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Abstract This chapter presents a novel Robust Adaptive Interval Type-2 Fuzzy
Logic Controller (RAIT2FLC) equipped with an adaptive algorithm to achieve
synchronization performance for fractional order chaotic systems. In this work, by
incorporating the H∞ tracking design technique and Lyapunov stability criterion, a
new adaptive fuzzy control algorithm is proposed so that not only the stability of
the adaptive type-2 fuzzy control system is guaranteed but also the influence of the
approximation error and external disturbance on the tracking error can be attenuated
to an arbitrarily prescribed level via the H∞ tracking design technique. The main
contribution in this work is the use of the interval type-2 fuzzy logic controller and
the numerical approximation method of Grünwald-Letnikov in order to improve the
control and synchronization performance comparatively to existing results. By
introducing the type-2 fuzzy control design and robustness tracking approach, the
synchronization error can be attenuated to a prescribed level, even in the presence
of high level uncertainties and noisy training data. A simulation example on chaos
synchronization of two fractional order Duffing systems is given to verify the
robustness of the proposed AIT2FLC approach in the presence of uncertainties and
bounded external disturbances.
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1 Introduction

Fractional calculus deals with derivatives and integrations of arbitrary order [41, 53]
and has found many applications in many fields of physics, applied mathematics and
engineering. Moreover, many real-world physical systems are well characterized by
fractional order differential equations, i.e., equations involving both integer and non
integer order derivatives [25]. It is observed that the description of some systems is
more accurate when the fractional derivative is used. For instance, electrochemical
processes and flexible structures are modeled by fractional order models [38, 41].
Nowadays, many fractional-order differential systems behave chaotically, such as
the fractional-order Chua system [52], the fractional-order Duffing system [2], the
fractional-order Lu system, the fractional order Chen system [51].

Recently, due to its potential applications in secure communication and control
processing, the study of chaos synchronization in fractional order dynamical sys-
tems and related phenomena is receiving growing attention.

The synchronization problem of fractional order chaotic systems was first
investigated by Deng and Li who carried out synchronization in the case of the
fractional Lü system. Afterwards, they studied chaos synchronization of the Chen
system with a fractional order in a different manner [18, 19].

Fuzzy logic controllers are generally considered applicable to plants that are
mathematically poorly understood and where experienced human operators are
available for providing a qualitative “rule of thumb”.

Based on the universal approximation theorem [11, 60] (fuzzy logic controllers
are general enough to perform any nonlinear control actions) there is rapidly
growing interest in systematic design methodologies for a class of nonlinear sys-
tems using fuzzy adaptive control schemes. An adaptive fuzzy system is a fuzzy
logic system equipped with a training algorithm in which an adaptive controller is
synthesized from a collection of fuzzy IF–THEN rules and the parameters of the
membership functions characterizing the linguistic terms in the IF–THEN rules
change according to some adaptive law for the purpose of controlling a plant to
track a reference trajectory.

In this work we consider Type-2 fuzzy sets which are extension of type-1 fuzzy
sets introduced in the first time by Zadeh [66]. Basic concepts of type-2 fuzzy sets
and systems were advanced and well established in [9, 20, 45, 54]. In 1998, Mendel
and Karnik [20] introduced five different kinds of type reduction methods which are
extended versions of type-1 defuzzification methods. Qilian and Mendel [54]
proposed an efficient and simplified method for computing the input and antecedent
operations for interval type-2 fuzzy logic controller (IT2FLC) using the concept of
upper and lower Membership functions. Karnik and Mendel developed the centroid
of an interval type-2 fuzzy set (IT2FS), not only for an IT2FS and IT2FLCs but also
for general type-2 FSs and introduced an algorithm for its computation. Mendel [17,
44] described important advances for both general and interval type-2 fuzzy sets
and systems in 2007. Because of the calculation complexity especially in the type
reduction, use of IT2FLC is still controversial. Seplveda et al. showed that using
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adequate hardware implementation, IT2FLC can be efficiently utilized in applica-
tions that require high speed processing. Thus, the type-2 FLS has been success-
fully applied to several fuzzy controller designs [12, 17, 36, 42, 62].

In this paper, by incorporating the H∞ tracking design technique [35, 38, 43] and
Lyapunov stability criterion, a new adaptive fuzzy control algorithm is proposed so
that not only the stability of the adaptive type-2 fuzzy control system is guaranteed
but also the influence of the approximation error and external disturbance on the
tracking error can be attenuated to an arbitrarily prescribed level via the H∞

tracking design technique. The proposed design method attempts to combine the
attenuation technique, type-2 fuzzy logic approximation method, and adaptive
control algorithm for the robust tracking control design of the nonlinear fractional
order systems with a large uncertainty or unknown variation in plant parameters and
structures.

This chapter is organized as follows: Sect. 2 presents a brief review on the state
of the art for the addressed problem. In Sect. 3, an introduction to fractional
derivatives and its relation to the approximation solution will be addressed and the
basic definition and preliminaries for fractional order systems. A description of the
interval type-2 fuzzy logic is presented in Sect. 4. Section 5 and 6 generally pro-
pose adaptive type-2 fuzzy robust H∞ control of uncertain fractional order systems
in the presence of uncertainty and its stability analysis. In Sect. 7, application of the
proposed method on fractional order expression chaotic systems (Duffing oscillator)
is investigated. Finally, the simulation results and conclusion will be presented in
Sect. 8.

2 Related Work: A Brief Review

Fractional adaptive control is a growing research topic gathering the interest of a
great number of researchers and control engineers [32]. The main argument of this
community is the significant enhancement obtained with these new real-time
controllers comparatively to integer order ones [53].

Since the pioneering works of Vinagre et al. [59] and Ladaci and Charef [26,
27], an increasing number of works are published focusing on various fractional
order adaptive schemes such as: fractional order model reference adaptive control
[13, 27, 63], fractional order adaptive pole placement control [34], fractional
high-gain adaptive control [29], fractional multi-model adaptive control [33], robust
fractional adaptive control [30], fractional extremum seeking control [48], Frac-
tional IMC-based adaptive control [31], fractional adaptive sliding mode control
[15], fractional adaptive PID control [28, 47] … etc.

The study and design of fractional adaptive control laws for nonlinear systems is
also an actual leading research direction [5, 6, 50, 57]. Many control strategies have
been proposed in literature to deal with the control and synchronization problems of
various nonlinear and chaotic fractional order systems [1, 55]. Nonlinear fractional
adaptive control is wide meaning concept with many different control approaches
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such as: fractional order adaptive backstepping output feedback control scheme
[64], adaptive feedback control scheme based on the stability results of linear
fractional order systems [49], Adaptive Sliding Control [36, 65], Adaptive syn-
chronization of fractional-order chaotic systems via a single driving variable [67],
H∞ robust adaptive control [22, 37], etc. Whereas, in order to deal with nonlinear
systems presenting uncertainties or unknown model parameters, many authors have
used fuzzy systems [3, 7, 8, 58]. In this work, we use Type-2 Fuzzy logic systems
[4, 40].

3 Basic Preliminaries for Fractional Order Systems

Fractional calculus (integration and differentiation of arbitrary ‘fractional’ order) is
an old concept which dates back to Cauchy, Riemann Liouville and Leitnikov in the
19th century. It has been used in mechanics since at least the 1930s and in elec-
trochemistry since the 1960s. In control field, several theoretical physicists and
mathematicians have studied fractional differential operators and systems [14, 53].

Fractional order operator is a generalization of integration and differentiation to
non integer order fundamental operators, denoted by aDα

t , where a and t are the
limits of the operator. This operator is a notation for taking both the fractional
integral and functional derivative in a single expression defined as [22–24, 51]:

aDq
t =

dq
dtq q>0
1 q=0Rt
a

dτð Þ− q q<0

8>><
>>:

ð1Þ

There are some basic definitions of the general fractional integration and dif-
ferentiation. The commonly used definitions are those of Riemann–Liouville and
Grünwald-Letnikov [29, 30, 56].

The Riemann-Liouville (R-L) integral of order λ > 0 is defined as:

IλRLf ðtÞ=D− λf ðtÞ =
1

ΓðλÞ
Z t

0

ðt− τÞλ− 1f ðτÞdτ ð2Þ

and the expression of the R-L fractional order derivative of order μ > 0 is:

Dμ
RLf ðtÞ=

1
Γðn− μÞ

dn

dtn

Z t

0

ðt− τÞn− μ− 1f ðτÞdτ ð3Þ
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with Г(.) is the Euler’s gamma function and the integer n is such that (n − 1) < μ < n.
This fractional order derivative of Eq. (3) can also be defined from Eq. (2) as:

Dμ
RLf ðtÞ=

dn

dtn
Iðn− μÞ
RL f ðtÞ

n o
ð4Þ

The Grünwald–Letnikov definition of the fractional derivative, is expressed as:

GL
t0 Dq

t f ðtÞ= lim
n→ 0

1
hn

∑
t− q
h½ �

j=0
ð− 1Þ j q

j

� �
f ðt− jhÞ ð5Þ

where t− q
h

� �
indicates the integer part and ð− 1Þ j q

j

� �
are binomial coefficients

cðqÞj j=0, 1, . . .ð Þ.
The calculation of these coefficients is done by formula of following recurrence:

cðqÞ0 = 1, cðqÞj = ð1− 1+ q
j

ÞcðqÞj− 1

The general numerical solution of the fractional differential equation:

GL
a Dq

t yðtÞ= f ðyðtÞ, tÞ,

can be expressed as follows:

y tkð Þ= f y tkð Þ, tkð Þhq − ∑
k

j= v
c qð Þ
j y tk− j

� �
. ð6Þ

The Fundamental Predictor-Corrector Algorithm
The fractional Adams-Bashforth-Moulton method used to approximate the

fractional order integral operator was introduced in [14]. In fact it is more practical
to use a numerical fractional integration method to compute fractional order inte-
gration or derivation as the approximating transfer functions are of relatively high
orders.

Consider the differential equation

DαyðxÞ= f x, yðxÞð Þ ð7Þ

with initial conditions:

yðkÞð0Þ= yðkÞ0 , k=0, 1, . . . ,m− 1, ð8Þ

where m= ½α� and the real numbers yðkÞð0Þ= yðkÞ0 , k=0, 1, . . . ,m− 1, are assumed
to be given.
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The basics of this technique take profit of an interesting analytical property: the
initial value problem (4), (5) is equivalent to the Volterra integral equation

yðxÞ= ∑
½α�− 1

k=0
yðkÞð0Þ x

k

k!
+

1
ΓðαÞ

Z∞

0

ðx− tÞα− 1f t, yðtÞð Þdt ð9Þ

Introducing the equispaced nodes tj = jh with some given h>0 and by applying
the trapezoidal integral technique to compute (6), the corrector formula becomes

yhðtn+1Þ= ∑
½α�− 1

k=0

tn+1

k!
yðkÞð0Þ+ hα

Γðα+2Þ f tn+1, yPh ðtn+1Þ
� �

+
hα

Γðα+2Þ ∑
n

j=0
aj, n+1f tj, yhðtjÞ

� � ð10Þ

where

a0, n+1 = nα+1 − ðn− αÞðn+1Þα

aj, n+1 = ðn− j+2Þα+1 + ðn− jÞα+1 − 2ðn− j+1Þα+1,

ð1≤ j≤ nÞ
ð11Þ

and yPh ðtn+1Þ is given by,

yPh ðtn+1Þ= ∑
½α�− 1

k=0

tn+1

k!
yðkÞð0Þ+ 1

ΓðαÞ ∑
n

j=0
bj, n+1f tn, yhðtjÞ

� � ð12Þ

where now

bj, n+1 =
hα

α
ðn+1− jÞα − ðn− jÞαð Þ ð13Þ

This approximation of the fractional derivative within the meaning of Grünwald-
Letnikov is on the one hand equivalent to the definition of Riemann-Liouville for a
broad class of functions [46], on the other hand, it is well adapted to the definition
of Caputo (Adams method) because it requires only the initial conditions and has a
physical direction clearly. In this work, the Grünwald–Letnikov method is used for
numerical evaluation of the fractional derivative.

4 Interval Type-2 Fuzzy Systems

A brief overview of the basic concepts of Interval type-2 fuzzy systems is presented
in the following [21, 37, 40]. If we consider a type-1 membership function, as in
Fig. 1, then a type-2 membership function can be produced. In this case, for a
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specific value x′ the membership function ðu′Þ, takes on different values, which are
not all weighted the same, so we can assign membership grades to all of those
points.

A type-2 fuzzy set in a universal set X is denoted as Ã and can be characterized
in the following form:

Ã=
Z

x∈X

μA ̃ðx, vÞ x̸,∀v∈ Jx⊆½0, 1� ð14Þ

μÃðxÞ=
Z
v∈ Jx

fxðvÞ v̸,

in which 0≤ μÃðxÞ≤ 1.
The 2-D interval type-2 Gaussian membership function with uncertain mean

m∈ ½m1,m2� and a fixed deviation σ is shown in Fig. 2.
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Fig. 1 Example of a type-1
membership function

Fig. 2 Interval type-2
membership function
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μÃðxÞ=exp −
1
2

x−m
σ

� 	2

 �

A fuzzy logic system (FLS) described using at least one type-2 fuzzy set is called
a type-2 FLS. Type-1 FLSs are unable to directly handle rule uncertainties, because
they use type-1 fuzzy sets that are certain. On the other hand, type-2 FLSs, are
useful in circumstances where it is difficult to determine an exact numeric mem-
bership function, and there are measurement uncertainties [40].

A type-2 FLS is characterized by IF–THEN rules, where their antecedent or
consequent sets are now of type-2. Type-2 FLSs, can be used when the circum-
stances are too uncertain to determine exact membership grades such as when the
training data is affected by noise. Similarly, to the type-1 FLS, a type-2 FLS
includes a fuzzifier, a rule base, fuzzy inference engine, and an output processor, as
we can see in Fig. 3 for a Mamdani-model.

An IT2FS is described by its Lower μ
Ã
ðxÞ and Upper μ̄A ̃ðxÞ membership func-

tions. For an IT2FS, the footprint of uncertainty (FOU) is described in terms of
lower and upper MFs as:

FOU Ã
� �

= ⋃
x∈X

μ
Ã
ðxÞ, μÃ̄ðxÞ

h i

The type-reducer generates a type-1 fuzzy set output, which is then converted in
a numeric output through running the defuzzifier. This type-1 fuzzy set is also an
interval set, for the case of our FLS we used center of sets type reduction, yðXÞ
which is expressed as [10] :

yðXÞ= ½yl, yr�

where yl =
∑M

i=1 f
i
l y

i
l

∑M
i=1 f

i
l

and yr =
∑M

i= 1 f
i
r y

i
r

∑M
i=1 f ir

Fig. 3 Type-2 fuzzy logic system
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The values of yl and yr define the output interval of the type-2 fuzzy system,
which can be used to verify if training or testing data are contained in the output of
the fuzzy system. This measure of covering the data is considered as one of the
design criteria in finding an optimal interval type-2 fuzzy system. The other opti-
mization criteria, is that the length of this output interval should be as small as
possible.

From the type-reducer, we obtain an interval set y Xð Þ, to defuzzify it we use the
average of yl and yr, so the defuzzified output of an interval singleton type-2 FLS is
[10]:

yðXÞ= 1
2

� �
yl + yrð Þ ð15Þ

where yl and yr are the left most and right most points of the Interval type-1 set:

yl = ∑
M

i=1
yilξ

i
l = ξTl θl and yr = ∑

M

i=1
yirξ

i
r = ξTr θr

y Xð Þ= ðyl + yrÞ ̸2= ξTθ ð16Þ

where ξT = 1 2̸ð Þ½ξTr ξTl � and θ= ½θr θl�

5 H∞ Adaptive Interval Type-2 Fuzzy Control Scheme

Consider an incommensurate fractional order SISO nonlinear dynamic system of
the form [22, 37, 40]

x q1ð Þ
1 = x2
⋮
xðqn− 1Þ
n− 1 = xn
x qnð Þ
n = f X, tð Þ+ g X, tð Þu+ d tð Þ
y= x1

8>>>><
>>>>:

if q1 = q2 = . . . = qn = q the above system is called a commensurate order system,
then equivalent form of the above system is described as:

x nqð Þ = f X, tð Þ+ g X, tð Þu+ d tð Þ
y= x1

�
ð17Þ

where X = x1, x2, . . . , xn½ �T = x, xðqÞ, xð2qÞ, . . . , xð n− 1ð ÞqÞ� �T
is the state vector,

f X, tð Þ and g X, tð Þ are unknown but bounded nonlinear functions which express
system dynamics, dðtÞ is the external bounded disturbance and uðtÞ is the control
input. The control objective is to force the system output y to follow a given
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bounded reference signal yd, under the constraint that all signals involved must be
bounded. For simplicity, in this paper adaptive IT2FLC for a commensurate order
system is proposed only, since the stability condition for the incommensurate order
system can be converted to that for the commensurate order system [21, 24, 40].

To begin with, the reference signal vector yd and the tracking error vector e will
be defined as

y
d
= yd, y

ðqÞ
d , . . . , yððn− 1ÞqÞ

d

h iT
∈Rn

e= y
d
− y= e, eðqÞ, . . . , eð n− 1ð ÞqÞ

h iT
∈Rn,

eðiqÞ = yðiqÞd − yðiqÞ.

Let k= k1, k2, . . . , kn½ �T ∈Rn to be chosen such that the stable condi-
tionjargðeigðAÞÞj> qπ 2̸ is met, where 0< q<1 and eigðAÞ represents the eigen-
values of the matrix A given in (23).

If the functions f X, tð Þ and g X, tð Þ are known and the system is free of external
disturbance d, then the control law of the certainty equivalent controller is obtained
as [38, 61].

ueq =
1

gðX, tÞ − f X, tð Þ+ y nqð Þ
d + kTe

h i
. ð18Þ

Substituting (19) into (18), we have:

eðnqÞ + kne n− 1ð Þq + . . . + k1e=0

which is the main objective of control, lim
t→∞

e tð Þ=0.

However, f X, tð Þ and g X, tð Þ are unknown and external disturbance d tð Þ≠ 0, the
ideal control effort (18) cannot implemented. We replace f X, tð Þ and g X, tð Þ by the

interval type-2 fuzzy logic system f Xjθf
� 	

and g Xjθg
� 	

in a specified form as (16,

17), i.e.,

f Xjθf
� 	

=
fl + fr
2

=
1
2

ξTflθfl + ξTfrθfr

� 	
= ξTf θf

g Xjθg
� 	

=
gl + gr

2
=

1
2

ξTglθgl + ξTgrθgr

� 	
= ξTg θg

ð19Þ

where θf = θfr θfl
� �

and θg = ½ θgr θgl �.
Here the fuzzy basis function ξ Xð Þ= 1

2

� �
ξ
r

ξ
l

h i
= ξf Xð Þ= ξg Xð Þ depends on

the type-2 fuzzy membership functions and is supposed to be fixed, while θf and θg
are adjusted by adaptive laws based on a Lyapunov stability criterion.
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Therefore, the resulting control effort can be obtained as [24, 39],

u=
1

g Xjθg
� 	 − f Xjθf

� 	
+ y nqð Þ

d + kTe− ua
h i

so

u=
1

1
2 ξTglθgl + ξTgrθgr

� 	 −
1
2

ξTflθfl + ξTfrθfr

� 	
+ y nqð Þ

d + kTe− ua


 �
ð20Þ

where the robust compensator ua is employed to attenuate the external disturbance
and the fuzzy approximation errors.

By substituting (20) into (17), we have

x nqð Þ = f X, tð Þ+ g X, tð Þu+ d tð Þ+ g Xjθg
� 	

u− g Xjθg
� 	

u

= f X, tð Þ− 1
2

ξTflθfl + ξTfrθfr

� 	
 �
+ y nqð Þ

d + kTe− ua

+ g X, tð Þ− 1
2

ξTglθgl + ξTgrθgr

� 	
 �
u+ dðtÞ

ð21Þ

then

e nqð Þ = f X, tð Þ− 1
2

ξTflθfl + ξTfrθfr

� 	
 �
+ kTe− ua + d tð Þ

+ g X, tð Þ− 1
2

ξTglθgl + ξTgrθgr

� 	
 �
u=0

ð22Þ

Equation (22) can be rewritten in state space representation as:

eðqÞ =Ae+B
1
2

ξTflθfl + ξTfrθfr

� 	
− f X, tð Þ+ ua +

1
2

ξTglθgl + ξTgrθgr

� 	�


− g X, tð Þu− dðtÞÞ�
ð23Þ

where A=

0 1 0 0 ⋯ 0 0
0 0 1 0 ⋯ 0 0
⋮ ⋮ ⋮ ⋮ ⋱ ⋮ ⋮
0 0 0 0 ⋯ ⋮ 1

− k1 − k2 − k3 − k4 ⋯ − kðn− 1Þ − kn

2
66664

3
77775, B=

0

0

⋮
0

1

2
6666664

3
7777775

Robust Adaptive Interval Type-2 Fuzzy Synchronization … 213



The optimal parameter estimations θ*f and θ
*
g are defined:

θ*f = arg min
θf εΩf

½sup
xϵΩx

f Xjθf
� 	

− f X, tð Þ



 


� ð24Þ

θ*g = arg min
θgεΩg

½sup
xϵΩx

g Xjθg
� 	

− g X, tð Þ



 


� ð25Þ

where Ωf ; Ωg andΩx are constraint sets of suitable bounds on θf , θg and x respec-

tively and they are defined as Ωf = θf


 θf

 

≤Mf

n o
, Ωg = θg



 θg

 

≤Mg

n o
et

Ωx = xj xj j≤Mxf g where Mf , Mg et Mx are positive constants.
By using (24)–(25), an error dynamic Eq. (23) can be expressed as:

eðqÞ =Ae+B f Xjθf
� 	

− f Xjθ*f
� 	

+ ua + g xjθg
� 	

− g Xjθ*g
� 	� 	

u− d tð Þ
h i

ð26Þ

Also, the minimum approximation error is defined as:

ω1 = g Xjθ*g
� 	

− g X, tð Þ+ f Xjθ*f
� 	

− f X, tð Þ− d tð Þ ð27Þ

If θf = θf − θ*f and θg = θg − θ*g, (27) can be rewritten as:

eðqÞ =Ae+B ξðXÞTθf + ξðXÞTθgu+ ua +ω1

h i
ð28Þ

Following the preceding consideration, the following theorem can be obtained
[35].

6 Stability Analysis

Theorem 1 Consider the commensurate fractional order SISO nonlinear dynamic
system (17) with control input (20), if the robust compensator ua and the type-2
fuzzy-based adaptive laws are chosen as

ua = −
1
r
BTPe ð29Þ

θðqÞfr = − r1ξfrB
TPe ð30Þ
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θðqÞfl = − r2ξflB
TPe ð31Þ

θðqÞgr = − r3ξgrB
TPeu ð32Þ

θðqÞgl = − r4ξglB
TPeu ð33Þ

where θðqÞf = θðqÞfr θðqÞfl

h i
, θðqÞg = θðqÞgr θðqÞgl

h i
, ξT

f
= 1

2

� �
ξT
fr

ξT
fl

h i
and

ξT
g
= 1

2

� �
ξT
gr

ξT
gl

h i
where r>0, ri >0, i=1∼ 4, and P=PT >0 is the solution of the following

Riccati-like equation :

PA+ATP+Q−PB
2
r
−

1
ρ2

� �
BTP=0 ð34Þ

where Q=QT >0 is a prescribed weighting matrix. Therefore, the H∞ tracking
performance can be achieved for a prescribed attenuation level ρ which satisfies
2ρ2 ≥ r and all the variables of the closed-loop system are bounded.
In order to analyze the closed-loop stability, the Lyapunov function candidate is
chosen as

VðtÞ= 1
2
eT tð ÞPe tð Þ+ 1

2r1
θ ̃Tfr

� 	
θf̃r
� �

+
1
2r2

θ ̃Tfl
� 	

θf̃l
� �

+
1
2r3

θ ̃Tgr
� 	

θg̃r
� �

+
1
2r4

θ ̃Tgl
� 	

θg̃l
� � ð35Þ

Taking the derivative of (36) with respect to time, we get

V qð Þ tð Þ= 1
2

e qð Þ tð Þ
� 	T

Pe tð Þ+ 1
2
eT tð ÞPe tð Þ

+
1
r1

θ ̃Tfr
� 	

θð̃qÞfr

� 	
+

1
r3

θ ̃Tgr
� 	

θð̃qÞgr

� 	
+

1
r2

θ ̃Tfl
� 	

θð̃qÞfl

� 	
+

1
r4

θ ̃Tgl
� 	

θð̃qÞgl

� 	

=
1
2

Ae+B ξTθf̃ + ξTθg̃u+ ua +ω1
� �� �T

Pe+
1
2
eT tð ÞP Ae+B ξTθf̃

��

+ ξTθg̃u+ ua +ω1
��

+
1
r1

θ ̃Tfr
� 	

θ ̃ qð Þ
fr

� 	
+

1
r3

θ ̃Tgr
� 	

θ ̃ qð Þ
gr

� 	
+

1
r2

θ ̃Tfl
� 	

θ ̃ qð Þ
fl

� 	

+
1
r4

θ ̃Tgl
� 	

θ ̃ qð Þ
gl

� 	

ð36Þ
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obtained after a simple manipulation

VðqÞðtÞ= 1
2
eTðAT +PAÞe+ eTPBua + eTPBω1 + fθTfr½ξfrBTPe

+
1
r1
ðθðqÞfr Þ�g+ θTfl ξflB

TPe+
1
r2
ðθðqÞfl Þ


 �� �
+ fθTgr½ξgrBTPeu

+
1
r3
ðθðqÞgr Þ�g+ θTgl ξglB

TPeu+
1
r4
ðθðqÞgl Þ


 �� �
ð37Þ

From (29) the robust compensator ua, and the fuzzy-based adaptive laws are
given (30)–(33), V qð Þ tð Þ in (37) can be rewritten as:

V qð Þ tð Þ= −
1
2
eTQe−

1
2ρ2

eTPBBTe+ eTPBω1

= −
1
2
eTQe−

1
2

1
ρ
BTPe− ρω1

� �T 1
ρ
BTPe− ρω1

� �
+

1
2
ρ2ωT

1ω1

≤ −
1
2
eTQe+

1
2
ρ2ωT

1ω1

ð38Þ

Integrating (38) from t = 0 to t = T, we have

V Tð Þ−V 0ð Þ≤ −
1
2
∫
T

0
eTQedt +

1
2
ρ2ωT

1ω1

� �
dt ð39Þ

Since V Tð Þ≥ 0, (39) can be rewritten as follows:

∫
T

0
eTQedt ≤ eT 0ð ÞPe 0ð Þ+ θT 0ð Þθ 0ð Þ

+ ρ2 ∫
T

0
ωT
1ω1dt

ð40Þ

Therefore, the H∞ tracking performance can be achieved. The proof is
completed.

7 Simulation Results

The chaotic behaviors in a fractional order modified Duffing system studied
numerically by phase portraits are given by [16, 22]. In this section, we will apply
our adaptive fuzzy H∞ controller to synchronize two different fractional order
chaotic Duffing systems.
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Consider the following two fractional order chaotic Duffing systems [23]:

• Drive system:

Dqy1 = y2
Dqy2 = y1 − 0.25y2 − y31 + 0.3cosðtÞ

�
ð41Þ

• Response system:

Dqx1 = x2
Dqx2 = x1 − 0.3x2 − x31 + 0.35 cos tð Þ+ u tð Þ+ dðtÞ

�
ð42Þ

where the external disturbance dðtÞ=0.1sinðtÞ. The main objective is to control
the trajectories of the response system to track the reference trajectories obtained
from the drive system. The initial conditions of the drive and response systems
are chosen as:

x1ð0Þ
x2ð0Þ


 �
=

0
0


 �
and

y1ð0Þ
y2ð0Þ


 �
=

0.2
− 0.2


 �
, ðrespectivelyÞ.

The simulations results for fractional order q=0.98 are illustrated as follows:
The Fig. 4 represents the 3D phase portrait of the drive and response systems

without control input. It is obvious that the synchronization performance is bad
without a control effort supplied to the response system.

The different values of 0< q<1 are considered in order to show the robustness
of the proposed adaptive fuzzy H∞ control with our law.

According to the two state output ranges, the membership functions of xi, for

f Xjθf
� 	

and g Xjθg
� 	

are selected as follows:
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Fig. 4 3D phase portrait of
the drive and response
systems without control input
(Before the control input)
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μFliðxiÞ= exp − 0.5 xi −x
0.8

� 	2

 �

i=1, 2 and l=1, . . . , 7 where x ̄ is selected from

the interval − 1, 2½ �. (Figure 5)
From the adaptive laws (30)–(33) and the robust compensator (29), the control

law of the response system can be obtained as:

u=
1

ξTðXÞθg
− ξTðXÞθf + y nqð Þ

d + kTe− ua
h i

ð43Þ

According to Theorem 1, the controlled error system can be stabilized, i.e., the
master system (41) can synchronize the slave system (42) with the control law (20).

The Figs. 6, 7, 8, 9, 10 represent the different simulation results of the drive and
response systems with control input (43) for the fractional order q = 0.98.

Fig. 5 Interval Type-2 Fuzzy
sets Gaussian with uncertain
standard deviation σ
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Fig. 6 3D phase portrait,
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It is clearly seen from Fig. 10 that the tracking errors e1(t) and e2(t) converge
both to zero in less than 5 s. Synchronization is perfectly achieved as shown by the
state trajectories in Figs. 7 and 8.

The control signal can be observed in the Fig. 9. It indicates that the obtained
results are comparable with the solution presented in [23], but fluctuations of the
control function are much smaller.

In order to have a quantitative comparison between both methods, a white
Gaussian noise is applied to the measured signal with various signals to Noise and
Integral of Absolute Error (IAE) is selected as the criterion.

The results in Table 1 clearly indicate that the performance of our proposed
type-2 fuzzy controller surpasses the type-1fuzzy method [22]. As can be seen in
high SNRs both of the methods have similar performance, however in low SNRs
type-1 controller [22] has large IAEs while our proposed controller has still low
IAEs. Despite the presence of additive noises in measured signals, the obtained
simulation results illustrate the robustness of the proposed control strategy and the
utility of introducing type-2 fuzzy modelization approach.
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Fig. 10 Errors signals: e1&e2

Table 1 IAE comparison between AT2FC and AT1FC

q Noises
0.1sint 0.3sint 0.5sint 0.7sint

q = 0.89 T1-Fuzzy 3.3787 3.4135 3.4481 3.4725
T2-Fuzzy 3.3720 3.4044 3.4348 3.4607

q = 0.98 T1-Fuzzy 3.9251 4.0016 4.0731 4.1320
T2-Fuzzy 3.8879 3.9163 3.9418 3.9607
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8 Conclusion

In this paper a novel adaptive interval type-2 fuzzy using H∞ control is proposed to
deal with chaos synchronization between two different uncertain fractional order
chaotic systems. The use of interval type-2 helps to minimize the added compu-
tational burden and hence renders the overall system to be more practically
applicable.

Based on the Lyapunov synthesis approach, free parameters of the adaptive
fuzzy controller can be tuned on line by the output feedback control law and
adaptive laws. The simulation example, chaos synchronization of two fractional
order Duffing systems, is given to demonstrate the effectiveness of the proposed
methodology. The significance of the proposed control scheme in the simulation for
different values of q is manifest. Simulation results show that a fast synchronization
of drive and response can be achieved and as q is reduced the chaos is seen reduced,
i.e., the synchronization error is reduced, accordingly.

Future research efforts will concern observer-based nonlinear adaptive control of
uncertain or unknown fractional order systems. The problem of online identification
and parameters estimation for such systems is also a good challenge. Another topic
of interest is the design of new robust adaptive control laws for the class of frac-
tional nonlinear systems based on various control configurations such as: (Internal
model control) IMC, (Model reference Adaptive Systems) MRAS and the Strictly
Positive realness property.
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