semi-group theory.
Our proof has the same flavour as the one of Theorem 1.1. Furthermore, in our
framework, one can also prove the Cérdoba-Cérdoba estimate in the case of the
restricted laplacian, which is not covered by [7].

Theorem 4.1 Let ¢ be a C*(R") convex function. Assume that u and ¢(u) are such
that Au and Ap(u) exist where A is either the restricted or spectral fractional
laplacian. Then the following holds

Ap(u) < ¢'(u)Au (14)

Proof The case of the restricted laplacian is fully covered by the proof of Theorem
1.1 verbatim. In the case of the spectral fractional laplacian, one considers as before

w=g@w)—v

where w is the Caffarelli-Silvestre extension of u and v the Caffarelli-Silvestre
extension of ¢(u) where the Caffarelli-Silvestre extension is the one described in
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Sect. 3.1. Then w satisfies

Low = y'@"(w)|[Vw|*> >0, in C
w=0 on 0;,C

By the weak maximum principle, one has w > 0 in C and one concludes with the
Hopf lemma in the appendix. O

Remark 4.2 Our proof of the estimate is the same as the one in Cdérdoba and
Martinez in [10] for the Dirichlet-to-Neumann operator. However, their proof covers
only the case 1/2 and for power-like convex functions. The argument can be actually
generalized as we mentioned. Furthermore, it unifies all the possible proofs of the
Coérdoba-Cérdoba estimates.

S Geometric Ambient Spaces

5.1 The Case of Manifolds

The case of compact manifolds, through a parabolic argument, has been proved
by Cordoba and Martinez [10]. Our proof once again completely unifies the several
approaches. Consider a complete Riemannian manifold M and its Laplace-Beltrami
operator

L=-A,
Invoking now the extension of Stinga and Torrea described in Sect. 3.3, one proves

Theorem 5.1 Let ¢ be a C2(R") convex function. Assume that u and ¢(u) are such
that Lu and Lo(u) exist. Then the following holds

Lou) < ¢'(w)Lu (15)
We then recover the case of compact manifolds in [10] and even generalize it to
complete non-compact manifolds. The proof of the previous theorem is identical,

once the extension is well defined as described above (see [17]), to the proof of
Theorem 1.1.

5.2 The Case of Lie Groups

Consider a Lie group G with its Kohn Laplacian

L=-Ag
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Invoking now the extension of Stinga and Torrea described in Sect. 3.3, one
proves

Theorem 5.2 Let ¢ be a C2(R") convex function. Assume that u and ¢(u) are such
that Lu and Lo(u) exist. Then the following holds

Lo(u) < ¢'(u)Lu (16)

5.3 The Case of the Wiener Space

We start by recalling the basic notions about the Wiener space and its associated
operators. An abstract Wiener space is defined as a triple (X, y, H) where X is
a separable Banach space, endowed with the norm | - ||x, ¥ is a nondegenerate
centred Gaussian measure, and H is the Cameron—Martin space associated with the
measure y, that is, H is a separable Hilbert space densely embedded in X, endowed
with the inner product [-, -]z and with the norm | - |g. The requirement that y is a
centred Gaussian measure means that for any x* € X*, the measure x; y is a centred
Gaussian measure on the real line R, that is, the Fourier transform of y is given by

(Ox*. x™)

P(x*) = /}(e_i("’x*) dy(x) = exp (— ) ) , Vx* e X*;

here the operator Q € L(X*,X) is the covariance operator and it is uniquely
determined by the formula

(0x*.y") = /X (e ey )y (), YAty e X

The nondegeneracy of y implies that Q is positive definite: the boundedness of O
follows by Fernique’s Theorem, asserting that there exists a positive number § > 0
such that

/eﬂ”"llzdy(x) < 4o0.
X

This implies also that the maps x +— (x,x*) belong to L} (X) for any x* € X*
and p € [I, 4+00), where L} (X) denotes the space of all y-measurable functions
f 1 X — Rsuch that

/X PPy () < +oo.

In particular, any element x* € X* can be seen as a map x* € L)z, (X), and we denote
by R* : X* — #H the identification map R*x*(x) := (x,x*). The space H given by
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the closure of R*X* in L}Z, (X) is usually called reproducing kernel. By considering
the map R : H — X defined as

Rh:= /fz(x)xdy(x),
X

we obtain that R is an injective y—Radonifying operator, which is Hilbert—Schmidt
when X is Hilbert. We also have 0 = RR* : X* — X. The space H := RH,
equipped with the inner product [, -]z and norm | - | induced by H via R, is the
Cameron-Martin space and is a dense subspace of X. The continuity of R implies
that the embedding of H in X is continuous, that is, there exists ¢ > 0 such that

lAllx < clhln. Vh € H.

We have also that the measure y is absolutely continuous with respect to translation
along Cameron—Martin directions; in fact, for h € H, h = Qx*, the measure
yn(B) = y(B — h) is absolutely continuous with respect to y with density given
by

1
dyn(x) = exp ((x, )=, Ihlé) dy (x).

For j € N we choose x; € X* in such a way that ilj := R*x}, or equivalently

hj = Rﬁj = Qx}, form an orthonormal basis of H. We order the vectors x7" in such a
way that the numbers A; := [|x¥ ||;f form a non-increasing sequence. Given m € N,
we also let H,, := (hy,...,h,) € H, and I1,, : X — H,, be the closure of the

orthogonal projection from H to H,,

m

I,,(x) := Z(x,x;)hj x € X.
j=1

The map II,, induces the decomposition X ~ H,, & X,Jn-, with X,Jn- = ker(I1,,),
andy =y, ® y,#, with y,, and )/j; Gaussian measures on H,, and X,Jn- respectively,
having H,, and HnJ; as Cameron—Martin spaces. When no confusion is possible we
identify H,, with R™; with this identification the measure y,, = I1,4Y is the standard
Gaussian measure on R”. Givenx € X, we denote by x,, € H,, the projection IT,,(x),
and by x,, € XnJ; the infinite dimensional component of x, so that x = x,, +x,,. When
we identify H,, with R™ we rather write x = (x,,, x,,) € R x XnJ;.

We say that u : X — R is a cylindrical function if u(x) = v(I1,,(x)) for some
m € Nand v : R" — R. We denote by }'C’,;(X), k € N, the space of all C§
cylindrical functions, that is, functions of the form v (I1,,(x)) with v € C* (R™), with
continuous and bounded derivatives up to the order k. We denote by F C’,; (X, H) the
space generated by all functions of the form uh, with u € F C’,;(X) andh € H.
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Givenu € L}Z, (X), we consider the canonical cylindrical approximation E,, given
by

Epu(x) = /X (T, ) dy ). (17

Notice that E,,u depends only on the first m variables and E,,u converges to u in
LX) forall 1 <p < oco.
We let

Vyu:= > duh for u € FCH(X)
jeN

divyp = Z (g, hjlu for ¢ € FCH(X,H)

Jj=1
Ayu = div,Vyu foru € FC;(X)

where 0; := 0, and 97 := 9; — h; is the adjoint operator of ;. With this notation,
the following integration by parts formula holds:

/udiv),(pd)/ = —/[vyu,w]de Vo € FCy(X,H). (18)
X X

In particular, thanks to (18), the operator V, is closable in L} (X), and we denote
by W,”(X) the domain of its closure. The Sobolev spaces Wy” (X), with k € N and
p € [1,400], can be defined analogously, and }'C’g (X) is dense in W{,"p (X), for all
p < 4ooandk,j € Nwithk > j.

Given a vector field ¢ € L}(X;H), p € (1,00], using (18) we can define div, ¢
in the distributional sense, taking test functions « in Wyl’q (X) with Il, + 611 =1.We
say that div, ¢ € L) (X) if this linear functional can be extended to all test functions
u € L%(X). This is true in particular if ¢ € W, (X; H).

Let u € W)%*Z(X), v o€ ]-"Cé(X) and i,j € N. From (18), with u = J;u and
¢ = V¥h;, we get

/aju aydy = /—ai(Bju) v+ lezl 1//(x,x;k)d)/ (19)
X X
Let now ¢ € ]—'C,l,(X, H). If we apply (19) with ¥ = [, hj]y =: ¢/, we obtain

[ owdngldy = [ =30 + bugitnaiay
X X
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which, summing up in j, gives
| Fndiglndy = [ =19, @0, 6ln -+ Ty glute )y

forall ¢ € FC} (X, H).
The operator A, : W;”(X) — L(X) is usually called the Ornstein-Uhlenbeck

operator on X. Notice that, if u is a cylindrical function, that is u(x) = v(y) with
y = I1,,(x) € R” and m € N, then

Ayu = Z a]]M — (.x,.x;)aju = Av — (VU,y)RW .
j=1

We write u € C(X) if u : X — R is continuous and u € C'(X) if bothu : X — R
and V,u : X — H are continuous.

For simplicity of notation, from now on we omit the explicit dependence on y of
operators and spaces. We also indicate by [, -] and | - | respectively the inner product
and the norm in H.

By means of Sect.3.3, one can prove an extension property for the operator
(—A,)? and one proves in this case also a Cérdoba-Cérdoba estimate.

Appendix

In this appendix, we provide the Hopf lemma, which is crucial in the proof of the
estimates. We state the theorem in the case of R” as stated in [4]. However, an
inspection of the proof shows that it is extendable to cylinders M x (0, +00) where
M is one of the cases covered in the present note and the associated operators.
Indeed, the geometry is always the same and the Hopf lemma just depends on the
structure of the equation.

We start with some notations. We introduce

B ={(x.y) e R""':y>0,|(x,y)| <R},
Iy = {(x,0) € OR""" : |x| <R},
i ={(xy) e R 1y >0,|(x,y)| =R}

Lemma 1 Consider the cylinder Cg; = I'y x (0,1) C RZ_‘H where T3 is the ball
of center 0 and radius R in R". Let u € C(Cg.1) N H'(Cg.1,y") satisfy

L,u<0 in CR,I
u>0 in CR,I
1(0,0) = 0.
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Then,

Os
lim sup —y* u(0.y) < 0.
y—>0+ y

In addition, if y*u, € C(Cg,1), then

9,a1(0, 0) < 0.
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The Incompressible Navier Stokes Flow
in Two Dimensions with Prescribed Vorticity

Sagun Chanillo, Jean Van Schaftingen, and Po-Lam Yung
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Abstract We study the incompressible two dimensional Navier—Stokes equation
with initial vorticity in the homogeneous Sobolev space W'!(IR?). This comple-
ments our earlier work for the case when the initial vorticity is in the inhomogeneous
Sobolev space W!!(R?).

The two-dimensional incompressible Navier—Stokes equation

v+ (v-V)v =vAv — Vp,
V-v=0,

ey

models an incompressible flow of a fluid whose velocity and mechanical pressure
at position x € R? and time r € R are represented by the vector v(x,7) € R?
and the scalar p(x,f) € R; here v is the kinematic viscosity coefficient. Note we
have divided the Navier—Stokes equation by the constant density of the fluid p and
thus v in our equation is the dynamic viscosity coefficient divided by the density,
assumed constant. Throughout this paper, V will refer only to the spatial derivatives
(i.e. derivative in the x variables). We also sometimes use the notation 9, to denote
a derivative in the x variables when we have no need to be specific which space
variable we are differentiating in.
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The vorticity of the Navier—Stokes flow is a scalar in the two-dimensional case,
defined by

® = 0y, V2 — 0y, V)

where we wrote v = (vy, v2). It propagates according to the convection-diffusion
equation

w —VvAw = =V - (vw),

which one obtains from (1) by taking the curl of both sides. Formally the velocity
v in the Navier—Stokes equation can be expressed in terms of the vorticity through
the Biot—Savart relation

V= (_A)_l(axzws _axlw)' (2)

This follows formally by differentiating @ = 9,,v2 — 0y, v, and using that V-v = 0.

Our theorems concern the solution of the vorticity equation when the initial
vorticity wy is in the homogeneous Sobolev space W'!(R?). Here W' (R?) is the
completion of C2°(IR?) under the norm ||u|| ;1. ®2) = [IVullz1(®e). The theorems are
as follows:

Theorem 1 Consider the two-dimensional vorticity equation
w —VvAw = =V - (vw), 3)

where v is defined through the Biot—Savart relation (2). Suppose we are given an
initial vorticity wy € W' (R?) at time t = 0. If

Vo () [l g2y < Ao,

then there exists a unique solution to the integral formulation of this vorticity
equation up to time ty = Cv/AZ, such that

sup [[Vo(x, 1) || .1 w2y < 2Ao. “4)

1<t

Moreover, the solution w depends continuously on the initial data wy, in the sense
that if a)(()') converges to wy in WHL(R?) as i — oo, then the sequence of solutions
0V (x, 1) to (3) with initial data a)(()l) converges to w(x, 1) in L% ([0, to), W' (R?)) as
i — 00.

Theorem 2 Let wy € W' (R?), and w be the solution to the integral formulation
of the vorticity equation (3) given by Theorem 1, with initial vorticity wy. Define
a velocity vector v by the Biot—Savart relation (2). Then v is a distributional
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solution to the two-dimensional incompressible Navier—Stokes (1) up to time ty :=

Cv||Vawy ||212(R2), in the sense that

fo
/ [v-0,®4+vv-AD +v-(v-V)D|dxdt = —/ v(x,0) - D(x,0)dx
0o Jr? R2

R
]
//V-Vl/fdxdl‘zo
0 R2

holds for any ¥ € C®(R? x [0,1)),R), and any ® € C®(R? x [0, 1), R?) that
satisfies V- ® = 0 forall t € [0, 1y). We also have

sup [[v(x, 1) || oo @2y + sup [|VV(x, Dl 2@2) < cl|VaollL w2, Q)

=<ty t<tp
and the pressure p(x,t) := (—A)~'V - ((v - V)v) satisfies

sup ”Vp(xv t)”Lz(Rz) = C“VC’)O“%) (R2)" (6)

t=<to

Note that in these theorems, we are only assuming that the initial vorticity wy is
in the homogeneous Sobolev space W' (R?), contrary to [6] where we assumed the
stronger assumption that the initial vorticity is in the inhomogeneous Sobolev space
WII(RR?). Giga et al. [8] and Kato [9] showed that the vorticity equation is globally
well-posed under the hypothesis that the initial vorticity is a measure; see also an
alternative approach in Ben-Artzi [1], and a stronger uniqueness result in Brezis [4].
We point out though that the scaling of their results is different from ours: we are
assuming that the gradient of the initial vorticity is in L'. This explains why the
solution constructed by Kato satisfies the estimate

1
VG, Dl ooy + IVVC D ll2@ey < CE 2, t— 0

(see Eq.(0.5) of [9]), whereas we can obtain bounds on |v(:,?)| c02 and
[VV(, D)l ;22 that are uniform in 7. Indeed it is known that they could not have
done better, without further assumptions on the vorticity: the famous example of
the Lamb—Oseen vortex for v = 1 [10] consists of an initial vorticity wy = a(do,
a Dirac mass at the origin of R? where « is a constant (called the total circulation
of the vortex). The corresponding solution w to the vorticity equation (3) with this
initial vorticity, and its corresponding velocity v, are given by

oy _ 12 o (—xz,x1)< |x|2)

S 1) = 4t s v(x, 1) =
@) ant® (x.) 27 |x)?
We then have

1
oG D llwii@ey ~ IVC D llzoo @y ~ IVVE Dl 22y ~ ct 2, t — 0.
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Hence the assumption that the initial vorticity is a measure cannot yield an estimate
like in Theorems 1 or 2.

We mention in passing a result in [7] where an estimate was established for
systems of wave equations with divergence-free inhomogeneties.

In order to prove Theorem 1, we rely on a basic proposition that follows from the
work of Bourgain and Brezis [2, 3].

Proposition 3 Ifw(-,7) € W' (R?) at a time t, then one can define a vector-valued
function v(-, t) via the Biot—Savart relation (2) at this time t, in which case we will
have

IV, Doy + IVVE Dll2@2) < ClIVO(C, Dl @2

at this time t. Here C is a constant independent of t and w.

Proof of Proposition 3 For simplicity, let’s fix the time ¢, and drop the dependence
of w and v on ¢ in the notation. Note that (—d,,w, d,,w) is a vector field in R?2
with vanishing divergence. The desired conclusion then follows from (2) and the
two-dimensional result of Bourgain and Brezis [3] (see also [11], [5] and [7]).

Since the proof of the two-dimensional result of Bourgain and Brezis [3] is
actually quite simple, we adapt it here in our particular setting, for the convenience
of the reader.

The main point here is that if @ € C®(R?), then v = (vi,v) =
(—=A) 713y, w, —0y, w) satisfies

1 1 —
0(x) = / daw(r—y)log ' dy = / o —y) 2y
27'[ R2 27'[ R2 |y|

1
Iyl
SO

1
@l =, / lo(x =y, dy = c[[Volx =)@
v/ R2

1
Iyl
the last inequality following from an application of Hardy’s inequality (alternatively,
one can see that the last inequality holds, by writing \;I as V- \i: E and by integrating
by parts). This shows

[v1llzoo®2) < clVoll L1 m2)-
Similarly one shows [|va[| 0o®2) < c||V@ | 11 ®2), sO

VIl oo m2) < cllVoll g2).-
Finally,

2 —1
VY@ < IVI(=A) " 0llzge) < lolze: < cllVol o g,
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the last inequality following from the Gagliardo—Nirenberg inequality. The above
proves the desired conclusion of the proposition under the extra assumption that
w € C°(R?). Since such functions are dense in W'! (R?), a standard approximation
argument shows that these estimates extend to the general case when w € W' (R?).
Hence the full proposition follows. O

Proof of Theorem 1 In the sequel by a scaling we may assume without loss of
generality that the viscosity coefficient v = 1.
Let K, be the heat kernel on R?, i.e.

1 e
K/(x) = 47”8 4,

Rewriting (3) as an integral equation for @ using Duhamel’s theorem, where wy is
the initial vorticity, we have,

w(x, 1) = K; * wo(x) + / 0, K—s * [V (x, s)]ds @)
0

where v is given by (2).
We apply a Banach fixed point argument to the operator 7' given by

Tow(x,1) = K; * wo(x) + / 0,K,—s * [vw(x, 5)]ds, )
0

where again v is given by (2). Let us set

E= {g:RZX[O,to]—HR| sup [[Ve(x. )l gy gA}.

O<t<ty

We will first show that 7 maps E into itself, for #y chosen as in the theorem.
Differentiating (8) in the space variable once, we get

t t
(Tw(x, 1)y = K; x (wo)x + / 0K * (an))ds + / 0K * (Va)x)ds.
0 0

By Young’s convolution inequality, we have

t
”(Tw('vt))x”Ll(]Rz) = ||(w0)x||L1(1R2)+C/ (f—s)_l/2(||wa||Ll(R2)+||wa||L1(1R2))dS-
0

Now we apply Proposition 3 to each of the terms in the integral on the right
hand side. For the first term we have, by Cauchy-Schwarz followed by Gagliardo—
Nirenberg, that

[viollpwey < ClIVVp@) ol < ClIVYI2@) ol @)



24 S. Chanillo et al.
We control || Vv||;2g2) with Proposition 3: this gives
Vel sy < Cloxl g,
Similarly, by Proposition 3, for the second term, we have
Vol w2y < 1VIlLeo @2) llwxllL r2) < C”wx“il(RZ)'

Altogether, we have,

t
|(To)ll @) < Vool +C / (0= 8P| Vor | gayds.
0

Thus if [|Vao |11 r2) < Ao, then since € E, we have

sup [|V(Tw)(x. )l gz2) < Ao + Cty*A%,

0=<t=ty
By choosing A so that A = A/2 and ty = 1/(2CA)?, we see that if w € E, then

sup [[Vo(Tw)(x, )l g2y < A,

0=<t=1

i.e. Tw € E. It remains to show that T is a contraction on E.
For this let w; (x, 1), w2 (x, 1) € E. We just need to observe that from Proposition 3,
we get

[vi = Valloo + [VVI = VV2 2 < C[[V(01 — 02) |11 (m2)-
Thus repeating our earlier computations, we see that

sup [|V(Twy — Twn)|lpi ey < C1/*A sup [|V(@1 — o)l ).

0=<t=19 0=<t=1

By the choice of 7, it is seen that T is a contraction. Thus using the Banach fixed
point theorem on E, we obtain our operator 7 has a fixed point and so the integral
equation (7) has a unique solution in E. The continuous dependence on initial data
can be proved in an identical way, and we will not repeat the details here. O

Proof of Theorem 2 Let wy € W' (R?), and w(x, f) be the unique solution to (7)
given above. Let v(x, f) be defined by the Biot—Savart relation (2) as in Proposition 3.
If wé‘) is a sequence of functions in C2°(R?) converging to wo in W'!(R?), then the
corresponding solution w®(x,#) to the vorticity equation (3) converges to w(x, f)
in L ([0, 70), W"'(R?)). Thus the velocities v = (=A)"'(=d,0?,d,,0?)
converges in L>°([0,1); L>°(R?)) to v. But since a)(()’) € C%(R?), which are
in particular in the inhomogeneous Sobolev space W!!(R?), so we may apply
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Theorem II of Kato [9] as in [6], and conclude that the v defined above solves
the Navier—Stokes equation (1), at least in the distributional sense. We can now pass
to limit as i — oo, using the convergence of v to v in L ([0, ), L (R?)) we
obtained above, and appealing to the dominated convergence theorem: this shows
that v(x, 7) is also a distributional solution to (1) up to time #;, in the sense that

0 fea V3@ + V- AD + V- (v V)P dxdt = — [, v(x,0) - D(x, 0)dx
o0 Joo Ve Vyrdxdt = 0

holds for any ¥ € C®(R? x [0,%),R), and any ® € C®(R? x [0,1)), R?)
that satisfies V- ® = 0 for all ¢+ € [0, 7). The estimate (5) then follows from
Propositions 3 and (4). Lastly we observe that the estimate (6) follows, from the
fact that the pressure p(x, ) satisfies the equation

—Ap=V-((v-V)v),

which is a consequence of taking the divergence of the Navier—Stokes equation. 0O
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Weighted Inequalities of Poincaré Type
on Chain Domains

Seng-Kee Chua

Abstract We provide an abstract version of a chain argument used in deriving
Poincaré type inequalities on Boman domains. No doubling conditions need to
be assumed for this abstract version. It unifies various results on chain domains
that include ¢-John domains. Besides Poincaré type inequalities, it works also for
fractional Poincaré inequalities on quasimetric spaces.

Mathematics Subject Classification. 26D10, 46E35

1 Introduction

Poincaré inequalities are essential tools in many applications. For examples, they
imply various Sobolev embedding, compact embedding theorems. Of course, they
are also basic tools in the studies of Elliptic and parabolic differential equations. In
this paper, we will establish Poincaré type inequalities on bounded irregular domains
via an abstract argument arisen from a chain argument used more than 30 years ago
in the study of Poincaré inequalities on Boman domains.

Let 2 be a bounded domain in R”, f € Lip(2), # and w be measures/weights.
The following is usually known as weighted Poincaré inequalities:

1/ = C- Dl g ) = CIVS I (*)

where C(f, €2) is a constant depending of f and 2, For example, sharp conditions
have been obtained for convex domains in [10, 11, 13] when u = dist(x, )%,
w = dist(x,2)’, a > 0,b € Ror u = wis a power of a concave weight.
Moreover, it has also been discussed in [6, 12, 14, 16, 20, 23, 24, 26] for less
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regular domains. While [20, 26] consider the case where both 1 and w are power
type weights as above and €2 an s-John domain, [16] considers the case of reverse
doubling weights on 1-John domains (which are just Boman domains). Most of the
earlier studies assume 1 < p < g until more recently where some studies involving
q < p for Poincaré and fractional Poincaré inequalities were done [12, 14, 22, 23].
Chua and Wheeden [12, 14] considered general measures on ¢-John domains (see
Definition 1.11) on homogeneous spaces and more general power type weights and
also the case 1 < g < p. The studies in [12, 14] rely mostly on an abstract version of
self improving properties of Poincaré type inequality [12, Theorems 1.2 and 1.10]
that originated from [18] and [19].

The Poincaré inequality (*) is usually deduced via the assumption that it holds
on balls in €2,
= CIIVFI

If = C(F. Bl M

(B) L@’
and a doubling condition for . It was first appeared in [25] for Boman domains €2
in R” with ¢ = p and & = w being an Muckenhoupt weight with a general function
g instead of | Vf|, that is,

If = CCF. Dy g = Cligly g @

(€)
see also [1]. It was then extended in [5] for ¢ > p, with  being a doubling weight
instead of a Muckenhoupt weight (note that Muckenhoupt weights are doubling)
and (1) holds for all §-balls (balls that are ‘deep’ inside 2, see Definition 1.2) with
B being replaced by a fixed enlargement of B on the right (i.e., ||Vf ||L,; @ being
replaced by || Vf”Lﬂ,(rB) ,

Moreover, it is observed that the above assumption could be relaxed to just all
balls in a Boman cover of €2 instead of all §-balls; see [7, Theorem 2.11]. It is also
noted in [12, Theorem 2.9] that (2) holds with g = |Vf| for doubling measure (see
Definition 1.3) w if (1) holds for all balls in Boman covering for John domains in
quasimetric spaces.

Indeed, [14] considered more than just 1-John domains, it considered s-John
domains (s > 1) (see Definition 2.1) in quasimetric spaces. Moreover, the
assumption on p was further relaxed to just reverse doubling on the domain (see
also [16]). However, it required a more complicated assumption besides (1) [14,
Egs. (1-13)]. Note that in R" or metric spaces with “geodesic path” property, Boman
domains are 1-John domains [3].

On the other hand, Poincaré type inequalities on Boman domains in non-
Euclidean metric spaces probably first appeared in [27], where Poincaré inequalities
were established on Boman domains defined by the metric associated with the
Hormander vector fields. Indeed, weighted Poincaré inequalities on Boman domains
were further proved for vector fields by Franchi, Lu and Wheeden [17]. Fur-
thermore, tt has been known that a fractional type representation formula holds
on any Boman domains as shown by Lu and Wheeden [28]. Essentially any

T>1).
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weighted Poincaré type inequality holds on Boman domains as long as the fractional
integral operators are bounded with respect to the weight such that the balance
condition (introduced by Chanillo and Wheeden [4]) holds. In fact, even high order
representation formulas are established on Boman domains by Lu and Wheeden
[29, 30]. These representation formulas immediately lead to the Poincaré inequality.
However, their methods are quite different from our approach.

In this note, we will instead establish an abstract version of the above. While
assumption is simple, our abstract version is surprisingly powerful. It unifies
consideration of various Poincaré type inequalities (including fractional Poincaré
inequalities) on various chain domains. Using our abstract version, we are able to
obtain results obtained in various papers (for example, [14, 22, 23, 26]) that used
a number of different techniques. We do not even need to assume the measures
involved are doubling, reverse doubling or majorized by a ball set function that
satisfies “ratio condition (R)” [14, (1-5)] (but of course, they are still needed
in certain specific results). Furthermore, our theorem has simpler assumptions
compared to that of [12, 14].

Our abstract version has setting on an abstract measure space (X, X, 0). Let W C
> and

(C) W has a “central set” Q' such that for all Q € W, there exists a chain of sets
{Qo = 0,01,--- .0y = Q'} C W connecting Q to Q' (where N may depend
on Q) such that

O < O'(Qi U QH—l) f CUO'(Qi n QH—l) foralli = 0, ,N— 1 (3)

We will say W satisfies (C) w.r.t. o and center Q'. In metric spaces, WW usually
consists of metric balls. Such condition has appeared (in quasimetric spaces) in
[12, 15]. An obvious example of W is the collection of a (fixed) slight enlargement
of dyadic cubes of the Whitney decomposition of any domain 2 in R” and o is
doubling on 2 (with ¢, depending on the doubling constant of ), then WV satisfies
(C) w.r.t. o and any fixed Q" in W. For more examples of WV that satisfies condition
(C), see Definition 1.4.

Remark 1.1

(1) In general, W could consist of Boman domains in a metric space X. For
example, in R”, such idea (sequence of Boman domains) has been employed
in [23]. Note that in general, metric balls need not be Boman domains.

(2) Suppose Q is a closed unit cube in R”, one can find a finite cover W consists
of closed cubes (inside Q) of the same edge length that is less than §/+/n
and such that |Q; N Qj| > ¢|Q; U Q)| (¢ > 0) whenever Q;, Q; € W have
nonempty intersection. Then it is easy to see that W satisfies condition (C)
w.r.t. the Lebesgue measure with any choice of Q' € W as “center”. Note that
Q' CB(x,8) forallx € Q.

We now define quasimetric spaces.
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Definition 1.2 A pair (H, d) is a quasimetric space with quasimetric constant « if
forallx,y,z € H,

(1) d(x,y) > 0ifx #y, d(x,x) = 0and
(2) d(x.y) < k[d(x,2) +d(y.2)].

Moreover, if d(x,y) = d(y,x) for all x,y € H, then we say d is symmetric. Quasi-
metric spaces with symmetric quasimetric are quite well studied; see [12, 33]. Note
that for any quasimetric space, one can find an equivalent symmetric quasimetric on
the same space [33, p. 34]. However, sometimes we may not like the extra constant
that arises in this process especially when doubling is not assumed; for example,
calculations are done using a nonsymmetric metric in [13].

For a quasimetric space (H,d) (may not be symmetric), any x € H and r > 0,
we write

B.(x) =Bx,r)={y€H:dy,x) <r}

and call B(x, r) the ball with center x and radius r. If B = B(x, r) is a ball and c is a
positive constant, we use ¢B to denote B(x, cr). If B is a ball, we use r(B) and xp to
denote the radius and center of B.

For simplicity, all quasimetric balls in this note will be called balls. If 0 < §" <
§ < 1/(2«?), aball B,(x) is called a §-ball of a given set Q if 0 < r/§ < d(Q,x) =
inf{d(y,x) : y ¢ Q}. Itis called a (§', §)-Whitney ball (of Q) if

§d(Q,x) <r<8d(Q,x).

Alternatively, one could work with “closed” balls B,(x) = {y : d(y,x) < r}. How-
ever, for simplicity, we will only work with balls (and not “closed” balls) defined
earlier.

Some useful properties of §-balls can be found in Proposition 2.2.
We next define various notions of doubling and reverse doubling.

Definition 1.3 Let (H,d) be a quasimetric space. A nonnegative finite functional
o defined on balls in H, i.e., o : {B : Bisaballin H} — [0, 00), will be called
a ball set function (a measure will always be a ball set function in this paper). For
any given family F of balls, we say o is doubling on F if 0 (5k>B) < D, (B) with
D, > 1 forall B € F.If F is the collection of all §-balls in 2 C H, we say o is
weak §-doubling on Q (cf. [15, (1.5)]). The notion of weak §-doubling seems to be
weaker than the usual notion of §-doubling used in [12, 14]. If F is the collection
of all balls with center in €2, we say o is doubling on 2. Finally, if F consists of all
balls in H, we say simply o is doubling.

We say that a collection of balls has bounded intercepts if there exists a constant
N such that each ball in the collection intersects at most N balls in the collection.
Such a collection also has bounded overlaps in the pointwise sense since no point
belongs to more than N balls in the collection.
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We now give examples of domains that have a cover satisfying chain condition

(©).

Definition 1.4 We say a bounded set €2 is a chain domain in a quasimetric space
(H,d) if it has a bounded overlapping cover W of (§’, §)-Whitney balls (0 < §’ <
§ < 1/(2«?), § is usually a fixed multiple of 8’ depending on k); with a fixed B' € W
(usually called central ball) such that for any other O € W, there exists a chain of
balls, {Qo = 0,01, -+ ,0r = B’} C W (where L may depend on Q) such that
Q; N Q41 contains a (§', §)-Whitney ball R; with Q; U Q41 C MR, for each i
(M; > 1). We will write Q € Fy(8’,8, M) and W will be called a chain cover of
Q. In particular, W will satisfy condition (C) w.r.t. o and center B’ if ¢ is doubling
on (&', §)-Whitney balls.

Next, let W = {Oy : Oy € W} be such that for all «, Q, is a ball with the same
center as O, and the following property holds:

forany Q € W, if {Q = Qo, Q1.+ ,Qr = Q'} is a chain connecting Q to Q' in
condition (C), then Q = Qy C Q,- Vi.

If there exists M, > 1 such that Qa C M,Q, for all Q, € W, then Q is known
as Boman domain with Boman cover W and we will write Q € F,(8',8, M, M>).

Throughout the paper, positive constants will be denoted by C or ¢ and their
dependence on important parameters will be indicated. Note that all measures are
defined on a fixed o-algebra that contains all balls.

First, for easy comparison, let us recall one of the more recent extension of [25,
Theorem 3] mentioned above.

Theorem 1.5 ([12, Theorem 2.9] cf. [14, Remark 2.5]) Let Q be a Boman
domain in a symmetric quasimetric space (H,d) with quasimetric constant k. Let
0 < § < 1/(2k?). Suppose W is a Boman cover of Q. Let f be a (measurable)
Sunction on Q2 and C(f,B) be an associated constant for every B € W. If  is a
doubling measure on Q and 1 < q < oo, then

If =Cc.BHY, <CY If =Bl )

@ = L}, (B)

where B’ is the “central ball” in Q.

However, there are gaps in the proof that has been pointed out in [14].
Unfortunately, there is still one problem in [14] that it failed to fix, namely, it did not
justify why maximal functions used there are measurable. Nevertheless, the above
theorem will be a consequence of our result here. Indeed, we will extend the theorem
here so that it does not require any doubling condition.

Let us now state our main theorem.

Theorem 1.6 Let 0 and  be measures on a o-algebra ¥ of subsets of X. Let
M=>1andW = {Q, € X : « EI}withX:o[e,)(Q(y <M Letl < g <
and assume W satisfies condition (C) w.r.t o and center Q'. Moreover, suppose
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W = {Qa € X :a el}issuch that Q = Qo C Q; for any Q; in the chain (C) of
sets (that satisfies (3)). Assume further that

(C2) There exist ¢, cq > 1 (o € I) such that for all {ag}eer C Ry,

Ao X ~ <c Cudl, . 5
1D daty g = cull 3 cataig, g )

o€l o€l

If f is a measurable function and C(f, Q) is a constant corresponds to Qq for
each o € 1, then

If =M, (= (2; If =€l +
. 0 Qo)
(cpcl/PoM max {21/t ,2})(]; cd ()1l If—C(f. Qa)“ZpO(Qu)) (©)

forany 0 < pg < oo.
Remark 1.7

(1) When X = H is a quasimetric space and W = {Qa}ael,V\/ = {Qy)aer are
collections of balls, ¢, in (C2) can be chosen as 1(Qq)/14(Qq) in many cases.
Indeed, it always hold when g = 1 with ¢, = 1. For g > 1, by results from [9]
(see Theorems 2.3 and 2.4), it holds when both Q, and Qa are concentric balls
(Ya € 1) in Euclidean space such that either r(Qy) > mr(Qy), m > 1 (Ya) or
M is known to be doubling on W.

(2) To obtain Theorem 1.5, we take ¢ = po, 0 = K, then ,u(Qa) = u(MQ,) <
Cu(Qy) for all o € I. (4) then follows from (6).

In particular, when X = R”, we have an easy consequence on domain €2 with a
chain cover.

Theorem 1.8 Let 0 < pg < 00,1 < g < ooandlet W = {Q, : a € I} be a family
of bounded overlapping balls in R". Let u, 0 be measures on Q2 and let W satisfy
condition (C) w.r.t. o and center Q'. Suppose W = {Qy, : a € I} such that Q; D Qp
for all Q; in the chain (C). Suppose either (i) Qa and Q, are concentric balls with
r(0) > mr(Qy) for all o € I or (ii) p is doubling on W, ie., M(SQX) < cl,u(éa)
forall o € I. Then there exists a constant C such that

If = C(r. o)l <CY |f=C(f. Qa4

e Ly (Qu )

w(©@)\" 1) q
C;(u(QQ)) 0 (Qg)/P0 If = C(f. Qo

Li(UaerQu)

,)0 (Qa) (7)
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Remark 1.9

(1) When Q is a ¢-John domain (Definition 2.1) in a quasimetric space with
symmetric quasimetric and there exists a measure that is doubling on all §-
balls in 2, then [12, Proposition 2.6] assures us that Q@ € Fy(8',68, M)
0 < 8 <8 < 1/(2«?), with 8 = C(k)8, M > 1) with a chain cover W
consisting of (§’, §)-Whitney balls. Moreover, the family of balls {tB : B € W}
has bounded overlaps when 7 < 1/(28k?). Furthermore, if Q is an 1-John
domain, it also assures us that Q € F4(8',8, M, M) (M, > 1) and hence Q2
is a Boman domain. Indeed, the proof there can be modified for nonsymmetric
quasimetric when § < 1/ 2te®), t>1.In particular, the proof in [12] works if
8t < 1/(2«?) for symmetric quasimetric spaces.

(2) Balls in the above could be of course either open or closed and they can be
quasimetric balls defined by a (nondegenerate) convex Minkowski functional;
see [13] or [9] for its definition.

(3) In case © = o is doubling on a Boman domain 2 (with a Boman cover W),
since one could take Qa = M,Q, N Q2 for Q, € W where M, > 1 is a fixed
constant, we see that Theorem 1.5 is a consequence of Theorem 1.8 (when
Q CRY.

(4) Let us also state an easy application of Theorem 1.8 on fractional Poincaré
inequalities. The result is not new. But it is now an easy consequence of
Theorem 1.8.

Corollary 1.10 Let 1 < g < 00,1 < p < 00,0 < § < /n/2, Q be a
cube in R" and 0 < s < 1 such that 611 >  — . Then for any u € L'(Q),
ug = fQ udx/|Q|, we have

1
p

RPN u@) —u@lr A\
= telsy, = COIOITH ([ dydx)
ey o0 Jonswiigy X =yt

The corollary follows from the fact that

®)

l_l+x
=gl 0y < 117 il g ©)

[2], where

lu(x) — u(y)? I
”u”W”’(Q):(/Q o lx—ylrtw dydx |

see also [31, 32]. Indeed, for ! = ! — ;, it has been pointed out in [2] that (9)
follows from a classical observation on fractional Poincaré together with the
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N
n’

note after the proof of [2, Remark 1]. Indeed, it is well known that if [11 > ; —
then

il gy < CClull gy + Il g))-

Combining this with the fact that (9) holds with ¢ = p, one could deduce (9)
forl/g>1/p—s/n.

To prove Corollary 1.10, we will choose W to be the one in Remark 1.1 (2).
Similar argument can be found in [23] using a partition instead of our bounded
overlapping cover. However, we obtain it by direct application of our abstract
version.

(5) We can apply the conclusion of Corollary 1.10 to see that (for 611 > [17 =)

u(x) — u(y)? VP
e — ugy || < C(// dydx (10)
@) @ JBsd)) X — YT

for any John domain 2 C R” (and § < 1/2) as any John domain has a Boman
cover W (for example, a slight enlargement of the Whitney decomposition)
satisfying condition (C) w.r.t. Lebesgue measure and center cube Q’, and for
each Q there exists 0 = M>Q such that Q: O Q for all Q; in the chain (C).
Note that we could choose § > 0 small enough such that B(x, §d(x,2)) D
B(x,81(Q)) forallx e Q,0 € W.

Let us now state some more consequences. For simplicity, for any 1 < g < oo,

1/q
let us write ”a(QO‘)”l"(aEI) to denote (Z |a(Qa)|q) .

o€l
Theorem 1.11 Let Q be a domain in a quasimetric space (H, d) with quasimetric
constant k. Let 0 < 8 < 8§ < 1/(2«%, 1 <t < 1/(28k%), 0 < py < oo,
1<p,qg.M|,M < oco. Let 2 € F4(8',8, M) in H with chain cover W, central ball

B and ) peyy X8 < M.
Let o be a measure doubling on (8, §)-Whitney balls with doubling constant D

(hence W satisfies assumption (C) w.r.t. ¢ and center B') and w, (1 be measures on
Q. Suppose f and g are fixed measurable functions on 2 such that

tl/ 1/p
(M(Qa / F—C(f, Qa)lqdu) < ax(Q) (/Q |g|Pdw)1 (an

and

1 » 1’10 » 1/p
—c(.00rds )" < e, d 2
(g |, 1F-Ctr00man)” <avien ([ 1epa) (12)

for all Qo € W where C(f, Qu) is a constant depending on Qq. Let W = {0, :
Oy € W} suchthat Qo C Q; for all Q; in the chain (C) such that (C2) of Theorem 1.6
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holds. Suppose also

cau(Qa)l/qa*(Qa) <cqo forall Q, € W when q > p and, (13)
et (Qe) 0 (Qa)l sy g,y = €0 When 1 < q <p. (14)
Then
||f - C(fv B/)“lel(ﬂ) S C(D(Ts Mls q)COC},LMl-i_l/p”g”L{L(Q)- (15)
Remark 1.12

(1) Note that one usually only need to check (14) for any disjoint family of balls in
W as balls in W can usually be written as bounded families of pairwise disjoint
balls.

(2) Itis observedin [12, Proposition 2.6] that a ¢p-John domain (that include s-John
domains; see Definition 2.1) is in Fy(8', §, M) if there exists a measure that is
doubling on §-balls (d is assumed to be symmetric there, however by similar
technique, one could get the same conclusion with nonsymmetric quasimetric).
Hence, Theorem 1.11 is a generalization of [14, Theorem 1.8] where it is
assumed p = o which is doubling on all §-balls and g > p there.

(3) If g > p, g = |Vf| and p is reverse doubling, (11) will follow from (12) such
that 1.(B)"/%a4(B) < C for all balls (provided a.(B) has special monotonicity
property [14, Remark 1.7(4)]); see also [14, Theorem 1.6 and Remark 1.11].
However, the quasimetric has been assumed to be symmetric there.

(4) In quasimetric spaces, the constant 7 in (11) and (12) is only known to be > 1
when balls are not known to be Boman domains.

(5) Similar to Corollary 1.10, we could take (d(x) = inf{d(y, x) : y € Q°})

x) = @) = f@F )”"
8x) = (/B<x,5d<x>> (B, 8d. ) d(z o @) (o

we will then obtain fractional Sobolev inequalities. Indeed, one could take

_ 10 QP e
Whisar = (], st ite oyt 49

and then RHS of (15) can be replaced by || f ”WSZP

@ if corresponding inequali-
ties (11) and (12) hold with g defined in (16).

The following corollary generalizes [14, Theorem 1.8(i)] and with simpler
condition.

Corollary 1.13 Under the notation of Theorem 1.11, let M, > 1 and suppose
Q e Fy8,8,M\,M>) is a Boman domain with a Boman cover W. Suppose
conditions (11) and (12) hold as in Theorem 1.11. Let p(x) = inf{d(z,x) : z € R},
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Qo C Q°and wy(E) = [ o(x)bdw for b € R. Let p(E) = sup{p(x) : x € E} for
any E and

(1t (M2By N Q) /11(Bo)) t(Ba) V9ax (By) < cor(Ba)? . ' > 0 for all B, € W.

(17)
Suppose condition (C2) holds with ¢, = W(M2By N )/ it (By).
(1) If1 <p<gqand B —b/p >0, then
1f = CU By ) = CWDo. My Ms. B, p. BeycoM o) P igll o
(18)

(2) Suppose 1 < g < p and there exist positive constants M3, n such that the
number of pairwise disjoint balls in W with radius more than 2* is less than
M327 forall k € Z. If

(» —9)n/(pq) < min{’, B’ — b/p}, (19)
then

< C(Dy, M\, My, M3,, 8.1, q.p. b)c cox

If = CCF By

r(Q)[min{ﬂ’—b/Psﬂ/}ppfq —1] P;,q ﬁ(Q)maX{—h/p,O} ”g” (20)

Ly ()

where r(2) = sup{r(B) : B € W}. Moreover, if Qo = QF, then p(Q2) ~ r(R2)
and hence the RHS of condition (19) can be replaced by just 8’ — b/p.

Remark 1.14

(a) The condition in (2) holds with any 7 that is less than the upper Minkowski
content of dQ2 w.r.t. Q@ C R”, that is,

lim sup | Uyeaq B-(x) N Q|/r7" < 0.

r—>0

Indeed, if 2 is a Lipschitz domain, then one can take = n — 1. Note that in
general,if n +a —n > 0 (a < 0), then

L
P = ) Y. B (with 2" ~ r(R)

k=—00 BeW:2k<r(B) <2t 1

L
<C Y M2 < CMar(Q)HT < oo

k=—o00
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(b)

(©)

The above can easily be applied to the measure p, (instead of ) when a > 0
since wq(M2B N Q) < M{p(B)*u(M>B N Q) for §-balls B. Hence if |q is
doubling on the family {M,B : B € W}, then u,|q is also doubling on the same
family for any a > 0.

The following observation is often useful in changing the constant C(f, B’) in
the Poincaré type inequality (18) and (20). Suppose D is any measurable set
such that 6(B' N D) > 0 and 0 < py < co. Then

If = €Dl gy = I = CU By g+

max{2'/7~", 1} u($2)"/4

O'(B/QD)I/P I:”f_c(va)HLg

+ 1 = CL B ]

(D)

The above follows immediately from the triangle inequality and the following
computation:

|C(f.B) — C(f.D)| = IC(f.B) = C(£. D),

o(B' ND)l/r (B'ND)

- max{2/771 1}
o(B' N D)l/r
- max{2'/7~1 1}
o(B' N D)l/r

[1F = €Dy oy + ICLB) = F o |

[1f = CU. D)y iy + 17 = CLB |-

(D)

As a consequence, we provide a simple balance condition for Poincaré inequality

to hold on Boman domains without assuming that the measure satisfies any doubling
or reverse doubling condition.

Theorem 1.15 Let @ C R", Q € F4(8',6,M1,M>), 0 <& <8 <1/2, M|,M, >
1, (hence a Boman domain). Let f € Lip,,.(R") and u be a Borel measure on R".
Suppose w is a weight such that (recall r(2) = sup{r(B) : B € W})

H(B OB ™ oo gy < 1A 9 g @1
for all balls B in R"™ with center in 2. Suppose further that
1—n —1
1 = Foll gy = BB 1w ey [ 22)
where fp = fodx/|B|f0r all balls B in a Boman cover of Q2. Then
1—n —1
1 =Faly, gy = CREIHRD 1w | o g 1911 g 23)

where fo = [, fdx/|S].
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Remark 1.16
(1) Letf € Lip,,.(R"). Then for all balls B in R",

1 =il sy = P IVl = [ /181 24)

1
|B| (B)
by the unweighted Poincaré inequality. It then follows from Holder’s inequality
that (24) will also hold with RHS being replaced by

CrB) 1w e gy IV

Thus (12) holds witho = 1,p = po = 1, g = |Vf| and

ax(B) = Cr(B)' [ | oo -

(2) When p and w are both reverse doubling weights, it has been established in [16]
that (23) holds for any 1-John domains €2 under assumption (21).

(3) Let @ be a fixed (nondegenerate) Minkowski functional (a positive homoge-
neous convex function which is zero only at the origin, see [13, Sect.2]). Then
the collection of all ®-balls is just the collection of all translations of some
dilations of a fixed open convex set in R”. By similar argument, if (21) holds
for all ®-balls, then (22) holds for all ®-balls if and only if (23) holds for all
John domains.

Our result can of course be applied to s-John domains (see Definition 2.1) for
s = s > 1. However, for a simple illustration, we will just consider a special case.
We will consider the following typical s-cusp domain, which is an s-John domain:

D={(z7)eRxR":0<z<4,|/] <.

Instead of considering positive power distant weights as in [26, Example 2.4] and
[14, Theorem 1.14], we will only consider a case (negative weight) that has not been
studied.

Theorem 1.17 Let D be the s-cusp domain above and p(x) = d(x, dD). Suppose
a>—-1,beR 1<p<oo and

1 b+1
A=a+ +s-— + > 0. (25)
5 p
Then for allf € L}, (D),
_ <
||f C(fs D) ||L/1)11(1~;(,D) — C”f” W;[fd/\(p) ’ (26)
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where

|f(x) —fO)IP Vp
||f||Wsp D = (/ / nts dyp(x)bdx .
ey Q JBapwy2) X =yt

Remark 1.18 (1) Of course, our technique will also work for the usual weighted
Poincaré inequality (on s-cusp) of the following form:

If - C(f, D)IILZ%(D) <C|vf ”Lf,hdxw)' (27)

(2) Similar to [14], we could also study the case p(x) = d(Dy,x) = inf{|y — xo| :
y € Dy} with 9D N B(0,¢) C Dy C dD.

2 Preliminaries

In this section, we will list definitions, terminology and establish basic properties on
quasimetric spaces. We will also state some results concerning condition (C2).
First, let us state a definition similar to [14, Definition 1.2] and [8, 15].

Definition 2.1 Let (H, d) be a quasimetric space. Fix Q C H and x € H, set
d(x) = inf d(y,x).
yEQC

Let ¢ be a strictly increasing function on [0, co) such that ¢ (0) = 0 and ¢ (r) < ¢ for
all r > 0. We say that Q2 is a (weak) ¢-John domain with central point (or ‘center’)
X € Qif for all x € Q with x # X/, there is a curve y : [0,]] — € such that

y(0) =x, y(l) = x,
d(y(b),y(a)) < b—a forall [a,b] C [0,]], and (28)
Ay () > ¢(d(y (1), x)) forall € [0, 1]. (29)

If Q is a ¢-John domain for the function ¢ = ¢, defined by ¢ (r) = ¢’ fort < 1
and ¢(f) = ¢yt fort > 1, with s > 1, we say Q is an (weak) s-John domain. We
may assume that 0 < ¢; < 1. When s = 1, it is usually known as a (weak) John
domain. This definition is essentially the same as those in [34] and [20] with (29)
slightly different; indeed, this has been adopted in [15, Definition 1.3] (where the
quasimetric is assumed to be symmetric). The corresponding definition in [12, 14]
replaces (29) by d(y(¢)) > ¢ (), which is nominally a stronger assumption since ¢
is increasing and d(y (¢),x) = d(y(t), y(0)) < t by (28). The weak version (29) was
first given by Viisild [35] in R” when ®(r) = ct and shown to be equivalent to the
strong version in R". It was extended to metric spaces in [21] and [8]. We do not
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know an example when the weak version is true and the strong version is false. In
general, this weak version is easier to apply.

Note that (29) implies that d(x) > 0 for all x € Q.

Proposition 2.2 Let (H, d) be a quasimetric space with quasimetric constant k. Let
Q CHand0 <8 < 1/(2«3). Let Qy C QF and define p(x) = inf{d(z.x) : z €
Qo}-

(1) Ifz € B(x, ), then
B(z,7) C (k + k})B(x, r).

(2) Let By = B(x1,r1) and By = B(xy, ;) be balls with By N\ By # @. Then

(a) By C B(xy, Kz(rl + 2rp)). In particular, when ry < 2ry, then By C 5k2B,.
(b) If in addition both By and B, are §-balls, § < 1/2i>, then

1 < d(X2) <

2k + 1.
2k +1 7 d(x)) — +

Thus if By and B are intersecting §-Whitney balls, then

1 r(B2)
< <2k + 1.
2+ 1 r(Bl)

(¢) Ifzisina §-ball B(xo, r), then

L _po) _ o« .
k+Kk8 = plz) ~ 1—«k28

Proof Let z € B(x, r). Then for any y € B(z, r),
d(y,x) < k[d(y,z) + d(x,2)] < (k + &*)r.

This proves (1).
Next, for (2),letz € By N B,. If u € By,

d(u,x1) < k(du,z) + d(x1,2))
< k[ (d(u, x2) + d(z,x2)) + kd(z,x1)]

< 2K2r2 + K2}’1
and 2(a) is now clear. If in addition B; and B, are both §-balls and z € B; N B,, then

d(xl) < K(d(x2)+d(x1,x2)) < K(d(JCz)—FK[d(xl,Z)+d(X2,Z)]) < K(d(x2)+K2(r1+r2)).
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Since r; + r» < 6(d(x1) + d(x2)), a simple computation based on our assumption
that k3§ < 1/2 then gives

3
dey) < < Sd(xz) < (2K + Dd(x2).
1 —«k38

By interchanging the roles of B and B,, we also have d(x,) < (2k 4+ 1)d(x;), which
proves the first part of 2(b). The remaining part of 2(b) follows by the fact that
ri = Sd(xl)

Finally, part (c) can be proved by using the quasi-triangle property and the fact
that § < 1/(2«).

We now state two results concerning the validity of (C2) from [9].

Theorem2 3 ([9, Theorem 1.3]) Let (H,d) be a quasimetric space. Suppose
= {By}aer, W = {B, Yaer are families of countable collection of (quasimetric)
balls in H such that B, C By forall a € I. Let balls in W be of bounded radius. Let
U be a measure.
Suppose there exists c; > 1 such that either

(Ai) 1 is doubling on W, that is, j1(5k*>B) < c1u(B) for all B € W, or N
(Aii) for any family of balls F C W, there exists Fo C F with UgerB C Uper,B
such that ZB(YGFO Xg, = €1

Then for any 1 < q < o0, there exists ¢, > 1 such that

B,
Ity by = uuZ“EBi oy

o€l o€l

forall {ay}ee; C RT U {0},

It is being proved (in [9]) with the help of the following maximal function.

1 () = sup (;a) Ih) |y : x € Qa}.

Under assumption (Ai), we will just use a Vitali-type covering lemma to obtain a
week type estimate (for L').

Assumption (Aii) is just an extension of Besicovitvh covering lemma. It is known
to hold in R”. The following is a special case of [9, Theorem 1.4].

Theorem 2.4 Suppose W = {By}qel, W = {By }ue; are balls in R" such that there
exists m > 1 such that r(By) > mr(By) for all o € I. Then W, W satisfy condition
(Aii), that is, given any family F of balls in W, there exists Fo C F such that

UBueF B, C UZ?aeJ-'o Ba with Z Ve < c1 where c| depends only on m, n and n.
EuEJ:() ‘
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3 Proof of Main Theorems

Proof of Theorem 1.6 For any fixed Q € W, let {Qy = 0,01, ,On = Q'} be the
chain given in (C). Then by standard argument, we have (see for example the proof
of [12, Lemma 3.1])

N—1
IC(f.Q) = C(f. Q)| <D |C(f.Qi) — C(f. Qiv)|
i=0
NP0 max{21/m 2}
; oy MU0,
It follows that
’ X0 ( )
€. Q=CF. Q) x0() < e max{2/.2} ) - QQZ)T/,,O r=C(f- Q) o -
o€l

Thus, by condition (C2) and the fact that ", xo, < M,

D lC(f. Q) — C(f. )

o€l

= |C(f7 QO() - C(fv Q/)|qXQudH
%/

L{(Qw)

< M(cl/po maX{Zl/pO 2})q/|2 (0 )l/po If —C(f, Qot)”Lpo(Q )| w

o€l

< Mol max(2/m 27 [132 R 1~ O Q0 g 1

pr 0 )1/P0 (Qw)

< M(CMC,l,/pO max{Zl/p", 2})q/ (Z( (éx)Qlu/pO If = C(, Q“)||L‘;°(Qu))q)

a/d
x (Z(XQ(X)(/) dp

o€l

by Holder’s inequality

CZ(N(QO()

< (Mcuc,l,/P" max{2'/7, 2})4 Z o (Qy)1/P
o

o€l

If = C(f. Q)

170 Qo(
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Finally, note that

If—ci.onle

P > olf=cir. o)l

q
el Ly (Qa)

+Z 1€ ) = C( NI, )

<27'QCNf = 0l

a€l L @)

Theorem 1.6 is now clear.

Proof of Theorem 1.8 1t is enough to observe that (C2) holds with ¢, =
1(Qy)/(Qq). This is clear when g = 1. For ¢ > 1, see Theorems 2.3 and 2.4.

Proof of Theorem 1.11 First note that (C) holds with ¢, = C(D,) where D, is the
doubling constant of o.
When g > p, by (6), (11), (12), we have

If —C(f.BHI

Ty = C(M.q.Dy.po)Mc? y " caM(B)”"a*(B)IIgIILp( »)"

Bew

We now use the fact that

Z X.p <M and cojt(B) a4 (B) < co
Bew

to conclude (15). However, for the case g < p, we will also need to apply Holder’s
inequality. Indeed,

If = C(f B, = CM1.q. Do p)Mch, Y (cart(B)ax(B)lg )

LL(@)
Bew

< CMOchlcap(B) M ar(B)I°, mm(Z e, )"

by Holder’s inequality

< C(M1.q. Dy po) et e, g,

by condition (2) of the theorem and this completes the proof of the theorem.

Proof of Corollary 1.13 First, recall that p(x) ~ p(B) on any §-ball B (by Proposi-
tion 2.2) with constants depending only on § and «, we have by (11),

If = C(f. By < Cli. 8, Dy, p, bas(BYH(B) ™7 g

(B)l/q 1 (B) Ly, (zB)’
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Next, similarly by (12), we have

o(B)!/r 17 = C Bl o ) = Ca*(B)’_’(B)_b/p”g”Lﬂ,,,(zB)'

Now observe that by (17),

M(szB? Q)M(B)‘/‘fa*(B)ﬁ(lse)—b/f’ < C(8,k,b,p)cop(B)Pr(B)f" when B € W.
"
Hence,
Z | /“L(MZB n Q)M(B)l/qa*(B)l(—)(B)—b/pVij
v w(B)
L rq
<CE.abp) Y. Y lcpB VB |7 (where 2 ~ /()

k=—00 BeW:2k<r(B)<2kt1

L
pa i )
< C(8.k,b,p, M3)cl ™ ﬁ(Q)maX{—b/PvO}p’fq Z ok min{p’.p —b/p} 2, —kn

k=—00
Pa ) L
< Cel™ Q)P0 yminth B b))

by (19). Next, when Q¢ = ¢, as W consists of only (§’, §)-Whitney balls, p(B) ~
r(B) for all B € W and hence

Z |H(MzB N <)

14(B) 11(B)"9a, (B)3(B) /7|~
Bew

L
SCGwbp) 3o D LB B

k=—00 peW:2k<r(B)<2t+1
Mo kB —blp) Tk
< C@.k.b.p. Ma)eh ™ Y 2P
k=—o00

Pa ,
< chiq r(Q)(ﬁ —b/P)I,p_qq -

This completes the proof of the corollary by Theorem 1.11.

Proof of Theorem 1.15 First, it follows from 1-1 unweighted Poincaré inequality
and Holder’s inequality that

1 —ny. —
1=l = O I e |91,y fo = [ fi/1B] 0
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for all balls. Hence (12) holds for all balls witho = 1,p = pp =7 = 1, a«(B) =
CrB) " W™l - 8 = 1V/] and C(f.B) = f.

Let 2 be any Boman domain. Note that for all B € W (W is a Boman cover of
Q)?

W(M2B N Q)r(B) " w™!| < ME w(MaB N Q)r(MaB) T [w |

L% (B) L (M2BNQ)*
Hence, (17) will hold with ¢ = 1, 8/ = 0 and
co = 1 CM()r () ™" W™ | oo g
by (21). By Corollary 1.13, we have
1 =Sl gy = CHEDAR I N ) 11 g G31)

Finally, observe that by the triangle inequality,

If =tal,y

p(S2)
|€2]

<1 =l gy + CREHR IV 1
by applying 31)tow =1
< =l gy + CHEDAD ™ w7 0 g | VI,
i

<0 =l g+ o 1=l
i

()N

1
This conclude the proof of the theorem.

Proof of Theorem 1.17 For convenience, let us denote

1) —FO)IP )”"
= d .
g(x) (/B(x,p(x)/Z) |X - y|n+xp Y

Next, let W be the Whitney decomposition of 2 and W = {gQ 10 € Wl
It is easy to see that condition (C) holds w.r.t. the Lebesgue measure and center
Q' (a cube in W that contains the point (2,0)). Recall that for each Q € W, we
have from (8) (see Remark 1.9 (4)) with ¢ = 1 and § sufficiently small such that
§=1/2>78/n,

1 s__1
o1 el = €101 gl
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since ;Jnl(Q) < p(x) < 5/nl(Q) forx € Q, Q € W. Itis easy to see that if
251 < 1(Q) <25, 0 € W, k € Z, then p*(Q) ~ 20Tk,

Let du = p%dx and dw = p’dx. Since p(x) ~ p(Q) = sup{p(y) : y € Q}, for
x € Q, Q€ W, we have p(Q) ~ 1(Q)"T? and

1

C s/n —1/p
1(0) = CIOI""w(Q)~ " |igll

© = (32)

I1f ~sell,, o

Observe that if Q € W is such that its length /(Q) = 22" withk < =2,k € Z,

such that with (z,7') € Q,z < 1/4, then O can be assumed to be 8 x 2: 7D i.e.,
I(Q) = 9 x 2¥/%. Let us consider the “tip” of the cusp D, = {(z,7) € Q : z < r},
r < 1. Observe that

r Yl
w®D,) =C / / / p(z.y0)*y"2dodydz.
0 0 oesn—2

However, it is clearly less than

roorz® roorz®
C/ / (Zs _ y)ayn—Zdde < C/ / (Zs _ y)azs(n—Z)dde — Crl+5(n+a—l)‘
o Jo o Jo
Now, suppose Q € W with Q C D and [(Q) = r/8. We see that
w(Q N D) < u(D,ys) < Crnta=bFl/s

Next, for any other ~cube 0 € W such that [(Q) < 274 it s easy to see that one
can take Q = 80 and Q N Dy, = @. Hence,

(@ ND) <O = Cr'* where I(Q) = r.

Moreover, for each k € Z, it is easy to see that the number of cubes in W with
edgelength more than 2¥ is less than C2(!=% Hence

> k@ n D)o w@) Y
Qew
< Y [w@nDIw@) Y

QeEW.I(0)>1/8

—4
£ Y w@nD)eree Y

k=—00 Qew:2k <l(Q)<2k+1
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—4
<C+cC Z Z [zk[(n+a—1)+l/x]zksz—k(n-l—b)/p]p/
k=—00 QeW 2k<|(Q)<2tTt!

—4
<Cc+cC Z Skl(1=m)+{nta—14 | +s="F '] _ C 4

k=—o00

asA=a+ ; +5— bjl > 0. Theorem 1.17 now follows from Theorem 1.11 with
Co = M(Qa n D)/H(Qa) and

=t = [ 10

However, by standard argument (such as the one employed at the end of the proof
of Theorem 1.15) we can replace fy’ by fQ Jfdu/u(2) in the above.
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Abstract In this paper, we study the homogenization of a Smoluchowski system of
periodic discrete diffusion-coagulation equations, when the diffusion coefficients
depend on all variables, in particular on the microscopic variable. This system
modelizes the aggregation and diffusion of the B-amyloid peptide AB4, in the
cerebral tissue, a process associated with the development of Alzheimer’s disease.
Our homogenization result, based on Allaire-Nguetseng two-scale convergence, is
meant to pass from a microscopic model to a macroscopic one.

Mathematics Subject Classification. 35K55, 35B27 (primary), 92B0S5 (secondary)

1 Introduction

This paper is devoted to the homogenization of a set of Smoluchowski’s discrete
diffusion-coagulation equations [17] over periodically perforated domains. This
type of equations, describing the evolving densities of diffusing particles that are
prone to coagulate in pairs, models various physical phenomena: the evolution of a
system of solid or liquid particles suspended in a gas, polymerization, aggregation of
colloidal particles, formation of stars and planets as well as biological populations,
behavior of fuel mixtures in engines, etc. (see, e.g. [8, 12]). Quite often, starting

B. Franchi (D<)

Dipartimento di Matematica, Universita di Bologna, Piazza di Porta S. Donato 5, 40126 Bologna,
Italy

e-mail: bruno.franchi @unibo.it

S. Lorenzani

Dipartimento di Matematica, Politecnico di Milano, Piazza Leonardo da Vinci 32, 20133 Milano,
Italy

e-mail: silvia.lorenzani @polimi.it

© Springer International Publishing AG 2017 49
S. Chanillo et al. (eds.), Harmonic Analysis, Partial Differential Equations

and Applications, Applied and Numerical Harmonic Analysis,

DOI 10.1007/978-3-319-52742-0_4


mailto:bruno.franchi@unibo.it
mailto:silvia.lorenzani@polimi.it

50 B. Franchi and S. Lorenzani

from a microscopic description of a problem, we seek a macroscopic, or averaged,
description. As a matter of fact, while being closer to the actual physical nature, a
mathematical model for a physical system that resolves smaller scales is usually
more complicated and sometimes even virtually impossible to solve. Moreover,
experimental data are often available for macroscale quantities only, but not for
the microscale. Therefore, for quite a long time, the key issue has been how to
formulate laws on a scale that is larger than the microscale and to justify these laws
on the basis of a microscopic approach. To do that, in the seventies, mathematicians
have developed a new method called homogenization [6]. This method allows to
perform certain limits of the solutions of partial differential equations describing
media with microstructures and to determine equations which the limits are solution
of. Roughly speaking, what one does is to consider media with microstructures, to
average out the physical and chemical processes arising at the microscale and to
calculate effective properties of the media on the macroscale. This is precisely what
has been done in the present work, where the homogenization method has been
applied to the model presented below.

Let Q be a bounded open set in R with a smooth boundary 9. Let Y be the
unit periodicity cell [0, 1[N having the paving property. We perforate Q by removing
from it a set T, of periodically distributed holes defined as follows. Let us denote
by T an open subset of ¥ with a smooth boundary I', such that 7 C IntY. Set
Y* = Y \ T which is called in the literature the solid or material part. We define
7(€T) to be the set of all translated images of €T of the form e(k + T), k € ZV.
Then,

T. .= QN ().
Introduce now the periodically perforated domain €2, defined by
Q. =Q\T..

For the sake of simplicity, we make the following standard assumption on the
holes [7]:

there exists a ‘security’ zone around 92 without holes, i.e.

3§ > 0 such that dist (02, T,) > 4. €))]

Therefore, Q2. is a connected set [7]. The boundary d<2, of 2. is then composed of

two parts. The first one is the union of the boundaries of the holes strictly contained
in Q. It is denoted by I'¢ and is defined by

T.:=Uldek+T)) | ek +T) c Q.
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The second part of d€2. is its fixed exterior boundary denoted by 0. It is easily
seen that (see [3, Eq. (3)])

. | 2 Iy
lime | Te|y_; =| Tly— (2
=0 | IN 1 | |N 1 | Y |N

where | - |y—; and | - |y are the (N — 1)-dimensional and the N-dimensional

Hausdorff measure, respectively.

Throughout this paper, € will denote the general term of a sequence of positive
reals which converges to zero. From now on, let M € N be fixed. We consider in
the following a system of anisotropic diffusion-coagulation equations in €2 (the so-
called Smoluchowski system with diffusion) which describes the dynamics of clus-
ter growth. In particular, we introduce the vector-valued function u€ : [0, 7] x 2, —
RM ¢ = (uS, ..., uy) where the variable u, > 0 (1 < m < M) represents the
concentration of m-clusters, that is, clusters consisting of m identical elementary par-
ticles (monomers), while uj, > 0 takes into account aggregations of more than M—1
monomers. We assume that the only reaction allowing clusters to coalesce to form
larger clusters is a binary coagulation mechanism, while the movement of clusters
leading to aggregation results only from a diffusion process described by a matrix
D, (1, x, ’E‘ ) (1 < m < M) with non-constant coefficients. Similar results for constant
diffusion matrices have been obtained in [9] (see also the comments in Sect. 4).

Under these assumptions, our system reads:

aautl — div(Dy(t.x. %) Veu§) + u§ Y0 arus =0 in [0, 7] x Q.
[Di(t.x, )Vau§]-n=0 on [0, T] x 982 3)
[Di(t.x, VS| -n=ey(tx ! on [0, T] x T,
uj(0,x) =U; >0 in Q¢;
ifl<m<M,
8u € € M € :
ot —div(Dy(t,x, 7) Vaug,) + ug, 32 amjit§ = fr,  in[0,T] x Qe
[ (2, X, E)qum] n=0 on [0, 7] x 0€2 @)
[Dm(t, X, :)qufn] -n=20 on [0,T] x T,
u;,(0,x) =0 in Q,
and eventually
duy, . N . c .
o div(Dy(t,x, ) Vauy) = g in [0, T] x
[Du(t.x, ) Ve | -n =0 on [0, T] x 982 5)
[Du(t.x, ) Vet | -n =0 on [0, T] x T,

uj,(0,x) =0 in Q.,
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where the gain terms f;, and g€ in (4) and (5) are given by

1
Zajm—, Wy and o gt= Y @ (©)

Jtk=M
k<M
Jj<M

The kinetic coefficients g; ; represent a reaction in which an (i + j)-cluster is formed

from an i-cluster and a j-cluster. Therefore, they can be interpreted as “coagulation

rates” and are symmetric a;; = a;; > 0,i,j = 1,...,M, but aypy = 0. Let us

remark that the meaning of uj, differs from that of u, (m < M), since it describes the

sum of the densities of all the ‘large’ assemblies. It is assumed that large assemblies

exhibit all the same coagulation properties and do not coagulate with each other.
Here

(t»)ﬁy) € [Os T] X Q X Y_>Dm(tv-x7y)

is a matrix-valued map with entries d;f’]., Lj=1,...,Nandm=1,..., M.
We assume that:

(H.1) the diffusion coefficients d;; are continuously differentiable in [0,T]xQxY
fori,j =1,...,N,m = 1 .., M, and are y-periodic on Y. We put A* :=
max; j m ”d;f,l'“Cl([O,T]xQxY)'

In particular, (see [2, Definition 1.4 and Remark 1.5]) the map (¢,x) —
D, (t, x, ’6‘ ) is measurable on 2., and

113(1)/ / |d}' (1, x. |dtdx—/ // |d}(t.x,y)|* drdxdy  (7)

(H2) df} =d}, fori,j=1,....NNm=1,....M;
(H.3) there ex1stsO <A<A such that

Alg)? < Z d7Eg < AEP

ij=1

forall§ e RN, m=1,...,.M
Moreover, ¥, appearing in (3), is a given bounded function satisfying the
following conditions:
(H4) ¥(1,x,7) € C'(0,T:B) with B = C'[Q2; C(Y)], where C4(Y) is the subset
of C'(RV) of Y-periodic functions;
(H.S) y(t=0,x,7)=0
and U] is a positive constant such that

< ¥l o.1:8)- (8)
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In the Sect. 2 we show preliminarily that the system (3)—(5) has a unique classic
solution u¢ € C'*%/22+e ([0, T] x Q.,RM) for any € > 0. The core of this note is
the study of the asymptotic behavior of u¢ as € — 0 in the framework of the so-
called two-scale convergence. This method, introduced by Gabriel Nguetseng [15]
and Gregoire Allaire [2], relies on the following compactness theorem:

Theorem 1.1 Let (v6)cso be a bounded sequence in L*([0, T] x Q). There exists a
subsequence, still denoted by (v¢)es0, and a function vy(t,x,y) in L*([0, T] x Q x Y)
such that

61133)/ /v (. x)¢(tx )dtdx—/ //vo(txy)¢(txy)dtdxdy

forall ¢ € C'([0,T] x Q; Cy(Y)).
A sequence (V)¢ satisfying (9) is said to two-scale converge to vy(t, x, y).

€))

Within the general setting of two-scale convergence, we can state our main
homogenization result:

Theorem 1.2 Let u,(t,x) (1 < m < M) be a family of classical solutions to
problems (3)—(5). Denote by a tilde the extension by zero outside 2. of a function
defined in Q. and let )((y) represent the characteristic function of Y*.

Then, the sequences (u )e=0 and (V u)es0 (1 < m < M) two-scale converge
10: [x () (2, x)] and [x () (Vitt (2, x) + Vyul, (£,x,))] (1 < m < M), respectively.
The limiting functions (u,(t,x), ul (t,x,y)) (1 < m < M) are the unique solutions in
L*(0,T; H'(2)) x L*([0, T] x ; Hi(Y) /R) of the following two-scale homogenized
systems:

If m = 1 we have:

0% (1,x) — dzvx[D*(t X) Vi (1, x):|

+6 u, (¢, x) ijl ayju(t,x) = /F Y(t,x,y)do(y) in[0,T] xQ (10)
[D}(t.x) Vi (2, x)] - n=0 on [0,T] x 0€2
M](O,.x) = Ul in Q

if 1 <m < M we have

6 i (1,2) — div, |:D;*n(t, X) Vit (i, x):|
+6 um(t x) Z,Ai1 Qpj (1, X)
Z 1 ajm—j wj (1, X) Up—j (1, X) in[0,T] x Q (11)

[D; (2, x) Vit (t,x)] - n =0 on[0,T] x 0
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ifm = M we have:

0 agé” (t,x) — div, |:D;,1(t, x) Veup(t, x)i|
= g Zi‘flzk%/]M a; ui(t, x) u(t, x) in[0,T] x Q
j<M (12)
[D;,(t,x) Veuy(t,x)] - n =0 on [0,T] x 0Q2
upy(0,x) =0 in Q
where
N

0, (1,%,y) = Y wilt, x,y) %”;’” (tx) (1<m=<M),

i=1
6 =/Yx(y)dy= I

is the volume fraction of material, and D}, (t, x) is a matrix defined by
(D)t x) = / Dy (t.x, ) (Vywilt, x,y) + &) - (Vyw;(t.x,y) + &) dy
Y*

with é; being the i-th unit vector in RN, and (w;)1<i<y the family of solutions of the
cell problem

—divy(Dy(t, x,y)[Vywi(t, x,y) + &]) =0 in Y*
Dy (t, x, p)[Vywit,x,y) +&]-n=0 onT (13)
y = wi(t,x,y) Y — periodic

2 The Problem at e-Scale: Existence and Regularity

The system (3)—(5) admits a local positive classical solution. Indeed, by Amann [4]
and the usual parabolic comparison principle, we have:

Theorem 2.1 Suppose (H.1)-(H.5) hold. If € > 0, then the system (3)—(5) admits a
unique maximal classical solution u¢ = (ug, ..., uy,), that is defined in a relatively
open interval J C [0, T| such that 0 € J. More precisely,

ut € COU x Q) NCHEN\{0}) x o) N CX(U\{0}) x Qo).
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Moreover
ui(t,x) >0 for (t,x) € J\{0}) X Qe,j=1,....M.
We are now faced with several questions that will turn out to be deeply

interconnected. In particular, we want to show that

* for fixed € > 0, the local solution € is in fact a global solution on [0, T;
* u° satisfies sharp regularity estimates, i.e. uf € C'He/22%e ([0, T] x Q) forj =
I,....M.

Moreover, in order to establish our homogenization results, we have to prove

e a priori estimates for the sequences (uf)€>0, (quf)oo, (a,u;)oo in L*([0, T] x
Q,), that are independent of €. ‘ ‘

The first and crucial step will consist of proving that the u; are equibounded
in L2([0,T] x Q) for j = 1,...,M. The uniform boundedness of u(t,x) in
L*>®(J0, T] x ) is provided by the following statement:

Theorem 2.2 Take 0 < Tyax < supJ and let u be a classical solution of (3). Then,

””i”LOO(O,TmaX;LOO(QS)) < Uil + ¢ ¥ 1220 0. TmaxsB) » (14)

where c is independent of €.

Proof Since
. X e Ouj
div(Di(t,x, ) V.u]) — >0,
€ at
by the classical maximum principle the following estimate holds:
||“§||L00(0,Tmax;L00(Qe)) < |Ui| + ”“i”LC’O(O,Tmax;L""(H))‘ (15)
Thus, (14) will follow once we prove that
(| ”LOO((),me;LOO(rE)) < c|[¥[l2o0 0. Tma:B) (16)
Let now k > 0 be fixed. Define: ugk) (t) := (u§(1)—k)4 fort > 0, with derivatives:

du® _ Ouf

Lo 17
Y g ik 17

Vol = Vo Loy (18)
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Moreover,

uM lso= W |se —k)+

ul |r,= @ Ir, —k)+
Let us assume k > k, where k := 1 || oo (0,Tmac;8)- Then, by (8),
uj(0,x) = U, < k <k

Fort € [0, Ty] with T} < Tyax, we get

1/ |u(k)(t)|2dx:/[ d 1/ 1u® ()2 dx | ds
2 Q. € 0 dS 2 Q. €

1 *)
= / ds / Iuc”(s) uik) (s) dx.
0 Q. aS

Taking into account (3), (17) and (18), we obtain that for all s € [0, T}]

(k) €
/ 0uc"(s) ug‘) (s)dx = / 0ut (5) uﬁk) (s) dx
Qe aS Qe as

M
) X
= /Qé [dw(Dl(s,x, e) Viu§) — u§ Zalﬂf} uék)(s) dx

J=1

M
= _/Qé ui(s) ;alJuj(s) ugk)(s) dx + € /FE W(s,x, :) ugk)(s) do (x)

—/ <D1(s,x, x)qug‘)(s),quﬁk)(s)>dx
Qe €

By the assumption (H.3) and Lemma 7.1 in [9], one has

(k)
/ duc"(5) u(s)dx < e / W(s,x, x) u® (s) doe (x)
Q. Os r. €

2
— / IVmi"‘)(s)|2 dx < ¢ / W(s,x, x)
Q. 2 JBg(s) €

do(x)
c Cie

+ 1/ |ugk>(s)|2dx—(x— 1€ )/ IV,u® (5) 2 dx
2 Jage) 2 Q.

19)
(20)

3y

(22)

(23)

(24)
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where we denote by Aj (r) and By (¢) the set of points in £, and on I, respectively,
at which u{ (¢, x) > k. It holds:

AL ()] = |S2]
1B < [Tl

with | - | being the Hausdorff measure.
Plugging (24) into (22) and varying over ¢, we arrive at the estimate:

1 Cl 62 T,
sup [ / |u£k)(t)|2dxi|+(k— ) / dr / |Vu® (1) * dx
o<i<ty L2 Ja. 2 0 Q.

C T, T, 2
< 1/ dt/ |ugk>(t)|2dx+€/ dt/ w(t,x,x) do. (x)
2 Jo (1) 2.Jo £(0) €
Introducing the following norm
Tmax
lullg, 7, = sup /|u(t)|2dx+/ dt/ |Vu(r)|? dx (26)
T 0si<Ta J Q2 0 Q.

the inequality (25) can be rewritten as follows

. C, € a [h
min % A— 126 ||u§k)||2Qé(T1)§ / dt |u£k)(t)|2dx
2 Jo A (6)
k

27)
e [N x\|?
+ / dt/ w(t, X, ) doc(x)
2 0 < (1) €
We estimate the right-hand side of (27). From Holder’s inequality we obtain
n ) (5|2 (*) 2
[t [ 0RO Wl ity )
()
withr| = rlri l,q’1 = qlqi 1N = 2r1,q, = 2qi, where,forN > 2,r; € (2,00)

and g, € (2, (131\'2)) have been chosen such that

1+N_N
r 2q1_4

In particular, r|, ¢| < oo, so that (28) yields

T ,
k 2 k)2 1/¢, 71/r
/0 dt/() O dx < P17 0 10 0 12170 T (29)
Ag(r '
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If we choose

: 1 C1 62
min A—
r i I’A' 4 %2,( 2 )} 4
<M g < . @,

then from Eq. (117) in [9], it follows that

c, [h 1. 2
) /0 dt/é(r) [u® (1) [? dx < , min {; ()L — CI; )} 14113, ) - (30)
k

Analogously, from Holder’s inequality we have, for k > k

e [N X
/ d{/ w(nn )
2 0 < (1) €

2 2
ek? (k
do.(x) < ) (kz) LIl 0,721 (T

k2 T,
= [ amol
0

€19

Thus (27) yields

T
O, ) < ey R /0 dt BS(). (32)

Now, as in [9, Theorem 5.2], relying on arguments that go back to [11, 16], it
follows from (32) that

[l [l 2o 0, 7y5000 (ry) < 21k

where the positive constant p is independent of €. Analogous arguments are valid
for the cylinder [Ty, Ts4+1] X Qe, s = 1,2,...,p — 1 with

Y% mingl, A ,
I:TJ.H — T{| < mll;{c7 ; |Q|_l/611
1

and 7, = Ty Thus, after a finite number of steps, we get the estimate (16),
completing the proof of Theorem 2.2. O

Following the inductive argument presented in [18, Lemma 2.2], we obtain
eventually the global L estimate for local classical solutions of (4) and (5).

Theorem 2.3 Let u; (t,x) (1 <j < M) be a classical solution of (3)—(5). Then there
exists K > 0 such that

65 |20 0, TarsLo0 (20)) < K (33)

uniformly with respect to €.
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A first consequence of the estimates (14) and (33) is that, for any fixed € > 0,
J =[0,7) and u€ satisfies sharp Holder estimates (see also [10]).

Theorem 2.4 Let € > 0 be fixed. Then

i) Thax =T, i.e. J =1[0,T);
i) there exists @ € (0, 1), o depending only on N, A, A*, and €, such that u° €
Cclte/224e ([0, T] x Q, RM) and

|t [ c1+er224a(o.11x0, Ry < Co = Co(Ut, [¥lee0.7:8), K €, ). (34)

Proof First of all, we notice that, if we prove (34) in J, then, in particular, if N <
p < 00, we have

”I/lE ||LOO(J’W2.1)(QE)M) < 0Q.

Thus i) follows by Amann [4, p. 154].
Let us prove ii). To avoid cumbersome notations, let us set

M
€ € . _
—u E ayju; if m=1
=1

—u, Y am§ +f5 if 2<m<M
Jj=1
g€ if m=M

Fo(t,x,u) = (35)

and F := (Fy,...,Fy).

We can use a modified version for the parabolic Neumann-Cauchy problem of
the classical Holder estimates for the corresponding Dirichlet-Cauchy problem, as
one can find, for instance, in [13, Theorem 6.44]. If D[r| is an arbitrary parabolic
cylinder

D[r] = {(x.t) ; |x—xo| <7, |t —to] <7} N (Q x[0,T]),

we obtain

wmwzsCﬂhﬁ%WW+my3Wme)q (36)
X

foranym =1,...,Mand 0 < r < 1, where C depends on 2, 7, A and A. Thus, by
Theorem 2.3,

S, (£, X) — uS, (7, £)]
([ [| o2 0, 1% 2, RMY =< sup " " K
OTXORD = corepaxa X — E[¢ 4 |t — |2/
(37)

fc[ sup |uf| + sup |F(tx1f)|}+K<C(1+K2)
0.7]xQ [0.71%<2
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We write now Eqgs. (3)—(5) in non-divergence form, and then we apply classic
Holder estimates as in [11, Theorem 5.2] and [13, Theorem 5.18]. Eventually,
keeping in mind (37), (34) follows. This achieves the proof of the theorem. O

We stress that all the constants involved in these Holder estimates depend also
on the space derivatives of the diffusion coefficients. Since in (3)—(5) the diffusion
coefficients have the form d:’; (t,x, x/€), then our Holder estimates turn out to depend
on €.

3 Homogenization

In order to prove that the solutions u¢ of our Neumann-Cauchy problem at the scale
€ converge to a solution of the homogenized problem described in Theorem 1.2,
we need a priori L*-estimates of the derivatives of u¢, that are independent of
€ > 0. Unfortunately, the bounds in (34) are not uniform in €, and therefore the
compactness Theorem 1.1 does not apply

To overcome this difficulty, in the sequel we shall prove weaker estimates, that
nevertheless are uniform in €.

Theorem 3.1 The sequence (V. u)e=o (1 < m < M) is bounded in L* ([0, T] x Q),
uniformly in €.

Proof Case m = 1: let us multiply the first equation in (3) by the function u{ (¢, x).
Integrating, by divergence theorem and assumption (H.3), one has

1 J, . .
2/96 at|ul|2dx+)k /QE |qul|2dx

55/ w(t,x,:) ui(t, x) doe(x)

Let us now estimate the term on the right-hand side of (38). It follows from Lemma
7.4 in [9] that

(38)

¢ /F Wi P doct) < G IV O (39)

where C, is a positive constant independent of € and B = C'[Q; C}(Y)]. Hence, by
Holder’s and Young’s inequalities and Lemma 7.1 in [9], we deduce

9
/ at|u§|2dx+(2)k—62C1)/ |V, ) dx
@ e (40)
<c ||w(r)||§+c1/ P dx
Qe
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Integrating over [0, 7] with r € [0, 7], and taking into account that the sequence
(#9)e>0 is bounded in L*°(0, T; L*°(£2.)), we get

Q21 —€Cy) | Vaus||2 Cs, (41)

OT:2(00) =

where C; and C3 are positive constants independent of e.
Thus the boundedness of V.u (¢, x) follows, provided that € is close to zero.
The proof for the case 1 < m < M is achieved by applying exactly the same
arguments considered when m = 1. O

Theorem 3.2 The sequence (0;u,)e>0 (1 < m < M) is bounded in L2([0, T] x Q¢),
uniformly in €.

Proof Case m = 1: let us multiply the first equation in (3) by the function 9,u (¢, x).
Integrating, the divergence theorem yields

/Qe
1 U ous
— 5 /QE <3tD1 qui, qui>dx+ /QE (Zaw ui uf) atl dx (42)

=1
x\ Ouj
_e/ew(t,x,e) 5 doe(x)

From Hoélder’s and Young’s inequalities, exploiting the boundedness of u (¢, x) (1 <
[ <M)in L*®(0, T; L*(2¢)), one has

J.

a €
_/ <a,D1vxu§,vxu§>dx§cl+2e/ w(t,x,x) a”tl do. (x)
€

where C; is a positive constant independent of €. Integrating over [0, ] with ¢ €
[0, T] and keeping in mind assumption (H.3), we obtain

t
bl
0 Qe

t
+A*/ ds/ |vxu§|2dx+2e/ w(t,x,x) S (1, x) do (x) (44)
O € € 6

—2e /tds/ aw(s,x,x) us (s, x) doe(x)
0 ; s €

2 1 d X . .
dx + 2 Jo, bt D (1, x, 6)VXMI,VXMl dx

duf(t, x)
ot

duf(t, x)

2
ad x . .
o dx + o /QE <D1(t, X, 6)qul, qul>dx

(43)

ous |
“ dx—}—)k/ Vi (6,3) P dx < €1 T
BS Qe
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since Y|t = 0,x, )é = 0. Now we estimate the last two terms on the right-hand

side of (44).
From Holder’s and Young’s inequalities, taking into account (39) and Lemma 7.1
in [9], one has

¢ / 1//(t,x, z) ui(t,x)doc(x) < C, + e C3/ |qu§|2dx (45)
€ QE

where C, is a positive constant independent of € since € L*°(0, T; B) and uj is
bounded in L*°(0, T; L*°(£2,)). Analogously, we get the following inequality

26/ds /é ( ) ui (s, x) doe(x)

t
(46)
<CT+Cs [ @i g, + € C [ SV,
0 0
<G

where Cs > 0 is a constant independent of €, since (u{)c~o is bounded in
L®(0, T; L(82)), (Vi) eso is bounded in L*(0, T; L*(S2,)) and

JALICH

with C and C4 independent of €. Combining the estimates (45) and (46) with (44)

we obtain

For a sequence € of positive numbers going to zero: (A — €2C3) > 0. Then, the
second term on the left-hand side of (47) is nonnegative, and one has

2
do(x) < ClIa Y ()3 < Ca

dx + A =€C3) | |Vau§|Pdx < ¢ (47)
Qe

10,12 0. r202,0) = € (48)

where C > 0 is a constant independent of €.
The proof for the case 1 < m < M is achieved by applying exactly the same
arguments considered when m = 1.
|

Proof of Theorem 1.2 In view of Theorems 2.2, 2.3 and 3.1, the sequences (LEn)E>0
and (V,ui,)es0 (I < m < M) are bounded in L?([0, T] x ), and by application
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of Theorems 7.1 and 7.3 in [9], they two-scale converge, up to a subsequence, to:
X () t (2, x)] and [} () (Vattm (2, )+ Vyub (2, x, )] (1 < m < M). Similarly, in view

€

of Theorem 3.2, it is possible to prove that the sequence (ag t’”) 1<m=<M)
e>0

two-scale converges to: |:)((y) 351;,, (t, x)i| (1 <m=<M).

We can now find the homogenized equations satisfied by u,,(t,x) and ul, (2, x, )
(1 <m<M).
Case m = 1: let us multiply the first equation of (3) by the test function

¢€ = ¢(t7-x) + ed)l (tv-xv :)

where ¢ € C'([0,T] x Q) and ¢; € C'([0,T] x Q;Ci(Y)). Integrating, the
divergence theorem yields

T d € T
/ / (;41 ¢€(t,x’x)dtdx+/ / <D1(t,x, x)vxui,v¢e>dtdx
0 . 0t € 0 . €

T M T
+/ / uiZalJu;qbgdtdx:e/ / w(t,x,x)qﬁedtdag(x)
o Ja. I 0o Jr. €

Passing to the two-scale limit we get

/OT L[5 enpunaasa

T
+ / / Dy (t,x,y) [Vt (, x) + Vyup (2, x, )]
0 QJy*

(Ve (2, x) + V@i (2, x, y)] dt dx dy

(49)

M

T
+/o /sz /Y w1 (5.%) jzauuj(hxw(t,x) dt dx dy

=1
T
- /0 /Q /F V(t.x,y) (1, x) di dx do () (50)

where assumption (H.1) has been taken into account. The last term on the left-
hand side of (50) has been obtained by using Theorem 1.8 in [2], while the term
on the right-hand side has been attained by application of Theorem 2.1 in [3]. An
integration by parts shows that (50) is a variational formulation associated to the
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following homogenized system:
—divy[Dy (t, x, y) (V1 (, X) + Vyuy (, x,y))] = 0 in [0, T]xQxY*

[Di(t, %, y) (Vaur (£, X)+Vyui (¢, x,y))]-n = 0 on [0, T|xQ2xT
ouy . 1
0 o (t,x) — div, Di(t,x,y)(Veui (2, x) + Vyu, (t,x,y))dy
Y*

M
+ 6 uy(t, x) Zau uj(t, x) — / Y(t,x,y)do(y) =0 in [0,7T] x
j=1 r

[/ Di(t,x,y)(Vaur (¢, x) + Vyuy (1, x, ) dyi| n=20 on [0, T] x 0L2
Y*
where
0= [ xoiy = v
Y
is the volume fraction of material. To conclude, by continuity, we have that
u1(0,x) = U, in Q.

The function u{ (t,x,y), satisfying (51) and (52), can be expressed as follows

N
du
uj(txy) =Y wiltxy) , [ (0x)

i=1
where (w;)1<i<n is the family of solutions of the cell problem
—divy (D1 (t,x,y)[Vywi(t,x,y) + ¢]) =0 in Y*

D, ([,X, y)[vywi(tsxs y) + é,] -n=20 on I’
y = wi(t,x,y) Y — periodic

By using the relation (55) in Egs. (53) and (54), we get

3u1 . . M
0 5 (t,x) — dlvx[Dl Vi (2, x):| + O u(t, x) Zau u;(t, x)

J=1

—/w(t,x,y)do(y) =0 in[0,7T] xS
r

[DVui(t,x)]-n=0 on [0, T] x 02

(51

(52)

(33)

(54)

(55)

(56)

(57)

(58)
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where the entries of the matrix D7} are given by

(Df)ij(tsx) = / Dl(tsxs y)[vywi(tsxs y) + ét] : [Vij(t,.x,y) + é]] dy
Y*

The proof for the case 1 < m < M is achieved by applying exactly the same
arguments considered when m = 1. O

4 A Mathematical Model in Medicine

Recently, the Smoluchowski equation with diffusion has been introduced for the
study of a mathematical model in medicine [1, 5, 9, 14]: the diffusion and the aggre-
gation of the f-amyloid in the cerebral tissue of patients affected by Alzheimer’s
Disease (AD). The B amyloid (shortly, AB) is a peptide with different isoforms that
is naturally produced by neurons. Nowadays, the microscopic description of the AD
relies on the so-called amyloid cascade hypothesis, that is largely accepted: roughly
speaking, the AB-peptide is produced normally by the intramembranous proteolysis
of APP (amyloid precursor protein) throughout life, but a change in the metabolism
(due to unknown reasons, partially genetic) may increase the total production
of the monomeric isoform Af4,, that is highly toxic for neurons. Thus, high
concentrations of Af4; lead to neuronal death, synaptic degeneration and eventually
to dementia. Successively, Af4, oligomers are subject to agglomeration (leading
ultimately to the formation of long, insoluble amyloid fibrils, which accumulate
in microscopic deposits known as senile plaques) and to diffusion through the
microscopic tortuosities of the brain tissue.

Mathematically, this process can be modeled at a microscopic level through
the system (3)—(5). More precisely, we define the periodically perforated domain
Q, obtained by removing from the fixed domain €2 (the cerebral tissue) infinitely
many small holes of size ¢ (the neurons), which support a non-homogeneous
Neumann boundary condition describing the production of AfB4, by the neuron
membranes. Then, we prove that, when ¢ — 0, the solution of this micro-model
two-scale converges to the solution of a macro-model asymptotically consistent
with the original one. Indeed, the information given on the microscale by the
non-homogeneous Neumann boundary condition is transferred into a source term
appearing in the limiting (homogenized) equations. Furthermore, on the macroscale,
the geometric structure of the perforated domain induces a correction in the
diffusion matrix of the limit problem.

A similar approach to the transition from the microscopic model to the macro-
scopic one has been carried out starting from constant diffusion coefficients in [9].
Here, we have considered the case of diffusion matrices depending on time, on the
macroscopic variable x € €2 and, most of all, on the microscopic variable y € Y.
Indeed, aging (as well as the AD itself) yields an atrophy of the cerebral tissue,
that induces changes in the diffusion rate of the amyloid fibrils. Analogously, this
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rate may vary for different regions of the brain. Finally, the dependence on the
microscopic variable makes possible to include in the model the specific features of
the diffusion. Indeed, the AB4,-polymers do not diffuse freely in an uniform fluid:
the cerebral tissue consists of large non-neuronal support cells (the macroglia) and
the AB polymers move within the cerebrospinal fluid along the interstices between
these cells.
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Form-Invariance of Maxwell Equations
in Integral Form

Cristian E. Gutiérrez

To Richard Wheeden on the occasion of his retirement

Abstract We find transformation formulas for weak solutions to Maxwell’s equa-
tions in integral form by general changes of coordinates obtaining that the equations
are also “form invariant” as in the standard case. Solutions are defined using test
functions.

1 Introduction

In this note we consider weak solutions to Maxwell equations and show their
invariance under changes of coordinates. These changes are assumed to be locally
Lipschitz functions and therefore they might be not differentiable in a set of
Lebesgue measure zero. In this formulation, the fields E and H and the permittivity
€(x) and the permeability p(x) might be discontinuous and only need to satisfy
Lebesgue integrability conditions. From the invariance, we recover the remarkable
fact, that standard Maxwell’s equations preserve their form under smooth coordinate
transformations, see [9] and [7, Chap. 5].!
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2 Maxwell Equations

These are the equations (see for example, [5, Chap I, p. 35])

V- (e@E(x, 1) = p(x, 1), )

\E (u(X)H(x, 1) =0, (2)

V x H(x, 1) = e(x) (x N+ J(x, 1), 3)

V x E(x,1) = —u(x) (x ), @)

valid for (x,f) in a bounded domain @ C R* x = (x;.x2.x;), where we

initially assume the tensors €(x) and p(x), and the fields E and H are continuously
differentiable in €2; the divergence operator V. = (0y,, 0x,, 0x;)-

Following [5, Sect. 2, Chap. VI], we will first rewrite these equations in a form
that the fields E and H, and the permittivity coefficient €(x) and the permeability
coefficient p(x), only need to satisfy Lebesgue integrability conditions and therefore
might not be differentiable and might be discontinuous.

2.1 Maxwell Equations in Integral Form
Multiplying (1) by ¢ € C}(2) ? and integrating we get
/ ¢, 1) V- (e(x)E(x, 1)) dxdt = / p(x, 1) ¢ (x, 1) dxdt.
Q Q

We set e(x)E(x, 1) = (F1(x, 1), Fa(x, 1), F3(x, t)) and we write

/¢(x,t)V-(e(x)E(x, 1) dxdtz// G, )V - (F1(x, 1), F2(x, 1), F3(x, 1)) dxdt
Q o,
3 OF;
= /r/gt¢(x, ) ; o, (x, 1) dxdt
3
//sz( 8(¢F) DY gfi(x,t)Ff(x, t)) dxdt

Xi i—1

2C}(R2) denotes as usual the class of functions having continuous derivatives of first order in
with compact support contained in €2.
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:i/(. ¢FWWU@0¢h—/ﬁv¢@JYF@Jﬁkm
t 09, Q
=—/\w@ﬁ-nmgﬂm

Q

from the divergence theorem; Q2; = {x : (x,7) € Q}. Therefore, we obtain the
equation

/ Vo (x,1) - (€()E(x, 1)) dxdt + / p(x, 1) ¢ (x, 1) dxdt = 0, (5)
Q Q

valid for all ¢ € C(l) (£2). Notice that to write (5) we only need that €(x)E(x, f) and
p(x, t) are locally integrable functions in €2 in the Lebesgue sense; in particular, they
might be discontinuous. In other words, the field E is a generalized solution to the
Eq.(1) in Q if e(x)E(x,t) and p(x,t) are locally integrable functions in 2 in the
Lebesgue sense, and (5) holds for all ¢ € C}(R2).

Treating (2) in the same way yields

/ Vo (x,t) - (ux)H(x, 1)) dxdt = 0, (6)
Q

valid for all ¢ € C}(Q).
Next, multiplying (3) by ¢ € C}(£2) and integrating yields

oE
/ (¢(x, NV xH(x, 1) — ¢(x, 1) e(x) 5 (x, 1) — P (x, 1) J(x, t)) dxdt = 0.
Q
Applying the divergence theorem we obtain that

/¢@ﬂVXH@0Mm:i/¢@0(Mh—am)dw
Q Q 8x2

BJC3

oH;  oH
—j/¢@ﬂ T avar
Q 0x 1 8x3

oH, OH
+k/¢@ﬂ( - ‘)am
Q 0xy

3x2

= —i /Q (gi (x,DH3(x, 1) — gi (x, HH, (x, t)) dxdt

+j /Q (gfl (x, ) H3 (x, 1) — gi (x, NH, (x, ,)) dxdt
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-k /Q ( gfl (x, OH, (x, 1) — E?z (x, HHi (x, ,)) dxdt

= _/ Vo (x, 1) x H(x, t) dxdt.
Q

Also

(¢ (x. 1) €(X)E)

o (x, 1) dxdt

/Q ¢(x, 1) e(x) 381;3 (x, 2) dxdt = /Q

- / €(x)E(x, 1) 99 (x, 1) dxdt
Q ot

¢

=— /Q e(x)E(x, 1) o (x, 1) dxdt.

Therefore we can write (3) in integral form as

/ (v¢(x, 1) x H(x, 1) — e(x) E(x, 1) aa‘f (1) + ¢ () J(x, t)) dxdt =0, (7)
Q

for all ¢ € C}(2). Once again, to write this equation we only need the fields H,
€(x)E and J be locally integrable over €2 in the Lebesgue sense.
Finally, to write (4) in integral form multiplying by ¢ and integrating yields

/ (¢(x, HV xE@, 1)+ ¢x, 1) pn(x) 381;1 (x, t)) dxdt = 0,
Q

for each ¢ € C}(£2), and proceeding as before we obtain

/ (Vd)(x, 1) x E(x, 1) + u(x) H(x, 1) aadt) (x, t)) dxdt = 0, (8)
Q

forall ¢ € Cj(Q).

We say that the fields E and H satisfy Maxwell’s equations in integral form if the
set of Egs. (5)—(8) are satisfied for all test functions ¢ € Cé (Q).3

We remark that in case E, H, € and p are all differentiable, and E and H satisfy
Maxwell equations in integral form hold, then the integration procedure described
above can be clearly reversed and therefore E and H satisfy Maxwell equations (1)—
(4) in the standard sense.

3The term integral form of Maxwell equations is used sometimes to write the equations in terms
of surface integrals, see for example [8, Chap. 1, §4], [5, Chap. I, Sect. 3] and [3, Sect. 5.2]. This
requires to restrict the fields and coefficients to surfaces which does not make sense in general
when they are only Lebesgue integrable, in particular, when they are discontinuous.
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3 Changes of Coordinates

We consider transformations
T:Q" > Q

given by T(x,1) = (q(x),1) = (q1(x), g2(x), q3(x),1); x = (x1,x2,x3); 2, Q" are
bounded domains in R*. We assume that

(a) T is bijective;
(b) T is locally Lipschitz in Q*;
(c) T7': Q — Q*, the inverse of T is locally Lipschitz in Q.

Therefore, the components ¢;(x), i = 1,2,3 are locally Lipschitz continuous and
by a theorem of Rademacher, [2, Theorem 2, p. 81], ¢g; are differentiable except
possibly on a set of Lebesgue measure zero. Clearly under these circumstances the
functions g; are continuous but they are allowed to have kinks.

If we let ¥ (x, 1) = ¢(q(x),7) with ¢ € C}(RQ), then ¥ is differentiable almost
everywhere in Q* and

W N as
5o, @1 = ; CCIDIC)

fori = 1,2, 3 and for almost every z € Q*. Therefore the matrix

dq1 0q2 g3

dz; 071 0z
dq1 0q> 0q3

0z, 072 072
dq1 9g2 g3

dzz 0z3 073

J(z) =

is well defined for almost every z € Q*, and we have

VY (z.0) = J(2) Vo(q(2). 1),

fora.e.z € Q*.
We recall the following two results (€2, 2* are bounded domains in R%):
(1) iff: Q* > Qand g : Q* — Q are locally Lipschitz maps with f(g(x)) = x
and g(f(x)) = x, then

Dg(f(x))Df (x) = Id (3 x 3 identity matrix) C))
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for almost every x € Q*, where D denotes the Jacobian matrix

i 9f af
axl 8x2 8x3
I I I
axl 8x2 8x3

ofs dfs 9df

8x1 8x2 aX3

Df(x) =

see [2, Corollary 1, p. 84].
@) if f : Q* — Q is a locally Lipschitz map and u is a Lebesgue integrable
function in €2, then

/ u(f()) | det DF ()| dx = / u(y) Ny (v Q) dy
Q* f(2*)

where Ny (y, Q%) = #{f ! (y)N2*},* see [2, Theorem 2, p. 99] or [4, Appendix].

4 Invariance Properties of (5)—(8)

4.1 Invariance of (5) and (6) by Changes of Coordinates

With the results (i) and (ii) from Sect. 3 in hand we change variables in the Eq. (5),
and let x = ¢(z). Since T is bijective and locally Lipschitz, we have Ny (y, Q*) = 1
and then

/Q V¢(9(2).1) - (e(q(2))E(g(2). 1)) | detDg(2)| dzdt (10)
+ [ pa@.0 8.0 | detDg(a)] deat = o

Notice that J(z) = [(Dg)(2)]' and so VY (z.1) = [(Dg)(2)]' V¢ (q(2).7).” On the

other hand, from (i) above, (Dg~")(¢(z))Dg(z) = Id for a.e. z and so [Dg(z)]”" =
1

(Dg~")(q(z)), and det Dg(z) = det(Dg1) ()’ Therefore

Vé(q(), 1) = [Dg)] ™ V¥ (z. 1) = [(Dg)(q()] VY (z1), (11

4#E denotes the number of elements in the set E if it is finite; and #£ = 400 when E has an
infinite number of elements.

SA" denotes the transpose of the matrix A.
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for a.e. z € Q*. Hence the first integral in (10) equals
/Q [0g ) @@)] V@D - (€(@@E@GR). 1) | detDg(z)]| dzdt
= [ Ve (00 )] (@B, 0) | det Dg(e) dec
= [ Vi [0 @)
(€@@) [(Pg™) @) [Pg™)a@)] " E(a().0) |detDg(2)] dzdr

If we set

[(Dg™) ()] e@) [(PgH )]

€)= | det(Dg~) ()|

E'(x,7) = [(Dg™H(x)] " E(x,1),

and

p(x, 1)

PED = ey

then (10) can be written as

[ Va0 (€ @@ G@.0) dadrt [ a0 v dde =0, (12)

showing the invariance of the notion of generalized solution given by Eq. (5).
Similarly, we obtain that

[ vven - (@) B a@.0) dedr =0, (13
with

[(Dg™) )] p(x) [(Dg™H)]

| det(Dg—") (x)| and H'(x,1) = [(Dg™) ()] H(x ).

wx) =

4.2 Invariance of (7) and (8) by Changes of Coordinates

Assuming the change of variables g(x) satisfies the conditions of Sect.3, with
similar calculations we see that the new term to analyze is V¢ (¢(z), 1) x H(q(2), 1).
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By (11) we have

V(q(2). 1) x H(g(2). 1)

= [(Dg™")(q(@))]" V¥ (2. 1) x H(g(z). )

=[(Dg™)(q@)]" V¥ (@) x [(Dg ) @@)] [(Dg™)(@@)] ™ H(g(@). 1)

— det [(Dg ") ()] [(Pg ) (q@)] ™ (Wf(x, 1 x [(Dg™)(q(2)] " H(g(2) t)) :

for a.e. z € Q* and where we have used the formula
(Mu) x (Mv) = (detM) M~" (u x v),

valid for any invertible matrix M and any vectors u, v, see [5, p. 120] for a proof.
Hence

/ Ve (x,t) x H(x, t) dxdt

Q

= [ V9.0 x Hg).1) | detDg(@) e

= [ [0q )@@ (90 x [0 )ae)] Hig@.0) det
[(Dg™")(q(2))] | det Dq(2)| dzdt

= /Q [@a @] (Ve x [(Pg)aE)] T Hg@). 1)
| det Dg(z)|

dzdt.
det Dg(z) ¢

Also
/ e(x)E(x, 1) 99 (x, 1) dxdt
Q ot
d
= [ @) EG@.0 ) 0.0 det g0

d
= [ cla@ B0 ) o)l det D) e



Form-Invariance of Maxwell Equations in Integral Form 77

- /Q (g™ a@)] " [(Dg™)(a@)] €a() [(Dg)(a@)]
—t 0
[(Dg™)(q@)] " E(q(2). ) 81/; (z.1) | det Dq(2)| dzdt
- 0
~ [ [0 )@@ @@ EG@.0 ) @ dea.

Putting all together we get

| det Dg(z)|

dzdt
detDq(z) <

[ 100 a@] ™ (Twen < [06 ] Ba.0)
_ 0
- [ [0 @@ E a0 ) o dea

+ [ 903, 0 | det Dy ldzat = o

which we can write as®

| [ hae)]

{VW(% N xH (q(z).1) | det Dq )

det Dg(z)
dzdt = 0, (14)

d
D E . ) @)+ (. 0¥ 6

where

H(x,) =[Dg @] HEx, Jn= | det(‘]lgz’_?)(xﬂ '

Finally, to show the invariance of (8) we proceed in the same manner to obtain

| [oaa@)” (1s)

detD
| et Dy ()| If(z,t) dzdi = 0.

/ / ad
det Dg(z) + w1 (g(@) H(g(z), 1)

{wf(x, ) x E(g(2).1) i

nr s . . N . |detDq(z)| _
Notice that if the change of variables preserves orientation, then the coefficient detDg(s) 1.
et Dg(z
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4.3 Conclusion

We show form-invariance conditions for Maxwell equations in integral form;
they are conditions (12)—(15). The changes of variables are allowed to be non
differentiable except on a set of Lebesgue measure zero. This is important in the
applications for media having discontinuous refractive indices and so discontinuous
fields. As a consequence of these invariance conditions, the result from [9] follows.
Indeed, if E, H, € and p are differentiable, and the change of variables x = ¢g(x) is
smooth and preserves orientation, then it follows from the remark made at the end
of Sect. 2.1, that the form of Maxwell equations is preserved now with the fields E/,
H’, the coefficients €/, i/, and p’ and J' all defined above.
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Chern-Moser-Weyl Tensor and Embeddings
into Hyperquadrics

Xiaojun Huang and Ming Xiao

Dedicated to our friend Dick Wheeden

1 Introduction

A central problem in Mathematics is the classification problem. Given a set of
objects and an equivalence relation, loosely speaking, the problem asks how to
find an accessible way to tell whether two objects are in the same equivalence
class. A general approach to this problem is to find a complete set of (geometric,
analytic or algebraic) invariants. In the subject of Several Complex Variables
and Complex Geometry, a fundamental problem is to classify complex manifolds
or more generally, normal complex spaces under the action of biholomorphic
transformations. When the normal complex spaces are open and have strongly
pseudo-convex boundary, by the Fefferman-Bochner theorem, one needs only to
classify the corresponding boundary strongly pseudoconvex CR manifolds under
the application of CR diffeomorphisms. The celebrated Chern-Moser theory is a
theory which gives two different constructions of a complete set of invariants for
such a classification problem. Among various aspects of the Chern-Moser theory
(especially the geometric aspect of the theory), the Chern-Moser-Weyl tensor plays
a key role. However, this trace-free tensor is defined in a very complicated manner.
This makes it hard to apply in the applications. The majority of first several sections
in this article surveys some work done in papers of Chern-Moser [3], Huang-Zhang
[14], Huang-Zaitsev [13]. Here, we give a simple and more accessible account
on the Chern-Moser-Weyl tensor. We also make an immediate application of the
monotonicity property for this tensor to the study of CR embedding problem for the
positive signature case.
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In the last section of this paper, we present new materials. We will show that the
family of compact strongly pseudo-convex algebraic hypersurfaces constructed in
[15] cannot be locally holomorphically embedded into a sphere of any dimension.
The argument is based on the rationality result established in [15] and the Segre
geometry associated with such a family. This gives a negative answer to a long
standing folklore conjecture concerning the embeddability of compact strongly
pseudo-convex algebraic hypersurfaces into a sphere of sufficiently high dimension.
For an extensive discussion on the history on the CR embeddability into spheres, we
refer the reader to the introduction section of a recent joint paper of the first author
with Zaistev [13].

2 Chern-Moser-Weyl Tensor for a Levi Non-degenerate
Hypersurface

In this article, we assume that the CR manifolds under consideration are already
embedded as hypersurfaces in the complex Euclidean spaces. We first consider the
case where the manifolds are even Levi non-degenerate.

We use (z,w) € C* x C for the coordinates of C"*!'. We always assume that
n > 2, for otherwise the Chern-Moser-Weyl tensor is identically zero. In that setting,
one has to consider the Cartan curvature functions instead, which we will not touch
in this article.

Let M be a smooth real hypersurface. We say that M is Levi non-degenerate at
p € M with signature £ < n/2 if there is a local holomorphic change of coordinates,
that maps p to the origin, such that in the new coordinates, M is defined near 0 by
an equation of the form:

r=v— |Z|125 +o(|z)> + |zu|) = 0 (D

Here, we write u = NRw,v = QSw and < a,b >;= _ngz aij +
D it ajbj, |z|? =< z,Z >¢ . When £ = 0, we regard > j<1aibj = 0.

Assume that M is Levi non-degenerate with the same signature £ at any point
in M. For a point p € M, a real non-vanishing 1-form 6, at p € M is said to be

appropriate contact form at p if 8, annihilates T,S"O’ + T[(,O’l) M and the Levi form
Ly, associated with 6, at p € M has £ negative eigenvalues and n — £ positive
eigenvalues. Here we recall the definition of the Levi-form Ly, at p as follows: We

first extend 6, to a smooth 1-form 6 near p such that 6|, annihilates Tc(ll’o) + TC(IO’I)M
at any point ¢ ~ p. For any X,, Xg € T[(,I’O), we define

Lo, (Xo, Xp) i= —i < dO],, Xo AN Xp > . )

One can easily verify that Ly, is a well-defined Hermitian form in the tangent space
of type (1,0) of M at p, which is independent of the choice of the extension of the
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1-form 6. In the literature, any smooth non-vanishing 1-form 6 along M is called a
smooth contact form, if 6|, annihilates T;l’o) M for any g € M. If 6|, is appropriate
at g € M, we call 6 an appropriate smooth contact 1-form along M. Write E,, for the
set of appropriate contact 1-forms at p defined above, and E for the disjoint union
of E,. Then two elements in E, are proportional by a positive constant for the case
of £ < n/2; and are proportional by a non zero constant when £ = n/2. There is
a natural smooth structure over E which makes E into a R™ fiber bundle over M
when £ < n/2, or a R*-bundle over M when £ = n/2. When M is defined near
0 by an equation of the form as in (1), then idr is an appropriate contact form of
M near 0. In particular, for any appropriate contact 1-form 8y at 0 € M, there is a
constant ¢ # 0 such that 6y = icdr|o. And ¢ > 0 when £ < n/2. Applying further
a holomorphic change of coordinates (z,w) — (\/ |c|z, cw) and the permutation
transformation (zy, - , 2y, w) — (2, .21, w) if necessary, we can simply have
6y = idr|y. Assign the weight of z,z to be 1 and that of u, v, w to be 2. We say
h(z,z,u) = 0y (k) if h(rz’ﬁ’tz”) — 0 uniformly on compact sets in (z, «) near the
origin. We write 2% (z, w) for a weighted homogeneous holomorphic polynomial
of weighted degree k and 2% (z, z, u) for a weighted homogeneous polynomial of
weighted degree k. We first have the following special but crucial case of the Chern-
Moser normalization theorem:

Proposition 2.1 Let M C C" x C be a smooth Levi non-degenerate hypersurface.
Let 6, € E, be an appropriate real 1-form at p € M. Then there is a biholomorphic
map F from a neighborhood of p to a neighborhood of 0 such that F(p) = 0 and
F(M) near 0 is defined by an equation of the following normal form (up to fourth
order):

1 1
2 = 2 0 = =
r=v—|zl;+ 4s(z, D +R(z, z,u) =v—|z|; + 4 E Swfys ey +R(z,z,u) = 0.

3)
_ V0 oz O O _ 0 0 _ 0
Here s(z,2) = ZsagngaZﬂZyZ& Supys = Syhas = Syiup Supys = Shasy and
n -

0 Pa _

Swfiy580 =0 @
a,f=1

where gga = 0for B # «, ggﬁ =1for B > K,ggﬁ = —1 for B < L. Also

R(z,z, 1) = 0, (|(z, w)|*) N o(|(z, u)|*). Moreover, we have idr|y = (F~')*0,.

Proof of Proposition 2.1 By what we discussed above, we can assume that p = 0
and M near p = 0 is defined by an equation of the form as in (1). We first show that
we can get rid of all weighted third order degree terms. For this purpose, we choose
a transformation of the form f = z +f® (z,w) and g = w+ g® (z, w). Suppose that
F=C(f,.fig = (f,g) maps (M,p = 0) to a hypersurface near 0 defined by
an equation of the form as in (1) but without weighted degree 3 terms in the right
hand side. Substituting F into the new equation and comparing terms of weighted
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degree three, we get
3(e® —2i < 2.f? >¢) lymusitel, = GP(z. 2. 0)

where G is a certain given real-valued polynomial of weighted degree 3 in (z, z, u).
Write G (z,z,u) = S{aV(@w + Y, b;z) (2)z;}. Choosing g® = aV(z)w and
fj(z) = ébj@ (z), it then does our job.

Next, we choose a holomorphic transformation of the form f = z+f©® (z, w) and
g = w+ g¥(z, w) to simplify the weighted degree 4 terms in the defining equation
of (M,p = 0). Suppose that M is originally defined by

r=v—lzf + Az + 0u(4) =0
and is transformed to an equation of the form:
r=v—zl{ + N,z 1) + 0,u(4) = 0.

substituting the map F and collecting terms of weighted degree 4, we get the
equation:

S (g™ —2i < z2.f® >) lvmutit, = NPz 2. u) — A¥ (2, 2, u).

Now, we like to make N as simple as possible by choosing F. Write

n
~ 3 —_—
—AY = 3 (2) + b (2)u + bVu* + Z c; )(Z)Zj + Z caﬂz“zﬂ}.
j=1 loe|=181=2

Let

XDz, w) = bW (2) + bP (2w + bOw?, —ZiSﬂYj(” (z,w)

() — ib® (2)z — 2ib Oz,
3 (3) 3
Y():(yl ""’Yr(z))’

where 8; is 1 for j > £ and is —1 otherwise. Then 3 (Y(4) —2i<z7, X0 >4) +
AD(z,z,u) = —;“s(b(o))lzlﬁ + Z\a\=\ﬁ\=2 daﬁzo‘zﬂ. By the Fischer decomposition
theorem [19], write in the unique way

—3(6) |z} + Z dyg'? = "2 (z,2) |zl + h¥(z, 2).
loe|=[B]=2
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Here h?(z,z) and h™(z,z) are real-valued, bi-homogeneous in (z,z) and
A¢ch™®(z,7) = 0. Here, we write Ay = — ngz 32;]_ + Z};Hl 32332/' Notice that
h® has no harmonic terms, we can find Z((z) such that (< z,Z(z) >¢) = 0
and 3(2 < z,ZW >) = hP(z, 7). Finally, if we define f = z4+X® (z, w) +ZD (z)w
and g® = w + Y®, then (f, g) maps (M, 0) to a hypersurface with R(z,z,u) =
0,i(4) N O(|(z.u)|?). Now suppose that the terms with non-weighted degree of
3 or 4 in R are uniquely written as ub®(z,z) + uW?I(b"V(2)) + bVu? + cOut
with b3 (z,2) = J(c¥(2) + Zla|=2,\ﬂ\=l daﬁz"‘zﬁ). Then we need to make further
change of variables as follows to make R = 0,,,(4) N o(|(z, u)|*) without changing
NP (z,2):

w = w4 we® () + wb V() + ibOw? + icOw?,

i 3i
g=z+ 8 owbV(2)z; + 5 Z wd,, ;2% + 8 ) wzib®.
loe]=2

Now, the trace-free condition in (4) is equivalent to the following condition :

Ays(z,z) = 0.

Indeed, this follows from the following fact: Let Ay = "}, _, h’*9;0; with hk = k¥
for any /, k. Then

Aus’z2) =4 Y KPSz (5)

yé=la,p=1

This proves the proposition. ll

We assume the notation and conclusion in Proposition 2.1. The Chern-Moser-
Weyl tensor at p associated with the appropriate 1-form 0, is defined as the 4th

order tensor Sy, acting over T,(,I’O)M ® T,(,O’l)M ® T,(,I’O) M® T,(,O’l) M. More precisely,

foreach X,,,Y,.Z,, W, € T[(,I’O) M, we have the following definition:
Let F be the biholomorphic map sending M near p to the normal form as in
Proposition 2.1 with F(p) = 0, and write Fx(X,) = >/, aiaz lo 1= X)), Fx(Y,) =
J

n i 9 . n i 0 . n j 0 .
Yim Vo lo =Y, Fu(Z) = Xj, g lo i= Zp, and Fu(Wy) = 350 &/ o :
WY. Then

Se,(Xp. Yy, Zp, W) i= Z sgﬁyéa“bﬁcl’d‘s, which is denoted by Sg, (X[?, Y,?,Z[(,), W,?).
a,B.y.6=1

(6)

Since the normalization map F is not unique, we have to verify that the tensor

Sg, is well-defined. Namely, we need to show that it is independent of the choice of
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the normal coordinates. We do this in the next section. For the rest of this section,
we assume this fact and derive some basic properties for the tensor.
For a basis {X, }_, of T,(,I’O)M with p € M, write (S@p)agyg = Sp,(Xa, X3, X, Xs).
From the definition, we then have the following symmetric properties:
(Sé?,,)aﬂyg (Sé?,,)yﬁas (59 )ygaﬁ
(56,) 05,5 = (So,)pasy

and the following trace-free condition:

> 8"(S,)45,5 =0 (7
Ba=1
Here
8uf = Lg\[}(Xa,Xlg) = —i < (dO)|p, Xe N Xp > 3

is the Levi form of M associated with 6, and 6 is a smooth extension of 6, as a
proper contact form Bf M near p. Also, (g/é“) is the inverse matrix of (g, 5). In the
following, we write § = (F~')*(0).

To see the trace-free property in (7), we write that F(X,) = ;Z=1 a aik lo- Then
8uj = Lo, (Xa, Xp) = —i < dO)|p, Xa ANXpg >= —i < (dF*(0)|p. Xo A Xp >=
—i < (i00r|o, Fx+(Xa) A Fx(Xg) >= (go)kla’(;ag. Here (go)k, is defined as before.
Write G = (g4p), G° = (g0)ap.A = (a}),B = A™! := (b}). Then we have the
matrix relation: G = AG°A’. Thus G™! = (AN~HG%~ lA_l, from which we have
g = bf (go)ilb}/. Thus,

“ﬂSaﬁyg = bﬂ(go)’lb“ E):N:aza]ﬂayag (goyls%;ynﬁ;ag” =0.

We should mention the above argument can also be easily adapted to show the
biholomorphic invariance of the appropriateness. Namely, if F is a CR diffeomor-
pj}mm between two Levi non-degenerate hypersurfaces M and M of signature £. For
6, is an appropriate contact 1-form at ¢ € M, then F* (Hq) is also an appropriate
contact 1-form at F~!(q) € M.

For a smooth vector field X, Y,Z, W of type (1,0) and an appropriate smooth
contact form along M, Sp(X,Y,Z, W) is also a smooth function along M. One
easy way to see this is to use the Webster-Chern-Moser-Weyl formula obtained in
[21] through the curvature tensor of the Webster pseudo-Hermitian metric, whose
constructions are done by only applying the algebraic and differentiation operations
on the defining function of M. Another more direct way is to trace the dependence
of the tensor on the base points under the above normalization procedure.
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Assume that £ > 0 and define
Cr=1{zeC": |z} = 0}.

Then C; is a real algebraic variety of real codimension 1 in C" with the only
singularity at 0. For each p € M, write C@T[(,I’O)M ={v, € TISI’O)M 1< (dO)|p, vp A
v, >= 0}. Apparently, C;T,(,l’o) M is independent of the choice of 6,. Let ' be a CR

diffeomorphism from M to M’. We also have F«(Cy T,S"O’ M) = C, T}l(’s)) M'. Write

CT'OM = ]_[pE e T,SI’O’ M with the natural projection & to M. We say that X is
a smooth section of C,T"9M if X is a smooth vector field of type (1,0) along M
such that X[, € C,Ts""'M for each p € M. C,T"OM is a kind of smooth bundle
with each fiber isomorphic to Cy.

Cy is obviously a uniqueness set for holomorphic functions. The following lemma
shows that it is also a uniqueness set for the Chern-Moser-Weyl curvature tensor.
(For the proof, see Lemma 2.1 of [14].)

Proposition 2.2 (Huang-Zhang [14]) (I). Suppose that H(z,Z) is a real real-
analytic function in (z,z) near 0. Assume that A¢H(z,Z7) = 0 and H(z,2)|c, =
0. Then H(z,z) = 0 near 0. (Il). Assume the above notation and £ > 0. If
Se,(X. X. X, X) = 0 for any X € C;T;""M, then Sy, = 0.

3 Transformation Law for the Chern-Moser-Weyl Tensor

We next show that the Chern-Moser-Weyl tensor defined in the previous section
is well-defined by proving a transformation law. We follow the approach and
expositions developed in Huang-Zhang [14].

Let M C C¥*' = {(z,w) € C" x C} be also a Levi non-degenerate real
hypersurface near 0 of signature £ > 0 defined by an equation of the form:

T=3w-[Z? +o(Z* + [Zu) = 0. )

LetF:= (fi,....[n.0,8) : M — M be a smooth CR diffeomorphism. Then, as in
[12] and [1], we can write

2=fzw) = (filzw),....folzw) = AzU + aw + O(|(z. w)]?) 00
8

W = g(z.w) = oA’w + O(|(z. w)|*).
Here U € SU(n,f). (Namely < XU,YU >;=< X,Y >, forany X,Y € C").

Moreover, a € C", A > 0ando = +1 witho = 1 for £ < g When 0 =
—1, by considering F o t,/, instead of F, where r;(zl, N 4 FE A ER PR S, W) =
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(Zg+1, N TR S TRRRRY 4§ —w), we can make o = 1. Hence, we will assume in what
follows that o = 1.
Write ro = J0{g,,,(0)}, gz W) = 1 +2i <Z,A7%a >¢ +A"*(ro — ilal?)iv,

1z g=2zenp—1 =2
TG = & ETATaMUTL AT (11
q(z. w)
Then
F'z,w) = (F*. g%z w) ;== To F(z.w) = (z,w) + O(|(z.w)|*) (12)
with 9t{gh(0)} = 0.

Assume that M is also defined in the Chern-Moser normal form up to the 4th
order:

F=0w— |z + S+ 0w (|G W)Y = 0. (13)
Then M* = T(M) is defined by
1 —
= 0wt =2+ @) + ol A =0 (14)

with s%(%, 28) = A"25(A U, AZEU)).
One can verify that

(= L+ st ) =o. (15)
j=1 8z}i 8z}i =t Z}ia??

Therefore (14) is also in the Chern-Moser normal form up to the 4th order. Write
Fi(z,w) = Y2, F*®(z,w). Since F* maps M into M* = T(M), we get the
following

I e e w) =20 ) < O w), 2>
k=2 k=2
(16)

- kl%ﬁ < D ) D ) >+ (66D = (2. 2)) + owld)

over Sw = |z|2. Here, we write F¥(z, w) = (f*(z,w), g (z, w)).
Collecting terms of weighted degree 3 in (16), we get

3"z, w) = 2i < fFP(z,w),z2>¢} =0 on dSw = [z[2.
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By Huang [12], we get g'® = 0,£%® = 0.
Collecting terms of weighted degree 4 in (16), we get

gDz w) —2i <fFO(z,w),Z >} = i(S(z, 7) — 5%z, 2)).

Similar to the argument in [12] and making use of the fact that %{ gn( :

we get the following:

)3 =0,

gﬁ(4) =0, fﬁ(3)(z W) (1)(Z)W
(17)
<aV@),z2>¢ |z} = 4(S(z, ) —si(z,2) = 4(s(z, 2) — A"5(AzU, AzU)).

Since the right hand side of the above equation is annihilated by A, and the left
hand side of the above equation is divisible by |z|% We conclude that f#®) (z,w) = 0
and

s(z.7) = A7%5(AzU, AzU). (18)

Write 8, = idr|o and Oy = idFo. Then F*(8) = X%6,. For any X =
Y g o Fe(X) = Az 352v|o,~' Zna lo)U. Under this notation, (19) can be
N </ 1
written as

S0, ) 00 XX, X) = SE(FL(X), Fu(X), Fa (X), Fa(X)).

This immediately gives the following transformation law and thus the following
theorem, too.

o (X Y. Z W) = SL(Fx(X), Fx(Y), Fx(2). Fs(W)), for X, Y.Z, W € 7M.
(19)

F*(9)

Theorem 3.1 (1). The Chern-Moser-Weyl tensor defined in the previous section is
independent of the choice of the normal coordinates and thus is a well-defined fourth
order tensor. (2). Let F be a CR diffeomorphism between two Levi non-degenerate
hypersurfaces M,M' C C""'. Suppose F(p) = q. Then, for any appropriate
contact I-form é; ofﬁ at q and a vector v € T,(,I’O)M, we have the following
transformation formula for the corresponding Chern-Moser-Weyl tensor:

Sgp(F*(vl), Fi(v2), Fi(03), Fx(v4)) = Sp g, (V1, V2, V3, Va). (20)

Proof Let 0, be an appropriate contact form of M at p, and let Fi, F, be two
normalization (up to fourth order) of M at p. Suppose that (M) and F»(M) are
defined near 0 by equations r; = 0 and r, = 0 as in (1), respectively. Write
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d® =Fo Fl_1 and 9& = iory, 93 = idr,. We also assume that FT(G&) = 0,
and FJ (9&) = 0,. Then for any X,,, ¥,,, Z,, W, € TI(,I’O)M, we have

Sép(X[n Y[,,Z[,, Wp) = Sé{; ((Fl)*(Xp)v (Fl)*(Yp)7 (Fl)*(zp)7 (Fl)*(VV‘,,))
if we define the tensor at p by applying F>. We also have

Sgp(va Yps Zps Wp) = S;g((FZ)*(Xp)s (FZ)*(Yp)s (FZ)*(Zp)v (Fz)*(Wp)),

if we define the tensor at p by applying F,. Since 63 = ®*(6}), and
O ((F1)+(Xp)) = (F2)«(Xp), by the transformation law obtained in (19), we
see the proof in Part I of the theorem. The proof in Part II of the theorem also
follows easily from the formula in (19).

4 A Monotonicity Theorem for the Chern-Moser-Weyl
Tensor

We now let M; C C"*! be a Levi non-degenerate hypersurface with signature £ > 0
defined in the normal form as in (3). Let F = (f1,--- ,fy, g) be a CR-transversal CR
embedding from M, into HZZ *1 with N > n. Then again as in Sect. 3, a simple linear
algebra argument [14] shows that after a holomorphic change of variables, we can
make F into the following preliminary normal form:

F=FGw) = (iw),... . fu@w) = 22U + aw + 0(|(z w)|*) on
8

W = g(z,w) = oAw + O(|(z, w) ).
Here U can be extended to an N x N matrix U € SU(N,{). Moreover, a €

CN, A >0ando = £1 witho = 1 for £ < 5- When 0 = —1, gs discussed

before, by considering F'o 1,/ instead of F, where T (z1,... 228,204, T w) =
(Zg+1, P TR S TRRRRY 4§ —w), we can make ¢ = 1. Hence, we will assume that
o=1.

Write ro = J9{g,, ,(0)}, q(Z. W) = 1 + 2i < Z, 172G >¢ +A"4(ro — ila|}),
ATNG=A2aw) U, A0
TG = & GTATA ) (22)
q(z,w)
Then

Frzw) = (f1, ¢z w) ;== To F(z,w) = (z.0,w) + O(|(z, w)[*) (23)
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with 91{g,%(0)} = 0. Now, T(H’g’ th = H][V *1. With the same argument as in the
previous section, we also arrive at the following:

i
&P =gt =0, F1O (7 ) = 2a<1>(z)w’
) 24
<aV(@).2>¢ | = 19*P @)+ 5.2,

In the above equation, if we let z be such that |z|¢ = 0, we see that s(z,z) < 0. Now,
if F is not CR transversal but not totally non-degenerate in the sense that F' does not
map an open subset of C" into ]I-]I](V (see [14]), then one can apply this result on a
dense open subset of M [2] where F is CR transversal and then take a limit as did in
[14]. Then we have the following special case of the monotonicity theorem for the
Chern-Moser-Weyl tensor obtained in Huang-Zhang [14]:

Theorem 4.1 ([14]) Let My C C*t! be a Levi non-degenerate real hypersurface
of signature L. Suppose that F is a holomorphic mapping defined in a (connected)

open neighborhood U of M in C"*! that sends M, into H][v 1 c CV* Assume that
FU) ¢ H?'H. Then when £ < 7, the Chern-Moser-Weyl curvature tensor with
respect to any appropriate contact form 0 is pseudo semi-negative in the sense that
for any p € M, the following holds:

89|p(vp, Vp, Up, Up) <0, forv, € CgT[(,l’O)M. (25)

When € = 7, along a certain contact form 6, Sy is pseudo negative.

5 Counter-Examples to the Embeddability Problem
for Compact Algebraic Levi Non-degenerate
Hypersurfaces with Positive Signature into Hyperquadrics

In this section, we apply Theorem 4.1 to construct a compact Levi-nondegenerate
hypersurface in a projective space, for which any piece of it can not be holomorphi-
cally embedded into a hyperquadric of any dimension with the same signature. This
section is based on the work in the last section of Huang-Zaitsev [13].

Let n, £ be two integers with 1 < £ < n/2. For any ¢, define

n+1

¢
Me:= {[zo,--- 1] € P (_Z P+ > |Zj|2) e (|ZI|4_|Zn+1|4> ) O} ’

=0 j=l+1
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Here |z]> = Z"H |z;|* as usual. For € = 0, M, reduces to the generalized sphere
with signature 6 which is the boundary of the generalized ball

I n+1
Byt = {0, znrt] € P =D g+ Y 5P <0
j=0 j=t+1

The boundary 8B"+1 is locally holomorphically equivalent to the hyperquadric
Hyt! ¢ C"! of signature £ defined by Sz,41 = — Z, Lzl + ZH@IH |z,
where (z,--- , Z,+1) is the coordinates of C"*1.

For 0 < € << 1, M, is a compact smooth real-algebraic hypersurface with Levi
form non-degenerate of the same signature £.

Theorem 5.1 ([13]) There is an €y > 0 such that for 0 < € < €, the following
holds: (i) M, is a smooth real-algebraic hypersurface in P"*! with non-degenerate
Levi form of signature £ at every point. (ii) There does not exist any holomorphic
embedding from any open piece of My into HZZH.

When 0 < € << 1, since M, is a small algebraic deformation of the generalized
sphere, we see that M, must also be a compact real-algebraic Levi non-degenerate
hypersurface in P"*! with signature ¢ diffeomorphic to the generalized sphere which
is the boundary of the generalized ball IB%?H C P+l

Proof of Theorem 5.1 The proof uses the following algebraicity of the first author:

Theorem 5.2 ([11], Corollary in Sect. 2.3.5) Let M; C C" and M, C CN with
N > n > 2 be two Levi non-degenerate real-algebraic hypersurfaces. Let p € M,
and Uy, be a small connected open neighborhood of p in C" and F be a holomorphic
map from U, into CV such that F(U, N My) C M, and F(U,) ¢ M,. Suppose
that My and M, have the same signature £ at p and F(p), respectively. Then F is
algebraic in the sense that each component of F satisfies a nontrivial holomorphic
polynomial equation.

Next, we compute the Chern-Moser-Weyl tensor of M, at the point

:[E(())sv r?—l—l]’ $]0:0f0r]750,€—|—1, E(()):L %-24_1:1,
and consider the coordinates

nj ) -0 n;j
= 1’ ;= N = 1’ ’e’ = s : =
) 3 l+o / £011 l+o &it1

j:ﬁ—}—l’...’n
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Then in the (7, 0)-coordinates, Py becomes the origin and M, is defined near the
origin by an equation in the form:

4 n
p=—4%o =Y >+ Y > +a(ml* =l +o(nHh =0, (6
j=1 j=t+1

for some a > 0. Now, let Q(n,7) = —a(|m|* — |7.|*) and make a standard ¢-
harmonic decomposition [19]:

0, n) = N2 (n,n) + A"D (1, n)|nl2. 27)

Here N??(n,n) is a (2,2)-homogeneous polynomial in (1,7) such that
A¢NZP(n,n) = 0 with Ay as before. Now N?? is the Chern-Moser-Weyl tensor
of M, at 0 (with respect to an obvious contact form) with N?? (n, n) = Q(n, n) for
anyn € C Tél’o) M,. Now the value of the Chern-Moser-Weyl tension has negative

and positive value at X; = 321 + 3nea+1 lo and X, = 322 + agn lo, respectively. If

£ > 1, then both X; and X, are in C Tél’o) M,. We see that the Chern-Moser-Weyl
tensor can not be pseudo semi-definite near the origin in such a coordinate system.

Next, suppose an open piece U of M, can be holomorphically and transversally
embedded into the HZZ *1 for N > n by F. Then by the algebraicity result in
Theorem 5.2, F is algebraic. Since the branching points of F and the points where
F is not defined (poles or points of indeterminacy of F) are contained in a complex-
algebraic variety of codimension at most one, F' extends holomorphically along
a smooth curve y starting from some point in U and ending up at some point
p*(~ 0) € My in the (1, 0)-space where the Chern-Moser-Weyl tensor of M, is not
pseudo-semi-definite. By the uniqueness of real-analytic functions, the extension
of F must also map an open piece of p* into HZZ *1. The extension is not totally
degenerate. By Theorem 4.1, we get a contradiction.

6 Non-embeddability of Compact Strongly Pseudo-Convex
Real Algebraic Hypersurfaces into Spheres

As discussed in the previous sections, spheres serve as the model of strongly
pseudoconvex real hypersurfaces where the Chern-Moser-Weyl tensor vanishes. An
immediate application of the invariant property for the Chern-Moser-Weyl tensor is
that very rare strongly pseudoconvex real hypersurfaces can be biholomorphically
mapped to a unit sphere. Motivated by various embedding theorems in geometries
(Nash embedding, Remmert embedding theorems, etc), a natural question to pursue
in Several Complex Variables is to determine when a real hypersurface in C" can be
holomorphically embedded into the unit sphere S?V~! = {Z € CV : ||Z|)* = 1}.
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By a holomorphic embedding of M C C" into M’ C C¥, we mean a holomorphic
embedding of an open neighborhood U of M into a neighborhood U’ of M’, sending
M into M’. We also say M is locally holomorphically embeddable into M’ at p € M,
if there is a neighborhood V of p and a holomorphic embedding F : V — C¥
sending M NV into M.

A real hypersurface holomorphically embeddable into a sphere is necessarily
strongly pseudoconvex and real-analytic. However, due to results by Forstneri¢ [9]
(See a recent work [10] for further result) and Faran [7], not every strongly pseudo-
convex real-analytic hypersurface can be embedded into a sphere. Explicit examples
of non-embeddable strongly pseudoconvex real-analytic hypersurfaces constructed
much later in [23]. Despite a vast of literature devoted to the embeddability problem,
the following question remains an open question of long standing. Here recall a
smooth real hypersurface in an open subset U of C" is called real-algebraic, if it has
areal-valued polynomial defining function.

Question 6.1 Is every compact real-algebraic strongly pseudoconvex real hyper-
surface in C" holomorphically embeddable into a sphere of sufficiently large
dimension?

Part of the motivation to study this embeddability problem is a well-known
result due to Webster [22] which states that every real-algebraic Levi-nondegenerate
hypersurface admits a transversal holomorphic embedding into a non-degenerate
hyperquadric in sufficiently large complex space. (See also [17] for further study
along this line.) Notice that in [13], the authors showed that there are many
compact real-algebraic pseudoconvex real hypersurfaces with just one weakly
pseudoconvex point satisfying the following property: Any open piece of them
cannot be holomorphically embedded into any compact real-algebraic strongly
pseudoconvex hypersurfaces which, in particular, includes spheres. Many other
related results can be found in the work of Ebenfelt-Son [6], Fornaess [8], etc.

In [15], the authors constructed the following family of compact real-algebraic
strongly pseudoconvex real hypersurfaces:

M, = {(z,w) € C*: go(|z|® +cRe|z)?®) + |w|* + 2| +€|z*—1 =0}, 0 <e < 1.

(28)
Here, 2 < ¢ < 176, g0 > 0 is a sufficiently small number such that M, is smooth
for all 0 < € < 1. An easy computation shows that for any 0 < € < 1, M, is
strongly pseudoconvex. M, is indeed a small algebraic deformation of the boundary
of the famous Kohn-Nirenberg domain [16]. It is shown in [15] that for any integer
N, there exists a small number 0 < €(N) < 1, such that for any 0 < € < €(N),
M, cannot be locally holomorphically embedded into the unit sphere S?¥~! in CV.
More precisely, any holomorphic map sending an open piece of M, to S?~! must
be a constant map. We will write

Pe = pe(z.w.z.w) := eo(|z]® + cRe|z]’2%) + [w|* + |2]"" + €lz|* — 1.
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We first fix some notations. Let M C C" be a real-algebraic subset defined by
a family of real-valued polynomials {p,(Z,Z) = 0}, where Z is the coordinates of
C". Then the complexification M of M is the complex-algebraic subset in C" x C"
defined by p,(Z, W) = 0 for each «, (Z, W) € C" x C". Then for p € C", the Segre
variety of M associated with the point p is defined by Q, 1= {Z € C" : (Z,p) € M}.
The geometry of Segre varieties of a real-analytic hypersurface has been used in
many literatures since the work of Segre [18] and Webster [20].

In this note, fundamentally based on our previous joint work with Li [15], we
show that M, cannot be locally holomorphically embedded into any unit sphere. The
other important observation we need is the fact that for some p € M., the associated
Segre variety O, cuts M, along a one dimensional real analytic subvariety inside M..
The geometry related to intersection of the Segre variety with the boundary plays
an important role in the study of many problems in Several Complex Variables. (We
mention, in particular, the work of D’ Angelo-Putinar [5], Huang-Zaitsev [13]).

This then provides a counter-example to a long standing open question—
Question 6.1. (See [13] for more discussions on this matter).

Theorem 6.2 There exist compact real-algebraic strongly pseudoconvex
real hypersurfaces in C?, diffeomorphic to the sphere, that are not locally
holomorphically embeddable into any sphere. In particular, for sufficiently small
positive &y, €, M. cannot be locally holomorphically embedded into any sphere.
More precisely, a local holomorphic map sending an open piece of M. to a unit
sphere must be a constant map.

Write D, = {p. < 0} as the interior domain enclosed by M.. Since M, is a small
smooth deformation of {|z|'® + |w|> = 1} for small &y and €. This implies M, is
diffeomorphic to the unit sphere S* for sufficiently small &y and €. Consequently,
M, separates C? into two connected components D, and C? \ D,.

Proposition 6.3 Let py = (0,1) € M.. Let Q,, be the Segre variety of M.
associated to py. There exists € > 0 such that for each 0 < € <€, Opy N M, is
a real analytic subvariety of dimension one.

Proof of Proposition 6.3 It suffices to show that there exists g € Qp, such that g €
D.. Note that Q,, = {(z,w) : w = 1}. Set

V(z,€) = eo(|z]® + cRelz]*2®) + 2] + €lz>, 0 < e < 1.

Note ¢ = (wo,1) € D¢ if and only if ¥ (uo,€) < 0. Now, set ¢(A,e) =
goA8(1 —¢) + A% 4 €A2,0 < € < 1. First we note there exists small A’ > 0,
such that ¢(1’,0) < 0. Consequently, we can find € > 0 such that for each
0 <e<T ¢\, €)<0.Write ug = A'e’s . It is easily to see that ¥ (119, €) < 0 if
0 < € <'€. This establishes Proposition 6.3. B

Proposition 6.4 Let M = {Z € C" : p(Z,Z) = 0},n > 2, be a compact,
connected, strongly pseudo-convex real-algebraic hypersurface. Assume that there
exists a point p € M such that the associated Segre variety O, of M is irreducible
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and Q, intersects M at infinitely many points. Let F be a holomorphic rational map
sending an open piece of M to the unit sphere SN~ in some CN. Then F is a
constant map.

Proof of Proposition 6.4 Let D be the interior domain enclosed by M. From the
assumption and a theorem of Chiappari [4], we know F is holomorphic in a
neighborhood U of D and sends M to S?™~!. Consequently, if we write S as the
singular set of F, then it does not intersect U. Write Q; for the Segre variety of
S?N=1 associated to ¢ € CV. We first conclude by complexification that for a small
neighborhood V of p,

F(Q, N V) C Q- (29)

Note that S N Q, is a Zariski close proper subset of Q,,. Notice that Q,, is connected
as it is irreducible. We conclude by unique continuation that if p € O, and F is
holomorphic at 7, then F(p) € Q}(p). In particular, if p € Q, N M, then F(p) €
Q}(p) N SN = {F(p)}. Thatis, F(p) = F(p).

Notice by assumption that 9, N M is a compact set and contains infinitely many
points. Let p be an accumulation point of 9, N M. Clearly, by what we argued
above, F is not one-to-one in any neighborhood of p. This shows that F' is constant.
Indeed, suppose F is not a constant map. We then conclude that F is a holomorphic
embedding near p by a standard Hopf lemma type argument (see [11], for instance)
for both M, and S*M~! are strongly pseudo-convex. This completes the proof of
Proposition 6.4. &

Proof of Theorem 6.2 Pick py = (0,1) € M.. Notice that the associated Segre
variety @), = {(z,1) : z € C} is an irreducible complex variety in C2. Let ¢, &
be sufficiently small such that Proposition 6.3 holds.

Now, let F be a holomorphic map defined in a small neighborhood U of some
point g € M, that sends an open piece of M, into S*~!, N € N. It is shown in [15]
that F is a rational map. Then it follows from Proposition 6.4 that F is a constant
map. We have thus established Theorem 6.2.
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The Focusing Energy-Critical Wave Equation
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Abstract We survey recent results related to soliton resolution.

Classification: 35L15

Since the 1970s there has been a widely held belief that “coherent structures”
describe the long-time asymptotic behavior of general solutions to nonlinear
hyperbolic/dispersive equations.

This belief has come to be known as the soliton resolution conjecture. This
is one of the grand challenges in partial differential equations. Loosely speaking,
this conjecture says that the long-time evolution of a general solution of most
hyperbolic/dispersive equations, asymptotically in time decouples into a sum of
modulated solitons (traveling wave solutions) and a free radiation term (linear
solution) which disperses to 0.

This is a beautiful, remarkable conjecture which postulates a “simplification” of
the very complicated dynamics into a superposition of simple “nonlinear objects,”
namely traveling wave solutions, and radiation, a linear object.

Until recently, the only cases in which these asymptotics had been proved was for
integrable equations (which reduce the nonlinear problem to a collection of linear
ones) and in perturbative regimes.

In 2012-2013, Duyckaerts—Kenig—Merle [ 14, 15] broke the impasse by establish-
ing the desired asymptotic decomposition for radial solutions of the energy critical
wave equation in three space dimensions, first for a well-chosen sequence of times,
and then for general times.
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98 C. Kenig
This is the equation

2, _ = N
;u— Au |u|llv 2u=0, (x1) eﬂ% x I (NLW)
uli=0 = uo € H', ul;=0 = uy € L*,
N =3,4,5,6...Here, Iis aninterval, 0 € I.

In this problem, small data yield global solutions which “scatter,” while for large
data, we have solutions u € C(I;H Iy LZ), with a maximal interval of existence
(T_(u), T+ (u)) and u € LV (RN x I') foreach I’ € I.

The energy norm is “critical” since forall A > 0, u) (x, 1) := A" u(x/A,t/1)is
also a solution and [[(uox, u1.2) || 15,2 = (0, u1) || 1 ;2 The equation is focusing,
the conserved energy is

1 N_2 2N
Bluo.u) = 5 [ 1900l + s =" 2 [ ol

It is easy to construct solutions which blow-up in finite time say at 7 = 1,
by considering the ODE. For instance, when N = 3, u(x, ) = (2)1/4 (1—p~12
is a solution, and using finite speed of propagation it is then easy to construct
solutions with 7 = 1, such that lim7_ || (u(2), d;u(2)) || ;1 x;» = oo. This is called
type I blow-up. There exist also type II blow-up solutions, i.e. solutions for which
Ty < oo, and supy_,.z, | (u(2), 0,u(t)) || 15,2 < oo. Here the break-down occurs
by “concentration.” The existence of such solutions is a typical feature of energy
critical problems.

The first example of such solutions (radial) were constructed for N = 3 by
Krieger—Schlag—Tataru [27], then for N = 4 by Hillairet—Raphael [19], and recently
by Jendrej [20] for N = 5.

For this equation one expects soliton resolution for type II solutions, i.e. solutions
such that supy_, 7., | (u(t), 0,u(0)) || ;51 5,2 < 00, where T may be finite or infinite.

Some examples of type II solutions when 74 = oo are scattering solutions that
is:

Definition 1 A scattering solution is a solution such that 7, = oo, and
A(ut, ut) € H' x L2, such that

Jim || (o), du(®)) = (SO (g ). 35 @) g 1) | 1,2 = 0.

where S(t)(ug' ,uf) is the solution to the associated linear equation with data
(g, ).

For example, for (g, u;) small in H! x I?, we have a scattering solution.



Focusing Wave Equation 99

Other examples of type II solutions of (NLW) with 74 = oo are the stationary
solutions, that is the solutions Q # 0 of the elliptic equation AQ+ Q¥ V=2 Q = 0,
Q € H' (wesay Q € X).

For example,

_ W\
W(x) = (l + N(N—2))

is such a solution. These stationary solutions do not scatter (if u scatters then
f\x|<1 |V, u(x,t)|>dx — 0 as t — 00). W has several important characterizations:
up to sign and scaling it is the only radial, non-zero solution. Up to translation and
scaling it is also the only positive solution.

However, there is a continuum of variable sign, non-radial Q € X [8-10]. W
also has a variational characterization as the extremizer for the Sobolev embedding
||f||LNsz2 < Cn||Vf]lz2- It is referred to as the “ground state.”

In 2008, Kenig—Merle [23] established the following “ground state conjecture”
for (NLW). For u a solution of (NLW) with E(ug,u;) < E(W,0), the following

dichotomy holds: if ||Vuy| < ||[VW]| then Ty = oo, T- = —o0, and u scatters
in both time directions, while if | Vu| > [[VW]||, then T4 < oo and T— > —o0.
The case |Vug| = ||[VW|| is vacuous because of variational considerations. The

threshold case E (ug, u1) = E(W, 0) was completely described by Duyckaerts—Merle
[11] in an important work.

The proof of the “ground state conjecture” was obtained through the
“concentration-compactness/rigidity theorem” method, introduced by Kenig—Merle
for this purpose, which has since become the standard tool to understand the
global in time behavior of solutions, below the ground-state threshold, for critical
dispersive problems.

Other non-scattering solutions, with 7 = oo, are the traveling wave solutions.

They are obtained as Lorentz transforms of Q € X. Let Z e RV, |l7 | < 1. Then,
QZ(-xv t) = QZ(-x - tev 0)

- -

=Q -x|l+x

—t n 1 1 |
Viciie 1R

is a traveling wave solution of (NLW).

When Kenig-Merle introduced the “concentration-compactness/rigidity theo-
rem” method to study critical dispersive problems, the ultimate goal was to establish
the soliton resolution conjecture.
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As I said earlier, for (NLW) one expects to have soliton resolution for type II
solutions. Thus, if u is a type II solution, one would want to show that:

37 eNU{0},Q,j=1.....J,0 € £, € R", ;| < 1,1 <j <N, such
that, if 1, 1 T+ (which may be finite or infinite), there exist A;,, > 0, x;,, € RN,

Jj=1,...,J, with Aj ot k/n + lxj'"k;j/'”l —, oo forj # j (orthogonality of

the parameters) and a linear solution v'L(x, t) (the radiation term) such that

(u(ty), Osu(ty))

J
- X —Xjn 1 P (X —Xjn
E ,O) , 9,0 ( ,0)
(/\(N 2)/2 ( /\j,n A;Vn/2 t i; Aj,n

j=1
+ (ve(x, 1), 0:vp(x, 2,)) + 0,(1)
as n — oQ0.

This has been proven in the radial case, N = 3 (DKM 12°, 13’) [14, 15], and in
the general case, N = 3,5 when T+ < oo and u is “close” to W, (DKM 12°) [13].
The “orthogonality of parameters” in such decompositions shows that the profiles
are “decoupled.” Such orthogonality conditions originate, in the elliptic setting in
the work of Brézis—Coron [2], see also Gérard [18]. For dispersive settings they
originate in work of Bahouri—Gérard [1] and Merle—Vega [28].

Let me discuss now the radial results. In DKM 12’ [14], the decomposition was
proved for a well-chosen sequence of times {#,},, while in DKM 13’ [15] it was
proven for any sequence of times {t,},.

Let me first quickly describe the proof of the 13’ result. The key new idea was
the use of the “channel of energy” method introduced by DKM, which was used to
quantify the ejection of energy as we approach the final time of existence T4 [12].

The main new fact shown was that if u is a radial, type II, non-scattering solution,
notarescaled W, 3rg > 0, > 0, and a small (in H'xI? norm) radial global solution
u, with u(r,t) = u(r, ), forr > ro + |t|, t € Lyax(t), such that Vi > 0 or V¢ < 0,

/ |Vt (x, 1) 2dx > 1.
x>t +ro

The key tool for proving this is what I like to call “outer energy lower bounds,”
which are valid for solutions of the linear wave equation. Let N = 3, for ryp > 0,
P,, = {(ar‘l, 0):aeR,r> ro} be a subspace of H' x Lz(r > 19). Let nrJO- be the
orthogonal projection onto the orthogonal complement of P,,.
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Then: for v a radial solution of the linear wave equation, V¢ > 0 or V¢ < 0, we
have [12]

2

ey

/ Vel = C’ ;e (vo, UI)H
x| e+ 7o
We remark that || ;5 (vo, v1)1%, 2oy = [ @, (rvo))? + 20} dr (see [24]).

In the non-radial case, we have for N = 3,5,7, ... for v a solution of the linear
wave equation, V¢ > or V¢ < 0 [13]

H! XL2(r>rg) '

/ Vo Pdr > ¢ / Vol + o1 Pd. @)
|x|> |

When ry = 0, the two inequalities coincide.

The inequality (1) has an interesting application in connection with the strong
Huygens principle. We recall that this principle states (in odd dimensions) that if
(vo, v1) is supported in the ball of radius p, then for t > 0 (v(x,1), d;v(x,1)) is
supported in {t — p < |x| <+ p}. Let

p(vo, v1) = inf{r>0:|{s > r: (vo(s). vi(s)) # (0,0)}| = 0},

i.e. the radius of the essential support of (vg, v1). Inequality (1) gives that if (vy, v;)
is compactly supported, either for r > 0, or t < 0,

pu(®). 3;v(1)) = 7| + p(vo. v1).

The fact that p(v(z), 9,v(r)) < |#| + p(vo, v1) is an immediate consequence of the
strong Huygens principle (or even just finite speed of propagation). The strong
Huygens principle gives p(v(z), 0,v(f)) > |t| — p(vo, v1). Inequality (1), as we will
see, implies that, for > 0, or for t <0,

p(u(®). d,v(1)) = |t] + p(vo, v1).

To see this, we can assume that 0 < py = p(vg, V1) < 00, i.e. (vg, v1) # (0,0)
and is compactly supported. Note that, for A > 0,

00 0
/ (0,v0)%r2dr = / (3, (rvo))? dr 4+ AV2(A).
A A

Consider pg > A > po/2. Then Av3(A) = A (" a,vodr)2 < A([(8rvo)*ridr)
Alz (pp — A) < pzo(,Oo —A) prO(B,vo)zrzdr. Hence we can choose Ay > po/2
such that for py > A > Ao, we have [ (3,(rvo))’dr + [ vir?dr >
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3 2 [(9,v0)* + v}] rPdr > 0. Thus, if (say) (1) holds for ¢ > 0, we have

/ |V v(x, 1)[2dx > 0,
r>t+A

which gives p(v(f), d,v(t)) > t + A. Letting A — py, we obtain p(v(?), 9,v()) >
t + po and so

p(v(2),0,v(t)) =t + p(vy, vy) fort > 0,

as claimed. This means that the support of ¥(f) expands at exactly speed 1 for either
t > 0ort <0 [according to (1)].

For the proof in DKM 13’ [15], say when T4 = 1 (the case T+ = oo is similar)
we first consider (vo, v;) = weak limit of (u(r), d,u(f)) as r 1 1, in H' x L?, which
can be shown to exist. Then, vy, is the linear solution with data (v, v;) at time 1, the
“radiation” term. We let v be the nonlinear solution with data (v, v{) at time 1, so
that, with 5(1) = (1), 3v(0)), () = W), dv (), I15(0) — Tl — O
as t — 1. It is easy to see, from finite speed of propagation, that for ¢ near 1,
supp(it(x, 1) — U(x, 1)) € {|x| < 1 —r}. We then break up u(z,) — v(t,) into a sum of
“blocks” (technically, nonlinear profiles {¥ associated to a Bahouri—Gérard profile
decomposition) plus a “dispersive” error w, which is small in a weaker “dispersive”
norm [1].

If one of the “blocks” U7 is not =W, by (1), it will send energy outside the light
cone at r = 1 (case t > 0) , a contradiction to the support property of & — ¥, or
arbitrarily close to the boundary of the inverted light cone, at t = 0 (case t < 0),
also a contradiction. Finally, one uses (1) again to show that the dispersive error has
to be small in energy, by a similar argument.

The argument in DKM 12 [14], for a well-chosen sequence of times, was
different. The first step, say again in the case 74+ = 1, was to show that “no self-
similar blow-up” is possible. This means to show, for each 0 < A < 1, that

lim |V u(x, 1)) ?dx = 0.
1 Jr(—p<x|<1—t

The proof of this used (1).
One then combines this with virial identities: if 2* = 2N/(N — 2), and ¢ is a
suitable cut-off, we have:

9, / Qududx = / |0,u|?dx — / [[Vu|* = |u)* dx + error, (3)

N N-2 .
3;/(px-Vu3,udx= -, /|a,u|2dx+ 5 /[|vu|2dx— |u|* dx

—+-error. 4
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When N = 3, adding ;(3) + (4), we obtain (using no self-similar blow-up)

d; (/ oududx + /(px . Vua,udx) =— / |0,u|?dx + error

which gives us
. 1 ! >
lim |0;u|“dxds = 0.
i l—t ), [x|<1—s

Using this fact, one can show that each nonlinear block UV is time independent,
and hence £ W, and that the dispersive error w, has time derivative going to 0 in L2,
for a well chosen sequence of times. One can then use (2) to show w, — 0 in H'.

We next turn our attention to higher dimensions and the non-radial case. Before
doing so, let me mention that the techniques just explained have found important
applications to the study of equivariant wave maps and to the defocusing energy
critical wave equation with a trapping potential, in works of Cbte, Lawrie, Schlag,
Liu, Jia, Kenig, etc.

Now we should mention an important fact, proved by Céte—Kenig—Schlag 13’
[4]: (1) and (2) fail for all even N, radial solutions. However, (2) holds for N =
4,8,12,... for (vy, v;) = (vo,0) and for N = 6,10, 14, ... for (vg,v;) = (0, vy),
but not necessarily otherwise.

Moreover, Kenig—Lawrie—Liu—Schlag [25] have shown that an analogue of (1)
holds for all odd N, u radial, and applied this to a stable soliton resolution for exterior
wave maps on R? [26].

In 14’, Casey Rodriguez [29] used this analogue of (1) for all odd N to prove the
radial case of soliton resolution along a well-chosen sequence of times for (NLW)
in all odd dimensions, following the argument in DKM 12°.

What to do for N even, radial case, non-radial case? We start by discussing the
radial case for N = 4, which is very close in spirit to co-rotational wave maps from
R? into the sphere S?. The first obstacle is that, due to the failure of (1), we did not
know that self-similar blow-up is ruled out, which is the first thing to do in order to
implement the strategy of DKM 12’ for a well-chosen sequence of times.

This was not a difficulty in the work of Cote—Kenig—Lawrie—Schlag 13’ [5, 7]
on co-rotational wave maps, due to classical results of Christodoulou, Shatah, and
Tahvildar—Zadeh from the 90s, who showed it by integration by parts, exploiting
the finiteness of the flux, a consequence of the fact that the energy density is non-
negative [3, 30].

This obviously does not hold for (NLW) and is a major difficulty. This difficulty
was overcome by Cote—Kenig—Lawrie—Schlag 14’ [7], by reversing the usual
analogy with co-rotational wave maps.
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We observed that if u is a radial solution to the energy critical wave equation on
R4, then ¥ (r, ) = ru(r, t) solves

1 a3
v -y otV =0

Weletf(y) = v —y3, F(y) = fowf(a)da = "’22 [1 — W;], and the “energy” is

1
2

r,

A @wﬁ+ww2 (W}

which is conserved. Note that if [y| < +/2, F(y) > 0.

Now recall that we have the “radiation” v such that supp(u(7) — 9(r)) C {0 < r <
1 —¢} and since v is a “regular” solutionatt = 1, v — 0, forr = 1 —¢,t — 1. Thus,
the same holds for u, which shows that, for A¢ close to 1, Ao(1 —1) < r < (1 —¢) we
have the non-negativity of F (), and the classical argument applies, also yielding
that now ¢ — O onr = Ao(1 —¢).

An iterative argument in Ao now gives the lack of self-similar blow-up. Hence
we could start the process in DKM 12’, and use the fact that on R* (2) holds for
data of the form (v, 0), which is the type that we have for the dispersive error, and
everything works.

What do we do when N = 6, when the good data in (2) are of the form (0, v;)?
This was the same difficulty one encountered for 2-equivariant wave maps into the
sphere, and for radial Yang-Mills in R*.

All of this was overcome in recent work of Hao Jia—Kenig [22], who proved the
analog of DKM 12’ for a well-chosen sequence of times in all dimensions, and also
dealt with all equivariant classes for wave maps and radial Yang—Mills in R*. This
was done by not using the “channels of energy.”

The first step is to prove lack of self-similar blow-up. The argument I sketched in
R* in fact applies to all dimensions, yielding a decomposition with blocks that are
+W and a dispersive error, for a well-chosen sequence of times {z!},,.

We then use again the second virial (4) which now gives

lim / / [[Vu|? — |u)* dxds = 0.
M 1=t lx|<l—s

On static solutions, [[|[VQ|*>— |Q|*"]dx = 0, and thus we obtain, by real variable
arguments that, for a possibly different, well-chosen sequence of times {2}, we
have lim [[|Vw,|? — lwa|?"]dx < 0. But, for the dispersive error S lwa|2 dx — 0,
which concludes the argument.

I would like to conclude with some recent results in the non-radial setting. In the
summer of 2015, Hao Jia [21] was able to extend the analogy with wave maps to
the non-radial setting and in particular control the flux, when 7 < oo, i.e. the type
II blow-up case.
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This allowed him to obtain a Morawetz type identity (adapted from the wave
maps one), to find a well-chosen sequence of times #, — T4+ < o0, so that the
desired decomposition holds in the non-radial case when T4 < oo, with an error
tending to 0 in the dispersive sense. Here he also used the idea of combining virial
identities I just explained.

In the case T+ = oo, one new difficulty is the extraction of the linear radiation
term. This has been done recently by DKM 16’ [16]. Moreover, very recently, in
the joint work of D-Jia—K-M 16’ [17] we have obtained the soliton resolution for a
well-chosen sequence of times, for general type II solutions, both in the case T4 <
oo and T+ = oo. The result is:

Theorem 2 Let u € C([0,T4), H' x L2(RN)), 3 < N < 6, be such that

sup ”(I/l(t), atu(t))||H1xL2 = M.
05[<T+

Case 1: T4 < oo. Consider the singular set S, which is a finite set of points, and
x*e€S ThendJ*eN,J>1,r*>0,veH xI*?a regular solution near T, t, 1
Ty, scales A, 0 < M, & (T4 —ty), positions ¢}, € RN such that ¢, € Bgr, —;,)(x*),

B € (0,1) with E] = lim,(c}, — x*)/(T+ — t,) well defined and traveling waves Q%_
for 1 <j < J* such that in the ball B, (x*) we have '

ﬁ(tn) = 6(%)

+;((M)_sz%(x;;{;’o)’(My-l)_lzvatQ,éj(x ;]nC{lO))
+ 0jy2(1) asn — oo,

and M. /M + M /M 4 | = | /M =, 00, 1 <j#F <J*%
Case 2: Ty = oo. 3 a linear solution u* such that

lim |V (u—u")|(x, 1) + |0, (u — u")|(x, £)>dx = 0,

—0o0 ‘let—A

forall A > 0. Moreover, 3J* € N,¢t, 1 oo,k{l,O < k{l < tn,C{l e RY such that
¢ € Bg,, (0), B € (0,1) with £; = lim, c/, /1, well defined and traveling waves Q%j
for 1 <j < J* such that

u(ty) = ut(t,)

+ g((lﬂ)_’vfg%/(x ;{lcf,‘,,()),(/v;l)_lzvat%(x ;ﬁc{l’o))
+ 04152(1) asn — oo,

and M. /M + M )M 4 | — | /M =, 00, 1 <j#F <J*%
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The passage to arbitrary time sequences seems to require substantially different

arguments.
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Abstract Inverse problem results, related to densities with the mean value property
for the harmonic functions, were recently proved by the authors. In the present paper
we improve and extend them to the sub-Laplacians on stratified Lie groups.
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1 Introduction

Let Q be an open subset of R*, n > 3, R"\ Q # @ and letw : Q@ — [0,00] be a
lower semicontinuous function such that int{w = 0} = @. We say that w is a density
with the mean value property for nonnegative harmonic functions in 2 if

i) w(Q) = [ow()dy < oo,
(ii) there exists a point xo € €2 such that

) = gy [ uOwO)dy

for every harmonic function u in 2, u > 0.
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For the sake of simplicity, if w is a density with the mean value property for the
harmonic nonnegative functions in €2, we say that

(2, w,x0) is a A-triple;

as usual A denotes the classical Laplace operator in R”.
A basic example of A-triple is (B,(xo), 1, x), where B,(x¢) is the Euclidean ball
with center x and radius r. Indeed, by the Gauss Theorem,

1
u(xg) = u(y) dy, Yu € H(B(x0)),u > 0,
|Br(x0)| Br(X())

where |B,(xo)| stands for the Lebesgue measure of B,(xg) and H(B,(x¢)) denotes
the space of the harmonic functions in B, (x).

More general A-triples can be obtained using the densities with the mean value
property for harmonic functions constructed by Hansen-Netuka [10] and Aikawa
[2, 3], see also [6]. In particular, for every bounded C'-open set €2, and for every
Xo € 2, there exists a (non-unique) density w such that (€2, w, xo) is a A-triple.

The problem of the best harmonic L'-approximation of subharmonic functions,
see [9], suggests the following inverse problem:

(IP) if (€2, w, xo) and (D, w', xg) are A-triples, such that

w w

WQ) = Ww(D) in2ND,

is it true that 2 = D?

Positive answers to (IP), in the case €2 is a Euclidean ball, were given by Epstein
[7], Epstein-Schiffer [8], Kuran [12]. In our language, their results can be stated as
follows:

let D C R" be an open connected set with finite Lebesgue measure. If (D, 1, xo)

is a A-triple and » > 0 is such that then D = B,(xp).

1
. . Dl B, (o)’ .
Notice that the Euclidean balls play a privileged role here; indeed (B,(xy), 1, x0)
is not only a A-triple, as previously observed, but it has the following extra-property:
if we denote by I' the fundamental solution with pole at O of the Laplace operator

in R", n > 3, then

I"'(xp —x) I'(y—x)dy for all x € B,(xo) \ {xo0}. (1)

>
|Br('x0)| Br(X())

Moreover, the Euclidean balls also have some trivial, but important for our aims,
topological properties: B,(xp) = int B,(xo) and R" \ B,(x¢) is connected.
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These properties of the Euclidean balls lead us to give the following definition.

Definition 1.1 Let 2 be an open set in R”, n > 3. We say that (2, w, x¢) is a strong
A-triple if
(a) (2,w,xp)is a A-triple,

1
) T'(xg—x) > (@) /Q I'(y —x)w(y) dy, for every x € Q \ {xo}.

Moreover, we say that €2 is solid, if 2 = int 2 and R" \ 2 is a connected, not empty
set.

In the very recent paper [6], we proved a result (Theorem 1.1) implying, as a
corollary, the following theorem.

Theorem 1.2 Let 2, D be bounded, open sets in R", n > 3. Assume that

(i) (2, w,xo) is a strong A-triple and x — I'(y — x)w(y) dy is continuous,
Rll
(ii) (D, w,x0) is a A-triple,
/

w w
_ nQND,
(iii) WQ) WD) in
(iv) Q isa solid set.
/
D
Then D = Q andw' = ‘:;((Q))W

In the present paper we will prove a more general version of [6, Theorem 1.1],
see Theorem 3.4, so also obtaining a more general result than Theorem 1.2, see
Theorem 3.1. Precisely, we will improve the results in [6] in two directions: the
involved operators will be not only the classical Laplacian, but any sub-Laplacian
on a stratified group; moreover, the boundedness assumptions on €2 and D, and the
continuity assumption in (i) will be removed.

The plan of the paper is the following. In the next section, we will introduce
the sub-Laplacian operators £ and we will recall some of their fundamental
properties. Moreover, we will give the definitions of L-triples, strong L-triples and,
correspondingly, I'-triples and strong I"-triples, with I" the fundamental solution of
L. We will also exhibit examples of strong L-triples, see Theorem 2.4. In Sect. 3
we will state our results on the inverse problem (Theorem 3.1, Corollary 3.2,
Theorem 3.4 and Corollary 3.5) and in Sect.4 we will prove them. In Appendix,
for reader’s convenience, we will recall the definition and list some properties of the
L-superharmonic functions as presented in [5, Chap. 8].
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2 Sub-Laplacians and Related Triples

A sum of squares operator

£=2.%. @

is a sub-Laplacian in R” if the following conditions hold.

(HI) The X;’s are smooth vector fields in R"” and generate a Lie algebra a satisfying
rank a(x) = dima = n at any point x € R".

(H2) There exists a group of dilations (§)1~0 in R” such that every vector field X;
is §,-homogeneous of degree one.

A group of dilations in R” is a family of diagonal linear functions (§3)~¢ of the
kind

Sx(xrseoxn) = (A%, ..., A%x,),

where the 0;’s are natural numbers.

Due to the rank condition in (H1), the operator £ is hypoelliptic, see [11], so that
the £-harmonic functions, i.e., the solutions to Lu = 0, are smooth.

Conditions (H1) and (H2) imply the existence of a group law o making G =
(R", 0,8,) a stratified Lie group on which every vector field X; is left translation
invariant, see [4]. The natural number Q := o +. ..+ oy is called the homogeneous
dimension of G. If Q = 2, G is the Euclidean group and £, up to a linear
transformation, is the usual Laplace operator. From now on, we assume, without
further comment, that O > 3.

One of the main features of a sub-Laplacian L is the existence of a gauge function
playing for it the same role played by the Euclidean norm for the classical Laplace
operator. A £-gauge is a continuous function d : G — [0, oo[, G-symmetric, i.e.,
d(x™") = d(x) for every x € G, strictly positive and smooth outside the origin,
which is §,-homogeneous of degree one, and such that

is £L-harmonic in G \ {0}.

The d-balls BY(x) := {y €G:dx "oy < r} support averaging operators
which characterize the £-harmonic functions the same way as the usual mean
value operators on Euclidean balls characterize classical harmonic functions. To
be precise, define in G \ {0}

Vo= |Ved)?, Vo= (X1, X, 3)
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and
. -1,
=" [ aoue o @
where
mq := Q(Q —2)Ba
and
(0" = 0@-2 [ vy )
B1(0)

Then a continuous function u : O — R, O € G open, is smooth and satisfies
Lu = 0in O if and only if

u(x) = M,(u)(x) VB%(xp) C O.

This is Gauss-Koebe’s Theorem for £, see [5, Theorem 5.6.3].
The fundamental solution of £ with pole at the origin is

I .= ,Bd]/,

see [5, Theorem 5.5.6].
We now give some definitions: L-triples, strong L-triples and, correspondingly,
I'-triples and strong I'-triples.

Definition 2.1 Let Q be an open subset of G, such that G \ 2 # @ and let w :
Q — [0, oo] be a lower semicontinuous function with int{w = 0} = @.
We say that (2, w, x¢) is a L-triple if

1) w(Q) = [ow(y)dy < oo,
(ii) there exists xo € €2 such that

) = g [ uOw o)

for every L£-harmonic function u in Q, u > 0.

If, moreover,
1
(i) T(x~'oxg) > / C'(x"! o y)w(y) dy, forevery x € Q \ {xo},
w(2) Jo

then we say that (2, w, xo) is a strong L-triple.
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A variant of the notion of L-triple is the following definition of I'-triple. Before
stating it, we recall that if Q is an open subset of G, u is a nonnegative Radon
measure in G, 1 (2°) = 0, then the I'-potential of u is defined as follows:

Iy (x) :=/Ql"(x_loy)dp,(y) xeG.

Definition 2.2 Let 2 be an open subset of G, xy a point of Q and let p be a
nonnegative Radon measure in G, ©(2) = 1 and u(2¢) = 0.
We say that (2, i, xo) is a I'-triple if

T(x) =T ox) Y x e QF. (6)
If, moreover,
Fu(x) < I'(x!oxp) VxeQ\ {x}, @)

then we say that (2, u, xo) is a strong T-triple.

Remark 2.3 Let (2, w, xo) be a L-triple. Extend w to G by letting w be 0 in Q¢ and
define p the measure

w(y)

du(y) = W(Q)dy-

Then (2, u,xp) is a [-triple. Indeed, ©(2) = 1 and, fixed x € QF, (i) in
Definition 2.1, applied with u(y) := I'(x™! o y), implies (6) in Definition 2.2.

We stress that the present definition in the case of £ = A, the classical Laplacian,
is more general that the one given in [6]: indeed, we don’t require anymore the
boundedness of €2 and the continuity of T',.

The Gauss-type Theorem for sub-Laplacians recalled above implies that
(BY(x0), ¥(xy" o), x0) is a L-triple. Actually, it is a strong L-triple; as a matter of
fact, more general strong L-triples can be defined on every d-ball, as the following
theorem shows.

Theorem 2.4 Let f :]0, oo[—]0, oo[ be a continuous function, such that

F(r) = /0 Fp)dp < /0 fpdp=o0  Vrel0.odl.
Define

_f@d)
Tod(y)e!

where s is the function in (3).

wr(y) v,  yeG\{0} @®)
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Then int{wy = 0} = @ and, for every xo € G and r > 0,

(B4 (x0), wr(xy " 0), x0)

is a strong L-triple.

We agree to say that the function

y|—>wf(xalo-) ye G\ {xo},

with wy defined in (8), is L-radially symmetric with respect to xo.

Proof of Theorem 2.4 We first observe that {wy = 0} = {/ = 0} and this last set
has empty interior as proved in [5, p. 262].

Let us now prove that (B9 (xo), wy(x; ' 0-), xo) is a strong £-triple. The proof relies
on [5, Theorem 9.5.2] and the coarea formula.

Let us first prove that (BY(x), wf(xa1 0-),xp) is a L-triple.

By formula [5, (9.22)], for every L£-harmonic nonnegative function u in Bj’ (xo0)
and for every p <,

u(xo) = M, (u)(xo), )

where M, is the surface average operator defined in [5, (5.46)];i.e.,

(Q—-2)B4 Vg oy)
M) (x0) = _ u(y) _ do(y), (10)
’ Pt Japiey IVAGG! o y)]
with B, as in (5).
Let us multiply (9) by ];((”r)) and integrate w.r.t. p on |0, r[. By the coarea formula

we get

u(ro) = Fzr) /0 F(P) My () (x0) dp

Q-2 [ faagt o o do»)
G /o(/agm”(”d(xaloy)Q—lw(x‘) y)IVd(xaloy)I) P

_(Q—2)Ba 1
= R /B " u(y)wr(xg" oy)dy. (11)

If we take u = 1 in the previous identities, we obtain

_(©—=2)Ba —1 00y dve
1= F(r) /Bf(xo) Wf(xo y) dy’
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i.e.,

F(r)
©-2)pa ~

wf(xgl o Bf(xo)) = Q. (12)

Therefore, (BY(xo), wr(xy ! ), xo) is a L-triple.

To show that this triple is strong, we only need to prove that wy satisfies (iii) in
Definition 2.1.

For every x € G let us define

u(y) ;=T 'oy yeG.
We remark that u, is a £-superharmonic function and
Lu, = =6, in the sense of distributions,

where §, is the Dirac measure at {x}. By Poisson-Jensen’s formula [5, Theo-
rem 9.5.2], for every p > 0,

e (x0) = My (i) (r0) + / (T o) — T'(0)) dB,(3). (13)

Bd(x0)
where M, is the surface average operator in (10). We have

0 ifd(x;'ox) > p

—1 ° _ _
/ng)) (Mo 0y) = T(p)) dbi(y) { I ox) — T(p) if0 < d(x3' o x) < p.

Therefore, (13) and the equality I'(x~! o xp) = T'(x; ! o x), give

ur(xo) = T(x ! oxp) ifd(xy'ox) > p

['(p) <T(x;'ox) if0<d(xy' ox) < p. 14)

My (1) (o) = {

Let us now consider x € BY(xo) \ {xo}.
By (11), (14) and (12),

1 r
- o ~1 [e] =
/B;f(xo) L™ oywr(xg oy)dy (0 —2)B, /0 S(p) M, (uy)(x0) dp

_ 46 "o f(p) r f(p)
B /0 (Q—2)Ba M) (o) dp + /d(xo loy) (O —2)Ba Mp(u:)(xo) dp

1
(Q—-2)B4

This concludes the proof. O

<TG o) [ 5010 =6 0065 o B
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3 Results on the Inverse Problem for £

In this section we state and prove our main results regarding the analogue of
the inverse problem (IP) for the sub-Laplacian, see Theorems 3.1 and 3.4. As an
application, we show that the d-balls are the only open sets supporting L-radially
symmetric densities with the mean value property for £, see Corollary 3.2 and the
related Corollary 3.5.

Theorem 3.1 Let 2, D be open sets in G, such that (Q U D)C # 0.
Assume that

(i) (2,w,xp) is a strong L-triple,
(ii) (D,w',xo) is a L-triple,
Gi) Y wenD
i = in ,
w(§2)  w(D)
(iv) Q is a solid set.
w'(D)
w.
w(L2)

If we apply this theorem to the strong L-triples given by Theorem 2.4, we obtain
the following L-harmonic characterization of the d-balls.

Then D = Q andw' =

Corollary 3.2 Let D be an open set in G such that D is unbounded. Let wy be the
L-radially symmetric function in (8) and assume that, for some xy € D,

(@) wr(xy!oD) < oo,

1
d) u(xg) = i / u(y)ywr(xy 0 y) dy for every nonnegative L-harmonic
wr(xg- oD) Jp '
function in D.
Then

D = B! (xo),
where r is the only real positive number such that
wr(xg ' o D) = wr(xy ! o B (xp)). (15)

Remark 3.3 The unique number r such that the equality (15) holds is, by (12), the
only real positive number such that

/0 F(p)dp = (0= 2)Baws (x5 o D). (16)

In the particular case of f(p) = p¢~! and D a bounded set, Corollary 3.2 is
Theorem 1.1 in [13]. Moreover, if G is the Euclidean group R”, d is the Euclidean
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norm, L is the classical Laplace operator and D is a connected set with finite
Lebesgue measure, then Corollary 3.2 was proved in [12].

Theorem 3.1 above is a consequence of a result on I'-triples, that, even in the
case of the Laplacian, is more general than the analogue [6, Theorem 1.1].

Before stating it, we recall that the support of a measure p can be defined as
follows:

supp u :={x € G : (Aopenset,x € A) = u(A) > 0}.

Theorem 3.4 Let 2 and D be open sets in G containing x, (Q U D)C # 0.
Assume that

(1) (2, u,xo0) is a strong T-triple,
(i) (D, v,xp) is a T-triple,
(i) puc(2N D) =v (2N D),
(iv) 0D C suppv,

(v) Q is a solid set.

Then D = Q andv = L.

Examples given in [6] for the Laplace operator show that the assumptions are
essentially sharp: the request that (€2, i, xo) is a strong I'-triple cannot be weakened
by assuming that (€2, u, xo) is simply a ['-triple and neither (iii) nor (iv) can be
removed.

If we apply this theorem to the strong I'-triples given by Theorem 2.4 and
Remark 2.3 we obtain the following characterization of the d-balls.

Corollary 3.5 Let D be an open set in G such that D' is unbounded. Let wy be the
L-radially symmetric function in (8) and assume that, for some xy € D,

(@) wr(xy' o D) < oo,

1
(b) T(x ' oxg) = . / L oy)we(xy! oy)dy for every x ¢ D.

wr(xg' oD) Jp
Then
D = Bcrl(xo)v

where r is the only real positive number such that

wi(xg ' o D) = wr(xg " o B(x0)). (17)

In the particular case of f(p) = p¢~! and D is a bounded set, Corollary 3.5 is
Theorem 1.2 in [13]. Moreover, if G is the Euclidean group R”, d is the Euclidean
norm, L is the classical Laplace operator and D is bounded, then Corollary 3.5 is a
result by Aharonov-Schiffer-Zalcmanin [1].
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4 Proofs of the Results on the Inverse Problem

In this section we prove the results stated in Sect. 3.
Proof of Theorem 3.4 We split the proof in four steps.
STEP 1. Letus prove that I', < T, in G \ {xo}.

Assumption (i) and (ii) imply

[u(x) <T(x'ox) <oo VxeG\i{x}, I(x) =T "'ox) VxeD.
(18)

Then, since xy ¢ D¢,
Iu(x) <Ty(x) VxeD".

It remains to prove that I', < T, in D \ {xo}.
We first remark that, by the first chain of inequalities in (18),

I'y — T, is well defined and < ocoin D\ {xo}.
Moreover, by using (iii), one easily recognizes that
Le-T.0 = [ Teondum)- [ Taendvt)  VreD\ )
Q\D D\Q
19)
Hereafter we agree to let an integral be equal to zero, if the integration domain is

empty.
The functions

h(x) := /Q\D (' oy)du(y), xeD
and
v(x) = /D\Q I oy dv(y), xeD

are, respectively, £-harmonic and L-superharmonic in D, see Appendix. As a
consequence,

i :=h—v is L-subharmonic in D;
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moreover, keeping in mind (19),
u=r,—=T, inD\ {xo}.

On the other hand, by the first item in (18) and the lower semicontinuity of I, for
every x € 0D,

limsup it(y) = limsup(I', — I'))(y) < lim sup(T(y ! oxg) — Iy (v)

D3y—x D3y—>x D3y—x
<T@ 'ox) —T,(x) =0,
since (D, v, xg) is a ['-triple and x ¢ D. Moreover,

limsup it(y) < limsup(I'(y™" 0 xp) — I, (y)) < limsupT'(y~! 0 x) = 0.
y—>00

D3y—o00 D3y—o00

By the maximum principle for subharmonic functions (see [5, Theorem 8.2.19 (ii)])
we getit <0inD;hence I'y < T'yin D\ {xo}.

STEP 2. Let us prove that 0D C Q.

By contradiction, assume there exists a point x € dD such that x ¢ Q. Then x €
supp v (by assumption (iv)) and G\ €2 is an open set containing x. As a consequence

1(G\ Q) > 0. (20)

Since u has its support contained in €2, I';, is £-harmonic in G \ €2, see Appendix,
so that

I'y — T, is L-subharmonicin G \ 2.

On the other hand, by what we provedin Step 1, I, — I, < 0in G \ Q. Moreover,
since (i) and (ii) imply

r,=rn, in Q°N DS,
then (I', — I',)(x) = 0.
By (v) G \ @ is a connected set, so, the strong maximum principle for
subharmonic functions (see in [5, Theorem 8.2.19 (i)]) imply
FM—F\):O lnG\Qa

so that

LT,-T,)=0 inG\Q.
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On the other hand, in G \ @, £(I'y — I',) = v. Therefore, v(G \ Q) = 0, in
contradiction with (20).

STEP 3. Let us prove that D C .
We have

G\Q=DUD)H\Q=D\QQU@OD\ UMD NQ)=(D\Q)U(DUQ).

By assumption, (D U Q)¢ is not empty. Moreover, D \ € and (D U Q)¢ are open,
disjoint sets. The set G \ €2 is connected by (v), then D\ Q2 must be empty. Therefore
D C Q. By (v) we have that int 2 = €, thus we obtain D C Q.

STEP 4. Let us prove that 2 C D. We argue by contradiction; i.e., we assume
that there exists x €  \ D. In particular, x # xo. By Step 3, D € Q. Therefore,
by (i), (iii) and (ii), we have

F@”omﬂ>FM@=iAF@_WWﬁm0%+A*DF®”owduw)

z/ﬂf%wwm=/rw%wwm=nm=wam.
D D

This is an absurd.
We have so proved that D = Q and, consequently, that © = v. O

As a corollary of Theorem 3.4, we get Theorem 3.1

Proof of Theorem 3.1 Letus extend w and w’ with 0 to all G and define the measures
U, v as follows:

w(y) _ v

du(y) = W(Q)dy, dv(y) = W (D) dy.

By (i), (ii) and Remark 2.3, (D, v, xp) is a ['-triple and (2, i, x¢) is a strong I'-
triple. By (iii), uL(£2 N D) = v (2 N D). Moreover, by definition of £-triple, since
int{y € D : w(y) = 0} = 0, then dD C suppv. The conclusion follows by
Theorem 3.4. O

We now are ready to prove Corollary 3.2.

Proof of Corollary 3.2 In order to apply Theorem 3.1 it is convenient to introduce
the following notation:

Q := B%xo) withr > 0 given by (16),
w(y) ;== wr(xg' 0y), yeQ,
w(y) = w(xg' 0y) yeD.
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Since D is unbounded, then (Qu D)C = (. Moreover,

(i) (2, w,xo) is a strong L-triple (by Theorem 2.4)
(ii) (D,w', xo) is a L-triple (by hypotheses (a) and (b)),
/

(iif) W(V:_z) - W,TD) in QND (since w = w’ in 2ND and, by (15), w(2) = w'(D)),
(iv)  is a solid set.

As far as (iv) is concerned, it is quite obvious that BY(xo) = int B¢(xo); the second
condition, G \ BY(xo) is connected, can be proved as follows. Without loss of
generality we can assume xy = O.

Let B be an Euclidean ball containing B¢(xo). Then for every x,y € G \ B4(x),

(G\B)U{8i(x) : A =13 U{S(0) - A= 1)

is a connected subset in G \ B¢(xp) and it contains x and y.
Then, all the assumptions of Theorem 3.1 are satisfied; hence D = Q; i.e.,

D = B%(xo).

We now turn to the proof of Corollary 3.5.
Proof of Corollary 3.5 Define

wr(xg ! o)

i) = wr(xy! o D)

xp(y) dy.

By (a) and (b) (D, v,xo) is a [-triple. Since by Theorem 2.4 int{y € D : wy(x;"' o
y) = 0} = @, then dD € D = supp (v).
Let us choose r > 0 such that (17) holds and define

wr(xg ! oy)
wr(xg " o Bd(x0))

du(y) == XBd(xo) (V) dy-

In particular, (iii) in Theorem 3.4 holds.

By Theorem 2.4 (B%(xo), ws(xy! o -),x) is a strong L-triple, therefore, by
Remark 2.3, (BY(xy), i, xo) is a strong I-triple. Taking also into account that BY (x)
is a solid set (see the proof of Corollary 3.2) we have that all the assumptions of
Theorem 3.4 are satisfied with € = B%(x,). The conclusion follows. O
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Appendix: £-Superharmonic Functions

In this section we recall the definition and list some properties of the L-
superharmonic functions, as presented in [5, Chap. 8].

Let Q € G be open and let u : 2 —] — 00, o0] be lower semicontinuous. We say
that u is £-superharmonic in € if

(@) u €Ll () and L(u) < 0in K in the weak sense of distributions,

loc
(b) uis M,-continuous;i.e.,

u(x) = lim M,(u)(x) Vx e Q.
r—0t

Here M, denotes the average operator in (4).

A function v : Q — [—00, oo is L-subharmonic if —v is £-superharmonic. We
say that v is £-harmonic if v is smooth and Lv = 0.

Let I be the fundamental solution of £ and let u be a nonnegative Radon
measure in G. The I"-potential of u is defined as follows

[y(x) ::/GF(x_loy)d,u(y), xeG.

Obviously, if €2 is an open set such that u(Q2€) = 0,

Iux) = /Q F(xoy) du(y), xe€Q.

The function I, is nonnegative and lower semicontinuous; it is £-superharmonic in
G if and only if there exists z € G such that I',(z) < oo, see [5, Theorem 9.3.2].
In this case, see [5, Theorem 9.3.5],
LT, = —p in the sense of distributions
and

'y, is L-harmonic in G \ supp .

For our purposes, the following remark is crucial.

Remark Let (2, i, x9) be a I'-triple (see Definition 2.2) and let A € 2 be a Borel
set. Then the function

Gox Ty (x) = /1"(x_l oy)du(y)

A
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is

M

the I'-potential of 4 := LA and satisfies
) <Tux) = F'xloxy) <oco VxeQC.
oreover, I',,, is £-superharmonic in G and

I'y, is £-harmonic in O

for every open set O C A°¢. Indeed O C A€ implies O C A C (supp pea).
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1 Introduction

The theory of weighted norm inequalities burst into the general mathematical con-
sciousness with the celebrated theorem of Hunt et al. [5] that extended boundedness
of the Hilbert transform to measures more general than Lebesgue’s, namely showing
that H was bounded on the weighted space L? (R"; w) if and only if the A, condition

of Muckenhoupt,
(1 /w()c)d)c)(1 / ! dx)<1
10| Jo 0] Jo w(x) ~

holds when taken uniformly over all cubes Q in R”. The ensuing thread of investi-
gation culminated in the theorem of Coifman and Fefferman [3] that characterized
those nonnegative weights w on R” for which all of the ‘nicest’ of the L* (R")
bounded singular integrals T above are bounded on weighted spaces L? (R"; w),
and does so in terms of the above A, condition of Muckenhoupt.

Attention then turned to the corresponding two weight inequalities for singular
integrals, which turned out to be considerably more complicated. For example,
Cotlar and Sadosky gave a beautiful function theoretic characterization of the
weight pairs (0, ) for which H is bounded from L? (R;0) to L? (R; w), namely
a two-weight extension of the Helson-Szegd theorem, which illuminated a deep
connection between two quite different function theoretic conditions, but failed
to shed much light on when either of them held.! On the other hand, the two
weight inequality for positive fractional integrals, Poisson integrals and maximal
functions were characterized using testing conditions by one of us in [24] (see
also [6] for the Poisson inequality with ‘holes’) and [23], but relying in a very
strong way on the positivity of the kernel, something the Hilbert kernel lacks. In
a groundbreaking series of papers including [16, 18] and [19], Nazarov, Treil and
Volberg used weighted Haar decompositions with random grids, introduced their
‘pivotal’ condition, and proved that the Hilbert transform is bounded from L? (R; ')
to L? (R; w) if and only if a variant of the A, condition ‘on steroids’ held, and the
norm inequality and its dual held when tested locally over indicators of cubes—but
only under the side assumption that their pivotal conditions held.

The last dozen years have seen a resurgence in the investigation of two weight
inequalities for singular integrals, beginning with the aforementioned work of NTV,
and due in part to applications of the two weight 71 theorem in operator theory,
such as in [14], where embedding measures are characterized for model spaces
Ky, where 6 is an inner function on the disk, and where norms of composition
operators are characterized that map Ky into Hardy and Bergman spaces. A
T1 theorem could also have implications for a number of problems that are
higher dimensional analogues of those connected to the Hilbert transform (rank

"However, the testing conditions in Theorem 1 are subject to the same criticism due to the highly
unstable nature of singular integrals acting on measures.
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one perturbations [20, 32]; products of two densely defined Toeplitz operators;
subspaces of the Hardy space invariant under the inverse shift operator [15, 32];
orthogonal polynomials [21, 22, 33]; and quasiconformal theory [1, 2, 8, 11]), and
we refer the reader to [28] for more detail on these applications.

Following the groundbreaking work of Nazarov, Treil and Volberg, two of us,
Sawyer and Uriarte-Tuero, together with Lacey in [12], showed that the pivotal
conditions were not necessary in general, and introduced instead a necessary
‘energy’ condition as a substitute, along with a hybrid merging of these two
conditions that was shown to be sufficient for use as a side condition. The resurgence
was then capped along the way with a resolution—involving the work of Nazarov,
Treil and Volberg in [19], the authors and M. Lacey in the two part paper [9, 13] and
T. Hytonen in [6]—of the two weight Hilbert transform conjecture of Nazarov, Treil
and Volberg [32]:

Theorem 1 The Hilbert transform is bounded from L> (R; o) to L* (R; w), i.e.
IH (fo) 2@ S I l2@s - f € L7 (R;0), (1)
if and only if the two weight A, condition with holes holds,

IQla(l y ) (1 y )|Q|w<1
01 Ul oo @) g1 fuo 07 @) 1o =1

uniformly over all cubes Q, and the two testing conditions hold,
||1QH (IQU) ||L2(]R;a)) < Mollp@e) = \/|Q|a ’
[10H* (100) | 250y S Mol 2@y = V1€ -

uniformly over all cubes Q.

Here Hf (x) = fR { (_}i dy is the Hilbert transform on the real line R, and o and
are locally finite positive Borel measures on R. The two weight A, condition with
holes is also a testing condition in disguise, in particular it follows from

”H(SQO') HLZ(]R;w) < ”sQ“LZ(R;a) ’

tested over all ‘indicators with tails’ s (x) = . (Q)f_(ﬁ) col of intervals Q in R. Below
—c
we discuss the precise interpretation of the above inequalities involving the singular

integral H.

At this juncture, attention naturally turned to the analogous two weight inequal-
ities for higher dimensional singular integrals, as well as «-fractional singular
integrals such as the Cauchy transform in the plane. A variety of results were
obtained, e.g. [10, 14, 26] and [27], in which a T'] theorem was proved under certain
side conditions that implied the energy conditions. However, in [28], the authors
have recently shown that the energy conditions are not in general necessary for
elliptic singular integrals.
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The aforementioned higher dimensional results require refinements of the various
one-dimensional conditions associated with the norm inequalities, namely the A,
conditions, the testing conditions, the weak boundedness property and energy
conditions. The purpose of this paper is to prove in higher dimensions that the
weak boundedness constant WBP7« (0, w) that is associated with an «-fractional
singular integral 7% and a weight pair (o, ) in R”, is ‘good-A’ controlled by the
usual testing conditions T7« (0, w), Tj« (0, ) and two side conditions on weight
pairs, namely the Muckenhoupt conditions 2 (0, w) and the energy conditions
ES™ (0, w), £ (0, w): more precisely, for every 0 < A < é, we have the
Good-A Lemma:

1
WBPr (0, 0) < Cq ( N VS + Tye + Tha + E10E 4 goone* 4 mea) .

The first instance of this type of conclusion appears in Lacey and Wick in [10])—see
Remark 1 in Sect. 2.1 below.

Applications of the Good-A Lemma are then given to obtain both 7'1 and Tb
theorems for two weights. We now turn to a description of the higher dimensional
conditions appearing in the above display. As the Good-A Lemma, along with its
corollaries, hold in the more general setting of quasicubes, we describe them first.
But the reader interested only in cubes can safely ignore this largely cosmetic
generalization (but crucial for our ‘measure on a curve’ 71 theorem in [26]) by
simply deleting the prefix ‘quasi’ wherever it appears.

1.1 Quasicubes

We begin by recalling the notion of quasicube used in [27]—a special case of the
classical notion used in quasiconformal theory.

Definition 1 We say that a homeomorphism €2 : R* — R” is a globally biLipschitz
map if

Q —Q
120, = sup 1EO =20 _ 2)

x,yER? ||)C - y”

and HQ_IHUP < c0.

Notation 1 We define P" to be the collection of half open, half closed cubes in
R™ with sides parallel to the coordinate axes. A half open, half closed cube Q

in R" has the form Q = Q(c,{) = l_[ [ck— S,ck + S) for some £ > 0 and
k=1

¢ = (¢1,...,¢cy) € R" The cube Q(c,?) is described as having center ¢ and

sidelength £.
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Definition 2 Suppose that Q2 : R” — R” is a globally biLipschitz map.

(1) If E is a measurable subset of R", we define QF = {Q (x) : x € E} to be the
image of E under the homeomorphism €2.

(a) In the special case that E = Q is a cube in R”, we will refer to QQ as a
quasicube (or 2-quasicube if €2 is not clear from the context).

(b) We define the center cqp = ¢ (20Q) of the quasicube ©2Q to be the point
Qcg where cg = ¢ (Q) is the center of Q.

(c) We define the side length £ (2Q) of the quasicube Q2Q to be the sidelength
£ (Q) of the cube Q.

(d) For r > 0 we define the ‘dilation’ rQ2Q of a quasicube QQ to be QrQ
where rQ is the usual ‘dilation’ of a cube in R” that is concentric with Q
and having side length ¢ (Q).

(2) If K is a collection of cubes in R", we define QK = {QQ : Q € K} to be the
collection of quasicubes 20 as Q ranges over K.
(3) If Fisa grid of cubes in R”, we define the inherited quasigrid structure on QF
by declaring that QQ is a child of QQ’ in QF if Q is a child of Q' in the grid
F.
Note that if QQ is a quasicube, then |§ZQ|:' ~ |Q|L = {L(Q) = £(R0).
For a quasicube / = QQ, we will generally use the expression |J| " in the
various estimates arising in the proofs below, but will often use £ (J) when defining

collections of quasicubes. Moreover, there are constants Rp;g and Ry,,q; such that we
have the comparability containments

0+ QXQ C Rb,'gQQ and Ry,,,.i20 C O + QXQ .

Example 1 Quasicubes can be wildly shaped, as illustrated by the standard example
of a logarithmic spiral in the plane f; (z) = z |z|*' = z¢*""@ Indeed, f, : C — C is
a globally biLipschitz map with Lipschitz constant 1 + Ce since f, ! (w) = w |w| %

and

aa aa el . el . ei

Vf,;:(f, f)=(|z|2 + ie|z)? ,18Z|z|2).
0z 0z z

On the other hand, f, behaves wildly at the origin since the image of the closed unit
interval on the real line under f; is an infinite logarithmic spiral.

1.2 Standard Fractional Singular Integrals and the Norm
Inequality

Let 0 < o < n. We define a standard a-fractional CZ kernel K“(x,y) to be a
real-valued function defined on R” x R” satisfying the following fractional size and
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smoothness conditions of order 1 4 § for some § > 0: For x # y,
[K* (6, 3)| < Cez e —y[*™" and |VK* (x,y)| < Cez |x —y* ",

x—x]\° e x—x| 1
VK 1) = VK ()] = Cer () st BT L
lx =yl be—yl — 2

and the last inequality also holds for the adjoint kernel in which x and y are
interchanged. We note that a more general definition of kernel has only order of
smoothness § > 0, rather than 1 4 §, but the use of the Monotonicity and Energy
Lemmas in arguments below, which involve first order Taylor approximations to
the kernel functions K* (-, y), requires order of smoothness more than 1 to handle
remainder terms.

1.2.1 Defining the Norm Inequality

We now turn to a precise definition of the weighted norm inequality
1T5f 2wy < Nz 1fllpoy . f €L (0). “4)

For this we introduce a family {n‘g R} ] of nonnegative functions on [0, co)
’ <J<R<o0

so that the truncated kernels K§', (x,y) = 1§, (|x — y[) K“ (x, y) are bounded with
compact support for fixed x or y. Then the truncated operators

T 0= [ Kipnf0do0), xR

are pointwise well-defined, and we will refer to the pair (K“, {ng’R}O<8<R<oo)

as an «-fractional singular integral operator, which we typically denote by 77,
suppressing the dependence on the truncations.

Definition 3 We say that an o«-fractional singular integral operator 7¢ =
(K“, {ng R} ) satisfies the norm inequality (4) provided
") 0<8<R<00

1785 4 |2y < e 1f 120y f€L7(0),0 <8 <R < oo,

It turns out that, in the presence of Muckenhoupt conditions, the norm
inequality (4) is essentially independent of the choice of truncations used, and
we now explain this in some detail. A smooth truncation of T* has kernel
ns.k (Jx —y|) K¥ (x,y) for a smooth function 55z compactly supported in (8, R),
0 < 8§ < R < o0, and satisfying standard CZ estimates. A typical example of an
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a-fractional transform is the a-fractional Riesz vector of operators
R”"”:{R‘Z’":lfﬁfn}, 0<a<n.

The Riesz transforms R, are convolution fractional singular integrals Ry“f =
K, * f with odd kernel defined by

¢
K" (w) = :V+1_a = 9651127
[wl [wl

However, in dealing with energy considerations, and in particular in the Mono-
tonicity Lemma below where first order Taylor approximations are made on the
truncated kernels, it is necessary to use the tangent line truncation of the Riesz
transform Ry whose kernel is defined to be Q¢ (w) ¥, (Iw]) where ¥, is
continuously differentiable on an interval (0,S) with 0 < § < R < S, and where
Vsg (r) = r*""if § < r < R, and has constant derivative on both (0, §) and (R, 5)
where ¥, (S) = 0. Here S is uniquely determined by R and «. Finally we set
wgf R (S) = 0 as well, so that the kernel vanishes on the diagonal and common point
masses do not ‘see” each other. Note also that the tangent line extension of a C'%
function on the line is again C'¥ with no increase in the C' norm.

It was shown in the one dimensional case with no common point masses in [13],
that boundedness of the Hilbert transform H with one set of appropriate truncations
together with the A condition without holes, is equivalent to boundedness of H
with any other set of appropriate truncations, and this was extended to R*" and
more general operators in higher dimensions, permitting common point masses as
well. Thus we are free to use the tangent line truncations throughout the proofs of
our results.

1.3 Quasicube Testing Conditions

The following ‘dual’ quasicube testing conditions are necessary for the boundedness
of T% from L? (o) to L?* (w),

T2, = sup ! /\T“ (1Q0)|2w<oo,
gear 10, Jo

1
T = s o [0 (o) o < oo

QeQP"

and where we interpret the right sides as holding uniformly over all tangent line
truncations of 7%. Equally necessary are the following ‘full’ testing conditions
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where the integrations are taken over the entire space R":

3352, = sup ! |T°‘ (1Q0)|2a) < 00,
geapr |0y Jre
(3‘1;,)2 = sup ! / [(T*)" (IQa))|20 < 00,
gearn |0|, Jr

1.4 Quasiweak Boundedness and Indicator/Touching Property

The quasiweak boundedness property for 7% with constant C is given by

<WBPr/10l, 10, (5)

‘/QT‘” (o) dow

1 14
for all quasicubes Q, Q" with c < ¢ ((g’)) <C,

and either Q € 30’ \ Q' or Q' C 30\ O,

and where we interpret the left side above as holding uniformly over all tangent
line trucations of T%. This condition is used in our 71 theorem with an energy
side condition in [27], but will be removed in our 7’1 theorem with an energy side
condition obtained here as a corollary of the Good-A Lemma.

We say that two quasicubes Q and Q' in QP" are fouching quasicubes if
the intersection of their closures is nonempty and contained in the boundary of
the larger quasicube. Finally, let J7« = J7e (0,w) be the best constant in the
indicator/touching inequality for the bilinear form corresponding to T

T (10, 1¢7)

< Jre (0, 0) [ Lol 12() o 1120 (6)
for all touching quasicubes Q, o P,
1 L
with < (Q) <C,
Cc ™ LQ)
and either Q C 30’ \ Q' or Q' C 30\ Q.

L5 Poisson Integrals and A5

Let u be a locally finite positive Borel measure on R”, and suppose Q is an 2-
quasicube in R”. Recall that |Q|; ~ £ (Q) for a quasicube Q. The two a-fractional
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Poisson integrals of ;& on a quasicube Q are given by:

Fow=[ 0w,
“ (101" + v — xol)
PO, ) = / ol di (v) .

\ (101" + 1~ xol)’

where we emphasize that |x — xp| denotes Euclidean distance between x and xp and
|Q| denotes the Lebesgue measure of the quasicube Q. We refer to P* as the standard
Poisson integral and to P“ as the reproducing Poisson integral.

We say that the pair K, K’ in P" are neighbours if K and K’ live in a common
dyadic grid and both K C 3K’ \ K’ and K’ C 3K \ K, and we denote by N/ the set
of pairs (K, K’) in P" x P" that are neighbours. Let

QN" = {(QK,QK') : (K.K') e N"}

be the corresponding collection of neighbour pairs of quasicubes. Let o0 and w be
locally finite positive Borel measures on R”, and suppose 0 < o < n. Then we
define the classical offset A constants by

191, 12,

Af (o,0) = e
.0heanm |Q T |Q]

(N

Since the cubes in P" are products of half open, half closed intervals [a, b), the
neighbouring quasicubes (Q, Q') € QAN are disjoint, and any common point
masses of 0 and w do not simultaneously appear in each factor.

We now define the one-tailed A5 constant using P*. The energy constants &,
introduced below will use the standard Poisson integral P*.

trong

Definition 4 The one-tailed constants A and A5™ for the weight pair (0, ) are
given by

101,

A3 = sup PY(Q.1g0) 7, <00
Qeq P |Q| n
A = o D (01 1Dl
,’ = sup (Q, Qca)) _a <00
QeqQpr Q]

Note that these definitions are the analogues of the corresponding conditions
with ‘holes’ introduced by Hytonen [6] in dimension n = 1—the supports of the
measures 1pco and lpw in the definition of A5 are disjoint, and so the common
point masses of 0 and w do not appear simultaneously in each factor. Note also that,
unlike in [29], where common point masses were not permitted, we can no longer
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assert the equivalence of AS with holes taken over quasicubes with A$§ with holes
taken over cubes.

1.5.1 Punctured A5 Conditions

101, 12lo
) o'"n JoI'"n . .
measures o and w have a common point mass—simply let Q in the sup above shrink

to a common mass point. But there is a substitute that is quite similar in character
that is motivated by the fact that for large quasicubes Q, the sup above is problematic
only if just one of the measures is mostly a point mass when restricted to Q.

Given an at most countable set B = {p;}r=, in R”, a quasicube Q € QP", and a
locally finite positive Borel measure p, define as in [27],

The classical A5 characteristic supyeq on | fails to be finite when the

w(Q.B) = |0|, —sup{u (pi) : pr € Q NP},

where the supremum is actually achieved sirvlce Zpkegrm ©(pr) <ooaspu is locally
finite. The quantity u (Q, *B3) is simply the & measure of Q where 7t is the measure p
with its largest point mass from B3 in Q removed. Given a locally finite measure pair
(0,0), let Brw) = {P}re; be the at most countable set of common point masses
of 0 and w. Then the weighted norm inequality (4) typically implies finiteness of
the following punctured Muckenhoupt conditions (see [27]):

@ (Qv m(a,w)) |Q|o

ATP"™ (0,0) = sup e s
gearr |Q]n [Q]
Ag,*,punct (O', a)) = IQIw o (Q7 (B(G,w)) '

su e e
oeap Q] |Q]" "

Now we turn to the definition of a quasiHaar basis of L? ().

1.6 A Weighted QuasiHaar Basis

We will use a construction of a quasiHaar basis in R” that is adapted to a measure
w (c.f. [18] for the nonquasi case). Given a dyadic quasicube Q € QD, where D is
a dyadic grid of cubes from P”, let Ag denote orthogonal projection onto the finite
dimensional subspace L2Q () of L? () that consists of linear combinations of the
indicators of the children € (Q) of Q that have y-mean zero over Q:

Lw={f= >, aQ/lQ,:aQ/eR,/fduzo

0'ee(0) ¢
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Then we have the important telescoping property for dyadic quasicubes Q; C Q>
that arises from the martingale differences associated with the projections A’é:

Lo,W| Y. ALf® ] =10 () (B f—Epf). Qo€€(Q).fel ().
0€[01.07] ®

We will at times find it convenient to use a fixed orthonormal basis {hg’“}aeF of
L2Q (w) where T,, = {0,1}" \ {1} is a convenient index set with 1 = (1,1,...,1).
Then {hg’a}aern and peqp 18 an orthonormal basis for L? (), with the understanding

that we add the constant function 1 if p is a finite measure. In particular we have for
an infinite measure

”f”Lz(p,) = Z & Qf”Lz(m Z Z ‘f(Q)’

QeQD D acl’y,

2
’

=2 |rm),
a€ly,

where the measure is suppressed in the notationf. Indeed, this follows from (8) and
Lebesgue’s differentiation theorem for quasicubes. We also record the following
useful estimate. If I is any of the 2" QD-children of I, and a € T, then

- W

|Ejh | < \/IE" [A0F 9

1.7 The Strong Quasienergy Conditions

Given a dyadic quasicube K € QD and a positive measure @ we define the
quasiHaar projection Py = Y~ Al on K by

JEQD: JCK

2
Pir= 2 DUr) i sothar [Piflny = D2 D |irar), [

JeQD: JCK a€Ty JeQD: JCK a€T,

and where a quasiHaar basis {h’f ’“}a €T, and /€D adapted to the measure pu was
defined in the subsection on a weighted quasiHaar basis above.

Now we define various notions for quasicubes which are inherited from the same
notions for cubes. The main objective here is to use the familiar notation that one
uses for cubes, but now extended to 2-quasicubes. We have already introduced
the notions of quasigrids QD, and center, sidelength and dyadic associated to
quasicubes Q € QD, as well as quasiHaar functions, and we will continue to extend
to quasicubes the additional familiar notions related to cubes as we come across
them. We begin with the notion of deeply embedded. Fix a quasigrid QD. We say
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that a dyadic quasicube J is (r, €)-deeply embedded in a (not necessarily dyadic)
quasicube K, which we write as J €, K, when J C K and both

L) =27 (K), (10)

1
qdist (J, 9K) > 2z (LK),

where we define the quasidistance qdist (E, F) between two sets E and F to be the
Euclidean distance dist (27'E, 27! F) between the preimages Q'E and Q7' F of

E and F under the map €2, and where we recall that £ (J) =~ |J| ». For the most part
we will consider J &, K when J and K belong to a common quasigrid 2D, but an
exception is made when defining the strong energy constants below.

Recall that in dimension n = 1, and for @ = 0, the energy condition constant
was defined by

1 & (P (1,1 2
& = sup Z( ( 10)) ”P?:X”;(w) ’

1=U1, |I|a =1 |Ir|

where I, I, and J are intervals in the real line. The extension to higher dimensions
we use here is that of ‘strong quasienergy condition’ defined in [27] and recalled
below.

We define a quasicube K (not necessarily in QD) to be an alternate QD-
quasicube if it is a union of 2" QD-quasicubes K’ with side length £ (K') = ;6 (K)
(such quasicubes were called shifted in [29], but that terminology conflicts with
the more familiar notion of shifted quasigrid). Thus for any Q2D-quasicube L there
are exactly 2" alternate Q2D-quasicubes of twice the side length that contain L, and
one of them is of course the Q2D-parent of L. We denote the collection of alternate
QD-quasicubes by AQD.

The extension of the energy conditions to higher dimensions in [29] used the
collection

Mr,s—deep (K) = {maximal dyadicJ Cre K}

of maximal (r,e)-deeply embedded dyadic subquasicubes of a quasicube K (a
subquasicube J of K is a dyadic subquasicube of K if J € QD when QD is a
dyadic quasigrid containing K). This collection of dyadic subquasicubes of K is of
course a pairwise disjoint decomposition of K. We also defined there a refinement
and extension of the collection M ¢)—deep (K) for certain K and each £ > 1. For an
alternate quasicube K € AQD, define M 5)—deep.op (K) to consist of the maximal
r-deeply embedded Q2D-dyadic subquasicubes J of K. (In the special case that K
itself belongs to QD’ then M(r,a)—deep,QD (K) = M(r,s)—deep (K)) Then in [29] for
£ > 1 we defined the refinement

Mfr’g)_deep@p (K) = {J € Mge)—deep.2D (rrZK’) for some K’ € Cqop (K) :

J C Lforsome L € My.z)—qgeep (K)} .
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where Cqop (K) is the obvious extension to alternate quasicubes of the set of 2D-
dyadic children. Thus ./\/lfr )—deep.2 (K) is the union, over all quasichildren K" of
: p.QD

K, of those quasicubes in M ¢ ¢)—deep (]T[K/ ) that happen to be contained in some
L € M g)—geep.op (K). We then define the strong quasienergy condition as follows.

Definition 5 Let 0 < o < n and fix ‘goodness’ parameters (r, €). Suppose o and
w are locally finite positive Borel measures on R". Then the strong quasienergy
constant £, "¢ is defined by

2
stron, 1 > Pa (J, 1 CT) a)
(E&Lr g)z = sup Z Z ( 11 ) ” PJX”iZ(w)

I=OI" IIIU r=1 JEMr.efdeep(Ir) |J|’7
| P (.10)\
, 110 2
+sup sup sup / Z | ” P;)X”LZ((U) :
QD 1eAQD >0 Uy . |J|
JeM(r.e)fdeep.QD (I)

Similarly we have a dual version of Ezlmng denoted E;trong‘*, and both depend
onr and ¢ as well as on n and @. An important point in this definition is that the
quasicube / in the second line is permitted to lie outside the quasigrid QD, but only
as an alternate dyadic quasicube I € AQD. In the setting of quasicubes we continue
to use the linear function x in the final factor H P?x”iz ©) of each line, and not the
pushforward of x by 2. The reason of course is that this condition is used to capture
the first order information in the Taylor expansion of a singular kernel.

2 The Good-A Lemma

The basic new result of this paper is the following ‘Good-A Lemma’ whose utility
will become evident when we pursue its corollaries below. Set fraktur AS to be the
sum of the four A conditions:

Lk o,punct o,* punct
$ = A + AT+ ATPE 4 AT

Lemma 1 (The Good-A Lemma) Suppose that T* is a standard a-fractional
singular integral in R", and that o and w are locally finite positive Borel measures
on R". For every A € (O, ;), we have

WBPre (0, ») (11)

<G, (i \/913‘ (0,0) + (Tre + Th) (0, ) + (£ + E572%) (5, ) + /AN (o, a))) .
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Thus the effect of the Good-A Lemma is to ‘good-A replace’ the quasiweak
boundedness property with just the usual testing conditions in the presence of
the side conditions of Muckenhoupt and energy on the weight pair. However, in
dimension n = 1 a much stronger inequality can be proved (see e.g. [19] and [12]):

WBPre < Cy (VS + T + Th).

2.1 Corollaries

Now we come to the corollaries of the Good-A Lemma. We first remove the
hypothesis of the quasiweak boundedness property from the conclusion of part (1)
of Theorem 1 in [27].

Remark 1 In [10], Lacey and Wick have removed the weak boundedness property
from their 7’1 theorem by using NTV surgery with two independent grids, one
for each function f and g in (T2f, g), in the course of their argument. The use of
independent grids for each of f and g greatly simplifies the NTV surgery, but does
not accommodate our control of functional energy by Muckenhoupt and energy
conditions.

Theorem 2 Suppose 0 < « < n, that T* is a standard o-fractional singular
integral operator on R", and that w and o are locally finite positive Borel measures
on R". Set TSf = T (fo) for any smooth truncation of Ty. Let Q : R" — R" be
a globally biLipschitz map. Then the operator T? is bounded from L? (o) to L* (w),
ie.

175/ 20y < Do (1 flli20) »

uniformly in smooth truncations of T*, and moreover
Ny < Co (VAL + Tre + Tho + EF8 4 £3008 )

provided that the two dual A5 conditions and the two dual punctured Muckenhoupt
conditions all hold, and the two dual quasitesting conditions for T* hold, and
provided that the two dual strong quasienergy conditions hold uniformly over all
dyadic quasigrids QD C QP", i.e. E5 " + 5" < 00, and where the goodness
parameters r and & implicit in the definition of the collections M ¢)—qgeep (K) and
Mfr’g)_deep’QD (K) appearing in the strong energy conditions, are fixed sufficiently
large and small respectively depending only on n and o.

Proof Let Ty, be a tangent line approximation to 7% as introduced above. Then
‘ﬁygk < 00, indeed ‘J?T?R < ChasR \/ 24 by an easy argument, and by part (1) of
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Theorem 1 in [27] applied to the a-fractional singular integral 7§, we have

Nye

8.R

< Co (VU + Try, + Ty, + EF + E + WPy, )

with C, independent of § and R. We obtain from the Good-A Lemma applied to

ng’R in place of 7%,

1
WBPre, < Cq (A VAL + Tpe + T+ gyrone 4 gatrone* 4 me%) ,
and then combining inequalities gives
1 4
/ * t i Jk
MNry, = Co (A \/ng + Ty, + TT?.R + & EFET + “/’\m?ix) ’

with C; independent of § and R. Since ‘)‘(ygk < 00, we can absorb the term

c JA O7¢ . on the right hand side above into the left hand side for A > O sufficiently
small. Since T§ is an arbitrary tangent line approximation to 7%, the proof of
Theorem 2 is complete. O

The first case of the following 7’1 theorem was proved in [26], and the second
case is a corollary of Theorem 2 above and Theorem 2 in [27].

Theorem 3 Suppose 0 < o < n, that T* is a standard a-fractional singular
integral operator on R", and that w and o are locally finite positive Borel measures
onR". Set T2f = T* (fo) for any smooth truncation of Ty. Let Q : R" — R" be a
globally biLipschitz map. Then

Nre ~ /A + Tpe + Th

in the following two cases:

(1) when T is a strongly elliptic standard «-fractional singular integral operator on
IR”, and one of the weights o or w is supported on a compact C'4 curve in R”,

(2) when T* = R is the vector of «-fractional Riesz transforms, and both weights
o and w are k-energy dispersed where 0 < k < n — 1 satisfies

n—k<oa<na#xn—1if 1 <k<n-2
O<a<naz#l,n—1 if k=n-—1

There is a further corollary that can be easily obtained, namely a two weight
accretive global 7b theorem whenever a two weight T'1 theorem holds for strictly
comparable weight pairs. We say that two weight pairs (o, w) and (G, ®) are strictly
comparable if @ = hjo and @ = hyw where each h; is a function bounded
between two positive constants. The simple proof of the following accretive global
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Tb theorem uses only the statement of a related T'1 theorem. We say that a complex-
valued function b is accretive on R" if

O0<cp<Reb(x)<|b(x)|<Cp<o0, xeR".
Theorem 4 Suppose 0 < « < n, that T* is a standard o-fractional singular

integral operator on R", and that w and o are locally finite positive Borel measures
on R" for which we have the ‘T'1 theorem’ for strictly comparable weight pairs, i.e.

Ny (5.3) ~ \/213‘ @.3) + % 3.3) + The (5. D). (12)

whenever (0, w) and (G, ®) are strictly comparable. Finally, let b and b* be two
accretive functions on R". Then the best constant Nre = Mg (0, ®) in the two
weight norm inequality

175/ 20y < De [ flli20) »

taken uniformly over tangent line truncations of T*, satisfies
*
Ny & /AL + Tha + Tha'™, (13)

where the two dual b-testing conditions for T* are given by
/ iTg (lQb)|2da) <%2. 10|, . forall cubes Q,
o
/ ’Tg* (lQb*)’de' < 13’:’* 0|, . forall cubes Q,
o

and where we interpret the left sides above as holding uniformly over all tangent
line truncations of T°.

Note that Theorem 4 applies in particular to both cases (1) and (2) of Theorem 3.

Proof We first note that since the kernel K* is real-valued,
/Q{Tg (1gReb)[* do = /Q IRe 7% (19b)|* dow < /Q |T¢ (10b) | do < The 10,
/Q{Tg’* (1oReb*)[* do = /Q|ReTg’* (106™)|* do 5/Q|Tg~* (106*)[* do < T * 101,

and if we now define measures

® = (Reb*)wand @ = (Reb)o ,
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we see that the operator 7% and the weight pair (¢, @) satisfy (12). But it follows that
T (0,@) < Thy (0,0) and Th, (7, @) < ‘II;Z'* (0, w), and since the Muckenhoupt
A, conditions are clearly comparable for strictly comparable weight pairs, we have
the equivalence

Nry (3.3) ~ /% (0.0) + The (0.0) + Tp™ (0.).
Finally, since 0 < ¢ < Reb,Reb* < C, we see that 7« (0, 0) ~ Nre (0, ), and

this completes the proof of (13). O

Note that the presence of a (b, b*)-variant of the weak boundedness property here
would complicate matters, since in general,

Re/ T* (1g'bo) b*dw # / T* (1 Rebo) Re b*dw.
Qo Qo

To remind the reader of the versatility of even a global Tbh theorem, we reproduce a
proof of the boundedness of the Cauchy integral on C'¥ curves.

2.1.1 Boundedness of the Cauchy Integral on C'-* Curves

Here we point out how the above 7b theorem can apply to obtain the boundedness
of the Cauchy integral on C'% curves in the plane (which can be obtained in many
other easy ways as well, see e.g. [31, Sect. 4 of Chap. VII]). Recall that the problem
reduces to boundedness on L? (R) of the singular integral operator C, with kernel

1
x=y+i(A®—AQ)

where the curve has graph {x 4+ iA (x) : x € R}. Now b (x) = 1 +iA’ (x) is accretive
and we have the b-testing condition

Ky (x,y) =

/, 1Ca (1) )P dx < T 1.

and its dual. Indeed, if I = [«, B], then

Ca (1;b) (x)

/ﬂ 1 +iA’ (y) iy

« X—y+i(AKx)—A®Y))

= —log(x—y+i(A@—-AM)) £

Og(x—ot+l:(A(x)—A(a)))’
x=B+i(Ax)—A(p))
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gives
X—U
|Ca (1;) (0)* ~ In gy € 1=[a A,

and it follows that

2 p—a
/|CA (1,6) (x)|? dx %/ dx%/
1 1 0

1
= (,B—a)/o lInw|?dw = C|I|.

—

In> 1
n n
B—x

Since the kernel K is C', the Th theorem above applies with T = C4 and 0 =
@ = dx Lebesgue measure, to show that C, is bounded on L? (R). Of course this
proof just misses the case of Lipschitz curves since our two weight 7b theorem does
not apply to kernels that fail to be C'*.

3 Proof of the Good-A Lemma

We will prove the Good-A Lemma by first replacing the quasiweak boundedness
constant on the left hand side of (11) with the indicator/touching constant introduced
in (6) above. To control the indicator/touching constant, we will need to tweak the
usual good/bad technology of NTV a bit in the following subsection.

3.1 Good/Bad Technology

First we recall the good/bad cube technology of Nazarov, Treil and Volberg [32] as
in [25], but with a small simplification introduced in the real line by Hytonen in [6].
This simplification does not impact the validity of the arguments in [30], but will
facilitate the use of NTV surgery in later subsections.

Following [6], we momentarily fix a large positive integer M € N, and consider
the tiling of R” by the family of cubes Dy, = {I}} _ , having side length 2~ and
given by I¥ = I} + 27 where I}! = [0,27)". A dyadic grid D built on Dy is
defined to be a family of cubes D satisfying:

(1) Each I € D has side length 2~¢ for some £ € Z with £ < M, and I is a union of
2"M=0 cyubes from the tiling Dy,

(2) For £ < M, the collection D, of cubes in D having side length 2-¢ forms a
pairwise disjoint decomposition of the space R",

(3) GivenI € D;andJ € D; withj < i < M, it is the case that either / N J = @ or
I1ClJ.
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We now momentarily fix a negative integer N € —N, and restrict the above grids
to cubes of side length at most 27V:

DY = {I € D : side length of ] is at most 27"} .

We refer to such grids DV as a (truncated) dyadic grid D built on Dy, of size
27N There are now two traditional means of constructing probability measures on
collections of such dyadic grids.

Construction #1: Consider first the special case of dimension n = 1. Then for
any

B ={Bikey € wfy = (0.1}

where Zj, = {£ € Z : N < { < M}, define the dyadic grid Dg built on Dy, of size
27N by

Dy=q27[0.)+k+ Y 27

i b<i<M N<l<M. keZ

Place the uniform probability measure p}, on the finite index space o} = {0, I}Z%,
namely that which charges each B € w}; equally. This construction is then extended
to Euclidean space R” by taking products in the usual way and using the product
index space Q) = (wj};)" and the uniform product probability measure uf, =
N N
Py X oo X Py
Construction #2: Momentarily fix a (truncated) dyadic grid D built on Dy, of
size 27V, For any

Y=oy €Ty = 27Y2 1yl <27V},
where Z = N U {0}, define the dyadic grid D? built on Dy, of size 27 by
DY =D+ y.

Place the uniform probability measure vy, on the finite index set 'y, namely that
which charges each multiindex y in T'j, equally.

The two probability spaces ({Dﬁ} peal ,u?’l) and ({DV}V er) » \;A’\,;) are isomor-
M
phic since both collections {Dﬂ} peal and {Dy}yerﬁ describe the set A% of all

(truncated) dyadic grids D” built on Dy, of size 27V, and since both measures 1},
and v} are the uniform measure on this space. Indeed, it suffices to verify this in
the case n = 1. The first construction may be thought of as being parameterized
by scales—each component §; in B = {ﬁi}ie% € o}, amounting to a choice

of the two possible tilings at level i that respect the choice of tiling at the level
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below—and since any grid in A% is determined by a choice of scales , we see
that {Dﬂ} peal = A%. The second construction may be thought of as being
M

parameterized by translation—each y € FAIZ amounting to a choice of translation of
the grid D fixed in construction #2—and since any grid in A% is determined by any
of the cubes at the top level, i.e. with side length 27V, we see that {Dy}yerﬁ = A%

as well, since every cube at the top level in A% has the form Q + y for some y € FAIZ
and Q € D at the top level in AAN,, (i.e. every cube at the top level in AAN,, is a union
of small cubes in Dy, and so must be a translate of some Q € D by an amount 2—M
times an element of Z', ). Note also that in all dimensions, #QV = #FAIZ = nM=N)
We will use EQ% to denote expectation with respect to this common probability

measure on A},.

The usual NTV probabilistic reduction to ‘good’ cubes will be implemented
below for each positive integer M and each negative integer N assuming that the
functions f and g are supported in a large cube L with |, Jdo =0 = /, 1 8dw, and
moreover assuming that —N is sufficiently large compared to £ (L) that the small
probability estimates claimed below hold (—N > £ (L) + r will work where r is the
goodness constant), and finally assuming that f and g are constant on each cube Q
in the tiling ;. Recall that we can always reduce to the case [, fdo = 0 = [, gdw
by simply subtracting off averages and controlling the resulting error terms by the
testing conditions (see e.g. [32]).

Notation 2 For purposes of notation and clarity, we often suppress all reference to
M and N in our families of grids, and in the notations 2 and T for the parameter
sets, and we will use Pq and Eq to denote probability and expectation, and instead
proceed as if all grids considered are unrestricted. The careful reader can supply
the modifications necessary to handle the assumptions made above on the grids D
and the functions f and g regarding M and N. In fact, we will exploit the integers M
and N explicitly in the subsubsections on NTV surgery below.

In the case of one independent family of grids, as is the case here, the main result
is the following conditional probability estimate: for every I € P",

Po{D:IisabadcubeinD |I € D} < C27*. (14)

Provided we obtain estimates independent of M and N, this will be sufficient for our
proof—this follows the procedure with rwo independent grids initiated by Hytdnen
for the Hilbert transform inequality in [6]. The key point of introducing the two
different parameterizations above of the same probability space, is that construction
#1 is well-adapted to the reduction to good cubes in a single independent family of
grids, as used in the proof of the main theorem in [30], which is in turn needed below,
while construction #2 facilitates the use of NTV surgery below when combined with
the construction of Q-good grids, to which we next turn.
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3.1.1 Q-Good Quasicubes and Q-Good Quasigrids

We first introduce these notions for usual cubes, and later pass to quasicubes. Let
Q € P" be an arbitrary cube in R" with sides parallel to the coordinate axes. For
technical reasons associated to our application below, we also want to consider the
‘siblings’ of Q, i.e. the ‘triadic children’ of 3Q.

Definition 6 We say that a cube I € P" is Q-good if either £ (I) > 27°€ (Q), or for
every sibling Q' of Q, we have

dist (1,00') > ;z I e(Q) ™

when £ (I) < 27°£(Q). We say I € P" is Q-bad if I is not Q-good.

Note that for a fixed cube Q € P", we do not have a conditional probability
estimate Po {D : 1 € Dand[lis Q-bad} < C27°" since the property of a cube
I being Q-bad is independent of which grids D it belongs to. To rectify this
complication we will introduce below a second independent family of grids—
but this second family will also be used to simultaneously Haar-decompose both
fel*(o)andg e L*(w).?

We next wish to capture the idea of a grid D being ‘Q-good’ with respect to this
fixed cube Q, and the idea will be to require that Q is I-good for all sufficiently
larger cubes / in the grid D. Here we will obtain a ‘goodness’ estimate in Lemma 2
below.

Definition 7 Let r and ¢ be goodness constants as in [25]. For Q € P" we declare
a grid D to be Q-good if for every sibling Q" of Q and for every I € D with £ (I) >
2%¢ (Q), the following holds: the distance from the cube Q' to the boundary of the
cube [ satisfies the ‘deeply embedded’ inequality,

dist (Q', 1) > éz @) em'—=.

We say the grid D is Q-bad if it is not Q-good.

Note that Q is fixed in this definition and it is easy to see, using the translation
parameterization in construction #2 above, that the collection of grids D that are Q-
bad occur with small probability. Indeed, if / D Q has side length at least 2" times
that of Q, then the translates of I satisfy Q &, I with probability near 1.

Lemma 2 Fix a cube Q € P". Then Po {D : D is Q-bad} < C27.

2Traditionally, two independent grids are applied to f and g separately, something we avoid since
the treatment of functional energy in the arguments of [27, 30] (which we use here) relies on using
a common grid for f and g.
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The following is our tweaking of the good/bad technology of NTV [32]. Fix a
cube Q € P" and let D be randomly selected. Define linear operators (depending
on the grid D),

pe f — ZIED: I'is r-good in D A(ITf if Dis Q_gOOd
Q;good/ = . . )
0 if D is Q-bad
Pg;badf = f - Pg;goodf ’

and likewise for Pg. . 4¢ and P{. 8.

Proposition 1 Fix a cube Q € P". Then we have the estimates
Eq | Poaa |20y = €272 1£ 26 -
Eq [Pt 2y = €277 lgli2w) -

Proof We have from (14) and Lemma 2 that

Euw@w;ﬂﬂ%(qmwwﬂ z:quM%J+wh(umwmuzmAwﬁmj

I€D is bad 1€D

< 27 Y [ A7) HEe (LD isoma) I [25F 120y S €27 117, -
1€D 1€D

O

From this we conclude that there is an absolute choice of r depending on 0 <
e < 1 so that the following holds. Let T : L*(0) — L*(w) be a bounded linear
operator, and let O € P" be a fixed cube. We then have

1Tl 20)>12) =2 sup sup IEQ|<TP‘é;g00df, Pg;goodg> l. (15)
17120 =1 gl 2 =1 o

Indeed, we can choose f € L2(c) of norm one, and g € L?(w) of norm one so that
||T||L2((7)—>L2(a)) =(Tf. 8w
= Bol(TPpgundf- Pionst) | + Eel(TPuuaf. Pgonas) |
+ Eg |<TP5;goodf ; P‘é;badg>w| + Eal(TPg.0f - Po:baa8),,|
< Eal( TPy pondf- Piigonas). | +3C 275 I Tl 2001 20

And this proves (15) for r sufficiently large depending on ¢ > 0.
Clearly, all of this extends automatically to the quasiworld.
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Implication: Given a quasicube Q € QP", it suffices to consider only Q-good
quasigrids and Q-good quasicubes in these quasigrids, and to prove an estimate
Jor | Ts || 12(6)—>12(w) that is independent of these assumptions.

3.2 Control of the Indicator/Touching Property

Recall the indicator/touching constant J7« defined in (6) above. Here we will prove
that

1 ‘
Jre < Cy ( : VA + Tre + Tha + £ + £ + é‘/k‘ﬁrw) , (16)

from which it easily follows that we have the same inequality for the weak
boundedness property constant WBPre defined in (5) above,

1 : ,
WBPr < G, (A VAL 4+ Tre + The + ESTONE - goonex 4 (‘/AmTu) V)

Indeed an elementary argument shows that WBPr« < Jre + \/ AS + Tyo. For the
proof of (16) we assume the reader is already familiar with the proof of the main
theorem in [30] or [27], and we now review the parts of this proof that are pertinent
here.

We first recall the basic setup in [30]. Let QD° = QD be a quasigrid on R”,

and let {h]“} and {hj)h} be corresponding quasiHaar bases,

JeQD®, beT,
sothatf € I? (0)and g € I? (w) can be written f = fyood +foad a0d & = gaood + Zbad
where

1€QDO, a€T,

f=) Offandg= Y AYg,

1€eQD° JeQDw
o w
fgood = § A7f and 8good = § ATg,
1eQDY. JeQDY

good good

and where QD3 4 = QDg, 4 is the (r, £)-good subgrid, and where the quasiHaar
projections A¥foood and A geooa vanish if the quasicubes I and J are not good in
QD = QD”. Note that we use a single independent family of grids QD° = QD®
and only include the different superscripts o and w to emphasize which measure the

grid is being used with in a given situation.

Remark 2 In [27] and [30], the quasiHaar projections Affgooa and A ggooa are
required to vanish if the quasicubes / and J are not 7-good in 2D’ = QD®, where
a quasicube / is 7-good in a quasigrid QD if I together with its children and its
ancestors up to order T are all good. This more restrictive condition doesn’t affect
what is done here.
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For future reference note that the argument in [30] applies just as well to the
smaller projections Pf,.,f and P¢., 48 in place of feooa and ggooa respectively. We
fiX f = foood and g = ggo0a- For now we continue to work with general functions
f and g and the projections fgooa and ggeod, but keeping in mind that in order to
prove (16), we will later specialize to the cases of indicator functions f = 1, and
g = 1, and we will then also include the restriction to Q-good grids 2D;e004 and
projections P, qf and Py, ¢ for a fixed quasicube Q - the quasicube Q in the
projection P, 4f is chosen to coincide with the quasicube Q in the indicator 1¢ in
order to achieve the three critical reductions in Sect. 3.2.1 below. Continuing with
[27, 30], we then proved there the bilinear inequality

1T (f,9)| = > T (Aff. AYg) (18)

Ie Q‘ngd and JEQDgimd

< Co (VS + Ty + Th + E 4 £ L WBP ) 20y g2

uniformly over grids D, and we now discuss the salient features of this proof for us.
Asin [27, 30] let

NTVO{ = \/ng + {STOI + (I*u + WBPTu s
Q[g = -Ag +‘A¢;,* +Ag,puncl+A¢;,*,punct’

and recall the following brief schematic diagram of the decompositions involved in
the proof given in [30], with bounds in

(T3S 8)o
i
Be,(f,e) + Bos(f.e9) + Bn(fie) + B (f.9)
1 dual NTV, NTV,
i
Tdiagonal (f7 g) + Tfarbelow (fv g) + Tfar above (fv g) + Tdisjoint (f7 g)
I V 0 0
V V
Bf}@p (f’ g) T}ar below (f’ g) + T%ar below (f’ g)
¢ NTV, + & NTV,
!
B?l‘()p (fv g) + B‘ﬁaraproduct (f’ g) + Bﬁeighh(mr (f’ g)
Ea " + JAS Ty VAS

With reference to this diagram, we now make a sweeping and crucial claim.
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The only two places in our proof of the main theorem in [30] where the weak
boundedness property WBPr« is used, is

(1) in proving the estimates for terms A; and A involving (T2 (AJf). AYg)  that
arise in estimating the form B - (f, g) at the top right of the schematic diagram,
and

(2) and in the estimates for the inner products (T% (A7f).A%g) —in the form

T%arbelow (f, g) for which I are J are close in both scale and position,

(3) and even then in these two cases, only for certain child quasicubes Iy and Jg
when they fouch, i.e. their interiors are disjoint but their closures intersect (even
in just a point). In all other instances where N'TV, appears in the schematic

diagram, the weak boundedness property is not used.

In order to make the application of the quasiweak boundedness property in these
arguments clear, we reproduce the relevant portions of the arguments from [30] that
deal with the forms B - (f, g) and T2, ..., (f>&). Recall also that the parameters
p, T,rin [30, Definition 12 on p. 40] were fixed to satisfy

T>randp >71+r.

1: Here is the beginning of the proof of (6.1) on page 28 dealing with B - (f, g)
in the statement of Lemma 9 in [30].

Extract from pages 28 and 29 of [30]:

Note that in (6.1) we have used the parameter p in the exponent rather than
r, and this is possible because the arguments we use here only require that there
are finitely many levels of scale separating I and J. To handle this term we first
decompose it into

> + > + > (72 (A91). A% g), |

(IN)EQDXQD: JC3I  (IJ)EQD°xQD?: IC3]  (IJ)€QD® xQD®
27P LD <E(J)=<2PL() 27PUD=L(I)=2PL(T) 27PN =e(J)=2PL(D)
JZ3and IZ3J

=A1 + Ay + As.

The proof of the bound for term Az is similar to that of the bound for the left side of
(6.2), and so we will defer the bound for Az until after (6.2) has been proved.

We now consider term Ay as term A, is symmetric. To handle this term we will
write the quasiHaar functions hj and h§ as linear combinations of the indicators
of the children of their supporting quasicubes, denoted Iy and Jy' respectively. Then
we use the quasitesting condition on Iy and Jo» when they overlap, i.e. their interiors
intersect; we use the quasiweak boundedness property on Iy and Jo when they
touch, i.e. their interiors are disjoint but their closures intersect (even in just a
point); and finally we use the A5 condition when Iy and Jo are separated, i.e. their
closures are disjoint. We will suppose initially that the side length of J is at most
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the side length 1, i.e. £ (J) < £ (I), the proof for J = nl being similar but for one
point mentioned below. So suppose that Iy is a child of I and that Jy is a child of J.
If Jor C Ig we have from (9) that,

72 (0 820) 1, 859, % s VTR e ), |’<g’hjy .

aa' €Ty \/l 9'0 \/|J9'|w

|<f,h?~“>|( 2 )é |
< M () o) o)
it ity \Jy, T T2 R,

’hﬁa
S Sup |(f 1 ) | |IG|(I < 7 > ‘
a.a' €T, \/|19|0 @
< sup T, |(£.00), <g,hj’-“’> ’
aad €T, @

The point referred to above is that when J = ml we write (Tg‘ (11@) 1y, )w =
(119, o (1]0/)>0_ and get the dual quasitesting constant T};. If Jor and Iy touch,
then £ (Jor) < £ (Iy) and we have Jy C 3lg \ Iy, and so

(.0, o),
(T (1, AT f) 1y, AY g),| S sup (T2 y).1,), | (19)
a,d €T, \/| 9|o \/l 9/|w
(.05 | (e
< s YWBP /I, o], ©
ey JIol, e/l Vo' N
= sup WBPr |(f.45), | |[e.h5) |
a,a €Ty w

The only place where the quasiweak boundedness property WBPr. was used
above was in the second line of the display (19) when we invoked

‘(Tg (119) ’ 1']9’ )a)| S WBPT” \/|19 |a |J0/|a)

for quasicubes Iy € € (I) and Jy- € € (J) that touch.

2: Here is the beginning of the proof on page 41 that controls the form
Tfarbelow (fv g) in [30]

Extract from page 41 of [30]:

The far below term Tty peiow (f, &) is bounded using the Intertwining Proposition
and the control of functional energy condition by the energy condition given in the
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next two sections. Indeed, assuming these two results, we have from t < p that

Tfarbelow (fv g) = Z Z (Tg (A(Irf) ’ (A;)g»w

ABEA [eC, and JGCl;*shifl
BGA J€pel

=2 X > (T2 (87%)),

BEAAEA: BGA [€C, and JeChshif
JEp .l

=2 X X (m).(a%)),

BEA Ac A: BGA [eCy and Jecl';—shiﬂ

-2 > Yoo (1A (M%),

BEAA€A: BGA [€Cy and JeCh—shilt
‘l¢psl

= T}ar below (f’ g) - T%arbelow (fv g) .

Now T2 eiow (f+ &) is bounded by NTV, by Lemma 9 since J is good if AYg # 0.
The only place where the quasiweak boundedness property WBPr. was used
above’ was in bounding the inner products (7% (Aff) . (A%g)), by Lemma 9 of
[30] when in addition / and J were close in both scale and position, and this reduces
to the previous extract from pages 28 and 29 of [30] treated above.
Thus we may split the sum in (18) as follows:

T(f.8) > T (ASf. AYg)

IGQD‘g’OOd and JGQDg’ood

2 + )y T (83f. 599)

(1) €QDG0qXQDygq: T3 (1))EQDG, X2 Dgeoq: JC3I

0

27PUD<L(I)=<2PL(D) 27PLID <L) =<2PL(D)

+R* (f.8)
={A1(f.9) +A2(f.9)} +R*(f.9).

where we are including in the terms A; (f, g) + Az (f, g) the corresponding inner
products from the form T%arbelow (f, g) to which Lemma 9 of [30] was applied. Then

30n page 41 of [30], there was a typo in that J €;,. I appeared in the fourth line of the display
instead of J &, . I as corrected here.
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the remainder form R* (f, g) satisfies the estimate

IR (.01 = Ca (VS + Tro o+ T + 6 ) o) Nz
(20)

The key point here is that the quasiweak boundedness constant WP« does not
appear on the right hand side of this estimate, and this is because the arguments
in [30] that are used to bound R* (f, g) do not use the quasiweak boundedness
property at all, as a patient reader can verify. This constitutes the deepest part of our
argument to prove (16).

We now turn to the ‘good-A’ argument that will substitute for the use of the
quasiweak boundedness property in (18) in order to prove (16). First we observe
that the constant C in (6) can be taken to be 2°, and then an application of the
inequality

(T (1) . 1,.), | < Trev/ 1Mol Vo,

to the display in (19) above, shows that

172 o a1t a3l < s VM o 01, 17
" awer il o,
(7. 57),| (7).

A

sup Ire/l6]y Vol
a,d €T, \/|19|0

= sup J7e |(f’ hiqa)ai ‘(g’h;)a/>w‘ '

a,d €T,

Vo le

From this we obtain the following crude estimate valid for any f € L? (o) and
gel?(w):

A1 (£) + 42 (9] = Co (VA + T+ Tho + T ) 120 181201 -
@

Definition 8 We say that two quasicubes K and L have n-comparable side lengths,
or simply that £ (K) and £ (L) are n-comparable, if
27" (K) < £ (L) <2"(K).

Furthermore, we say that K and L are n-close if they have n-comparable side
lengths, and if they belong to a common quasigrid 2D and are touching quasicubes
that satisfy either K C 3L or L C 3K.

Now consider the special indicator case f = 1p and g = 1x where Q and R are
p-close in some Q2D. For this case we will be able to do much better than (21). In
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fact, foreach0 < A < ; we claim that the following ‘good-A’ inequality holds:

1
A1 (1o, 1z) [ +]42 (10, 18)| < Ca (A VA 4+ Tre + T + ‘A/A’ﬁrd) 1ol 20y M&l2w) -
(22)

With (22) proved, we can use it and (20) to complete the proof of the estimate for
the indicator/touching property (16) by taking expectations Eq as usual:

Eo| ). T7(A710.471)

1€QDY and JEQD®
< Eq (|A1] + |A2]) + Eq [R* (10, 1#) |

< Cu () V2 T+ T+ VAR ) ol Dl
G, (\/mg + Tpo + Thy + Eilone 4 5;“0“&*) ol ) 11kl 20
<C, (i VAL + Tre + The + ESTOnE 4 goone* 4 f/lde) Lol 20y RN 2 (@) »
which gives (16) upon taking the supremum over such Q and R to get
Jre < C, (i VAL 4 Ty + Th, o ESrone . gstronzx mea) .

Notation 3 The remainder of this paper is devoted to proving (22) for touching and
p-close quasicubes Q and R. To simplify notation and geometric constructions, we
consider only the case of ordinary cubes in P", and note that the extension to the
quasiworld is then routine.

To prove the claim (22) we use the parameterization by translation introduced
above. Essentially this approach was used in the averaging technique employed in
[23], which in turn was borrowed from Fefferman and Stein [4], later refined in [6],
and further refined here in this paper. It suffices to prove that

1
7 ((10) g - (Wgon) | = Ci ( o VU T o T+ EE T \/mw)
X ||1Q||L2(g) ||1R||L2(w) ,

for all O, R € P" that are p-close, uniformly over Q-good grids, and where

T ((IQ)good ’ (IR)good) = Z T (A(;IQ, A?IR) .

IeDg;good and JGDZ;gOOd
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The grids D)0 = D.gooa are those arising in the projections P‘é;gmdf and
Pg.goodg above. Moreover, due to the key observation above regarding where the
weak boundedness property arises in the proof of the main theorem in [30], it
suffices to prove

Eq 3 + > (T3 (A710) . A1), |

(€D, 4000 X Dygooa’ 73 (1NED, 100aX Dl gooat 1C37

27P0(1) <C(J)<2PL(I) 27P0(1) <C(J)<2PL(I)

1
<G, ( VA T+ T+ Umw) 1ol &l 20) -

under the assumption that we sum over only Q-good cubes /I and J that belong
to Q-good grids in the above sums, and where we recall that we may realize the
underlying probability space as translations of any fixed grid, say the standard
dyadic grid. Note that R is contained in 3Q, and this accounts for our inclusion
of siblings in Definition 7 above.

By symmetry it suffices to prove forall 0 < A < é that

Eq > (T2 (A710) . A1), | 23)
(I,J)EDgzgoodegzgood: JC3I

27PN <LI)=<2PL(D)
I and J touch

1 ~
< C, ()L \/ng‘ + Tpe + Tre + {‘/AJTa) Lol 20y RN 2(w)

for all cubes Q,R € P" that are p-close (we are including the testing conditions
here because we are including children /s and Jg in the display (19) that coincide
as well).

3.2.1 Three Critical Reductions

Now we make three critical reductions that permit the application of NTV surgery,
and lie at the core of the much better estimate (22).

(1) We must have that I ‘cuts across the boundary’ of Q, i.e. I N Q| > 0 and
|1 N Q>0 (orelse A1y = 0),

(2) We must have that J ‘cuts across the boundary’ of R, i.e. [J N R| > 0 and
|[J N R| > 0 (orelse AY1g = 0),

(3) By the assumed ‘Q-goodness’ in Definition 7, together with reductions (1) and
(2) above, we cannot have either £ (I) > 2"¢ (Q) or £ (J) > 2"¢ (R).
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From these reductions, we are left to prove

Eq 2 (75 (8710) . £71),| 4
(I’J)Epajgoodxpg;good: JC3I
I'and J are p-close
£(I)<2"¢(Q) and £(J)<2"L(R)

1
<Gy (/\ VA + T + Tha + *A/AWT“) Lol 020y 1Rl 2(w) -

for all p-close Q,R € P".

The small pairs of cubes (I, J), i.e. those with both £ (I) < 27"¢ (Q) and £ (J) <
2"¢ (R), pose a difficulty and our next task is to further reduce matters to proving
the more restricted estimate:

Eq > (T2 (8710) . 2514, | (25)
(I,J)eDg;goodegzgood: JC31
I and J are p-close
£(I) and £(Q) are r-comparable
£(J) and £(R) are r-comparable

1
< Cq ()L VS + Tre 4+ Tha + {‘/mm) Mol 20 &l 2w -

for all Q,R € P" that are p-close. The difference between (25) and (24) is that
in (25), we do not permit small pairs of (1,J), i.e. those with £ (I) < 27£ (Q) or
L(J) <27 (RQ).

3.2.2 Elimination of Small Pairs

To eliminate the small pairs from (24), we apply for a second time our proof from
[30] as outlined above, but this time to each inner product (T(‘;‘ (A;TIQ) , A?IR)(U
appearing in the sum in (24) inside the expectation Eq,. In other words, for fixed 1/,

J,Qand R, we take f = A71p and g = A91g, and we obtain that

EqEq

(T3 (A710) . A71R), |

< Cu (VR + Tty 4 HE 4 £ 4 270 ) [ Aol [ A1
+EqEq > (T3 8% (A710) . AT (A718)), | -

(KLY €D: 500X D:good: LE3K

K and L are j-close
L(K)<2"(I) and £(L)<2"¢(JR)

where here the expectation Eq; is taken to be independent of Eg,.
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But now we may further assume that the pair of grids (D, D’), for which
(I,J) € DxDand (K,L) € D' x D', are mutually good.* Thus we cannot have
£(K) < 27°£ (I) because K is I-good, and this eliminates the inclusion of small
pairs (K, L), i.e. those with £ (K) < 27°£ (I). Note that the term 27"z« arises
from the bad Haar projections A% and AP of A71p and A1 respectively. Finally,

we note that f = A7 1y is constant on the children of / and that H A?IQ”iz © =

ZI’EC(I) fl’

Ef 1o — E}’lQ‘z do. Thus it suffices to prove the following estimate,

Eo > > 7 A% (B A7 10] 1) A7 ([ES A7 16]15)), |
(KL ED; g00a X Dpigooat LK I'EC(D)
K and L are p-close Jee)

£(K) and £() are r-comparable
£(L) and £(J) are r-comparable

1
< ca( Am%fwm;wymw) > [ED A7 o] [ES A 1e] 17l 10 D2 -

ree(
Jeel)

which we can write simply as

o ®
Eqr > (T A% (). A7 1),
(K.L)EDY. 4000 Dyrgooa’ LEIK
K and L are p-close
{(K) and £(I") are r-comparable
£(L) and £(J’) are r-comparable

1
< Cqy ()L \/91‘21 + T + T + (‘/Amro{) 1171 220y 117 | 22w0)

foreach I’ € €(I) and J' € € (J). Now relabel I’ and J' as Q and R respectively
(and then also K and L as I and J respectively) to obtain (25).

3.2.3 NTV Surgery

Now in order to prove (25), we invoke the technique of NTV surgery as used in
[7,17] and [10]. Given 0 < A < ,, define

Jy={xelJ: dist(x,d]) > AL (J)}.
Then we write

(75 (8710) . 87 1k),, | < (T3 (A710) 1y, 87 1r), [ + (T3 (A710) . 1y AT 1), |
=A| + A

“Both I and J belong to the common grid D, while K and L belong to the independent common
grid D’—in contrast to the traditional use of two independent grids where I € D and J € D’.
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Now we use first the fact that I and J, are separated by a distance at least A€ (J) > 0
in order to bound the first term A; by

Ay = (T3 (1 A7 1) 1y, AF 1g), | (26)

1 1
S VAT Lol ) |45kl 2y = ) VS ITelli2) MRl 2w -

We further dominate the square of the second term A, by

A3 = (T2 (A710) 1y, AY 1), | 27)
2
= <Tg A1 | Ay Y 1y AY 1R>
rece(l) Jec)

w

A

YooY T (1 A7 1g) 1y, AY 1g),|°

ree(n) yee()

DD DR NS VI | VAVAINS M
ree() Jee)

M ol D [l A7 lR“iz(w) =7 ||1Q||i2(a>/ |89 1] do
ree) T\

A

A

Then we note the fact that, using the translation parameterization of 2 indexed
by y € I', we have

Eq [RN[(U+ )\ T+ i]l, < CarIRI,. (28)

which follows upon taking the average over certain translates Dy + y where D is
a fixed grid containing J. This is of course equivalent to taking instead the average
over the same translates w + y of the measure w, and it is in this latter form that (28)
is evident.

Now we will apply (28), together with an argument to resolve the difficulty
associated with the appearance of J in both J'\ J; and A1, to obtain the following
key estimate for every 0 < A < é:

EQ/ |A91x|* do < CovV/A IR, (29)
J\Ix

for the expected value of the final integral on the right hand side of (27). With (29)
and (26) in hand, we will obtain that

Eq [(T2 (A71p). A71R)w|2

< Eq |(T2 (A71g) 15, AY 1g), |* + Eq Do T A7 1) 10y, A 1), |’
ree()Jecy)
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1
<C 52 A3 HIQHizm el 72 +Ee Z Z N7
reeJecy)

1y AY lQ”iz(o) H Ly, A7 1g Hiz(w)

1 _, 2 2
= Cﬁ 22 20 HIQHLZ(G) ”1R”i2(w) +“/’w@“ HIQHLZ(a) ”1R”iz(w) ’
as required. Thus the proof of (16), and hence also that of the Good-A Lemma, will
be complete once we have proved the estimate (29), to which we now turn.

Remark 3 In the third line above we have used the norm inequality [(T2f,g),| <
Nre || fll120) 181112y Withf = 1y A7 1g and g = 1,0, A 1g, and where g is a
constant multiple of an indicator of a ‘rectangle’ J'\ J;. This prevents us from using
the smaller bound AJ%, in place of A0,

In order to illuminate the main ideas in the proof of (29), we first prove the
simplest case of dimension n = 1. So let

I\ Jy = JEtu e

where Jief‘ =J_\J, and Jiigm = J4+ \ J), and write

EQ/ | A9 1-] dew =EQ/ |A;’1R|2dw+JEQ/_ |A91x)* dw = Lef+Right.
J/\J/1 J;eﬂ Jfllghl
(30)

Now we recall the parameterization of the expectation by translations y € FAIZ of
step size 2™, and let n = A2™ where A is the side length of the interval J' \ J;.
Then, by using the ‘average of an average’ principle, we can rewrite the expectation
in terms of the larger step size n2~™. We continue to use y to denote the new step
size 2™, Then we further decompose the expectation Left in (30) as

2
A% x| doo

Left = EQ/ | A9 k| dew = EQ/
J}leﬁ

i

2
A% x| doo

== EQI . left
o er) [

2
A£Gy 1| do

+Eql ( left 1.
:(J+y)y lies to the left of R
{V Y } Uyt

= A3+ Ay,

where because of our change of step size, we have that {(J + y)aefl} is a pairwise
14

disjoint covering of the top interval containing J that has side length 27V (see the
beginning of Sect. 3.1 above).
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For term Az we use the elementary estimate
‘A;)+}/IR) = [Eu4y)_1r —Egiple| < 1
together with the estimate in (28), to obtain

2
A%y 1| do

A3 == EQI . left
ru+yicry Uyl

< Eq )R N+ p)kt

< CyA|R|, -

For term A4 we proceed as follows. We suppose that (J + y)lAefl lies to the left of

R, since the case when (J + )/)I;ght lies to the right of R is similar. We have

/<J+y)lff‘

2
By 1g = Bty 1g| " do

2
AY IR‘dw::/i
+y Tt

/<J+y)‘f“

sﬂu+m?w

ROG+y)-l, RN +7,|

[J+v)_l, 4+ vl
CRmu+yLu)2
|+ ¥)_l,

(mnu+wuy
I+ s ’

+ﬂu+w?

We now estimate the sum of the first terms above since the sum of the second terms
can be estimated with the same argument.
For the sum of the first terms we write

> ‘(J + 9

y: U+t is left of R

CRmu+yLu)2
I+,

5 G5 RAG ),

IRl
J J
¥ UHp)" s left of R V+y)-l I +1)-L,

and let J 4 y; be the leftmost translate of J such that

left
\U+Vh\uRmu+yLu

3, 31
W+l T+l GD
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where § > 0 will be chosen later to be ~/A. We suppose the translations y are
ordered to be increasing. Note that we have both

>4
|(‘]+ yl)—|w

and

+pEtcU+y)_,

if both > yy and (J + )" is left of R.

Thus we compute that

A | do = L IS ) (32)

lefi
r<n y>y1: (J—i—y):‘ is left of R

EQ / left
(+);

2
/( e Y4 e do (33)
left
L s IRNG ), | g
< IR, + |+t
A T +n-P v A 2

left
y>y1: (J—i—y)};“ is left of R

A

1 1 11
o # R J <d|R RN
ASHY < PR+ U+, S8R+ (RN +7) ],

A
(5 + 5) IR|,, = 2vA|R|, .

IA

if we choose § = +/A. This completes the proof of (29) in dimension n = 1.

3.2.4 Higher Dimensions

In the case of n > 1 dimensions we decompose the ‘corner-like’ pieces J' \ J for
each child J' € € (J) into faces S + y of width A (when n = 1 there are only two
such faces S + y, namely the intervals (J + )5 and (J + y)}*"). Then we apply
the above argument for (J + )/)5@Cft to S + y for each face S of width A in J' \ J,, but
using only translations perpendicular to the face S, and finally apply the ‘average of
an average’ principle, to obtain (29). We illustrate the proof in the case n = 2 since
the general case n > 2 is no different.

For a square K in the plane, let K_ denote the lower left child of K. Now fix
squares J and R in the plane with p-comparable side lengths and such that J C 3R.
For y € H,, where H, is the set of horizontal translations y of step size A with
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ly| < CE(R), denote by (J + )YV '*" the L-shaped ‘corner’

U+ Pt = T +y)_\ i,

and by (J + y)§" the vertical portion of the L-shaped set (J + )" (this is one
of the faces S + y introduced above). We will show that
! Z/ 29, 1el do < V2 (34)
2T+ R‘ w3 )
#Hl ver, (]+y)£1eﬂ 14

where #H, =~ C[A(R), and then by the ‘average of an average’ principle we
obtain (29). To prove (34) we will apply the one-dimensional argument from
the previous subsubsection, but with modifications to accommodate the fact that
+ )’)lfﬁ can now spill out over the top of R as well as to the left of R (recall that in
the one-dimensional setting, (J + J/)llefl occurred to the left of the interval R if it was
not contained in R). As in dimension n = 1, let J + y; be the leftmost horizontal

translate of J such that

left
\(” )i L RN +7)_],

3, 35
Gyl 1T+, 39

so that we have

- RO +y)_],

> 6.
|+ v)_l,

Then with notation analogous to the case n = 1 we have a similar calculation to
that in (33):

2
YL x| doo

1
PIEEEDS S

e (J+y)lfnC(J+y1)_

1 ‘(] + )"

2
A= U +7)_L

@ Rl,+ 3 |+
y>n: (J+y)lfnC(J+y1),

w

IA

1 1 11
ASHY <VYIRL, + U+, S8IRL, + RN+,

A
(5 + 5) IR|,, = 2vVAIR], .

IA

if we choose § = +/A. Thus we have so far successfully estimated the sum over

translations y that satisfy either y < y; or (J + J/)lfﬁ CcC+y)_.
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Now we simply repeat the last step considering only the remaining horizontal
translations. Since the side lengths of J and R are comparable, there are at most a
fixed number of such steps left, and adding up the results, and using the ‘average of
an average’ principle, then gives

Eq /
U+y)t

This completes the proof of (29) in the case of dimension n = 2, and as mentioned
earlier, the above two-dimensional argument easily adapts to the case n > 3.

2
ALy x| do < Cuv2.
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Appendix

We assume notation as above. Define the bilinear form

B(f.g) = (T2f.8), . [€L*(0).g€l*(w),

restricted to functions f and g of compact support and mean zero. For each dyadic
grid D we then have

B(f.g)= > (T¢AJf.AYg), -

1JED

Now define the bilinear forms

Cp(f.8) = > (Te A7 F.Ag), . fel’(0).gel’(w).

1,J€D: I and J are r-close

Thus the form Cp (f, g) sums over those pairs of cubes in the grid D that are close
in both scale and position, these being the only pairs where the need for a weak
boundedness property traditionally arises. We also consider the subbilinear form

Sp(f.8) = > (T2 AT f.A0g),| . fel’(0).gel’ (o),

1,J€D: I and J are r-close

which dominates Cp (f,g), i.e. [Cp (f.g)| < Sp(f.g) forall f € L*(0).g €
L? (w). The main results above can be organized into the following two part
theorem.
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Theorem 5 With notation as above, we have:

(1) Forf and g of compact support and mean zero,

Eq |B(f,8) —Cp (f,8)|
<C, (\/mg + Tro + The + ESTONE - gotone* . 2‘“’ﬁrw) 11226y 11811 22w
+CaEQSD (f7 g) .

1

(2) Forf and g of compact support and mean zero, and for 0 < A < ,,

1 *
EoSp (f.8) < Ca ( LV T+ T+ wmw) 1/120) I8l 20) -

The reason for emphasizing the two estimates in this way, is that a different
proof strategy might produce a different bound for Eq |B (f, g) — Cp (f, g)|, which
can then be combined with the bound for EqSp (f, g) to control |B (f, g)|. Note
also that the term C,EqSp (f, g) is included in part (1) of the theorem, to allow for
some of the inner products in the definition of Cp (f, g) to be added back into the
form B (f, g) —Cp (f, g) during the course of the proof of estimate (1). Indeed, this
was done when controlling the form T3, ;... (/> &) above.
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Intrinsic Difference Quotients

Raul Paolo Serapioni

Abstract An alternative characterizations of intrinsic Lipschitz functions within
Carnot groups through the boundedness of appropriately defined difference quo-
tients is provided. It is also shown how intrinsic difference quotients along
horizontal directions are naturally related with the intrinsic derivatives, introduced
e.g. in Franchi et al. (Comm Anal Geom 11(5):909-944,2003) and Ambrosio et al.
(J Geom Anal 16:187-232, 2006) and used to characterize intrinsic real valued C"'
functions inside Heisenberg groups. Finally the question of the equivalence of the
two conditions: (1) boundedness of horizontal intrinsic difference quotients and (2)
intrinsic Lipschitz continuity is addressed in a few cases.
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1 Introduction

The aim of this paper is to contribute to the theory of intrinsic Lipschitz functions
within Carnot groups.

We provide here an alternative characterizations of intrinsic Lipschitz func-
tions through the boundedness of appropriately defined difference quotients. We
show also how intrinsic difference quotients are strictly related with the intrinsic
derivatives, introduced in [3, 15] and used by Serra Cassano et al. to characterize
intrinsic real valued C! functions inside Heisenberg groups. Finally in the last
section we attach the related question when the boundedness of only horizontal
intrinsic difference quotients yields intrinsic Lipschitz continuity.

For a first description of Carnot groups we refer to the beginning of next
section and to the literature there indicated. We anticipate here that we identify
a Carnot group G with R” endowed with a non commutative polynomial group
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operation denoted as - (see (1) and (2)). Moreover (non commutative) Carnot groups,
endowed with their natural Carnot-Carathéodory distance (see Definition 2.1) are
not Riemannian manifolds being also non Riemannian at any scale [26].

In the last years, there has been a general attempt aimed to carry on geometric
analysis in non-Euclidean structures, and, in particular, to develop a good notion
of rectifiable sets in sub-Riemannian metric structures and, specifically, in Carnot
groups. For different notions of rectifiability in these general settings see [1, 2, 4,
14, 18, 23-25] and the references therein.

We recall that in Euclidean spaces, rectifiable sets are obtained, up to a negligible
subset, by ‘gluing up’ countable families of graphs of C' or of Lipschitz functions.
Hence, understanding the objects that, within Carnot groups, naturally take the
role of C' or of Lipschitz functions seems to be preliminary in order to develop
a satisfactory theory of intrinsic rectifiable sets. It has been clear for a long time
that considering Euclidean notions, even in the simplest Carnot groups i.e. the
Heisenberg groups, may be both too general and too restrictive (see [22] for a
striking example). More intrinsic definitions are necessary.

Observe that, the adjective “intrinsic” is meant to emphasize the role played
by the algebra of the group, in particular by its horizontal layer, and by group
translations and dilations. In other words, “intrinsic” notions or properties in G are
those depending only on the structure of its Lie algebra g. In particular, an intrinsic
geometric property, such as e.g. being an intrinsic graph, or an intrinsic regular
graph, or an intrinsic Lipschitz graph, must be invariant under group translations
and group dilations. By this we mean that, after a translation or a dilation, they keep
being graphs or regular graphs or Lipschitz graphs.

The notion of graph within Carnot groups is somehow more delicate than in
Euclidean spaces, since Carnot groups in general are not cartesian products of
subgroups (unlike Euclidean spaces). A notion of intrinsic graph fitting the structure
of the group G is needed.

An intrinsic graph inside G is associated with a decomposition of the ambient
group G as a product G = M - H of two homogeneous complementary subgroups
M, H (Definition 2.2) and the idea is the following one: let M, H be complementary
homogeneous subgroups of a group G, then the intrinsic (left) graph of f : A C
M — H is the set

graph (f) = {g-f(g) : g € A}.

Intrinsic graphs appeared naturally in [5, 17, 19] in relation with the study of non
critical level sets of differentiable functions from G to R¥. Indeed, implicit function
theorems for groups [14, 15, 18] can be rephrased stating precisely that non critical
level sets are always, locally, intrinsic graphs.

What are then appropriate intrinsic notions of Lipschitz functions or of dif-
ferentiable functions when dealing with functions acting between complementary
subgroups?

Both these notions were originally given in a somewhat indirect way as intrinsic
geometric properties of the graphs of the functions in question. Precisely, a function
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acting between complementary subgroups is an intrinsic Lipschitz function when its
graph does not intersect appropriately defined cones (see Definitions 3.2 and 3.3).
Analogously, a function is an intrinsically differentiable function when its graph
admits an appropriately defined tangent homogeneous subgroup at each point (see
[5, 20, 27]).

Both these notions, are invariant under group translations and dilations, hence
they are intrinsic and seem to be the right ones to be considered inside groups (see
e.g [24]).

On the other hand, in the Euclidean setting, the most common and elementary
definition of Lipschitz function is through the boundedness of the difference
quotients of the function itself and the natural definition of a differentiable function
is through existence and continuity of its partial derivatives.

As anticipated before, we introduce here an analogous definition of intrinsic
difference quotients (see Definition 3.7). These intrinsic difference quotients, though
their form may be algebraically complicated, can be explicitly computed given the
group G and the couple of complementary subgroups M and H. Moreover it is
easy to characterize intrinsic Lipschitz functions as intrinsic functions with bounded
intrinsic difference quotients (see Proposition 3.11).

The problem of characterizing intrinsic differentiable or intrinsic C' graphs
in terms of intrinsic differentiability properties of their underlying functions, is
definitely much more complicated. The available results are up to now limited
to the case of hypersurfaces inside Heisenberg groups that is to the case of ‘real
valued’ functions inside Heisenberg groups. By this we mean precisely that G is an
Heisenberg group and that the target space H, in the decomposition G = M - H, is
1-dimensional and horizontal.

Moreover the actual form of the intrinsic derivatives (in many significant cases
they are first order non linear differential operators) was obtained in the above
mentioned cases, in a rather indirect way through the use of Dini theorem. We
observe here as, in perfect analogy with Euclidean calculus, intrinsic derivatives of
functions acting between complementary subgroups of G can be obtained as limits
of intrinsic difference quotients along horizontal directions (when these limits exist).
So we provide an explicit way of computing the form of intrinsic derivatives, given
the group G and the couple of complementary subgroups M and H.

Finally we observe that it is not clear when informations on boundedness or
continuity of intrinsic derivatives of f : Ml — H are sufficient to yield that the graph
of f is intrinsic Lipschitz or intrinsic differentiable in G. Related to this is the fact
that in many significant instances the homogeneous subgroup M, though a stratified
group, is not a Carnot group. The validity of an intrinsic Lipschitz continuity result,
such as in Theorem 3.21, that does not have up to now a corresponding result in
term of continuity or boundedness of intrinsic derivatives, might suggest that also in
this case such a result might hold true.

Finally it is a pleasure to thank for their interest in this work and for many
pleasant and useful conversations Bruno Franchi, Francesco Serra Cassano and
Sebastiano Nicolussi Golo.
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2 Notations and Definitions

2.1 Carnot Groups

We recall here only the notions about Carnot groups that will be used in the
following of this paper. For general accounts on Carnot groups, see e.g. [10-12, 21].

A graded group of step « is a connected, simply connected Lie group G whose
finite dimensional Lie algebra g is the direct sum of k subspaces g;, g = g1 ®- - - B g,
such that

[0:.0]] C givje forl <ij <«

where g; = 0 for i > x. We denote as n the dimension of g and as n; the dimension
of gj,for1 <j <«.

A Carnot group G of step k is a graded group of step «, where g, generates all
of g. That is [g1, gi)] = giy1, fori=1,..., k.

Let X1, ..., X, be a base for g such that Xj, ..., X, is a base for g; and, for 1 <
J =k X415 s Xy is a base for g;. Here we have my = 0 and m; —m;—; = n;,
forl <j<«.

Because the exponential map exp : g — G is a one to one diffeomorphism from
g to G, any p € G can be written, in a unique way, as p = exp(p1X1 + - -+ + puXn)
and we identify p with the n-tuple (pi,...,p,) € R" and G with (R",-), i.e. R”
endowed with the product -. The identity of G is denoted as 0 = (0, ..., 0).

If G is a graded group, for all A > 0, the (non isotropic) dilations §;, : G - G
are automorphisms of G defined as

8 (p1sevspn) = A% p1, A%pa, .., A% py),
where o; = j, if mj— < i < m;. We denote the product of p and g € G as p - g (or

sometimes as pq). The explicit expression of the group operation - is determined by
the Campbell-Hausdorff formula. It has the form

p-q=p+qg+Q(p.q), forall p,g € R", (N

where Q = (Qy, ..., Q) : R" x R" — R". Each Q; is a homogeneous polynomial
of degree «; with respect to the intrinsic dilations of G. That is

Qi(8xp,829) = A“Qi(p,q), forallp,q € Gand A > 0. 2)

We collect now further properties of Q following from Campbell-Hausdorff for-
mula. First of all Q is antisymmetric, that is

Qi(p,q) = —Qi(—q,—p), forallp,q € G.
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Each Q;(p, g) depends only on a section of the components of p and g. Precisely

Qu(p.g) = ... = Qu(p.g) =0

3
Qi(p. @) = Qi(Prs- s Pmimys @15 -5 Gy )

if mi—; <j < m; and 2 < i. By Proposition 2.2.22 (4) in [10], for m; < i < n we
can write

Qu(p.q) = ) Riu(p: @) (pag — pug), “4)
k.h

where the functions R}( ,, are polynomials, homogenous of degree o; — oy — o, with
respect to group dilations, and the sum is extended to all 4, k such that a, + o < «;.
From (4) it follows in particular that

Qi(p,0) =Q;(0,9) =0 and Qi(p,p) = Qi(p,—p) =0. (5)

Finally, it is useful to think G = G' @ G*> @ - - - ® G, where G' = exp(g,) = R"
is the ith layer of G and to write p € G as (p',...,p"), with p' € G'. G! is denoted
as the horizontal layer of G.

Accordingly we also denote Q = (Q',..., 9% where Q' = 0andfor2 <i <«
each Q' is a vector valued polynomial homogeneous of degree i with respect to the
intrinsic dilations of G. With this notation (1) becomes

pra=(p' +4".p*+@+Q*(p.q),....»"+¢°+Q(p.q)), forallp,qeG.

(6)
An homogeneous norm in G is a function ||| : G — RT such that for all
p.q € Gandforall A >0
Ip-all < lpll + ligll . [8wpll = Allpll -
Homogeneous norms exist. A convenient one (see [16, Theorem 5.1]) is
int/i K
Ipll:= max {e; |||z} forallp = (p'.....p") € G, ©)

where 1 = 1,and &3, ... &, € (0, 1] are suitable positive constants depending on G.

Definition 2.1 An absolutely continuous curve y : [0,7] — G is a sub-unit

curve if there exist measurable real functions ¢;(s), ..., cm, (s), s € [0, T] such that
> Cf <1and

mj

P(s) =Y ci(©X;(y(s)). forae.se[0,7].

j=1
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If p, g € G, we define their Carnot-Carathéodory distance as
d.(p,q) := inf{T > O : there exists a sub-unit curve y with y(0) = p, y(T) = ¢} .

By Chow’s Theorem, the set of sub-unit curves joining p and g is not empty,
furthermore d, is a distance on G that induces the Euclidean topology (see Chap. 19
in [10]).

More generally, given any homogeneous norm ||-||, it is possible to define a
distance in G as

d(p.q) =d(g " -p.0)=|¢"-p|. forallp,qeG. (8)

The distance d in (8) is comparable with the Carnot-Carathéodory distance of G and

d(g-p.g-q) =d(p.q) ., d(,(p).6x(q)) = Ad(p,q) 9

forall p,q,g € Gandall A > 0.

2.2 Complementary Subgroups and Graphs

From now on G will always be a Carnot group, identified with R” through
exponential coordinates.

Definition 2.2 A homogeneous subgroup of G (see [28, 5.2.4]) is a Lie subgroup
H such that 6, g € H, for all g € H and for all A > 0. Homogeneous subgroups are
linear subspaces of G = R".

Two homogeneous subgroups M, H of G are complementary subgroups in G, if
M N H = {0} and if for all g € G, there are m € M and 4 € H such that g = m - h.
If M, H are complementary subgroups in G we say that G is the product of M and
H and we denote this as

G=M-H.

If M, H are complementary subgroups of G = (R”,-) then they are also comple-
mentary linear subspaces of R” and we denote this as G = M @ H. If one of them is
a normal subgroup then G is said to be the semi-direct product of M and H. If both
M and H are normal subgroups then G is said to be the direct product of M and H.

Remark 2.3 If M is an homogeneous subgroup of G then also M is a stratified
group, but it is not necessarily a Carnot group. If M, H are complementary
subgroups of G then G' = M/ @ H', fori = 1,..., k.

Example 2.4 Complementary subgroups always exist in any Carnot group G.
Indeed, choose any horizontal homogeneous subgroup H = H! C G! and a
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subgroup Ml = M' @ --- @ M¥ such that: H @ M' = G', and G’ = M for all
2 <j < k. Then it is easy to check that M and H are complementary subgroups in
G and that the product G = M - H is semidirect because M is a normal subgroup.

Given two complementary subgroups M, H of G, then for any ¢ € G the
elements m € M and & € H such that g = mh are unique because M N H = {0}.
These elements are denoted as components of g along M and H or as projections
of g on M and H.

Proposition 2.5 [f M,H are complementary subgroups in G there is ¢y =
co(M, H) > O such that for all g = mh

co (lmll + Il < llgll < llm] + {121 . (10)

From now on, we will keep the following convention: when M, H are comple-
mentary subgroups in G, M will always be the first ‘factor’ and H the second one,
hence gy € M and g € H are the unique elements such that

g = gM&H. (11

We stress that this notation is ambiguous because gy and gy depend on both the
complementary subgroups M and H and also on the order under which they are
taken.

The projection maps Py : G — M and Py : G — H are defined as

Pui(g) := gm. Pu(g) := gm (12)

Proposition 2.6 Let M, H be complementary subgroups of G, then the projection
maps Py : G — M and Py : G — H defined in (12) are polynomial maps.
More precisely, if k is the step of G, there are 2k matrices Al ... A, B, ... B%,
depending on M and H, such that

(i) A/ and Blare (nj, nj)-matrices, forall 1 < j <,
and, with the notations of (1),

(ii) Pyg = (A'g".A%(g? — Q*(A'g" . B'g")).... . A(¢" — Q“(Alg"..... B 'g)):
(111) P]I-]Ig — (Blgl,Bz(g2 _ Qz(Algl,Blgl)), L ’BK(gK _ QK(AI 1’ L 7Blc—lglc—l))) :
(iv) A/ is the identity on MV, and B is the identity on WV, for 1 <j < k.

Recall that n; is the dimension of the layer g;.
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Definition 2.7 Let H be a homogeneous subgroup of G. We say thata set S C G is
a (left) H-graph (or a left graph in direction H) if S intersects each left coset of H in
one point, at most.

If A C G parametrizes the left cosets of H—in particular if A itself intersect
each left coset of H at most one time—and if S is an H-graph, then there is a unique
function f : £ C A — H such that S is the graph of f, that is

§ = graph(f) := {§-f(§) : § € &}.

Conversely, for any ¥ : D C A — H the set graph (¢) is an H-graph.
One has an important special case when H admits a complementary subgroup M.
Indeed, in this case, M naturally parametrizes the left cosets of H and we have that

S is a H-graph if and only if S = graph (f)

for f : £ C M — H. By uniqueness of the components along M and H, if § =
graph (f) then f is uniquely determined among all functions from M to H.

If aset S C G is an intrinsic graph then it keeps being an intrinsic graph after left
translations or group dilations.

Proposition 2.8 Let H be a homogeneous subgroup of G. If S is a H-graph then,
forall A > 0 and forall g € G, §,S and q - S are H-graphs.
If, in particular, M, H are complementary subgroups in G, if S = graph (f) with
f:€CM — H, then
Forall A > 0,6,S = graph (f3), with
fi:6& C M — Hand (13)

fo(m) = 8,£(81/am), form € §,E.
Foranyq € G, q-S = graph(f,), where
f:8& CM—H, & ={m:Pulg ' -m)e&}and (14)
fum) = (Pa(g™"-m)) ™" - f(Pua(g™" - m)), forallm € &,.

Remark 2.9 The algebraic expression of f; in (14) is more explicit when G is a
semi-direct product of M, H. Precisely

(i) If M is normal in G then f,(m) = guf ((¢"'m)m), form € & = q€(qn)™".
(i) If His normalin G then f;(m) = (¢~'m)5'f(gy/ m), form € &, = qué.
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If both M and H are normal in G—that is if G is a direct product of Ml and H—then
we get the well known Euclidean formula

(iii) fy(m) = qu(qN_AIlm), form € & = qué€.
See also [5, Proposition 3.6].

3 Intrinsic Lipschitz Functions

3.1 General Definitions

As anticipated in the introduction, intrinsic Lipschitz functions in G are functions,
acting between complementary subgroups of G, with graphs non intersecting
naturally defined cones. Hence, the notion of intrinsic Lipschitz graph respects
strictly the geometry of the ambient group G. Intrinsic Lipschitz functions appeared
for the first time in [14] and were studied, more diffusely, in [13, 18, 19, 30].

We begin with two definitions of intrinsic (closed) cones.

Definition 3.1 Let H be a homogeneous subgroup of G, ¢ € G. Then, the cones
X(q,H, o) with axis H, vertex g, opening a, 0 < o < 1 are defined as

X(¢.H,a) = ¢-X(0,H, ), where X(0,H, ) = {p : dist (p.H) < & |Ip|| }.
Notice that Definition 3.1 does not require that H is a complemented subgroup.

Frequently, while working with functions acting between complementary sub-
groups, it will be convenient to consider also the following family of cones.

Definition 3.2 If M, H are complementary subgroups in G, g € G and B > 0, the
cones Cyrm(g, B), with base M, axis H, vertex ¢, opening f are defined as

Cvu(g. B) = q- Cuu(0, B), where Cyem(0, 8) = {p : |lpmll < B llpul} -
Observe that
H = X(0,H, 0) = Cm.u(0, 0), G =X(0,H,1) = Ug=0Cmu(0, B).

Moreover, the cones Cy (g, B) are equivalent with the cones X (g, H, «) that is:
for any o € (0, 1) thereis 8 > 1, depending on «, Ml and H, such that

Cvu(g, 1/B) C X(¢,H,a) C Cyulq, B), (15)

Now we introduce the basic definition of this paragraph.
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Definition 3.3

(i) Let H be an homogeneous subgroup, not necessarily complemented in G. We
say that an H-graph S is an intrinsic Lipschitz H-graph if there is a € (0, 1)
such that,

SNX(p.H,a) = {p} forallp € S.

(i) If M, H are complementary subgroups in G, we say thatf : £ C M — H is
intrinsic Lipschitz in £ when graph (f) is an intrinsic Lipschitz H-graph.

(iii)) We say that f : £ C Ml — H is intrinsic L-Lipschitz in £ if there is L > 0 such
that

Cvu(p,1/L) N graph (f) = {p}, forall p € graph (f). (16)

The Lipschitz constant of f in £ is the infimum of the L > 0 such that (16)
holds.

It follows immediately from (15) that f is intrinsic Lipschitz in £ if and only if it
is intrinsic L-Lipschitz for an appropriate constant L, depending on «, f and M.

Because of Proposition 2.8 and Definition 3.2 left translations of intrinsic
Lipschitz H-graphs, or of intrinsic L-Lipschitz functions, are intrinsic Lipschitz
H-graphs, or intrinsic L-Lipschitz functions. We state these facts in the following
theorem.

Theorem 3.4 If G is a Carnot group, then for all g € G,

(1) S C G is an intrinsic Lipschitz H-graph —> q-S is an intrinsic Lipschitz H-graph;
(i) f : € C¢ M — Hisintrinsic L-Lipschitz, = fy 1 & C M —
H is intrinsic L-Lipschitz.

The geometric definition of intrinsic Lipschitz graphs has equivalent algebraic
forms (see also [5, 17, 19]).

Proposition 3.5 Let M, H be complementary subgroups in G, f : € C Ml — H and
L > 0. Then (i) to (iii) are equivalent.

(i) f is intrinsic L-Lipschitz in €.

(i) |Pu(g™'q)| <L[Pu(d'q)|.  forallq.g e graph(f).
(i) |fm1(m)| <L|m|.  forallg e graph(f) andm € E;-1.

Remark 3.6 1f G is the semi-direct product of Ml and H, (ii) of Proposition 3.5 takes
a more explicit form. Indeed, from Remark 2.9, we get
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(i) If M is normal in G then f is intrinsic L-Lipschitz if and only if

, forallm,m € £.

l£@) = fm)| < L | fGm)~" " mf (in)

(i) If H is normal in G then f is intrinsic L-Lipschitz if and only if
|m~" mf ()~ ™ mf (m)|| < L|m~"'m| .  forallm,ine€&.

(iii) If G is a direct product of M and H we get the well known expression for
Lipschitz functions

, forallm,m e £.

£~ )| < L|m"m

Hence in this case intrinsic Lipschitz functions are the same as the usual metric
Lipschitz functions from (M, doo) to (H, doo)-

3.2 Intrinsic Difference Quotients

A different new characterization of intrinsic Lipschitz functions can be given in
terms of boundedness of appropriately defined intrinsic difference quotients. Let us
begin with this notion. In the spirit of the previous paragraphs, first we propose the
definition in the particular case of a function vanishing in the origin of the group
and then we get the general definition extending the particular case in a translation
invariant way.

Letf: £ CM — Hand Y € m. Assume 0 € £ and f(0) = 0. In this case the
difference quotients Ayf(0;¢) of f (from 0 € £ in direction Y) are defined as

Ayf(0;1) := 81,:f(8;expY)

for all # > 0 such that §,expY € £. Then we extend this definition to any m € &.
Letq := m- f(m) € graph(f), then f,—1 vanishes in 0 € £, and we define

Ayf(m;1) := Ayfy—1(0;1) = 81 f—1 (8, expY) a7

once more for all # > 0 such that §;exp Y € & 1.

To make the previous definition less implicit, i.e. given directly on the function
J and not on its translated f;—1, we consider the following steps making also more
transparent the underlying geometry of the construction.

e Letf : M — H. Fix m € M and Y € m. Then consider the line from
gm 1= m- f(m)

S gy -6sexpY for0 <s
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and its projection on M
s+ Py (g - 6sexpY) for 0 <.
Let
Ayigm := Py (gm - 8exp¥) = m- Py (f(m) - §;expY).

* Consider the projection on H of the difference between the two points on
graph (f): Ay,qm - f (Ay.gm) and gy, := m - f(m),

Py (q," - Avigm-f (Avigm)) = Pu (q,," * Avigm) - f (Ay.iqm)

* Finally the intrinsic difference quotient of f from m in direction Y is

AYf(m; t) = 81/t (PH (6];1 : AY,tqm f(AYtqm))) . (18)

The previous definition of Ayf(m;f) can be given a different expression.

Py (9, - AviGm f (Av.igm))

Py (q,," " Pui (gm - Siexp¥) - f (Ay.iqm))

Pi (g, P (gn-8:expY) - P (g - 8,expY) - (P (g - $,exp Y) ™' - f (Av.igm))
=Py (q," “gn-8iexp¥ - Pa (gn-8exp¥) ™" £ (Ay.iqm))

= (Paa(gm - $:exp ¥) ™" -f (Ay.iqm)

= (Pu(f(m) - 8,exp¥) " - f (m- Py (f(m) - S,exp¥))

Finally we propose the following definitions

Definition 3.7 Let M, H be complementary subgroupsin Gandf : £ C M — H.
If m € £ and Y belongs to the Lie algebra m of M, then the intrinsic difference
quotients of f at m along Y, are

Afm:1) = 810 (Pa(fm)-8,exp¥)) ™" - f(m-Pru(f(m) - Siexp 1)) ). (19)

for all + > 0 such that m - Py (f(m) - §,exp¥) € €.

Remark 3.8 Notice that formally the definition of difference quotient could be given
also for Y € h. This case is, as it should be, completely not interesting because the
difference quotients are 0. Indeed with Y € § it follows m - Pyr(f(m) - §,expY) = m
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and using the definition in (18)

AYf(m= l) = 81/[ (PH (61;1 : AY,IQm f (AY,Iq;n)))
=81/ (Pur (FOm)™" -m™" - Pag (f(m) - §iexp ¥) - f (m - P (f (m) - §; exp 1))
= 811 (Pez (f(m)™" £ (m))) = 0.
Remark 3.9 Observe that Definition 3.7 gives the same notion of difference quotient
as proposed in (17). Indeed, if f(m) = O then Py(f(m) - §;expY) = 0 and m -
Py (f(m)-6,expY) = m- 8,exp Y. Hence
fm) =0 = Ayf(m;t) = 8/ f(m- S expY) (20)
and also, if ¢ = m - f(m) then f—1(0) = 0 we get (17)
Ayf(m;1) = Ayfy-1(0;0) = 81/ (f,~1 (S expY)) .

Remark 3.10 With the same notations of Definition 3.7 and recalling Remark 2.9,
we get

(i) If M is normal in G and Y € m then

Py (f(m) - 8,expY) = f(m)
and

m - Py (f(m)5; (exp¥)) = m-f(m) - §rexp Y - f(m)™"
=m:- Adf(m) (8,« exXp Y).

Hence if M is a normal subgroup and ¥ € m
Axf(mst) = 8170 (f(m) ™" f (m - Adyin (8 expY)) .
(ii) If H is normal in G then
Py (f(m) - §iexpY) = (§,exp¥)™" - f(m) - S exp Y
and
Py (f(m) - 8,expY) = §,exp?Y.
Hence if H is a normal subgroup and ¥ € m

Ayf(m;t) = 61 ((5, exp¥)™' - f(m)~' - 8,expY - f(m -8, exp Y)) .
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(iii) If both M and H are normal in G and G is a direct product of M and H then
we get the well known expression for the difference quotient:

Ayf(m;t) = 81 (f(m)_1 -f(m- 8, exp Y)) .
Next Proposition gives a straightforward characterization of intrinsic Lipschitz
functions in terms of the boundedness of their difference quotients.

Proposition 3.11 Let M, H be complementary subgroups in G andf : £ C M —
H. The following statements are equivalent

(i) f is intrinsic L-Lipschitz in E;
(ii) there is L > 0 such that, for allY € m and forallm € £

[Ayf(m:0)|| < L|lexpY]l.

Proof 1f ¢ = mf (m) € graph (f) then by (17)

gm0l = |sfm 00 = | [ fmiGexp ]

forallt > 0and Y € m.

(i) = (ii). By (iii) of Proposition 3.5,
1 L
1Avfom:nll = | £ Grexp )| < , I8iexp Y| = Ljlexp Y|,

fort > 0 and Y € m. Hence (ii) holds.
(i) = (). Letm € & and q := mf(m). For any m € &;—1 let Y € m be such
that m = exp Y. Then

| =1 = [ fi=1(exp ) | = | AxfGm; V]| < LllexpY|| = L |ml|.

Hence (iii) of Proposition 3.5 holds and f is intrinsic L-Lipschitz.
O

We conclude this section observing that the limits for ¢ — 07 of intrinsic
different quotients, when these limits exist and are finite, give origin to a notion
of intrinsic derivative for functions acting between complementary subgroups. We
will show, in Examples 3.16 and 3.17, that these intrinsic derivatives are precisely
the operators considered by Serra Cassano and coauthors to characterize intrinsic
Lipschitz and intrinsic regular functions inside Heisenberg groups.

Definition 3.12 Let M, H be complementary subgroups in G, let m be the Lie
algebraof Mandf : £ C M — H. If m € £ C M, the intrinsic directional
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derivative of f at m along Y € m, is
Dyf(m) := lim Ayf(m;f) = lim A_yf(m;f) 21
U =0t
provided the two limits on the right exist and are equal.
Remark 3.13 This remark follows directly from (20). Indeed
fm) =0 = Ayf(m;t) =81/ f(m-8,expY)
hence, if the limits in (21) exist,

f(m) =0 = Dyf(m) = Yf(m).

3.3 Examples of Difference Quotients and of Intrinsic
Derivatives

Example 3.14 (Horizontal Valued Functions Inside Step 2 Groups) Let G =
(R™,-) be a step 2 group and denote g = g' @ g>. Let {Z;,...,Z,} be a base of
g with

g' = span{Z,....Z,,} o> = span{Zy,+1.. ..+ Zm}
With the notation in (6) we denote

qin = Qz(epo,-,epoh) c R"™M, forl <i,h <m.
Notice that ¢;, = —q,; and g;, = 0if i > m;.

We assume (see Example 2.4) that G = M - H where H is a k-dimensional

horizontal subgroup and M is a complementary normal subgroup. Moreover we
choose the vectors Z; are chosen such that

H = exp (span{Zi, ..., Z}), M = exp (span{Zi+1, ..., Zu}) .
Notice that we are assuming that Z, ..., Z; are commuting vector fields.
Letf : Ml — H be defined as

k k
f(p) :=exp (Z qoi(p)Zi) =Y @p)expz  forallp e M.
1 1

forallp = (p',p?) € M, where ¢; : M — Rfor1 <i <k.
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Fix an horizontal Z; € gl, that is with k + 1 <j < m;. Using (i) of Remark 3.10,
we compute

Azf(pit) =81 (F(p) " f (p-f(p)-SiexpZi-f(p)7"))
k

Z (i (p-f(p)-8iexpZ;-f(p)™") — wi(p)) exp Z;

Notice that

p-f(p)-8expZ-f(p)~"
= (p' +texpZ.p*> +29%(f(p).texpZ) + Q*(p'. texpZ))

k

= (p' +texpZ.p* + 2tZw(p)Qz(epog,epoj)
=1

+1Q%(exp( Y piZi).expZ;))

{=k+1

k my
= (p' +1expZ.p> +2t Y _@u(p)aej+1 Y peqe))-
(=1 {=k+1

Hence,

Az f(pst)

k
=2, (fpl P+ 1expZp? + 20 ou(paey

i=1 =1
m
+t Y peqey) _901'(]’17]72)) expZ;.
{=k+1

Let us specialize the previous example in the case G = H".

Example 3.15 (Horizontal Valued Functions Inside Heisenberg Groups) We recall
here the well known definition of Heisenberg groups mainly to fix a few notations.

The n-Heisenberg group H" is identified with R?**! through exponential coor-
dinates. A point p € H" is denoted p = (p1.....panpat1) = (p'.p?), with
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p' € R? and p> = py,41 € R.If p and g € H", the group operation is defined as
— (] 1 201 1
pq=(p +q.pwms1+qgut1+Q(p.q))

1
= (p' +q". pont1 + Gong1 — 2(Jpl,ql)Rzn)

where J = |: (; 16’:| is the (2n x 2n)-symplectic matrix.

For any ¢ € H" and for any r > 0 left translations 7, : H" — H" and non
isotropic dilations §, : H" — H" are defined as

t(p):=q-p andas &p:= (', Ppaui1).

We denote as h” the Lie algebra of H". The standard basis of h” is given, for i =
1,....n,by

1 1
X :=0;— 2(Jpl)i32n+1, Y := 0ipn + 2(Jp/)i+n82n+la T := Oopy1.

The horizontal subspace b is the subspace of h” spanned by X, ..., X, and by
Yy,...,Y,. Denoting by h, the linear span of T, the 2-step stratification of " is
expressed by

b" = b1 @ b. (22)

The Lie algebra " is also endowed with a scalar product (-, -) making the vector
fields Xi,...,X, and Y3,...,Y, and T orthonormal. Thus (22) turns out to be an
orthonormal decomposition of h” as a vector space.

If p € H", we indicate as ||p| its Koranyi norm, i.e.

4 4
1Pl = /I e + Ip2ns 2

There are infinite many different couples of complementary subgroups inside H".
All these couples contain a horizontal subgroup, here denoted as V of dimension
k < n, isomorphic and isometric to R* and a normal subgroup W of dimension
2n + 1 — k, containing the centre T.

Let H* = W -V where V is a k-dimensional horizontal subgroup and W a
complementary normal subgroup. We assume, for the time being, that V and W
are in generic position inside H", in particular we do not assume that they are
orthogonal.
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It is always possible to choose a basis Z := {Z;,...,Z,, T = Zp,+1} of the
algebra bh" such that

V = exp(span{Z,, ..., Z}), W = exp(span{Zi+1, ..., Zm, T}),

where Zi, . . ., Zy are commuting horizontal vector fields.
We use coordinates with respect to the Z basis, i.e.

2n+1
H'>p= exp( Z piZi) >~ (p1y..-sPwm+1) € R¥HL

i=1
With the notation in (6) we denote

qop = Qz(epog,epoh) e R, forl <{¢,h<2n+1.

As in Example 3.14, let

k k
[TW—V, o f(p):=exp (Z goi(p)zi) = exp(pi(p)Z).
1 1

Nothing changes in the computations from the general case of a step 2 group and
we get the following expression for the difference quotients for each horizontal Z;
withj=k+1,...,2n,

Azf(p:1)

k k
=2, (% p'+texpZ.p® + 12> @u(p)qe;
=1 (23)

i=1
+ Y pegey) - qoi(p‘,pz)) expZi.
(=k+1
Moreover
Azy, S (Pi1) = 811

= 51/r

(F()~" - f(p-f(p) - 8iexpZont1 - f(P)"))
(f(»"f(p-(0,....0,%))
k
1
= Z , (0i(P1-- - P20 P21 +) — @i(P1. - ... P20 P2ut1)) €XP Z;.
(24)

Passing to the limit in (23) for t — 0T, we obtain the following system of
k(2n — k — 1) non linear (intrinsic) differential operators acting on the k real valued



Intrinsic Difference Quotients 183

functions ¢y, ..., @k

k 2n
Dy =00+ (2D _ee(P)aej+ Y pedej)dt10i (25)
=1 =k+1

here 0;¢; = gﬁf fori=1,...,kandj=k+1,...,2n+ 1.
7
Boundedness in (24) gives only a Holder type condition on the last variable of
the functions ¢;.

Example 3.16 We further specialize the setting in Example 3.15 assuming that W
and V are orthogonal in H". Precisely, we assume that

{Zi,....20 Zoy+1} = X1, .. .. X0 Y1, .. Y, T
and that, for 1 <k <n,
V = exp(span{Xiy, ..., X}), W = exp(span{Zy+1, - . . , Zon, T}).
The coefficients g, ; take the special form

Qh,h+n:; forl<h=<n
qri = Q*(expZy.expZ) = | quinp = —} for L <h <n
qei=0 otherwise.

Hence (25) takes the form

2n
1 .
Dzpi = 0jpi+ Z Peqe j0ip; = 0j0; — 2pj+n3t(Pi =Xjpi, k+1<j=<n
f=k+1
k

Dzi = 00i+2 Y 0e(p)qe oipi = i+ ¢j—ndri. n+l <j<n+k
(=1

2n
1 )
Dzp; := djpi+ E DPeqe j0ip; = 3/<Pi+2pj—n3t<ﬂi =Y i, nt+k+1 <j<2n
t=k+1

(26)
It may be interesting to consider also these special instances of (26).

Example 3.17 With the notations of Example 3.16 let us consider the complemen-
tary subsets of H" = (R*'*!,.)

V = exp(span{X;}), W = exp(span{X, ..., X,, Y1,...,Y,, T})
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and a function f : W — V. Then f(w) := ¢(w) exp X can be identified with the
real valued function ¢ and we speak, with an abuse of language, of a real valued

intrinsic function. Here w := (0, p2, . .., pou, Pont1) € W.
Then (26) takes the form
1 .
Dz¢ = Dx;p := dj — 2pj+n82n+l(p = Xjp, 2<j=<n
Dz, ,¢ =Dy, ¢ := 0p+1¢ + 0021119, 27
1 .
DZ_,-(P = DY/'*n(p = 3,-(,0 + ij—n82n+l(p = Yj—n(pv n+?2 =J= 2n

In H' the system (27) reduces to the single non linear Burger type equation

1
Dyg := 02 + 939 = g + 283<p2. (28)

Equation (28) appeared in this context in [18], when studying the regularity
of non critical level sets of group-C' functions H" — R. There are many works
dealing with weak solutions of equations (28) and their relation with intrinsic regular
surfaces inside the first Heisenberg group H', (see [6-8, 29]).

System (27) is studied in [9] (see also [3]) where the authors characterize intrinsic
real valued Lipschitz functions f : W — V as bounded solutions of (27). We
notice that our Theorem 3.19 is related with the above mentioned characterization,
notwithstanding that the result in [9] is much deeper than the one in here, given
that the assumption in [9] is of boundedness of the limits of the intrinsic different
quotients and not, as we make in Theorem 3.19, on the difference quotients
themselves.

Much less studied are the vector valued analogues of (27) and (28). Consider the
complementary subsets of H? = (R, -)

V = exp(span{Xy, X»}), W = exp(span{Yy, Y»,T})
and f : W — V. Then f(w) := ¢g1(w)expX1 + ¢2(w)expXp, where w =
(0,0,p3,pa,p5) € W.

In this case the equations in the first and last groups of system (26) disappear and
we are left only with the non linear part of the system

Dz, ¢1 := 0301 + 010501, Dz, 5 := 0302 + 01052,

Dz, @1 := 0491 + 20501, Dz, @3 1= 0492 + 020502,

that is the vector valued analogous of (28).
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If we consider in H? = (R’, -) the complementary subgroups
V = exp(span{Xi, X2}), W = exp(span{X3, Y1, Y2, Y3, T}),
a function f(w) = @i(w)expX; + g2(w)expX, : W — V, here w =
(0,0,p3,...,p6,p7) € W, then (26) becomes a system of 8 equations acting on
the two real valued functions ¢, ¢
Dz, 1 := X3¢1, Dz,¢2 == X3¢

Dz, ¢1 := 0491 + @1(W)07¢1, Dz,¢5 1= 0402 + 01 (W)07¢2

Dz@1 1= 0591 + @2(w)079, Dz 02 := 0505 + @2 (W) 0792

Dzp1 := Y301, Dzsp2 := Y3¢3.
Finally we compute the difference quotients and an intrinsic derivative inside a
step 3 group.

Example 3.18 (One Dimensional Function Inside Engels Group) The Engels
groupis E = (R%, -, 8;), were the group law is defined as

. y X1+

x; y; X2 + ¥

N ' = X3+ y3 + (x1y2 — x21)/2

x; ;1 Xg + ya + [(e1ys — x3y1) + (2y3 —x3y2)]/2

(1 = y1 +x2 = y2) (x1y2 — x2y1) /12
and the family of dilation is
81 (x1, X2, x3,x4) = (Axy, Axa, A%z, A7xy).
A basis of left invariant vector fields is X, X, X3, X4 defined as
Xi(p) =01 — (p2/2) 93 + (—p3/2 — (p1p2 + 3)/12) 3
Xa(p) i= 82 + (p1/2) 95 + (=p3/2 + (p] + p1p2)/12) s

X3(p) := 03— ((p1 +p2)/2) 04
X4(p) = 04.

The commutation relations are [X1,X;] = X3, [X1,X3] = [X2,X3] = X4 and all
the others commutators are zero. [E is a semidirect product, as E = M - H, of the



186 R.P. Serapioni

two subgroups M and H

M:={m = (0.p2.p3.ps); ~ H:={h=(p1,0,0,0)} = {exp(spanXy)}.

Letf : M — H where f(m) := exp(¢(m)X;). Observe that M is a normal subgroup
being H an horizontal subgroup. Then it follows

Axof (m; 1) = 817 (f(m) ™" - f(m - Adym) (exp 1X2)))

= 81 (FOm) ™" FO.pa-t1 pa-+1gm). pact ) () +p2gp(m) — p3))
1
= oxp ( (0. pa-+1, p3-+1gm).pat | (9P +p2g(m) = p3)) = () X1

Hence, computing lim, ,+ Ax,f(m;f) we obtain the only horizontal intrinsic
derivative of the real valued function ¢

1
Dx,¢(m) := 320 + ¢(m)d3¢ + 2(<p(m)2 + pap(m) — p3)dsg

1 1
= 0o + 233902 + 1234(2903 + 3p2p® — 6p39).

3.4 Horizontal Difference Quotients and Lipschitz Functions

In a few noticeable instances the boundedness of difference quotients along the
vectors of the horizontal layer of m is sufficient to imply intrinsic Lipschitz
continuity.

As observed before, this phenomenon is different from the one about functions
defined on Carnot groups, although it is strictly related to it. It is well known that
if f : G — R is such that Yf is bounded for all Y in the horizontal layer of g, then
f is a Lipschitz function, the reason being that the horizontal layer of g generates,
by commutation, all the algebra. This is not the case for functions acting from M to
H. Indeed M, though a stratified group, is not necessarily a Carnot group because
not necessarily the horizontal layer of the algebra generates the entire algebra of
M (see e.g. Example 3.17), on the other side there is a redeeming feature: intrinsic
difference quotients and intrinsic derivatives are non linear operators. Finally one
does not have to forget that the final result is that the functions are intrinsic Lipschitz
and not Lipschitz.

We present here only two instances of this phenomenon, both of them inside
Heisenberg groups. The first one deals with 1-codimensional graphs of functions
acting between any two complementary subgroups the second one deals with
k-codimensional horizontal graphs of functions acting between orthogonal com-
plementary subgroups.
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Theorem 3.19 Let W and V be complementary subgroups in H" with V one
dimensional and horizontal. Let L > 0 and f : W — V be such that

[Azf(w: D)l < L |lexpZ]|

Jor all w € W and for all horizontal vector fields Z € ro'. Then there is L =
L(L,V,W) > L such that f is L-intrinsic Lipschitz in W.

Proof By translation invariance, it is enough to prove

I < Lw| (29)

for all w € W under the additional assumption

£(0) = 0.

If f(w) = O there is nothing to prove. Hence let us assume that v := f(w) # 0.
Under this assumption we prove that there are s, ¢ € R, there are horizontal vectors
Z, U in the first layer w! of the algebra to of W and a constant C = C(V,W) > 0
such that |exp Z|| = |lexpU|| = 1,

w - Ady)(8sexpZ) = §,exp U (30)
and
i< Iwll +Isl: Isl < Clwl*/1F ). (3D

With the notations of (6), w = (w',w?) = (W', wa,+1), f(W) = (f(w)",0), expZ =
((exp2)',0) and expU = ((exp U)',0). Then
w - Adson (8sexpZ) = (W' + (Ssexp2)', want1 +2Q%(FW)', (,exp2)")
+Q*(w'. (§sexp2)"))
= (W' + s(exp2)", wang1 +2Q%(f(w)', s(exp2)")
+Q’(w!, s(exp2)"))

Hence (30) is equivalent to solve in Z, U and ¢, s the system of 2n 4 1 equations,

w! + s(expZ)! = t(exp U)!

Waner + 202 () s(exp2)!) + Q2w s(exp2)") = 0. 32)
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Leta, B € R, with ||at||gon = || Blg2 = 1, be such that

2n n
weW <— Zaiwi =0, veV < v = 5||v|| exp Z(,B,'Xi + Bu+iYi).

i=1 i=1
Because W and V are complementary subgroups then

2n
C=CW.V):=|) afpil >0.

i=1

Let
n
Z = Zan+iXi — ;Y € ml,
i=1
then |lexpZ| = 1 and forallv e Vandw e W

1 2n
Q0" exp2)) =, vl Y el = Clll,
i=1 33)

n

1
Q’(w', (exp2)!) = -, Z(wiai + Wgitnsi) = 0.

i=1

With this choice of Z from the last equation of (32), using that Q2(-,-) is bilinear,
we get

Is| < Clwaa1 [/ 1FW < ClwlP/ 1L F ),

where C is a (different) constant depending only on V and W. The other estimate
in (31) follows from the first equations in (32).

Finally let us see that (29) follows from (30) and (31). Indeed, consider the
intrinsic difference quotients starting from 0 along U and from w - f(w) along Z

Vuf(0;1) = f(8rexp U),
Vot (w:s) = FO0) ™ - f(w - Adyy (S exp Z)) = f(w) ™" f(6,exp U)
From the assumption of boundedness of the difference quotients of f
I/ @Grexp U)|| < Lt

|0 ~" - f(w - Ay (SsexpZ)) || < Lis|
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The boundedness of these difference quotients yields an estimate || f(w)]|. Indeed

LFWI = [ fn) ™' fGexp U)| + 1 f(Sexp V)|
= | £ f (w - Adyy (Bsexp 2) | + 1 f(Siexp V)|

(34)
< L(Js| + |7
< L(Iwll + 2CIwl*/ 11 f o))
that eventually gives
IFow) < L{lwll
with L = }(L + +/L? + 8LC). O

Remark 3.20 Observe that in Theorem 3.19 it has been proved that if
|Azf(w;t)|| = O for all w € W and for all horizontal vector field Z € ! then
f W — V is intrinsic Lipschitz with 0 Lipschitz constant hence it is a constant
function. This fact is not anymore true if f is defined on a proper subset of W. The
following one is an example: let W and V be the complementary subgroups of H!
defined as

W .= {(0,)(2,)(3)}, V:= {(Xl, 0, 0)}
Let A be the neighborhood of the origin in W defined as A := {(0, x2,x3) : xp >
—l}andletf : A C W — V be defined as

X
0, x2, = ,0,0).
F(0,32,33) (sz )

The horizontal layer of tv! is one dimensional and is spanned by the vector Y := 4,,.
Then from Definition 3.7 (see also (i) of Remark 3.10)

Ayf(w;t) =0, forallwe Aandfr >0

while clearly f is not constant.

Theorem 3.21 Let W and V be the complementary orthogonal subgroups of H"
considered in Example 3.16. Precisely, for | <k < n let

V = exp(span{Xiy, ..., Xx}), W = exp(span{Zy+1, - . . , Zon, T}).
Hence V is k-dimensional and horizontal. Let L > 0 and f : W — V be such that

[Azf(w: D)l < L |lexpZ]|
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Jor all w € W and for all horizontal vector fields Z € 10!, Then there is L =
L(L,V,W) > L such that f is L-intrinsic Lipschitz in W.

Proof We keep using the notations introduced in Examples 3.15 and 3.16.
Analogously as in the proof of Theorem 3.19, by translation invariance, it is
enough to prove

IF o) < L [jwl] (35)
for all w € W under the additional assumption
f(0) =0.

Let be given w = (w!',w?) € Wand v = (v',0) € V with v! # 0. Then there is
7= (z',0) € W! as

w-Adyz € W' (36)
Indeed, let z = (z1, .. ., Zou+1) be defined such that

zz7=0, forl<i<pmandforn+k+1<i<2n+1
Zn+i = Asign(vy), forn+1<i<n+k

With this choice of z we have

1 n
Q*w', 7Y = 5 Z(Wizn+l — Wntizi) =0,

i=1
k
1
Q') =AY luil.
i=1

Finally choosing A = —wp,,+1/ Zle |v;| we get
weAdyz = (W' + 2 waug +207(0". ) + QP! 2)) = w! +7'.0) e WL
Let us go back to the proof of (35). If f(w) = 0 there is nothing to prove. Hence
let us assume that f(w) # 0 and define v := f(w). Now let Z, U € tv! be chosen
such that |exp Z|| = |lexpU|| = 1 and

SsexpZ =12z, S,expU = w-Adsz
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fo

r appropriate s, ¢ € R. With this choice of s we have

Is| < Cwl*/ Il fF w1l -

From now on the proof follows the same pattern of the proof of Theorem 3.19. O
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Multilinear Weighted Norm Inequalities Under
Integral Type Regularity Conditions
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Abstract Weighted norm inequalities for operators corresponding to non-smooth
versions of Calderén-Zygmund and fractional integral multilinear operators are
revisited and improved in a unified way. Graded classes of weights matching the
amount of regularity assumptions on the operators are also studied.
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1 Introduction

It is great pleasure for us to contribute to this volume in honor of Prof. Richard
L. Wheeden with some results about multilinear weighted estimates, which can
be traced back to his important collaboration with D. Kurtz on weighted norm
inequalities for multipliers [16].
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At the core of both linear and multilinear versions of Calderén-Zygmund theory
is the use of appropriate regularity assumptions in the kernel of the operators
to extend their boundedness from some initial Lebesgue spaces to all those in a
full range of exponents, including weak-type end-points. When possible, one tries
to extend the boundedness properties to weighted spaces as well. The regularity
assumptions have been modified in the literature in several ways and results for
quite rough operators of very particular forms exist. Nonetheless, when the focus
is on weighted norm inequalities for general operators, as it is in this article,
the regularity assumptions inexorably circle around the so-called Hérmander type
integral conditions. This is because the conditions are easy to verify but also
because they tend to parametrize very well the classes of weights used. The natural
classes of weights are of course related to the Muckenhoupt classes A, as they are
characterized by the boundedness on weighted Lebesgue spaces of smooth (non-
degenerate) Calderén-Zygmund operators and the maximal functions in the theory.
Experience tells us, however, that once the amount of regularity in the kernels of
the operators studied starts to diminish away from some standard conditions, one
cannot hope for L7 (w) estimates to hold for all w € A,, but at most for a smaller
class of weights.

In this work we shall revisit Hormander’s integral conditions and associated
classes of weights in the multilinear setting. Ultimately, the goal is to explore the
effect of such regularity assumptions and to adapt the general template of the linear
theory to the multivariable one. Our motivation comes from several sources. One
is the work [25] of Pérez and the second named author in this article, where end-
point estimates for bilinear operators were studied under variations of Héormander’s
condition. Another motivation is provided by the works of Fujita and Tomita [7]
and Bui and Duong [1] on weighted norm inequalities, as well as further recent
results on multilinear multipliers such as the ones by Li and Sun [18]. Although
the techniques we will use are very close to the one in those works, we are able
to consider both Calder6n-Zygmund and potential type multilinear operators. Our
results improve the ones in [1] for the former operators, are new for the latter, and
will be presented in a unified way. We will also precisely identify the graded classes
of multiple weights needed to be used for all the different types of multilinear
operators we consider. In this regard, and like numerous other results on the subject,
we are influenced by the original article of Kurtz and Wheeden for Fourier multiplier
[16], which was one of the first works to relate a reduced amount of regularity of
multipliers with the classes of weights allowed.

We would like to take this opportunity to congratulate and thank Prof. Wheeden
(Dick) for his numerous pioneering contributions in several areas of harmonic
analysis and partial differential equations, and in particular for those in the study
of weighted norm inequalities, many of which have helped shape the subject and
continue to be of relevance today.
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2 Preliminaries and Statement of the Main Result

As in [25], and for the reader’s convenience, we repeat here some basic facts of the
linear theory to put our results in context. If 7 is linear operator of the form

TF(x) = / K(ey)f ) dy

(properly interpreted) which is bounded in L7°(R") for some py > 1, then the typical
Hormander or integral regularity condition

supsup [ |K(x.3) ~ K(xg. )] dy < oo, )
0 x€Q JRM"\Q*

gives also the boundedness of T on L”(R") for all py < p < oo. Here Q is a cube in
R" with sides parallel to the axes and center xy, and Q* is an appropriate dilation of
Q. The condition (1) is easily implied by a pointwise regularity assumption such as

1
IViK(x. y)| < eyt for x #y, 2)

or other Holder regularity variations of it. In the translation invariant case, that is
when K (x, y) = k(x —y), (1) can be obtained from well-known regularity estimates
for the multiplier of T, which we denote by m = k. Namely, when Tf = mf then
the pointwise condition

19%m(£)] <o |€]7 3)

considered by Marcinkiewicz [20] and Mihlin [22] or its average (Sobolev type)
variation

1/2
sup (R2|°‘|_” / |8°‘m(§)|2d§) <C 4)
R>0 R<|x|<2R

considered by Hérmander [13], yield (1) if enough derivatives of m (roughly n/2
derivatives) can be estimated in the above fashion. Such operators are then bounded
onl? foralll <p < oo.

It has been known for a long time (going back to the work of Kurtz-Wheeden
[16]), however, that if the smoothness on the multiplier is only enough to obtain
integral regularity conditions on the kernel side but not pointwise ones, then the
operator, though bounded in the full range of unweighted L? spaces, it may only
satisfy L7 (w) estimates for weights w in more restricted classes than A,. This is
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even the case if (1) is replaced by stronger L"-H6rmander’s conditions of the form

0o ) , 1/r
@0 ( Lo ke - K(xQ,y)rdy) ¢ ©
j=] yQ*\ZJ—lQ*

for all x € Q, and where r > 1 and ¥ is its dual exponent. Note that r = 1

gives back (1). In addition to [16], we direct the reader to the works by Rubio de
Francia-Ruiz-Torrea [26], and Martell-Pérez-Trujillo [21] for detailed results as well
as further references to earlier work in the subject. Moreover, we remark that it was
shown in [21] that (1) is not enough to obtain L”(w) estimates even if w € A;. See
also [21] for negative results for other values of r in (5). We also want to point out
the work by Kurtz [15], where the case I’ — L7, p # g, was considered. We will
develop analogous results to [15] for multilinear fractional integral operators.

Much of the above has been studied in the multilinear setting already, generating
some expected analogs of the linear theory as well as some unexpected interesting
new phenomena. Grafakos and Torres developed a fairly complete multilinear
Calder6n-Zygmund theory in [11] based on multilinear analogs of the pointwise
gradient estimates (2). The operators are now of the form

T(h)(x) = /( K )y,

at least for x ¢ NY_,suppf;, where f = (fi,....fv) and dy = dy; ...dyy. Relevant
references to earlier work by other authors are given in [11] too. In particular, when
applied to kernels of the form K(x—yy, ..., x—yy), studied also by Kenig and Stein
[14], this theory recovers and extends the founding multilinear results of Coifman
and Meyer [4, 5] for the Fourier multipliers that nowadays bear their names. That is

T, (f)(x) = /RnN eix~($1+...+$N)m(zg-l’ s SN)?I (1) ‘?N@N)dég'l ey,
where m satisfies

185!+ 0 m(EL, - EW)| Sayay (1] 4+ [En]) 7T HenD, 6)

Clearly, (6) is the analog of the Marcinkiewicz-Mihlin condition (3). If (6) holds for
enough derivatives, then pointwise gradient estimates on the corresponding kernel
K(x—yi,...,x—yy) follow. The operator T, is then bounded from L' (R") x - - - X
IP¥(R™) to IP(R") forall 1 < py,--- ,py < oo satisfying 1/p; + --- + 1/py =
1/p. It was natural then to determine the minimum amount of regularity that would
yield such boundedness result. This has been done by Tomita [27] and Grafakos and
Si [10]. Moreover, they also studied analogous of (4), which were normalized on
various Sobolev spaces.
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The weighted theory in the multilinear setting has several interesting twists.
Under pointwise regularity estimates on the kernel of the operators, the theory was
extended in [12] and [24] to weighted Lebesgue spaces with weights in the product
of A, classes. Though these seemed at first the natural weights to use, it was later
discovered by Lerner et al. [17] that they were far from optimal. In fact, a much
larger class of multiple weights Ap can be used. Moreover, such classes characterize
the boundedness of appropriate maximal functions and smooth (non-degenerate)
multilinear Calderén-Zygmund operators.

Going back to multipliers, in [7], Fujita and Tomita studied the weighted
boundedness of T,, with product of scalar A, weights, while Li and Sun [18] did it
with multiple weights, both under minimal regularity assumptions on the multiplier.
Interestingly, different forms of Sobolev regularity appear to determine whether
product of scalar weights or multiple weights Ap could be used for multipliers.
A detailed summary of positive results and some negative ones is given in the
recent work of Fujita and Tomita [8]. Li and Sun [19] also considered an extension
to pseudodifferential operators. For operators which are not defined in terms of a
symbol, the most general results available so far in this context are the ones in the
already mentioned contribution of Bui-Duong [1]. They introduced the following
version of (5) in the multilinear setting':

fl

Jm

1/r
. / K(x.y) - K(z.y)|"dy
Q%) Sj, (%))

! (N

|x — z|NG=n/p0)
~ |Q|N5/n

—N§ max{ji,...Jm}

for all x,z € Q and (j,...,jn) # (0,...,0), where S;(Q*) = 20* \ 271Q*
if j > 1 and So(Q*) = Q. They proved that this condition together with an a
priori weak-type estimate imply multiple weighted boundedness for reduced classes
of multiple weights. As an application, they subsumed previous results based on
pointwise regularity estimates for multipliers too. We will present a different form
of (7) and we will also allow for off diagonal operators as Kurtz [15] did in the linear
situation.

For 0 < a < nN, assume that T, is a multilinear operator initially defined on
the m-fold product of Schwartz spaces and taking values into the space of tempered
distributions

Ty : S(R") x -+ x S(R") — S'(R").

'In [1] the condition is written in terms of balls but the change to cubes is of no significance.
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Assume also that for a certain kernel function K,

now = [

o K(Ge,yr, - ymA0Q1) ---fvw)dy,

as an absolutely convergent integral whenever x ¢ ﬂ?’zlsuppﬁ.

Definition 2.1 The operator T, satisfies the multilinear L’ *-Hormander condition
if

oo 1/r
N_«a v
sup sup 312017 ( [ K(x,y) - Kz y)ldy
(k1IN (2K Q)N

Q xz€)04=0

is finite. When r = 1, the above condition is understood as

o0
sup sup Z |2kQIN = sup |K(x,y) — K(z,y)| < o0.
o x,zE%Q k=0 yeHFIQN\(2kQ)¥

Note that when N = 1 (the linear case) and @ = 0, the above condition reduces
to the classical L -Hrmander’s condition 5).
We now introduce the relevant multiple kind of weights for our work.

Definition 2.2 For 1 < r < p;,...,py < o0, 1/p = 1/p1 + --- + 1/py, and
r/N < p < g < oo, we say that a vector of weights w = (wy,...,wy) is in the
class A(P, g, r), or that it satisfies the A(P, ¢, r) condition, if

1N pi—r

[Wla®.g. := sup (][ w(x)qu) ' l_[ (][ Wi(x)—.bir/(m—r)dx) "
e Me i=1 0

where w(x) = l_[fvzl wi(x).

Our main result is the following

n

Theorem 2.3 Let 1 < py,....py < o0, 1/p=1/p1+ -+ 1/py, 0 < a < P’
b="1—%1<r<min(p.....py.nN/a,Np) and 1/r* = N/r — a/n. If

g p
Ty:L x--xL —L"® (8)
and satisfies the multilinear L” " _Hérmander condition, then

Ty : LW x o x PV (W) — LI(w9)

forallw € AP, q,r).



Multilinear Weighted Norm Inequalities 199

The case « = O should be seen as the Calderén-Zygmund situation and
represents an improvement over [1]. The case @ > 0 correspond to operators of
multilinear fractional integral type and is a new result. Clearly the result applies to
smooth multilinear Calderén-Zygmund operators as in [11] and also to fractional
integral ones as in [14]. The interest, however, is that the regularity conditions are
weaker, and they apply also to multiplier operators with minimal Sobolev regularity.

In the next section we introduce additional notation and prove several results for
the classes A(P, ¢, r), relating them to other classes of weights already studied in
the literature. In Sect. 3 we present the proof of our main theorem while in Sect. 4
we apply the results to multiplier operators.

3 The Classes A(P, q,r)

We start by recalling other classes of multiple weights introduced in the literature.

Let1 < Pls--. PN < OO, 1/[7 = 1/[71 + -+ 1/[7N,P = (plw-wpn), and
1/N < p < oo. As defined in [17], a vector of weights w = (wy, ..., wy) is in the

class Ap if
N N N I 1/p}
1/pi —Pi
sup ][ w; (][ w; ) < 00. 9)

i=1

On the other hand Moen [23] (see also Chen-Xue [3]) considered for 1 <
Plse..py <00,1/p=1/p; +---+ 1/py,and 1/N < p < g < oo, the classes
A(P, g) of vector weights w = (wy, ..., wy) such that

N NV N 1/}
sup ][ i (][ ?’f) < 0. (10)
p((00) ) 10

i=1

Note that the normalization in (9) and (10) is different, so for ¢ = p, w =
(Wi, ...,wy) € AP, p) if and only if (W]", ..., wR') € Ap.
Next, we observe that it is immediate to verify the following properties.

Lemma3.l Letl <r<s<pi,...,pn,Np <o0oand 1 < g < oo. The following
properties hold.
(i) AP,q,1) = AP, q) and [W]app1) = [wf”];\ff7 when N = 1.2

(i) we AP, q.r) ifand only if w" := (W}, ... . wy) € AC®,9).
(iii) A(P,q,s) CA(P,q,r) CA(P,q).

AP
ZRecall that in the scalar case [Wla, = sup, (fQ w) (fQ wP ) .
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We collect now a few other properties of the classes A(P,q,r) which can
essentially be found in the literature. We provide only a few missing details. The
following characterization of A(P, g, r) holds.

Lemma 3.2 The weight w € A(P, q, r) if and only if

_ pir
wl € Angr and w; "'

€Ayriy 1=1,...,N. (11)
Proof Using Lemma 3.1 (ii), we can see that the necessity part is [23, Theorem 3.4].
So our contribution here is to prove the converse implication. We use the ideas in
[17]. Assume that (11) holds. We claim

N_1 N ir (N=Dpi+r
r r ! pir
(][ W—NZ') 11 (][ w,-‘“‘”*") > 1. (12)
0 i=1 (4]
Let
_ pq _gqr
€= and 1 = .
N2pg+rqg—rp Ng—r

Clearly T > € > 0. Then by Holder’s inequality,

1

1= (][ w_gwg)
0
. ty

< (][ W-e(y)““ (][ Wec)/)‘(é’

0 0

1 1_1

=) ()

0 0

g = (NN =1 +nrpi _ NIN=1)+r/p
W=D +np  N=D+r/pi

Let

Then min(B;) > 1 and Zf\;l 1/B; = 1. Note also that

€T _ r
T—e NWN—-1+r/p
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so by Holder’s inequality,

c—r N (=)
. e T Biet ﬂ,
wrt—e S (f W-IE)
(f==) =T1(£»

(N—1)p;+r

N pir
pir
N—1)pi+
:H(][W; i ) 7
=1 \Jo

1N pi—r
q pir pir
[W]A(P,q,r) = sup (][ W‘I) (][ W_Pi—r)
0 9] l_[ 0

N

; _qr V_lli
<sup (][ wi ][W Ng—r
Q [ Q

(N—1)pij+r

pi—r
pir — Pt N pir
anup(][ (N l)lerr) (][Wip,,)
=1 @ 0
1 (Nq—l)l
q r q
() (frr )
o 9] [

(N—1)p;+r

N N e\ Ay

% [T sup ][(Wip") (][Wipl,)
=1 2 \Jo 0
l/ pir pi—r

__Loa1Y/4 pi—r m
[ ]ANq/rl—[[ (m
since
r—pi _ 1—pi/r _ 1 1

(N—=Dpi+r N-=1Dpi/r+1 _Np_l;ir/:l 1 - _N(Pri)/ —1

|

A reverse Holder’s property for Ap was obtained in [17] while one for A(P, ¢)
was proved by Chen and Wu [2]. For convenience we provide the details for a similar
property in terms of the class A(P, g, r).

Lemma 3.3 (Reverse Holder’s Property for A(P,q,r)) Assume that w €
A(P, q,r). Then there exists t > r such thatw € A(P, g, 1).
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_ pir
-r

Proof By Lemma 3.2, we have that w; ”
property for such weights,

_virir\ 1/vi _ pir
(4] (4]

for some c;, y; > 1. Moreover, it is possible to select y; close to 1 and numbers ¢,
r < t; < p; such that

€ Ao and by the reverse Holder

1 _ Vi
1/t.—1/pi  1/r—1/p;

or equivalently,

piti _ Vipir

pi—ti pi—r
Lett = min{ty, ..., ty}. We have

(][ l/qﬁ AT l/qﬁ A
) ()" =) ()
0 o ' 0 o '

i=1 i=1

1/g N pi=r _ pir p;,;r
< (][ W‘I) l_[cimr (][ w, pl,)
0 i=1 0

l

5 [W]A(P,q,r) .

|

We will use several maximal functions. For 0 < o« < nand f € L}OC(R"), the
fractional maximal function M, (f) is defined by

1
wpw=sw [ oy

Forl <r < [, let My ,(f)(x) = (M, (|f]") (x))'/. We also recall the sharp maximal
function defined by

. 1
W@ =swint o [ o) —clay

and for § > 0, define Mg(f) = MA([f|%)1/°.
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For0 < a < nNandf = (fi,....fv) € (L,.(R")Y, the multi(sub)linear
fractional maximal function M, (f) is defined by

al 1
Ma00 =50 [ T 1 | vy

nN

Finally, for 1 <r < s We also define

1/r
M, ®00) = sup]"[(|Q|l o |, oot

We have the following weighted estimate for M, ,(f).

Lemm334 Letl <r<pi,...,pn,Np <o00,1/p = 1/P1+"'+1/1’N’0 sa<,
and 611 = ' — % Then My, is bounded from [ (wpl) X eee X IPN (M/];N) to LY(w?) if
and only lfW e AP, q,r).

Proof Note that
1
1Mo r ®llzseny = 1Mol 0
where for f = (f1,--- ,fv), we define £ = (|fi|",--- . [fv]"). For @ = 0 the result

follows then from [17, Theorem 3.7], cf. also [1, Proposition 2.3]. For @ > 0, the
result is a consequence of [23, Theorem 3.6]. ]

4 Proof of Theorem 2.3

Once the point-wise estimate of the next lemma is established, the proof of
Theorem 2.3 will follow a familiar pattern in the theory using the Fefferman-Stein
estimate

/ (M) (P w(x)dx < / M) (P Wi, (13)
Rn R»

which holds for any 0 < p,§ < oo and any w € Ax; see [6].

Lemma 4.1 Let T, satisfy the hypothesis of Theorem 2.3. If0 < § < min(1, " ),
then for all f € ]_[fv=1 Liwithr<1,...,ly < 00,

M(To () < Mo, (B).
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Proof Fix QO C R" and x € Q. Ititis enough to show that

(101 1706~ calt)” 5 M, 00

for some cp. The arguments follow a familiar pattern. For i = 1,..., N, let fio =
fixor and f2° = fi(1 = yo=). Thenf; = f + f° and

N N
[ 14660 =00 +£20:)
i=1

i=1

N
=[[Ro0+ D Ao om.
i=1 (Br.~ .Bn)El
where [ is the collection of all N-tuples 8 = (B1,--- , By) with each 8; = 0 or co

and at least on 8; = co. We can write then

T.(0@) = Tu(f). - D@ + Y T ).

pel

Using the weak-type estimate on 7, and applying Kolmogorov’s inequality we

have for £ = (0, -+, f9),
1

(IQI / TO6F dz)ﬁ S I @)ll o g.tz10)

1/r
1
5 o d l
o ( [T g [, 1000 y)
< Mg () (x).

In order to estimate the other terms, we select the constant cg to be

co=Y Tu(f{".... S

pel

and we will show that

D ITu()(2) = T () ()| S Mo (), (14)

Bel

forall z € Q, where £ = f‘,...,f/g’v).
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We observe that forany J = 1,...,N — 1,

@)Y x R\ Q") CR™\ (M) =Y @' oM\ (2" M),

k=0

and similarly (R" \ 0*)¥ C Y 72,2 10*)N\(2Q*)". Using this observation,
Holder’s inequality, and the L”_Hormander condition, we have

T () (2) — To () ()|

N
< K(z,y) — K(x, i(vi)ldyi
= [, KEY K D[] e

N
K@ y) — Ky [ [ 1600y
=1

2t grN\ (2t ¥y

/

o0
RNV,
=3 / IK(.y) ~ K. y)l”dy)
(2k+1Q*)N\(2kQ*)N

=0 (15)
N y 1/r
X ()| dy;
[1( . o)
ad N /r
<o ([ K(.y) — KGy)ldy)
k=0 @kF1QF N\ (2kQ*)N
N
1 1/r
x ar (i)' d i)
E(|2k+lQ*|1—nN /2k+1Q* il dy
< Mo () (),
which gives (14). |

Proof of Theorem 2.3. Note that we always have w? € A, so applying (13),
Lemma 4.1, and then Lemma 3.4, we have

1T ) l200y <M (T (E) 29000y < ClIME (T () 1000

N
<CIMa,r® oy < C T TIWillri -

i=1

as we wanted to show. O
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5 Multipliers

When o = 0, it is easy to see that our L"-H6rmander’s condition is weaker than that
in [1]. Moreover, our results also extend to the case o > 0. In particular, we obtain
some new applications to multilinear Fourier multipliers in this last case, extending
the results in [19].

We will consider Fourier multiplier 7,, given by

Tu(f)(x) = /R N ET N (e EAED - Sy (E)dE . dEy

forfi,...,fv € S(R"), and where the function m satisfies some regularity property
defined in terms of Sobolev space estimates.

Recall that for s € R, the Sobolev space W*(R"™Y) consists of all F € S'(R™)
such that

R 1/2
oy = ([ O+ ERFOF der...dev) <o

where £ = (§,..., &) e R" x--- x R",
Let ¥ € S(R™) be such that supp ¥ C {£ € R™ : 1/2 < |§|] < 2} and
Y ez W(E/25) = 1 for all ¢ € R"™\{0}. For a function m, @ > 0 and k € Z we set

mi{(§) = 2“m(2"E)W(§).

We will use Theorem 2.3 to prove the next result. The version for ¢ = 0 is in
[19]. Our proof relies on some computations used in that article and those in [7].

Theorem 5.1 Let P = (py,...,py) with 1 < py,...,py < oo and 1/p =
Zf.vzl 1/p, 0 <a <n/p,1/g=1/p—a/n, s >nN/2, andr = max{l, 3’_‘{_\;} <
P1,...,Pn,PN. Suppose that m satisfies

sup ||mz ”W‘V(R”N) < Q. (16)
kEZ

Then forallw = (wy,...,wy) € AP, q,r) andw = ]_[f\;l wi, Ty, is bounded from
L2 OW) - DY () 0 LA with [Tyl < supyes, [ e

Proof of Theorem 5.1. Since w € A(P, g, r), by Lemma 3.3, there exists r < r <
Pi,--+ »PN,PN such that w € A(P, g, 7). In order to prove Theorem 5.1, if suffices
to prove that the hypothesis in Theorem 2.3 are satisfied with r replaced by 7.

We will establish the unweighted L' x --- x [’ — L7 boundedness of the
multiplier for any (N + 1)-tuples (p1,...,py,q) With 1/g = 1/p —a/nand r =
max {1, "V } < pi.....py.pN. This gives a fortiori the weak-type estimate in the

sta
hypotheses of Theorem 2.3 for 7.
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We need first to borrow and/or adapt to our situation some lemmata from [7],
which we include here for the reader’s convenience.

Lemma 5.2 Letl <p,q,r <oowithl/q=1/p—a/n. Then

l{>onar}| s{>wr}”

keZ kEZ
for all sequences {fi}rez of locally integrable functions on R".

P

Proof This is a standard result that will be used in place of [7, Lemma 2.3]. Indeed,
let Z,, be the fractional integral operator defined by

Tf() = /R " ! (yyf_ dy.

It is well know that || Z,(f)|lze < |If|lzr- Since Z, is a positive operator, the above
inequality has a vector-valued extension (see for example [9, Proposition 4.5.10]):

H DB I [ }

kEZ kEZ

L r
The result to be proved follows now from pointwise estimate M fi (x) < Zg (|fi|) (x)-
O

Lemma 5.3 ([27, Lemma 3.3] and [7, Lemma A.1]) LetR > 0,2 < [ < oo,
s > 0and ws(u) = (1 + |u|?)*/? for u € R"™. Then there exists a constant C > 0
such that

IF|liwy < ClIFlysni for all F € W' with supp F C {|u| < R}.

(wg) =
Lemma 5.4 (cf. [7, Lemma 3.2]) LetR > 0, s > nN/2,0 < a < nN/2, and

max{l, S+a}<l<2f0r1<z<N Then

/R ORI =y, 2 = A0 - fvOwdy - dyw
N
< lmllws | [ Mo (1Y 0!
i=1

forallj € Z, all m € W*(RN") with suppm C {/|E1)2 + ... + |En|> < R}, and all
Siooe oo fn € SRY).
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Proof Forx € R", letX = (x,...,x) € RV, By Holder’s inequality

/R N DN m I (x—y1), .., 2= yW)AO) . SvOn)dyr ... dyn

(1 +2x -yl
(I+2[x—yl)’

i Y. ! Y
<20t ([ il wpray) ([0 RO ay)

— 2j(Nn—a)

fi0n) - SvOw)dyr ... dyn

/‘mW&—w>
RNn

N

1
R 2=1/N) £ (y,) | |
<Al <] ROl
o) e (14 2 = yi )

N
Sl gy X [ [ Min (1Y)
i=1

where in the last inequality we have used the basic estimate

- FOI
n—p
P (R g (14 R|x — y|)—F+e dy) < Mgf(x)

withR =2,0 < B = al/N < nand e = sI/N — (n— la/N) > 0 because of the

choice of /. Since also 2 < [} < oo, it follows from Lemma 5.3 that || v, =
C|/m||ws, which concludes the proof. o

We are now ready to prove the unweighted L' x .-+ x PN — L9 boundedness
mentioned before. We will decompose T, following the same idea as in the proof
of [7, Theorem 6.2], from where we borrow the following auxiliary functions.

Let ¢; be a C*°-function on [0, co) satisfying

1) =1 on [0.1/(4N)].  supp ¢ C [0,1/(2N)].

Let ¢o(f) = 1 — ¢1(¢) and for (i1, ..., iy) € {1,2}", define ®;, __;, on R¥"\{0} by

Piy....in) () = b, (1E11/1ED B (16217181 - - pin (1ENI/1ED. (17)

where £ = (§1,....6y) e R" x .-+ xR". Asnoted in [7], ®q1,..1) =
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Lemma 5.5 ([7, Lemma 3.1]) Let @,
following are true:

(1) For§ e R™\{0},

i) be the same as in (17). Then the

Z Dy i) (&) = 1.

(i1 ,insiy) €123V

(i1.i9.iny) Z (1. 1)
(2) For (i1,...,iy) € {1,2¥ and (a1, ..., ay) € 72 X --- X 1 there exists a
constant C3*N > 0 such that

01,02, 0 IN
Iagll o agz\;/ iy (B)] < CZILZ‘IJ;/N(ISH 4ot |§N|)—(|a1\+..,+\a/v\)

forall £ € RN"\{0}
(3) Ifij=2forsomel <j<Nandiy =1foralll <k < N withk # j, then supp
i) C AL &) o & < |§]/N for k # ). If i = iy = 2 for some
1 <j.j = Nwithj # ], then supp ®,...ix) C {(1.-...&n) © |§]/(4N) =<
&7 < ANI&1. 1€l = 4N for k #j.j'}.

We also choose ¢, ¥, J, C,E € S(R") such that

supp ¢ C {|n| < 16N}, @ = lon{|n| <8N},

suppy C{1/2< | <2}, Y y(n/2)=1 forally#0,
JEZL
suppy C{1/4 <[yl <4}, ¥ =lon{l/2<]|n <2},
supp ¢ C {1/(16N) < |n| < 16N}, {=1on{l/(8N) < |n| < 8N},
supp ¢ C {1/(32N) <[] <32N}, = Tlon{1/(16N) < [5] < 16N}.

If p is any of the above functions, then (o(D/2))f)(x) will denote as usual the
convolution operator defined by

(o(D/2)f) (&) = p(&/2) (§)

We decompose m as follows.

mE = Y BeeaEmE) = D mu @),

(i1, iy)€{1,23V (i1, in) 41,23
(i, in) # (L 1) (i, i) (1L 1)

where @, ... ;) are the same as in (17).
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The computations are similar as in [7, Sect. 4] so we consider two separate cases
where (i1, ..., iy) satisfies fi{j : i; = 2} = 1 and #{j : i; = 2} > 2 which we briefly
describe. The reader should consult [7] for more details.

For the first one, we may assume that iy = 2 and 4 = 1for2 < k < N.
Lemma 5.5 (3) implies supp m,,...iv) C {1&| < |§1]|/N for 2 < k < N} and we can
write for some ko such that 2% > N,

- /R T gy @V (G o+ /DR ED v

ko+1

= /nw ET N EV(E 4+ E)/2)
k=—2
X Y (&1 /2)0(E/ 2T L oEn /2T (E2TOAED - fu(En)dE
ko+1 I
= Z /ﬂw 2(i+k)(Nn—a)mI(-i’i‘i,iN)(2i+k(x ) 2R = )
k=—2

X (VD)2 1) - . fuw)dy: . . . dyy.

where

200 iy @Y QA E + - + EVV(EDR() - .. o(En).
Asin [7, @.7)].

13
sup [l L llwe < sup [l [l
JEL, kEZ

—2<k|<kg+1

We choose  such that r = max {1, "
s+

m* {|€] < 16N> }, it follows from Lemma 5.4 that

(i1,iN)

} <1 < min{2,py,....pn}. Since supp

ko+1

< 3 e (M (T2 )

k=-2

X (M (1)) .. (M () @)
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ko+1 1
< (igzp i ||Wx) > (M (T2 )

k=—2
X (M (A1) .. (M () @)

Let ¢; satisfy 1/g; = 1/pi—a/Nnfor1 <i < N.Then1/q = va=1 1/g;. By Fujita
and Tomita [7, Remark 2.6], Holder’s inequality, Lemmas 5.4 and 5.2,

(Z WO/ Ty i SP)

JEZ L1
ko+1
<y (sup e ||Wv) H 3 M (T /295 02)
k=—2 j€z L

1 1
X |Miayn (151D tllzer - Miayn (1) 1 llaw

ko+1 — . 12
<> (suptotoe ) | (S F@29R) | ton ..o
Pl

k=—2 j€z.

5 (Sup IImi‘Ilwx) Willzes - vl

kEZ

Consider now the case where {{{j : i; = 2} > 2. Assume that ij = i, = 2. By
Lemma 5.5, Supp m...yy C 4IE11/(4N) < [&2] < 4NJI|, &I < 4NEi] for 3 <
i < N}. This implies that if & € supp ¥ (-/2%) and (&1,...,&v) € supp mg,.. iv)»
then 2873 /N < |&| < 23N and |&;| < 2F73N, and consequently ¢ (£,/2%) = 1 and
@(&/2%) = 1,for 3 <i < N. Hence,

Wl(,l ,N)(fls s st)(x)

=2 /R T, i W (E1/29 62/ 206/ 2Y - p(En/2)

kEZ

x (&1 /29REDCE /29 ENBE) .. fuEnder ... dEy
_Z/RN” (= a)ﬂ(zk(x_yl), )

kEZ

< (/29 01D/ 29 02)BG3) - - SyOw)dyr ... dyy,
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where

mit €)= 2ma, i Q OV (ENL(E)e(E/2Y) - e(En/2Y).

< (i‘”’ ke ||Wv) M (ADW) - (Mg U] )’

1 1
2

x(ZMZa/N(W(D/z")ﬁV)(x)?) (ZMW(E(D/z")sz)(xﬁ) :

kEZ kEZ

We can now proceed as in the previous case. The rest of the cases are similar too.
We finally obtain

”Tm(ll oo 171 sceexion 19 S iup ”m(,l ,M)”WT < sup [|mg[ws.

.......... e

It remains to show that 7, verifies the multilinear L7 *_Hormander condition. We
need to find estimate involving the kernel of Ty using the information on m. The
computations are in general familiar in the subject, and in particular similar to those
in [18]. Let m; = m(-)y(-/2), where ¥ € S(R") with supp {§ € R"™V : 1/2 <

§] <2} and 3 e, v (277E) = 1 for & # 0. Let Kj(x,y) = riyj(x —yi,...,x = yn).
We write

00 N ., 1/7
> o120 ( / K(x.y) — K.y dy)
k=0 @ 1IN\ (2k QN

<Y ol Z(

Iz

=0
=D 120170 Y e

k=0 jez

1
/ IK)(2.y) — Ky (e, y) 7 dy
QkF1IQN\ 2k Q)N
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Let h = z — x and 5 = x — Q. As done before, for any u € R", we write
= (u,...,u) € R"N. We have

=1

1
Sy = ( / (@ — ) — iy — y)f dy)
QkFIQ)N\(2kQ)V
1

- / ity - dy)
(2KHIQN\(2kQ)N

¥
s ( / Iﬁfj(y)IVdY)
lyl~24£(0)
¥
s @)™ ( /R i |z—fy|f’|ﬁ«,-(2‘fy)|;’2‘f"Ndy)

1
< ')~ ( /R (D R dy)
% 2/'(”%\' —s—a)
—s5mj("N —s—a o
< @) 2 T Im s

Let £(Q) ~ 27'. Then

ZJ/ sup [l (w2~ S 7 (18)

Jj=l

because ”;V —s—a <0.
We can also compute

1
+

Jix = (/ _ _mith 4y, R4 yN) — O, ,yN)l;/dY)
(2kHTQIN\ 2k Q)N

1
¥

IA

/ / b~ Vini(y1 + 0h. ... .yy + Gh)lde)r dy
TGN\ Q)N
(f (] :

1
lh- Vi (y1 + 6h, ... ,yn + 9h)|;’dy)r d9)

IA

2k+1 )N\(sz)N

5
([ Vil dy)
lyl~2%¢(0)

A



214 L. Chaffee et al.

It follows that

1
i

nN
e <3 00) / gy dy
g ; ( b2t 1 ! )

nN 5
Y@ euo)™( /R ek

i=1

1
X 2927 § g (2 0y, 2—f’yN)|?’dy) 7 (' —s—e) (19)

nN
< DU QR (Q) 2T O 2 m(2 ) (§) | we

i=1

nN
<> UQ@H(Q) YT D sup m |y
i=1 jez

Since 7 can be selected so that ”év —s—a+ 1> 0, we have
—ks a—"N
Y T S sup [m w2707 (20)
j<l je

Finally, from (18) with (20) we obtain

00 N ., 1/7
Y 1o (/ |K(x,y) — K(z.y)|" dy)
k=0 @I\ (2 QN

o0
N_«a —ks _nN
< 21250177 (sup I flws )27 0(@) 7

=0 jez
o0

nN

= sup [m [y Y 27+
JEL k=0

< sup [|mf [[ws.
€T

which concludes the proof. O
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along with their weak-type counterparts, where ||v| = v(£2), and G is an integral
operator with nonnegative kernel,
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These problems are motivated by sublinear elliptic equations in a domain
Q C R”" with non-trivial Green’s function G(x,y) associated with the Laplacian,
fractional Laplacian, or more general elliptic operator.

We also treat fractional maximal operators M, (0 < o < n) on R", and
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1 Introduction

In this paper, we discuss recent results on weighted norm inequalities of (1, g)- type
inthecase 0 < g < 1,

1GV|za@.00) < Clv], (1)

for all positive measures v in 2, where ||[v|| = v(£2), and G is an integral operator
with nonnegative kernel,

Gv(x) = / G(x,y)dv(y).
Q
Such problems are motivated by sublinear elliptic equations of the type

—Au=ou? in Q,
u=0o0ndg,

in the case 0 < ¢ < 1, where €2 is an open set in R” with non-trivial Green’s
function G(x,y), and ¢ > 0 is an arbitrary locally integrable function, or locally
finite measure in 2.

The only restrictions imposed on the kernel G are that it is quasi-symmetric
and satisfies a weak maximum principle. In particular, G can be a Green operator
associated with the Laplacian, a more general elliptic operator (including the
fractional Laplacian), or a convolution operator on R"” with radially symmetric
decreasing kernel G(x,y) = k(|x — y|) (see [1, 12]).

As an example, we consider in detail the one-dimensional case where Q2 = Ry
and G(x,y) = min(x, y). We deduce explicit characterizations of the corresponding
(1, g)-weighted norm inequalities, give explicit necessary and sufficient conditions
for the existence of weak solutions, and obtain sharp two-sided pointwise estimates
of solutions.

We also characterize weak-type counterparts of (1), namely,

GV|leoo@.doy < ClIv]. (2)

Along with integral operators, we treat fractional maximal operators M, with
0 < o < non R", and characterize both strong- and weak-type (1, g)-inequalities
for M,, and more general maximal operators. Similar problems for Riesz potentials
were studied earlier in [6-8]. Finally, we apply our results to the Poisson kernel to
characterize (1, g)-Carleson measure inequalities.
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2 Integral Operators

2.1 Strong-Type (1, q)-Inequality for Integral Operators

Let @ C R" be a connected open set. By .1 (2) we denote the class of all
nonnegative locally finite Borel measures in Q. Let G: Q2 x Q — [0, +00] be a
nonnegative lower-semicontinuous kernel. We will assume throughout this paper
that G is quasi-symmetric, i.e., there exists a constant a > 0 such that

a”'G(x,y) < G(.x) <aGx.y), x.yeQ. 3)

If v € .#7(R), then by Gv and G*v we denote the integral operators
(potentials) defined respectively by

Gv(x)z/QG(x,y)dv(y), G*v(x):/QG(y,x)dv(y), x € Q. 4)

We say that the kernel G satisfies the weak maximum principle if, for any constant
M > 0, the inequality

Gv(x) <M forall x € S(v)
implies
Gv(x) <hM forall x € 2,

where 7 > 1 is a constant, and S(v) := suppv. When 2 = 1, we say that Gv
satisfies the strong maximum principle.

It is well-known that Green’s kernels associated with many partial differential
operators are quasi-symmetric, and satisfy the weak maximum principle (see, e.g.,
[2, 3, 12]).

The kernel G is said to be degenerate with respect to o € .4 (2) provided there
exists a set A C 2 with o(A) > 0 and

G(,y)=0 do—ae.foryecA.

Otherwise, we will say that G is non-degenerate with respect to o. (This notion
was introduced in [19] in the context of (p, g)-inequalities for positive operators
T:I? - L?inthecase 1 < g < p.)

Let0 < g < 1, and let G be a kernel on Q x Q. For 0 € .#Z1(R2), we consider
the problem of the existence of a positive solution u to the integral equation

u=G(uldo) in Q, O0<u<-+oo do—ae., uclLl (Q). (5)
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We call u a positive supersolution if
u>Gldo) in Q, 0<u<-+oo do—ae., ué€lLl (Q). (6)

This is a generalization of the sublinear elliptic problem (see, e.g., [4, 5], and the
literature cited there):

—Au=ou? in Q,

(7
u=0 ond,
where o is a nonnegative locally integrable function, or measure, in 2.

If  is a bounded C?>-domain then solutions to (7) can be understood in the
“very weak” sense (see, e.g., [13]). For general domains € with a nontrivial
Green function G associated with the Dirichlet Laplacian A in €2, solutions u are
understood as in (5).

Remark 2.1 In this paper, for the sake of simplicity, we sometimes consider positive
solutions and supersolutions u € LI(2, do). In other words, we replace the natural
local condition u € L (,do) with its global counterpart. Notice that the local
condition is necessary for solutions (or supersolutions) to be properly defined.

To pass from solutions u which are globally in LY(€2,do) to all solutions
u € LfOC(Q,dU) (for instance, very weak solutions to (7)), one can use either

a localization method developed in [8] (in the case of Riesz kernels on R"), or

modified kernels G(x,y) = m(GX()Xr’;()y), where the modifier m(x) = min (1, G(x, xo))
(with a fixed pole xo € 2) plays the role of a regularized distance to the boundary
d€2. One also needs to consider the corresponding (1, g)-inequalities with a weight

m (see [16]). See the next section in the one-dimensional case where Q2 = (0, +00).

Remark 2.2 Finite energy solutions, for instance, solutions u € Wé’z(Q) to (7),
require the global condition u € L'™9($2, do), and are easier to characterize (see

[6]).

The following theorem is proved in [16]. (The case where Q2 = R"” and G =
(—A)~2 is the Riesz potential of order o € (0, n) was considered earlier in [8].)

Theorem 2.3 Let o € .47 (), and 0 < q < 1. Suppose G is a quasi-symmetric
kernel which satisfies the weak maximum principle. Then the following statements
are equivalent:

(1) There exists a positive constant x = x(o’) such that
IGV|lLa0) < x|V forall ve .#T(Q).
(2) There exists a positive supersolution u € L1(2, do) to (6).

(3) There exists a positive solution u € L1(2, do) to (5), provided additionally that
G is non-degenerate with respect to o.



Weighted Norm Inequalities of (1, g)-Type 221

Remark 2.4 The implication (1) = (2) in Theorem 2.3 holds for any nonnegative
kernel G, without assuming that it is either quasi-symmetric, or satisfies the weak
maximum principle. This is a consequence of Gagliardo’s lemma [10, 21]; see
details in [16].

Remark 2.5 The implication (3) = (1) generally fails for kernels G which do not
satisfy the weak maximum principle (see examples in [16]).

The following corollary of Theorem 2.3 is obtained in [16].

Corollary 2.6 Under the assumptions of Theorem 2.3, if there exists a positive
supersolution u € L1(2, o) to (6), then Go € L (2, do).

Conversely, if Go € L 121 (2, do), then there exists a non-trivial supersolution
u € L1(2,0) to (6) (respectively, a solution u, provided G is non-degenerate with
respect to o).

2.2 The One-Dimensional Case

In this section, we consider positive weak solutions to sublinear ODE:s of the type (7)
on the semi-axis Ry = (0, +00). It is instructive to consider the one-dimensional
case where elementary characterizations of (1, g)-weighed norm inequalities, along
with the corresponding existence theorems and explicit global pointwise estimates
of solutions are available. Similar results hold for sublinear equations on any interval
(a,b) CR.

Let0 < g < 1,and let 0 € .+ (R). Suppose u is a positive weak solution to
the equation

—u" =ou? on Ry, u(0)=0, (8)
such that lim,— 4+ ”f) = 0. This condition at infinity ensures that ¥ does not
contain a linear component. Notice that we assume that u is concave and increasing
on [0, 400), and lim,_, o+ u(x) = 0.

In terms of integral equations, we have Q@ = Ry, and G(x,y) = min(x, y) is the
Green function associated with the Sturm-Liouville operator Au = u” with zero
boundary condition at x = 0. Thus, (8) is equivalent to the equation

+o00
u(x) = Guido)(x) := / min(x, y)u(y)?do(y), x>0, C)]
0

where o is a locally finite measure on R, and

a +o0
/ yu(y)ido(y) < 400, / u(y)ido(y) < +oo, foreverya> 0. (10)
0 a
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This “local integrability” condition ensures that the right-hand side of (9) is well
defined. Here intervals (a, +00) are used in place of balls B(x, r) in R".
Notice that

+o0
u'(x) = / u(y)ido(y), x>0. (11

Hence, u satisfies the global integrability condition

+o00
/ u(y)ldo(y) < +o00 (12)
0

if and only if u’(0) < +o0.
The corresponding (1, g)-weighted norm inequality is given by

1GV]|za) = %IV, (13)

where x = x(0) is a positive constant which does not depend on v € .Z T (Ry).
Obviously, (13) is equivalent to

|Hiv + H_v| 19y < x|v| forall ve.ZTRy), (14)

where H is a pair of Hardy operators,

X +oo
H+v(x):/0 ydv(y), H-v(x) :x/ dv(y).

The following proposition can be deduced from the known results on two-weight
Hardy inequalities in the case p = 1 and 0 < ¢ < 1 (see, e.g., [20]). We give here a
simple independent proof.

Proposition 2.7 Leto € .#1T(R,), and let 0 < g < 1. Then (13) holds if and only
if

+o00
x(0)4 :/ x1do (x) < +00, (15)
0

where x(0) is the best constant in (13).

Proof Clearly,

Hyv(x)+ H-v(x) <x]v], x>0.
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Hence,

+o0 1
q
v+ Hovlo = ([ 2doo) L
0

1
which proves (14), and hence (13), with x = ( 0+°° qua(x)) ‘.
Conversely, suppose that (14) holds. Then, for every a > 0, and v € .Z " (Ry),

(/Oaqug(x))</a+°° dV(y)>q

< /Oa (x/:oo dv(y))qda(x)

< /+OO(H_v)qu < x|l
0

For v = §,, with xo > a, we get

/ xldo(x) < xf.
0

Letting a — +o00, we deduce (15). O

Clearly, the Green kernel G(x,y) = min(x,y) is symmetric, and satisfies the
strong maximum principle. Hence, by Theorem 2.3, Eqgs. (8) and (9) have a non-
trivial (super)solution u € L?(R4, o) if and only if (15) holds.

From Proposition 2.7, we deduce that, for “localized” measures do, =
X(a+o00)do (a > 0), we have

#(0,) = (/;ooquo(x))‘l]. (16)

Using this observation and the localization method developed in [8], we obtain
the following existence theorem for general weak solutions to (7), along with sharp
pointwise estimates of solutions.

We introduce a new potential

+o0 1
Ko (x) := x(/ y"d(f(y)) x>0, a7

We observe that Ko is a one-dimensional analogue of the potential introduced
recently in [8] in the framework of intrinsic Wolff potentials in R” (see also [7]
in the radial case). Matching upper and lower pointwise bounds of solutions are
obtained below by combining Go with Ko
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Theorem 2.8 Let 0 € .#1T(Ry), and let 0 < g < 1. Then Eq.(7), or
equivalently (8) has a nontrivial solution if and only if, for every a > 0,

a +o0o
/ xdo(x) +/ xldo (x) < +o00. (18)
0 a

Moreover, if (18) holds, then there exists a positive solution u to (7) such that
X ll
c—l[(/ yda(y)) ‘ +Ka(x)] (19)
0

<u(x)<C [(/Oxydcr(y)) Sy Kcr(x)]. (20)

The lower bound in (19) holds for any non-trivial supersolution u.

Remark 2.9 The lower bound
1 12,
u(x) > (1 — )1 [Ga(x)] . x>0, 1)

is known for a general kernel G which satisfies the strong maximum principle (see
1

[11], Theorem 3.3; [16]), and the constant (1 — g)!—« here is sharp. However, the

second term on the left-hand side of (19) makes the lower estimate stronger, so that

it matches the upper estimate.

Proof The lower bound

) = (1= [ yaow] T aso, 22)

is immediate from (21).
Applying Lemma 4.2 in [8], with the interval (a, +00) in place of a ball B, and
combining it with (16), for any a > 0 we have

+o00

[ o = aeion s = et [ v

Hence,

+o0 +o00 1l
u) = Gdo) = x [ u)do ) = el [ wdo)]
Combining the preceding estimate with (22), we obtain the lower bound in (19)
for any non-trivial supersolution u. This also proves that (18) is necessary for the
existence of a non-trivial positive supersolution.
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Conversely, suppose that (18) holds. Let

v(x) = ¢ [(/Oxydcr(y)) - Kcr(x)], x>0, (23)

where c is a positive constant. It is not difficult to see that v is a supersolution, so
that v > G(vido), if ¢ = c(q) is picked large enough. (See a similar argument in
the proof of Theorem 5.1 in [7].)

Also, it is easy to see that vy = ¢o(Go) =g is a subsolution, i.e., vy < G(vgdo),
provided ¢y > 0 is a small enough constant. Moreover, we can ensure that vy < v
if co = co(q) is picked sufficiently small. (See details in [7] in the case of radially
symmetric solutions in R".) Hence, there exists a solution which can be constructed
by iterations, starting from uy = vy, and letting

Mj+1=G(M7dCT), J=O,1,

Then by induction u; < u;41 < v, and consequently # = lim;_, y o, ; is a solution
to (9) by the Monotone Convergence Theorem. Clearly, # < v, which proves the
upper bound in (19). O

2.3 Weak-Type (1, q)-Inequality for Integral Operators

In this section, we characterize weak-type analogues of (1, g)-weighted norm
inequalities considered above. We will use some elements of potential theory for
general positive kernels G, including the notion of inner capacity, cap(-), and the
associated equilibrium (extremal) measure (see [9]).

Theorem 2.10 Let 0 € .#1(RQ), and 0 < g < 1. Suppose G satisfies the weak
maximum principle. Then the following statements are equivalent:

(1) There exists a positive constant x,, such that
|GVl < %ullvll forall v e ¥ ().

(2) There exists a positive constant ¢ such that

o(K) < c(cap(K))q for all compact sets K C Q2.

(3) Go e L'"0™(0).

Proof (1) = (2) Without loss of generality we may assume that the kernel G is
strictly positive, that is, G(x,x) > 0 for all x € Q. Otherwise, we can consider the
kernel G on the set Q2 \ A, where A := {x € Q:G(x,x) # 0}, since A is negligible
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for the corresponding (1, g)-inequality in statement (1). (See details in [16] in the
case of the corresponding strong-type inequalities.)

We remark that the kernel G is known to be strictly positive if and only if, for any
compact set K C €2, the inner capacity cap(K) is finite [9]. In this case there exists
an equilibrium measure A on K such that

GAL>1ne.onK, GA<1onS(), |A| = cap(K). 24)

Here n.e. stands for nearly everywhere, which means that the inequality holds on a
given set except for a subset of zero capacity [9].

Next, we remark that condition (1) yields that o is absolutely continuous with
respect to capacity, i.e., 0 (K) = 0 if cap(K) = 0. (See a similar argument in [16] in
the case of strong-type inequalities.) Consequently, GA > 1 do-a.e. on K. Hence,
by applying condition (1) with v = A, we obtain (2).

(2) = (3) We denote by og the restriction of o to a Borel set E C 2. Without
loss of generality we may assume that o is a finite measure on 2. Otherwise we can
replace o with o where F' is a compact subset of 2. We then deduce the estimate

Go <C<o
IGorl, 1,00, = C <o,

where C does not depend on F, and use the exhaustion of € by an increasing
sequence of compact subsets F,, 1 €2 to conclude that Go € Lo (o) by the

Monotone Convergence Theorem.
Set E, := {x € Q: Go(x) > t}, where ¢ > 0. Notice that, for all x € (E))°,
Gogy(x) <Go(x) <t.

The set (E;)¢ is closed, and hence the preceding inequality holds on S(o(g,)). It
follows by the weak maximum principle that, for all x € €2,

Gogye(x) < Go(x) < ht.
Hence,
{x e Q:Go(x) > (h+ Dt} C {x € Q: Gog,(x) > t}. 25)

Denote by K C €2 a compact subset of {x € Q: Gog,(x) > 1}. By (2), we have

o(K) < c (cap(K))q
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If A is the equilibrium measure on K, then GA < 1 on S(1), and A(K) = cap(K)
by (24). Hence by the weak maximum principle GA < & on . Using quasi-
symmetry of the kernel G and Fubini’s theorem, we have

cap(K) :/Kd/\

1
/ GCTEt dA
tJk

“ GAdo

E;

IA

IA

IA

ah
o(E;).
t
This shows that
c(ah)4 q
ok = 7 (0E))".
Taking the supremum over all K C E;, we deduce

(0 (Et)) 1—q - c(ah)? '

14

It follows from the preceding estimate and (25) that, for all # > 0,
q q 1 q
ma( (xeQGo®x) > (h+ 1);}) < 1%40(E) < '~ (ah) ™.

Thus, (3) holds.
(3) = (2) By Holder’s inequality for weak L? spaces, we have

Gv
1Glzaceo) = H on Go

Gv
Go

L2:2°(0)

<

IGoll, 7, o

L1-2°(0) (o)

=ClGa|l 4 o VI,
L= (0)
where the final inequality,

Gv
< Clpl,

Go

LI.OO(U)

with a constant C = C(h, a), was obtained in [16], for quasi-symmetric kernels G
satisfying the weak maximum principle. O
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3 Fractional Maximal Operators

Let0 < o < n, and let v € .# T (R"). The fractional maximal function M,v is
defined by

Myv(x) ;= sup 19l

«s Xx€R", (26)
03: Q'

where Q is a cube, |Q|, := v(Q), and |Q| is the Lebesgue measure of Q. If f €
Ll (R",dp) where u € 4+ (R"), we set My (fdjn) = My v where dv = [f|dpu, i.e.,

Mo i=sop [ fldp xe R @)
03x [Q]'" Jo

For o € .4 T (R"), it was shown in [22] that in the case 0 < g < p,
M,: I (dx) — Li(do) <> Mo € Lr—i(do). (28)
My: P (dx) — L9 (do) <= Myo € Lro™(do), (29)

provided p > 1.
More general two-weight maximal inequalities

Mo (fdi)|l oy < 2 fllpuy, forall f e LP(u), (30)

where characterized by E.T. Sawyer [18] in the case p = ¢ > 1, R.L. Wheeden [24]
in the case ¢ > p > 1, and the second author [22] inthe case 0 < g < pandp > 1,
along with their weak-type counterparts,

Mo (fd ) | aoo o) < 2w fllr oy, forall f € L7 (), (31)

where o, i € .4 (R"), and x, x,, are positive constants which do not depend on f.

However, some of the methods used in [22] for 0 < ¢ < p and p > 1 are not
directly applicable in the case p = 1, although there are analogues of these results
for real Hardy spaces, i.e., when the norm ||f||;»(,) on the right-hand side of (30)
or (31) is replaced with || M, f |7 (), Where

1
M, f(x) := sup / Ifldpe. (32)
03x 1Ol Jo

We would like to understand similar problems in the case 0 < ¢ < 1 andp = 1,
in particular, when M,: .+ (R") — Li(do), or equivalently, there exists a constant
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»x > 0 such that the inequality
[Mev ooy < x (V]I (33)

holds for all v € .Z+(R").
In the case « = 0, Rozin [17] showed that the condition

o€ Lliq’l(R",dx)

is sufficient for the Hardy-Littlewood operator M = My:L!(dx) — Li(o) to
be bounded; moreover, when ¢ is radially symmetric and decreasing, this is also
a necessary condition. We will generalize this result and provide necessary and
sufficient conditions for the range 0 < o < n. We also obtain analogous results
for the weak-type inequality

[Myv|ra00@) < % V]I, forall v e .zt (R"), (34)
where »x,, is a positive constant which does not depend on v.

We treat more general maximal operators as well, in particular, dyadic maximal
operators

Mpv(x) = Sup  Pg IQI\M (35)
Qe2:05x

where 2 is the family of all dyadic cubes in R", and {pg}pe .2 is a fixed sequence of
nonnegative reals associated with Q € 2. The corresponding weak-type maximal

inequality is given by

M,V raco) < %, |[v]l, forall v e .zt (R"). (36)

3.1 Strong-Type Inequality

Theorem 3.1 Leto € MT(R"), 0 < g < 1, and 0 < a < n. The inequality (33)
holds if and only if there exists a function u # 0 such that

uell(o), and u>Myulo).

Moreover, u can be constructed as follows: u = limjoou;, where ug =

1
(My0) =9, uj1 > uj, and

U1 = My (ulo), j=0,1,.... 37

1
In particular, u > (My0)1-4.
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Proof (=) We let uy := (M,0) 4. Notice that, for all x € Q, we have ug(x) >
1

( |Ql‘_”u ) """ Hence,
Q'™ n

1 IQI(T llq
uy(x) := My (uldo)(x) =sup ., / uldo > sup i = up(x).
o 0>+ 107 Jo an(IQll )

By induction, we see that
Uit] 1= Ma(ﬂ?dU) ZMQ(M;[_ICZO') = uj, ]: 1,2,....
Let u = limuy;. By (33), we have

||Mj+]||Lq((7) = ||Ma(“7o)”Lq(U)
< xllulfo)

=< %||uj+l||z‘l(0’)'

1
From this we deduce that ||uj11|lze) < »'~7 forj = 0,1,.... Since the norms
[l |, (o are uniformly bounded, by the Monotone Convergence Theorem, we have
for u := limj_, o u; that u € L4(c0). Note that by construction u = M, (udo).
(<) We can assume here that M, v is defined, for v € .Z ™ (R"), as the centered
fractional maximal function,

__ V(B(x, 1))
Myv(x) := sr1>113 B, r)|1_z )

since it is equivalent to its uncentered analogue used above. Suppose that there exists
u € Li(o) (u # 0) such that u > M, (u'do). Set  := uldo. Letv € .4 (R").
We note that we have

[B(x.r)]y
Mav(x)  SUPr=0 g s

= o
Myw(x) SUp,~o |B‘(x(.;)7 ?‘—‘Z

o 1B
- r>0 |B(X, r)la)

=: M,v(x).
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Thus,

Myv
Mevlleo) = Moo

M,v
<
- H M,w

= ”MwV”Lq(dw)

Li((Myw)ido)

Li(dw)

= ClMov]pree) = Clvil,

by Jensen’s inequality and the (1, 1)-weak-type maximal function inequality for
M,,v. This establishes (33). O

3.2 Weak-Type Inequality

For 0 < o < n, we define the Hausdorff content on a set E C R” to be
o o0
H"(E) :=inf{ Y " 7" E C | JB(xi. 7). (38)
i=1 i=1

where the collection of balls {B(x;, r;)} forms a countable covering of E (see [1, 15]).

Theorem 3.2 Letoc € MT(R"), 0 < g < 1, and 0 < o < n. Then the following
conditions are equivalent:

(1) There exists a positive constant x,, such that
[Movllreceo) < 2w IV forall v e #(R").
(2) There exists a positive constant C > 0 such that
o(E) < C(H"®(E))? forall Borel sets E C R".

(3) Myo € L0 (0).

Remark 3.3 In the case « = 0 each of the conditions (1)—(3) is equivalent to ¢ €
1
L= (dx).

Proof (1) = (2) Let K C E be a compact set in R” such that H"*(K) > 0. It
follows from Frostman’s theorem (see the proof of Theorem 5.1.12 in [1]) that there
exists a measure v supported on K such that v(K) < H"%(K), and, for every x € K
there exists a cube Q such that x € Q and |Q|, > ¢|Q|' ", where ¢ depends only
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on n and «. Hence,

Myv(x) > sup 10, >c¢ forall x € K,

05x |0'n
where ¢ depends only on n and «. Consequently,
q
¢10(K) = Mo [fuoor) = 24 (H(K))".
If H"7*(E) = 0, then H""*(K) = 0 for every compact set K C E, and
consequently o (E) = 0. Otherwise,
q

o(K) < xf (H"_“ (K))q <uxl (H"‘“ (K))

for every compact set K C E, which proves (2) with C = ¢ 9.
(2) = B)Let E, := {x : Myo(x) > t}, where t > 0. Let K C E, be a compact
set. Then for each x € K there exists Q, 3 x such that

) _,
|Qx|1_"

Now consider the collection {Q,}.cx, which forms a cover of K. By the
Besicovitch covering lemma, we can find a subcover {Q;};c;, where [ is a countable
index set, such that K C | J,¢; Qi and x € K is contained in at most b, sets in {Q;}.
By (2), we have

o(K) < [H"*(K)]",

and by the definition of the Hausdorff content we have

H™(K) < ) 10"~

Since {Q;} have bounded overlap, we have
> " 0(Q) < by (K).
iel

Thus,

o(K) < (bnG(K))q,

t
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which shows that
tliqo(K) < (bn)liq < 4o00.

Taking the supremum over all K C E, in the preceding inequality, we deduce M, o €
L0 (o).

(3) = (1). We can assume again that M, is the centered fractional maximal
function, since it is equivalent to the uncentered version. Suppose that Myo €

L lzq’oo(cr). Let v € .# (R"). Then, as in the case of the strong-type inequality,

[B(x.r) |y
Mv(x)  SUPr=0 g -t
Myo(x) IB(x.p)o

su
Po>0 1pe 1=t

|B(x. )]y

<s =: Myv(x).
P B, ), V)

Thus, by Holder’s inequality for weak L”-spaces,

||MaV|ILq-°°(6) < [|((My0) (MGV)”L‘I’O"(G)

< IMa0l, 1, e, 1MoV l1o00

= clMaoll 1 00 VI

% |
where in the last line we have used the (1, 1)-weak-type maximal function inequality
for the centered maximal function M, v. O

We now characterize weak-type (1, ¢)-inequalities (36) for the generalized
dyadic maximal operator M, defined by (35). The corresponding (p, g)-inequalities
in the case 0 < ¢ < p and p > 1 were characterized in [22]. The results obtained in
[22] for weak-type inequalities remain valid in the case p = 1, but some elements
of the proofs must be modified as indicated below.

Theorem 3.4 Letoc € #T(R"), 0 < g < 1, and 0 < a < n. Then the following
conditions are equivalent:

(1) There exists a positive constant x,, such that (36) holds.
) Mo € L*0(c).

Proof (2) = (1) The proof of this implication is similar to the case of fractional
maximal operators. Let v € .Z (R"). Denoting by Q, P € 2 dyadic cubes in R", we
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estimate

Mpv(x) _ Suanx(leglv)
Mo (x)  supps.(pp |Plo)

< sup 101,

=M, .
0>x |Q|a U(X)

By Holder’s inequality for weak L”-spaces,
[Myv|l1a00(0) < [(Mp0) (Mg V)|l 10000
= ”M”U||L11q~°°(a> 1Mo vll100 o)

< clMyoll 0,0 IV
by the (1,1)-weak-type maximal function inequality for the dyadic maximal
function M, .

(1) = (2) We set f = supy(Agxg) and dv = fdo, where {Ag}pe2 is a finite
sequence of non-negative reals. Then obviously

Myv(x) = SZP(AQPQXQ)’ and [l <) 010l
0

By (1), for all {Ap}pc2,

I SZP(AQPQXQ)lqu-OO(a) <x Y AolQlo.
0

Hence, by Theorem 1.1 and Remark 1.2 in [22], it follows that (2) holds. O

4 Carleson Measures for Poisson Integrals

In this section we treat (1, g)-Carleson measure inequalities for Poisson integrals
with respect to Carleson measures o € .+ (R’fl) in the upper half-space RT‘I =
{(x,y):x € R",y > 0}. The corresponding weak-type (p, g)-inequalities for all
0 < g < p as well as strong-type (p, g)-inequalities for 0 < ¢ < pandp > 1,
were characterized in [23]. Here we consider strong-type inequalities of the type

”PV“Lq(R’f‘,a) <x|vll z+@n, foralve MT(RY), (39)
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for some constant % > 0, where Pv is the Poisson integral of v € .# T (R") defined
by

Pv(x,y) := /Rn P(x—t,y)dv(t), (x,y)¢€ R’fl.

Here P(x, y) denotes the Poisson kernel associated with R’fl.
By P*u we denote the formal adjoint (balayage) operator defined, for u €
MR, by

P*u(t) .= /Rn+l P(x—t,y)du(x,y), teR"
+

We will also need the symmetrized potential defined, for u € .Z ™ (Rﬁ_“), by
PP*u(x,y) := P[(P*,u)dt] = / L Pa=Xy+du). (xy) e R
Ry

As we will demonstrate below, the kernel of PP*u satisfies the weak maximum
principle with constant 4 = 2"*1,

Theorem 4.1 Leto € .4~ (R'_’:’l), and let 0 < q < 1. Then inequality (39) holds
if and only if there exists a function u > 0 such that

ue 'R o), and u>PP*ulo) inR.

Moreover, if (39) holds, then a positive solution u = PP*(u4c) such that u €
Lq(R'_‘|_+l, 0) can be constructed as follows: u = limj_ o uj, where

w1 = PP* o), j=0.1,.... up:=co(PP*0)1=s, (40)

for a small enough constant cy > 0 (depending only on q and n), which ensures that

ujr1 > uj. In particular, u > co (PP*0) 1=,

Proof We first prove that (39) holds if and only if
||PP*u||Lq(R1+lﬂ) <x ||u||ﬂ+(R,,++l), forall u € ./ (RY). 41)

Indeed, letting v = P*p in (39) yields (41) with the same embedding constant .
Conversely, suppose that (41) holds. Then by Maurey’s factorization theorem
(see [14]), there exists F € LI(R'fl, o) such that F > 0 do-a.e., and

<1, sup PP*(F' 4do)(x,y) < x. 42)

10 1 gt
®Ho) =
r (y)er’H!
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By letting y | 0 in (42) and using the Monotone Convergence Theorem, we deduce

sup P*(Fl_flld(r)(x) < x. (43)

xER”

Hence, by Jensen’s inequality and (43), for any v € .#*(R"), we have

11
PVl g gt 5y =< [PV oy IP* (F'™do) | . awy < % IV g+ -

L@y F T

We next show that the kernel of PP* satisfies the weak maximum principle with
constant i = 2" !, Indeed, suppose 1 € . (R "), and

PP*/u(%,5) <M, forall (%,7) € S(n).

Without loss of generality we may assume that S(u) € R’fl is a compact set. For
t € R", let (xp,y0) € S(u) be a point such that

2,0) = (x0.y0)| = dist((1,0). S(w))-
Then by the triangle inequality, for any (,y) € S(u),
|(x0.y0) — (. =P)| = [(x0,y0) — (1. 0)[ + |(2,0) — (X, =Y)[ = 2[(2.0) — (&. })|.

Hence,

Vi-5p 457> \/[lxo — 5+ o + 372
It follows that, for all # € R” and (%, y) € S(i), we have
P(t—%,5) < 2""'P(xo — %, y0 + ).
Consequently, for all r € R",
P* () < 2"V PP pu(xo. yo) < 2"T'M.

Applying the Poisson integral P[df] to both sides of the preceding inequality, we
obtain

PP*/u(x,y) <2""'M forall (x,y) € R

This proves that the weak maximum principle holds for PP* with 4 = 2"+ It
follows from Theorem 2.3 that (39) holds if and only if there exists a non-trivial u €
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L1 (Rf‘:’l, o) such that u > PP*(u?do’). Moreover, a positive solution u = PP*(u%0)
can be constructed as in the statement of Theorem 4.1 (see details in [16]). O

Corollary 4.2 Under the assumptions of Theorem 4.1, inequality (39) holds if and
only if there exists a function ¢ € L'(R"), ¢ > 0 a.e., such that

¢ > P* [(qu)qdcr] ae. inR".

Moreover, if (39) holds, then there exists a positive solution ¢ € L'(R") to the
equation ¢ = P*[(Pqﬁ)qdo].

Proof 1f (39) holds then by Theorem 4.1 there exists u = PP*(u%do) such that
u>0andu € Lq(R’fl, 0). Setting ¢ = P*(u4do), we see that

Py = PP*(uido) = u,

so that ¢ = P*[(P¢)?do], and consequently

9q —
161y = Il s, = [ ) < .

Conversely, if there exists ¢ > 0, ¢ € L!(R") such that ¢ > P* [(Pd))‘/da], then

letting u = P¢, we see that u is a positive harmonic function in ]R'fl so that
u(x,y) = Pp(x,y) = PP*(u?do)(x,y), (x,y) € REF
Notice that the kernel P(x — X, y + ) of the operator PP* has the property
/ Px—%y+ydc=1y>0, (7 R,

and consequently, for all y > 0,
/ / P(x—X,y 4+ Yu(x,y)do(x,y) dx = / u(x,y)do(x,5y),
n Rn+l Rn+l
+ +
Hence,

Il v,y = [ [P0y = [ uteyidy = 1911y < .

14 (RnJrl

Thus, inequality (39) holds by Theorem 4.1. O



238 S. Quinn and L.E. Verbitsky

References

1. D.R. Adams, L.I. Hedberg, Function Spaces and Potential Theory. Grundlehren der math.
Wissenschaften, vol. 314 (Springer, Berlin, Heidelberg, New York, 1996)

2. A. Ancona, First eigenvalues and comparison of Green’s functions for elliptic operators on
manifolds or domains. J. Anal. Math. 72, 45-92 (1997)

3. A. Ancona, Some results and examples about the behavior of harmonic functions and Green’s
functions with respect to second order elliptic operators. Nagoya Math. J. 165, 123-158 (2002)

4. H. Brezis, S. Kamin, Sublinear elliptic equation on R". Manuscr. Math. 74, 87-106 (1992)

5. H. Brezis, L. Oswald, Remarks on sublinear elliptic equations. Nonlin. Anal.: Theory Methods
Appl. 10, 55-64 (1986)

6. D.T. Cao, LE. Verbitsky, Finite energy solutions of quasilinear elliptic equations with sub-
natural growth terms. Calc. Var. PDE 52, 529-546 (2015)

7. D.T. Cao, L.E. Verbitsky, Pointwise estimates of Brezis—Kamin type for solutions of sublinear
elliptic equations. Nonlin. Anal. Ser. A: Theory Methods Appl. 146, 1-19 (2016)

8. D.T. Cao, L.E. Verbitsky, Nonlinear elliptic equations and intrinsic potentials of Wolff type. J.
Funct. Anal. 272, 112-165 (2017) (published online, http://dx.doi.org/10.1016/j.jfa.2016.10.
010)

9. B. Fuglede, On the theory of potentials in locally compact spaces. Acta Math. 103, 139-215
(1960)

10. E. Gagliardo, On integral transformations with positive kernel. Proc. Am. Math. Soc. 16,
429-434 (1965)

11. A. Grigor’yan, LE. Verbitsky, Pointwise estimates of solutions to semilinear elliptic equations
and inequalities. J. d’ Analyse Math. arXiv:1511.03188 (to appear)

12. N.S. Landkof, Foundations of Modern Potential Theory. Grundlehren der math. Wis-
senschaften, vol. 180 (Springer, New York, Heidelberg, 1972)

13. M. Marcus, L. Véron, Nonlinear Second Order Elliptic Equations Involving Measures (Walter
de Gruyter, Berlin, Boston, 2014)

14. B. Maurey, Théorémes de factorisation pour les opérateurs linéaires a valeurs dans un espaces
L7, in Astérisque, vol. 11 (Soc. Math., Paris, 1974)

15. V. Maz’ya, Sobolev Spaces, with Applications to Elliptic Partial Differential Equations.
Grundlehren der math. Wissenschaften, 2nd Augmented Edition, vol. 342 (Springer, Berlin,
2011)

16. S. Quinn, LE. Verbitsky, A sublinear version of Schur’s lemma and elliptic PDE. preprint
(2016)

17. A.L. Rozin, Singular integrals and maximal functions in the space L!. Bull. Georgian Acad.
Sci. 87, 29-32 (1977) (in Russian)

18. E.T. Sawyer, A characterization of a two-weight norm inequality for maximal operators. Studia
Math. 75, 1-11 (1982)

19. G. Sinnamon, Schur’s lemma and best constants in weighted norm inequalities. Le Matem-
atiche 57, 165-204 (2005)

20. G. Sinnamon, V.D. Stepanov, The weighted Hardy inequality: new proofs and the case p = 1.
J. Lond. Math. Soc. (2) 54, 89-101 (1996)

21. P. Szeptycki, Notes on integral transformations. Dissert. Math. 231 (1984), pp. 1-52

22. LE. Verbitsky, Weighted norm inequalities for maximal operators and Pisier’s theorem on
factorization through 17-°°. Int. Equ. Oper. Theory 15, 121-153 (1992)

23. 1.V. Videnskii, On an analogue of Carleson measures. Soviet Math. Dokl. 37, 186-190 (1988)

24. R.L. Wheeden, A characterization of some weighted norm inequalities for the fractional
maximal function. Studia Math. 107, 258-272 (1993)


http://dx.doi.org/10.1016/j.jfa.2016.10.010
http://dx.doi.org/10.1016/j.jfa.2016.10.010

New Bellman Functions and Subordination
by Orthogonal Martingales in 17,1 <p <2

Prabhu Janakiraman and Alexander Volberg

Abstract We present a new Bellman function that gives estimates for L7 norm,
1 < p < 2, of differentially subordinated martingales if one of them has extra
symmetries. Our Bellman function is obtained by explicitly solving a corresponding
Monge—Ampere equation. In one particular case this Bellman function can be given
by an explicit and simple formula. This corresponds to p = 3/2.

2010 Mathematics Subject Classification. 42B20, 42B35, 47A30

1 Introduction: Orthogonal Martingales
and the Beurling-Ahlfors Transform

The main result of this note is Theorem 7 below. Of main interest is the array of new
Bellman functions, which are very different from the Burkholder’s function.

A complex-valued martingale ¥ = Y; 4+ iY, is said to be orthogonal if
the quadratic variations of the coordinate martingales are equal and their mutual
covariation is 0:

(1) =(r2), (V1,¥2) =0.

In [2], Bafiuelos and Janakiraman make the observation that the martingale associ-
ated with the Beurling-Ahlfors transform is, in fact, an orthogonal martingale. They
show that Burkholder’s proof in [9] naturally accommodates for this property and
leads to an improvement in the estimate of the Ahlfors—Beurling transform ||B]|,,
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which is given by the formula
1
b= [ 19 am.

Theorem 1 (One-Sided Orthogonality)

(1) (Left-side orthogonality) Suppose 2 < p < oo. If Y is an orthogonal martingale
and X is any martingale such that (Y) < (X), then

p—=p
IIYIIPE\/ 5 I1X11,- 1)

(ii) (Right-side orthogonality) Suppose 1 < p < 2. If X is an orthogonal martingale
and Y is any martingale such that (Y) < (X), then

2
171, < \/pz_puxup. @)

It is not known whether these estimates are the best possible.

Remark The result for left-side orthogonality was proved in [2]. The result for right-
side orthogonality was stated in [20]. In [20] we emulate [2] to provide in a rather
simple way an estimate on right-side orthogonality and in the regime 1 < p < 2.
In the present work we tried to come up with a better constant for this regime,
as the sharpness of these constants in [2] and [20] is somewhat dubious. For that
purpose we build some family of new (funny and interesting) Bellman functions,
very different from the original Burkholder’s function. Even though the approach
is quite different from the one in [2] and [20], the constants we obtain here are
the same! So, maybe they are sharp after all [1, 3, 4, 6-8, 10-13, 15-19, 21]. The
Bellman function approach to harmonic analysis problems was used in [22-29].
Implicitly it was used in [30] as well. It was extended in [33-37].

If X and Y are the martingales associated with f and Bf respectively, then Y is
orthogonal, (Y) < 4(X), see [2] (and Theorem 5 below), and hence by (1), one
obtains

IBfll, < v2(p> = p)IIfl, forp > 2. 3)

By interpolating this estimate \/ 2(p? — p) with the known ||B||, = 1, Bafiuelos and
Janakiraman establish the present best estimate in the conjecture by Iwaniec:

IBll, < 1.575(p" — 1), “)

where p* = max(p, pf 1)- This is the best to date estimate known for all p. For large
p, however, a better estimate is contained in [5]:

1B, < 1.39(p — 1), p = 1000. 5)
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The conjecture of Iwaniec states that

IBll, = (p* = 1). (6)

The reader who wants to see the operator theory origins of the problems in this
article may consult [27, 32].

2 New Questions and Results

Since B is associated with left-side orthogonality and since we know | B|, = ||B|,’,
two important questions arise:

(i) If 2 < p < oo, what is the best constant C, in the left-side orthogonality
problem: ||Y]|, < C,||X||,, where Y is orthogonal and (Y) < (X)?

(ii) Similarly, if 1 < p’ < 2, what is the best constant Cy in the left-side
orthogonality problem?

We have separated the two questions, since Burkholder’s proof (and his function)
already gives a good answer, when p > 2. This was the main observation of [2].
However, no estimate (better than p — 1) follows from analyzing Burkholder’s

function, when 1 < p’ < 2. Perhaps, we may hope that Cy < \/ P 22_ P when
p

1 < p = RS 2, which would then imply a better estimate for ||B||,.
This paper destroys this hope by finding C,/; see Theorem 2. We also ask and
answer an analogous question of right-side orthogonality when 2 < p < oo.
In the spirit of Burkholder [14], we believe these questions are of independent
interest in martingale theory and may have deeper connections with other areas of

mathematics.

Remark The following sharp estimates are proved in [5], they cover the left-side
orthogonality for the regime 1 < p < 2 and the right-side orthogonality for the
regime 2 < p < oo. Notice that these two complementary regimes have some
non-trivial estimates: 1) for 2 < p < oo and left-side orthogonality in [2], 2) for
1 < p < 2, and the right-side orthogonality in this note and in [20], but their
sharpness is somewhat dubious.

Theorem 2 Let Y = (Y1, Y>) be an orthogonal martingale and let X = (X1, X3) be
an arbitrary martingale.

(i) Let 1 < p’ < 2. Suppose (Y) < (X). Then the least constant that always works
in the inequality ||Y ||y < Cy || X||y is

1 2y

c, =
! V21—zy

(N

where z,y is the smallest root in (0, 1) of the bounded Laguerre function L.
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(ii) Let2 < p < oo. Suppose (X) < (Y). Then the least constant that always works
in the inequality || X, < C,||Y|l, is

1 —
C,=+2 7 )
2p

where z,, is the smallest root in (0, 1) of the bounded Laguerre function L.

Bounded Laguerre function L, is a bounded function that solves the ODE

Ly (s) + (1 =)L, (s) + pLy(s) = 0.

3 Orthogonality

Let Z = (X,Y),W = (U,V) be two R?-valued martingales on the filtration of

1,

2-dimensional Brownian motion By = (Byy, Bas). Let A = |:_, 1i|. We want W to

)

be the martingale transform of Z (defined by matrix A). Let
t
X = [ F6)-as..
0
t
1o = [ 76)-ab..
0

where X, Y are real-valued processes, and X (s), ¥ (s) are R2-valued “martingale
differences”.
Put

Z@=MHWMZ®=/@@+W@Mm, )
0
and

W) =U@) +iV(), W) = /0 t(A(Y(s) + iy (s))) - dB;. (10)

We will denote

W=AxZ.
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As before
U(t)=/0r_u)(s)-dBS,
Vi = [ 76 as.

W(r) = /0 t(_u)(s) + iV (s)) - dBy.

We can easily write components of 7/ (s), T (s):

ur(s) = —xi(s) = y2(8), vi(s) = x2(s) = yi(s).i = 1,2,
uz(s) = x2(s) = y1(s) , v2(s) = x1(s) +y2(s), i = 1,2.

Notice that

—

3.1 Local Orthogonality

The processes
(X, U)(1) := /0t7-7ds, X, V(1) = /0t7-7ds,
= [T T o= [T Ta
(X.X)(0) = /Or??ds, (r.1)@) = /Oti’-?ds,
(X, 7)) = /0t7-7ds, (U, U0)(0 = /t—u)-—u’ds,

0
(V. V)(t) = /Ot—v’-?ds, (U, V(@) := Ot_u)-T)ds.

are called the covariance processes. We can denote
dX,U)(0) :=X@0) - @), dX,V)(@):=X (@) -V (),

d(Y,U)(0) ;==Y (0)- T (@), d(Y.V)(0) :==TT(1)- V(0),
dX.X)(t) =X - X0, dY.Y)0):=FO- -V,

70 = v + vy = —(x; +y2) (2 —y1) + (2 —y1)(x1 +y2) = 0.

243

(1)
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dX.Y)(@0) :=X )Y (@), dUU)0) =00 -H(),
dV.VY@0) =T @) - D@, diU V@) =T @) T,

dZ,2)(0) = (X0 - XO+T@O - YO), dW. W)@ := @ @) T@O+ T TQ).

Of importance is the following observation.

Lemma 3 LetA = |:_,1’ i:| Then

l’

d(U,V)(t) = 0. (12)

W) -T(@)=0.

Also we have the following statement.
Lemma 4 With the same A
d(U, UN1) =2d(Z,Z)(1) .
d(V.V)(1) =2d(Z,Z2)(1).

Or
UO-AO<2(XO-XO+TO-T0),
TO-TO<2X@O-FTO+TO-F@).
Or
d(W.W)(1) < 4d(Z.2)(1). (13)
Proof

W) T = (1 +y2)> + (2 —y1)> = 2@y —x2)1)+
()? + (27 + ()7 + 1) < 2((6)* + (02)> + () + (1)) =24d(Z.Z).

The same can be shown for v. O

Definition The complex martingale W = A x Z is called the Ahlfors-Beurling
transform of martingale Z.

Now let us quote again the theorem of Bafiuelos—Janakiraman from [2]:
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Theorem 5 Let Z, W be any two martingales on the filtration of Brownian motion,
such that W is an orthogonal martingale in the sense of (12): d{(U,V) = 0, and
such that there is a subordination property

d{W, W) <d(Z,Z) (14)

Letp > 2. Then

p*—p
EIWN)T <7 TEZ) (15)
Further we will use the notation
I1Z|l, == (E|zZ|")'/”.

Applied to our case (with the help of Lemmas 3, 4) we get the following theorem
from Theorem 5.

Theorem 6 |W|, = [|A x Z||, < \/2(172 -pIZll,, Yp=2.

4 Subordination by Orthogonal Martingales in L>/>

For 1 < p < 2 one has the following

Theorem 7 Let Z, W be any two R? martingales as above, and let W be an
orthogonal martingale in the sense that :

d{U,V)=0.
Let us also assume
d{U,U) =d(V,V). (16)
Let Z be subordinated to the orthogonal martingale W:
d(Z,Z) < (W, W) a7

Thenforl <q <2

2
1zl < \/ L (18)
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Below we will give the proof for all g € (1, 2], but first we will give the proof

only for ¢ = 3/2. Moreover, our general-case proof may indicate that the constant
2

P*-p

constant, is given in [20].)

is sharp after all. (Note that a completely different proof, but with the same

Proof We assume that F = (®, V) (or F = ® 4 iW) is a martingale on the filtration
of Brownian motion

(1) = /0 F(5)-dB,. W() = /0 7 (s) - dB,.
X() = /0 T(s)-dB,. Y(1) = /0 S (s) - dB..

U(t):/ot_u)(s)'st, V(t):/ot_v)(s)'st,

and that these vector processes and their components satisfy Lemmas 3 and 4,
namely:

U1V + upvp, =0, (19)
()* + (w2)* = (v1)* + (12)*, (20)

SE(F-2) = /0 (d(®.X) + (¥, ¥)) ds = /0 (1x1 + $ats + Y1yt + Yoya) ds

Hence,

SE (2-F)| = /0 (07 +($2)*+ W)+ 12)) 2 (1) +(02)*+ (1) +(2)) 2 ds.
1)

By subordination assumption (17) we have

|SE(Z-F)| 5/0((Ml)2+(M2)2+(U1)2+(02)2)1/2((¢1)2+(¢2)2+(W1)2+(W2)2)1/2dS~
(22)

Our next goal is to prove that

Vo [ @ @+ @+ @ @07 + @+ )+ ) =

3/2

WIS (1FI3
2( 3/2 + 3 ) (23)
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Let us polarize the last equation to convert its RHS to 2||W||3/2[|F||3. Then let us
use the combination of (22) and (4). Then we obtain the desired estimate

24/2
1Z]13/2 < [Wll3/2, (24)
/ V3 /
which is equivalent to the claim of Theorem 7 for g = 3/2.
We are left to prove (4). For that we will need next several sections. O

S Bellman Functions and Martingales, the Proof of (4)

Suppose we have the function of 4 real variables such that

2 4
B(y11,y12,¥21,¥22) < 3(}’%1 +y1) + 3(Y§1 + 32, (25)
dy dyn
2 dyi> dy1z
(d°B(yi1, Y12, 21, ¥22) , ) > (26)
dys dys
dy» dy»

1 3T (yndys — yady»\?
ot + )+ @Rk + )
T 4xy X2

TX| [)Hldyll + yi2dyi2 N 1 yardys + yzzd)’n]z

+
\/ x% + 3x;, X1 T X2

where

3 T 2 3

+ = . 227)
405 +y)V? T Tt

Then we can prove (4). Let us start by writing Itd6’s formula for the process
b(t) := B(®(1),¥(1),U(r), V()):

1
db = (VB(®,...V), (d®(0),....dV()) + (@*B($1. Y1, ur, v1) + d* B, Yo, tr, v2)) .

Here d”B stands for the Hessian bilinear form. It is applied to vector (¢y, V1, uy, v1)
and then to vector (¢, ¥, us, v2). Of course, the second derivatives of B constitut-
ing this form are calculated at point (&, W, U, V). All this is at time ¢. The first term
is a martingale with zero average, and it disappears after taking the expectation.
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Therefore,
E(b(r) —b(0)) = E /t db(s)ds =
0

1 /! 1 /!
2/0((d23(¢1,¢1,bt1,v1)+dzB(¢2,w2,u2, V) ds =: 2/0 di. (28)

The sum in (28) is the Hessian bilinear form on vector (¢;, ¥, u;,v;) plus the

Hessian bilinear form on vector (¢, ¥, iz, v2). Using (26) we can add these two
forms with a definite cancellation:

dl = t((¢)” + (Y1)*) + 1/((w)* + (1)) +

3 T VZ(u1)? + U*(v1)* — 2UVuyv, N
4 (U2 + V)12 U2 4 V2 + Positive term-+

t((@2)* + (¥2)7) + 1/t ((u2)? + (v2)*)+

3 T Vz(uz)z + U2(1.)2)2 —2U0Vupv, + Positive t
oSsitive term .
4 (U2 + v?)l/2 U2+ v2

Notice that orthogonality (19) and equality of norms (20):

AU, V) =0, (29)
d{U,U) =d(V,V), (30)

imply pointwise equalities u;v; + uv, = 0 and thus

V2(w)*+ U2 (1) 4V () + U (v2)* = ;(U2+V2)((M1)2+(M2)2+(U1)2+(U2)2)‘
Therefore, UV—-term above will disappear, and we will get

dl = t((¢)° + (Y1) + ($2)* + (¥2)°) + 1/1(@)* + (01)* + (2)* + (v2)})+
i w +Tv2)3 e ;(UZ £V ((1)? + (u2)? + (01)% + (12)?) + Positive =

t(($1)* + (V1) + ($2)* + (¥2) )+

;(i (2 _,_tVZ)l/z + i)((ul)z + (v1)* + (u2)> + (v2)*)) + Positive..
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Hence, by using (27) we get
— — 31
dr=z(| ¢ 1>+ v 1) + 5" f(ll_u)llz +I717)

3
> 2\/2(”3”2 IV I AT P + D122 3D

Let us combine now (28) and (31). We get

3 M1 - — 1
\/2 /0 U1+ 1IN+ 11017 ds < LAl =E (). (32)
We used (25) that claims » > 0. But it also claims that

3/2 3
IR I@BR)

b(1) = B(P(1), (1), U(1), V(1) <2 ( 32 5

Combine (32) and (33). We obtain (4).
To find the function with (25) and (26) we need the next section.

6 Special Function B = (%, +y%)) + 303, +y2,)V»)%? +
5 (01, +y1))Y?

It is useful if the reader thinks that y;1, y12, y21, y22 are correspondingly ®, W, U, V.
Also in what follows dyi1, dy12, dys1, dy» can be viewed as ¢y, Y1, u;, v; and

b2, Y2, Uz, V3.

Let B4+, (x) be a real-valued function of n + m variables x = (xy, ..., Xy, X+1,
<+ Xptm). Define a function B,y,,(y) of n vector-valued variables y; =
vit,---»Yik), I < i < n, and m scalar variables y;, n + 1 < i < n + m, as
follows:

Bnk+m (Y) = Bn+m (-x) s

where

k 1
2 .
x;i = |yill == (Zyi) fori <n,
j=1
Xi = Vi fori > n.

Omitting indices we shall denote by B and ‘j;yB

"2 and 95 the Hessian matrices of B,y (x)
and B+, (x), respectively.
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7 Hessian of a Vector-Valued Function

Lemma 8 Let P; be the following operator from R* to R:

h.y;
Pjh _ ( )’j) ’
Xj

i.e., it gives the projection to the direction y;. Let P be the block-diagonal operator
fromR" T —RFGRE D - - ORFORB---ODR1ORT =RORD--- DR P
R ® --- ® R whose first n diagonal elements are P; and the rest is identity. Then

da’B da’B
=P* _P+diag %(1 PIP;)

1 0B
dy? dx?

X; 0x;

or

X;0x; X X

n  n+m k
+ZZ Z aazB ‘Z_yzlyié‘dyl's - dy;

=1 o 20 i
n+m n+m azB

+ Z Z o, dy,-'dyj

i=n+1j=n+1

1B [ Yoy vidyi\ 2
+Zx,-ax,-' Zdy?f—( jlx,-l ])

i=1 j=i

7.1 Positive Definite Quadratic Forms

Let
Q = Ax* + 2Bxy + Cy*

be a positive definite quadratic form. We are interested in the best possible constant
D such that

0 > 2D|x| |y| forall x,y € R.
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After dividing this inequality over |x| |y| we get

C
At:t2B+t22D forallt € R\ {0}.

The left-hand side has its minimum at the point t = \/ f_f . Therefore the best D is

VAC —|B|.
Now we would like to present Q as a sum of three squares:

Q=D(xx’ + iyz) + (ox + By)*.
which would immediately imply the required estimate. We think that
(A —D1)x® + 2Bxy + (C — f )y
is a complete square, whence
(A—D1)(C — I:) = B?

or

CDt*> — (AC —B* + D)t +AD =0,

Ct>—2VACT +A=0.

Therefore, T = \/ /é and
B A, c, \/A , \/c 2
0 = (VAC - |B|)<\/Cx + \/Ay ) + |B] C<x+ sign B Ay) 34)

7.2 Example
Let

2 3
2, (35)

2
Ba(x) = 9(x% +3x0)%% + 9

Bi(y) =B2(x); xi= \/yizl +55-
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Calculate the derivatives:

8B2 2 aBZ
o 3)61( Xt + 35+ x1), oy X7+ 3x2,
B, 2(\/x§ + 3x2 + x1)?
A = xz = s
d 1 3\/)(% + 3)62
_ BZBZ _ X1 _ 82B2 _ 3
- - ’ - 2 - ’
R T E
D=+AC-|B =1,
Also
A 2
t:\/cz3( x%—}—?:xz—}—xl), (36)

1 \/x%+3.XQ—X1

37
T ZXZ ( )
After substitution in the expressions of the preceding sections we get

T()’nd)’n +ylzd)’12)2 N 1 (y21dy21 +y22dy22)
X1 T X2

d*By =

+ X yidyn + yndyz n 1 yardyo +yzzd)’2z]2
Jirml  m Trm

2 dyi1 — ynd 2
4 3(\/x%+3x2+x1)(y12 Y11x yu )’12)
1

2
n \/xl +3x (yzzdyzl —yzld)’zz)z

X2 X2

3t (yzzd)m - Y21dy22)2

1
= r(dy%1 + dy%z) + . (dy%l + dy%z) + 4y

x
+ X yidyn + yndyz n 1 ya1dyo +yzzd)’2z]2
firal ow T w
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7.3 Verifying (27)

Here, using (36), (37) we get

2
T= 3 ((y%l + y%z) + 3()’%1 + y%z)l/z)l/z + (y%l + Y%z)l/z)- (38)
And henceforth
L (Oh b 303 R = 0 b2 9
t 2031 +y3)'2

Let us now (when we know t) check the condition (27):

3oc 2 TOh ) 305 105 4 0h k)
405, +yp)'? T 2 051 +y3)?
T+ ) 303 + ) DY — 08 + 1) _
031 +y3)'?
307 +h) + 303 +33)) 2 = 0 + )2 3
2@%1 +y%2)l/2 T

+

So, yes, we finished the proof of the fact that function

B = S0% 431 + 303+ 4+ (0 +oh)
satisfies all differential properties we wished, and thus it is proving our main result
forg = ; In fact, we saw that it proves (4). In its turn we saw that (4) implies (24),
which is the same as proving Theorem 7 for ¢ = 3/2.

We are very lucky that B is found in the explicit form. There are only two such
exponents, for which explicit form exists: ¢ = ; and g = 2.

8 Explanation of How We Found This Special Function B:
Pogorelov’s Theorem

We owe the reader an explanation of where we got this function B, which played
such a prominent part above.
Let p > 2. We want to find a function satisfying the following properties:

* 1) B is defined in the whole plane R? and B(u, v) = B(—u,v) = B(u, —v);
 2)0<Buv) < (p— DCJul? + | [o]):
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 3) Everywhere we have inequality for Hessian quadratic form d?B(u,v) >
2|dul|dvl;

* 4) Homogeneity: B(c'/Pu, c'/v) = ¢ B(u, v), ¢ > 0;

* 5) Function B should be the “best” one satisfying 1), 2), 3).

We understand the last statement as follows: B must saturate inequalities to make
them equalities on a natural subset of R? in 2) and on a natural subset of the tangent
bundle of R? in 3).

Let us start with 3). This inequality just means that d>B(u, v) > 2dudv , d*B(u, v)
> —2dudv for any (u,v) € R? and for any (du,dv) € R?. In other words, this is
just positivity of matrices

[ Buua Buv_li| Z07 |: Bm,u Buv+1i| ZO (40)
Bvu - 17 va Bvu + 17 va

Now we want (40) to barely occur. In other words, we want one of the matrices
in (40) to have a zero determinant for every (u, v).

Notice that symmetry 1) allows us to consider B only in the first quadrant. Here
we will assume the second matrix in (40) to have zero determinant in the first
quadrant.

So let us assume foru > 0,v > 0

B B +1
5 det e " =0. 41
) I:Bvu +1, By :| @D

Let us introduce
A(u,v) := B(u,v) +uv .

So, we require that

det [A”“’ A““} =0. 42)
Avm AUU

Returning to saturation of 2): we require that B(u, v) = ¢ (u,v) := (p— 1)(; u’ +
;vq) at a non-zero point. By homogeneity 4) we have this equality on the whole

curve I, where T is invariant under transformations u — ¢'/?u, v — ¢'/4v.
1 1
B(u,v) = ¢, v) :=(p—1)( v»+ v7) onthecurve v? = yuf. (43)
p q

Notice that y is unknown at this moment. We are going to solve (42) and (43), so
that our solution satisfies (40), 1), 2), 3), 4).
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Remark We strongly suspect that such solution is still non-unique. On the other
hand, one cannot “improve” 1), 2), 3), 4) by, say, changing 2 in 3) to a bigger
constant, or making a constant p — 1 in 2) smaller.

Recall that we have also the symmetry conditions on A(u, v) + uv =: B(u, v).
They are

B(—u,v) = B(u,v), B(u,—v) = B(u,v).

We assume the smoothness of B. It is a little bit ad hoc assumption, and we will be
using it as such, namely, we will assume it when it is convenient and we will be on
guard not to come to a contradiction. Anyway, assuming now the smoothness of B
on the v-axis we get that the symmetry implies the Neumann boundary condition
on B on v-axis: aauB(O, v) = 0, that is

9 40.0) = v. (44)
ou

Solving the homogeneous Monge-Ampere equation is the same as building
a surface of zero gaussian curvature. We base the following on a Theorem of
Pogorelov [31]. The reader can see the algorithm in [36]. So we will be brief.
Solution A must have the form

Au,v) =t1-u+t-v—t, (45)

where 1} := A,(u,v), 1 := A,(u, v), t(u, v) are unknown function of u, v, but, say,
11, t, are certain functions of t. Moreover, Pogorelov’s theorem says that

. dt dt,
u-dty +v-dty —dt =0, meaning u - +v- —1=0. 46)
dt dt
We write homogeneity condition 4) as follows A(c'/?u,c'/%v) = cA(u,v),

differentiate in ¢ and plug ¢ = 1. Then we obtain
1 1
Alu,v) = H-u+ tH-v, 47
p q
which being combined with (45) gives
1 1
h-u+ tH-v—t=0. (48)
q p

Notice a simple thing, when ¢ is fixed (46) gives us the equation of a line in
(u, v) plane. Call this line L,. Functions #;, t, are certain (unknown at this moment)
functions of ¢, so again, for a fixed ¢ equation (48) also gives us a line. Of course this
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must be L,. Comparing the coefficients we obtain differential equations on ¢, t,:

dt dt dn, dt
= s = . 49
qtl ; pt2 ; (49)

We write immediately the solutions in the following form:

1 1
n(t) =pCiltle, t(t) = qClt| . (50)

Plugging this into (47) one gets
A(u,v) = Clt;u + Cztrl’v , B(u,v) = Clt;u + Cztrl’v —uv, (51)

where #(u, v) (see (48)) is defined from the following implicit formula
t="ciout Y. (52)
q p

To define unknown constants C;, C, we have only one boundary condition (44).
However we have one more condition. It is a free boundary condition (we think that

p=2>gq)

1 1
B(u,v) = ¢, v) :=(p—1)( >+ v7) onthecurve I' := {v7 = yu}.
p q
(53)
This seems to be not saving us because we have three unknowns C;, C,, y and two

conditions: (44) and (53). But we will require in addition that B(u, v) and ¢ (u, v)
have the same tangent plane on the curve I':

By (u,v) _ ¢ulu,v)
Bv(u, U) - ¢U(“v U)

Now we are going to solve (44), (53), (54), to find C;, C,, y and plug them
into (51) and (52).
First of all

on the curve I' = {v? = y%u’}. (54)

v =A,0,v) =1(0,v).

So v/pCi = 1(0,v)7 from (50). Plug u = 0 into (52) to get #(0,v)7 = Cyv.
Combining we get

1
G =
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Now we use (54).

1

HH—v ul~ u’ v 1 v

b—u vt viu ydu’

Using (50) we get
1
pCits —v 1v
. = g (55)
qutl’ —u viu
Let us write I' as v’ = }l/uv or v4 = y9~lyv, and let us write on T
tl
7 = qu
i (56)
tr = bu

The reader will easily see from what follows that a, b are constants. From (55)

(pCia— 1)yfuv = (qCb — uv . (57)
Also from (56)
al _ 1 sg
b oy’ (58)
and from (56) and (52)
ab="cra+1Cob. (59)
q p

From (56), (53) it follows
11 1 .
Cia+Chb—1=(p-1( - + -y7). (60)
P v 9
We already proved
1
CiC = . (61)
q

We have five equations (55)—(61) on five unknowns C, C;, a, b, y.
One solution is obvious:

y=1,a=qCy,b=pC,p’Cl = q'C1,
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from where one finds

11 1
Ci= pr,G= p. (62)
p q
Therefore,
1 11 1 11
B(u,v) = prtiu+ patrv—uv, (63)
p q
where ¢ is defined from
1 11 1 11
t= prtiu+ paitrv. (64)
q p
If we specify p = 3,9 = ; we get
1 2 o
Ci= _33,C = _33. 65
1=, 2=, (65)
2 2 11 1 2
13 = _33t3u+4+ _33v, 66
3 3 (66)
and solving the quadratic equation on s := 1352 — 2Cius — sz v = 0, we get (the
right root will be with + sign)
C
tﬁ(u,v):s:Clu—i—\/C%uz—i— 221). (67)

Therefore, B(u, v) being equal to C15%u + Cysv —uv is (C,C, = g, see (61))

C 1
B(u,v) = Cu(2Cus + 22 v) + Cous —uv = 2C3u® + Cyv)s + 2c1 Couv —uv,
and so

G

2
B(u,v) = 2Cu* + Cv)(Cru + \/C%:ﬂ + v) — U

uv .

C 2
= (2C%* + czu)\/c%u2 + 221) + 20383 + (C,Cy — 3

The last term disappears (see (61)), and we get

c C c
B(u,v) = 2(Ch + ;v)\/c%:ﬂ + 221) +200° = 2032 + 251 V)2 + 20383
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Finally from (65)

B(u,v) = 3((u2 + 31))% +u?). (63)

This is exactly the function in (35). This function gave us our main theorem for
p = 3. We have just explained how we got it.

By the way, in this particular case the transcendental equation on y becomes the
usual cubic equation on /y:2,/y +1 =4 — )l/, which has only one real solutions

y =1

9 Explanation: Pogorelov’s Theorem Again

We owe the reader the explanation, why we chose the function A(u, v) = B(u, v) +
uv rather than A(u, v) = B(u, v) — uv to have the degenerate Hessian form.

We want to find a function satisfying the following properties (in what follows
p=2):

* 1) Bis defined in the whole plane R? and B(u, v) = B(—u,v) = B(u, —v);

* 2)0<B.v) < $v) = (p—DCJupP + ol

* 3) Everywhere we have inequality for Hessian quadratic form d’B(u,v) >
2|dul|dvl;

* 4) Homogeneity: B(c'/Pu, c'/9v) = ¢ B(u,v), ¢ > 0;

* 5) Function B should be the “best” one satisfying 1), 2), 3).

(i) What do we mean by best function? We would like B to be the ‘largest’
function below ¢ (u, v) such that the convexity condition in 3) holds. We expect
that such a function should equal the upper bound ¢ (u, v) at some point(s) and
the inequality in 3) should be equality where possible.

(i) Due to the symmetry in 1), we can restrict our attention to {u > 0, v > 0}.

(iii) If we have at some (u,v), B(u,v) = ¢(u,v), then condition 4) implies that
B(c'Pu, cV4v) = cB(u,v) = c¢(u,v) = ¢(c'Pu, c'/%v). Hence they remain
equal on a curve {(u, v) : v? = y9uP} for some y.

(iv) The condition < d?B - (u,v), (u,v) >> 2|u||v| means that the ‘directional
convexity’ in direction (u, v) stays above the value 2|u||v|. This means that
the directional convexity of B is above that of both the functions uv and —uv.
Equivalently we are asserting the positive definiteness of the matrices:

Buu Buv -1 > O, Buu Buv + 1 > 0. (69)
Bvu -1 BUU Bvu + 1 va

(v) In order to optimize (69), we require that one of the matrices is degenerate
(with “ = 0""). Suppose that the first matrix is degenerate. This means that the
function A(u, v) = B(u, v) — uv has a degenerate Hessian. At every point, one
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of its two non-negative eigenvalues is 0, and the function has 0 convexity in the
direction of corresponding eigenvector. Since the matrix is positive definite, it
follows that 0 is the minimal eigenvalue, hence the graph of this function is a
surface with gaussian curvature 0.

Moreover the directional convexity of B — uv is greater than that of B + uv
in directions of negative slope and less than in directions of positive slope. If
we want B 4 uv to have non-degenerate positive Hessian, then the degeneracy
of B — uv must occur in the positive slope direction.

Let us analyze the function A(u, v) = B(u, v) —uv. A theorem of Pogorolev tells
us that A will be a linear function on lines of degeneracy. That is, it will have the
form:

A(u,v) =tu+ v —t (70)

where #, (4, v), t2(u, v) and t(u, v) are constant on the lines given by

g 71
dr u+ dr v =0. (71)
We can say two things about the coefficient functions, that the eigen-lines that
intersect the positive y axis must also have di‘ < 0 and dtz > 0 - this information
comes from (71) and the fact that the eigen- _lines have posmve slope. At the moment
we know nothing else about the coefficient functions. We will use the various

boundary conditions on B, hence on A to determine them.

(i) First observe that since B(#, v) = B(—u, v) = B(u, —v), we may expect that B
is smooth on at least one of the two axes, assume on the y axis, and hence the
corresponding derivative d,B(0, v) = 0. This means:

0,A(0,v) = —v. (72)

(ii)) We already assumed that

q

u? v
B(u,v) =¢u.v)=(p—-D(C_ + ) (73)
p q

on some curve I' = {v? = yuP}.

(iii) Let us also assume that the tangent planes of B and ¢ agree on I'. This means
that the gradients of the two functions B(u, v) — z and ¢ (u, v) — z should be
parallel at the points (u, v, ¢ (u, v)) where (u, v) € T'. Therefore

(0u@p. 3vgp, —1) = A(3,B, 3,B, 1),
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which implies A = 1 and
Bu(u,v) = (p— Du™" . By(u.v) = (p — D™ (74)
on the curve I'. Similarly on T,
Auu,v) = (p— D' — v, Ay(u,v) = (p— D9 — . (75)
Recall:
A(u,v) =hu+tv—t (76)

where 1 (u,v) = A,(u,v), tr(u,v) = A,(u,v) and #(u, v) are constant on the lines
given by

i, dn oy (77)
u v — = V.
dt dt

We also have the homogeneity condition: A(c'/”u, c'/9v) = cA(u, v). Differentiat-
ing this with respect to ¢ and setting ¢ = 1 gives:

1 1
A(uv U) = Au(us U)u + Av(us U)U (78)
p q
1 1
= hu+ no. (79)
p q
Comparing (76) and (79), we have
1 1
hu+ tv—t=0. (80)
q p

Now comparing (77) and (80) gives

dl‘l_ltl dl‘z_ltz

= , = ) 81
dt gt dt pt 1)
Solving these differential equations, we have
n(r) = CiltV, (1) = Gyt /7. (82)

Putting this into (80) gives:

1 1
t= G|V u+  GClr'Pv (83)
q p
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Let us make two observations: Recall that if our eigen-line intercepts the positive

: sl dy __ qCp 1_1 dty
y axis and has positive slope, then i = pCr [tj]a"» < 0and = 0. If t > 0, then

= [l,C2|t|_1/‘1, andif r < 0, then %> = —})Czltl_l/‘f. We conclude from this:

(i) Ift > 0, then C;C, < 0and C, > 0, hence C; <0,
@ii) Ifr < 0, then C;C, < 0 and C, < 0, hence C; > 0.

Let us bring in the following: #; = A,(0,v) = —v. The first equality is from
Pogorolev and the second is the boundary condition (72). Then (82) implies that

—v = C|1(0,v)|"4 (84)

and (83) implies that
1
1(0,v) =  G|t(0, v)|Pv. (85)
p

Conclude:

(i) If v > 0, then C; < 0. The previous observations imply ¢t > 0 and C; > 0. We
are concerned at present with this case of positive y intercept.
(ii) From (84) and (85), we conclude
CiC, = —p. (86)

Next from (75), we know that on I",

—1
n=p-wr—v="""“Dun=(p-Dv —u=((p— Dy -
87
In terms of 7, this says
—1
i =70~ e = (p— Dy = (88)
14
Write on I
1
te = aC
| ety (89)
tr =bCiu

Note that @ > 0 and b < 0 due to the signs of C; and C,. Substituting in (88) and
using (86) gives

1 1
a= — b= — yl (90)
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Note that (89) also implies that

e 1
= 1)
[bIP[CLlP e
Hence (90) and (91) imply
1 1 1
= yci=( y' = yial. ©2)
P q q p
(92), (86) and the fact pg = p + g imply that
(=1t 1y’
— p—1 —
c, = PP . (93)
y—(p—1
Next observe that (83), (86) and (89) imply
1 1
ab= a+ b %94)
q P
and hence by (90)
1 1.1 1 1 1 1 1
- W = yTh= ==y (95)
P 4qy P 4 pqg P q vy prq

The equation that follows from making substitutions into the boundary condi-
tion (73) B = ¢ on I' and A = B — uv gives no new relationship. So we can
avoid its consideration.

Simplifying (95) shows that y is solution to the equation

il —(q-y+2—g=0. (96)

The rest of the analysis is yet to be done. However, note that i" = ‘7;“ on I,

and on the corresponding eigen-line, we can understand it by using the fact that
A, = B, — v is constant. This may help later.

10 The Case Whenp =3 and g = g

Observe that by setting § = y9~!, we can rewrite (96) as

' —(p—1D§+2—p=0. (97)
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Let us analyze the case when p = 3. Then this equation becomes
§-28—1=0
whose unique positive solution is § = 1 + /2. Therefore
y=(0++v2)?2=3+2V2.

Then using (86), (90) and (93), we obtain

1 2
a=—_+ b= _—_(3+2v2)?
3 3
and

o SBaE2VF L 3PV3 2212
1 = s L2 =
V3 +2v2—1)2/3 (1+2v2)153

Now we will explicitly find B(u, v). Recall
1 1

B(u,v) = tu+ tHv+uv
p q

C C
= ltl/qu—i— 2tl/‘”v—i—uv
p q

C 2C
= 31 t2/3u + 32t1/3v + uv.

1

t= Ci'Vu+ G’y

2

— 3C1t2/3u+ Czll/SU.

_
W o—_=g =

Let s = ¢!/3. Then we have s> — 3 Cjus — 1Cv = 0 and

a1
5= 31u+ 3\/cfuz +3Co.

C 2
B(u,v) = 31 su+ 3C2sv + uv

C (2C} 3C 2C
_ 31( 91u2+ 92v n 91“\/Cfu2+3C2v)u

2 2 2 ,
+9C1C2uv + 9C1C2uv + 9C2v\/Clu2 4+ 3Cov + uv.

Volberg

(98)

99)

(100)

(101)
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Use the fact that C;C, = —3 to simplify and obtain:

2
Ci. (102)

2
(C2u® +3C)*% + .

B(u,v) = 7

2 1
B, = 9cfu2 + 9(Cfu2 + 3Co0)/?2C3u

C
B, = 32 (CH? + 3Cy)'?

X (\/c%:ﬂ +3Cov + Clu)?

2
B, = 9C1
JC2 + 3¢
B — |C1 IMU
G2 + 3¢
By, = C%
2\/C%u2 + 3Cv
Buu 2 |C1| \/
= = C3u? 4+ 3C Cc 103
T \/va 36, ( u?> +3Cv + Ciu) (103)
1 \/Cfu2+3C2v—C1u
= (104)
T 2|C1 |U
B, 2 1
= 9c§u + 9(c%u2 + 3Cw) %23
B, G (C2u? + 3Cov)!/?
v 3v '
We can use |C|C, = 3 to deduce li“ = t. Next we compute the quadratic form

associated with B by using the formulation before:

O(dx, dy) = By dx® + 2B, dxdy + By,dy*

2
B B B B
= (VBuBoy — |Bwl) “a Ay |+ Bl L | dx + sign (Bu) | dy
BUU Buu BUU Buu

1 1\’
= (JBuquv - |Buv|) ('[dx2 + dyz) + |Buwlt (dx + sign (Buy) dy) .
T T
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Now let B(yi1, Y12, Y21, ¥22) = B(\/yfl + 3, \/yfl +3,) = B(x1,x2). Then
the associated quadratic form becomes

dyn + ynd 2 1 dyy1 + ynd
&I B = T()’n Yi1 T Y12 )’12> n T()’Zl Y21 T Y22 )’22>
X2

T|Cyx [ylld)’n + yi2dyi2 n 1 ya1dya +y22dy22]2

\/C%x% + 3Cyxy X1 T X2
(Bu )(yudyn - yndy12>2
+ =T
u X1
N (Bv _ G(Cix + 3C2x2)1/2)(y22dy21 —)’21d)’22)2
v 3x Xo

1
= T(dh +dy) + _(dvy + )

n (Cz(cfxf + 3Coxy) /2 _ 1)(y22dy21 - yzldhz)z
T

3x, X2
+ T|Cyx [)’1111)’11 + yi2dyin N 1 y21dya +Y2zd)’22]2

\/C%X% + 3C2X2 X T x2

1
= T(dh +dy) + _(dvyy + )

( 3Gt )()’ZZdyZI —yzld)’zz)z
4C%X2 X2
T|Cy x| [)’1111)’11 + yi2dyin n 1 y21dya +Y2zd)’22]2

\/C%x% + 3C2X2

X1 T X2

In order for the quadratic form to have the self-improving property, we need

3C2T 2 < C

105
4C%x2 T T (105)

for suitable constant c. In fact if g% = 1, we know that ¢ = 3. This suggests that the
1
right constant is 2 + ~ 3.276142375. (Calculation gives |Cy| ~ 1.329660319

and G, ~ 2. 256215334 hence C2 ~ 1.276142375.)

If the rest of the process is the same as with the previous estimate, then the over
all constant estimate would be approximately

232
v ~ 1.562656814.
\/3.276142375
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11 The Proof of Theorem 7 for General g € (1, 2]

Recall that we found for 1 < ¢ <2 < p < o0, 1/p+ 1/q = 1 the following
function

1 1
q

pl’ 1 p 1
B(u,v) = By(u,v) =" teu+" trv—uv, where (106)
p q

. . prl} 1 p; 1
t = t(u,v) is the solutionof t =" reu+" trv. (107)
q p

Our goal is to represent the Hessian form of this implicitly given B as a sum of
squares. This requires some calculations.

1
P 1 7
Bo=""ti—v4 s, (108)
p pqg t
1
q 1 7
Bo=""t —uy s, (109)
q pqg t
where
11 11
S;:pﬂtqu—}-pq[z’v_ (110)
Also
1
t;:plt;- . ! ,
1
P 1=t ="t

g a 111
= . P .
t PP
Similarly,
t; 1 t!l’ (112)
= . q .
r 1P g

Recall also that we had

1
q

A=Awv)=""tius P ov. (113)
p q
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Using the notations (110) and (113) we can compute the Hessian of B = B,.
Namely,

1
2 t 1 7 1
Buu: pptllzu_ A(u)2+ g
pq r pg t pqg 1t
1
2pa 1t 1 7 1t
Bp=""00""— A2 44 s
pd I pqg t pq t
t 1 77 1
Bu=""- A+ + S
S pg ¢t pq t
Plugging
v 1 1.7 t t
un 1— uy2 _ u\2
"= O = (D
and using (111) we get the following concise formulas:
|
Bu= _S("). (114)
pqg t
1 7
By = _S(Y). (115)
pqg t
1 11
By,+1= S 5 - (116)
pq t
Let us introduce the notations:
t t 1
a=",=",m= S,r—a
t P4 B

Then we saw in the previous sections that the Hessian quadratic form of B
O(dxy,dx;) = B,mdx% + 2(Byy + Ddxidx; + vadx§

will have the form

o B a
= ﬁdx%+ Old)c%+ 8

It is useful if the reader thinks that in what follows yii,yi2, Y21, Y20 are,
correspondingly, ®, W, U, V.

Also in what follows dyi1, dy12, dys1,dy» can be viewed as ¢y, Y1, u;, v; and

@2, Y2, Uz, V3.

0 (maf — 1)(dx; + 5 dxy)? . (117)
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Our goal now is to “tensorize” the form Q. This operation means in our particular
case to consider the new function, now of 4 real variables (or 2 complex variables if
one prefers), given by

B := B(y11,y12, y21, y22) := B(x1, x2) , where x| := \/yfl +)’%2 ,Xp 1= \/)’%1 +)’%2

and to write its Hessian quadratic form. In the previous section we saw the formula
for doing that:

a (yndyii +yndyi > B (yudya + yndyn\’
Q= + T
:3 X1 o X2
(maf — 1) TN Ty B ya1dya1 + yandyxn N
ﬂ X1 o X2

B, ()’IZd)’ll - yndylz)2 LB (yzzdy21 - J’21dy22)2

u X1 v X2
To show that this quadratic form has an interesting self-improving property we

are going to make some calculations. First of all notice that

1 1
o _peprote

T = (118)
:3 q p; . ﬂl’
Now we start with combining (108) with (111)
1 1 1 1
V4 « PP . l’q
Bo=""ti vy " §P pS —prti—v. (119)
4 14
Let us see that
1 1 ltl
ppp ta pﬂ q v
L= - . (120)
qPq tr u u

This is the same as

1 1 1

1
p-prtiu=qpt—q-pi-irv.

But the last claim is correct, it is just the implicit equation (107) for ¢. So (120)
is correct. So, combining (118) and (119) we obtain

= . (121)
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We would expect that If) Vo= g = i by symmetry, but actually va > g forp > 2
and this allows us to have an improved inequality for Q. Let us see how.
Using (107) we get

1

1 1 1
B, B _piar u gq-pi-t
v [07 v v

1 1
p-pr -t

> 1 1 1 1
pit—p-pr-tiu—q-pi-trv _
1 =

1
p-pr-tiv

1
(P—pgt _p—qtr
1

1 1
p-pr-tiv  pr ?

1
2 pe )
P—q qt u—+ pt v
1 1
pr tiv

1-— -
( 1ql/P)t; ;+(p_1)'
pr 4 q
In particular, using (118)
1 1
B B 2 (1_1q1/p)t P
v (24 T pp_t/ p pﬂ ta
(1 —lql/p)ﬂg_; n 2?/117t11,_; _
pr 4 pr 4
(e
pra T
This is what we need
B, B 1 u 1
-+ _=p-_+/g-1) =zp- . (122)
vooo T T v T

Now let us take a look at Q and let us plug (121) and (122) into it. Then

2 2 L, 2 B, B (yndyn —yndyn\’
Q= T(d)’11+dylz)+T(d)’21+d)’22)+( v _ot) X . (123)
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Now imagine that we apply this estimate to two different collection of vectors
(dyi1,dyr2, dys1, dyx), (dy),.dy},,dy,,.dyy,). Moreover, suppose that we have
orthonormality condition

dyyy - dyx + dyhy - dyy, = 0.dy3, + (dyy)” = dy3, + (dyy)” . (124)
Then we get from (123), (124)

Q(dy) + Q(dy) = t(dy}, + dvi, + (dy1))* + (dy1)) + 1/T(dy3, + dy3y + (dvy)” + (dyip)))+

(B _ ﬁ)yéz + 331 (@3 + dyy, + (@95 + (@3)?)

v o x% 2

We denote &7 := dyil —i—zdy%2 + (@) + (@),) € 1= dy3, + dy}, + (dyy)? +
(dy’,)?. Using that * zz:’;y 2 = 1 and (122) we rewrite the RHS and get
2

B

) 1 B, 2
Q) + Q) z v+ (= D =g 1y 8

)4 1 1
2\/ 5 (@i + dvly + (@) + (@12)") (@3 + dydy + (@) + (d5))? -
(125)

So we won \/ 2/p = \/ Z(qq_l) in comparison with the usual Burkholder estimate,

which would be < g i I So the estimate for the orthogonal martingale will be <

\/Z(q—l), 1 _ 2
q q=1 q(g=1)"

And we get Theorem 7.
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Bounded Variation, Convexity,
and Almost-Orthogonality

Michael Wilson

Abstract Let N > 2 be fixed. Suppose that, for every dyadic cube Q in RY,
we have: N convex regions {R;(Q)}", subsets of Q; and N complex numbers

{c/(Q)}Y such that [c;(Q)] < 1 and 37 ci(Q)|Ri(Q)| = 0. Define hg)(x) =
o]~V Z(Zl ci(Q) xr,(0)(x)). We prove a technical theorem which implies that, for
all such collections {/(g)}pep and all finite linear combinations 3 Ao/ o) (%),

HZXQiI(Q) H2 < (24 V2)Nd (Z I/\'Q|2)l/2

We show that, if {1 g)}gep and {h2(g)}gep are two such families, the L? bounded
linear operator 7 defined by

T(f) = Y (f.-hl)h2)
0

is, in a natural sense, stable with respect to small dilation and translation errors in
the kernel functions {/1g)}pep and {h2g)}gep.

AMS Subject Classification (2000): 42B25 (primary); 42C15, 42C40 (secondary)

1 Introduction

A family {, },er C L*(R?) is called almost-orthogonal if there is finite R so that,
for all finite subsets 7 C I" and all linear sums Zye AUy,

1/2
> Uy <R<ZIA |2) : (1)

yEF 2
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276 M. Wilson

If R is the least such constant for which (1) holds, we say the family is almost-
orthogonal with constant R.

“Almost-orthogonal” is a mild misnomer: “almost-orthonormal” may be more
accurate. We recall that a family {, }, r is orthonormal if, for all y and y’in T,

1 ify =y
Yy, ¥y) = /Rd Yy (x) ¥y (x) dx = { ny=v

0 otherwise.

The family {, },er is orthonormal if and only if, for all finite sums as in (1), we
have equality, with R = 1.

A duality argument shows that {1, },er C L?(RY) satisfies (1) if and only if, for
all f € L*(RY),

1/2
(Z (£, %)lz) <R|flz. 2)
r

Combining (1) and (2), we see that, if {1//}(,1)}1,@ and {w)(,z)}yer are two almost-
orthogonal families in I? (Rd), with respective constants R; and R;, then, for all
fe*(RY,

Sy

r

converges unconditionally' to define a linear operator T : L?> — L? with bound
< R|R;. The canonical example of such an operator is the identity, where {w}(,l) }yer

and {w}(,z) }yer are both the same complete orthonormal family, such as the classical
Haar functions [3]. Recall that an interval / is dyadic if I = [j2%, (j+ 1)2¥) for some
integers j and k. For each such I we set

D) = x5(x) — x5, (),

where [; is I’s left half and I, is I’s right half. (We also use this notation for non-
dyadic intervals.) The Haar function associated to I is k") (x)/|1|'/?, where, here and
henceforth, |E| is a set E’s Lebesgue measure (of varying dimension!).

One can define “Haar functions” adapted to dyadic cubes in RY. A cube Q C R?
is a cartesian product of d intervals I;(Q) of equal length: Q = ]_[‘11 1;(Q). We call
their common length Q’s sidelength, denoted £(Q). The cube is dyadic if each I;(Q)
is a dyadic interval. The set of all dyadic cubes in R is D. The dimension d will
vary but be clear from the context. We get d-dimensional Haar functions for the Qs

'We state our precise meaning of “unconditional convergence” in Definition 1.
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in D by taking products

pr(xr) X o) X - - - X pa(xg)

where x = (x1, x2, ... , x4) € R? and each p; is K@) or y,g). We run over all
such products except the one for which every u; equals yy(g). This yields, for each

Q € D, an orthogonal set of 2¢ — 1 functions, {h(Q)}zd_l. Each hgg) is supported on

QO (where it only takes on the values 1), has 1ntegral equal to 0, and is constant
on Q’s immediate dyadic subcubes. We normalize the set by dividing each hzg) by

|Q|'/%. The resulting “Haar functions”,

ER
1/2
IQI Q€eD, 1<i<2d

make up a complete orthonormal family for L?(R9), letting us write

2 : foh Q)
f h(,) ’ (4)

for any f € L>(RY).
Formula (4) is true, but is it stable? If we want to use (4) to investigate f, we have
to estimate integrals

) = [ S @y ax,

which are likely to have small errors. We might make translation errors: instead of
f(x) we have f(x + 7} (Q)), where (we hope) |7{(Q)| < £(Q), the computed inner
product is

/R,,f@ O (x - 7i(Q) dv = (£, D).

We can expect similar translation errors—call them ?i(Q)—ln the other hig)

occurring in (4), resulting in “perturbed” Haar functions h2(Q) If we try to add
up part of (4), we face

(/.12
Z 10| h2 214)2) (5)

Qi
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If the 7}(Q)s have norms < n£(Q), where 7 is small, then we hope that

(f.n12)
=y | Q|“ 2@ <cmlfl ©)
Q.i

2

for some function C(7) going to 0 as n — 0.

But it is not clear that the families {hkﬁg) /10Y?} 0. (k = 1, 2) are even almost-
orthogonal. The problem comes from the Haar functions’ jumps. We can fix this by
working with a smoother family. Let 0 < o < 1. Suppose that, for each Q € D, we
have a function ¢@ : RY — C such that:

(a) supp ¢@ C Q;
(b) 6@ (x) — Pio)(x)| < (|x — x'|/£(Q))* for all x and x';
(©) [¢©@dx=0.

It is well known that {$©/|Q|"/?}pep is almost-orthogonal in L?(R?) [3, 4].

If {¢((g)/|Q| /23 hep and {¢((2Q))/|Q| /24 hep are two such families then the uncondi-
tionally convergent sum

(f. )
ST ), (7)
Z o
defines bounded linear operator T : L?> — L?. This sum is also stable. Let
0 < n < 1/2and let {Z;(Q)}gep (i = 1,2) be two families of vectors in R such
that |%(Q)] < n€(Q). Define ¢ (x) = ¢’ (x — 71(Q)) (i = 1,2). The families
{q&((g) /10]"} gep are almost-orthogonal, with constants < C(e, d) [3, 4], implying
that

(©)
(f, ¢(1) ) "0
¢

(=)

Z o

defines a bounded linear operator on [*. Moreover, for every 0 < r < a, there is a
constant C = C(«a, r, d) so that, for all f € L*2(R?) [4],

I7¢H) =TH], = 'l fll2: (8)

and analogous results hold in Z7(R?) if 1 < p < oo [4]. The ¢>((§)

is crucial here. But with the thiQ)) s, “a is 07, and the Holder smooth qb(Q)s seem
better for working with wavelet representations of operators. This superiority is
somewhat specious. In the real world, (7) is discretized: the ¢@s are replaced
by discontinuous, piecewise constant functions. Sums like (4) provide a model to
understand their sensitivity to errors.

s’ smoothness
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It turns out that the perturbed Haar systems are almost-orthogonal in L?(R?)
(Theorems 1 and 2) and series like (4) are stable: they satisfy (6) with C(n) equal
to a dimensional constant times 7'/2 (Theorem 3). The almost-orthogonality and
stability results hold for much more general systems, perturbations, and operators
than those discussed above, and the exponent on 7 is sharp.

Our proofs of these facts start from a familiar concept. A function f : [a,b] — C
is said to be of bounded variation on [a, b] (written f € BV|[a, b]) [1] if there is a
finite M so that, for all partitions P = {a = xo < --- < x,, = b} of [a, b],

D 10w = fue)] < M.
1

The supremum over all such sums is called f’s total variation over [a, b] and is
denoted Vy[a, b]. (When we write Vy(I) and I = [a, b], we mean Vy[a,b].) If f €
BVla,b] then f € BV]c,d] for every [c,d] C [a,b], and, for every partition P as
above,

D Vil 1 = ViUt b1, xid) = Vyla, b].
1

We say that a function is of bounded variation on R if the supremum of the
preceding expression, over all closed bounded intervals, is finite; and we call that
supremum the function’s total variation on R.

For every cube Q C R, let NBV(Q) be the set of f : RY — C such that: (a)
f is measurable; (b) f’s support is a subset of Q (the closure of Q); (c) for each
1 <i < d, f is of bounded variation with respect to x; on R, with total variation on
Rbeing < 1;(d) [fdx = 0.

Condition (c¢) means: If we fix the x;, x3, ... , x; components of x =
(x1, ... ,xs) € R?, then the function f(-,x2, X3, ... ,x4) has total variation < 1
on R, with the analogous statements for x,, x3, etc.

Our fundamental result is:

Theorem 1 Iff© e NBV(Q) for every Q € D then

f(Q)
{01 g

is almost-orthogonal in L*(R?), with constant < (1 + \}2) d.

Theorem 1 immediately implies the fact stated in the abstract:

Corollary 1 Let N > 2. Suppose that, for every dyadic cube Q C R?, we have N
convex regions {R;(Q)}\, subsets of Q, and N complex numbers {c;(Q)}) such that
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lci(Q)] < 1 and lev ci(Q)|Ri(Q)| = 0. Define, for every Q € D,

N
() = |07/ (Z q(Q)xR,-(Q)(x)) :

1

Then, for every finite linear combination y_ 5 Aoho),

1/2

3 doho)| < (2+ Jz) Nd |3 ol

0eD 5 0eD

Proof Each function ZIIV ci(Q) xr;(0) €quals 2N times some @ € NBV(Q).

Corollary 1 holds no matter what the convex bodies are (cones, spheres,
parallelepipeds, cylinders, etc.) or how they are placed (overlapping, disjoint, etc.).
Careful placement gives a better constant.

Corollary 2 Supj)ose that, for every dyadic cube Q C RY, we have 2¢ convex
regions {Ri(Q)}>", where each R;(Q) is a subset of a unique immediate dyadic
subcube of Q, and that we have complex numbers {ci(Q)}%d such that |c;(Q)| < 1

and Z?d ci(Q)|Ri(Q)| = 0. Define, for every Q € D,

od

hio)®) = 10172 | Y cil@) xrii0) ()

1

For every finite linear combination ) _ e, Aoho),

1/2

> 2o = (4+2v2)d[ D rol

Q€D ) QeD

Again, it’s simple: because of how we placed the R;(Q)s, each function

Z%d ci(Q) xr;(0) €quals 4 times some f©) € NBV(Q).
After proving Theorem 1 we look at the stability of almost-orthogonal expan-
sions of the form

(Q)
=3 " ]gl 'fo), ©
0eD

where each fi(Q) € NBV(Q). Corollary 3 shows that, for any g € L2, the series
in (9) converges unconditionally to define T as a bounded linear operator on L.
In Theorem 3 we show that the operator defined by (9) is L?-stable with respect to
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small dilation and translation errors in the functions fi(Q) . We now say precisely what
those small errors are.
Given a family of functions { @} pep, where each f(©) € NBV(Q), we suppose

we have two sequences of vectors {g (Q)}oep and {T(Q)}gep in R?. The vectors
7(Q) are assumed to be small and the vectors H (Q) are assumed to be close to 1=
(1,1,1,...,1). Precisely, for some 0 < 5 < 1/2, |1 — g(Q)I + |7(Q)| < n for
all Q € D.If§(Q) = (81.8,....85) and x = (x1.%2,....x5) € R? we shall set

8(Q)x = (8131, 8252, 8333, . . ., 8axa).-
We define the perturbed form of (@ by

[P0 =19 (56 - xo + LOTQ) + o). (10)

The effect of replacing x with H (Q)(x—x0+2(Q)T(Q)) +x¢ is to shift f©)s “center”
a bit and dilate it slightly “relative to xp”. For example, if

8(X) = XB(xp;(0) (%),

the characteristic function of a ball roughly comparable to Q, and S(Q) =
(6,6,6,...,6), then

2((Q)(x — x0 + LQ)T(Q)) + X0) = Apiep-t@i@st0)/5 ™) :

the center shifts by a small multiple of £(Q) and the radius gets multiplied by §~!.
(For a general §(Q), the ball becomes an ellipsoid.) For an operator T like (9) built
from two families { fj(Q)}QeD (j = 1, 2), we assume we have sequences of vectors

{gj(Q)}QEp and vectors {7;(Q)}pep such that 11— gj(Q)| +17(Q)| < n, from which

we define the analogous ﬁ(Q) s as given by formula (10). We define a perturbation of
T in the obvious way:

- [0)
T =) (g’|‘g| ', an
0eD

In Sect. 3 we prove:
Theorem 2 The operator defined by (11) is L* bounded, with norm < C(d).
Theorem 3 There is a constant C = C(d), independent of 0, so that, for all
operators T and T (as defined by (9) and (11), respectively), and all g € L*>(R?),
17(8) = T(®)ll2 = C)n* gl

The exponent 1/2 is the best possible. Let {];(Q)/|Q|1/2}er (j = 1, 2) be the

Haar functions on R and let g = hjo 1). Leave the I(Q)s alone but shift A ;) in the
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fz(Q) system to the right by 0 < n < 1/10. Then T(g)(x) = hyo1)(x), T(g)(x) =
hio.1y(x = 1), and [[T(g) — T(g)ll> ~ n'/>.

At two places the reader may wonder why we are doing things certain ways
when others seem simpler. Remarks there (labeled “Point 1 and “Point 2”) direct
the reader to an appendix (Sect. 3) for motivations. Originally we tried to put these in
the introduction, but attempts to motivate the motivations (before stating the proofs)
made the paper too long and confusing. We removed them, thinking nobody would
care about them anyway, but the referee asked about precisely those issues. We then
had the idea of addressing them in an appendix. We are grateful to the referee for
getting us to explain ourselves, and helping to make the paper not too long and
just confusing enough. The “points” remarks occur, respectively, after the proofs of
Lemma 1 and Theorem 1.

We write A ~ B—where A and B are positive quantities depending on some
parameters—to mean that there are positive numbers c¢; and ¢, (“comparability
constants”) so that

C1A < B < 0A; (12)

and, if ¢; and ¢, do happen to depend on parameters, (12) does not become trivial.
We will often use ‘C’ to denote a constant which might change to occurrence. We
will not always state the parameters C depends on. If E and F are sets, we write
E C Ftoexpress E C F.

We indicate the end of the proof with the symbol .

2 The Proof of Theorem 1

We begin with two lemmas.

Lemma 1 Let I be a closed, bounded interval. Suppose that f : I — C is of
bounded variation, with V;(I) < 1, b : I — R is integrable, and fbdx = 0.

Then:
‘/fbdx
I

Proof of Lemma 1 Take ||b||; = 1. Assume first that f is real. If b and b~ are b’s
positive and negative parts then [ b dx = [ b~ dx = 1/2, implying

= (1/2)lhs- (13)

/ £ b (0 dx = (1/2)s,
and

/ FO) b () dx = (1/2)s1,
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where s; and s, are two numbers lying in [inf; f, sup, f]. Therefore

‘ / 0 (0 () — b~ (1) dx

= (1/2)[s1 — 52| = (1/2) Supllf(x) —fl=1/2.
X, Y€

If f is not real, let & be a complex number with modulus equal to 1 such that

‘/Ifbdx

and apply the same argument to i («ef). @

- / (of () b(x) dx = / (R(af (x))) b(x) d.

Point 1. Using bounded variation seems like overkill. For f defined on / we can
set

(1) = sup{|f(x) —f(Y)] : x.y €I}

If Qp(7) < 1 we’ll get

= (1/2)[|b]}1.

‘/Ifbdx

Why use V(I)? See the appendix.
The second lemma lets us prove Theorem 1 by induction on d.

Lemma 2 Suppose thatd > 2, Q C R? is a cube, andf : RY — C lies in NBV(Q).
Write Q = I1(Q) x K(Q), where K(Q) = ]_[‘21 I;(Q). Fory € R*! define

P(y) =0Q)™" Sy
Then ¢ € NBV(K(Q)).
Proof of Lemma 2 1t is trivial that supp ¢ C K(Q) and [¢dy = 0.For2 <j <d,

let {y«}4 be points in RY~! differing only in their x; coordinates, where these increase
with k. Then:

> 10 — ()| < L@ / (Df(r,yk) —f(r,yk_m) dr <1,
1 5L(Q) 1

because f € NBV(Q). &
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We now prove Theorem 1.
Let d = 1. Take Q and /, dyadic intervals. Consider the inner product

© 0
ALY (14)
Q12 [1]1/2

where f©© e NBV(Q) and hD /|I|/? is the classical Haar function associated to /. If
ONI = @ or Qis properly contained in / then (14) is 0. If I C Q then, by Lemma 1,

@ pd
KIQI”Z’ |1|‘/2>
Therefore, for eachj > 0,

@ pd
2 KIQI”Z’ |I|1/2>

1y
< (1/2)Vjo () (| QI) .

< (1/2277 3" Vo)

1cQ 1cQ
(n=2"7¢(0) (n=2"7(0)
= (1/227V,;0/(Q) (15)

< (1/2)277/2.

For each Q € D,

2 =2

< f(Q) hD > < f(Q) hD >

N\l 2| e |V |12
1co
o0
<(1/2)) 27"
0
1t
V2

Forevery I € D,

2

0eD

-

0eD
1o

(1/2)) 272
0

1
V2

< @ pd >

@  po0
|Q['/2" |11/ < >

QI'/2" 111/

IA
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By the Schur Test, the linear mapping L : £>(D) — £>(D) defined by

B @ 0
L(halocr) = | o ey
0ep IeD

Q)

has a bound less than or equal to 1 + ! . Let g = ZQGD )&Qlf‘l/z be a finite

V2 0

linear sum. The classical Haar functions form a complete orthonormal set in L?(R).
Therefore,

2

hD
2 —
Jpa=3 (e )
@ 0
Z ZAQ< 1/2° >
, o112 1172

0eD

2

<(1+ ;2)2 Y 1Al

0eD

proving the Theorem 1 whend = 1.

Assume the result for d — 1 > 1, with constant C(d — 1); i.e., assume that if

f©Q e NBV(Q) for every (d — 1)-dimensional dyadic cube Q, and ZQGD Ao “gﬁjz is

any finite linear combination, then

2 1/2 1/2
/ Zfo(Ql)z de|  =Cd=1)| > 1Al
i1 |5 101 ob
Consider the family
f(Q)
Liot) e

where every Q is a d-dimensional dyadic cube and each f© e NBV(Q). Put
Q@) =9, y), where X’ € Rand y € R*~!. Write

f(Q)(x/’y) :fl(Q)(-xlay) +f2(Q)(x/,y),
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where
RO .y) = (f@(xcy) — Q)™ /1 (Q)f@’(r, ») dr) 210Xk (¥)

KWy = (aQ)—1 /, (Q)f@(r, ») dr) X0 ) Xk ()

and /;(Q) and K(Q) are as in the statement of Lemma 2, so that Q = I;(Q) x K(Q).
By ourd = 1 result, for each fixed y € RY"!, the family {Z(Q)_l/zfl(Q) (., ¥)}oep
is almost-orthogonal in L?(R), with constant < C(1). This is because, for each fixed

y, the function £(Q)~"/ Zfl(Q) («/,y) is either identically O (with respect to x’) orit’s a
suitably scaled, uniformly bounded-variation function, with integral 0, adapted to a
unique dyadic interval /;(Q). Note that subtracting a term of the form cy;, o, x)

does not change f(©’s total variation in x’ on I;(Q), and so does not affect the
relevant Schur Test estimates. (See the proof of Lemma 1.)
For each fixed y € R~

2
/R \nglgr“%@’u’,w\ X' < C(1)* > |AoLQ) ™™D xk0)(¥)-
Since |[K(Q)| = £(Q)?"!, integrating in y yields
2
[ | rel0r @ | avdy < € ¥ ol (16)
R4

By induction (and because of Lemma 2), for each fixed x¥ € R, the family
{L(Q)~@=n/ 2f2(Q) (¥, ¥)}oep is almost-orthogonal in L*>(R?™!), with constant <

C(d — 1). (As with the £%s, for some ¥, £i% (¥, y) is identically 0 in y—which
is fine.) Hence, for each fixed X’ € R,

2
/R Do reler 0w | dy < o= 12 Y 10 PUO sy o).
Now integrating in x’ yields:
2
—1/24(0) 12 2
/Rd)ZAQ@ AOW. | ady < Ca— 12 Y] ol (a7)

Combining (16) and (17) yields

f(Q)
HZAQ 0]1/2

< e +ca—1) (L hel) .
2
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which implies
C(d) < d ().

The Schur Test gives C(1) < 1 + «}2' We have Theorem 1. &

Point 2. Why do induction? We have d-dimensional Haar functions (3). Why
not get Schur test estimates directly from inner products between them and the

functions in
% f(Q) } N
101'2) gep
See the appendix.

Theorem 1 implies the L? boundedness of a certain “rough” operator (see the
introduction), defined as a limit of finite sums. We need to specify in what way this
limit is taken.

Definition 1 We say that a sequence {&£;}{° of finite subsets of D fills up D if every
Q € D is in all but finitely many &s. (This holds if the &s are increasing and
U&= D.) Let {Ap}pep be a sequence of complex numbers, and {g(g)}oep
sequence of functions in L?(R?), each indexed over the family of dyadic cubes D.
We say that

> Aogo

Q€D

converges unconditionally to & € L?>(R?) if, for every sequence of finite subsets
{&}$° that fills up D,

Jim o — Y Aogo| =0
Q€& 5

Corollary 3 Let {fl(Q)}er and {fz(Q)}QeD be two families such that fi(Q) €
NBV(Q) forall Q € Dandi =1, 2. If g € L*(RY) then the series

(Q)
2 o

converges unconditionally to some h in L*. Moreover;

Il < ((1 T le) 4)2 I8l
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In other words, (18) defines a linear operator T : L*> — L? with norm
<1+ }ay.

Proof of Corollary 3 Let g € L*>(R?), and suppose that £ C D is a finite subset.
Define

(Q)
Te(g) = Z (gig ) 12
<

By Theorem 1,

||T5(g)||2§( ) (Z' IQ(QI)') ((1+¢12)d)2||g||2<oo.

(19)
If {&}{° is a sequence of finite subsets that fills up D then, for any m and n,
1 (g (Q) 12
7o)~ Te @l < (14, )a ;
V2 > IQI

EnAE,

which, because of (19), goes to 0 as m and n go to infinity. (Apply domi-
nated convergence to the sums over the symmetric differences &, A¢&,.) Therefore
{Te,(g)}x is Cauchy in L*(R?) and converges to an h with norm < ((1 +
Jz)d)2||g||2. The function £ is unique because, if {&}7° and {£}{° fill up D, so

does {£1, €[, &, &5, ...} @

3 The Proofs of Theorems 2 and 3

As with Theorem 1, we will first work in one dimension, where we will sometimes
call dyadic intervals I or J, and sometimes Q.
Both proofs make use of a simple fact whose proof can be found in [2] and [3].

Lemma 3 Ifla denotes the family of concentric triples of dyadic intervals in R then
D can be decomposed into 3 disjoint families,

ﬁ = U:ligis

such that, for each 1 <i <3:a) VI, J € G, either | NJ = @ or one is a subset of
the other; b) every I € G; is the right or left half of a J € G;; ¢) VI € G;, I’s right
and left halves belong to G;; d) R is covered by the set of I € G; of length 3; and
therefore, for any k, R is covered by the set of I € G; of length 3 - 2~
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As an immediate corollary of Lemma 3, the set of concentric triples of dyadic
cubes in R? (also denoted D) can be split into 3¢ disjoint families, each one having
the analogous inclusion/exclusion and relative size properties as the set of dyadic
cubes. The proof is trivial: for every @ = (ay, ... ,aq) € {1,2, 319, let G- be the set
of cubes Q = ]_[‘11 I;(Q) such that each ;(Q) € G,,,.

The Proof of Theorem 2 1f I is a dyadic interval, we use 1 to denote I’s concentric
triple, and we define 1) by

WD) = y;.(x) — 17, (®)-

Then h®/|1|'/? is the “Haar function” associated to I. Because of Lemma 3, for
each 1 < i < 3, {hD/[I|'* : T e G;} forms a complete orthonormal basis for
L*(R).

For each 1 < i < 3 we let F; be the set of dyadic intervals Q such that Q e G.
We note that if Q € F; and /@ € NBV(Q) then f© € NBV(Q), where Q € Gi. We
claim that if 1 < i < 3 and {f@}ger is any family such that each f'© € NBV(Q)

then
§ lf/:(\Q-; }
1/2
oI

is almost-orthogonal in L*(R), with a constant less than or equal to an absolute C.
The proof is easy. We only need to bound

1@ 40
|o|1/2’ |j|1/2
for Q and I both lying in ;. But we have already seen this sort of thing. If QQ

or Q is strictly contained in I then the inner product is 0. Otherwise IcOw
7| = 277|Q| for some j > 0, and (20) is less than or equal to

~ 1/2

For every Q € F;andj > 0,

O
|Q|1/2’ |j|l/2

I€F;: ICO
[11=27710|
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is less than or equal to a constant times

2~i/2 V;FQ'] (Q) < 2—//2

implying that, for every Q € F;,

> o <C(1+1)<C
I€F; lo[V2 102 | N/
Similarly, for every I € F;,
J;(\Q-; A0 1
- <C(l+ ,)=C
2 <|sz e »

Combining the two inequalities proves our claim. N
For every a € {1,2, 3}, let F be the family of dyadic cubes Q such that Q € G-.

Fix ana € {1,2,3}%. If Q € F; then /@ e NBV(Q). We can now repeat the
inductive argument from the proof of Theorem 1 to get that

[
012 s

is almost-orthogonal in [? (Rd), with constant < Cd, where C is the constant we get
for d = 1. We get the same estimate for every a € {1,2, 3}, implying that

1/2
o1
is almost-orthogonal in L?(R¢), with constant < C3%d = C(d). A repetition of the
argument in the proof of Corollary 3 shows that, for any g € L?(R?),

(0 —
Z (8.f1 )2(Q)
oo 10|

converges unconditionally in L? to define a bounded linear operator T:I12 12
with norm < C(d)>. &
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The Proof of Theorem 3 Write T(g) — T(g) as S1(g) + S>(g), where

(g Q) _ (Q))
s = 3 &4~ go
2
(2./?) ( © (Q))
S = E — .
Z(g) & IQI 2 2

Because of (2) and Theorem 2, Theorem 3 will follow once we show that, for all
finite linear sums

y 7O _ @
= 0]1/2
(i =1,2), we have
@ —J;‘(\QJ) 1/2 2 "
PR =o' ol @1
0eD ) 0eD

for a constant C only depending on d. Inequality (21) will follow from Theorem 2
and a technical, one-dimensional lemma (Lemma 4). We prove Lemma 4 first. We
warn the reader that its proof requires an additional (fortunately very easy) lemma
(Lemma 5).

Since the fi(Q) s’ subscripts are now irrelevant, we no longer write them.

Until otherwise stated, D, ﬁ, Fi, and G; refer to families of intervals.

Lemma 4 For each Q € F;, let g9 : R — R have support contained in Q and
be of bounded variation, with total variation < 1. (Note: we do not require that
fg(Q) dx = 0.) Let {8(Q)}pep and {t(Q)}pep be two sequences of real numbers
indexed over D, such that |1 — 8§(Q)| + |t(Q)| < n < 1/2 for all Q € D. Define

§9() = g 9B(Q)(x— xo + U(Q)T(Q)) + xo) and, for each I € G, set

“(0 j) _ 29 —5§(0)g? fl(l)
’ |Q]1/2 ’ |1]1/2 )
There is an absolute C such that, for all Q € F; andl e G,

> la(@. D (22)

TegG;
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and

> la(@. 1) (23)

Q€F;

are both bounded by Cn'/?.
Proof of Lemma 4 1f Q € F; and I € G; then

5(0) [ 8D (x) kD (x) dx
=38(0) [ 89 (8(Q)(x — x0 + £Q)T(Q)) + x0) hD(x) dx
= [ nD (§(0)~" (u —xp — 5(Q)(Q)T(Q)) + xg) du,

after substituting u = §(Q)(x — xg + £(Q)t(Q)) + xo. Therefore,
[ (90 -89 ) e = [ 6077 ax. 4

where y ® (x) equals

hD () — D (8(Q) ™' (x — xg — (Q)L(Q)T(Q)) + x0) - (25)

We note a fact which will be important soon. Although we do not assume that
[§@dx = 0, we do have [ (g(Q)(x) — 8(Q)g(Q)(x)) dx = 0, ensuring that (24)

equals 0if I ¢ Q:if I ¢ Q andI N Q # @, the support of g©@ (x) — §(Q)g'? is
entirely contained in either the right or the left half of I, across which hD is constant.

The key to the proof of Lemma 4 is a good estimate for the right-hand side
of (24), which follows from Lemma 1 and a bound on ||y(7)||1. For the latter we
need the simple lemma mentioned above.

Lemma 5 If I is a bounded interval, with endpoints a < b, and I' is another
bounded interval, with endpoints @' < b, then

/b{,(x)—xp(x)ldxf la—d'|+[b-0|. (26)

Proof of Lemma 5 Assume thatb—a < b’ —a’. If b < d' the left-hand side of (26) is
b—a+b'—d,while |a—d'| > b—aand |b—b'| > b'—ad'. If a < d' < b the left-hand
side of (26) is exactly a’ —a + b’ — b (because b < V'), andifd’ <a < b <DV'itis
a—d + b’ — b. The other cases follow from symmetry. #

We continue the proof of Lemma 4. Recall that 1D has the form Xab) — X[ )
where [a,b) = I; and [d’,0') = I,. If ¢ : R — R is a strictly increasing bijection
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then
Xie) (@ ()) = Xip=1 @0~ () ()

Set ¢(x) = 8(Q)1(x — xg — §(Q)(Q)T(Q)) + xp. Then ¢~ (x) = §(Q)(x — xg +
£(Q)t(Q)) + xg. For ease of reading we will refer to ¢! as 1. We can write
D (8(0) 7 (x = xg = $(QUQ)T(Q)) + x0)
= X @y o) *) = Xy @)y ) (%),

and therefore the L' norm of

YD @) =10 —hD (8(0)" (x — xo — S(QUQ)T(Q)) + x0)

is less than or equal to

la =y (@] + b=y ®)]+1d =y (@) + b =y ()] 27

A quick calculation yields

a—y(a) = (a—x0)(1 -48(Q)) = 5D T(Q). (28)

with similar expressions for the other terms.

We recall that Q € F;, 1 € G;, and that the inner product (24) is zero unless
1 C Q; thus, for the only cases of interest, £(I) = 2774(Q) for some j > 0. Given
0 < n < 1/2, let N be the unique natural number such that n € 27V~ 27V),
For such I, the absolute value of (28)—and thus ||y®||;—is less than or equal to a
constant times 27V£(Q).

We will give two bounds on the absolute value of (24), depending on whether
J = Norj>N.We only use (28) for the j < N estimate.

Ifj < N (so that 1 is not too small compared to Q) then the absolute value of (24)
is less than or equal to a constant times 2~ N K(Q) 4(© (I).

If j > N (meaning that I is very small compared to Q) then the absolute value
of (24) is less than or equal to

(Veo @) + v D) 111,
which is the same as
270) (Vo D) + Vg (D). 29)

Of course, whaE we need to bound is not the absolute value of (24), but the same
divided by |Q|'/?|1|'/> ~ 27/2¢(Q). (Recall that we are still working in d = 1.) If



294 M. Wilson

j < N, the quotient is less than or equal to a constant times 2//227NV, ¢© (1).1fj > N
the corresponding estimate is 277/2 (V o +V o0 (I)) Therefore, if Q € F;,

1€G;,1cC Q,and () =274(Q), then

8@

C2227NV 0 (D) ifj < N;

22 (V o) + VS(Q) (Q)(i)) if j > N;

la(0, )| <

while a(Q,1) = 0ifI ¢ Q.
‘We now estimate (22)

Z|a(Q Dl =Y laQ.D)

T: ICQ
and (23)
Z la(@.Dl = ) la(Q.]).
0:1cO
Estimate of (22):
Y la@Dl=cy > ja@.])
1:7co 720 Tee(l)=277£(Q)
— 2N Z 2/'/2 Z Vg(Q) (7)
0<j<N T:6(h=2774(Q)
+ sz_j/z Z ( g(Q)(I) +V 5(0)g (Q)(I))
j>N Te(h=279¢(Q)
=)+ D),
where

=c2 Y 27 3 Vel

0<j=N T:0()=2-7¢(Q)

un=cy 277 7 ( w0+, D).

J>N T:0(=2774(Q)

For each Q andj > 0,

Z Voo () < V0 (0) < 1

T:e(h=2-7¢(Q)
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and

Y (oD Y@ D) Va0 @) + V@) < 5/2.
L) =2774(Q)

because the change of variable does not affect the total variation and |§(Q)| < 3/2.
Therefore

(n=<c2V Y 2P <caN?
0<j<N
(n <cy 27” <ca 2,

J>N

implying that 3 . ;5 [a(Q. )| < C27V/2,

Estimate of (23): This is like case a), but simpler, because, for each j > 0 and
1, there is only one Q such that I C Q and £(I) = 27£(Q). We get the same
estimate: < C27N/2,

That proves Lemma 4, since n ~ 27V, @

The Schur Test and Lemma 4 imply that if {g/@}pep and {g@}pep are two
families as given in Lemma 4’s hypotheses, then, for any finite linear sum

S (47 5(0)g@
Q€D ¢ 01'/2 ’

we have

1/2

© _ §(0)2©@
> (g IQIf/QZ)g ) SR ¥ (30)
2

Q€D QeD

with C an absolute constant. This implies Theorem 3 when d = 1. We can write

1O -9 = (£ - 501 ?) + 3@ - 1.

Lemma 4 implies that

1/2

© _ §(0)f©@
o) zere () ¢+
2

Q€D Q€D
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while, by Theorem 2,
o 2
1@ 2
ZAQ(QWZ =c[ > 1nl . (32)
Q€D 5 Q€D

Since |1 — §(Q)| < n < n'/? for all Q, we get (21) and thus Theorem 3 in one
dimension.
We now prove (21) for general d. From here on we work in R?: F, G, D, and

a’

D are families of cubes; § (Q) and T(Q) are vectors.
Fix a € {1,2,3}. For Q € F, we write §(Q) as (§;(Q).52(Q).....84(Q)) and

7(Q) as (11(Q), 12(Q). . . ., 7a(Q)). Associated to each g(Q) and 7(Q) will be two
finite sequences of vectors {3;(Q)}¢ and {7;(Q)}¢, defined by

-

80(0) =1
51(0) = (61(0).1.1,....1)

5(0) = (61(0).5:(Q). 1. 1,.... 1)

55(0) = (51(0).5:(0).83(Q). 1. 1..... 1)

84(0) = 8(Q)

and

(Q) =0

71(0) = (11(0),0,0,...,0)

»(0) = (1(0), 2(0),0,0,...,0)

5(0) = (1(0). 2(Q). 13(0).0.0,....0)

7(Q) = 1(Q).

In other words, considered as a dilation operator, SO (Q) starts as the identity,
and then, as j advances, morphs—one variable at a time—into 5 (Q); while 7;(Q)
similarly morphs from the identity into 7(Q), but now considered as a sequence of
translation operators. Keep in mind that 6;(Q) and tj(Q) are numbers (components

of the vectors H (Q) and ©(Q)) while gj(Q) and T;(Q) are vectors.
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Define £\ (x) = £ (x) and, for 1 < k < d,
k
) = (l_[ 5/(Q))f @ (1(0) (x — xo + LQ)T(Q)) + X0)-
1

After noticing that Q(JQ) (x) = (]_[‘f Sk(Q)) ];(\Q-S (x), we write
— d ~ d ~
O =9 =19 - (]‘[ Sk(Q))f(Q’ () + ((]‘[ sk(Q)) - 1)f<Q> (x)
1 1
d —~—
=200 -2 + ((]‘[ &(Q)) - 1)f<Q><x>
1

d d .
= [Z (620 - zi@(x))} + [((]‘[ &(Q)) — l)f‘Q’(x)]
k=1 1

=[N+ [].

The term [/I] is no problem, because

(f0)

and Theorem 2 controls the almost-orthogonal “norm” of { f(9/|Q|"/?} Fse
To see what is going on with [I], we look at the first term in the sum,

<C(d)n

e -2 = FQx) —51(Qf Q1) (x—x0 + LQ)T(Q) +x0).  (33)

Write x = (x1,x2,...,Xg) as (x;,x*), where x; € R and x* € RY"!. For fixed
x*,(33)is

FQ 1, x%) = 81(OFQ(61(Q)(x1 — (x0)1 + LQ)T1(Q)) + (x0)1,x¥) (34)

(note the absence of tildes), because the (respective) dilation and translation
operators 81 (Q) and 7;(Q) do not affect the x* components at all.

To ease reading we refer to (34) as @ (x).

For Q € G, write Q = I,(Q) x K(Q), as in the statement of Lemma 2. Then

0@ (x.x*) = 0P (x1, x*)XII 1)) (xl)XK(Q) ")
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and, for every fixed x* € R?~! and every finite linear sum

© 0@ (x;, x* = (x = (o
Z AQ( w l 2) _ Z 2o (x1 )Xll(?)i l)XK(Q)( ) ,
o) = & o1

QEF;

we have, by the one-dimensional version of Theorem 3,

2

©)(x ¥ i
/R 2 o (‘“ IQ(TII/’zx )) dvy < Cn ) 1AoPIK@) agp) ™). (35)

Q€F; QEF;

Here we are arguing just as we did in estimating (16), but incorporating the ‘< Cn’
bound we have from the one-dimensional Theorem 3 (see (30)—(32)). We get 1, this
time, and not 1'/2, because we are not taking the square root of the integral. When
we integrate (35) in x* we get, for every a € {1, 2, 3},

2 2
a)(Q)(x) 0@ (x1, x%)
Jo | 220 (o )| @ = foers | S 70 (“igni )| dnae
R oer; RxRI 1 oe 7,
<Cn ) gl
QeF;

The other summands in [/] are handled in a similar fashion, successively treating

the variables x,, ... , x; as we did x;. For example, { {Q) (x) — QQ) (x) equals 6,(Q)
times

FQ61(Q) (x—x0 +L(Q)71(Q)) +x0) —82(Q)f P (8:2(0) (x—x0 + £(Q) T2(Q)) +0),

where the functions’ two arguments, respectively

(61(Q)(x —x0 + LQ)T(Q)) + x0 (36)

and

8:(0) (x — xo + L(Q)T2(Q)) + x0, (37)
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differ only in their second components. The second component of (36) is x,, and
that of (37) is

52(0)(x2 — (xg)2 + £(Q)12(Q)) + (x0)2.

But their first components both equal

§1(Q)(x1 — (xg)1 + L(Q)T1(Q)) + (xg)1;

and, for 3 < k < d, each kth component for both functions equals x;.
If we now define, more or less as before,

@) =2 - 2,

then the preceding argument applies virtually verbatim to yield

2

Q)
g oseo g v

Qe]:a QE]“E

for every a € {1,2,3}. (Recall that §;(Q) is essentially 1.) The same argument
applies to the other summands ¢ ,ﬁ?’l - ,iQ) for 3 < k < d to yield the same estimates.

When we add up over all k and all @ € {1,2, 3}%, and include the term [II], we get
1/2

f(Q)_f@
ZKQ( 0|12 <Cn'? 1 > |Aol?
2

Q€D Q€D

for all finite linear sums,

f(Q)_ﬁE
A ,
Q;D Q( 0|1/ )

where C depends on d. That’s (21). Theorem 3 is proved. #
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Appendix

Point 1. The total variation V;(I) adds like a measure; Q2/(/) doesn’t. In particular,
ifa=xy<x <x<---<ux, =>bthen

Z Vilxe—1, xx] < Vyla, b],
|

which we need (see (15)); but
Z Qf[xk_l,xk] < Qf[a, b]
1

fails. (As with V;, we use Qy[x, y] to mean 2/([x, y]).)
Point 2. We give two answers; the second makes the first redundant.

a) Theorem 1 yields

g 2 ()
with C(d) growing at worst linearly in d. If we apply Schur’s test to
f(Q)
Lior) e
and the orthonormal family (3) then, for each J and Q in D such that J C Q, we
have to consider the inner products

1017272 (@, ny

for every 1 < i < 2¢, and the Schur bound grows exponentially in d.
But it’s worse than that.

b) For fixed d > 1 set Qp = [0,1)¢ and let B be the ball (open or closed) of
radius 1/3 centered at (1/2,1/2,1/2,...,1/2) (the center of Qy). Define f(x) =
x8(x) — |B|xg,(x). Then f is a bounded multiple of a function in NBV(Qy). We
look at the terms appearing in the Schur test,

172100 2 k") = I (f 1), (38)

for J C Qp and a fixed i (the value of i doesn’t matter: say it’s 1). Let 2 % be J’s
sidelength, where k > 0. The inner product (38) equals 0if J C BorJ N B = @.
It’s possibly non-zero if J straddles B’s boundary, and when that happens our
best estimate for the absolute value of (38) is roughly

|J|_l/2|]| — |J|l/2 — 2—kd/2'
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The (d — 1)-dimensional measure of B’s boundary is ~ 1 (it depends on d but
not on k). The cubes J have diameters ~ 27, For large k, ~ 2%~ of them
can straddle B’s boundary. (The reader might want to sketch this.) Therefore,
when we add up the estimated absolute values of (38) for these J’s, we get ~
2~kd/2pk(d=1) = 2k(d/2=1) \whjch sums (over k) to infinity.

Philosophical Remark We think Theorem 1 holds because of subtle cancelation
in the sums

f(Q)
Z Ao |o[1/2°
which the bounded-variation-plus-induction argument lets us exploit without really
understanding.
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