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Abstract. This paper presents an adaptive fuzzy logic modeling and control of
two link robot manipulator with uncertainties. To estimate the uncertain parts of
the process, fuzzy logic systems are used. The uncertain nonlinearities of the
system are captured by fuzzy systems that have been proven to be universal
approximators. The proposed control scheme completely overcomes the singu-
larity problem that occurs in the indirect adaptive feedback linearizing control.
Projection in the estimate parameters is not required and the stability analysis of
the closed-loop system is performed using Lyapunov approach. Simulation
results are provided to verify the effectiveness of the proposed design.
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1 Introduction

In practical control engineering, fuzzy system based adaptive control methodologies
have received much attention for controlling uncertain and nonlinear dynamical sys-
tems. Based on the universal approximation theorem [1], during the last two decades,
several adaptive fuzzy control schemes for a class of multi-input multi-output (MIMO)
nonlinear uncertain systems are investigated [2—4]. Conceptually, there are two distinct
approaches that have been formulated in the design of a fuzzy adaptive control system:
direct and indirect schemes. The direct approach consists to approximate the ideal
control law by a fuzzy system [5, 6]. However, in the indirect approach the nonlinear
dynamics of the system are approximated by fuzzy systems to develop a control law
based on these systems [3, 7]. In the indirect adaptive schemes, the possible controller
singularity problems are usually met.

In the aforementioned papers, the adjustable parameters of the fuzzy systems are
updated by adaptive laws based on a Lyapunov approach, i.e., the parameter adaptive
laws are designed in such a way to ensure the convergence of a Lyapunov function.
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However, for an effective adaptation, it is more judicious to directly base the parameter
adaptation process on the identification error between the unknown function and its
adaptive fuzzy approximation [6].

Inspired by [6, 8], this paper presents indirect adaptive fuzzy control schemes for a
class of continuous-time uncertain MIMO nonlinear dynamical systems. The proposed
scheme is based on the results in [6] such that the fuzzy systems are used to approx-
imate the system’s unknown nonlinearities. To achieve the tracking of a desired output,
new learning algorithms are proposed in the presented controller which permits
superior control performance compared to the same class of controllers [8, 9]. In the
proposed controller, a robustifying control term is added to the basic fuzzy controller to
deal with approximation errors. The regularized inverse matrix is employed to solve
problem of singularity and the stability of the closed-loop system is studied using
Lyapunov method.

The outline of the paper is as follows. Section 2 presents the problem formulation.
Section 3 presents a brief description of the used fuzzy system. In Sect. 4, a new
control law and adaptive algorithms are proposed and stability analysis is given.
Simulation examples are illustrated in Sect. 5. The conclusion is finally given in
Sect. 6.

2 Problem Formulation

Let we consider a class of uncertain MIMO nonlinear systems modeled by

Vit = A0+ 30 g(x)u;

VP = h () + ilgpxx)uj

where
. (r—-1) . -7 . Lo
x= [yl,yl,..‘,yl ye e Yoy Vpse e Vp } is the overall state vector which is
assumed available for measurement, u = [uy, .. ., u,,]T is the control input vector, y =
i, - .7yp]T is the output vector, and f;(x) et g;(x),i,j = 1,...,p are unknown smooth

nonlinear functions.
Let us denote

¥ = ]

F) = [fi(x).. £,(x)]"

gu(x) ... gipk)
Gx)=1| =+ -~
gpl(x) cee gpp(x)
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Then, dynamic system (1) can be written in the following compact form
W = F(x) + G(x)u (2)

The control objective is to design adaptive control ;(¢) for system (1) such that the
output y;(¢) follows a specified desired trajectory y,(z) under boundedness of all
signals.

Assumption 1: The matrix G(x) is symmetric positive definite and bounded as
G(x) > aolp, where oy is a positive constants.

Assumption 2: The desired trajectory y4(¢),i = 1,..., P, is a known bounded func-
tion of time with bounded known derivatives y (1), .. ., yf? i.e. yqui(1)C".

Remark 1: Notice that Assumption 1 is a sufficient condition ensuring that the matrix
G(x) is always regular and, therefore, system (1) is feedback linearizable by a static
state feedback. Although this assumption restricts the considered class of MIMO
nonlinear systems, many physical systems, such as robotic system [10], fulfill such a

property.
Define the tracking errors as

er(t) = yai(t) = (1)

en(t) = yaplt) — yp(0)

while the feedback control is given by:

u=Gx)" [-F(x)+V] (4)
where
Vi yflrll)+k1r1€§r171)+...+k11€1
V=1:|= : (5)
v (rp) k (r,=1) k
p ydp + prp€p +...+ p1€p

we can write

eir') +k1r1€(1r1_1) +... +k11€1 =0
: (6)

& hoel? ™ 4 ke, =0

where the coefficients k;; are chosen such that all the polynomials in Eq. 6 are of the
type Hurwitz. So we can conclude that lim e;(¢) = 0 which is the main objective of the
t—00

command. However in this case, the nonlinear functions f;(x) and g;(x)i = 1,...,p are
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assumed unknown, then obtaining the feedback control law (4) is difficult. For this
reason the dynamics of these functions is approximated by using fuzzy systems.

3 Description of Fuzzy Systems

In this work we will consider a fuzzy zero order (TSO).

Each rule has a numerical conclusion, the total output of the fuzzy system is
obtained by calculating a weighted average, and in this manner the time consumed by
the procedure of defuzzification is avoided. Then the output of fuzzy system is given by
following relationship [13-15]:

N
y(x) — Zk:}vtuk(x)fk(x) (7)
> ket i (x)
_k
with gy (x) = [0, 1 «, F; € {F},...,F"} which represents the degree of confidence
F.

or activation rule Ry and fi(x) is a polynomial of zero order.

felx) = d* (8)

We can simplify the output of fuzzy system as follows:

¥) = 21}:]:1 #y (x)a*
R e Y

By introducing the concept of fuzzy basis functions [16], the output of fuzzy system
TS0 can be written as:

y(x) =w(x)0 (10)

with

e 0=la'...a"]: Vector of parameters of the conclusion of rules fuzzy part.
o w(x) = [w1(x).. .wy(x)]":Basic function of the vector each component is given by:

() = Ry 1
v) ST (1)

4 Indirect Adaptive Fuzzy Control

In this section we propose to indirectly approximate the unknown ideal (4) by iden-
tifying the unknown functions f;(x) and g;(x) using fuzzy systems.
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fi(xv()) :W};(x)oﬁa i=1,...p (12)
gii(x,0) :w;(x)OgU,i,j: 1,...p (13)

With wj{ and ng[j are vectors of fuzzy basic functions supposed properly fixed in

prior by the user,0; and 0, are vectors of the fitted parameters. The functions f;(x) and
g;j(x) can be expressed in terms of fuzzy approximations in the following manner:

Fix) =i (. 05) + ()

R . (14)
glj(x) = &ij <x7 Hg,_;) + Egjj (.X)

With & (x) and e, (x) represent the fuzzy approximation errors, 0 and 0;_}_ are
respectively of the optimum parameters of 0; and 0,,, the values of parameters 0y and
Og, respectively minimizing the approximation errors &;(x) and &g, (x). These optimal
parameters satisfy:

0y = arg r%in{supxlfi(x) —filx,00)|} (15)
OZU =arg r%in{sup’gij(x) — &%, Og,j)|} (16)

Note that the optimal parameters (9; and 0;]_ are unknown constants artificial

introduced only to the theoretical study of the stability of the control algorithm. In fact,
the knowledge of their values is not necessary for implementation of adaptive control
law. From the above analysis, we can write:

F(x) = Fi(x, 05) = wf (x)07, + g5(x) (17)
8ii(x) = &ii(x, Ogi) = w, (6)0s, + (%) (18)
where
0 = 0; — 0y and @gi/. = 0,, — Uy, are the parameter estimation errors.

Assumption 3: The fuzzy approximation errors &;(x) and &, (x) are bounded for all
xeQ, as |g(x)| <& and |g,(x)| <%,, where & and &, are unknown positive
constants.

This assumption is reasonable, since we assume that fuzzy systems used for
approximating unknown functions have the universal approximator property.
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Denote

F(x,0) = [fi(x, 001). . fo(x, 9}?})]T
gux) .. gl
G(x, 0,) = : :

FES I e

T
@zwww%ﬂﬁzwwwﬁ

-Bg“ e Bglp_
0, = ’

_ngl Qgpp_

AT
=1 "

[ Ogp1 -+ Ogyp |

Wi (x) = diaglwpa(x), ..., wy (2)

We(x) = diag[wgi (x), . . ., Wgp(x)]
& (x) = [er1 (x). ()]

sg”(x) Sglp(x)
go(x) = ) :

Egp1 (X) . Egp()

&= (& 5]

ol - Eglp
Sg =
8gp1 . 8gpp

F(x) — F(x, 0r) = F(x, 0}‘) — F(x, 0r) + ¢ (x)

G(x) — C(x, 0,) = C(x, 0;) - G(x, 0g) + &(x)



Indirect Robust Adaptive Fuzzy Control 131
Now we can write an expression for the adaptive law

ue = GT(x, 0,) (colp + G (x, 0,) G7 (x, 0,)) ' [<F (x, 6;) + V] (21)

where ¢ is a small positive constant.
In the control law (21), we replaced G(x, Og)_l by the regularized inverse

G" (x, 0) (0lp + G (x, 05) G (x, 0,)) (22)

The regularized inverse given by (22) is always defined even when G(x, 0,) is not
invertible, hence the control law (21) is well defined.

Note that even if the control law (22) is well defined, it cannot alone ensure the
stability of the closed loop system. This is due, on the one hand, the error introduced by
the approximation of actual functions F(x) and G(x) by fuzzy systems and from one
side to the error introduced by the use of the regularized inverse matrix in place of the
inverse matrix. For these reasons and in order to have a control law does not depend on
any initialization phase we propose, a control law which is composed of two terms, a
term adaptive control u. introduced to overcome the problems of non-linearity of the
system, and a second term u, proposed, to circumvent the problem of approximation
errors and, compensate for the error due to the use of the inverse regularized instead of
the inverse matrix, then the resulting control law is represented as follows:

u=u.+u, (23)

The adaptive control term u,. is given by

e = G (x,0) (eolp + G (x,0,) G" (x,0,)) ' [F(x,0) + V] (24)
The robust control term u, is given by

_ B"PE|ETPB| (& + &uc| +|uol)

; 25
oo||[ETPB||* + 6 (25)
where
Ury
ur =
Upp
N - —1 ~

wo = to[eol, + Glx, 006" (x,00)] ' (~F(x.0) +V) (26)

& and &, are respectively the estimated of & and &, J is a time-varying parameter
defined below. To achieve the control objectives, we define the parameter adaption
laws as follows:



132 B. Abdelhamid et al.

0y = —y;B" PEwy(x) (27)

O = —7B" PEuwy(x)ij=1,....p (28)
& = ny| BT PE| (29)

& = ng|u!||B"PE]| (30)

_E"PB] (3 + felue| + Juol)

o= >
ao||[ETPBI* + 9

7> 0,7, >0, > 0,n, > 0,n9 > 0 and 6(0) > 0.

Theorem 1. Consider the nonlinear system (1), and suppose that the assumptions
(1-3) are satisfied. Then the control law defined by Eqgs. (24) and (25) with adaptation
law (27)—(31) applied to the system (1) ensures boundedness of all signals of the closed

loop and the convergence to zero of tracking errors,, el@ — 0 when ¢t — oo for i =

1,...,Pand, j=0,1,...,r; — 1.

Proof
EW =y —y® (32)
E®W =y" — F(x) - G(x)u (33)
We can write as follows:
EW =y — F(x) — G(x)u. — G(x)u, (34)

substitute (24) and (26), Eq. (34) becomes
EW = —_KTE — (F(x) — F(x,0r)) — (G(x) — G(x,04))uc — G(x)u, +uo  (35)
substitute (19) and (20), Eq. (35) becomes

EMW — _KTE — (F(x, 0}) — F(x,0f) +&r(x)) — (G(L 0,) — G(x, 0,) —&—sg(x))uc
— G(x)u, +up
(36)

EW = _KTE — (Wff(;f —|—sf(x)> - (Zﬁ;l > ég,-,-uq-) — eg(X)te — G(x)u, + 110
(37)
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While the dynamics of the error can be written as follows:

E= AE+B[ (Wf O +&r(x > (Zl X ZJ . g,]ucj> — &g (X)u. — G(xX)u, + uo]

(38)
where
0 Lisn ... 0 0
A= : - : B— :
O 0 0 II'LXH 0
—Kl —K2 “e e _KVL In><n

Until (|sI — A|) = s" + K;s”~D 4. .. + K, is stable (A stable), we know that there
exists a symmetric positive definite matrix P(n, n) that satisfies the Lyapunov equation:

A"P+PA=—-Q (39)

where Q is a symmetric positive definite matrix of arbitrary dimensions (nxn).
To minimize the tracking error and the approximation error, we consider the fol-
lowing Lyapunov function:

1 [
V=-E'PE+ — 070,
2 Ty ot

1 ~ e 1 1 1
(070 i (~T- ) — & (40
o, r( p o)+ — 2 & et 5 o, Eubg ) + o (40)
with ¢ is a time-varying parameter, & = & — &, & = &, — &

Using (38) and (39), the time derivative of V can be write in the following form

V=- %ETQE—i-ETPB[ (Wf O + & (x ) (Z; . Z WTHg,juq> — &g(X)uc — G(x)u, + uo}

- - I (41)
_—0 O — E i E . g,j()g,] ”fsf sf—an(s rg) EO(}
Equation (41) can be simplified
. 1 T . .
V=—ZEQE+Vi+V, (42)

Remark 2: Writing the derivative of the Lyapunov function described in Eq. (42)
facilitates the task of demonstrating negativity of the derivative V.

V= ——QT BT PEW + 0] ——Zl O BT PEww O] (43)
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If adaptation laws (27) and (28), Eq. (43) becomes
Vi =0 (44)
. |
Vy = —E"PBG(x)u, — E" PBey(x) — E" PBeg(x)u. + E' PBug — — &/ &
. "
1, (NT‘ )+ Lss (45)
——1trleé -
ne \E¢6)
Then V, can be bounded as follows
; T T pp|e— T pp|— T | R A
Vo, < — E" PBoyu, + |E PB’sf — ’E PB!;;g\uC| + {E PBHu0| — =& — —tr(izgsg) + —00
' et n
(46)
If we use the adaption laws (29) and (30), Eq. (46) becomes

Vo < — E"PBogu, + |E" PB||uo| + %55 +&|E"PB| + &

E"PB||u| (47)

Using (25) et (31), then (47) becomes
Va=0 (48)

From results (44) and (48), (42) can be bounded as follows
. 1 T
VS—EE QE<O0 (49)
. 1 5
Vs =5 Zominl|E] (50)

where A¢,,;,,;The minimum Eigen value of the matrix Q, then by integrating both sides
of Eq. (50) from [0,t]

/ @) Pdr < 2 [V(0) — V(o) (51)

2
/lQmin

which gives us

/Ot IE()|*dr < VO + vl (52)

/ ‘*Omin

As shown by [17], this implies that E(z) € L,, according to the theory of Lyapunov,
E(t) is bounded. On the other hand, from (38) E(f) € L, (bounded) because all
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members of the right are bounded. According to Barbalat’s lemma, we conclude that
lim, || E(7)|| = 0.
5 Simulation Results

In this section, we test the proposed indirect adaptive fuzzy control scheme on the
tracking control of two-link rigid robot manipulator with the following dynamics
[10, 18]:

()= (o ) {() - (e eeen) (@)} o

where
M| = ay + 2a; cos(qz) + 2aysin(qs)
My = a
M> = My; = ay + a3 cos(q) + assin(qa)
h = az sin(qz) — ascos(qy)
ap = Iy +mil2, + L +m % +m
with

a =1, + melge
az = mll..cos(d,)
as = melyl.sin(d,)
In the simulation, the following parameter values are used
m=1,m=21=11,=051,=061=0.121, =05, 5, =30 .
y = [q1gp]u = [urur]

x = [q141924]

o= () = (Gl ) (3)

wo-(56 50)-e-0n %)
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Then, the robot system given by (54) can be expressed as y = F(x) + G(x)u

The control objective is to force the system output g; and g, to track the desired
trajectories y; = sin(#) and y4 = sin(z), respectively.

To synthesize the indirect adaptive fuzzy controller, six fuzzy systems in the form
of (11) are used. Each fuzzy system has x;(¢), x2(¢), x3(¢), and x4(¢) as input, and for
each input variable x;(¢), five Gaussian functions are defined as

1 /x+125\°
HF}(xi):eXP 2\ To7
2
1 /x;+0.75
MF}(xi):eXP 2\ To7
1 /x — 125\
MFf(xi):eXP{—ECCT) }» i=1,2,3,4

The robot initial conditions are x(0) = [0.5;0;0.5;0], and the initial values of the
parameter estimates 0;(0) set equal to zero, and 0,(0) between [—2,2].

1.5

! Position Vélocity !

0.5 -4 A S A R

0 2 4 6 8 10 12 14 16 18 20
Time (sec)

Fig. 1. Tracking curves of link 1: actual (blue lines); desired (red lines).
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1.5 T T T T T T T T T

iF’ositio‘h V:'elocityi

Time (sec)

Fig. 2. Tracking curves of link 2: actual (blue lines); desired (red lines).

Time (sec)

Fig. 3. Control input signals: u; (green line); u, (red line).

p = [8.1202.750;08.1202.75; 2.7502.620; 02.7502.62]

0 = diag(5.5,5.5,5,5), k= [10;01;20;02], &(0) =0, &(0) =0n =
0.001, 6(0) =1, g9 = 0.1, & = 0.1, y;, =y, = 10, n, = n, = 20.

The simulation results for the first link are shown in Fig. 1, those for the second
link are shown in Fig. 2, and the control input signals are shown in Fig. 3. We can note
that the actual trajectories converge to the desired trajectories and the control signals
are almost smooth. These simulation results demonstrate the tracking capability of the
proposed indirect adaptive controller and its effectiveness for control tracking of
uncertain MIMO nonlinear systems.
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6 Conclusion

In this paper, stable indirect adaptive fuzzy control for class of unknown (MIMO)
nonlinear systems is developed. The scheme consists of an adaptive fuzzy controller
with a robuste control term used to compensate for approximation errors. The adaptive
schema is a free from singularity, and new adaptive parameters update law are used,
besides, the proposed adaptive schemes allow initialization to zero of all adjustable
parameters of the fuzzy systems. This approach do not require the knowledge of the
mathematical model of the plant, guarantee the uniform boundedness of all the signals
in the closed-loop system, and ensure the convergence of the tracking errors to a
neighborhood of the origin. Simulation results performed on a two- link robot
manipulator illustrate the method. Future works will focus on extension of the approach
to more general MIMO nonlinear systems and its improvement by introducing a state
observer to provide an estimate of the state vector.
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