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Abstract 

 
The hyperbolic-sine model is commonly used to describe the constitutional relation between 

the strain rate, temperature and the peak or steady-state stress. However, for the purpose of 
modeling of the hot deformation behavior, the strain should be taken into consideration. In this 
study, the hot deformation behavior of a high-Mn twinning-induced plasticity steel was studied 
by using isothermal compression tests conducted in the temperature range of 900 to 1150 °C and 
strain rate range of 0.001 to 20 s−1. Based on the hyperbolic-sine model, the constitutive 
equations of the steel were developed by using the flow stress data. The strain was introduced in 
the constitutive equations through the material constants α, n, Q and A. Comparison of the flow 
stresses based on the constitutive equations with those obtained from the tests suggests that the 
developed constitutive equations can give a precise modeling of the hot deformation behavior of 
the steel investigated. 
 

Introduction 
 

Constitutive equations are of great importance in modeling the hot forming processes, such 
as rolling, forging and extrusion. Over the past decades, various models have been proposed to 
describe the relationship between stress and strain rate for the high temperature stead state 
deformation. Garofalo [1] has suggested a famous empirical hyperbolic-sine model to cover the 
dependence of steady state creep rate on stress at constant temperatures for both high and low 
stresses: 

( )sinh
n

Aε αs=         (1) 

where A is material constant, α is stress multiplier and n is stress exponent. Subsequently, on the 
basis of Garofalo’s equation, Sellars and Tegart [2] have introduced another empirical 
hyperbolic-sine relationship to correlate the stress, strain rate and temperature under hot working 
conditions: 

( ) ( )exp / sinh
n

Z Q RT Ae αs= =        (2) 

where ( )exp /Z Q RTe=  is the Zener-Hollomon parameter and Q is the apparent activation 

energy. If 0.8ασ <  (low stress), the difference between ( )sinh αs and ασ  is less than 10% so 
that Eq. (2) can be approximated by a power-law relationship which has proved quite successful 
for describing the creep behavior: 

nZ Aσ′=       (3) 
Similarly, for 1.2ασ > (high stresses), the difference between ( )sinh αs and 2eασ is less than 
10%. Eq. (2) can be approximated by an exponential-law relationship: 
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( )expZ A βσ′′=      (4) 
In Eqs. (3) and (4) A′ , A′′ and β are material constants. It should be noted that Eq. (2) (Sellars-
Tegart-Garofalo equation) is normally used to characterize steady state flow stress which is 
independent of strain. The strain, which is an important parameter for hot deformation, has not 
been considered in the equation. However, for the purpose of modeling of hot deformation 
behavior, it is important to develop constitutive equations which characterize the material 
behavior taking account of all the processing parameters (i.e. strain rate, temperature and strain). 

Sellars-Tegart-Garofalo equation contains four material constants (α, n, Q and A) which 
need to be determined. Several methods have been reviewed by Rieiro et al. [3] for the 
determination of the parameters. Generally, a suitable value for α has to be introduced before n, 
Q and A can be determined. A common approach is to calculate the value of α according to the 
following relation [4-6]: 

n
βα =
′
      (5) 

where ( )ln Tβ ε σ= ∂ ∂ can be determined by linear regression of Eq. (4) and 

( )ln ln Tn ε σ′ = ∂ ∂ can be obtained by linear regression of Eq. (3). Another widely-used method 

for determining α is to force fit the flow stress data by plotting ( )ln sinh αs    vs. lnε  for 

different α values [4]. The value that results in the parallelism between the ( )ln sinh αs    vs. 
lnε  plots should be selected. 

In the previous study, the former method (Eq. (5)) has been employed to derive the 
constitutive equations of a high-Mn twinning-induced plasticity steel [7]. It has been shown that 
the developed constitutive equations could give a very good prediction of experimental data. The 
main purpose of the present work is to develop the strain-dependent constitutive equations of the 
same steel by using the latter method. Comparison was also made between the two methods on 
the materials constants and the prediction accuracy of the established constitutive equations. 
 

Materials and experimental procedures 
 

The steel for this study were sampled from industrial rolling slabs which had been hot rolled. 
The composition of the steel is as follows: 23.04 wt.% Mn, 1.86 wt.% Al, 0.19 wt.% C, 0.15 
wt.% Si, 0.07 wt.% V, 0.016 wt.% P, 0.002 wt.% S and balance Fe. 

Cylindrical compression specimens measuring 10 mm in diameter and 15 mm in height 
were machined by electrodischarge machining (EDM) from the as-received steel. In order to 
reduce the friction between the contacting surfaces of the specimens and the dies, MoS2-coated 
Ta foil was inserted between the specimen and the die. A thermocouple was welded at the middle 
of specimen length to provide an accurate temperature control and measurement during testing. 
Hot compression tests were conducted on a Gleeble-3500 thermo-mechanical simulator in the 
temperature range of 9000 to 1150 °C (with an interval of 50 °C) for the constant strain rates of 
0.001 s−1, 0.01 s−1, 0.1 s−1, 1 s−1, 10 s−1 and 20 s−1. The specimens were heated to 1200 °C at the 
rate of 20 °C/s, homogenized at that temperature for 180 s, cooled at a rate of 5 °C/s to the 
selected test temperature and held for 30 s before compression. All the specimens were deformed 
to a true strain of about 0.9 and immediately water quenched after the test was finished. 

During the test, a problem arises, particularly at high strain rates, as a result of internal heat 
generation. High strain rates can lead to the rapid internal generation of heat which cannot be 
dissipated quickly because of the short deformation time, causing significant increases in 
temperature of the specimen. The temperature rise due to deformation heating is usually 
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estimated using the following relation: 

0
p

0.95T d
C

εη σ ε
ρ

∆ = ∫      (6) 

where ρ is the material density, Cp is the specific heat and η is the thermal efficiency. 
It is also worth noting that the use of MoS2-coated Ta foil can reduce friction but will never 

eliminate it completely. There is still some friction as all the tested specimens displayed a small 
level of barreling. Since the friction can influence the flow stress, it is important for the levels of 
friction to be quantified. Details of correcting both deformation heating and friction have been 
given in a previous paper [7]. 
 

Results and discussion 
 
Determination of materials constants 

Taking logarithm of both sides of Eq. (2) yields: 

( )( )1 lnln ln sinhQ A
n nRT n

ε αs+ − =    (7) 

It is noted from Eq. (7) that at a given strain the experimental data should yield linear and 
parallel ( )ln sinh αs    vs. lnε  plots for different temperatures. In the ( )sinh αs  analysis, the 
value of α  was taken from similar alloys, as reported in the literature [6,8-12]. It was decided to 
vary from 0.0070 to 0.0150 MPa−1. The α which makes the slopes of ( )ln sinh αs    vs. lnε  
plots become almost equal was selected as the appropriate value. The value of n was calculated 
from the average of the slopes of ( )ln sinh αs    vs. lnε  plots. 

By partial differentiation of Eq. (2), the apparent activation energy for deformation Q  can 
be obtained as: 

( )
( )

( )
ln sinhln10000

10000ln sinh
T

Q R
T

ε

αsε
αs

   ∂  ∂    =    ∂∂          


  (8) 

or 
( )

( )
ln sinh

10000
10000

Q Rn
T

ε

αs ∂    =  ∂   
    (9) 

Taking natural logarithm on of both sides of Eq. (2) gives: 
( )ln ln ln sinhZ A n αs= +        (10) 

The ln Z  vs. ( )ln sinh αs    plot can be used for obtaining the value of lnA.  
Fig. 1 shows the example of determination of the materials constants in Sellars-Tegart-

Garofalo equation for the investigated steel at a strain of 0.5. The values of α, n, Q and lnA at a 
strain of 0.5 were determined to be 0.0082 MPa−1, 4.7930, 372.59 kJ/mol and 31.65, respectively. 
Following the same procedure, the values of α, n, Q and lnA at any strain level in the range of 
0.1 to 0.7 with an interval of 0.05 can be obtained.  

Fig. 2 shows the variations in the materials constants with strain. For purpose of comparison, 
the values that were calculated by the former method as discussed in the introduction were also 
shown in the figure. As compared to those reported in the previous work, the values of α do not 
show significant variation with strain. Similar result was also obtained by Phaniraj et al. [13]. 
Conversely, the values of n exhibit a shaper decrease with the increase of strain, varying in a 
wide range of 4.6220 to 7.0746. Nevertheless, those values are comparable to those reported for 
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austenitic steels [9-12]. Referring to Fig. 2c, the activation energy Q decreases with increasing 
strain. The values obtained by the two methods do not show significant difference. Li et al. [12] 
reported a value of 387.84 kJ/mol for an austenitic Fe-20Mn-3Si-3Al transformation induced 
plasticity steel; Hamada et al. [14] determined a value of 377 kJ/mol for Fe-25Mn twinning-
induced plasticity steel; Xiong et al. [15] reported a value of 439 kJ/mol for Fe-23Mn-0.6C high-
Mn steel. The values obtained in the present work are close to those reported in the literature. 

 

 
Fig. 1.  Relationships between (a) lnε and ( )ln sinh αs   ; (b) ( )ln sinh αs   and10000 T  and 

ln Z and ( )ln sinh αs    
In the present work, it is found that a 5th order polynomial, as given by Eq. (11), is capable 

of describing the variation of material constants with strain with very good correlation and 
generalization: 
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Once the values of materials constants were determined, the flow stress at any temperature, 
strain rate and strain can be obtained according to the following equations.  

( ) ( ){ }
( )

1 21 21 ln 1

exp /

n nZ A Z A

Z Q RT

σ
α
e

  = + +  
 = 

   (12) 
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Fig. 2. Variation of (a) α, (b) n, (c) Q and (d) lnA with strain. 

 
Verification of the developed constitutive equations 

Fig. 3 shows the comparisons between the experimental data and the flow stresses 
calculated by the constitutive equations, together with those reported in Ref. [7]. It clearly 
demonstrates that the calculated flow stresses have very good agreement with the experimental 
value. To determine how accurately the developed constitutive equations describe the 
experimental data, an error analysis was also performed in terms of correlation coefficient (R) 
and average absolute relative error (AARE), which are respectively expressed as: 

( )( )
( ) ( )

1
22

1 1

N
i ii

N N
i ii i

E E C C
R

E E C C

=

= =

− −
=

− −

∑
∑ ∑

        (13) 

and 

( )
1

1% 100
N

i i

i i

E CAARE
N E=

−
= ×∑         (14) 

where E is the experimental data and C is the calculated value by the developed constitutive 
equations, E and C  are the mean values of E and C, respectively, N is the number of data. As 
shown in Fig. 4, the value of R was found to be 0.999, which demonstrates a very good 
correlation between the experimental and the calculated data. The value of AARE was obtained 
as 2.85%. In the previous study by the former method [7], the values of R and AARE were 
determined to be 0.996 and 3.31%. These statistical analyses suggest both the constitutive 
equations developed by the two methods can give an accurate estimate for high temperature flow 
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stress of the steel investigated; the constitutive equations developed by the latter method show a 
better prediction of the experimental data than those by the latter. 
 

  
 

 

 
Fig. 3. Comparison of the experimental and calculated flow stresses by the two methods at 
different strain rates: (a) 20 s−1, (b) 10 s−1, (c) 1 s−1, (d) 0.1 s−1, (e) 0.01 s−1and (f) 0.001 s−1. 
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Fig. 4. Correlation between the experimental and calculated flow stresses by the developed 
constitutive equations. 
 

Conclusions 
 
1. The constitutive equations of a high-Mn twinning-induced plasticity steel were derived on 

the basis of Sellars-Tegart-Garofalo equation. The influence of strain on the hot deformation 
behavior of the steel was incorporated in the constitutive equations by considering the effect 
of strain on material constants. 

2. The material constants (α, n, Q and lnA) were found to be functions of the strain. A 5th order 
polynomial was found to represent the influence of strain on material constants with very 
good correlation and generalization. 

3. Comparison between the calculated and experimental results shows that they are in good 
agreement. The prediction accuracy of the strain-compensated constitutive equations was 
further quantified in terms of correlation coefficient (R) and average absolute relative error 
(AARE). The value of R and AARE was found to be 0.999 and 2.85% respectively. The results 
suggest the developed constitutive equation is valid and accurate. 
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