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Abstract. This paper presents an adaptive fuzzy logic modeling and control of
two link robot manipulator with uncertainties. To estimate the uncertain parts of
the process, fuzzy logic systems are used. The uncertain nonlinearities of the
system are captured by fuzzy systems that have been proven to be universal
approximators. The proposed control scheme completely overcomes the singu-
larity problem that occurs in the indirect adaptive feedback linearizing control.
Projection in the estimate parameters is not required and the stability analysis of
the closed-loop system is performed using Lyapunov approach. Simulation
results are provided to verify the effectiveness of the proposed design.
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1 Introduction

In practical control engineering, fuzzy system based adaptive control methodologies
have received much attention for controlling uncertain and nonlinear dynamical sys-
tems. Based on the universal approximation theorem [1], during the last two decades,
several adaptive fuzzy control schemes for a class of multi-input multi-output (MIMO)
nonlinear uncertain systems are investigated [2–4]. Conceptually, there are two distinct
approaches that have been formulated in the design of a fuzzy adaptive control system:
direct and indirect schemes. The direct approach consists to approximate the ideal
control law by a fuzzy system [5, 6]. However, in the indirect approach the nonlinear
dynamics of the system are approximated by fuzzy systems to develop a control law
based on these systems [3, 7]. In the indirect adaptive schemes, the possible controller
singularity problems are usually met.

In the aforementioned papers, the adjustable parameters of the fuzzy systems are
updated by adaptive laws based on a Lyapunov approach, i.e., the parameter adaptive
laws are designed in such a way to ensure the convergence of a Lyapunov function.
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However, for an effective adaptation, it is more judicious to directly base the parameter
adaptation process on the identification error between the unknown function and its
adaptive fuzzy approximation [6].

Inspired by [6, 8], this paper presents indirect adaptive fuzzy control schemes for a
class of continuous-time uncertain MIMO nonlinear dynamical systems. The proposed
scheme is based on the results in [6] such that the fuzzy systems are used to approx-
imate the system’s unknown nonlinearities. To achieve the tracking of a desired output,
new learning algorithms are proposed in the presented controller which permits
superior control performance compared to the same class of controllers [8, 9]. In the
proposed controller, a robustifying control term is added to the basic fuzzy controller to
deal with approximation errors. The regularized inverse matrix is employed to solve
problem of singularity and the stability of the closed-loop system is studied using
Lyapunov method.

The outline of the paper is as follows. Section 2 presents the problem formulation.
Section 3 presents a brief description of the used fuzzy system. In Sect. 4, a new
control law and adaptive algorithms are proposed and stability analysis is given.
Simulation examples are illustrated in Sect. 5. The conclusion is finally given in
Sect. 6.

2 Problem Formulation

Let we consider a class of uncertain MIMO nonlinear systems modeled by

yr11 ¼ f1ðxÞþ
Pp

j¼1 g1jðxÞuj
..
.

yrpp ¼ fpðxÞþ
Pp
j¼1

gpjðxÞuj
ð1Þ

where

x ¼ y1; _y1; . . .; y
ðr1�1Þ
1 ; . . .yp; _yp; . . .; y

ðrp�1Þ
p

h iT
is the overall state vector which is

assumed available for measurement, u ¼ ½u1; . . .; up�T is the control input vector, y ¼
½y1; . . .; yp�T is the output vector, and fiðxÞ et gijðxÞ; i; j ¼ 1; . . .; p are unknown smooth
nonlinear functions.

Let us denote

yðrÞ ¼ yðr1Þ1 . . .yðrpÞp

h i

FðxÞ ¼ f1ðxÞ. . .fpðxÞ
� �T

GðxÞ ¼
g11ðxÞ . . . g1pðxÞ

..

. . .
. ..

.

gp1ðxÞ . . . gppðxÞ

2
64

3
75
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Then, dynamic system (1) can be written in the following compact form

yðrÞ ¼ FðxÞþGðxÞu ð2Þ

The control objective is to design adaptive control uiðtÞ for system (1) such that the
output yiðtÞ follows a specified desired trajectory ydiðtÞ under boundedness of all
signals.

Assumption 1: The matrix GðxÞ is symmetric positive definite and bounded as
GðxÞ� r0IP, where r0 is a positive constants.

Assumption 2: The desired trajectory ydiðtÞ; i ¼ 1; . . .;P, is a known bounded func-

tion of time with bounded known derivatives y�diðtÞ; . . .; yðriÞdi i.e. ydiðtÞCri .
Remark 1: Notice that Assumption 1 is a sufficient condition ensuring that the matrix
GðxÞ is always regular and, therefore, system (1) is feedback linearizable by a static
state feedback. Although this assumption restricts the considered class of MIMO
nonlinear systems, many physical systems, such as robotic system [10], fulfill such a
property.

Define the tracking errors as

e1ðtÞ ¼ yd1ðtÞ � y1ðtÞ
..
.

epðtÞ ¼ ydpðtÞ � ypðtÞ
ð3Þ

while the feedback control is given by:

u ¼ GðxÞ�1½�FðxÞþV � ð4Þ

where

V ¼
v1
..
.

vp

2
64

3
75 ¼

yðr1Þd1 þ k1r1e
ðr1�1Þ
1 þ . . .þ k11e1

..

.

yðrpÞdp þ kprpe
ðrp�1Þ
p þ . . .þ kp1ep

2
664

3
775 ð5Þ

we can write

eðr1Þ1 þ k1r1e
ðr1�1Þ
1 þ . . .þ k11e1 ¼ 0

..

.

eðrpÞp þ kprpe
ðrp�1Þ
p þ . . .þ kp1ep ¼ 0

8><
>: : ð6Þ

where the coefficients kij are chosen such that all the polynomials in Eq. 6 are of the
type Hurwitz. So we can conclude that lim

t!1 eiðtÞ ¼ 0 which is the main objective of the

command. However in this case, the nonlinear functions fiðxÞ and giðxÞi ¼ 1; . . .; p are
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assumed unknown, then obtaining the feedback control law (4) is difficult. For this
reason the dynamics of these functions is approximated by using fuzzy systems.

3 Description of Fuzzy Systems

In this work we will consider a fuzzy zero order (TS0).
Each rule has a numerical conclusion, the total output of the fuzzy system is

obtained by calculating a weighted average, and in this manner the time consumed by
the procedure of defuzzification is avoided. Then the output of fuzzy system is given by
following relationship [13–15]:

yðxÞ ¼
PN

k¼1 lkðxÞfkðxÞPN
k¼1 lkðxÞ

ð7Þ

with lkðxÞ ¼
Qn

i¼1 l
F
^

k

i

, F
^k

i 2 fF1
i ; . . .;F

mi
i g which represents the degree of confidence

or activation rule Rk and fkðxÞ is a polynomial of zero order.

fkðxÞ ¼ ak ð8Þ

We can simplify the output of fuzzy system as follows:

yðxÞ ¼
PN

k¼1 lkðxÞakPN
k¼1 lkðxÞ

ð9Þ

By introducing the concept of fuzzy basis functions [16], the output of fuzzy system
TS0 can be written as:

yðxÞ ¼ wTðxÞh ð10Þ

with

• h ¼ ½a1. . .aN �: Vector of parameters of the conclusion of rules fuzzy part.
• wðxÞ ¼ ½w1ðxÞ. . .wNðxÞ�T :Basic function of the vector each component is given by:

wNðxÞ ¼ lkðxÞPN
j¼1 ljðxÞ

; k ¼ 1; . . .;N ð11Þ

4 Indirect Adaptive Fuzzy Control

In this section we propose to indirectly approximate the unknown ideal (4) by iden-
tifying the unknown functions fiðxÞ and gijðxÞ using fuzzy systems.
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f̂iðx; hÞ ¼ wT
fi ðxÞhfi ; i ¼ 1; . . .; p ð12Þ

ĝijðx; hÞ ¼ wT
gijðxÞhgij ; i; j ¼ 1; . . .; p ð13Þ

With wT
fi and wT

gij are vectors of fuzzy basic functions supposed properly fixed in

prior by the user,hfi and hgij are vectors of the fitted parameters. The functions fijðxÞ and
gijðxÞ can be expressed in terms of fuzzy approximations in the following manner:

fiðxÞ ¼ f̂l x; h�fi
� �

þ efiðxÞ
gijðxÞ ¼ ĝij x; h�gij

� �
þ egij xð Þ

8<
: ð14Þ

With efiðxÞ and egijðxÞ represent the fuzzy approximation errors, h�fi and h�gij are
respectively of the optimum parameters of hfi and hgij , the values of parameters hfi and
hgij respectively minimizing the approximation errors efiðxÞ and egijðxÞ. These optimal
parameters satisfy:

h�fi ¼ argmin
hfi

supx fiðxÞ � f̂iðx; hfiÞ
�� ��� � ð15Þ

h�gij ¼ argmin
hfi

sup
x

gijðxÞ � ĝijðx; hgijÞ
�� ��	 


ð16Þ

Note that the optimal parameters h�fi and h�gij are unknown constants artificial

introduced only to the theoretical study of the stability of the control algorithm. In fact,
the knowledge of their values is not necessary for implementation of adaptive control
law. From the above analysis, we can write:

fiðxÞ � f̂iðx; hfiÞ ¼ wT
fi ðxÞ~hfi þ efiðxÞ ð17Þ

gijðxÞ � ĝijðx; hgijÞ ¼ wT
gijðxÞ~hgij þ egijðxÞ ð18Þ

where
~hfi ¼ h�fi � hfi and ~hgij ¼ h�gij � hgij , are the parameter estimation errors.

Assumption 3: The fuzzy approximation errors efiðxÞ and egijðxÞ are bounded for all
x�Xx as efiðxÞ

�� ����efi and egijðxÞ
�� ����egij , where �efi and �egij are unknown positive

constants.

This assumption is reasonable, since we assume that fuzzy systems used for
approximating unknown functions have the universal approximator property.
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Denote

F̂ðx; hf Þ ¼ f̂1ðx; hf 1Þ. . .f̂pðx; hfpÞ
� �T

Ĝðx; hgÞ ¼
ĝ11ðxÞ . . . ĝ1pðxÞ

..

. . .
. ..

.

ĝp1ðxÞ . . . ĝppðxÞ

2
64

3
75

hf ¼ hf 1; . . .; hfp
� �T

; h�f ¼ h�f 1; . . .; h
�
fp

h iT

hg ¼
hg11 . . . hg1p
..
. . .

. ..
.

hgp1 . . . hgpp

2
64

3
75

h�g ¼
h�g11 . . . h�g1p
..
. . .

. ..
.

h�gp1 . . . h�gpp

2
64

3
75

Wf ðxÞ ¼ diag½wf 1ðxÞ; . . .;wfpðxÞ�

WgðxÞ ¼ diag½wg1ðxÞ; . . .;wgpðxÞ�

ef ðxÞ ¼ ef 1ðxÞ. . .efpðxÞ
� �T

egðxÞ ¼
eg11ðxÞ . . . eg1pðxÞ

..

. . .
. ..

.

egp1ðxÞ . . . egppðxÞ

2
64

3
75

ef ¼ �ef 1. . .�efp
� �T

�eg ¼
�eg11 . . . �eg1p
..
. . .

. ..
.

�egp1 . . . �egpp

2
64

3
75

FðxÞ � F̂ðx; hf Þ ¼ F̂ðx; h�f Þ � F̂ðx; hf Þþ ef ðxÞ ð19Þ

GðxÞ � Ĝ x; hg
� � ¼ Ĝ x; h�g

� �
� Ĝ x; hg

� �þ egðxÞ ð20Þ
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Now we can write an expression for the adaptive law

uc ¼ ĜTðx; hgÞ e0IP þ Ĝ x; hg
� �

ĜT x; hg
� �� ��1 �F̂ x; hf

� �þV
� � ð21Þ

where e0 is a small positive constant.
In the control law (21), we replaced Ĝðx; hgÞ�1 by the regularized inverse

ĜTðx; hgÞ e0IP þ Ĝ x; hg
� �

ĜT x; hg
� �� ��1 ð22Þ

The regularized inverse given by (22) is always defined even when Ĝðx; hgÞ is not
invertible, hence the control law (21) is well defined.

Note that even if the control law (22) is well defined, it cannot alone ensure the
stability of the closed loop system. This is due, on the one hand, the error introduced by
the approximation of actual functions FðxÞ and GðxÞ by fuzzy systems and from one
side to the error introduced by the use of the regularized inverse matrix in place of the
inverse matrix. For these reasons and in order to have a control law does not depend on
any initialization phase we propose, a control law which is composed of two terms, a
term adaptive control uc introduced to overcome the problems of non-linearity of the
system, and a second term ur proposed, to circumvent the problem of approximation
errors and, compensate for the error due to the use of the inverse regularized instead of
the inverse matrix, then the resulting control law is represented as follows:

u ¼ uc þ ur ð23Þ

The adaptive control term uc is given by

uc ¼ ĜTðx; hgÞ e0IP þ Ĝ x; hg
� �

ĜT x; hg
� �� ��1 �F̂ x; hf

� �þV
� � ð24Þ

The robust control term ur is given by

ur ¼
BTPE ETPBj j êf þ êg ucj j þ uOj j� �

r0 ETPBk k2 þ d
ð25Þ

where

ur ¼
ur1
..
.

urp

2
64

3
75

u0 ¼ e0 e0Ip þ Ĝðx; hgÞĜTðx; hgÞ
� ��1 �F̂ðx; hf ÞþV

� � ð26Þ

êf and êg are respectively the estimated of �ef and �eg, d is a time-varying parameter
defined below. To achieve the control objectives, we define the parameter adaption
laws as follows:
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_hf ¼ �cf B
TPEwf ðxÞ ð27Þ

_hgij ¼ �cgB
TPEujwgiðxÞ i; j ¼ 1; . . .; p ð28Þ

_̂ef ¼ nf B
TPE

�� �� ð29Þ

_̂eg ¼ ng uTc
�� �� BTPE

�� �� ð30Þ

_d ¼ �g
ETPBj j êf þ êg ucj j þ uOj j� �

r0 ETPBk k2 þ d
ð31Þ

cf [ 0; cg [ 0; nf [ 0; ng [ 0; n0 [ 0 and dð0Þ[ 0.

Theorem 1. Consider the nonlinear system (1), and suppose that the assumptions
(1–3) are satisfied. Then the control law defined by Eqs. (24) and (25) with adaptation
law (27)–(31) applied to the system (1) ensures boundedness of all signals of the closed

loop and the convergence to zero of tracking errors,, eðjÞi ! 0 when t ! 1 for i ¼
1; . . .;P and, j ¼ 0; 1; . . .; ri � 1.

Proof

EðnÞ ¼ Y ðnÞ
d � Y ðnÞ ð32Þ

EðnÞ ¼ Y ðnÞ
d � FðxÞ � GðxÞu ð33Þ

We can write as follows:

EðnÞ ¼ Y ðnÞ
d � FðxÞ � GðxÞuc � GðxÞur ð34Þ

substitute (24) and (26), Eq. (34) becomes

EðnÞ ¼ �KTE � FðxÞ � F̂ðx; hf Þ
� �� GðxÞ � Gðx; hgÞ

� �
uc � GðxÞur þ u0 ð35Þ

substitute (19) and (20), Eq. (35) becomes

EðnÞ ¼ �KTE � F̂ðx; h�f
� �

� F̂ðx; hf Þþ ef ðxÞÞ � Ĝðx; h�gÞ � Ĝðx; hgÞþ egðxÞ
� �

uc

� GðxÞur þ u0

ð36Þ

EðnÞ ¼ �KTE � WT
f
~hf þ ef ðxÞ

� �
�

Xp

i¼1

Xp

j¼1
~hgijucj

� �
� egðxÞuc � GðxÞur þ u0

ð37Þ
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While the dynamics of the error can be written as follows:

_E ¼ AEþB � WT
f
~hf þ ef xð Þ

� �
�

Xp

i¼1

Xp

j¼1
~hgijucj

� �
� egðxÞuc � GðxÞur þ u0

h i
ð38Þ

where

A ¼
0 In�n . . . 0
..
. . .

. ..
.

0 0 0 In�n

�K1 �K2 . . . �Kn

2
6664

3
7775B ¼

0
..
.

0
In�n

2
664

3
775

Until ð sI � Aj jÞ ¼ sðnÞ þK1sðn�1Þ þ . . .þKn is stable (A stable), we know that there
exists a symmetric positive definite matrix Pðn; nÞ that satisfies the Lyapunov equation:

ATPþPA ¼ �Q ð39Þ

where Q is a symmetric positive definite matrix of arbitrary dimensions ðn x nÞ.
To minimize the tracking error and the approximation error, we consider the fol-

lowing Lyapunov function:

V ¼ 1
2
ETPEþ 1

2cf
~hTf ~hf þ

1
2cg

trð~hTg~hgÞþ
1
2gf

~eTf ~ef þ
1
2gg

tr ~eTg~eg
� �

þ 1
2g

d2 ð40Þ

with d is a time-varying parameter, ~ef ¼ �ef � êf ; ~eg ¼ �eg � êg
Using (38) and (39), the time derivative of V can be write in the following form

_V ¼ � 1
2
ETQEþETPB � WT

f
~hf þ ef ðxÞ

� �
�

Xp

i¼1

Xp

j¼1
WT

gi
~hgijucj

� �
� egðxÞuc � G xð Þur þ u0

h i
� 1
cf
~hTf

_hf �
Xp

i¼1

Xp

j¼1

1
cgij

~hTgij
_hgij� 1

gf
~eTf
_̂ef � 1

gg
tr ~eTg

_̂eg
� �

þ 1
g
d _d

ð41Þ

Equation (41) can be simplified

_V ¼ � 1
2
ETQEþ _V1 þ _V2 ð42Þ

Remark 2: Writing the derivative of the Lyapunov function described in Eq. (42)
facilitates the task of demonstrating negativity of the derivative _V .

_V1 ¼ � 1
cf
~hTf cf B

TPEWf þ _hf
h i

� 1
cg

Xp

i¼1

Xp

j¼1
~hTgij cgB

TPEujwgi þ _hgij
h i

ð43Þ
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If adaptation laws (27) and (28), Eq. (43) becomes

_V1 ¼ 0 ð44Þ

_V2 ¼ �ETPBGðxÞur � ETPBef ðxÞ � ETPBegðxÞuc þETPBu0 � 1
gf
~eTf
_̂ef

� 1
gg

tr ~eTg
_̂eg

� �
þ 1

g
d _d ð45Þ

Then _V2 can be bounded as follows

_V2 � � ETPBr0ur þ ETPB
�� ��ef � ETPB

�� ��eg ucj j þ ETPB
�� �� u0j j � 1

gf
~eTf
_̂ef � 1

gg
tr ~eTg

_̂eg
� �

þ 1
g
d _d

ð46Þ

If we use the adaption laws (29) and (30), Eq. (46) becomes

_V2 � � ETPBr0ur þ ETPB
�� �� u0j j þ 1

g
d _dþ êf E

TPB
�� ��þ êg ETPB

�� �� ucj j ð47Þ

Using (25) et (31), then (47) becomes

_V2 ¼ 0 ð48Þ

From results (44) and (48), (42) can be bounded as follows

_V � � 1
2
ETQE� 0 ð49Þ

_V � � 1
2
kQmin Ek k2 ð50Þ

where kQminThe minimum Eigen value of the matrix Q, then by integrating both sides
of Eq. (50) from [0,t]

Z t

0
EðsÞk k2ds� 2

kQmin
Vð0Þ � VðtÞ½ � ð51Þ

which gives us

Z t

0
EðsÞk k2ds� 2

kQmin
Vð0Þk kþ VðtÞk k½ � ð52Þ

As shown by [17], this implies that EðtÞ 2 L2, according to the theory of Lyapunov,
EðtÞ is bounded. On the other hand, from (38) _EðtÞ 2 L1 (bounded) because all
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members of the right are bounded. According to Barbalat’s lemma, we conclude that
limt!1 EðtÞk k ¼ 0.

5 Simulation Results

In this section, we test the proposed indirect adaptive fuzzy control scheme on the
tracking control of two-link rigid robot manipulator with the following dynamics
[10, 18]:

€q1
€q2


 �
¼ M11

M21

M12

M22


 ��1
u1
u2


 �
� �h _q2

h _q1
�h _q2 _q1 þ _q2ð Þ

0


 �
_q1
_q2


 �	 

ð53Þ

where

M11 ¼ a1 þ 2a3 cosðq2Þþ 2a4sinðq2Þ

M22 ¼ a2

M21 ¼ M12 ¼ a2 þ a3 cosðq2Þþ a4sinðq2Þ

h ¼ a3 sinðq2Þ � a4cosðq2Þ

a1 ¼ I1 þm1l
2
c1 þ Ie þmel

2
ce þmel

2
1

with

a2 ¼ Ie þmel
2
ce

a3 ¼ mel1lcecosðdeÞ

a4 ¼ mel1lcesinðdeÞ

In the simulation, the following parameter values are used

m1 ¼ 1; me ¼ 2; l1 ¼ 1; lc1 ¼ 0:5; lce ¼ 0:6; I ¼ 0:12; Ie ¼ 0:5; de ¼ 30
	
:

y ¼ ½q1q2�u ¼ ½u1u2�

x ¼ ½q1 _q1q2 _q2�

F xð Þ ¼ f1ðxÞ
f2ðxÞ


 �
¼ �M�1 �h _q2

h _q1
�h _q2 _q1 þ _q2ð Þ

0


 �
_q1
_q2


 �

G xð Þ ¼ g11ðxÞ
g21ðxÞ

g12ðxÞ
g22ðxÞ


 �
¼ M�1 ¼ M11

M21

M12

M22


 ��1
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Then, the robot system given by (54) can be expressed as €y ¼ FðxÞþGðxÞu
The control objective is to force the system output q1 and q2 to track the desired

trajectories yd1 ¼ sinðtÞ and yd2 ¼ sinðtÞ, respectively.
To synthesize the indirect adaptive fuzzy controller, six fuzzy systems in the form

of (11) are used. Each fuzzy system has x1ðtÞ; x2ðtÞ; x3ðtÞ, and x4ðtÞ as input, and for
each input variable xiðtÞ, five Gaussian functions are defined as

lF1
i
ðxiÞ ¼ exp � 1

2
xi þ 1:25

0:7


 �2
( )

lF2
i
ðxiÞ ¼ exp � 1

2
xi þ 0:75

0:7


 �2
( )

lF3
i
ðxiÞ ¼ exp � 1

2
xi
0:7

� �2
	 


lF4
i
ðxiÞ ¼ exp � 1

2
xi � 0:75

0:7


 �2
( )

lF5
i
ðxiÞ ¼ exp � 1

2
xi � 1:25

0:7


 �2
( )

; i ¼ 1; 2; 3; 4

The robot initial conditions are xð0Þ ¼ ½0:5; 0; 0:5; 0�, and the initial values of the
parameter estimates hf ð0Þ set equal to zero, and hgð0Þ between ½�2; 2�.

0 2 4 6 8 10 12 14 16 18 20
-1.5

-1

-0.5

0

0.5

1

1.5

Time (sec)

Position Velocity

Fig. 1. Tracking curves of link 1: actual (blue lines); desired (red lines).
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p ¼ ½8:1202:750; 08:1202:75; 2:7502:620; 02:7502:62�

Q ¼ diagð5:5; 5:5; 5; 5Þ; k ¼ ½10; 01; 20; 02�; ef ð0Þ ¼ 0; egð0Þ ¼ 0g ¼
0:001; dð0Þ ¼ 1; r0 ¼ 0:1; e0 ¼ 0:1; cf ¼ cg ¼ 10; gf ¼ gg ¼ 20:

The simulation results for the first link are shown in Fig. 1, those for the second
link are shown in Fig. 2, and the control input signals are shown in Fig. 3. We can note
that the actual trajectories converge to the desired trajectories and the control signals
are almost smooth. These simulation results demonstrate the tracking capability of the
proposed indirect adaptive controller and its effectiveness for control tracking of
uncertain MIMO nonlinear systems.
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Fig. 2. Tracking curves of link 2: actual (blue lines); desired (red lines).
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Fig. 3. Control input signals: u1 (green line); u2 (red line).
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6 Conclusion

In this paper, stable indirect adaptive fuzzy control for class of unknown (MIMO)
nonlinear systems is developed. The scheme consists of an adaptive fuzzy controller
with a robuste control term used to compensate for approximation errors. The adaptive
schema is a free from singularity, and new adaptive parameters update law are used,
besides, the proposed adaptive schemes allow initialization to zero of all adjustable
parameters of the fuzzy systems. This approach do not require the knowledge of the
mathematical model of the plant, guarantee the uniform boundedness of all the signals
in the closed-loop system, and ensure the convergence of the tracking errors to a
neighborhood of the origin. Simulation results performed on a two- link robot
manipulator illustrate the method. Future works will focus on extension of the approach
to more general MIMO nonlinear systems and its improvement by introducing a state
observer to provide an estimate of the state vector.
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