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In memory of George Gargov



Preface

The work over the present book started in 1993 in a discussion with George
Gargov. Ten years earlier, he had proposed the name of the extension of fuzzy sets,
introduced by me in [1]. In the next years, first I and later together with G. Gargov
gave some of the basic definitions of intuitionistic fuzzy propositional calculus,
intuitionistic fuzzy predicate logic and intuitionistic fuzzy modal logic.
Unfortunately, in 1996, Gargov died. During next 20 years, I was gathering
enthusiasm to write this book. Meantime, I published about 30 books in the areas
of the generalized nets (extensions of the Petri nets), intuitionistic fuzzy sets and
number theory, but the work on the present book was progressing very slowly. The
readers will see that there are a lot of open problems in the book, which I cannot
solve at the moment, but I hope that the readers will be more successful than me in
this enterprise.

I will repeat a paragraph of my book [2], that I think will be valid for the present
book, too: “throughout the years, many colleagues of mine have shown me or
published communications about inaccuracies, found in [3]. I myself have also
found many mistakes, most of which were due to the “copy-paste” effect. I do not
cherish any illusions that the present book is perfect. However, I do believe that the
present book holds some interesting ideas that open opportunities for future
research. I would encourage researchers to pay more attention in this direction.”

During last years, in the area of fuzzy logic a lot of books have been published,
which had an impact on my research. An incomprehensive list includes [4–17]. To
the best of my knowledge, this book is the first one, exclusively devoted to intu-
itionistic fuzzy logics.

Now, I have recorded more than 5000 papers on intuitionistic fuzzy sets, written
by researchers from more than 50 countries. Most of these papers discuss important
issues related to the theory or applications of the intuitionistic fuzzy sets. For this
reason, I realized that it would be virtually impossible to make a survey of all the
others’ results and contented myself with the presentation of my own works only.
I am convinced that in recent future many of the colleagues in the field will likewise
collect and publish their own ideas as papers and monographs, and I would gladly
subserve anyone in that.
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I am very thankful to my colleagues and students who motivated me to prepare
the present book. The list of their names is long, but I must note (in the alphabetical
order of their first names) at least those of my coauthors whose research I have used
and included in this book: Beloslav Riečan, Boyan Kolev, Dimiter Dimitrov, Eulalia
Szmidt, Evgeniy Marinov, Ivan Georgiev, Janusz Kacprzyk, Lilija Atanassova, Nora
Angelova, Peter Vassilev, Radoslav Tsvetkov, Trifon Trifonov, Vassia Atanassova.

Ivan Georgiev, Peter Vassilev and my daughter Vassia Atanassova read and
corrected the text of the manuscript and deserve my deepest thanks and
appreciation.

Special thanks are due to one of the most active contributors and promoters of
intuitionistic fuzzy sets worldwide, an active researcher, coauthor and friend–
Janusz Kacprzyk, the Editor-in-chief of this book series, who urged me to finalize
my 30-year-long work on intuitionistic fuzzy logics.
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funded by the Bulgarian Science Fund.
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Chapter 1
Elements of Intuitionistic Fuzzy
Propositional Calculus

1.1 Intuitionistic Fuzzification of the Validity
of Propositions

In classical logic (e.g., [1–4]), to each proposition (sentence) we juxtapose its truth
value: truth – denoted by 1, or falsity – denoted by 0. In the case of fuzzy logic [5],
this truth value is a real number in the interval [0, 1] and it is called “truth degree”
or “degree of validity”. In the intuitionistic fuzzy case (see [6–9]) we add one more
value – “falsity degree” or “degree of non-validity”– which is again in interval [0, 1].
Thus, to the proposition p, two real numbers, μ(p) and ν(p), are assigned with the
following constraint:

μ(p), ν(p) ∈ [0, 1] and μ(p) + ν(p) ≤ 1. (1.1.1)

Let
π(p) = 1 − μ(p) − ν(p).

This function determines the degree of uncertainty (indeterminacy).
In [10], the pair 〈μ(p), ν(p)〉 that satisfies condition (1.1.1) is called “Intuitionistic

Fuzzy Pair” (IFP).
Let an evaluation function V be defined over a set of propositions S, in such a

way that for p ∈ S:
V (p) = 〈μ(p), ν(p)〉.

Hence the function V : S → [0, 1] × [0, 1] gives the truth and falsity degrees of
all elements of S.

We assume that the evaluation function V assigns to the logical truth T

V (T ) = 〈1, 0〉,

© Springer International Publishing AG 2017
K.T. Atanassov, Intuitionistic Fuzzy Logics, Studies in Fuzziness
and Soft Computing 351, DOI 10.1007/978-3-319-48953-7_1
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2 1 Elements of Intuitionistic Fuzzy Propositional Calculus

and to the logical falsity F
V (F) = 〈0, 1〉.

When
ν(p) = 1 − μ(p),

i.e.,
V (p) = 〈μ(p), 1 − μ(p)〉,

it coincides with the fuzzy case.
As it was discussed in the author’s book [11], one of his major mistakes was that in

the middle of 1980s, when he found the following two negations that can be defined
over elements of S, he did not study in details the properties of the second negation,
because it was essentially more complex. For p ∈ S these negations are:

V (¬1 p) = 〈ν(p),μ(p)〉, (1.1.2)

V (¬2 p) = 〈sg(μ(p)), sg(μ(p))〉, (1.1.3)

where here and below

sg(x) =
⎧
⎨

⎩

1 if x > 0

0 if x ≤ 0
,

and

sg(x) =
⎧
⎨

⎩

0 if x > 0

1 ifx ≤ 0
.

Obviously, the first definition coincides with the formula in the ordinary fuzzy
logic (see, e.g., [12]).

Immediately, we see that for each proposition p ∈ S:

V (¬1¬1 p) = V (p),

which some colleagues interpreted as a contradiction with the idea of L. Brouwer’s
intuitionism (see, e.g., [13–15]). The author’s opinion is that the words “intuitionistic
fuzzy” correspond to the form of the elements of set S, but not to the forms of the
operations defined over the intuitionistic fuzzy propositions.

The second negation does not satisfy the equality V (¬2¬2 p) = V (p), and as
we see below, it exhibits truly intuitionistic behaviour. This is a confirmation of the
author’s assertion that intuitionistic fuzzy objects have intuitionistic properties. In
the Sect. 1.4, we discuss not only the second, but more than 50 different negations.
Here, we define only the operations “disjunction”, “conjunction” and “implication”,
originally introduced in [6], that have classical logic analogues, as follows:
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V (p ∨ q) = 〈max(μ(p),μ(q)),min(ν(p), ν(q))〉, (1.1.4)

V (p ∧ q) = 〈min(μ(p),μ(q)),max(ν(p), ν(q))〉, (1.1.5)

V (p → q) = 〈max(ν(p),μ(q)),min(ν(p),μ(q))〉. (1.1.6)

In some places below,we call them “standard” disjunction, conjunction and impli-
cation.

Similarly to [7, 16], several geometrical interpretations of the results of the func-
tion V will be discussed below.

In intuitionistic fuzzy propositional calculus, the formulas are defined in the man-
ner of standard propositional calculus.

In [7], it is noted that the ordinary fuzzy sets have only one geometrical interpre-
tation, while in [7, 16] several interpretations of IFSs are given. Here we show the
most relevant interpretations for the logical case.

The first one (which is analogous to the standard fuzzy set interpretation) is shown
on Fig. 1.1.

Its analogue is given in Fig. 1.2.

Fig. 1.1 First geometrical
interpretation

S
0

1

μ

ν

Fig. 1.2 Modified form of
the first geometrical
interpretation

S
0

1
1 − ν

μ



4 1 Elements of Intuitionistic Fuzzy Propositional Calculus

Therefore, we can map to every formula A, a unit segment in the form:

μ(A)

ν(A)

π(A)

A

Let a universe S be given and let us consider the figure F in the Euclidean
plane with a Cartesian coordinate system (see Fig. 1.3). Then, we can construct an
evaluation function V from S to F such that if p ∈ S, then

x = V (p) ∈ F,

the point x has coordinates 〈a, b〉 for which: 0 ≤ a + b ≤ 1 and these coordinates
are such that a = μ(p), b = ν(p).

We will note that there can exist two different elements p, q ∈ S for which
μ(p) = μ(q) and ν(p) = ν(q), i.e., for which V (p) = V (q).

About the form and the methods of determining the functions μ and ν, we must
repeat the same, as in [7]: everywhere below we will assume that these functions are
either pre-determined or obtained as a result of the application of some operations
or operators over pre-determined functions. In fuzzy set theory, there are three basic
ways to construct membership functions:

(i) on the basis of expert knowledge;
(ii) explicitly—on the basis of observations collected in advance and processed

appropriately (e.g., by statistical methods);
(iii) analytically—by suitably chosen functions (e.g. probabilistic distribution).

Fig. 1.3 Second geometrical
interpretation

(0,1)

(0,0) (1,0)

F

S

V
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The two latter cases are treated in much the same way as ordinary fuzzy sets;
however these methods are now used for the estimation of both the degree of mem-
bership and the degree of non-membership of a given element of a fixed universe
to a subset of the same universe. It is clear that a correct method must respect the
inequalities

0 ≤ μ(A) + ν(A) ≤ 1

for every formula A.
Following [7], we must also add, that the case when the functions values are cal-

culated on the basis of expert knowledge is more complicated. In this case problems
related to the correctness of the expert estimations arise.No such problems arisewhen
dealing with ordinary fuzzy sets. These problems are discussed in Sect. 4.3 of [7],
where five approaches of processing expert knowledge are proposed, regarding the
construction of the degrees of membership and non-membership. These approaches
are introduced in increasing order of complexity, and they reflect the assurance of the
experts who estimate the corresponding events (objects, processes), their personal
and collective opinion and their expert ratings. Similar approaches can be used for
processing collected knowledge (observations), when incorrect data are suspected.
Some of the methods from Sect. 4.3 of [7] and the methods introduced by P. Dwor-
niczak in [17, 18], can help us locate the incorrect pieces of information.

Four other geometrical interpretations are shown in Figs. 1.4, 1.5 and 1.6.
The triangle from Fig. 1.4 has sides length of 2

√
3

3 and therefore, the length of the
altitude is equal to 1 (= μ(p) + ν(p) + π(p)).

The angles to the basis of the triangle from Fig. 1.5 have the values, respectively,
α = π.μ(p) and β = π.ν(p), where π = 3.14159 . . ., and the length of the triangle
basis is equal to 1, as well as the catheti of the rectangular triangle from Fig. 1.6.

In [19], a geometrical interpretation based on radar chart is proposed by V.
Atanassova. In Fig. 1.7, the innermost zone corresponds to the membership degree,
the outermost zone to the non-membership degree and the region between both zones
to the degree of uncertainty. This interpretation can be especially useful for data in
time series, multivaried data sets and other data with cyclic trait.

Fig. 1.4 Third geometrical
interpretation

μ

νπ

μ(A)

π(A)

ν(A)
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Fig. 1.5 Fourth geometrical
interpretation

βα

Fig. 1.6 Fifth geometrical
interpretation

〈0, 1〉

〈0, 0 〈〉 1, 0〉μ(A), 0〉

〈0, ν(A)〉

Fig. 1.7 Sixth geometrical
interpretation

The way the two functions, μ and ν, are constructed will not be important for our
considerations below.

The geometrical interpretations of the first two operations conjunction and dis-
junction are the following.

Let p and q be two propositions in S. Let the evaluation function V assign to
p ∧ q ∈ S a point V (p ∧ q) ∈ F with coordinates

〈min(μ(p),μ(q)),max(ν(p), ν(q))〉.

There exist three geometrical cases (see Fig. 1.8a–c) - one general case (Fig. 1.8a)
and two particular cases (Fig. 1.8b, c).

Now, the evaluation function V assigns to p ∨ q ∈ S a point V (p ∨ q) ∈ F with
coordinates

〈max(μ(p),μ(q)),min(ν(p), ν(q))〉.
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V

(a) (b) (c)

(p ∧ q)

V (q)

V (p)

V (p ∧ q) = V (p)

V (q)

V (p ∧ q) = V (q)

V (p)

Fig. 1.8 Second geometrical interpretation of operation ∧

V (p ∨ q)
V

(a) (b) (c)

(q)

V (p)

V (p ∨ q) = V (q)

V (p)

V (p ∨ q) = V (q)

V (p)

Fig. 1.9 Second geometrical interpretation of operation ∨

There exist also three geometrical cases as above, namely, one general case
(Fig. 1.9a) and two particular cases (Fig. 1.9b, c).

In 1988 two different implications were defined (see [6, 16]). For the case of the
first implication (the classical one, see (1.1.6)), function V assigns to p → q ∈ S a
point V (p → q) ∈ F with coordinates 〈max(b, c),min(a, d)〉 (Fig. 1.10a–h).

The second implication (non-classical) has the form

V (p → q) = 〈1 − (1 − c.sg(a − c)), d.sg(a − c)sg(d − b)〉.

For the case of the second implication, evaluation function V assigns to p → q ∈
S apointV (p → q) ∈ F with coordinates 〈1−(1−c.sg(a−c)), d.sg(a−c)sg(d−b)〉
(Fig. 1.11a–h).

In the beginning of this century, when the author started re-defining the multiple
fuzzy implications in intuitionistic fuzzy form, he saw that the above implication
coincides with implication →3 that we will discuss in the next section.

All this is valid for formulas, instead of propositions, too.
For the needs of the discussion below, we define the notions of Intuitionistic Fuzzy

Tautology (IFT, see, e.g. [6, 11]) and tautology.
Formula A is an IFT if and only if (iff) for every evaluation function V , if V (A) =

〈a, b〉, then,
a ≥ b, (1.1.7)

while it is a (classical) tautology if and only if for every evaluation function V , if
V (A) = 〈a, b〉, then,

a = 1, b = 0. (1.1.8)
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(a) (b) (c)

(d) (e) (f)

(g) (h)

Fig. 1.10 Second geometrical interpretation of the classical operation →

For each evaluation function V and for each formula A such that V (x) = 〈a, b〉,
let us say that A is “intuitionistic fuzzy sure” (IF-sure), iff a ≥ 0.5 ≥ b.

Below, when it is clear, we will omit notation “V (A)”, using directly “A” of the
intuitionistic fuzzy evaluation of A. Also, for brevity, in a lot of places, instead of
the IFP 〈μ(A), ν(A)〉 we will use the IFP 〈a, b〉, where a, b ∈ [0, 1] and a + b ≤ 1.

It is also suitable, if 〈a, b〉 and 〈c, d〉 are IFPs, to have

〈a, b〉 ≤ 〈c, d〉 iff a ≤ c and b ≥ d (1.1.9)

and
〈a, b〉 ≥ 〈c, d〉 iff a ≥ c and b ≤ d. (1.1.10)
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(a) (b) (c)

(d) (e) (f)

(g) (h)

Fig. 1.11 Second geometrical interpretation of the first non-classical operation →

1.2 Intuitionistic Fuzzy Implications

In the series of papers [20–55], 185 different implications were defined and some
of their basic properties were studied. In some of these publications, some misprints
in the formulas were found during the last years. Here, we give the full list of the
corrected intuitionistic fuzzy implications.

The first 10 implications, described in [23] are intuitionistic fuzzy analogues of
existing fuzzy implications in literature (see, e.g., [56]). The next five implications
were introduced in author’s publications [24, 31, 36, 37]. Two of them are given in
papers of B. Kolev [31] (→13) and of T. Trifonov (→14) [36, 37] and the author.
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From the so constructed 15 implications, using the formula

¬A = A → F, (1.2.1)

five negations are formulated – the standard (classical) negation ¬1 and four others
¬2, . . . ,¬5, where F is defined above and → is each one of these 15 implica-
tions [57]. By formulas

A → B = ¬A ∨ B

and
A → B = ¬A ∨ ¬¬B,

these 5 negations generate eight new implications [25]. Each of these implications
generates four new implications, by formulas using intuitionistic fuzzy (standard,
classical) modal operators, that we discuss in Chap.3. The analogues of these impli-
cations are given in [11].

In [42–45], L. Atanassova introduced 11 new implications (→139, . . . ,→149).
P. Dworniczak generalized them in [52–54] (implications →150, . . . ,→152) and
L. Atanassova modified Dworniczak’s implications in [49–51] (implications →154

, . . . ,→165).
The next five implications were introduced by the author in [58] as modifications

of the first L. Zadeh’s type intuitionistic fuzzy implication →1, implications →171

,→175 were introduced by the author in [29].
Implications →176, . . . ,→180 were proposed by E. Szmidt, J. Kacprzyk and the

author in [33–35], while the last five implications →181, . . . ,→185 were introduced
by the author in [29].

All currently existing implications were published in [29] and they are given in
Table1.1. In it, we keep the numeration from [11] up to number 138.

1.3 Discussion on Intuitionistic Fuzzy Implications

Let us have
λ ≥ 1, γ ≥ 1, α ≥ 1,β ∈ [1,α],

ε, η ∈ [0, 1] and ε ≤ η < 1.

By direct check, we see that the following equalities hold.

http://dx.doi.org/10.1007/978-3-319-48953-7_3
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Table 1.1 List of the intuitionistic fuzzy implications

→1 〈max(b,min(a, c)),min(a, d)〉
→2 〈sg(a − c), dsg(a − c)〉
→3 〈1 − (1 − c)sg(a − c)), dsg(a − c)〉
→4 〈max(b, c),min(a, d)〉
→5 〈min(1, b + c),max(0, a + d − 1)〉
→6 〈b + ac, ad〉
→7 〈min(max(b, c),max(a, b),max(c, d)),

max(min(a, d),min(a, b),min(c, d))〉
→8 〈1 − (1 − min(b, c))sg(a − c),max(a, d)sg(a − c), sg(d − b)〉
→9 〈b + a2c, ab + a2d〉
→10 〈csg(1 − a) + sg(1 − a)(sg(1 − c) + bsg(1 − c)),

dsg(1 − a) + asg(1 − a)sg(1 − c)〉
→11 〈1 − (1 − c)sg(a − c), dsg(a − c)sg(d − b)〉
→12 〈max(b, c), 1 − max(b, c)〉
→13 〈b + c − bc, ad〉
→14 〈1 − (1 − c)sg(a − c) − dsg(a − c)sg(d − b), dsg(d − b)〉
→15 〈1 − (1 − min(b, c))sg(sg(a − c) + sg(d − b))

−min(b, c)sg(a − c)sg(d − b), 1 − (1 − max(a, d))sg(sg(a − c)
+sg(d − b)) − max(a, d)sg(a − c)sg(d − b)〉

→16 〈max(sg(a), c),min(sg(a), d)〉
→17 〈max(b, c),min(ab + a2, d)〉
→18 〈max(b, c),min(1 − b, d)〉
→19 〈max(1 − sg(sg(a) + sg(1 − b)), c),min(sg(1 − b), d)〉
→20 〈max(sg(a), sg(c)),min(sg(a), sg(c))〉
→21 〈max(b, c(c + d)),min(a(a + b), d(c2 + d + cd))〉
→22 〈max(b, 1 − d), 1 − max(b, 1 − d)〉
→23 〈1 − min(sg(1 − b), sg(1 − d)),min(sg(1 − b), sg(1 − d))〉
→24 〈sg(a − c)sg(d − b), sg(a − c)sg(d − b)〉
→25 〈max(b, sg(a)sg(1 − b)), csg(d)sg(1 − c)),min(a, d)〉
→26 〈max(sg(1 − b), c),min(sg(a), d)〉
→27 〈max(sg(1 − b), sg(c)),min(sg(a), sg(1 − d))〉
→28 〈max(sg(1 − b), c),min(a, d)〉
→29 〈max(sg(1 − b), sg(1 − c)),min(a, sg(1 − d))〉
→30 〈max(1 − a,min(a, 1 − d)),min(a, d)〉
→31 〈sg(a + d − 1), dsg(a + d − 1)〉
→32 〈1 − dsg(a + d − 1), dsg(a + d − 1)〉
→33 〈1 − min(a, d),min(a, d)〉
→34 〈min(1, 2 − a − d),max(0, a + d − 1)〉

(continued)
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Table 1.1 (continued)

→35 〈1 − ad, ad〉
→36 〈min(1 − min(a, d),max(a, 1 − a),max(1 − d, d)),max(min(a, d),

min(a, 1 − a),min(1 − d, d))〉
→37 〈1 − max(a, d)sg(a + d − 1),max(a, d)sg(a + d − 1)〉
→38 〈1 − a + a2(1 − d), a(1 − a) + a2d〉
→39 〈(1 − d)sg(1 − a) + sg(1 − a)(sg(d) + (1 − a)sg(d)),

dsg(1 − a) + asg(1 − a)sg(d)〉
→40 〈1 − sg(a + d − 1), 1 − sg(a + d − 1)〉
→41 〈max(sg(a), 1 − d),min(sg(a), d)〉
→42 〈max(sg(a), sg(1 − d)),min(sg(a), sg(1 − d))〉
→43 〈max(sg(a), 1 − d),min(sg(a), d)〉
→44 〈max(sg(a), 1 − d),min(a, d)〉
→45 〈max(sg(a), sg(d)),min(a, sg(1 − d))〉
→46 〈max(b,min(1 − b, c)), 1 − max(b, c)〉
→47 〈sg(1 − b − c), (1 − c)sg(1 − b − c)〉
→48 〈1 − (1 − c)sg(1 − b − c), (1 − c)sg(1 − b − c)〉
→49 〈min(1, b + c),max(0, 1 − b − c)〉
→50 〈b + c − bc, 1 − b − c + bc〉
→51 〈min(max(b, c),max(1 − b, b),max(c, 1 − c)),

max(1 − max(b, c),min(1 − b, b),min(c, 1 − c))〉
→52 〈1 − (1 − min(b, c))sg(1 − b − c), 1 − min(b, c)sg(1 − b − c)〉
→53 〈b + (1 − b)2c, (1 − b)b + (1 − b)2(1 − c)〉
→54 〈csg(b) + sg(b)(sg(1 − c) + bsg(1 − c)),

(1 − c)sg(b) + (1 − b)sg(b)sg(1 − c)〉
→55 〈1 − sg(1 − b − c), 1 − sg(1 − b − c)〉
→56 〈max(sg(1 − b), c),min(sg(1 − b), 1 − c)〉
→57 〈max(sg(1 − b), sg(c)),min(sg(1 − b), sg(c))〉
→58 〈max(sg(1 − b), sg(1 − c)), 1 − max(b, c)〉
→59 〈max(sg(1 − b), c), 1 − max(b, c)〉
→60 〈max(sg(1 − b), sg(1 − c)),min(1 − b, sg(c))〉
→61 〈max(c,min(b, d)),min(a, d)〉
→62 〈sg(d − b), asg(d − b)〉
→63 〈1 − (1 − b)sg(d − b), asg(d − b)〉
→64 〈c + bd, ad〉
→65 〈1 − (1 − min(b, c))sg(d − b),max(a, d)sg(d − b)sg(a − c)〉
→66 〈c + d2b, bd + d2a〉
→67 〈bsg(1 − d) + sg(1 − d)(sg(1 − b) + csg(1 − b)),

asg(1 − d) + dsg(1 − d)sg(1 − b)〉
(continued)
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Table 1.1 (continued)

→68 〈1 − (1 − b)sg(d − b), asg(d − b)sg(a − c)〉
→69 〈1 − (1 − b)sg(d − b) − asg(d − b)sg(a − c), asg(a − c)〉
→70 〈max(sg(d), b),min(sg(d), a)〉
→71 〈max(b, c),min(cd + d2, a)〉
→72 〈max(b, c),min(1 − c, a)〉
→73 〈max(1 − max(sg(d), sg(1 − c)), b),min(sg(1 − c), a)〉
→74 〈max(sg(b), sg(d)),min(sg(b), sg(d))〉
→75 〈max(c, b(a + b)),min(d(c + d), a(b2 + a) + ab)〉
→76 〈max(c, 1 − a),min(1 − c, a)〉
→77 〈(1 − min(sg(1 − a), sg(1 − c))),min(sg(1 − a), sg(1 − c))〉
→78 〈max(sg(1 − c), b),min(sg(d), a)〉
→79 〈max(sg(1 − c), sg(b)),min(sg(d), sg(1 − a))〉
→80 〈max(sg(1 − c), b),min(d, a)〉
→81 〈max(sg(1 − b), sg(1 − c)),min(d, sg(1 − a))〉
→82 〈max(1 − d,min(d, 1 − a)),min(d, a)〉
→83 〈sg(a + d − 1), asg(a + d − 1)〉
→84 〈1 − asg(a + d − 1), asg(a + d − 1)〉
→85 〈1 − d + d2(1 − a), d(1 − d) + d2〉
→86 〈(1 − a)sg(1 − d) + sg(1 − d)(sg(a) + (1 − d)sg(d)),

asg(1 − d) + dsg(1 − d)sg(a)〉
→87 〈max(sg(d), 1 − a),min(sg(d), a)〉
→88 〈max(sg(d), sg(1 − a)),min(sg(d), sg(1 − a))〉
→89 〈max(sg(d), 1 − a),min(d, a)〉
→90 〈max(sg(a), sg(d)),min(d, sg(1 − a))〉
→91 〈max(c,min(1 − c, b)), 1 − max(b, c)〉
→92 〈sg(1 − b − c),min(1 − b, sg(1 − b − c))〉
→93 〈(1 − min(1 − b, sg(1 − b − c)),min(1 − b, sg(1 − b − c))〉
→94 〈c + (1 − c)2b, (1 − c)c + (1 − c)2(1 − b)〉
→95 〈min(b, sg(c)) + sg(c)(sg(1 − b) + min(c, sg(1 − b))),

min(1 − b, sg(c)) + min(1 − c, sg(c), sg(1 − b))〉
→96 〈max(sg(1 − c), b),min(sg(1 − b), 1 − c)〉
→97 〈max(sg(1 − c), sg(b)),min(sg(1 − c), sg(b))〉
→98 〈max(sg(1 − c), b), 1 − max(b, c)〉
→99 〈max(sg(1 − c), sg(1 − b)),min(1 − c, sg(b))〉
→100 〈max(bsg(a), c),min(asg(b), d)〉
→101 〈max(bsg(a), csg(d)),min(asg(b), sg(c)d)〉
→102 〈max(b, csg(d)),min(a, sg(c)d)〉
→103 〈max(min(1 − a, sg(a)), 1 − d),min(a, sg(1 − a), d)〉

(continued)
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Table 1.1 (continued)

→104 〈max(min(1 − a, sg(a)),min(1 − d, sg(d))),
min(a, sg(1 − a), d, sg(1 − d))〉

→105 〈max(1 − a,min(1 − d, sg(d))),min(a, d, sg(1 − d))〉
→106 〈max(min(b, sg(1 − b)), c),min(1 − b, sg(b), 1 − c)〉
→107 〈max(min(b, sg(1 − b)),min(c, sg(1 − c))),

min(1 − b, sg(b), 1 − c, sg(c))〉
→108 〈max(b,min(c, sg(1 − c))),min(1 − b, 1 − c, sg(c))〉
→109 〈b + min(sg(1 − a), c), ab + min(sg(1 − a), d))〉
→110 〈max(b, c),min(ab + sg(1 − a), d)〉
→111 〈max(b, cd + sg(1 − c)),min(ab + sg(1 − a),

d(cd + sg(1 − c)) + sg(1 − d))〉
→112 〈b + c − bc, ab + sg(1 − a)d〉
→113 〈b + cd − b(cd + sg(1 − c)),

(ab + sg(1 − a))(d(cd + sg(1 − c)) + sg(1 − d))〉
→114 〈1 − a + min(sg(1 − a), 1 − d), a(1 − a) + min(sg(1 − a), d)〉
→115 〈1 − min(a, d),min(a(1 − a) + sg(1 − a), d)〉
→116 〈max(1 − a, (1 − d)d + sg(d)),

min(a(1 − a) + sg(1 − a), d((1 − d)d + sg(d)) + sg(1 − d))〉
→117 〈1 − a − d + ad, (a(1 − a) + sg(1 − a))d〉
→118 〈1 − a + (1 − d)d − (1 − a)((1 − d)d + sg(d)),

(a(1 − a) + sg(1 − a))d((1 − d)d + sg(d)) + sg(1 − d)〉
→119 〈b + min(sg(b), c), (1 − b)b + min(sg(b), 1 − c)〉
→120 〈max(b, c),min((1 − b)b + sg(b), 1 − c)〉
→121 〈max(b, c(1 − c) + sg(1 − c)),

min((1 − b)b + sg(b), (1 − c)(c(1 − c) + sg(1 − c))) + sg(c)〉
→122 〈b + c − bc, ((1 − c)b + sg(b))(1 − c)〉
→123 〈b + c(1 − c) − (b(c(1 − c) + sg(1 − c))),

((1 − b)b + sg(b))(((1 − c)(c(1 − c) + sg(1 − c))) + sg(c))〉
→124 〈c + min(sg(1 − d), b), cd + min(sg(1 − d), a)〉
→125 〈max(b, c),min(cd + sg(1 − d), a)〉
→126 〈max(c, ab + sg(1 − b)),

min(cd + sg(1 − d), a(ab + sg(1 − b)) + sg(1 − a))〉
→127 〈b + c − bc, (cd + sg(1 − d))a〉
→128 〈c + ab − c(ab + sg(1 − b)),

(cd + sg(1 − d))(a(ab + sg(1 − b)) + sg(1 − a))〉
→129 〈1 − d + min(sg(1 − d), 1 − a), d(1 − d) + min(sg(1 − d), a)〉
→130 〈1 − min(d, a),min(d(1 − d) + sg(1 − d), a)〉
→131 〈max(1 − d, (1 − a)a + sg(a)),

min(d(1 − d) + sg(1 − d), a((1 − a)a + sg(a)) + sg(1 − a))〉
→132 〈1 − ad, (d(1 − d) + sg(1 − d))a〉

(continued)
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Table 1.1 (continued)

→133 〈1 − d + (1 − a)a − (1 − d)((1 − a)a + sg(a)),
(d(1 − d) + sg(1 − d))(a((1 − a)a + sg(a)) + sg(1 − a))〉

→134 〈c + min(sg(c), b), (1 − c)c + min(sg(c), (1 − b))〉
→135 〈max(b, c),min((1 − c)c + sg(c), 1 − b)〉
→136 〈max(c, b(1 − b) + sg(1 − b)),

min((1 − c)c + sg(c), (1 − b)(b(1 − b) + sg(1 − b)) + sg(b))〉
→137 〈b + c − bc, ((1 − c)c + sg(c))(1 − b)〉
→138 〈c + b(1 − b) − c(b(1 − b) + sg(1 − b)),

((1 − c)c + sg(c))((1 − b)(b(1 − b) + sg(1 − b)) + sg(b))〉
→139 〈 b+c

2 , a+d
2 〉

→140 〈 b+c+min(b,c)
3 ,

a+d+max(a,d)
3 〉

→141 〈 b+c+max(b,c)
3 ,

a+d+min(a,d)
3 〉

→142 〈 3−a−d−max(a,d)
3 ,

a+d+max(a,d)
3 〉

→143 〈 1−a+c+min(1−a,c)
3 ,

2+a−c−min(1−a,c)
3 〉

→144 〈 1+b−d+min(b,1−d)
3 ,

2−b+d−min(b,1−d)
3 〉

→145 〈 b+c+min(b,c)
3 ,

3−b−c−min(b,c)
3 〉

→146 〈 3−a−d−min(a,d)
3 ,

a+d+min(a,d)
3 〉

→147 〈 1−a+c+max(1−a,c)
3 ,

2+a−c−max(1−a,c)
3 〉

→148 〈 1+b−d+max(b,1−d)
3 ,

2−b+d−max(b,1−d)
3 〉

→149 〈 b+c+max(b,c)
3 ,

3−b−c−max(b,c)
3

→150,λ 〈 b+c+λ−1
2λ , a+d+λ−1

2λ , where λ ≥ 1

→151,γ 〈 b+c+γ
2γ+1 ,

a+d+γ−1
2γ+1 , where γ ≥ 1

→152,α,β 〈 b+c+α−1
α+β ,

a+d+β−1
α+β where α ≥ 1,β ∈ [1,α]

→153,ε,η 〈min(1,max(c, b + ε)),max(0,min(d, a − η))〉
where ε, η ∈ [0, 1] and ε ≤ η < 1

→154,λ 〈−a+c+λ
2λ , a−c+λ

2λ 〉, where λ ≥ 1

→155,λ 〈 1−a−d+λ
2λ , a+d+λ−1

2λ 〉, where λ ≥ 1

(continued)
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Table 1.1 (continued)

→156,λ 〈 b+c+λ−1
2λ , 1−b−c+λ

2λ 〉, where λ ≥ 1

→157,λ 〈 b−d+λ
2λ , −b+d+λ

2λ 〉, where λ ≥ 1

→158,γ 〈 1−a+c+γ
2γ+1 ,

a−c+γ
2γ+1 〉, where γ ≥ 1

→159,γ 〈 2−a−d+γ
2γ+1 ,

a+d+γ−1
2γ+1 〉, where γ ≥ 1

→160,γ 〈 b−d+γ+1
2γ+1 ,

−b+d+γ
2γ+1 〉, where γ ≥ 1

→161,γ 〈 b+c+γ
2γ+1 ,

1−b−c+γ
2γ+1 〉, where γ ≥ 1

→162,α,β 〈−a+c+α
α+β ,

a−c+β
α+β 〉, where α ≥ 1,β ∈ [1,α]

→163,α,β 〈 1−a−d+α
α+β ,

a+d+β−1
α+β 〉, where α ≥ 1,β ∈ [1,α]

→164,α,β 〈 b−d+α
α+β ,

−b+d+β
α+β 〉, where α ≥ 1,β ∈ [1,α]

→165,α,β 〈 b+c+α−1
α+β ,

1−b−c+β
α+β 〉, where α ≥ 1,β ∈ [1,α]

→166 〈max(b,min(a, c)),min(a,max(b, d))〉
→167 〈max(1 − a,min(a, c)),min(a, 1 − min(a, c))〉
→168 〈max(1 − a,min(a, 1 − d)), 1 − max(1 − a,min(a, 1 − d))〉
→169 〈max(b,min(1 − b, c)), 1 − max(b,min(1 − b, c))〉
→170 〈max(b,min(1 − b, 1 − d)), 1 − max(b,min(1 − b, 1 − d))〉
→171 〈sg(max(a, d) − max(b, c)), sg(max(a, d) − max(b, c))〉
→172 〈sg(a − c), sg(a − c)〉
→173 〈sg(a + d − 1), sg(a + d − 1)〉
→174 〈sg(1 − b − c), sg(1 − b − c)〉
→175 〈sg(d − b), sg(d − b)〉
→176 〈sg(a − c) + sg(a − c)max(b, c), sg(a − c)min(a, d)〉
→177 〈sg(a − c) + sg(a − c)max(1 − a, c), sg(a − c)min(a, 1 − c)〉
→178 〈sg(a − 1 + d) + sg(a − 1 + d)(1 − min(a, d)),

sg(a − 1 + d)min(a, d)〉
→179 〈sg(1 − b − c) + sg(1 − b − c)max(b, c),

sg(1 − b − c)(1 − max(b, c))〉
→180 〈sg(d − b) + sg(d − b)max(b, 1 − d), sg(d − b)min(1 − b, d)〉
→181 〈1 − sg(a).(1 − c), d.sg(a)〉
→182 〈1 − sg(a).(1 − c), (1 − c).sg(a)〉
→183 〈1 − sg(a).d, d.sg(a)〉
→184 〈1 − sg(1 − b).d, d.sg(1 − b)〉
→185 〈1 − sg(1 − b).(1 − c), (1 − c).sg(1 − b)〉



1.3 Discussion on Intuitionistic Fuzzy Implications 17

〈0, 1〉 →i 〈0, 1〉 =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

〈1, 0〉, for i = 1, . . . , 99, 102, 105, 108, . . . , 127,
129, . . . , 132, 134, . . . , 137, 153, 166, . . . , 185

〈0, 0〉, for i = 100, 101, 103, 104, 106, 107, 128,
133, 138

〈 12 , 12 〉, for i = 139

〈 13 , 23 〉, for i = 140, 142, . . . , 145

〈 23 , 13 〉, for i = 141, 146, . . . , 149

〈λ+1
2λ , λ−1

2λ 〉, for i = 150, 154, . . . , 157

〈 γ+2
2γ+1 ,

γ−1
2γ+1 〉, for i = 151, 158, . . . , 161

〈 α+1
α+β ,

β−1
α+β 〉, for i = 152, 162, . . . , 165.

〈0, 1〉 →i 〈1, 0〉 =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

〈1, 0〉, for i = 1, . . . , 100, 102, 103, 105, 106, 108,
. . . , 112, 114, . . . , 117, . . . , 121, 123, . . . , 126,
128, . . . , 132, 134, . . . , 137, 139, . . . , 149, 153,
166, . . . , 185

〈0, 0〉, for i = 101, 104, 107, 113, 118, 122, 127,
133, 138

〈λ+1
2λ , λ−1

2λ 〉, for i = 150, 154, . . . , 157

〈 γ+2
2γ+1 ,

γ−1
2γ+1 〉, for i = 151, 158, . . . , 161

〈 α+1
α+β ,

β−1
α+β 〉, for i = 152, 162, . . . , 165.

〈1, 0〉 →i 〈0, 1〉 =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

〈0, 1〉, for i = 1, . . . , 99, 109, . . . , 149, 166, . . . , 168,
170, . . . , 185

〈0, 0〉, for i = 100, . . . , 108, 169

〈λ−1
2λ , λ+1

2λ 〉, for i = 150, 154, . . . , 157

〈 γ
2γ+1 ,

γ+1
2γ+1 〉, for i = 151, 158, . . . , 161

〈 α−1
α+β ,

β+1
α+β 〉, for i = 152, 162, . . . , 165

〈ε, 1 − η〉, for i = 153.
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〈1, 0〉 →i 〈1, 0〉 =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

〈1, 0〉, for i = 1, . . . , 100, 103, 106, 109, . . . , 112,
114, . . . , 117, 119, . . . , 122, 124, . . . , 138,
153, 166, . . . , 185

〈0, 0〉, for i = 101, 102, 104, 105, 107, 108, 113, 123

〈0, 12 〉, for i = 139, 150, 155, . . . , 157

〈 13 , 23 〉, for i = 140, 142, . . . , 145

〈 23 , 13 〉, for i = 141, 146, . . . , 149

〈 γ+1
2γ+1 ,

γ
2γ+1 〉, for i = 151, 158, . . . , 161

〈 α
α+β ,

β
α+β 〉, for i = 152, 162, . . . , 165.

It is interesting tomention that thewell-known axiomof the classical logic A → A
is an IFT for implications →1, …, →9, →11, …, →15, →17, →18, →20, …, →24,
→27, …, →38, →40, →42, →44, …, →53, →55, →57, →59, …, →66, →68, →69,
→71, →72, →74, …, →77, →79, …, →85, →88, …, →94, →97, …, →139, →141,
→146, …, →170, →176, …, →185, while it is just a tautology for implications →2,
→3,→5,→8,→11,→14,→15,→20,→23,→24,→27,→31,→32,→34,→37,→40,
→42,→47,…,→49,→52,→55,→57,→62,→63,→65,→68,→69,→74,→77,→79,
→83, →84, →88, →92, →93, →97, →176, …, →185.

The intuitionistic fuzzy implications that satisfy the following equalities

〈0, 1〉 →i 〈0, 1〉 = 〈1, 0〉,

〈0, 1〉 →i 〈1, 0〉 = 〈1, 0〉,

〈1, 0〉 →i 〈0, 1〉 = 〈0, 1〉,

〈1, 0〉 →i 〈1, 0〉 = 〈1, 0〉,

as standard tautologies, will be called “implications of (fully) tautological type”
(T-implications), while the implications that satisfy these equalities as IFTs, will be
called “implications from IFT type” (I-implications), and the rest are incorrect and
will be denoted as N-implications.

1.4 Intuitionistic Fuzzy Negations

The currently existing intuitionistic fuzzy implications generate the intuitionistic
fuzzy negations [57, 59–62] using the formula

¬〈a, b〉 = 〈a, b〉 → 〈0, 1〉,

where → is any of the defined implications. Paper [62] is written together with
D. Dimitrov and paper [60] – with N. Angelova. The full list of different negations is
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shown in Table1.2. As it can be seen, a lot of different implications generate exactly
one negation.

The relationships between the negations and implications are shown in Table1.3.

1.5 Properties of Intuitionistic Fuzzy Implications
and Negations

Here, we study some interesting properties of the intuitionistic fuzzy implications
and negations. A part of them are published in [63].

For the well-known formula

(A → B) ∨ (B → A), (1.5.1)

in [46] the following two theorems are proved. Here, they are extended with check
of the properties of the implications →153, . . . ,→185 (given after the symbol *).

Theorem 1.5.1 For every two formulas A and B, (1.5.1) is an IFT for the intuition-
istic fuzzy implications →1, …, →6, →8, →9, →11, →13, →14, →17, →18, →20,
…, →24, →27, …, →38, →40, →42, →44, →45, →61, …, →66, →68, →69, →71,
→72, →74, …, →77, →79, …, →85, →88, …, →90, →100, …, →105, →109, …, →118,
→124, …, →133, *→139, →141, →146, …, →148, →150, …, →155, →157, …, →160,
→162, …, →164, →166, …, →170, →176, …, →178, →180, …, →183, →185.

Theorem 1.5.2 For every two formulas A and B, (1.5.1) is a tautology for the
intuitionistic fuzzy implications →2, →3, →8, →11, →20, →23, →31, →32, →34,
→37, →40, →42, →62, →63, →65, →68, →74, →77, →83, →84, →88,*→153, →176,
…, →178, →180, …, →183, →185.

G.F. Rose’s formula [64, 65] has the form:

((¬¬A → A) → (¬¬A ∨ ¬A)) → (¬¬A ∨ ¬A). (1.5.2)

For it, the following two theorems are valid.

Theorem 1.5.3 For each formula A, (1.5.2) is an IFT for the intuitionistic fuzzy
implications →1, . . . ,→9, →11, . . . ,→38, →40, . . . ,→53, →55, . . . ,→57, →61,
→62, →64, . . . ,→67,→71,→72,→74, . . . ,→77,→79, . . . ,→83,→85,→86,→88,

. . . , →91, →94, →95, →97, . . . , →107, →109, . . . ,→137, →151,→153,→158,

. . . ,→161,→166, . . ., →185.

Theorem 1.5.4 For each formula A, (1.5.2) is a tautology for the intuitionistic
fuzzy implications →2,→3,→8, →11,→14, . . . ,→16,→19,→20,→23,→24,→31,

→32,→37,→40, . . . ,→45,→47,→48,→55, . . . ,→57,→62,→65,→74,→77,→83,
→88,→90, →97,→99,→153,→171,→180.
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Table 1.2 List of the intuitionistic fuzzy negations

¬1 〈b, a〉
¬2 〈sg(a), sg(a)〉
¬3 〈b, a.b + a2〉
¬4 〈b, 1 − b〉
¬5 〈sg(1 − b), sg(1 − b)〉
¬6 〈sg(1 − b), sg(a)〉
¬7 〈sg(1 − b), a〉
¬8 〈1 − a, a〉
¬9 〈sg(a), a〉
¬10 〈sg(1 − b), 1 − b〉
¬11 〈sg(b), sg(b)〉
¬12 〈b.(b + a), a.(b2 + a + b.a)〉
¬13 〈sg(1 − a), sg(1 − a)〉
¬14 〈sg(b), sg(1 − a)〉
¬15 〈sg(1 − b), sg(1 − a)〉
¬16 〈sg(a), sg(1 − a)〉
¬17 〈sg(1 − b), sg(b)〉
¬18 〈b.sg(a), a.sg(b)〉
¬19 〈b.sg(a), 0〉
¬20 〈b, 0〉
¬21 〈min(1 − a, sg(a)),min(a, sg(1 − a))〉
¬22 〈min(1 − a, sg(a)), 0〉
¬23 〈1 − a, 0〉
¬24 〈min(b, sg(1 − b)),min(1 − b, sg(b))〉
¬25 〈min(b, sg(1 − b)), 0〉
¬26 〈b, a.b + sg(1 − a)〉
¬27 〈1 − a, a.(1 − a) + sg(1 − a)〉
¬28 〈b, (1 − b).b + sg(b)〉
¬29 〈max(0, b.a + sg(1 − b)),min(1, a.(b.a + sg(1 − b)) + sg(1 − a))〉
¬30 〈a.b, a.(a.b + sg(1 − b)) + sg(1 − a)〉
¬31 〈max(0, (1 − a).a + sg(a)),min(1, a.((1 − a).a + sg(a)) + sg(1 − a))〉
¬32 〈(1 − a).a, a.((1 − a).a + sg(a)) + sg(1 − a)〉
¬33 〈b.(1 − b) + sg(1 − b), (1 − b).(b.(1 − b) + sg(1 − b)) + sg(b))〉
¬34 〈b.(1 − b), (1 − b).(b.(1 − b) + sg(1 − b)) + sg(b)〉
¬35 〈 b

2 ,
1+a
2 〉

¬36 〈 b
3 ,

2+a
3 〉

¬37 〈 2b
3 , 2a+1

3 〉
¬38 〈 1−a

3 , 2+a
3 〉

(continued)
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Table 1.2 (continued)

¬39 〈 b
3 ,

3−b
3 〉

¬40 〈 2−2a
3 , 1+2a

3 〉
¬41 〈 2b

3 , 3−2b
3 〉

¬42,λ 〈 b+λ−1
2λ , a+λ

2λ 〉, where λ ≥ 1

¬43,γ 〈 b+γ
2γ+1 ,

a+γ
2γ+1 〉, where γ ≥ 1

¬44,α,β 〈 b+α−1
α+β ,

a+β
α+β 〉, where α ≥ 1,β ∈ [1,α]

¬45,ε,η 〈min(1, b + ε),max(0, a − η)〉, where ε, η ∈ [0, 1] and ε ≤ η < 1

¬46,λ 〈 λ−a
2λ , a+λ

2λ 〉, where λ ≥ 1

¬47,λ 〈 b+λ−1
2λ , 1−b+λ

2λ 〉, where λ ≥ 1

¬48,γ 〈 1−a+γ
2γ+1 ,

a+γ
2γ+1 〉, where γ ≥ 1

¬49,γ 〈 b+γ
2γ+1 ,

1−b+γ
2γ+1 〉, where γ ≥ 1

¬50,α,β 〈 b−1+α
α+β ,

a+β
α+β 〉, where α ≥ 1,β ∈ [1,α]

¬51,α,β 〈 b−1+α
α+β ,

1−b+β
α+β 〉, where α ≥ 1,β ∈ [1,α]

¬52 〈1 − a,min(1, 1 − a)〉
¬53 〈sg(a) + sg(a)b, a〉

Now, we discuss the following new formulas, inspired by (1.5.2):

(A ∨ ¬A) → (A → ¬¬A) (1.5.3)

(¬¬A ∨ ¬A) → (A → ¬¬A) (1.5.4)

(A → ¬¬A) → (A ∨ ¬A) (1.5.5)

(A → ¬¬A) → (¬¬A ∨ ¬A) (1.5.6)

Obviously, in the classical propositional calculus, all these four formulas are
tautologies. Now, we study their properties in the intuitionistic fuzzy case.

First, we mention that there are intuitionistic fuzzy implications for which

V ((A ∨ ¬A) → (A → ¬¬A)) = V ((¬¬A ∨ ¬A) → (A → ¬¬A)) (1.5.7)

and others, for which (1.5.7) is not valid.
For example, we see that

V ((A ∨ ¬8A) →34 (A →34 ¬8¬8A))
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Table 1.3 Relationships between negations and implications

¬1 →1,→4,→5,→6,→7,→10,→13,→61,→63,→64,→66,→67,→68,

→69,→70,→71,→72,→73,→78,→80,→124,→125,→127,→166

¬2 →2,→3,→8,→11,→16,→20,→31,→32,→37,→40,→41,→42

→172,→173,→181,→182,→183

¬3 →9,→17,→21

¬4 →12,→18,→22,→46,→49,→50,→51,→53,→54,→91,→93,→94,

→95,→96,→98,→134,→135,→137,→169,→170,→179,→180

¬5 →14,→15,→19,→23,→47,→48,→52,→55,→56,→57,→171,→174,

→175,→184,→185

¬6 →24,→26,→27,→65

¬7 →25,→28,→29,→62

¬8 →30,→33,→34,→35,→36,→38,→39,→76,→82,→84,→85,→86,

→87,→89,→129,→130,→132,→167,→168,→177,→178

¬9 →43,→44,→45,→83

¬10 →58,→59,→60,→92

¬11 →74,→97

¬12 →75

¬13 →77,→88

¬14 →79

¬15 →81

¬16 →90

¬17 →99

¬18 →100

¬19 →101

¬20 →102,→108

¬21 →103

¬22 →104

¬23 →105

¬24 →106

¬25 →107

¬26 →109,→110,→111,→112,→113

¬27 →114,→115,→116,→117,→118

¬28 →119,→120,→121,→122,→123

¬29 →126

¬30 →128

¬31 →131

¬32 →133

¬33 →136

¬34 →138

¬35 →139

¬36 →140

(continued)
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Table 1.3 (continued)

¬37 →141

¬38 →142,→143

¬39 →144,→145

¬40 →146,→147

¬41 →148,→149

¬42 →150

¬43 →151

¬44 →152

¬45 →153

¬46,λ →154,λ,→155,λ

¬47,λ →156,λ,→157,λ

¬48,γ →158,γ,→159,γ

¬49,γ →160,γ ,→161,γ

¬50,α,β →162,α,β,→163,α,β

¬51,α,β →164,α,β,→165,α,β

¬52 →167

¬53 →176

= (〈a, b〉 ∨ ¬8〈a, b〉) →34 (〈a, b〉 →34 ¬8¬8〈a, b〉)

= (〈a, b〉 ∨ 〈1 − a, a〉) →34 (〈a, b〉 →34 ¬8〈1 − a, a〉)

= 〈max(a, 1 − a),min(a, b)〉 →34 (〈a, b〉 →34 〈a, 1 − a〉)

= 〈max(a, 1− a),min(a, b)〉 →34 〈min(1, 2− a − 1+ a),max(0, a + 1− a − 1)〉

= 〈max(a, 1 − a),min(a, b)〉 →34 〈1, 0〉

= 〈min(1, 2 − a),max(0, a + 0 − 1)〉 = 〈1, 0〉,

and (using above calculated results)

V ((¬¬A ∨ ¬8A) →34 (A →34 ¬8¬8A))

= (¬8¬8〈a, b〉 ∨ ¬8〈a, b〉) →34 (〈a, b〉 →34 ¬8¬8〈a, b〉)

= (〈a, 1 − a〉 ∨ 〈1 − a, a〉) →34 〈1, 0〉

= 〈max(a, 1 − a),min(a, 1 − a)〉 →34 〈1, 0〉
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= 〈min(1, 2 − max(a, 1 − a)),max(0,max(a, 1 − a) + 0 − 1)〉 = 〈1, 0〉,

i.e., the two formulas have equal values for implication →34 and for negation ¬8

generated by it. Therefore, they satisfy (1.5.7).
On the other hand,

V ((A ∨ ¬10 A) →59 (A →59 ¬10¬10 A))

= (〈a, b〉 ∨ ¬10〈a, b〉) →59 (〈a, b〉 →59 ¬10¬10〈a, b〉)

= (〈a, b〉 ∨ 〈sg(1 − b), 1 − b〉) →59 (〈a, b〉 →59 ¬10〈sg(1 − b), 1 − b〉)

= 〈max(a, sg(1 − b)),min(b, 1 − b)〉 →59 (〈a, b〉 →59 〈sg(b), b〉)

= 〈max(a, sg(1− b)),min(b, 1− b)〉 →59 〈max(sg(1− b), sg(b)), 1−max(b, b)〉

= 〈max(sg(1 − min(b, 1 − b)),max(sg(1 − b), sg(b))),

1 − max(min(b, 1 − b),max(sg(1 − b), sg(b)))〉.

If b = 1 or b = 0, then

V ((A ∨ ¬10 A) →59 (A →59 ¬10¬10 A)) = 〈1, 0〉.

If 0 < b < 1, then

V ((A ∨ ¬10 A) →59 (A →59 ¬10¬10 A))

= 〈max(sg(1 − min(b, 1 − b)), 0), 1 − max(min(b, 1 − b), 0)〉 = 〈0, 1〉.

Also,
V (¬10¬10 A ∨ ¬10 A) →59 (A →59 ¬10¬10 A))

= (¬10〈sg(1−b), 1−b〉∨〈sg(1−b), 1−b〉) →59 (〈a, b〉 →59 ¬10〈sg(1−b), 1−b〉)

= (〈sg(b), b〉 ∨ 〈sg(1 − b), 1 − b〉) →59 (〈a, b〉 →59 〈sg(b), b〉)

= 〈max(sg(b), sg(1 − b)),min(b, 1 − b)〉 →59 〈max(sg(1 − b), sg(b)), 1 − b〉

= 〈max(sg(1 − min(b, 1 − b)),max(sg(1 − b), sg(b))),

1 − max(min(b, 1 − b),max(sg(1 − b), sg(b)))〉

If b = 1 or b = 0, then
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V ((¬10(¬10 A ∨ ¬10 A) →59 (A →59 ¬10¬10 A)) = 〈1, 0〉.

If 0 < b < 1, then

V (¬10¬10 A ∨ ¬10 A) →59 (A →59 ¬10¬10 A))

= 〈max(0, 0), 1 − max(min(b, 1 − b), 0)〉

= 〈0, 1 − min(b, 1 − b)〉.

Therefore, both formulas have different values and equality (1.5.7) is not valid.
The same holds for implications →58, . . . ,→60,→70,→72,→73,→78,→80,

→87, →89, →92, →96, →98, →120, →140, →142, . . . ,→145, →157, →162, →163,
→165.

On the other hand, formulas (1.5.3) and (1.5.4) have equal behaviour, as illustrated
by the following two assertions.

Theorem 1.5.5 Formula A satisfies (1.5.3) and (1.5.4) as a tautology for the intu-
itionistic fuzzy implications →2,→3,→8, →11,→14, . . . ,→16,→19, →20,→23,
→24,→31,→32,→37,→40, . . . ,→45,→47,→48,→52,→55, . . . ,→57,→62,→65,
→74,→77,→83,→88, →90, →97,→99, →153,→171, . . . ,→180.

Theorem 1.5.6 Formula A satisfies (1.5.3) and (1.5.4) as an IFT for the intu-
itionistic fuzzy implications →1, . . . ,→9, →11, . . . ,→38, →40, . . . ,→53,→55,

. . . ,→57, →61, . . . ,→66, →68,→69,→71,→72,→74, . . . ,→77,→79, . . . ,→85,
→88, . . . ,→91,→93,→94,→97,→100, . . . ,→107,→109, . . . ,→121,→122,→137,
→151, →153,→158, . . . ,→161,→166, . . . ,→185.

In all these cases, both formulas satisfy or donot satisfy eachof these two formulas.
Analogously, we can check that equality

V ((A → ¬¬A) → (A ∨ ¬A)) = V ((A → ¬¬A) → (¬¬A ∨ ¬A)) (1.5.8)

is not valid for implications →70,→72,→73,→78,→80,→84, →98,→155, →156,

→163.
Now, we check the validity of the following two assertions.

Theorem 1.5.7 Formula A satisfies (1.5.5) as a tautology for the intuitionistic fuzzy
implications →20,→23,→42,→74,→77,→88,→90,→153.

Theorem 1.5.8 Formula A satisfies (1.5.5) as an IFT for the intuitionistic fuzzy
implications →1,→4, . . . ,→7,→9,→13,→17,→19,→20, . . . ,→23,→25, →27, …,
→30,→33, . . . ,→36,→38,→42,→44,→45,→61,→64,→66,→67,→71, →72,→74,
. . . ,→77,→279,. . . ,→82,→85,→86,→88, . . . ,→90,→100, . . . ,→105, →117,→118,

→124, . . . , →133, →151, →153, →158, . . . , →161, →166, . . . ,→170, →181, . . . ,

→183,→185.
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In comparison, formulas (1.5.5) and (1.5.6) behave differently. Now, Theo-
rems1.5.7 and 1.5.8 are changed to the following forms.

Theorem 1.5.9 Formula A satisfies (1.5.6) as a tautology for the intuitionistic fuzzy
implications →2,→3,→8, →11,→14, . . . ,→16,→19,→20,→23,→31,→32,→37,
→40, . . . ,→45, →47,→48,→52, →55, . . . ,→57, →62,→65, →74, →77,→83,
→88, →90, →97, →153,→171, . . . ,→180.

Theorem 1.5.10 Formula A satisfies (1.5.6) as an IFT for the intuitionistic fuzzy
implications →1, . . . ,→9, →11, . . . ,→38, →40, . . . ,→53, →55, . . . ,→57, →61,

→62,→64, . . . , →67,→71,→72,→74, . . . ,→77,→79, . . . ,→83,→85,→86,→88,
. . . , →91, →94,→95,→97,→98,→100, . . . ,→107,→109, . . . ,→137,→151,→153,
→158, . . . ,→161,→166, . . . , →185.

Having inmind the definitions of tautology and IFT (see (1.1.7) and (1.1.8)), let us
define for every evaluation function V and for formulas A
and B:

V (A) = V (B) if and only if μ(A) = μ(B) and ν(A) = ν(B).

Let A ≡→ B denote (A → B) ∧ (B → A) for any fixed implication →.
For example, when → is →4, we prove the following lemma.

Lemma 1.5.1 If V (A) = V (B), then, A ≡→ B is an IFT.

Proof From V (A) = V (B) and from:

V (A ≡→ B) = 〈min(max(ν(A),μ(B)),max(μ(A), ν(B))),

max(min(ν(A),μ(B)),min(μ(A), ν(B)))〉

it follows, that:

min(max(ν(A),μ(B)),max(μ(A), ν(B)))
−max(min(ν(A),μ(B)),min(μ(A), ν(B)))

= min(max(ν(A),μ(A)),max(μ(A), ν(A)))
−max(min(ν(A),μ(A)),min(μ(A), ν(A)))

= max(ν(A),μ(A)) − min(ν(A),μ(A)) ≥ 0,

i.e., A ≡→ B is an IFT.
The opposite assertion is not valid. For example, ifV (A) = 〈0.4, 0.5〉 andV (B) =

〈0.4, 0.3〉 then V (A ≡ B) = 〈0.4, 0.4〉, i.e., A ≡→ B is an IFT, but obviously,
V (A) �= V (B). �

Open Problem 1. Determine for which indices i and any two formulas A and B it
is valid that:
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A ≡→ B is a tautology, if and only if V (A) = V (B)?

The weak form of this Problem is whether for the same conditions,

A ≡→ B is an IFT if and only if V (A) = V (B).

Open Problem 2. Determine for which implications formulas (1.5.2)–(1.5.6) are
tautologies (or IFTs).

In [47], inspired by [66], the following formulas are studied:

(A ∧ B) → C ≡→ (A → (B → C)), (1.5.9)

A → B ≡→ (A → (A → B)), (1.5.10)

and for them, the following two theorems are proved.

Theorem 1.5.11 Implications →3,→4,→11,→12,→14,→16,→18,. . . ,→20,→22,

→23,→25, . . . ,→28,→31, . . . ,→33,→41, . . . ,→43,→48,→56,→57,→74,→76,
→77,→79,→81,→88,→97 *→153,→171, . . . ,→175 satisfy (1.5.9) as tautologies.

Theorem 1.5.12 Implications →1, . . . ,→4, →8, →10, . . . ,→12, →14, →16,

. . . ,→20, →22, →23, →25, . . . ,→28, →30, . . . ,→33, →36, →37, →39, . . . ,→43,
→48, →51, →52, →54, . . . ,→57, →59, →61, →67, →72, . . . ,→74, →76, . . . →81,
→86, . . . ,→89, →91,→92, →95, . . . ,→97, →100,→105, →106,→109, →110, →114,
→119, →120, *→153, →166, →168, →171, . . . ,→180 satisfy (1.5.10) as tautologies.

In Theorems1.5.11–1.5.14, the lists of implications before symbol “*” are pub-
lished by L. Atanassova and after this symbol they are added by the author.

In [48], the following formulas are also studied:

(A ∨ B) → C = (A → C) ∧ (B → C), (1.5.11)

(A ∧ B) → C = (A → C) ∨ (B → C). (1.5.12)

Theorem 1.5.13 Implications →2,→3,→4,→5,→12,→13,→14,→16,→18,→19,

→20,→22, →23,→25,→26,→27,→28,→29,→31,→32,→33,→34,→35,→37,→40,

→41, →42, →43, →44, →45,→47, →48, →49, →50, →52, →55, →56,→57,→58,

→59, →60, →61, →64, →66, →67, →69, →70,→71, →72,→73,→74,→76,→77,

→78, →79,→80, →81, →82, →83, →84, →85, →86, →87, →88, →89, →90,→91,
→92, →93, →94, →95, →96, →97, →98, →99, →102, →105, →108,→124, →125,

→127,→129, →130, →132,→134,→135,→137 satisfy (1.5.11) as tautologies.

Theorem 1.5.14 Implications →2, →3, →4, →5, →8, →11, →12, →13, →16,
→18,→19, →20, →22, →23, →25, →26, →27, →28, →29, →31, →32, →33,→34,→35,
→37, →40, →41, →42, →43, →44, →45, →47, →48, →49, →50, 52, →55, →56,
→57, →58, →59, →60, →61, →62, →63, →64, →65, →66, →67, →68, →70, →71,
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→72, →73, →74, →76, →77, →78, →79, →80, →81, →82, →83, →84, →85, →86,
→87, →88, →89, →90, →91, →92, →93, →94, →95, →96, →97, →98, →99, →102,
→105,→108, →124, →125, →127, →129, →130, →132, →134, →135, →137 satisfy
(1.5.12) as tautologies.

Now, we check which intuitionistic fuzzy implications and negations satisfy C.A.
Meredith’s axiom (see, e.g., [2]).

Theorem 1.5.15 For every five formulas A, B,C, D and E, Meredith’s axiom

((((A → B) → (¬C → ¬D)) → C) → E) → ((E → A) → (D → A))

is valid as a tautology by implications →20,→23,→74,→77,→153.

Theorem 1.5.16 For every five formulas A, B,C, D and E, Meredith’s axiom is
valid as an IFT by implications →1, →4, →5, →6, →9, →13, →17,→18,→20,

. . . ,→23, →25, →27, . . . ,→29, →61, →64, →72, →74, . . . ,→77, →79, . . . ,→81,
→100, . . . ,→102, →109, . . . ,→113, →124, . . . ,→128, →133,→151,→153, →158,

. . . ,→161, →166, →167, →169, →170, →182, →185

Proof Let V (A) = 〈a, b〉, V (B) = 〈c, d〉, V (C) = 〈e, f 〉, V (D) = 〈g, h〉, V (E) =
〈i, j〉, where a, b, . . . , j ∈ [0, 1] and a +b ≤ 1, c+d ≤ 1, e+ f ≤ 1, g+h ≤ 1 and
i + j ≤ 1. We check the validity of the assertion for the case when the implication
is, for example, →4.

V (((((A →4 B)→4 (¬C →4 ¬D))→4 C)→4 E)→4 ((E →4 A)→4 (D →4 A)))

= ((((〈a, b〉 →4 〈c, d〉) →4 (〈 f, e〉 →4 〈h, g〉)) →4 〈e, f 〉) →4 〈i, j〉)
→4 ((〈i, j〉 →4 〈a, b〉) →4 (〈g, h〉 →4 〈a, b〉))

= (((〈max(b, c),min(a, d)〉 →4 〈max(e, h),min( f, g)〉)
→4 〈e, f 〉) →4 〈i, j〉) →4 ((〈i, j〉 →4 〈a, b〉) →4 (〈g, h〉 →4 〈a, b〉))

= ((〈max(e, h,min(a, d)),min( f, g,max(b, c))〉 →4 〈e, f 〉)
→4 〈i, j〉) →4 ((〈i, j〉 →4 〈a, b〉) →4 (〈g, h〉 →4 〈a, b〉))

= (〈max(e,min( f, g,max(b, c))),min( f,max(e, h,min(a, d)))〉
→4 〈i, j〉) →4 (〈max(a, j),min(b, i〉 →4 〈max(a, h),min(b, g〉)

= 〈max(i,min( f,max(e, h,min(a, d)))),min( j,max(e,min( f, g,
max(b, c))))〉 →4 〈max(a, h,min(b, i)),min(b, g,max(a, j))〉

= 〈max(a, h,min(b, i),min( j,max(e,min( f, g,max(b, c))))),
min(b, g,max(a, j),max(i,min( f,max(e, h,min(a, d)))))〉.

Let

X = max(a, h,min(b, i),min( j,max(e,min( f, g,max(b, c)))))−
min(b, g,max(a, j),max(i,min( f,max(e, h,min(a, d))))).

Obviously,
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max(a, b) ≥ min(a, b),max(a, b) ≥ min(b, j),max(a, i) ≥ min(a, b).

Let max(a, i) ≥ min(b, j). Then,

X ≥ max(a,min(b, i)) − min(b,max(a, j))
= min(max(a, b),max(a, i)) − max(min(a, b),min(b, j)) ≥ 0.

Let max(a, i) < min(b, j). Then, a < b, a < j, i < b and i < j .
If j ≤ max(e,min( f, g,max(b, c))), then

X = max(a, h, i,min( j,max(e,min( f, g,max(b, c)))))−
min(b, g, j,max(i,min( f,max(e, h,min(a, d)))))

≥ max(a, h, i, j) − min(b, g, j) ≥ 0.

If i ≥ min( f,max(e, h,min(a, d))), then

X = max(a, h, i,min( j,max(e,min( f, g,max(b, c)))))−
min(b, g, j,max(i,min( f,max(e, h,min(a, d)))))

≥ max(a, h, i) − min(b, g, i, j) ≥ 0.

Finally, let
j > max(e,min( f, g,max(b, c)))

and
i < min( f,max(e, h,min(a, d))).

Then, j > e and
j > min( f, g,max(b, c))

and i < f and
i < max(e, h,min(a, d)).

Therefore,

X = max(a, h, i.e.,min( f, g,max(b, c)))
−min(b, g, j, f,max(e, h,min(a, d)))

≥ min( f, g,max(b, c))) − min(b, g, j, f,max(e, h,min(a, d)))
≥ min(b, f, g) − min(b, g, j, f,max(e, h,min(a, d))) ≥ 0.

Therefore, the Meredith’s axiom is an IFT. �

The validity of the axioms of the intuitionistic logic (IL) (see, e.g., [67]) is checked
for all implications in [28].

Below, we give the list of the implications for which all axioms of IL are valid.
The checks are done both for the case of tautologies, as well as for the case of IFTs.
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The IL axioms are the following.

(IL1) A → A,

(IL2) A → (B → A),

(IL3) A → (B → (A ∧ B)),

(IL4) (A → (B → C)) → (B → (A → C)),

(IL5) (A → (B → C)) → ((A → B) → (A → C)),

(IL6) A → ¬¬A,

(IL7) ¬(A ∧ ¬A),

(IL8) (¬A ∨ B) → (A → B),

(IL9) ¬(A ∨ B) → (¬A ∧ ¬B),

(IL10) (¬A ∧ ¬B) → ¬(A ∨ B),

(IL11) (¬A ∨ ¬B) → ¬(A ∧ B),

(IL12) (A → B) → (¬B → ¬A),

(IL13) (A → ¬B) → (B → ¬A),

(IL14) ¬¬¬A → ¬A,

(IL15) ¬A → ¬¬¬A,

(IL16) ¬¬(A → B) → (A → ¬¬B),

(IL17) (C → A) → ((C → (A → B)) → (C → B)).

Theorem 1.5.17 Implications →1, →3, . . . ,→5, →9, →11, →13, →14, →17, →18,
→20, →21, →22, →23, →27, . . . ,→29, →61, →66, →71, →74, . . . ,→77, →79,
→81, →100, . . . ,→102, →109, . . . ,→113, →118,→124, . . . ,→128,→151,→153,→158,

. . . ,→160, →166, →167, →169, →170, →182, →185 satisfy all IL axioms as IFTs.

Proof Let us assume everywhere below that

V (A) = 〈a, b〉

V (B) = 〈c, d〉

V (C) = 〈e, f 〉
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Then, the validity of (IL5) for implication →4 is checked as follows. V ((A →
(B → C)) → ((A → B) → (A → C)))

= (〈a, b〉 → 〈max(d, e),min(c, f )〉) → (〈max(b, c),min(a, d)〉
→ 〈max(b, e),min(a, f )〉)

= 〈max(b, d, e),min(a, c, f )〉 → 〈max(b, e,min(a, d)),min(a, f,max(b, c))〉
= 〈max(b, e,min(a, d),min(a, c, f )),min(a, f,max(b, c),max(b, d, e))〉
and
max(b, e,min(a, d),min(a, c, f )) ≥ max(b, e,min(a, d))
≥ min(a,max(b, d, e)) ≥ min(a, f,max(b, c),max(b, d, e)).

The validity of the other axioms is checked analogically. �

Theorem 1.5.18 Only implication →153 satisfies all IL axioms as tautologies.

The validity of Kolmogorov’s and Łukasiewicz–Tarski’s Axioms of Logic (see,
e.g., [68]) are checked for all implications in [22] .

Now, we give the lists of the implications for which all Kolmogorov’s and
Łukasiewicz–Tarski’s axioms are valid. The checks are done as for the case of tau-
tologies, as well as for the case of IFTs.

The first group of axioms (of Kolmogorov) comprises

(K1) A → (B → A),

(K2) (A → (A → B)) → (A → B)),

(K3) (A → (B → C)) → (B → (A → C)),

(K4) (B → C) → ((A → B) → (A → C)),

(K5) (A → B) → ((A → ¬B) → ¬A).

Theorem 1.5.19 Implications →1,→3,. . . ,→5,→9,→11,→13,→14,→17,→18,

→20,→22,→23,→27, . . . ,→29,→61,→66,→71,→74, . . . ,→77,→79,→81,

→100, . . . ,→102,→109, . . . ,→113,→118,→124, . . . ,→128,→151,→153,→158,

. . . ,→160,→166,→167,→169,→170,→182,→185 satisfy all Kolmogorov’s axioms
as IFTs.

Theorem 1.5.20 Implications→3,→11,→14,→20,→23,→74,→77,→153 satisfy
all Kolmogorov’s axioms as tautologies.

The second group of axioms (of Łukasiewicz and Tarski) is

(LT1) A → (B → A),

(LT2) (A → B) → ((B → C) → (A → C)),

(LT3) ¬A → (¬B → (B → A)),

(LT4) ((A → ¬A) → A) → A.
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Theorem 1.5.21 Implications →1,→4, . . . ,→6,→9,→17,→18,→20, . . . ,→23,

→27, . . . , →29, →61, →64, →66, →71, →74, . . . , →77, →79, →81, →100, . . . , →102,

→109, . . . ,→113,→124, . . . ,→128,→153 satisfy all Łukasiewicz–Tarski’s axioms as
IFTs.

Theorem 1.5.22 Implications→20,→23,→74,→77,→153 satisfy all Łukasiewicz–
Tarski’s axioms as tautologies.

Sixth, some variants of fuzzy implications (marked by I (x, y)) are described in
the book of Klir and Yuan [56] and the following nine axioms are discussed, where
I (x, y) denotes x → y for any of the possible forms of the operation implication, N
is the operation negation relatedwith operation→, and for a, b, c, d ∈ [0, 1], a+b ≤
1, c + d ≤ 1:

〈a, b〉 ≤ 〈c, d〉 iff a ≤ c and b ≥ d. (1.5.13)

Axiom A1 (∀x, y)(x ≤ y → (∀z)(I (x, z) ≥ I (y, z))),
Axiom A2 (∀x, y)(x ≤ y → (∀z)(I (z, x) ≤ I (z, y))),
Axiom A3 (∀y)(I (0, y) = 1),
Axiom A4 (∀y)(I (1, y) = y),
Axiom A5 (∀x)(I (x, x) = 1),
Axiom A6 (∀x, y, z)(I (x, I (y, z)) = I (y, I (x, z))),
Axiom A7 (∀x, y)(I (x, y) = 1 iff x ≤ y),
Axiom A8 (∀x, y)(I (x, y) = I (N (y), N (x))),
Axiom A9 I is a continuous function.

For our research, having in mind the specific forms of the intuitionistic fuzzy
implications, we modify five of these axioms, as follows.
Axiom A3∗ (∀y)(I (0, y) is an IFT),
Axiom A4∗ (∀y)(I (1, y) ≤ y),
Axiom A5∗ (∀x)(I (x, x) is an IFT),
Axiom A7∗ (∀x, y) (if x ≤ y, then, I (x, y) = 1),
Axiom A8∗ (∀x, y)(I (x, y) = N (N (I (N (y), N (x))))).

Here, we ignore Axiom 9, because, obviously, it is valid for all the implications
that do not contain operations sg or sg.

Following the paper of N. Angelova and the author [21], we formulate the fol-
lowing theorem.

Theorem 1.5.23 The intuitionistic fuzzy implications that satisfy Klir and Yuan’s
axioms as (standard) tautologies, are marked in Table1.4 by “•” and the implications
that satisfy the same axioms (only) as IFTs – by “◦”.

Finally, following [8], we discuss the well-known Contraposition Law

(A → B) → (¬B → ¬A) (1.5.14)

and its modified version
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(¬¬A → ¬¬B) → (¬B → ¬A). (1.5.15)

For them, the following assertions are valid.

Theorem 1.5.24 (a) Implications →1,. . . ,→9,→11,. . . ,→29,→46,. . . ,→53,→55,

. . . ,→57, →61, →62, →64, . . . , →66, →71,→72,→74, . . . ,→77,→79, . . . ,→81,
→91, →94, →99,→100, . . . ,→102,→104,→105,→109, . . . ,→113,→118,→120,
. . . ,→122,→124, . . . ,→128,→133, . . . ,→137,→151,→153,→158, . . . ,→161,→166,
→167,→169, . . . ,→172,→174, . . . ,→177,→180, . . . ,→182,→184,→185

satisfy (1.5.14) as IFTs.
(b) Implications →2,→3,→8,→11,→14,. . . ,→16,→19,→20,→23, →24,→47,

. . . ,→49,→52,→55, . . . ,→57,→65,→74,→77,→97,→153,→171, →172, →174,

. . . ,→177,→179,→180,→182,→184,→185 satisfy (1.5.14) as tautologies.

Theorem 1.5.25 (a) Implications→1,. . . ,→9,→11,. . . ,→38,→40,. . . ,→53,→55,
. . . ,→57,→61, →62, →64, . . . ,→66,→71,→72, →74, . . . ,→77, →79, . . . ,→83,
→85,→88, . . . ,→91, →94, →97, →100, . . . ,→107,→109, . . . ,→118,→120, . . . ,

→122,→124, . . . ,→137,→151,→153,→158, . . . ,→161,→166, . . . ,→185 satisfy
(1.5.15) as IFTs.
(b) Implications →2,→3,→8,→11,→14, . . . ,→16,→19,→20,→23,→24,→31,

→32,→34,→34,→41, . . . ,→45,→47, . . . ,→49,→52,→55, . . . ,→57,→65,→74,

→77,→83,→88,→90,→97,→153,→171, . . . ,→180,→182, . . . ,→185 satisfy
(1.5.15) as tautologies.

Theorem 1.5.26 (a) Implications →1,→4,→5,→7,→9,→13,→18,→20, . . . ,

→23,→25,→27, . . . ,→29,→61,→66,→71, →74,→76, →77,→79,→81,→100,
. . . ,→102, →104, →105, →107, →109, . . . ,→113, →118, →124, . . . ,→128, →133,

→151,→153,→158, . . . ,→161,→166,→167,→169,→170,→182,→185 satisfy
expression

(¬A → ¬B) → ((¬A → B) → A)

as IFTs.
(b) Implications →20,→23,→74,→77,→153 satisfy this expression as tautologies.

Theorem 1.5.27 (a) Implications →1,→4,→5,→7,→9,→13,→18,→20, . . . ,

→23, →25,→27, . . . , →30,→33, . . . , →36,→38,→42, →45,→61, →66, →71,

→74,→76, →77, →79, →81, →82, →85, →88,→100, . . . , →105,→107,→109,

. . . , →118,→124, . . . ,→133,→151,→153,→158, . . . , →161,→166, . . . , →170,

→182,→183,→185 satisfy expression

(¬A → ¬B) → ((¬A → ¬¬B) → A)

as IFTs.
(b) Implications →20,→23,→42,→45,→74,→77,→88,→153 satisfy the same
expression as tautologies.
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Table 1.4 The intuitionistic fuzzy implications that satisfy Klir and Yuan’s axioms

A1 A2 A3 A3∗ A4 A4∗ A5 A5∗ A6 A7 A7∗ A8 A8∗

1 • • • • ◦ ◦
2 • • • • • • • •
3 • • • • • • • • • •
4 • • • • • • ◦ • • •
5 • • • • • • ◦ • • •
6 • • • • • ◦
7 ◦ • • ◦ • ◦
8 • • • • • • • •
9 • • • • • ◦
10 • • • • •
11 • • • • • • • • • •
12 • • • • • •
13 • • • • • • ◦ • • •
14 • • • • • • • • • • •
15 • • • • • • • • •
16 • • • • • • •
17 • • • • • ◦ •
18 • • • • • • ◦ •
19 • • • • • • •
20 • • • • • • • • • •
21 • • ◦
22 • • • • ◦ • • •
23 • • • • • • • • • •
24 • • • • • • • • •
25 • • • • • •
26 • • • • • • •
27 • • • ◦ ◦ • • •
28 • • • • • • ◦ •
29 • • • • ◦
30 • • • ◦
31 ◦ ◦ ◦ ◦ • • • •
32 • • • • • • • •
33 • • • • ◦ •
34 • • • • • • • •
35 • • • • ◦ •
36 ◦ ◦ •
37 • • • • • • •
38 • • • ◦
39 • • •
40 • • • • • • •

(continued)
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Table 1.4 (continued)

A1 A2 A3 A3∗ A4 A4∗ A5 A5∗ A6 A7 A7∗ A8 A8∗

41 • • • • •
42 • • • • • • • •
43 • • • • •
44 • • • • ◦
45 • • • • ◦
46 • • • •
47 • • • • •
48 • • • • • •
49 • • • • • •
50 • • • • • •
51 ◦ • •
52 • • • • •
53 • • • •
54 • • • •
55 • • • • •
56 • • • • ◦ •
57 • • • • •
58 • • • • •
59 • • • • •
60 • • • •
61 • ◦ • ◦ ◦
62 • • • • • • •
63 • • • • • • •
64 • ◦ • • ◦
65 • • • • • • •
66 • ◦ ◦
67 • • • • •
68 • • • • • • •
69 • • • • • • • • •
70 • • • •
71 • • • ◦
72 • • • • • ◦
73 • • • • •
74 • • • • • • • • • •
75 • • ◦
76 • • • • • ◦ • • •
77 • • • • • • • • • • •
78 • • • • •
79 • • • • • ◦ • • •

(continued)
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Table 1.4 (continued)

A1 A2 A3 A3∗ A4 A4∗ A5 A5∗ A6 A7 A7∗ A8 A8∗

80 • • • • • ◦
81 • • • • • ◦ •
82 • ◦ ◦
83 • • • • • • •
84 • • • • • • •
85 • ◦ ◦
86 • • •
87 • • • •
88 • • • • • • • •
89 • • • • ◦
90 • • • • ◦
91 • ◦ •
92 • • • • •
93 • • • • •
94 • ◦ •
95 • • • •
96 • • • • •
97 • • • • • •
98 • • • • •
99 • • • • •
100 ◦ ◦ ◦ ◦ • ◦ ◦
101 ◦ ◦ ◦ ◦ ◦ ◦
102 ◦ ◦ • ◦ ◦ ◦ ◦
103 ◦ ◦ ◦ ◦ ◦ ◦
104 ◦ ◦ ◦ ◦ ◦ ◦
105 ◦ ◦ • ◦ ◦ ◦ ◦
106 ◦ ◦ ◦ ◦ ◦
107 ◦ ◦ ◦ ◦ ◦
108 ◦ ◦ • • ◦ ◦
109 • • • • • ◦ ◦
110 • • • • • ◦ • ◦
111 • • ◦ ◦
112 • • • • • ◦ • ◦
113 ◦ ◦ ◦
114 • • • ◦ ◦
115 • • ◦ ◦ ◦
116 • • ◦ ◦
117 • • • ◦ ◦
118 ◦ ◦ ◦

(continued)
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Table 1.4 (continued)

A1 A2 A3 A3∗ A4 A4∗ A5 A5∗ A6 A7 A7∗ A8 A8∗

119 • • • • ◦
120 • • • • ◦
121 • • ◦
122 • • • • ◦
123 ◦ ◦
124 • ◦ ◦ ◦
125 • • • ◦ ◦
126 • • ◦ ◦
127 • • • ◦ ◦
128 ◦ ◦ ◦
129 • ◦ ◦ ◦
130 • • • ◦ ◦
131 • • ◦ ◦
132 • • • ◦ ◦
133 ◦ ◦ ◦
134 • ◦ ◦
135 • • • ◦
136 • • ◦
137 • • • ◦
138 ◦ ◦
139 ◦ ◦ ◦ • ◦ ◦
140 • ◦
141 ◦ ◦ ◦ • ◦ ◦
142 ◦
143 • ◦
144 ◦
145 • ◦
146 ◦ ◦ ◦ ◦ ◦
147 ◦ ◦ ◦ • ◦ ◦
148 ◦ ◦ ◦ ◦ ◦
149 ◦ ◦ ◦ • ◦
150 ◦ ◦ ◦ ◦ ◦
151 ◦ ◦ ◦ ◦ ◦
152 ◦ ◦ ◦ ◦ ◦
153 • • • • • • • • • •
154 ◦ ◦ ◦ ◦ ◦
155 ◦ ◦ ◦ ◦ ◦
156 ◦ ◦ ◦ ◦
157 ◦ ◦ ◦ ◦ ◦
158 ◦ ◦ ◦ ◦ ◦

(continued)
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Table 1.4 (continued)

A1 A2 A3 A3∗ A4 A4∗ A5 A5∗ A6 A7 A7∗ A8 A8∗

159 ◦ ◦ ◦ ◦ ◦
160 ◦ ◦ ◦ ◦ ◦
161 ◦ ◦ ◦ ◦
162 ◦ ◦ ◦ ◦ ◦
163 ◦ ◦ ◦ ◦ ◦
164 ◦ ◦ ◦ ◦ ◦
165 ◦ ◦ ◦ ◦
166 • • • • • ◦ ◦
167 ◦ • • • ◦ ◦ ◦
168 • • • ◦ ◦
169 ◦ • • ◦ ◦ ◦ ◦
170 • • • ◦ ◦
171 • • • • • • • ◦
172 • • • • • • ◦
173 • • • • • ◦
174 • • • • • ◦
175 • • • • • • ◦
176 • • • • • • • • ◦
177 • • • • • • • ◦ •
178 • • • • • • • ◦
179 • • • • • ◦
180 • • • • • • • ◦
181 • • • • • • • • • ◦
182 • • • • • • • • • • •
183 • • • • • • • • ◦
184 • • • • • • ◦
185 • • • • ◦ ◦ • • • ◦ • • •

Theorem 1.5.28 (a) Implications →1, . . . ,→5,→7, . . . ,→9,→11, . . . ,→29,

→46, . . . ,→53,→55, . . . ,→57,→61,→66,→71,→74, . . . ,→77,→79,→81,→91,
→94, →97, →99, . . . , →102, →104, . . . ,→107, →109, . . . ,→113,→118,→119,

→121,→124, . . . , →128,→133, . . . ,→137,→151, →153,→158, . . . ,→161,→166,

→167,→169, . . . ,→172,→174, . . . ,→177,→179,→180,→182, →184,→185 satisfy
expression

(¬A → ¬B) → ((¬A → B) → ¬¬A)

as IFTs.
(b) Implications →2,→3,→8,→11,→14,→15,→16,→19,→20,→23,→47,
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→48,→52,→55, . . . ,→57,→74, →77,→97, →99,→153, →171,→172,→174,

. . . ,→177,→179,→180 satisfy the same expression as tautologies.

Theorem 1.5.29 (a) Implications →1, . . . ,→5,→7, . . . ,→9,→11, . . . ,→38,
→40, . . . , →43,→45, . . . , →53,→55, . . . , →57,→61, →66,→71,→74, . . . , →77,
→79, →81, . . . ,→83, →85, →88,→91, →94, →97,→99, . . . , →119,→121,→124,
. . . , →137,→151,→153,→158, . . . ,→161,→166, . . . ,→180,→182, . . . ,→185 sat-
isfy expression

(¬A → ¬B) → ((¬A → ¬¬B) → ¬¬A).

as IFTs.
(b) Implications →2,→3,→8,→11,→14, . . . , →16,→19, →20,→23, →31,
→32,→37, →40, . . . , →43, →45, →47,→48, →52, →55, . . . , →57,→74, →77,

→83, →88,→97,→99,→153,→171, . . . ,→180 satisfy the same expression as tau-
tologies.

In [69, 70], the Hauber’s Law is formulated by

((A → B) ∧ (C → D) ∧ (A ∨ C) ∧ ¬(B ∧ D)) → ((B → A) ∧ (D → C))

and it is proved that it is a standard tautology.
Here we shall prove the following theorem.

Theorem 1.5.30 The Hauber’s Law is an IFT for standard intuitionistic fuzzy impli-
cation (→4), negation (¬1), disjunction and conjunction.

Proof Let the formulas A, B,C, D be given and let everywhere:

V (A) = 〈a, b〉,

V (B) = 〈c, d〉,

V (C) = 〈e, f 〉,

V (D) = 〈g, h〉.

Then, following [71] we calculate sequentially

V (((A → B) ∧ (C → D) ∧ (A ∨ C) ∧ ¬(B ∧ D)) → ((B → A) ∧ (D → C)))

= ((〈a, b〉 → 〈c, d〉) ∧ (〈e, f 〉 → 〈g, h〉) ∧ (〈a, b〉 ∨ 〈e, f 〉)

∧¬(〈c, d〉 ∧ 〈g, h〉)) → ((〈c, d〉 → 〈a, b〉) ∧ (〈g, h〉 → 〈e, f 〉))

= (〈max(b, c),min(a, d)〉 ∧ 〈max( f, g),min(e, h)〉 ∧ 〈max(a, e),min(b, f )〉

∧〈max(d, h),min(c, g)〉) → (〈max(a, d),min(b, c)〉 ∧ 〈max(e, h),min( f, g)〉)
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= (〈min(max(b, c),max( f, g),max(a, e),max(d, h)),max(min(a, d),min(e, h),

min(b, f ),min(c,g))〉)→〈min(max(a,d),max(e,h)),max(min(b,c),min( f,g))〉

= 〈max(min(a, d),min(e, h),min(b, f ),min(c, g),min(max(a, d),max(e, h))),

min(max(b, c),max( f, g),max(a, e),max(d, h),max(min(b, c),min( f, g)))〉.

Let

X ≡ max(min(a, d),min(e, h),min(b, f ),min(c, g),min(max(a, d),max(e, h)))

−min(max(b, c),max( f, g),max(a, e),max(d, h),max(min(b, c),min( f, g)))

≥ max(min(a, d),min(e, h),min(max(a, d),max(e, h)))

−min(max(a, e),max(d, h)).

If a ≥ d ≥ e ≥ h, then X ≥ max(d, h,min(a, e)) − min(a, d) = d − d = 0.

If a ≥ d ≥ h ≥ e, then X ≥ max(d, e,min(a, h)) − min(a, d) = d − d = 0.

If a ≥ e ≥ d ≥ h, then X ≥ max(d, h,min(a, e)) − min(a, d) = d − d = 0.

If a ≥ e ≥ h ≥ d, then X ≥ max(d, h,min(a, e)) − min(a, h) = e − h ≥ 0.

If a ≥ h ≥ d ≥ e, then X ≥ max(d, e,min(a, h)) − min(a, h) = h − h = 0.

If a ≥ h ≥ e ≥ d, then X ≥ max(d, e,min(a, h)) − min(a, h) = h − h = 0.

If d ≥ a ≥ e ≥ h, then X ≥ max(a, h,min(d, e)) − min(a, d) = a − a = 0.

If d ≥ a ≥ h ≥ e, then X ≥ max(a, e,min(d, h)) − min(a, d) = a − a = 0.

If d ≥ e ≥ a ≥ h, then X ≥ max(a, h,min(d, e)) − min(e, d) = e − e = 0.

If d ≥ e ≥ h ≥ a, then X ≥ max(a, h,min(d, e)) − min(e, d) = e − e = 0.

If d ≥ h ≥ a ≥ e, then X ≥ max(a, e,min(d, h)) − min(a, d) = h − a ≥ 0.

If d ≥ h ≥ e ≥ a, then X ≥ max(a, e,min(d, h)) − min(e, d) = h − e ≥ 0.

If e ≥ a ≥ d ≥ h, then X ≥ max(d, h,min(a, e)) − min(e, d) = a − d ≥ 0.

If e ≥ a ≥ h ≥ d, then X ≥ max(d, h,min(a, e)) − min(e, h) = a − h ≥ 0.

If e ≥ d ≥ a ≥ h, then X ≥ max(a, h,min(d, e)) − min(e, d) = d − d = 0.

If e ≥ d ≥ h ≥ a, then X ≥ max(a, h,min(d, e)) − min(e, d) = d − d = 0.

If e ≥ h ≥ a ≥ d, then X ≥ max(d, h,min(a, e)) − min(e, h) = h − h = 0.

If e ≥ h ≥ d ≥ a, then X ≥ max(a, h,min(d, e)) − min(e, h) = h − h = 0.
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If h ≥ a ≥ e ≥ d, then X ≥ max(d, e,min(a, h)) − min(a, h) = a − a = 0.

If h ≥ a ≥ d ≥ e, then X ≥ max(d, e,min(a, h)) − min(a, h) = a − a = 0.

If h ≥ d ≥ a ≥ e, then X ≥ max(a, e,min(d, h)) − min(a, h) = d − a ≥ 0.

If h ≥ d ≥ e ≥ a, then X ≥ max(a, e,min(d, h)) − min(e, h) = d − e ≥ 0.

If h ≥ e ≥ a ≥ d, then X ≥ max(d, e,min(a, h)) − min(e, h) = e − e = 0.

If h ≥ e ≥ d ≥ a, then X ≥ max(a, e,min(d, h)) − min(e, h) = e − e = 0.
Therefore, the Hauber’s Law is an IFT. �

This theorem generates the following open problem.

Open Problem 3. For which other intuitionistic fuzzy implications, negations, dis-
junctions and conjunctions the Hauber’s Law is an IFT?Are there operations of these
four types, for which the Law is a standard tautology?

The expression
((A ∨ B) ∧ (¬A ∨ C)) → (B ∨ C) (1.5.16)

is called “the basic axiom of the resolution” (see [72]). Obviously, it is a tautology in
the sense of first-order logic. Here we discuss its intuitionistic fuzzy interpretation.

Theorem 1.5.31 For every three formulas A, B and C,
(a) (1.5.16) is an IFT for implications →1, …, →5, →8, →11, →13, …, →15, →17,
→18, →20, …, →24, →27, …, →38, →40, →42, →44, →45, →61, →65, →68, →69,
→71, →74, …, →77, →79, →81, …, →85, →88, …, →90, →100, …, →105, →109, …,
→118, →124, …, →133, →151, →158, …, →160, →166, …, →170, →176, …, →178,
→180, …, →183, →185.
(b) (1.5.16) is a tautology for implications →2, →8, →11, →14, →15, →20, →23,
→31, →32, …, →37, →40, →42, →74, →77, →83, →88, →176, →177, →178, →180.

Proof Following [73], we check the validity of (a) for implication →4. Let V (A) =
〈a, b〉, V (B) = 〈c, d〉, V (C) = 〈e, f 〉, where a, b, c, d, e, f ∈ [0, 1], a + b ≤
1, c + d ≤ 1, e + f ≤ 1. Then,

V (((A ∨ B)) ∧ ((¬A ∨ C)) →4 (B ∨ C))

= (〈max(a, c),min(b, d)〉 ∧ 〈max(b, e),min(a, f )〉) →4 〈max(c, e),min(d, f )〉

= 〈min(max(a, c),max(b, e)),max(min(b, d),min(a, f ))〉

→4 〈max(c, e),min(d, f )〉
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= 〈max(c, e,min(b, d),min(a, f )),min(d, f,max(a, c),max(b, e))〉.

Then,

max(c, e,min(b, d),min(a, f )) − min(d, f,max(a, c),max(b, e))

≥ max(c,min(a, f )) − min( f,max(a, c)) ≥ 0,

i.e., (1.5.16) is an IFT. �

Here, we give a modification of the Conditional logic VW (see [74]), discussed
in [75]. It uses two different implications, mentioned by → and ⊃. Here, for impli-
cation → we use implication →4 and for implication ⊃ – implication →11. In [75],
operation “→” is called “ordinary material conditional” and operation “⊃” we use
“counterfactual conditional”.

Conditional logic contains the following axioms:
Axiom VW1. p ⊃ p
Axiom VW2. (p ⊃ (q → r)) → ((p ⊃ q) → (p ⊃ r))
Axiom VW3. (p ⊃ q) → (p → q)
Axiom VW4. (¬p ⊃ p) → (q ⊃ p)
Axiom VW5. ((p ⊃ q) ∧ ¬(p ⊃ ¬r)) → ((p ∧ r) ⊃ q)
Axiom VW6. ((p ∧ q) ⊃ r) → (p ⊃ (q → r))
Axiom VW7. ((p ⊃ q) ∧ (q ⊃ p)) → ((p ⊃ r) ≡ (q ⊃ r))
and rules:
Rule VW1. From p and p → q to infer q
Rule VW2. From (p1 ∧ . . . ∧ pn) → q, r ⊃ p1, . . . , r ⊃ pn to infer r ⊃ q (where
n ≥ 0).

Here we shall assume that for the propositions x and y:

x ≡ y iff (x ⊃ y) ∧ (y ⊃ x).

Let everywhere below V (p) = 〈a, b〉, V (pi ) = 〈ai , bi 〉 (1 ≤ i ≤ n; n - natural
number), V (q) = 〈c, d〉 and V (r) = 〈e, f 〉.

It is seen directly, that Rule1 is valid, while Rule2 is valid in the following form:
if (p1 ∧ . . . ∧ pn) → q, is true and r ⊃ p1, . . . , r ⊃ pn are IF-sure, then, r ⊃ q is
IF-sure (where n ≥ 0).

Let (p1 ∧ . . . ∧ pn) → q is true, and let r ⊃ p1, . . . , r ⊃ pn are IF-sure, i.e.,

V ((p1 ∧ . . . ∧ pn) → q) = 〈1, 0〉,

μ(r ⊃ p1) ≥ 1

2
,

. . .
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μ(r ⊃ pn) ≥ 1

2
.

Therefore,
1 − (1 − c).sg(min(a1, . . . , an) − c) = 1,

d.sg(min(a1, . . . , an) − c).sg(d − max(b1, . . . , bn)) = 0,

max(a1, f ) ≥ 1

2
,

. . .

max(an, f ) ≥ 1

2
.

Let us assume that r ⊃ q is not an IS, i.e.,

max(c, f ) <
1

2
.

Therefore, c < 1
2 and f < 1

2 . Therefore, for every i (1 ≤ i ≤ n) : ai ≥ 1
2 , i.e.,

min(a1, . . . , an) ≥ 1

2
.

Hence sg(min(a1, . . . , an) − c) = 1, i.e., 1 − (1 − c) = 1 and c = 1, which is a
contradiction.

Therefore, max(c, f ) ≥ 1
2 and hence r ⊃ q is an IF-sure.

Now, we shall check the validity of the above Axioms.

Axiom VW1 is an IFT, because:

V (p ⊃ p) = 〈1 − (1 − a).sg(a − a), b.sg(a − a).sg(b − b)〉 = 〈1, 0〉.

Axiom VW2 is an IFT. This is valid for the following reason.
V ((p ⊃ (q → r)) → ((p ⊃ q) → (p ⊃ r)))
= (〈a, b〉 ⊃ 〈1 − (1 − e).sg(c − e), f.sg(c − e).sg( f − d)〉)

→ (〈max(b, c),min(a, d)〉 → 〈max(b, e),min(a, f )〉)
= 〈max(b, 1 − (1 − e).sg(c − e)),min(a, f.sg(c − e).sg( f − d))〉

→ 〈1 − (1 − max(b, e)).sg(max(b, c) − max(b, e)),min(a, f )
.sg(max(b, c) − max(b, e)).sg(min(a, f ) − min(a, d))〉

= 〈1 − (1 − (1 − (1 − max(b, e)).sg(max(b, c) − max(b, e))))
.sg(max(b, 1 − (1 − e).sg(c − e)) − 1 + (1 − max(b, e))
.sg(max(b, c) − max(b, e))),min(a, f ).sg(max(b, c) − max(b, e))
.sg(min(a, f ) − min(a, d)).sg(max(b, 1 − (1 − e).sg(c − e)) − 1
+(1 − max(b, e)).sg(max(b, c) − max(b, e)))
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.sg(min(a, f ).sg(max(b, c) − max(b, e))

.sg(min(a, f ) − min(a, d)) − min(a, f.sg(c − e).sg( f − d)))〉.
Let

A ≡ 1 − (1 − (1 − (1 − max(b, e)).sg(max(b, c) − max(b, e))))
.sg(max(b, 1 − (1 − e).sg(c − e)) − 1 + (1 − max(b, e))
.sg(max(b, c) − max(b, e))) − min(a, f ).sg(max(b, c) − max(b, e))
.sg(min(a, f ) − min(a, d)).sg(max(b, 1 − (1 − e).sg(c − e)) − 1
+(1 − max(b, e)).sg(max(b, c) − max(b, e))).sg(min(a, f ).sg(max(b, c)
−max(b, e)).sg(min(a, f ) − min(a, d)) − min(a, f.sg(c − e).sg( f − d))).
Then,

1. If c ≤ e, or if c > e and b ≥ max(c, e), then, max(b, e) ≥ max(b, c) and
A = 1 − sg(max(b, 1 − (1 − e).sg(c − e)) − 1) − min(a, f )
.sg(max(b, c)−max(b, e)).sg(min(a, f )−min(a, d)).sg(max(b, 1− (1− e)
.sg(c − e)) − 1).sg(min(a, f ).sg(max(b, c) − max(b, e))
.sg(min(a, f ) − min(a, d)) − min(a, f.sg(c − e).sg( f − d)))

= 1 − 0 = 1;
2. If c > max(b, e), then

A = sg(max(b, 1 − (1 − e).sg(c − e)) − 1 + (1 − max(b, e)).sg(max(b, c) −
max(b, e)))
= sg(max(b, 1 − (1 − e)) − 1 + (1 − max(b, e)))
= sg(max(b,−e) − max(b, e)) = 0
and
A = 0 − 0 = 0.

Therefore, in both cases A ≥ 0, i.e.,

(p ⊃ (q → r)) → ((p ⊃ q) → (p ⊃ r))

is an IFT.

For Axiom VW3 we obtain
V ((p ⊃ q) → (p → q)) = 〈max(b, c),min(a, d)〉 → 〈1 − (1 − c)
.sg(a − c), d.sg(a − c).sg(d − b)〉

= 〈1 − (1 − (1 − (1 − c).sg(a − c))).sg(max(b, c) − (1 − (1 − c).sg(a − c))),
d.sg(a − c).sg(d − b).sg(max(b, c) − (1 − (1 − c)
.sg(a − c))).sg(d.sg(a − c).sg(d − b) − min(a, d))〉.
Let

A ≡ 1 − (1 − (1 − (1 − c).sg(a − c))).sg(max(b, c) − (1 − (1 − c).sg(a − c)))
−d.sg(a − c).sg(d − b).sg(max(b, c) − (1 − (1 − c).sg(a − c))).
sg(d.sg(a − c).sg(d − b) − min(a, d)).

1. If a ≤ c, then,
A = 1 − 0 = 1.

2. If a > c, then
A = 1− (1− c).sg(max(b, c)− c)−d.sg(d −b).sg(max(b, c)− c).sg(d.sg(d −
b) − min(a, d))
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2.1. If b ≤ c, then,
A = 1 − 0 = 1;

2.2. If b > c, then,
A = c − d.sg(d − b).sg(d.sg(d − b) − min(a, d))

2.2.1. If d ≤ b, then,
A = c − 0 = c;

2.2.2. If d > b, then,
A = c − d.sg(d − min(a, d))

2.2.2.1. If a ≥ d, then,
A = c − 0 = c;

2.2.2.2. If a < d, then,
A = c − d < 0,

because d > b > c. Therefore, in this case the Axiom VW3 is not valid.
On the other hand, the following form of Axiom VW3 is valid:

AxiomVW3′. (p → q) ⊃ (p ⊃ q).
In this case:

V ((p → q) ⊃ (p ⊃ q))
= 〈1 − (1 − c).sg(a − c), d.sg(a − c).sg(d − b)〉 ⊃ 〈max(b, c),min(a, d)〉
= 〈max(b, c, d.sg(a − c).sg(d − b)),min(a, d, 1 − (1 − c).sg(a − c))〉.

Let

A ≡ max(b, c, d.sg(a − c).sg(d − b)) − min(a, d, 1 − (1 − c).sg(a − c))〉.

If a ≤ c, then,
A = max(b, c, 0) − min(a, d, 1)) ≥ c − a ≥ 0;
If a > c, then,
A = max(b, c, d.sg(d − b)) − min(a, d, c) ≥ c − c = 0,
i.e., Axiom VW3′ is an IFT.

Axiom VW4 is an IFT, because:
V ((¬p ⊃ p) → (q ⊃ p))
= 〈max(a, a),min(b, b)〉 → 〈max(a, d),min(b, c)〉
= 〈a, b〉 → 〈max(a, d),min(b, c)〉
= 〈max(a, b, d),min(a, b, c)〉
and obviously,

max(a, b, d) − min(a, b, c) ≥ 0.

For Axiom VW5 we obtain
V (((p ⊃ q) ∧ ¬(p ⊃ ¬r)) → ((p ∧ r) ⊃ q))
= (〈max(b, c),min(a, d)〉 ∧ 〈min(a, e),
max(b, f )〉) → (〈min(a, e),max(b, f )〉 → 〈c, d〉)

= 〈min(a, e,max(b, c)),max(b, f,min(a, d))〉 → 〈max(b, c, f ),min(a, d, e)〉
= 〈1 − (1 − max(b, c, f )).sg(min(a, e,max(b, c)) − max(b, c, f )),min(a, d, e).
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sg(min(a, e,max(b, c)) − max(b, c, f )).sg(min(a, d, e)
−max(b, f,min(a, d)))〉

= 〈1, 0〉,
because

min(a, e,max(b, c)) ≤ max(b, c, ) ≤ max(b, c, f ))

and, therefore,
sg(min(a, e,max(b, c)) − max(b, c, f )) = 0.

Therefore,
((p ⊃ q) ∧ ¬(p ⊃ ¬r)) → ((p ∧ r) ⊃ q))

is an IFT.

For Axiom VW6 we obtain
V (((p ∧ q) ⊃ r) → (p ⊃ (q → r)))
= (min(a, c),max(b, d)〉 ⊃ 〈e, f 〉)

→ (〈a, b〉 ⊃ 〈1 − (1 − e).sg(c − e), f.sg(c − e).sg( f − d)〉)
= 〈max(b, d, e),min(a, c, f )〉 → 〈max(b, 1 − (1 − e).sg(c − e)),
min(a, f.sg(c − e).sg( f − d))〉

= 〈1 − (1 − max(b, 1 − (1 − e).sg(c − e))).sg(max(b, d, e) − max(b,
1 − (1 − e).sg(c − e))),min(a, f.sg(c − e).sg( f − d)).sg(max(b, d, e)
−max(b, 1 − (1 − e).sg(c − e))).sg(min(a, f.sg(c − e)
.sg( f − d)) − min(a, c, f ))〉.

Let
A ≡ 1 − (1 − max(b, 1 − (1 − e).sg(c − e))).sg(max(b, d, e) − max(b,
1 − (1 − e).sg(c − e))) − min(a, f.sg(c − e).sg( f − d)).sg(max(b, d, e)
−max(b, 1 − (1 − e).sg(c − e))).sg(min(a, f.sg(c − e).sg( f − d))
−min(a, c, f )).

1. Let c ≤ e, then
A = 1 − (1 − max(b, 1)).sg(max(b, d, e) − max(b, 1)) − min(a, 0)
.sg(max(b, d, e) − max(b, 1)).sg(min(a, 0) − min(a, c, f ))

= 1 − 0 = 1;
2. Let c > e. Then,

A = 1 − (1 − max(b, e)).sg(max(b, d, e) − max(b, e)) − min(a, f.sg( f − d))
.sg(max(b, d, e) − max(b, e)).sg(min(a, f.sg( f − d)) − min(a, c, f ))

2.1. If d ≤ max(b, e), then,
A = 1 − 0 = 1.

2.2. If d > max(b, e), then,
A=max(b, e)−min(a, f.sg( f −d)).sg(min(a, f.sg( f −d))−min(a, c, f ))

2.2.1. If f ≤ d, then,
A = max(b, e) − min(a, 0) = max(b, e) ≥ 0
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2.2.2. If f > d, then,
A = max(b, e) − min(a, f ).sg(min(a, f ) − min(a, c, f ))

2.2.2.1. If c ≥ max(a, f ), then,
A = max(b, e) − 0 ≥ 0;

2.2.2.2. If c < max(a, f ), then,
A = max(b, e) − min(a, f )
2.2.2.2.1. If a ≤ max(b, e), form f > d > max(b, e), it follows

that f > a and A = max(b, e) − a ≥ 0.
2.2.2.2.2. If a > max(b, e), form f > d > max(b, e), it follows

that min(a, f ) > max(b, e)

and, therefore, A < 0, i.e., the expression

((p ∧ q) ⊃ r) → (p ⊃ (q → r))

is valid in all cases without the last one. Hence, it is not an IFT.
On the other hand, the following form of it is valid:

AxiomVW6′. ((p ∧ q) ⊃ r) → (p ⊃ (q ⊃ r)) because
V (((p ∧ q) ⊃ r) → (p ⊃ (q ⊃ r)))
= 〈min(a, c),max(b, d)〉 ⊃ 〈e, f 〉) → (〈a, b〉 ⊃ 〈max(d, e),min(c, f )〉)
= 〈max(b, d, e),min(a, c, f )〉 → 〈max(b, d, e)),min(a, c, f )〉
= 〈1 − (1 − max(b, d, e)).sg(max(b, d, e) − max(b, d, e)),min(a, c, f )
.sg(max(b, d, e) − max(b, d, e)).sg(min(a, c, f ) − min(a, c, f ))〉

= 〈1, 0〉,
i.e.,

((p ∧ q) ⊃ r) → (p ⊃ (q ⊃ r))

is an IFT.

For Axiom VW7 we obtain:
V (((p ⊃ q) ∧ (q ⊃ p)) → ((p ⊃ r) ≡ (q ⊃ r)))
= (〈max(b, c),min(a, d)〉 ∧ 〈max(a, d),min(b, c)〉) → ((〈max(b, e),min(a, f )〉

⊃ 〈max(d, e),min(c, f )〉 ∧ (〈max(d, e),min(c, f )〉 ⊃ 〈max(b, e),
min(a, f )〉))

= 〈min(max(b, c),max(a, d)),max(min(a, d),min(b, c))〉
→ (〈max(min(a, f ), d, e),min(c, f,max(b, e))〉
∧〈max(min(c, f ), b, e),min(a, f,max(d, e))〉)

= 〈min(max(b, c),max(a, d)),max(min(a, d),min(b, c))〉 →
〈min(max(min(a, f ), d, e),max(min(c, f ), b, e)),max(min(a, f,max(d, e)),
min(c, f,max(b, e)))〉

= 〈max(min(a, d),min(b, c),min(max(min(a, f ), d, e),max(min(c, f ), b, e))),
min(max(a, d),max(b, c),max(min(a, f,max(d, e)),min(c, f,max(b, e))))〉.
Let

A ≡ max(min(a, d),min(b, c),min(max(min(a, f ), d, e),max(min(c, f ), b, e)))
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−min(max(a, d),max(b, c),max(min(a, f,max(d, e)),
min(c, f,max(b, e)))).
From the equalities:

min(max(a, x),max(b, x)) = max(x,min(a, b))

max(min(a, x),min(b, x)) = min(x,max(a, b))

it follows that:
A = max(min(a, d),min(b, c),max(e,min(min(a, f ), d,min(c, f ), b)))
min(max(a, d),max(b, c),min( f,max(a,max(d, e), c,max(b, e))))

= max(min(a, d),min(b, c),max(e,min(a, b, c, d, f ))) − min(max(a, d),
max(b, c),min( f,max(a, b, c, d, e)))

1. If e ≥ f , then
A ≥ max(e,min(a, b, c, d, f )) − min( f,max(a, b, c, d, e)) ≥ e − f ≥ 0;

2. If e < f , then, e.g., for a = b = f > c = d = e we obtain:
A = max(c, d, e) − min(a, b, f ) < 0,

i.e., in this case Axiom VW7 is not an IFT.

On the other hand, the following form of Axiom VW7 is valid:
V (((p → q) ∧ (q → p)) ⊃ ((p → r) ≡ (q → r)))
= (〈1 − (1 − c).sg(a − c), d.sg(a − c).sg(d − b)〉 ∧ 〈1 − (1 − a).sg(c − a),

b.sg(c − a).sg(b − d)〉) ⊃ ((〈1 − (1 − e).sg(a − e), f.sg(a − e).sg( f − b)〉
⊃ 〈1 − (1 − e).sg(c − e), f.sg(c − e).sg( f − d)〉) ∧ (〈1 − (1 − e).sg(c − e),
f.sg(c − e).sg( f − d)〉 ⊃ 〈1 − (1 − e).sg(a − e), f.sg(a − e).sg( f − b)〉))

= 〈min(1− (1− c).sg(a − c), 1− (1− a).sg(c − a)),max(d.sg(a − c).sg(d − b),
b.sg(c − a).sg(b − d)〉 ⊃ (〈max( f.sg(a − e).sg( f − b), 1 − (1 − e).sg(c − e)),
min(1 − (1 − e).sg(a − e), f.sg(c − e).sg( f − d))〉

= 〈max( f.sg(c − e).sg( f − d)〉, 1 − (1 − e).sg(a − e)),
min(1 − (1 − e).sg(c − e), f.sg(a − e).sg( f − b))〉)

= 〈min(1− (1− c).sg(a − c), 1− (1− a).sg(c − a)),max(d.sg(a − c).sg(d − b),
b.sg(c−a).sg(b−d)〉 ⊃ 〈min(max( f.sg(a −e).sg( f −b), 1− (1−e).sg(c−e)),
max( f.sg(c−e).sg( f −d), 1−(1−e).sg(a−e))),max(min(1−(1−e).sg(a−e),
f.sg(c − e).sg( f − d)),min(1 − (1 − e).sg(c − e), f.sg(a − e).sg( f − b)))〉

= 〈max(d.sg(a−c).sg(d−b), b.sg(c−a).sg(b−d),min(max( f.sg(a−e).sg( f −b),
1 − (1 − e).sg(c − e)),max( f.sg(c − e).sg( f − d), 1 − (1 − e).sg(a − e)))),
min(1 − (1 − c).sg(a − c), 1 − (1 − a).sg(c − a),max(min(1 − (1 − e)
.sg(a − e), f.sg(c − e).sg( f − d)),min(1 − (1 − e).sg(c − e),
f.sg(a − e).sg( f − b)))〉.
Let

A ≡ max(d.sg(a − c).sg(d − b), b.sg(c − a).sg(b − d),min(max( f.sg(a − e)
.sg( f − b), 1 − (1 − e).sg(c − e)),max( f.sg(c − e).sg( f − d), 1 − (1 − e)
.sg(a − e)))) − min(1 − (1 − c).sg(a − c), 1 − (1 − a).sg(c − a),
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max(min(1− (1−e).sg(a −e), f.sg(c−e).sg( f −d)),min(1− (1−e).sg(c−e),
f.sg(a − e).sg( f − b))).

1. Let a ≤ c, then:
A = max(0, b.sg(b−d),min(max( f.sg(a −e).sg( f −b), 1−(1−e).sg(c−e)),
max( f.sg(c−e).sg( f −d), 1−(1−e).sg(a−e))))−min(1, 1−(1−a).sg(c−a),
max(min(1−(1−e).sg(a−e), f.sg(c−e).sg( f −d)),min(1−(1−e).sg(c−e),
f.sg(a − e).sg( f − b))))

= max(b.sg(b − d),min(max( f.sg(a − e).sg( f − b), 1 − (1 − e).sg(c − e)),
max( f.sg(c−e).sg( f −d), 1−(1−e).sg(a−e))))−min(1−(1−a).sg(c−a),
max(min(1−(1−e).sg(a−e), f.sg(c−e).sg( f −d)),min(1−(1−e).sg(c−e),
f.sg(a − e).sg( f − b)))).

1.1. If a ≤ e, then
A = min(max(0, 1 − (1 − e).sg(c − e)),max( f.sg(c − e).sg( f − d), 1))
−min(1 − (1 − a).sg(c − a),max(min(1, f.sg(c − e).sg( f − d)),
min(1 − (1 − e).sg(c − e), 0)))

= min(1 − (1 − e).sg(c − e), 1) − min(1 − (1 − a).sg(c − a),
max( f.sg(c − e).sg( f − d), 0))

= 1− (1−e).sg(c−e)−min(1− (1−a).sg(c−a), f.sg(c−e).sg( f −d))
1.1.1. If c ≤ e, then

A = 1 − min(1 − (1 − a).sg(c − a), 0) = 1 − 0 = 1;
1.1.2. If c > e, then, c > a and A = e − min(a, f.sg( f − d)) ≥ e − a ≥ 0;

1.2. If a > e, then, c > e and
A = max(b.sg(b−d),min(max( f.sg( f −b), e),max( f.sg( f −d), 1−e)))
−min(1 − (1 − a).sg(c − a),max(min(1 − e, f.sg( f − d)),min(1 −

e, f.sg( f − b)))
1.2.1. If f ≤ b, then,

A = max(b.sg(b − d),min(max(0, e),max( f.sg( f − d), 1 − e))) −
min(1 − (1 − a)
.sg(c − a),max(min(1 − e, f.sg( f − d)),min(1 − e, 0))

= max(b.sg(b − d),min(e,max( f.sg( f − d), 1− e)))−min(1− (1−
a).sg(c − a),
max(min(1 − e, f.sg( f − d)), 0))

= max(b.sg(b − d),min(e,max( f.sg( f − d), 1− e)))−min(1− (1−
a).sg(c − a),
1 − e, f.sg( f − d))

1.2.1.1. If f ≤ d, then,
A = max(b.sg(b − d),min(e,max(0, 1 − e))) − min(1 − (1 −
a).sg(c − a), 1 − e, 0)
= max(b.sg(b − d),min(e, 1 − e)) − 0 ≥ 0;

1.2.1.2. If f > d, then, from e + f ≤ 1
A = max(b,min(e,max( f, 1−e))−min(1−(1−a).sg(c−a), 1−
e, f )
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= max(b,min(e, 1 − e)) − min(1 − (1 − a).sg(c − a), f )
1.2.1.2.1. If c = a (below we assume that c ≥ a) then,
A = max(b,min(e, 1 − e)) − min(1, f )
= max(b,min(e, 1 − e)) − f ≥ b − f ≥ 0;
1.2.1.2.2. If c > a, then,
A = max(b,min(e, 1 − e)) − min(a, f ) ≥ b − f ≥ 0;

1.2.2. If f > b, then,
A = max(b.sg(b − d),min(max( f, e),max( f.sg( f − d), 1 − e)))
−min(1 − (1 − a).sg(c − a),max(min(1 − e, f.sg( f − d)),

min(1 − e, f )))
1.2.2.1. If f ≤ d, then, d > b and

A = max(0,min(max( f, e),max(0, 1 − e))) − min(1 − (1 −
a).sg(c − a),max(min(1 − e, 0),min(1 − e, f )))
= min(max( f, e), 1 − e) − min(1 − (1 − a).sg(c − a),max(0,
min(1 − e, f )))
= min(max( f, e), 1 − e) − min(1 − (1 − a).sg(c − a), f )
≥ min(max( f, e), 1 − e) − f ≥ 0,
because as max( f, e) ≥ f, as well as 1 − e ≥ f ;

1.2.2.2. If f > d, then,
A = max(b.sg(b − d),min(max( f, e),max( f, 1− e)))−min(1−
(1 − a).sg(c − a),
max(min(1 − e, f ),min(1 − e, f )))

= max(b.sg(b−d),min(max( f, e), 1−e))−min(1−(1−a).sg(c−
a),max( f, f ))
= max(b.sg(b−d),min(max( f, e), 1−e))−min(1−(1−a).sg(c−
a), f )
≥ min(max( f, e), 1 − e)) − f ≥ 0;

2. Let a > c, then
A = max(d.sg(d −b), 0,min(max( f.sg(a−e).sg( f −b), 1−(1−e).sg(c−e)),
max( f.sg(c − e).sg( f − d), 1 − (1 − e).sg(a − e)))) − min(c, 1,

max(min(1− (1− e).sg(a − e), f.sg(c − e).sg( f − d)),min(1− (1− e).sg(c −
e), f.sg(a − e).sg( f − b))))
= max(d.sg(d − b),min(max( f.sg(a − e).sg( f − b), 1 − (1 − e).sg(c − e)),
max( f.sg(c − e).sg( f − d), 1 − (1 − e).sg(a − e)))) − min(c,max(min(1 −

(1− e).sg(a − e), f.sg(c − e).sg( f − d)),min(1− (1− e).sg(c − e), f.sg(a −
e).sg( f − b))))

2.1. If a ≤ e, then, e > c and
A = max(d.sg(d − b),min(max(0, 1),max(0, 1)))) − min(c,
max(min(e, 0),min(1, 0)))

= max(d.sg(d − b),min(1, 1)) − min(c,max(0, 0))
= max(d.sg(d − b), 1) − min(c, 0)
= 1 − 0 = 1;

2.2. If a > e, then,
A = max(d.sg(d − b),min(max( f.sg( f − b), 1 − (1 − e).sg(c − e)),
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max( f.sg(c − e).sg( f − d), e))) − min(c,max(min(e,
f.sg(c − e).sg( f − d)),min(1 − (1 − e).sg(c − e), f.sg( f − b))))

2.2.1. If f ≤ b, then,
A = max(d.sg(d−b),min(max(0, 1−(1−e).sg(c−e)),max( f.sg(c−
e).sg( f − d),

e))) − min(c,max(min(e, f.sg(c − e).sg( f − d)),min(1 − (1 −
e).sg(c − e), 0)))
= max(d.sg(d −b),min(1−(1−e).sg(c−e),max( f.sg(c−e).sg( f −
d), e))) − min(c,
max(min(e, f.sg(c − e).sg( f − d)), 0))

= max(d.sg(d −b),min(1−(1−e).sg(c−e),max( f.sg(c−e).sg( f −
d), e)))

−min(c,min(e, f.sg(c − e).sg( f − d)))
2.2.1.1. If f ≤ d, then,

A = max(d.sg(d − b),min(1 − (1 − e).sg(c − e),max(0, e))) −
min(c,min(e, 0))
= max(d.sg(d − b),min(1 − (1 − e).sg(c − e), e)) − min(c, 0)
= max(d.sg(d − b),min(1 − (1 − e).sg(c − e), e)) − 0 ≥ 0;

2.2.1.2. If f > d, then, b > d and
A = max(0,min(1 − (1 − e).sg(c − e),max( f.sg(c − e), e)))
−min(c,min(e, f.sg(c − e)))

= min(1− (1− e).sg(c − e),max( f.sg(c − e), e)))−min(c,min
(e, f.sg(c − e)))
2.2.1.2.1. If c ≤ e, then,

A = min(1,max(0, e)) − min(c,min(e, 0))
= min(1, e) − min(c, 0) = e − 0 ≥ 0;

2.2.1.2.2. If c > e, then,
A = min(e,max( f, e)) − min(c,min(e, f ))
= e − min(c, e, f ) ≥ 0;

2.2.2. If f > b, then,
A = max(d.sg(d−b),min(max( f, 1−(1−e).sg(c−e)),max( f.sg(c−
e).sg( f −d), e)))−min(c,max(min(e, f.sg(c−e).sg( f −d)),min(1−
(1 − e).sg(c − e), f )))

2.2.2.1. If f ≤ d, then,
A = max(d.sg(d−b),min(max( f, 1−(1−e).sg(c−e)),max(0,e)))
−min(c,max(min(e, 0),min(1 − (1 − e).sg(c − e), f )))

= max(d.sg(d − b),min(max( f, 1 − (1 − e).sg(c − e)), e))
−min(c,max(0,min(1 − (1 − e).sg(c − e), f )))

= max(d.sg(d − b),min(max( f, 1 − (1 − e).sg(c − e)), e))
−min(c, 1 − (1 − e).sg(c − e), f )
2.2.2.1.1. If c ≤ e, then,

A = max(d.sg(d−b),min(max( f, 1), e))−min(c, 1, f )
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= max(d.sg(d − b),min(1, e)) − min(c, f )
= max(d.sg(d − b), e) − min(c, f ) ≥ e − c ≥ 0;

2.2.2.1.2. If c > e, then,
A = max(d.sg(d−b),min(max( f, e), e))−min(c, e, f )
= max(d.sg(d−b), e)−min(c, e, f ) ≥ e−min(c, e, f )
≥ 0;

2.2.2.2. If f > d, then,
A = max(d.sg(d − b),min(max( f, 1 − (1 − e).sg(c − e)),
max( f.sg(c − e), e))) − min(c,max(min(e, f.sg(c − e)),
min(1 − (1 − e).sg(c − e), f )))
2.2.2.2.1. If c ≤ e, then,

A = max(d.sg(d − b),min(max( f, 1),max(0, e)))
−min(c,max(min(e, 0),min(1, f )))

= max(d.sg(d − b),min(1, e)) − min(c,max(0, f ))
= max(d.sg(d − b), e) − min(c, f ) ≥ e − c ≥ 0;

2.2.2.2.2. If c > e, then,
A = max(d.sg(d − b),min(max( f, e),max( f, e)))
−min(c,max(min(e, f ),min(e, f )))

= max(d.sg(d − b),max( f, e)) − min(c,min(e, f ))
≥ max( f, e) − min(e, f ) ≥ 0,

i.e., in this case Axiom VW7′ is an IFT. �

So, we checked the validity of original or modified Conditional Logic Axioms
for pair (→4,→11).

Open Problem 4.Which pairs of implications (→i ,→ j ) for 1 ≤ i, j ≤ 185 satisfy
these axioms in original or modified forms?

For example, we mention that the original Axioms are valid only for pairs
(→20,→20), (→23,→23), (→74,→74) and (→77,→77), i.e., for the case, when
the implications ⊃ and → in the seven axioms coincide. If we change the condition
for the Axioms to be true with condition for these axioms to be IFTs, then, these
pairs with equal components are generated by implications →20, →23, →27, →29,

→74, →77, →81, →101, →102, →111,…, →113, →118, →126, →128, →167, →169.

1.6 De Morgan Laws and Law for Excluded Middle

Following and extending [59], first, we give the Law for Excluded Middle (LEM) in
the forms:

V (A ∨ ¬A) = 〈1, 0〉

(standard tautology) and
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V (A ∨ ¬A) = 〈p, q〉,

(IFT), where 1 ≥ p ≥ q ≥ 0 and p + q ≤ 1.
Second, we give the Modified Law for Excluded Middle (MLEM) in the forms:

¬¬〈a, b〉 ∨ ¬〈a, b〉 = 〈1, 0〉

(standard tautology) and

¬¬〈a, b〉 ∨ ¬〈a, b〉 = 〈p, q〉,

(IFT), where 1 ≥ p ≥ q ≥ 0 and p + q ≤ 1 and ∨ is the disjunction from Sect. 1.1.

Theorem 1.6.1 Only negation ¬13 satisfies the LEM in the tautological form.

Proof Let V (A) = 〈a, b〉 and a, b, a + b ∈ [0, 1]. Then,

V (x ∨ ¬13x) = 〈a, b〉 ∨ 〈sg(1 − a), sg(1 − a)〉

= 〈max(a, sg(1 − a)),min(b, sg(1 − a))〉.

Now, we see that

max(a, sg(1 − a)) =
{
max(1, sg(0)), if a = 1
max(a, sg(1 − a)), if a < 1

=
{
max(1, 0), if a = 1
max(a, 1), if a < 1

= 1

and

min(b, sg(1 − a)) =
{
min(0, sg(0)), if a = 1
min(0, sg(1 − a)), if a < 1

=
{
min(0, 1), if a = 1
min(0, 1), if a < 1

= 0.

Therefore,
V (x ∨ ¬13x) = 〈1, 0〉,

i.e., x ∨ ¬13x is a tautology. �

Theorem 1.6.2 Only negations ¬2, ¬5, ¬9, ¬11, ¬13, ¬16 satisfy the MLEM in the
tautological form.

Theorem 1.6.3 Negations ¬1, ¬3, ¬4, ¬7, …, ¬9, ¬11, …, ¬34, ¬40, ¬43, ¬48, ¬49,
¬52, ¬53 satisfy the LEM in the IFT form.
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Theorem 1.6.4 Negations ¬1, …, ¬9, ¬11, …, ¬34, ¬43, ¬48, ¬49, ¬52, ¬53 satisfy
the MLEM in the IFT form.

The checks of the last three assertions are similar to the proof of Theorem1.6.1.
By this reason we will prove only Theorems1.6.2 and 1.6.4 for the case of negation
¬5.

¬5¬5〈a, b〉 ∨ ¬5〈a, b〉

= 〈1− sg(a)− sg(a).sg(1− b), sg(1− b)〉 ∨ 〈1− sg(1− sg(a)− sg(a).sg(1− b))

−sg(1 − sg(a) − sg(a).sg(1 − b)).sg(1 − sg(1 − b)), sg(1 − sg(1 − b))〉

= 〈max(1 − sg(a) − sg(a).sg(1 − b), 1 − sg(1 − sg(a) − sg(a).sg(1 − b))

−sg(1−sg(a)−sg(a).sg(1−b)).sg(1−sg(1−b))),min(sg(1−b), sg(1−sg(1−b)))〉.

Let

X ≡ max(1 − sg(a) − sg(a).sg(1 − b), 1 − sg(1 − sg(a) − sg(a).sg(1 − b))

−sg(1 − sg(a) − sg(a).sg(1 − b)).sg(1 − sg(1 − b)))

−min(sg(1 − b), sg(1 − sg(1 − b))).

Let a = 0. Then, sg(a) = 0, sg(a) = 1 and

X = max(1−sg(1−b), 1−sg(1−sg(1−b))−sg(1−sg(1−b)).sg(1−sg(1−b)))

−min(sg(1 − b), sg(1 − sg(1 − b))).

If b = 1, then, sg(1 − b) = 0 and

X = max(1, 1−sg(1)−sg(1).sg(1))−min(0, sg(1)) = max(1, 0)−min(0, 1) = 1.

If b < 1, then, sg(1 − b) = 1 and

X = max(1 − 1, 1 − sg(1 − 1) − sg(1 − 1).sg(1 − 1)) − min(1, sg(1 − 1))

= max(0, 1) − min(1, 0) = 1.

Let a > 0. Then, sg(a) = 1, sg(a) = 0, sg(1 − b) = 1 and

X ≡ max(1 − 1, 1 − sg(1 − 1) − sg(1 − 1).sg(1 − 1)) − min(1, sg(1 − 1))

= max(0, 1) − min(1, 0) = 1.
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Therefore, negation ¬5 satisfies the Modified LEM in the IFT-form. On the other
hand, in all cases the evaluation of the expression is equal to 〈1, 0〉, i.e., this negation
satisfies the Modified LEM in the tautological form. �

Third, following and extending [76], we studywhich negations satisfy DeMorgan
Laws (DMLs). Usually, they have the forms:

¬x ∧ ¬y = ¬(x ∨ y),

¬x ∨ ¬y = ¬(x ∧ y),

where ∧ and ∨ are the conjunction and disjunction from Sect. 1.1, see (1.1.4) and
(1.1.5).

Theorem 1.6.5 For every two formulas A and B:

¬i A ∧ ¬i B = ¬i (A ∨ B),

¬i A ∨ ¬i B = ¬i (A ∧ B)

for i = 1, 2, 4, . . . , 11, 13, . . . , 17, 20, 23, 35, . . . , 51, 53.
We shall illustrate only the fact that theDMLs are not valid for i = 3. For example,

if a = b = 0.5, c = 0.1, d = 0, then

V (¬3A ∧ ¬3B) = 0.5,

V (¬3(A ∨ B) = 0.25.

The above mentioned change of the Law for Excluded Middle inspired the idea
to study the validity of De Morgan’s Laws, which the classical negation ¬ (here it is
negation ¬1) satisfies. Indeed, it can be easily proved that the expressions

¬1(¬1A ∨ ¬1B) = A ∧ B

and
¬1(¬1A ∧ ¬1B) = A ∨ B

are IFTs, while the other negations do not satisfy these equalities. For them the
following assertion is valid.

Theorem 1.6.6 For every two formulas A and B, it holds that

¬i (¬i A ∨ ¬i B) = ¬i¬i A ∧ ¬i¬i B,

¬i (¬i A ∧ ¬i B) = ¬i¬i A ∨ ¬i¬i B
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for i = 1, 2, 4, . . . , 11, 13, . . . , 17, 19, 20, 23, 25, 35, . . . , 51, 53.

1.7 New Intuitionistic Fuzzy Conjunctions and Disjunctions

From classical logic, it is well-known that for any two formulas A and B:

A ∨ B = ¬A → B, (1.7.1)

A ∧ B = ¬(A → ¬B). (1.7.2)

Therefore, having the above intuitionistic fuzzy implications and negations, we
can construct 185 disjunctions and 185 conjunctions. In Sect. 1.2 we saw that impli-
cation (1.1.6), which is denoted there by→4, and negation (1.1.3), which in Sect. 1.4
is denoted by ¬1, are connected by equality (1.2.1). So, using formulas (1.7.1)
and (1.7.2) we can construct from them a disjunction and a conjunction, and they
exactly coincide with these from (1.1.4) and (1.1.5), respectively. All other dis-
junctions and conjunctions can be constructed in the same manner. For example, if
V (A) = 〈a, b〉, V (B) = 〈c, d〉, a, b, c, d ∈ [0, 1], a + b ≤ 1, c + d ≤ 1 and if we
use negation ¬2 and its related implication →2, we obtain sequentially:

V (A ∨2 B) = 〈a, b〉 ∨2 〈c, d〉

= ¬2〈a, b〉 →2 〈c, d〉

= 〈sg(a), sg(a)〉 →2 〈c, d〉

= 〈sg(sg(a) − c), dsg(sg(a) − c)

and
V (A ∧2 B) = 〈a, b〉 ∧2 〈c, d〉

= ¬2(〈a, b〉 →2 ¬2〈c, d〉)

= ¬2(〈a, b〉 →2 〈sg(c), sg(c)〉)

= ¬2〈sg(a − sg(c)), sg(c)sg(a − sg(c))〉

= 〈sg(sg(a − sg(c))), sg(sg(a − sg(c)))〉

= 〈sg(a − sg(c)), sg(a − sg(c))〉.

As we saw in Sect. 1.6, the disjunctions and conjunctions can have two forms.
Therefore, formulas (1.7.1) and (1.7.2) can be changed with the new ones:
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A ∨ B = ¬A → ¬¬B, (1.7.3)

A ∧ B = ¬(¬¬A → ¬B). (1.7.4)

For example, for the above formulas A and B, negation ¬2 and implication →2,
we obtain sequentially:

V (A ∨2 B) = ¬2〈a, b〉 ∨2 ¬2¬2〈c, d〉

= ¬2〈a, b〉 →2 ¬2〈sg(c), sg(c)〉

= ¬2〈a, b〉 →2 〈sg(sg(c)), sg(sg(c))〉

(For every x ∈ [0, 1]:

sg(sg(x)) =
{
0, if x = 0
1, if x > 0

= sg(x)

and

sg(sg(x)) =
{
1, if x = 0
0, if x > 0

= sg(x).

= 〈sg(a), sg(a)〉 →2 〈sg(c), sg(c)〉

= 〈sg(sg(a) − sg(c)), sg(c)sg(sg(a) − sg(c))〉

and
V (A ∧2 B) = 〈a, b〉 ∧2 〈c, d〉

= ¬2(¬2¬2〈a, b〉 →2 ¬2〈c, d〉)

= ¬2(¬2〈sg(a), sg(a)〉 →2 〈sg(c), sg(c)〉)

= ¬2(〈sg(sg(a)), sg(sg(a))〉 →2 〈sg(c), sg(c)〉)

= ¬2(〈sg(a), sg(a)〉 →2 〈sg(c), sg(c)〉)

= ¬2〈sg(sg(a) − sg(c)), sg(c)sg(sg(a) − sg(c))〉

= 〈sg(sg(sg(a) − sg(c))), sg(sg(sg(a) − sg(c)))〉

= 〈sg(sg(a) − sg(c)), sg(sg(a) − sg(c))〉.

Having in mind that a part of the disjunctions and conjunctions are generated by
the classical negation ¬1, we call all these “semiclassical disjunctions and conjunc-
tions”, excluding only the disjunction ∨4 and conjunction ∧4, i.e., the disjunction ∨
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and conjunction ∧ from Sect. 1.1, that we call “classical disjunctions and conjunc-
tions”. We call the rest disjunctions and conjunctions “non-classical disjunctions
and conjunctions”.

Therefore, formulas (1.7.1)–(1.7.4) must be rewritten to

A ∨i,1 B = ¬ϕ(i)A →i B, (1.7.5)

A ∧i,1 B = ¬ϕ(i)(A →i ¬ϕ(i)B), (1.7.6)

A ∨i,2 B = ¬ϕ(i)A →i ¬ϕ(i)¬ϕ(i)B, (1.7.7)

A ∧i,2 B = ¬ϕ(i)(¬ϕ(i)¬ϕ(i)A →i ¬ϕ(i)B), (1.7.8)

where ϕ(i) is the number of the negation that corresponds to the i-th implication (cf.
Table1.3).

Now, we see a possibility for constructing a third group of disjunctions and con-
junctions. They have the forms

A ∨i,3 B = ¬1A →i B, (1.7.9)

A ∧i,3 B = ¬1(A →i ¬1B). (1.7.10)

Therefore, in all of them only the classical negation ¬1 is used and by this reason,
we call them again “semiclassical disjunctions and conjunctions”, excluding as
above only disjunction ∨4,3 and conjunction ∧4,3.

For example, for the above formulas A and B, negation ¬2 and implication →2,
we obtain sequentially:

V (A ∨2,3 B) = ¬1〈a, b〉 ∨2 ¬1¬1〈c, d〉

= 〈b, a〉 ∨2 〈c, d〉

= 〈sg(b − c), d.sg(b − c)〉

and
V (A ∧2,3 B) = ¬1(¬1¬1〈a, b〉 →2 ¬1〈c, d〉)

= ¬1(〈a, b〉 →2 〈d, c〉)

= ¬1〈sg(a − d), c.sg(a − d)〉

= 〈c.sg(a − d), sg(a − d)〉.

Three open problems arise here.



1.7 New Intuitionistic Fuzzy Conjunctions and Disjunctions 59

Open Problem 5. Construct all new disjunctions and conjunctions. It is interesting
to check whether some disjunctions and conjunctions will coincide.

Open Problem 6. Study the behaviour of the new disjunctions and conjunctions. For
example, which of them will satisfy De Morgan’s Laws and in which form of these
Laws?

Open Problem 7. Study the properties of the disjunctions and conjunctions from
(1.7.5)–(1.7.10). It is very important to check the validity of the separate axioms –
of the intuitionistic logic, of Kolmogorov, of Łukasiewicz and Tarski, of Klir and
Yuan, and the other ones, discussed in Sect. 1.5.

We finish this chapter with a remark from the area of group theory.
Here, for the first time, the author described an idea generated by him about 45

year ago, when he was a schoolboy in the secondary school. Only in the last months,
after discussions with colleagues, he collected enthusiasm to formulate it (of course,
in essentially better form than in the beginning).

Let for a fixed set X , P(X) = {Y |Y ⊆ X}.
Obviously, if X �= ∅ is a fixed set, then, 〈P(X),∧, X〉 and 〈P(X),∨,∅〉 are

commutative monoids, but for every set A ∈ P(X) there is no element B such that
A ∧ B = X and A ∨ B = ∅. By this reason, 〈P(X),∧, X〉 and 〈P(X),∨,∅〉 are not
(commutative) groups.

We call 〈M, ∗, e∗, e◦〉 a “multi unitary group” (shortly, μ-group) if and only if

(∀a, b ∈ M)(a ∗ b ∈ M); (1.7.11)

(∀a, b, c ∈ M)((a ∗ b) ∗ c = a ∗ (b ∗ c)); (1.7.12)

(∀a ∈ M)(a ∗ e∗ = a = e∗ ∗ a); (1.7.13)

(∀a ∈ M)(∃a◦ ∈ M)(a ∗ a◦ = e◦ = a◦ ∗ a). (1.7.14)

The μ-group is commutative if and only if

(∀a, b ∈ M)(a ∗ b = b ∗ a). (1.7.15)

For example, 〈P(X),∧, X, ∅〉 and 〈P(X),∨,∅, X〉 are μ-groups.
In the particular case, when e∗ = e◦, the (commutative) μ-group is reduced to a

standard (commutative) group.
Two μ-groups MG1 and MG2 are dual, if and only if they have the forms

MG1 = 〈M, ∗, e∗, e◦〉 and MG2 = 〈M, ◦, e◦, e∗〉

for some given operations ∗ and ◦, and for the unitary elements e∗ and e◦.
For example, 〈P(X),∧, X,∅〉 and 〈P(X),∨,∅, X〉 are dual μ-groups.
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Formulas (1.7.13) and (1.7.14) can be written in more details, if we like to define
left- and right-μ-group. All formulas (1.7.11)–(1.7.15) have analogues in group the-
ory.

In the intuitionistic fuzzy case, we must modify condition (1.7.14) so that for a
relation R:

(∀a ∈ M)(∃a◦ ∈ M)(e◦ R(a ∗ a◦)Re∗). (1.7.16)

For example, let ∗ be either the operation ∧ or the operation ∨, R be the relation
⊂, e◦ be ∅ and e∗ be X . Then, (1.7.16) obtains either the form

(∀a ∈ M)(∃a◦ ∈ M)(∅ ⊂ (a ∧ a◦) ⊂ X),

or
(∀a ∈ M)(∃a◦ ∈ M)(∅ ⊂ (a ∨ a◦) ⊂ X).

Now, the following open problem arises.

Open Problem 8. For which numbers i (1 ≤ i ≤ 185), the objects 〈S,∨i , F, T 〉
and 〈S,∧i , T, F〉 are (commutative) dual μ-groups, satisfying condition (1.7.16),
where S, T, F are described in Sect. 1.1, relation R is ≤ or ≥, and the disjunctions
and conjunctions are defined by (1.7.5)–(1.7.10)?
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Chapter 2
Intuitionistic Fuzzy Predicate Logic

2.1 Short Remarks on Intuitionistic Fuzzy Predicate Logic

The idea for evaluation of the propositions was extended for predicates (see [1–6])
as follows (see, e.g., [7–10]).

Let x be a variable, obtaining values in set E and let P(x) be a predicate with a
variable x . Let

V (P(x)) = 〈μ(P(x)), ν(P(x))〉.

The IF-interpretations of the (intuitionistic fuzzy) quantifiers for all (∀) and there
exists (∃) are introduced in [7, 9, 10] by

V (∃x P(x)) = 〈sup
y∈E

μ(P(y)), inf
y∈E ν(P(y))〉, (2.1.1)

V (∀x P(x)) = 〈 inf
y∈E μ(P(y)), sup

y∈E
ν(P(y))〉. (2.1.2)

If E is a finite set, then we can use the denotations

V (∃x P(x)) = 〈max
y∈E μ(P(y)),min

y∈E ν(P(y))〉, (2.1.3)

V (∀x P(x)) = 〈min
y∈E μ(P(y)),max

y∈E ν(P(y))〉. (2.1.4)

In general, below, we use the first forms of both quantifiers.
Their geometrical interpretations are illustrated in Figs. 2.1 and 2.2, respectively,

where x1, . . . , x5 are possible values of variable x and V (x1), . . . , V (x5) are their
IF-evaluations.

The most important property of the two quantifiers is that each of them juxtaposes
to predicate P a point (exactly one per quantifier) in the IF-interpretational triangle.

© Springer International Publishing AG 2017
K.T. Atanassov, Intuitionistic Fuzzy Logics, Studies in Fuzziness
and Soft Computing 351, DOI 10.1007/978-3-319-48953-7_2
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Fig. 2.1 Second geometrical
interpretation of quantifier ∀

Fig. 2.2 Second geometrical
interpretation of quantifier ∃

In [9, 10], for implication →4 the following two theorems are proved, where we
used → instead of →4.

Theorem 2.1.1 The logical axioms of the K-theory (see [5]):

(a) A → (B → A),
(b) (A → (B → C)) → ((A → B) → (A → C)),

(c) (¬A → ¬B) → ((¬A → B) → A),
(d) ∀x A(x) → A(t), for the fixed variable t,
(e) ∀x(A → B) → (A → ∀x B)

are IFTs.

Proof Assertions (a)–(c) coincide with those in Theorem 1.5.17 (IL2), (IL5) and
Theorem 1.5.26, respectively. We will here prove only assertions (d) and (e).

(d) Let the variable t be fixed.
Then,

V (∀x A(x) → A(t))

= 〈inf
x

μ(A(x)), sup
x

ν(A(x))〉 → 〈μ(A(t)), ν(A(t))〉

http://dx.doi.org/10.1007/978-3-319-48953-7_1
http://dx.doi.org/10.1007/978-3-319-48953-7_1
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= 〈max(sup
x

ν(A(x)),μ(A(t))),min(inf
x

μ(A(x)), ν(A(t)))〉

and
max(sup

x
ν(A(x)),μ(A(t))) − min(inf

x
μ(A(x)), ν(A(t)))

≥ μ(A(t)) − inf
x

μ(A(x)) ≥ 0,

i.e., (d) is an IFT.
For (e) we sequentially obtain:

V (∀x(A → B) → (A → ∀x B)) = V (∀x(A → B)) → V (A → ∀x B)

= 〈inf
x
max(μ(B), ν(A)), sup

x
min(μ(A), ν(B))〉

→ 〈max(ν(A), inf
x

μ(B)),min(μ(A), sup
x

ν(B))〉

= 〈max(ν(A), inf
x

μ(B), sup
x

min(μ(A), ν(B))),

min(μ(A), sup
x

ν(B), inf
x
max(μ(B), ν(A)))〉

and
max(ν(A), inf

x
μ(B), sup

x
min(μ(A), ν(B))) ≥ max(ν(A), inf

x
μ(B))

= inf
x
max(μ(B), ν(A)) ≥ min(μ(A), sup

x
ν(B), inf

x
max(μ(B), ν(A))),

i.e., (e) also is an IFT. �

Below, we list some assertions, which are theorems of the classical first order
logic (see, e.g. [5]).

Theorem 2.1.2 The following formulas are IFTs:

(a) (∀x A(x) → B) ≡ ∃x(A(x) → B),
(b) ∃x A(x) → B ≡ ∀x(A(x) → B),
(c) B → ∀x A(x) ≡ ∀x(B → A(x)),
(d) B → ∃x A(x) ≡ ∃x(B → A(x)),
(e) (∀x A ∧ ∀x B) ≡ ∀x(A ∧ B),
(f) (∀x A ∨ ∀x B) → ∀x(A ∨ B),
(g) ¬∀x A ≡ ∃x¬A,
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(h) ¬∃x A ≡ ∀x¬A,
(i) ∀x∀yA ≡ ∀y∀x A,
(j) ∃x∃yA ≡ ∃y∃x A,
(k) ∃x∀yA → ∀y∃x A,
(l) ∀x(A → B) → (∀x A → ∀x B).
Proof We shall use Lemma 1.5.1.
(a)

V (∀x A(x) → B)

= 〈max(sup
x

ν(A(x)),μ(B)),min(inf
x

μ(A(x)), ν(B))〉

= 〈sup
x
(max(ν(A(x)),μ(B))), inf

x
(min(μ(A(x)), ν(B)))〉

= V (∃x(A(x) → B));

(b)
V (∃x A(x) → B)

= 〈max(inf
x

ν(A(x)),μ(B)),min(sup
x

μ(A(x)), ν(B))〉

= 〈inf
x
(max(ν(A(x)),μ(B))), sup

x
(min(μ(A(x)), ν(B)))〉

= V (∀x(A(x) → B));

(c)
V (B → ∀x A(x))

= 〈max(inf
x

μ(A(x)), ν(B)),min(sup
x

ν(A(x)),μ(B))〉

= 〈inf
x
(max(μ(A(x)), ν(B))), sup

x
(min(ν(A(x)),μ(B)))〉

= V (∀x(B → A(x)));

(d) is proved analogically;
(e)

V (∀x A ∧ ∀x B)

= 〈min(inf
x

μ(A),min μ(B)),max(sup
x

ν(A),max ν(B))〉

= 〈inf
x
(min(μ(A),μ(B))), sup

x
(max(ν(A), ν(B)))〉

http://dx.doi.org/10.1007/978-3-319-48953-7_1
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= V (∀x(A ∧ B));

(f) is proved analogically;
(g)

V (¬∀x A) = 〈sup
x

ν(A), inf
x

μ(A)〉 = V (∃x¬A);

(h) is proved analogically;
(i)

V (∀x∀yA)

= 〈inf
x
inf
y

μ(A), sup
x

sup
y

ν(A)〉

= 〈inf
y
inf
x

μ(A), sup
y

sup
x

ν(A)〉

= V (∀y∀x A);

(j) is proved analogically;
(k)

V (∃x∀yA → ∀y∃x A)

= 〈sup
x

inf
y

μ(A), inf
x
sup
y

ν(A)〉 → 〈inf
y
sup
x

μ(A), sup
y

inf
x

ν(A)〉

= 〈max(inf
y
sup
x

ν(A), inf
x
sup
y

μ(A)),min(sup
x

inf
y

μ(A), sup
y

inf
x

ν(A))〉

and
max(inf

y
sup
x

ν(A), inf
x
sup
y

μ(A)) − min(sup
x

inf
y

μ(A), sup
y

inf
x

ν(A))

≥ sup
y

inf
x

ν(A) − sup
y

inf
x

ν(A) = 0,

i.e., ∃x∀yA → ∀y∃x A is an IFT;
(l) is proved analogically. �

Theorem 2.1.3 For a predicate P and for negation ¬i , ∀x P(x)∨ ∃x¬i P(x) is an
IFT for i = 1, 3, 4, 8, 9, 11, 12, 14, 15, 18, . . . , 23, 25, . . . , 32, 45, 52, 53.

Proof Let for the variable x ,

V (∀x P(x)) = 〈M, n〉,

V (∃x P(x)) = 〈m, N 〉,
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where the pairs 〈M, n〉 and 〈m, N 〉 are given by either (2.1.1) and (2.1.2), or (2.1.3)
and (2.1.4). Below, we will discuss the proof for three of the negations: ¬1, ¬12 and
¬52.

For ¬1 we obtain:

∀x P(x) ∨ ∃x¬1P(x) = 〈m, N 〉 ∨ V (∃x〈ν(P(x)),μ(P(x))〉)

= 〈m, N 〉 ∨ 〈N ,m〉 = 〈max(m, N ),min(m, N )〉,

that is an IFT, because max(m, N ) − min(m, N ) ≥ 0.
For ¬12 we obtain:

∀x P(x) ∨ ∃x¬12P(x)

= 〈m, N 〉 ∨ 〈sup
x
(ν(P(x))(μ(P(x)) + ν(P(x)))),

inf
x
(μ(P(x))(μ(P(x)) + μ(P(x))ν(P(x)) + ν(P(x))2))〉

= 〈max(m, sup
x
(ν(P(x))(μ(P(x)) + ν(P(x))))),

min(N , inf
x
(μ(P(x))(μ(P(x)) + μ(P(x))ν(P(x)) + ν(P(x))2)))〉.

Then,
max(m, sup

x
(ν(P(x))(μ(P(x)) + ν(P(x)))))

−min(N , inf
x
(μ(P(x))(μ(P(x)) + μ(P(x))ν(P(x)) + ν(P(x))2)))

≥ m − inf
x
(μ(P(x))(μ(P(x)) + μ(P(x))ν(P(x)) + ν(P(x))2)) ≥ 0,

because for every two numbers a, b ∈ [0, 1], such that a + b ≤ 1: a + ab + b2 =
a + b(a + b) ≤ a + b ≤ 1, i.e., the expression is an IFT.

For ¬52 we obtain:
∀x P(x) ∨ ∃x¬52P(x)

= 〈m, N 〉 ∨ 〈sup
x
(sg(ν(P(x))) + sg(μ(P(x))ν(P(x)))),m〉

= 〈max(m, sup
x
(sg(ν(P(x))) + sg(μ(P(x))ν(P(x))))),min(N ,m)〉,

which obviously is an IFT. The (sup− inf)-case is analogous.
All other checks are similar. �
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The link between the interpretations of quantifiers and the topological operators C
(closure) and I (interior) defined over IFSs see [7] is obvious.

Open Problem 9. The basic problem which remains unsolved is related to the char-
acterization of predicate IFTs by means of a calculus.

Following [9, 10], we mention that a partial solution of the problem of giving a
calculus which generates all predicate IFTs is presented in the next theorem.

Theorem 2.1.4 A prenex normal form A is an IFT if and only if it is a classical
predicate tautology and its quantifier free matrix is a propositional IFT.

Here, a prenex formmeans (see [9, 10]) a predicate formula inwhich all quantifiers
are moved to the left. The proof is based on the fact that all predicate transformations
leading to prenex forms in the classical logic are valid for the intuitionistic fuzzy
case, too.

2.2 Extended Intuitionistic Fuzzy Quantifiers

In [8], we introduced the following six quantifiers and studied some of their proper-
ties.

V (∀μx P(x)) = {〈x, inf
y∈E μ(P(y)), ν(P(x))〉|x ∈ E},

V (∀νx P(x)) = {〈x,min(1 − sup
y∈E

ν(P(y)),μ(P(x))), sup
y∈E

ν(P(y))〉|x ∈ E},

V (∃μx P(x)) = {〈x, sup
y∈E

μ(P(y)),min(1 − sup
y∈E

μ(P(y)), ν(P(x)))〉|x ∈ E},

V (∃νx P(x)) = {〈x,μ(P(x)), inf
y∈E ν(P(y))〉|x ∈ E},

V (∀∗
νx P(x))

= {〈x,min(1 − sup
y∈E

ν(P(y)),μ(P(x))),min(sup
y∈E

ν(P(y)), 1 − μ(P(x)))〉|x ∈ E},

V (∃∗
μx P(x))

= {〈x,min(sup
y∈E

μ(P(y)), 1 − ν(P(x))),min(1 − sup
y∈E

μ(P(y)), ν(P(x)))〉|x ∈ E}.
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Fig. 2.3 Example of a
second geometrical
interpretation

Fig. 2.4 Second geometrical
interpretation of quantifier∃μ

Fig. 2.5 Second geometrical
interpretation of quantifier ∃ν

Let the possible values of the variable x be a, b, c and let their IF-evaluations
V (a), V (b), V (c) be shown on Fig. 2.3. The geometrical interpretations of the new
quantifiers are shown in Figs. 2.4, 2.5, 2.6, 2.7, 2.8 and 2.9.
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Fig. 2.6 Second geometrical
interpretation of quantifier∀μ

Fig. 2.7 Second geometrical
interpretation of quantifier∀ν

Fig. 2.8 Second geometrical
interpretation of quantifier∃∗

μ
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Fig. 2.9 Second geometrical
interpretation of quantifier∀∗

ν

Now, we see that we can change the forms of the first two quantifiers to the forms

V (∀x P(x)) = {〈x, inf
y∈E μ(P(y)), sup

y∈E
ν(P(y))〉|x ∈ E},

V (∃x P(x)) = {〈x, sup
y∈E

μ(P(y)), inf
y∈E ν(P(y))〉|x ∈ E}.

Obviously, for every predicate P ,

V (∀x P(x)) ⊆ V (∀μx P(x)) ⊆ V (∀νx P(x)) ⊆ V (∃νx P(x))

⊆ V (∃μx P(x)) ⊆ V (∃x P(x))

and
V (∀x P(x)) ⊆ V (∀νx P(x)) ⊆ V (∀∗

νx P(x))

⊆ V (∃∗
μx P(x)) ⊆ V (∃μx P(x)) ⊆ V (∃x P(x)).

Open Problem 10.Which implications satisfy Theorem 2.1.1(d) and (e) in Sect. 2.1?

Now, we can modify the new six operators, so as to change their set form to the
form of the first two operators.

Let a be one of the possible values for variable x . Then,

V ((∀μx P(x)), a) = 〈 inf
y∈E μ(P(y)), ν(P(a))〉,

V ((∀νx P(x)), a) = 〈min(1 − sup
y∈E

ν(P(y)),μ(P(a))), sup
y∈E

ν(P(y))〉,

V ((∃μx P(x)), a) = 〈sup
y∈E

μ(P(y)),min(1 − sup
y∈E

μ(P(y)), ν(P(a)))〉,
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V ((∃νx P(x)), a) = 〈μ(P(a)), inf
y∈E ν(P(y))〉,

V ((∀∗
νx P(x)), a)

= 〈min(1 − sup
y∈E

ν(P(y)),μ(P(a))),min(sup
y∈E

ν(P(y)), 1 − μ(P(a)))〉,

V ((∃∗
μx P(x)), a)

= 〈min(sup
y∈E

μ(P(y)), 1 − ν(P(a))),min(1 − sup
y∈E

μ(P(y)), ν(P(a)))〉.

We finish this section with an example.
Let the universe comprise the members of the European Union and let for each

country the degree of government approval and disapproval be known. Let the pred-
icate P(x) be “The government of country x is widely approved by the people of
country x”. The first quantifier ∀ will give the minimal degree of approval which
exists in the countries of the EU, and the maximal degree of disapproval in the coun-
tries (not necessarily the same). Conversely, the second operator ∃ will give us the
maximal degree of approval in one of these countries and the minimal degree of
disapproval.

Let us assume that for some reason we do not have complete information about
either the approval or disapproval for a fixed country a from the EU (but we have
such information about the rest). If we are missing information about the degree of
approval for a, then, the third operator ∀μ will give us a lower bound for this degree
of approval for a. The fifth operator ∃μ will give us an upper bound for the degree
of approval for a.

Conversely, if we are missing information about the degree of disapproval, the
fourth operator will give us ∀ν will give us the upper bound and the sixth ∃ν will give
us the lower bound for the degree of disapproval for a.

The seventh and eighth operators act exactly like the fourth and the fifth operators,
respectively, but provide a more precise evaluation for the respective degree.

2.3 Ideas for New Types of Quantifiers

It is well known from the classical logic that for each predicate P with argument x
having a finite number of interpretations a1, a2, . . . , an:

V (∀x P(x)) = V (P(a1) ∧ P(a2) ∧ · · · ∧ P(an)),

V (∃x P(x)) = V (P(a1) ∨ P(a2) ∨ · · · ∨ P(an)).
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Now, following [11] and having in mind the ideas from Sect. 1.7, we can construct
a lot of new quantifiers. For each new pair of conjunction and disjunction, we obtain
a pair of quantifiers that have the forms

V (∀i, j P(x)) = V (P(a1) ∧i, j P(a2) ∧i, j · · · ∧i, j P(an),

V (∃i, j P(x)) = V (P(a1) ∨i, j P(a2) ∨i, j · · · ∨i, j P(an),

where i (1 ≤ i ≤ 185) and j (1 ≤ j ≤ 3) are the indices of the respective pair of
conjunction and disjunction that generates the new pair of quantifiers.

Obviously, ∀4,1 coincides with the standard quantifier ∀, and ∃4,1 coincides with
the standard quantifier ∃.

One special case is the following: using implication →139 and negation ¬1 we
obtain for a, b, c, d ∈ [0, 1] and a + b, c + d ≤ 1:

V (〈a, b〉 ∨139,3 〈c, d〉) =
〈
a + c

2
,
b + d

2

〉

= 〈a, b〉 ∧139,3 〈c, d〉.

Therefore, if for each i : V (P(xi )) = 〈ai , bi 〉, then,

V (∀139,3x P(x)) =
〈

n∑

i=1
ai

n
,

n∑

i=1
bi

n

〉

= V (∃139,3P(x)).

In this case, we check directly, that

¬1∀139,3x¬1P(x) = ∀139,3x P(x).

Hence, there exists a quantifier’s interpretation for which both quantifiers “∀” and
“∃” coincide.

It is very interesting that the topological weight-center operatorW (see, e.g. [12])
is an exact analogue of quantifier ∀139,3. So, we can denote it as WxP(x)).

The so defined quantifiers give us the possibility to clasify all of them in two
groups.

• Global quantifiers: ∀, ∃,W ,
• Local quantifiers: ∀μ,∀μ,∀∗

ν, ∃μ, ∃ν, ∃∗
μ,U .

Open Problem 11. Study in details the behaviour of these quantifiers.
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Chapter 3
Intuitionistic Fuzzy Modal Logics

The first step of the development of the idea of intuitionistic fuzziness (see [1]), was
related to introducing an intuitionistic fuzzy interpretation of the classical (standard)
modal operators “necessity” and “possibility” (see, e.g., [2–5]). In the period 1988–
1993, we defined eight new operators, extending the first two ones. In the end of last
and in the beginning of this century, a lot of new operators were introduced. Here,
we discuss the most interesting ones of them and study their basic properties.

3.1 Intuitionistic Fuzzy Classical Modal Operators

For the formula A for which V (A) = 〈a, b〉, where a, b ∈ [0, 1] and a + b ≤ 1,
following [1], we define the two modal operators “necessity” and “possibility”:

V ( A) = 〈a, 1 − a〉,

V (♦ A) = 〈1 − b, b〉,

respectively.
It is suitable to define the evaluation function V so that:

V ( A) = V (A),

V (♦ A) = ♦V (A).

Two different geometrical interpretations of both operators are given in Figs. 3.1,
3.2, 3.3 and 3.4, respectively.

© Springer International Publishing AG 2017
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Fig. 3.1 Second geometrical

interpretation of operator

Fig. 3.2 Third geometrical

interpretation of operator

Fig. 3.3 Second geometrical
interpretation of operator ♦

Fig. 3.4 Third geometrical
interpretation of operator ♦
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It is obvious, that if p is a tautology, then, p and ♦ p are also tautologies.
Moreover,

V ( p) ≤ V (p) ≤ V (♦ p),

where relation “ ≤ ” is defined as in (1.1.9).
Let everywhere below:

V (p) = 〈a, b〉, V (q) = 〈c, d〉, V (r) = 〈e, f 〉,

where a, b, c, d, e, f ∈ [0, 1], a + b ≤ 1, c + d ≤ 1, e + f ≤ 1.
Here, some of themost important assertions, related to the two classical (standard)

modal operators, are formulated and proved for the intuitionistic fuzzy case.
First, following [1], we see that the basic properties of the (standard) modal

operators in their intuitionistic fuzzy interpretations for every formula A are:

V ( A) = V ( A),

V ( ♦ A) = V (♦ A),

V (♦ A) = V ( A),

V (♦ ♦ A) = V (♦ A).

In classical modal logic, expressions

V (¬ A) = V (♦¬A) (3.1.1)

V ( A) = V (¬♦¬A) (3.1.2)

V (¬♦ A) = V ( ¬A) (3.1.3)

V (♦ A) = V (¬ ¬A) (3.1.4)

are (in some sense) equivalent. In the intuitionistic fuzzy case, similarly with De
Morgan’s Laws, the situation is different.

Theorem 3.1.1 For every formula A,

(a) expression (3.1.1) is a tautology and an IFT for negations ¬1,¬2,¬6,¬8,¬13,

¬14, ¬35, . . . ,¬38,¬40,¬42, . . . ,¬46,¬48,¬50,¬53,

(b) expression (3.1.2) is a tautology and an IFT for negations ¬1,¬8,¬53,

(c) expression (3.1.3) is a tautology and an IFT for negations ¬1,¬3, . . . ,¬6,¬11,

¬14, ¬35, . . . ,¬37,¬39,¬41, . . . ,¬45,¬47,¬49,¬50,¬51,

(d) expression (3.1.4) is a tautology and an IFT for negations ¬1,¬3,¬4.

http://dx.doi.org/10.1007/978-3-319-48953-7_1
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This is the first case, when a given expression is a tautology in all cases when it
is an IFT. As we saw in the two previous chapters, only small number of IFTs are
tautologies.

Theorem 3.1.2 For every formula A, each of the expressions

A → A,

A → ♦ A,

A → ♦ A

is

(a) a tautology for implications →2,→3, →5,→8,→11,→14,→15, →20, →23,→24,
→27, →31, →32, →34, →37, →40, →42, →47, →48, →49, →52,→55, →57,
→62, →63, →65, →68, →69, →74, →77, →79, →83, →84, →88, →92, →93,
→97, →176, . . . ,→185,

(b) an IFT for implications →1, . . . ,→9,→11, . . . ,→15,→17,→18,→20, . . . ,

→24, →27, . . . ,→38,→40,→42,→44, . . . ,→53,→55,→57,→59, . . . ,→66,

→68,→69,→71,→72,→74, . . . ,→77,→79, . . . ,→85,→88, . . . , →94,→97,

. . . ,→139,→141,→146, . . . ,→170,→176, . . . ,→185.

Theorem 3.1.3 For every two formulas A and B, each of the equalities

V (♦ (A ∨ B)) = V (♦ A ∨ ♦B) (3.1.5)

V ( (A ∧ B)) = V ( A ∧ B), (3.1.6)

holds for the disjunction and conjunction, defined by (1.1.4) and (1.1.5).

Open Problem 12 Which other disjunctions and conjunctions, existing of which is
discussed in Sect. 1.7, satisfy (3.1.5) and (3.1.6)?

Theorem 3.1.4 For every two formulas A and B, each of the expressions

A ∨ B → (A ∨ B)

♦ (A ∧ B) → ♦ A ∧ ♦B

is

(a) a tautology for implications →2,→3,→5,→8,→11,→14,→15,→20,

→23, →24, →27, →31, →32, →34, →37,→40, →42, →47, . . . ,→49, →52,

→55, →57, →62, →63, →65, →68, →69, →74,→77, →79,→83,→84,→88,

→92,→93,→97,→176, . . . ,→185,

http://dx.doi.org/10.1007/978-3-319-48953-7_1
http://dx.doi.org/10.1007/978-3-319-48953-7_1
http://dx.doi.org/10.1007/978-3-319-48953-7_1
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(b) an IFT for implications →1, . . . ,→9,→11, . . . ,→15,→17,→18,→20, . . . ,

→24,→27, . . . ,→38,→40,→42,→44, . . . ,→53, →55, →57, →59, . . . ,→66,

→68,→69,→71,→72,→74, . . . ,→77, →79, . . . ,→85, →88, . . . ,→94, →97,

. . . ,→139,→141,→146, . . . ,→170,→176, . . . ,→185.

Theorem 3.1.5 For every two formulas A and B, the expression

(A → B) → ( A → B)

is

(a) a tautology for implications →2,→3,→5,→8, →11, →14, →20, →24,

→25, →27, →29, →47, . . . ,→49, →52, →55, →57, →58, →60, →69, →77,

→79,→81,→92,→93,→97,→99,→177,→179,→181,→182,→184,
(b) an IFT for implications →1, . . . ,→9,→11, . . . ,→14,→17,→18,→20,

→21, →24, →25, →27, . . . ,→29,→46, . . . ,→53,→55,→57, . . . ,→61,→64,

→66, →69, →71, →72,→75, . . . ,→77,→79, . . . ,→81,→91, . . . ,→94,→97,

. . . ,→102,→108, . . . ,→113,→118,→120, . . . ,→128, →134, . . . ,→137, →139,

→141, →147, →149, . . . ,→154, →156, →158, . . . ,→162, →165, . . . , →167,

→169,→177,→179,→181,→182,→184.

Proof (a) Let, for example, the implication be considered in the variant →11. Then,

V ( (A → B) → ( A → B))

= 〈1 − (1 − c)sg(a − c), dsg(a − c)sg(d − b)〉 → (〈a, 1 − a〉 → 〈c, 1 − c〉)
= 〈1 − (1 − c)sg(a − c), (1 − c)sg(a − c)〉

→ 〈1 − (1 − c)sg(a − c), (1 − c)sg(a − c)2〉
= (1 − (1 − (1 − (1 − c)sg(a − c))))sg(a − c)

sg((1 − (1 − c)sg(a − c)) − 1 − (1 − c)sg(a − c)),
(1 − c)sg(a − c)sg(((1 − c)sg(a − c)) − (1 − c)sg(a − c))2〉

= (1 − (1 − c)sg(a − c))sg(a − c)sg(0), (1 − c)sg(a − c)sg(0)〉
= 〈1, 0〉.

This completes the proof. �

Theorem 3.1.6 For every two formulas A and B, the expression

( (A → B) ∧ A) → B

is

(a) a tautology for implications →2,→3,→8,→11,→14,→15,→20,→24,

→25, →27, →29, →47, →48, →52, →55, →57,→58,→60,→77,→79,→81,

→92,→97,→99,→177,→179,
(b) an IFT for implications →1, . . . ,→9,→11, . . . ,→15,→17,→18,→20,

→21,→24,→25,→27, . . . ,→29,→46, . . . ,→53, →55, →57, . . . ,→61, →64,
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→66,→69,→71, . . . , →73, →75, . . . ,→77, →79, . . . , →81, →91, . . . , →94,

→96, . . . , →102, →106, . . . , →113, →118, . . . , →128, →134, . . . , →138,

→151,→158,→161,→166,→167,→169,→177,→179,→181,→182,→184.

Theorem 3.1.7 For every two formulas A and B, the expression

A → ( (A → B) → B)

is

(a) a tautology for implications →3,→5,→11,→14,→20,→25, →27,→29,

→48, →49, →57, →58,→60,→77,→79,→81,→97,→99,→181,→182,→184,
(b) an IFT for implications →1,→3, . . . ,→7,→9,→11, . . . ,→14, →17,→18,

→20,→21,→25,→27, . . . ,→29,→46,→48, . . . ,→51,→53,→57,→58,→60,

→61,→64, →66, →71, →72, →75, . . . ,→77,→79, . . . ,→81,→91, . . . ,→94,

→97, . . . ,→102, →107, . . . ,→113,→118,→120, . . . ,→122,→124, . . . ,→128,

→134, . . . ,→137, →151, →158, →161,→166, →167, →169, →181,→182,→184.

An interesting open problem here is the following.

Open Problem 13Determine for which pair of implications (→i ,→ j ) and for every
two formulas A and B, the following equality is valid:

V (A →i B) = V ( (A → j B)).

We remind that for each evaluation function V and for each formula A such that
V (x) = 〈a, b〉, A is “intuitionistic fuzzy sure” (IF-sure), iff a ≥ 0.5 ≥ b.

Let for the variable x , for which V (x) = 〈a, b〉, it is valid that

V ( x) = 〈a, 1 − a〉,

V (♦ x) = 〈1 − b, b〉

(see Fig. 3.5).

Fig. 3.5 Second geometrical
interpretation of operators

and ♦
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Following and extending [6], we give the following theorem.

Theorem 3.1.8 (Locality of intuitionistic fuzzy sure) For every formula A, if

A( x) and A(♦ x) are IF-sure, then, for every y, for which

V ( x) ≤ V (y) ≤ V (♦ x), (3.1.7)

A(y) is IF-sure.

Proof Let

V (A( x)) = 〈a(x), b(x)〉 = 〈a, b〉,

V (A(♦ x)) = 〈c(x), d(x)〉 = 〈c, d〉,

V (A(y)) = 〈α(y),β(y)〉 = 〈α,β〉.

We shall prove the assertion by induction on the complexity of the formula A. Let
A be a variable, i.e., A(x) = x . Then,

a( x) ≥ 0.5 ≥ b( x) = 1 − a( x)

1 − d(♦ x) = c(♦ x) ≥ 0.5 ≥ d(♦ x)

and from (3.1.7) it follows that

α − β ≥ a − b ≥ 0,

i.e., A(y) is IF-sure.
Let A = P ∧ Q, where for P and Q the assertion is valid. Then,

α − β = min(μ(P(y)),μ(Q(y))) − max(ν(P(y)), ν(Q(y))) ≥ 0.5 − 0.5 = 0.

For A = P ∨ Q, the check is similar.
Let A(x) = ∀z P(x, z), where the assertion is valid for P(x, z). For every y, for

which (3.1.7) is valid, and for every z:

μ(P(y, z)) ≥ 0.5 ≥ ν(P(y, z))

by assumption. Then,

α − β = min μ(P(x, z)) − max(P(ν(x, z))) ≥ 0.5 − 0.5 = 0.

For A(x) = ∃z P(x, z) the assertion is proved analogically.
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Let A(x) = P(x), where the assertion is valid for P(x). Then, we obtain
directly, that

α − β ≥ a − b ≥ 0.5 − 0.5 = 0.

When A(x) = ♦ P(x) the assertion is proved analogically. �

Corollary 3.1.1 (Locality of intuitionistic fuzzy truth) For every formula A, if

A( x) and A(♦ x) are tautologies, then, for every y, for which (3.1.7) is valid,
A(y) is a tautology.

The case of IFTs is more complicated.
It can be established that if A and B are IFTs, then, A ∧ B is not necessarily an

IFT. For example, let p ∨¬p and q ∨¬q for different propositions p and q be IFTs,
then

V (p ∨ ¬p) = 〈max(μ(p),μ(¬p)),min(ν(p), ν(¬p))〉
= 〈max(μ(p), ν(p)),min(ν(p),μ(¬p))〉.

Nevertheless, the form

A = (p ∨ ¬p) ∧ (q ∨ ¬q)

is not always an IFT. Take e.g.:

V (p) = 〈0.4, 0.4〉,

V (q) = 〈0.2, 0.2〉.

Then,
V (p ∨ ¬p) = 〈0.4, 0.4〉,

V (q ∨ ¬q) = 〈0.2, 0.2〉,

but
V (A) = 〈0.2, 0.4〉.

A Conjunctive Normal Form (CNF) A is of the sort D1 ∧ · · · ∧ Dm , where Di =
li,1 ∨ · · · ∨ li,ki is a clause of literals. A literal is either a propositional variable
(e.g., p) or a negated variable (in the same case – ¬p). The literals p and ¬p are
called opposite. Two clauses C and D are called connected if they contain a common
variable occurring in opposite literals (e.g., p in C and ¬p in D).

Lemma 3.1.1 A clause C is an IFT if and only if it is a classical two-valued tautology
iff C contains a pair of opposite literals.

Lemma 3.1.2 A conjunction of two literals C and D, which are IFTs, is an IFT iff
they are connected.



3.1 Intuitionistic Fuzzy Classical Modal Operators 87

Proof If C and D are IFTs and are connected, then, C ∧ D is an IFT. Consider an
arbitrary V . Let C = p ∨ A, D = ¬p ∨ B, where V (A) = 〈a, b〉, V (B) = 〈c, d〉
and let V (p) = 〈μ, ν〉. Then,

max(μ, a) ≥ μ ≥ min(μ, d)
max(ν, c) ≥ ν ≥ min(ν, b)
max(μ, a) ≥ min(ν, b)
max(ν, c) ≥ min(μ, d)

and from

V (C ∧ D) = 〈min(max(μ, a),max(ν, c)),max(min(ν, b),min(μ, d))〉

and
min(max(μ, a),max(ν, c)) ≥ max(min(ν, b),min(μ, d))

it follows that C ∧ D is an IFT.
Let C and D be two IFT clauses. Let us define the following evaluation function

W : For variables p which occur in both positive and negative literals inC let W (p) =
〈0.2, 0.2〉. For a variable q that appears in both the positive and the negative forms
in D: W (q) = 〈0.4, 0.4〉. Note that the sets of such variables are disjoint. For
variables which occur positively in C or D, let W be 〈0.2, 0.4〉 and for variables
occurring negatively in C or D − 〈0.4, 0.2〉. It is a simple check which shows that
W (C ∧ D) = 〈0.2, 0.4〉. Thus, the conjunction of C and D is not an IFT. �

ACNF A is called totally connected if every pair of clausesC, D in it is connected.

Lemma 3.1.3 A CNF A is an IFT iff all clauses in it are IFTs and A is totally
connected.

Proof Assume that all clauses of A are IFTs and that A is totally connected. If we
assume that for a some evaluation function W :

W (A) = 〈μ, ν〉

is such that μ < ν, then, it can be easily seen that there is a pair of clauses C and D
of A such that C ∧ D is already not an IFT (due to W ) – but this is impossible by
Lemma 3.1.2. In the opposite direction: if at least two clauses in A are not connected,
then their conjunction will not be an IFT, hence, A will not be an IFT either. �

Theorem 3.1.9 (Locality of IFT) For every connected formula A, if A( x) and
A(♦ x) are IFTs, then, for every y, for which (3.1.7) is valid, A(y) is an IFT.

Proof The proof is similar to the proof of Theorem 3.1.8, but in the case when
formula A is a conjunction of two connected formulas, we use Lemma 3.1.2 �
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Now, we discuss the basic relations between the quantifiers ∀ and ∃ and the two

modal operators and ♦ .
The equalities from [7], Sect. 1.6 can be transformed for both modal operators

and both quantifiers, as follows.

Theorem 3.1.10 Let A be a formula and x be a variable. Then,

(a) V (∀x A) = V ( ∀x A),

(b) V (∃x A) = V ( ∃x A),
(c) V (∀x♦ A) = V (♦∀x A),
(d) V (∃x♦ A) = V (♦∃x A).

Proof Let us check the validity of (a):

V (∀x A)
= 〈min

x
μ(A),max

x
(1 − μ(A))〉

= 〈min
x

μ(A), 1 − min
x

μ(A)〉
= V ( ∀x A).

Equalities (b)–(d) are proved analogically. �

Theorem 3.1.11 Let A be a formula and x be a variable. Then,

(a) V ( ∃x A) = V (♦ ∃x A) = V (¬ ∀x♦ ¬A) = V (¬♦ ∀x♦ ¬A),

(b) V ( ∃x♦ A) = V (♦ ∃x♦ A) = V (¬ ∀x ¬A) = V (¬♦ ∀x ¬A),

(c) V ( ∀x A) = V (♦ ∀x A) = V (¬ ∃x♦ ¬A) = V (¬♦ ∃x♦ ¬A),

(d) V ( ∀x♦ A) = V (♦ ∀x♦ A) = V (¬ ∃x ¬A) = V (¬♦ ∃x ¬A),

(e) V ( ∃x ¬A) = V (♦ ∃x ¬A) = V (¬ ∀x♦ A) = V (¬♦ ∀x♦ A),

(f) V ( ∃x♦ ¬A) = V (♦ ∃x♦ ¬A) = V (¬ ∀x A) = V (¬♦ ∀x A),

(g) V ( ∀x ¬A) = V (♦ ∀x ¬A) = V (¬ ∃x♦ A) = V (¬♦ ∃x♦ A),

(h) V ( ∀x♦ ¬A) = V (♦ ∀x♦ ¬A) = V (¬ ∃x A) = V (¬♦ ∃x A).

Proof Let us check the validity of (a)

V ( ∃x A)

= ∃x V (A)

= ∃x〈μ(A), 1 − μ(A)〉
= 〈max

x
μ(A),min

x
(1 − μ(A))〉

= 〈max
x

μ(A), 1 − max
x

μ(A)〉;

http://dx.doi.org/10.1007/978-3-319-48953-7_1
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V (♦∃x A)
= ♦〈max

x
(μ(A)),min

x
(1 − μ(A))〉

= 〈1 − min
x
(1 − μ(A)),min

x
(1 − μ(A))〉

= 〈max
x

(μ(A)), 1 − max
x

(μ(A))〉;

V (¬ ∀x♦¬A) = ¬ ∀x♦〈ν(A),μ(A)〉 = ¬ ∀x〈1 − μ(A),μ(A)〉
= ¬ 〈min

x
(1 − μ(A)),max

x
(μ(A))〉

= ¬〈min
x
(1 − μ(A)), 1 − min

x
(1 − μ(A)〉

= 〈1 − min
x
(1 − μ(A)),min

x
(1 − μ(A))〉

= 〈max
x

μ(A), 1 − max
x

μ(A)〉
= V (¬♦∀x♦¬A)
= ¬♦〈min

x
(1 − μ(A)),max

x
μ(A)〉

= ¬〈1 − max
x

μ(A),max
x

mu(A)〉
= 〈max

x
μ(A), 1 − max

x
μ(A)〉.

Equalities (b)–(h) are proved analogically. �

Let for a fixed formula A and for a variable x :

S(A) = { ∃x A,♦ ∃x A,¬( ∀x♦ ¬A),¬(♦ ∀x♦ ¬A)},

T (A) = { ∃x♦ A,♦∃x♦ A,¬( ∀x ¬A),¬(♦ ∀x ¬A)},

U (A) = { ∀x A,♦ ∀x A,¬( ∃x♦ ¬A),¬(♦ ∃x♦ ¬A)},

V (A) = { ∀x♦ A,♦∀x♦ A,¬( ∃x ¬A),¬(♦ ∃x ¬A)},

W (A) = { ∃x ¬A,♦ ∃x ¬A,¬( ∀x♦ A),¬(♦ ∀x♦ A)},

X (A) = { ∃x♦ ¬A,♦ ∃x♦ ¬A,¬( ∀x A),¬(♦ ∀x A)},

Y (A) = { ∀x ¬A,♦ ∀x ¬A,¬( ∃x♦ A),¬(♦ ∃x♦ A)},

Z(A) = { ∀x♦ ¬A,♦ ∀x♦ ¬A,¬( ∃x A),¬(♦ ∃x A)}.

Having in mind Theorem 3.1.11, we can prove the following theorem.
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Theorem 3.1.12 Let A be a formula and x be a variable. Then,

(a) if P ∈ S(A) and Q ∈ T (A), then, V (P) ≤ V (∃x A) ≤ V (Q),
(b) if P ∈ U (A) and Q ∈ V (A), then, V (P) ≤ V (∀x A) ≤ V (Q),
(c) if P ∈ W (A) and Q ∈ X (A), then, V (P) ≤ V (∀x A) ≤ V (Q),
(d) if P ∈ Y (A) and Q ∈ Z(A), then, V (P) ≤ V (∃x A) ≤ V (Q),

where V (X) ≤ V (Y ) for the formulas X and Y if and only if μ(X) ≤ μ(Y ) and
ν(X) ≥ ν(Y ).

Finally, following [8], we discuss another modal operator, without an analogue in
modal logic.

For the formula A, for which V (A) = 〈a, b〉, where a, b ∈ [0, 1] and
a + b ≤ 1, we define the new modal operator “©” by:

V (©A) =
〈

a

a + b
,

b

a + b

〉

.

Obviously, the pair 〈 a
a+b ,

b
a+b 〉 is an intuitionistic fuzzy pair and more particularly

– a fuzzy pair, because
a

a + b
+ b

a + b
= 1.

The new operator has the following more interesting properties.

Theorem 3.1.13 For every formula A:

(a) © A = A,
(b) ©♦ A = ♦ A,

(c) © A = ©A,
(d) ♦ © A = ©A,
(e) © © A = ©A.

Proof (e) For formula A we obtain:

V (© © A) = ©
〈

a

a + b
,

b

a + b

〉

=
〈

a
a+b

a
a+b + b

a+b

,

b
a+b

a
a+b + b

a+b

〉

= V (©A).

This completes the proof. The rest assertions in (a)–(d) are proved analogically. �

Theorem 3.1.14 For every formula A:

(a) Only negation ¬1 satisfies equality

¬ © ¬A = ©A,

(b) Only negations ¬1,¬2,¬11,¬18,¬53 satisfy equality

¬ © A = ©¬A.
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Theorem 3.1.15 For every two formulas A and B and for the disjunction and con-
junction defined by (1.1.4) and (1.1.5):

V (©(A ∧ B)) ≤ V (©A ∧ ©B),

V (©(A ∨ B)) ≥ V (©A ∨ ©B).

Proof Let A and B be two formulas, so that V (A) = 〈a, b〉, V (B) = 〈c, d〉, a, b, c,
d ∈ [0, 1] and a + b ≤ 1, c + d ≤ 1. Then,

V (©(A ∧ B)) = ©(〈a, b〉 ∧ 〈c, d〉) = ©〈min(a, c),max(b, d)〉

=
〈

min(a, c)

min(a, c) + max(b, d)
,

max(b, d)

min(a, c) + max(b, d)

〉

.

and
V (©A ∧ ©B) = ©〈a, b〉 ∧ ©〈c, d〉

=
〈

a

a + b
,

b

a + b

〉

∧
〈

c

c + d
,

d

c + d

〉

=
〈

min

(
a

a + b
,

c

c + d

)

,max

(
b

a + b
,

d

c + d

)〉

.

First, we prove the validity of the following inequality. For every three real num-
bers a, b, c ∈ [0, 1], if a ≥ c, then:

a

a + b
≥ c

c + b
. (3.1.8)

Obviously, the inequality is valid in the form of an equality, when a = c. Let
a > c. Then, sequentially, we obtain:

a

a + b
− c

c + b
= ab − bc

(a + b)(c + b)
= b(a − c)

(a + b)(c + b)
> 0,

i.e., (3.1.6) is valid.
Now, we check the validity of inequality

min

(
a

a + b
,

c

c + d

)

≥ min(a, c)

min(a, c) + max(b, d)
. (3.1.9)

Let

X ≡ min

(
a

a + b
,

c

c + d

)

− min(a, c)

min(a, c) + max(b, d)
.

http://dx.doi.org/10.1007/978-3-319-48953-7_1
http://dx.doi.org/10.1007/978-3-319-48953-7_1
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If a ≥ c, then, we obtain:

X = min

(
a

a + b
,

c

c + d

)

− c

c + max(b, d)
.

If a
a+b ≥ c

c+d , then,

X = c

c + d
− c

c + max(b, d)
≥ 0.

If a
a+b ≤ c

c+d , then, from (3.1.6),

X = a

a + b
− c

c + max(b, d)
≥ c

b + c
− c

c + max(b, d)
≥ 0.

Let a < c. Then,

X = min

(
a

a + b
,

c

c + d

)

− a

a + max(b, d)
.

If a
a+b ≥ c

c+d , then, from (1), we obtain

X = c

c + d
− a

a + max(b, d)
≥ c

c + d
− a

a + d
≥ 0.

If a
a+b ≤ c

c+d , then,

X = a

a + b
− a

a + max(b, d)
.

In the same way, we can prove that

max(b, d)

min(a, c) + max(b, d)
≥

(
b

a + b
,

d

c + d

)

,

i.e., the first inequality is checked.
The second inequality in the theorem, as well as the Theorem 3.1.16 are proved

by analogy. �

Theorem 3.1.16 For every predicate P:

V (©∃x P(x)) ≥ V (∃x © P(x)),

V (©∀x P(x)) ≤ V (∀x © P(x)).
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3.2 Extensions of the Intuitionistic Fuzzy Modal Operators

In this section, we introduce the first group of extended intuitionistic fuzzy modal
operators.

First, by analogy with the IFS-operators from [7, 9], in the period 1988–1993, we
define eight new modal operators.

Let A be a fixed formula for which V (A) = 〈a, b〉 and α,β, γ, δ, ε, η ∈ [0, 1].
We define operators Dα, Fα,β , Gα,β, Hα,β , H∗

α,β, Jα,β, J ∗
α,β and Xα,β,γ,δ,ε,η by:

V (Dα(A)) = 〈a + α.(1 − a − b), b + (1 − α).(1 − a − b)〉,
V (Fα,β(A)) = 〈a + α.(1 − a − b), b + β.(1 − a − b)〉, for α + β ≤ 1,
V (Gα,β(A)) = 〈α.a,β.b〉,
V (Hα,β(A)) = 〈α.a, b + β.(1 − a − b)〉,
V (H∗

α,β(A)) = 〈α.a, b + β.(1 − α.a − b)〉,
V (Jα,β(A)) = 〈a + α.(1 − a − b),β.b〉,
V (J ∗

α,β(A)) = 〈a + α.(1 − a − β.b),β.b〉,
V (Xα,β,γ,δ,ε,η(A)) = 〈α.a + β.(1 − a − γ.b), δ.b + ε.(1 − η.a − b)〉,

for
α + ε − ε.η ≤ 1 (3.2.1)

β + δ − βγ ≤ 1, (3.2.2)

β + ε ≤ 1. (3.2.3)

In [10], it was mentioned that the third condition (3.2.3) was omitted in [7, 9].
It was introduced to the definition in [10], because without it, e.g., for constant
U ∗ = 〈0, 0〉 we obtain

X0,1,0,0,1,0(U
∗) = 〈1, 1〉,

which is impossible.
Obviously,

A = D0(A),

♦ A = D1(A),

Dα(A) = Fα,1−α(A),

A = X1,0,r,1,1,1(A),

♦ A = X1,1,1,1,0,r (A),



94 3 Intuitionistic Fuzzy Modal Logics

Dα(A) = X1,α,1,1,1−α,1(A),

Fα,β(A) = X1,α,1,1,β,1(A), for α + β ≤ 1,

Gα,β(A) = Xα,0,r,β,0,r (A),

Hα,β(A) = Xα,0,r,1,β,1(A),

H∗
α,β(A) = Xα,0,r,β,0,α(A),

Jα,β(A) = X1,α,1,β,0,r (A),

J ∗
α,β(A) = X1,α,β,β,0,r (A),

where r is an arbitrary real number in [0, 1].
Let us define for every formula A:

V (Dα(A)) = Dα(V (A)),

V (Fα,β(A)) = Fα,β(V (A)),

V (Gα,β(A)) = Gα,β(V (A)),

V (Hα,β(A)) = Hα,β(V (A)),

V (H∗
α,β(A)) = H∗

α,β(V (A)),

V (Jα,β(A)) = Jα,β(V (A)),

V (J ∗
α,β(A)) = J ∗

α,β(V (A)),

V (Xα,β,γ,δ,ε,η(A)) = Xα,β,γ,δ,ε,η(V (A)).

To every formula A, the evaluation function V assigns for Dα(A) a point from the

segment between V ( A) and V (♦ A) depending on the value of the argument α ∈
[0, 1] (see Fig. 3.6). As in the case of some of the above operations, this construction
needs auxiliary elements which are shown in Fig. 3.6.

To every formula A, the evaluation function V assigns for Fα,β(A) a point from

the triangle with vertices V (A), V ( A) and V (♦ A), depending on the value of the
arguments α,β ∈ [0, 1] for which α + β ≤ 1 (see Fig. 3.7).

To every formula A, the evaluation function V assigns for Gα,β(A) a point
in the rectangle whose vertices are the point V (A) and points with coordinates,
〈pr1V (A), 0〉, 〈0, pr2V (A)〉 and 〈0, 0〉, where pri p is the i-th projection (i = 1, 2)
(see Fig. 3.8).
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Fig. 3.6 Second geometrical
interpretation of operator Dα

Fig. 3.7 Second geometrical
interpretation of operator Fα,β

To every formula A, the evaluation function V assigns for Kα,β(A) a point
V (Hα,β(A)) from the rectangle whose vertices are the points with coordinates

〈0, pr2V (A)〉 and 〈0, pr2V ( A)〉 and vertices V ( A) and V (A), depending on
the value of the parameters α,β ∈ [0, 1] (see Fig. 3.9).

To every formula A, the evaluation function V assigns for Jα,β(A) a point
V (Jα,β(A)) from the rectangle whose vertices are the points with coordinates
〈pr1V (♦ A), 0〉, 〈pr1V (A), 0〉 and vertices V (A) and V (♦ A), depending on the
value of the parameters α,β ∈ [0, 1] (see Fig. 3.10).

To every formula A, the evaluation function V assigns for H∗
α,β(A) a point

V (H∗
α,β(A)) from the trapezoid with vertices with coordinates 〈0, pr2V (A)〉 and

〈0, 1〉 and vertices V ( A) and V (A), depending on the value of the parameters
α,β ∈ [0, 1] (see Fig. 3.11).

To every formula A, the evaluation function V assigns for J ∗
α,β(A) a point

V (J ∗
α,β(A)) from the trapezoidwith verticeswith coordinates 〈1, 0〉 and 〈pr1V (A), 0〉

and vertices V (A) and V (♦ A), depending on the value of the parameters α,β ∈
[0, 1] (see Fig. 3.12).
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Fig. 3.8 Second geometrical
interpretation of operator Gα,β

Fig. 3.9 Second geometrical
interpretation of operator Hα,β

Fig. 3.10 Second geometrical
interpretation of operator Jα,β

Below, we formulate and prove assertions, that by the moment have been checked
only for some intuitionistic fuzzy implications and negation, which gives rise to the
following important open problem for solving in future.
Open Problem 14 Check these assertions for all the remaining implications and
negations.
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Fig. 3.11 Second
geometrical interpretation of
operator H∗

α,β

Fig. 3.12 Second
geometrical interpretation of
operator J ∗

α,β

Theorem 3.2.1 If formula A is a tautology, then:

(a) for every two α,β ∈ [0, 1] : Dα(A), Fα,β(A), for α + β ≤ 1, Jα,β(A) and
J ∗
α,β(A) are tautologies,

(b) Gα,β(A), Hα,β(A), H∗
α,β(A), are IFTs,

(c) for every α, ε, η so that α ≥ ε(1 − η), Xα,β,γ,δ,ε,η(A) is an IFT.

Proof (b) From V (A) = 〈1, 0〉 it follows that

V (Gα,β(A)) = 〈α, 0〉,

V (Hα,β(A)) = V (H∗
α,β(A)) = 〈α,β(1 − 1 − 0)〉 = 〈α, 0〉,

i.e., Gα,β(A), Hα,β(A) and H∗
α,β(A) are IFTs. The other cases are proved by anal-

ogy. �

Theorem 3.2.2 If formula A is an IFT, then:

(a) for α ≥ 0.5 Dα(A) is an IFT,
(b) for α ≥ β and α + β ≤ 1 Fα,β(A) is an IFT,
(c) for α ≥ β Gα,β(A) is an IFT,
(d) Jα,β(A), J ∗

α,β(A) are IFTs,
(e) for α ≥ δ,β ≥ ε, η ≥ γ Xα,β,γ,δ,ε,η(A) is an IFT.
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It can be easily seen that for every a, b,α,β, γ, δ, ε, η ∈ [0, 1] and a + b ≤ 1, if

O ∈ {Dα, Fα,β,Gα,β, Hα,β, H∗
α,β, Jα,β, J ∗

α,β, Xα,β,γ,δ,ε,η},

then
O(〈a, b〉) →4 〈a, b〉 and O(〈a, b〉) →11 〈a, b〉

are IFTs. For example,

V (Fα,β(〈a, b〉) →11 〈a, b〉)
= 〈a + α.(1 − a − b), b + β(1 − a − b)〉 →11 〈a, b〉
= 〈1 − (1 − a).sg(α(1 − a − b)), b.sg(α(1 − a − b)).sg(b + β.(1 − a − b) − b)〉,
= 〈1 − (1 − a).sg(α(1 − a − b)), b.sg(α(1 − a − b)).sg(β.(1 − a − b))〉

=
⎧
⎨

⎩

〈1, 0〉, if α = 0 or a + b = 1

〈a, b〉, if α > 0 and a + b < 1
,

i.e., Fα,β(〈a, b〉) →11 〈a, b〉 is an IFT.
On the other hand, we can see that there are cases in which for the different

implications, different conditions must hold for the validity of some expression. The
following two assertions serve as examples.

Theorem 3.2.3 For every a, b,α,β, γ, δ, ε, η,α′,β′, γ′, δ′, ε′, η′ ∈ [0, 1] and a +
b ≤ 1, if O ∈ {D, F,G, H, H∗, J, J ∗}, then:

(a) Oα,β(〈a, b〉) →11 Oα′,β′(〈a, b〉) is a tautology for α ≤ α′,
(b) Xα,β,γ,δ,ε,η(〈a, b〉) →11 Xα′,β′,γ′,δ′,ε′,η′(〈a, b〉) is a tautology for α ≤ α′,β ≤ β′

and βγ ≥ β′γ′.

Proof (b) Let α ≤ α′,β ≤ β′ and β.γ ≥ β′.γ′. Then,

V (Xα,β,γ,δ,ε,η(〈a, b〉) →11 Xα′,β′,γ′,δ′,ε′,η′(〈a, b〉))
= 〈αa + β(1 − a − γb), δb + ε(1 − ηa − b)〉

→11 〈α′a + β′(1 − a − γ′b), δ′b + ε′(1 − η′a − b)〉
= 〈1 − (1 − (α′a + β′(1 − a − γ′b)))sg(αa + β(1 − a − γb)

−(α′a + β′(1 − a − γ′b))), (δ′b + ε′(1 − η′a − b))
.sg(αa + β(1 − a − γb) − (α′a + β′(1 − a − γ′b)))
.sg(δ′b + ε′(1 − η′a − b) − (δb + ε(1 − ηa − b)))〉

= 〈1, 0〉,

because

αa + β(1 − a − γb) − (α′a + β′(1 − a − γ′b)
= a(α − α′) + (1 − a)(β − β′) − b(βγ − β′γ′) ≤ 0
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and therefore, sg(αa + β(1 − a − γb) − (α′a + β′(1 − a − γ′b)) = 0. The other
cases are proved similarly. �

Theorem 3.2.4 For every a, b,α,β, γ, δ, ε, η,α′,β′, γ′, δ′, ε′, η′ ∈ [0, 1] and
a + b ≤ 1, if O ∈ {D, F,G, H, H∗, J, J ∗}, then

(a) Oα,β(〈a, b〉) →4 Oα′,β′(〈a, b〉) is an IFT for α ≤ α′ or β ≥ β′,

(b) Xα,β,γ,δ,ε,η(〈a, b〉) →4 Xα′,β′,γ′,δ′,ε′,η′(〈a, b〉) is an IFT for α ≤ α′,β ≤ β′ and
γ ≥ γ′ or for δ ≥ δ′, ε ≥ ε′ and η ≤ η′.

Open Problem 15 Which other implications satisfy Theorems 3.2.3 and 3.2.4?

There are properties that, probably, are specific for¬1. For example, the following
assertion is valid for¬1, but for 0 < ε ≤ η ≤ 1 it is not valid for¬45,ε,η (by definition,
¬1 coincides with ¬45,0,0).

Theorem 3.2.5 For every a, b,α,β ∈ [0, 1] and a + b ≤ 1:

(a) V (Fα,β(〈a, b〉)) = V (¬1Fβ,α(¬1〈a, b〉)), for α + β ≤ 1,
(b) V (Gα,β(〈a, b〉)) = V (¬1Gβ,α(¬1〈a, b〉)),
(c) V (Hα,β(〈a, b〉)) = V (¬1 Jβ,α(¬1〈a, b〉)),
(d) V (Jα,β(〈a, b〉)) = V (¬1Hβ,α(¬1〈a, b〉)),
(e) V (H∗

α,β(〈a, b〉)) = V (¬1 J ∗
β,α(¬1〈a, b〉)),

(f) V (J ∗
α,β(〈a, b〉)) = V (¬1H∗

β,α(¬1〈a, b〉)).
Open Problem 16 Which other negations satisfy Theorems 3.2.5?

Let for every two formulas A and B: A ← B iff B → A.

Theorem 3.2.6 For every two formulas A and B, for every two real numbers α,β ∈
[0, 1] and for implication →4:

(a) Fα,β(A ∧ B) →4 Fα,β(A) ∧ Fα,β(B), for α + β ≤ 1,
(b) Fα,β(A ∨ B) ←4 Fα,β(A) ∨ Fα,β(B), for α + β ≤ 1,
(c) Gα,β(A ∧ B) = Gα,β(A) ∧ Gα,β(B),
(d) Gα,β(A ∨ B) = Gα,β(A) ∨ Gα,β(B),
(e) Hα,β(A ∧ B) →4 Hα,β(A) ∧ Hα,β(B),
(f) Hα,β(A ∨ B) ←4 Hα,β(A) ∨ Hα,β(B),
(g) Jα,β(A ∧ B) ←4 Hα,β(A) ∧ Hα,β(B),
(h) Hα,β(A ∨ B) →4 Hα,β(A) ∨ Hα,β(B),
(i) H∗

α,β(A ∧ B) →4 H∗
α,β(A) ∧ H∗

α,β(B),
(j) H∗

α,β(A ∨ B) ←4 H∗
α,β(A) ∨ H∗

α,β(B),
(k) J ∗

α,β(A ∧ B) ←4 H∗
α,β(A) ∧ H∗

α,β(B),
(l) H∗

α,β(A ∨ B) →4 H∗
α,β(A) ∨ H∗

α,β(B)

are IFTs.
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Proof (a) For the formulas A and B:

V (Fα,β(A ∧ B) →4 Fα,β(A) ∧ Fα,β(B))
= 〈min(a, c) + α(1 − min(a, c) − max(b, d)),max(b, d)+

β(1 − min(a, c) − max(b, d))〉 → 〈min(a + α(1 − a − b), c
+ α(1 − c − d)),max(b + β(1 − a − b), d + β(1 − c − d))〉

= 〈max(max(b, d) + β(1 − min(a, c) − max(b, d)),min(a+
α(1 − a − b), c + α(1 − c − d))),min(min(a, c) + α(1 − min(a, c)
−max(b, d)),max(b + β(1 − a − b), d + β(1 − c − d)))〉

and

max(max(b, d) + β(1 − min(a, c) − max(b, d)),min(a+
α(1 − a − b), c + α(1 − c − d))) − min(min(a, c) + α(1−
min(a, c) − max(b, d)),max(b + β(1 − a − b), d + β(1 − c − d)))

≥ max(b, d) + β(1 − min(a, c) − max(b, d))
−max(b + β(1 − a − b), d + β(1 − c − d)) ≥ 0,

i.e.,
Fα,β(A ∧ B) →4 Fα,β(A) ∧ Fα,β(B)

is an IFT.
Formulas (b)–(l) are checked by analogy. �

Open Problem 17Which other conjunctions and disjunctions (whenever be defined,
following the ideas from Sect. 1.7) have similar properties?

Theorem 3.2.7 For every predicate A, and for every α,β ∈ [0, 1], such that
α + β ≤ 1:

(a) V (∃x Fα,β(P(x))) ≤ V (Fα,β∃x P(x)),
(b) V (∀x Fα,β(P(x))) ≥ V (Fα,β∀x P(x)).

Corollary 3.2.1 For every predicate A, and for every α,β ∈ [0, 1], such that
α + β ≤ 1:

(a) V (∃x Dα(P(x))) ≤ V (Dα∃x P(x)),
(b) V (∀x Dα(P(x))) ≥ V (Dα∀x P(x)).

Theorem 3.2.8 For every formula A and for every α, β, γ, δ ∈ [0, 1] such that
α + β ≤ 1 and γ + δ ≤ 1:

V (Fα,β(Fγ,δ(A))) = V (Fα+γ−αγ−αδ,β+δ−βγ−βδ(A)).

Proof Let for α,β, γ, δ ∈ [0, 1]: α + β ≤ 1 and γ + δ ≤ 1. Let V (A) = 〈a, b〉.
Then,

http://dx.doi.org/10.1007/978-3-319-48953-7_1
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V (Fα,β(Fγ,δ(A)))
= Fα,β(〈a + γ(1 − a − b), b + δ(1 − a − b)〉)
= 〈a + γ(1 − a − b) + α(1 − a − γ(1 − a − b) − b − δ(1 − a − b)),

b + δ(1 − a − b) + β(1 − a − γ(1 − a − b) − b − δ(1 − a − b))〉
= 〈a + (α + γ − αγ − αδ)(1 − a − b),

b + (β + δ − βγ − βδ)(1 − a − b)〉
= V (Fα+γ−αγ−αδ,β+δ−βγ−βδ(A)).

This completes the proof. �

Corollary 3.2.2 For every predicate A, and for every α ∈ [0, 1]:
(a) V (Dα(Dβ(A))) = V (Dβ(A)),
(b) V (Dα(Fβ,γ(A))) = V (Dα+β−αβ−αγ(A)), for β + γ ≤ 1,
(c) V (Fα,β(Dγ(A))) = V (Dγ(A)).

Theorem 3.2.9 For every formula A and for every α, β, γ, δ ∈ [0, 1]:

V (Gα,β(Gγ,δ(A))) = V (Gαγ,βδ(A)).

Theorem 3.2.10 For every formula A and for every α, β ∈ [0, 1]:
(a) V ( Fα,β(A)) ≥ V (Fα,β A) for α + β ≤ 1,
(b) V (♦ Fα,β(A)) ≤ V (Fα,β♦ A) for α + β ≤ 1,

(c) V ( Gα,β(A)) ≤ V (Gα,β A),
(d) V (♦ Gα,β(A)) ≥ V (Gα,β♦ A),

(e) V ( Hα,β(A)) ≤ V (Hα,β A),
(f) V (♦ Hα,β(A)) ≥ V (Hα,β♦ A),

(g) V ( Jα,β(A)) ≥ V (Jα,β A),
(h) V (♦ Jα,β(A)) ≤ V (Jα,β♦ A),

(i) V ( H∗
α,β(A)) ≤ V (H∗

α,β A),
(j) V (♦ J ∗

α,β(A)) ≥ V (J ∗
α,β♦ A).

Theorem 3.2.11 For every A and for every α,β, γ, δ ∈ [0, 1]:

Gα,β(Gγ,δ(A)) = Gαγ,βδ(A).

Theorem 3.2.12 For every formula A and for every α, β ∈ [0, 1]:
(a) V (Hα,β(Gγ,δ(A))) ≤ V (Gγ,δ(Hα,β (A))),
(b) V (Jα,β(Gγ,δ(A))) ≤ V (Gγ,δ(Jα,β (A))),
(c) V (H∗

α,β(Gγ,δ(A))) ≤ V (Gγ,δ(H∗
α,β (A))),

(d) V (J ∗
α,β(Gγ,δ(A))) ≤ V (Gγ,δ(J ∗

α,β (A))).

Theorem 3.2.13 Let A be a formula and x be a variable. Then, for every α,β ∈
[0, 1]:
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V (∀xGα,β(A)) = V (Gα,β(∀x A)),

V (∃xGα,β(A)) = V (Gα,β(∃x A)).

We finish with an assertion for the operator X , following [11].

Theorem 3.2.14 For every two IFPs 〈μ, ν〉 and 〈ρ,σ〉, there are real numbers
a, b, c, d, e, f ∈ [0, 1] satisfying (3.2.1)–(3.2.3), such that

V (Xa,b,c,d,e, f (〈μ, ν〉)) = 〈ρ,σ〉.

Proof Let μ, ν, ρ,σ ∈ [0, 1], such that μ + ν ≤ 1, ρ + σ ≤ 1. We search for
a, b, c, d, e, f ∈ [0, 1] that satisfy (3.2.1)–(3.2.3) and for which

〈ρ,σ〉 = V (Xa,b,c,d,e, f (〈μ, ν, 〉)) = 〈aμ + b(1 − μ − cν), dν + e(1 − f μ − ν)〉,

i.e.,
ρ = aμ + b(1 − μ − cν),

σ = dν + e(1 − f μ − ν).

We discuss nine cases.

Case 1. π = μ = 0. Then, ν = 1. We put

a = c = e = f = 0, b = ρ, d = σ.

Then, conditions (3.2.1)–(3.2.3) are valid and

X0,ρ,0,σ,0,0(〈μ, ν, 〉) = 〈0+ρ(1−0−0×1),σ ×1+0(1−0×μ−1)〉 = 〈ρ,σ〉.

Case 2. π = ν = 0. Then, μ = 1. We put

a = ρ, b = c = d = f = 0, e = σ.

Then, conditions (3.2.1)–(3.2.3) are valid and

Xρ,0,0,0,σ,0(〈μ, ν, 〉) = 〈ρ + 0× (1− 0× 1− 0), 0+ σ(1− 0× 1− 1)〉 = 〈ρ,σ〉.

When π = 0 and μ, ν > 0, there are three (sub)cases. It is important to mention
that now μ, ν < 1.

Case 3. ρ > μ. Then, from π = 0 it follows that μ = 1 − ν, and hence
σ ≤ 1 − ρ < 1 − μ = ν. So, we put

a = 1, b = ρ − μ

1 − μ
, c = e = f = 0, d = σ

ν
.
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Then, conditions (3.2.1)–(3.2.3) are valid and

X1, ρ−μ
1−μ ,0,

σ
ν ,0,0

(〈μ, ν, 〉) =
〈

μ + ρ − μ

1 − μ
(1 − μ),

σ

ν
ν

〉

= 〈ρ,σ〉.

Case 4. σ > ν. Then, from π = 0 it follows again that μ = 1 − ν, and hence
ρ ≤ 1 − σ < 1 − ν = μ. So, we put

a = ρ

μ
, b = c = f = 0, d = 1, e = σ − ν

1 − ν
.

Then, conditions (3.2.1)–(3.2.3) are valid and

X ρ
μ ,0,0,1,

σ−ν
1−ν ,0,0

(〈μ, ν, 〉) =
〈
ρ

μ
μ + 0, ν + σ − ν

1 − ν
(1 − ν)

〉

= 〈ρ,σ〉.

Case 5. ρ ≤ μ and σ ≤ ν. Then, we put

a = ρ

μ
, b = c = e = f = 0, d = σ

ν
.

Then, conditions (3.2.1)–(3.2.3) are valid and

X ρ
μ ,0,0,

σ
ν ,0,0

(〈μ, ν, 〉) =
〈
ρ

μ
μ + 0,

σ

ν
ν + 0

〉

= 〈ρ,σ〉.

When π > 0, then, μ, ν < 1.
Case 6. ρ > μ and σ > ν. Then, we put

a = c = d = f = 1, b = ρ − μ

π
, e = σ − ν

π
.

Then, conditions (3.2.1)–(3.2.3) are valid, because:

a + e − e. f = 1 + e − e = 1 ≤ 1,

b + d − b.c = d = σ − ν

π
≤ 1,

b + e = ρ − μ

π
+ σ − ν

π
= ρ + σ − μ − ν

π
≤ 1.

All other checks are done in a similar way. Now,

X1, ρ−μ
π ,1,1, σ−ν

π ,1(〈μ, ν, 〉) =
〈

μ + ρ − μ

π
π, ν + σ − ν

π
π

〉

= 〈ρ,σ〉.
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Case 7. ρ > μ and σ ≤ ν. Then, as in Case 3, we put

a = 1, b = ρ − μ

1 − μ
, c = e = f = 0, d = σ

ν
.

Then, conditions (3.2.1)–(3.2.3) are valid and

X1, ρ−μ
1−μ ,0,

σ
ν ,0,0

(〈μ, ν, 〉) =
〈

μ + ρ − μ

1 − μ
(1 − μ),

σ

ν
ν

〉

= 〈ρ,σ〉.

Case 8. ρ ≤ μ and σ > ν. Then, as in point 4, we put

a = ρ

μ
, b = c = f = 0, d = 1, e = σ − ν

1 − ν
.

Then, conditions (3.2.1)–(3.2.3) are valid and

X ρ
μ ,0,0,1,

σ−ν
1−ν ,0,0

(〈μ, ν, 〉) =
〈
ρ

μ
μ + 0, ν + σ − ν

1 − ν
(1 − ν)

〉

= 〈ρ,σ〉.

Case 9. ρ ≤ μ and σ ≤ ν. Then, as in Case 5, we put

a = ρ

μ
, b = c = e = f = 0, d = σ

ν
.

Then, conditions (3.2.1)–(3.2.3) are valid and

X ρ
μ ,0,0,

σ
ν ,0,0

(〈μ, ν, 〉) =
〈
ρ

μ
μ + 0,

σ

ν
ν + 0

〉

= 〈ρ,σ〉.

Therefore, the theorem is proved. �

A modification of the above theorem is the following theorem.

Theorem 3.2.15 For every two formulas A, B there exists an operator Y ∈ {Fα,β,

Gα,β, Hα,β, H∗
α,β, Jα,β, J ∗

α,β} and there exist real numbers α,β ∈ [0, 1] such that

V (A) = V (Yα,β(B)).

Proof Let everywhere V (A) = 〈a, b〉 and V (B) = 〈c, d〉, where a, b, c, d ∈ [0, 1]
and a + b ≤ 1 and c + d ≤ 1.

The following 9 cases are possible for a, b, c and d.

Case 1. a = c Then, for Y :
and if Y = F, then, α = β = 0;
b = d if Y = G, then, α = β = 1;

if Y = Hor Y = H∗, then, α = 1 and β = 0;
if Y = Jor Y = J ∗ then, α = 0 and β = 1.
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Case 2. a > c Then, Y = F and α = a − c
1 − c − d

and β = 0

and (we shall note that 1 − c − d > 1 − a − b ≥ 0)
b = d or Y = Jor Y = J ∗, and α has the above

form and β = 1.

Case 3. a < c Then, Y = G and α = a
c
and β = 1 (we note

and thatc > a ≥ 0)
b = d or Y = J or Y = J ∗, and α has the above

form and β = 0.

Case 4. a = c T hen,Y = F and α = 0 and β = b − d
1 − c − d

and (we note that 1 − c − d > 1 − a − b ≥ 0)
b > d or Y = H or Y = H∗, and α = 1 and β has

the above form.

Case 5. a > c Then, Y = F and α = a − c
1 − c − d

and

and β = b − d
1 − c − d

(we note that

b > d 1 − c − d > 1 − a − b ≥ 0)
Case 6. a < c Then, there are two subcases:

and
b > d.

6.1. i f b ≤ 1 − c, then, Y = H and α = a
c
and

β = b − d
1 − c − d

or Y = H∗ and α = a
c
and β = b − d

1 − a − d
(we note that 1 − a − d > 1 − c − d ≥ b − d > 0
and c > a ≥ 0)

6.2. i f b > 1 − c, then, Y = H∗ and α = a
c
and

β = b − d
1 − a − d

(we note that 1 − a − d ≥ b − d > 0

and c > a ≥ 0)

Case 7. a = c Then, Y = G and α = 1 and β = b
d
(we note

and that d > b ≥ 0)
b < d.

or Y = J or Y = H∗, and α = 0 and β has the above form.
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Case 8. a > c Then, there are two subcases:
and
b < d.

8.1. i f a ≤ 1 − d, then, Y = J and α = a − c
1 − c − d

and

β = b
d

or Y = J ∗ and α = a − c
1 − b − c

and β = b
d
(we

note that 1 − c − b > 1 − c − d ≥ a − c > 0
and d > b ≥ 0)

8.2. i f a > 1 − d, then, Y = J ∗ and α = a − c
1 − b − c

and β = b
d
(we note that 1 − c − b ≥ a − c > 0

and d > b ≥ 0)

Case 9. a < c Then, Y = G and α = a
c
and β = b

d
(we shall

and note that c > a ≥ 0 and d > b ≥ 0).
b < d.

This completes the proof. �

3.3 Second Type of Intuitionistic Fuzzy Modal Operators

In this section, following [7, 9, 12–17], several different modal-like operators of
second type are defined and the consequences of their generalizations are discussed.
We formulate the properties of these operators which hold for them but do not hold
for their extensions.

The following two operators of modal type are similar to the operators in Sect. 3.1.
Let for formula A: V (A) = 〈μ, ν〉. Then,

V (+ A) =
〈
μ

2
,
ν + 1

2

〉

, (3.3.1)

V (× A) =
〈
μ + 1

2
,
ν

2

〉

. (3.3.2)

All of their properties are valid for their first extensions. For a given real number
α ∈ [0, 1] and formula A,

V (+ α A) = 〈αμ,αν + 1 − α〉, (3.3.3)

V (× α A) = 〈αμ + 1 − α,αν〉. (3.3.4)



3.3 Second Type of Intuitionistic Fuzzy Modal Operators 107

Fig. 3.13 Second
geometrical interpretation of

operator +
α

Fig. 3.14 Second
geometrical interpretation of

operator ×
α

Obviously,

0 ≤ αμ + αν + 1 − α = 1 − α(1 − μ − αν) ≤ 1.

For every formula A,

V (+ 0.5A) = V (+ A),

V (× 0.5A) = V (× A).

Therefore, the new operators “+ α” and “× α” are generalizations of + and
× , respectively. Their geometrical interpretations are given in Figs. 3.13 and 3.14,
respectively.

For every formula A, for every α ∈ [0, 1]:
(a) V (+ α A) ≤ V (A) ≤ V (× α A),

(b) V (¬1 + α¬1A) = V (× α A),

(c) V (+ α + α A) ≤ V (+ α A),

(d) V (× α × α A) ≤ V (× α A).
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For every formula A, and for every two real numbers α,β ∈ [0, 1],
(a) V (+ α + β A) = V (+ β + α A),

(b) V (× α × β A) = V (× β × α A),

(c) V (× α + β A) ≥ V (+ β × α A).

For every formula A, and for every three real numbers α,β, γ ∈ [0, 1],
(a) V (+ α Dβ(A)) = V (Dβ(+ α A)),

(b) V (+ α Fβ,γ(A)) = V (Fβ,γ(+ α A)), where β + γ ≤ 1,

(c) V (+ αGβ,γ(A)) ≤ V (Gβ,γ(+ α A)),

(d) V (+ α Hβ,γ(A)) = V (Hβ,γ(+ α A)),

(e) V (+ α H∗
β,γ(A)) = V (H∗

β,γ(
+ α A)),

(f) V (+ α Jβ,γ(A)) = V (Jβ,γ(+ α A)),

(g) V (+ α J ∗
β,γ(A)) = V (J ∗

β,γ(
+ α A)),

(h) V (× α Dβ(A)) = V (Dβ(× α A)),

(i) V (× α Fβ,γ(A)) = V (Fβ,γ(× α A)), where β + γ ≤ 1,

(j) V (× αGβ,γ(A)) ≤ V (Gβ,γ(× α A)),

(k) V (× α Hβ,γ(A)) = V (Hβ,γ(× α A)),

(l) V (× α H∗
β,γ(A)) = V (H∗

β,γ(
× α A)),

(m) V (× α Jβ,γ(A)) = V (Jβ,γ(× α A)),

(n) V (× α J ∗
β,γ(A)) = V (J ∗

β,γ(
× α A)).

The second extension was introduced in [17] by K. Dencheva. She extended the
last two operators to the forms:

V (+ α,β A) = 〈αμ,αν + β〉, (3.3.5)

V (× α,β A) = 〈αμ + β,αν〉, (3.3.6)

where α,β,α + β ∈ [0, 1].
Obviously, for every formula A,

V (+ A) = V (+ A0.5,0.5),

V (× A) = V (× A0.5,0.5),

V (+ Aα) = V (+ Aα,1−α),

V (× Aα) = V (× Aα,1−α).
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For every formula A, and for every α,β,α + β ∈ [0, 1],
(a) V (¬ + α,β¬A) = V (× α,β A),

(b) V (¬ × α,β¬A) = V (+ α,β A).

For every formula A, and for every α,β ∈ [0, 1], each of the inequalities

(a) V (+ α,β + α,β A) ≤ V (+ α,β A),

(b) V (× α,β × α,β A) ≥ V (× α,β A),

is valid if and only if α + β = 1.
For every formula A, and for every α ∈ [0, 1],

V (+ α,β × α,β A) = V (× α,β + α,β A) iff β = 0.

For every formula A, and for every α,β, γ, δ ∈ [0, 1] such that α + β, γ + δ ∈
[0, 1],

V (+ α,β × γ,δ A) ≤ V (× γ,δ + α,β A).

Now, the third extension of the above operators is as follows:

V (+ α,β,γ A) = 〈αμ,βν + γ〉, (3.3.7)

V (× α,β,γ A) = 〈αμ + γ,βν〉, (3.3.8)

where α,β, γ ∈ [0, 1] and max(α,β) + γ ≤ 1.
Obviously, for every formula A,

V (+ A) = V (+ A0.5,0.5,0.5),

V (× A) = V (× A0.5,0.5,0.5),

V (+ Aα) = V (+ Aα,α,1−α),

V (× Aα) = V (× Aα,1−α),

V (+ Aα,β) = V (+ Aα,α,β),

V (× Aα,β) = V (× Aα,α,β).

For every formula A, and for every α,β, γ ∈ [0, 1] for which max(α,β)+γ ≤ 1,

(a) V (¬ + α,β,γ¬A)) = V (× β,α,γ A),

(b) V (¬ × α,β,γ¬A)) = V (+ β,α,γ A).
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For every formula A, and for every α,β, γ ∈ [0, 1] for which max(α,β)+γ ≤ 1,

(a) V (+ α,β,γ + α,β,γ A) ≤ V (+ α,β,γ A) is valid iff β + γ = 1,

(b) V (× α,β,γ × α,β,γ A) ≥ V (× α,β,γ A) is valid iff α + γ = 1.

For every formula A, and for every α,β,α + β ∈ [0, 1],

V (+ α,β,γ × α,β,γ A) = V (× α,β,γ + α,β,γ A) iff γ = 0.

For every formula A, and for every α,β, γ ∈ [0, 1] for which max(α,β)+γ ≤ 1,
the four properties

(a) V (+ α,β,γ A) = V ( + α,β,γ A),

(b) V (× α,β,γ A) = V ( × α,β,γ A),

(c) V (+ α,β,γ♦ A) = V (♦ + α,β,γ A),

(d) V (× α,β,γ♦ A) = V (♦ × α,β,γ A),

are valid iff α = β and α + γ = 1.
For every two formulas A and B, and for every α,β, γ ∈ [0, 1] for which

max(α,β) + γ ≤ 1,

(a) V (+ α,β,γ(A ∧ B)) = V (+ α,β,γ A ∧ + α,β,γ B),

(b) V (× α,β,γ(A ∧ B)) = V (× α,β,γ A ∧ × α,β,γ B),

(c) V (+ α,β,γ(A ∨ B)) = V (+ α,β,γ A ∨ + α,β,γ B),

(d) V (× α,β,γ(A ∨ B)) = V (× α,β,γ A ∨ × α,β,γ B),

For every predicate A, and for everyα,β, γ ∈ [0, 1] forwhichmax(α,β)+γ ≤ 1,

(a) V (+ α,β,γ∃x A) = V (∃x + α,β,γ A),

(b) V (× α,β,γ∃x A) = V (∃x × α,β,γ A),

(c) V (+ α,β,γ∀x A) = V (∀x + α,β,γ A),

(d) V (× α,β,γ∀x A) = V (∀x × α,β,γ A).

A natural extension of the last two operators is the operator

V ( •
α,β,γ,δ A) = 〈αμ + γ,βν + δ〉, (3.3.9)

where α,β, γ, δ ∈ [0, 1] and max(α,β) + γ + δ ≤ 1.
It is the fourth type of operator from the currently discussed group.
Obviously, for every formula A,

V (+ A) = V ( • A0.5,0.5,0,0.5),

V (× A) = V ( • A0.5,0.5,0.5,0),
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V (+ Aα) = V ( • Aα,α,0,1−α),

V (× Aα) = V ( • Aα,α,1−α,0),

V (+ Aα,β) = V ( • Aα,α,0,β),

V (× Aα,β) = V ( • Aα,α,β,0),

V (+ Aα,β,γ) = V ( • Aα,β,0,γ),

V (× Aα,β,γ) = V ( • Aα,β,γ,0).

For every formula A, and for every α,β, γ, δ ∈ [0, 1] for which max(α,β)+γ +
δ ≤ 1:

(a) V (¬ •
α,β,γ,δ¬A) = V ( •

β,α,δ,γ A),

(b) V ( •
α,β,γ,δ( •

ε,ζ,η,θ A)) = V ( •
αε,βζ,αη+γ,βθ+δ A),

(c) V ( •
α,β,γ,δ A) ≥ V ( •

α,β,γ,δ A),

(d) V ( •
α,β,γ,δ♦ A) ≤ V (♦ •

α,β,γ,δ A).

For every pair of formulas A and B, and for every α,β, γ, δ ∈ [0, 1] for which
max(α,β) + γ + δ ≤ 1,

(a) V ( •
α,β,γ,δ(A ∧ B)) = V ( •

α,β,γ,δ A ∧ •
α,β,γ,δ B),

(b) V ( •
α,β,γ,δ(A ∨ B)) = V ( •

α,β,γ,δ A ∨ •
α,β,γ,δ B).

In [18], G. Çuvalcioǧlu introduced the operator Eα,β by

V (Eα,β(A)) = 〈β(αμ + 1 − α),α(βν + 1 − β)〉, (3.3.10)

where α,β ∈ [0, 1], and he studied some of its properties. Obviously,

V (Eα,β(A)) = V ( •
αβ,αβ,(1−α)β,(1−β)α A).

For every predicate A, and for every α,β, γ, δ ∈ [0, 1] for which max(α,β) +
γ + δ ≤ 1,

(a) V ( •
α,β,γ,δ∃x A) = V (∃x •

α,β,γ,δ A),

(b) V ( •
α,β,γ,δ∀x A) = V (∀x •

α,β,γ,δ A).

A new (potentially final?) extension of the above operators is the operator

V ( ◦
α,β,γ,δ,ε,ζ A) = 〈αμ − εν + γ,βν − ζμ + δ〉, (3.3.11)
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where α,β, γ, δ, ε, ζ ∈ [0, 1] and

max(α − ζ,β − ε) + γ + δ ≤ 1, (3.3.12)

min(α − ζ,β − ε) + γ + δ ≥ 0. (3.3.13)

Assume that in the particular cases when α − ζ > −ε,β = δ = 0 and δ − ζ <

β, γ = ε = 0, the inequalities

γ ≥ ε and β + δ ≤ 1

hold. Obviously, for every IFS A,

V (+ A) = V ( ◦ 0.5,0.5,0,0.5,0,0 A),

V (× A) = V ( ◦ 0.5,0.5,0.5,0,0,0 A),

V (+ α A) = V ( ◦
α,α,0,1−α,0,0 A),

V (× α A) = V ( ◦
α,α,1−α,0,0,0 A),

V (+ α,β A) = V ( ◦
α,α,0,β,0,0 A),

V (× α,β A) = V ( ◦
α,α,β,0,0,0 A),

V (+ α,β,γ A) = V ( ◦
α,β,0,γ,0,0 A),

V (× α,β,γ A) = V ( ◦
α,β,γ,0,0,0 A),

V ( •
α,β,γ,δ A) = V ( ◦

α,β,γ,δ,0,0 A),

V (Eα,β A) = V ( ◦
αβ,αβ,β(1−α),α(1−β) A).

For every formula A, and for every α,β, γ, δ, ε, ζ ∈ [0, 1] for which (3.3.12) and
(3.3.13) are valid, the equality

V (¬ ◦
α,β,γ,δ,ε,ζ¬A) = V ( ◦

β,α,δ,γ,ζ,ε A)

holds.
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For every formula A, and for every α1,β1, γ1, δ1, ε1, ζ1,α2,β2, γ2, δ2, ε2, ζ2 ∈
[0, 1] for which conditions that are similar to (3.3.12) and (3.3.13) are valid, the
equality

V ( ◦
α1,β1,γ1,δ1,ε1,ζ1(

◦
α2,β2,γ2,δ2,ε2,ζ2 A))

=V ( ◦
α1α2+ε1ζ2,β1β2+ζ1ε2,α1γ2−ε1δ2+γ1,β1δ2−ζ1γ2+δ1,α1ε2+ε1β2,β1ζ2+ζ1α2 A)

holds.
It must be noted that the equalities

V ( ◦
α,β,γ,δ,ε,ζ(A ∧ B)) = V ( ◦

α,β,γ,δ,ε,ζ A ∧ ◦
α,β,γ,δ,ε,ζ B)

and
V ( ◦

α,β,γ,δ,ε,ζ(A ∨ B)) = V ( ◦
α,β,γ,δ,ε,ζ A ∨ ◦

α,β,γ,δ,ε,ζ B),

which are valid for operator •
α,β,γ,δ , are not always valid for ◦

α,β,γ,δ,ε,ζ .

Open Problem 18 Check the validity of the above formulas for the case of all intu-
itionistic fuzzy conjunctions, disjunctions, implications and negations.

Following [9], we formulate and prove the following:

Theorem 3.3.1 Operators Xa,b,c,d,e, f and ◦
α,β,γ,δ,ε,ζ are equivalent.

Proof Let a, b, c, d, e, f ∈ [0, 1] and satisfy (6.24) and (6.25). Let

α = a − b, β = d − e, γ = b, δ = e, ε = bc, ζ = e f.

Also, let
X ≡ αμ − εν + γ = (a − b)μ − bcν + b,

Y ≡ βν − ζμ + δ = (d − e)ν − e f μ + e.

Then,
X ≥ (a − b).0 − bc.1 + b = b(1 − c) ≥ 0,

X ≤ (a − b).1 − bc.0 + b = a ≤ 1,

Y ≥ (d − e).0 − e f.1 + e = e(1 − f ) ≥ 0,

Y ≤ (d − e).1 − e f.0 + e = d ≤ 1
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and
X + Y = (a − b)μ − bcν + b + (d − e)ν − e f μ + e

= (a − b − e f )μ + (d − e − bc)ν + b + e

≤ (a − b − e f )μ + (d − e − bc)(1 − μ) + b + e

= d − e − bc + b + e + (a − b − e f − d + e + bc)μ

≤ d − bc + b + a − b − e f − d + e + bc

= a − e f + e = α + γ − ζ + δ ≤ 1

(from (3.3.12)).
Thus, we obtain

V ( ◦
α,β,γ,δ,ε,ζ A) = 〈αμ − εν + γ,βν − ζμ + δ〉

= 〈x, (a − b)μ − bcν + b, (d − e)ν − e f μ + e〉

= 〈x, aμ + b(1 − μ − cν),

dν + e(1 − f μ − ν)〉

= V (Xa,b,c,d,e, f (A)).

Conversely, let α,β, γ, δ, ε, ζ ∈ [0, 1] and satisfy (3.3.12) and (3.3.13). From
(3.3.13) it follows that for α = β = δ = ζ = 0 : ε ≤ γ, while for α = β = γ =
ε = 0 : ζ ≤ δ; from (3.3.12) it follows that for β = δ = ε = ζ = 0 : α + γ ≤ 1,
while for α = γ = ε = ζ = 0 : β + δ ≤ 1. Then, let

a = α + γ (≤ 1),

b = γ,

c = ε

γ
(≤ 1),

d = β + δ (≤ 1),

e = δ,

f = ζ

δ
(≤ 1).
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Let

X ≡ aμ + b(1 − μ − cν) = (α + γ)μ + γ

(

1 − μ − ε

γ
ν

)

,

Y ≡ dν + e(1 − f μ − ν) = (β + δ)ν + δ

(

1 − ζ

δ
μ − ν

)

.

Then, we obtain,

0 ≤ γ − ε ≤ X = αμ + γ − εν ≤ α + γ ≤ 1,

0 ≤ δ − ζ ≤ Y = βν + δ − ζμ ≤ β + δ ≤ 1,

X + Y = αμ + γ − εν + βν + δ − ζμ

= (α − ζ)μ − (β − ε)ν + γ + δ

≤ (α − ζ)μ − (β − ε)(1 − μ) + γ + δ

= (α − ζ + β − ε)μ − β + γ + δ + ε

≤ α − ζ + β − ε − β + γ + δ + ε

= α − ζ + γ + δ

≤ max(α − ζ,β − ε) + γ + δ ≤ 1

(from (3.3.12)).
Then, we obtain

V (Xa,b,c,d,e, f (A))

= 〈aμ + b(1 − μ − cν), dν + e(1 − f μ − ν)〉

= 〈(α + γ)μ + γ(1 − μ − ε

γ
ν), (β + δ)ν + δ(1 − ζ

δ
μ − ν)〉

= 〈(α + γ)μ + γ − γμ − εν, (β + δ)ν + δ − ζμ − δν〉

= 〈αμ − εν + γ,βν − ζμ + δ〉

= V ( ◦
α,β,γ,δ,ε,ζ A).

Therefore, the two operators are equivalent.
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Fig. 3.15 Relations among modal operators

Finally, we construct Fig. 3.15 in which

“X −→ Y ′′

denotes that operator X represents operator Y , while the converse is not valid, and

“X ←→ Y ′′

denotes that each of the operators represents the other.
Following [19], we introduce the following new operator from modal type, that

is a modification of the above discussed operators. It has the form

V (⊗α,β,γ,δ A) = 〈αa + γb,βa + δb〉,

where α,β, γ, δ ∈ [0, 1] and α + β ≤ 1, γ + δ ≤ 1.
First, we check that the new operator generates an intuitionistic fuzzy pair. Indeed,

0 ≤ αa + γb ≤ a + b ≤ 1,

0 ≤ βa + δb ≤ a + b ≤ 1

and
0 ≤ αa + γb + βa + δb

= (α + β)a + (γ + δ)b

≤ a + b ≤ 1.
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Second, it is easy to see that

⊗1,0,0,1 A = A,

⊗0,1,1,0 A = ¬1A.

Theorem 3.3.2 For every formula A, for every four real numbers α,β, γ, δ ∈ [0, 1]
such that α + β ≤ 1, γ + δ ≤ 1 and for negation ¬1,

V (¬1 ⊗α,β,γ,δ ¬1A) = V (⊗δ,γ,β,α A).

Proof We obtain sequentially that

V (¬1 ⊗α,β,γ,δ ¬1A)

= ¬1 ⊗α,β,γ,δ 〈b, a〉

= ¬1〈αb + γa,βb + δa〉

= 〈βb + δa,αb + γa〉

= ⊗δ,γ,β,α A.

This completes the proof. �

Theorem 3.3.3 For every two formulas A and B an for every four real numbers
α,β, γ, δ ∈ [0, 1] such that α + β ≤ 1, γ + δ ≤ 1,

(a) V (⊗α,β,γ,δ(A ∨ B)) = V (⊗α,β,γ,δ A ∨ ⊗α,β,γ,δ B),
(b) V (⊗α,β,γ,δ(A ∧ B)) = V (⊗α,β,γ,δ A ∧ ⊗α,β,γ,δ B).

Proof For (a), first, we obtain that

V (⊗α,β,γ,δ(A ∨ B)) = ⊗α,β,γ,δ〈max(a, c),min(b, d)〉

= 〈αmax(a, c) + γ min(b, d),β max(a, c) + δmin(b, d)〉.

Second, we obtain that
V (⊗α,β,γ,δ A ∨ ⊗α,β,γ,δ B)

= 〈αa + γb,βa + δb〉 ∨ 〈αc + γd,βc + δ.d〉

= 〈max(αa + γb,αc + γd),min(βa + δb,βc + δd〉
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Let

X ≡ max(αa + γb,αc + γd) − αmax(a, c) − γ min(νA(x), d)

Now, for a, c, b, d we must study the following four cases.

Case 1. a ≥ c, b ≥ d:

X = max(αa + γb,αc + γd) − αa − γd

≥ αa + γb − αa − γd ≥ 0

Case 2. a ≥ c, b < d:

X = max(αa + γb,αc + γd) − αa − γb ≥ 0

Case 3. a < c, b ≥ d:

X = max(αa + γb,αc + γd) − αc − γd ≥ 0

Case 4. a < c, b < d:

X = max(αa + γb,αc + γd) − αc) − γb

≥ αc + γd − αc) − γb ≥ 0

Assertion (b) is proved analogously. �

The proofs of the next assertion follow by analogy.

Theorem 3.3.4 For every formula A and for every four real numbers α,β, γ, δ ∈
[0, 1] such that α + β ≤ 1, γ + δ ≤ 1:

(a) V ( ⊗α,β,γ,δ A) ≤ V (⊗α,β,γ,δ A),
(b) V (⊗α,β,γ,δ♦ A) ≤ V (♦ ⊗α,β,γ,δ A).

Theorem 3.3.5 Let A be a formula, such that V (A) = 〈μ, ν〉 and let a, b, c, d, e, f,
g, h ∈ [0, 1], so that a + b, c + d, e + f, g + h ∈ [0, 1]. Then,

V (⊗e, f,g,h(⊗a,b,c,d(A)) = V (⊗ae+bg,a f +bh,ce+dg,c f +dh(A)). (3.3.14)

Proof Let formula A and the real numbers a, b, c, d, e, f, g, h satisfy the conditions
for operator ⊗. Then

V (⊗e, f,g,h(⊗a,b,c,d(A)))

= ⊗e, f,g,h〈x, aμ + cν, bμ + dν〉
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= 〈x, aeμ + ceν + bgμ + dgν, a f μ + c f ν + bhμ + dhν〉

= 〈x, (ae + bg)μ + (ce + dg)ν, (a f + bh)μ + (c f + dh)ν

= V (⊗ae+bg,a f +bh,ce+dg,c f +dh(A)).

Therefore, (3.3.14) is valid. �

Theorem 3.3.6 Let A be a formula, such that V (A) = 〈μ, ν〉 and let a, d, e, h ∈
(0, 1], b, c, f, g ∈ (0, 1], so that a + b, c + d, e + f, g + h ∈ [0, 1] and

bg = c f, (3.3.15)

ag + ch = ce + dg. (3.3.16)

Then,
V (⊗e, f,g,h(⊗a,b,c,d(A))) = V (⊗a,b,c,d(⊗e, f,g,h(A))). (3.3.17)

Proof Let formula A and the real numbers a, b, c, d, e, f, g, h satisfy the conditions
of the theorem. First, we see, that from (3.3.15) and (3.3.16) it follows:

a f + bh − be − d f = a f + c f

g
h − c f

g
e − d f = f

g
(ag + ch − ce − dg) = 0.

But, by the above conditions, f, g > 0. Therefore,

a f + bh − be − d f = 0,

i.e.,
a f + bh = be + d f. (3.3.18)

Now,
V (⊗e, f,g,h(⊗a,b,c,d(A))) = ⊗e, f,g,h〈a.μ + c.ν, b.μ + d.ν〉

= 〈a.e.μ + c.e.ν + b.g.μ + d.g.ν, a. f.μ + c. f.ν + b.h.μ + d.h.ν〉

(from (3.3.16) and (3.3.18))

= 〈a.e.μ + a.g.ν + c. f.μ + c.h.ν, b.e.μ + b.g.ν + d. f.μ + d.h.ν〉

= ⊗a,b,c,d〈e.μ + g.ν, f.μ + h.ν〉

= V (⊗a,b,c,d ⊗e, f,g,h (A)).

Therefore, (3.3.17) is valid. �
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Theorem 3.3.7 Let A be a formula, α,β, γ, δ ∈ [0, 1], so that α + β, γ + δ ∈
[0, 1], a, b, c, d, e, f ∈ [0, 1] so that a + e − e. f ≤ 1, b + d − b.c ≤ 1 and
b + e ≤ 1. Then,

(a) ◦ a,b,c,d,e, f (⊗α,β,γ,δ(A)) = ◦ aα−eβ,bβ− f α,c,d,eδ−aγ, f γ−bδ(A),

(b) ⊗α,β,γ,δ( ◦ a,b,c,d,e, f (A)) = ◦ aα− f γ,aβ− f δ,cα+dγ,cβ+dδ,eα−bγ,eβ−bδ(A).

The following two open problems are interesting:
Open Problem 19 Can operator ⊗α,β,γ,δ be represented by the extended modal
operators?
Open Problem 20 Can operator ⊗α,β,γ,δ be used for representation of some types
of modal operators?

3.4 Intuitionistic Fuzzy Level Operators

Following [9], herewe introduce the following two intuitionistic fuzzy level operators
for each formula A with evaluation V (A) = 〈a, b〉:

V (Pα,β(A)) = Pα,β(V (A)) = 〈max(a,α),min(b,β)〉,

V (Qα,β(A)) = Qα,β(V (A)) = 〈min(a,α),max(b,β)〉.

We must note, that for every formula A

V (Pα,β(A)) = V (A) ∨ 〈α,β〉

and
V (Qα,β(A)) = V (A) ∧ 〈α,β〉.

Theorem 3.4.1 For every formula A and for every α,β, γ, δ ∈ [0, 1], such that
α + β ≤ 1, γ + δ ≤ 1:

(a) V (¬Pα,β(¬A)) = V (Qβ,α(A));
(b) V (Pα,β(Qγ,δ(A))) = V (Qmax(α,γ),min(β,δ)(Pα,β(A)));
(c) V (Qα,β(Pγ,δ(A))) = V (Pmin(α,γ),max(β,δ)(Qα,β(A)));
(d) V (Pα,β(Pγ,δ(A))) = V (Pmax(α,γ),min(β,δ)(A));
(e) V (Qα,β(Qγ,δ(A))) = V (Qmin(α,γ),max(β,δ)(A)).
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Proof (b) Let A be a formula. Then,

V (Pα,β(Qγ,δ(A)))
= V (Pα,β(〈min(γ, a),max(δ, b)〉)
= 〈max(α,min(γ, a)),min(β,max(δ, b))〉
= 〈min(max(α, γ),max(α, a)),max(min(β, δ),max(β, a))〉
= Qmax(α,γ),min(β,δ)(〈max(α, a),max(β, b)〉)
= V (Qmax(α,γ),min(β,δ)(Pα,β(A))).

This completes the proof. �

Theorem 3.4.2 For every two formulas A and B, and for every α,β ∈ [0, 1], such
that α + β ≤ 1:

(a) V (Pα,β(A ∧ B)) = V (Pα,β(A)) ∧ V (Pα,β(B)),
(b) V (Pα,β(A ∨ B)) = V (Pα,β(A)) ∨ V (Pα,β(B)),
(c) V (Qα,β(A ∧ B)) = V (Qα,β(A)) ∧ V (Qα,β(B)),
(d) V (Qα,β(A ∨ B)) = V (Qα,β(A)) ∨ V (Qα,β(B)).

Proof (a) Let A and B be two formulas. Then,

V (Pα,β(A ∧ B))
= Pα,β(〈min(a, c),max(b, d)〉)
= 〈max(α,min(a, c)),min(β,max(b, d))〉
= 〈min(max(α, a),max(α, c)),max(min(β, b),min(β, d))〉
= V (Pα,β(A) ∧ Pα,β(B)).

This completes the proof. �

Theorem 3.4.3 Let A be a formula and x be a variable. Then, for every α,β ∈ [0, 1],
such that α + β ≤ 1:

(a) V (∃x Pα,β(A)) = V (Pα,β(∃x A)),
(b) V (∀x Qα,β(A)) = V (Qα,β(∀x A)).

Proof (a) Let A be a formula. Then,

V (∃x Pα,β(A))
= ∃x〈max(α,μ(A)),min(β, ν(A))〉
= 〈max

x
(max(α,μ(A))),min

x
(min(β, ν(A)))〉

= 〈max(α,max
x

(μ(A))),min(β,min
x
(ν(A)))〉

= V (Pα,β(∃x A)).

This completes the proof. Assertion (b) is proved by analogy. �
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3.5 Pseudo-fixed Points of the Intuitionistic Fuzzy
Operators and Quantifiers

Let S be a set of propositions (or more general, formulas) and let V : S → [0, 1] ×
[0, 1], be defined for every A ∈ S as in Sect. 1.1.

Let for operator Y and for IFP 〈a, b〉:

Y (〈a, b〉) = 〈a, b〉.

Then, we call that the IFP is a fixed point for operator Y . But, when operator Y is
defined over elements of S, i.e., when for formula A

V (Y (A)) = 〈μ(Y (A)), ν(Y (A))〉,

then we will call that A is a pseudo-fixed point for operator Y . In this case, the
equality

〈μ(Y (A)), ν(Y (A))〉 = 〈μ(A), ν(A)〉 (3.5.1)

holds (see [20]).
Obviously, if (3.5.1) is valid for IFP V (A) = 〈a, b〉, then, 〈a, b〉 is a fixed point

for operator Y .
Below, we determine all pseudo-fixed points of all quantifiers and operators,

defined in Chaps. 2 and 3.

Theorem 3.5.1 For all α,β ∈ [0, 1] the pseudo-fixed point(s) of:

(a) ∃ are all elements A ∈ S for which V (A) = 〈1, 0〉,
(b) ∀ are all elements A ∈ S for which V (A) = 〈0, 1〉,
(c) ∃μ are all elements A ∈ S for which

μ(A) = sup
x∈S

μ(x)

and in the more general case, all elements A ∈ S for which V (A) = 〈1, 0〉,
(d) ∃ν are all elements A ∈ S for which

ν(A) = inf
x∈S

ν(x)

and in the more general case, all elements A ∈ S for which V (A) ∈ [0, 1]×{0},
(e) ∀μ are all elements A ∈ S for which

μ(A) = inf
x∈S

μ(x)

and in the more general case, all elements A ∈ S for which V (A) ∈ {0}×[0, 1],

http://dx.doi.org/10.1007/978-3-319-48953-7_1
http://dx.doi.org/10.1007/978-3-319-48953-7_2
http://dx.doi.org/10.1007/978-3-319-48953-7_3
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(f) ∀ν are all elements A ∈ S for which

ν(A) = sup
x∈S

ν(x)

and in the more general case, all elements A ∈ S for which V (A) = 〈0, 1〉,
(g) ,♦,© are all elements A ∈ S for which μ(A) + ν(A) = 1,
(h) Dα are all elements A ∈ S for which μ(A) + ν(A) = 1,
(i) Fα,β are all elements A ∈ S for which μ(A) + ν(A) = 1 and α + β ≤ 1,
(j) Gα,β are all elements A ∈ S for which μ(A) = ν(A) = 0,
(k) Hα,β, H∗

α,β are all elements A ∈ S for which μ(A) = 0 and ν(A) = 1,
(l) Jα,β, J ∗

α,β are all elements A ∈ S for which μ(A) = 1 and ν(A) = 0,

(m) + , + α are all elements A ∈ S for which μ(A) = 0 and ν(A) = 1,

(n) × , × α are all elements A ∈ S for which μ(A) = 1 and ν(A) = 0,

(o) + α,β are all elements A ∈ S for which μ(A) = 0, ν(A) = 1 and α + β = 1,

(p) × α,β are all elements A ∈ S for which μ(A) = 1, ν(A) = 0 and α + β = 1,
(q) Pα,β are all elements A ∈ S for which α ≤ μ(A) = 1 and 0 ≤ ν(A) ≤ β,
(r) Qα,β are all elements A ∈ S for which 0 ≤ μ(A) = α and β ≤ ν(A) ≤ 1.
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Chapter 4
Temporal and Multidimensional
Intuitionistic Fuzzy Logics

The first results in temporal intuitionistic fuzzy logic appeared in 1990 (see [1]) on
the basis of ideas from [2]. However, the first example for their application was only
proposed as early as 15 years later, in [3]. The concept of the temporal IFL was
extended to the concept of multidimensional intuitionistic fuzzy logic in a series of
papers of the author together with E. Szmidt and J. Kacprzyk.

4.1 Temporal Intuitionistic Fuzzy Logic

Let A be a formula and V be a truth-value function, which maps to A the ordered
pair

V (A, t) = 〈μ(A, t), ν(A, t)〉,

where μ(A, t), ν(A, t) ∈ [0, 1],

μ(A, t) + ν(A, t) ≤ 1,

and t ∈ T is a fixed time-moment, where T is a fixed set which we shall call “time-
scale” and it is strictly ordered by the relation “<”.

Let
T ′(t) = {t ′ | t ′ ∈ T&t ′ < t},

T ′′(t) = {t ′′ | t ′′ ∈ T&t ′′ > t}.

In [1], for a given formula A and a time-moment t , the author defined the temporal
intuitionistic fuzzy operators P, F, H,G, which are analogues of the operators from
[2], and for which:

• V (P(A, t)) = P(V (A), t) = 〈μ(A, t ′), ν(A, t ′)〉,

© Springer International Publishing AG 2017
K.T. Atanassov, Intuitionistic Fuzzy Logics, Studies in Fuzziness
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where t ′ ∈ T ′ satisfies the conditions:

(a) μ(A, t ′) − ν(A, t ′) = max
t∗∈T ′(μ(A, t

∗) − ν(A, t∗)),
(b) if there exists more than one such element of T ′, then, t ′ is maximal;

• V (F(A, t)) = 〈μ(A, t ′′), ν(A, t ′′)〉,
where t ′′ ∈ T ′′ satisfies the conditions:

(a) μ(A, t ′′) − ν(A, t ′′) = max
t∗∈T ′′(μ(A, t

∗) − ν(A, t∗)),
(b) if there exists more than one such element of T ′′, then, t ′′ is minimal;

• V (H(A, t)) = 〈μ(A, t ′), ν(A, t ′)〉,
where t ′ ∈ T ′ satisfies the conditions:

(a) μ(A, t ′) − ν(A, t ′) = min
t∗∈T ′(μ(A, t

∗) − ν(A, t∗)),
(b) if there exists more than one such element of T ′, then, t ′ is maximal;

• V (G(A, t)) = 〈μ(A, t ′′), ν(A, t ′′)〉,
where t ′′ ∈ T ′′ satisfies the conditions:

(a) μ(A, t ′′) − ν(A, t ′′) = min
t∗∈T ′′(μ(A, t

∗) − ν(A, t∗)),
(b) if there exists more than one such element of T ′′, then, t ′′ is minimal.

In each of these four definitions, if time intervals T ′ or T ′′ are infinite, operations
“max” and “min” must be changed with operations “sup” and “inf”, respectively.

Theorem 4.1.1 For every formula A and for every time-moment t:

(a) V (H(A, t)) = V (¬(P(¬A), t)));
(b) V (G(A, t)) = V (¬(F(¬A), t))).

Proof (a) Let the formula A and the time-moment t be given. Then,

V (¬(F(¬A), t))) = 〈μ(A, t ′), ν(A, t ′)〉

where t ′ is the maximal element of T ′ for which:

ν(A, t ′) − μ(A, t ′) = max
t∗∈T ′(ν(A, t∗) − μ(A, t∗)).

Therefore, t ′ is the maximal element of T ′ for which:

μ(A, t ′) − ν(A, t ′) = min
t∗∈T ′(μ(A, t∗) − ν(A, t∗)),

i.e.,
〈μ(A, t ′), ν(A, t ′)〉 = V (H(A, t)).

This completes the proof. Assertion (b) is proved similarly. �



4.1 Temporal Intuitionistic Fuzzy Logic 127

Theorem 4.1.2 For every two formulas A and B, for every time-moment t for impli-
cation →4:

(a) H(A →4 B, t) →4 (P(A, t) →4 P(B, t));
(b) G(A →4 B, t) →4 (F(A, t) →4 F(B, t));
(c) ¬(P(¬(A →4 B), t)) →4 (P(A, t) →4 P(B, t));
(d) ¬(F(¬(A →4 B), t)) →4 (F(A, t) →4 F(B, t)).

are IFTs.

Proof (a) Let the formulas A and B, and the time-moment t be given. Then,

H(A →4 B, t) →4 (P(A, t) →4 P(B, t))

= H(〈max(ν(A),μ(B)),min(μ(A), ν(B)), t〉)

→4 (〈μ(A, t1), ν(A, t1)〉 →4 〈μ(B, t2), ν(B, t2)〉)

(where t1 and t2 are both maximal elements of T ′ for which the maximums of
μ(A, t1) − ν(A, t1) and of μ(B, t2) − ν(B, t2) are achieved)

= 〈max(ν(A, t ′),μ(B, t ′)),min(μ(A, t ′), ν(B, t ′))〉

→ 〈max(ν(A, t1),μ(B, t2),min(μ(A, t1), ν(B, t2))〉

(where t ′ is the maximal element of T ′ for which the minimum of
max(ν(A, t ′),μ(B, t ′)) − min(μ(A, t ′), ν(B, t ′)) is reached)

= 〈max(ν(A, t1),μ(B, t2)),min(μ(A, t ′), ν(B, t ′)),

min(μ(A, t1), ν(B, t2),max(ν(A, t ′),μ(B, t ′))〉.

Then, we consider the expression:

X = max(ν(A, t1),μ(B, t2)),min(μ(A, t ′), ν(B, t ′))

−min(μ(A, t1), ν(B, t2),max(ν(A, t ′),μ(B, t ′)).

1. If for t2 ∈ T ′: μ(B, t2) ≥ ν(B, t2), then:

X ≥ μ(B, t2) − ν(B, t2) ≥ 0.



128 4 Temporal and Multidimensional Intuitionistic Fuzzy Logics

2. If for t2 ∈ T ′: μ(B, t2) < ν(B, t2), then:

2.1. If for t1 ∈ T ′: ν(A, t1) ≥ μ(A, t1), then:

X ≥ ν(A, t1) − μ(A, t1) ≥ 0;

2.2. If for t1 ∈ T ′: ν(A, t1) < μ(A, t1), then:
2.2.1. If for t ′ ∈ T ′: min(μ(A, t ′), ν(B, t ′)) ≥ max(ν(A, t ′),μ(B, t ′)), then

X ≥ min(μ(A, t ′), ν(B, t ′)) − max(ν(A, t ′),μ(B, t ′)) ≥ 0,

2.2.2 Otherwise, for t ′ ∈ T ′: min(μ(A, t ′), ν(B, t ′)) < max(ν(A, t ′),
μ(B, t ′)), then

X ≥ min(μ(A, t0), ν(B, t0)) − min(μ(A, t0), ν(B, t0)) = 0.

Therefore, in all cases X ≥ 0, i.e., (a) is valid.
Assertions (b)–(d) are proved analogically. �

A geometrical interpretation of the temporal IFL is given on Fig. 4.1.

Fig. 4.1 Second geometrical interpretation of the temporal IFL
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4.2 Multidimensional Intuitionistic Fuzzy Logics

Let E, Z1, Z2, . . . , Zn be fixed finite linearly ordered sets.
By analogy with intuitionistic fuzzy multi-dimensional sets, introduced by E.

Szmidt, J. Kacprzyk and the author in [4–7], here, following the paper [8] of the
same authors and I. Georgiev, for a predicate P of the variables x, z1, z2, . . . , zn ,
ordered in the present form, we define an intuitionistic fuzzy evaluation function V
for P in the form

V (P(x, z1, z2, . . . , zn)) = 〈μP(x, z1, z2, . . . , zn), νP(x, z1, z2, . . . , zn)〉,

where x ∈ E is a (basic) variable, z1 ∈ Z1, z2 ∈ Z2, . . . , zn ∈ Zn are additional
variables, μP(x, z1, z2, . . . , zn) ∈ [0, 1], νP(x, z1, z2, . . . , zn) ∈ [0, 1] and

μP(x, z1, z2, . . . , zn) + νP(x, z1, z2, . . . , zn) ≤ 1.

Here, μP(x, z1, z2, . . . , zn) and νP(x, z1, z2, . . . , zn) are the degrees of validity and
non-validity of P(x, z1, z2, . . . , zn), respectively.

In the particular case, when n = 1, we obtain the case of temporal IFL (see [1]).
Having in mind the results from [4], we can define the following (n + 1)-

dimensional intuitionistic fuzzy quantifiers:

(a) (partial) standard quantifier

V (∃(x, z1, z2, . . . , zn)P(x, z1, z2, . . . , zn))

=
〈

max
y∈E μP(y, z1, z2, . . . , zn),min

y∈E νP(y, z1, z2, . . . , zn)

〉

,

V (∀(x, z1, z2, . . . , zn)P(x, z1, z2, . . . , zn))

=
〈

min
y∈E μP(y, z1, z2, . . . , zn),max

y∈E νP(y, z1, z2, . . . , zn)

〉

(b) (partial) i-quantifiers

V (∃i (x, z1, z2, . . . , zn)P(x, z1, z2, . . . , zn))

=
〈

max
ti∈Zi

μP(x, z1, z2, . . . , zi−1, ti , zi+1, . . . , zn),

min
ti∈Zi

νP(x, z1, z2, . . . , zi−1, ti , zi+1, . . . , zn)

〉

,
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V (∀i (x, z1, z2, . . . , zn)P(x, z1, z2, . . . , zn))

=
〈

min
ti∈Zi

μP(x, z1, z2, . . . , zi−1, ti , zi+1, . . . , zn),

max
ti∈Zi

νP(x, z1, z2, . . . , zi−1, ti , zi+1, . . . , zn)

〉

(c) general additional quantifier

V (∃a(x, z1, z2, . . . , zn)P(x, z1, z2, . . . , zn))

=
〈

max
t1∈Z1

...max
tn∈Zn

μP(x, t1, t2, . . . , tn), min
t1∈Z1

... min
tn∈Zn

νP(x, t1, t2, . . . , tn)

〉

,

V (∀a(x, z1, z2, . . . , zn)P(x, z1, z2, . . . , zn)

=
〈

min
t1∈Z1

... min
tn∈Zn

μP(x, t1, t2, . . . , tn),max
t1∈Z1

...max
tn∈Zn

νP(x, t1, t2, . . . , tn)

〉

(d) general quantifier

V (∃g(x, z1, z2, . . . , zn)P(x, z1, z2, . . . , zn))

=
〈

max
y∈E max

t1∈Z1

...max
tn∈Zn

μP(y, t1, t2, . . . , tn),

min
y∈E min

t1∈Z1

... min
tn∈Zn

νP(y, t1, t2, . . . , tn)

〉

,

V (∀g(x, z1, z2, . . . , zn)P(y, z1, z2, . . . , zn)

=
〈

min
y∈E min

t1∈Z1

... min
tn∈Zn

μP(y, t1, t2, . . . , tn),

max
y∈E max

t1∈Z1

...max
tn∈Zn

νP(y, t1, t2, . . . , tn)

〉

Theorem 4.2.1 For each of the five pairs of quantifiers, the following equalities
hold:
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V (¬∃(x, z1, z2, . . . , zn)¬P(x, z1, z2, . . . , zn))
= V (∀(x, z1, z2, . . . , zn)P(x, z1, z2, . . . , zn)),
V (¬∀(x, z1, z2, . . . , zn)¬P(x, z1, z2, . . . , zn))
= V (∃(x, z1, z2, . . . , zn)P(x, z1, z2, . . . , zn)),
V (¬∃i (x, z1, z2, . . . , zn)¬P(x, z1, z2, . . . , zn))
= V (∀i (x, z1, z2, . . . , zn)P(x, z1, z2, . . . , zn)),
V (¬∀i (x, z1, z2, . . . , zn)¬P(x, z1, z2, . . . , zn))
= V (∃i (x, z1, z2, . . . , zn)P(x, z1, z2, . . . , zn)),
V (¬∃a(x, z1, z2, . . . , zn)¬P(x, z1, z2, . . . , zn))
= V (∀a(x, z1, z2, . . . , zn)P(x, z1, z2, . . . , zn),
V (¬∀a(x, z1, z2, . . . , zn)¬P(x, z1, z2, . . . , zn))
= V (∃a(x, z1, z2, . . . , zn)P(x, z1, z2, . . . , zn),
V (¬∃g(x, z1, z2, . . . , zn)¬P(x, z1, z2, . . . , zn))
= V (∀g(x, z1, z2, . . . , zn)P(x, z1, z2, . . . , zn),
V (¬∀g(x, z1, z2, . . . , zn)¬P(x, z1, z2, . . . , zn))
= V (∃g(x, z1, z2, . . . , zn)P(x, z1, z2, . . . , zn).

Proof Let us check the validity of the first equality.

V (¬∃(x, z1, z2, . . . , zn)¬P(x, z1, z2, . . . , zn))

= ¬∃(x, z1, z2, . . . , zn)¬〈μP(x, z1, z2, . . . , zn), νP(x, z1, z2, . . . , zn)〉

= ¬∃(x, z1, z2, . . . , zn)〈νP(x, z1, z2, . . . , zn),μP(x, z1, z2, . . . , zn)〉

= ¬〈max
y∈E νP(y, z1, z2, . . . , zn),min

y∈E μP(y, z1, z2, . . . , zn)〉

= 〈min
y∈E μP(y, z1, z2, . . . , zn),max

y∈E νP(y, z1, z2, . . . , zn)〉

= V (∀(x, z1, z2, . . . , zn)P(x, z1, z2, . . . , zn)).

The other equalities are proved in the same manner. �

An important problem arises.

Open Problem 21. Which other negations, different from the ones defined in
Sect. 1.4, also satisfy these equalities?

For a finite linearly ordered set X , i ∈ {1, . . . , 185}, j ∈ {1, 2, 3} and (n + 1)-
dimensional predicate P we define

http://dx.doi.org/10.1007/978-3-319-48953-7_1
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i, j
min
x∈X P(x, y1, . . . , yn)

= P(x1, y1, . . . , yn) ∧i, j P(x2, y1, . . . , yn) ∧i, j . . . ∧i, j P(xm, y1, . . . , yn),

i, j
max
x∈X P(x, y1, . . . , yn)

= P(x1, y1, . . . , yn) ∨i, j P(x2, y1, . . . , yn) ∨i, j . . . ∨i, j P(xm, y1, . . . , yn),

where x1 < x2 < · · · < xm are the elements of X , listed in ascending order. Both
operations produce a predicate of y1, . . . , yn .

Let us define

Qi, j =
⎧
⎨

⎩

∃i, j , if Qi, j is ∀i, j

∀i, j , if Qi, j is ∃i, j
.

After these remarks, we continue with definitions of new quantifiers over the
(n + 1)-dimensional predicate P . Let for 1 ≤ i ≤ 185 and for 1 ≤ j ≤ 3: Qi, j ∈
{∀i, j , ∃i, j }. Let

Qi, j
x∈X

=
{
maxi, jx∈X , if Qi, j = ∃i, j
mini, jx∈X , if Qi, j = ∀i, j

,

Then, for i, i1, . . . , in ∈ {1, 2, . . . , 185} and j, j1, . . . , jn ∈ {1, 2, 3}, we define:
(e) general Q-additional quantifiers

V ((Q1
i1, j1 , Q

2
i2, j2 , . . . , Q

n
in , jn )(x, z1, z2, . . . , zn)P(x, z1, z2, . . . , zn))

=
〈

Q1
i1, j1

t1∈Z1

. . . Qn
in , jn

tn∈Zn

μP(x, t1, t2, . . . , tn), Q
1
i1, j1

t1∈Z1

. . . Q
n
in , jn

tn∈Zn

νP(x, t1, t2, . . . , tn)

〉

,

(f) general Q-quantifier

V ((Qi, j , Q
1
i1, j1 , Q

2
i2, j2 , . . . , Q

n
in , jn )(x, z1, z2, . . . , zn)P(x, z1, z2, . . . , zn))

=
〈

Qi, j
y∈E

Q1
i1, j1

t1∈Z1

... Qn
in , jn

tn∈Zn

μP(y, t1, t2, . . . , tn),

Qi, j
y∈E

Q
1
i1, j1

t1∈Z1

... Q
n
in , jn

tn∈Zn

νP(y, t1, t2, . . . , tn)

〉

,
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Theorem 4.2.2 For each of the three quantifiers, the following equalities hold:

V (¬1(Q
1
i1, j1 , Q

2
i2, j2 , . . . , Q

n
in , jn )(x, z1, z2, . . . , zn)¬1P(x, z1, z2, . . . , zn))

= V ((Q
1
i1, j1 , Q

2
i2, j2 , . . . , Q

n
in , jn )(x, z1, z2, . . . , zn)P(x, z1, z2, . . . , zn))

V (¬1(Qi, j , Q
1
i1, j1 , Q

2
i2, j2 , . . . , Q

n
in , jn )(x, z1, z2, . . . , zn)¬1P(x, z1, z2, . . . , zn))

= V ((Qi, j , Q
1
i1, j1 , Q

2
i2, j2 , . . . , Q

n
in , jn )(x, z1, z2, . . . , zn)P(x, z1, z2, . . . , zn)).

Open Problem 22.Which of the equalities from Theorems 4.2.1 and 4.2.2. are valid
for the new quantifiers?

The so defined multidimensional intuitionistic fuzzy quantifiers can obtain differ-
ent applications in the area of artificial intelligence. For example, we can use them in
procedures for decision making and for intercriteria analysis, in rules of intuitionistic
fuzzy expert systems, and others.

All these multidimensional intuitionistic fuzzy quantifiers are first-order.
The author believe that in a near future possibilities for defining second and higher-

order multidimensional intuitionistic fuzzy quantifiers will arise and some properties
for standard predicates, discussed in [9–20] will be studied for the multidimensional
intuitionistic fuzzy quantifiers.

In future, we will study the possibility to change the condition “Let E, Z1,

Z2, . . . , Zn be fixed finite linearly ordered sets” with which Sect. 4.2 started. When
the properties of the new intuitionistic fuzzy conjunctions and disjunctions are stud-
ied, probably, we will be able to change this condition with the condition “Let
E, Z1, Z2, . . . , Zn be fixed finite partially ordered sets”. So, the new constructions
will give additional possibilities for application in some areas of the artificial intel-
ligence.
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Chapter 5
Conclusion

In the book, the author has collected his basic results related to intuitionistic fuzzy
logics. He hopes that the book will motivate the fuzzy and intuitionistic fuzzy com-
munity for future research and development of this area of the Zadeh’s fuzzy world.

The author’s plans for the near future are related to the extensions of the intuitionis-
tic fuzzy sets and logics, such as interval-valued intuitionistic fuzziness, intuitionistic
L−fuzziness, intuitionistic fuzziness of type 2 and n, etc.

During last years, some new types of sets, that are completely identical with
the intuitionistic fuzzy sets were introduced, under other names. The author cannot
see anything positive in that: practically, these attempts do not develop the existing
research over intuitionistic fuzziness; they only increase the terminological chaos.
As it is seen in the book, now, there is a long list of open problems that are waiting
for their solutions. Therefore, instead of reinventing the wheel and introducing older
objects under new names, it will be better if we all work on solving these open
problems, and formulate new ones.

This being said, the author is optimist about the future of the intuitionistic
fuzziness.
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