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Abstract It is well known that the fractional-order phase-lead-lag compensators can
achieve control objectives that are not always possible by using their integer-order
counterparts. However, up to now one can find only a few of publications discussing
the strategies for parameters’ tuning of these compensators, with only simulation
results reported. This is due in part to the implicit difficulties on the implementation
of circuit elements with frequency responses of the form s** that are named “frac-
tances”. In this regard, there exist approximations with rational functions, but the
drawback is the difficulty to approximate the required values with the ones of the
commercially-available resistances and capacitors. Consequently, fractional com-
pensators have not been appreciated by the industry as it is in the academia. There-
fore, motivated by the lack of reported implementations, this chapter is structured
as a tutorial that deals with the key factors to perform, with the frequency-domain
approach, the design, simulation and implementation of integer-order and fractional-
order phase-lead-lag compensators. The circuit implementations are performed with
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Operational Amplifiers (OpAmps) and with Field Programmable Analog Arrays
(FPAA). Emphasis is focused in the obtaining of commercially-available values
of resistances and capacitors. Therefore, the design procedure starts with the use
of equations that provide the exact and unique solution for each parameter of the
compensator, avoiding conventional trial-and-error procedures. Then, five OpAmp-
based configurations for integer-order and fractional-order realizations are described
in terms of basic analog building blocks, such as integrators or differential ampli-
fiers, among others. The corresponding design equations are also provided. Then,
six examples are presented for both, OpAmp-based and FPAA-based implementa-
tions with the simulation and experimental results discussed regarding other results
reported in the literature.

Keywords Fractional calculus * Fractional-order lead/lag compensators - Field
programmable analog array

1 Introduction

Proportional-Integral-Derivative (PID) controllers [4-6], and lead/lag compensators
are the control strategies most used in today’s industry. The phase-lag compen-
sator reduces the static error by increasing the low-frequency gain without any
resulting instability, and increases the phase margin of the system to yield the
desired overshoot [30]. Meanwhile, the phase-lead compensator change the phase
diagram to reduce the percent overshoot and to reduce the peak time [30]. The
design of lead/lag compensators may require four-step and twelve-step trial-and-
error approaches, respectively [30]. Typically, during the design stage the plant is
modeled by its transfer function with integer orders g on the Laplace frequency s9.
However, experimental evidences show that physical systems can be modeled with
higher accuracy using fractional-order transfer functions [16, 20, 46]. On this direc-
tion, it is known that the fractional-order PID controllers and phase-lead-lag com-
pensators have better performance than their integer counterparts [16, 22, 27, 28,
35]. That is due to the addition of degrees of freedom, which can be used to incorpo-
rate additional control objectives. For instance, in the case of lead/lag compensators
it can be established a constrain in the initial value of the error signal (actuator’s
constraint) [35].

Although fractional calculus has been studied from Leibniz in 1965, its practical
use has been restricted. It was not until the development of new computing envi-
ronments and numerical calculus (e.g. MATLAB) when researchers introduced this
theory to the modeling and control of systems [16, 24, 36, 38]. In fact, those com-
puting environments allowed other complex control strategies such as the reported
in [7-10, 12, 13, 47]. That way, in 1999 Podlubny proposed the first fractional PID
controller [32]. Up to now one can find several realizations for this kind of controller
[22, 24, 27, 28, 32, 38, 41, 46]. In addition, researchers have developed the corre-
sponding rules for parameters’ tuning, some of them considering Ziegler-Nichols
rules [17, 25, 40], optimization methods [29, 36], techniques in the frequency
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domain [18, 25, 39], which offer robustness to the controller facing parametric
uncertainties of the process and presence of external perturbations [2]; or also in
techniques for intelligent computing, such as: neural networks [31], genetic algo-
rithms [14], or fuzzy logic [43, 45]. In general, these techniques can be classified as
analytical, numeric or rules-based ones. A summary of them is given in [29, 41, 42].
Unfortunately, the fractional-order lead/lag compensators have not been reported as
abundantly as the fractional PID controllers. In [29, 34] there have been studied the
following fractional-order lead/lag compensator (and rational-order approximations
for such a compensator)
1+ ars )A A€ (0, (1)
l+zs /) ° ’

C(s)=K(

In [35] it was reported a method for the unique solution of the parameters «, 7
and q of the compensator

qg € 0.2 2

C(s)=K<1+aTSq),

1+ 759

Unfortunately, to the best of the authors’ knowledge, analog implementations of
this compensator have not been reported. As in the case of PID controllers, it is
due to the difficulties to accomplish the design of circuit elements with frequency
responses of the form s~* or s# that are named “fractances”. The fractances are cir-
cuit elements with constant phase response at all frequencies [23]. For instance,
very few physical realizations have been reported related to “fractal capacitances”
[11, 21]. Unfortunately, those elements are bulky, require chemical compounds with
difficult manipulation and the order A cannot be modified easily. As alternatives,
there exist approximations with rational functions in s for the operators s=* or s¥,
that are obtained from Carlson methods, Oustaloup, continuous fractions expansion
(CFE) [16, 33], among others. The resulting functions are implemented with arrays
of resistances, capacitors and inductors in ladder networks [33]. The drawback of
these realizations is the difficulty to approximate the required values with the ones
of the commercially-available resistances and capacitors [19], in addition they can
require negative impedance converters [3, 33], or inductors [15].

From the difficulties on the implementations mentioned above and motivated by
the lack of reported implementations of (2), this chapter is structured as a tutor-
ial that deals with the key factors to perform the design, simulation and implemen-
tation of integer and fractional-order phase-lead-lag compensators. It is proposed
the use of first-order analog approximations for fractional derivatives and integrals,
with the main advantage of using integrators of integer order, differential ampli-
fiers, two-inputs adder amplifiers, and conventional lead-lag networks, all of them
realized with OpAmps. Most important is that the resulting circuits can be imple-
mented with commercially-available resistances and capacitors, avoiding the use of
negative impedance converters or inductors. Each design is realized obtaining the
parameters of (2) with the procedure reported in [35]. Five configurations for integer
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and fractional-order compensators are verified experimentally from realizations using
OpAmps uA741 and using an Application Specific Integrated Circuit (ASIC) that is
known as Field-programmable Analog Array (FPAA) AN231E04 from Anadigm
[1]. Six design examples of both integer and fractional-order phase-lead-lag com-
pensators are presented.

2 Theoretical Background

This section describes the calculus of derivatives and integrals of fractional order,
the corresponding Laplace transforms, and the fractional order transfer function.
From these concepts fractional order phase-lead-lag compensators are described in
Sect.2.3.

2.1 Derivative and Integral of Fractional Order

The Riemann-Lieuville definition for calculation of fractional derivatives and inte-
grals establishes [20]

| " ' @
7010 = I'(m-—a) (dt) ,/0 (t — r)xmtldr )

wherea € R,m— 1 < a <m,m € Nand I'(:) is Gamma function. Fora > 0, a < 0
and a = 0 one gets the fractional derivative, integral and identity function.

2.2 Laplace Fractional Operator and Fractional-Order
Transfer Function

Laplace Transform with initial conditions equal to zero of (3) is given by [20]
LD} = s"F(s) @)

where F(s) denotes Laplace transform of f(¢), and s* is the Laplace operator of frac-
tional order expressed as

s = (jo)* = o [cos(a—ﬂ)+jsin<a—”)] 5)
2 2
Since Laplace transform is a lineal operator, (4) can be applied to a differential
equation of fractional order with coefficients a;, b, € R and input and output signals
u(t) and e(?) to obtain the transfer function [2]
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U(s)  b,,sPn + b, sPn-1 + - + BysPo
E(s) B a,,s"’n + an_ls“»l—l 4+ e C(OSaU

(6)

where U(s) = Z{u(t)} and E(s) = Z{e(?)}.

2.3 Integer and Fractional-Order Phase-Lead-Lag
Compensators

The phase-lag compensator reduces the static error by increasing the low-frequency
gain without any resulting instability. This compensator also increases the phase mar-
gin of the system to yield the desired overshoot in the transient response [30]. In
most cases reported in the literature, that design process is a four-step trial-and-error
approach based on graphic approximation (Bode plots) [30]. On the other hand, the
phase-lead compensator is designed, via Bode plots, to change the phase diagram
in order to increase the phase margin, reduce the percent overshoot, and increase
the bandwidth (by increasing the gain crossover frequency) to obtain a faster tran-
sient response with a reduced peak time [30]. Typically, the design procedure of this
compensator requires a twelve-step trial-and-error approach.

In 2003 and 2013 Wang and Tavazoei reported, respectively, exact and unique
solutions for integer-order and fractional-order phase-lead-lag compensators when
the gain and phase that the compensator must provide are known for a given
frequency. The advantage of those methods is that no trial-and-error or other guess-
work is needed. Considering this advantage, in this work are employed the proce-
dures described by Wang and Tavazoei. This way, this section summarizes the design
equations developed in [35, 44]. Examples of the use of these equations are provided
in Sect. 5.

2.3.1 Exact Solution for Integer-Order Phase-Lead-Lag Compensation
[44]

Consider M dB and p rad (-z /2 < p < x/2) as the required magnitude and phase
which should be provided by the integer-order phase-lead-lag compensator at a fre-
quency @ = w, to yield the desired transient response. This goal is obtainable by
means of the compensator

)
if and only if

c>VI1+682 and O0<p<x/2 (phase-lead compensation) ®)

c< L and —r/2<p<0 (phase-lag compensation) )
1+ 62
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where ¢ = 10M/20 and § = tan(p). If (8) or (9) are satisfied, the compensator para-
meters a and 7 can be calculated as

c(cV1+62-1) c—V1+62

o=———" gnd 1= ——— (10)

cViro cso,

2.3.2 Exact Solution for Fractional-Order Phase-Lead-Lag
Compensation [35]

Consider M dB and p rad (—z/2 < p < n/2) as the required magnitude and phase
which should be provided by a fractional-order compensator at the frequency @ =
w?. This objective is obtainable by means of

1+ azs?
G =K (=2, g e .2 11
WO =K(T0). q €0 (1n
if and only if
-1

cot <q—ﬂ> < %, O0<p< z (phase-lead compensation) (12)

2 csin(p) 2
cot (ﬂ) < Los(p)’ I p <0 (phase-lag compensation) (13)

2 sin(p) 2

If (12) or (13) are satisfied, the parameters « and 7 can be calculated as

)\ _
a=M T=L[vsin<q§)—cos<q§>] (14)

qr ' !
vtan 5

where

¢ —cos(p) _ccos(p)—1

cccos(p)— TR csin(p) (15

In the case of the fractional-order phase-lead compensator (0 < p < 7 /2), the
value of ¢ is selectable in the range (¢, 2), where

1

e _ 2 c¢sin(p) i
7= P tan <ccos(p) - 1> > Jor c> cos(p) (16)
. 2 -1 sin(p) 1
qg =2+ - tan (—c — cos(p)> , for c< P a7

Similarly, for the fractional-order phase-lag compensator (—z /2 < p < 0), the
value of g is selectable in the range (g*, 2), where
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q* = %tan_l <L(p)> ) for c< COS(p) (18)
T ¢ — cos(p)

g =2+ 2 tan™ <Ln(m> . for ¢ > cos(p) (19)
T ccos(p) — 1

2.3.3 Exact Solution for Integer-Order Phase-Lead-Lag Compensation
with Actuator’s Constrains [35]

One advantage of the fractional-order phase-lead and phase-lag compensators regard-
ing their integer-order counterparts is the fact that the order g, selectable in the range
(g%, 2), represents and additional degree of freedom, which can be used to satisfy
another control objective. This way, the exact value of g can be chosen based on an
acceptable value for the initial peak of the control signal, i.e., establishing an actuator
constraint.

Supposing that it is desired that the initial peak of the control signal be equal to
uy when the input is a unit step reference, for lead compensation (i, € (K, 00)) the
exact value of ¢ must be selected as

-

2. wm—-K .
= tan _ if v(uy — Ku)>0
T v(uy — Ku)
g= ) 1 ok if v(ug—Ku)=0 20)
2+ Ztan™t [ —2—— if vy — Ku) < 0
T v(ug — Ku)

and in the case of lag compensation (i, € (0, K)) the order ¢ must be calculated as

2. 4 uw—-K .
2 4+ =tan _ if v(ug— Ku) >0
n v(ug — Ku)
g=1 1 if v(ug—Ku)=0 @1
2 —1 u() - K .
= tan _ if v(uy—Ku) <0
/4 v(uy — Ku)

2.4 Realization of Analog Fractances

The challenge in implementing fractional-order transfer functions and, consequently,
fractional-order phase-lead-lag compensators is related to the non-existence of cir-
cuit elements that reproduce the operator (5). Those elements are called fractances
[23], which are characterized by a magnitude response with roll-off +20a deci-
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Z=21+ i
vt ————
23+ — p!
Yot H
—MA—
7 — (s+2)(s+4) s*+65+8 4 _28+5 %
 (s+1)(s+3) s2+4s+3 s2+4s5+3 ‘ | !
= 1+ 1 =1+ : 7)<
R R T T T3 3R
25+5 2s+5 } T :
- — =1+ : i il
8/2+ 55— 5 824 ———— 3 |
35/2+3 43+ 57213 Z(s)
— [1§+ !

_—li— /
3s/2 +.

Fig. 1 Method of Cauer for circuit synthesis

bels by decade, and a constant-phase response at all frequencies of +90a degrees.
For instance, very few physical realizations have been reported related to “frac-
tal capacitances”, capacitors with impedance Z = 1/(s*C) [11, 21]. Unfortunately,
those elements are bulky, require chemical compounds with difficult manipulation
and the order a cannot be modified easily. Alternatively, the fractances can be
approached in a desired bandwidth with rational functions from the methods of
Newton, Carlson, Muir, Oustaloup, Matsuda, power series expansion (PSE), con-
tinuous fractions expansion (CFE), among others [16, 23, 33]. Once a rational func-
tion is obtained it can be synthesized with ladder networks of Cauer, or Foster [33],
tree structure, or transmission lines [16, 33]. The circuit components can be resis-
tors, inductors [15], capacitors and sometimes negative impedance converters [3,
33]. One example for synthesis by Cauer method is given in Fig. 1. The drawback of
these realizations is the difficulty to approximate the required values with the ones
of the commercially-available resistances and capacitors [19].

Once the procedures to design integer-order and fractional-order phase-lead-lag
compensators have been described, in the following sections will be focused the
problem of circuit implementation.

3 Basic Building Blocks

This section presents the OpAmp-based basic building blocks that will be employed
in Sect. 4 to perform the synthesis of integer-order and fractional-order phase-lead-
lag compensators.
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3.1 Inverting Integrator (IInt)

The OpAmp-based Inverting Integrator of Fig. 2a uses capacitive feedback to inte-
grate the input signal V;,;. The transfer function of this circuit is given by

Vnutl - _ 1 - _l (22)

Vin, R,C,s s

where C, can be used as degree of freedom and R, = 1/C,. Then, magnitude (Z,,)
and frequency (£2,) denormalizations can be used to obtain commercially available
values of the passive elements and the desired frequency response.

3.2 Non-inverterting and Inverting Amplifiers (NIA, IA)

The OpAmp-based Non-inverting Amplifier (NIA) and Inverting Amplifier (IA)
depicted in Fig.2b and c use resistive feedback to amplify the input signals V,,,
and V,, ;. The corresponding transfer functions are

V0ut2 -1+ Rgz ’ Vout3 _ _@
V R, V Ry

in, ing

(23)

3.3 Weighted Differential Amplifier and Differential
Amplifier

The Weighted Differential Amplifier (WDA) amplifies the weighted difference
between two voltages. A particular case is the Differential Amplifier (DA), which
amplifies the difference between the two voltages but does not amplify the particular
voltages. Fig. 2d shows an implementation of a WDA with R,; and R, used to con-
trol the gains and with R, as degree of freedom. By nodal analysis the output voltage

Vour, Tesults

V

8
out, — R_1 _VZA (24)

Alternatively, by omitting in Fig. 2d the landed resistors R, and R,, and by choos-
ing R, = R,, = R, is obtained the DA of Fig. 2e with output voltage

R
Vaut5 == (VIB - VZB) (25)
Ry
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R, Ce
Vi -
~—o° Vour]
— IInt
(a)

Vourz
NIA
(b)
Rp Rp
Vin3 Vuur4
V(ml;
L IA
(c)
Rg3 R,
Vap
Vuur(,
Rg3 Vnur;
Vip
R, DA

(e)

Ry p R2p Ry R,

Viry oA —ANA— Vi —AM
| ] | |
I I I
Cg Cg
*—oVout;
L LPA
(®

D

h Lead/lag network

*—oVoutg
L LL
(h)
Fig. 2 OpAmp building blocks: a Inverting Integrator (IInt). b Non-inverting Amplifier (NIA).
¢ Inverting Amplifier (IA). d Two-input weighted differential amplifier (WDA). e Differential

Amplifier (DA). f Two-input weighted adder amplifier (WAA). g Low-Pass Amplifier (LPA).
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3.4 Two-Input Weighted Adder Amplifier (WAA)

It produces an output V,,,, equal to the weighted sum of the two inputs V- and V.
The realization of Fig. 2f uses R, as degree of freedom and Ry, and Ry, to control
the weighted factors by means of

R, R,
Vour, = R_mVlC + R_hzvzc (26)

3.5 Lowpass Amplifier (LPA)

Figure 2g shows a first-order inverting Low Pass Filter Amplifier (LPA) (“bilinear
filter”). The DC gain and corner frequency of this circuit are |H|,_, = R,,/R,, and
o, =1/ (R,,C,) (C, can be used as degree of freedom), R,, determines the corner
frequency and R, the DC gain. The transfer function V,,,. /V;, results

1
V()ut7 __ Rlpcg (27)
2

Rzng

3.6 Lead/Lag Network (L-L)

The transfer function of the circuit of Fig. 2h, its pole, its zero and its DC gain can
be calculated as

Vour, B _& 1+ R, .C, 28)
Ving B Rlc 1+ SRZcCg
1 1 R2c
= —, =——, |Hl|yg === 29
@ lcCg a)[) RZCC | I(‘ =0 Rlc ( )

Clearly, this network provides positive (leading) phase shift if the zero of the
transfer function is closer to the origin of the s-plane than the pole, which occurs if
R,. > R,.. Conversely, with R,. < R, the pole is closer than the zero to the origin
of the s-plane, and the network provides negative (lagging) phase shift of the output
signal relative to the input signal at all frequencies.
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Fig. 3 First-order Ry Ry /A
approximation of a Vm»T’VVV*%
Fractional-order Integrator I I I I
(FInt) AC, C,
Vmu;
FInt

3.7 Fractional Integrator (Flnt)

As mentioned before, the operator s~ cannot be implemented directly, it is required

to perform an approximation. Consider the transfer function V,,,, /V;, = —s~9. Then,
an approximation of order one of a Fractional-order Integrator given by
Vowy _ 1 (U=@s+(+q _ As+1_ 1f1+4s| , _1-g 30)
s st (l+q@s+(1—g) s+A Al145 | l+g
A

can be implemented with an adequate selection of the capacitors and resistances of
the Lead-Lag network in Fig. 2h, resulting the circuit of Fig. 3.

4 OPAMP-Based Realization of Integer-Order and
Fractional-Order Phase-Lead-Lag Compensators

This section presents OPAMP-based realization of integer-order and fractional-order
phase-lead-lag compensators performed with the basic building blocks of Figs.2
and 3.

4.1 Integer-Order Phase-Lead-Lag Compensator

A phase-lead-lag compensator with DC unity-gain can be realized by means of the
OpAmp-based network shown in Fig. 4, which consists of a L-L network connected
in series with an IA block (with Ry = R, and R/, = R,.). The transfer function of
this network is expressed by

Voe 1+5RCo 14 ars a1

Vi 1+sR,C, 1+1s
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Ry Ry Ry Ric
Ve o4 AM 1A 1A+ A1V
| ||
I I
G Ce
= LL = IA
Fig. 4 Integer-order phase-lead-lag compensator
where
_ _ Rlc
T= RZCCg’ a= (32)
RZC

Therefore, for « > 1 (i.e. with R;, > R,.) and a <1 (i.e. with R,. > R,,) are
obtained, respectively, phase-lead and phase-lag responses.

4.2 Fractional-Order Phase-Lead-Lag Compensator
1<g<?2)

Consider the fractional-order phase-lead-lag transfer function given by

Vo) 14 ars?

= 33
Vi.(s) 14 754 (33)
where 1< g <2 is assumed. Algebraic manipulation on (33) leads to
V,.(8)+ V, (s)rs? = V,.(s) + V, . (s)arss?™! (34)

and after dividing both sides of (34) by 757 and regrouping similar terms, it results
in
V() = V,.(s)

75591

V,.(s) = +aV,.(s) (35

This way, the fractional-order phase-lead-lag compensator with 1< g <2 can
be realized starting from the block diagram shown in Fig. 5a. The corresponding
implementation using OpAmps is shown in Fig. 5b. Here, the algebraic operation
(Vi(s) = V,.(s))/7 is performed by the block DA of Fig.2e, with Ry = 1R,. The
operation 1/s7 = (1/s)(1/s77") is realized by means of the series array of an integer-
order Inverter Integrator IInt (with R, = 1/C,) and a Fractional-order Integrator Flnt
whit A calculated from (30) as



144 C. Muiiiz-Montero et al.

(a) Block diagram.

DA IInt Flnt WAA
1 1 1
e T+ -t Hem
2 2 _OVoc
Voc 0 - Vie O_@_ A

_"Voc

(b) OpAmp based implementation

Fig. 5 Fractional-order phase-lead-lag compensator (case 1 < g < 2)

Azwzz_l (36)
I+@-1) ¢

Finally, to complete (35), the output of FInt is added to aV;. by means of the block
WAA, using Rg/Rh1 =1 and Rg/Rh2 =q.

4.3 Fractional-Order Phase-Lead-Lag Compensator
0O<g<1

For the case of fractional-order phase-lead-lag compensators with 0< g <1, the
block IInt of Fig. 5 must be omitted. Consequently, the block WAA must be changed
by a block WDA to avoid a positive feedback, with the output of the block Flnt
connected to the inverting input of the block WDA, resulting the implementation
depicted at Fig. 6. In this circuit, the block DA is designed with R; = 7R, the block
WDA is realized with R,; = R,/a and R, = R,, and A is calculated with (30).
Two alternative implementations for fractional-order phase-lead-lag networks
with 0 < g < 1 and with fewer active but more passive elements are presented below.
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Ve

Fig. 6 Fractional-order phase-lead-lag compensator (case 0 < g < 1)

4.4 Fractional-Order Phase-Lead-Lag Compensators
0 < g < 1 (Cauer’s Approximation)

The circuit of Fig. 7a is a well known phase-lead configuration, but with a capacitor
C substituted by a fractal capacitor with fractance 1/(s?C). It can be easily demon-
strated with nodal analysis that the transfer function of this circuit becomes

Voe®) _ 1+ Ry, Cs? _ l+ars? (37
Viel) 14 (RylIRy) Cs7 1+ 757
Rlca
= (Rlca”Ran) C, a=1+—-— (38)

2ca

and the fractal capacitor can be approximated with any of the methods mentioned in
Sect. 2.4 (for a given n-th order of approximation) and, subsequently, implemented
by Cauer networks by means of Continuous Fraction Expansion method.

Analogously, the circuit of Fig. 7b is a well known phase-lag configuration with
the capacitor C substituted by a fractal capacitor with fractance 1/(s?C). In this case
the transfer function takes the form

Voc(s) _ 1 +R2€acsq _ 1+ ars?
Vi) 14 (R +Ry,) Cst 14757

(39)

t=(Riu+Ryy)C, a=—"— (40)
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Ry,
2z Rocq Ricq

C2n =
Rs s4C

T -

NInvA

=
8
o
=
o

R3 C Roca N 1
| siC
R, = £
- b () (b)

Fig. 7 Fractional-order compensators with 0 < ¢ < 1 and Cauer networks. a Phase-lead compen-
sator. b Phase-lag compensator

5 Examples of Phase-Lead-Lag Compensated Systems
Implemented with OpAmps

To validate the proposals of implementation of Sect. 4, this Section presents sim-
ulation or experimental results of systems that use the circuits in Figs.4, 5, and 7
as compensators connected in series with an integer-order plant in unity-gain neg-
ative feedback configuration. Additionally, to explain the procedures described in
Sect. 2.3 to design integer-order and fractional-order phase-lead-lag compensators,
will be employed the system modeled by the following transfer function

100K

G = 57366 + 100)

(41)

This system has been considered as an academic example in [30, 44] for integer-
order compensation, and in [35] for fractional-order compensation. Gains K = 5839
and K = 1440 have been employed in the lag and lead compensators, respectively,
to satisfy steady-state error specifications. Figure 8 shows an OpAmp-based imple-
mentation of G(s) by means of blocks IInv, LPA and IA. By equating the transfer
function of this circuit with (41), results

) (me)
<R1pcg Rlpcg IOOK

( L, >< L, ) = 3G + 36)(s + 100)
N ) S
R2ng R3ng

(42)

and by choosing 1/(R,,C,) =36,1/(R;,C,) = 100,1/(R,,C,) = 10\/1_<, C,=1F
and R, = 1Q are obtained: R;, = 1/V/100K Q, R,, = 0.0277 Q and R;, = 0.01 Q.
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Fig. 8 Implementation of the plant G(s) with OpAmps

Table 1 Design details of the plant G(s)

Block Element Theoretical value Employed value (commercially available)
IInt R, 100 KQ 100 KQ
C, 10 nF 10 nF
LPA1 Ry, 130 Q for K = 5839 120 Q
260 Q for K = 1440 270 Q
Ry, 2.77 KQ 2.7KQ
C, 10 nF 10 nF
LPA2 Ry, 130 Q for K = 5839 120 Q
260 Q for K = 1440 270 Q
R;, 1 KQ 1 KQ
C, 10 nF 10 nF
1A R 100 KQ 100 KQ

8

Then, impedance (Z,, = 1ES) and frequency (.Qf = 1000) denormalizations are car-
ried out over this elements to obtain the values detailed in Table 1.

5.1 Example 1: Integer Order Phase-Lag Compensator
(K = 5839)

Figure 9a shows the Bode diagram of G(s) with K = 5839. As can be observed, the
system presents a phase margin of 67° and a gain of 22.9 dB at the desired crossover
frequency w, = 11rad/s. Assuming a required phase margin PM = 62° to yield the
desired transient response, a phase p = —5° and a magnitude M = —22.9 dB must be
provided by the phase-lag compensator to obtain a composite Bode diagram that goes
through 0 dB at w, = 11rad/s. Therefore, using the procedure presented in Sect. 2.3
for integer-order compensators are calculated ¢ = 10¥ /20 = 0.0711 and 6 = tan(p) =
—0.087. Substituting these values of ¢ and 6 in (10) are obtained « = 0.0711 and
7 = 14.3472, resulting the integer order phase-lag compensator

Cls) = 1+ ars 1 +(0.0711)(14.3472)s
T l+rs 1 + 14.3472s

(43)
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Fig. 9 Bode magnitude and phase plots of G(s) = 100K /s(s + 36)(s + 100) with a K = 5839; b
K = 1440

Table 2 Design details of the integer-order phase-lag compensator of Fig. 4 and Example 1 with
K = 5839

Block Element Theoretical value Employed value (commercially available)
L-L R, 100 KQ 100 KQ

R,, 1.43 MQ 1.5 MQ

C, 10 nF 10 nF
InvA R, 100 KQ 100 KQ

R,, 1.43 MQ 1.5 MQ

Additionally, it can be verified that with 6 = —0.087 and ¢ = 0.0711 the condi-
tion (9) is satisfied, guarantying the existence of the compensator, which is imple-
mented with the circuit of Fig. 4. Therefore, by choosing C, =1 and « = 0.0711
in (32) are obtained R,, = 14.34 Q and R,. = 1.02 Q. Then, impedance (Z,, = 1E5)
and frequency (£2, = 1000) denormalizations are carried out to obtain the values of
elements detailed in Table 2.

The system in Fig. 8 in the unity negative feedback structure with the lag-phase
compensator of Fig.4 was simulated using HSPICE and the model of the OpAmp
uA741. The details of design are listed in Tables 1 and 2. Figure 10 shows the results
for an step-input of 1 V and frequency 166.6 Hz. The resulted overshoot was 9.7%
with a peak time 258.4 ps. This overshoot corresponds to a second order system
with phase margin PM = 58.93° and damping factor { = 0.596. These results show
a good agreement with the results given in [44] (PM = 62°,{ = 0.591, overshoot =
10%) and [30] (overshoot = 9.8%, denormalized peak time = 260 .s), validating the
proposal of implementation.
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Fig. 10 Time-domain simulation results of the integer-order phase-lag compensator C(s) = [1 +
(0.0711)(14.3472)s]/[1 + 14.3472s] realized with the circuit of Fig. 4 with design details of Table 2,
in unity negative feedback configuration, in which the plant G(s) = 583900/[s(s + 36)(s + 100)]
is implemented with the circuit of Fig. 8 with the design details of Table 1. Denormalizations in
impedance and frequency Z,, = 1ES and £, = 1000 were also performed

5.2 Example 2: Integer Order Phase-Lead Compensator
(K = 1440)

Figure 9b shows the Bode diagram of G(s) with K = 1440. The phase margin and
gain of the system at the expected crossover frequency w, = 39 rad/s are PM =
180°-159° = 21° and M = —3.7668 dB, respectively. Consider a required phase
margin PM = 45.5° to yield the desired transient response. Consequently, the
phase-lead compensator must provide a phase of p = 24.5° and a gain of M = 3.7668
dB to yield the desired transient response with a Bode diagram that goes through 0
dB at w, = 39rad/s. By means of the procedure presented in Sect. 2.3, for integer-
order compensators, are calculated: ¢ = 10" /20 = 1.5429 and § = tan(p) = 0.4473.
Substituting these values of ¢ and 6 in (10) results @ = 2.3799 and 7 = 0.0166. The
corresponding integer-order phase-lead compensator becomes

Cls) = 1+ars _ 1+(2.3799)(0.0166)s
T l41s 1 +0.0166s

—2.3795 <s +25.31 )

R i 44
s+ 60.24 e

and the existence of this phase-lead compensator is guaranteed because of with
6 = 0.4473 and ¢ = 1.54 the condition (8) is satisfied. To proceed with the imple-
mentation it is employed the circuit of Fig. 4. By selecting C, = 1 F and a = 2.3799
in (32) are obtained R,. = 0.0166Q and R, = 0.0395 Q. Then, impedance (Z,, =
1ES) and frequency (£2, = 1000) denormalizations are carried out to obtain the
details of design summarized in Table 3.
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The system in Fig. 8 in the unity negative feedback structure with the integer-order
phase-lead compensator of Fig. 4 was simulated using HSPICE and the model of the
OpAmp uA741. The details of design are listed in Tables 1 and 3. Figure 11 shows
the results for an step-input of 1V and frequency 166.6 Hz. The resulted overshoot
was 18.2% with a peak time 77.5 us. This overshoot corresponds to a second order
system with phase margin 49.9° (compared with the theoretical value of 45.5°) and
damping factor { = 0.476. These results show a good agreement with the results
given in [44] (PM = 45.5°,¢ = 0.427, overshoot = 22.6%) and [30] (overshoot =
22.6%, denormalized peak time = 72 ps), validating the implementation.

Table 3 Design details of the integer-order phase-lead compensator of Fig. 4 and Example 2 with
K = 1440

Block Element Theoretical value Employed value (commercially available)
L-L R, 3.95 KQ 3.9 KQ
R,, 1.66 KQ 1.2 KQ +470Q
C, 10 nF 10 nF
InvA R, 3.95 KQ 3.9 KQ
R,, 1.66 KQ 1.2 KQ +470Q
10 |\ '.
\ |
0.8 (1.182, 77.5us) \
=
L 06 |
iy
S |
c 0.4
<
0.2 {
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of ik i
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Fig. 11 Time-domain simulation results of the phase-lead compensator C(s)=[l +
(2.3799)(0.0166)s]1/[1 + 0.0166s] realized with the circuit of Fig. 4 with design details of Table 3,
in unity negative feedback configuration, in which the plant G(s) = 144000/[s(s + 36)(s + 100)]
is implemented with the circuit of Fig. 8 with the design details of Table 1. Denormalizations in
impedance and frequency Z,, = 1ES and £, = 1000 were also performed
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5.3 Example 3: Fractional-Order Phase-Lead Compensator
1<g<?2)

Consider the system G(s) given by (41) with K = 1440. As was explained in Example
2, a desired phase margin 45.5° with a gain cross-frequency of 39rad/s
correspond to M = 3.76 dB, ¢ = 1.5429, p = 24.1 and 6 = 0.4473. Using the proce-
dure described in Sect. 2.3 for fractional-order compensators and according to (16),
this goal is achievable by means of a fractional-order phase-lead compensator with
q € (q*,2) = (0.6338, 2). By taking advantage of the additional grade of liberty it
can be obtained the exact value of g by establishing a desired value of the initial
peak of the control signal, i.e., by using an actuator constraint. For instance, assum-
ing a desired initial peak of the control signal of u, = 2500 and according to (20)
and (15) it is obtained g = 1.33. Substituting this value in (14) and (15) the resulting
fractional-order phase-lead compensator is expressed by

1+arsd 1+(1.736) (8.1395 x 1073) 5133
C(s) = =
1+ 754 1+ 8.1395 x 1035133

(45)

This fractional-order phase-lead compensator satisfies the condition (12) with 6 =
0.4557 and ¢ = 1.5429. The implementation is performed with the circuit of Fig. 5
selecting R, = 1 Q, ¢ = 1.736,7 = 8.1395 X 1073 and § = ¢ — 1 = 0.33. This way,
the following results are obtained: A = (1 — §)/(1 + ) = 0.5037, 7R, = 8.1395 X
10 Q,R,/A = 1.9853 Q,;\/Rg = 0.5037 F and R,/a =0.576CQ.
Then, impedance (Z,, = 1ES5) and frequency (.Qf = 1000) denormalizations are car-
ried out to obtain the details of design summarized in Table 4.

The system in Fig. 8 in the unity negative feedback structure with the fractional-
order lead-phase compensator of Fig.5 was implemented on protoboard with
OpAmps uA741 and the details of design listed in Tables 1 and 4. The experimental

Table 4 Design details of the fractional-order phase-lead compensator of Fig. 4 and Example 3
with K = 1440

Block Element Theoretical value Employed value (commercially available)
DA R, 100 KQ 100 KQ
R, 813.9Q 820 Q
IInt R, 100 KQ 100 KQ
C, 10 nF 10 nF
L-L R, 100 KQ 100 KQ
R,/A 200 KQ 200 KQ
AC, 5nF 5nF
C, 10 nF 10 nF
WAA R, 100 KQ 100 KQ
R,/a 57.6 KQ 47 KQ + 10 KQ
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Fig. 12 a Experimental setup of the fractional-order phase-lead compensator C(s) = [l +
(1.736)(8.1395 x 107)s"33]/[1 + 8.1395 x 1073s'-3] realized with the circuit of Fig. 5 in unity
negative feedback configuration with plant G(s) = 144000/[s(s + 36)(s + 100)] implemented with
the circuit of Fig. 8. b Time-domain experimental results
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setup is shown in Fig. 12a. It consists of an input square signal of 1V in ampli-
tude, offset = 0.5 V, and frequency of 100 Hz, supplied from the experimental plat-
form ELVIS 1II from National Instruments. This device also provides bias voltages
of +15 V to the OpAmps. Figure 12b shows the measured time response. The output
was measured with an Oscilloscope HD4096 Teledyne Lecroy. The resulted over-
shoot was 21.9%. This overshoot corresponds to a second order system with phase
margin 46.32° and damping factor { = 0.435. It can be noted that the theoretical
(overshoot = 22.7%, ¢ = 0.426, PM = 45.5°), the simulation (overshoot = 21.13%,
¢ = 0.4434, PM = 47.05°), the experimental results (overshoot = 21.9%, ¢ = 0.435,
PM = 46.32°) and the results reported in Fig. 7 of [35] are in good agreement, thus
validating the proposal of implementation.

5.4 Example 4: Fractional-Order Phase-Lead Compensator
with 0 < q < 1 and Cauer Approximation

With an unconstrained initial peak of the control signal, the value of g in Example
3 may be any in the range (g*,2) = (0.6338,2). Consider g = 0.7. Substituting this
value in (14) and (15) the fractional-order phase-lead compensator becomes

|+ ars? 1 +(7.442)(9.5243 x 107%) 57
C(s) = =
1+ 759 1+9.5243 x 107307

(46)

and this compensator satisfies the condition (12) with 6 = 0.4557 and ¢ = 1.5429.
In this case, the circuit implementation can be performed with the circuit of Fig. 6.
However, this implementation is similar to the presented in Example 3. Instead,
in this example will be explored the realization with network approximation by
means of the Cauer method. Then, consider the circuit implementation of Fig. 7.
With ¢ =0.7,C =1 and a fourth-order approximation of the impedance 1/s7 is
obtained [23]

1 005+ 015 + 05"+ 035+ 0y
57 Qust + 0353 + 0,57 + 015+ O
_0.037s* +2.324 % 5 +9.921s2 + 7.85 + 1

54 4+ 7.85% +9.9252 4 2.324s5 + 0.037

(47)

where

Qo = ¢* — 10¢° +35¢* — 50q + 24

Q, = —4q* + 204> + 404> — 320q + 384

0, = 6¢* — 150¢° + 864 (48)
Q; = 4q* — 104> + 404* + 320¢ + 384

Qs =q* + 104> + 354> + 50q + 24
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Alternatively, the approximation of 1/s9 can be obtained by other methods of
approximation, such as Crone, Carlson or Matsuda, employing the Ninteger tool box
of MATLAB [26]. Moreover, the synthesis of the fractance (47) can be obtained with
the repeated division process of terms described in Sect.2.4 (Continued Fraction
Expansion) by means of the tool box FOMCON of MATLAB and the following
code [26, 37]

>al =[1 7.807 9.921 2.323 0.037];
> bl =[0.037 2.3239 9.921 7.807 1];
> [q, expr] = polycfe(bl,al)

resulting

(49)

1
Cy+ —

The values of R,,C,,R;,C,,R5,Cs,R;,Cq and R, are shown in Table5.
Impedance (Z = 1ES5) and frequency (€ = 1000) denormalizations were carried out.
Finally, using @ = 7.442,C = 1 and 7 = 9.5243 X 10~* are solved simultaneously
both equations in (38) to obtain R, = 0.07088 Q and R,., = 0.011 Q. Again by
using the impedance denormalization Z = 1ES over these elements are obtained the
values indicated in Table 5.

The system in Fig. 8 in the unity negative feedback structure with the fractional-
order lead-phase compensator with Cauer network approximation of Fig.7 was
simulated using HSPICE and the model of the OpAmp uA741. The details of design

Table 5 Design details of the fractional-order phase-lead compensator of Fig. 7 and Example 4
with ¢ < 1 and K = 1440

Element Value Element Value

R, 3.7KQ R, 534 KQ
C, 4.9 nF Cq 9.8 nF
R; 65.38 KQ Ry 1.87 MQ
C, 5.6 nF R 7KQ

R; 224.8 KQ Ry, 1.12 KQ
Ce 6.8 nF
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Fig. 13 Time-domain simulation results of the fractional-order phase-lead compensator C(s) =
[1+ (7.442)(9.5243 x 1073)s%7]/[1 +9.5243 x 10735%7] realized with the circuit of Fig. 7 with
design details of Table5, in unity negative feedback configuration, in which the plant G(s) =
144000/[s(s + 36)(s + 100)] is implemented with the circuit of Fig. 8 with the design details of
Table 1. Denormalizations in impedance and frequency Z = 1E5 and £ = 1000 were also per-
formed

are listed in Tables 1 and 5. Figure 13 shows the results for an step-input of 1 V, off-
set 0.5V and frequency 100 Hz. The resulted overshoot was 25% with a peak time
75.3 ws. This overshoot corresponds to a second order system with phase margin
43.46° and damping factor { = 0.4037. These results show a good agreement with
the results given in Example 3 and in Fig. 6 of [35], validating the implementation.
However, in Fig. 13 it can also be observed that the network approximation is not
appropriate in this case when the order of the approximation is less than 4. It is due
to the limited bandwidth where the approximation is valid.

6 Phase-Lead Compensated Systems Implemented
with FPAA

In this section is illustrated, starting from the designs of Examples 2 and 3, the imple-
mentation and experimental validation of integer-order and fractional-order phase-
lead compensators by means of FPAAs, which are processors for analog signals,
equivalents to the digital processors FPGAs (Field Programmable Gate Arrays).
FPAAs are devices of specific purpose with the characteristics of being recon-
figurable electrically. They are used to implement a variety of analog functions,
such as: integration, derivation, weighted sum/subtraction, filtering, rectification,
comparator, multiplication, division, analog-digital conversion, voltage references,
signal conditioning, amplification, nonlinear functions, generation of arbitrary sig-
nals, among others. Since FPAAs are reconfigurable, one can implement complex
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prototypes in a short time. In this work the FPAA AN231E04 from Anadigm [1],
is used. It uses technology of switched capacitors and it is organized into four con-
figurable analog blocks (CABs). Those CABs are distributed in a matrix of size 2 X 2,
supported by resources of programmable interconnections, seven configurable
analog cells of input-output with active elements for amplification and dynamic
reduction of offset and noise, an on-chip generator of multiple non-overlapped
clock-signals and internal voltage references to eliminate temperature effects. It also
includes a look-up table (LTU) of 8 X256 bits for function synthesis and nonlin-
ear signals, and for analog-digital conversion. The configuration data is saved into
an internal SRAM, which allows reprogramming the device without interrupting its
operation. The circuits are designed using the software Anadigmdesigner2, in which
the user has access to a library of functional circuits CAMs (Configurable Analog
Modules). Those CAMs are mapped in a portion for each CAB. The CABs have
matrices of switches and capacitors, two OpAmps, a comparator, and digital logic
for programming.

6.1 Example 5: FPAA Implementation of the Integer-Order
Phase-Lead Compensator of Example 2

Figure 14a shows an implementation, using the FPAA AN231E04, equivalent to the
closed-loop system designed in Example 2. The corresponding experimental setup
is illustrated in the same figure. Details of the design and the corresponding transfer
functions of every employed building block are listed in Table 6. The comparator
producing the signal error e(t) = V,, (1) = V,,,(?) is realized using a CAM “SumDift”
(adder-subtractor) with gains 1 and —1 at each input. The integer order lead controller
(44) is implemented by CAM “FilterBilinear 1" (Bilinear filter), designed to produce
a transfer function with DC gain 2.3795, and one pole (a)[J = 60.24 rad/s) and one
zero (w, = 25.31rad/s), both denormalized by a factor .Qf = 1000 (fp =9.57 kHz,
f. =4.02 kHz).

On the other hand, the plant (41) with K = 1440 is modeled by two low-pass filters
H,(s) = =36/(s + 36) and H;(s) = —100/(s + 100) (CAM “Bilinear Filter 2” and
CAM “Bilinear Filter 37, respectively), and by an “integrator” CAM, H,(s) = —40/s,
in series with a block of gain -1 (CAM “Gainlnv1”). The frequency denormalization
Q; = 1000 was realized by substituting in each block s by s/,

The experimental configuration of Fig. 14a has a differential input of 0.5V in
amplitude and frequency 500 Hz, and a common-mode component of 1.5 V. It is
provided by the array of three OpAmps and the target ELVIS II from National Instru-
ments. This device also provides bias voltages of =+15 V to the
OpAmps. The output is converted from differential mode to simple mode with a
differential amplifier. The output is measured with an Oscilloscope HD4096 Tele-
dyne Lecroy (see Fig. 14b). The resulted overshoot was 21.1%. This overshoot corre-
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Table 6 Details of the design in FPAA of the closed-loop system conformed by the plant (41) and
the integer-order phase-lead controller (44) with £, = 1000

Operation CAM Transfer function | Characteristics
Comparator SumbDiff V,=V, =V, G =1
(Sum/difference) G, =-1
1+s/w,
Lead controller | Filter bilinear 1 -G 1—> G=1
(pole-zero filter) +s/w, _ @ (60.24)(1000) _
P 2 2z
9.57 kHz
oL (2531)(1000)
2T oo 2r h
4.02 kHz
[5)
Plant Filter bilinear 2 -G ( L > G=1
(lowpass filter) s+, _ prf _ (36)(1000) _
4 2z 2z
5.74 kHz
@
Filter bilinear 3 -G ( z > G=1
(lowpass filter) s+, _ ®, 82 _ (100)(1000) _
P 2 27
15.9 kHz
Kint
Integrator — Ky * £2p =40 % 1000 =
§ 40000 = 0.04/ps
GainHold (Inverter -G G=1

amplifier)
G;: gain of the CAM. f: corner frequency of the CAM. K;,,: integration constant of the CAM

sponds to a second order system with phase margin 47° (compared with the theoreti-
cal value of 45.5°) and damping factor { = 0.443. The simulation results of Example
2 and the experimental results of the system of Fig. 14a are in good agreement, thus
validating this proposal of implementation.

6.2 Example 6: FPAA Implementation of the
Fractional-Order Phase-Lead Compensator of Example 3

Consider the fractional-order phase-lead compensator with ¢ = 1.33 presented in
Example 3 (see (45)). This controller can be reformulated by using a first-order
approximation of the fractional derivator s? = (Bs+ 1)/(s + B), with 0< § < 1,
resulting
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Fig. 14 a Experimental setup of the integer-order phase-lead compensator C(s) = [l +
(2.3799)(0.0166)s]1/[1 + 0.0166s] realized with an FPAA, in unity negative feedback configuration,
with plant G(s) = 144000/[s(s + 36)(s + 100)] also implemented in the FPAA. A denormalization
in frequency €, = 1000 was performed. b Time-domain experimental results
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Bs+1
1+ ( )
ars s+ B

1+ ars? _ 1+ars'*d

C = = =
() 1+ 759 1+ zsltd 1 <Bs+1)
+ 75
s+ B
s+ s+ o’
_ z
= ﬁ (50)
N +—s+a)p
P
where Lva
= Bs+1 +q
= —1, 9 N B=— 51
=4 s s+ B 1-g D
and

Table 7 Details of the design in FPAA of the closed-loop system conformed by the plant (41)
and the fractional-order lead controller (50) with @ = 1.736, 7 = 8.1395 x 1073, ¢ = 1.33 and Qf =
3000

Operation CAM Transfer function Characteristics
Comparator SumDiff Vo=V, =V, G =1
(Sum/Difference) G,=-1
@,
24+ s+ wz
Lead controller | Filter biquad G a)+ G =1.736
(pole-zero filter) 24+ Ls+@? _ ®, 8 _ (11.084)(3000) _
p || f,= = =
P 2 2z
5.29 kHz
0,=0.1776
f= ®. £ (8.4122)(3000)
ST oo T 27 -
4.016 kHz
0. =0.2326
. e wp
Plant Filter bilinear 2 -G G=1
(lowpass filter) S+, _ @€ _ (36)(3000)
fp = = =
21 2
17.22 kHz
. o wp
Filter bilinear 3 -G < ) G=1
(lowpass filter) s+ w, _ ®,82 _ (100)(3000) _
fp = = =
2 2z
47.7 kHz
K.
Integrator m Ky % 82 = 40 % 3000 =
s 120000 = 0.12/ps
GainHold -G G=1
(Inverter
amplifier)

G;: gain of the CAM. f: corner frequency of the CAM. K;,,: integration constant of the CAM
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This way, the fractional-order phase-lead compensator with 1 < g < 2 can be
realized by means of a biquad filter. Based on this idea, Fig. 14a shows the imple-
mentation in FPAA AN231E04 of the closed-loop controlled system designed in
Example 3. Details of the design and the transfer functions of every building block
are listed in Table 7. The comparator producing the signal error e(t) = V,,(t) = V,,,,(¢)
is realized using a CAM “SumDift” (adder-subtractor). The fractional-order lead
controller (50) is implemented by CAM “FilterBiquad1” (Biquad filter, see Fig. 14a).
The parameters of this block are calculated using (51) and (52) witha = 1.736, a7 =
1.4131 x 1072, 7 = 8.1395 x 103 and § = 0.33, been obtained: w, = 11.084rad/s,
w, = 8.412rad/s, Qp = 0.1776 and Q_ = 0.2326. Then, a frequency denormalization
£, = 3000 is realized, resulting f, = 5.29 kHz and f, = 4.02 kHz. The same denor-
malization is performed in the plant, which is designed as in the Example 5 (see
Fig. 14a). The design details are summarized in Table 7.

The experimental configuration is equal to the reported in Fig. 14a, but with the
CAM “FilterBiquadl” instead of the CAM “FilterBilinear1”. It has a differential
input of 0.5V in amplitude, offset 0.25V and frequency 500 Hz, and a common-
mode component of 1.5V from the array of three OpAmps and target ELVIS II
from National Instruments. This device also provides bias voltages of +15V to the
OpAmps. The output is converted from differential mode to simple mode with a
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Fig. 15 Time-domain experimental result of the fractional-order phase-lead compensator C(s) =
[1+ (1.736)(8.1395 x 1073)s'33]/[1 + (8.1395 x 1073)s!33] realized with an FPAA, in unity
negative feedback configuration, with plant G(s) = 144000/[s(s + 36)(s + 100)] also implemented
in the FPAA. A denormalization in frequency £2, = 3000 was performed
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differential amplifier. The output is measured with an Oscilloscope HD4096 Tele-
dyne Lecroy (see Fig. 15). The resulted overshoot was 16.2%, compared with the
21.9% obtained with the implementation of Example 3. This overshoot corresponds
to a second order system with phase margin 51.9° and damping factor { = 0.5. The
simulation results of Example 3 and the experimental results of Example 6 are simi-
lar, but with a difference of 5% regarding the overshoot. This difference is attributed
to the different amplitudes and frequencies of the input signals (the FPAA has swing
limits), the resolution of the programmable gains that can be implemented with the
FPAA and the different denormalization frequencies.

7 Conclusion

The OPAMP-based and FPAA-based design of integer-order and fractional-order
phase-lead-lag compensators for the case of g € (0,1) and g € (1,2), have been
introduced. Each design was realized considering: (i) the parameters obtained with
the procedures reported in [44] (integer-order) and [35] (fractional-order) when
the gain and the phase required at a particular frequency are known for a desired
time-domain response; (ii) Five configurations of compensators realized with basic
OPAMP building blocks and (iii) Two more configurations (fractional and integer
orders) with FPAAs. The OPAMP building blocks employed include inverter inte-
grators, inverter and non-inverter amplifiers, differential amplifiers, weighted adders,
first order low-pass filters, fractional-order phase-lead-lag ladders and fractional
integrators. With all those blocks, the design equations were established taking care
that some resistor and all capacitor values were chosen like degrees of freedom. Six
design examples of both integer and fractional-order phase-lead-lag compensators
were presented. In order to compare the performance of the different compensators,
an integer-order plant was used. The compensation was made in series with the plant
in a unity feedback loop. Simulation and experimental results agree with theory. An
interesting result is the fact that the proposed solutions are good enough for the case
of g € (1,2) when the order of the approximation of s7 is one; however, those are
not adequate when g € (0, 1). In those cases is necessary employ an approximation
of higher order. It was evident with the third example that when the Cauer ladders
are not employed, it is possible to synthesize realizations with commercial values
of capacitors and resistors based on frequency and impedance transformations. Nev-
ertheless, according with the fourth example, when g € (0, 1), the number of active
elements can rise significantly since the approximation of the operator s** is required
to be of high-order. In this case, the Cauer ladder solution might be an option despite
of its inherent complexity for the computation of the commercial element values. To
the author’s knowledge, there very few (two) fractional-order phase lead-lag com-
pensators reported in the literature. Therefore, the circuit solutions presented in this
chapter offer useful alternatives that can be occupied for diverse controllers. Further-
more, some other applications such as memristors, filters and chaotic systems might
benefit from the proposed strategies of implementation.
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