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Abstract. In this paper, by using the dynamic surface control technique, an
adaptive backstepping controller using combined direct and indirect g-mod-
ification adaptation is proposed for a class of parametric strict-feedback systems.
In this approach, a g-modification parameter adaptation law that combines direct
and indirect update laws is proposed. At first, the x-swapping identifier with a
gradient-type update law is presented for a class of parametric strict-feedback
nonlinear systems. Next, the main steps of the controller design for a class of
nonlinear systems in parametric strict-feedback form are described. The
closed-loop error dynamics is shown to be globally stable by using the Lya-
punov stability approach. Finally, simulation results for a single-link
flexible-joint robot manipulator are given to illustrate the tracking perfor-
mance of the proposed adaptive control scheme.
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1 Introduction

Backstepping has been a powerful method for synthesizing adaptive controllers for the
class of nonlinear systems with linearly parameterized uncertainties [1]. The uncer-
tainties are assumed to be linear in the unknown constant parameters [2]. The adaptive
backstepping control techniques have been found to be particularly useful for con-
trolling parametric strict-feedback nonlinear systems [3], which achieve boundedness
of the closed-loop states and convergence of the tracking error to zero. However,
adaptive backstepping control can result in overparametrization and adaptation laws
differentiations [3], a significant drawback that can be eliminated by introducing tuning
functions [4]. For nonlinear systems with parametric lower-triangular form, several
adaptive approaches were also presented in [5].

Though, backstepping technique has become one of the most popular design
methods for a large class of single-input single-output (SISO) nonlinear systems [3, 5].
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A drawback in the traditional backstepping technique is the problem of “explosion of
complexity” [2, 6, 7]. That is, the complexity of the controller grows drastically as the
system order increases [1]. This problem is caused by the repeated differentiations of
certain nonlinear functions such as virtual controls [2, 6, 7]. In [6], a procedure to deal
with this problem for the non-adaptive case has been presented for a class of
strict-feedback nonlinear systems, and it is called dynamic surface control (DSC). This
problem is eliminated by introducing a first-order filtering of the synthetic virtual
control input at each step of the traditional backstepping approach [1, 6-8]. In [2],
authors are extending this technique to the adaptive control approach and it is called
adaptive dynamic surface control.

The methodology proposed in this paper is an extension of the ideas presented in
[9-11] for the adaptive backstepping design. This paper presents a new approach that
combines direct and indirect o-modification adaptation mechanism for adaptive
backstepping control of parametric strict-feedback nonlinear systems. In fact, the
tracking error based parameter adaptation law of the direct adaptive backstepping
control with DSC [2, 11] will be combined with an identification error based parameter
adaptation law of the indirect adaptive backstepping control [5, 11-14]. The combined
adaptive law is introduced in order to achieve better parameter estimation and hence
better tracking performance. The stability analysis of the closed-loop system is per-
formed by using the Lyapunov stability theorem.

This paper is organized as follows. In Sect. 2, the identification based x-swapping is
provided. The combined direct/indirect adaptive backstepping control with DSC is
presented in Sect. 3. The stability analysis of the closed-loop system is given in Sect. 4.
In Sect. 5, numerical example for a single-link flexible-joint robot manipulator is used
to demonstrate the effectiveness of the proposed approach. Conclusion is contained in
Sect. 6.

2 Identification Based x-Swapping

The goal of a swapping filter is to transform a dynamic parametric model into a static
form, such that standard parameter estimation algorithms can be used. The term
swapping describes the fact that the order of the transfer function describing the

dynamics and the time varying parameter error 0 is exchanged [14]. Two types of
swapping schemes are presented in [5, 12—14], the z-swapping-based identifier derived
from the tracking error model and the x-swapping-based identifier derived from the
state dynamics [14]. Each of these two swapping-based identifiers allows application of
gradient and least squares update laws. In this paper we use the gradient update law. To
illustrate the x-swapping-based identifier procedure, we consider the following non-
linear system in parametric x-model [5, 12-14]

Xi :ﬁ(xa ”) +F1T(x7 M)@, (1)
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where
{ﬁ(xﬂl) :xi+17i: 17"',7’1_ 1
ﬁl(xv u) =u (2)
Fl(xu) = ol (%), % =[x1 x - x,-]T,zzl, n
0; € RPi,
Then, we introduce the following two filters
Qoi = Ai(x, 1)(Qoi +x;) — fi(x,u), Qo € R (3)
QF = Ai(x, )QF + FT (x,u), Q; € R (4)
where, i = 1,---,n, and A;(x,#) <0 is a negative definite matrix for each x continuous
in t. We define the estimation error vector as
e; = x;+ Qo — QiTéi,ei eR (5)
with 01‘ the estimate of 0; and let
e; = x;+ Qo — QiTHi, ¢ €R (6)
Then, we obtain
e = QlTél + éi (7)
The error signal e; satisfies
éi =X+ Q()i — QITGI = A,’()C, l)é,’ (8)

To guarantee boundedness of Q; when F;(x,u) grows unbounded, a particular
choice of A;(x, 1) is made [5, 14]

Ai(x, t) = AQ,‘ - ﬂviFiT(X, u)F,-(x, M)Pl (9)
where 4; > 0 and Ay; is an arbitrary constant matrix satisfying
PAg+ALP; = —1,P; =P >0 (10)

The update law for 0; employs the estimation error ¢; and the filtered regressor €.
The gradient update law is given by
; Qje;

=T —————— T;=I">0,v>0 11
1+Vitl'{QlTQi} ! o ( )

where, i=1,---,n.
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To establish the identifier properties, let [0, tf) be the maximal interval of existence
of solutions of (1), the x-swapping filters (3) and (4), and the gradient update law (11).
Then for v; > 0 the following properties hold [5, 12—-14]

() 0; € Lyo[0,17)
(i) e € Ly[0,1) N Ly [0,17)
(i) 0 € L>[0,1) N Lo [0, 77)
We consider the following Lyapunov function
| R S
V,:EGI Fi 0i+eipiei (12)
Along of Egs. (8) and (11), the derivative of the Lyapunov function (12) is
V, = éiTlTléi + é,TPiéi + éiTPiéi
= é?r:lél + élTAlT()C, [)Piéi + EZTPZ‘AZ‘(X, l)éi

< BTl 0Ty
e ' 1+vtr{Q/Q;}
ele; el 5. _ sTx
T + vitr{QiTQi} * 1+ Vitr{QiTQi} aTad
<3 elei 1 efe; n el o —ele
S Al A1 efala)) 1oyt o
3 el e e - ' ¢ 5
T a1y vr{QTQ;} (2(1 v {QfQl) €i> (2(1 +vr{QfQl) a»)
< — eiTei 1 n

R

3 -
Z 1+ Vitr{QITQ,'} T
(13)

Since V, is negative semi-definite, one has a € Ly [0, tf). From e¢; = QiT(~),~ + ¢; and

the boundedness of Q;, one concludes that ¢; and é,- € L,[0,1) N Ly [0, 17).

3 Direct/Indirect Adaptive Backstepping Control with DSC

In the direct/indirect adaptive backstepping control with DSC procedure, the control
law and the parameter estimation are not separated. In this paper, the parameter update

law for 6; combine gradient-type update laws based on the x-swapping identifier and
tracking error based update laws. The control objective is to achieve the asymptotic
tracking of a reference signal y, by x;. The reference signal y, and its derivatives

y,,...,yﬁ") are assumed piecewise continuous and bounded. In the following, we
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describe the main steps of the controller design for the nonlinear system in parametric
strict-feedback form

X1 =X+ @] (x1)0,
X=X o] (X)0,i=2,--,n—1 (14)
X = u+ @y (x)0,

where, x =[x xp - ]TE R" and u € R are the state variables vector and the
input of the system, respectlvely 0; € RP" are unknown constant parameter vectors,
Xi=[x x3 - } The nonlinear functions ¢! (%;) : R' — R¥ are known.

Step 1(i=1)

The first surface is defined by S; = x; — x14, and its time derivative is given by
Sl =X —).Cld:XZ‘f’ﬁD{(xl)el — X4 (15)
we choose X, to drive S| towards zero with
Xy = 7@{()(1)91 +x10 — K151 (16)

we pass X, through a first order filter, with time constant 7, to obtain x4

ToXoq + X2 = X2, X24(0) = %2(0) (17)
. 1 A
X4 :E(*de *<P1T(X1)31+x1d*K151> (18)

Step i(i=2,---,n—1)
The " surface is defined by S; = x; — x4, and its time derivative is given by

Si =X — %ig = Xip 1+ @] (%)0; — g (19)
we choose X;; 1 to drive S; towards zero with
Xit1 = —<PiT(5€i)éi +xiq — KiS; (20)

we pass X; through a first order filter, with time constant 1, 1, to obtain x; 14

Tig1Xi41d + Xt 1a = Xi4 1, Xi+1a(0) = Xi41(0) (21)

. 1 N

Tit1a = ) <_xi+1d — o] (%)0; + Xia — KiSi) (22)
i+

Step n
The n” surface is defined by S, = x, — xn4, and its time derivative is given by
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Sn = xn - ).Cnd =u+ QDZ;(X)Hn - xnd (23)
we choose the control input u to drive S, towards zero with
u= —(P,Tl (X) én +xnd - KnSn (24)
The update laws (direct part) for the parameter estimates are given by [2, 11]
01 = L1810, (x1)
g)i:f,'Si(pi(X,'>,l.:2,"',n—1 (25)
én = l:nanon()o
where, T; > 0(i = 1,---,n) are design parameters that can be adjusted for the rate of

convergence of the parameter estimates.
Let us introduce the following two filters

Qo = Ai(x, 1)(Qo; +x;) — filx,u), Qo € R (26)
QlT = A;(x, t)Ql.T +F] (x,u),Q; € R (27)

where, i = 1,---,n, and
Ai(x,1) = Aoy — LF! (x,u)Fi(x,u)P; (28)

where /; > 0 and Ay, is an arbitrary constant matrix satisfying
PiA0i+A(7);Pi:—I,Pi:P?>O (29)
The gradient update law (indirect part) is given by [5, 11-14]

4 Qie;
O =T T;=T7>0,%>0 (30)
14+ v,»tr{Ql- Ql}
where, i =1,---,n and ¢; = x; + Qy; — QiT@i,ei eR.
Now we propose the following combined direct and indirect o-modification
adaptation law [11]

0,' = fiSi¢i(Xi) — 1;,'01' (é, — é,) s 1;,' >0 (31)

where, i = 1,---,n, 0; is a small positive constant, Iisa positive definite constant
matrix and 6; is computed with the gradient method as follows
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7 Qje;

Hi:Fi—,Fi:FT>O,vi>O 32
1+V,'tl"{QlTQ,'} ! - ( )

where, I'; is a positive definite constant matrix and e¢; = x; + Qq; — QiTéi, e; € R.

4 Stability Analysis
We define the boundary layer error as [2, 11, 15]
Yi:xid_xi7i:27"'7n (33)

and the parameter estimate errors as

9,‘:9,‘—@),',1.:1,2,"',71 (34)

Then the closed-loop dynamics can be expressed in terms of the surfaces S;, the

boundary layer errors y;, and the parameter estimate errors 0,.
The dynamics of the surfaces are expressed, for i = 1, as

Si =1 —Xig =x + @l (x1)0) — X1
=S8+ x4+ @] (x1)0) — K14
=S +»m +)_Cz+(/)1T(xl)91 — X4
=S +y2 — KiS1 + ¢ (x1)0;

Fori=2,---,n—1
Si =% — ¥ia = Xi 1+ @] (%)0; — kia

=Sip1 4% 10+ @] (X)0; — X

=Sic14+Yit1 X1+ o) (%)0; — Fia

=Siv1+yie1 — KSi+ (plr()_ci)b,'
Fori=n

Sy = Jn — Fna = t+ @1 (x)0p — Jng = —KSu + @1 (x)0, (37)

The dynamics of the boundary layer errors y; are expressed, for i = 2, as

. . kX 1 A . kX
Y2 = X4 — X2 = . (—xzd - (PlT(xl)el +X1a — K151) — X2
2

— - — — - 1 -
=—(—xu+X%) —=—(n—"X+X)—X=——n—X
Ty T2 2
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Fori=3,---,n
. . K2 1 T _ A . K
Yi = Xig — Xi = — (—Xid —®;_ (xi—l)ei—l +Xi—1a — Ki—lSi—l) — X
Ti
1 1 1 (39)
=—(=Xg+X)—X=—(—y—X+X%) —Xi=——yi— X
Ti Ti Ti

Let us consider the following Lyapunov function

i=1 i=2 i=1

where
0'T;10; (41)
Then, one has
Vis = SiSi=8:Si 1 + Svi1 — KiS? + Siop! (%:)0;
<[Si1Sis 1]+ ISil[yis 1] — KiS? + Sip! (%:)0; (42)

1 1 .
<(1—K)S; + ES?H + §y1'2+1 +8i0] (%) 0ryi =1, ;n— 1

Vis = SpSu= — K, 82 + S,0T ()0, < — K,,S2 + S, 0" (x)0, (43)
We assume that, |y;| <Myy? +MyS? 4 67, where, Mj; and Ma; are positive

constants, and J; are bounded functions, then, we can write

o, 1,
Viy =30 = = —yi +ydi < = —y; + |yixi]
i i (44)
1 2 2 2 2 .
S —T—y, +M1iyj +M2iSj +5ivl:27"'an
Vi = 07T 10, = — 07T,
= —é;rf‘;l (fiSi(pi(Xi) — 1;[0,' (él — é,)) (45)
= *é?SiQDi(J_Ci) —+ é?ﬂi(éi — éi>,i = 1, BRI/

One has: 0; — 0; is bounded, thus: ep, = 0; — 6; is bounded, 0; = 0; — ep, and
éi = 91' — él‘.
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v, = BTS(p( )+0 a,(@—@ +eg)
= =07 Sipi(%:) — 0,07 0; + 0,0} ey,
. e o 46
< — 0! Sipi(x;) — 0:0] 0; + 29791"? %"’g,-e@i (46)

< - éiTSi([)i()_Ci) 9T9 —|— 2 60 ey,

i=1 i=2 i=1

n—1
1 . .
< Z |:(1 - Ki)Siz + 2512+1 Eyiz+1 +Si90iT(Xi)0i:| - Knsi +S’1(PZL-(X)()H
i=1

1 " g
+ Z <_T_ly12+Mlly,2+M21S,2+5l2) 20 S(p, x, Z 9,+ Zjeae@
i=

i=2

n—1 n
3 11
<—K—1SZ—§ Ki— My —= )82 — (K, — My, — = s2—§ ———— My
_(1 )1 ( 22),< 22>,, T 2 1)’

i=2 i=2
+ ié? - 9 + Z ea ey,
i=2
(47)

If we assume that, §; € L, g, € Loo, K1 > 1, K; > My + %, K, > M, + % and
% > % + M,;, we obtain the boundedness of all signals S;, y; and (~9i. Moreover, the
surface S; can be made arbitrarily small by adjusting the design parameters K;.

5 Numerical Example

Consider the single-link flexible-joint robot shown in Fig. 1. The dynamic model of
this robot is given as follow [16, 17]

qi q:2

v M, J,

Fig. 1. Single link flexible joint robot.
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J1g, +MgLsin(q1) + K(q1 — q2) =0

L, —K(q1 —q2) =u )
where u is the input torque. J; and J, are the inertias of the link and the motor
respectively. M is the link mass. g is the gravity. L is the link length. K is the stiffness.
q1 and ¢, are the angular positions of the link and the motor shaft, respectively.

Let the state variables defined as follows: x| = g, X = g1, X3 = ¢» and x4 = ¢,
and its dynamic model becomes

X] = X2
Xy = fi(x1,x3) +g1x
.2 fi(x1,x3) + g1x3 (49)
X3 = X4
X4 = fo(ox1,x3) + gou
with
L . K K
filxr,x3) = — ——sin(x;) — —x1,81 = —
Ji Ji J
% 1 (50)
fo(xr,x3) :J_Z<x1 —X3),82 A

The single-link flexible-joint robot model used in this paper is given by (49) where
the parameter values are given in Table 1 [17].

For the numerical simulation, the unknown parameter 0; of the system is selected
as 0 = MgL. Our objective is to force the output of the system to follow the reference
trajectory given by: y; = 0.1sin(z).

We choose X,, X3 and x4 to drive Sy, S, and S5 towards zero with

X2 = X1q — K181 = ToXaq + X204, %24(0) = %2(0) (51)
. 1 .
Xog = o (—x2q4 + %14 — K1 S1) (52)

Table 1. Single-link flexible-joint robot model parameters.

Symbols | Values | Units

g 9,81 |[m/s°]
M 1 [kg]

L 1 [m]

J) 0.4 [kg.m?]
1, 0.02 | [kg.n’)
K 100 [N.m/rad]
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1[0, . K . . _
X3 = — (1 sin(x)) + —x + i — K252> = T334 + X34, X34(0) = X3(0) (53)

o \A Ji
1 1 (6, K
Y30 =— | — — | —si — Xy — K»S 54
X34 . < X34 + @ (Jl sin(xy) + 7, X1+ Xo4 2 2)) (54)
X4 = X3g — K383 = T4X4g +X4d,X4d(0) = X4(0) (55)
) 1 .
ag = — (—Xaq + X34 — K353) (56)
4

We choose the control u to drive S4 towards zero with

1 K .
u=— (—(xl — X3) + Xag —K4S4) (57)
&2\ ~

For the swapping-based identifier we use the following filters

. 2
Q) = (—%— /1(— %ﬁ) ) (Qo+x2) + JEIXI — 8143 (58)
or — <_% - ;v<_ Si“}:‘”)j Qf — —SinJ(lxl) (59)

The combined direct and indirect o-modification adaptation law is given by
4 | /N =
01 :fJ—stln(xl)fFa@l79>,F>0 (60)
1

where, 0 is computed with the gradient method as

Qe

0=T— < T=17T>0,v>0. 61
1+wr{Q"Q} = (61)

where, e = x, + Qy — Q70.

The selected initial conditions are: x(0) =[0.1 0 0.1+ %Sin(o.l) O]T,
0,(0) = 0(0) =0 and Q,(0) = Q' (0) = 0. The design parameters are selected as
follows: K; =1, K, =80, K3 =10, K, =100, T =15,0=0.5T=20, 1, =13 =
74 =0.009 and 1 =v =0.1.

Numerical simulation results are shown in Figs. 2, 3, 4, 5,6, 7, 8,9, 10 and 11.
Figures 2, 3, 4 and 5 show actual and desired trajectories of the angular position and

velocity of the link and the motor shaft. Figures 6, 7, 8 and 9 show the trajectories of
the surfaces. Figure 10 shows the trajectory of the control input signal u. Figure 11
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X2

et

X1, )

12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20

10
Time [sec] Time [sec]

Fig. 2. Angular position of the link: actual x;  Fig. 3. Angular velocity of the link: actual x,
(“—") and desired x4 (“——"). (“—=") and desired xp4 (“—=").

0.15 mmm ¥ |“' *aa

X3, [ad]
°
1%, lndisec)
h b LN LA o a4 N w o aow

12 “ 16 18 20 2 4 6 8 10 12 14 16 18 20

10
Time [sec] Time [sec)

Fig. 4. Angular position of the motor shaft: Fig. 5. Angular velocity of the motor shaft:

actual x3 (“—7) and desired x3q4 (“——"). actual x; (“—) and desired x4q (“——").
0.12 s 03 s,
01 03
0.08 028
_ 02
— oo0s 3
2 T 015
& o o
01
002 ooe
0 0 \/
002554 6 8 _ 10 12 14 16 18 20 R T T & 8 _ 10 1z 4 %6 8 20
Time [sec] Tima [sec]
Fig. 6. Surface S;. Fig. 7. Surface S,.

shows the trajectory of the estimated parameter 0 1. From these results, we observe that
the actual trajectories converge towards the desired trajectories, and that the errors

converge to zero and the estimated parameter 0, converge towards 0. We can see that
the results show that the proposed method has good tracking performance.
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—=

S, [rad]
o

S‘ |radisec)

0 2 4 3 8 12 14 16 18 20 3

10
Time [sec] 0 2 4 6 8

10 12 14 16 18 20
Time [sec]

Fig. 8. Surface S;. Fig. 9. Surface S,.

ulNm)

0 2 4 6 8 10 12 14 16 18 20
" s . . s N . . " . Time (eec]
2 4 6 8 12 14 16 18 20 .

10
Time [sec]

Fig. 10. Control input u. Fig. 11. Estimated parameter 0;.

6 Conclusion

In this paper, adaptive backstepping control using combined direct and indirect o-
modification adaptation based gradient update law is designed using the DSC technique
for a class of parametric strict-feedback nonlinear systems. The proposed approach
eliminates the problem of explosion of complexity of the traditional backstepping
approach. Stability analysis shows that the uniform ultimate boundedness of all signals
in the closed-loop system can be guaranteed, and the tracking error can be made
arbitrarily small by adjusting the control design parameters. Numerical simulation
results demonstrate the effectiveness of the proposed approach.
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