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[lgllg > 0O, then we have the following Hardy-Hilbert’s integral inequality (cf. [3]):

/0 O L8O o < — 7 i llgll L
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where the constant factor —~— is the best possible. Assuming that

qm(ﬂ/;ﬂ)
Am, by > 0,0 ={ap}or, € P, b={b,}32, €li,
i 1
llall, = (O _ a7 >0, ||bll, > 0,
m=1

we have the following Hardy-Hilbert’s inequality with the same best constant

(cf. [3]):

big
sin(rr/p)

oo 00 ambn
sz—i—n

m=1n=1
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Inequalities (1) and (2) are important in Analysis and its applications (cf. [3, 11, 19,
20, 22)).
If i, v; > 0(i,j e N={1,2,---}),

m n
Un =) i Vai= ) _vj(m.n €N), 3)
i=1

j=1
then we have the following inequality (cf. [3], Theorem 321) :
3oy b lall, b @)
Un+V, sin ( /p) prEne

m=1n=1

Replacing Mm 1a,, and v,l,/ ?b, by a, and b, in (4), respectively, we obtain the
following equivalent form of (4):

1 1
XX apb, b4 as a \’ as be \*

n n=1
For u; = v; = 1(i,j € N), both (4) and (5) reduce to (2). We call (4) and (5) as
Hardy-Hilbert-type inequalities.

Note. The authors did not prove that (4) is valid with the best possible constant
factor in [3].
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In 1998, by introducing an independent parameter A € (0, 1], Yang [17] gave an
extension of (1) with the kernel 1/(x 4 y)* for p = ¢ = 2. Optimizing the method
used in [17], Yang [20] provided some extensions of (1) and (2) as follows:

If A1,A € R,A + Ay = A, ky(x,y) is a non-negative homogeneous function of
degree —A, with

k(L) = /oolq(t, DA~ ldr e Ry,
0
() = w0071y () = =271 F(x) g(y) > 0,
feLypRy) = {f; 1l o= { /O SOIF@PdxH < ool |

8 € Loy R4). [Iflp.g- l1gllg.y > O, then we have

fo [ k() g 0)dxdy < kODF g8l g ©)

where the constant factor k(1) is the best possible.
Moreover, if k; (x, y) remains finite and k; (x, y)x* ~! (k. (x, y)y*>~!) is decreasing
with respect to x > 0 (y > 0), then for a,, b, > 0,

o
1
acly= {a:nanm = pmlan)r < oop

n=1

b=A{b}2, €lyy, llallps.1bllgy > 0, we have

n=1
00 0
Z Zkk(m» n)au,b, < k(kl)||a||p,¢||b||q.w» (7
m=1 n=1

where the constant factor k(1) is still the best possible.
Clearly, for

1 1 1
A:l,kl(x’y):—7 )le—, Azz_
x+y q p

inequality (6) reduces to (1), while (7) reduces to (2). For

0<A A =1, A1 +A2=4,
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we set

ky(x,y) = G ((x.y) €eR%).
Then by (7), we have
amb,
< B(A1, M)lallp.gl1bllq.y (®)
W polll

where the constant B(41, A;) is the best possible, and

B (u,v) /oo ! Yt (u, v > 0)
u,v) = —_— u,v
0 (1 + t)u+v

is the beta function.
In 2015, subject to further conditions, Yang [26] proved an extension of (8)
and (5) as follows:

ZZ(U +V)* ©

m=1n=1

I 1
0 pp(1=A1)—1 0 y,4(1=A2)—1 q
U a, % b
n=1

m=1 Hm Vn

where the constant B(41, A;) is still the best possible.

Further results including some multidimensional Hilbert-type inequalities can be
found in [18, 21, 23-25, 27, 33].

On the topic of half-discrete Hilbert-type inequalities with non-homogeneous
kernels, Hardy et al. provided a few results in Theorem 351 of [3]. But, they did not
prove that the constant factors are the best possible. However, Yang [18] presented
a result with the kernel 1/(1 + nx)* by introducing a variable and proved that the
constant factor is the best possible. In 2011, Yang [21] gave the following half-
discrete Hardy-Hilbert’s inequality with the best possible constant factor B (A1, A,):

/0 £ [; (xj—n)l} dx < B(A1.A2) |1l lallyy- (1)

where A; > 0,0 < A, <1, A; + A, = A. Zhong et al. [36, 37, 39—41] investigated
several half-discrete Hilbert-type inequalities with particular kernels.

Using methods of weight functions and techniques of discrete and integral
Hilbert-type inequalities with some additional conditions on the kernel, a half-
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discrete Hilbert-type inequality with a general homogeneous kernel of degree —A €
R and a best constant factor k (1) is obtained as follows:

[0 X ks mads < kGl (12)
n=1

which is an extension of (11) (cf. Yang and Chen [28]). Additionally, a half-discrete
Hilbert-type inequality with a general non-homogeneous kernel and a best constant
factor is given by Yang [24]. The reader is referred to the three books of Yang
[23, 25] and Yang and Debnath [29], where half-discrete Hilbert-type inequalities
and their operator expressions are extensively treated. The interested reader will
find a vast literature on both old and new results on half-discrete Hardy-Hilbert-
type inequality with emphasis to the study of best constants in references [1-42].
In this chapter, using methods of weight functions, techniques of real analysis
as well as the Hermite-Hadamard inequality, a half-discrete Hardy-Hilbert-type
inequality with multi-parameters and a best possible constant factor related to
the Hurwitz zeta function and the Riemann zeta function is studied, which is an
extension of (12) for A = 0in a particular kernel. Equivalent forms, normed operator
expressions, their reverses and some particular cases are also considered.

2 An Example and Some Lemmas

In the following, we assume that u;, v; > 0 (i,j € N), U,, and V,, are defined by (3),
ayd ~ ~ vil
Vn =Vy— Un(vn € [O’ ?])(" € N)a

u(¢) is a positive continuous function in R4 = (0, 00),
Ux) := / u(t)dt < oo(x € [0, 00)),
0

v() == v,,t € (n— %n + %](n € N), and

Y 1

VO) = [ vty € [3.000),

3

p#0,1, 119 + é =1,8e{-1,1}, f(x).,a, > 0(x e Ry, n € N),

1oy = ( /0 D5 (0)f (V) )



188 M.Th. Rassias and B. Yang

llall, & = (O3 lI’(”)bﬁi)é, where,

Up(1—80)—1 B ‘7’;1(1—0)—1
(X), lI/(I’l) = T(}C (S R+,I’l S N)

PO e i

Example 1. For0 <y <0,0<a <p(p>0),
2
csch(u) ;== —— (u > 0)
eu_e u

is the hyperbolic cosecant function (cf. [34]). We set

csc h(pt”)

e’

h(t) = (t € Ry).

(i) Setting u = pt¥, we find

k(o) := 1 dr

eotty

1 X csch o_
- — / Q(M)W Uy
Y%7 Jo er”

2 00 gty !
N Vp”/V/o T

2 o0 e—(%+l)uu%—l
VpU/y /0 1 — e 24

2 R Qk+2%+1)u, 2—1
= E e e T My T du.
U/V/
Yo 0 =0

/'°° csc h(pt”)
0

du

By the Lebesgue term by term integration theorem (cf. [34]), setting v =
(2k + % + 1) u, we have

k(o) = / esehpr’) o1 4y
0

eaﬂ’
2 i * Qk+%+Du  2—1
ke O
= e , uv du
ypolY k=0/0

2 Z 1 v, 2—1
0/} 2 = I O/} f !
yp k=0 ( k + 0 + ) 0
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2F@)§3 I
yQ2p)" = (k+ 22yl

k=0

2E) o oatp
_ R.. 13
y(2p)"/1’§( ,O ) €ERy ( )

where

1
(s,a) .ng(é‘>l,0<afl)

is the Hurwitz zeta function, ¢(s) = {(s, 1) is the Riemann zeta function, and

rgy):= ./000 e v v (y > 0)

is the Gamma function (cf. [16]).
In particular, (1) for @ = p > 0,we have h(f) = %&fﬁ) and k(o) =

2r(2)¢(2) h(p~/1%)

W In this case, for y = Z, we have h(f) = = p”f and k(o) =

)
(2) for @ = 0, we have h(t) = csc h(pt”) and y(zp)”/yﬁ Z

y = 3. we find () = csc h(p~/1°) and k(o) =

6O'p2 )

, 5). In this case, for

(ii) We obtain for u > 0, e“—e_” > 0,
d 1 et + et
— = — <0,
du (e“ — e_”) (et — e71)2
d_Z( 1 ) _ 2(8“ + e—u)2 _ (eu _ e—u)z o
dMZ el — e~ (eu _ e—u)3

Ifg(u) >0, g'(u) <0, g’(u) >0, thenfor0 <y <1,
Y d y y—1_/ y
g(pt") > 0, d—tg(pt ) =pyt’ g (pt") <0,
d2
—8(p") = py(y = D¢ (o) + Py g (o) > 0;
forye (n— %,n + %),g(V(y)) > 0,
d ’
Eg(V(y)) =gV, <0,

d2
d—yzg(V(y)) =g'(V()v; > 0(n € N).
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If gi(u) > 0, gi(u) <0,g/(u) > 0@ = 1,2), then

g1(u)g2(u) > 0,
(81(w)g2(w) = g ()g2(u) + g1 ()g5(u) <0,
(81()g2()" = g1 (u)g2(u) + 28 (w)g(u) + g1(w)g5 (1) > O(u > 0).
(iii) Therefore, for0 <y <o < 1,0 <« < p(p > 0), we have k(o) € R4, with

h(t) > 0, k(1) < 0, (t) > 0, and then for ¢ > 0,y € (n— 3,n+ 3)(n € N),
it follows that

h(cV)VT™ () > 0,

Lhevenvee) <o,
dy

d2 o—1
Eh(cV(y))V () > 0.

Lemma 1. If g(¢)(> 0) is decreasing in Ry and strictly decreasing in [ng, c0)
where ny € N, satisfying fooo g(Hdt € Ry, then we have

/1 g(t)dz<n§g(n)< /0 g(ndt. (14)

Proof. Since we have

n+1 n
[ o(1)dt < g(n) < [ (0 = 1.0+ ),

n n

no+2 no+1
/ gdt < gng+ 1) < / g(t)dt,

0+1 no
then it follows that

no+2 no+1 m+l ., no+1
0< / gdt < Y gn) < Y / g(ndt = / g(ndt < 0.
1 n=1 n=1 Y11 0
Similarly, we still have
[e'e) o0 0
0< / g(ndr < Z g(n) < / g(ndt < .

0+2 n=no+2 no+1

Hence, (14) follows and therefore the lemma is proved.
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Lemma2. If0 <o < p(p > 0),0 < y < o < 1, define the following weight
coefficients:

0o ~ .
o esch(p(UP (0 V,)Y) U (1),
ws(o,x) 1 = Z T 1, ,x € Ry, (15)
n=1 n
® csc h(p(US(x)V,)?) VO
ws(o,n) . = / ese (;O(S (3() ") Vi) dx,n € N. (16)
0 U ()V,)7 U'—%(x)
Then, we have the following inequalities:
ws(0,x) < k(o)(x € Ry), a7
ws(o.n) < k(o)(n € N), (18)

where k(o) is given by (13).

Proof. Since we find

= [nﬂu(t)dr—/nnﬂv(t)dtzfu(t)drz V(n),

and fort € (n — %,n + %], V() = v,, hence by Example 1(iii) and Hermite-
Hadamard’s inequality (cf. [8]), we have

esch(p(UP()V,)7) v,
U @)V, f/y{—o

_cse h(p(U(x)V(n))?) v,
= (U (V)Y V1= (n)

< f " e h(pW VO V'@
n U@V VI=o ()

1
2

dt

1 (U ()V ()7 yl-o (t)

= nty 8 do /
ws(0,x) < Z/ T2 esch(p(UP () V(1)) U () V' (1)
n=1

2

— /°° esc h(p(U° () V(2))”) US"(x)V’(t)dt
s e (U V(D) V1=o(r)
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Setting u = U’ (x)V(¢), by (13), we find

(0.3) < /Ua(")v("o) csch(pu?) U (x) U~ (x) P
ws (0, x u
”’ 0 e WU )e

oo ¥
< / csc h(pu?)
0

u du = k(o).

eomV

Hence, (17) follgws. ;
Setting u = V,U%(x) in (16), we find du = §V,,U*~" (x) s (x)dx and

1YV ese h(pu?) VOV (Vi wyd !

§ Jy,us0) e (V1w
1 [V s h(ou?
_! esehpu’) o gy,
8 Jv,ut(0) e
If § = 1, then

e’

Val(00) e (o
w’l(o"n) — / Mua—ldu
0

u’du.

o0 ¥
5/ csc h(pu?)
0

eauV

If § = —1, then

VaU™H(00) csc h(ou?
w‘_l(o', n) = _/ CSC—(pu)uU—ldu

0o eotuV

oo ¥
- /‘ csc h(pu”)
0

u’du.
eauV

Then by (13), we have (18). The lemma is proved.
Remark 1. We do not need the constraint ¢ < 1 to obtain (18). If U(co) = oo, then
we have

ws(o,n) = k(o)(n € N). (19)

For example, if we set p(r) = (1++)5(t > 0;0 < B < 1), then for x > 0, we find

x 1
U(.X') = '/0 md[

(1+x'—F—1
=§—1_;s 0sp<1 _

In(1+x),8=1
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and

o0 1

Lemma3. If0 <a <p(p>0), 0 <y <a <1, there exists ny € N, such that
Vp > V1 (n € {ng,np + 1,---}), and V(oo0) = oo, then

(i) forx € Ry, we have
k(()')(l - 98(07 X)) < ws (0—9 )C), (20)

where, 05(0,x) = O((U(x))*®~)) € (0, 1);
(ii) for any b > 0, we have

2 v, 1{1
> 7 (V_b + bO(l)) . 1)

~ n+% 1
Vn = Vn - i‘)n < Vn = / V(f)dt = V(}’l —+ 5),
1

by Example 1(iii), we have

oo

B cse h(p(U‘s (x){/n)y) Uée xX)v,
ws(0,x) = Z (U@ V)Y ‘7,1_0

n=

> i /n+% CSCh(p(US(x)V(n—i_ %))V) Usg(x)vn-Fldt
B ntd UVt 1)) (V(n+ 1)1

n=nqp

o

>

" eseh(p(U @V(0)) U @V'(0)
/,1 U@V vy~

1
n=nq +3

_ [ eschpU@VE)?) U @V'(@)
_/m; I U0 I

Setting u = U’ (x)V (1), in view of V(00) = oo, by (13), we find

o csc h(pu?
ws(0,x) >/ #u"_ldu
VSV, €

UV cgc h(pu’)

u’Vdu
eauV

= k(o) —
0
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= k(0)(1 — 05(0, x)),

VVao ese h(pu _
f5(0,%) k(a)/ esChlpu”) o1 4y ¢ (0. 1),

auV

Since F(u) = w is continuous in (0, 00), satisfying

F(u) — %(u — 01), F(u) — 0(u — 00),

there exists a constant L > 0, such that F(u) < L, namely,

csc h(pu”)

P u

< Lu"(u € (0, 00)).

Hence we find

Ue (X)Vno
0<95(0x)_k()/ u® " du
L(U* (x)Viy)* 7

k(a)(o —v)

and then (20) follows.
For b > 0, we find

&)
Vn
; ~;+b = T Z VH-b(n)

1+
1 'n n=no+1

=
S

AN, e Y (x
gt 2L e
e [T e,

Vit s VIR ()

_ 0 YV, n 1

VI BV (ng + 3)

1{1 =
- Ses)
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. i /"+3 Ve /°° dv(x)
A
ey VIROTT L VP

1 1
T bV + 1) T bVE

Hence we have (21). The lemma is proved.

Note. For example, v, = m(n e N;0 < B <1,0 <t < 1) satisfies the
conditions of Lemma 3 (for ny > 1).
3 Equivalent Inequalities and Operator Expressions

Theorem 1. [f0 <« < p(p > 0),0 <y <o < 1,k(0) is given by (13), then for
p>1, 0 <|lfllp.e5. llall, s < oo. we have the following equivalent inequalities:

iyl (s < KOl llall, g, (22

LN [T esch(p(UP@)V))
I:= ; [0

& e | esch(p(UP () V)7) !
< k(o)|If|p.es» (23)
e ww [Seschp@®vy | g
b= {/0 U'=%% (x) Lz:; (U () V)Y a”} dx}
< k(o)lall, 5- (24)

Proof. By Holder’s inequality with weight (cf. [8]), we have

i /°° esc h(p(U* (x) V,)7)
0

P
AT AL dx}

~ —8a - 1—o
-1 hpWr 7)) (U5 e ) (" pwe
0 eot(U(S x)Vy)Y vnFTU /JL% (x) U 17[50 (x)
p(1—d0)

/O" esch(p(UP(x)V)Y) [ U 7 (x)fP(x)
0

e (U )V V1014 (x)

dx

dx
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y |:/~oo cse /’l(,O(UB(fC)‘N/n)y) f/n(l—a)([’—l)u(x) dx:|p—
0

(U ()V,)7 U'=%(x)

esch(p(U*(x)V,)7) U150 (),
(U () V)7

_ @@y [
0

~po—1
V',

‘7,1_"#”_1()6) fP(x)dx. (25)

In view of (18) and the Lebesgue term by term integration theorem (cf. [9]), we
find

[ & (% eseh(p(UP(0)T,)7) UI=300-D ), ’
i = o)) _;fo U 0V)r ‘Zl_aﬂlp—l(x) fp(x)dx:|
B il ese h(p(UP (x)V,)7) U0—300-D (x)y, ,
= o' | /0 ; e f!’(x)dx}
T oo (1—80)—1 7
= tont | [ onton T SO cas] 6)

Then by (17), we have (23).
By Holder’s inequality (cf. [8]), we have

1 1
o ;o poo 8 (x)V 7 °
Vi csc h(p(U°(x)V,)Y) Vi ay
I = Z T / TR f(x)dx T
n=1|vp 70 € ! vy
< Jillall,.3- 27)
Then by (23), we have (22).

On the other hand, assuming that (22) is valid, we set

- —1
w | eseh(p(UP () V) '
a, = ~1U_ / es¢ (p( (3() ) )f(x)dx ,neN.
Vn po 0 ea(Ué(X)Vn)y

Then, we find J{ = ||a||q

If J; = 0, then (23) is tr1V1ally valid.
If J1 = oo, then (23) keeps impossible.
Suppose that 0 < J; < co. By (22), it follows that

llall? 5 = 7 =1 < k@)IIfllp.0llall -
—1
llall?5 = Ji < k©@)|Ifllp.a5-

and then (23) follows, which is equivalent to (22)
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By Holder’s inequality with weight (cf. [8]), we obtain

i esch(p(U'@V,)") T

(U () V)

Ln=1
M oo - 150 1 _l=c q
_ Z esc h(p(US(x)V,)?) [ U 4 (x)v,f Vi’ ay

US (x) V)7 1—a —sa 1
n=1 e“( ) Vn Ul 4 (x)vlf

(U ) 7,)7) U300 (o, 17
ZCSC :|

(U () V) Vi-o

Ln= n

IA

q(1=0)
oo S 7 T
X3 csch(p(U°()V,)") Vi " g

ea(U‘*(x)f/n)V Ul—éo (x)v"{_l n

n=1

_ (ws(0,x))! icsch(p(uls(x)v yY) imoeh (x)

T U & e @0hy iyt ! (28)

n.

Then by (17) and Lebesgue term by term integration theorem (cf. [9]), it follows that

(oo 5 =) g

ea(Ué(x)Vn)y []1 SU(.X:)U‘Z 1

> s (1-0)(g—1) L
= (k(o‘))llr {Z[; CSCh(p(U (X)V )}/) Vn a- [L(x) d §
n=1

et (US(0)V)? Ul—so (x)vg_

V(I(l_o') 1 q
= (k(0))? §Zw3(0 n)—— ag§ . (29)

n=1

Then by (18), we have (24).
By Holder’s inequality (cf. [8]), we have

(Ui pi () X eseh(p(U @) V,)?)
1_/0 ( 1o () f(x)[ "‘“"(x)z PTE A

=< Ifllp.@s/2- (30)

Then by (24), we have (22).
On the other hand, assuming that (24) is valid, we set

f(x) - /‘L(X) |:§: CSC h(p(Ug(fc)f/n)y) an:|q_l , X € R+-

(U )V)?
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Then we find J§ = ||f]| |p .
IfJ, =0, then (24) is trivially valid.
If J, = oo, then (24) keeps impossible.
Suppose that 0 < J, < co. By (22), it follows that

Ilfll,,% =13 =1 <k©@)|[fllp.allall, s
110, = T2 < k(0)llall, 5-
and then (24) follows, which is equivalent to (22).
Therefore, (22), (23) and (24) are equivalent. The theorem is proved.

Theorem 2. With the assumptions of Theorem 1, if there exists ny € N, such that
Up = Vpp1 (n € {no,no + 1,-++}), and U(oco) = V(o0) = 00, then the constant
factor k(o) in (22), (23) and (24) is the best possible.

Proof. For ¢ € (0,q(c — y)), wesetd = o — —(e (7. 1)), and f = f(x).x €
Ry, a={a,}°2,.

~ USCHa=1(x) u(x),0 < x¥ < 1
_ : =1 31
fx) % 0’x5 -0 (31)
~~ ~(7_£_1
4=V, =V, * v,neN. (32)

Then for § = +1, since U(co) = oo, we find

f ﬂdx = éU‘sE(l). (33)
{

x>0;0<x8<1} Ul ()

By (21), (33) and (20), we obtain

1 (o) g
- _ o ;L(x)dx P Vn
Hf”[’@s”qu,lI’ - (~/{‘x>0;0<x551} Ul—rSs(x) r; f/rl-i-s

1 s ( 1 ~ )q
-Ur(1)| —+¢e0(1)] , (34)
e Ve

no

/ CSCh(p(U‘s(X)V )y)an( )

e (U? @) V)Y

- i ese hp(U*(97,)") Vo~ v,
B {x>0;0<x3 <1} (U Vy) Ul—86G+e) (x)
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_ - p(x)
B /{x>0;0<x551} @s(G.) U'=%(x) dx
- - ()
z ko) {x>0;0<x851}(1 ~%(0.) U'=%(x)
= k(& 1— 8(0—7—)/) :U“(x)
() {x>o;0<x551}( o((U(x)) N~ U= Sg(x)

— k(6 ()
=4® |:/{x>0;0<x5§1} U'=%(x) dx

p(x)
— O(———F+)dx
/{x>o;0<x551} U (x) :|

= Lo = Ewray — soa1y).
e q

If there exists a positive constant K < k(o), such that (22) is valid when replacing
k(o) to K, then in particular, by Lebesgue term by term integration theorem, we have
el < eKl||fllp.llall, 3, namely,

k(o — ?(U&(” —e0(1)) <K-U7 (1) (VL + 85(1)) q :

no

It follows that k(¢) < K(¢ — 07). Hence, K = k(o) is the best possible constant
factor of (22).

The constant factor k(o) in (23) (respectively, (24)) is still the best possible.
Otherwise, we would reach a contradiction by (27) (respectively, (30)) that the
constant factor in (22) is not the best possible. The theorem is proved.

For p > 1, we find

p(x)

(neN), ‘pl I(x) = UIT‘S“(x)

¥ (n) =

(x € Ry),

f/l —po
and define the following real normed spaces:
Lpo;(Ry) = {f1f =F(x).x € Ry, |[fl]p.05 < 00},

Ly = {aa = (a2, llall, 5 < oo},

Lq d’sl—q(R_i_) = {]’l,h = h(x),x € R+, ||h||q,(1>51_q < OO},

lp,lfxl—p ={c;c = {Cn}go:I’ ||C||p_nf/1—P < OO}
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Assuming that f € L, ¢,(R4), setting

f(x)dx,n € N,

o= (el 0 1= / * esch(p(U'()V,)")

e (UB0Vy)
we can rewrite (23) as follows:
llell, g1 < k(@)If|lp.05 < 00,

namely, ¢ € [, ji—.

Definition 1. Define a half-discrete Hardy-Hilbert-type operator
T p¢5(R+) d l l1,|_,,

as follows:

For any f € L, ;(R4), there exists a unique representation 71f = ¢ € [ -
Define the formal inner product of 71f and a = {a,},2; € [, j as follows:

| [ eseh(pU (V)
(T\f,a) := ; [ /O T f(x)dx] an. (35)
Then we can rewrite (22) and (23) as:
(Tnf,a) < k@)|Iflp.a;llall, g (36)
TSN, 51— < K@)Iflp.as- (37

Define the norm of operator 7 as follows:

Tl 1

T :=
F#0relya,®y) |l

Then by (37), it is evident that ||T}|| < k(o). Since by Theorem 2, the constant
factor in (37) is the best possible, we have

I o atp

T, =k =
1Tl = ko) = e ), (38)
Assuming that a = {a,};2, €[, j. setting
. .
h(p(U% (x) V)Y
oy = 30 ST D)

(U () V)7
n=1
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we can rewrite (24) as follows:
1Al g1+ < K@)llall, < oo,
namely, & € Lq’%;—q R3).
Definition 2. Define a half-discrete Hardy-Hilbert-type operator
il g — Lq,¢;—q(R+)

as follows:

For any a = {a,};2, € I . there exists a unique representation Tra = h €
Lq »1—¢(R4). Define the formal inner product of T>a and f € L, o,(R+) by:

8

o

00 8 U
()= | [Z et V”)y)an}f(x)dx. (39)

U 0V,
n=1

Then we can rewrite (22) and (24) as follows:

(Tza.f) < k(@)|Ifllp.;lall, - (40)
1T2all, 1= < k(@)]lall, 5- (41)

Define the norm of operator T, by:

[|T2all, i
q.®
T2l := sup ————
a(#0)€l, g ||a||q,u7

Then by (41), we find ||T3|| < k(o). Since by Theorem 2, the constant factor in (41)
is the best possible, we have

2I'?) o a+p
—, = ||Ty||. 42
y(2p)”/7§()/ R ) = IThl| (42)

I|T2]] = k(o) =

4 Some Equivalent Reverses

In the following, we also set

- Up(l—&o)—l (x)
P5(x) := (1 = Os(0,x)) —————(x € Ry).
W= (x)
For 0 < p < 1orp < 0, we still use the formal symbols |[f[|, e, [|f]|, s, and

lall, 5
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Theorem 3. If0 <« < p(p > 0),0 < y < 0 < 1,k(0) is given by (13), there
exists ng € N, such that v, > vy41 (n € {ng,ng + 1,---}), and U(co) = V(o0) =
00, then forp < 0, 0 < ||f||p.e; ||a||q,117 < 00, we have the following equivalent
inequalities with the best possible constant factor k(o):

ea(U‘y(x)\N/y,)V anf(-x)dx > k(6)| lf“p.,<1>5 | |a||q,l1~/9 (43)

X (@ esch(p(UP(x)V,)7)
1= Z} /0

) oo PN P
J = Z _ Vn |:/0 csc h(p(U (X)Vn)y)f(x)dx] > k(0)|fllpes.  (44)

il VA U @V
1
00 X >, csc h(p(US(x)V,)Y K
pe | [7 o [ sehptionn I,
o UTr(x) | = U@V,
> k(o)llall, - (45)

Proof. By the reverse Holder’s inequality with weight (cf. [8]), since p < 0,
similarly to the way we obtained (25) and (26), we have

[ [°° esc h(p(UP () V,)7)
0

(VP () V)Y

p
f(x) dxi|

f/r}_”” /oo csch(p(Ua (X)f/n)y) U(l—ao)(P—l)(x)anp(x)dx’
0

= = ~
~ (ws(o.n) 7w, @U@V, V1o ur=1(x)

and then by (19) and Lebesgue term by term integration theorem, it follows that

i = (ko)) [Z /Ooo D) UU_M_])(X)””f%x)dJ |
n=1

(U V) V1=o p=1(x)
. [e%e) p(1—80)—1 ;lz
= oyt | [ oo TS ca]

Then by (17), we have (44).
By the reverse Holder’s inequality (cf. [8]), we have

1

0 P [} 8 (T or 2
Vi csc h(p(U°(x)V,)Y) Vi ay
1=y | / e @ i
w1 | T777° Jo U V) V7
n n
> Jillall, 5 (46)

Then by (44), we have (43).
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On the other hand, assuming that (43) is valid, we set a, as in Theorem 1. Then
we find J| = ||a||q

If J; = oo, then (44) is trivially valid.
If J; = 0, then (44) is impossible.
Suppose that 0 < J; < co. By (43), it follows that

IIaIIZ_q; =J7 = 1> k)|lfllpesllall, 5
lall5 = 1 > k@)If]p.04-
and then (44) follows, which is equivalent to (43).

By the reverse of Holder’s inequality with weight (cf. [8]), since 0 < g < 1,
similarly to the way we obtained (28) and (29), we have

i csc h(p(UP () V,)7) ]
— a,
ca(US () V)

n=1

(@300 $ eseh(p(UP V) V')
T U () p(x) o U@V U'=to (it "

and then by (17) and Lebesgue term by term integration theorem, it follows that

®© (1-0)(g—1) i
B > (k(0))? [/0 Z csc h(p(US (x)V,)7) V=4 1 (x) ndx:|

(U )V, U'=0 (x)yvi~ 1

1 jat—ort T
= (k(0))” [Z ws (0, n) } :

Then by (19), we obtain (45).
By the reverse Holder’s inequality (cf. [8]), we get

_ [~ M w(x) esc h(p(UP (x)V,)")
I _/0 ( i (x) f(x) [ 77 () 2 Z e A
> f .52 47)

Then by (45), we derive (43).

On the other hand, assuming that (45) is valid, we set f(x) as in Theorem 1. Then
we find J3 = [[fI[} 5

IfJ, = oo, then (45) is trivially valid.

If J, = 0, then (45) keeps impossible.

Suppose that 0 < J, < co. By (43), it follows that
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1D 5, = J2 =1 > k(@)[|fl|p.asllall, -
1, = J2 > k(o)]lall, 5.

and then (45) follows, which is equivalent to (43).

Therefore, inequalities (43), (44) and (45) are equivalent.

For ¢ € (0,q9(c —y)), weseto = 0 — g(e (7, 1)), and f = f(x),x € Ry,
a = {an},2,,

USC+a=1(x)u(x),0 < x* <1
0,x" >0

’

) = {

~ y70—1 o7y
a, =V, v, =V, V,,n € N.

By (21), (33) and (17), we obtain

Q=

N 1 s 1 ~
Al lall, s = SU7 (1) (V—S+eoa>) , 8)

no

o0 00 s .
I E csc h(p(UP(x)V,)7) . ~
I = ) ,
n=1 /0 (U @)V, anf (x)dx
5 p(x)
= ws (O"x)—dx
/{X>0;0<x551} U'=%(x)

- w(x) 1 €. s
< k() Y = ko = Syutq).
G0:0< <13 U7 (x) e q

If there exists a positive constant K > k(o), such that (43) is valid when replacing
k(o) by K, then in particular, we have e/ > eK]||f||,.o;llall, 5. namely,

1
e s s 1 ~ !
k(c — ) U*(1)>K-Ur(1)| — +e0(1) ] .
q Vo
It follows that k(o) > K(¢ — 07). Hence, K = k(o) is the best possible constant
factor of (43).
The constant factor k(o) in (44) (respectively, (45)) is still the best possible.

Otherwise, we would reach a contradiction by (46) (respectively, (47)) that the
constant factor in (43) is not the best possible. The theorem is proved.

Theorem 4. With the assumptions of Theorem 3, if

0<p<1, 0<||fllpes ||a||q‘l,~, < 00,
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then we have the following equivalent inequalities with the best possible constant
factor k(o):

0 1% esch(p(US (x)V,)?

=3 g > koWl gl g 49)
o Uy % csc h(p(UP (x) V) g

n=y [/O e ”f(xwx} = KOl g 50
n=1 "n

1

= 650,0) () [ X esch(pUP VYY) ||
J = {[0 |:Z a,,:| dx§

U'—4% (x) U V)Y

n=1

> k(o0)lall, 5- 1)

Proof. By the reverse Holder’s inequality with weight (cf. [8]), since 0 < p < 1,
similarly to the way we obtained (25) and (26), we have

[ /°° ese h(p(UP (0 V,)7)
0

(U Va)?

P
f (x)dxi|

§ (ws(0, m)~! /-oo cse h(p(UP (x)V,)7) U(l_‘w)(p_l)(x)v”f/’(x)dx,
0

‘"'/’[17(7—1 v, e (US () V)Y f/}%—ollbp—l (x)
and then in view of (19) and Lebesgue term by term integration theorem, we find

J1 > (k(o))% |:Z/:° e MpU V) U(l_gg)(p_l)(X)vnfp(x)dj |
n=1

e (U0 V)7 V1= up=1(x)

Up(l—b’a)—l (x)

— k(o)) [ /0 (0. f”(x)dx]p.

Then by (20), we have (50).
By the reverse Holder’s inequality (cf. [8]), we have

1

- ~ Ll
I=i " /°° esc h(p(UP (x)V,)") e | [ %
gt W{—a o (U @)V, Vni
> Jillall, - (52)

Then by (50), we have (49).
On the other hand, assuming that (49) is valid, we set a, as in Theorem 1. Then
we find J| = ||a||Z‘I~/.
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If J; = oo, then (50) is trivially valid.
If J; = 0, then (50) remains impossible.
Suppose that 0 < J; < co. By (49), it follows that

lall? ; = 7, = 1> k@) IIfll, 3, lall, 5.
—1
lal|5 = 1 > k)|l

p.®s

and then (50) follows, which is equivalent to (49).
By the reverse Holder’s inequality with weight (cf. [8]), since g < 0, we have

=, esch(p(UP () V,)7) |
L vy

n=1

(ws (0, %)) i ese h(p(UP ) V)") Vi ™ V()
T UBTT(p) o vy giteyd

and then by (20) and Lebesgue term by term integration theorem, it follows that

e (US @ V)Y U't=do (x)pi ™!

(1=0)(g—1) i
I > (ko) [/ ZCSCh(p(Ué(x)V)y)V ~ M()aqu:|

V"“ -1 i
= (K(o))r [Zm(o n)——— az} :
n=1 "

Then by (19), we have (51).
By the reverse Holder’s inequality (cf. [8]), we have

00 . é—é’o
I= / [(1 — 05(0,x))? U]—(x)f(x)]
0 i (x)

[(1 — 05(0.x)) 7 1 (x) i esch(p(U' Va)") } W

Uity e ey
= (11l 5, (53)

Then by (51), we have (49).

On the other hand, assuming that (49) is valid, we set f(x) as in Theorem 1. Then
we find J¢ = |[f||1’z 3

If J = oo, then ‘(51) is trivially valid.

If J = 0, then (51) remains impossible.

Suppose that 0 < J < o0o. By (49), it follows that
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1P 5 = 4 =1 > K@), 6, lall, 5
—1
1P =T > ko) lall, -

and then (51) follows, which is equivalent to (49).
Therefore, inequalities (49), (50) and (51) are equivalent.

207

For e € (0,p(0 —y)), wesetd = o + I%(> y),and f = f(x),x € Ry, a =

{an}p2,,

U (x)u(x),0 <x% <1
0,x*>0 ’

fe) =
By (20), (21) and (33), we obtain
F1l,.401all,.5

- 1-0 Il G }” AN
[/{x>0;0<)¢5§1}( (&) D) U'=% (x) ,; Vi+e

1

= %(U&?(l) —80(1))5’ (Vi +eé(1))q ,

no

anf (x)dx

[ esc h(p(UP(x)V,)?) -

(VP () V)Y

IA

(e 9]

& § 7 \V) /0

Z / esc h(pUT@V)") Vin() | vn
= | Jie00<0 <ty (VP Va) U'=59(x) Vite
(e 9]

[ / esc h(p(UP () V,)?) V3 () dx} v,

(U V) U1 =85 (x) Vite

- leg(&,n) {/11)+ k@ )Z V1+£

lk(o + E) (L + 8@(1)) .
& p \Vve

no

If there exists a positive constant K > k(o), such that (43) is valid when replacing

k(o) by K, then in particular, we have eI > ¢K||f] |p,4~5§ |la| |q,i~ namely,
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k(o + 157) (VLO n 80(1))
> K (U(1) - 80(1))}’ (VL + 80(1)) "

no

It follows that k() > K(s¢ — 01). Hence, K = k(o) is the best possible constant
factor of (49).

The constant factor k(o) in (50) (respectively, (51)) is still the best possible.
Otherwise, we would reach a contradiction by (52) (respectively, (53)) that the
constant factor in (49) is not the best possible. The theorem is proved.

5 Some Particular Inequalities

For v, =0, Vn =V,, we set

yai-o)-1

Vn
In view of Theorems 2—4, we have

Corollary 1. If0 < a < p(p > 0),0 < y < 0 < 1,k(0) is given by (13), there
exists ng € N, such that v, > v, (n € {ng,np + 1,---}), and U(oo) = V(o0) =
00, then

(i) forp > 1, 0 < ||[fllp.es. llallgw < o0, we have the following equivalent
inequalities:

anf ()dx < k(@)||f|lp.asllallgw. — (54)

(VP (V)7

o [ esch(p(U’ ()V,)")
>l

00 s !
5 v, [/0 csch(p(U (X)V")y)f(x)dx] < k(@)|Ifllp.es.  (55)

eO((U(S X)Vn)?

[e}] o0 h U(g Vn y q %
{ [ ot [Z L ))an} dx§ < k(o) lally

n=1
(56)
(ii) forp < 0, 0 < |fllp.e5. llallge < o0, we have the following equivalent
inequalities:
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eOt(U’g(x)Vn)V ailf(x)dx > k(U) | If| |p.¢§ | |a| |q.‘1’7 (57)

2\ [® esch(p(Us(x)V,)7)
>

Vn % ese h(p(U (x)V,)") :
; o [ /0 w@ovy ) (x)dx] > k(@)IIf1lp.e5,  (58)

= n

o0 © e h(p@ vy 1 )"
{/0 Ull—Lq(;?(x) [Z = e(f(fﬁm(;l))y ) )a,,:| dx} > k(o)llallgw:

n=1

(59)
(iii) for 0 <p <1, 0 < [|fllp.es. llallgw < 00, we have the following equivalent
inequalities:
© 0o §
esc h(p(U°(x)V,)")
Z/o ea(U5<x)vn)vn anf X)dx > k(@)|If1], g llallg.e.  (60)
n=1
0 o) § p
vy csch(p(U°(x)Va)")
; Vi [/0 (U Vi)Y f@dx| > ko)lfll, g, ©1

1

0

U= (x) U V,)

n=1

> k(o)|lallgw- (62)

The above inequalities have the best possible constant factor k(o).
In particular, for § = 1, we have the following inequalities with the non-
homogeneous kernel:

Corollary 2. If0 < a < p(p > 0),0 < y < 0 < 1,k(0) is given by (13), there
exists ng € N, such that v, > v,+1 (n € {ng,np + 1,---3}), and U(c0) = V(o0) =
00, then

(i) forp > 1, 0 < ||fllp.e:, llallge < o0, we have the following equivalent
inequalities:

o0 o0 h U Vn Y
5 /O M) 0 @yds < k) il lallys. (63
n=1

Sl % ¢sc h(p(U(x)V,)" b
S| [ S | <@l 6
n=1 "n

1

o0 2 esch(pU@V) | 1"
§/0 e [Z iy )an} dx} <k@lallywi (69

n=1
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(ii) forp < 0, 0 < |fllp.e.lallgw < o0, we have the following equivalent
inequalities:

2\ [ esch(p(Ux)V,)?
> | S s = K@l lallw. (©6)

oo

n © ]’l ' Y p
2 - UO = ;ﬁ%ﬂv) )f@dx} > k(O)|Ifllpars (67

—po
vV, P

n=1

00 oo h g y q é
{/ o [Z e )an} dx§ > kllallwi  (68)

n=1

(iii) for 0 <p <1, 0 < [|fllp.e:, llallgw < 0o, we have the following equivalent
inequalities:

S\ [ esch(p(U(x)V,)”
Z/O csc e(:)(fj(x)(‘)/i’))y ) )anf(x)dX> k(0)|lf||p,431||a||q.‘1” (69)
n=1

o0

n *° h n)’ p
PR [ /0 - e((ﬁff{)(f))v) )f(X)dx} > k©@)|Ifll, 5, (70)

1—po
Vo ?

n=1

1

© (1= 6,(0,0) () [ & esch(pU@V,)Y) |* | °
| b o] o

1= U@V
U499 (x) o ev
> k(o)lallg.w- (71)
The above inequalities involve the best possible constant factor k(o).
For § = —1, we have the following inequalities with the homogeneous kernel of
degree 0:

Corollary 3. If0 <« < p(p > 0),0 < y < o < 1,k(0) is given by (13), there
exists ng € N, such that v, > v,41 (n € {ng,np + 1,---}), and U(oco) = V(o0) =
00, then

(i) forp > 1, 0 < |[|fl|p.e_,. |lallqw < o0, we have the following equivalent

inequalities:
o0 csch(p())
| s was < koWl llalls. (72)
n=1 0 ea(u(x))
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— o csch(p(gs)”) !
Vn U(x)
ZQWW[A iy | <Ko T3
v N
o , ese h(p(a)) ;
e (x) eseniplo
n d. <k 5 74
{AUWWJ; | A <K@l 08
(ii) forp < 0, 0 < ||fllp.o_i, llallgw < oo, we have the following equivalent
inequalities:
o0 cseh(p())
| a0 > ko lallw. 79
n=1 0 ea(m)y
- o cseh(p(gs)”) !
Vn U(x)
Z;WW[A By W >k e, O
v N
o e, ese h(p()) q
p(x) eseniplo
n d >k ; 77
{/0 U1+qa(x) |:; ea(%)y a X (U)”qu,Uf ( )
(iii) for0 <p <1, 0 < ||fllp.e_;. llallgw < 00, we have the following equivalent
inequalities:
o0 cseh(p(5))
> [ s> kol llalle. 09
=170 e"‘(u(x))
— o cseh(p(gs)”) !
Vn U(x) B
n=1 V:l_pg |:/(; e“(uv('l))y fCde | > k(O)Hf”p“p—" (79)
V, N
/00 (1= 6_1(0, %) " (x) i csch(p(U(;;))V)a " !
0 U'tao (x) o ea(%)v
> k(o)llallq.w- (80)

The above inequalities involve the best possible constant factor k(o).
For @ = p in Theorems 2—4, we have

Corollary 4. Ifp>0,0<y <o <1,

2r(2)2(2)

KO == G

. 81)
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there exists ny € N, such that v, > v,41 (n € {ng,no + 1,---}), and U(co) =
V(o) = o0, then

(i) forp > 1. 0 < [[fllpa.llall, g < oo, we have the following equivalent
inequalities with the best possible constant factor K(o):

© oo S () V
Z/O escpUTOVT) | v < K@)Ifllposllally . (82)
n=1

PPV,
e’} 00 5 ~ p
Uy esc h(p(U°(x)V,)")
; Vi " [/0 eP(US@ V)7 fde| < K@)Ifllpe. 3
1
o) o0 ] X/ 4 q
p(x) csch(p(U° (x)V,)") )
{/o U= (x) [Z; eP(UP V)Y an | dx < K(@)llall,g-

(84)

(ii) for p < 0,0 < ||fllp.®» ||a||q’q~, < o0, we have the following equivalent
inequalities with the best possible constant factor K(o) :

ey anf s > K|l lall, 5. (85

o [ esch(p(UP (1) V))
>l

(o ¢]

00 8\ P
Z%[/O csc h(p(U (X)Vn))/)f(x)dx:| > K@)fllpor (86)

8 (x) V)Y
=1 Vn e,D(U (X)Vn)

© u@ [ esch(p@®v))
§/o U450 (x) |:Z ePUS V) a”:| dx

1
q

> K(0)llall, g

n=1

(87)

(iii) for 0 < p < 1,0 < ||f]lp.®;> ||a||qy.1~, < 00, we have the following equivalent
inequalities with the best possible constant factor K(o):

eyl (x> KOl g, lall 5. (88

2, [ cesch(p(Us(x)V,))
>

e ]

[ ) v, P
Z%[/O csc h(p(U (x)Vn)V)f(x)dxi| > K@il 5, (89

% ePUS V)

n=1

/ % (1 - B5(00 ) 9 x) [i cschlp (Us(xw"’”an}qu% |
0

U'—49%9 (x) ePUB )V,

> K(0)llall, - (90)
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In particular, for y = 3, 05(0,x) = O((U (x))%g),

(i) for p > 1, we have the following equivalent inequalities with the best possible
constant factor 6”—22:
op

0 00 § 7 \o/2 2
esc h(p(U°(x) V) ) T
[ S @< Wl O

o

o0 8 (2 \T7 \0/2 P 2
5 _u [ /0 esc h(p(UP (0)V,) )f(x)dx] <%p2|[f||p,¢5, 92)

A PACHCIOLE

n=1

1
[T | 3 e, T
0 U'l—aso (x) — eP(UP () V,)0/2 n 60p2 q. ¥
(93)
(i1) for p < 0,we have the following equivalent inequalities with the best possible

712
constant factor =
6op

o 00 § 7 \0/2 2
esc hp(U* () V,)7") x
= dx > ;. (94
S S e el Wi el 69
o ) 8§ (N7 \0/2 4 2
v esc h(p(U () V,)7") x
2 [ |, S| > e ©9
1
/°° w0 [ g eseHpU (7)) N ST
o Ui (x) | e 6op? e

(96)
(iii) for 0 < p < 1,we have the following equivalent inequalities with the best
possible constant factor %:

> o0 8(y\17 )0/2 5

esc h(p(UP () Vi)*'") .

;/o oy o x> 600 1,5,z (O7)
oo oo § ~ 0/2 P )
Vp esc h(p(U° (x)V,)7/?) .

= d . g

;; ‘7;_170 |:/0 eP(U3()V,)o/2 fdx | > 6O’p2|lf||p’q>5’ (98)

% (1= 05(0.%) () | o= esch(p(UP (x)V,)°/?) qd é
/0 U'~4% (x) 2} eP(UB () V)07 o | X

n=
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2
b4
U—p2||a||q,q7~ 99

Fora =0,y = 7, 605(0,x) = O((U(x))%”) in Theorems 2—4, we have
Corollary 5. If p > 0,0 < 0 < 1, there exists ng € N, such that v, > v, (n €
{ng,nop + 1,--+}), and U(o0) = V(00) = o0, then

(i) forp > 1, 0 < |[f||p,¢5,||a||q.l,~, < 00, we have the following equivalent

. . . . 2
inequalities with the best possible constant factor #ﬂz

2

Z / ese h(p(U" () 7) Danf s < 5l 3. (100

o0

o0 . ~ o p 2
ZNL[ /0 csch(P(Ué(x)Vn)z)f(x)dx} < 59,7 Mlbas. (101

1—po
n=1 V”

1
00 0 9 q 2
p(x) Z S NTr N\ T )
{/(; Ul—qSU(x) |:n=ICSCh(p(U (x)Vn)z)an:| dx} < 20p2||a||q'q~/’
(102)
(ii) for p < 0,0 < ||fllp@s. ||a||q.q~, < 00, we have the following equivalent

. o . . 2
inequalities with the best possible constant factor #pz:

2

Z / ese h(p(U" () 7) Daf s > 5l 5. (103

s Uy oo s - r 2
;W [/0 csch(p(U (x)Vn)Z)f(x)dx:| > szHpr,(Psv (104)

* e e S L L

(105)
(iii) for 0 < p < 1,0 < |[|f|lp.05. lall, § < o0. we have the following equivalent

. .. . . 2
inequalities with the best possible constant factor >
20p

2

Z / ese (U () af (> 1l . (106

S Uy [ele) - P ]t2
> o [ / csch(p(Ué(x)vm)f(x)dx} > sl (107
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) -4 > ' '
{/ (1 —65(0, %) pu(x) [ZCsch(p(Ug(x)Vn)g)“n] dx}
0 n=1

Ul—q&r (.X)
2

T
> szHqu,i/' (108)

Remark 2. (i) For u(x) = v, = 1 in (54), we have the following inequality with
the best possible constant factor k(o) :

Z/ CSCh(P(x l’l) ) nf(x)dx (109)

ea(xon)V

< k(o) [ /O OoxP“—"“)—lfP(x)dx]p [Z nq“—")—lag] . (110)
n=1

In particular, for 6 = 1, we have the following inequality with the non-
homogeneous kernel:
h
Z / i Lff’(fy”) ) af () 111

< k(o) [/wxp(la)lfp(x)dx]p |:Z nq(la)1a3:| ! : (112)
0

n=1

for § = —1, we have the following inequality with the homogeneous kernel:

00 h y
Z/ = a((pgy) ) . () (113)

< k(o) [ / r+o)- lp(x)dx] [anﬂ—”’ lcﬂ} ) (114)

n=1

@ii)) For u(x) = v, =1, v, = 7 € (0, %] in (22), we have the following more
accurate inequality than (82) with the best possible constant factor k(o) :

oo o) 8 (1
Z/ csch(,o[?c (n T)]y)anf(x)dx (115)
1 Jo

(P (i—)])

1

< k(o) |:/ Kr1=00)= 1f‘”(x)dxi| |:Z(n 7)10=0)= laq] . (116)

n=1
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In particular, for 6 = 1, we have the following inequality with the non-

homogeneous kernel:

S [’}
csch([x(n — 1)]")
Z; L — T anf (X)dx (117)
1) IL, 0 q
< k(o) [/ x”(l_")_'f”(x)dx:| > -l | (118)
0 n=1
for § = —1, we have the following inequality with the homogeneous kernel:
o [ esch(p(*TF)")
> / = dnf (D (119)
-1 Y0 e x
(o) }, o0 é
< k(o) [ / PUAC p(x)dx:| Z(n —g)ti=a-lga | (120)
0 n=1

We can still obtain a large number of other inequalities by using some special

parameters in the above theorems and corollaries.
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