Vector Inequalities for a Projection in Hilbert
Spaces and Applications

Silvestru Sever Dragomir

Abstract In this paper we establish some vector inequalities related to Schwarz
and Buzano results. Applications for norm and numerical radius inequalities of two
bounded operators are given as well.
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1 Introduction

Let (H, (-,-)) be an inner product space over the real or complex numbers field K.
The following inequality is well known in literature as the Schwarz’s inequality

Ix[HlIyll = [(x, y)| forany x,y € H. (M
The equality case holds in (1) if and only if there exists a constant A € K such that

X = Ay.
In 1985 the author [5] (see also [23]) established the following refinement of (1):

Il Iyl = 1(x,y) = (x.e) (e )] + [{x, e) {e. y)| = [{x, )] 2)

for any x,y,e € H with |le|]| = 1.
Using the triangle inequality for modulus we have

|(x.y) = {x,e) (e, 0)] = [{x. e) (e, y) = [(x, ¥)]
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and by (2) we get

Il Iyl = [(x. y) = {x. e) (e, )] + [(x. €) (e, y)
= 2|(X,€) (6,y>| - |(ny)| s

which implies the Buzano’s inequality [2]

1
2 U IV 1Ge )T = 1 e) {e. y)] (€)

that holds for any x, y, e € H with |e| = 1.

For other Schwarz and Buzano related inequalities in inner product spaces, see
[1-10, 12-15, 17, 19-25, 27-36], and the monographs [11, 16] and [18].

Now, let us recall some basic facts on orthogonal projection that will be used in
the sequel.

If K is a subset of a Hilbert space (H, (-, -)), the set of vectors orthogonal to K is
defined by

K*t:={xeH: (x,k)=0forallk € K}.

We observe that K is a closed subspace of H and so forms itself a Hilbert space.
If V is a closed subspace of H, then V-1 is called the orthogonal complement of V.
In fact, every x in H can then be written uniquely as x = v + w, with v in V and w
in KL. Therefore, H is the internal Hilbert direct sum of V and V-, and we denote
thatas H =V @ V+.

The linear operator Py : H — H that maps x to v is called the orthogonal
projection onto V. There is a natural one-to-one correspondence between the set
of all closed subspaces of H and the set of all bounded self-adjoint operators P
such that P> = P. Specifically, the orthogonal projection Py is a self-adjoint linear
operator on H of norm < 1 with the property P2, = Py. Moreover, any self-adjoint
linear operator E such that E? = E is of the form Py, where V is the range of
E. For every x in H, Py(x) is the unique element v of V, which minimizes the
distance ||x — v||. This provides the geometrical interpretation of Py (x): it is the
best approximation to x by elements of V.

Projections Py and Py are called mutually orthogonal if PyPy = 0. This is
equivalent to U and V being orthogonal as subspaces of H. The sum of the two
projections Py and Py is a projection only if U and V are orthogonal to each other,
and in that case Py + Py = Py+vy.The composite Py Py is generally not a projection;
in fact, the composite is a projection if and only if the two projections commute, and
in that case PyPy = Pyny.

A family {ej}j o, of vectors in H is called orthonormal if

ej L ey forany j, k € J with j # k and Hej” = 1foranyj, ke J.
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If the linear span of the family {ej}j e is dense in H, then we call it an orthonormal
basis in H.

It is well known that for any orthonormal family {ej}j o, We have Bessel’s
inequality

Z ’(x, ej)|2 < ||x||* for any x € H.
j€l

This becomes Parseval’s identity

> |fr.e)|* = llx])* forany x € H,
JjeJ

when {ej}je ,an othonormal basis in H.

For an othonormal family & = {ej} we define the operator P» : H — H by

jel

ng::Z(x,ej)ej, x€eH. @
jes

We know that P is an orthogonal projection and

(Pex,y) = Z(x ej)(ej,y), x,y € Hand (Pgx,x) = Z |(x ej)|2, x € H.
jeJ jer

The particular case when the family reduces to one vector, namely & = {e}, |le|| =
1, is of interest since in this case P,x := (x,e) e, x € H,

(Pex,y) = (x,e) {e.y), x,y € H ©)

and Buzano’s inequality can be written as

el I+ Te )T = [(Pex, y) (6)

N =

that holds for any x, y, e € H with |le|| = 1.

Motivated by the above results we establish in this paper some vector inequalities
for an orthogonal projection P that generalizes amongst others the Buzano’s
inequality (6). Applications for norm and numerical radius inequalities are provided
as well.
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2 Vector Inequalities for a Projection

Assume that P : H — H is an orthogonal projection on H, namely it satisfies the
condition P> = P = P*. We obviously have in the operator order of % (H) that
The following result holds:

Theorem 1. Let P : H — H is an orthogonal projection on H. Then for any x,y €
H we have the inequalities

el Iyl = (P, )2 (Py, )72 = [ x,y) = (Px, ). (7

and

el Iyl = (11” = ()) (12 = (Py) = L1, ®)

Proof. Using the properties of projection, we have

(x—Px,y — Py) = (x,y) — (Px,y) — {x, Py) + (Px, Py) €)
= (X,y) -2 (P)C,y) + (sz’y)
= (x,y) — (Px,y)

for any x,y € H.
By Schwarz’s inequality we have

llx = Px|)” lly = Pyl> = |(x— Px.y — Py) (10)

for any x,y € H.
Since, by (7), we have

llx = Px|* = [IxII* = (Px.x) .y = Pyll* = IyII> = (Py. ).

then by (10) we have

(hl> = (Px.x)) (1907 = (Py.3)) = [{x.3) = (P )P an

for any x,y € H.
Using the elementary inequality that holds for any real numbers a, b, c, d

(ac —bd)* = (a® = b*) (= d*) |
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we have

2
(el 1 = ()72 (Py.3) ) = (el = P)) (161 = (Pyy))  (12)
for any x,y € H.
Since

1/2 1/2

x| = (Pox,x) "= iyl = (Py.y) "~

then
x| Iyl = (Px.x)"/* (Py,y)"/* > 0,

for any x,y € H.
By (11) and (12) we get

(Il Iyl = (P Py )2 2 [ 3) — (P )

for any x,y € H, which, by taking the square root, is equivalent to the desired
inequality (7).

Observe that, if P is an orthogonal projection, then Q := 1y — P is also a
projection. Indeed we have

Q*=(1y—-PP =1y —2P+P =1,—-P=0Q.

Now, if we write the inequality (7) for the projection Q we get the desired
inequality (8).

Corollary 1. With the assumptions of Theorem 1, we have the following refinements
of Schwarz inequality:

Xl Iyl = (Px,x) 2 Py, y) '/ + [(x,y) — (Px.y)| (13)
> [(Px,y)| + [(x.y) — (Px.y)| = [(x.y)]

and

1/2 1/2
el Iyl = (B> = (Pee)) (Il = (Pysh) 4 1P )] (14)

> |(x’y) - (vay” + |(Px’)’)| = |(X,y)|

foranyx,y € H.
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Remark 1. Since

[(x.y) = (Px.y)| = [{x, y)| = [{Px. y)|
then by the first inequality in (13) we have
el Iyl = (P2 Py y) 2 + (e, 3) ] = [(Px.y) |
that produces the inequality
el Iyl = e y)] = (Pxox) 2 {Py. )72 = [{Px.y)| = 0 (15)
for any x,y € H.
We notice that the second inequality follows by Schwarz’s inequality for the

nonnegative self-adjoint operator P.
Since

[(x,y) = (Px,y)| = [{Px, y)| — [{x, )]
then by (13) we have

Ixl Iyl = (Px. )" (Py, )% + [{x,3) — (Px. )]

> (Px.x)" /2 (Py, )% + [(Px.y)] = [{(x, )]
which implies that

el 0+ 16, 9] = (Px,x) 2 (Py, )2 + [(Px, )|

> 2[{Px,y)]|
and is equivalent to
1 1
S U Il + 1)l = 5 [(Pxx) 72 (Pyon) ' + 1Py | (16)
> [(Px.y)]

for any x,y € H.
The inequality between the first and last term in (16), namely

1
2 U+ 1e y) ] = [Px. y) (17

for any x,y € H is a generalization of Buzano’s inequality (3).
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From the inequality (14) we can state that
) 1/2 ) 1/2
el Iyl = 4P )1 = (Il” = Prx)) - (1912 = (P, ) (18)

> |(x,y) — (Px, )]

for any x,y € H.
From the inequality (14) we also have

/ /
el Iyl = (el = (Pe.)) " (10 = (Bvo3)) + Iepr

= [(x.3) = (Px.y)| + [(Px.3)] = |(Px.3)] = |(x.3)] + [(Px.)]
=2 (Px.y)| — [(x. 9]

which implies that
1 1 1/2 1/2
5 [l ||y||+|<x,y>|1z5[(||x||2—<Px,x>) (01 = (Py. ) ] (19)

+5 [[(Px, y)| + (2] = [{Px. y)|

N =

for any x,y € H.

The case of orthonormal families which is related to Bessel’s inequality is of
interest.

Let & = {e_j}j <, be an othonormal family in H. Then for any x,y € H we have
from (13) and (14) the inequalities

1/2 1/2

el iyl = D7 [ e S o) (20)

jeJ JjE€J

+ ) =D fee)eny)

jel

v

D eyl + [ 3) = Y (reeny)] = Iy

JjeJ jeJ

and

1/2 1/2

el vl = | Il = 3 [ €] =" | ) @2n

jel jel
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(St

jel

IV

) = D (e y) + D0 el y) = 1)l

jer jel

By (15) and (16) we have

[l Iy Il = [{x, »)] (22)
1/2 1/2

Sleell | [ Xlvell] - <Z(xa€j)(€j7y)> >0

jeJ jeJ jeJ
and

1/2 1/2

= [||x|| Iyl + ()] Z el | (D |be)

jel jel

(e

=

+

%

<Z (r.¢) (ej,y)> (23)

jel

for any x,y € H.

The inequality between the first and last term in (23) provides a generalization of
Buzano’s inequality for orthonormal families & = {e }] o

The following result holds:

Theorem 2. Let P : H — H is an orthogonal projection on H. Then for any x,y €
H we have the inequalities

[(x.y) =2 (Px.y)| < lxl Iyl 24)

|(x.y) — (Px.y)| (25)

< min ot (1517 = 201) " o (1 = eex)
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IA

3 [ (017 = 2) ™ 1t (1 = )

1/2

A

1 2 2 12 2 2
5 (0P + 117) ™ (I + 1P = (Py.y) = (P
and

[(Px. )1 = min { Il (Py.)" . Iyl (Px.x)2) 26)

IA

[l (Py. )2 4+ 1yl (P, ) 2]

A
N = N =

<2 (07 + ) (P + By

Proof. Observe that

llx — 2Px||* = |lx||* — 4Re (x, Px) + 4 (Px, Px)
= |lx]|> — 4 (x, Px) + 4(P*x,x)
= [lxl|* — 4 (x, Px) + 4 (Px,x) = |lx|?

forany x € H.
Using Schwarz’s inequality we have

Il Iyl = llx = 2Px ] Iyl = [{x = 2Px, y)| = [(x,y) = 2 (Px.y)|

for any x,y € H and the inequality (24) is proved.
By Schwarz’s inequality we also have

llx = Px|[ Iyl = [{x = Px, y)| = [{x, y) = (Px, )]

and

el lly = Pyll = [{x,y = Py)| = [{x,y) = {x, Py)| = [{x,y) — (Px. )|

for any x,y € H, which implies the first inequality in (25).
The second and the third inequalities are obvious by the elementary inequalities

1
min{a, b} < §(a+b), a,be Ry

and
ac+bd < (@+0)"* (P +d)". ab.cdeRy.

The inequality (26) follows from (25) by replacing P with 15 — P.
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Remark 2. By the triangle inequality we have
Iyl 4 1 ) = 10 ) = 2 (Px, y)| + [, 9)] = 2[(Px. )],
which implies that [see also (16) and (19)]
1
2 UL+ 1o y) T = (P, y) 27

for any x,y € H.
From (25) we also have

Py e8)
< sl min bl (112 = (p39) " ol (e = (ps) )

and
[, ) (29)

R TGOS ) R Y (T ) B

for any x,y € H.

Now, if & = {e;}._, is an orthonormal family, then by the inequalities (24)

and (25) we have
<x,y>—2ZJ<x, ej){ej y)| < Il Iyl (30)
JE
and
() =D {x.e){eny) (31)

jeJ
1/2 1/2

< min 4 {2 =" (el ] vl | e = [fee)?

jeJ jer
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1/2 1/2
1
< 5| (=20l |+ Il | e = 3 el
jeJ jeJ
1/2
1 1/2
<5 (P 4 1917) [l + 12 = 2 fo e = D [l
jeJ jeJ
for any x,y € H.
From (28) we also have
Z (x, ej) (e,-, y)
jeJ
1/2 1/2
< ey +min el L2 =S (el ] ol | = ffee)?
jeJ jeJ

(32)

for any x,y € H.

3 Inequalities for Norm and Numerical Radius

Let (H; {-,)) be a complex Hilbert space. The numerical range of an operator T is
the subset of the complex numbers C given by Gustafson and Rao [26, p. 1]:

W(T) = {{Tx,x), x € H, ||x|| = 1}.

The numerical radius w (T) of an operator T on H is defined by Gustafson and
Rao [26, p. 8]:

w(T) = sup{|A],A € W(T)} = sup {|(Tx, x)|, [|x[| = 1}.

It is well known that w(-) is a norm on the Banach algebra B (H) and the
following inequality holds true:

w(T) <||T|| £2w(T), forany T € B(H).

Utilizing Buzano’s inequality (3) we obtained the following inequality for the
numerical radius [13] or [15]:
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Theorem 3. Let (H; (-,-)) be a Hilbert space and T : H — H a bounded linear
operator on H. Then

1
Wi (T) < 5 [w (12) + ||T||2]. (33)

The constant % is best possible in (33).
The following general result for the product of two operators holds [26, p. 37]:

Theorem 4. If A,B are two bounded linear operators on the Hilbert space
(H, {(-,")), then w(AB) < 4w (A)w (B) . In the case that AB = BA, then w (AB) <
2w (A) w (B) . The constant 2 is best possible here.

The following results are also well known [26, p. 38].

Theorem 5. IfA is a unitary operator that commutes with another operator B, then
w(AB) <w(B). (34)

If A is an isometry and AB = BA, then (34) also holds true.

We say that A and B double commute if AB = BA and AB* = B*A. The following
result holds [26, p. 38].

Theorem 6. If the operators A and B double commute, then
w(AB) < w(B) [|A]l . (35)

As a consequence of the above, we have [26, p. 39]:

Corollary 2. Let A be a normal operator commuting with B. Then
w(AB) <w(A)w(B). (36)

A related problem with the inequality (35) is to find the best constant ¢ for which
the inequality

w(AB) < cw () ||B]|
holds for any two commuting operators A, B € B (H) . It is known that 1.064 < ¢ <

1.169, see [3, 32] and [33].
In relation to this problem, it has been shown in [24] that
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Theorem 7. For any A, B € B (H) we have

W (*@) < V3w (A) 8]

175

(37

For other numerical radius inequalities see the recent monograph [18] and the

references therein.
The following result holds.

Theorem 8. Let P : H — H be an orthogonal projection on the Hilbert space

(H, (-,*)) . If A, B are two bounded linear operators on H, then

|(BPAX. )] < > [IAx] [B*x] + |(BAx.)]]

N =

and

| BPAx||

IA
| =

(lAx] 1BI + 1| BAx|]

forany x € H.
Moreover, we have

w (BPA)

IA

1
3 AN IB]l + w (BA)]
and

I1BPA]|

IA

1
S HAINBI + l1BA]].
Proof. From the inequality (17) we have

[IAxIL 1B Y]l + [{Ax. B*y)]]

N =

|(PAx, B*y)| <
that is equivalent to

[(BPAx.y)| < = [llAxI |B*y|| + [(BAx, y)|]

N =

for any x,y € H.
If we take y = x in (42), then we get (38).
Taking the supremum over y € H with |ly|| = 1 in (42) we have

||Shlp [lAx] 1B*y] + [(BAx, y)[]
yll=1

| =

|BPAx|| = sup |(BPAx,y)| <
Iyll=1

(38)

(39)

(40)

(41)

(42)
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IA

1
5 | 1Axl sup By + sup [(BAx.y)]
Ibli=1 Ivli=1

1
5 UlAxIIBI| + || BAx]]

for any x € H.
The inequalities (40) and (41) follow from (38) and (39) by taking the supremum
over x € H with ||x| = 1.

Corollary 3. Let P : H — H be an orthogonal projection on the Hilbert space
(H, (-,*)) . If A, B are two bounded linear operators on H, then

[{APAx, x)| < %[||Ax|| lA%x]l + |{A%x, x)[] 43)

and
JAPAx] = 2 [IAx] 141 + 4% ] (#4)

forany x € H.
Moreover, we have

wiara) < 2 [I41 +w(a?)] s)

and
japal < 3 [1a1? + 4. (46)

Remark 3. Lete € H, |e|| = 1. If we write the inequalities (38) and (39) for the
projector P, defined by P.x = (x,e) e, x € H, we have

1

[{Ax, )| |(Be.x)| < 5 [llAx] [[B*x]| + |(BAx. x)|] (47)

N

and
1
|{Ax, e)| || Be|| < 3 [lAx] 1Bl + [|BAx]]] (48)

forany x € H.
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Now, if we take the supremum over x € H, ||x|| = 1 in (48), then we get
" 1
1A%l 1 Bel| < = THAIIBI + IBAI] (49)

foranye € H, |e|| = 1.
If in (49) we take B = A, we have

1
la*el 4l < 5 [ 141 + 4%] (50)

foranye € H, |e|| = 1.
If in (47) we take B = A, then we get

1
[{Ax.e)[[{e.A™)| =< 3 [llAx]| 1A* x| + [(A%x, x)]] (1)
foranyx € Hande € H, |le|| = 1, and in particular
1
(e, e)]” < 3 [lAell |A*e]| + [(A%e. e)]] (52)
forany e € H, |le|| = 1.
Taking the supremum over ¢ € H, |le|| = 1 in (52) we recapture the result in
Theorem 3.
For a given operator T we consider the modulus of T defined as |T| := (T*T) 12,

Corollary 4. Let P : H — H be an orthogonal projection on the Hilbert space
(H, (-,*)) . If A, B are two bounded linear operators on H, then

wBPA) < 2w (BA) + ;[P + 187 (53)
In particular, we have

w (APA) < %w (4%) + % H A2 + |A*|2H . (54)
Proof. From the inequality (38) we have

[(BPAx, x)|

IA

N = N =

[IAx]| [Bx]| + [(BAx, x)]] (55)

A

1
|(Bax.2)] + 7 [ JAxI + 1B
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for any x € H, where for the second inequality we used the elementary inequality

ab < - (® +b%), a,b € R. (56)

N1 —

Since
lAx|® + |B*x||* = (Ax,Ax) + (B*x, B*x) = (A*Ax.x) + (BB*x,x)
= (1P +18°P) x.2)
for any x € H, then from (55) we have
|(BPAx, x)| < % |(BAx, x)| + %<(|A|2 + |B*|2) x,x) (57)

forany x € H.
Taking the supremum over x € H, ||x|| = 1in (57) we get the desired result (53).

Remark 4. We observe that by (52) we have

|(Ae, e)?

IA

[lAe]l |A*e|l + |(A%e. €)|] (58)

IA

1
(4%e.e)] + 7 [Iel” + 1a%el’]

el + 5 (P + 14" erd

forany e € H, |le|| = 1.
Taking the supremum over e € H, |le| = 1 in (58) we get

w? (4) < %w (42) + % H A7 + |A*|2H : (59)

for any bounded linear operator A.
Since

141 + 14772 | < 1P| + a7 = 2041,

then the inequality (59) is better than the inequality in Theorem 3.
The following result also holds:

Theorem 9. Let P : H — H be an orthogonal projection on the Hilbert space
(H, (-,-)) . If A, B are two bounded linear operators on H, then
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W(B (%IH—P)A) < i H|A|2 + |B*|2H.

In particular, we have

W(A (%IH—P)A) < i H|A|2 + |A*|2H.

Proof. From the inequality (24) we have

(1 — 2P) Ax. B*x)| < || Ax]| | B*x]| .

1
B| =1y — P ) Ax,
=) )
for any x € H.

Using the elementary inequality (56) we have

that is equivalent to

1
< — ||Ax|| ||B*

1 1 1
5 haxl 18] = 7 (laxl” + 18°1F ) = 2 (4P + 18°F) x.x)
and by (62) we get
1 1 2 * 2
B 51y —P|Ax,x)| < —((|AI" + |B*]") x,x
2 4
for any x € H.

179

(60)

(61)

(62)

(63)

Taking the supremum over x € H, ||x|| = 1in (63) we get the desired result (60).

Remark 5. If we take in (60) P = 1g, then we get [18, p. 6]
1 2 * 2
w(BA)SE |A|" + |B¥|

for any A, B bounded linear operators on H.
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